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PREFACE

No Masor work covering the general area of Chemical Physics would
be complete without a substantial section on quantum mechanics.
Quantum mechanics provides not only the physical principles and
mathematical methods used in all theoretical work on the electronic
structure and properties of matter; it provides even the concepts and
vocabulary of nearly all branches of theoretical chemistry. It is there-
fore of some importance to indicate the aims and scope of this section
of the Encyclopedia, distinguishing clearly between quantum mechanics
as a discipline and quantum mechanics applied to chemical problems.

Quantum mechanics is here developed as a fundamental discipline.
Although applications are frequently considered, they are introduced
only to illustrate principles or give point to the development of the
subject in various directions. More detailed applications of quantum
mechanics—to atomic structure, molecular binding, molecular prop-
erties, solid state theory, and so on—are found in other sections of the
- Encyclopedia.

The intention of the Editors has been made clear in the Introduction.
Each volume is severely restricted in length, covering a well-defined
area at a fundamental level and exhibiting a considerable degree of
independence so as to be useful as a textbook in its own right. Another
prerequisite is that the exposition shall not be so severe as to overtax
the resources of good graduate students in physics or chemistry, though
clearly topics of intrinsic mathematical difficulty will be heavy reading
for students whose mathematical skills are rudimentary.

With these limitations in mind it seemed necessary to plan for at
least four short volumes on (non-relativistic) quantum mechanics. The
first would confine itself to an exposition of the basic principles and
formalism, illustrated mainly by reference to the simplest possible one-
particle systems. The second would develop the main techniques—such
as perturbation theory, and group theory—in the context of basic
applications, again as far as possible with reference to a single particle
moving in some given field: it would give point to the theory by intro-
ducing the “independent particle model”, in which each electron moves
in an “effective field” provided by the others, and in this way would
serve to indicate the applicability of quantum mechanics to atoms,
molecules and crystals. The third would deal quite generally with
many-electron systems, introducing specifically ‘“many-body” topics

vii



viit PREFACE

such as permutation symmetry, vector coupling, electron correlation,
and would include general theory of electronic properties. The fourth
would return to the basic principles and formalism, particularly those
referring to time-dependent effects, and develop the more elementary
parts of the theory of scattering and collisions. Each volume would thus
be relatively compact and suitable for use either by-itself or in con-
junction with the others, according to the particular interests or back-
ground of the reader. Further volumes would no doubt be added as the
pressure of new developments and applications, for example in more
advanced collision theory, made them necessary.

The present volume is accordingly concerned with the principles and
formalism of quantum mechanics. It is not strictly an introduction to the
subject, since all graduate students in physics and chemistry can
nowadays confidently be expected to have some acquaintance with
quantum mechanics at its most elementary level. Chapters 1 and 2
merely review the origins of Schrédinger’s equations and the nature of
the solutions in certain simple and well-known cases. Matters which are
extraneous to the subject (e.g. standard methods of separating and
solving partial differential equations) are relegated to Appendices so
as not to interrupt the development. The ideas associated with vector
spaces, however, and more generally with Hilbert space, are so much a
part of the whole fabric of quantum mechanics that they have been
developed in Chapter 3 as an essential part of the text. This chapter
provides the mathematical language with which it is possible to formu-
late the main principles and their immediate consequences in Chapter 4.
Special attention has been given to the more difficult topics, such as
spin, which are frequently skipped, glossed over or presented in an
abstruse and unpalatable form. This chapter leads naturally to the final
generalizations (Chapter 5) in which various alternative “languages”
or representations are discussed—each with its own advantages in
particular applications—and the Dirac transformation theory is
developed and explained.

Any author of yet another book on quantum mechanics must expect
criticism. A mathematical physicist may complain that the delta
function has been introduced too casually, or that the Lagrangian
formalism has not been given due prominence, or that continuing con-
troversies about the measurement process have been largely ignored.
Many a chemist, on the other hand, may object to so many pages on
vector spaces and mathematical techniques. But the book is addressed
specifically to neither of these readers. In Volume 1 I have tried to
present the main principles of the theory with special regard to the
needs of chemical physicists, recognizing that present work in such
diverse fields as electron spin resonance, molecular beam experiments,
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and Compton scattering brings with it the need for much sophisticated
analysis, and a familiarity with the Heisenberg representation, momen-
tum space, and all the trappings of the general theory. If this and
succeeding volumes can bring the theory and its current applications
in chemical physics within the reach of a good graduate student they
will fulfil their main object.

Finally, I wish to thank Professor K. Ohno (University of Hokkaido)
for his help in the early planning of the first two volumes, which were
started several years ago under joint authorship. Although distance and
the pressure of other commitments prevented the full fruition of this
collaboration, his contributions, and particularly his critical and con-
structive comments on most of the present volume in a semi-final form,
are gratefully acknowledged. My thanks are also due to Mrs. S. P. Rogers
for her careful and accurate production of the typeseript, and to
Pergamon Press for their co-operation at all times.

R. McW.



INTRODUCTION

THE International Encyclopedia of Physical Chemistry and Chemical
Physics is a comprehensive and modern account of all aspects of the
domain of science between chemistry and physics, and is written
primarily for the graduate and research worker. The Editors-in-Chief,
Professor D. D. Eury, Professor J. E. MavyeErR and Professor F. C.
ToMPKINS, have grouped the subject matter in some twenty groups
(General Topics), each having its own editor. The complete work
consists of about one hundred volumes, each volume being restricted
to around two hundred pages and having a large measure of in-
dependence. Particular importance has been given to the exposition
of the fundamental bases of each topic and to the development of the
theoretical aspects; experimental details of an essentially practical
nature are not emphasized although the theoretical background of
techniques and procedures is fully developed.

The Encyclopedia is written throughout in English and the recom-
mendations of the International Union of Pure and Applied Chemistry
on notation and cognate matters in physical chemistry are adopted.
Abbreviations for names of journals are in accordance with The World
List of Scientific Periodicals.



CHAPTER 1

PHYSICAL BASIS OF QUANTUM THEORY

1.1. Particles and waves

There is little doubt that the most concise and elegant exposition of the
principles of quantum mechanics consists of a set of basic propositions,
from which the whole theory may be derived without further appeal to
experiment. The experimental basis of the subject is in this way
absorbed into a set of postulates which, although by no means self-
evident, lead to a network of conclusions which may be tested and
verified. The postulates consequently provide a very succincet expression
of the results of a wide range of observations. From these postulates, it
is possible in principle, though often difficult in practice, to follow the
ramifications of the theory into many branches of physics and
chemistry.

In spite of the many attractions of the axiomatic approach, to which
we return in Chapter 4, it is useful first to recall some of the basic
observations concerning wave and particle behaviour of light and
electrons. These led to the generalizations on which the more formal
theory is based. To this end, some familiarity with the wave-particle
“dualism” will be assumed. We recall two of its main features:

(A) There is evidence (e.g. from the photo-electric effect and the
Compton effect) that radiation exhibits particle properties. It appears
to be transmitted in localized ‘‘packets’ with energy £ and momentum
prelated to frequency v in the following way:

E = hv, (1.1)
by
b= P (1.2)

Here ¢ is the velocity of light, & is Planck’s constant ;
¢ = 2997925 x 108 m 81,
h = 6-6256 x 10-34 J g,

A “light particle” with energy given by (1.1) and momentum by (1.2)
is called a photon.
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(B) There is evidence (e.g. from electron-diffraction experiments)
that material particles exhibit wave properties. The relative frequency
with which particles are found in a given region of space (measured,
for example, by the intensity of darkening of a photographic plate on
which a beam of particles falls) is found to be correctly predicted as the
squared amplitude of a wave-like disturbance, propagated according to
laws formally similar to those of physical optics. For particles travelling
in a beam, with a constant velocity, the associated wave is plane and
has its normal in the direction of motion. It was suggested by de
Broglie, on the basis of relativistic considerations, that the wave length
should be related to the particle momentum p = mv by

h

A= - 1.3
? (1.3)

which agrees exactly with (1.2) since 4 = ¢/v, and this conjecture was
subsequently verified experimentally.

Wave mechanics, the particular formulation of quantum mechanics
due to Schrodinger, arose in the attempt to reconcile the apparent
coexistence of wave-like and particle-like properties in both material
particles and photons. Here we indicate the argument, in a rudimentary
form, by considering a harmonic wave travelling in the positive z
direction:

Yz, t) = A exp { +2nik(x—ut)}, (1.4)

where |y measures the magnitude of the disturbance at point x and time
t and u is the velocity of propagation.

We remember the interpretation of k. If 2 increases by 1/k, the values
of y and its derivatives are unchanged: the disturbance is therefore
periodic in space, at any given time, with period A = 1/k. 1 is the
wawve length and k is the wave number. Also if t increases by 1/(ku),  and
its derivatives are again unchanged: the disturbance is therefore
periodic in time at any given point in space, with period T' = 1/(ku).
T is the pertod of a complete oscillation, its reciprocal v = ku being the
frequency of oscillation. The definitions are thus

k = wave number, A = 1/k = wave length,

v = ku = frequency, T = 1/v = period.

Also, the two functions (1.4) (either choice of sign) clearly oscillate
only between maximum and minimum values +4; 4 is the amplitude.
A disturbance which is everywhere real can of course be regarded as the
real part of either function, or as the sum of the two since
ef? = cos f+1sin 6.
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Wave packets

According to Fourier’s theorem, any disturbance, travelling to the
right with velocity u, can be represented by combining waves such
as (1.4) with variable k values and suitably chosen amplitudes:

+

Ylx, t) = J‘A(k) exp {2nik(x — ut)}dk (1.5)

which is the limit of a sum of terms
A exp {2niky(x—ut)}+ As exp {2nika(x —ut)}+. . .

as the values of k3, kg, ... get closer together until they cover the
whole range (— o, + ),} the amplitude then becoming a continuous
function of k. An arbitrary disturbance which is everywhere real can
always be represented in this form by suitably choosing the amplitudes;
thus by taking just two terms with k3 = —ks = k and 4; = 4, we
obtain a travelling wave with ¢ oc cos 2nk(x —ut). Equivalently, we
may simply take the real part of an expression of the form (1.5).

We now try to obtain a localized disturbance—suitable for associating
with a moving particle—by choosing the amplitude factor 4 (k) so that
the wave trains admitted interfere constructively at one point but
destructively at all others. A wave packet of this kind can in fact be
constructed by using a very narrow range of wave numbers and may
therefore be virtually homogeneous in frequency. If radiation (or
matter) were propagated in wave packets, each packet could thus
correspond to a sharply specified frequency and yet be essentially
localized like a particle. To illustrate this possibility we consider a
“Gaussian’’ wave packet in which

A(k) = aexp {—a(k—ko)2}. (1.6)

When ¢ is large this will describe a superposition of wave trains with
wave numbers differing inappreciably from ko, the amplitudes falling
off rapidly according to the Gaussian law. In this case,

Y, t) = [ aexp {—o(k—ko)2+ 2nmik(x—ut)}dk. (1.7)
From the well-known result

Jexp{—pxz—qx}dx = \/% exp[g’] (1.8)

-0

tActually |%| is then the wave number: by including the negative values we simply
admit both signs of k in (1.4). The notation (a, b) in general denotes an interval, i.e. the
range of values taken by a variable.
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{which is valid when p and ¢ are complex, provided the real part of p
is positive), it follows easily that

Wiz, t) = a\/ﬁ exp (—M) exp{2niko(x— ut)} (1.9)

g

At t = 0, this describes an oscillation of wave length 19 = 1/kg, whose
amplitude aV'n/o exp(—n2x2/s) is rapidly damped about the point
x = 0 (Fig. 1.1a).

In the case of a photon, u = ¢ (the velocity of light) is constant in free
space. The packet is then propagated without dispersion (i.e.
change of shape) for y(z, f) at time ¢ has exactly the same form as
Y(xz, 0) except that  is replaced by x—¢t, i.e. the pattern is shifted to
the right through a distance ¢t (Fig. 1.1b). The frequency ckg, from
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Fic. 1.1. Motion of a wave packet: (@) initial form (¢ = 0),
(b) form at time &.

which the waves in the packet deviate inappreciably, is presumably
related to the photon energy by the Planck law (1.1), and the photon,
identified with the wave packet, travels with velocity c.
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In the case of a material particle, it might seem natural to relate the
frequency of an associated wave train to the particle energy in the same
way as for a photon, namely by the Planck law. But the fact that 1 is
known to depend on the particle momentum, according to de Broglie’s
relationship (1.3), then implies that the velocity of propagation,
% = Av, is no longer a constant but depends on the dynamical situation.
We tentatively accept this implication and combine (1.1) and (1.3) to
obtain (sincep = mvand B = imv2+ V)

_hE____ B
ph  V/{2m(E-V)}

where ¥ is the total energy of the particle, and V its potential energy
in the field in which it moves. The velocity of propagation then depends
on frequency (through E) and, when the potential is non-uniform, on
the particle position (through V). In this case dispersion occurs as the
wave packet is propagated, and it is necessary to distinguish two
velocities:  is now referred to as the phase velocity, but no longer
coincides with the velocity of the packet itself, i.e. the velocity of the
point at which the component waves reinforce. The wave packet
moves with the group velocity, vy, which may differ considerably from «.

We now show that by accepting (1.10) we ensure that v, exactly
coincides with the particle velocity v. We again consider the Gaussian
packet (1.7) but now admit dispersion by assuming a non-linear
relationship between % and v, as would follow from (1.10). Since the
integrand in (1.7) is small unless % is close to ko we choose k as indepen-
dent variable and write

v = vo+a(k—ko)+3f(k—ko)2+. ..
where (L.11)

_ dv _ d2y
“= d_k]o b=\,

the subscript zero indicating that the derivatives are evaluated at

= ko. The main contribution to the integral (1.7) comes from %k values
around kg, and § = k—ko is therefore small in this region. We put
k = ko+ 0 and expand the term 2nik(x —ut), remembering that ku = v,
to obtain, with neglect of second-order terms,

2mik{x —wu(k)t} =~ 2miko(x —uot) + 2nid(x — af)

(1.10)

where u¢ is the phase velocity for wave number k¢. The integration
(1.7) may then be performed and the result is

Yz, t) =~ a\/g_- exp (—_—71?-@;—_—-?2-2) exp{2miko(x —uot)}. (1.12)
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The complex factor indicates a wave train travelling with the mean
phase velocity ug. But the wave profile, arising from the amplitude
factor, is evidently centred on the point x = of and thus moves with a
velocity « different from that of the constituent wave trains:

_dy
~ dk
where the derivative is evaluated for the mean k value, k£ = ko (though
we now drop the subscript), appropriate to the packet. The fact that
the packet whose dispersion is determined by (1.10) does indeed move

with the particle velocity, which appears in the de Broglie relationship
(1.3), follows easily. For

vy = o (1.13)

__dv_ldE_ld 1 5
Y= Thdk hak\amP 1Y
_1d (R2%? Rk
T hdk\ 2m - =°

Thus the packet actually stays with the particle whose behaviour it is
supposed to describe.

There is, however, a difference between the behaviour of packets for
photons and for material particles, in so far as the packet describing a
material particle “spreads” as it travels. This result follows when the
higher terms in (1.11) are taken into account, and will be considered
again later. We also defer at this point any consideration of the meaning
or ‘“‘physical reality”’ of y in the two cases; it is here sufficient to accept
Y as a well-defined function which mathematically determines the
behaviour of the particle.

It is apparent that there is a considerable similarity between the
equations and concepts associated with photons and material particles.
This close correspondence is indicated in Table 1.1, which summarizes
the main features of the ‘“duality’’ referred to at the beginning of this
section.

Statistical interpretation of the wave function

Although the coexistence of wave and particle properties may now
seem more acceptable, since the idea appears to resolve more difficulties
than it creates, the question might still be asked: Are photons and
electrons really waves or particles? The answer must be that they are
neither: they are ‘‘quantum particles” which behave like classical
particles under some conditions and like waves under others, though in
all cases this behaviour may be mathematically described in terms of a
wave function . “Classical”” behaviour is familiar to us from the study
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TasLE 1.1
Photon Particle of mass m
Wave train exp{2nilkx—vt)}, v = E/h exp{2ri(kz—vt)}, v = E/h
Frequency and | v: frequency of radiation v: frequency in wave function
energy (no direct physical meaning)
E: energy of photon E = }mv2+ V: “classical”
energy of particle
Phase velocity u = c: veloeity of light u = El/(2mE-V)} = Efmv
de Broglie (unobservable)
wave length A=¢lv=n~rp A = ufv = hjmo
Group velocity | vy = ¢: photon velocity (no | vy = v: particle velocity
dispersion) (dispersion, leading to
“spreading’ of packet)

of moving objects in the laboratory, but there is no compelling reason
to expect that photons and electrons will behave in a similar way.

The extraordinary behaviour of quantum particles may be demon-
strated by a simple diffraction experiment (Fig. 1.2) in which a beam
of particles, each described by a plane wave or a packet of such waves
(essentially homogeneous in wave length), is incident upon a screen
containing slits Ly and L. The form of the diffraction pattern produced
on the plate P depends only on the wave length characterizing an
incident particle, not on the intensity of the beam—measured by the
amount of energy, or number of quantum particles, passing through
unit cross-section per second. The remarkable fact is that the pattern
persists even when the intensity is so low that there is never more than
one particle between S and P at any given time. The value of |y|2 at a
point on the plate, calculated as in elementary physical optics, then
certainly refers to only one particle and measures the probability that it
will land at the given point: in a long exposure the same ‘“‘experiment”’
is repeated by a very large number of particles and the whole pattern
will appear. But there is no possibility of the interference being between
different photons or electrons, passing through the different slits; the
wave function  refers to one particle and simply provides the correct
mathematical prescription for calculating where it is likely to be found
in a given experiment.

The statistical interpretation of the wave function, due to Born, is a
fundamental feature of quantum mechanies. It is possible in principle to
calculate the wave function, from the equations of quantum mechanics,
but from this function it is only possible to discuss the probability of
finding a particle at any given point; the exact causality characteristic
of classical physics no longer applies. Comprehensive discussions of
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hypothetical diffraction experiments are available elsewhere (e.g.
Feynmann, 1965) and reveal that any successful attempt to obtain
more definite information about the position of a particle in such an
experiment (e.g. which slit it went through) would destroy the diffrac-
tion pattern. Such an experiment must, by definition, result in concen-
tration of  within a small region of high probability, and the conditions
of the original experiment therefore no longer obtain. It is now generally
accepted that it is meaningful to talk about the “position’ of a quantum
particle only when its position has been ascertained between preseribed
limits by means of an experiment and, more generally, that in any such
experiment the actual state of the system may be grossly disturbed by
interaction with the observer. In classical physics it is assumed that the

o’

e
—
1

Fia. 1.2, Diffraction experiment. S is a source, L and Ly are two slits. A
diffraction pattern (intensity indicated schematically) is formed at a
photographic plate P.

interaction between system and observer may be made arbitrarily
small: in quantum physics, where the processes considered involve
particles as small as electrons and photons, this is not an assumption
that can be consistently maintained. This point of view was first
stressed by Heisenberg, and will be taken up in Chapter 4. Heisenberg
and Schrodinger both succeeded in formulating equations to describe
the behaviour of a quantum particle; Heisenberg’s “matrix mechanics”
and Schrodinger’s “wave mechanics”, later shown to be equivalent,
are now regarded as part of the general discipline of ‘“‘quantum
mechanics”.

The quantum theory of photons and the electromagnetic field turns
out to be more involved and difficult than that of material particles,
and lies outside the scope of this book. Fortunately, this development
is not essential in many areas of quantum mechanics, particularly those
concerned with the structure of matter and the behaviour of particles
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such as electrons and nuclei.} The wave function for such a particle
then satisfies the wave equation first given by Schrodinger, which is
“derived”” by a simple argument in the next section. In the limit where
relativistic effects are negligible, and where there is no radiation field,
this equation appears to provide a completely adequate basis for
discussing the motion of a particle; in this sense it is the quantum theory
counterpart of Newton’s equations—to which it must indeed be
equivalent in the limit of large mass, where classical mechanics is known
to be valid. It also turns out that interaction with an applied electro-
magnetie field, required for example in spectroscopic applications of
the theory, may adequately be admitted in a semi-classical way and
that the more important relativistic effects may be included by adding
certain ‘‘spin”’ terms. The Schrodinger approach thus provides a
satisfactory foundation for applications of quantum mechanics in many
parts of physics and in almost the whole of chemistry.

1.2. The Schroédinger equation for a particle

We now look for the equation whose solutions are wave functions of
the kind discussed in Section 1.1, treating first the case of a particle of
mass m moving in a straight line. The solutions must then be plane
waves, or packets of plane waves, satisfying a one-dimensional equation
(in, say, the z-coordinate). The equation we want cannot be the classical
wave equation

oy 1 0%y
oxZ  ul a2 (1.14)

because the phase velocity already introduced is given by

and clearly involves dynamical variables (£ and p); this would mean
that the differential equation for ¢ would depend on the energy
and/or momentum in the particular state considered—and a mixture of
different wave trains (as in a packet) could not be a solution of any one
of these equations. The equation we want should involve only the
universal constants such as e, m or h, and none of the dynamical
variables such as energy or momentum.

Let us therefore work backwards, assuming (1.4) to represent a free
electron travelling in the positive z direction with momentum p and

1In low-energy processes a nucleus may be regarded as a single heavy particle.
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kinetic energy E, and adopting the upper sign in (1.4) for reasons
which will become clear presently. Thus,

Y(x,t) = exp {2mik(x—ut)} = exp (z%’ x) exp (—iﬁg t), (1.15)

where we introduce the ‘“‘rationalized” Planck constant # = A/27 in
order to avoid the repeated appearance of factors of 2z. From (1.15) we
obtain

02y p2

oy _ p° o . E
ox2 2

—1—1. (1.16)

v, and 7 = —iz

But for a free electron, the classical relationship

1
= n2
E_Qmp

is known from experiment to be valid. This suggests that for a free
electron the required differential equation is
0 fi2 02
s (1.17)
ot 2m O0x?
This is in fact the one-dimensional form of Schrédinger’s equation for a
free electron.
The extension to the three-dimensional case is immediate. In this
case the energy can be expressed as

1
B = —(p.24p,24p.2
2m(px + Py +p.2)

and a similar argument shows that the derivatives satisfy the equation

Y sz(azw a2y azw)

a - Im\dx? g2 22

or, with the usual notation,

oy H2
i ——= — V2. 1.18
"o om v ( )
This equation gives a satisfactory account of the behaviour of a free
particle moving in three-dimensional space.

Schridinger’s equation

So far we have considered a free particle (no applied fields) whose
energy is purely kinetic. We must now consider a particle moving in
some external field (assumed here to depend only on position) corre-
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sponding to a classical potential energy V(xz,y, z). The complete
energy expression is then

1
E = ™ (ps2+ 242+ 2:2)+ V(x, y, 2).

If we assume the frequency factor is still determined by the energy,
according to (1.16), and the wave length by the momentum, it seems
plausible that the correct generalization of (1.18) will be

. Oy %2
1 — IET e e——
ot 2m

This is the (time-dependent) Schridinger equation for a particle and
determines how any given state, represented by the wave function i,
will develop in time. It serves, for example, to determine how a wave
packet of the form (1.6) would be “scattered”” on meeting a region of
variable potential—perhaps due to a point charge or some kind of
“potential barrier’’. Although the equation is here formulated in terms
of a Cartesian coordinate system, its transformation to any other
system (e.g. polar or cylindrical coordinates) is a purely mathematical
exercise ; V2y is expressed in a general coordinate system in Appendix 1.
It is customary to write (1.19) in the form

V2y+ V. (1.19)

. OY
HyYy = 8 — .
Y= i (1.20)
where Hy is an abbreviation for the right-hand side of (1.19), obtained
by applying the Hamiltonian operator}

H A2 ve 1 4
= —— 1.
5 Va4 (1.21)
to the wavefunction . The properties of operators are discussed in
Chapter 3; but here we use H merely as a convenient shorthand, Hy
(where ¢ is any function) being interpreted simply by putting ¢ on
the right of each term in (1.21). It may be noted that (1.21) may be
obtained from the classical energy expression§ in a formal way by
replacing each momentum component by a differential operator,

Py —> Pz, €tc., where

|
1
N
S

0
Pz = == Py = oy Pe= 72 (1.22)

-
-

1 Throughout this book, a distinctive type (Gill Sans) will be used to indicate operators.

§The expression for the energy in terms of momentum components (not velocities) and
coordinates is called the Hamiltonian function (see, for example, Pauling and Wilson,
1935); we write £ = H(pz, py, P2» %, ¥, ). The equation preceding (1.19) is of this form,
and the prescription (1.22) at once yields (1.19).
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and noting that p;2 = pypy = —#2(0%/0x2?), etc. This particular
association of differential operators with dynamical variables is
characteristic of Schrédinger’s formulation of quantum mechanics.

The time-independent equation

In many cases we are concerned with an important special class of
solutions of (1.19), in which i has the form

'»b(x’ Y, %, t) = ‘»b(x’ Y, Z)f(t)
or, to use a ““vector’ notation in which r stands for the set of co-
ordinates z, y, 2,
Y(r, t) = (r)f(1). (1.23)
On substituting (1.23) into (1.19) and dividing by y, we obtain

1 df(¢) 1 B,
IO at T e (--2-,—n Vip(r)+ V(r)d>(r)),

But the two sides of this equation depend on quite different sets of
variables, r = (z,y, 2) and ¢, respectively. In order to satisfy the
equation for all values of ¢, when z, y, z are given (fixing the right-hand
side), it is clear that the left-hand side must be a constant; and the
right-hand side must likewise be a constant—with the same value. If
the constant is denoted by Z this means

and hence

To identify E, which clearly has the dimensions of energy, we note that
for a free particle the solution must reduce to (1.15); in this case, and
it will be assumed in general, E is the energy of the system in the state
with wave function (1.23). We also note that the ambiguity in sign
which occurs in the travelling wave solution (1.4) of the classical wave
equation has been removed by going over to (1.19) which contains only
a first derivative with respect to time.
The remaining equation which must be satisfied if (1.19) is to admit
a solution of the special form (1.23) follows on equating to E the
right-hand side of the equation following (1.23). Thus, with the notation
(1.21),
Ho = E¢. (1.24)

This is usually referred to as the ‘“‘time-independent Schrodinger
equation” to distinguish it from (1.20). It is clear that from any
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solution ¢(r) of the time-independent Schrodinger equation, we can
construct a particular solution of the time-dependent Schriodinger
equation y(r, ), of the form

W(r, t) = ¢(r) exp (—iBt/h). (1.25)

These particular solutions, and the time-independent Schrodinger
equation (1.24) which determine them, play a dominant role in the
quantum theory of valency and molecular structure. They represent
stationary states, whose physical meaning will be discussed in the next
section. Solutions of the time-dependent Schrodinger equation (1.20)
are required mainly in the treatment of scattering and similar processes;
but even in this case it is usual to start from the time-independent
equation (1.24), obtaining special solutions of the form (1.25) which can
then be used to build up a more general solution—just as plane waves
may be used to build up a general wave packet. Equation (1.24) is
therefore absolutely fundamental to all that follows.

The preceding formulation of Schrédinger’s two equations is based
merely on a plausibility argument. That the equations are correct can
be determined only by exhaustive applications; but the evidence that
(1.20) and (1.21) are satisfactory, in all situations where relativistic
effects are negligible, is by now overwhelming. We note that effects due
to an external magnetic field (which introduces velocity dependent
terms into the potential energy) have not yet been considered, but that
their inclusion (Vol. 2)] presents no difficulty in non-relativistic theory.

1.3. Probability density and probability current

At this point it is necessary to consider more fully the statistical
meaning of |§|2 and to ask what mathematical restrictions must be
imposed on the function . In physics, the general solution of a partial
differential equation is seldom required; arbitrary functions must
usually be eliminated in order to obtain a particular solution which is
physically acceptable and conforms to any given boundary conditions.
In wave mechanics such restrictions arise mainly from the physical
nature of probability functions.

Probability density functions

The Schrodinger equations (1.20) and (1.24) are “linear”, in the
sense that if  is any solution then so must be ¢y, where ¢ is an
arbitrary constant.§ The solution is thus arbitrary to within a constant
factor, and in quantum theory we must take ¥ and cy (¢ # 0) to

$References are to other volumes in Topic 2.
§ ¢ is commonly used to denote a numerical constant when there is no risk of con-
figuration with the velocity of light.
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represent one and the same state. The statistical interpretation of |y|2,
however, allows us to introduce a convention which effectively removes
this ambiguity. Given any solution, we multiply by a constant so chosen
that |y(r, t)|2dr is the absolute (rather than a velative) probability of
finding a particle in volume element dr at point r and at time ¢. Here
we continue to use the ‘‘vector’’ notation in which r and dr, respectively,
stand for the variables defining position (e.g. x, ¥, 2) and for the volume
element (e.g. dzdydz). The function |y|2 is then a probability density
Junction. Since the probability of finding the particle somewhere in space
is unity, we must require

fl|2dr =1 (1.26)

where the integration is carried out over the whole of space. The
function i is in this case said to be normalized. An alternative solution
cyy will then no longer be acceptable unless ¢ happens to be a uni-
modular complex number of the form e’ where 0 is an arbitrary
constant: such a “phase factor’” has no physical meaning and may
generally be omitted.

The significance of the “stationary states’’ with wave functions of the
form (1.25) is now clear. Such a state is “‘stationary’’ in the sense that

[W(r, )|z = |$(r)[2 (1.27)

where the right-hand side is time-independent. This means that the
probability density function, which describes where the particle is
likely to be found, persists indefinitely without change. The prob-
ability |¢(r)[2 is in principle physically observable, being the fractional
number of times the particle would be found in dr, at point r, if
observations were made a very large number of times under identical
conditions.} The normalization condition for a stationary state reduces
to
fl¢(r)|2dr =1

as follows at once from (1.26) and (1.27).

The fact that the wave function should be normalizable is a basic
physical requirement, which is usually put in a slightly different way
by saying that any physically acceptable solution of the wave equation,
even before normalization, must satisfy the condition§

flv|2dr = finite. (1.28)

Functions with this property are said to be of integrable square, or to be

$In practice, of course, the form of a probability density function must be inferred
less directly (e.g. from X-ray scattering experiments on a large assembly of particles).

§We sometimes use the same symbol  for a function which we have not troubled to
normalize (or whose normalization presents some difficulty); the sense will be clear from
the context.
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quadratically integrable. It is possible that ¥ may become infinite at a
finite number of points (singularities) but it must do so in such a way
that the integral converges. We also note that since the probability of
finding the particle somewhere in space must be unity at all times it is
necessary that the normalization integral (1.28) be time-independent.

Another obvious physical requirement is that the square of the wave
function should be single valued, for it would be nonsense to admit two
distinct values of the probability of finding the particle in a given place
at a given time. This requirement is usually taken to imply that ¥
itself is single-valued, though justification of the stronger condition is
not immediate.

Probability current. Definition and Implications

To investigate other restrictions on the wave function it is necessary
to consider how the value of [/|2 at a given point may change with time.
This leads to the concept of probability current. The probability
distribution may be compared with unit mass of a compressible fluid;
it may be spread over a large region with low density or it may be
compressed into a small region at high density, conservation of total
““mass” requiring that

[pdr =1

where in the present instance p = |y|2. If the “mass” within a given
region (i.e. the integral of p over the region) is changing, then ‘“mass”
must be flowing across the boundary and we can define a “‘mass current
density’’ as the rate of flow across unit area normal to the direction of
flow. In our case the ‘“mass” is a probability (integral of p over some
region), the (mass) density is the probability density p = [¢|2, and we
shall define a probability current density exactly analogous to the mass
current density. The meaning is clear: if there is a net probability
current out of any closed region, the chances of finding the particle
within that region must be diminishing.

To simplify the argument we consider the one-dimensional situation}
in Fig. 1.3, the elementary slab shown having as its surfaces planes on
which  is constant, so that ¢ = y(z). If the slab has unit surface area
the probability of finding the particle within the element is y*ydx
and this must be changing at a rate J,(x)—J,(x +dx). Equating the
time rate of change of y*i dx to the difference of currents, we have

1This might appear inconsistent with the quadratic integrability of |y|?2 since y is
constant in the y and z direction: the argument is, however, applied only over a region
80 small that the y, z dependence may be ignored.
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dp 6Jx
L (1.29)

which really amounts merely to a definition of the current in the x
direction. To identify J, in terms of the wave function we write the
time derivative as

%
S =Ly

and then use (1.19) and its complex conjugate which gives dy*/ot. We

Je {x) Jy (x+dx)

N

4 lekdx)

F1¢. 1.3 Definition of the probability current density. The rate of increase
of probability of finding the particle in the shaded region (an elementary
glab of unit-cross section) is Jx{x) —Jx(z + dzx).

assume here that V is real and velocity independent (magnetic effects
excluded) and the expression on the right reduces to

% [ozy* *52,/,
—Qz_m[ ox?2 vy ax2]

which may be written as an x derivative to give

A *
00 = gt e ]

2tm Ox

By comparison with (1.29) we obtain

Jx=——[./,* N _ %’f] (1.30)

2im or or

as the probability current density in the x direction.

