‘ John A. Gubner

y—

Probability and
Random Processes
for Electrical and
computer Engineers

www.cambridge.org/978052 1864701


http://www.cambridge.org/9780521864701

This page intentionally left blank



PROBABILITY AND RANDOM PROCESSES FOR
ELECTRICAL AND COMPUTER ENGINEERS

The theory of probability is a powerful tool that helps electrical and computer
engineers explain, model, analyze, and design the technology they develop. The
text begins at the advanced undergraduate level, assuming only a modest knowledge
of probability, and progresses through more complex topics mastered at the graduate
level. The first five chapters cover the basics of probability and both discrete and
continuous random variables. The later chapters have a more specialized coverage,
including random vectors, Gaussian random vectors, random processes, Markov
Chains, and convergence. Describing tools and results that are used extensively in
the field, this is more than a textbook: it is also a reference for researchers working
in communications, signal processing, and computer network traffic analysis. With
over 300 worked examples, some 800 homework problems, and sections for exam
preparation, this is an essential companion for advanced undergraduate and graduate
students.

Further resources for this title, including solutions, are available online at
www.cambridge.org/9780521864701.

JoHN A. GUBNER has been on the Faculty of Electrical and Computer
Engineering at the University of Wisconsin-Madison since receiving his Ph.D.
in 1988, from the University of Maryland at College Park. His research interests
include ultra-wideband communications; point processes and shot noise; subspace
methods in statistical processing; and information theory. A member of the IEEE,
he has authored or co-authored many papers in the IEEE Transactions, including
those on Information Theory, Signal Processing, and Communications.






PROBABILITY AND RANDOM
PROCESSES FOR ELECTRICAL AND
COMPUTER ENGINEERS

JOHN A. GUBNER

University of Wisconsin-Madison

#5 CAMBRIDGE
%P UNIVERSITY PRESS



CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, Sao Paulo

Cambridge University Press
The Edinburgh Building, Cambridge cB2 2ru, UK

Published in the United States of America by Cambridge University Press, New York

www.cambridge.org
Information on this title: www.cambridge.org/9780521864701

© Cambridge University Press 2006

This publication is in copyright. Subject to statutory exception and to the provision of
relevant collective licensing agreements, no reproduction of any part may take place
without the written permission of Cambridge University Press.

First published in print format 2006

ISBN-13  978-0-511-22023-4 eBook (EBL)
ISBN-IO  0-511-22023-5  eBook (EBL)

ISBN-13  978-0-521-86470-1 hardback
ISBN-I0  0-521-86470-4 hardback

Cambridge University Press has no responsibility for the persistence or accuracy of URLs
for external or third-party internet websites referred to in this publication, and does not
guarantee that any content on such websites is, or will remain, accurate or appropriate.


http://www.cambridge.org/9780521864701
http://www.cambridge.org

To Sue and Joe






Contents

Chapter dependencies
Preface
Introduction to probability
1.1 Sample spaces, outcomes, and events
1.2 Review of set notation
1.3 Probability models
1.4 Axioms and properties of probability
1.5 Conditional probability
1.6 Independence
1.7 Combinatorics and probability
Notes
Problems
Exam preparation
Introduction to discrete random variables
2.1 Probabilities involving random variables
2.2 Discrete random variables
2.3 Multiple random variables
2.4 Expectation
Notes
Problems
Exam preparation
More about discrete random variables
3.1 Probability generating functions
3.2 The binomial random variable
3.3 The weak law of large numbers
3.4 Conditional probability
3.5 Conditional expectation
Notes
Problems
Exam preparation
Continuous random variables
4.1 Densities and probabilities
4.2 Expectation of a single random variable
4.3 Transform methods
4.4 Expectation of multiple random variables
4.5 Probability bounds
Notes
Problems
Exam preparation
Cumulative distribution functions and their applications
5.1 Continuous random variables
5.2 Discrete random variables
5.3 Mixed random variables
5.4 Functions of random variables and their cdfs
5.5 Properties of cdfs
5.6 The central limit theorem
5.7 Reliability

Vii

page x
xi

6

17
22
26
30
34
43
48
62
63
63
66
70
80
96
99
106
108
108
111
115
117
127
130
132
137
138
138
149
156
162
164
167
170
183
184
185
194
197
200
205
207
215



viii

Contents

Notes
Problems
Exam preparation

6 Statistics

10

6.1
6.2
6.3
6.4
6.5
6.6
6.7
6.8

Parameter estimators and their properties
Histograms

Confidence intervals for the mean — known variance
Confidence intervals for the mean — unknown variance
Confidence intervals for Gaussian data

Hypothesis tests for the mean

Regression and curve fitting

Monte Carlo estimation

Notes

Problems

Exam preparation

Bivariate random variables

7.1
7.2
73
74
7.5

Joint and marginal probabilities

Jointly continuous random variables
Conditional probability and expectation

The bivariate normal

Extension to three or more random variables
Notes

Problems

Exam preparation

Introduction to random vectors

8.1
8.2
8.3
8.4
8.5
8.6

Review of matrix operations

Random vectors and random matrices
Transformations of random vectors

Linear estimation of random vectors (Wiener filters)
Estimation of covariance matrices

Nonlinear estimation of random vectors

Notes

Problems

Exam preparation

Gaussian random vectors

9.1
9.2
9.3
9.4
9.5
9.6

Introduction

Definition of the multivariate Gaussian
Characteristic function

Density function

Conditional expectation and conditional probability
Complex random variables and vectors

Notes

Problems

Exam preparation

Introduction to random processes

10.1
10.2
10.3
10.4
10.5
10.6
10.7
10.8

Definition and examples

Characterization of random processes
Strict-sense and wide-sense stationary processes
WSS processes through LTI systems

Power spectral densities for WSS processes
Characterization of correlation functions

The matched filter

The Wiener filter

219
222
238
240
240
244
250
253
256
262
267
271
273
276
285
287
287
295
302
309
314
317
319
328
330
330
333
340
344
348
350
354
354
360
362
362
363
365
367
369
371
373
375
382
383
383
388
393
401
403
410
412
417



11

12

13

14

15

10.9

Contents

The Wiener—Khinchin theorem

10.10Mean-square ergodic theorem for WSS processes
10.11Power spectral densities for non-WSS processes

Notes
Problems
Exam preparation

Advanced concepts in random processes

11.1
11.2
11.3
11.4

The Poisson process

Renewal processes

The Wiener process

Specification of random processes
Notes

Problems

Exam preparation

Introduction to Markov chains

12.1
12.2
12.3
12.4
12.5

Preliminary results

Discrete-time Markov chains
Recurrent and transient states
Limiting n-step transition probabilities
Continuous-time Markov chains
Notes

Problems

Exam preparation

Mean convergence and applications

13.1
13.2
13.3
13.4
13.5
13.6
13.7

Convergence in mean of order p

Normed vector spaces of random variables

The Karhunen-Log¢ve expansion

The Wiener integral (again)

Projections, orthogonality principle, projection theorem
Conditional expectation and probability

The spectral representation

Notes

Problems

Exam preparation

Other modes of convergence

14.1
14.2
14.3

Convergence in probability
Convergence in distribution
Almost-sure convergence
Notes

Problems

Exam preparation

Self similarity and long-range dependence

15.1
15.2
15.3
15.4
15.5
15.6

Self similarity in continuous time

Self similarity in discrete time
Asymptotic second-order self similarity
Long-range dependence

ARMA processes

ARIMA processes

Problems

Exam preparation

Bibliography
Index

421
423
425
427
429
440
443
443
452
453
459
466
466
475
476
476
477
488
496
502
507
509
515
517
518
522
527
532
534
537
545
549
550
562
564
564
566
572
579
580
589
591
591
595
601
604
606
608
610
613
615
618



Chapter dependencies

1 Introduction to probability
2 Introduction to discrete random variables

3 More about discrete random variables

/

' 12.1-12.4 Discrete—time Markov chains

Y

4 Continuous random variables

1

5 Cumulative distribution functions

Y

» 6 Statistics

and their applications

7 Bivariate random variables

Y

| 8 Introduction to random vectors |

'

| 9 Gaussian random vectors |

Y

10 Introduction to random processes

11.1 The Poisson process

* Y Y

11.2-11.4 Advanced concepts in random processes

12.5 Continuous—time Markov chains |-

Y

Y

13 Mean convergence and applications
14 Other modes of convergence
15 Self similarity and long—range dependence




Preface

Intended audience

This book is a primary text for graduate-level courses in probability and random pro-
cesses that are typically offered in electrical and computer engineering departments. The
text starts from first principles and contains more than enough material for a two-semester
sequence. The level of the text varies from advanced undergraduate to graduate as the
material progresses. The principal prerequisite is the usual undergraduate electrical and
computer engineering course on signals and systems, e.g., Haykin and Van Veen [25] or
Oppenheim and Willsky [39] (see the Bibliography at the end of the book). However, later
chapters that deal with random vectors assume some familiarity with linear algebra; e.g.,
determinants and matrix inverses.

How to use the book

A first course. In a course that assumes at most a modest background in probability, the
core of the offering would include Chapters 1-5 and 7. These cover the basics of probability
and discrete and continuous random variables. As the chapter dependencies graph on the
preceding page indicates, there is considerable flexibility in the selection and ordering of
additional material as the instructor sees fit.

A second course. In a course that assumes a solid background in the basics of prob-
ability and discrete and continuous random variables, the material in Chapters 1-5 and 7
can be reviewed quickly. In such a review, the instructor may want include sections and
problems marked with a *, as these indicate more challenging material that might not
be appropriate in a first course. Following the review, the core of the offering would
include Chapters 8, 9, 10 (Sections 10.1-10.6), and Chapter 11. Additional material from
Chapters 12—15 can be included to meet course goals and objectives.

Level of course offerings. In any course offering, the level can be adapted to the
background of the class by omitting or including the more advanced sections, remarks,
and problems that are marked with a *. In addition, discussions of a highly technical
nature are placed in a Notes section at the end of the chapter in which they occur. Pointers
to these discussions are indicated by boldface numerical superscripts in the text. These
notes can be omitted or included as the instructor sees fit.

Chapter features

e Key equations are boxed:

P(ANB)

PUIB) =~

e Important text passages are highlighted:
Two events A and B are said to be independent if P(A N B) = P(A) P(B).

Xi



xii Preface

e Tables of discrete random variables and of Fourier transform pairs are found inside
the front cover. A table of continuous random variables is found inside the back cover.

e The index was compiled as the book was written. Hence, there are many cross-
references to related information. For example, see “chi-squared random variable.”

o When cumulative distribution functions or other functions are encountered that do not
have a closed form, MATLAB commands are given for computing them; see “Matlab
commands” in the index for a list. The use of many commands is illustrated in the
examples and the problems throughout most of the text. Although some commands
require the MATLAB Statistics Toolbox, alternative methods are also suggested; e.g.,
the use of erf and erfinv for normcdf and norminv.

e Each chapter contains a Notes section. Throughout each chapter, numerical super-
scripts refer to discussions in the Notes section. These notes are usually rather tech-
nical and address subtleties of the theory.

e Each chapter contains a Problems section. There are more than 800 problems through-
out the book. Problems are grouped according to the section they are based on, and
this is clearly indicated. This enables the student to refer to the appropriate part of
the text for background relating to particular problems, and it enables the instructor
to make up assignments more quickly. In chapters intended for a first course, the
more challenging problems are marked with a *. Problems requiring MATLAB are
indicated by the label MATLAB.

e Each chapter contains an Exam preparation section. This serves as a chapter sum-
mary, drawing attention to key concepts and formulas.
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Introduction to probability

Why do electrical and computer engineers need to study proba-
bility?

Probability theory provides powerful tools to explain, model, analyze, and design tech-
nology developed by electrical and computer engineers. Here are a few applications.

Signal processing. My own interest in the subject arose when I was an undergraduate
taking the required course in probability for electrical engineers. We considered the situa-
tion shown in Figure 1.1. To determine the presence of an aircraft, a known radar pulse v(z)

—/

v(t)+X,

linear
system

radar » detector

Figure 1.1. Block diagram of radar detection system.

is sent out. If there are no objects in range of the radar, the radar’s amplifiers produce only a
noise waveform, denoted by X;. If there is an object in range, the reflected radar pulse plus
noise is produced. The overall goal is to decide whether the received waveform is noise
only or signal plus noise. To get an idea of how difficult this can be, consider the signal
plus noise waveform shown at the top in Figure 1.2. Our class addressed the subproblem
of designing an optimal linear system to process the received waveform so as to make the
presence of the signal more obvious. We learned that the optimal transfer function is given
by the matched filter. If the signal at the top in Figure 1.2 is processed by the appropriate
matched filter, we get the output shown at the bottom in Figure 1.2. You will study the
matched filter in Chapter 10.

Computer memories. Suppose you are designing a computer memory to hold k-bit
words. To increase system reliability, you employ an error-correcting-code system. With
this system, instead of storing just the k data bits, you store an additional / bits (which are
functions of the data bits). When reading back the (k +[)-bit word, if at least m bits are read
out correctly, then all k data bits can be recovered (the value of m depends on the code). To
characterize the quality of the computer memory, we compute the probability that at least m
bits are correctly read back. You will be able to do this after you study the binomial random
variable in Chapter 3.
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Figure 1.2. Matched filter input (top) in which the signal is hidden by noise. Matched filter output (bottom) in
which the signal presence is obvious.

Optical communication systems. Optical communication systems use photodetectors
(see Figure 1.3) to interface between optical and electronic subsystems. When these sys-

Tight photo— | o photoelectrons

———=—/] detector

Figure 1.3. Block diagram of a photodetector. The rate at which photoelectrons are produced is proportional to
the intensity of the light.

tems are at the limits of their operating capabilities, the number of photoelectrons produced
by the photodetector is well-modeled by the Poisson? random variable you will study in
Chapter 2 (see also the Poisson process in Chapter 11). In deciding whether a transmitted
bit is a zero or a one, the receiver counts the number of photoelectrons and compares it
to a threshold. System performance is determined by computing the probability that the
threshold is exceeded.

Wireless communication systems. In order to enhance weak signals and maximize the
range of communication systems, it is necessary to use amplifiers. Unfortunately, amplifiers
always generate thermal noise, which is added to the desired signal. As a consequence of the
underlying physics, the noise is Gaussian. Hence, the Gaussian density function, which you
will meet in Chapter 4, plays a prominent role in the analysis and design of communication
systems. When noncoherent receivers are used, e.g., noncoherent frequency shift keying,

“Many important quantities in probability and statistics are named after famous mathematicians and
statisticians. ~ You can use an Internet search engine to find pictures and biographies of them on
the web. At the time of this writing, numerous biographies of famous mathematicians and statisti-
cians can be found at http://turnbull.mcs.st-and.ac.uk/history/BiogIndex.html and at
http://www.york.ac.uk/depts/maths/histstat/people/welcome.htm. Pictures on stamps
and currency can be found at http://jeff560.tripod.com/.
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this naturally leads to the Rayleigh, chi-squared, noncentral chi-squared, and Rice density
functions that you will meet in the problems in Chapters 4, 5, 7, and 9.

Variability in electronic circuits. Although circuit manufacturing processes attempt to
ensure that all items have nominal parameter values, there is always some variation among
items. How can we estimate the average values in a batch of items without testing all of
them? How good is our estimate? You will learn how to do this in Chapter 6 when you
study parameter estimation and confidence intervals. Incidentally, the same concepts apply
to the prediction of presidential elections by surveying only a few voters.

Computer network traffic. Prior to the 1990s, network analysis and design was carried
out using long-established Markovian models [41, p. 1]. You will study Markov chains
in Chapter 12. As self similarity was observed in the traffic of local-area networks [35],
wide-area networks [43], and in World Wide Web traffic [13], a great research effort began
to examine the impact of self similarity on network analysis and design. This research has
yielded some surprising insights into questions about buffer size vs. bandwidth, multiple-
time-scale congestion control, connection duration prediction, and other issues [41, pp. 9—
11]. In Chapter 15 you will be introduced to self similarity and related concepts.

In spite of the foregoing applications, probability was not originally developed to handle
problems in electrical and computer engineering. The first applications of probability were
to questions about gambling posed to Pascal in 1654 by the Chevalier de Mere. Later,
probability theory was applied to the determination of life expectancies and life-insurance
premiums, the theory of measurement errors, and to statistical mechanics. Today, the theory
of probability and statistics is used in many other fields, such as economics, finance, medical
treatment and drug studies, manufacturing quality control, public opinion surveys, etc.

Relative frequency

Consider an experiment that can result in M possible outcomes, Oq,...,0p. For ex-
ample, in tossing a die, one of the six sides will land facing up. We could let O; denote
the outcome that the ith side faces up, i = 1,...,6. Alternatively, we might have a computer
with six processors, and O; could denote the outcome that a program or thread is assigned to
the ith processor. As another example, there are M = 52 possible outcomes if we draw one
card from a deck of playing cards. Similarly, there are M = 52 outcomes if we ask which
week during the next year the stock market will go up the most. The simplest example we
consider is the flipping of a coin. In this case there are two possible outcomes, “heads” and
“tails.” Similarly, there are two outcomes when we ask whether or not a bit was correctly
received over a digital communication system. No matter what the experiment, suppose
we perform it n times and make a note of how many times each outcome occurred. Each
performance of the experiment is called a trial.? Let N, (O;) denote the number of times O;
occurred in n trials. The relative frequency of outcome O;,

Nn(Oi)

n

is the fraction of times O; occurred.

bWhen there are only two outcomes, the repeated experiments are called Bernoulli trials.
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Here are some simple computations using relative frequency. First,
Na(O1) +---+Nu(Oy) = n,

and so

Na(O1) | Ma(Om) _ (1.1)
n n

Second, we can group outcomes together. For example, if the experiment is tossing a die,
let E denote the event that the outcome of a toss is a face with an even number of dots; i.e.,
E is the event that the outcome is Oy, Oy, or O¢. If we let N, (E) denote the number of times
E occurred in n tosses, it is easy to see that

Ny(E) = Nu(02)+ N, (04) + N, (Og),
and so the relative frequency of E is

Nn(E) _ Nn(02)+Nn(O4)+Nn(06)

(1.2)

Practical experience has shown us that as the number of trials n becomes large, the rel-
ative frequencies settle down and appear to converge to some limiting value. This behavior
is known as statistical regularity.

Example 1.1. Suppose we toss a fair coin 100 times and note the relative frequency of
heads. Experience tells us that the relative frequency should be about 1/2. When we did
this,® we got 0.47 and were not disappointed.

The tossing of a coin 100 times and recording the relative frequency of heads out of 100
tosses can be considered an experiment in itself. Since the number of heads can range from
0 to 100, there are 101 possible outcomes, which we denote by Sy, ..., S100. In the preceding
example, this experiment yielded S47.

Example 1.2. We performed the experiment with outcomes Sy, . .., Sjoo 1000 times and
counted the number of occurrences of each outcome. All trials produced between 33 and 68
heads. Rather than list N1g00(Sy) for the remaining values of k, we summarize as follows:

N1000(S33) + N1000(S34) +Niooo(S3s) = 4

Ni1000(S36) + N1000(S37) +Niooo(S3s) = 6

N1000(S39) 4+ N100o(S40) +N1ooo(Sa1) = 32
N1000(S42) + N100o(S43) + N1ooo(Sa4) = 98
Ni1000(S45) + N1000(Sa6) + Niooo(Sa7) = 165
N1000(S48) +N1000(S49) +Niooo(Ss0) = 230
N1000(S51) +N1ooo(S52) +N1ooo(S53) = 214

Ni00o(S54) +N10oo(Sss) + Niooo(Ss6) = 144

“We did not actually toss a coin. We used a random number generator to simulate the toss of a fair coin.
Simulation is discussed in Chapters 5 and 6.
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N1000(S57) +N1000(S58) +Niooo(Ss9) = 76
N1000(S60) +N1000(S61) + Niooo(Se2) = 21
Ni000(S63) + N1000(Se4) +Niooo(Ses) = 9

N1000(S66) +N100o(S67) +N1ooo(Ses) = 1.

This summary is illustrated in the histogram shown in Figure 1.4. (The bars are centered
over values of the form k/100; e.g., the bar of height 230 is centered over 0.49.)

250

200 \

150

100

50

0
0.3 0.4 0.5 0.6 0.7

Figure 1.4. Histogram of Example 1.2 with overlay of a Gaussian density.

Below we give an indication of why most of the time the relative frequency of heads is
close to one half and why the bell-shaped curve fits so well over the histogram. For now
we point out that the foregoing methods allow us to determine the bit-error rate of a digital
communication system, whether it is a wireless phone or a cable modem connection. In
principle, we simply send a large number of bits over the channel and find out what fraction
were received incorrectly. This gives an estimate of the bit-error rate. To see how good an
estimate it is, we repeat the procedure many times and make a histogram of our estimates.

What is probability theory?

Axiomatic probability theory, which is the subject of this book, was developed by A.
N. Kolmogorov¢ in 1933. This theory specifies a set of axioms for a well-defined math-
ematical model of physical experiments whose outcomes exhibit random variability each
time they are performed. The advantage of using a model rather than performing an exper-
iment itself is that it is usually much more efficient in terms of time and money to analyze
a mathematical model. This is a sensible approach only if the model correctly predicts the
behavior of actual experiments. This is indeed the case for Kolmogorov’s theory.

A simple prediction of Kolmogorov’s theory arises in the mathematical model for the
relative frequency of heads in n tosses of a fair coin that we considered in Example 1.1. In
the model of this experiment, the relative frequency converges to 1/2 as n tends to infinity;

4The website http://kolmogorov.com/ is devoted to Kolmogorov.
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this is a special case of the the strong law of large numbers, which is derived in Chapter 14.
(A related result, known as the weak law of large numbers, is derived in Chapter 3.)

Another prediction of Kolmogorov’s theory arises in modeling the situation in Exam-
ple 1.2. The theory explains why the histogram in Figure 1.4 agrees with the bell-shaped
curve overlaying it. In the model, the strong law tells us that for each k, the relative fre-
quency of having exactly k heads in 100 tosses should be close to

1000 1
k1(100 —k)! 2100

Then, by the central limit theorem, which is derived in Chapter 5, the above expression is
approximately equal to (see Example 5.19)

e 405

(You should convince yourself that the graph of ¢ is indeed a bell-shaped curve.)
Because Kolmogorov’s theory makes predictions that agree with physical experiments,
it has enjoyed great success in the analysis and design of real-world systems.

1.1 Sample spaces, outcomes, and events

Sample spaces

To model systems that yield uncertain or random measurements, we let  denote the
set of all possible distinct, indecomposable measurements that could be observed. The set
Q is called the sample space. Here are some examples corresponding to the applications
discussed at the beginning of the chapter.

Signal processing. In a radar system, the voltage of a noise waveform at time ¢ can be
viewed as possibly being any real number. The first step in modeling such a noise voltage
is to consider the sample space consisting of all real numbers, i.e., Q = (—o0,00).

Computer memories. Suppose we store an n-bit word consisting of all Os at a particular
location. When we read it back, we may not get all Os. In fact, any n-bit word may be read
out if the memory location is faulty. The set of all possible n-bit words can be modeled by
the sample space

Q = {(b1,...,bn) :bj=00r 1}.

Optical communication systems. Since the output of a photodetector is a random
number of photoelectrons. The logical sample space here is the nonnegative integers,

Q= {0,1,2,...}.

Notice that we include 0 to account for the possibility that no photoelectrons are observed.
Wireless communication systems. Noncoherent receivers measure the energy of the
incoming waveform. Since energy is a nonnegative quantity, we model it with the sample
space consisting of the nonnegative real numbers, Q = [0, o).
Variability in electronic circuits. Consider the lowpass RC filter shown in Figure 1.5(a).
Suppose that the exact values of R and C are not perfectly controlled by the manufacturing
process, but are known to satisfy

95 ohms < R < 105ohms and 300 uF < C < 340 uF.
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340

- 300

95 105
(a) (b)

Figure 1.5. (a) Lowpass RC filter. (b) Sample space for possible values of R and C.

This suggests that we use the sample space of ordered pairs of real numbers, (r,c), where
95 <r <105 and 300 < ¢ < 340. Symbolically, we write

Q = {(r,c):95 < r <105 and 300 < ¢ < 340},

which is the rectangular region in Figure 1.5(b).

Computer network traffic. If a router has a buffer that can store up to 70 packets, and
we want to model the actual number of packets waiting for transmission, we use the sample
space

Q = {0,1,2,...,70}.

Notice that we include O to account for the possibility that there are no packets waiting to
be sent.

Outcomes and events

Elements or points in the sample space €2 are called outcomes. Collections of outcomes
are called events. In other words, an event is a subset of the sample space. Here are some
examples.

If the sample space is the real line, as in modeling a noise voltage, the individual num-
bers such as 1.5, —8, and 7 are outcomes. Subsets such as the interval

[0,5] = {v:0<v<5}

are events. Another event would be {2,4,7.13}. Notice that singleton sets, that is sets
consisting of a single point, are also events; e.g., {1.5}, {—8}, {n}. Be sure you understand
the difference between the outcome —8 and the event {—8}, which is the set consisting of
the single outcome —8.

If the sample space is the set of all triples (b, by,b3), where the b; are O or 1, then any
particular triple, say (0,0,0) or (1,0, 1) would be an outcome. An event would be a subset
such as the set of all triples with exactly one 1; i.e.,

{(0,0,1),(0,1,0),(1,0,0)}.

An example of a singleton event would be {(1,0,1)}.
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In modeling the resistance and capacitance of the RC filter above, we suggested the
sample space
Q = {(r,c):95 <r <105 and 300 < ¢ < 340},

which was shown in Figure 1.5(b). If a particular circuit has R = 101 ohms and C =327 uF,
this would correspond to the outcome (101,327), which is indicated by the dot in Figure 1.6.
If we observed a particular circuit with R <97 ohms and C > 313 uF, this would correspond
to the event

{(r,c) 195 <r <97 and 313 < ¢ < 340},

which is the shaded region in Figure 1.6.

c
340

300

95 105

Figure 1.6. The dot is the outcome (101,327). The shaded region is the event {(r,¢) : 95 <r <97 and 313 < ¢ <
340}.

1.2 Review of set notation

Since sample spaces and events use the language of sets, we recall in this section some
basic definitions, notation, and properties of sets.

Let Q be a set of points. If @ is a point in Q, we write ® € Q. Let A and B be two
collections of points in Q. If every point in A also belongs to B, we say that A is a subset of
B, and we denote this by writing A C B. If A C B and B C A, then we write A = B; i.e., two
sets are equal if they contain exactly the same points. If A C B but A # B, we say that A is a
proper subset of B.

Set relationships can be represented graphically in Venn diagrams. In these pictures,
the whole space € is represented by a rectangular region, and subsets of Q are represented
by disks or oval-shaped regions. For example, in Figure 1.7(a), the disk A is completely
contained in the oval-shaped region B, thus depicting the relation A C B.

Set operations
If AC Q, and @ € Q does not belong to A, we write @ ¢ A. The set of all such o is
called the complement of A in Q; i.e.,
A ={weQ:0¢A}l

This is illustrated in Figure 1.7(b), in which the shaded region is the complement of the disk
A.

The empty set or null set is denoted by &J; it contains no points of Q. Note that for any
ACQ, I CA. Also, Q°=O.
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@B A

(a) (b)

AC

Figure 1.7. (a) Venn diagram of A C B. (b) The complement of the disk A, denoted by A°, is the shaded part of the
diagram.
The union of two subsets A and B is
AUB = {wecQ:wcAorwcB}.

Here “or” is inclusive; i.e., if @ € AU B, we permit @ to belong either to A or to B or to
both. This is illustrated in Figure 1.8(a), in which the shaded region is the union of the disk
A and the oval-shaped region B.

(a) (b)
Figure 1.8. (a) The shaded region is AU B. (b) The shaded region is AN B.

The intersection of two subsets A and B is
ANB = {weQ:wecAand ® € B};

hence, ® € AN B if and only if @ belongs to both A and B. This is illustrated in Figure 1.8(b),
in which the shaded area is the intersection of the disk A and the oval-shaped region B. The
reader should also note the following special case. If A C B (recall Figure 1.7(a)), then
ANB =A. In particular, we always have ANQ =A and INB= .

The set difference operation is defined by

B\A := BNAS,

i.e., B\ A is the set of @ € B that do not belong to A. In Figure 1.9(a), B\ A is the shaded
part of the oval-shaped region B. Thus, B\ A is found by starting with all the points in B and
then removing those that belong to A.

Two subsets A and B are disjoint or mutually exclusive if AN B = J; i.e., there is no
point in Q that belongs to both A and B. This condition is depicted in Figure 1.9(b).
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O

(a) (b)

Figure 1.9. (a) The shaded region is B\ A. (b) Venn diagram of disjoint sets A and B.

Example 1.3. Let Q:={0,1,2,3,4,5,6,7}, and put
A = {1,2,3,4}, B := {3,4,5,6}, and C := {5,6}.

Evaluate AUB,ANB,ANC, A®, and B\ A.

Solution. 1t is easy to see that AUB = {1,2,3,4,5,6}, ANB={3,4},and ANC = .
Since A¢ = {0,5,6,7},
B\A = BNA® = {5,6} = C.

Set identities

Set operations are easily seen to obey the following relations. Some of these relations
are analogous to the familiar ones that apply to ordinary numbers if we think of union as
the set analog of addition and intersection as the set analog of multiplication. Let A, B, and
C be subsets of Q. The commutative laws are

AUB = BUA and ANB = BNA. (1.3)
The associative laws are
AU(BUC)=(AUB)UC and AN(BNC)=(ANB)NC. (1.4)

The distributive laws are

AN(BUC) = (ANB)U(ANC) (1.5)
and
AU(BNC) = (AUB)N(AUC). (1.6)
De Morgan’s laws are
(ANB)® = A°UB° and (AUB)® = A°NB°. 1.7

Formulas (1.3)-(1.5) are exactly analogous to their numerical counterparts. Formulas (1.6)
and (1.7) do not have numerical counterparts. We also recall that ANQ =A and JNB = ;
hence, we can think of Q as the analog of the number one and & as the analog of the number
zero. Another analog is the formula AU & = A.



1.2 Review of set notation 11

We next consider infinite collections of subsets of Q. It is important to understand how
to work with unions and intersections of infinitely many subsets. Infinite unions allow us
to formulate questions about some event ever happening if we wait long enough. Infinite
intersections allow us to formulate questions about some event never happening no matter
how long we wait.

Suppose A, C Q,n=1,2,.... Then

UA” = {weQ:wecA,forsome l <n< oo},

n=1

In other words, @ € |;—; A, if and only if for at least one integer n satisfying 1 < n < oo,
® € A,. This definition admits the possibility that @ € A, for more than one value of n.
Next, we define

mA,, ={weQ:wecA,forall 1l <n < e}
n=1

In other words, @ € (;,—; A, if and only if w € A, for every positive integer n.
Many examples of infinite unions and intersections can be given using intervals of real
numbers such as (a,b), (a,b], [a,b), and [a,b]. (This notation is reviewed in Problem 5.)

Example 1.4. Let Q denote the real numbers, Q = IR := (—o0,00). Then the following
infinite intersections and unions can be simplified. Consider the intersection

=)

n(—oo,l/n) ={o:o<1/nforalll<n< e}

n=1

Now, if @ < 1/n for all 1 < n < oo, then ® cannot be positive; i.e., we must have @ < 0.
Conversely, if @ <0, then for all 1 <n < e, @ <0 < 1/n. It follows that

)

m (_°°’ 1/”) = (_00’0]'

n=1

Consider the infinite union,

U(_oo,—l/n] = {0w: o< —1/nforsome | <n < oo}.

n=1

Now, if @ < —1/n for some n with 1 < n < e, then we must have @ < 0. Conversely, if
o < 0, then for large enough n, @ < —1/n. Thus,

oo

U (_Ooa —l/l’l] = (—00,0).

n=1

In a similar way, one can show that

as well as
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The following generalized distributive laws also hold,

=

BN (DA,,) = J(BNA,),

" Bu(ﬁAn) = ((BUA,).

We also have the generalized De Morgan’s laws,
oo C )
(ﬂm) U4
n=1 n=1
oo C )
( U A,,) = () A;.
n=1 n=1

Finally, we will need the following definition. We say that subsets A,,n = 1,2,..., are
pairwise disjoint if A, NA,, = & for all n # m.

and

Partitions

A family of nonempty sets B, is called a partition if the sets are pairwise disjoint and
their union is the whole space Q. A partition of three sets By, By, and Bs is illustrated in
Figure 1.10(a). Partitions are useful for chopping up sets into manageable, disjoint pieces.
Given a set A, write

A =ANQ

AN (UBH)

n

= J@na,).

Since the B, are pairwise disjoint, so are the pieces (AN B,). This is illustrated in Fig-
ure 1.10(b), in which a disk is broken up into three disjoint pieces.

Bl ’ // B3
I
___7
B \
2 \
(a) (b)

Figure 1.10. (a) The partition By, By, B3. (b) Using the partition to break up a disk into three disjoint pieces (the
shaded regions).
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If a family of sets B,, is disjoint but their union is not equal to the whole space, we can

always add the remainder set
C
R := (UB,,) (1.8)
n

to the family to create a partition. Writing
Q = R°UR
( U Bn> UR,
n

we see that the union of the augmented family is the whole space. It only remains to show
that By "R = . Write

C
ByNR = ByN <UB”)
n
BN <ﬂB§>
= BkmBgm(ﬂB;>

n#k

= J.

*Functions

A function consists of a set X of admissible inputs called the domain and a rule or
mapping f that associates to each x € X a value f(x) that belongs to a set ¥ called the
co-domain. We indicate this symbolically by writing f:X — Y, and we say, “f maps X
into Y.” Two functions are the same if and only if they have the same domain, co-domain,
and rule. If f:X — Y and g: X — Y, then the mappings f and g are the same if and only if
Ff(x)=g(x) forallx € X.

The set of all possible values of f(x) is called the range. In symbols, the range is the set
{f(x):x€X}. Since f(x) € Y for each x, it is clear that the range is a subset of Y. However,
the range may or may not be equal to Y. The case in which the range is a proper subset of Y
is illustrated in Figure 1.11.

y
range

domain X co—domain Y

Figure 1.11. The mapping f associates each x in the domain X to a point y in the co-domain Y. The range is the
subset of Y consisting of those y that are associated by f to at least one x € X. In general, the range is a proper
subset of the co-domain.
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A function is said to be onto if its range is equal to its co-domain. In other words, every
value y € Y “comes from somewhere” in the sense that for every y € Y, there is at least one
x € X withy = f(x).

A function is said to be one-to-one if the condition f(x;) = f(x2) implies x; = x,.

Another way of thinking about the concepts of onto and one-to-one is the following. A
function is onto if for every y € Y, the equation f(x) = y has a solution. This does not rule
out the possibility that there may be more than one solution. A function is one-to-one if for
every y € Y, the equation f(x) = y can have at most one solution. This does not rule out the
possibility that for some values of y € Y, there may be no solution.

A function is said to be invertible if for every y € Y there is a unique x € X with f(x) =y.
Hence, a function is invertible if and only if it is both one-to-one and onto; i.e., for every
y €Y, the equation f(x) =y has a unique solution.

Example 1.5. For any real number x, put f(x) := x*. Then

f: (_°°a°°) - (_ooaoo)
(_°°a°°) - [ano)

f:
f: [0700) — (—O0,00)

f:[0,00) = [0,e0)

specifies four different functions. In the first case, the function is not one-to-one because
f(2) = f(=2), but 2 # —2; the function is not onto because there is no x € (—eo,0) with
f(x) = —1. In the second case, the function is onto since for every y € [0,%), f(,/) = y.
However, since f(—,/y) =y also, the function is not one-to-one. In the third case, the
function fails to be onto, but is one-to-one. In the fourth case, the function is onto and one-

to-one and therefore invertible.

The last concept we introduce concerning functions is that of inverse image. If f: X — 7,
and if B C Y, then the inverse image of B is

f7'(B) == {xeX: f(x) B},

which we emphasize is a subset of X. This concept applies to any function whether or not
it is invertible. When the set X is understood, we sometimes write

S1B) = {x: f(x) € B}
to simplify the notation.

Example 1.6. Suppose that f:(—co,00) — (—oo,0), where f(x) = x>. Find f~'([4,9])
and f~1([-9,-4]).

Solution. In the first case, write

S = {x: flx) € 4,91}
= {x:4<f(x) <9}
= {x:4<x*<9}
= {x:2<x<3o0or —-3<x<-2}
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In the second case, we need to find
FH-9,-4]) = {x: -9 <x*<—4}.
Since there is no x € (—eo,o0) with x> < 0, f~1([-9, —4]) = &.

Remark. If we modify the function in the preceding example to be f:[0,00) — (—o0,c0),
then f~1([4,9]) = [2,3] instead.

*Countable and uncountable sets
The number of points in a set A is denoted by |A|. We call |A| the cardinality of A. The
cardinality of a set may be finite or infinite. A little reflection should convince you that if A
and B are two disjoint sets, then
|AUB| = |A|+|B|;
use the convention that if x is a real number, then
X+o0 = o0 and oo4o0 = oo

and be sure to consider the three cases: (i) A and B both have finite cardinality, (ii) one has
finite cardinality and one has infinite cardinality, and (iii) both have infinite cardinality.

A nonempty set A is said to be countable if the elements of A can be enumerated or
listed in a sequence: aj,as,.... In other words, a set A is countable if it can be written in
the form

=

A = JHal,

k=1
where we emphasize that the union is over the positive integers, k = 1,2,.... The empty set
is also said to be countable.

Remark. Since there is no requirement that the a; be distinct, every finite set is countable
by our definition. For example, you should verify that the set A = {1,2,3} can be written in
the above form by taking a; = 1,a» =2,a3 =3, and ay =3 for k =4,5,.... By a countably
infinite set, we mean a countable set that is not finite.

Example 1.7. Show that a set of the form
B = |J {bi}
ij=1
is countable.

Solution. The point here is that a sequence that is doubly indexed by positive integers
forms a countable set. To see this, consider the array

bii bz b1z bis
by by by

b1 b

bai



16 Introduction to probability

Now list the array elements along antidiagonals from lower left to upper right defining

ay = b11

a:=bay1, a3 :=bp

a4 :=b31, as := by, as:=by3

a7 :=ba1, ag:=b3, ag:= by, aio:=bis

This shows that

oo

B = (J{a},

k=1

and so B is a countable set.

Example 1.8. Show that the positive rational numbers form a countable subset.

Solution. Recall that a rational number is of the form i/ j where i and j are integers with
J # 0. Hence, the set of positive rational numbers is equal to

U ti/4).
ij=1

By the previous example, this is a countable set.

You will show in Problem 16 that the union of two countable sets is a countable set. It
then easily follows that the set of all rational numbers is countable.

A set is uncountable or uncountably infinite if it is not countable.

Example 1.9. Show that the set S of unending row vectors of zeros and ones is uncount-
able.

Solution. We give a proof by contradiction. In such a proof, we assume that what we
are trying to prove is false, and then we show that this leads to a contradiction. Once a
contradiction is obtained, the proof is complete.

In this example, we are trying to prove S is uncountable. So, we assume this is false;
i.e., we assume S is countable. Now, the assumption that S is countable means we can write
S = Ui {a;} for some sequence a;, where each a; is an unending row vector of zeros and
ones. We next show that there is a row vector a that does not belong to

Ufar).
=1
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To show how to construct this special row vector, suppose

ai:=[1]0 1 1 01011
a:=01[0/1 0 11000
az:= 1 1 [1]0 10101
a, ;=1 1 0[1]00110
as:=0 1 1 0[0]0000

where we have boxed the diagonal elements to highlight them. Now use the following
diagonal argument. Take a:=01001 --- to be such that kth bit of a is the complement
of the kth bit of a;. In other words, viewing the above row vectors as an infinite matrix, go
along the diagonal and flip all the bits to construct a. Then a # a; because they differ in the
first bit. Similarly, a # a, because they differ in the second bit. And so on. Thus,

a¢ D{a,-} =S.

However, by definition, S is the set of all unending row vectors of zeros and ones. Since a
is such a vector, a € S. We have a contradiction.

The same argument shows that the interval of real numbers [0, 1) is not countable. To
see this, write each such real number in its binary expansion, e.g., 0.11010101110... and
identify the expansion with the corresponding row vector of zeros and ones in the example.

1.3 Probability models

In Section 1.1, we suggested sample spaces to model the results of various uncertain
measurements. We then said that events are subsets of the sample space. In this section, we
add probability to sample space models of some simple systems and compute probabilities
of various events.

The goal of probability theory is to provide mathematical machinery to analyze com-
plicated problems in which answers are not obvious. However, for any such theory to be
accepted, it should provide answers to simple problems that agree with our intuition. In this
section we consider several simple problems for which intuitive answers are apparent, but
we solve them using the machinery of probability.

Consider the experiment of tossing a fair die and measuring, i.e., noting, the face turned
up. Our intuition tells us that the “probability” of the ith face turning up is 1/6, and that the
“probability” of a face with an even number of dots turning up is 1/2.

Here is a mathematical model for this experiment and measurement. Let the sample
space Q be any set containing six points. Each sample point or outcome @ € Q corresponds
to, or models, a possible result of the experiment. For simplicity, let

Q = {1,2,3,4,5,6}.
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Now define the events
F, = {i}, i=1,2,3,4)5,6,

and
E = {2,4,6}.

The event F; corresponds to, or models, the die’s turning up showing the ith face. Similarly,
the event £ models the die’s showing a face with an even number of dots. Next, for every
subset A of Q, we denote the number of points in A by |A|. We call |A| the cardinality of A.
We define the probability of any event A by

P(4) := [Al/|Q].

In other words, for the model we are constructing for this problem, the probability of an
event A is defined to be the number of outcomes in A divided by the total number of pos-
sible outcomes. With this definition, it follows that P(F;) = 1/6 and P(E) =3/6 = 1/2,
which agrees with our intuition. You can also compare this with MATLAB simulations in
Problem 21.

‘We now make four observations about our model.

(i) P(D) =12]/|Q] = 0/|Q] = 0.
(ii) P(A) > 0 for every event A.
(iii) If A and B are mutually exclusive events, i.e., ANB =, then P(AUB) = P(A) +
P(B); for example, F3NE = &, and it is easy to check that

P(FUE) = P({2,3,4,6}) = P(F3)+P(E).

(iv) When the die is tossed, something happens; this is modeled mathematically by the
easily verified fact that P(Q) = 1.

As we shall see, these four properties hold for all the models discussed in this section.
We next modify our model to accommodate an unfair die as follows. Observe that for a
fair die,’

Al L

where p(w) := 1/|Q|. For example,
PEEy= Y 1/6 =1/6+1/6+1/6 =1/2.

we{2,4,6}

For an unfair die, we simply change the definition of the function p(®) to reflect the likeli-
hood of occurrence of the various faces. This new definition of P still satisfies (i) and (iii);
however, to guarantee that (if) and (iv) still hold, we must require that p be nonnegative and
sum to one, or, in symbols, p(®) > 0and ¥ ,cq p(®) = 1.

Example 1.10. Construct a sample space Q and probability P to model an unfair die
in which faces 1-5 are equally likely, but face 6 has probability 1/3. Using this model,
compute the probability that a toss results in a face showing an even number of dots.

°If A = &, the summation is taken to be zero.
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Solution. We again take Q = {1,2,3,4,5,6}. To make face 6 have probability 1/3, we
take p(6) = 1/3. Since the other faces are equally likely, for@ = 1,...,5, we take p(®) =c,
where c is a constant to be determined. To find ¢ we use the fact that

6
1 =PQ) = ng(w) = Z’lp((x)) = 5c+%.

It follows that ¢ = 2/15. Now that p(®) has been specified for all @, we define the proba-
bility of any event A by

P(A) := Zp(a))

weA

Letting E = {2,4,6} model the result of a toss showing a face with an even number of dots,
we compute

P(E) = ) p(w) = p)+p#H)+p(6) = c++5 =%

weE

This unfair die has a greater probability of showing an even numbered face than the fair die.

This problem is typical of the kinds of “word problems” to which probability theory is
applied to analyze well-defined physical experiments. The application of probability theory
requires the modeler to take the following steps.

o Select a suitable sample space Q.

e Define P(A) for all events A. For example, if Q is a finite set and all outcomes @ are
equally likely, we usually take P(A) = |A|/|Q|. If it is not the case that all outcomes
are equally likely, e.g., as in the previous example, then P(A) would be given by some
other formula that must be determined based on the problem statement.

e Translate the given “word problem” into a problem requiring the calculation of P(E)
for some specific event E.

The following example gives a family of constructions that can be used to model exper-
iments having a finite number of possible outcomes.

Example 1.11. Let M be a positive integer, and put Q := {1,2,...,M}. Next, let p(1),
.., (M) be nonnegative real numbers such that ¥/_, p(®) = 1. For any subset A C Q, put

PA) = Zp(a))

weEA

In particular, to model equally likely outcomes, or equivalently, outcomes that occur “at
random,” we take p(®w) = 1/M. In this case, P(A) reduces to |A|/|Q|.

Example 1.12. A single card is drawn at random from a well-shuffled deck of playing
cards. Find the probability of drawing an ace. Also find the probability of drawing a face
card.
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Solution. The first step in the solution is to specify the sample space Q and the prob-
ability P. Since there are 52 possible outcomes, we take Q := {1,...,52}. Each integer
corresponds to one of the cards in the deck. To specify P, we must define P(E) for all
events E C Q. Since all cards are equally likely to be drawn, we put P(E) := |E|/|Q|.

To find the desired probabilities, let 1,2,3,4 correspond to the four aces, and let 41, ...,
52 correspond to the 12 face cards. We identify the drawing of an ace with the event A :=
{1,2,3,4}, and we identify the drawing of a face card with the event F := {41,...,52}. Tt
then follows that P(A) = |A|/52=4/52=1/13 and P(F) = |F|/52=12/52=3/13. You
can compare this with MATLAB simulations in Problem 25.

While the sample spaces Q in Example 1.11 can model any experiment with a finite
number of outcomes, it is often convenient to use alternative sample spaces.

Example 1.13. Suppose that we have two well-shuffled decks of cards, and we draw
one card at random from each deck. What is the probability of drawing the ace of spades
followed by the jack of hearts? What is the probability of drawing an ace and a jack (in
either order)?

Solution. The first step in the solution is to specify the sample space Q and the probabil-
ity P. Since there are 52 possibilities for each draw, there are 52 = 2704 possible outcomes
when drawing two cards. Let D := {1,...,52}, and put

Q = {(i,j):i,jeD}.

Then |Q| = |D|? = 522 = 2704 as required. Since all pairs are equally likely, we put P(E) :=
|E|/|Q| for arbitrary events E C Q.

As in the preceding example, we denote the aces by 1,2,3,4. We let 1 denote the ace of
spades. We also denote the jacks by 41,42,43,44, and the jack of hearts by 42. The drawing
of the ace of spades followed by the jack of hearts is identified with the event

A = {(1,42)},

and so P(A) = 1/2704 ~ 0.000370. The drawing of an ace and a jack is identified with
B := Byj UBj,, where

By := {(i,j):i€{1,2,3,4} and j € {41,42,43,44} }
corresponds to the drawing of an ace followed by a jack, and
Bj, := {(i,j):i€{41,42,43,44} and j € {1,2,3,4}}
corresponds to the drawing of a jack followed by an ace. Since By and Bj, are disjoint,

P(B) = P(Byj) +P(Bja) = (IBaj| +|Bjal)/ Q. Since |Byj| = [Bja| = 16, P(B) =2-16/2704 =
2/169 ~ 0.0118.

Example 1.14. Two cards are drawn at random from a single well-shuffled deck of play-
ing cards. What is the probability of drawing the ace of spades followed by the jack of
hearts? What is the probability of drawing an ace and a jack (in either order)?
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Solution. The first step in the solution is to specify the sample space Q and the prob-
ability P. There are 52 possibilities for the first draw and 51 possibilities for the second.
Hence, the sample space should contain 52 -51 = 2652 elements. Using the notation of the
preceding example, we take

Q = {(i,j):i,j € Dwithi# j},

Note that |Q| = 522 — 52 = 2652 as required. Again, all such pairs are equally likely, and
so we take P(E) := |E|/|Q| for arbitrary events E C Q. The events A and B are defined
as before, and the calculation is the same except that |Q| = 2652 instead of 2704. Hence,
P(A) =1/2652 ~ 0.000377, and P(B) =2-16/2652 = 8/663 ~ 0.012.

In some experiments, the number of possible outcomes is countably infinite. For ex-
ample, consider the tossing of a coin until the first heads appears. Here is a model for such
situations. Let Q denote the set of all positive integers, Q :={1,2,...}. For 0 € Q, let p(®)
be nonnegative, and suppose that Y5, _; p(®) = 1. For any subset A C Q, put

PA) = Z p(w).

weA

This construction can be used to model the coin tossing experiment by identifying @ = i
with the outcome that the first heads appears on the ith toss. If the probability of tails on a
single toss is & (0 < & < 1), it can be shown that we should take p(@) = a®~!(1 — o) (cf.
Example 2.12). To find the probability that the first head occurs before the fourth toss, we
compute P(A), where A = {1,2,3}. Then

PA) = p()+p2)+pB3) = (1+a+a?)(1—a).
Ifoa=1/2,P(A)=(1+1/2+1/4)/2=1/8.

For some experiments, the number of possible outcomes is more than countably infinite.
Examples include the duration of a cell-phone call, a noise voltage in a communication
receiver, and the time at which an Internet connection is initiated. In these cases, P is
usually defined as an integral,

P(A) = /Af(w)dcm AcCQ,

for some nonnegative function f. Note that f must also satisfy [, f(®)dw = 1.

Example 1.15. Consider the following model for the duration of a cell-phone call. For
the sample space we take the nonnegative half line, Q := [0,00), and we put

P() == [ f(@)do,

where, for example, f(®) := e~ ®. Then the probability that the call duration is between 5
and 7 time units is

7
P(5,7)) = / e ®do = ¢S —e7 ~ 0.0058.
5
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Example 1.16. An on-line probability seminar is scheduled to start at 9:15. However,
the seminar actually starts randomly in the 20-minute interval between 9:05 and 9:25. Find
the probability that the seminar begins at or after its scheduled start time.

Solution. Let Q := [5,25], and put

P(A) = Af(w)dw.

The term “randomly” in the problem statement is usually taken to mean f(®) = constant. In
order that P(Q) = 1, we must choose the constant to be 1/length(Q) = 1/20. We represent
the seminar starting at or after 9:15 with the event L := [15,25]. Then

1 51 25—-15 1
P(L) = / —do = —do = = -
*) 15,25) 20 15 20 20 2

Example 1.17. A cell-phone tower has a circular coverage area of radius 10 km. If a
call is initiated from a random point in the coverage area, find the probability that the call
comes from within 2 km of the tower.

Solution. Let Q := {(x,y) : x> +y* < 100}, and for any A C Q, put

_area(A)  area(A)
P() = area(Q) 1007

We then identify the event A := {(x,y) : x> +y? < 4} with the call coming from within 2 km

of the tower. Hence,
PUA) = 2 _ o4
~100m T

1.4 Axioms and properties of probability

In this section, we present Kolmogorov’s axioms and derive some of their consequences.
The probability models of the preceding section suggest the following axioms that we
now require of any probability model.

Given a nonempty set Q, called the sample space, and a function P defined on the
subsets! of Q, we say P is a probability measure if the following four axioms are satisfied.?

(i) The empty set & is called the impossible event. The probability of the impossible
event is zero; i.e., P(&) = 0.
(ii) Probabilities are nonnegative; i.e., for any event A, P(A) > 0.
(iii) If Aj,A,,... are events that are mutually exclusive or pairwise disjoint, i.e., A, N
Ay, = D for n # m, then

P(HQAn> _ nipm,,). (1.9)
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The technical term for this property is countable additivity. However, all it says
is that the probability of a union of disjoint events is the sum of the probabilities of
the individual events, or more briefly, “the probabilities of disjoint events add.”

(iv) The entire sample space Q is called the sure event or the certain event, and its
probability is one; i.e., P(Q) = 1. If an event A # Q satisfies P(A) = 1, we say that
A is an almost-sure event.

We can view P(A) as a function whose argument is an event, A, and whose value, P(A),
is greater than or equal to zero. The foregoing axioms imply many other properties. In
particular, we show later that P(A) satisfies 0 < P(4) <1

We now give an interpretation of how Q and P model randomness. We view the sample
space Q as being the set of all possible “states of nature.” First, Mother Nature chooses a
state @y € 2. We do not know which state has been chosen. We then conduct an experiment,
and based on some physical measurement, we are able to determine that @y € A for some
event A C Q. In some cases, A = {@y}, that is, our measurement reveals exactly which state
@y was chosen by Mother Nature. (This is the case for the events F; defined at the beginning
of Section 1.3). In other cases, the set A contains @y as well as other points of the sample
space. (This is the case for the event E defined at the beginning of Section 1.3). In either
case, we do not know before making the measurement what measurement value we will get,
and so we do not know what event A Mother Nature’s @y will belong to. Hence, in many
applications, e.g., gambling, weather prediction, computer message traffic, etc., it is useful
to compute P(A) for various events to determine which ones are most probable.

Consequences of the axioms

Axioms (i)—(iv) that characterize a probability measure have several important implica-
tions as discussed below.
Finite disjoint unions. We have the finite version of axiom (iif):

N N
P( U An> = Zl P(A,), A, pairwise disjoint.
o

To derive this, put A, for n > N, and then write

(LNJ>—

-
7N\
=
l( 8
>
=
~~_

Il
s

P(A,), by axiom (iii),

3
Il
—

I
M=

P(A,), since P(&) =0 by axiom (i).

3
I
—

Remark. 1t is not possible to go backwards and use this special case to derive axiom (iii).

Example 1.18. If A is an event consisting of a finite number of sample points, say
A={a,...,on}, then® P(A) =YY P({®,}). Similarly, if A consists of countably many
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sample points, sa ={;,,...}, then directly from axiom (iii), =Y W, f).
ple poi yA={w,an,...}, then directly fi iom (iii), P(A) = Xy P({@a})

Probability of a complement. Given an event A, we can always write Q = AUAS,
which is a finite disjoint union. Hence, P(Q) = P(A) + P(A®). Since P(Q) = 1, we find that

P(A%) = 1—P(A). (1.10)

Monotonicity. If A and B are events, then

ACB implies P(A) <P(B). (1.11)

To see this, first note that A C B implies
B = AU(BNAS).

This relation is depicted in Figure 1.12, in which the disk A is a subset of the oval-shaped

v

Figure 1.12. In this diagram, the disk A is a subset of the oval-shaped region B; the shaded region is BN A€, and
B=AU(BNA®).

region B; the shaded region is BNA®. The figure shows that B is the disjoint union of the
disk A together with the shaded region BNA®. Since B=AU (BNA€) is a disjoint union,
and since probabilities are nonnegative,

P(B)

P(A)+P(BNAS)
> P(A).
Note that the special case B = Q results in P(A) < 1 for every event A. In other words,

probabilities are always less than or equal to one.
Inclusion—exclusion. Given any two events A and B, we always have

P(AUB) = P(A)+P(B)—P(ANB). (1.12)

This formula says that if we add the entire shaded disk of Figure 1.13(a) to the entire shaded
ellipse of Figure 1.13(b), then we have counted the intersection twice and must subtract off
a copy of it. The curious reader can find a set-theoretic derivation of (1.12) in the Notes.*



1.4 Axioms and properties of probability

G

(a) (b)
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Figure 1.13. (a) Decomposition A = (ANB¢) U (ANB). (b) Decomposition B = (ANB) U (A°NB).

Limit properties. The following limit properties of probability are essential to answer
questions about the probability that something ever happens or never happens. Using ax-
ioms (i)—(iv), the following formulas can be derived (see Problems 33-35). For any se-

quence of events A,

() - tmr(Ur).

n=1

and

oo N
P(Na) = pimp( )

(1.13)

(1.14)

In particular, notice that if the A, are increasing in the sense that A, C A, for all n, then

the finite union in (1.13) reduces to Ay (see Figure 1.14(a)). Thus, (1.13) becomes

P(UIAH> = lim P(Ay), ifA, CApp.
n—=

(1.15)

Similarly, if the A, are decreasing in the sense that A, .1 C A, for all n, then the finite

intersection in (1.14) reduces to Ay (see Figure 1.14(b)). Thus, (1.14) becomes

P(ﬂlAn> = lim P(Ay), if Ay C Ay
e

(a) (b)

(1.16)

Figure 1.14. (a) For increasing events A| C Ay C Az, the union A} UA; UA3 = Az. (b) For decreasing events

A| D Ay D As, the intersection A} NA; NA3 = Aj.
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Formulas (1.15) and (1.16) are called sequential continuity properties. Formulas (1.12)
and (1.13) together imply that for any sequence of events A,,

P( § An> < iP(An). (L.17)
n=1 n=1

This formula is known as the union bound in engineering and as countable subadditivity
in mathematics. It is derived in Problems 36 and 37 at the end of the chapter.

1.5 Conditional probability

A computer maker buys the same chips from two different suppliers, S1 and S2, in
order to reduce the risk of supply interruption. However, now the computer maker wants
to find out if one of the suppliers provides more reliable devices than the other. To make
this determination, the computer maker examines a collection of n chips. For each one,
there are four possible outcomes, depending on whether the chip comes from supplier S1
or supplier S2 and on whether the chip works (w) or is defective (d). We denote these
outcomes by Oy, s1, Og,s1, Ow,s2, and Oy s>. The numbers of each outcome can be arranged

in the matrix
N(Ows1) N(Ows2)
N(Ogs1) N(Ogs2) |°

The sum of the first column is the number of chips from supplier S1, which we denote by
N(Os1). The sum of the second column is the number of chips from supplier S2, which we
denote by N(Os;).

The relative frequency of working chips from supplier S1 is N(Oy s1)/N(Os;). Sim-
ilarly, the relative frequency of working chips from supplier S2 is N(Oyw s2)/N(Os2). If
N(Ow.s1)/N(Os1) is substantially greater than N(Ow s2)/N(Osz), this would suggest that
supplier S1 might be providing more reliable chips than supplier S2.

(1.18)

Example 1.19. Suppose that (1.18) is equal to

754 499
221 214 |°

Determine which supplier provides more reliable chips.

Solution. The number of chips from supplier S1 is the sum of the first column, N(Os;)
= 7544221 = 975. The number of chips from supplier S2 is the sum of the second col-
umn, N(Os;) =499+ 214 = 713. Hence, the relative frequency of working chips from sup-
plier S1 is 754/975 a2 0.77, and the relative frequency of working chips form supplier S2 is
499/713 = 0.70. We conclude that supplier S1 provides more reliable chips. You can run
your own simulations using the MATLAB script in Problem 51.

Notice that the relative frequency of working chips from supplier S1 can also be written
as the quotient of relative frequencies,
N(Ows1) N(Oygs1)/n

N(Os1)) — N(Os)/n (1.19)




1.5 Conditional probability 27

This suggests the following definition of conditional probability. Let Q be a sample space.
Let the event S| model a chip’s being from supplier S1, and let the event W model a chip’s
working. In our model, the conditional probability that a chip works given that the chip
comes from supplier S1 is defined by

P(WﬁSl)

PW|S)) = PGS

where the probabilities model the relative frequencies on the right-hand side of (1.19). This
definition makes sense only if P(S;) > 0. If P(S;) =0, P(W|S}) is not defined.

Given any two events A and B of positive probability,

P(ANB)
P(AB) = ——— 1.2
B = 5 (120)
and P(ANB)
N
P(B|A) =
(B14) = 504
From (1.20), we see that
P(ANB) = P(A|B)P(B). (1.21)
Substituting this into the numerator above yields
P(A|B) P(B)
P(BIA) = ————— 1.22
(B14) = =50 (122)

We next turn to the problem of computing the denominator P(A).

The law of total probability and Bayes’ rule

The law of total probability is a formula for computing the probability of an event that
can occur in different ways. For example, the probability that a cell-phone call goes through
depends on which tower handles the call. The probability of Internet packets being dropped
depends on which route they take through the network.

When an event A can occur in two ways, the law of total probability is derived as follows
(the general case is derived later in the section). We begin with the identity

A = (ANB)U(ANB®)
(recall Figure 1.13(a)). Since this is a disjoint union,
P(A) = P(ANB)+P(ANBC).

In terms of Figure 1.13(a), this formula says that the area of the disk A is the sum of the
areas of the two shaded regions. Using (1.21), we have

P(A) = P(A|B)P(B)+P(A|B°)P(B°). (1.23)

This formula is the simplest version of the law of total probability.
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Example 1.20. Due to an Internet configuration error, packets sent from New York to
Los Angeles are routed through El Paso, Texas with probability 3/4. Given that a packet is
routed through El Paso, suppose it has conditional probability 1/3 of being dropped. Given
that a packet is not routed through El Paso, suppose it has conditional probability 1/4 of
being dropped. Find the probability that a packet is dropped.

Solution. To solve this problem, we use the notation/
E = {routed through El Paso} and D = {packet is dropped}.
With this notation, it is easy to interpret the problem as telling us that
P(DIE) = 1/3, P(D|E®) = 1/4, and P(E) = 3/4. (1.24)
We must now compute P(D). By the law of total probability,

P(D) = P(D|E)P(E)+P(DIE®)P(E®)

(1/3)3/4)+(1/4)(1-3/4)
= 1/4+1/16
~ 5/16. (125)

To derive the simplest form of Bayes’ rule, substitute (1.23) into (1.22) to get

P(A|B)P(B)
(A|B)P(B) +P(A[B)P(B°)

P(BIA) = 5 (1.26)

As illustrated in the following example, it is not necessary to remember Bayes’ rule as
long as you know the definition of conditional probability and the law of total probability.

Example 1.21 (continuation of Internet Example 1.20). Find the conditional probabil-
ity that a packet is routed through El Paso given that it is not dropped.

Solution. With the notation of the previous example, we are being asked to find P(E|D°).
Write
P(ENDS)
P(D¢)
P(D*|E)P(E)
P(D°)

P(EID®) =

From (1.24) we have P(E) = 3/4 and P(D|E) =1 —P(D|E) = 1—1/3. From (1.25),
P(D¢) =1-P(D) =1-5/16. Hence,
eG4 _ 8

PEIDY) = /16 11

fTn working this example, we follow common practice and do not explicitly specify the sample space Q or the
probability measure P. Hence, the expression “let E = {routed through El Paso}” is shorthand for “let E be the
subset of Q that models being routed through El Paso.” The curious reader may find one possible choice for Q2 and
P, along with precise mathematical definitions of the events E and D, in Note 5.
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If we had not already computed P(D) in the previous example, we would have computed
P(D¢) directly using the law of total probability.

‘We now generalize the law of total probability. Let B, be a sequence of pairwise disjoint
events such that ¥, P(B,) = 1. Then for any event A,

P(A) = Z P(A|Bn)P(Bn)'
n
To derive this result, put B := | J,, B, and observe that®

P(B) = Y P(B,) = 1.

It follows that P(B¢) = 1 — P(B) = 0. Next, for any event A, AN B¢ C B°, and so
0 < P(ANB®) < P(B) = 0.
Hence, P(A N B°¢) = 0. Writing (recall Figure 1.13(a))
A = (ANB)U(ANB®),

it follows that

= Y P(ANB,). (1.27)
n
This formula is illustrated in Figure 1.10(b), where the area of the disk is the sum of the
areas of the different shaded parts.
To compute P(Bg|A), write
P(ANBy) _ P(A|B)P(By)

e 7V TR

In terms of Figure 1.10(b), this formula says that P(By|A) is the ratio of the area of the kth
shaded part to the area of the whole disk. Applying the law of total probability to P(A) in
the denominator yields the general form of Bayes’ rule,

_ P(A|IB)P(By)
P = SR alB PB)

$Notice that since we do not require |J, B, = Q, the B, do not, strictly speaking, form a partition. However,
since P(B) = 1 (that is, B is an almost sure event), the remainder set (cf. (1.8)), which in this case is B¢, has
probability zero.
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In formulas like this, A is an event that we observe, while the B,, are events that we cannot
observe but would like to make some inference about. Before making any observations, we
know the prior probabilities P(B,), and we know the conditional probabilities P(A|B,).
After we observe A, we compute the posterior probabilities P(B;|A) for each k.

Example 1.22. In Example 1.21, before we learn any information about a packet, that
packet’s prior probability of being routed through El Paso is P(E) = 3/4 = 0.75. After we
observe that the packet is not dropped, the posterior probability that the packet was routed
through El Paso is P(E|D¢) = 8/11 & 0.73, which is different from the prior probability.

1.6 Independence

In the previous section, we discussed how a computer maker might determine if one
of its suppliers provides more reliable devices than the other. We said that if the relative
frequency of working chips from supplier S1 is substantially different from the relative
frequency of working chips from supplier S2, we would conclude that one supplier is better
than the other. On the other hand, if the relative frequencies of working chips from both
suppliers are about the same, we would say that whether a chip works not does not depend
on the supplier.

In probability theory, if events A and B satisfy P(A|B) = P(A|B¢), we say A does not
depend on B. This condition says that

P(ANB) P(ANB®)

FE P (1.28)

Applying the formulas P(B¢) = 1 — P(B) and

P(A) = P(ANB)+P(ANB°)
to the right-hand side yields

P(ANB) P(A)—P(ANB)

P(B) 1-P(B)

Cross multiplying to eliminate the denominators gives
P(ANnB)[1—P(B)] = P(B)[P(A)—P(ANB)].

Subtracting common terms from both sides shows that P(A N B) = P(A) P(B). Since this
sequence of calculations is reversible, and since the condition P(ANB) = P(A)P(B) is
symmetric in A and B, it follows that A does not depend on B if and only if B does not
depend on A.

When events A and B satisfy
P(ANB) = P(A)P(B), (1.29)

we say they are statistically independent, or just independent.



1.6 Independence 31

Caution. The reader is warned to make sure he or she understands the difference be-
tween disjoint sets and independent events. Recall that A and B are disjoint if ANB = .
This concept does not involve P in any way; to determine if A and B are disjoint requires
only knowledge of A and B themselves. On the other hand, (1.29) implies that independence
does depend on P and not just on A and B. To determine if A and B are independent requires
not only knowledge of A and B, but also knowledge of P. See Problem 61.

In arriving at (1.29) as the definition of independent events, we noted that (1.29) is
equivalent to (1.28). Hence, if A and B are independent, P(A|B) = P(A|B¢). What is this
common value? Write

P(A[B) = P(F’f(g)B) - P(’;)(;)(B) — P(A).

‘We now make some further observations about independence. First, it is a simple exer-
cise to show that if A and B are independent events, then so are A and B¢, A® and B, and A¢
and B€. For example, writing

P(A) = P(ANB)+P(ANB°)
= P(A)P(B)+P(ANB°),

we have
P(ANB®) = P(A)—P(A)P(B)
= P(A)[1-P(B)]
= P(A)P(B").

By interchanging the roles of A and A€ and/or B and B¢, it follows that if any one of the four
pairs is independent, then so are the other three.

Example 1.23. An Internet packet travels from its source to router 1, from router 1
to router 2, and from router 2 to its destination. If routers drop packets independently with
probability p, what is the probability that a packet is successfully transmitted from its source
to its destination?

Solution. A packet is successfully transmitted if and only if neither router drops it. To
put this into the language of events, for i = 1,2, let D; denote the event that the packet is
dropped by router i. Let S denote the event that the packet is successfully transmitted. Then
S occurs if and only if the packet is not dropped by router 1 and it is not dropped by router 2.
We can write this symbolically as

S = DiNDs5.
Since the problem tells us that D; and D> are independent events, so are D and D5. Hence,

P(S)

P(DIND3)
= P(DY)P(D3)

[1—=P(D1)][1 =P(D2)]
= (1-p)?
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Now suppose that A and B are any two events. If P(B) = 0, then we claim that A and B
are independent. We must show that

P(ANB) = P(A)P(B) = 0.

To show that the left-hand side is zero, observe that since probabilities are nonnegative, and
since ANB C B,
0 < P(ANB) < P(B) = 0. (1.30)

We now show that if P(B) = 1, then A and B are independent. Since P(B) =1, P(B¢) =
1 —P(B) =0, and it follows that A and B® are independent. But then so are A and B.
Independence for more than two events
Suppose that for j =1,2,..., A; is an event. When we say that the A; are independent,
we certainly want that for any i # j,
P(AiNA;j) = P(A)P(4)).
And for any distinct i, j, k, we want

P(AiNA;NAy) = P(A;)P(A;)P(Ay).

We want analogous equations to hold for any four events, five events, and so on. In general,
we want that for every finite subset J containing two or more positive integers,

P(ﬂA,) = [IP@,

jes jeJ

In other words, we want the probability of every intersection involving finitely many of
the A; to be equal to the product of the probabilities of the individual events. If the above
equation holds for all finite subsets of two or more positive integers, then we say that the A ;
are mutually independent, or just independent. If the above equation holds for all subsets
J containing exactly two positive integers but not necessarily for all finite subsets of 3 or
more positive integers, we say that the A; are pairwise independent.

Example 1.24. Given three events, say A, B, and C, they are mutually independent if
and only if the following equations al/l hold,

P(ANBNC) = P(A)P(B)P(C)
P(ANnB) = P(A)P(B)
P(ANC) = P(A)P(C)
P(BNC) = P(B)P(C).

It is possible to construct events A, B, and C such that the last three equations hold (pairwise
independence), but the first one does not.® It is also possible for the first equation to hold
while the last three fail.”
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Example 1.25. Three bits are transmitted across a noisy channel and the number of
correct receptions is noted. Find the probability that the number of correctly received bits
is two, assuming bit errors are mutually independent and that on each bit transmission the
probability of correct reception is A for some fixed 0 < A < 1.

Solution. When the problem talks about the event that two bits are correctly received,
we interpret this as meaning exactly two bits are received correctly; i.e., the other bit is
received in error. Hence, there are three ways this can happen: the single error can be in the
first bit, the second bit, or the third bit. To put this into the language of events, let C; denote
the event that the ith bit is received correctly (so P(C;) = 1), and let S, denote the event that
two of the three bits sent are correctly received.” Then

S, =(CiNGNG)U(CINCENC3) U(CLNCLNCS).
This is a disjoint union, and so P(S,) is equal to
P(CINCyNC3)+P(CiNCsNC3)+P(CiNCyNCS). (1.31)

Next, since Cj, C;, and C3 are mutually independent, so are C; and (C, N C3). Hence, Cy
and (C; NCy) are also independent. Thus,

P(CINCNC3) = P(CT)P(CNEC3)

= P(CT)P(C)P(G3)

= (1-21)A%
Treating the last two terms in (1.31) similarly, we have P(S;) = 3(1 — A)A2. If bits are as
likely to be received correctly as incorrectly, i.e., A = 1/2, then P(S,) = 3/8.

Example 1.26. If A|,A,,... are mutually independent, show that
P( ﬂAn> = [[P@A).
n=1 n=1
Solution. Write

) N
P(ﬂA”> = lim P(ﬂAn>, by limit property (1.14),
n=1

N—oo
n=1

N
A%im P(A,), by independence,
=1
= H P(An),
n=1

where the last step is just the definition of the infinite product.

hIn working this example, we again do not explicitly specify the sample space Q or the probability measure P.
The interested reader can find one possible choice for Q and P in Note 8.
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Example 1.27. Consider the transmission of an unending sequence of bits over a noisy
channel. Suppose that a bit is received in error with probability 0 < p < 1. Assuming errors
occur independently, what is the probability that every bit is received in error? What is the
probability of ever having a bit received in error?

Solution. We use the result of the preceding example as follows. Let Q be a sample
space equipped with a probability measure P and events A,,n = 1,2,..., with P(A,) = p,
where the A, are mutually independent.9 Thus, A, corresponds to, or models, the event that
the nth bit is received in error. The event that all bits are received in error corresponds to
=1 An, and its probability is

N—oo
n=1

© N
P(ﬂlAn> = lim []P(4,) = Al[iir!opN = 0.
e

The event of ever having a bit received in error corresponds to A := J;_; A,. Since
P(A) =1—P(A°), it suffices to compute the probability of A =(,_, AS. Arguing exactly
as above, we have

N—oo =1 —o0

% N
P<ﬂ1A5> = lim [[P(45) = l%im(l—p)N = 0.

Thus, P(A) =1-0=1.

1.7 Combinatorics and probability

There are many probability problems, especially those concerned with gambling, that
can ultimately be reduced to questions about cardinalities of various sets. We saw several
examples in Section 1.3. Those examples were simple, and they were chosen so that it
was easy to determine the cardinalities of the required sets. However, in more complicated
problems, it is extremely helpful to have some systematic methods for finding cardinalities
of sets. Combinatorics is the study of systematic counting methods, which we will be using
to find the cardinalities of various sets that arise in probability. The four kinds of counting
problems we discuss are:

(i) ordered sampling with replacement;

(i) ordered sampling without replacement;
(iif) unordered sampling without replacement; and
(iv) unordered sampling with replacement.

Of these, the first two are rather straightforward, and the last two are somewhat complicated.

Ordered sampling with replacement
Before stating the problem, we begin with some examples to illustrate the concepts to

be used.

Example 1.28. Let A, B, and C be finite sets. How many triples are there of the form
(a,b,c), wherea € A,b € B,and c € C?
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Solution. Since there are |A| choices for a, |B| choices for b, and |C| choices for ¢, the
total number of triples is |A| - |B| - |C|.

Similar reasoning shows that for k finite sets Ay, ..., Ay, there are |A1|- - - |Ag| k-tuples of
the form (ay,...,a;) where each a; € A;.

Example 1.29. Suppose that to send an Internet packet from the east coast of the United
States to the west coast, a packet must go through a major east-coast city (Boston, New York,
Washington, D.C., or Atlanta), a major mid-west city (Chicago, St. Louis, or New Orleans),
and a major west-coast city (San Francisco or Los Angeles). How many possible routes are
there?

Solution. Since there are four east-coast cities, three mid-west cities, and two west-coast
cities, there are 4 - 3 -2 = 24 possible routes.

Example 1.30 (ordered sampling with replacement). From a deck of n cards, we draw
k cards with replacement; i.e., we draw each card, make a note of it, put the card back in the
deck and re-shuffle the deck before choosing the next card. How many different sequences
of k cards can be drawn in this way?

Solution. Each time we draw a card, there are n possibilities. Hence, the number of
possible sequences is
n-n---n = nk.
N——

k times

Ordered sampling without replacement

In Example 1.28, we formed triples (a,b,c) where no matter which a € A we chose,
it did not affect which elements we were allowed to choose from the sets B or C. We
next consider the construction of k-tuples in which our choice for the each entry affects the
choices available for the remaining entries.

Example 1.31. From a deck of 52 cards, we draw a hand of 5 cards without replace-
ment. How many hands can be drawn in this way?

Solution. There are 52 cards for the first draw, 51 cards for the second draw, and so on.
Hence, there are

52-51-50-49-48 = 311875200.

different hands

Example 1.32 (ordered sampling without replacement). A computer virus erases files
from a disk drive in random order. If there are n files on the disk, in how many different
orders can k < n files be erased from the drive?
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Solution. There are n choices for the first file to be erased, n — 1 for the second, and so

on. Hence, there are
n!

(n—k)!

different orders in which files can be erased from the disk.

nn—=1)---(n=[k-1]) =

Example 1.33. Let A be a finite set of n elements. How may k-tuples (ay,...,ax) of
distinct entries a; € A can be formed?

Solution. There are n choices for a;, but only n — 1 choices for a, since repeated entries
are not allowed. Similarly, there are only n — 2 choices for a3, and so on. This is the same
argument used in the previous example. Hence, there are n!/(n — k)! k-tuples with distinct
elements of A.

Given a set A, we let AX denote the set of all k-tuples (aj, . ..,a;) where each a; € A. We
denote by A¥ the subset of all k-tuples with distinct entries. If |A| = n, then |A¥| = |A[F = nF,
and |AX| =n!/(n—k)!.

Example 1.34 (the birthday problem). In a group of k people, what is the probability
that two or more people have the same birthday?

Solution. The first step in the solution is to specify the sample space Q and the proba-
bility P. Let D :={1,...,365} denote the days of the year, and let

Q= {(dl,...,dk) ZdiGD}

denote the set of all possible sequences of k birthdays. Then |Q| = [D[¥. Assuming all
sequences are equally likely, we take P(E) := |E|/|Q| for arbitrary events E C Q.

Let Q denote the set of sequences (di,...,d;) that have at least one pair of repeated
entries. For example, if k =9, one of the sequences in Q would be

(364,17,201,17,51,171,51,33,51).

Notice that 17 appears twice and 51 appears 3 times. The set Q is complicated. On the other

hand, consider Q¢, which is the set of sequences (di,...,dy) that have no repeated entries.
Then D!
0°] = ———
(ID]=k)!
and .
pgey _ 101 _ __Ip!

~ el IpK(D| =R

where |D| =365. A plot of P(Q) =1 —P(Q°) as a function of k is shown in Figure 1.15.
As the dashed line indicates, for k > 23, the probability of two more more people having
the same birthday is greater than 1/2.
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Figure 1.15. A plot of P(Q) as a function of k. For k > 23, the probability of two or more people having the same
birthday is greater than 1/2.

Unordered sampling without replacement

Before stating the problem, we begin with a simple example to illustrate the concept to
be used.

Example 1.35. Let A = {1,2,3,4,5}. Then A contains 5° = 125 triples. The set of
triples with distinct entries, A3, contains 5! /2! = 60 triples. We can write A3 as the disjoint
union

A3 = G123UG124UG125UG134UG35
U G145 U G234 U G235 U Gogs U Gags,

where for distinct i, j, k,

Gijk = {(ivjvk)v(i7k7j)’(jvi7k)v(jvkvi)a(k7iaj)7(k7j7i)}'

Each triple in G; j is a rearrangement, or permutation, of the same three elements.

The above decomposition works in general. Write A as the union of disjoint sets,
AL =g, (1.32)

where each subset G consists of k-tuples that contain the same elements. In general, for a
k-tuple built from & distinct elements, there are k choices for the first entry, k — 1 choices for
the second entry, and so on. Hence, there are k! k-tuples that can be built. In other words,
each G in (1.32) has |G| = k!. It follows from (1.32) that

|A*| = (number of different sets G) - k!, (1.33)
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and so the number of different subsets G is
A
k' kN(n—k)!

The standard notation for the above right-hand side is

(+) = mowy

and is read “n choose k.” In MATLAB, (}) = nchoosek(n, k). The symbol (}) is also called
the binomial coefficient because it arises in the binomial theorem, which is discussed in
Chapter 3.

Example 1.36 (unordered sampling without replacement). In many card games, we are
dealt a hand of k cards, but the order in which the cards are dealt is not important. From a
deck of n cards, how many k-card hands are possible?

Solution. First think about ordered hands corresponding to k-tuples with distinct en-
tries. The set of all such hands corresponds to AX. Now group together k-tuples composed
of the same elements into sets G as in (1.32). All the ordered k-tuples in a particular G
represent rearrangements of a single hand. So it is really the number of different sets G that
corresponds to the number of unordered hands. Thus, the number of k-card hands is (’Z)

Example 1.37. A new computer chip has n pins that must be tested with all patterns in
which k of the pins are set high and the rest low. How many test patterns must be checked?

Solution. This is exactly analogous to dealing k-card hands from a deck of n cards. The
cards you are dealt tell you which pins to set high. Hence, there are (Z) patterns that must
be tested.

Example 1.38. A 12-person jury is to be selected from a group of 20 potential jurors.
How many different juries are possible?

20 20!
<1z> = Tog 12970

Solution. There are

different juries.

Example 1.39. A 12-person jury is to be selected from a group of 20 potential jurors of
which 11 are men and nine are women. How many 12-person juries are there with five men
and seven women?

Solution. There are (') ways to choose the five men, and there are (5) ways to choose
the seven women. Hence, there are

11\ (9 1 9!
<5)<7) = 5160 71a1 10632

possible juries with five men and seven women.
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Example 1.40. An urn contains 11 green balls and nine red balls. If 12 balls are chosen
at random, what is the probability of choosing exactly five green balls and seven red balls?

Solution. Since balls are chosen at random, the desired probability is

number of ways to choose five green balls and seven red balls

number of ways to choose 12 balls

In the numerator, the five green balls must be chosen from the 11 available green balls, and
the seven red balls must be chosen from the nine available red balls. In the denominator,
the total of 5+ 7 = 12 balls must be chosen from the 11 +9 = 20 available balls. So the

required probability is
<1 l) <9)
5)\7 16632 ~ 0.132.

20 125970
12

Example 1.41. Consider a collection of N items, of which d are defective (and N — d
work properly). Suppose we test n < N items at random. Show that the probability that k of

the n tested items are defective is
(d> (N _ d>
k n—k
- 7 1.34
Y (1.34)
n

Solution. Since items are chosen at random, the desired probability is

number of ways to choose k defective and n — k working items
number of ways to choose 7 items ’

In the numerator, the k defective items are chosen from the total of d defective ones, and the
n — k working items are chosen from the total of N — d ones that work. In the denominator,
the n items to be tested are chosen from the total of N items. Hence, the desired numerator

is (Z) (ZZ :]f) , and the desired denominator is (1}\1’ )

Example 1.42 (lottery). In some state lottery games, a player chooses n distinct num-
bers from the set {1,...,N}. At the lottery drawing, balls numbered from 1 to N are mixed,
and n balls withdrawn. What is the probability that k of the n balls drawn match the player’s
choices?

Solution. Let D denote the subset of n numbers chosen by the player. Then {1,... N} =
DUDC. We need to find the probability that the lottery drawing chooses k numbers from D
and n — k numbers from D®. Since |D| = n, this probability is

(»)
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Notice that this is just (1.34) with d = n. In other words, we regard the numbers chosen by
the player as “defective,” and we are finding the probability that the lottery drawing chooses
k defective and n — k nondefective numbers.

Example 1.43 (binomial probabilities). A certain coin has probability p of turning up
heads. If the coin is tossed n times, what is the probability that k of the n tosses result in
heads? Assume tosses are independent.

Solution. Let H; denote the event that the ith toss is heads. We call i the toss index,
which takes values 1,...,n. A typical sequence of n tosses would be

H NH;NH3N---NH,_ 1 NH,,

where HY is the event that the ith toss is tails. The probability that » tosses result in k heads

and n — k tails is
P(Uﬁlﬁ-“ﬁﬁn),

where H; is either H; or Hf, and the union is over all such intersections for which H; = H;
occurs k times and H; = Hf occurs n — k times. Since this is a disjoint union,

P<Uﬁm-~-mfln) = Y P(H N--NH,).
By independence,
P(HiN---NH,) = P(H)---P(H,)
= p*1-p)y*

is the same for every term in the sum. The number of terms in the sum is the number of
ways of selecting k out of n toss indexes to assign to heads. Since this number is (Z), the
probability that k of n tosses result in heads is

(Z) pr(—py .

Example 1.44 (bridge). In bridge, 52 cards are dealt to four players; hence, each player
has 13 cards. The order in which the cards are dealt is not important, just the final 13 cards
each player ends up with. How many different bridge games can be dealt?

52
13

are only 52 — 13 = 39 cards left. Hence, there are (?2) ways to choose the 13 cards for

Solution. There are ( ) ways to choose the 13 cards of the first player. Now there
the second player. Similarly, there are (%g) ways to choose the second player’s cards, and
(B) = 1 way to choose the fourth player’s cards. It follows that there are

52\ (39) [26)\ (13} 52! 39! 26! 13!
13)\13/\13/)\13/)  13139! 13!126! 13!13! 13!0!
52!

~ o ™ 536 x 10
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games that can be dealt.

Example 1.45. Traditionally, computers use binary arithmetic, and store n-bit words
composed of zeros and ones. The new m—Computer uses m-ary arithmetic, and stores n-
symbol words in which the symbols (m-ary digits) come from the set {0,1,...,m — 1}.
How many n-symbol words are there with kg zeros, k| ones, k» twos, ..., and k,_; copies
of symbol m — 1, where ko + ki + ko + - - - + kjp—1 =n?

Solution. To answer this question, we build a typical n-symbol word of the required
form as follows. We begin with an empty word,

(yyeeey)

n empty positions

From these n available positions, there are ( ]2) ) ways to select positions to put the kg zeros.
For example, if ko = 3, we might have

(707 ’O’ 7t 70)'
—_———
n — 3 empty positions
nfk()

Now there are only n — kg empty positions. From these, there are ( K ) ways to select
positions to put the k; ones. For example, if k; = 1, we might have

(7071’0’ 1ty 70)'
| ——

n—4 empty positions

Now there are only n — ko — k; empty positions. From these, there are ( ways to
select positions to put the k, twos. Continuing in this way, we find that the number of
n-symbol words with the required numbers of zeros, ones, twos, etc., is

<n><n—ko>(n—ko—k1> (n—ko—kl—-“— m2>
k() kl k2 kmfl ’

which expands to

nfljc()szl)

n! (}’l—k())! (n—k()—kl)!
ko!(n—ko)! kl!(n—ko—kl)! kzl(n—ko—kl—kz)!
L n—ko—ki == ka)!
km—l!(”_ko_kl—“'_ m—l)!.
Canceling common factors and noting that (n — ko —k; — -+ —k,—1)! = 0! = 1, we obtain
n!
kolky! k1!

as the number of n-symbol words with kg zeros, ki ones, etc.
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We call

n . n!
koo skm_1) " kolki!le-kpm_1!

the multinomial coefficient. When m = 2,

n - n - n! _(n
ko,kl a ko,l’l—ko - ko!(l’l—ko)! a ko

becomes the binomial coefficient.

Unordered sampling with replacement

Before stating the problem, we begin with a simple example to illustrate the concepts
involved.

Example 1.46. An automated snack machine dispenses apples, bananas, and carrots.
For a fixed price, the customer gets five items from among the three possible choices. For
example, a customer could choose one apple, two bananas, and two carrots. To record
the customer’s choices electronically, 7-bit sequences are used. For example, the sequence
(0,1,0,0,1,0,0) means one apple, two bananas, and two carrots. The first group of zeros
tells how many apples, the second group of zeros tells how many bananas, and the third
group of zeros tells how many carrots. The ones are used to separate the groups of zeros.
As another example, (0,0,0,1,0,1,0) means three apples, one banana, and one carrot. How
many customer choices are there?

Solution. The question is equivalent to asking how many 7-bit sequences there are with
five zeros and two ones. From Example 1.45, the answer is (5?2) = (;) = (;)

Example 1.47 (unordered sampling with replacement). Suppose k numbers are drawn
with replacement from the set A = {1,2,...,n}. How many different sets of k numbers can
be obtained in this way?

Solution. Think of the numbers 1,...,n as different kinds of fruit as in the previous
example. To count the different ways of drawing k “fruits,” we use the bit-sequence method.
The bit sequences will have n — 1 ones as separators, and the total number of zeros must be
k. So the sequences have a total of N :=n — 1 + k bits. How many ways can we choose
n — 1 positions out of N in which to place the separators? The answer is

N _ (n=1+k\  [(k+n-1
n—-1) n—1 N k '
Just as we partitioned A in (1.32), we can partition A* using

Ak =g,

where each G contains all k-tuples with the same elements. Unfortunately, different Gs may
contain different numbers of k-tuples. For example, if n = 3 and k = 3, one of the sets G
would be

{(1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2),(3,2,1)},
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while another G would be

{(1,2,2),(2,1,2),(2,2,1)}.
How many different sets G are there? Although we cannot find the answer by using an
equation like (1.33), we see from the above analysis that there are (Hi*]) sets G.

Notes
1.4: Axioms and properties of probability

Note 1. When the sample space Q is finite or countably infinite, P(A) is usually defined
for all subsets of Q by taking
P(4) = ) p(o)

weA

for some nonnegative function p that sums to one; i.e., p(®) > 0 and ¥ ycq p(®) = 1. (It
is easy to check that if P is defined in this way, then it satisfies the axioms of a probability
measure.) However, for larger sample spaces, such as when Q is an interval of the real
line, e.g., Example 1.16, and we want the probability of an interval to be proportional to
its length, it is not possible to define P(A) for all subsets and still have P satisfy all four
axioms. (A proof of this fact can be found in advanced texts, e.g., [3, p. 45].) The way
around this difficulty is to define P(A) only for some subsets of £, but not all subsets of
Q. It is indeed fortunate that this can be done in such a way that P(A) is defined for all
subsets of interest that occur in practice. A set A for which P(A) is defined is called an
event, and the collection of all events is denoted by 7. The triple (Q,.«7,P) is called a
probability space. For technical reasons discussed below, the collection .27 is always taken
to be a o-field.

If o/ is a collection of subsets of Q with the following properties, then 7 is called a
o-field or a o-algebra.
(i) The empty set & belongs to <7, i.e., & € <.
(if) If A € o7, then so does its complement, A, i.e., A € &7 implies A€ € 7.
(iii) IfA1,A,... belong to <7, then so does their union, | J;_; A,.

Given that P(A) may not be defined for all sets A, we now list some of the technical
benefits of defining P(A) for sets A in a o-field. First, since a o-field contains &, it makes
sense in axiom (i) to talk about P(&J). Second, since the complement of a set in .« is also in
o/, we have Q = J° € &7, and so it makes sense in axiom (iv) to talk about P(Q). Third, if
A1,A,,...are in <7, then so is their union; hence, it makes sense in axiom (iif) to talk about

P (Ujf:] An> . Fourth, again with regard to A, € <7, by the indentity

oo oo C
N = (Uas)
n=1 n=1

we see that the left-hand side must also belong to .<7; hence, it makes sense to talk about

P(NiiAn)-
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Given any set Q, let 2€ denote the collection of all subsets of Q. We call 2 the power
set of Q. This notation is used for both finite and infinite sets. The notation is motivated by
the fact that if Q is a finite set, then there are 2/ different subsets of Q.” Since the power
set obviously satisfies the three properties above, the power set is a o-field.

Let € be any collection of subsets of Q. We do not assume % is a o-field. Define 6(%)
to be the smallest o-field that contains %". By this we mean that if & is any o-field with
€ C 2,then 6(¢) C 2.

Example 1.48. Let A be a nonempty subset of Q, and put € = {A} so that the collection
% consists of a single subset. Find o(%).

Solution. From the three properties of a o-field, any o-field that contains A must also
contain A€, &, and Q. We claim

o(%) = {D,4,A°,Q).

Since AUA® = Q, it is easy to see that our choice satisfies the three properties of a o-field.
It is also clear that if & is any o-field such that €’ C &, then every subset in our choice for
o (%) must belong to Z; i.e., 6(%¢) C 2.

More generally, if Ay,...,A, is a partition of Q, then o({A},...,A,}) consists of the
empty set along with the 2" — 1 subsets constructed by taking all possible unions of the A;.
See Problem 40.

For general collections % of subsets of Q, all we can say is that (Problem 45)
o(€)= () #,
A ECA

where the intersection is over all o-fields .« that contain ¢". Note that there is always at
least one o-field .o that contains ¢’; e.g., the power set.

Note 2. The alert reader will observe that axiom (i) is redundant. In axiom (iii), take
A =Qand A, = forn > 2 so that |J;,_; A, = Q and we can write

P(Q) = P(Q)+ Y P(@)

> Y P(9),

By axiom (ii), either P(&) = 0 (which we want to prove) or P(&) > 0. If P(<J) > 0,
then the above right-hand side is infinite, telling us that P(Q) = . Since this contradicts
axiom (iv) that P(Q) = 1, we must have P(&) = 0.

iSuppose Q = {@y,...,®w, }. Each subset of Q can be associated with an n-bit word. A point @ is in the subset
if and only if the ith bit in the word is a 1. For example, if n = 5, we associate 01011 with the subset {@,, @4, s }
since bits 2, 4, and 5 are ones. In particular, 00000 corresponds to the empty set and 11111 corresponds to Q itself.
Since there are 2" n-bit words, there are 2" subsets of Q.
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Since axiom (i) is redundant, why did we include it? It turns out that axioms (i)—(iif)
characterize what is called a measure. If the measure of the whole space is finite, then
the foregoing argument can be trivially modified to show that axiom (i) is again redundant.
However, sometimes we want to have the measure of the whole space be infinite. For exam-
ple, Lebesgue measure on IR takes the measure of an interval to be its length. In this case,
the length of IR = (—oo,00) is infinite. Thus, axioms (i)—(iii) characterize general measures,
and a finite measure satisfies these three axioms along with the additional condition that the
measure of the whole space is finite.

Note 3. In light of Note 1, we see that to guarantee that P({@,}) is defined in Exam-
ple 1.18, it is necessary to assume that the singleton sets { @, } are events, i.e., {®,} € &

Note 4. Here is a set-theoretic derivation of (1.12). First note that (see Figure 1.13)
A = (ANB°)U(ANB)
and
= (ANB)U(A°NB).
Hence,
AUB = [(ANB°)U(ANB)|U[(ANB)U(A°NB)].
The two copies of AN B can be reduced to one using the identity F UF = F for any set F.

Thus,
AUB = (ANB°)U(ANB)U(A°NB).

A Venn diagram depicting this last decomposition is shown in Figure 1.16. Taking proba-

Figure 1.16. Decomposition AUB = (ANB¢)U(ANB)U(A°NB).

bilities of the preceding equations, which involve disjoint unions, we find that
P(A) = P(ANB®)+P(ANB),
P(B) = P(ANB)+P(A°NB),
P(AUB) = P(ANB®)+P(ANB)+P(A°NB).
Using the first two equations, solve for P(A N B¢) and P(A° N B), respectively, and then

substitute into the first and third terms on the right-hand side of the last equation. This
results in

P(AUB) = [P(A)—P(ANB)] +P(ANB)
+[P(B)—P(ANB)]

)=
P(A)+P(B)—P(ANB).



46 Introduction to probability

1.5: Conditional probability
Note 5. Here is a choice for Q and P for Example 1.21. Let
Q = {(e,d):e,d=0o0r 1},

where e = 1 corresponds to being routed through El Paso, and d = 1 corresponds to a
dropped packet. We then take

E :={(e,d):e=1} = {(1,0), (1,1) },
and

D = {(e,d):d=1} = {(0,1), (1,1) }.
It follows that

E¢ ={(0,1),(0,0)} and D¢ = {(1,0), (0,0) }.

Hence, END = {(1,1)}, END® = {(1,0)}, END = {(0,1)}, and E¢ N D = {(0,0)}.

In order to specify a suitable probability measure on Q, we work backwards. First, if a
measure P on Q exists such that (1.24) holds, then

P{(1,1)}) = P(END) = P(DIE)P(E) = 1/4,
P({(0,1)}) = P(E*ND) = P(D|E®)P(E) = 1/16,
P{(1,0)}) = P(END®) = P(D°IE)P(E) = 1/2,
P({(0,0)}) = P(E°ND*) = P(D|E°)P(E®) = 3/16.

This suggests that we define P by
PA) == ) p(w),

weA

where p(®) = p(e,d) is given by p(1,1) :=1/4, p(0,1) := 1/16, p(1,0) := 1/2, and
p(0,0) :=3/16. Starting from this definition of P, it is not hard to check that (1.24) holds.

1.6: Independence

Note 6. Here is an example of three events that are pairwise independent, but not mu-
tually independent. Let

Q = {1,2,3,4,5,6,7},

and put P({w}) :=1/8 for @ # 7, and P({7}) := 1/4. Take A := {1,2,7}, B:= {3,4,7},
and C := {5,6,7}. Then P(A) = P(B) =P(C) =1/2. and P(ANB) =P(ANC) =P(BN
C) =P({7}) = 1/4. Hence, A and B, A and C, and B and C are pairwise independent.
However, since P(ANBNC) = P({7}) = 1/4, and since P(A) P(B)P(C) = 1/8, A, B, and
C are not mutually independent. Exercise: Modify this example to use a sample space with
only four elements.



Notes 47

Note 7. Here is an example of three events for which P(ANBNC) = P(A) P(B) P(C)
but no pair is independent. Let Q := {1,2,3,4}. Put P({1}) = P({2}) =P({3}) = p and
P({4}) = ¢, where 3p+g=1and 0 < p,q < 1. Put A :={1,4}, B:={2,4}, and C :=
{3,4}. Then the intersection of any pair is {4}, as is the intersection of all three sets. Also,
P({4}) = q. Since P(A) = P(B) = P(C) = p+gq, we require (p+¢)° =g and (p+q)* #q.
Solving 3p+¢ = 1 and (p+¢q)* = ¢ for g reduces to solving 8¢> + 12¢*> —21g+1 = 0. Now,
g =1 is obviously a root, but this results in p = 0, which implies mutual independence.
However, since g = 1 is a root, it is easy to verify that

8¢° + 124> —21g+1 = (g—1)(84> +20g—1).

By the quadratic formula, the desired root is g = (75 +3V3 ) /4. Tt then follows that p =
(3—+/3) /4 and that p+g = (—1++/3) /2. Now just observe that (p+¢)? # g.

Note 8. Here is a choice for £ and P for Example 1.25. Let
Q = {(i,j,k):i,j,k=00r1},

with 1 corresponding to correct reception and 0 to incorrect reception. Now put

= {(@i,j,k) i=1},
{(l Js ) j:]},
= {(i,j,k) :k=1},

and observe that

¢ = {(1,0,0), (1,0,1), (1,1,0), (1,1,1) },
¢, = {(0,1,0), (0,1,1), (1,1,0), (1,1,1) },
G = {(070’1)7 (07171)7 (1,0,1), (11171) }

Next, let P({(i, j,k)}) := ATH/k(1 — 1)3= (/K Since
C§ = {(07070)’ (17070)’ (07150)’ (171’0) }7

C1ﬁC2ﬂC§ = {(1, 1,0)}. Similarly, CmemC3 = {(1,0, 1)}, aHdCfﬂC20C3 = {(0, 1, 1)}
Hence,
S = {(1,1,0), (1,0,1), (0,1,1) }
= {(1,1,00u{(1,0,1)}U{(0,1,1)},
and thus, P(S5) =3A%(1 —A).
Note 9. To show the existence of a sample space and probability measure with such

independent events is beyond the scope of this book. Such constructions can be found in
more advanced texts such as [3, Section 36].
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Problems

1.1: Sample spaces, outcomes, and events

1. A computer job scheduler chooses one of six processors to assign programs to. Sug-
gest a sample space to model all possible choices of the job scheduler.

2. A class of 25 students is surveyed to find out how many own an MP3 player. Suggest
a sample space to model all possible results of the survey.

3. The ping command is used to measure round-trip times for Internet packets. Suggest
a sample space to model all possible round-trip times. What is the event that a round-
trip time exceeds 10 ms?

4. A cell-phone tower has a circular coverage area of radius 10 km. We observe the
source locations of calls received by the tower.

(a) Suggest a sample space to model all possible source locations of calls that the
tower can receive.

(b) Using your sample space from part (a), what is the event that the source location
of a call is between 2 and 5 km from the tower.

1.2: Review of set notation

5. For real numbers —oo < a < b < oo, we use the following notation.

(a,b] == {x:a<x<b}
(a,b) := {x:a<x<b}
[a,b) = {x:a<x<b}

[a,b] := {x:a<x<b}.
We also use

(—oo0,b] := {x:x<b}

(—o0,b) = {x:x< b}
(a,) = {x:x>a}
[@,00) := {x:x>a}.

For example, with this notation, (0,1]¢ = (—ee,0] U (1,e0) and (0,2] U[1,3) = (0,3).
Now analyze
@ [2,3]°
(b) (1,3)U(2,4),
© (1,3)N[2,4),
@ (3,6]\(5,7).

6. Sketch the following subsets of the x-y plane.

)
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(@ B;:={(x,y):x+y<z}forz=0,—1,+1.

(b) C;:={(x,y): x>0,y >0, and xy < z} forz = 1.
(©) H;:={(x,y) :x <z} forz=3.

(d) J;:={(x,y):y<z}forz=3.

(e) H,NJ, forz =3.

f) H,UJ, forz =3.

(g) M, :={(x,y) : max(x,y) <z} for z=3, where max(x,y) is the larger of x and y.
For example, max(7,9) = 9. Of course, max(9,7) =9 too.

(h) N;:={(x,y) : min(x,y) < z} for z = 3, where min(x,y) is the smaller of x and
y. For example, min(7,9) =7 = min(9,7).

(i) M>NN;3.
(G) MsNN;3.

7. Let Q denote the set of real numbers, Q = (—oo,00).

(a) Use the distributive law to simplify
1,40 ([o,z] u [3,5]).

C

(b) Use De Morgan’s law to simplify ([O, U2, 3])
(c) Simplify () (=1/n,1/n).

n=1

(d) Simplify ()[0,3+1/(2n)).

n=1

(e) Simplify [ J[5,7—(3n)"".

n=1

(f) Simplify | J[0,n].

n=1

8. Fix two sets A and C. If C C A, show that for every set B,
(ANB)UC = AN(BUCQ). (1.35)

Also show that if (1.35) holds for some set B, then C C A (and thus (1.35) holds for
all sets B).

*9. Let A and B be subsets of Q. Put
I = {weQ: weAimplies w € B}.

Show that ANl =ANB.
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*10. Explain why f: (—co,e0) — [0,00) with f(x) = x> is not well defined.
*11. Consider the formula f(x) = sin(x) forx € [-7/2,7/2].

(a) Determine, if possible, a choice of co-domain Y such that f:[—x/2, /2] =Y
is invertible. Hint: You may find it helpful to sketch the curve.

(b) Find {x: f(x) < 1/2}.
(c) Find {x: f(x) < 0}.
*12. Consider the formula f(x) = sin(x) for x € [0, 7].

(a) Determine, if possible, a choice of co-domain Y such that f: [0, 7] — Y is invert-
ible. Hint: You may find it helpful to sketch the curve.

(b) Find {x: f(x) <1/2}.
(c) Find {x: f(x) < 0}.

*13. Let X be any set, and let A C X. Define the real-valued function f by

1, x€A,

f) :{0, X¢A.

Thus, f:X — IR, where IR := (—o0,00) denotes the real numbers. For arbitrary B C IR,
find f~'(B). Hint: There are four cases to consider, depending on whether 0 or 1
belong to B.

*14. Let f:X — Y be a function such that f takes only n distinct values, say yi,...,y,.
Define

A= 7N} = e X flx) =)

Let B C Y. Show that if £~!(B) is not empty, then it can be expressed as a union of
the A;. (It then follows that there are only 2" possibilities for f~!(B).)

*15. If f:X — Y, show that inverse images preserve the following set operations.

(a) If BC Y, show that f~!(B®) = f~!(B)".
(b) If B, is a sequence of subsets of Y, show that

f](UBn) = Ufil(Bn)-
n=1 n=1
(c) If B, is a sequence of subsets of Y, show that
fl(ﬂBn> = ﬂfﬁl(Bn)'
n=1 n=1

*16. Show that if B = |J;{b;} and C = |J;{c;} are countable sets, then so is A := BUC.
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*18.
*19.
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Let C;, Cs, ...be countable sets. Show that

is a countable set.
Show that any subset of a countable set is countable.
Show that if A C B and A is uncountable, then so is B.

Show that the union of a countable set and an uncountable set is uncountable.

1.3: Probability models

21.

22.

MATLAB. At the beginning of Section 1.3, we developed a mathematical model for
the toss of a single die. The probability of any one of the six faces landing up is
1/6 ~ 0.167. If we toss a die 100 times, we expect that each face should land up
between 16 and 17 times. Save the following MATLAB script in an M-file and run it
to simulate the toss of a fair die. For now, do not worry about how the script works.
You will learn more about histograms in Chapter 6.

% Simulation of Tossing a Fair Die

ol
|
Y
o
o
~
o

% Number of tosses.
X = ceil(6*rand(1l,n));

minX = min (X); % Save to avoid re-
maxX = max (X); % computing min & max.
e = [minX:maxX+1]-0.5;

H = histc(X,e);

nbins = length(e) - 1;

bin_centers = [minX:maxX];

bar (bin_centers,H(l:nbins), 'w’)

Did each face land up between 16 and 17 times? Modify your M-file to try again with
n = 1000 and n = 10000.

MATLAB. What happens if you toss a pair of dice and add the number of dots on each
face — you get a number from 2 to 12. But if you do this 100 times, how many times
do you expect each number to appear? In this problem you can investigate using
simulation. In the script for the preceding problem, replace the line

X = ceil(6*rand(1l,n));
with the three lines

Y = ceil(6xrand(1l,n));
ceil (6xrand(1l,n));
X =Y + 2;

N
I
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23.

24.

25.

26.

27.

28.
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Run the script with n = 100, n = 1000, and n = 10000. Give an intuitive explanation
of your results.

A letter of the alphabet (a—z) is generated at random. Specify a sample space Q
and a probability measure P. Compute the probability that a vowel (a, e, i, 0, u) is
generated.

A collection of plastic letters, a—z, is mixed in a jar. Two letters are drawn at random,
one after the other. What is the probability of drawing a vowel (a, e, i, 0, u) and a
consonant in either order? Two vowels in any order? Specify your sample space
and probability P.

MATLAB. Put the following MATLAB script into an M-file, and use it to simulate
Example 1.12.

o

Simulation of Drawing an Ace

oe

n = 10000; % Number of draws.
X = ceil (52*rand(1l,n));

aces = (1 <= X & X <= 4);

naces = sum(aces);

fprintf ('There were %g aces in %g draws.\n’,naces,n)

In Example 1.12, we showed that the probability of drawing an ace is 1/13 = 0.0769.
Hence, if we repeat the experiment of drawing a card 10000 times, we expect to see
about 769 aces. What do you get when you run the script? Modify the script to
simulate the drawing of a face card. Since the probability of drawing a face card is
0.2308, in 10000 draws, you should expect about 2308 face cards. What do you get
when you run the script?

A new baby wakes up exactly once every night. The time at which the baby wakes up
occurs at random between 9 pm and 7 am. If the parents go to sleep at 11 pm, what
is the probability that the parents are not awakened by the baby before they would
normally get up at 7 am? Specify your sample space Q and probability P.

For any real or complex number z # 1 and any positive integer N, derive the geomet-
ric series formula

N-1 N

-z
sz =7 , z# 1.
k=0 -2

Hint: Let Sy :=1+z+---+7V"!, and show that Sy — zSy = 1 — Z". Then solve for
Sy.

Remark. If |z] < 1, |z]¥ — 0 as N — . Hence,

1
sz = ——, forlz] < 1.
-z

Let Q:={1,...,6}. If p(@) =2p(® —1) for © =2,...,6, and if Y _, p(@) = 1,
show that p(@) = 2%~!/63. Hint: Use Problem 27.
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1.4: Axioms and properties of probability

29.

30.

31.

32.

*33.

Let A and B be events for which P(A), P(B), and P(A U B) are known. Express the
following in terms of these probabilities:

(a) P(ANB).

(b) P(ANBC).

(c) P(BU(ANB®)).

(d) P(A°NB°).
Let Q be a sample space equipped with two probability measures, P and P,. Given

any 0 < A <1, show that if P(A) := AP;(A) 4 (1 — 1)P2(A), then P satisfies the four
axioms of a probability measure.

Let Q be a sample space, and fix any point @y € Q. For any event A, put

I, wp €A,
0, otherwise.

u) = {

Show that u satisfies the axioms of a probability measure.

Suppose that instead of axiom (iif) of Section 1.4, we assume only that for any two
disjoint events A and B, P(AUB) = P(A) 4+ P(B). Use this assumption and inductiory
on N to show that for any finite sequence of pairwise disjoint events Ay, ..., Ay,

Using this result for finite NV, it is not possible to derive axiom (iii), which is the
assumption needed to derive the limit results of Section 1.4.

The purpose of this problem is to show that any countable union can be written as a
union of pairwise disjoint sets. Given any sequence of sets F;,, define a new sequence
by Ay := Fj, and

A, = F,NES N---NFS, n>2.

Note that the A, are pairwise disjoint. For finite N > 1, show that

N N
Uh = U
n=1 n=1
Also show that
U = Ua
n=1 n=1

JIn this case, using induction on N means that you first verify the desired result for N = 2. Second, you assume
the result is true for some arbitrary N > 2 and then prove the desired result is true for N+ 1.
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*34.

*35.

36.

*37.

*38.

*39.
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Use the preceding problem to show that for any sequence of events F;,,

() - 2(0)

n=1

Use the preceding problem to show that for any sequence of events G,

(7o) - (i)

n=1

The finite union bound. Show that for any finite sequence of events Fi, ..., Fy,

Hint: Use the inclusion—exclusion formula (1.12) and induction on N. See the last
footnote for information on induction.

The infinite union bound. Show that for any infinite sequence of events F;,
P(Un) < Lrn)
n=1 n=1

Hint: Combine Problems 34 and 36.

First Borel-Cantelli lemma. Show that if B,, is a sequence of events for which

oo

Y P(B,) < oo, (1.36)

n=1
then .
p( N UBk) —o.
n=1k=n

Hint: Let G :=(,_ Gn, where G, := (i, Bx. Now use Problem 35, the union bound
of the preceding problem, and the fact that (1.36) implies

oo

lim ) P(B,) = 0.
Nﬁwn:N

Let Q=[0,1], and forA C Q, put P(A) := [, 1 dw. In particular, this implies P([a, b])
= b —a. Consider the following sequence of sets. Put Ag :=Q =0, 1]. Define A| C Ag
by removing the middle third from Ag. In other words,

Ap = [0,1/3]U[2/3,1].

Now define A, C A; by removing the middle third of each of the intervals making up
A1. An easy way to do this is to first rewrite

Ar = [0,3/9]U[6/9,9/9).
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*41.

*42.
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Problems 55

Then
Ay = ([0,1/9]U[2/9,3/9])u([6/9,7/9]u[8/9,9/9]).

Similarly, define A3 by removing the middle third from each of the above four inter-
vals. Thus,
Az = [0,1/271U[2/27,3/27]
ul6/27,7/27]U[8/27,9/27]
U[18/27,19/27]U[20/27,21/27]
U[24/27,25/271U[26/27,27/217].

Continuing in this way, we can define Aq4, As, .. ..

(a) Compute P(Ag), P(A1), P(A2), and P(A3).
(b) What is the general formula for P(A,)?
(c) The Cantor set is defined by A := ,_yA,. Find P(A). Justify your answer.

This problem assumes you have read Note 1. Let Ay,...,A, be a partition of Q. If
¢ :={A1,...,An}, show that 6 (%) consists of the empty set along with all unions of

the form
U A,
i

where k; is a finite subsequence of distinct elements from {1,...,n}.

This problem assumes you have read Note 1. Let Q :=[0,1), and forn =1,2,...,
let €, denote the partition

%, = {[%%)k: 1,...,2"}.

Let <7, := o(C,), and put & := J;_, <,. Determine whether or not < is a o-field.

This problem assumes you have read Note 1. Let Q be a sample space, and let
X:Q — IR, where IR denotes the set of real numbers. Suppose the mapping X takes
finitely many distinct values x,...,x,. Find the smallest o-field .7 of subsets of Q
such that for all B C IR, X ~!(B) € «. Hint: Problems 14 and 15.

This problem assumes you have read Note 1. Let Q := {1,2,3,4,5}, and put A :=
{1,2,3} and B := {3,4,5}. Put P(A) :=5/8 and P(B) :=7/8.

(a) Find .# := 6({A,B}), the smallest o-field containing the sets A and B.

(b) Compute P(F) forall F € .Z.

(c) Trick question. What is P({1})?
This problem assumes you have read Note 1. Show that a o-field cannot be count-

ably infinite; i.e., show that if a o-field contains an infinite number of sets, then it
contains an uncountable number of sets.
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*45. This problem assumes you have read Note 1.

(a) Let o7, be any indexed collection of o-fields. Show that ", .27 is also a o-field.
(b) Tlustrate part (a) as follows. Let Q := {1,2,3,4},

o =0({1},{2},{3,4}) and o :=0c({1},{3},{2,4}).

Find & N o,
(c) Let € be any collection of subsets of Q, and let 0(%¢) denote the smallest o-
field containing 4". Show that

o(@)= (] 4,
A G

where the intersection is over all o-fields .o that contain €.

*46. This problem assumes you have read Note 1. Let Q be a nonempty set, and let .
and ¥ be o-fields. Is .% U¥ a o-field? If “yes,” prove it. If “no,” give a counterex-
ample.

*47. This problem assumes you have read Note 1. Let Q denote the positive integers.
Let <7 denote the collection of all subsets A such that either A is finite or A€ is finite.
(a) Let E denote the positive integers that are even. Does E belong to .27/?

(b) Show that .« is closed under finite unions. In other words, if Aq,...,A, are in
&/, show that [JI_ A; is also in 7.

(¢c) Determine whether or not .7 is a o-field.
*48. This problem assumes you have read Note 1. Let Q be an uncountable set. Let .o/

denote the collection of all subsets A such that either A is countable or A€ is countable.
Determine whether or not <7 is a o-field.

*49. The Borel o-field. This problem assumes you have read Note 1. Let 2 denote the
smallest o-field containing all the open subsets of IR := (—eo, o). This collection %
is called the Borel o-field. The sets in 4 are called Borel sets. Hence, every open
set, and every open interval, is a Borel set.

(a) Show that every interval of the form (a,b] is also a Borel set. Hint: Write (a, ]
as a countable intersection of open intervals and use the properties of a o-field.

(b) Show that every singleton set {a} is a Borel set.

(c) Letaj,as,... be distinct real numbers. Put
A = U {ar}.
k=1

Determine whether or not A is a Borel set.
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(d) Lebesgue measure A on the Borel subsets of (0,1) is a probability measure
that is completely characterized by the property that the Lebesgue measure of
an open interval (a,b) C (0,1) is its length; i.e., A((a,b)) = b—a. Show that
A((a,b]) is also equal to b —a. Find A({a}) for any singleton set. If the set A
in part (c) is a Borel set, compute A (A).

Remark. Note 5 in Chapter 5 contains more details on the construction of prob-
ability measures on the Borel subsets of IR.
*50. The Borel o-field, continued. This problem assumes you have read Note 1.

Background: Recall that a set U C IR is open if for every x € U, there is a positive
number &, depending on x, such that (x — &,x+ &) C U. Hence, an open set U can
always be written in the form

U = U (x— &, x+ &).
xeU
Now observe that if (x — &,x+ &) C U, we can find a rational number ¢, close to x
and a rational number p, < & such that

€ (gx — Px,qx+Px) C (x— &, x+ &) CU.

Thus, every open set can be written in the form
U= U (qx — Px,qx +Px),
xeU

where each g, and each p, is a rational number. Since the rational numbers form a
countable set, there are only countably many such intervals with rational centers and
rational lengths; hence, the union is really a countable one.

Problem: Show that the smallest o-field containing all the open intervals is equal to
the Borel o-field defined in Problem 49.

1.5: Conditional probability

51. MATLAB. Save the following MATLAB script in an M-file to simulate chips from
suppliers S1 and S2. Do not worry about how the script works. Run it, and based on
your output, tell which supplier you think has more reliable chips.

% Chips from suppliers S1 and S2.

o°

NOS1 983; Number of chips from S1

NOS2 = 871; % Number of chips from S2

NOWS1 = sum(rand(1l,NOS1l) >= 0.2); NODS1l = NOS1-NOWS1;

NOWS2 = sum(rand(l,NOS2) >= 0.3); NODS2 = NOS2-NOWS2;

Nmat = [ NOWS1l NOWS2; NODS1 NODS2 ]

NOS = [ NOS1 NOS2 ]

fprintf ('Rel freq working chips from S1 is %4.2f.\n’,...
NOWS1/NOS1)

fprintf (’Rel freq working chips from S2 is %4.2f.\n’,...
NOWS2/NOS2)
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53.

54.

55.

56.
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N(Og;s1)
N(051) ’ N(OSI)7 N(Osz) ’

are given, compute N(Oy s1) and N(Oy s2) in terms of them.

N(Od’sz) and N(052>

If P(C) and P(BNC) are positive, derive the chain rule of conditional probability,
P(ANB|C) = P(AIBNC)P(B|C).

Also show that
P(ANBNC) = P(A[BNC)P(B|C)P(C).

The university buys workstations from two different suppliers, Mini Micros (MM)
and Highest Technology (HT). On delivery, 10% of MM’s workstations are defec-
tive, while 20% of HT’s workstations are defective. The university buys 140 MM
workstations and 60 HT workstations for its computer lab. Suppose you walk into the
computer lab and randomly sit down at a workstation.

(a) What is the probability that your workstation is from MM? From HT?
(b) What is the probability that your workstation is defective? Answer: 0.13.

(c) Given that your workstation is defective, what is the probability that it came
from Mini Micros? Answer: 7/13.

The probability that a cell in a wireless system is overloaded is 1/3. Given that it is
overloaded, the probability of a blocked call is 0.3. Given that it is not overloaded, the
probability of a blocked call is 0.1. Find the conditional probability that the system is
overloaded given that your call is blocked. Answer: 0.6.

The binary channel shown in Figure 1.17 operates as follows. Given that a O is trans-
mitted, the conditional probability that a 1 is received is €. Given that a 1 is transmit-
ted, the conditional probability that a 0 is received is 0. Assume that the probability
of transmitting a 0 is the same as the probability of transmitting a 1. Given that a 1
is received, find the conditional probability that a 1 was transmitted. Hint: Use the
notation

T; := {iistransmitted}, i=0,1,

and
R; := {jisreceived}, j=0,1.

Remark. If § = ¢, this channel is called the binary symmetric channel.

1—¢

Figure 1.17. Binary channel with crossover probabilities € and 6. If § = &, this is called a binary symmetric
channel.
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58.

59.

*60.

Problems 59

Professor Random has taught probability for many years. She has found that 80% of
students who do the homework pass the exam, while 10% of students who don’t do
the homework pass the exam. If 60% of the students do the homework, what percent
of students pass the exam? Of students who pass the exam, what percent did the
homework? Answer: 12/13.

A certain jet aircraft’s autopilot has conditional probability 1/3 of failure given that it
employs a faulty microprocessor chip. The autopilot has conditional probability 1/10
of failure given that it employs a nonfaulty chip. According to the chip manufacturer,
the probability of a customer’s receiving a faulty chip is 1/4. Given that an autopilot
failure has occurred, find the conditional probability that a faulty chip was used. Use
the following notation:

Ap = {autopilot fails}
Crp = {chip is faulty}.

Answer: 10/19.

Sue, Minnie, and Robin are medical assistants at a local clinic. Sue sees 20% of the
patients, while Minnie and Robin each see 40% of the patients. Suppose that 60% of
Sue’s patients receive flu shots, while 30% of Minnie’s patients receive flu shots and
10% of Robin’s patients receive flu shots. Given that a patient receives a flu shot, find
the conditional probability that Sue gave the shot. Answer: 3/7.

You have five computer chips, two of which are known to be defective.

(a) You test one of the chips; what is the probability that it is defective?

(b) Your friend tests two chips at random and reports that one is defective and one is
not. Given this information, you test one of the three remaining chips at random;
what is the conditional probability that the chip you test is defective?

(c) Consider the following modification of the preceding scenario. Your friend takes
away two chips at random for testing; before your friend tells you the results,
you test one of the three remaining chips at random; given this (lack of) informa-
tion, what is the conditional probability that the chip you test is defective? Since
you have not yet learned the results of your friend’s tests, intuition suggests that
your conditional probability should be the same as your answer to part (a). Is
your intuition correct?

1.6: Independence

61.

62.

(a) If two sets A and B are disjoint, what equation must they satisfy?

(b) If two events A and B are independent, what equation must they satisfy?

(c) Suppose two events A and B are disjoint. Give conditions under which they are
also independent. Give conditions under which they are not independent.

A certain binary communication system has a bit-error rate of 0.1; i.e., in transmitting
a single bit, the probability of receiving the bit in error is 0.1. To transmit messages,



60

63.

64.

65.

66.

67.

68.

69.

70.

*71.
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a three-bit repetition code is used. In other words, to send the message 1, 111 is
transmitted, and to send the message 0, 000 is transmitted. At the receiver, if two or
more 1s are received, the decoder decides that message 1 was sent; otherwise, i.e.,
if two or more zeros are received, it decides that message 0 was sent. Assuming bit
errors occur independently, find the probability that the decoder puts out the wrong
message. Answer: 0.028.

You and your neighbor attempt to use your cordless phones at the same time. Your
phones independently select one of ten channels at random to connect to the base unit.
What is the probability that both phones pick the same channel?

A new car is equipped with dual airbags. Suppose that they fail independently with
probability p. What is the probability that at least one airbag functions properly?

A dart is repeatedly thrown at random toward a circular dartboard of radius 10 cm.
Assume the thrower never misses the board. Let A, denote the event that the dart
lands within 2 cm of the center on the nth throw. Suppose that the A, are mutually
independent and that P(A,) = p for some 0 < p < 1. Find the probability that the dart
never lands within 2 cm of the center.

Each time you play the lottery, your probability of winning is p. You play the lottery
n times, and plays are independent. How large should n be to make the probability of
winning at least once more than 1/2? Answer: Forp=1/ 10°, n > 693 147.

Anne and Betty go fishing. Find the conditional probability that Anne catches no fish
given that at least one of them catches no fish. Assume they catch fish independently
and that each has probability 0 < p < 1 of catching no fish.

Suppose that A and B are independent events, and suppose that A and C are indepen-
dent events. If C C B, determine whether or not A and B\ C are independent.

Consider the sample space Q = [0, 1) equipped with the probability measure
P(A) = / ldo, AcCQ.

A
ForA=10,1/2),B=[0,1/4)U[1/2,3/4),and C =[0,1/8)U[1/4,3/8)U[1/2,5/8)
U[3/4,7/8), determine whether or not A, B, and C are mutually independent.

Given events A, B, and C, show that
P(ANC|B) = P(A|B)P(C|B)

if and only if
P(A|BNC) = P(A|B).

In this case, A and C are conditionally independent given B.

Second Borel-Cantelli lemma. Show that if B,, is a sequence of independent events
for which

oo

Z P(B") = 9

n=1
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then o w
P(ﬂ UBk) iy
n=1k=n

Hint: The inequality 1 — P(By) < exp[—P(By)] may be helpful ¥

1.7: Combinatorics and probability

72.

73.
74.

75.

76.

77.
78.

79.

80.

81.

82.

An electronics store carries three brands of computers, five brands of flat screens, and
seven brands of printers. How many different systems (computer, flat screen, and
printer) can the store sell?

If we use binary digits, how many n-bit numbers are there?

A certain Internet message consists of four header packets followed by 96 data pack-
ets. Unfortunately, a faulty router randomly re-orders all of the packets. What is the
probability that the first header-type packet to be received is the 10th packet to arrive?
Answer: 0.02996.

Joe has five cats and wants to have pictures taken of him holding one cat in each
arm. How many pictures are needed so that every pair of cats appears in one picture?
Answer: 10.

In a pick-4 lottery game, a player selects four digits, each one from O,...,9. If the
four digits selected by the player match the random four digits of the lottery drawing
in any order, the player wins. If the player has selected four distinct digits, what is
the probability of winning? Answer: 0.0024.

How many 8-bit words are there with three ones (and five zeros)? Answer: 56.

A faulty computer memory location reads out random 8-bit bytes. What is the proba-
bility that a random word has four ones and four zeros? Answer: 0.2734.

Suppose 41 people enter a contest in which three winners are chosen at random. The
first contestant chosen wins $500, the second contestant chosen wins $400, and the
third contestant chosen wins $250. How many different outcomes are possible? If

all three winners receive $250, how many different outcomes are possible? Answers:
63960 and 10 660.

From a well-shuffled deck of 52 playing cards you are dealt 14 cards. What is the
probability that two cards are spades, three are hearts, four are diamonds, and five are
clubs? Answer: 0.0116.

From a well-shuffled deck of 52 playing cards you are dealt five cards. What is the
probability that all five cards are of the same suit? Answer: 0.00198.

A finite set D of n elements is to be partitioned into m disjoint subsets, Dy, ...,D,, in
which |D;| = k;. How many different partitions are possible?

¥The inequality 1 —x < e~ for x > 0 can be derived by showing that the function f(x) :=

¥ — (1 —x) satisfies

N
£(0) > 0 and is nondecreasing for x > 0, e.g., its derivative, denoted by f’, satisfies f’(x) > 0 for x > 0.
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m-ary pick-n lottery. In this game, a player chooses n m-ary digits. In the lottery
drawing, n m-ary digits are chosen at random. If the n digits selected by the player
match the random 7 digits of the lottery drawing in any order, the player wins. If the
player has selected n digits with ko zeros, kj ones, ..., and k,,,_ copies of digit m — 1,
where ko + - - - + k1 = n, what is the probability of winning? In the case of n = 4,
m = 10, and a player’s choice of the form xxyz, what is the probability of winning;
for xxyy; for xxxy? Answers: 0.0012, 0.0006, 0.0004.

In Example 1.46, what 7-bit sequence corresponds to two apples and three carrots?
What sequence corresponds to two apples and three bananas? What sequence corre-
sponds to five apples?

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

1.1.

1.2.

1.3.

1.4.

1.5.

1.6.

1.7.

Sample spaces, outcomes, and events. Be able to suggest sample spaces to model
simple systems with uncertain measurements. Know the difference between an out-
come and an event. Understand the difference between the outcome @, which is
a point in the sample space, and the singleton event {®@}, which is a subset of the
sample space.

Review of set notation. Be familiar with set notation, operations, and identities.
If required, be familiar with the precise definition of a function and the notions of
countable and uncountable sets.

Probability models. Know how to construct and use probability models for simple
problems.

Axioms and properties of probability. Know the axioms and properties of prob-
ability. Important formulas include (1.9) for disjoint unions, and (1.10)—(1.12). If
required, understand and know how to use (1.13)—(1.17); in addition, your instructor
may also require familiarity with Note 1 and related problems concerning o-fields.

Conditional probability. What is important is the law of total probability (1.23) and
and being able to use it to solve problems.

Independence. Do not confuse independent sets with disjoint sets. If Aj,A,,... are
independent, then so are A1,A»,..., where each A; is either A; or AY.

Combinatorics and probability. The four kinds of counting problems are:

(i) ordered sampling of k out of n items with replacement: n*;

(if) ordered sampling of k < n out of n items without replacement: n!/(n—k)!;
(iif) unordered sampling of k < n out of n items without replacement: (Z) and
)

(iv) unordered sampling of k out of n items with replacement: (Hzfl).

Know also the multinomial coefficient.

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.



2
Introduction to discrete random variables

In most scientific and technological applications, measurements and observations are
expressed as numerical quantities. Traditionally, numerical measurements or observations
that have uncertain variability each time they are repeated are called random variables. We
typically denote numerical-valued random quantities by uppercase letters such as X and Y.
The advantage of working with numerical quantities is that we can perform mathematical
operations on them such as

X+Y, XY, max(X,Y), and min(X,Y).

For example, in a telephone channel the signal X is corrupted by additive noise Y. In a
wireless channel, the signal X is corrupted by fading (multiplicative noise). If X and Y are
the traffic rates at two different routers of an Internet service provider, it is desirable to have
these rates less than the router capacity, say c; i.e., we want max(X,Y) < c. If X and Y are
sensor voltages, we may want to trigger an alarm if at least one of the sensor voltages falls
below a threshold v; e.g., if min(X,Y) < v. See Figure 2.1.

X X+ro X tput status OK
output status

ifmax(X,Y) < ¢ — status
Y —»

X —»(: — XY X—»
Trigger alarm

T Y ifmin(X,Y)< v

Y

= alarm

Figure 2.1. Systems represented by operations on random variables.

In order to exploit the axioms and properties of probability that we studied in Chap-
ter 1, we technically define random variables as functions on an underlying sample space
Q. Fortunately, once some basic results are derived, we can think of random variables in the
traditional manner, and not worry about, or even mention the underlying sample space.

This chapter introduces the student to random variables. Emphasis is on discrete random
variables and basic concepts and tools for working with them, such as probability mass
functions, expectation, and moments.

2.1 Probabilities involving random variables

A real-valued function X (®) defined for points @ in a sample space Q is called a ran-
dom variable. Random variables are important because they provide a compact way of

63
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referring to events via their numerical attributes. For example, if X models the number of
visits to a website, it is much easier to write P(X > 1000) than to write

P (number of visits > 1000).

We now make this more precise and relate it all back to the properties of P that we developed
in Chapter 1.

Example 2.1. Let us construct a model for counting the number of heads in a sequence
of three coin tosses. For the underlying sample space, we take

Q := {TTT, TTH, THT, HTT, THH, HTH, HHT, HHH},

which contains the eight possible sequences of tosses. However, since we are only interested
in the number of heads in each sequence, we define the random variable (function) X by

o =TTT,
o € {TTH, THT, HTT},

0,
' 2, o € {THH, HTH, HHT},
3,

o = HHH.

This is illustrated in Figure 2.2.

HHH HHT HTH THH \ 2

TTT TTH THT HTT r 1

Figure 2.2, Tllustration of a random variable X that counts the number of heads in a sequence of three coin tosses.

With the setup of the previous example, let us assume for specificity that the sequences
are equally likely. Now let us find the probability that the number of heads X is less than
2. In other words, we want to find P(X < 2). But what does this mean? Let us agree that
P(X < 2) is shorthand for

PloeQ:X(w)<2}).

Then the first step is to identify the event {® € Q : X(w) < 2}. In Figure 2.2, the only
lines pointing to numbers less than 2 are the lines pointing to 0 and 1. Tracing these lines
backwards from IR into Q, we see that

{weQ:X(w) <2} = {TTT, TTH, THT, HTT}.
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Since the sequences are equally likely,

|{TTT, TTH, THT, HTT}|

P({TTT, TTH, THT, HTT}) ol

Example 2.2. On the sample space Q of the preceding example, define a random vari-
able to describe the event that the number of heads in three tosses is even.

Solution. Define the random variable Y by

vio) = {© o € {TTT, THH, HTH, HHT},
~ 11, ® € {TTH, THT, HTT, HHH}.

Then Y (w) = 0 if the number of heads is even (0 or 2), and Y (@) = 1 if the number of heads
is odd (1 or 3).

The probability that the number of heads is less than two and odd is P(X < 2,Y = 1),
by which we mean the probability of the event

{weQ:X(w)<2andY(w) =1}.
This is equal to
{weQ:X(w)<2}n{weQ:Y(w)=1},

or just
{TTT, TTH, THT, HTT} N{TTH, THT, HTT, HHH},

which is equal to {TTH, THT, HTT}. The probability of this event, again assuming all
sequences are equally likely, is 3/8.

The shorthand introduced above is standard in probability theory. More generally, if
B C IR, we use the shorthand

{XeB} = {weQ:X(w) B}

and!
P(XeB) := P({XeB}) = P{oeQ:X(w) € B}).

If B is an interval such as B = (a, b|,
{Xe(ab]} = {a<X<b} ={weQ:a<X(w)<b}

and
Pla<X<b) = PlweQ:a<X(w)<b}).

Analogous notation applies to intervals such as [a,b], [a,D), (a,b), (—eo,b), (—oo,b], (a,o0),
and [a,c0).
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Example 2.3. A key step in manufacturing integrated circuits requires baking the chips
in a special oven in a certain temperature range. Let T be a random variable modeling the
oven temperature. Show that the probability the oven temperature is in the range a < T < b
can be expressed as

Pla<T <b) = P(T <b)—P(T <a).

Solution. It is convenient to first rewrite the desired equation as
P(T<b) =P(T<a)+Pla<T<bh). (2.1
Now observe that
{weQ: T(w)<b} ={weQ:T(w)<alU{weQ:a<T(w)<b}.

Since we cannot have an @ with T(®w) < g and T (w) > a at the same time, the events in the
union are disjoint. Taking probabilities of both sides yields (2.1).

If B is a singleton set, say B = {xo}, we write {X = xo} instead of {X € {xo}}.

Example 2.4. A computer has three disk drives numbered 0,1,2. When the computer
is booted, it randomly selects a drive to store temporary files on. If we model the selected
drive number with the random variable X, show that the probability drive O or drive 1 is
selected is given by

PX=0orX=1) = PX=0)+PX=1).

Solution. First note that the word “or” means “union.” Hence, we are trying to find the
probability of {X =0} U {X = 1}. If we expand our shorthand, this union becomes
{oeQ:X(0)=0}U{weQ: X(w)=1}.

Since we cannot have an @ with X (@) = 0 and X (@) = 1 at the same time, these events are
disjoint. Hence, their probabilities add, and we obtain

P{X=01u{X=1}) = PX=0)+P(X=1). 2.2)

2.2 Discrete random variables

We say X is a discrete random variable if there exist distinct real numbers x; such that

YPX=x)=1 (2.3)

For discrete random variables, it can be shown using the law of total probability that?

PXeB) = ) PX (2.4)

iix;€B
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Integer-valued random variables

An integer-valued random variable is a discrete random variable whose distinct values
are x; = i. For integer-valued random variables,

P(XeB) = ) P(X
i€B

Here are some simple probability calculations involving integer-valued random variables.

7
Px<7) =Y PX =) Px=
i<7 [=—o0
Similarly,
Px>7) =Y PXx=i)=YPX=i).
i>7 i=7
However,

PXx>7) =Y PX=i)=YPX=i),

i>7 i=8

which is equal to P(X > 8). Similarly
6
PX<7) = YPXx=i)= ) PX=
i<7 j=—o0
which is equal to P(X < 6).

Probability mass functions

When X is a discrete random variable taking distinct values x;, we define its probability
mass function (pmf) by

px(x,') = P(X :xi).

Since px (x;) is a probability, it is a number satisfying

0 < px(x) < 1,

and, on account of (2.3),

pr(xi) = 1.

Example 2.5. Let X be the random variable of Example 2.1. Assuming all sequences
are equally likely, find the pmf of X.

Solution. From the definition of X or from Figure 2.2, we see that X takes the distinct
values 0,1,2,3. Hence, we must compute px(0), px (1), px(2), and px(3). We begin with
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px(0) = P(X =0). The first step is to identify the outcomes @ that constitute the event
{®: X(®w) = 0}. From the definition of X or from Figure 2.2, we see that

{w:X(w)=0} = {TTT}.

Hence,

px(0) = P(X=0) = P{TTT}) = |{T;1;|F}| = %
Similarly,

px(1) = P(X=1) = P{HTT,THT,TTH}) = %,

px(2) = P(X=2) = P({HHT,HTH,HHT}) = %,
and

px(3) = P(X =3) = P({HHH)) =

This pmf is sketched in Figure 2.3.
px( i)
3/8

1/8
i
-1 01 2 3 4

Figure 2.3. Pmf of the random variable X in Example 2.5.

Uniform random variables

When an experiment results in a finite number of “equally likely” or “totally random”
outcomes, we model it with a uniform random variable. We say that X is uniformly distrib-

utedon 1,...,nif

1
PX=k) = -, k=1,....n.
n

In other words, its pmf takes only two values:

[ 1/n, k=1,...,n,
px (k) = { 0, otherwise.

For example, to model the toss of a fair die we would use px(k) =1/6 fork=1,...,6
sketched in Figure 2.4. To model the selection of one card from a well-shuffled deck of
playing cards we would use px (k) = 1/52 for k = 1,...,52. More generally, we can let k
vary over any subset of n integers. A common alternative to 1,...,n1is 0,...,n— 1. For k
not in the range of experimental outcomes, px (k) = 0.
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pX( k)

1/6 T

0 1

+—e
+—

9}
@)
N ¢

N T—e
W 1T—e
5 1—e

Figure 2.4. Uniform pmfon 1,2,3,4,5,6.

Example 2.6. Ten neighbors each have a cordless phone. The number of people using
their cordless phones at the same time is totally random. Find the probability that more than
half of the phones are in use at the same time.

Solution. We model the number of phones in use at the same time as a uniformly
distributed random variable X taking values O,...,10. Zero is included because we allow
for the possibility that no phones are in use. We must compute

101 5

10
P(X>5) =) px() = } = = 17
i; =11 11

If the preceding example had asked for the probability that at least half the phones are
in use, then the answer would have been P(X >5) =6/11.

The Poisson random variable

The Poisson random variable is used to model many different physical phenomena rang-
ing from the photoelectric effect and radioactive decay“ to computer message traffic arriving
at a queue for transmission. A random variable X is said to have a Poisson probability mass
function with parameter A > 0, denoted by X ~ Poisson(4), if

Ake—2
px(k) = o

k=0,1,2,....

A graph of px (k) is shown in Figure 2.5 for A = 10,30, and 50. To see that these prob-
abilities sum to one, recall that for any real or complex number z, the power series for e*

18
o _k
<
<
=YL
|
= k!

Example 2.7. The number of hits to a popular website during a 1-minute interval is
given by a Poisson(A) random variable. Find the probability that there is at least one hit
between 3:00 am and 3:01 am if A = 2. Then find the probability that there are at least 2
hits during this time interval.

