Lectures on Quantum Mechanics

Leon A. Takhtajan

DEPARTMENT OF MATHEMATICS, STONY BROOK UNIVERSITY, STONY
Brook, NY 11794-3651, USA
E-mail address: 1leontak@math.sunysb.edu



Contents

Chapter 1. Classical Mechanics

1. Lagrangian Mechanics

1.1. Generalized coordinates

1.1.1. Notations

1.2.  The principle of the least action

1.2.1. Examples

1.2.2.  Exercises

1.3.  Symmetries and Noether theorem

1.4. Integration of equations of motion
1.4.1. One-dimensional motion

1.4.2. The motion in a central field

1.4.3. The Kepler problem

1.5. Legendre transformation

1.6. The action functional in the phase space
2. Hamiltonian Mechanics

2.1. Canonical Hamilton’s equations

2.2. The action as a function of coordinates
2.3. Classical observables and Poisson bracket
2.4. Symplectic and Poisson manifolds
2.4.1.  Symplectic manifolds

2.4.2. Poisson manifolds

2.5. Hamilton and Liouville representations
2.5.1. Hamilton’s description of dynamics
2.5.2. Liouville’s description of dynamics

Chapter 2. Foundations of Quantum Mechanics

1. Observables and States

1.1. Physical principles

1.1.1. Notations

1.2. Basic axioms

1.3. Heisenberg’s uncertainty principle
1.4. Dynamics

2. Heisenberg’s commutation relations
2.1. Free particle

2.1.1. Coordinate (Schrédinger) representation.

2.1.2. Momentum representation.

3

39
39
39
40
41
45
47
49
49
50
53



4 CONTENTS

2.1.3. Motion of free quantum particle. 53
2.1.4. Several degrees of freedom. 55
2.2. Quantization of Newtonian particle 57
3. Harmonic oscillator and holomorphic representation 58
3.1. Harmonic oscillator 58
3.2. Holomorphic representation 62
3.2.1.  Wick symbols of operators 64
4. Stone-von Neumann theorem 64
4.1. Weyl commutation relations 64
4.2. Stone-von Neumann theorem 66
4.3. Invariant formulation of Stone-von Neumann theorem 71
5. Quantization 74
5.1.  Weyl quantization 74
5.2. The *-product 79
5.3. Deformation quantization 82
Chapter 3. Schrodinger Equation 89
1. General properties 89
1.1.  Self-adjointness 89
1.2. Discreteness of the spectrum 90
2. One-dimensional Schrodinger equation 90
3. Angular momentum and SO(3) 90
4. Two-body problem 90
5. Hydrogen atom and S0(4) 90
6. Semi-classical asymptotics 90
Chapter 4. Path Integral Formulation of Quantum Mechanics 91
1. Feynman path integral for the evolution operator 91
1.1.  Free particle 92
1.2.  Path integral in the phase space 93
1.3. Path integral in the configuration space 95
1.4. Harmonic oscillator 96
1.5. Several degrees of freedom 98
1.6. Path integral in the holomorphic representation 99
2. Gaussian path integrals and determinants 99
2.1.  Free particle and harmonic osicllator revisited 99
2.1.1. Gaussian integral for the free particle 99
2.1.2. Gaussian integral for harmonic oscillator 102
2.2. Determinants 104
2.2.1. Dirichlet boundary conditions 105
2.2.2. Periodic boundary conditions 109
2.2.3. First order differential operators 112
2.3. Semi-classical asymptotics 114
2.3.1.  Using Feynman path integral 114

2.3.2. Rigorous derivation 116



CONTENTS

Chapter 5. Integration in Functional Spaces
1. Gaussian measures
1.1. Finite-dimensional case
1.2. Infinite-dimensional case
2.  Wiener measure and Wiener integral
2.1.  Definition of the Wiener measure
2.2. Conditional Wiener measure and Feynman-Kac formula
2.3. Relation between Wiener and Feynman integrals
2.4. Gaussian Wiener integrals
2.4.1. Dirichlet boundary conditions
2.4.2. Periodic boundary conditions
2.4.3. Traces

Chapter 6. Spin and Identical Particles
1. Spin
2. Charged spin particle in the magnetic field
2.1.  Pauli Hamiltonian
2.2. Electron in a magnetic field
3. System of Identical Particles

Chapter 7. Fermion Systems and Supersymmetry
1. Canonical Anticommutation Relations
1.1. Motivation
1.2.  Clifford algebras
2. Grassmann algebras
2.1. Commutative superalgebras
2.2. Differential calculus on Grassmann algebra
2.3. Grassmann integration
2.4. Functions with anticommuting values
2.5.  Supermanifolds
2.6. Classical mechanics on supermanifolds
3. Quantization of classical systems on supermanifolds
4. Path Integrals for Anticommuting Variables
4.1. Matrix and Wick symbols of operators
4.2. Path integral for the evolution operator
4.3. Gaussian path integrals over Grassmann variables
5. Supersymmetry
5.1. The basic example
5.1.1. Total angular momentum
5.1.2. Supersymmetry transformation
5.1.3. Spin % particle on a Riemannian manifold

123
123
123
124
126
126
129
131
131
132
133
134

137
137
139
139
139
140

141
141
141
143
146
147
148
148
152
152
153
154
154
154
158
161
163
163
163
165
167



CHAPTER 1

Classical Mechanics

1. Lagrangian Mechanics

1.1. Generalized coordinates. Classical mechanics describes systems
of finitely many interacting particles!. The position of a system is spec-
ified by positions of its particles and defines a point in a smooth, finite-
dimensional manifold M, the configuration space of a system. Coordinates
on M are called generalized coordinates of a system, and the dimension
n = dim M is called the number of degrees of freedom. Classical mechanics
describes systems with finitely many degrees of freedom, while systems with
infinitely many degrees of freedom are described by classical field theory.

The state of a system at any fixed moment of time is described by a point
g € M, and by a tangent vector v € T, M at this point. The basic prin-
ciple of classical mechanics is Newton-Laplace determinacy principle, which
asserts that the state of a system at a given moment completely determines
its motion at all times ¢ (in the future and in the past), defining a classical
trajectory — a path ¢(t) in M. In generalized coordinates ¢(t) is given by
(q1(t),...,qn(t)), and corresponding derivatives ¢; = % are called gener-
alized velocities. Newton-Laplace principle is a fundamental experimental
fact, which is valid in the world around us. It implies that generalized
accelerations §; = ‘f;t%i are uniquely defined by generalized coordinates g;
and generalized velocities ¢;, so that classical trajectories satisfy a system
of second order differential equations, called equations of motion. In the
next section we formulate the most general principle governing the motion
of mechanical systems.

1.1.1. Notations. We use standard notations from differential geometry.
All manifolds, maps and functions are smooth (i.e., C°°) and real-valued,
unless it is specified explicitly otherwise. Local coordinates q = (q1, ..., qn)
on a smooth n-dimensional manifold M at a point ¢ € M are Cartesian
coordinates on ¢p(U) C R™, where (U, ¢) is a coordinate chart on M centered
at ¢ € U. For f: U — R" we denote (fo¢ 1) (q1,...,q.) by f(q). If U is a
domain in R™ then for f : U — R we denote by

()
dq  \9q1” " Oy

1a particle is a material body whose dimensions may be neglected in describing its
motion.



8 1. CLASSICAL MECHANICS

the gradient of a function f at a point q € R™ with Cartesian coordinates
(q15---,qn). We denote by

A1) = ED A1
k=0

the graded algebra of smooth differential forms on M, and by d its deRham
differential — a graded derivation of A®*(M) of degree 1, such that for f €
AY(M) = C>®°(M) it is a differential df of a function f. By Vect(M) we
denote the Lie algebra of smooth vector fields on M and for X € Vect(M)
we denote, respectively, by Lx and 7x the Lie derivative along X and the
inner product with X. The inner product is a graded derivation of A®(M)
of degree —1 such that ix(df) = X(f) = df(X) for f € A°(M). The
derivations Lx and ix satisfy Cartan formulas
Lx =ixod+doix = (d+ix)?

i[X,Y] :,CX O iy - iy O [,X
If f: M — N is a smooth mapping of manifolds, then f, : TM — TN and
f* . T*N — T*M denote, respectively, the induced mappings on tangent

and cotangent bundles. Other notations, including those traditional for
classical mechanics, will be introduced in the main text.

1.2. The principle of the least action. The main assumption of
Lagrangian mechanics is that a mechanical system with a configuration space
M is completely characterized by its Lagrangian L — a smooth, real-valued
function on the direct product T'M x R of the tangent bundle of M and the
time axis®. The fundamental problem is to derive the differential equations
for generalized coordinates, which describe the motion of the system (M, L)
starting from the initial state ¢;, ¢;. According to the principle of the least
action (or Hamilton’s principle), the equations of motion are completely
characterized by specifying the motion of the system between position qg €
M at t =ty and position g1 € M at t = t;.

Namely, let

Q(M;qo,t0,q1,t1) = {7 : [to, 1] = M, v(to) = qo, 7(t1) = 1 }

be the space of smooth paths in M connecting points gy and ¢;. The path
space Q(M) = Q(M; qo, to, q1,t1) is a real infinite-dimensional Fréchet man-
ifold, and the tangent space T,2(M) to (M) at a point v € Q(M) consists
of all smooth vector fields along the path +(¢) in M which vanish at the
endpoints. Following tradition, we call a smooth path in (M), passing
through the point v € Q(M), a variation with fized endpoints of the path
v(t) in M. Explicitly, variation is a smooth family 7.(t) = I'(¢,e) of paths
in M, given by a smooth map

I: [to,tl] X [—80,80] — M,

21t follows from Newton-Laplace principle that L could depend only on generalized
coordinates and velocities, and on time.



1. LAGRANGIAN MECHANICS 9

such that T'(¢,0) = ~(¢t) for all t € [to, 1], and T'(tg,e) = qo,'(t1,€) = @1
for all € € [—€gp,p]. The tangent vector to (M) at v corresponding to the
variation . () is also called infinitesimal variation and is given by

or
0y =+ € T,QM), 6v(t) =Tu(£)(t,0) € T, M.
e=0
For every v € Q(M) let ~/(t) = 7*(%) € T, M, where % is the tangent
vector to the interval [tp, 1] at a point ¢t. The path +/(t) in TM is the
tangential lift of the path ~(¢) in M.

DEFINITION. The action functional S : Q(M) — R of the system (M; L)
is

S(y) = / LY (1), byt

0

Equivalently, the action functional can be defined as the evaluation of
the 1-form Ldt on T'M x R over the 1-chain v on TM x R,

aw=/¢@

Y

where 7 = {(7/(¢),t);to <t <t;} CTM x R and
Ldt (w,c%) =cL(q,v), w € Tg\"TM, c € R,

PRINCIPLE OF THE LEAST AcCTION (Hamilton’s Prinicple). The path
v € Q(M) describes the motion of the system (M, L) between the position
qo € M at time ty and the position ¢ € M at time ¢; if and only if it is a
critical point (an extremal) of the action functional S,

d

d_{;‘ e=0 S(’Y€> =0

for all variations 7.(t) of (t).

REMARK. Note that this principle does not state that a classical trajec-
tory connecting points qp and ¢; always exists or is unique, nor does it state
that corresponding trajectory is a minimum of the action functional. The
principle just states that the system (M, L) moves along the extremals of
the action functional.

The following choice of local coordinates on T'M will be very convenient
for writing down equations of motion.

DEFINITION. Let (U, ¢) be a coordinate chart on M with local coordi-
nates q. Coordinates

(q,V) — (Q1a"'7Qn7U17"'avn)
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on a chart TU on T'M are called standard coordinates, if for (q,v) € TU
and f € C°(U),

Equivalently, standard coordinates on T'U are uniquely characterized by
the condition that v = (vy, ..., v,) are coordinates in the fiber corresponding
to the basis 8%1, e 82 for T M. In other words, standard coordinates are
Cartesian coordinates on ¢, (TU) C TR™ ~ R™ x R™.

The tangential lift +/(¢) of a path v(¢) in M in standard coordinates on
TU is (q(t),q(t)) = (q1(t), ..., qn(t),qi(t),...,dn(t)), where dot stands for
the time derivative, so that

L(+'(t),t) = L(a(t),a(t), t).

Following a centuries long tradition, we will denote standard coordinates as

(qaq) = (Q17°"7QH7QI7"'7Qn)7

where the dot here does not stand for the time derivative. Since we only
consider curves in T'M that are tangential lifts of curves in M, there will be

no confusion? .

THEOREM 1.1. In standard coordinates, extremals q(t) of the action
functional satisfy the Euler-Lagrange equations

e (a0.a.0 - (G a.at.n) <o

PROOF. Suppose first that the extremal y(¢) lies in a coordinate chart U
of M. Then a simple computation in standard coordinates, using integration
by parts, gives

d

0= de - S(7e)

d h
= — / L(Q(t75)7Q(t7€)7t) dt
de e=0

oL
_ Sai 4+ 2256 | dt
> [ (G G
b r9L d OL "L9L . |!
_ _ G OB sodt O 5a:
Z (8(]1- dtaqi) I +;aqi5q

to

The second sum in the last line vanishes due to the property dq;(tg) =
dqi(t1) = 0,4 =1,...,n. The first sum is zero for arbitrary smooth functions

3We reserve notation (q(t), v(t)) for general curves in T'M.
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dq; on [tg,t1] which vanish at the endpoints. This implies that for each term
in the sum the integrand is identically zero,

CC .40 - 5 (g;m(t),q(t),t)) oot

Since the restriction of an extremal of the action functional on a coordi-
nate chart on M is again an extremal, each extremal in standard coordinates
satisfies Euler-Lagrange equations. [l

1.2.1. Examples. Mathematically, one can consider mechanical systems
on a configuration space M with arbitrary smooth functions on TM x R
as Lagrangians. However, Lagrangians describing physical systems satisfy
additional properties which can be deduced from basic physical principles.
The first basic principle describes the nature of the space-time in classical
mechanics. It states that the space-time is a direct product R3 x R, where R?
carries standard Euclidean product and has a fixed orientation. The second
is Galileo’s relativity principle®.

GALILEO’S RELATIVITY PRINCIPLE. The laws of motion are invariant
with respect to the Galilean transformations

r—r+4+rg+gr, t—1t+to,
where r € R? and g : R? — R3 is an orthogonal transformation.

ExXAMPLE 1.1 (Free particle). Configuration space for a free particle is
M = R3, and it can deduced from Galileo’s relativity principle that the
Lagrangian for a free particle is

_1, 2
L = smr”.
Here m > 0 is the mass of a particle and ©? = |r|? is the square of the

length of the velocity vector € T,R3 ~ R3. Euler-Lagrange equations give
Newton’s law of inertia,

r=0.

If the Lagrangian does not explicitly depend on time, i.e., L is a function
on T'M, then the system (M, L) is called closed.

ExXAMPLE 1.2 (Interacting particles). Closed system of N interacting
particles in R? with masses mq,...,my, is described by the configuration
space

M=R¥»=Rx...xR?

e

N

4These principles are valid only in the non-relativistic limit of special relativity, when
the speed of light in the vacuum is assumed to be infinite.



12 1. CLASSICAL MECHANICS

with a position vector r = (r1,...,ry), where r, € R? is the position vector
of a-th particle, a = 1,..., N. It is found that the Lagrangian is given by
N

L=> img i, -U(r)=T-U,
a=1

where
N

T=> imat,
a=1
is called the kinetic energy and U(r) — the potential energy. The Euler-
Lagrange equations give Galileo-Newton’s equations

maerq = Faa

where U
F,=—
“ or,
is a force on a-th particle, a = 1,..., N. Forces of this form are called
conservative.

EXAMPLE 1.3 (Universal gravitation). It follows from the Galileo’s rel-
ativity principle that the potential energy U(r) of the closed system of N
interacting particles with conservative forces depends only on relative posi-
tions of the particles. The principle of equality of action and reaction forces®
leads to the following form for the potential energy

U(r) = Z Uap(ry — 13).
1<a<b<N

A fundamental example is universal gravitation. According to the Newton’s
law of gravitation, the potential energy of the gravitational force between
two particles with masses m, and my is
mem
Ulr, —13) = G———2
‘ra - rb‘
where G is the gravitational constant. In this case, the configuration space
of N particles is

M ={(r1,...,rn) € RN |r, # 1y fora #b,a,b=1,...,N}.

EXAMPLE 1.4 (Riemannian geometry). Let M be a Riemannian mani-
fold with a Riemannian metric (, ) : T,M ® T,M — R,

n
<U,U> - Z gw(Q)uz'Uja u,v € TqM
i,j=1
The Lagrangian
1

L(q,v) — 5

1
2
HUH = §<U7U>7 (S TqM

5This principle is independent from Galileo’s relativity principle.
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gives rise to the action functional in Riemannian geometry, and correspond-
ing Euler-Lagrange equations are geodesic equations written with respect to
the natural parameter. Another choice of the Langrangian is

Lig,v) = ||v||, v € T,M.

It gives rise to the length functional in Riemannian geometry and corre-
sponding Euler-Lagrange equations are geodesic equations written in a repa-
rameterization invariant way.

1.2.2. Ezercises. (Later) Examples of Lagrangians and first and second
variations for the action functional in Riemannian geometry; invariant for-
mulation of Euler-Lagrange equations (following Bryant lectures), etc.

1.3. Symmetries and Noether theorem. Since during the motion
of a mechanical system its generalized coordinates and velocities vary with
time, of particular interest are the functions of these quantities which remain
constant during the motion.

DEFINITION. A smooth function I : TM — R is the integral of motion
(first integral, or conservation law) for the system (M, L) if

d

S 10() =0

for all extremals ~ of L.

DEFINITION. The energy of a system (M, L) is a function F on TM x R
defined in standard coordinates on T'M by

. —~O0L, . .
B(q,4,t) = 3 5:-(a, 4 )di — L(a, G, 1).
i=1 1"

LEMMA 1.1. The energy E = g—é’q — L 1s a well-defined function on
TM x R.

PROOF. Let (U,¢) and (U’,¢’) be coordinate charts on M such that
R" D> p(UNU)>q—q = f(q) € ¢ (UNU’) C R It follows from the
definition of standard coordinates that

or ¢ = f.«(d)q, where f.(q) = {3]”; }n is a matrix-valued function on
¢ (UNU’). Similarly,

dq' = f«(q)dg and dq' = g(q,q)dq+ f.(q)dq,
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where ¢g(q, q) is a matrix-valued function. We have

oL oL
dL =—d ——ddq
oq’ q + oq’ q
oL oL oL
=\ 5/« --59(q,9) | dq + —— f«(q)dc
(a 7 f(a) + aq,g(q q)) q+ aq'f (q)dq
oL oL
=—d —d
oq 1" g 4
Thus under the change of variables ' = f(q),q’ = f«(d)q
oL oL oL oL
—— f.(q) = — d —q¢ =—-q,
o (a) 9q M 59 = g9
so that two expressions for F in coordinates (q,q) and (q’,q’) agree on
oL (TUNTU"). O]

COROLLARY 1.1. Standard coordinates (q,q) on TM have the property
that under the change of coordinates q on M components of

6L( ) oL oL
o4 YV =\ 8¢ 94

transform like components of a 1-form on M, and components of q =
(G1y---,Gn) — like components of a tangent vector on M.

PROPOSITION 1.1 (Conservation of energy). The energy of a closed sys-
tem is an integral of motion.

PROOF. For an extremal v set E(t) = E(v(t)). We have, according to
the Euler-Lagrange equations,

dE d (0L OL. OL. OL. OL
o —at\ag ) 9T a9 aq9 " 9q9 " @

_(d (LY _oLy, oL _ oL
— \dt \ 0q dq o ot

Since for the closed system W = 0, the energy is conserved. ]

Conservation of energy for a closed mechanical system is a basic law
of physics, which follows from the fundamental principle of homogenuity
of time. By virtue of this principle, the Lagrangian of a closed system is
invariant under time translations, i.e., it does not explicitly depend on time.
For the closed system of N interacting particles considered in the previous
example,

N N
E=) maii—L=>Y imail+U(r).
a=1 a=1

The total energy is the sum of the kinetic energy and the potential energy,
E=T+U.
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DEFINITION. A Lagrangian L : TM — R for a closed system is invariant
with respect to the diffeomorphism h : M — M, if L(h.(w)) = L(w) for
all w € TM. The diffeomorphism A is called the symmetry of the system
(M, L).

The following theorem asserts that continuous symmetries of a mechan-
ical system give rise to conservation laws.

THEOREM 1.2 (Noether). Suppose that the Lagrangian L of a closed
system is invariant under a one-parameter group {h°}scr of diffeomorphisms
of M. Then the system (M, L) admits an integral of motion I, given in the
standard coordinates by

. 0L, .. (dhi(q) oL ,
I — — 7 —_ — .
(q,9q) 2 o3, (q,9) ( P s:o) 9
PROOF. Since
dh;,(q)

: ( dhi(q)

)

are components of the vector field on M associated with the one-parameter
group {h®}scr, it follows from Corollary 1.1 that I is a well-defined function
on TM. We get, differentiating L(hfw) = L(w) with respect to s at s =0
and using the Euler-Lagrange equations,

—6_L’_|_8_L"—i 8_L ’_|_8_Ld_q/—i a_L’
g T aq? T a4t \ ag oq dt  dt \oagl )

ds |,  ds

0

L]

REMARK. Conservation of energy does not follow from Noether’s theo-
rem, which was formulated for closed systems. One can extend it to general
systems as follows. For a Lagrangian L : TM x R — R define the extended
configuration space M1 = M x R and set Ly : T'M; — R

Li(a,7,a,7) =L (q, i‘.‘,7> 7,
T

where (q,7) are local coordinates on M; and we are using standard coor-
dinates on T'M;. The Noether integral of motion I; for a system (M, L)
give rise to the integral of motion I for the system (M, L),

I(qa q7 t) = Il(qvt7q7 1)

In particular, if L does not depend on time, Lagrangian L is invariant
under the one-parameter group of translations 7 — 7+ s and corresponding

Noether integral 17 = %7" gives rise to I = —FE, where F is the energy of

the system (M, L).

The main applications of Noether theorem are the following.
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EXAMPLE 1.5 (Conservation of momentum). Let M = V — a vector
space, and suppose that the Lagrangian L is invariant with respect to the
one-parameter group h*(q) = g+sa, a € V. According to Noether’s theorem,

" oL

is an integral of motion. For the system of N interacting particles, consid-
ered in Example 1.2, V = R3YN. Another fundamental principle of classical
mechanics is homogenuity of space. By virtue of this principle, Lagrangian
of a closed system of N particles is invariant under simultaneous translation
of coordinates r, = (741,742, 7q3) of all particles by the same vector ¢ € R3.
Thus a = (c,...,c) € R3, and for every ¢ = (c1, ¢, c3) € R3

N
oL oL oL
I = = p! P? p3
; <87‘“a1 c1 + 872612 co + 67'“613 a3> c1 + co + c3

is an integral of motion. The integrals of motion P!, P2, P3 define the vector

(or rather a vector in the dual space to R?), called the momentum vector.
Explicitly,

N
P = E maI"ay
a=1

so that the total momentum of a closed system is the sum of momenta of
individual particles.

EXAMPLE 1.6 (Conservation of angular momentum). Let M =V be the
vector space with Euclidean inner product and let G = SO(V) C GL(V) be
the connected Lie group of automorphisms of V' preserving the inner prod-
uct, and let g = so(V) C gl(V) be its Lie algebra. Suppose that Lagrangian
L is invariant with respect to the action of the one-parameter subgroup
h*(q) = e™*(q) of G on V, where x € g and €* is the exponential map.
According to Noether’s theorem,

is an integral of motion. For the system of IV interacting particles, considered
in Example 1.2, V = R3"N and it is equipped with the standard Euclidean
inner product.

Another fundamental principle of classical mechanics is the isotropy of
space. By virtue of this principle, Lagrangian of a closed system is invariant
under simultaneous rotation of coordinates r, of all particles by the same
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orthogonal transformation in R3. Thus x = (z,...,2) €50(3) @ - -- @ s0(3),

A\

N
and for every x € so(3)

N
oL oL oL
I = (— x(ra)l + —/—= I'a)2 + = x(ra)3>

87°a2 ( 6Ta3

is an integral of motion. Using the standard basis in so(3) ~ R? (i.e.,
identifying R3 A R3 ~ R3), we get the angular momentum vector

N
oL
M:Zra/\ai_a eR
a=1

(or rather a vector in the dual space to so(3)), whose components are inte-
grals of motion. Explicitly,

N
M = Zmara ATg,

so that the total angular momentum of a closed system is the sum of angular
momenta of individual particles.

Combining the principle of equality of action and reaction forcess with
homogenuity and isotropy of space, we see that the most general form of a
Lagrangian for a closed system of N interacting particles is

N
L:Z%mar‘g— Z Uaw(|ra — 13|).
a=1 1<a<b<N

1.4. Integration of equations of motion.
1.4.1. One-dimensional motion.

1.4.2. The motion in a central field.

1.4.3. The Kepler problem.

1.5. Legendre transformation. Instandard coordinates (q,q) at (¢, v) €
T M the Euler-Lagrange equations can be written explicitly as the following
system of second order differential equations

OL o _d (0L %
0%L )
= G+ +5-(4q9¢), t=1,...,n
Z ((9% D 5%8%( )4
In order for this system to be solvable for the highest derivatives, the matrix

2L ,
Hp = (8%8% (q, q))

should be invertible in the neighborhood of a point (g, v) in T'M.
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DEFINITION. A system (M, L) is called non-degenerate if the matrix
Hi(q,v) is invertible for all (¢,v) € T M.

The last definition uses standard coordinates. For an invariant formu-
lation, consider the 1-form 67 on T'M, defined in standard coordinates on

TM by

" oL oL
—dg; = —dq.

— 04 & 0q 4

It follows from Corollary 1.1 that the 1-form 6, is well-defined.

01 =

LEMMA 1.2. A system (M, L) is non-degenerate if and only if the 2-form
dfr, on T M is non-degenerate.

PRrROOF. In standard coordinates,

o 2L 2L
dlr, = dqg; N\ dg; - dq; N\dq; | .
L= 2. (aqz-aq'j RN q)

1,7=1

DEFINITION. Let (U, ¢) be a coordinate chart on M. Coordinates

(q7 p) = (Q17 .- '7qn7p17 <o 7pn>

on the chart T*U on the cotangent bundle T*M are called standard coordi-
nates if for (¢,p) € T*U and f € C*(U)

pl(df):a—j,z:l,...,n.

Equivalently, standard coordinates on T*U are uniquely characterized
by the condition that (p!,...,p") are coordinates in the fiber corresponding
to the basis dqi, . . ., dgy for T, M, which is dual to the basis 8%1, e % for
T,M.

DEFINITION. The 1-form 6 on T* M, defined in standard coordinates by
6 => p'dg = pdq,
i=1

is called the canonical Liouwville 1-form.

Corollary 1.1 shows that 6 is a well-defined 1-form on T*M. Equiva-
lently, the 1-form 6 can be defined as follows. Let 7w : T*M — M be the

canonical projection and u € T(y \T*M. Then 0(u) = p(m«(u)).

DEFINITION. A fibre-wise mapping 77, : "M — T™* M is called a Legendre
transformation associated with the Lagrangian L, if

O = 17(0).
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Equivalently, the Legendre transformation in standard coordinates is
defined by

oL

7-L(qa q) = (q7 p)7 where P = 8_(1

The mapping 77, is a local diffeomorphism if and only if Lagrangian L is
non-degenerate.

DEFINITION. Suppose that the Legendre transformation 77, is a diffeo-
morphism. The Hamiltonian H : T*M — R, associated with the Lagrangian
L :TM — R, is defined by

L
HOTL:Eza—,q—L.
q

In standard coordinates,

H(q,p) = (Pa— L(a,q))| _or
b= dq
where q is expressed in terms of q,p through the inverse of the Legendre
transformation.

THEOREM 1.3. Suppose that the Legendre transformation 11, is a diffeo-

morphism. Then the Euler-Lagrange equations in standard coordinates on
TM

)

are equivalent to the canonical Hamilton’s equations in standard coordinates
on T* M,

OH i OH .
N = - , =1, y
4 op’ b 0¢;
PROOF. We have
OH OH
dH =——d —d
dq a+ op P
) ) oL oL .
= | pdq+qdp — ——dq — —-dq
oq oq pOL
oq
) oL
(a0 5q)| gy
a /-9t
Thus under the Legendre transform p = g—é,
) OH oL OH
=—— and — = ———.
op dq dq

The second half of Hamilton’s equations follows from the Euler-Lagrange
equations,

oL _doL_
8q_dt8q_p'
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COROLLARY 1.2. The Hamiltonian function H is constant on the solu-
tions of the Hamilton equations, e.q., it is an integral of motion.
PROOF. On the solution (¢(t),p(t)) we have for H(t) = H(q(t), p(t)),
dH OH. OH. OHOH O0OHOH

%:a_q +8pp_8q8p op 0q =0

]

The cotangent bundle T* M is called the phase space of the Hamiltonian
system associated with (M, L).

EXAMPLES 1.4.
1. The Lagrangian of a particle of mass m with the potential energy

U(r) is
.2
L:%—U(r), r ¢ R%.
We have
oL = mr
p_ 81' - 9

so that the Legendre transformation is global diffeomorphism linear
on the fibers, and

. p’
H=(pi =Dl _p = >+ U),

The Hamilton’s equations

. OH p

P = L

8p T m’

. OH oU

P= " = o’
are equivalent to Newton’s equations with the force F = —%—g.

2. Consider the Lagrangian

where A(q) = {a” (@) }7 ;- is symmetric matrix. We have

P = Z a"j,
j=1

and the Legendre transformation is global diffeomorphism, linear
on the fibres, if and only if the matrix A(q) is non-degenerate for
all g € R". In this case,

H:(pq_LpaL:ZQQU lp]‘|‘U()
i,j=1

where {a;;(q)}7 ;- = A~1(q) is the inverse matrix.
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1.6. The action functional in the phase space. With every func-
tion H on the phase space T* M we associate a 1-form

0 — Hdt = pdq — Hdt

on the extended phase space T*M x R, called the Poincaré-Cartan form.
Let Q(T*M x R;qo,to,q1,t1) be the space of all smooth paths o : [tg,t1] —
T*M x R such that m1(o(tg)) = qo, mi(o(t1)) = ¢1, and ma(co(t)) = t for
all t € [tg,t1]. Here m; and my are, respectively, canonical projections of
T*M xR onto M and R. Such path o is called an admissible path in T M xR.
A variation of an admissible path ¢ is a smooth family of admissible paths
Oe,€ € [—€0,€0], such that ogp = o, and the corresponding infinitesimal
variation is

0
So = 2= € ToQT*M x R; qo,t0,q1,11)-
e e=0

The principle of the least action in the phase space is the following statement.

THEOREM 1.5 (Poincaré). The admissible path o in T*M x R is an
extremal for the action functional

S(0) = [ (pda ~ Ha)

o

if and only if its projection onto T* M 1is a solution of canonical Hamilton’s
equations.

PROOF. As for the derivation of Euler-Lagrange equations, using inte-
gration by parts we compute in standard coordinates

d 1 C L OH OH _ .
Ll (. :/ <'i5%—'15i——5i——.51>dt
620() to;qp Pogs = 506 = 5 50p

de
n .
+> p' Sy
=1

Since dq(ty) = dq(t1) = 0, we conclude that the path o is critical if and only
if q(t), p(t) satisfy canonical Hamilton’s equations. O

2. Hamiltonian Mechanics

2.1. Canonical Hamilton’s equations. The canonical Hamilton’s
equations on T*M with a Hamiltonian H : T*M — R in standard coor-
dinates on T*U have the form

. OH . O0H
q-= %7 P = (9_q
and define a vector field Xy on T*U by

“"/(OH & OH 0 OH & OH 0
Xy = : — ) = .
" Z (3]?1 dq;  0q; 5pz)

=1
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As it follows from the definition of standard coordinates, this gives rise to
a well-defined vector field Xz on T* M, called the Hamiltonian vector field.
Suppose that the vector field X is complete, i.e., its integral curves exist for
all times (this is the case when level sets of the Hamiltonian H are compact

submanifolds on T*M). The corresponding one-parameter group {g’};cr of
diffeomorphisms of T*M generated by Xy is defined by g* : (¢(0),p(0)) —
(q(t),p(t)) and is called Hamiltonian phase flow.

DEFINITION. The canonical symplectic form on T*M is w = d6.

In standard coordinates (q,p) on T*M the 2-form w is

W = dei/\dqi =dp N dq,
i=1
and is non-degenerate. The symplectic form w defines an isomorphism be-
tween tangent and cotangent bundles of T* M,
J:T(T"M) — T(T*M),
such that for every (q,p) € T*M
w(ug,ug) = J H(ug)(uy), ur,us € Tigp)(T™M).

In standard coordinates on T*M and T'M,

0 0
—, J(dp) = — d Xyg=J(dH).
G Jldp) = g and Xy = J(dH)
THEOREM 2.1. The Hamiltonian phase flow on T* M preserves canonical
symplectic form.

q,p)

J(da) = -

PROOF. We need to proof that (¢°)*w = w. Since g' is a one-parameter
group of diffeomorphismes, it is sufficient to show that

d
—(gt)*w =Lx,w=0,
dt t=0 "

where Lx,, stands for the Lie derivative along the vector field X . For every
vector field X

dLx(f) = Lx(df),

we have
Lxplda) = dCXn(a)) = d (50) and Loy (') = dCXu(e) =~ (5 )
Thus

n

Lxyw=> (Lxy(dp’) Ndgi +dp’ A Lx, (dg;))

i=1
) ndas it a (50) ) = ~atarm) o

B OH
N ; (_d (3% Op'
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The canonical symplectic form w on T*M defines the volume form w™ =
wA - ANw — the Liouville volume form on T* M.
—

n

COROLLARY 2.1 (Liouville’s Theorem). The Hamiltonian phase flow on
T*M preserves the Liouville volume form.

The configuration space M has the property that the restriction of the
symplectic form w to M vanishes. Generalizing this property we have the
following

DEFINITION. A submanifold .Z of the phase space is called Lagrangian
submanifold if dim . = dim M and w|, = 0.

It follows from the theorem that under the Hamiltonian phase flow the
image of a Lagrangian submanifold is a Lagrangian submanifold.

2.2. The action as a function of coordinates. For a system (M, L)
let v(t;qo, o) be the solution of Euler-Lagrange equations

with the initial conditions v(¢o; qo, qo) = do, Y(fo; do, o) = qo- Fix qp € M
and t suppose that a self-mapping of M defined in standard coordinates by
Qo — (t;qo,qo) is a diffeomorphism. Then for every q € M there is a
unique extremal (7;qp,q) connecting points qp and q at times ty and ¢,
and we define the action as functions of coordinates by

t

Slavtianto) = | L0 (riao. @)
0

REMARK. If the mapping qo — (t;qo,qo) is a local diffeomorphism,
i.e., a diffeomorphism between some domains Uy and U, then S(q,t; qo, to)
is defined on U. For each extremal ~(¢;qo,qo) with |t — tg| small enough,
there always exists such a domain U containing q = 7(t, qg, Qo). In this case
it is said that the extremal connecting qq at tg and q at t is included into a
central field of extremals.

THEOREM 2.2. Differential of the action as a function of coordinates
(with fized initial point) is given by

dS = pdq — Hdt
where p = g—é and H = pq — L are defined by q = (t;q0,q)-

PRrOOF. Fix v € TqM ~ R" using standard cooridnates. For the family
of extremals v.(7) = v(7;q0,q + €v) the corresponding infinitesimal varia-
tion &~ satisfies dy(tgp) = 0 and 07(t) = v. Repeating the computation in
the proof of Theorem 1.1 and using the fact that . satisty Euler-Lagrange
equations, we get for fixed ¢,

dS(v) = g—gv,
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0S
so that 9q — P Now along the extremal v(¢; qo, q),

q
os. 08
—S( (t),t; do, to) = 9 I Ty =L,
sothat%—f:L—pq:—H. O]

COROLLARY 2.2. The classical action satisfies the following nonlinear
partial differential equation

aS oS
(2.1) EJrH(@—q,q) = 0.

