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Preface

This collection of quantum mechanics problems has grown out of many years of
teaching the subject to undergraduate and graduate students. It is addressed to both
student and teacher and is intended to be used as an auxiliary tool in class or in self-
study. The emphasis is on stressing the principles, physical concepts and methods
rather than supplying information for immediate use. The problems have been
designed primarily for their educational value but they are also used to point out
certain properties and concepts worthy of interest; an additional aim is to condition
the student to the atmosphere of change that will be encountered in the course
of a career. They are usually long and consist of a number of related questions
around a central theme. Solutions are presented in sufficient detail to enable the
reader to follow every step. The degree of difficulty presented by the problems
varies. This approach requires an investment of time, effort and concentration by
the student and aims at making him or her fit to deal with analogous problems
in different situations. Although problems and exercises are without exception
useful, a collection of solved problems can be truly advantageous to the prospective
student only if it is treated as a learning tool towards mastering ways of thinking
and techniques to be used in addressing new problems rather than a solutions
manual. The problems cover most of the subjects that are traditionally covered in
undergraduate and graduate courses. In addition to this, the collection includes a
number of problems corresponding to recent developments as well as topics that
are normally encountered at a more advanced level.

vii






1

Wave functions

Problem 1.1 Consider a particle and two normalized energy eigenfunctions v (X)
and ¥,(X) corresponding to the eigenvalues E; # E;. Assume that the eigenfunc-
tions vanish outside the two non-overlapping regions €2; and €2, respectively.

(a) Show that, if the particle is initially in region €2; then it will stay there forever.
(b) If, initially, the particle is in the state with wave function

V(X 0) = 5 [Y1(X) + ¥2(x)]

show that the probability density |1/(X, t)|? is independent of time.

(c) Now assume that the two regions 2; and €2, overlap partially. Starting with the initial
wave function of case (b), show that the probability density is a periodic function of
time.

(d) Starting with the same initial wave function and assuming that the two eigenfunctions
are real and isotropic, take the two partially overlapping regions €2; and €2, to be
two concentric spheres of radii R; > R,. Compute the probability current that flows
through ;.

Solution

(a) Clearly y(x,t) = el Et/hwl(x) implies that |y (X, t)|> = |¥(X)|?, which
vanishes outside £2; at all times.

(b) If the two regions do not overlap, we have

Y1) P, (X) =0
everywhere and, therefore,
[y (%, OIF = 5[1¥1001> + [¥2001°]

which is time independent.



2 Problems and Solutions in Quantum Mechanics

(c) If the two regions overlap, the probability density will be

[, D12 = 1 [[v1001 + [ (017]
+ [ Y1) [$2(X)] cos[@1(X) — P2(X) — wt]
where we have set | , = |1ﬁ1,2|ei‘75'~2 and E; — E; = hw. This is clearly a periodic

function of time with period T = 27 /w.
(d) The current density is easily computed to be

n
J = fﬁ sinwt [Y5(Ni(r) — ¥i(r)ya(r)]

and vanishes at R}, since one or the other eigenfunction vanishes at that point. This
can be seen through the continuity equation in the following alternative way:

d 0
lo, = —Pay :/sm)ds'J: ) dBxv.J =— ) d3xa|w<x,t)|2
1 1 1

=wsinwt [ d>X ¥ (H)Ya(r)
Q

The last integral vanishes because of the orthogonality of the eigenfunctions.

Problem 1.2 Consider the one-dimensional normalized wave functions yy(X),
Yr1(X) with the properties

* dlﬂo
Yo(—X) = Yo(X) = ¥5(X), Yi(X) = Nd—x

Consider also the linear combination
Y(X) = C1Yo(X) + Y1 (X)
with |c;]? + |C2|? = 1. The constants N, ¢;, C, are considered as known.

(a) Show that ¥y and v are orthogonal and that 1(X) is normalized.

(b) Compute the expectation values of X and p in the states ¥, ¥ and ¥.

(c) Compute the expectation value of the kinetic energy T in the state 1y and demonstrate
that

(Yol T21%0) = (Yol Tvo) (¥ T 1)
and that

WnlTlyn) = WITIY) = (Yol T o)
(d) Show that

h2
(Yol X*[Wo) (V1| p*1¥r1) > T

(e) Calculate the matrix element of the commutator [X?, p*] in the state .
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Solution
(a) We have

d
(Yoly) = fdxwo dO—N/d Yo ‘”0

dy2 N o
=5 [ xS =5 o) =

The normalization of ¥ (X) follows immediately from this and from the fact that
lci)? + e = 1.

(b) On the one hand the expectation value (|X|1) vanishes because the inte-
grand Xxpg(x) is odd. On the other hand, the momentum expectation value in this
state is

(Yol plYo) = —ih / dX Yo (X)¥(X)
= [ xva00w00 = =l = 0
=N 0 1) = = Wolvi) =
as we proved in the solution to (a). Similarly, owing to the oddness of the integrand

lez(x), the expectation value (i1|X|1{1) vanishes. The momentum expectation
value is

. .. N
(Wllpllﬁl):—lh/ dx iy =—|h—*/ dx Y1)

N dyf .
2N*/dXW__ 2N*{‘”1}

(c) The expectation value of the kinetic energy squared in the state ¥ is

= —ih

h4
(ol T?|ro) = fdxw vy = —m/ dx Yoy’

2m|N|2<w1| Y1)

Note however that

h? h?
(Yol T o) = —%/ dx Yoy = %/ dx Yo

2 2
2m|N|2<K/f1|¢1) 2mINE

Therefore, we have

(Yol T?[v0) = (Yol T1vo) (Y| T ly)
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Consider now the Schwartz inequality

|(Wol¥2)* < (Wolo) (Yaly) = (alth2)

where, by definition,

h2
X) = —— (X
V2(X) m Yo
The right-hand side can be written as

(Y2lv¥2) = (ol T?I9o) = (ol TIvo) (¥ [T ly)

Thus, the above Schwartz inequality reduces to

(Yol Tlvo) = (YT )

In order to prove the desired inequality let us consider the expectation value of
the kinetic energy in the state 1. It is

WITIY) = [C1 (ol TWo) + 1 (Y| T 1¥1)

The off-diagonal terms have vanished due to oddness. The right-hand side of this
expression, owing to the inequality proved above, will obviously be smaller than

(I TV + (G (Wl Tlyn) = (Yl Tly)

Analogously, the same right-hand side will be larger than

IC1 1 (Yol T o) + IS * (Yol Tlvo) = (Yol T1¥o)

Thus, finally, we end up with the double inequality

(Yol Tlo) < (YITIY) = (Yol T|¥o)

(d) Since the expectation values of position and momentum vanish in the states
Yo and v, the corresponding uncertainties will be just the expectation values of
the squared operators, namely

(AX) = (WolXP1Y0), (AP = (Yol P*[Wo), (AP = (Y| PPly)

We now have
2

2 2 2 2 _ 2 2 h_
(YolX"|¥o0) (Y1l P71¥1) = (YolX o) (Yol P™ o) = (AX)p(AP)y = 2

as required.
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(e) Finally, it is straightforward to calculate the matrix element value of the
commutator [X>, p*]in the state . It is

WX, pHIY) = 2ihyI(xp + p)ly) = 2ih (¥ [Xply) + (¥ Ixpl¥)*)

which, apart from an imaginary coefficient, is just the real part of the term
(wixpl) = =in [ dpxy
=l [ sy~ inlesP [ axwix

where the mixed terms have vanished because the operator has odd parity. Note
however that this is a purely imaginary number. Thus, its real part will vanish and so

(WIx* p*lly) =0

Problem 1.3 Consider a system with a real Hamiltonian that occupies a state
having a real wave function both at time t = 0 and at a later time t = t;. Thus, we
have

U (X, 0) = ¥ (X, 0), YHX, 1) =YX, t)
Show that the system is periodic, namely, that there exists a time T for which
v =YX t+T)

In addition, show that for such a system the eigenvalues of the energy have to be
integer multiples of 27h/T.