“The Poisson probability mass function arises naturally in this case, as shown in Example 3.7.
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0.14r
0.12r
0.10
0.08r
0.06r

0.04r

Bl ‘lﬁﬂ W mﬁﬁw k

0 10 20 30 40 50 60 70 80

Figure 2.5. The Poisson(A) pmf py (k) = A¥e~* /k! for A = 10,30, and 50 from left to right, respectively.

Solution. Let X denote the number of hits. Then
PX>1)=1-P(X=0) = l—e* = 1—¢2 ~ 0.865.
Similarly,
PX>2)=1-PX=0)-PX=1)
sy
= 1—e*1+2)
= 1-e?(1+2) = 0.5%.

2.3 Multiple random variables
If X and Y are random variables, we use the shorthand
{XeBYeC(C} = {weQ:X(w)eBandY(w) € C},

which is equal to
{weQ:X(w)eBn{wecQ:Y(w)cC}.

Putting all of our shorthand together, we can write
{XeB,YeC} = {XeB}In{Y ec}.
We also have

P(XeB,YeC) := P{X€B,Y eC})
= P({X eB}n{Y eC}).
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Independence

If the events {X € B} and {Y € C} are independent for all sets B and C, we say that X and
Y are independent random variables. In light of this definition and the above shorthand,
we see that X and Y are independent random variables if and only if

P(XeB,YeC) = PXeB)P(Y €C) (2.5)

for all sets® B and C.
Example 2.8. On a certain aircraft, the main control circuit on an autopilot fails with
probability p. A redundant backup circuit fails independently with probability g. The air-

craft can fly if at least one of the circuits is functioning. Find the probability that the aircraft
cannot fly.

Solution. We introduce two random variables, X and Y. We set X = 1 if the main
circuit fails, and X = 0 otherwise. We set ¥ = 1 if the backup circuit fails, and ¥ = 0
otherwise. Then P(X = 1) = p and P(Y = 1) = ¢. We assume X and Y are independent
random variables. Then the event that the aircraft cannot fly is modeled by

(X=1n{r=1}.

Using the independence of X and Y, P(X =1,Y =1)=P(X =1)P(Y =1) = pq.

The random variables X and Y of the preceding example are said to be Bernoulli. To in-
dicate the relevant parameters, we write X ~ Bernoulli(p) and ¥ ~ Bernoulli(g). Bernoulli
random variables are good for modeling the result of an experiment having two possible out-
comes (numerically represented by 0 and 1), e.g., a coin toss, testing whether a certain block
on a computer disk is bad, whether a new radar system detects a stealth aircraft, whether a
certain Internet packet is dropped due to congestion at a router, etc. The Bernoulli(p) pmf
is sketched in Figure 2.6.

pX( i)
P

1-p
i

-1 01 2 3 4

Figure 2.6. Bernoulli(p) probability mass function with p > 1/2.
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Given any finite number of random variables, say Xi,...,X,, we say they are indepen-
dent if

n n
P(ﬂ{Xj EBj}) HP(Xj € B;), for all choices of the sets By,...,B,.  (2.6)

j=1 j=1

If Xi,...,X, are independent, then so is any subset of them, e.g., X;, X3, and Xn.4 If
X1,X>,... is an infinite sequence of random variables, we say that they are independent
if (2.6) holds for every finiten =1,2,....

If for every B, P(X; € B) does not depend on j, then we say the X; are identically
distributed. If the X; are both independent and identically distributed, we say they are i.i.d.

Example 2.9. Let X, Y, and Z be the number of hits at a website on three consecutive
days. Assuming they are i.i.d. Poisson(A) random variables, find the probability that on
each day the number of hits is at most n.

Solution. The probability that on each day the number of hits is at most n is
P(X <n,Y <n,Z<n).
By independence, this is equal to
P(X <n)P(Y <n)P(Z<n).

Since the random variables are identically distributed, each factor has the same value. Since
the random variables are Poisson(A ), each factor is equal to

n n )Lk
PX<n) = Y P(X=k = Y e
k=0 i—o k!
and so

n Ak 3
PX<nY<nZ<n) = (Z'e—*> ‘
= k!

Example 2.10. A webpage server can handle r requests per day. Find the probability
that the server gets more than r requests at least once in n days. Assume that the number of
requests on day i is X; ~ Poisson(A) and that X, ..., X, are independent.

Solution. We need to compute

P(lg{xi>r}) - 1P<lé{x,»§r}>

= l—ﬁP(XiSr)
i=1
n r )Lkefl
IR 5
i=1 \k=0 K-

_ 1@’“‘;‘*)”.
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Max and min problems

Calculations similar to those in the preceding example can be used to find probabilities
involving the maximum or minimum of several independent random variables.

Example 2.11. For i = 1,...,n, let X; model the yield on the ith production run of an
integrated circuit manufacturer. Assume yields on different runs are independent. Find the
probability that the highest yield obtained is less than or equal to z, and find the probability
that the lowest yield obtained is less than or equal to z.

Solution. We must evaluate
P(max(Xy,...,X,) <z) and P(min(Xy,...,X,) <z).

Observe that max(Xj,...,X,) < zif and only if all of the X; are less than or equal to z; i.e.,

n

{max(Xy,....X,) <z} = ({X <z}
k=1

It then follows that

P(max(Xj,...,X,) <z) = P( ﬁ{Xk < Z})

where the second equation follows by independence.
For the min problem, observe that min(Xj,...,X,) < z if and only if at least one of the
X; is less than or equal to z; i.e.,

{min(Xy,...,X,) <z} = U{Xk<Z}

Hence,

P(min(Xy,...,X,) <2)

P(kol{xk < Z})
- P(lé{xk > z})

n
1-J]PXk>2).
k=1
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Geometric random variables

For 0 < p < 1, we define two kinds of geometric random variables.
We write X ~ geometric; (p) if

PX=k) = (1-p)p* !, k=1,2,....

As the example below shows, this kind of random variable arises when we ask how many
times an experiment has to be performed until a certain outcome is observed.
We write X ~ geometricy(p) if

PX=k) = (1—-p)p*, k=0,1,....

This kind of random variable arises in Chapter 12 as the number of packets queued up at
an idealized router with an infinite buffer. A plot of the geometricy(p) pmf is shown in
Figure 2.7.

0.3

0.2
0.1
0 1

Figure 2.7. The geometricy(p) pmf py (k) = (1 — p)p* with p =0.7.

N —e
wr——-e
N H—oe
W —e

N\ e
|-e

oo e

Neltl

By the geometric series formula (Problem 27 in Chapter 1), it is easy to see that the
probabilities of both kinds of random variable sum to one (Problem 16).

If we put ¢ = 1 — p, then 0 < ¢ < 1, and we can write P(X = k) = g(1 —¢)*"! in the
geometric; (p) case and P(X = k) = ¢(1 — ¢)¥ in the geometricy(p) case.

Example 2.12. When a certain computer accesses memory, the desired data is in the
cache with probability p. Find the probability that the first cache miss occurs on the kth
memory access. Assume presence in the cache of the requested data is independent for each
access.

Solution. Let T = k if the first time a cache miss occurs is on the kth memory access.
Fori=1,2,..., let X; = 1 if the ith memory request is in the cache, and let X; = 0 otherwise.
Then P(X; = 1) = p and P(X; = 0) = 1 — p. The key observation is that the first cache miss
occurs on the kth access if and only if the first k — 1 accesses result in cache hits and the kth
access results in a cache miss. In terms of events,

{T=k} = {Xi=1}n---N{Xp_1 =1} N{X; =0}.
Since the X; are independent, taking probabilities of both sides yields
P(T =k) =P({Xi =1}N---N{X, 1 = 1} N {X; = 0})
= P11 —p).
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Example 2.13. In the preceding example, what is the probability that the first cache
miss occurs after the third memory access?

Solution. We need to find

P(T >3) = i P(T = k).
k=4

However, since P(T = k) = 0 for k < 0, a finite series is obtained by writing

P(T>3) = 1-P(T <3)
= l—iP(T:k)
k=1

= 1—(1-p)[1+p+p7

Joint probability mass functions
The joint probability mass function of X and Y is defined by

pxy (xi,y;) = P(X = x,Y =y;). 2.7)

An example for integer-valued random variables is sketched in Figure 2.8.

Figure 2.8. Sketch of bivariate probability mass function pxy (i, j).

It turns out that we can extract the marginal probability mass functions py (x;) and
py (y;) from the joint pmf pxy (x;,y;) using the formulas

px(xi) = Y pxv(xi,y)) (2.8)
J
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and

py(yj) = ZPXY(xian)a (2.9)

which we derive later in the section.

Another important fact that we derive below is that a pair of discrete random variables
is independent if and only if their joint pmf factors into the product of their marginal pmfs:

PXY(xi7)’j) = Px(xi)PY(Yj)~

When X and Y take finitely many values, say xi,...,x, and yi,...,y,, respectively, we
can arrange the probabilities pxy (x;,y;) in the m x n matrix

pxy (x1,31) pxy(x1,y2) -+ pxy(x1,yn)
pxy (x2,51) pxv(x2,y2) pxy (X2, yn)
pxy (Xm:y1) pxy (Xm,y2) -+ pxy (Xm,yn)
Notice that the sum of the entries in the top row is
n
Y pxv(x1,y) = px(x1).
j=1

In general, the sum of the entries in the ith row is px (x;), and the sum of the entries in the
jth column is py(y;). Since the sum of either marginal is one, it follows that the sum of all
the entries in the matrix is one as well.

When X or Y takes infinitely many values, a little more thought is required.

Example 2.14. Find the marginal probability mass function px (i) if

. . 1 _]
. /DY im0,
pxy(i,j) = n(n+1)
0, otherwise.

Solution. For i in the range O, ...,n— 1, write

oo

px(i) = Y, pxv(i,j)

o i/ i+ 1))
B ;)2 n(n+1)

2 1
n(n+1) 1—i/(i+1)’
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by the geometric series. This further simplifies to 2(i+1)/[n(rn+ 1)]. Thus,

i+ 1
, PRI T S
px(i) = n(n+1)
0, otherwise.

Remark. Since it is easily checked by induction that Y7 | i = n(n+ 1)/2, we can verify
that Y= px (i) = 1.

*Derivation of marginal formulas (2.8) and (2.9)

Since the shorthand in (2.7) can be expanded to

pxy(xi,yj) = P{X =xi} N {Y = y;}), (2.10)

two applications of the law of total probability as in (1.27) can be used to show that®

PxeBYyeC) =Y Y pxr(xy). .11)
i:x;€B jiy;eC

Let us now specialize (2.11) to the case that B is the singleton set B = {x;} and C is the
biggest set possible, C =IR. Then (2.11) becomes

P(X =x;,Y €eR) = Z Z pxy (Xi,y;)-

ixj=x; j:y;€R
To simplify the left-hand side, we use the fact that
{YeR} = {weQ:Y(w)eR} = Q
to write
PX=x.,Y €R) = P{X =x}NQ) = P(X =x) = px ().

To simplify the double sum on the right, note that the sum over i contains only one term, the
term with i = k. Also, the sum over j is unrestricted. Putting this all together yields.

px(x) = Y pxy (x,y))-
J
This is the same as (2.8) if we change k to i. Thus, the pmf of X can be recovered from the

joint pmf of X and Y by summing over all values of Y. The derivation of (2.9) is similar.

*Joint PMFs and independence
Recall that X and Y are independent if

PXeB,YeC) = PXeB)P(Y () (2.12)
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for all sets B and C. In particular, taking B = {x;} and C = {y;} shows that
P(X :x,',Y :yj) = P(X :xi)P(Y :yj)

or, in terms of pmfs,
pxy (xi,y;) = px(xi) pr(v;)- (2.13)

We now show that the converse is also true; i.e., if (2.13) holds for all i and j, then (2.12)
holds for all sets B and C. To see this, write

PXeBYeC) = ), ) pxr(xy)), by(.lD),

ix;€B jiy;€C

= Y Y px(@)pr(y;), by(2.13),
ix;€B jiy;€C

= { )y px(xi)H Y PY(yj)}
iix;€B JjiyjeC

= P(XeB)P(Y ().

Computing probabilities with MATLAB

Example 2.15. If X ~ geometricy(p) with p = 0.8, compute the probability that X takes
the value of an odd integer between 5 and 13.

Solution. We must compute
(1=p)pP’+p"+p"+p" +p").
The straightforward solution is

p = 0.8;

s = 0;

for k = 5:2:13 % loop from 5 to 13 by steps of 2
s = s + p’k;

end

fprintf (‘The answer is %g\n’, (1-p) *s)

However, we can avoid using the for loop with the commands®

p =0.8;
pvec = (l-p)*p. [5:2:13];
fprintf ('The answer is %g\n’, sum(pvec))

The answer is 0.162. In this script, the expression [5:2:13] generates the vector [5
7 9 11 13]. Next, the “dot notation” p.”  [5 7 9 11 13] means that MATLAB
should do exponentiation on each component of the vector. In this case, MATLAB com-
putes [p°p’ p°p'! p'3]. Then each component of this vector is multiplied by the scalar 1 — p.
This new vector is stored in pvec. Finally, the command sum (pvec) adds up the com-
ponents of the vector.

bBecause MATLAB programs are usually not compiled but run through the interpreter, loops require a lot of
execution time. By using vectorized commands instead of loops, programs run much faster.



2.3 Multiple random variables 79

Example 2.16. A light sensor uses a photodetector whose output is modeled as a Pois-
son(A) random variable X. The sensor triggers an alarm if X > 15. If A = 10, compute
P(X > 15).

Solution. First note that

AZ AIS
P(X>15) = 1-P(X < 15) = 1—e4(1+1+?+...+ﬁ).
Next, since k! = I'(k+ 1), where I is the gamma function, we can compute the required

probability with the commands

lambda = 10;

k = [0:15]; $k=1012 ... 15 ]

pvec = exp(-lambda)+lambda. k./gamma (k+1);
fprintf (’The answer is %g\n’,l-sum(pvec))

The answer is 0.0487. Note the operator ./ which computes the quotients of corresponding
vector components; thus,
pvec = ¢ *[A0 AT A% A5] /[0 112! - 151]
1 AO ll 12 AH
e ] .

o 11 21 s

We can use MATLAB for more sophisticated calculations such as P(g(X) <) in many
cases in which X is a discrete random variable and g(x) is a function that MATLAB can
compute.

Example 2.17. Let X be a uniform random variable on 0, ..., 100. Assuming that g(x)
:= cos(2mx/10), compute P(g(X) < 1/2).

Solution. This can be done with the simple script

p = ones(1,101)/101; % p(i) = P(X=i) = 1/101, 1 = 0,...,100
k=[0:1007;
i = find(cos(2+pixk/10) <= 1/2);

fprintf (The answer is %g\n’,sum(p(i)))

The answer is 0.693.

Remark. The MATLAB Statistics Toolbox provides commands for computing several
probability mass functions. In particular, we could have used geopdf (k, 1-p) for the
geometricy(p) pmf and poisspdf (k, lambda) for the Poisson(A) pmf.

We next use MATLAB for calculations involving pairs of random variables.

Example 2.18. The input X and output Y of a system subject to random perturba-
tions are described probabilistically by the joint pmf pxy (i, j), where i = 1,2,3 and j =
1,2,3,4,5. Let P denote the matrix whose i j entry is pxy (i, j), and suppose that

1 72854
P:ﬁ 42559
24851
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Find the marginal pmfs px (i) and py(j).

Solution. The marginal py (/) is obtained by summing the columns of the matrix. This is
exactly what the MATLAB command sum does with a matrix. Thus, if P is already defined,
the commands

)

format rat % print numbers as ratios of small integers
pY = sum(P)

yield
pY =
13/71 8/71 21/71 15/71 1471

Similarly, the marginal px (i) is obtained by summing the rows of P. Since sum computes
column sums, the easy way around this is to use the transpose of P instead of P. The apos-
trophe ’ is used to compute transposes. Hence, the command pX = sum(P’) ’ computes
column sums on the transpose of P, which yields a row vector; the second transpose opera-
tion converts the row into a column. We find that

pX =
26/71
25/71
20/71

Example 2.19. Let X and Y be as in the previous example, and let g(x,y) be a given
function. Find P(g(X,Y) < 6).

Solution. The first step is to create a 3 X 5 matrix with entries g(i, j). We then find those
pairs (i, j) with g(7, j) < 6 and then sum the corresponding entries of P. Here is one way to
do this, assuming P and the function g are already defined.

for i = 1:3
for § = 1:5
gmat (i,3) = g(i,3);
end
end
prob = sum(P(find(gmat<6)))

If g(x,y) = xy, the answer is 34/71. A way of computing gmat without loops is given in
the problems.

2.4 Expectation

The definition of expectation is motivated by the conventional idea of numerical average.

Recall that the numerical average of n numbers, say ay,...,a,, is
1 n
Y
=1
We use the average to summarize or characterize the entire collection of numbers ay,...,a,

with a single “typical” value.
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Example 2.20. The average of the 10 numbers 5,2,3,2,5,—2,3,2,5,2 is

5+2+3+2+5+(*%+3+2+5+247274727

10 10 T

Notice that in our collection of numbers, —2 occurs once, 2 occurs four times, 3 occurs two
times, and 5 occurs three times. In other words, their relative frequencies are

-2:1/10
1 4/10
. 2/10
: 3/10.

|9, EUUS I S 2 \S]

We can rewrite the average of the ten numbers in terms of their relative frequencies as

1 4 2 3 27
2. 42— 43. 45 = =927
10Jr 10Jr3 10Jr5 10 10

Since probabilities model relative frequencies, if X is a discrete random variable taking
distinct values x; with probabilities P(X = x;), we define the expectation or mean of X by

E[X] = inP(X:xi),

or, using the pmf notation py (x;) = P(X = x;),

E[X] = Zx,-px(xi).

Example 2.21. Find the mean of a Bernoulli(p) random variable X.

Solution. Since X takes only the values xo = 0 and x; = 1, we can write
1
E[X] = Y iP(X=i) =0-(1-p)+1-p = p.
i=0

Note that, since X takes only the values 0 and 1, its “typical” value p is never seen (unless
p=0orp=1).

Example 2.22. When light of intensity A is incident on a photodetector, the number of
photoelectrons generated is Poisson with parameter A. Find the mean number of photoelec-
trons generated.

Solution. Let X denote the number of photoelectrons generated. We need to calculate
E[X]. Since a Poisson random variable takes only nonnegative integer values with positive
probability,

EX] = i)nP(X:n).
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Since the term with n = 0 is zero, it can be dropped. Hence,

>
B

® |
>~

[ agki

ElX] =

3
Il

I
 agki

3
Il

Example 2.23. If X is a discrete random variable taking finitely many values, say xi,
..., X, with corresponding probabilities py,...,py, then it is easy to compute E[X] with
MATLAB. If the value x;, is stored in x (k) and its probability py is stored in p (k) , then
E[X] is given by x’ xp, assuming both x and p are column vectors. If they are both row
vectors, then the appropriate expression is x*p’.

Example 2.24 (infinite expectation). Zipfrandom variables arise in the analysis of web-
site popularity and web caching. Here is an example of a Zipf random variable with infinite
expectation. Suppose that P(X =k) =C~!/k?, k=1,2,..., where¢

> 1
Then
> > ! ol
EX] = Y kPX=k) = Y k— =C') — =
k=1 k=1 k k:lk

as shown in Problem 48.

Some care is necessary when computing expectations of signed random variables that
take more than finitely many values. It is the convention in probability theory that E[X]
should be evaluated as

EX] = Y xPX=x)+ Y xP(X=ux),

iwx;>0 ix;<0

assuming that at least one of these sums is finite. If the first sum is +oo and the second one
is —oo, then no value is assigned to E[X], and we say that E[X] is undefined.

“Note that C is finite by Problem 48. This is important since if C = oo, then C~! = 0 and the probabilities would
sum to zero instead of one.
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Example 2.25 (undefined expectation). With C as in the previous example, suppose that
fork=1,2,...,P(X =k) =P(X = —k) = $C~! /k*. Then

Y kP(X=k)+ i kP(X =k)

EX] =
k=1 k=—o0
ratr 1 d
= Y -+ !
205k 2C, =~ k
=2t
= undefined.

Expectation of a function of a random variable, or the law of the unconscious
statistician (LOTUS)

Given a random variable X, we will often have occasion to define a new random variable
by Z := g(X), where g(x) is a real-valued function of the real variable x. More precisely,
recall that a random variable X is actually a function taking points of the sample space,
o € Q, into real numbers X (). Hence, the notation Z = g(X) is actually shorthand for
Z(w) := g(X(w)). If we want to compute E[Z], it might seem that we first have to find the
pmf of Z. Typically, this requires a detailed analysis of g. However, as we show below, we
can compute E[Z] = E[g(X)] without actually finding the pmf of Z. The precise formula is

Elg(X)] = Zg(xi)l?x (xi). (2.14)

Because it is so much easier to use (2.14) than to first find the pmf of Z, (2.14) is sometimes
called the law of the unconscious statistician (LOTUS) [23]. As a simple example of its
use, we can write, for any constant a,

ElaX] = Zaxipx(x,-) = ainpX(xi) = aE[X].

In other words, constant factors can be pulled out of the expectation; technically, we say that
expectation is a homogeneous operator. As we show later, expectation is also additive. An
operator that is both homogeneous and additive is said to be linear. Thus, expectation is a
linear operator.

*Derivation of LOTUS

To derive (2.14), we proceed as follows. Let X take distinct values x;. Then Z takes
values g(x;). However, the values g(x;) may not be distinct. For example, if g(x) = x?, and
X takes the four distinct values +1 and +2, then Z takes only the two distinct values 1 and
4. In any case, let z; denote the distinct values of Z and observe that

PZ=z%) = Z P(X =x;).

i:g(xi)=z
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We can now write

k
= Xk:Zk(i:g(§sz(X :xl)>
= k (,;g(gszk P(X_x,)>
- ;(M%Zkgmw(x»c,))

since the last double sum is just a special way of summing over all values of i.

Linearity of expectation

The derivation of the law of the unconscious statistician can be generalized to show that
if g(x,y) is a real-valued function of two variables x and y, then

Elg(X,Y)] = Zzg(xia)’j)pXY(xiayj)'

In particular, taking g(x,y) = x+y, it is a simple exercise to show that E[X +Y] = E[X] +
E[Y]. Thus, expectation is an additive operator. Since we showed earlier that expectation
is also homogeneous, it follows that expectation is linear; i.e., for constants a and b,

E[aX +bY] = E[aX]+E[bY] = aE[X]+bE[Y]. (2.15)

Example 2.26. A binary communication link has bit-error probability p. What is the
expected number of bit errors in a transmission of 7 bits?

Solution. Fori = 1,...,n, let X; = 1 if the ith bit is received incorrectly, and let X; = 0
otherwise. Then X; ~ Bernoulli(p), and Y := X; + - -- + X, is the total number of errors in
the transmission of n bits. We know from Example 2.21 that E[X;] = p. Hence,

n n n
E[Y] = E[ZX,} = Y EX] =) p=np
i=1 i=1 i

i= i=1

Moments

The nth moment, n > 1, of a real-valued random variable X is defined to be E[X"]. The
first moment of X is its mean, E[X]. Letting m = E[X], we define the variance of X by

var(X) :== E[(X —m)?. (2.16)
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The variance is the average squared deviation of X about its mean. The variance character-
izes how likely it is to observe values of the random variable far from its mean. For example,
consider the two pmfs shown in Figure 2.9. More probability mass is concentrated near zero
in the graph at the left than in the graph at the right.

p (1) p, (D)

ML LM

21 0 1 2 2 -1 0 1 2

Figure 2.9. Example 2.27 shows that the random variable X with pmf at the left has a smaller variance than the
random variable Y with pmf at the right.

Example 2.27. Let X and Y be the random variables with respective pmfs shown in
Figure 2.9. Compute var(X) and var(Y).

Solution. By symmetry, both X and Y have zero mean, and so var(X) = E[X?] and
var(Y) = E[Y?]. Write
EX? = (2% + (-1’5 +(1°5+ (2% = 2,
and
EY?] = (=273 + (=% + (1) +(2)°5 = 3.
Thus, X and Y are both zero-mean random variables taking the values £1 and £2. But Y

is more likely to take values far from its mean. This is reflected by the fact that var(Y) >
var(X).

When a random variable does not have zero mean, it is often convenient to use the
variance formula,

var(X) = E[X?] - (E[X])?, (2.17)

which says that the variance is equal to the second moment minus the square of the first
moment. To derive the variance formula, write

var(X) = E[(X —m)?]
[

E[X? —2mX + m?
= E[X?]—2mE[X]+m?, by linearity,
= E[X?-m?

E[X?] - (EX])?

The standard deviation of X is defined to be the positive square root of the variance. Since
the variance of a random variable is often denoted by the symbol ¢, the standard deviation
is denoted by ©.
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Example 2.28. Find the second moment and the variance of X if X ~ Bernoulli(p).

Solution. Since X takes only the values 0 and 1, it has the unusual property that X> = X.
Hence, E[X?] = E[X] = p. It now follows that

var(X) = EX’| - (EX])® = p—p* = p(1-p).

Example 2.29. An optical communication system employs a photodetector whose out-
put is modeled as a Poisson(A) random variable X. Find the second moment and the vari-
ance of X.

Solution. Observe that E[X (X — 1)] +E[X] = E[X?]. Since we know that E[X] = A from
Example 2.22, it suffices to compute

i nn—1) Ate”

n=0
00 )Lnefl

- n;(n—z)!

EX(X—1)] .

2w AT
= A_ e_ .
n;z (n—2)!
Making the change of summation k = n — 2, we have

=) lk
_ 12,2
EX(X—1)] = A% Yo

=22
It follows that E[X?] = A% 4 A, and
var(X) = EX? - (E[X])?> = (A’ 4+1)—A% = A.

Thus, the Poisson(A) random variable is unusual in that the values of its mean and variance
are the same.

A generalization of the variance is the nth central moment of X, which is defined to
be E[(X —m)"]. Hence, the second central moment is the variance. If 62 := var(X), then
the skewness of X is defined to be E[(X —m)3]/o3, and the kurtosis of X is defined to be
E[(X —m)*]/o*.

Example 2.30. If X has mean m and variance 02, it is sometimes convenient to intro-
duce the normalized random variable
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It is easy to see that Y has zero mean. Hence,

Xmﬂ E[(X —m)?

o

var(Y) = E[Y?] = E[(

Thus, Y always has zero mean and unit variance. Furthermore, the third moment of Y is

o o557 e

c o3

which is the skewness of X, and similarly, the fourth moment of Y is the kurtosis of X.

Indicator functions

Given a set B C IR, there is a very special function of x, denoted by I(x), for which
we will be interested in computing E[/5(X)] for various random variables X. The indicator
function of B, denoted by Iz(x), is defined by

1, xeB,
Ipl) = {0 x¢B.

For example I|, ;) (x) is shown in Figure 2.10(a), and (4 4)(x) is shown in Figure 2.10(b).

() (b)
Figure 2.10. (a) Indicator function /i ) (x). (b) Indicator function /(, ) (x).

Readers familiar with the unit-step function,

u(x) = { 1, x>0,

0, x<O0,

will note that u(x) = Ijg .., (x). However, the indicator notation is often more compact. For
example, if a < b, it is easier to write /|, ;)(x) than u(x —a) —u(x —b). How would you
write /(, 5| (x) in terms of the unit step?

Example 2.31 (every probability is an expectation). If X is any random variable and B
is any set, then /g(X) is a discrete random variable taking the values zero and one. Thus,
Ip(X) is a Bernoulli random variable, and

Ellz(X)] = P(Iz(X)=1) = P(X €B).
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We also point out that if X is a discrete random variable taking distinct values x;, then

Y xi)P(X=x) = ) P(X=x) = P(XeB).
i iix;€B

The advantage of using the left-hand expression is that the summation is over all i and is

not restricted by the set B. This can be useful when we want to interchange the order of

summation in more complicated expressions.

The Markov and Chebyshev inequalities

Many practical applications require knowledge of probabilities of the form P(X > a) for
some threshold a. For example, an optical communication receiver may decide an incoming
bit is a 1 if the number X of photoelectrons detected exceeds a and decide O otherwise. Or
a could be the buffer size of an Internet router, and packets would be dropped if the packet
backlog X exceeds a. Unfortunately, it is often difficult to compute such probabilities when
X is the output of a complicated system. The Markov and Chebyshev inequalities provide
bounds on probabilities in terms of expectations that are more readily computable.

The Markov inequality says that if X is a nonnegative random variable, then for any
a>0,

P(X >a) < % (2.18)

Since we always have P(X > a) < 1, the Markov inequality is useful only when the right-
hand side is less than one. Following the next two examples, we derive the inequality
ElX"]
PX>a) < ——, r>0. (2.19)
ar
Taking r = 1 yields the Markov inequality./

Example 2.32. A cellular company study shows that the expected number of simulta-
neous calls at a base station is Cyyg = 100. However, since the actual number of calls is
random, the station is designed to handle up to Cppax = 150 calls. Use the Markov inequality
to bound the probability that the station receives more than Cyax = 150 calls.

Solution. Let X denote the actual number of calls. Then E[X] = Cyy,. By the Markov
inequality,

C,
P(X > 150) = P(X > 151) < T _ Cue

Example 2.33. In the preceding example, suppose you are given the additional infor-
mation that the variance of the number of calls is 50. Can you give a better bound on the
probability that the base station receives more than Cpax = 150 calls?

Solution. This time we use the more general result (2.19) with r = 2 to write

EX?]  var(X)+(E[X))>  50+100*> 10,050

= = = = 0.441.
1512 22,801 22,801 22,801

P(X >151) <

4We have derived (2.18) from (2.19). It is also possible to derive (2.19) from (2.18). Since {X > a} = {X" >
'}, write P(X > a) = P(X" > a’) < E[X"]/a’ by (2.18).
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*Derivation of (2.19)

We now derive (2.19) using the following two key ideas. First, since every probability
can be written as an expectation,

P(X >a) = E[lj,e)(X)]. (2.20)

Second, from Figure 2.11, we see that for x > 0, I[ayw) (x) (solid line) is less than or equal to

Figure 2.11. Graph showing that /|, .. () (solid line) is upper bounded by (x/a)" (dashed line) for any positive r.
(x/a)" (dashed line). Since X is a nonnegative random variable,
Fum(X) < (X/a)"
Now take expectations of both sides to obtain
Elly(X)] < E[X')/d'.

Combining this with (2.20) yields (2.19).
The Chebyshev inequality says that for any random variable Y and any a > 0,

E[Y?]
a2 )

P(JY[>a) < 2.21)

This is an easy consequence of (2.19). As in the case of the Markov inequality, it is useful
only when the right-hand side is less than one. To derive the Chebyshev inequality, take
X =|Y|and r =2 in (2.19) to get

E[YP] _ E[’]

P(Y|2a) < =150 — =5

a

The following special cases of the Chebyshev inequality are sometimes of interest. If m :=
E[X] is finite, then taking ¥ = X — m yields

X
P(X —m|>a) < Var(z ), 2.22)
a
If 6% := var(X) is also finite, taking a = ko yields
1

P(IX —m| > ko) < 2
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These two inequalities give bounds on the probability that X is far from its mean value.
We will be using the Chebyshev inequality (2.22) in Section 3.3 to derive the weak law
of large numbers.

Example 2.34. A circuit is designed to handle a nominal current of 20 mA plus or minus
a deviation of less than 5 mA. If the applied current has mean 20 mA and variance 4 mA?Z,
use the Chebyshev inequality to bound the probability that the applied current violates the
design parameters.

Solution. Let X denote the applied current. Then X is within the design parameters if
and only if | X — 20| < 5. To bound the probability that this does not happen, write

var(X) i _ 016

P(lX—-20|>5) < =

Hence, the probability of violating the design parameters is at most 16%.

Expectations of products of functions of independent random variables

We show that X and Y are independent if and only if
E[R(X)k(Y)] = E[A(X)]E[k(Y)] (2.23)

for all functions /(x) and k(y). In other words, X and Y are independent if and only if for
every pair of functions %(x) and k(y), the expectation of the product A(X)k(Y) is equal to
the product of the individual expectations.

There are two claims to be established. We must show that if (2.23) holds for every pair
of functions %(x) and k(y), then X and Y are independent, and we must show that if X and
Y are independent, then (2.23) holds for every pair of functions A(x) and k(y).

The first claim is easy to show by taking /(x) = Ig(x) and k(y) = Ic(y) for any sets B
and C. Then (2.23) becomes

Ellp(X)Ic(Y)] = E[lp(X)]E[lc(Y)]
= P(XeB)P(Y €C).

Since Ig(X)Ic(Y) = 1 if and only if X € B and Y € C, the left-hand side is simply P(X €
B,Y € C). It then follows that

PXeBYeC) = P(XeB)P(Y (),

which is the definition of independence.
To derive the second claim, we use the fact that
(X = Xi, Y= yj)
(X =x;))P(Y =y;), by independence,
px(xi) py (y))-

pXY(xiv)’j) =P
P



2.4 Expectation 91

Now write

E[n(X Zzh xi) k(y;) pxy (xi,y)
Zzh xi) k(vj) px (xi) pr (v;)

= Zh(xi)l’x(xi) {Zk(yj)PY(yJ)}
i J
— E[R(X)]E[k(Y)].

Example 2.35. Let X and Y be independent random variables with X ~ Poisson(4) and
Y ~ Poisson(u). Find E[XY?].

Solution. By independence, E[XY?] = E[X]E[Y?]. From Example 2.22, E[X] = A, and
from Example 2.29, E[Y?] = u? + u. Hence, E[XY?] = A (u?+ u).

Correlation and covariance

The correlation between two random variables X and Y is defined to be E[XY]. The cor-
relation is important because it determines when two random variables are linearly related;
namely, when one is a linear function of the other.

Example 2.36. Let X have zero mean and unit variance, and put Y := 3X. Find the
correlation between X and Y.

Solution. First note that since X has zero mean, E[X?] = var(X) = 1. Then write
E[XY] = E[X(3X)] = 3E[X?] = 3. If we had put Y := —3X, then E[XY] = 3.

Example 2.37. The input X and output Y of a system subject to random perturba-
tions are described probabilistically by the joint pmf pxy (i, j), where i = 1,2,3 and j =
1,2,3,4,5. Let P denote the matrix whose i j entry is pxy (i, j), and suppose that

1 72854
P:7—1 42559
24851

Use MATLAB to compute the correlation E[XY].
Solution. Assuming P is already defined, we use the script

s = 0;
for i = 1:3

for j = 1:5

s = s + 1ixj*P(i,3);

end
end
[n,d] = rat(s); % to express answer fraction
fprintf ('E[XY] = %i/%1i = %g\n’,n,d, s)
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and we find that E[XY] =428/71 = 6.02817.

An important property of correlation is the Cauchy—-Schwarz inequality, which says
that
|EXY]| < 4/E[X?E[Y?], (2.24)

where equality holds if and only if X and Y are linearly related. This result provides an
important bound on the correlation between two random variables.

To derive (2.24), let A be any constant and write

0 < E[(X—AY)] (2.25)
= E[X?-2AXY 4+ A°Y?]
= E[X?] —2AE[XY]+ A%E[Y?].

To make further progress, take

_ E[xY]
b= E[Y?]
Then
2 LEXYP? EXYP_ )
0 < EX7]-2 E[r?] + E[Y2? E[Y7]
_ ey EXYP
= E[X°]— E[Y?]
This can be rearranged to get
E[XY)* < E[X?]E[Y?. (2.26)

Taking square roots yields (2.24). We can also show that if (2.24) holds with equality, then X
and Y are linearly related. If (2.24) holds with equality, then so does (2.26). Since the steps
leading from (2.25) to (2.26) are reversible, it follows that (2.25) must hold with equality.
But E[(X — AY)?] = 0 implies X = AY.7

When X and Y have different means and variances, say my := E[X], my := E[Y], 03 :=
var(X) and o2 := var(Y), we sometimes look at the correlation between the “normalized”
random variables

X — my Y — my
and
Ox Oy

)

which each have zero mean and unit variance.

The correlation coefficient of random variables X and Y is defined to be the correlation
of their normalized versions,

o = (552 (152
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Furthermore, |pxy| < 1, with equality if and only if X and Y are related by a linear function
plus a constant. A pair of random variables is said to be uncorrelated if their correlation
coefficient is zero.

Example 2.38. For the random variables X and Y of Example 2.37, use MATLAB to
compute Pxy.

Solution. First note that the formula for pxy can be expanded as

E[XY] — myxmy

Xy =
p Ox Oy

Next, except for the term E[XY], the remaining quantities can be computed using marginal
pmfs, which can be computed easily with the sum command as done in Example 2.18. Since
E[XY] was computed in Example 2.37 and was called s, the following additional script will
compute rhoxy.

format rat
pY = sum(P)

y=112345]

mY = y*pY’

varY = ((y-mY)." 2)=*pY’

pX = sum(P’)

x =[12 3]

mX = x*pX'

varX = ((x-mX). 2)*pX’

rhoxy = (s-mX*mY)/sqrt (varXxvarY)

We find that my = 136/71, my = 222/71, var(X) = 412/643, var(Y) = 1337/731, and
pxy = 286/7963 = 0.0359161.

Example 2.39. If X and Y are zero mean, then 62 = E[X?] and 67 = E[V?]. It now

follows that
Py — E[XY]
T ERTEYY

Example 2.40. Let U, W, and W, be independent with zero means. Put
X = U+Wp,
Y = -U+W,.
Find the correlation coefficient between X and Y.
Solution. 1t is clear that my = my = 0. Now write
EXY] = E[(U+W)(-U+W,)]

= E[-U* +UW> — WU + W W]
= —E[U?,
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using independence and the fact that U, Wy, and W, are all zero mean. We next calculate
EX?] = E[(U+W)*] = E[U*+2UW; +W}] = E[U*]+E[W}].
A similar calculation shows that E[Y?] = E[U?] + E[W7]. It then follows that
—E[U?]
V (E[U2] + EWP) (E[U2] + E[W3))

pxy =

If W) and W5 have the same variance, say E[W?] = E[W7] = o2, then

—E[U?]
E[U?]+ 0%
If we define the signal-to-noise ratio (SNR) by

Pxy = (2.27)

2
SNR := E[L; ],
c
then
N
PXY = T7SNR

As the signal-to-noise ratio goes to infinity, say by letting 6> — 0, we have from (2.27) that
pxy — —1. If 0 = 62 = E[W?] = E[W}], then W; = W, = 0. This means that X = U and
Y = —U, which implies Y = —X;i.e., X and Y are linearly related.

It is frequently more convenient to work with the numerator of the correlation coefficient
and to forget about the denominators. This leads to the following definition.

The covariance between X and Y is defined by
cov(X,Y) = E[(X —mx)(Y —my)].
With this definition, we can write

G = cov(X,Y)
x Vvar(X)var(Y)

Hence, X and Y are uncorrelated if and only if their covariance is zero.

Let X1,X5, ... be a sequence of uncorrelated random variables; more precisely, for i # j,
X; and X; are uncorrelated. We show next that

var(iX,-) = ivar(X,-). (2.28)
i=1 i=1

In other words, for uncorrelated random variables, the variance of the sum is the sum of the
variances.
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Let m; := E[X;] and m; := E[X;]. Then uncorrelated means that

E[(X; —m;)(Xj—mj)] = 0 foralli# j.

Put ;
X =) X.
i=1
Then ; . )
E[X] = E[ZX,] = Y EX] = ) m,
i= i=1 i=1
and . . .
X—EX] = Y Xi— Y m = Y. (X;i—m).
i=1 i=1 i=1
Now write

3

i

[Oh
=

I

m
7N
I

')) (ji(xj—mj))]

[0 — m)(X; —mm).

I
I

~
I

7N
AM=

For fixed i, consider the sum over j. When j # i, which is the case for n — 1 values of j, the
expectation is zero because X; and X; are uncorrelated. Hence, of all the terms in the inner
sum, only the term with j = i survives. Thus,

var(X) = i(E[(Xi_mi)(Xi_mi)]>
= Y e

Example 2.41. Show that X and Y are uncorrelated if and only if

E[XY] = E[X]E[Y]. (2.29)
Solution. The result is obvious if we expand

E[(X —mx)(Y —my)] = E[XY —mxY — Xmy + mxmy]
= E[XY]—mxE[Y] - E[X]my +mxmy
= E[XY]—mxmy —mxmy +mxmy
= E[XY]—mxmy.

From this we see that cov(X,Y) = 0 if and only if (2.29) holds.
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From (2.29), we see that if X and Y are independent, then they are uncorrelated. Intu-
itively, the property of being uncorrelated is weaker than the property of independence. For
independent random variables, recall that

for all functions i(x) and k(y), while for uncorrelated random variables, we only require
that this hold for 4(x) = x and k(y) = y. For an example of uncorrelated random variables
that are not independent, see Problem 44. For additional examples, see Problems 20 and 51
in Chapter 7.

Notes
2.1: Probabilities involving random variables

Note 1. According to Note 1 in Chapter 1, P(A) is only defined for certain subsets
A € o/ . Hence, in order that the probability

PloeQ:X(w)eB})
be defined, it is necessary that
{weQ:X(w)eB}ed. (2.30)
To illustrate the problem, consider the sample space Q := {1,2,3} equipped with the o-field
o = {J,{1,2},{3},Q}. (2.31)
Take P({1,2}) =2/3 and P({3}) = 1/3. Now define two functions X (®) := @ and

2, w=1,2,
Y(®) := {3 0=3.

Observe that
{oeQ:X(w)=2} = {2} ¢ o,

while
{we Q:Y(w)=2} = {1,2} e o.

Since {2} ¢ o7, P({w € Q: X(w) = 2}) is not defined. However, since {1,2} € &, P({w €
Q:Y(w)=2})=2/3.

In the general case, to guarantee that (2.30) holds, it is convenient to consider P(X € B)
only for sets B in some o-field & of subsets of IR. The technical definition of a random
variable is then as follows. A function X from Q into IR is a random variable if and only
if (2.30) holds for every B € . Usually 4 is taken to be the Borel o-field; i.e., & is the
smallest o-field containing all the open subsets of IR. If B € %, then B is called a Borel set.
It can be shown [3, pp. 182—183] that a real-valued function X satisfies (2.30) for all Borel
sets B if and only if

{weQ:X(w)<x}eo/, forallxelR.
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With reference to the functions X () and Y (®) defined above, observe that {® € Q :
X(w) <1} = {1} ¢ o defined in (2.31), and so X is not a random variable. However,
it is easy to check that Y does satisfy {® € Q : Y (w) <y} € o defined in (2.31) for all y;
hence, Y is a random variable.

For B € 4, if we put
U(B) := P(XeB) = P{oeQ:X(w) €B}), (2.32)

then u satisfies the axioms of a probability measure on IR. This follows because u “inherits”
the properties of P through the random variable X (Problem 4). Once we know that u is a
measure, formulas (2.1) and (2.2) become obvious. For example, (2.1) says that

p((=e0,b]) = p((=ee,al) + p((a,b)).

This is immediate since (—eo,b] = (—o0,a] U (a,b] is a disjoint union. Similarly, (2.2) says

that
p({oru{1}) = u({0o}) +u({1}).
Again, since this union is disjoint, the result is immediate.

Since u depends on X, if more than one random variable is under discussion, we write
Uy (B) instead. We thus see that different random variables induce different probability mea-
sures on IR. Another term for measure is distribution. Hence, we call py the distribution
of X. More generally, the term “distribution” refers to how probability is spread out. As we
will see later, for discrete random variables, once we know the probability mass function,
we can compute [y (B) = P(X € B) for all B of interest. Similarly, for the continuous ran-
dom variables of Chapter 4, once we know the probability density function, we can compute
Ux (B) = P(X € B) for all B of interest. In this sense, probability mass functions, probabil-
ity density functions, and distributions are just different ways of describing how to compute
P(X € B).

2.2: Discrete random variables

Note 2. To derive (2.4), we apply the law of total probability as given in (1.27) with
A ={X € B} and B; = {X = x;}. Since the x; are distinct, the B; are disjoint, and (1.27) says
that
P(XeB) = Y P{X e B}n{X =x;}). (2.33)
i

Now observe that if x; € B, then X = x; implies X € B, and so
{X=x;} Cc {XeB}.
This monotonicity tells us that
{XeBIn{X=x} = {X=x;}.

On the other hand, if x; ¢ B, then we cannot have X = x; and X € B at the same time; in
other words
{XGB}Q{X:)C,'} = .
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It now follows that

PUX € BYN{X =x}) = { P(Xo:, ) . ;gf

Substituting this in (2.33) yields (2.4).

2.3: Multiple random variables

Note 3. In light of Note 1 above, we do not require that (2.5) hold for all sets B and C,
but only for all Borel sets B and C.

Note 4. If X1,...,X, are independent, we show that any subset of them must also be
independent. Since (2.6) must hold for all choices of By,...,B,, put B; = IR for the X; that
we do not care about. Then use the fact that {X; € IR} = Q and P(Q) = 1 to make these
variables “disappear.” For example, if B, = IR in (2.6), we get

p(["ﬁl{xj c}|ninemy) - [Hj POty € B)|POY, € )

Jj=1

or
1

o([lemt] o) = [ros m]poo

j=1 j=1

which simplifies to
n—1

P(H{X/ € Bj}> = ]j P(X; € Bj).

j=1 j=1

This shows that Xi,...,X,_; are independent.

Note 5. We show that

PXeBYeC) = Y Y pxv(xyj)
i:x;€B jiy;€C

Consider the disjoint events {Y = y;}. Since ¥.; P(Y =y;) = 1, we can use the law of total
probability as in (1.27) with A = {X = x;,Y € C} to write

PX=x,YE€C) = YPX=ux,Y€CY=y)).
7

Now observe that

L N T

Hence,

PX=x,YeC) = Y PX=x,Y=y) = Y pxr(x,y)).
jZ)’jEC ijjEC

The next step is to use (1.27) again, but this time with the disjoint events {X = x;} and
A={X € B,Y € C}. Then,

P(XeBYeC) = )YPXeBYecCX=x).
i
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Now observe that ‘ !
o X =x;}, xi €B,
{XeBIn{X=x} = { z 5 ¢B.

Hence,

PXeBYeC) = ) PX=x,Ye()

i:x;€B

=Y Y oy

ix;€B jiy;€C

2.4: Expectation

Note 6. To be technically correct, in (2.23), we cannot allow i(x) and k(y) to be com-
pletely arbitrary. We must restrict them so that

E[[A(X)[] < oo, E[k(Y)]] < o, and E[[AX)k(Y)]] < o.

Note 7. Strictly speaking, we can only conclude that X = AY with probability one; i.e.,
PX=A1Y)=1.

Problems
2.1: Probabilities involving random variables
1. On the probability space of Example 1.10, define the random variable X (@) := @.

(a) Find all the outcomes @ that belong to the event {® : X (w) < 3}.
(b) Find all the outcomes @ that belong to the event {® : X (@) > 4}.
(c) Compute P(X < 3) and P(X > 4).

2. On the probability space of Example 1.12, define the random variable

2, if @ corresponds to an ace,
X(w) := ¢ 1, if o corresponds to a face card,
0, otherwise.

2}.
1},

(a) Find all the outcomes o that belong to the event {® : X (@)
(b) Find all the outcomes @ that belong to the event {® : X (®)
(c) Compute P(X =1orX =2).

3. On the probability space of Example 1.15, define the random variable X (o) := o.
Thus, X is the duration of a cell-phone call.

(a) Find all the outcomes @ that belong to the event {® : X (w) < 1}.

(b) Find all the outcomes ® that belong to the event {® : X (w) < 3}.
(c) Compute P(X <1),P(X <3),and P(1 <X <3).

*4. This problem assumes you have read Note 1. Show that the distribution t defined
in (2.32) satisfies the axioms of a probability measure on IR. Hints: Use the fact that
u(B) = P(X~(B)); use the inverse-image properties of Problem 15 in Chapter 1; the
axioms of a probability measure were defined in Section 1.4.



100

Introduction to discrete random variables

2.2: Discrete random variables

5.

10.

11.

Let Y be an integer-valued random variable. Show that
PY=n) =PY¥>n—-1)—P¥ >n).
Find the pmf of the random variable Y defined in Example 2.2 assuming that all
sequences in Q are equally likely.
Find the pmf of the random variable of Problem 1.
Find the pmf of the random variable of Problem 2.

Consider the sample space Q := {—2,—1,0,1,2,3,4}. For an event A C Q, suppose
that P(A) = |A|/|Q|. Define the random variable X (®) := @?. Find the probability
mass function of X.

Let X ~ Poisson(A). Evaluate P(X > 1); your answer should be in terms of A. Then
compute the numerical value of P(X > 1) when A = 1. Answer: 0.264.

A certain photo-sensor fails to activate if it receives fewer than four photons in a
certain time interval. If the number of photons is modeled by a Poisson(2) random
variable X, find the probability that the sensor activates. Answer: 0.143.

2.3: Multiple random variables

12.

13.

14.

15.

A class consists of 15 students. Each student has probability p = 0.1 of getting an “A”
in the course. Find the probability that exactly one student receives an “A.” Assume
the students’ grades are independent. Answer: 0.343.

In a certain lottery game, the player chooses three digits. The player wins if at least
two out of three digits match the random drawing for that day in both position and
value. Find the probability that the player wins. Assume that the digits of the random
drawing are independent and equally likely. Answer: 0.028.

At the Chicago IRS office, there are m independent auditors. The kth auditor processes
X;. tax returns per day, where X, is Poisson distributed with parameter A > 0. The of-
fice’s performance is unsatisfactory if any auditor processes fewer than 2 tax returns
per day. Find the probability that the office performance is unsatisfactory.

An astronomer has recently discovered n similar galaxies. For i = 1,...,n, let X;
denote the number of black holes in the ith galaxy, and assume the X; are independent
Poisson(A) random variables.

(a) Find the probability that at least one of the galaxies contains two or more black
holes.
(b) Find the probability that all n galaxies have at least one black hole.

(c) Find the probability that all n galaxies have exactly one black hole.

Your answers should be in terms of n and A.



16.

17.

18.

19.

20.

21.

*22.
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Show that the geometric(p) pmf px (k) = (1 — p)p*,k=0,1,... sums to one. Repeat
for the geometric; (p) pmf px (k) = (1 —p)p*~',k=1,2,.... Hint: Use the geometric
series formula from Problem 27 in Chapter 1.

There are 29 stocks on the Get Rich Quick Stock Exchange. The price of each stock
(in whole dollars) is geometrico(p) (same p for all stocks). Prices of different stocks
are independent. If p = 0.7, find the probability that at least one stock costs more
than 10 dollars. Answer: 0.44.

Suppose that X, ..., X, are independent, geometric, (p) random variables. Evaluate
P(min(Xj,...,X,) > ¢) and P(max(Xi,...,X,) </).

In a class of 25 students, the number of coins in each student’s pocket is uniformly
distributed between zero and twenty. Suppose the numbers of coins in different stu-
dents’ pockets are independent.

(a) Find the probability that no student has fewer than 5 coins in his/her pocket.
Answer: 1.12 x 1073,

(b) Find the probability that at least one student has at least 19 coins in his/her
pocket. Answer: 0.918.

(c) Find the probability that exactly one student has exactly 19 coins in his/her
pocket. Answer: 0.369.

Blocks on a computer disk are good with probability p and faulty with probability
1 — p. Blocks are good or bad independently of each other. Let Y denote the location
(starting from 1) of the first bad block. Find the pmf of Y.

Let X ~ geometric, (p).

(a) Show that P(X >n) = p".
(b) Compute P({X >n+k}|{X > n}). Hint: If A C B, then ANB = A.

Remark. Your answer to (b) should not depend on 7. For this reason, the geometric
random variable is said to have the memoryless property. For example, let X model
the number of the toss on which the first heads occurs in a sequence of coin tosses.
Then given a heads has not occurred up to and including time n, the conditional prob-
ability that a heads does not occur in the next k tosses does not depend on n. In other
words, given that no heads occurs on tosses 1,...,n has no effect on the conditional
probability of heads occurring in the future. Future tosses do not remember the past.

From your solution of Problem 21(b), you can see that if X ~ geometric,(p), then
P({X > n+k}|{X >n})=P(X > k). Now prove the converse; i.e., show thatif ¥ is
a positive integer-valued random variable such that P({Y > n+k}|{Y >n}) =P(¥Y >
k), then Y ~ geometric, (p), where p = P(Y > 1). Hint: First show that P(Y > n) =
P(Y > 1)"; then apply Problem 5.
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23. Let X and Y be ternary random variables taking values 1, 2, and 3 with joint proba-
bilities pxy (i, j) given by the matrix

1/8 0 1/8
0 1/2 0
1/8 0 1/8

(a) Find px (i) and py (j) fori,j =1,2,3.
(b) Compute P(X <7Y).
(c) Determine whether or not X and Y are independent.

24. Repeat the previous problem if the pyy (i, j) are given by

1/24 1/6 1/24
1/12 1/3 1/12
1/24 1/6 1/24

25. Let X and Y be jointly discrete, integer-valued random variables with joint pmf

3j—1 -3
%’ev l:17.]207
J!
i j) = 6/~ 10
parlhd) =0 490 g s,
J!
0, otherwise.

Find the marginal pmfs px (i) and py(j), and determine whether or not X and Y are
independent.

26. Let X and Y have joint pmf
(1—p)p* ke

pxy (k,n) = n!
0, otherwise.

; k=1,n=>0,

(a) Compute px (k) fork > 1.
(b) Compute py (0).
(c) Determine whether or not X and Y are independent.

27. MATLAB. Write a MATLAB script to compute P(g(X) > —16) if X is a uniform ran-
dom variable on 0, ...,50 and g(x) = 5x(x — 10) (x —20) (x — 30) (x — 40) (x — 50) /10S.
Answer: 0.6275.

28. MATLAB. Let g(x) be as in the preceding problem. Write a MATLAB script to com-
pute P(g(X) > —16) if X ~ geometricy(p) with p = 0.95. Answer: 0.5732.

29. MATLAB. Suppose x is a column vector of m numbers and y is a column vector of n
numbers and you want to compute g(x(i),y(j)), where i ranges from 1 to m, j ranges
from 1 to n, and g is a given function. Here is a simple way to do this without any
for loops. Store the following function in an M-file called allpairs.m



30.

31.
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function [x1,yl] = allpairs(x,y)
1x = length(x);

ly = length(y);

x1 kron(ones(ly,1),x);

vyl kron(y,ones(1lx,1));

(The MATLAB command kron computes the Kronecker product.) Then issue the
following commands and print out your results.

x=[12231"

y = [ 10 20 30 ]’
[x1,y1l] = allpairs(x,Vy);
pairs = [x1 yl]

allsums = xl+yl

MATLAB. Let X and Y have the joint pmf of Example 2.18. Use the following script
to compute P(XY < 6).

i = [1:3]1";

j = [1:51";
[x,v]=allpairs (i, j);

prob = sum(P(find(x.*y<6)))

Do you get the same answer as in Example 2.19?

MATLAB. Write MATLAB scripts to solve Problems 23 and 24.

2.4: Expectation

32.
33.
34.
35.
36.
37.
38.

39.

40.

Compute E[X]if P(X =2) =1/3 and P(X =5) =2/3.

If X ~ geometricy(1/2), compute E[/(; ¢)(X)].

If X is Poisson(A ), compute E[1/(X + 1)].

A random variable X has mean 2 and variance 7. Find E[X?].

If X has mean m and variance 02, and if Y := cX, find the variance of Y.
Compute E[(X +Y)?] if X ~ Bernoulli(p) and ¥ ~ Bernoulli(g) are independent.

Let X be a random variable with mean m and variance 6. Find the constant ¢ that best
approximates the random variable X in the sense that ¢ minimizes the mean-squared
error E[(X —c)?].

The general shape of (x/a)” in Figure 2.11 is correct for r > 1. Find out how Fig-
ure 2.11 changes for 0 < r <1 by sketching (x/a)" and [, ) (x) for r = 1/2 and
r=1.

Let X ~ Poisson(3/4). Compute both sides of the Markov inequality,

E[x]

>2) < —.
PX>2) < 5



104

41

42.

43.

44.

45.

46.

47.

Introduction to discrete random variables

. Let X ~ Poisson(3/4). Compute both sides of the Chebyshev inequality,

E[X?]

>2) <
P(X>2) < 2

Let X and Y be two random variables with means my and my and variances G,% and
G%. Let pxy denote their correlation coefficient. Show that cov(X,Y) = oxOypxy.
Show that cov(X,X) = var(X).

Let X and Y be two random variables with means myx and my, variances 0')% and
G%, and correlation coefficient p. Suppose X cannot be observed, but we are able to
measure Y. We wish to estimate X by using the quantity a¥Y, where a is a suitable
constant. Assuming my = my = 0, find the constant a that minimizes the mean-
squared error E[(X —aY)?]. Your answer should depend on oy, oy, and p.

Show by counterexample that being uncorrelated does not imply independence. Hint:
Let P(X =+1)=P(X =42) =1/4, and put Y := |X|. Show that E[XY] = E[X]E[Y],
butP(X=1,Y=1)#PX=1)P(¥Y=1).

Suppose that ¥ := X; + - - - + Xp, where the X are i.i.d. geometric; (p) random vari-
ables. Find E[Y?].

Betting on fair games. Let X ~ Bernoulli(p). For example, we could let X = 1
model the result of a coin toss being heads. Or we could let X = 1 model your
winning the lottery. In general, a bettor wagers a stake of s dollars that X = 1 with
a bookmaker who agrees to pay d dollars to the bettor if X = 1 occurs; if X = 0, the
stake s is kept by the bookmaker. Thus, the net income of the bettor is

Y = dX —s(1—X),

since if X = 1, the bettor receives Y = d dollars, and if X = 0, the bettor receives
Y = —s dollars; i.e., loses s dollars. Of course the net income to the bookmaker is
—Y. If the wager is fair to both the bettor and the bookmaker, then we should have
E[Y] = 0. In other words, on average, the net income to either party is zero. Show
that a fair wager requires that d/s = (1 — p)/p.

Odds. Let X ~ Bernoulli(p). We say that the (fair) odds against X = 1 are n, to
ny (written ny :np) if ny and n; are positive integers satisfying ny /n; = (1 — p)/p.
Typically, ny and n; are chosen to have no common factors. Conversely, we say that
the odds for X = 1 are n to ny if n; /ny = p/(1 — p). Consider a state lottery game
in which players wager one dollar that they can correctly guess a randomly selected
three-digit number in the range 000-999. The state offers a payoff of $500 for a
correct guess.

(a) What is the probability of correctly guessing the number?

(b) What are the (fair) odds against guessing correctly?

(c) The odds against actually offered by the state are determined by the ratio of the
payoff divided by the stake, in this case, 500 :1. Is the game fair to the bettor? If
not, what should the payoff be to make it fair? (See the preceding problem for
the notion of “fair.””)
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*48. These results are used in Examples 2.24 and 2.25. Show that the sum

rk+1 ld k+1 J 1
—dt < —dt = —
/k tp —/k kP kP’

and for p > 1, use the inequality

k+1 1 J k+1 1 4 1
—dt > t = .
/k T /k (k+1)P (k+1)P

*49. For C, as defined in Problem 48, if P(X = k) = Cljl/kp for some p > 1, then X
is called a zeta or Zipf random variable. Show that E[X"] < e for n < p— 1, and
E[X"] =ocoforn>p—1.

50. Let X be a discrete random variable taking finitely many distinct values x,. .., x;,.
Let p; := P(X = x;) be the corresponding probability mass function. Consider the
function

g(x) := —logP(X =x).

Observe that g(x;) = —log p;. The entropy of X is defined by
n n 1
H(X):=E[g(X)] = ) ¢(x)P(X =x) =} pilog P
i=1 i=1 i

If all outcomes are equally likely, i.e., p; = 1/n, find H(X). If X is a constant random
variable, i.e., p; = 1 for some j and p; = 0 for i # j, find H(X).

*51. Jensen’s inequality. Recall that a real-valued function g defined on an interval I is
convex if forall x,yeIandall0 < A < 1,

g(Ax+(1-2)y) < Ag(x)+(1—21)g(y).

Let g be a convex function, and let X be a discrete random variable taking finitely
many values, say n values, all in /. Derive Jensen’s inequality,

Els(X)] = g(E[X]).
Hint: Use induction on n.
*52. Derive Lyapunov’s inequality,
Ellz|)" < E[2IP]'/P, 1<a<B<e.

Hint: Apply Jensen’s inequality to the convex function g(x) = xP/® and the random
variable X = |Z|%.
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*53.

Introduction to discrete random variables

A discrete random variable is said to be nonnegative, denoted by X > 0, if P(X >
0) =1;ie.,if
Zl[o,m)(xi)P(X :x,') = 1.
i

(a) Show that for a nonnegative random variable, if x; < O for some &, then P(X =
xk) =0.

(b) Show that for a nonnegative random variable, E[X] > 0.

(¢c) If X and Y are discrete random variables, we write X > Y if X — Y > 0. Show
that if X > Y, then E[X] > E[Y]; i.e., expectation is monotone.

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

2.1.

2.2.

2.3.

24.

Probabilities involving random variables. Know how to do basic probability calcu-
lations involving a random variable given as an explicit function on a sample space.

Discrete random variables. Be able to do simple calculations with probability mass
functions, especially the uniform and the Poisson.

Multiple random variables. Recall that X and Y are independent if P(X € A,Y €
B) =P(X € A)P(Y € B) for all sets A and B. However, for discrete random variables,
all we need to check is whether ornot P(X =x;,Y =y;) =P(X =x;) P(Y =y;), or, in
terms of pmfs, whether or not pxy (x;,y;) = px (x;) py (y;) for all x; and y;. Remember
that the marginals px and py are computed using (2.8) and (2.9), respectively. Be
able to solve problems with intersections and unions of events involving independent
random variables. Know how the geometric; (p) random variable arises.

Expectation. Important formulas include LOTUS (2.14), linearity of expectation
(2.15), the definition of variance (2.16) as well as the variance formula (2.17), and
expectation of functions of products of independent random variables (2.23). For
sequences of uncorrelated random variables, the variance of the sum is the sum of the
variances (2.28). Know the difference between uncorrelated and independent. A list
of common pmfs and their means and variances can be found inside the front cover.
The Poisson(A) random variable arises so often that it is worth remembering, even
if you are allowed to bring a formula sheet to the exam, that its mean and variance
are both A and that by the variance formula, its second moment is A + A2. Similarly,
the mean p and variance p(1 — p) of the Bernoulli(p) are also worth remembering.
Your instructor may suggest others to memorize. Know the Markov inequality (for
nonnegative random variables only) (2.18) and the Chebyshev inequality (for any
random variable) (2.21) and also (2.22).

A discrete random variable is completely characterized by its pmf, which is the
collection of numbers py (x;). In many problems we do not know the pmf. However,
the next best things to know are the mean and variance; they can be used to bound
probabilities as in the Markov and Chebyshev inequalities, and they can be used for
approximation and estimation as in Problems 38 and 43.
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Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.



3
More about discrete random variables

This chapter develops more tools for working with random variables. The probability
generating function is the key tool for working with sums of nonnegative integer-valued ran-
dom variables that are independent. When random variables are only uncorrelated, we can
work with averages (normalized sums) by using the weak law of large numbers. We empha-
size that the weak law makes the connection between probability theory and the every-day
practice of using averages of observations to estimate probabilities of real-world measure-
ments. The last two sections introduce conditional probability and conditional expectation.
The three important tools here are the law of total probability, the law of substitution, and,
for independent random variables, “dropping the conditioning.”

The foregoing concepts are developed here for discrete random variables, but they will
all be extended to more general settings in later chapters.

3.1 Probability generating functions

In many problems we have a sum of independent random variables, and we would like to
know the probability mass function of their sum. For example, in an optical communication
system, the received signal might be Y = X + W, where X is the number of photoelectrons
due to incident light on a photodetector, and W is the number of electrons due to dark
current noise in the detector. An important tool for solving these kinds of problems is
the probability generating function. The name derives from the fact that it can be used to
compute the probability mass function. Additionally, the probability generating function
can be used to compute the mean and variance in a simple way.

Let X be a discrete random variable taking only nonnegative integer values. The prob-
ability generating function (pgf) of X is!

Gx(2) == E] = Y. 2'P(X =n). G.1)
n=0

Readers familiar with the z transform will note that G(z~!) is the z transform of the proba-
bility mass function px (n) := P(X =n).

Example 3.1. Find the probability generating function of X if it is Poisson with para-
meter A.

Solution. Write

E["]

=

Z 7'P(X =n)

n=0

Gx(z)

|
e
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L
- z?L
l(zfl).

= €

An important property of probability generating functions is that the pgf of a sum of
independent random variables is the product of the individual pgfs. To see this, let Y :=
X + - -+ X,,, where the X; are independent with corresponding pgfs Gy, (z). Then

Gy (z ) Elz"]
[ZX1+ +Xn]

— B

E[zM]---E[z""], by independence,

= GX]( )+ Gx, (2). (32)

m

We call this the factorization property. Remember, it works only for sums of independent
random variables.

Example 3.2. LetY = X + W, where X and W are independent Poisson random vari-
ables with respective parameters A and y. Here X represents the signal and W the dark
current in the optical communication systems described at the beginning of the section.
Find the pgf of Y.

Solution. Write

m

"]

[

= E[Z*Z"]

= Gx(z)Gw(z), by independence,

= A lete=l) by Example 3.1,
R

Gy(z) =

|
m

which is the pgf of a Poisson random variable with parameter A + (.

The foregoing example shows that the pgf of Y is that of a Poisson random variable. We
would like to conclude that ¥ must have the Poisson(A 4 ) probability mass function. Is
this a justifiable conclusion? For example, if two different probability mass functions can
have the same pgf, then we are in trouble. Fortunately, we can show this is not the case.
We do this by showing that the probability mass function can be recovered from the pgf as
follows.
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Let Gx(z) be a probability generating function. Since for |z| < 1,
< Y ["P(x =

n=0
= )Y ld"P(X =n)

n=0

< iP(X:n) -1, (3.3)
n=0

(X =

the power series for Gy has radius of convergence at least one. Writing
Gx(z) = PX=0)+zP(X =1)+22P(X =2) +

we immediately see that Gx(0) = P(X = 0). If we differentiate the above expression with
respect to z, we get

Gy(z) = P(X=1)+2zP(X =2) +322P(X =3) + -,
and we see that G5 (0) = P(X = 1). Continuing in this way shows that
G ()]0 = KIP(X =),

or equivalently,

G ()]0

p = P(X =k). (3.4)

Example 3.3. 1f Gy (2) = (H%5)? find P(X = 2).

Solution. First write

Gl(2) = 2(1+13+zz> (1221)7

a0 - (50 )2 ) (14),

GLO) 1,4 2y I
PX=2) = =, :E(§+§):§'

and then

It follows that

The probability generating function can also be used to find moments. Starting from

= Z 'P(X =
n=0
we compute

i an
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Setting z = 1 yields
Gx(1) = Y nP(X=n) = E[X].
n=1

Similarly, since

setting z = 1 yields
Gy(1) = Y n(n—1)P(X =n) = E[X(X—1)] = E[X*]—E[X].

In general, since

setting z = 1 yields?

G (@)t = EX(X—1)(X ~2)- (X~ k—1])]. (3.3)

The right-hand side is called the kth factorial moment of X.

Example 3.4. The probability generating function of X ~ Poisson(A) was found in Ex-
ample 3.1 to be Gy (z) = ¢*“~1). Use Gy (z) to find E[X] and var(X).

Solution. Since Gy (z) = e*@ VA, E[X] = Gy (1) = A. Since Gy(z) = e*E VA2,
E[X?] — E[X] = A2, E[X?] = A + A. For the variance, write

var(X) = EX3— (EX])? = A*+1)—A%=2.

3.2 The binomial random variable

In many problems, the key quantity of interest can be expressed in the form ¥ = X; +
---+X,, where the X; are i.i.d. Bernoulli(p) random variables.

Example 3.5. A certain communication network consists of n links. Suppose that each
link goes down with probability p independently of the other links. Show that the number
of links that are down is a sum of independent Bernoulli random variables.

Solution. Let X; = 1 if the ith link is down and X; = O otherwise. Then the X; are
independent Bernoulli(p), and Y := X; 4 - - - + X, counts the number of links that are down.
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Example 3.6. A sample of radioactive material is composed of n molecules. Each mol-
ecule has probability p of emitting an alpha particle, and the particles are emitted indepen-
dently. Show that the number of particles emitted is a sum of independent Bernoulli random
variables.

Solution. Let X; = 1 if the ith molecule emits an alpha particle, and X; = 0 otherwise.
Then the X; are independent Bernoulli(p), and Y := X; + --- + X, counts the number of
alpha particles emitted.

There are several ways to find the probability mass function of Y. The most common
method uses a combinatorial argument, which we give in the next paragraph; following that,
we give a different derivation using probability generating functions. A third derivation
using techniques from Section 3.4 is given in the Notes.3

Observe that the only way to have Y = k is to have k of the X; = 1 and the other n — k
X; = 0. Let By, denote the set of all sequences of zeros and ones, say (by,...,b,), in which
k of the b; = 1 and the other n — k b; = 0. Then

P(YZk) = P((Xl,...,X,,) EBk)
= Y PXi=bi,.... X =by)
(bl,...,bn)EBk
= Y  P(Xi=b1)-P(X,=by),
(bl,..,bn)EBk

where the last step follows because the X; are independent. Now each factor in the above
product is either p or 1 — p according to whether each b; equals zero or one. Since the sum is
over (by,...,b,) € By, there are k factors equal to p and n — k factors equal to 1 — p. Hence,

PY=k = Y pa-p*
(b1,-...bn) EBy,

= |[Be[p*(1—p)"*,

where |By| denotes the number of sequences in the set By. From the discussion in Sec-

tion 1.7,
n n!
Byl = = —.
1B (k> K (n—k)!

Pr =) = (})rHa=pr k=0

Another way to derive the formula for P(Y = k) is to use the theory of probability
generating functions as developed in Section 3.1. In this method, we first find Gy (z) and

then use the formula Gg,k> (2)|;=0/k! = P(Y = k). To find Gy(z), we use the factorization
property for pgfs of sums of independent random variables. Write
Gy(z) = E[]
= E[ttE)
= E[Z1]---E[z™], by independence,
= Gy (2)-Gx, ().

We now see that
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For the Bernoulli(p) random variables X;,
Gx.(z) == E[Z%] = 2(1—-p)+<'p = (1—p) +pz

Thus,

Gy(z) = [(1—p)+pz]"

Next, we need the derivatives of Gy (z). The first derivative is
Gy(z) = n[(1—=p)+pa"'p,
and in general, the kth derivative is
k _
Gy (2) = n(n—1)-+(n—[k—1]) [(1 - p)+ p2" *p".

It follows that

(0)
P(Y=k) = GYk!(O)
_ n(n_l)k(‘n_[k_l])(l_ )rszpk
- kz(nn;k)!pk(lfp)n_k

= (Z)p"(l -p)"

Since the formula for Gy (z) is a polynomial of degree n, Gg,k) (z) =0 for all k > n. Thus,
P(Y =k)=0fork > n.

The preceding random variable Y is called a binomial(n, p) random variable. Its prob-
ability mass function is usually written using the notation

py(k) = (Z)pk(l—p)”k, k=0,...,n.

n

In MATLAB, (}) = nchoosek(n, k). A graph of py (k) is shown in Figure 3.1.
The binomial theorem says that for any complex numbers a and b,

kfo (:) db" ™t = (a+b)".

A derivation using induction on n along with the easily verified identity

(k_1>+<k> _ ( : ) k=1,...om, (3.6)

can be given. However, for nonnegative a and b with a+ b > 0, the result is an easy conse-
quence of our knowledge of the binomial random variable (see Problem 10).
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0.12-
0.10+ ¥
0.08 *
0.06- ¥
0.04+

L

L

0 10 20 30 40 50 60 70 80

Figure 3.1. The binomial(n, p) pmf py (k) = (}) p*(1 — p)"~* for n = 80 and p = 0.25,0.5, and 0.75 from left to
right, respectively.

On account of the binomial theorem, the quantity (Z) is sometimes called the binomial
coefficient. It is convenient to know that the binomial coefficients can be read off from the
nth row of Pascal’s triangle in Figure 3.2. Noting that the top row is row 0, it is immediately
seen, for example, that

(a+b)° = & +5a*b+10a°b* +10a*b® + 5ab* + b°.

To generate the triangle, observe that except for the entries that are ones, each entry is equal
to the sum of the two numbers above it to the left and right. Thus, the triangle is a graphical
depiction of (3.6).

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

Figure 3.2. Pascal’s triangle.
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Poisson approximation of binomial probabilities

If we let A := np, then the probability generating function of a binomial(n, p) random
variable can be written as

[(1=p)+pz" = [1+p(z—1)]"
= [1+MZ_1)] .

n

From calculus, recall the formula

lim (1+%)" s

n—oo
So, for large n,

n
{1 + “an)} ~ explA(z—1)],
which is the probability generating function of a Poisson(A ) random variable (Example 3.4).
In making this approximation, n should be large compared to A(z—1). Since A := np, as
n becomes large, so does A(z— 1). To keep the size of A small enough to be useful, we
should keep p small. Under this assumption, the binomial(n, p) probability generating func-
tion is close to the Poisson(np) probability generating function. This suggests the Poisson
approximation?

k ,—np
(Z) pk(l — p)”‘k ~ %, n large, p small.

Example 3.7. As noted in Example 3.6, the number of alpha particles emitted from
a radioactive sample is a binomial(n, p) random variable. However, since n is large, say
1023, even if the expected number of particles, np (Problem 8), is in the billions, say 10,
p ~ 10~ % is still very small, and the Poisson approximation is justified.”

3.3 The weak law of large numbers

Let X1,Xz,... be a sequence of random variables with a common mean E[X;] = m for all
i. In practice, since we do not know m, we use the numerical average, or sample mean,

in place of the true, but unknown value, m. Can this procedure of using M, as an estimate
of m be justified in some sense?

“This approximation is justified rigorously in Problems 20 and 21(a) in Chapter 14. It is also derived directly
without probability generating functions in Problem 22 in Chapter 14.

bIf the sample’s mass m is measured in grams, then the number of atoms in the sample is n = mA/w, where
A =6.022 x 10% is Avogadro’s number, and w is the atomic weight of the material. For example, the atomic
weight of radium is 226.
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Example 3.8. You are given a coin which may or may not be fair, and you want to
determine the probability of heads, p. If you toss the coin n times and use the fraction of
times that heads appears as an estimate of p, how does this fit into the above framework?

Solution. Let X; = 1 if the ith toss results in heads, and let X; = 0 otherwise. Then
P(X; = 1) = p and m := E[X;] = p as well. Note that X; + - -- + X, is the number of heads,
and M, is the fraction of heads. Are we justified in using M,, as an estimate of p?

One way to answer these questions is with a weak law of large numbers (WLLN). A
weak law of large numbers gives conditions under which

,}EEQPOM" —m|>¢€) =0
for every € > 0. This is a complicated formula. However, it can be interpreted as follows.
Suppose that based on physical considerations, m is between 30 and 70. Let us agree that if
M, is within € = 1/2 of m, we are “close enough” to the unknown value m. For example,
if M, = 45.7, and if we know that M, is within 1/2 of m, then m is between 45.2 and
46.2. Knowing this would be an improvement over the starting point 30 < m < 70. So, if
|M,, —m| < €, we are “close enough,” while if |M,, —m| > € we are not “close enough.” A
weak law says that by making n large (averaging lots of measurements), the probability of
not being close enough can be made as small as we like; equivalently, the probability of
being close enough can be made as close to one as we like. For example, if P(|M, —m| >
€) <0.1, then
P(IM,—m| <€) = 1-P(|M,—m| >¢€) > 0.9,

and we would be 90% sure that M, is “close enough” to the true, but unknown, value of m.

Conditions for the weak law

We now give sufficient conditions for a version of the weak law of large numbers
(WLLN). Suppose that the X; all have the same mean m and the same variance o2. Assume
also that the X; are uncorrelated random variables. Then for every € > 0,

lim P(|M, —m| >¢) = 0.
n—oo
This is an immediate consequence of the following two facts. First, by the Chebyshev
inequality (2.22),
var(M,)
er

P(IM,—m|>¢€) <
Second, since the X; are uncorrelated, a slight extension of (2.28) gives

2

1 & 1\2 ¢
var(M,) = var(n;Xi) = (;) ;var(Xi) _ "o _ — 3.7)

n2

Thus,
02
P(|M,—m| >¢) < nel (3.3)
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which goes to zero as n — co. Note that the bound 6 /ne? can be used to select a suitable
value of n.

Remark. The weak law was first proved around 1700 for X; ~ Bernoulli(p) random
variables by Jacob (a.k.a. James or Jacques) Bernoulli.

Example 3.9. Given ¢ and 62, determine how large n should be so the probability that
M,, is within € of m is at least 0.9.

Solution. We want to have
P(|M,—m| <¢g) > 09.

Rewrite this as
1—-P(|M,—m| >¢€) > 0.9,

or
P(IM, —m| > ¢€) < 0.1.

By (3.8), it suffices to take
2
(e
— < 0.1
nez — ’

orn>1002/€%.

Remark. In using (3.8) as suggested, it would seem that we are smart enough to know
o2, but not m. In practice, we may replace 62 in (3.8) with an upper bound. For example, if
X; ~ Bernoulli(p), then m = p and 6> = p(1 — p). Since, 0 < p < 1, it is easy to show that

2
c-<1/4.

Remark. If Z,,7Z,,... are arbitrary, independent, identically distributed random vari-
ables, then for any set B C IR, taking X; := Ig(Z;) gives an independent, and therefore
uncorrelated, sequence of Bernoulli(p) random variables, where p = E[X;] = P(Z; € B).
Hence, the weak law can be used to estimate probabilities as well as expected values. See
Problems 18 and 19. This topic is pursued in more detail in Section 6.8.

3.4 Conditional probability

We introduce two main applications of conditional probability for random variables.
One application is as an extremely powerful computational tool. In this connection, you
will learn how to use

o the law of total probability for random variables,
e the substitution law, and
e independence (if you have it).

The other application of conditional probability is as a tool that uses observational data to
estimate data that cannot be directly observed. For example, when data is sent over a noisy
channel, we use the received measurements along with knowledge of the channel statistics
to estimate the data that was actually transmitted.
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For conditional probabilities involving random variables, we use the notation

P(XeB|Y €C) := P{X eB}|{Yy eC})
_ P{XeB}n{recy}
- P{{rec})
PXeB,Ye()
P(Y €C)

For discrete random variables, we define the conditional probability mass functions,
pxpy (xily;) == P(X =x[Y =yj)
- P(X :x,‘,Y :yj)
P(Y =y;)
_ Pxy (th j)
py (yj )
and
PY\X()’j|xi) =P =yj[X=x)
P(X = xi,Y = yj)
P (X = )Cl')
_ pxr(xi,y;5)
px(x)

For future reference, we record these two formulas,

PXY(xia)’j)
yi AYADJ) 39
Pxy (xily;) or () (3.9
and
pxy (xi,y;)
ixi) = —————= 3.10
pyix (vjlxi) px (x;) (3.10)

noting that they make sense only when the denominators are not zero. We call pxy the con-
ditional probability mass function (pmf) of X given Y. Similarly, pyx is called the condi-
tional pmf of ¥ given X. Notice that by multiplying through by the denominators, we obtain

pxy (xi,y;) = pxy (xilyj) py (v;) = prix(vjlxi) px (xi)- (3.11)

Note that if either px (x;) = 0 or py(y;) = 0, then pxy(xi,y;) = 0 from the discussion fol-
lowing Example 1.23.

Example 3.10. Find the conditional probability mass function py/x (j|i) if

. . 1 ]
o AUAGad) i>0,i=0,...,n—1,
pxy(i,j) = n(n+1)
0, otherwise.
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Solution. Recall from Example 2.14 that

i+ 1
_ L 0,
px(i) = n(n+1)
0, otherwise.
Hence, fori=0,...,n—1,
1 [ \J
o () iz
pyix(jli) = § i+1\i+1
0, j<o.
In other words, given X =i for i in the range 0,...,n — 1, we have that Y is conditionally

geometrico (i/(i+1)).

The general formula py y (v;|xi) = pxy (xi,y;)/ px (x;) shows that for fixed x;, pyx (v;|x:)
as a function of y; has the same shape as a slice of pxy (x;,y;). For the pmfs of Example 3.10
with n =5, this is illustrated in Figure 3.3. Here we see that for fixed i, pxy (i, j) as a function
of j has the shape of the geometrico(i/ (i + 1)) pmf pyx (j|i).

0.07+
0.06+ .
0.054
0.04+

0.034

0.02+

0.01+

Figure 3.3. Sketch of bivariate probability mass function pxy (i, j) of Example 3.10 with n = 5. For fixed i,
pxy (i, ) as a function of j is proportional to pyx(j|i), which is geometrico(i/(i+1)). The special case i = 0
results in py|x (j|0) ~ geometricy(0), which corresponds to a constant random variable that takes the value j = 0
with probability one.

Conditional pmfs are important because we can use them to compute conditional prob-
abilities just as we use marginal pmfs to compute ordinary probabilities. For example,

PYeClX=x) = Zlc(yj)pY|X(yj|xk)'
J

This formula is derived by taking B = {x;} in (2.11), and then dividing the result by P(X =
xXi) = px (xe)-
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Example 3.11 (optical channel). To transmit message i using an optical communication
system, light of intensity A; is directed at a photodetector. When light of intensity A; strikes
the photodetector, the number of photoelectrons generated is a Poisson(4;) random vari-
able. Find the conditional probability that the number of photoelectrons observed at the
photodetector is less than 2 given that message i was sent.

Solution. Let X denote the message to be sent, and let Y denote the number of photo-
electrons generated by the photodetector. The problem statement is telling us that

Ale—i
1
n!

P(Y=n|X=i) = n=0,1,2,....

The conditional probability to be calculated is

P(Y <2|X=i) = PY=00rY =1]X =)
=PY=0X=)+PY=1X=i
= et Qe M,

Example 3.12. For the random variables X and Y used in the solution of the previous
example, write down their joint pmf if X ~ geometricy(p).

Solution. The joint pmf is

.}\,."e_li

771

)

pxy(i,n) = px(i) pyx(nli) = (1-p)p .

for i,n > 0, and pxy (i,n) = 0 otherwise.

The law of total probability

In Chapter 1, we used the law of total probability to compute the probability of an event
that can occur in different ways. In this chapter, we adapt the law to handle the case in which
the events we condition on are described by discrete random variables. For example, the
Internet traffic generated at a university depends on how many students are logged in. Even
if we know the number of students logged in, the traffic they generate is random. However,
the number of students logged in is a random variable. The law of total probability can help
us analyze these situations.

Let A C Q be any event, and let X be any discrete random variable taking distinct values
x;. Then the events

B = {X=x} = {oeQ: X(®0)=x;}.
are pairwise disjoint, and ¥; P(B;) = Y, P(X = x;) = 1. The law of total probability as in
(1.27) yields
P(A) = Y P(ANB) = Y P(AIX =x)P(X =x;).
i i
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If Y is an arbitrary random variable, and we take A = {Y € C}, where C C IR, then

P(YeC) = Y P(Y eCIX =x;)P(X =xy), (3.12)

which we again call the law of total probability. If Y is a discrete random variable taking
distinct values y;, then setting C = {y;} yields

P(Y :yj) = ZP(Y :yj|X :Xi)P(X :X,')
i
= ZPY\X (vjlxi) px (xi)-
1
Example 3.13 (binary channel). If the input to the binary channel shown in Figure 3.4

is a Bernoulli(p) random variable X, and the output is the random variable Y, find P(Y = j)
for j=0,1.

Figure 3.4. Binary channel with crossover probabilities € and 8. If § = ¢, this is called the binary symmetric
channel.

Solution. The diagram is telling us that P(Y = [|[X =0)=¢eand P(Y =0 X = 1) =
0. These are called crossover probabilities. The diagram also supplies the redundant
information that P(Y =0|X =0)=1—¢ and P(Y = 1|]X = 1) =1 — 6. Using the law of
total probability, we have

PY=j) =PI¥=jX=0PX=0)+P¥=jX=1)P(X=1).
In particular,
PY=0) =P¥=0X=0PX=0+PY=0X=1)PX=1)
— (1—¢)(1-p)+3p,
and
P¥r=1) =P¥=1X=0PX=0+P¥=1X=1)PX=1)
=e(l—-p)+(1-9)p.

Example 3.14. In the preceding example, suppose p = 1/2, 6 = 1/3, and € = 1/4.
Compute P(Y =0) and P(Y = 1).
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Solution. We leave it to the reader to verify that P(Y =0) =13/24 and P(Y = 1) =
11/24. Since the crossover probabilities are small, the effect of the channel on the data is
minimal. Since the input bit values are equally likely, we expect the output bit values to be
almost equally likely, which they are.

Example 3.15. Radioactive samples give off alpha-particles at a rate based on the size
of the sample. For a sample of size k, suppose that the number of particles observed is a
Poisson random variable ¥ with parameter k. If the sample size is a geometric; (p) random
variable X, find P(Y =0) and P(X = 1|Y =0).

Solution. The first step is to realize that the problem statement is telling us that as a
function of n, P(Y = n|X = k) is the Poisson pmf with parameter k. In other words,
K'e™*

PY=nlX=k) = — n=01,...
n!

In particular, note that P(Y = 0]X = k) = e . Now use the law of total probability to write

Pr=0) = Y P(r=0[X=k)-P(X =k)

Next,

P(X=1Y =0)
P(Y =0)
P(Y =0jX = 1)P(X = 1)
P(Y =0)
e—p
1—

PX =1y =0) =

=e'-(1-p)-

=1-p/e.

Example 3.16. A certain electric eye employs a photodetector whose efficiency occa-
sionally drops in half. When operating properly, the detector outputs photoelectrons ac-
cording to a Poisson(A) pmf. When the detector malfunctions, it outputs photoelectrons
according to a Poisson(A /2) pmf. Let p < 1 denote the probability that the detector is op-
erating properly. Find the pmf of the observed number of photoelectrons. Also find the
conditional probability that the circuit is malfunctioning given that n output photoelectrons
are observed.
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Solution. Let Y denote the detector output, and let X = 1 indicate that the detector is
operating properly. Let X = 0 indicate that it is malfunctioning. Then the problem statement
is telling us that P(X = 1) = p and

P(Y=nX=1) =

n,—A n,—A/2
A:' and P(Y =nlx =0) = M2

n!

Now, using the law of total probability,

PY=n) =P¥=nX=1)PX=1)+PY =nX=0)PX=0)
Ate=* (A)2)re=H/2
= p+ (I-p).

n! n!

This is the pmf of the observed number of photoelectrons.
The above formulas can be used to find P(X = 0|Y = n). Write

P(X =0)Y =n) = W
 P(Y =nX =0)P(X =0)
B P(Y =n)
nefl/Z
RV )
T ek /o) A2
e Zp L0 )
_ 1
= Ty,
i-p

which is clearly a number between zero and one as a probability should be. Notice that as
we observe a greater output ¥ = n, the conditional probability that the detector is malfunc-
tioning decreases.

The substitution law

It is often the case that Z is a function of X and some other discrete random variable Y,
say Z = g(X,Y), and we are interested in P(Z = z). In this case, the law of total probability
becomes

:Z) = ZP(Z:Z|X :xi)P(X:x[).

= ZP (X,Y) =z]X =x;)P(X = x,).

We claim that

P(g(X.Y)=z|X =x;) = P(g(x,Y) =z|X =x;). (3.13)
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This property is known as the substitution law of conditional probability. To derive it, we
need the observation

{eX.Y)=zpn{X =x} = {g(x;,¥) =z} N{X =x;}.
From this we see that
PH{e(X,Y) =z} N{X =x})

P(gX,Y)=zX =x;) =

PHX =xi})
~ P, Y) =z n{X =x})
P{X =xi})

=P(g(xi,Y) =2X =x;).
We can make further simplifications if X and Y are independent. In this case,

Plg(xp,Y)=2zX=x;) = P(g(x;,Y)=12,X =x;)

P(X :x,-)
_ P(g(x;,Y)=2)P(X =x;)
P(X =x;)
= P(g(x;,Y) =2).
Thus, when X and Y are independent, we can write
P(g(xivY) :le :xi) = P(g(x,',Y) :Z)7 (3.14)

and we say that we “drop the conditioning.”

Example 3.17 (signal in additive noise). A random, integer-valued signal X is transmit-
ted over a channel subject to independent, additive, integer-valued noise Y. The received
signal is Z = X +Y as shown in Figure 3.5. To estimate X based on the received value Z, the
system designer wants to use the conditional pmf py/7. Find the desired conditional pmf.

X—» Z=X+Y

Y

Figure 3.5. Signal X subjected to additive noise Y.

Solution. Let X and Y be independent, discrete, integer-valued random variables with
pmfs px and py, respectively. Put Z := X +Y. We begin by writing out the formula for the
desired pmf

pxz(ilj) = PX =i|Z = j)

P(X=iZ=))
P(Z=)



3.4 Conditional probability 125

P(Z=jlX=0)P(X =i

PZ= )
_ PZ= X =px(i)
= PZ=)) . (3.15)

To continue the analysis, we use the substitution law followed by independence to write

PZ=jlX=i) = PX+Y=jX=1i)

= py(j—i). (3.16)

This result can also be combined with the law of total probability to compute the denomi-
nator in (3.15). Just write

pz(j) = LPEZ =X =)P(X =i) = } pr(ji—i)px(i). (3.17)

In other words, if X and Y are independent, discrete, integer-valued random variables, the
pmf of Z = X +Y is the discrete convolution of py and py.
It now follows that

ao  pr(G—=1)px(i)
Pxizlilj) = Y pr(j—k)px(k)’
%

where in the denominator we have changed the dummy index of summation to k to avoid
confusion with the i in the numerator.

The Poisson(A) random variable is a good model for the number of photoelectrons
generated in a photodetector when the incident light intensity is A. Now suppose that an
additional light source of intensity p is also directed at the photodetector. Then we expect
that the number of photoelectrons generated should be related to the total light intensity
A + w. The next example illustrates the corresponding probabilistic model.

Example 3.18 (Poisson channel). If X and Y are independent Poisson random variables
with respective parameters A and u, use the results of the preceding example to show
that Z := X +Y is Poisson(A + u). Also show that as a function of i, pyz(i[j) is a
binomial(j,A /(A +u)) pmf.

Solution. To find pz(j), we apply (3.17) as follows. Since px (i) = 0 for i < 0 and since
py(j—i)=0for j <i, (3.17) becomes

‘ J pig—A .ujfiefl.i

—(Atp) J i S
_ e Z J: . ‘)‘z‘u]fl

j! ,':()i!(j_ )
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e () SN
) i,,]—1
J! io(i>lu

—(A+n)

- - j' A+up), j=0,1,..,

where the last step follows by the binomial theorem.
Our second task is to compute

P(Z=jlX=i)P(X =)

_ PZ= )X = Dpx(i)
pz(j) .

Since we have already found pz(j), all we need is P(Z = j|X =), which, using (3.16), is
simply py(j —i). Thus,

o L A AR ) 4
pudtili) = B B [ |

:<O{aiuﬂwuiuﬂji

fori=0,...,j.

Binary channel receiver design

Consider the problem of a receiver using the binary channel in Figure 3.4. The receiver
has access to the channel output Y, and must estimate, or guess, the value of X. What
decision rule should be used? It turns out that no decision rule can have a smaller probability
of error than the maximum a posteriori probability (MAP) rule.# Having observed Y = j,
the MAP rule says to decide X = 1 if

PX=1Y=j) > PX=0Jy =), (3.18)

and to decide X = 0 otherwise. In other words, the MAP rule decides X = 1 if the posterior
probability of X = 1 given the observation Y = j is greater than the posterior probability of
X =0 given the observation Y = j.
Observe that since
PX=iY=)) PY=jX=i)PX=1i)

e I =

(3.18) can be rewritten as

P(Y =jX =1)PX=1) _ P(¥=j]Xx =0)P(X =0)
P =) - P =)
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Canceling the common denominator, we have
PYr=jX=1)PX=1) > P(Y=j|X=0)P(X =0). (3.19)

This is an important observation. It says that we do not need to compute the denominator to
implement the MAP rule.

Next observe that if the inputs X = 0 and X = 1 are equally likely, we can cancel these
common factors as well and get

Y=jlX=1) > P(Y = j|X =0). (3.20)

Sometimes we do not know the prior probabilities P(X = i). In this case, we sometimes use
(3.20) anyway. The rule that decides X = 1 when (3.20) holds and X = 0 otherwise is called
the maximum-likelihood (ML) rule. In this context, P(Y = j|X =) is called the likelihood
of Y = j. The maximum-likelihood rule decides X = i if i maximizes the likelihood of the
observation Y = j.

A final thing to note about the MAP rule is that (3.19) can be rearranged as

P(Y=jx=1) _ P(X=0)
PY=jXx=0) = P(X=1)

Since the left-hand side is the ratio of the likelihoods, this quotient is called the likelihood
ratio. The right-hand side does not depend on j and is just a constant, sometimes called a
threshold. The MAP rule compares the likelihood ratio against this specific threshold. The
ML rule compares the likelihood ratio against the threshold one. Both the MAP rule and
ML rule are sometimes called likelihood-ratio tests. The reason for writing the tests in
terms of the likelihood ratio is that the form of the test can be greatly simplified; e.g., as in
Problems 35 and 36.

3.5 Conditional expectation

Just as we developed expectation for discrete random variables in Section 2.4, including
the law of the unconscious statistician, we can develop conditional expectation in the same
way. This leads to the formula

Els)IX =x] = Y () prix (vjlxi)- (3.21)
J

Example 3.19. The random number Y of alpha particles emitted by a radioactive sample
is conditionally Poisson(k) given that the sample size X = k. Find E[Y |X = k].

Solution. We must compute

E[Y|X = 4] ZnP (Y =n|X =k),

where (cf. Example 3.15)

ke *

PY=n|X=k) = m

n=0,1,....
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Hence,
oo kn —k
E[Y[X =&] Zn

Now observe that the right-hand side is exactly ordinary expectation of a Poisson random
variable with parameter k (cf. the calculation in Example 2.22). Therefore, E[Y|X = k] = k.

Example 3.20. Let Z be the output of the Poisson channel of Example 3.18, and let X
be the transmitted signal. Compute E[X|Z = j] using the conditional pmf px;(i|j) found in
Example 3.18.

Solution. We must compute

ElXjz=j] = Y iP(X =ilZ=))
where, letting p:=A /(A + 1),

PO =iz =3) = (1)1 pi-
Hence, '
EX[Z= ] = gi({)pf<1p>f-f
i=
Now observe that the right-hand side is exactly the ordinary expectation of a binomial(j, p)

random variable. It is shown in Problem 8 that the mean of such a random variable is jp.
Therefore, E[X|Z = j] = jp=jA/(A + ).

Substitution law for conditional expectation

For functions of two variables, we have the following conditional law of the unconscious
statistician,

ElgX, V)X =x] = Y ) e(x.y)) pxyix (X yjlxi).-
k
However,

Pxyjx (%, yjlxi) = P(X =x,Y =y;[X =x;)
PX =x,Y =y;,X = x;)
P(X :x,-) ’

Now, when k # i, the intersection
{X :)Ck}ﬂ{Y :yj}ﬂ{X :x,‘}

is empty, and has zero probability. Hence, the numerator above is zero for k # i. When
k = i, the above intersections reduce to {X =x;} N{Y =y;}, and so

Pxyix (6 yjlxi) = pyx(vjlxi), fork=i.
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It now follows that

Elg(X,Y)X =x] = Zg(xiyyj)pY\X(yjlxi)
j
= E[ (xla )|X_xl}

We call

Elg(X,Y)[X =x] = E[g(x:,Y)|X = xi] (3.22)

the substitution law for conditional expectation. Note that if g in (3.22) is a function of
Y only, then (3.22) reduces to (3.21). Also, if g is of product form, say g(x,y) = h(x)k(y),
then

E[h(X)k(¥)IX =x] = h(x)E[k(Y)IX = x].

Law of total probability for expectation

In Section 3.4 we discussed the law of total probability, which shows how to compute
probabilities in terms of conditional probabilities. We now derive the analogous formula for
expectation. Write

Y E[g(X.Y)IX =xi] px (xi) = Z Zg xi,Y;) Py|x (vjlxi) | px (xi)

= ZZg Xi,¥;) Pxy (Xi,;)
= E[g(X Y)).

Hence, the law of total probability for expectation is

Elg(X.¥)] = Y Elg(X,Y)|X =xi] px (xi). (3.23)

In particular, if g is a function of Y only, then

ZE ‘X_-xl Px(xz)

Example 3.21. Light of intensity A is directed at a photomultiplier that generates X ~
Poisson(A) primaries. The photomultiplier then generates ¥ secondaries, where given X =
n, Y is conditionally geometric ((n + 2)_1). Find the expected number of secondaries and
the correlation between the primaries and the secondaries.

Solution. The law of total probability for expectations says that

oo

E[Y] = ;)E[Y|X=n]px(n),

where the range of summation follows because X is Poisson(A ). The next step is to compute
the conditional expectation. The conditional pmf of ¥ is geometric; (p), where, in this case,
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p = (n+2)~!, and the mean of such a pmf is, by Problem 4, 1/(1 — p). Hence,
= 1 1
ElY| = 1+ ——+ =E{1+—]|.
M Rt
An easy calculation (Problem 34 in Chapter 2) shows that for X ~ Poisson(1),
ElL | = 1—e?a
X+1| oo
andso E[Y] = 14[1 —e *]/A.
The correlation between X and Y is

EXY] = iE[XY|X:n]pX(n)
n=0
= Y nEWIX =iy
> 1

bt

1 1
X(14—) =X4+1-——.
<+X+l> X

EXY] = A+1—[1—e*]/A.

Now observe that

It follows that

Notes
3.1: Probability generating functions
Note 1. When z is complex,
E[Z*] := E[Re(z")] + jE[Im(¥)].

By writing
' = e/ = [cos(nB) + jsin(nb)),

it is easy to check that for |z| < 1, the above expectations are finite (cf. (3.3)) and that
EZY] = Z Z'P(X =n).
n=0

Note 2. Although Gx(z) is well defined for |z] < 1, the existence of its derivatives is
only guaranteed for |z| < 1. Hence, G;k)(l) may have to be understood as lim, | ngf) (2).
By Abel’s theorem [32, pp. 64—65], this limit is equal to the kth factorial moment on the
right-hand side of (3.5), even if it is infinite.
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3.4: Conditional probability

Note 3. Here is an alternative derivation of the fact that the sum of independent Ber-
noulli random variables is a binomial random variable. Let X;,X5,... be independent
Bernoulli(p) random variables. Put

We need to show that ¥, ~ binomial(n, p). The case n = 1 is trivial. Suppose the result is
true for some n > 1. We show that it must be true for n+ 1. Use the law of total probability
to write .

P(Yap1=k) = Y P(Yor1 =klY, = )P, =1i). (3.24)

i=0

To compute the conditional probability, we first observe that ¥,,11 =Y, + X,,.+1. Also, since
the X; are independent, and since Y, depends only on X, ..., X, we see that ¥, and X,, | are
independent. Keeping this in mind, we apply the substitution law and write

P( 1 = k|Y —l) = P( Y, +Xu1 = k|Y —l)
= P(i+Xu1 =k[Y, =)
= P(X,41 —k—t\Y =1i)
= P( n+l1 = )

Since X,,1| takes only the values zero and one, this last probability is zero unless i = k or
i =k — 1. Returning to (3.24), we can write®

k
PYup1=k) = Y PXu1=k—i)P(Y,=1i).
i=k—1

Assuming that ¥,, ~ binomial(n, p), this becomes

P(Yur1 =k) = p(kf 1)p’”(l —p)" N+ (1-p) (Z)pk(l —p)" -

Using the easily verified identity,

n + n\ (n+1
k—1 k) \ k)
we see that ¥, 1| ~ binomial(n+ 1, p).

Note 4. We show that the MAP rule is optimal for minimizing the probability of a
decision error. Consider a communication system whose input X takes values 1,....M
with given probabilities px (i) = P(X =i). The channel output is an integer-valued random
variable Y. Assume that the conditional probability mass function pyx (j|i) =P(Y = j|X =
i) is also known. The receiver decision rule is w(Y) =i if Y € D;, where Dy,...,Dy is

“When k = 0 or k = n+ 1, this sum actually has only one term, since P(Y, = —1) =P(¥, =n+1) =0.
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a partition of IR. The problem is to characterize the choice for the partition sets D; that
minimizes the probability of a decision error, or, equivalently, maximizes the probability of
a correct decision. Use the laws of total probability and substitution to write the probability
of a correct decision as

o
<
=

Il
>

Il
Ms

P(w(Y) = X|X = i)P(X = i)

Il
_

|
™=

Py (Y) =ilX = i)px(i)

I
™M=

Il
—_

P(Y € D,‘|X = i)px(i)

ll\’]E

|:ZID J)py|x J|} x (i)

{ZID Hryix(jli Px()}

I
\M

For fixed j, consider the inner sum. Since the D; form a partition, the only term that is not
zero is the one for which j € D;. To maximize this value, we should put j € D; if and only

if the weight py x (j|i) px (i) is greater than or equal to pyx (j|i') px (i) for all i’ # i. This is
exactly the MAP rule (cf. (3.19)).

Problems

3.1: Probability generating functions

1. Find var(X) if X has probability generating function
Gx(z) = t+1iz+32
2. If Gx(z) is as in the preceding problem, find the probability mass function of X.

3. Find var(X) if X has probability generating function

Gx(z) = (23ﬂ>5

4. Evaluate Gx(z) for the cases X ~ geometricy(p) and X ~ geometric, (p). Use your
results to find the mean and variance of X in each case.

5. Fori=1,...,n, let X; ~ Poisson(4;). Put

Find P(Y = 2) if the X; are independent.
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Let ay,...,a, be nonnegative and not all zero. Let m be any positive integer. Find a
constant D such that

GX(Z) = (610 +a1z+a222+...+anzn)m/D

is a valid probability generating function.

. LetX;,Xp,...,X, beiid. geometric| (p) random variables, and put¥Y :=X; +---+X,,.

Find E[Y], var(Y), and E[Y?]. Also find the probability generating function of Y.

Remark. We say that Y is a negative binomial or Pascal random variable with para-
meters n and p.

3.2: The binomial random variable

8.

10.

11.

12.

13.

14.

15.

Use the probability generating function of ¥ ~ binomial(n, p) to find the mean and
variance of Y.

Show that the binomial(n, p) probabilities sum to one. Hint: Use the fact that for any
nonnegative integer-valued random variable, Gy (z)|,=1 = 1.

The binomial theorem says that

f (Z) db"* = (a+b)".

k=0

Derive this result for nonnegative a and b with a + b > 0 by using the fact that the
binomial(n, p) probabilities sum to one. Hint: Take p =a/(a+b).

A certain digital communication link has bit-error probability p. In a transmission
of n bits, find the probability that k bits are received incorrectly, assuming bit errors
occur independently.

A new school has M classrooms. Fori = 1,...,M, let n; denote the number of seats
in the ith classroom. Suppose that the number of students in the ith classroom is
binomial(n;, p) and independent. Let ¥ denote the total number of students in the
school. Find P(Y = k).

LetX),...,X,beiid withP(X;=1)=1—pand P(X;=2)=p. fY :=X; +-- -+ X,,
find P(Y = k) for all k.

Ten-bit codewords are transmitted over a noisy channel. Bits are flipped indepen-
dently with probability p. If no more than two bits of a codeword are flipped, the
codeword can be correctly decoded. Find the probability that a codeword cannot be
correctly decoded.

Make a table comparing both sides of the Poisson approximation of binomial proba-

bilities,

k ,—np
(Z) P —p)F = (np)ki'e, n large, p small,
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for k =0,1,2,3,4,5 if n = 150 and p = 1/100. Hint: If MATLAB is available, the
binomial probability can be written
nchoosek(n, k) *pk* (1 —p)(n—k)
and the Poisson probability can be written

(n*p)k*exp(—nx*p)/factorial(k).

3.3: The weak law of large numbers

16.
17.

18.

19.

20.

*21.

Show that E[M,] = m. Also show that for any constant ¢, var(cX) = c?var(X).
Student heights range from 120 to 220 cm. To estimate the average height, determine
how many students’ heights should be measured to make the sample mean within
0.25 cm of the true mean height with probability at least 0.9. Assume measurements
are uncorrelated and have variance > = 1. What if you only want to be within 1 cm
of the true mean height with probability at least 0.9?

Let Z1,Z,, ... be i.i.d. random variables, and for any set B C IR, put X; := I(Z;).

(a) Find E[X;] and var(X;).
(b) Show that the X; are uncorrelated.
Observe that

1 n 1 n
M, = =Y Xi = =Y Iz(Z)
nia nia

counts the fraction of times Z; lies in B. By the weak law of large numbers, for large
n this fraction should be close to P(Z; € B).

With regard to the preceding problem, put p := P(Z; € B). If p is very small, and n
is not large enough, it is likely that M, = 0, which is useless as an estimate of p. If
p =1/1000, and n = 100, find P(M;00 = 0).

Let X; be a sequence of random variables, and put M, := (1/n) Y| X;. Assume that
each X; has mean m. Show that it is not always true that for every € > 0,

lim P(|M, —m| > €) = 0.

n—oo

Hint: Let Z be a nonconstant random variable and take X; := Z fori =1,2,.... To be
specific, try Z ~ Bernoulli(1/2) and € = 1/4.

Let X;,X5,... be uncorrelated random variables with common mean m and common
variance o2. Let €, be a sequence of positive numbers with g, — 0. With M), :=
(1/n) X1, X, give sufficient conditions on &, such that

P(|M, —m| > &) — 0.
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22
23

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.
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Conditional probability
. If Z=X+Y as in the Poisson channel Example 3.18, find E[X|Z = j].

. Let X and Y be integer-valued random variables. Suppose that conditioned on X =i,
Y ~ binomial(n, p;), where 0 < p; < 1. Evaluate P(Y < 2|X =1).

Let X and Y be integer-valued random variables. Suppose that conditioned on ¥ = j,
X ~ Poisson(A;). Evaluate P(X > 2|Y = j).

Let X and Y be independent random variables. Show that pyy(xi[y;) = px(x;) and
pyix(vjlxi) = py (v;)-

Let X and Y be independent with X ~ geometricy(p) and ¥ ~ geometricy(g). Put
T :=X—Y, and find P(T = n) for all n.

When a binary optical communication system transmits a 1, the receiver output is
a Poisson(u) random variable. When a 2 is transmitted, the receiver output is a
Poisson(v) random variable. Given that the receiver output is equal to 2, find the
conditional probability that a 1 was sent. Assume messages are equally likely.

In a binary communication system, when a 0 is sent, the receiver outputs a ran-
dom variable Y that is geometricy(p). When a 1 is sent, the receiver output ¥ ~
geometricy(q), where ¢ # p. Given that the receiver outputs ¥ = k, find the condi-
tional probability that the message sent was a 1. Assume messages are equally likely.

Apple crates are supposed to contain only red apples, but occasionally a few green
apples are found. Assume that the number of red apples and the number of green ap-
ples are independent Poisson random variables with parameters p and 7, respectively.
Given that a crate contains a total of k apples, find the conditional probability that
none of the apples is green.

Let X ~ Poisson(A), and suppose that given X = n, ¥ ~ Bernoulli(1/(n+1)). Find
P(X=nlYy =1).

Let X ~ Poisson(A ), and suppose that given X = n, ¥ ~ binomial(n, p). Find P(X =
n|Y =k) forn > k.

Let X and Y be independent binomial(n, p) random variables. Find the conditional
probability of X > k given that max(X,Y) > k if n = 100, p = 0.01, and k = 1. An-
swer: 0.576.

Let X ~ geometricy(p) and Y ~ geometricy(q), and assume X and Y are independent.

(a) Find P(XY =4).

(b) Put Z:= X +7Y and find pz(j) for all j using the discrete convolution formula
(3.17). Treat the cases p # g and p = g separately.

Let X and Y be independent random variables, each taking the values 0, 1,2,3 with
equal probability. Put Z := X +Y and find pz(j) for all j. Hinz: Use the discrete
convolution formula (3.17) and pay careful attention to the limits of summation.
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35.

36.

*37.

3.5:

38

39.
40.

41.

42.

43.
44,

45.

46.

More about discrete random variables

Let X ~ Bernoulli(p), and suppose that given X = i, Y is conditionally Poisson(4;),
where A; > Ay. Express the likelihood-ratio test

PY=jlXx=1) o P(X=0)

PY=jXx=0 — P(X=1)

in as simple a form as possible.

Let X ~ Bernoulli(p), and suppose that given X =4, Y is conditionally geometricy(g;),
where q; < go. Express the likelihood-ratio test

P(Y=jiX=1) _ P(X=0)

PY=jX=0 ~— PX=1)

in as simple a form as possible.

Show that if P(X =x;|Y =y;) = h(x;) for all j and some function A, then X and Y are
independent.

Conditional expectation
. Let X and Y be jointly discrete, integer-valued random variables with joint pmf
3’;!63, i=1,j>0,
LTI FC S
(;,. otherwise.

Compute E[Y|X =], E[Y], and E[X|Y = j].
Let X and Y be as in Example 3.15. Find E[Y], E[XY], E[Y?], and var(Y).

Let X and Y be as in Example 3.16. Find E[Y|X = 1], E[Y|X = 0], E[Y], E[Y?], and
var(Y).

Let X ~ Bernoulli(2/3), and suppose that given X =i, ¥ ~ Poisson(3(i+1)). Find
E[(X+1)Y?.

Let X ~ Poisson(A), and suppose that given X = n, ¥ ~ Bernoulli(1/(n+1)). Find
E[XY].

Let X ~ geometric, (p), and suppose that given X = n, ¥ ~ Pascal(n,q). Find E[XY].
Let X and Y be integer-valued random variables, with Y being positive. Suppose

that given Y = k, X is conditionally Poisson with parameter k. If Y has mean m and
variance r, find E[X?].

Let X and Y be independent random variables, with X ~ binomial(n, p), and let ¥ ~
binomial(m, p). Put V := X +Y. Find the pmf of V. Find P(V = 10|X = 4) (assume
n>4and m > 6).

Let X and Y be as in Example 3.15. Find Gy (z).
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Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

3.1.

3.2.

3.3.

3.4.

3.5.

Probability generating functions. Important formulas include the definition (3.1),
the factorization property for pgfs of sums of independent random variables (3.2), and
the probability formula (3.4). The factorial moment formula (3.5) is most useful in
its special cases

Gy(@)l=1 = E[X] and Gy(2)l—1 = E[X*] —E[X].

The pgfs of common discrete random variables can be found inside the front cover.

The binomial random variable. The binomial(n, p) random variable arises as the
sum of 7 i.i.d. Bernoulli(p) random variables. The binomial(rn, p) pmf, mean, vari-
ance, and pgf can be found inside the front cover. It is sometimes convenient to
remember how to generate and use Pascal’s triangle for computing the binomial co-
efficient (}) = n!/[k!(n—k)!].

The weak law of large numbers. Understand what it means if P(|M, —m| > €) is
small.

Conditional probability. 1 often tell my students that the three most important things
in probability are:
(i) the law of total probability (3.12);
(i) the substitution law (3.13); and
(iif) independence for “dropping the conditioning” as in (3.14).
Conditional expectation. 1 again tell my students that the three most important things
in probability are:
(i) the law of total probability (for expectations) (3.23);
(ii) the substitution law (3.22); and
(iii) independence for “dropping the conditioning.”
If the conditional pmf of Y given X is listed in the table inside the front cover (this

table includes moments), then E[Y|X = i] or E[Y?|X = i] can often be found by in-
spection. This is a very useful skill.

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.
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Continuous random variables

In Chapters 2 and 3, the only random variables we considered specifically were discrete
ones such as the Bernoulli, binomial, Poisson, and geometric. In this chapter we consider
a class of random variables allowed to take a continuum of values. These random vari-
ables are called continuous random variables and are introduced in Section 4.1. Continuous
random variables are important models for integrator output voltages in communication
receivers, file download times on the Internet, velocity and position of an airliner on radar,
etc. Expectation and moments of continuous random variables are computed in Section 4.2.
Section 4.3 develops the concepts of moment generating function (Laplace transform) and
characteristic function (Fourier transform). In Section 4.4 expectation of multiple random
variables is considered. Applications of characteristic functions to sums of independent
random variables are illustrated. In Section 4.5 the Markov inequality, the Chebyshev
inequality, and the Chernoff bound illustrate simple techniques for bounding probabilities
in terms of expectations.

4.1 Densities and probabilities

Introduction

Suppose that a random voltage in the range [0,1) is applied to a voltmeter with a one-
digit display. Then the display output can be modeled by a discrete random variable Y
taking values .0,.1,.2,...,.9 with P(Y =&/10) = 1/10 for k =0,...,9. If this same random
voltage is applied to a voltmeter with a two-digit display, then we can model its display
output by a discrete random variable Z taking values .00,.01,...,.99 with P(Z = k/100) =
1/100 for k =0,...,99. But how can we model the voltage itself? The voltage itself, call
it X, can be any number in range [0,1). For example, if 0.15 < X < 0.25, the one-digit
voltmeter would round to the tens place and show Y = 0.2. In other words, we want to be
able to write

P<%70.05§X<%+0.05) _ p(Y:%) _ %‘

Notice that 1/10 is the length of the interval

[% ~0.05, % + 0.05) .

This suggests that probabilities involving X can be computed via
b
Pla<X <b) = / ldx = b—a,

which is the length of the interval [a,b). This observation motivates the concept of a con-
tinuous random variable.

138
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Definition

We say that X is a continuous random variable if P(X € B) has the form

P(XcB) = /Bf(t)dt = /:13(;),0(;)61; @.1)

for some integrable function f.? Since P(X € IR) = 1, the function f must integrate to one;
i.e., [*_ f(¢)dt = 1. Further, since P(X € B) > 0 for all B, it can be shown that / must be
nonnegative.! A nonnegative function that integrates to one is called a probability density
function (pdf).

Usually, the set B is an interval such as B = [a, b]. In this case,

Pla<X <b) = /bf(t)dt.

See Figure 4.1(a). Computing such probabilities is analogous to determining the mass of a
piece of wire stretching from a to b by integrating its mass density per unit length from a to
b. Since most probability densities we work with are continuous, for a small interval, say
[x,x + Ax], we have

"X+Ax
Plx<X <x+Ax) — / F(0)dt ~ f(x)Ax.

JX

See Figure 4.1(b).

(a) (b)

Figure 4.1. (a) P(a <X <b) = ja[’ f(t)dt is the area of the shaded region under the density f(z). (b) P(x <X <
x+Ax) = |, ;”Ax f(t)dt is the area of the shaded vertical strip.

Note that for random variables with a density,
Pa<X<b) =Pla<X<b) =Pla<X<b) =Pla<X<b)

since the corresponding integrals over an interval are not affected by whether or not the
endpoints are included or excluded.
Some common densities

Here are some examples of continuous random variables. A summary of the more com-
mon ones can be found on the inside of the back cover.

“9Later, when more than one random variable is involved, we write fx (x) instead of f(x).
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Uniform. The simplest continuous random variable is the uniform. It is used to model
experiments in which the outcome is constrained to lie in a known interval, say [a,b], and
all outcomes are equally likely. We write f ~ uniform[a,b] if a < b and

1
fix) =< b—a

0, otherwise.

, a<x<b,

This density is shown in Figure 4.2. To verify that f integrates to one, first note that since

i

b-a

Figure 4.2. The uniform density on [a, ).

f(x) =0 forx < aand x > b, we can write

/:of(x)dx = /ubf(x)dx.

Next, fora <x <b, f(x) =1/(b—a), and so

/abf(x)dx = /abbiadx = 1.

This calculation illustrates an important technique that is often incorrectly carried out by
novice students: First modify the limits of integration, then substitute the appropriate for-
mula for f(x). For example, it is quite common to see the incorrect calculation,

s = [t =

Example 4.1. In coherent radio communications, the phase difference between the trans-
mitter and the receiver, denoted by ©, is modeled as having a density f ~ uniform[—7, 7].
Find P(® <0) and P(® < 7/2).

Solution. To begin, write

0 0
P@<0) = [ f6)ae = [ f(6)as.
—oo J =T
where the second equality follows because f(6) =0 for & < —n. Now that we have
restricted the limits of integration to be inside the region where the density is positive, we
can write

() 1
PO<0) = /%Ede — 1)

The second probability is treated in the same way. First write

/2
£(8)de.

-7

/2
P(® < 1/2) :/ﬁ £(6)d6 —
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It then follows that
/2 1
PO<®/2) = —do = 3/4.
©<m/2) = [ a6 =3

]

Example 4.2. Use the results of the preceding example to compute P(® > 7/2|@ > 0).

Solution. To calculate

P({® > 1/2}N{® > 0})

P(®> /2|0 >0) = 5(©50) :

first observe that the denominator is simply P(@ >0)=1—-P(@<0)=1—-1/2=1/2. As
for the numerator, note that

{®>r/2} Cc {®>0}.
Then use the fact that A C B implies AN B = A to write
P{O>n/2}N{®@>0})=P(O@>7n/2)=1-P(®<7/2)=1/4.

Thus, P(® > 71/2/@ > 0) = (1/4)/(1/2) = 1/2.

Exponential. Another simple continuous random variable is the exponential with para-
meter A > 0. We write f ~ exp(A) if

de ™ x>0,
fx) =
0, x<0.

This density is shown in Figure 4.3. As A increases, the height increases and the width
decreases. It is easy to check that f integrates to one. The exponential random variable is
often used to model lifetimes, such as how long a cell-phone call lasts or how long it takes a
computer network to transmit a message from one node to another. The exponential random
variable also arises as a function of other random variables. For example, in Problem 4.3
you will show that if U ~ uniform(0, 1), then X = In(1/U) is exp(1). We also point out
that if U and V are independent Gaussian random variables, which are defined later in this
section, then U2 4 V2 is exponential and v/U2 + V2 is Rayleigh (defined in Problem 30).2

Example 4.3. Given that a cell-phone call has lasted more than ¢ seconds so far, suppose
the conditional probability that the call ends by ¢ + Ar is approximately A Az when Az is small.
Show that the call duration is an exp(A ) random variable.

Solution. Let T denote the call duration. We treat the problem assumption as saying
that

P(T <t+AtT >1t) = AAts.
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A A2
exp(A) Laplace(A)

A2 M4

0 0

0 InyA ~In2)/A 0 In(2)/A

L 1
A Cauchy(\) 2n o N(m,(sz)
1
21tA

0 0

-2 0 A m—G m m+G

Figure 4.3. Several common density functions.

To find the density of T, we proceed as follows. Let r > 0 and write

PHT <t4+ At} {T >1})
P(T >1)
Plt<T<t+A)
P(T >1)
t+At
| fr(0)de

P(T>t)

P(T <t+At|T >1)

For small At, the left-hand side is approximately AAz, and the right-hand side is approxi-
mately fr(¢)Ar/P(T > 1);ie.,
t)At
AAF = &
P(T > 1)
Now cancel At on both sides and multiply both sides by P(T > t) to get AP(T >1t) = fr(¢).
In this equation, write P(7 > f) as an integral to obtain

3 [ rr(e)ae = frlo).
t
Differentiating both sides with respect to ¢ shows that

_szT(t) = f]l"(t)a t>0.

The solution of this differential equation is easily seen to be fr(¢) = ce~*' for some constant
c¢. However, since f7(t) is a density and since its integral from zero to infinity must be one,
it follows that c = A.
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Remark. In the preceding example, T was the duration of a cell-phone call. However,
if T were the lifetime or time-to-failure of a device or system, then in reliability theory, the
quantity

. P(T<t4+MT >1)
lim
At—0 At

is called the failure rate. If this limit does not depend on ¢, then the calculation of the
preceding example shows that the density of 7" must be exponential. Time-varying failure
rates are considered in Section 5.7.

Laplace / double-sided exponential. Related to the exponential is the Laplace, some-
times called the double-sided exponential. For A > 0, we write f ~ Laplace(A) if

1) = he .

This density is shown in Figure 4.3. As A increases, the height increases and the width
decreases. You will show in Problem 54 that the difference of two independent exp(A)
random variables is a Laplace(A) random variable.

Example 4.4. An Internet router can send packets via route 1 or route 2. The packet
delays on each route are independent exp(4) random variables, and so the difference in
delay between route 1 and route 2, denoted by X, has a Laplace(A) density. Find

P(-3<X<—20r0<X<3).

Solution. The desired probability can be written as
P{-3<X<-2}u{0<X <3}).

Since these are disjoint events, the probability of the union is the sum of the individual
probabilities. We therefore need to compute

P(-3<X<-2) and P(0<X<3).

Since X has a Laplace(A) density, these probabilities are equal to the areas of the corre-
sponding shaded regions in Figure 4.4. We first compute

) -2
P(-3<X<-2) = / %e%lx\ dx = %/ e’lxdx,
-3 -3

A2

3 2 -1 0 1 2 3

Figure 4.4. Laplace(A) density for Example 4.4.
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where we have used the fact that since x is negative in the range of integration, |x| = —x.
This last integral is equal to (e~2* — ¢~3*) /2. It remains to compute

3 3
PO<X<3) :/ kot gy = %/ e Mgy,
0 0

which is equal to (1 —e~3*) /2. The desired probability is then

1 —2¢ 34 422
5 .

Cauchy. The Cauchy random variable with parameter A > 0 is also easy to work with.
We write f ~ Cauchy(A) if
Alm
o) = 32
This density is shown in Figure 4.3. As A increases, the height decreases and the width
increases. Since (1/7)(d/dx)tan'(x/1) = f(x), and since tan~!(e0) = /2, it is easy
to check that f integrates to one. The Cauchy random variable arises as the tangent of a
uniform random variable (Example 5.10) and also as the quotient of independent Gaussian
random variables (Problem 33 in Chapter 7).

Example 4.5. In the A-lottery you choose a number A with 1 <A < 10. Then a random
variable X is chosen according to the Cauchy density with parameter A. If |[X| > 1, then
you win the lottery. Which value of A should you choose to maximize your probability of
winning?

Solution. Your probability of winning is

P(X|>1) = (X>10rX<—1)

:/f dx+/

where f(x) = (A/x)/(A? +x?) is the Cauchy density. Since the Cauchy density is an even
function,

Alm
> = .
P(X|> 1) 2/1 T d

Now make the change of variable y = x/A, dy = dx/A, to get

< 1/n
P(X|> 1 :2/ d
=y =2[ 2

Since the integrand is nonnegative, the integral is maximized by minimizing 1/A or by
maximizing A. Hence, choosing A = 10 maximizes your probability of winning.
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Gaussian / normal. The most important density is the Gaussian or normal. For 62 > 0,
we write f ~ N(m,c?) if

1 = e S

where o is the positive square root of 6. A graph of the N(m, 6%) density is sketched in Fig-
ure 4.3. It is shown in Problems 9 and 10 that the density is concave for x € [m — 6,m+ 0]
and convex for x outside this interval. As o increases, the height of the density decreases
and it becomes wider as illustrated in Figure 4.5. If m = 0 and 6 = 1, we say that f is a
standard normal density.

G = small

Figure 4.5. N(m,c?) densities with different values of G.

As a consequence of the central limit theorem, whose discussion is taken up in Chap-
ter 5, the Gaussian density is a good approximation for computing probabilities involving a
sum of many independent random variables; this is true whether the random variables are
continuous or discrete! For example, let

X = X+ +X,,

where the X; are i.i.d. with common mean m and common variance 2. For large n, it is
shown in Chapter 5 that if the X; are continuous random variables, then

fx(x) = WeXp{;(w)z}’

while if the X; are integer-valued,

px (k) ~ \/Ti;c\/ﬁeXp [—% (ko__\;:;)z}

In particular, since the macroscopic noise current measured in a circuit results from the sum
of forces of many independent collisions on an atomic scale, noise current is well-described
by the Gaussian density. For this reason, Gaussian random variables are the noise model of
choice in electronic communication and control systems.

To verify that an arbitrary normal density integrates to one, we proceed as follows.
(For an alternative derivation, see Problem 17.) First, making the change of variable t =

(x—m) /o shows that
[wf(x)dx = \/%/we*’z/zdt.
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So, without loss of generality, we may assume f is a standard normal density with m = 0
and 0 = 1. We then need to show that I := [ e‘xz/ 2dx = +/2m. The trick is to show
instead that /> = 2. First write

= (/m e_xz/zdx> </w e_yz/zdy)

Now write the product of integrals as the iterated integral

/ / Ky )12 dxdy.

Next, we interpret this as a double integral over the whole plane and change from Cartesian
coordinates x and y to polar coordinates r and 6. To integrate over the whole plane in polar
coordinates, the radius r ranges from O to oo, and the angle 0 ranges from O to 2. The
substitution is x = rcos 6 and y = rsin 0. We also change dxdy to rdrd®. This yields

21
12:/ / e rdrdd
/ (—e /2 )de
JO 0
2r
:/ 146
0

= 2.

Example 4.6. The noise voltage in a certain amplifier has the standard normal density.
Show that the noise is as likely to be positive as it is to be negative.

Solution. In terms of the density, which we denote by f, we must show that

/_(;f(x)dx = /Ooof(x)dx

Since f(x) = e/ /V/27 is an even function of x, the two integrals are equal. Furthermore,
we point out that since the sum of the two integrals is [~ f(x)dx = 1, each individual
integral must be 1/2.

Location and scale parameters and the gamma densities

Since a probability density function can be any nonnegative function that integrates to
one, it is easy to create a whole family of density functions starting with just one density
function. Let f be any nonnegative function that integrates to one. For any real number ¢
and any positive number A, consider the nonnegative function

lf(l(x—c)).

Here c is called a location parameter and A is called a scale parameter. To show that this
new function is a probability density, all we have to do is show that it integrates to one. In

the integral
/ Af(A(r—c))dx
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2\

0 i - o
(@ (b) ©

Figure 4.6. (a) Triangular density f(x). (b) Shifted density f(x —c). (c) Scaled density A f(Ax) shown for
0<A<1.

make the change of variable r = A (x — ¢), dt = A dx to get

/ Af(Ax—c))dx = / Fyde = 1.

Let us first focus on the case A = 1. Then our new density reduces to f(x —¢). For
example, if f is the triangular density shown in Figure 4.6(a), then f(x — c) is the density
shown in Figure 4.6(b). If ¢ is positive, then f(x —c) is f(x) shifted to the right, and if ¢ is
negative, then f(x —c¢) is f(x) shifted to the left.

Next consider the case ¢ = 0 and A > 0. In this case, the main effect of A is to shrink (if
A > 1) or to expand (if A < 1) the density. The second effect of A is to increase or decrease
the height of the density. For example, if f is again the triangular density of Figure 4.6(a),
then A f(Ax) is shown in Figure 4.6(c) for 0 < A < 1.

To see what happens both ¢ # 0 and A > 0, first put 4(x) := A f(Ax). Then observe that
h(x—c) =2 f(A(x—c)). In other words, first find the picture for A f(Ax), and then shift
this picture by c.

In the exponential and Laplace densities, A is a scale parameter, while in the Cauchy
density, 1/A is a scale parameter. In the Gaussian, if we write f(x) = e 12 / V27, then

o~ (Alx—c))?/2
V21

Comparing this with (4.2) shows that ¢ = m and A = 1/c. In other words for an N(m, 6?)
random variable, m is a location parameter and 1/0 is a scale parameter. Note in particular
that as o increases, the density becomes shorter and wider, while as ¢ decreases, the density
becomes taller and narrower (recall Figure 4.5).

An important application of the scale parameter arises with the basic gamma density
with parameter p > 0. This density is given by

Af(A(x—c)) = A

xP e

gplx) = I'(p)
0, otherwise,

, x>0,

where -
I['(p) ::/ X le™¥dx, p>0,
0
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is the gamma function. In other words, the gamma function is defined to make the gamma
density integrate to one.3 (Properties of the gamma function are derived in Problem 14.)
Graphs of g, (x) for p=1/2, p=1, p=3/2, p=2, and p = 3 are shown in Figure 4.7. To
explain the shapes of these curves, observe that for x near zero, e ~ 1, and so the behavior
is determined by the factor xP~1. For the values of p in the figure, this factor is x Y 2 40
x'/2, x, and x2. In the first case, x~!/2 blows up as x approaches the origin, and decreases
as x moves to the right. Of course, %9 =1 is a constant, and in the remaining cases, xP1
is zero for x = 0 and then increases. In all cases, as x moves to the right, eventually, the
decaying nature of the factor e~ dominates, and the curve decreases to zero as x — oo.

s

Setting g, 1 (x) := A g,(Ax) defines the general gamma density, and the following spe-
cial cases are of great importance. When p = m is a positive integer, g,,, is called an
Erlang(m, ) density (see Problem 15). As shown in Problem 55(c), the sum of m i.i.d.
exp(A) random variables is an Erlang(m, 1) random variable. For example, if m customers
are waiting in a queue, and the service time for each one is exp(A ), then the time to serve all
mis Erlang(m, A ). The Erlang densities form =1,2,3 and A = 1 are g1 (x), g2(x), and g3(x)
shown in Figure 4.7. When p =k/2 and A = 1/2, g,, ; is called a chi-squared density with
k degrees of freedom. As you will see in Problem 46, the chi-squared random variable arises
as the square of a normal random variable. In communication systems employing nonco-
herent receivers, the incoming signal is squared before further processing. Since the thermal
noise in these receivers is Gaussian, chi-squared random variables naturally appear. Since
chi-squared densities are scaled versions of g; >, the chi-squared densities for k = 1,2,3,4,
and 6 are scaled versions of g2, g1, 832, §2, and g3 shown in Figure 4.7.

Figure 4.7. The gamma densities g, (x) forp=1/2,p=1,p=3/2,p=2,and p = 3.
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The paradox of continuous random variables

Let X be a continuous random variable. For any given x, write

| = /_if(t)dt - /_X:f(t)dtJr/xmf(t)dt
= P(X SX())-‘FP(X ZX())
= P(X <x0)+PX =x0)+P(X > xp).

Since P(X <xg)+P(X >xp) = P(X € R) = 1, it follows that P(X = xo) = 0. We are thus
confronted with the fact that continuous random variables take no fixed value with positive
probability! The way to understand this apparent paradox is to realize that continuous ran-
dom variables are an idealized model of what we normally think of as continuous-valued
measurements. For example, a voltmeter only shows a certain number of digits after the
decimal point, say 5.127 volts because physical devices have limited precision. Hence, the
measurement X = 5.127 should be understood as saying that

5.1265 < X < 5.1275,

since all numbers in this range round to 5.127. Now there is no paradox since P(5.1265 <
X < 5.1275) has positive probability.

You may still ask, “Why not just use a discrete random variable taking the distinct val-
ues k/1000, where k is any integer?” After all, this would model the voltmeter in question.
One answer is that if you get a better voltmeter, you need to redefine the random variable,
while with the idealized, continuous-random-variable model, even if the voltmeter changes,
the random variable does not. Also, the continuous-random-variable model is often mathe-
matically simpler to work with.

Remark. If B is any set with finitely many points, or even countably many points, then
P(X € B) =0 when X is a continuous random variable. To see this, suppose B = {x1,x2,...}
where the x; are distinct real numbers. Then

oo

P(XeB) = P(U{x,-}> = iip(xzx,») =0,

i=1

since, as argued above, each term is zero.

4.2 Expectation of a single random variable

For a discrete random variable X with probability mass function p, we computed expec-
tations using the law of the unconscious statistician (LOTUS)

Elg(X)] = Y} g(x:) p(xi)-

Analogously, for a continuous random variable X with density f, we have

Elg(X)] = [ slf)dr @3
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In particular, taking g(x) = x yields

EX] = /fo(x) dx.

We derive these formulas later in this section. For now, we illustrate LOTUS with several
examples.

Example 4.7. If X is a uniform[a, b] random variable, find E[X], E[X?], and var(X).
Solution. To find E[X], write

)C2 b

Em]: [:xﬂ@dx:‘Ax¢1adx: 2(b—a) |,

a

which simplifies to
b —a>  (b+a)(b—a)  a+b
2(b—a)  2(b—a) 2
which is simply the numerical average of a and b.
To compute the second moment, write

oo b 1 3 b
EX? = /_mxzf(x)dx:/llxzb_adx: 3(bx—a) ,

a

which simplifies to

b —a? (b—a)(b*+ba+a®)  b*+ba+d*

3(b—a) 3(b—a) 3

Since var(X) = E[X?] — (E[X])?, we have

H+w+ﬁ_&+mm¢2

var(X) = 3 )
_ b*—2ba+a’
o 12
B (b—a)?
12

Example 4.8 (quantizer noise). An analog-to-digital converter or quantizer with reso-
lution or step size A volts rounds its input to the nearest multiple of A volts as shown in
Figure 4.8. If the input is a random voltage Vi, and the output is denoted by Vi, then the
performance of the device is characterized by its mean squared error, E[|Vi, — Vou(|*]. In gen-
eral it is difficult to compute this quantity. However, since the converter is just rounding to
the nearest multiple of A volts, the error always lies between +A/2. Hence, in many cases
it is assumed that the error Vi, — Vout is approximated by a uniform[—A/2,A/2] random
variable [18]. In this case, evaluate the converter’s performance.
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Figure 4.8. Input—output relationship of an analog-to-digital converter or quantizer with resolution A.

Solution. If X ~ uniform[—A/2,A/2], then the uniform approximation allows us to
write

E[|Vin — Voul*] ~ E[X?]
= var(X), since X has zero mean,
AJ2—(—A/2))?
= %, by the preceding example,
A2

Example 4.9. If X is an exponential random variable with parameter A = 1, find all
moments of X.

Solution. We need to compute
EX"] = / x'e " dx.
0

Use integration by parts (see Note 4 for a refresher) with # = x" and dv = e *dx. Then
du=nx""ldx,v=—e*, and

oo

+n/ e dx.
0 0

Using the fact that x"e™ = 0 both for x = 0 and for x — oo, we have

E[ n] — e

E[X"] = n/ooox"*]e*xdx = nE[X”fl], 4.4)

Taking n = 1 yields E[X] = E[X?] = E[1] = 1. Taking n = 2 yields E[X?] =2-1,and n =3
yields E[X3] = 3-2- 1. The general result is that E[X"] = n!.

Observe that
/ xle tdx = / X gx = D(n+1).
0 0

Hence, the preceding example shows that I'(n+ 1) = n!. In Problem 14(a) you will gener-
alize the calculations leading to (4.4) to show that T'(p+ 1) = p-T'(p) for p > 0.
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Example 4.10. Find the mean and variance of an exp(A) random variable.

Solution. Since var(X) = E[X?] — (E[X]?), we need the first two moments of X. The nth
moment is

E[x"] = /wx"-xe*“dx.
JO

Making the change of variable y = Ax, dy = Adx, we have
oo ) 1 o0 )
EX = [ o/ayerdy = 5 [ yreay
0 A™ Jo

Since this last integral is the nth moment of the exp(1) random variable, which is n! by the
last example, it follows that
n!
EX"] = T
Hence,

Example 4.11. Let X be a continuous random variable with standard Gaussian density
f~N(0,1). Compute E[X"] forall n > 1.

Solution. Write

Ex'] = [ s,

where f(x) = exp(—x?/2)/+/2x. Since f is an even function of x, the above integrand is
odd for n odd. Hence, all the odd moments are zero. For n > 2, write

o efx2/2
E[X"] :/_ X" Nor dx

1 /m xnfl
V2T J e

Integration by parts shows that this last integral is equal to

2
xe 2 dx.

=

—x”flefxzﬂ‘ +(n— 1)/ 22 gy,

. 2 .
Since e /2 decays faster than any power of x, the first term is zero. Thus,
e—xz /2

V2r

E[x"] — (n—l)[ 28 gy
= (n—DEX™,

where, from the integral with n = 2, we see that E[X°] = 1. When n = 2 this yields E[X?] = 1,
and when n = 4 this yields E[X*] = 3. The general result is

_ [ 1:3---(n=3)(n—1), neven,
EXT] = { 0, 7 odd.
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At this point, it is convenient to introduce the double factorial notation,

n!l = {

In particular, with odd n = 2m — 1,
2m—1)!

Hence, if X ~ N(0,1),

Ex?" =

1-3---

1-3---(n—2)-n, n>0and odd,
2-4---(n—2)-n, n>0and even.

we see that

1-3---(2m—3)(2m—1)
1-2-3-4--(2m—1)(2m)
2-4---(2m)
(2m)!
(2-1)-(2-2)-(2-3)---(2m)
(2m)!