In three dimensions, the derivation is entirely similar; the prob-
ability current has three components, each given by an expression of
the form (1.30). If we use the subscripts 1, 2, 3 to denote the «, ¥, 2z
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components of the position vector r, replacing (z, y, z) by (r1, 72, 7s),
the results become

J, _——<.//* N _ 6"’*) (@ = 1,2, 3) (1.31)

2tm or,

and the equation giving the rate of change of probability density at
any point is, by analogy with (1.29)

op o, .
i —Z.:afa. (1.32)
This equation is frequently written in vector notation. If J is the
vector with components J,, the right-hand sum is recognized as div J
and (1.32) can be written in the familiar form of an ‘“equation of
continuity”:

dp
—67+d1vJ = 0. (1.33)

Similarly, equations (1.31) may be collected into the form

f
J = (* grad Y- Y grad y1¥). (1.34)

In practice, of course, the probability current is actually evaluated by
using the component form (1.31). Again we recall that the equations
have been derived assuming no external magnetic field. The modifica-
tions necessary when a magnetic field is applied are considered else-
where (Vol. 2).

After this digression the nature of the remaining conditions to be
imposed on  becomes clear. These conditions relate to continuity.
If  were discontinuous across some surface (i.e. if a finite change
occurred in an infinitesimally small region), the derivatives and hence
the current would become ¢nfinite. This possibility must be ruled out
because if a region were chosen with boundaries arbitrarily close to
such a surface the probability of finding the particle within that region
would increase at an infinite rate.

If the gradient were discontinuous across some surface, the second
derivative would become infinite. The Schrodinger equation (1.20) or
(1.24) could not then be satisfied unless the potential were infinite on
the surface. We thus require that the gradient of a wave function be
continuous everywhere except where the potential becomes infinite.
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The mathematical restrictions suggested by such considerations are
collected below and are adopted in all that follows:

(i) ¥ must be of integrable square ;}

(ii) the integral of |.p| 2 over all space must be time-independent;

(iii) ¥ must be single-valued;

(iv) ¥ must be continuous;

the gradient of y must be continuous except where the
potential becomes infinite.

(v

Functions satisfying such requirements comprise a ‘‘class”. For brevity,
functions which are quadratically integrable, etc., are often referred
to as functions “‘of class @ or “‘of class L2’ a terminology which we
shall often find useful.

We are now in a position to consider and solve a number of simple
problems which will give considerable insight into the behaviour of
quantum mechanical systems.

1.4. The classical limit for motion of a wave packet

Before leaving this brief discussion of the origins of quantum
mechanics we should convince ourselves that classical dynamics is
included as a suitable limiting case, since there is no doubt that particles
visible to us in the laboratory move according to the Newtonian law :

Rate of change of linear momentum = Applied force.

The distinctive feature of the classical situation is that the particle
position and the applied force may be measured with high accuracy;
in other words, classical dynamics should apply in the limit where a
wave packet is so compact that there is negligible probability of finding
the particle at an appreciable distance from the centroid of the packet.
We therefore ask whether a Newtonian law applies to the average
values of force and momentum associated with a particle described
by a wave packet. Let us consider motion along the z-axis. The average
z-coordinate of the particle, described by probability density p = y*y, is

& = [xy*ydr, (1.35)

i.e. the z-component of the centroid of the density. The xz-component
of the force acting, corresponding to the classical potential energy
function V = V(r), is F; = —(8V[dx) and when this is averaged over
the wave packet we have

{There is an apparent exception in the case of a particle free to travel throughout
infinite space (e.g. represented by a plane wave); the interpretation of quadratic
integrability in this case is dealt with later.
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= — [(8V/ox)y*ydr. (1.36)

Newtonian dynamics will thus apply in the limiting case of strongly
localized wave packets if we can show that, when the wave function
develops in time according to (1.19), the particle moves in such a way
that

d(mZ)

dt
The proof that this equation holds was first given by Ehrenfest.

Here we sketch the argument, which should be completed by the
reader. Since x is merely an integration variable in (1.35) we obtain

= F,. (1.37)

2 (ma) = fxa%(w*w)dr- i ax(‘”’ y- w*a"’)dxdydz

where the d(y*iyr)/0t has been taken from the derivation of the current
density (p. 16). On integrating by parts and assuming that y and its
derivatives vanish at infinity we obtain

-gt(m J\n//*— dadydz.

The rate of change of this quantity is

d2 op* oY oy
7D — (M) = J\[_at-%-“/l 6!( )] dadydz.

For functions satisfying the required conditions (p. 18) the order of
differentiations in the second term may be reversed. We then substitute
for 0y/ot and oy*/ot from (1.19) and its complex conjugate, which
completely determine the time-development of the packet: there is a
cancellation of the terms involving V2 and further integration by parts
yields the final result

(D)o

Comparison with (1.36) then establishes the equation of motion (1.37).
Similar results hold, of course, for the y- and 2-components.

These results are truly remarkable. They show that the three-
dimensional motion of a quantum particle, described by a wave packet
such as that shown in Fig. 1.1 and travelling in an arbitrary potential
field, will coincide with that predicted by Newtonian dynamics provided
the packet is sufficiently localized—in spite of the complete dis-
similarity of the methods of calculation. We know that such packets
tend to ‘“‘spread’’ (p. 6) and that the precision with which the classical
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picture applies will therefore diminish as we continue to make ob-
servations; but we shall find later that for sufficiently massive particles
the rate of spreading is so exceedingly small that deviations from
Newtonian behaviour would not be detected during the time of an
experiment. For many purposes, nuclei may be treated as classical
particles; but for electrons this is seldom possible and we have no
alternative but to start from Schrodinger’s equations. The implications
of wave-packet localization are discussed in later sections. Here we note
only that the vertical coincidence of the laws of motion for classical and
quantum particles, in the limit of large mass, is an empression of the
famous correspondence principle advanced by Bohr two years before
Schrédinger’s successful formulation of the quantum equations of
motion embodied in (1.19).
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CHAPTER 2

SOME SIMPLE SOLUTIONS OF
SCHRODINGER’S EQUATION

2.1. The particle in a container

The aim of this chapter is to present and discuss some simple solutions
of the time-independent Schrodinger equation (1.24), using a minimum
of mathematics. In this first example we consider the nature of the
solutions for a particle confined to a certain region of space, in which the
classical potential energy function has the one-dimensional form shown
in Fig. 2.1, and then work out the solution for a special kind of three-
dimensional ‘‘container” or ‘“box” in which the potential V rises to
infinity at the boundaries.

Energy
Vavix)
E \ I
T
(a) ;\ |
! i
!
I} V ! x
V=constant

{b) E

V=0

Fro. 2.1. Energy diagram for one-dimensional motion of a particle,
(a) showing classical limits of motion corresponding to energy E, (b) show-
ing simplified ‘“‘potential box” with same limits (note that the zero of
potential energy is arbitrary and has been taken as V = 0 inside the box).

First we recall the classical description of the (one-dimensional)
motion of a particle whose potential energy varies as in Fig. 2.1a. The
total energy X is the sum of kinetic and potential terms, 7' and V,

E=T+7V,
21
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where 7', from its nature, is essentially a positive quantity. If a horizontal
line is drawn at a height representing the total energy F (Fig. 2.1a),
the breakdown into these two parts is pictorially obvious and it is clear
that the particle is bound within the region between the vertical lines—
within which 7' is positive. The balance between potential and kinetic
energy oscillates during the motion, with 7 —0 as the particle
approaches the boundaries of the “container”. If the particle is given
more energy, the effective size of the container increases, and if ¥ is so
high as not to intersect V then the particle is no longer bound but
becomes free and may travel infinitely far in either direction. To
approximate the situation described in Fig. 2.1a it is frequently useful
to use the “potential box” (Fig. 2.1b) to define the region in which the
particle is confined.

We now look for the main features of a stationary state of a particle
in the box of Fig. 2.1b, according to quantum mechanics. The
Schridinger equation for such a state is (1.24) and takes different forms
inside and outside the box:

fi2 92¢

Inside the box: S At = E¢.

. fi2 92¢
Outside the box: 5 = —(Vo—E)¢.
The solution of the first equation is sinusoidal}: in general, with
arbitrary constants 4 and B,

Inside: ¢ = Asinkzx+Bcoskx k =+/(2mE[%2).
Outside: ¢ = Ce¥’#+Dek k' = /{2m(Vo— E)[ki2}.

To get a physically satisfactory solution the constants must be so
chosen in the three regions (one inside and two outside), that its
constituent parts join smoothly and satisfy the other necessary
conditions (p. 18). The exponential terms which increase on going out
from the box must therefore be discarded (i.e. be given zero coefficients)
and a properly matched solution might take the form Fig. 2.2. In fact,
this matching can be achieved only for certain special values of E,
which determine both the wave length inside the box and the rapidity
with which the exponential ‘‘tails” fall off. This means that stationary
states of the system can exist only for certain values of the energy. The
existence of ‘“‘quantized” energy levels is, of course, an important
distinctive feature of the quantum mechanical description. A second
important non-classical feature is the possibility of ‘“penetration’ of

$In some cases the complex exponential form ¢ = A’e'** 4 B’e~** is more convenient.
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the particle into regions where it would not be expected, namely beyond
the boundaries of the box where the exponential tails of the wave
function may persist for some distance.

The solution of this simple box problem, surprisingly perhaps, cannot
be completed without recourse to numerical or graphical methods to
evaluate the constants A4, B, etc., but the form of the wave function
suggests how the boundary conditions may be simplified so as to make
solution easier. Thus as Vg is taken larger and larger the exponential
decrease of ¢ outside the box will become more and more rapid (&’
large): in the limit when V¢ — o0 we speak of an “infinitely deep”’
potential box and may take ¢ = 0 at the boundaries of the box.

/ ,
.

(x=0) (x=L)

Fic. 2.2. Typical eigenfunction for a one-dimensional box. The vertical
lines indicate the box boundaries, at which the external and internal
solutions must join smoothly.

Let us turn at once to the three-dimensional case of a box in the form
of a cube, outside which the potential energy function V rises to an
indefinitely large value. Such a box provides a useful “model”’ for
various types of real system (e.g. a gas molecule in a container, or an
electron in a metal). If the length of each edge is L, and the zero of
potential energy (which is always arbitrary) is chosen so that V = 0
inside the cube, the Schrodinger equation (1.24) becomes

_ ke (o2 029 3%
2m \0x2 " oy2 022

It is useful to look first for a particular type of solution (cf. p. 12) of the
form

He = = E¢. (2.1)

P, 9,2) = X(x) Y(y) Z(2). (2.2)

This technique is known as “separation of the variables’ and is discussed
in Appendix 2.
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On substituting (2.2) into (2.1), and dividing both sides by ¢, we
obtain

£2 (1 92X 1 902Y 1 927 ,
%(xmwa—y‘ﬁz&) = £ (2:3)

The first, second and third terms in the left-hand side depend solely on
z, y and z respectively. In order that the sum of these three terms may
be equal to a constant E for any values of z, ¥ and z, each of these terms
must be a constant—for otherwise each would vary sndependently of
the others. We call these constants a, b and ¢, respectively, and have

1d2X 1d2Y leZ_r 0.4
Xdez  “ Tar~ " Za&E~° (2.4)

where the constants must satisfy
E = —(#22m)(a+b+c). (2.5)

The solutions of the above equations were considered at the beginning
of this section: thus, for the first equation in (2.4),

X(x) = Asin @V =a)+Bcos (xV —a) (a < 0),
X(x) = Cexp (wVa)+Dexp (—2zVa) (a > 0), (2.6)

where 4, B, C and Drare arbitrary constants.

To fix the constants in (2.6), we use the boundary condition ¢ = 0
corresponding to an effectively infinite rise in potential energy-—which
implies simply that the particle cannot penetrate the walls. A corner
of the cube is taken as the origin of the coordinate system and the
boundary conditions on X(x) become X = 0 at x = 0 and = = L.
When a > 0 these conditions require, respectively,

C+D =0,
C exp (IVa)+Dexp (—IVa) = 0
and are satisfied only when C = D = 0. This means that X(x) is
identically zero and the solution is of no physical interest.

When a < 0, the boundary condition at = 0 tells us that D = 0,
while the condition at * = L becomes

Lv —a =nx7t, nx= 1, 2, 3.-.. (2.7)

Consequently, there exist non-vanishing solutions X (x) only for values
of a given by (2.7), and these are

X(z) = Csin (ngnzx/L). (2.8)
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The solutions for the y- and z-components are of exactly the same type
and it follows from (2.2) that

bn.n,n, = N sin (ngnx/L) sin (nyny/L) sin (r.nz/L), (a)

F2n2
Enxnyn, = omL (nx2+ny2+n22), (b) (2.9

where N is a normalization constant and is easily found to be (2/L1)3/2.

The energy values for which non-vanishing solutions exist are called
energy etgenvalues and the corresponding wave functions are energy
etgenfunctions. The eigenvalues in this example do not assume con-
tinuously variable values and are said to be discrete; they each depend
upon three quantum numbers, ng, ny, n,, which are used to label the
corresponding states.

The state with the lowest possible energy is usually referred to as the
ground state, n, = ny = n, = 1. The energy and the wave function are
then

3fi2n2 2\3%  mx . my . mz
By = T o112, y,2) = (Z) sin — sin — sin —

respectively. We note that ¢111 does not become zero except at the
walls; in other words there is no node inside the box. There is in fact a
general theorem to the effect that the lowest energy eigenfunction of
an equation such as (2.1) has no nodes.

The next lowest energy is obtained when one of n, ny and =, is 2,
the others each being 1. The energy is then

6fi2n2
o2mL2

and there are three eigenfunctions with this same energy value:

Eoy =

d211(x, ¥, 2) = (%)3/2 sin (2rz/L) sin (ny/L) sin (nz/L),

d121(2, ¥, 2) = (%)3/2 sin (nz/L) sin (2ry/L) sin (nz/L),

2\3/2
dr12(2, y, 2) = (E) sin (nz/L) sin (ny/L) sin (2nz/L),

When, as in this case, two or more different eigenfunctions have the
same eigenvalue the states and the energy level are said to be degenerate
and the number of corresponding eigenfunctions is the degree of
degeneracy. In this example, the first level above the ground state—the
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first “excited” state—has a three-fold degeneracy. We also note that
each of ¢g11, 121 and ¢111 has one nodal surface in the box, at
x = L2 y = L/2 and z = L|2 respectively. This is a general feature
of wave functions; the higher-energy eigenfunctions contain a higher
number of nodes.

A detailed discussion of the forms of the wave functions for higher
quantum numbers, and of the correspondence between classical and
quantum descriptions, is available elsewhere (e.g. Pauling and Wilson,
1935). Here we remark only that the characteristic quantization of the
energy levels becomes less and less important in situations where
classical mechanics would be expected to apply. Thus for a gas molecule
in a l-centimetre cube, with energy ~ (3/2)k7, the quantum numbers
are generally extremely large numbers; discrete “jumps” on adding
energy are then not noticeable, adjacent levels being separated by a
very small fraction (usually < 10-10) of the energy itself. The system
appears to behave classically, as if continuous variation of the energy
were permitted. For an electron, on the other hand, confined in a box
comparable with the experimentally inferred size of the hydrogen atom,
the energy difference between two adjacent levels may be of the same
order as the energy itself, and it is obvious that classical mechanics is
entirely inapplicable. Again (Section 1.4) classical mechanics appears as
an appropriate limiting case.

Finally, it must be emphasized that the boundary conditions played
an essential role in determining the eigenvalues and eigenfunctions. An
alternative choice, which will in fact be given a physical interpretation
in a later section, imposes a periodicity on the wave function by
requiring, for example,

aX aX
<%)x= 0o <%)x=L (2.10)

and instead of (2.7) and (2.8), we then obtain
IV —a = 2ngm, ng =90, +1, +£2,...
X(x) = Csin (2nng/L)x+ D cos (2nan/L)x. (2.11)

The energy expression is obtained as before. The ground state in this
case corresponds to n; = my =m, =0, so that Koo =0 and
¢dooo = constant = L—3/2. All the excited states are degenerate, the
energy depending only on the squares of n;, ny, n, which now take both
positive and negative values.
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2.2. The harmonic oscillator

For simplicity, we consider the one-dimensional harmonic oscillator.
This corresponds to the classical situation in which a particle is attracted
towards the origin by a force proportional to its displacement from the
origin. If we denote the proportionality constant by k(k > 0), the force
and potential energy are, respectively,

F(x) = —kx, V(x) = }kx?
and the Schrédinger equation for the particle becomes
%2 d2¢
IE e — — 1 2 = ¢ <
Ho oo T2 +tkx2gp = E¢. (2.12)

To reduce this equation to a neater form, we introduce

2m mk
= m—— 2 e d
A 75 E, 3
and obtain instead of (2.12)
d?$ 222\ =
T +(A—-a2x2)¢p = 0. (2.13)

This equation should hold for all values of z, and it is useful to consider
first how the solution must behave when |z| is very large. The term
A¢ in (2.13) can then be neglected in comparison with — «2x2¢ and the
equation reduces to

¢
? = a2x2¢.

Now it is clear that a trial function
X(x) = exp (+{ox?)
would almost satisfy this equation; for, differentiating twice, we obtain

a2X _ + Lo22) 4 o222 2

rrolialkld exp (4 31ox2)+ a2x2 exp (+ fox?)

and if we are considering the case where || is very large, then the first
term on the right-hand side may be neglected by comparison with the
second. We therefore conclude that the solution ¢(x) of (2.13) resembles
X(x) when |z| is large, and notice also that the negative sign in the
exponent is required if [|¢|2dz is to be finite.
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When ]xl is not so large, ¢(x) will be different from X(x), but the
difference may be expressed in terms of an unknown function which we
shall call #(x):

$(x) = u(x) exp (- po?).
On putting this expression into (2.13), it appears that «(x) must satisfy

d2u du

— — 20 — + (A—a)u = 0.

dz2” " dx+( ?)
This is closely related to a well-known second-order differential
equation: to obtain the standard form we change the independent

variable from x to £ = 2V a and obtain, putting u(x) = y(&),

dy . dy (4 _
.d_éz_2§d_£+(&——l)y _ o, (2.14)

This equation may be solved by the standard method, discussed in
Appendix 3, of writing #(£) as a power series in ¢ and determining the
constant coefficients.

The results may be summarized as follows. In general the power series
defining %(¢) is infinite and its value for ¢ large rises even more rapidly
than exp (ax2/2); the solution cannot then be normalized and must be
rejected. On the other hand, for the particular A values given by

A= (@n+Da, n=012... (2.15)

the series for «(£) will terminate, becoming a finite polynomial of degree
n. The corresponding function ¢ will be normalizable and therefore an
allowed wave function. The finite polynomial of nth degree which
satisfies (2.14) with A given by (2.15) is the Hermite polynomial, Hy(&)
(Appendix 3). The permissible stationary state energies of the harmonic
oscillator may thus be written (remembering the definitions of 4, «)

By = (n+ 1)/ (k/m). (2.16)

Since the vibration frequency according to classical mechanics is given
by

1k
= — [ 2.17
2\ m ( )
it is customary to write (2.16) in the form
By, = (n+4)hv. (2.18)

The corresponding wave functions, after normalization, are found to be
1

On(x) = Tl

(%) Hy(2Va) exp (- bax?). (2.19)
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The energies and wave functions for the ground state and first two
excited states are given below:

Eo=thv  ¢o = (a/n)1/4exp (—tax?),
By =3 ¢1 = /2Aa/n)V %V aexp (~fur?),
Ey =3hv  ¢2 = 3/ 2(a/m) V42022 — 1) exp (— fax2),

respectively. The shapes of these eigenfunctions are shown in Fig. 2.3
which illustrates the general fact that ¢, contains » nodes, the energy

Fi1a. 2.3. The first three eigenfunctions of the linear harmonic oscillator,
$o, ¢1, ¢2 correspond to quantum number n = 0, 1, 2.

again increasing with ». In Fig. 2.4, ¢2 is plotted against x, and the
probability distributions in these states are seen to be markedly
different from those expected classically. According to classical
mechanics the particle is most likely to be found at the extremities of
its motion, and for given energy these boundaries are quite sharp: in
quantum mechanics there is clearly some possibility of penetration into
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the classically forbidden regions. As n increases, however, the quantum
mechanical picture rapidly begins to approach that obtained from
classical mechanics (see, for example, Pauling and Wilson (1935) p. 76).

F1c. 2.4. The first three probability functions of the linear harmonic
oscillator. The curves show |@s|2 forn = 0, 1, 2.

2.3. The hydrogen atom. Atomic units

The hydrogen atom will be treated fully elsewhere (Vol. 2), but it is
useful to give here a simple treatment of the ground state. The proton,
nearly 2000 times heavier than an electron, is considered to be at rest,
merely defining the potential field in which the electron moves. The
justification for this assumption is considered in Vol. 2, Section 2.1. We
take the proton as the origin of coordinates and consider the one-particle
Schrédinger equation for the electron. The classical potential energy
expression is V = —e?[kor, where r is the distance between the electron
and the proton and xg = 47gg (g0 = permittivity of free space).f Thus

%2 €2
Ho = —g V2o—— ¢ = B¢, (2.20)

In view of the exponential behaviour of wave functions in a region of
constant (or slowly varying) potential it would be reasonable to expect,

1In this book we use SI units: ko is replaced by unity in mixed Gaussian units.
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for large r, solutions containing an exponential factor; in the simplest
case we might even consider a ‘“‘trial”” function of the form

¢(r) = A exp (—br), (2.21)

where A and b are constants, and try to choose b so as to satisfy the
equation (2.20). This procedure may or may not be successful, but may
easily be tested. By direct differentiation, we obtain (retaining for the
moment Cartesian coordinates, with r = (224 y2+22)1/2)

d2¢ 1 22 22

— = A4b| —=+—=+b—=]}e —br

ox? ( r+r3+ r2 xp (—br)

and thus, adding the similar terms 32¢/dy2 and 02¢/022,

V2¢p = Ab (b—%) exp (—br).

Putting this into (2.20), we require

2 2 e?
[% b (b—;>+K_M‘+E]A exp (=br) = 0.

To make the expression in square brackets vanish, we must equate to
zero separately the constant terms, giving
(%2/2m)b2+ E = 0,
and the terms in 1/r, which give
‘ (h2/m)b — e2fxo = 0.
Thus, when the constant is chosen as
' b = me2fi%rg (2.22)

the wave function (2.21) satisfies the Schrodinger equation and the
energy eigenvalue ¥ is given by

E = —(#22m)b2 = —(met[2h22). (2.23)
The remaining constant 4 is easily determined as
A = b3/2/y\/n (2.24)

by use of the normalization condition.

The wave function (Fig. 2.5a) has no node and is therefore expected
to represent the ground state. Further confirmation is obtained by
inserting numerical values of m, e, ko and % in (2.23): the result is

= —21796x 10718 = —13-605 eV

and agrees fairly closely with the observed ionization potential of
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13-595 eVi—which is simply the energy required to remove the
electron to infinity (the conventional zero of energy) from the hydrogen
atom in its ground state.

06
04

02

oar P (b)

o2

] l I
0 [ 2 3 4

Fic. 2.5. Ground state of the hydrogen atom: (a) wave function ¢ as a
function of radial distance 7, (b) radial probability density P. Atomic units
are used throughout.

A measure of the extension of the electron probability density in the
ground state is given by 1/b, since when r takes this value ¢ has fallen
to 1/2-303 times its value at the nucleus. In fact

b-1 = kohi2[me2 = 0-529172x 10~10 m,

This is the “Bohr radius’’ and is usually denoted by ay, its value being
the radius of the first orbit in Bohr’s semi-classical theory. To obtain
the guantum mechanical interpretation of @, we remember that |¢|2
is a probability per wnit volume, and the probability of finding the
electron at a given distance, from the nucleus, say between limits » and
r+dr, may thus be written P(r)dr = 4nr2dr x |¢|2 since |¢|2 has the
same value over the spherical shell of volume 4nr2dr. The ‘‘radial
probability density’’ P (Fig. 2.5b) therefore vanishes at the origin and
has its maximum at a distance determined by setting dP/dr = 0: this
condition at once yields r = ag, showing that the Bohr radius actually
indicates the most probable distance of the electron from the nucleus

1The origin of the small difference of 0-01 eV will be discussed later: it arises mainly
from the assumption of a fixed nucleus.
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in the ground state. The wave function ¢ for an electron in an atom is
usually referred to as an “atomic orbital’’; it is commonly represented
pictorially (Fig. 2.6) by means of a ““contour map” showing surfaces on
which ¢ is constant, or by indicating a surface (in this case a sphere)
within which ¢ is largest and outside which the probability of finding
the electron is small. The hydrogen-like atomic orbitals are fully
discussed in Vol. 2.

Atomic units

In discussing atoms and molecules, it is often convenient to use
“atomic units”’. In this system, the electronic mass m, the absolute
value of the electron charge ¢, and the rationalized Planck constant

{a) (b}

Fic. 2.6. Representations of hydrogen atomic orbitals: (a) contour map

showing values of ¢ on spheres centred on the nucleus, (b) schematic

indication of bounding contour (sphere) within which there is a high
probability (e.g. 909%) of finding the electron.

fi{ = h/2r), are used as units of mass, charge and action, respectively.
The units of energy, length, time, velocity are then completely deter- .
mined and all equations take a simpler form, the variables then” being
numerical measures in afomic units of the quantities they represent.
Thus, the energy and electronic wave function of the hydrogen atom
in its ground state become

E = —1 Hartree, ¢(r) = n—1/2exp (—1)

—the ‘“Hartree” being fairly widely used as the name of the energy
unit, though not regarded as a primary unit. Great care should be taken
in using atomic units. For example, 7 in e~ must be a pure number, for
dimensional consistency, and the actual radial distance is thus rao.
Also |¢(r)|2 is a density and ¢(r) therefore implicitly contains a factor
ao~3/2, although we have put ag = 1. A detailed discussion of units and
dimensions is not required at present and is deferred until Vol. 2.
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The energy is also frequently expressed in various “practical” units,
such as electron volts, kcal mol—1,§ wave numbers (cm~1),|| etc. The

relations among these units are indicated in Table 2.1.

TABLE 2.1
Conversion table for energy units

Hartree J eV
1 Hartree 1 4-35944 x 10-18 27-2108
1J 2:29364 x 1017 1 6-24118 x 1018
1eV 3:67501 x 10-2 1:60210 x 10-19 1

1 keal (mol-1)]
1cm-1?

1-59347 x 10-3
4-55635x 106

6-94664 x 10-21
1-98631 x 10-28

4-33596 x 10-2
1-23982 x 104

1 MHz 1-51981 x 10-10 662552 x 10-28 4-13552 x 10-9
keal (mol-1)} cm-1 MHz

1 Hartree 6-27506 x 102 2-19474 x 105 6-57969 x 109

1J 1-43917 x 1020 5-03394 x 1022 1-50930 x 1027

IeV 23-0609 8:06569 x 103 2:41804 x 108

1 keal (mol-1)3
lem-t
1 MHz

1
2-85914 x 10-3
9-53690 x 108

3-49725 x 102
1
3-33559 x 105

1-04845 x 107
2-99794 x 104
1

Notes. The table indicates equivalences, not equalities. Thus 1 eV is “‘equivalent” to
23-0609 keal(mol-1) in so far as the latter is the energy of L systems (L = Avogadro
number = 6-02252 x 1023) expressed in thermal units. Similarly, wave numbers and
frequencies are related to corresponding energies by £ = hy.

{The thermochemical calorie is defined as 1 cal = 4-184 J.

2.4. The free particle

Although the particle moving in free space was considered in some
detail in Chapter 1, one or two further points need attention. We
choose the potential energy zero so that ¥V = 0 everywhere and the
Schrédinger equation becomes

Hp = —o—

2m

oa?

he (6245

0, 4) g,

0y 0z2

(2.25)

§The energy in thermal units of L systems (L being the Avogadro number) instead of

one: thisis the unit used in thermochemistry.

IAn energy E may be associated with a frequency v by the Planck relation £ = hy,
and hence with a wave number (1/3) by £ = &c(1/4). Such units are employed in spectro-

scopy.
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This has plane-wave solutions and by choosing the direction of
propagation as the z-axis the dependence on y and z vanishes, permitting
reduction to the one-dimensional equation

a2¢

—_— 2 2 = 2
— k29 (k2 = 2mE[h?)

which has solutions (taking % positive) of the form}
¢ = A exp (tkx)+Bexp (—tkx), E = (i2[2m)k2. (2.26)

More generally, the equation may be separated (pp. 23-4 and Appendix
2) and the general solution is a product of three factors X, Y, Z, of
similar form but referring to variables z, y, 2, respectively.

In contrast with the other examples considered so far, the eigenvalues
may here lie anywhere in the continuum of positive E values, for no
restrictions have been placed on k; all positive energies are allowed.
A second important difference is apparent when we try to normalize ¢,
for the integral of |$|2 over all space is no longer finite for any non-zero
values of 4 and B.

- The reason for the normalization difficulty is in this case purely
mathematical, for a particle known to be in any finite region of space
at any given time may be described by a wave packet, formed by com-
bining solutions of the type just found but with slightly different k
values, and the packet is essentially localized and therefore normalizable
although the basic wave trains are not. There are two main methods of
circumventing this difficulty:

() We relax the requirement that |¢|2 be integrable, bearing in
mind the fact that a normalized wave packet may always be
built up from functions of almost identical wave numbers
(so that it is necessary to consider the solution for only one
value of k). In this case any mathematically convenient
normalization may be used, and it is useful (for reasons which
will appear presently) to choose the solutions

¢x(x) = (2nfi)~1/2 exp (tkx), Ei = (fi2/2m)k? (2.27)

where the wave number % is allowed to take both positive and
negative values in ordec to admit both possibilities in (2.26).
The general three-dimensional solutions are correspondingly

Px(r) = (2n#h)~3/2 exp (ik - 1),
Ey = (52/2m) (k2 + by 2 + k,2), (2.28)

{Here it is most convenient to use exp ( + ikx) instead of the equivalent real solutions
sin kx, cos kx.
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where k is a wave vector with components kg, ky, k; which take
positive or negative values, and k - v = zk; + yky+2k,.

(ii) We imagine the particle to be confined within an arbitrarily
large box, and normalize the wave function within the box.
As the box is allowed to become indefinitely large the energy
levels become quasi-continuous (cf. p. 26): for then F =
(%i2/2m)k? where k = nx/L and n is a positive integer, and
for L indefinitely large, ¥ may be chosen as near as desired
to any given positive number. There is a difference, however,
in that the boundary conditions used previously rule out
complex solutions of the form (2.27), only the sin (kx) com-
bination being aliowed in (2.26).

In order to obtain free-particle cigenfunctions with the box
normalization we employ periodic boundary conditions of the
form (2.10) and easily verify that solutions of the form
d(x) = C exp (ikx) are then admitted, with k = 2zn/L and n
taking all integral values (0, +1, +2, . ..). Both terms in the
general solution (2.26) arethen covered. The solutions with
“ box normalization’’ are then

dr(x) = \/L exp(tkz), Ejp = (i2j2m)k?2 (2.29)
in the one-dimensional case, and
1 .
d(r) = mexp(zk 1), Hip= #22m)k2 {2.30)
in three dimensions. The allowed wave numbers are of the form
kz, by, ke = (2r/L)x (0, +1, +2,...) (2.31)

and therefore become quasi-continuous for a very large box.

The second of the two methods of normalization is widely used in
solid state theory and has a simple physical interpretation: the box may
be regarded as a “‘fundamental volume” and the boundary conditions
simply ensure that what happens in this volume is repeated indefinitely
in all the similar volume elements formed by translation of the box
along the three directions in space. The normalization implies that at
the moment of observation the particle is supposed to be within the
chosen fundamental volume: the corresponding |$|2 is therefore a
conditional probability, presupposing that a particle is present in the
region under observation. The fact that the particle is “free”, and is not
reflected back at the boundaries of the hypothetical box, should be
indicated by the existence of a non-zero probability current as defined
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in (1.30). For a particle with wave function Ce®% r the x component of
the current density is

Jp = —h— l0|2 etk gk, eth® — i haT(— 1k ) e—tRT | = ]0|2 ;—i k. (2.32)
2im m

and is uniform throughout the box. If we imagine a large number of
completely independent particles, each behaving as it would with wave
function ¢ x(x), |C|2 is the expected number of particles per unit volume,
and J is the expected number per second crossing unit surface normal
to the 2-axis: classically this would be J; = (number/unit volume) x
(x-component of velocity) and comparison with (2.32) shows that
%ik;/m corresponds to the z-component of the particle velocity. In other
words, kz, ky, k., represent the three momentum components of the
particle in units of #. This interpretation will be confirmed more directly
in a later section.

2.5. One-dimensional step potential with a finite potential
height '

Finally, we consider a free particle meeting a potential barrier of
finite height. Let us choose the position of the barrier as the origin and
the potential as

Vi) =0 (x<0); V{)=Ve>0 (x> 0).

This potential is illustrated in Fig. 2.7 and the wave functions are
determined by
ke 924

19 = amom

+V(x)p = E.

V=y,

x=0 X

Fia. 2.7. One.dimensional poﬂential barrier, showing typical wave function
for a particle incident from the left with energy less than V. Reflection
produces a standing wave.
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We distinguish three cases, first £ < 0, second Vo > E > 0, third
E > Vo and discuss each in turn using the appropriate general
solutions (p. 24):

(i) E<0o.