Solution

If we consider the complex conjugate of the evolution equation of the wave
function for time t;, we get

) ="My 0 = yxt)=e""Myx, 0
The inverse evolution equation reads
Y(x,0) ="My (x, ) = ey (x, 0)
Also, owing to reality,
Y(x,0) = e MMy (x, 0)
Thus, for any time t we can write
Y(x, t) = e My (x, 0) = e tHMe My (x 0) = yr(x, t + 2t))

It is, therefore, clear that the system is periodic with period T = 2t;.
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Expanding the wave function in energy eigenstates, we obtain

YX, 1) =) Cre ' EMyn(x)

The periodicity of the system immediately implies that the exponentials
exp(—i T E,/h) must be equal to unity. This is only possible if the eigenvalues E,
are integer multiples of 2zh/T.

Problem 1.4 Consider the following superposition of plane waves:

k+8k

2V 8k Jk—sk

where the parameter 6K is assumed to take values much smaller than the wave
number K, i.e.

Y sk(X) = dg e

Sk <« k

(a) Prove that the wave functions vy sk(X) are normalized and orthogonal to each other.
(b) For a free particle compute the expectation value of the momentum and the energy in
such a state.

Solution
(a) The proof of normalization goes as follows:
400 400 k+8k k+38k Q-
dX [P sk ()] = — de dq” e @9
/;oo 4r 5k k k—sk
1 k+3k k+8k
== dg’ dg”é(d’ —q")
28K Jx—sk k—sk
k-+ok
= dg’ Ok + sk — q)O(q" — k + k)
28K Jx—sk
1 k+8k
= — dg' =1
26K Ji—sk a

The proof of orthogonality proceeds similarly (|k — kK'| > 8k 4 8§K’):

+00 k' 43k’

k+8k
dxX ¥y o (X)Yie sie (X /
- l//k,,Sk( )1//k,8k( ) 2«/W o s

k+68k
dqOK +8k'—q)O(q'— K +5k')=0

dq// 5(q/ _ q//)

ZW./k

since there is no overlap between the range over which the theta functions are
defined and the range of integration.
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(b) Proceeding in a straightforward fashion, we have

+oo k+8k k+sk )
d da’ 7|qx —iho iq”x
(p) = —4n8k X/k - q e "7 (—1hdye

1 k+3k k+8k
—_ d / / d " h //8( / _ //)
28K Jy—sk a k—ok a-nded =4

k-+8k
= — dg'hg’ = —[(k + 8k)* — (k — 8k)*] = hk + O(sk
25k Ji st q'hg’ 46k[( + k)™ —( )] + O(8k)
Similarly, we obtain
p2 h2k2
— )= — + Ok
<2m> 5 (8K)

Problem 1.5 Consider a state characterized by a real wave function up to a mul-
tiplicative constant. For simplicity consider motion in one dimension. Convince
yourself that such a wave function should correspond to a bound state by con-
sidering the probability current density. Show that this bound state is character-
ized by vanishing momentum, i.e. (p), = 0. Consider now the state that results
from the multiplication of the above wave function by an exponential factor, i.e.
x(X) = €PNy (x). Show that this state has momentum py. Study all the above
in the momentum representation. Show that the corresponding momentum wave
function jy(p) is translated in momentum, i.e. ¥ (p) = 17/(p — Po)-

Solution

The probability current density of such a wave function vanishes:

= S VY = Y]

The vanishing of the probability current agrees with the interpretation of such a
state as bound.
The momentum expectation value of such a state is

~+00
(Wiply) = —ih / dx ¥ (Y (%)
ih

B +o0 d ,  ih_, B
_—E N dx &K// (X)—_E[v/ 0]t00 =

The wave function y(X) = g Pox/ hw(x), however, has momentum

(xIplx) = —ih / dx & PNy () [N ()]

+00 i
_ _inf dx ¥ (x) [,';pW(x) + w’m} = (Phy + Po = P

The wave function has been assumed to be normalized.
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The momentum wave function is

dx : dx ~
Ly’ ) — / e_lpx/h X) — / e'(p_po)x/h X) — ( —
x(p N x( Nz v ( (P — Po)
Problem 1.6 The propagator of a particle is defined as
K(x, X't = to) = (x|e™ "R/ x’)
and corresponds to the probability amplitude for finding the particle at X at time t
if initially (at time to) it is at X'.

(a) Show that, when the system (i.e. the Hamiltonian) is invariant in space translations'
X — X + «, as for example in the case of a free particle, the propagator has the property

KX, x5t —tg) = KX = x5t —1tp)

(b) Show that when the energy eigenfunctions are real, i.e. Yg(X) = Y¥£(X), as for example
in the case of the harmonic oscillator, the propagator has the property

KX, x5t —tg) = KX, x;t —to)

(c) Show that when the energy eigenfunctions are also parity eigenfunctions, i.e. odd or
even functions of the space coordinates, the propagator has the property

KX, X't —1t) = K(=x, =x";t —to)
(d) Finally, show that we always have the property
KX, x';t —t9) = KX, x; =t +1p)

Solution
(a) Space translations are expressed through the action of an operator as follows:

(x|e*PN = (x +
Space-translation invariance holds if
[p. HI=0 =  &*PMHe'*PM=H
which also implies that
a op/Ngit—t)H/hg=iap/h _ o=it—t))H/h
Thus we have

KX, X5t —to) = (X + axle” WM o) = KX+ o, X' + ot — o)

I The operator that can effect a space translation on a state is g ip-a/h

Taylor expansion operator:

, since it acts on any function of X as the

2
2=

Il
=}

(x|g7 PN = gV (x| = (o0 V)" (x| = (X + o]

n
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which clearly implies that the propagator can only be a function of the difference
X —x".

(b) Inserting a complete set of energy eigenstates, we obtain the propagator in
the form

K, X5t —to) = Y yre(e O My (x)
E

Reality of the energy eigenfunctions immediately implies the desired property.
(c) Clearly

K(=x, =Xt —tg) = Y yre(—x)e " WMy (—x)
E

=Y (B ye0e TN (x) = KX, X5t —t)
E

(d) In the same way,

K, X5t —to) = Y pre(e O My (x)
E
= [Z wz(x>e—i“°—“E/“wE(x’)} = K*(x/, X:tg — 1)
E

Problem 1.7 Calculate the propagator of a free particle that moves in three di-
mensions. Show that it is proportional to the exponential of the classical action
S = [ dt L, defined as the integral of the Lagrangian for a free classical particle
starting from the point X at time ty and ending at the point X’ at time t. For a free
particle the Lagrangian coincides with the kinetic energy. Verify also that in the
limit t — ty we have

Ko(x — x5 0) = 8(x — X')

Solution
Inserting the plane-wave energy eigenfunctions of the free particle into the gen-
eral expression, we get

[ P o [ P [eiem
’Co(X X t—1ty) = /(2 )3e| exp I2mh(t ty) |€

d | / |
— 1_[ /—pexp[——(X. X)Ppi — p (t—to)]

i=x,y,2

B mh 3/2 mox — X')2
- [Zni(t - to):| exp[ AT — 1) ]
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The exponent is obviously equal to i /N times the classical action
Xx—x"\* mx-—x’)?
S = /dt——(t—to)— _ Mx=x
t—1t 2(t — to)

In order to consider the limitt — 1y, it is helpful to insert a small imaginary part
into the time variable, according to

t—>t—ie

Then, we can safely take t =ty and consider the limit ¢ — 0. We get

Ko(x —x’,0) = 1i (mh )3/2 [_7m(x—x’)2] =8(x —x')
o e 2me exp 2he =4

For the last step we needed the delta function representation

— T —1/2 4—Xx%/e
8(X) 35%[(671) e /]

Problem 1.8 A particle starts at time ty, with the initial wave function ;(X) =
(X, tp). At alater time t > 1 its state is represented by the wave function ¢(X) =
¥ (X, t). The two wave functions are related in terms of the propagator as follows:

Vi(X) = / dx’ K(x, X5t = to)yri(x)
(a) Prove that
W00 = [ KK xit = g )
(b) Consider the case of a free particle initially in the plane-wave state
Yi(x) = )" V? exp (i kx — i Z—ﬁto)

and, using the known expression for the free propagator,” verify the integral expressions
explicitly. Comment on the reversibility of the motion.