2mm!’

(2m)!

o (4.5)

2m—3)2m—1) = 2m—1)I! =

Example 4.12. 1f X has density f ~ N(m,c?), show that E[X] = m and var(X) = ¢2.

Solution. Instead of showing E[X] = m, it is easier to show that E[X —m] = 0. Write

E[X —m]

Make the change of variable y =

| w=mroax

1(x—m 2
exp[—j( e

= xX—m X
./ﬂo( ) 2w o
1(x=m 2
/°° x—m exP{*i(T) ]d
= . X.
—w O V2m
(x—m)/o, noting that dy = dx/c. Then
E "
X—m| = G/ ,
(X —m] Ry~

which is seen to be zero once we recognize the integral as having the form of the mean of

an N(0,1) random variable Y.
To compute var(X), write

B -mp) = |

oo

(x—m)* f(x)dx

—o0
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Making the same change of variable as before, we obtain

2 2 [T 2e_y2/2
E(Xx—m)? = o [my s

Now recognize this integral as having the form of the second moment of an N(0, 1) random

variable Y. By the previous example, E[Y?] = 1. Hence, E[(X —m)?] = 62.

Example 4.13 (infinite expectation). Pareto densities’? have been used to model packet
delay, files sizes, and other Internet characteristics. Let X have the Pareto density f(x) =
1/x*, x> 1. Find E[X].

Solution. Write

Example 4.14. Determine E[X] if X has a Cauchy density with parameter A = 1.

Solution. This is a trick question. Recall that as noted following Example 2.24, for
signed discrete random variables,

E[X] = Z xiP(X :xi)+ Z xiP(X:xi),

iix; >0 itx; <0
if at least one of the sums is finite. The analogous formula for continuous random variables
is _ 0

EX] = / xf(x)dx+/ xf(x)dx,
JO J —oo

assuming at least one of the integrals is finite. Otherwise we say that E[X] is undefined.
Since f is the Cauchy(1) density,

xf(x) = x- 11_(_7;2'
Since this integrand has anti-derivative
iln(l +x%),
2r
we have
1 N 0
EX] = Eln(lerz) ) +ﬂln(1+x2) B
= (@=0)+(0-<)
= undefined.

b Additional Pareto densities are considered in Problems 2, 23, and 26 and in Problem 59 in Chapter 5.
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*Derivation of LOTUS

Let X be a continuous random variable with density f. We first show that if g is a
real-valued function taking finitely many distinct values y; € IR, then

ElgC0)) = [ g f(x)d. “6)
To begin, observe that
PY =) = Pe(X) =) = [ jWax

Then write

E[Y] = ZYjP(Y )
J

= . d

;yl /{x:g(x):yj}f(X) X

= ‘ )

;/{x:g(x)_yj}yj f(x) X

X /{ IRCHATE
~ [ e sean

since the last sum of integrals is just a special way of integrating over all values of x.

We would like to apply (4.6) for more arbitrary functions g. However, if g(X) is not a
discrete random variable, its expectation has not yet been defined! This raises the question
of how to define the expectation of an arbitrary random variable. The approach is to approx-
imate X by a sequence of discrete random variables (for which expectation was defined in
Chapter 2) and then define E[X] to be the limit of the expectations of the approximations.
To be more precise about this, consider the sequence of functions g, sketched in Figure 4.9.

Figure 4.9. Finite-step quantizer ¢, (x) for approximating arbitrary random variables by discrete random variables.
The number of steps is n2". In the figure, n = 2 and so there are eight steps.
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Since each g, takes only finitely many distinct values, g,(X) is a discrete random variable
for which E[g,(X)] is defined. Since g, (X) — X, we then define® E[X] := lim, ... E[g,(X)].

Now suppose X is a continuous random variable. Since g,(X) is a discrete random
variable, (4.6) applies, and we can write

oo

E[X] := lim E[¢g,(X)] = lim qu(x)f(x)dx.

n—oo n—oo | __

Now bring the limit inside the integral,® and then use the fact that g, (x) — x. This yields

EX] = /jo lim g, (x) f(x)dx = /:fo(x)dx.

oo N—>00

The same technique can be used to show that (4.6) holds even if g takes more than
finitely many values. Write

Elg(X)] :== lim E[g.(g(X))]

n—oo

oo

= lim qn(g(x))f(x)dx

n—oo | oo

_ / " lim gu(g(x)) £ (x) dx

00 N—200

= [ s

4.3 Transform methods

In Chapter 3, we made extensive use of probability generating functions to compute
moments and to analyze sums of independent random variables. However, probability gen-
erating functions apply only to nonnegative, integer-valued random variables. To handle
other kinds of random variables, we now introduce moment generating functions and char-
acteristic functions.

Moment generating functions

The moment generating function (mgf) of a real-valued random variable X is defined
by

Mx(s) = E[¢™X]. (4.7)

This generalizes the concept of probability generating function because if X is discrete
taking only nonnegative integer values, then

Mx(s) = E[*] = E[(e)"] = Gx(e").

To see why My is called the moment generating function, we differentiate (4.7) with respect

to s and obtain
d
_E sX
75 Ele”]

d
E|l= sX
]

= E[Xe“'X].

My(s)
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Taking s = 0, we have
Mi(s)ls=0 = E[X].

Differentiating k times and then setting s = 0 yields

M (5)]s=0 = E[XF], (4.8)

assuming My (s) is finite in a neighborhood of s = 0 [3, p. 278].

Example 4.15. If X ~ N(0,1), find its moment generating function, and use it to find
the first four moments of X.

Solution. To begin, write

Mx (s o2 gy

1 0o
= — e
) V2r / —oo
Combining the exponents in the above integral and completing the square we find
(=922
—eo 2T

The above integrand is a normal density with mean s and unit variance. Since densities

o

Mx(s) = 2 dx.

integrate to one, My (s) = /2.

For the first derivative of My (s), we have My (x) = ¢’/2 s, and so E[X] =M (0) =0.
Before computing the remaining derivatives, it is convenient to notice that My (s) = Mx (s)s.
Using the product rule,

My(s) = My(s) + My (s)s = Mx(s)+Mx(s)s’.

Since we always have My (0) = 1, we see that E[X?] = My (0) = 1. Rewriting My (s) =
Myx (s)(1452), we get for the third derivative,

MY (s) = My (5)(25) + My (s)(1+52) = My (s)(3s+5°).
Hence, E[X?] = M,((B) (0) = 0. For the fourth derivative,
M)(?) (s) = Mx(s)(3+3s%) +My(s)(3s+5>).

Since we are stopping with the fourth moment, no further simplification is necessary since
we are going to set s = 0. We find that E[X*] = M)(;‘) (0) =3.

It is now convenient to allow s to be complex. This means that we need to define the
expectation of complex-valued functions of X. If g(x) = u(x) + jv(x), where u and v are
real-valued functions of x, then

E[¢(X)] = E[u(X)]+ JEM(X)].
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If X has density f, then
Elg(X)] := Efu(X )HJE[( )]
wu dx+]/ v(x)f(x)dx

-]
— [ )+ o) dx
~ [ swr@as

It now follows that if X is a continuous random variable with density f, then

Mx(s) = E[e”] = /:oe‘”‘ (x)dx,

which is just the Laplace transform¢ of f.

oo

Example 4.16. If X is an exponential random variable with parameter A > 0, find its
moment generating function.

Solution. Write

MX(S) = /Oooeleef/'Lxdx
— 2 /mex(-”)dx (4.9)
JO
T 1=

For real s, the integral in (4.9) is finite if and only if s < A. For complex s, the analogous
condition is Res < A. Hence, the moment generating function of an exp(A ) random variable
is defined only for Res < A.

If Mx () is finite for all real s in a neighborhood of the origin, say for —r < s < r for
some 0 < r < oo, then X has finite moments of all orders, and the following calculation using
the power series 5 = Y'°° (" /n! is valid for complex s with |s| < r [3, p. 278]:

o

Example 4.17. For the exponential random variable of the previous example, we can
obtain the power series as follows. Recalling the geometric series formula (Problem 27 in
Chapter 1), write

EX"], |s|<r (4.10)

S‘M

A 1 =
il wy; NGO

n=0

¢Signals and systems textbooks define the Laplace transform of f by [ e f(x) dx. Hence, to be precise, we
should say that Mx (s) is the Laplace transform of f evaluated at —s.
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which is finite for all complex s with |s| < A. Comparing the above sum with (4.10) and
equating the coefficients of the powers of s, we see by inspection that E[X"] = n!/A". In
particular, we have E[X] = 1/A and E[X?] = 2/A2. Since var(X) = E[X?] — (E[X])?, it
follows that var(X) = 1/A2.

In the preceding example, we computed My (s) directly, and since we knew its power
series expansion, we could pick off the moments by inspection. As the next example shows,
the reverse procedure is sometimes possible; i.e., if we know all the moments, we can write
down the power series, and if we are lucky, we can find a closed-form expression for the
sum.

Example 4.18. If X ~ N(0, 1), sum the power series expansion for My (s).

Solution. Since we know from Example 4.15 that Mx (s) is finite for all real s, we can
use the power series expansion (4.10) to find Mx (s) for all complex s. The moments of X
were determined in Example 4.11. Recalling that the odd moments are zero,

ngk

[}
m
g
_3

Alx(s) =

3
I
o
©
)

I
3
il aok
“ Olew
3
[\ )
3
3

- mz::() m!
s2/2

Remark. Lest the reader think that Example 4.18 is redundant in light of Example 4.15,
we point out that the solution of Example 4.15 works only for real s because we treated s as
the mean of a real-valued random variable.”

Characteristic functions

In Example 4.16, the moment generating function was guaranteed finite only for Res <
A. It is possible to have random variables for which Mx (s) is defined only for Res = 0; i.e.,
My (s) is only defined for imaginary s. For example, if X is a Cauchy random variable, then
it is easy to see that Mx (s) = o for all real s # 0. In order to develop transform methods
that always work for any random variable X, we introduce the characteristic function of
X, defined by

ox(v) := E[e/¥]. (4.11)

Note that @y (v) = Mx(jv). Also, since |e/VX| =1, |@x(v)| < E[|e/*X|] = 1. Hence, the
characteristic function always exists and is bounded in magnitude by one.
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If X is a continuous random variable with density f, then
ox(v) = [ eMf(x)dx,

which is just the Fourier transform“ of f. Using the Fourier inversion formula,

_1
T 2n

) L Z eV (V) dv. (4.12)

Example 4.19. If X is an N(0, 1) random variable, then by Example 4.18, Mx(s) =
¢’/2. Thus, @x (V) = My (jv) = eU")*/2 = ¢=V*/2_ In terms of Fourier transforms,

\/1 /°° Ve 2y = V2,

27 J—eo

In signal processing terms, the Fourier transform of a Gaussian pulse is a Gaussian pulse.
An alternative derivation of the N(0, 1) characteristic function is given in Problem 50.

Example 4.20. If X has the gamma density g,(x) = x”~'e™*/T'(p), x > 0, find the char-
acteristic function of X.

Solution. 1t is shown in Problem 44 that My (s) = 1/(1 —s)?. Taking s = jVv shows that

@x(v) = 1/(1 — jv)? is the characteristic function.® An alternative derivation is given in
Problem 51.

Example 4.21. As noted above, the characteristic function of an N(0, 1) random vari-
able is ¢~¥*/2. Show that

(PX(V) — eJ'me(yzvz/Z’ if X ~ N(m, 62).

Solution. Let fy denote the N(0,1) density. If X ~ N(m,c?), then fx(x) = fo((x —
m)/o)/o. Now write

Px(v) = E[e/*Y]
.[mejvxfx(x)dx

Bl 1 xX—m
./me]vx'cfo( c )dx.

4Signals and systems textbooks define the Fourier transform of f by [“_e™/®% f(x)dx. Hence, to be precise,
we should say that @x (V) is the Fourier transform of f evaluated at —v.
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Then apply the change of variable y = (x —m) /0o, dy = dx/o and obtain
ox(v) = [ fyy)dy

= e [y dy
_ ejv;ne—(vc)2/2

_ ejvmfazvz/z.

If X is an infeger-valued random variable, then
ex(v) = E[e/*] = }e/""P(X =n)
n

is a 2m-periodic Fourier series. Given @y, the coefficients can be recovered by the formula
for Fourier series coefficients,

P(X=n) = %/” eV (v)dv. (&613)

-7

When the moment generating function is not finite in a neighborhood of the origin,
the moments of X cannot be obtained from (4.8). However, the moments can sometimes
be obtained from the characteristic function. For example, if we differentiate (4.11) with
respect to v, we obtain

d

ox(v) = CE[/"] = E[jXe/™].

Taking v = 0 yields ¢ (0) = jE[X]. The general result is

0P (V)|v—o = JEXH, (4.14)

assuming E[|X |¥] < o [3, pp. 344-345].

Why so many transforms?

We have now discussed probability generating functions, moment generating functions,
and characteristic functions. Why do we need them all? After all, the characteristic function
exists for all random variables, and we can use it to recover probability mass functions and
densities and to find expectations.

In the case of nonnegative, integer-valued random variables, there are two reasons for
using the probability generating function. One is economy of notation. Since @x (V) =
Gx(e’V), the formula for the probability generating function is simpler to derive and to
remember. The second reason is that it easier to compute the nth derivative P(X = n) =

G&") (0)/n! than the integral (4.13).
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There are three reasons for using the moment generating function when it exists. First,
we again have economy of notation due to the fact that @x(v) = Mx(jv). Second, for
computing moments, the formula E[X"] = M)(("> (0) is easier to use than E[X"] = j" (p)((") (0),
and is much easier to use than the factorial moment formulas, e.g., E[X(X — 1)(X —2)] =
Ggf ) (1). Third, the Chernoff bound, discussed later in Section 4.5, and importance sampling
(Section 6.8) require the use of Mx (s) for positive values of s; imaginary values are not
useful.

To summarize, for some random variables, such as the Cauchy, the moment generating
function does not exist, and we have to use the characteristic function. Otherwise we should
exploit the benefits of the probability and moment generating functions.

4.4 Expectation of multiple random variables

In Chapter 2 we showed that for discrete random variables, expectation is linear and
monotone. We also showed that the expectation of a product of independent discrete random
variables is the product of the individual expectations. These properties continue to hold
for general random variables. Before deriving these results, we illustrate them with some
examples.

Example 4.22. Let Z:= X +Y, were X and Y are independent, with X ~ N(0, 1) and
Y ~ Laplace(1) random variables. Find cov(X,Z).

Solution. Recall from Section 2.4 that
cov(X,Z) := E[(X —mx)(Z—mgz)] = E[XZ] —mxmyz.
Since my = 0 in this example,
cov(X,Z) = E[XZ] = EX(X+Y)] = E[X?]+E[XY].
Since E[X?] = 1 and since X and Y are independent,

cov(X,Z) = 1+E[X]E[Y] = L.

Example 4.23. LetZ:=X+Y, where X and Y are independent random variables. Show
that the characteristic function of Z is the product of the characteristic functions of X and Y.

Solution. The characteristic function of Z is
0z(v) := E[e/V?] = E[e/V*FY)] = E[e/VXe/VY].
Now use independence to write

@z(v) = E[e/¥IE[/] = ox(V)oy(v). 4.15)
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An immediate consequence of the preceding example is that if X and Y are independent
continuous random variables, then the density of their sum Z = X + Y is the convolution of
their densities,

= [ fe=3) )y (4.16)

This follows by inverse Fourier transforming (4.15).

Example 4.24. In the preceding example, suppose that X and Y are Cauchy with para-
meters A and p, respectively. Find the density of Z:=X +7Y.

Solution. The characteristic functions of X and Y are, by Problem 49, ¢x (V) = e VI
and @y (v) = e V|, Hence,

02(v) = ox(V)gy(v) = e MVle IVl = o= (Atm)lvl,

which is the characteristic function of a Cauchy random variable with parameter A + (.

*Derivations

Recall that for an arbitrary random variable X, E[X] := lim,,_, E[g,,(X)], where g, (x)
is sketched in Figure 4.9, ¢, (x) — x, and for each n, ¢,(X) is a discrete random variable
taking finitely many values.

To establish linearity, write

aE[X]+bE[Y] := alim E[g,(X)] +b}iiigoE[qn(Y)]

n—oo

= lim aE[g,(X)] + bE[g,(Y)]

n—oo

(X)
= lim E[ag,(X) +bgu(Y)]
(X)

n—oo
= [hm aqn(X) 4+ bgy(Y))
= E[aX +bY],

where the third equality is justified because expectation is linear for discrete random vari-
ables.

From E[X] := lim,—. E[g,(X)] and the definition of g, (Figure 4.9), it is clear that if
X > 0, then so is E[X]. Combining this with linearity shows that monotonicity holds for
general random variables; i.e., X > Y implies E[X] > E[Y].

Example 4.25. Show that

EX][ < E[Ix]].

Solution. We use the fact that for p > 0, the condition |¢| < p is equivalent to the
condition —p <t < p. Since X < |X|,

E[X] < E[X]. @.17)
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Since —X < |X|,

E[-x] < E[IX]].
Multiplying through by a minus sign yields

—E[Ix]] < E[X],

which combined with (4.17) gives the desired result.

Suppose X and Y are independent random variables. For any functions /(x) and k(y) we
show that E[A(X)k(Y)] = E[h(X)] E[k(Y)]. Write

E[n(X)]E[k(Y)] = lim E[ga(h(X))] lim E[g, (k(Y))]
= lim E[ga (h(X))] E[gn (k(Y))]
= lim E[g,(7(X))ga(k(Y))]
= E[lim g, (h(X))qa(k(Y))]
= E[h(X)k(Y)],

where the third equality is justified because g, (h(X)) and g, (k(X)) are independent discrete
random variables.

4.5 *Probability bounds

In many applications, it is difficult to compute the probability of an event exactly. How-
ever, bounds on the probability can often be obtained in terms of various expectations. For
example, the Markov and Chebyshev inequalities were derived in Chapter 2. Below we
derive a much stronger result known as the Chernoff bound.¢

Example 4.26 (using the Markov inequality). Let X be a Poisson random variable with
parameter A = 1/2. Use the Markov inequality to bound P(X > 2). Compare your bound
with the exact result.

Solution. First note that since X takes only integer values, P(X > 2) = P(X > 3). Hence,
by the Markov inequality and the fact that E[X] = A = 1/2 from Example 2.22,

EX] 12
— = — = 0.167.
: = = 0167

P(X >3) <
The exact answer can be obtained by noting that P(X >3)=1-P(X <3)=1-P(X=0)—
P(X =1)—P(X =2). For a Poisson(A ) random variable with A = 1/2, P(X >3) =0.0144.
So the Markov inequality gives quite a loose bound.

¢This bound, often attributed to Chernoff (1952) [6], was used earlier by Cramér (1938) [11].
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Example 4.27 (using the Chebyshev inequality). Let X be a Poisson random variable
with parameter A = 1/2. Use the Chebyshev inequality to bound P(X > 2). Compare your
bound with the result of using the Markov inequality in Example 4.26.

Solution. Since X is nonnegative, we don’t have to worry about the absolute value signs.
Using the Chebyshev inequality and the fact that E[X?] = A2+ A = 0.75 from Example 2.29,

E[X?] 3/4
P(X>3) < = 27 ~ 0.0833.
(X23) < 32 9

From Example 4.26, the exact probability is 0.0144 and the Markov bound is 0.167.

We now derive the Chernoff bound. As in the derivation of the Markov inequality, there
are two key ideas. First, since every probability can be written as an expectation,

P(X >a) = E[fjye)(X)]. (4.18)

Second, from Figure 4.10, we see that for all x, I[a_}x,> (x) (solid line) is less than or equal to
¢**~9) (dashed line) for any s > 0. Taking expectations of

I[Q’N)(X) < es(X—a)

yields
Elljyen)(X)] < E[eX79] = ¢ E[e™] = ¢ *“Mx(s).

Combining this with (4.18) yields!”
P(X >a) < e **Mx(s). (4.19)

Now observe that this inequality holds for all s > 0, and the left-hand side does not depend
on s. Hence, we can minimize the right-hand side to get as tight a bound as possible. The
Chernoff bound is given by

P(X >a) < min[e*"Mx(s)], (4.20)

>0

where the minimum is over all s > 0 for which Mx (s) is finite.

Figure 4.10. Graph showing that /|, ) (x) (solid line) is upper bounded by &'~ (dashed line) for any positive s.
Note that the inequality 7}, ..y (x) < 0= holds even if s = 0.
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Example 4.28. Let X be a Poisson random variable with parameter A = 1/2. Bound
P(X > 2) using the Chernoff bound. Compare your result with the exact probability and
with the bound obtained via the Chebyshev inequality in Example 4.27 and with the bound
obtained via the Markov inequality in Example 4.26.

Solution. First recall that Mx (s) = Gx(e®), where Gx(z) = exp[A(z — 1)] was derived
in Example 3.4. Hence,

e "My (s) = e *“exp[A(e’ —1)] = exp[A(e’—1)—as].
The desired Chernoff bound when a = 3 is
P(X >3) < minexp[A(e’—1)—3s].
5>0

We must now minimize the exponential. Since exp is an increasing function, it suffices to
minimize its argument. Taking the derivative of the argument and setting it equal to zero
requires us to solve Ae® —3 = 0. The solution is s = In(3/A). Substituting this value of s
into exp[A (¢® — 1) — 3s] and simplifying the exponent yields

P(X >3) < exp[3—24—3In(3/1)].
Since A =1/2,
P(X >3) < exp[2.5—3In6] = 0.0564.

Recall that from Example 4.26, the exact probability is 0.0144 and the Markov inequality
yielded the bound 0.167. From Example 4.27, the Chebyshev inequality yielded the bound
0.0833.

Example 4.29. Let X be a continuous random variable having exponential density with
parameter A = 1. Compute P(X > 7) and the corresponding Markov, Chebyshev, and Cher-
noff bounds.

Solution. The exact probability is P(X > 7) = ;e dx = ¢~ = 0.00091. For the
Markov and Chebyshev inequalities, recall that from Example 4.17, E[X] = 1/4 and E[X?]
= 2/A%. For the Chernoff bound, we need Mx(s) = 1/(A —s) for s < A, which was de-
rived in Example 4.16. Armed with these formulas, we find that the Markov inequality
yields P(X >7) < E[X]/7 =1/7 = 0.143 and the Chebyshev inequality yields P(X > 7) <
E[X?]/7% =2/49 = 0.041. For the Chernoff bound, write

P(X >7) < mine */(1—ys),

where the minimization is over 0 < s < 1. The derivative of =75 /(1 —s) with respect to s is

e (75— 6)
(1-5)

Setting this equal to zero requires that s = 6 /7. Hence, the Chernoff bound is

PX>7) < = 7¢7 % = 0.017.

(I—s) 5=6/7
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For sufficiently large a, the Chernoff bound on P(X > a) is always smaller than the
bound obtained by the Chebyshev inequality, and this is smaller than the one obtained by
the Markov inequality. However, for small a, this may not be the case. See Problem 67 for
an example.

Notes

4.1: Densities and probabilities

Note 1. Strictly speaking, it can only be shown that f in (4.1) is nonnegative almost
everywhere; that is

/ 1dt = 0.
{teR:f(1)<0}

For example, f could be negative at a finite or countably infinite set of points.

Note 2. If U and V are N(0, 1), then by Problem 46, U 2 and V? are each chi-squared
with one degree of freedom (defined in Problem 15). By the Remark following Prob-
lem 55(c), U? + V? is chi-squared with two degrees of freedom, which is the same as

exp(1/2).

Note 3. In the formula g, (x) = x?~'e™ /T'(p), it is important that I'(p) be finite; other-
wise g, (x) = 0 for all x and would not be a valid density. We claim that the gamma function
integral is finite for p > 0, but infinite for p < 0. To begin, write

) 1 1)
I'(p) = / P le ™ dx = / x”flefxdx—i—/ xP e dx.
0 0 1

The integral from zero to one is finite for p > 1 since in this case the integrand x*~'e™ is
bounded. However, for p < 1, the factor x”~! blows up as x approaches zero. Observe that

1 1
/ e dx < / PV dx
0 0

1 1
/ ¥ le ™ dx > eil/ P dx.
0 0

1

and

Now note that

1
/ P Vdx = Lyp
0 p

0
is finite for 0 < p < 1 and infinite for p < 0. For p = 0, the anti-derivative is Inx, and the
integral is again infinite.

It remains to consider the integral from 1 to co. For p < 1, this integral is finite because
it is upper bounded by [;” e *dx < e. For p > 1, we use the fact that

n

eX:

s
Z| %

> —, x>0,n>0.

S|

k=0
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This implies e < n!/x". Then
Ple™ < x”fln!/x" = nix(P=D-n,

Now, for x > 1, if we take n > (p — 1) + 2, we can write xPle™ < n!/xz. Hence,
/ e  dx §/ n!/x2dx < oo,
1 1

We now see that of the two integrals making up I'(p), the second integral is always
finite, but the first one is finite only for p > 0. Hence, the sum of the two integrals is finite
if and only if p > 0.

4.2: Expectation of a single random variable

Note 4. Integration by parts. The formula for integration by parts is

b b b
/ udv = uv’a—/ vdu.
a a

This is shorthand for

/a "W O dt = uley(e)]! - / (0 (¢ .

It is obtained by integrating the derivative of the product u(7)v(¢) and rearranging the result.
If we integrate the formula

d / /
Zu(Ov(e) = (Vo) +u(t)V (1),

we get
b b g b b
u(t)v(t)|, = / E[u(t)v(t)] dt = / u’(t)v(t)dt+/ u(t)v'(1)dt.
Ja a Ja
Rearranging yields the integration-by-parts formula.

To apply this formula, you need to break the integrand into two factors, where you know
the anti-derivative of one of them. The other factor you can almost always differentiate. For
example, to integrate "e~’, take u(t) = " and V/(t) = e, since you know that the anti-
derivative of e is v(t) = —e ™.

Another useful example in this book is t”e”z/ 2 where n > 1. Although there is no

. . . 2
closed-form anti-derivative of e~/ 2 observe that
d _p /2 —2/2
—e = —te .
dt

. .. 2/ . 2 . .

In other words, the anti-derivative of te™* /2 is —e~""/2. This means that to integrate
2 . . 2 2

"e~""/2, first write it as 1"~' -te~*"/2. Then take u(t) = t"~' and V/(¢) = re~""/? and use

v(t) = —e /2,
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Note 5. Since g, in Figure 4.9 is defined only for x > 0, the definition of expectation in
the text applies only to arbitrary nonnegative random variables. However, for signed random

variables,

Xl+X |X|—-X
L xex x|

2 2
and we define
X|+X X|—X
ex) = g KEX] g [ X=X
2 2

assuming the difference is not of the form co — co. Otherwise, we say E[X] is undefined.

We also point out that for x > 0, g,(x) — x. To see this, fix any x > 0, and let n > x.
Then x will lie under one of the steps in Figure 4.9. If x lies under the kth step, then

k—1
n §x<?7

For x in this range, the value of ¢, (x) is (k—1)/2". Hence, 0 < x — g, (x) < 1/2".

Another important fact to note is that for each x > 0, g,(x) < g,+1(x). Hence, ¢,(X) <
gn+1(X), and so E[g,(X)] < E[gn+1(X)] as well. In other words, the sequence of real num-
bers E[g,(X)] is nondecreasing. This implies that lim,_,.. E[g,(X)] exists either as a finite
real number or the extended real number oo [51, p. 55].

Note 6. In light of the preceding note, we are using Lebesgue’s monotone convergence
theorem [3, p. 208], which applies to nonnegative functions.

4.3: Transform methods

Note 7. If s were complex, we could interpret [ e~ (=9/2 4x as a contour integral in
the complex plane. By appealing to the Cauchy—Goursat theorem [9, pp. 115-121], one
could then show that this integral is equal to [ e 21 = V2. Alternatively, one can
use a permanence of form argument [9, pp. 286-287]. In this approach, one shows that
My () is analytic in some region, in this case the whole complex plane. One then obtains a
formula for M (s) on a contour in this region, in this case, the contour is the entire real axis.
The permanence of form theorem then states that the formula is valid in the entire region.

Note 8. Problem 44(a) only shows that Mx (s) = 1/(1 —s)? for real s with s < 1. How-
ever, since My (s) is analytic for complex s with Res < 1, the permanence of form argument
mentioned in Note 7 shows that Mx(s) = 1/(1 —s)? holds all such s. In particular, the
formula holds for s = jv, since in this case, Res =0 < 1.

4.4: Expectation of multiple random variables

Note 9. We show that if X and Y are independent with densities fx and fy, then the
density of Z := X +7Y is given by the convolution of fx and fy. We have from (4.15) that
the characteristic functions of X, Y, and Z satisfy ¢z(v) = @x(v) @y (v). Now write

f2@) = 5 [ e gav)av

:Zn
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1

- E/_ e Vo (V) @y (v)dv

= zlﬂ/_zej”q)x(\’){/w ejvyfy(y)dy} dv

—oo

/Z[ 1 /Ze"'v‘”%px(v)dv} fr(v)dy

2
— [ _xe-n A0

4.5: * Probability bounds

Note 10. We note that (4.19) follows directly from the Markov inequality. Observe that
fors >0,
{X>a} = {sX>sa} = {X >}

Hence,
E [ esX ]

eS(l

P(X >a) = P(e’ >¢') <

= e Mx(s),

which is exactly (4.19). The reason for using the derivation in the text is to emphasize the
idea of bounding |, .. (x) by different functions of x. For (2.19), we used (x/a)" for x > 0.

For (4.19), we used ¢~ for all x.

Problems

4.1: Densities and probabilities

1. A certain burglar alarm goes off if its input voltage exceeds 5 V at three consecutive
sampling times. If the voltage samples are independent and uniformly distributed on
[0,7], find the probability that the alarm sounds.

2. Let X have the Pareto density

fx) =

2/x3, x> 1,
0, otherwise,
The median of X is the number # satisfying P(X > ¢) = 1/2. Find the median of X.

3. Let X have density

cx’l/z, 0<x<1,
flx) =

0, otherwise,
shown in Figure 4.11. Find the constant ¢ and the median of X.

4. Let X have an exp(A) density.

(a) Show that P(X >1) = e M fort > 0.
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0 1

Figure 4.11. Density of Problem 3. Even though the density blows up as it approaches the origin, the area under
the curve between 0 and 1 is unity.

(b) Compute P(X >+ Ar|X >1t) fort > 0 and Ar > 0. Hint: If A C B, then
ANB=A.
Remark. Observe that X has a memoryless property similar to that of the geo-
metric; (p) random variable. See the remark following Problem 21 in Chapter 2.

5. A company produces independent voltage regulators whose outputs are exp(A) ran-
dom variables. In a batch of 10 voltage regulators, find the probability that exactly
three of them produce outputs greater than v volts.

6. Let Xy,...,X, beii.d. exp(4) random variables.

(a) Find the probability that min(Xi,...,X,) > 2.
(b) Find the probability that max(Xi,...,X,) > 2.

Hint: Example 2.11 may be helpful.

7. A certain computer is equipped with a hard drive whose lifetime, measured in months,
is X ~ exp(A). The lifetime of the monitor (also measured in months) is ¥ ~ exp(u).
Assume the lifetimes are independent.

(a) Find the probability that the monitor fails during the first 2 months.

(b) Find the probability that both the hard drive and the monitor fail during the first
year.

(c) Find the probability that either the hard drive or the monitor fails during the first
year.

8. A random variable X has the Weibull density with parameters p > 0 and A > 0,
denoted by X ~ Weibull(p,A), if its density is given by f(x) := Apx"~le=*" for
x>0, and f(x) :=0 for x <0.

(a) Show that this density integrates to one.
(b) If X ~ Weibull(p, ), evaluate P(X > ) forz > 0.

(c) LetX,...,X, beii.d. Weibull(p,A) random variables. Find the probability that
none of them exceeds 3. Find the probability that at least one of them exceeds 3.

Remark. The Weibull density arises in the study of reliability in Chapter 5. Note that
Weibull(1,1) is the same as exp(A).
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*9. The standard normal density f ~ N(0, 1) is given by f(x) := e/ /v/2m. The fol-
lowing steps provide a mathematical proof that the normal density is indeed “bell-
shaped” as shown in Figure 4.3.

(a) Use the derivative of f to show that f is decreasing for x > 0 and increasing for
x < 0. (It then follows that f has a global maximum at x = 0.)

(b) Show that f is concave for |x| < 1 and convex for |x| > 1. Hint: Show that the
second derivative of f is negative for |x| < 1 and positive for |x| > 1.

. w .. 2 .
(c) Since & =Y ,7"/n!, for positive z, € > z. Hence, e /2> x2/2. Use this fact

2
to show that e /2 — 0 as |x| — co.

*10. Use the results of parts (a) and (b) of the preceding problem to obtain the corre-
sponding results for the general normal density f ~ N(m,c?). Hint: Let ¢(t) :=

e”z/z/\/ 21 denote the N(0, 1) density, and observe that f(x) = ¢((x—m)/0)/0.

*11. As in the preceding problem, let f ~ N(m,c?). Keeping in mind that f(x) depends
on ¢ > 0, show that lims_,« f(x) = 0. Using the result of part (c) of Problem 9, show
that for x # m, limg_,0 f(x) = 0, whereas for x = m, limg_,¢ f(x) = oo.

12. Forn=1,2,..., let f,(x) be a probability density function, and let p, be a sequence
of nonnegative numbers summing to one; i.e., a probability mass function.

(a) Show that

= anfn(x)

is a probability density function. When f has this form, it is called a mixture
density.

Remark. When the f,(x) are chi-squared densities and the p,, are appropriate
Poisson probabilities, the resulting mixture f is called a noncentral chi-squared
density. See Problem 65 for details.

(b) If f1 ~ uniform[0, 1] and f» ~ uniform[2,3], sketch the mixture density
F(x) = 0.25f1(x)+0.75£(x).
(¢) If fi ~ uniform[0,2] and f> ~ uniform[1, 3], sketch the mixture density
) = 0.5(x)+055(x).

13. If g and & are probability densities, show that their convolution,
(g*h)( / g()h(x—y)dy,

is also a probability density; i.e., show that (g */&)(x) is nonnegative and when inte-
grated with respect to x yields one.
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14. The gamma density with parameter p > 0 is given by

xpfl e

gp(x) = I'(p)
0, x <0,

, x>0,

where I'(p) is the gamma function,

I['(p) ::/ xPle™dx, p>0.
0

In other words, the gamma function is defined exactly so that the gamma density
integrates to one. Note that the gamma density is a generalization of the exponential
since g; is the exp(1) density. Sketches of g, for several values of p were shown in
Figure 4.7.

Remark. In MATLAB, I'(p) = gamma(p).
(a) Use integration by parts as in Example 4.9 to show that
I(p) = (p—1)-T(p—1), p>1
Since I'(1) can be directly evaluated and is equal to one, it follows that
I'(n) = (n—1)!, n=1,2,....

Thus I' is sometimes called the factorial function.

(b) Show that T'(1/2) = /& as follows. In the defining integral, use the change
of variable y = v/2x. Write the result in terms of the standard normal density,
which integrates to one, in order to obtain the answer by inspection.

(c) Show that
~1)-.-5.3. — 1"
<2n+1> 2n—1)---5-3 lf (2n 1)"\F7 > 1.

2 n n

(d) Show that (g, *g4)(x) = gp+¢(x). Hints: First show that for x > 0,

(8p*8q)(x) = /0 Xgp(y)gq(x—y)dy

xIJJr(/*le*X /]
= ————— [ 67 1(1-0)7'de. (4.21)
I'(p)T(q) Jo
Now integrate this equation with respect to x; use the definition of the gamma
function and the result of Problem 13.

Remark. The integral definition of I'(p) makes sense only for p > 0. However, the
recursion I'(p) = (p — 1)I'(p — 1) suggests a simple way to define T for negative,
noninteger arguments. For 0 < € < 1, the right-hand side of I'(¢) = (¢ — 1)I'(g — 1)
is undefined. However, we rearrange this equation and make the definition,

I(e)

I(e—1) := ¢
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Similarly writing I'(¢ — 1) = (¢ —2)I'(¢ — 2), and so on, leads to

(—=1)"I'(e)
(n—g)---2—-¢)(1—¢)’

I'(e—n) =

Note also that
I'n+1—¢€) = (n—e)l'(n—e¢)
= (n—g)---(1—¢g)I'(1—¢).

Hence,
(=1)"T'(e)l'(1 —¢g)
I'n+1—¢)

I'(e—n) =

Important generalizations of the gamma density g, of the preceding problem arise if
we include a scale parameter. For A > 0, put

(),x)”_ 1 e—)Lx
I'(p)

We write X ~ gamma(p, A) if X has density g, 3, which is called the gamma density
with parameters p and A.

gpa(x) = Agp(Ax) = A . x>0.

(a) Let f be any probability density. For A > 0, show that
fr(x) = A f(Ax)

is also a probability density.

(b) For p =m a positive integer, g, , is called the Erlang density with parameters
m and A. We write X ~ Erlang(m, A1) if X has density

(lx)m_l e—)Lx
gma(x) = lwv x>0.
What kind of density is g ; (x)?
(c) If X ~ Erlang(m, ), show that
m—1 At k
PX>1) =Y ( k') e M 1>0.
k=0 ©

In other words, if ¥ ~ Poisson(A¢), then P(X >¢) = P(Y < m). Hint: Use
repeated integration by parts.

(d) For p=k/2 and A = 1/2, gi/»1/, is called the chi-squared density with k
degrees of freedom. It is not required that k be an integer. Of course, the chi-
squared density with an even number of degrees of freedom, say k = 2m, is the
same as the Erlang(m, 1/2) density. Using Problem 14(b), it is also clear that
fork=1,

efx/Z

g1/2,1/2(x) = \/ma

x> 0.
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For an odd number of degrees of freedom, say k = 2m+ 1, where m > 1, show

that
xm—1/2e—x/2

X =
() 2m—1)---5-3-12x
for x > 0. Hint: Use Problem 14(c).

8 2m+1

1
2 2

The beta density with parameters p > 0 and ¢ > 0 is defined by

byq(x) == lmxpl(l_x)ql’ 0<x<1,

where I is the gamma function defined in Problem 14. We note that if X ~ gamma(p,
A) and Y ~ gamma(qg, A ) are independent random variables, then X /(X +Y) has the
beta density with parameters p and g (Problem 42 in Chapter 7).

(a) Find simplified formulas and sketch the beta density for the following sets of
parameter values: (i) p=1,9g=1. (il) p=2,9=2. (iii) p=1/2,g=1.

(b) Use the result of Problem 14(d), including equation (4.21), to show that the beta
density integrates to one.

Remark. The fact that the beta density integrates to one can be rewritten as

C(p)T) = Tpta) [ w0 (1-wf " du 4.22)

This integral, which is a function of p and ¢, is usually called the beta function, and
is denoted by B(p,q). Thus,

_ T(»)L(q)
B(p,q) = Tr+q) (4.23)
and - -
bpg(x) = x;(ll:;)), 0<x<l.

Use equation (4.22) in the preceding problem to show that T'(1/2) = /7. Hint: Make
the change of variable u = sin? 0. Then take p =g = 1 /2.

Remark. In Problem 14(b), you used the fact that the normal density integrates to one
to show that I'(1/2) = /7. Since your derivation there is reversible, it follows that
the normal density integrates to one if and only if I'(1/2) = /7. In this problem, you
used the fact that the beta density integrates to one to show that I'(1/2) = /7. Thus,
you have an alternative derivation of the fact that the normal density integrates to one.

n+1
/2 F( 2 ) \/E
(/ sin 0o — ——~ .
0 2r(" )
2
Hint: Use equation (4.22) in Problem 16 with p = (n+1)/2 and ¢ = 1/2, and make
the substitution u = sin® 6.

Show that
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*19. The beta function B(p, q) is defined as the integral in (4.22) in Problem 16. Show that
Blp.g) = [ (1-e0)yle 0 ap.
0

*20. Student’s ¢ density with v degrees of freedom is given by
(1 n ﬁ) —(v+1)/2

v
VVB(3.3)
where B is the beta function. Show that f, integrates to one. Hint: The change of
variable e® = 14 x? /v may be useful. Also, the result of the preceding problem may
be useful.
Remark. (i) Note that f; ~ Cauchy(1).

(if) It is shown in Problem 44 in Chapter 7 that if X and Y are independent with X ~
N(0,1) and Y chi-squared with k degrees of freedom, then X /4/Y /k has Student’s ¢
density with k degrees of freedom, a result of crucial importance in the study of
confidence intervals.

fvlx) =

—c0 < x < o0,

(iii) This density was reported by William Sealey Gosset in the journal paper,

Student, “The probable error of a mean,” Biometrika, vol. VI, no. 1, pp. 1-
25, Mar. 1908.

Gosset obtained his results from statistical studies at the Guinness brewery in Dublin.
He used a pseudonym because Guinness did not allow employees to publish.

*21. As illustrated in Figure 4.12, Student’s ¢ density fy(x) defined in Problem 20 con-
verges to the standard normal density as v — co. In this problem you will demonstrate
this mathematically.

(a) Stirling’s formula says that T'(x) ~ /2mx*1/2¢™*. Use Stirling’s formula to

show that |
+Vv
(%)

v\ V2
¢Vr(2)
(b) Use the fact that (1+& /n)" — €5 to show that
2
(1+X )(V+l)/2 2/

— € .

Then combine this with part (a) to show that f, (x) — /2 /V2m.

*22. For p and ¢ positive, let B(p,q) denote the beta function defined by the integral in
(4.22) in Problem 16. Show that
1 !

29 = Blpg) T 270

is a valid density (i.e., integrates to one) on (0,0). Hint: Make the change of variable
t=1/(1+z).
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0.4 N(O,1) ]
v=2

v=1 (Cauchy)
0.3

0.2

0.1

Figure 4.12. Comparision of standard normal density and Student’s ¢ density for v =1/2, 1, and 2.

4.2: Expectation of a single random variable

23. Let X have the Pareto density f(x) = 2/x> for x > 1 and f(x) = 0 otherwise. Compute
E[X].

24. The quantizer input—output relation shown in Figure 4.8 in Example 4.8 has five lev-
els, but in applications, the number of levels n is a power of 2, say n = 26 If Vi, lies
between +Vnax, find the smallest number of bits b required to achieve a performance
of E[|Vin — Vou|?] < €.

25. Let X be a continuous random variable with density f, and suppose that E[X] = 0. If
Z is another random variable with density f7(z) := f(z —m), find E[Z].

*26. Let X have the Pareto density f(x) = 2/x* for x > 1 and f(x) = 0 otherwise. Find
E[X?].

*27. Let X have Student’s 7 density with v degrees of freedom, as defined in Problem 20.
Show that E[|X |¥] is finite if and only if k < v.

28. LetZ~N(0,1), and put Y = Z+n for some constant n. Show that E[Y*] = n* 4 6n° +
3.

29. Let X ~ gamma(p, 1) as in Problem 15. Show that

['(n+p)

=X = )

= plp+1)(p+2)---(p+[n—1]).

30. Let X have the standard Rayleigh density, f(x) := xe=/2 for x>0 and f (x) :=0 for
x<0.
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31.

32.
33.

34.

35.

36.

*37.

Continuous random variables

(a) Show that E[X] = /m/2.
(b) For n > 2, show that E[X"] = 2"/2I'(1 +n/2).

Consider an Internet router with n input links. Assume that the flows in the links are
independent standard Rayleigh random variables as defined in the preceding problem.
Suppose that the router’s buffer overflows if more than two links have flows greater
than f3. Find the probability of buffer overflow.

Let X ~ Weibull(p, A) as in Problem 8. Show that E[X"] = ['(1+4n/p)/A"?.

A certain nonlinear circuit has random input X ~ exp(1), and output ¥ = X 1/4 Find
the second moment of the output.

High-Mileage Cars has just begun producing its new Lambda Series, which aver-
ages [ miles per gallon. Al’s Excellent Autos has a limited supply of n cars on its
lot. Actual mileage of the ith car is given by an exponential random variable X; with
E[X;] = p. Assume actual mileages of different cars are independent. Find the prob-
ability that at least one car on Al’s lot gets less than gt /2 miles per gallon.

A small airline makes five flights a day from Chicago to Denver. The number of
passengers on each flight is approximated by an exponential random variable with
mean 20. A flight makes money if it has more than 25 passengers. Find the probability
that at least one flight a day makes money. Assume that the numbers of passengers
on different flights are independent.

The differential entropy of a continuous random variable X with density f is
* 1
h(X) = E[~log f(X)] = / £(x)log —— dx.
oo f(x)

If X ~ uniform[0,2], find 2(X). Repeat for X ~ uniform[0, 3] and for X ~ N(m,c?).

Let X have Student’s ¢ density with v degrees of freedom, as defined in Problem 20.
For n a positive integer less than v /2, show that

r(2r(s2)

EXZn _ n 2
=Y )

4.3: Transform methods

38.

*309.

40.

Let X have moment generating function My (s) = ¢%’*/2_ Use formula (4.8) to find
E[X?].

Recall that the moment generating function of an N(0, 1) random variable /2. Use
this fact to find the moment generating function of an N (m, 5?) random variable.

If X ~ uniform(0, 1), show that ¥ = In(1/X) ~ exp(1) by finding its moment gener-
ating function for s < 1.
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41. Find a closed-form expression for My (s) if X ~ Laplace(A). Use your result to find
var(X).

*42. Let X have the Pareto density f(x) = 2/x> for x > 1 and f(x) = 0 otherwise. For
what real values of s is My (s) finite? Hint: It is not necessary to evaluate M (s) to
answer the question.

43. Let My (s) denote the moment generating function of the gamma density g, defined
in Problem 14. Show that

1
1—=s

My(s) = My,_i(s), p>1.

Remark. Since g (x) is the exp(1) density, and M;(s) = 1/(1 —s) by direct calcula-
tion, it now follows that the moment generating function of an Erlang(m, 1) random
variable is 1/(1 —s)™.

*44. Let X have the gamma density g, given in Problem 14.

(a) Forreal s < 1, show that My (s) = 1/(1 —s)".

(b) The moments of X are given in Problem 29. Hence, from (4.10), we have for
complex s,

For complex s with |s| < 1, derive the Taylor series for 1/(1 —s)? and show
that it is equal to the above series. Thus, My (s) = 1/(1 —s)? for all complex s
with |s| < 1. (This formula actually holds for all complex s with Res < 1; see
Note 8.)

- ”*p) Is| <1
I’l ’ '

45. As shown in the preceding problem, the basic gamma density with parameter p, g, (x),
has moment generating function 1/(1 —s)?. The more general gamma density defined
by g, (x) := Ag,(Ax) is given in Problem 15.

(a) Find the moment generating function and then the characteristic function of
8Ep.A (x ) .

(b) Use the answer to (a) to find the moment generating function and the character-
istic function of the Erlang density with parameters m and 4, g, 3 (x).

(c) Use the answer to (a) to find the moment generating function and the character-
istic function of the chi-squared density with k degrees of freedom, g; /2,1 /2 ().

46. Let X ~ N(0,1), and put ¥ = X?. For real values of s < 1/2, show that

My(s) = (1 _12s> 1/2.

By Problem 45(c), it follows that Y is chi-squared with one degree of freedom.
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47.

48.

49.

*50.

*51.

Continuous random variables

Let X ~ N(m,1), and put ¥ = X2. For real values of s < 1/2, show that
esmz/(172s)

V1I=2s

Remark. For m # 0, Y is said to be noncentral chi-squared with one degree of
freedom and noncentrality parameter m?. For m = 0, this reduces to the result of
the previous problem.

My(s) =

Let X have characteristic function @x (V). If Y := aX + b for constants a and b, express
the characteristic function of Y in terms of a, b, and @y.

Apply the Fourier inversion formula to @x(v) = e *V| to verify that this is the char-
acteristic function of a Cauchy(A) random variable.

Use the following approach to find the characteristic function of the N(0,1) density
[62, pp. 138-139]. Let f(x) := e */2/\/2m.
(a) Show that f'(x) = —xf(x).

(b) Starting with @x(v) = [~ e/V*f(x)dx, compute @5 (V). Then use part (a) to
show that @4 (v) = —j [*_e/V* f'(x) dx.

(c) Using integration by parts, show that this last integral is — jvx (V).

(d) Show that @y (V) = —vox (V).

(e) Show that K(v):= (px(v)e"z/2 satisfies K'(v) = 0.

(f) Show that K(v) =1 for all v. (It then follows that @x (V) = e"’z/z.)
Use the method of Problem 50 to find the characteristic function of the gamma density
gp(x) = xP~1e™"/T(p), x > 0. Hints: Show that (d/dx)xg,(x) = (p —x)gp(x). Use

integration by parts to show that @f (V) = —(p/v)@x(v) + (1/jv) @4 (V). Show that
K(v) :=@x(v)(1— jv)? satisfies K'(v) = 0.

4.4: Expectation of multiple random variables

52.

53.
54.

55.

Let Z:=X+Y, where X and Y are independent with X ~ exp(1) and Y ~ Laplace(1).
Find cov(X,Z) and var(Z).

Find var(Z) for the random variable Z of Example 4.22.

Let X and Y be independent random variables with moment generating functions
Mx (s) and My (s). If Z:= X — Y, show that Mz(s) = Mx(s)My(—s). Show that if
both X and Y are exp(A), then Z ~ Laplace(A).

Let Xi,...,X, be independent, and put ¥,, := X; +--- + X,,.

(a) If X; ~ N(m;,0?), show that ¥, ~ N(m,c?), and identify m and o2. In other
words, “The sum of independent Gaussian random variables is Gaussian.”

(b) If X; ~ Cauchy(4;), show that ¥, ~ Cauchy(4), and identify A. In other words,
“The sum of independent Cauchy random variables is Cauchy.”



56.

57.

58.

59.

60.

61.

62.

63.

64.
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(c¢) If X; is a gamma random variable with parameters p; and A (same A for all i),
show that ¥, is gamma with parameters p and A, and identify p. In other words,
“The sum of independent gamma random variables (with the same scale factor)
is gamma (with the same scale factor).”

Remark. Note the following special cases of this result. If all the p; = 1, then
the X; are exponential with parameter A, and Y, is Erlang with parameters n and
A.If p=1/2and A = 1/2, then X; is chi-squared with one degree of freedom,
and Y, is chi-squared with n degrees of freedom.

Let Xi,...,X, be i.i.d. gamma random variables with parameters p and A. Let Y =
Xi+-+-+X,. Find E[Y"].

Packet transmission times on a certain network link are i.i.d. with an exponential
density of parameter A. Suppose n packets are transmitted. Find the density of the
time to transmit n packets.

The random number generator on a computer produces i.i.d. uniform(0,1) random
variables X1, ..., X,. Find the probability density of

)

i=1

Let Xj,...,X, be i.i.d. Cauchy(A). Find the density of Y := ;X + - - - + ,X,,, where
the fB; are given positive constants.

Two particles arrive at a detector at random, independent positions X and Y lying on
a straight line. The particles are resolvable if the absolute difference in their positions
is greater than two. Find the probability that the two particles are not resolvable if X
and Y are both Cauchy(1) random variables. Give a numerical answer.

Three independent pressure sensors produce output voltages U, V, and W, each
exp(A) random variables. The three voltages are summed and fed into an alarm that
sounds if the sum is greater than x volts. Find the probability that the alarm sounds.

A certain electric power substation has n power lines. The line loads are independent
Cauchy(A) random variables. The substation automatically shuts down if the total
load is greater than ¢. Find the probability of automatic shutdown.

The new outpost on Mars extracts water from the surrounding soil. There are 13
extractors. Each extractor produces water with a random efficiency that is uniformly
distributed on [0,1]. The outpost operates normally if fewer than three extractors
produce water with efficiency less than 0.25. If the efficiencies are independent, find
the probability that the outpost operates normally.

The time to send an Internet packet is a chi-squared random variable 7" with one
degree of freedom. The time to receive the acknowledgment A is also chi-squared
with one degree of freedom. If T and A are independent, find the probability that the
round trip time R := T + A is more than r.
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*65. In this problem we generalize the noncentral chi-squared density of Problem 47.
To distinguish these new densities from the original chi-squared densities defined in
Problem 15, we refer to the original ones as central chi-squared densities. The non-
central chi-squared density with k degrees of freedom and noncentrality parameter
A2 is defined by/

oo (12/2)"6712/2

! C2n+k(x)7 x> Oa

a2 (x) =

n=0

where ¢, denotes the central chi-squared density with 2n + k degrees of freedom.

Hence, ¢; ;2 (x) is a mixture density (Problem 12) with p,, = (),2/2)"6”12/2/11! being
a Poisson(A2/2) pmf.

(a) Show that [°c; 32 (x)dx=1.

(b) If X is a noncentral chi-squared random variable with k degrees of freedom and
noncentrality parameter A2, show that X has moment generating function

exp[sA2/(1—2s)]

Mk,lz(s) = (1 —2S)k/2

Hint: Problem 45 may be helpful.
Remark. When k = 1, this agrees with Problem 47.

(c) Use part (b) to show that if X ~ ¢ ;2, then E[X]=k+A%

(d) Let Xj,...,X, be independent random variables with X; ~ Chpa2e Show that
Y :=Xi + -+ X, has the ¢; ;> density, and identify k and A%

Remark. By part (b), if each k; = 1, we could assume that each X; is the square
of an N(A;, 1) random variable.

(e) Show that
e (HAN/2 AR | AR
27x 2

(Note that if A = 0, the left-hand side reduces to the central chi-squared density
with one degree of freedom.) Hint: Use the power series e = Yo & /n! for
the two exponentials involving +/x.

= ¢y p2(x).

4.5: * Probability bounds

66. Let X have the Pareto density f(x) = 2/x° for x > 1 and f(x) = 0 otherwise. For
a > 1, compare P(X > a) and the bound obtained via Markov inequality.

*67. Let X be an exponential random variable with parameter A = 1. Compute the Markov
inequality, the Chebyshev inequality, and the Chernoff bound to obtain bounds on
P(X > a) as a function of a. Also compute P(X > a).

/A closed-form expression is derived in Problem 25 of Chapter 5.
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(a) For what values of a is the Markov inequality smaller than the Chebyshev in-
equality?

(b) MATLAB. Plot the Markov bound, the Chebyshev bound, the Chernoff bound,
and P(X > a) for 0 < a < 6 on the same graph. For what range of a is the
Markov bound the smallest? the Chebyshev? Now use MATLAB command
semilogy to draw the same four curves for 6 < a < 20. Which bound is the
smallest?

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

4.1. Densities and probabilities. Know how to compute probabilities involving a random
variable with a density (4.1). A list of the more common densities can be found inside
the back cover. Remember, density functions can never be negative and must integrate
to one.

4.2. Expectation. LOTUS (4.3), especially for computing moments. The table inside the
back cover contains moments of many of the more common densities.

4.3. Transform methods. Moment generating function definition (4.7) and moment for-
mula (4.8). For continuous random variables, the mgf is essentially the Laplace trans-
form of the density. Characteristic function definition (4.11) and moment formula
(4.14). For continuous random variables, the density can be recovered with the in-
verse Fourier transform (4.12). For integer-valued random variables, the pmf can be
recovered with the formula for Fourier series coefficients (4.13). The table inside the
back cover contains the mgf (or characteristic function) of many of the more common
densities. Remember that @x (V) = Mx (s)|s—v-

4.4. Expectation of multiple random variables. If X and Y are independent, then we
have E[h(X)k(Y)] = E[R(X)] E[k(Y)] for any functions A(x) and k(y). If Xi,...,X,
are independent random variables, then the moment generating function of the sum
is the product of the moment generating functions, e.g., Example 4.23. If the X; are
continuous random variables, then the density of their sum is the convolution of their
densities, e.g., (4.16).

4.5. *Probability bounds. The Markov inequality (2.18) and the Chebyshev inequality
(2.21) were derived in Section 2.4. The Chernoff bound (4.20).

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.



5
Cumulative distribution functions and their
applications

In this chapter we introduce the cumulative distribution function (cdf) of a random
variable X. The cdf is defined by“

Fx(x) := P(X <x).

As we shall see, knowing the cdf is equivalent to knowing the density or pmf of a random
variable. By this we mean that if you know the cdf, then you can find the density or pmf,
and if you know the density or pmf, then you can find the cdf. This is the same sense
in which knowing the characteristic function is equivalent to knowing the density or pmf.
Similarly, just as some problems are more easily solved using characteristic functions in-
stead of densities, there are some problems that are more easily solved using cdfs instead of
densities.

This chapter emphasizes three applications in which cdfs figure prominently: (i) Finding
the probability density of ¥ = g(X) when the function g and the density of X are given; (if)
The central limit theorem; and (iii) Reliability.

The first application concerns what happens when the input of a system g is modeled as
a random variable. The system output ¥ = g(X) is another random variable, and we would
like to compute probabilities involving Y. For example, g could be an amplifier, and we
might need to find the probability that the output exceeds some danger level. If we knew
the probability mass function or the density of Y, we would know what to do next. It turns
out that we can easily find the probability mass function or density of Y if we know its cdf,
Fy(y) =P(Y <y), for all y. Section 5.1 focuses on the problem ¥ = g(X) when X has a
density and g is a fairly simple function to analyze. We note that Example 5.9 motivates a
discussion of the maximum a posteriori probability (MAP) and maximum likelihood (ML)
rules for detecting discrete signals in continuous noise. We also show how to simulate
a continuous random variable by applying the inverse cdf to a uniform random variable.
Section 5.2 introduces cdfs of discrete random variables. It is also shown how to simulate a
discrete random variable as a function of a uniform random variable. Section 5.3 introduces
cdfs of mixed random variables. Mixed random variables frequently appear in the form
Y = g(X) when X is continuous, but g has “flat spots.”” For example, most amplifiers have a
linear region, say —v < x < v, wherein g(x) = ax. However, if x > v, then g(x) = av, and
if x < —v, then g(x) = —av. If a continuous random variable is applied to such a device,
the output will be a mixed random variable, which can be thought of as a random variable
whose “generalized density” contains Dirac impulses. The problem of finding the cdf and
generalized density of ¥ = g(X) is studied in Section 5.4. At this point, having seen several

“As we have defined it, the cdf is a right-continuous function of x (see Section 5.5). However, we alert the
reader that some texts put Fx (x) = P(X < x), which is left-continuous in x.

184
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generalized densities and their corresponding cdfs, Section 5.5 summarizes and derives the
general properties that characterize arbitrary cdfs.

Section 5.6 contains our second application of cdfs, the central limit theorem. (This
section can be covered immediately after Section 5.1 if desired.) Although we have seen
many examples for which we can explicitly write down probabilities involving a sum of i.i.d.
random variables, in general, the problem is quite hard. The central limit theorem provides
an approximation of probabilities involving the sum of i.i.d. random variables — even when
the density of the individual random variables is unknown! This is crucial in parameter-
estimation problems where we need to compute confidence intervals as in Chapter 6.

Section 5.7 contains our third application of cdfs. This section, which is a brief diversion
into reliability theory, can be covered immediately after Section 5.1 if desired. With the

exception of the formula
= / P(T >1)dt
0

for nonnegative random variables, which is derived at the beginning of Section 5.7, the
remaining material on reliability is not used in the rest of the book.

5.1 Continuous random variables

If X is a continuous random variable with density f, then®

F(x) = PX<x) / f()

Pictorially, F(x) is the area under the density f(¢) from —eo < ¢ < x. This is the area of
the shaded region in Figure 5.1. Since the total area under a density is one, the area of the
unshaded region, which is .~ f(r) dt, must be 1 — F(x). Thus,

)= [ rwar = Pexzx).

J@)

F(x) 1-F(x)

Figure 5.1. The area under the density f(z) from —eo <7 <xis [*_ f(r)dt = P(X <x) = F(x). Since the total
area under the density is one, the area of the unshaded region is 1 — F(x).

bWhen only one random variable is under discussion, we simplify the notation by writing F (x) instead of Fx (x).
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For a < b, we can use the cdf to compute probabilities of the form

Pla<X <b) — /bf(t)dt

b "a
./,wf(t)dt _'/ﬂof(’)dt
F(b)—F(a).

Thus, F(b) — F(a) is the area of the shaded region in Figure 5.2.

f@)

F(b)-Fl(a)

Figure 5.2. The area of the shaded region is j;ll’f(t) dt =F(b)—F(a).

Example 5.1. Find the cdf of a Cauchy random variable X with parameter A = 1.

Solution. Write

< 1/
Fo) = /_ 1+t2dt

Lian ()|
= —tan
T

—oo

- % (tan—l(x) - _2”>

| I 1
= —t ~.
T an (x)+2

A graph of F is shown in Figure 5.3.

Example 5.2. Find the cdf of a uniform[a, b] random variable X.

Solution. Since f(t) =0 fort < a andt > b, we see that F(x) = [*_ f(¢)dt is equal to
0 for x < a, and is equal to [~_ f(¢)dt = 1 for x > b. For a < x < b, we have

X X l _
Flx) = [wf(t)dt - / —dr =

Hence, for a < x < b, F(x) is an affine‘ function of x. A graph of F when X ~ uniform|0, 1]
is shown in Figure 5.3.

A function is affine if it is equal to a linear function plus a constant.
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Figure 5.3. Cumulative distribution functions of Cauchy(1), uniform[0, 1], and standard normal random variables.

We now consider the cdf of a Gaussian random variable. If X ~ N(m, 62), then

Flx) = /_Xm zlncexp[—%(t_?mY}dt. G.1)

Unfortunately, there is no closed-form expression for this integral. However, it can be com-
puted numerically, and there are many subroutines available for doing it. For example, in
MATLAB, the above integral can be computed with normcdf (x, m, sigma).

We next show that the N (m, 6?) cdf can always be expressed using the standard normal
cdf,

1 Y 2
q)(y) = E/,me o /2d6,

which is graphed in Figure 5.3. In (5.1), make change of variable 8 = (t —m) /0 to get
1 (x—m)/o
F(x) = —/ e /240
V2T J—
X—m
(b( o} )

Itis also convenient to define the complementary cumulative distribution function (ccdf),

Example 5.3 (bit-error probability). At the receiver of a digital communication system,
thermal noise in the amplifier sometimes causes an incorrect decision to be made. For
example, if antipodal signals of energy & are used, then the bit-error probability can be
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shown to be P(X > /&), where X ~ N(0,5?) represents the noise, and ¢ is the noise
power. Express the bit-error probability in terms of the standard normal cdf ® and in terms

of Q.
Solution. Write

PX>VE) = 1 -F(V&)

|
{3
oz

This calculation shows that the bit-error probability is completely determined by & /o2,
which is called the signal-to-noise ratio (SNR). As the SNR increases, so does ®, while Q
decreases, and the error probability as well. In other words, increasing the SNR decreases
the error probability. Hence, the only ways to improve performance are to use higher-
energy signals or lower-noise amplifiers.

-

o[

Because every Gaussian cdf can be expressed in terms of the standard normal cdf &, we
can compute any Gaussian probability if we have a table of values of ®(x) or a program to
compute P(x). For example, a small table of values of ®(x) and Q(x) = 1 — ®(x) is shown
in Table 5.1. Fortunately, since & can be expressed in terms of the error function,! which
is available in most numerical subroutine libraries, tables are rarely needed.

Example 5.4. Compute the bit-error probability in the preceding example if the signal-
to-noise ratio is 6 dB.

Solution. As shown in the preceding example, the bit-error probability is Q(+/&/c?).
The problem statement is telling us that

&
1010g10 g = 6,

or &/0% =10°10~3.98 and /& /02 ~ 2.0. Hence, from Table 5.1, the error probability
is 0(2) = 0.0228.

For continuous random variables, the density can be recovered from the cdf by differen-
tiation. Since

F@) = [ o

differentiation yields
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x o @) 0 x e Q0
0.0 0.5000 0.5000 20 09772 0.0228
0.1 0.5398 0.4602 2.1 09821 0.0179
0.2 05793 0.4207 22 09861 0.0139
0.3 0.6179 0.3821 2.3 09893 0.0107
04 0.6554 0.3446 24 09918 0.0082
0.5 0.6915 0.3085 2.5 09938 0.0062
0.6 0.7257 0.2743 2.6 09953 0.0047
0.7 0.7580 0.2420 2.7 09965 0.0035
0.8 0.7881 0.2119 2.8 09974 0.0026
09 0.8159 0.1841 29 09981 0.0019
1.0 0.8413 0.1587 3.0 09987 0.0013
1.1  0.8643 0.1357 3.1 09990 0.0010
1.2 0.8849 0.1151 32 09993 0.0007
1.3 09032 0.0968 33 09995 0.0005
1.4 09192 0.0808 34 09997 0.0003
1.5 09332  0.0668 3.5 09998 0.0002
1.6 09452 0.0548 3.6 09998 0.0002
1.7 09554 0.0446 3.7 09999 0.0001
1.8 09641 0.0359 3.8 09999 0.0001
1.9 09713 0.0287 3.9 1.0000 0.0000

189

Table 5.1. Values of the standard normal cumulative distribution function ®(x) and complementary cumulative
distribution function Q(x) := 1 —®(x). To evaluate ® and Q for negative arguments, use the fact that since the
standard normal density is even, ®(—x) = Q(x).

Example 5.5. Let the random variable X have cdf

F(x) :

VX, 0<x <1,
x>1,
x <0.

1,
0,

Find the density and sketch both the cdf and pdf.

Solution. For 0 <x < 1, f(x) = F'(x) = %x‘l/z, while for other values of x, F(x) is

piecewise constant with value zero or one; for these values of x, F’ (x)=0. Hence,?

f(x)

=< 2y’

The cdf and pdf are sketched in Figure 5.4.

1

0,

0<x<1,

otherwise.

The observation that the density of a continuous random variable can be recovered from

its cdf is of tremendous importance, as the following examples illustrate.

Example 5.6. Consider an electrical circuit whose random input voltage X is first am-
plified by a gain g > 0 and then added to a constant offset voltage 5. Then the output
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1 cdf 3 density
2
1
0 o— —
0 1 0 1

Figure 5.4. Cumulative distribution function F'(x) (left) and density f(x) (right) of Example 5.5.

voltage is Y = uX + 3. If the input voltage is a continuous random variable X, find the
density of the output voltage Y.

Solution. Although the question asks for the density of Y, it is more advantageous to
find the cdf first and then differentiate to obtain the density. Write

Fr(y) = P(Y <)
= P(uX+B<y)
= PX<(y-B)/u), sincepu >0,
= Fx((y—B)/u).
If X has density fx, then?
d _(y—B 1 (y—B 1 y—B
fY(Y):IyFX< i ):ﬁFX(T>:ﬁfX( m )

Example 5.7. In wireless communications systems, fading is sometimes modeled by
lognormal random variables. We say that a positive random variable Y is lognormal if InY
is a normal random variable. Find the density of ¥ if InY ~ N(m, 62).

Solution. Put X :=InY so that Y = X, where X ~ N(m,c?). Although the question
asks for the density of Y, it is more advantageous to find the cdf first and then differentiate
to obtain the density. To begin, note that since ¥ = ¥ is positive, if y < 0, Fy(y) = P(Y <
y) = 0. For y > 0, write

Fr(y) = P(Y<y) = P(eX <y) = P(X <Iny) = Fx(Iny).

By the chain rule,

dRecall the chain rule,

In the present case, G(y) = (y— 8)/i and G'(y) = 1/u.
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Using the fact that X ~ N(m, c?),
o~ (Iny—m)/c]?/2

V2moy

fr@y) = y>0.

The functions g(x) = pux+ f and g(x) = * of the preceding examples are continuous,
strictly increasing functions of x. In general, if g(x) is continuous and strictly increasing (or
strictly decreasing), it can be shown? that if ¥ = g(X), then

) = fx(h()IH )], (5.2)

where A(y) := g~ !(y). Since we have from calculus that 4'(y) = 1/g'(g7'(y)), (5.2) is
sometimes written as |
_ fx(eT' )

g (et

Although (5.2) is a nice formula, it is of limited use because it only applies to continuous,
strictly-increasing or strictly-decreasing functions. Even simple functions like g(x) = x? do
not qualify (note that x> is decreasing for x < 0 and increasing for x > 0). These kinds of
functions can be handled as follows.

fr(y)

Example 5.8. Amplitude modulation in certain communication systems can be accom-
plished using various nonlinear devices such as a semiconductor diode. Suppose we model
the nonlinear device by the function ¥ = X?. If the input X is a continuous random variable,
find the density of the output ¥ = X2.

Solution. Although the question asks for the density of Y, it is more advantageous to
find the cdf first and then differentiate to obtain the density. To begin, note that since ¥ = X?
is nonnegative, for y < 0, Fy (y) = P(Y <y) = 0. For nonnegative y, write

Fr(y) = P(Y <y)
= P(X*<y)

= P(=W<X<\y)

= /ﬁﬁfx(’)dt'

S

The density is®

5
) = g [ A

1
= SRR v>0
Since P(Y <y)=0fory <0, fy(y) =0 fory <0.

¢Recall Leibniz’ rule,
d b»)
(T/ f@0)dr = fp()Y (y) = fa(y))d (7).
Y Ja(y)
The general form is derived in Note 7 in Chapter 7.
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When the diode input voltage X of the preceding example is N(0, 1), it turns out that ¥
is chi-squared with one degree of freedom (Problem 11). If X is N(m, 1) with m # 0, then
Y is noncentral chi-squared with one degree of freedom (Problem 12). These results are
frequently used in the analysis of digital communication systems.

The two preceding examples illustrate the problem of finding the density of ¥ = g(X)
when X is a continuous random variable. The next example illustrates the problem of finding
the density of Z = g(X,Y) when X is discrete and Y is continuous.

Example 5.9 (signal in additive noise). Let X and Y be independent random variables,
with X being discrete with pmf px and Y being continuous with density fy. PutZ:=X+Y
and find the density of Z.

Solution. Although the question asks for the density of Z, it is more advantageous to
find the cdf first and then differentiate to obtain the density. This time we use the law of
total probability, substitution, and independence. Write

Fz(z) = P(Z<z)
— ZP(ZS ZX = x)P(X =x;)

= Y P(X+Y <zlX =x)P(X =x)
B
= ip(y <z—xi|X =x)P(X =x,)
= iP(Ygz—x,-)P(X:x,-)

— iFy(z—xi)px(xi)

Differentiating this expression yields

f2(z) = ZfY(Z —x;) px (x;)-

We should also note that Fyx(z]x;) := P(Z < z]X = x;) is called the conditional cdf
of Z given X. When Fyx(z|x;) is differentiable with respect to z, we call this derivative
the conditional density of Z given X, and we denote it by fz)x(z|x;). In the case of the
preceding example, f7x(z|x;) = fyr(z—x;). In analogy with the discussion at the end of
Section 3.4, f7x (z|x;) is sometimes called the likelihood of Z = z.

Receiver design for discrete signals in continuous noise

Considering the situation in the preceding example, how should a receiver estimate or
guess the transmitted message X = x; based only on observing a value Z = z? The design
goal is to minimize the probability of a decision error. If we proceed as in the case of discrete
random variables;” we are led to the continuous analog of the Maximum A posteriori

/See Note 4 in Chapter 3. The derivation there carries over to the present case if the sum using the conditional
pmf is replaced by an integral using the conditional density.
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Probability (MAP) rule in (3.19); that is, we should decide X = x; if

Jax (@) P(X =xi) > fzx(zlx;) P(X = x;) (5.3)

for all j #i. If X takes only M values, and if they are equally likely, we can cancel the
common factors P(X = x;) = 1/M = P(X =x;) and obtain the maximum likelihood (ML)
rule, which says to decide X = x; if

fzx(zlxi) > fz1x(zlx;)

for all j # i. If X takes only two values, say O and 1, the MAP rule (5.3) says to decide
X =1if and only if

fz|x(Z|1) > P(X=0)

fzx(zl0) = P(X =1)

The corresponding ML rule takes the ratio on the right to be one. As in the discrete case,
the ratio on the left is again called the likelihood ratio. Both the MAP and ML rules are
sometimes called likelihood-ratio tests. The reason for writing the tests in terms of the
likelihood ratio is that the form of the test can be greatly simplified; for example, as in
Problem 17.

Simulation

Virtually all computers have routines for generating uniformly distributed random num-
bers on (0, 1), and most computers have routines for generating random numbers from the
more common densities and probability mass functions. What if you need random numbers
from a density or mass function for which no routine is available on your computer? There
is a vast literature of methods for generating random numbers, such as [15], [45], [47]. If
you cannot find anything in the literature, you can use the methods discussed in this section
and later in the text. We caution, however, that while the methods we present always work
in theory, they may not always be the most computationally efficient.

If X ~ uniform(0,1), we can always perform a transformation ¥ = g(X) so that Y is
any kind of random variable we want. Below we show how to do this when Y is to have a
continuous, strictly increasing cdf F(y). In Section 5.2, we show how to do this when Y is
to be a discrete random variable. The general case is more complicated, and is covered in
Problems 37-39 in Chapter 11.

If F(y) is a continuous, strictly increasing cdf, it has an inverse F ~1 guch that for all
0 <x <1, F(y) = x can be solved for y with y = F~!(x). If X ~ uniform(0, 1), and we put
Y = F~'(X), then

Fr(y) = P(¥ <y) = P(F'(X) <y).

Since
{F'(X) <y} = {(X<F(},

we can further write

as required.
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Example 5.10. Find a transformation to convert X ~ uniform(0, 1) into a Cauchy(1)
random variable.

Solution. We have to solve F(y) = x when F(y) is the Cauchy(1) cdf of Example 5.1.
From

I 1

—t N

S ()45 = x,
we find that

y = tan[m(x—1/2)].

Thus, the desired transformation is ¥ = tan[n(X — 1/2)].

In MATLAB, we can generate a vector of k Cauchy(1) random variables with the com-
mands

X = rand(1l,k);
Y tan (pix (X-1/2));

where rand (1, k) returns a 1 X k matrix of uniform(0, 1) random numbers.

Other cdfs that can be easily inverted include the exponential, the Rayleigh, and the
Weibull.# If the cdf is not invertible in closed form, the inverse can be computed numerically
by applying a root-finding algorithm to F(y) —x = 0. The Gaussian cdf, which cannot be
expressed in closed form, much less inverted in closed form, is difficult to simulate with this
approach. Fortunately, there is a simple alternative transformation of uniform(0, 1) random
variables that yields N(0, 1) random variables; this transformation is given in Problem 24
of Chapter 8. In MATLAB, even this is not necessary since randn (1, k) returns a 1 X k
matrix of N(0, 1) random numbers.

5.2 Discrete random variables

For continuous random variables, the cdf and density are related by

Fx) = /_); Fyde and  F(x) = F'(x).

In this section we show that for a discrete random variable taking distinct values x; with
probabilities p(x;) := P(X = x;), the analogous formulas are

F(x) = PX<x) = Y px),

X <x
and for two adjacent values x;_; < x;,

p(xj) = F(xj) = F(xj-1).

8In these cases, the result can be further simplified by taking advantage of the fact that if X ~ uniform(0,1),
then 1 — X is also uniform(0, 1) (cf. Problems 6, 7, and 8).
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For the cdf, the analogy between the continuous and discrete cases is clear: The density
becomes a pmf, and the integral becomes a sum. The analogy between the density and pmf
formulas becomes clear if we write the derivative as a derivative from the left:

g g FO—FO)
f) = @) = lim =2 =2

The formulas for the cdf and pmf of discrete random variables are illustrated in the
following examples.

Example 5.11. Find the cdf of a Bernoulli(p) random variable.

Solution. Since the Bernoulli random variable takes only the values zero and one, there
are three ranges of x that we need to worry about: x < 0,0 < x < 1, and x > 1. Consider an
x with 0 <x < 1. The only way we can have X < x for such x is if X = 0. Hence, for such x,
F(x) =P(X <x) =P(X =0) =1 — p. Next consider an x < 0. Since we never have X < 0,
we cannot have X < x. Therefore, F(x) = P(X < x) = P(&) = 0. Finally, since we always
have X < 1, if x > 1, we always have X < x. Thus, F(x) = P(X <x) =P(Q) = 1. We now
have

0, x <0,
F(x) = I1—p, 0<x<1,
1 x> 1,

)

which is sketched in Figure 5.5. Notice that F(1) —F(0) = p=P(X =1).

l-pg—o0

Figure 5.5. Cumulative distribution function of a Bernoulli(p) random variable.

Example 5.12. Find the cdf of a discrete random variable taking the values 0O, 1, and 2
with probabilities pg, p1, and p,, where the p; are nonnegative and sum to one.

Solution. Since X takes three values, there are four ranges to worry about: x < 0,
0<x<1,1<x<2,and x > 2. As in the previous example, for x less than the minimum
possible value of X, P(X < x) = P(&) = 0. Similarly, for x greater than or equal to the
maximum value of X, we have P(X < x) =P(Q) = 1. For 0 < x < I, the only way we can
have X < xistohave X = 0. Thus, F(x) = P(X <x) =P(X =0) = py. For 1 <x <2, the
only way we can have X < x is to have X =0 or X = 1. Thus,

F(x) = P(X <x) = P{X=0}u{X=1}) = po+pi.
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In summary,
0, x <0,
_ ) po, 0<x<1,
F(x> N PO‘I‘PI» 1§x<2a
1, x>2,

which is sketched in Figure 5.6. Notice that
F(1)~F(0) = pi,

and
F(2)—F(1)=1—(po+p1)=p=P(X =2).

Thus, each of the probability masses can be recovered from the cdf.

po+p1+pr=1j —
Pz{
Po+pi {-—e

p() —o0

o 1 2

Figure 5.6. Cumulative distribution function of the discrete random variable in Example 5.12.

Simulation

Suppose we need to simulate a discrete random variable taking distinct values y; with
probabilities p;. If X ~ uniform(0, 1), observe that

pi
PX<p) = /0 ldx = py.

Similarly,

P1tp2
P(pi<X<pi+p) = / ldx = ps,
p1
and P(p;+ p2 <X < p1+p2+ p3) = p3, and so on. For example, to simulate a Bernoulli(p)
random variable Y, we would take y; =0, p; =1 —p, y» = 1, and p» = p. This suggests the
following MATLAB script for generating a vector of n Bernoulli(p) random variables. Try
typing it in yourself!

0.3

=5

= rand(1l,n)

= zeros(1l,n)

= find(X>1-p)

(i) = ones(size(i))

<KX B o
|
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In this script, rand (1, n) returns a 1 X n matrix of uniform(0, 1) random numbers; zeros

(1, n) returns a 1 X n matrix of zeros; £ind (X>1-p) returns the positions in X that have
values greater than 1-p; the command ones (size (i) ) puts a1 at the positions in Y that
correspond to the positions in X that have values greater than 1-p. By adding the command
Z = sum(Y), you can create a single binomial(n, p) random variable Z. (The command
sum (Y) returns the sum of the elements of the vector Y.)

Now suppose we wanted to generate a vector of m binomial(n, p) random numbers. An
easy way to do this is to first generate an m x n matrix of independent Bernoulli(p) random
numbers, and then sum the rows. The sum of each row will be a binomial(#n, p) random
number. To take advantage of MATLAB’S vector and matrix operations, we first create an
M-file containing a function that returns an m x n matrix of Bernoulli(p) random numbers.

% M-file with function to generate an
m-by-n matrix of Bernoulli(p) random numbers.

oe

o\°

function Y = bernrnd(p,m,n)
X = rand(m,n);

Y = zeros(m,n);
i = find(X>1-p);
Y(i) = ones(size(i));

Once you have created the above M-file, you can try the following commands.

bernmat = bernrnd(.5,10,4)
X = sum(bernmat’)

Since the default operation of sum on a matrix is to compute column sums, we included the
apostrophe (/) to transpose bernmat. Be sure to include the semicolons (;) so that large
vectors and matrices will not be printed out.

5.3 Mixed random variables

We begin with an example. Consider the function

x, x>0,
s = {5720 54

which is sketched in Figure 5.7. The function g operates like a half-wave rectifier in that if
a positive voltage x is applied, the output is y = x, while if a negative voltage x is applied,
the output is y = 0. Suppose ¥ = g(X), where X ~ uniform[—1,1]. We now find the cdf of

Figure 5.7. Half-wave-rectifier transformation g(x) defined in (5.4).
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Y, Fy(y) :=P(Y <y). The first step is to identify the event {¥ <y} for all values of y. As X
ranges over [—1,1], Y = g(X) ranges over [0, 1]. It is important to note that Y is never less
than zero and never greater than one. Hence, we easily have

|9, y<0,

This immediately gives us

Fy(y) = P(Y <y) = {Egg)):ﬁ, i;(l)

It remains to compute Fy(y) for 0 <y < 1. For such y, Figure 5.7 tells us that g(x) is less
than or equal to some level y if and only if x <y. Hence,

Fr(y) = P(Y <y) = P(X <y).

Now use the fact that since X ~ uniform[—1, 1], X is never less than —1;i.e., P(X < —1)=0.
Hence,

Fr(y) = P(X <y)
=PX<-1)+P(-1<X<y)
P(-1<X<y)

_y=(=1

2
In summary,
0, y <0,
Fr(y) =1 O0+1)/2, 0<y<],

1 y=> 1,

which is sketched in Figure 5.8(a). The derivative, fy(y), is shown in Figure 5.8(b). Its

formula is |

fry) = fr(y)+ 580,

12 12—
A

(a) (b)

Figure 5.8. (a) Cumulative distribution function of a mixed random variable. (b) The corresponding impulsive
density.
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where

0, otherwise.

ﬁ@)::{ULO<y<L

Notice that we need an impulse function” in fy (y) at y = 0 since Fy (y) has a jump discon-
tinuity there. The strength of the impulse is the size of the jump discontinuity.

A random variable whose density contains impulse terms as well as an “ordinary” part is
called a mixed random variable, and the density, fy (y), is said to be impulsive. Sometimes
we say that a mixed random variable has a generalized density. The typical form of a
generalized density is

fr(y) = fY(y)+ZP(Y:yi)5(y_Yi)a (5.5

where the y; are the distinct points at which Fy(y) has jump discontinuities, and fy (y) is
an ordinary, nonnegative function without impulses. The ordinary part fy(y) is obtained
by differentiating Fy (y) at y-values where there are no jump discontinuities. Expectations
E[k(Y)] when Y has the above generalized density can be computed with the formula

Bk = [ KOOy = [ k00 dy+ TRIPE =)

Example 5.13. Consider the generalized density

frly) = e+ 5380)+ £80 7).

Compute P(0 <Y <7), P(Y =0), and E[Yz].

Solution. In computing

7
PO<Y<7) = /O+fy(y)dy,

the impulse at the origin makes no contribution, but the impulse at 7 does. Thus,

7
PO<y<7) = [ Ue>’+;5(y)+é5(y—7) dy
0+

1 /7 1
_ = Vdy+ —
4Ae Yt
1—e 7 1 5 ¢’

s teT 4

""The unit impulse or Dirac delta function, denoted by 8, is defined by the two properties

§(1)=0fors#0 and / S(t)dr = 1.
Using these properties, it can be shown that for any function 4(z) and any 7,

/;m ()8t —t0)dt = hro).
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Similarly, in computing P(Y = 0) = P(Y € {0}), only the impulse at zero makes a contri-

bution. Thus,
1
) {O}fy(y) y 0}3 W)dy = 3

To conclude, write
E[r?] —/ V2 fr ()
oo 1
_ — [yl - _
./,my (4 t3 5( ¥)+590 7))dy

2
- = Y Y S(y—
7¢ T3 o(y)+ 7z 6(y—"7)dy

2

1 [~ 0 7
I “blgyr 4
4./,wy ¢ Tdyt3 Ty

L[® ) 49
== dy+ —.
2 )y 7B

Since this last integral is the second moment of an exp(1) random variable, which is 2 by
Example 4.17, we find that
2 49 55
EYY] = 24— = =,
Y] 2 * 6 6

5.4 Functions of random variables and their cdfs

Most modern systems today are composed of many subsystems in which the output
of one system serves as the input to another. When the input to a system or a subsystem
is random, so is the output. To evaluate system performance, it is necessary to take into
account this randomness. The first step in this process is to find the cdf of the system output
if we know the pmf or density of the random input. In many cases, the output will be a
mixed random variable with a generalized impulsive density.

We consider systems modeled by real-valued functions g(x). The system input is a
random variable X, and the system output is the random variable ¥ = g(X). To find Fy (),
observe that

Fy(y) == P(Y <y) = P(g(X) <y) = P(X € By),

where
= {xeR:g(x) <y}
If X has density fy, then

Fy(y) X GB / fX

The difficulty is to identify the set B,. However, if we first sketch the function g(x), the
problem becomes manageable.
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Example 5.14. Find the cdf and density of ¥ = g(X) if X ~ uniform[0,4], and

x, 0<x<1,
) = 1, 1<x<2,
EW = Y 3% 2<x<3,

0, otherwise.

Solution. We begin by sketching g as shown in Figure 5.9(a). Since 0 < g(x) <1, we
can never have Y = g(X) < 0, and we always have ¥ = g(X) < 1. Hence, we immediately

have - _ [P@)=0,y<0,
Fr(y) = P(r<y) = {P(Q)—l, y>1.

To deal with 0 <y < 1, draw a horizontal line at level y as shown in Figure 5.9(b). Also
drop vertical lines where the level crosses the curve g(x). In Figure 5.9(b) the vertical lines
intersect the x-axis at u and v. Observe also that g(x) <y if and only if x < u or x > v.
Hence, for 0 <y < 1,

Fr(y) = P(Y <y) = P(g(X) <y) = P{X SupU{X >v}).
Since X ~ uniform[0,4],

u—0 4—v

PUX Supu{X 2v}) = — =+~

It remains to find u and v. From Figure 5.9(b), we see that g(«) =y, and since 0 < u < 1,
the formula for g(u) is g(u) = u. Hence, g(u) = y implies u = y. Similarly, since g(v) =y
and 2 < v < 3, the formula for g(v) is g(v) =3 —v. Solving 3 —v =y yields v =3 —y. We
can now simplify

yH@E-B-y) _ 241 _y 1
Fy(y) : 2 St 0<y<l
The complete formula for Fy (y) is
0, y<0,
Fy(y) = %+%,O§y<1,
L y=>1

(a) (b)

Figure 5.9. (a) The function g of Example 5.14. (b) Drawing a horizontal line at level y.
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Examination of this formula shows that there are jump discontinuities at y =0 and y =
1. Both jumps are of height 1/4. See Figure 5.10(a). Jumps in the cdf mean there are
corresponding impulses in the density. The complete density formula is

~ 1 1
KrO) = fr)+780)+ 80 —1),
where /
< [1/2,0<y<]1,
fr(y) = { 0, otherwise.
Figure 5.10(b) shows fy(y).
1 ~— 1
3/4 3/4
12 172
1/4 1/4 ‘
0 i 0 1
(a) (b)

Figure 5.10. (a) Cumulative distribution of Y in Example 5.14. (b) Corresponding impulsive density.

Example 5.15. Suppose g is given by

I, 2<x<-1,

X, —1<x<0,
glx) =< x, 0<x<2,

2, 2<x<3,

0, otherwise.

If Y = g(X) and X ~ uniform[—4,4], find the cdf and density of Y.

Solution. To begin, we sketch g in Figure 5.11. Since 0 < g(x) < 2, we can never have
Y <0, and we always have Y < 2. Hence, we immediately have

Fr(y) = P(Y <y) = { Egg)): CUsy

To deal with 0 <y < 2, we see from Figure 5.11 that there are two interesting places to
draw a horizontal level y: 1 <y <2and 0 <y < 1.

Fix any y with 1 <y < 2. On the graph of g, draw a horizontal line at level y. At the
intersection of the horizontal line and the curve g, drop a vertical line to the x-axis. This
vertical line hits the x-axis at the point marked X in Figure 5.12. Observe that for all x to
the left of this point, and for all x > 3, g(x) <y. To find the x-coordinate of X, we solve
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Figure 5.12. Drawing a horizontal line at level y, 1 <y < 2.

g(x) =y for x. For the y-value in question, the formula for g(x) is g(x) = x. Hence, the
x-coordinate of x is simply y. Thus, g(x) <y < x <yorx > 3, and so,

F(y) =P

(
= P{X
yo(-4)  4-3

IN
<
—
C
—~
@)
vV
w
=z

Now fix any y with 0 <y < 1, and draw a horizontal line at level y as shown in Fig-
ure 5.13. This time the horizontal line intersects the curve g in two places, and there are two
points marked X on the x-axis. Call the x-coordinate of the left one x| and that of the right
one x,. We must solve g(x;) =y, where x| is negative and g(x;) = x7. We must also solve
g(x2) =y, where g(x2) = x2. We conclude that g(x) <y & x< —2or —,/y<x<yorx>3.
Thus,

Fy(y) = P(g(X) <y)

= P{X < 2}U{—\y <X <y}U{X >3})
_ ()4 vy (V) 43
= g + 3 + ]
y+vy+3

e
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Figure 5.13. Drawing a horizontal line at level y, 0 <y < 1.

Putting all this together,

0, y <0,

. (y+\/§+3)/8, 0<y<l,

BOY =19 pesys, 1<y<2,
1, y>2.

In sketching Fy(y), we note from the formula that it is O for y < 0 and 1 for y > 2. Also
from the formula, there is a jump discontinuity of 3/8 at y =0 and a jump of 1/8 aty =1
and at y = 2. See Figure 5.14.

IF —
049 L L |
0 1 2
l, -

A
0 ! L
0 1 2

Figure 5.14. Cumulative distribution function Fy (y) (top) and impulsive density fy (y) (bottom) of Example 5.15.
The strength of the impulse at zero is 3/8; the other two impulses are both 1/8.

From the observations used in graphing Fy, we can easily obtain the generalized density,

) = 280)+ 580 1)+ 1802+ Fr ),
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where
) [(T+1/(2\)]/8, 0<y <1,
fry) = < 1/8, 1<y<2,
0, otherwise,

is obtained by differentiating Fy (y) at non-jump points y. A sketch of fy is shown in Fig-
ure 5.14.

5.5 Properties of cdfs

Given an arbitrary real-valued random variable X, its cuamulative distribution function is
defined by
F(x) == P(X <x), —oo<x<oo.

We show below that F satisfies eight properties. For help in visualizing these properties, the
reader should consult Figures 5.3, 5.4(top), 5.8(a), 5.10(a), and 5.14(top).

(i) 0<F(x)<1.

(ii) Fora <b,P(a<X <b)=F(b)—F(a).

(iif) F is nondecreasing, i.e., a < b implies F(a) < F(b).

(iv) limF(x) = 1.
xToo
Since this is a statement about limits, it does not require that F'(x) = 1 for any finite
value of x. For example, the Gaussian and Cauchy cdfs never take the value one
for finite values of x. However, all of the other cdfs in the figures mentioned above
do take the value one for finite values of x. In particular, by properties (i) and (iii),
if F(x) = 1 for some finite x, then for all y > x, F(y) = 1.

(v) lim F(x) =0.

x| —oo
Again, since this is a statement about limits, it does not require that F(x) = 0 for
any finite value of x. The Gaussian and Cauchy cdfs never take the value zero for
finite values of x, while all the other cdfs in the figures do. Moreover, if F(x) =0
for some finite x, then for all y < x, F(y) = 0.
(vi) F(xo+):= lilmF(x) =P(X <xp) =F(xp).
x|xg

This says that F is right-continuous.
(vii) F(xo—):= liTmF(x) =P(X < xp).
X1X0

(viii) P(X =xp) = F(x0) — F(x0—).
This says that X can take the value xy with positive probability if and only if the cdf
has a jump discontinuity at xo. The height of the jump is the value of P(X = xp).

We also point out that
PX>x) = 1-PX<x) = 1—F(x),

and
PX>x) = 1-PX <x) = 1—F(x0—).

If F(x) is continuous at x = xo, i.e., F(xo—) = F(xo), then this last equation becomes

P(XZ)C()) = I—F(Xo).
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Another consequence of the continuity of F'(x) at x = xo is that P(X = xo) = 0. Hence, if a
random variable has a nonimpulsive density, then its cumulative distribution is continuous
everywhere.

We now derive the eight properties of cumulative distribution functions.
(i) The properties of P imply that F(x) = P(X < x) satisfies 0 < F(x) < I.
(ii) First consider the disjoint union (—eo,b] = (—co,a] U (a, b]. It then follows that

{X<b} = {X<a}lU{a<X <b}
is a disjoint union of events in Q. Now write
F(b) = P(X<D)

(
= P(X<a +P(a<X<b)
= F(a)+P(a<X <D).

Now subtract F(a) from both sides.
(iii) This follows from (i) since P(a < X < b) > 0.
(iv) We prove the simpler result limy_.. F(N) = 1. Starting with

we can write

1 = P(X €R)

P(U (x<n))

= A%im P(X <N), by limit property (1.15),

= lim F(N).
dim F(N)
(v) We prove the simpler result, limy_... F (—N) = 0. Starting with

g = m(_ma_n]a
n=1

we can write

0=PXeD)

o{fe<-0)

= &im P(X < —N), by limit property (1.16),
lim F(—N).

N—oo
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(vi) We prove the simpler result, P(X < xp) = Al[im F(xo+ % ). Starting with

=

(—o0,x0] = ﬂ (—o0,x0 + %]a

n=1

we can write

P(X <xp) = P(ﬂ{XSXO-F’Il})
n=1
= lim P(X <xo+ ), by (1.16),

— 1i 1
= }\1/]1}nwF(XO+ N)

(vii) We prove the simpler result, P(X < xo) = I\IJim F(xo— ﬁ) Starting with

(—o0,x0) = [ J(—o0,x0— 1],

n=1
we can write

P(X <xp) = P<D{XSX0—,1,})

n=1

= lim P(X <xo—5), by (L.15),

N—soo

— T 1

(viii) First consider the disjoint union (—eo,xg] = (—e0,x) U{xo}. It then follows that
{X <x0} = {X<x0}U{X=x0}
is a disjoint union of events in Q. Using Property (vii), it follows that
F(x0) = F(xo—)+P(X =xo).

Some additional technical information on cdfs can be found in the Notes. 45

5.6 The central limit theorem

Let X1, X>, ... be i.i.d. with common mean m and common variance 6. There are many
cases for which we know the probability mass function or density of

X;.

-

i=1

For example, if the X; are Bernoulli, binomial, Poisson, gamma, or Gaussian, we know
the cdf of the sum (see Section 3.2, Problems 5 and 12 in Chapter 3, and Problem 55 in
Chapter 4). Note that the exponential and chi-squared are special cases of the gamma (see
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Problem 15 in Chapter 4). In general, however, finding the cdf of a sum of i.i.d. random
variables is not computationally feasible. Furthermore, in parameter-estimation problems,
we do not even know the common probability mass function or density of the X;. In this
case, finding the cdf of the sum is impossible, and the central limit theorem stated below is
a rather amazing result.

Before stating the central limit theorem, we make a few observations. First note that

E[iflx,} - lilE[x,.] — m

As n — oo, nm does not converge if m # 0. Hence, if we are to get any kind of limit result,
it might be better to consider

-

Il
-

(X; —m),

1

which has zero mean for all n. The second thing to note is that since the above terms are
independent, the variance of the sum is the sum of the variances (Eq. (2.28)). Hence, the
variance of the above sum is nG2. As n — oo, nG> — co. This suggests that we focus our

analysis on
1 & X,-—m
Y, = — 5.6
= () 5.6

which has zero mean and unit variance for all n (Problem 51).

Central limit theorem (CLT). Let X1,X,... be independent, identically distributed
random variables with finite mean m and finite variance 6>. If Y, is defined by (5.6), then

lim Fy, (y) = ®(y),

n—oo

where ®(y) := [* e”z/z/\/ 2mdt is the standard normal cdf.

Remark. When the X; are Bernoulli(1/2), the CLT was derived by Abraham de Moivre
around 1733. The case of Bernoulli(p) for 0 < p < 1 was considered by Pierre-Simon
Laplace. The CLT as stated above is known as the Lindeberg—Lévy theorem.

To get some idea of how large n should be, we compare Fy, (y) and ®(y) in cases where
Fy, is known. To do this, we need the following result.

Example 5.16. Show that if G, is the cdf of Y1, X;, then

Fy,(y) = G,(yo/n+nm). (5.7

Solution. Write

R, () = PQEEI(X"G"’) gy)
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n
= P(ZX,- Syd\/ﬁ—i—nm)
i=1

= G,(yo/n+nm).

When the X; are exp(1), G, is the Erlang(n, 1) cdf given in Problem 15(c) in Chapter 4.
With n = 30, we plot in Figure 5.15 Fy,(y) (dashed line) and the N(0,1) cdf ®(y) (solid
line).

0.75

0.50

0.25

Figure 5.15. Illustration of the central limit theorem when the X; are exponential with parameter 1. The dashed
line is Fy,, (y), and the solid line is the standard normal cumulative distribution, ®(y).

A typical calculation using the central limit theorem is as follows. To approximate

n
P < Y x> t> ,
i=1
write

P<;211Xi>t) = P(i(x,-—m) >t—nm>

Il

!
7N
-
7N
25
all
3
N——
T

Q S
3
N———

—ply t—nm
a (”> cWﬁ)
t—nm
~ 1_c1>< G\/ﬁ>. (5.8)

For example, if X; ~ exp(1), then the probability that 2?201 X; (whose expected value is
30) is greater than t = 35 is 0.177, while the central limit approximation is 1 —®(0.91287)
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Figure 5.16. Plots of log|o(1 — Fy,, (y)) (dashed line), log; (1 — Fy,y, (v)) (dash-dotted line), and log (1 — ®(y))
(solid line).

=0.181. This is not surprising since Figure 5.15 shows good agreement between Fy,, (y) and
®(y) for |y| < 3. Unfortunately, this agreement deteriorates rapidly as |y| gets large. This is
most easily seen if we plot log,(1 — Fy,(y)) and log;,(1 — ®(y)) as shown in Figure 5.16.
Notice that for y = 4, the n = 30 curve differs from the limit by more than an order of
magnitude.

These observations do not mean the central limit theorem is wrong, only that we need
to interpret it properly. The theorem says that for any given y, Fy,(y) — ®(y) as n — oo.
However, in practice, n is fixed, and we use the approximation for different values of y. For
values of y near the origin, the approximation is better than for values of y away from the
origin. We must be careful not to use the central limit approximation when y is too far away
from the origin for the value of n we may be stuck with.

Example 5.17. A certain digital communication link has bit-error probability p. Use
the central limit theorem to approximate the probability that in transmitting a word of n
bits, more than k bits are received incorrectly.

Solution. Let X; = 1 if bit i is received in error, and X; = 0 otherwise. We assume the
X; are independent Bernoulli(p) random variables. Hence, m = p and 6> = p(1 — p). The
number of errors in n bits is ) | X;. We must compute (5.8) with ¢+ = k. However, since
the X; are integer valued, the left-hand side of (5.8) is the same for all ¢ € [k,k+1). Tt
turns out we get a better approximation using ¢ = k+ 1/2. Taking t = k+1/2, m = p, and
6% = p(1—p) in (5.8), we have

4 1 k+1/2—np)
P Xi>k+- ) = 1 -9 ———— ). 5.9
(,Zl g 2) < np(1—p) o
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Let us consider the preceding example with n = 30 and p = 1/30. On average, we
expect that one out of 30 bits will be received incorrectly. What is the probability that more
than 2 bits will be received incorrectly? With k = 2, the exact probability is 0.077, and
the approximation is 0.064. What is the probability that more than 6 bits will be received
incorrectly? With k = 6, the exact probability is 5 x 107>, and the approximation is 6 x 10~°.
Clearly, the central limit approximation is not useful for estimating very small probabilities.

Approximation of densities and pmfs using the CLT

Above we have used the central limit theorem to compute probabilities. However, we
can also gain insight into the density or pmf of Xj + --- + X,,. In addition, by considering
special cases (Example 5.18 and Problem 54), we get Stirling’s formula for free.

Suppose Fy, (v) ~ ®(y). Fix a small Ay, and suppose Fy, (y + Ay) =~ ®(y + Ay) as well.
Then

Fy,(y+Ay) — Fy,(y) = ®(y+Ay) —2(y)
y+Ay eitz/z
S
y V2T
eV /2

V2rm

Q

Ay, (5.10)

since the Gaussian density is continuous.

If Fy, has density fy, , the above left-hand side can be replaced by fyHAy Sy, (t)dt. If the
density fy, is continuous, this integral is approximately fy, (y)Ay. We are thus led to the
approximation

eV /2

V2rm

Q

Jr, (y)Ay

and then

fr(v) = N (5.11)

This is illustrated in Figure 5.17 when the X; are i.i.d. exp(1). Figure 5.17 shows fy, (y) for
n=1,2,5,30 along with the N(0, 1) density.

In practice, it is not Y, that we are usually interested in, but the cdf of X; + --- + X,
which we denote by G,,. Using (5.7) we find that

Gut) = i, ("o ) ~ (o)

Thus, G, is approximated by the cdf of a Gaussian random variable with mean nm and
variance no?. Differentiating G, (x) and denoting the corresponding density by g, (x), we
have

gn(x) = \/T;C)_\/ﬁexp [—%(%)2], (5.12)

which is the N(nm,nc?) density. Just as the approximation Fy, (y) ~ ®(y) is best for y near
zero, the approximation of G,(x) and g, (x) is best for x near nm.
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1.00
n=1
0.75r b
n=2
N
0.50+ n=>5 |
n=30~_/™
0.25- Gaussian i
O L L L
-3 -2 -1 0 1 2 3
y

Figure 5.17. For X; i.i.d. exp(1), sketch of fy, (y) forn = 1,2,5,30 and the N(0, 1) density.

Example 5.18. Let Xi,...,X, be i.i.d. exp(1) so that in (5.12) g, is the Erlang(n, 1)
density (Problem 55(c) in Chapter 4). Since m = 6% = 1, (5.12) becomes

)(jlel ;’; ~ Zlm exp[_;(%ﬂ. (5.13)

Since the approximation is best for x close to n, let us take x = n to get

't len 1

~

(n—1)! ~ \V2mn

which we can rewrite as

V27" e~ (n—1)1.
Multiplying through by n yields Stirling’s formula,

n! ~ \2gn"t2e

Remark. A more precise version of Stirling’s formula is [16, pp. 50-53]

V2mn 2 nt (1200) o121/ (120)

Remark. Since in (5.13) we have the exact formula on the left-hand side, we can see
why the central limit theorem provides a bad approximation for large x when n is fixed. The

left-hand side is dominated by e¢™*, while the right-hand side is dominated by e/ As
x increases, e/ decays much faster than e™*. Although in this case the central limit
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theorem density decays more quickly than the true density g, there are other examples in
which the central limit theorem density decays more slowly than g,,. See Problem 55.

If the X; are discrete, then
Tn = Xl+"'+Xn

is also discrete, and its cdf G, has no density. However, if the X; are integer valued, then so
is T,,, and we can write

P(T,=k) = Plk—1/2<T, <k+1/2)
= Gulk+1/2) = Gu(k—1/2)

k+3i—nm k—3i—nm
= () ()
Yn G\/ﬁ Yn G\/ﬁ

Proceeding as in the derivation of (5.10), we have
Fy,(y+6/2)—F,(y—6/2) = ®(y+6/2) —P(y—6/2)

y+8/2 ,—12/2
- / ¢ ar
y

-§/2 V2w
—y2/2
~ 675
V2T

Taking y = (k—nm)/o+/n and 6 = 1/6+/n shows that

1 ox [_l<k—nm)2] 1
N R o\/n on’
Just as the approximation Fy, (y) ~ ®(y) is best for y near zero, the above approximation of
P(T, = k) is best for k near nm.

P(T,=k) ~ (5.14)

Example 5.19 (normal approximation of the binomial). Let X; be i.i.d. Bernoulli(p)
random variables. Since m = p and o2 = = p(1 — p) (Example 2.28), (5.14) gives us the
approximation

| 1 k—n 2 1
Pt = k) ~ = ewp| =3 np(lfm) | mp(1=p)

We also know that 7, is binomial(n, p) (Section 3.2). Hence, P(T, = k) = (}) p*(1—p)" %,
and it follows that

n n—k 1 k—n 2 1
(k>pk(1_p) ka [ (\/nplﬁ H\/np(l—p)

as claimed in Chapter 1. The approximation is best for k near nm = np. The approximation
can be bad for large k. In fact, notice that 7, = X| + - - - + X, < n since the X; are either zero
or one. Hence, P(T,, = k) = 0 for k > n while the above right-hand side is positive.
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Derivation of the central limit theorem

It is instructive to consider first the following special case, which illustrates the key steps
of the general derivation. Suppose that the X; are i.i.d. Laplace with parameter A = /2.
Thenm =0, 62 =1, and (5.6) becomes

L
v

Y, =

HM:

The characteristic function of Y,, is
¢r,(v) = E[e/""] = Ele

HE j(v/vn)X

Of course, E [ej(v/ V)X | = ¢x,(v//n), where, for the Laplace (/2 ) random variable X;,

[ j(v/ﬁ)iilx,}

(v) = 2 _ 1
V) =53 = 1+v2/2

Thus,

(v /)X v 1
Efe/VIVI] = (pX’(i) - R

and
1 1

n
Pr,(v) = <> = T
T (1+22)
We now use the fact that for any number &,
(1+§>n — et
n

It follows that . .
— _ V32
(PYn(v) - (1—"_&)" - ev2/2 =e s
n

which is the characteristic function of an N(0, 1) random variable.
We now turn to the derivation in the general case. Letting Z; := (X; —m)/o, (5.6)
becomes
1 n
Y= —=Y 7,
vn 5
i—
where the Z; are i.i.d. zero mean and unit variance. Let ¢z(Vv) := E[e/*%] denote their
common characteristic function. We can write the characteristic function of Y, as
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oo 5
()

= 1o (75)

1

o)

=E

—

I
- ;:1=
%\

—_

Now recall that for any complex &,

1
¢ = 1+&+ 8 +R().
Thus,

(PZ(L) — E[e/v/V)Z]

=E 1+'VZ<+1(' vZ)erR(' VZ)
o ]\/ﬁ 2 ]\/ﬁ ' ]\/ﬁ Al
Since Z; is zero mean and unit variance,

1% 1 v? Y
‘PZ(W) = 1‘z'n+E[R(fﬁZf)}
It can be shown that the last term on the right is asymptotically negligible [3, pp. 357-358],

and so R
(Pz(%) ~ 1= vn/z'

V" vZ/2\" B
R R

which is the N(0, 1) characteristic function. Since the characteristic function of ¥, con-
verges to the N(0, 1) characteristic function, it follows that Fy, (y) — ®(y) [3, p. 349, Theo-
rem 26.3].

We now have

5.7 Reliability

Let T be the lifetime of a device or system. The reliability function of the device or
system is defined by

R(t) == P(T>1t) = 1—Fr(1). (5.15)

The reliability at time ¢ is the probability that the lifetime is greater than 7.
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The mean time to failure (MTTF) is defined to be the expected lifetime, E[T]. Since
lifetimes are nonnegative random variables, we claim that

. /Om P(T > 1)dt. (5.16)

It then follows that -
E[T] = / R(r)dt;
0

namely, the MTTF is the integral of the reliability. To derive (5.16), first recall that every
probability can be written as an expectation (Example 2.31). Hence,

/PT>tdt—/ E[l(f.00) th{/ Lr.00( )dt]

Next, observe that as a function of ¢, I(Nx,)(T) = I(_wﬁT)(t); just check the cases # < T and

t > T. It follows that
/PT>t {/lmr dt}

To evaluate this last integral, observe that since T is nonnegative, the intersection of [0, )
and (—e,T) is [0, 7). Hence,

/OwP(T>t)dt = E[/()Tdt} = E[T].

The failure rate of a device or system with lifetime 7 is

P(T <t+At|]T >t
r(t) = EIL% (T'< —Zt | )
!

This can be rewritten as
P(T <t+A|T >1) = r(t)Ar.
In other words, given that the device or system has operated for more than ¢ units of time,
the conditional probability of failure before time # + Ar is approximately r(¢)Az. Intuitively,
the form of a failure rate function should be as shown in Figure 5.18. For small values of ¢,
r(t) is relatively large when pre-existing defects are likely to appear. Then for intermediate
values of ¢, r(t) is flat indicating a constant failure rate. For large ¢, as the device gets older,
r(t) increases indicating that failure is more likely.
To say more about the failure rate, write

PHT <t+At}n{T >1})
P(T > 1)
Pt <T <rt+Ar)
P(T >1)
Fr(t+At) — Fr(t)
R(t)

P(T <t+AT >1t) =
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Figure 5.18. Typical form of a failure rate function r(z).

Since Fr(t) = 1 — R(t), we can rewrite this as

R(t+Ar) —R(t
P(T <t+Al|T >1) = _R@e+41) = R(@)
R(7)
Dividing both sides by Ar and letting Ar | 0 yields the differential equation

_ R
r(t) = _R(t)'

Now suppose T is a continuous random variable with density fr. Then

R(t) = P(T >1) / fr(6

and
R() = —fr(0):

We can now write

I"(I) — 7R/(t) — oofT(t)
R(#) / fr(6)de
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(5.17)

In this case, the failure rate r(¢) is completely determined by the density fr(z). The converse
is also true; namely, given the failure rate r(¢), we can recover the density fr (). To see this,

rewrite the above differential equation as

—r(t) = ]:((t’)) %lnR()

Integrating the left and right-hand formulas from zero to ¢ yields

—/Otr(f)d’b' = InR(r) — InR(0).

Then
7f0r T)dt _ R(I),

(5.18)
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where we have used the fact that for a nonnegative, continuous random variable, R(0) =
P(T >0) = P(T > 0) = 1. If we differentiate the left and right-hand sides of (5.18) and use
the fact that R'(t) = — fr(¢), we find that

fr(t) = r(t)e hrods, (5.19)

Example 5.20. In some problems, you are given the failure rate and have to find the
density using (5.19). If the failure rate is constant, say r(t) = A, then

! t
/r(r)dt = / Adt = At.
Jo 0

fr(t) = Le ™™,

and we see that T has an exponential density with parameter 1.
A more complicated failure rate is r(t) =t /A?. In this case,

It follows that

It then follows that

which we recognize as the Rayleigh(A) density.

Example 5.21. In other problems you are given the density of 7 and have to find the
failure rate using (5.17). For example, if T ~ exp(4), the denominator in (5.17) is

/fT )d6 —/ Ae 04 — —e 20" Teen
It follows that
B fr(®) B Ae M B
r(t) = T fr(6)d0 = = A.

If T ~ Rayleigh(A), the denominator in (5.17) is

/ %e—(e/l)zﬂde — _o(8/2))2 = _ o (t/M2)2
t
It follows that
o = IO e
T [T fr(8)de A2
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Notes

5.1: Continuous random variables

Note 1. The normal cdf and the error function. We begin by writing

() == 1-®(y -6%/249.

=l

Then make the change of variable & = 6//2 to get

_ L/ e
o(y) = ﬁ/M dé.

Since the complementary error function is given by

erfe(z) = %/ﬁeﬂﬁzdé

we can write

o@y) = %erfc(y/\ﬁ).

The MATLAB command for erfc(z) is erfc (z).

We next use the fact that since the Gaussian density is even,

l o _92/2 l /—)7 —1‘2/2
) = 46 = —— dr = ®(y).
o=y = & L e ) e )

Hence,

d(y) = Lerfe(—y/V2).

The error function is defined by

erf(z) = %/Ozg—izdé.

It is easy to check that erf(z) +erfc(z) = 1. Since erf is odd, ®(y) = $[1 +erf(y/v2)].
However, this formula is not recommended because erf(z) is negative for z < 0, and this
could result in a loss of significant digits in numerical computation.

Note 2. In Example 5.5, the cdf has “corners” at x = 0 and at x = 1. In other words, left
and right derivatives are not equal at these points. Hence, strictly speaking, F’(x) does not
existatx=0oratx=1.

Note 3. Derivation of (5.2). Let g(x) be a continuous, strictly-increasing function. By
strictly increasing, we mean that for x; < x2, g(x2) < g(x2). Such a function always has an
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inverse g~ !(y), which is also strictly increasing. So, if ¥ = g(X), we can find the cdf of ¥
by writing

F(y) =P

= Fx gfl(y)%

where the third equation follows because

{sX) <y} = {x<g '} (5.20)

It is now convenient to put 4(y) := g~!(y) so that we can write

Fr(y) = Fx(h(y)).

Differentiating both sides, we have
fr(y) = fx (h(y))H (). (5.21)

We next consider continuous, strictly-decreasing functions. By strictly decreasing, we
mean that for x; < x, g(x;) > g(x»). For such functions, the inverse is also strictly de-
creasing. In this case, instead of (5.20), we have {g(X) <y} = {X > g !(y)}. This leads
to

Fy(y) = P(Y <y)
= P(s(x) <)
=P(x>¢'(y)
= 1-Fx(g'(y).

Again using the notation /(y) := g~ !(y), we can write
Fr(y) = 1-Fx(h(y))-

Differentiating yields
fr) = —fe(h()H ). (5.22)

We further note that if 4 is increasing, then’

W (x) == &%W > 0, (5.23)

while if 4 is decreasing, h’ (x) < 0. Since densities are nonnegative, this explains the minus
sign in (5.22). We can combine (5.21) and (5.22) into the single expression

) = fx(h()|H )]

If h is increasing, then the numerator in (5.23) is nonnegative for Ax > 0 and nonpositive for Ax < 0. In either
case, the quotient is nonnegative, and so the limit is too.
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5.5: Properties of cdfs

Note 4. So far we have discussed random variables that are discrete, continuous, or
mixed, noting that the discrete and continuous are special cases of the mixed. By allowing
density functions to contain impulses, any of the these cdfs can be expressed in the form

Fx) = / F(t)dt. (5.24)

With this representation, if f is continuous at a point xo, then f(xo) = F'(xo), while if f
has an impulse at xo, then F has a jump at xo, and the size of the jump, P(X = xg) =
F(x0) — F(xo—), is magnitude of the impulse. This suffices for most applications. However,
we mention that it is possible to have a random variable whose cdf is continuous, strictly
increasing, but whose derivative is the zero function [3]. Such a cdf cannot be written
in the above form: Since F is continuous, f cannot have impulses; since F' is the zero
function, F'(x) = f(x) is zero too; but then (5.24) would say F(x) = 0 for all x, contradicting
F(x) — 1 as x — o0. A random variable whose cdf is continuous but whose derivative is the
zero function is said to be singular. Since both singular random variables and continuous
random variables have continuous cdfs, in advanced texts, continuous random variables are
sometimes called absolutely continuous.

Note 5. If X is a random variable defined on Q, then u(B) :==P({w € Q: X(0) €
B}) satisfies the axioms of a probability measure on the Borel subsets of IR (Problem 4
in Chapter 2). (Also recall Note 1 and Problems 49 and 50 in Chapter 1 and Note 1 in
Chapter 2.) Taking B = (—oo,x] shows that the cdf of X is F(x) = u((—eo,x]). Thus,
u determines F'. The converse is also true in the sense that if F is a right-continuous,
nondecreasing function satisfying F(x) — 1 as x — o0 and F(x) — 0 as x — —oo, then there
is a unique probability measure 1 on the Borel sets of IR such that i ((—oe,x]) = F(x) for all
x € IR. A complete proof of this fact is beyond the scope of this book, but here is a sketch
of the main ideas. Given such a function F, for a < b, put u((a,b]) := F(b) — F(a). For
more general Borel sets B, we proceed as follows. Suppose we have a collection of intervals
(a;,b;] such that/

B C U(a,',bi].

i=1

Such a collection is called a covering of intervals. Note that we always have the covering
B C (—o0,00). We then define

B) := inf F(b;) —F(a;),
K(B) Bcui(a,«.,h,«],; (bi) —F (ai)

where the infimum is over all coverings of intervals. Uniqueness is a consequence of the
fact that if two probability measures agree on intervals, then they agree on all the Borel sets.
This fact follows from the 7—A theorem [3].

JIf b; = oo, it is understood that (a;,b;] means (a;,).
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Problems

5.1: Continuous random variables

1.

*4.

10.

11.

Find the cumulative distribution function F(x) of an exponential random variable X
with parameter A.

The Rayleigh density with parameter A is defined by

X 2 2 2

S W2 x>0,
fx) =

Find the cumulative distribution function.

Find the cdf of the Weibull(p, A1) density defined in Problem 8 of Chapter 4.

The Maxwell density with parameter A is defined by

2 2 2
25 _wharn s
) = 4 VT3¢ » x20,
0, x<0.

Show that the cdf F(x) can be expressed in terms of the standard normal cdf

D(y —0%/2 49,

)= =
= —1 e

27 J—eo
If Z has density f7(z) and Y = €%, find fy(y).

IfY =1—X, and X has density fx, show that fy(y) = fx(1 —y). In particular, show
that if X ~ uniform(0, 1), then ¥ ~ uniform(0, 1).

If X ~ uniform(0, 1), find the density of ¥ = In(1/X).
Let X ~ Weibull(p,A). Find the density of Y = AX?.
If X is exponential with parameter A = 1, show that ¥ = v/X is Rayleigh(1/v/2).

If X ~ N(m,0?), then Y := ¢¥ is said to be a lognormal random variable. Find the
moments E[Y"].

The input to a squaring circuit is a Gaussian random variable X with mean zero and
variance one. Use the methods of this chapter to show that the output ¥ = X2 has the
chi-squared density with one degree of freedom,

e V2

fr(y) = ek

y>0.



12.

13.

14.
15.

16.

17.

18.

19.
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If the input to the squaring circuit of Problem 11 includes a fixed bias, say m, then
the output is given by ¥ = (X +m)?, where again X ~ N(0,1). Use the methods of
this chapter to show that Y has the noncentral chi-squared density with one degree of

freedom and noncentrality parameter m?,

ef(y+mz)/2 emﬁ_i_efm\ﬁ

= , > 0.
fr(v) NerT 2 y
Note that if m = 0, we recover the result of Problem 11.
Let Xj,...,X, be independent with common cumulative distribution function F(x).

Let us define Xmax := max(Xj,...,X,) and Xuyi, := min(Xy,...,X,). Express the cu-
mulative distributions of Xpax and Xy in terms of F(x). Hint: Example 2.11 may be
helpful.

If X and Y are independent exp(A) random variables, find E[max(X,Y)].

Let X ~ Poisson(ut), and suppose that given X = m, ¥ ~ Erlang(m,A). Find the
correlation E[XY].

Let X ~ Poisson(4), and suppose that given X = n, Y is conditionally an exponential
random variable with parameter n. Find P(Y > y) fory > 0.

Digital communication system. The received voltage in a digital communication
system is Z = X +7, where X ~ Bernoulli(p) is a random message, and ¥ ~ N(0,1)
is a Gaussian noise voltage. Assume X and Y are independent.

(a) Find the conditional cdf Fyx(z|i) for i = 0,1, the cdf Fz(z), and the density
fz(2).
(b) Find fzx(2|1), fzx(z]0), and then express the likelihood-ratio test

fzx(z[1) S P(X=0)
fzx(20) — P(X=1)

in as simple a form as possible.

Fading channel. Let X and Y be as in the preceding problem, but now suppose
Z=X/A+Y,where A, X, and Y are independent, and A takes the values 1 and 2 with
equal probability. Find the conditional cdf Fz4 x (z|a,i) fora=1,2and i =0, 1.

Generalized Rayleigh densities. Let Y, be chi-squared with n > 0 degrees of free-
dom as defined in Problem 15 of Chapter 4. Put Z, := \/Y,..

(a) Express the cdf of Z, in terms of the cdf of ¥,,.

(b) Find the density of Z;.

(c) Show that Z, has a Rayleigh density, as defined in Problem 2, with A = 1.

(d) Show that Z3 has a Maxwell density, as defined in Problem 4, with A = 1.
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20.

21.
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(e) Show that Z,,, has a Nakagami-m density
2 e s
f(2) == & 2T (m) A2m =
0, 7<0,

b

with A = 1.

Remark. For the general chi-squared random variable Y;,, it is not necessary that n
be an integer. However, if n is a positive integer, and if Xj,...,X, are i.i.d. N(0,1),
then the Xi2 are chi-squared with one degree of freedom by Problem 11, and ¥,, :=
X12 4. +X,% is chi-squared with n degrees of freedom by Problem 55(c) in Chap-
ter 4. Hence, the above densities usually arise from taking the square root of the
sum of squares of standard normal random variables. For example, (X;,X,) can be
regarded as a random point in the plane whose horizontal and vertical coordinates are

independent N (0, 1). The distance of this point from the origin is \/X? + X3 = Z,,

which is a Rayleigh random variable. As another example, consider an ideal gas. The
velocity of a given particle is obtained by adding up the results of many collisions
with other particles. By the central limit theorem (Section 5.6), each component
of the given particle’s velocity vector, say (X;,X,X3) should be i.i.d. N(0,1). The

speed of the particle is 4 /X12 +X22 +X32 = Z3, which has the Maxwell density. When

the Nakagami-m density is used as a model for fading in wireless communication
channels, m is often not an integer.

Let Xi,...,X, bei.i.d. N(0,1) random variables. Find the density of
Y = (X1 +---+X,)>
Generalized gamma densities.

(a) For positive p and ¢, let X ~ gamma(p, 1), and put Y := X'/, Show that

gyPdi—te’
) = —Fw—~— ¥y>0.
b) I'(p)
(b) If in part (a) we replace p with p/q, we find that
gy’
o) = =7~ ¥>0.
0) I'(p/q)

Evaluate ling)fy () for the three cases 0 < p < 1,p=1,and p > 1.
y*)

(¢) If we introduce a scale parameter A > 0, we have the generalized gamma
density [60]. More precisely, we say that ¥ ~ g-gamma(p,A,q) if Y has density
Ag(Ay)r—te= (M)
Tp/a)

Clearly, g-gamma(p, A, 1) = gamma(p, A ), which includes the exponential, Er-
lang, and the chi-squared as special cases. Show that

fr(y) = y>0.
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(i) g-gamma(p,A'/? p) = Weibull(p,2).
(ii) g-gamma(2,1/(v/22),2) is the Rayleigh density defined in Problem 2.
(iii) g-gamma(3,1/(v/21),2) is the Maxwell density defined in Problem 4.
(d) IfY ~ g-gamma(p, A, q), show that

T((n+p)/q)

5= g

and conclude that
= s T((n+p)/q)
=n!  T(p/q)A"

(e) Show that the g-gamma(p, 4,q) cdf is given by Fy (y) = G, /,((Ay)?), where G,
is the cdf of the gamma(p, 1) random variable,*

My(S> =

G,(x) = ﬁ/oxtp*'e*’dt. (5.25)

Remark. In MATLAB, G,(x) = gamcdf(x,p). Hence, you can easily compute
the cdf of any gamma random variable such as the Erlang or chi-squared or any
g-gamma random variable such as the Rayleigh, Maxwell, or Weibull. Note,
however, that the Rayleigh and Weibull cdfs have closed forms (Problems 2
and 3). Note also that MATLAB provides the command chi2cdf (x,k) to
compute the cdf of a chi-squared random variable with k degrees of freedom.

*22. In the analysis of communication systems, one is often interested in P(X > x) =
1 — F(x) for some voltage threshold x. We call F¢(x) := 1 — F(x) the complementary
cumulative distribution function (ccdf) of X. Of particular interest is the ccdf of the
standard normal, which is often denoted by

O() = 1—d(x) = % / " gy

Using the hints below, show that for x > 0,

e’ (1 1) < Q) < e r
— | -—= X —
V2m \x ¥ X271

Hints: To derive the upper bound, apply integration by parts to
/m Lo trgy,
Jx
and then drop the new integral term (which is positive),
oo 1 7t2 2

¥The integral in (5.25), as well as I 1P~ e~ dt, are sometimes referred to as incomplete gamma functions.
MATLAB actually uses (5.25) as the definition of the incomplete gamma function. Hence, in MATLAB, G,(x) =
gammainc(x,p).
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If you do not drop the above term, you can derive the lower bound by applying inte-
gration by parts one more time (after dividing and multiplying by ¢ again) and then
dropping the final integral.

In wireless communications, it is often necessary to compute E[Q(Z)], where Q is the
complementary cdf (ccdf) of the standard normal defined in the previous problem, and
Z is some random variable that arises in the detector. The formulas in parts (c)—(f)
can be inferred from [65, egs. (3.60), (3.65), (3.61), (3.64)], respectively. Additional
formulas can be found in [65, Section 3.3].

(a) If X and Z are continuous random variables, show that

E[Fx(2)] = E[Fz(X)].

(b) If Z ~ Erlang(m, A ), show that

m—1 9k

EIF()] = PX 2 0)— ¥ JrEXAe T (X))
k=0 "

Hint: Problem 15(c) in Chapter 4.

(c) If Z ~ exp(A), show that

El0)] = 5 -0,

Hint: This is a special case of part (b).

(d) IfY is chi-squared with 2m degrees of freedom, show that

(e)

®

1 1 ml1.3.5..(2k—1)

2 2/1+02 k;) k12%(14 o2)k

E[Q(oVY)]

If Z ~ Rayleigh(o), show that

1 1
EQZ2)] = |1 - —— ).
0@ = 3(1- =)
Hint: This is a special case of part (d).

Let V,...,V,, be independent, exp(A;) random variables for distinct, positive
values of A;. Show that

m

EQWVi+FVa)l = Y 51— (1+22) 77,

i=1

where ¢; 1= [Txzi A/ (A — A;). Hint: The first step is to put ¥ := Vi +--- +
Vin, and find fy by first expanding its moment generating function using partial
fractions.

Remark. In applications, V; arises as V; = Ul-2 + Wl-z, where U; and W; are in-
dependent N(0,07/2), and represent the real and imaginary parts of a complex
Gaussian random variable U; + jW; (Section 9.6). In this case, 4; = 1/ Gl-z.
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*24. Let Ci(x) denote the chi-squared cdf with k degrees of freedom. Show that the non-

*25.

central chi-squared cdf with k degrees of freedom and noncentrality parameter A2 is
given by (recall Problem 65 in Chapter 4)

< (22/2)1e—A%/2
) = Y AT

n=0

! C2n+k (x) .

Remark. Tn MATLAB we have that Ci(x) = chi2cdf(x,k) and that C; ;2 (x) =
ncx2cdf(x,k, lambda™2).

Generalized Rice or noncentral Rayleigh densities. Let Y, be noncentral chi-
squared with 7 > 0 degrees of freedom and noncentrality parameter m” as defined in
Problem 65 in Chapter 4. (In general, n need not be an integer, but if it is, and if
Xi,...,X, are i.i.d. normal random variables with X; ~ N(m;, 1), then by Problem 12,
Xl-2 is noncentral chi-squared with one degree of freedom and noncentrality parameter
m?, and by Problem 65 in Chapter 4, X7 + - -- 4+ X? is noncentral chi-squared with n
degrees of freedom and noncentrality parameter m> = m% 4ot ml)

(a) Show that Z, := /Y, has the generalized Rice density,

Zn/Z 2y, /2 ! 0
= — m 2 > ,
on (Z) mn/2—1 n/2—1 (mz) z

where I, is the modified Bessel function of the first kind, order v,

x/2)26+v
Z Tl +v 1)

Graphs of fz, (z) for different values of n and m are shown in Figures 5.19-5.21.
Graphs of I, for different values of v are shown in Figure 5.22. In MATLAB,
Iy (x) = besseli(nu,x).

Figure 5.19. Rice density fz, , (z) for different values of m.

(b) Show that Z, has the original Rice density,

Iz (2) = 2o 2 (mg), 2> 0.
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Figure 5.21. Rice density fz, (z) for different values of m.

(c) Show that
1 y\n/2-1 _ =)
fr,(v) = 5(%) e +y)/21n/2—1(m\[y)a y>0,

giving a closed-form expression for the noncentral chi-squared density. Recall
that you already have a closed-form expression for the moment generating func-
tion and characteristic function of a noncentral chi-squared random variable (see
Problem 65(b) in Chapter 4).

Remark. In MATLAB, the cdf of ¥, is given by Fy, (y) = ncx2cdf(y,n,m2).

(d) Denote the complementary cumulative distribution of Z, by

FE(2) = P(Z,>2) / (1)
Show that
c z /21 —(m*422)/2 c
B = (=) e a1 (m2) + 5, (2).

Hint: Use integration by parts; you will need the easily-verified fact that

5x (x I(x )) = Iy_1 (%)

(e) The complementary cdf of Z;, FZC2 (2), is known as the Marcum Q function,

1

O(m,z) = le_(m2+t2>/210(mt) dt.

Z
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Show that if n > 4 is an even integer, then

n/2—1

2.2 k
Ff(2) = Q(m,z)+e "+ kg’l (%) Ii(mz).

Show that Q(m,z) = Q(m,z), where

é(m,Z) = e—(n12+z2)/2 i (m/z)klk(mz).
k=0

Hint: [27, p. 450] Show that Q(0,z) = Q(0,z) = e~%/2. It then suffices to prove
that 5

2 0m2) = 2-0(m.3).

m
To this end, use the derivative formula in the hint of part (d) to show that

9 ~
5-0(m.2) = ze” "0 (ma);
you will also need the fact (derived in the next problem) that I_;(x) = I;(x).

Now take the same partial derivative of Q(m,z) as defined in part (e), and then
use integration by parts on the term involving /.

*26. Properties of modified Bessel functions. In this problem you will derive some
basic properties of the modified Bessel functions of the first kind,

; ( ) oo (x/2>2/,’+v
X) = -—_—
Y 5 0T(l+v+1)

several of which are sketched in Figure 5.22.

(a)

(b)

Show that
. Ly(x) 1
lim = ,
xl0 (x/2)Y I'(v+1)

and use result to evaluate
lim 4
Zlo on( )7

where f7z, is the Rice density of the previous problem. Hint: Remembering that
n > 0 need not be an integer, the three cases to consider are 0 <n < 1, n =1,
and n > 1.

Show that
L(x) = 5[lv—1(x) +ys1 ()]
and that
Iy_1(x) = Lyp1(x) = 2(v/x) Iy (x).

Note that the second identity implies the recursion,

Iv+1(x) = Iv,l(x)—2(v/x)1v(x).
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Figure 5.22. Graphs if I, (x) for different values of v.

Hence, once Iy(x) and I; (x) are known, I,(x) can be computed for n = 2,3,....
We also mention that the second identity with v = 0 implies /_;(x) = I (x).
Using this in the first identity shows that ) (x) = I (x).

(c

~

Parts (c) and (d) of this problem are devoted to showing that for integers n > 0,

1 T
L(x) = %/_”ems@cos(ne)de.

To this end, denote the above integral by I,(x). Use integration by parts and then
a trigonometric identity to show that

~ X [~ ~
li(x) = o l-1(x) = L1 (x)]-
Hence, in Part (d) it will be enough to show that Iy(x) = Ip(x) and I (x) = I, (x).

(d) As noted in part (b), Ij(x) = I;(x). From the integral definition of I,(x), it is
clear that [,(x) = I;(x) as well. Hence, it is enough to show that Io(x) = Io(x).
Since the integrand defining I(x) is even,

i( _l ﬂxcosBde
ox)—noe .

Show that

_ l /2 —xsint
I(x) = e dr.
TTJ-z/2

Then use the power series e = Yo &K /k! in the above integrand and integrate

term by term. Then use the results of Problems 18 and 14 of Chapter 4 to show
that I (x) = [o(x).
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(e) Use the integral formula for 7, (x) to show that

L(x) = 5 [he1 (x) + D1 ().

5.2: Discrete random variables

27. MATLAB. Computing the binomial probability

28.

(F)rta-prt = gigta -t

numerically can cause overflow problems if the factorials in the numerator and de-
nominator are computed separately. However, since the log of the right-hand side
is

In(n!) —In(k!) —In[(n —k)!] +klnp+ (n—k)In(1 — p),

this suggests an alternative way to calculate the probability. We can do even more to
reduce overflow problems. Since n! =I'(n+ 1), we use the built-in MATLAB func-
tion gamma 1n, which computes the log of the gamma function. Enter the following
MATLAB M-file containing the function binpmf (n, p) for computing the required
probability.

o\

M-file with function for computing the
binomial(n,p) pmf.

o

oe

function y = binpmf (k,n,p)

nk = n-k;
pl = 1-p;
w = gammaln(n+l) - gammaln(nk+1l) - gammaln(k+1) + ...

log(p)*xk + log(pl)xnk;
y = exp(w);

Now type in the commands

n =4
p = 0.75
k = [0:n]

prob = binpnf (k,n,p)
stem(k,prob, "filled’)

to generate a stem plot of the binomial(4,3/4) pmf.

Let X ~ binomial(n, p) with n = 4 and p = 3/4. Sketch the graph of the cumulative
distribution function of X, F (x).
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5.3: Mixed random variables

29. A random variable X has generalized density
f(6) = feu(t)+38(t)+ £8(t— 1),

where u is the unit step function defined in Section 2.1, and § is the Dirac delta
function defined in Section 5.3.
(a) Sketch f(z).
(b) Compute P(X =0) and P(X =1).
(c) Compute P(0 <X < 1)and P(X > 1).
(d) Use your above results to compute P(0 <X < 1) and P(X > 1).
(e) Compute E[X].
30. If X has generalized density f(¢) = 3[8(t) +1(,1)(1)], evaluate E[e*] and P(X = 0[X <
1/2).
31. Show that E[X] = 7/12 if X has cdf
0, x<0,
¥, 0<x<1/2,

x, 1/2<x<1,
1, x>1.

Fy(x) =

32. Show that E[v/X | = 49/30 if X has cdf

0, x <0,
Vx/4, 0<x<4,
(x4+11)/20, 4 <x <9,
1, x>09.

Fx(x) ==

33. Find and sketch the cumulative distribution function of Example 5.13.

*34. A certain computer monitor contains a loose connection. The connection is loose
with probability 1/2. When the connection is loose, the monitor displays a blank
screen (brightness = 0). When the connection is not loose, the brightness is uniformly
distributed on (0, 1]. Let X denote the observed brightness. Find formulas and plot
the cdf and generalized density of X.

5.4: Functions of random variables and their cdfs
35. Let © ~ uniform|[—, 7], and put X := cos® and ¥ := sin®.

(a) Show that Fy(x) =1— %cos’leor —1<x<1.

(b) Show that Fy(y) = 3+ Lsin"'yfor—1<y<1.



Problems 233

(c) Show that fx(x) = (1/m)/v1—x% and fy(y) = (1/m)/y/1 —y%. Since X and
Y have the same density, they have the same cumulative distribution function.
Hence, both X and Y are called arcsine random variables.

(d) Show that Z = (Y + 1) /2 has the beta density of Problem 16 in Chapter 4.
36. Find the cdf and density of Y = X (X 4 2) if X is uniformly distributed on [—3,1].

37. Let X ~ uniform[—3,3], and suppose Y = g(X), where

2, —1<x<1,
glx) = {2/, 1< ¥ <2,
0, otherwise.

Find fy (y) for —eo <y < oo

38. Consider the series RLC circuit shown in Figure 5.23. The voltage transfer function

ANN—TI0
R L

® C== v(1)

Figure 5.23. Series RLC circuit. The output is the capacitor voltage v, (7).

between the source and the capacitor is

1
(1 — @2LC) + joRC

H(w) =

A plot of
1

(1— @?LC)? + (0RC)?

is shown in Figure 5.24. The resonant frequency of the circuit, @y, is the value of @

H (o)) =

Figure 5.24. Plot of |H(w)|* for L=1,C =1, and R = 1/0.3.

that maximizes |H(®)|?. It is not hard to show that

_ L_l(ﬁ)z
® = LC 2\L/°
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If these circuits are mass produced, then the actual values of R, L, and C in a particular
device vary somewhat from their design specifications, and hence, so does the reso-
nant frequency. Assuming L =1, C = 1, and R ~ uniform [O, V2 ] , find the probability

density function of the resonant frequency ¥ = /1 — R2/2.

39. With the setup of the previous problem, find the probability density of the resonant

peak
1

T R(1—-R2/4)
where R ~ uniform [O, \/5] ,and we againtake L=1and C = 1.

Z = |H(w)|?

40. Suppose that a unit step voltage is applied to the circuit in Figure 5.23. When the
system is underdamped, the capacitor voltage has the form in Figure 5.25. When

maximum
overshoot

0 5 10 15

Figure 5.25. Capacitor voltage v.(r) when a unit step source voltage is applied to the circuit in Figure 5.23 and the
circuit is underdamped. The horizontal dashed line is the limiting capacitor voltage v, () as  — .