This equation is called the Hamilton-Jacobi equation. Hamilton’s equa-
tions can be used for solving the Cauchy problem

(2.2) 5(a,8)ly—, = s(a)

for Hamilton-Jacobi equation (2.1) by the method of characteristics. Namely,
let ¢' be the Hamiltonian phase flow in the phase space .# = T*M and let

Z = {(q,p) €eT"M:p= 8‘;(:11)}

be the Lagrangian submanifold — a graph of the section ds of the cotangent
bundle 7w : T*M — M. The submanifold . has an addition property that
the mapping 7| is one to one. For the Lagrangian submanifold £* =
g'~% & the restriction of the projection mapping 7 to #! will remain one
to one provided that ¢ — tg is sufficiently small. For such ¢ we consider the
mapping 7' = wo gl o (7|y,)"! : M — M is a diffeomorphism. This is the
statement that for tg < 7 < t the extremals (7, qp,qo) in the extended

configuration space M x R, where g = 8—q(qo, po) for (qo, po) € -Z, called

characteristics of the Hamilton-Jacobi equation, do not intersect.

PROPOSITION 2.1. Under the above assumptions, the solution S(q,t) to
the Cauchy problem (2.1)-(2.2) is given by

t

S(a,t) = s(ao) + / L(y(r))dr.

to

Here () is the characteristic which ends at a given point (q,t) € M x R
and starts at some point (qo,to) € M x R, uniquely determined by q € M.

PROOF. By the same computation as in the proof of the previous theo-
rem, with the only difference that qg now depends on q, we get that along
the characteristic,

0S 0s oqp OL 8L 8qo
S.\4) = do + 5-(Q) — 5= =P
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where we have used Theorem 2.1 and definition of .. Since along the
characteristic

0S
E - _H(p7 q)7

we get the result. [

We can also consider the action S(q,t; qo, to) as a function of both vari-
ables q and qg. The analog of Theorem 2.3 is the following statement, where
notations and conditions should be clear from the content.

PROPOSITION 2.2. Differential of the action as a function of initial and
final points is given by

dS = pdq — podqo — Hdt + Hydty.

2.3. Classical observables and Poisson bracket. The vector space
C>®(T*M) of smooth real-valued functions on T*M is an R-algebra — an
associative algebra with a unit over R, with a multiplication given by the
point-wise product of functions. The R-algebra C*°(T*M) is called the
algebra of classical observables. The time evolution of every observable f €
C>®(T*M) is determined by the Hamiltonian phase flow and is given by

fi(a,p) = f(g'(q,p)), (¢,p) € T*M.

Equivalently, the evolution is described by Hamilton’s equations of motion
for classical observables,

dft dfs-l—t
= - X
dt — ds . " (fe)

_Z”: OHOf, OHOf\ OHOf, OHOf
B op* dq;  0q; Op*)  Op Oq  Oq Op’

_ d(fiog)
- ds

i=1
This motivates the following definiton.

DEFINITION. The canonical Poisson bracket of classical observables on
T*M is a linear® mapping { , } : C®(T*M) ® C®(T*M) — C>®(T*M),
given by

{f, 9} =Xy(9) = g_fg_g — ?g_g’
P oq qop
where ® stands for the tensor product of vector spaces.

THEOREM 2.3. The canonical Poisson bracket on T* M has the following
properties.

(i) (Relation with the symplectic form)

{f:97 = w(Jdf, Jdg) = w(Xy, Xg).
(ii) (Skew-symmetry)

OEquivalently, a bilinear mapping { , } : C®(T*M) x C*(T*M) — C™=(T*M).
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(iii) ( Leibniz rule)
{f9,h} = f{g,h} + 9{f, n}.

(iv) (Jacobi identity)

for all f,g,h € C>*(T*M).

PROOF. Property (i) immediately follows from the definitions of the
canonical symplectic form w and linear operator J. Properties (ii)-(iii) are
obvious. As we will prove in the next section, the Jacobi identity follows
from the property

Lx,w=0 forall HeC*T"M).

For the canonical Poisson bracket the Jacobi identity can be also verified by
a straightforward computation. Another elegant argument is the following.
The Poisson bracket {f, g} is a bilinear first order differential operator, and
analyzing each term of the left hand side of the Jacobi identity, we conclude
that it is a linear homogenous function of second partial derivatives of the
functions f,g,h. The only terms in the Jacobi identity that may contain
second derivatives of h (say) are of the form

{fi4g, 03} +H{g:{h, [}} = (Xp Xg = X Xy)(R).

However, this expression does not contain second derivatives of h since a
commutator of two differential operators of the first order is again an oper-
ator of the first order! O]

This theorem motivates the following definition.

DEFINITION. A commutative R-algebra A is called a Poisson algebra if
it has a Lie algebra structure such that the Lie bracket [, ] is a derivation
with respect to the multiplication in A,

lab,c] = alb,c] + bla,c] for all a,b,c € A.

The algebra C°(T*M) of classical observables on T*M is a Poisson
algebra with a Lie bracket given by the canonical Poisson bracket. In ad-
dition, the Poisson bracket preserves supports of functions. Derivations on
C>(T*M) with these property are called local derivations.

2.4. Symplectic and Poisson manifolds. Here we formulate Hamil-
tonian mechanics on manifolds by generalizing Hamiltion’s canonical for-
malism developed for the cotangent bundle T M.
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2.4.1. Symplectic manifolds. The natural symplectic structure on the
cotangent bundle T*M admits the following generalization.

DEFINITION. A non-degenerate, closed 2-form w on a manifold .Z is
called symplectic form. A pair (4 ,w), where w is a symplectic form, is
called a symplectic manifold.

Since symplectic form is non-degenerate, a symplectic manifold .Z is
necessarily even-dimensional, dim . = 2n. Every non-degenerate 2-form w
on . defines the bundle isomorphism

J:T* M —TH,
where for every x € .,
w(vl,vg) = J_l(vg)(vl), V1,02 € Tx%

Let x = (x1,...,T2,) be local coordinates on .# associated with the coor-
dinate chart (U, ¢) centered at © € .#. In these coordinates the 2 form w is
given by

N[

on
Z x) dx; A dxj,

where {w"(x) 123-:1 is non—degenerate, skew-symmetric matrix-function on
¢(U). Denoting the inverse matrix by {w;;(x)

coordinates on T*U and TU

Jdx; = Zw” 8x 1=1,...,2n.
J

??:1? we have in standard

Symplectic manifolds form a category. A morphism between (.#1,w1)
and (Ao, w2) is a mapping f : .#y — #5 of smooth manifolds such that
w1 = f*(we2). Such mapping f is called a symplectomorphism. The di-
rect product of symplectic manifolds (.#,w;) and (42, w2) is a symplectic
manifold

(A x Mo, ] (W1) + 75 (w2)),

where 7 and 7o are, respectively, projections of .#71 x .#5 onto the first and
second factors.

DEFINITION. A mechanical system on a symplectic manifold (.#,w) is
given by a Hamiltonian H — a smooth real-valued function on .#Z. The
time evolution of the system (.#, H) is described by a Hamiltonian vector
field X on A associated with the Hamiltonian function H,

Xy =JdH.

The manifold .# is called the called phase space of a mechanical system
and the algebra A = AY(.#Z) = C®(.#) is called the algebra of classical
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observables on the phase space .#. Time evolution of classical observables
is given by the Hamilton’s equations of motion

;l—é :XH(f) :w(XH,Xf), f € A.

The following statement shows that Hamiltonian mechanics on a sym-
plectic manifold locally can be described by canonical Hamiltonian formal-
ism on the cotangent bundle.

THEOREM 2.4 (Darboux’ Theorem). Let (#,w) be a symplectic mani-
fold, dim .# = 2n. For every point x € .# there is a neighborhood U of x
with local coordinates (q,p) = (q1,...,qn, D", ...,p") such that on U

W = dei/\dqi = dp A dq.
i=1

The proof of Darboux’s Theorem will be sketched in the exercises.

Now we assume that the vector field Xg on .# is complete. The phase
flow on A associated with a Hamiltonian H is a one-parameter group
{g'}ier of diffeomorphisms of .# generated by Xg. The following state-
ment generalizes Theorem 2.1.

THEOREM 2.5. The Hamiltonian phase flow on a symplectic manifold
preserves the symplectic form.

PROOF. It is sufficient to show that Lx,w = 0 for every H € A. Using
Cartan’s formula

Lx =txod+doix

and dw = 0, we get
Lxw= (doix)w)

for every X € Vect(.#). Since

ix(w)(Y) =w(X,Y)
for every Y € Vect(.#), we have for X = Xy,

ixy(W)(Y)=w(JdH,Y)=—dH(Y).

Thus ix, (w) = —dH, and the statement follows from d? = 0. O

It follows from the proof that a vector field X on .# is Hamiltonian if
and only if the 1-form ix(w) on .# is exact. Similarly, a vector field X on
A is called symplectic if the 1-form ix (w) is closed.

Since Hamilton’s equations for observables

daf

o = Xu(f) = w(JdH, Jdf)

have the same form as Hamilton’s equations on .# = T*M, this justifies
the following definition.
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DEFINITION. A Poisson bracket on the algebra A = C'*°(.#) of classical

observables on a symplectic manifold (.#,w) is a linear mapping { , } :
A ® A — A, defined by

{f.9} = X¢(9) = w(Jdf, Jdg) = w(Xy, Xg), f,g €A

In local coordinates x = (z1,...,2T2,) on A,
2n
B £ 0f(x) 9g9(x)
{f,g}(z) = 1;::1 wij(x) dx; Oxj

THEOREM 2.6. The bracket mapping { , } on a symplectic manifold
(M ,w) is a Poisson bracket, i.e., it is skew-symmetric and satisfies Leibniz
rule and the Jacobt identity.

PROOF. The first two properties are obvious. The Jacobi identity is
equivalent to from the property

[Xf’ Xg] = X{f,g}
since

{{f> 9}7 h} = X{f,g}(h) = (Xng - XfXg)(h) = {97 {f7 h}} - {fv {97 h}}
To prove this property, let X and Y be symplectic vector fields on .#. Using
Lx oiy —iy o Lx =ix,y],

Cartan’s formula and Theorem 2.7, we get
ix,y)(w) =Lx(iy (w)) — iy (Lx(w))
=d(ix oiy(w)) + ixd(iy(w))
=dw(X,Y)) = —=d(w(Y, X)) = ix,xy, ().
Since 2-form w is non-degenerate, ix(w) = iy (w) implies X =Y, and we
get
(X, Y] = Xu(xv)-
Setting X = X7,Y = X, and using {f, g} = w(Xy, X,) we get the assertion.
]

The property [X, Xy] = X{}4) means that the vector space Ham(.#)
of Hamiltonian vector fields on .# is a Lie subalgebra of the Lie algebra
Vect(.#) and the mapping A — Ham(.#) given by f +— X is a Lie algebra
homomorphism. The kernel of this mapping consists of locally constant
functions on .# (and is R if .# is connected).

In the Lagrangian mechanics, the function I on .# is called an integral
of motion (first integral) for the mechanical system (.#, H) if it is constant
along the Hamiltonian phase flow. Equivalently, I is the first integral if

(H,1} =0.

This condition is also stated that observables H and I are in involution.
From the Jacobi identity for the Poisson bracket we get the following
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COROLLARY 2.3 (Poisson’s Theorem). The Poisson bracket of two inte-
grals of motion is an integral of motion.

Proor. If {H,I,} ={H, I} =0, then

{H, {1, I2}} ={{H, I}, o} — {{H, L}, ]} = 0.
[

Below we give several examples of symplectic manifolds, compact and
non compact.

ExAMPLE 2.1 (Cotangent bundles). .# = T*M, with the canonical
symplectic form w = d#.

ExAaMPLE 2.2 (Ké&hler manifolds). .# = Xr — a real form of a Kéahler
manifold X with Kahler form as a symplectic form.

EXAMPLE 2.3 (Projective varieties). Real forms of complex projective
varities, with a pull-back of Fubini-Study metric on CP" as a symplectic
form.

ExamMpLE 2.4 (Coadjont orbits). .# = O, — a coadjoint orbit of a
finite-dimensional Lie group G with a Lie algebra g, where u € g* is the
dual space to g. The symplectic form is the Kirillov-Kostant 2-form on the
orbit.

EXAMPLE 2.5 (Symplectic quotients). Let (.#,w) be a connected sym-
plectic manifold on which a Lie group G acts by symplectomorphisms. The
action is called Hamiltonian if the Lie algebra g of G acts on .# by Hamil-
tonian vector fields,

g3 & Xp, € Vect(A).
The action is called Poisson if
{Hg, Hn} = H[ﬁﬂ]] for all &,n€g.
For a Poisson action define the moment map P : .# — g* by

P(x)(§) = He(z), { €g,w € .

The for every regular value p € g* of the moment map P such that a
stabilizer G, of p acts freely and proper on .Z), = P~1(p), the quotient M, =
Gp\ Ay is called a reduced phase space. It is a symplectic manifold and the
symplectic form on M, is uniquely characterized by the condition that its
pull-back to ., coincides with the restriction to .#, of the symplectic form
w.

In general a quotient of a symplectic manifold by a symplectic group ac-
tion is not symplectic. The usefullness of the last example is that it provides
a systematic way of producing a family of quotient symplectic manifolds pa-
rameterized by g*. In the exercises we will give a more detailed information
about the last two examples.
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For the example .# = T* M the configuration space M is the base of the
fibration w : T*M — M and has the property that w|y; = 0. Generalizing
this we get the following

DEFINITION. A submanifold M of a symplectic manifold (.#,w) is call
Lagrangian submanifold if dim M = %dim./// and the restriction of the
symplectic form w to M is 0.

ExXAMPLE 2.6. Configuration space M is a Lagrangian submanifold in
M =T*M.

2.4.2. Poisson manifolds. The Poisson bracket on a symplectic manifold
(A ,w) has the property that only locally constant obervables are in involu-
tion with the whole algebra A. Relaxing this condition, we get an important
notion of a Poisson manifold.

DEFINITION. A Poisson manifold is a smooth manifold .#Z equipped
with a Poisson structure: a skew-symmetric linear mapping { , } : C®°(.#)®
C® (M) — C®(M), which preserves supports, satisfies the Leibniz rule and
Jacobi identity.

Equivalently, . is a Poisson manifold if algebra A = C*°(.#) of classical
observables on . has a structure of a Poisson algebra such that a Lie bracket
is a local derivation. Due to this property, in local coordinates at = € .#
the Poisson bracket has the form

N
(Fa}a) = 3 o I8

i,j=1

The 2-tensor 7;;(x) defines a section over .# of the exterior square A?’T.#
of the tangent bundle T'.#, called the Poisson tensor.

The evolution of classical observables on a Poisson manifold is given by
Hamilton’s equations of motion

df
The phase flow g* for a complete Hamiltonian vector field Xy = {H, -}
defines an evolution operator

U(f)(@) = f(g'(@)), [ €A

THEOREM 2.7. Suppose that every Hamiltonian vector field on a Poisson
manifold (M ,{ , }) is complete. Then for every Hamiltonian H € A, the
evolution operator Uy is an isomorphism of the Poisson algebra A,

U({f,9}) ={U:(f),Ui(g)} forall f,g€A.

PROOF. Since U, is a one-parameter group, it is sufficient to verify this
statement infinitesimally. Applying % at ¢ = 0 to both sides of the equation
we see that it is equivalent to the Jacobi identity for the observables H, f, g.

O]
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COROLLARY 2.4. A smooth section n of A°T.# is a Poisson tensor if

and only if
Lx,n=0 forall feA.

REMARK. The above result is the counter-part of Theorem 2.4 for Pois-
son manifolds.

DEFINITION. The center of a Poisson manifold (.Z,{ , }) is
ZM)={feC®(A):{f,g} =0 forall ge C(A)}.
A Poisson manifold is called non-degenerate if Z(.#) = R.

Equivalently, a Poisson manifold (.#,{ , }) is non-degenerate if the
Poisson tensor 1 € Vect(.#) A Vect(.#') gives rise to a bundle isomorphism
J:T* M —TAH.

Poisson manifolds form a category. A morphism between (.#1,{ , }1)
and (A#2,{ , }2) is a mapping ¢ : A4 — #5 of smooth manifolds such that

{fod,godtr={f.gt200 Vf g€ C®(Ma).
Non-degenerate Poisson manifolds form a subcategory of the category of
Poisson manifolds. A direct product of Poisson manifolds (.#1,{ , }1) and
(A1,{, }1)is a Poisson manifold (.#) x #5,{ , }12) defined by the property
that natural projections maps my : A1 X Mo — M1 and 7y : M1 X Mo — Mo
are Poisson mappings. Identifying C° (.4 x Ms) ~ C° (M) @ C®(M>),
we have

{1 ® f2,91 ® g2}12 = {f1,91}1 ® faga + f191 ® {[f2, 92},
where f1,91 € C%( A1), f2, g2 € C(M5).

THEOREM 2.8. The category of symplectic manifolds is (anti-) isomor-
phic to the category of non-degenerate Poisson manifolds.

PrROOF. We already have proved that every symplectic manifold is a
non-degenerate Poisson manifold. Conversely, let (.#,{ , }) be a non-
degenerate Poisson manifold and define the 2-form w on .#Z by

w(X,Y)=J Y Y)(X) X,Y € Vect(.#).

Clearly, the 2-form w is skew-symmetric and non-degenerate. For every
f € A define Xy € Vect(.#) by

Xr(9)=1{f,9}, g€ A

The Jacobi identity for the Poisson bracket { , } is equivalent to the condi-
tion Lx,n = 0 for every f € A so that

Lx

fw:0.

Since X = Jdf, we have
w(X, Jdf) =df(X), X € Vect(A)

and
W(XJ%XQ) =1{f,9}.
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Now using another one of Cartan’s formulas,

dw(X,Y,Z) =3 (Lxw(X,Y) — Lyw(X, Z) + Lzw(X,Y)
—w([X,Y],Z2)+w([X,Z],Y) —w([Y,Z],X)), X,Y,Z € Vect(A)

and setting X = Jdf,Y = Jdg, Z = Jdh, we get
dw(Jdf, Jdg, Jdh) :% (W(Xh, [ X, Xg]) + w( Xy, [Xg, Xp]) + w(Xg, [Xn, X))
=3 (WX, X{pg)) + w(Xp, Xignp) +w(Xg, X, 1y)

_% {nr,{f, g}y +{f,{g9,h}} +{9,{h, [}})
=0

by the Jacobi identity.

Since 1-forms df, f € A, generate Al(.#) as a module over A, Hamil-
tonian vector vector fields Jdf generate Vect(.#) as a module over A, so
that dw = 0. Thus (#,w) is a symplectic manifold corresponding to the
Poisson manifold (.#,{ , }). Now from w(X¢, X,) = {f, g} it follows that
Poisson mappings of non-degenerate Poisson manifolds correspond to sym-
plectomorphisms. [

REMARK. One can also prove the theorem by a straightforward compu-
tation in local coordinates at x € .#. Namely, define

Z n" x) dx; A dxj,
1<i<y<N

where {n%(x)}N 'j—1 is the inverse matrix to 7;j(x). Then the condition

8?7” anjl 877“
=0
8:1:1 + 8561 + 833]'

for all 4,5,0 = 1,..., N, which is a coordinate form of dw = 0, follows from

the condition

N

Z 7 Ot . 8772k oy 377& _0

. Tox; M or; Ty, !

7=1
which is a coordinate form of the Jacobi identity, by multiplying it three
times by the inverse matrix using

N .
T A

p=1

Below are two examples of Poisson manifolds.

EXAMPLE 2.7 (Dual space to a Lie algebra). Let g be a finite-dimensional
Lie algebra with a Lie bracket [, | and let g* be its dual space. The vector
space .# = g* has a natural Poisson structure, which goes back to Sophus
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Lie, and is defined as follows. For f,g € C°°(.#) the differentials df and dg
at u € .4 are’ elements in (g*)* = g, and we set

/93 () = u([df,dg]).
The Jacobi identity for the Poisson bracket { , } follows from the Jacobi

identity for the Lie bracket [, |. When f(u) = u(z),g(u) = u(y), =,y € g
are linear functions on ., then {f,g}(u) = u([x,y]), so that Lie-Poisson
bracket on jl is linear. Let x1,...,z, be a basis for g with the structure

constants CZ s

[zi, 4] = g c Ty ) =1,...,m,

and let 2!, ... 2" be the correspondmg dual basis for g*. Denote by u =
(u1,...,uy) the coordinates on g*, u = Z?_l uw;x® € g*. Then
u) 9g(u)
{f7 g} Z C u auz au] )
1,7,k=1

and the Poisson tensor for the Lie-Poisson bracket is

/’77/_7 E Czjuk;, Z, — 7...’n.

The center Z(A) of the Poisson algebra consists of functions f on g* satis-
fying
~ i 9f(w)

C;i UL
4 an

=0,71=1,...,n,

k,j=1
and is generated by Casimir elements. The phase space .# is a degenerate
Poisson manifold, foliated by symplectic leaves of the Lie-Poisson bracket,
which are coadjoint orbits of G.

ExAMPLE 2.8 (Poisson-Lie groups). Let G be a Lie group with a Lie
algebra g. It is called a Lie-Poisson group if it has a structure of a Poisson
manifold (G, {, }) such that the group multiplication GxG — G is a Poisson
mapping (when G x G is equipped with the product Poisson structure). For
x € g denote by 0, the left-invariant vector field on G,

d
o eta: ,
0:0)(0) = | 5o
where e® stands for the exponential map. For every choice of the ba-
sis x1,...,xy, for g denote by 04, ..., 0, corresponding left-invariant vector

fields. The Poisson bracket on G can be written as

{f1, f2}(g Z 17 (9)0; /105 fa,

1,5=1

"We are identifying Ty, .# with .# at every u € ./ .
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where 2-tensor 7% (g) defines a mapping
n:G — A%g.

The bracket { , } equips G with a Lie-Poisson structure if and only if the
following properties are satisfied.

1. The mapping 7 is a group 1-cocycle with the adjoint action on A?g,

n(g192) = Ad " g2 n(g1) + 1(g2), 91,92 € G
2. For all g € G, the 3-tensor

§7(9) =3 (19D (9) + w7 (9)01 (9) + 0™ ()0 (9) )
=1

+ 3 (chan™ (90" (9) + P (9)n" (9) + i (9)n (9))
l,p=1
vanishes.

The first condition is trivially satisfied when 7 is a coboundary, n(g) =
—r + Ad~tgr for some r € A%g. The second condition is fulfilled when r
satisfies the so-called classical Yang-Baxter equation.

2.5. Hamilton and Liouville representations. In order to complete
our description of classical mechanics, we need to understand the process of
measurement. In physics, by the measurement we understand the result of a
physical experiment which gives numerical values for classical observables of
a mechanical system. The experiment consists of creating certain conditions
for the system and it is always assumed that these conditions can be repeated
over and over. The conditions of the experiment define a state of the system,
if repeating these conditions results in probability distributions for the values
of all observables of the system.

Mathematically, a state p on the algebra A = C'°°(.#) of classical ob-
servables on the phase space .# is the assignment

A > f+ py, a probability measure on R.

Here for every Borel set £ C R the number 0 < pf(E) < 1 is the probability
that in the state u the values of the observable f are in E. The expectation
value of the observable f in the state p is given by the Lebesgue-Stieltjes
integral
(0.¢]
(1) = [ gl

—0o0
where f17(A) = pg ((—o0, A]) is the distribution function. The assignment
J + s should should satisfy the following natural properties.

S1. The integral E,(f) is convergent for bounded observables f € A.
S2. E,(1) =1, where 1 is the unit in A.
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S3. If fi = ¢ o fo with smooth ¢ : R — R, then for every Borel set
E CR,

H fr (B) = Nf2(90_1(E))'
S4. For all a,b € R and f,g € A,
Eu(af + bg) = aEu(f) + bEL(9),
if both E,,(f) and E,(g) exist.

It follows from property S3 and definition of the Lebesgue-Stieltjes in-
tegral, that
oo
o) = [ ey
— 00
In particular, E,(f?) > 0 for all f € A. It follows from these properties
that states define normalized, positive, linear functionals on the subalgebra
of bounded observables of the algebra A.
Assuming that the functional E, can be extended to a bounded, piece-
wise continuous functions on .#, one can recover the distribution function
from the expectation values by the formula

ppA) =Eu(0(A = 1)),
where 6(z) is Heavyside step function,
1 >0
Ox)=< "=
0, z <0.

Indeed, setting 0)(x) = (A — ), we get

1, s> 1,
poy (1) (=00, 8]) = py (05 (=00, 5]) = { pp((A,0)), 0<s<1,
0, s <0,

so that

(0. @]

ELO0— 1) = [ sdiin (5(5) = 1= (O 00)) = s (N,

Conversely, a probability measure du on .# defines for every observable f
a probability measure on R with the distribution function

pf(A) = /9(A — fdp = / du,
4 {f<a}
and by definition of the Lebesque-Stieltjes integral,

|y = [ fa
M

When the phase space .# is compact, the classical Riesz representation
theorem asserts that for every positive, continuous, linear functional [ on
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the Banach space C () of continuous functions on .# there exists a unique
measure du, defined on the o-algebra of all Borel subsets of .#, such that

1) = | tan.
M

We summarize this discussion in the following definition.

DEFINITION. The set of states S for a mechanical system with the phase
space .# is the set P(.#) of all probability measures on .#. For every u € S
and f € A the distribution function s is defined by

uf(A)Z/H(A—f)d/J: / du,
M

{f<A}

and the expectation value of f in the state pu is
o0
(1) = [ Mduyh) = [ f
- V%

The states corresponding to Dirac measures du, supported at points x € .#
are called pure states; all other states are called mixed states.

Physically, pure states are characterized by the property that a mea-
surement of every observable in the pure state gives a well-defined result.
Mathematically this can be expressed as follows. Let

02(f) = Eu ((f —Eu(1)?) = Eulf2) = Eu(f)?

be the dispersion of the observable f in the state u. By the Cauchy-Schwarz
inequality, ai( f) > 0, and equality holds if only if f is constant on the
support of a probability measure du. Thus pure states are the only states in
which every observable has zero dispersion. In particular, a mizture of two
pure states du, and duy, x,y € 4, is a mixed state with the measure

dp = adpy + (1 —a)dpy, 0 < a <1,

and ai( f) > 0 for every observable f such that f(x) # f(y).

For a system consisting of few interacting particles (say, a motion of
planets in celestian mechanics) it is possible to measure all coordinates and
momenta, so one considers only pure states. Mixed states necessarily appear
for macroscopic systems, when it is impossible to measure all coordinates
and momenta®. Macroscopic systems are studied in classical statistical me-
chanics.

8Typically, a macroscopic system consists of N ~ 10%®> molecules.
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2.5.1. Hamilton’s description of dynamaics. Consider a mechanical sys-
tem with the phase space (., { , }), algebra of observables A, set of states
S, and Hamiltonian H. In Hamilton’s picture, states do not depend on
time and time evolution of observables is given by Hamilton’s equations of

motion,

du df

— = — ={H A.
7 0, n€8 and - {H, [}, €

Assuming that Hamiltonian vector field Xy is complete, the expectation
value of an observable f in the state y at time ¢ is

E,(f) = / £ (¢(@)) du(z).
M

In particular, the expectation value of f in the pure state corresponding to
the point z € 4 is f(g'(x)).

2.5.2. Liouwille’s description of dynamics. Here we assume that the phase
space . of the mechanical system has a volume form invariant under the
phase flow with Hamiltonian H. In particular, this is the case when Poisson
structure on .# is non-degenerate. Denoting this volume form by dz, we can
write a probability measure du as du(x) = p(x)dx, where p(z) is a positive
distribution (generalized function) on .#. This is the usual description of
states in statistical mechanics by distribution functions on the phase space.
For the pure state supported at xg € .# we have p(z) = §(z — z¢o) — Dirac
d-function. Since the volume form is invaraint under the phase flow, we have
by the change of variables,

E.(fi) = / f(@)p (974 (@)) d.
M

This representation introduces Liouville’s picture, in which observables do
not depend on time
df

E = 0, f € A,
and states du(x) = p(z)dz satisfy Liouivlle’s equation,
d
d—i = —{H,p}, p(x)dx € S,

which is understood in the distributional sense. Liouiville’s picture is com-
monly used in statistical mechanics. The equality

Eu(ft) - E/Jt (f) for all f S A7 JUBS 87

expresses the equivalence between Liouville’s and Hamilton’s descriptions of
dynamics.



CHAPTER 2

Foundations of Quantum Mechanics

1. Observables and States

1.1. Physical principles. Quantum mechanics studies the physical
laws of the microworld at the atomic scale. The properties of the microworld
are so different from our everyday’s experience that there is no surprise that
its laws seem to contradict the common sense. The need for a quantum me-
chanics is the breakdown of classical mechanics, its inadequacy to describe
the properties of atomic systems. Thus classical mechanics and classical
electrodynamics can not explain stability of atoms and molecules. Neither
can these theories reconcile different properties of light, its wave-like behav-
ior in interference and diffraction phenomena and its particle-like behavior
in photo-electric emission and scattering by free photons.

We will not discuss here these and other basic experimental facts, re-
ferring the interested reader to physics textbooks. Nor will we follow the
historic path of the theory. Instead, we show how to formulate quantum me-
chanics using the general notions of states, observables and time evolution.
The departure from classical mechanics is that we will realize these notions
differently. The fundamental difference between microworld and the world
around us is that in the microworld every experiment results in interaction
with the system and thus disturbs its properties, whereas in classical physics
it is always assumed that one can neglect the disturbances the measurement
brings upon a system. This imposes a limitation on our powers of observa-
tion and leads to a conclusion that there exist observables which can not be
measured simultaneously.

Mathematically, this means that observables in quantum mechanics no
longer form a commutative algebra. Indeed, according to Gelfand’s theorem,
every semi-simple commutative Banach algebra is an algebra of continuous
functions on a compact topological space, the spectrum of the algebra, and
the values of all these functions at a given point can be “measured simulta-
neously”. An example of a non-commutative algebra is given by the Banach
algebra of bounded operators on a complex Hilbert space, and it is this pas-
sage from functions on the phase space to operators on the Hilbert space
that lies at the heart of quantum mechanics. Below we formulate the ba-
sic principles of quantum mechanics in a convenient form. At this point it
should be noted that one can not verify directly the principles lying in the
foundation of quantum mechanics. Nevertheless, the validity of quantum

39
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mechanics is continuously being confirmed by numerous experimental facts
which perfectly agree with predictions of the theory.

1.1.1. Notations. We use standard notations and basic facts from the
theory of self-adjoint operators on Hilbert spaces. Let ¢ be a separable
Hilbert space with an inner product (, ) and let A be a linear operator in

¢ with the domain D(A) C s — a linear subset of 7. If domain of A is

dense! in 7, i.e., D(A) = S, the adjoint operator A* is an operator with
the domain

D(A™) ={¢ € A | In € A such that (A, p) = (¢, n) V¢ € D(A)},
defined by n = A*p. Operator A is called symmetric if
(Ap, ) = (p, AY) for all ¢, € D(A).

The regular set of a closed operator A with a dense domain D(A) is the set
p(A) = {\ € C|A=XI : D(A) — S is a bijection with a bounded inverse?}.

If A € p(A), the bounded operator Ry(A) = (A—\I)~!is called the resolvent
of A at A. The resolvent set p(A) is closed and its complement o(A) =
C\ p(A) is called the spectrum of A. The set of all eigenvalues of A is called
the point spectrum.

An operator A is called self-adjoint if A = A* (i.e., A is symmetric and
D(A) = D(A")), and for such operators 0(A) C R. A symmetric operator
A is called essentially self-adjoint if its closure A = A** is self-adjont. A
symmetric operator A with D(A) = J# is bounded and self-adjoint. An
operator A is called positive if (Ap, ) > 0 for all ¢ € D(A), which we
denote by A > 0. Positive operators satisfy the Cauchy-Schwarz inequality

(Az,y)|* < (Az,2)(Ay,y) forall xz,y € D(A).

In particular, (Az,z) = 0 implies that Az = 0. Every bounded positive op-
erator is self-adjoint®. We denote by .Z(#) the Banach algebra of bounded
operators on 7. Compact operator A is of trace class, if

Z tn(A) < oo,
n=1

where u,(A) are singular values of A, p,(A) = /A (A) > 0, where A, (A)
are eigenvalues for A*A. A bounded operator A is of trace class if and only

oo

Z |(Aen, en)| < o0

n=1

for every orthonormal basis {e,}>>; for .. Since a permutation of an
orthonormal basis is again an orthonormal basis, this condition is equivalent

lWe consider only linear operators with dense domains.
2By the closed-graph theorem, the last condition is redundant.
3This is true only for complex Hilbert spaces.



1. OBSERVABLES AND STATES 41

to
0

Z(Aen, en) < 00

n=1
for every orthonormal basis {e, }>°; for 7. By definition, for a trace class
operator A,

TrA= i (Aen, en),

n=1
and does not depend on the choice of a basis. Operators of trace class form
a two-sided ideal .7 (Schatten ideal) in the Banach algebra £ (7¢) and

TrAB=TrBA forall Aec.”), Be LX)

— the cyclic property of the trace. Bounded positive operator A is of trace
class if there is an orthonormal basis {e, }>° ; for J# such that
(0.8}

Z (Aey, ey) < 0.

n=1
1.2. Basic axioms.

A1l. With every quantum system there is an associated separable com-
plex Hilbert space .77, in physics terminology called the space of
states*.

A2. The set of observables </ of a quantum system with the Hilbert
space .77 consists of all self-adjoint operators on 7.

A3. Set of states . of a quantum system with a Hilbert space 7
consists of all positive (and hence self-adjoint) M € .#; such that
Tr M = 1. Pure states are projection operators onto one-dimensional
subspaces of 7. For ¢ € H, ||¢|| = 1, the corresponding projection
is denoted by P,. All other states are called mized states.

A4. The expectation value of an observable A € o/ in a state M € .%
is

(A|M) =Tr AM,
and it exists whenever AM is a trace class operator (a nesessary
condition is M (H) C D(A)). In particular, if M = Py and ¢ €
D(A), then

(A[M) = (AY,9).

A5. A state M € . assigns to every observable A € o/ a probability
measure 14 on R. For a quantum system in the state M, the
probability that the value of a measurement of the observable A
lies in the Borel set £ C Ris 0 < pa(E) < 1. The correspondence
S 3 M— pg e Z(R) satisfies

i) = [ xduav,

— 00

4“Space of pure states, to be precise.
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where pa(A) = pa((—o0, A]) is the distribution function associated
with the measure 1 4.

Construction of the correspondence . x &/ — Z(R) is based on a general
spectral theorem of von Neumann, which clarifies the fundamental role the
self-adjoint operators play in quantum mechanics.

DEFINITION. A mapping P : Z(R) — Z(5) of the o-algebra Z(R)
of Borel subsets of R into the Banach algebra of bounded operators on ¢
is called a projection-valued measure on R if the following properties are
satisfied.

1. For every Borel set £ C R, P(FE) is an orthogonal projection, i.e.,
P(E) = P(E)? and P(E) = P(E)*.

2. P(0) =0, P(R) = I, the identity operator on .

3. For every disjoint union of Borel sets,

(0.¢] n
E=]]E.. PE)= JEEOZ P(E;)
n=1 =1

in the strong topology on £ (7).
In particular, it follows from properties 1-3 that

P(El)P(EQ) = P(E1 N EQ).

With every projection-valued measure P we associate a projection-valued
function

P(A) = P((—o0, A)),
called the projection-valued decomposition of unity. It is characterized by
the properties

/

1.
P(A)P(u) = P(min{A, p1}).
2/,
)\li)rzloo P(\) =0, )\liﬁn(’; P(A) =1.
3.

lim P(u) =P()\).
. (1) = P(X)
For every ¢ € J# the decomposition of unity P()\) defines a distribution
function (P(\)¢p, ¢) of the bounded measure on R (probability measure when
||l = 1). By the polarization identity

(PN¢,v) = 1 {PN) (@ + 1), 0+ ) = (PN — ), — )
+i(PN (e + i), 0 + i) —i(PA) (@ — i), o —ih)},
so that (P(\)p, 1) corresponds to a complex measure — a complex linear
combination of measures.
A measurable function f on R is called finite almost everywhere (a.e.)

with respect to the projection-valued measure P, if it is finite a.e. with
respect to the measures (P, ) for all ¥ € . According to von Neumann
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theorem, for a separable Hilbert space .77 there exists an element ¢ € ¢
such that f is finite a.e. with respect to the projection-valued measure P if
and only if it is finite a.e. with respect to the measure (P, ¢).