Solution
(a) We can always write down the inverse evolution equation

w(x,to)zf dx’ K(x, x';tg — (X', t)

or

Vi(X) = / dx’ K(x, X'stg — (X"

2 The expresssion is

Ko(x, X';t —to) =

mh [i m(x — x’)z}
it —to) P oht —ty)
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Taking the complex conjugate and using relation (d) of problem 1.6, we get
w00 = [ 8XIC 0 Xt = DY) = [ dX KO3t = ()

(b) Introducing the expression for ¥;(X), an analogous expression for the evolved
wave function ¥(X) = (27)~/? exp(i kx — ihk?t /2m) and the given expression for
Ko(X — X';t — tp), we can perform a Gaussian integration of the type

/ ™ 4 expl ax — XY +ikx]= | Z PRELS
X — = — €X _
—00 P a P 4a

and so arrive at the required identity.

The reversibility of the motion corresponds to the fact that, in addition to the
evolution of a free particle of momentum hk from a time t; to a time t, an alternative
way to see the motion is as that of a free particle with momentum —hk that evolves
from time t to time to.

Problem 1.9 Consider a normalized wave function ¥ (X). Assume that the system
is in the state described by the wave function

Y(x) = Ciy(x) + Coyr™(x)
where C; and C, are two known complex numbers.

(a) Write down the condition for the normalization of W in terms of the complex integral
[12°dx ¥3(x) = D, assumed to be known.

(b) Obtain an expression for the probability current density [J(X) for the state W(X). Use
the polar relation ¥ (x) = f(x)&?®™.

(c) Calculate the expectation value (p) of the momentum and show that

+00
(lI/|p|\Il)=m/ dx J(x)
—0o0
Show that both the probability current and the momentum vanish if |C;| = |C,|.

Solution
(a) The normalization condition is

ICiI> +1C2* + C{C,D* + C,C;D = 1

(b) From the defining expression of the probability current density we arrive at

h
J(X) = aucnz —|C1»E'(x) F2(x)
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(c) The expectation value of the momentum in the state W(X) is

+00
(V| p|¥) = —ih/ dx U* (X)W (X)
+00

=h(ICiI* - |C2|2)f dx 9’<x>f2<x)=m/ dx J(x)

Obviously, both the current and the momentum vanish if |C;| = |C,|.

Problem 1.10 Consider the complete orthonormal set of eigenfunctions v/, (X) of
a Hamiltonian H. An arbitrary wave function ¥ (X) can always be expanded as

Y(X) =Y Catra(X)

(a) Show that an alternative expansion of the wave function 1 (X) is that in terms of the
complex conjugate wave functions, namely

Y() =Y Copax)

Determine the coefficients C,.
(b) Show that the time-evolved wave function

T 1) =" Coyiooe &N

does not satisfy Schroedinger’s equation in general, but only in the case where the
Hamiltonian is a real operator (H* = H).
(c) Assume that the Hamiltonian is real and show that

KX, x5t —t9) = K(X', x;t —tg) = K*(X, x"5tp — t)

Solution
(a) Both the orthonormality and the completeness requirements are satisfied by
the alternative set ¥ (X) as well:

/ X Pr0Pp(X) = Sap = [ / d’x w;xx)w,g(x)}
= / d’X Yo OV 5(X)
D YY) = 8(X = X) = Y Yr()Ya(X)

3 Note the vanishing of the integrals of the type

/+Oodx ff/ = 1/Jroodxg[fz(x)]— l[fz(x)]ﬂo—0
T2/ dx T2 Bl

—0o0

for a function that vanishes at infinity.
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The coefficients of the standard expansion are immediately obtained as

q=/ﬁ&ﬁwwm

while those of the alternative (or complex-conjugate) expansion are
qud&%wwm

(b) As can be seen by substitution, the wave function 1 does not satisfy the
Schroedinger equation, since

Hyr, (X) # Eq ¥y (X)

This is true however in the case of a real Hamiltonian, i.e. one for which H* = H.
(c) From the definition of the propagator using the reality of the Hamiltonian,
we have

KXt —t) = (X|e—i(t—to)H/h|X/> _ (<X|ei(t7t0)H/h|X/))*
=K*(X, Xt — 1)
Also, using hermiticity,
]C(X, X/;t —t) = <X|efi(t7t0)H/h|X/> — (<X/|ei(t7t0)H/h|X>)*
= ([ 1 OHM ) = (X', x:t — to)

Problem 1.11 A particle has the wave function
Y(r) = Ne™
where N is a normalization factor and « is a known real parameter.

(a) Calculate the factor N.
(b) Calculate the expectation values

in this state.
(c) Calculate the uncertainties (AX)* and (Ar)>.
(d) Calculate the probability of finding the particle in the region

r > Ar

(e) What is the momentum-space wave function ¥k, t) at any time t > 0?
(f) Calculate the uncertainty (A p)z.
(g) Show that the wave function is at all times isotropic, i.e.

v )=y

What is the expectation value (X);?
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Solution
(a) The normalization factor is determined from the normalization condition
00 N2
1= / d’r [y ()] = 471N2/ drre 2 = ”_3
0 o

which gives

We have used the integral (n > 0)
o
/ dxxe*=I(n+1)=n!
0

(b) The expectation value (X) vanishes owing to spherical symmetry. For
example,

fe's] 1 21
(X) = N2/ d’r xe 2" = sz drrie 2 f dcosfsinf d¢ cos ¢
0 -1 0
=0

The expectation value of the radius is
o 3
(ry = NZ/ d’r re= 2 =4nN2f drrie " = —
0 20
The radius-squared expectation value is

) = (r?) = N2/ d*rre " = 47N? / drrie™2" = =
0

o2
(c) For the uncertainties, we have
(AP = () = ()% = (1) =
and
3 3\ 3
(d) The probability of finding the particle in the region Ar <r < oo is

/ d3r |y (r)|? = 47 N? / drre 2 = 1/ dyye”
Ar V3/2a NG
1

=6+ 2v/3)eV? ~ 0.7487
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(e) From the Fourier transform

- d? .
I(k) = / [ etk

(2m)3/2
we obtain
7 N > % : jkr cos @
w(k)z—/ drr _"‘r/ dcos@ er s
V2 Jo -1
4N«o 1
_ —ar ikr kr
(e ~€ ) = \/—(az k2)2

Designating ast = 0 the moment at which the particle has the wave function Ne™",
we obtain at time t > 0 the evolved momentum-space wave function

4Na e—ihkzt/Zm

V2 (@ +k?)?

(f) Owing to the spherical symmetry of the momentum distribution, we have
(p) = 0. The uncertainty squared is

Uk, t) =

16N%a? h’k?
2 __ 2\ __ 3
(AP = (p") = — / Tty
B R’ [ 1 20 n at
A K +a2)?  (R+a2 " (K +ad)

32a° | B 0\ oty 7
= | - — _— —_ — | —
T do? o2 6 \ du?

where

o0 1 T
= K——— —
J /0 d kZ+ o2 2«

For the last step we have used the integral

/OIX1+2

(Ap)? = h2a?