L =1 and C = 1, the time at which the maximum overshoot occurs is

T
VTR

If R ~ uniform [0, /2], find the probability density of 7. Also find the probability
density of the maximum overshoot,

M = o TR 1-R4

41. Let g be as in Example 5.15. Find the cdf and density of Y = g(X) if

(a) X ~ uniform[—1,1];
(b) X ~ uniform[—1,2];
(¢) X ~ uniform[—2,3];
(d) X ~exp(1).

42. Let
0, |xl<1,
g(x):=q k=1, 1<|x <2,
L, |x>2.

Find the cdf and density of ¥ = g(X) if



43.

44,

45.

46.

47.

Problems

—x—-2, x<—1,

(a) X ~ uniform[—1,1];
(b) X ~ uniform[—2,2];
(¢) X ~ uniform[—3,3];
(d) X ~ Laplace(Q).
Let
2
2,
g(x) == 3,
L,

Find the cdf and density of ¥ = g(X) if

(a) X ~ uniform[—3,2];
(b) X ~ uniform|[—3,1];
(¢) X ~ uniform[—1,1].

Consider the function g given by

-1, x<0,
glx) = x—1, 0<x<2,

L,

If X is uniform[—3, 3], find the cdf and density of ¥ = g(X).

235

Let X be a uniformly distributed random variable on the interval [—3,1]. Let ¥ =

g(X), where
0,

x+2,
glx) = 2

Find the cdf and density of Y.

Let X ~ uniform[—6,0], and suppose that ¥ = g(X), where
|x| -1,

g(x) = § 1=vIx—=2, x| 22,

0,
Find the cdf and density of Y.

Let X ~ uniform[—2, 1], and suppose that ¥ = g(X), where

x+2,
2x2

gx) =
0,
Find the cdf and density of Y.

—2<x< -1,

—2<x<—1,

1+x2’
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*48.

Cumulative distribution functions and their applications

For x > 0, let g(x) denote the fractional part of x. For example, g(5.649) = 0.649, and
£(0.123) = 0.123. Find the cdf and density of Y = g(X) if

(a) X ~exp(l);

(b) X ~ uniform[0, 1);

(¢) X ~ uniform[v,v+ 1), where v =m+ & for some integer m > 0 and some 0 <
o<1.

5.5: Properties of cdfs

*49.

*50.

Show that G(x) := P(X < x) is a left-continuous function of x. Also show that P(X =
X()) = G(XQ+) — G(XQ).

From your solution of Problem 4(b) in Chapter 4, you can see that if X ~ exp(4),
then P(X >+ At|X > 1) = P(X > Ar). Now prove the converse; i.e., show that if
Y is a nonnegative random variable such that P(Y > ¢+ At|Y >1) = P(Y > Ar), then
Y ~exp(A), where A = —In[l — Fy(1)], assuming that P(Y > ¢) > 0 for all 7 > 0.
Hints: Put h(t) := InP(Y > ¢), which is a right-continuous function of r (Why?).
Show that A(r + Ar) = h(t) + h(At) for all £,Ar > 0.

5.6: The central limit theorem

51.

52.

53.

54.

55.

Let X1, ..., X, be i.i.d. with mean m and variance 6. Show that

hi= L (57)

has zero mean and unit variance.

Packet transmission times on a certain Internet link are i.i.d. with mean m and variance
o2. Suppose n packets are transmitted. Then the total expected transmission time for
n packets is nm. Use the central limit theorem to approximate the probability that
the total transmission time for the n packets exceeds twice the expected transmission
time.

To combat noise in a digital communication channel with bit-error probability p, the
use of an error-correcting code is proposed. Suppose that the code allows correct
decoding of a received binary codeword if the fraction of bits in error is less than or
equal to ¢. Use the central limit theorem to approximate the probability that a received
word cannot be reliably decoded.

If Xy,...,X, are i.i.d. Poisson(1), evaluate both sides of (5.14). Then rearrange your
result to obtain Stirling’s formula, n! &~ /2xn"*+1/2e7",

Following Example 5.18, we remarked that when the X; are i.i.d. exp(1), the central
limit theorem density decays faster than g, (x) as x — co. Here is an example in which
the central limit theorem density decays more slowly than g,(x). If the X; are i.i.d.
uniform[—1, 1], find xpmax such that for x > xmax, gn(x) = 0, while the central limit
density is always positive.
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56. Let X; = +1 with equal probability. Then the X; are zero mean and have unit variance.
Put

n Xl
Y, = —.
n I; 7
Derive the central limit theorem for this case; i.e., show that @y, (V) — e=V/2. Hint:
Use the Taylor series approximation cos(&) ~ 1 — &£2/2.
5.7: Reliability

57. The lifetime T of a Model n Internet router has an Erlang(n, 1) density, fr(t) =
et /(n—1)\.
(a) What is the router’s mean time to failure?

(b) Show that the reliability of the router after ¢ time units of operation is

n—1 lk

R = —e L
(1) k;) Iz

(c) Find the failure rate (known as the Erlang failure rate). Sketch the failure rate
forn=2.

58. A certain device has the Weibull failure rate
r(t) = AptP~' t>0.
(a) Sketch the failure rate for A = 1 and the cases p=1/2, p=1,p=3/2, p=2,
and p =3.
(b) Find the reliability R(z).
(c) Find the mean time to failure.

(d) Find the density fr(r).

59. A certain device has the Pareto failure rate

r(t) _ {p/t> t2t07

0, t<r.
(a) Find the reliability R(¢) for t > 0.
(b) Sketch R(t) if o = 1 and p = 2.
(¢) Find the mean time to failure if p > 1.
(d) Find the Pareto density f7(¢).
60. A certain device has failure rate r(¢) = 1> — 2t +2 for t > 0.

(a) Sketch r(¢) forz > 0.
(b) Find the corresponding density f7(¢) in closed form (no integrals).
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61.

62.

63.

64.

Cumulative distribution functions and their applications

Suppose that the lifetime T of a device is uniformly distributed on the interval [1,2].

(a) Find and sketch the reliability R(¢) for 7 > 0.
(b) Find the failure rate r(¢) for I <z < 2.

(c) Find the mean time to failure.

Consider a system composed of two devices with respective lifetimes 77 and 7. Let
T denote the lifetime of the composite system. Suppose that the system operates
properly if and only if both devices are functioning. In other words, T > ¢ if and only
if T} >t and T, > t. Express the reliability of the overall system R(¢) in terms of
R (7) and Ry(¢), where R (¢) and R(¢) are the reliabilities of the individual devices.
Assume 77 and T; are independent.

Consider a system composed of two devices with respective lifetimes 77 and 7,. Let
T denote the lifetime of the composite system. Suppose that the system operates
properly if and only if at least one of the devices is functioning. In other words,
T >t if and only if Ty > ¢ or T, > t. Express the reliability of the overall system
R(t) in terms of R;(z) and Ry(¢), where R;(¢) and R,(¢) are the reliabilities of the
individual devices. Assume 77 and T; are independent.

Let Y be a nonnegative random variable. Show that

E[Y"] :/0 ny" 'P(Y > y)dy.

Hint: Put T =Y" in (5.16).

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

5.1.

5.2.

5.3.

Continuous random variables. Know that a continuous random variable is com-
pletely characterized by its cdf because the density is given by the derivative of the
cdf. Be able to find the cdf of Y = g(X) in terms of Fx when g is a simple function
such as g(x) = x> or g(x) = /x. Then use the formula fy(y) = (d/dy)Fy(y). You
should be aware of the MAP and ML rules. You should also be aware of how to use
the inverse cdf to simulate a random variable starting with a uniform(0,1) random
variable.

Discrete random variables. Know that a discrete random variable is completely
characterized by its cdf since P(X = x;) = Fx(x;) — Fx(x;_1). Be aware of how to
simulate a discrete random variable starting with a uniform(0, 1) random variable.

Mixed random variables. Know that a mixed random variable is completely charac-
terized by its cdf since the generalized density is given by (5.5), where fy (y) = Fy (y)
for y # y;, and P(Y = y;) is the size of the jump discontinuity in the cdf at y;.
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5.4. Functions of random variables and their cdfs. When Y = g(X), be able to use
graphical methods to find the cdf Fy(y). Then differentiate to find fy(y), but be
careful to account for jumps in the cdf. Jumps in the cdf correspond to impulses in
the density.

5.5. Properties of cdfs. Be familiar with the eight properties.

5.6. The central limit theorem. When the X; are i.i.d. with finite first and second mo-
ments, the key formulas are (5.8) for continuous random variables and (5.9) for
integer-valued random variables.

5.7. Reliability. Key formulas are the reliability function R(¢) (5.15), the mean time to
failure formula for E[T] (5.16), the differential equation for the failure rate function
r(t) and its representation in terms of the density fr(z) (5.17), and the density fr ()
in terms of the failure rate function (5.19).

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.
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Statistics’

As we have seen, most problems in probability textbooks start out with random variables
having a given probability mass function or density. However, in the real world, problems
start out with a finite amount of data, X, X>, ..., X, about which very little is known based
on the physical situation. We are still interested in computing probabilities, but we first
have to find the pmf or density with which to do the calculations. Sometimes the physical
situation determines the form of the pmf or density up to a few unknown parameters. For
example, the number of alpha particles given off by a radioactive sample is Poisson(A ), but
we need to estimate A from measured data. In other situations, we may have no information
about the pmf or density. In this case, we collect data and look at histograms to suggest
possibilities. In this chapter, we not only look at parameter estimators and histograms, we
also try to quantify how confident we are that our estimate or density choice is a good one.

Section 6.1 introduces the sample mean and sample variance as unbiased estimators of
the true mean and variance. The concept of strong consistency is introduced and used to
show that estimators based on the sample mean and sample variance inherit strong con-
sistency. Section 6.2 introduces histograms and the chi-squared statistic for testing the
goodness-of-fit of a hypothesized pmf or density to a histogram. Sections 6.3 and 6.4 focus
on how good a sample mean estimator is; namely, how confident we are that it is close to
the true mean. This is made precise through the notion of a confidence interval. Section 6.5
considers estimation of the mean and variance for Gaussian data. While the results of Sec-
tions 6.3 and 6.4 use approximations based on the central limit theorem, for Gaussian data,
no such approximation is required. Section 6.6 uses our knowledge of confidence intervals
to develop one-tailed and two-tailed hypothesis tests for the mean. Section 6.7 gives a quick
introduction to curve fitting under the name of regression. Although formulas are developed
using both variational arguments (derivatives) and the orthogonality principle, the empha-
sis is on using MATLAB to do the calculations. Section 6.8 provides a brief introduction
to the estimation of probabilities using Monte Carlo simulation. Confidence intervals are
used to assess the estimates. Particular attention is paid to the difficulties of estimating very
small probabilities, say 10~* and smaller. The use of importance sampling is suggested for
estimating very small probabilities.

6.1 Parameter estimators and their properties

A sequence of observations or data measurements, say Xi,...,X,, is called a sample. A
statistic is any function of the data. The sample mean,

M, = Ly x, (6.1)

TThe material in this chapter is not used elsewhere in the book, with the exception of Problem 16 in Chapter 11,
Problem 6 in Chapter 15, and Section 8.5. The present chapter can be covered at any time after Chapter 5.

240
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is a statistic. Another useful statistic is the sample variance,

1
n—1

™=

§2 =

(X; — My)*. (6.2)

Il
—_

i

The sample standard deviation is S, := \/S,%. In MATLAB, if X is a vector of data, try the
following commands to compute the sample mean, the sample standard deviation, and the
sample variance.

X=1[52738]
Mn = mean (X)
Sn = std(X)

Sn2 = var (X)

Now suppose that the X; all have the same mean m and the same variance 6. To distin-
guish between the sample mean M,, and the parameter m, m is called the population mean
or the ensemble mean. Similarly, 62 is called the population variance or the ensemble
variance. Is there a relationship between the random variable M,, and the constant m? What
about the random variable S,% and the constant 6>? With regard to M,, and m, it is easy to

see that
1§a] = few - L
= E — Xi = — i — m
iz iz iz
In other words, the expected value of the sample mean is the population mean. For this
reason, we say that the sample mean M, is an unbiased estimator of the population mean m.

With regard to S,% and o2, if we make the additional assumption that the X; are uncorrelated,

then the formula®
[(2)&) — nM,ﬂ , (6.3)

can be used to show that E[S2] = 6 (Problem 1). In other words, the sample variance S2 is
an unbiased estimator of the ensemble variance 6. To derive (6.3), write

- i( X? —2X;M, + M)
- <iXi2)—2(lfiXi>Mn+nM3]
_ <):X2) 2<nMn)Mn+nM3}

= nil _<ZX2) —an}

i=1

n—l

2 .
$2 =

Up to this point we have assumed only that the X; are uncorrelated. However, to establish
the main theoretical results to follow, we need a stronger assumption. Therefore, in the

“For Bernoulli random variables, since X? = X;, (6.3) simplifies to S2 = M,(1 —M,)n/(n—1).
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rest of this chapter, we make the assumption that the X; are independent, identically
distributed (i.i.d.) with common mean m and common variance 2. Then the strong law
of large numbers implies!

limM, = m and limS2 = o2 (6.4)

n—o0 n—oo
In other words, for large n, the random variables M,, and Sﬁ are close to the constants m

and o2, respectively. When an estimator converges to the desired parameter, the estimator
is said to be strongly consistent.

Example 6.1. Let X;,...,X, be i.i.d. with known mean m, but unknown variance o2,

Determine whether or not

N

1
- (X,-—m)z.
iz

is an unbiased estimator of 2. Is it strongly consistent?
Solution. To see if the estimator is unbiased, write
1 & 5 1
E — Z(Xl — m) = —

niz n;

E[(X; —m)?] = 1262 = o’

n n
—1 n

i=1
Hence, the proposed formula is an unbiased estimator of 6. To assess consistency, write
n

1Z(Xi—m)2

nis i

I
M=
>
(38
I
&
5
_|_
EI\)

I
T

Il
7N
0
N————

|

[\®]

3

E
+
sI\)

Similarly,
=Y X} — E[X?] = o> +nm’,
=

since the Xl.2 are 1.i.d. on account of the fact that the X; are i.i.d. Hence,

n

1
nlgrolo; Z(Xi—m)2 = (6% +m?) —2m* +m* = o>

i=1

Thus, the proposed estimator is strongly consistent.
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Example 6.2. Let Xi,...,X, be i.i.d. with unknown mean m and unknown variance 2.

Since we do not know m, we cannot use the estimator of the previous example. However, in
that estimator, let us replace m by the estimator M,;; i.e., we propose the estimator

n

= % Z(Xl _Mn)2

i=1

R

Determine whether or not §5 is an unbiased estimator of 6. Is it strongly consistent?

Solution. 1t is helpful to observe that from (6.2)

n

$2 = ”;153.
Then 1 1
E[S?] = = E[s?] = =62 # o°.

n n n
Thus, S is not an unbiased estimator of 62 (we say that S is a biased estimator of ¢2).

However, since E[g‘fl] — 02, we say that §,21 is an asymptotically unbiased estimator of 2.
We also point out that since S2 — 62,

—1
limS2 = lim*— lim$? = 1.6% = 6%

n—oo n—o0 n Nn—oo

Thus, both §,2, and S,2, are strongly consistent estimators of 62, with S,% being unbiased, and
52 being only asymptotically unbiased.

Example 6.3. Let Xi,...,X, be i.i.d. binomial(N,p) where N is known and p is not
known. Find an unbiased, strongly consistent estimator of p.

Solution. Since E[X;] = Np (Problem 8 in Chapter 3),

E[Xi]
-

This suggests the estimator
M,
Pn = W
The estimator is unbiased because its expectation is Np/N = p. The estimator is strongly

consistent because M,, — Np implies M,,/N — Np/N = p.

Example 6.4. Let Xi,...,X, be i.i.d. exp(A) where A is not known. Find a strongly
consistent estimator of A.

Solution. Recall that E[X;] = 1/A. Rewrite this as

1
ElXi]

A,:
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This suggests the estimator

1
A.n - ﬁn

Since M, — 1/A, A, — A, and we see that the estimator is strongly consistent as required.

6.2 Histograms

In the preceding section, we showed how to estimate various parameters from a collec-

tion of i.i.d. data X1, ..., X,. In this section, we show how to estimate the entire probability
mass function or density of the X;.
Given data Xi,...,X,, we create a histogram as follows. We first select m intervals

called bins, denoted by [e}, e 1), where?
e < -+ < ept,
and e; and e, 1 satisfy

e; < minX; and maxX; < epyg.
I 1

When max; X; = e,+1, we use the interval [ey,, e,,+1] instead of [e,, e,+1) so that no data is
lost. The sequence e is called the edge sequence. Notice that the number of edges is equal
to one plus the number of bins. The histogram count for bin j is

Hj =

-

Tiej ) (Xi)-

i=1

In other words, H; is the number of data samples X; that lie in bin j; i.e., the number of data
samples X; that satisfy e; < X; < ejyq.

For each j, the term I[eﬁejﬂ)(X,-) takes only the values zero and one. It is therefore a
Bernoulli random variable with parameter equal to its expectation,

E[f] ) (Xi)] = Ple; <Xi <eji1). (6.5)

€jr€j+1
We assume that the X; are i.i.d. to guarantee that for each j, the I[eju,e/- 1) (X;) are also i.i.d.
Since H/n is just the sample mean of the I[ejyejﬂ)(Xi), we have from the discussion in
Section 6.1 that Hj/n converges to (6.5); i.e., for large n,

H;

7 ~ P(e(,'SX,'<ej+1). (6.6)

If the X; are integer-valued random variables, it is convenient to use bins centered on the
integers, e.g.,e; = j—1/2and e; ;| = j+1/2. Then

Such an edge sequence and histogram counts are easily constructed in MATLAB with the
commands

bWe have used intervals of the form [a,b) because this is the form used by the MATLAB function histc.
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e = [min(X):max(X)+1]1-0.5;
H = histc(X,e);

where X is a previously defined vector of integer-valued data. To plot the histogram H
normalized by the sample size n, use the commands

n = length(X);

nbins = length(e) - 1;
bin_centers = [min(X) :max(X)];
bar (bin_centers,H(1l:nbins)/n, 'w’)

Remark. The reason we have to write H (1 : nbins) instead of just H is that the vector
returned by histc has the length of e, which is one plus the number of bins.

After we plot the normalized histogram, it is convenient to overlay it with the corre-
sponding probability mass function. For example, if we know the data is i.i.d. binomial(10,
0.3), we can use the function binpmf defined in Problem 27 of Chapter 5 to compute the
binomial pmf.

hold on

k = [0:10];

prob = binpmf (k,10,0.3);
stem(k,prob, 'filled’)

oe

prevent erasure of last plot
range for plotting pmf
compute binomial (10,0.3) pmf
make stem plot of pmf

o° o oe

In a real situation, even if we have good reasons for believing the data is, say, binomial
(10, p), we do not know p. In this case, we can use the estimator developed in Example 6.3.
The MATLAB commands for doing this are

Mn
pn

mean (X) ;
Mn/10;

Example 6.5. Let us apply the above procedure to a sequence of n = 1000 binomi-
al(10,0.3) random variables. We use the function bernrnd defined in Section 5.2 to gen-
erate an array of Bernoulli random variables. The sum of each row gives one binomial
random variable.

n = 1000; % sample size

Bernmat = bernrnd(0.3,n,10); % generate n binomial
X = sum(Bernmat’); % random numbers in X
minX = min (X); % save to avoid re-
maxX = max (X); % computing min & max
e = [minX:maxX+1]-0.5;

H = histc(X,e);

nbins = length(e) - 1;

bin_centers = [minX:maxX];

bar (bin_centers,H(1l:nbins)/n, 'w’)

hold on

k = [0:10]; % range of pmf

Mn = mean (X);

pn = Mn/10; % estimate p

prob = binpmf (k,10,pn); % pmf w/ estimated p

stem(k,prob, 'filled’)
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0.3

9m H@TT

1 0 1 2 3 4 10

X 3

Figure 6.1. Normalized histogram of 1000 i.i.d. binomial(10,0.3) random numbers. Stem plot shows pmf using
pn = 0.2989 estimated from the data.

fprintf('Mn = %g pn = %g\n’,Mn,pn)
hold off

The command hold off allows the next run to erase the current figure. The plot is shown
in Figure 6.1. Notice that our particular realization of Xi,...,X, did not have any occur-
rences of X; =9 or X; = 10. This is not surprising since with N = 10 and p = 0.3, the
probability that X; = 10 is 0.3 = 6 x 1076, while we used only 1000 samples.

For continuous random variables X;, the edge sequence, histogram counts, and bin cen-
ters are computed in MATLAB as follows, assuming that X and nbins have already been
defined.

minX min (X) ;

maxX = max (X);

e = linspace (minX,maxX,nbins+1);
H histc (X, e);

H(nbins) = H(nbins)+H (nbins+1);
H = H(l:nbins);

bw = (maxX-minX)/nbins;

a = e(l:nbins);

b = e(2:nbins+1);

bin_centers = (a+b)/2;

explained below
resize H

bin width

left edge sequence
right edge sequence
bin centers

o° o o0 o° oo o

Since we have set e (nbins+1) = max (X), histc will not count the value of max (X)
as belonging to the interval [e (nbins),e(nbins+1)). What histc does is use
H(nbins+1) is to count how many elements of X are exactly equal to e (nbins+1).
Hence, we add H (nbins+1) to H(nbins) to get the correct count for [e (nbins),
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0 0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 6.2. Normalized histogram of 1000 i.i.d. exponential random numbers and the exp(A) density with the
value of A estimated from the data.

e (nbins+1) ]. For later use, note that a () is the left edge of bin j and b (j) is the
right edge of bin j.
We normalize the histogram as follows. If ¢; is the center of bin j, and Ax; is the bin

width, then we want

Hj €j+1

— ~ P(ej SX,‘<ej+1) = / Sxx)dx ~ fx(Cj)ij'.

€j

So, if we are planning to draw a density function over the histogram, we should plot the
normalized values H;/(nAx;). The appropriate MATLAB commands are

n = length(X);
bar (bin_centers, H/ (bwxn), "hist’)

Example 6.6. You are given n = 1000 i.i.d. measurements X1, ..., X, stored in a MAT-
LAB vector X. You plot the normalized histogram shown in Figure 6.2, and you believe the
X; to be exponential random variables with unknown parameter A. Use MATLAB to com-
pute the estimator in Example 6.4 to estimate A. Then plot the corresponding density over
the histogram.

Solution. The estimator in Example 6.4 was A, = 1/M,,. The following MATLAB code
performs the desired task assuming X is already given and the normalized histogram already
plotted.

hold on

Mn = mean (X);

lambdan = 1/Mn;

t = linspace(minX,maxX,150); % range to plot pdf
plot (t, lambdanxexp (-lambdanx*t))
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fprintf (’Mn = %g lambdan = %$g\n’,Mn, lambdan)
hold off

The histogram and density are shown in Figure 6.2. The value of Mn was 0.206 and the
value of 1ambdan was 4.86.

*The chi-squared test

So far we have been plotting histograms, and by subjective observation selected a pmf or
density that would overlay the histogram nicely, in our opinion. Here we develop objective
criteria, which are known as goodness-of-fit tests. The first step is to select a candidate
pmf or density that we subjectively think might be a good fit to the data. We refer to this
candidate as the hypothesis. Then we compute a statistic, call it Z, and compare it to a
threshold, call it zy. If Z < z, we agree that our hypothesis is a reasonable fit to the data.
If Z > z4, we reject our hypothesis and try another one. The threshold z is chosen so that
if the data actually is i.i.d. px or fx, then

P(Z>Za) = .

Thus « is the probability of rejecting the hypothesis when it is actually correct. Hence, o is
usually taken to be a small number such as 0.01 or 0.05. We call ¢ the significance level,
and specify it as a percentage, e.g., 1% or 5%.
The chi-squared test is based on the histogram. The first step is to use the hypothesized
pmf or density to compute
pj = P(Ej <Xi< €j+1).

If our candidate pmf or density is a good one, then (6.6) tells us that
m
Z ‘H - I’lp]

should be small. However, as we shall see, it is advantageous to use the normalized statistic

npj

2
7 i |Hj —npjl”
=1

This normalization is motivated by the fact that (see Problem 16)

Hj—l’lpj
V1Pj

has zero mean and variance 1 — p; for all n and m, which implies E[Z] = m — 1 for all n.

Example 6.7. In Example 6.5, we plotted a histogram and overlayed a binomial(10,
0.2989) pmf, where 0.2989 was the estimated from the data. Compute the statistic Z.

Solution. This is easily done in MATLAB.

“Other popular tests include the Kolmogorov—Smirnov test and the Anderson-Darling test. However, they
apply only to continuous cdfs.
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p = binpmf (bin_centers,10,0.2989);
Z = sum((H(l:nbins)-n*p). 2./ (n*p))

We found that Z = 7.01.

Example 6.8. In Example 6.6, we plotted a histogram and fitted an exp(4) density. The
estimated value of A was 4.86. Compute the statistic Z under this hypothesis.

Solution. Recall that for continuous random variables,

€j+1
pj=Ple;<Xi<eji1)= Jx(x)dx = Fx(eji1) — Fx(e)).

¢j

Recalling the left and right edge sequences defined earlier, we can also write
bj
pi=Plej <X <eju) = [ fulw)dx = F(b)) ~ Felay).
aj

Since the cdf of X ~ exp(A) is Fx(x) = 1 — e **, we first create an M-file containing the
MATLAB function F to compute Fy (x).

function y = F(x)
y =1 - exp(-4.86%x);

The following MATLAB commands compute Z.

p =F(b) - F(a);
Z = sum((H-n*p). 2./ (n*p))

We found that Z = 8.33.

The only remaining problem is to choose & and to find the threshold z, called the
critical value of the test. It turns out that for large n, the cdf of Z is approximately that of
a chi-squared random variable (Problem 15(d) in Chapter 4) with m — 1 degrees of freedom
[3, p. 386, Problem 29.8]. However, if you use r estimated parameters, then Z has only
m — 1 —r degrees of freedom [12], [47, pp. 205-206].4 Hence, to solve

P(Z>Za):(x

for z we must solve 1 — Fz(z¢) = o or Fz(zy) = 1 — . This can be done by applying
a root-finding algorithm to the equation Fz(zy) — 1 + & = 0 or in MATLAB with the com-
mand chi2inv (l-alpha, k), where k is the number of degrees of freedom of Z. Some
solutions are also shown in Table 6.1.

Example 6.9. Find z for oo = 0.05 in Examples 6.5 and 6.6.

Solution. In the first case, the number of degrees of freedom is m — 1 — 1, where m
is the number of bins, which from Figure 6.1, is 9, and the extra 1 is subtracted because

4The basic Kolmogorov—Smirnov test does not account for using estimated parameters. If estimated parameters
are used, the critical value z, must be determined by simulation [47, p. 208].
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k Za(OZZS%) Za(a: 1%)
1 3.841 6.635
2 5.991 9.210
3 7.815 11.345
4 9.488 13.277
5 11.070 15.086
6 12.592 16.812
7 14.067 18.475
8 15.507 20.090
9 16.919 21.666
10 18.307 23.209
11 19.675 24.725
12 21.026 26.217
13 22.362 27.688
14 23.685 290.141
15 24.996 30.578
16 26.296 32.000
17 27.587 33.409
18 28.869 34.805
19 30.144 36.191
20 31.410 37.566

Table 6.1. Thresholds zy for the chi-squared test with k degrees of freedom and significance levels o = 5% and
a=1%.

we used one estimated parameter. Hence, kK = 7, and from Table 6.1, zo4 = 14.067. From
Example 6.7, the statistic Z was 7.01, which is well below the threshold. We conclude that
the binomial(10,0.2989) is a good fit to the data. In the second case, the number of degrees
of freedom is m — 1 — 1, where m is the number of bins, and the extra 1 is subtracted because
we estimated one parameter. From Figure 6.2, m = 15. Hence, k = 13, and from Table 6.1,
Zg = 22.362. From Example 6.8, Z was 8.33. Since Z is much smaller than the threshold,
we conclude that the exp(4.86) density is a good fit to the data.

6.3 Confidence intervals for the mean — known variance

As noted in Section 6.1, the sample mean M,, converges to the population mean m as
n — oo. However, in practice, » is finite, and we would like to say something about how
close the random variable M, is to the unknown constant m. One way to do this is with a
confidence interval. For theory purposes, we write

P(me [M,—8,M,+8) = 1—a, 6.7)

where [M,, — 6, M, + 8] is the confidence interval, and 1 — ¢ is the confidence level. Thus,
a confidence interval is a random set, and the confidence level 1 — « is the probability that
the random set contains the unknown parameter m. Commonly used values of 1 — o range
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from 0.90 to 0.99. In applications, we usually write (6.7) in the form
m = M,+38 with 100(1 — )% probability.

The next problem we consider is how to choose & so that equation (6.7) holds.® From
(6.7), the left-hand side depends on M, = (X; + --- + X, )/n. Hence, the first step would
be to find the pmf or density of the sum of i.i.d. random variables. This can only be done
in special cases (e.g., Problem 55 in Chapter 4). We need a more general approach. To
proceed, we first rewrite the condition m € [M,, — 6,M,, + 8] as |M,, —m| < §. To see that
these conditions are equivalent, observe that m € [M,, — 6,M,, + 8] if and only if

M,—6 < m < M,+6.
Multiplying through by —1 yields
-M,+06 > —m > —M, -9,

from which we get
6> M,—m > —4.

This is more compactly rewritten as’
M, —m| < 6.
It follows that the left-hand side of (6.7) is equal to
P(|M,—m]| < 5). (6.8)

Now take
8 = oy/vn

so that (6.8) becomes
P (1M, —m| < ﬂ),

Vn
or
(2] <),
G/xf
Setting
Y, = M’
o/vn
we have?

P(| | <3) = PRI <) = Py <H<y) = Fy0) = Fa ()

¢ Alternatively, one could specify & and then compute 1 — c.
fTo see that |7] < & is equivalent to —8 <t < J, consider separately the two cases r > 0 and 7 < 0, and note
that forr <0, || = —¢.
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By the central limit theorem (Section 5.6),8 Fy, (y) — ®(y), where @ is the standard normal
cdf,

1y _p
o(y) = Eﬁ e "2 dt.
Thus, for large n,
M, —m
<y| = —P(—y) = _
P(’ G/\/ﬁ‘—y) D(y) —P(—y) = 20(y) -1, (6.10)

where the last step uses the fact that the standard normal density is even (Problem 17). The
importance of this formula is that if we want the left-hand side to be 1 — «, all we have to
do is solve for y in the equation

l—a = 2d(y)—1,

or
P(y) = 1—0/2.

Notice that this equation does not depend on n or on the pmf or density of the X;! We
denote the solution of this equation by y /. It can be found from tables, e.g., Table 6.2, or
numerically by finding the unique root of the equation ®(y) + a/2 — 1 =0, or in MATLAB
by yg/2 = norminv(1 —alpha/2). h

We now summarize the procedure. Fix a confidence level 1 — c. Find the corresponding
Ya/2 from Table 6.2. Then write

CYa/2 . .
m = M,+ with 100(1 — ot)% probability, (6.11)
/n
and the corresponding confidence interval is
OYa/2 Gya/Z]
M, — ——— .M, . 6.12
(M — =% My = (6.12)

Example 6.10. Let X;,X,... bei.i.d. random variables with variance 62 = 2. If Mgy =
7.129, find the 93 and 97% confidence intervals for the population mean.

Solution. In Table 6.2 we scan the 1 — o column until we find 0.93. The corresponding
value of yg 5 is 1.812. Since yq /,0//n = 1.812v/2/+/100 = 0.256, we write

m = 7.129 £0.256 with 93% probability,

and the corresponding confidence interval is [6.873,7.385].

$The reader should verify that Y, as defined here is equal to Y, as defined in (5.6).
hSince @ can be related to the error function erf (see Note 1 in Chapter 5), Yay2 can also be found using the in-

verse of the error function. Hence, yq /> = V2 erf™'(1— o). The MATLAB command for erf ! (z) is er finv (z).



6.4 Confidence intervals for the mean — unknown variance 253

l-«a Ya/2
0.90 1.645
091 1.695
0.92 1.751
0.93 1.812
0.94 1.881
0.95 1.960
0.96 2.054
0.97 2.170
0.98 2.326

0.99 2576

Table 6.2. Confidence levels 1 — & and corresponding y, /> such that 2l1>(ya/2) —l=1-a.

For the 97% confidence interval, we use yq/» = 2.170. Then yg /0 /+/n is equal to
2.170v/2/+/100 = 0.307, and we write

m = 7.129 £0.307 with 97% probability,

and the corresponding confidence interval is [6.822,7.436].

This example illustrates the general result that if we want more confidence, we have to
use a wider interval. Equivalently, if we use a smaller interval, we will be less confident that
it contains the unknown parameter. Mathematically, the width of the confidence interval is

CYa/2
Vi
From Table 6.2, we see that as 1 — o increases, so does yq/, and hence the width of the

confidence interval. It should also be noted that for fixed 1 — o, we can reduce the width of
the confidence interval by increasing z; i.e., taking more measurements.

2.

6.4 Confidence intervals for the mean — unknown variance

In practice, we usually do not know o. Hence, we replace it by S,,. To justify this, first
observe that the argument showing the left-hand side of (6.7) is equal to (6.8) can be carried
out with § = S,y4/»/+/n. Hence,

is equal to
<|M _m| < nya/Z)

Vn

Now observe that this is equal to

(‘ o/ 7| < nya/z) (©6.13)
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Recalling our definition ¥, := (M, —m) /(o /+/n), the above probability is
(|Y | < nya/Z)
c

Since S, — o, the ratio S,,/6 — 1. This suggests> that for large n

(s 22

Q

P(IYal <yay2) (6.14)
~ 2®(yq/p) — 1, by the central limit theorem,
= l—o, by the definition of yg /5. (6.15)

We now summarize the new procedure. Fix a confidence level 1 — . Find the corre-
sponding yg /» from Table 6.2. Then write

Snya/Z g o719
m = M, =+ with 100(1 — ¢t)% probability, (6.16)
NG
and the corresponding confidence interval is
SﬁYa/Z Sﬁya/Z
M, — M, 6.17

Example 6.11. Let X;,X;,... be i.i.d. Bernoulli(p) random variables. Find the 95%
confidence interval for p if Mjgo = 0.28 and Sjg9 = 0.451.

Solution. Observe that since m := E[X;] = p, we can use M, to estimate p. From
Table 6.2, yg /2 = 1.960, S100y/2/v/100 = 0.088, and

p = 0.28 £0.088 with 95% probability.

The corresponding confidence interval is [0.192,0.368].

Applications

Estimating the number of defective products in a lot. Consider a production run of
N cellular phones, of which, say d are defective. The only way to determine d exactly and
for certain is to test every phone. This is not practical if N is large. So we consider the
following procedure to estimate the fraction of defectives, p := d /N, based on testing only
n phones, where n is large, but smaller than N.

FORi=1TOn
Select a phone at random from the lot of N phones;
IF the ith phone selected is defective
LET X; =1;
ELSE
LET X; =0;
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END IF
Return the phone to the lot;
END FOR

Because phones are returned to the lot (sampling with replacement), it is possible to test
the same phone more than once. However, because the phones are always chosen from the
same set of N phones, the X; are i.i.d. with P(X; = 1) =d/N = p. Hence, the central limit
theorem applies, and we can use the method of Example 6.11 to estimate p and d = Np.
For example, if N = 1000 and we use the numbers from Example 6.11, we would estimate
that

d = 280+ 88 with 95% probability.

In other words, we are 95% sure that the number of defectives is between 192 and 368 for
this particular lot of 1000 phones.

If the phones were not returned to the lot after testing (sampling without replacement),
the X; would not be i.i.d. as required by the central limit theorem. However, in sampling
with replacement when 7 is much smaller than N, the chances of testing the same phone
twice are negligible. Hence, we can actually sample without replacement and proceed as
above.

Predicting the outcome of an election. In order to predict the outcome of a presi-
dential election, 4000 registered voters are surveyed at random. In total, 2104 (more than
half) say they will vote for candidate A, and the rest say they will vote for candidate B.
To predict the outcome of the election, let p be the fraction of votes actually received by
candidate A out of the total number of voters N (millions). Our poll samples n = 4000, and
Moo = 2104 /4000 = 0.526. Suppose that Sigo0 = 0.499. For a 95% confidence interval
for D> Yoy2 = 1.960, S4000ya/2/\/ 4000 = 0.015, and

p = 0.526+0.015 with 95% probability.

Rounding off, we would predict that candidate A will receive 53% of the vote, with a margin
of error of 2%. Thus, we are 95% sure that candidate A will win the election.

Sampling with and without replacement

Consider sampling » items from a batch of N items, d of which are defective. If we
sample with replacement, then the theory above worked out rather simply. We also argued
briefly that if n is much smaller than N, then sampling without replacement would give
essentially the same results. We now make this statement more precise.

To begin, recall that the central limit theorem says that for large n, Fy, (y) = ®(y), where
Y, = (M,—m)/(c/\/n), and M, = (1/n) Y}, X;. If we sample with replacement and set
X; = 1 if the ith item is defective, then the X; are i.i.d. Bernoulli(p) with p = d/N. When
X1,X>, ... are 1.i.d. Bernoulli(p), we know from Section 3.2 that Y7 | X; is binomial(n, p).
Putting this all together, we obtain the de Moivre-Laplace theorem, which says that if
V ~ binomial(n, p) and n is large, then the cdf of (V /n— p)/+/p(1 — p)/n is approximately
standard normal.

Now suppose we sample 7 items without replacement. Let U denote the number of de-
fectives out of the n samples. It was shown in Example 1.41 that U is a hypergeometric(N,
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d,n) random variable with pmf’

() (i)
k n—k
PU=k) = ~—4———2, k=0,.
=K ol k=0
n
In the next paragraph we show that if » is much smaller than d, N — d, and N, then P(U =
k) ~ P(V =k). It then follows that the cdf of (U /n—p)/+/p(1 — p)/n s close to the cdf of
(V/n—p)/+/p(1—p)/n, which is close to the standard normal cdf if # is large. (Thus, to
make it all work we need n large, but still much smaller than d, N —d, and N.)
To show that P(U = k) = P(V = k), write out P(U = k) as
d! (N—d)! n!(N —n)!
k(d—k)! (n—k)[(N—d)—(n—k)]! N! ’

. N.

We can easily identify the factor (Z) Next, since 0 < k <n <d,

d!
(d—K)!

Similarly, since 0 <k <n < (N —d),

(N —d)!
[(N=d)—(n—k)]!

=dd—1)---(d—k+1) = d.

= (N—d)---[[N=d)—(n—k)+1] =~ (N—d)"*
Finally, since n < N,

(N —n)! 1 1

— ~

N N(N—1)---(N—n+1) ~ N
Writing p = d /N, we have

Pw=i) ~ ()1t

6.5 Confidence intervals for Gaussian data

In this section we assume that X1,X,... are i.i.d. N(m, c?).

Estimating the mean
If the X; are i.i.d. N(m,o?), then by Problem 30, Y, = (M, —m)/(c/+/n) is N(0,1).

Hence, the analysis in Sections 6.3 shows that
oy oy

P(me [Mn—%,Mn—FﬁD

HOARS)
= 20(y)—1.

The point is that for normal data there is no central limit theorem approximation. Hence,
we can determine confidence intervals as in Section 6.3 even if n is not large.

iSee the Notes* for an alternative derivation using the law of total probability.
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Example 6.12. Let X1,X,,...beiid. N(m,2). If M;o =5.287, find the 90% confidence
interval for m.

Solution. From Table 6.2 for 1 — a = 0.90, y,; is 1.645. We then have ya/zc/\/r =
1.645/2/4/10 = 0.736,

m = 5.287£0.736 with 90% probability,

and the corresponding confidence interval is [4.551,6.023].

Unfortunately, formula (6.14) in Section 6.4 still involves the approximation S, /o =~ 1
even if the X; are normal. However, let us rewrite (6.13) as

P(‘%‘ Sya/z),

and put
M, —m

Sn/v/n’
As shown later, if the X; are i.i.d. N(m,c?), then T has Student’s ¢ density with v =n— 1

degrees of freedom (defined in Problem 20 in Chapter 4). To compute 100(1 — a)% confi-
dence intervals, we must solve

T :=

P(IT|<y) =1-«

or
Fr(y)=Fr(-y) = 1-a.
Since the density fr is even, Fr(—y) = 1 — Fr(y), and we must solve

2FT(y)71 = li(xa

or Fr(y) =1—a/2. This can be solved using tables, e.g., Table 6.3, or numerically by
finding the unique root of the equation Fr(y) + /2 —1 =0, or in MATLAB by y,/» =
tinv(l—alpha/2,n—1).

Example 6.13. Let X;,X>,... be i.i.d. N(m, 62) random variables, and suppose Mg =
5.287. Further suppose that Sj9 = 1.564. Find the 90% confidence interval for m.

Solution. In Table 6.3 with n = 10, we see that for 1 — o« = 0.90, Ya/2 is 1.833. Since
Slgya/z/\/ 10 =0.907,

m = 5.287£0.907 with 90% probability.

The corresponding confidence interval is [4.380,6.194].




258 Statistics

l—o ygp(n=10) l—a yg/p(n=100)
0.90 1.833 0.90 1.660
0.91 1.899 0.91 1.712
0.92 1.973 0.92 1.769
0.93 2.055 0.93 1.832
0.94 2.150 0.94 1.903
0.95 2.262 0.95 1.984
0.96 2.398 0.96 2.081
0.97 2.574 0.97 2.202
0.98 2.821 0.98 2.365
0.99 3.250 0.99 2.626

Table 6.3. Confidence levels 1 — & and corresponding y, > such that P(|T| < yq/,) = 1 — a. The left-hand table
is for n = 10 observations with 7 having n — 1 = 9 degrees of freedom, and the right-hand table is for n = 100
observations with 7" having n — 1 = 99 degrees of freedom.

Limiting t distribution

If we compare the n = 100 table in Table 6.3 with Table 6.2, we see they are almost
the same. This is a consequence of the fact that as n increases, the ¢ cdf converges to the
standard normal cdf. We can see this by writing

P <) = (7 <)
(

Q
Py
&
IA

since3 S, converges to o. Finally, since the X; are independent and normal, Fy, (t) = ®(z).
We also recall from Problem 21 in Chapter 4 and Figure 4.12 there that the ¢ density
converges to the standard normal density.

Estimating the variance — known mean

Suppose that X1, X>, ... are i.i.d. N(m,c?) with m known but 6 unknown. We use

i(xl- —m)? (6.18)

i=1

Vn2 =

S| =

as our estimator of the variance 2. It is easy to see that Vn2 is a strongly consistent estimator
of 62.
For determining confidence intervals, it is easier to work with

2
n_, L Xi—m

i=1
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1-o Y4 u

0.90 77.929 124.342
0.91 77326 125.170
0.92 76.671 126.079
0.93 75.949  127.092
0.94 75.142  128.237
0.95 74.222  129.561
0.96 73.142  131.142
0.97 71.818 133.120
0.98 70.065 135.807
0.99 67.328 140.169

Table 6.4. Confidence levels 1 — o and corresponding values of ¢ and u such that P(¢ < nV?/6? <u) = 1 — o and
such that P(nV?/0? < £) = P(nV?/6? > u) = & /2 for n = 100 observations.

Since (X; —m)/o is N(0,1), its square is chi-squared with one degree of freedom (Prob-
lem 46 in Chapter 4 or Problem 11 in Chapter 5). It then follows that nVn2 /o2 is chi-squared
with n degrees of freedom (see Problem 55(c) and its Remark in Chapter 4).

Choose 0 < ¢ < u, and consider the equation

P(ég %Vnzgu) —1-a.

We can rewrite this as

P(W"z>a2>’w"2> = 1-a.
14 u

This suggests the confidence interval

nv? nv?
{ P, } (6.19)

Then the probability that ¢ lies in this interval is
Fu)—F{) = 1—a,

where F is the chi-squared cdf with n degrees of freedom. We usually choose ¢ and u to

solve
F({) = a/2 and F(u)=1-a/2.

These equations can be solved using tables, e.g., Table 6.4, or numerically by root finding,
or in MATLAB with the commands

¢ = chi2inv(alpha/2,n) and u = chi2inv(1—alpha/2,n).

Example 6.14. Let X1,X,,... be i.i.d. N(5,07) random variables. Suppose that V3, =
1.645. Find the 90% confidence interval for 2.
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Solution. From Table 6.4 we see that for 1 — a = 0.90, ¢ = 77.929 and u = 124.342.
The 90% confidence interval is

100(1.645) 100(1.645)
124342 7 77.929

= [1.323,2.111].

Estimating the variance — unknown mean

Let X;,X>, ... bei.i.d. N(m,c?), where both the mean and the variance are unknown, but
we are interested only in estimating the variance. Since we do not know m, we cannot use
the estimator V> above. Instead we use S2. However, for determining confidence intervals,
it is easier to work with ((n—1)/0?)S2. As argued below, (n — 1)S2/6? is a chi-squared
random variable with n — 1 degrees of freedom.

Choose 0 < £ < u, and consider the equation

n—
o2

P(Eg 15,39) —_——

We can rewrite this as

_ 2 _1)¢2

u

This suggests the confidence interval

[(n u1)s,,’ (n gl)Sn]' (6.20)

Then the probability that ¢ lies in this interval is

where now F is the chi-squared cdf with n — 1 degrees of freedom. We usually choose ¢ and
u to solve
F({) = a/2 and F(u)=1-a/2.

These equations can be solved using tables, e.g., Table 6.5, or numerically by root finding,
or in MATLAB with the commands ¢ = chi2inv(alpha/2,n—1) and u = chi2inv(1—
alpha/2,n—1).

Example 6.15. Let X;,Xa,... be i.i.d. N(m,c?) random variables. If $3,, = 1.608, find
the 90% confidence interval for o2.

Solution. From Table 6.5 we see that for 1 — o = 0.90, ¢ = 77.046 and u = 123.225.
The 90% confidence interval is

99(1.608) 99(1.608)
123.225 ° 77.046

= [1.292,2.067].
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11—« J4 u

0.90 77.046 123.225
0.91 76.447 124.049
0.92 75.795 124955
0.93 75.077 125.963
0.94 74.275 127.103
0.95 73.361 128.422
0.96 72.288 129.996
0.97 70.972  131.966
0.98 69.230 134.642
0.99 66.510 138.987

Table 6.5. Confidence levels 1 — a and corresponding values of £ and u such that P(¢ < (n—1)S2 /62 <u) =1 -«
and such that P((n —1)$2/0% < ¢) = P((n — 1)$2/06% > u) = /2 for n = 100 observations (n — 1 = 99 degrees
of freedom).

*Derivations

The remainder of this section is devoted to deriving the distributions of S2 and

T — My, —m _ (My —m)/(c/v/n)

Sn n n—
ol T;Sﬁ/(n—l)

under the assumption that the X; are i.i.d. N(m,c?).

We begin with the numerator in 7. By Problem 30, ¥, := (M,, —m)/(c/\/n) is ~
N(0,1).

For the denominator, we show that the density of (n — 1)S2 /62 is chi-squared with n— 1
degrees of freedom. We begin by recalling the derivation of (6.3). If we replace the first line
of the derivation with

then we end up with

- {(i[Xi—mF)—n[M,—m]z}

n—1I\5

Using the notation Z; := (X; —m) /o, we have

n—1, o, (M,l—m>2
$2=Y7-nl—"—),
o " & c

or

n—1 M, —m\? 1
so(ten) _fa
oz " o/\vn part
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As we argue below, the two terms on the left are independent. It then follows that the density
of Y, Z? is equal to the convolution of the densities of the other two terms. To find the
density of (n—1)S2 /0?2, we use moment generating functions. Now, the second term on the
left is the square of an N(0, 1) random variable. It is therefore chi-squared with one degree
of freedom and has moment generating function is 1/(1 —2s)!/? (Problem 46 in Chapter 4).
The same holds for each Z?. Since the Z; are independent, Y, Z? is chi-squared with n
degrees of freedom and has moment generating function is 1/(1 — 2s)"/? (Problem 55(c)
in Chapter 4). It now follows that the moment generating function of (n — 1)S2/c? is the
quotient

1/(1—2s)"/2 1

1/(1=25)1/2  (1—25)(-1)/2

which is the moment generating function of a chi-squared random variable with n — 1 de-
grees of freedom.

It remains to show that S2 and M, are independent. Observe that S is a function of the
vector

W o= (X1 —M,),...,(X, —M,)].

In fact, $2 = W'W/(n— 1). By Example 9.6, the vector W and the sample mean M,, are
independent. It then follows that any function of W and any function of M,, are independent.
We can now find the density of

(M, —m)/(0/\/n)

T = .

n—1
=82 /(n—1)

If the X; are i.i.d. N(m, 0'2), then the numerator and the denominator are independent; the
numerator is N (0, 1), and in the denominator (n— 1)S2 /o2 is chi-squared with n— 1 degrees
of freedom. By Problem 44 in Chapter 7, T has Student’s ¢ density with v =n — 1 degrees
of freedom.

6.6 Hypothesis tests for the mean

Let X;,X,... be i.i.d. with mean m and variance 6. Consider the problem of deciding
between two possibilities such as

m<mg or m>my,
where my is a threshold. Other pairs of possibilities include
m=my or m%my

and
m=mg Or m>mg.

It is not required that each possibility be the negation of the other, although we usually do
so here.



6.6 Hypothesis tests for the mean 263

Example 6.16. A telecommunications satellite maker claims that its new satellite has a
bit-error probability of no more that pg. To put this information into the above framework,
let X; = 1 if the ith bit transmitted is received in error, and let X; = O otherwise. Then
p = P(X; = 1) = E[X]], and the claim is that p < py. For the other possibility, we allow
P > po.

The problem of deciding which of several possibilities is correct is called hypothesis
testing. In this section we restrict attention to the case of two possibilities. In assessing two
competing claims, it is usually natural give the benefit of the doubt to one and the burden
of proof to the other. The possibility that is given the benefit of the doubt is called the null
hypothesis, and the possibility that is given the burden of proof is called the alternative
hypothesis.

Example 6.17. In the preceding example, the satellite maker claims that p < pg. If the
government is considering buying such a satellite, it will put the burden of proof on the
manufacturer. Hence, the government will take p > pg as the null hypothesis, and it will be
up to the data to give compelling evidence that the alternative hypothesis p < py is true.

Decision rules

To assess claims about m, it is natural to use the sample mean M,,, since we know that
M,, converges to m as n — oo. However, for finite n, M, is usually not exactly equal to m.
In fact, M,, may be quite far from m. To account for this, when we test the null hypothesis
m < my against the alternative hypothesis m > my, we select 6 > 0 and agree that if

M, < my+3, 6.21)

then we declare that the null hypothesis m < my is true, while if M,, > mg+ 8, we declare that
the alternative hypothesis m > my is true. Clearly, the burden of proof is on the alternative
hypothesis m > my, since we do not believe it unless M,, is substantially greater than my.
The null hypothesis m < mg gets the benefit of the doubt, since we accept it even if mg <
M, <my+90.

Proceeding similarly to test the null hypothesis m > mg against the alternative hypothesis
m < myg, we agree that if

M, > my—§, (6.22)

then we declare m > my to be true, while if M,, < my — 8, we declare m < my. Again, the
burden of proof is on the alternative hypothesis, and the benefit of the doubt is on the null
hypothesis.

To test the null hypothesis m = myg against the alternative hypothesis m # mg, we declare
m = my to be true if

M, —mo| < 8, (6.23)

and m # myg otherwise.
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Acceptance and rejection regions

As in the case of confidence intervals, it is sensible to have 0 depend on the variance
and on the number of observations n. For this reason, if the variance is known, we take &
to be of the form 6 = yo/+/n, while if the variance is unknown, we take 6 = yS,,/+/n. This
amounts to working with the statistic

M, —myg
6.24
if o known, or the statistic
M, —myg
—_— (6.25)
Su//n

otherwise. If the appropriate statistic is denoted by Z,, then (6.21)—(6.23) become
Zyn <y, Z,>-y, and |Z,|<y.

The value with which Z, or |Z,| is compared is called the critical value. The corresponding
acceptance regions are the intervals

(=o0,3], (=y,0), and [-y,y].

In other words, if Z, lies in the acceptance region, we accept the null hypothesis as true. The
complement of the acceptance region is called the rejection region or the critical region.
If Z, lies in the rejection region, we reject the null hypothesis and declare the alternative
hypothesis to be true.

Types of errors

In deciding between the null hypothesis and the alternative hypothesis, there are two
kinds of erroneous decisions we can make. We say that a Type I error occurs if we declare
the alternative hypothesis to be true when the null hypothesis is true. We say that a Type I1
error occurs if we declare the null hypothesis to be true when the alternative hypothesis is
true.

Since the burden of proof is on the alternative hypothesis, we want to bound the prob-
ability of mistakenly declaring it to be true. In other words, we want to bound the Type 1
error by some value, which we denote by ¢. The number « is called the significance level
of the test.

Finding the critical value

We first treat the case of testing the null hypothesis m = m( against the alternative hy-
pothesis m # my. In this problem, we declare the alternative hypothesis to be true if |Z,| > y.
So, we need to choose the critical value y so that P(|Z,| > y) < a. If m = my, then as argued
in Sections 6.3 and 6.4, the cdf of Z, in either (6.24) or (6.25) can be approximated by the
standard normal cdf & as long as the number of observations n is large enough. Hence,

P(1Zu] >y) = 1-[®(y) —P(—y)] = 2[1 —D(y)], (6.26)

since the N(0,1) density is even. The right-hand side is equal to ¢ if and only if ®(y) =
1 — /2. The solution, which we denote by y,, /2, can be obtained in MATLAB with the
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o Ya/2 Ya
0.01 2576 2.326
0.02 2.326 2.054
0.03 2.170 1.881
0.04 2.054 1.751
0.05 1.960 1.645
0.06 1.881 1.555
0.07 1.812 1.476
0.08 1.751  1.405
0.09 1.695 1.341
0.10 1.645 1.282

Table 6.6. Significance levels o and corresponding critical values y, /5 such that D(yy n)=1-o /2 for a two-
tailed test and yq such that ®(yy) = 1 — ¢ for the one-tailed test of the hypothesis m < mg. For the one-tailed test
m > my, use —yg.

command norminv (1-alpha/2) or from Table 6.6. The formula P(|Z,| > y4/s) = o
is illustrated in Figure 6.3; notice that the rejection region lies under the tails of the density.
For this reason, testing m = my against m # my is called a two-tailed or two-sided test.

fzn( )

s Yo

Figure 6.3. Tllustration of the condition P(|Z,| > y4/,) = . Each of the two shaded regions has area ot/2.
Their union has total area ¢. The acceptance region is the interval [—y,, /2:Ya /2], and the rejection region is its
complement.

We next find the critical value for testing the null hypothesis m < mq against the alter-
native hypothesis m > mg. Since we accept the null hypothesis if Z, <y and reject it if
Z, >y, the Type I error probability is P(Z, > y). To analyze this, it is helpful to expand
Z, into two terms. We treat only the unknown-variance case with Z, given by (6.25); the
known-variance case is similar. When Z,, is given by (6.25), we have

Mn—m+m—m0
Sa/v/n Su/Vn'

If the X; have mean m, then we know from the discussion in Section 6.4 that the cdf of
the first term on the right can be approximated by the standard normal cdf ® if » is large.
Hence,

Z, =

M, — —
o) = (M, 2om)

S )T Sujvn
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M, —m .
P( d >y)7 since m < my,

Sn/
1—d(y). 6.27)

Q

The value of y that achieves 1 — ®(y) = o is denoted by yq and can be obtained in MAT-
LAB with the command y = norminv (l-alpha) or found in Table 6.6. The formula
P(Z, > ya) = a is illustrated in Figure 6.4. Since the rejection region is the interval under
the upper tail, testing m < my against m > my is called a one-tailed or one-sided test.

/(0

, T
0 Vs

Z

Figure 6.4. The shaded region has area o.. The rejection region is (yq, o) under the upper tail of the density.

To find the critical value for testing the null hypothesis m > mg against the alternative
hypothesis m < my, write

P(Zn S _Y)

P(M"_m<—) since m > m,
Sn/\/ﬁ —_ y b 07
D(—y), (6.28)

Q

Since the N(0,1) density is even, the value of y that solves ®(—y) = « is the same as
the one that solves 1 — ®(y) = o (Problem 35). This is the value y, defined above. It
can be obtained in MATLAB with the command y = norminv (l-alpha) or found in
Table 6.6.

Example 6.18 (Zener diodes). An electronics manufacturer sells Zener diodes to main-
tain a nominal voltage no greater than my when reverse biased. You receive a shipment of
n diodes that maintain voltages X1, ...,X,, which are assumed i.i.d. with mean m. You want
to assess the manufacturer’s claim that m < mg. (a) Would you take Z, to be the statistic
in (6.24) or in (6.25)? (b) If the burden of proof is on the manufacturer, what should you
choose for the alternative hypothesis? For the null hypothesis? (c) For the test in (b), what
critical value is needed for a significance level of &¢ = 0.05? What is the critical region?

Solution. (a) Since the variance of the X; is not given, we take Z, as in (6.25).

(b) The manufacturer claims m < myg. To put the burden of proof on the manufacturer,
we make m < my the alternative hypothesis and m > mq the null hypothesis.

(c) The acceptance region for such a null hypothesis is (—y, e). To achieve a significance
level of & = 0.05, we should take y = y, from Table 6.6. In this case, yo = 1.645. The
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critical region, or the rejection region, is the interval (—oo, —yq] = (—co, —1.645].

Small samples

The approximations in (6.26)—(6.28) are based on the central limit theorem, which is
valid only asymptotically as n — oo. However, if the X; are Gaussian with known variance
and Z, is given by (6.24), then Z, has the N(0, 1) cdf ® for all values of n. In this case, there
is no approximation in (6.26)—(6.28), and the foregoing results hold exactly for all values
of n. If the X; are Gaussian with unknown variance and Z, is given by (6.25), then Z, has
Student’s t density with n — 1 degrees of freedom. In this case, if ® is replaced by Student’s ¢
cdf with n — 1 degrees of freedom in (6.26)—(6.28), then there is no approximation and the
foregoing results are exact for all values of n. This can be accomplished in MATLAB if yq
is computed with the command tinv (1-alpha, n-1) andif y,/; is computed with the
command tinv (1l-alpha/2,n-1).

6.7 Regression and curve fitting

In analyzing a physical system, we often formulate an idealized model of the form
y = g(x) that relates the output y to the input x. If we apply a particular input x to the system,
we do not expect the output we measure to be exactly equal to g(x) for two reasons. First,
the formula g(x) is only a mathematical approximation of the physical system. Second,
there is measurement error. To account for this, we assume measurements are corrupted

by additive noise. For example, if we apply inputs xi,...,x, and measure corresponding
outputs Y1, ...,Y,, we assume that
Y, = g(xk)+Wk, k=1,...,n, (6.29)

where the W, are noise random variables with zero mean.

When we have a model of the form y = g(x), the structural form of g(x) is often known,
but there are unknown parameters that we need to estimate based on physical measurements.
In this situation, the function g(x) is called the regression curve of ¥ on x. The procedure
of finding the best parameters to use in the function g(x) is called regression. It is also
called curve fitting.

Example 6.19. A resistor can be viewed as a system whose input is the applied current,
i, and whose output is the resulting voltage drop v. In this case, the output is related to
the input by the formula v = iR. Suppose we apply a sequence of currents, iy,...,I,, and
measure corresponding voltages, Vi,...,V,, as shown in Figure 6.5. If we draw the best
straight line through the data points, the slope of that line would be our estimate of R.

Example 6.20. The current—voltage relationship for an ideal diode is of the form
i = ig(e”—1),

where i; and a are constants to be estimated. In this example, we can avoid working with the
exponential function if we restrict attention to large v. For large v, we use the approximation

I & ise
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Voltage

Current

Figure 6.5. Scatter plot of voltage versus current in a resistor.

Taking logarithms and letting y := Ini and b := Ini; suggests the linear model

y = av+b.

When we have measurements (x,Y;) modeled by (6.29), and we have specified the
structural form of g up to some unknown constants, our goal is to choose those constants so

as to minimize the sum of squared errors,

e(g) = Y [Yi—glx) . (6.30)
k=1

Example 6.21 (linear regression). To fit a straight line through the data means that g(x)
has the form g(x) = ax+ b. Then the sum of squared errors becomes

e(a,b) = kil Yy — [axi +b])[%.

To find the minimizing values of a and b we could compute the partial derivatives of e(a,b)
with respect to a and b and set them equal to zero. Solving the system of equations would

yield
a=""2 and b=7-adax,
XX

where

1 & — 1 &

X:=-Yx, and Y :=-Y Y,

3 =1

and
n

(—%7% and Sy = Y (%—D)(¥-T).
k=1 k=1

Fortunately, there is an easier and more systematic way of deriving these equations, which

(ngE

Sy =

we discuss shortly.
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In many cases, such as in the preceding example, the set of all functions g(x) with a given
structure forms a subspace. In other words, the set is closed under linear combinations.

Example 6.22. Let ¥, denote the set of all functions g(x) that are polynomials of degree
p or less. Show that &), is a subspace.

Solution. Let g1(x) = ap+aix+---+apx?, and let g>(x) = bo+bix+--- +b,xP. We
must show that any linear combination Ag; (x) + t1g>(x) is a polynomial of degree p or less.
Write

Ag1(x)+pga(x) = Alag+aix+---+apx”)+ pu(bg+bix+---+byx’)
= (Aao+ pbo) + (Aay + uby)x+---+ (Aap + ub,)x?,

which is a polynomial of degree p or less.

When we want to minimize e(g) in (6.30) as g ranges over a subspace of functions ¢,
we can show that the minimizing g, denoted by g, is characterized by the property

(agE

Vi —g(xe)]g(xx) = 0, forallge¥. (6.31)

k=1

This result is known as the orthogonality principle because (6.31) says that the n-dimen-
sional vectors
M1 —gx1),. ., Yo —8lxa)] and  [g(x1),...,8(xn)]
are orthogonal.
To show that (6.31) implies e(g) < e(g) forall g € ¥, let g € 4 and write

e(g) = Y Vi glx)P

k=1

_ ,ﬁ: |V — 8(x0)] + [80w) — ()]

= kZ: 1Y — 8(xe) [* + 2% — 8xi) ] [8 (k) — 8 (xi)] + 18 (k) — g i) >

Since ¢ is a subspace, the function g — g € 4. Hence, in (6.31), we can replace the factor
g(x) by g(xx) — g(xx). This tells us that

M=

(Ye — 8 ()] [8(xk) — g ()] = 0.

>\.
I

‘We then have

Yk* () |2 +Zlg x) — g(xe)?
k=1

Yk—

v
/« I M: I M=

We have thus shown that if g satisfies (6.31), then e(g) < e(g) forall g € ¥.
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Example 6.23 (linear regression again). We can use (6.31) to derive the formulas in Ex-
ample 6.21 as follows. In the linear case, (6.31) says that

Y — (@xg +b)](axi+b) = 0 (6.32)

ngE

k=1

has to hold for all values of @ and b. In particular, taking @ = 0 and b = 1 implies

¥, — (@x+b)] = 0.

(ngE

k=1

Using the notation of Example 6.21, this says that
nY —an¥—nb = 0,

or b = Y — ax. Now substitute this formula for b into (6.32) and takea =1 and b = —x. We
then find that

n
Z Yk— —a xk—f)}(xk—f) = 0.
Using the notation of Example 6.21, this says that
Sxy _anx = 07

or @ = Syy /Sxy. It is shown in Problem 39 that e(g) = Syy — 52 /S, where

n

Syy = Z(Yk 7?)2.

k=1

In general, to find the polynomial of degree p that minimizes the sum of squared errors,
we can take a similar approach as in the preceding example and derive p + 1 equations in
the p+ 1 unknown coefficients of the desired polynomial. Fortunately, there are MATLAB
routines that do all the work for us automatically.

Suppose x and Y are MATLAB vectors containing the data point x; and Yy, respectively.
If

glx) =a1xf +apP 4 “apX+api

denotes the best-fit polynomial of degree p, then the vector a = [ay,...,a,11] can be ob-
tained with the command
a=polyfit(x,Y,p).

To compute g(¢) at a point 7 or a vector of points # = [t},...,#y], use the command,
polyval(a,t).

For example, these commands can be used to plot the best-fit straight line through the points
in Figure 6.5. The result is shown in Figure 6.6. As another example, at the left in Figure 6.7,
a scatter plot of some data (x;,Y;) is shown. At the right is the best-fit cubic polynomial.
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Voltage v

Current i

Figure 6.6. Best-fit line through points in Figure 6.5.

Figure 6.7. Scatter plot (left) and best-fit cubic (right).

6.8 *Monte Carlo estimation

Suppose we would like to know the value of P(Z > ¢) for some random variable Z and
some threshold 7. For example, ¢ could be the size of a buffer in an Internet router, and if
the number of packets received, Z, exceeds ¢, it will be necessary to drop packets. Or Z
could be a signal voltage in a communications receiver, and {Z > ¢} could correspond to a
decoding error. In complicated systems, there is no hope of finding the cdf or density of Z.
However, we can repeatedly simulate the operation of the system to obtain i.i.d. simulated
values Z1,Z,,.... The fraction of times that Z; > ¢ can be used as an estimate of P(Z > t).
More precisely, put

Xi = I )(Zi).

Then the X; are i.i.d. Bernoulli(p) with p := P(Z > 1), and

is the fraction of times that Z; > ¢. Also/

EM,] = E[Xi| = E[l«)(Z)] = P(Zi >1).

JMore generally, we might consider X; = 4(Z;) for some function 4. Then E[M,] = E[h(Z;)], and M,, would be
an estimate of E[h(Z)].
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Hence, we can even use the theory of confidence intervals to assess the quality of the prob-
ability estimate M,, e.g.,

Snyot/Z

NG

P(Z>t) = M, £

with 100(1 — ct)% probability,

where yg /; is chosen from Table 6.2.

Example 6.24. Suppose the Z; are i.i.d. exponential with parameter A = 1, and we want
to estimate P(Z > 2). If Moo = 0.15 and S0 = 0.359, find the 95% confidence interval for
P(Z>2).

Solution. The estimate is
0.359(1.96)
v 100

which corresponds to the interval [0.08,0.22]. This interval happens to contain the true
value e = 0.135.

P(Z>2) = 0.15+ = 0.15+0.07,

Caution. The foregoing does not work well if P(Z > t) is very small, unless # is cor-
respondingly large. The reason is that if P(Z > ¢) is small, it is likely that we will have
all Xi,...,X, equal to zero. This forces both M,, and S, to be zero too, which is not a
useful estimate. The probability that all X; are zero is [1 — P(Z > ¢)]". For example, with
Z ~exp(1), P(Z>17) =e7 =0.000912, and so [1 — P(Z > 7)]'% = 0.9. In other words,
90% of simulations provide no information about P(Z > 7). In fact, using the values of Z;
of the preceding example to estimate P(Z > 7) did result in M,, = 0 and S, = 0.

To estimate small probabilities without requiring n to be unreasonably large requires
more sophisticated strategies such as importance sampling [26], [47], [58]. The idea of
importance sampling is to redefine

X, =1, (Z)fZ(Z;

v
where the Z; have a different density f5 such that P(Z > 1) is much bigger than P(Z > 7).
If P(Z > t) is large, then very likely, many of the X; will be nonzero. Observe that we still

have
E[x) = /°° [q,w)( >f m )z

= Z>t)

Thus, the X; are no longer Bernoulli, but they still have the desired expected value. Our
choice for f is

f5(z) = €% fz(z)/Mz(s), (6.33)
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where the real parameter s is to be chosen later. This choice for f5 is called a tilted or a
twisted density. Since integrating e* fz(z) is just computing the moment generating func-
tion of Z, we need Mz(s) in the denominator above to make f; integrate to one. Our goal is
to adjust s so that a greater amount of probability is located near z. For Z ~ exp(1),

_e%fz2(z) et (1 - 5)e<1-9)

49 = S0 ~ g T e

In other words, Z ~ exp(1 —s). Hence, we can easily ‘adjust s so that E[Z] = 7 by taking

s=1-1/7=0.8571. We simulated n = 100 values of Z; and found M;¢p = 0.0007, Sigp =

0.002, and

0.002(1.96)
v/ 100

This corresponds to the interval [0.0003,0.0011]. Thus, still using only 100 simulations, we
obtained a nonzero estimate and an informative confidence interval.

We also point out that even in the search for P(Z > 2), importance sampling can result
in a smaller confidence interval. In Example 6.24, the width of the confidence interval is
0.14. With importance sampling (still with » = 100), we found the width was only about
0.08.

P(Zz>17) = 0.0007+ = 0.0007 £ 0.0004.

Notes
6.1: Parameter estimators and their properties
Note 1. The limits in (6.4) are in the almost-sure sense of Section 14.3. By the first-

moment strong law of large numbers (stated following Example 14.15), M,, converges
2

almost surely to m. Similarly (1/n)¥",X? converges almost surely to 6% +m?. Using
(6.3),
=" lixz —M?
n n— 1 n = 1 ni-
Then

. RT n . 1 L 2\ _ 1 2
st = o (5 27 ]

1-[(c? +m?) —m?]

= o°.

6.3: Confidence intervals for the mean — known variance

Note 2. The derivation of (6.10) used the formula

P(—y<Y, <y) = F,(y) — F,(—),

which is valid when Fy, is a continuous cdf. In the general case, it suffices to write

P(-y<Y,<y) = P(Yhu=—y)+P(—y <Y, <y) = P(Yy = —y) + F,(y) — F,(—)
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and then show that P(Y,, = —y) — 0. To do this fix any € > 0 and write
PY,=-y) < P(—y—e<Y,<—-y+¢)
= F,(-y+¢&)-F(-y—¢)
— ®(—y+¢e)—P(—y—¢), by the central limit theorem.
To conclude, write
O(—y+e)—D(—y—¢) = [B(—y+e) - D(—y)]+[P(-y) - P(-y—¢)];
which goes to zero as € — 0 on account of the continuity of ®. Hence, P(—y <Y, <y) — 0.

6.4: Confidence intervals for the mean — unknown variance

Note 3. Since the X; have finite mean and variance, they have finite second moment.
Thus, the Xi2 have finite first moment 62 + m?. By the first-moment weak law of large num-
bers stated following Example 14.15, Y7, Xi2 converges in probability to 6 4 m?. Using
(6.3), Example 14.2, and Problem 2 in Chapter 14, it follows that S,, converges in probabil-
ity to 0. Now appeal to the fact that if the cdf of ¥;,, say F;,, converges to a continuous cdf
F, and if U, converges in probability to 1, then

PY, <yUn) — F().
This result, which is proved in Example 14.11, is a version of Slutsky’s theorem.

Note 4. The hypergeometric random variable arises in the following situation. We have
a collection of N items, d of which are defective. Rather than test all N items, we select at
random a small number of items, say n < N. Let ¥, denote the number of defectives out the
n items tested. We show that

PY,a=k) = @)g%z) k=0,...,n.

We denote this by ¥, ~ hypergeometric(N,d,n).

Remark. In the typical case, d > n and N —d > n; however, if these conditions do
not hold in the above formula, it is understood that (‘If) =0ifd <k <n, and (IZ:Z) =0if
n—k>N-—d,ie.,if0<k<n—(N—d).

Fori=1,...,n, draw at random an item from the collection and test it. If the ith item
is defective, let X; = 1, and put X; = O otherwise. In either case, do not put the tested
item back into the collection (sampling without replacement). Then the total number of
defectives among the first n items tested is

We show that ¥,, ~ hypergeometric(N,d,n).
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Consider the case n = 1. Then Y| = X, and the chance of drawing a defective item at
random is simply the ratio of the number of defectives to the total number of items in the
collection; i.e., P(Y; = 1) = P(X; = 1) = d/N. Now in general, suppose the result is true
for some n > 1. We show it is true for n+ 1. Use the law of total probability to write

P(Yps1 =k) = Z P(Yys1 = k|Y, = i)P(Y, = ). (6.34)
i=0

Since Y11 =Y, + X,,+1, we can use the substitution law to write
P(Yi1 =klYy=1i) = P+ X1 =k|Y, =)
= P(Xup1 =k—ilY, = ).

Since X,,+ takes only the values zero and one, this last expression is zero unless i = k or
i = k— 1. Returning to (6.34), we can write

k
P(Yori=k) = Y PXyp1=k—ilY,=i)P(Y,=1i). (6.35)
i=k—1
When i = k — 1, the above conditional probability is
d—(k—1
P(X,H,] = 1|Yn == k— 1) = ﬁ,

since given Y, = k — 1, there are N — n items left in the collection, and of those, the number
of defectives remaining is d — (k— 1). When i = k, the needed conditional probability is
(N—d)—(n—k)

N-—n ’
since given Y, = k, there are N — n items left in the collection, and of those, the number of

nondefectives remaining is (N —d) — (n — k). If we now assume that ¥, ~ hypergeometric
(N,d,n), we can expand (6.35) to get

Pty =) = 4= k=D (kdl) (nN(;dl))

P(Xn+] - 0|Yn == k) =

N—n N
(+)
d\ (N—-d
(N—d)—(n—k) <k> <n—k>
N-—n ' N '
(=)
It is a simple calculation to see that the first term on the right is equal to
d N—-d
RN GIREN
n+1 N ’
(n—!— 1)

+
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and the second term is equal to

n+l N
n+1

Thus, Y,,+1 ~ hypergeometric(N,d,n+1).

Problems
6.1: Parameter estimators and their properties
1. Use formula (6.3) to show that Sﬁ is unbiased, assuming the X; are uncorrelated.

2. (a) IfX;,Xp,...areii.d. Rayleigh(A), find an unbiased, strongly consistent estima-
tor of A.

(b) MATLAB. Modify the MATLAB code below to generate n = 1000 Rayleigh(2)
random variables with A = 3, and use your answer in part (a) to estimate A from

the data.

n = 1000;

U = rand(1l,n);

X = sgrt(-2xlog(U)); % X is Rayleigh(1l)

X = 3%X; % Make X Rayleigh(3)

(c) MATLAB. Since E[X;] = A+/7/2, and since we know the value of A used to
generate the data, we can regard 7 as the unknown parameter. Modify your
code in part (b) to estimate 7 from simulation data with » = 100000. What is
your estimate of 77?7

3. (a) IfX;,X>,...arei.i.d. gamma(p,A), where A is known, find an unbiased, strongly
consistent estimator of p.

(b) MATLAB. Modify the MATLAB code below to generate n = 1000 chi-squared
random variables with k = 5 degrees of freedom, and use your answer in part (a)
to estimate k from the data. Remember, chi-squared with k degrees of freedom
is the same as gamma(k/2,1/2). Recall also Problems 46 and 55 in Chapter 4.

n = 1000;
U = randn(5,n); % U is N(0,1)
U2 = U."2; % U2 is chi-squared

% with one degree of freedom

= sum(U2); % column sums are
% chi-squared with 5 degrees of freedom

b

Here the expression U. " 2 squares each element of the matrix U.

4. (a) If X1,Xy,... are i.i.d. noncentral chi-squared with k degrees of freedom and non-
centrality parameter A2, where k is known, find an unbiased, strongly consistent
estimator of A2. Hint: Use Problem 65(c) in Chapter 4.
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(b) MATLAB. Modify the following MATLAB code to generate n = 1000 noncentral
chi-squared random variables with k = 5 degrees of freedom, and noncentrality
parameter A2 = 4, and use your answer in part (a) to estimate A from the data.

n = 1000;

U = randn(5,n); % U is N(0,1)

U =1U + 2/sqgrt(5); % U is N(m, 1)

%$ with m = 2/sqrt(5)

U2 = U."2; % U2 is noncentral
% chi-squared with one degree of freedom
% and noncentrality parameter 4/5

X = sum(U2); % column sums are

o\°

noncentral chi-squared with 5 degrees
of freedom and noncentrality parameter 4

o°

Here the expression U. " 2 squares each element of the matrix U.

(a) If X,Xa,... areii.d. gamma(p,A), where p is known, find a strongly consistent
estimator of A.

(b) MATLAB. Modify the following MATLAB code to generate n = 1000 gamma
random variables with p =3 and A = 1/5, and use your answer in part (a) to
estimate A from the data. Recall Problem 55 in Chapter 4.

n = 1000;

U = rand(3,n); % U is uniform(0,1)

V = -log(U); % V is exp(l)

V = 5%V; % V is exp(1/5)

X = sum(V); % column sums are Erlang(3,1/5)

Remark. This suggests a faster method to simulate chi-squared random variables than
the one used in Problem 3. If & is even, then the chi-squared is Erlang(k/2,1/2). If k
is odd, then the chi-squared is equal to the sum of an Erlang(k/2 —1/2,1/2) and the
square of a single N(0,1).

(a) If X1,Xa,... are i.i.d. Laplace(A), find a strongly consistent estimator of A.

(b) MATLAB. Modify the MATLAB code below to generate n = 1000 Laplace(1)
random variables with A = 2, and use your answer in part (a) to estimate A from
the data. Recall Problem 54 in Chapter 4.

n = 1000;

Ul = rand(1l,n); %$ Ul is uniform(0,1)
V1l = -1log(Ul)/2; % V1 is exp(2)

U2 = rand(1l,n); % U2 is uniform(0,1)
V2 = -1log(U2)/2; % V2 is exp(2)

X = V1-V2; % X is Laplace(2)

(a) If X1,X>,... are i.i.d. gamma(p, A ), find strongly consistent estimators of p and
A. Hint: Consider both E[X;] and E[X?].

(b) MATLAB. Modify the MATLAB code in Problem 5 to generate n = 1000 gamma
random variables with p =3 and A = 1/5, and use your answer in part (a) to
estimate p and A from the data.
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If X1,X,,... are i.i.d. generalized gamma with parameters p, A, and g, where p and
g are known, find a strongly consistent estimator of A. (The generalized gamma was
defined in Problem 21 in Chapter 5.) Hint: Consider E[X1].

In the preceding problem, assume that only ¢ is known and that both p and A are
unknown. Find strongly consistent estimators of p and A.

6.2: Histograms

10.

11.

12.

*13.

MATLAB. Use the following MATLAB code to generate n = 1000 N(0, 1) random
variables, plot a histogram and the true density over it.

n = 1000;

X = randn(1l,n); $ X is N(0,1)

nbins = 15;

minX = min (X);

maxX = max (X);

e = linspace (minX,maxX,nbins+1);

H = histc(X,e);

H(nbins) = H(nbins)+H (nbins+1);

H = H(l:nbins); % resize H

bw = (maxX-minX)/nbins; % bin width

a = e(l:nbins); % left edge sequence
b = e(2:nbins+1); % right edge sequence
bin_centers = (a+b)/2; % bin centers

bar (bin_centers, H/ (bwxn), "hist’)

hold on

t = linspace (min(X),max(X),150);

y = exp(-t. 2/2)/sqrt(2+pi);

plot(t,vy)

hold off

MATLAB. Modify the code in Problem 2 to plot a histogram of X, and using the
estimated parameter value, draw the density on top of the histogram. If you studied
the subsection on the chi-squared test, print out the chi-squared statistic Z, the critical
value z4 for o = 0.05, and whether or not the test accepts the density as a good fit to
the data.

MATLAB. Modify the code in Problem 3 to plot a histogram of X, and using the
estimated parameter value, draw the density on top of the histogram. If you studied
the subsection on the chi-squared test, print out the chi-squared statistic Z, the critical
value z4 for a = 0.05, and whether or not the test accepts the density as a good fit to
the data.

MATLAB. Modify the code in Problem 4 to plot a histogram of X, and using the esti-
mated parameter value, draw the density on top of the histogram. Use the noncentral
chi-squared density formula given in Problem 25(c) in Chapter 5. If you studied the
subsection on the chi-squared test, print out the chi-squared statistic Z, the critical
value z for & = 0.05, and whether or not the test accepts the density as a good fit to
the data.
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MATLAB. Modify the code in Problem 5 to plot a histogram of X, and using the
estimated parameter value, draw the density on top of the histogram. If you studied
the subsection on the chi-squared test, print out the chi-squared statistic Z, the critical
value z4 for oo = 0.05, and whether or not the test accepts the density as a good fit to
the data.

MATLAB. Modify the code in Problem 6 to plot a histogram of X, and using the
estimated parameter value, draw the density on top of the histogram. If you studied
the subsection on the chi-squared test, print out the chi-squared statistic Z, the critical
value zo for o = 0.05, and whether or not the test accepts the density as a good fit to
the data.

Show that
Hj—np;

1/npj

has zero mean and variance 1 — p;.

6.3: Confidence intervals for the mean — known variance

17.

18.

19.

20.

21.

Let F be the cdf any even density function f. Show that F(—x) = 1—F(x). In
particular, note that the standard normal density is even.

If 62 =4 and n = 100, how wide is the 99% confidence interval? How large would n
have to be to have a 99% confidence interval of width less than or equal to 1/4?

Let W, W,,... be i.i.d. with zero mean and variance 4. Let X; = m + W;, where m is
an unknown constant. If Mgy = 14.846, find the 95% confidence interval.

Let X; = m+ W;, where m is an unknown constant, and the W; are i.i.d. Cauchy with
parameter 1. Find 6 > 0 such that the probability is 2/3 that the confidence interval
[M,, — 6,M,, + 3] contains m; i.e., find § > 0 such that

P(IM, —m| < 8) = 2/3.

Hints: Since E[Wiz] = oo, the central limit theorem does not apply. However, you
can solve for d exactly if you can find the cdf of M, —m. The cdf of W; is F(w) =
Ltan~1(w) +1/2, and the characteristic function of W; is E[e/Y] = eV,

MATLAB. Use the following script to generate a vector of n = 100 Gaussian random
numbers with mean m = 3 and variance one. Then compute the 95% confidence
interval for the mean.

n = 100

X = randn(1l,n); % N(0,1) random numbers
X =X+ 3; % Change mean to 3

Mn = mean (X)

sigma = 1

delta = 1.96*sigma/sqgrt (n)
fprintf ('The 95%% confidence interval is [%g,%gl\n’,
Mn-delta,Mn+delta)
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6.4: Confidence intervals for the mean — unknown variance

22. Let X1,X,,... be i.i.d. random variables with unknown, finite mean m and variance
2. If Migo = 10.083 and Sjo9 = 0.568, find the 95% confidence interval for the
population mean.

23. Suppose that 100 engineering freshmen are selected at random and Xj,...,Xjo are
their times (in years) to graduation. If Moo = 4.422 and S1990 = 0.957, find the 93%
confidence interval for their expected time to graduate.

24. From a batch of N = 10000 computers, n = 100 are sampled, and 10 are found de-
fective. Estimate the number of defective computers in the total batch of 10000, and
give the margin of error for 90% probability if Sjg9 = 0.302.

25. You conduct a presidential preference poll by surveying 3000 voters. You find that
1559 (more than half) say they plan to vote for candidate A, and the others say they
plan to vote for candidate B. If S3000 = 0.500, are you 90% sure that candidate A will
win the election? Are you 99% sure?

26. From a batch of 100000 airbags, 500 are sampled, and 48 are found defective. Esti-
mate the number of defective airbags in the total batch of 100000, and give the margin
of error for 94% probability if Sjg9 = 0.295.

27. A new vaccine has just been developed at your company. You need to be 97% sure
that side effects do not occur more than 10% of the time.

(a) In order to estimate the probability p of side effects, the vaccine is tested on 100
volunteers. Side effects are experienced by 6 of the volunteers. Using the value
S100 = 0.239, find the 97% confidence interval for p if Sjg0 = 0.239. Are you
97% sure that p < 0.1?

(b) Another study is performed, this time with 1000 volunteers. Side effects occur
in 71 volunteers. Find the 97% confidence interval for the probability p of side
effects if S1po0 = 0.257. Are you 97% sure that p < 0.1?

28. Packet transmission times on a certain Internet link are independent and identically
distributed. Assume that the times have an exponential density with mean .

(a) Find the probability that in transmitting n packets, at least one of them takes
more than ¢ seconds to transmit.

(b) Let T denote the total time to transmit n packets. Find a closed-form expression
for the density of T'.

(c) Your answers to parts (a) and (b) depend on u, which in practice is unknown
and must be estimated. To estimate the expected transmission time, n = 100

packets are sent, and the transmission times 71,. .., T, recorded. It is found that
the sample mean Moy = 1.994, and sample standard deviation Sjo9 = 1.798,
where

1 n 1 n
M, = - ZT,- and Sﬁ = Z(Ti—M,,)z.
ni3 n—135

Find the 95% confidence interval for the expected transmission time.
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MATLAB. Use the following script to generate n = 100 Gaussian random variables
with mean m = 5 and variance 6> = 9. Compute the 95% confidence interval for the
mean.

n = 100

X = randn(l,n); % N(0,1) random numbers
m=5

sigma = 3

X = sigmaxX + m; % Change to N(m,sigma”2)
Mn = mean (X)

Sn = std(X)

delta = 1.96*Sn/sqgrt(n)
fprintf ('The 95%% confidence interval is [%g,%g]l\n’,
Mn-delta,Mn+delta)

6.5: Confidence intervals for Gaussian data

30.

31.

32.

33.

If Xi,...,X, are i.i.d. N(m,c?), show that ¥, = (M, —m) /(o /+/n) is N(0,1). Hint:
Recall Problem 55(a) in Chapter 4.

Let Wi, Wa,... be i.i.d. N(0,6?%) with 6% unknown. Let X; = m + W, where m is an
unknown constant. Suppose Mo = 14.832 and S;p = 1.904. Find the 95% confidence
interval for m.

Let X1,X5,... be ii.d. N(0,0?) with 62 unknown. Find the 95% confidence interval
for 0% if V3, = 4.413.

Let Wi, Ws,... be i.i.d. N(0,0?) with 6% unknown. Let X; = m + W;, where m is an
unknown constant. Find the 95% confidence interval for o2 if $3,, = 4.736.

6.6: Hypothesis tests for the mean

34.

35.
36.

In a two-sided test of the null hypothesis m = mq against the alternative hypothesis
m # my, the statistic Z, = —1.80 is observed. Is the null hypothesis accepted at the
0.05 significance level? If we are doing a one-sided test of the null hypothesis m > my
against the alternative hypothesis m < mg and Z, = —1.80 is observed, do we accept
the null hypothesis at the 0.05 significance level?

Show that if ®(—y) = o, then ®(y) =1—a..

An Internet service provider claims that a certain link has a packet loss probability of
at most pg. To test the claim, you send n packets and let X; = 1 if the ith packet is
lost and X; = 0 otherwise. Mathematically, the claim is that P(X; = 1) = E[X;] < po.
You compute the statistic Z, in (6.25) and find Z, = 1.50. (a) The Internet service
provider takes E[X;] < po as the null hypothesis. On the basis of Z, = 1.50, is the
claim E[X;] < pg accepted at the 0.06 significance level? (b) Being skeptical, you
take E[X;] > po as the null hypothesis. On the basis of the same data Z, = 1.50 and
significance level 0.06, do you accept the Internet service provider’s claim?
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A computer vendor claims that the average waiting time on its technical support hot-
line is at most mgy minutes. However, a consumer group claims otherwise based on the
following analysis. The consumer group made n calls, letting X; denote the waiting
time on the ith call. It computed the statistic Z, in (6.25) and found that Z, = 1.30.
Assuming that the group used a significance level from Table 6.6, what critical value
did they use?

A drug company claims that its new medicine relieves pain for more than mg hours
on average. To justify this claim, the company tested its medicine in n people. The
ith person reported pain relief for X; hours. The company computed the statistic Z,
in (6.25) and found that Z, = —1.60. Can the company justify its claim if a 0.05
significance level is used? Explain your answer.

6.7: Regression and curve fitting

39.

40.

41.

42.

For the linear regression problem in Example 6.23, show that the minimum sum of
squared errors, e(g), is equal to Syy — S?CY /Sy, where this notation is defined in Ex-
amples 6.21and 6.23.

Regression and conditional expectation. Let X and W be independent random
variables with W having zero mean. If ¥ := g(X) + W, show that E[Y|X = x] = g(x).

MATLAB. Use the script below to plot the best-fit polynomial of degree p = 2 to the
data. Note that the last two lines compute the sum of squared errors.

x=[12345678291];

Y = [ 0.2631 0.2318 0.1330 0.6751 1.3649 1.5559,
2.3184 3.7019 5.29537;

p = 2;

a = polyfit(x,Y,p)
subplot(2,2,1);
plot(x,Y,'0’)

axis ([0 10 -1 71);
subplot(2,2,2)
t=1linspace(0,10,50);
gt = polyval(a,t);
plot(x,Y,’0o’,t,gt)
axis ([0 10 -1 71);
gx = polyval(a,x);
sse = sum((Y-gx). 2)

o°

Put multiple plots in same fig.
Plot pnts only; do not connect.
Force plot to use this scale.

oe

o\

oe

For plotting g from 0 to 10
at 50 points.

o\

oe

Use same scale as prev. plot.
Compute g(x_k) for each k.
Compute sum of squared errors.

o\

o°

Do you get a smaller sum of squared errors with p = 3? What about p =7 and p = 8?
Is it a good idea to continue increasing p?

MATLAB. You can use the methods of this section to find polynomial approximations
to nonpolynomial functions. Use the following script to plot the best-fit polynomial
of degree p = 4 to sin(x) on [0,27] based on five equal-spaced samples.

T = 2%pi;
% linspace(0,T,5);
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sin(x);

= 4;

polyfit(x,Y,p);

linspace(0,T,50);

st = sin(t);

gt = polyval(a,t);

subplot(2,1,1)

plot(t,st,t,gt)

subplot (2,1, 2)

plot(t,st-gt) % Plot error curve sin(t)-g(t).

0T
|

Since the values of sin(x) for 7/2 < x < 27 can be computed using values of sin(x)
for 0 < x < /2, modify the above code by setting 7 = 7/2. Do you get a better
approximation now that you have restricted attention to [0, 7 /2]?

MATLAB. The data shown at the left in Figure 6.8 appears to follow a power law of
the form ¢/#9, where ¢ and g are to be estimated. Instead of fitting a polynomial to
the data, consider taking logarithms to get

In(c/t?) = Inc—qlnt.

Let us denote the points at the left in Figure 6.8 by (,Z;), and put ¥} := InZ; and
X = In#. A plot of (xy,Y;) and the best-fit straight line through it are shown at the
right in Figure 6.8. How would you estimate ¢ and g from the best-fit straight line?
Use your answer to fill in the two blanks in the code below. Then run the code to see
a comparison of the best cubic fit to the data and a plot of ¢/¢9. If you change from
a cubic to higher-order polynomials, can you get a better plot than with the log—log
method?

t = [ 1 1.4444 1.8889 2.3333 2.7778 3.2222 3.6667,
4.1111 4.5556 5 ];

Z = [ 1.0310 0.6395 0.3404 0.2873 0.2090 0.1147,
0.2016 0.1192 0.1297 0.0536 ];
x = log(t);

Y = log(Z);
subplot(2,2,1)
a = polyfit(t,Z,3); % Fit cubic to data (t_k,Z_k).

Figure 6.8. Data (f;,Z;) for Problem 43 (left). Log of data (In#,InZ;) and best-fit straight line (right).



284

6.8:
44

45

46

47

u linspace(1,5,50);
v polyval (a,u);
plot(t,Z,’o0’,u,v)
axis([1 5 0 1.11)
title(’Best-fit cubic to

subplot (2,2, 2)

o\

a = polyfit(x,Y,1); %
u = linspace(0,2,2);
v = polyval(a,u);

plot(x,Y,’o’,u,v) 5
title(’Best-fit straight
subplot (2,2, 3)

ghat =
chat
u = linspace(1,5,50);
v = chat./u. ghat;
plot(t,Zz, o’ ,u,v)
axis([1 5 0 1.11) %

Plot

Statistics
Plot (t_k,Z_k) & cubic.
data’)
Fit st. line to (x_k,Y k).
Plot (x_k,Y k) & st. line.
line to (ln(t_k),1In(Z_k))")

(t_k,Z_k) & c/t"qg using estimates.

title(’ (estimate of c)/t\" (estimate of q)’)

*Monte Carlo estimation

. For the tilted density f5(z) = e* fz(z)/Mz(s), show that
fZ (Z) -5z
= e M, .
2O 25

. IfZ~N(0,1), find the tilted density f5(z) = e* fz(z) /Mz(s). How would you choose

s to make E[Z] =¢?

. If Z ~ gamma(p, A), find the tilted density f5(z) = e* fz(z)/Mz(s). How would you
choose s to make E[Z] =17 Note that the gamma includes the Erlang and chi-squared

as special cases.

. MATLAB. If Z ~ N(0, 1), use the following script to estimate P(Z > ¢t) for t = 5 with

95% confidence.

t =5;
s = t;
n = 100;
Z = randn(l,n); % N(0,1) random numbers
Zt = Z+s; % change mean to s
= zeros(l,n);
i = find(Zt>t);
X (1) = exp(—s*Zt(1i))~*exp(s~2/2);
Mn = mean (X);
Sn = std(X);
delta = Snx1.96/sqgrt(n);
fprintf ('M(%71) = %g +/- %g, Sn = %g\n’, ...



48.

Exam preparation 285

n,Mn,delta, Sn)
fprintf ('The 95%% confidence interval is [%g,%g]l\n’,
Mn-delta,Mn+delta)

It is also possible to tilt probability mass functions. The formula for tilting the prob-
ability mass function of a discrete random variable taking values z; is

p3(zi) = €%ipz(z)/Mz(s).

If Z ~ Bernoulli(p), find the tilted pmf p5(i) for i =0, 1.

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

6.1.

6.2.

6.3.

6.4.

6.5.

6.6.

6.7.

6.8.

Parameter estimators and their properties. Know the sample mean (6.1) and sam-
ple variance (6.2). Know the meaning of unbiased and the fact that the sample mean
and sample variance are unbiased estimators of the population (or ensemble) mean
and variance. Know how to derive estimators of parameters that are related to mo-
ments.

Histograms. Understand how the pieces of code in the text can be collected to solve
problems in MATLAB. Be able to explain how the chi-squared test works.

Confidence intervals for the mean — known variance. Know formulas (6.11) and
(6.12) and how to find y /, from Table 6.2.

Confidence intervals for the mean — unknown variance. Know formulas (6.16)
and (6.17) and how to find yq /» from Table 6.2. Know how to apply these results to
estimating the number of defective items in a lot.

Confidence intervals for Gaussian data. For estimating the mean with unknown
variance, use formulas (6.16) and (6.17), except that y, > is chosen from Table 6.3.
To estimate the variance when the mean is known, use (6.19) with ¢ and u chosen
from Table 6.4. To estimate the variance when the mean is unknown, use (6.20) with
£ and u chosen from Table 6.4.

Hypothesis tests for the mean. Know when to use the appropriate statistic (6.24)
or (6.25). For testing m = my, use the critical value y, /> in Table 6.6; accept the
hypothesis if |Z,| <y . For testing m < my, use the critical value y in Table 6.6;
accept the hypothesis if Z, < y,. For testing m > my, use the critical value —yy,
where y is from Table 6.6; accept the hypothesis if Z,, > —yq.

Regression and curve fitting. Regression is another name for curve fitting. In the
model (6.29), the W, can account for either measurement noise or inaccuracies in g(x).
To give an example of the latter case, consider approximating sin(x) by a polynomial
g(x). If we put Wy, := sin(x;) — g(x) and ¥; := sin(xy), then (6.29) holds.

*Monte Carlo estimation. If you are not using importance sampling or some sophis-
ticated technique, and you want to estimate a very small probability, you will need a
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correspondingly large number of simulations. Know the formula for the tilted density
(6.33).

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.



7
Bivariate random variables

The main focus of this chapter is the study of pairs of continuous random variables
that are not independent. In particular, conditional probability and conditional expectation
along with corresponding laws of total probability and substitution are studied. These tools
are used to compute probabilities involving the output of systems with two (and sometimes
three or more) random inputs.

7.1 Joint and marginal probabilities

Consider the following functions of two random variables X and Y,
X+Y, XY, max(X,Y), and min(X,Y).

For example, in a telephone channel the signal X is corrupted by additive noise Y. In a
wireless channel, the signal X is corrupted by fading (multiplicative noise). If X and ¥ are
the traffic rates at two different routers of an Internet service provider, it is desirable to have
these rates less than the router capacity, say u; i.e., we want max(X,Y) <u. If X and Y
are sensor voltages, we may want to trigger an alarm if at least one of the sensor voltages
falls below a threshold v; e.g., if min(X,Y) < v. We now show that the cdfs of these four
functions of X and Y can be expressed in the form P((X,Y) € A) for various sets! A C IR?.
We then argue that such probabilities can be computed in terms of the joint cumulative
distribution function to be defined later in the section.
Before proceeding, you should re-work Problem 6 in Chapter 1.

Example 7.1 (signal in additive noise). A random signal X is transmitted over a channel
subject to additive noise Y. The received signal is Z = X 4+ Y. Express the cdf of Z in the
form P((X,Y) € A;) for some set A,.

Solution. Write
Fz(z) = P(Z<z) = PX+Y <z) = P((X,Y) €A,),

where
Ay = {(xy)ix+y <z}

Since x+y < z if and only if y < —x+ gz, it is easy to see that A; is the shaded region in
Figure 7.1.

Example 7.2 (signal in multiplicative noise). A random signal X is transmitted over a
channel subject to multiplicative noise Y. The received signal is Z = XY. Express the cdf
of Z in the form P((X,Y) € A;) for some set A;.

287
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7

b

Z

_

Figure 7.1. The shaded region is A; = {(x,y) : x+y < z}. The equation of the diagonal line is y = —x+z.

Solution. Write
FZ(Z) = P(Zﬁz) = P(XYSZ) = P((X,Y)GAZ)7

where now A; := {(x,y) : xy < z}. To see how to sketch this set, we are tempted to write
A; = {(x,y) 1y < z/x}, but this would be wrong because if x < 0 we need to reverse the
inequality. To get around this problem, it is convenient to partition A, into two disjoint
regions, A, = AT UA_, where

Af = AN{(x,y):x>0} and A, := A,N{(x,y):x <0}

Thus, Aj and A, are similar to A;, but now we know the sign of x in each set. Hence, it is
correct to write

A; = {(x,y) :y<z/xand x > 0}
and
A = {(x,y):y>z/xand x < 0}.

z

These regions are sketched in Figure 7.2.

Y

N
.

Figure 7.2. The curve is y = z/x. The shaded region to the left of the vertical axis is A; = {(x,y) :y > z/x,x <0},
and the shaded region to the right of the vertical axis is A} = {(x,y) : y < z/x, x > 0}. The sketch is for the case
z> 0. How would the sketch need to change if z =0 or if z < 0?

=

Example 7.3. Express the cdf of U := max(X,Y) in the form P((X,Y) € A,) for some
setA,.
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Solution. To find the cdf of U, begin with
Fy(u) = P(U <u) = P(max(X,Y) <u).
Since the larger of X and Y is less than or equal to u if and only if X <wu and Y < u,
P(max(X,Y) <u) = P(X <u,Y <u) = P((X,Y) €A,),

where A, := {(x,y) : x <wuandy < u} is the shaded “southwest” region shown in Fig-
ure 7.3(a).

e 7 ﬁ vf/|7

"
u v

() (b)

Figure 7.3. (a) Southwest region {(x,y) : x <wu and y < u}. (b) The region {(x,y) :x <vory <v}.

Example 7.4. Express the cdf of V := min(X,Y) in the form P((X,Y) € A,) for some
setA,.

Solution. To find the cdf of V, begin with
Fy(v) = P(V<v) = P(min(X,Y) <v).
Since the smaller of X and Y is less than or equal to v if and only either X <vorY <v,
P(min(X,Y) <v) = P(X <vorY <v) = P((X,Y) €A,),

where A, := {(x,y) : x <vory < v} is the shaded region shown in Figure 7.3(b).

Product sets and marginal probabilities

The Cartesian product of two univariate sets B and C is defined by
BxC := {(x,y):x€BandyeC}.

In other words,
(x,y) €EBXC < xe€BandyeC.
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For example, if B = [1,3] and C = [0.5,3.5], then B x C is the rectangle
[1,3] x[0.5,3.5] = {(x,y): 1 <x<3and0.5<y<3.5},

which is illustrated in Figure 7.4(a). In general, if B and C are intervals, then B x C is a
rectangle or square. If one of the sets is an interval and the other is a singleton, then the
product set degenerates to a line segment in the plane. A more complicated example is
shown in Figure 7.4(b), which illustrates the product ([1,2]U [3,4]) x [1,4]. Figure 7.4(b)
also illustrates the general result that x distributes over U; i.e., (Bj UBy) x C = (B; x C)U
(Bz xC )

4 4
3 3
2 2
1 1
0 0
0123 4

(a)

Figure 7.4. The Cartesian products (a) [1,3] x [0.5,3.5] and (b) ([1,2]U[3,4]) x [1,4].

Using the notion of product set,

{XeBYe(C} ={weQ:X(w)eBandY(w) € C}

={wecQ: (X(w),Y(w) € BxC},

for which we use the shorthand
{(X,Y) e BxC}.

We can therefore write
PXeB,YeC) = P(X,Y)eBxC().

The preceding expression allows us to obtain the marginal probability P(X € B) as
follows. First, for any event E, we have E C Q, and therefore, E = E N Q. Second, Y is
assumed to be a real-valued random variable, i.e., Y (®) € IR for all @. Thus, {Y € R} = Q.
Now write

PXeB) =P

=P
P
=P

{X eB}NQ)
{XeB}In{y eR})
X €B,Y €R)
(X,Y) € BxR).

—~ T~~~

Similarly,
PYeC) = P((X,Y) e RxC). (7.1
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Joint cumulative distribution functions

The joint cumulative distribution function of X and Y is defined by

Fxy(x,y) = P(X <x,Y <y).

We can also write this using a Cartesian product set as
Fxy (x,y) = P((X,Y) € (—o0,x] X (—o0,y]).

In other words, Fyy (x,y) is the probability that (X,Y) lies in the southwest region shown in
Figure 7.5(a).

(x,y)

\

_ = ;
(a) (b)

Figure 7.5. (a) Southwest region (—eo,x] X (—oo,y]. (b) Rectangle (a,b] x (c,d|.

The joint cdf is important because it can be used to compute P((X,Y) € A) for any set
A. For example, you will show in Problems 3 and 4 that

Pla<X <b,c<Y <d),

which is the probability that (X,Y) belongs to the rectangle (a,b] x (c¢,d] shown in Fig-
ure 7.5(b), is given by the rectangle formula®

Fxy(b,d) — Fxy(a,d) — Fxy(b,c) + Fxy(a,c). (7.2)

Example 7.5. If X and Y have joint cdf Fyy, find the joint cdf of U := max(X,Y) and
V :=min(X,Y).

Solution. Begin with
Fyv(u,v) = P(U <u,V <v).

From Example 7.3, we know that U = max(X,Y) < u if and only if (X,Y) lies in the
southwest region shown in Figure 7.3(a). Similarly, from Example 7.4, we know that
V =min(X,Y) < v if and only if (X,Y) lies in the region shown in Figure 7.3(b). Hence,
U <uandV <vif and only if (X,Y) lies in the intersection of these two regions. The form
of this intersection depends on whether u > v or u < v. If u < v, then the southwest region
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V,// x

e
v u

o

Figure 7.6. The intersection of the shaded regions of Figures 7.3(a) and 7.3(b) when v < u.
in Figure 7.3(a) is a subset of the region in Figure 7.3(b). Their intersection is the smaller
set, and so
PU<u,V<v)=PUC<u) = Fy(u) = Fxy(u,u), u<w.

If u > v, the intersection is shown in Figure 7.6. Since this region can be obtained by
removing the rectangle (v,u] x (v,u] from the southwest region (—eo, u] x (—co, u],

PU<u,V<v) = Fy(uu)—Pv <X <u,v<Y <u).
This last probability is given by the rectangle formula (7.2),
Fxy (u, l/l) — Fxy (v,u) — Fxy (u, V) —|—ny(\1, V).

Hence,
Fyy(u,v) = Fxy(vu) + Fxy (u,v) — Fxy(v,v), u>w.

The complete joint cdf formula is

FXY(M7M)7 MSV,
Fxy (v,u) + Fxy (u,v) — Fxy (v,v), u>v.

FU\/(I/[, v) = {

Marginal cumulative distribution functions

It is possible to obtain the marginal cumulative distributions Fx and Fy directly from
Fxy by setting the unwanted variable to . More precisely, it can be shown that?

Fx(x) = lim Fxy(x,y) =: ny(x,oo), (7.3)

y—r0

and

Fy(y) = }LIIOLFXY(X»Y) =: Fxy(e0,y). (7.4)
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Example 7.6. Use the joint cdf Fyy derived in Example 7.5 to compute the marginal
cdfs Fy and Fy.

Solution. To compute
FU (M) = lim FUV (u,v)7

y—so0
observe that as v becomes large, eventually it will be greater than u. For v > u, Fyy (u,v) =
Fxy(u,u). In other words, for v > u, Fyy(u,v) is constant and no longer depends on v.
Hence, the limiting value is also Fxy (u,u).
To compute
Fy(v) = lim Fyy(u,v),

U—o0

observe that as u becomes large, eventually it will be greater than v. For u > v,

FUV(u,v) = ny(v,u) +ny(u,v) 7ny(v,v)
— Fx(v)+Fy(v) — Fxy(v,v)

as U — oo,

To check the preceding result, we compute Fyy and Fy directly. From Example 7.3,
Fy(u) = P(max(X,Y) <u) = P(X <u,Y <u) = Fxy(u,u).

From Example 7.4,
Fy(v) = PX<vorY <v).

By the inclusion—exclusion formula (1.12),
F(v) = PX<v)+ P <v)—PX <Y <v)
FX (V) + Fy (V) — FXY (V7 V).

The foregoing shows how to compute the cdfs of max(X,Y) and min(X,Y) in terms of
the joint cdf Fyy. Computation of the cdfs of X +Y and XY in terms of Fxy can only be
done in a limiting sense by chopping up the regions A, of Figures 7.1 and 7.2 into small
rectangles, applying the rectangle formula (7.2) to each rectangle, and adding up the results.

To conclude this subsection, we give another application of (7.3) and (7.4).
Example 7.7. If

y+ e—x(y+1)

_ o * 0
Fyy(x,y) = y+1 ¢ %y=>0

0, otherwise,

find both of the marginal cumulative distribution functions, Fx (x) and Fy (y).

Solution. For x,y > 0,

y 1 —x(y+1) —x
Fxy(x, = -4+ ——e " — .
oy (x.) y+1 y+1



294 Bivariate random variables

y—axis 0 0

Figure 7.7. Joint cumulative distribution function Fxy (x,y) of Example 7.7.
(This surface is shown in Figure 7.7.) Hence, for x > 0,
lim Fyy(x,y) = 14+0-0—e™* = 1—¢™".
y—0o0

For x <0, Fyy(x,y) =0 for all y. So, for x <0, lim Fyy(x,y) = 0. The complete formula
y~>c>o
for the marginal cdf of X is

I—e™, x>0,
Fy(x) = { 0. x<0 (7.5)
which implies X ~ exp(1). Next, for y > 0,
. y 1 y
lim Fxy (x,y) = + 0-0 = .
Ao iy (3) y+1 y+1 y+1
We then see that the marginal cdf of Y is
_ [y/b+1), y>0,

Independent random variables

Recall that X and Y are independent if and only if P(X € B,Y € C) =P(X € B)P(Y € C)
for all sets B and C. In terms of product sets, this says that

P((X,Y)€BxC) = P(X €B)P(Y €C). 1.7)

In other words, the probability that (X,Y) belongs to a Cartesian-product set is the product
of the individual probabilities. In particular, if X and Y are independent, the joint cdf factors
into

Fxy(x,y) = P(X <x,Y <y) = Fx(x) Fr(y).
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Example 7.8. Show that X and Y of Example 7.7 are not independent.
Solution. Using the results of Example 7.7, for any x,y > 0,

. x y y J'_ efx(y‘” 1) x
ROR0) = (1-e )25 # T —

As noted above, if X and Y are independent, then their joint cdf factors. The converse
is also true; i.e., if Fxy (x,y) = Fx(x)Fy(y) for all x,y, then X and Y are independent in the
sense that (7.7) holds for all sets B and C. We prove this only for the case of B = (a,b] and
C = (c,d]. Since B x C = (a,b] x (c,d|] is a rectangle, the left-hand side of (7.7) is given by
the rectangle formula (7.2). Since we are assuming the joint cdf factors, (7.2) becomes

FX (b)Fy (d) — FX (a)Fy (d) — FX (b)FY (C) + FX (a)Fy (C),
which factors into
[Fx (b) — Fx (a)|Fy (d) — [Fx (b) — Fx (a)]Fy (c)

or
[Fx (b) — Fx (@)][Fy (d) — Fy (¢)],
which is the product P(X € (a,b]) P(Y € (c,d]) required for the right-hand side of (7.7).

We thus record here that X and Y are independent if and only if their joint cdf factors
into the product of the marginal cdfs,

Fxy(x,y) = Fx(x) Fr(y).

7.2 Jointly continuous random variables

In analogy with the univariate case, we say that two random variables X and Y are
jointly continuous* with joint density fyy (x,y) if

P €4) = [ [ fur(ey)drdy
A

for some nonnegative function fyy that integrates to one; i.e.,

/_Z/_ZfXY(%y)dxdy - 1.

Sketches of several joint densities are shown in Figure 7.8 below and in Figures 7.9-7.11 in
Section 7.4.

Caution. 1t is possible to have two continuous random variables X and Y that are not
jointly continuous. In other words, X has a density fx(x) and Y has a density fy(y), but
there is no joint density fxy (x,y). An example is given at the end of the section.
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Example 7.9. Show that

fXY(x y) 1 Le — (22 =2xy+y?)/2

is a valid joint probability density.

Solution. Since fxy(x,y) is nonnegative, all we have to do is show that it integrates to
one. By completing the square in the exponent, we obtain

ef(yfx)z/2 efxz/z
V2 . V2m

This factorization allows us to write the double integral

—(2x2—2xy+y?)/2
/ / Sxy(x,y)dxdy = / / ——————dxdy

as the iterated integral

fxr(x,y) =

- exz/Z( oo ef<y7x)2/2d )d
p— —————dy |dx.
—w V21 \J-= 21
The inner integral, as a function of y, is a normal density with mean x and variance one.

Hence, the inner integral is one. But this leaves only the outer integral, whose integrand is
an N(0, 1) density, which also integrates to one.

Example 7.10 (signal in additive noise, continued). Suppose that a random, continuous-
valued signal X is transmitted over a channel subject to additive, continuous-valued noise
Y. The received signal is Z = X + Y. Find the cdf and density of Z if X and Y are jointly
continuous random variables with joint density fyy.

Solution. As in Example 7.1, write
Fz(z) = P(Z<z) = P(X+Y <z) = P((X,Y) € A)),

where A; := {(x,y) : x+y < z} was sketched in Figure 7.1. With this figure in mind, the
double integral for P((X,Y) € A;) can be computed using the iterated integral

Fz(z) = /_0; {/_;Xfxy(x,y)dy] dx.

Now carefully differentiate with respect to z. Write?

) = 52 [ [ portsyan|ax
_ /ii[/:xfxy(x,y)dy]dx

= /j;fxy(x,z—x) dx.

“Recall that 3 @
"
5 [ hordy = he@) @)

If g(z) = z—x, then g’(z) = 1. See Note 7 for the general case.
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Example 7.11 (signal in multiplicative noise, continued). A random, continuous-valued
signal X is transmitted over a channel subject to multiplicative, continuous-valued noise Y.
The received signal is Z = XY. Find the cdf and density of Z if X and Y are jointly continu-
ous random variables with joint density fxy.

Solution. As in Example 7.2, write
F;(z) = P(Z<z) = PXY <z) = P((X,Y) €A,),

where A; := {(x,y) : xy < z} is partitioned into two disjoint regions, A, = AT UA_, as
sketched in Figure 7.2. Next, since

Fz(z) = P((X,Y) €A])+P((X,Y) € AT),

we proceed to compute these two terms. Write

P((X,Y) €AY) —/ [/ Frr( ,y)dy}d

P((X.Y) €A;) /[/ fxyxydy]d
/fXY Lax— /fxy

In the first integral on the right, the range of integration implies x is positive, and so we can
replace 1/x with 1/|x|. In the second integral on the right, the range of integration implies x
is negative, and so we can replace 1/(—x) with 1/|x|. Hence,

and

It follows that?

o 0
) :/0 fxy(x,i)ﬁdx+[wfxy(x7ﬁ)‘)lc—ldx

Now that the integrands are the same, the two integrals can be combined to get

= /700 fxy(x,i)ﬁdx.

Joint and marginal densities

In this section we first show how to obtain the joint density fxy (x,y) from the joint cdf
Fxy(x,y). Then we show how to obtain the marginal densities fx (x) and fy(y) from the
joint density fxy (x,y).

bRecall that

2 [ Hdy = —hs(@)s' )

If g(z) = z/x, then g’(z) = 1 /x. See Note 7 for the general case.
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To begin, write

PXeB,YeC) = P((X,Y)eBxC(C)

= [ [ rarteyaxay

BxC

= /B</CfXY(X,)’)dY)dX (7.8)
-/ ( / fXY(XJ)dx)dy

At this point we would like to substitute B = (—eo,x] and C = (—oo,y] in order to obtain
expressions for Fyy (x,y). However, the preceding integrals already use x and y for the vari-
ables of integration. To avoid confusion, we must first replace the variables of integration.
We change x to ¢ and y to 7. We then find that

./j; (/:fxy(t,r)dr> dt,
Fxy(x,y) = [;(/_meXY(I,T)dI)dT.

Fxy(x,y)

or, equivalently,

It then follows that

2 92
mFXY(an):fXY(an) and mFXY(X,y):fXY(X,y) (7.9

Example 7.12. Let

y+e0+)
Fyy (x,y) = y+1

X

—e , X, ¥ > 07
0, otherwise,
as in Example 7.7. Find the joint density fyy.
Solution. For x,y > 0,

d
—F = e ¥ = —x(y+1)
ox XY(x7y) e e )

and
92

— xeX0FD)
Jyax —Fxy(x,y) = xe~ .

Thus,

_ xeix(erl)a X,y > 0’
fxr(x,y) = { 0, otherwise.

This surface is shown in Figure 7.8.
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0.4

0o O x—axis

y—axis

Figure 7.8. The joint density fxy (x,y) = xe 0t of Example 7.12.

We now show that if X and Y are jointly continuous, then X and Y are individually
continuous with marginal densities obtained as follows. Taking C = IR in (7.8), we obtain

P(XeB) = P((X,Y)eBxR) = /(/ fxr(x,y dy>dx

which implies that the inner integral is the marginal density of X, i.e.,

- [ " fer(r,y)dy. (7.10)

Similarly,

P(Y €C) = P((X,¥) R xC) — /C(/iny(Ly)dx)dy,

) = /_ifXY(X,Y)dX

Thus, to obtain the marginal densities, integrate out the unwanted variable.

and

Example 7.13. Using the joint density fxy obtained in Example 7.12, find the marginal
densities fx and fy by integrating out the unneeded variable. To check your answer, also
compute the marginal densities by differentiating the marginal cdfs obtained in Example 7.7.

Solution. We first compute fx(x). To begin, observe that for x <0, fyy(x,y) =0.
Hence, for x < 0, the integral in (7.10) is zero. Now suppose x > 0. Since fxy(x,y) =0
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whenever y < 0, the lower limit of integration in (7.10) can be changed to zero. For x > 0,
it remains to compute

/0 fxy(x,y)dy = xe™* /O e Vdy

= e .
Hence,
e ™ x>0,

fX(x) = { 0, x<0,

and we see that X is exponentially distributed with parameter A = 1. Note that the same
answer can be obtained by differentiating the formula for Fx (x) in (7.5).

We now turn to the calculation of fy(y). Arguing as above, we have fy(y) =0 fory <0,
and fy(y) = [y fxv(x,y)dx for y > 0. Write this integral as

00 1 00
/0 Sxr(x,y)dx = }m/o x-(y+1)e 0D gy, (7.11)
If we put A = y+ 1, then the integral on the right has the form

/ x-Ae Mdx,
0

which is the mean of an exponential random variable with parameter A. This integral is
equal to 1/A = 1/(y+ 1), and so the right-hand side of (7.11) is equal to 1/(y+1)%. We

conclude that )
_J/o+1)% y>0,

Note that the same answer can be obtained by differentiating the formula for Fy (y) in (7.6).

Independence

We now consider the joint density of jointly continuous independent random variables.
As noted in Section 7.1, if X and Y are independent, then Fyy (x,y) = Fx(x) Fy(y) for all
xand y. If X and Y are also jointly continuous, then by taking second-order mixed partial
derivatives, we find
92
dydx

In other words, if X and Y are jointly continuous and independent, then the joint density is
the product of the marginal densities. Using (7.8), it is easy to see that the converse is also
true. If fyy (x,y) = fx (X) fr (y), (7.8) implies

Fx(x)Fy(y) = fx(x) fr ()-

PXeB,YeC) = /;(/C.fxy(x,y)dy)dx

L ([ soay ax
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[ ) ( i fy(y)dy> dx

(/fo(x)dx> P(Y €C)
= P(XeB)P(Y ().

We record here that jointly continuous random variables X and Y are independent if and
only if their joint density factors into the product of their marginal densities: fxy(x,y) =

fx(x) fr ().

Expectation

If X and Y are jointly continuous with joint density fxy, then the methods of Section 4.2
can easily be used to show that

Elg(.1)) = [ [ sen) vty drdy,

For arbitrary random variables X and Y, their bivariate characteristic function is de-
fined by

(pXY(V] ’ VZ) = E[ej<le+V2Y)].

If X and Y have joint density fxy, then

oxy (V1,Vv2) =/ / Fiy (x,)e/ ¥V g gy,

which is simply the bivariate Fourier transform of fxy. By the inversion formula,

1 o oo .
fXY(xuy):WL [ Oxy (Vi, v2)e TV gy, dy.

Now suppose that X and Y are independent. Then
oxr(vi,v2) = E[e/MX 2] = E[/MX]E[] = gy (V1) gr(va).

In other words, if X and Y are independent, then their joint characteristic function factors.
The converse is also true; i.e., if the joint characteristic function factors, then X and Y
are independent. The general proof is complicated, but if X and Y are jointly continuous,
it suffices to show that the joint density has product form. This is easily done with the
inversion formula. Write

1 oo ) . R
fxy(x,y) = W/— /_ Oxy (Vi, v2)e VDY) gy, dy,
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1 o0 I
=GR / / Px (V1) @y (v2)e T V) gy, dv,y

1 [ ; 1 [ -
- (o) Lot )

= fx(x) fr(y).

We summarize here that X and Y are independent if and only if their joint characteristic
function is a product of their marginal characteristic functions; i.e.,

Pxy (Vi,v2) = @x (V1) oy (v2).

*Continuous random variables that are not jointly continuous

Let ® ~ uniform[—7, 7], and put X := cos® and Y := sin®. As shown in Problem 35 in
Chapter 5, X and Y are both arcsine random variables, each having density (1/7)/v/1 —x?
for—1<x<1.

Next, since X2 + Y2 = 1, the pair (X,Y) takes values only on the unit circle

C = {(x,y): > +y* =1}

Thus, P((X Y)€e C) = 1. On the other hand, if X and Y have a joint density fxy, then

P((x,Y)eC) = //fxy(x,y)dxdy =0

C

because a double integral over a set of zero area must be zero. So, if X and Y had a joint
density, this would imply that 1 = 0. Since this is not true, there can be no joint density.

Remark. Problem 44 of Chapter 2 provided an example of uncorrelated discrete ran-
dom variables that are not independent. The foregoing X = cos® and Y = sin ® provide an
example of continuous random variables that are uncorrelated but not independent (Prob-
lem 20).

7.3 Conditional probability and expectation

If X is a continuous random variable, then its cdf Fx (x) := P(X <x) = [*_ fx(t)dtisa
continuous function of x.5 It follows from the properties of cdfs in Section 5.5 that P(X =

x) = 0 for all x. Hence, we cannot define P(Y € C|X =x) by P(X =x,Y € C)/P(X =x)
since this requires division by zero! Similar problems arise with conditional expectation.
How should we define conditional probability and expectation in this case?

Conditional probability

As a first step, let us compute

lim P(Y € Clx < X <x+Ax).
Ax—0
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For positive Ax, this conditional probability is given by

Px<X <x+Ax,Y €C)
Px<X <x+Ax)

If we write the numerator as P((X,Y) € (x,x + Ax] x C), and if we assume X and Y are
jointly continuous, the desired conditional probability can be written as

/ o ( Lot dy) di
/X‘JH-AX fx (T) gt .

Now divide the numerator and denominator by Ax to get

é/xerAX (/Cfo(t,y) dy)dz

1 x+Ax
E/A fx(r)dr

Letting Ax — 0, we obtain the limit

/CfXY(xay)dy _ fxr (x,y)
fx(x) c fx(x)

We therefore define the conditional density of ¥ given X by

dy.

FrixOlx) = M for x with fx(x) >0, (7.12)

Sx(x) 7

and we define the conditional probability

PV eClX =x) == [ frxOlody,

The conditional cdf is

Frx (o) = PO <ylX =) = [ fc(ebyar

Note also that if X and Y are independent, the joint density factors, and so

Frx ) = fxf;(();)” _ fx%ﬁ(y)

It then follows that P(Y € C|X = x) = P(Y € C); similarly Fyx(y|x) = Fy(y). In other
words, we can “drop the conditioning.”

= fr(y).
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Recall that for discrete random variables, conditional pmfs are proportional to slices
of the joint pmf (cf. Example 3.10 and Figure 3.3). Similarly, (7.12) shows that condi-
tional densities are proportional to slices of the joint density. For example, the joint density
Sxr(x,y) = xe *0+1) was sketched in Figure 7.8. For fixed x, slices have the shape of an
exponential density, while for fixed y, slices have the shape of a gamma density with p = 2
shown in Figure 4.7.

We now show that our definition of conditional probability satisfies the following law
of total probability,

P(Yec) = /m P(Y € CIX = x) fi (x) dx. (7.13)

Remark. Notice that although (7.12) only makes sense for those x with fy (x) > 0, these
are the only values of x used to evaluate the integral in (7.13).

To derive (7.13), first write
[preax—vpnwar = [~ [ fuxtia)setwas

Then from (7.12), observe that

Frix 1) fx(x) = fxr (x,).

Hence, the above double integral becomes

/ Fev(x,y)dxdy = P((X,¥) €ER xC) = P(Y €C),
RxC

where the last step uses (7.1).
If we repeat the limit derivation above for P((X,Y) € A|x < X < x+ Ax), then we are
led to define (Problem 24)

PXY) €AX =) = [ Lxy)fy ) dy

It is similarly easy to show that the law of total probability

P((X,Y) cA) = /:P((X,Y)GA|X=x)fx(x)dx (7.14)

holds. We also have the substitution law,

P((X,Y) €AIX =x) = P((x,Y) € A|X = x). (7.15)

Rather than derive these laws of total probability and substitution here, we point out that
they follow immediately from the corresponding results for conditional expectation that we
discuss later in this section.®
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Example 7.14 (signal in additive noise). Suppose that a random, continuous-valued sig-
nal X is transmitted over a channel subject to additive, continuous-valued noise Y. The re-
ceived signal is Z = X + Y. Find the cdf and density of Z if X and Y are jointly continuous
random variables with joint density fyy.

Solution. Since we are not assuming that X and Y are independent, the characteristic-
function method of Example 4.23 does not work here. Instead, we use the laws of total
probability and substitution. Write

Fz(z) = P(Z<2)
/ P(Z <zlY =) fr(y)dy
/ PX+Y <zY =) fr(v)dy
= /m P(X+y<zlY =y) fr(y)dy
| PO <zl =3) fr)ay
/ Fyy(z=yly) fr (v) dy.
By differentiating with respect to z,
12 = [ _fare=s)h0)dy = [ forlz=ndy
This is essentially the formula obtained in Example 7.10; to see the connection, make the

change of variable x = z —y. We also point out that if X and Y are independent, we can drop
the conditioning and obtain the convolution

1) = [ fela=n) frn)ay. (7.16)

This formula was derived using characteristic functions following Example 4.23.

Example 7.15 (signal in multiplicative noise). A random, continuous-valued signal X
is transmitted over a channel subject to multiplicative, continuous-valued noise Y. The
received signal is Z = XY. Find the cdf and density of Z if X and Y are jointly continuous
random variables with joint density fxy.

Solution. We proceed as in the previous example. Write
Fs(z) = P(Zz<z)
= /7 P(Z<zlY =y)fr(y)dy

_ I/;P(XY§z|Y=y)fy(y)dy

= [Py <ar =0 s )y
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At this point we have a problem when we attempt to divide through by y. If y is negative,
we have to reverse the inequality sign. Otherwise, we do not have to reverse the inequality.
The solution to this difficulty is to break up the range of integration. Write

0 oo
Fz(z) = /_NP(XySZIY=y)fy(y)dy+/0 P(Xy <z|Y =y) fr(y)dy.

Now we can divide by y separately in each integral. Thus,
0 oo
F0) = [ P =zl =0 fi0)dy+ [ POS/yIY =) fr(0)dy

= /1[1 —Fxy (51v)] fy(y)dy+/:FX\y(§|y) fr(y)dy.

Differentiating with respect to z yields

0 o
fz(2) = —.[mfx\y(ﬂ)’)%fY(y)dy‘i‘/o Fxr (By)5 fr()dy. (7.17)

Now observe that in the first integral, the range of integration implies that y is always neg-
ative. For such y, —y = |y|. In the second integral, y is always positive, and so y = |y|.
Thus,

0

12@) = [ _far G HAGa+ [ far G Ao

=

= | LGPy oy

—o0

This is essentially the formula obtained in Example 7.11; to see the connection, make the
change of variable x = z/y in (7.17) and proceed as before.

*Example 7.16. If X and Y are jointly continuous, find the density of Z := X2+ Y2.
Solution. As always, we first find the cdf.

FZ(Z) = P(ZSZ)
_ pr(z§z|Y=y)fy(y)dy

- /:P(X2+Y2§zlY:y)fy(y)dy
- /_ZP(ngz—yzley)fy(y)dy-

At this point, we observe that for y* > z, P(X? < z —y?|Y = y) = 0 since X? cannot be
negative. We therefore write

Vz
B = [ PO < =) )y
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_ / P(—Vz=2 <X <Vi=y2|Y =) fr(v)dy

Ve
= /\/\; [Fxyy (Vz—y?|y) — Fxy (—v 2=V fr (y)dy.

Using Leibniz’ rule,’

() (@)
d /ab h(z,y)dy——h(z,a(z))a'(z)+h(z,b(z))b'(z)+/a(bz) (%h(z,y)dy,

dz Jaz)
we find that
VE fey (Vz=22 ) + frr (—Vz—»?)y)
p— d .

*Example 7.17. Let X and Y be jointly continuous, positive random variables. Find the
cdf and density of Z := min(X,Y)/max(X,Y).

Solution. First note that since 0 < Z < 1, we only worry about Fz(z) for 0 < z < 1.
(Why?) Second, note that if Y < X, Z=Y/X, while if X <Y, Z = X/Y. Our analytical
approach is to write

P(Z<z) = P(Z<z,Y<X)+P(Z<z,X<Y)
=PY/X<zY<X)+PX/Y <z,X<Y),

and evaluate each term using the law of total probability. We begin with
PY/X<zY<X) = /:P(Y/X <Y <X|X =x) fx(x)dx
= /:P(Y <zx,Y <x|X =x) fx(x)dx.
Since 0 < z < 1, {¥Y <zx} C {¥Y <x}, and so
{y<ax}pn{y <x} = {r <ux}.
Hence,

PY/X<zY<X) — /OOOP(Y < X = x) fr(x) dx

= /0'°° Fy|x (zx]x) fx (x) dx.

Similarly,

oo

PX/Y <z,X<Y) = | PX<zyX <y[Y =y)fr(y)dy

oo

P(X <zy|Y =y) fr(y)dy

oo

|
S—S—>—

Fyy (2y1y) fr (v) dy.
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It now follows that

feo) = | " fy e (xf) fi (x) dx+ / "y () fr () dy

Conditional expectation

Since P(Y € C|X = x) is computed by integrating the conditional density fyx (y|x) over
the set C, it is only natural to defined

Elg(V)X =] i= [ g0 frx o). (718)

To see how E[g(X,Y)|X = x] should be defined so that suitable laws of total probability
and substitution can be obtained, write

Elg(X,Y)] = /:/;g(x,y)fxy(w) dxdy

- /°° (/"“ g(x,y) fxy (x,y) dy) dx

(/ glx,y fXY(( ’)y)d )fx(x)dx

— ([ stntnohay ) seoax

Thus, defining .
ElsCE V)X =] i= [ g(e) fra(obo)dy (7.19)

gives us the law of total probability

ESCC.Y)] = [ ElgCX.Y)IX =xlfx(x)d (7.20)

Furthermore, if we replace g(y) in (7.18) by g.(y) := g(x,y) and compare the result with
(7.19), we obtain the substitution law,

Elg(X,Y)|X =x] = E[g(x,Y)|X =x]. (7.21)

Another important point to note is that if X and Y are independent, then fy|x (y|x) =
Sfr (). In this case, (7.18) becomes E[g(Y)|X = x] = E[g(Y)]. In other words, we can “drop
the conditioning.”

Example 7.18. Let X ~ exp(1), and suppose that given X =x, Y is conditionally normal
with fy|x () ~ N(0,x?). Evaluate E[Y?] and E[Y2X?].



7.4 The bivariate normal 309

Solution. We use the law of total probability for expectation. We begin with
E?) = [ X —xlfe(odx

Since fyx (ylx) = e’<~"/x)2/2/(\/277:x) is an N(0,x?) density in the variable y, E[Y2|X = x] =
x2. Substituting this into the above integral yields

E[Y?) = /:oxzfx(x)dx — E[x?.

Since X ~ exp(1), E[X?] = 2 by Example 4.17.
To compute E[Y2X?3], we proceed similarly. Write

E[Y2x?}] — / TEYAXCIX = o fi (x) dx
E[Y*|X = x] fx (x) dx

PE[Y2(X =] fx (x) dx

= 5!, by Example 4.17.

7.4 The bivariate normal

The bivariate Gaussian or bivariate normal density is a generalization of the univari-
ate N(m, 62) density. (The multivariate case is treated in Chapter 9.) Recall that the standard
N(0,1) density is given by w(x) := exp(—x>/2)/v/2x. The general N(m,c?) density can
be written in terms of Y as

e A07)] - o),

In order to define the general bivariate Gaussian density, it is convenient to define a
standard bivariate density first. So, for |p| < 1, put

Yo(u,v) = exp<2(1%1pz>[”2 _ZP“H-VZ})
SR 271\/@ )
For fixed p, this function of the two variables « and v defines a surface. The surface corre-

sponding to p = 0 is shown in Figure 7.9. From the figure and from the formula (7.22), we
see that Yy is circularly symmetric; i.e., for all («,v) on a circle of radius r, in other words,

(7.22)

for u®> +1v2 = 2, wo(u,v) = e 2 /27 does not depend on the particular values of u and v,
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=3

=302 - 0 1 2 3
u=axis

Figure 7.9. The Gaussian surface W (u,v) of (7.22) with p = 0 (left). The corresponding level curves (right).

but only on the radius of the circle on which they lie. Some of these circles (level curves)
are shown in Figure 7.9. We also point out that for p = 0, the formula (7.22) factors into the
product of two univariate N (0, 1) densities, i.e., Yo(u,v) = y(u) y(v). For p # 0, y, does
not factor. In other words, if U and V have joint density Y, then U and V are independent if
and only if p = 0. A plot of ¥, for p = —0.85 is shown in Figure 7.10. It turns out that now
V), is constant on ellipses instead of circles. The axes of the ellipses are not parallel to the
coordinate axes, as shown in Figure 7.10. Notice how the major axis of these ellipses and
the density are concentrated along the line v = —u. As p — —1, this concentration becomes
more extreme. As p — +1, the density concentrates around the line v = u. We now show

0.3
0.2+ 2
1
0.1 .Q 3 Z 4
TN L
AR
I .
HIHTHI
, it.t,’nnl:::"::,;:.: ' .

3 v—axis

u—axis u-axis

Figure 7.10. The Gaussian surface W, (u,v) of (7.22) with p = —0.85 (left). The corresponding level curves
(right).
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that the density ), integrates to one. To do this, first observe that for all |[p| < 1,
w2 —2puv+v? = *(1—p?)+ (v—pu)’.
It follows that
o (1,v) — e exp(ipmly = pul’)
PR V21w V2my/1—p?

1 v—pu )
= wlu)- ) (7.23)
y(u) s w( ey
Observe that the right-hand factor as a function of v has the form of a univariate normal
density with mean pu and variance 1 — p2. With Y, factored as in (7.23), we can write
S W (u,v) dudy as the iterated integral

o o0 1 v—pu > }
u dv|du.
IRZIIS wpz"’(wpz
As noted above, the inner integrand, as a function of v, is simply an N(pu, 1 — p?) density,
and therefore integrates to one. Hence, the above iterated integral becomes [~y (u)du = 1.

We can now easily define the general bivariate Gaussian density with parameters my,
my, 0'}%, G)%, and p by

1 xX—my y—my
= . 7.24
fXY(xJ) Ox Oy WP < ox ) oy ) ( )

More explicitly, this density is

exp (s [ )? ~ 20 () () + ()
2noxoy\/1—p?

It can be shown that the marginals are fy ~ N(my,o2) and fy ~ N(my,oc#) and that

() (5] -

(see Problems 47 and 50). Hence, p is the correlation coefficient between X and Y. From
(7.25), we observe that X and Y are independent if and only if p = 0. A plot of fxy with
myxy =my =0, ox = 1.5, oy = 0.6, and p = 0 is shown in Figure 7.11. The corresponding
elliptical level curves are shown in Figure 7.11. Notice how the level curves and density are
concentrated around the x-axis. Also, fxy is constant on ellipses of the form

o)) -

To show that [* [*_ fxy (x,y)dxdy = 1 as well, use formula (7.23) for y, and proceed
as above, integrating with respect to y first and then x. For the inner integral, make the
change of variable v = (y —my) /0y, and in the remaining outer integral make the change
of variable u = (x —my)/ox.

(7.25)
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Figure 7.11. The bivariate normal density fxy (x,y) of (7.25) with mxy =my =0, ox = 1.5, oy = 0.6, and p =0
(left). The corresponding level curves (right).

Example 7.19. Let random variables U and V have the standard bivariate normal den-
sity Y, in (7.22). Show that E[UV] = p.

Solution. Using the factored form of Y, in (7.23), write

E[UV]:/OO /N uv Wy (u,v)dudv

_ /},w)[ I \/1V7w< J%Md

The quantity in brackets has the form E[V'], where V is a univariate normal random variable
with mean pu and variance 1 — p2. Thus,

EUV) = [ wytw)lpuldu

= p/w u? y(u)du
P,

since y is the N(0, 1) density.

Example 7.20. Let U and V have the standard bivariate normal density fyy (u,v) =
Wp (u,v) given in (7.22). Find the conditional densities fy |y and fyy.

Solution. 1t is shown in Problem 47 that fiy and fy are both N(0,1). Hence,

o) _ )
o) =T T T
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where v is the N(0, 1) density. If we now substitute the factored form of v, (u,v) given in

(7.23), we obtain
B 1 v—pu >

ie., fy(-lu) ~N(pu,1—p?).
To compute fy)y we need the following alternative factorization of y,

1 u—pv
Vpliv) = 1_p2w< 1_pz) ). (1.26)

It then follows that

1 u—pv )
ulv) = ;
Tuyv (ulv) Ji=p? w(\/l—pz
ie., fyw(-[v) ~ N(pv,1 —p?). To see the shape of this density with p = —0.85, look

at slices of Figure 7.10 for fixed values of v. Two slices from Figure 7.10 are shown in
Figure 7.12. Notice how the mean value of the different slices depends on v and p.

0.3+

| ===

\ 1
p——
0+ § 10
_3 ~ —_
0 1 ) v—axis
3 -3

Figure 7.12. Two slices from Figure 7.10.

Example 7.21. If U and V have standard joint normal density W, (u,v), find E[V|U = u].

Solution. Recall that from Example 7.20, fy |y (-|u) ~ N(pu,1— p?). Hence,

oo

EVIU=u] = [wva‘U(v|u)dv = pu.

It is important to note here that E[V|U = u] = pu is a linear function of u. For arbitrary
random variables U and V, E[V|U = u] is usually a much more complicated function of
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u. However, for the general bivariate normal, the conditional expectation is either a linear
function or a linear function plus a constant, as shown in Problem 48.