THEOREM 1.1 (von Neumann). For every self-adjoint operator A on the
Hilbert space ¢ there exists a unique projection-valued decomposition of
unity P(\), satisfying the following properties.

(i)

(i)

(iii)

D(A) {goe,%”‘/ A2d( )<oo}

and for every p € D(A

Ap = /OO AdP(\)

—0
as the limit of Riemann sums in the strong topology on .
For every continuous function f on R

D(f(4)) = {s@ et | [ 1OPaPOIep) < oo}

s a dense linear subspace of 7 and

= [ roviewy

is a linear operator on J€, understood as a limit of Riemann sums
in strong operator topology on . Operator f(A) satisfies

FLA)" = f(A),

where f is the complex conjugate function to f, and operator f(A)
1s bounded if and only if f is bounded. For bounded continuous

functions f and g,
— [ 1avapey).

For every measurable function f on R, finite a.e. with respect to
the projection-valued measure P, f(A) is a linear operator on F
with a dense domain D(f(A)) defined as in (ii), understood in the
weak sense: for every o € D(f(A)) and ¢ € I,

A)p,¥) = / f(A A)e,¥)

15 a linear combination of Lebesque-Stieltjes integrals. The corre-
spondence f — f(A) satisfies the same properties as in (ii).

For every bounded operator B which commutes with A, that is,
B(D(A)) € D(A) and AB = BA on D(A), operator B commutes
with the decomposition of unity P(X\) and, therefore, with every op-
erator f(A).
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We will denote the decomposition of unity for a self-adjoint operator
A given by the spectral theorem by P4(A). Conversely, every decomposi-
tion of unity P(A) as defined by properties 1’-3’, by virtue of (i)-(ii) is a
decomposition of unity for a self-adjoint operator.

According to the spectral theorem, A € o(A) if and only if P(A — e, A\ +
e) # 0 for all ¢ > 0. For ¢ € S let n, is a Borel measure on R defined
by py(E) = (P(E)Y,v) for E € Z(R). The next result is used for more
detailed classification of the spectra.

THEOREM 1.2. Let A= A* on €. Then
H = Iy © Hye © Hie
is a direct sum of closed invariant subspaces® for A,where
Iy = {1 € I | py is a pure point measure with countable support on R},
e = {0 € A |y is absolutely continuous w.r.t. Lebesgue measure on R},
e = { € I | 1y is continuous singular w.r.t. Lebesgue measure on R}.
By definition, the point spectrum of A is 0,(A4) = O’(AL%p), the ab-

solutely continuous spectrum of A is 04.(A) = (4], ), and the singular
spectrum of A is osing(A) = 0(A| 4 ), so that

0(A) = 0p(A) U0oge(A) Uosing(A).

In virtue of the spectral theorem, two (possibly unbounded) self-adjoint
operators A and B commute if corresponding projection-valued measures
P4 and Pp commute. The following three statements are equivalent.

e Self-adjoint operators A and B commute.
e Forall \,u € C,Im\,Im p # 0,

R>\<A)R#(B) - RM(B)R)\(A)7
where Ry(A) = (A—XI)~1 and R,,(B) = (B—ul)~! are resolvents.
e For all u,v € R,
eiuAeivB _ eivBeiuA‘
The correspondence . x o — F(R) is defined by (M, A) — pa, where
pa(N) =TrPa(N)M,

and P 4 is decomposition of unity for the self-adjoint operator A. It immedi-
ately follows from the spectral theorem that p4(A) is a distribution function
of a probability measure on R and

(A[M) = Tr AM = /OO Mpa()),

if AM is of trace class. In particular, for M = Py
pa(A) = (Pa(A)y, ¥)

A subspace V is invariant for the unbounded operator A, if ADA)NV)C V.
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and
xXO

(AIM) = (A, ) = / AP AN, ).

if ¢ € D(A). -

Mixed and pure states can be characterized as follows.

LEMMA 1.1. Every mixed state is a convex linear combination of pure
states. A state is pure if and only if it can not be represented as a non-trivial
convex linear combination of states.

Proor. It follows from Hilbert-Schmidt theorem for compact opera-
tors that for every state M there exists (finite or infinite) orthonormal set

{4 }N_, in 7 such that
N

M = g an Py,
n=1
where «,, > 0 are corresponding non-zero eigenvalues of M. Such represen-

tation is called canonical decomposition for self-adjoint compact operator.
Since M € . and

N
TrM:Zan: 1,

n=1
the state M is a convex linear combination of pure states. To prove the
second statement we need to show that if

P¢ = aM; + (1 — CL)MQ,
for some states My, M> and 0 < a < 1, than M; = My = Py,. Let
= Cy ® 74

be the orthogonal sum decomposition. Since M; and Ms are positive oper-
ators, for ¢ € J7 we have

a(Mip, p) < (Ppp, ) =0,
so that (Mg, ) = 0 for all p € 54 and M|, = 0. Since M is self-adjoint,

it leaves the complimentary subspace Ct invariant, and from Tr M; = 1 it
follows that My = Py. ]

1.3. Heisenberg’s uncertainty principle. The dispersion of the ob-
servable A in the state M is defined as

oir(A) = (A = (AIM)I)?|M) = (A*|M) — (A|M)?,

provided the expectation values (A?|M) and (A|M) exist. For every M € .

let
N

M=> anPy,

n=1
be its Hilbert-Schmidt decomposition of the operator M and let Pp; be
the orthogonal projection onto the closed subspace 7}, in ¢ spanned by
{4 }N_, (5% is the orthogonal complement to Ker M in 7).
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LEMMA 1.2. For every M € . and A € & the dispersion o2,(A) >
0. The dispersion opr(A) = 0 if and only if 7 is an eigenspace for the
operator A. In particular, if M = Py, then 1 is an eigenvector of A.

PrRoOOF. First of all, it is sufficient to prove the statement for bounded
operators A since by the spectral theorem

TrMA= lim TrMA,,

n—oo

where A,, = fn(A) and

A, A <,
n A) =
fn(Y) {0, A > n.

Thus assuming A € () and completing, if necessary, the set {1, }_,
to an orthonormal basis {e, }>° ; for J#, we have

N N
(A2 M) = Tr A’M = Z v (A%, ) = Z v (A, Athy)

N
= Z Z Oén Awn,em 6m,A¢n Z Z Oénl A¢naem ’ .

n=1m=1 n=1m=1

8

Thus
N 2
<A2‘M Z Z Awn>¢n |2 (Z Qp Awn7¢n)> = <A‘M>2

by the Cauchy-Schwarz inequality, since anl an, = 1. Now 02,(A) = 0

if and only if Ay, L e, for all m # n and (AY1,¢1) = -+ = (AYN, YN).
Thus there is A € R such that Ay, = A\, for n =1,..., N and 5%, is an
eigenspace for A. O]

Now we formulate generalized Heisenberg uncertainty principle.

ProprosITION 1.1 (H. Weyl). Let A, B € &/ and let M = Py, be the pure
state such that ¢ € D(A) N D(B) and Ay, By € D(A)N D(B). Then

a1 (A)aty(B) > 1(i[A, B]|M)?.

The same inequality holds for all M € ., where by definition (i[A, B]|M) =
limy, o0 (i[Ap, Br]|M).

PROOF. Let M = P,,. Since
[A—(A[M)I,B — (B|M)I| = [A, B],
it is sufficient to prove the inequality

(A2|M)(B?|M) > ;(ilA, B]|M)*.

> 1
4
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We have for all a € R,
0 < [[(A+iaB)y||* =a*(By, BY) — ia(A, By) + i By, Ap) + (Ap, Ay)
=a?(B*, ) + a(i[A, Bli, ¢) + (A%, ),

so that necessarily 4(A%y, ) (B?,) > (i[A, B]y, ). The same argument
works for the mixed states. As in the proof of Lemma 1.2, it is sufficient to
prove the inequality for bounded A and B. Then using the cyclic property
of the trace we have for all a € R,

0 <Tr((A+iaB)M(A+iaB)*) = Tr((A +iaB)M(A — iaB))
=a?’TrBMB +ia TrBMA —ia Tr AMB + Tr AM A
=a? Tr MB* + o Tr(i[A, B]M) + Tr M A?
and the inequality follows. [

A consequence of the Heisenberg’s uncertainty principle is that in quan-
tum mechanics there are observables which can not be measured simulta-
neously, even in a pure state. This is a fundamental difference between
classical and quantum mechanics.

1.4. Dynamics. Though quantum observables ./ do not form an al-
gebra in any sense®, a subspace @ = &/ N L () of &/ carries a natural
structure of a Lie algebra with respect to the bracket

i[A, B] = i(AB — BA).

In analogy with classical mechanics, the time evolution is defined by choosing
an observable H € 7, called the Hamiltonian operator (Hamiltonian for
brevitiy). The corresponding quantum equations of motion are

dM dA .

%—O, M e .7, hE—z[H,A], A e o
and define the Heisenberg picture in quantum mechanics. Here the positive
number A is called Planck constant; numerical value of h is determined from
experiment7.

One should be careful with the commutator [H, A] when H is not bounded,
since Im A is not necessarily a subspace of D(H). To avoid this complica-
tion, and to extend the time evolution for all observables (not necessarily
bounded), we pass from a self-adjoint operator H to a one-parameter group

U(t) fo unitary operators,

Ut)=e 7 ¢ e R.

Conversely, according to the Stone theorem, every self-adjoint operator
comes from a one-parameter group. Namely, the following statement is
valid.

6product of two non commuting self-adjoint operators is not self-adjoint.
"The Planck constant has physical dimension of the action. The value A = 1.054 x
10727 erg x sec manifests that quantum mechanics is a microscopic theory.
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THEOREM 1.3 (Stone’s theorem). Let U(t) be a strongly continuous one-
parameter group of unitary operators on €. Then there exists a self-adjoint

operator A on €, called an infinitesimal generator of U(t), such that U(t) =
6itA.

Explicitly,

D(A) = {apejf

lim%ﬁz@bé%},

t—0 1
and Ay = 1.

REMARK. A theorem of von Neumann asserts that for a separable Hilbert
space every weakly measurable one-parameter group of unitary operators is
strongly continuous, so in this case the conditions of Stone theorem can be
relaxed.

The evolution operator U; : o — of is defined by

Uy(A) = U(t)"LAU (1) = et e~ 7HH.

This formula justifies the introduction of Heisenberg equation for quantum
observables

Ay, Aca,

where _
{ ) }ﬁ: %[7 ]

is called quantum bracket.

Similarly to the Liouville’s picture in classical mechanics, we can consider
the quantum mechanical evolution where observables do not depend on time.
It is called Schrodinger picture and dynamics is given by

%:0, Aed, %:_{H’M}h’ M e 7.
Thus _ .
M(t) = U)MUL(t) = e 55 prertt
and

(A()|M) = Te(U L) AU () M) = Te(AU () MU L (t)) = (A|M(t))

by the cyclic property of the trace. This shows that Heisenberg and Schrodinger
pictures are equivalent.
In particular, for a pure state M = Py we get M(t) = Py where
W(t) = U(t)y, so that ¥(t) satisfies Schrodinger equation
dip

h— = Hq.
Zhdt W

A state M € . is called stationary if M (t) does not depend on time, i.e. if
[M,U(t)] = 0 so that, by definition, [M, H] = 0.
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LEMMA 1.3. The pure state M = Py, is statitonary if and only if ¢ is
the eigenvector for H,

Hi = Ev.

Corresponding eigenvalue E s called the energy and

b(t) = e HPy,

ProoOF. It follows from U(t) P, = P,U(t) that 1 is a common eigenvec-
tor for unitary operators U (t) for all ¢, U(t)y = ¢(t)1. Since U(t) is strongly
continuous (weak continuity would be enough), there exists E' € R such that

c(t) = e RiE. O

Eigenvalue equation Hvy = Ev is called stationary Schrodinger equation.

2. Heisenberg’s commutation relations

Many quantum mechanical systems have classical analogs. Here we start
to consider the quantization problem, which can be heuristically formulated
as follows. Given classical system with the phase space (.#,{ , }) and
algebra of classical observables A, one needs to construct a Hilbert space
¢ and a one-to-one correspondence A > f — Ay € &/ between classical
and quantum observables. This correspondence depends on a parameter
h > 0 and satisfies

%(Ang+AgAf)_>fga {Af,Ag}hﬁ{f,g} as h—0

for all f,g € A. The correspondence f +— Ay is called quantization and
Hamiltonian operator for a quantum system is a quantization of a Hamil-
tonian function for the classical system. Later we will formulate quantization
problem mathematically. Here we consider several basic examples which will
help to state it in a closed form.

2.1. Free particle. Consider first the simplest case of a free quantum
particle with one degree of freedom. Corresponding classical phase space is
M = T*R ~ R? with canonical Poisson bracket

a0 f7g cA= COO(R2)7

wriitten in standard coordinates ¢, p on .#. The Hamiltonian function of a
free particle is

T o2m’
Poisson bracket of standard coordinates have the following simple form

{p,q} =1

It is another postulate of quantum mechanics that there is a correspondence
q — @ and p — P between classical and quantum observables such that
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self-adjoint operators P and () on a Hilbert space ¢ satisfy the following
commutation relation,

{P,Qin=1 on D(P)NDQ),

called Heisenberg’s (canonical) commutation relation. Mathematically, op-
erators P and () realize a representation of a Heisenberg Lie algebra. The
latter is a 3-dimensional Lie algebra f with the generators x,y, ¢ satistying
the relations [x,y] = ¢, [z, c] = [y, c] = 0, where now | , | stands for the Lie
bracket on §. The correspondence x — —iP,y — —i() and c — ihl defines
a representation of h on the Hilbert space 7. It is natural to assume, in
addition, that this representation is irreducible, i.e., every bounded operator
on .77 which commutes with P and () is a multiple of the identity operator.

REMARK. It is well-known that there are no bounded operators on
a Hilbert space which satisfy [A, B] = I (which is trivial in the finite-
dimensional case). Thus operators P and @ should be necessarily un-
bounded. Defining a representation of a Lie algebra by unbounded operators
requires a caution. However, later we will bypass all these ramifications by
considering unitary representations of the corresponding Lie group to h —
the Heisenberg group.

We we consider two natural realizations of the Heisenberg’s commutation
relation, defined by the property that one of the self-adjoint operators P
and @ is “diagonal” (i.e., is a multiplication by a function operator in the
corresponding Hilbert space).

2.1.1. Coordinate (Schrédinger) representation. Here 5% = L?*(R, dq) is
the Hilbert L?-space on the configuration space R with coordinate g, which
is a Lagrangian subspace of .#Z defined by the equation p = 0. Set

oo
D(Q) = {90 e X ‘/ ¢ lo(q)dq < oo}
and for ¢ € D(Q) define the operator @) as a “multiplication by ¢ operator”,
(Qp)(q) = qe(q), ¢ € R.

Operator @ is called a coordinate operator and it is obviously self-adjoint.
Its decomposition of unity is given by

(PO (a) = {m)’ 1=

0, q> A

Self-adjoint operator ) has a simple continuous spectrum o(@Q) = R and
every bounded operator which commutes with ) is a function of @, i.e., is
a multiplication by a function operator on .77. Indeed, a bounded operator
B on s commutes with @ if it commutes with projections P(E) for all
E € #A(R). In particular, for every interval [a, D]

B(X{a,5) = fa,X[a]
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for some measurable function f,; on [a,b], where X[a,b] 18 @ characteristic
function of the interval [a,b]. Using the property P(E)B = BP(E) once
again we see that for [c,d] C [a, b],

fa,b | [c,d] = fc,da

so that f,;, patch to a measurable function f on R. Since characteristic
function are dense in . we get that B is a multiplication by f(q) oper-
ator. Another version of this proof (now at a physical level of rigor) is
the following. Represent B as an integral operator with a Schwarz kernel
— a distribution K(q,q’) (by Schwarz kernel theorem this is legitimate on
the linear subspace . (R) C L?(R) of Schwarz class functions). Then the
commutativity BQ) = QB implies that in the distibutional sense

(¢—q")K(g.q") = 0.
Thus K is “proportional” to the Dirac delta-function, i.e.,

K(q,q") = f(9)0(q — ¢,
with some bounded measurable function f on R.

REMARK. Operator () on .5 has no eigenfunctions: equation

Qv =qo¢

has no solutions in L?(R). However, in a distributional sense for every
¢o € R it has a unique (up to a constant) solution ¢4 (¢) = d(¢ — qo).
These “generalized eigenfunctions” combine to Schwarz kernel 6(q — qo) of
the identity operator I on L?(IR). This reflects the fact that operator @ is
diagonal in the coordinate representation.

For every pure state M = Py, ||¢|| = 1, denote by p, the probability
measure on R corresponding to (). We have

s (E) = /E ¥()[2dg

for every Borel subset £ C R. Physically, this is interpreted that in the
state Py with the “wave function” 1(q), the probability of finding quantum
mechanical particle in the interval [q,q + dq| is |¢(q)|?dq. In other words,
the modulus square of a wave function is the probability distribution for the
coordinate of a particle.

Corresponding operator P is a differential operator

p="2
1 dg
with D(P) = W12(R) — a Sobolev space of absolutely continuous functions

f on R such that f and its derivative f’ (defined almost everywhere) are
in L?(R). Thus defined operator P is self-adjoint and is called momentum
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operator. It is now straightforward to verify that on D(P)N D(Q) (which is
a dense linear subspace in %)

QP — PQ = ihl.

Thus coordinate representation is characterized by the property that the
coordinate operator () is a multiplication by ¢ operator and P is a differen-

tiation operator,
h d
Q=q and P=——.
1 dq
REMARK. Operator P on ¢ has no eigenvectors: the equation

Po=pp, peR,

has a solution
©(q) = const x ¢PI/"

which does not belong to 7. However the family of “normalized generalized

eigenfunctions”

1

_ cPa/h
©p(q) Sy

combines to a Schwarz kernel of the inverse Fourier transform operator. As
it will be shown below, this operator diagonalizes the momentum operator
P. The choice of the constant is such that

/_Oo ©p(@)pp (q)dg = 6(p — p').

The following fundamental fact asserts that coordinate representation is
irreducible.

PROPOSITION 2.1. Every bounded operator on € which commutes with
coordinate and momentum operators ) and P in coordinate representation
H ~ L*(R,dq) is a multiple of the identity operator I.

PROOF. Let T be such operator. By part (iv) of Theorem 1.1, operator
T commutes with the projection-valued measure Pg so that T is a function
of @, T = f(Q) for some bounded measurable function f on R. Similarly,
commutativity between T and P means that T' commutes with the one-
parameter group U(u) = e~ ™F of unitary operators. It follows from the
definition of the derivative that in coordinate representation (U(u)y)(q) =

Y(q — hu) for all » € . Thus
TU(u) =U(u)T forall uweR
is equivalent to f(q — hu) = f(q) for all ¢,u € R, and f = const a.e. O

The Hamiltonian operator of a free quantum particle on R is

p2 2 12
g __nmd
2m 2m dg?
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It is a self-adjoint operator on .7 with D(H) = W?2(R) — a Sobolev space
of functions in L?(R) whose generalized first and second derivatives are in
L?(R).

2.1.2. Momentum representation. It is defined by the property that the
momentum operator P is a multiplication by p operator. Namely let 7 =
L?(R, dp) be the Hilbert L?-space on the “momentum space” R with coordi-
nate p, which is a Lagrangian subspace of .# defined by the equation ¢ = 0.
Now the coordinate and momentum operators are

Q —ihi— and P = P
dp

and satisfy Heisenberg’s commutation relation. In momentum representa-
tion, the wave function v of a pure state M = P, defines the probability
distribution for the momentum of the quantum particle: its modulus square
19(p)|?dp is the probability that momentum of a particle is between p and

p + dp.

Coordinate and momentum representations are unitary equivalent. Namely,

let Zy : L2(R) — L?(R) be the h-dependent Fourier transform operator, de-
fined by

5(p) = Za(e)(p) = ﬂlﬁ / T e ilho(g)dg.

Here integral is understood as the limit ¢ = lim,,_.o ¢, in the strong topol-
ogy on L?(R), where

. 1 "o
e~y (q)dg.

(Pn(p):\/% .

It is well-known that .%# is a unitary operator on L?(R) and
Q= FQF, ", P=FPF;".

In particular, since operator P is obviously self-adjoint, this immediately
shows that P is self-adjoint.

It follows from Heisenberg uncertainty principle that for any pure state
M = P, satisfying conditions of the Lemma,

ou(P)o(@) 2 5.

This is a fundamental result saying that it is impossible to measure coorid-
nate and momentum of quantum particle simultaneously: the more accurate
is the measurement of one quantity, the less accurate is the value of the other.
It is often said that quantum particle has no observed path so that “quantum
motion” differs dramatically from the motion is classical mechanics.
2.1.3. Motion of free quantum particle. The Schrodinger equation
di(t)

v - Hi(t), ¢(0) =1
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in momentum representation becomes

7 2
Z.h%(p, t) _p

o =5 t), (,0) =(p),
so that
_ip*t
Y(p,t) =e """ (p),
and

qp 2m t) /R A
\/— ¥ (p)dp.

This formula admits a simple physmal interpretation. Suppose that the
initial condition &(p) is smooth function supported in a neighborhood Uy of
po # 0 such that 0 ¢ Uy and

oo N
| iy =1

— 00

Y(g,t) =

Such states are called “wave packets”. Then for every compact E C R,

lim / (g, t)[2dg = 0.

|t| =00

/_ (g, t)|*dg =1

for all ¢, it follows that as |t| — oo, quantum particle “leaves” every compact
subset of R, so that the motion is unbounded. To prove this observe that

the function x(p,q,t) = —3- + % has the property that \ | > C > 0 for

allp e Uyand q € F, prov1ded that |t| is large enough. Integratmg by parts
in the representation for ¢(q, t) gives

Since

(g, t) = XL/ (p)dp

\/_

1 /h O [P0 \ iapsysn
Tt %/a_p ax(apt) | € P,
Uop 9p

so that uniformly on F,

C

r |t| large enough.

To describe the motion of the particle as |[t| — oo in the unbounded
regions, we use the stationary phase method. In its simplest form it is the
following statement.
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THE METHOD OF STATIONARY PHASE. Let f,g € C*°(R), where f is
real-valued and g has compact support Supp(g), and suppose that f has a
single non-degenerate critical zy € Supp(g), i.e., f'(z9) = 0 and f"(xg) # 0.
Then

o 20 1/2 " 1
iN f(x) dr = ( ) ZNf(x0)+ Tsenf (zo0) + O <_>
(& xr)ax T
/—oo 9(z) N|f"(zo)| o) N

as N — oo.

Setting N = t we find that the critical point of x(q,p,t) is po = mq/t
and x"(pg) = % # 0. Thus as t — oo,

imq2 s
/ _+_
_wO Q7 + O(t_l)

Asymptotically as t — oo the wave function (q,t) is supported on %Ug
— a domain where the probability of finding a particle is asymptotically
different from zero. At large ¢t the points in this domain move with constant
velocities v = £ p € Up. Thus the classical relation p = mv remains valid
in the quantum picture. Moreover, the asymptotic wave function v satisfies

| tontatiPdg =[5 [~ 19 () Pda =1

so that it describes the asymptotic probability distribution. Similarly, set-
ting N = —[t|, we can describe behavior of the wave function (q,t) as
t — —o0.

Moreover, in the weak topology on .7 the vector ¥ (t) — 0 as |t| — oo.
Indeed, for every ¢ € 5 we get by the Parseval identity

ip?t

= [ iwEme " ap

and the integral goes to zero as |t| — oo by Riemann-Lebesgue lemma.
2.1.4. Several degrees of freedom. We start with the phase space .#Z =
T*R™ ~ R?" with coordinates q = (q1,...,¢,) and p = (p!,...,p"), and
with canonical Poisson bracket { , }, coming from canonical symplectic
form w = dp A dq. The Poisson brackets between coordinates q and p are

{gw @} =0, {p",p'} =0, {P" q} =0F, kI=1,...,n
The Hamiltonian function of a free particle is

L P _ )+ ()
2m 2m '

Corresponding quantum coordinate and momenta operators Q = (Q1, . . .

and P = (P!,..., P") satisfy Heisenberg commutation relations for n de-
grees of freedom,

{Qk‘)Ql}hzO, {Pk,Pl}h:O, {Pk7Ql}h:5lkI7 kal::l?"'an

A\
) n)
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REMARK. These are commutation relations of the Heisenberg Lie alge-
bra h — a Lie algebra with generators z¥,..., 2", yi, ..., yn, ¢ and relations

(2%, c] =0, [yr, ] =0, [z*,y] = oFc, k,i=1,...,n.

The correspondence zF — —iP* y;, — —iQy and ¢ — ikl defines a repre-

sentation of a Heisenberg Lie algebra.

In coordinate representation, ## ~ L?(R",d"q), where d"q = dq; . .. dg,
is the Lebesgue measure on R", and
h 0 h 0 h 0
— == ceey 5 P:——: TA sy T )
Q=a=(q1,---.qn) i 9q <Zaq1 Zaq)
The coordinate and momenta operators are self-adjoint and satisfy Heisen-

berg’s commutation relations. Corresponding decompositions of unity for
operators (Q are defined as before,

pla), ax <A
Pr(A =
GREBICY {0, w1
k =1,...,n. Coordinate operators ()1,...,Q, form a complete system of

commuting operators on 7. This means that none of coordinate opera-
tors is the function of the other coordinate operators and every operator
commuting with Q1,...,Q, is a function of these operators, i.e., is a mul-
tiplication by a function operator on .7#°. The proof repeats verbatim the
proof in the case of one degree of freedom. For the pure state M = P, the
modulus square [1)(q)|? of the wave function is the density of joint distribu-
tion function g for Q1,..., Q. In the state with the wave function (q)
the probability of finding a particle in the Borel subset £ C R"

i (E) = / ¥(q)2d"q.
E

The Hamiltonian operator of a free particle in coordinate representation is
2
f—m times the Laplace operator of the Euclidean metric on R",

P2 K2 [ 0?2 02
2m ~ 2m (aq% T aq%>’

and is a self-adjoint operator with domain D(H) = W?%?2(R") — the Sobolev
space on R".

In momentum representation %% ~ L?(R™, d"p), where d"p = dp' ... dp",
and

N 0 A
= 1h— P =
Q [/ 8p Y p
The Hamiltonian operator
2
H= P
2m

is a multiplication by a function operator on 7.
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The coordinate and momentum representations are unitary equivalent
by the Fourier transform. As in the case n = 1, the Fourier transform
I L>(R™,d"q) — L?*(R",d"p) is a unitary operator defined by

5(p) = Fi(p)(p) =(2mh) "2 / e~ P/l (q)d g
J

= lim (27h) "2 / e PNy (q)d"q,

N—o0
lq|<N

where the limit is understood in the strong topology on L?(R",d"p). As in
the case n = 1, we have

Qk = Q%Qkyh_l, Pk = Lghpkggh_l, k=1,...,n.

In particular, since operators Pl, . ,Pn are obviously self-adjoint, this im-
mediately shows that Pi,..., P, are also self-adjoint.
The Schrodinger equation for free particle,
dyp(t)

i = H(), 6(0) =

is solved, as in the case n = 1, by using the Fourier transform

(  p*
w(a,t) = (2rh) "> / How=3at), "(p)dp.
RTL

where 1) = Fr(v). For a wave packet — a smooth function @/Aj(p) supported
on a neighborhood Up of 0 # pg € R™ such that 0 ¢ Uy and

/W(p)\2dnp =1,
]Rn

quantum particle “leaves” every compact subset of R™ and the motion is
unbounded. Asymptotically as [t| — oo, the wave function ¥ (q, t) is different
from 0 only when q = 2¢, p € U.

2.2. Quantization of Newtonian particle. As in the previous sec-
tion, we consider the phase space .# = R?" ~ T*R" with canonical Poisson
bracket. Newtonian particle — a particle in a potential field V(q) is de-
scribed by the Hamiltonian

2
_P
h = o +v(q).

Corresponding quantum system has a Hamiltonian

2

P
H=—+YV
2m
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for some operator V and corresponding coordinate and momenta operators
satisfy Heisenberg equations of motion

P = {H7P}h7 Q = {HaQ}h-

The explicit form of operator V' can obtained by requiring that classical
relation ¢ = p/m between velocity and momentum is preserved under the
quantization, i.e.,

Q="

m
Indeed, since {P?, Q}; = 2P, it follows from Heisenberg equations of motion
that this condition is equivalent to [V,Qx] = 0 for Kk = 1,...,n. Thus V
is a function of the commuting operators @1,...,Q, and it is natural to
suppose that V = v(Q) and is a self-adjoint operator on J# (for real-valued
v). Thus Hamiltonian operator of a Newtonian particle is
2
H = L +0(Q).

2m

Note that though both terms in the expression for H are self-adjoint oper-
ators, it is not true that the sum of (unbounded) self-adjoint operators is
self-adjoint. Admissible classes of potential functions v(q) are determined
by the requirement that H is (essentially) self-adjoint. In coordinate repre-
sentation H has the standard form

2

H:h—A+V,
2m

where A is the Laplacian of the standard Eucildean metric on R"”,

and V = v(q) is a multiplication by v(q) operator.

3. Harmonic oscillator and holomorphic representation

3.1. Harmonic oscillator. In classical mechanics the simplest system
with one degree of freedom is harmonic oscillator. Its phase space .# = R?
carries canonical Poisson bracket and corresponding Hamiltonian function
1S

2 2 2
p mw-q
h =
(pa) =5~ +—5—,

where w > 0 has a physical meaning of frequency of the oscillations. Hamil-
ton’s equations of motion describe harmonic motion.
In quantum mechanics, corresponding Hamiltonian operator is

P2 mw? 2
+ ¢ ,
2m 2

H =
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where P and () satisfies Heisenberg’s commutation relation. In coordinate
representation it is a Schrodinger operator with quadratic potential,

h2 d2 N mw2q2

2m dg? 2

on the Hilbert space ## = L?(R). The significance of this quantum system
is that we can explicitly diagonalize the operator H, i.e., find its eigenvalues
and eigenvectors, where the latter form a complete set. In particular, it
follow from here that operator H, which is obviously symmetric on . (R),
is a self-adjoint operator with D(H) = W22(R) N /Wz’Q(R).

Namely, set temporarily m = 1 and consider the operators

a = w@ +1iP),
2wh( Q )
1

a* = w@ — 1P).
2wh( Q )

defined on WH2(R) N /V[71’2(]R). It is easy to verify that a* is the adjoint
operator to a. It follows from Heisenberg commutation relations that

la,a*] =1
on W22(R) N W22(R). Indeed, we have
P? + w2Q? w P2+ 02Q% 1
* POl=__ %% | g
a“ 2wh 2wh[ Q) owh 2
and
P24 202 P24 .,202 1
ga= HOQ Wy PR L
2wh 2wh 2wh 2

so that on W22(R) N /WM(R)
H:wh(a*a—k%l) :wh(aa*—% )

It follows from this representation that operators a,a* and N = a*a
generate a nilpotent Lie algebra:

(3.1) [N,a]| = —a, [N,a"]=a", |[a,a"]=1.

It is this Lie-algebraic structure of the harmonic oscillator which is respon-
sible for the exact solution of the Schrodinger equation. Namely, suppose
that

I. There exists @ € 7 such that
Hvy = En.
II. For all n € N, ¢ € D(a™) N D((a*)").

Then we have the following.
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(a) There exists ¥ € J, ||1po]| = 1, such that
Hpg = Ly

— the ground state vector for the harmonic oscillator.

(b) The vectors v, = ﬁ(a*)”qpo € J are orthonormal eigenvectors

for H with eigenvalues wh(n + 3), i.e.,
Hi, = wh(n + 3)i,, ne€NU{0}.
(c) Operator H is essentially self-adjoint on the Hilbert subspace 7%

of 7, spanned by the orthonormal set {t,,}5 .

It is easy to prove these statements. If 1) € 7 satisfies properties I-11I,
then rewriting commutation relations (3.1) as

Na=a(N —1) and Na* =a"(N +1),
we get for all n > 0,
(3.2) Na™p = (E —n)a™ and N(a*)" = (E 4+ n)(a™)".

Since N > 0 on D(N), it follows from the first equation in (3.2) that there
exists ng > 0 such that a0 # 0 but a™ 1y = 0. Setting 1y = a™ vy € S
we get

CL¢0 =0 and Nwo =0.

Since H = wh(N + 3I), this proves (a). To prove (b) we observe that it
follows from the commutation relation [a,a*] = I by Leibniz rule that

[a, (a*)"] = n(a")""".
Using this relation, we have
1(a*)"o|* = ((a*)"o. (a*)"%o) = (3o, a" " a(a") o)
= n(to,a" " (a*)" o) + (Yo, a" " (a*) " azho)
= n|(a")" " || = - = nlflgo|* = n!

From the second equation in (3.2) it now follows that ), are normalized
eigenvectors of H with the eigenvalues wh(n + %) These eigenvectors are
orthogonal since these eigenvalues are distinct and H is symmetric. Finally,
property (c) immediately follows from the fact that, according to (b), the
closure of Im( H| ,, +iI) is 4.

REMARK. Since coordinate representation of Heisenberg’s commutation
relation is irreducible it is tempting to conclude from the properties (a)-(c)
that 77y = 7. However, though it folllows from construction of the Hilbert
subspace 7 that the linear subspace (D(P) N D(Q)) N J#4) is invariant
for the operators P and (), we can not immediately conclude from here

that projection operator Fy onto the subspace .74 commutes with operators
P and Q. Namely, we still need to prove that Py(D(P)) C D(P) and

P(D(Q)) € D(Q).
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However, we can prove that 7y = 5 using the coordinate represen-
tation explicitly. Namely, equation avy = 0 becomes a first order linear

differential equation
d
(h_ + WQ> wO = 07
dq

so that
wg?
W  —72x

fo's) ""q2
- wg?
WOH?:\/%/ e "dg=1.

Correspondingly, the eigenfunctions

wn<q>=;n_!( — (wq_hdiq))”%

wq?
- 2h

and

are of the form P,(q)e , where P,(q) are polynomials of degree n. Thus
to prove that the functions {1, }°, form an orthonormal basis in L?(R), it

is sufficient to show that the system of functions {q”e_q2 12, is complete.
Suppose that f € L?(R) is such that

0
/ f(q)qne_Qqu =0 forall n>0.
For z € C introduce
Fe) = [ floer iy
—00

Clearly, this integral absolutely converges for all z € C and defines an entire
function. We have for all n > 0,

FM(0) = i" / F@)q"e T dg =0,

so that F'(z) = 0 for all z € C. In particular, setting z = —ip,p € R and
9(q) = f(q)e~ " € LY(R) N L2(R), we get .Z(g) = 0, where .Z stands for the
ordinary (h = 1) Fourier transform, so that g = 0.

The polynomials P, are expressed through classical Hermite polynomials
H,,, defined by

(D o d

e ), n>0.
V2rnly/mo dgt

Namely, using the identity

)~

Hn(Q) —




62 2. FOUNDATIONS OF QUANTUM MECHANICS

wq?

We summarize everything in the following statement.

we obtain

THEOREM 3.1. Hamzltonian
h2 d2 w2q2

2 dg? 2

of harmonic oscillator, defined on ./ (R), is essentially self-adjoint operator
on L*(R) with pure point spectrum. The complete system of eigenfunctions

18
s = {2 T (2
n\q) = h 2nn!e n hq )

where Hy,(q) are classical Hermite polynomials, and

Hipy, = wh(n + 3).

The closure H of H is self-adjoint and D(H) = W*2(R) N WQ’z(R).

PROOF. The operator H is symmetric and has a complete system of
eigenvectors, so that

Im(H +il) =Im(H —il) = 5.