= arctan X

Thus, we end up with
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(g) From the Fourier transform we get
d3k
(27)3/2

1 o) 5 1 )
= ﬁ/o dkk? 9 (k, t) /1 dcos® ek o3t = y(r t)

(X, t) = X gk, 1)

Consequently, the expectation value (X); will vanish at all times owing to spherical
symmetry.



2
The free particle

Problem 2.1 A free particle is initially (at t = 0) in a state described by the wave
function

¥(x,0) = Ne™
where « is a real parameter.
(a) Compute the normalization factor N.
(b) Show that the probability density of finding the particle with momentum hK is isotropic,

i.e. it does not depend on the direction of the momentum.
(c) Show that the spatial probability density

Px, 1) = [Y(x, 1)

is also isotropic.
(d) Calculate the expectation values

(f) Modify the initial wave function, assuming that initially the particle is in a state described
by

¥(x,0) = Ne gk
Calculate the expectation values (p);, (X); for this case.
Solution
(@) N = («®/m)*2.
(b) The momentum wave function will be

. d3 , 1 [ . . 3
1p(k) — Nf (27[));/2 e—ar—|k~x x E/(; dr re ™ (e|kr _ e—lkr) — w(k)

17
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where we have taken the z-axis of the integration variables to coincide with the
momentum direction (so that K - X = kr cos 9). Thus,

(k) = [¥K)* = (k)

Note that, since we have a free particle, its momentum wave function will also be
an energy eigenfunction and will evolve in time in a trivial way:

Pk, t) = Pe M

Its corresponding probability density T1(k) will be time independent.
(c) The evolved wave function will be

w(x t) — / d3k ,‘p(k)e—ihkzt/zm eik-X
’ (27.[)3/2

Taking the 2-axis of the integration variables to coincide with the direction of X, we
obtain

1 [ - ihi2 i i
Y(X, t) o F/ dk ke (kye Mk t2m (g — K)oy (r, 1)
0
Thus, the probability density

P, t) = [¥(r, D> = P(r, 1)

will be isotropic at all times, i.e. it will not depend on angle.
(d) The momentum expectation value will clearly not depend on time:

) =/ Kk 7 ()2

Note also that isotropy implies the vanishing of this integral. An easy way to see this
is to apply the parity transformation to the integration variable by taking k — —Kk,
which leads to

The same argument applies to the position expectation value, which also vanishes
at all times:

X)t=20

(e) The expectation value of the position squared can be expressed in terms of
the momentum wave function as

<r2>t - _ / d3k ”(/Nf(k, O)el Et/h sz [,(/N/(k’ O)e—i Et/h]
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Note that, in the case that we are considering, the momentum wave function is not
only isotropic but also real. We have
int

Vi [&(k, O)e—i Et/h] - _ Fk{[/e—i Et/h + R&’e‘i Et/h

Vl% [@(k’ 0)e™ Et/h] - _ Lr:t‘/}e—i Et/h Zir:kt JeiEm
_ thztz&e—iEt/h n %Z/e—i EUh | e iU
m

The expectation value can be written as

242 i
2y = (r? o+ri/d kK2 +2Iht/d kki %/oﬁkxpz

The terms linear in time vanish since

/d3k K =2 /Oodk K2 = 27 /Oodk(k3)/1/72 - —% /d3k 72 = —%

0 0

Note that we used the normalization [d>k ¢/? = 1. Finally, we have
h2t2
) = / d*k K> y?

which demonstrates the validity of the inequality (r?); > (r?),. Note that this in-
equality corresponds to the general fact that, for a free particle, the uncertainty
(AX)? always increases in time.

(f) It is not difficult to see that in this case

¥k, 0) = ¥ (|k — Kol, 0)
and that
w(x, t) = €KX f (Ix — htko/m|)

Thus we have

=h/ d3kk122(|k—k0|,0):h/d3qq¢(q,0)+hko/ d*k ¥% = hk,

x)t:/d3rx 1//( )

ht
=/d3p P|W(P,t)|2+ﬁk0/ &r = &

and

nt 2

X——ko
m
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Problem 2.2 Show that the ‘spherical waves’
’ r

satisfy the Schroedinger equation for a free particle of mass m except at the origin
r = 0. Show also that, in contrast with a plane wave, which satisfies the continu-
ity equation everywhere, the above spherical waves do not satisfy the continuity
equation at the origin. Give a physical interpretation of this non-conservation of
probability. Does the probability interpretation of v, break down at the origin?
Find a linear combination of the above spherical waves Y1 that is finite at the
origin and reexamine the validity of the continuity equation everywhere.

Solution

The current density corresponding to {4 is

Ak f hk (1
Ji=%+—|NP- =F—IN?V (-
m r m r

The probability density is P+ = |N|?/r? and it is independent of time. Thus, we
have

V- J+P= :|:%|N|2V2 (l) = +47x|N|? <%) 3(X)
m r m

The physical interpretation of this non-zero probability density rate, in the frame-
work of a statistical ensemble of identical systems, is the number of particlescreated
or destroyed per unit volume per unit time. The non-conservation of probability
arises here from the fact that the /1 are not acceptable wave functions since they
diverge at the origin.

In contrast, the spherical wave
sin kr g-ihict/2m

1
Yo(r) = o [V+ () —¥-(MH]=N

is finite at the origin and satisfies everywhere the free Schroedinger equation and
the continuity equation. In fact, we get 7 = 0 and P = 0.

Problem 2.3 A free particle is initially (at t = 0) in a state corresponding to the
wave function

V() = (%)3/4 eV

(a) Calculate the probability density of finding the particle with momentum hK at any time
t. Is it isotropic?
(b) What is the probability of finding the particle with energy E?
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(c) Examine whether the particle is in an eigenstate of the square of the angular momentum
L2, and of its Z-component L ,, for any time t.

Solution
(a) The momentum wave function derived from v (r) is'

&(k) = / d3—x w(r)e—ik-x _ (J/JT)_3/4 o2y
(2m)3/2

Since the particle is free, the momentum wave function will also be an eigenfunction
of energy and will evolve trivially with a time phase:

Tk, 1) = ()34 gk /2r grinict/om

The corresponding momentum probability density is obviously constant and
isotropic.

(b) If we denote by P(E) the probability density for the particle to have energy
E = h?k?/2m, we shall have

00 2 00
1:/ dEP(E)zh—/ dkKP(E)
0 m Jo

Comparing this formula with

oo
1 = / d*k |9 (k)|? :47r/ dk k2 (ymr) "2 e K/y
0
we can conclude that

P(E) = h_”; Ank(ym) e Ky

(c) Since the initial wave function is spherically symmetric, it will be an eigen-
function of angular momentum with vanishing eigenvalues. Moreover, since the
Hamiltonian of the free particle is spherically symmetric or, equivalently, it com-
mutes with the angular momentum operators, the time-evolved wave function will
continue to be an angular momentum eigenfunction with the same eigenvalue.

Problem 2.4 Consider a free particle that moves in one dimension. Its initial (t = 0)

wave function is
1/4

Y(X,0) = (%) elkox—ozxz/Z

where « and K are real parameters.

! We can use the Gaussian integral
. 3/2
/ d3xe—ar2 e itx (Z) / e—q2/4a
a

with Re(a) > 0.
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(a) Calculate the momentum wave function ¥ (K, t) atall timest > 0 and the corresponding
momentum probability density I1(k). What is the most probable momentum?

(b) Compute the wave function (X, t) at all times t > 0 and the corresponding probability
density P(X, t). How does the most probable position evolve in time? Consider the limit
t — oo and comment on its position dependence.