The solution is exponential in both regions. It soon appears,
however, that the boundary conditions cannot be satisfied by any
non-zero values of the constants. No acceptable wave function therefore
exists, and, as in classical mechanics, there is no corresponding state of
motion with £ < 0.

(i) 0< E <V,

It is clear that ¢ must be of complex exponential form in the left-
hand region of Fig. 2.7, but must be a decaying exponential in the
barrier region : let us take

o(x) = etkr+ Atk k = /(2mE[h?2) (x < 0),
¢(x) = Be~k'z, E =+ 2m(V-E)k2} (x> 0). (2.33)

Normalization has been disregarded in view of the discussion in
Section 2.4. The boundary conditions at = 0 are easily found to be

1+4 = B,
itk— Atk = — B/,
from which we obtain
4= _'kii_r—zflz B =k—_2-’§c (2.34)
To interpret the solution we compute the probability current density in
each region. Forz < 0 we obtain

F .
Jz = .—.-—-{(e—ikz_*_A*eikz)(ikeikz_Aikeikz)
2im

— (etk® + A e~ik7) (— ik e—tha A*ikeikw)}

which reduces to

hik
Je = —(1-]A]2). (2.35)

From (2.34), however, it follows that A is a unimodular complex
number; J, therefore vanishes. In the absence of the barrier
(4 = B = 0), there would be a probability current %k/m along the
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z-direction ;} and thefact that insertion of the barrier reducesthis current
to zero means that a particle with £ < ¥V is sure to be reflected. The
solution may in fact be written in real form and describes a standing
wave on the left of the barrier. There is clearly a non-zero probability
that the particle will penetrate some distance into the barrier; but it is
easily verified that, for Vo — 0, ¢(x) —sin kx (x < 0), >0 (x > 0).
Thus for sufficiently large Vo the barrier forms a strictly impenetrable
wall and the boundary condition imposed in Section 2.1 is rigorously
justified.

(ii1) E > Vo.

The solution must be of complex exponential form in both regions, a
single term ¢t%'z being appropriate for x > 0 since the term e—i%¥'z
would describe a particle incident from the right of the barrier, a

situation not considered. The values of k& (for the region x < 0) and
k’ (forx > 0)are evidently

k= /(GmE[E2), ¥ =+/@m(E-Vo)fi2},
and we find easily the current density expressions
tik

Iy = 7—;(1—|A|2) (x < 0) (2.35a)
Iy = *37’% B2 (z > 0), (2.35b)
where
-k 2k
4 = n, B =m,. (236)

The statistical interpretation is clearest if we imagine a large number
of independent particles, each described by the wave function ¢. In
this case the number per unit volume is proportional to |¢|2 and the
number flowing across unit area perpendicular to the z-axis is pro-
portional to J;. We then have

Number crossing unit area/sec
(i) in absence of the barrier oc fik/m,
(i) toleft of the barrier oc fikjm x (1—|4]2),
(iii) in the region beyond the barrier  oc k/m x (k’[k)|B|2.
It follows that | 4|2 represents the fractional number of particles turned
back from the barrier (thereby reducing the net current) and is therefore

1Note that the present normalization corresponds to C = 1in (2.32).
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a reflection coefficient, while (k’/k)|B|2 is the fractional number penetrat-
ing the barrier, or in other words a transmission coefficient. The sum of
the two coefficients is of course unity, any incident particle being either
transmitted or reflected.

It should be noted that the above results have been obtained using
the stationary state eigenvalue equation, which may appear to be some-
what artificial. We remark that exactly the same results may be
obtained by constructing an incident wave packet, using wave numbers
in the immediate vicinity of &, and following the time development of the
packet as it meets the barrier. The wave packet is simply a superposition
of the stationary state solutions, of which we have obtained a typical
one. The wave packet treatment of scattering processes is fully discussed
in another volume of this series.
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CHAPTER 3

MATHEMATICAL DIGRESSION

3.1. Preliminaries. Operators and eigenvalue equations

In Chapter 2 we set up and solved Schrédinger’s equation for certain
simple one-particle systems. Most of the systems of interest in physics
and chemistry, however, are vastly more complex, and many mathe-
matical generalizations are necessary before progress can be made;
some of these generalizations relate to concepts and principles, with
which this volume is mainly concerned; others relate to the develop-
ment of methods for obtaining approximate solutions and are studied
more fully in Vol. 2. In this Chapter we review the mathematical tech-
niques which are basic to the general formulation of quantum mechanics.

We start from the differential equations encountered in Chapter 2.
These are all eigenvalue equations; each one contains some numerical
parameter, 1 say, such that solutions of a given class (p. 18) arise only
when A takes specific values—the eigenvalues. The set of eigenvalues—
the spectrum—may be discrete (as in the examples of Sections 2.1-2.3)
or continuous (as in Sections 2.4-2.5); but in all cases we meet equations
of the general form

d2y dy

a(x) %—2-+b(x) Tz +c(x)y = Af(x)y, (3.1)

where a, b, ¢, f are real functions of x, while Y(x) may be the wave
function itself in a one-dimensional problem, or one of the factors when
the wave function is written as a product in separating the variables.

The left-hand side of (3.1) may be regarded as a prescription for
obtaining from ¥ a new function; in words it means “multiply ¥ by
the function ¢(z), to this add the result of differentiating y with respect
to z and then multiplying by b(x), and finally add the result of differen-
tiating ¥ twice and multlplymg by a(x)”. Each term is the result of a
certain operation on ¥, and it is customary to speak of b(z)(d/dx), for
example, as the operator involved in obtaining from the operand ¥ the
new function b(x)dy/dx. It is then possible to recognize properties of
the operators which do not depend on the particular form of the
function on which they operate. For example

b(x) = (nl/1+nl/2)—b(x) ll/1+b(w) Y2

41
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for any pair 1, and Y, of continuous functions of z. If we abbreviate
the differential operator to the single symbol D this result, and a similar
one obtained by operating on a multiple of i, may be written

D(Y1+y2) = Dy1+Dyo,
D(cy) = ¢cDy (3.2)

for any complex number ¢. These are not trivial properties (they are
not possessed, for example, by the operator, S say, which squares the
operand); they serve to define linear operators. Nearly all the operators
we encounter in quantum mechanics are linear.

It is also convenient to define the sum and the product of operators,
in such a way that, for example, the left-hand side of (3.1) may be
denoted by D where

d
b(x) i +c(x)

and the implication is that when D operates on any function y it
produces the function on the left in equation (3.1). The sum of two
operators A and B is thus defined so that

(A+B)y = Ay +By. (3.3)

In other words, (A + B) operating on any y means ‘“operate with A and
B separately and add the results’. Similarly, the product (AB) is defined

by

d2
D= a(x)%z+

(AB)Y = A(BY) (3.4)

and (AB) operating on any iy means “operate first with B (nearest to )
and then operate on the result with A”’. If A and B stand for the opera-
tions of multiplying ¢ by a(x) and b(x) respectively, it is clear that
AB = BA (the order of multiplication makes no difference); the operators
are then said to commute. But when differential operators are admitted
it is easily verified that the order is important and in general
AB # BA. It is also clear that the notion of equality of two operators
needs definition ; for generality we must define

A =B ifand onlyif Ay = By (all y), (3.5)

where “all {”’ means for all functions of the class considered in defining
the operators. The most trivial operation is multiplication by a

}Normally it will be assumed that the functions of importance in quantum mechanics
belong to class @ (p. 18). It is important to note that the operators ars fully defined
only with reference to some specified class (e.g. functions for which the derivatives
exist), although points of mathematical rigour will usually be ignored.
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constant, ¢. The above definitions simply ensure that any collection of
sums, products, and multiples of operators may be manipulated exactly
as in elementary algebra provided the order of the operators is always
retained. In this connection we note that the usual shorthand for powers
is also taken over. For example,

(@A +bB)2 = (aA+bB)(aA+bB) = a?A2+ab(AB+ BA)+b2B2

where the middle term reduces to 2abAB only if the operators A and B
commute. '

Eigenvalue equations. Self-adjoint form

We shall study some general properties of eigenvalue equations,
writing (3.1) in the form

DY = ify (3.6)
where the differential operator D now denotes (a, b, ¢, still functions of
)

dz2 d

D=a(§2+b£+6. (3.7

The general theory of linear second order equations is usually developed,
however, not for (3.6) but for the “Sturm-Liouville equation”

Ly = Awy, (3.8)

where L is a “‘self-adjoint’’ operator with the rather specific form

d d a2 dp d

L =d—x(p%>+q =pd_ﬂ$2+zﬂ;£+q (3.9)
in which p(), ¢(x) are real functions of x, while the w(x) is everywhere
real and positive. Much is known about Sturm-Liouville equations
(Courant and Hilbert, 1953; Kemble, 1937) and we therefore note first
that the general equation (3.6) may always be reduced to the form (3.8)
in which L is self-adjoint. To do this we multiply (3.7) by a function u(x)
and try to choose u(x) so that

2
uD=aui+bui+cu= L

dx? da
uf = w. (3.10)

On comparing D with (3.9) we must choose « so that

bu = Ziix (au). (3.11)
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But this is a simple first-order equation for the unknown function u(x)
and can always be integrated to give the desired result. Any eigenvalue
equation defined by (3.6) and (3.7) may thus be written in Sturm-
Liouville form, and the results of Sturm-Liouville theory are of rather
general applicability. We continue to assume that the function w,
whose significance becomes apparent presently, is everywhere positive;
this assumption covers all the most important equations.

ExamMPLE. Hermite’s equation. This equation, namely
eq q ¥

dzy dy
—— — 20 =+ 28y = 0,
dx? xdm+ By

which arose in the form (2.14) from the harmonie osecillator problem, is not in
Sturm-Liouville form. On multiplying through by «, we can make the differential
operator self-adjoint provided we choose v go that —2zu = (du/dx). A solution
isuw = e~%" and the equation can therefore be written in the standard form (3.8)
with

d2 d
L = e (-1;2—-2:1:(4"“’ W= e, L= —28

The weight factor w, introduced in this way, is particularly significant, as will be
seen presently.

We now show that the property of self-adjointness, together with
certain rather general boundary conditions, implies that L has a very
simple symmetry property. If we are concerned with solutions defined
in the interval (a, b) and u, v are any two functions of the given class,
the symmetry property which results is:

fu(Lv)dx = j"(Lu)vdx. (3.12)

To show this, we write L in the first form of (3.9) and integrate by parts:

b b b
d [ du
fv(Lu)dx = f -%(p %>dx—quudx
a a a
du\P r du\d ;
u w\ dv
[ ()] (r e s
a a

Now the boundary conditions appropriate in quantum mechanics are

invariably
du du
(’Updx >x=a B (’bp %>x=b' (319

Both quantities vanish when the boundaries are at infinity, owing to the
condition of quadratic integrability; and the equality is also satisfied
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by the periodic boundary conditions of Section 2.4. On adopting this
condition the first term in the expression for the transformed integral
vanishes; and on performing another integration by parts we obtain the
desired result.

To anticipate the appearance of complex functions and operators we
state a slightly more general symmetry property which includes (3.12)
as a special case. We normally assume quadratically integrable func-
tions (class @) and when

?u*(Lv)dx = j?(Lu)*vdx (3.14)

for any two functions of the class, the operator L (self-adjoint in a
wider sense) is usually said to be Hermitian. We return to Hermitian
operators in Section 3.7.

Properties of eigenfunctions
The property of self-adjointness of an operator (or more generally of
Hermitian symmetry) is reflected in certain very general properties of

its eigenfunctions. We suppose that ¢; and ¢; are any two solutions
of (3.8) and assume that L has Hermitian symmetry. Then by definition

L¢i = )/iw¢i’
Lo = Awey.

We multiply the first equation by ¢;*, and the complex conjugate of
the second by ¢;, and then integrate each over the range (a, b) to
obtain (remembering w is assumed real)

» b
[$5*Ldidx = Xy [wes*pidx,
a a

f(Lon*ouda = iy* [y oude
But by (3.14) the left-hand sides are equal and hence, by subtraction,
(4= 1% by $uoda = o. (3.15)
Now if we choose ¢; = ¢; the integrand becomes |¢¢|3w and must be
everywhere positive : the conclusion is that 4; = 2;*. In other words the

eigenvalues of a Hermitian operator are real.
We pass to the case ¢ # j and observe that if A; # 1; then

b
[o*dpwde = 0 (4 # 4). (3.16)
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Functions with the property (3.16) are said to be “orthogonal with
weight factor w in the interval (a, ). Thus eigenfunctions of (3.8) with
different eigenvalues are mutually orthogonal tn the sense (3.16).

In most of the examples discussed so far the weight factor w has been
unity and the eigenfunctions have been simply “orthogonal” without
qualification. In the one-dimensional box, for example (Section 2.1),
the eigenfunctions have the well-known property

Ijsin (nnz/L) sin (n'rx/L)dx = 0 (n’ # n)
0

conforming to (3.16) with w = 1. The harmonic oscillator (Section 2.2)
provides the following more interesting example.

ExAMpLE. Hermite’s equation. The solutions of class @ in the interval (~o0,
+ ), denoted by Hp(x), arise when B = n, an integer. Since the weight factor
occurring when the equation is written in Sturm-Liouville form (p. 44) is
w = ¢~** the orthogonality property of different eigenfunctions is

+jgo Hy@x)Hy (x)e=T'dx = 0 (0 # n).

-~ 00

We note also that the functions ¢a(z) = Hyu(x)e~%"/2 are orthogonal in the simple
sense

+ 00
_j' $a(@) $(@)dz = 0 (n # n)

and notice that (apart from a change of variable  — z4/a) these are solutions
of the original quantum mechanical problem (2.12). The argument leading
to (3.16) could in fact have been applied directly to (2.12), which is already
in Sturm-Liouville form with w = 1. Here we proceeded via Hermite’s equation
partly because this had already occurred in reducing (2.12) to a known standard
form, and partly to illustrate orthogonality in the wider sense with w # 1.

Finally, we note from (3.15) that two different functions ¢;, ¢; do not
necessarily satisfy (3.16) if 4; and 4; happen to be equal. In this case of
degeneracy it is also true from the linearity of the operator L that any
linear combination ¢ = a¢;+be; will also satisfy (3.8) with A = 4; = 4;
{as may be verified by substitution). This means there is no need to
discuss non-orthogonal solutions: for from ¢; and ¢; we can always
construct two mixtures, ¢; and ¢;, which are still solutions and at the
same time are orthogonal. The simplest way of doing this is indicated in
the following example.

ExawmprLe. Orthogonalization. Suppose ¢ and ¢z are two degenerate eigen-
functions, each satisfying L ¢ = lwg. Now replace the second function by
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¢2’ = 42+cé1 and choose ¢ so that g1 and ¢y’ are orthogonal in the sense
b
f¢l*(¢2+c¢1)wdcr = 0.
a

This requires only that
b b
c= —fa* ¢2de/f $1* hrwdzx
a a

and, since (by assumption w > 0) the denominator is non-zero, a solution
certainly exists. Given a third degenerate solution say, @3, we could replace
it by ¢3’, orthogonal to both ¢; and ¢2’ (already orthogonal), by choosing
¢s’ = ga+cid1+cads’ and eliminating both coefficients from the two ortho-
gonality conditions. In fact the procedure could be continued for any number of
degenerate functions, to yield a new degenerate set of orthogonal functions. This
method of orthogonalizing is the Schmidt process, which can be applied to any
set of functions, degenerate or non-degenerate.

The conclusion from the last Example is that a set of eigenfunctions
of a Sturm-Liouville type equation may without loss of generality be
assumed orthogonal, irrespective of any degeneracies which may occur.
If orthogonalization is necessary it may be achieved in an infinite variety
of ways; the Schmidt process indicated in the above Example is simply
one systematic construction. It is customary also to normalize each
member of the set so that _f On*Ppwdr = 1, and the set is then said to be
orthonormal. The properties of normality and orthogonality are usually
combined in the statement

b
_fd)i*d)jwdx = by, (3.17)
a

where §;; = 1 (i = j), = 0 (¢ # j) is called the “Kronecker delta’ and
is an extremely useful symbol.

3.2. Eigenfunction expansions

We recall that an arbitrary function f(0) can be expressed in the
interval —n £ 0 £ + = in terms of the functions

sinnf, cosnf, (n=20,1,2,...)

according to Fourier’s theorem. If, for simplicity, we confine attention
to functions defined in the region 0 < # < n and satisfying the
boundary conditions f(0) = f(n) = 0 the cosine terms may be omitted
and we get a very simple example of an eigenfunction expansion

1(0) = $ cutu(0).

The expansion functions

n(0) = % sin 78
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are immediately recognized as eigenfunctions of the box problem of
Section 2.1 in which znz/L is replaced by the variable 6. It is easily
verified that the (normalized) functions ¢,(0) form an orthogonal set,
as required by Sturm-Liouville theory. In quantum mechanics, the
standard method of obtaining approximate eigenfunctions of some
complicated eigenvalue equation is to introduce a suitable orthonormal
set {¢»} and to build up a best approximation by combining a finite
number of terms with properly chosen coefficients. It is useful, even at
this point, to examine the nature of the approximation involved.

£(x)

X=a x=b X

Fic. 3.1. Curve fitting. The function f(x) is approximated in the interval
(a, b) by fu().

Suppose we consider the expansion of f(z), in the interval (a, b), in
terms of a given set of functions {¢s(x)} (¢ = 1, 2,...). First we use only
the first » terms, writing

n

J(@) = fo) =i216z¢z(x) (3.18)
as an n-term approximation to f(x). The problem then is to choose the
coefficients to get a best possible representation of this form, and this
may be done in a convenient way by making the mean square deviation
(Fig. 8.1)

) n
My = [|f (@)~ 3 eidlo)| e (3.19)
as small as possible. This is a simple “curve-fitting” problem. It also
introduces a new and important idea, that of completeness. If an
arbitrary function f(x) can be approached arbitrarily closely in the
sense M, — 0 as n — o0, the set {¢4(x)} is said to be complete. Because
the definition involves integration it does not imply that the right- and
left-hand sides of (3.18) should become equal at every point, in the limit,
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but rather that if any deviations occur they do so only at a finite
number of points and in such a way as to give zero contribution to the
integral. The function is said to be approximated “in the (quadratic)
mean’’ and it should be noticed that the approximation is different in
character from, say, a Taylor expansion, where the arbitrary function is
a,pproa,ched arbitrarily closely at all points in the neighbourhood of a
given point. We return later to the question of completeness

The importance attached to deviations in different regions could be
adjusted by introducing an arbitrary weight factor, replacing (3.19) by

b n
My = J1f(@)~ 3, ago)|Pule)ds (3.20)

and we study the minimization of this more general measure of the
deviation. The best coefficients occur wheni dM[dc; = 0, dM/dei* = 0
(¢+ = 1, 2,...,n)and taking the second condition gives

b n
§(7)=$ extste)) de¥(emoteda = o.

Thus for each function ¢; we require

b n b
| $el@)f (@yw(x)dx =j;16; ‘{ bi*(x)ds(x)w(x)dz. (3.21)

An important practical consideration now arises. If a function ¢y, 1(x)
is added to the expansion, it would be most inconvenient to have to
redetermine the coefficients of the first » functions: and there is then
good, reason to impose a ‘“condition of finality”’, trying to choose the
function system in such a way that the best values of the first »
coefficients in an (n+ 1) term approximant agree exactly with those of
the n-term approximant. If we write down the counterpart of the last
equation it will contain just one new term on the right-hand side.

1Note that if F is a function of a complex number ¢ it is permissible to treat ¢ and c*
as independent variables. Thus, the real part ¢ and the imaginary part y can vary
independently, and an extremum of F is therefore given by the conditions

oF _ oF 9c OF odc* oF oF 0
2w~ 9c x T ec* bw e Tdor
oF oF oc oF dc* _ oF OoF
%y~ dc oy de* oy~ s ae*
These conditions are clearly equivalent to (0F/dc) = (cF[dc*) = 0. Thus it is formally

possible to regard ¢; and ¢;* as independent variables, even though knowledg_e of one
completely determines the other,
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Subtraction of the two equations then shows that the condition of
finality is equivalent to the requirement

b
[Pr 1@e@w@)de =0 (@ =1,2,...,n).

In other words, ¢, 1(x) must be orthogonal to ¢;(x), .. ., ¢n(x) with
weight factor w(x). It follows by induction that every pair of functions
in the set must satisfy a similar orthogonality condition and, if (as may
always be done) we normalize each function, the set will be orthonormal :

b
[di*(@)s(@w(x)de = &y (3.22)

a

The sets of eigenfunctions of differential equations, introduced in
earlier sections, therefore seem to be excellently suited for approxima-
tion in the mean to arbitrary functions of the same class.

For orthonormal sets the expansion coefficients follow easily, for in
(3.21) only one term remains on the right-hand side—that which con-
tains ¢;. The result is then

o = [$H@)f @le)de. (3.23)

This determination of coefficients is final and unchanged as the
approximation is improved by taking more and more terms.

We can now express the idea of completeness in a more precise form
by calculating the quantity M, and examining its behaviour as » — co.

b
Wy = [T =f =ttt +| Sl e

b

b b b
= f|f |2wda — fcfff *dwda — ict*f di*fwdz + ici*cif ¢i* pjwdz
j=1 i=1 [
a a a

a

b
n n
= [Ifmwas—2F ol + T lee
p =1 i=1

and since M, is by definition essentially positive, this requires

Iflf Izw‘lx“nZIlez > 0. (3.24)
a i=1
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This is “Bessel’s inequality”. Clearly, completeness requires that the
quantity on the left tends to zero as n — o0 : at any stage in the process
it gives a convenient numerical measure of the failure of a finite
approximation. In quantum mechanics we are usually concerned with
functions of integrable square, normalized so that the first term in (3.24)
has the value unity, and in this case completeness of the set requires
that in the expansion of any normalized function of the given class

n
Zlc,;lg —1
ji=1

(from below), as » — co. Important theorems concerning complete sets
have been established in recent years, but for present purposes the
completeness criterion implicit in Bessel’s inequality will be adequate.

3.3. Generalization to many variables

Although the preceding discussion of eigenvalue equations and
eigenfunction expansions arose from a study of differential equations of
Sturm-Liouville type most of the arguments were, at least superficially,
independent of the mathematical nature of the operator L and the
function . In quantum mechanics we deal with functions of many
variables and note the following generalizations:

(1) Orthonormality of eigenfunctions

In introducing this idea we assumed only one independent variable x.
We might, however, have worked equally well with Schrodinger’s
equation in unseparated form, namely Hy = Ey where (for one particle)
H and ¥ involve three variables. Or we might have considered the most
general case in which] ¥ = W¥(x) is a many-particle wave function,
involving many variables which we symbolize collective by a bold
letter x. Provided H has the hermitian symmetry property analogous
to (3.14), namely,

JU*HVdx = [(HU)*Vdx (3.25)
then the orthogonality of different solutions of the general equation
HY = E¥Y (3.26)

follows exactly as in the one-variable case (pp. 45-46). We note that
the weight factor in (3.26) is unity (cf. (3.8)) and that the eigenfunctions
may thus be assumed orthonormal in the simple sense

f¥i* ¥ dx = &y, (3.27)

11t is convenient in later chapters to use capital letters to denote general many-
particle wave functions, reserving small letters for statements that are valid only for
single.particle functions.
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where [dx now implies integration over the whole many-dimensional
space. We shall find later that (provided W vanishes at infinity or
satisfies periodic boundary conditions analogous to those included in
(3.13)) H is indeed self-adjoint in the generalized sense (3.25).

It is natural to enquire whether the generalization from one to
several variables extends also to the eigenfunction expansion, and it is
at once clear that the original arguments (pp. 48-51) remain valid : if

Y(x) = ;cf(bi(x) (3.28)

is an expansion of a function of some given class in terms of orthonormal
functions ®@; of the same class, then the optimum choice of coefficients is
given by

¢ = [OHX)¥P(x)dx (3.29)

exactly as in (3.23). Again we may discuss completeness in terms of
the quantity M, defined asin (3.20) with w = 1, arriving at the criterion
M, — 0 for n — 0. This, of course, does not guarantee that complete
sets exist in general; but many instances are known in which existence
can be proved (e.g. wave functions of the three-dimensional box
problem, discussed in Section 2.1) and this encourages the belief that—
even for functions of several variables—eigenfunctions of an operator
such as H normally provide complete sets. In quantum mechanics, we
therefore simply accept completeness, in the general case of functions
of many variables, as a postulate.

(it) Adjoint operators and Hermitian symmetry

The concept of self-adjoint or Hermitian operators also needs
extension. Let H be any operator, defined with respect to some com-
plete set of functions {®;} on which it operates, and let us associate with
H the adjoint operator H' by the definition

[O*H®dx = ([O*HOIx)* (all D) (3.30)

where “‘all ®” means for arbitrary functions of the class defined by
{®;}. 1t then follows easily{ that an equivalent definition is

_’.(I)i*HT(DjdX = j'(Hd)i)*(Djdx. (3.31)

An operator is naturally called self-adjoint if HY = H and the definition,
in the form (3.31), therefore yields

.[(H(Di)*d)jdx = .“(Di*H(I)jdX. (3.32)

Evidently this symmetrical form of (3.31), appropriate when H = H,

{Use @ first as @;+i®; and second as P¢—id; and then subtract the resultant
equations, observing that for any two functions j(b ¥ Pdx = [j(b.-*(b,dx]*.
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provides a powerful generalization of (3.14) which was formulated for
functions of one variable with a particular type of differential operator.

The physical implication of He1mitian symmetry follows at once on
taking for ® in (3.30) any normalized eigenfunction ¥; of H with
eigenvalue E;: for then [W;*HW;dx = E;[V*¥;dx = E; and (3.30)
states that E;* = ;. The eigenvalues of a Hermitian operator are
essentially real. The association of Hermitian operators with dynamical
quantities (e.g. the Hamiltonian operator with the energy) therefore
seems specially appropriate, in so far as the measured values of
observables are essentially real quantities.

Most of the operators we encounter in quantum mechanics are
Hermitian, but some are not. It is therefore useful to note that any
operator can be written in the form C = A+iB where A and B are
Hermitian, and that the adjoint is then obtained simply by reversing
the sign of 7:

C=A+iB, C'=A-iB. (3.33)

We meet such operators in the theory of angular momentum.

(iii) Complete sets as product functions

Finally, we note that when eigenfunctions appear in separated form
the factors refer to independent complete sets, one for each variable.
Thus in the three-dimensional box problem (Section 2.1} the eigen-
functions were of the form

Simn(x, ¥, 2) = Xy(x) Y m(y)Zn(2)

where {X;(x),1 = 1, 2, ...} is complete for functions of  in the range
(0, L) ete. In this way, a complete set in three variables is evidently
expressed in terms of three complete sets each in a single variable. This
observation may be stated as follows:

If {ui(x)} and {v;(y)} are complete sets for functions of =

in the interval (a, b), and of y in the interval (c, d), respec-

tively, then the set of all possible products {u;(x)v;(y)} is | (3.34)
complete for funetions f(x, y) of both variables, defined

in the same intervals.

This simply means that an arbitrary function f(x, y) mnay be expanded
in the form

fl,y) = izjcuui(w)vf(x) (3.35)

and that as we take more and more product functions we shall get
convergence in the mean over the whole region bounded by x = a,
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= b and y = ¢, ¥y = d. As usual, it is difficult to give general and
mathematically rigorous proofs of such assertions. The result (3.35)
becomes highly plausible, however, if we first expand f(z, y) using the
assumed completeness of {ui x)}in the form

flz, y) = Zciuz x)

for any fixed value of y; and then note that the coefficients must depend
on y only and may consequently be expanded in the form

cly) = Zciﬂ’f Y)-

On inserting this expression for the coefficients we then obtain (3.35).
This device is used freely in quantum mechanics for building complete
sets in many variables from complete sets in fewer variables. In such
applications the intervals involved are frequently infinite and the
validity of the procedure is normally established by usage rather than
by rigorous analysis.

3.4. Linear vector spaces. Basic ideas}

Suppose we have some class of functions, for example the set of all
single-valued continuous quadratically integrable functions of a variable
z defined in an interval (a, b). If 1 and 2 are any two members of this
class, their sum possesses the same basic properties and is therefore
another member of the same class. So is any multiple ¢y, ¢ being an
arbitrary number, and hence ¢1y1+ ¢z is also a member of the class.
Also§ ¢y =y only for ¢ =1 and ¢y = 0 only for ¢ = 0. These
properties are essentially those which define a vector space: in ordinary
three-dimensional space, for example, addition of two vectors or
multiplication by a number always yields another vector. When the
elements of some given set can be combined and multiplied by numbers
in this way they are said to comprise a linear vector space or, when the
elements are functions, a function space.

We assume a familiarity with the elementary properties of vectors in
three dimensions and recall one or two of the main concepts. An
arbitrary vector r can be expressed in terms of any three non-coplanar
vectors e, eg, e3 which define a basis:

r = rijey1+rges+raes (336)

iFor a fuller account of vectors, matrices and related matters see, for example, the
books by Hall (1965) and Halmos (1942). Here we simply review the basic ideas and
terminology.

§Note that equality of two functions means equality for all values taken by the

argurnent.
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In other words any four vectors vi, va, V3, v4 (in this case r, ej, ez, e3)
must be connected by a linear relationship of the form

c1vi+cavat+cgvatcegvy = 0, (3.37)

where ¢y, . . ., ¢4 are numerical coefficients. Any four vectors connected
in this way (excluding the trivial case in which all coefficients are zero)
are said to be linearly dependent; whereas any four vectors for which
(3.37) cannot be satisfied, for any non-trivial choice of coefficients, are
linearly independent. In three-dimensional space the maximum number
of linearly independent vectors we can find is three, any fourth must then
be linearly dependent on the first three, and may consequently be
expressed in terms of them and in the form (3.36). The coefficients of
ey, ez, egin (3.36) are called the components of the vector r with respect
to the basis {ej, ez, eg}. The totality of all vectors of the form (3.36)
constitutes a 3-dimensional vector space and the basis vectors are said
to span the space. Three vectors are not necessarily linearly independent:
if e1, eg, and e3 happened to lie in the same plane a relationship would
exist among them and we could then write eg, say, in terms of e; and
e2. In general, e; and e; define a fwo-dimensional subspace: similarly,
any vector e; spans a one-dimensional subspace—that comprising all
vectors pointing along the line defined by e;.

Similar ideas apply in a function space. Let us consider, for example,
a set of three degenerate eigenfunctions, ¢1, ¢2, ¢3, of some operator
H, with a common eigenvalue . Clearly

Y = c1¢1+cadzt+cads (3.38)

is also an eigenfunction of H with eigenvalue E. By speaking of a three-
fold degeneracy we mean that the maximum number of linearly
independent eigenfunctions we can find is three and that any fourth
must be expressible (in the above manner) in terms of the three already
found. In other words no further new eigenfunctions can be found that
do not reduce to linear combinations of ¢, ¢2, ¢s. The functions
¢1, P2, ¢3 are basis functions, the coefficients c1, ¢z, c3 are “com-
ponents’” of Y with respect to the basis ¢1, ¢2, ¢3, and the totality of
all functions of the form (3.38) constitutes a three-dimensional function
space. There is clearly no restriction to spaces of three dimensions: a
set of six degenerate eigenfunctions would span a six-dimensional
function space provided any seventh eigenfunction with the same
eigenvalue were found to be expressible as a linear combination of the
six. In fact the existence of complete sets of functions (p. 48) suggests
that the number of dimensions need not even remain finite. The
oo-dimensional linear space spanned by a complete set of quadratically
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integrable functions is called a Hilbert space: the space spanned by the
functions of a more restricted class (e.g. all eigenfunctions of an operator
L with a given eigenvalue E) is then a subspace of Hilbert space. We
shall find it very useful to develop further these geometrical analogies.

The scalar product
In ordinary three-dimensional space, the concepts of length and
angle allow us to define the scalar product of two vectors

V[cos @ = v -v, (3.39)

vev = |v|

where |v|, |v’| are the lengths of v and v’ and 8 is the angle between them.
It is then convenient to introduce a basis ej, eg, eg in which the
vectors are mutually orthogonal and of unit length. Using the
Kronecker delta, asin (3.17),

€ € = 5“. (340)

The scalar product v-v’ is then easily expressed in terms of the
components of the two vectors
vV = (vie1+vaez+vzes) * (vi'e1+ve'es+v3’es)
= 101 +v2vs’ +v3v3
where we have “multiplied out’’, noting that this is permitted because
the geometrical definition shows that the product satisfies the usual
associative and distributive laws. In the case v/ = v we obtain the

squared length of v:
V|2 = v v = v12+052+ 032

It also follows that, with an orthonormal basis, any component of a
vector may be expressed as a scalar product; by forming the scalar
product of v with e; and using (3.40) we obtain

Vi = €'V (3.41)

and note that vseq is the projection of the vector v in the direction of e;.