This proves that H is essentially self-adjoint. The proof that D(H)
W22(R) N W22(R) is left to the reader. O

3.2. Holomorphic representation. Let

= {C = {entozo : llel> =D lenl® < OO}
n=0

be the Hilbert ¢2-space. The choice of the basic {1,}2%, for L?(R) defines
the isomorphism L?(R) ~ /2,

L*(R) 31 = chwn —c={cp )22, € 12
n=0

where

e = ($,4n) = / T p(@)n(a)dg

since functions 1, are real-valued. Using [a, (a*)"] = n(a*)""!, we obtain

* - * - (a*)n+1 - *
a*y =n§:jocna Vo =) cu =t :;ﬁcnwm Y € D(a),

n=0
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and
awzzcna@bnzzcn%wO:z vV + 1 cpp1n, wED(a)-
n=0 n=0 n: n=0

Thus creation and annihilations operators a* and a in the Hilbert space ¢2
can be represented by the following semi-infinite matrices:

V1 0

0 0 0 T
' V1 o0

V2 0. S

0

0
0
0o v3 .| a = 0

V2
0 V3

o O O
o O O O

0
0

and
(0 0 0 0 .
01 0 O
N=aa=1|0 0 2 0
0O 0 0 3

Thus in this representation the Hamiltonian of the harmonic oscillator
is represented by a diagonal matrix,

1 wh 3wh bwh
H = N+ — | =di — Y —— ..
wh( —|—2> d1ag{2,2,2, }
Let 2 be the Hilbert space of entire functions,

1
2 = { f entire function : || f|* = —// \f(z)|26_|z|2d2z :
T
C

where d?z = %dz A dz. The functions

Zn

o

form an orthonormal basis for &, and the assignment

, n=0,1,2,...,

25c={c, )2, — = nie,@
c {C}—O f(Z) nzzocm

establishes the isomorphism ¢? ~ 2. The realization of the Hilbert space
¢ as the Hilbert space Z of entire functions is called holomorphic represen-
tation. It follows from the matrix representations of creation-annihilation
operators that in the holomorphic representation

d

a=—
dz’

a ==z
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d 1
H = wh .
“’(dz )

The holomorphic representation is characterized by the property that
Hamiltonian H of the harmonic oscillator is diagonal. Moreover, since H
has a simple spectrum, every bounded operator which commutes with H is
a function of H.

The assignment

and

A= chnef ch

establishes the 1som0rphlsm between the Coordlnate and momentum repre-
sentations. Using the generating function for Hermite polynomials,

> 2" 2
2 :Hn(q)_ — €2qz—z 7
n!

n=0

corresponding unitary operator U : 7 — & can be specified explicitly as
the integral operator

U(z) = / Uz, g)(a)dg

with the kernel
00 n o e ( w, L>2
— _— = o 2h h _\/5
“ Q) Z'@Z}n(Q)\/ﬁ € :
3.2.1. Wick symbols of operators.

4. Stone-von Neumann theorem

4.1. Weyl commutation relations. As we discussed before, Heisen-
berg commutation relations realize irreducible representation of Heisenberg
Lie algebra h by skew self-adjoint operators on the Hilbert space,

¥ —iP* yp— —iQk, k=1,...,n, cw—ihl.

It is a non-trivial mathematical problem to define a commutator of un-
bounded operators. It can be completely bypassed by considering corre-
sponding unitary representation of the Heisenberg group G. The latter is
a connected, simply-connected Lie group with the Lie algebra h. It is a
unipotent Lie group of (n 4+ 2) X (n + 2) matrices, defined by

( -1 Ur U2 ... Up C— )
0 1 0 0 ot
2
G=1g= 00 L 0 € SL(n +2,R) ».
0O 0 O 1 "
\ _O 0 O 0 1_ )
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The Heisenberg group G generated by n-parameter abelian subgroups e%X =

n k n k . .
e2k=1 k" VY — 0351 V"Uk and a one-parameter center e®¢, which satisfy
the relations

n
"X eVY = WVeeVY UX - where uv = Z upo®.
k=0
The exponential map h — G is onto, so by Schur lemma in order to describe
the irreducible unitary representation p : G — % (J¢), it is sufficient to
define strongly continuous n-parameter abelian groups of unitary operators

U(u) = p(e™?), V(v)=p(e"")
satisfying Hermann Weyl commutation relations
U(u)V(v) = ™V (v)U(u).

Here parameter h is determined by p(e€) = €®I. Thus mathematically
the Planck constant parameterizes irreducible unitary representations of the
Heisenberg Lie group. In coordinate representation, U(u) = e "™F and

V(v) = e7™Q are given by the unitary operators

Uu)p(a) = ¢(q—hua), V(v)=e"V4%(q),
which satisfy Weyl relations. This realization of Weyl relations is called
Schrodinger representation. We proved in Section 2.1.1 that Schrodinger
representation is irreducible, so that irreducible unitary representations of
Heisenberg group exist for all real i # 0.

REMARK. It should be noted that neither Weyl relations can be obtained
from Heisenberg commutation relations, nor Heisenberg commutation rela-
tions can be obtained from Weyl relations. However, there is a heuristic
(at the physical level of rigor) derivation of Weil relaions. Consider, for
simplicity, the case of one degree of freedom and start with the Heisenberg
commutation relation

{P,Q}r=1.
Since quantum bracket satisfies the Leibniz rule, i.e., is a derivation, we have
(for a “suitable” function f) that

{f(P),Q}n = f'(P).
In particular, choosing f(P) = e~ = U(u), we obtain
Uw)Q — QU (u) = huU(u) or U(uw)QU(u)™! = Q + hul.
In turn, we get from here (for a “suitable” function g)
U(u)g(Q) = g(Q + hul)U (u).
Setting g(Q) = e™™? = V(v), we get from here Weyl relation. Another

formal derivation of Weyl relation is based on the Campbell-Baker-Hausdorff
formula. Namely, since [P, Q] = %_LI , we get

e—iuPe—in _ GUQ—U[P,Q]e—z'(uP—l—vQ)
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and

—ine—iuP — % [P,Q] e—i(uP—i—vQ) '

€ =€

4.2. Stone-von Neumann theorem. It turns out that Schrodinger
representation, for real h # 0, and trivial (one-dimensional) representation
are the only unitary irreducible representations of the Heisenberg group.

THEOREM 4.1. (Stone-von Neumann Theorem) Every irreducible uni-
tary representation of Weyl commutation relations for n degrees of freedom

)

U)V(v) = ™V (v)U(u),

18 unitary equivalent to the Schrodinger representation.

COROLLARY 4.1. Generators P = (P!,...,P") and Q = (Q1,...,Qyn)
of n-parameter abelian groups U(u) and V(v), realizing irreducible repre-
sentation of Weyl commutation relations, satisfy Heisenberg commutation
relations.

REMARK. The Stone-von Neumann theorem is a very strong statement.
In particular, it guarantees that for creation-annihilation operators a and
a*, constructed from the infinitesimal generators P and Q, there exists a
ground state — a vector 1y € S, annihilated by all operators a. Cor-
responding statement does not hold for the systems with infinitely many
degrees of freedom, where in addition one postulates the existence of the
ground state (“physical vacuum”). This reflects a fundamental difference
between quantum mechanics (systems with finitely many degrees of free-
dom) and quantum field theory (systems with infinitely many degrees of

freedom),

Now we will give a proof of Stone-von Neumann theorem. For sim-
plicity, we consider the case of n = 1. Later we interprete corresponding
constructions from the symplectic geometry point of view.

PROOF. Set
thuv
S(u,v) =€ 2 U(u)V(v).
Unitary operator S(u,v) satisfies

S(u,v)* = S(—u, —v)
and it follows from Weyl relation that

il
S(uy,v1)S(ug,ve) = 67(“1”2_“2v1)5(u1 + ug, v1 + v2).

Define a linear map W : LY(R?) — ZB(#) by

277/ f(u,v)S(u,v)dudv,
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where integral is understood in the weak sense: for every 1,19 € 57,

( (f ¢17¢2 / f u, U u U)@bl wg)dudv

It follows from this definition that the integral is convergent for all ¥, 19 €
¢ and

IW(HII < —HfHL1

The map W is called Weyl transfrom. From the above relations we have

where
[ (w,v) = f(—u, —v),
and
S(ur, v1)W(f)S(uz, v2) = W(f),
where

~ h
Flu,v) = ez mpm(wbuzv sl () 0 — ) — ).

The Weyl transfrom has the following properties.

1. ker W = {0}.
2. For f17f2 € Ll(Rz)a

W(f1)W(f2) = W(f1 *n f2)

where

(f1*n f2)(u,v) = o

1 —m(u“u—uv’) I A 1o IN o g0
— e 2 filu —u' ;v —=0") fo(u',v")du'dv'.

2
To prove the first property, suppose that W(f) = 0. Then for all for all
v/, v € R we have

1

ih, /
S(=u', =" YW(f)S(u',v') = o // e~ 2 W) ey 1) S (u, v)dudy = 0,

RZ

which implies that for every 11,9 € ¢ and every trigonometric polynomial
p(u,v) we have

J [ ) w008 000, va)dudo =0
/.



68 2. FOUNDATIONS OF QUANTUM MECHANICS

Therefore, f(u,v)(S(u,v)1,19) = 0 for all ¥,y € H, so that f = 0. To
prove the second property, we compute

(W)W (f2)db1,92) = (W (f2)vr, W(f1)"¢2)
— o [ [ fauz,02) (St va)ior, W) ) s
R2

= %// fa(ug, v2) (W (f1)S (uz, v2)1h1,¥2)dusdvs
R2
_ 1 m(UN}Q—Uavl)
)2 / f1(u1 — ug,v1 — v2) fa(ug, va)e2 (S(u1,v1)1, o) durdvydu

- / / (5 F2) (1, 0) (S ()b, ) dud,
RZ

where f1 *5 fo € L'(R?). The linear mapping
sp, : LY(R?) x LY(R?) — LY(R?)
is associative,

fien (foxn fs) = (fr*n f2) *n f3 forall  fi, fo, f3 € L*(R?),

which immediately follows from associativity of the operator product. When
h = 0, the product *j; becomes the usual convolution product of functions
in L'(R?).

For every ¢ € J,¢ # 0, denote by J7 the closed subspace of 7
spanned by the vectors S(u,v)y for all u,v € R. The subspace 7, is an
invariant subspace for the operators U(u) and V (v) for all u,v € R. Since
the representation of Weyl commutation relations is irreducible, J7), = 2.
It turns out that there is a vector ¢y € S for which all the scalar products
of the generating elements S(u,v)vy of the subspace 74, can be explicitly
computed. For this aim, we let

h(u?+v?)
fo(u,v) =he 4

and set
Wo = W(fo).
Then Wy = Wy and

h
WOS('U, U)Wo = G_Z(u2+v2)W0.

In particular, Wg = Wy, so that Wy is an orthogonal projection. Indeed,
using property 2, we have

WoS (u, v)Wo = W (fo *4 fo),

where
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Thus

- h ,2 /2
(fo*n fo)(u', ") = he™ a W HV U+ 1y oy,

where

[(u’71/) = QE // 6—g{(u”—u—u’—I—iv-l—iv/)Q-I—(v”—v—v’—iu—iu’)Q}du//dUu.
s /s

Shifting contours of integration to Imu” = —v — ¢/, Imv” = uw + v/ and
substituting £ = v” —u —u' + v+, np=0v" —v -0 —iu —iu, we get

h
I(u',0v') = ; // e 2E ) gean = 1.
T
R2

Now let 773 be the image of the projection operator Wy, a closed sub-
space of . By the property 1, 7 # {0}. For every 11,19 € 4 we have
Wor = 1, Worpe = 1h2 and

(S(u1,v1)11, S(u2, v2)h2) = (S(ur, v1)Worhr, S(uz, v2) Wots)
= (WOS(—uz, —Uz)S(Ul, Ul)WO¢1> ¢2)
il
— e?(iﬂ?&-uzﬂl)(WOS(ul — U, V] — UQ)W()wl, ¢2)
= o2 (wmuzo)— f{Ca-w+ 010} (0 )

= e%i(uu&—?uvl)_%{(ul_uz)z—i_(m —v2)%} (wl’ w2)

Now we claim the subspace .77) is one-dimensional. Indeed, by the above
formula, for every 1,19 € 4 such that (¢1,13) = 0 the corresponding
subspaces 7, and 7, are orthogonal. Since J7) = J¢ for every 1 # 0,
at least one of the vectors 11,19 is 0. Let 525 = Cg, ||1bo|| = 1, and set

Vo3 = S(a, B)o, a,B€R.

The closure of the linear span of the vectors ¢, g for all o, 3 € R is 5. We
have

(Va8 97.6) = 6%1(0‘5_&7)_%{(a—v)%(ﬁ—a)?}
and

m(uﬁ—va)
S(U, /U)q/)oz,ﬁ =e?2 ¢a—i—u,ﬁ+v-

Now consider Schrodinger representation of Weyl commutation relations
in the Hilbert space L?(R):

(U(u)y)(q) = (g — hu),
(V(v)¥)(q) = e " p(q),
Thuv

(g — ).

—~
%2
—~
S
<
~
S
~
—~
=
~
I
™
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For the corresponding projection operator Wy we have

(Wo)(q //e W), m _wqw(q — hu)dudv

\[ / e~ 10T g — )

2
¢~ 2R (@ +a Jy(q")dd,

RGN

where we have performed Gaussian integration with respect to the variable

v. Thus Wy is a projection operator onto the one-dimensional subspace of

L?*(R) spanned by the Gaussian exponential ¢o = {1/1_71 —a*/2h Yool = 1.
T

Now set
Pa, = S(aaﬁ)ﬁp()-
Since Schrodinger representation of Weyl commutation relations is irre-

ducible, the closure of the linear span of the functions ¢, g for all o, 3 € R
is the Hilbert space L?(R). (This also can be proved directly from the com-

ihaf .
pleteness of Hermite functions, since ¢, g(q) = ("/%ze 3 —zﬁq_(q_ha)2/2h).
We have
(o s o 3) = € 2 (@)= (a2 +(3-9)%)
and
e
S(u, U)Spa,ﬁ =e2 va)gpoﬂ-u,ﬁ%-v.

For ¢y = > | ¢itha, , € S define
n

UWY) =) cCipap € L*(R).

i=1
Since the inner products between vectors 1), g coincide with the inner prod-
ucts between the vectors ¢, g, we have

1% (D) 72y = 19115

so that % is well-defined unitary operator between the linear spans of the
systems of vectors {¢n gtager and {¢a gtager. Thus % extends to the
unitary operator % : s — L*(R) satisfying

US(a,B) =S(a, )% forall «,p€R.
This completes the proof of Stone-von Neumann theorem. [

COROLLARY 4.2. The Weyl transform W extends to the isomorphism
between L?(R?) and the Hilbert space () of Hilbert-Schmidt operators
on JC.
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PRrOOF. It follows from the proof of Stone-von Neumann theorem that
for f € L'(R?) operator W(f) on L?(R) is an integral operator with the
kernel
g+q')v
2 dv,

K(q,q

27rh
i.e., for every v € L?(R),

W@ = [ Kla.d)ola)id.

For f € .7(R?) we have by elementary theory of Fourier transform that

/ K (q,4")|*dgdd’ = || fII72(ge).
2

Thus for such f the operator W(f) is Hilbert-Schmidt and since .7 (R?)
is dense in L?(R?), we get the isometry W : L?(R?) — .#(#). Since
every Hilbert-Scmidt operator on L?(R) is an integral operator with square-
summable kernel, the mapping W is onto. 0

4.3. Invariant formulation of Stone-von Neumann theorem. Let
(V,w) be a finite-dimensional symplectic vector space, dim V' = 2n. Corre-
sponding Heisenberg Lie algebra f is a one-dimensional central extension of
the abelian Lie algebra V' by the two-cocycle given by the symplectic form
w. As a vector space,

h =V & Re,
and the Lie bracket is
[u+ ac,v+ Bc] =w(u,v)e, u,veV, a,B €R.

Choosing the symplectic basis ', ..., 2", y1, ..., yn for V (that is, w(z¥, ') =
w(yr, y) = 0, w(zk,y;) = 6F) we see that this definition agrees with the one
given in Section 2.1.4. Every Lagrangian subspace ¢ of V' defines an abelian
subalgebra ¢ @ Rec of . Let £ be a complimentary Lagrangian subspace to
¢inV,
(ol =V.
Then
h/({ DRe) ~ 1.
Let G be the Heisenberg group — connected and simply-connected Lie

group such that Lie(G) = h. Under the exponential map, Lie group G is
identified with the (2n + 1)-vector space V @ Re with the group law

exp(v] + ajc) exp(ve + ac) = exp (vl +ve + (a1 + g + %w(vl, v2)) c) :

where vi,v2 € V, a1,as € R. The volume form d?"v A dc, where d*"v €
A?"VV is a non-zero volume form on V (here V'V is a dual vector space to V),
defines a bi-invariant Haar measure on G. Let L = exp(¢ & Rc) be abelian
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subgroup of GG defined by the Lagrangian subspace £. Since every g € G can
be uniquely represented as g = exp v’ exp(v + ac), where v € £,v € /]

G/L~/1.

The isomorphism AZ*VY ~ A™¢Y A A™¢"" gives rise to the volume form d"v’
on ¢ and defines on the homogeneous space G/L the measure dg, invariant
under the left G-action. The measure dg does not depend on the choice of
the complimentary Lagrangian subspace ¢'.

For a given h € R, the function y : G — C,

x(exp(v + ac)) =™ for veV,a€eR,
defines a unitary character of L,

X(l1l2) = X(ll)x(lg) for ll,lz € L.

DEFINITION. Schrédinger representation S(¢) of the Heisenberg group
(G, associated with a Lagrangian subspace /, is a representation of GG induced
by the one-dimensional representation y of L,

S(¢) = Ind¥ y.

Explicitly, the representation S(¢) is realized in the Hilbert space .7 (¢)
of functions f : G — C satisfying

flgl) = x()~"fg) forall geG, e,
and
1912 = [ 1£(9)lPdg < .
G/L

The representation S(¢) of the Heisenberg group G on J#(¢) acts by left
translations,

(SO(9))d)=flg7'y) forall fe#(), geq.

In particular,

(S(€)(exp ac) f)(g) = f(exp(—ac)g) = f(gexp(—ac)) = ™ f(g),

so that S(¢)(exp ac) = ™I, where I is the identity operator on J#(¢).

Every choice of a complimentary Lagrangian subspace ¢’ gives rise to
the decomposition g = exp v’ exp(v + ac) for all g € G. For f € 7 (£) we
get,

f(g9) = flexpv exp(v+ ac)) = e M flexpr'), vel, v el aeR,

so that f € J(¢) is completely determined by its restriction on exp ¢/ ~ ¢'.
Thus the mapping

HS frpe L2, dW), )= flexp ”—h/), v el



4. STONE-VON NEUMANN THEOREM 73

defines the isomorphism #(¢) ~ L?(¢',d"v'). In this realization, the repre-
sentation S(¢) is given by

(S()(expv)p)(V)) = ey (0)), vel, v el
(S()(expu)Y) (V) = (' — ), ', el

1

In particular, choose a symplectic basis z*,...,z2", y1,...,y, for V and

set
v =dzt A Adz Adyy, A -+ A dyy,.

For ¢ = Ry; @ --- ® Ry,, choosing ¢/ = Rz! @ --- @ Ra™ we see that the
representation S(¢) becomes coordinate representation of Weyl commutation
relations. Namely, for u = Y"7_; ugz® € ' and v = 3"7_, v*yx, € £ we get

S(l)(expu) =U(u) and S¢)(expv) =V (v).

Similarly, choosing £ = Rz! @---@R2" and ¢/ = Ry; @ - - - ® Ry,,, we recover
the momentum representation (with P, Q replaced by —P,—Q).

Finally, we explain the invariant meaning of the 3 operation. Namely,
consider the complex vector space Cy(G, xp) of all continuous functions f
on G with compact support satisfying

flgexpac) = e_imf(g) forall ge G, a€R.
Let By = G/I'y, where T'j; is discrete central subgroup in G,
I'p={g= eXp(%T”c) € GlneZ},
and let db be the left-invariant Haar measure on Bj,
db=d*"v Nde, o€ R/EZ.

The complex vector space Cy(Bp,) of continuous functions on By with com-
pact support has an algebra structure with respect to the convolution oper-
ation,

(1 5, ©2)(b) = / o1 () ga(b1b)dby for o1, 05 € Co(Br).
By,

The convolution operator also defines the algebra structure on the Banach
space L' (By, db), as well as on the space of distributions on By with compact
support.

The natural inclusion Cy(G, xp) — Co(Bp) has the property that the
image of Cy(G, x1) is a subalgebra of Cy(Bj) under the convolution. From
the other side, the isomorphism expV ~ V allows to identify the vector
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space Cy(G, x) with Cy(V). We have

(1 *B, v2)(expv) = [ p1(expu)pa(exp(—u)exp v)d2nv

@1(exp u)pa(exp(v — u) exp(—jw(u, v)e))d>"v

ih
5 w(u,v) 2"

p1(expu)p2(exp(v — u))e

I
Se— TS S

Under the correspondence f(v) = p(expv) we get
(¢1 %8, w2)(expv) = (f1#r f2)(v), veEV,

where *xp was introduced in the proof of Stone-von Neumann theorem. Thus
the *j operation from the Weyl transform is nothing but the convolution
operator on Cy(By,) restricted to Co(G, xr). Moreover, the Weyl transfrom
is an injective homomorphism of the algebra L'(V, d?"v) with the operation
*xp, into the algebra £ () of bounded operators on the Hilbert space 7.

5. Quantization

Here we consider the quantization problem of classical system (.7, {, }),
outlined in the beginning of Section 2.

5.1. Weyl quantization. The quantization of the classical system with
the phase space .# = R?" and the canonical Poisson bracket associated with
the symplectic form w = dp A dq can be described by the help of the Weyl
transform. Namely, consider the linear mapping

b — L(H)

of the subalgebra of classical observables of rapid decay % = . (R?") into
the algebra of bounded operators .Z (%) on the Hilbert space % = L?(R"),
defined by

A > [ W(FHf) € L),

where .# ! is the inverse Fourier transform,

FH ) v) = fu,v) = @2m)" [ f(p,q)eMPTVVd"qd"p.
R2n
Explicitly,
1
(2m)"

O(f)=W(f) = / f(u,v)S(u,v)d"ud"v.
R2n

The linear mapping ® is one-to-one. Its image and the inverse mapping are
described by the following
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LEMMA 5.1. For every f € & the operator ®(f) is of trace class and

f(u,v) =" Te(®(f)S(u,v)™ ).

PROOF. First, the operator ®(f) on L?(R") in an integral operator: for
every ¢ € L2(R"),

(( /K% q)d"q,

_iv(q+q’)

where

K(q,q

q’)
)e h d"p.

Since K € .7 (R"xR") C L?(R"xR"), the operator ®(f) is Hilbert-Schmidst.
To prove that ®(f) is of trace class, we first consider the case n = 1. Let

P2 2
g PT+e°
2
be the Hamiltonian of the harmonic oscillator with m = 1 and w = 1.

Operator H has a complete system of eigenfunctions

0=z o (35)

with the eigenvalues A(n 5 ,n =0,1,2.... The inverse operator H !
is Hilbert-Schmidt. Using integration by parts it is easy to show that the
operator ®(f)H is an integral operator with the kernel

1 02 2
5 <_ 8(]’2 + q/ ) K(Qa q/)a

which is a Schwarz class function on R?. Thus the operator ®(f)H is Hilbert-
Schmidt, so that the operator

©(f)=@(f)HH™

is of the trace class. Since {1,(q)}72, is an orthonormal basis for J# =
L?(R), we have

— Z Cmnwn (Q)wm (q/>7

m,n=0

where

Crmn, = / K(q,q")n(@)¥m(qd")dgdd
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and convergence is in the L?(R?)-topology. Since K € .#(R?), this series is
also convergent in the .7 (R?)-topology. Setting ¢’ = ¢, we get the expansion

K(g,9) = > contn(q)¥m(q),

m,n=0

convergent in the .(R)-topology. This allows to interchange the order of
the summation and the integration over ¢, and we obtain

(0.9} o0 00
Trd(f) = 3 ()b ton) = 3 un = / K (¢, q)dq.
n=0 n=0 >
The general case n > 1 is similar: consider the operator
P2 2
H= %Q

and use the fact that operators KH" and H™" are Hilbert-Schmidt. To
prove the formula

Tr®(f) = | K(q,q)d"q,
/

expand the kernel K with respect to the orthonormal basis {1« (q)Yx (d') }o—o
for L?(R™ x R™), where

wk(Q) :¢k1(Q1)¢kn(Qn)a k = <k17"'7kn)'
Using the explicit form of the kernel K, we get

1 F —ivq N, N _ =T F
//f(O,v)e d"vd"q=h""f(0,0).

Tre(f) = (2mh)™
R" R7

Finally, using S(u,v)™! = S(u,v)* = S(—u, —v) and the property
W(f)S(—u, —v) = W(]Eu,V>>
where .
fu,v(ul7V/) _ f(u + u’,v + V/)e%(v’u—u’v)7
we get the inversion formula. [

COROLLARY b5.1.

Tro(f) = (27r1h)” / f(p,a)d"pd"q.
R

2n

REMARK. Formally, the operator S(u,v) is an integral operator with
the kernel

jhuv

e 2 "95(q—q — hu)
(which could be properly understood by Schwarz kernel theorem), so that

2T

TrS(u,v) = ( - >n5(u)5(v).
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Thus (at a physical level of rigor)

Tro(f) = h_"/f(u, v)o(u)d(v)d ud"v = k=" £(0,0).
Rn

The linear mapping ® : oy — £ () which assigns quantum observ-
ables to (rapidly decaying) classical observables, is called Weyl quantization.
Clearly, it can be extended to the complex vector space of continuous func-
tions which are inverse Fourier transforms of the L' functions on R?*. More
generally, it follows from the explicit formula for the kernel K, that for
f € Z(R*) — the space of L. Schwarz (tempered) distributions on R*",
corresponding K € . (R™ x R™)’. Such kernels K correspond to linear oper-
ators from the Schwarz space . (R™) to the space of tempered distributions
< (R™)’". In particular, the constant function f = 1 corresponds to the iden-
tity operator I. In many cases, as the examples below show, Schwarz kernels
K correspond to an unbounded self-adjoint operators on 7 = L*(R"™).

ExampLE 5.1. Let f = f(q) € LP(R™) for some p > 1, or f be a
polynomially bounded function as |q|] — oo. Considered as a tempered
distribution on R?”,

~

fa,v) = (2m)"?5(u) f(v),
so that

Kla.d) = o [ fme 2

i
= 5(q — q)f(2L) = f(q)d(q — d).

This is the Schwarz kernel of a multiplication by f(q) operator on L?(R").
In particular, coordinates q in classical mechanics correspond to coordinate
operators Q in quantum mechanics. Similarly, if f = f(p) then ®(f) =
f(P). In particular, momenta p in classical mechanics correspond to the
momenta operators P in quantum mechanics.

EXAMPLE 5.2. Let
p?
h=—
5, tuld)
be the Hamiltonian function in classical mechanics. Then H = ®(h) is the

corresponding Hamiltonian operator in quantum mechanics,
H=—+v
S+ (@)

REMARK. The Weyl quantization can be considered as a way of defin-
ing, for f € 9, a function f(Q,P) of non-commuting operators P =

(P',...,P") and Q = (Q1,...,Q,) by setting
f(P,Q) = 2(f).
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In particular, if f(p,q) = g(p) + h(q), then
fP,Q) =g(P)+h(Q).
For f(p,q) = pq= plgi + - 4 p"qn, it is easy to compute

PQ+ QP
f(P,Q)=
so that Weil quantization gives a symmetrized form of the non-commuting
factors P and Q. In general, let f is a polynomial function,

fp,d)= > capp®d’,
lal,|BI<N
where for the multi-indices o = (a1, ..., ayp) and 8 = (61, ..., On),
p* =)™ ... ("™, " =g
and |o| =1+ -+ an, |Bl=01+ -+ Bn. Then
(f)= Y capSym(PQP),
lal,|BI<N
where the symmetric product Sym(P*Q”) is defined by
k!
k _ a B anf
(uP +vQ)" = Z —a!ﬁ!u v’ Sym(PYQP),
|af+]8|=k
with uP +vQ = ;P + - - - + up, P* + 0v'Q1 + - - - + v"Q,, and
! :@1!...Oén!, ﬁ' 51 ﬁn'

As another example, consider the pure state Py, where ¢ € 2, ||¢| =1
and find the classical observable f such that

O(f) = Py.
Since Py is an integral operator with the kernel ¥ (q)(q’), we get

, qu q)

o d"p = yY(qQ)Y(d),

so that introducing q; = quTq, q- = %, we get

F(2= v) = / bla + an)B(as — )V digs,

or

F(u,v) = i / bla+ Y(q - B)evagng,

Setting

q) |26iqunv7

f(u,v =

3 et
pluv) = i ey
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we see that in the classical limit & — 0 the pure state P, in quantum
mechanics corresponds to the mixed state in classical mechanics with the
density

p(p,q) = 6(p)|v(q)|*.

Corresponding probability measure du = p(p, q)d"pd™"q describes the clas-
sical state of the particle at rest (p = 0) with the coordinates distribution

[Y(q)|*d"q.

5.2. The x-product. As in Section 4.2, the assignment %(C S5 f —
O(f) € L(H) defines a new bilinear operation

wn s AC x AE — AC
by
fixm fa = @7 (@(f1)D(f2)),
or
firn fo=F (F7HH) *n F 1 (f2)) -

Explicitly, as it follows from the computation in Section 4.2,

(5.1) (fl*th)(pa(D:ﬁ/ /fl(ul,w)fz(uz,w)

R2n R2n
ih . .
e 2 (u1VQ—u2v1)—z(ul—i—ug)p—z(vl—i—vz)qdnuldandnvldnvz-

The *p-operation has the following properties.

1. Associativity
Jixn (faxn f3) = (fi *n f2) *n f3 for all  fi, fo, f3 € 4.

2. Semi-classical limit

h
(fixn f2)(P.a) = fi(p,q) f2(p,a) — %{fl, f2}(p,q) + O(h*) as h — 0.
3. Property of the unit
f*xp1=1%yf forall fe%c,

where 1 is the constant function equal to 1 on R?".
4. The C-linear mapping 7 : %C — C, defined by

1

T(f) = (%h)an f(p,q)d"pdq,

satisfies the cyclic trace property

T(fi *n f2) = T(foxn f1) forall fi, fo € S
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These properties imply that the complex vector space 42%1@ = %C ¢ C1
with bilinear operation xj is an associative algebra over C with a unit 1 and
the cyclic trace 7, satisfying the celebrated correspondence principle,

lim (fl*hfz—fz*hfl)—{fl f2} forall fi, fo € o .

The operation xj is called the x-product.
Properties 1, 3 and 4 immediately follow from the corresponding proper-

ties for the operator product. To prove property 2, it is sufficient to expand
th
2 (u1V2 u2v1) =1 §(U1V2 _ 112V1) + O( )

where the 0-term is uniform on compact subsets of R?”, and to use
Fluf(av) = ~ig (p.a) and F(vi(av) =ik (b.a)
Since fi, fo € .7(R?"), the estimate follows.
Next, consider the tensor product of Hilbert spaces,
L*(R*) ® L*(R*") ~ L*(R*™ x R*"),
and the unitary operator U; on L?(R?") ® L?(R?"), defined by

U;=e¢ Z2}1(3613(8)8(21)

where
0 0 "9 0
o0 % a2 39 © b
It follows from the theory of Fourier transform that for fi, fo € .7(R?"),

W/ /f1(111,V1)f2(u2’V2)

R2n R2n

(Ul(fl ® f2)) (p17 q1, P2, q2) -

ik
e 2 ujva— zulpl ZUQPQ zv1q1 zVQqunuldnu2ng1dn

Similarly, introducing the unitary operator Uy on L?(R?*") @ L? (RQ"),
_th(0 _ 0
we get
1 . .
(Uz(f1 @ f2)) (P1,41, P2, q2) = o / / fi(ur, vi) fa(ug, va)

R2n R2n

ih . . .
e 2 U2vi—iuipil1—tuzp2—1tviqi1—vaqQqz d”uld”ugdnvld”VQ

Introducing the unitary operator Up on L2(R2”) ® L?(R?"),
_ih
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and defining the linear operator m : @~ ®@ F — A= by®

(m(f1 ® f2))(p,a) = fi(p,q) f2(p, q);

we can rewrite the x-product in the following succinct form:

fi*n fo=(moUp) (f1 ® f2).

Now remembering that the canonical Poisson bracket on the phase space
R?" has the form

and introducing the notation

0 0 0 0 H? 0?2
{$}=5-0 50— 520 5 - 7
dp ~dq Oq Op Opidqy 0qi0ps

we get for all fi, fo € %(C,

P1=p2=pP .
qi1=q92=9

(5.2) (f1*rn f2)(P,a) = (6_%{ 7 }fl(p17Q1)f2(anQZ)>

The formula (5.2) for the x-product is equivalent to (5.1). Its has an advan-

ih
tage of formally expanding the exponential e 215 o get an asymptotic
expansion of the x-product as h — 0. Namely, for £ € N define the bidiffer-
ential operators

By, : Z(R*) @ & (R*") — & (R?")

by By = mo{ ® }¥ and set By = m — the point-wise multiplication of
functions. Repeatmg the proof of property 2 and expanding the exponential

e 2 (u1V2 usvi)

function into Taylor series, we obtain the following result.

LEMMA 5.2. For every f1, fa € 4, there is the asymptotic expansion

oo

(f1*n f2)(P,q) Z

k=0

kky Bk (f1, f2)(p,q) + O(R™®) as h— 0,

.e., for every N € N the exists C > 0 (depending on p,q and functions
f1, f2) such that

Bk (f1, f2)(p,a)| < CRNTL.

N
(f1*n f2)(P; ) Z

k=0

2’%'

8This is the definition of the point-wise product of functions as a restriction on the
diagonal in the tensor product.
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Finally, let us obtain another integral representation for the x-product.
Consider again formula (5.1) and apply Fourier inversion formula to the
integral over d”uld"vl We obtain

(f1*n f2)(P>q)

) Bvo,q+ 5 112)f2 (ug, vo)e 2P TIV29 iy, vy

//fl — Bvy, g+ Luy) f2(p2, q2)

R2n R2n

e—ZUQp—ZV2q+ZUQp2+ZV2q2 ananq2dnu2dnv2'

Introducing new variables

h

h
Pl—p—§V2, Q1—Q+§U27

W/ /fl(Phq2)f2(pz,q2)

R2n R2n

we obtain

(f1*n f2)(P,a) =

21
¢ 7, (P1A—Pd1+d1P2—q2P1+PA2—P2q) d"prd"qy d"pad™qy.

Consider now Euclidean triangle A in the phase space R?" (a 2-simplex)
with the vertices (p,q), (p1,q1) and (p2,q2). It is easy to see that

P1d — P41 +d1P2 — q2P1 + Pg2 — P2q = 2/w
A

which is twice the oriented area of a triangle for n = 1. For n > 1 this is
twice the symplectic area of a triangle A — the sum of oriented areas of the

projections of A onto two-dimensional planes (pl,q1),..., (p", g,). Thus we
have the final formula
4i
1 wl
(f1 *n f2) (P, @) = (rh)2n f1(P1,az2) f2(p2; az)e
R2n R2n
d"p1d"q1d"p2d"qa.

5.3. Deformation quantization. We start with an elementary intro-
duction to the deformation theory of algebras. Let A be a C-algebra (or an
associative algebra with unit over any field k of characteristic zero) with a
multiplication map

m: ARc A— A.

Here ®c stands for a tensor product of vector spaces over C. Let C[[t]] be
a ring of formal power series in the variable ¢, i.e.,

Cl[t]] = {iznt”zn € (C},
n=0
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and let

Ay = Cl[t]] ®c A
be the C[[t]]-algebra of formal power series over A (formal power series in ¢
with coefficients in A). The multiplication in A; is a C[[t]]-linear extension

of the multiplication m in A, which we continue to denote by m. For a,b € A
(or in A;) we also denote ab = m(a ® b). The algebra A; is Z-graded,

o
- @ An7
n=0
where A,, = t"A, so that A,,A,, C Apmin.