(c) Calculate the expectation values of the position (X); and momentum (p);. Show that
they satisfy the classical equations of motion

d({x)t d(p) d?(x)t

(P =m=g= at - Mg Y

(d) Calculate the probability current density 7 (X, t). What is the probability current density
in the limit t — o0o0? Verify explicitly the continuity equation in this limit.

(e) Compute the expectation values (p*); and (x*);. Determine the uncertainties (AX)? and
(Ap)?. Verify the validity of the uncertainty relation

h2
(AmﬁApﬁz-z

(f) Calculate the uncertainty in the energy, given by
(AE)? = (H?) — (H)?
(g) Consider the quantity
_ _(Ax)
|d(x)¢/dt]|

which has the dimensions of time. What is the physical meaning of 7? Show that it
satisfies a time—energy uncertainty inequality,

T (AE) > 2
Solution
(a) From y/(k, 0) = [T dx/+/27 €% y(x, 0), we obtain
Tkt = dk, oyeimeram — 1 detap 2 geinictom
’ ’ (am)l/4

and
- 1 2
k) = [§ (K, D)> = — e kHo/e
K =1y Kk, b)] «/ﬁe

The most probable momentum value is hkp.

(b) From y(x,t) = [ dk/+/27 & (K, 1), we obtain

2 i il
ot = (2" Loy (_% LU %)

n |Z| z 2mz
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(hta)
zZ=1+Ii
m

Note that |z|> = 1 4 (hta;/m)>. The corresponding probability density is

hko \ 2
POx, ) =[x, DI = ||\f { |z|2< _?t)}

In the limitt — oo, we get

e E () (5

which is position independent and tends to zero with time.
(c) Itis straightforward to calculate

h
(=0t (=g

where

Note that the momentum expectation value coincides with the most probable mo-
mentum value. It is trivial to verify that these expectation values satisfy the classical
equation of Newton for the motion of a free particle.

(d) The probability current density can be calculated in a straightforward fash-
ion. Itis

hko\ 1 [« o hko \? hta?x
700= () g o [—W(X‘Ht) } (1)
_ (hko\ 1 hta?x
= <F> ER (1 Tk, ) PeGD

In the limit t — oo the current density is

o (m K2\ X d
oo = ;<a—h) exp(‘;)t—z—‘xa%

It is clear, then, that

d d
d_ono = _apoo

which is the continuity equation.
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(e) We obtain®
ho

(p2>t = N +h2k§

o (hkot\? 1 hter ) ?

The corresponding uncertainties are

) 1 hta \ ) ha
(AX); = 2 1+ m ) (Ap); = BN

and their product satisfies Heisenberg’s inequality:

h? hta\>| h?
(AFAPY = 7y [1 + (WO‘) } S

(f) The average value of the energy is proportional to that of the square of the
momentum, which has been computed previously. It is

= = (6+3)

The expectation value of the square of the energy is equal to the expectation value
of the fourth power of the momentum operator divided by 4m?”. Thus, we consider

(H)

4 h* e 4 —(k—ko)? /et h' e 4 4 212\ a—k?/a
<p>=m/ dkk*e :ﬁf dk (k* + kg + 6k’k3) €
2 4
= (hko)* + jk'; / dk ke K/ j‘—_ / dk ke K/«
am am

The two integrals involved are found as follows:

> b ) d
f dk k2 K/e — _ f dke K/ = azax/an = %«/om

3(1/a)
> 0 2 0 «o 3a2
dk ke K/« = _ /olkk2 K=o~ fra =/
f e 8(1/0{) e o 80{ 2 To 4 T

Substituting, we obtain

(p") = (hkp)* + 3(hko)*(N*ax) + %(hzoz)2

2 Note that

+00 5 +o0 2 a
f dke ¥/ = Jarm, / dkk2e™®/e = Z Jax
—o0 —oo 2
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The uncertainty in energy is thus

o

(AE)? = e [h?o + 4(hko)*]

(g) The quantity 7 is easily computed to be

m_ [ (hta>2
T=——— —
hkov/2a m
Its physical meaning is that of the characteristic time scale in which the modifi-
cation of the spatial distribution, or spreading of the wave packet, will become
apparent relative to the overall motion of its centre. Taking the minimum value of
the characteristic time T,

o= 7 () = 7 ()

we are led to a time—energy uncertainty product,

wAE) =" 14 @
0 =5 @

that is always greater than h/2.

Problem 2.5 Consider a free particle that is initially (at t = 0) extremely well
localized at the origin X = 0 and has a Gaussian wave function,

yix,0 = (%) erngo
’ T
for very large values of the real parameter o (@ — 00); Ky is also real.
(a) Write down the position probability density P(X, 0) = |1/(X, 0)|*> and show that
lim [P(x, 0)] = 8(X)
oa—> 00

(b) Calculate the evolved wave function ¥ (X, t) at times t > 0, keeping the parameter «
finite.

(c) Write down the evolved position probability density P(X, t). Take the limit « — oo
and observe that even for infinitesimal values of time (t ~ m/ha) it becomes space
independent. Give a physical argument for the contrast of this behaviour with the initial
distribution.

Solution
(a) Using the well-known representation of the delta function
lime_o[(er)~1/? e x/ €], we immediately see that

lim [P(X, 0)] = 8(x)
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(b) The momentum wave function is easily obtained from the Fourier transform:

V(K) = e (x, 0) = (o)~ /4 e kk0*/2a

/ V2
The time evolution, since we have a free particle, is trivial, namely

Tk, t) = ()~ /4 e (ko /2 gihict/am

The evolved wave function can now be obtained in terms of the inverse Fourier
transform as

(am)~ 14 ikx o (k—ko)? /20 o—ihkCt/2
WX, t)_/ —é"xw(k,t): 7/ dk gk g (k—ko)?/20 gihict/2m
N 27

1/4
_ (am)~ / gl kox / dk &*x e—k2/2a e—ih(k+k0)2t/2m
21
—1/4
_ (am) / gl kox e—ihkgt/zm dk g kx—vet) e—zk2/2a
N2

where
h h
ZE]—Fi(E), U()E—ko
m

Finally, we get
1 1/4 2t
o H=— (2) exp( koX — k° )exp [ 550 = vat’]
(c) The evolved position probability density is

Px,t) = /ﬂlazlz exp [_W(X — vpt) i|

Note that this distribution has the same form as the initial one apart from the
(essential) replacement

o

o
a%a(t):wzm

In the limit @ — oo the parameter «(t), for any t > m/ha, goes to zero and the
spatial probability density becomes position independent, approaching zero:

1 (m 1 /my? 5
P(X, t)NJ—_(H> exp (ht) X—vt)’| =0

Note that this behaviour is a direct consequence of the extreme localization of the ini-
tial state, which according to the (inescapable) uncertainty principle is accompanied
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by (Ap)g = oco. Thus, since the initial wave packet includes modes of infinite mo-
mentum, the particle reaches all space immediately.

Problem 2.6 Consider a free particle moving in one dimension. At time t = 0 its
wave function is

Y(X,0) = N e @X+%)?/2 + N e ¢X—x0)*/2
where o and X, are known real parameters.

(a) Compute the normalization factor N and the momentum wave function (k).

(b) Find the evolved wave function (X, t) for any time t > 0.

(c) Write down the position probability density and discuss the physical interpretation of
each term.

(d) Obtain the expression for the probability current density J (X, t).