7.5 Extension to three or more random variables

The ideas we have developed for pairs of random variables readily extend to any finite
number of random variables. However, for ease of notation, we illustrate the case of three
random variables. We also point out that the use of vector notation can simplify many of
these formulas as shown in Chapters 8 and 9.

Given a joint density fxyz(x,y,z), if we need to find fxy (x,y), fxz(x,z), or frz(y,z), we
just integrate out the unwanted variable; e.g.,

frz(y,2) = /_foyz(xvyvz)dx-
If we then need only fz(z), we integrate out y:
f2(z) = /j; frz(y,2)dy.
These two steps can be combined into the double integral
f2(z) = /;:/;ZfXYz(x%Z)dxdy-

With more variables, there are more possibilities for conditional densities. In addition
to conditional densities of one variable given another such as

frz(y,z
FrnOle) o= L2222 a.27)
fz(2)
we also have conditional densities of the form
fxyz(x,,2)
x|y, z) == ————= (7.28)
Txjyz(x[y,2) Frr,2)
and
_ fxvz(x,y,2)

fXY‘Z(xvy‘Z) T fZ(Z)
We also point out that (7.27) and (7.28) imply
Txrz(x,3,2) = fxyyz(x[y:2) friz(v]2) fz(2).
Example 7.22. Let

372

2
= - 1(x=y
rraend) = 2 e e[ 4 (7) ]

fory>0and 1 <z<2,and fxyz(x,yz) = 0 otherwise. Find fyz(y,z) and fxyz(x[y,z).
Then find fz(2), fy|z(¥]z), and fxyz(x,y]z).
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Solution. Observe that the joint density can be written as

1(x—y 2
e[ -3(2) ],

fXYZ(-x7y7Z) = — - 7€ %Zz.
2wz
The first factor as a function of x is an N(y,z?) density. Hence,
fYZ y’ / fXYny, )dx = ze Z)'.%ZZ’

and

_\2
fxirz(xly,2) = fxvz(x,y,2) _ exp{_%(Ty) }
X|yz\X1Y, fyz(y,z) % |

315

Thus, fxyz(-|y,z) ~N(y, z%). Next, in the above formula for fyz(y,z), observe that ze= as

a function of y is an exponential density with parameter z. Thus,

) =/0 frz(y2)dy = 327, 1<z<2.

It follows that fy|z(v[z) = fyz(y.2)/fz(2) = ze”?;ie., fyjz(:|z) ~ exp(z). Finally,

2
fxvz(x,y2) exp[—%(?) } < 7e~%
frrz(xylz) = fzz) 21z @

The law of total probability

For expectations, we have

Elg(X,Y,Z)] / / / 8(x,3,2) fxyz(x,y,2) dxdydz.

A little calculation using conditional probabilities shows that with

Elg(X,Y,2)|[Y =y, Z=1] := /_Zg(x7YvZ)fX\YZ(x|YaZ)dx

we have the law of total probability,

E[g(X,Y,Z)] / / 8(X.Y.2)[Y =y,Z =2 fyz(y.2) dydz.

In addition, we have the substitution law,

Elg(X,Y,2)]Y =y,Z=2] = Eg(X,y,2)|[Y =y,Z=2].

(7.29)

(7.30)
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Example 7.23. Let X, Y, and Z be as in Example 7.22. Find E[X] and E[XZ].

Solution. Rather than use the marginal density of X to compute E[X], we use the law of
total probability. Write

ElX] = / / EX|Y =y,Z =2] frz(y,2)dydz.
From Example 7.22, fxyz(:[y,z) ~ N(, %), and so E[X|Y =y,Z = 7] = y. Thus,
ElX] = / / yfrz(y,2)dydz = E[Y],
which we compute by again using the law of total probability. Write
E[y] = / E[Y|Z = 2] f2(2) dz.
From Example 7.22, fy|z(-|z) ~ exp(z); hence, E[Y|Z =z] = 1/z. Since fz(z) = 32%/7,
25 9
Y] = [ jedz = 3

Thus, E[X] = E[Y] =9/14.
To find E[XZ], write

E[XZ] = / / E[XZ‘Y:yvz:Z]fYZ(y7Z)dde.
We then note that E[Xz|Y = y,Z = z] = E[X|Y =y,Z = z]z = yz. Thus,
ElxZ] = / / y2frz(y,2)dydz = E[YZ).

In Problem 56 the reader is asked to show that E[YZ] = 1. Thus, E[XZ] =1 as well.

Example 7.24. Let N be a positive, integer-valued random variable, and let X1, X5, ... be
i.i.d. Further assume that N is independent of X1,...,X, for every n. Consider the random
sum,

o

Xi.
1

Note that the number of terms in the sum is a random variable. Find the mean value of the

random sum.
Solution. Use the law of total probability to write
N oo n
E[le} _y E[ZXi‘N:n] PV = ).
i=1 n=1 Li=1

=
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By independence of N and the X; sequence,

[ - fg] -

Since the X; are i.i.d., they all have the same mean. In particular, for all i, E[X;] = E[X]].

Thus,
n
E {ZX,»
i=1

|

-
m
=

Nzn} = nE[X;].
Now we can write

N o
E{ZX,] = ; nE[X;]P(N =n)

n=1
— E[VE[X,].

Notes
7.1: Joint and marginal probabilities

Note 1. Comments analogous to Note 1 in Chapter 2 apply here. Specifically, the set A
must be restricted to a suitable o-field % of subsets of IR?. Typically, 4 is taken to be the
collection of Borel sets of IR i.e., 4 is the smallest o-field containing all the open sets of
IR?.

Note 2. While it is easily seen that every joint cdf Fyy (x,y) satisfies
(i) 0 < Fxy(x,y) < 1,
(ii) For fixed y, Fxy (x,y) is nondecreasing in x,
(iii) For fixed x, Fxy (x,y) is nondecreasing in y,
it is the rectangle formula
P(a <X<b,c<Y < d) = ny(b,d) —ny(a,d) 7ny(b,c) +ny(a,c)
that implies the above right-hand side is nonnegative.

Given a function F(x,y) that satisfies the above three properties, the function may or
may not satisfy
F(b,d)—F(a,d)—F(b,c)+F(a,c) > 0.

In fact, the function

|1, (x,y) € quadrants I, II, or IV,
Flxy) = { 0, (x,y) € quadrant III,

satisfies the three properties, but for
(a7b] X (C7d] = (—1/2, 1/2] X (_1/27 1/2]7
it is easy to check that

F(b,d)—F(a,d)—F(b,c)+F(a,c) = —1 < 0.
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Note 3. We now derive the limit formula for Fy (x) in (7.3); the formula for Fy(y) can
be derived similarly. To begin, write
Fx(x) :== P(X <x) = P((X,Y) € (—e,x] x R).

Next, observe that IR = |J;,_; (—eo, 1], and write

(—007)4 xR = (—oo,x} X U (—oo’n]

Since the union is increasing, we can use the limit property (1.15) to show that

n=1
= lim P((X,¥) € (—e0,x] x (—e0,N])

= lim ny (x,N).
N—oo

7.2: Jointly continuous random variables

Note 4. As illustrated at the end of Section 7.2, it is possible to have X and Y each
be continuous random variables but not jointly continuous. When a joint density exists,
advanced texts say the pair is absolutely continuous. See also Note 4 in Chapter 5.

7.3: Conditional probability and expectation

Note 5. If the density fx is bounded, say by K, it is easy to see that the cdf Fy(x) =
J*.. fx(t)dt is continuous. Just write

|Fx (x+Ax) — Fx (x)| = < K|Ax|.

x+Ax
/ Sx(t)dt

For the general case, see Problem 6 in Chapter 13.

Note 6. To show that the law of substitution holds for conditional probability, write
P(g(X.Y) €C) = Elic(s(x.Y))] = [ _Elle(e(X. )X =xfi(x)dx

and reduce the problem to one involving conditional expectation, for which the law of sub-
stitution is easily established.

Note 7. Here is a derivation of Leibniz’ rule for computing

d/b(z)h( )d (131)
S RERL -
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Recall that by the chain rule from calculus, for functions H(u,v,w), a(z), b(z), and ¢(z),

d 8H JH JH

ZH(a(@)b(), () = Sd @)+ 506 (@) + 5 (2),

where occurrences of u, v, and w in the formulas for the partial derivatives are replaced by
u=a(z),v=>b(z), and w = ¢(z). Consider the function

14
Hw) = [ hOny)dy
and note that

JH JoH oH v d
W = —h(W7u>7 W = h(W,V), and % = /u %h(w’y)dy

Now observe that (7.31) is the derivative of H (a(z),b(z),z) with respect to z. It follows that
(7.31) is equal to

—h(z.a(2))d (2) +h(2,b()V (2) +/ h(z,y) dy.

Note 8. When g takes only finitely many distinct values, (7.18) and (7.19) can be de-
rived by conditioning on x < X < x+ Ax and letting Ax — 0. Then the case for general g
can be derived in the same way as the law of the unconscious statistician was derived for
continuous random variables at the end of Section 4.2.

Problems

7.1: Joint and marginal distributions

1. Express the cdf of Z :=Y — X in the form P((X,Y) € A;) for some set A;. Sketch
your set A,.

2. Express the cdf of Z :=Y /X in the form P((X,Y) € A;) for some set A;. Sketch your
setA,.

3. For a < b and ¢ < d, sketch the following sets.

(@) R:= (a,b] x (c,d].

(b) A:=(—c0,a] X (—oo,d|.
(©) Bi= (—oo,b] X (—om,c].
(d) C:=(a,b] x (—oo,c].

(€) D:=(—o0,d] X (c,d].
(f) ANB.
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4. Show that P(a < X < b,c <Y <d) is given by
Fxy(b,d) — Fxy(a,d) — Fxy (b,c) + Fxy(a,c).
Hint: Using the notation of the preceding problem, observe that
(—o0,b] x (—e0,d] = RU(AUB),
and solve for P((X,Y) € R).

5. For each of the following two-dimensional sets, determine whether or not it is a Carte-
sian product. If it is, find the two one-dimensional sets of which it is a product.

@ {(x,y): x| <y<1}.

(b) {(x,y):2<x<4,1<y<2}.
©) {(xy):2<x<4,y=1}.
@ {(x,y):2<x<4}.

@ {(xy):y=1}

@ {(1,1), (2,1), (3, D)}
(2) The union of {(1,3), (2,3), (3,3)} and the set in (f).

(h) {(1’0)’ (270)7 (370)7 (071)7 (1’ 1)’ (271)7 (3’ 1)}'

6. If€
-y _ Xy
X—l_%a 1§x§2,y20>
F _ -y _ =2y
xy (%) -8 "¢ 7 x>2,y>0,
y
0, otherwise,

find the marginals Fx(x) and Fy(y) and determine whether or not X and ¥ are inde-

pendent.
7. If
2(1-e™®), 2<x<3,y>0,
e~ _ 503
Fry(xy) = § 122 - ) xz3y>0
0, otherwise.

find the marginals Fx(x) and Fy(y) and determine whether or not X and ¥ are inde-
pendent.

“The quotients involving division by y are understood as taking their limiting values when y = 0.
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7.2: Jointly continuous random variables

8.

10.

11.

12.

13.

14.

15.

16.
17.
18.

The joint density in Example 7.12 was obtained by differentiating Fyy (x,y) first with
respect to x and then with respect to y. In this problem, find the joint density by
differentiating first with respect to y and then with respect to x.

Find the marginal density fx (x) if

expl-ly—x| /2]

xX,y) =
fXY( y) Zm
Find the marginal density fy(y) if
Qe (x2)/2
forey) = X gz
Y21

Let X and Y have joint density fyy(x,y). Find the marginal cdf and density of
max(X,Y) and of min(X,Y). How do your results simplify if X and Y are inde-
pendent? What if you further assume that the densities of X and Y are the same?

Let X ~ gamma(p,1) and ¥ ~ gamma(qg, 1) be independent random variables. Find
the density of Z := X 4 Y. Then compute P(Z > 1) if p=¢g=1/2.

Find the density of Z := X +Y, where X and Y are independent Cauchy random
variables with parameters A and u, respectively. Then compute P(Z < 1)ifA =u =
1/2.

In Example 7.10, the double integral for P((X,Y) € A;), where A; is sketched in
Figure 7.1, was evaluated as an iterated integral with the inner integral with respect
to y and the outer integral with respect to x. Re-work the example if the inner integral
is with respect to x and the outer integral is with respect to y.

Re-work Example 7.11 if instead of the partition A, = A7 UA_ shown in Figure 7.2,
you use the partition A, = B} UB;, where

Bl :={(x,y):x<z/y,y>0} and B :={(x,y):x>2z/y,y<O0}.

If X and Y have joint density fxy, find the cdf and density of Z=Y — X.
If X and Y have joint density fxy, find the cdf and density of Z =Y /X.

Let (x,y)
— Kxnyma xX,y) € D’
fxy(x,y) = { 0, otherwise,

where n and m are nonnegative integers, K is a constant, and D := {(x,y) : |x| <y < 1}.

(a) Sketch the region D.

(b) Are there any restrictions on n and m that you need to make in order that fxy be
a valid joint density? If n and m are allowable, find K so that fxy is a valid joint
density.
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*19

20.

*21.

*22.

Bivariate random variables

(c) For 0 < z < 1, sketch the region
A; = {(x,y) 1 xy >z}
(d) Sketch the region A, N D.
(e) Compute P((X,Y) € A;).
. A rectangle is drawn with random width being uniform on [0,w] and random height
being uniform on [0,4]. For fraction 0 < A < 1, find the probability that the area of

the rectangle exceeds A times the maximum possible area. Assume that the width and
the height are independent.

Let X :=cos® and Y := sin®, where ® ~ uniform|[—7, 7). Show that E[XY] = 0.
Show that E[X] = E[Y] = 0. Argue that X and Y cannot be independent. This gives an
example of continuous random variables that are uncorrelated, but not independent.
Hint: Use the results of Problem 35 in Chapter 5.

Suppose that X and Y are random variables with the property that for all bounded
continuous functions A (x) and k(y),

E[R(X)k(Y)] = E[R(X)EKY)].

Show that X and Y are independent random variables.

If X ~ N(0,1), then the complementary cumulative distribution function (ccdf) of X
is
oo e—x2/2
x9) ;= PX >x9) = / dx.
Q( 0) ( 0) o \/E

(a) Show that
2

1 (72 —X5
O(xg) = E/O exp 7cos2 0 de, xy>0.

Hint: For any random variables X and Y, we can always write

P(X >xp) =P(X >x0,Y € R)=P((X,Y) € D),

where D is the half plane D := {(x,y) : x > xp}. Now specialize to the case
where X and Y are independent and both N(0,1). Then the probability on the
right is a double integral that can be evaluated using polar coordinates.

Remark. The procedure outlined in the hint is a generalization of that used in
Section 4.1 to show that the standard normal density integrates to one. To see
this, note that if xo = —oo, then D = R2,

(b) Use the result of (a) to derive Craig’s formula [10, p. 572, Eq. (9)],

0(xo) 1/”/2 ( =i >d >0
X0) = — exp| ——— |dt, x9>0.
0 T Jo P 2sin?t 0

Remark. Simon and Alouini [54] have derived a similar result for the Marcum
Q function (defined in Problem 25 in Chapter 5) and its higher-order general-
izations. See also [56, pp. 1865-1867].
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7.3: Conditional probability and expectation

23.

*24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

Using the definition (7.12) of conditional density, show that
/7 Trix(ylx)dy = 1.
If X and Y are jointly continuous, show that

Jim P((X,¥) € Al < X < x+A) :/ La(xy) fyx (k) d.

Let fxy(x,y) be as derived in Example 7.12, and note that fx (x) and fy (y) were found
in Example 7.13. Find fy|x (y[x) and fyy (x|y) for x,y > 0. How do these conditional
densities compare with the marginals fy(y) and fx(x); is fy|x (y|x) similar to fy(y)
and is fy)y (x[y) similar to fy(x)?

Let fxy (x,y) be as derived in Example 7.12, and note that fx (x) and fy (y) were found
in Example 7.13. Compute E[Y|X = x] forx > 0 and E[X|Y = y] fory > 0.

Let X and Y be jointly continuous. Show that if

POCeBY =) i= [ furlaly)dx,

then .

PaXeB) = [ P(XEBY =y)fi(3)dy
Use the formula of Example 7.16 to compute fz(z) if X and Y are independent
N(0,02).

Use the formula of Example 7.17 to compute fz(z) if X and Y are independent exp(A)
random variables.

Find P(X <Y) if X and Y are independent with X ~ exp(A) and ¥ ~ exp(u).

Let X and Y be independent random variables with Y being exponential with parame-
ter 1 and X being uniform on [1,2]. Find P(Y/In(1+X?) > 1).

Let X and Y be jointly continuous random variables with joint density fxy. Find fz(z)
if

(a) Z=e€XY.

(b) Z=|X+7Y|.

Let X and Y be independent continuous random variables with respective densities fx
and fy. PutZ=Y/X.
(a) Find the density of Z. Hint: Review Example 7.15.

(b) If X and Y are both N(0, 62), show that Z has a Cauchy(1) density that does not
depend on 2.
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34.

35.

36.
37.

38.

39.

40.

41.

*42.
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(c) If X and Y are both Laplace(A), find a closed-form expression for fz(z) that
does not depend on A.

(d) Find a closed-form expression for the density of Z if Y is uniform on [—1, 1] and
X ~N(0,1).

(e) If X and Y are both Rayleigh random variables with parameter A, find a closed-
form expression for the density of Z. Your answer should not depend on A.

Let X and Y be independent with densities fx (x) and fy (y). If X is a positive random
variable, and if Z =Y /In(X), find the density of Z.

Let X, Z, and U be independent random variables with X and Z being independent
exp(1) random variables and U ~ uniform[—1/2,1/2]. Compute E[e(XT2)V],

Let Y ~ uniform[1,2], and given Y =y, suppose that X ~ Laplace(y). Find E[X?Y].

Let Y ~ exp(A), and suppose that given Y =y, X ~ gamma(p,y). Assuming r > n,
evaluate E[X"Y"].

Let V and U be independent random variables with V being Erlang with parameters
m=2and A =1 and U ~ uniform[—1/2,1/2]. Put¥ :=¢"Y.

(a) Find the density fy(y) for all y.

(b) Use your answer to part (a) to compute E[Y].

(c) Compute E[Y] directly by using the laws of total probability and substitution.

Remark. Your answers to parts (b) and (c) should be the same as your answer to
Problem 35. Can you explain why?

Use the law of total probability to solve the following problems.

(a) Evaluate E[cos(X +Y)] if given X =x, Y is conditionally uniform on [x — 7, x+
).

(b) Evaluate P(Y > y) if X ~ uniform[1,2], and given X = x, Y is exponential with
parameter x.

(¢) Evaluate E[Xe'] if X ~ uniform[3,7], and given X = x, ¥ ~ N(0,x?).

(d) Let X ~ uniform|[1,2], and suppose that given X = x, ¥ ~ N(0,1/x). Evaluate
Elcos(XY)].

The Gaussian signal X ~ N(0, 6?) is subjected to independent Rayleigh fading so that
the received signal is ¥ = ZX, where Z ~ Rayleigh(1) and X are independent. Use
the law of total probability to find the moment generating function of Y. What is the
density of Y'?

Find E[X"Y™] if Y ~ exp(f), and given Y =y, X ~ Rayleigh(y).

Let X ~ gamma(p,A) and ¥ ~ gamma(g, A ) be independent.
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*45.

Problems 325

(a) If Z:=X/Y, show that the density of Z is

1 P!
29 = 5o g 70

Observe that f7(z) depends on p and ¢, but not on A. It was shown in Problem 22
in Chapter 4 that f7(z) integrates to one. Hint: You will need the fact that
B(p,q) =T(p)T'(q)/T(p+ q), which was shown in Problem 16 in Chapter 4.
(b) Show that
X
Vi= ——
X+Y

has a beta density with parameters p and g. In particular, if p = g =1 so that X
and Y are exp(A), then V ~ uniform(0,1). Hint: Observe that V =27/(1+2),
where Z = X /Y as above.

Remark. fW := (X /p)/(Y/q), then fw(w) = (p/q) fz(w(p/q)). If further p =k, /2
and ¢ = kp /2, then W is said to be an F random variable with k; and k, degrees of

freedom. If further A = 1/2, then X and Y are chi-squared with k; and k, degrees of
freedom, respectively.

Let Xj,...,X, be i.i.d. gamma(p,A) random variables, and put

- X;
YTTTX 44X,

Use the result of Problem 42(b) to show that ¥; has a beta density with parameters p
and (n—1)p.

Remark. Note that although the Y; are not independent, they are identically distrib-
uted. Also, Y1 +---+Y, = 1. Here are two applications. First, the numbers Y1,...,Y,
can be thought of as a randomly chosen probability mass function on the integers 1 to
n. Second, if we let Z be the vector of length n whose ith component is /Y;, then Z
has length

Zt 422 = Vit 1Y, = 1.

In other words, Z is a randomly chosen vector that always lies on the surface of the
unit sphere in n-dimensional space.

Let X and Y be independent with X ~ N(0, 1) and Y being chi-squared with k degrees
of freedom. Show that the density of Z := X /4/Y /k has Student’s ¢ density with k
degrees of freedom. Hint: For this problem, it may be helpful to review the results of
Problems 14-16 and 20 in Chapter 4.

The generalized gamma density was introduced in Problem 21 in Chapter 5. Recall
that X ~ g-gamma(p, A, r) if

lr(lx)”’le’u”x)r

rpm 0 70

fx(x) =
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If X ~ g-gamma(p,A,r) and Y ~ g-gamma(q,A,r) are independent and Z := X /Y,
show that the density of Z is

r P!

- B(p/r,q/r) . (1+z")pta)/r’

Since r = 1 is the ordinary gamma density, we can recover the result of Problem 42(a).
Since p = r = 2 is the Rayleigh density, we can recover the result of Problem 33(e).

z>0.

12(2)

*46. Let X and Y be independent, both with the density of Problem 3 in Chapter 4. Put
Z := X +7Y, and use the convolution formula (7.16) to show that

z 0<z<1,
fz(z) = § %[sin'(1/yz)—sin ' (\/T-1/z)], 1<z<2,
0, otherwise.
/4
0 0 1 2

Figure 7.13. Density fz(z) of Problem 46.

7.4: The bivariate normal

47. Let U and V have the joint Gaussian density in (7.22). Show that for all p with
—1 < p <1, U and V both have standard univariate N(0, 1) marginal densities that
do not involve p. Hint: Use (7.23) and (7.26).

48. Let X and Y be jointly Gaussian with density fxy (x,y) given by (7.25). Find fx(x),
fr(v), fxjy (x[y), and fyx (v|x). Hint: Apply (7.23) and (7.26) to (7.24).

49. Let X and Y be jointly Gaussian with density fxy (x,y) given by (7.25). Find E[Y|X =
x] and E[X|Y =y]. Hint: Use the conditional densities found in Problem 48.

50. If X and Y are jointly normal with parameters, my, my, G)%, G,%, and p, compute E[X],

E[X?], and cov(X.Y) X—mx\ (Y —my
we ) ()]

You may use the results of Problem 48.

*51. Let y, be the standard bivariate normal density defined in (7.22). Put

o) 1= 5 )+ i (0],

where —1 < p; #py < 1.
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(a) Show that the marginals fy and fy are both N(0,1). (You may use the results
of Problem 47.)

(b) Show thatp :=E[UV] = (p; +p2)/2. (You may use the result of Example 7.19.)

(c) Show that U and V cannot be jointly normal. Hints: (i) To obtain a contra-
diction, suppose that fyy is a jointly normal density with parameters given
by parts (a) and (b). (if) Consider fyy (u,u). (iii) Use the following fact: If
Bi,..., B, are distinct real numbers, and if

Y ogePt =0, forallz >0,

thenoy =---= o, = 0.

(d) By construction, U and V are jointly continuous. If p;j = —p», then part (b)
shows that U and V are uncorrelated. However, they are not independent. Show
this by arguing as follows. First compute E[V?|U = u| and show that even if
p1 = —pa, this conditional expectation is a function of u unless p; = p, =0
Then note that if U and V were independent, E[V?|U = u] = E[V?] = 1 and does
not depend on u. Hint: Example 7.20 will be helpful.

Let U and V be jointly normal with joint density ¥, (u,v) defined in (7.22). Put
Qp(uo,V()) = P(U > ug,V > Vo).

Show that for ug, vy > 0,

tan~" (vo/ugp) ) m/2—tan"" (vo/up) 5
0, (0, v0) = /O h,,(vo,e)de+/0 hy (i3, 0) d,

where

hp(z,0) = Vi-p? exp[—(z(l—psinze)].

27(1—psin26) 2(1—p?)sin® 6

This formula for O, (up,vo) is Simon’s [55, eq. (78b)], [56, pp. 1864—1865] bivariate
generalization of Craig’s univariate formula given in Problem 22. Hint: Write P(U >
up,V > vp) as a double integral and convert to polar coordinates. It may be helpful to
review your solution of Problem 22 first.

Use Simon’s formula in Problem 52 to show that

—/ ( % )de
2sin% 0

In other words, to compute Q(xo)?, we integrate Craig’s integrand (Problem 22) only
half as far [55, p. 210], [56, p. 1865] !
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7.5: Extension to three or more random variables

54.

55.

56.
57.
58.

59.

If
2exp[—|lx—y|— (y—2)%/2
Forzonz) = 2P 5yl b=27/2 o
2V21
and fxyz(x,y,z) = 0 otherwise, find fyz(y,2), fxyz(x[y,2), fz(z), and fyz(y|z)-

Let

o 92/2=(-2)7/2 ,=/2

Find fxy (x,y). Then find the means and variances of X and Y. Also find the correla-
tion, E[XY].

fXYZ(xay7Z) =

Let X, Y, and Z be as in Example 7.22. Evaluate E[XY] and E[YZ].
Let X, Y, and Z be as in Problem 54. Evaluate E[XYZ].

Let X, Y, and Z be jointly continuous. Assume that X ~ uniform[1,2]; that given
X =x,Y ~exp(1/x); and that given X =xand ¥ =y, Z is N(x, 1). Find E[XYZ].

Let N denote the number of primaries in a photomultiplier, and let X; be the number
of secondaries due to the ith primary. Then the total number of secondaries is

Express the characteristic function of Y in terms of the probability generating func-
tion of N, Gy(z), and the characteristic function of the X;, assuming that the X; are
i.i.d. with common characteristic function @x(v). Assume that N is independent of
the X; sequence. Find the density of Y if N ~ geometric, (p) and X; ~ exp(A).

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

7.1.

7.2.

7.3.

Joint and marginal cdfs. Know the rectangle formula (7.2). Know how to ob-
tain marginal cdfs from the joint cdf; i.e., (7.3) and (7.4). Know that X and Y are
independent if and only if the joint cdf is equal to the product of the marginal cdfs.

Jointly continuous random variables. Know the mixed partial formula (7.9) for
obtaining the joint density from the joint cdf. Know how to integrate out unneeded
variables from the joint density to obtain the marginal density (7.10). Know that
jointly continuous random variables are independent if and only if their joint density
factors as fxy (x,y) = fx (x) fr ().

Conditional probability and expectation. Know the formula for conditional den-
sities (7.12). Again, I tell my students that the three most important things in proba-
bility are:
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(i) the laws of total probability (7.13), (7.14), and (7.20);
(ii) the substitution laws (7.15) and (7.21); and
(iii) independence.
If the conditional density of Y given X is listed in the table inside the back cover

(this table includes moments), then E[Y|X = x] or E[Y?|X = x] can often be found
by inspection. This is a very useful skill.

7.4. The bivariate normal. For me, the easiest way to remember the bivariate normal
density is in two stages. First, [ remember (7.22), and then I use (7.24). Remember
that if X and Y are jointly normal, the conditional density of one given the other
is also normal, and E[X|Y = y] has the form my + b for some slope m and some
y-intercept b. See Problems 48 and 49.

7.5. Extension to three or more random variables. Note the more general forms of the
law of total probability (7.29) and the substitution law (7.30).

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.
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Introduction to random vectors’

In the previous chapter, we worked mostly with two or three random variables at a
time. When we need to work with a larger number of random variables, it is convenient to
collect them into a column vector. The notation of vectors and matrices allows us to express
powerful formulas in straightforward, compact notation.

8.1 Review of matrix operations

Transpose of a matrix. Recall that if A is a matrix with entries A;;, then its transpose,
denoted by A’, is defined by (A’);; := Aj;. For example,

{ 135 } " ; i

246 56

The transpose operation converts every row into a column, or equivalently, it converts every
column into a row. The example

1
[135]) =13
5

shows that an easy way to specify column vectors is to take the transpose of a row vector, a
practice we use frequently.

Sum of matrices. If two matrices have the same dimensions, then their sum is computed
by adding the corresponding entries. For example,

123 10 20 30| |11 2233
456 40 50 60 | ~ |44 55 66 |-

Product of matrices. If A is an r X n matrix and B is an n X p matrix, then their product
is the r X p matrix whose entries are given by

n
(AB);j ==Y AuByj,

k=1
where i =1,...,rand j=1,...,p. For example, using a piece of scratch paper, you can
check that
{789 ;8 gg _ {500 1220] 8.1)
456 30 60 320 770

You can also check it with the MATLAB commands

TThis chapter and the next are not required for the study of random processes in Chapter 10. See the Chapter
Dependencies graph in the preface.

330
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A=1[789; 45¢6 ]
B = [ 10 40 ; 20 50 ; 30 60 ]
AxB

[T

Notice how rows are separated with the semicolon “;”.
Trace of a matrix. If C is a square r X r matrix, then the trace of C is defined to be the
sum of its diagonal elements,

tr(C) = Z Cik-
k=1

For example, the trace of the matrix on the right-hand side of (8.1) is 1270. If Aisanr xn
matrix and B is an n X r matrix, it is shown in Problem 4 that

tr(AB) = tr(BA),

where the left-hand side is the trace of an r X r matrix, and the right-hand side is the trace
of an n X n matrix. In particular, if n = 1, BA is a scalar; in this case, tr(AB) = BA. The
MATLAB command for tr is trace. For example, if A and B are defined by the above
MATLAB commands, you can easily check that trace (AxB) gives the same result as
trace (BxA).

Norm of a vector. If x = [x,...,x,]’, then we define the norm of x by

Il = ().

Notice that since ||x||*> = x'x is a scalar,

x> = x'x = tr(x'x) = tr(xx'), (8.2)

a formula we use later.
Inner product of vectors. If x = [xi,...,x,) and y = [y1,...,y,)" are two column vec-
tors, their inner product or dot product is defined by

/

(x,y) =yX

Taking y = x yields (x,x) = ||x||%. An important property of the inner product is that

|| < [lxll Iyl (8.3)

with equality if and only if one of them is a scalar multiple of the other. This result is known
as the Cauchy-Schwarz inequality for column vectors and is derived in Problem 6.
Remark. While y'x is called the inner product, xy’ is sometimes called the outer prod-
uct. Since y’x =tr(y’'x) = tr(xy’), the inner product is equal to the trace of the outer product.
While the formula tr(xy’) is useful for theoretical analysis, it is computationally inefficient.
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Block matrices. Sometimes it is convenient to partition a large matrix so that it can be
written in terms of smaller submatrices or blocks. For example, we can partition

11 12 13 14
21 22 23 24
31 32 33 34
41 42 43 44
in several different ways such as
11 12|13 14 111213 14 11 12 13|14
21 22|23 24 21(22|23 24 21 22 23|24
3132(33 34 |* [31]323334|° |31 32 33|34
41 42|43 44 41(42|43 44 41 42 43144
The middle partition has the form
A BC
D EF
GHK
The first and last partitions both have the form
A B
cCD|’

but the the corresponding blocks have different sizes. For example, in the partition on the
left, A would be 2 x 2, but in the partition on the right, A would be 3 x 3.
A partitioned matrix can be transposed block by block. For example,

! /
[ABC}/ 2, Ig,
DEF i

A pair of partitioned matrices can be added block by block if the corresponding blocks
have the same dimensions. For example,

ol 58] = |55 058)

provided the dimensions of A and « are the same, the dimensions of B and 3 are the same,
the dimensions of C and 7 are the same, and the dimensions of D and § are the same.

A pair of partitioned matrices can be multiplied blockwise if the blocks being multiplied
have the “right” dimensions. For example,

[48])[28] = [Aartrabso)

provided the sizes of the blocks are such that the matrix multiplications
Aa,By,AB,BS,Co,Dy,CB,and DS

are all defined.
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8.2 Random vectors and random matrices

A vector whose entries are random variables is called a random vector, and a matrix
whose entries are random variables is called a random matrix.

Expectation
The expectation of a random vector X = [Xj,...,X,] is defined to be the vector of ex-
pectations of its entries; i.e.,
E[X)]
EX] = :
E[X,]

In other words, the mean vector m := E[X] has entries m; = E[X]].
More generally, if X is the n X p random matrix

X - Xyp
X = o,
X1 - an
then its mean matrix is
E[X11] - E[X,)
EX) = | :
ElXu] -+ E[Xp]

An easy consequence of this definition is that if A is an r X n matrix with nonrandom entries,
then AX is an r x p random matrix, and E[AX] = AE[X]. To see this, write

E[(AX);] = E{iA,-kaj]

Il
—
>

m

5 -
&

It is similarly easy to show that if B is a p X ¢ matrix with nonrandom entries, then E[XB] =
E[X]B. Hence, E[AXB] = AE[X]B. If G is r X ¢ with nonrandom entries, then

E[AXB+G] = AE[X]B+G.
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Correlation

If X = [Xi,...,X,] is a random vector with mean vector m := E[X], then we define the
correlation matrix of X by

R := E[XX].

We now point out that since XX’ is equal to

Xf e X1 X,

X, X - X2

n

the i j entry of R is just E[X;X;]. Since R;; = Rj;, R is symmetric. In other words, R’ = R.
Example 8.1. Write out the correlation matrix of the three-dimensional random vector
w:=[X,Y.Z].
Solution. The correlation matrix of W is
[X?] E[XY] E[XZ]

E
EWW’'] = | E[YX] E[Y?] E[YZ]
E[zX] E[ZY] E[Z%]

There is a Cauchy—Schwarz inequality for random variables. For scalar random vari-
ables U and V,

[E[UV]| < /E[U?E[V2]. (8.4)

This is formula (2.24), which was derived in Chapter 2.

Example 8.2. Show that if R is the correlation matrix of X, then

Solution. By the Cauchy—Schwarz inequality,
[ElXiXj]| < /EIXPIEIXG).

These expectations are, respectively, R;;, R;;, and R;;.
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Covariance

If X = [Xi,...,X,] is a random vector with mean vector m := E[X], then we define the
covariance matrix of X by

cov(X) := E[(X —m)(X —m)'].

Since E[X’] = (E[X])’, we see that

cov(X) = EXX' —Xm' —mX' +mm']
= EXX']| —E[X]m —mE[X"] +mm’
= EXX'] —mm,
which generalizes the variance formula (2.17). We often denote the covariance matrix of X
by Cx, or just C if X is understood. Since E[XX] is the correlation matrix of X, we see that

the covariance and correlation matrices are equal if and only if the mean vector is zero. We
now point out that since (X —m)(X —m)’ is equal to

(X1 —m)(Xy —my) - (X1 —my)(Xn —my)

(Xn —my) (Xy —my) <o (X —my) (Xn —my)
the i j entry of C = cov(X) is just
E[(Xi —mi)(Xj —m;)] = cov(X;,X;),

the covariance between entries X; and X;. Note the distinction between the covariance of a
pair of random variables, which is a scalar, and the covariance of a column vector, which is
a matrix. We also point out the following facts.

) Ci,' = COV(X,‘,X,‘) = var(X,-).

e Since C;; = Cj;, the matrix C is symmetric.

e For i # j, C;; = 0 if and only if X; and X; are uncorrelated. Thus, C is a diagonal
matrix if and only if X; and X; are uncorrelated for all i # j.

Example 8.3. If a random vector X has covariance matrix C, show that ¥ := AX has
covariance matrix ACA’.

Solution. Put m := E[X] so that Y — E[Y] = AX — E[AX] = A(X —m). Then
cov(Y) = E[(Y —E[Y])(¥ —E[Y])]
EIAX —m)(X —m)'A’]
— AE[(X — m)(X —m) A
= ACA’.
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Example 8.4. A simple application of Example 8.3 is to the case in which A = &', where
a is a column vector. In this case, ¥ = a'X is a scalar, and var(Y) = cov(Y) = d’Ca. In
particular,
a'Ca = var(Y) > 0, foralla.

A symmetric matrix C with the property a’Ca > 0 for all vectors a is said to be positive
semidefinite. By Example 8.4, every covariance matrix is positive semidefinite. If @'Ca > 0
for all nonzero a, then C is called positive definite.

Example 8.5. Let X be a zero-mean random vector whose covariance matrix C = E[XX']
is singular. Show that for some i and some coefficients b;,

Xi = Y biX;.
J#

In other words, one of the X; is a deterministic, linear function of the remaining components.

Solution. Recall that C is singular means that there is a nonzero vector a such that
Ca = 0. For such a, we have by Example 8.4 that the scalar random variable Y := a'X
satisfies E[Y?] = a/Ca = 0. Hence, Y is the zero random variable. In other words,

n
0=Y =dX =) aX;.
j=1
Since a is not the zero vector, some component, say a; 7 0, and it follows that

1
Xi = - Zanj.
& jZi

Taking b; = —aj/a; solves the problem.

Remark. The solution of Example 8.5 shows that if X is zero mean with singular covari-
ance matrix C, then there is a nonzero vector a such that @’X is the zero random variable.
If X has mean vector m, then the same argument shows that a’(X —m) is the zero random
variable, or equivalently, a’'X is the constant random variable with value a'm.

Cross-covariance

IfX =[Xi,....X,) and Y = [Y1,...,Y,] are both random vectors with respective means
my and my, then their cross-covariance matrix is the n x p matrix

cov(X,Y) = E[(X —mx)(Y —my)'],
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which we denote by Cxy. Note that (Cxy);j = cov(X;,Y;) is just the covariance between X;
and Y;. Also,
Crx = E[(Y —my)(X —mx)] = (Cxy)',
which is p x n. The cross-correlation matrix of X and Y is Rxy := E[XY’], and (Rxy)ij =
EX:Y;].
If we stack X and Y into the (n+ p)-dimensional composite vector

s 1]

then the covariance matrix of Z is given by

C, = {CX CXY},

Cyx Cy

where Cz is (n+p) x (n+ p), Cx isn xn, Cy is p x p, Cxy is n X p, and Cyx is p X n.

Just as two random variables U and V are said to be uncorrelated if cov(U,V) = 0,
we say that two random vectors X = [Xi,...,X,]  and Y = [V],...,Y,]’ are uncorrelated if
cov(X;,Y;)=0foralli=1,...,nand all j=1,...,p. This is equivalent to the condition
that Cxy = cov(X,Y) = 0 be the n X p zero matrix. If this is the case, then the matrix Cz
above is block diagonal; i.e.,

cx 0 ]

C; =
0 ¢

*Characteristic functions
The joint characteristic function of X = [X,...,X,]’ is defined by
Ox(v) = E[e/"X] = e/,
where v = [vi,..., V]’

When X has a joint density, @x (v) = E[e/¥X] is just the n-dimensional Fourier trans-
form,

ex(v) = / eV fi (x) dx, (8.5)
IRn
and the joint density can be recovered using the multivariate inverse Fourier transform:

1

Frx) = (2m)"

/ eV oy (v)dv.
Rn

Whether X has a joint density or not, the joint characteristic function can be used to
obtain its various moments.

Example 8.6. The components of the mean vector and covariance matrix can be ob-
tained from the characteristic function as follows. Write

d o -
S El] = Bl jx)



338 Introduction to random vectors

and .
mE[ejle} = E[e/"*(jX)) (jX¢)].
Then ) )
v ), = JEX,
and N N
VOV, g v—o —E[X/Xy].

Higher-order moments can be obtained in a similar fashion.

If the components of X = [X},...,X,] are independent, then

ox(v) = E[e/¥]
— E[ej(V1X1+"'+VnX/1)]

e

k=1

— ﬁ E[ejvkxk]
k=1

= ﬁ (pxk(vk)'
k=1

We have just shown that if the components of X are independent, then the joint char-
acteristic function is the product of the marginal characteristic functions. The converse is
also true; i.e., if the joint characteristic function is the product of the marginal characteristic
functions, then the random variables are independent [3]. A derivation in the case of two
jointly continuous random variables was given in Section 7.2.

*Decorrelation and the Karhunen—Loéve expansion

Let X be an n-dimensional random vector with zero mean and covariance matrix C. We
show that X has the representation X = PY, where the components of Y are uncorrelated
and P is an n x n matrix satisfying P’P = PP’ = I. (Hence, P/ = P~!.) This representation
is called the Karhunen-Loeve expansion.

Step 1. Recall that since a covariance matrix is symmetric, it can be diagonalized [30]; i.e.,
there is a square matrix P such that P’P = PP’ = I and such that P’CP = A is a diagonal
matrix, say A = diag(4,...,4,).

Step 2. Define a new random variable Y := P'X. By Example 8.3, cov(Y) = P'CP = A.
Since cov(Y) = A is diagonal, the components of Y are uncorrelated. For this reason, we
call P’ a decorrelating transformation.

Step 3. X and Y are equivalent in that each is a function of the other. By definition, ¥ = P'X.
To recover X from Y, write PY = PP'X = X.
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Step 4. If C is singular, we can actually throw away some components of ¥ without any
loss of information! Writing C = PAP’, we have

detC = detPdetAdetP’ = detP'detPdetA = det(P'P)detA = detA = A;---A,.

Thus, C is singular if and only if some of the A; are zero. Since A; = E[Yiz], we see that
A; = 0if and only if ¥; is the zero random variable. Hence, we only need to keep around the
Y; for which A; > 0 — we know that the other ¥; are zero.

Example 8.7 (data reduction). Suppose that X is a zero-mean vector of dimension n =
5, and suppose that Ay = A3 = 0. Then we can extract the nonzero Y; from Y = P'X by
writing

Y,
Y1 10000 Y,
Y1 = 100010 Y3
Ys 00001 Yy
Ys

For this reason, we call the above 3 x 5 matrix of zeros and ones an “extractor matrix.”
Since X = PY, and since we know Y> and Y3 are zero, we can reconstruct X from Y7, ¥4, and
Y5 by applying P to

Y 100
0 000]|[n
0|l =1]000]]|1
Ya 010/ |7
Ys 001

We call this 5 x 3 matrix of zeros and ones a “reconstructor matrix.” Notice that it is the
transpose of the “extractor matrix.”

The foregoing example illustrates the general result. If we let E denote the “extractor
matrix” that creates the subvector of nonzero components of Y, then X = PE'EP'X, where
E' is the “reconstructor matrix” that rebuilds ¥ from the subvector of its nonzero compo-
nents. See Problem 19 for more details.

Example 8.8 (noiseless detection). Suppose that the random variable X in the previous
example is the noise in a channel over which we must send either the signal m =0 or a
signal m # 0. The received vector is Z = m+ X. Design a signal m # 0 and a receiver that
can distinguish m # 0 from m = 0 without error.

Solution. We consider a receiver that applies the transformation P’ to the received vector
ZtogetP'Z=P'm+P'X. Letting W := P'Z, i :== P'm, and Y := P'X, we can write

Wi 2 Y
W U2 0
Wi | = |mu3|+|0
W, Ha Yy

Ws Us Ys
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In particular, we observe that W, = up and W3 = u3. Thus, as long as the nonzero m is
chosen so that the second and third components of tt = P’m are not both zero, we can
noiselessly distinguish between m = 0 and m # 0. For example, if the nonzero m is any
vector of the form m = P, where 3, and 33 are not both zero, then t = P'm = P'Pf3 =3
satisfies the desired condition that t, and t3 are not both zero.

Remark. For future reference, we write X = PY in component form as

n
Xi = Y PuY. (3.6)
k=1

By writing the component form, it will be easier to see the similarity with the Karhunen—
Loeve expansion of continuous-time random processes derived in Chapter 13.

Remark. Given a covariance matrix C, the matrices P and A can be obtained with the
MATLAB command
[P,Lambda] = eig(C).

To extract the diagonal elements of Lambda as a vector, use the command

lambda = diag(Lambda).

8.3 Transformations of random vectors

If G(x) is a vector-valued function of x € IR", and X is an IR"-valued random vector, we
can define a new random vector by Y = G(X). If X has joint density fx, and G is a suitable
invertible mapping, then we can find a relatively explicit formula for the joint density of Y.
Suppose that the entries of the vector equation y = G(x) are given by

V1 g1(xr,...,x,)

Yn g"l(xla"'rxl’l)

If G is invertible, we can apply G™! to both sides of y = G(x) to obtain G~!(y) = x. Using
the notation H(y) := G~!(y), we can write the entries of the vector equation x = H(y) as

X1 hl(y17"'7yn)
Xn hn(y17~-->yn)
Assuming that H is continuous and has continuous partial derivatives, let
F o 9l
Iy Iyn
| am L an
dH(y) = | 5t = HF |- 8.7)
oy . Oy
- a}’l a.Vn =
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To compute P(Y € C) = P(G(X) € C), it is convenient to put B := {x : G(x) € C} so that

P(reC) = P(G(X)€O)
= P(X €B)

= [ 6o ()
JIR

Now apply the multivariate change of variable x = H(y). Keeping in mind that dx =
|detdH(y)|d.

P(Y €C) / Is(H (H(y)) | detdH(y)| dy.

Observe that Iz(H (y)) = 1 if and only if H(y) € B, which happens if and only if G(H(y)) €
C. However, since H = G, G(H(y)) =y, and we see that Iz(H(y)) = Ic(y). Thus,

P(Y €C) /fX )) | detdH(y) |dy.

Since the set C is arbitrary, the integrand must be the density of Y. Thus,

fr(y) = fx(H(y))|detdH(y)|.

Since detdH (y) is called the Jacobian of H, the preceding equations are sometimes called
Jacobian formulas. They provide the multivariate generalization of (5.2).

Example 8.9. Let Y = AX + b, where A is a square, invertible matrix, b is a column
vector, and X has joint density fx. Find fy.

Solution. Since A is invertible, we can solve ¥ = AX +b for X = A~!(Y — b). In other
words, H(y) = A~!(y—b). It is easy to check that dH(y) = A~!. Hence,

fx(A'(y—b))

fr0) = @ =) deta™| = =

The formula in the preceding example is useful when solving problems for arbitrary A.
However, when A is small and given explicitly, it is more convenient to proceed as follows.

Example 8.10. Let X and Y be independent univariate N(0,1) random variables. If
U :=2X—5Y andV := X —4Y, find the joint density of U and V. Are U and V independent?

Solution. The transformation [u,v]' = G(x,y) is given by

u=2x—>5y
v= x—4y.
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By solving these equations for x and y in terms of « and v, we obtain the inverse transfor-
mation [x,y]’ = H(u,v) given by

W= Wl
WIN Wl
< <

The matrix dH (u,v) is given by
a5 4/3 —=5/3
dH(I/t,V) _ du dv _ |: / — / :| 7

ay dy 1/3 —2/3
du dv

and we see that detdH (u,v) = —1/3. Since fxy(x,y) = e_(x2+y2)/2/27r, we can write

fov(u,v) = fxy(x,y)

x—du/3—sv/3 * | detdH (u,v) |
y=u/3—2v/3

= (2n)” 1exp{ (197142 9uv—|—299v2)];

Recalling the formula for the bivariate normal density (7.25), we see that U and V have
nonzero correlation coefficient; hence, they are not independent.

Example 8.11. Let X and Y be independent random variables where ¥ ~ N(0, 1) and X
has the standard Rayleigh density, fx(x) = xe '/ 2, x > 0. Find the joint density of U :=
VX2+YZandV := AY /X, where 4 is a positive real number. Are U and V independent?

Solution. The transformation [u,v]' = G(x,y) is given by

u = ‘/x2+y2

v = Ay/x.

By solving these equations for x and y in terms of u and v, we obtain the inverse transfor-
mation [x,y]" = H(u,v). To do this, we first write 4> = x? + y? and v> = A2y? /x?. From this
second equation, we have y* = 1v?x?>/A2. We then write

W = X4y = v /A% = (14 /A%).

It then follows that 5

2 u
12 /AY
Since X is a nonnegative random variable, we take the positive square root to get

u

VI+Z/A%

Next, since v = Ay/x,
uv

AT +2/A2

y = w/A =
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A little calculation shows that

dx dx 1 —uy

du dv 12/22  A2(1+2/A2)3/2
dH(uwy) = | 700 = | VY .

7% 9y AN142/22 A(14+v2/A2)32

It then follows that detdH (u,v) = Au/(A% +v?). The next step is to write

fov(u,v) = fxy(x,y)-|detdH (u,v)|

and to substitute x and y using the above formulas. Now
fey (6y) = xe 222w = xe 2\ og.

From the original definition of U, we know that w=xt+ y2, and we already solved for x.
Hence,

u e /2 . Au
V1+vE/A2 V2r AT 402
2 0,2 L, V2
\/;” ¢ 22 (1 + ,12)
= fu(u)fv(v),

where fy is the standard Maxwell density defined in Problem 4 in Chapter 5 and fy is a
scaled Student’s ¢ density with two degrees of freedom (defined in Problem 20 in Chapter 4).
In particular, U and V are independent.!

fUV<u7V) =

Example 8.12. Let X and Y be independent univariate N(0, 1) random variables. Let R
denote the length of the vector [X,Y]’, and let ® denote the angle the vector makes with the
x-axis. In other words, if X and Y are the Cartesian coordinates of a random point in the
plane, then R > 0 and —7 < ® < 7 are the corresponding polar coordinates. Find the joint
density of R and @.

Solution. The transformation [r, 8]’ = G(x,y) is given by?
r= Va4,
6 = angle(x,y).

The inverse transformation [x,y]’ = H(r, 8) is the mapping that takes polar coordinates into
Cartesian coordinates. Hence, H(r, 0) is given by

X = rcosf,
y = rsinf.
The matrix dH (r, 0) is given by
dx

D=

dH (1, 8) _ [cos@ —rsme}’

sin@ rcosf

|
D=
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and detdH (r,0) = rcos® 6 + rsin? 6 = r. Then

fR,@(rae) = fXY(x7y) x=rcos @ |deth(r76)|

y=rsin @

= fxy(rcos6,rsin@)r.

Now, since X and Y are independent N(0,1), fxy(x,y) = fx(x) fr(y) = e’(xzﬂ'z)/z/(Z?r),
and

1
fre(r0) = re*’2/2-57 r>0,—1<6<m.

Thus, R and ® are independent, with R having a Rayleigh density and ® having a uniform
(—m, 7] density.

8.4 *Linear estimation of random vectors (Wiener filters)

Consider a pair of random vectors X and Y, where X is not observed, but Y is observed.
For example, X could be the input to a noisy channel, and Y could be the channel output. In
this situation, the receiver knows Y and needs to estimate X. By an estimator of X based
on Y, we mean a function g(y) such that X := g(¥) is our estimate or “guess” of the value
of X. What is the best function g to use? What do we mean by best? In this section, we
define g to be best if it minimizes the mean-squared error (MSE) E[||X — g(Y)|?] for all
functions g in some class of functions. Here we restrict attention to the class of functions of
the form g(y) = Ay+ b, where A is a matrix and b is a column vector; we drop this restriction
in Section 8.6. A function of the form Ay + b is said to be affine. If b = 0, then g is linear.
It is common to say g is linear even if b # 0 since this only is a slight abuse of terminology,
and the meaning is understood. We shall follow this convention. The optimal such function
g is called the linear minimum mean-squared-error estimator, or more simply, linear
MMSE estimator. Linear MMSE estimators are sometimes called Wiener filters.

To find the best linear estimator is to find the matrix A and the column vector b that
minimize the MSE, which for linear estimators has the form

E[||X — (v +5)|*].
Letting my := E[X] and my := E[Y], the MSE is equal to
E[J|{(X —mx) — A(Y —my)} + {mx — Amy —b}||].

Since the left-hand quantity in braces is zero mean, and since the right-hand quantity in
braces is a constant (nonrandom), the MSE simplifies to

2
E[||(X —mx) =AY —my)|] + [mx —Amy —b||*.
No matter what matrix A is used, the optimal choice of b is

b = my —Amy,
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and the estimate is

g(Y) = AY+b = A(Y —my) +my. (8.8)

The estimate is truly linear in Y if and only if Amy = my.
We show later in this section that the optimal choice of A is any solution of

ACy = Cyy. (8.9)

When Cy is invertible, A = CxyCy !, This is best computed in MATLAB with the command
A = CXY/CY.Even if Cy is not invertible, there is always a solution of (8.9), as shown in
Problem 38.

Remark. If X and Y are uncorrelated, by which we mean Cxy = 0, then taking A = 0
solves (8.9). In this case, the estimate of X reduces to g(Y) = my. In other words, the
value we guess for X based on observing Y does not involve Y! Hence, if X and Y are
uncorrelated, then linear signal processing of ¥ cannot extract any information about X that
can minimize the MSE below E[||X — my||?] = tr(Cx) (cf. Problem 9).

Example 8.13 (signal in additive noise). Let X denote a random signal of zero mean
and known covariance matrix Cyx. Suppose that in order to estimate X, all we have available
is the noisy measurement

Y = X+W,

where W is a noise vector with zero mean and known, positive-definite covariance matrix
Cy . Further assume that the covariance between the signal and noise, Cxw, is zero. Find
the linear MMSE estimate of X based on Y.

Solution. Since X and W are zero mean, my = E[Y] = E[X + W] = 0. Next,
Cxy = E[(X —mx)(Y —my)]

EX(X+W)]
= Cx, since Cxwy =0.

Similarly,

Cy = E[(Y —my)(Y —my)']
= E[(X+W)(X + W)
= Cx+Cw.
It follows that
CxyCy'Y = Cx(Cx +Cw) 'Y

is the linear MMSE estimate of X based on Y.
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Example 8.14 (MATLAB). Use MATLAB to compute A = CxyCy ! of the preceding ex-
ample if
10 14

10
Cx = [14 20} and Cy = [01].

Solution. We use the commands

CX = [ 10 14 ; 14 20 ]

CXY = CX;

CW = eye(2) % 2 by 2 identity matrix
CY = CX + CW

format rat % print numbers as ratios of small integers
A = CXY/CY

to find that
A= 2/5 2/5
T 12/524/35 |

Example 8.15 (MATLAB). Let X denote the linear MMSE estimate of X based on Y. It
is shown in Problems 34 and 35 that the MSE is given by

E[IX - X|]*] = u(Cx - ACxy).

Using the data for the previous two examples, compute the MSE and compare it with E[|| X —
mx||2} = tr(Cx).

Solution. The command trace (CX-Ax (CXY’) ) shows that the MSE achieved using
X is 1.08571. The MSE achieved using my (which makes no use of the observation Y) is
E[||X — mx||?] = tr(Cx) = 30. Hence, using even a linear function of the data has reduced
the error by a factor of about 30.

Example 8.16. Find the linear MMSE estimate of X based on Y if ¥ ~ exp(4), and
given Y =y, X is conditionally Rayleigh(y).

Solution. Using the table of densities inside the back cover, we find that my = 1/4,
Cy =var(Y) = 1/A% and E[X|Y =y] = y\/7/2. Using the law of total probability, it is an
easy calculation to show that my = \/7/2 /A and that E[XY] = 2+/7/2 /A2. It follows that
ny = E[XY] —mxyxymy — \/71'7/2/12 Then

A =:Ckyc;1 — )[?ZEK&i — N/%7i

1/A2
and the linear MMSE estimate of X based on Y is

nyc}jl(yfmy)+mx = 4/m/2Y.




8.4 Linear estimation of random vectors (Wiener filters) 347

Figure 8.1. The point on the plane that is closest to p is called the projection of p, and is denoted by p. The
orthogonality principle says that p is characterized by the property that the line joining p to p is orthogonal to the
plane. The symbol o denotes the origin.

Derivation of the linear MMSE estimator

We now turn to the problem of minimizing
E[||(X —mx) =AY —my)|*].
The matrix A is optimal if and only if for all matrices B,
E[||(X —mx) —AY —my)|*] < E[|(X —mx) =B —my)|[*].  (8.10)

The following condition is equivalent and is easier to use. This equivalence is known as the
orthogonality principle. It says that (8.10) holds for all B if and only if

E[{B(Y —my)} {(X —mx) —A(Y —my)}] = 0, forall B. (8.11)

Below we prove that (8.11) implies (8.10). The converse is also true, but we shall not use it
in this book.

We first explain the terminology and show geometrically why it is true. A two-dimen-
sional subspace (a plane passing through the origin) is shown in Figure 8.1. A point p not
in the subspace is also shown. The point on the plane that is closest to p is the point p.
This closest point is called the projection of p. The orthogonality principle says that the
projection p is characterized by the property that the line joining p to p, which is the error
vector p — p, is orthogonal to the subspace. In our situation, the role of p is played by the
random variable X — my, the role of p is played by the random variable A(Y — my ), and the
role of the subspace is played by the set of all random variables of the form B(Y —my) as B
runs over all matrices of the right dimensions. Since the inner product between two random
vectors U and V can be defined as E[V'U], (8.11) says that

(X —myx)—A(Y —my)
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is orthogonal to all B(Y —my).

To use (8.11), first note that since it is a scalar equation, the left-hand side is equal to its
trace. Bringing the trace inside the expectation and using the fact that tr(af) = tr(fa), we
see that the left-hand side of (8.11) is equal to

E[r({(X —mx) —A(Y —my) }(Y —my)'B)].
Taking the trace back out of the expectation shows that (8.11) is equivalent to
tr([Cxy —ACy]|B') = 0, forall B. (8.12)

By Problem 5, it follows that (8.12) holds if and only if Cxy — ACy is the zero matrix, or
equivalently, if and only if A solves the equation

ACy = Cxy.
If Cy is invertible, the unique solution of this equation is
A = Cxy Gyl
In this case, the estimate of X is
CxyCy ' (Y —my) +my.

We now show that (8.11) implies (8.10). To simplify the notation, we assume zero
means. Write

ElllX —BY|] = E[|(X —AY)+ (AY — BY)|’]

= E[|(X —AY) + (A~ B)Y)|?)

= E[IX —AY|’] +E[|(A-B)Y|],
where the cross terms 2E[{(A — B)Y }/ (X — AY)] vanish by (8.11). If we drop the right-hand
term in the above display, we obtain

EllX —BY|) > E[|X —AY[?].

8.5 *Estimation of covariance matrices’

As we saw in the previous section, covariance matrices are a critical component in the
design of linear estimators of random vectors. In real-world problems, however, we may
not know these matrices. Instead, we have to estimate them from the data.

Remark. We use the term “estimation” in two ways. In the previous section we es-
timated random vectors. In this section we estimate nonrandom parameters, namely, the
elements of the covariance matrix.

Recall from Chapter 6 that if Xj,..., X, are i.i.d. with common mean m and common
variance 62, then
n
Y X
k=1

Section 8.5 is not used elsewhere in the text and can be skipped without loss of continuity.

1
M, = —
n
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is an unbiased, strongly consistent estimator of the mean m. Similarly,

1

X — M,)?
n—lk (k n)

(ngE

SZ =

1

is an unbiased, strongly consistent estimator of ¢2. If we know a priori that m = 0, then

n

1 2
Ps

an unbiased and strongly consistent estimator of G2
Suppose we have i.i.d. random vectors Xi,...,X, with zero mean and common covari-
ance matrix C. Our estimator of C is

. 12
Co = — Y XiX;.
3

Note that since X is a column vector, XkX,i is a matrix, which makes sense since 6,, is
an estimate of the covariance matrix C. We can do the above computation efficiently in
MATLAB if we arrange the X; as the columns of a matrix. Observe that if X := [X],...,X,],
then

XX = X X{+-+X,X,.

Example 8.17 (MATLAB). Here is a way to generate simulation examples using i.i.d.
zero-mean random vectors of dimension d and covariance matrix C = GG, where G is any
d x d matrix. We will use d =5 and

When we ran the script

G=[]1-2-210;01-1 3-1;133-34,;
-1121-4; 020 -431];

C = G*G'

d = length(G);

n = 1000;

Z = randn(d,n); % Create d by n array of i.i.d. N(0,1) RVs

X = G*Z; % Multiply each column by G

Chat = XxX'/n

we got
10 3-14 -6 -8
3 12 -13 6 —13
C=|-14-13 44 —11 30
—6 6 —11 23 —14
-8 —13 30 —14 29
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and
10.4318 3.1342 —15.3540 —-5.6080 —8.6550
R 3.1342  11.1334 —12.9239 5.5280 —12.5036
C = | —15.3540 —12.9239 46.2087 —10.0815 30.5472
—5.6080 5.5280 —10.0815 21.2744 —13.1262
—8.6550 —12.5036 30.5472 —13.1262 29.0639
When Xj,...,X, are i.i.d. but have nonzero mean vector, we put
1 n
M, = =Y X,
=
and we use
1

(Xk - Mn) (Xk - Mn)/

(ngE

C, =
" n—1

k=1

to estimate C. Note that in MATLAB, if X has X\, ..., X, for its columns, then the column
vector M,, can be computed with the command mean (X, 2).

8.6 *Nonlinear estimation of random vectors

In Section 8.4, we had two random vectors X and Y, but we could only observe Y. Based
on Y, we used functions of the form g(¥Y) = AY + b as estimates of X. We characterized the
choice of A and b that would minimize E[||X — g(Y)||].

In this section, we consider three other estimators of X. The first is the minimum mean-
squared error (MMSE) estimator. In this method, we no longer restrict g(y) to be of the
form Ay + b, and we try to further minimize the MSE E[||X — g(¥)||*]. As we show later,
the function g that minimizes the MSE is

gmmse(y) = E[X[Y =y].

The second estimator uses the conditional density fy|x(y|x). The maximum-likelihood
(ML) estimator of X is the function

gmL(y) = argmax fyx (yx).

In other words, gmr(y) is the value of x that maximizes fy|x (y|x). See Problem 43. When
the density of X is not positive for all x, we only consider values of x for which fx(x) > 0.
See Problem 44. The third estimator uses the conditional density fxy (x|y). The maximum
a posteriori probability (MAP) estimator of X is the function

gmap(y) = argmax fxy (x[y).
X
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Notice that since fxjy (x[y) = fyx (v[x)fx (x)/fr(y), the maximizing value of x does not
depend on the value of fy(y). Hence,

gmap(y) = argmax fyx (v[x) fx (x). (8.13)

When X is a uniform random variable, the constant value of fx (x) does not affect the max-
imizing value of x. In this case, gmap(y) = gmL(y).

Example 8.18 (signal in additive noise). A signal X with density fx(x) is transmitted
over a noisy channel so that the received vector is ¥ = X + W, where the noise W and the
signal X are independent, and the noise has density fi (w). Find the MMSE estimator of X
basedonY.

Solution. To compute E[X|Y = y|, we first need to find fxy (x[y). Since®
PY <y[X=1x) = P(X+W <y[X =x)
= P(W<y—x|X=x), by substitution,
= P(W <y—x), by independence,
we see that fyx (v|x) = fw(y — x). Hence,

fX\Y(xb’) _ fY\X(y‘X)fX(X) . fw(y—x)fx(x).

fry) B fr(y)
It then follows that
_ = [ SO0k
gmmse(y) = EX|Y =y] = /x w0 dx,

where, since the density of the sum of independent random variables is the convolution of
their densities,

fY(Y) = /fX()’*W)fw(W)dW.

Even in this context where X and Y are simply related, it is difficult in general to compute
E[X|Y =y]. This is actually one of the motivations for developing linear estimation as in
Section 8.4.

In the above example, it was relatively easy to find fy|x (y|x). This is one explanation for
the popularity of the ML estimator gy, (v). We again mention that although the definition
of the MAP estimator uses fxy(x|y) which requires knowledge of fy(y), in fact, by (8.13),
fr(y) is not really needed; only fy|x (y]x) fx (x) is needed.

“WhenY = [Y1,...,Y,]" is a random vector and y = [y1,...,yn] , the joint cdf is
P <y) = P(1 <y, ¥y <yn)-
The corresponding density is obtained by computing
an
mP(YI <Y1 Y <)

Analogous shorthand is used for conditional cdfs.
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Example 8.19. If W ~ N(0,62) in the previous example, find the ML estimator of X.

Solution. From the solution of Example 8.18,

~ly-x)/al2/2

FrxOl) = fwly—x) = éce

If we observe Y =y, then gy (y) =y since taking x = y maximizes the conditional density.

One of the advantages of the ML estimator is that we can compute it even if we do not
know the density of X. However, if we do know the density of X, the ML estimator does
not make use of that information, while the MAP estimator does.

Example 8.20. If X ~ N(0,1) and W ~ N(0,62) in Example 8.18, find the MAP esti-
mator of X.

Solution. This time, given Y =y, we need to maximize

1 L 1
Frix(5) fx (x) = zme% )/“]Z/Z-Ee 22, (8.14)

The coefficients do not affect the maximization, and we can combine the exponents. Also,
since e’ is decreasing in , it suffices to minimize

K+ (y—x)?/c?
with respect to x. The minimizing value of x is easily obtained by differentiation and is
found to be y/(1 + 0?). Hence,

Y

smarly) = a0

Example 8.21. 1f X ~ N(0,1) and W ~ N(0,62) in Example 8.18, find the MMSE
estimator of X.

Solution. We need to find fyy(x|y). Since

Trix (1) fx (x)
fr(y) ’

we observe that the numerator was already found in (8.14) above. In general, to find fy (y),
we would integrate (8.14) with respect to x. However, we can avoid integration by arguing
as follows. Since Y = X 4+ Z and since X and Y are independent and Gaussian, Y is also
Gaussian by Problem 55(a) in Chapter 4. Furthermore, E[Y] = 0 and var(Y) = var(X) +
var(Z) = 14 62. Thus, Y ~ N(0,1+c?), and so

fx|Y(x|Y) =

L oo L ep
\/2710' \/
fX‘Y('xly) = [ l+62)]
27r(l+62)

exp [7 12-;%2 (x B l-&-yoz )2}

2162 /(1+0?)
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In other words )

y c
qy) ~ N<77)
P (1) 1+02’ 1+ 02

It then follows that y

1+02

E[X[y =»] =

The two preceding examples show that it is possible to have gmap(y) = gmmse(y). How-
ever, this is not always the case, as shown in Problem 46.

Derivation of the MMSE estimator
We first establish an orthogonality principle that says if

E[A(Y){X —g(Y)}] = 0, for all functions A, (8.15)

then
E[JIX —g(Y)||*] < E[|X —h(Y)|]%], for all functions h. (8.16)

We then show that g(y) = E[X|Y = y] satisfies (8.15). In fact there is at most one function g
that can satisfy (8.15), as shown in Problem 47.
To begin, write

ElllX —h(¥)]]

E[IX —g(¥) +g(Y) —h(Y)|]

EllIX —g()I°] —2E[{g(¥) —h(¥)}'{X —g(¥)}]
+E[llg(¥) —h(V)]].

If we put A(y) := g(y) — h(y), we see that the cross term
E[{g(Y) —h(¥)}'{X —5(¥)}] = E[A(¥){X —g(¥)}]
is equal to zero if (8.15) holds. We continue with

E[IX —h(Y)|?] = E[IX —g(¥)*] +E[lg(¥) —h(¥)]’]
> E[|X —g()[P).

The last thing to show is that g(y) = E[X|Y = y] satisfies (8.15). We do this in the case
X is a scalar and and Y has a density. Using the law of total probability and the law of
substitution,

ER(Y) (X —g(1)}) = [ EIH) (X —g()HY =1 () dy
= /E[h(y){X—g(y)}lY =ylfr(y)dy
7/h WEX|Y =y —g() } fr ()

Hence, the choice g(y) = E[X|Y = y] makes (8.15) hold.
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Notes

8.3: Transformations of random vectors

Note 1. The most interesting part of Example 8.11 is that U and V are independent.
From our work in earlier chapters we could have determined their marginal densities as
follows. First, since X is standard Rayleigh, we can infer from Problem 19(c) in Chapter 5
that X2 is chi-squared with two degrees of freedom. Second, since ¥ ~ N(0,1), we know
from Problem 46 in Chapter 4 or from Problem 11 in Chapter 5 that Y? is chi-squared with
one degree of freedom. Third, since X and Y are independent, so are X 2 and Y. Fourth,
by Problem 55(c) (and the remark following it), sums of independent chi-squared random
variables are chi-squared with the degrees of freedom added; hence, X* +Y? is chi-squared
with three degrees of freedom. By Problem 19(d) in Chapter 5, U = v X2+ Y2 has the
standard Maxwell density. As for the density of V, Problem 44 in Chapter 7 shows that if we
divide an N(0, 1) random variable by the square root of a chi-squared, we get a Student’s ¢
density (if the numerator and denominator are independent); however, the square root of
a chi-squared with two degrees of freedom is the standard Rayleigh by Problem 19(c) in
Chapter 5.

Note 2. If (x,y) is a point in the plane, then the principal angle 6 it makes with the
horizontal axis lies in the range —7 < 6 < m. Recall that the principal inverse tangent
function takes values in (—7/2,7/2]. Hence, if x > 0 so that (x,y) lies in the first or fourth
quadrants, angle(x,y) = tan~!(y/x). If x < 0 and y > 0 so that (x,y) lies in the second
quadrant, then angle(x,y) = tan~! (y/x) 4+ 7. If x < 0 and y < 0 so that (x, ) lies in the third
quadrant, then angle(x,y) = tan~—!(y/x) — 7. Since tan has period 7, in all cases we can
write tan(angle(x,y)) = y/x.

Problems

8.1: Review of matrix operations

1. Compute by hand

10 40 7809
20 50 456!
30 60

Then compute the trace of your answer; compare with the trace of the right-hand side
of (8.1).

2. MATLAB. Check your answers to the previous problem using MATLAB.

3. MATLAB. Use the MATLAB commands

A=[789; 456]
A’

to compute the transpose of

W oo

N O
.
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Let A be an r x n matrix, and let B be an n x r matrix. Derive the formula tr(AB) =
tr(BA).

For column vectors x and y, we defined their inner product by (x,y) := y’'x = tr(y'x)
= tr(xy’). This suggests that for r X n matrices A and B, we define their inner product
by (A,B) :=tr(AB’).

(a) Show that

r n
tw(AB') = Y ) AuBi
i=1k=1
(b) Show that if A is fixed and tr(AB") = 0 for all matrices B, then A = 0.
Show that column vectors x and y satisfy the Cauchy—Schwarz inequality,

|| < Iy,

with equality if and only if one of them is a scalar multiple of the other. Hint: The
derivation is similar to that of the Cauchy—Schwarz inequality for random variables
(2.24) given in Chapter 2: Instead of (2.25), start with

0

IN

lx—Ay|*
= <‘x_2'y7-x_)‘y>

8.2: Random vectors and random matrices

7.

10.

Let X be a random n X p matrix, and let B be a p X ¢ matrix with nonrandom entries.
Show that E[XB] = E[X]B.

If X is an random 7 X n matrix, show that tr(E[X]) = E[tr(X)].

Show that if X is an n-dimensional random vector with covariance matrix C, then

E[IX —E[X]|]!] = tr(C) = i{var(X,-).

The input U to a certain amplifier is N (0, 1), and the output is X = ZU 4 Y, where the
amplifier’s random gain Z has density

f2(2) = 32, 1<z<2

and given Z = z, the amplifier’s random bias Y is conditionally exponential with para-
meter z. Assuming that the input U is independent of the amplifier parameters Z and
Y, find the mean vector and the covariance matrix of [X,Y,Z]'.
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11

12.

13.

14.
15.
16.
17.

*18.

*19

Introduction to random vectors

. Find the mean vector and covariance matrix of [X,Y,Z]’ if

vl — (v—2)2
fxrz(x,y,2) = 2exp[—| Zs>i|/27r(y 2) /2]7

and fyyz(x,y,z) = 0 otherwise.

z2>1

)

Let X, Y, and Z be jointly continuous. Assume that X ~ uniform[1,2]; that given
X =x, Y ~exp(1/x); and that given X =x and Y =y, Z is N(x,1). Find the mean
vector and covariance matrix of [X,Y,Z]’.

Find the mean vector and covariance matrix of [X,Y,Z]’ if
o) /2,= (-2 /2,2 /2

(2m)3/2

fXYZ(xvy7Z> =

Find the joint characteristic function of [X,Y,Z]’ of the preceding problem.
If X has correlation matrix Ry and Y = AX, show that Ry = ARA’.
If X has correlation matrix R, show that R is positive semidefinite.
Show that
|(Cxy)ij| < \/(Cx)ii (Cy)jj-

Let [X,Y]’ be a two-dimensional, zero-mean random vector with 62 := var(X) and
G% :=var(Y). Find the decorrelating transformation P’. Hint: Determine 6 so that
the rotation matrix

sin@ cosO

2=

< 2E[XY]

B [cos@ —sine]

yields

1
with E[UV] = 0. Answer: 6 = —tan"!

2 2

: e 2
o o ) In particular, note that if oy =
X Y

o2, then 6 = /4.

. Let ¢; denote the ith standard unit vector in IR".

(a) Show that e;e} = diag(0,...,0,1,0,...,0), where the 1 is in the ith position.
(b) Show that if

then E'E is a diagonal matrix with ones at positions 1, 4, and 5 along the diago-
nal and zeros elsewhere. Hence, E’Ex is obtained by setting x; = 0 for j # 1,4,5
and leaving x1, x4, and xs unchanged. We also remark that E’Ex is the orthogo-
nal projection of x onto the three-dimensional subspace spanned by ey, es4, and
es.
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Let U be an n-dimensional random vector with zero mean and covariance matrix
Cy. Let Q' be a decorrelating transformation for U. In other words, Q'CyQ =M =
diag(uy,...,U,), where 0'Q = QQ' = 1. Now put X := U +V, where U and V are
uncorrelated with V having zero mean and covariance matrix Cy = 1.

(a) Find a decorrelating transformation P’ for X.

(b) If P’ is the decorrelating transformation from part (a), and Y := P’'X, find the
covariance matrix Cy.

8.3: Transformations of random vectors

21.

22.

23.

24.

25.

26.

27.

Let X and Y have joint density fxy(x,y). Let U:=X+Y and V := X —Y. Find
fyv(u,v).

Let X and Y be positive random variables with joint density fxy(x,y). If U := XY
and V :=Y /X, find the joint density of U and V. Also find the marginal densities
Ju(u) and fy(v). Your marginal density fy(u) should be a special case of the result
in Example 7.15, and your marginal density fy (v) should be a special case of your
answer to Problem 33(a) in Chapter 7.

Let X and Y be independent Laplace(A ) random variables. PutU :=X and V :=Y /X.
Find fyv(u,v) and fy(v). Compare with Problem 33(c) in Chapter 7.

Let X and Y be independent uniform(0, 1] random variables. Show that if U :=
v—2InX cos(2nY) and V := /—2InX sin(27Y), then U and V are independent
N(0,1) random variables.

Let X and Y have joint density fyy(x,y). Let U:=X+Y and V :=X/(X +7).
Find fyv (u,v). Apply your result to the case where X and ¥ are independent gamma
random variables X ~ gamma(p,A) and ¥ ~ gamma(g,A). Show that U and V are
independent with U ~ gamma(p + g,A) and V ~ beta(p,q). Compare with Prob-
lem 55 in Chapter 4 and Problem 42(b) in Chapter 7.

Let X and Y have joint density fxy(x,y). Let U :=X+Y and V := X/Y. Find
Suv(u,v). Apply your result to the case where X and Y are independent gamma
random variables X ~ gamma(p,A) and ¥ ~ gamma(g,A). Show that U and V are
independent with U ~ gamma(p + ¢,4) and V having the density of Problem 42(a)
in Chapter 7.

Let X and Y be N(0,1) with E[XY] = p. If R= vX?+Y?2 and © = angle(X,Y), find
fR,@(V,G) and f@(e).

8.4: *Linear estimation of random vectors (Wiener filters)

28.

29.

Let X and W be independent N 0,1) random variables, and put ¥ := X 3 +W. Find A
and b that minimize E[|X — X |?], where X := AY +b.

Let X ~ N(0,1) and W ~ Laplace(1) be independent, and put Y := X + W. Find the
linear MMSE estimator of X based on Y.



358

30.

31.

32.

33.

34.

35.

36.
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Let X denote a random signal of known mean myx and known covariance matrix Cy.
Suppose that in order to estimate X, all we have available is the noisy measurement

Y = GX+W,

where G is a known gain matrix, and W is a noise vector with zero mean and known
covariance matrix Cy. Further assume that the covariance between the signal and
noise, Cyy, is zero. Find the linear MMSE estimate of X based on Y assuming that
Cy is invertible.

Remark. 1t is easy to see that Cy is invertible if Cy is positive definite or if GCx G’
is positive definite. If Cy is positive definite and if G’ is nonsingular, then GCx G’ is
positive definite.

Let X and Y be as in Problem 30, and let ACy = Cxy. Assuming Cy is invertible,
show that A = (Cy' + G'Cy,' G)~'G'Cy,!. Hint: Use the matrix inverse formula

(a+Bpy8)™' = a ' —a 'B(y '+ 80 !1p) 160!,

Let X denote the linear MMSE estimate 0£ the vector X based on the observation
vector Y. Now suppose that Z := BX. Let Z denote the linear MMSE estimate of Z
based on Y. Show that Z = BX.

Let X and Y be random vectors with known means and covariance matrices. Do not
assume zero means. Find the best purely linear estimate of X based on Y; i.e., find
the matrix A that minimizes E[||X — AY||?]. Similarly, find the best constant estimate
of X; i.e., find the vector b that minimizes E[||X — b||?].

Let X and Y be random vectors with my, my, Cx, Cy, and Cxy given. Do not assume
Cy is invertible. Let X= A(Y —my) 4+ my be the linear MMSE estimate of X based on
Y. Show that the error covariance, defined to be E[(X — X )(X — X)'] has the following
representations:

Cx —ACyx — CxyA' +ACyA’

Cx — CxyA’
Cx —ACyx
Cx —ACyA’.

Use the result of the preceding problem to show that MSE is

E[IX —X|*] = tr(Cx —ACyx).

MATLAB. In Problem 30 suppose that Cx = Cy are 4 x 4 identity matrices and that

-2 1 =5 11

9 —4 -3 11
—-10 —10 =25 —13
-3 -1 5 0

G =

Compute A = CxyCy 1" and the MSE using MATLAB.
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37. Let X = [Xj,...,X,]’ be a random vector with zero mean and covariance matrix Cx.

*38.

39.

PutY :=[Xj,...,X,]’, where m < n. Find the linear MMSE estimate of X basedonY.

Also find the error covariance matrix and the MSE. Your answers should be in terms
of the block components of Cyx,

1 G

o= [d gl

where C; is m x m and invertible.

In this problem you will show that ACy = Cxy has a solution even if Cy is singular.
Let P’ be the decorrelating transformation of Y. Put Z := P'Y and solve AC; = Cxz
for A. Use the fact that Cz is diagonal. You also need to use the Cauchy—Schwarz
inequality for random variables (8.4) to show that (Cz);; = 0 implies (Cxz);j = 0. To
conclude, show that if AC; = Cyz, then A = AP’ solves ACy = Cxy.

Show that Problem 37 is a special case of Problem 30.

8.5: *Estimation of covariance matrices

40.

41.

42.

If X1,..., X, are i.i.d. zero mean and have variance 62, show that
l n
X
k=1

is an unbiased estimator of 67; i.e., show its expectation is equal to 2.

If X1,...,X, are i.i.d. random vectors with zero mean and covariance matrix C, show
that

1 & ,

=Y xx;

i3

is an unbiased estimator of C; i.e., show its expectation is equal to C.

MATLAB. Suppose Xi,...,X, are i.i.d. with nonzero mean vector m. The following
code uses X1, ..., X, as the columns of the matrix X. Add code to the end of the script
to estimate the mean vector and the covariance matrix.

G=[1-2-210;01-13-1;133-314;
-1121-4,; 020 -431];

C = G+*G’

d = length(G);

n = 1000;

m = [1:d]"; % Use an easy-to-define mean vector

Z = randn(d,n); % Create d by n array of i.i.d. N(0,1) RVs

X = G*Z; % Multiply each column by G

X = X + kron(ones(l,n),m); % Add mean vec to each col of X
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8.6: *Nonlinear estimation of random vectors

43.

44.

45.

46.

*47.

Let X ~ N(0,1) and W ~ Laplace(A) be independent, and put Y := X + W. Find the
ML estimator of X based on Y.

Let X ~ exp(u) and W ~ Laplace(A) be independent, and put Y := X + W. Find the
ML estimator of X based on Y. Repeat for X ~ uniform[0, 1].

For X ~ exp(u) and Y as in the preceding problem, find the MAP estimator of X
based on Y if u < A. Repeat for u > A.

If X and Y are positive random variables with joint density
fXY(x?y) = (x/yZ)ef(x/y)z/Z.lefly’ x7y>0a

find both the MMSE and MAP estimators of X given Y (the estimators should be
different).

Let X be a scalar random variable. Show that if g;(y) and g»(y) both satisfy
E[(X —g(Y))h(Y)] = 0, for all bounded functions #,
then g; = g» in the sense that

E[lg2(Y) —g1(Y)[] = 0.

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

8.1.

8.2,

Review of matrix operations. Know definitions and properties of matrix multiplica-
tion, trace, norm of a vector. In particular, tr(AB) = tr(BA).

Random vectors and random matrices. If X is random and A, B, and G are not, then
E[AXB+ G] = AE[X]B + G. Know definitions of the covariance matrix, cov(X), and
the cross-covariance matrix, cov(X,Y) when X and ¥ are random vectors. Know de-
finition of correlation and cross-correlation matrices. Covariance and correlation ma-
trices are always symmetric and positive semidefinite. If X has a singular covariance
matrix, then there is a component of X that is a linear combination of the remaining
components. Know joint characteristic function and the fact that the components of
a random vector are independent if and only if their joint characteristic function is
equal to the product of their marginal characteristic functions. Know how to compute
moments from the joint characteristic function. If X has covariance matrix C and
P'CP = A is diagonal and P'P = PP’ =, then Y := P’X has covariance matrix A
and therefore the components of ¥ are uncorrelated. Thus P’ is a decorrelating trans-
formation. Note also that PY = PP'X = X and that X = PY is the Karhunen-Logve
expansion of X.
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8.3. Transformations of random vectors. If Y = G(X), then

fr(y) = fx(H(y))|detdH(y)|,

where H is the inverse of G; i.e., X = H(Y), and dH (y) is the matrix of partial deriv-
atives in (8.7).

8.4. *Linear estimation of random vectors (Wiener filters). The linear MMSE estimator
of X based on Y is A(Y — my) 4+ myx, where A solves ACy = Cxy. The MSE is given
by tI‘(CX —Any).

8.5. *Estimation of covariance matrices. Know the unbiased estimators of cov(X) when
X is known to have zero mean and when the mean vector is unknown.

8.6. *Nonlinear estimation of random vectors. Know formulas for gmmse(y), gmL(y),
and gmap(y). When X is uniform, the ML and MAP estimators are the same; but in
general they are different.

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.
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Gaussian random vectors

9.1 Introduction

Scalar Gaussian or normal random variables were introduced in Chapter 4. Pairs of
Gaussian random variables were introduced in Chapter 7. In this chapter, we generalize
these notions to random vectors.

The univariate N(m, 62) density is

exp[—3(x—m)?/c?]
V2w o )

If Xi,...,X, are independent N (m;, G; ) then their joint density is the product

fexpl—5(x —m;)? /o7
f(x) - ,I:Tl \/277561'

exp{ Ei —m;) /0'

= (271: n/zGl---Gn ) (91)

where x := [x[,...,x,]’. We now rewrite this joint density using matrix—vector notation. To
begin, observe that since the X; are independent, they are uncorrelated; hence, the covariance
matrix of X := [X1,...,X,] is

C = '.‘
O o}
Next, put m := [my,...,m,]" and write
1/0'12 O X1 —my (xl—ml)/O'lz
Clx—m)= : = :
O 1/02 Xp — My (xn_mn)/cy%
n

It is then easy to see that (x —m)'C~'(x —m) = Y., (x; — m;)*>/c?. Since C is diagonal,
its determinant is detC = 612 ‘e G,%. It follows that (9.1) can be written in matrix—vector
notation as

exp[—%(x—m)’C‘l(x—m)].

) = (2m)"/2/detC

9.2)

362
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Even if C is not diagonal, this is the general formula for the density of a Gaussian random
vector of length n with mean vector m and covariance matrix C.

One question about (9.2) that immediately comes to mind is whether this formula inte-
grates to one even when C is not diagonal. There are several ways to see that this is indeed
the case. For example, it can be shown that the multivariate Fourier transform of (9.2) is

ejv/xexp[—%(x—m)’C’l(x—m)] dr — QIVmVCY)2
" (2m)1/2/detC B '

Taking v = 0 shows that the density integrates to one. Although (9.3) can be derived directly
by using a multivariate change of variable,! we use a different argument in Section 9.4.

A second question about (9.2) is what to do if C is not invertible. For example, suppose
Z ~N(0,1), and X; := Z and X, := 2Z. Then the covariance matrix of [X;X,]’ is

|k ] - 23]

9.3)

which is not invertible. Now observe that the right-hand side of (9.3) this involves C but
not C~'. This suggests that we define a random vector to be Gaussian if its characteristic
function is given by the right-hand side of (9.3). Then when C is invertible, we see that the
joint density exists and is given by (9.2).

Instead of defining a random vector to be Gaussian if its characteristic function has the
form e/V'm-V'cv/ 2 in Section 9.2 we define a random vector to be Gaussian if every linear
combination of its components is a scalar Gaussian random variable. This definition turns
out to be equivalent to the characteristic function definition, but is easier to use in deriving
various properties, including the joint density when it exists.

9.2 Definition of the multivariate Gaussian

A random vector X = [Xj,...,X,] is said to be Gaussian or normal if every linear com-
bination of the components of X, e.g.,

Zn: ciXi, 9.4

i=1

is a scalar Gaussian random variable. Equivalent terminology is that Xi,...,X,, are jointly
Gaussian or jointly normal. In order for this definition to make sense when all ¢; = 0 or
when X has a singular covariance matrix (recall the remark following Example 8.5), we
agree that any constant random variable is considered to be Gaussian (see Problem 2).

Notation. If X is a Gaussian random vector with mean vector m and covariance matrix
C, we write X ~ N(m,C).

Example 9.1 (independent and Gaussian implies jointly Gaussian). If the X; are inde-
pendent N (mi,crl»z), then it is easy to see using moment generating functions that every
linear combination of the X; is a scalar Gaussian; i.e., X is a Gaussian random vector (Prob-
lem 4).
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Example 9.2. If X is a Gaussian random vector, then the numerical average of its com-
ponents,

is a scalar Gaussian random variable.

An easy consequence of our definition of a Gaussian random vector is that any subvector
is also Gaussian. To see this, suppose X = [Xi,...,X,| is a Gaussian random vector. Then
every linear combination of the components of the subvector [X;,X3, X5’ is of the form (9.4)
if we take ¢; = 0 for i not equal to 1,3, 5.

Example 9.3. Let X be a Gaussian random vector of length 5 and covariance matrix

58 43 65 55 48
43 53 57 52 45
C = | 6557 8370 58
55 52 70 63 50
48 45 58 50 48

Find the covariance matrix of [X,X3,Xs]'.

Solution. All we need to do is extract the appropriate 3 x 3 submatrix of elements C;;,
where i = 1,3,5 and j = 1,3,5. This yields

58 65 48
65 83 58
48 58 48

This is easy to do in MATLAB if C is already defined:

k=1[11351;
C(k, k)

displays the 3 x 3 matrix above.

Sometimes it is more convenient to express linear combinations as the product of a row

vector times the column vector X. For example, if we put ¢ = [cy,...,c,|’, then
n
Z C,'X,' = C/X.
i=1
Now suppose that ¥ = AX for some r x n matrix A. Letting ¢ = [cy, ..., ¢,|, every linear

combination of the r components of ¥ has the form
Y avi =y = J(AX) = (Ao)'X,
i=1

which is a linear combination of the components of X, and therefore normal.
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We can even add a constant vector. If Y = AX + b, where A is again r x n, and bis r x 1,
then
Y = (AX+b) = (A'c)X +b.

Adding the constant ¢’b to the normal random variable (A’c)'X results in another normal
random variable (with a different mean).

In summary, if X is a Gaussian random vector, then so is AX + b for any r X n matrix A
and any r-vector b. Symbolically, we write

X ~N(m,C) = AX +b~ N(Am+b,ACA").

In particular, if X is Gaussian, then Y = AX is Gaussian. The converse may or may
not be true. In other words, if ¥ = AX and Y is Gaussian, it is not necessary that X be
Gaussian. For example, let X and X, be independent with X; ~ N(0, 1) and X, not normal,

say Laplace(A). Put
]l [10][x
L~ |20]|x|

It is easy to see that Y7 and Y> are jointly Gaussian, while X; and X, are not jointly Gaussian.
On the other hand, if Y = AX, where Y is Gaussian and A is invertible, then X = A~!Y must
be Gaussian.

9.3 Characteristic function

We now find the joint characteristic function, @x(v) := E[e/V'X], when X ~ N(m,C).
The key is to observe that since X is normal, so is Y := v'X. Furthermore, the mean and
variance of the scalar random variable Y are given by p := E[Y] = v/m and 62 := var(Y) =
V/Cv. Now write

ox(v) = E[¥] = E[e"] = E[/™]],_, = ev(n)],_,-

Since Y ~ N(u,0?), oy(n) = e/MH=10*/2 Hence,

(PX(V) _ (Py(l) _ eju—62/2 _ ejv’m—v’Cv/Z'

We have shown here that if every linear combination of the X; is a scalar Gaussian, then
the joint characteristic function has the above form. The converse is also true; i.e., if X has
the above joint characteristic function, then every linear combination of the X; is a scalar
Gaussian (Problem 11). Hence, many authors use the equivalent definition that a random
vector is Gaussian if its joint characteristic function has the above form.

For Gaussian random vectors uncorrelated implies independent

If the components of a random vector are uncorrelated, then the covariance matrix is
diagonal. In general, this is not enough to prove that the components of the random vector
are independent. However, if X is a Gaussian random vector, then the components are
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independent. To see this, suppose that X is Gaussian with uncorrelated components. Then
C is diagonal, say
o} 0

O ..62

n

where 61»2 = C;; = var(X;). The diagonal form of C implies that

n
vicv =Y o7V},
i=1

14

and so

n
PR iVimi—o2v2
(PX(V) — giV'm vicv/2 _ I Ie/v,m, o7V /2'
i=1

In other words,
n
ox(v) = [Tex(v),
i=1

where @x.(v;) is the characteristic function of the N(m;, 6?7

) density. Multivariate inverse
Fourier transformation then yields

Felx) = ﬁfx,.(x,-),

where fx, ~ N(m;,6?). This establishes the independence of the X;.

Example 9.4. If X is a Gaussian random vector and we apply a decorrelating transfor-
mation to it, say ¥ = P’X as in Section 8.2, then Y will be a Gaussian random vector with
uncorrelated and therefore independent components.

Example 9.5. Let X be an n-dimensional, zero mean Gaussian random vector with a
covariance matrix C whose eigenvalues Ay, ..., A, are only zeros and ones. Show that if r
of the eigenvalues are one, and n — r of them are zero, then ||X||? is a chi-squared random
variable with r degrees of freedom.

Solution. Apply the decorrelating transformation Y = P’X as in Section 8.2. Then the ¥;
are uncorrelated, Gaussian, and therefore independent. Furthermore, the ¥; corresponding
to the zero eigenvalues are zero, and the remaining ¥; have E[Y?] = 4; = 1. With the nonzero
Y;ii.d. N(0,1),

2 2
P =) v,
l’iﬂ,,':l
which is a sum of r terms, is chi-squared with r degrees of freedom by Problems 46 and 55
in Chapter 4. It remains to observe that since PP’ =1,

IY|? = Y'Y = (P'X)(P'X) = X'(PP")X = X'X = ||X|>
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Example 9.6. Let Xi,...,X, be i.i.d. N(m,0?) random variables. Let X := 1¥7  X;
denote the average of the X;. Furthermore, for j =1,...,n, put¥; := X; — X. Show that X
andY :=[V,...,Y,] are jointly normal and independent.

Solution. Let X := [Xi,...,X,], and put a := [1,... 1] Then X = aX. Next, observe

>

Y Xi

T

Yy, Xn
Let M denote the n X n matrix with each row equal to g; i.e., M;; = 1/n for all i, j. Then
Y =X—-MX = (I-M)X, andY is a jointly normal random vector. Next consider the vector

e (1] [ e

Since Z is a linear transformation of the Gaussian random vector X, Z is also a Gaussian
random vector. Furthermore, its covariance matrix has the block-diagonal form (see Prob-

lem 8) B
[Var(()X) E[}E)Y’] } '

This implies, by Problem 12, that X and Y are independent.

9.4 Density function

In this section we give a simple derivation of the fact that if Y ~ N(m,C) and if C is
invertible, then

exp[—3(y—m)'C™! (y —m))]
(27)n/2\/detC '

We exploit the Jacobian formulas of Section 8.3, specifically the result of Example 8.9. Put

fr(y) =

X = C_l/Z(Y —m),
where the existence of the symmetric matrices C'/2 and C~'/2 is shown in the Notes.? Since
Y is Gaussian, the form of X implies that it too is Gaussian. It is also easy to see that X has
zero mean and covariance matrix

E[xX'] = C"V2E[(Y —m)(Y —m)'|C™'/? = c™V2cCc™V? = 1.
Hence, the components of X are jointly Gaussian, uncorrelated, and therefore independent.
It follows that
n e—xiz/Z e~ x%/2
- ll:—! /21 - (27-5)}1/2'
Since we also have Y = C!/2X +m, we can use the result of Example 8.9 with A = C'/2 and
b = m to obtain
fe(CV2(y—m))
|detC1/2|

Jx(x)

fr(y) =
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Using the above formula for fx (x) with x = C~/2(y —m), we have

¢~ l=m)C (y=m)/2

(27)"/2\/detC ’

where the fact that detC!/? = v/detC > 0 is shown in Note 2.

fr(y) =

Simulation

The foregoing derivation tells us how to simulate an arbitrary Gaussian random vector
Y with mean m and covariance matrix C. First generate X with i.i.d. N(0,1) components.
The MATLAB command X = randn(n, 1) generates such a vector of length n. Then
generate ¥ with the command Y = ChalfxX + m, where Chalf is the square root of
the matrix C. From Note 2 at the end of the chapter, Chalf = Pxsqgrt (Lambda) +P’,
where the matrices P and Lambda are obtained with [P, Lambda] = eig(C).

Level sets

The level sets of a density are sets where the density is constant. The Gaussian density
is constant on the ellipsoids centered at m,

{x eR": (x—m)'C~"(x —m) = constant}. 9.5)

To see why these sets are called ellipsoids, consider the two-dimensional case in which c!
is a diagonal matrix, say diag(1/a?,1/b?). Then

[x 7] [1/0512 1/0b2} [;] - §+g'

The set of (x,y) for which this is constant is an ellipse centered at the origin with principal
axes aligned with the coordinate axes.

Returning to the n-dimensional case, let P’ be a decorrelating transformation so that
P'CP = A is a diagonal matrix. Then C~' = PA~'P’, and

exp[—5 (P"(x—m)/ A" (P'(x—m))]

falx) = (2m)"/2\/detC

Since A1 is diagonal, the ellipsoid
{y € R":y'A"'y = constant}

is centered at the origin, and its principal axes are aligned with the coordinate axes. Ap-
plying the transformation x = Py +m to this centered and aligned ellipsoid yields (9.5).
In the two-dimensional case, P is the rotation by the angle 6 determined in Problem 18
in Chapter 8, and the level sets in (9.5) are ellipses as shown in Figures 7.9-7.11. In the
three-dimensional case, the level sets are ellipsoid surfaces such as the ones in Figure 9.1.
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Figure 9.1. Ellipsoid level surfaces of a three-dimensional Gaussian density.

9.5 Conditional expectation and conditional probability

In Section 8.6 we showed that g(y) := E[X|Y = y] is characterized as the solution of

E[A(Y){X —g(Y)}] = 0, for all functions h. 9.6)

Here we show that if X and Y are random vectors such that [X’,Y']" is a Gaussian random
vector, then

EX|Y =y] = A(Y —my)+myx, whereA solves ACy = Cxy.

In other words, when X and Y are jointly Gaussian, the MMSE estimator is equal to the
linear MMSE estimator.

To establish this result, we show that if A solves ACy = Cxy and g(y) :=A(y —my ) +mx,
then (9.6) holds. For simplicity, we assume both X and Y are zero mean. We then observe

that
X—-Av] [I-A][xXx
Y 10 I Y
is a linear transformation of [X’,Y’]" and so the left-hand side is a Gaussian random vector
whose top and bottom entries are easily seen to be uncorrelated:

E[(X —AY)Y'] = Cxy —ACy
= Cxy —Cxy
= 0.
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Being jointly Gaussian and uncorrelated, they are independent (cf. Problem 12). Hence, for
any function A(y),

E[r(Y) (X —AY)] = E[r(Y)] E[X —AY]
= E[h(Y)]'0 = 0.

With a little more work in Problem 17, we can characterize conditional probabilities of
X givenY =y.
If [X’,Y']" is a Gaussian random vector, then given Y =y,
X~ N(E[X|Y = y]aCX\Y)y

where Cy|y := Cx —ACyx, E[X|Y = y] = A(y—my) +mx, and A solves ACy = Cxy. If Cxy
is invertible and X is n-dimensional, then

 exp[—3(x— () Cypp (x— 8())]
fX|Y(X|y) - (zn)n/z\/m )

where g(y) := E[X|Y =y].

Example 9.7 (Gaussian signal in additive Gaussian noise). Suppose that a signal X ~
N(0,1) is transmitted over a noisy channel so that the received measurementis Y =X + W,
where W ~ N(0,6?) is independent of X. Find E[X|Y = y] and fyy (x]y).

Solution. Since X and Y are jointly Gaussian, the answers are in terms of the linear
MMSE estimator. In other words, we need to write out my, my, Cy, and Cxy. In this
case, both means are zero. For Cy, we have Cy = Cx +Cy = 1 + o2. Since X and W are
independent, they are uncorrelated, and we can write

Cxy = EXY'] = EX(X+W)] = Cx = 1.

Thus, ACy = Cxy becomes A(1 +62) = 1. Since A = 1/(1 + ¢2),

EIX|Y =y| = Ay = —— .
(XY =y] = Ay o2
Since
1 o2
Cxpr = Gx=AGx = 1= l—|—62.1 T 1to2
we have
2
y o
0~ M)

These answers agree with those found by direct calculation of fxly(.x| y) carried out in Ex-
ample 8.21.
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9.6 Complex random variables and vectors®

A complex random variable is a pair of real random variables, say X and Y, written in
the form Z = X + jY, where j denotes the square root of —1. The advantage of the complex
notation is that it becomes easy to write down certain functions of (X,Y). For example, it is
easier to talk about

Z' = (X+jY)(X+jY) = (X2 —Y?)+j(2XY)
than the vector-valued mapping

sen = [

Recall that the absolute value of a complex number z = x+ jy is
lz] := Vx2+y2

The complex conjugate of z is

*

=Xy
and so
2= () x—jy) = 24y = |2
We also have
x = 27 and y = Z_Z*.
2 2j

The expected value of Z is simply

The variance of Z is

var(2) = E[(Z—E[Z))(Zz—E[Z))"] = E[|z—E[Z[]].

Note that var(Z) = var(X) +var(Y), while
E[(Z—E[Z])?] = |var(X) —var(Y)] + j[2cov(X,Y)],

which is zero if and only if X and Y are uncorrelated and have the same variance.
If X and Y are jointly continuous real random variables, then we say that Z = X + jY is
a continuous complex random variable with density

J2(2) = fz(x+Jjy) = favr(x,y).

Sometimes the formula for fyy (x,y) is more easily expressed in terms of the complex vari-
able z. For example, if X and Y are independent N(0,1/2), then

2 ol

fXY(xay) = m\/mm\/m = T

Section 9.6 can be skipped without loss of continuity.
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Note that E[Z] = 0 and var(Z) = 1. Also, the density is circularly symmetric since |z|*> =
1% 4y depends only on the distance from the origin of the point (x,y) € IR?.

A complex random vector of dimension 7, say
Z = [Zl,...,Z,,}’,

is a vector whose ith component is a complex random variable Z; = X; + j¥;, where X; and
Y; are real random variables. If we put

X = [X1,....,X,) and Y := [1},....Y,],

then Z = X + jY, and the mean vector of Z is E[Z] = E[X] + JE[Y]. The covariance matrix
of Zis

cov(Z) = E[(Z—E[Z]))(Z—E[Z])"],

where the superscript 7 denotes the complex conjugate transpose. Letting K := cov(Z), the
ik entry of K is

K,‘k = E[(Zi— E[Z,'])(Zk— E[Zk])*} =: COV(Z,',Zk).
It is also easy to show that
K = (Cx +Cy)+j(Crx —Cxy). 9.7)

For joint distribution purposes, we identify the n-dimensional complex vector Z with the
2n-dimensional real random vector

X1,..., X0, Y1,..., 1) 9.8)
If this 2n-dimensional real random vector has a joint density fxy, then we write

J2(2) = fxy(x1,- %Y1 )

Sometimes the formula for the right-hand side can be written simply in terms of the complex
vector z.

Complex Gaussian random vectors

An n-dimensional complex random vector Z = X + jY is said to be Gaussian if the 2n-
dimensional real random vector in (9.8) is jointly Gaussian; i.e., its characteristic function
. / !
@xy (v, 0) = E[e/(VX+9Y)] has the form

. Cx C
eXP{J(V/mx-I-B/my)—é[V' 0’| |:CY)§( C{(YY} {;}} 9.9)
Now observe that

Y Cx Cxy v
v 9][ny CYj||:9:| ©-10)
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is equal to
VICxv+V'Cxy 6 +60'Cyxv+6'Cyo,

which, upon noting that v'Cyy 0 is a scalar and therefore equal to its transpose, simplifies to
V/Cxv+26'Cyxv+6'Cy6.
On the other hand, if we put w := v + j0, and use (9.7), then (see Problem 22)
wi Kw = V/(Cx +Cy)v +6'(Cx +Cy)0 +26'(Cyx — Cxy)V.

Clearly, if
CX = CY and CXY = —ny, (911)

then (9.10) is equal to wKw/2. Conversely, if (9.10) is equal to wKw/2 for all w =
Vv + jO, then (9.11) holds (Problem 29). We say that a complex Gaussian random vector
Z = X + jY is circularly symmetric or proper if (9.11) holds. If Z is circularly symmetric
and zero mean, then its characteristic function is

E[e/(VX+0)) — e WIKw/4 w=vVv+ 6. (9.12)

The density corresponding to (9.9) is (assuming zero means)

o 40 [ S ] (3]

X,y) = , 9.13
frr () (27)"/detT .
where
r— Cx Cxy
© 1 Gx G |
It is shown in Problem 30 that under the assumption of circular symmetry (9.11),
e—zHK’lz
y) = ————, z= iy, 9.14
frr(ny) = oo i=xH)y (9.14)

and that KX is invertible if and only if T" is invertible.

Notes

9.1: Introduction

Note 1. We show that if X has the density in (9.2), then its characteristic function is
e/V'm=V'CV/2 Write

E[e/V¥] = /nejlef(x)dx
ivx XD L(x—m)'C (x—m)]

2
R" (2m)"/2\/detC
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Now make the multivariate change of variable y = C~!/ 2(x —m), or equivalently, x =
C'2y+m. Then dx = |detC'/?|dy = v/detCdy (see Note 2), and

, - —'y/2
E[e/VX] = / eV (CPyim € "\ [qetCd
= f (2m)"/2/detC Y

(2m)n/2

Putt := C'/2 v so that

Then

y y nofo g/
Ele/VX] — eJVm/ (eﬂi}'ie >d
/7] E s )

jV/mILl[</oo j[-y. e—ylz/Z d )
=e e/ ———dy; .
=1\~ V2ar .

Since the integral in parentheses is of the form of the characteristic function of a univariate
N(0,1) random variable,

E[ejv/X} — Iﬂlefr%/z
i=1

P
eVme t't)2

jv/me—v/Cv/2

e
ejv/mfv’Cv/Z

9.4: Density function

Note 2. Recall that an n x n matrix C is symmetric if it is equal to its transpose; i.e.,
C =C'. It is positive definite if @’Ca > 0 for all a # 0. We show that the determinant of a
positive-definite matrix is positive. A trivial modification of the derivation shows that the
determinant of a positive-semidefinite matrix is nonnegative. At the end of the note, we also
define the square root of a positive-semidefinite matrix.

We start with the well-known fact that a symmetric matrix can be diagonalized [30];
i.e., there is an n x n matrix P such that P’P = PP’ = I and such that P'CP is a diagonal

matrix, say
w0

0 .

P'CP = A =
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Next, from P'CP = A, we can easily obtain C = PAP’. Since the determinant of a prod-
uct of matrices is the product of their determinants, detC = detP detA detP’. Since the
determinants are numbers, they can be multiplied in any order. Thus,

detC = detA detP’ detP
detA det(P'P)
det A det/

detA

= Ay

Rewrite P'CP = A as CP = PA. Then it is easy to see that the columns of P are
eigenvectors of C; i.e., if P has columns p1,..., p,, then Cp; = A;p;. Next, since P'P =1,
each p; satisfies p}p; = 1. Since C is positive definite,

0 < piCpi = pi(Aipi) = Aipipi = hi.
Thus, each eigenvalue A; > 0, and it follows that detC = A; --- 4, > 0.

Because positive-semidefinite matrices are diagonalizable with nonnegative eigenval-
ues, it is easy to define their square root by

VC = P\FAP',

where
vi 0
VA =
0 w
Thus, dety/C = VAL Ay = v/detC. Furthermore, from the definition of v/C, it is clear
that it is positive semidefinite and satisfies VCV/C = C. We also point out that since C =

PAP', if C is positive definite, then C~! = PA~!'P’, where A~! is diagonal with diagonal
entries 1/A;; hence, vVVC—! = (/C)~!. Finally, note that

VeCc'C = (PVAP)(PAT'P)(PVAP') = I.

Problems

9.1: Introduction

1. Evaluate |
o) = exp[—j(x—m)/C_l(x—m)}
(2m)"/2\/detC
if m=0and

C - o} o1op
ci16p ©F |’

where |p| < 1. Show that your result has the same form as the bivariate normal density
in (7.25).



376

Gaussian random vectors

9.2: Definition of the multivariate Gaussian

2.

MATLAB. Let X be a constant, scalar random variable taking the value m. It is easy
to see that Fx(x) = u(x — m), where u is the unit step function. It then follows that
fx(x) = 8(x —m). Use the following MATLAB code to plot the N(0,1/n?) density
for n = 1,2,3,4 to demonstrate that as the variance of a Gaussian goes to zero, the
density approaches an impulse; in other words, a constant random variable can be
viewed as the limiting case of the ordinary Gaussian.

x=linspace(-3.5,3.5,200);
s = 1; vyl = exp(-x.*x/(2%s
s = 1/4; y2 = exp(-x.*x/(2*s
(
(

( )i
) /sqrt (2+«pix*s);
) /sqrt (2+pix*s)
) /sqgrt (2xpix*s)

)/sqrt (2xpixs

s = 1/9; vy3 = exp(-x.*x/(2xs ;
s = 1/16; y4 = exp(-x.*x/(2*s

plot(x,yl,x,v2,x,y3,%,y4)

’

Let X ~N(0,1) and put Y := 3X.

(a) Show that X and Y are jointly Gaussian.
(b) Find their covariance matrix, cov([X,Y]’).

(c) Show that they are not jointly continuous. Hint: Show that the conditional cdf
of Y given X = x is a unit-step function, and hence, the conditional density is an
impulse.

If Xi,...,X, are independent with X; ~ N(m;,c?), show that X = [Xj,...,X,] is a
Gaussian random vector by showing that for any coefficients ¢;, }.i; ¢;X; is a scalar
Gaussian random variable.

Let X = [X1,..., Xy ~ N(m,C), and suppose that ¥ = AX + b, where A is a p X n
matrix, and b € IR?. Find the mean vector and covariance matrix of Y.

Let Xi,...,X, be random variables, and define

Y = ix,-, k=1,....n.
i=1
Suppose that Yy,...,Y, are jointly Gaussian. Determine whether or not Xi,...,X, are
jointly Gaussian.
If X is a zero-mean, multivariate Gaussian with covariance matrix C, show that
E[(VXX'V)] = 2k—1)(2k—3)---5-3-1-(V'CVv)K.
Hint: Example 4.11.

Let X,...,X, be i.i.d. N(m, 62) random variables, and denote the average of the X;
by X :=1¥" X, For j=1,...,n,put¥;:= X; — X. Show that E[Y;] = 0 and that
E[XY;]=0for j=1,...,n.
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9. Wick’s theorem. Let X ~ N(0,C) be n-dimensional. Let (ij,...,i) be a vector
of indices chosen from {1,...,n}. Repetitions are allowed; e.g., (1,3,3,4). Derive
Wick’s theorem,

E[Xil "'Xizk] = Z C/1]2 : 12k 1J2k>
]17 7]2k
where the sum is over all ji,..., jo; that are permutations of iy, ...,iy and such that

the product Cj, j, -+ Cj,_,j,, 18 distinct. Hint: The idea is to view both sides of
the equation derived in Problem 7 as a multivariate polynomial in the n variables
V1,...,Vy. After collecting all terms on each side that involve v;, ---V;,,, the corre-
sponding coefficients must be equal. In the expression

E[(VX)*] = E[(;,Zn:1Vj1le> (jZkznllvjszjZkﬂ
Z Z Vi Vi EXGy - Xy

=l =1

we are only interested in those terms for which jy, ..., jo is a permutation of iy, .. ., io.
There are (2k)! such terms, each equal to

Vi e viZkE[Xi] .. .XiZk}'

Similarly, from

(V'ev)k = <Z ) v,ClJv])

i=1j=

we are only interested in terms of the form

ViiVig Vi ijijljz o 'CJZk—IJZk’

where ji,..., jar 1S a permutation of iy,...,ip;. Now many of these permutations
involve the same value of the product C;, , ---Cj,, | j,,- First, because C is symmetric,

each factor G;; also occurs as Cj;. This happens in 2k different ways. Second, the order
in which the C;; are multiplied together occurs in k! different ways.

10. Let X be a multivariate normal random vector with covariance matrix C. Use Wick’s
theorem of the previous problem to evaluate E[X1X2X3Xa], E[X; X5 X4], and E[X7X5].
9.3: Characteristic function
11. Let X be arandom vector with joint characteristic function @x (V) = e/V'm=V'CV/2 For
any coefficients a;, put Y := ¥* | a;X;. Show that ¢y (1) = E[¢/""] has the form of
the characteristic function of a scalar Gaussian random variable.

12. Let X = [Xy,...,X,] ~ N(m,C), and suppose C is block diagonal, say

S0
-[37]
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where S and T are square submatrices with S being s x s and T being ¢ x t with
s+t=n. PutU :=[Xy,...,X;] and W := [X;41,...,X,]’. Show that U and W are
independent. Hint: It is enough to show that

(PX(V) = (PU(Vlw . 'avS) (PW(VA*+1;~ . .,Vn),
where @y is an s-variate normal characteristic function, and ¢y is a ¢-variate normal

characteristic function. Use the notation ¢ := [vy,...,V,] and B := [Vsy1,..., Va]"

9.4: Density function

13. The digital signal processing chip in a wireless communication receiver generates
the n-dimensional Gaussian vector X with mean zero and positive-definite covariance
matrix C. It then computes the vector ¥ = C~'/2X. (Since C~'/? is invertible, there
is no loss of information in applying such a transformation.) Finally, the decision
statistic V = ||Y||? := ¥_, ¥ is computed.

(a) Find the multivariate density of Y.
(b) Find the density of Y2 fork=1,...,n.
(c) Find the density of V.

14. Let X and Y be independent N (0, 1) random variables. Find the density of

X -Y
Z = det{y x ]

15. Review the derivation of (9.3) in Note 1. Using similar techniques, show directly that

! / o IVxIVm=VCV/2 4y, eXP[—%(X—m)'C_I(X—m)].
2n)" Jre (27)"/2+/detC

9.5: Conditional expectation and conditional probability

16. Let X, Y, U, and V be jointly Gaussian with X and Y independent N(0, 1). Put

XY

Z = det [ U V} .
If [X,Y] and [U,V] are uncorrelated random vectors, find the conditional density
Tziov (z|u,v).

17. Let X and Y be jointly normal random vectors, and let the matrix A solve ACy =
Cxy. Show that given Y =y, X is conditionally N(mx +A(y —my),Cx — ACyx).
Hints: First note that (X —myx) —A(Y —my) and Y are uncorrelated and therefore
independent by Problem 12. Next, observe that E[e/ viX |Y =y] is equal to

E [ejv'[(x—mx)—A(Y—mY)]eJ'V'[mx-*-A(Y—mY)] |Y — y] )
Now use substitution on the right-hand exponential, but not the left. Observe that

(X —mx) —A(Y —my) is a zero-mean Gaussian random vector whose covariance
matrix you can easily find; then write out its characteristic function.
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18. Let X, Y, U, and V be jointly Gaussian with zero means. Assume that X and Y are
independent N(0, 1). Suppose

Z = det{x Y].

uv

Find the conditional density fzjyy (z|u,v). Show that if [X,Y]" and [U,V]" are uncor-
related, then your answer reduces to that of Problem 16. Hint: Problem 17 may be
helpful.

9.6: Complex random variables and vectors
19. Show that for a complex random variable Z = X + jY, cov(Z) = var(X) +var(Y).
20. Consider the complex random vector Z = X + jY with covariance matrix K.

(a) Show that K = (CX +Cy) +j(CYX — ny).

(b) If the circular symmetry conditions Cx = Cy and Cxy = —Cyx hold, show that
the diagonal elements of Cxy are zero; i.e., for each 7, the components X; and Y;
are uncorrelated.

(c) If the circular symmetry conditions hold, and if K is a real matrix, show that X
and Y are uncorrelated.

21. Let X and Y be real, n-dimensional N (0, %I ) random vectors that are independent of
each other. Write out the densities fx (x), fy(y), and fxy (x,y) = fx (x) fr (v). Compare
the joint density with

et (et jy)

nn
22. Let Z be a complex random vector with covariance matrix K = R + jQ for real matri-
ces R and Q.
(a) Show that R =R’ and that Q' = —Q.
(b) If Q' = —Q, show that v/Qv = 0.
(c) If w= v+ jO, show that

wiKw = V'Rv+6'R6O +26'Qv.

23. Let Z =X+ jY be a complex random vector, and let A = @+ j3 be a complex matrix.
Show that the transformation Z — AZ is equivalent to

HREIE

Hence, multiplying an n-dimensional complex random vector by an n X n complex
matrix is a linear transformation of the 2n-dimensional vector [X’, ¥']’. Now show that
such a transformation preserves circular symmetry; i.e., if Z is circularly symmetric,
then so is AZ.
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24. Consider the complex random vector @ partitioned as

o [v] - [515]
w U+jv )’
where X, Y, U, and V are appropriately-sized, real random vectors. Since every
complex random vector is identified with a real random vector of twice the length,
it is convenient to put Z := [X',Y’] and W := [U’,V']". Since the real and imaginary
parts of ® are R := [X',U'] and I := [Y’, V'], we put

X
~ R U
e [1] - |
Vv

Assume that ® is Gaussian and circularly symmetric.

(a) Show that Kzw = 0 if and only if C5y = 0.
(b) Show that the complex matrix A = o + jf solves AKy = Kz if and only if
A
i { . ]
solves ACy, = C5;.
(c) If A solves AKw = Kzw, show that given W = w, Z is conditionally Gaussian

and circularly symmetric N (mz +A(w —mw),Kz — AKyz). Hint: Problem 17.

25. Let Z = X + j¥ have density f2(z) = e~ /z as discussed in the text.

(a) Find cov(Z).
(b) Show that 2|Z|? has a chi-squared density with 2 degrees of freedom.
26. Let X ~ N(m,,1) and Y ~ N(m;, 1) be independent, and define the complex random

variable Z := X + jY. Use the result of Problem 25 in Chapter 5 to show that |Z| has
the Rice density.

27. The base station of a wireless communication system generates an n-dimensional,
complex, circularly symmetric, Gaussian random vector Z with mean zero and co-
variance matrix K. Let W = K~'/2Z.

(a) Find the density of W.

(b) Let Wy = Uy + jVi. Find the joint density of the pair of real random variables
(Uks Vi)

©) If

n n
2, 2 2 12
IWI? = Y Wel* = Y U2+ V¢,
k=1 k=1

show that 2||W ||? has a chi-squared density with 2n degrees of freedom.
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29.

30.
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Remark. (i) The chi-squared density with 2n degrees of freedom is the same
as the n-Erlang density, whose cdf has the closed-form expression given in
Problem 15(c) in Chapter 4. (ii) By Problem 19 in Chapter 5, v/2||W|| has a
Nakagami-n density with parameter A = 1.

Let M be a real symmetric matrix such that «’Mu = 0 for all real vectors u.
(a) Show that v'/Mu = 0 for all real vectors u and v. Hint: Consider the quantity
(u+v)M(u+v).
(b) Show that M = 0. Hint: Note that M = 0 if and only if Mu = O for all u, and
Mu = 0 if and only if ||Mu| = 0.

Show that if (9.10) is equal to w’ Kw /2 for all w = v + j6, then (9.11) holds. Hint:
Use the result of the preceding problem.

Assume that circular symmetry (9.11) holds. In this problem you will show that (9.13)
reduces to (9.14).

(a) Show that det” = (detK)?/2%". Hint:

det(2I') = det 2Cx ZCYX]

| 2Cyx  2Cx

[ 2Cx + j2Cyx —2Cyx
i 2Cyx — j2Cx 2Cx

K —2Cyx :|

= det

= det ik 2cy
(K —2Cyx

:det_o KH

} = (detK)?.

Remark. Thus, I is invertible if and only if K is invertible.

(b) Matrix inverse formula. For any matrices A, B, C, and D, let V = A+ BCD. If
A and C are invertible, show that

vi=A"1-A"B(C'+DA'B)"'DA"!

by verifying that the formula for V! satisfies VV~! =1I.

(c) Show that
A1 C); ! CyxA~ 1

r! =
—A71nyc§l AL ’

where A := Cx + CyxCy 'Cyx, by verifying that [T~ = I. Hint: Note that A~
satisfies

ATY = ot -Gy Cyx AT Cyx Gy
(d) Show that K~! = (A~ — jCy 'CyxA~")/2 by verifying that KK~ = 1.

(e) Show that (9.13) and (9.14) are equal. Hint: Using the equation for A~! given in
part (c), it can be shown that Cy ' CyxA™' = A='CyxCy . Selective application
of this formula may be helpful.
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Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

9.1.

9.2.

9.3.

9.4.

9.5.

9.6.

Introduction. Know formula (9.2) for the density of the n-dimensional Gaussian
random vector with mean vector m and covariance matrix C. Also know its joint

ot ian iq pfVm—Vv'Cv/2. ; ;
characteristic function is e: ; hence, a Gaussian random vector is completely
determined by its mean vector and covariance matrix.

Definition of the multivariate Gaussian. Know key facts about Gaussian random
vectors:

1. It is possible for X and Y to be jointly Gaussian, but not jointly continuous
(Problem 3).

2. Linear transformations of Gaussian random vectors are Gaussian.

3. In particular, any subvector of a Gaussian vector is Gaussian; i.e., marginals of
Gaussian vectors are also Gaussian.

4. In general, just because X is Gaussian and Y is Gaussian, it does not follow that
X and Y are jointly Gaussian, even if they are uncorrelated. See Problem 51 in
Chapter 7.

5. A vector of independent Gaussians is jointly Gaussian.

Characteristic function. Know the formula for the Gaussian characteristic function.
We used it to show that if the components of a Gaussian random vector are uncorre-
lated, they are independent.

Density function. Know the formula for the n-dimensional Gaussian density func-
tion.

Conditional expectation and conditional probability. If X and Y are jointly Gaus-
sian then E[X|Y = y] = A(Y — my) + my, where A solves ACy = Cxy; more generally,
the conditional distribution of X given ¥ =y is Gaussian with mean A(y — my) + my
and covariance matrix Cx — ACyx as shown in Problem 17.

Complex random variables and vectors. An n-dimensional complex random vector
Z = X + jY is shorthand for the 2n-dimensional real vector [X’,Y’]’. The covariance
matrix of [X,Y’]" has the form

Crx Cy
In general, knowledge of the covariance matrix of Z,
K = (Cx +Cy)+j(Cyx —Cxy),

is not sufficient to determine (9.15). However, if circular symmetry holds, i.e., if
Cx = Cy and Cxy = —Cyy, then K and (9.15) are equivalent. If X and Y are jointly
Gaussian and circularly symmetric, then the joint characteristic function and joint
density can be written easily in complex notation, e.g., (9.12) and (9.14).

[ Cx Gy ] ) 9.15)

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.
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Introduction to random processes’

10.1 Definition and examples

A random process or stochastic process is a family of random variables. In principle
this could refer to a finite family of random variables such as {X,Y,Z}, but in practice the
term usually refers to infinite families. The need for working with infinite families of ran-
dom variables arises when we have an indeterminate amount of data to model. For example,
in sending bits over a wireless channel, there is no set number of bits to be transmitted. To
model this situation, we use an infinite sequence of random variables. As another example,
the signal strength in a cell-phone receiver varies continuously over time in a random man-
ner depending on location. To model this requires that the random signal strength depend
on the continuous-time index 7. More detailed examples are discussed below.

Discrete-time processes

A discrete-time random process is a family of random variables {X, } where n ranges
over a specified subset of the integers. For example, we might have

{(Xyn=12,..}, {X,n=0,1,2,...}, or {X,,n=0,+1,42,..}.

Recalling that random variables are functions defined on a sample space €, we can think
of X,,(®) in two ways. First, for fixed n, X,,(®) is a function of @ and therefore a random
variable. Second, for fixed @ we get a sequence of numbers X; (®),X>(®),X3(®),.... Such
a sequence is called a realization, sample path, or sample function of the random process.

Example 10.1 (sending bits over a noisy channel). In sending a sequence of bits over a
noisy channel, bits are flipped independently with probability p. Let X,, = 1 if the nth bit
is flipped and X,, = 0 otherwise. Then {X,,n = 1,2,...} is an i.i.d. Bernoulli(p) sequence.
Three realizations of X;,X>, ... are shown in Figure 10.1.

As the preceding example shows, a random process can be composed of discrete random
variables. The next example shows that a random process can be composed of continuous
random variables.

Example 10.2 (sampling thermal noise in an amplifier). Consider the amplifier of a ra-
dio receiver. Because all amplifiers internally generate thermal noise, even if the radio is not
receiving any signal, the voltage at the output of the amplifier is not zero but is well modeled
as a Gaussian random variable each time it is measured. Suppose we measure this voltage
once per second and denote the nth measurement by Z,. Three realizations of Z;,2,, ... are
shown in Figure 10.2.

"The material in this chapter can be covered any time after Chapter 7. No background on random vectors from
Chapters 8 or 9 is assumed.
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Figure 10.1. Three realizations of an i.i.d. sequence of Bernoulli(p) random variables {X,,,n = 1,2,...}.
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Figure 10.2. Three realizations of an i.i.d. sequence of N(0, 1) random variables {Z,,n=1,2,...}.
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Example 10.3 (effect of amplifier noise on a signal). Suppose that the amplifier of the
preceding example has a gain of 5 and the input signal sin(27ft) is applied. When we
sample the amplifier output once per second, we get 5sin(27 fn) + Z,. Three realizations of
this process are shown in Figure 10.3.

8

OTTITITTTQ‘F.$ T
EISeORReEY

TTTT TTTT?..H .
SRR

1 5 10 15 20 25
n

-8

Figure 10.3. Three realizations of 5sin(27 fn) + Z,, where f = 1/25. The realizations of Z, in this figure are the
same as those in Figure 10.2.

Example 10.4 (filtering of random signals). Suppose the amplifier noise samples Z, are
applied to a simple digital signal processing chip that computes Y, = %Yn_l +Z, for n =

1,2,..., where Yy = 0. Three realizations of Y1,Y>, ... are shown in Figure 10.4.
3F ‘
O'ITTTIM', . .7QTTT?TTT.
e
-3t ‘ ‘
1 5 10 15 20 25
aF ‘
To IQ? TT TI '_7?0TT
I J I
=3t L L L L -
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o .-?I? . t el !
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Figure 10.4. Three realizations of ¥, = %Y,,,l +Z,, where Yy = 0. The realizations of Z, in this figure are the
same as those in Figure 10.2.




386 Introduction to random processes

Continuous-time processes

A continuous-time random process is a family of random variables {X;} where ¢
ranges over a specified interval of time. For example, we might have

{Xe,t >0}, {X,0<t<T}, or {X;,—oo<t<oo}.

Example 10.5 (carrier with random phase). In radio communications, the carrier signal
is often modeled as a sinusoid with a random phase. The reason for using a random phase is
that the receiver does not know the time when the transmitter was turned on or the distance
from the transmitter to the receiver. The mathematical model for this is the continuous-
time random process defined by X; := cos(27ff + ®), where f is the carrier frequency and
O ~ uniform[—7, 7]. Three realizations of this process are shown in Figure 10.5.

Figure 10.5. Three realizations of the carrier with random phase, X; := cos(27ft + ©). The three different values
of ® are 1.5, —0.67, and —1.51, top to bottom, respectively.

Example 10.6 (counting processes). In a counting process {N;,r > 0}, N; counts the
number of occurrences of some quantity that have happened up to time ¢ (including any
event happening exactly at time #). We could count the number of hits to a website up to
time ¢, the number of radioactive particles emitted from a mass of uranium, the number
of packets arriving at an Internet router, the number of photons detected by a powerful
telescope, etc. Three realizations of a counting process are shown in Figure 10.6. The times
at which the graph jumps are the times at which something is counted. For the sake of
illustration, suppose that N; counts the number of packets arriving at an Internet router. We
see from the figure that in the top realization, the first packet arrives at time ¢t = 0.8, the
second packet arrives at time ¢ = 2, etc. In the middle realization, the first packet arrives at
time ¢ = 0.5 and the second packet arrives at time = 1. In the bottom realization, the first
packet does not arrive until time # = 2.1 and the second arrives soon after at time t = 2.3.
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Figure 10.6. Three realizations of a counting process N;.

Example 10.7 (Brownian motion or the Wiener process). In 1827, Robert Brown ob-
served that small particles in a liquid were continually in motion and followed erratic paths.
A simulation of such a path is shown at the upper left in Figure 10.7. Wiggly paths of this
kind are called Brownian motion. Let us denote the position of a particle at time ¢ by
(X:,Y;). A plot of ¥, as a function of time is shown at the right in Figure 10.7. The dashed
horizontal lines point out that the maximum vertical position occurs at the final time 7 = 1
and the minimum vertical position occurs at time ¢t = 0.46. Similarly, X; is plotted at the
lower left. Note that the vertical axis is time and the horizontal axis is X;. The dashed verti-
cal lines show that right-most horizontal position occurs at time ¢ = 0.96 and the left-most
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Figure 10.7. The two-dimensional Brownian motion (X;,Y;) is shown in the upper-left plot; the curve starts in the
center of the plot at time # = 0 and ends at the upper right of the plot at time ¢ = 1. The vertical component ¥; as a
function of time is shown in the upper-right plot. The horizontal component X; as a function of time is shown in
the lower-left plot; note here that the vertical axis is time and the horizontal axis is X;.
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horizontal position occurs at time ¢ = 0.52. The random paths observed by Robert Brown
are physical phenomena. It was Norbert Wiener who established the existence of random
processes X; and Y; as well-defined mathematical objects. For this reason, a process such as
X; or Y; is called a Wiener process or a Brownian motion process.

Today Wiener processes arise in many different areas. Electrical engineers use them to
model integrated white noise in communication and control systems, computer engineers
use them to study heavy traffic in Internet routers, and economists use them to model the
stock market and options trading.

10.2 Characterization of random processes

For a single random variable X, once we know its pmf or density, we can write down a
sum or integral expression for P(X € B) or E[g(X)] for any set B or function g. Similarly,
for a pair of random variables (X,Y), we can write down a sum or integral expression
for P((X,Y) € A) or E[A(X,Y)] for any two-dimensional set A or bivariate function 4. More
generally, for any finite number of random variables, once we know the joint pmf or density,
we can write down expressions for any probability or expectation that arises.

When considering more than finitely many random variables, Kolmogorov showed that
a random process X; is completely characterized once we say how to compute, for every
1<n<oo,

P((X:,,...,X:,) €B)

for arbitrary n-dimensional sets B and distinct times #1, . .. ,#,. The precise result is discussed
in more detail in Chapter 11.

In most real-world problems, we are not told the joint densities or pmfs of all relevant
random variables. We have to estimate this information from data. We saw in Chapter 6
how much work it was to estimate E[X] or fx(x) from data. Imagine trying to estimate an
unending sequence of joint densities, fx, (x1), fx,x,(X1,X2), fx,x,x; (X1,X2,%3), .... Hence,
in practical problems, we may have to make due with partial characterizations. In the case of
a single random variable, we may know only the mean and variance. For a pair of dependent
random variables X and Y, we may know only the means, variances, and correlation E[XY].
We now present the analogous quantities for random processes.

Mean and correlation functions

If X; is a random process, then for every value of ¢, X; is a random variable with mean
E[X;]. We call

mx(t) := E[X] (10.1)

the mean function of the process. The mean function reflects the average behavior of the
process with time.
If X;, and X;, are two random variables of a process X;, their correlation is denoted by

Rx(l‘l,l‘z) = E[X,IXQ]. (102)
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When regarded as a function of the times #; and ,, we call Rx(#,1,) the correlation func-
tion of the process. The correlation function reflects how smooth or wiggly a process is.

Example 10.8. In a communication system, the carrier signal at the receiver is mod-
eled by X, = cos(2mft + ®), where ® ~ uniform[—x,7]. Find the mean function and the
correlation function of X;.

Solution. For the mean, write
E[X;] = E[cos(2mft+ ®)]
= / cos(2mft+0) fo(0)do

T do
= 2 9 .
/”cos( Tft+ )2717

Be careful to observe that this last integral is with respect to 8, not ¢t. Hence, this integral
evaluates to zero.
For the correlation, first write

Rx(t1,) = E[X;,X;,] = E[cos(2mft) +®)cos(2mft>+O)].
Then use the trigonometric identity
cosAcosB = 1[cos(A+B)+cos(A—B)] (10.3)

to write
Rx(t1,1) = %E [cos(27rf[t1 +1]+20) +cos(2mf[t; — tz])] )

The first cosine has expected value zero just as the mean did. The second cosine is nonran-
dom, and therefore equal to its expected value. Thus, Ry (f1,72) = cos(2xf[t) — 12]) /2.

Example 10.9. Find the correlation function of
X, =Z1+---+2Z,, n=12,...,

if the Z; are zero-mean and uncorrelated with common variance 6 := var(Z;) for all i.

Solution. For m > n, observe that

Xm - Z1+"'+Zn+Zn+l+"'+Zmo
—_————

Xn

Then write

E[X, X]

ol 2, 5)]
EX?]+E {X( i z,-)} .

i=n+1
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To analyze the first term on the right, observe that since the Z; are zero mean, so is X,,. Also,
X, is the sum of uncorrelated random variables. Hence,

E[an} = Var(Xn) = Zvar(Zi) = }10'27
i=1

since the variance of the sum of uncorrelated random variables is the sum of the variances
(recall (2.28)). To analyze the remaining expectation, write

pel 2] = El(32)(£.2)

n m

=) ) Elzz]
j=li=n+1

=0

since in the double sum i # j, and since the Z; are uncorrelated with zero mean. We can now
write E[X,X,,] = 62n for m > n. Since we can always write E[X,X,,] = E[X,,X,], it follows
that the general result is

Rx(n,m) = E[X,X,] = szin(n,m), n,m>1.

Example 10.10. In the preceding example, if the Z; are i.i.d. N(0, 6) random variables,
then X,, is an N(0, Gzn) random variable by Problem 55(a) in Chapter 4. For 1 <k <[ <
n < m, the increments X; — X; and X,,, — X,, are independent with

X, —Xg ~N(0,6%(l—k)) and X, —X,~N(0,06%(m—n)).

After studying the properties of the continuous-time Wiener process in Chapter 11, it will
be evident that X, is the discrete-time analog of the Wiener process.

Example 10.11. Let X, be a random process with mean function my (¢). Suppose that
X, is applied to a linear time-invariant (LTI) system with impulse response /(7). Find the
mean function of the output process®

Y, = / h(t — 0)Xq dO.
Solution. To begin, write

Ely,] = E[/Zh(t—O)ngG] _ /:E[h(t—e)xe]de,

“The precise definition of an integral of a random process is given in Chapter 13.
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where the interchange of expectation and integration is heuristically justified by writing the
integral as a Riemann sum and appealing to the linearity of expectation; i.e.,

E{/_Zh(te)Xe de} ~ E{Zj,h(IGi)X@A@i
= Y El(t — 6)Xe,A6]
= ZE[/’l(f — ei)XQi]Aei
~ /_w Elh(t — 6)Xe] d6.

To evaluate this last expectation, note that Xg is a random variable, while for each fixed ¢
and 0, h(t — 0) is just a nonrandom constant that can be pulled out of the expectation. Thus,

Y] = [ ht—6)EXodo,

or equivalently,

my (1) = / h(t — 8)myx (8) 6. (10.4)
For future reference, make the change of variable T =t — 0, dt = —d®0, to get
my (1) = / h(e)my (i — 7)d. (10.5)

The foregoing example has a discrete-time analog in which the integrals are replaced by
sums. In this case, a discrete-time process X, is applied to a discrete-time LTI system with
impulse response sequence i(n). The output is

The analogs of (10.4) and (10.5) can be derived. See Problem 6.

Correlation functions have special properties. First,
Rx(tl,tg) = E[thxtz] = E[X,ZXII] = Rx(tg,tl).

In other words, the correlation function is a symmetric function of #; and 7,. Next, observe
that Ry (1,1) = E[X,z] >0, and for any f; and 17,

|Rx (11,12)| < 1/E[X?E[X2]. (10.6)
This is just the Cauchy—Schwarz inequality (2.24), which says that

[E[X, X,]| < \/EIX?]EX2].
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A random process for which E[X?] < oo for all # is called a second-order process. By
(10.6), the correlation function of a second-order process is finite for all #; and #,. Such a
process also has a finite mean function; again by the Cauchy—Schwarz inequality,

[EX ]| = [E[X-1]] < /EXPIE[1?] = \/E[X?].

Except for the continuous-time white noise processes discussed later, all processes in this
chapter are assumed to be second-order processes.

The covariance function is
Cx(n,0) == E[(X, —EX,]) (X, —E[X,])].
An easy calculation (Problem 3) shows that
Cx(t1,02) = Rx(t1,02) —mx (t1)mx(t2). (10.7)

Note that the covariance function is also symmetric; i.e., Cx (t1,t2) = Cx (t2,11).

Cross-correlation functions

Let X; and Y; be random processes. Their cross-correlation function is

Rxy(t1,1) = E[X;,Y,,]. (10.8)

To distinguish between the terms cross-correlation function and correlation function, the
latter is sometimes referred to as the auto-correlation function. The cross-covariance
function is

ny(l‘l,lz) = E[{le —mx(tl)}{Yfz —mY(l‘z)}] = ny(tl,l‘z) —mx(tl)my(tg). (10.9)

Since we usually assume that our processes are zero mean; i.e., my (f) = 0, we focus on
correlation functions and their properties.

Example 10.12. Let X, be a random process with correlation function Ry (¢;,#). Sup-
pose that X; is applied to an LTI system with impulse response #(z). If

Y= [ meX qde,

find the cross-correlation function Ryy (¢1,#,) and the auto-correlation function Ry (1,1,).

Solution. For the cross-correlation function, write

Rxy(t1,12) = E[X; Y]
_ E[X,l/ h(e)xtzgde}
:/ h(6)E[X, X,, o] d6

_ /j’ h(0)Rx (11,1 — 0) dO.
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To compute the auto-correlation function, write
Ry(t1,n) = E[Y,,1,,]
— e[ ([ np,pap ).
— [ h(BIEIX, p¥.]dp
— [ h(BRa (01~ o) dp.