Again, similar ideas may be introduced in function space. In develop-
ing the theory in its general quantum mechanical context, the functions
considered ave usually orthonormal with unit weight factor (see p. 46):
for real functions, which we consider first, the orthonormality property
(3.17) suggests that we define a scalar product by

b
$i- ¢ = £¢i(x)¢f(x)dx = &4, (3.42)

where ¢; - ¢; = 1 corresponds to “unit length” of a normalized func-

}More precise definitions may be found in the books by Stone (1932) or von Neumann
(19585).
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tion, and ¢;- ¢; = 0 (¢ # j) to “‘perpendicularity’’ of two different
orthogonal functions. From the definition of the scalar product as an
integral, it follows easily that two n-term linear combinations,

n 7

¥ = izlcifﬁi and Y’ = ,2109"059',
have a scalar product '

Uy =cier’+egca’+. . ety (3.43)
The square of the “length” of a function is the norm ||y||2 defined as
the sum of the squares of its components, referred to an orthonormal
basis; and there is an exact parallel with the scalar product used in
elementary vector algebra. Whether or not we can pass to the case
n — o0 is essentially a question of whether or not such sums converge;
the assumption that a set is complete, for quadratically integrable
functions, ensures that they do.

A slight generalization is necessary when complex functions are
admitted. In this case the important quantities are integrals such as
(3.17) which contain the complex conjugate of one of the two functions
involved. The norm of y(x), again assuming unit weight factor in the
integrand, is then

b
Hw]|? = Jur@p(x)de

and is an essentially positive quantity only because one function is
“gtarred”. In view of these facts we define the Hermitian scalar product
of functions ¥ (), ¥'(x) by

b

Yry = ‘{l//*(w)l//’(w)dw = <Yy, (3.44)

where the symbolic notation on the leftj: stresses the formal analogy
with elementary vector algebra, while that on the right is due to Dirac.
The orthonormality property of basis functions is then

b
(Di|ds> = £ Pt (@) ps(x)dx = Sy (3.45)

and the main properties of the scalar product defined by (3.44) are,
using « to denote an arbitrary complex number,

P> = <Pl
YW+ = YD+, (3.46)
Yoy = alyly™,
Wly>z o
1The dot may be omitted, the star between the function symbols (i.e. attached to the
left-hand function) serving to indicate the scalar product. This notation (with a bar

instead of the star) goes back to Condon and Shortley (1935). Other notations, such as
(v, '), are also commonly used. See also Morse and Feshbach (1953) Section 1.6.
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The first equation expresses the “Hermitian symmetry” of the scalar
product; interchanging the two functions is accompanied by complex
conjugation, the order being immaterial only for real functions. The last
expresses the fact that “length” is defined as a real positive quantity.
The other equations show that scalar products of linear combinations
can be expanded in the usual way (p. 56), though it should be noted
that (ay|y’> = a*CY|y’>. The properties embodied in (3.46) are
characteristic of any Hilbert space, and are said to define its ““metric”.

Many of the metrical properties of ordinary three-dimensional space
are shared by Hilbert space and many important theorems therefore
express “‘common-sense” ideas. Thus, from the “metric axioms” (3.46),
it may be shown that for any two functions y and ¥’

[<UlY |2 = <Y<y ¥ (3.47)

This is the famous “Schwarz inequality”. It merely states that the scalar
product of two vectors cannot exceed the product of their lengths, the
equality being achieved when one is a multiple of the other. It follows
from this result that the scalar product of any two quadratically
integrable functions must always exist, i.e. the integral which defines
it must converge.

Finally, we note that the properties of complete orthonormal sets
are easily given a geometrical interpretation. Thus the formula (3.23)
for the expansion coefficient ¢; may be written

¢ = {Pe¥ (3.48)

which is merely the expression (3.6) for a vector component as a scalar
product. The completeness property itself (3.24 et seq.) also takes a
transparent form. If y,(x) is an n-term approximant to the function
Y(x), the norm becomes, cf. (3.43),

[¥nl[2 = Ynldm> = [ea]2+[ea|2+. . - |ea|>

The fact that this cannot be greater than {y |y, so that convergence is
from below, simply means that the vector i, (in which components c;
with ¢ > » have been given zero values) is “shorter’’ than y—a result
which is geometrically obvious in the example of Fig. 3.2. In general y,
i8 a projection of Y on the n-dimensional subspace spanned by functions
{#1, d2, . . . ¢u} and the inequality (3.24) states that the projection of
a vector on any subspace can never be longer than the vector itself.

All the preceding ideas may be extended without formal change from
functions of one variable to functions of several variables, whenever
suitable complete sets are available. The scalar product of two functions,
®@; and @, will then usually be written

(04|@;) = [@*(x)®y(x)dx (3.49)
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where the bold letter x stands for all the variables concerned and |dx
implies integration over the appropriate interval for each variable
(e.g. over all space for the coordinates of an electron). In stating the
axioms of quantum mechanies (Chapter 4) such sets are assumed to

¢2

L

Fic. 3.2. Projection onto a subspace. The projection w2, onto the two-
dimensional subspace defined by e; and es, is obtained by removing the e3
component of . In general, i is shorter than y (Bessel’s inequality).

exist, and the representation of states by vectors in a Hilbert space
plays a central role. The formulation also leans heavily on the theory
of matrix representations to which we now turn.

3.5. Matrix representation of operators

Two vectors, v and v/, may differ in both magnitude and direction:
v/ may be produced from any given v by rotation and change of
length} and it is convenient to write

v/ = Rv (3.50)

where the operator R indicates the operation performed on v. The
vectors may be in ordinary space or may be elements of a function
space; we often use the same terminology and note that, in either case,
sums and products of operators may be defined as in (3.3) and (3.4).
Thus, if rotation B followed by rotation A produces from v the same
vector v’ as a single rotation C (for any given v) we write AB = C. The
product of two rotations is thus simply the single rotation which has
exactly the same effect on any vector as the two rotations performed

}In what follows we usually refer to such generalized rotations simply as rotations. All
the operators we shall meet in quantum mechanics are linear (p. 42) and may be
represented as rotations in a suitable vector space.
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sequentially. Again, the order of the factors is important and it is not
necessary that BA = AB. The sum of two rotations, A and B, is defined
as the operation of applying A and B separately and forming the vector
sum of the results; (A+B)v = Av+Bv. If the result is identical with
Cv, for any choice of v, we write (A+B) = C. Here we shall be con-
cerned mainly with the product and with the need to characterize an
operator numerically, so that its effect on any given vector may be
worked out by simple arithmetic.

Let us consider first the three-dimensional case, expressing the
vectors v and v’ in terms of three orthogonal unit vectors, e, e, es.
Noting that rotation is a linear operator, so that rotation of the sum of
two vectors gives the same result as summing the two rotated vectors,
we may write (3.50) in the form

vi’e1+vy'e3+vs’es = R(vie1+vzea+v3es)
v1(Re1) +va(Reg)+ v3(Res).

If we now take the scalar product with e; we obtain, since e; + e; = d;;,
v1’ = (e1- Rep)vi+(e1 - Reg)va+(e1- Res)vs

with similar expressions for v2” and v3’. The components of the rotated
vector v/ = Rv are therefore expressible in terms of those of the original
vector v; the coefficients involved are scalar products involving only
the rotation operator and the unit vectors of the basis and therefore
have the same values for any choice of v. The operator R is therefore
completely characterized by its effect on the vectors of a basis—more
specifically with the orientations (as determined by scalar products) of
the rotated unit vectors relative to the original basis. If we put

Ry = e; Rej (3.61)
the components of v’ are related to those of v by
v1’ = Ry11v1+ R1ov2+ R13vs,
vy’ = Raw1+ Rasva+ Rasgvs,
vy’ = R31v1+ R3av2+ R33vs.

We recall that such systems of equations may be written in a shorthand
notation in two ways. In the subscript form we write

3
v = ZR@j’vj (t=1,23) (3.52a)
=1
(each value of ¢ giving one of the foregoing equations), while in matrix

form we group the coefficients Ry into a square array and the com-
ponents into columns, and write
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vy Riy Riz Ris™| [n1

vy | = [ Ro1 Roo Roz | | v (3.52b)
Lvs’ B3y R3e Rss | | vs |
ot more briefly,
v/ = Rv (3.52¢)

where bold letters denote the arrays, or matrices, which are manipulated
according to the rules of matrix algebra.]

Equation (3.52c) is formally similar to (3.50) and is a matrix
representation of that equation, the matrix R being associated with the
operator R. The actual elements in the array R clearly depend on the
choi e of a particular basis of unit vectors e;, s, e3, and this choice
must therefore be indicated in defining any particular representation.
We note also that the same array R appears in another context. If the
rotation R is applied to the vectors of the basis it yields a rotated set
of basis vectors e;’, e2”, e3” and the components of e;” (= Re;), relative
to e, eg, €3, are e * Rey, es - Rey, e3 - Re;: thus, from (3.51),

ey’ = eiRj1+eRo1+e3R3; = ) exRyy
k
where the coefficients have been written on the right of the basis vectors

simply to conform to the ‘“‘chain rule” for matrix products (see foot-
note), matching indices coming next to each other. Similarly

eo’ = e1R12+ eaRoz+ e3R3s,
ez’ = e1R13+esRy3+e3h33

and the whole set of equations determining rotation of the basis may
then be collected into the subscript form

¢; = Re; = ZekRki (:=1,23) (3.53a)
k

${Some familiarity with matrix notation is assumed. Here we need only note that
an mxn (“m by »n”’) matrix R is an array of m rows and n columns, R;; being the
‘‘element’ in the ¢th row and jth column; that equality of two matrices means equality
of all corresponding pairs of elements; and that in a product C = AB the element Cy; is
obtained by taking the elements on the ¢k row of A, multiplying by corresponding
elements in the jth column of B and summing the products so formed; i.e. that

Ci; = X AucBy;
k

The product is only defined if the number of columns in A matches the number of rows in
B and the matrices are then “conformable’: if A is p x ¢ and B is ¢ x , the product is a
p x r array. If there is only one row or column only one subscript is required and it must
then be remembered that components (e.g. v1, v2, v3) are conventionally collected into
columns (i.e. matrices of several “‘rows’’, one column). In equation (3.52b) a 3 x 1 matrix
is obtained as the product of a 3 x 3 times a 3 x 1.
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or the matrix form

(e1” ey’ e3’) = R(ey ez e3) = (ey ez e3) | Ry1 Riz Rig
Ry Roy Ro3 (3.53b)
R3y R3s R33
which may be written more briefly

e’ == Re = eR. (3.53¢)

Equations (3.53a, b, ¢), which refer to rotation of basis vectors, should
be compared with (3.52a, b, ¢) which refer to components of an arbitrary
rotated vector. In all such equations the position of the subseripts must
be carefully observed; this requirement is taken care of automatically
in the matrix forms, provided components of a vector are always
written as columns and sets of basis vectors as rows. It should be noted
that any vector may then be written as a row-column product of basis
vectors and components:

vV = Zvi €; = eV. (354)

1

If the above conventions are ignored or used improperly, considerable
confusion may arise.

ExampPLE. Rotations in three dimensions. Let us take es as a rotation axis: if the
basis is rotated through 8 we then obtain
e’ = cos fey+sinfes, e = —sinfei1+cosPes, ez = ez
which corresponds to (3.53) with the association
cos @ —sin @ 07
R>R=1\1sinf cos8 0
0 0 1

i.e. with the rotation R we associate the matrix R, which describes the rotation
in terms of the basis e. For a general rotation we should obtain e;’ = l;e1 +m;ea+
ngeg where l;, my, n; are the direction cosines of ;" relative to ey, es, e3. The matrix
describing the rotation is then

h ls I3
R = my ma Mms3
| n1 ng ng

each column containing the components of a rotated basis vector.

3

The central result of representation theory may now be stated as
follows. If two operators, A and B, applied sequentially are equivalent
to a third operator,

C = AB, (3.55)

then the matrices A, B, G which represent the operators according to
the definition (3.53), are related in an exactly similar way,

C = AB (3.56)
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where A and B are combined by matria multiplication. In mathematical
language there is an isomorphism (identity of structure) between the
set of operators, with sequential performance as the law of combination,
and the set of matrices, with matrix multiplication as the law of
combination. The proof of the equivalence is straightforward and may
be found in any textbook on vectors and matrices.

ExaureLe. Composition of rotations. Suppose A and B are rotations through 04

and @p, respectively, about the ez axis. Multiplication of the matrices yields,
with the abbreviation s4 = sin 64, ¢4 = cos 84, ete.,

cACp—8485 —¢Aa88—84cp 07 I~

AB = | sacp+casp —sasp+cacg 0 | =| sin(6a+08) cos(Ba+05) 0

0 0 1 0 0 1

cos (B4 +68) —sin (B4 +0p) 0]

But this is evidently the matrix (C) associated with the rotation C = AB
through the angle (64 + 0z). In other words, when the operations are combined
by sequential performance their representative matrices must be combined by
matrix multiplication. The present example is trivial but the result is general.

All the foregoing considerations may be applied without formal
change to the case of operators in a Hilbert space, provided the scalar
product is interpreted as the Hermitian scalar product (3.49), the
“rotations’’ may then be, for example, the differential operators which
produce a new function ¥’ from a given function¥; the basis is an
orthonormal set of functions ®;, ®9, @3, . . . (in general an infinite set);
and the matrices of the representation are infinite matrices. In place
of the matrix element definition in (3.51) we then have, in full

Ry = (D|R|®;> = [@*(x)RDs(x)dx (3.57)

where we have written the scalar product (CI)ilRCI)p with the more
symmetrical notation usually adopted. The notation employed, in the
quantum mechanical applications, is summarized in Table 3.1.

TasLE 3.1

Summary of matrix notation

Set of basis functions: D = (@1d2...P;...) (row matrix)
Expansion of a function: W = ZiPie; = Pe (row-column product)
Rotation of basis: @’ = R® = PR (R a square matrix
representing R)

Rotation of arbitrary Y = RY¥Y (operator form)

function: ¢ = Re (matrix form)
Expansion coefficients

in W¥: ci = (D> (valid only for
Matrix elements of orthonormal basis)

operator B: Ry = ((D;lRI(D;)
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With the above conventions the matrices A, B, C, ... associated
with a set of operators in Hilbert space have exactly the same multi-
plicative properties as the operators themselves; the statements
AB = C and AB = C are exactly equivalent in the sense that each
implies, and is implied by, the other. A representation of operators by
matrices in this way is said to be faithful or one-to-one because it implies
that different operators must have different matrices associated with
them. In the quantum mechanical context it is normally assumed that
there is a one-to-one correspondence between operators and the
matrices (or other entities) which “represent’” them. In mathematics,
however (particularly in group theory, which we use in Vol. 2), the term
“representation’ is used in a wider sense: the matrices A, B, C, . ..
associated with operators A, B, C, . . . may have the same multiplicative
properties (in the sense that AB = C requires AB = G) without the

proviso that A, B, C, . . . shall all be distinct (e.g. the same matrix may
be associated always with a pair of operators, in which case the
representation is termed ‘‘two-to-one””). In this case AB = C implies
AB = Cbut the reverse is no longer true.

3.6. Change of representation

The particular matrix associated with any given operator depends on
choice of the basis defining the representation. In Chapter 5 we shall
need to know the relationship between the matrices arising from two
different choices of basis.

Suppose we have two complete, linearly independent sets
O = (4)1([)2 R () ) and @ = ((—r)l(T)z ‘e 61; .. .), which we assume
are orthonormal and provide alternative bases for a representation.
Each function ®; may then be expressed in terms of the original ®’s
(completeness property) and we write the relationship between the two
bases as

B = Y0 Ts (i=1,2,...), (3.58a)
=

where the coefficients 7';; may be collected into a transformation matriz
T. In matrix notation the relationship becomes

=0T (3.58b)

The sets of expansion coefficients defining an arbitrary function with
respect to the two alternative bases are then easily related; denoting
the sets by ¢ and € (column matrices) the alternative expressions for
¥ are, using (3.58b),

¥ = dc = B = ®TE
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and equality of corresponding components then requires that the
columns ¢ and TC are element-by-element identical:

c =T¢C. (3.59)

Now T is a non-singular] matrix and thus possesses an inverse, denoted
by T -1 with the property

TT-1 = T-IT = 1 (3.60)

where 1 is the unit matrix, consisting of 1’s on the diagonal and 0's

elsewhere, which leaves any other matrix unchanged in multiplication

(i.e. IM = M1 = M). On multiplying both sides of (3.59) by T—1 we
obtain the inverse relationship

¢ = T-lc. (3.61)

Thus the expansion coefficients which represent the same function ¥
relative to two different bases follow a different transformation law
(3.61) from the basis vectors themselves (3.58b). The fact that ¥ is
tnvariant against change of description is nicely reflected in the identity
of the alternative expressions: ®¢ = ®TT-1c = dc. Basis vectors
and components transform ‘“‘contragrediently”’.

We now consider the relationship between matrices A and A which
describe the same operator A relative to different bases, ® and ®. The
matrix A is defined by

AD; = Y ©;45
or ’

A® = ®A (3.62a)
whereas the corresponding matrix describing A in the new basis appears
in

AD = BA. (3.62b)

But since the bases are related by (3.58b), and hence by ® = ®T-1,
substitution in (3.62a) yields

ABT-1 = ®T-1A
or, on multiplying by T,

AD = ®(T-1AT).
By comparison with (3.62) it is then clear that the matrix A represent-
ing A in the ® basis is

A = T-1AT. (3.63)

{The determinant of the matrix is non-zero. This is equivalent to saying that the
bases ® and P are each linearly independent.
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A is said to be related to A by a similarity transformation. The reason
for the term is clear, for if the operator relation AB = C is equivalent
to

AB =C

then multiplication from left and right by T-! and T, respectively,
and insertion of the unit matrix 1 = TT~1 between A and B on the
left, vields
AB=_C.

Any relationship among the matrices of one representation therefore
implies an exactly similar relationship among those of any other.

Finally, a simplification occurs in the special case where only ortho-
normal bases are considered. The matrices relating such bases have a
special property which follows on considering the transformation of the
array of all basis vector scalar products; this array, which explicitly
defines the “metric” of the space, oceurs in the general scalar product
expression}

YY) = izjci*cj'<q>i|q>j>. (3.64a)

This may be written in matrix form by introducing the Hermitian
transpose§ M' of a matrix M, obtained by interchanging rows and
columns and taking the complex conjugate of every element: thus
M';; = Myu* and in particular c' is a row matrix with elements ¢;*.
With this notation (3.64a) becomes

P|Y> = c¢'Mc, (3.64b)
where M denotes the square matrix of scalar products (the “metric” or
“overlap” matrix) with My = {(Dy|®;).

To find how M and M for two different bases are related, it is con-

venient to use the symbolic form (@¢®;> = ®;*®; and to represent
each matrix as a column-row product: thus

I_(Dl*q)l P ¥y ... (Dl*i' (1@, ...)

D*P) Pp*@y ... | = | Pp*

or more briefly M = ®'®. For the second basis @, the overlap matrix is

1This follows from the axioms (3.46) applied to arbitrary linear combinations of the
basis functions. The symbolic form is more transparent:

WA = (c1@1+4c2@2+4.. Y1’ @1+c2'Pe+...) = ;Aw*cj’d)t*d)j.
’]

§Also called Hermitian conjugate, adjoint, or associate matrix.
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then given by
M = 3P = (eT)/(®T) = TH®'®)T = T'MT. (3.65)

Here we have used the fact that in taking the Hermitian transpose of a
matrix product the matrices must be written in reverse order, as well
as having the daggers added: (AB)' = BYA'. If now we require both
bases to be orthonormal, so that M and M are both unit matrices,
(3.65) becomes T'T = 1. When T is a non-singular square matrix of
finite dimension} this is equivalent to the statement T' = T~ It
follows that the inverse matrix, encountered in (3.63), may be formed
simply by Hermitian transposition, and that the transformation matrix
connecting two unitary bases must satisfy

T'T = TTt = 1 (3.66)

A matrix with this property is said to be unitary, and the corresponding
form of (3.63), namely
A = TIAT (3.67)

defines a unitary transformation. The rotation operator T with which T
is associated has a property analogous to (3.66). TIT = 1, and is also
said to be unitary.

We summarize below the equations connecting different bases:

@ representation @ representation (® = ®T)
¥ c ¢ =T-1¢
A— A A = T-1AT (3.68)
If the bases are orthonormal, ® = ®U, these correspondences become
Y C ¢ = UTC
A— A A =U'AU (3.69)

Such transformations are used extensively in Chapter 5.

3.7. Hermitian operators and eigenvalue equations in vector
space
Since the eigenvalue equation plays such an important role in
quantum mechanics it is useful to make a special study of the form
which it takes on setting up a matrix representation. We introduce any
orthonormal basis {®} and at once transcribe the operator equation

HY = E¥ (3.70)

into the matriz formj
Hc = Ec. (3.71a)

11t has been tacitly assumed so far that there is no difficulty in passing to the limit
where all matrices are infinite. We continue to ignore questions of mathematical rigor,
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Here H is an infinite matrix with elements H;; = (®;|H|®;> and c is
an infinite column of expansion coefficients, expressing the function ¥
in the form

VY = Zciq)i-
i

The matrix H has a special form because it represents a Hermitian
operator. In general, the matrix elements of an operator A and its
adjoint AT are related (according to (3.31)) by

(Oi|AT|@;> = (AD;|D;> = (Dj]A|D;>*

The matrix representing A' is thus obtained from that representing A
by interchanging rows and colums and taking the complex conjugate
of every element; but this yields the Hermitian transpose, already
indicated by adding a dagger to the matrix, and the notation is thus
consistent—if A is represented by A, the adjoint operator Al is
represented by the Hermitian transpose A'. If an operator is Hermitian
(and thus self-adjoint) its matrix will also have the Hermitian symmetry
property A" = A. The matrix in (3.71a) is thus Hermitian symmetric,
Hj; = Hy*, or simply a Hermitian matriz.

To avoid a direct discussion of infinite matrices we assume the basis
is truncated after » functions, where # is large but finite. Later (Vol. 2)
we shall find that results obtained using a truncated expansion (the
normal practice in most approximation methods) converge upon the
exact results for » — oco. In the finite case (3.71a) takes the explicit
form

HyyHyp .. . Hin || e1'} K3
Hgl Hgg e Hgn Coy | = E Co (3.71b)
_Hnl Hyp ... Hyy Cn Cn_|

The corresponding simultaneous equations (namely, H1,Cy + H13Cs +
oo + H1uCp = Ecy, ete.) are the secular equations. For an arbitrary
value of E they cannot all be satisfied because, on dividing throughout
by, say, c1, we have n equations to determine only (»—1) unknown
ratios (cafc1), (cg/c1), . - - (cnfca): the ratios could be determined from
any (n—1) of the equations and the nth would not necessarily be
satisfied. In reality, however, E is the nth unknown: by suitably
choosing the value of £ we can assume that the nth equation is satisfied
by the ratios determined from the other (n — 1) equations. In this case
the equations are said to be compatible. It is shown in textbooks on
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algebra (e.g. Archbold (1961); see also Margenau and Murphy, 1943) that
the condition for compatibility is

(Hui—E) Hiz ... Hu
AE) = Hyy  (Hee—E) ... Ho | _ (3.72a)
Ho  Hwg ... (Hw—-B)
or, in abbreviated form,
A(E) = det |Hy—Eéy| = 0. (3.72b)

The secular determinant A(E) expands to give an nth degree polynomial
in E; this has » roots, which are the n eigenvalues of the matrix H, and
if any of these is substituted back into (3.71b) we can solve (n-1)
equations for the ratios of the coefficients, and then fix their absolute
values by normalization. Thus for each eigenvalue Ex we can obtain an
eigenvector] Cg. As the set {®;} approaches completeness (n — o) the
roots Ex and columns of expansion coefficients cg should yield exact
energies and wave functions of the Schrodinger equation (3.70). On the
other hand, by introducing a basis, the original operator equation has
been replaced by a matrix eigenvalue equation, which for many purposes
is advantageous.

We now state some of the more important properties of matrix
eigenvalue equations.

(i) Eigenvectors belonging to different eigenvalues are orthogonal
in the sense
CKTCL =0 (Fg # Ep).

In case of degeneracy (Ex = Ep) it is possible to form new
combinations of cx and ¢y which are orthogonal. It is also
possible to normalize any eigenvector and we may therefore
assume without loss of generality

cx'cr = dkr. (3.73)
The proof extends easily to multiple degeneracies (cf. p. 47).

(ii) Since any eigenvector satisfies (3.71a) it follows, multiplying
from the left by cx' and using the orthonormality property,
that

CKTHCK = EK, CKTHCL = 0. (37.4:)

These results express the properties (verified by using
Wk = Y cri®s, etc.) '
1

$For brevity it is usual to refer to the column of expansion coefficients, which deter-
mine Wk, as an eigenvector of the matrix H.
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{¥k|H|¥x> = Bk, (¥k|H|¥L) =0 (3.75)

where, in the limit » — o, Eg coincides with an eigenvalue of
the operator equation (3.70). Thus, on using the eigenfunctions
as a basis, H is represented by a diagonal matrix of eigenvalues.

(iii) The results in (i) and (ii) may be neatly expressed in terms
of a square matrix, whose columns are the eigenvectors
€1, €2, ...Cx, . ... Onputting

C = (cicqf. . ) (3.76)
and using
E = diag (£, Eo, . . )

to denote the diagonal matrix of eigenvalues, we obtain}
E = C'HC, C'C =1 (3.77)

Thus C is a unitary matrix (p. 67) and according to (3.77) defines a
transformation from the basis {®;} to a new basis—that provided by
the eigenfunctions {¥x}—in which H is replaced by a matrix of diagonal
form. Solution of an eigenvalue problem therefore amounts to reducing
a matrix to diagonal form by a suitable unitary transformation.

The eigenvalues and vectors appearing above only coincide with the
exact solutions of the operator equation (3.70) in the limit n — oo ; but
all the results listed above are valid for the matrix eigenvalue equations
(3.71b) with n finite. The function sets {®;} and {¥x} may be regarded
simply as alternative bases in the same n-dimensional vector space.

Finally, we note that extension to non-orthogonal bases is sometimes
necessary. The eigenvalue equation (3.71a) is then replaced by

Hc = EMc (3.78)
while the consistency condition (8.72b) becomes
A(E) = det IHﬁ—EMq' = 0. (3.79)

The results (i)-(iii) are modified accordingly. Orthogonality is now with
respect to a metric M, as in (3.64b), and instead of (3.73) we have

CKTMCL = OKgL
and equations (3.77) are replaced by
E = C'HC, C'MC = 1. (3.80)

}Note that partitioned matrices such as (3.76) may be multiplied as if the individual
blocks—provided they are properly conformable (see p. 61)—were single numbers.
Thus CTC resembles a column-row product in which the resultant elements are cxtcy.
Similarly E = CtTHGC has elements cx?Hc;.
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The other results are unaffected. This brief discussion of eigenvalue
equations is sufficient for most of what follows. The eigenvectors of an
operator have, however, a very profound significance. In particular they
allow us to introduce the ‘“normal form” of an operator: for com-
pleteness this development is indicated in Appendix 4.

3.8. Composition of vector spaces. Product space

In Section 3.3 we remarked that from two complete orthonormal
sets of functions {us(x)} and {v;(y)} it was possible to construct a third
set, complete for functions of both variables, z and y. Using the language
of vector space theory, the totality of all product functions

wij(@, Y) = wi(@)vi(y) (3.81)

is said to span a product space. Such spaces may be defined formally
for any two sets of vectors: if {u;} is m-dimensional, and {v;} is =n-
dimensional, then there will be mn products

UiVvy, UiVg, . . . UaVl UgVg, . .. UpyVy

which together define an mn-dimensional vector space.
The most general operator R in product space will send any particular
product into a new linear combination of products (cf. (3.53a))

R(ugvy) = iZUthRij,kl (3.82)
o7

where Ry, is an element of an mn x mn matrix R, each row and
column labelled by a double index. The matrix elements can be written
ag scalar products (cf. (3.57))

 Rijk = Cugvy|R|ugve) (3.83)

and the results of previous sections may be taken over with no essential
change.

In the quantum mechanical context, {u;} and {v;} are frequently
complete function sets, {{4(X1)}and {y;(X2)} each involving the variables
(symbolized by x;) of a different particle, and the completeness of the
products means simply that an exact two-particle wave function can
be expanded in the form

¥(x1, X3) = %:cw/u(xl)ulxj(xz). (3.84)

We shall have occasion to use the product space concept in later
chapters (more particularly in Vol. 3 where we deal with the construc-
tion of many-electron wave functions) but no further mathematical
developments are necessary at this point, and we are now ready to set
up the general formalism of quantum mechanics.
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CHAPTER 4

GENERAL FORMULATION OF QUANTUM
MECHANICS

4.1. The postulates

The whole theoretical framework of quantum mechanics may be
built upon a small number of postulates, which absorb the ideas
introduced in Chapters 1 and 2 and provide a better basis for further
generalization. There is no unique set of postulates, and any set may be
stated in any number of different “languages’ : we shall try to make the
simplest possible statement that will meet our needs, freely using the
Schrédinger language which is by now familiar and disregarding
questions of mathematical rigour. We use the term “language”,
following Tolman (1938), to indicate a particular explicit realization of
the quantum mechanical operators (e.g. as differential operators
working on wave functions). In the general formulation the operators
are indicated by symbols, exhibiting certain laws of combination and
certain relationships such as ‘““‘commutation rules”, but their mathe-
matical nature needs no further specification; in this sense the content
of the operator statements does not depend on any particular, more
concrete, realization that might be chosen. The more commonly used
word ‘“‘representation’ has more specialized connections and will here
be used less liberally.

Each postulate will take the form of a very general mathematical
statement, whose content will then be explained in Schrdodinger
language. From the postulates certain consequences—or corollaries—
follow ; but.the postulates and the corollaries will be discussed as they
arise and illustrated in terms of familiar examples. The possibility of
translation into other languages (transformation theory) will be taken
up in a following chapter, along with the more detailed statistical
interpretation of quantum mechanics. Many of the classic textbooks
on the subject may usefully be consulted for further discussion of basic
principles; we mention only those by Kemble (1937), Dirac (1947), von
Neumann (1955), Schiff (1949) and the more recent, meticulous and
comprehensive work by Messiah (1961).

73
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4.2. The state vector and its time development

The first postulate formalizes the concept of state and provides the
basic “equation of motion” :

PosruraTe 1. The state of a system is completely determined
by a “state vector” ¥ which develops in time according to

HY = i#(3¥/ot) (4.1)

where H is the Hamiltonian operatfor associated with the classical
Hamiltonian function H. This equation applies except at the
instant of observation, intervention of an observer being assumed
to produce discontinuous and unpredictable changes.

é

The terms ‘‘vector” and ‘“‘operator” are here used in the widest
sense. The vector is an element of a Hilbert space and the operator is a
prescription leading from one element to another—notions dealt with
in Chapter 3 in sufficient detail for present purposes. In the Schrédinger
language, ¥ is a function of time and of the variables (x) describing the
positions of the particles comprising the system and the postulate is
simply a general statement of Schrodinger’s equation, written in (1.19)
for a one-particle system. We continue to use capital letters for state
vectors (or wave functions) appearing in general statements, applying
to one or many-particle systems. Lower-case letters will apply specifically
to one-particle wave functions.

The classical Hamiltonian H is in general the function that expresses
the energy of the system in terms of position and momentum variables,
and the operator H is obtained using the prescription referred to in
(1.22). The form of H, in Schrédinger language, has been given already
for a one-particle system in (1.21).

Two corollaries follow at once. The first may be stated in the form

CororLrLarY 1. If W satisfies the basic equation (4.1), then so
does ¢¥ where ¢ is any (constant) complex number.

and is simply a consequence of the fact that H, along with the other
operators of quantum mechanics, has the property of linearity (stated
in (3.2)). The vector describing the state of a system is therefore
arbitrary to within a multiplicative factor (in general any complex



FORMULATION OF QUANTUM MECHANICS 75

number); the magnitude of this factor (but not its phase) may con-
ventionally be fixed so that the state vector is a unit vector. In the
Schrodinger formulation, any two wave functions ¥; and ¥y, have a
Hermitian scalar product defined, as in (4.44), as

(1| ¥2) = [Wr¥(x;0)Pa(x;t)dx

and the “unit vector’’ condition corresponds to normalization of the
wave function (for all values of the time ¢):

YY) = JP*(x;0)¥(x;t)dx = 1.

The meaning of this normalization (anticipated in Section 1.3) is
discussed after stating Postulate 2.

The second corollary refers to a certain type of system—the analogue
of a “conservative system” in classical dynamics:

CoroLrARY 2. When H does not depend on time, (4.1) has
special solutions representing stationary states

¥ = Qe-iktih (4.2)
in which the time appears only in the ‘“‘phase factor” e-iEt/fi
provided the “amplitude factor’”’ ® satisfies the time-independent

equation
HO = E®. (4.3)

This corollary was established and discussed in the Schrodinger
formulation in Chapter 1, where ¥ was a function of ¢ and the variables
x, and H was a differential operator; the general proof is formally the
same. At present E is merely a “‘separation constant’” with the dimen-
sions of energy : its meaning follows from the next postulate.

4.3. ‘The expectation value postulate

In Section 1.2 it was observed that the wave function for a stationary
state, with a definite quantized value of the energy E, satisfied an
eigenvalue equation of the form (4.3) with the energy as eigenvalue.
In such a state the energy is an observable with a strictly reproducible
value. But what can be said of other observables (e.g. dynamical
variables such as momentum components) whose measured values may
exhibit a ‘“‘scatter’”’ or ‘“uncertainty’’ ?