Solution
(a) The normalization factor is

N — 1 (a)1/4 1
ﬁ T /l_i_e—olxg

The momentum wave function is given by

- 2N
Yk, 0) = — cos kX gk /2

Ja
and
- 2N 2
k,t) = —— cos kx, e % /%
Yk, t) Ja 0
where

.(hta)
z=14+1|—
m

(b) The evolved wave function is obtained from the Fourier transform

Px.t) = / K gkt
5 - m 5

Itis
Y(x, 1) = ﬁ [e—a(XerO)Z/ZZ + e—a(X—XO)z/ZZ]
b ﬁ
(c) The position probability density is
2
P(x, 1) = % [eﬂx(XerO)Z/IZ\2 + @ x0 /12 4 pemex?/IZ? graxi/lzl g 2qx]
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where

hat\ Xoo
o= (1)

m / |z|?

The first two terms in P(X, t) correspond to wave packets localized at X, while
the oscillatory term corresponds to the interference of the two wave packets.

(d) The probability current density, after a straightforward but tedious calcula-
tion, turns out to be

h|IN|? hto?
JX, 1) = #Izllz { <Ta) [(x + Xg)e P12 | (x — xo)e—“<X—Xo>2/\le]

. hta? —a(0Cx3)/ |22
+4 | —axy sin2gx + — X cos 20X | e ¢ X0/

Problem 2.7 Consider the initial (t = 0) free-particle wave function
Y(X, 0) = N koXxg=a(+x0)/2 1 N gikx g—a(x=X)*/2

(a) Calculate the normalization constant N and the expectation values (X)o, (X*)o.

(b) Calculate the momentum wave function v/ (K, 0).

(c) Write down the momentum probability density. Find the expectation values (p), (p>),
as well as the uncertainty (Ap)>. Verify the Heisenberg uncertainty relation at time
t=0.

(d) Find the evolved wave function ¥ (X, t) at time t > 0. Write down the position proba-
bility density P(X, t). How does it behave at very late times?

(e) Consider the probability of finding the particle at the origin and discuss its dependence

upon time.
Solution
(a) The normalization constant is
1 a4 1
) e
V2 \m 1 4+ e K/egaxg

The initial position probability density is
P(x,0) = |N|? [e“’("“”‘o)2 + e @) 4 ggmaX’ gmaX) g 2k0x]

Owing to the fact that this distribution is even, the expectation value of the position
can immediately be seen to vanish. For the square of the position we have

00 = INP [ 3 + - + &5 + )|
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where
J = / dx x2e etEx)’ f dX (X F X)?e X
/ dx (x> + x3 :F2xxo)e*"‘X = xo\/j— —/ dx e’
(07
1

_ - 2

N \/; (X" " Za)
However,

=3 = —if dx e +2ikox — ——/ dx e« xTko/)” g=kj/a

e ko/“ \/i e ko/“
da o

Substituting, we obtain

o e [T ey L e (LK
(x2)o = 2IN| a[X°+2a+e (
or

200 «?

<X2)0 = (AX)2 = i 1+ Z(XXS + (1 — 2k§/(x) e*k(z)/afaxg
0 2a 1+ e—ké/a—axg

(b) The momentum wave function is

Tk, 0) = — [é(k%m e (kK020 | itk e*(kJrko)z/za]
o
(c) The momentum probability density at all times is
10k, > = INP [e k—koy /o gt/ | pek/a goki/a ¢og 2kx0]
o

Since it is even in K, the expectation value of the momentum (p) will vanish. The
expectation value of the square of the momentum is

h2IN|?
(Ap)Y = (p*) = N]

(1o 12+ e+ 19)]

where we have the integrals

+00 +00
o [ e [
—00

dk (k> + k3 F 2kko)e ™ /*

oo _0:2/01 2 2 0
(ko B a(l/a))/ dke T = <k° o ﬁ) Ve

= Ve (I§ +3)

29
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and

+00 N 0 [T 2L
IO — |(>)|< — / dk k26—k Ja+ikxg — aZ_/ e—k Ja+ikxo
oo dar J_oo

d 2 o 2
2 —aXy <_ 2 2) —aXy
= T e =TT o XO e

o 80{ o 2

Finally, we get

(Apy? — h’a [1 +2K2 o 4 (1 — 2ax§)e—axé}

2 1 + e k/a—axg

The uncertainty product is

h2
(Ax5(Ap) = 7 (€, 0)
where

[1+26+ 1 —20)e ][I 420 +(1 —28)e 7]
(1 +eff*§)2

f(€,¢)=

This is a symmetric function of £ = axg and ¢ = kg /a that is always greater than
unity.
(d) We start from the Fourier transform

Uk, t) = l glkx [ei (k—ko)xo g—(k—ko)* /2 + g iktkoxo e*(k+ko)2/2ot:| oihkit/am

Ja

Introducing z =1 + ihta/m as well as vg = hky/m and changing variables by
setting kK — Kk 4 ko, we obtain

w(x, t) = % e—lhkgt/2m {e”(()X/ dk CXp [l(x + XO - ‘Uot)k] e—Zk2/20t
T

+ g kX / dk exp [i (X — Xo + vot)K] e_Zkz/Z“}
or

_ N —ihk2t/2m | Likox o )
Y(x, 1) = Tze {e exp [—Z(x + Xo — vpt) ]

+e % exp [—;Z(X — X0 + vot)z]}
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The corresponding probability density is

|N|2 o ) o )
P(X,t):w exp —W(X‘i‘xo—vot) + exp —W(X—Xo—i-vot)

+2 exp [—% (X2 + (Xo — vot)z)i| cos ZQX}

where

Note that |z|> = 1 + (hta/m)>.
In the limit t — oo we have

1 (4m|NPe ke
P=1 (T

which is position independent.
(e) We can easily obtain

PO, 1) = Mexp|: «

242
|Z|2 —W(Uot — 2U()X()t):|

Theratio P(0, t)/P(0, 0) starts from unity with a positive slope, reaches a maximum
value at some point determined by Xy /vg and then decreases. At large values of time
it decreases as o< 1/t2.
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Simple potentials

Problem 3.1 Consider a particle incident on an infinite planar surface separating
empty space and an infinite region with constant potential energy V. The energy of
the particle is E > V (Fig. 1). Choose coordinates such that

0, x <0

V(X)Z{V x>0

The incident particle is represented by a wave function of plane-wave form,
Vi(x, 1) = A e ®*=@)_The reflected and transmitted wave functions are

Ye(x, 1) = B KX y(x, 1) = COXn
The incident, reflected and transmitted wave vectors are

k = k(X cos6 + ¥ sin0), k' = k'(—%X cosf’' + § sin6’)
q=¢g&Xcosf” + ¥ sinb”)
(a) Show that the angle of reflection equals the angle of incidence, i.e. 8’ = 6. Show the

validity of Snell’s law,

sin6”

sin 6

where n = v; /v is the index of refraction of the x > 0 region.
(b) Compute the coefficient ratios B/A and C/A.
(c) Calculate the incident, reflected and transmitted probability current densities Ji,

Jrajt-

(d) Demonstrate that the component of current perpendicular to the x = 0 plane is con-
served, i.e.

t7i,x + t7r,x = u7t,x

32
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.z

-

Fig. 1 Reflection and transmission at a three-dimensional potential step with E > V.