Using the formula that we just derived above for Rxy, we have

oo

Ry(t1,12) = /_mh(ﬁ)</_ih(6)Rx(tl —ﬁ,tz—e)cw)dﬁ.

For future reference, we extract from the above example the formulas
E[X,Y,] = / h(6)E[X, X,,_o]d6 (10.10)

nd
' E[Y, Y,] = /_Zh(ﬁ)(/_ih(e)E[thﬁXt2_g]d9)dB. (10.11)

The discrete-time analogs are derived in Problem 6.

10.3 Strict-sense and wide-sense stationary processes

An every-day example of a stationary process is the daily temperature during the sum-
mer. During the summer, it is warm every day. The exact temperature varies during the day
and from day to day, but we do not check the weather forecast to see if we need a jacket to
stay warm.

Similarly, the exact amount of time it takes you to go from home to school or work
varies from day to day, but you know when to leave in order not to be late.

In each of these examples, your behavior is the same every day (time invariant!) even
though the temperature or travel time is not. The reason your behavior is successful is that
the statistics of the temperature or travel time do not change. As we shall see in Section 10.4,
the interplay between LTI systems and stationary processes yields some elegant and useful
results.

Strict-sense stationarity

A random process is nth order strictly stationary if for any collection of n times
t1,...,1,, all joint probabilities involving X; ya;, .., X;,+; do not depend on the time shift
At, whether it be positive or negative. In other words, for every n-dimensional set B,

P((Xi,+ar-- - Xp+ar) € B)
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does not depend on At. The corresponding condition for discrete-time processes is that

P((X1+m7 cee aXner) S B)

not depend on the integer time shift m.
If a process is nth order strictly stationary for every positive, finite integer n, then the
process is said to be strictly stationary.

Example 10.13. Let Z be a random variable, and put X; := Z for all . Show that X; is
strictly stationary.

Solution. Given any n-dimensional set B,
P((Xi+ars-- - Xprar) €B) = P((Z,...,Z) € B),

which does not depend on At.

Example 10.14. Show that an i.i.d. sequence of continuous random variables X, with
common density f is strictly stationary.

Solution. Fix any positive integer n and any n-dimensional set B. Let m be any integer,
positive or negative. Then P ((XH»mv cosXtm) € B) is given by

/ [ i) i) ditin A (10.12)

Since Xi4m,...,Xp+m are just dummy variables of integration, we may replace them by
X1,...,X,. Hence, the above integral is equal to

/ /f x1) - f(xn) dxy - - - dxp,

which does not depend on m.

It is instructive to see how the preceding example breaks down if the X; are independent
but not identically distributed. In this case, (10.12) becomes

/' e /le+m (x1+m) o 'an+m (xn+m) dx1+m e 'dxn+m~
B

Changing the dummy variables of integration as before, we obtain

[ [ o0 i ) i,
B

which still depends on m.
Strict stationarity is a strong property with many implications. If a process is first-order
strictly stationary, then for any #; and #; + At, X;, and X; 4, have the same pmf or density.
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It then follows that for any function g(x), E[g(X;,)] = E[g(X;, +a:)]. Taking Ar = —r; shows
that E[g(X;,)] = E[¢(Xo)], which does not depend on 7;. If a process is second-order strictly
stationary, then for any function g(x;,x>), we have

E[g(X,],sz)] = E[g(Xt1+At7Xt2+At)]

for every time shift Az. Since At is arbitrary, let Ar = —#,. Then
E[g(th 7Xt2)] = E[g(th —tp aXO)]-

It follows that E[g(X;,,X;,)] depends on #; and #, only through the time difference t; — 1.

Requiring second-order strict stationarity is a strong requirement. In practice, e.g.,
analyzing receiver noise in a communication system, it is often enough to require that E[X;]
not depend on ¢ and that the correlation Rx(f1,2) = E[X,,X;,] depend on #; and 7, only
through the time difference, 1| — ;. This is a much weaker requirement than second-order
strict-sense stationarity for two reasons. First, we are not concerned with probabilities, only
expectations. Second, we are only concerned with E[X;] and E[X; X, | rather than E[g(X;)]
and E[g(X;,,X;,)] for arbitrary functions g.

Even if you can justify the assumption of first-order strict-sense stationarity, to fully
exploit it, say in the discrete-time case, you would have to estimate the density or pmf of
X;. We saw in Chapter 6 how much work it was for the i.i.d. case to estimate fx, (x). For
a second-order strictly stationary process, you would have to estimate fx,x, (x1,x2) as well.
For a strictly stationary process, imagine trying to estimate n-dimensional densities for all
n=1,2,3,...,100,....

Wide-sense stationarity

We say that a process is wide-sense stationary (WSS) if the following two properties
both hold:

(i) The mean function E[X;] does not depend on 7.
(if) The correlation function E[X; X;,| depends on #; and #, only through the time dif-
ference t; — t5.

Notation. For a WSS process, E[X;; :X;] depends only on the time difference, which is
(t+ ) —t = 1. Hence, for a WSS process, it is convenient to re-use the term correlation
function to refer to the the univariate function

Observe that since ¢ in (10.13) is arbitrary, taking t =1, and T = t; — 1, gives the formula
EX, X,] = Rx(t1 —1). (10.14)

Example 10.15. In Figure 10.8, three correlation functions Rx () are shown at the left.
At the right is a sample path X; of a zero-mean process with that correlation function.
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Figure 10.8. Three examples of a correlation function with a sample path of a process with that correlation
function.

Example 10.16. Show that univariate correlation functions are always even.

Solution. Write

Rx(—7) = E[X,_eX], by (10.13),
= E[X;X—<], since multiplication commutes,
= Rx(t—[t—1]), by (10.14),
= Rx(T).

Example 10.17. The carrier with random phase in Example 10.8 is WSS since we
showed that E[X;] = 0 and E[X; X;,] = cos(2mf[t; —12])/2. Hence, the (univariate) cor-
relation function of this process is Rx (7) = cos(27mf1)/2.

Example 10.18. Let X; be WSS with zero mean and correlation function Rx (7). If ¥; is
a delayed version of X;, say Y, := X;_,, determine whether or not ¥; is WSS.

Solution. We first check the mean value by writing
ElY;] = E[X;—] = 0,
since X; is zero mean. Next we check the correlation function of ;. Write
ElY,, Y] = E[X;—X,—1] = Rx([ti —t0] — [12—10]) = Rx(t1 —12).

Hence, ¥; is WSS, and in fact, Ry (7) = Rx(7).
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Example 10.19 (a WSS process that is not strictly stationary). Let X, be independent
with X, ~ N(0,1) for n # 0, and Xo ~ Laplace(A) with A = /2. Show that this process
is WSS but not strictly stationary.

Solution. Using the table inside the back cover, it is easy to see that for all n, the X,
are zero mean and unit variance. Furthermore, for n # m, we have by independence that
E[X.X] = 0. Hence, for all n and m, E[X,X,,] = 6 (n —m), where 6 denotes the Kronecker
delta, 6(n) = 1 for n =0 and J(n) = 0 otherwise. This establishes that the process is WSS.

To show the process is not strictly stationary, it suffices to show that the fourth moments
depend on n. For n # 0, E[X?}] = 3 from the table or by Example 4.11. For n =0,

oo l g=)
EXy] = /7mx4§efl‘x|dx = /0 e dx,

which is the fourth moment of an exp(4) random variable. From the table or by Exam-
ple 4.17, this is equal to 4!/7L4. With A = /2, E[Xg] = 6. Hence, X,, cannot be strictly
stationary.

The preceding example shows that in general, a WSS process need not be strictly sta-
tionary. However, there is one important exception. If a WSS process is Gaussian, a notion
defined in Section 11.4, then the process must in fact be strictly stationary (see Exam-
ple 11.9).

Estimation of correlation functions

In practical problems, we are not given the correlation function, but must estimate it
from the data. Suppose we have discrete-time WSS process X;. Observe that the expectation
of

1 N
X nX, 10.15
2N+1k=Z—N ket Xk ( )
is equal to
L EXX] = — Y Ry(n) = Ryl
T o Ee X = 5T B Relon) = Rl

Thus, (10.15) is an unbiased estimator of Ry (n) that can be computed from observations
of X;. In fact, under conditions given by ergodic theorems, the estimator (10.15) actu-
ally converges to Rx(n) as N — . For a continuous-time WSS process X;, the analogous
estimator is

%/_TTX,HX,dt. (10.16)
Its expectation is
1 T 1 T
ﬁ/_TE[XHrXt]dt _ ﬁ/_TRX(T)dt — Ry(1).
Under suitable conditions, the estimator (10.16) converges to Rx(t) as T — oo. Ergodic

theorems for continuous-time processes are discussed later in Section 10.10 and in the prob-
lems for that section.
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Transforms of correlation functions

In the next section, when we pass WSS processes through LTI systems, it will be conve-
nient to work with the Fourier transform of the correlation function. The Fourier transform
of Rx(7) is defined by

Sx(f) = [ ZRX(c)e—ﬂ”ffdr.

By the inversion formula,

Ry(7) = / Sx(f)e>™ 7 df.

Example 10.20. Three correlation functions, Rx(7), and their corresponding Fourier
transforms, Sy (f), are shown in Figure 10.9. The correlation functions are the same ones
shown in Figure 10.8. Notice how the smoothest sample path in Figure 10.8 corresponds to
the Sx (f) with the lowest frequency content and the most wiggly sample path corresponds
to the Sx (f) with the highest frequency content.

As illustrated in Figure 10.9, Sx (f) is real, even, and nonnegative. These properties can
be proved mathematically. We defer the issue of nonnegativity until later. For the moment,
we show that Sx (f) is real and even by using the fact that Rx (7) is real and even. Write

Se(f) = [ Re(@)e P
= /w Rx(7) cos(anr)dr—j/m Rx(7)sin(2mft)dz.

Since Ry (T) is real and even, and since sin(27f7) is an odd function of 7, the second

R (1) S5
IM )
0
-1
—-10 0 10 -1 0 1

=

(e} —_
w

0
-10 0 10 -1 0 1

Figure 10.9. Three correlation functions (left) and their corresponding Fourier transforms (right).
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integrand is odd, and therefore integrates to zero. Hence, we can always write

Sx(f) = / Re(x)cos(2nfT)dr.

Thus, Sx (f) is real. Furthermore, since cos(27 /1) is an even function of f, so is Sx (f).

Example 10.21. If a carrier with random phase is transmitted at frequency fp, then from
Example 10.17 we know that Rx (7) = cos(2mfyT)/2. Verify that its transform is Sx (f) =

[6(f = Jo) +8(f + fo)l/4.
Solution. All we have to do is inverse transform Sx (f). Write
| stpermirag = & [ (80~ o)+ 80+ fleP s
) — Hej;?;for + e—ﬂﬂfof]
. ej27tf01: _|_e—j2717f01'
=1 5
= cos(2nfyT)/2.

Example 10.22. If Sx (f) has the form shown in Figure 10.10, find the correlation func-
tion Rx (7).

-w 0 w
Figure 10.10. Graph of Sx (f) for Example 10.22.

Solution. We must find the inverse Fourier transform of Sx (f). Write

Rx(7) [ :SX( eIt ar

W
— / e]277,'f‘t df
w

pJ2nft | =W

Jj2nt W
ejZJrWr _ efj27rW‘r
j2nT
ejZnWr _ eijnWr
2j(2nW7)
sin(2zWT)
27wt

= 2W

= 2W
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Figure 10.11. Correlation function Rx (7) of Example 10.22.

This function is shown in Figure 10.11. The maximum value of Ry (7) is 2W and occurs at
7 = 0. The zeros occur at T equal to positive integer multiples of +1/(2W).

Remark. Since Ry and Sy are transform pairs, an easy corollary of Example 10.22 is

that .
° sint
[ a
e T
To see this, first note that

L= selseo = ([ Reltieormac)|
J —o0 f:O
This holds for all W > 0. Taking W = 1/2 we have
| — /°" sin(7T) dr.

—o T

Making the change of variable t = n7, dt = wd7, yields the result.

Remark. Tt is common practice to define sinc(7) :=sin(n7) /(7). The reason for in-
cluding the factor of 7 is so that the zero crossings occur on the nonzero integers. Using the
sinc function, the correlation function of the preceding example is Rx (7) = 2W sinc(2W ).

The foregoing examples are of continuous-time processes. For a discrete-time WSS
process X,, with correlation function Rx (n) = E[X1 . Xx],

=

Sx(f) ==Y Rx(n)e />™/"
Nn——oo
is the discrete-time Fourier transform. Hence, for discrete-time processes, Sx (f) is peri-
odic with period one. Since Sx (f) is a Fourier series, the coefficients Ry (n) can be recov-

ered using
1/2 _
Ry(n) = / Sx(f)e2 ™ dyf.

1/2
Properties of Sx (f) are explored in Problem 20.



10.4 WSS processes through LTI systems 401

10.4 WSS processes through LTI systems

In this section we show that LTI systems preserve wide-sense stationarity. In other
words, if a WSS process X; is applied to an LTT system with impulse response /4, as shown
in Figure 10.12, then the output

Y, :/ h(t—6)XgdO

is another WSS process. Furthermore, the correlation function of ¥;, and the cross-correla-
tion function of X; and ¥; can be expressed in terms of convolutions involving 4 and Ry. By
introducing appropriate Fourier transforms the convolution relationships are converted into
product formulas in the frequency domain.

The derivation of the analogous results for discrete-time processes and systems is carried
out in Problem 31.

X, —» h(t) —»1Y,

Figure 10.12. Block diagram of an LTI system with impulse response A(t), input random process X;, and output
random process Y;.

Time-domain analysis
Recall from Example 10.11 that

my (1) = /:Oh(’c)mx(t—f)d'c.

Since X; is WSS, its mean function my (¢) is constant for all ¢, say my (f) = m. Then

my (1) = m/:oh(r)dr,

which does not depend on . Next, from (10.11),

eyl = [ #B)( [ MO)EI, pXo-oldo )ap.
Since X; is WSS, the expectation inside the integral is just
Rx ([t — B] = [ = 6]) = Rx([t1 —12] — [B —6]).

Hence,

eyl = [ h(ﬁ)( I h<e>Rx<m—rz]—[ﬁ—ende)dﬁ,

which depends on #; and #, only through their difference. We have thus shown that the

response of an LTI system to a WSS input is another WSS process with correlation
function

Ry(1) = /ih(ﬁ)(/Zh(e)RX(r—me)de)dﬁ. (10.17)
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Before continuing the analysis of Ry(7), it is convenient to first look at the cross-
correlation between X;, and Y;,. From (10.10),

Xl] le / h XZ|X1‘279} de
= [ mOR(n —12+6)ds.

If two processes X; and Y; are each WSS, and if their cross-correlation E[Xtl Y,z] depends
on t; and #, only through their difference, the processes are said to be jointly wide-sense
stationary (J-WSS). In this case, their univariate cross-correlation function is defined by

ny(f) = E[Xt+fYt:|.
The generalization of (10.14) is
E[thytz] = ny(tl —tz).

The foregoing analysis shows that if a WSS process is applied to an LTI system, then
the input and output processes are J-WSS with cross-correlation function

Ryy (1) = /m h(8)Ry (T + 6)d6. (10.18)

J —oo

Comparing (10.18) and the inner integral in (10.17) shows that
— [ _h(B)Rer(z - B)dp. (10.19)

Thus, Ry is the convolution of /4 and Ryy. Furthermore, making the change of variable
oa=—0,do=—d0 in (10.18) yields

RXY / h RX T— Ot) da. (10.20)
In other words, Rxy is the convolution of A(—o) and Rx.

Frequency-domain analysis

The preceding convolutions suggest that by applying the Fourier transform, much sim-
pler formulas can be obtained in the frequency domain. The Fourier transform of the system
impulse response £,

H(f) = [;h(r)e*ﬂ”ffdr,

is called the system transfer function. The Fourier transforms of Rx (7), Ry (), and Rxy (7)
are denoted by Sx(f), Sy(f), and Sxy(f), respectively. Taking the Fourier transform of
(10.19) yields

Sy(f) = H(f)Sxy(f)- (10.21)
Similarly, taking the Fourier transform of (10.20) yields

Sxy(f) = H(f)"Sx(f), (10.22)
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since, as shown in Problem 22, for % real, the Fourier transform of 2(—7) is H(f)*, where
the asterisk * denotes the complex conjugate. Combining (10.21) and (10.22), we have

Sy(f) = H(f)Sxy(f) = H()H(f)*Sx(f) = |H(f)I*Sx(f).

Thus,

Sy(f) = |H(f)PSx(f). (10.23)

Example 10.23. Suppose that the process X; is WSS with correlation function Rx (1) =
e Ml If X, is applied to an LTI system with transfer function

H(f) = \/ A2+ Q2 f)2 I_ww(f),

find the system output correlation function Ry (7).

Solution. Our approach is to first find Sy (f) using (10.23) and then take the inverse
Fourier transform to obtain Ry (7). To begin, first note that

H(f)I* = [A*+ Qaf) [ww (),

where we use the fact that since an indicator is zero or one, it has the property that it is equal
to its square. We obtain Sx(f) from the table of Fourier transforms inside the front cover
and write

Sc(PIHC?
— s R P ()

= 2M_ww)(f)s

Sy (f)

which is proportional to the graph in Figure 10.10. Using the transform table inside the
front cover or the result of Example 10.22,

sin(2zWT)

Ry(1) = 2220~

10.5 Power spectral densities for WSS processes

Motivation

Recall that if v(¢) is the voltage across a resistance R, then the instantaneous power is
v(t)? /R, and the energy dissipated is [*°_v(t)?/Rdt. Similarly, if the current through the re-
sistance is i(¢), the instantaneous power is i(¢)?R, and the energy dissipated is [*°_i(¢)?Rdt.

Based on the foregoing observations, the “energy” of any waveform x(¢) is defined to
be [, |x(t)|*>dt. Of course, if x(¢) is the voltage across a one-ohm resistor or the current
through a one-ohm resistor, then [ |x(¢)|?dt is the physical energy dissipated.
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Some signals, such as periodic signals like cos(#) and sin(¢), do not have finite energy,
but they do have finite average power; i.e.,

1 T
lim — NPdr < oo
fim o [ @)
For periodic signals, this limit is equal to the energy in one period divided by the period
(Problem 32).
Power in a process

For a deterministic signal x(¢), the energy or average power serves as a single-number
characterization. For a random process X;, the analogous quantities

/thdt and l1m—/ X2 dt
—co 2T

are random variables — they are not single-number characterizations (unless extra assump-
tions such as ergodicity are made; see Section 10.10). However, their expectations are
single-number characterizations. Since most processes have infinite expected energy (e.g.,
WSS processes — see Problem 33), we focus on the expected average power,

For a WSS process, this becomes

LT
Jim 7TE[X,]t—ThL1}Qﬁ/ Rx(0)di = Ry(0).

Since Ry and Sy are Fourier transform pairs,

7 = ([ se(nerrar)
- =0
= [ sx(ndr
Since we also have E[X?] = Rx(0),
Py = EIX?) = Re(0) = [ su(f)ar. (10.24)

and we have three ways to express the power in a WSS process.

Remark. From the definition of Py, (10.24) says that for a WSS process,

. 1 T 2 2
E{Thﬂoﬂ/rxt dt] — ElX2,

which we call the expected instantaneous power. Thus, for a WSS process, the expected
average power is equal to the expected instantaneous power.
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Figure 10.13. Bandpass filter H(f) for extracting the power in the frequency band W; < |f| < W,.

Example 10.24 (power in a frequency band). For a WSS process X;, find the power in
the frequency band W < |f| < Wa.

Solution. We interpret the problem as asking us to apply X; to the ideal bandpass filter
with transfer function H(f) shown in Figure 10.13 and then find the power in the output
process. Denoting the filter output by Y;, we have

Py

/:SY(f)df

= [T IHGIPsx(ar, by 1023),
-W, W,

:/ Sx(f)df+/ Sx(f)df,
-W, W,

where the last step uses the fact that H(f) has the form in Figure 10.13. Since, as shown at
the end of Section 10.4, Sx (f) is even, these last two integrals are equal. Hence,

W
Py =2[ Sx(f)df.
Wi
To conclude the example, we use the formula for Py to derive the additional result that
Sx (f) is a nonnegative function. Suppose that W, = Wj + AW, where AW > 0 is small.

Then
W +AW

P =2 . Sx(f)df = 2Sx(W))AW.

It follows that
Py

— >0
AW — 7

since Py = E[YV?] > 0. Since W; > 0 is arbitrary, and since Sx (f) is even, we conclude that
Sx(f) >0 forall f.

Sx(Wl) ~

Example 10.24 shows that Sx (f) is a nonnegative function that, when integrated over
a frequency band, yields the process’s power in that band. This is analogous to the way a
probability density is integrated over an interval to obtain its probability. On account of this
similarity, Sx (f) is called the power spectral density of the process. The adjective “spec-
tral” means that Sy is a function of frequency. While there are infinitely many nonnegative,
even functions of frequency that integrate to Py, there is only one such function that when
integrated over every frequency band gives the power in that band. See Problem 34.
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The analogous terminology for Sxy (f) is cross power spectral density. However, in
general, Sxy(f) can be complex valued. Even if Syy(f) is real valued, it need not be
nonnegative. See Problem 35.

White noise

If a WSS process has constant power across all frequencies, it is called white noise.
This is analogous to white light, which contains equal amounts of all the colors found in
a rainbow. To be precise, X; is called white noise if its power spectral density is constant
for all frequencies. Unless otherwise specified, this constant is usually denoted by Ny /2.
Taking the Fourier transform of

N
Rx(1) = 38(v),
where § is the Dirac delta function, yields
No
Sx(f) = -

Thus, the correlation function of white noise is a delta function. White noise is an ideal-
ization of what is observed in physical noise sources. In real noise sources, Sx(f) is
approximately constant for frequencies up to about 1000 GHz. For |f| larger than this,
Sx (f) decays. However, what real systems see is |H (f)|>Sx(f), where the bandwidth of
the transfer function is well below 1000 GHz. In other words, any hardware filters the noise
so that Sy (f) is not affected by the exact values of Sy (f) for the large |f| where Sx (f)
begins to decay.

Remark. Just as the delta function is not an ordinary function, white noise is not an
ordinary random process. For example, since §(0) is not defined, and since E[X?] =
Rx(0) = (No/2)0(0), we cannot speak of the second moment of X; when X; is white noise.
In particular, white noise is not a second-order process. Also, since Sx (f) = Ny /2 for white
noise, and since .

Sdf = e,

we often say that white noise has infinite average power.

In Figure 10.10, if we let W — oo, we get Sy (f) = 1 for all f. Similarly, if we let W — oo
in Figure 10.11, Rx(7) begins to look more and more like (7). This suggests that a process
X; with correlation function in Figure 10.11 should look more and more like white noise as
W increases. For finite W, we call such a process bandlimited white noise. In Figure 10.14,
we show sample paths X; with W = 1/2 (top), W = 2 (middle), and W = 4 (bottom). As W
increases, the processes become less smooth and more wiggly. In other words, they contain
higher and higher frequencies.

Example 10.25. Consider the lowpass RC filter shown in Figure 10.15. Suppose that
the voltage source is a white-noise process X; with power spectral density Sx (f) = Np/2. If
the filter output is taken to be the capacitor voltage, which we denote by V;, find its power
spectral density Sy (f) and the corresponding correlation function Ry (7).
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0
0 10 20 30

0 10 20 30

Figure 10.14. Bandlimited white noise processes with the power spectral density in Figure 10.10 and the correla-
tion function in Figure 10.11 for W = 1/2 (top), W = 2 (middle), and W = 4 (bottom).

Figure 10.15. Lowpass RC filter.

Solution. From standard circuit-analysis techniques, the system transfer function be-
tween the input X; and output Y; is

H(f) = m
Hence,
SH) = IHOPSU) = TG
If we write No 2/RC

S = — ,
() = Zxe (1/RC)?+ (21 f)?
then the inverse transform of Sy (f) can be found by inspection using the table inside the
front cover. We find that N
— 20 —[d/rRC
R = .
(%) = Zrc?

Figure 10.16 shows how the sample paths ¥; vary with the filter time constant, RC. In
each case, the process wanders between the top and the bottom of the graph. However, the
top graph is less wiggly than the bottom one, and the middle one has an intermediate amount
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0 10 20 30

Figure 10.16. Three realizations of a lowpass RC filter output driven by white noise. The time constants are
RC =4 (top), RC = 1 (middle), and RC = 1/4 (bottom).

of wiggle. To explain this, recall that the filter time constant is inversely proportional to the
filter bandwidth. Hence, when RC is large, the filter has a small bandwidth and passes only
low-frequency components. When RC is small, the filter has a large bandwidth that passes
both high and low frequency components. A signal with only low frequency components
cannot wiggle as much as a signal with high frequency components.

Example 10.26. A certain communication receiver employs a bandpass filter to reduce
white noise generated in the amplifier. Suppose that the white noise X; has power spectral
density Sx(f) = No/2 and that the filter transfer function H(f) is given in Figure 10.13.
Find the expected output power from the filter.

Solution. The expected output power is obtained by integrating the power spectral den-
sity of the filter output. Denoting the filter output by Y,

A= [ sindr = [ |H@Pss(ar,

Since |H(f) |2Sx(f) = Ny/2 for W) < |f| < Wa, and is zero otherwise, Py = 2(No/2)(W, —
W1) = No(W> — W)). In other words, the expected output power is Ny times the bandwidth?
of the filter.

Example 10.27. White noise with power spectral density Ny /2 is applied to a lowpass
filter with transfer function H(f) = e~2**I|. Find the output noise power from the filter.

bBandwidth refers to the range of positive frequencies where |[H(f)| > 0. The reason for this is that in phys-
ical systems, the impulse response is real. This implies H(—f) = H(f)*, and then |H(f)]> = H(f)H(f)* =
H(f)H(—f) is an even function.
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Solution. To begin, write

7 112Ny Ny _ .
Sr(f) = IH(DPS(f) = |e 2|2 = S2e2menl,
Since Py = [ Sy(f)dy, one approach would be to compute this integral, which can be
done in closed form. However, in this case it is easier to use the fact that Py = Ry (0). From
the transform table inside the front cover, we see that
No 24

Re(®) = 3 Gaps e

and it follows that Py = Ry (0) = Ny/(47A).

Example 10.28. White noise with power spectral density Sx (f) = Np/2 is applied to a
filter with impulse response /() = Ijo 71(¢) shown in Figure 10.17. Find (a) the cross power
spectral density Sxy (f); (b) the cross-correlation, Rxy (7); (¢) E[X;, ¥;,]; (d) the output power
spectral density Sy (f); (e) the output auto-correlation, Ry (7); (f) the output power Py.

h(t
(1) 1
} t
-T 0 T
h(—t
1 (—1)
| t
-T 0 T

Figure 10.17. Impulse response h(t) = Ijo 7|(t) and h(—t) of Example 10.28.

Solution. (a) Since

. « No
Sxy(f) = H(f)"Sx(f) = H(f)"- 5,
we need to compute
(f) ) (1) 2nft ! 2rft e~ 2ms T
Hf:/hte* dt:/e’ ar =S|
—oo 0 —j2nf|,
We simplify writing
1— —j2nfT
H(f) = —5——
j2nf
_ e—jﬂ'TfT ejan_e_jﬂTf
2jrTf
sin(zT f)

= ¢ /ST

nTf
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It follows that
sin(7T f) No

aTf 2°

(b) Since A(t) is real, the inverse transform of Sxy (f) = H(f)*No/2 is (recall Problem 22)
ny(T) = h(—T)N()/2 = 1[077](—7)]\]0/2 = I[,T’OJ(T)N()/Z.

(c) E[XZ] le] = ny(tl —tz) = I[—T,O] (l‘[ —Z‘2)N()/2.

(d) Since we computed H(f) in part (a), we can easily write

Sxy(f) = ej”TfT

- 2
Sv(f) = [H(F)PSx(f) = T2 H’;j;f)] M

(e) From the transform table inside the front cover,

Ry(t) = S0 (1~ [al/T)p (%),

which is shown in Figure 10.18.
(f) Use part (e) to write Py = Ry (0) = TNy/2.

TN, /2

-T 0 T

Figure 10.18. Output auto-correlation Ry (7) of Example 10.28.

10.6 Characterization of correlation functions

In the preceding sections we have shown that if Rx(7) is the correlation function of a
WSS process, then the power spectral density Sy (f) is a real, even, nonnegative function of
I

Conversely, it is shown in Problem 48 of Chapter 11 that given any real, even, nonneg-
ative function of frequency, say S(f), there is a WSS process whose correlation function is
the inverse Fourier transform of S(f).

Thus, one can ask many questions of the form, “Is R(7) = - -- a valid correlation func-
tion?”

To show that a given R(7) is a valid correlation function, you can take its Fourier trans-
form and show that it is real, even, and nonnegative.

On the other hand, if R(7) is not a valid correlation function, you can sometimes see
this without taking its Fourier transform. For example, if R(7) is not even, it cannot be a
correlation function since, by Example 10.16, correlation functions are always even.

Another important property of a correlation function R(7) is that

IR(t)| < R(0), forallr. (10.25)
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In other words, the maximum absolute value of a correlation function is achieved at T = 0,
and at that point the function is nonnegative. Note that (10.25) does not preclude other
maximizing values of 7; it only says that T = 0 is one of the maximizers. To derive (10.25),
we first note that if R(7) = Rx(7) for some process X;, then

Rx(0) = E[X?] > 0.
Then use the Cauchy—Schwarz inequality (2.24) to write

|RX(‘L')| ’E[XtJert”

IN

E[X? ] E[X?]

= V/Rx(0)Rx(0)
— Ry(0).

Example 10.29. Determine whether or not R(7) := e~ |l is a valid correlation function.

Solution. Since R(7) is odd, it cannot be a valid correlation function. Alternatively, we
can observe that R(0) = 0 < e~! = R(1), violating R(0) > |R(7)| for all 7.

Example 10.30. Determine whether or not R(t) := 1/(1 4 72) is a valid correlation
function.

Solution. 1t is easy to see that R(7) is real, even, and its maximum absolute value occurs
at T =0. So we cannot rule it out as a valid correlation function. The next step is to check
its Fourier transform. From the table inside the front cover, the Fourier transform of R(7) is
S(f) = mwexp(—2x|f]). Since S(f) is real, even, and nonnegative, R(7) is a valid correlation
function.

Correlation functions of deterministic signals

Up to this point, we have discussed correlation functions for WSS random processes.
However, there is a connection with correlation functions of a deterministic signals.

The correlation function of a real signal v(¢) of finite energy is defined by
Ry(7) = / Wt +T)v(t)dt.
Note that R, (0) = [*_v(¢)?dt is the signal energy.

Since the formula for R, (7) is similar to a convolution integral, for simple functions v()
such as the one at the top in Figure 10.19, R,(7) can be computed directly, and is shown at
the bottom of the figure.
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v(t)
1[\
+ t + t
-T 0 T
R.(T)
T/3
+ + + T
-T 0 T

Figure 10.19. Deterministic signal v(¢) and its correlation function R, (7).

Further insight into R, () can be obtained using Fourier transforms. If v(¢) has Fourier
transform V (), then by the inversion formula,

W = [;V( Pe?m gy,

Let us apply this formula to v(¢ + 7) in the definition of R, (7). Then
R(7) = / ( / V() ) g f) v(t) dt
= / V(f) ( / v(r)e /2 dt> eI

where we have used the fact that v(¢) is real. Since the inner integral is just V (f),

R,(1) = /_Z|V(f)\2e-72”-f’df. (10.26)

Since v(t) is a real signal, V(f)* = V(—f). Hence, |V (f)|* = V( )V(f)* =V (f)V(-F) is
real, even, and nonnegative, just like a power spectral density. In fact, when a signal has
finite energy; i.e., [~ |v(t)[>dt < oo, [V(f)|? is called the energy spectral density.

10.7 The matched filter

Consider an air-traffic control system which sends out a known, deterministic radar
pulse. If there are no objects in range of the radar, the radar outputs only noise from its
amplifiers. We model the noise by a zero-mean WSS process X; with power spectral density
Sx(f). If there is an object in range of the radar, the system returns the reflected radar
pulse, say v(¢), which is known, plus the noise X;. We wish to design a system that decides
whether the received waveform is noise only, X;, or signal plus noise, v(f) +X;. As an aid
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—

v(r) +X,
radar > at) e V(0)tY,

Figure 10.20. Block diagram of radar system and matched filter.

to achieving this goal, we propose to take the received waveform and pass it through an LTI
system with impulse response A(t). If the received signal is in fact v(¢) + X;, then as shown
in Figure 10.20, the output of the linear system is

[ Rt =D P(D) + Xe] dT = vol(t) + Y,

where -
Volt) = / h(t — t)v(z)dt
is the output signal, and

Y, ::/ h(t — 17)Xcdt

is the output noise process.

Typically, at the radar output, the signal v(¢) is obscured by the noise X;. For example,
at the top in Figure 10.21, a triangular signal v(¢z) and broadband noise X; are shown in
the same graph. At the bottom is their sum v(¢) + X;, in which it is difficult to discern the
triangular signal. By passing v(¢) + X, through through the matched filter derived below, the
presence of the signal can be made much more obvious at the filter output. The matched
filter output is shown later in Figure 10.23.

We now find the impulse response / that maximizes the output signal-to-noise ratio
(SNR)

Vo (1‘0)2
E[Yg]

SNR =

where v, (to)? is the instantaneous output signal power at time 7o, and E[Ytﬁ] is the expected

instantaneous output noise power at time #y. Note that since E[Ytﬁ] = Ry(0) = Py, we can
also write

Vo (t())2
Y

SNR =

Our approach is to obtain an upper bound on the numerator of the form v,(t9)*> < Py - B,
where B does not depend on the impulse response 4. It will then follow that

vo(to)> _ Pr-B
Py Y 2

SNR = = B.
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Figure 10.21. A triangular signal v(¢) and broadband noise X; (top). Their sum, v(z) +X; (bottom), shows that the
noise hides the presence of the signal.

We then show how to choose the impulse response so that in fact v, (t)> = Py - B. For this
choice of impulse response, we then have SNR = B, the maximum possible value.
We begin by analyzing the denominator in the SNR. Observe that

A= [ svndf = [ IH(PSk(dS.
To analyze the numerator, write

oo

volto) = L ZVo(f)ejz”f’Odf — / H(FV(f)eP 0 dy, (1027)

J —oo

where V,(f) is the Fourier transform of v,(¢), and V() is the Fourier transform of v(z).
Next, write

o el2nfto
wio) = [ Y

Sx (f)
o0 *ef'Zﬂ:fto *
-/ wH(f)\/Sx(f%[V(f >SX(]f) } i,

where the asterisk denotes complex conjugation. Applying the Cauchy—Schwarz inequality
for time functions (Problem 2), we obtain the upper bound,

oo

wOF < [ HGPsx(ar [

=

V(NP
Sx (f)
=B

df.

Thus,

[P _ BB
Py Y 2%

SNR = B.
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Now, the Cauchy—Schwarz inequality holds with equality if and only if H(f)+/Sx(f) is a

multiple of V (f)*e~/2%/% /. /Sx (f). Thus, the upper bound on the SNR will be achieved if

we take H(f) to solve
* ,—j2Tfto
HUWS() = a7

where « is a constant;‘ i.e., we should take

V(f)*e—jZn'ffO

H(f) = Sx (f)

(10.28)

Thus, the optimal filter is “matched” to the known signal and known noise power spectral
density.

Example 10.31. Consider the special case in which X; is white noise with power spec-
tral density Sx (f) = No/2. Taking o = Ny /2 as well, we have H(f) = V(f)*e~/>*/", which
inverse transforms to A(t) = v(tp — ), assuming v(¢) is real. Thus, the matched filter has an
impulse response which is a time-reversed and translated copy of the known signal v(t).
An example of v(#) and the corresponding h(t) are shown in Figure 10.22. As the figure
illustrates, if v(¢) is a finite-duration, causal waveform, as any radar “pulse” would be, then
the sampling time 7y can always be chosen so that 4(#) corresponds to a causal system.

v(t)
{\ l
-T 0 T

h(t) =v(t,= 1)

-T 0 1 T

Figure 10.22. Known signal v(¢) and corresponding matched filter impulse response A(f) in the case of white
noise.

Analysis of the matched filter output

We show that the matched filter forces the components of the output v,(¢) +Y; to be
related by

vo(t) = LRy(t—10). (10.29)

“The constant & must be real in order for the matched filter impulse response to be real.
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In other words, the matched filter forces the output signal to be proportional to a time-shifted
correlation function. Hence, the maximum value of |v,(¢)| occurs at 7 = ty. Equation (10.29)
also implies that the filter output v, (¢) +Y; has the form of a correlation function plus noise.

We now derive (10.29). Since Sy (f) = |H(f)[*Sx (f), if H(f) is the matched filter, then

Vv 2 Vv 2
Sy(f) = |(;X((Jc];)2| Sx(f) = O;){Eg' ;
and
oo 2
Ry(t) = L wmsz((;;'ejz”ﬂdf. (10.30)

Now observe that if we put #p = ¢ in (10.27), and if H(f) is the matched filter, then

_ oo |V(f)‘2 21 f (t—10)
v,,(t) = [wawej df

Hence, (10.29) holds.

Example 10.32. If the noise is white with power spectral density Sy (f) = Np/2, and if
o = Ny /2, then comparing (10.30) and (10.26) shows that Ry (7) = aR,(7), where R,(7)
is the correlation function of the deterministic signal v(¢). We also have v, (1) = R,(t —19).
When v(¢) is the triangular waveform shown at the top in Figure 10.21, the signal v,(f) =
R, (t —1p) and a sample path of ¥; are shown at the top in Figure 10.23 in the same graph.
At the bottom is the sum v, () + Y.

0.5r 7

0 2 4 6 8 10

Figure 10.23. Matched filter output terms v,(¢) and ¥; (top) and their sum v, (7) +¥; (bottom), when v(¢) is the
signal at the top in Figure 10.19 and H(f) is the corresponding matched filter.
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10.8 The Wiener filter

In the preceding section, the available data was of the form v(r) + X;, where v(r) was
a known, nonrandom signal, and X; was a zero-mean, WSS noise process. In this section,
we suppose that V; is an unknown random process that we would like to estimate based on
observing a related random process U;. For example, we might have U, =V, + X;, where X;
is a noise process. However, for generality, we assume only that U; and V; are zero-mean,
J-WSS with known power spectral densities and known cross power spectral density.

We restrict attention to linear estimators of the form

v, :/ h(t — 1)Uz dt :/ h(6)U,_od#, (10.31)

as shown in Figure 10.24. Note that to estimate V; at a single time ¢, we use the entire
observed waveform U; for —oo < T < oo, Our goal is to find an impulse response /4 that
minimizes the mean-squared error, E[|V; — V;|2]. In other words, we are looking for an
impulse response /4 such that if V, is given by (10.31), and if / is any other impulse response,
and we put

7 :/ At — 1)U dt :/ 7(0)Us_od, (10.32)

then
E[lV, —Vi[}] < E[[V,—Vi]}).

To find the optimal filter i, we apply the orthogonality principle (derived below), which
says that if

E{(V,V,)/_ifz(@)U,_gdG} —0 (10.33)

for every filter h, then h is the optimal filter.

Before proceeding any further, we need the following observation. Suppose (10.33)
holds for every choice of . Then in particular, it holds if we replace 7 by & — h. Making
this substitution in (10.33) yields

e\~ 7) [ 16) ~h(6)U-oa8) = 0.

—o0

unobserved
process V,

observed
process J —m=  h(t) [—»V

Figure 10.24. Estimation of an unobserved process V; by passing an observed process U; through an LTI system
with impulse response A(r).
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Since the integral in this expression is simply V, —V,, we have that
E[(Vi=V)(Vi=V))] = 0. (10.34)

To establish the orthogonality principle, assume (10.33) holds for every choice of .
Then (10.34) holds as well. Now write

E[V: = Vil = E[|(V, Vi) +(V; — V)P

| |
= E[|V, - Vt| +2(Vi = V) (V= Vi) + Vi = Vi
= E[|V, = V]| +2E[(V; = V})(V; = V)| + E[|V, — V/[?]
= E[IV; = Vi +E[V, -V}
> E[|V, - t| s

and thus, /4 is the filter that minimizes the mean-squared error.
The next task is to characterize the filter 4 such that (10.33) holds for every choice of A.
Write (10.33) as

0= E[(W—@)/_Ziz(@)Utgde]

|
m

RGN —V,)Utede]
= [ E[R(6)(Vi—Vi)Us_p]d6

_ /m h(0)E[(V; — V,)U,_]d®

Since this must hold for all 7, take /(6) = Ry (8) — Ry, () to get
/ |Rvu(9)fR‘7U(6)|2de = 0. (10.35)

Thus, (10.33) holds for all 7 if and only if Ryy = Ry,
The next task is to analyze Ry;;,. Recall that V; in (10.31) is the response of an LTI

system to input U;. Applying (10.18) with X replaced by U and Y replaced by V., we have,
also using the fact that Ry is even,

Roy (1) = Ryp(—7) = /_Zh(O)RU(r—O)dO.

Taking Fourier transforms of

1

Rvu(t) = Roy(v) = [ h(O)Ry(t—0)do (10.36)

—o0

yields
Svu(f) = H(f)Su(f)
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Thus,

H(f) = Svu(f) (10.37)

Su(f)
is the optimal filter. This choice of H(f) is called the Wiener filter.

*Causal Wiener filters

Typically, the Wiener filter as found above is not causal; i.e., we do not have h(z) =0
for t < 0. To find such an A, we need to reformulate the problem by replacing (10.31) with

~ t b
v, :/ h(t — T)Uzdt = / h(8)Us_ do,
oo Jo

and replacing (10.32) with

~ o %
v, :/ ht — 1)Uz dt :/ 7(6)U,_o d6.
Lo 0

Everything proceeds as before from (10.33) through (10.35) except that lower limits of
integration are changed from —co to 0. Thus, instead of concluding Ryy (7) = Ry, (7) for
all 7, we only have Ryy (7) = Ry, (7) for 7 > 0. Instead of (10.36), we have

Ryy(t) = /:h(e)RU(r—e)de, T>0. (10.38)

This is known as the Wiener-Hopf equation. Because the equation only holds for 7 > 0,
we run into a problem if we try to take Fourier transforms. To compute Syy (f), we need to
integrate Ryy (7)e /™" from T = —oo to T = co. But we can use the Wiener—-Hopf equation
only for 7 > 0.

In general, the Wiener—Hopf equation is difficult to solve. However, if U is white noise,
say Ry (0) = 6(0), then (10.38) reduces to

Ryy(t) = h(t), 72>0.

Since 4 is causal, i(7) =0 for 7 < 0.

The preceding observation suggests the construction of H(f) using a whitening filter
as shown in Figure 10.25. If U, is not white noise, suppose we can find a causal filter K(f)
such that when U; is passed through this system, the output is white noise W;, by which we

H(f)

>

W
o

Y

Hoy(f)

Y

~

K(f)

Figure 10.25. Decomposition of the causal Wiener filter using the whitening filter K(f).
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mean Sy (f) = 1. Letting k denote the impulse response corresponding to K, we can write
W; mathematically as

W, = / k(0)U;_gd6. (10.39)
0
Then
L= Sw(f) = [K(N)PSu(f)- (10.40)
Consider the problem of causally estimating V; based on W; instead of U;. The solution is
again given by the Wiener—Hopf equation,

Ryw(7) = /Omho(G)RW(T—B)dG, >0,

Since K was chosen so that Sy (f) = 1, Ry (0) = 6(0). Therefore, the Wiener—Hopf equa-
tion tells us that ho(7) = Ryw(7) for T > 0. Using (10.39), it is easy to see that

Rw(t) = /Ow k(6)Ryy (T +6)d6, (10.41)

and then?
Svw(f) = K(f) Svu(f). (10.42)

We now summarize the procedure for designing the causal Wiener filter.

(i) According to (10.40), we must first write Sy (f) in the form

1 1
Su ( f ) = —— ——
K(f) K(f)*
where K(f) is a causal filter (this is known as spectral factorization).®
(ii) The optimum filter is H(f) = Ho(f)K(f), where

Hy(f) = / Ryw(t)e "7 dr,
0
and Ryw (7) is given by (10.41) or by the inverse transform of (10.42).
Example 10.33. Let U, =V, + X;, where V; and X; are zero-mean, WSS processes with
E[V;X;] = 0 for all 7 and 7. Assume that the signal V; has power spectral density Sy (f) =

21 /[A%+ (27 f)?] and that the noise X, is white with power spectral density Sx (f) = 1. Find
the causal Wiener filter.

If k(@) is complex valued, so is W; in (10.39). In this case, as in Problem 46, it is understood that Ry (7) =
EVi+W/].
“If Sy (f) satisfies the Paley—Wiener condition,

/"’“ |InSy (f)]
e 14+ f2

then Sy (f) can always be factored in this way.

df < oo,
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Solution. From your solution of Problem 59, Sy (f) = Sy (f) + Sx (f). Thus,

2 2
22 - A +(2xf)

Sulf) = e T T rx e

where A2 := A2+ 2. This factors into
A+ jonf A—jonf

Sul) = T janf A= jonf
h
Then K(f) — A+ j2nf
e

is the required causal (by Problem 64) whitening filter. Next, from your solution of Prob-
lem 59, Syy (f) = Sv(f). So, by (10.42),

A—j2nf 22
Svw(f) = A—j2nf A2+ (27mf)?
21
(A—j2rf)(A + j2rf)

B B
—j2nf * A+ j2mf’

where B := 21 /(A +A). It follows that
Ryw(t) = Be*"u(—1)+Be **u(t),

where u is the unit-step function. Since ho(7) = Ryw () for T > 0, ho(t) = Be *Tu(t) and
Ho(f)=B/(A+ j2nf). Next,

B Atj2nf B
T Atjenf Atpnf At enf

and h(t) = Be A%u(t).

10.9 *The Wiener-Khinchin theorem

The Wiener—Khinchin theorem gives an alternative representation of the power spectral
density of a WSS process. A slight modification of the derivation will allow us to derive the
mean-square ergodic theorem in the next section.

Recall that the expected average power in a process X; is
1 2
Py = [Thiz / th}

T {X,, 1| <T,

0, |t} >T,

Let
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sothat [T, X2dr = [, |xT ]2 dt. The Fourier transform of X/ is

~ 00 , T ,
XJZ ::/ xTe 72t gy :/ X, e 12 g,
o -T

| P = [C(%FPar.

Py = E|lim — X,zdt]

and by Parseval’s equation,

We can now write

= ¢  E[IXI]]
L(%ﬁin)dﬁ

(10.43)

The Wiener—Khinchin theorem says that for a WSS process, the above integrand is exactly
the power spectral density Sx(f). In particular, since the integrand is nonnegative, the

Wiener—Khinchin theorem provides another proof that Sx (f) must be nonnegative.

To derive the Wiener—Khinchin theorem, we begin with the numerator,

E[IXT 7] = EL(X]) (XF)].

where the asterisk denotes complex conjugation. To evaluate the right-hand side, use (10.43)

to obtain

T o T o *

EK/ X,eﬂ”ﬂdt) (/ Xgeﬂ”f"de) }

-T -T
We can now write
T2 ror —j2nf(t—6
E[XF[) = [ [ EXXele P00 arae

-TJ-T
T T )

_ / / Ryt — 8)e =) 4y 4g

/ / |:/ Sx(v ]va )dV:| e 127 (1=9) gr a0
T T
- / Sx(v )[ / £I270( >< / e’zm(vf)dt)de]dv.
o T -T

Notice that the inner two integrals decouple so that

~ r .
E[XFF) = [ (v [ /ﬁ IO~ V>de}< / Teﬂm("_f>dt)dv

= /:SX(V)- {ZTW}Zdv.

(10.44)
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We can then write

|XfT| F[ ST (1~ V) 2

This is a convolution integral. Furthermore, the quantity multiplying Sx (V) converges to
the delta function §(f — V) as T — co.! Thus,

T
lim |Xf| / Sx( —v)dv = Sx(f),

T—oo

which is exactly the Wiener—Khinchin theorem.

Remark. The preceding derivation shows that Sx(f) is equal to the limit of (10.44)
divided by 27T. Thus,

S(f) :Tlgr:oﬁ / Rx (1 —6)e /2= grq6.

As noted in Problem 66, the properties of the correlation function directly imply that this
double integral is nonnegative. This is the direct way to prove that power spectral densities
are nonnegative.

10.10 *Mean-square ergodic theorem for WSS processes

As an easy corollary of the derivation of the Wiener—Khinchin theorem, we derive the
mean-square ergodic theorem for WSS processes. This result shows that E[X;]| can often be
computed by averaging a single sample path over time.

In the process of deriving the weak law of large numbers in Chapter 3, we showed
that for an uncorrelated sequence X,, with common mean m = E[X,,] and common variance

6% = var(X,), the sample mean (or time average)

converges to m in the sense that E[|M,, —m|?] = var(M,) — 0 as n — oo by (3.7). In this
case, we say that M, converges in mean square to m, and we call this a mean-square law
of large numbers.

Let ¥; be a WSS process with mean m = E[Y;] and covariance function Cy (7). We show
below that if the Fourier transform of Cy is continuous at f = 0, then the sample mean (or
time average)

1 T
Myr = ﬁ/_TYtdt —m (10.46)

in the sense that E[|M7 —m|*] — 0 as T — oo.
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We can view this result as a mean-square law of large numbers for WSS processes.
Laws of large numbers for sequences or processes that are not uncorrelated are often called
ergodic theorems. The point in all theorems of this type is that the expectation E[Y;] can be
computed by averaging a single sample path over time.

To prove the above result, put X; := Y, —m so that X; is zero mean and has correlation
function Ry (7) = Cy (7). If the Fourier transform of Cy is continuous at f = 0, then so is
the power spectral density Sx (f). Write

T X
f1f=0
Mp—m = — | Xodt =
T ar ) 2T
where X fT was defined in (10.43). Then
2 2
4T? 2T 2T
Now use (10.45) with f = 0 to write
sin(2xTv)
Myp — Sx ( dv. 10.47
el —mf] = 5 [ Sx(v): {ZT] (1047)

By the argument following (10.45), as T — oo the integral in (10.47) is approximately Sx (0)
if Sx (f) is continuous at f = 0.2 Thus, if Sy (f) is continuous at f = 0,
Sx (0)

E[|Mr —m|?] ~ > 0

as T — oo.

If the Fourier transform of Cy is not available, how can we use the above result? Here
is a sufficient condition on Cy that guarantees continuity of its transform without actually
computing it. If Rx (7) = Cy(7) is absolutely integrable, then Sy ( f) is uniformly continuous.
To see this write

1Sx () = Sx (fo)| = ’/_D:ORX(T)E—ﬂﬂfrdT/_O:ORX(T)E—jzﬂfordT

IN

/ |RX(‘L')| |efj27rfr _efj27rfor|dr

| R ()| 0" PR g ar

= [ IRe(@)l[e U0~ 1]
Now observe that e /27(/~/0)* — 1| — 0 as f — f;. Since Ry is absolutely integrable,
Lebesgue’s dominated convergence theorem [3, p. 209] implies that the integral goes to

zero as well.
We also note here that Parseval’s equation shows that (10.47) is equivalent to

El|Mr —m[*] = 2T/ _%> de

|7]
- d
2T /_2TCY(T) 2T> T
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Thus, Mr in (10.46) converges in mean square to m if and only if

im = [* ¢ (1:)( ﬂ) dt = 0 (10.48)
Toeo 2T J o1 * 1) T '

Example 10.34. Let Z ~ Bernoulli(p) for some 0 < p < 1, and put ¥; := Z for all . Then
Y; is strictly stationary, but My = Z is either O or 1 for all T and therefore cannot converge to
E[Y;] = p. Itis also easy to see that(10.48) does not hold. Since Cy(7) =var(Z) = p(1 —p),

ZT/ 1—%)(11—17(1— p) 4 0.

10.11 *Power spectral densities for non-WSS processes

In Section 10.9, we showed that the expected average power in a process X; can be

written in the form
- (Thz; Hf!]>f

The derivation of this formula did not assume that X; is WSS. However, if it is, the Wiener—
Khinchin theorem showed that the integrand was the power spectral density. At the end of
this section, we show that whether or not X; is WSS,

!XT| )
fim —L 2 / Ry (T)e 27 gt (10.49)
where/
Ry(1) = Tlgrioﬁ/ Rx(t+6,6)do. (10.50)

Hence, for a non-WSS process, we define its power spectral density to be the Fourier trans-
form of Rx(7),

Sx(f) = /j;ﬁx(f)eiﬂﬂfrdt

To justify the name power spectral density, we need to show that its integral over every
frequency band is the power in that band. This will follow exactly as in the WSS case,
provided we can show that the new definition of power spectral density still satisfies Sy (f) =
|H(f)|*Sx (f). See Problems 71-73.

An important application the foregoing is to cyclostationary processes. A process Y;
is (wide-sense) cyclostationary if its mean function is periodic in ¢, and if its correlation
function has the property that for fixed 7, Rx (t+ 6, 0) is periodic in 6. For a cyclostationary
process with period T, it is not hard to show that

17
Rx(1) = 70/00Rx(r+6,9)d9. (10.51)

/Note that if X, is WSS, then Ry (t) = Rx (7).
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Example 10.35. Let X; be WSS, and put ¥; := X, cos(27 fyt). Show that ¥; is cyclosta-
tionary and that

Se(f) = ZISx(/— o)+ Sx( +4o).

Solution. The mean of Y; is
E[Y;] = E[X;cos(2mfor)] = E[Xi]cos(2mfor).

Because X; is WSS, E[X;] does not depend on ¢, and it is then clear that E[Y;] has period
1/ fo. Next consider

Ry(1+6,8) = E[Y. oY)
= E[X;;9cos(27fo{t + 0})Xg cos(27 f0)]
= Rx(t)cos(2mfo{t+ 6})cos(2n fo0),

which is periodic in 6 with period 1/ fy. To compute Sy (f), first use a trigonometric identity

to write
Ry(t+0,0) = RXT(t)[cos(btfot)+cos(2ﬂf0{t+29})}.

Applying (10.51) to Ry with Ty = 1/fy yields

Ry(t) = RXT(t)cos(anot).

Taking Fourier transforms yields the claimed formula for Sy (f).

Derivation of (10.49)

We begin as in the derivation of the Wiener—Khinchin theorem, except that instead of
(10.44) we have

E[X7] = /_TT /_TTRX(t, 0)e2/=0) 41 4o
- / TT / "l (0)Rx (1,0)e 270 ar o,
Now make the change of variable T = ¢ — 0 in the inner integral. This results in
E[XTP) = /fT /:1[4’” (T+0)Rx(1+0,0)e /7 drde.
Change the order of integration to get
E[RF7) = [ e [ TTI[_T)T] (T+6)Rx(t+6,6)dO dx.

To simplify the inner integral, observe that I|_7 7)(T+0) = I_r_;7_7)(0). Now T — 7 is
to the left of —T if 2T < 7, and —T — 7 is to the right of T if —27 > 7. Thus,
E[|X7 ]

—L = /7 e 2T g (1) dr,
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where -
-7
%/ Rx(T+6,8)d6, 0<1<2T,
-T
. T
gr(t) = %/ Rx(t+6,6)d6, —2T <1 <0,
—T—7

0, |t| > 2T.

If T much greater than |t|, then T — T~ T and —T — 7 ~ —T in the above limits of integra-
tion. Hence, if Ry is a reasonably-behaved correlation function,

I -
i = lim — R 0,0)dd = R
lim gr(1) = Jim > [ Ry(v+6.6)d6 = Ry(x)

and we find that

E[1X717)

Jim —L L = L e P lim g (c)dT = [ e PRy (1) d1.

Remark. If X; is actually WSS, then Rx(t+ 6,60) = Rx(7), and

d

gr(v) = Ru(0) (1= 22 )l oz (0).

In this case, for each fixed 7, g7 (7) — Rx (7). We thus have an alternative derivation of the
Wiener—Khinchin theorem.

Notes

10.9: * The Wiener—Khinchin theorem

Note 1. To give a rigorous derivation of the fact that

lim wS;g(V)QT[W

—00 ) oo

2
] dv = Sx(f),
it is convenient to assume Sy (f) is continuous at f. Letting

sin(27T f) ] 2

8r(f) = 2T[ 22T/

we must show that

’/ZSX(V)ST(fv)deX(f)’ ~ 0

To proceed, we need the following properties of 7. First,

| srnar =1



428 Introduction to random processes

This can be seen by using the Fourier transform table to evaluate the inverse transform of
Or(f) att = 0. Second, for fixed Af >0, as T — oo,

/ & (fdf — 0.
{f:lfI>Af}

This can be seen by using the fact that 67 (f) is even and writing
* 2T | 1
Sr(f)df < ——— / —df =
/Af r(f)df < (2aT)2 Jay 12 I = 3rmay
which goes to zero as T — eo. Third, for | f| > Af > 0,

1

|5T(f)| < W

Now, using the first property of 87, write

S() = se() [_r(r=viav = [ sx()sr(r=v)av.
Then

se(f) = [ _Sxwar(r=viav = [ [se(f) =S8 (7= v)av.
For the next step, let € > 0 be given, and use the continuity of Sy at f to get the existence
of a Af > 0 such that for |f — v| < Af, |Sx(f) — Sx(v)| < €. Now break up the range of
integration into v such that |f — v| < Af and v such that | f — v| > Af. For the first range,
we need the calculation

fHAS fHAS
S e -seor-viav] < [T s - sewlor (- viav
f=Af f=Af
f+Af
< e/f o or(f—v)dv
< s/ or(f—v)dv = e.

For the second range of integration, consider the integral

[ e =selar (- v)av
FHAf

< [ 180 =Sk (V)] 81— v)av
fHAf

IN

[ Use(pl+1sx ) 3r(s —v)av
FHAS

Se(nl [~ 87— vyav

fHAS

+/, 1Sx (V)| 8r(f—v)dv.
FAf

Observe that
7Af

/m 5r(f-v)av = [ 8(8)a,
FH+AS —oo
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which goes to zero by the second property of dr. Using the third property, we have
o —Af
| Iss0isrs=viav = [ " isi(r-0)|5r(6)do
FHAf —

1 —Af
< W/-w ISx(f - 0)]de,

which also goes to zero as T — oo.
10.10: *Mean-square ergodic theorem for WSS processes
Note 2. In applying the derivation in Note 1 to the special case f = 0 in (10.47) we do

not need Sx (f) to be continuous for all f, we only need continuity at f = 0.

Problems
10.2: Characterization of random processes

1. Given waveforms a(z), b(t), and c(¢), let

a(t), i=1,
g(t,i) == < b(t), i=2,
C([)a i=3,

and put X; := g(#,Z), where Z is a discrete random variable with P(Z = i) = p; for
i =1,2,3. Express the mean function and the correlation function of X; in terms of
the p; and a(t), b(t), and c(¢).

2. Derive the Cauchy—Schwarz inequality for complex-valued functions g and 4,

2

\ [ someras| < [~ lg@)pao- [~ jno)pas.

where the asterisk denotes complex conjugation, and for any complex number gz,
|z|> = z-z*. Hint: The Cauchy—Schwarz inequality for random variables (2.24) was
derived in Chapter 2. Modify the derivation there by replacing expectations of the
form E[XY] with integrals of the form [ g(0)h(0)*d6. Watch those complex con-
jugates!

3. Derive the formulas
Cx(t1,12) = Rx(t1,12) —mx(t)mx (2)

and
Cxy(t1,12) = Rxy(t1,t2) —mx(t1)my(12).

4. Show that Rx (1,12) = E[X;, X,,] is a positive semidefinite function in the sense that
for any real or complex constants cy,...,c, and any times t1,...,f,,

M=
™=

ciRx (li,lk)c;: > 0.

i=1k=1
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n 2
E|: ZCith. :l 2 0.
i=1

5. Let X; for 7 > 0 be a random process with zero mean and correlation function Ry (t1,
) = min(t1,#). If X, is Gaussian for each ¢, write down the probability density
function of X;.

Hint: Observe that

6. Let X, be a discrete-time random process with mean function my (n) := E[X,] and
correlation function Ry (n,m) := E[X,,X,,]. Suppose

Y, = i h(n—1i)X;.

j=—o0

(a) Show that

oo

my(n) = Z h(k)ymx (n—k).

k=—o0
(b) Show that
E[X,Yn] = Z h(k)Rx (n,m—k).

k=—oco

(c) Show that

vy = Y h(l)( y h(k)RX(n—l,m—k)>.

J=—oo k=—oo

10.3: Strict-sense and wide-sense stationary processes
7. Let X; = cos(27 ft + @) be the carrier signal with random phase as in Example 10.8.
(a) AreX;, and X;, jointly continuous for all choices of #; # #,? Justify your answer.
Hint: See discussion at the end of Section 7.2.
(b) Show that for any function g(x), E[g(X;)] does not depend on ¢.
8. Let X; be a zero-mean, WSS process with correlation function Rx (7). Let ¥, :=
X, cos(2m ft + ®), where ® ~ uniform[—7, 7] and © is independent of the process X;.
(a) Find the correlation function of ¥;.

(b) Find the cross-correlation function of X; and ¥;.
(c) IsY, WSS?

*9. Find the density of X; in Problem 7. Hint: Problem 7 above and Problem 35 in
Chapter 5 may be helpful.

*10. If a process is nth order strictly stationary, then for k = 1,...,n— 1 it is kth order
strictly stationary. Show this for n = 2; i.e., if X; is second-order strictly stationary,
show that it is first-order strictly stationary.
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14.

15.

16.
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19.
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In Problem 1, take a(t) := e V|, b(r) := sin(27t), and ¢(z) := —1.

(a) Give a choice of the p; and show that X; is WSS.

(b) Give a choice of the p; and show that X; is not WSS.

(c) For arbitrary p;, compute P(Xp=1), P(X; <0,0<7<0.5),and P(X; <0,0.5 <
r<1).

Let X; be a strictly stationary process, and let g(xi,...,x.) a function of L variables.
Put ¥y := q¢(Xi, Xi+1, - - - , Xk+1—1)- Show that ¥} is also strictly stationary. Hint: Show
that the joint characteristic function of Y, ..., Y,+, does not depend on m.

In Example 10.19, we showed that the process X,, was not strictly stationary because
E[X{] # E[X,)] for n # 0. Now show that for g(x) := x/[y ) (x), E[g(X0)] # E[g(X,)]
for n # 0, thus giving another proof that the process is not strictly stationary.

Let g(t) have period Tp, and let T ~ uniform[0, Tp]. Is X; := q(¢ + T) WSS? Justify
your answer.

Let X; be as in the preceding problem. Determine whether or not X; is strictly station-
ary.

A discrete-time random process is WSS if E[X,] does not depend on n and if the
correlation E[X,X,,] depends on n and m only through their difference. In this case,
E[X,Xn] = Rx(n—m), where Ry is the univariate correlation function. Show that if
X, is WSS, thensois Y, := X, — X,,_1.

If a WSS process X; has correlation function Rx (1) = e~7/2, find Sy (f).
If a WSS process X; has correlation function Ry (t) = 1/(1+ 12), find Sx (f).
MATLAB. We can use the £ £t command to approximate Sy (f) as follows.
(a) Show that
Sx(f) = 2Re /0 " Ry(1)e P g,
The Riemann sum approximation of this integral is

N-1
Z Ry (nAt)e /2 MATAT,
n=0

Taking At = 1/+/N yields the approximation

N-1
Sx(f) = %Re Y Ry (n/v/N)e 2RV,
n=0

Specializing to f = k/+/N yields

2

Sx(k/\/ﬁ) ~ \W

N—1
Re Z Ry (n/\/ﬁ)e_ﬂ”k"/N.
n=0
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(b)

©

(d)
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The above right-hand side can be efficiently computed with the £ £t command.
However, as a function of k it is periodic with period N. Hence, the values for
k=N/2to N —1 are the same as those for k = —N/2 to —1. To rearrange the
values for plotting about the origin, we use the command £ftshift. Put the
following script into an M-file.

N = 128;

rootN = sqgrt(N);

nvec = [0:N-1];

Rvec = R(nvec/rootN); % The function R(.) is defined

o°

in a separate M-file below.
Svec = fftshift ((2*real (fft(Rvec))))/rootN;

f = (nvec-N/2)/rootN;

plot (£, Svec)

Suppose that Ry (t) =sin(nt/2)/(7t/2), where it is understood that Rx (0) = 1.
Put the following code in an M-file called R . m:

function y = R(tau)
y = ones(size(tau));
i find(tau™=0);
pixtau(i)/2;
y(i) = sin(x)./x;

X

Use your script in part (b) to plot the approximation of Sx (f).

Repeat part (¢) if Ry () = [sin(7t/4) /(77 /4))*. Hint: Remember that to square
every element of a vector s, use the command s . "2, not s~ 2.

20. A discrete-time random process is WSS if E[X,] does not depend on n and if the
correlation E[X,,;X;] does not depend on k. In this case we write Ry (n) = E[X,, 11 X].
For discrete-time WSS processes, the discrete-time Fourier transform of Ry (n) is

21.

Sx(f) = ¥ Re(w)e P,

n=—oo

which is a periodic function of f with period one. (Hence, we usually plot Sx (f) only
for [f] < 1/2.)

(a)
(b)

Show that Ry (n) is an even function of .

Show that Sy (f) is a real and even function of f.

MATLAB. Let X, be a discrete-time random process as defined in Problem 20. Then
we can use the MATLAB command f ft to approximate Sy (f) as follows.

(a)

Show that
Sx(f) = Rx(0)+2Re Y Ry(n)e /2",
n=1

This leads to the approximation

N—1
Sx(f) ~ Rx(0)+2Re Y Ry(n)e 2%/".

n=1
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Specializing to f = k/N yields

N—-1
Sx(k/N) ~ Rx(0)+2Re Y Ry(n)e /2™ /N,

n=1

(b) The above right-hand side can be efficiently computed with the £ ft command.
However, as a function of £ it is periodic with period N. Hence, the values for
k= N/2to N—1 are the same as those for k = —N/2 to —1. To rearrange the
values for plotting about the origin, we use the command £fftshift. Put the
following script into an M-file.

N = 128;

nvec = [0:N-1];

Rvec = R(nvec); % The function R(n) is defined
Rvec(l) = Rvec(l)/2; % in a separate M-file below.

Svec = fftshift ((2+real(fft(Rvec))));
f = (nvec-N/2)/N;
plot (£, Svec)

(c) Suppose that Rx (n) = sin(wn/2)/(7wn/2), where it is understood that Rx (0) = 1.
Put the following code in an M-file called R . m:

function y = R(n)
)

y = ones(size(n));
i = find(n"=0);

X = pixn(i /2

y(i) = sin(x)./x;

Use your script in part (b) to plot the approximation of Sx (f).

(d) Repeat part (c) if R (n) = [sin(wn/4)/(nn/4)]?. Hint: Remember that to square
every element of a vector s, use the command s. "2, not s~ 2.

10.4: WSS processes through LTI systems

22.

23.

24,

25.

If A(t) is a real-valued function, show that the Fourier transform of h(—t) is H(f)",
where the asterisk * denotes the complex conjugate.

If the process in Problem 17 is applied to an ideal differentiator with transfer function
H(f) = j2nf, and the system output is denoted by ¥;, find Rxy(7) and Ry (7).

A WSS process X, with correlation function Ry (7) = 1/(1 + 72) is passed through
an LTI system with impulse response h(t) = 3sin(wt)/(nt). Let Y¥; denote the system
output. Find Sy (f).

A WSS input signal X; with correlation function Rx( y=e " 22 i passed through an

LTI system with transfer function H(f) = e~%/)*/2, Denote the system output by
Y;. Find (a) Sxy (f); (b) the cross-correlation, Rxy (7); (¢) E[X;, ¥}, ]; (d) Sy (f); (e) the
output auto-correlation, Ry (7).
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26. A zero-mean, WSS process X; with correlation function (1 — |z])/_; (%) is to be
processed by a filter with transfer function H(f) designed so that the system output
Y; has correlation function
sin(wT)
nt

Ry(t) =
Find a formula for the required filter H(f).

27. Let X; be a WSS random process. Put Y, := [*_h(t — 7)Xcd7, and Z; := [~ _g(t —
0)Xp d6. Determine whether or not ¥; and Z; are J-WSS.

28. Let X, be a zero-mean WSS random process with Sy (f) = 2/[1 + (27f)?]. Put ¥, :=
Xl - thl .

(a) Show that X; and Y; are J-WSS.
(b) Find Sy (f).

29. Let X; be a WSS random process, and put ¥; := ftt_3 X dt. Determine whether or not
Y, is WSS.

30. Use the Fourier transform table inside the front cover to show that
© s8int\ 2
/ (5 )a=m=

oo

Yo = Y h(n—i)X;

j=—o0

31. Suppose that

where X, is a discrete-time WSS process as defined in Problem 20, and h(n) is a
real-valued, discrete-time impulse response.

(a) Use the appropriate formula of Problem 6 to show that

E[X, Y] = i (k)R (n — m+ k).
k=—oo0

(b) Use the appropriate formula of Problem 6 to show that

vy = Y h(l)< y h(k)Rx([n—m]—[l—k])).

|=—o0 k=—o0

It is now easy to see that X,, and Y, are discrete-time J-WSS processes.
(c) If we put Rxy(n) := E[X,4-mYn], and denote its discrete-time Fourier transform
by Sxy (f), show that
Sxy (f) = H(f)"Sx(f),

where

o

H(f) = Y, hkje >~

k=—o0
and Sx (f) was defined in Problem 20.
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(d) If we put Ry (n) := E[¥,+-mY,] and denote its discrete-time Fourier transform by
Sy (f), show that
Sy(f) = [H(HPSx(f).

10.5: Power spectral densities for WSS processes

32.

33.

34.

35.

36.

Let x(¢) be a deterministic signal that is periodic with period Ty and satisfies

Ty
Ey = / x())2dr < oo.
0

Show that ,
.1 Ey
lim — NZdr = =.
LT o lx(1)] T

Hints: Write T as a multiple of Ty plus “a little bit,” i.e., T = nTp+ 7, where 0 < 7 <

Ty. Then write
T
JAECIRG
0

nTy nTy+7T
/ Ix(t) Pt + / Ix(e) Pt
JO . nT()

T
nEo+ / x() 2 dr,
0

where we have used the fact that x(¢) has period Tj. Note that this last integral is less
than or equal to Ej.

For a WSS process X;, show that the expected energy
E [ / X2 d;}

According to Example 10.24, the integral of the power spectral density over every
frequency band gives the power in that band. Use the following approach to show
that the power spectral density is the unique such function. Show that if

is infinite.

w w
/Sl(f)df:/ S(f)df, forall W >0,
0 0

then Sy (f) = S2(f) for all £ > 0. Hint: The function g(W) := [o" Si(f) — S2(f)df is
identically zero for W > 0.

By applying white noise to the LTI system with impulse response A(t) = I_7,7)(t),
show that the cross power spectral density can be real but not nonnegative. By ap-
plying white noise to the LTI system with impulse response A(t) = e~ ljo .. (), show
that the cross power spectral density can be complex valued.

White noise with power spectral density Sy (f) = Np/2 is applied to a lowpass filter

with transfer function 5 /]
_ 1- f ) f S la
H(f)—{ 0. If>1.

Find the output power of the filter.
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37

38.

39.

40.

41.

42.

43.

44,
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. A WSS process X; is applied to an LTI system with transfer function H(f). Let ¥,
denote the system output. Find the expected instantaneous output power E[¥,?] if

- -1 < <1
RX(T) = e (27171)2/2 and H(f) — { (|)f|7 Othe?wfi'sg. s

White noise with power spectral density Ny/2 is applied to a lowpass filter with trans-
fer function H(f) = sin(zf)/(xf). Find the output noise power from the filter.

White noise with power spectral density Sy (f) = No/2 is applied to a lowpass RC
filter with impulse response A(t) = %e" / (RC)I[O,DO) (¢). Find (a) the cross power spec-
tral density, Sxy(f); (b) the cross-correlation, Rxy(7); (¢) E[X; Y,,]; (d) the output
power spectral density, Sy (f); (e) the output auto-correlation, Ry (7); (f) the output
power Py.

White noise with power spectral density Ny/2 is passed through a linear, time-invar-
iant system with impulse response h(¢) = 1/(1+12). If ¥, denotes the filter output,
find E[Y 1 2]

White noise with power spectral density Sx (f) = No/2 is passed though a filter with
impulse response h(t) = I|_7 2,75 (). Find the correlation function of the filter out-
put.

Consider the system

t
Y, = eft/ %Xy do.

Assume that X; is zero mean white noise with power spectral density Sy (f) = No/2.
Show that X; and ¥; are J-WSS, and find Rxy (1), Sxy (f), Sy (f), and Ry (7).

Let {X;} be a zero-mean wide-sense stationary random process with power spectral
density Sx (f). Consider the process

Y, = Z hnXt—m

n=—o0
with A, real valued.

(a) Show that {X;} and {Y;} are jointly wide-sense stationary.

(b) Show that Sy(f) has the form Sy(f) = P(f)Sx(f) where P is a real-valued,
nonnegative, periodic function of f with period 1. Give a formula for P(f).

System identification. When white noise {W; } with power spectral density Sw (f) =
3 is applied to a certain linear time-invariant system, the output has power spectral
density e~/ *. Now let {X;} be a zero-mean, wide-sense stationary random process
with power spectral density Sx (f) = ele[,l,ll(f). If {¥;} is the response of the sys-
tem to {X, }, find Ry (7) for all 7.
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Let W; be a zero-mean, wide-sense stationary white noise process with power spectral
density Sw (f) = Np/2. Suppose that W, is applied to the ideal lowpass filter of band-
width B = 1 MHz and power gain 120 dB; i.e., H(f) = GI|_p g)(f), where G = 10°.
Denote the filter output by Y;, and fori = 1,..., 100, put X; := Y;5;, where At = (2B) !
Show that the X; are zero mean, uncorrelated, with variance o= GzBNo.

Extension to complex random processes. If X; is a complex-valued random proc-
ess, then its auto-correlation function is defined by Rx (t1,%2) := E[X;, X;;]. Similarly,
if ¥; is another complex-valued random process, their cross-correlation is defined by
Rxy(t1,12) = E[X;, Yt;‘] The concepts of WSS, J-WSS, the power spectral density,
and the cross power spectral density are defined as in the real case. Now suppose
that X; is a complex WSS process and that ¥; = [*_h(t — 7)X, dt, where the impulse
response % is now possibly complex valued.

(a) Show that Rx(—7) = Rx(T1)*.

(b) Show that Sx (f) must be real valued.

(c) Show that

E[X, ¥, /h YRy (11 — 2] — B) dB.

(d) Even though the above result is a little different from (10.20), show that (10.22)
and (10.23) still hold for complex random processes.
Characterization of correlation functions

Find the correlation function corresponding to each of the following power spectral

densities. (a) 5(f). (b) 8(f — fo) + 8(f + fo)- () e=/*/2. (d) e~ /1.

Let X; be a WSS random process with power spectral density Sx (f) = |_w,w|(f)-
Find E[X?].

Explain why each of the following frequency functions cannot be a power spectral
density. (a) e /u(f), where u is the unit step function. (b) e’ cos(f). (c) (1—
/A /().

For each of the following functions, determine whether or not it is a valid correlation
function.

(@) sin(7). (b) cos(7). () e T/2. (d) e 7. (&) P2 V7. () Ij_1.1)(1).

Let Ro(7) be a correlation function, and put R(7) := Ry (7) cos(2x fyT) for some fp >
0. Determine whether or not R(7) is a valid correlation function.

Let R(7) be a correlation function, and for fixed 7y > 0 put
R(7) := R(t— 1)) +R(T+ ).
Select the best answer from the following (justify your choice):

(a) R(t) is always a correlation function.
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(b) For some choice of R(7) and 7 > 0, R(7) is a correlation function.
(c) There is no choice of R(7) and 7y > 0 for which R(7) is a correlation function.

*53. Let S(f) be a real-valued, even, nonnegative function, and put
R(x) = / S(f)e ™ dr.

Show that R(7) is real-valued, even, and satisfies |R(7)| < R(0).

54. Let Ry(7) be a real-valued, even function, but not necessarily a correlation function.
Let R(7) denote the convolution of Ry with itself, i.e.,

R(z) = /:ORO(Q)RO(T— 6)do.

(a) Show that R(7) is a valid correlation function.

(b) Now suppose that Ry(7) = I|_7,7)(7). In this case, what is R(7), and what is its
Fourier transform?

10.7: The matched filter

55. Determine the matched filter impulse response A(t) if the known radar pulse is v(f) =
sin(¢)Ijo,z) () and X; is white noise with power spectral density Sx(f) = No/2. For
what values of 1y is the optimal system causal?

56. Determine the matched filter impulse response A(z) if v(¢) = e 1/VD?/2 gnd Sy (f) =
~@nf)?/2
e .

57. Derive the matched filter for a discrete-time received signal v(n) + X,,. Hint: Prob-
lems 20 and 31 may be helpful.

10.8: The Wiener filter
58. Suppose V; and X; are J-WSS. Let U, :=V, 4+ X;. Show that U, and V; are J-WSS.

59. Suppose U; =V; + X;, where V; and X, are each zero mean and WSS. Also assume
that E[V;X;] = 0 for all t and 7. Express the Wiener filter H(f) in terms of Sy (f) and

Sx (f)-

60. Using the setup of Problem 59, suppose that the signal has correlation function Ry (7)

. 2
= (%) and that the noise has a power spectral density given by Sx(f) =1—

I1_y 1 (f)- Find the Wiener filter H(f) and the corresponding impulse response /(z).
61. LetV; and U; be zero-mean, J-WSS. If

V.= [ _no)u-odo
is the estimate of V; using the Wiener filter, show that the minimum mean-squared

error is
~ Svu ()l

2
df.
Su(f) /

oo

eV -0 = [ [sv)

—o0
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Derive the Wiener filter for discrete-time J-WSS signals U,, and V,, with zero means.
Hints: (i) First derive the analogous orthogonality principle. (if) Problems 20 and 31
may be helpful.

Using the setup of Problem 59, find the Wiener filter H(f) and the corresponding
impulse response A(t) if Sy (f) = 24 /[A% + (27f)?] and Sx (f) = 1.

Remark. You may want to compare your answer with the causal Wiener filter found
in Example 10.33.

Find the impulse response of the whitening filter K (/) of Example 10.33. Is it causal?

The causal Wiener filter 4(7) estimates V; based only on the observation up to time
t, {Uz,—oo < T < t}. Based on this observation, suppose that instead of estimating
Vi, you want to estimate V;,, Wwhere Az # 0. When At > 0, this is called prediction.
When At < 0, this is called smoothing. (The ordinary Wiener filter can be viewed as
the most extreme case of smoothing.) For Az # 0, let s, (7) denote the optimal filter.
Find the analog of the Wiener—Hopf equation (10.38) for /(7). In the special case
that U, is white noise, express /ia,(7) as a function of ordinary causal Wiener filter
h(T).

*The Wiener—-Khinchin theorem

Recall that by Problem 4, correlation functions are positive semidefinite. Use this
fact to prove that the double integral in (10.44) is nonnegative, assuming that Ry is
continuous. Hint: Since Ry is continuous, the double integral in (10.44) is a limit of
Riemann sums of the form

ZZRX (l,' — l‘k)eiﬂﬁf(t’-i[k)AliAtk.
i k

10.10: *Mean-square ergodic theorem for WSS processes

67.

68.

69.

Let Y¥; be a WSS process. In each of the cases below, determine whether or not
1 (T .
57 |-p Yidt — E[Y;] in mean square.

(a) The covariance Cy(t) = e~ |7,

(b) The covariance Cy (1) = sin(nt)/(77).

Let Y¥; = cos(2nt + ®), where ® ~ uniform[—7, 7]. As in Example 10.8, E[Y;] = 0.
Determine whether or not

1 T
lim — Y dt 0.
m 2T /;T t —

T—oo

Let X; be a zero-mean, WSS process. For fixed 7, you might expect

1 T
ﬁ‘/iTXH»TXtdt
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to converge in mean square to E[X;, :X;] = Rx (7). Give conditions on the process X;
under which this will be true. Hint: Deﬁne Y, =X+ X,

Remark. When 7 = 0 this says that 2T X % dt converges in mean square to Ry (0)

= P.

70. Let X; be a zero-mean, WSS process. For a fixed set B C IR, you might expect?

1 T
— [ (X)) dr
2T/_T 5(Xi)

to converge in mean square to E[/3(X;)] = P(X; € B). Give conditions on the process
X; under which this will be true. Hint: Define ¥; := Ip(X;).

10.11: * Power spectral densities for non-WSS processes

71. Give a suitable definition of Rxy(7) and show that the following analog of (10.18)
holds,

Ryy(t / h(a)Rx(t+a)do.

Hint: Formula (10.10) may be helpful. You may also use the assumption that for
fixed o,

1 /T
lim — = lim —
img [ = gms [

72. Show that the following analog of (10.19) holds,

Ry(7) = [;h(ﬁ)ﬁxy(r—ﬁ)dﬁ.

73. Let Sxy (f) denote the Fourier transform of Rxy (7) that you defined in Problem 71.
Let Sx(f) denote the Fourier transform of Rx(7) defined in the text. Show that

Sxy (f) = H(f)*Sx(f) and that Sy (f) = |H(f)]*Sx (f).

74. Derive (10.51).

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

10.1. Definition and examples. There are two ways to think of random processes X; (®).
For each fixed ¢, we have a random variable (function of w), and for fixed @, we
have a waveform (function of 7).

8This is the fraction of time during [—7,7] that X, € B. For example, we might have B = [Viin, Vmax] being
the acceptable operating range of the voltage of some device. Then we would be interested in the fraction of time
during [—T7, T that the device is operating normally.
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Characterization of random processes. For a single random variable, we often do
not know the density or pmf, but we may know the mean and variance. Similarly, for
a random process, we may know only the mean function (10.1) and the correlation
function (10.2). For a pair of processes, the cross-correlation function (10.8) may
also be known. Know how the correlation and covariance functions are related (10.7)
and how the cross-correlation and cross-covariance functions are related (10.9). The
upper bound (10.6) is also important.

Strict-sense and wide-sense stationary processes. Know properties (i) and (if)
that define a WSS process. Once we know a process is WSS, we write Ry (T) =
E[X;;X;] for any 7. This is an even function of 7.

WSS processes through LTI systems. LTI systems preserve wide-sense stationar-
ity; i.e., if a WSS process is applied to an LTI system, then the input and output are
J-WSS. Key formulas include (10.22) and (10.23). Do lots of problems.

Power spectral densities for WSS processes. Know the three expressions for
power (10.24). The power spectral density is a nonnegative function that when inte-
grated over a frequency band yields the power in the band. Do lots of problems.

Characterization of correlation functions. To guarantee that a function R(7) is a
correlation function, you must show that its Fourier transform S(f) is real, even, and
nonnegative. To show a function R(7) is not a correlation function, you can show
that its transform fails to have one of these three properties. However, it is sometimes
easier to show that R(7) fails to be real or even, or fails to have its maximum absolute
value at 7 = 0 or satisfies R(0) < 0.

The matched filter. This filter is used for detecting the presence of the known,
deterministic signal v(t) from v(t) + X, where X; is a WSS noise process. The
transfer function of the matched filter is H(f) in (10.28). Note that the constant o
is arbitrary, but should be real to keep the impulse response real. When the noise is
white, the optimal impulse response is /(¢) is proportional to v(zp —t), where #y is
the filter sampling instant, and may be chosen to make the filter causal.

The Wiener filter. This filter is used for estimating a random signal V; based on
measuring a related process U; for all time. Typically, U; and V; are related by
U, =V, +X,, but this is not required. All that is required is knowledge of Ryy (7)
and Ry (7). The Wiener filter transfer function is given by (10.37). The causal
Wiener filter is found by the spectral factorization procedure.

*The Wiener-Khinchin theorem. This theorem gives an alternative representation
of the power spectral density of a WSS process.

*Mean-square ergodic theorem. This mean-square law of large numbers for WSS
processes is given in (10.46). It is equivalent to the condition (10.48). However, for
practical purposes, it is important to note that (10.46) holds if Cy(7) is absolutely
integrable, or if the Fourier transform of Cy is continuous at f = 0.

*Power spectral densities for non-WSS processes. For such a process, the power
spectral density is defined to be the Fourier transform of Ry (7) defined in (10.50).
For a cyclostationary process, it is important to know that Ry (7) is more easily
expressed by (10.51). And, as expected, for a WSS process, Rx (7) = Rx (7).
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Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.



11
Advanced concepts in random processes

The two most important continuous-time random processes are the Poisson process and
the Wiener process, which are introduced in Sections 11.1 and 11.3, respectively. The con-
struction of arbitrary random processes in discrete and continuous time using Kolmogorov’s
theorem is discussed in Section 11.4.

In addition to the Poisson process, marked Poisson processes and shot noise are in-
troduced in Section 11.1. The extension of the Poisson process to renewal processes is
presented briefly in Section 11.2. In Section 11.3, the Wiener process is defined and then
interpreted as integrated white noise. The Wiener integral is introduced. The approximation
of the Wiener process via a random walk is also outlined. For random walks without finite
second moments, it is shown by a simulation example that the limiting process is no longer
a Wiener process.

11.1 The Poisson process’

A counting process {N;,t > 0} is a random process that counts how many times some-
thing happens from time zero up to and including time #. A sample path of such a process
is shown in Figure 11.1. Such processes always have a staircase form with jumps of height

5+ —
4+ ——o
3+ *—o
2+ ———— o
1+ e—o
T T T, Ts !

Figure 11.1. Sample path N; of a counting process.

one. The randomness is in the times 7; at which whatever we are counting happens. Note
that counting processes are right continuous.
Here are some examples of things we might count.

e N, = the number of radioactive particles emitted from a sample of radioactive material
up to and including time 7.

e N; = the number of photoelectrons emitted from a photodetector up to and including
time .

e N; = the number of hits of a website up to and including time ¢.

TSection 11.1 on the Poisson process can be covered any time after Chapter 5.

443
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e N, = the number of customers passing through a checkout line at a grocery store up
to and including time ¢.

e N; = the number of vehicles passing through a toll booth on a highway up to and
including time ¢.

Suppose that 0 < #; < 1 < oo are given times, and we want to know how many things
have happened between ¢ and #,. Now N, is the number of occurrences up to and including
time #;. If we subtract ;,, the number of occurrences up to and including time ¢#;, then
the difference N;, — N;, is simply the number of occurrences that happen after #; up to and
including #,. We call differences of the form N;, — N;, increments of the process.

A counting process {N;,t > 0} is called a Poisson process if the following three condi-
tions hold.

e Ny =0;i.e., Ny is a constant random variable whose value is always zero.
e For any 0 < s <t < oo, the increment N; — N is a Poisson random variable with
parameter A (¢ —s); i.e.,

[;L (t _ s)]kefl(tfs)
k! ’

P(N; —Ns;=k) = k=0,1,2,....
Also, E[N; — N5 = A(t —s) and var(N; — N5) = A(z — s). The constant A is called the
rate or the intensity of the process.

o If the time intervals

(t1,12], (t2,13], ., (Bns tt1]

are disjoint, then the increments

Ivtz _Nt171vt3 _N127"‘7Ntn+1 _IVt

n

are independent; i.e., the process has independent increments. In other words, the
numbers of occurrences in disjoint time intervals are independent.

Example 11.1. Photoelectrons are emitted from a photodetector at a rate of A per min-
ute. Find the probability that during each of two consecutive minutes, more than five pho-
toelectrons are emitted.

Solution. Let N; denote the number of photoelectrons emitted from time zero up through
the ith minute. The probability that during the first minute and during the second minute
more than five photoelectrons are emitted is

P{N1—=No = 6} N {N,—N, > 6}).
By the independent increments property, this is equal to
P(Ny —No > 6)P(N, —N; > 6).
Each of these factors is equal to
5 ko2

=) k'

k=0
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where we have used the fact that the length of the time increments is one. Hence,

5 _
P{N1 —No > 6} N{N, —N; > 6}) = (1_,(26&]{:! ) '

We now compute the mean, correlation, and covariance of a Poisson process. Since
No =0, N, = N, — Ny is a Poisson random variable with parameter A (r —0) = A¢. Hence,

EN,] = Ar and var(N,) = Ar.
This further implies that E[N?] = At + (At)?. For 0 < s < ¢, we can compute the correlation

E[N:N] = E[(N; — Ny)Ny] + E[N7]
= E[(N;, — Ny)(Ns — No)] + (As)* + As.

Since (0,s] and (s,7] are disjoint, the above increments are independent, and so
E[(N; — Ny)(Ns — No)] = E[N; — Ng] - E[Ng — No| = A(t —5) - As.

It follows that
E[N:Ns] = (At)(As) + As.

We can also compute the covariance,
cov(N,,Ny) = E[(N; — At)(Ns — As)]

E[N:N] — (A1) (As)
= As.

More generally, given any two times #; and 5,

cov(Ny ,Ny,) = Amin(ty,1).

So far, we have focused on the number of occurrences between two fixed times. Now
we focus on the jump times, which are defined by (see Figure 11.1)

T, := min{r >0: N, > n}.

In other words, 7, is the time of the nth jump in Figure 11.1. In particular, if 7, > ¢, then
the nth jump happens after time ¢; hence, at time ¢ we must have N; < n. Conversely, if at
time ¢, N; < n, then the nth occurrence has not happened yet; it must happen after time ¢,
i.e., T, > t. We can now write

P(T, >1) = PV, <n) = Y|
k=0
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Since Fr,(t) = 1 — P(T, > 1), differentiation shows that 7, has the Erlang density with
parameters n and A,

(ﬂ,t)"_le_m

fnle) = 2505

t>0.

In particular, 77 has an exponential density with parameter A. Depending on the context,
the jump times may be called arrival times or occurrence times.

In the previous paragraph, we defined the occurrence times in terms of counting process
{N;,t > 0}. Observe that we can express N; in terms of the occurrence times since

N =Y Loq(Ti).
k=1

To see this, note that each term in the sum is either zero or one. A term is one if and only if
T € (0,¢]. Hence, the sum counts the number of occurrences in the interval (0,7], which is
exactly the definition of N;.

‘We now define the interarrival times,

X =T,
Xy, = T,—Ty1, n=2,3,....

The occurrence times can be recovered from the interarrival times by writing
T, = X1+ +X,

We noted above that T, is Erlang with parameters n and A. Recalling Problem 55 in Chap-
ter 4, which shows that a sum of i.i.d. exp(A) random variables is Erlang with parameters n
and A, we wonder if the X; are i.i.d. exponential with parameter A. This is indeed the case,
as shown in [3, p. 301]. Thus, for all i,

fx(x) = Ae M x>0.

Example 11.2. Micrometeors strike the space shuttle according to a Poisson process.
The expected time between strikes is 30 minutes. Find the probability that during at least
one hour out of five consecutive hours, three or more micrometeors strike the shuttle.

Solution. The problem statement is telling us that the expected interarrival time is
30 minutes. Since the interarrival times are exp(A4) random variables, their mean is 1/A.
Thus, 1/A = 30 minutes, or 0.5 hours, and so A = 2 strikes per hour. The number of strikes
during the ith hour is N; — N;_;. The probability that during at least 1 hour out of five
consecutive hours, three or more micrometeors strike the shuttle is

(G 25) =1 F1<3)
l—ﬁP(Ni—NH <2),
Pl
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where the last step follows by the independent increments property of the Poisson process.
Since N; — N;_; ~ Poisson(A[i — (i — 1)]), or simply Poisson(4),

P(N;—Ni_1 <2) = e *(14+A+A%/2) = 5¢72,
and we have

5
P(U{N,-—N,-1 >3}) = 1—(5¢2)° ~ 0.86.
i=1

Example 11.3 (simulation of a Poisson process). Since 7, = X| +- - -+ X,,, and since the
X; are i.i.d. exp(A), it is easy to simulate a Poisson process and to plot the result. Suppose
we want to plot N, for 0 <7 < Tk Using the MATLAB command X = —-log(rand
(1)) /lambda, we can generate an exp(A ) random variable. We can collect the sequence
of arrival times with the command T (n) = T(n-1) + X. We do this until we get an
arrival time that exceeds Thax. If this happens on the nth arrival, we plot only the first n — 1
arrivals.

Plotting is a little tricky. In Figure 11.1, the jumps are not connected with vertical lines.
However, with MATLAB it is more convenient to include vertical lines at the jump times.
Since plot operates by “connecting the dots,” to plot N; on [0, Tiax], we connect the dots
located at

(0,0),(T1,0),(T1,1),(T3,1),(T3,2),(T3,2), ..., (Th—1,n— 1), (Tmax,n — 1).

For the plot command, we need to generate a vector of times in which the 7; are repeated
and also a vector in which the values of N, are repeated. An easy way to do this is with the
MATLAB command kron, which implements the Kronecker product of matrices. For our
purposes, all we need is the observation that kron ([4 5 6 71, [1 1]) yields [ 4 4
5 5 6 6 7 7 1. In other words, every entry is repeated. Here is the code to simulate
and plot a Poisson process.

% Plot Poisson Process on [0, Tmax]

o]
I

(@)

o0

Number of points
Tlast = 0; % Time of last arrival
while Tlast <= Tmax
n=n+1;
X = —-log(rand(l))/lambda; % Generate exp(lambda) RV
Tlast = Tlast + X;
T(n) = Tlast;
end
n = n-1; Remove last arrival,
T = T(1l:n); % which is after Tmax.
fprintf ('There were %g arrivals in [0, %g].\n’,n, Tmax)
tt = kron(T,[1 1]); % Convert [x vy z] to [x XV V z 2]
tt = [ 0 tt Tmax ];
N =1 0:n ]; % Values of the Poisson process

o\



448 Advanced concepts in random processes

NN = kron(N, [1 17]);
plot (tt,NN)
axis ([0 Tmax 0 n+11])

Try this yourself!

*Derivation of the Poisson probabilities
In the definition of the Poisson process, we required that N, — N be a Poisson random

variable with parameter A (¢ — s). In particular, this implies that

P(Nigar —Ni = 1) AAte™A
At - At

A,

as At — 0. The Poisson assumption also implies that

At At
(LA

as Ar — 0.

As we now show, the converse is also true as long as we continue to assume that No =0
and that the process has independent increments. So, instead of assuming that N; — Ny is a
Poisson random variable with parameter A (7 — s), we assume the following.

e During a sufficiently short time interval, Ar > 0, P(N; 4, — N; = 1) = AAt. By this
we mean that

llm P(N[+Af 7Nl = 1)

= A. 11.1
At10 At ( )

This property can be interpreted as saying that the probability of having exactly one
occurrence during a short time interval of length Ar is approximately A Az.
e For sufficiently small At > 0, P(N;1ar — Ny = 0) &~ 1 — AAz. More precisely,

hm ] — P(N1+At —Nt - O)

lim ~ = 2. (11.2)

By combining this property with the preceding one, we see that during a short time
interval of length Az, we have either exactly one occurrence or no occurrences. In
other words, during a short time interval, at most one occurrence is observed.

Forn=0,1,..., let

pu(t) := P(N; — Ny = n), t>s. (11.3)



11.1 The Poisson process 449

Note that po(s) = P(N; —N; =0) = P(0=0) = P(Q) = 1. Now,

pu(t+At)

P(NH—At —N; = n)

k=0

p (U {{N,—stn—k}ﬂ{NHAt—Nt =k}D

n
Y P(Nijar—Ny =k, N,—Ny=n—k)

k=0

3 PNy — e = K)pu (1),

k=0

using independent increments and (11.3). Break the preceding sum into three terms as

follows.

pn(t+ A1) = P(Nijar — Ny =0)pn(2)
+P(Niyar =Ny = 1)pp1(2)

n

+ Y P(Npa =Ny = k) pui(2).

k=2
This enables us to write
pu(t+ A1) = pu(t) = —[1=P(Npsar — N, = 0)]pa(t)
+ P(NH-AZ —N, = I)Pn—l (t)
n
+ Z P(Nirar — Ny = k) pni(t). (11.4)
k=2

For n = 0, only the first term on the right in (11.4) is present, and we can write

It then follows that

po(t+At) —po(t) = —[I—P(NH_A,—N[:O)]]?()(I). (11.5)
. + At) —
Eﬂ‘épw 2 P — pols)

In other words, we are left with the first-order differential equation,

whose solution is simply

pot) = —Apo(t), po(s) =1,

po(t) = e A9, t>s.

To handle the case n > 2, note that since

n

Y P(Niwar =Ny = k)pai(t) <

k=2

IN

n

Y P(Nijar =N, =k)
k=2

Y P(Nijar =N, =k)
k=2

= P(Nyyar —N; > 2)

1 —[P(Nigar =N, = 0) +P(Nyyar —N; = 1)],
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it follows that
lim Yio P(Nisar —Ni = k) pn_i(t)

=A—-4=0.
At]0 At

Returning to (11.4), we see that for n = 1 and for n > 2,

. P;z(l+Al)—Pn(f)
1
Alzlf(l) At

= _)*pn(t) +)~pn—1(t)'

This results in the differential-difference equation,
Po(t) = =Apa(t) + Apai(1),  polt) = e 7. (11.6)
It is easily verified that forn =1,2,...,

D)

pn(t) = ! s

which are the claimed Poisson probabilities, solve (11.6).

Marked Poisson processes

It is frequently the case that in counting arrivals, each arrival is associated with a mark.
For example, suppose packets arrive at a router according to a Poisson process of rate A,
and that the size of the ith packet is B; bytes, where B; is a random variable. The size B;
is the mark. Thus, the ith packet, whose size is B;, arrives at time 7;, where T; is the ith
occurrence time of the Poisson process. The total number of bytes processed up to time ¢ is

N,
M; =) B
i=1

We usually assume that the mark sequence is i.i.d. and independent of the Poisson process.
In this case, the mean of M, can be computed as in Example 7.24. The characteristic function
of M; can be computed as in Problem 59 in Chapter 7.

Shot noise

Light striking a photodetector generates photoelectrons according to a Poisson process.
The rate of the process is proportional to the intensity of the light and the efficiency of the
detector. The detector output is then passed through an amplifier of impulse response A(t).
We model the input to the amplifier as a train of impulses

X, =Y 8(t—Tp),
i
where the 7; are the occurrence times of the Poisson process. The amplifier output is

Y; :/ h(t — )X dt

' [ h—0)8(c—T)d
;/_oo(t 0)6(t—T,)dv

= Y -7, (1L.7)
i=1
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For any realizable system, /(t) is a causal function; i.e., 4(z) = 0 for z < 0. Then

N
Y= Y h(t=T) = ) h(t—T). (11.8)
i=1

i Ti<t

A process of the form of V; is called a shot-noise process or a filtered Poisson process. If the
impulse A(¢) has a jump discontinuity, e.g., () = e u(t) as shown at the left in Figure 11.2,
then the shot-noise process ¥; has jumps as shown in the middle plot in Figure 11.3. On the

0.5

Figure 11.2. Plots of h(t) = e"u(t) (left) and h(¢) = t2e " u(t) (right), where u(z) is the unit step function.

other hand, if A(z) is continuous; e.g., i(t) = t>¢'u(t) as shown at the right in Figure 11.2,
then the shot-noise process Y; is continuous, as shown in the bottom plot in Figure 11.3.

Figure 11.3. Point process N; (top) and corresponding shot noise Y; in Eq. (11.8) for A(r) = e "u(t) (middle) and
for h(t) = t>¢"u(r) (bottom), where u(t) is the unit step function.

Example 11.4. 1f

where g(7) := cl(,;)(7) and c is a constant, find the mean and variance of Y.
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Solution. To begin, write
Y = c} Lay(Th).
i=1

Notice that the terms of the sum are either zero or one. A term is one if and only if 7; € (a, b].
Hence, this sum simply counts the number of occurrences in the interval (a,b]. But this is
just Ny — N,;. Thus, Y = ¢(Np — N,). From the properties of Poisson random variables,
E[Y] = cA(b—a) and E[Y?] = ¢?{A(b—a) + [A(b —a)]*}. We can then write var(Y) =
c>A (b — a). More important, however, is the fact that we can also write

E[Y] = ./:g(r)ldr and var(Y) — '/O'mg(f)zxdr_ (11.9)

For Y as in the previous example, it is easy to compute its characteristic function. First
write

or(v) = E[e/""] = E[e/" M N] = exp[A(b—a)(z— 1)]] -
Thus,

oy(v) = exp [A(b—a)(ef”—l)]
= exp{/ow(ejvg(r)—l)ldr} (11.10)

This last equation follows because when g(7) = 0, ¢ — 1 = 0 too. Equations of the form
(11.9) and (11.10) are usually known as Campbell’s theorem, and they hold for rather
general functions g [34, pp. 28-29]. See also Problem 17.

11.2 Renewal processes

Recall that a Poisson process of rate A can be constructed by writing

oo

N =Y To(Th),

k=1

where the arrival times
Ti o= X+ +Xi,

and the X; are i.i.d. exp(A ) interarrival times. If we drop the requirement that the interarrival
times be exponential and let them have arbitrary density f, then A, is called a renewal
process.

Because of the similarity between the Poisson process and renewal processes, it is trivial
to modify the MATLAB code of Example 11.3 to simulate a renewal process instead of a
Poisson process. All we have to do is change the formula for X. See Problem 19.

Example 11.5. Hits to the Nuclear Engineering Department’s website form a renewal
process N;, while hits to the Mechanical Engineering Department’s website form a renewal
process M;. Assuming the processes are independent, find the probability that the first hit to
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the Nuclear Engineering website occurs before the first hit to the Mechanical Engineering
website.

Solution. Let X; denote the kth interarrival time of the N, process, and let ¥} denote the
kth interarrival time of the M, process. Then we need to compute

POt <1) = [ PO <Nl =3)fr(0)dy,
where we have used the law of total probability, and where fy denotes the common density

of the Y;. Since the renewal processes are independent, so are their arrival and interarrival
times. Using the law of substitution and independence,

PXi<1) = ./: PXi <ylY1=y)fr(y)dy
= /Om P(X1 <y)fr(y)dy
~ [ AOAOa:

where Fy is the common cdf of the X;. (Since X; has a density, Fx is continuous.)

If we let F denote the cdf corresponding to the interarrival density f, it is easy to see
that the mean of the process is

EV] = iFk(t% (1.11)
k=1

where Fy is the cdf of 7. The corresponding density, denoted by f;, is the k-fold convolution
of f with itself. Hence, in general this formula is difficult to work with. However, there is
another way to characterize E[N,]. In the problems you are asked to derive the renewal
equation,

EIN] = F()+ [ EN - flx) .

The mean function m(z) := E[N,] of a renewal process is called the renewal function. Note
that m(0) = E[Ny] = 0, and that the renewal equation can be written in terms of the renewal
function as

m(t) = F(t)+ /0 "t —x) £(x) dx.

11.3 The Wiener process

The theory of wide-sense stationary processes and white noise developed in Chapter 10
provides a satisfactory operational calculus for the analysis and design of linear, time-
invariant systems driven by white noise. However, if the output of such a system is passed
through a nonlinearity, and if we try to describe the result using a differential equation, we
immediately run into trouble.
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Example 11.6. Let X; be a wide-sense stationary, zero-mean process with correlation
function Ry (t) = 628(t). If the white noise X; is applied to an integrator starting at time
zero, then the output at time ¢ is

1
= / X dT,
0

and the derivative of V; with respect to ¢ is V; = X;. If we now pass V; through a square-law
device, say

Y, = V72,
then
Y, = 2VV, = 2ViX,, Yp=0.
Hence,
t .
Y, = [ Yod0
t
=2 [ VoXodb (11.12)
0

't 0
—2 (/ XTd‘c)ngG.
0o \Jo
It is now easy to see that

E[Y,] _2// E[X.Xo]dTd0 — 2// 0)drdo

reduces to .
ElY,] = 202/0 6 = 201,
On the other hand,
E[Y;] = E[V?] = K/err) (/ nge)]
reduces to

//RXT 0)dtd6 = // 0(t—0)dtd6 = o1,

which is the correct result.

As mentioned in Section 10.5, white noise does not exist as an ordinary process. This
example illustrates the perils of working with objects that are not mathematically well de-
fined. Although white noise does not exist as an ordinary random process, there is a well
defined process that can take the place of V;. The Wiener process or Brownian motion
is a random process that models integrated white noise. The Wiener process, and Wiener
integral introduced below, are used extensively in stochastic differential equations. Sto-
chastic differential equations arise in numerous applications. For example, they describe
control systems driven by white noise, heavy traffic behavior of communication networks,
and economic models of the stock market.
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We say that {W;,z > 0} is a Wiener process if the following four conditions hold.

o Wy =0;i.e., Wy is a constant random variable whose value is always zero.
e For any 0 < s <t < oo, the increment W, — W; is a Gaussian random variable with
zero mean and variance (¢ —s). In particular, E[W, — W;] = 0, and E[(W, — W;)?] =
2(¢
o-(t—s).
e If the time intervals
(t17t2]7 (t27t3]7 OO (tnvtn+1]

are disjoint, then the increments
Wtz _thths _W/tzv"'thnH _th

are independent; i.e., the process has independent increments.
e For each sample point ® € Q, W;(®) as a function of 7 is continuous. More briefly,
we just say that W; has continuous sample paths.

Remark. (i) If the parameter 62 = 1, then the process is called a standard Wiener
process. Two sample paths of a standard Wiener process are shown in Figure 11.4.

(ii) Since the first and third properties of the Wiener process are the same as those of the
Poisson process, it is easy to show (Problem 26) that

cov(W;, W,,) = o? min(ty,2).

Hence, to justify the claim that W; is a model for integrated white noise, it suffices to show
that the process V; of Example 11.6 has the same covariance function; see Problem 25.

O -
1 . . . .

0 0.2 0.4 0.6 0.8 1

t
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1 . . . .

0 0.2 0.4 0.6 0.8 1

Figure 11.4. Two sample paths of a standard Wiener process.



456 Advanced concepts in random processes

(iii) The fourth condition, that as a function of #, W, should be continuous, is always
assumed in practice, and can always be arranged by construction [3, Section 37]. The
precise statement of the fourth property is

P({w € Q: W,(w) is a continuous function of 7}) = 1,

i.e., the realizations of W; are continuous with probability one.

(iv) As indicated in Figure 11.4, the Wiener process is very “wiggly.” In fact, it wiggles
so much that it is nowhere differentiable with probability one [3, p. 505, Theorem 37.3].

(v) Although the Wiener process was originally proposed as a model for the path of a
small particle suspended in a fluid, the fact that Wiener-process paths are nowhere differen-
tiable implies the particle has infinite velocity! One way around this problem is to use the
Wiener process (more precisely, the Ornstein—Uhlenbeck process), which is continuous,
to model the velocity, and integrate the velocity to model the particle position [23], [40].
See Problems 32 and 33.

The Wiener integral

The Wiener process is a well-defined mathematical object. We argued above that W;
behaves like V; := fé X:dt, where X; is white noise. If such noise is applied to a linear
time-invariant system starting at time zero, and if the system has impulse response /, then
the output is

/ h(t —1)Xcd7.
0

If we now suppress 7 and write g(7) instead of &(z — 7), then we need a well-defined math-
ematical object to play the role of

/Ooog(r)der.

To see what this object should be, suppose that g(7) is piecewise constant taking the value
g on the interval (¢;,#;+1]. Then

oo lit1
| s@xear = ¥ [ gle)xear
i

Thus, for piecewise-constant functions, integrals with white noise should be replaced by
sums involving the Wiener process.
The Wiener integral of a function g(7) is denoted by

| saw,
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and is defined as follows. For piecewise constant functions g of the form

n

Z tl i1 ]

where 0 <t <t < -+ <fyq1 < oo, we define

/0 g(1)dW; = Zg, W, —W,),

where W, is a Wiener process. Note that the right-hand side is a weighted sum of inde-
pendent, zero-mean, Gaussian random variables. The sum is therefore Gaussian with zero
mean and variance

M:

n
givar(W,,, —W,) :Z 2t — 1) = / g(t
1 i=1

Because of the zero mean, the variance and second moment are the same. Hence, we also

have
E[(/Owg(r)dwfﬂ = 02/0wg(r)2dr. (11.13)

For functions g that are not piecewise constant, but do satisfy [;°g(7)?dT < o, the Wiener
integral can be defined by a limiting process, which is discussed in more detail in Chap-
ter 13. Basic properties of the Wiener integral are explored in the problems.

Remark. When the Wiener integral is extended to allow random integrands, it is known
as the It6 integral. Using the Ito rule [67], it can be shown that if ¥; = Wt2, then

t
Y, = 2/ W dW; + 6t
0

is the correct version of (11.12) in Example 11.6. Since the expected value of the Itd integral
is zero, we find that E[Y,] = o¢, which is the correct result. The extra term 6>t in the
equation for ¥; is called the It correction term.

Random walk approximation of the Wiener process

We present a three-step construction of a continuous-time, piecewise-constant random
process that approximates the Wiener process.

The first step is to construct a symmetric random walk. Let X1, X5, ... be i.i.d. &=1-valued
random variables with P(X; = +1) = 1/2. Then each X; has zero mean and variance one.
Let So =0, and for n > 1, put

(ngE

Sn = X,'.

1

Then S, has zero mean and variance n. The process {S,,n > 0} is called a symmetric
random walk.



458 Advanced concepts in random processes

The second step is to construct the scaled random walk S, /+/n. Note that S, /\/n has
zero mean and variance one. By the central limit theorem, which is discussed in detail in
Chapter 5, the cdf of S,,/+/n converges to the standard normal cdf.

The third step is to construct the continuous-time, piecewise-constant process

1
%Smm

where | 7| denotes the greatest integer that is less than or equal to 7. For example, if n = 100
and t = 3.1476, then

W/t(n) =

(100) 1 1 1

W3 476 = msuooa.mq = ESL314.76J = ES314'

For example, a sample path of Sy,Si,...,S75 is shown at the top in Figure 11.5. The
corresponding continuous-time, piecewise constant process W,<75) is shown at the bottom
in Figure 11.5. Notice that as the continuous variable ¢ ranges over [0, 1], the values of
| 75¢] range over the integers 0,1,...,75. Thus, the constant levels seen at the bottom in

Figure 11.5 are 1/+/75 times those at the top.
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Figure 11.5. Sample path S;,k =0, ...,75 (top). Sample path W,(75) (bottom).

Figure 11.6 shows a sample path of Wt<") for n = 150 (top) and for n = 10000 (bottom).
As n increases, the sample paths look more and more like those of the Wiener processes
shown in Figure 11.4.

Since the central limit theorem applies to any i.i.d. sequence with finite variance, the
preceding convergence to the Wiener process holds if we replace the £-1-valued X; by any
i.i.d. sequence with finite variance.” However, if the X; only have finite mean but infinite

“If the mean of the X; is m and the variance is 62, then we must replace S, by (S, —nm)/oc.
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Figure 11.6. Sample path of W(") for n = 150 (top) and for n = 10000 (bottom).

variance, other limit processes can be obtained. For example, suppose the X; are i.i.d. having
Student’s ¢ density with v = 3/2 degrees of freedom. Then the X; have zero mean and
infinite variance (recall Problems 27 and 37 in Chapter 4). As can be seen in Figure 11.7,
the limiting process has jumps, which is inconsistent with the Wiener process, which has
continuous sample paths.

11.4 Specification of random processes
Finitely many random variables

In this text we have often seen statements of the form, “Let X, Y, and Z be random
variables with P((X,Y,Z) € B) = (B).” where B C IR?, and u(B) is given by some formula.
For example, if X, Y, and Z are discrete, we would have

u(B) = ZZZIB(xh)’jaZk)Pi,j,k» (11.14)
Tk

where the x;, y;, and z; are the values taken by the random variables, and the p; ; are
nonnegative numbers that sum to one. If X, ¥, and Z are jointly continuous, we would have

u) = [ [ [ o fwradxdyds, (11.15)

where f is nonnegative and integrates to one. In fact, if X is discrete and Y and Z are jointly
continuous, we would have

) = X[ [ istoyafia)dviz (11.16)
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Figure 11.7. Two sample paths of S|, / n2/3 for n = 10000 when the X; have Student’s ¢ density with 3/2 degrees
of freedom.

where f is nonnegative and

;/_i/_if(xi,yﬁ)dydz = 1.

The big question is, given a formula for computing 1 (B), how do we know that a sample
space Q, a probability measure P, and functions X (@), Y (®), and Z(®) exist such that we
indeed have

P((X,Y,Z2)eB) = u(B), BCR’

As we show in the next paragraph, the answer turns out to be rather simple.

If 1 is defined by expressions such as (11.14)—(11.16), it can be shown that u is a prob-
ability measure” on IR3; the case of (11.14) is easy; the other two require some background
in measure theory, e.g., [3]. More generally, if we are given any probability measure [ on
IR, we take Q = IR? and put P(A) := u(A) for A C Q = IR>. For o = (@1, m, @), we
define

X(0) = 0w, Y() := wm, and Z(o) = os.

It then follows that for B C IR3,
{0€Q: (X(),Y(0),Z(0)) € B}

reduces to
{(DEQZ (wlv(»z’ab) EB} = B.

Hence, P({(X,Y,Z) € B}) = P(B) = u(B).

bSee Section 1.4 to review the axioms satisfied by a probability measure.
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For fixed n > 1, the foregoing ideas generalize in the obvious way to show the existence
of a sample space €, probability measure P, and random variables X1, ..., X, with

P((X1,X2,...,X,) €B) = u(B), BCIR",
where [ is any given probability measure defined on IR".

Infinite sequences (discrete time)

Consider an infinite sequence of random variables such as X;, X5, .... While (Xj,...,X,)
takes values in IR”, the infinite sequence (X1,X>,...) takes values in IR*. If such an infinite
sequence of random variables exists on some sample space Q equipped with some proba-
bility measure P, then!

P((X1,X2,...)€B), BCRR~,

is a probability measure on IR”. We denote this probability measure by ((B). Similarly, P
induces on IR" the measure

Un(Bn) = P((X1,....Xy) €B,), B, CR",
Of course, P induces on IR"*! the measure
tni1(Bur1) = P((X1,.. . Xn Xus1) € But1),  Buy1 CR™L
If we take B,,+| = B,, X IR for any B, C IR", then

.lln—&-l(Bn XIR) = ((X17 Xn;Xn-H) € B, XIR)

= P((Xi,... eBn,X,,H €R)

= P{(X1,....Xy) € B} N{Xy11 € R})
= P({(x,.. eB}mQ)

= P((X1,....X eB)

= Un(Bn).

Thus, we have the consistency condition
Wit1(Bu xR) = u,(B,), B, CIR", n=1,2,.... 11.17)
Next, observe that since (Xi,...,X,) € By, if and only if
(X1, X2, Xy Xut1, ) EBy X IR X -+
it follows that u,(B,) is equal to
P((X1,X2,. ... X0, Xnt15...) €EBy xR x --+),
which is simply (B” xR x-- ) Thus,

By xRx ) = tp(B,), B, €R™ n=12 ... (11.18)



462 Advanced concepts in random processes

The big question here is, if we are given a sequence of probability measures p, on IR” for
n=1,2,..., does there exist a probability measure g on IR* such that (11.18) holds?

To appreciate the complexity of this question, consider the simplest possible case of
constructing a sequence of i.i.d. Bernoulli(1/2) random variables. In this case, for a finite
sequence of zeros and ones, say (by,...,b,), and with B, being the singleton set B, =
{(b1,...,bn)}, we want

.uvn(Bn) = P(X1:b17--~7Xn:bn) — InIlP(Xl:bl) _ (%)ﬂ

We need a probability measure y on IR that concentrates all its probability on the infinite
sequences of zeros and ones,

S=H{ow=(o,m;,...):0;=00rw; =1} CIR™;

i.e., we need i (S) = 1. Unfortunately, as shown in Example 1.9, the set S is not countable.
Hence, we cannot use a probability mass function to define y. The general solution to this
difficulty was found by Kolmogorov and is discussed next.

Conditions under which a probability measure can be constructed on IR™ are known as
Kolmogorov’s consistency theorem or as Kolmogorov’s extension theorem. It says that
if the consistency condition (11.17) holds, then a probability measure u exists on IR™ such
that (11.18) holds [7, p. 188].

We now specialize the foregoing discussion to the case of integer-valued random vari-
ables X1,X,,.... Foreachn=1,2,..., let p,(i1,...,i,) denote a proposed joint probability
mass function of Xi,...,X,. In other words, we want a random process for which

P((X1,....X) € Z (i1, 5 0n)Pu(ity - -y in)-

HMS

Ip=—o0

More precisely, with ,(B,,) given by the above right-hand side, does there exist a measure
i on IR” such that (11.18) holds? By Kolmogorov’s theorem, we just need to show that
(11.17) holds.

We now show that (11.17) is equivalent to

Y poi(inesin ) = palin,. .. in). (11.19)
j:—oo
The left-hand side of (11.17) takes the form

Lox

IB,,X]ROU' "ainaj)pn+1(i17" 'aillaj)' (1120)

oo

‘\‘ 1

“Knowing the measure L,,, we can always write the corresponding cdf as

Fi(x1,..., %) = ;L,L((foo,xl] X o X (7oo,x,,]).

Conversely, if we know the F,, there is a unique measure L, on IR" such that the above formula holds [3, Sec-
tion 12]. Hence, the consistency condition has the equivalent formulation in terms of cdfs [7, p. 189],

lim F;H»](x] ----- »Xny xn+l) = F;z(-xlw---,xn)-
R
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Observe that I, «r = Ip,Ir = Ip,. Hence, the above sum becomes

'M8

. Z Z IBn l1> Pn+1(117 inaj)a

l1 in=—

which, using (11.19), simplifies to

Z-

(01 in) Pa(ins i), (11.21)

\Mg

ip=—00

which is our definition of u,(B,). Conversely, if in (11.17), or equivalently in (11.20) and
(11.21), we take B,, to be the singleton set

Bn = {(jlv‘-'vjn)}v
then we obtain (11.19).

The next question is how to construct a sequence of probability mass functions satisfying
(11.19). Observe that (11.19) can be rewritten as
anrl(ilv' "ainaj)

- - = L
j=—oc0 pn(lla---aln)

In other words, if p,(i1,...,i,) is a valid joint pmf, and if we define

Pn+1 (ila' . 7in7j) = pn+l|l,m,n(j|i17' . '7in) I’n(lla . '7in)7

where p,i 1)1, 2 (jli1,---,in) is a valid pmf in the variable j (i.e., is nonnegative and the sum
over j is one), then (11.19) will automatically hold!

Example 11.7. Let (i) be any pmf. Take p (i) := q(i), and take p, 1)1, o (jlit;- - ,in)
= ¢(j). Then, for example,

p2(i,j) = p2pUli) p1(i) = q(Jj)q(i),

and
p3(i,,k) = papa(kli, i) p2(isj) = (i) q(j) q(k).
More generally,
pn(ilv"'vin) = C](ll)q(ln)

Thus, the X, are i.i.d. with common pmf q.

Example 11.8. Again let g(i) be any pmf. Suppose that for each i, r(j|i) is a pmf in the
variable j; i.e., r is any conditional pmf. Put p; (i) := ¢(i), and put

pn+l|l ..... (1‘117 1 ) = r(.]‘lﬂ)

Then
p2(i,j) = pan(jli) (i) = r(jli)q(i),
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and
p3(i,j.k) = pajia(kli,j) pa(is j) = q(i) r(jli) r(klj)-
More generally,
DPulitsyin) = q(i1) r(izlin) r(i3)ia) - r(inin—1)-

As we will see in Chapter 12, p,, is the joint pmf of a Markov chain with stationary transition
probabilities r(j|i) and initial pmf ¢(i).

Continuous-time random processes

The consistency condition for a continuous-time random process is a little more compli-
cated. The reason is that in discrete time, between any two consecutive integers, there are
no other integers, while in continuous time, for any #; < t,, there are infinitely many times
between ¢ and 5.

Now suppose that for any #; < --- < 1,1, we are given a probability measure L, .

on IR"*!. Fix any B, C R". Fork=1,...,n+ 1, define B, C R""! by o
Bux = {(x1,- s %n11) : (X1ye e e Xk 15Xkt 15 - - -y Xnt1) € By and x; € IR}
Note the special cases?
B,i = RxB, and B,, 1 = B, xR
The continuous-time consistency condition is that [53, p. 244] fork=1,...,n+1,
Bty oot (Buk) = My oty i otnsy (Bn)- (11.22)

If this condition holds, then there is a sample space £, a probability measure P, and random
variables X; such that

P((Xyy,---,X;,) €By) = My..4,(Bn), B, CIR",
for any n > 1 and any times t; < --- <.

Gaussian processes

A continuous-time random process X; is said to be Gaussian if for every sequence of
times tq,...,1,, [X,1 . ,X,n]’ is a Gaussian random vector. Since we have defined a random
vector to be Gaussian if every linear combination of its components is a scalar Gaussian
random variable, we see that a random process is Gaussian if and only if every finite linear
combination of samples, say Y/ ¢;X;,, is a Gaussian random variable. You can use this fact
to show that the Wiener process is a Gaussian process in Problem 46.

“In the previous subsection, we only needed the case k = n+ 1. If we had wanted to allow two-sided discrete-
time processes X, for n any positive or negative integer, then both k = 1 and k = n+ 1 would have been needed
(Problem 42).
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Example 11.9. Show that if a Gaussian process is wide-sense stationary, then it is
strictly stationary.

Solution. Without loss of generality, we assume the process is zero mean. Let R(7) :=
E[X;+:X]. Let times 71,. .. ,1, be given, and consider the vectors

X = [X[l,...,X[n]/ and Y = [XI1+AI>"‘3X[,,+A[],'

We need to show that P(X € B) = P(Y € B) for any n-dimensional set B. It suffices to
show that X and Y have the same joint characteristic function. Since X and Y are zero-mean
Gaussian random vectors, all we need to do is show that they have the same covariance
matrix. The i j entry of the covariance matrix of X is

while for Y it is

E[X,aXira] = R((6i+A1) = (tj+Ar)) = R(t;—1;).

Example 11.10. Show that a real-valued function R(z,s) is the correlation function of
a continuous-time random process if and only if for every finite sequence of distinct times,
say t1,...,t,, the n x n matrix with i j entry R(#;,1;) is positive semidefinite.

Solution. If R(t,s) is the correlation function of a process X;, then the matrix with entries
R(t;,tj) is the covariance matrix of the random vector [X;,...,X,,]". As noted following
Example 8.4, the covariance matrix of a random vector must be positive semidefinite.

Conversely, suppose every matrix with entries R(f;, ;) is positive semidefinite. Imagine
a Gaussian random vector [Y7, ..., Y,]’ having this covariance matrix, and put

... (B) == P((Y;,....Y,) €B).

Since any subvector of Y is Gaussian with covariance matrix given by appropriate entries
of the covariance matrix of Y, the consistency conditions are satisfied. By Kolmogorov’s
theorem, the required process exists. In fact, the process constructed in this way is Gaussian.

Another important property of Gaussian processes is that their integrals are Gaussian
random variables. If X; is a Gaussian process, we might consider an integral of the form

/c(z)X,dt = lim)_ c(t;) X, At;.
i

Since the process is Gaussian, linear combinations of samples X;, are scalar Gaussian ran-
dom variables. We then use the fact that limits of Gaussian random variables are Gaussian.
This is just a sketch of how the general argument goes. For details, see the discussion of
mean-square integrals at the end of Section 13.2 and also Example 14.9.
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Notes

11.4: Specification of random processes

Note 1. Comments analogous to Note 1 in Chapter 7 apply here. Specifically, the set B
must be restricted to a suitable o-field > of subsets of IR”. Typically, 9™ is taken to be
the smallest o-field containing all sets of the form

{o=(0,mn,...) ER”: (w,...,0,) € By},

where B,, is a Borel subset of IR", and n ranges over the positive integers [3, p. 485].

Problems

11.1: The Poisson process

1. Hits to a certain website occur according to a Poisson process of rate A = 3 per
minute. What is the probability that there are no hits in a 10-minute period? Give a
formula and then evaluate it to obtain a numerical answer.

2. Cell-phone calls processed by a certain wireless base station arrive according to a
Poisson process of rate A = 12 per minute. What is the probability that more than
three calls arrive in a 20-second interval? Give a formula and then evaluate it to
obtain a numerical answer.

3. Let N, be a Poisson process with rate A = 2, and consider a fixed observation interval
(0,5].
(a) What is the probability that N5 = 10?
(b) What is the probability that N; — N;_; =2 foralli=1,...,5?
4. A sports clothing store sells football jerseys with a certain very popular number on

them according to a Poisson process of rate three crates per day. Find the probability
that on 5 days in a row, the store sells at least three crates each day.

5. A sporting goods store sells a certain fishing rod according to a Poisson process of
rate two per day. Find the probability that on at least 1 day during the week, the store
sells at least three rods. (Note: week = 5 days.)

6. A popular music group produces a new hit song every 7 months on average. Assume
that songs are produced according to a Poisson process.

(a) Find the probability that the group produces more than two hit songs in 1 year.
(b) How long do you expect it to take until the group produces its 10th song?

7. Let N; be a Poisson process with rate A, and let Ar > 0.

(a) Show that N, 5, — N; and N, are independent.
(c) Evaluate P(N; = k|N;oar = k+ ).
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(d) Show that as a function of k =0, ...,n, P(N, = k|N, .o, = n) has the binomial(n,
p) probability mass function and identify p.

Customers arrive at a store according to a Poisson process of rate A. What is the
expected time until the nth customer arrives? What is the expected time between
customers?

. During the winter, snowstorms occur according to a Poisson process of intensity A =

2 per week.

(a) What is the average time between snowstorms?

(b) What is the probability that no storms occur during a given 2-week period?

(c) If winter lasts 12 weeks, what is the expected number of snowstorms?

(d) Find the probability that during at least one of the 12 weeks of winter, there are

at least five snowstorms.

Space shuttles are launched according to a Poisson process. The average time be-
tween launches is 2 months.

(a) Find the probability that there are no launches during a 4-month period.

(b) Find the probability that during at least 1 month out of four consecutive months,
there are at least two launches.

Internet packets arrive at a router according to a Poisson process of rate A. Find the
variance of the time it takes for the first n packets to arrive.

Let U be a uniform|0, 1] random variable that is independent of a Poisson process N;
with rate A = 1. Put

Y, = ]vln(lthU)'

Find the probability generating function of ¥;, G(z) := E[z"] for real z, including
z=0.

Hits to the websites of the Nuclear and Mechanical Engineering Departments form
two independent Poisson processes, N; and M;, respectively. Let A and p be their
respective rates. Find the probability that between two consecutive hits to the Nuclear
Engineering website, there are exactly m hits to the Mechanical Engineering website.

Diners arrive at popular restaurant according to a Poisson process N; of rate 1. A
confused maitre d’ seats the ith diner with probability p, and turns the diner away
with probability 1 — p. Let ¥; = 1 if the ith diner is seated, and ¥; = 0 otherwise. The
number diners seated up to time 7 is

N,
M, =) Y.
i=1

Show that M, is a Poisson random variable and find its parameter. Assume the ¥; are
independent of each other and of the Poisson process.

Remark. M; is an example of a thinned Poisson process.
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Lightning strikes occur according to a Poisson process of rate A per minute. The
energy of the ith strike is V;. Assume the energies V; are i.i.d. random variables that
are independent of the occurrence times (independent of the Poisson process). What
is the expected energy of a storm that lasts for  minutes? What is the average time
between lightning strikes?

(This problem uses the methods and notation of Section 6.4.) Let N; be a Poisson
process with unknown intensity A. Fori=1,...,100, put X; = (N; — N;_1). Then the
X; are i.i.d. Poisson(A), and E[X;] = A. If M 9o = 5.170, and S;0p = 2.132, find the
95% confidence interval for A.

For0<#y < - - <t <oo,let

= ngl(tk,l,tk](r) and (T Zhllfz 111]
k=1

and put
= Ys() and z = Y AT
=1 =1
Show that formula for E[Y] in (11.9) and the formula for the characteristic function
of Y in (11.10) continue to hold. Also show that

cov(Y,Z) / g(t)h(t)AdT.

Find the mean and characteristic function of the shot-noise random variable Y; in
equation (11.7). Also find cov(Y;,Y;). Hint: Use the results of the previous problem.

Renewal processes

MATLAB. Modify the MATLAB code of Example 11.3 and print out a simulation of
a renewal process whose interarrival times are i.i.d. chi-squared with one degree of
freedom.

In Example 11.5, suppose N; is actually a Poisson process of rate A. Show that the
result of Example 11.5 can be expressed in terms of the moment generating function
of the Y;. Now further simplify your expression in the case that M, is a Poisson
process of rate .

Internet packets arrive at a router according to a renewal process whose interarrival
times are uniform[0, 1]. Find the variance of the time it takes for the first n packets to
arrive.

In the case of a Poisson process, show that the right-hand side of (11.11) reduces to

At.

Derive the renewal equation

EIN] = F(1)+ /0 CEINf () d

as follows.
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(a) Show that E[N,|X; = x] =0 forx > ¢.
(b) Show that E[N,|X; = x] = 1+ E[N,_,] forx <.

(c) Use parts (a) and (b) and the law of total probability to derive the renewal equa-
tion.

Solve the renewal equation for the renewal function m(r) := E[N;] if the interarrival
density is f ~ exp(A). Hint: Take the one-sided Laplace transform of the renewal
equation. It then follows that m(z) = Ar for ¢+ > 0, which is what we expect since
f ~exp(A) implies N, is a Poisson process of rate A.

11.3: The Wiener process

25.

26.

27.

28.

29.

30.

Let V; be defined as in Example 11.6. Show that for 0 < s < t < o, E[V;V] = 67.

For 0 < s <t < oo, use the definition of the Wiener process to show that E[W,W,] =

ols.

Let W, be a Wiener process with E[W;?] = 6%t. Put Y, := ¢". Find the correlation
function Ry (11,12) = E[1}, 1;,] for 1, > 1.

Let the random vector X = [W;,...,W;,]', 0 <t; < --- <1, < oo, consist of samples
of a Wiener process. Find the covariance matrix of X, and write it out in detail as

C11 €12 C13 Cln
C21 €22 €23 Con
C31 €32 €33 C3n ,
Cnl Cn2 Cn3 Cnn

where each ¢;; is given explicitly in terms of ¢; or ¢;.

For piecewise constant g and s, show that

/0 2(%) dW; + /0 h(7)dW; — /0 [¢(1) + h(7)] W
Hint: The problem is easy if g and & are constant over the same intervals.

Use (11.13) to derive the formula

E[(/Omg(’c)dwr) </Owh(r)dwf)] — Gz/owg(r)h(r)dr.

Hint: Consider the expectation

E[(/(fg(r)dvvr—/omh(r)dwf)z},
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which can be evaluated in two different ways. The first way is to expand the square
and take expectations term by term, applying (11.13) where possible. The second
way is to observe that since

| s@awe— [ “nmaw. = [ lg(e) —n(z)aw,
the above second moment can be computed directly using (11.13).
Let .
Y, = / e(t)dWs, 130,
0

(a) Use (11.13) to show that
Elr?] = o* [ glepar,
Hint: Observe that
/Otg(’r)dWr = /Owg(’f)l(o,t](’f)dWT.

(b) Show that Y; has correlation function

o ‘min(ty,12) )
Ry(t1,12) = © g(r)7dr, t1,>0.
0

Consider the process
ot
Y, = e*“V+/ M awL >0,
Jo

where W; is a Wiener process independent of V, and V has zero mean and variance
g*. Use Problem 31 to show that ¥; has correlation function

2 2
Ry(t1.1) = *MflJrlz)( 2_2) O Al
y(ti) = e @ =57 ) 55

Remark. If V is normal, then the process Y; is Gaussian and is known as an Ornstein—
Uhlenbeck process.

Let W, be a Wiener process, and put

Show that
— o’ Al =12
Ry (t1,1r) = ATl
Y(1a2) zle

In light of the remark above, this is another way to define an Ornstein—Uhlenbeck
process.
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34. Let W, be a standard Wiener process, and put

t
Y, = /0 g(t)dW;
for some function g(r).

(a) Evaluate P() := E[Y?]. Hint: Use Problem 31.

(b) If g(r) # 0, show that P(¢) is strictly increasing.

(c) Assume P(r) < oo for t < oo and that P(z) — o as t — oo. If g(¢) # 0, then by
part (b), P~!(¢) exists and is defined for all > 0. If X, := Yp_ (1)» compute E[X;]
and E[X?].

35. So far we have defined the Wiener process W; only for ¢t > 0. When defining W, for
all #, we continue to assume that Wy = 0; that for s < ¢, the increment W, — W is a
Gaussian random variable with zero mean and variance 62(¢ — s); that W, has inde-
pendent increments; and that W; has continuous sample paths. The only difference is

that s or both s and ¢ can be negative, and that increments can be located anywhere in
time, not just over intervals of positive time. In the following take 62> = 1.

(a) Fort > 0, show that E[W?] =1.

(b) For s < 0, show that E[W?] = —s.

(c) Show that
el +Isl —r —s|

E[W, W,
ww) = R
11.4: Specification of random processes
36. Suppose X and Y are random variables with
P((X7Y)€A / IA xhy)fXY(xhy)dyJ

where the x; are distinct real numbers, and fyy is a nonnegative function satisfying

Z./j:ofXY(xi»Y)dy = 1.

(a) Show that
X =x) / Sxy (X, y

(b) Show that for C C IR,

P(Y €C) /(foy (xiy ) Y.

In other words, Y has marginal density

= ZfXY(Xh)’)'
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(c) Show that
P(Y eClX =x) = /C{fxy(w}dy

px (xx)
In other words,
Jxy (%)
X, = —FF
fY|X(y| k) PX(Xk)

(d) For B C IR, show that if we define
P(X€B|Y =y) := ZIB(xi)PX\Y(Xib’),

where Fur )
' . Jxy Xiyy
Px\y(xzb’) . 7fy(y) )

then -
[ P ey =yf()dy = P(X €B)
In other words, we have the law of total probability.

37. Let F be the standard normal cdf. Then F is a one-to-one mapping from (—oo, o)
onto (0, 1). Therefore, F has an inverse, F~1: (0,1) — (—o0,0). If U ~ uniform(0, 1),
show that X := F~!(U) has F for its cdf.

38. Consider the cdf
0, x<0,
¥, 0<x<1/2,
F(x) == ¢ 1/4, 1/2<x< 1,
x/2, 1<x<2,
1, x>2.
(a) Sketch F(x).
(b) For 0 < u < 1, sketch

G(u) := min{x € R: F(x) > u}.
Hint: First identify the set
B, := {x€R:F(x) >u}.
Then find its minimum element.

39. As illustrated in the previous problem, an arbitrary cdf F is usually not invertible,
either because the equation F (x) = u has more than one solution, e.g., F(x) = 1/4, or

because it has no solution, e.g., F'(x) = 3/8. However, for any cdf F, we can always
introduce the function®

G(u) :=min{xeR:F(x) >u}, O<u<l,

“In the previous problem, it was seen from the graph of F(x) that {x € R : F(x) > u} is a closed semi-infinite

interval, whose left-hand end point is its minimum element. This is true for any cdf because cdfs are nondecreasing
and right continuous.
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which, you will now show, can play the role of F~! in Problem 37. Show that if
0<u<1andxeR, then G(u) < xif and only if u < F(x).

Let G be as defined in the preceding problem, and let U ~ uniform(0,1). Put X :=
G(U) and show that X has cdf F.

MATLAB. Write a MATLAB function called G to compute the function G(u) that you
found in Problem 38. Then use the script

n = 10000;

nbins = 20;

U = rand(1l,n);

X = G(U);

minX = min (X);

maxX = max (X);

e = linspace (minX,maxX,nbins+1l); % edge sequence

H = histc(X,e);

H(nbins) = H(nbins)+H(nbins+1l); % explained in Section 6.2
H = H(l:nbins); % resize H

bw = (maxX-minX) /nbins; % bin width

a = e(l:nbins); % left edge sequence
b = e(2:nbins+1); % right edge sequence
bin_centers = (a+b)/2; % bin centers

bar (bin_centers, H/ (bwxn), "hist’)

to use your function G to simulate 10 000 realizations of the random variable X with
the cdf of Problem 38 and to plot a histogram of the results. Discuss the relationship
between the histogram and the density of X.