DEFINITION. A deformation of the C-algebra A is a pair (A, my) with
a C[[t]]-linear map

my @ Ay @c Ay — Ay,
satisfying the associativity property
my o (my @c id) = my o (id @c my)
(as mappings from A; ®c A; ®c A; into Ay), and such that
mt|,4®@,4:m+tﬂ1+t2/l2+---a
where 1, : A ®c A — A are C-linear mappings, n > 0.

DEFINITION. Two deformations m; and m} of the C-algebra A are equiv-
alent, if there is a C[[t]]-linear mapping F} : Ay — A; of the form

Fila=id+tfi+t2fo+..
where f, : A — A are C-linear mappings, such that
Ftomt my © (Ft ®(C Ft)

The mapping F; with the property fo = id is a C[[t]]-modules isomor-
phism, so that the equivalence of deformations is an equivalence relation.

The C-linear mappings pu, should satisfy infinitely many relations ob-
tained by the expanding the associativity condition

m¢(a, m(b,c)) = my(me(a,b),c) forall a,b,ce A

into the formal power series in t. The first two of them, arising from com-
paring the coefficients at powers ¢t and t?, are

H1 (CL, bC) +ap (b7 C) = H1 (ab7 C) + p1 (CL, b)C
ILLQ(a7 bC) + CL,LLQ(b, C) + H1 (aa M1 (b7 C)) - :u2(ab7 C) + :UJQ(av b)C + p1 (,LL1 (av b)> C)7

and in general

apn (b, ¢) — pin(ab, ¢) + pn(a, be) — pn(a, b)c

—1
Z tj (pn—j(a, b), c) — pj(a, pin—j(b; c))) .
7=1
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For the proper algebraic interpretation of these equations one needs to in-
troduce the notion of Hochschild cohomology.

Let M be A-bimodule, i.e., M is left and right module with respect to
the C-algebra A.

DEFINITION. Hochschild cochain complex (C*(A, M), d) of a C-algebra
A with coefficients in A-bimodule M is defined by the cochains C"(A, M) =
Homg (A®", M) and the differential d,, : C*(A, M) — C*"T1(A, M),

n
(dnf)(a1, a2, ... an41) = a1 f(ag, ..., ant1) + Y (=17 f(ar, ... a5a541,. .. ans
i=1

+ (—1)"+1f(a1, R T

It is clear that d?> = 0, i.e., dp+1 0 d, = 0. The cohomology of the
Hochschild complex (C*(A, M), d) is called Hochschild cohomology and is
denoted by H*(A, M),

H"(A, M) =Xkerd,/Imd,_;.

The simplest non-trivial example of A-bimodule is M = A with the
left and right actions of A. It follows from the associativity equations that
p1 € C2(A, A) is a Hochschild 2-cocycle, dap; = 0, and

n—1

(dan)(a.b,) = 3 (15 (ptn—3(a.b), ) — i a, s (b))

J=1

It turns out that the right-hand side of this equation defines another op-
eration on Hochschild cochains for the case M = A. Namely, for f €
C™(A,A),g € C"(A, A) set

(f o g)(al, cee 7am—|—n—1)

—

m

- Z (_I)Jf(ala S 7ajag(aj+17 ) aj-l-n)a Ajtn41y-- - am+n—1)7
§=0
and define

[frgle=fog— (- g0 .
The linear mapping [, | : C"(A, A) x C*(A, A) — C™T~1(A A) is called
the Gershtenhaber bracket and it defines the structure of a graded Lie dif-
ferential Lie algebra on C*(A.A). In terms of Gershtenhaber bracket, the
associativity condition can be written succinctly as

dm; = %[mt —m,my — mlg.

This gives the way of solving this equation. Suppose we already solved it

mod t", starting with the case n = 1. Then it can be shown that the right-
hand side mod t"*! is always a Hochschild 2-cocycle and we need to ensure
that it is zero in Hochschild cohomology.
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Now we will concentrate on the case when the C-algebra A is commuta-
tive, and let A; be a deformation of A. Define { , } : A x A — A by

{CL, b} = Nl(aa b) o Nl(bv CL), a, be A

LEMMA 5.3. Any deformation A; of a commutative C-algebra A equippes
A with the structure of a Poisson algebra with the Poisson bracket { , }.

PROOF. First, consider the equation duq(a,b,c) = 0. Subtracting from
it the equation with a and c interchanged and using the commutativity of
the product in A, we get the following equation for the 2-cochain { , }:

{ab,c} — {a,bc} = a{b,c} — c{a,b}.
Interchanging b and ¢, we get

{ac,b} — {a,bc} = a{c,b} — b{a,c},

and interchanging a and ¢ in this equation we obtain

{ac,b} — {c,ab} = c{a,b} — b{c,a}.
Now adding the first and third equations and subtracting the second equa-
tion we obtain

{ab, c} = a{a, c} + b{a, c},
so that skew-symmetric 2-cochain { , } satisfies the Leibniz rule. To prove
the Jacobi identity, observe that

b—b
{a,b} = axt " %9 hod t,

where we have set my(a,b) = ax; b. Using that the product ; is associative
modulo t? (which is expressed by the equation djg = %[,ul, tla), we get

({a, b}, e} + {{c,ad, b} + {{b,c},a} = tlz <(a xrb— b a) %

—C k¢ ((l*tb—b*t a)—l—(c*ta—a*t C)*tb—b*t (c*ta—a*tc)

+(bktc—cxeb)*xpa—ak (bkgc—cxy b)) mod t = 0.

This result motivates the following

DEFINITION. A deformation of the Poisson algebra (A,{ , }) with the
commutative product m : A ® A — A, m(a ® b = ab, is an associate
algebra A; over C[[t]] with the C[[t]]-linear product m; : A @ Ay — Ay,
m¢(a @ b) = a* b, such that for all a,b € A

1.
a*; b= ab mod tA;

a*tb—b*ta
t

= {a,b} mod tA;
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a*tlzl*ta:a.

The Weyl quantization provides the example of a deformation of the
Poisson algebra of classical observables on the phase space .# = R?" with
the canonical Poisson bracket. The algebraic nature of the Weyl quantiza-
tion is revealed by the following

THEOREM 5.1 (Universal deformation). Let A be a commutative C-
algebra and let p1,ps € Home (A, A) be two commuting derivations of A,
€., V1,92 satisfy Leibniz rule and

P1O P2 = P20PL1.

The {a,b} = @1(a)p2(b) — p2(a)pi(b), a,b € A, is a Poisson bracket and
the deformation of the Poisson algebra (A,{ , }) is given by the universal
deformation formula

my = m o e!P18¥2,

PRroOOF. It is sufficient to verify the associativity of the product my,
since the properties 1-3 are obvious. Let ® = o1 ® 2 : AR A — A and let
A: A— AR A be the coproduct map,

Ala)=a®1+1®a, acA

The coproduct map extends to a C-linear mapping from Homc(A4,.4) to
Hom(c(A®2, A®2), which we continue to denote by A,

Alp) =p®id+id®p, ¢ € Home(A, A).

For a,b € A set ax b = my(a ®b). It is sufficient to verify that for all
a,b,ce A,

(5.3) a*; (bxec) = (a*b) * c.

It follows from Leibniz rule that a derivation ¢ of A satisfies the following
identity in Ay,
¥(ab) =m (e(a®D)).

Thus we obtain,
a*¢ (bxc) = m(etq)(a ®@ m(e t@(b ®c))))
= (m o (id@m))(e1eN@) 9% (4 0 b @ ¢))
= (m o (id @m)) (eI 0 b @ o)),

where we have also used commutativity of ¢ and 9. Similarly,

(a* b) % ¢ = (m o (m @ id))(eHASIN@)HISI (4 & b & ).

Since mo (id ®m) = mo (m ®id) due to the associativity of the product m,
it is sufficient to prove that

A®id)(D) + @ ®id = id ® A)(D) + id @,
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which reduces to the identity

(p1®id 4+ id ®p1) ® P2+ 1 @ Y2 Rid = Y1 ® (P2 ®id +id Rps) +id VY1 ® pa.
U]






CHAPTER 3

Schrodinger Equation

To be completed during the semester.

1. General properties
The Schrodinger operator is defined the formal differential expression
H=-A+v(q).

Here we present general conditions on the potential v(q) guaranteeing that
has a unique extension to a self-adjoint operator on the Hilbert state 7 =
L?(R™), i.e., when H is essentially self-adjoint. In this case we, slightly
abusing notations, will continue to denote the closure by H. We know that
self-adjointness is a fundamental property of quantum observables. Unique-
ness of the self-adjoint extension is also fundamental: there are no physical
principles distinguishing between different extentions (which exist if the de-
fect indices of H are equal and non-zero). We also will present different
criteria for the absence of the singular spectrum of H, for the spectrum to
be purely discrete and other possibilities.

1.1. Self-adjointness. First we consider the case when v is a real-

valued measurable locally bounded function on R"”, ie., v € LS (R", R).

The operator H defined by the formal differential expression, is symmetric
on Cg°(R™) C 4, and we are interested in sufficient conditions for H being
essentially self-adjoint. The simplest one is stated as follows.

THEOREM 1.1. If v(q) is bounded from below, v(q) > C' for almost all
q € R”, then H is essentially self-adjoint on 2.

In fact, a much more general statement holds.

THEOREM 1.2 (Sears). Suppose that the potential v(q) for all @ € R™
satisfies the condition

v(q) > —Q(|al),

where Q(r) is an increasing continuous positive function on R>q such that
> dr

0 /Q(r) -

Then H 1is essentially self-adjoint on ¢ .

89
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1.2. Discreteness of the spectrum. The simplest result is the fol-
lowing statement.

THEOREM 1.3. Suppose that

lim v(q) = oo.
lal—o0

Then operator H has a point spectrum, i.e., there exists an orthonormal
basis {1y tnen for F consisting of eigenfunctions of H,

Hy, = E b, n € N.
2. One-dimensional Schrodinger equation
3. Angular momentum and SO(3)
4. Two-body problem
5. Hydrogen atom and S0(4)

6. Semi-classical asymptotics



CHAPTER 4

Path Integral Formulation of Quantum Mechanics

1. Feynman path integral for the evolution operator

Here we develop another approach toward Schrodinger equation

dw_
thagr = HY

(see Chapter 2, Section 1.4). Namely every solution of the initial value
problem

()lt 0=

for the Schrédinger equation (assuming ¢ € D(H)) can be written in terms

of the evolution operator U(t) = e R g Y (t) = U(t)y. Choosing coordi-
nate representation (see Chapter 2, Section 2.1.2) and assuming that U(t)
is an integral operator with the kernel K(q,d,t), we can write

Y(d,t) = - K(d,t';q,t)¥(q,t)d"q,
where K(q',t';q,t) = K(q',q,T) and we have set T = t' — t. The function
|K(q',t'|q,t)|? has a physical meaning of the conditional probability distri-
bution of finding quantum mechanical particle at @’ € R™ at time ¢’ provided
the particle was at q € R” at time ¢t. Our goal is to give a representation
for the propagator.

Of course, when the spectral decomposition of the Hamiltonian operator
is known, the propagator can be obtained in a closed form. Suppose, for
simplicity, that H has a pure discrete spectrum, i.e., there is an orthonormal
basis of the Hilbert space # ~ L?(R", d"q) consisting of the eigenfunctions
{Yn(q) }nen of H with the eigenvalues E,,. Then for

Y(aq) = i cnton(q)
we have -
U@ =3 e FTen(a)
Thus "~
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where all the series converge in L? sense. If the change of orders of summa-
tion and integration was justified, we could write

(1.1) K(d,t;q,t Ze nET% (q@)¢n(q

\_/

This is what happen in many cases and the series (1.1) converges in the
distributional sense, thus providing a representation for the propogator in
terms of the spectral decomposition of H. Similar representation exists
when Hamiltonian H has continuous spectrum. In general, the integral
kernel K (q,q’,t) of the evolution operator is the fundamental solution of the
Schrodinger equation, considered as a partial differential equation. Namely,
when
H = 5 +0v(Q),
then in coordinate representation K(q,q’,t) satisfies the Schrodinger equa-
tion
0K h?

with the initial condition

(1.3) K(a,q,t)],_y = 0(a — d),
where
A = “
=1 8(]12

is the classical Laplace operator (minus of the Laplace operator of the Eu-
clidean metric on R™).

It is remarkable that one can get another representation for the propa-
gator in terms of the corresponding classical system. We start with the case
n = 1 and consider

1.1. Free particle. It is easy to give an explicit representation for the
propagator of the free particle. Namely, using explicit representation for the
solution of the Schrodinger equation we get

U(d,t)

qp—272n /) N . > Il
¢— D(p, t)dp = / (5.0 0,

where

1 o0 (p(q —q)— T)
(1.4) K(d,t';q,t) = QM/ dp.
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Using the Gaussian integral

. .
o2 _m T

/ e " dr=e 4\/j, a >0,

o a

(understood as analytic continuation in the distributional sense, or, which
is equivalent, as limpso f|q| < R), we obtain

m im(q—q')?
e 2hT
2mihT’

Thus the propagator for the free quantum mechanical particle on R is ob-
tained from the heat kernel on R (with respect to Euclidean metric) by
analytic continuation 7"+ ¢7T" to “imaginary time”.

(1.5) K(q',t'5q,t) =

1.2. Path integral in the phase space. No such simple formula ex-

ists for a propagator of the quantum particle in a potential v(q). Indeed,
2

P
H = A+ B, where the operators A = - and B = v(Q) no longer commute,
m

so that e!A+B) £ ¢i4¢iB  However, there is a way of expressing the expo-
nential e?A+5) in terms of the individual exponentials e*4 and e*Z, given by
the Trotter product formula.

THEOREM 1.1 (The Trotter product formula). Let A and B be self-
adjoint operators on F€ such that A+ B is essentially self-adjoint on D(A)N
D(B). Then fory € 2,

€i(A+B)?,D — lim (ez’A/neiB/n)nw'

n—oo

PROOF. When A, B € #(J), this is the classical theorem of S. Lie.
Namely, set C), = e/4A+B)/" and D,, = ¢!4/7¢iB/" Then
n—1
Cp—Dp=> Cp*(Cy — Dyn)DJ.
k=0

: c
Since ||Cp, — Dyp|| < — for some constant ¢ > 0, we have
n

C
Iz - Dyl < <,

and the result follows (with the convergence in the uniform topology). For
the proof of the general case, see Reed and Simon, v. 1. [

Using the Trotter formula, we have (in the strong operator topology)

e HTH — lim (6_%A e_iATtB)n AT _t—t

n—oo n n

1AL
In the Schrodinger representation the operator e  h Bisa multiplication by
i iAt
e~ RV@AY operator, and the integral kernel of the operator e~ & “ is given
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by (1.4), where T is replaced by At. Thus the integral kernel of the operator

1AL 1AL
e h e R Bis given by
1 > % (p(Q’—q)— (5—2%((1)) At)
™ — o0

As the result, we obtain the representation of the propagator of quantum
mechanical particle as the limit of multiple integrals,

(1.7)

. n—1
(4
K(q',t5q,t) = Jg’go/ /eXp {73 > (a1 — ax) — h(pk7Qk)At)}
k=0

RQn 1

n—1

dpo dprdg

2mh 2mh '
k=1

2

Here h(p,q) = 2p_m + v(q) is the corresponding classical Hamiltonian func-

tion, and qo = ¢, gn = ¢'.

This formula admits a remarkable interpretation which which exhibits
the deep relation between quantum and classical mechanics. Namely, to
every point (pg, D1, .-, Pn-1,q1s---,qn-1) € R?"! assign a piece-wise linear
curve o : [t,t'] — R%2 x R by o(7) = (p(7),q(7),7), 7 € [t, ], defined by

dividing interval [¢t,#'] into n subintervals [tx, t11] of length At, and setting
dk+1 — 9k
p(T) =pk, A7) =aqr+ (T —tp)——,

tht1 — tk

for 7 € [tg,txs1], where tg = t1 and ¢, = t’. Then (provided that v(q) is
Riemann integrable) we have

1

(Pe(qet1 — ar) — h(pr, qi) At) = A(o) + o(1)
0

3
|

e
|

as n — 0o, where S(o) = / (pdq — hdt) is the action functional of the clas-

g
sical system with the Hamiltonian function h(p,q) (see Chapter 1, Section
1.5). Following Feynman, we rewrite representation (1.7) in the following
form:

(1.8) K(q,t;q,t) = / 75 Pp 9.
Qq/t/

Here ﬂgfi/ = Q(T*R xR, q,t,q,t') is the space of all admissible paths in ex-
tended phase space T*R x R connecting points (¢,t) and (¢’,t’) (see Chapter
1, Section 1.5), and ZpZq “symbolizes” the “measure” on the path space
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of Q&Y

ot » naively defined as

dpo v ( dpredar
7p7q = nh—>nolo 2mh P ( 2mh ) ’
by “approximating by piece-wise linear paths” introduced above.

Of course, correct mathematical meaning of formula (1.8) is just (1.7).
Still, the form (1.8), called Feynman path integral in the phase space provides
a profound interpretation of the quantum mechanical propagator K (¢',t', q,t)
as an “average” of the exponential of % x classical action functional over all
admissible paths in the extented phase space connecting (q,t) and (¢’,t').

Of course, “integrating” over smooth paths is rather naive; in cases when
we make a precise meaning of Feynman path integral (when the time differ-
ence T = t' — ¢ has a non-zero positive imaginary part) the corresponding
measure will be supported on the set of nowhere differentiable paths.

1.3. Path integral in the configuration space. We can remove the
integration over p in (1.6) by using Gaussian integral (1.5). The resulting
expression

n2
(1.9 K tsa.t) =t (5om)" [ ]

n—00 QWhZAt
Rn— 1

exp{gZ (2 =) v(qwm)}nﬂlqu

admits the following interpretation as Feynman path integral in the config-
uration space. Suppose that there exists a smooth path ~ : [¢,t'] — M such
that (t) = q,v(t") = ¢’ and y(tx) = g for remaining k = 1,...,n—1. Then

( (u> —v<qk>At> -/ " L)+ of1),

-2
where L(q, §) = % — v(q) is the Lagrangian of the corresponding classical

M

system. Thus as before, we can interpret (1.9) as

(1.10) K(q\t'5q,t) = / i I e g

a(t")=q¢

q(t)=q
where now the “integration” goes over the space of paths Q(R, ¢, t;¢',t') in
the configuration space R connecting points ¢ and ¢’ (see Chapter 1, Section
1.2), and 2q “symbolizes” the “measure” on the path space, naively defined
as

7q = Jim, (%tht)n/Q H Tk
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by “approximating by piece-wise linear paths”. Again, correct mathematical
meaning of (1.10) is given by (1.9).

Heuristically, the Feynman path integral (1.10) in the configuration
space is obtained from the Feynman path integral (1.8) in the phase space
by “evaluating the Gaussian integral over Zp”:

/ exp{%/tt/ (mqu—v(q)> dT} Pq

q(t")=q
q(t)=q

= / exp {% /tt/(pq — h(p, q))dT} Pp9q.

Q(g,t;q't")

1.4. Harmonic oscillator. By definition, Feynman path integral is a
limit of multiple integrals with the number of integrations tending to infinity,
so it does not seem to be very practical. However, Feynman integrals play
a profound role in formulation of quantum mechanics and can be computed
exactly in several cases.

Obviously, Feynman path integral for free particle gives the same answer
(1.5) for the propogator. This is because in this case Trotter product for-
mula reduces to e = (e/™)", which is valid for all n. The first nontrivial
example is provided by the harmonic oscillator — the classical system with

m(¢® — w?q?)

the Lagrangian L(q, ) = . In this case the (n—1)-fold integral

in (1.9) is Gaussian and can be computed exactly.
Namely, start with the basic formula of the Gaussian integration

7)™/
(1.11) /exp {— <A(;’ 9D | p, q>} d'q = % exp{(A~'p, p)},

RTL

where A is positive-definite symmetric n x n matrix and ( , ) stands for the
standard inner product in R™. By analytic continuation, the formula remains
valid when A = iB, where B is positive-definite and symmetric. In this case

the integral is understood in the distributional sense as limp_. f||q||< R

where ||q|> = (q,q), and Vdet A = ¢"™/*\/det B. For the harmonic oscil-
lator,we apply (1.11) with the following thrice-diagonal (n — 1) x (n — 1)
matrix

2 — (wAt)? —1 0 0 0

—1 2 — (wAt)? —1 0 0

g m 0 —1 2 — (wAt)? 0 0
AL |

0 0 0 2 — (wAt)? ~1
0 0 0 —1 2 — (wAt)?
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and o
q
0
m n—1
P=3nAt |- R
0
q/

Using mathematical induction, it is easy to compute that

n—1 gj 0
det A = (Z};Zt) SSHIQTT; where 2 — (wAt)? = 2cos#,
and
i —1)6 m sin 0
A1 ___m sin(n 2 ’2 /
(47p.p) 2thAt  sinné (" +a7)+ ihAtsinng 1

Using that § = wAt + o(1) as n — oo, we get

, 2 (2m) 2 im(q® +q'?) _
K / t/, t — 1 < m >2 ( A 1
(¢t q,t) = lim ST AL moq O N +(A7"p,p)
B mw 1w 9 /9 B p
(1.12) _\/2m’hsian eXp{thian ((q Ta )cosz 2qq)}.

Thus we obtained a closed expression for the propagator of harmonic
oscillator. It is instructive to compare it with the series (1.1). Using the ex-
plicit representation for the wave functions v, (q) of the harmonic oscillator
in terms of the Hermite polynomials (see Chapter 2, Section 3.1), we get the
series

— 5 (%44’ 2)—iwT (2n+1)}
w w
K(d\t5q.t) =/ — Z ST Hn(\/ﬁQ>Hn<\/%Q>

which converge in the distributional sense. Setting x = ,/%q,y = @/%q'

and z = e “(’=1/2 and comparing with (1.12), we obtain
2 2" B 1 2ryz — (22 + y?) 22
nz::o gt (V) = Ty exp { 1 — 22 '

When |z| < 1, this is classical Mehler identity from the theory of Hermite
polynomials. Two ways of computing the propagator of the harmonic oscil-

lator give a proof of this identity, in the distributional sense, for |z| = 1.

k
Expression (1.12) becomes singular when sinw7 = 0, i.e., when T' = T}, = =,
w

oo
The eigenvalues of the evolutlon operator U(T},) are e ™ *("+3) 56 that when

k is even U(Ty) = e~ 5 I, and

K(¢' t+ Ty q,t) =€ 2 d(g—q').
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For odd k& we have

7 ik
e—ﬁHTk — 6_7 Z(_1>HPR7

n=0
where P, are projection operators on the eigenspaces Cv,, of H. Since
H,(—q) = (-1)"H,(q), we have in this case
ik
K(¢',t+ Tk q,t) =€ 2 0(g+q).

1.5. Several degrees of freedom. In general, consider the classical
mechanical system (M, L). At a physical level of rigor, its quantization
is described by the propagator K(q',t’;q,t) given by the Feynman path
integral in the configuration space,

(]_]_3) K(q/,t/;q’ t) — / e%ftt L(q’q)dqu,
q(t')=q’
q(t)=q
-9

For the case when M = R"™ and L(q,q) = % —v(q), the mathemati-

cal meaning of (1.13) is the same as (1.10): it gives the representation of
2

P
the propagator for a quantum Hamiltonian H = o + v(Q) as the limit of
m

multiple integrals using Trotter product formula. In general, this formula
serves as a heuristic tool which enables, in some cases, to understand what
a quantization of a classical system (M, L) should be.

Analogously, for a Hamiltonian system with the phase space .#Z = T*M
with the canonical symplectic form w = dp A dq and a hamiltonian function
h, its quantization is described by the propagator K(q',t’;q,t) given by the
Feynman path integral in the phase space,

(1.14) K(d,t;q,t) = /e%fa(pdq_hdt)@p@q.

Here ngi/ = Q(T*M xR, q,t,q,t") is the space of all admissible paths o in
T*M x R connecting points (q,t) and (q’,t') (see Section 1.5). Again, when
2

A = T*R™ and h(p,q) = 2p_ + v(q), the precise mathematical meaning
m

of (1.14) is the same as (1.8): it gives the representation of the propagator
2

for a quantum Hamiltonian H = - + v(Q) as the limit of multiple inte-
m

grals using Trotter product formula. In this case formulas (1.13) and (1.14)
are equivalent. We note that for Lagrangian functions R™ which are not
quadratic in q the formulas eqreffeynman-several-config and (1.14) are not
necessarily equivalent.

In general, this formula serves as a heuristic tool which enables, in some
cases, to understand what a quantization of a classical system (.Z,w,h) is.
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This is a very non-trivial problem, especially when the phase space . is a
compact manifold.

1.6. Path integral in the holomorphic representation. Let H(Z, z)
be the Wick symbol of a Hamiltonian operator. Here we find a formula for

it

the symbol K;(Zz, z) of the evolution operator Uy = e~ nH . Tet Un; be the
operator with the Wick symbol e~ HE2) | We have

Ut = lim (0At)N.
N—oo
Using formulas for the composition of Wick symbols, we obtain the following
representation for the Wick of the evolution operator:

t
Ui(z,2) = / exp {/ (aa —iH(a,a))dr + Za(t) — Zz} YaPa,
a(t)=z 0
a(0)=z
which is the Feynman path integral in holomorphic representation. Using

relation between the trace and Wick symbols we obtain that in Euclidean
time

Tre~TH — / exp { /O "6a— i, a))dT} PaTa.

a(0)=a(T)
a(0)=a(T)

2. Gaussian path integrals and determinants

2.1. Free particle and harmonic osicllator revisited. It turns out
that formulas (1.5) and (1.12) for the propagators for the free particle and
harmonic oscillator admits a very nice interpretation which shows the im-
portance of Feynman path integrals.

2.1.1. Gaussian integral for the free particle. We know that for the free
quantum particle

im(qg—q')* im .
(21) KfTee<q/, t/; q, t) — 27:;”;11_’ e 20T — / eﬁ ftt q2d79q
q(t")=q'
q(t)=q

Here we will establish this formula differently by computing the Feynman
path integral as if it was defined independently of the limit as n — co. Let

¢ —q
qu(T) =q+ (1 —1) T T=t —t,

be the classical trajectory connecting points ¢ and ¢’. For any other path
q(7) connecting these points we set q(7) = qq(7) +y(7), where y : [t,t'] = R
satisfies y(t) = y(¢') = 0. Since the classical trajectory is the extremal of
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the action functional (see Chapter 1, Section 1.1) and for the free particle
this functional is quadratic, we have

S(g) = | Zd'dr = Sa+S(y).
t
Here S, = S(qq) is called the classical action and is given by
c 2 N2
mdel m(q—¢')
Sy = dr = —— .
d= ) T T o T

Assuming (which is quite natural) that under the “change of variable” ¢ =
qe + y we have Yq = Yy, we can rewrite the Feynman path integral as

i im ot .
Kpree(d't'5q,t) = eh™ / can i T g,

y(t')=0
y(t)=0
ig im(g—q')? ) .
Remarkably, eh”t = e 2RT ~ — the exponential factor in the propagator

for the free particle. The remaining path integral does not depend on ¢ and
¢’ and, as we know, coincides with the prefactor in (2.1).
Another, more “profound” way to interpret this result is the following.

Let A be the self-adjoint operator on L?([t,#']) defined by the differential ex-
2

d
pression o3 with Dirichlet boundary conditions y(t) = 0, y(t') = 0. Then
T
for any real-valued, absolutely continuous function y(7) satisfying Dirichlet
boundary conditions and such that y, 7 € L?([t,t]), we have by integrating

by parts

t/
(Ay,y)r2 = / g dr.
t

Thus the “integrand” in the path integral

/ e s v gy,

y(t')=0
y(t)=0

can be interpret as the quadratic form of the operator A and, in accordance
with (1.11) it natural to expect that this Gaussian path integral is propor-

tional to . Of course, we need to understand what we mean by the

ﬁH
BN

et
determinant of a differential operator. Clearly, it should be defined by some

regularization of the divergent product [[72; A,, where A, are eigenvalues
of A.

The most convenient regularization is given by considering the operator
zeta-function. Namely, let A be a non-negative self-adjoint operator on the
Hilbert space s with pure discrete spectrum 0 < Ay < Ay < ... such that
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for some o > 0 the operator (A + I)~¢ is of trace class. Then the zeta-
function (4 (s) is defined for Re s > « by the following absolutely convergent

series
1
CA(S) = Z )\_8

An>0 " T

Provided (4(s) can be meromorphically continued to the larger domain con-
taining s = 0 and is regular at this point, we define the regularized deter-
minant by

det’ A = e6a(0)

Here (’;(s) stands for the derivative with respect to s, and the prime on
det symbolizes that we omit zero eigenvalues. We will also use convenient
notation

det’A = T M.
An>0

where the prime indicates that the infinite product is regularized by the
operator zeta-function.
Since Cea(s) = ¢ *Ca(s) for ¢ > 0, we get

det’cA = ¢4 det/ A,

so that (4(0) plays the role of “regularized scaling dimension” of the Hilbert
space J¢ (with respect to the operator A). When dim¢ 5 = n < oo and
A >0, then (4(0) =n and ¢4(0) =log A1 + - - - + log A, so that we recover
the usual definition of det A.

This outline works for the general case of elliptic operators on compact
manifold M. Here we will be dealing only with the cases when M = [t,t] or
M = S! and will prove all the statements above. The case of free particle

provides the simplest example. Indeed, the corresponding eigenvalues are
TN\ 2

Ap = (7) and we have

T 2s
— (= 2
)= (1) ¢tz
where ((s) is Riemann zeta-function. Using classical formulas ((0) = —3
and ¢’(0) = —2 log 27, we obtain
1 , T
(2.2) Ca(0) = -5 and (% (0) = —log — — log2m = —log 27.
T

2
Thus for the operator A = —3on the interval [t,¢'] with Dirichlet bound-

T

ary conditions we have

(2.3) det’A = 2T.
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The formula

m et’ 9 m
2h Je VT g —
/ c Y=\ 2minT
y(t')=0
y(t)=0

is in agreement with the intepretation that Gaussian path integral is pro-

1 m
. The coefficient of proportionality 4/ — is determined
Vdet' A \ wih

by comparison with the definition of the path integral as a limit as n — oc.
2.1.2. Gaussian integral for harmonic oscillator. The propagator for har-
monic oscillator

portional to

mw mw
K / t/' t) = T o 2 /2 T —9 /
oseld; 154:1) \/2m’h sinwT’ P { 2hsinwT ((q e ) cosw 4 )

. !
m )
= / exp —/ (q2 — w2q2) dr » Yq
2h J,
q(t")=q’
q(t)=q
admits similar interpretation. Indeed, solving classical equations of motion
we readily compute that
1MW
d— 5 . m
2sinwT

and we would have

. t/

m .9 2 9 m

vm _ dir\ogy= |—"
/ eXp{zh/t " =) T} Y7\ wihdet A

y(t')=0
y(t)=0
where A, is the self-adjoint operator on L2[t,t'], defined by the differential

2

expression ——x
2

((q2 + q'2) coswl' — 2qq’) ,

— w? with Dirichlet boundary conditions. The interpration

2sinwT
holds provided we can show that det’'A,, = ity

w
It is easy to get convinced that it is indeed the case. The eigenvalues of

™ 2
A, are \y(w) = (=) —w?, and (provided 0 is not an eigenvalue for A,)

we have the following heuristic computation, which goes back to Euler:
det’ A, A\, (w = Ww2T? sin wT
AL H W) _ H l-—=5)= :
det'dg =4 An(0) -4 Tn wT
The claim would follow since we already know that det’ Ag = 27T".

For the rigorous derivation, it more convenient to consider the operator
A, for w € R> since it is positive-definite.

LEMMA 2.1.
sinh w71’

det’'A;, =
© wT
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PROOF. Denoting (i, (s) = (a,, (s), we have for Res > 1,

1 X o e _mn? o dy
Ciw(s):m/o ey e T " —

n=1
1 * 2ra(TTN dT 1
: ()t
T (s) /O c 72) % T T 9
where
Iz) = e~
nez

is Jacobi theta series. Using Jacobi inversion formula

0, <é) = vz i(x), x>0,

we get the following representation

1 T > > T\ ,_ldz
Ciw(s):_2w8+2\/_I‘( )/ 19(7‘(':12):6 2?

1 TT(s—3) N T /OO _wzxi  n2T? sLde
T o/ IT(s) T Val(s) Jy € © 0

1 TF(S——) T e nT\* 2
Aty =ik D Gy I

o
Ks(sc):/ e~ w(utu™)ys o x>0,
0

is Macdonald’s K-function (modified Bessel function). Since for Ky(z) =
O(e™™) as x — oo, for every s € C, uniformly on compact subsets, repre-
sentation (2.4) establishes meromorphic continuation of (;,(s) to the entire
s-plane with simple poles at s € —% + Z>p. Since limg_,osI'(s) = 1, we
obtain (;,(0) = —3. Using classical formulas

and I'(3) = /7, we also obtain from (2.4)

00
1
qz{w(o) = logw —wT + Z ﬁe_anT

= logw — wT —log(1 — e~ 2¢7T)

/ 2sinh wT
so that det’A4;, = e Siw(0) — M. O
w

Y

Now we will show how to define a “characteristic polynomial” of the
operator A = Ap — an entire function det(A — AI') on A-plane, whose zeros
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are the eighenvalues A,, = A\,,(0). First we note that for Re(Axy — A) > 0 the

truncated zeta-function
xO

C,(qj\—r)n(s): Z ﬁ,

n=N-+1

where the principal branch of of the logarithm is used, is absolutely conver-
gent for Res > %, admits a meromorphic continuation to the s-plane and is
regular at s = 0. Indeed, setting

N
In(z) =0(x) =2 e M —1,
n=1
we have

N LT sdr 1 /1 hm Jdx
() = 2F(s)/1 e nla)e x +2F(S) 0 e nle)e T

Since Re(A, — A) > for all n > N, the first integral in this formula is
absolutely convergent for all s € C and represents a holomorphic function.
Using Jacobi inversion formula and expanding e %, e~"1% ... e *N? into
power series in x, we conclude just as before that the second integral admits a

meromorphic continuation to the s-plane with simple poles at s € —% +Z>p.
For Re(Axy — A) > 0 we set

H/ Ap — A) = e—CX\DM’(O)
n=N+1
and define
N oo ,
det(A= M) =[] =N [ n—=N.
k=1 n=N+1
Since for M > N
> / M > /
IT Gv=n= T &=» JI Gu=n),
n=N+1 k=N+1 n=M+41

det(A — AI) is well-defined and is an entire function with zeros at A,. For
A = —w? < 0 we have det(4 — A\I) = det’A,,,, which is given by Lemma
2.1.2. Thus for all A € C,

QSin\/XT
% )

2.2. Determinants. Here define and evaluate the characteristic deter-
minant det(A — AI) of the Sturm-Liouville operator
d2

A= _ 2
72 + u(x)

on the interval [0, 7] with Dirichlet or periodic boundary conditions.

det(A — \I) =
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2.2.1. Dirichlet boundary conditions. Namely, suppose that u € C1([0,T],R).
It is known that A is a self-adjoint operator on L?[0,7] with the domain
D(A) consisting of y(x) € W20, T] satisfying y(0) = 0, y(T) = 0. Moreover,
in this case operator A has a pure discrete spectrum with simple eigenvalues
Al < Ao--- < A, <... such that

2,,2
(2.5) A= +c+0<i>

T
as n — 00, where ¢ = Tl / u(x)dx. Assume first that A > 0. Setting
0

we have for Res > %,

1o dt
als) = 75 /O IA(t)t
0 1
(2.6) _ ﬁ /1 ﬁA(t)ts%nLﬁ /0 ﬁA(t)ts%.