The next postulate provides an answer to this question by giving a
rule for predicting the arithmetic mean value of any observable 4, for
a system in a given state ¥, which would be obtained from a large
number of observations conducted under identical conditions. As this
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average value is used in a predictive sense, it is usually referred to as
the “expectation value” of 4 in state ¥. In general the observed values
will exhibit a scatter about the average, the existence of this ‘“‘un-
certainty’’ being a central feature of quantum theory : on the other hand,
the existence of states in which one or more observables (e.g. the energy)
have definite values (the uncertainty vanishing) clearly must not be
precluded. This possibility is discussed presently.
The postulate itself is remarkably simple:

PosturaTe 2. With every physical observable 4 may be
associated a Hermitian operator A such that}

Ay = (PIA|YY (4.4)

where (4> denotes the expectation value of 4 at time ¢ in the
state described by the normalized state vector W.

We note that Hermitian symmetry of an operator (p. 45) means
(Y1[A|¥2) = (AV¥1|¥2), where the first form is the scalar product of
¥; with A¥,, the second being that of AW, with Wy, The basic property
(‘P[‘P') = (¥'|¥>* then allows us to infer that all expectation values
of physical observables are real (cf. p. 52).

In the Schrodinger language, (4.4) becomes
Ay = (PIA|Y) = [PH(x;HAY(X;t)dx . (4.5)

the integral being the Hermitian scalar product of ¥ with A¥. For a
one-particle system, the operator A may be set up by taking the
classical expression for 4 in terms of Cartesian position and momentum
variables (z, y, 2, Pz, Py, Pz) and then replacing each momentum
component by a differential operator in accordance with the scheme
suggested in Section 1.2, namely

fi fi
;—'%’ Pz > Pz = ;a-‘z/ (4.6)
It is easily verified that these operators are Hermitian. The position
variables (z, y, 2) are left unchanged in making the association (4.6)
and act merely as multiplying factors in the resultant operator. The
generalization to a many-particle system is straightforward, each
variable then carrying a subscript to distinguish the particles 1, 2,... N.

0
Pz > Pz = R Py Py =

{Recall that the second vertical stroke in (4.4) is inserted only to formally separate the
three factors involved (vector|operator|vector>. Thus (4) may be written equally well
as (4> = (‘PlA‘P), a scalar product of the vectors W and AW.
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It must be noted that ambiguities may arise because, for example,
xp; and px are not distinguished in classical mechanics, whereas the
associated operators (%/¢)x(0/0x) and (/i) (0/dx)x are quite different in
their effects. These ambiguities may usually be eliminated by noting
the requirement of Hermitian symmetry and using a symmetrized com-
bination of the alternative expressions.

Before considering particular examples to illustrate the implications
of Postulate 2, we establish two further corollaries. The first concerns
the interpretation of the separation parameter ¥ in (4.2) and (4.3).
According to Postulate 2, the energy at any instant has an expectation
value (since H is used to denote the operator associated with £)

KBy = (‘P|H|‘I’>.

On multiplying each side of (4.3) by the phase factor in (4.2), and
taking a scaler product with W (from the left), the expectation value
may evidently be written

By = {P|H|¥) = ECY|¥) = E.

The implication is thus:

CoroLLARY 3. The parameter E appearing in the stationary
state equations (4.2) and (4.3) is the expectation value of the
energy of the system.

We shall verify later that in a stationary state the energy is definite or
sharp in the sense that any number of measurements, on a system in
that given state, would yield the same result, i.e. no deviations would
be found. :

The second result specifically refers to the Schrédinger wave function
but is of such fundamental importance that we include it among the
corollaries. We consider, first for one particle only, the expectation
value of any function of position, f(z, y, z). This is, in a state with wave
function ¥,

= [¥*@, g z:0f (@ ¥, ¥ (@, y, 2;8)dedydz

or, since f (2, ¥, 2) is merely a multiplying factor in the integrand,

S = [fla, y, 2)|¥(x, y, 2;0)|2dxdyde. (4.7)
The form of this expression justifies the interpretation
probability of particle :I

|¥(x, y, 2;t)|2dedydz = | being found in volume
element dxdydz at time ¢
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—for the classical average value of any function of the position would
be obtained by weighting f(z, y, 2) with the relative frequency of
occurrence (i.e. probability) of the values «, ¥, 2z and “summing” (i.e. in
this case integrating) over all possible points z, y, 2, exactly as in (4.7).
This is the statistical interpretation of the wave function first proposed
by Born and already introduced briefly in Chapter 1.

The generalization to a many-particle system is straightforward: for
brevity we let x; stand for the variables of particle ¢, and state the
result in the form

CoroLLarY 4. For a many-particle system, the Schrddinger
wave function has the significance
probability of particle 1
|W(x1,Xs,...,XN;t)|2dX1dXs. . .dXy =| in dX;, particle 2
simultaneously in
|_dxo, etc., at time
(4.8)
where X; denotes collectively all the (Schrédinger) variables
characterizing particle <.

The expectation value of any function of the particle coordinates is
given by an expression exactly analogous to (4.7).
To illustrate the physical content of Postulate 2 we now consider two
simple but instructive examples of expectation value calculations.
ExaMpPLE. Linear momentum. We use the Schrodinger wave functions obtained

in Sections 2.1, 2.4 and calculate the expectation value of a linear momentum

component Pg.
First we consider the free particle (Section 2.4) with wave function normalized
within a cube of volume L3; with the usual abbreviation] r = (z, y, z)

wi(r;t) = ¢g(r) exp (—iBt/h)
dp(r) = L-¥2exp (kg +kyy +ky2).

It is clear that the time-dependent phase factor may be ignored, cancelling with
its complex conjugate in the integrand of (4.5) and that y- and z-dependent
factors disappear in a similar way. The result is

. Rd .
{pg> = L3 | exp (—ikya) 7 5 ©%P (thyx)dedyde

= L-1 | exp(—ik,) g thy exp (thyx)dx
= fik,.

{Note that x has been used to indicate all variables, while r iridicates only spatial
variables. Spin is introduced in Section 4.9.
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This is consistent with our interpretation of the current flow expression (p. 37)
which suggested that k, measured the z-component of lincar momentum, in units
of %. The present result shows that fik, is the average value which would be
obtained in a large number of observations. The possibility of the momentum
being definite (no deviations) is discussed presently.

Next let us consider the particle confined within & cube of side L, with wave
function w(r;t) = ¢(r)e~tEt/f where ¢(r)is given by (2.9a). Again the time factor
may be discarded, and the average momentum is

' . o .
{Pg> = (2/L)3/2f (asin2 -"—Z-z sin?2 1;_{!) sin %z—gcsm fL—-da,dudz

which easily yields
<pz> = 0.

In other -words, although the energy expression (2.9b) is still consistent with a
momentum component of magnitude fiky(ky = nang/L), the average momentum
vanishes, indicating equal likelihood of positive and negative momenta. The new
boundary conditions correspond to a finite box with perfectly reflecting walls,
between which the particle moves back and forth.

ExamrLE. Angular momentum. In classical mechanics the x component of the
angular momentum of a particle, about a given origin is defined by
Ly = YPz—2Py-

The corresponding Schrédinger operator is i

ﬁ 9 2
v Gooe |
Y oz oy
In the theory of angular momentum it is particularly convenient to use dimension-
less quantities, and we therefore associate with L, the operator

1/ @ 0
Lz= y-a-;—z-éz-l .

We must then remember that %L, corresponds to the actual angular momentum,
and that the expectation value of L, will give the angular momentum in units
of %, this being the corresponding atomic unit (p. 33).

Let us consider first any spherically symmetrical wave function, such as that
describing the ground state of the electron in the hydrogen atom. The time factor
may again be discarded, and we obtain

wlLalv> = f ¢*<r>—( —a—z——) #(r)dr.

Now in terms of the polar coordinates,§ r, 6, ¢,

a_ara+aaa (21X
%z Ozor 0200 oz 0¢

1There is clearly no ambiguity (cf. p. 77) since the operators commute, (9/0z)(yy)=
y(2/0z)y.

§Use of ¢ for both an angle and the wave function is regretable, but the meaning is
always clear from the context.
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and for a spherically symmetrical function the last two terms vanish while the
first becomes (z/r)d/ér. Similarly 8/dy is equivalent to (y/r) 9/dr. The integrand
therefore vanishes identically and (y|Lg|w> = 0.

It is not difficult to show that the expectation value of any angular momentum
component vanishes for all real wave functions as a result of the Hermitian
charaecter of the operator. On the other hand, it may easily be verified that

(@ +1y)f (r)

describes a state with one unit of angular momentum about the z-axis. Wave
functions of this kind appear among the general solutions of (2.20) and are
discussed in Part II.

4.4. Significance of the eigenvalue equation

We now turn to the most important corollary following from the
expectation value postulate. This concerns the possibility of finding a
state ¥ in which some quantity, 4 say, may have a perfectly definite
or sharp value (p. 77) characteristic of that state and measurement. It
may be stated in the following form:

CoRrOLLARY 5. A physical observable A has a definite value in
state ¥ if and only if ¥ is an eigenfunction of the operator A
associated with A, this definite value being the corresponding
eigenvalue. In symbols, this condition becomes

AY = AV (4.9)

If ¥, is a solution, for which A takes the value 4,, the state
represented by ¥, is one in which measurement of A4 is certain
to yield the definite value A,.

From this corollary it is evident that the separation parameter E in
(4.3), which may be written HY = E'Y on attaching the phase factor
exp (—tEt[h), is not only an expectation value of the energy of a system
in a stationary state; it is the precise value that will always be observed
when the wave function has the form (4.2). It is also clear that in a
stationary state the phase factor may be dropped: ¥ in (4.9) may then
be replaced by the amplitude factor ®, provided the operator A is time-
independent. In this case (4.9) becomes

A® = Ad. (4.10)

The time-independent Schrédinger equation (4.3) arises in the special
case A = H.

The proof of (4.9) requires a criterion for the variable 4 to possess a
definite value. If A has an average value A= (4>, calculated as in
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Postulate 2, and a particular observation yields the value A, then the
deviation is A— A, and the mean square deviation is the average value
of (4 — A)2. But the mean value of this variable, for a system in state ¥,
is obtained from its associated operator as in (4.4). The mean square
deviation is thus}

Ad2 = (P|(A-A)2|P). (4.11)

The variable A may then be said to possess a definite value in state ¥
if A4 vanishes, i.e. if there is no deviation from the mean, however many
observations are made. The condition for a definite value is thus

CPlA-A)2wy = (A-A)P|A-AD)¥) =0

where the second form follows because (by Postulate 2) (A—A4) is a
Hermitian operator, and may therefore be applied indifferently to either
the right-hand ‘¥ or the left-hand ¥'. The condition thus implies that the
length of the vector (A— A)¥ must vanish, and this in turn requires
(disregarding the trivial case ¥ = 0) that

A-A)¥ = 0.

This is equivalent to the eigenvalue equation (4.9) which is satisfied
when A = 4 = {A) is any one of the eigenvalues of A, 4y, say. Such a
value is reproducible without deviation in the corresponding state ¥y,

ExaMpLE. Linear and angular momentum. We return to the Examples on p. 79
and first enquire whether the momentum p,, 1s definite in the stationary state with
amplitude factor

dr(r) = L-¥2 exp i(kyx + kyy + k2).

This being a stationary state we may use the condition in the form (4.10).
Operation with py; = (%/i)é/éx yields at once

Pz O (r) = Fikog gp(r)

and it follows that %k is not only the mean value of p, but is a definite value from
which no deviations will be found in any observation on a system in state g.
On the other hand, p, working on the real wave function (2.9a) fails to produce a
multiple of ¢ and it is concluded that deviations from the average value will
occur, i.e. that py is in this case indefinite.

A similar test applied to the angular momentum in the second Example shows
that Ly = Ly = L, = 0in a state with a spherically symmetrical wave function.
It maybe verified by operating with L, that there is definitely one unit of angular
momentum about the z-axis in any state with a wave function of the form
(@ + ¢y)f (r), while the other components are ¢ndefinite with zero average values.

$Note that 4 is not a variable and therefore has no operator associated with it. It is
merely a numerical constant found by averaging measured values.
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4.5. The uncertainty principle

A further important consequence of Postulate 2 concerns the relation-
ship between the probable errors (measured by the root mean square
deviations) with which two variables, 4 and B say, may be measured.
In its elementary form Heisenberg’s uncertainty principle refers to the
probable errors in measurements of the position of a free particle (x,
say) and its corresponding momentum component (p;) and asserts that

AxAp; ~ % (4.12)

—s0 that increasing precision in the specification of momentum of the
particle implies increasing uncertainty in knowledge of its position in
space. The wave packet studied in Section 1.1 illustrates this principle:
Az refers to the width of the packet (Fig. 1.1) and is proportional to
v/ o while Ap, refers to the spread of momentum values around the mean
and is of the order ZAkL or, by (1.6), #y/(1/6)—so0 the product is of
order#.

The uncertainty principle may be stated most generally in the
following form:

CoroLLARY 6. The root mean square deviations, AA and AB,
obtained by repeated measurement of observables A and B for a
system in state ¥, are related by

AAAB 2z KY[C|¥) (4.13)
where
iC = AB—BA = [A, B] (4.14)

is the “‘commutator’’} of the operators associated with 4 and B.

The proof rests upon the fact that all non-zero vectors in Hilbert space
are of positive length (see (3.46) et seq.). In particular, if X = A+ iB
(where 4 is any complex number),

XPIXWY = (PA2 W) + 227 (B2 W)
+ ACP|AB|W) + A*(W[BA|W) > 0.
If wenow let A = a+1b, with ¢ and b real, and introduce

AB—BA = iC, AB+BA =D
it follows easily that

CP|A2]Y) + (a2 +02)E[B2|W) + a ¥ |D| W) — b PIC ) > o.

1This definition of the commutator [A, B] is the on> usually employed; some authors
occasionally use this to mean i(AB—BA).
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Let us take ¢ = 0 and “complete the square’ for the terms in b, to
obtain
Tlcley T2 QPIC|)e

N b B P 777 T 11 /NNl hed A

oy | VB sy
Now this inequality is valid for any value of b, which we may there-
fore choose so that the second term vanishes.] The result is

CPIAZ|Y) (P[B2|Y) 2 IKYP|C|Y)2.
To introduce the deviations we denote the expectation values by 4 and
B and note that, as in (4.11),
Ad? = (P|(A-A)2|¥) AB? = (¥|(B-B)2|¥).

It is also clear that (A—4) and (B— B) have the same commutator,
namely iC, as A and B themselves. On inserting the former operators
in the left-hand side of the inequality, instead of A and B, and using
the definitions of A4 and AB, it follows at once that

AA2x AB? > 3(¥P|C|¥P)?

which establishes the desired result (4.13).

<‘PIA2|‘P>+[b >0,

Exampre. Uncertainties in  and pg. In Schrodinger language x is simply a
multiplier, while p, is the differential operator (%/i) 8/éxz. The commutator thus
has the effect, on any operand ¥

. .
zC\P = -—zh’,(xga-:-—-a;(x‘l’)),

The second term is then differentiated as a product and we obtain, discarding the
arbitrary operand,
iC = Xpgy—Ppgx = 1fl

where ! is the unit operator which leaves any ¥ unchanged. In this case, then,
(4.13) reduces to
AxApy = 3

which fixes a precise lower bound in (4.12).

Finally, (4.13) shows that if the operators A and B commaute, the lower
bound on AAAB for the quantities with which they are associated is
zero; and thus A4, or AB, or both may vanish. This latter possibility
would suggest the existence of states in which fwo variables could
simultaneously be assigned perfectly definite values. This is reminiscent
of the classical situation in which, besides the energy, there may be
additional ‘“‘constants of the motion”. In the motion of a planet, for
example, the energy and angular momentum components (and hence

tNote that C is Hermitian so that (¥|C|¥) is real and is thus compatible with the
assumption that b is a real number.



R4 QUANTUM MECHANICS

the plane of the orbit) all have definite and unchanging values for any
given state of motion. We consider this situation in more detail in a
later section.

4.6. Time-development and the energy-time uncertainty
principle
From Postulates 1 and 2 it is possible to derive a general expression

for the rate of change of the expectation value of any quantity A4, with
operator A. Thus, from (4.4),

d

= A = (OP[at)|A|Y) + CPIA|(2F /00> + (P|(0A/ot)| )

= (AP|(@F/at)>* + CP|A[(8' /a1y + (\P|(0A[ot)| P

But from (4.1) this becomes

d 1 * 1
= < = [;ﬁ<A\1’|H\P>] += CP|AHY ) + (P |(0A/0)| ¥

and since, using the Hermitian symmetry of the operator, (AW|HY¥) =
{¥|AH¥) we obtain finally

CoroLLarY 7. The time rate of change of any expectation value
is given by

m% (4> = CP[AH = HA)|W) + (P|(0A/at)| ¥ (4.15)

where the system is described by the state vector ¥, whose time
development is determined by Postulate 1.

This result gives a special significance to the commutator of an arbitrary
operator and the Hamiltonian : if the operator does not depend explicitly
on the time, and if it commutes with the Hamiltonian, then its expecta-
tion value will also be independent of the time. In other words, a
quantity whose associated operator has these properties will be a
constant of the motion. The simplest example of such an operator is the
Hamiltonian of a conservative dynamical system (0H/dt = 0): the
energy B = (H) is then obviously a constant of the motion and we
obtain the quantum analogue of -the classical principle of energy
conservation. It should be noted particularly that this result is valid
even when the system is not in a stationary state and is therefore not
entirely trivial; it applies, for example, to the motion of a wave packet
in which the energy is not precise (corresponding to a range of & values
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in the example on p. 35)—the expectation energy remains constant so
long as the system is not disturbed by, for example, time-dependent
fields.

Now that we know how an expectation value develops in time, it is
possible to consider an uncertainty principle connecting energy and
time, usually stated in the form '

AEAL ~ h. (4.16)

This result is often applied, somewhat naively, in discussing phenomena
ranging from the observation of free particles to the lifetimes of
stationary states of complicated systems. Its status is, however, quite
different from that of (4.13); the meaning of A¢, for example, needs very
careful definition because ¢ is not a dynamical observable but rather a
numerical parameter describing the evolution of the system. To obtain
an uncertainty relation involving £ we may start from (4.13), assuming
Ais not explicitly dependent on time and taking B = H: the result is
AEAA 2z 3(P(1/i((AH—HA)|W>.

But from the corollary just established the right-hand side of this
equation measures the time rate of change of (A4). Substitution of
(4.15) yields

ABAt = I (4.17)
where we have defined At as the quantity (which certainly has dimen-
sions of time)

A4

T odjdicA)
The uncertainty relation (4.17) is now quite precise and is formally
similar to that for position and momentum (p. 83); it remains only to
clarify the meaning of At as defined in (4.18). Since At times the rate
of change of {(4) indicates the amount by which the expectation value
of a typical dynamical quantity would change during time Af, we may
express the above results verbally in the form:

At (4.18)

CororLraRY 8. There is an energy-time uncertainty relation
AEAt > 3

where AE is the (root-mean-square) uncertainty in the energy of

the system and At is the time needed for the average value of a

dynamical variable 4 to change by an amount comparable to its
uncertainty A4 and is defined precisely by (4.18).

An example clarifies the meaning of Af. If a system initially in a
stationary state is put in interaction with its surroundings (i.e. the
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Hamiltonian is modified) it will not remain in that stationary state and
there will be a corresponding uncertainty AE s 0: the state will evolve
in time and the change of expectation value of any quantity 4
will become detectable (i.e. comparable in magnitude with the intrinsic
uncertainty AA4) after a time of order not less than }%/AE. Thus the
“lifetime” of state of precise energy (AE = 0) is infinite; but strong
interaction (large AE) will be related to short lifetime.

4.7. 'The completeness of eigenfunction sets

In the Schrodinger representation, the state of a particle is described
by the wave function ¥(r;f) and we have already met situations in
which this function is written as a linear combination of the particular
wave functions, eigenfunctions, characterizing the stationary states of
the system. Thus, a particle in a box with periodic boundary conditions
(p. 36) might be described by the wave packet

Y(r;t) = ;Z,cm//k(r;t) (4.19)

where the (r;t) are plane wave solutions corresponding to states of
definite momentum p = %k. Since Yi(r;t) = ¢i(r) exp (—iExi/k), the
expansion may-be written alternatively

Y(r;t) = %Ck(t)‘bk(r) (4.20)

where the coefficients are time-dependent and the ¢y are the eigen-
functions of H; satisfying H¢ = Er¢d. Equation (4.20) is an example
of an eigenfunction expansion; the basic theory underlying such
expansions has been covered in Sections 3.2 and 3.3.

In some cases the summation index in an expansion such as (4.20)
may assume continuous values (as, for example, with a free particle, in
which all values of the momentum are allowed) and the sum must then
be replaced by an integral. For ease of exposition and notation, however,
we shall normally assume that the eigenvalues form a discrete set. The
assumption we now wish to make is that any state of a system may be
expressed as a linear combination of its eigenstates. We express this
idea as a postulate :

PosTULATE 3. The solutions of the eigenvalue problem
H® = E®

for a system with Hamiltonian operator H, constitute a complete
set, closed under the action of all the operators of the system.
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The completeness of the set means simply that any state vector may
be expanded in the form

Y = Zakd)k, (4.21)
k

where the aj are numerical coefficients (which in general may depend
on the time). The property of “closure’” means that if A is any dynamical
operator of the system then AY can be expanded in terms of the same
set:

AY = Zbkq)k- (4.22)
k

When the @ are regarded as basis vectors of a Hilbert space, such
expansions have the geometrical interpretation discussed in Section 3.5.

In Schrédinger language, ¥ and the ®’s are functions of class @
(p. 18) and H is a differential operator ; examples of sets we have already
met are the eigenfunctions of the one-dimensional box (Section 2.1)
which are complete for all functions ¥(x) defined in the interval (0, L);
those of the three-dimensional box (Section 2.1), complete for functions
¥(x, ¥, z) defined within a cube of side L; those of the one-dimensional
harmonic oscillator (Section 2.2) complete for all functions ¥ (z) defined
in the interval (— oo, + c0). Other sets exist which are complete for all
functions (of class @) defined in the whole of three-dimensional space.
Such sets are all infinite and the number of significant terms in an
expansion of the form (4.21) will of course depend on the nature of ;
if Y is quite close to one of the eigenfunctions, ¢, a good representation
may be obtained with few terms. The postulate refers, in general, to a
many-particle system.

Unfortunately, the eigenfunctions of interest very often cannot be
expressed in closed form. It is for such reasons that we are compelled
to assume completeness as a postulate.

It should be noted that Postulate 3 refers to state vectors and
eigenstates “‘of a given system’ ; complete sets are frequently used in a
wider context, without reference to a particular eigenvalue problem,
but naturally for an expansion to be valid all the ®; must at least be
functions of the same class. As an example of this wider usage we note
that the hydrogen atom eigenfunctionsmay beexpressed with arbitrarily
high accuracy in terms of those of a three-dimensional harmonic
oscillator by taking a sufficient number of terms; ¥ and the ®; then
refer to different physical systems, but the expansion is still valid
because the ®; are complete for all functions of position in three-
dimensional space. On the other hand, the eigenfunctions of a finite
box could not be used for this purpose since they are complete only for
the region within the box.
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Returning to the Postulates, we note first an immediate consequence
of the Hermitian symmetry of H:

CoroLLARY 9. The solutions @y, of the eigenvalue equation
H® = E®
may be chosen so as to form an orthonormal set:

(Di|®5> = byy.

This is essentially a mathematical property of Hermitian operators, the
proof following closely that given in Section 3.1 (for differential operators
and their eigenfunctions) and referred to again in Sections 3.3 and 3.7.
We remember that orthogonality is “automatic” for eigenfunctions
with different eigenvalues, and may be assumed without loss of
generality (i.e. orthogonal solutions can be found) when degeneracy
occurs. The possibility of normalizing the solutions follows from
Corollary 1. When degeneracy does occur, it indicates that measure-
ment of & is not sufficient to characterize a state completely; ®; and ®;
may have a common energy E; = E; but differ in the values taken by
some other observable 4. To investigate this possibility we first use
Postulate 3 to verify the conjecture at the end of Section 4.5. The basic
result needed may be expressed in the form

CoroLLARY 10. Two operators A and B possess a complete set
of common eigenvectors if and only if they commute :

[A, B] = AB—BA = 0.

The eigenvectors then describe states in which variables 4 and
B have simultaneously definite values.

The necessity of this condition is easily demonstrated: for if ¥y is a
common eigenvector] of A and B, with eigenvalues 4 and B, then
ABY = A(B¥y) = BAY, = ABY,,

BA¥Y: = B(A¥r) = AB¥Y; = ABW¥,,
and hence
(AB—BA)¥; = 0.

tAnd hence some vector in the Hilbert space of the system considered, which is
assumed closed under A and B.
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If this is true for every member of a complete set we may multiply by
¢ and sum over all k to obtain

(AB—~BA)Y = 0
where V¥ is the arbitrary function

¥ = ch‘Pk.
k

But this is true for arbitrary W only if (AB — BA) is the zero operator and
the condition is thus established.

The sufficiency of the condition, allowing us to assert that if A and B
commute then a complete set can be found, such that all its members
are simultaneously eigenfunctions, is less easily proved.i The proof will
only be sketched. First, it can be shown that a basis {®;} may be
chosen, without any loss of generality, so that its members satisfy§

ADy = A0, (4.23)

i.e. that using any complete set for the system, its members may be
formed into new linear combinations that are eigenvectors of A. This
result depends only on the property of closure, together with the
Hermitian symmetry of the operator; for a finite vector space the
proof is essentially contained in Section 3.7, but more generally we
accept the statement as a purely mathematical result (see, for example,
Courant and Hilbert (1953)). The proof of sufficiency then runs as
follows. If B commutes with A, and the ®j are eigenfunctions of A,
then (using Hermitian symmetry)

{@i|(AB—BA)|®;> = (A;~A;)<D4B|®;> = 0

and hence (@;|B|®;> = 0 provided A; # A4;. But, by the closure
property, B®; can be expanded in the form

B®; = Zbqu)k, (4.24)
k
where the coefficients follow on taking a scalar product with ®:

brj = (Dr|B|®s (4.25)

1A careful discussion by Kemble (loc. cit., pp. 181-5) indicates the need for further
assumptions before the usual ‘“‘proofs’ can be justified; these amount essentially to the
closure property adopted in Postulate 3.

§Note that P is here not necessarily an eigenvector of the Hamiltonian operator.
Nor is any assumption made about time dependence; time-dependent vectors arc
expressible in a time-independent basis, the expansion coefficients being time-dependent.
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This coefficient is non-zero only for & = j, as noted above, provided the
eigenvalues of A are non-degenerate and therefore in this case (on
using (4.25)in (4.24) with k& = j)

BD; = b;;®; = B;®y (4.26)

showing that the eigenfunctions of A are simultaneously eigenfunctions
of B. If an m-fold degenerate eigenvalue occurs we write a general
eigenvector, with that eigenvalue, as a linear combination of the
m independent solutions; it can then be shown (cf. the Example on
p. 47) that the coefficients can be chosen so as to define m eigenvectors
of A that are, simultaneously, eigenvectors of B.

We may now return to the use of commuting operators as a means of
classifying stationary states of a system in terms of constants of the
motion—one of their most important applications. In this case one of
the commuting operators is the Hamiltonian itself. If another operator
A commutes with H, then we can find states in which 4 has a definite
value along with the energy. If we can find a third operator B, which also
commutes with H and with A, it follows that we can find a complete set
of states in which the three quantities, £, 4, B, have simultaneously
definite values—and so on. The simultaneous eigenvalues may thus be
used to give an increasingly precise classification of the state of the
system; and the largest set of mutually commuting operators that we
can find will give the most complete characterization possible. It follows
from Corollary 7 that the simultaneous eigenvalues are all constants of
the motion in the sense that they are perfectly definite and unchanging.
No more complete specification of the state can be obtained; it is a
“state of maximal knowledge”.

States of maximal knowledge are of fundamental importance in the
theory of measurement, representing the ultimate limits of precise
observation permitted by the uncertainty principle. Any attempt to
measure another variable (with a non-commuting operator) must then
introduce uncertainty into at least one of those already measured.}
A “sharper” specification of the state is therefore unattainable.
Observables whose operators all commute with each other, and which
are therefore simultaneously knowable, are said to be compatible. The
simplest illustration of these important concepts is afforded by a
system consisting of a single free particle (Section 2.4):

}Any effective measurement of the new variable must leave it with a finite (or zero) un-
certainty ; the uncertainty introduced into one of the measured variables must therefore
be non-zero, according to Corollary 6, if the corresponding commutator is non-zero.



FORMULATION OF QUANTUM MECHANICS 91

ExamprLi. Commuting operators for a free particle. 1t is clear by inspection that
the operators (using, as usual, the Schrédinger language)

Y R XYY
= T PeTTwm P T oy Pe =T

all commute with each other; p,ypy = PyPz for example, because the order of
successive differentiations is immaterial for any well-behaved function. We have
also verified directly (p. 81) that the wave function

$r(r) = L-3/2 exp (ik - 1)
is an eigenfunction of all four operators, with eigenvalues
E = ﬁ2k2/2m, px = ﬁkx, py = ﬁky, pz = fikz

respectively. This is a state of maximal knowledge for a free particle, the energy
and momentum components all being constants of the motion.

Finally, having introduced the idea of states of maximal knowledge,
we may formulate one more important corollary :

CoroLLARY 11. If the state vector W of a system is expressed in
terms of the eigenvectors W describing states of maximal know-
ledge,

¥ = Ycr¥r, (4.27)

then the probability that, in an experiment designed to yield
maximal knowledge, the system will be found in state ¥ is

wi = |ex|2 = [CWi|¥)|2 (4.28)

The scalar products (¥Wi|¥) in this way acquire a physical
meaning.

This interpretation follows on examining the expectation values, in
state ¥, of all the compatible variables E, 4, B, C, ... whose eigen-
values characterize the states. Repeated measurements, always starting
with the system in state ¥, would yield an average value of 4 given by

(A = (YA|lY) = kzlck*CK\PkIAI\PD-

But since ¥, ¥; are not only orthogonal but are also simultaneous
eigenfunctionsof H, A, B,C, . . ., we obtain

Ay = Yer*a AidY | W) = Y |ex|24k
P k
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and similarly for B, C, . .. . Thus, with wy = |cx|2

<A> = Zkak, <B> == zkak» e (4.29)

These average values indicate that the relative frequency with which
the system is found in state ¥, with eigenvalues By, A, By, . . . is wy,
and the corollary is established.

A more complete discussion of this result and its implications would
require a detailed discussion of the nature of physical measurements,
and lies outside the scope of this book. We note, however, that when a
system in state ¥ is subjected to observations, leading to definite
knowledge of a maximal set of observables, it makes a ‘‘transition”
from state ¥ to some state Wy corresponding to maximal information
about the state in which the system s left. In this idealized process the
system is “forced” into one of the states of maximal knowledge, as a

result of interaction with the measuring apparatus; during the process,
~ whose end result is ¥ — ¥, the state does not evolve according to
the normal causal law—which refers to the system itself, unconnected
with measuring apparatus. Thus, wg in Corollary 11 indicates the
probability that measurement of the maximal set of compatible
variables (as chosen in defining the expansion) will leave the system in
the particular state Wi, without reference to how the change is effected.
It should be noted that this interpretation of the coefficients in
Corollary 11 is dependent upon the ¥y being eigenfunctions of the
system to which ¥ refers. It is, for example, entirely possible for the
eigenfunctions of the electron in a hydrogen atom to be expanded in a
complete set of harmonic oscillator functions; but wi would clearly
not represent the probability of finding the electron in a harmonic
oscillator state. The squared coefficients in a general expansion, with
only mathematical significance, are frequently referred to as ‘“prob-
abilities” ; it is safer to use the term ‘‘weights’ unless the eigenfunctions
¥ ;. actually refer to the system in question.

4.8. Properties of the operators

The operators associated with physical quantities have so far been
specified only in the Schrodinger language, by means of the rule (4.6).
The postulates and their consequences, on the other hand, have been
formulated in a much more general manner, not depending on this
somewhat mysterious rule. To complete the general formulation of
quantum mechanics we therefore need to define the operators themselves
in a language-independent manner. The natural way of doing this is by
specifying the rules by which they combine with each other. The
fundamental significance of the commutator of two operators has already
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been established, and it is therefore not swrprising that the operator
algebra of quantum mechanics is completely defined by a set of
commutation rules. These rules may now be stated in the formn of another
postulate :

PosTuLATE 4. The operators associated with the position and
momentum variables of a particle commute, with the following
exceptions

[X’ Px] = [)’, Py] = [Z, Pz] = 4l (430)

while those for two different particles always commute.

Such properties have already been noted (e.g. in the Example on
p- 83) in the case of position and momentum operators in Schrédinger
language, set up using the prescription (4.6) et seq. The statement
now made is more general in the sense that x, p;, etc., are simply
Hermitian operators, and the operand W is simply a vector in a Hilbert
space—not necessarily a function ¥(x). Such operators may be specified
in an infinite variety of ways, by noting their effect on any complete
set @3, @y, ... defining the space in which they operate; but the
algebraic relationships among them are independent of the language or
representation chosen.