(e) Compute the transmission and reflection coefficients, defined as
_ w1l
Jiv’ Jix

in terms of the incidence and refraction angles 6 and 6” and check explicitly that

T

T+R=1

Solution
(a) From Schroedinger’s equation we immediately get

h2k2 th/Z h2q2
2m 2m 2m

2mE \%
K=k= |22 — k1 - =
72 1 E

The refraction index is

E=hw=

which implies that

V1 k 1

n=—=—=

v g JJ1-V/E
In order to maintain continuity at every point Xo = y¥ + z2 of the x = 0 plane, the

phases of the incident, reflected and transmitted components must have the same
value, i.e.

k- X0=k/~ Xo=(q - Xp
which implies that

ksind = ksinf’ = g sinf”
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or, equivalently,

0 — o sin” k
- sind g

(b) The continuity of the wave function and of its derivative imply further that
A+B=C
ikA +ik'B =iqC
These relations can be solved to give

B tand” —tanf
A tan6” + tan 6
C 2 tan 0"

A tan@” + tan6

These can be reexpressed as

B kcos® —qy/1— (kK*/q?)sin’ 0
 kcosO 4+ gy/1 — (K2/q2)sin® 6
B 2k cos 6

" keost + g1 — (K2/q%)sin? 6

=0 x|

Note that for perpendicular incidence (8 = 0) the above reduce to the well-known
one-dimensional expressions

B _k—-q C _ 2

ATk+q A k+q

(c) The probability current densities are easily calculated to be

hk 2 hk 208 A -
Ji=—|Al" = —|A|*(X cos§ + § sin®)
m m
nk’' hk
T = —|B* = —|B|*(—%cos 6 + §sinh)
m m

h h
To= 10 = 2L1CP& cosd” +§ sin6”)
m m

(d) From the continuity equation, which in our case takes the staticformV - J =
0, considering its integral over a volume 2 we get

/d3xV-J= dS-J =0
Q S(2)
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Taking as the volume 2 a cylinder of infinitesimal width L and arbitrary base
S = 7 R?, we arrive at

—X-J_S+0-J27RL+Xx-FJ+5=0
which in the limit L — 0 gives
- i,x_x7r,x+\7t,x:()

(e) The transmission and reflection coefficients are easily obtained as

_ 4 tan @ tan 0" . tan6” — tan 8\ >
~ (tan6” + tan6)?’ ~ \tan®” + tan6

and they satisfy R +7 = 1.

Problem 3.2 Again, consider a particle incident on an infinite planar surface sep-
arating empty space and an infinite region with constant potential energy V. Now,
though, take the energy of the particle to be E < V (Fig. 2). Again choose coordi-
nates such that

0, x <0

V(X)z{V x>0

As before, the incident particle is represented by a wave function of plane-wave
form,

Vi(x, 1) = A
the reflected wave function is

Yi(x, 1) = B XD

Yz

Fig. 2 A three-dimensional potential step with V > E.
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while the wave function in the x > 0 region is
VX, 1) = Ce*x—iav=ior
The incident and reflected wave vectors are
k = k(X cos@ + ¥ sin0), K =k'(—% cos® +§ sin0")

(a) Show that &’ = k, 0 = 0’ and g = k sin 6, the analogue of Snell’s law.
(b) Compute the coefficient ratios B/A and C/A.
(c) Calculate the incident, reflected and transmitted probability current densities

ji, jr» Jt

(d) Demonstrate that the component of current perpendicular to the x =0 plane is
conserved, i.e.

Ji,x‘i'Jr,x:jt,x:O

Compute explicitly the reflection coefficient, defined as

| Jrx

R =
Tiox

and verify that it equals unity.

Solution
(a) From Schroedinger’s equation we have

h2k2 h2k/2 h2K2 h2q2
==t +V

E=hw=
2m 2m 2m 2m

In order to be able to implement continuity at every point of the x = 0 plane, we
must have the same value for the phases of the incident, reflected and ‘transmitted’
plane waves. This implies that

ksind = k'sinf’ = ¢
ie.
0=6, q =ksiné
(b) The continuity of the wave function and of its derivative give

A+B=C
ikyA+ik.B = —«C
ikyA +ik|,B = iqC
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These relations amount to

c_ 2
A 1+ic/k

B I —ik/k exp [—2i arctan(k / k)]
— = ——— =exp[—2i K

AT Txic/k P

(c) The probability current densities are

hk
Ti=—|A’ & cos@ + ¥ sin6)
m

nik
J:=—|B]*(—% cosO + ¥ sin6)
m
h ik
T = A icpe2xy = L icPe > sing g
m m

(d) The continuity equation in our case takes the static form
V.-J=0
Considering its integral over a volume €2, we get
/d3xV-.7= dS-J =0
Q S(Q)
Taking as the volume 2 the cylinder of infinitesimal width L and arbitrary base
S = w R?, we arrive at
—X-J_S+0-J2rRL+Xx-J.5=0
which in the limit L — 0 gives
_u7i,x - u7r,x + u7t,x =0
and, since J; » = O,
\7i,x + tjr,x =0

The reflection coefficient is

o Tl _ 1B _
Jie 1P

Problem 3.3 Consider an infinite square well of width 2L with a particle of mass
m moving in it (—L < x < L). The particle is in the lowest-energy state, so that

h2r? 1 TX

E = = = —_— e —
1= Y1(x) ﬁCOS 7L



38 Problems and Solutions in Quantum Mechanics

co oco () oo

-L L -2L 2L

Fig. 3 Instantaneously expanding infinite square well.

Assume now that at + = 0 the walls of the well move instantaneously so that its
width doubles (—2L < x < 2L); see Fig. 3. This change does not affect the state
of the particle, which is the same before and immediately after the change.

(a) Write down the wave function of the particle at times ¢ > (. Calculate the probability
‘P, of finding the particle in an arbitrary eigenstate of the modified system. What is the
probability of finding the particle in an odd eigenfunction?

(b) Calculate' the expectation value of the energy at any time ¢ > 0.

(c) If we assume instead that the walls move outwards with a finite speed u, our assumptions
should still hold provided that this velocity is much larger than the characteristic velocity
of the system, i.e. u > vy. What is vy?

Solution
(a) The new eigenvalues and eigenfunctions of the modified system are

—  RWn’m? 1

En — 5A_ 1o — n
32mL? 4

_ . . 1 X
wn(x) — elrmx/4L + (_1)n+le—mnx/4L — _wn (_)
2V2L [ ] V27 \2
where n = 1, 2, .. .. The wave function of the particle at times # > 0 will be

Yo=Y Cpe B (x)

n=1

with coefficients

2L . 1 L TX
Cn:/_ dxw(x,O)w:(x):ﬁ/_decosiw:(x)

2L

' You can make use of the series

i Qv+ 1)? 72
< [Qu+1)2—42 7 16°

V=l
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Substituting the initial wave function into the above integral expression for C,,, we
obtain after performing some elementary exponential integrals

_4&[1 — (—1)"]CO niw

C, = - ) ST, n=0,1,2,...
Clearly, the terms of even n,n =0, 2, ..., corresponding to odd eigenfunctions,
vanish.
The probability of finding the particle in the energy eigenstate v, (x) is
32[1—=(=1)"]

Po=1Cal* = = =y
Note that cos[(2v + 1) /4] = (—=1)"*!//2.

Since the Hamiltonian of the system is parity invariant, the initial-state parity is
conserved at all times and the probability of finding the particle in an odd eigenstate
is zero.