Since ¥4(t) = O(e *1!) as t — oo and, by assumption A\; > 0, the first
integral converges absolutely for all s € C and represents an entire function.
Using asymptotics (2.5) and Jacobi inversion formula we get

Va(t) = %ed (0 (;—D - 1) (1+0()) = a\;{% +ag + 9a(t),

where

:%’ ao:—% and 5,4(?5)20(\/%)

as t — 0. Thus for the second integral in (2.6) we have

a

N|—=

1 ! s @ _ CL_% ao 1 = s @
w67 Jy PO = ettt i, PO T

which shows that it admits a meromorphic continuation to the half-plane
Res > —% and is regular at s = 0. This completes the proof that for the
case A > 0 the zeta-function (4(s) admits a meromorphic continuation to

Res > —% and is regular at s = 0.
Thus

(0.]
det' A = H/ Ap = e¢a(0)
n=1
is well-defined. Repeating verbatim the arguments at the end of the previous
section we get that for Re(Ay —A) > 0 the truncated zeta-function Cg\g\ ;(s)
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admits a meromorphic continuation to Res > —% and is regular at s = 0.

This defines
N oo

det(A— A1) = [T =N ] =)
k=1 n=N+1

as an entire function of A with simple zeros at A,,. Finally we can remove
the assumption A > 0 by replacing A by A = A+ (1— A1)l > 0 and defining

det(A — (1 — A1)1) if 0 is not an eigenvalue of A,
det’/A =< g -
o\ det(A — (1 — A1)I) if 0 is an eigenvalue of A.

Let y1(x, A) be the solution of the Sturm-Liouville boundary value prob-
lem

(2.7) =" +u(z)y = Ay,
satisfying initial conditions
y(0,\) =0, v'(0,\) = 1.

It is well-known that y;(x, A), for every z, is entire function of A of order %

and
sin vV \x L0 (eRe\/XL'”) -

The entire function d(\) = y1 (7T, \) has simple zeros at the eigenvalues A,
of the operator A and is represented by the absolutely convergent product,

d(A) = const X || (1 — %) :

An#0

where § = 1 if 0 is an eigenvalue of A, and § = 0 otherwise. The following
theorem expresses the characteristic determinant det(A— AI) of the operator
A in terms of the function d(\).

THEOREM 2.1. One has

det(A — AI) = 2d(\)

and

det(A — \I) 5 A
= 1——.
det’ A H ( )\n)
An7£0

ProOF. By what was said above, it is sufficient to prove the identity
det(A — X\I) = 2d(A) for Re(A\; — A) > 0. In this case, using
1 dt

_ > —(A=AD)ty s ™Y
Ca_xr(s) —F(s)/o Tre tt
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for Res > %, and differentiating under the integral sign we get

a 1 o
o) = g [ T ’
which is now absolutely convergent for Re s > —%. Thus we obtain

a 0.]
—Ca_x1(0) = / Tre~ At = Tr(A — A1)~
O\ 0
It follows from (2.5) that the operator Ry = (A — AI)~! — the resolvent of
A — is of trace class. Thus all our manipulations are justified and we arrive
at the formula
d

(2.9) ﬁlogdet(A— M) = —Tr Ry,
which generalizes the familiar property of finite-dimensional determinants.

To compute this trace, we use the representation of Ry as an integral
operator with the continuous kernel

ﬁ y1(z, Ny (2’ X)) if x <o,
(2.10) Ry(z,2') = ¢ Y
i y1(2', Nya(z, ) if x> 2.

where yo(x, A) is another solution of (2.7) satisfying initial conditions
y(T,A) =0, y'(T,A) = -1,
so that
Wy, 42)(A) = yu(e, My, A) =y (2, Nya(z, A) = d(X).

Since R, is a trace class operator on L?[0, T] with the integral kernel R (x, z’)
continuous on [0,7] x [0,T], we have by Lidskij theorem,

T T
1
Tr Ry = / Ry(z,z)dx = —/ y1(z, Ny2(z, \)dx.
0 d(A) Jo
We evaluate this integral by the following beautiful computation. Let
0
y(z,\) = a—i(m, A) and consider the following pair of equations:

—g1 +u(x)g1 = Ag1 + 1,
—ys + u(x)y2 = Ay

Multiplying the first equation by ya(x, A), the second equation by 7 (x, A)
and subtracting, we obtain

Viva =Yy — Ul y2 = (1195 — 1 y2)/ :
Using the initial conditions for y; and y», we finally get
T
. . T
(2.11) / y1 (2, Ny (z, Ndz = [t1(z, Nys(z, X) — 31 (2, N)ya(z, V)] |0
0
= —1 (T, \).
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Thus we have proved that for Re(A; — A\) > 0,
d

Tr Ry = — - log d(A),

from which it follows that
(2.12) det(A — \I) = Cd(N)

for all A € C and some constant C'. Using the product representation for for
d(\) we get from here the second formula in the theorem.

Now we will determine the constant C' in (2.12). It follows from (2.8)
that it is sufficient to compute the asymptotics of det(A — \I) as A — —o0.
Setting A = —u we have

1 [ a 1 [t dt
=—— [ at)e Mt — —/ Iat)e Mt° —.
CA"‘,LLI(S) F(S) /1 A( )6 n + F(S) 0 A( )6 n
As before, the first integral is an entire function of s whose derivative at
s = 0 exponentially decays as y — +o00. For the second integral we have

1 ! dt 1 [t- dt
Ia(t)e M5 — = Ia(t)e H s —
r(s)/o alt)e / r(s)/o alt)e /

1
+L/ (a_—%+a0> vt ys 9
I'(s) Jo \ vt t

Since J4(t) = O(v/1) as t — 0, the first integral is absolutely convergent

for Res > —3 and it derivative at s = 0 is O(u_%) as 4 — +oo. For the
remaining integral we have

1
1 1 a—% dt a_1p27° o0 1 dt
—ut ts R 2 r 1y / —tts——_
r<s>/o (ﬁ*“(’)e t I ((S D), %)
ag p~? o, Gdt
r — t°— | .
=t (ro- [ )

Now it is elementary to show that s-derivative of this integral at s = 0 has

an asymptotics —2v/ma_1./1 — aglog p + O(e"/?) as y — +o0. Using the
2

expression for the Seeley coefficients obtained in the previous section, we

finally get
det(A + I)_eﬁ <1+O<1>>
e = —

as  — +oo. Comparing this with (2.8) at x = T we conclude that C' = 2,
which completes the proof. [

Similar results hold for for the matrix-valued Sturm-Liouville operator
with Dirichlet boundary conditions. Namely, let U(z) = {u;j(z)}{;_; be a
Cl-function on [0,7] with values in real, symmetric n by n matrices, and
let

A=
d$2—|—U(x)
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be the corresponding differential operator with Dirichlet boundary condi-
tions. As in the case n = 1, A is a self-adjoint operator on the Hilbert space
L3([0,T],C"™) of C™-valued functions, and has a pure discrete spectrum ac-
cumulating to oo. Its regularized determinant det’ A and characteristic de-
terminant det(A — AI) are defined as before and have similar properties.
Let Y (z, A) be the solution of the differential equation

~-Y'+U(x)Y = \Y
satisfying initial conditions
Y(0,\) =0, Y'(0,\) =1,

where I, is n by n identity matrix, and define D(\) = det Y(7,A). The
entire function D(A) has similar properties to that of d(\). Namely, the
analog of Theorem 2.1 is the following statement.

PROPOSITION 2.1. One has
det(A — A1) = 2"D()\)

det(A — AI) s A
— A -
det’ A H ( )\n> ’
A £0

where 6 € Z>q 1s the multiplicity of the the eigenvalue \ = 0.

and

2.2.2. Periodic boundary conditions. The Sturm-Liouville operator
d2

.
72 + u(x)

with periodic boundary conditions is a self-adjoint operator on L?[0, T'] with
the domain consisting of y(z) € W20, T satisfying y(0) = y(T') and 3/'(0) =
y'(T). In case u(x) € Ct[0,T] the operator A has a pure discrete spectrum

with the eigenvalues \g < A1 < A2 < ... such that as n — oo,
A72n?2 1
s = T e+ 0 )
w2n?

1
)\2HZT+C+O<W>7

where c¢ is the same as in (2.5). Assume that A\g > 0 (which can be always
achieved by replacing A by A — A\g + & with € > 0) and set

(0.}
dat) =) e t>0.
n=0
As in the previous section, using the asymptotic for A\, we get that as ¢ — 0,

Da(t) = (%) = a\;% +O(Vt),
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= but now a, = 0.

T
where as for the Dirichlet boundary conditions, a_ —
2/
This allows to define the regularized determinant det’A and the character-
istic determinant det(A — AI) exactly as in the previous section. Due to the

property a, = 0 we now get, as in the end of the proof of Theorem 2.1, that
(2.13) det(A + pl) = eV (1 + O(u=1?))

1
2

as y — +00.

Here we denote by y1(z, \) and ys(x, \) solutions of the Sturm-Liouville
equation (2.7) with the initial conditions y;(0,A) = 1, ¥1(0,A) = 0 and
y2(0,A) = 0, y5(0, A) = 1. Solutions y; and yo are linear independent for all

A and the matrix
yl(xa)‘> y?(xa)‘)>
Y(x,\) =
e = (0 e

satisfies the initial condition Y (0, \) = I, where I is 2 x 2 identity matrix,
and has the property detY (z,A\) = 1. For fixed x the matrix Y (z, \) is
an entire matrix-valued function of A having the following asymptotic as
A — 0

sin VAT "
(2.14) Yz, \)=| ° VAT A <12 +0 (dj )) .
VAsin VAT cos VAT

By definition, the monodromy matriz of the periodic Sturm-Liouville
problem is the matrix

T\ = Y(T, \).

The monodromy matrix satisfies det T'(A\) = 1 and is an entire matrix-valued
function. The following result is the analog of Theorem 2.1 for the periodic
boundary conditions.

THEOREM 2.2. One has
det<A - AI) - = det(T(A) - 12) = U1 (T7 )‘) + yé(Tv >‘) -2,
where det in the right hand side is a matriz determinant, and

det(A—AI) s A
_ 1- =
det’ A A H ( )\n>’
An£0

where { A\, }72, are non-zero eigenvalues of A and 6 = 0,1,2 is the multi-
plicity of the eigenvalue A = 0.

PRroOOF. it follows very closely the proof of Theorem 2.1 and we will
assume that A > 0. First, in precise analogy with (2.9) we obtain,

d
o logdet(A — AI) = —Tr Ry,
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where det(T'(\) — I2) # 0. Similar to (2.10), the resolvent R) is an integral
operator with the symmetric kernel Ry(x,z") = Ry(2',x), given for z < 2
by the following formula

Ry(,2') = (y1(2, ), 92(2, 1)) (T(N) = L) T (M) (fﬁff,/ ’3))

= —Tr (T(\) — L) 'T(\) Z(z,2")) ,
where Tr in the last formula is the matrix trace and

n_ (Y (377 A)QQ(I/7 )‘) yQ(aj? )\)yg(:lj/, >‘)
Z(SL’,CE ) N < yl(x7 )‘)y2<x/7 >‘) y2(x7 )‘)yl(x/7 A)) -

One can verify this formula directly by solving the non-homogeneous differ-
ential equation

—y" +u(z)y = f(z)
with the boundary conditions y(0) = y(T') = c1, ¥'(0) = y/(T) = ¢3 for some
uniquely determined ¢; and cy by variation of parameter method.

T
As in the proof of Theorem 2.1, we need to compute / Z(x,x)dx. Tt
0
readily follows from (2.11) that

T
/0 Z(x,x)de =T~ (A)ET(A)

and we obtain

% logdet(A — \I) = Tr ((T(A) — 12)—1% (A)) = % log det(T(\ — Iy).

Thus det(A — M) = C'det(T(\) — I3). To determine the constant C' we set
A = —pu — +00 and compare the asymptotic (2.13) with the asymptotic

det(T(—p) — Ir) =2 — T T(—p) = 2 — 2cosh /uT(1 + O(u~Y?))
=~V (1+0(u™'/?),

which follows from (2.14). Thus C' = —1. [
In particular, when u(x) = w? > 0, we have
inh
y1(z,0) = coshwzr and ya(x,0) = o wx’
w
d2
so that for the operator A;, = ) + w? we have
x
T
(2.15) det’ Ay, = 2(coshwT — 1) = 4sinh? “’7
The smallest eigenvalue of A;, is \g = w? and it tends to 0 as when w — 0,
d2
so that for the operator Ag = ——— we get
dxz?
det’ A,
det’ Ag = lim — 2% _ 12,

w—0 w2
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One can also derive these formulas directly, as it was done in Section 2.1.2
of Chapter 4 for Dirichlet boundary conditions.

Similar results hold for for the matrix-valued Sturm-Liouville operator
with periodic boundary conditions. Namely, let U(z) = {u;;(z)}}';—; be a
Cl-function on [0,7] with values in real, symmetric n by n matrices, and
let

d2
be the corresponding differential operator with periodic boundary condi-
tions. As in the case n = 1, A is a self-adjoint operator on the Hilbert space
L?([0,T],C") of C*-valued functions, and has a pure discrete spectrum ac-
cumulating to oo. Its regularized determinant det’A and characteristic de-
terminant det(A — AI) are defined as before and have similar properties.
Let Yi(z,A) and Ya(z, \) be the solutions of the differential equation

~-Y'+U(2)Y = )\Y
satisfying, respectively, the initial conditions
Y1(0,\) =1, Yi(0,A\)=0 and Y2(0,\) =0, Y540, =1I,,

where I, is n X n identity matrix. The monodromy matrix T'()) is defined
as the following 2n x 2n block mathrix,

B Y (T,)\) Y (T,)\)
T = (Y’i(T, N YT, A)) ’

and is entire matrix-valued function. The analog of Theorem 2.2 is the
following statement.

PRrROPOSITION 2.2. One has

det(A — M) = (—1)" det(T(\) — I2,)

and

det(A — AI) s A
— 1- 2
det’ A A H ( /\n> ’

where 6 € Z>o 1s the multiplicity of the the eigenvalue \ = 0.

2.2.3. First order differential operators. Here we assume that u(z) is
smooth real-valued periodic function with period T and study first-order
differential operators

d
on the interval [0, 7] with periodic boundary conditions y(7") = y(0). The
equation

Y +u(z)y =My
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has an explicit solution y(z) = Ce ™ Jo w(T)dT has a periodic solution if and
only if A = \,,, where

2min

1 (T
An = ug + , n€Z, and wuy= T/ u(x)dz.
0

Thus the spectrum of the operator A coincides with the spectrum of the
operator Ay with the constant coefficient ug. This is because A = UAU !,
where U : L?[0,T] — L2[0 T] is a multiplication operator by a periodic

function e~V with U(x fo — ug)dr. Set D = di
x

PROPOSITION 2.3. For ug # 0,
det’ (D 4 u(z)) = 1 — e~ 4T,
and det’'D =T for ug = 0.

PROOF. The zeta-function of the operator A with ug # 0 is given by the
following series
Z )\s ’

n=—oco
where A% = e~*19%6*n with the principal branch of log for n # 0. The series
is absolutely convergent for Re s > 1. Introducing the Hurwitz zeta-function

(0.¢]

1
C(Sa CL) = T NS
oy
where Rea > 0 and Re s > 1, we can rewrite (4(s) as follows
2 = mis mis ]_ T
Q@p:(%) (€ F s )+ eFls,a) + oo a=1-""i,

It is well-known that Hurwitz zeta-function admits a meromorphic continu-
ation to the whole s-plane with single simple pole at s = 1 with residue 1,

and 1 a¢ 1
¢(0,a) = 5@ g(o, a) =logI'(a) — 5 log 2.
Thus using the classical formula
Tz
I'(1 I['l1—2z2)=
(142 —2) sinmz’

we get

04 woT

-%4m:kgwmw—ing+{%

ugT ugT T
= —log(e 2 —e %)+ uOT,

and det’ (D +ug(z)) = 1 — e~ Finally, (p(s) = limy,—0(Ca(s) —ug®), so
that

det’ (D
det/D — lign 38 (D + uo)
ug—0 ()

=T.
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]

REMARK. Since operators D+u(z) and —D+wu(z) with periodic bound-
ary conditions have the same spectrum, det’(—D + u(z)) = 1 — e~%T,

One can also consider the operator A = D + u(z) on the interval [0, 7]
with periodic function u(x) and anti-periodic boundary conditions y(7") =
—1(0). Since corresponding eigenvalues are

mi(2n + 1)
T

we see the the passage from periodic to anti-periodic boundary conditions
amounts to replacing ug by ug + 77. From Proposition 2.3 we get

An = ug + , nE L,

PROPOSITION 2.4. For the anti-periodic boundary conditions on [0,T],
det’ (D 4 u(z)) = 1 4+ e 4T,

2.3. Semi-classical asymptotics. Here for the quantum mechanical
system with the Hamiltonian

2

P

with the one degree of freedom we consider the asymptotics of the prop-
agator Kp(¢',t';q,t) as h — oo, called semi-classical asymptotics, where
we indicated explicitly the dependence on h. We will compare the heuris-
tic method based on Feynman path integral with the rigorous asymptotic
analysis.

2.3.1. Using Feynman path integral. The Feynman path integral repre-
sentation (1.10) allows to derive this asymptotics easily (albeit at a heuristic
level). Namely, suppose that an analog of the stationary phase method is
valid for the path integrals. Examples of Gaussian path integrals considered
in the previous sections confirm this point of view.

Thus we are assuming that the leading contribution to the Feynman
integral (1.13) comes from a critical point point of the action functional —
the classical trajectory ¢.(7) connecting points ¢ and ¢’ at times ¢ and '
(we are assuming that such trajectory exists and is unique; compare with
the discussion in Section 2.2 in Chapter 1). Then the leading term of the

1
semi-classical asymptotics will be given by the factor ef_iSCl, where

¢
Scl - S(q,7t,; q7t) = / L(QCZ; q.cl)dT
t

is the classical action — the critical value of the action functional (see Section
2.2 in Chapter 1). To compute the prefactor, we set in eqreffeynman-several-
config

(1) = qa(7) + y(7),
where y(7) — the quantum fluctuation — satisfies Dirichlet boundary condi-
tions y(t) = y(t') = 0, and expand the action functional around the critical
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point, keeping only quadratic terms in y. Using Dirichlet boundary condi-
tions we obtain

S(q) = Se + /tt, (%?ﬁ —~ w?f) dr + O(y%).

1
Following the convention in previous sections and setting u(7) = —v" (g (7)),
m

im [V . m
/ exp{%/t (y2+u<T)y2)dT}@y”—m'hdet’A’

y(t')=0
y(t)=0

we get

where A is a self-adjoint operator on L2[t,t'] defined by the differential ex-

pression
d2
A = —p + U(T)
and Dirichlet boundary conditions. (We assume that v € C3([t,#],R), so
that v € C1([t,#],R) and A has a pure discrete spectrum.) Differential

operator A is the operator of the second variation of the action functional
S.

Thus we arrive at the following asymptotic behavior

2.16 Ki(d . t':qg.t) ~ _m %S(Q’,t’;q,t)
(2.16) W@ g ) = e ©

as h — 0. This formula is remarkably simple and shows a deep relation
between semi-classical asymptotic of a quantum mechanical propagator and
classical motion. Of course, our derivation was heuristic.

REMARK. According to Theorem 2.1, we have det’A = 2y, (¢, 0), where
the function yi(7) = y1(7,0) is the solution of the differential equation
Ayi = 0 with the initial condition

yi1(t) =0, 91(t) = 1.

1
When u(7) = —v"(qq(7)), the function y;(7) can be easily expressed in
m
terms of the classical solution ¢q(7). Indeed, setting f(7) = ¢q(7) and
differentiating the Newton’s equation
me, = _U/<QCZ)7

we get that f satisfies the differential equation Af = 0, so that the Wron-
skian 1 f — fy1 of its two solutions is constant on [¢,¢']. Using the initial
conditions for y; we get 91 f — fy1 = f(t). Assuming that f(¢) # 0 we obtain
T ds

¢ f2(s)

yi(1) = f(1)f(t)
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and ;
der' A= 2010 | ff—(:).
If f(t) =0, then f(t) # 0 (unless gy = const), so that
) f(7)
uilr) = f&) v (ga®)
and
det’ A — _mQCl(t/)-
v'(q)

As the result, we have expressed det’A — a contribution from the quantum
fluctuations around the classical solution — in terms of the classical motion.

Similarly, for the case of n degrees of freedom, when

2
H=2"1 Q).

2m
and v € C3(R™,R), we obtain
m n/2 ]_ lS 1 t)
2.17 Kh q’,t/;q,t ~ (_) eh (d',t";q,
210 ( )= iR Vdet’ A
d2
as h — 0, where A = o3 + U(1) and

n

2'U 2'U
U1 = 5 aa(r)) = { Gotaaln) }

2.3.2. Rigorous derivation. The rigorous approach is based on the fact
that integral kernel Kp(q, ¢',t) is the fundamental solution of the Schrédinger
equation — the Cauchy problem (1.2)—(1.3). Since Kp(¢',t';q,t) = Kn(¢',q,T),
where T' =t/ — t, we need to find the asymptotics of a fundamental solution
Kr(q,q',t) as h — 0. This problem can be solved in two steps.

ij=1

1. Finding short-wave asymptotics — asymptotics as h — 0 of the so-
lution ¥ (q,t) of the Cauchy problem for the Schrédinger equation

GO0 B0
or T T om o

with the initial condition

¢h(Q7 t)’t:O = @(q)eﬁS(q)7
where s(q), p(q) € C*°(R,R) and the “amplitude” ¢(q) has com-

pact support.
2. For fixed ¢’ = qg use the representation

g~ a0) = 2D / enflm)de,

where ¢ has compact support and satisfies p(qo) = 1, and use
the “superposition principle” to express the kernel K(q,qo,t) as

+v(q)
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an integral over d¢ of solutions of the Schr’/odinger equation with
initial amplitude ¢(q) and initial “phases” s(q,&) = £(¢ — o). Use
asymptotics from part 1 and evaluate the resulting integral by the
stationary phase method as A — 0.

i
To realize the first step, we set ¥x(q,t) = erS(@HM and substitute this
“Ansatz” into the Schrodinger equation. For the function S we obtain the
following nonlinear partial differential equation,

08 1 (08 2+() ih 828
v(q) = — —
ot  2m \ Oq U= 9m 0q?’
which is equivalent to the Schrédinger equation. The advantage of (2.18)

is that it is more convenient for determining the asymptotic expansion of
S(q,t,h) as h — 0. Namely, substituting

oo

S(q,t,h) =Y (—ih)"Sn(q,t)

n=0

(2.18)

into (2.18) and equating terms with the same powers of h, we obtain that
So(q, t) satisfies the following initial value problem

89Sy 1 (8So\’ B
(2.19) Y + 5 ( 34 > +v(q) =0
and
(2.20) So(q, t)l,— = s(a),
whereas S1(q, t) satisfies

051 1 (950 051 1 82SO
2.21 o, T A A, T 5=
(2.21) ot Jrm dq Oq 2m  0¢?
and
(2.22) 51(¢, )= = #(q)-

For n > 1 the functions S, (q,t) satisfy differential equations similar to
(2.21).
It is remarkable that (2.19)—(2.20) is the Cauchy problem for the Hamilton-
2

Jacobi equation with the Hamiltonian h(p,q) = 21.; + v(q) considered in
m

Section 2.2 in Chapter 1! According to Proposition 2.1 in Section 2.2 of
Chapter 1, solution of (2.19)—(2.20) is given by the method of characteris-
tics as follows:

t
(2.23) So(a:t) = slan) + | L/ (r)dr,
0
Here ~(7) is the characteristic: the classical trajectory which at 7 = 0 starts
: ds :
at go with the momentum pg = 8_(q0) and at 7 = t ends at ¢, where ¢ is
q

uniquely determined by ¢. (Here we assume that the Hamiltonian phase flow
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g' satisfies the assumptions made in Section 2.2.) It follows from Theorem
2.2 in Section 2.2 of Chapter 1 that along the characteristic,

S 4vt) = m 1 0)
so that
(2:21) (5 + 52 ) $160(0).8) = 516000,

Now we can solve the Cauchy problem (2.21)—(2.22) for the transport equa-
tion explicitly. For this aim, consider the flow 7! : R — R, defined in Section
2.2 of Chapter 1, set Q = 7'(q)!, and denote by v(Q, ¢; 7) the characteristic
connecting points ¢ at 7 =0 and @) at 7 = t. Differentiating the equation

0S5y _
20 -5 (@, t) = t(Q,q,t)
with respect to ¢ we obtain
928y Q 02 4 (99
so that we can rewrite (2.21) as
d _1d 0Q
Esl(Qvt) = —§£10g g

Using (2.22), this equation (under the assumptions made in Section 2.2. of
Chapter 1) is easily solved as follows,

9 ~1/2
51@.0) = vl0)| 3@
Thus we obtain
(2.25) Dr(Q, 1) = o(q) 3Q( )‘ G%(S(Q’q;t)“(q»(l + O(h)),

dq

where S(Q), ¢; t) is the classical action along the characteristic that ends at Q.
Under our assumption the flow 7t is a diffeomorphism so that the mapping
q — @ is one to one. Here we did not prove that (2.25) is an asymptotic
expansion as A — 0. This can be shown using the assumptions made in
Section 2.2 of Chapter 1.

The asymptotics (2.25) is consistent with the conservation of probability:
for any Borel subset £ C R,

/ 0n(Q. 1) 2dQ = / o()dq + O(h)
Et E

as h — 0, where E' = 7!(FE).

I There should not be any confusion with the quantum coordinate operator Q.
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REMARK. When assumptions made in Section 2.2 of Chapter 1 are not
satisfied, the situation becomes more complicated. Namely, in this case
there may be several characteristics v;(7) which end at ) at 7 = ¢ having
gj as their corresponding initial points. In this case,

~1/2
0= wla)|;

where p1; € Z is the Morse index of the characteristic ;. It is defined as
the number of focal points of the phase curve (¢(7),p(7)) with inital data

e (SQuaiit)l+s(a) =5 ms (1 L O(n)),

S
qj and p; = 8_<Qj> with respect to the configuration space R. It is a special

case of a more general Maslov index.

Now we proceed to the second step. For every £ € R let ¢p(q, t;£) be the
solution to the Schrédinger equation with the initial amplitude ¢(g) and the

initial phase s(q) = £(¢—qo). In this case p(q) = 8—8 = &, so the characteristic
q

ending at () has the initial momentum ¢ and the initial coordinate q =
q(&, Q) Using (2.25), we obtain

KnQuait) =5 [ elalé. @) 526, Q)

To this expression we apply the stationary phase method (see Section 2.1.3
of Chapter II). To find the critical points of the function S(Q, q(&,Q);t) +

€(q(&,Q) — qo), we use Proposition 2.2 in Section 2.2 of Chapter 1 that
0S
et 1) = —
9 (@, q;1) = —p

— the initial momentum. Thus

S (5(Q.a6.Q)0) + €(6.Q) ~ ) = ~€5HE Q) +a(6.Q) — a0+ €
=q(£, Q) — qo.

Thus (under our assumptions) we have a single critical point £ determined
by the equation ¢(&p, Q) = qo. To find the prefactor, we use the equation

0Q | 9Q 9q

o " 9q ¢
which follows from the equation Q(&,q(&,Q)) = Q. Thus we arrive at the
expression

—-1/2
e (5(Q:4(&,Q):)+£(a(8,.Q)~0) ge

S EQ)

=0,

~1/2

(2.26) Kn(Q,qost) ~ ! %? (90, &0)

Since K(¢',t';q,t) = K;—L(q’,q;t’ — t), formula (2.26) would be the same as

G%S(Q’qO)t) X

(2.16), provided we can express —(qo,&o) in terms of the determinant of

23

the operator A from the previous section. To this aim we use Theorem
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2.1. Namely, differentiating Euler-Lagrange equation for the characteristic
v(Q, q; 7) with respect to ¢ — the velocity at 7 = 0, which is a function of

0
() and ¢ — we get that y(7) = %(Q, q,7) satisfies the differential equation
q
Ay = 0 and the initial conditions

y(0) =0, g(0) = 1.

Since & = mqg, we have

%—?(qo) _ % _ %det’A.
Substituting this into the representation (2.26) we get exactly the represen-
taion (2.16).

As in the case of short-wave asymptotics for the Schrédinger equation,
when assumptions made in Section 2.2 of Chapter 1 are not satisfied, there
are several characteristics v;(7) connecting points go and ) and initial mo-
menta having £;. In this case we have,

12

Kin(Q, qo0,t Z \/W‘ (90, &;)

where p; is the Morse index of ;.

REMARK. One can get yet another formula for the pre-factor in repre-

oS
sentation (2.26). Namely, differentiating 8—(Q,q;t) = —¢ with respect to
q

Q we get
9*s S
090Q  0Q’
so that (2.26) can be rewritten entirely in terms of the classical action
1| 828 V2
Ki(Q, qo; t) ~ . qo; t e 9(Q:q05t)
h(Q 40 ) \/ﬁi ‘8618@(@ 40 )

The case of n degrees of freedom, under assumptions made is Section 2.2
of Chapter 1, is considered similarly. The solution y(q,t) of the Cauchy
problem for the Schrodinger equation
0 h?

= =5, A+ (@),

e = " am

wﬁ(qa t)’t:O = (P(q)eﬁS(q)a
with smooth s(q), ¢(q) and compactly supported ¢(q), has the the following
asymptotics as h — 0:

-1/2
Yr(Q,t) = ¢(q) |det (8_Q(q)) | er S Qat)+s(@) (1 4 O(R)),
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and the asymptotics of the fundamental solution is given by

P —-1/2
det <8—?(QO,§0)>
Using the equation

% _ 0?8 B { 028 }n
0Q 9q0Q 0q;0Q;
this asymptotics can be rewritten as

0?8
et ( ey @ i)

Kh(Q, qo,t) ~ (QWih)_n/2

9
ij=1

1/2

Kn(Q,qo; t) =~ (2mih) "/

2
0q0Q

Here det is known as van Vleck determinant.

e% (S(Q)qO)E()vt) .

o7 5(Quaoit)
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CHAPTER 5

Integration in Functional Spaces

1. Gaussian measures

Here we will study classical Gaussian measures.

1.1. Finite-dimensional case. Let A be symmetric, positive-definite,
real n X n matrix. As we know in Section 1.4 of Chapter 4,

/e—<Aq,q>dnq _ (27-(-)71

det A
RTL

is the basic formula of Gaussian integration. We use it to define a Gaussian
measure (14 on R™ by

(1.1) dpa(q) =

so that pa(R™) = 1. The measure p4 is a mean-zero probability measure
on R™ with the covariance G = A~!. When A = I,, — n x n identity matrix
— the corresponding measure is denoted by fiy,.

As it follows from (1.11) in Section 1.4 of Chapter 4,

7T7’L

1
(1.2) /€<p’q>d,uA(q) — €§<Gp,p>7
Rn
and by analytic continuation,
: 1
(1.3) /ez<p’q>du,4(q) — ¢ 2(GPp)
R”™

The function (27)~"™/ 26_%<Gp’p> is the Fourier transform of the measure 4
(in the distributional sense).

Applying to (1.2) the directional derivative with respect to v.€ R" —
the differential operator

V_V_ Z 8]%

k=1
(the differentiation under the integral sign is clearly legitimate), we obtain

(14) v e Vdus@ = (Gv.pjer P
]Rn
123
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Setting here p = 0 we get

/ (v, d)djia(a) = O,

R?’L

while applying to (1.4) another Oy and setting p = 0 afterwards, we obtain

/ (v, @)V, adpa(q) = (Gv, V).
Rn

Repeating this procedure, we arrive at the following very important and
useful formula, the so-called Wick’s theorem:

(1.5)
0 if N is odd
Vi, q) .. VN, q)dpalq) = P
RZ< oo dpala) {Z(GVz'ij1>---(GViN/Q,VjN/2> if N is even.
Here the sum goes over all possible pairings (i1, j1),- -, (in/2,Jn/2) of the

set {1,2,...,N}.

1.2. Infinite-dimensional case. Let
H =(R) = {flf = {z:}2) 2> = af < OO}
i=1

be the real Hilbert space with the scalar product (z,y) = > .o z;y;, and
let 7 = R be the Cartesian product over N of copies of R equipped with
Tychonoff topology, so that 5 C #. The element x € 7 is said to have
finite support if z; = 0 for sufficiently large .

The Gaussian measure p on 7 is defined by the direct porduct of the
Gaussian measures fi1, it = flooc = M1 X 41 X --+, and can be heuristically
represented as

(e.@]
du — =317 TT du
w=m e ;-
=1

Here “divergent to 0 product W_ooe_%Hw”Q” compensates “divergent to oo
product” [[;2; dz;. More precisely, the measure p first is defined for “cylin-
drical sets C = E; X -+ X Ep, x R x --.” with Ey,...,E, € A(R) by
p(C) = wi(Ey)...pu1(Ey), and then extending it to the whole o-algebra
generated by the cylindrical sets by using Kolmogoroff theorem. In partic-

ular, if F(z) = f(x1,...,2,), where f is bounded measurable function on
R"™, then
(1.6) /qu = /fdun.

% Rn

Conversely, the following statement holds.
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LEMMA 1.1. There exists a unique probability measure p on ¥ such that
for all v € ¥ with finite support,

. 1
/ £i(03) gy () = e~ 211,
4

PROOF. Immediately follows from (1.3) since the measure p, on R" is
uniquely determined by its Fourier transform. [

Now for a = {o;} € ¥ let

oo
%—{x€7:2a§x3<oo}.
i=1
PROPOSITION 1.1 (“0-1 law”).

0 ifad A,

“<%)_{1 ifoe .

In particular, u(7) = 0.
PROOF. Let y, be the characteristic function of the set J¢, C 7,

oo
Xa(r) = lim exp{—¢? Za?m?
i=1

e—0

Twice applying the dominated convergence theorem, we get

() = /xadu
4

= lim [ exp{— 52204 Ndp(x

e—0

v

= lim lim [ exp{—¢? Z o Ydp, (x

e—0n—oo
Rn
n

= lim lim [](1+&%2a2)" /2

e—0n—oo 4

1=1
The product []52,(1 + e%a?) is convergent if and only if the series > 7%, a?
is convergent, and the statement follows. [

For v € A let v™) = (vq,...,v,,0,0...). Tt follows from (1.6) that

[ @™ 2)duta) = o
v
so that the sequence of functions Fy,(z) = (v(™,z) is a Cauchy sequence

in L?(¥,du) and converges in L? to the function F(x). Abusing notation,
we write F'(x) = (v,z). This shows that though u() = 0, (v, z) is still a
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well-defined element in L?(#, dp). Moreover, Lemma 1.1 and, consequently,
Wick’s theorem, hold for v € 7.

2. Wiener measure and Wiener integral

In the previous chapter we considered the one-parameter group of uni-

tary operators U(t) = e_%H for the quantum Hamiltonian operator H =
Hy + V. Corresponding propagator Kp(q',t’;q,t) — the integral kernel of
the operator U(t' — t) — has been expressed in a form reminiscent, at a
heuristic level, of an integral over the space of paths — the Feynman path
integral. Here we replace t}tle physical time ¢ by “Euclidean time” —it and

consider the semigroup e~ 7% of contracting operators (when H > 0) for
t > 0. In this case all constructions can be made rigorous with Wiener
integral replacing the Feynman integral.

2.1. Definition of the Wiener measure. Here we define the proba-
bility measure on the space C'([0,00),R";0) of continuous paths in R™ start-
ing at the origin, called the Wiener measure. In physical terminology, it is
related to the Brownian motion — the diffusion process in R™ with diffu-

h
sion coefficient D = oy Mathematically, it is described by the probability
m

density

(2.1) P(q,q;t) = (47TDt)n/2e—(q—q’)2/4Dt

that a particle with initial certainty of being at q is diffused in time ¢ to
point q’.

For compactness argument, It will be convenient to use one-point com-
pactification R™ ~ S™ of R™ that allows paths to pass through oco. Let

Q:Hf&"

0<t<o0

be the Cartesian product of copies of R" parameterized by the R>q. Equipped
with the Tychonoff topology {2 is compact topological space — the space
of all paths in R™. For every partition t = {0 < t; <-.- <t} and every
F e C(I]"™, R), define ¢ € C(Q) by

o(v) = F(v(t1),...,v(ty)) forall e Q.