Before considering other quantum mechanical languages (Chapter 5)
we note that the form of Postulate 4 is largely prescribed (see Temple,
1934, pp. 44-46) by the more general principle that space is isotropic
(i.e. the z, y, z directions are arbitrary); and, secondly, that the
association of operators with various functions of the basic variables
(position and momentum) must be compatible with Postulate 3. Thus,
for example, the expectation value of 4 + B is

{(A+B)) = <45>+<(B)

by definition of the expectation value as an arithmetic mean.}
Consequently remembering the operators are assumed linear,

(A+B)y = CP|AIPY +QP[B|¥) = (¥|(A+B)|¥) (all ¥)
and the operator to be associated with 4 + B must therefore be A +.B.

}The meaning should be considered carefully. Each variable is measured a large
number of times (N, say), independently and always starting with the system in
state ¥ : a pair of measurements, 4¢ and B; give one estimate of the sum 4 + B and the
arithmetic mean N-1 Xi(A;+B;) is the sum of the arithmetic means of 4 and B
separately. The question of whether the measurements are compatible or incompatible
does not arise.
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Similar arguments (Temple, loc. cit., pp. 36--38) lead to the following
requirements:

CoroLLARY 12. The operators associated with multiples, sums
and products of observables are as follows:

CA —cA
A+B —>A+B
AB — }(AB+BA)

where the — means the operator on the right is associated with
the observable on the left.

Since any dynamical quantity can be expressed in terms of sums and
products of the basic variables z, ¥, 2, Pz, py, Pz, the associated operator
may be set up using Corollary 12: the properties of such operators are
then determined by the basic rules of Postulate 4. Thus, for example,
the operators associated with xpy and yp, are xpy, and yp, (since in this
case the operators commute); that associated with —yp, is —yp,; and
hence the operator associated with the angular momentum L, =
Py — Ypg is Ly = Xpy— ypy. Generally, any function of z, y, . . . p, gives
rise to an operator which is a similar function (suitably symmetrized
in the rare cases where it may be necessary) of the operators x,
Y, -« ., Pz. Corollary 12 merely justifies formally the rules previously
adopted.

In conclusion, it must be added that a discussion of the more
mathematical properties of the operators, in particular questions of
“boundedness” and the nature of the eigenvalue spectrum, require
sophisticated analysis. Such analysis is clearly outside the scope of this
book but may be found elsewhere (e.g. Courant and Hilbert, 1953;
von Neumann, 1955; Kato, 1951).

4.9. Electron spin

So far, although the postulates have been framed in a general way, it
has been assumed that all the operators encountered in the theory may
be derived from classically defined dynamical quantities (i.e. functions
of particle coordinates and momenta); and we know how to set up these
operators using the Schrodinger language. Experiment shows, however,
that there are some quantities that have no precise classical analogues;
to complete the postulates we must introduce these quantities and the
properties that characterize their associated operators.
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We shall not give a detailed historical account of the development of
the “spin” concept; it is sufficient to start from the experimentally
established premise that a particle may exhibit properties that would
correspond, in classical terms, to an intrinsic angular momentum and a
related magnetic moment. For example, the state of a single electron
moving in an arbitrary potential field is always (at least) doubly
degenerate, application of a magnetic field resolving even an apparently
non-degenerate energy level into two branches, with a minute separation
proportional to the applied field strength; these branches evidently
correspond to some observable that can take only two values. If the
magnetic moment were represented by a vector g, the classical inter-
action energy with an applied magnetic field B would be —B - g or, if
the field were adopted as the z-axis, — By, where y, is the component
of the dipole vector along the field direction; and if g were taken
proportional to a “spin angular momentum” the classically expected
interaction energy would be proportional to — BS,. The experiments
imply that, for an electron, the z-component of spin 8, can take only
two values; this situation is described by saying that the spin vector
sets parallel or antiparallel to an applied field.

Let us now introduce the spin formally and quantitatively by means
of the following Postulate :

PosTuLATE 5. An electron possesses an intrinsic angular
momentumj represented by a “spin”’ vector S with components
Sz, Sy, 8z, each being a ‘“two-valued” observable, with possible
values +3. The related magnetic moment is g = —¢BS where
—p is the classically expected moment for one atomic unit of
angular momentum, and g = 2-0023 is an observed “free-electron
g value”. The associated spin operators commute with all the
operators representing ‘‘classical’’ quantities, but not with each
other.

The classically expected magnetic moment, for an electron with 1
atomic unit of orbital angular momentum is —e%/2m and the “Bohr
magneton” is defined by §

B = efi[2m (4.31)

$As on p. 79 we measure angular momenta’ in units of #, i.e. in atomic units. Thus
#Sz is the angular momentum component corresponding to a dimensionless S;.

§Here we use SI units, postponing a full discussion to Vol. 2, where electric and
magnetic effects are considered in more detail. In the mixed Gaussian system, § contains
an additional factor ¢ in the denominator,
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The minus sign in g = —gpBS arises from the negative charge of the
electron. The fact that g ~ 2 for spin angular momentum is classically
unexpected, but emerges naturally from the Dirac equation (Chap. 6,
Vol. 2) which takes account of the requirements of relativity theory;
the precise value 2-0023 is predicted when further refinements are
admitted. In non-relativistic quantum mechanics, electron spin is
admitted essentially by Postulate 5, which forms the basis of the Paul:
theory of spin.

In order to assimilate spin into the theory we note first that measure-
ment of any spin component, that along the z-axis say, yields one of
two possible eigenvalues + 3 or — }%; we denote these corresponding
eigenstates by o and § and write

S0 = o, S, = —1B. (4.32)

It is then possible to describe simultaneous eigenstates, in which the
z-component of spin is definite along with vacious other ‘‘classical”
quantities (e.g. energy, momentum), as products of an orbital factor ¢
and a spin factor, « or f§; spin operators work only on the latter, all
other operators only on the orbital factor ¢. Thus, if an electron in a
beam has linear momenta corresponding to wave numbers k, ky, k,
(p- 36), so that

Pzp = (kifi)p, Pyd = (kfi)d, Pz = (kF)P

then the state is more completely characterized as ¢a or ¢B. The spin
component along the (arbitrarily chosen) z-axis being +47% in the two
cases. Thus, for example,

S:(¢a) = ¢(S.0) = Pp(3a) = }(oa)

showing that the product is also a spin eigenfunction. Also, ¢u clearly
remains an eigenfunction of the other operators p;, py, p;, which work
only on the ¢-factor. As a result of this separability of space and spin
descriptions, we may now turn attention directly to the spin operators
Sz Sy and S, and their eigenstates. The small magnetic interactions
between spin and orbital motion will be discussed elsewhere (Vol. 2).

Commutation relations

The non-commutation of different spin operators is an expression of
the experimental fact that fwo or more components cannot take
simultaneously definite values (Corollary 10). If we start from a state
with spin factor o« and then measure S; we may find §; = £%; on
repeating the measurement of S, however, we no longer find exclusively
S, = + }—either value is equally likely, giving a zero average value,
and we have thus lost all knowledge of S,. This is an example of the
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incompatibility of observables with non-commuting operators. We now
enquire whether there are any precise commutation rules for the spin
operators, parallel to those in Postulate 4.

We select one direction in space, calling this the z-axis, and try to
describe any spin state as a linear combination of the eigenstates o and
B satisfying (4.32). In accordance with the general principles, we regard
o and B as orthogonal unit vectors defining a two-dimensional spin
space, in which

Cafad = <B|B> =1, <a|p> = (Blad* = 0. (4.33)

A general state, for example one with spin component +4 along a
direction perpendicular to the z-axis, might then be represented by
n = ax+bp, where the unit vector condition requires |a|2+[b|2 = 1.}
Similarly, we try to characterize all three spin operators S;, Sy, S; in
terms of their effects on the basis vectors « and g.

The starting-point in the argument is simply that (except in general
relativity theory) all directions in space are considered equivalent; if
S;/ is the operator corresponding to measurement of spin component
along any new, rotated z-axis, then S,” must have properties exactly
like S;—in particular, its eigenvalues must be +3. In general (Section
3.6) the components of a vector relative to a rotated coordinate frame
are connected with those for a “fixed” frame by equations such as
8. = 18;+mSy+nS; where [, m, n are direction cosines of the rotated
z-axis relative to the fixed axes§ and therefore (Corollary 12) the
operator associated with measurement of spin component along a new
z-axis will be

S;” = ISz +mSy+nS;. (4.34)

In particular, S;, Sy and S; must have similar properties. Now S;2 is
seen to multiply « and f—and hence any linear combination—by %,
and therefore the square of each spin operator is } times the unit
operator (I say):

S22 = §y2 = §,2 = }l. (4.35)

An immediate result is that in any spin state n the square of the total
spin has the eigenvalue §: in other words

S2y = (S,2+Sy2+S.2)n = 3. (4.36)

tExperiment shows, in this case, that |a| = |b] in order to yield a zero expectation
value of S;: for <S;> = <{n|S:|n> = ¥(|a|2—|b|2) and the vanishing of this quantity
implies equal probabilities of the two possible components along the z-axis. Thus
n = (a+ B)/</2 is one example of a spin state in which the z-component is indefinite but
the component in a perpendicular direction may be definite.

§The rotation of axes is here described by the matrix T(=R} in the Example on
p. 62. The components of a fixed vector change according to (3.61) where, since T is a
real orthogonal matrix, T~1 = Tt = I (the transpose).



98 QUANTUM MECHANICS

We usually write the eigenvalue of $2 in the form S(8+ 1), which will
turn out to be characteristic of angular momenta in general, and when
8§ = 1 we refer to a “‘spin } particle”. Thus electrons are particles of
spin {—but this means that the observed magnitude of the spin
(square root of the observable value of S2) is4/{}(1+3)}, a result first
inferred experimentally in the early days of quantum theory.

The next step is to consider S,’2 = }l where S,” is given by the general
expression (4.34). Clearly

§2/2 = (125, +m25,2 +n25,2) + Im(S;Sy + SySy) + mn(SyS; + S:Sy)

+nl(S;S:+S.S;).

From (4.35), and the fact that 124+ m2+n2 = 1, the first parentheses
yields }l; and since the whole expression must be equivalent to }I, for
all values of I, m, n, it follows that the spin operators must anticommute

where 0 denotes the zero operator.
To find the commutators we use simple algebraic arguments. First,
the condition (555, + S;Sz)a = 0 yields, using (4.32),

Sz(Sza) = —$(Sza)

and hence (S,x) with eigenvalue — 4, must be a multiple of 8. Similarly,
(S48) is a multiple of «, and we therefore write

Sxa = kﬁ, Slﬂ = k’a.
Since S, hasreal eigenvalues it is a Hermitian operator and hence

<°‘|Sxﬁ> = <Sx°‘|ﬁ>

and this shows " = k*. Also S,2a = kS;f = kk’u shows that kk’ = }.
Hence

k= }et® k' = le-i.
We take 0 = 0 and write
Sza = 3B, SiB = }a (4.38)

the choice being open because each basis vector is arbitrary to within
a phase factor (Corollary 1).

A similar argument, based on the second anti-commutator in (4.37),
yields

Sya = kﬁ Syﬁ = k/a
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where k and ¥’ are again conjugate complex numbers of modulus 4. But
use of the first anticommutation condition then shows

(SzSy+ SySz)a = Sa(kpf)+ Sy(3B) = tho+ tk'a = 0
and hence k = —k’ = —k*. Therefore k is pure imaginary and must
be +13i; we take
Syx = 1B, Syf = }ia (4.39)

choosing the upper sign for reasons that will be clear presently.
Finally we verify that

(SzSy—SySa)a = Sz($3iB)—Sy(3B) = di(de) —}(—Hia) = dix = 15,0,
(SzSy—SySz)B = Su(—4ia) —Sy(da) = —3i(3B)—3($1B) = — 4B = S:8.

In other words, (S;Sy— S4S;) and S, have exactly the same effect on
each basis vector and hence on eny vector in spin space; the two
operators are equal. Cyclic permutation of subscripts, corresponding to
use of the other anticommutators in (4.37), gives the full set of com-
mutation relations:

(]

CororrLarY 13. The spin operators for an electron satisfy the
commutation relations

SySz - SzSy = in, (4.40)
Ssz bt Ssz = iSy,

which are a necessary consequence of the isotropy of space under
rotations of the coordinate axes.

Had we made the opposite choice of signs in (4.39), we should have
obtained the same relations with — S, in place of S;; reversal of the
z-component corresponds merely to the change from a right-handed
to a left-handed coordinate system.

The commutation relations for spin are evidently quite different from
those for the position and momentum variables. It may be shown,
however, that they are formally identical with those for the operators
associated with orbital angular momentum; they characterize the
properties of angular momentum in general a subject fully dealt with
in Vol. 2 (Chapters 2 and 5).
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Inclusion of spin in the wave function

Let us now consider how the description of spin can be absorbed into
the wave function desecribing the spatial motion of a particle. We first
use the Hamiltonian operator (1.21), which contains no spin terms. This
will possess eigenvalues and eigenfunctions {£;, ¢;}such that

Ho: = Eids.

In a state of maximal knowledge we require the state vector to be an
eigenvector of a full set of commuting operators. Only one of the spin
operators, arbitrarily taken as that for the z-axis, can be included in this
set; and S, must commute with H because S, only works on linear
combinations of « and B while H only works on linear combinations of
{¢+}—and hence the order in which they operate is irrelevant.

The simultaneous eigenvectors of H and S; ace self-evident ; if we take
Wi = P2 we obtain (cf. p. 96)

Hyy = By,
S = 3,

80 Yy is a simultaneous eigenvector of the commuting operators for
energy and spin z-component. Similarly ¥; = ¢; is a simultaneous
eigenvector but with opposite spin.

The set of all products {¢sn;}, where n; = o and s = B is said to
span a ‘“‘product space’’ (Section 3.8) the complete sets involved being
co-dimensional and two-dimensional respectively. Any state involving
the space and spin description of a single spin } particle may thus be
expanded in the form

Y= Yeudim; = Y aido+ Y bidif = ¢ a+ ¢yp,
i i i

the two sums corresponding toj = 1, 2 respectively (« and B terms). Thus
Y = ¢,a+ B (4.41)

This most general “two-component’’ wave function has characteristic
transformation properties under rotation of the axes of spin quantization
and is called a “spinor”. Usually it is possible to work in terms of
states of definite spin and then only one component is non-zero; the
term spin-orbital is then usually applied to the single products ¢a or
¢B. Clearly Postulate 3 must now be interpreted to mean that, for a
one-eleciron system, the state vector y may always be expanded in
terms of a complete set of spin-orbitals; there is a similar interpretation
for a many-electron system, the expansion of many-electron wave
funections being fully considered elsewhere (Vol. 4).
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It remains only to show that, by a simple notational device, the
description of both spin and orbital motion may be treated in exactly
the same way. At present, an orbital state ¢ has a concrete realization,
in the Schrodinger language, as an element of function space ¢(r), in
which both the variable r and the corresponding value of lgb(r)l2 have
a direct physical meaning; on the other hand, « and f are vectors in a
two-dimensional space and there has been no need, so far, to introduce
a “spin variable”. The consequences of this difference are a little awk-
ward. For example, in the state (4.41) the normalization integral
means

YD = (Putt+ $5B)|dat + §5B-

On expanding, and using the Schrédinger language, a typical term is

(D 9sB> = [[d*(r)¢y(r)dr]alp).

Since the spin states are deseribed by orthonormal vectors, the result is

YIY> = [ Hr)P(r)dr + [§p*(r)dy(r)dr. (4.42)

In other words, in a scalar product we must integrate over continuous
variables and sum over different components.

There are various ways of avoiding this inconvenience. Here we shall
formally introduce “spin functions” w«(s), f(s) and write the scalar
products (4.33) as

Calay = fa*(s)a(s)ds = 1, (a|B> = [a*(s)B(s)ds = 0,etc. (4.43)

We now adopt a very useful convention, using X to stand for both
space and spin variables and reserving r for space and s for spin
variables separately. The wave function, including spin, will then be

Y(x) = Y(r, 8) = @ (r)a(s)+ ds(r)B(s) (4.44)
and all scalar products can then be indicated formally as integrals,
without any summations over components:

Yy = fY*xP(x)dx. (4.45)
The conventions ensure, of course, that on inserting (4.44) and perform-
ing spin integrations we shall retrieve the component form (4.42); but
we may not wish to do this (e.g. in a complicated many-electron
problem) until the end of a calculation.

Finally, we must confirm that the statistical interpretation of the
wave function according to (4.8) continues to make sense when spin is
included among the variables. First of all we note that the expectation
value of any function f(r) (of spatial variables) in the state ¥ given in
(4.41), becomes, on using the orthonormality of « and 8,

WO = [ 9ur)]2+|y(r)| 2l dr. (4.46)
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This implies, as in (4.7) et seq., that the probability of finding the elec-
tron in spatial volume element dr is

[[#a(x)|2+ ()| 2ldr.

But in any state ax+bf the relative probabilities of the two spin
situations are in the ratio |a|2:[b|2. The two terms in the expression
thus give the relative probabilities of the particle in dr having spin
“up” or spin ‘“down’; while their sum gives the probability of the
particle being there with either spin.

It is possible to interpret the spin functions a(s) and B(s), and the
variables, in such a way that (4.44) leads to exactly the same conclusions.

B(s) a(s)

§==-% §= %

Fig. 4.1. Schematic representation of spin functions. x(s), f(s) may be

regarded formally as functions of a spin variable s( =S;), having the form

of infinitely sharp “spikes” in the vicinity of 8 = +4 and s = ~1
respectively.

To do this we might take s to be the value of the z-component of spin and
suppose |a(s)|2ds indicates the probability of finding spin component
in the range (s, s +ds) just as |¢(r)|2 is that of finding position variables
in the range (r, r+dr). It is then evident that «(s) must vanish except
when s >~ 4, subject to the normalization condition f [a(s)]zds = 1.
Such a function may be envisaged as the limit of a sharp “‘spike” in the
vicinity of s = }, while p(s) would be a similar “spike” vanishing
except for s ~ —} (Fig. 4.1); there are mathematical difficulties in
giving a literal interpretation to such “delta functions” (which are used
again in Chapter 5) but from a formal point of view they are often very
convenient. Here, for example, the statement (4.8) implies that (since
a*(s)B(s) cannot be non-zero)

| Probability of
particle in dr,
[¥(x)[2dx = {|@q(T)|2|a(s)|2+ |@4(r)|2|B(s)|2}drds =| with spin in
therange
(8, s+ds)
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The probability of finding the particle in dr, whatever the value of s, is
obtained by integration (‘‘summation” for all possible s values) and is
thus

{|.(r)|2+1¢5(r}]2}dr

exactly as above. But the first term, going with the |a(s)|2 factor comes
entirely from the region s ~ + 1, while the second term comes from the
region s &~ —3. In other words, when the spin 2 component is used
formally as a continuous variable the interpretation of the wave
function according to (4.8) remains acceptable, provided the epin
functions are defined so as to satisfy (4.43) and interpreted so that
as) =0 (8 £ %), B(s) =0 (s # —3). Although we have considered
explicitly only a one-particle system the argument applies equally in
the general case. Thus, for example, if a two-electron system is described
by a wave function W(xX, Xg), built up from a complete set of spin-
orbitals, then

Probability of particle 1 indr,
[f|¥(x1, X3)|2ds1ds2]dr dry = | particle 2in drj, without
reference to spin

In other words, the probability density function for finding any spatial
configuration of particles, irrespective of their particular spins, is
obtained from |¥|2 simply by a spin “integration”. The need to pick
out and sum over discrete spin components is thus eliminated and all
variables can be handled in a formally similar way.
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CHAPTER 5

GENERAL THEORY
OF REPRESENTATIONS

5.1. Dirac notation. Discrete case

In Chapter 4 the postulates were formulated generally enough to
provide a basis for the whole of non-relativistic quantum mechanics,
but so far we are familiar with only one mathematical realization of the
vectors and operators that occur throughout the theory. In Schrodinger
language the vectors are elements of a Hilbert space comprising all
(well-behaved) functions of particle coordinates, and the operators are
partial differential operators working on these functions. Other
possibilities clearly exist, however. The commutation relations (4.30)
are equally well satisfied by the association

fi
Px > Py X > _;‘5177;, etc., (51)

and this suggests a description in terms of functions of the momentum
components, the operators associated with momentum becoming the
multipliers, those associated with spatial coordinates becoming differen-
tial operators working on the momentum variables. We shall find
presently that the Schrodinger and momentum languages are indeed
equivalent and equally acceptable. First, however, we shall examine
in a general way the possibility of passing from one type of description
to another; this transformation theory is most easily formulated by
starting from the matrix representation of the operator equations and
using the Dirac notation (used so far only to indicate scalar products),
which must now be explained in its full generality.
Let us introduce a discrete basis {®;} such that

Y = Zciq)i. (5.2)

The key equations referring to (i) the action of an operator on a vector,
and (ii) the product of two operators, may then be transcribed into a
matrix form fully discussed in Section 3.5. The basic equations become

104
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Y o= A\P, c = AC, ci' ZAijcfa (5.3&)
i

C=AB, C=AB, Cy=YA4yBy, (5.3b)
k

where the three statements on each line are entirely equivalent. In the
matrix form (second statement) c and ¢’ are sets of expansion coefficients
representing ¥ and ¥’ (collected into column matrices), while A, B and
C are square matrices representing the operators A, B and C. The matrix
equations may be written in subscript form (third statement) where
Ay, for example, is the element in the sth row and jth column of
matrix A. We shall ignore all points of mathematical rigour, assuming
that the basis is complete and that infinite matrices can be handled
without regard to questions of convergence, etc.

The individual matrix elements ¢;, 44, ete., are expressible as scalar
products, and provided the basis is orthonormal (a condition which
must be imposed in nearly all that follows) we obtain as in Section 3.5,
equations (3.48) and (3.47),

¢i = (Q¥), Ay = (Di|A|D, (5.4)

where Ay is essentially the scalar product (®;A®;> and the second
vertical stroke is inserted (cf. p. 63) merely for notational convenience.
So far, the pointed-bracket notation has been used only to indicate the
Hermitian scalar product. In Dirac’s use of the notation, however,
which we now adopt more fully, each part of the scalar products
yielding ¢; and A;;is regarded as a distinct entity: in general

|¥> isa vector in Hilbert space, indicated previously by ¥;

|(I>¢> is a basis vector in Hilbert space, indicated previously by ®;

<(I>i| is called the ‘““dual vector” associated with |(I>i>, indicated by
@;* in the symbolic notation used in (3.44);

A|¥) is the vector arising when operator A is applied to |¥),
indicated previously by A¥Y ;

<(Di|d)j> is the scalar product of ®; and ®;, written alternatively as
®;*®; when the Hermitian scalar produot was first introduced
in (3.44).

The symbols | and (| are referred to as “’ket” and “bra”, respectively,
and a specific ket or bra is indicated by writing its name inside, e.g.
[@¢) or simply 5. When ket and bra come together in the order (|,
to form a bra(c)ket, the scalar product is implied. Thus A¢; = (Dg|A|®;)
conveniently indicates the sequence of operations by which the matrix
element may be obtained: reading from right to left, we take the ket
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|®;>, operate with A to get a new ket, and complete the bra(e)ket with
(d)il. This is a particularly useful notation when the vectors require
several labels (e.g. quantum numbers specifying the various eigenstates).

With Dirac notation the operator and component forms of (5.3a) and
(5.3b) become, using (5.4),

¥ = Al¥), (DY) = Y (Di|A|D)D{Ds|' (5.5a)
J

C = AB, (QC|®;> = Y (Di|A|Dk>(D|B|®;>. (5.5b)
k

The forms on the right clearly follow from those on the left simply by
inserting basis vector bra’s and ket’s on both sides of an equation, to
complete the brackets defining components and matrix elements; in
labelling the bra’s and ket’s those which come together in the order
ket-bra (e.g. the |®@z>{®k| in (5.5b) must bear the same label and a
corresponding summation is implied (e.g. 4 in (5.5b)). In this way the
““chain-rule” for the subscripts in matrix multiplication is automatic;
for example, abbreviating |®;) to |1}, ete.,

[ABCly = } Y AiBiCii = Y GAlGIBIAY k[P
7 E ik

It should also be noted that even a ket-bra product such as |@) (D]
has an interpretation of its own; it is the Dirac notation for the “dyad”
®;Dx* introduced in Appendix 4 and interpreted as a projection
operator. Thus,

Y = (Or@r*)¥ = Op(®r*V¥) = Or(Di|¥),

shows that the operator turns ¥ into a multiple of @4, and this becomes
in Dirac notation

[ = |@r><Dk|'PD,

the meaning being the same whichever way the three symbols are
paired. The “resolution of the identity’’ (Appendix 4, p. 148) in terms of
projection operators shows that

3 [0x) (x| = | (5.6)
k

and gives another interpretation of the right-hand side of (5.5b); the
unit operator may be inserted between two operators without changing
the expression and hence

(@i|C|@;> = (Di|AB|®;> = Y (Di|A|Dr>{(Di|B|D;D.
k

It is evident that the Dirac notation provides an almost “fool-proof”
method of writing operator equations in the matrix language appro-
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priate to any chosen basis. We now consider an example, partly to
illustrate the use of the notation and partly to show how the basic
equations of quantum mechanics (Chapter 4) may be transcribed into
matrix language and used in obtaining a direct algebraic solution of
certain simple problems, quite independently of Schrédinger’s
equations.

5.2. An example. The harmonic oscillator
Let us consider the oscillator with Hamiltonian operator (Section 2.2)
H= -E-2-+ imaw2x?2
om T2 )

. where /27 would be the classically expected natural frequency of
oscillation. If we introduce a discrete basis, provided by the eigen-
vectors of H, operator equations are replaced by formally identical
matrix equations—yielding the ‘“‘matrix mechanics” approach of
Heisenberg, Born and Jordan.

The eigenvalue equation H¥Y = E'Y¥ becomes, in Dirac notation,
HI> = B

with energy eigenvectors |Eo), |[E1), . . . which satisfy H|E;> = E;|E;».
The matrix H associated with H has elements (E;|H|E;) = EXEi|E;) =
E 64 (since the eigenvectors may be assumed orthonormal (p. 88)) and
is therefore diagonal.

It is convenient to express H in terms of the new operators

A = p—imwx Al = p+imwx
noting that A' is the Hermitian adjoint of A, by (3.33). For then
At A= p24imaw(xp — px) + m2w2x?2

and from the commutation relation (4.30), xp — px = ##l, this gives
1
= — (ATA ).
H 5o (ATA +Fm o)

The properties of the Hamiltonian are characterized by the com-
mutation rules for the three operators H, x, p; these may be derived
purely algebraically, starting from that for x and p. In this way we
find, using the linear combinations defining A and A,

HA—-AH = ZwA, HA'—A'H =%wA'.

Let us now write the first commutator equation in matrix form, using
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Dirac notation for the elements. Since H is diagonal, with
CEi|H|E;y = E:5y, the ij element of the first equation is

Ei(Ei|A|E;) — <Ei|A|E;> B; = ho(Ei|A|Es)
and therefore
(E@—Ej——ﬁw)<Ei|AlEj> = 0.

This shows that either (i) E; = E;+%Aw, or (ii) <E1‘IA|E’j> = 0. The
matrix associated with A thus has non-zero elements only between
states whose energies differ by an amount %w. We label these states in
ascending numerical order so that

By = Eg+how, Ey = Egy+2ko,... E, = Eg+afio, ...

That there is a least eigenvalue E¢ follows from the form of the
Hamiltonian, which gives

By = (BH|B:> = (1/2m)[<EA|E; BBy + Fmo)
and is therefore essentially positive unless | E;Yvanishes.}

To determine the value of B we put ¢ = 0 and find, since E; > B,
and hence (¥;— E;—-hw) # 0, that all matrix elements <E0|AlEj> must
vanish. The above expression for F; then gives

By = (12m)tmow
and the complete sequence of eigenvalues thus becomes
E,=n+Hhv (n=0,1,2,...)

where v = /27 is the classically expected frequency of osecillation.
This result is in complete agreement with that obtained by using
Schrodinger’s representation (Section 2.2) and solving Hermite’s
differential equation, but has been obtained by purely algebraic
arguments, directly from the general postulates of Chapter 4.

The solution is completed by obtaining the matrices associated with
x and p. Those associated with A and A' contain only one element in
each row and we find |<E’n|A*]E’n_1)|2 = 2nmhv; apart from a uni-
modular phase factor (which is arbitrary and may be dropped). This
makes (Ey|AlBy_1) = +/(2mhv)y/n and it is then inferred that the
mastrices associated with x and p are

At is the adjoint of A and hence (see p. 68) (P|ATAY) = (AP|AY) > 0 (¥ # 0).
The first term in square brackets is (H;|AtA|E;)> (only one term non.zero in the matrix
product).
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0 41 0 o..

/10 42 0.,
1 h
I 0 —4/2 ) /3 ..
* 2”\/(2"”) 0 \/0 —\/; \/o ..
041 0 0.,
V1 042 0..
mhv
= [[ZZZ)] 042 043 ..
P \/<2) 0.\/0\/2\/0..

...............

1t is easily confirmed that these matrices satisfy the commutation rule
xp ~pX = 4] where I is the unit matrix.

5.3. Dirac notation. Continuous case

When matrices are associated with operators, in the way just
described, we obtain a representation in the usual sense of vector space
theory; but the term is very frequently used in quantum mechanies in &
broader sense, including the case where the basis vectors are not discrete
but are labelled by continuous variables. The equations of the last
section must then be rewritten and it becomes more natural to use the
language of the theory of integral equations. We shall not develop the
theory of “continuous representations” in much detail; it is sufficient
for present purposes to indicate in a formal way the necessary transcrip-
tion of the matrix equations, and to obtain the general rules for passing
between one quantum mechanical language and another.

In the harmonic oscillator example we took a set of energy eigen-
vectors as a discrete basis. Suppose, however, we had taken the set of
momentum eigenvectors for a free particle (still, for simplicity, in one
dimension). We know from Section 2.4 that momentum eigenstates
exist for all p values in the interval (— o0, + o0); but that we can make
the spectrum of eigenvalues of p discrete by the artifice of putting the
system in a large box with periodic boundary conditions (p. 36), thus
bringing the states into one-to-one correspondence with the integers
(-0 < n < +©). In this case we can examine how the discrete
representation passes over into a continuous one as the box is made
infinitely large. Starting from the eigenvectors |p,) we write the eigen-
value equation H|) = E|), whose solutions may be denoted by
|> = |E1), |Ez), . . . (labelled by the energy eigenvalues), in the form

;@lelmmb = E{py)) (6.7)
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where (py|) is the component of |) along the basis vector |p;>. If |y is a
normalized vector this means

;|‘>i|2 = ;<lpi><pi|> =1 (5.8)

where |cg|2 is the probability in state | that measurement of momentum
will yield the value p;.

To pass to the limit we simply note that the summand in (5.8) becomes
a continuous function of p. The term for p = p, may be written
J(Dn)¥f (pp)A where f(pn)*f(pa) is a density function (the contribution
per unit increase in momentum) evaluated at p = p,, and A(= #/L)
is the momentum increase in going from p, to p, . ;. If we momentarily
introduce the notation f(p) = (p|), f*(p) = (|p) and pass to the limit
L — oo (infinitely large box), so that A becomes the differential dp,
the sum (5.8) goes over into an integral :

;<lp¢><pil> = Ei)(lpi)A(piI) — [(|p)dp(p|)-

In the case of the momentum variables this limiting procedure may be
rigorously justified by Fourier transform theory; more generally,
however, we assume that sums may be freely translated into integrals
unless we find evidence to the contrary. We also revert to the pointed
bracket notation, using (p|) instead of (p|), and note that this amounts
to a redefinition of (p|)> when p is a continuous variable: |{p|>|? is now
a probability per unit momentum range of measurement yielding a
value p. .

All the equations relating to discrete representations may be tran-
scribed similarly. For example, equation (5.7) takes the form

J<o|H|p" > Ddp” = Ep|). (5.9)

Thus the components of the vector |) are replaced by a continuous
function of p, where p plays the part of a basis vector index, and the
matrix elements of H are replaced by a function of fwo continuous
variables p, p’. The function (p|H|p’) is sometimes regarded as the
element of a “‘continuous matrix” since p and p’ play the part of row
and column indices: this analogy is useful, but more properly {p|H|p">
is an integral kernel and (5.9) is an integral equation. In general a
kernel H(x;«") describes an operator H according to the convention

f'(@) = Hf(z) = [H(z;2)f(2")da’, (5.10)

i.e. f'(x) is obtained from f(x) by changing the variable from z to z’,
multiplying by the kernel, and integrating over =’ to obtain a new
function of x, namely f’(x). In the present instance, the state vector |>
is described by means of a function of momentum; (p|) is referred to as
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the wave function in “momentum space” or in the “momentum
representation”; and (5.9) is the eigenvalue equation in the “‘momentum
representation’.