In the text we considered discrete-time processes X, forn = 1,2,.... The consistency
condition (11.17) arose from the requirement that

P((X1,...,. X0, Xu11) € BXIR) = P((X,...,X,) €B),
where B C IR". For processes X,, withn =0,4+1,42, ..., we require not only
P((Xm,- -, Xn, Xns1) € BXR) = P((Xpn,...,Xs) €B),

but also
P((Xn-1,Xm; .-, Xn) ERxB) = P((Xp,...,X,) €B),

where now B C IR" "1 Let Um.n(B) be a proposed formula for the above right-hand
side. Then the two consistency conditions are

Pmps1(BXIR) = Wyn(B) and  fhy—1,(IRXB) =y x(B).

For integer-valued random processes, show that these are equivalent to

Z pm.n+l(im7--~7in7j) = pm,n(imv-“ain)

j=—oo
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43.

44.

45.
46.

47.

48.
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and

Z mel,n(jaimw--;in) = Pm,n(ima~--7in)7

Jj=—o0

where p,, , is the proposed joint probability mass function of X,,, ..., X),.

Let g be any pmf, and let r(j|i) be any conditional pmf. In addition, assume that
Yiq(k)r(jlk) = q(j). Put

Pm,n(ima cee 7in> = Q(im) r(im+1 |lm> r(im+2|im+1) cee r(inlin—l)~

Show that both consistency conditions for pmfs in the preceding problem are satisfied.

Remark. This process is strictly stationary as defined in Section 10.3 since the upon
writing out the formula for py,1k & (im, . .. ,in), We see that it does not depend on k.

Let u, be a probability measure on IR”, and suppose that it is given in terms of a joint
density f,, i.e.,

Wa(Bn) :/ / Ig, (X1, Xn) fn(X15 .oy Xn) dXy - - - dxy.

Show that the consistency condition (11.17) holds if and only if
/ b1 (K15 Xn, Xng 1) dxpr1 = fu(X1,. .0 %0).

Generalize Problem 44 for the continuous-time consistency condition (11.22).

Show that the Wiener process is a Gaussian process. Hint: For 0 <t < --- <t,, write

A 00 0[] W,—-W
10 0
_ 11 0

W, 1 1 W, — W,—1

Let W, be a standard Wiener process, and let f;, .. ;, denote the joint density of W, , ...,
W,,. Find f;, ., and show that it satisfies the density version of (11.22) that you

derived in Problem 45. Hint: Example 8.9 and the preceding problem may be helpful.

Let R(7) be the inverse Fourier transform of a real, even, nonnegative function S(f).
Show that there is a Gaussian random process X; that has correlation function R(7).
Hint: By the result of Example 11.10, it suffices to show that the matrix with ik entry
R(t; — 1) is positive semidefinite. In other words, if C is the matrix whose ik entry is
Ci = R(t; — 1), you must show that for every vector of real numbers a = [ay,...,a,],
a'Ca > 0. Recall from Example 8.4 that d’'Ca =Y | Y, ajaxCi.
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Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

11.1.

11.2.

11.3.

The Poisson process. Know the three properties that define a Poisson process.
The nth arrival time 7, has an Erlang(n,A) density. The interarrival times X,, are
i.id. exp(A). Be able to do simple calculations with a marked Poisson process and
a shot-noise process.

Renewal processes. A renewal process is similar to a Poisson process, except that
the i.i.d. interarrival times do not have to be exponential.

The Wiener process. Know the four properties that define a Wiener process. Its
covariance function is 62 min(t;,#,). The Wiener process is a model for integrated
white noise. A Wiener integral is a Gaussian random variable with zero mean and
variance given by (11.13). The Wiener process is the limit of a scaled random walk.

. Specification of random processes. Kolmogorov’s theorem says that a random

process exists with a specified choice for P((X;,,...,X;,) € B) if whenever we elim-
inate one of the variables, we get the specified formula for the remaining variables.
The other important result is that if a Gaussian process is wide-sense stationary, then
it is strictly stationary.

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.



12
Introduction to Markov chains’

A Markov chain is a random process with the property that given the values of the
process from time zero up through the current time, the conditional probability of the value
of the process at any future time depends only on its value at the current time. This is
equivalent to saying that the future and the past are conditionally independent given the
present (cf. Problem 70 in Chapter 1).

Markov chains often have intuitively pleasing interpretations. Some examples discussed
in this chapter are random walks (without barriers and with barriers, which may be reflect-
ing, absorbing, or neither), queuing systems (with finite or infinite buffers), birth—death
processes (with or without spontaneous generation), life (with states being “healthy,” “sick,”
and “death”), and the gambler’s ruin problem.

Section 12.1 briefly highlights some simple properties of conditional probability that
are very useful in studying Markov chains. Sections 12.2-12.4 cover basic results about
discrete-time Markov chains. Continuous-time chains are discussed in Section 12.5.

12.1 Preliminary results

We present some easily-derived properties of conditional probability. These observa-
tions will greatly simplify some of our calculations for Markov chains.!

Example 12.1. Given any event A and any two integer-valued random variables X and
Y, show that if P(A|X = i,Y = j) depends on i but not j, then in fact P(A|X =i,Y = j) =
P(AIX =1).

Solution. We use the law of total probability along with the chain rule of conditional
probability (Problem 3), which says that

P(ANB|C) = P(A|[BNC)P(B|C). (12.1)

Now, suppose that
P(AIX =i,Y =) = h(i) (12.2)

for some function of i only. We must show that i(i) = P(A|X =i). Write
PAN{X =i}) = Y PAN{X =i}ly = ))P(Y =)
J
= LPAX =iy =j)P(X =iy =jP(Y =)

J
= Y h(P(X =iy = j)P(Y = j), by (12.2),
J

Sections 12.1-12.4 can be covered any time after Chapter 3. However, Section 12.5 uses material from
Chapter 5 and Chapter 11.

476
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h(i) Y P(X =iy = j)P(Y = j)
j
= h(i)P(X =i).
Solving for h(i) yields h(i) = P(A|X = i) as required.

Example 12.2. The method used to solve Example 12.1 extends in the obvious way to
show that if P(A|X =i,Y = j,Z = k) is a function of i only, then not only does P(A|X =
i,Y=j,Z=k)=P(A|X =), but also

PAX =i,Y =) = PAIX =)

and
P(AIX =i,Z=k) = P(A|X =)

as well. See Problem 1.

12.2 Discrete-time Markov chains

A sequence of integer-valued random variables, Xy, X1, ... is called a Markov chain if
forn>1,

P(Xot1 = lns1|Xn =in, ..., Xo =10) = PXp1 = int1| X = iin).

In other words, given the sequence of values iy,...,i,, the conditional probability of what
X,+1 will be one time unit in the future depends only on the value of i,. A random
sequence whose conditional probabilities satisfy this condition is said to satisfy the Markov
property.

Consider a person who has had too much to drink and is staggering around. Suppose
that with each step, the person randomly moves forward or backward by one step. This is
the idea to be captured in the following example.

Example 12.3 (random walk). Let X be an integer-valued random variable that is in-
dependent of the i.i.d. sequence Z;,Z,,..., where P(Z, = 1) = a, P(Z, = —1) = b, and
P(Z,=0)=1—(a+b). Show that if

Xy = Xp1+2Zy, n=12,...,
then X,, is a Markov chain.
Solution. It helps to write out

X = Xo+7;
X =X1+24 = Xot+21+22

Xn = Xn71+Zn = X0—|—Z1—|—~--—|—Z”.
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<10 g A, A
. lil llHl : llilHll . ]

Figure 12.1. Realization of a symmetric random walk Xj,.

The point here is that (Xp,...,X,) is a function of (Xy,Z,...,Z,), and hence, Z,;; and
(Xo,...,Xu) are independent. Now observe that

P(Xpt1 = int11Xn = iny..., X0 = ip) (12.3)

is equal to
P(Xn +Zn+1 = in+1 ‘Xn = im .. 7X0 = i()).

Using the substitution law, this becomes
P(Zn+l =ipt1— in|Xn =ip,..., Xo= iO)-

On account of the independence of Z,; | and (Xp,...,X,), the above conditional probability
is equal to
P(ZnJrl = in+l - ln)

Putting this all together shows that (12.3) depends on i, but not on i,_1,...,i. By Exam-
ple 12.1, (12.3) must be equal to P(X,,11 = i,+1|X, = iy); i.e., X,, is a Markov chain.

The Markov chain of the preceding example is called a random walk on the integers.
The random walk is said to be symmetric if a = b = 1/2. A realization of a symmetric
random walk is shown in Figure 12.1. Notice that each point differs from the preceding one
by +1.

To restrict the random walk to the nonnegative integers, we can take X,, = max(0,X,_| +
Z,) (Problem 2).

Conditional joint PMFs
The Markov property says that
P(X,H,l = j|Xn =1ip,...,X0 = i()) = P(XnJrl = ]‘Xn = in).

In this subsection, we explore some implications of this equation for conditional joint pmfs.
We show below that
P(Xn+1n = Jmy- -5 Xnt1 = J1 |Xn =ipy.., X0 = iO)

. . ) (12.4)
= P(Xner = Jmse s Xnt1 = Ji |Xn = ln)'
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In other words, the conditional joint pmf of X, 11, ..., Xn+m also satisfies a kind of Markov

property.

Although the conditional probability on the left-hand side of (12.4) involves iy, ..., i,
the right-hand side depends only on i,,. Hence, it follows from the observations in Exam-
ple 12.2 that we can also write equations like

P(Xn+1n = Jmy- o Xnt1 = J1 |Xn =1,,X0 = 10) (12.5)
= PXptm = Jms-- - Xnt1 = j11Xn = in)-

Furthermore, summing both sides of (12.5) over all values of j;, all values of j, ..., all
values of j,,_1 shows that
P(Xn+m = Jm|Xn = imXO = iO) = P(Xn+zn = jn1|Xn = in)- (12-6)
To establish (12.4), first write the left-hand side as

P(Xn+m = jin;Xn+m—1 = jm—l,---aXn—H = jl |X = ina~ .- >XO = i0)~
—_———
A B C

Then use the chain rule of conditional probability (12.1) to write it as
P(Xn+1n = jm|Xn+m—1 = jm—la cee aXn-H = jla Xn = in> cee 7X0 = i())
'P(Xnerfl = jmfl yeee aXn+] = jl |Xn =lp,.. -, X0 = i0)~
Applying the Markov property to the left-hand factor yields
P(Xn+m = jm‘Xnerfl = jmfl)
'P(Xn+n1—l = Jm—1s-- - Xnt1 = J1 |sz =ip,y.., X0 = iO)-
Now apply the foregoing two steps to the right-hand factor to get
P(Xn+m = jm‘Xnerfl = jmfl)
'P(Xn+m—1 = jm—l ‘Xn+m—2 = jm—2)
PXntm—2 = =2y, X1 = J11Xn = in, ..., Xo = Ip).
Continuing in this way, we end up with
P(Xn+m = Jmy- > Xnt1 = J1 |Xn =ip,..., X0 = iO)
= P(Xner = jm‘Xnerfl = Jlmfl)
'P(X)H»mfl = jmfl ‘Xn+m72 = jm72)

12.7)
P X2 = j2| X1 = j1)
P(Xps1 = 111X = in).
Since the right-hand side depends on i, but not on i,_1,...,ip, the result of Example 12.1

tells us that the above left-hand side is equal to

P(Xntm = Jms -1 Xnte1 = J1|Xn = in).
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Thus, (12.4) holds. Furthermore, since the left-hand sides of (12.4) and (12.7) are the same,
we have the additional formula

P(Xn+m = Jmy- -y Xnt1 = J1 |X = in)
= P(XIH—m = jm‘XrH-m—l = jm—l)
’P(Xnerfl = jmfl ‘Xn+m72 = jm72)
. (12.8)
PXns2 = j2| X1 = j1)
'P(Xn+] =i ‘Xn = in)~

State space and transition probabilities

The set of possible values that the random variables X,, can take is called the state space
of the chain. In this chapter, we take the state space to be the set of integers or some specified
subset of the integers. The conditional probabilities

P(Xn+1 = ]|Xn = i)

are called transition probabilities. In this chapter, we assume that the transition probabil-
ities do not depend on time n. Such a Markov chain is said to have stationary transition
probabilities or to be time homogeneous. For a time-homogeneous Markov chain, we use
the notation

Pij = P(XrH—l :j|Xn:i)

for the transition probabilities. The p;; are also called the one-step transition probabilities
because they are the probabilities of going from state i to state j in one time step. One
of the most common ways to specify the transition probabilities is with a state transition
diagram as in Figure 12.2. This particular diagram says that the state space is the finite set
{0,1}, and that po; = a, p1o = b, poo = 1 —a, and p;; = 1 — b. Note that the sum of all the
probabilities leaving a state must be one. This is because for each state i,

Zpij = ZP(Xn-H:j‘Xn:i) = L
J J

The transition probabilities p;; can be arranged in a matrix P, called the transition matrix,
whose i j entry is p;;. For the chain in Figure 12.2,

l—a a
P_[ b 1b]'

b

Figure 12.2. A state transition diagram. The diagram says that the state space is the finite set {0,1}, and that
po1 =a, pro =b, poo =1—a,and p;; =1-5b.
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The top row of P contains the probabilities py;, which is obtained by noting the probabilities
written next to all the arrows leaving state 0. Similarly, the probabilities written next to all
the arrows leaving state 1 are found in the bottom row of P.

Examples

The general random walk on the integers has the state transition diagram shown in
Figure 12.3. Note that the Markov chain constructed in Example 12.3 is a special case in

1-(a;+b;)

Figure 12.3. State transition diagram for a random walk on the integers.

which a; = a and b; = b for all i. The state transition diagram is telling us that

bia j:ifla
I l_(ai+bi)7 ]:l7
PP a =it (129
0, otherwise.

Hence, the transition matrix P is infinite, tridiagonal, and its ith row is
[ 0 b 1—(ai+b;) a; 0 ]

Frequently, it is convenient to introduce a barrier at zero, leading to the state transition
diagram in Figure 12.4. In this case, we speak of a random walk with a barrier. Fori > 1,
the formula for p;; is given by (12.9), while for i = 0,

1_a07 J:()a

poj = ap, Jj=1, (12.10)
0, otherwise.

1-(a,;+by)
ay ‘ a

N-ONO

b, b,

Figure 12.4. State transition diagram for a random walk with a barrier at the origin (also called a birth—death
process).
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The transition matrix P is the tridiagonal, semi-infinite matrix

l—a() ao 0 0 0
by 1—(a1+b1) ajy 0 0

P = 0 by 1—(az+b2) az 0 ---
0 0 b3 l—(azs+b3) a3

If ap = 1, the barrier is said to be reflecting. If ag = 0, the barrier is said to be absorbing.
Once a chain hits an absorbing state, the chain stays in that state from that time onward.

A random walk with a barrier at the origin has several interpretations. When thinking of
a drunken person staggering around, we can view a wall or a fence as a reflecting barrier; if
the person backs into the wall, then with the next step the person must move forward away
from the wall. Similarly, we can view a curb or step as an absorbing barrier; if the person
trips and falls down when stepping over a curb, then the walk is over.

A random walk with a barrier at the origin can be viewed as a model for a queue with
an infinite buffer. Consider a queue of packets buffered at an Internet router. The state of
the chain is the number of packets in the buffer. This number cannot go below zero. The
number of packets can increase by one if a new packet arrives, decrease by one if a packet is
forwarded to its next destination, or stay the same if both or neither of these events occurs.

A random walk with a barrier at the origin can also be viewed as a birth—death process.
With this terminology, the state of the chain is taken to be a population, say of bacteria. In
this case, if ag > 0, there is spontaneous generation. If b; = 0 for all i, we have a pure
birth process.

Sometimes it is useful to consider a random walk with barriers at the origin and at N, as
shown in Figure 12.5. The formula for p;; is given by (12.9) above for 1 <i <N —1, by
(12.10) above for i = 0, and, for i = N, by

va J:Ni 17
PN = 1—by, j=N, (12.11)
0, otherwise.

This chain can be viewed as a model for a queue with a finite buffer, especially if a; = a
and b; = b for all i. When a9 = 0 and by = 0, the barriers at 0 and N are absorbing, and
the chain is a model for the gambler’s ruin problem. In this problem, a gambler starts at
time zero with 1 <i < N — 1 dollars and plays until he either runs out of money, that is,
absorption into state zero, or his winnings reach N dollars and he stops playing (absorption

1= (a+by) 1= (@y-1 +by-)
ag ‘ a, ay-» ‘ an-1
S OROBINCNO~T

b, b, by by

Figure 12.5. State transition diagram for a queue with a finite buffer.
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into state N). If N =2 and b, = 0, the chain can be interpreted as the story of life if we
view state i = 0 as being the “healthy” state, i = 1 as being the “sick” state, and i = 2 as
being the “death” state. In this model, if you are healthy (in state 0), you remain healthy
with probability 1 — ap and become sick (move to state 1) with probability ag. If you are
sick (in state 1), you become healthy (move to state 0) with probability b, remain sick (stay
in state 1) with probability 1 — (a; + by), or die (move to state 2) with probability a;. Since
state 2 is absorbing (b, = 0), once you enter this state, you never leave.

Consequences of time homogeneity

Notice that the right-hand side of (12.8) involves only one-step transition probabilities.
Hence, for a time-homogeneous chain,

PXntm = Jmy-- s Xns1 = j1lXn = 1) = PijiPj1ijo " Pjmetjm- (12.12)
Taking n = 0 yields
P(Xm = jma---7X1 = jl |X0 = l) = pijlpjljz"'pjm—ljl11' (1213)

Since the right-hand sides are the same, we conclude that

P(Xntm = Jjims - Xnt1 = J11Xn = 1) = P(X = jimy- -, X1 = j11Xo = 0). (12.14)
If we sum (12.14) over all values of ji, all values of j,, ..., all values of j,_;, we find that
P(Xpim = jm|Xn =1) = P(Xin = jm|Xo =1). (12.15)

The m-step transition probabilities are defined by

P = P(Xw = jlXo = ). (12.16)

This is the probability of going from state i (at time zero) to state j in m steps. In particular,

()

Dij- = Pij>

and
pY = PXo=jlXo=1i) = &

where 6; ; denotes the Kronecker delta, which is one if i = j and is zero otherwise. We also
point out that (12.15) says

PXoim = jiXa=1) = pi}". (12.17)

In other words, the m-step transition probabilities are stationary.
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The Chapman—Kolmogorov equation

The m-step transition probabilities satisfy the Chapman—Kolmogorov equation,

"+’” Zplk pkj : (12.18)

This is easily derived as follows.? First write
P = P(Xyem = j1Xo =)
= ZP n+m*]7 *k|X0*l)

= ZP wem = 11X =k, Xo = i)P(X, = k|Xo = i).
k

Now apply the Markov property (cf. (12.6)) and stationarity of the m-step transition proba-
bilities to write

p,(;ler ZP Xontm = J|Xn = k)P (X, = k|Xo = i)
= Zpkj P(X, = k|Xo = i)
k
_ (n) (m)
= Zpik Pyj -
k
If we take n =m =1 in (12.18), we see that
pl/ szkpkj

2

In other words, the matrix with entries p; i is exactly the matrix PP, where P is the transi-

tion matrix. Taking n =2 and m = 1 in (12.18) shows that the matrix with entries p@ is

ij
equal to P2P = P3. In general, the matrix with entries pl(;l) is given by P". The Chapman—

Kolmogorov equation says that
Pn+m = ptpm.
Stationary distributions
Until now we have focused on the conditional probabilities p;; and pg;')
can use the law of total probability to write

Xn = J) ZP n = JXo =i)P(Xo = ).

. However, we

Thus, P(X, = j), which is not a conditional probability, depends on the probability mass
function of initial state Xy of the chain. If we put pj(.") :=P(X, =j) and v; :== P(Xo = i),
then the above display can be written as

= Zvip,(;l),
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or in matrix—vector form as
p" = vP",

where p<"> and v are row vectors. In general, p(”) depends on n, and for large n, powers
of P are difficult to compute. However, there is one case in which there is great simplifica-
tion. Suppose that P(Xy = i) = m;, where 7 is a probability mass function that satisfies the
equation®

T = 7P.
Right multiplication by P on both sides of this equation shows that 7P = P2, and it then
follows that T = P2. More generally, 7 = 7P". Hence,

() _

p J - TE]' ’

and we see that P(X,, = j) does not depend on n. We make the following general definition.
If 7; is a sequence that satisfies

To=Y mpy, m >0, and Y m =1, (12.19)
k J

then 7 is called a stationary distribution or equilibrium distribution of the chain.

Example 12.4. Find the stationary distribution of the chain with state transition matrix

0 1/43/4
P=1]0 1/21/2
2/52/5 1/5

Solution. We begin by writing out the equations
= Y Dk
k

for each j. Notice that the right-hand side is the inner product of the row vector 7 and the
Jjth column of P. For j = 0, we have

2 2
Ty = Z?‘Ekpko = 0717()+07171+§7T2 = §Mm.
k

FOI‘j— 1, we ha\/e
7'[1 = 771'0_'_77[1_'_77'[2

- 1(3m) +im+ im

—

from which it follows that 7; = m,. As it turns out, the equation for the last value of j is
always redundant. Instead we use the requirement that }_; 7; = 1. Writing

1 = M+m+m = 2m+m+m,

it follows that m, = 5/12, 1y =5/12, and mp = 1/6.

“The equation T = 7P says that 7 is a left eigenvector of P with eigenvalue 1. To say this another way, [ — P
is singular; i.e., there are many solutions of (I — P) = 0. Since 7 is a probability mass function, it cannot be the
zero vector. Recall that by definition, eigenvectors are precluded from being the zero vector.
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The solution in the preceding example suggests the following algorithm to find the sta-
tionary distribution a Markov chain with a finite number of states. First, rewrite TP = 7
as (P —1I) = 0, where the right-hand side is a row vector whose length is the number of
states. Second, we said above that equation for the last value of j is always redundant, and
so we use the requirement ) ; 7; = 1 instead. This amounts to solving the equation 7A =y,
where A is obtained by replacing the last column of P — I with all ones, and y = [0,...,0,1].
See Problem 11 for a MATLAB implementation.

The next example involves a Markov chain with an infinite number of states.

Example 12.5. The state transition diagram for a queuing system with an infinite buffer
is shown in Figure 12.6. Find the stationary distribution of the chain if a < b.

1= (a+b) 1= (a+b)
a ‘ a a a
2ON0
b b b b

Figure 12.6. State transition diagram for a queuing system with an infinite buffer.

Solution. We begin by writing out

T =Y Tpi (12.20)
k

for j =0,1,2,.... For each j, the coefficients p;; are obtained by inspection of the state
transition diagram and looking at all the arrows that go into state j. For j = 0, we must
consider

™ = Zﬂkpko-
k

We need the values of pyg. From the diagram, the only way to get to state O is from state
0 itself (with probability pgo = 1 — a) or from state 1 (with probability p1g = b). The other
pro = 0. Hence,
m = my(l—a)+mb.
We can rearrange this to get
a

T = —Ny.
b

Now put j = 1 in (12.20). The state transition diagram tells us that the only way to enter
state 1 is from states 0, 1, and 2, with probabilities a, 1 — (a+b), and b, respectively. Hence,

T = Mya—+m [1 —(d-i—b)]—‘rﬂ'zb.

Substituting 71, = (a/b)mo yields 7, = (a/b)*m. In general, if we substitute 7; = (a/b)/ 7
and 7;_; = (a/b)’~'m into

T = ﬂj71(1—|—7'fj[1—(a+b)]+7fj+1b,



12.2 Discrete-time Markov chains 487

then we obtain 7,1 = (a/b)’T!my. We conclude that

J
7[/: (Z) o, j:O,],Z,....

To solve for my, we use the fact that

ZTE]‘ =1,
j=0
or N '
a\J
my(5) =1
=0
J
The geometric series formula shows that
m = l—a/b,
and .
J
;= (g) (1—a/b).

In other words, the stationary distribution is a geometricy(a/b) probability mass function.
Note that we needed a < b to apply the geometric series formula. If a > b, there is no
stationary distribution.

In the foregoing example, when a > b, the chain does not have a stationary distribution.
On the other hand, as the next example shows, a chain can have more than one stationary
distribution; i.e., there may be more than one solution of (12.19).

Example 12.6. Consider the chain in Figure 12.7. Its transition matrix is
2/31/3 0 0
2/75/7 0 0

0 0 4/51/5
0 0 3/41/4

P:

It is easy to check that
T = [6/13 7/13 0 0] and m = [0 0 15/19 4/19]

are both probability mass functions that solve 7P = 7.

173 15
213 .“" 57 4/5 C@m 1/4

217 3/4

Figure 12.7. A Markov chain with multiple stationary distributions.
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We conclude this section with a sufficient condition to guarantee that if a chain has a
stationary distribution, it is unique.

If for every pair of states i # j there is a path in the state transition diagram from i to j
and a path from j to i, we say that the chain is irreducible. It is shown in [23, Section 6.4]
that an irreducible chain can have at most one stationary distribution.

Example 12.77. The chains in Figures 12.2—-12.6 are all irreducible (as long as none of
the parameters a, a;, b, or b; is zero). Hence, the stationary distributions that we found in
Examples 12.4 and 12.5 are unique. The chain in Figure 12.7 is not irreducible.

12.3 *Recurrent and transient states
Entrance times and intervisit times

The first time the chain visits state j is given by
Ti(j) := min{k > 1: X, = j}.

We call 7 (j) the first entrance time or first passage time of state j. It may happen that
Xy # j for any k > 1. In this case, T} (j) = min &, which we take to be . In other words,
if the chain never visits state j for any time k > 1, we put 71(j) = eo. Given that the chain
starts in state j, the conditional probability that the chain returns to state j in finite time is

fij = P(T1(j) < oo|Xo = j). (12.21)

A state j is said to be

recurrent, if fj; =1,
transient, if fj; < 1.

We describe the condition f;; = 1 in words by saying that a recurrent state is one that the
chain is guaranteed to come back to in finite time. Here “guaranteed” means “happens with
conditional probability one.” On the other hand, if f;; < 1, then

P(Ti(j) =o|Xo=j) = 1—-fj;

is positive. Thus, a transient state is one for which there is a positive probability of never
returning.

Example 12.8. Show that state O in Figure 12.7 is recurrent.

Solution. 1t suffices to show that the conditional probability of never returning to state
0 is zero. The only way this can happen starting from state zero is to have

{Xlzl}ﬂ{X2:1}ﬂ~--.
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To compute the probability of this, we first use the limit property (1.14) to write

P(né{xnzl}xozo) Xo = )

= Al,ijgcpm (pr)V', by (12.13),

~ () -0

lim P(ﬂ{x =1}

n=1

Hence, state O is recurrent.

Example 12.9. Show that state 1 in Figure 12.8 is transient.

1 8/9 1 1
1/9

Figure 12.8. State transition diagram for Example 12.9.

Solution. We need to show that there is positive conditional probability of never return-
ing to state 1. From the figure, we see that the chain never returns to state 1 if and only
if starting at time O in state 1 it then jumps to state 2 at time 1. The probability of this is
P(X;=2|Xp=1)=8/9 >0.

Since T(j) is a discrete random variable that may take the value oo, its conditional
expectation is given by the formula

gk

E[T1 (/)Xo = j] := ) kP(Ti(j) = k|Xo = j) +o0- P(T1(j) = 00| Xo = j) (12.22)

x~
Il

I
s

kP(Ti(j) = k|Xo = j) +oo- (1= fjj).

=~
Il
—_

From this formula we see that the expected time to return to a transient state is infinite. For
a recurrent state, the formula reduces to

=

E[N())1Xo=Jj] = Z =k|Xo = j),

which may be finite or infinite. If the expected time to return to a recurrent state is finite,
the state is said to be positive recurrent. Otherwise, the expected time to return is infinite,
and the state is said to be null recurrent.

The nth entrance time of state j is given by

T,(j) := min{k > T,_(j) : X; = j}.
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The times between visits to state j, called intervisit times, are given by
Di(j) :== Ti(j) and Du(j) = Tu(j) —Tui—1(j), n=>2.
Hence,

Tu(j) = D1(j)+ -+ Da())- (12.23)

Notation. When the state j is understood, we sometimes drop the (j) and write 7;, or
D,.

Theorem 1. Given Xo =i, D1(j),D2(j), ... are independent with Dy(j),D3(j),. .. be-
ing i.i.d. If i = j, then D1(j),D2(j),... are i.i.d.

Proof. We begin with the observation that the first visit to state j occurs at time » if and
only if X1 # j, Xo # j, ..., Xu—1 # J, and X,, = j. In terms of events, this is written as

(i=n} = {Xy= j.Xa1 # joo X1 # j). (12.24)

Thus,

£ = P(T(j) = nlXo = )
- P(Xn:]a n717é]7~~~»X17éj|X0:i)

is the conditional probability that given Xy = i, the chain first enters state j at time n. More
generally, fork > 2,if 1 <nj <np <--- <my,

(12.25)

{Tl :n17"'7Tk:nk} = {Xl #ja"wxnl—l 7éj7an :j>
Xn1+1 #ja'”aanfl #j?an :.ja

Xﬂk71+| 7& jv"'aXnkfl 7é jaXnk = J}

Using this formula along with the Markov property (12.4) and time homogeneity (12.14), it
is not hard to show (Problem 13) that

P(Ter1 = 1| Tk = ngey ..., Ty = n1,Xo =)
= P(Xueps = /s Xop -1 # Joo o X1 7 1 X, = J)

= PXoupy e = 1o Xy -m—1 F Joe o X1 # J1Xo = ))

— e by (12.25). (12.26)

The next step is to let dy, . .. ,di be given positive integers. Then

P(Dy =di,...,Dy=di|Xo =1i)
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is equal to

k
P(Dl =d |XO = 1) H P(Dm :dm‘Dm—l =dy_1,...,D1=d,Xp = l) (12.27)
m=2

Since D = T}, the left-hand factor is fi(fl) by (12.25). Next, on account of (12.23),

{oniaDl :dlw"vafl :dmfl}
={Xo=iTi=d,h=d\+dy,....Ty_1 =d +---+dpn_1}.

Hence, the mth factor in (12.27) is equal to
P(Ty—Tno1 =dn|Tp-1=d1+ - +dpu-1,...,T1 =d1,Xo =1).
By the substitution law, this becomes
P(Tn=di+ - +dn|Ty1 =di+- +dp_1,.... Ty =d\, Xo =1).

By (12.26), this is equal to

f([d1+"'+dm]—[d1+"'+dm—l]) _ (dm)
Ji — i
We now have that
Py =di,...D=di|Xo=1) = fifV £ 1), (12.28)
which says that the Dy are independent with D,, D3, ... being i.i.d. ]

Number of visits to a state and occupation time

The number of visits to state j up to time m is given by the formula
m
Vn(J) ==Y Iy (%)
k=1

Since this is equal to the amount of time the chain has spent in state j, V,,(j) is also called
the occupation time of state j up to time m.

There is an important relationship between the number of visits to a state and the en-
trance times of that state. To see this relationship, observe that the number of visits to a state
up to time m is less than n if and only if the nth visit has not happened yet; i.e., if and only
if the nth visit occurs after time m. In terms of events, this is written as

{Vin(h) <n}p = {Ta(j) > m}. (12.29)

The average occupation time up to time m, denoted by V,,,(j)/m, is the fraction of time
spent in state j up to time m. If an irreducible chain has a stationary distribution 7, the
ergodic theorem below says that V,,(j)/m — m; as m — co. In other words, if we watch the
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chain evolve, and we count the fraction of time spent in state j, this fraction is a consistent
estimator of the equilibrium probability 7;.

The total number of visits to state j is
V() = Y I (Xe).
k=1

Notice that V(j) = e if and only if the chain visits state j an infinite number of times; in
this case we say that the chain visits state j infinitely often (i.0.). Since V (j) is equal to the
total time spent in state j, we call V() the fotal occupation time of state j. We show later
that V() is either a constant random variable equal to o or it has a geometricy pmf when
conditioned on Xy = j. Thus, either the chain visits state j infinitely often with conditional
probability one, or it visits state j only finitely many times with conditional probability one,
and in this case, the number of visits is a geometricy random variable.

The key to the derivations in this subsection is the fact that given Xy = j, the intervisit
times Dy are i.i.d. by Theorem 1. Hence, by the law of large numbers,>

1 n
=Y D — E[DilXo = jl, (12.30)
=1
assuming this expectation is finite. Since the Dy () are i.i.d. given Xy = j, and since 71 (j) =
Dy (j), we can also write

l n
~ ). Di(j) — E[L()IXo =] (12.31)
k=1

if this expectation is finite; i.e., if state j is positive recurrent. On account of (12.23), we
can write (12.31) as

Tu(J)

— E[Ti())[Xo = Jj]. (12.32)

The independence of the Dy can be used to give further characterizations of recurrence
and transience. The total number of visits to j, V (), is at least L if and only if the Lth visit
occurs in finite time, i.e., 77,(j) < e, which happens if and only if Dy, ..., Dy, are all finite.
Thus,

P(V>L|Xo=1i) = P(D| <eo,...,Dp <oo|Xg=1)

L
P(Dy < oo|Xg = i) [[ P(Dk < oo|Xo = i).
k=2

We now calculate each factor. Since Dy = T;, we have

P(D) < wo|Xy=i) = P(T1(j) < o|Xo =1i) =: f. (12.33)
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Note that the definition here of f;; is the obvious generalization of f;; in (12.21). For k > 2,

Il
ngk

P(Dy < o|Xp =) P(Dy =d|Xo =1)

Ny
Il
—_

= if,(,d) by (12.28),
d=1

= Y P(Ti(j) =d|Xo = j), by (12.25),
d=1

= P(T1(j) < o0|Xo = J)

= Jij-

Thus,
P(V(j)>LIXo=i) = fi;(f;ij)*" (12.34)
It then follows that
P(V(j)=LIXo=1i) = P(V(j) > L|Xo=1i)—P(V(j) > L+1Xo =1i)
LD = fi)). (12.35)

Theorem 2. The total number of visits to state j satisfies

1, if f;; = 1 (recurrent),

P(V(j)=[Xo=j) = { 0, if f;; < 1 (transient).

In the transient case,
P(V(j) =LIXo=Jj) = (fi))* (1= fy),
which is a geometrico(f;;) pmf; hence,

fij
1—fjj

EV(j)Xo=j] = < o,

In the recurrent case, E[V (j)|Xo = j] = o=.

Proof. In Problem 14 you will show that

P(V(j) =Xy =) = Jim P(V(j) > LiXo = ).

Now take i = j in (12.34) and observe that (f; j)L converges to one or to zero according to
fjj=1or fj; < 1. To obtain the pmf of V() in the transient case take i = j in (12.35). The
fact that E[V(j)|Xo = j] = o for a recurrent state is immediate since by the first part of the
theorem already proved, V (j) = oo with conditional probability one. U]

‘We next observe that

EV ()Xo = J] = E[ilz{,-}<xn> xozj}
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I
s

Ell(j (Xa)|Xo = J]

3
Il
—_

Il
[ agk

P(X, = jlXo = j)

3
Il
—_

I
s
I
\..\S/

3
I

Combining this with the foregoing results shows that

fij =1 (recurrence) < Y p %) -

n=1

- (12.36)
fjj <1 (transience) < Z p(].']'.) < oo.
n=1 "
A slight modification of the preceding analysis (Problem 15) yields?
- &, f > 07
fjj =1 (recurrence) = ,;pgl) = { 0. fZ “o
(12.37)

fjj <1 (transience) = Z pl(;l) < co.

n=1

We next use (12.32) and (12.29) to show that for a positive recurrent state j, V,,(j)/m —
1/E[Ti(j)|Xo = j]. To simplify the notation, let ¢ := E[T}(j)|Xo = j] and v := 1/t so that
T,/n — t and we need to show that V,,,/m — v. The first fact we need is that if a,,, — o and
B — B and if o > 3, then for all sufficiently large m, o, > B,,. Next, for € > 0, consider
the quantity |m(v+ €) |, where |x| denotes the greatest integer less than or equal to x. For
larger and larger m, |m(v+ €) | takes larger and larger integer values. Since 7,,/n — f,

_ Tm+e)) :
oy = m—t — 0 = «a.
For B, we take
T ImGvre)] o [mvte)]
Now by Problem 16, for any A > 0, m/|Am]| — 1/A. Hence,
1 1 —£
ﬁm — - = = ﬁ

v+E v v(v+€)

bRecall that f; ; was defined in (12.33) as the conditional probability that starting from state i, the chain visits
state j in finite time. If there is no path in the state transition diagram from i to j, then it is impossible to go from
ito j and we must have f;; = 0. Conversely, if there is a path, say a path of # transitions, and if this path is taken,
then 77 () < n. Hence,
0 < P(particular path taken|Xo = i) < P(T1(j) <n|Xo=1i) < P(Ti(J) <oo|Xo =1i) =: fij-

Hence, f;; > 0 if and only if there is a path in the state transition diagram from i to j.
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Since a =0 > —¢/[v(v+¢)] = B, for all large m, we have o, > f3,,. From the definitions
of oy, and B,
Omtyve)) 0 om
|m(v+e¢)| |m(v+¢)|
which is equivalent to
Tim(vre)| > m.

From (12.29), this implies
Vn < |m(v+¢)] < m(v+e).

This can be rearranged to get

V
2 v <e
m
A similar argument shows that
Vi
= —y > —¢,
m

from which it then follows that |V,,/m —v| < €. Hence, V,,/m — v. We have thus proved
the following result.

Theorem 3. If state j is positive recurrent; i.e., if E[Ti(j)|Xo = j] < oo, then (12.31)
and (12.32) hold, and the average occupation time converges:

Val)) 1
m  EMGXo =

This raises the question, “When is a state positive recurrent?”

Theorem 4. If an irreducible chain has a stationary distribution T, then all states are

positive recurrent, and
1

5T B ()K=

Proof. See [23, Section 6.4]. In fact, the results in [23] go further; if an irreducible
chain does not have a stationary distribution, then the states of the chain are either all null
recurrent or all transient. Ul

Ergodic theorem for Markov chains. If an irreducible chain has a stationary distribu-
tion 7, and A(j) is a bounded function of j, then

l m
lim — ) h(Xi) = Y h(j)7;- (12.38)
m—oo =1 j
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Remark. If the initial distribution of the chain is taken to be 7, then P(X; = j) = x; for
all k. In this case, the right-hand side of (12.38) is equal to E[A(X})]. Hence, the limiting
time average of i(X;) converges to E[i(X;)].

Proof of the ergodic theorem. By Theorem 4, all states are positive recurrent and 7; =
L/E[T1(j)|Xo = j]- Since all states are positive recurrent, we then have from Theorem 3
that V,,(j)/m — 1/E[T1(j)|Xo = j] = m; for every state j. Now consider the special case
h(j) = I{5y () for a fixed state s. Then the average on the left-hand side of (12.38) is

1 m
=Y I (X) = Viu(s)/m
m=

The right-hand side of (12.38) is

Z’{s} T = 7.

Since V;(s)/m — T, this establishes (12.38) for the function A(j) = I(5y(j). More general
cases for h(j) are considered in the problems. |

12.4 *Limiting n-step transition probabilities
We showed in Section 12.2 that by the law of total probability,

Zplj X()—l

(n)

Now suppose that 7; := lim,, .. p; 7 exists and does not depend on i. Then®

lim P(X, = j) = lim ¥ pi?'P(Xo =)
i

= Y 1im pf}P(Xo = i) (12.39)
= Y 7PXo=1)
= %) P(Xo=1)
= ffj-l (12.40)

Notice that the initial probabilities P(Xy = i) do not affect the limiting value of P(X,, = j).
Hence, we can approximate P(X,, = j) by &; when n is large, no matter what the initial
probabilities are.

Example 12.10. Show that if all states are transient, then

= lim p( "~ 0 for all i, j.

n—oo ij

In particular then lim,, ... P(X, = j) = 0.
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(n)

Solution. If all states j are transient, then by (12.37) we have }," ; p; i <o Since the

sum converges to a finite value, the terms must go to zero as n — 0.0

If a stationary distribution 7 exists and we take P(Xy = i) = m;, then we showed in
Section 12.2 that P(X,, = j) = &; for all n. In this case we trivially have

lim P(X, = j) = 7. (12.41)

n—oo

Comparing (12.40) and (12.41), we have the following result.

Theorem 5. If 7; := lim, .. pg;’) exists and does not depend on i, and if there is a
stationary distribution T, then ©t; = 7t; for all j. This further implies uniqueness of the
stationary distribution, since all stationary distributions have to be equal to 7.

Since a stationary distribution satisfies }' ; ; = 1, we see from Example 12.10 combined
with Theorem 5 that if all states are transient, then a stationary distribution cannot exist.

Theorem 6. If 7T; := lim,, o pg;') exists and does not depend on i, and if the chain has

a finite number of states, then 7; is a stationary distribution. By Theorem 5, 7t is the unique
stationary distribution.

Proof. By definition, the 7; are nonnegative. It remains to show that 7 = 7P and that
Y.; ; = 1. By the Chapman—Kolmogorov equation,

PS‘IH) = ZPE:)PU
k

Taking limits on both sides yields

= . n+1 . n
% = limpii ™ = lim ¥ pl iy (12.42)
k
= Z[,}E‘;Pfﬂpm (12.43)
k

=Y Tpi;-
k
Thus, # = 7ZP. Note that since the chain has a finite number of states, the sum in (12.42)

has only a finite number of terms. This justifies bringing the limit inside the sum in (12.43).
We next show that }°; T; = 1. Write

L% = Llimpf = lim ¥y
J J J
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where the last step is justified because the sum involves only a finite number of terms. To
conclude, recall that as a function of j, pl(;l) is a pmf. Hence, the sum on the right is 1 for all

i and all n. O]

If a chain has a finite number of states, then they cannot all be transient; i.e., at least
one state must be recurrent. For if all states were transient, we would have #; = 0 for all j
by Example 12.10, but by Theorem 6 the 7; would be a stationary distribution summing to
one.

Example 12.11. Sometimes lim,,_... p§7>

sider the chain in Figure 12.9. Observe that

) _ |1, n=odd,
Por = 10, n= even.

does not exist due to periodic behavior. Con-

) @nt1) 4o

In this case, lim; . p((ﬁ) does not exist, although both lim,,_.., pézln and lim,, . pg,

(n)

exist. Even though lim,,_,.. pl.;l
by Problem 5 witha =b = 1.

does not exist, the chain does have a stationary distribution

1

1

Figure 12.9. A Markov chain with no limit distribution due to periodic behavior. Note that this is a special case of
Figure 12.2 with a = b = 1. It is also a special case of Figure 12.5 with N =1and ap = b; = 1.

(n)

Example 12.12. Sometimes it can happen that lim,_,. pi; exists, but depends on i.

Consider the chain in Figure 12.7 of the previous section. Even though lim,,—. pé’f)

)

exists

and is positive, it is clear that lim;,_.. pg{ = 0. Thus, lim,—. pl(»? depends on i.

Classes of states

When specifying a Markov chain, we usually start either with a state transition diagram
or with a specification of the one-step transition probabilities p;;. To compute the n-step

(n)

transition probabilities p;.’, we have the Chapman—Kolmogorov equation. However, sup-

ij

pose we just want to know if pg) > 0 for some n? If j =i, we trivially have pfim = 1. What
if j # i? For j # i, we of course have p;; > 0 if and only if there is an arrow in the state
transition diagram from state i to state j. However, in many cases, there is no arrow directly
from state i to state j because p;; = 0. This is the case in the state transition diagrams in

Figures 12.3-12.6 except when j = i+ 1. Now consider two states i and j with no arrow
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from i to j, but for which there is an intermediate state / such that there is an arrow from
i to [ and another arrow from [ to j. Equivalently, p; and p;; are positive. Now use the
Chapman—Kolmogorov equation to write

2
p = Ypap = papy > 0.
k

Conversely, if pf?)
Hence, if pg) > 0, there must be some state k with p;py; > 0; i.e., there is an arrow in the

state transition diagram from i to k and another arrow from k to j. In general, to examine

pg.l), we apply the Chapman—Kolmogorov equation n — 1 times to write

> 0, then at least one of the terms in the above sum must be positive.

(m) _ (n—1) _ (n=2)\ _ . _
P = Y.pimpr; = Y Pik (Zpklkzpkzj ) ==Y DitPraks " Phoyrj-
ky ky ky kyyekn—1
Hence, pg) > 0 if and only if there is at least one term on the right with py, pi,k, -+ Pk, j >

0. But this term is positive if and only if there is an arrow from i to k1, an arrow from k; to
ks, ..., and an arrow from k,_ to j.

We say that state j is accessible or reachable from state i if for some n > 0, pl@ >0.In
other words, starting from state i, there is a positive conditional probability of going from

state i to state j in n steps. We use the notation i — j to mean that j is accessible from i.

Since pﬁ? ) — 1, state i is always accessible from itself; i.e., i — i. For j = i, we see

from the discussion above that i — j if and only if there is a path (sequence of arrows) in
the state transition diagram from i to j. If i — j and j — i, we write i < j and we say that
i and j communicate. For example, in Figure 12.7, 0 <> 1 and 2 < 3, while 1<42. If a
chain satisfies i < j for all states i # j, then the chain is irreducible as defined at the end
of Section 12.2.

Example 12.13. 1t is intuitively clear that if i — j and j — k, then i — k. Derive this
directly from the Chapman—Kolmogorov equation.
(n)
ij
> 0. Using the Chapman—Kolmogorov equation, write

Solution. Since i — j, there is an n > 0 with p

(m)
jk

> 0. Since j — k, there isanm > 0
with p

Pt = Yp o = p Y > 0.
l

Since, pf,i’+m) > 0, we have i — k.

It is easy to see that < has the three properties:
(i) i< i;itis reflexive.

(ii) i< j< j< i itis symmetric.

(iii) i+ jand j < k = i <> k; it is transitive.
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A relation that is reflexive, symmetric, and transitive is called an equivalence relation.
As shown in the problems, an equivalence relation partitions a set into disjoint subsets called
equivalence classes. Each class consists of those elements that are equivalent to each other.
In the case of the relation <, two states belong to the same class if and only if they com-
municate. For an irreducible chain, there is only one class. Otherwise, there are multiple
classes.

Example 12.14. The chain in Figure 12.8 consists of the classes {0,1}, {2}, {3}, and
so on. Consider the chain in Figure 12.7. Since 0 <> 1 and 2 < 3, the state space of this
chain can be partitioned into the two disjoint classes {0, 1} and {2,3}.

Theorem 7. Ifi < j, then either both states are transient or both states are recurrent.
If both are recurrent, then both are either positive recurrent or null recurrent.

Proof. Let pl(;z) > 0 and p%") > 0. Using the Chapman—Kolmogorov equation twice,
write

AR WS il
r=
Z p’] Jl

Y

_ () (m) (r)
= Pij" Pji ;}ij-

Combining this with (12.36), we see that if j is recurrent, so is 7, and if i is transient, so is j.
To complete the proof of the first part of the theorem, interchange the roles of i and j. For a
proof of the second part of the theorem, see [23]. ]

Example 12.15. States 0 and 1 of the chain in Figure 12.7 communicate, and by Exam-
ple 12.8, state O is recurrent. Hence, state 1 is also recurrent.

Similarly, states 0 and 1 of the chain in Figure 12.8 communicate, and by Example 12.9,
state 1 is transient. Hence, state O is also transient.

In general, the state space of any chain can be partitioned into disjoint sets 7, R;, R»,

., where each R; is a communicating class of recurrent states, and T is the union of all

classes of transient states. Thus, given any two transient states in 7', they may or may not
communicate as in Figure 12.8.

The period of state i is defined as
d(i) = ged{n>1 :pgq) > 0}.

where gcd is the greatest common divisor. If d(i) > 1, i is said to be periodic with period
d(i). If d(i) = 1, i is said to be aperiodic.
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Lemma. Ifi < j, then d(i) = d(j). In other words, if two states communicate, then they
have the same period.

(n

Proof. Tt suffices to show that if v divides every element of {n > 1: p;, )'> 0}, then v
(n)

divides every element of {n > 1:p i > 0}, and conversely. Recall that v divides n if there
is an integer A such that n = A v. In this case, we write V|n. Note that

Vlaand v|b = v|(aLb).

Now, since i < j, there exist r and s with pf;) p()ff-) > 0. Suppose Vv divides every element of

{n>1: p@ > 0}. Then in particular, by the Chapman—Kolmogorov equation,

ii

Py = Pl >0,

and it follows that v|(r+s). Next, if pi.';) > 0, use the Chapman-Kolmogorov equation to
wre (rents) 5 ) )
r+n-+s r N
Pii " > Dij Pj’;' P;[) > 0.
Thus, v|(r+n+s). It now follows that
v|[(r+n+s)—(r+s)] or vn. O

Example 12.16. The chain in Figure 12.9 is irreducible, and each state has period 2. The

chain in Figure 12.7 is not irreducible. For state 0 in Figure 12.7, {n > 1 :p(()'z)) >0} D {1}.
Since the only (positive) divisor of 1 is 1, d(0) = 1. Since 0 « 1, d(1) = 1 too.

Theorem 8. If a chain is irreducible and aperiodic, then the limits

1
fij = lim P(X, = j|Xo=1i) =

= ———————  foralliand j,
B E[71 (/)Xo = J]

exist and do not depend on i.

Proof. See [23, Section 6.4]. ]

Discussion: In a typical application we start with an irreducible chain and try to find
a stationary distribution 7. If we are successful, then by Theorem 4 it is unique, all states
are positive recurrent, and 7; = 1/E[T}(j)|Xo = j]. If the chain is also aperiodic, then by
Theorem 8, T; = ;.

On the other hand, if no stationary distribution exists, then as mentioned in the proof of
Theorem 4, the states of the chain are either all transient or all null recurrent. In either case,
the conditional expectations in Theorem 8 are infinite, and so the 7; are all zero.
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In trying to find a stationary distribution, we may be unsuccessful. But is this because
no stationary distribution exists or is it because we are not clever enough to find it? For an
irreducible, aperiodic chain with a finite number of states, a unique stationary distribution
always exists. We can see this as follows. First use Theorem 8 to guarantee the existence of
the limits 7Z;. Then by Theorem 6, 7; is the unique stationary distribution.

12.5 Continuous-time Markov chains

A family of integer-valued random variables, {X;,7 > 0}, is called a Markov chain if
foralln > 1,and forall 0 <sg < - - <s§,_1 <s<t,

P(Xt = ]‘X‘ = iaX\'n,l = inflv"‘aXVo = l()) - P(Xt = .]|XS - l)

In other words, given the sequence of values iy,...,i,—1,i, the conditional probability of
what X; will be depends only on the condition Xy = i. The quantity P(X, = j|X; = i) is
called the transition probability.

Example 12.17. Show that the Poisson process of rate A is a Markov chain.
Solution. To begin, observe that
P(Nt = ]|NS = l',]\fsw1 =lIp—1,-.- ,NSO = i()),

is equal to
P(N;—i=j—iINy=1i,Ns, | =in-1,...,Ngy =1lp).

By the substitution law, this is equal to

P(N, =Ny = j—ilNy = i,Ny, | =in_1,...,Nyy = i). (12.44)
Since
(NSaNSn,la"'vNSO) (1245)
is a function of
(NY 7NY,1,| PR 7NY1 7NY()7NSO 7N0)’

and since this is independent of N; — N, by the independent increments property of the
Poisson process, it follows that (12.45) and N; — N; are also independent. Thus, (12.44) is
equal to P(N; — Ny = j — i), which depends on i but not on i,_1,.. ., i. It then follows that

P(N; = jINs =i,Ny, | =in—1,...,Nyy =l0) = P(N, = jINy =),

n—1

and we see that the Poisson process is a Markov chain.

As shown in the above example,

P(N, = jI[Ny=i) = P(N,—N;=j—i) = (12.46)
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depends on ¢ and s only through ¢ —s. In general, if a Markov chain has the property that
the transition probability P(X; = j|X; = i) depends on ¢ and s only through 7 — s, we say that
the chain is time-homogeneous or that it has stationary transition probabilities. In this
case, if we put

pij(t) = P(X; = jlXo=1),

then P(X; = j|X; = i) = pij(t —s). Note that p;;(0) = §;;, the Kronecker delta.

In the remainder of the chapter, we assume that X; is a time-homogeneous Markov chain
with transition probability function p;;(¢). For such a chain, we can derive the continuous-
time Chapman-Kolmogorov equation,

pij(t+s) = Zpik(f)ij(S)-
x

To derive this, we first use the law of total conditional probability (Problem 33) to write

pij(t+s) = P(Xs = j|Xo =1)
= Y P(Xisy = jIXi =k, Xo = i)P(X, = k| Xo = i).
k

Now use the Markov property and time homogeneity to obtain
pij(t+s) = Y P(Xis = jIX; = k)P(X; = k|Xo = i)
k

=Y pii(s)pi(t). (12.47)
k

The reader may wonder why the derivation of the continuous-time Chapman—Kolmogo-
rov equation is so much simpler than the derivation of the discrete-time version. The reason
is that in discrete time, the Markov property and time homogeneity are defined in a one-step
manner. Hence, induction arguments are first needed to derive the discrete-time analogs of
the continuous-time definitions!

Behavior of continuous-time Markov chains

In the remainder of the chapter, we assume that for small Az > 0,
pij(At) ~ gijAt, i#j, and p;(Ar) = 1+ g;At.

These approximations tell us the conditional probability of being in state j at time Af in the
near future given that we are in state 7 at time zero. These assumptions are more precisely

written as ) ()
. pij(Ar . pii(Ar) —1
lim —/——~ = g;; d lim————— = g;. 12.48
M gj and lim =0 gii ( )
Note that g;; > 0, while g;; < 0. The parameters g;; are called transition rates.

As the next example shows, for a Poisson process of rate A, g 11 = A.
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Example 12.18. Calculate the transition rates g;; for a Poisson process of rate A.

Solution. Since p; ;y1(At) = P(Ny =i+ 1|Ng = i), we have from (12.46) that

. Diit1(Ar) (RAr)e
=1 ; =1 = A.
Gt = 0T Ar A At

Similarly, since p;;(At) = P(Nx = i|No = i), we have from (12.46) that

i(Ar) —1 —AA ]
gi = lim pu( ) _ €
Ar]0 At Ar]0 At

It is left to Problem 22 to show that g; ;1+,, = 0 for n > 2.

The length of time a chain spends in one state before jumping to the next state is called
the sojourn time or holding time. It is shown in Problem 31 that the sojourn time in state
i is an exp(—g;;) random variable.® Hence, the chain operates as follows. Upon arrival in
state 7, the chain stays a length of time that is an exp(—g;;) random variable. Then the chain
jumps to state j with some probability p;;. So, if we look at a continuous-time chain only
at the times that it jumps, we get the embedded chain or jump chain with discrete-time
transition probabilities p;;.

The formula for p;; is suggested by the following argument. Suppose the chain is in
state i and jumps to a new state at time . What is the probability that the new state is j # i?
For small Az > 0, consider¢

P(Xt = jaXt 3"é i7Xt—At = i)
P(Xt 7é L XA = i) )

Since j # i implies {X; = j} C {X; # i}, the right-hand side simplifies to

P(Xt == J‘X[ # i’Xt_At = l) ==

PXi=jXi—a=1i)  PX=jX—n=1) _ pij(A)

PX, #i.Xn=10)  PX#ilXa=i)  1—pa(dr)

Writing this last quotient as

Dij (At)/Al
[1— pii(Ar)]/At
and letting Az | 0, we get —g;;/gii.
Intuitively, a continuous-time chain cannot jump from state i directly back into state i; if
it did, it really never jumped at all. This suggests that p;; = 0, or equivalently, }.;; pij = 1.
Applying this condition to p;j = —g;;/gii for j # i requires that

Zgij = —&ii < . (12.49)
J#i

Such a chain is said to be conservative.

“For a Poisson process of rate A, the sojourn time is just the interarrival time, which is exp(A ).
4As in the case of the Poisson process, we assume X; is a right-continuous function of ¢.
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Example 12.19. Consider an Internet router with a buffer that can hold N packets. Sup-
pose that in a short time interval At, a new packet arrives with probability A At or a buffered
packet departs with probability pAr. To model the number packets in the buffer at time z, we

use a continuous-time Markov chain with rates g; ;11 = A fori=0,...,N—1land g;;—1 = 1
fori=1,...,N as shown in the state transition diagram in Figure 12.10.
A A A A
H u P y

Figure 12.10. State transition diagram for a continuous-time queue with finite buffer.

Notice the diagram follows the convention of not showing g;; since it is tacitly assumed
that the chain is conservative. In other words, state transition diagrams for continuous-
time Markov chains assume —g;; is equal to the sum of the rates leaving state i. Thus,
in Figure 12.10, goo = —A, gyvw = —M, and for i = 1,... . N—1, gz = —(A + u). The
embedded discrete-time chain has the state transition diagram of Figure 12.5 with ag = 1,
bv=1,a,=A/(A+un),andb;=p/(A+pu)fori=1,...,N—1. Notice this implies p;; =0
for all i.

Kolmogorov's differential equations

Using the Chapman—Kolmogorov equation, write
pij(t+At) =Y pult)pe;(At)
k
= pij(0)pj; (A1) + Y pir(t) pij(Ar).
k#j
Now subtract p;;(t) from both sides to get

pij(t+Ar) = pij(t) = pij(t)[p;j(Ar) =1+ Y pix(t) pij(Ar). (12.50)
k#j
Dividing by Ar and applying the limit assumptions (12.48),” we obtain
pii(t) = pij(t)gji+ Y. pir(t)g;-
k#j

This is Kolmogorov’s forward differential equation, which can be written more com-
pactly as

pii(t) = Y pi(t)g;- (12.51)
k

To derive the backward equation, observe that since p;;(r + Ar) = p;;j(Ar +1), we can
write

pij(t+Ar) =Y pu(Ar)pi;(t)
%
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= pi(A)pij(t) + Y pix(Ar) prj(t).
iEi

Now subtract p;;(¢) from both sides to get

pij(t+ A1) = pij(t) = [pi(Ar) = 1pij(e) + ) pix(Ar) i ().
iZi

Dividing by Ar and applying the limit assumptions (12.48),” we obtain
pii(t) = gipij(t) + ;gikpkj(t)~
ki

This is Kolmogorov’s backward differential equation, which can be written more com-
pactly as

pii(t) = Y gipkj(t). (12.52)
k

Readers familiar with linear system theory may find it insightful to write the forward and
backward equations in matrix form. Let P(¢) denote the matrix whose i j entry is p;;(t),
and let G denote the matrix whose i j entry is g;; (G is called the generator matrix or rate
matrix). Then the forward equation (12.51) becomes

P'(1) = P(1)G,
and the backward equation (12.52) becomes
P(1) = GP(1),

The initial condition in both cases is P(0) = I. Under suitable assumptions, the solution of
both equations is given by the matrix exponential,

When the state space is finite, G is a finite-dimensional matrix, and the theory is straightfor-
ward. Otherwise, more careful analysis is required.

Stationary distributions
In analogy with the discrete-time case, let us put p;(¢) := P(X; = j). By the law of total

probability, we have
pi(t) = Y P(Xo=10)pij(1)-
14
Can we find a choice for the initial probabilities, say P(Xo = i) = m;, such that
pi(t) = Y mipij(t)
]
does not depend on #; i.e., pj(t) = p;(0) = x; for all #? Let us differentiate

m = Zﬂipij(t) (12.53)
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with respect to t and apply the forward differential equation (12.51). Then

0= ;ni(;pik(t)gkj) = ;(;”ipik(t)>gkj~

= Y megrj, by (12.53).
k

Combining

0 =) mg,
3

with the normalization condition }; 7, = 1 allows us to solve for 7, much as in the discrete
case.

Example 12.20. Find the stationary distribution of the continuous-time Markov chain
with generator matrix

-2 1 1
G = 2 -4 2
2 4 -6

Solution. We begin by writing out the equations
0= Zﬂk 8kj
k

for each j. Notice that the right-hand side is the inner product of the row vector 7 and the
Jjth column of G. For j =0, we have

0= Zﬂkgk() = —2my+2m +2m,
k

which implies 7y = 7 4+ m,. For j = 1, we have
0 =m+—-4m+4m = (7171 —|-7'C2) —4m —|—47'L'2,

which implies m; = 5m,/3. As it turns out, the equation for the last value of j is always
redundant. Instead we use the requirement that ) ; 7; = 1. Writing

l = m+m+m = (11+m)+5m/3+ m,

and again using m; = 57, /3, we find that m, =3/16, 1y =5/16, and my = 1/2.

Notes

12.1: Preliminary results

Note 1. The results of Examples 12.1 and 12.2 are easy to derive using the smoothing
property (13.30). See Example 13.24.
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12.2: Discrete-time Markov chains

Note 2. An alternative derivation of the Chapman—Kolmogorov equation is given in
Example 13.25 using the smoothing property.

12.3: *Recurrent and transient states

Note 3. The strong law of large numbers is discussed in Section 14.3. The strong law
of large numbers implies that the convergence in (12.30) is almost sure under P(- |Xo = j).

Note 4. As mentioned in the Note 3, the convergence in (12.30) is almost sure under
P(-|Xo = j). Hence, the same is true for the convergence in (12.31)-(12.32) and in Theo-
rem 3.

12.4: *Limiting n-step transition probabilities

Note 5. If the sum in (12.39) contains infinitely many terms, then the interchange of the
limit and sum is justified by the dominated convergence theorem.

Note 6. Let x, be a sequence of real numbers, and let Sy := Zﬁ,vzl X, denote the sequence
of partial sums. To say that the infinite sum ) >, x,, converges to some finite real number S
means that Sy — S. However, if Sy — S, then we also have Sy_; — S. Hence, Sy —Sy—1 —
S — 8 = 0. However, since

N N-1
SN=SN-1 = Y. Xn— Y Xu = XN,
n=1 n=1

we must have xy — 0.
12.4: Continuous-time Markov chains

Note 7. The derivations of both the forward and backward differential equations require
taking a limit in Az inside the sum over k. For example, in deriving the backward equation,
we tacitly assumed that

. ik (Ar) . pic(At)
| ——piit) = lim ——= pyi (7). 12.54
ot Py Pij(t) ,;Altﬂ% A Pei(0) (12.54)
If the state space of the chain is finite, the above sum is finite and there is no problem. Oth-
erwise, additional technical assumptions are required to justify this step. We now show that
a sufficient assumption for deriving the backward equation is that the chain be conservative;
i.e., that (12.49) hold. For any finite N, observe that

pik(At) pik(At)
) pj(t) > ) pij(t).
iz A Mew A
ki

Since the right-hand side is a finite sum,

i (At
lim plk( )
fr’ At

prj(t) > Z gikPrj(t).
[K[<N
ke£i

At]0
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Letting N — oo shows that

lA
Pil&) 1) > Y gupis(t): (12.55)

Ar]0 At fr

k#i

To get an upper bound on the limit, take N > |i| and write

ZMMN) = ) MPMUH )3 Mpki(’)‘

iz A K=y A Koy A
kAi
Since pyj(r) < 1,
(At
plk( ) j(t) S Z plk sz
iz A K|<N |k\>N
ki
pic(At) 1
= Y =) +—(1- ) palt)
e At k=N
KAi
Pik(Ar) 1 — pii(Ar) Pik(Ar)
)} lAt Prs(t) + At )y lAt '
[k|<N [k|<N
kAi kA

Since these sums are finite,

A[lozplk (t) < Z gikpkj — &ii — Z 8ik-

[k|<N k| <N
ki ki
Letting N — oo shows that
. Pik (At
lim < Y girii(t) — gi— Y gir-
j i J i i
A0 At =y =y

If the chain is conservative, this simplifies to

At)
lim Z plkA(t Pij(t Z ik Prj(t

Atlok#l ki

Combining this with (12.55) yields (12.54), thus justifying the backward equation.

Problems

12.1: Preliminary results

1. Show that if P(A|X =i,Y = j,Z = k) depends on i only, say P(A|X =i,Y = j,Z =
k) = h(i) for some function k(i), then P(A|X =i, Z =k) = P(A|X =i).
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12.2: Discrete-time Markov chains

2. Let Xy,Z1,7Z,,... be a sequence of independent discrete random variables. Put

X, = g(XrLflaZn)v n=12,....

Show that X, is a Markov chain. For example, if X, = max(0,X,_| + Z,), where
Xo and the Z, are as in Example 12.3, then X, is a random walk restricted to the
nonnegative integers.

Derive the chain rule of conditional probability, P(A NB|C) = P(A|BNC)P(BI|C).

Let X, be a time-homogeneous Markov chain with transition probabilities p;;. Put
v; := P(Xp = i). Express

PXo=iX1=jX=kX3=1)
in terms of v; and entries from the transition probability matrix.
Find the stationary distribution of the Markov chain in Figure 12.2.

Draw the state transition diagram and find the stationary distribution of the Markov
chain whose transition matrix is

1/21/2 0
P=|1/4 0 3/4
1/21/2 0

Answer: my=5/12, 1y =1/3, ;= 1/4.

Draw the state transition diagram and find the stationary distribution of the Markov
chain whose transition matrix is

0 1/21/2
P=|1/43/4 0
1/43/4 0

Answer: my=1/5, 1y =7/10, ;,, = 1/10.

Draw the state transition diagram and find the stationary distribution of the Markov
chain whose transition matrix is

12 1/2 0 0

9/10 0 1/10 0
0 1/10 0 9/10
0 0 1/2 1/2

P:

Answer: Ty =9/28, m = 5/28, 7, = 5/28, m3 = 9/28.

Find the stationary distribution of the queuing system with finite buffer of size N,
whose state transition diagram is shown in Figure 12.11.
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1-(a+b) 1-(a+b)

a ‘It a a "‘ a
HONOBNRCRO=E
b

b b b

Figure 12.11. State transition diagram for a queue with a finite buffer.

Show that the chain in Example 12.6 has an infinite number of stationary distributions.

MATLAB. Use the following MATLAB code to find the stationary distributions in
Problems 6-8. (The algorithm is discussed following Example 12.4.)

oe

Stationary Distribution Solver

o

oe

Enter transition matrix here:

oe

P=1[1/2 1/2 0 ; 1/4 0 3/4 ; 1/2 1/2 0 1;

n = length(P); % number of states
onecol = ones(n,1); % col vec of ones

In = diag(onecol); %$ n x n identity matrix
y = zeros(l,n); % Create

y(n) = 1; $ [ 000 .... 011
A =P - In;

A(:,n) = onecol;

pi = y/A; % Solve pi » A =y
fprintf('pi = [ "); % Print answer in

oe

fprintf(’ %g ’,pi); decimal format

fprintf(’ 1\n\n’)

[num,den] = rat(pi); % Print answer using
fporintf('pi = [ ') % rational numbers
fprintf(’ %g/%g ', [num ; den])

fprintf(’ J\n\n’)

*Recurrent and transient states

Show that

. . > k
EL()Xo =1 = Y ksl 4o (1-f)).
k=1
Hint: Equations (12.22), (12.25), and (12.33) may be helpful.

Give a detailed derivation of the steps in (12.26) in the following special case:
(a) First show that

P(h=5|Ty =2,Xo=1i) = P(Xs = j,Xa # j. X3 # j|Xo = j, X1 # j,Xo = ).
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(b) Now show that
P(Xs=J,Xa # J,. X3 # jIXo = j, X0 # j, Xo = i) = P(X5s = j, X4 # . X3 # j|X2 = )).
(c) Conclude by showing that

P(Xs=j,Xa# j, X3 # jIXo=)) = Pz =j,Xo # j, X1 # j|Xo = j),
which is P(i(j) = 3|Xo = /) = £ = £ .

Use the identity

oo

{(V=o} = ({V=L}

L=1
to show that the total occupation time of state j satisfies

P(V(j) =elXo=i) = lim P(V(j) > LIXo =1).

Derive (12.37).
Given A > 0, show that m/|mA | — 1/A. Hint: Use the identity x — 1 < |x] <x.
Generalize the proof of the ergodic theorem as follows:

(a) Show that (12.38) holds if 4(j) = Is(j), where S is a finite subset of states, say

S={s1,...,Sn}
(b) Show that (12.38) holds if i(j) = Y./, ¢;l5,(j), where each S; is a finite subset
of states.

(c) Show that (12.38) holds if 4(j) = 0 for all but finitely many states.

*Limiting n-step transition probabilities

MATLAB. Add the following lines to the end of the script of Problem 11:

oe

Now compare with P"m

o\

m = input (’Enter a value of m (0 to quit): ’);
while m > 0

Pm = P'm

fprintf('pi = [ ') % Print pi in decimal

7
fprintf(’ %g ’,pi); % to compare with P'm
fprintf (' 1\n\n’)

m = input (’Enter a value of m (0 to quit): ’);

end

Again using the data in Problems 6-8, in each case find a value of m so that numeri-
cally all rows of P™ agree with 7.

MATLAB. Use the script of Problem 18 to investigate the limiting behavior of P" for
large m if P is the transition matrix of Example 12.6.



20.

21.

12.5:
22.
23.

24.

25.

26.

27.

Problems 513

For any state i, put A; := {k : i < k}. The sets A; are called equivalence classes. For
any two states i and j, show that A;NA; # & implies A; = A;. In other words, two
equivalence classes are either disjoint or exactly equal to each other.

Consider a chain with a finite number of states. If the chain is irreducible and aperi-
odic, is the conditional expected time to return to a state finite? Justify your answer.

Continuous-time Markov chains
For a Poisson process of rate A, show that forn > 2, g; 1, =0.

Draw the state transition diagram, and find the stationary distribution of the continu-
ous-time Markov chain with generator matrix

-1 1 0
G = 2 -5 3
5 4-9

Answer: my=11/15, 1y =1/5, ;p = 1/15.

MATLAB. Modify the code of Problem 11 to solve for stationary distributions of
continuous-time Markov chains with a finite number of states. Check your script
with the generator matrix of the previous problem and with the generator matrix of
Example 12.20.

The general continuous-time random walk is defined by

Hi, ]:l_lv

I _()Vi—",ui% ]:l7
$ii = My j=itl,
0, otherwise.

Write out the forward and backward equations. Is the chain conservative?

The continuous-time queue with infinite buffer can be obtained by modifying the
general random walk in the preceding problem to include a barrier at the origin. Put

_A'{)a ]: Oa
80j = AO? ]: 17
0, otherwise.

Find the stationary distribution assuming
o0 o
Z ( 2'0 j—1 ) < oo,
i My u]

If A; = A and p; = p for all i, simplify the above condition to one involving only the
relative values of A and .

Modify Problem 26 to include a barrier at some finite N. Find the stationary distribu-
tion.
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28.

29.

30.

31.
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For the chain in Problem 26, let
Aj=jA+a and p;=ju,

where A, o, and p are positive. Put m;(r) := E[X;|Xo = i]. Derive a differential
equation for m;(¢) and solve it. Treat the cases A = u and A # u separately. Hint:
Use the forward equation (12.51).

For the chain in Problem 26, let u; = 0 and A; = A. Write down and solve the forward
equation (12.51) for pg;(t). Hint: Equation (11.6).

If a continuous-time Markov chain has conservative transition rates g;;, then the corre-

sponding jump chain has transition probabilities p;; = —g;;/gii for j # i, and p; = 0.

(a) Let fi; be a pmf that satisfies 0 = }; fixgx;, and put D =Y, #;gii. If D is finite,
show that 7 := fxgx/D is a pmf that satisfies 7; = Y, mpx;,

(b) Let 7 be a pmf that satisfies %; = ¥, % pyj, and put D:=Y,;%/gii. If Dis finite,
show that m := (% /gx)/D is a pmf that satisfies 0 = ¥, T 8k;-

(c) If g;; does not depend on i, say g;; = g, show that in (a) m;, = f; and in (b) T, = 7.
In other words, the stationary distributions of the continuous-time chain and the
jump chain are the same when g;; does not depend on i.

Let T denote the first time a chain leaves state i,
T := min{r >0:X, #i}.

Show that given Xo = i, T is conditionally exp(—g;;). In other words, the time the
chain spends in state 7, known as the sojourn time or holding time, has an exponen-
tial density with parameter —g;;. Hints: By Problem 50 in Chapter 5, it suffices to
prove that

P(T >t4+ AT >t,Xo=1i) = P(T > At|Xp =1i).

To derive this equation, use the fact that if X; is right-continuous,
T >t ifandonlyif X;=ifor0<s<rt.
Use the Markov property in the form

PXs =it <s<t+At|X;=i,0<s5<1)
= PX; =it <s<t+At|X, =),

and use time homogeneity in the form
PX; =it <s<t+At|X, =1i) = P(X;=1i,0<s<At|Xy =1).
To identify the parameter of the exponential density, you may use the formula

i P =i 0<s<MfXo=i) _ | 1-PXu=iXo=i)

Ar]0 At Ar]0 At
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The notion of a Markov chain can be generalized to include random variables that are
not necessarily discrete. We say that X; is a continuous-time Markov process if for
0<sp< - <1 <s<Ht,

P(X; € BIX; =x,X;, | =%Xn—1,..., X5, =%) = P(X; € B|X; =x).
Such a process is time homogeneous if P(X; € B|X; = x) depends on ¢ and s only
through ¢ —s. Show that the Wiener process is a Markov process that is time homo-

geneous. Hint: It is enough to look at conditional cdfs; i.e., show that

PX: <ylXs =x,X;, | =Xu—1,..., Xy, =X0) = P(X; <y|Xy =x).

Let X, Y, and Z be discrete random variables. Show that the following law of total
probability for conditional probability holds:

PX=x|Z=2) = ZP =x|Y =y, Z=2)P(Y =y|Z=2).

Let X; be a time-homogeneous Markov process as defined in Problem 32. Put
P,(x,B) := P(X; € B|Xp =x),

and assume that there is a corresponding conditional density, denoted by f;(x,y) :=
e (y]x), such that
B) = /sz()@y)dy
Derive the Chapman—Kolmogorov equation for conditional densities,
firstwn) = [ Axahy)dz
Hint: 1t suffices to show that
P ys(x,B) / fs(x,2)P(z,B) dz.

To derive this, you may assume that a law of total conditional probability holds for
random variables with appropriate conditional densities.

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

12.1. Preliminary results. Be familiar with the results of Examples 12.1 and 12.2 and

how to apply them as in the rest of the chapter.
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12.2. Discrete-time Markov chains. Be able to write down the transition matrix given
the state transition diagram, and be able to draw the state transition diagram given
the transition matrix. Know the meaning of the m-step transition probability pg;")

in (12.16). Know that stationarity of the one-step transition probabilities implies

stationarity of the m-step transition probabilities as in (12.17). Know the Chapman—

Kolmogorov equation (12.18) as well as the matrix formulation P"*" = P"P". Be

able to find stationary distributions 7; using the conditions (12.19).

12.3. *Recurrent and transient states. Theorem 2 says that the random variable V (),
which is the total number of visits to state j, is infinite with conditional probability
one if j is recurrent and is a geometrico(fj;) random variable if j is transient. For-
mulas (12.36) and (12.37) give alternative characterizations of recurrent and tran-
sient states. Theorem 4 says that if an irreducible chain has a stationary distribution
7, then all states are positive recurrent, and 7; = 1/E[T;(j)|Xo = j]. The Ergodic
Theorem says that if an irreducible chain has a stationary distribution 7, then

Jim ih(xk) =Y h(j)m;.
k=1 j

m—oo 1m

If the initial distribution of the chain is taken to be 7, then P(X; = j) = x; for all k.
In this case, right-hand side is equal to E[(X})]. Hence, the limiting time average
of h(Xy) converges to E[h(X})].

12.4. *Limiting n-step transition probabilities. In general, the state space of any chain
can be partitioned into disjoint sets 7', Ry, R, ..., where each R; is a communicating
class of recurrent states, and 7 is the union of all classes of transient states. When
the entire state space belongs to a single class, the chain is irreducible. Know that
communicating states are all either transient or recurrent and have the same period.
(Hence, transience, recurrence, and periodicity are called class properties.) Be very
familiar with the discussion at the end of the section.

12.5. Continuous-time Markov chains. To do derivations, you must know the Chap-
man—Kolmogorov equation (12.47). The elements of the generator matrix G are
related to the p;;(r) by (12.48). Have a qualitative understanding of the behavior
of continuous-time Markov chains in terms of the sojourn times and the embedded
discrete-time chain. Be able to solve for the stationary distribution 7;.

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.
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Mean convergence and applications

As mentioned at the beginning of Chapter 1, limit theorems are the foundation of the
success of Kolmogorov’s axiomatic theory of probability. In this chapter and the next, we
focus on four different notions of convergence and their implications. The four types of
convergence are, in the order to be studied:

(i) convergence in mean of order p;
(ii) convergence in probability;
(iii) convergence in distribution; and
(iv) almost sure convergence.

When we say X, converges to X, we usually understand this intuitively as what is known
as almost-sure convergence. However, when we want to talk about moments, say E[X?] —
E[X?], we need to exploit results based on convergence in mean of order 2. When we want
to talk about probabilities, say P(X,, € B) — P(X € B), we need to exploit results based on
convergence in distribution. Examples 14.8 and 14.9 are important applications that require
both convergence in mean of order 2 and convergence in distribution. We must also mention
that the central limit theorem, which we made extensive use of in Chapter 6 on confidence
intervals, is a statement about convergence in distribution. Convergence in probability is a
concept we have also been using for quite a while, e.g., the weak law of large numbers in
Section 3.3.

The present chapter is devoted to the study of convergence in mean of order p, while the
remaining types of convergence are studied in the next chapter.

Section 13.1 introduces the notion of convergence in mean of order p. There is also a
discussion of continuity in mean of order p. Section 13.2 introduces the normed L? spaces.
Norms provide a compact notation for establishing results about convergence in mean of
order p. We also point out that the L” spaces are complete. Completeness is used to show
that convolution sums like

Y Xk
k=0

are well defined. This is an important result because sums like this represent the response
of a causal, linear, time-invariant system to a random input X;. The section concludes with
an introduction to mean-square integrals. Section 13.3 introduces the Karhunen—Loeve
expansion, which is of paramount importance in signal detection problems. Section 13.4
uses completeness to develop the Wiener integral. Section 13.5 introduces the notion of
projections. The L? setting allows us to introduce a general orthogonality principle that
unifies results from earlier chapters on the Wiener filter, linear estimators of random vectors,
and minimum mean squared error estimation. The completeness of L? is also used to prove
the projection theorem. In Section 13.6, the projection theorem is used to establish the
existence of conditional expectation and conditional probability for random variables that

517
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may not be discrete or jointly continuous. In Section 13.7, completeness is used to establish
the spectral representation of wide-sense stationary random sequences.

13.1 Convergence in mean of order p

We say that X, converges in mean of order p to X if
lim E[|X,, — X|’] = 0,

where 1 < p < . Note that when X is zero, the expression simplifies to lim,—... E[| X, |P] = 0.
Mostly we focus on the cases p =1 and p = 2. The case p = 1 is called convergence
in mean or mean convergence. The case p = 2 is called mean-square convergence or
quadratic-mean convergence.

Example 13.1. Let X, ~ N(0,1/n?). Show that \/nX, converges in mean square to zero.

Solution. Write

1
E[|VnX,|*] = nE[X?] = ny o= 0.

In the next example, X,, converges in mean square to zero, but not in mean of order 4.

Example 13.2. Let X, have density

fox) = gu(@) (L= 1/n) +hu(x) /0,

where g, ~ N(0,1/n?) and h, ~ N(n,1). Show that X, converges to zero in mean square,
but not in mean of order 4.

Solution. For convergence in mean square, write

1

ElX:)?] = (1—1/n’)+(1+n) /0> — 0.
n

However, using Problem 28 in Chapter 4, we have

3
E[X,[*] = g(lfl/"3)+(n4+6n2+3)/n3 — .

The preceding example raises the question of whether X;, might converge in mean of
order 4 to something other than zero. However, by Problem 9 at the end of the chapter, if
X, converged in mean of order 4 to some X, then it would also converge in mean square to
X. Hence, the only possible limit for X,, in mean of order 4 is zero, and as we saw, X,, does
not converge in mean of order 4 to zero.
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Example 13.3. Let X1,X>,... be uncorrelated random variables with common mean m
and common variance 6. Show that the sample mean

converges in mean square to m. We call this the mean-square law of large numbers for
uncorrelated random variables.

Solution. Since

we can write

el | = €| (Lou-m) (Log-m)]

n i=1 Jj=1
. niziia(xi_m)(xj—m)]. (13.1)

ln
EM,—m)?] = = Y E[Xi—m)?] = — = —
¥ =) = 5 Y EGG—m)] = 5 = T

which goes to zero as n — oo,

Example 13.4 (mean-square ergodic theorem). The preceding example gave a mean-
square law of large numbers for uncorrelated sequences. This example provides a mean-
square law of large numbers for wide-sense stationary sequences. Laws of large num-
bers for sequences that are not uncorrelated are called ergodic theorems. Let X{,X>,...
be wide-sense stationary; i.e., the X; have common mean m = E[X;], and the covariance
E[(X; —m)(X;j — m)] depends only on the difference i — j. Put

Cli) = El(Xy1i—m) (X, —m)].

Show that

converges in mean square to m if and only if

1
lim —
n—oo n

n—1
Y ck) =o. (13.2)
k=0

Note that a sufficient condition for (13.2) to hold is that limy_...C(k) = 0 (Problem 3).
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Solution. We show that (13.2) implies M,, converges in mean square to m. The converse
is left to the reader in Problem 4. From (13.1), we see that

2E[|M, — Z Z

On account of (13.2), given € > 0, there is an N such that for alli > N,

1 i—1
C(k .
ifl,; ()’ <€

For n > N, the double sum above can be written as

<

It now follows that lim,, ... E[|M,, — m|?] can be no larger than €. Since € is arbitrary, the
limit must be zero.

Example 13.5. Let W, be a Wiener process with E[W?] = 6%t. Show that W, /t converges
in mean square to zero as t — oo,

Solution. Write
W, 2
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Example 13.6. Let X be a nonnegative random variable with finite mean; i.e., E[X] < 0.

Put
. X7 X S n7
X, = min(X,n) =
n, X >n.
The idea here is that X, is a bounded random variable that can be used to approximate X.
Show that X,, converges in mean to X.

Solution. Since X > X, E[|X, — X|] = E[X — X,;]. Since X — X, is nonnegative, we can
write -
EX —X,] = / P(X — X, >1t)dt,
0

where we have appealed to (5.16) in Section 5.7. Next, for t > 0, a little thought shows that
X=X, >t} = {X>t+n}.

Hence, . .
E[X — X,] :/ P(X > 1+ n)dt :/ P(X > 6)d6,
0 n

which goes to zero as n — oo on account of the fact that

o > E[X] = /:P(X>9)d9.

Continuity in mean of order p

A continuous-time process X; is said to be continuous in mean of order p at 1y if

hm E[|X1_Xto|p] = 0
t—toy

If X; is continuous in mean of order p for all #y, we just say that X; is continuous in mean of
order p.

Example 13.7. Show that a Wiener process is mean-square continuous.

Solution. For t > t,
E[(W, —W,)*] = ¢°(t—10),

while for ¢ < 1y,
E[(W, —W,)?] = E[(Wy, —W)*] = o(t0—1).

In either case, E[(W, — W;,)?] = 06|t —to| and goes to zero as t — to.

Example 13.8. Show that a Poisson process of rate A is continuous in mean.
Solution. For t > tg,
EHNt _NIOH = E[Nt _Nto] = l(t_t0)7

while for ¢ < 1y,
EHNI_NIOH = E[Nto_Nt] = )“(t()_t)~

In either case, E[|N; —Nj,|] = A|t —1o| and goes to zero as t — fo.
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The preceding example is a surprising result since a Poisson process has jump discon-
tinuities. However, it is important to keep in mind that the jump locations are random, and
continuity in mean only says that the expected or average distance between N, and N, goes
to zero.

We now focus on the case p = 2. If X; has correlation function R(z,s) := E[X,X;], then
X; is mean-square continuous at #( if and only if R(¢,s) is continuous at (fy,f). To show
this, first suppose that R(¢,s) is continuous at (fo, ) and write

E[|X; — X, |*] = R(t,t) —2R(t,10) + R(to, o)
= [R(r,1) = R(t0,10)] — 2[R(z,10) — R(to, 10)]-

Then for 7 close to 7o, (¢,t) is close to (¢, %) and (¢,19) is also close to (ty,#). By continuity
of R(t,s) at (9,1p), it follows that X; is mean-square continuous at fy. To prove the converse,
suppose X; is mean-square continuous at fo and write

R(t,s) —R(to,t0) = R(t,s) —R(t9,s) + R(to,s) — R(to,10)
= E[(Xi — X)X + E[Xzy (X5 — Xi)]-

Next, by the Cauchy—Schwarz inequality,

IN

|E[(X; —Xi)X,] | \/E[|Xt — X, 2IE[1X, 2]

and

(X (X~ X)]| < /ElI, PIEX, — X, 2.

For (z,s) close to (to,f), t will be close to #y and s will be close to 7). By mean-square
continuity at fo, both E[|X; — X;,|*] and E[|X; — X,,|?] will be small. We also need the fact
that E[|X;|?] is bounded for s near #y (see Problem 18 and the remark following it). It now
follows that R(z, s) is close to R(to, ).

A similar argument shows that if X; is mean-square continuous at all 7, then R(z,s) is
continuous at all (7,0) (Problem 13).

13.2 Normed vector spaces of random variables

We denote by L? the set of all random variables X with the property that E[|X|?] < eo.
We claim that L? is a vector space. To prove this, we need to show that if E[|X|”] < e and
E[|Y|7] < oo, then E[|aX + bY |P] < oo for all scalars a and b. To begin, recall that the triangle
inequality applied to numbers x and y says that

x+yl < x|+

If |y < |x

, then
x4y < 2lx],

and so
eyl < 27l
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A looser bound that has the advantage of being symmetric is
et yl? < 27(|xf” + [y1P).
It is easy to see that this bound also holds if |y| > |x|. We can now write

E[laX +bY|P] < E[2P(|aX|? + |bY|?)]
2P (la|PE[|IX[P] + |B|PE[|Y[7]).

Hence, if E[|X|?] and E[|Y|”] are both finite, then so is E[|aX + bY |P].
For X € L, we put

X1, := Ellx|”)"7.

We claim that || - ||, is a norm on L?, by which we mean the following three properties hold.

(i) |IX]|p >0, and || X||, = 0 if and only if X is the zero random variable.
(if) For scalars a, [|aX||, = |al || X|| .
(iii) For X,Y € L7,

IX+Y1p, < 11X, + 1Yl

As in the numerical case, this is also known as the triangle inequality.

The first two properties are obvious, while the third one is known as Minkowski’s in-
equality, which is derived in Problem 10.
Observe now that X,, converges in mean of order p to X if and only if

lim || X, —X||, = 0.
n—oo

Hence, the three norm properties above can be used to derive results about convergence in
mean of order p, as shown next.

Example 13.9. If X, ~ N(0,1/n?) and ¥, ~ exp(n), show that X, — ¥, converges in
mean of order 2 to zero.

Solution. We show below that X, and Y, each converge in mean of order 2 to zero; i.e.,
[IX:|l2 — 0 and ||¥,||2 — 0. By writing

||Xn_Yn||2 < HXn”Z"’”YnHZa

it then follows that X,, — Y, converges in mean of order 2 to zero. It now remains to observe
that since
EX2] = 1/n® and E[Y?] = 2/n?,

[ Xall2 = 1/n — 0 and ||Y,||2 = v/2/n — 0 as claimed
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Recall that a sequence of real numbers x,, is Cauchy if for every € > 0, for all sufficiently
large n and m, |x, — x| < €. A basic fact that can be proved about the set of real numbers
is that it is complete; i.e., given any Cauchy sequence of real numbers x,, there is a real
number x such that x,, converges to x [51, p. 53, Theorem 3.11]. Similarly, a sequence of
random variables X, € L? is said to be Cauchy if for every € > 0, for all sufficiently large n
and m,

X0 = Xullp < €.

It can be shown that the L spaces are complete; i.e., if X, is a Cauchy sequence of L”
random variables, then there exists an L” random variable X such that X, converges in mean
of order p to X. This is known as the Riesz—Fischer theorem [50, p. 244]. A normed vector
space that is complete is called a Banach space.

Of special interest is the case p = 2 because the norm || - ||> can be expressed in terms of
the inner product?

(X,Y) := EXY], X,Yel’

It is easily seen that

XX = [1X]l2.

Because the norm || - ||, can be obtained using the inner product, L? is called an inner-
product space. Since the L? spaces are complete, L? in particular is a complete inner-
product space. A complete inner-product space is called a Hilbert space.

The space L? has several important properties. First, for fixed Y, it is easy to see that
(X,Y) is linear in X. Second, the simple relationship between the norm and the inner product
implies the parallelogram law (Problem 23),

IX+Y[5+1X =Y = 2(IX13+ Y ]3)- (13.3)

Third, there is the Cauchy—-Schwarz inequality

1Y) < XY 2

which was derived in Chapter 2.
Example 13.10. Show that
Y X
k=1
is well defined as an element of L assuming that

Z|hk| < o and E[X;] < B, forallk,
k=1

“9For complex-valued random variables (defined in Section 9.6), we put (X,Y) := E[XY*].



13.2 Normed vector spaces of random variables 525

where B is a finite constant.

Solution. Consider the partial sums,
n
Yn = Z /’lka.
k=1

Observe that each Y, is an element of L2, which is complete. If we can show that ¥, is a
Cauchy sequence, then there will exist a ¥ € L? with ||¥,, — Y || — 0. Thus, the infinite-sum
expression ) ;. ; /X is understood to be shorthand for “the mean-square limit of Y j_; 1 Xj
as n — o0.”” Next, for n > m, write

n
Yo—Yu = Y hiXe
k=m-+1

Then

¥, = Youl3

<Yn _YmaYn _Ym>

n n
< Y mXxe, ) h1X1>

k=m+1 I=m+1

Y Y el Il ()|

k=m+11=m+1

n n
Yo Y Il X2 1%,

k=m+11l=m+1

IN

IN

by the Cauchy—Schwarz inequality. Next, since || X||» = E[|X|*]"/?> < V/B,

n 2
I~ Yl < B( Y |hk|) |

k=m+1

Since Y77 || < oo implies?

n
Z |hg] — 0 asnand m — o with n > m,
k=m-+1

it follows that ¥}, is Cauchy.

Now that we know Y ;> | Xy is well defined (under the assumptions of the example),
the next obvious calculation to perform is

| g i =

Are we justified in pushing the expectation through the infinite sum? It turns out that we
are, but to prove it requires the following result.

hE [Xk] .

=

k=1
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Example 13.11. Show that if ¥, converges in mean of order p to Y, then

lim E[Y,] = E[Y].

n—oo
Solution. To begin, write
|E[Y,] —E[Y]| = [E[Y,—Y]| < E[Y,—Y]],

where the inequality follows by Example 4.25. This last expectation goes to zero because,
by Problem 9, convergence in mean of order p implies convergence in mean of order one.

In working Example 13.10, we had the partial sum Y,, converging in mean square to the
infinite sum Y. Therefore, by Example 13.11, E[Y,] — E[Y]. Substituting the appropriate
sums for ¥,, and Y, we have

lim E |: Z thk:| =E |: i /’lka:| .
noe k=1

Now notice that by linearity,

3
m
=
=
2
|
5

NgE
™
T
,E<
HMS
5
)

The foregoing example and discussion have the following application. Consider a
discrete-time, causal, stable, linear, time-invariant system with impulse response /;. Now
suppose that the random sequence X; is applied to the input of this system. If E[|X;|?] is
bounded as in the example, then® the output of the system at time 7 is

Y X,
k=0

which is a well-defined element of L2, Furthermore,

E[ihkxnk] = ith[ank]
k=0

k=0

Mean-square integrals

We sketch the construction of integrals of the form | f X; dt for a zero-mean, mean-
square continuous process X; with correlation function R(z,s).

First, since R(¢,s) is continuous, if a =ty < t; < --+ <1, = b is a partition of [a,b] such
that the differences #; —t;,_; are sufficiently small, and if 7; € [t;_1,], then the Riemann
sum

||M:

Z (%, ) (1 — ti-1) (8 — tj-1) (13.4)

bThe assumption in the example, ¥ || < oo, is equivalent to the assumption that the system is stable.
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is close to the double integral

/ub /abR(t,s) dtds. (13.5)

Next consider the stochastic Riemann sum,

ZXT —t; 1) (13.6)

(i) ()
i=1
is exactly (13.4).

Now consider a sequence of partitions of [a,b]. For the mth partition, form the corre-

and note that

sponding stochastic Riemann sum Y,,. If as m — oo, max;ti(m) - ti(i"f — 0, then E[Y?2] con-
verges to (13.5); denote this double integral by /. A slight generalization of the foregoing
(Problem 27) shows that as m,k — oo, E[Y,,¥;] — I as well. Hence,

E[|Y — Yi|?] = E[Y2] —2E[YYi] +E[Y?] — [—2I+1=0.

Thus Y,, is Cauchy in L. Hence, there is a limit, which we denote by i) f X, dt. Since each
Y, is zero mean, so is the limit (Example 13.11). Furthermore, the second moment of this
limit is the limit of the second moments of the Y;, (Problem 22). It follows that the second
moment of fabX, dt is (13.5).

Remark. The reader may wonder why the derivation of the mean-square integral is so
short, while the development of the Riemann integral in calculus courses is so long. The
answer is that we take the existence of the double Riemann integral for granted; i.e., we
exploit the fact that (13.4) gets closer to (13.5) as the partition intervals become small.

13.3 The Karhunen-Loeéve expansion

The Karhunen-Loéve expansion says that if a zero-mean process X; is mean-square
continuous for a <t < b, then

X = Y Ai(t), (13.7)
k=1

where the A; are uncorrelated random variables, and the ¢, are deterministic, orthonormal
time functions. In fact, if X; is a Gaussian process, the A; are jointly Gaussian (Problem 19
in Chapter 14), and therefore independent. The reason this expansion is so useful is that all
the randomness is collected in the sequence Ay, and all the time dependence is collected in
the nonrandom functions @ (7).

A typical application of the Karhunen—Loeve expansion is in the design of receivers for
communication systems. In this case, the received waveform is X;, which is typically fed



528 Mean convergence and applications

into a bank of matched filters and sampled at time 7, to yield a vector of statistics. If we take
the mth matched-filter impulse response to be 4, (1) = @, (f9 — ), then

(/ A, de) = / h 5)X;ds
= / On(s)X,ds
[ onto)( Eavens) ) as

=2Ak/ 5)9u(s)ds

= Ama

where the last step follows because the ¢ are orthonormal. In other words, the Karhunen—
Loeve expansion tells us how to create a bank of matched filters that when sampled yields
a vector whose components are uncorrelated, and in the Gaussian case independent.

Here is a sketch of the technical details. The expansion (13.7) is understood in the
mean-square sense; i.e., for eacha <t < b,

Y Acor() (13.8)
k=1

converges in mean square to X; as n — o, Next, with R(z,s) := E[X,X], the ¢ are the
eigenfunctions that solve

b
[ Rs)ous)ds = Mpele), a<r<b, (13.9)

for the kth eigenvalue A;. It turns out that the eigenfunctions can be taken to be orthonor-
mal; i.e.,

b
[ acyon(trdr = &, (13.10)

Once the eigenfunctions are known, the coefficients Ay are given by the stochastic integral

b
_ / X, @y (s) ds. (13.11)

We now show that (13.8) converges in mean square to X;. Denoting (13.8) by Y,,, write
E[[Y, —X."] = E[¥}] —2E[V,X,] +E[X?].

The last term is just R(¢,¢). The cross term is

ngE

ElY.X,| = ot E[ALX],

k=1
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where
b
E[AX,] = E[( / Xs(pk(s)ds)X,}
b
= / E[X, X, ] (s)ds
b
= [ Re5)ouls)ds
— Jgu(t), by (13.9). (13.12)
Hence,
EY.X:] = ZM‘Pk ot Z/Ik\q’k

To compute E[Y?], write

E[Y,;] = K;Ak% >(ZAm(Pm ﬂ
=zz ALl (1)),

where
b
ElAiAn] = E[Ak< / X, (pm(t)dt)]
b
= / E[Akxt}(Pm(t)dt
b
— [ meou(nydr, by 13.12)
— X, by (13.10).
Thus,¢
E[Y, Zlk(Pk Or(t Zlk|(Pk
=

Putting this all together, we have
n
ElY, —X:*] = R(t,t) = ¥ Aeqe(t) pi(1).
k=1

As we show next, this goes to zero by Mercer’s theorem [19, Chapter IV].
It is a result of functional analysis [19, Chapter III] that whenever R(z,s) = R(s,t) and

b b
/ / R(t,5)dids < o, (13.13)

‘It is shown in Problem 30 that the A; are nonnegative.
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there exists a sequence of eigenvalues A; and corresponding orthonormal eigenfunctions
¢y satisfying (13.9). Mercer’s theorem is a deeper result, which requires two additional
hypotheses. The first hypothesis is that

/b/bR(t,s)g(t)g(s)dtds >0 (13.14)

for all square-integrable functions g. To verify this, put ¥ := jab g(#)X; dt, and note that

0

IN

E[Y?]

_ EK/abg(t)X,dt) (/abg(s)xsdsﬂ
= [ [ Res)stergts)aas.

The second hypothesis of Mercer’s theorem is that R(,s) be continuous. This is guaranteed
by the assumption that X; is mean-square continuous. Note that since R(z,s) is continuous,
it is bounded for a <t,s < b [51, p. 89, Theorem 4.15], and therefore (13.13) also holds.
Mercer’s theorem says that as n — oo,

n

Y Ao (1) i(s)

k=1
converges absolutely and uniformly to R(¢,s) fora <r,s < b.

Remark. The matrix version of Mercer’s theorem and the discrete-time version of the
Karhunen—Logve expansion are relatively simple. Just use the decorrelating transformation
of Section 8.2 and see (8.6).

To conclude the discussion, note that if R(¢,s) = R(¢ — s) is the correlation function of a
WSS process with power spectral density S(f) satisfying 0 < [*7_S(f)df < o, then the @y
form a complete orthonormal set in the sense that every square-integrable function g on
[a, D] satisfies

g(t) = Y auon(t), (13.15)
k=1

where .
g = [ shanar
a
and the convergence of (13.15) is in the sense that

2
lim dt = 0.

n—o0

b
a

Y gonlt) — (1)
k=1

See [69, Appendix Al].

Example 13.12 (signal detection). To transmit a one-bit message, the known, square-
integrable signal g;(z), 0 <t < T, i = 0,1, is transmitted over a channel with additive,
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zero-mean, WSS noise X, having power spectral density S(f). Design a receiver to detect
the transmitted message.

Solution. The received signal is ¥; = g;(¢) +X; for 0 <t < T. Using the eigenfunctions
of the Karhunen—Lo¢ve expansion of X;, ¥; has the representation2

oo

Y, = Y eu(t)+ Y Argu(t),
k=1 k=1

where g = [o gi(1)@i(t)dr. The receiver passes this signal through a bank of matched
filters as discussed at the beginning of the section (take 7o = 7). The mth sampled filter
output is

T
Iy = A (pm(t)Ytdt = gim+Am-

As a practical matter, the filter bank can have at most a finite number of filters, say M. We
then stack Z;, ..., Zy into an M-dimensional random vector and write down the correspond-
ing likelihood-ratio test (recall Example 5.9 and the discussion following it). If the noise
process is Gaussian, the A, will be jointly Gaussian, and the likelihood ratio takes a simple
form, e.g., Problem 17 in Chapter 5.

If the ¢ do not form a complete orthonormal set, then noiseless signal detection is
possible, as shown in Problem 32.

Example 13.13 (white noise). Let X; be zero-mean white noise with correlation func-
tion R(z,s) = 6(t —s). Find the eigenvalues and eigenfunctions for the Karhunen-Logve
expansion of X; for 0 <¢ < T.

Solution. Since the process is not mean-square continuous, we cannot, strictly speaking,
apply the expansion. However, let us proceed formally. The eigenvalue problem is

T
/0 R(t,5)9(s)ds = Ag(1), 0<i<T. (13.16)
Since R(t,s) = (1 — ),

T T
| Re90ds = [ 6—9)p6)ds = plr),

and so the eigenvalue problem reduces to () = A@(¢). Hence, the only choice for A is
A =1, and every nonzero function is an eigenfunction.

Example 13.14 (Wiener process). Find the eigenvalues and eigenfunctions for the Kar-
hunen-Logve expansion of the standard Wiener process on [0, 7.

Solution. Recall that for the standard Wiener process, R(z,s) = min(z,s). Hence, the
eigenvalue problem (13.16) is

Ao(1) = /OTmin(t7s)(p(s)ds
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= /0[min(t,s)(p(S)dS+/tTmin(faS)‘P(s)ds

= /Ots<p(s)ds+/tTt<p(s)ds

't T
= / sgo(s)ds—!—t/ @(s)ds. (13.17)
Jo Ji
Differentiating with respect to ¢ yields
T T
1¢/(1) = t(p(t)—t(p(t)+/ o(s)ds — / o(s) ds. (13.18)
t t

Differentiating again yields A@” (t) = —@(¢), or

1
9" 1)+ 9) = 0.
It is easily checked that the solution of this differential equation is
o(t) = acos(t/VA)+Bsin(t/VAL),

where o and 3 are constants to be determined. From (13.17), ¢(0) = 0, which implies
o = 0. From (13.18), ¢'(T) = 0, which implies

\EICOS(T/\/I) = 0.

Since an eigenfunction cannot be the zero function, § = 0 is not an option. The only other
possibility is that 7/+/A be an odd multiple of /2. Hence, forn=1,2,...,

v [

o) = [ 2oin] @07,

where the coefficient \/2/T is chosen so that [ @, (r)|>dr = 1.

and

13.4 The Wiener integral (again)

In Section 11.3, we defined the Wiener integral
A g(T)dWT = Zgi(Wt,.H _vai)v
i
for piecewise constant g, say g(7) = g; for f; <t < t;;1 for a finite number of intervals, and

g(7) = 0 otherwise. In this case, since the integral is the sum of scaled, independent, zero
mean, Gaussian increments of variance o> (tir1 — 1),

E[( / °°g<r>dwr)2] = L) = o* [ s(ee
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We now define the Wiener integral for arbitrary g satisfying
/ g(1)%dt < oo. (13.19)
0

To do this, we use the fact [14, p. 86, Prop. 3.4.2] that for g satisfying (13.19), there always
exists a sequence of piecewise-constant functions g, converging to g in the mean-square
sense

lim m|gn(r)—g(1:)|2dr = 0. (13.20)

n—oo

The set of g satisfying (13.19) is an inner product space if we use the inner product (g,h) =
J5 g(t)h(t)dt. The corresponding norm is ||g|| = (g,g)'/?. Thus, (13.20) implies | g, —
gl — 0. In particular, this implies g, is Cauchy; i.e., ||g, — gm|| — 0 as n,m — oo (cf. Prob-
lem 17). Consider the random variables

_ /Omg,,(‘r) AW.

Since each g, is piecewise constant, Y, is well defined and is Gaussian with zero mean and
variance

62/ gn(7)*dT.
0

Now observe that

HYn _YmH% =

|
q
h<

||
\
%"
Q.
g
\
oQ
§
&.
=

| |
:
\

2°

O‘Q

i

L

.§

since g, — gn 1s piecewise constant. Thus,
”Yn - Ym”% = GzHgn _gm||2'

Since g, is Cauchy, we see that ¥, is too. Since L? is complete, there exists a random
variable Y € L? with ||, — Y |2 — 0. We denote this random variable by

| saw,

and call it the Wiener integral of g.
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13.5 Projections, orthogonality principle, projection theorem

_ Let C be a subset of LP. Given X € L”, suppose we want to approximate X by some
X € C. We call X a projection of X onto C if X € C and if
X —X|, < |X—Y]|,, forallYeC.

Note that if X € C, then we can take X =X.
Example 13.15. Let C be the unit ball,
C:={rel’: ||, <1}

ForX ¢ C,ie.,

X||p > 1, show that

P ¢
X1,

Solution. First note that the proposed formula for X satisfies [| X || p = 1 so that XeCas
required. Now observe that

X
1X1p

X%, - Hx

’ 1
X1,

= X1, = 11Xl = 1.
p

Next, for any Y € C,

IX=Yl, > |IXl,—IY[l,|, by Problem 21,
= |IX[l, = 1Yl
> IXlp,—1
= ||X*)?||p

Thus, no Y € C is closer to X than X.

Much more can be said about projections when p = 2 and when the set we are projecting
onto is a subspace rather than an arbitrary subset.

We now present two fundamental results about projections onto subspaces of L2. The
first result is the orthogonality principle.

Let M be a subspace of [*. If X € L2, then X € M satisfies

X =X|2 < |X—Y|2, forallY €M, (13.21)

if and only if R
(X-X,Y) =0, forallY eM. (13.22)

Furthermore, if such an X € M exists, it is unique.
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Observe that there is no clalm that an X € M exists that satisfies elther (13.21) or (13.22).
In practice, we try to find an XeMm satisfying (13.22), since such an X then automatically
satisfies (13.21). This was the approach used to derive the Wiener filter in Section 10.8,
where we implicitly took (for fixed ¢)

M = {V,:V,is given by (10.31) and E[V}?] < o}.
In Section 8.4, when we discussed linear estimation of random vectors, we implicitly took
M = {AY +b:Ais a matrix and b is a column vector }.

When we discussed minimum mean squared error estimation in Section 8.6, we implicitly
took
M = {g(Y): gis any function such that E[g(Y)?] < e }.

Thus, several estimation problems discussed in earlier chapters are seen to be special cases
of finding the projection onto a suitable subspace of L>. Each of these special cases had its
version of the orthogonality principle, and so it should be no trouble for the reader to show
that (13.22) implies (13.21). The converse is also true, as we now show. Suppose (13.21)
holds, but for some Y € M,

(X-XY) = ¢ #0.

Because we can divide this equation by ||Y]|2, there i is no loss of generality in assuming
|IY]]2 = 1. Now, since M is a subspace containing both X and Y, X + Y also belongs to M.
We show that this new vector is strictly closer to X than X contradicting (13.21). Write

IX— (X +er)3 = II(X —X) =¥
= X =X|5 e e + |ef?
= [IX = X3~ |
< |IX—XJ3.

The second fundamental result to be presented is the projection theorem. Recall that
the orthogonality principle does not guarantee the existence of an XeM satisfying (13.21).
If we are not smart enough to solve (13.22), what can we do? This is where the projection
theorem comes in. To state and prove this result, we need the concept of a closed set. We
say that M is closed if whenever X, € M and || X, — X ||, — 0 for some X € L?, the limit
X must actually be in M. In other words, a set is closed if it contains all the limits of all
converging sequences from the set.

Example 13.16. Show that the set of Wiener integrals
M = {/ g(t)dw; : / g(r)*dr < oo}
0 Jo

Solution. A sequence X, from M has the form

X, — /0 (T)dW,;

is closed.
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for square-integrable g,. Suppose X,, converges in mean square to some X. We must show
that there exists a square-integrable function g for which

X — / g(v)dW;.
0
Since X, converges, it is Cauchy (Problem 17). Now observe that

1% = Xl} = E[X, — X2

_ EH/OOOg,,(’L’)dWT—/Ooogm(’c)dWT
_ EH [ lsn(®) —gm(] awe 2}
= 0 [ [gu(r) —gn(z)Pdr

= Gzngn - gm||2-

]

Thus, g, is Cauchy. Since the set of square-integrable time functions is complete (the Riesz—
Fischer theorem again [50, p. 244]), there is a square-integrable g with ||g, — g|| — 0. For

this g, write
- 2
_/0 g(T)dWT = H/ gn dWT /g dW‘L’ :|
2

[
= & [ lgu(r) —s(e)ar

= o’llgn—glI* — 0.

Since mean-square limits are unique (Problem 20), X = [;° g(7) dW;.

Remark. The argument in the preceding example also shows that the set of Wiener
integrals is complete.

Projection theorem. If M is a closed subspace of L?, and X € L?, then there exists a
unique X € M such that (13.21) holds.

To prove this result, first put sz := infyeps || X — Y ||2. From the definition of the infimum,
there is a sequence Y,, € M with ||X — ¥, ||, — h. We will show that ¥;, is a Cauchy sequence.
Since L? is a Hilbert space, Y, converges to some limit in L%, Since M is closed, the limit,
say )? must be in M.

To show ¥, is Cauchy, we proceed as follows. By the parallelogram law,

2 2 2 2
Z(HX_Yn||2+ ”X_YmHZ) = ||2X_ (Yn+)/;n)||2+ ||Ym_Yn||2

Y,+Y,
= 4HX ) +HYm YnH%-
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Note that the vector (¥, +Y,,)/2 € M since M is a subspace. Hence,
2(||X _Yn”%+ ”X _Ym”%) 2 4h2+ ||Ym _YnH%'

Since ||X —Y,||2 — h, given € > 0, there exists an N such that for all n > N, | X — Y, |2 <
h+ €. Hence, for m,n > N,

1Y —Yoll3 < 2((h4€)*+ (h+€)?) —4h?
= 4e(2h+¢),

and we see that ¥, is Cauchy. R R
Since L2 is a HilberL space, and since M is closed, Y, — X for some X € M. We now
have to show that ||X — X||» < ||X —Y||» forall Y € M. Write

X —Xl2 = IX —Yu+ ¥, = X]|2
< X =Yall2+ 1Y = X2

Since ||X — Y,||2 — & and since ||, — X||2 — 0,
XXz <

Since 7 < [|X —Y||> forall ¥ € M, || X — X[ < X =Y |2 for all Y € M.
The uniqueness of X is left to Problem 42.

13.6 Conditional expectation and probability

In earlier chapters, we defined conditional expectation and conditional probability sep-
arately for discrete and jointly continuous random variables. We are now in a position to
introduce a more general definition. The new definition reduces to the old ones in those
cases, but can also handle situations where random variables are neither jointly continuous
nor discrete. The new definition is closely related to the orthogonality principle and the
projection theorem.

We begin with two examples to illustrate the need for a more general definition of con-
ditional expectation and conditional probability.

Example 13.17. Consider a communication channel in which a discrete signal X with
pmf px (x;) is subjected to additive noise Z with density f7(z). The receiver sees Y = X +Z.
If the signal X and the noise Z are independent, it is easy to show that Y is a continuous
random variable with density fy(y) = Y, fz(y — xi) px (x;) (see, e.g., Example 5.9) and that
Frix(lxi) = fz(y — xi). How do we define the conditional pmf P(X = x;|Y =y)?

Solution. Here is a heuristic approach. Consider the “joint density”
Fxy (xi,y) = fyx Ox:) px (i)
Then it is natural to take

o fxrlay)  fyxObx) px(x)
PH=alr=3) = =0 = T RO
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and it follows that for reasonable functions v(x),

EMX))Y =] = ZV(Xi)W

Later we show that these formulas satisfy our new definitions.

Example 13.18. Let ® ~ uniform[—7, 7|, and put X := cos® and Y :=sin®. Then X
and Y are both arcsine random variables with common density fy(y) = 1/m+/1 —y? for
—1 <y < 1 (Problem 35 in Chapter 5). However, since

X2 +Y? = cos?’@+sin’® = 1,

the random point (X,Y) lives on the unit circle, which is a set of zero area. As argued at
the end of Section 7.2, X and Y are not jointly continuous. Intuitively though, since (X,Y)
is uniformly distributed on the unit circle, given ¥ =y, X is equally likely to be 4-1/1 —y2,
and so we expect X to be conditionally a discrete random variable with conditional pmf

1/2, x=4/1—)?2
PX=xlY=y) = ’ ’
( A y) { 0, otherwise,

and it follows that for reasonable functions v(x),

EpX)|Y =y] = Wv(V/1-32) + (1)),

Later we show that these formulas satisfy our new definitions.

We say that g(Y) is the conditional expectation of X given Y if

E[Xg(Y)] = E[g(Y)g(Y)], for all bounded functions g. (13.23)

When X and Y are discrete or jointly continuous it is easy to check that g(y) = E[X|Y =
y] solves this equation.? However, the importance of this definition is that we can prove the
existence and uniqueness of such a function g even if X and Y are not discrete or jointly
continuous, as long as X € L'. Recall that uniqueness was proved in Problem 47 in Chap-
ter 8.

We first consider the case X € L?. Put

M = {g(Y):E[g(Y)*] < =}. (13.24)

It is a consequence of the Riesz—Fischer theorem [50, p. 244] that M is closed. By the
projection theorem combined with the orthogonality principle, there exists a g(Y) € M such
that

(X—g(Y),g(Y)) =0, forallg(Y)eM.

dSee, for example, the last paragraph of Section 8.6.
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Since the above inner product is defined as an expectation, it is equivalent to
E[Xg(Y)] = E[g(Y)g(Y)], forallg(Y)e M.

Since boundedness of g implies g(Y) € M, (13.23) holds.

When X € L2, we have shown that g(Y¥) is the projection of X onto M. For X € L',
we proceed as follows. First consider the case of nonnegative X with E[X] < c. We can
approximate X by the bounded function X, = min(n,X) of Example 13.6. Being bounded,
X, € L?, and the corresponding g, (Y) exists and satisfies

EX,g(Y)] = E[g.(Y)g(Y)], forallg(Y)e M. (13.25)

Since X, < X, 41, €2(Y) < gu+1(Y) by Problem 50. Hence, g(Y) := lim, . g,(Y) exists. To
verify that g(Y) satisfies (13.23), write®

EXg(Y)] = E[lim X,g()]

= hm n E[X,g(Y)]
= hm E[g.(Y)g(Y)], by (13.25),

n—oo

= [hm gn(Y)g(Y)]
= E[g(Y)s(Y)].

For signed X with E[|X|] < e, consider the nonnegative random variables

X, X>0 _ X, X<0
+ ’ = o ) )
X '_{0,X<0, and X '_{ 0, X>0.
Since X + X~ = |X|, it is clear that X and X~ are L' random variables. Since they are

nonnegative, their conditional expectations exist. Denote them by g™ (Y) and g~ (Y). Since
XT—X" =X, itis easy to verify that g(Y) := g (Y) —g (Y) satisfies (13.23) (Problem 51).

Notation

We have shown that to every X € L!, there corresponds a unique function g(y) such that
(13.23) holds. The standard notation for this function of y is E[X|Y = y], which, as noted
above, is given by the usual formulas when X and Y are discrete or jointly continuous. It
is conventional in probability theory to write E[X|Y] instead of g(¥Y). We emphasize that
E[X|Y = y] is a deterministic function of y, while E[X|Y] is a function of ¥ and is therefore
a random variable. We also point out that with the conventional notation, (13.23) becomes

Elxg(Y)] = E[E[X|Y]g(Y)], for all bounded functions g. (13.26)

To see that (13.26) captures our earlier results about conditional expectation, consider
the case in which X and Y are jointly continuous. Then the left-hand side is

/:Q/:ng()’) Sxy(x,y)dxdy,
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and the right-hand side is
| EXIY =380 fr ()

In particular, taking g(y) = 1 recovers the law of total probability for expectations,

X = [ EXIY =) (). (13.27)

The corresponding result for discrete random variables can be similarly obtained from
(13.26). In fact, taking g(y) = 1 in (13.26) shows that the law of probability in all cases
is expressed by the single unified formula

ElX] = E[E[X|Y]].

Because E[X|Y] is unique, the characterization (13.26) is a powerful tool for showing
that conjectured formulas for E[X|Y] are correct and for deriving properties of conditional
expectation.

Example 13.19. If E[|v(X)|] < oo, show that the conditional expectation formula in Ex-
ample 13.17 satisfies
Ev(X)g(Y)] = E[EMX)|Y]g(Y)]
for all bounded functions g.

Solution. Since

Y (X) =1,

we can write

Ev(X)g(Y)]

(Y) ZI{X[}(X)
= ZE (Y11 (X)]

= ZEV )8(X +Z)I1y(X)], sinceY =X +Z.
Since v(X)g(X +Z)I{x,-} (X) = v(xi)g(xi +Z)I () (X), we continue with
E[v Zv x)Elg(xi+Z)I () (X)]
= Zv xi)E[g(xi + Z)]E[l{,,1(X)], by independence,
= Yot [ _si+2) 12 dzpa()
= Yot [_s0) szl dypx(x)

- [ R ) )y
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Denoting the quantity in brackets by E[v(X)|Y =], we have

o

- EPOIY = y]e() fr(v)dy
E[Ep(X)IY]g(Y)]

Ev(X)g(Y)]

as claimed.

Example 13.20. If E[|v(X)|] < o, show that the conditional expectation formula in Ex-

ample 13.18 satisfies
E(X)g(Y)] = E[EM(X)[Y]g(Y)]
for all bounded functions g.

Solution. Write

Ep(X)g(Y)]

E[v(cos®)g(sin®)]

T do
= 0)g(sin ) —
[ﬂv(cos )g(sin )2717
Break up the range of integration into [—x,—x/2|, [-7/2,0], [0,7/2], and [7/2,7]. On

each interval, make the change of variable y = sin 0, dy = cos 8 d0, and note that cos 0 =

im ++/1 —y2. For example,
/2 de 1
| vieosostsing) T = [ (v T=37)sly) A=
and, since cos 6 is negative on [7/2, 7],

b2 0
/ﬂ/zv(cose)g(sine)gz = / v(— 1*)’2)8()’)L

The other two intervals are similar, and so

EVX)8)] = [ EDCOIY =3l ()
where E[v(X)|Y =] is given as in Example 13.18. Thus,

E(X)g(Y)] = E[EMX)[Y]g(Y)]

as claimed.

Example 13.21. If X € L' and is independent of Y, show that E[X|Y] = E[X]. In other
words, E[X|Y] is a constant function of Y equal to the mean of X.
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Solution. If E[X] is to solve (13.26), we must show that for every bounded function g,
E[Xg(Y)] = E[E[X]g(Y)].
However, by independence,
E[Xg(Y)] = E[X]E[¢(Y)] = E[E[X]g(Y)],

where in the last step we have moved the constant E[X] inside the expectation E[g(Y)].

Example 13.22 (linearity). If X and Y are in L', show that for any constants a and b,

ElaX +bY|Z] = aE[X|Z] +bE[Y|Z).

Solution. For bounded g(z), E[aX + bY|Z] is characterized by writing

E[ElaX +bY|Z]g(Z)] = E[(aX +bY)g(Z)]
= aE[Xg(Z)] + bE[Yg(Z)],

where we have used the linearity of ordinary expectation. Now the characterization equa-
tions for E[X|Z] and E[Y|Z] are

ElXg(2)] = E[E[X|Z]g(2)] and E[Yg(Z)] = E[E[Y|Z]g(Z)]-
Thus,

E[E[aX +bY|Z|g(Z)] = aE[E[X|Z]g(Z)] + bE[E[Y|Z]g(2)]
= E[(aE[X|Z] + bE[Y|Z]))2(Z)],

where we have again used the linearity of ordinary expectation.

Example 13.23 (substitution law). If E[|w(X,Y)|] < e, show that

Ew(X,Y)[Y =y] = Ew(X,y)[Y =)].

Solution. To begin, fix any y and write
1 = I{y} (Y) +I{y}c(Y).
Then

w(X,Y) = W(X,Y)[I{),}(Y) +I{y}c(Y)]
W(X,Y)I{y} (Y) +W(X,Y)I{y}c(Y)
= W(X,y)]{y} (Y) JrW(X,Y)]{y}c(Y).

By linearity of conditional expectation,

Ew(X,Y)|Y] = Ew(X,y)I, (Y)|Y]+E[Ww(X,Y ) (Y)|Y].
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By Problem 53,
Elw(X, )1 (V)[Y] = E[w(X,y)[Y]I;,(Y)
and
E[w(X,Y)I{y}c(Y)|Y] = E[w(X,Y)|Y]I{y}c(Y).
Hence,

EwX, Y)[Y] = Ew(X,y)[Y]I{;(Y) + E[w(X,Y)[Y]I1yye (Y),
and then
EwX Y)Y =y] = EWw(X, )Y = ]I} () + EW(X, Y)Y =yl (v)
Ew(X )Y =yl (v)
Ew(X,y)[Y =y].

Conditional probability

Many times we have used the fact that every probability can be written as an expectation,

e.g.,
P(X €B) = E[I5(X)].

This suggests that we define

P(X € BlY =y) := E[ls(X)]Y =)].

Since Iz(X) is bounded, it is in L', and

P(X € BlY) = E[I3(X)|Y]

exists. For example, replacing X with Ig(X) in (13.27) yields
POXeB) = [ P(XEBIY =)fi(3)dy
If A is a two-dimensional set, say the disk of radius r centered at the origin, then taking
w(x,y) = I4(x,y) in Example 13.23 yields
P((X,Y) € AlY =y) = P((X,y) € AlY =),
or more explicitly,
PX?+Y?<r Y =y) = P(X?<r* —y*|Y =y).

At the beginning of the section, we proposed formulas for E[v(X)|Y = y] in Exam-
ples 13.17 and 13.18, and we verified them in Examples 13.19 and 13.20. Hence, to
verify the proposed formulas for the conditional pmf of X given Y, it suffices to take
v(x) = Ip(x) for suitable choices of B. For Example 13.17, taking v(X) = I(,,}(X) shows
that P(X = x;|Y = y) has the correct form. For Example 13.18, taking v(X) = I;,}(X) shows
that P(X = x|Y = y) has the proposed form.
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The smoothing property

For X € L', the smoothing property of conditional expectation says that
ElX|q(Y)] = E[EX|Y]|g(Y)]. (13.28)
This formula is derived in Problem 54. An important special case arises if Y = [¥},¥,] and

q(Y) =Y. Then
EXI11] = E[EX|Y2,11]|"].

This formula is a kind of law of total probability for conditional expectations. By replacing
X with Ig(X) in (13.28), we obtain

Ells(X)lq(Y)] = E[E[Is(X)[Y]|q(Y)],
or, in terms of conditional probability,
P(X €Blq(Y)) = E[P(X € B|Y)|q(Y)]. (13.29)
The special case Y = [¥,Y>]’ and ¢(Y) =Y yields
P(X € B|v1) = E[P(X € B|Y>,1)|11]. (13.30)
This is exactly the law of total probability for conditional probability.

Example 13.24. Let U and V be random variables, and let A be an event. Suppose that
P(A|U,V) is a function of V only, say P(A|U,V) = h(V) for some function 4. Show that
P(A|U,V)=P(A|V).

Solution. By the smoothing property and the definition of &,
P(A[V) = E[P(A|lU,V)|V] = E[A(V)[V].

By Problem 53, E[a(V)|V] = h(V)E[1|V] = h(V).

Example 13.25 (Chapman—Kolmogorov equation). A sequence of discrete random vari-
ables Xy, X|, ... is called a Markov chain if

P(Xut1 = jlXus-- -, X0) = P(Xpp1 = j|Xn). (13.31)
The chain is time-homogeneous if
pi,j) = PXpp1 = j|Xu =1)
does not depend on n. Put
P ) = P = jiXo=1).
For a time-homogeneous Markov chain, (13.31) can be written as

P(XnJrl :j|Xna---7X0) = P(ij)-
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The Chapman—Kolmogorov equation says that

n+m Zp m k])
or equivalently,
P(Xutm = jlXo) = Y p1" (Xo,k)p"™ (k, j). (13.32)
k

Use the smoothing property to derive (13.32).
Solution. Write
P(Xutm = jIX0) = E[P(Xntm = j|Xu, ..., X0)|Xo]
= E[P(Xutm = j|Xn)|Xo], by (13.31),

L P (s = 1 = P (s = KXo)

= ZP X = j|Xo = k)P(X, = k[Xo), by (12.15),

= Z " (Xo,k).
x

13.7 The spectral representation

Let X, be a discrete-time, zero-mean, wide-sense stationary process with correlation
function
R(n) := E[Xy1mX]

and corresponding power spectral density

Y R(n)e /" (13.33)
so that®
1/2 ]
R(n) = / ) S(f)el*™ I df. (13.34)
—-1/2

Below we construct the spectral process of X,,. This process is denoted by {Z;,—1/2 <
f <1/2} and has the following properties. First, Z_; 2= 0. Second, E[Zf] = 0. Third, Zy
has uncorrelated increments with

s
EllZ ] = /_l/zs(v)dv. (13.35)

“For some correlation functions, the sum in (13.33) may not converge. However, by Herglotz’s theorem, we
can always replace (13.34) by

12 |
Ry = [ ePRinaso ),
—1/2

where So(f) is the spectral (cumulative) distribution function, and the rest of the section goes through with the
necessary changes. Note that when the power spectral density exists, S(f) = S, (f).
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Fourth, X,, has the representation

12
X, — Ll/zefzﬂf"dzf, (13.36)

where the stochastic integral is defined similarly to the Wiener integral. Fifth, more gener-
ally, for frequency functions G(f) and H(f),
1/2 1/2
G(f)dZs and H(f)dZ,
i (f)dzy i (f)dzy

are zero-mean random variables with

e/ ( v 6tz ) ( '/2H<f>dzf)*] = [ ctpmirysinar, | azam

—-1/2 —1/2 —1/2

where [ 117, |G(f)2S(f)df < eoand [, |H(F)PS(f)df < eo.

Example 13.26. Show that if

then Y, is wide-sense stationary and has power spectral density |H(f)|>S(f), where

H(f) == ) hye 2k,
k=—o0

Solution. Using the spectral representation of X,,_, we can write

=

Y / " ey dzy
. -1

12 o o .
/ ( Z hke—jzn'fk)ej27tfndzf

12\ } ="

e

1/2 21 f
= H JERINAZ ¢
i (f)e 7

Since Y, is an integral against dZy, Y, has zero mean. Using (13.37), we have
1/2 o
el = [ (PP s(p)df.
—1/2

This shows that ¥, is WSS and that Ry (n) is the inverse Fourier transform of |H (f)|*S(f).
It follows that Sy (f) = |H(f)|>S(f).
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Construction of the spectral process

We now construct the spectral process and derive (13.37) and (13.36). Consider the
space of complex-valued frequency functions,

1/2
L(S) := {G:/]/2|G(f)25(f)df<oo} (13.38)
equipped with the inner product
1/2
(GH) = [ | GOHG) SIS

and corresponding norm ||G|| := (G,G)'/2. Then L%(S) is a Hilbert space. Furthermore,
every G € L?(S) can be approximated by a trigonometric polynomial of the form

N
Go(f) = Y gne™". (13.39)
n=—N
The approximation is in norm; i.e., given any € > 0, there is a trigonometric polynomial Gg
such that ||G — Gol| < € [4, p. 139].
To each frequency function G € L*(S), we now associate an L?> random variable as
follows. For trigonometric polynomials like Gy, put

N

T(Go) == ). gnXu. (13.40)

n=—N
Note that T is well defined (Problem 69). A critical property of these trigonometric polyno-
mials is that (Problem 70)
1/2
EIT(GOT(Ho)] = [ | GolNH(f)'S()df = (Go.H).

where Hj is defined similarly to Gy. In particular, 7' is norm preserving on the trigonomet-
ric polynomials; i.e.,

IT(Go)ll3 = [IGol.

To define T for arbitrary G € L*(S), let G, be a sequence of trigonometric polynomials
converging to G in norm; i.e., ||G, — G|| — 0. Then G, is Cauchy (cf. Problem 17). Further-
more, the linearity and the norm-preservation properties of T on the trigonometric polyno-
mials tell us that

1Gn = Gull = [[T(Gn=Gn)ll2 = [T(Gn) = T(G)ll2,

and we see that T(G,) is Cauchy in L?. Since L? is complete, there is a limit random
variable, denoted by T(G) and such that |T(G,) — T(G)||2 — 0. Note that T(G) is well
defined, norm preserving, linear, and continuous on L?(S) (Problem 71).

There is another way approximate elements of L2(S). Every G € L*(S) can also be
approximated by a piecewise constant function of the following form. For —1/2 < fp <
e < [ < 1/2, let

Go(f) = Y &il(s,.51(f)-
i=1
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Given any € > 0, there is a piecewise constant function Gy such that |G — Go|| < €. This
is exactly what we did for the Wiener process, but with a different norm. For piecewise

constant Gy,
Zg, i1

Since
Iy = T2 —I-1/2.50)
if we put
Zy = T(1pp), —1/2<f<1/2,
then Z; is well defined by Problem 72, and

n
)_: 8i(Zs =75,

(13.41)

The family of random variables {Z;,—1/2 < f < 1/2} has many similarities to the Wiener

process (see Problem 73). We write

1/2 n
Go(f)dZs ==Y gi(Zs —Zy, ).

—1/2 i1

For arbitrary G € L*(S), we approximate G with a sequence of piecewise constant functions.

Then G, will be Cauchy. Since

1/2 12
| einaz- [ Gunaz| = irG) -Gl = l6,-

1/2

there is a limit random variable in L, denoted by

1/2
[, 6z,

~1/2

1/2 1/2
/ ) dZy — / de

On the other hand, since G, is piecewise constant,

1/2
Gn(f) de = T<Gn)7

and
— 0.

~1/2

and since |G, — G|| — 0, and since T is continuous, |T(G,) — T(G)||2 — 0. Thus,

1/2
16) = [, ,6ndz.

In particular, taking G(f) = e/*®/" shows that

2
Ll/zeﬂﬂfﬂdzf = T(G) = X,

G,

(13.42)
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where the last step follows from the original definition of 7. The formula

12
X, = / SN qz,
—-1/2

is called the spectral representation of X),.

We now summarize the key equations in the construction of the spectral process. First,
when Gy(f) has the form in (13.39), T(Gy) is given by (13.40). Once T (G) is defined for
all G € L?(S), the spectral process Zy is given by Z; := T(I(~1/2,1)- Finally, for G € L2(S),
T(G) is given by (13.42). An important step in all of this is that if |G, — G|| — 0, then
IT(Ga) ~ T(G)}2 — 0.

Notes

13.2: Normed vector spaces of random variables

Note 1. The assumption
Y | < oo
k=1

should be understood more precisely as saying that the partial sum

n

Ay =) |yl

k=1

is bounded above by some finite constant. Since A, is also nondecreasing, the monotonic
sequence property of real numbers [51, p. 55, Theorem 3.14] says that A, converges to
a real number, say A. Now, by the same argument used to solve Problem 17, since A,
converges, it is Cauchy. Hence, given any € > 0, for large enough n and m, |A,, — A,,| < €.

If n > m, we have
n

A=A =Y |l < e
k=m+1

13.3: The Karhunen—Loéve expansion

Note 2. If X; is WSS with integrable power spectral density, then the correlation func-
tion is uniformly continuous. A proof of the dual result, that if the correlation function is in-
tegrable, then the power spectral density is uniformly continuous was given in Section 10.9
in the paragraph following (10.47).

13.6: Conditional expectation and probability

Note 3. The interchange of limit and expectation is justified by Lebesgue’s monotone
and dominated convergence theorems [3, p. 208].
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Problems

13.1: Convergence in mean of order p
1. Let U ~ uniform|0, 1], and put
= \/51[071/,1](U), n=12,....
For what values of p > 1 does X,, converge in mean of order p to zero?

2. Let N; be a Poisson process of rate A. Show that N, /# converges in mean square to A

ast — oo,

3. Show that limy_,., C(k) = 0 implies

lim — ZC

n—oo N s
and thus M,, converges in mean square to m by Example 13.4.

4. Show that if M, converges in mean square to m, then

lim — ZC

n"mnk

where C(k) is defined in Example 13.4. Hint: Observe that

n—1 n
Y Clk) = Z Xi—m
k=0 k=1

E[(X) —m) - n(M, — m)].

5. Let Z be a nonnegative random variable with E[Z] < . Given any € > 0, show that
there is a 8 > 0 such that for any event A,

P(A) < 6 implies E[ZL4] < €
Hint: Recalling Example 13.6, put Z, := min(Z,n) and write

E[Z1A] = E[(Z—Z,)I4]) + E[Zu14].

6. Use the preceding problem to show that if f is a probability density function, then the
corresponding cdf F (x) = [*_ f(¢)dt is continuous. Hint: Let U ~ uniform[0, 1], put
Z:=f(x+U),and A :={U < Ax}.

7. Derive Holder’s inequality,

E[IXY(] < E[X|7)"/PE[Y|4]",



10.

11.
12.
13.

14.
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if 1 < p,q<oowith %—i— é = 1. Hint: Let a and 8 denote the factors on the right-hand
side; i.e., o := E[|X|?]'/? and B := E[|Y|9]"/4. Then it suffices to show that

Elxy)) _ |

of ~
To this end, observe that by the convexity of the exponential function, for any real
numbers u and v, we can always write

exp[%u—&—%v] < %€L‘+é€v.

Now take u = In(|X|/a)? and v =1In(]Y|/B)4.
Derive Lyapunov’s inequality,

EZI]/* < E[ZIP]'P, 1<a<pB <o,
Hint: Apply Holder’s inequality to X = |Z|% and Y = 1 with p = /.

Use Lyapunov’s inequality to show that if X,, converges in mean of order § > 1 to X,
then X, converges in mean of order & to X forall 1 < a < 3.

Derive Minkowski’s inequality,
E[IX+Y[7)'/7 < E[X[P]V/P+E[y}7]'/?,

where 1 < p < oo. Hint: Observe that

E[IX+Y|P] = E[IX+Y||X+Y|"!

EX[IX +Y [P+ E[Y]IX + Y|P,

IN

and apply Holder’s inequality.
Show that a Wiener process is continuous in mean.
Show that a Poisson process is mean-square continuous.

Show that if X, is mean-square continuous at all #y, then R(z,s) is continuous at every
point (7,6).

Remark. Since mean-square continuity at # is equivalent to continuity of R(z,s) at
(fo,0), we have the important corollary that R(¢,s) is continuous everywhere if and
only if R(z,s) is continuous at all diagonal points (f9,).

Let X; be a WSS process with R(T') = R(0) for some 7 > 0.
(a) Show that X; is mean-square periodic in the sense that
E[[Xior —Xi[*] = 0.
(b) Apply the Cauchy—Schwarz inequality to
R(t+T)—=R(1) = E[(Xirr —X,)Xo]
to show that R( + T') = R(t) for all z.
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13.2: Normed vector spaces of random variables

15

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

. Show that if X, converges in mean of order p to X, and if ¥, converges in mean of
order p to Y, then X, + Y, converges in mean of order p to X + Y.

If X; and Y; are continuous in mean of order p, show that Z, := X; +Y; is also contin-
uous in mean of order p.

Let X,, converge in mean of order p to X € LP. Show that X, is Cauchy.

Let X,, be a Cauchy sequence in L. Show that X, is bounded in the sense that there
is a finite constant K such that || X, ||, < K for all n.

Remark. Since by the previous problem, a convergent sequence is Cauchy, it follows

that a convergent sequence is bounded.

Let X, converge in mean of order p to X € L?, and let ¥, converge in mean of order ¢
toY € L9. Assuming 1 < p,q < o and %—Fé = 1, show that X,)Y,, converges in mean
to XY.

Show that limits in mean of order p are unique; i.e., if X, converges in mean of order
p toboth X and ¥, show that E[|X —Y|?] = 0.
Show that
X1 =Y 1) < IX =Y, < Xl +1Y]l,-
If X, converges in mean of order p to X, show that

lim E[[X,|”] = E[x]"]
n—oo
Remark. In fact, since convergence in mean of order p implies convergence in mean
of order r for 1 < r < p (Problem 9), we actually have

lim E[|X,|"] = E[|X|"], forl<r< p.
n—oo

Derive the parallelogram law,

IX+YIE+1X =YI5 = 2IX[5+[Y113).

If | X, — X|l, — Oand ||¥;, — Y||2 — O, show that

lim (X,,Y,) = (X,Y).

n—oo

Show that the result of Example 13.10 holds if the assumption Y5 ; || < oo is re-
placed by the two assumptions Y5>, [|> < o and E[X;X;] = O for k # L.



26.

27.

28.
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Show that
Z h Xy
k=1

is well defined as an element of L” assuming that

Y | < e and E[IX|?] < B, forallk,
k=1

where B is a finite constant.

Leta=so < s <--- <sy = b be a partition of [a,b], and let 6; € [s;_1,s;]. If

Z—ZX@ S}l

and if Y is given by (13.6), show that

D=
-

ElyZ] = R(7:,0;)(ti —tim1)(sj — 5j-1)-

1

Lj
Let X; be a mean-square continuous process with correlation function Ry (¢,s). If

g(t) is a continuous function, use the theory of mean-square integrals to show that
I ¢(1)X, dt is well defined and has second moment

//g )Rx (t,5)g(s)dtds.

13.3: The Karhunen—Loéve expansion

29.

30.

31.

32.

Let X; be mean-square periodic as in Problem 14. Find the Karhunen—Loeéve expan-
sion of X; on [0, T]. In other words, find the eigenfunctions @ (¢) and the eigenvalues
Ag of (13.9) when R(¢,s) = R(¢ —s) and R has period 7.