Denote by C;,,(§2) the subspace of C(£2) spanned by functions ¢ for all par-
titions t for all m and all continuous functions F'. Define a linear functional
[ on Cf,(§2) by the following formula:

(2.2) l(p) = / .. /F(ql, ey Am) P(Qmy Qm—1;tm — tm—1) - - -
R™ R™
.. .P(ql, 0; tl)d"ql oo d”qm.
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It follows from the semi-group property

/P(q’,qut’ —t1)P(qy, q;ty —t)d"q1 = P(q', q;t' — 1)
R’I‘L

that the functional [ is well-defined. The functional [ is positive: [(¢) > 0
for ¢ > 0, satisfies {(1) = 1 and

Up)] < lelloo = sup lp()]
vEQN
By Stone-Weierstrass theorem, Cy;,,(§2) is dense in C(€2), and [ has a unique
extension to a continuous positive linear functional on C(£2) with norm 1.
By Riesz-Markoff theorem, there exists a unique regular Borel measure iy,
on  with py () = 1 such that

() = /soduw
Q

The measure py is called the Wiener measure.

REMARK. The Riesz-Markoff theorem is the usual way the measures
arise in functional analysis. Actually, the theorem guarantees an existence
of the Baire measure — a measure defined on the o-algebra of Baire sets.
However, for compact spaces a Baire measure has a unique extension to a
regular Borel measure — a measure defined on the o-algebra generated by

all open subsets. A Borel measure p is regular if for for every Borel set
E CQ,

(E) - inf{u(U): ECU, U isopen}
== sup{u(K) : K C E, K is compact and Borel }.

The space €2 is “so large” that its o-algebras of Baire and Borels sets are
different.

Thus constructed Wiener measure is supported on continuous paths
starting at the origin, i.e., uy (C) =1 for C = C([0,0),R™;0). The support
{1ty can be characterized more precisely as follows. For 0 < a < 1 let €2, be
the subspace of €2 of Holder continuous path of order a:

t) — ~(t
Qo =<7€Q: sup [5l0) 7( )H<oo )
rp>0 [t —t]e

Then
1, f0<a<i,

Qo) =
pw () {0, if l<a<l.

Replacing in the definition (2.2) P(qi,0;t1) by P(qi,qo;t1) for a fixed
qo € R™, we obtain a Wiener measure supported on continuous paths that
start at qp.
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REMARK. One could try to define the Wiener measure by the following
construction. Set, for simplicity, n = 1 and for every partition t and intervals
(1,01) ..., (am, Bm) consider the cylindrical sets

Ce ={v€Q:a1 <v(t1) < P1,. s am < Y(tm) < Bm},

and assign to them the measure

/81 ﬁm
1(Ct) =/ / P(Gm, @m-1;tm — tm-1) ... P(q1,0;t1)dq1 . .. dgpm.
o Olm,

By Kolmogoroff extension theorem and the semi-group property, © extends
to a measure on the o-algebra of {2 generated by the cylindrical sets, which
we continue to denote by p. However, the set C' of continuous path starting
at 0 turns out to be non-measurable! Specifically, one can show that

(C)=0 and p*(C)=1.

To remedy this situation, one should define cylindrical sets as consisting of
continuous functions only with the measure defined as above. This measure
extends to the o-algebra of C generated by cylindrical sets and coincides
with the Wiener measure .

PROPOSITION 2.1. Let v € C(R™,R) be bounded below. Then for every
t > 0 the function F; : C' — R, defined by

Fo(y) = e Jv(y(r))dr

1s integrable with respect to the Wiener measure, and
/J’:td,uvv: lim / /GXP{ % (%)}P(QN,QN—U%)---

.. P(ql, 0; N)dnql .d'qy.

PRroor. For v € C,
N

/0 v(r(r))dr = Tim S o(y(t))At,

N—oo
k=1

where ¢, = % and At = £. Since by definition every function ij:l v(vy(tx)) At
is measurable with respect to the Wiener measure on C', the function F; is
measurable as a point-wise limit of a sequence of measurable functions. The
function F; is bounded and, therefore, is integrable on C' with respect to the
Wiener measure. Finally, by the dominated convergence theorem,

N
/Ftduw = lim [ exp { > v(v(tk))At} dpw (),
C

and the result follows. ]
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REMARK. Note the limit in Proposition 2.1 exists because the function
F; is integrable, and not the other way around. This is similar to an ele-
mentary calculus argument that the limit

lim (14+2+---+n—logn)

n—oo

[ G-[])=

is convergent. Here [x] stands for the largest integer not greater then .

exists since the integral

2.2. Conditional Wiener measure and Feynman-Kac formula.
Let

Ot ={ye J] R":7v(t) =a () =q}
t<r<t/
be space of all paths which start at q € R™ at time ¢ and end at q' € R™ at
t', and let thtfl be the subspace of continuous paths. Conditional Wiener

measure 439 on Q?t‘? is defined analogously. We replace a positive linear

functional I on C(Q2) by a positive linear functional [} on C(Q3} ) which

tt/
for p € C fm(Q?t(,l ) is defined by

Lyt () = / i dpiy” / / (a1, am)P(d, gm; t' —tm) . ...

q7
Qt,t’

. Plai,q;t1 —t)d"qy ... d"qm,

where t <t; <--- <t,, <t and o(v) = F(y(t1),...,7(tm)). As in the case
of Wiener measure, conditional Wiener measure is supported on continuous
paths and

pEY(CQET)) = P(d g5t —t).

Now it is easy to define a Wiener measure MV?,OP on the space £; 4 of based
loops in R", parameterized by [¢,#']. Namely, the space L, is a disjoint
union of the spaces C (Q?tfl) of closed paths starting and ending at q € R™.

By definition, a function ¢ : £; + — C is integrable, if ¢| Q%) is measurable

t,t!

with respect to ph? for all q € R”, and if the function fC(Qq,q) o dpsh?
t,t!
" — C is Lebesgue integrable on R". Then

/sodul”p //wduqqd”

o RO

Let
h2
H=Hy+V=—P?+0(Q)
2m
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be the Schrédinger operator on L?(R", d"q) with continuous, bounded below

and real-valued potential v(q). Let Lyn(dq',q;t’,t), t' > ¢, be the integral
t'—t
kernel of the operator e~ & . Here is the meain result of this section.

THEOREM 2.1 (Feynman-Kac formula)

Lu(d, q;t',t) = / R YT g, 34 (),

/
q,9
Ct,t/

PROOF. Setting T' =t — t and At = %, we have by Trotter product
formula
Ty . _At At
= lim (e h
N—o00

Let L (d’,q;t',t) be the integral kernel of the operator (e~ & "% & " )™,

Computmg this kernel as in Sections 1.2-1.3 of Chapter 4, and using the
definition of the conditional Wiener measure we obtain

N
1 ,
LV (A q; ') = / eXp{—ﬁE v(v(tk))At} dpw? (7),
k=1
oL

and applying the dominated convergence theorem completes the proof. [

It is very instructive to compare Feynman and Wiener integrals. Infor-
mally, conditional Wiener measure can be written as

m ot
@qw — 6_2h ft quTghq’

where

Zhq = Jim (27rhAt>N/2 H 4"

N—oo

Of course, neither the “measure” Zq exists: the product is divergent, nor the

trajectory q(7) is differentiable: the integral ft G%dr is divergent. However,
due to the presence of the negative sign in the exponential we get “the ratio
of infinities” and the resulting expression for the Wiener measure makes a
precise sense! The corresponding “measure” for the Feynman path integral
is obtained by replacing h by ¢h. In this case the exponential factor can
not compensate for the divergence of Z;pq since it is a complex number
of modulus 1 for differentiable trajectories and has no meaning for non-
differentiable ones.

Still, the advantage of Feynman path integral, besides having a rigorous
definition as limit of multiple integrals, is that the corresponding represen-
tation for the propagator

i,
Kn(q',t';q,t) = / ehJe Laddrg, o

q(t')=q
q(t)=q
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2
where L(q,q) = L v(q), shows a deep relation between quantum and
2

classical mechanics, which manifests itself as A — 0. Similarly, the Feynman-
Kac formula can formally rewritten as

1 ¢ .
Li(d,t;q,t) = / e~ hl Madr g o

q(t")=d’
q(t)=q

2
where h(q,q) = 2p_ + v(q), and we no longer see the presence of the action

functional of the corresponding classical system.

2.3. Relation between Wiener and Feynman integrals. The sim-
plest example which illustrates the nature of the relation between Wiener
and Feynman integrals is the following. Let f be a smooth bounded func-
tion on R such that f/(z) = O(x™!) as # — oo. The Gaussian integral

i (1‘)6_9‘”2 dx is absolutely convergent, whereas the integral [~ f (:16)62'9'32 dx

is convergent only as limp; N oo fiVM f (x)em2dx, as simple integration by
parts shows. We also have

(0.}

—0o0 —0o0

so that conditionally convergent integral ffooo f (x)em2 dx is interpreted as as
a limit € — oo of an integral of bounded function f(x) with respect respect
to the complex-valued Gaussian measure ei=9)2® g,

It is tempting to extend this interpretation for Wiener in integrals and
for a complex diffusion coefficient D with Re D > 0 define a complex-valued
Wiener measure by the same formula (2.2). However, a theorem of Cameron
states that corresponding linear function [ is no longer bounded on C';,,(£2),
so that this approach does not work. However, under our assumptions on
a potential v(q) it easy to show by using the profuct Trotter formula that
Li(d,t';q,t), defined for A > 0, admits an analytic continuation into the
half-plane Reh > 0 and

Kr(d',t';q,t) = 1ir51+ Lin—(d',t';q,t).
e—

This establishes the precise relation between Wiener and Feynman integrals
for the case of quantum particle.

2.4. Gaussian Wiener integrals. In Section 2 of Chapter 4 we eval-
uated Gaussian Feynman integrals in terms of the zeta-function regularized
determinants. Here we consider the corresponding problem for Gaussian
Wiener integrals.
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2

d
2.4.1. Dirichlet boundary conditions. Let A = — a2 + u(x) with v €
T
C1[0,T], w > 0, be the Sturm-Liouville operator on [0,7] with Dirichlet

boundary conditions. We have the following result.
THEOREM 2.2.
m T 2 m
e~ 2R Jo u(z)y (m)dmd 0,0 _ .
Cor
PRrROOF. Using the dominated convergence theorem and finite-dimensional
Gaussian integration formula we get

m T 2 mo \"/2
— hf u(z)y®(z)dz 5,00 _ //
/ ¢ ) = Jim (5557)

ch et
m n—1 y y 2 n—1
k+1 — Yk 2
—— e t At d
eXp{ 5T 2 << N ) + u( k:)yk:> } kl:[l Yk

_ m
= lim ,
n—00 \/27Th det A7)
where yp = y, =0, At = L, and

n’

/ by ¢ 0 0 0 \

ar by e 0 0

A(n) _ 0 as b3 0 0
0 0 0 bn_g Cn—2

KO 0 0 an—2 bn—l

where a; = —1, by = 2At +u(t1)(At)3, c; = —At and a, = ¢, = —1, by, =

2 +u(ty)(At)%, k= 2,...,n— 1. Denote by ylin), k=2,...,n,the (k—1) x

(k—1) minor of A™) corresponding to the upper-left corner of A, so that
(n)

det A = yfln).The sequence ¥, ~ satisfies the recurrence relation

oy = 2+ ulte) (A — i, k=3, 01,
with the initial conditions
7 = 2At+u(ty ) (AL, y{" = BAL+2(u(ty)+ults)) (At)P+u(ty Ju(ts) (AL

We rewrite the recurrence relation as

vt + U — 20"

(At)?
According the method of finite-differences for solving initial value problems
for ordinary differential equations, we obtain that when

(2.3) =u(ty), k=3,...,n—1.

lim ~7 = e [0, 7],

k,n—oo M
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then
lim ¢\ = y(),

k,n—oo

where y(x) satisfies the differential equation
—y" +u(x)y =0,

and the initial conditions
(n) _ (n)
y(0) = lim yén) =0, ¢'(0)= lim Y5 Y2

n—o0 n—o0 At

= 1.
Using Theorem 2.1 in Chapter 4, we obtain from here that lim,,_,~ det A™ =

det’ A. O

d2
2.4.2. Periodic boundary conditions. Let A = o3 + u(x) with u €
x

C10,T], u(0) = u(T),u > 0, be the Sturm-Liouville operator on [0, 7]
with periodic boundary conditions. We have the following result.

THEOREM 2.3.

m T 2 1
e 2R fo u(z)y (a:)da:dluloop y) = '
/ w () Vdet' A

Lo,
PROOF. As in the proof of Theorem 2.2, we have

m T 2 m \"/2
355 Jo u(@)y*(z)dz 5 loop _ 1 //
/ e () = Jim (525)
R’)’L

Lo,
m n—1 Y y 2 n
k+1 — Yk 2
o 2 (2252 et o) Frm
k=0 k=1
li L
= lim —,
n—oo y/det A,
where yg = yp, At = % and A,, is the following n x n matrix
(bo -1 0 ... 0 -1 \
-1 b -1 ... 0 0
A, = 0 -1 by ... 0 0 ’
0O 0 0 n—o —1
1 0 0 —1 byt

where by, = 2 + u(t;)(At)?, k= 0,1,...,n — 1. We compute det 4,, by the
following elegant argument. First, note that the real X\ is an eigenvalue of
A, if only if the system of linear algebraic equations

(2.4) Ykt + yk—1 — 2+ u(te) (AD)?)yr = Ay, k=0,...,n—1,

with “initial conditions” y_; and yp has a “periodic solution” — a solution
{yr}i_, satisfying y,—1 = y—1 and y, = yo. Now for given X let v,il)()\)
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and v,(f)()\) be the solutions of (2.4) with corresponding initial conditions

v ) =1, v{P(A\) =0 and vH(A) =0, oY (\) =1, and let

ERRTOVIEEATEY
TN =1\ ") @y |-
v (A) i (A)
It is easy to show that “Wronskian” v,gl()\)vl(f)(A) — v,il)(A)véljl(A) does
not depend on k, so that detT,(\) = 1. Since every solution y; of the
initial value problem for (2.4) is a linear combination of solutions v,il)()\)

and v'% (),
() =mn (%)

This shows that A is an eigenvalue of A, if and only if det(7,,(\) — I2) =
0. Moreover, the multiplicity of A\ as the eigenvalue of A, is the same as

the eigenvalue of T,(\) — I5. Finally, it is easy to show that v,(ll_)l()\) =
o\ 1), vr(lz)()\) = A"+ O(\" 1) as A — oo, so that
det(Ap — ML) = — det(T(\) — I) = o2, (A) + 0@ () — 2.
To compute lim,,_, det A,, denote by y,(;)()\) and y,(f)()\) two solutions
of (2.4) with initial conditions

(1) (2)
WY _ (1 (A _ (e
(y(()ll)(A)) - <1 - (At)2> and <y021)<)\)> - (At)

correspondingly. Expressing solutions v,il)()\) and v,f)()\) through y,il)()\)
and y,(f)()\), we get

2 1
() =yl ()
At

Now it follows from the method of finite differences that

lim det(A, — AL,) = y1 (T, A) + 4(T, A) — 2 = det(A — AI)

n—aoo

by Theorem 2.2 in Chapter 4. O]

— 2.

det(A, — M) = 52, (0 — Aty (V) +

n—1

2.4.3. Traces. Here we assume that the Hamiltonian operator H = Hy+

V has a pure discrete spectrum and that Tr e~ w1 exists. For instance, this

is the case when v(q) — oo as q — oo “fast enough”.
PROPOSITION 2.2.
Tre—TH _ / e~k Jo v(r(edt g loon )
Lo,

PRrOOF. It immediately follows from Feynman-Kac formula and Lidskij
theorem. n
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T
As an illustration, we use this result to compute Tr e " when H = Hyy = —

Since the eigenvalues of H,s. are F, = w(n + %), we have

%) %) 1
T T T

Tr e_ﬁHOSC — g e_ﬁEn — e_wT g e_an e
— — 2 sinh 5

The same result can be also obtained without using the explicit form of
the eigenvalues of the harmonic oscillator. Namely, using Proposition 2.2,
Theorem 2.3 and formula (2.15) in Chapter 4, we get

Tre~ s Hose — ! = L

Vdet'A,, 2sinh <L’







CHAPTER 6

Spin and Identical Particles

1. Spin

So far we have tacitly assumed that the Hilbert space space for a quan-
tum mechanical particle is s# = L?(R3). Based on this assumption, in
Chapter 3 we found the energy levels of the hydrogen atom. In particu-
lar, in the ground state the quantum angular momentum operator M3 has
eigenvalue 0. However, the famous Stern-Gerlach experiment has shown that
the hydrogen atom also has a “magnetic angular momentum”, whose third
component in the ground state may take two values which differ by a sign.
Therefore in addition to the “mechanical” angular momentum operator M
with components M, My, M3, the electron also has the “internal angular
momentum” operator S with components Si, S92, 53, called spin, which is
independent of its position in the space. The spin describes internal degrees
of freedom of the electron. As the result, the number of the states is doubled
and the Hilbert space of states is g = ¢ ® C?. Equivalently, ¢ consists

of two-component vectors
1/)1(0.[))
U —
(¢2(Q)

and
[w? = [1n@Pda+ [lea@Pda
R3 R3
To every observable A in J# there corresponds an observable A ® I in

Hs, given by the 2 x 2 block-diagonal matrix (’6‘ 91). Observables of the

form I ® S, where I is the identity operator in 77 and S is a self-adjoint
operator in C2, characterized the inner degrees of freedom and commute
with all observables A ® I,. The complete set of the observables in 7%
consists of the operators Q1 ® I2, Q2 ® I5,Q3® Is and I ® 51,1 ® Se, I ® S3,
where S; are the spin operators — the traceless self-adjoint operators on C?
satisfying the same commutation relations as the quantum operators of the
angular momentum, i.e.,

1, So] = ihS5, [Sa,S3] = ihSy, [Ss,S1] = ihSs.

In terms of the standard basis e; = (}), e2 = (9) of C2, S; = 2oy, j =
1,2,3, where o; are popular in physics Pauli matrices

(01 (0 —i (1 0
91=411 0)>%27\;i o) 7 \o —-1)"

137
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It is convenient to represent ¥ = (5;) € % as a function ¢(q, o), where

q € R? and o takes two values £ and —%, by setting ¥(q, 3) = ¥1(q) and
Y(q, —%) = 19(q). Then the operator S3 becomes a multiplication by ho
operator,

S3¢(q7 J) = ho—w(qa 0)7
and
S19(q,0) = hlol(q, —0), S2(q,0) = ihop(q, —0o).

Here and in what follows we will always assume that the spin operators act
on the variable o and will often write S; instead of I ® S;. The operator
S% = S 4+ 82 + 5% is called the square of the total splin operator and
S? = h?s(s + 1)1, where s = |o| = %. In physics terminology, electron has
o1
spin 3.
Mathematical interpretation of spin is provided by the representation
theory of the Lie algebra su(2). Namely operators

o1 :|:i0‘2
2

and h = % = o3 satisfy su(2) commutations relations

1
r4 = ﬁ(51 + ZSQ) =

[h,xe] = 224, [z4,2_] = h,

and thus define an irreducible an irreducible two-dimensional representation
of su(2). The highest weight of the representation — the maximal eigenvalue
of the generator h of the Cartan subalgebra of su(2) — is 2s = 1. This
representation is said to be spin % representation and is denoted by D:.

It is known that all irreducible representations of su(2) are highest Weigﬁt
finite-dimensional representations D; of dimension 2s+ 1, parameterized by
the highest weight — the spin s = 0, %, 1, %, .... The representation D can
be described as the vector space of polynomials f(z) of degree not greater
than 2s with the inner product

21 F9E)

T (1 + |Z‘2)2S+2

(1.1) {(f,9) =

C

with the generators h, x4 represented by the operators

d d 5 d
h G T = o sz

It is easy to verify that h* = h and x4 = x* with respect to the inner

product (1.1). This representation of the Lie algebra su(2) is associated
with the representation of the Lie group G = SU(2), defined by

P = (B apos (50,

Qi

where g = (_ag B) € SU(2) and f € D;.
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Now we can specify the first axiom A1 in Section 1.1 of Chapter 2 for
the case of particles with spin.

DEFINITION. A quantum mechanical particle with a spin s € {0, %, 1, %, e
is associated with a Hilbert space of states % = L?(R3) ® D, where Dy is
the irreducible representation of su(2) of spin s. Corresponding spin opera-
tors are given by I ® S;, j = 1,2, 3, where

h th h

S1=—(z4+2_), So=—(x4 —x_), S3==h,

2 2 2
and h,z,z_ are self-adjoint operators in C?**! corresponding to the stan-
dard generators su(2). Particles with integer spin are called bosons, and
particle with half-integer spin are called fermions.

As in the case s = %, the complete set of observables for a quantum
particle of spin s consists of position operators Q1 ® Ios11, Q2 ® Ios11, Q3 ®
Is5+1, and spin operators I®.51, [®53, I ®S3. The total operators of angular
momentum in 75 are

Jj:M]®I25+1+I®Sj7 j:172737
which satisfy the commutation relations
[Jj, Jk] = ihejd, g, k,1=1,2,3.

As the spin operators S;, the operatorsJ; of total angular momentum
are related with self-adjoint operators corresponding to the representation
of the Lie algebra su(2) is the Hilbert space .#%5, which is associated with the
unitary representation R ® p, of the Lie group SU(2) in % = L?(R3) ® D;.
Here R is the unitary representation of SU(2) in L?(IR?), defined by

(R(9)v)(a) =(Adg~'q), qeR’,

where 1) € L?(R3), g € SU(2), and Ad is the adjoint representation of SU(2)
insu(2) ~ R3. Fora = (a1, az,a3) € R3 setting g(a) = e~ *Ma101+a202+a303) ¢
SU(2), we have

0 . .
s (Bope@)| =il =123

2. Charged spin particle in the magnetic field

2.1. Pauli Hamiltonian.

2.2. Electron in a magnetic field.
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3. System of Identical Particles

Consider a quantum system of n particles of spins s1,...,s,. According
to the basic principles of quantum mechanics, the Hilbert space of states of
the system is given by

H =K, @ @M, =L*RN@D,, - @ L*(R> @ Ds, .

Introducing the variables & = (q;, 0;), where q; € R? and o; € {—s;, —s; +
1,...,8;—1,s;}, the wave function of the system can be written as W (&1,...,&,).
Corresponding n-particle Hamiltonian (without the spin interaction) in the
Schrodinger representation can be written as

n 2 n
H=— Z ;—WAi + Z Vi(ai) + Z Uir(Qi — k),
i=1 i=1 1<i<k<n

where the first term is the operator of kinetic energy of the system of n
particles, the second term describes the interaction of the particles with
the corresponding external fields, and the last term describes the pair-wise
interaction of particles.

When the particles are identical, i.e., when m; = --- = m,, = m and
s§1] = -+ =8, = S, the symmetric group Sym,, on n elements acts on J¢ by

PU(&,...,&) =V (&, -, &r,), ™€ Symm(n).

Since in this case it is natural to assume that V; = V and U;, = U for all
1 =1,....,nand 1 < i < k < n, the Hamiltonian H commutes with the
Symm(n)-action:

[H,P;] =0 forall 7 & Symm(n).

As the result, H can be restricted to the Sym,,-invariant subspaces of 7, in
particular to the subspace J%,, of totally symmetric functions ¥ (&1, ..., &y),
and to the subspace 77 of totally antisymmetric functions. It turns out
that in the case of identical particles the Hilbert space of states is defined
as follows.

THE PAULI PRINCIPLE OF IDENTICAL PARTICLES. The Hilbert space of
states for the system of n identical particles of spin s is the totally symmetric
subspace Hym of (L?(R3)® D;)®" for the case of bosons (integer spin), and
the totally antisymmetric subspace 7, for the case of fermions (half-integer
spin).

This is another postulate of quantum mechanics, also known as Pauli
exclusion principle for fermions.



CHAPTER 7

Fermion Systems and Supersymmetry

1. Canonical Anticommutation Relations

1.1. Motivation. As was discussed in Section 3.1 of Chapter 2, the
Hilbert space . = L?(R) for the one-dimensional quantum particle can be
described in terms of the creation and annihilation operators. Namely, the
operators

1
a=——(w@+iP) and a* =
T (@Q+iP)

satisfy the canonical commutation relation

1 :
NeT (w@ —iP)

la,a*] =1
on W22(R) N W22(R), and the vectors
*\k
a
1/)/-@:( ) Yo, k€ Zxo,

VE!

where 1y € € satisfies ayy = 0, form an orthonormal basis for 7. Corre-
sponding operator N = a*a is self-adjoint and has an integer spectrum,

ka; = kwk, ke ZZO'

Similarly, for several degrees of freedom, # = L?(R") and the creation and
annihilation operators

1
a; = — (WQr —iP;) and ai =

V2h

satisfy canonical commutation relations

(1.1) lak,a;] = 0] and [ag,q)) = [ay,a]] =0, k,I=1,...,n.
There exists a vector ¢y € # such that axpg =0, k =1,...,n (Yo(q) =
(Wh)_”/‘le_%), and the vectors

(af)® ... (ap)™

n

kil . k!

form an orthonormal basis for 7#. The operator

n
N = E arag
k=1

141

1
E(WQk‘FZPk), k':].,...,n,

Zbkl,...,kn — w07 (kb sy kn) S ZTZLO7
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is self-adjoint and has an integer spectrum:

Npg, ok = (k1 + -+ kn)Vky ks

and the Hilbert space .7 decomposes into the direct sum of invariant sub-
spaces

o
(1.2) =@ A,
k=0
where N|,, = kI| .
While studying the spin operators in the previous chapter, we found that
for the quantum particle of spin % the operators o+ = 251 /h have the form

{00 (01
=11 0) 7 \o0 o)

are nilpotent, 0% = 0, and satisfy the following anticommutation relation
oyo_+o_op = Is.

Introducing the notion of an anticommutator of two operators,
[A,B]+ = AB + BA,

we can say that the operators a = o_ and a* = o4 satisfy canonical anti-
commutation relations

laa*]ly =1 and [a,a]y =[a*,a"]4 =0.

The vectors eg = (§) and a*eg = () form an orthonormal basis of C?, and

. 1 (10
N—aa—§(03+12)—<0 O)'

In addition, the vector eg has the property aeg = 0. We thus say that the
Hilbert space of a fermion particle with one degree of freedom is 7 = C?,
and it is generated by the creation and annihilation operators a and a*
satisfying canonical anticommutation relations.

Similarly, canonical anticommutation relations for several degrees of free-
dom have the form

(1.3)  |ag,a;]+ =0l and [ag,q)]+ = [ag,a;]+ =0, k,l=1,...,n,

*

where operators a; are adjoint to aj, j = 1,...,n. These relations can be
realized in the Hilbert space s = ECQ X ® Czj = C?" as follows

~\~
n

(1.4) aj=03Q - Qo3RaL Q- Q I,
j-1
(1.5) a; =03Q@ - Qo3Qa" @@ @Iy,
j—1
j =1,....,n. It is easy to see that this representation is irreducible, i.e.,

in there are no nontrivial subspaces of %, invariant with respect to the
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operators a; and a;k., 73 =1,...,n. Moreover, the vector 1) = eg®---Reg €
L satisfies ajig =0, j = 1,...,n, and the vectors

Ukyodn = (@)™ (a0) "0, (ki k) € {0,137,

form an orthonormal basis for .7#%. The operator
n
N = Z arag
k=1

is self-adjoint and has an integer spectrum:

Nbg, k= (k1 + -+ kn)Vky ks

and the Hilbert space 77 decomposes into the direct sum of invariant sub-
spaces

(1.6) A =P A,
k=0

where N|,, = kI| .

1.2. Clifford algebras. Let V be a finite-dimensional vector space
over the field k of characteristic zero, and let ) : V — k be a symmet-
ric non-degenerate quadratic form on V, i.e., Q(v) = ®(v,v), v € V, where
® : V®V — kis a symmetric non-degenerate bilinear form. The pair
(V,Q) is called quadratic vector space.

DEFINITION. A Clifford algebra C'(V, Q) = C'(V) associated with a qua-
dratic vector space (V, Q) is a k-algebra generated by the vector space V
with relations

v =Qv)-1, veV.
Equivalently, Clifford algebra is defined as quotient algebra
cV)=1V)/J,

where J is a two-sided ideal in the tensor algebra T'(V') of V, generated by
the elements u @ v + v ® u — 2®(u, v) - 1 for all u,v € V, and 1 is the unit

in (V). In terms of a basis {e;}1_; of V, the Clifford algebra CI(V, Q) is a
C-algebra with the generators ey, ..., e,, satisfying the relations

[ei,ej]_|_ = e;e; +eje; :2<I>(ei,ej), 1,7 =1,...,n.

The Clifford algebra C(V) is a superalgebra with the Zy grading de-
scended from the tensor algebra T'(V). The natural map V — C(V) is

injective and V' is identified with its image in C (V). The elements in V are

odd. The definition of C'(V') is compatible with the field change: if & C K
is a field extension and Vi = K ®;. Vi, then

C(Vk) = K ®, C(Vg).
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If the field k is algebraically closed (e.g., k = C), there always exists an
orthonormal basis for V' — a basis {e;}}*; such that

q)(ei,ek) :51’]4:9 i,k: 1,...,TL.

In this case there is essentially one Clifford algebra C,, for every dimension
n. If kK = R, there exists non-negative integers p, ¢ such that p + ¢ = n and
there is an isomorphism V' ~ R"™ such that

Q(x) :33%—|—"‘+.’1322,—ZE}29_’_1—---—51372,L, x € R".

This classifies Cliffords algebras over R.

A (left) module S for a Clifford algebra C(V') is superalgebra module
— a finite-dimensional superspace S over k with a map p: C(V)® S — S
such that

p(a® s)| = |a] +|s]
and
plab®@ s) = pla @ p(b® s))

for all a,b € C(V) and s € S.

The fermion Hilbert space 7% from the previous section is an irreducible

(5, module. Indeed, it follows from the canonical anticommutation relations
(1.3) that the operators

(1.7) Yok—1 = ak + aj
(1.8) Yok = —i(akr — ay)
k=1,...,n, satisfy the relations

[”)/ua ’YV]-!- = 25,UJ/Ia

where I is the identity operator on %% = C2?". Thus the Clifford algebra
Cyp acts on 7 and p(1) = I. The representation p : Co, — End(J%)
is irreducible and is analogous to the Schrodinger representation for the
canonical anticommutation relations.

Set N = Z?:l aja; and define the chirality operator I' = e™N . Since
the operator N has an integral spectrum, I'> = I. Moreover, we have that

v+ =0, p=1,...,2n
Indeed, it follows from (1.3) that
Naj; =aj(N+1I) and Na;=a;(N —1),

so that

GTMNCL; _ a;!fewz(N—i—I) and eszaj _ ajeﬂ'z(]\f—[)'

Thus I' anticommutes with all a;, a
the operators

*

7» and hence with all 5,,. Since 2 =1,

Py =-(I+T)

1
2
are orthogonal projection operators and we have a decomposition

Hp = I B A
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into the subspaces of positive and negative spinors, and v, (/) = .

Also, since e™%% = ] — 2a5a; = —iv2j-1725, we have

I'= (_i)nfyl < V2ne

When n = 2, matrices v1,7v2,73,74 are famous ~-matrices of Dirac with

I' = Y5
The analog of Stone-von Neumann theorem for canonical anticommuta-
tion relations is the following statement.

THEOREM 1.1. Let C(V') be a Clifford algebra over a C-vector space V.
(i) If dimV = 2n, then

C(V)~End(S) where §~C2" 12",
(ii) If dimV =2n+ 1, then
C(V)~ D ®End(Sy), where D =Cle]/{e* -1} and Sy~ C*".

PROOF. If dim V' = 2n, the quadratic vector space (V, Q) is isomorphic
to U & U" with the quadratic form Q(u + «) = a(u), where U" is the dual
vector space to U, dim U = n. (Indeed, using the orthonormal basis {ez}Z 11
set U to be the linear span of the vectors —(ek +v—lexin), k=1,.
and U be the subspace spanned by the vectors —( —V—=legin), k =

1,...,n.) Set S = A*U" and define the mapping
p:C(U®UY) — End(S)

by
p(u)s =iys, pla)s=aAs,

where u € U,ac € UY and s € S. It is easy to see that the mapping p is an
isomorphism of superalgebras.

When dim V' = 2n + 1, the quadratic vector space (V, Q) is isomorphic
to the U ® UY @ C - eap 41, where Q(u + a + aeani1) = afu) + a?. Since
C(C-eapr1) ~ D, we have, setting So = AU,

C(V) ~End(S) ® D ~ D ® End(Sp).
[

REMARK. Part (i) of the Theorem is a fermion analog of Stone-von
Neumann theorem. Choosing a polarization of V' given by the orthonormal
basis {ej} ", of V, we see that S ~ J# with 1 — 1y and the operators
oA and ¢, become, correspondingly, creation and annihilation operators
ag, ap, k=1,....n
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2. Grassmann algebras

A Grassmann algebra Gr, with n generators is a C-algebra with the
generators 01, ..., 0, satisfying the relations

9i9j+9j9i20, ,j=1,...,n

Of course, Gr,, is nothing but the exterior algebra A®*V of an n-dimensional
vector space V with a choice of a basis of V. In this form it can be considered
as counterpart of a polynomial algebra C[x1, ..., x,] — a symmetric algebra
Sym(V') of an n n-dimensional vector space V' with a choice of a basis.

The Grassmann algebra Gr, is a vector space of dimension 2" and it
admits a decomposition

(2.1) Gr,=C®Grl @ - @Gt

into grades components Gr,’i of degree k and dimension (Z), k=0,...,n.
The multiplication in Gr,, is graded-commutative:

af = (=) 5a

for homogenous elements «, 8 € Gry,.

The advantage of using Grassmann algebra is that we can realize the
representation p of a Clifford algebra associated with canonical anticommu-
tation relations, considered in the previous section, by an analogs of mul-
tiplication and differentiation operators, quite similar to the ones used for
canonical commutation relations. Namely, let 6; be a left-multiplication by

0; operator in Gr,, and let be a left derivative operator,

)

3 k )
69 Z D! 165,05, ... 05, ... 0;, .

The derivative operators satlsfy the graded Leibniz rule

_1ylal,, 98
(6) LB+ (—1) 6.

00; 89,

and it is easy to verify that the operators @\i, satisfy

9
96,

~ A J0 0
[Qi,QjLF: [8_9@’8_93 +_

and

~ 9
i, —| =6,I, i,j=1,...,n.
gy, = ot =t

~ 0
Moreover, operators 6;, 20,

i
standard inner product in Gr, with the orthonormal basis given by the
monomials 0;, ... 6;, forall 1 <3 <--- < <n.

are Hermitian conjugate with respect to the
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These arguments prove the following result.

PROPOSITION 2.1. The assigment HAr > ;.5 — 0i ...0; € Gry
establish an isometric isomorphism H#r ~ Gr, between the fermion Hilbert
space of n identical particles and the vector space of Grassmann algebra
which preserves decompositions (1.6) and (2.1) and such that a} — 6; and
0
00;’

Thus in analogy the holomorphic representation of canonical commuta-
tion relations (1.1), we obtain a realization of the operators a;, a} satisfying
canonical anticommutation relations (1.3) as derivation and multiplication
operators in Gry,. In Section 1.5 we will develop the notion of an integral
over the Grassmann variables and will show that the inner product in Gry,
can be also written in a form similar to the holomorphic representation.

a; — 1=1,...,n.

2.1. Commutative superalgebras. The notion of a commutative su-
peralgebra allows to consider exterior and symmetric algebras (or Grass-
mann and polynomial algebras) on the same footing.

DEFINITION. A graded (Z/2-graded) vector space over C is a vector
space W with a decomposition

w=w'gw!
into even and odd subspaces. The elements in WY U W1\ {0} are called
homogeneous and the parity is a map |- | : WO U W1\ {0} — {0,1} such

that |w| = 0 for w € W and |w| =1 for w € W,

We reserve the notation V' for ordinary (even) vector spaces, denoting
graded vector spaces by W.