The extension to several variables is formally straightforward; in
three dimensions we may choose the three compatible variables, p;, py,
p, and associate with a state vector ]) its momentum function
{PzPyp:|>; if there are many particles we should use the set of all
momentum components writing the momentum function, for brevity,
as {pipz. .. pNI) or even (pl). When a vector symbol is used to
denote a set of variables the corresponding j' dp means, of course,
integration over all variables. It should be noted that the variables
chosen must always form a compatible set (i.e. their operators must
commute) since l DxPyP2>, for example, refers to a physically observable
eigenstate of all three operators.

Since we already have considerable knowledge of one particular
continuous representation, that employed in Schrédinger’s theory, it is
useful to consider at this point the relationship between the original
formulation—using differential operators—and that of the present
section, which appears to lead to integral equations. Again we consider
first a one-dimensional system, a particle moving along the z-axis. An
energy eigenvector | is then characterized by the continuous function
<z|) such that |(x|>|2 is the probability per unit range of finding the
particle at x. In fact, (x[) is simply the Schrodinger wave function for
state |>. In the Schrodinger or “coordinate” representation the eigen-
value equation would evidently appear as an integral equation
analogous to (4.7), namely

[<a|H|' Y@ > da’ = Exld. (5.11a)

Why does this equation look so different from the familiar Schrédinger
equation? Previously we have written, using Dirac notation for the
Schrodinger wave function Y (x),
%2 d2
Hz|) = —%%l—)-+ Vix)z|> = E<x|>. (6.11b)
The right-hand sides of (5.11a) and (5.11b) are identical but the left-
hand sides appear to be quite different in form.

To understand this difference, we note that the form (5.11a) merely
expresses the correspondence with a matrix formulation, and that the
integration appears solely for this purpose. Since [|a’>da’(x’| is the
limiting form, as we pass to a continuous representation, of the unit
operator (cf. (5.6)) it is in fact superfiluous and the left-hand side of
(5.11a) really means (z|H|)>, i.e. the function of x describing the
components of H|> in the z-representation, written in (5.11b) as
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H{z|). The effect of the operators in H is well known, it is only by
disguising them as integral operators that we make them look strange.
Evidently to operate with the potential energy term in H we must
strike out the integration over " in {5.11a), giving 2’ the value z, and
then simply multiply by the function V{(x); we must take

f<a|Vje'yda' |y = Vx)ald.  (5.12)

Similarly, to operate with the kinetic energy term T we must strike out
the integration and then perform differentiations on {z|): we must take

’ ’ ’ ﬁz dz
f<a[Tlayda' (' |y = — 5= x| (5.13)

In order to write the desired results in terms of integral kernels we
introduce the Dirac delta function (already referred to in Section 4.9).
The delta function é(x —x’) is defined formally by the property

folw—a)f(x')da" = f(x), (5.14)

where, as usual, integration is understood to be over the full range
(— 0, + 0): regarded as an integral kernel (cf. (5.10)) it must represent
the unit operator that leaves any function f(x) unchanged. This function,
regarded by pure mathematicians as a monstrosity, must vanish when
2’ differs significantly from z, so as to eliminate contributions with
f(z’) taking values other than f(x). But it must be normalized so that

[8(x—a)f(x')dx" =~ f(x)[é(x—2')da’ = f(x),

where f(z’) is assumed to vary slowly, compared with d(x —2’), in the
region where the latter is non-zero. The delta function may -thus be
regarded as the limiting form of a function with a very sharp peak at
' = z (cf. Fig. 4.1), the width becoming indefinitely small while the
area under the curve keeps the value unity. Various realizations of
6(x —x’) exist, and are satisfactory for many purposes, but in most
cases the function is introduced simply for notational convenience.
The use of the delta function can always be avoided, but only at the
cost of delicate and sophisticated mathematical analysis; in applied
mathematics its use may be regarded as a convenient shorthand for
exhibiting in a transparent way the connections among matrix
equations, integral equations and differential equations. For a detailed
discussion of the dJ-function the reader is referred elsewhere (e.g.
Messiah, 1961, vol. 1, appendix A). Here we mention just one con-
venient representation of the function:

+ o
e—ux') = 2—ln~J‘exp [ehe(x —2")]dE. (5.15)
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The justification for the use of this form has been widely discussed (see,
for example, Dirac, 1947, p. 95, or Messiah loc. cit.) and is implicit in the
theory of Fourier transforms.
In terms of §(x—x’) the integral kernels <z|V|z’) and (z|T|2’) are
easily defined ; if we take
52 42
(lelx > = V(x)dx—2) <x|T|x > = ~ o Tt d(x—2x') (5.16)

it is clear that (5.12) and (5.13) are satisfied. For example,
[<a|V|'yda (' |y = [V(x)s(@—a')da'(x'|) = Vi@)z|)

from the §-function property. It is also clear that the kernels associated
with the basic position and momentum operators are

i d
(r|x|a"y = zd(x—a’), <x|ple’) = Za—;é(x—x’) (6.17)

and it is easily verified, by considering

J‘<le|x//>dx//<x//|P|x/>dx/<x/|>

that (xITI x> takes the form inferred above.
To extend these results to many dimensions, we note that a three-
dimensional delta function may be defined in a formally similar way

[o(r—r’)dr'f(r’) = f(r) (5.18)

where r comprises all three spatial coordmates, and that if there are
many particles then

(r1, Ta, ... |x4fry, Ta, .. = x;]‘[é(rj-rj’), (5.19a)

{r1, T, ... |peli)|ry, Lo, .. ) = 255{ Hé (rj—ry). (5.19b)
Each factor in [[;8(r;—r;’) represents a unit operator for any function
of ry, and the presence of the factors with j ## ¢ simply means that the
operators x; and pg(¢) work only on the variables of particle ¢, in
which case their forms are determined by (5.17). There is an integral
representation of the three-dimensional §(r —r’) exactly analogous to
(5.15), namely

S(r—r1’) = J explik - (r—r’)]dk, (5.20)

1
(2m)3
where k and r are vectors and the integration is over all space; this
clearly amounts simply to a product of three factors of the type (5.15).
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5.4. Transformation theory. The momentum representation

The different languages available for describing a quantum mechanical
system correspond merely to different choices of basis in the Hilbert
space of eigenfunctions. In the harmonic oscillator example (p. 107) we
were able to work directly in the representation provided by energy
eigenvectors {|E;)}, the corresponding operator H being represented
by a diagonal matrix with element

<E5|H|Ej> = Kby

while the other operators  and p, not commuting with H, had non-
diagonal matrices.

In the Schrédinger representation we choose the ‘“‘continuous basis”
with eigenvectors |¢): with a corresponding operator x we again
associate a diagonal ‘“‘matrix” with elements depending on the con-
tinuous variables x, «’

(lx|e'y = xé(x—2).

Operators not commuting with x will have non-diagonal matrices.

On the other hand, we might equally well set up a “momentum
representation” by choosing momentum eigenvectors |p) as a basis.
The momentum operator will then have associated with it a diagonal
“matrix’’ with elements ‘

<plplp”> = pé(p—p")

and again other (non-commuting) operators will be represented by
non-diagonal “matrices”. Transformation theory is concerned with the
relationship between representations arising from alternative choices
of basis.

We start from the equations describing a basis change (or “rotation”)
in the case of finite vector spaces (see Section 3.6). If rotation is describ-
ed by an operator U the bases are related by ®; = U®; and, provided
the rotation is restricted so as to preserve orthonormality of the basis,
this operator is of special form ; it is unitary in the sense that its adjoint
Ut is at the same time its inverse. This follows from the condition that
the scalar product of any two vectors shall be left unchanged when they
suffer the same rotation. Thus the condition

1There is a difficulty here in that, according to (5.17), the operator associated with p
is also apparently “‘diagonal”. A more careful examination of the limiting process in
passing from & discrete to continuous spectrum shows that p in fact connects different
states whose eigenvalues, in the limit, become infinitely close (cf. the quasi-diagonal
form of the p matrix in the harmonic oscillator example, p. 109).
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(Bi|By) = CUD|UD;) = (Bi|UTUD;)> = (@4|@;> (all 4, 5)

shows that
utu = |,

The use of the term ‘“unitary’ is consistent with the fact (p. 67) that the
matrix U representing such a rotation must itself be a unitary matriz;
and it follows readily that U' is represented by U".

Let us now rewrite the transformation equations of Section 3.6,
relating vector components and matrices relative to two different bases,
in Dirac notation. Bagis vectors, components of an arbitrary vector ¥,
and matrices transform according to

(1) Basis vectors
O > = UD; = Y O;Uy.
i

(ii) Components of arbitrary vector ¥ ;

¢t —>C; = ZU*{;C;.
7

(iii) Matrix elements of operator A:
Aij —>Zij = (UTAU)ij = ZU?ikAklUlj-
k.l

The first relation becomes, in Dirac notation,
(iJa [@) —|Bi) = U|@:;) = ¥ |0;)<0;|U|®:) = ¥ |®5)<Dy|Ds>

J i
where the last form shows how the actual matrix elements of U may be
eliminated by introducing the scalar products of vectors from the
different bases. The same device may be used to eliminate matrix

elements of U'. Let us now use an open ket to denote the arbitrary
vector V. The second relation then (ii) becomes

(ia @iy —<Bi> = T UN@<Ds]> = T(Bi|®5><y]>
) J
because (By|@;) = UD|®;)> = <0;|Ut|Ds).
Finally, the third relation takes the form
(ii)a . <Di|A|@;> —<(B:|A[B;> = Igjl<<bi|U*|<Dk><<DkIA|<Dz><<Dz|UI<D¢>
= E(@FM)(‘DAAFI)!)((DZ@D

where again the matrix elements of U are involved only implicitly in
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the final form. The beauty of the Dirac notation is that the final forms
in (i)a-(iii)a could all have been written down without any effort by
inserting unit operators of the form Y z|®x>{(®|; in (iii)a, for instance,
the final result follows on inserting unit operators on either side of the
A in the required matrix element (®;|A[®;). The notation itself does the
derivation.

The generalization to the continuous spectrum is formally straight-
forward. If the kets |®;) are replaced by [¢), the latter kets being
labelled by a continuous index z (e.g. a position coordinate), and the
|®:) are replaced by kets |p), again labelled by a continuous index p
(e.g. a momentum component), then the transformation equations
(ii)a and (iii)a become

Wave function
Caly — <ol = [<plwddacal). (5.21)
Operator
C|A|ry = <p|Alp> = [(pleddada|Aleyda (e [p”y.  (5.22)
These are the basic laws of transformation theory. Their meaning
should be considered carefully; for example, (x|> is the Schrédinger
wave function for state |>, while (p|> is a corresponding ‘“momentum
space” wave function; also <z|p) is the Schrédinger wave function for
a state |p) of definite momentum, and this is the function which provides
the bridge between the two languages. If the kets of each representation
depend on several variables nothing is changed except that the integra-
tions over single variables become integrations over several variables.
To learn how to use the transformation theory we study a typical
example.

5.5. The Schrodinger equation in momentum space

In three dimensions the Hamiltonian contains kinetic and potential
energy operators whose Schrodinger operators (in Dirac form corre-
sponding to (5.16)) are

fi2 (o2 @2 92
(xfTley = ‘%(@*W*Eﬁ) s(c—1) (5.23)
<e|V|r’> = V(r)d(r—r’) (5.24)

where, as usual, r stands for the triplet of position variables, and where
&(r —r’) is the three-dimensional delta function of (5.18). The states of
definite momentum, for one electron, have been found in Section 2.4
(see also the Example on p. 81) and are, using the normalization of
(2.28),

<x[p> = (2nh)~3/2 exp (ip * r/h). (5.25)
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From the definition of the momentum representation (p|T p’> should
be a diagonal matrix since it is a function of p; but to check that the
transformation equations work we may derive it from the Schrodinger
form. Thus (remembering that, from (3.46), <{p|r) = {r|p)*),

B2 (82 92 o2 ..,
J(p|r>dr[—-2-h-<a72+a—y—2+gﬁ)6(r—r ):Idr (r
B 1 VR LI LI
“am @aps | TP\EP TN\ am Tt o)

2
X exp [ ~% (xps” +ypy’ + zpz’)]dx dydz

<p|T|p> P>

amme ﬁz l i -r l( ’2+ ’2 ’2
= Tom @am)s TP \EP fe (P54 P24

X exp [—% p r]dr
which may be written

N _ P2 1 (P
p>—%(2nﬁ)3 feXP[ﬁ(p p) r]dr-

The integral that remains, however, is simply a three-dimensional delta
function §(p—p’) in the integral representation given in (5.20), as
follows readily on changing the integration variable from k to r/f.}
Hence, as was anticipated

<p|T

Tl = 22 ’
p|Tlp"y = 5 0P —p) (5.26)

—the kinetic energy operator is thus equivalent to multiplication by
(p2/2m). The special value of the normalization adopted in (2.28) is
now clear; it is often referred to as “delta-function normalization’’.

1Tt is interesting to note that this integral may be written (from (5.25)) in the
form

§ <plr>de<x|p”> = <plilp”>
where | is a unit operator, defined in (5.6). Clearly
§ <pllip>f(p")dp” = f(p),

are required of the delta function.
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It is the potential energy, in momentum language, that leads to the
non-trivial operator: it becomes the integral operator whose kernel is
(cf. (5.22))

(p|V|p"> = J{p|r>drV(r)é(r—r')dr'(r’|p’>
= (?7;1%‘[‘ V(r)exp [% (r—-p)- r]dr. (5.27)

The potential energy kernel, in momentum space, is thus a Fourier
transform of the potential energy function in ordinary space.

Finally we write the Schrodinger equation in momentum language ;
on denoting {p|)> by x(p) it reads

(P2—Po)x(P) = —2m [<P|V|PDx(P)dp’ (Po® = 2mE). (5.28)

Such equations can sometimes be solved using methods from the theory
of integral equations but to review such developments would take us
too far afield.

The transformation we have employed is easily generalized to many
particles by interpreting r and p as the sets rj, rz,...ry and pj,
P2, . - - Py, respectively, and using {ri, rz,...ry|p1, P2, ...PN) =
{ry|p1) . . . {tn|pwn). However, there appear to be few special advan-
tages of working in momentum space, and when momentum wave
functions are required (as for example in the interpretation of Compton
profiles in scattering experiments) it is more usual to obtain them
indirectly by using (5.21), or its many-variable counterpart, to trans-
form a given Schrodinger wave function. This is the procedure first
employed by Pauling and Podolsky (1929), for hydrogen-like wave
functions, used for molecular functions by Coulson and Duncanson
(1941) and recently by Henneker and Cade (1968), Epstein (1970).

5.6. Time-evolution. The Heisenberg representation
Up to this point, we have always considered that the operators

associated with physical quantities that do not involve time explicitly
are themselves time-independent, and that only the state vector
depends on time. This interpretation is implicit in the time-dependent
Schrodinger equation

ko

ZEIT) = H|¥) (5.29)
and is therefore characteristic of Schrédinger’s formulation of quantum
mechanies, even though we may use kets or vectors so as not to be
committed to any particular language. When we consider the time-
evolution of a system more generally, however, it turns out that other
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interpretations are open to us; one of these yields the ‘“Heisenberg
representation”.

First we consider in general the time-development arising from
(5.29). If the state at time £ = ¢ois denoted by |¥(fo)> we shall write

[¥(®)> = U, to)|¥(to)> (5.30)

and call U(t, ¢9) the “evolution operator”. Since |‘l’(t+6t)) is obtained
from |¥(¢)> by means of a linear operator (H) we infer U is also linear;
from the normalization condition (U¥|U¥) =1 it may also be
concluded (p. 114) that U is a unitary operator. In the Schrédinger
picture, the states of a system are thus described by unit vectors which
change as time passes. In particular, when H does not contain the time,
there are certain stationary eigenstates of energy, |®g(¢)> say, which
depend on time only through the usual phase factor:

|©£(8)> = exp {—iB(t—to)/i}|®g(to))- (6.31)

These particular state vectors therefore simply rotate} with an angular
frequency v = E/h. It also follows that, for the energy eigenstates, the
evolution operator may be written alternatively as

U(t, to) = exp {—iH(t—to)/h} (5.32)

because, for any power of B, E® —H" and hence, when working on an
energy eigenstate, the exponentials in the last two equations are term-
by-term equivalent.

The evolution operator (5.32) for the energy eigenstates of a time-
independent }'- niiltonian evidently satisfies the differential equation

iﬁgt UL, to) = HU(E, to) (5.33)

and is completely determined by the initial condition
U(to, to) = 1. (5.34)

It must now be asked whether these equations still determine the
evolution operator when H contains the time and the state |¥) is
arbitrary. That this is indeed the case follows at once on differentiating
(5.30) and tentatively substituting (5.33); the result is simply (5.29),
which is valid quite generally. The solution of (5.33), subject to initial
condition (5.34), is thus the correct evolution operator; it is unique
(first-order equation with one boundary condition) and corresponds to
correct time development of |¥) at each instant.

1The projection of |®(t) > on a fixed vector |@E(te) > oscillates between +|®E(to) D;
the term “‘rotation” 18 used in a formal sense (cf. the vector diagrams used in discussing
mechanical and electrical oscillations).
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Equation (5.33) can be integrated formally, to give
¢
f HU(¢, to)dt (5.35)

to

¢

U(t, to) = 1 -2

which is an integral equation whose explicit solution can be obtained
by iteration (see, for example, Messiah (1961) Vol. II, Ch. 17). However,
it is the existence of the time evolution operator U (and hence also its
inverse U') which concerns us here, rather than the methods for its
determination. The actual use of the evolution operator is of great
importance in the discussion of phenomena such as scattering.

We now return to (5.30) and note that in the Schrédinger picture all
state vectors are evolving in time in a well-defined way. The essence of
the so-called Heisenberg representation is the introduction of a unitary
transformation which has the effect of reducing all vectors to rest; the
states are then described by the time-independent kets I‘P(to)> and the
time-development of the system is thrown entirely into the operators
representing the dynamical variables. This is of considerable advantage
if one wishes to emphasize the connection between classical and
quantum dynamics via the correspondence principle, which asserts
that one description must merge into the other for # — 0. Noting that
Ut exists (being the inverse operator leading from ¥(¢) to ¥(te)),

Ut(¢, to) = U(to, £). (5.36)

The Heisenberg and Schrodinger schemes (distinguished by subscripts
H and 8) are related by the standard transformation equations (p. 115).
Hence

|¥s> = U|¥a), [¥r) = U'|¥s). (5.37)

Operators in the new representation must be transformed in a corre-
sponding way; on expressing any expectation value in terms of
Heisenberg kets we obtain {Ws|As|¥s) = {¥x|U'AsU|¥x) and hence

Ag = UAgU. (5.38)

The Heisenberg operator is therefore time-dependent even when Ag is
not.

To obtain the time-development of operators in the Heisenberg
representation we differentiate (5.38) and obtain

Ay (dU' o (AU\ | (dAS
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But (5.33) givesi

du aut
-ﬁ et ik = tat
i = = HU, —ifi— = U'H
and substitution then yields
dA
iﬁ—#’ = U'[As, HJU +i&U? (‘%") u. (5.39)

Now H is defined in the Schrédinger picture: if we introduce a Heisen-
berg Hamiltonian

Hg = UTHU (5.40)
and note also that
dAs oAy
Ut —U = —
dt ot

(where the partial differentiation implies that we take account only of
the explicit time-dependence in the observable as defined by As—not
in the transformation operator U) it readily follows that

% dAg % 0Ay
_DODH AL Hyl— o 2H .
o7 [An, Hyl e (5.41)

where all operators are now in the Heisenberg representation. This is
the Heisenberg equation of motion.

If there is no explicit time dependence in Ag, (5.41) reduces to

28 (An, H) (5.42)
and if Ay and Hy commute the operator Ay becomes a constant of the
motion (i.e. a time-independent operator). Since the states are described
by time-independent kets it follows that a corresponding dynamical
variable will also have a constant expectation value.

The Schrédinger and Heisenberg formulations are of course completely
equivalent. The Schrodinger formulation is used almost exclusively in
stationary state problems, and therefore in a large part of quantum
chemistry. But the Heisenberg equations are often more convenient
in the discussion of time-dependent phenomena and are therefore
widely used in, for example, collision theory. Such developments are
taken up in later Volumes.

{Note that (AB)t = BIA? and that in taking the adjoint the sign of ¢ must be
reversed (p. 53).
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5.7. Representation of incompletely specified states

So far, we have been concerned exclusively with a system charac-
terized by some given state vector ¥, for example an eigenstate of the
Hamiltonian operator H and of any other commuting operators whose
simultaneous eigenvalues define a state of maximal knowledge of the
system. Such a state vector is in general time-dependent, the depen-
dence being particularly simple for a stationary state, and even in the
general case the time evolution of the state vector is determined in
principle by (4.1) and hence in terms of the evolution operator of
Section 5.6. But sometimes it is necessary to deal with systems whose
condition is not specified with the precision necessary for setting up a
state vector. It is important to note that a state of the type referred to
in framing Corollary 11 (p. 91) namely

¥ = Yex¥x (5.43)

where the Wx are states of maximal knowledge and hence, for a
conservative system, eigenstates, is not “incompletely specified”’ in the
sense with which the phrase will now be used. The specification of
eigenstates and expansion coefficients uniquely defines the state vector
¥ and its subsequent development: an incompletely specified state, on
the other hand, has no unique state vector and to describe it we shall have
to introduce the idea of an ensemble as used in statistical mechanies.

First we recall that if A is one of a maximal set of compatible
observables (p. 90 et seq.) with operator A, then the expectation value
in state (5.43)is

Ay = (YA|Y) = KchL*cK<\PL|A|\PK> (5.44)

Although in Corollary 11 we have identified |cx|2 as a probability of
finding the system in a particular state Wx of maximal knowledge (i.e.
an eigenstate of the maximal set of commuting operators to which A
belongs) we are referring to a system whose state vector ¥ is evolving
in such a way that the coefficients are fully determined. An éncompletely
specified system, on the other hand, may be defined through an
expectation value expression of the form (5.44) but with a more general
weight factor which is not merely a product cx*cr.

Let us take, for example, a system A (with states ¥;4, W24, ...) in
weak interaction with its environment B which, in the terminology of
statistical thermodynamics, provides a ‘“heat bath” (with states W5,
W¥yB, . . .). The wave function of 4 + B can then be written

Y = Z CKJ‘PKA‘PJB
K,J
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If our interest is in the system A, we obtain for the expectation value
of any quantity @ associated with system 4,

@ = CPIQIY> = ¥ comrers(PLA|Q¥rA>(¥uB|¥,B)

9 i85 £1 o

which may be written
Q> =L};{pKL<IPLA[Q|‘PKA> (5.45)

This has the general form (5.44) but the condition of the system is
characterized simply by the numerical coefficients pgr = ) jex 0r,*
(using the orthonormality of the state vectors) and indeed system A4
has no wave function of its own. A concrete example of this kind is
provided when 4 is an atom in its “valence state”’, resulting from
“dissociation” of the molecule A —~B by a hypothetical reduction of
the interaction between its constituent atoms, without change of wave
function: it is sometimes said that the valence state is a “mixture of
spectroscopic states’” but this does not mean the state is expressible
in the form (5.43)—there is no ““‘coherence” between the spectroscopic
states and the mixing implies only that expectation values appear as a
suitable weighted mixture (5.45) of matrix elements associated with the
spectroscopic states.

Ensembles

To allow in a general way for incomplete specification of states it is
customary to set up a representative ensemble. The ensemble consists
of a very large number () of hypothetical “copies” of the system of
interest, system » being supposed to have a wave function

n

and the ensemble average of an observable @ is then defined as the mean
of the expectation values for the individual copies:

(@) = N-1Y.(wm|Qlym)

= N-1} % oo g™ ¥PL|Q| P>
n LK

which may be rewritten in the form

@> =KZLPKL<"PL|Q|"PK> (5.47)
In other words the expectation value for an incompletely specified
system (5.45) may be re-interpreted as the ensemble average expectation
value for a large collection of copies in a variety of completely specified
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states. The coefficients pgy, defined by averaging over the representative
ensemble, are

n

and may be collected into a matrix p called the density matrix.

Since (¥1|Q|¥k) is the LK-element of the matrix associated with
the operator Q in the representation provided by the basis {¥k}, the
result (5.47) may be written

&> =KZLPKLQLK = tr pQ = tr Qp (5.49)

giving an elegant expression for the expectation value of any observable
@ in a system specified (incompletely) only by a density matrix p with
given elements px;.

A system in an incompletely specified state is thus described by a
density matrix, not by a wave function, and the lack of precision in the
specification is determined by the “spread” of states ¥ admitted
among the members of the ensemble—which is reflected in the specifica-
tion of the elements pgz. The important fact is that the expectation
value of any quantity is now determined by fwo types of averaging—
the first giving the usual quantum mechanical expectation value for a
system in a given state, the second allowing for uncertainty in the
specification of the state itself. If there is no uncertainty in the state,
every W is the same and (5.48) reduces to pgz = cgcr*, exactly as for
a single system; the system and its representative ensemble are then
said to be in a pure state; otherwise the state is said to be mixzed.

A complete mathematical justification of the choice of ensemble to
represent a given physical situation is a matter of considerable difficulty,
discussed in textbooks of statistical mechanics (e.g. Tolman, 1938; ter
Haar, 1954, Appendix 1), and will not be considered here. We note,
however, that if the {\Wx} are energy eigenstates the choice

prr = cexp {—PEk}, prL =0 (K # L) (5.50)

will give a plausible representation of the state of a system in thermal
equilibrium with a heat bath. In this case the expectation value of any
observable @ is given by (5.47) as

@ = ;PKK<q‘KIQIq‘K> = CePEx(Wk|Q|¥k) (5.51)

which indicates a Boltzman distribution of probabilities of finding the
system in its possible energy eigenstates. This choice of density matrix
elements would follow for an ensemble in which the ¥(® were taken
to be the energy eigenstates themselves, with random phase factors;
for the non-zero coefficients in (5.46) would then all be unimodular
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complex numbers and pgg would give the fractional number of copies
in state Wg while prx would vanish in the summation over random
phase factors. Ensembles defined in this way are described as
“canonical’’ and play a fundamental réle in equilibrium statistical
mechanics.

The density matriz in Schrodinger language

We now develop the idea of the density matrix independently from
the standpoint of a particular quantum mechanical language. It is
convenient to start from the Schrédinger language and to define

p(xX;X’) = P(X)¥*(X') (5.52)

as the Schrodinger density matrix for a pure state in which the system
is definitely in state W (which may or may not be a stationary state,
though the time variable will not be shown explicitly). The name
“matrix”’ is used in this context because the variables x and x’
(indicating, as usual, all variables collectively) correspond formally to
the row and column indices in the matrix pgy, exactly as in Section 5.3.
We shall find presently that p(x;x’) and pgy are in fact simply alterna-
tive representations of a density operator p.

The expectation value of an operator Q in the pure state ¥, may then
be written

(@ = [P*x)Q¥(x)dx
= [[Q¥(X)P*(X')]yxdX

where the variables in ¥* have been primed in order to “protect’” P*
from the operator, which by convention operates on the unprimed
variables x (and hence upon ¥ only), and x’ is identified with x after
operating with Q. The expectation value thus becomes

(@ = [[Qp(x;X")]-ydx (5.63)

This operation corresponds formally to “summing over the diagonal
elements” in matrix theory, and is therefore formally similar to taking
the trace of Qp in the matrix equation (5.49).

Now consider the more general quantity

p(X;X’) = KZLPKL\PK(X)\PL*(X/) (5.54)

where pg; are arbitrary numerical coefficients and Wg, ¥y, belong to
any complete orthonormal set for the system considered. This more
general density matrix coincides with the pure state form (5.52) only
in very special cases, when the pgz, are products of expansion coefficients
(exer*) arising from a wavefunction of the form (5.43); otherwise, as
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we now show, it describes the mixed state in which pxz, can be regarded
as the ensemble average defined in (5.48).

To demonstrate this equivalence we show first that (5.53), with
p(X;X’) defined generally in (5.54), leads to exactly the same expectation
value formula as we obtained from the ensemble approach. Thus

Q> = [KZLPKLQTK(X)TL*(XI)]W-»xdx = Kzlf)KL<lPL|QIlPK>
which coincides with (5.47). Secondly, we show, using the ortho-
normality of the expansion functions, that pgy is simply the KL matrix
element of a density operator which is represented in Schrédinger
language by an integral operator with kernel p(x;x’). Thus, by
definition, the PQ element of pis

(Pplp|¥e> = [¥p*(X)p(x;X)¥o(x')dx'dx
and on inserting (5.54) and completing the integrations we obtain

<qlPllePQ> = PP (5.55)

It is now evident that (5.53) and (5.47) are entirely equivalent state-
ments, the first in a continuous representation, using the language of
integral operators, the second in a discrete representation, in which
each operator is represented by a matrix: the trace formula (5.49)
becomes generally valid if the “trace” in a continuous representation
is interpreted as an integration over ‘‘diagonal elements’ according to
(5.53). It is also clear that the results may easily be transposed into the
language provided by any other orthonormal basis {¥x’}: for if
Y&’ = Y 1¥LULk, where the Urx form a unitary matrix, then

p—p =UHpU, Q -Q = UQU (5.56)
exactly asin (3.69), and consequently}
(@> =trQp = tr Q’p’

giving invariance against change of quantum mechanical language.
The fact that pgz and p(X;X’) are simply alternative representations of
the same density operator p is particularly clear when Dirac notation
is employed. Thus (5.54) could be written, with the abbreviation
I\pK> = |K >)

p(x;X’) = Y <X|K)>pri{L|x")
K,L

or, since by (5.55) prr = <K|p|L>,

1Thus, tr Q’p’ = tr UIQUUpU = tr UtQpU = tr Qp (invariance of the trace
under a cyclic permutation),
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p(x;x) = 3 (KUOCK|P|EX IR = (Klplxy  (5.57)

in which Wg(x) = (x|K) and ¥ *(x’) = (L|x’) play the part of
transformation functions connecting discrete and continuous represen-
tations, and (x] p|x’> indicates an alternative notation for the integral
kernel p(x;x’). The density operator may thus be written formally as

p =3 [K>EK|p|LYL| = ¥ pre|K><L| (5.58)
K,L K,L

i.e. as a sum of ket-bra operators. Such an operator is characterized by
its effect on any ket | ). It produces a new ket |>” according to

> = [K><L]> (5.59)

which is simply |K > multiplied by a number, the scalar product (L|>.
A ket-bra product is thus a generalized projection operator of “dyad”
(Appendix 4). In a continuous representation it is described by the
integral kernel

(X|KY<L|x"y
whose effect on the ket represented by (xl) is to produce
(X|Y = JCX|BLx x| ydx = x|KY(L|> (5.60)
or in wave function language
¥(x) = [Pr(x)¥L*x)¥(x)dx" = Pr(x)<L]>.

The last two equations simply express the symbolic result (5.59) in
Schrodinger language.

Properties of the density matriz

The matrix p is, from its definition (5.48), clearly Hermitian; prg =
pkL*. A new basis may therefore always be chosen so that the density
matrix becomes diagonal and for the moment we assume, without loss
of generality, that p has this form. The first obvious conclusions are
that

Trp = ;PKK =1 (a) (5.59)

0< prkr <1 (b)

which follow immediately from the fact that pgg is the fractional
number of ensemble members in state Wx. Since the trace is invariant
under the unitary transformation (5.56), the normalization (5.69a) is
independent of the particular representation used. We may then infer
that Tr p2 < 1and that consequently, even when p is non-diagonal,
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Y prrprk = Y |pxrl2 < 1 (5.60)
KL KL

showing that none of the individual elements, in any representation,
can exceed unity.

Next we ask what property characterizes the density matrix
representing a system in a pure state with wave function ¥. In this
case every copy in the ensemble has the same wave function

Ym = ¥ = Y cxWx (b.61)
K

and (5.48) gives pxz = ckcr*. The normalization condition Y ; crer* = 1
then implies a density matrix condition :

Y prLpLM = Y ckcr*erem® = cxem™ = prm.
z T

In other words the density matrix must be idempotent,
pi=0p (5.62)

This is also a sufficient condition to characterize a pure state: for in a
diagonal representation (5.62) implies that

prr = Oorl (all K).

But since pxx = |ck|2, and the wave function (5.61) is normalized, there
can be only one non-zero coefficient; if this corresponds to pgx = 1 then
the corresponding basis function Wx, whose phase is arbitrary, re-
Presents the pure state of the system. This important result also follows
immediately from the definition in Schrddinger language; the pure
state density matrix (5.52) is idempotent in the sense

Jp(x;x")p(x”;x')dx” = [W(X)¥*(x")¥(x")¥*(x")dx"”
= ¥(X)P*(X) = p(x;X) (5.63)

and the density operator which it describes is therefore a projection
operator. There is one such projection operator for each state of a
complete set {¥x}; and if Wx is an eigenfunction with eigenvalue 1,
then ¥y (all L # K) are eigenfunctions with eigenvalue 0. The idem-
potency condition on the matrix (5.62), or on the kernel (5.63), is thus
basically a requirement that the density operator shall be a projection
operator onto a single pure state.