Show that (13.14) implies the eigenvalues in (13.9) are nonnegative.

If (A4, @) and (A, @) are eigenpairs satisfying (13.9), show that if A; # A, then ¢,
and @, are orthogonal in the sense that |, ab O ()P (2)dt = 0.

Suppose that in Example 13.12, the process X; is such that the ¢ do not form a
complete orthonormal set. Then there is a function g that is not equal to its expansion;
ie.,

o) = (1)~ ,;1 2cou(t)

is not the zero function. Here g; := [J g(r)@(t)dr.
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33.

34.
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(a) Use the formula R(¢,s) = Y5 | Ak@x(7) i (s) of Mercer’s theorem to show that

./O.TR(t,s)g(s)ds = ilkgkq’k(f)-

k=1

(b) Show that [] R(t,s)@(s)ds = 0.
(c) Use the result of Problem 28 to show that

T
Z = / Xo(t)dt =0
0

in the sense that E[Z%] = 0.

Remark. 1t follows that if ¥, = ¢(r) + X; is passed through a single matched filter
based on ¢, the output is

T
0

T
/ Yo(t)dt :/ o(t)*dt+ 2.
JO .

By part (b), Z = 0. Hence, we have noiseless detection; we can take g; (1) = @(¢),
which is a nonzero function, and we can take go(¢) = O for the other waveform. This
is the continuous-time analog of Example 8.8.

Let X, be the Ornstein—Uhlenbeck process on [0, T| with correlation R(z,s) = e~ I3,
Investigate the eigenvalues and eigenfunctions for the Karhunen—Loeve expansion.
In particular, show that if 0 < A < 2 is an eigenvalue, then the corresponding eigen-
function is sinusoidal.

Let X; have the Karhunen—Loeve expansion
X =Y Aoi(r).
k=1
For fixed ¢, find the projection of X; onto the subspace

L
M; = { Z ciA; : the ¢; are nonrandom}.

i=1

13.4: The Wiener integral (again)

35.

Recall that the Wiener integral of g was defined to be the mean-square limit of

Y, ::/0 gn(T)dWry,

where each g, is piecewise constant, and ||g, — g|| — 0. Show that

E[ /O“’gmdwf} — 0,



36.

37.

38.

39.

40.
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and

E[(/Owg(f)dWr)z] = Gz/ooog(f)zdf.

Hint: Let Y denote the mean-square limit of ¥,. By Example 13.11, E[Y,] — E[Y],
and by Problem 22, E[Y,?] — E[V?].

Use the following approach to show that the limit definition of the Wiener integral is
unique. Let Y, and Y be as in the text. If g, is another sequence of piecewise constant
functions with ||g, — g||*> — 0, put

Y, ::/0 7.(v) dWs.

By the argument that ¥, has a limit ¥, ¥,, has a limit, say Y. Show that ||Y — Y|, = 0.

Show that the Wiener integral is linear even for functions that are not piecewise con-
stant.

Let W, be a standard Wiener process. For 8 > 0, put
t
X, = / A
0

Determine all values of  for which X; /¢ converges in mean square to zero.
Let W; be a standard Wiener process, and let the random variable 7 ~ exp(1) be
independent of the Wiener process. If

T
Yr I:/ TndWT,
0

evaluate E[Y?].

Let f be a twice continuously differentiable function, and let W, be a standard Wiener
process.

(a) Show that the derivative of g(r) := E[f(W;)] with respect to # is
g(1) = sEL/"W)].
Hint: Use the Taylor series approximation
FWesar) = FWe) = ' (W) Weens = W) o+ 3£ (W) (Wiear = Wi)?

along with the independent increments property of the Wiener process.

(b) Use the result of part (a) to find a differential equation for E[ve]. Solve the
differential equation.

(c) To check your answer to part (b), evaluate the moment generating function of
W, ats=1.
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13.5: Projections, orthogonality principle, projection theorem

41,
42.
43.

44,

45.

46.

47.

LetC={Y €L’ :||Y||, <r}. For || X||, > r, find a projection of X onto C.
Show that if X € M satisfies (13.22), it is unique.

Let N C M be subspaces of L?. Assume that the projection of X € L? onto M exists
and denote it by Xj. Similarly, assume that the projection of X onto N exists and
denote it by Xy. Show that Xy is the projection of Xj; onto N.

The preceding problem shows that when N C M are subspaces, the projection of X
onto N can be computed in two stages: First project X onto M and then project the
result onto N. Show that this is not true in general if N and M are not both subspaces.
Hint: Draw a disk of radius one. Then draw a straight line through the origin. Identify
M with the disk and identify N with the line segment obtained by intersecting the line
with the disk. If the point X is outside the disk and not on the line, then projecting
first onto the ball and then onto the segment does not give the projection.

Remark. Interestingly, projecting first onto the line (not the line segment) and then
onto the disk does give the correct answer.

If Y has density fy, show that M in (13.24) is closed. Hints: (i) Observe that

EG(?) = [ s0Phr0)dy

(if) Use the fact that the set of functions

G = {e: [ 0P ROy <)

is complete if G is equipped with the norm
I8l == [ _s0PAr()dy

(iii) Follow the method of Example 13.16.

Let f be a given function that satisfies [;° f(¢)?dt < oo, and let W; be a Wiener process
with E[W?] = . Find the projection of

| rwaw

M = {/Olg(t)th:/Olg(t)zdt<oo}.

Let W, be a Wiener process. For X € L2, find g with [;° g(7)?dt < o to minimize

EHX/Omg(r)dWT 2}.

Hint: State an appropriate orthogonality principle. If you need to consider an arbitrary
function g, consider g(7) = Ijo(7), where ¢ is arbitrary.

onto the subspace
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13.6: Conditional expectation and probability

48.

49.

50.

51.

52.

53.

54.

Let X ~ uniform[—1,1], and put ¥ = X(1 —X).

(a) Find the density of Y.
(b) For v(x) with E[|v(X)]] < e, find E[v(X)|Y =y].

Let © be any continuous random variable taking values in [—7,7]. Put X := cos®
and Y :=sin®.

(a) Express the density fy(y) in terms of fg. Hint: Treaty > 0 and y < 0 separately.
(b) For v(x) with E[|v(X)]|] < e, find E[v(X)|Y =y].

Fix X € L', and suppose X > 0. Show that E[X|Y] > 0 in the sense that P(E[X|Y] <
0) = 0. Hints: To begin, note that

{EX|Y] <0} = U{EX|Y —1/n}.

By limit property (1.15),
P(E[X|Y] <0) = lim P(E[X|Y] < —1/n).

To obtain a proof by contradiction, suppose that P(E[X|Y] < 0) > 0. Then for suf-
ficiently large n, P(E[X|Y] < —1/n) > 0 too. Take g(Y) = Iz(E[X|Y]) where B =
(—oo,—1/n) and consider the defining relationship

ElXg(Y)] = E[E[X|Y]g(Y)].

For X € L', let X and X~ be as in the text, and denote their corresponding condi-
tional expectations by E[X*|Y] and E[X ~|Y], respectively. Show that for bounded g,

ElXg(Y)] = E[(EIXT|Y]-E[X"|¥])s(Y)].
If X € L', show that E[X|Y] € L'. Hint: You need to show that E[|E[X|Y]|] < c. Start
with
[EX|Y]| = [EXTY]—EX|Y]].
If X € L' and h is a bounded function, show that
E[r(Y)X|Y] = h(Y)E[X]|Y].
For X € L', derive the smoothing property of conditional expectation,
E[EX[Y][q(Y)] = E[X|q(Y)].

Hint: The result of Problem 53 may be helpful.
Remark. If X € L2, this is an instance of Problem 43.
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55.

56.

57.

58.

59.
60.

61.

62.
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If X € L? and h(Y) € L?, then by Holder’s inequality, 4(Y)X € L'. Use the orthogo-
nality principle to show that A(Y)E[X|Y] satisfies

E{n(Y)X}e(Y)] = E[{A(Y)E[X[Y]}g(Y)]
for all bounded g. Thus, E[2(Y)X|Y] exists and is equal to A(Y )E[X|Y].
If X € L' and if h(Y)X € L', show that
E[r(Y)X|Y] = h(Y)E[X]|Y].

Hint: Use a limit argument as in the text to approximate 4(Y) by a bounded function
of Y. Then apply Problem 53.

Remark. Note the special case X = 1, which says that
Eln(Y)|Y] = h(Y),
since taking E[1|Y] = 1 clearly satisfies (13.26).

Let Xi,...,X, bei.i.d. L' random variables, and put ¥ := X; +--- +X,,. Find E[X;|Y].
Hint: Consider E[Y|Y] and use properties of conditional expectation.

A sequence of L' random variables {X,,,n > 1} is said to be a martingale with respect
to another sequence {Y,,n > 1} if X, is a function of Y},...,Y, and if

E[XnJr]‘Yn’...,Y]] = Xn7 nZl

If Y1,Y,,... are i.i.d. with zero-mean, and if X,, :=Y; +---+7Y,, show that X,, is a
martingale with respect to Y,.

Remark. 1f the Y, have positive mean, then E[X,,1|Y,,...,Y1] > X, for n > 1, in which
case X, is said to be a submartingale. If E[X,;|Y,,...,Y1] < X, for n > 1, then X,
is called a supermartingale. Note that part of the definitions of submartingale and
supermartingale are that X,, be a function of Y71, ....Y,.

If X, is a martingale with respect to ¥,,, show that E[X,,| = E[X;] for all n.

If X, is a nonnegative supermartingale with respect to ¥,,, show that 0 < E[X,] < E[X|]
for all n.

Use the smoothing property of conditional expectation to show that if Z € L!, then
X, :=E[Z|Y,,...,Y1] is a martingale with respect to {Y,}.

Let Y1,Ys,... bei.i.d. with common density f(y), and let f(y) be another density. Put

Show that



63.

64.

65.

66.
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is a martingale with respect to Y.

Remark. The function w arises as the likelihood ratio in designing detectors for com-
munication systems, e.g., Problem 17 in Chapter 5.

Generalize the preceding problem to the case in which the Y; are dependent with joint
densities fy,...r, Vn,-..,¥y1). Show that

Xn = Wn<Y1,. .. ,Yn)
is a ¥, martingale if

o fYn---Yl (ym"'ayl)

Wn (V1. 3dm) =
n( ) ) n) fY,,---Yl (ym“.,yl)a
and fyn...y1 is some other joint density.

LetYy,Y1,... be a sequence of continuous random variables with conditional densities
that satisfy the density version of the Markov property,

Syt W ¥o Ont 1Y+ 530) = Sy (v, Ot [yn)-
Further assume that the transition density fy, |y, (z[y) = p(z|y) does not depend on n.

Put Xy =0, and for n > 1, put

n oo
X, = Z Wi, where W,:=Y; f/ zp(z|Y_1) dz.
k=1 o

Determine whether or not X, is a martingale with respect to {¥,}; i.e., determine
whether or not E[X,,11|Yy, ..., Yo] = X.

Let X,, be a Markov chain with the state transition diagram in Figure 13.1 where

a a a
1-a l-a l1-a

Figure 13.1. State transition diagram for Problem 65.

0 <a < 1. Assume that P(Xy = ip) = 1 for some 0 < ip < N. Put p := (1 —a)/a, and
define Y, := p*". Determine whether or not Y,, is a martingale with respect to X,,. In
other words, determine whether or not E[Y,.41|X,,...,Xo] =Y, forn > 0.

A process A, is said to be predictable with respect to another process Y, if A, is a
function of Y1,...,Y,_ forn > 2, and if A is a constant. The Doob decomposition
says that every submartingale X,, with respect to ¥}, can be written in the form

Xy = Ay +Mn»
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where A, is nondecreasing, i.e., A, < A,+1, and predictable with respect to Y,, and

M, is a martingale with respect to Y,. Derive this decomposition. Hint: Start with
A1 =0and M; = X;. Then forn > 1, put

Apy1 == Ay + (E[Xn+1 |Yn7 [REX) Yl] _Xn)-
Verify that A, and M,, = X,, — A, satisfy the conditions of the Doob decomposition.
13.7: The spectral representation

67. Use (13.35) and the uncorrelated increments property to show that
ez 2] = | " Sy a.
~1/2
Do not derive this result using (13.37).
68. Show that for f 0 and |f] < 1/2, %ZZ=1 e2%/M is equal to

e/ eI sin(mfn)
n e sin(xf)’

69. Show that the mapping T defined by

N N
Go(f) = Z gneﬂﬂfn = Z 8nXn
n=—N n=—N

is well defined; i.e., if Go(f) has another representation, say

N
Go(f) = Z gﬂeJZan7
n=—N

show that
N

N

ann = Z ann~
n=—N n=—N
Hint: With d,, := g, — g,, it suffices to show that if ZnNz_N d,e?mfm =, then Y :=
YN yd.X, =0, and for this it is enough to show that E[|Y|?] = 0. Formula (13.34)
may be helpful.

70. Show that if Hy(f) is defined similarly to Go(f) in the preceding problem, then

1/2

E[T(Go)T (Ho)"] = '71/2G0(f)H0(f)*S(f)df-

71. (a) Let G, be a sequence of trigonometric polynomials converging in mean square
to G. Then T(G) is defined to be the mean-square limit of 7(G,). However,
suppose that G, is another sequence of trigonometric polynomials converging
in mean square to G. Let Y denote the mean-square limit of 7(G,). Show that
Y = T(G). Hint: Show that ||T(G) —Y||» = 0. Use the fact that 7 is norm
preserving on trigonometric polynomials.
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(b) Show that T is norm preserving on L*(S).
(c) Show that T is linear on L?(S).
(d) Show that T is continuous on L?(S).
72. Show that Zy := T (I|_y 5 5)) is well defined. Hint: It suffices to show that I, s €
L*(S).
73. Since

1/2
|, .60dz; = 1(G).

1/2
use results about 7(G) to prove the following.

EUI/Z G(f)dzf} — 0.

1/2

(a) Show that

(b) Show that

E[( v G(f)de>( 1/2 H(V)dzv)*] = [ atpmtrysinar

~1/2 -1/2 1/2

(c) Show that Z; has orthogonal (uncorrelated) increments.

74. Let Y, be as in Example 13.26, and assume H € L*(S) defined in (13.38).

(a) Recall that the starting point for defining the spectral process of X,, was the set
of frequency functions L?(S) defined in (13.38). To define the spectral process
of ¥,,, what is the analog of (13.38)? Denote this analog by L*(Sy).

(b) For a trigonometric polynomial Gy as in the text, put

N
Ty(Go) == Y, guYu-

n=—N
Show that
1/2
TG = [ GolH()dzy.
(¢) For G € L*(Sy) of part (a), show that if GH € L?(S), then
1/2
Ty (G) = 71/2G(f)H(f)de-

(d) Show that the spectral process of Y, denoted by Vy := Ty (IH /27f]), is given by

(e) For G € L?(Sy), show that

1/2 1/2

(f)dvy = G(f)H(f)dZ;.

~1/2 ~1/2
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Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

13.1.

13.2.

13.3.

13.4.

13.5.

13.6.

13.7.

Convergence in mean of order p. Be able to do simple problems based on the def-
inition. As noted in Example 13.4, a sufficient condition for the mean-square law of
large numbers for a WSS sequence is that the covariance function C(k) converge to
zero. Of course, if the X; are uncorrelated, C(k) = 0 for k # 0. Know the definition of
continuity in mean of order p. A correlation function R(¢,s) is jointly continuous at
all (z,s) if and only if it is continuous at all diagonal points of the form (79,#y). Also,
R is continuous at all diagonal points if and only if X; is mean-square continuous. A
WSS process is mean-square continuous if and only if its correlation function R(7)
is continuous at T = 0.

Normed vector spaces of random variables. The triangle inequality is an impor-
tant tool for proving results about convergence in mean of order p. The space L? of
random variables with E[|X|P] < o is complete; i.e., if X,, € L? is Cauchy, then there
exists an X € L with || X, —X||, — 0. In the case of p = 2, the norm is given by
X2 = (X,X)'/2, where the inner product is (X,Y) = E[XY]. Thus, for p =2, the
Cauchy—Schwarz inequality is an additional tool for proving convergence results.
Because || - ||, is given by an inner product, the L?-norm satisfies the parallelogram
law (13.3). If X, is zero-mean and mean-square continuous, then | f X, dt exists and
its variance is given by (13.5).

The Karhunen-Loéve expansion. For a zero-mean, mean-square-continuous pro-
cess X;, the relevant formulas are (13.7) and (13.9)—(13.11). When X; is WSS with
integrable power spectral density, the eigenfunctions of the correlation function form
a complete orthonormal set.

The Wiener integral (again). The main thing to know is that if g is square in-
tegrable, then the Wiener integral of g exists and is zero mean and has variance
o? i g(1)dx.

Projections, orthogonality principle, projection theorem. Understand and be able
to use the the orthogonality principle, which says that (13.21) and (13.22) are equiv-
alent; i.e., one holds if and only if the other does. Of course, the orthogonality
principle does not guarantee the existence of a solution of either (13.21) or (13.22).
The projection theorem says that the projection onto a closed subspace of L? always
exists; i.e., there is always an X satisfying (13.21).

Conditional expectation and probability. We used the projection theorem to ul-
timately get the existence of a unique solution E[X|Y] of characterization (13.26)
when E[|X|] < . Remember E[X|Y] is a function of the random variable Y. Con-
ditional expectation is linear, satisfies the substitution law, the smoothing property
(Problem 54), and E[A(Y)X|Y] = h(Y)E[X|Y] (Problem 56).

The spectral representation. Know that Z_ , =0, Zy is zero mean with uncorre-
lated increments, and formulas (13.35)—(13.37). Here are the key equations in the
construction of the spectral process. First, when Go(f) has the form in (13.39),
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T(Gy) is given by (13.40). Once T(G) is defined for all G € L?(S), the spec-
tral process Zy is given by Zy := T(I_;55)). Finally, for G € L%(S), T(G) is
given by (13.42). An important step in all of this is that if |G, — G|| — 0, then
IT(Gn) =T(G)[l2 = 0.

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.
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Other modes of convergence

The three types of convergence: convergence in probability; convergence in distribution;
and almost-sure convergence are related to each other and to convergence in mean of order
p as shown in Figure 14.1. In particular, convergence in mean of order p does not imply
almost-sure convergence, and almost-sure convergence does not imply convergence in mean
of order p for any p. The Exam preparation section at the end of the chapter contains
a summary of important facts about the different kinds of convergence.

mean of order p

Ny

’ in probability‘ > ’ in distribution
‘

Figure 14.1. Implications of various types of convergence.

Section 14.1 introduces the notion of convergence in probability. Convergence in prob-
ability was important in Chapter 6 on parameter estimation and confidence intervals, where
it justifies various statistical procedures that are used to estimate unknown parameters.

Section 14.2 introduces the notion of convergence in distribution. Convergence in distri-
bution is often used to approximate probabilities that are hard to calculate exactly. Suppose
that X, is a random variable whose cumulative distribution function Fy, (x) is hard to com-
pute. But suppose that for large n, Fx, (x) ~ Fx(x), where Fx(x) is a cdf that is easy to
compute. Loosely speaking, when Fx, (x) — Fx(x), we say that X,, converges in distribution
to X. In this case, we can approximate Fx, (x) by Fx(x) if n is large enough. When the
central limit theorem applies, Fx is the normal cdf with mean zero and variance one.

Section 14.3 introduces the notion of almost-sure convergence. This kind of conver-
gence is more technically demanding to analyze, but it allows us to discuss important re-
sults such as the strong law of large numbers. Almost-sure convergence also allows us to
derive the Skorohod representation, which is a powerful tool for studying convergence in
distribution.

14.1 Convergence in probability

We say that X,, converges in probability to X if

lim P(|X,—X|>¢€) = 0 foralle >0.
Note that if X is zero, this reduces to lim,, ... P(|X,| > €) = 0.

564



14.1 Convergence in probability 565

The first thing to note about convergence in probability is that it is implied by conver-
gence in mean of order p. To see this, use the Markov inequality to write
E[|X,—X|P
P(X,—X| > ) = P(X,—X|7 > e7) < DXV
Example 14.1 (weak law of large numbers). Since the sample mean M,, defined in Ex-
ample 13.3 converges in mean square to m, it follows that M,, converges in probability to m.
This is known as the weak law of large numbers.

The second thing to note about convergence in probability is that it is possible to have
X, converging in probability to X, while X,, does not converge to X in mean of order p for
any p > 1. For example, if U ~ uniform[0, 1], we show that

X, = nI[O,l/n](U)a n:1,2,...

converges in probability to zero, but not in mean of order p for any p > 1. Observe that for
>0,
{U<1/n}, n>¢,

g, n<eée.

{IXa| = &} = {
It follows that for all n,
P(X, >€) < P(U<1/n) = 1/n — 0.
Thus, X, converges in probability to zero. However,
E[|X,|P] = nPP(U <1/n) = n?7!,

which does not go to zero as n — oo.

The third thing to note about convergence in probability is that if g(x,y) is continuous,
and if X, converges in probability to X, and ¥,, converges in probability to Y, then g(X,,Y,)
converges in probability to g(X,Y). This result is derived in Problem 7. In particular, note
that since the functions g(x,y) = x+y and g(x,y) = xy are continuous, X, + Y, and X,¥,
converge in probability to X +Y and XY, respectively, whenever X,, and Y, converge in
probability to X and Y, respectively.

Example 14.2. Since Problem 7 is somewhat involved, it is helpful to first see the
derivation for the special case in which X, and ¥, both converge in probability to constant
random variables, say u and v, respectively.

Solution. Let € > 0 be given. We show that
P(lg(Xu,Yn) — g(u,v)| > €) — 0.

By the continuity of g at the point (u,v), there is a § > 0 such that whenever («',V') is within
0 of (u,v); i.e., whenever

Vi —ul2 1 v < 26,
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then
|g(u/,v/)—g(u,v)| < E.
Since
Y T R
we see that
X, —ul <dand|¥,—v| <8 = |g(Xu,Yn) —g(u,v)| < €.
Conversely,

8(Xn,Yn) —g(u,v)| > € = |X—u[ > 5 or|Y, —v| > 8.
It follows that

P(lg(Xn, Ya) — 8(u,v)[ = &) < P(IXy —ul = 8) +P(|Y, —v| = §).

These last two terms go to zero by hypothesis.

Example 14.3. Let X, converge in probability to x, and let ¢, be a converging sequence
of real numbers with limit c. Show that ¢, X,, converges in probability to cx.

Solution. Define the sequence of constant random variables Y, := ¢,. It is a simple
exercise to show that Y, converges in probability to c¢. Thus, X,Y,, = ¢, X, converges in
probability to cx.

See the Exam preparation section at the end of the chapter for a summary of im-
portant facts about convergence in probability.

14.2 Convergence in distribution
We say that X, converges in distribution to X, or converges weakly to X if

lim Fx, (x) = Fx(x), forallxe C(Fx),
n—oo

where C(Fy) is the set of points x at which Fy is continuous. If Fx has a jump at a point xg,
then we do not care if

lim Fx, (xo)

n—oo

exists, and if it does exist, we do not care if the limit is equal to Fx (x).
Example 14.4. Let X, ~ exp(n); i.e.,

1—e™™, x>0,
FX"(X):{ 0, x<0.

As shown in Figure 14.2(a), the pointwise limit of Fx, (x) is the function in Figure 14.2(b).
Notice that since this function is left continuous, it cannot be a cdf. However, the function
in Figure 14.2(c) is right continuous, and is in fact the cdf of the zero random variable.!
Since the only discontinuity in Figure 14.2(c) is at x = 0, and since Fx, (x) converges to this
function for x # 0, we see that X,, converges in distribution to the zero random variable.
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+—— - 1 1
n=1
4

0 0 0
(a) (®) ©

Figure 14.2. (a) Sketch of Fy, (x) for increasing values of 7. (b) Pointwise limit of Fy,, (x). (c) Limiting cdf Fx (x).

The first thing to note about convergence in distribution is that it is implied by conver-
gence in probability. To derive this result, fix any x at which Fx is continuous. For any
€ > 0, write

Fx,(x) =P(X, <x,X <x+¢&)+PX, <x,X >x+¢)
< Fx(x+€&)+PX,—X < —¢)
< Fx(x+¢&)+P(X,—X| > ¢).

It follows that o
lim Fyx, (x) < Fx (x+ 8).

n—oo

(The limit superior and limit inferior are defined in the Notes.2) Similarly,

Fx(x—&)=P(X <x—¢&,X, <x)+P(X <x—¢€,X,>x)
<Fy,(x) +P(X —X, < —¢€)
< Fx, (x) +P(|X, —X| > ¢),

and we obtain
FX ('x - 8) S m FXn ('x)’

n—oo
Since the liminf is always less than or equal to the limsup, we have

Fx(x—¢) < lim Fy, (x) < lim Fy,(x) < Fx(x+é€).
n—oo

n—oo

Since Fy is continuous at x, letting € go to zero shows that the liminf and the limsup are
equal to each other and to Fx (x). Hence lim,_.. Fx, (x) exists and equals Fx (x).

The second thing to note about convergence in distribution is that if X, converges in
distribution to X, and if X is a constant random variable, say X = c, then X,, converges in
probability to c. To derive this result, first observe that

{|Xn—c| <€} = {—e<X,—c<e}
={c—e<Xn{X, <c+e}.

It is then easy to see that
P(| X, —c| > ¢€) PX,<c—¢e)+PX,>c+e)
Fx,(c—¢)+P(X,>c+¢€/2)
= Fx,(c—¢e)+1—Fx,(c+¢/2).

INIA
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Since X = ¢, Fx(x) = | ) (x). Therefore, Fy,(c —€) — 0 and F, (c+¢€/2) — 1.

The third thing to note about convergence in distribution is that it is possible to have X,
converging in distribution to X, while X, does not converge in probability to X. (Of course,
such an X cannot be a constant random variable.) For example, let U ~ uniform[0, 1],
and put X, :=U and X := 1—U. It is easy to show that X is also uniform[0, 1]. Thus,
Fx, (x) = Fx(x) for all n and all x, and thus X,, converges in distribution to X. However,
given any 0 < € < 1, observe that |X, — X| < € if and only if

—£ < X,—X < €.

Using the definitions of X,, and X, we have

or : i+
— & )
— < U < —
2 2
Thus,
1—¢ 1+¢
P(X,—X :P(— U —)
_1—|—e I—¢e
= 5 =

This is equivalent to
P(X,—X|>€) =1—¢ /A 0 as n— oo,

The fourth thing to note about convergence in distribution is that it is equivalent to the
condition

lim E[g(X,)] = E[g(X)] for every bounded continuous function g. (14.1)

n—oo
Example 14.5. If X, converges in distribution to X, show that for every continuous
function ¢(x), ¥, := ¢(X,) converges in distribution to ¥ := ¢(X).

Solution. 1t suffices to show that for every bounded continuous function g(y), E[g(V;,)]
— E[g(Y)]. Since g(c(x)) is a bounded and continuous function of x, we have E[g(c(X,))] —

Elg(c(X))].

A proof that (14.1) implies convergence in distribution is sketched in Problem 24. Con-
versely, suppose that X,, converges in distribution to X. We sketch a derivation of (14.1).
For any xg < x1 < --- < X, write

m

Elg(X)] = E[g(X)(—coxy) X))+ Y B8 (X)) (X)] + Eg(X) (1, ) (X)].

i=1

Since g is bounded, say by B, the first and last terms on the right can be made as small as
we like by taking xo small and x,, large. For example, to bound the last term, write

|E[g(X)I(xm,oo)(X)” < BP(X>xm) — 0
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as the position of x,, becomes large. The first term can be similarly bounded by letting
xo — —oo. Once the positions of the first and last points xy and x,, have been fixed, assume
that m is large enough that the spacing x; — x;_; is small enough to exploit the uniform
continuity of g on [xg, X, to write g(x) = g(x;) for x € (x;—1,x;]. Then

3

Elg(X)]

Q

E[g(X)I(x,-,l Xl (X)}

Q
™=

I
-

E[g(xi)l(x,v_l il (X>]

3

Il
o9
PAN
=

‘)E[I(x,-,l.,x,'] (X)]

Il
=

Il
(ngE

g(xi) [Fx (x;) — Fx (xi-1)]

3
=

Q

g(xi) [Fx, (xi) — Fx, (xi—1)]

Elg(xi) iy, | ) (Xn)]

I
™=

I
-

A i Elg(Xi)I(x; ) (Xn)]
~ E[g(Xy)],

where in the fifth equation we have assumed that n is large and that the x; are continu-
ity points of Fx. (This can always be arranged since the set of discontinuities is at most
countable by Problem 52.)

Example 14.6. Show that if X,, converges in distribution to X, then the characteristic
function of X, converges to the characteristic function of X.

Solution. Fix any v, and take g(x) = e/**. Then

¢x,(v) = E[e/"™] = E[g(X,)] — E[s(X)] = E[/*] = gx (V).

The fifth thing to note about convergence in distribution is that it is equivalent to con-
vergence of the corresponding characteristic functions. The fact that @x, (V) — ¢@x(v) for
all v implies X, converges in distribution to X is proved in [3, p. 349, Theorem 26.3].

Example 14.7. Let X, ~ N(m,,c?), where m, — m and 6> — o2. If X ~ N(m,c?),
show that X, converges in distribution to X.

Solution. It suffices to show that the characteristic function of X,, converges to the
characteristic function of X. Write

ox, (V) = ejmnvfc,%vz/z _ ejmvfozvz/z = ox(v).
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Example 14.8. Let X,, ~ N(my,,c?). If X, converges in mean square to some X € L?,
show that X ~ N(m,c?), where

m = limm, and o2 := lim G,%.

n—oo n—o0

Solution. Recall that if X, converges in mean square to X, then E[X,] — E[X] (Exam-
ple 13.11), and E[X?] — E[X?] (Problem 22 in Chapter 13). It follows that

02 = EX2] —m? — E[X? - (E[X])? =: o

n

To conclude, we use the fact that convergence in mean square implies convergence in prob-

ability, which implies convergence in distribution, which is equivalent to convergence of the
characteristic functions. Then since

. ) D02

ox, (V) = glVmn—oyVv 2 _ glvm—o-v /2,

it follows that X ~ N(m, 6?).

We summarize the preceding example by saying that the mean-square limit of a
sequence of Gaussians is Gaussian with mean and variance equal to the limit of the
means and variances. Note that in these last two examples, it is not required that the X,, be
jointly Gaussian, only that they be individually Gaussian.

Example 14.9. If X, is a mean-square-continuous Gaussian process, then the mean-
square integral [ f X, dt is a Gaussian random variable.

Solution. The mean-square integral was developed in Section 13.2 as the mean-square
limit of partial sums of the form

n
ZXri(ti*tifl)-
i=1

Since X; is a Gaussian process, these partial sums are Gaussian, and so their mean-square
limit must be a Gaussian random variable.

An important instance of convergence in distribution is the central limit theorem. This
result says that if X7,X>, ... are independent, identically distributed random variables with
finite mean m and finite variance o2, and if

M, —m

o/vn’

] n
M, = fZX,- and Y, =
niZ

then

lim Fy, (y) = ®(y /2y

1 Y
= — e
n—0co ) V21 ./700
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In other words, for all y, Fy, (y) converges to the standard normal cdf ®(y) (which is con-
tinuous at all points y). To better see the difference between the weak law of large numbers
and the central limit theorem, we specialize to the case m = 0 and 62 = 1. In this case,

Y, f):X

In other words, the sample mean M, divides the sum X; + ---+ X,, by n while ¥;, divides
the sum only by /n. The difference is that M,, converges in probability (and in distribu-
tion) to the constant zero, while Y,, converges in distribution to an N (0, 1) random variable.
Notice also that the weak law requires only uncorrelated random variables, while the cen-
tral limit theorem requires i.i.d. random variables. The central limit theorem was derived
in Section 5.6, where examples and problems can also be found. The central limit theorem
was also used to determine confidence intervals in Chapter 6.

Example 14.10. Let N, be a Poisson process of rate 4. Show that

N2
Y, = &

VA/n

converges in distribution to an N(0, 1) random variable.

Solution. Since Ny =0,
n
Na Z Ni—N-1)

By the independent increments property of the Poisson process, the terms of the sum are
i.i.d. Poisson(A ) random variables, with mean A and variance A. Hence, ¥, has the structure
to apply the central limit theorem, and so Fy, (y) — ®(y) for all y.

The next example is a version of Slutsky’s theorem. We used it in our analysis of
confidence intervals in Chapter 6.

Example 14.11. Let Y, be a sequence of random variables with corresponding cdfs F,,.
Suppose that F,, converges to a continuous cdf F. Suppose also that U,, converges in proba-
bility to 1. Show that

lim P(Yn §yUn) = F(y)

n—oo

Solution. The result is intuitive. For large n, U, = 1 and F,(y) =~ F (y) suggest that
P, <yUn) = P(Y,<y) = F() = F(y).

The precise details are more involved. Fix any y > 0 and 0 < 6 < 1. Then P(Y, < yU,) is
equal to
P(Yp < yUp, Uy — 1| < 8) + P (Y, <yU,,|Up— 1] > 5).

The second term is upper bounded by P(|U,, — 1| > &), which goes to zero. Rewrite the first
term as
P, <yU,,1-06 <U, <1439),
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which is equal to
P(Yy < yUn,y(1=8) <yU, <y(1+9)). (14.2)

Now this is upper bounded by

P, <y(1+9)) = F.(y(1+9)).
Thus,

lim P(¥, <yU,) < F(y(1+8)).

oo
Next, (14.2) is lower bounded by
P, <y(1-29),|U,—1| <),
which is equal to
P(Y, <y(1-38))—P(Y, <y(1-9),|U,—1] > 93).

Now the second term satisfies

P(Y, <y(1-8),|U,—1|>8) < P(U,—1]>8) — 0.
In light of these observations,

HP(YH SyUn) > F(y(176>)

n—oo

Since & was arbitrary, and since F is continuous,

lim P(Y, <yU,) = F(y).

n—oo

The case y < 0 is similar.

See the Exam preparation section at the end of the chapter for a summary of im-
portant facts about convergence in distribution.

14.3 Almost-sure convergence

Let X, be any sequence of random variables, and let X be any other random variable.
Put
G :={wecQ: limX,(0)=X(0)}.

In other words, G is the set of sample points ® € Q for which the sequence of real numbers
X, () converges to the real number X (). We think of G as the set of “good” @’s for which
X, (@) — X(w). Similarly, we think of the complement of G, G¢, as the set of “bad” ®’s
for which X, (0) 4 X (o).

We say that X,, converges almost surely (a.s.) to X if>

PloeQ: lim X, (@) #X(0)}) = 0. (14.3)
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In other words, X, converges almost surely to X if the “bad” set G° has probability zero.
We write X, — X a.s. to indicate that X,, converges almost surely to X.

If it should happen that the bad set G = &, then X, (®) — X (@) for every @ € Q. This
is called sure convergence, and is a special case of almost-sure convergence.

Because almost-sure convergence is so closely linked to the convergence of ordinary
sequences of real numbers, many results are easy to derive.

Example 14.12. Show thatif X;, — X a.s.andY,, — Y a.s., then X, +Y, — X +7Y as.

Solution. Let Gx := {X,, — X} and Gy := {¥, — Y}. In other words, Gx and Gy are
the “good” sets for the sequences X, and Y, respectively. Now consider any @ € Gx N
Gy. For such o, the sequence of real numbers X, (®) converges to the real number X (o),
and the sequence of real numbers Y, (®) converges to the real number ¥ (). Hence, from
convergence theory for sequences of real numbers,

X, (0)+Y,(0) - X(0)+Y (o). (14.4)
At this point, we have shown that
GxNGy C G, (14.5)

where G denotes the set of all @ for which (14.4) holds. To prove that X, +Y,, — X +7Y a.s.,
we must show that P(G®) = 0. On account of (14.5), G° C G5 UGy . Hence,

P(G®) < P(Gx)+P(Gy),

and the two terms on the right are zero because X, and Y, both converge almost surely.

In order to discuss almost-sure convergence in more detail, it is helpful to characterize
when (14.3) holds. Recall that a sequence of real numbers x, is said to converge to a real
number x if for every € > 0, there is a positive integer N such that for alln > N, |x, — x| < €.
Hence,

N D ﬁ {I1X, — X| < €}.

e>0N=1n=N

{Xn — X}

Equivalently,
X Axy = U N Uix—X[>e}
e>0N=1n=N

It is convenient to put

=

An(e) == {|X,—X| > €}, By(e) := UAn(e),
n=N

and

Ag) == ) Bn(e). (14.6)
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Then
P({X, X)) = (gf )

If X, — X a.s., then

P((x, X)) = P(UAG)) = Placen)

>0

for any choice of & > 0. Conversely, suppose P (A(s)) = 0 for every positive €. We claim
that X;, — X a.s. To see this, observe that in the earlier characterization of the convergence
of a sequence of real numbers, we could have restricted attention to values of € of the form
€ = 1/k for positive integers k. In other words, a sequence of real numbers x, converges to
a real number x if and only if for every positive integer k, there is a positive integer N such
that for all n > N, |x, — x| < 1/k. Hence,

P({X, A X}) = <UA1/k) ZP (1/k)).

From this we see that if P(A(€)) = 0 for all € > 0, then P({X,, /> X}) =
To say more about almost-sure convergence, we need to examine (14.6) more closely.
Observe that

= oo

By(e) = (JAu(e) O |J Au(e) = Byyi(e).

By limit property (1.16),

P(a(e) = P( (] Bu(e)) = lim P(Bu(e).
N—oo
N=1

The next two examples use this equation to derive important results about almost-sure con-
vergence.

Example 14.13. Show that if X;, — X a.s., then X, converges in probability to X.

Solution. Recall that, by definition, X, converges in probability to X if and only if
P(AN(S)) — 0 for every € > 0. If X,, — X a.s., then for every € > 0,

0 = P(A(e)) = Al/iELP(BN(S))'

Next, since

P(Bn(e)) = P( GAn(S)) > P(An(e)),

n=N

it follows that P(Ay(g)) — 0 too.
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Example 14.14. Show that if

iP(A,,(s)) < oo, (14.7)

n=1
holds for all € > 0, then X, — X a.s.

Solution. For any € > 0,

P(A(e))

lim P(By(e))

lim P(OA,, )

N—oo N

lim Z (An(e))

N—}oo

IN

= 0, onaccount of (14.7).

What we have done here is derive a particular instance of the first Borel-Cantelli lemma
(cf. Problem 38 in Chapter 1).

Example 14.15. Let X;,X>,... be i.i.d. zero-mean random variables with finite fourth
moment. Show that

1 n
M, = ;ZX, — 0O as.

Solution. We already know from Example 13.3 that M), converges in mean square to
zero, and hence, M, converges to zero in probability and in distribution as well. Unfor-
tunately, as shown in the next example, convergence in mean does not imply almost-sure
convergence. However, by the previous example, the almost-sure convergence of M,, to zero
will be established if we can show that for every € > 0,

ngk

P(|M,| > &) < oo.

n=1

By the Markov inequality,

E[MJ]

P(IMa| > &) = P(IM,[* > %) < o

By Problem 43, there are finite, nonnegative constants ¢ (depending on E[Xf]) and f3 (de-
pending on E[X?]) such that
4 a B

We can now write

oo

Y PUMIze) < G ¥ it X

n=1 n=1

L

n2

by Problem 42.
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The preceding example is an instance of the strong law of large numbers. The deriva-
tion in the example is quite simple because of the assumption of finite fourth moments
(which implies finiteness of the third, second, and first moments by Lyapunov’s inequality).
A derivation assuming only finite second moments can be found in [23, pp. 326-327], and
assuming only finite first moments in [23, pp. 329-331].

Strong law of large numbers (SLLN). Ler X1,X5,. .. be independent, identically dis-
tributed random variables with finite mean m. Then

] n
M, = fZX,- — ma.s.
iz

Since almost-sure convergence implies convergence in probability, the following form
of the weak law of large numbers holds.?

Weak law of large numbers (WLLN). Ler X|,X>, ... be independent, identically dis-
tributed random variables with finite mean m. Then

converges in probability to m.

The weak law of large numbers in Example 14.1, which relied on the mean-square ver-
sion in Example 13.3, required finite second moments and uncorrelated random variables.
The above form does not require finite second moments, but does require independent ran-
dom variables.

Example 14.16. Let W, be a Wiener process with E[W?] = 62¢. Use the strong law to
show that W, /n converges almost surely to zero.

Solution. Since Wy = 0, we can write

W, 1 &
= =) (W= Win).
=

n

By the independent increments property of the Wiener process, the terms of the sum are
ii.d. N(0,02) random variables. By the strong law, this sum converges almost surely to
ZEero.

Example 14.17. We construct a sequence of random variables that converges in mean
to zero, but does not converge almost surely to zero. Fix any positive integer n. Then n

“A proof that does not rely on the strong law can be given [7, pp. 128-130, Theorem 4].
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can be uniquely represented as n = 2™ + k, where m and k are integers satisfying m > 0 and
0<k<2™—1. Define

gn(x) = gomyx(x) = I[%J%})(x)

For example, taking m = 2 and k = 0, 1,2, 3, which corresponds to n = 4,5,6,7, we find

ga(x) = 1[07%)()6)7 gs(x) = 1[%7%)()6)7
and
ge(x) = 1[%,%)()6)7 g1(x) = 1[%’1)()6)-

For fixed m, as k goes from 0 to 2" — 1, gomy is a sequence of pulses moving from left to
right. This is repeated for m + 1 with twice as many pulses that are half as wide. The two
key ideas are that the pulses get narrower and that for any fixed x € [0,1), g,(x) =1 for
infinitely many n.

Now let U ~ uniform[0,1). Then

k k+1 1

Elen(0)] = P( 55 <X <

Since m — o as n — oo, we see that g,(U) converges in mean to zero. It then follows
that g,(U) converges in probability to zero. Since almost-sure convergence also implies
convergence in probability, the only possible almost-sure limit is zero.” However, we now
show that g,(U) does not converge almost surely to zero. Fix any x € [0, 1). Then for each
m=0,1,2,...,

< k+1
- X
m = m

for some k satisfying 0 < k < 2" — 1. For these values of m and k, gom;(x) = 1. In other
words, there are infinitely many values of n = 2" + k for which g,(x) = 1. Hence, for
0 <x < 1, gu(x) does not converge to zero. Therefore,

{Ue[0,1)} C {g.(U) # 0},

and it follows that

P({g.(U) ~0}) > P{U €0, 1)}) = 1.

The Skorohod representation

The Skorohod representation says that if X,, converges in distribution to X, then we
can construct random variables Y¥,, and Y with Fy, = Fx,, Fy = Fx, and such that ¥, converges
almost surely to Y. This can often simplify proofs concerning convergence in distribution.

bLimits in probability are unique by Problem 5.



578 Other modes of convergence

Example 14.18. Let X, converge in distribution to X, and let ¢(x) be a continuous func-
tion. Show that ¢(X,,) converges in distribution to ¢(X).

Solution. Let Y, and Y be as given by the Skorohod representation. Since Y, converges
almost surely to Y, the set

G ={0eQ:Y,(0v)—Y(w)}
has the property that P(G®) = 0. Fix any € G. Then ¥, (@) — Y (®). Since c is continuous,

c(Yu(w) — c(Y(w)).

Thus, ¢(¥,) converges almost surely to ¢(¥). Now recall that almost-sure convergence im-
plies convergence in probability, which implies convergence in distribution. Hence, ¢(¥;,)
converges in distribution to ¢(Y). To conclude, observe that since ¥, and X,, have the same
cumulative distribution function, so do ¢(¥,) and ¢(X,). Similarly, ¢(Y) and ¢(X) have the
same cumulative distribution function. Thus, ¢(X;,,) converges in distribution to ¢(X).

We now derive the Skorohod representation. For 0 < u < 1, let
Gn(u) := min{x € R: Fx, (x) > u},
and
G(u) := min{x € R: Fx(x) > u}.
By Problem 39(a) in Chapter 11,

Gu) < x & u < Fx(x),

or, equivalently,
G(u) > x & u > Fx(x),

and similarly for G, and Fx,. Now let U ~ uniform(0, 1). By Problem 39(b) in Chapter 11,
Y, :=G,(U) and Y := G(U) satisfy Fy, = Fx, and Fy = Fx, respectively.

From the definition of G, it is easy to see that G is nondecreasing. Hence, its set of
discontinuities, call it D, is at most countable (Problem 52), and so P(U € D) = 0 by Prob-
lem 53. We show below that for u ¢ D, G, («) — G(u). It then follows that

Y,(0):=G,(U(»)) — G(U(w)) =:Y(0),

except for w € {®w : U(w) € D}, which has probability zero.
Fix any u ¢ D, and let € > 0 be given. Then between G(u) — € and G(u) we can select
a point x,
Gu)—e < x < G(u),

that is a continuity point of Fx. Since x < G(u),

Fx(x) < u.
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Since x is a continuity point of Fx, Fx, (x) must be close to Fx (x) for large n. Thus, for large
n, Fx, (x) < u. But this implies G, («) > x. Thus,

Gu)—e < x < Gu(u),

and it follows that
G(u) < lim G,(u).

n—oo

To obtain the reverse inequality involving the lim, fix any «’ with u < u’ < 1. Fix any € > 0,
and select another continuity point of Fy, again called x, such that

G(u) < x < G)+e.

Then G(u') < x, and so u’ < Fx(x). But then u < Fx(x). Since Fx, (x) — Fx(x), for large n,
u < Fx, (x), which implies G, (u) < x. It then follows that

lim G,(u) < G(/).

n—oo
Since u is a continuity point of G, we can let ' — u to get

lim G,(u) < G(u).

n—oo
It now follows that G, (u) — G(u) as claimed.

See the Exam preparation section at the end of the chapter for a summary of im-
portant facts about almost-sure convergence.

Notes
14.2: Convergence in distribution

Note 1. In the text up to now, we have usually said that if E[X 2] =0, then X is the zero
random variable. However, it is customary to define X to be the zero random variable if
P(X = 0) = 1; with this definition, it is easy to see that the cdf of X is the unit-step function,
u(x) = Ijg o) (x). Fortunately, these two definitions are equivalent. If P(X = 0) = 1, then X
is a discrete random variable that takes only the value zero with positive probability. Hence,
E[X?] = 0. Conversely, observe that

P(X#0) = P(X>*>0) = P(O{X2>l/n}> = éﬂp(x%l/z\/),
n=1

where the last step follows by the limit property (1.15). If E[X?] = 0, we can apply the
Markov inequality to obtain P(X? > 1/N) < NE[X?] = 0. Hence, P(X # 0) = 0 and then
PX=0)=1.

Note 2. The limit inferior, denoted by liminf or lim, and the limit superior, denoted
by limsup or lim, of a sequence of real numbers z,, are defined as follows. First put

z, = infzz and Z, := supz.
k>n k>n
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Then z,, < Z,. Furthermore, a little thought shows that
<, < ] and Zz, > Zn+1-

In other words, the z, are getting larger, and the 7, are getting smaller. Since bounded
monotonic sequences always have limits [51, p. 56], we have®

lim
n ;’Z

< limgz,.
n
Defining

limz, := limz, and limz, := limZ,,
n n - n n

we have

limz, < limz,.
n n

Furthermore, it is not too hard to show that the lim inf equals the lim sup if and only if
lim, z, exists, in which case, the limit is the common value of the lim inf and the lim sup.

Remark. The reader should note that since z,, is increasing, and since z, is decreasing,

limz, = supz, and limz, = infZ,.
n n n n

Hence, in the literature, one frequently finds the formulas
limz, = supinfz; and limgz, = infsupz;.
n n k>n n n k>n
14.3: Almost-sure convergence
Note 3. In order that (14.3) be well defined, it is necessary that the set

{weQ: ,}E&X"(w) #X(w)}

be an event in the technical sense of Note 1 in Chapter 1. This is assured by the assumption
that each X,, is a random variable (the term “random variable” is used in the technical sense
of Note 1 in Chapter 2). The fact that this assumption is sufficient is demonstrated in more
advanced texts, e.g., [3, pp. 183—-184].

Problems

14.1: Convergence in probability

1. Let X,, ~ Cauchy(1/n). Show that X, converges in probability to zero.

“The sequences treated in this chapter are always bounded. What happens if z, is not bounded? Consider the
following examples: (i) z, = n; (ii) z, = (—1)"n; (iii) z, = [1 = (—1)"]n.
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2. Let ¢, be a converging sequence of real numbers with limit ¢. Define the constant
random variables ¥, = ¢, and Y = ¢. Show by direct analysis of P(|Y,, — Y| > ¢) that
Y, converges in probability to Y.

Remark. Here is an easier approach (that you are not to use for your solution of this
problem). Since ¢, and ¢ are deterministic,

Ellch—c|] = |en—c|] — 0.

Since convergence in mean implies convergence in probability, ¥, converges in prob-
ability to Y.

3. Let U ~ uniform[0, 1], and put

Xn = nI[OI/ﬁ](U), n:1,2,....
Does X,, converge in probability to zero?

4. Let V be any continuous random variable with an even density, and let ¢, be any
positive sequence with ¢, — oo. Show that X, := V /¢, converges in probability to
zero by direct analysis of P(|X,| > €).

Remark. Here are some easier approaches (that you are not to use for your solution
of this problem). If E[|V|] < oo, write
E[[V]]

Cn

— 0.

EHXn” =

Thus, X,, converges in mean, and therefore in probability, to zero. If E[|V|] = e, put
U, =1/c, and Y, = V. Then by Problem 2, U, converges in probability to zero, and
it is easy to see that ¥, converges in probability to V. Then, as pointed out in the text,
U,Y, converges in probability to 0-V = 0.

5. Show that limits in probability are unique; i.e., show that if X,, converges in probabil-
ity to X, and X, converges in probability to Y, then P(X # Y) = 0. Hint: Write

{x#v} = U{Ix-Y|>1/k},
k=1
and use limit property (1.15).

6. Suppose you have shown that given any € > 0, for sufficiently large n,
P(X,—X|>¢) < €.

Show that
lim P(|X, —X| >¢€) = 0 forevery € >0.

7. Let g(x,y) be continuous, and suppose that X,, converges in probability to X, and
that ¥, converges in probability to Y. In this problem you will show that g(X,,Yy)
converges in probability to g(X,Y).
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(a) Fix any € > 0. Show that for sufficiently large o and 3,
P(|X|>a) < €/4 and P(JY|>B) < g/4.

(b) Once o and B have been fixed, we can use the fact that g(x,y) is uniformly
continuous on the rectangle |x| < 2a and |y| < 2. In other words, there is a
6 > 0 such that for all (x’,y’) and (x,y) in the rectangle and satisfying

x'—x] <& and |y'—y < 6,
we have

lg(x',y") —glx,y)| < e.

There is no loss of generality if we assume that < o and 6 < 8. Show that if
the four conditions

X, —X| <98, |Y,-Y|<9d, |X|<a, and |Y|<P

hold, then
‘g(XnaYn)fg(va)‘ < E.

(c) Show that if n is large enough that
P(X,—X|>96) < €/4 and P(|Y,—-Y|>0) < €/4,

then
P(lg(Xn, Yn) —8(X,Y)| > &) < €.

8. Let X1, X>,... be i.i.d. with common finite mean m and common finite variance 6>.

Also assume that y* := E[X}] < o. Put

1
M, =

n n
Z : = 2
= nZX, and V, = nlg{Xl.

i=1

(a) Explain (briefly) why V,, converges in probability to 2 + m?.
(b) Explain (briefly) why

2 . n o0 2
Su = — ;;Xi —-M;

converges in probability to 2.

9. Let X, converge in probability to X. Assume that there is a nonnegative random
variable Y with E[Y] < oo and such that |X,,| <Y for all n.

(a) Show that P(|X| > Y +1) = 0. (In other words, |X| <Y + 1 with probability
one, from which it follows that E[|X|] < E[Y]+ 1 < e0.)
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(b) Show that X, converges in mean to X. Hints: Write
E[|IX, —X|] = E[|Xy —X|Ix,]) + E[| Xy — X |La¢],

where A, := {|X, — X| > €}. Then use Problem 5 in Chapter 13 with Z =
Y +1X|.

(a) Let g be a bounded, nonnegative function satisfying lim,_o g(x) = 0. Show that
lim, ... E[g(X,,)] = 0 if X,, converges in probability to zero.

(b) Show that
lim E { Xl } =0
n—eo | 14 |Xy|

if and only if X,, converges in probability to zero. Hint: The function x/(1 + x)
is increasing for x > 0.

14.2: Convergence in distribution

11.

12.

13.

14.

15.

Let ¢, be a converging sequence of real numbers with limit ¢. Define the constant
random variables Y,, = ¢, and Y = ¢. Show that ¥, converges in distribution to ¥ by
direct analysis of Fy, and Fy.

Remark. Here are some easier approaches (that you are not to use for your solution of
this problem). Since convergence in probability implies convergence in distribution,
this problem is an easy consequence of Problem 2. Alternatively, since convergence
of characteristic functions implies convergence in distribution, observe that

or,(v) = Ele"] = /" — /" = gy(v).

Let X be a random variable, and let ¢, be a positive sequence converging to limit c.
Show that Y, := ¢,X converges in distribution to Y := c¢X by direct analysis of Fy, and
Fy. Consider separately the cases c =0 and 0 < ¢ < oo,

Remark. Here are some easier approaches (that you are not to use for your solution
of this problem). By Problem 2, U,, = ¢,, converges in probability to U := c. It is also
easy to see that V,, := X converges in probability to V := X. Then U,V,, converges
in probability to UV = cX. Now use the fact that convergence in probability implies
convergence in distribution. A simple proof using characteristic functions as in the
previous remark is also possible.

Fort > 0, let X; <Y; < Z, be three continuous-time random processes such that

lim Fy, (y) = limFz(y) = F()

t—so0 f—o0
for some continuous cdf F. Show that Fy, (y) — F(y) for all y.

Show that if X, is sequence of exponential random variables that converges in mean
to some X with 0 < E[X] < oo, then X is an exponential random variable.

Let X, converge in distribution to a constant x, and let ¥, converge in distribution to a
constant y. Determine whether or not X,, + Y, converges in distribution to x + y.
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16

17.

18.

19.

20.

21.

22.

Other modes of convergence

. Show that the Wiener integral Y := [;"g(7)dW; is Gaussian with zero mean and
variance 62 [3° g(7)*dt. Hints: The desired integral Y is the mean-square limit of the
sequence Y, defined in Problem 35 in Chapter 13. Use Example 14.8.

Let g(t,7) be such that for each ¢, [§° g(¢,7)?dT < . Define the process

X, = / g(t,7)dW;.
0

Use the result of the preceding problem to show that for any 0 <# < --- <, < oo,
the random vector of samples X := [X;,,...,X;,]" is Gaussian. Hint: Read the first
paragraph of Section 9.2.

Let W, be a Wiener process, and let [;° g(7)>dt < co. Put

t
Xt = /0 g(T)dW1

Determine whether or not X; has independent increments.

Let X; be a mean-square-continuous process for a <t < b. If X; is a Gaussian process,
show that the coefficients Ay in (13.11) of the Karhunen-Log¢ve expansion are jointly
Gaussian and independent.

If the moment generating functions My, (s) converge to the moment generating func-
tion My (s), show that X, converges in distribution to X. Also show that for nonneg-
ative, integer-valued random variables, if the probability generating functions Gx, (z)
converge to the probability generating function Gx(z), then X, converges in distribu-
tion to X. Hint: The paragraph following Example 14.6 may be useful.

Let X, and X be integer-valued random variables with probability mass functions
pn(k) :=P(X, = k) and p(k) := P(X = k), respectively.

(a) If X,, converges in distribution to X, show that for each &, p, (k) — p(k).

(b) If X, and X are nonnegative, and if for each k > 0, p,, (k) — p(k), show that X,
converges in distribution to X.

Let p,, be a sequence of numbers lying between 0 and 1 and such that np,, — A > 0 as
n — oo, Let X,, ~ binomial(n, p,), and let X ~ Poisson(A). Show that X,, converges
in distribution to X. Hints: By the previous problem, it suffices to prove that the
probability mass functions converge. Stirling’s formula,

n! ~ \/27rn”+l/2e7”,

by which we mean
. n!
Im ——— =
n—oo 27[11"*1/26*”

)

and the formula "
lim (1 - @) =9, ifg.—q,

n—o0 n

may be helpful.
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23. Let X, ~ binomial(n, p,) and X ~ Poisson(A ), where p, and A are as in the previous
problem. Show that the probability generating function Gy, (z) converges to Gx (z).

24. Suppose that X,, and X are such that for every bounded continuous function g(x),

lim E[g(X,)] = E[g(X)].

n—oo
Show that X,, converges in distribution to X as follows:

(a) For a < b, sketch the three functions /(.. 4 (1), - (¢), and

1, t<a,
b—t
8ap(t) = ¢ ——, a<t<b,
b—a
0, t>b.

(b) Your sketch in part (a) shows that
L caog)(t) < 8ap(t) < I—oop(t).
Use these inequalities to show that for any random variable Y,
Fy(a) < E[gap(Y)] < Fy(b).
(c) For Ax > 0, use part (b) with a = x and b = x 4 Ax to show that

lim FX,L ()C) < Fx(x+Ax).

n—oo

(d) For Ax > 0, use part (b) with @ = x — Ax and b = x to show that

Fx(x—Ax) S mFX"(x).

n—o0
(e) If xis a continuity point of Fy, show that

lim FXn(x) = Fx(x).

n—oo

25. Show that X, converges in distribution to zero if and only if

lim E Xl =0
n—o0 1 + |Xn|

Hint: Recall Problem 10.

26. Let f(x) be a probability density function. Let X,, have density f,(x) = nf(nx). De-
termine whether or not X,, converges in probability to zero.

27. Let X, converge in mean of order 2 to X. Determine whether or not

lim E[X,%e_xﬂ = E{Xze_xz}.

n—oo
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28.

29.

30.

31.

14.3:
32.

33.

34.

Other modes of convergence

For t > 0, let Z; be a continuous-time random process. Suppose that as t — oo, Fz,(z)
converges to a continuous cdf F(z). Let u(t) be a positive function of ¢ such that
u(t) — 1 ast — oo. Show that

limP(Z <zu(r)) = F(z).

t—o0
Hint: Your answer should be simpler than the derivation in Example 14.11.

Let Z; be as in the preceding problem. Show that if ¢(z) — ¢ > 0, then

lim P(c(r)Z <z) = F(z/c).

t—o0

Let Z; be as in Problem 28. Let s(¢) — 0 as t — co. Show that if X; = Z, + s(¢), then
Fx, (x) — F(x).

Let N; be a Poisson process of rate A. Show that

Mo
Y o= e
At

converges in distribution to an N(0, 1) random variable. Hints: By Example 14.10,
Y, converges in distribution to an N(0, 1) random variable. Next, since N, is a nonde-
creasing function of ¢,

N < N < Np,

where |7 | denotes the greatest integer less than or equal to ¢, and [#] denotes the small-
est integer greater than or equal to . The preceding two problems and Problem 13
may be useful.

Almost-sure convergence
Let X, converge almost surely to X.

(a) Show that

converges almost surely to

1+X7? 1+X2°

(b) Determine whether or not

1 1
mE|——| = E[|——]|.
e, [1+X3] {1+X2}

Justify your answer.

Let X, — X as. and let ¥, — Y as. If g(x,y) is a continuous function, show that
g(Xy,Y,) — g(X,Y) as.

Let X, — X a.s., and suppose that X =Y a.s. Show that X;, — Y a.s. (The statement
X =Y as.means P(X #£Y) =0.)
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36.

37.

38.

39.

40.

41.
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Show that almost-sure limits are unique; i.e., if X, — X a.s. and X,, — Y a.s., then
X =Y as. (The statement X =Y a.s. means P(X #£Y) =0.)

Suppose X,, — X a.s.and ¥;, — Y a.s. Show thatif X,, <Y, a.s. forall n, then X <Y a.s.
(The statement X,, <Y, a.s. means P(X,, > Y,) =0.)

If X, converges almost surely and in mean, show that the two limits are equal almost
surely. Hint: Problem 5 may be helpful.

In Problem 12, suppose that lim,_,. ¢, = ¢ = oo. For each @, compute the value of
Y (o) :=1limy_ewc, X ().

Suppose state j of a discrete-time Markov chain is “transient” in the sense that
n
)y Pz( j) <
n=1

() .= P (X, = j|Xo =1i). Show that the chain visits state j infinitely often with

where p;;
Xo :i> = 0.

probability zero; i.e., show that
P(N U=

Let S be a nonnegative random variable with E[S] < 0. Show that S < o a.s. Hints:

It is enough to show that P(§ = o) = 0. Observe that

N=1n=N

(S=oo} = ﬁ{s>n}.

n=1
Now appeal to the limit property (1.16) and use the Markov inequality.

Under the assumptions of Problem 26 in Chapter 13, show that
Y X
k=1
is well defined as an almost-sure limit. Hints: It is enough to prove that
S = Z [ Xy| < oo as.
k=1

Hence, the result of the preceding problem can be applied if it can be shown that
E[S] < eo. To this end, put

n
Sn = Z |hk‘ IXkl
k=1

By Problem 26 in Chapter 13, S,, converges in mean to S € L!. Use the nonnegativity
of S, and S along with Problem 22 in Chapter 13 to show that

n
Els] = lim ) [l E[X[] < o
k=1
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42

43.

44.
45.
46.

47.

48.
49.

50.

Other modes of convergence

. For p>1,showthat Y, 1/n” < eo.
Let X1, Xz, ... be iid. with y:= E[X}], 0 := E[X?], and E[X;] = 0. Show that
1 n
M, = — Y X

satisfies E[M?] = [ny+3n(n—1)c*]/n*.
If X,, ~ Laplace(n), show that X,, converges almost surely to zero.
If X, ~ Rayleigh(1/n), show that X,, converges almost surely to zero.

Let X,, have the Pareto density

(p=1 -
fn(.x) = F}C 17’ le/n,
for some fixed p > 2. Show that X,, converges almost surely to zero.

Let ¥, ~ Bernoulli(p,), and put X,, := X 4 n?(—1)"Y,, where X ~ N(0,1).

(a) Determine whether or not there is a sequence p,, such that X, converges almost
surely to X but not in mean.

(b) Determine whether or not there is a sequence p, such that X, converges almost
surely and in mean to X.

In Problem 8, explain why the assumption E[X}] < oo can be omitted.

Let N, be a Poisson process of rate A. Show that N; /¢ converges almost surely to
A. Hint: First show that N,/n converges almost surely to A. Second, since N, is a
nondecreasing function of ¢, observe that

Ny = Nt < Ny,

where [#] denotes the greatest integer less than or equal to 7, and [¢] denotes the
smallest integer greater than or equal to ¢.

Let N; be a renewal process as defined in Section 11.2. Next, let X;,X5,... denote
the 1.i.d. interarrival times, and let 7,, := Xj + - - - + X, denote the nth occurrence time.
Assume that the interarrival times have finite, positive mean (L.

(a) Show that almost surely, for any € > 0 and for all sufficiently large n,
n
Y X < n(u+e).
k=1

(b) Show that as t — oo, N; — oo a.s.; i.e., show that for any M, N, > M for all
sufficiently large ?.

(c) Show thatn/T, — 1/u as.
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52.

53.
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(d) Show that N, /t — 1/u a.s. Hints: On account of (c), if we put ¥, := n/T,, then
Yy, — 1/p as. since N; — oo by part (b). Also note that

t

Ty

t

<t < Ty+1

Give an example of a sequence of random variables that converges almost surely to
zero but not in mean.

Let G be a nondecreasing function defined on the closed interval [a,b]. Let D¢ denote
the set of discontinuities of size greater than € on [a,b],

D¢ := {u€la,b]: Gu+)—G(u—) > €},

with the understanding that G(b+) means G(b) and G(a—) means G(a). Show that
if there are n points in D, then

n < 2[G(b) - G(a)] /.

Remark. The set of all discontinuities of G on [a,b], denoted by Dla,b], is simply
Uk=1 D1 k- Since this is a countable union of finite sets, Dla,b] is at most countably
infinite. If G is defined on the open interval (0, 1), we can write

=)

D(0,1) = |JD[1/n,1—-1/n].

n=3

Since this is a countable union of countably infinite sets, D(0, 1) is also countably
infinite by Problem 17 in Chapter 1.

Let D be a countably infinite subset of (0,1). Let U ~ uniform(0,1). Show that
P(U € D) = 0. Hint: Since D is countably infinite, we can enumerate its elements as
a sequence u,. Fix any € > 0 and put K,, := (u, — €/2",u, + €/2"). Observe that

D c |JKn

n=1

Now bound

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.

14.1. Convergence in probability. There are three important facts to know.

(i) Convergence in mean of order p for any 1 < p < o implies convergence in
probability.
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(i) It is possible to have X, converge in probability to X but not in mean of
order p for any 1 < p < oo.
(iii) If X, converges in probability to X and ¥, converges in probability to ¥, and
if g(x,y) is continuous, then g(X,,Y,) converges in probability to g(X,Y).
14.2. Convergence in distribution. There are seven important facts to know.

(i) If X, converges in probability to X, then X,, converges in distribution to X.

(if) If X, converges in distribution to a constant, then X,, converges in probabil-
ity to that constant.

(iii) Itis possible to have X;, converge in distribution to X but not in probability.

(iv) X, converges in distribution to X if and only if for every bounded continu-
ous function g(x), E[g(X,,)] — E[g(X)]. This can be used to give a simple
proof that if X, converges in distribution to X, and if ¢(x) is a continuous
function, then ¢(X,) converges in distribution to ¢(X).

(v) X, converges in distribution to X if and only if the characteristic functions
¢x, (v) converge to @x (V). Examples 14.7-14.9 are important applications
of this fact.

(vi) The central limit theorem.
(vii) Slutsky’s theorem.

14.3. Almost-sure convergence. There are seven important facts to know.

(i) If X,, converges almost surely to X, then X, converges in probability to X.
(i) Itis possible to have X, converge in mean to X but not almost surely.

(iii) Ttis possible to have X, converge almost surely to X but not in mean (Prob-
lem 51).

(iv) A sufficient condition to guarantee that X,, converges almost surely to X is
that for every € > 0,

Z P(|X,—X|>¢) < o.
n=1

(v) The strong law of large numbers (SLLN).
(vi) Know two forms of the weak law of large numbers (WLLN).
(vii) The Skorohod representation.

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.



15
Self similarity and long-range dependence

Prior to the 1990s, network analysis and design was carried out using long-established
Markovian models such as the Poisson process [41, p. 1]. As self similarity was observed
in the traffic of local-area networks [35], wide-area networks [43], and in World Wide Web
traffic [13], a great research effort began to examine the impact of self similarity on network
analysis and design. This research has yielded some surprising insights into questions about
buffer size versus bandwidth, multiple-time-scale congestion control, connection duration
prediction, and other issues [41, pp. 9-11].

The purpose of this chapter is to introduce the notion of self similarity and related con-
cepts so that the student can be conversant with the kinds of stochastic processes being
used to model network traffic. For more information, the student may consult the text by
Beran [2], which includes numerous physical models and a historical overview of self sim-
ilarity and long-range dependence.

Section 15.1 introduces the Hurst parameter and the notion of distributional self similar-
ity for continuous-time processes. The concept of stationary increments is also presented.
As an example of such processes, fractional Brownian motion is developed using the Wiener
integral. In Section 15.2, we show that if one samples the increments of a continuous-time
self-similar process with stationary increments, then the samples have a covariance function
with a specific formula. It is shown that this formula is equivalent to specifying the variance
of the sample mean for all values of n. Also, the power spectral density is found up to a
multiplicative constant. Section 15.3 introduces the concept of asymptotic second-order self
similarity and shows that it is equivalent to specifying the limiting form of the variance of
the sample mean. The main result here is a sufficient condition on the power spectral den-
sity that guarantees asymptotic second-order self similarity. Section 15.4 defines long-range
dependence. It is shown that every long-range-dependent process is asymptotically second-
order self similar. Section 15.5 introduces ARMA processes, and Section 15.6 extends this
to fractional ARIMA processes. Fractional ARIMA process provide a large class of models
that are asymptotically second-order self similar.

15.1 Self similarity in continuous time

Loosely speaking, a continuous-time random process W; is said to be self similar with
Hurst parameter H > 0 if the process Wy, “looks like” the process AW,. If A > 1, then
time is speeded up for W;, compared to the original process W;. If A < 1, then time is
slowed down. The factor A” in AW, either increases or decreases the magnitude (but not
the time scale) compared with the original process. Thus, for a self-similar process, when
time is speeded up, the apparent effect is the same as changing the magnitude of the original
process, rather than its time scale.

The precise definition of “looks like” will be in the sense of finite-dimensional distrib-
utions. That is, for W; to be self similar, we require that for every A > 0, for every finite

591
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collection of times f1,...,#,, all joint probabilities involving W), ,...,W,, are the same
as those involving A# th,...,lH W,,. The best example of a self-similar process is the
Wiener process. This is easy to verify by comparing the joint characteristic functions of
Wass- - Way, and AW, ... AH W, for the correct value of H (Problem 2).

Implications of self similarity
Let us focus first on a single time point 7. For a self-similar process, we must have
P(Wy, <x) = P(AHIW, <x).

Taking t = 1, results in
P(W, <x) = P(A'W) <x).

Since A > 0 is a dummy variable, we can call it ¢ instead. Thus,
P(W, <x) = P(ff'w; <x), t>0.

Now rewrite this as
PW; <x) = P(W; <t fx), >0,

or, in terms of cumulative distribution functions,
_ -H
Fw,(x) = Fw,(t"7x), t>0.

It can now be shown (Problem 1) that W, converges in distribution to the zero random
variable as t — 0. Similarly, as t — oo, W, converges in distribution to a discrete random
variable taking the values 0 and Z-co.

We next look at expectations of self-similar processes. We can write

EWy] = EATW] = A"EW].
Setting 7 = 1 and replacing A by 7 results in
EW,] = (EWy], t>0. (15.1)

Hence, for a self-similar process, its mean function has the form of a constant times 1 for
t>0.
As another example, consider

Wz = E[(A"w)?] = A2TEW). (15.2)
Arguing as above, we find that
EW?] = PHEWE], >0. (15.3)
We can also take t = 0 in (15.2) to get
EWZ] = AZTEWS).

Since the left-hand side does not depend on A, E[W02] =0, which implies Wy = 0 a.s. Hence,
(15.1) and (15.3) both continue to hold even when t = 0.4

“Using the formula ab = ebna OH = HIn0 — == ¢ince H > 0. Thus, 0 =0.



15.1 Self similarity in continuous time 593

Example 15.1. Assuming that the Wiener process is self similar, show that the Hurst
parameter must be H = 1/2.

Solution. Recall that for the Wiener process, we have E[W?] = 6¢. Thus, (15.2) implies
that
o* (A1) = Aot

Hence, H = 1/2.

Stationary increments

A process W; is said to have stationary increments if for every increment 7 > 0, the
increment process
Zy = W, —Wi¢

is a stationary process in ¢. If W; is self similar with Hurst parameter H, and has stationary
increments, we say that W, is H-sssi.
If Z; is H-sssi, then E[Z;] cannot depend on ¢; but by (15.1),

ElZ] = EW,—W,_] = [ —(t—7)"]EW].

If H # 1, then we must have E[W;] = 0, which by (15.1), implies E[W;] = 0. As we see later,
the case H = 1 is not of interest if W; has finite second moments, and so we always take
E[W,] = 0.

If Z; is H-sssi, then the stationarity of the increments and (15.3) imply

E[Z7] = E[Z2] = E[(W;—Wp)?] = EW?] = cEW]].
Similarly, for ¢ > s,
E[(W; — W;)?] = E[(Wi—s — W0)*] = E[W? ] = (1 — ) E[WT].

Fort < s,
E[(W, —W,)?] = E[(W,—W,)?] = (s—1)*HE[W]].

Thus, for arbitrary # and s,
E[(W, —We)?2] = |t —sPYEWY).

Note in particular that
EW?] = |(*"EWT].

Now, we also have
E[(W, —W;)?] = E[W;?] — 2E[W,W,] + E[W/],

and it follows that 5
ElW
] = S o o) (154)
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Fractional Brownian motion

Let W; denote the standard Wiener process on —oo < t < oo as defined in Problem 35 in
Chapter 11. The standard fractional Brownian motion is the process By (¢) defined by the
Wiener integral

o

Bu(t) = [ _gui(z)aws,
where gg ; is defined below. Then E[By ()] =0, and
ElBu () = [ sni(e)?dr.

To evaluate this expression as well as the correlation E[By (¢)Bg (s)], we must now define
gr (7). To this end, let

(612 90,
and put
1
g (1) = E[QH(I_T)_QH(_T)L
where 5 1
i o= [ lavey 1P Pap o
H 0 [( + ) ] +2H

First note that since gr0(7) =0, By (0) = 0. Next,

Bu(0)=Bu(®) = [ lgia(e) = gua(e)] aWe

G [ lantt =)~ auls— D) aws,

and so

=

El|Bu (1) —Bu(s)]"] = sz/wIQH(t*T)*QH(S*T)lsz-

If we now assume s < ¢, then this integral is equal to the sum of

/s (6= 2)" 12 (s— 1)1V dr

—oo

and -
t t—s t—
/(t—r)”“dr — / pi-1qg — U9
s 0

To evaluate the integral from —co to s, let £ = s — 7 to get

| o=yt —gpa,

which is equal to

(6 — s /0“[(1+,;/(H))H4/z, (&/(c—9))"" P ae.
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Making the change of variable 8 = £ /(t —s) yields
(t—s)ZH/ (14 6)7-1/2_ =112 gp.
0
It is now clear that

E[|Bu(t)—Bu(s)]*] = (t—s5)*, 1>s.

Since interchanging the positions of # and s on the left-hand side has no effect, we can write
for arbitrary ¢ and s,
EllBu (1) = Bu(s)I’] = |t —s/*".

Taking s = 0 yields
E[Bu(1)?] = [«

Furthermore, expanding E[|By (t) — By (s)|?], we find that

o= s = [t —2E[By (1)Bp ()] +[s*",

or,
2H 2H 2H
o —t—=s"" +|s
E[Bu(t)Bu(s)] = i | 2| st (15.5)
Observe that By (t) is a Gaussian process in the sense that if we select any sampling
times, f; < --- < t,, then the random vector [By(t1),...,Bu(fy)]’ is Gaussian; this is a

consequence of the fact that By (¢) is defined as a Wiener integral (Problem 17 in Chap-
ter 14). Furthermore, the covariance matrix of the random vector is completely determined
by (15.5). On the other hand, by (15.4), we see that any H-sssi process has the same co-
variance function (up to a scale factor). If that H-sssi process is Gaussian, then as far as the
joint probabilities involving any finite number of sampling times, we may as well assume
that the H-sssi process is fractional Brownian motion. In this sense, there is only one H-sssi
process with finite second moments that is Gaussian: fractional Brownian motion. Sample
paths of fractional Brownian motion are shown in Figure 15.1.

15.2 Self similarity in discrete time

Let W, be an H-sssi process. By choosing an appropriate time scale for W;, we can focus
on the unit increment 7 = 1. Furthermore, the advent of digital signal processing suggests
that we sample the increment process. This leads us to consider the discrete-time increment
process

Xy = W, —W,_1.

Since W; is assumed to have zero mean, the covariance of X, is easily found using (15.4).
Forn > m,

Ew?]

E[X,Xn] = 5

[(n—m+1)*" —2(n—m)* + (n—m—1)*1].

Since this depends only on the time difference, the covariance function of X, is

2
(o)
C(n) = 7[\n+1\2”—2|n\2f’+ In—1124], (15.6)
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H=0.15

Figure 15.1. Fractional Brownian motions with H = 0.15, H = 0.5, and H = 0.85.

where 62 := E[W2].

The foregoing analysis assumed that X;, was obtained by sampling the increments of
an H-sssi process. More generally, a discrete-time, wide-sense stationary (WSS) process is
said to be second-order self similar if its covariance function has the form in (15.6). In this
context it is not assumed that X, is obtained from an underlying continuous-time process
or that X,, has zero mean. A second-order self-similar process that is Gaussian is called
fractional Gaussian noise, since one way of obtaining it is by sampling the increments of
fractional Brownian motion.

Convergence rates for the mean-square ergodic theorem

Suppose that X, is a discrete-time, WSS process with mean p := E[X,,]. It is shown later
in Section 15.4 that if X, is second-order self similar; i.e., if (15.6) holds, then C(n) — O.
On account of the mean-square ergodic theorem of Example 13.4, the sample mean

converges in mean square to (. But how fast does the sample mean converge? We show
that (15.6) holds if and only if

] n
e[[3 L ow

In other words, X, is second-order self similar if and only if (15.7) holds. To put (15.7)
into perspective, first consider the case H = 1/2. Then (15.6) reduces to zero for n # 0. In
other words, the X,, are uncorrelated. Also, when H = 1/2, the factor n* =1 in (15.7) is
not present. Thus, (15.7) reduces to the mean-square law of large numbers for uncorrelated

2 0_2
] = o2 = -1 (15.7)
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random variables derived in Example 13.3. If 2H — 1 < 0, or equivalently H < 1/2, then the
convergence is faster than in the uncorrelated case. If 1/2 < H < 1, then the convergence
is slower than in the uncorrelated case. This has important consequences for determining
confidence intervals, as shown in Problem 6.

To show the equivalence of (15.6) and (15.7), the first step is to define

=

Y, = (Xifl.t),

1

Il
—_

and observe that (15.7) is equivalent to E[Y?] = o2n?/.
The second step is to express E[Y,2] in terms of C(n). Write

=) (L) |

k=1

E[y;] =

m
| — |
7N
-

E[(Xi — p) (Xi — )]

I
-
D=

Il
—_
-~
I

Il
(agE
M:
Q

T.
N

(15.8)

I
-
~
I
—_

The above sum amounts to summing all the entries of the n X n matrix with ik entry C(i —k).
This matrix is symmetric and is constant along each diagonal. Thus,

n—1

E[Y;] = nC(0)+2 Y C(v)(n—v). (15.9)
v=1

Now that we have a formula for E[¥,2] in terms of C(n), we follow Likhanov [37, p. 195]
and write

EV2,]—EF2] = C0)+2 Y C(v),
v=1

and then
(E[i] —ElY7) — (E[Y7] —E[X?

n n n—

) = 2C(n). (15.10)
Applying the formula E[¥?] = 6?n?" shows that forn > 1,
G2
Cln) = —[(n+ 127 20 1 (n—1)*].

Finally, it is a simple exercise (Problem 7) using induction on n to show that (15.6)
implies E[Y] = 6?n?" forn > 1.

Aggregation

Consider the partitioning of the sequence X, into blocks of size m:

Xty X Xm+1>---7X2m'"X(nfl)m+l7-'->Xnm"'-
—— ——

1st block 2nd block nth block
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The average of the first block is % Y 7. | Xk. The average of the second block is % ):,%’:”m 1 Xk
The average of the nth block is

Y X (15.11)
(n—1)m+

k= 1

The superscript (m) indicates the block size, which is the number of terms used to compute

the average. The subscript n indicates the block number. We call {X,Sm)};":,m the aggre-
gated process. We now show that if X, is second-order self similar, then the covariance

function of X", denoted by C" (n), satisfies

c™(n) = m*2C(n). (15.12)

In other words, if the original sequence is replaced by the sequence of averages of blocks of
size m, then the new sequence has a covariance function that is the same as the original one
except that the magnitude is scaled by m?7—2.

The derivation of (15.12) is similar to the derivation of (15.7). Put

vm

XM=Y (G—p). (15.13)
k=(v—1)m+1

Since X; is WSS, so is )’(V‘Sm). Let its covariance function be denoted by clm (v). Next define
Y, — xm)
L= YR,
v=1

Just as in (15.10),
2C™(n) = (E[Y},] —E[X2]) — (EX] —E[Y2,]).

n n n n—

Now observe that

=
Il

1=

=
s

<
Il
-

<

3

25
!
E

(v

1)m+1

o El vl
>~
[l

=
|
E

<
Il
—_

- Ynm,
where this Y is the same as the one defined in the preceding subsection. Hence,

2 (n) = (EWZ, 1)) —EZ)) — (EDZ)—EDZ ). (154)

Now we use the fact that since X,, is second-order self similar, E[Y?] = 6?1/, Thus,

2
€ () = Z-[((n 1)) = 2(m)* 4 ((n— 1ym)™].

Since C™ (n) = C™ (n) /m?, (15.12) follows.
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The power spectral density

We show that the power spectral density” of a second-order self-similar process is pro-
portional to*
o 1
)
sin“ (7 _—
(7f) Z it fRHFT

i=—oo
Since (15.15) is real, even, nonnegative, and has period one, it is a valid power spectral
density of a wide-sense stationary process. We show that the corresponding covariance
function satisfies (15.6), where, of course, 62 is the integral of (15.15) over [—1/2,1/2].
The proof rests on several observations, all but one of which are easy to see. We showed
above that second-order self similarity in the form of E[Y?] = 62n?# implies (15 12). Con-

(15.15)

versely, given a wide-sense stationary process X, and aggregated process X , if (15.12)
holds, then X, is second-order self similar. To see this, put n =0 in (15.12) and obtaln

Eval _ () 2
i = o = C0) =05 m=12..,

i.e., E[Y2] = 62m*, which is equivalent to the second-order self similarity of X,. Thus,

(15.12) implies second-order self similarity, which means that (15.6) holds. But if (15.6)

holds, then the corresponding power spectral density is determined up to the constant 2.

The remainder of the proof rests on the fact (derived below) that for any wide-sense

stationary process with power spectral density S(f) and aggregated process X,Sm),

C(n) Y g (S S K] /m) sin(7f) ? _
i /0 sz<k§) i Lin(ﬂ[ﬁk]/m)] )df, m=12,....

Since for any wide-sense stationary process we also have

C(n) = /1/2 S(f)e? I gf = /()ls(f)ejyrfndf’

—1/2

if S(f) satisfies

& S(f+K/m) sin(7f) 2 -
k;o m? Lin(ﬂ[f+k]/m)} =S(), m=12,.., (15.16)

then (15.12) holds. Now observe that if S(f ) is proportional to (15.15), then (15.16) holds.
The integral formula for C" (n) /m* =2 is derived following Sinai [57, p. 66]. Write

C(m)(n) 1 m m
s = ZH,ZE[(X,L)] —w(x" — )]
n+l m m
= —x Z]kZE [(X; — ) (X — )]
i=nm+

bIn Chapter 10 we defined the power spectral density to be the Fourier transform of the correlation function. In
this chapter, we define the power spectral density to be the Fourier transform of the covariance function.
“The constant of proportionality can be found using results from Section 15.3; see Problem 14.
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(nt+l)ym m
= 2H Z ZC i—k
i=nm+1k=
1 tm m ey ) .
= —x Z Z/ S(f)eﬂﬁf(t*k)df
m i=nm+1k=1 -1/2
1 1/2 (nim i .
_ J27
- T/ €
m " —1/2 i=nm+1k=
Now write
(n+L)ym m 27 m m 2 ( 0
Z Ze]n' — Zze]n' nm+v—
i=nm+1k= v=1k=1
2 iz 21 f (v—k)
— e] Tnm e/ v 4 v
v=1k=
2
— pJ2mnm Ze—jznfk .
k=1
Using the finite geometric series,
i .
iefjbtfk _ 7]2nf1_e j2nfm _jnfmen)SIN(mTS)
1 —e 22/ sin(mf)

Thus, 5
C(m> (n) - L/lﬂ S(f)eﬂ”fnm [sm(mﬂf)} df.

m2H=2 g2t |, sin(7f)

Since the integrand has period one, we can shift the range of integration to [0,1] and then
make the change of variable 6 = mf. Thus,

) _ 1/1S(f)ejZEfnm{Sin(mnf)]zdf
0

m2H sin(7f)

_ # /O " 5(8 /m)e2mon [.Sin(ne))rde

sin(m6/m
= g2HTL Z/

Now make the change of variable f = 0 — k to get

colm) m-l . sin(w[f+4) 1?
3 = g &, [, Sr+umernssin| e ar

k+l

S(0/m) ,2::9;{ sin(76) )rde'

sin(6/m

ot sin(xf) :
W Z/ S([f + K] /m)e’*™! [sm(n[fm/m)} v

= [ (8 M [ ] )es

k=0
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Engineering versus statistics/networking notation

We have been using the term correlation function to refer to the quantity E[X,,X,,]. This
is the usual practice in engineering. However, engineers studying network traffic follow the
practice of statisticians and use the term correlation function to refer to

cov(Xy, Xim)
var(X,)var(X,)

In other words, in networking, the term correlation function refers to our covariance function
C(n) divided by C(0). We use the notation

Now assume that X,, is second-order self similar. We have by (15.6) that C(0) = 62, and so
1
p(n) = Slln+ 12" =20n[ +|n—1[21).

Let p(’"> denote the correlation function of X,Em) . Then (15.12) tells us that

(m) ( m2H-2C(n
iy = € )EO; _ mZHngO; — p(n). (15.17)

15.3 Asymptotic second-order self similarity

We showed in the previous section that second-order self similarity (Eq. (15.6)) is equiv-
alent to (15.7), which specifies

2
} (15.18)

1 n
e[[3 Lo

exactly for all n. While this is a nice result, it applies only when the covariance function has
exactly the form in (15.6). However, if we only need to know the behavior of (15.18) for

large n, say
1 & 2
il
nl:l

lim ‘nNH = o2 (15.19)

for some finite, positive 02, then we can allow more freedom in the behavior of the covari-
ance function. The key to obtaining such a result is suggested by (15.12), which says that
for a second-order self similar process,

C"™(n)

2
(e2

You are asked to show in Problems 9 and 10 that (15.19) holds if and only if

lim = 2(n+ 12 —2nP 4 |n—11). (15.20)

2H-2

C (n) &20
2

m—o m



602 Self similarity and long-range dependence

A wide-sense stationary process that satisfies (15.20) is said to be asymptotically second-
order self similar. In the literature, (15.20) is usually written in terms of the correlation
function p™ (n); see Problem 11.

If a wide-sense stationary process has a covariance function C(n), how can we check if
(15.19) or (15.20) holds? Below we answer this question in the frequency domain with a
sufficient condition on the power spectral density. In Section 15.4, we answer this question
in the time domain with a sufficient condition on C(n) known as long-range dependence.

Let us look into the frequency domain. Suppose that C(n) has a power spectral density
S(f) so that?

1/2 .
C(n) = /_ 1/2S(f)e12”f"df.

The following result is proved in [24, Appendix C].

Theorem. If

S(f)
im = 15.21
ice (1>20
Jfor some finite, positive s, and if for every 0 < 6 < 1/2, S(f) is bounded on [8,1/2), then
the process is asymptotically second-order self similar with H=1— a./2 and
) 4cos(am/2)T (o)

OF = S &)@ —a) (15.22)

Notice that 0 < oo < 1 implies H=1—0o,/2 € (1/2,1).

Below we give a specific power spectral density that satisfies the above conditions.
Example 15.2 (Hosking [31, Theorem 1(c)]). Fix 0 < d < 1/2, and let®
S(f) = [1—em 22
Since nf nf
T —JT
| e it =€
2j ’

we can write
S(f) = [sin®(mf)] ™.

o asin’ )] ¢
. sm-(mw - .
MA@

4The power spectral density of a discrete-time process is periodic with period 1, and is real, even, and nonneg-
ative. It is integrable since

/2
/ S(f)df = C(0) < oo,

~1/2

¢As shown in Section 15.6, a process with this power spectral density is an ARIMA(0,d,0) process. The
covariance function that corresponds to S(f) is derived in Problem 12.
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if we put oo = 1 — 2d, then
i SU)_
F=olfl®

Notice that to keep 0 < & < 1, we needed 0 < d < 1/2.

— (27'[) —2d

The power spectral density S(f) in the above example factors into
S() = [1—e 2741 — e/

More generally, let S( f) be any power spectral density satisfying (15.21), boundedness away
from the origin, and having a factorization of the form S(f) = G(f)G(f)*. Then pass any
wide-sense stationary, uncorrelated sequence though the discrete-time filter G(f). Then the
output power spectral density is proportional to S(f);/ and therefore asymptotically second-
order self similar.

Example 15.3 (Hosking [31, Theorem 1(a)]). Find the impulse response g, of the filter
G(f)=[1—e 2]

Solution. Observe that G(f) can be obtained by evaluating the z transform (1 —z~!)~¢
on the unit circle, z = ¢/>*/. Hence, the desired impulse response can be found by inspection
of the series for (1 —z~!)~?. To this end, it is easy to show that the Taylor series for (1+z)¢
is®

(1+2) = 1+id(d_l)m(fl_["_l])z".
n=1 n:
Hence,
(1_Z71)7d — i — 1) n‘( d— [nil})(_zfl)n
_ i (d+1)- (d+[n—lDZ n

n!

By inspection,
dd+1)---(d+[n—1])/n!, n>1,
gn = 1, n=0,
0, n<0.

Note that the impulse response is causal.

/See Problem 31 in Chapter 10 or Example 13.26.
8Notice that if d > 0 is an integer, the product

d(d—1)--(d—[n—1))

contains zero as a factor for n > d + 1; in this case, the sum contains only d + 1 terms and converges for all complex
z. In fact, the formula reduces to the binomial theorem.
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Once we have a process whose power spectral density satisfies (15.21) and boundedness
away from the origin, it remains so after further filtering by stable linear time-invariant
systems. For if ¥, || < oo, then

i hne—jZTEfn
is an absolutely convergent series and therefore continuous. If S(f) satisfies (15.21), then
- |H(f)S(f) 2
lim ————= = |H(0)|"s
lim Sy = H(0)

A wide class of stable filters is provided by autoregressive moving average (ARMA) systems
discussed in Section 15.5.

15.4 Long-range dependence

Loosely speaking, a wide-sense stationary process is said to be long-range dependent
(LRD) if its covariance function C(n) decays slowly as n — oo. The precise definition of
slow decay is the requirement that for some 0 < o < 1,

C
lim (r;) = ¢, (15.23)

n—oo

for some finite, positive constant ¢. In other words, for large n, C(n) looks like ¢/n®.

In this section, we prove two important results. The first result is that a second-order self-
similar process is long-range dependent. The second result is that long-range dependence
implies asymptotic second-order self similarity.

To prove that second-order self similarity implies long-range dependence, we proceed
as follows. Write (15.6) forn > 1 as

Cln) = ZonP (1 1/np =24 (1= 1 /] = Ton (1 /),
where
q(t) == (1+0)*H —24 (1 1)1,

For n large, 1/n is small. This suggests that we examine the Taylor expansion of g(¢) for ¢
near zero. Since g(0) = ¢’'(0) = 0, we expand to second order to get

/!
qt) ~ QT(O)E = 2H(2H — )i

So, for large n,
c
C(n) = 7nZHq(l /n) ~ 6?H(2H —1)n*12, (15.24)
It appears that &« = 2 — 2H and ¢ = 62H(2H — 1). Note that 0 < & < 1 corresponds to

1/2 < H < 1. Also, H > 1/2 corresponds to 62H(2H — 1) > 0. To prove that these values
of o and ¢ work, write

) o qll/n) G qlt)
i s = o m T = G

n—oo 11
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and apply I’Hopital’s rule twice to obtain

. C(n)
lim -

= 6?H(2H - 1). (15.25)

This formula implies the following two facts. First, if H > 1, then C(n) — oo as n — oo. This
contradicts the fact that covariance functions are bounded (recall that |C(n)| < C(0) by the
Cauchy—Schwarz inequality; cf. Section 10.3). Thus, a second-order self-similar process
cannot have H > 1. Second, if H = 1, then C(n) — &. In other words, the covariance does
not decay to zero as n increases. Since this situation does not arise in applications, we do
not consider the case H = 1.

We now show that long-range dependence (15.23) implies” asymptotic second-order
self similarity with H = 1 — a/2 and 62 = 2¢/[(1 — &)(2 — «)]. From (15.9),

n—1 n—1

e e EY BV
n2—a  pl-a nl—a n2—o

. v=1 o c
’}glgo prra s B (15.26)
and
n—1
Y vcw)
. ov=1 - c
}5130 o (15.27)
Since n! =% — oo, it follows that
. E[r? 2¢ 2¢ 2¢
lim = — = .
n—eo p2-Q l-o 2—a (I-a)2—a)
Since n' =% — oo, to prove (15.26), it is enough to show that for some ,
n—1
Y. cv)
lim Y=t = _°©
n—o0 nlfa - 1—-a'

Fix any 0 < € < c. By (15.23), there is a k such that for all v > k,

C(v)
T <
”Actually, the weaker condition,
. C(n)
lim =c

n—es {(n)n =% ’
where ¢ is a slowly varying function, is enough to imply asymptotic second-order self similarity [64]. The
derivation we present results from taking the proof in [64, Appendix A] and setting ¢(n) = 1 so that no theory of
slowly varying functions is required.
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Then
n—1 n—1 n—1
(c—e) Y v*< Y Cv) < (c+e) ) v ™
v=k v=k v=k

Hence, we only need to prove that

n—1
Y v
. =k
lim ¥ ] = .
n—oo pl—«& 1—-a

This is done in Problem 16 by exploiting the inequality

n—1 n n—1
Y (v+1) @ < / dr < Y v (15.28)
v=k Jk v=k
Note that a L a
"N —_— _k —_—
I, ::/fadt:ni—wx as n — oo,
Jk 1—a

A similar approach is used in Problem 17 to derive (15.27).

15.5 ARMA processes

We say that X, is an autoregressive moving average (ARMA) process if X, satisfies
the equation

Xo+arXo 1+ +aXo p = Zn+b1Zy 1+ +byZn_g, (15.29)

where Z, is an uncorrelated sequence of zero-mean random variables with common variance
0? = E[Z,]. In this case, we say that X,, is ARMA(p,q). If a; = --- = a, = 0, then

Xo = Zu+b1Zy 1+ +ban—q>

and we say that X, is a moving average process, denoted by MA(g). If instead by = --- =
by =0, then
Xy, = *(alxn—l +--- +61an71;) +Z,,

and we say that X, is an autoregressive process, denoted by AR(p).
To gain some insight into (15.29), rewrite it using convolution sums as

i @Xy—k = i biZ, i, (15.30)
k= —oo oo

where
ap =1, a =0, k<Oandk> p,

and
by =1, by =0, k<Oandk>gq.

Taking z transforms of (15.30) yields

A(2)X(z) = B(2)Z(2),
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or

where
AZ) == 1+aiz '+ +apz? and B(z) := 1+biz '+ +byz .
This suggests that if &, has z transform H(z) := B(z) /A(z), and if

Xo = Y uZnk = Y hu-iZi, (15.31)
k k

then (15.30) holds. This is indeed the case, as can be seen by writing

ZaiX,H- = Zaizhnﬂzkzk
; Tk
= Z(Zaihn—k—i>zk
% \7

=Y buiZ,
x

since A(z)H(z) = B(z).

The “catch” in the preceding argument is to make sure that the infinite sums in (15.31)
are well defined. If A, is causal (h, = 0 for n < 0), and if 4, is stable (¥, |h,| < o), then
(15.31) holds in %, L', and almost surely (recall Example 13.10, Problem 26 in Chapter 13,
and Problem 41 in Chapter 14). Hence, it remains to prove the key result of this section,
that if A(z) has all roots strictly inside the unit circle, then ,, is causal and stable.

To begin the proof, observe that since A(z) has all its roots inside the unit circle, the
polynomial a(z) := A(1/z) has all its roots strictly outside the unit circle. Hence, for small
enough 6 > 0, 1/a(z) has the power series expansion

1

s

=) o, |z <1486,
a(z)

n=0

for unique coefficients ,. In particular, this series converges for z = 14 /2. Since the
terms of a convergent series go to zero, we must have o, (14 §/2)" — 0. Since a convergent
sequence is bounded, there is some finite M for which |, (1438 /2)"| <M, or |oy,| < M(1+
6/2)7", which is summable by the geometric series. Thus, Y, |0,| < . Now write

or

n——oo

HE) = B Y ae " = Y ",
n=0

where A, is given by the convolution
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Since a,, and b,, are causal, so is their convolution /,,. Furthermore, for n > 0,

n

by = Y oubu g (15.32)
k=max(0,n—q)

In Problem 18, you are asked to show that Y, |,| < co. In Problem 19, you are asked to
show that (15.31) is the unique solution of (15.30).

15.6 ARIMA processes

Before defining ARIMA processes, we introduce the differencing filter, whose z trans-
formis 1 —z 1. If the input to this filter is X, then the output is X,, — X,,_1.

A process X, is said to be an autoregressive integrated moving average (ARIMA)
process if instead of A(z)X (z) = B(z)Z(z), we have

A(z)(1-z1YX(z) = B(z)Z(2), (15.33)

where A(z) and B(z) are defined as in the previous section. In this case, we say that
X, is an ARIMA(p,d,q) process. If we let A(z) = A(z)(1 —z )4, it would seem that
ARIMA(p,d,q) is just a fancy name for ARMA(p +d,q). While this is true when d is a
nonnegative integer, there are two problems. First, recall that the results of the previous
section assume A(z) has all roots strictly inside the unit circle, while A(z) has aroot at z = 1
repeated d times. The second problem is that we will be focusing on fractional values of d,
in which case A(1/z) is no longer a polynomial, but an infinite power series in z.
Let us rewrite (15.33) as

X = (1) “2920) = HEGE20),
(2)
where H(z) := B(z)/A(z) as in the previous section, and
Ga(z) == (1—-z 1™

From the calculations following Example 15.2,

=

Ga(z) = Y, gnz",
n=0

where go = 1, and forn > 1,

Cd(d+1) - (d+[n—1))
&n = n! '

The plan then is to set
Yo =Y &Zui (15.34)
k=0

iSince 1 —z~! is a differencing filter, (1 —z~!)~! is a summing or integrating filter. For noninteger values of

d, (1 —z7")"% s called a fractional integrating filter. The corresponding process is sometimes called a fractional
ARIMA process (FARIMA).
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and then/ _
Xy = Y Ity . (15.35)
=0

Note that the power spectral density of ¥, is®
Sy(f) = 1Ga(* )P0 = [l —e 27| X6 = [4sin’*(nf)] ‘o2,

using the result of Example 15.2. If p =g =0, then A(z) =B(z) = H(z) =1, X, =Y,, and
we see that the process of Example 15.2 is ARIMA(0,d,0).

Now, the problem with the above plan is that we have to make sure that Y, is well
defined. To analyze the situation, we need to know how fast the g, decay. To this end,
observe that

I'd+n) = (d+[n—1)I(d+[n—1))

; (d+[n—1])---(d+1)I(d+1).

Hence,
_d-T'(d+n)
8 = Td+1)C(n+1)

Now apply Stirling’s formula,’
L(x) ~ V2 12e7,

to the gamma functions that involve n. This yields

de' L4t n+1/2
En ™ F(d+1)( +n+1)

d—1\n+1/2 d—1\n+1 d—1~-1/2 i
(1+ ) - (1+—) <1+ ) e
n+1 n+1 n+1

and since (n+d)4~! ~ n?~!, we see that

(n+d)*1.

Since

d d—1
& Tar)"
as in Hosking [31, Theorem 1(a)]. For0 <d < 1/2, —1 <d—1 < —1/2, and we see that the
gn are not absolutely summable. However, since —2 < 2d —2 < —1, they are square sum-
mable. Hence, ¥, is well defined as a limit in mean square by Problem 25 in Chapter 13.
The sum defining X,, is well defined in L2, L!, and almost surely by Example 13.10, Prob-
lem 26 in Chapter 13, and Problem 41 in Chapter 14. Since X, is the result of filtering the
long-range dependent process Y,, with the stable impulse response 4, X,, is still long-range
dependent as pointed out in Section 15.4.

JRecall that h,, is given by (15.32).

kSee Problem 31 in Chapter 10 or Example 13.26.

!'We derived Stirling’s formula for () = (n — 1)! in Example 5.18. A proof for noninteger x can be found in
[5, pp. 300-301].
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Problems
15.1: Self similarity in continuous time
1. Show that for a self-similar process, W; converges in distribution to the zero random
variable as t — 0. Next, identify X () := lim, ..t W, (®) as a function of ®, and
find the probability mass function of the limit in terms of Fy, (x).
2. Use joint characteristic functions to show that the Wiener process is self similar with
Hurst parameter H = 1/2.
3. Use joint characteristic functions to show that the Wiener process has stationary in-
crements.
4. Show that for H =1/2,
t
By (1) — By(s) = / AW, = W, —W,.
Taking ¢ > s = 0 shows that By (t) = W,, while taking s < t = 0 shows that By (s) = Wj.
Thus, By /5(t) = W; forall 7.
5. Show thatfor0 < H < 1,
/ [(1+6)1-12_ =122 40 < o,
0
15.2: Self similarity in discrete time
6. Let X, be a second-order self-similar process with mean u = E[X,], variance 6> =
E[(X, — u)?], and Hurst parameter H. Then the sample mean
1 n
M, ==Y X
iz
has expectation y and, by (15.7), variance 6> /n>~2H_ If X, is a Gaussian sequence,
M,—u
~ N(0,1
O'/I’llfH ( ) )a
and so given a confidence level 1 — ¢, we can choose y (e.g., by Table 6.2) such that
M, —p
P (’ - < ) =1l-a.
o/nl-H|— Y
For 1/2 < H < 1, show that the width of the corresponding confidence interval is
wider by a factor of n*/~1/2 than the confidence interval obtained if the X, had been
independent as in Section 6.3.
7. Use (15.10) and induction on n to show that (15.6) implies E[Y?] = 62n*! forn > 1.
8. Suppose that X} is wide-sense stationary.

(a) Show that the process )}‘@ defined in (15.13) is also wide-sense stationary.
(b) If X; is second-order self similar, prove (15.12) for the case n = 0.
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15.3: Asymptotic second-order self similarity

9.

10.

11.

12.

13.

Show that asymptotic second-order self similarity (15.20) implies (15.19). Hint: Ob-
serve that C(")(0) = E[(Xl(n) —u)?).

Show that (15.19) implies asymptotic second-order self similarity (15.20). Hint: Use
(15.14), and note that (15.19) is equivalent to E[Y?] /n* — o2.

Show that a process is asymptotically second-order self similar; i.e., (15.20) holds, if
and only if the conditions

1
tim p")(n) = 3 lln+ 177 =20 + | — 1),
m—oo
and )
. C"™(0) 2
Hm — o = O
both hold.

Show that the covariance function corresponding to the power spectral density of
Example 15.2 is

(=1)"T(1-24d)
I'n+1-d)I'(1—d—n)

This result is due to Hosking [31, Theorem 1(d)]. Hints: First show that

C(n) =

C(n) = % /0 "lasin?(v/2)] 4 cos(nv) dv.

Second, use the change of variable 6 = 27 — v to show that
1 2=
. / l4sin?(v/2)]cos(nv)dv = C(n).
JTT

Third, use the formula [21, p. 372]

mcos(am/2)T(p+1)21-7

pt+a+1 p—a+1
r(——)r(——)
p 2 2

T
/ sin” ! (¢) cos(at)dt =
0

Show that for 0 < a < 1,

2% cos(an/2)T(a)
—0e-a

/ 0% 3sin>0d0 =
JO

Remark. The formula actually holds for complex a with 0 < Rea < 2 [21, p. 447].
The formula is used to obtain (15.22) [24, Appendix B].

Hints: (i) Fix 0 < € < r < e, and apply integration by parts to

)
/ 0% 35in2 0 40
€
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with u = sin? 0 and dv = 6%348.

(ii) Apply integration by parts to the integral

/t“‘z sint dt

(iii) Use the fact that for 0 < o < 1,”

with u = sint and dv = 1% 2dt.

r . .
lim [ % e i dt = e IO (ar).
e—0 7€

14. Let S(f) be given by (15.15). For 1/2 < H < 1, put oo =2 —2H.

(a) Evaluate the limit in (15.21). Hint: You may use the fact that

=

1
o(f) = ZW

i=1
converges uniformly for | f| < 1/2 and is therefore a continuous and bounded
function on [—1/2,1/2].
(b) Evaluate
1/2
[ stnar.

~1/2

Hint: The above integral is equal to C(0) = o2. Since (15.15) corresponds
to a second-order self-similar process, not just an asymptotically second-order
self-similar process, 62 = 62. Now apply (15.22).

15.4: Long-range dependence

15. Show directly that if a wide-sense stationary sequence has the covariance function
C(n) given in Problem 12, then the process is long-range dependent; i.e., (15.23)
holds with appropriate values of ¢ and ¢ [31, Theorem 1(d)]. Hints: Use the Remark
following Problem 14 in Chapter 4, Stirling’s formula,

[(x) ~ V2mx =127,

and the formula (1+d/n)" — 4.

"For s > 0, a change of variable shows that

T et I«
lim [ * e dr = (@)
P00 $@
£—0 "

As in Notes 7 and 8 in Chapter 4, a permanence of form argument allows us to set s = j = e/ /2,
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16. For 0 < o < 1, show that

n—1
Y v
. =k
lim ¥ . = .
n—e pl—0a 1-a

Hints: Rewrite (15.28) in the form
B,+n%—k* <1, <B,.

Then
k™% —n=¢

1 <
= I,

< 1+

LN‘UU
ST S

Show that I,/n'~% — 1/(1 — &), and note that this implies I, /n~% — oo,
17. For 0 < o < 1, show that
n—1
Z vl—oc
v=k

. — 1
lim = .
n—eo  p2=0 2—«o

15.5: ARMA processes

18. Use the bound |a,| < M(140/2)7" to show that Y, |h,| < e, where
n
hy = Z O4by—, n=0,
k=max(0,n—q)

and h, = 0 for n < 0.

19. Assume (15.30) holds and that A(z) has all roots strictly inside the unit circle. Show
that (15.31) must hold. Hint: Compute the convolution

Z amfnYn
n

first for ¥, replaced by the left-hand side of (15.30) and again for ¥,, replaced by the
right-hand side of (15.30).

20. Let Y7 || < oo. Show that if X,, is WSS, then Y, = Y3, luX,,—x and X,, are J-WSS.
Be sure to justify the interchange of any expectations and infinite sums.

Exam preparation

You may use the following suggestions to prepare a study sheet, including formulas men-
tioned that you have trouble remembering. You may also want to ask your instructor for
additional suggestions.
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15.1. Self similarity in continuous time. Know the definition and some of the impli-
cations of self similarity. If the process also has stationary increments and H # 1,
then it is zero mean and its covariance function is given by (15.4). If an H-sssi
process is Gaussian with finite second moments, then the process can be represented
by fractional Brownian motion.

15.2. Self similarity in discrete time. This notion is obtained by sampling a continuous-
time H-sssi process on the integers. More generally, a discrete-time WSS process
whose covariance function has the form (15.6) is said to be second-order self similar.
It is important to know that (15.6) holds if and only if (15.7) holds. Know what the
aggregated process is. Know the relationship between formulas (15.12) and (15.17).
The power spectral density of a second-order self-similar process is proportional to
(15.15).

15.3. Asymptotic second-order self similarity. A process is asymptotically second-
order self similar if instead of (15.12), we have only (15.20) Know that (15.20) holds
if and only if (15.19) holds. The theorem containing (15.21) gives sufficient condi-
tions on the power spectral density to guarantee that the process is asymptotically
second-order self similar.

15.4. Long-range dependence. In the time-domain, if a process is long-range dependent
as in (15.23), then the process is asymptotically second-order self similar.

15.5. ARMA processes. An ARMA process X, satisfying (15.29) exists and is given by
(15.31) if the impulse response A, is causal and stable. Under these conditions, the
sum in (15.31) converges in L?, L', and almost surely. If A(z) has all roots strictly
inside the unit circle, then £, is causal and stable.

15.6. ARIMA processes. An ARIMA process determined by (15.33) with 0 < d < 1/2
exists and is given by (15.34) and (15.35). The sum in (15.34) converges in mean
square, and the sum in (15.35) converges in L2, L', and almost surely.

Work any review problems assigned by your instructor. If you finish them, re-work your
homework assignments.
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Index

A
Abel’s theorem, 130
absolutely continuous random variables, 221, 318
absorbing state, 482
acceptance region, 264
accessible state, 499
affine function, 186, 344
aggregated process, 598
almost-sure convergence, 572
almost-sure event, 23
alternative hypothesis, 263
analog-to-digital converter, 150
Anderson—Darling test, 248
angle
of a point in the plane, 354
AR process, see autoregressive process
arcsine random variable, 233, 302, 538
relation to beta, 233
ARIMA, see autoregressive integrated moving av-
erage process
ARMA process, see autoregressive moving average
process
arrival times, 446
associative laws, 10
asymptotic second-order self similarity, 602, 611
asymptotically unbiased estimator, 243
atomic weight, 115
auto-correlation function, 392
autoregressive integrated moving average, 608
autoregressive integrated moving average process,
602
fractional, 608
autoregressive moving average process, 606
autoregressive process, 606
Avogadro’s number, 115

B
Banach space, 524
bandlimited white noise, 406
bandwidth, 408
Bayes’ rule, 28, 29
Bernoulli random variable, 71
mean, 81
second moment and variance, 86
simulation, 196
Bernoulli trials, 3
Bernoulli, Jacob, 117
Bessel function, 227
properties, 229
beta function, 175, 176
beta random variable, 175
relation to arcsine random variable, 233
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relation to gamma and chi-squared, 325
betting on fair games, 104
biased estimator, 243
binary symmetric channel, 58
binomial approximation
by normal, 213
by Poisson, 115, 584
binomial coefficient, 38, 114
binomial random variable, 113
mean, variance, and pgf, 133
simulation, 197
binomial theorem, 38, 113, 133, 603
birth process, see Markov chain
birth—death process, see Markov chain
birthday problem, 36
bivariate characteristic function, 301
bivariate Gaussian random variables, 309
block matrices, 332
Borel-Cantelli lemma
first, 54, 575
second, 60
Borel set, 56, 96
Borel sets of ]R2, 317
Borel o-field, 56, 96
Brown, Robert, 387
Brownian motion, 387

fractional, see fractional Brownian motion

ordinary, see Wiener process

C

Campbell’s theorem, 452

Cantor set, 55

cardinality, 15, 18

Cartesian product, 289

Cauchy random variable, 144
as quotient of Gaussians, 323
as tangent of uniform, 194
cdf, 186
characteristic function, 180
nonexistence of mean, 154
simulation, 194
special case of Student’s ¢, 176

Cauchy—Schwarz inequality
for column vectors, 331, 355
for random variables, 92, 524
for time functions, 429

Cauchy sequence
of LP random variables, 524
of real numbers, 524

causal Wiener filter, 419
prediction, 439
smoothing, 439
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cdf, see cumulative distribution function
central chi-squared random variable, see chi-squared
random variable
central limit theorem, 6, 185, 208, 252, 458, 570
compared with weak law of large numbers, 571
central moment, 86
certain event, 23
chain rule, 190
of calculus, 319
of conditional probability, 58, 510
change of variable (multivariate), 341
Chapman—Kolmogorov equation
continuous time, 503
derivation via smoothing property, 544
discrete time, 484
for Markov processes, 515
characteristic function
bivariate, 301
compared with pgf and mgf, 161
multivariate (joint), 337
univariate, 159
Chebyshev inequality, 89, 164, 165, 182
used to derive the weak law, 116
Chernoff bound, 164, 165, 182
Chevalier de Mere, 3
chi-squared random variable, 148, 174
as squared zero-mean Gaussian, 179, 192, 222
cdf — special case of gamma, 225
characteristic function, 179
moment generating function, 179
parameter estimation, 276
relation to F random variable, 325
relation to beta random variable, 325
relation to generalized gamma, 224
see also noncentral chi-squared, 180
simulation, 276
square root of = Rayleigh, 223
chi-squared test, 248
circularly symmetric complex Gaussian, 373
closed set, 535
CLT, see central limit theorem
co-domain of a function, 13
combinatorics, 34
communicating states, 499
commutative laws, 10
complement of a set, 8
complementary cdf
Gaussian, 187, 225
complementary error function, 219
complete orthonormal set, 530
completeness
of the L? spaces, 524
of the real numbers, 524
complex conjugate, 371
complex Gaussian random vector, 372
complex random variable, 371
complex random vector, 372
conditional cdf, 192, 303
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conditional density, 192, 303
conditional expectation

abstract definition, 538

for discrete random variables, 127

for jointly continuous random variables, 302

linearity, 542

smoothing property, 544, 557
conditional independence, 60, 476
conditional probability, 27

for jointly continuous random variables, 303
conditional probability mass functions, 118
confidence interval, 250
confidence level, 250
conservative Markov chain, 504, 508
consistency condition

continuous-time processes, 464

discrete-time processes, 461
continuity in mean of order p, 521
continuous random variable, 139

arcsine, 233

beta, 175

Cauchy, 144

chi-squared, 174

Erlang, 174

exponential, 141

F, 325

gamma, 173

Gaussian = normal, 145

generalized gamma, 224

Laplace, 143

lognormal, 190

Maxwell, 222

multivariate Gaussian, 363

Nakagami, 224

noncentral chi-squared, 182

noncentral Rayleigh, 227

Pareto, 237

Rayleigh, 177

Rice, 227

Student’s ¢, 176

uniform, 140

Weibull, 171
continuous sample paths, 455
convergence

almost-sure (a.s.), 572

in distribution, 566

in mean of order p, 518

in mean square, 518

in probability, 564

in quadratic mean, 518

of real numbers, 573

sure, 573

weak, 566
convex function, 105
convolution

of densities, 163

of probability mass functions, 125
correlation, 91
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correlation coefficient, 92, 104, 311 discrete random variable, 66

correlation function, 392 Bernoulli, 71
engineering definition, 601 binomial, 113
of a deterministic signal, 411 geometric, 74
of a random process, 389 hypergeometric, 256
properties, 391 negative binomial = Pascal, 133
statistics/networking definition, 601 Poisson, 69
unbiased estimator of, 397 uniform, 68
univariate, for WSS processes, 395 zeta = Zipf, 105
correlation matrix, 334 discrete-time Fourier transform, 400
countable additivity, 23 disjoint sets, 9
countable set, 15, 462 distribution, 97
countable subadditivity, 26 distributive laws, 10
countably infinite set, 15 generalized, 12
counting process, 443 domain of a function, 13
covariance, 94 dominated convergence theorem, 424, 508, 549
distinction between scalar and matrix, 335 Doob decomposition, 559
function, 392 dot product, see inner product
matrix, 335 double factorial, 153
covering of intervals, 221 double-sided exponential = Laplace, 143
Craig’s formula, 322
critical region, 264 E
critical value, 249, 264 eigenvalue, 485, 528
cross power spectral density, 406 eigenvector, 485
cross-correlation ellipsoids, 368
function, 392 embedded chain, 504
univariate, for WSS processes, 402 empty set, 8
matrix, 337 energy spectral density, 412
cross-covariance ensemble mean, 241
function, 392 ensemble variance, 241
matrix, 336 entropy, 105
crossover probabilities, 58, 121 differential, 178

cumulative distribution function (cdf), 184
continuous random variable, 185

equilibrium distribution, 485
equivalence classes, 500, 513

discrete random variable, 194 equivalence relation, 500

joint, 291 ergodic theorem, 397

multivariate, 351 for Markov chains, 495

properties, 205 mean-square
curve fitting, see regression for WSS processes, 424
cyclostationary process, 425 for WSS sequences, 519

Erlang random variable, 148, 174

D as nth arrival time of Poisson process, 446
dB, see decibel as sum of i.i.d. exponentials, 181

de Moivre, Abraham, 208 cdf — special case of gamma, 225

de Moivre-Laplace theorem, 255
De Morgan’s laws, 10
generalized, 12
decibel, 188, 437
decorrelating transformation, 338
applied to a Gaussian vector, 366
delta function, 406
Dirac, 199, 406
Kronecker, 397, 483
diagonal argument, 17
difference of sets, 9
differencing filter, 608
differential entropy, 178
Dirac delta function, 199

cumulative distribution function, 174

moment generating function, 179
relation to generalized gamma, 224
simulation, 277

error function, 188, 219
complementary, 219

estimation of nonrandom parameters
covariance matrices, 348

estimation of random vectors
linear MMSE, 344
maximum likelihood (ML), 350
MMSE, 350

estimator
asymptotically unbiased, 243
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biased, 243
unbiased, 241
event, 7, 43, 580
expectation
additive operator, 84
homogeneous operator, 83
linearity for arbitrary random variables, 163
linearity for discrete random variables, 84
monotonicity for arbitrary random variables, 163
monotonicity for discrete random variables, 106
of a discrete random variable, 80
of an arbitrary random variable, 155
when it is undefined, 82, 154
expected average power, 404
and the Wiener—Khinchin theorem, 421
expected instantaneous power, 404
exponential random variable, 141
difference of = Laplace, 180
double sided, see Laplace random variable
memoryless property, 171
moment generating function, 158
moments, 158
relation to generalized gamma, 224

F

F random variable, 325
relation to chi-squared, 325
factorial
double, 153
factorial function, 173
factorial moment, 111
factorization property, 109
fading
channel, 223
Rayleigh, 324
failure rate, 216
constant, 218
Erlang, 237
Pareto, 237
Weibull, 237
FARIMA, see fractional ARIMA
filtered Poisson process, 451
first entrance time, 488
first passage time, 488
Fourier series, 400
as characteristic function, 161
Fourier transform, 398
as bivariate characteristic function, 301
as multivariate characteristic function, 337
as univariate characteristic function, 160
discrete time, 400, 432
inversion formula, 398
fractional ARIMA process, 608
fractional Brownian motion, 594
fractional Gaussian noise, 596
fractional integrating filter, 608
function
co-domain, 13
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definition, 13

domain, 13

inverse image, 14

invertible, 14

one-to-one, 14

onto, 14

probability measure as a function, 23
range, 13

G

gambler’s ruin, 482
gamma function, 79, 148, 173
incomplete, 225
gamma random variable, 147, 173
cdf, 225
characteristic function, 160, 179, 180
generalized, 224, 325
moment generating function, 179
moments, 177
parameter estimation, 276, 277
relation to beta random variable, 325
with scale parameter, 174
Gaussian pulse, 160
Gaussian random process, 464
fractional, 595
Karhunen-Logve expansion, 584
Gaussian random variable, 145
ccdf
approximation, 225
Craig’s formula, 322
definition, 187
table, 189
cdf, 187
related to error function, 219
table, 189
characteristic function, 160, 180
complex, 372
complex circularly symmetric, 373
moment generating function, 157, 159
moments, 152
quotient of = Cauchy, 323
simulation, 194, 278
Gaussian random vector, 363
characteristic function, 365
complex circularly symmetric, 373
joint density, 367
multivariate moments, Wick’s theorem, 377
proper, 373
simulation, 368
generalized density, 199
generalized gamma random variable, 224, 325
relation to Rayleigh, Maxwell, Weibull, 224
generator matrix, 506
geometric random variable, 74
mean, variance, and pgf, 132
memoryless property, 101
geometric series, 52
goodness-of-fit tests, 248
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greatest common divisor, 500

H

H-sssi, 593

Herglotz’s theorem, 545

Hilbert space, 524

histogram, 244

Hélder’s inequality, 550

holding time, 504, 514

Hurst parameter, 591

hypergeometric random variable, 256
derivation, 274

hypothesis, 248

hypothesis testing, 262, 263

/

i.i.d., see independent identically distributed
i.0., see infinitely often
ideal gas, 224
identically distributed random variables, 72
importance sampling, 272
impossible event, 22
impulse function, 199
impulse response, 390
impulsive, 199
inclusion—exclusion formula, 24
incomplete gamma function, 225
increment process, 593
increments, 390
increments of a random process, 444
independent events
more than two events, 32
pairwise, 32, 46
two events, 30
independent identically distributed (i.i.d.), 72
independent increments, 444
independent random variables, 71
cdf characterization, 295
ch. fen. characterization, 302, 338
jointly continuous, 300
multiple, 72
pdf characterization, 301
pmf characterization, 76
uncorrelated does not imply independent, 104, 322,
327
indicator function, 87
infinitely often (i.0.), 492
inner product
of column vectors, 331
of matrices, 355
of random variables, 524
inner-product space, 524
integrating filter, 608
integration by parts formula, 168
intensity of a Poisson process, 444
interarrival times, 446
intersection of sets, 9
intervisit times, 490

Index

inverse image, 14
inverse tangent
principal, 354
irreducible Markov chain, 488, 499
1td correction term, 457
1td integral, 457
1t6 rule, 457

J
J-WSS, see jointly wide-sense stationary
Jacobian, 341
formulas, 341
Jensen’s inequality, 105
joint characteristic function, 337
joint cumulative distribution function, 291
joint density, 295
joint probability mass function, 75
joint wide-sense stationarity, 402
for discrete-time processes, 434
jointly continuous random variables
bivariate, 295
jointly Gaussian random variables, 363
jointly normal random variables, 363
jump chain, 504
jump times
of a Poisson process, 445

K

Karhunen—Loeve expansion, 527
finite-dimensional, 338
Gaussian process, 584
Ornstein—Uhlenbeck process, 554
signal detection, 530
white noise, 531
Wiener process, 531

Kolmogorov
and axiomatic theory of probability, 5, 517
backward equation, 506
characterization of random processes, 388
consistency/extension theorem, 462
forward equation, 505

Kolmogorov—Smirnov test, 248

Kronecker delta, 397, 483

Kronecker product, 103, 447

kurtosis, 86

L

Laplace random variable, 143
as difference of exponentials, 180
parameter estimation, 277
quotient of, 324
simulation, 277
variance and moment generating function, 179
Laplace transform, 158
Laplace, Pierre-Simon, 208
law of large numbers
convergence rates, 596
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mean square, for second-order self-similar sequences,
596
mean square, uncorrelated, 519
mean square, WSS sequences, 519
strong, 273, 576
weak, for independent random variables, 576
weak, for uncorrelated random variables, 116, 565
law of the unconscious statistician, 83, 149
law of total probability, 27, 29
discrete conditioned on continuous, 472
for conditional expectation, 544
for conditional probability, 503, 515, 544
for continuous random variables, 304
for expectation (continuous random variables), 308,
315
for expectation (discrete random variables), 129
unified formula, 540
Lebesgue
dominated convergence theorem, 424, 549
measure, 45, 57
monotone convergence theorem, 169, 549
Leibniz’ rule, 191, 307
derivation, 318
level curves, 310
level sets, 368
likelihood, 127, 192
likelihood ratio
continuous random variables, 193
discrete random variables, 127
martingale, 559
likelihood-ratio test, 127, 136, 193, 223
limit inferior, 567, 579
limit properties of P, 25
limit superior, 567, 579
Lindeberg-Lévy theorem, 208
linear estimators, 535
linear MMSE estimator, 344
linear time-invariant system, 390
location parameter, 146
lognormal random variable
definition, 190
moments, 222
long-range dependence, 604
LOTUS, see law of the unconscious statistician
LRD, see long-range dependence
LTI, see linear time-invariant (system)
Lyapunov’s inequality, 576
derived from Holder’s inequality, 551
derived from Jensen’s inequality, 105

M

MA process, see moving average process
MAP, see maximum a posteriori probability
Marcum Q function, 228, 322

marginal cumulative distributions, 292
marginal density, 299

marginal probability, 290

marginal probability mass functions, 75

Markov chain, 544

absorbing barrier, 482
accessible state, 499
aperiodic state, 500
birth—death process, 482

Chapman—Kolmogorov equation, 484

communicating states, 499
conservative, 504, 508
continuous time, 502
discrete time, 477
embedded chain, 504
equilibrium distribution, 485
ergodic theorem, 495

first entrance time, 488
first passage time, 488
gambler’s ruin, 482
generator matrix, 506
holding time, 504, 514
intervisit times, 490
irreducible, 488, 499
jump chain, 504

Kolmogorov’s backward equation, 506
Kolmogorov’s forward equation, 505
m-step transition probabilities, 483

model for queue
with finite buffer, 482
with infinite buffer, 482, 513
nth entrance time, 489
null recurrent, 489
occupation time, 491
average, 491
convergence, 495
total, 492, 512
period of a state, 500
periodic state, 500
positive recurrent, 489
pure birth process, 482
random walk
construction, 477
continuous time, 513
definition, 481
symmetric, 478
rate matrix, 506
reachable state, 499
recurrent state, 488
reflecting barrier, 482
sojourn time, 504, 514
state space, 480
state transition diagram, 480
stationary distribution, 485
time homogeneous
continuous time, 503
discrete time, 480
transient state, 488
transition probabilities
continuous time, 502
discrete time, 480

transition probability matrix, 480
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transition rates, 503
Markov inequality, 88, 164, 182
Markov process, 515
Markov property, 477
martingale, 558

likelihood ratio, 559
Matlab commands

./, 79

.7, 78

axis, 282

bar, 245

besseli, 227

chi2cdf, 227

chi2inv, 259

diag, 340

eig, 340

erf, 219

erfc, 219

erfinv, 252

eye, 346

factorial, 134

fft, 432

fftshift, 433

find, 79, 197

for, 78

format rat, 80

gamcdf, 225

gamma, 173

gammainc, 225

gammaln, 231

geopdf, 79

histc, 244

hold off, 246

hold on, 245

kron, 447

linspace, 247

max, 244

mean, 241

mean (to compute mean vectors), 350

min, 244

nchoosek, 38

ncx2cdf, 227

normcdf, 187

norminv, 252

ones, 197

plot, 247

poisspdf, 79

polyfit, 270

polyval, 270

rand, 194

randn, 194

semilogy, 183

size, 197

sqrt, 276

std, 241

stem, 231

subplot, 282

sum, 78

Index

sum (of matrix), 80
tan, 194
tinv, 257
trace, 331
var, 241
zeros, 197
Matlab M-files
allpairs, 102
bernrnd, 197
binpmf, 231
matrix exponential, 506
matrix inverse formula, 358, 381
maximum a posteriori probability
estimator, 350, 360
maximum a posteriori probability rule
continuous observations, 193
derivation, 131
discrete observations, 126
maximum-likelihood estimator, 350
maximum-likelihood rule, 127, 193
Maxwell random variable, 343
as square root of chi-squared, 223
cdf, 222
relation to generalized gamma, 225
speed of particle in ideal gas, 224
mean, see expectation
mean function, 388
mean matrix, 333
mean time to failure, 216
mean vector, 333
mean-square convergence, 518
mean-square ergodic theorem
for WSS processes, 423
for WSS sequences, 519
mean-square law of large numbers
for uncorrelated random variables, 519
for WSS processes, 424
mean-square periodicity, 551
mean-squared error, 103, 104, 344, 417
measure, 45
median, 170
memoryless property
exponential random variable, 171
geometric random variable, 101
Mercer’s theorem, 529
mgf, see moment generating function
minimum mean squared error, 535
Minkowski’s inequality, 523, 551
mixed random variable, 199
mixture density, 172
noncentral chi-squared, 182
ML, see maximum likelihood
MMSE, see minimum mean-squared error

modified Bessel function of the first kind, 227

properties, 229
moment, 84

central, 86

factorial, 111
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moment generating function (mgf), 156
compared with pgf and char. fen., 162
monotone convergence theorem, 169, 549
monotonic sequence property, 549
monotonicity
of E, 106, 163
of P, 24
Monte Carlo estimation, 271
Mother Nature, 23
moving average process, 606
MSE, see mean-squared error
MTTE, see mean time to failure
multinomial coefficient, 42
multivariate change of variable, 374
mutually exclusive sets, 9
mutually independent events, 32

N

Nakagami random variable, 224, 381
as square root of chi-squared, 224
negative binomial random variable, 133
noiseless detection, 554
discrete time, 339
noncentral chi-squared random variable
as squared non-zero-mean Gaussian, 180, 192,
223
cdf (series form), 227
density (closed form using Bessel function), 228
density (mixture form), 182
moment generating function, 180, 182
noncentrality parameter, 180
parameter estimation, 276
simulation, 277
square root of = Rice, 227
noncentral Rayleigh random variable, 227
square of = noncentral chi-squared, 227
noncentrality parameter, 180, 182
norm
LP random variables, 523
matrix, 355
vector, 331
norm preserving, 547
normal approximation of the binomial, 213
normal random variable, see Gaussian
nth entrance time, 489
null hypothesis, 263
null recurrent, 489
null set, 8

@)

occupation time, 491
average, 491
convergence, 495
total, 492, 512

occurrence times, 446

odds, 104

one-sided test, 266

one-tailed test, 266
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one-to-one, 14
onto, 14
open set, 57
Ornstein—Uhlenbeck process, 456, 470
Karhunen—Loeve expansion, 554
orthogonal increments, 561
orthogonality principle
for regression, 269
general statement, 534
in the derivation of linear estimators, 347
in the derivation of the Wiener filter, 417
orthonormal, 528
outcomes, 7
outer product, 331
overshoot, 234

P

pairwise disjoint sets, 12
pairwise independent events, 32
Paley—Wiener condition, 420
paradox of continuous random variables, 149
parallelogram law, 524, 552
Pareto failure rate, 237
Pareto random variable, 154, 170, 177, 179, 182,
237,588
partition, 12
Pascal, 3
Pascal random variable = negative binomial, 133
Pascal’s triangle, 114
pdf, see probability density function
period, 500
periodic state, 500
permanence of form argument, 169, 612
permutation, 37
pgf, see probability generating function
n—A theorem, 221
pmf, see probability mass function
Poisson approximation of binomial, 115, 584
Poisson process, 444
arrival times, 446
as a Markov chain, 502
filtered, 451
independent increments, 444
intensity, 444
interarrival times, 446
marked, 450
occurrence times, 446
rate, 444
shot noise, 451
thinned, 467
Poisson random variable, 69
mean, 81
mean, variance, and pgf, 111
probability generating function, 108
second moment and variance, 86
population mean, 241
population variance, 241
positive definite matrix, 336
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positive recurrent, 489
positive semidefinite
function, 429
matrix, 336
posterior probability, 30, 126
power
expected average, 404
expected instantaneous, 404
power set, 44
power spectral density, 403, 405
nonnegativity, 422
predictable process, 559
prediction
using the Wiener filter, 439
principal
angle, 354
inverse tangent, 354
principal inverse tangent, 354
prior probabilities, 30, 127
probability
written as an expectation, 87
probability density function (pdf), 139
probability generating function (pgf), 108
compared with mgf and char. fen., 161
related to z transform, 108
probability mass function (pmf), 67
probability measure, 22, 460
probability space, 43
projection, 534
in linear estimation, 347
onto the unit ball, 534
theorem, 535, 536
proper subset, 8

Q
Q function
Gaussian, 225, 226
Marcum, 228
quadratic-mean convergence, 518
quantizer, 150
queue, see Markov chain

R

IR := (—o0,00), the real numbers, 11
random matrix, 333
random points on the unit sphere, 325
random process, 383
continuous-time, 386
discrete-time, 383
random sum, 316
random variable
absolutely continuous, 221
complex-valued, 371
continuous, 139
definition, 63
discrete, 66
integer-valued, 67
precise definition, 96

Index

singular, 221
traditional interpretation, 63
random variables
identically distributed, 72
independent, 71
random vector, 333
random walk
approximation of the Wiener process, 457
construction, 477
definition, 481
symmetric, 478
with a barrier at the origin, 481
range of a function, 13
rate matrix, 506
rate of a Poisson process, 444
Rayleigh random variable
as square root of chi-squared, 223
cdf, 222
distance from origin, 141, 224
generalized, 223
moments, 177
parameter estimation, 276
quotient of, 324
relation to generalized gamma, 225
simulation, 276
square of = chi-squared, 223
reachable state, 499
real numbers, IR := (—oo,0), 11
realization, 383
rectangle formula, 291
recurrent state, 488
reflecting state, 482
reflexive
property of an equivalence relation, 499
regression, 267
curve, 267
relation to conditional expectation, 282
rejection region, 264
relative frequency, 3
reliability function, 215
renewal equation, 453
derivation, 468
renewal function, 453
renewal process, 452, 588
resonant frequency, 233
Rice random variable, 227, 380
square of = noncentral chi-squared, 227
Riemann sum, 391, 431, 439, 526
Riesz—Fischer theorem, 524, 536, 538

S

sample, 240
mean, 115, 240
standard deviation, 241
variance, 241

sample function, 383

sample path, 383

sample space, 6, 22
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sampling
with replacement, 255
without replacement, 255
sampling without replacement, 274
scale parameter, 146, 174, 224
scatter plot, 268
second-order process, 392
second-order self similarity, 596
self similarity, 591
sequential continuity, 26
set difference, 9
shot noise, 451
o-algebra, 43
o-field, 43, 96, 317, 466
signal-to-noise ratio, 94, 188, 413
significance level, 248, 264
Simon’s formula, 327
simulation, 271
confidence intervals, 271
continuous random variables, 193
discrete random variables, 196
Gaussian random vectors, 368
importance sampling, 272
sinc function, 400
singular random variable, 221
skewness, 86
Skorohod representation, 577
derivation, 578
SLLN, see strong law of large numbers
slowly varying function, 605
Slutsky’s theorem, 274, 571
smoothing
using the Wiener filter, 439
smoothing property, 544, 557
SNR, see signal-to-noise ratio
sojourn time, 504, 514
spectral distribution, 545
spectral factorization, 420
spectral process, 545
spectral representation, 549
spontaneous generation, 482
square root of a nonnegative definite matrix, 375
standard deviation, 85
standard normal density, 145
state space of a Markov chain, 480
state transition diagram, see Markov chain
stationary distribution, 485
stationary increments, 593
stationary process, 394
i.i.d. example, 394
of order n, 393
stationary random process
Markov chain example, 474
statistic, 240
statistical independence, 30
statistical regularity, 4
Stirling’s formula, 176, 584, 609, 612
derivation using exponential, 212
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derivation using Poisson, 236
more precise version, 212
stochastic process, 383
strictly stationary process, 394
Markov chain example, 474
of order n, 393
strong law of large numbers, 6, 273, 576
Student’s ¢, 176, 325
cdf converges to normal cdf, 258
density converges to normal density, 176
generalization of Cauchy, 176
moments, 177, 178
submartingale, 558
subset, 8
proper, 8
substitution law, 304
continuous random variables, 308, 315
discrete random variables, 124, 129
general case, 542
sum of squared errors, 268
supermartingale, 558
sure event, 23
symmetric
function, 391
matrix, 334, 335, 374
property of an equivalence relation, 499
random walk, 478

T

t, see Student’s ¢
thinned Poisson process, 467
tilted density, 273
time constant, 407
time-homogeneity, see Markov chain
trace, 331
transfer function, 402
transient state, 488
transition matrix, see Markov chain
transition probability, see Markov chain
transition rates, 503
transitive
property of an equivalence relation, 499
transpose of a matrix, 330
trial, 3
triangle inequality
for LP random variables, 523
for numbers, 522
trigonometric identity, 389
twisted density, 273
two-sided test, 265
two-tailed test, 265
Type I error, 264
Type II error, 264

U
unbiased estimator, 241

of a correlation function, 397
uncorrelated random variables, 93
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example that are not independent, 104, 322, 327
uncountable set, 16
uniform random variable (continuous), 140
cdf, 186
simulation, 194
tangent of = Cauchy, 194
uniform random variable (discrete), 68
union bound, 26
derivation, 54
union of sets, 9
unit impulse, 199
unit-step function, 87, 421

%

variance, 84
variance formula, 85
Venn diagrams, 8

w
weak law of large numbers, 6, 116, 423, 565, 576
compared with the central limit theorem, 571
Weibull failure rate, 237
Weibull random variable, 171, 222
moments, 178
relation to generalized gamma, 225
white noise, 406
bandlimited, 406
infinite average power, 406
Karhunen—-Loeve expansion, 531
whitening filter, 419
Wick’s theorem, 377
wide-sense stationarity
continuous time, 395
discrete time, 431, 432
Wiener filter, 419, 535
causal, 419
for random vectors, 344
prediction, 439
smoothing, 439
Wiener integral, 456, 532
normality, 584
Wiener process, 388, 454
approximation using random walk, 457
as a Markov process, 515
defined for negative and positive time, 471
independent increments, 455
Karhunen—Loeve expansion, 531
normality, 474
relation to Ornstein—Uhlenbeck process, 470
self similarity, 592, 610
standard, 455
stationarity of its increments, 610
Wiener, Norbert, 388
Wiener—Hopf equation, 419
Wiener—Khinchin theorem, 422
alternative derivation, 427
WLLN, see weak law of large numbers
WSS, see wide-sense stationary

Index

Z
z transform, 606
related to pgf, 108
Zener diode, 266
zero random variable, 579
zeta random variable, 105
Zipf random variable = zeta, 82, 105
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