A tensor product of graded vector spaces is defined in the same way
as for ordinary vector spaces. However, the difference between ordinary
and graded vector spaces becomes transparent for the corresponding tensor
categories. Namely, the associativity morphism

Cwywyws - W1 ®@ (W @ W3) — (W1 @ Wa) @ W3
for graded vector spaces is defined by the same formula
Cwywyws (W1 ® (w2 @ w3)) = (w1 ®@ w2) @ w3
as in the case of ordinary vector spaces, whereas the commutativity mor-
phism
Ow,wy Wi @ Wy — Wy @ W;

is defined by

Owyw, (W1 @ wa) = (=12l @ wwy.
The tensor algebra T (W) of a graded vector space W is defined using the
associativity morphism. The exterior algebra A*W and symmetric algebra
Sym(W) of W are defined as a quotient algebras of T'(W) by using the
commutativity morphism.
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DEFINITION. A superalgebra over C is a graded vector space A = A°@ Al
with a C-algebra structure such that 1 € A° and
AV A% c A0 AP At c Al Al Al c AC
A superalgebra A is a commutative superalgebra, if
a-b= (_1)|a||b|b .a
for homogeneous elements a,b € A.

Exterior A®*V and symmetric Sym(V') algebras of a vector space V are
obvious examples of commutative superalgebras.

DEFINITION. Let W = W9 @ W' be a graded vector space. A parity-

reversed vector space IIW is a graded vector space with (IIW)Y = W1 and
(mw)t = wo.

It immediately follows from the above definitions that
A*(V) = Sym(I1V).

Thus the Grassmann algebra Gr,, can be considered as polynomial algebra
on odd generators,

Gl“n = C[@l, NN Qn]
To avoid the confusion, in what follows we always use the Greek letters for
the odd generators.

2.2. Differential calculus on Grassmann algebra.

2.3. Grassmann integration. Every element f € C[0y,...,0,] can
be uniquely written as

n
F=3 S g, 0,
k=01<t1 <<, <n

DEFINITION. The integral on a Grassmann algebra Gr, with an ordered

set of generators 01, .. ., 0, (Berezin integral) is a linear functional B : Gr,, —
C, defined by
B(f) — f12...n'
It is a tradition to write the Berezin integral as
/ f(01,...,60,)d0;...do,.

It follows from the definition of the partial derivatives on Grassmann
algebra that

0 0
/f@l,... n)dOy . ..do, _%'”8_91f’
so that

89ﬂﬁwnﬁ@wyuwn:&
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This leads to the following integration by parts formula

0 B
[ () @ree b =~ [ (50 ) 0r.... )b ..t

for homogeneous f € Gr, and g € Gr,,.

REMARK. Berezin integral is not an integral in the sense of integration
theory. It is defined as linear functional on a Grassmann algebra Gr,, and it
depends on the choice of the ordered generators for Gr,,, which is symbolized
by df ...d0,. In particular, for any permutation o € Sym,,,

/f 01,...,0,)d0;...do, = (—1)°@) /f 01, .\ 00)d001y - - Oy
where o is the parity of a permutation o.

REMARK. Using the embeddings Gri C Gr, for £ < n, physicists usu-
ally define the Berezin integral as a “repeated integral” starting from the
following “one-dimensional integrals”

/dej:O, /deejzl, jzl,...,n

LEMMA 2.1 (Change of variables for Berezin integral). Let 6y,...,0,
and 01, . o 0., be two sets of generators of the Grassmann algebra Gr,,, 0; =
Z?zl aij0j, 3 =1,...,n, with a non-degenerate n x n matriv A = {a;j}; ;_; -
Then

(01,...,0,)d0; ...dO, = (01,...,0,)d6, ...do,,
/fl, ,0n)db: . detA/fl )0 . .
where f(61,...,0,) = FO20 a0, . . ., D i1 an;0;).
PrROOF. By multi-linear algebra, flz“” = f12-7 det A. [

REMARK. Informally, the lemma states that under the change of vari-
ables 0; = > 0, ai;0;,

1

by ...do, = by ...do,.
1 n det A 1 n
This differs from the usual change of variables formula for Lebesgue integral
/f X1yee., Tp)dry .. d:L'n—|detA\/f Yly -y Yn)AY1 - - . AYn,

or dry...dx, = |detAl|dy;...dy,, where z; = ijl a;jyj. Of course,
Berezin integral is not an integral with respect to any measure but rather is
a multiple derivative, which explains this difference.

Let A = {a;;}};—; be n x n skew-symmetric matrix. Its Pfaffian Pf(A)
is defined by

1 E\O
Pf(A) = > (D" ag110(2) - - - Ga@n—1)0@n)
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where e(0) is the parity of a permutation o. Clearly Pf(A) = 0 when n is
odd.

PROPOSITION 2.2 (Gaussian integrals for Grassmann variables). Let A =
{aij}t =1 be n X n skew-symmetric matriz. Then

(1)

/eXp % Z a;;0:0; p d .. .do, = Pf(A).
1,7=1
(i)
Pf(A)? = det A.
PROOF. It is sufficient to prove part (i) for n = 2m. It follows from the
definition of the Pfaffian

m

1 n
Pf(A)6; ... 0, = > 6t |,

~ plon

i,j=1

and from the definition of Berezin integral. Part (ii) is a classical result,
which can be proved by Berezin integral as follows. Suppose first that A is
real-valued. There exists an orthogonal matric C, det C' = 1, such that

0 X ... 0 0

) -1 0 ... 0 0
CAC™ = | o
0 0 0 n

0 0 —Am 0

is a block-diagonal matrix. Since
/ MO0t FAmbom—102m gg. - dhy = A1 ... A,

using part (i) and change of variables formula we obtain Pf(A4)%? = det A.
For complex-valued A the relation holds since both sides are polynomials in

variables a;;, 1 < ¢ < j < n, which coincide for real values of a;;. [
For a Grassmann algebra Gra, = Clf1, 01...,0,,0,] with 2n generators
denote by [ dfdf the corresponding Berezin integral,

0o 0 o 0

_ e — : e Cl61,0:...,0,,6,).
00, 00, aalaelf f € Clo. 01 ]

/ F(0,8)d6d0 =

We also set
o 0 o 0

/f(9,9)d9d9: i (_1)n/f(979)d9d9'

LEMMA 2.2. For annxn matriv A = {a;;}',_; set (A0, 0) = > iie ai;0;0;.
Then

/ e(49:9) 1040 = det A.
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PROOF. According to Proposition 2.2,
/ 1499 40dp = Pf(A),

where A = (9, 6‘) is a 2n x 2n skew-symmetric matrix. We have Pf(A)? =

det A = (det A)?, so that Pf(A) = & det A, and checking for A = I,, deter-
mines the correct sign. [

DEFINITION. An involution on a Grassmann algebra Gr over C is a
complex anti-linear mapping Gr > f — f* € Gr such that (f*)* = f and

(fg)* = g*f* for all f, g€ Gr.

The Grassmann algebra C[61, 51_. ..,0,,0,] has a natural involution de-
fined on generators by (61)* = 61, (01)* =01,...,(0)" = 0p,(0,)* = 0,. In
particular, for

f(@) = Z Z f“zk 92'1 e Qik € Gr, C Gry,
k=0 1<i1<--<ip<n
we have
Fr0)=f0)=>_ > fieis 6. .0;, € Grop.
k=0 1<i1<--<ip<n

LEMMA 2.3. The standard inner product on the Grassmann algebra Gr,, =
Cl01,...,0,] is expressed as the following Berezin integral over the Grass-
mann algebra Gra, = C[01,01 ... ,0,,0,]

(f1, f2) = / F1(0) f2(0)e % doap,

where 00 = 0101 + - - - + 0,,0,,.

ProoOF. It sufficient to prove the lemma for monomials. It is clear that
for f1(0) =6;, ...0;, and f2(0) =6;, ... 60, the integral is 0 unless k = [ and
11 = J1,...,%, = Jr. In this case we have

(0, ...0; .05 ...0; ) = /eil 0,05, ... 0 e (OO F000) g6 g
:/91...ene‘n...éldéde:1.

L]

COROLLARY 2.1. The operators and @», 1 = 1,...,n, are adjoint
i
with respect to the inner product on Gra,.
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PRrOOF. It follows from Lemma 2.3 the integration by parts formula that

< of ,f2> g];l( ) f2(0)e = dddg

|f1|+|f2|/f1 3~ dddo

= (-1 |f1|+|f2|/f1 9f2( )e =00 1040

- <f17 9if2>7
0 1] o —00 . . . .
since 8—96 = 6;e 7" and the integrals are different from 0 if and only if
1]+ [fol is odd. O

2.4. Functions with anticommuting values.

2.5. Supermanifolds. A supercommutative superalgebra A(M) of dif-
ferential forms on the manifold M can be also considered as a superalgebra
of functions on a supermanifold IIT'M. Namely, to every w, € AP(M), given
in local coordinates on U C M by

E azll Zp dxll * /\ dxip7

1< <lp
we assign
wp($7 77) = Z gy ...ip (:B)Thl e My, S COO(U)[TID <. 77771]
i< <ip

Since under a change of coordinates a;,. ;,(x) transform like coefficients
of differential forms, and 7y,...,n, — like components of tangent vectors,
wp(x,n) is a well-defined function on the supermanifold IITM. The de Rham
differential d gives rise to an odd vector field § on IIT M,

- 0
5—;%6—%

with the property that 42 = 0. Integration of a top form over M reduces to
the integration of a corresponding function over IIT'M with respect to the
canonical volume form dxdn = dx; ...dx,dn .. .dn,:

/wn— /wnxnda:dn

Inrm

The volume form dxdn is well-defined due the opposite change of variables
formulas for the ordinary and Berezin’s integrals.
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2.6. Classical mechanics on supermanifolds.

EXAMPLE 2.1 (Free spin % particle). The configuration space is the

supermanifold M = ITR" ~ R™" — the tangent bundle to R” with the
reversed parity of the fibres, with even and odd real coordinates q1,...,q,
and Y1, ...,%,. Denote by m : M — R" the corresponding projection and let
7 (TR™) be the pull-back to M by the mapping 7 of the tangent bundle TR"
over R™. For every v € Q7(R™) — the space of smooth maps of I = [tg, t1] to
R™, let @ be the odd vector field along the path v = q(¢) in R™ — a global
section over I of the bundle v*(ITTR™), and let % be the connection in
~*(ITTR™) corresponding to the Euclidean metric on R™ — the Levi-Civita
connection. Explicitly,

Z¢k 8qk tel.

Every pair (q(t),®(t)) —a path in M, lifts to a path y(t) = (q(t),q(t), ¥ (1))
in 7*TR"™, and we define the Lagrangian (with values in auxiliary Grassmann

algebra) along this path by

L:mq <,¢¢> Zn:mqk—l- Z¢k¢k

2
k=1

and the corresponding action functional by

S(~(t)) = / Lia(t), a(t), 9 (6))dt.

0

The Euler-Lagrange equations are
qg=0 and ¢ =0.

Corresponding Legendre transformation introduces canonically conjugated
momenta as follows

OL oL

— =mq; and 7w, =——=—=1;, j=1,...,n.

04q; / J 0V 2"

Thus the phase space is a supermanifold R2"" with real coordinates p, q, ¥
and the symplectic form

pj =

w=dp Adg+ %d¢d¢,

and the Hamiltonian
2

(2.2) H=2"

2m

EXAMPLE 2.2 (Spin % particle in a constant magnetic field). On the
configuration space R?® with real coordinates q, 1 consider the Lagrangian

L= 2q2+ ¢¢+ (thb)lb
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The corresponding phase space is RYI% with real coordinates p, q, 1 and the
symplectic form

w = dp A dq + %d¢d¢,

and the Hamiltonian is

2 .
(2.3) H= ;’—m _ %(B X ).

3. Quantization of classical systems on supermanifolds

Quantization of the phase space R2M" with the symplectic form
w = dp A dq + %dzpd«p

is the Hilbert space # = L?(R") ® CQd, where d = [%], where now
satisfy Clifford algebra relations

[k, Yil4 = Ol
and Py, Q. satisfy Heisenberg commutation relations. The Hamiltonian op-
erator corresponding to (2.2) is

. P2
H=—
2m

and describes free quantum particle of spin %
Similarly, Hamiltonian operator corresponding to (2.3)

P2 B.o

om 2

in 2 = L?(R3) ® C2, which describes quantum particle of spin % in a
constant magnetic field. The second term in this formula is called Pauli
Hamiltonian.

H =

4. Path Integrals for Anticommuting Variables

4.1. Matrix and Wick symbols of operators. Let a;,a;, k=1,...,n
be fermion creation and annihilation operators of n identical particles, let

n
(4.1) My = P A
k=0

be the decomposition of the fermion Hilbert space into a direct sum of
invariant subspaces of the operator N =Y}, aray, and denote by Py cor-
responding orthogonal projection operators onto 7. According to the de-
composition (4.1), every operator A in % can be represented in a follwoing
block-matrix form

A _ Alo All . e Al’I’L ’
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where A;; : 56 — 4 is the operator P;AP;.

DEFINITION. The supertrace of an operator A on 7% is defined by

n
Tr, A=TrTA=) (-1)" Tr|,, P4,
k=0

where I' is the chirality operator in J7%.

Let Gro, = Clay,ay ..., an,a,] be the Grassmann algebra with 2n gen-
erators.

DEFINITION. A matriz symbol of an operator A : #7 — % is a element
A(a,a) € Gra,, defined by

A(&,a): Z Z Aij(k17°"7ki;l17'°°7lj)dk1”‘akialj"'all)

i,j=0 0<ki<--<k;<n
0<li<--<l;<n

where Ajj(ky, ... kil l) = (A g Uk k)

Since Cly, ~ End(7¢F), every operator A : % — % can be uniquely
represented in a normal form as follows

n
§ : § : . ~ %k Ak oA ~
A= Kij(kla coey ki, ll, NN lj)akl NN akialj e Ay
1,7=0 0<k; < <k;<n
O§l1<~-~<lj§n

DEFINITION. A Wick symbol of an operator A : 7 — 7 is a element
A(a,a) € Gray,, defined by

n

A(d,a): E E Kij(kla---yki;lly---alj)dlﬂ---dkialj---all-
1,j=0 0<k1< - <k;i<n
0<li<-<lj<n

When n = 1, every operator A in 7 ~ C? is represented by
A — (Oéoo CY01> 7
a10 011

A(a,a) = agy + apra + apa + ajjaa € Cla, a).
On the other hand,

so that

A = appad” +apra+apa” +ar1a*a = agol + agra+ apa” + (a11 — Ozoo)&*d,
so that
A(a,a) = apo + ap1a + ajoa + (a11 — ago)aa € Cla, al.

In this case it is elementary to verify that A(a,a) = A(a,a)e®® and, in fact,
this relation holds in general.
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LEMMA 4.1. Matriz and Wick symbols of an operator A : 7% — HF in
the Hilbert space of n tdentical fermions are related by

A(a,a) = A(a,a)e™,
where aa =Y ) _ Gray.
PrRooOF. It is sufficient to compute the matrix symbol of the operator
A=ajp ...a;a...a,. Denote by K = {k1,...,k;i} and L = {ly,...,1;}
the ordered subsets of the set {1,...,n}, and let S = {s1,...,s,} and

T = {ti1,...,tq4} be two other ordered subsets of {1,...,n}. Then the inner
product

<Aw51...8p7 ¢t1...tq> — <dlj oo dllwsl...slﬂ dki cee dk1¢t1...tq>

is different from 0 if and only if L C S, K C T and the corresponding set
complements coincide: S\ L =T\ K. In this case,

<Aw81...8p7wt1...tq> == (—1)E(Las)+€(K,T)‘

Here for any pair of ordered subsets L and S of {1,...,n} such that L. C S,
we denote by (L, S) the parity of a permutation that sends LI (S \ L) to
S. Thus the matrix symbol of A is given by

Ala,a) =Y (—1)E5HEDg, gy a,, ... a,
S, T
where the summation goes over the subsets S and T satisfying the above
condition. Setting {ri,...,rn}=S\L =T\ K, we get

n
A(a,a) = g g Aley -+ - Ahey Ay« o oy Ay -+ - Ay AL - - A

m=0 1<r;i<---<rm<n

n
= ag, ...dkialj c.Lap E E ApyQpy « - Qp,, Q.

m=0 1<r;<---<rm<n

_ = = aia1+---+ana
—akl...akialj...allell nen

]

To matrix symbol A(a,a) of an operator A on 7 (respectively, Wick
symbol A(a,a)) one canonically associates the elements A(a,n) and A(7, a)
(respectively A(a,n) and A(7,a)) in the larger Grassmann algebra Gry, =
Cla1,a1,---,apy Gy M1, 7M1s - - - My Tn] by replacing, correspondingly, Grass-
mann variables a; by n; and a; by ;. We define the incomplete Berezin
integral as the following linear mapping f dndn : Gryy, — Gray,:

o 0 0 0

a,a,n,n)dndn = — e
/ Flan @, W Ot Onp - O Oy
The following result shows the usefulness of matrix and Wick symbols.

f7 f € Gr4n-

THEOREM 4.1. Let A and B be two operators in 7 with matriz symbols
A(a,a) and B(a,a). Then the following formulas hold.
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(1) The matriz and Wick symbols of C = AB are given by

/.A Ye~Mdidn,
Claa) = [ Alan)Bn,a)e T day
(ii) The trace and supertrace of an operator A are given by
TrA= /.A(d,a)eaadad&: /A(d,a)eQaadada,
Trs A = /A(Fz,a)e_a“dada = /A(d,a)ddda.

PROOF. The first formula in part (i) follows from

/7713- M ey - - - ﬁkie_ﬁ”dﬁdn = 0ii0k,1; - - - Okyl,

and the rules of matrix multiplication. The second formula in part (i) is
obtained using Lemma 4.1. The first and second formulas in part (ii) follow,
correspondingly, from

— — aa —
/akl .. akialj ...qpe dada = 6ij5k1l1 NN 57%17;
and

/C_Lk;1 QR alle_aaddda = (_1)Z(Sz’j5kz1l1 - 5kili'

REMARK. Note the difference between formulas for Tr A and Trg A.

REMARK. Since I' = e™@"@ = []?_, (1 — 2a}ay) (see Section 1.2), for the
Wick symbol of I" we have

n

L@ a) =[] - 2ara) = e >,
k=1

so that

Tr, I'=Tr1 = /e_Zaaddda = 2" = dim J#F.

Here is another derivation of the formula for Try A = Tr AI' based on the
formulas for Tr A, Part (i) of Theorem 4.1 and the expression I'(a,a) =
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e24e  We have

Tr AT = / / A(a, n)e2me==a)n=a)+2aaqp 0 dadg

= / / A(@, 0 + a)e 20979 4pdodada

= / A(@, 0 — a)e "dfdodada

= /A(a, —a)dada = /A(a,a)dada.

Here in the second line we changed variables n = 6 + a, 7 = 6 + @, changed
0 by 6 + 2a in the third line, and have used that

/ F(0)e=%dado = £(0)
in the fourth line.

4.2. Path integral for the evolution operator. Let H be an Hamil-
tonian of a system of n identical fermions — an operator in 7 with Wick
symbol H(a,a). Here we express the Wick symbol Ur(a, a) of the evolution
operator Up = e~ TH using the path integral over Grassmann variables. Set
At = %, and let (7& be the operator with the Wick symbol e~ iH(a.a)At The

following elementary fact replaces Trotter’s product formula for bosons.

LEMMA 4.2.
Ur = lim UY, ,
r= N—o0 At
where the convergence in the Grassmann algebra Gro, = Clay, a1, . .., ay, Gy

is understood in the topology of the underlying vector space Gray, ~ A®*C?".

Proor. We have

N R N
Ur = lim (I—z’HAt)

N—o0

The Wick symbol of the operator }A%At —[—iHAt-U At, as a polynomial in
At with Grassmann algebra coefficients which starts with the term (At)2.
Therefore, ||Ra¢|| = O((At)?), and

Op = Jim (Uar+ Ra)™ = Jim O3,

— 00

[

Using Theorem 4.1, we can represent the Wick symbol U XN.(a,a) of the
operator UY, A as a (N — 1)-fold Berezin integral over the Grassmann vari-
ables {a(k) ) a%k), EL?(f L k=1,...,N —1. We set for brevity a(¥) =
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{agk), o a% )} atk) = {agk), e c_ngk)}, and denote a'* =>a ‘(k) (k),
etc. Then
N—
UAt / /eXp { Z (@*+t) — g®g) 4 (B — o(F=1)g k)
k=
1 N— N-1
+§((a<1) —a)a+ (a—a™ " V)a Z a**V q At} T da®dat®),
k=0 k=1

where we set a(9) = g and @) = @. (Note that in this formula there are no
variables a(®) and a(™).

It follows from Lemma 4.2 that
(4.2) Ur(a,a) = lim UX.(a,a)

N—-1
1 1 _(k+1) = (k)y (K k) k—1)\ = (k
ngloo/.../exp{iz((a< — a®)q® 4 (®) _ gk=1)y5(00)

N-1 N—-1
+%((d(1) —a)a+ (a— aN- 1) i Z H(a (k:+1) k:) At} H da® g k)
k=1

Now following the analogy with the boson case considered in Section 1.5 in
Chapter 4, we pretend that as N — oo, the piece-wise constant functions

at)=a®, ait)=a", kAt<t<(k+1)At, k=0,...,N—1,

with anticommuting values “converge” to the functions a;(t), a;(t) on [0, T

satisfying boundary conditions a;(0) = a;, a;(T) = a;, ¢ = 1,...,n, and,
respectively,
9D gt L

Az : Az converge” to a;(t) =
Extending the analogy further we pretend that

N—1
: 1 _(k+1)  =(k)y (K k) (k=1)\=(k)
lim {5 Z((a( —a®)a® 1+ (0™ —q yatky

N—o0
k=1

i oy = 24
a0 at) ="z

2

(@M —a)a + (a —a™N"Wa) —i

I

H (a1, a(k’))At}

Ql

T
- /0 (4(aa + aa) — iH(a,a)) dt + 1(a(0)a + aa(T)) — aa)

T
_ /0 (4a — iH(a, a))dt + aa(T) — aa,

where in the last line we have used “integration by parts”

T T
/ aa dt = / aa dt + aa(T) — a(0)a.
0 0
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We can summarize everything by writing

(4.3) Up(a,a) = / exp { /0 "6a — iH(a. a))dt 1+ aa(T) aa} Pa%a,

where the symbol on the right hand-side is, by definition, the path inte-
gral over Grassmann variables. Here the “integration” goes over all func-
tions a;(t), a;(t) with anticommuting values on the interval [0, T, satisfying
boundary conditions a;(0) = a;, a;(T) =a;, l =1,...,n, and

YaPDa = H da(t)da(t H Hdal (t)day(t

0<t<T 0<t<T =1

where the integration goes over a(7T') and a(0) as well.

REMARK. We emphasize that the rigorous definition of the Grassmann
path integral is given by the limit N — oo in (4.2). Still, in many interesting
cases the heuristic reasoning presented above can be made into rigorous
arguments.

Using Theorem 4.1, we can also express the trace and the supertrace of

the evolution operator Uy = e~iTH a5 a Grassmann path integral. We have

Tre TH = /UT(a,a)e%adadd

N— 1
— A}Enoo/.../exp {% aF ) — g k) (k) — g(k=1)gR)
k=1
N-—1 N—-1
+1(@W +a)a— (a+a™Ma)y—i Yy H@*+ ("’))At} [ da®da® dada,
k=0 k=1

where (%) = @ and @) = @. The terms (d(l) +a)a and —(a+aN 1)@ can

be included into the respective sums Zk o and Zk , if we set al® = —q
and o) = —q. In the limit N — oo we arrive to the anti-periodic boundary

conditions for a(t) and a(t) and

. T
Tre TH = / exp {/ (aa —iH(a,a)) dt} Ya9Da.
0

a(0)=—a(T)
a(0)=—a(T)
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For the supertrace we have

Trg e~TH — /UT(d,a)dc_Lda

N-1
— lim /.../exp {% Z((C—L(kzﬂ) _ C—L(k))a(kz) + (a(k:) _ a(kz—l))a(kz))

N—oo
N-1 N-1
+3(@" —a)a+ (a—a™"a) —i Y H@ <k>)At} I da® da® dada,
k=0 k=1

where a(®) = ¢ and @) = @. In this case the inclusion of the terms (@*) —
a)a and (a —a™N=1)a) into the corresponding sums imposes the conditions

a(0) = @ and a™) = a. In the limit N — oo we arrive to the periodic
boundary conditions in the Grassmann path integral,

. T
Try e TH = / exp {/ (aa — iH (a,a)) dt} YaDa.
0

a(0)=a(T)

a(0)=a(T)
REMARK. Formulas for the trace and supertrace of the evolution op-
erator e “TH make sense because it is an operator in a finite-dimensional

Hilbert space 7.

Replacing the “physical time” ¢ by the “Euclidean time” —it and T' by

—1iT', we get the Grassmann integral representation for the Wick symbol of

the operator U_;p = e 11,

U_ir(a,a) = / exp {— /OT(—aa + H(a,a))dt +aa(T) — aa} YaYa,

a(T)=a
a(0)=a

and for its trace and superstrace,

(44)  TreTH — / exp {— /O (i HG@, a))dt} PaPa,

a(0)=—a(T)
a(0)=—a(T)

(4.5)  Tree TH = / exp{—/OT(—aa+H(a,a))dt} Pa9a.

a(0)=a(T)
a(0)=a(T)

4.3. Gaussian path integrals over Grassmann variables. We start
with the case n = 1. Let u(t) be smooth periodic function on the interval

[0,T]. We set
1 /T
w=7 |
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and consider the first-order differential operator

d

D t), D=——,

+ u(t) o

on the interval [0, T']. Similarly to the corresponding result for the bosons, we
have the following statement for the corresponding Gaussian path integrals

over Grassmann variables.

THEOREM 4.2. We have

/ e fg(—dé+u(t)&a)dt9d9a _ det'(—D + U(t))‘pbc —1_ e_UOT
a(0)=a(T)
a(0)=a(T)
and
/ exp_ fOT(—dd—i-u(t)&a))dt DaDa — det’(—D + U(t)) ‘apbc 14 e—UOT,
a(0)=—a(T)
a(0)=—a(T)

where pbc and apbc stand, correspondingly, for the periodic and anti-periodic

boundary conditions for the differential operator D + u(t) on the interval
[0,7T].

PROOF. We repeat the arguments for the bosonic case and prove the
first formula; the second formula is proved analogously. Using (4.2) and
Lemma 2.2 we get

/ o T (—aatu(aa)dt gz g,

a(0)=a(T)
a(0)=a(T)
N_1 N-1
= i — >0 ((@r—agy1)ap+u(ty)agsarAt) _
Ngnoo/ /e = " o H dakday,
k=0
= lim det AN,
N—oo

where ay = ag,ay = ag, tp = %, and Ay is the following N x N matrix:

1 0 0 — 1+ ultn_1)At
-1+ U(to)At 1 ce 0 0
Ay = 0 —1—|—u(t1)At 0 0
0 0 1 0
\ 0 0 —1 4 u(tn_o)At 1

It is elementary to compute that
N-1

det Ay =1— J] (1 —u(ty)At),
k=0



5. SUPERSYMMETRY 163

so that .
limdet Ay =1—e Jo w®dt _ 1 g=uoT

Using Proposition 2.3 in Chapter 4 completes the proof. Il
EXAMPLE 4.1 (The fermion harmonic oscillator). The Hamiltonian

~ w w
H=_(a"~ad") =wa'a - 1

has Wick symbol H(a,a) = waa — ¢, so that using (4.4) and Theorem 4.2
we get,

Tre TH = &% / exp Jo (maatwaa)dt g g — e%(1+6_“’T) = 2 cosh %
a(0)=—a(T)
a(0)=—a(T)
Of course, in this case ¢ = C? and H = — %03, so that
2 w w T
Tre TH — % + e~5 = 2cosh %
— a different derivation of the same result.
Similarly, using (4.5) and Theorem 4.2 we get
. y L w T
Trye TH = 2 / exp Jo (-aatwia)dt gz — eTT(l—e_wT) = 2sinh %,
a(0)=a(T)
a(0)=a(T)

Using that for %/ = C? we have I' = o3, the same result is obtained by

wy: _Th Wl  _wl oW’
Trse TH:Trage TH — % — e :2smh7.

5. Supersymmetry

5.1. The basic example. We start with the Lagrangian of a free par-

ticle in R™ of spin 3, considered in Example 2.2 in Section 2.6:

2

5.1.1. Total angular momentum. This Lagrangian is invariant with re-
spect to the action of the orthogonal group G = SO(n) on the configuration
space R™"

(5.1) L(g-v) = L(v), veTR""

where the action of G on an tangent bundle TR™" extends the diagonal
action on R™", defined by (q,%) — (g-q,g- %), g € G. Corresponding
conserved quantity — the Noether charge J € g* — the dual space to the
Lie algebra g = so(n), can be obtained as follows (c.f. the proof of Theorem
1.2 in Chapter 1).

Consider arbitrary infinitesimal change of coordinates

a— q=q+0q, =1+,
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and compute 6L = L(v) — L(v), up to the second order terms in dq, Jip as
follows:

5L = mi(q,08) + & (0w, ) + (1,59) )
. d . ' . :
= —m(d, 6q) +m (4 60) + 5 (0%, %) — (3, 09)) +
. d,. . ; ) d
where we have used that (), 0%) = —(52p,4p). Thus on solutions of the
Euler-Lagrange equations q = 0, 'Lb = 0 we have

or =2 (m<q, 0q) + %(1#757@) :

i d

5 2 (0, 5%)

dt

Now using (5.1) with g = e**, where x € g, for dq = ex-q and 0y = ex - ¢
we obtain 6L = 0, so that

3 = midxa) + L (% 9)

is an integral of motion:

d

on solutions of the Euler-Lagrange equations. Choosing a standard basis
xi, 1 < k <1 < n of so(n) consisting of skew-symmetric n X n matrices
corresponding to the roots of g, we get Noether integrals of motion

Jui = qxpr — @k — Wk, 1 <k <l <mn,
which are components of the total angular momentum of a classical particle
of spin % In particular, for n = 3 we get
J1 = Jog = My — ithai)s,
Jo i= J31 = Mo — i3,
J3 = Jig = M3 — iyp19a,

where My, My, M3 are components of the angular momentum M of a particle
in R? (see Section 1.3 in Chapter 1).

REMARK. In fact, Lagrangian L of a free particle with spin % is invariant

under the action of G x G on R™", so that both the angular momentum
qepr — qpr in R™ and the “Grassmann angular momentum” —z,); in RO
are conserved.

As we know, the Hilbert space for a corresponding quantum system is
H = LR ® Czd, where d = [%}, and Noether charges J;; correspond to the
operators

Jr = QuPr — Q1Py — inhyaby,
where the operators 1, satisfy

[r&kaﬁl]—i—:éklI) kal:17"'7n'
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In particular, for n = 3 we have 1/3]' = %O'j, and

J=M+ % o
— the total angular momentum of a quantum particle in R? of spin %
5.1.2. Supersymmetry transformation. It is remarkable that Lagrangian

L is also invariant under another transformations on R™" that mix even and

odd coordinates. Namely, for v € Q7(R") let 4 (t) € IIT,Q;(R™) — a global
section over I of the pull-back by v of the tangent bundle of TR™ with the
reverse parity of the fibres,

& 0
P(t) = ) r(t)5—

Now let € be an odd real element and for every (v, %) € IITQ;(R™) consider
0eq(t) = iep(t) € T,Qr(R"™) and 6:.9(t) = —meq(t) € IIT,Q(R™).
Then for
0cL = L(q + 6.q,% + 6cp) — L(q, )

we obtain
0. = im{q,e9p) — 5 (e ) + (3, eii))

= T (a.20) + (v )

ime d

TEW’@'

Introducing @ = i(xp, mq) = (¢, p) =1y ., Yrpr — the generator of
supersymmetry, we get that along every v € Q;(R"), ¢ € v*(IITR"),

(5.2) 5.1 — 299

This means that 0.5 = 0 for all periodic boundary conditions (and not only
on equations of motion)!

Another remarkable property is the Lagrangian L can be recovered from
“supercharge ”(). Namely, the computation

0:Q = im((=1, ) + (¥, 0:4))
= ime(—m{d, @) —i(y, ¥)).
gives
(5.3) —2imeL = 0.Q).
The Hamiltonian can also be recovered from () by
{Q,Q} =p*=2mH,
1

which shows that all properties of a free particle of spin 5 are contained in
the supercharge Q.
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The invariant meaning of the supersymmetry transformation is related
to the geometry of a path space. Namely, set m = 1 and consider the Wick
rotation t — —it to Euclidean time, so that the sypersymmetry transforma-
tion becomes

(5'4) 56(1(t) - 7381#(25), 5€¢(t) - _igq(t)'
Now consider the infinite-dimensional supermanifold II7T'Q2;(R™) with coor-

dinates (q(t),%(t)), t € I. The supersymmetry transformation (5.4) (up to
an overall factor of 7) corresponds to the following vector field on II7Q2;(R"™),

ok b , 5]
=y [ (o150 0155 )

t1

Q= [ (¥(t),q(t))dt,

to

Q)= [ atanar+ [ [ ol = 0. w(o)ias
—— [ @) + @, v0)d

= —25(q(t),¥(t)),

where now S stands for the Euclidean action. Interpreting functions on
7T (R™) as differential forms on Q7 (R™), we also get that

—~ [/, 0 : 0
Yok = _;/t (q’““)aqk@) tlt) m(t)) W=ty

— a first order differential operator on functions on II7T'Q;(R™) which cor-
responds to a Lie derivative of the vector field V' on Q;(R™), defined by
V, =4 € T,Q;(R"). Also, we have
t1 dQ
X(S)=-2 [ =Zdt=-2Q()"
( ) o dt Q( >‘t0 )
where Q(t) = (¢(t),q(t)) is Euclidean supercharge.
After the quantization,

n
Q=1i) Unbs,
k=1

where r 5 .
P.=-— and ¢p=— , k=1,...,n,
k= P Uy, \/5%
so that .
0= Lo
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where 0 is a Dirac operator for the Euclidean metric on R™. We have

Q. Q14 =2Q* = A =2m,

where A is the Laplace operator on R™.
5.1.3. Spin % particle on a Riemannian manifold. Let M be n-dimensional
Riemannian manifold with a Riemannian metric ds®. In local coordinates

q:(q17"'7Q71)7

ds® = Zg q)dg; ® dg;.

1,5=1

Let IIT'M be the tangent bundle of M with the reverse parity on the fibres.
For a path v € Q;(M) denote by v (t) the section of the pull-back bundle
y*(IITM) over I. In local coordinates,

Zm g € UTM

Now let € be an odd real element, and for every (v,v) € IITQ;(M)
consider the supersymmetry transformation — the vector fields along -+,
defined in local coordinates by
(5.5)

beq(t) = ictp(t) € Ty M, O.b(t) = —meq(t) € IT, M, tel.

LEMMA 5.1. Supersymmetry transformation (5.5) is well-defined, i.e.,
does not depend on the choice of local coordinates.

PROOF. Let q be another coordinate system, Gy = fr(q1,...,qn), k =
1,...,n. Along the path ~,

and
v =3 Bult) s
where
50 = > e
We have -
s = 32 2L (enaeatt) =150 2 G eewnts) = iednlt)
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and

= —mz’:‘q} (t),

since 1), anticommute. [
For a v € Qr(M) let ¢ € IIT,Q; (M) and along the path v set

Q(t) = i(q(t), ¥ (¢)),
and denote by V5 the covariant derivative in the tangent bundles 7'M and
I[TT'M along ~, given by Levi-Civita connection.

PROPOSITION 5.1. Along v € Q7 (M),
0:.Q = —2ielL,
where

L= 5(% q) + §<¢,Vﬁ¢>

15 a supersymmetric Lagrangian for a spin % particle on a Riemannian man-

ifold M,
edQ@)

oL = ——<.
€ 2 dt
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