Finally, to complete the generalization of quantum mechanics to
incompletely specified states, we require the analogues of Schrodinger’s
equations: both the stationary and time dependent equations follow
if we consider the time development of the density matrix defined by
(5.46) and (5.48).
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The most general state Y™, of the nth copy in the ensemble, is
given by (5.46) in terms of the complete set ¥x. The time development
of the coefficients follows on substituting the expansion in (4.1),
multiplying by Wk* and integrating over all variables (x), the result
being, :

deg™ 4
a ok
We then obtain, using the shorthand notation ¢® = — (i/#)Hc® and
noting that cg®eyM* = [cmcmg,,

ZHKLCL(”). (5.64)
L

;;zt[c(n)c(n)’f] = _% {Hc(n)c(n)’f_ cm(Hem)t.

On writing (He®)! = ¢cmH! = ¢c'H and averaging over the
ensemble this yields (since the average of cxg™c.™* is pgr)

—= —={Hp—pH}. (5.65)

This result is valid in any language and completely determines the time
development of the density matrix describing any system, completely
or incompletely specified; it is thus the generalization of the time-
dependent Schrédinger equation.

Stationary states are now defined as those for which dp/dt = 0 and,
consequently, all time-independent operators have constant expectation
values: such states are thus determined by the commutation condition

Hp-pH = 0. (5.66)

This equation shows that, in general, stationary states may exist even
when the system of interest is in an incompletely specified condition;
it is satisfied, for instance, for a system described by the canonical
ensemble with density matrix (5.50) as may be seen by regarding the
Wk as energy eigenstates, in which case H and p become simultaneously
diagonal. Such states, in which an energy uncertainty remains, are
appropriate in conditions of thermal equilibrium. Pure states of the
ensemble, corresponding to a system definitely known to be in an
eigenstate Wx with energy Ex are distinguished by density matrices
satisfying the further condition (5.62). Since idempotency requires that
p in its diagonal form has only one non-zero element, pxg say, (5.66)
becomes

Y (Hrmpmn — praHyy) = SngHirpry — SurpreHry = 0.
3

Thus Hrg = Hgp = 0 (L # K) and this diagonality condition requires
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that each Wg is an eigenfunction of H. We thus retrieve the time-
independent Schrodinger equation

HY = Ky (5.67)

as a condition for a stationary state of a pure ensemble.

Apart from its obvious importance in statisticas mechaunics (e.g. ter
Haar, 1954; Mayer 1968) density matrix theory has important impli-
cations in many-particle quantum mechanics (Vol. 3). For further
developments in this field the reader is referred to the literature and
particularly to the review articles (see, for example, ter Haar, 1961;
Fano, 1957; Lowdin, 1955; McWeeny, 1960).
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APPENDIX 1

THE SCHRODINGER EQUATION IN
GENERALIZED COORDINATES

For many purposes it is expedient to replace the Cartesian coordinates
and their associated momenta by ‘“‘generalized coordinates” better
suited to the form of the system; in a system with spherical symmetry,
for example, it would be natural to introduce spherical polar coordinates.
The basic property of the generalized coordinates is that the kinetic
energy may be expressed as a quadratic form in their time derivatives:

T = %tZMikq'iQ'k (Al.1)
o

where the coefficients M, are time-independent funections of position,
depending on choice of coordinate system. The corresponding generaliz-
ed momenta, pi, ps2, . - ., Py are then defined by

oT

Thus in the Cartesian case
3
T = %mtz 42 (g5 = 2,4, 2; Myx = md)
<1
and it follows at once that p; = md;.
In Chapter 1, quantum mechanical operators were associated with

the momenta and the kinetic energy, expressed in Cartesian coordinates,
according to

®|§Q

]
PP = o (AL.3)

H@i...qup1...p0) —>H@1...2P1---Pa) (Al.4)

We now wish to make this association in such a way that it can be
carried over at once from one coordinate system to another. This is
accomplished most elegantly and generally by tensor methods; here we
simply explain the principies involved. 7' is an invariant, having the
same- value for a given dynamical situation, irrespective of the co-

131
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ordinate system used. The ¢;, however, transform in a characteristic
way when the coordinates are changed, for ¢; = 9;(¢q1,92, - . - ¢») implies

dgi =), (gq—i>dqj (A1.5)
7\

and the infinitesimals (and consequently the ¢;) are then said to be
“contravariant components of a tensor of rank 1”. In order that T
shall be invariant, the coefficients M in (Al.1) must transform in a
“reciprocal” fashion; they are ‘“‘covariant components of a tensor of
rank 2”. Similarly, the momentum components defined by (Al.2)
transform like covariant components of rank 1; and so do the associated
operators defined in (A1.3). The association (A1.3) is therefore indepen-
dent of the coordinate system employed ; the operators and the momenta
with which they are associated follow the same transformation law and,
if (A1.3) is valid in a Cartesian system, it will be valid always.

The operator associated with 7', however, is more difficult since (A1.1)
as it stands does not contain the p’s. If we use a Cartesian system, we
can, of course, obtain 7' = (1/2m) ) ;p:2; but if p; is then interpreted
according to (A1.3) the resultant operator will be valid only for Cartesian
systems and will not remain invariant on changing to a more general
system. What we need is a general expression for 7' in terms of the p’s
which, on making the substitution (Al.3), will give an invariant
differential operator T. This must reduce to the usual sum of second
derivatives in the Cartesian case, but must remain valid on introducing
any other coordinates §; = ¢:(¢1, ¢2, - - - qn).

The required expression for 7' is found to be

T = pi(V G Mik)p (A1.6)
ek
where, using M for the matrix of coefficients My,
G =det M, M* = (M-1). (A1.7)

Consequently, M*¥ is the cofactor of M;y in G, divided by the deter-
minant itself. On using the invariant form (Al.6), a corresponding
operator T may be set up by the standard association (A1.3). The
Schridinger equation then becomes

HY = (VG Mk a:')+ VY = EY (A1.8)

2V G Z % 0q1
which is completely general.

If we consider the special case of a one-particle system, we may infer
from (A1.8) the most general form of the operator V2 in an arbitrary
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coordinate system. More directly, however, we start from the expression
for the square of the distance between two points in the general form
(cf. Al.1)

ds? = iz mixdgidq. (Al.9)
'k

This is the basic invariant, whose form in any given coordinate system
is obtained by purely geometrical considerations. The invariant
expression for V2 takes the special form Y ,(0/0x) (9/0z;) in a Cartesian
system, but the operators (like the p;) transform covariantly under
change of coordinates and the general form becomes (cf. A1.6)

1 0 - i,
V2 = ¥ —( Vg mik —> Al.10
Vg iXI:c 0q4 ( 9 0qx ( )
where, using m for the matrix of coefficients in the invariant (A1.9),
g =detm, mi¥ = (m~1);; (A1.11)

as in (A1.8). The essential difference between the forms occurring in
(A1.8) and (A1.10) is that the latter depends only on geometry of the
system while the former includes particle masses.

Finally, it must be noted that in integrations over all space the
volume element, whose form is immediate in a Cartesian system, must
also be written in such a way as to ensure invariance of the integrand.
The appropriate element for volume integration turns out to be

dq =Vygdqdgs...dg, (A1.12)

where g is the determinant introduced in (A1.11).

There is one very important three-dimensional case of the above
results; this occurs when the volume element, bounded by neighbouring
coordinate surfaces on which ¢i, ¢s and ¢s, respectively, are constant,
is rectangular (Fig. Al.1). If we suppose the surfaces corresponding to

Surface for
q>q,+ da,

Surface

q9= const. .

Point (ql,qz,qs)

F1e. Al.1. Volume element in orthogonal curvilinear coordinates. The
element is rectangular, opposite faces corresponding to change dg; in one
of the variables (other variables held constant). See also Fig. A2.1.
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values ¢; and ¢;+dg; (other ¢’s constant) are separated by a distance
hidgq;, then the basic form (A1.9) becomes

ds? = hlqu12+h22dq22+h32dq32 (A113)

and all results are expressible in terms of the three scale factors h, ho,
h3. The matrix m has diagonal elements (all positive) my = h;2; the
determinant ¢ is g = h;2hs2h32 and the coefficients mt easily follow
as mt = 1/h;2. The volume element and the Laplacian (A1.10) then
take the forms

dq = hihohsdqidgadyqs, (Al.14)
1 0 (hihohs 6)

V2 o= e ¥ —
Fihhs & aqi( R og,
The special form (A1.15) is more widely useful than (A1.10) or (A1.8),
which are required in relatively few applications (see, for example,
Wilson, Decius and Cross, 1955, Ch. 4). A derivation of (A1.10) may be
found in the book by Margenau and Murphy (1943), Section 5.17.

(A1.15)
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APPENDIX 2

SEPARATION OF
PARTIAL DIFFERENTIAL EQUATIONS

THE Schrodinger equation is a partial differential equation, and when
solutions can be obtained in closed form it is normally a result of
separating the variables. Separability depends on the use of a suitable
coordinate system; the only choices for which separation of the
Schridinger equation has proved possible are the eleven possible
orthogonal coordinate systems (Eisenhart, 1934) in which V2 takes the
form (A1.15). Here we give one example to illustrate the separation
technique, before stating the general criteria for separability.

ExamrpLE. Cylindrical coordinates. Let us consider the Schrodinger equation for
an electron moving in a potential field, of axial symmetry, constant in the z
direction in the region between infinite walls at z = 0, d. V 1s thus a function of
distance from the axis (p, say):

V(r)y = F(p) (0 <2z < d), = o (otherwise).

It seems natural to adopt p, 8 and z as coordinates; and in this case the volume
element (Fig. A2.1) has sides of length

dp, pdf, dz.

The scale factors are thus Ay = hs = 1, b3 = p. On inserting these values in
(A1.15) the Schrédinger equation with the assumed potential energy function
takes the form

kg 1 [0 o¢ 9 [log¢ a ¢
—271-;[3;(/)-6—/;)+a—9(;%)+5;(/’5)]+F(p)¢=E¢.

In a solution of separated form, ¢ will contain a factor depending only on one
of the three variables, satistfying an ordinary differential equation in this variable
alone. As we noted in section 2.1 such an equation will arise if, possibly after
multiplication by some suitable factor, some terms of the partial differential
equation become independent of all coordinates but one—this one coordinate
not appearing elsewhere.

Let us try to find a solution of the form

¢(p, 0, 2) = u(l), 0)v(z).
135
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On inserting this form we obtain

he v 0 ou 13 6210 020 » .
T 2m ;ap p'a—'p +p2392+u322 +F(p)p = E¢

and 1t 1s clear that separation is achieved on dividing by ¢(=ww); for then

ht (1 @ 0 1 2% 7 fi2 1 o2 u
T 2m \pu dp p@p +p2u 002 +F(p)+ T 2mouw ae?| T
The term in square brackets depends only on 2z, which does not appear elsewhere,
and (by the argument of p. 24) may be equated to a constant (E,, say). The

other terms on the left may likewise be equated to a constant E,g, such that
E = E,5+ E,. This procedure gives

(0%]022) = — (2mfli2)E v

S el Pee
dz
dp 2
z
//,
P\:U
]

Frc. A2.1. Cylindrical coordinates. The volume element is rectangular,
with sides of length dp, pd8, dz.
to determine the v factor in the wave function. The general solution
v(z) = A exp (iz/(2mE,)/h) + B exp (—1izv/2mE,)/[h)

satisfies the boundary conditions ¢ = 0 for z = 0, d when B = —4 and
sin (dv/(2mE,)/k) = 0. The appropriate v-factor is thus

viz) = sin (nnz/d),

where 7 is an integral quantum number, restricting the separation constant to
the values

E, = n2p2h2/2md2,
There remains an equation in fwo variables for the remaining factor u{p, 6).

It is left as an exercise for the reader to show that the u-equation may be
separated by a second application of the method.
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The above Example suggests that separation of the Schrodinger
equation will be possible only when the scale factors depend upon the
coordinates in a simple way; the most general dependence admissible
isin fact

kohsfh1 = f1(q1)F1(q2, 93), ete., (A2.1)

where the other two relations follow by cyclic permutation of subscripts

1, 2, 3: If we insert (A2.1) and (A1.15) in the Schrodinger equation
(1.24), and postulate a completely separated form

$(q1, 92: 93) = Q1(91)Q2(¢2)Q3(g3); (A2.2)

the equation becomes, on dividing throughout by ¢,

{ 102.95) 9 1, 4,)0,(q1+ 229890 211 001000q0]

01(q1) 0q1 Q2(g2) 0gz
Tola1 99 911 0)0s(ga{+ Vian, g0, a0) = B (A2.3)
Qa(gs) ogs " ° 31slga) b . .

The condition for separability may be stated as follows : Equation (A2.3)
can be separated if we can find a multiplying factor which will make at
least one term depend on one coordinate only, this coordinate not appearing
elsewhere. Suppose, for example, we can find such a function ¢1(g3, ¢3)
which on multiplication reduces (A2.3) to the form

2
_:—m{Gﬁ(h) .3%-1 [f1(q1)@1(q1)]1 +G2(q2; g3] %2 [f2(q2)@2(q2)]

+@G3(q2, 93) %3— [fa(Q3)Q3(43)]}+ Ui(g1) + Ua(ge, 93) = Egi(ge, g3).

(A2.4)
Then the term

A2 o d U
—5 I(ql)ész1(41)Q1(41)]+ 1(q1)

depends only on the coordinate ¢1, which appears nowhere else in the
equation. Consequently this term must be a constant, a separation
constant, and the resultant ¢; equation may be solved as an ordinary
differential equation. We have already observed that such an eqiiation
may possess satisfactory solutions (e.g. quadratically integrable, or
satisfying given boundary conditions) only for certain special values of
the constant. When such a value is inserted back in (A2.4) there
remains an equation in fwo variables (g2, ¢3) and we may attempt to
separate this equation in its turn in a precisely similar way.
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Other examples of the separation technique occur elsewhere (e.g. Chap.
2 of Vol. 2). Here we only stress that the possibility of separation
depends on the nature of the potential function and the forms of any
boundaries there may be. If each equipotential surface or boundary is
specified by constancy of a certain coordinate, for example ¢; (with
values of g2, ¢3 defining all points on the surface g1 = constant), then
this particular choice of coordinates will facilitate separation. Thus, in
the example opening this Appendix, the equipotentials were cylindrical,
V depending only on the axial distance (p) within a region bounded by
planes at z = 0, d; thus p (= ¢q1) and z (= ¢3) were dictated by the
geometry of the system, the third coordinate (g2 = ) then giving the
required rectangular volume element.
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APPENDIX 3

SERIES SOLUTION OF SECOND-ORDER
DIFFERENTIAL EQUATIONS

THE differential equations encountered in Chapters 2 and 3, and in
many other applications of quantum mechanics, are of the form

a%
dz?

and, since closed-form solutions are rarely obtainable, we proceed at
once to solution in series. We suppose that y = ay at some convenient
point x = zo and make a Taylor expansion about this point:

y = f(xo+h) = f(xo)+hf (xo)+ (R2/2)f"(x0)+... (A3.2)

= ag+ay(r—xo)+ag(x—x9)2+. ..

+ P(x )-—+Q(x) (A3.1)

The validity of such an expansion depends on y being single valued,
with all its derivatives existing, at * = x¢: the function y = f(x) is
then said to be analytic at x = xo. Since higher derivatives can be
obtained by further differentiation of (A3.1), the implication is that
P(x) and Q(x) must also be analytic at x = x9. We therefore distinguish
two kinds of point:

If P(x) and Q(x) are analytic at the point x = x,

this point is an ordinary potnt of the differential
equation (A3.1); otherwise it is a singular point. The (A3.3)
second. and higher derivatives are determinate at an
ordinary point but not at a singular point.

A series solution of the form (A3.2) can always be obtained about an
ordinary point. We give one illustration:
ExampLE 1. Consider (d2y/dx2)+2y = 0 (which has no solution in terms of

elementary functions). Clearly x = 0 is an ordinary point, and dzy/dac2 is
determinate (= 0), so an expansion (A3.2) is valid.

Thus we obtain
(d%y/dz3) = —=(dy/dx)—y,

(d¥y/dxt) = —a(d%y/dx?)— 2(dy/dz),
etc.

139
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If we suppose y = yo and (dy/dz) = yo’ at x = x¢ we then have (d2y/dz2)s = 0,
(d3y/dx3)y = —yo, (d¥y/dzd)e = — 2y, ete., and obtain the Taylor series

dy 1 d2y
= Y — -2 [ ——
Yy =Yootz (dx)0+2!x (dx2)0+
in the explicit form

1 23 4a , 2z¢ 10x7
Y = Yo —§i+_6-!_—." +y0 x—‘z'!'+‘—7! -}

This is in fact a general solution since yo and yo’ may be regarded as arbitrary
constants (the full number for a second-order equation).

Instead of using the Taylor expansion directly, as in the above
Example, it is often easier simply to insert the form {A3.2) into (A3.1)
and then determine the coefficients ao, a1, as, . . . by equating to zero
the coefficient of each power of z. In this way it is sometimes possible
to obtain a general relationship between successive coefficients from
which the infinite series is easily generated. The last example may be
treated in this way :

ExampLE 2. On substituting y = ao+ai12+a222+... into the differential
equation (d2y/dx2)+axy = 0 we obtain 2a,+x(ao+3.2a3) +x2(a1+4.3a4) +
z3(az2+5.4a5) +. .. = 0. Equating to zero the coefficient of each power of z we
see that a¢ and a1 are undetermined but that az = 0 and subsequent coefficients
are related in the following way:

an—3+n(n—1)ay, = 0.
Hence we obtain

az = —ap/3.2, ag = —as/6.5 = 4ao/6!, etc.,
and
as = —a1/4.3, ay = —ag/7.6 = 10a1/7!, etc.

There ave thus two distinct sets of coefficients and we obtain at once the two
infinite series derived in Example 1.

The method illustrated in Example 2 is essentially the standard
technique by which we may obtain solutions of thé equations which
define all the “special functions” of mathematical physics. The equation
which relates the coefficients in the series solutions is called a recurrence
relation. Modifications of this approach are frequently necessary, mainly
for two reasons: (i} the recurrence relation may connect several co-
efficients and be too unwieldy to use, or (ii) it may be desirable to expand
about a point which is not an ordinary point. We now examine briefly
some of the equations and eigenfunction sets of special importance in
quantum mechanics, illustrating further points as they arise.
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(i) Hermite’s equation
The harmonic oscillator equation (p. 27) is of the form (putting.a = 1)
d2y
- —2)y =
dxz-l-(ﬂ~ 22y =0 (A3.4)
and provides an example in which the simple series solution leads to a
recurrence relation connecting three consecutive coefficients. In such
cases it is often possible to obtain a simpler equation by the substitution

y(x) = flz)u(z) (A3.5)

where f(x) is to be chosen 80 as to yield a simpler equation for u(x). Two
common choices are (a) to put f(x) = a¥ (v to be determined), and
{b) to take for f(x) the asymptotic solution in cases where the equation
is soluble for x — 0. The second substitution was used in Section 2.2
and yielded

Hermite’s equation :

d2u du

where we have introduced 2¢ = (4-1).
The series solution of Hermite’s equation is straightforward. The
point x = 0is ordinary, so we look for a solution

[+
m=0
and obtain on substitution

Y amm(m —1)am=2-2 Y apmam+2a Y apx™ = 0. (A3.7)
m=0 m=0

m=0

Terms in 2? are obtained from the first sum when m = p+2, and from
the second and third sums when m = p: together they give a con-
tribution

[@p+2(p +2) (P + 1) — 2app — 20apJc?

and on equating to zero the coefficient of each power of * we obtain the
two-term recurrence relation

2(p—a)
(p+1)(p-1)

Reference to (A3.7) shows, however, that there are terms (from the first
sum only) in -2 and 21, which vanish because of the factor m(m — 1)

Ap+2 = ap (p > 0). (A3.8)
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without fixing ag and a;. We therefore obtain two distinct series
solutions, their sum being the general solution (two arbitrary constants)

v = a0[1_2ax2+ 22a(a—2) x4 23a(x—2) (oc—4)x6+‘ . ]

2! 41 6!

Uou— 13 22(q— — 3)y5
+a1[x— (oc3!1)x N (o- 1)5(!05 3)x _]

(A3.9)

In Section 2.2 it was stated that the solutions became infinite for
x — +00 more rapidly than the asymptotic solution f(x) = e~i**
except for certain special choices of the parameter (4 = 1+ 2«): the
acceptable solutions (y = fu) of (A3.4) are now seen to occur when one
or other of the above series terminates, so that u(x) becomes a finite
polynomial. If « is an even positive integer, n say, the first series
terminates and becomes a polynomial of degree 7 ; similarly, the second
series gives a polynomial of odd degree when « is an odd positive
integer. These special solutions are the Hermsite polynomials.

It is customary to “normalize’” the polynomials so that the term of
highest degree is (22)%. We may then use (A3.6) the other way round,
(putting « = n and replacing p by ¢ —2),

—q(q-1)

to obtain a descending series, valid for n either even or odd. This is the
standard solution

n(n—1)(n—2)(n-3)

Hy(x) = (2x)r—n(n—1)(2z)"~2+ =

(2z)n—4—. ..

(A3.10)

The corresponding particular solution of the original equation (A3.4)
occurs when A = 2n+ 1 andis

Yn(x) = Hp(x)e ¥ (A3.11)
and yg(x) — 0 for £ — + 0. This is the Hermite function of order n.
(ii) Legendre’s equation

In the central field problem, introduced in Section 2.3 and dealt
with more fully in Vol. 2, Chapter 2, we meet an equation

d2y dy
—g?) =2 9y L =
(1—x )dx2 2% dx+,1y 0. (A3.12)

This is Legendre’s equation. Since it originates from a change of variables,
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with x = cos 0, we are interested mainly in solutions defined in the
interval (~ 1, +1): singularities thus occur at the end points, for if the
equation were written in the form (A3.1) the functions P(x) and Q(x)
would not be analytic at x = +1. Nevertheless, it is safe to develop
the solution about = 0 which is an ordinary point.

The procedure followed in dealing with Hermite’s equation here yields
a recurrence relation

pp+1)—2
Gp+2 P+ (P12 ap. (A3.13)

As in (A3.9), ap and a; are indeterminate and, putting —1 = 1, a
solution is obtained in the form

) 2.34+1
Yy = a0[1+ §!x+(—-T)x2+. . ]

1. 3 .
+a1[x+( 2:—2)90 +Z(3;'+I)x5+...].

(A3.14)

‘'The two series represent distincet solutions (odd and even), their sum
being the general solution. The recurrence relation shows that if
A = l(l+1) where ! is any positive integer then all coefficients beyond
a; will vanish and one of the series terminates: the series that ter-
minates, when conventionally normalized, is the Legendre polynomial
P;(x)

A descending series, valid for I odd or even, is obtained as for the
Hermite polynomials. The usual normalization is then obtained on
taking a; = (21)!/2(1!)2 which ensures that Py(1) = 1 (all I). The
standard polynomial, determined in this way, is thus

(20! =1 ., W-1)(-2)(=8)
2’(11)2[961”2(2-1)””1 - n@-9 © 4‘-'-]-

Py(x) =

(A3.15)

This is also valid as the “first solution” of Legendre’s equation even
when |z| > 1, but further developments are not required in this book.

(iii) Legendre’s associated equation
The more general equation (Chap. 2 of Vol. 2), of which (A3.12) is a
special case, has the form

d%y dy m2
—22) e — — — =
(1-22) =3 2xdx+[l(l+l) l—x2]y 0 (A3.16)

where the parameter A has been given its value I(I + 1) with [ a positive
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integer. This is the associated Legendre equation and our main concern
is with solutions in which m is also integral. The equation can be solved
directly by the series method, but it is easier to find a relationship with
the Legendre equation itself—which corresponds to m = 0. Con-
sideration of the solution near the singularities at z = +1 suggests the
substitution

y = (1—-a2)m/2y (A3.17)

and this leads to an equation for »:
d2u du
— 2 — — — — _—
(1-2%) == —2m+ 1) —+(@-m)(l+m+1ju = 0. (A3.18)

This resembles the equation satisfied by P;(x), namely

-9 20t TP - 0.

If we differentiate this latter equation m times and collect the terms
we obtain, in fact

(l_xz);i_z(‘flxi’) 2(m +l)x<de)+(l m)(l+m+l)( P’)

and therefore u = dmP;/dx™ is a solution of (A3.18). From (A3.17) it
follows that the associated Legendre equation has a solution

dmPy(x)

xm

Ppn(x) = (1—-x2)m/2 (A3.19)
The result is, of course, for / and m positive integers, a polynomial of
degree I which may be obtained from (A3.15) if desired.

(iv) Laguerre’s equation

The differential equation for the radial factor in the hydrogen atom
wave functions (Chap. 2 of Vol. 2) is obtained by finding first the
asymptotic solution for » — co and then making a substitution of the
form (A3.5). The reduced equation takes its simplest form for spherically
symmetrical functions, namely,

dy
T e

This is Laguerre’s equation and the solutions of interest in quantum
mechanics are L,(x) where « is a positive integer: they are the Laguerre
polynomials.

If the equation (A3.20) were written in the standard form (A3.1) the
function P(x) would be singular at = 0 and the series method of

—+(1- x) +ocy = 0. (A3.20)
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solution as used so far would break down, (d2y/dx2) being indeterminate
at this point. It is possible to obtain a solution, however, by a simple
extension of the method. In general, if an equation can be written in
the form (cf. A3.1)

d2 d
(@ —a)2 %-Z +(z—a)P(z) Eng Q)y = 0 (A3.21)

it is said to possess a regular singularity at x = a, whichis called a
reqular point. It can then be shown that there exists a solution in the
form -

Yy = aox—a)+ai(x—a)ti+.. . a(x—a)t"+... (A3.22)

where the value of ! is determinate on substituting this series and
equating coefficients of all powers to zero in the usual way: the equation
determining ! is called the indicial equation.

The Laguerre equation is seen to have a regular singularity at
x = 0:accordingly we look for a solution

y = Y ao+ax+agx+...) (A3.23)

and readily obtain, on equating to zero the coefficient of the lowest
power of z, the indicial equation {2 = 0. The simple series, starting with
the constant term, is therefore valid in this case in spite of the
singularity. The recurrence relation connecting the coefficients is
p—a

Opt] = smeemne— @ A3.24
and this leads at once to the series solution. The series terminates when
o = n, a positive integer, and the Laguerre polynomial is defined so
that the coefficient of x%is ( — 1)%. The result, as a descending series, is

2 2(n —1)2
La(@) = (—1)n[xn—’-;—lxn—1+’-’—(72‘!——)— e ] (A3.25)

which is the polynomial solution of (A3.20) for the case & = n. Angle-
independent solutions of (2.20) take the form e~*/# L,(2r/n).

(v) Laguerre’s associated equation

In determining the general hydrogen-atom wave functions, there
appears a generalization of (A3.20), namely

d2 d;
w;,-;ZH“ﬁ"“)JZ*‘“"”y =0 (43.26)

which is known as the associated Laguerre equation. This equation is
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related to (A3.20), when a(= n) and f(= m) are positive integers with
m < n, as may be verified by differentiating the latter m times: it is
then apparent that the (n — m)th degree polynomial

dm
Lym™{(x) = an(x) (A3.27)

is a solution of (A3.26) with « = n, f = m. L(z) is the associated
Laguerre polynomial.

A more detailed discussion of the functions of Hermite, Legendre and
Laguerre may be found in the book by Sneddon (1956).
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APPENDIX 4

PROJECTION OPERATORS AND NORMAL FORMS

IN ELEMENTARY vector algebra it is sometimes convenient (e.g. Morse
and Feshbach, 1953) to introduce ‘‘dyads’” which provide a symbolic
representation of certain operators. Thus e;e;, in which no scalar pro-
duct is implied, denotes the operator which when applied to a vector r
has the effect
(eiej)r = ei(e;- 1),

i.e. the right-hand factor of the dyad is combined with the operand to
form a scalar product: the result is thus a scalar multiple of the first
vector in the dyad. The dyads e;e; are particularly important because
they describe projection operators. Thus, assuming as usual an ortho-
normal basis, we obtain from an arbitrary vectorr = rje;+rgeq+rgeg

(e1e1)r = exf(rie1- e1)+(rze1 - e2)+(rse1- es)] = rier. (A4.1)

The operator (eie;) annihilates all components of r except that in the
direction e;, which it leaves unchanged : thus it produces the projection
of r along the e; axis.

In a Hermitian vector space similar considerations apply, except that
e;e; is replaced by e;e;*} or in a function space by ®;®;*. Here we use
the symbolic notation of an earlier section (p. 57). Thus if

Y =c¢1P1+4+co®2+.. . +cp®r+. ..

is an arbitrary element of the space, and we assume orthonormality of
the set {®;}, the operator ®;®;* is interpreted as in (A4.1):

(D@*)¥ = Osfc1(D*D1) +ca(Pi*@2) +. . . cx(P*Pp)+. . .] = ¢4
(Ad.2)

—since every scalar product ®;*®; = (®@;|®x) vanishes except that
with & = ¢. Consequently (®;®;*), interpreted in this way, picks out
the ith component of an arbitrary vector ¥.

Now let us consider a general operator R formed as a linear combina-
tion of dyads ®;®;* with numerical coefficients:

R = :%Mkl((bk(bz*). (A4.3)

}Note that the star must be on the right, otherwise & scalar product would be implied.
147
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With R we may associate a matrix in the usual way, its elements being
determined by

Ry = <(Dz|Rl(Dj>
= O* Y M (DD *)Dy
Kl

= Y M (D) (Dr*Dy)
ki

= My

Thus any operator R may be expressed in “dyadic form”, the coefficients
in (A4.3) being its matrix elements in the usual sense:

R = ZRij(Di(Dj*. (A4.4)
i

It should be noted that such considerations apply with an orthonormal
basis but need modification otherwise.

Suppose now we take an operator such as H in (3.70) and choose its
eigenfunctions as the basis vectors of the representation space. Then,
from (3.75), it follows that the dyadic form of H is

H = ;EK(‘PK‘PK*) = ZEKPK (A4.5)
k

where we have used Px to denote the projection operator onto the Kth

basis function. This representation of an operator, in terms of its

eigenvalues and the projection operators onto its eigenvectors, is

referred to as a “‘normal form”; this form plays an important part in

the rigorous formulation of quantum mechanics, particularly in the

extension to operators with a continuous spectrum (von Neumann, 1955).
The basic properties of projection operators are

(@) Pg%? =Pg
(b) PgPr = PrPg =0 (K # L), (A4.6)
(C) ;PK =1

where (a) is described as “idempotency”. In (b) and (c), 0 and 1 are
interpreted as zero and unit operators (i.e. annihilating a function or
leaving it unchanged). Thus (b) means that successive projection of a
vector onto two orthogonal axes leaves nothing. On the other hand,
(c) means that projection onto all axes, followed by recombination,
restores the original vector—a result referred to as ‘“resolution of the
identity”. .

An immediate application of the projection operators is to the
definition of a function of an operator : thus
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H2 = (Y ExPx)(}, ELPr)= Y, Ex?Px,
K L K

which clearly extends to all powers of H, suggests the definition
f(H) = Y f(Ex)Pk. (A4.7)
K

f(H) is thus the operator whose eigenvalues are the same function of
the eigenvalues of H.

It is not difficult to translate the above considerations into matrix
form, using an arbitrary orthonormal basis. With the eigenvectors
¥, ¥, ... ¥k, ... we then associate columns ¢y, Cg, . . . Cg, . . . while
with the projection operator Px we associate the square matrix (column-
row product)

PK = (3}(0}(T (A4.8)

whose ij-element is Pgy; = cricks*. The effect of Px on a column c,
representing an arbitrary vector, is to yield a multiple of cx. The
matriz H, associated with H, is then expressed in a normal form
resembling (A4.5):

H= ZEKCKC}{f = ZEKPK. (A4.9)
K K

As usual, there is a complete parallel between the operator and the
matrix forms, extending for example to the properties (A4.6) provided
that 0 and 1 are interpreted as zero and unit matrices.

Projection onto a many-dimensional subspace may be defined
analogously in terms of a sum: thus P = P14+P2+. .. Pz annihilates all
components of an arbitrary vector except those referring to the first L

basis functions ¥, ¥s, . . . ¥r. If we use T to denote the matrix whose
L columns are ¢1, Cg, . . . €L, it is clear that l
P = cicit+coce' +. . . crert = TTH. (A4.10)

This matrix also possesses the idempoteney property P2 = P (cf.
A4.6a). The remaining functions {¥;(J > L)} also define a subspace,
the orthogonal complement of that defined by the projection operator
" P. It has a complementary projection operator (1—P) and an arbitrary
function may then be resolved into parts lying inside and outside a

given subspace:
Y =P¥+(1-P)¥ = ¥+ V. (A4.11)

Clearly P and 1—P are orthogonal operators in the sense P(1—-P) =
P—P2 = 0 (cf. (A4.6b)), whilst their sum provides a resolution of the
identity (cf. (A4.6¢)).

The use of projection operators gives a convenient method of discuss-
ing the effects of truncation in complete set expansions. Again it must
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be stressed that the complete equivalence of operator and matrix
equations applies only in the limit of completeness (n — o) and is
subject to convergence considerations. In any finite formulation the
matrix procedures may be used freely: but any conclusions then refer
not to the original operator R (infinite summations in (A4.4)) but to
its projection R on the given subspace (defined by truncating the
summations in (A4.11)). This simply means, for example, that the
eigenvalues and eigenvectors arising from a finife matrix representation
of the operator equation HY = E¥ are not solutions of the actual
Schrodinger equation but rather of its “projection within a subspace”.
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