(b) The expectation value of the energy can be calculated in a straightforward
fashion. It is

& »_ g |legs @1 |
<H>—n2=;En|Cn| —EI[ﬂz;[(zv+1)2—4]2 -

which shows that the energy of the particle is conserved.
(c) The characteristic velocity of the system is

2E1 wh
Vo = _——
"7V m 2mL

and our results stay valid as long as

h
u> L
Problem 3.4 Consider particles incident on a one-dimensional step function po-
tential V(x) = VO(x) with energy E > V. Calculate the reflection coefficient for
either direction of incidence. Consider the limits £ — V and E — oc.
Solution
Incidence from the left. In this case, the wave function is

eikx +B€_ikx, x <0
V) = {Ceiqx, x>0

_ [2mE _ [2m(E=V)
Sy ST

where



40 Problems and Solutions in Quantum Mechanics

Continuity of the wave function and of its derivative at x = 0 give
1+B=C, k(1 — B) =qC

or, equivalently,

The reflection coefficient is

|4 _ (@k/m)IBP _
J; nk/m

k — 2
- (159
k+gq

Incidence from the right. In this case, the wave function is of the form

R = |B|?

or

De kx| x <0
Yx) = {e—iqx + Feiqx’ x>0

Continuity at x = 0 gives
D=1+F, kD=qg(—F)

or

The reflection coefficient is

2
qg—k
Rr=|F>?=|——

R =IF (q+k)

Thus, we see that the reflection coefficient is independent of the direction of inci-
dence:

Ri = Rr
Expressed in terms of the energy, the reflection coefficient is

(1 — V1= V/E)2
1+ JI-V/E
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In the limit £ — V, we approach the maximum value of the reflection coeffi-
cient, namely unity, and the barrier becomes impenetrable:

E
lim (R)~1—4/= —1
E—->V+ V

In the limit £ — oo the barrier should become irrelevant and the reflection coeffi-
cient should approach zero. Indeed,

2

16E?

lim (R) ~
E—o0

Problem 3.5 Consider a step function potential V(x) = V®(x) and particles of
energy £ > V incident on it from both sides simultaneously. The wave function is

Ae'** + Be kx| x <0
Ce'?* + De™14*, x>0

where k = /2mE /h* and g = /2m(E — V) /h>.

(a) Determine two relations among the coefficients A, B, C and D from the continuity of
the wave function and of its derivative at the point x = 0.
(b) Determine the matrix U defined by the relation

Jac (Uu U]2> <\/_l ! )
vk B Un Uxn/\qD
Show that U is a unitary matrix.

(c) Write down the probability current conservation and show that it is directly related to
the unitarity of the matrix U.

Y(x) = {

Solution
(a) Continuity at the point x = 0 gives

A+B=C+D
ik(A— B) = iq(C — D)

These relations are equivalent to

vac=- (1+ /k)f +<2W>IA

o= (B o (1205 i
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(b) From the last pair of relations we can conclude immediately that

2/q/k
Un=Up= 9/
1+gq/k
1—q/k
Upp = —-Uy =_1+q/k

Unitarity requires that
Ui+ |Ul? = |Un* + |Un* =1
UnU;, +UnpU;, =0

These relations are easily seen to be satisfied and so U is unitary.
(c) The probability current densities in the left-hand region are

hk

hk
J7= AR J7 = ——|Bf
m m
Similarly, in the right-hand region, we have
h h
‘7i(+):——q|D|2, jr(+):_qlc|z
m m

Current conservation is expressed as
j(*) +J9) = j(+) + JWD
Substituting the current expressions, this is equivalent to
q|C* +k|BI> = k|A* + q|DI?
Expressing C and B in terms of the matrix U implies that
(Un P + U KIAP + (U2 + [U2) gIDP + kg AD*(U{ Uiz + Un U3y)
+kqA*DUWUY, + UnUs) = kAP +q|D?

This immediately implies the unitarity relations. Thus, current conservation is di-
rectly related to the unitarity of U.

Problem 3.6 Consider the standard one-dimensional infinite square well

+00, x < —L
Vix) =130, —L <x<L
+00, x> 1L
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(a) Write down the energy eigenfunctions and eigenvalues.
(b) Calculate the spatial uncertainty in an energy eigenstate.
(c) Calculate the matrix elements of the position operator,

Xnn = (n|x|n’)

and show that the matrix x,,, is Hermitian. In the {n} representation the position operator
is a purely imaginary antisymmetric matrix.
(d) Calculate the momentum matrix elements

Pnn = (n|P|n/>

and show that the matrix p,, is a Hermitian, symmetric and real matrix. In addition,
show that the square of this matrix divided by 2m gives the Hamiltonian matrix, i.e. a
diagonal matrix with the energy eigenvalues as diagonal elements.”

Solution
(a) The eigenfunctions of positive parity are
1 Qv+ Drx
v = —CcoS————
Vav41(x) NG L

with eigenvalues

h2Qv + 1)272
E2v+1 = =5

8mL?
The eigenvalues of negative parity are
1//2u(x)=ﬁsin? v=1,2..)
with eigenvalues
n*v2r?
»= S

(b) Since |, (x)|? is always even, the expectation value of position in an energy
eigenstate will vanish owing to the oddness of the integrand. Thus (x), = 0, and
the uncertainty squared will be given by the expectation value:

(Ax); = (n]x*|n)

2 You may find useful the series

Qj+17 w2
_Bnn’

; (2] + 17 =212 + D2 =n?] ~ 16
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This can be computed in a straightforward fashion. For even n = 2v we have

) 1 [ ) . o VX 1 (L ) VT X
(x%)py = — dx x” sin” — = — dxx“|1—cos
LJ_; L LJ_; L

L2 L2 2um 5
= — — d cos
3 Qo) /_m yyEoRy

We now calculate the integral in the above expression:

L
f dy y* cosy = [y2 siny +2y cosy — 2 sin y]z_v;m = 4vr
L

Thus we end up with

<x2>z=L—2[1— 6 ]
'3 Qur)?

An analogous result holds for the n = 2v 4 1 case. Thus finally we have

L? 6
2 2 _ _
(Ax), = (x"), = 3 [1 (W)Q}

(c) The position matrix elements between states of the same parity vanish due
to the oddness of the integrand. Thus, the only non-vanishing matrix elements will
be

Xou, 2041 = (2v[x[2V" 4+ 1), Xopg1, 20 = (2v + 1x|2V)

For the first matrix element we have

i [k . VTX Qv + Drx
X2p, 2041 = 7 dx x sin 7 cos 7L
i [F @422V +Drx . Qv =2V — Drx
= —— dx x | sin + sin
2L J_; 2L 2L

Using the integral

L . 2 . 2L
dx x sinax = — sinal — — cosal
L a a

we eventually obtain

16i L
X2, 2041 = 3
T

2002V + 1)
[2v)? — @V + 1)?]

-1 vy
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and
. _ 16i L e 20Q2v +1)
2v4+1,2v — B P
n [2v)2 — 2v +1)?]
It is clear that
x,Tm, =X, = Xnn, Xy = —Xnp

(d) In an analogous fashion we obtain the non-vanishing momentum matrix
elements

2 200V D)
Paw.avt == Q)2 — 2V + 12
2 20'Qv + 1)

=1 v+’
P2v+1,20 7 (=D B — v L 1P
Clearly, we have
pjm, = p:;,n = pn/n = pnn/
The last question in (d) amounts to showing that

1, 1
nn’ = nn” Pn'"n’ = Enann’
(P = 5 ; Pon P

Let us verify this explicitly in the case where n and n” are even. We have

1 oo
ﬁ Z DP2v, 2v"+1P2v"+1,2v

v’=0
= —2h2 (=1 4m’ i L

mL? = [@u7 4+ 12 — Qv ] [@v” + 12 — 2v')?]

2h? , 2 h2Qv)2n?

. + / _ —
— W(_l)v Y 4yv 1_68\1\1’ - W&w’ — Engnn’

The verification for n, n’ odd proceeds in an identical fashion.

Problem 3.7 Consider a one-dimensional delta function potential V(x) = gd(x)
and the scattering of particles of energy E > 0 at it. Without loss of generality
assume that the particles are incident from the left.

(a) Applying the appropriate continuity conditions at x = 0, find the wave function ¥g(x)
and write it in the form

wE(x) — eikx + Feik‘xl

where k = /2mE /h’.
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(b) Compute the probability current density and demonstrate that it is everywhere contin-
uous.

(c) Consider the case of attractive coupling (g < 0) and solve the bound-state problem for
E < 0. Find the bound-state wave function and compute the value of the bound-state
energy.

(d) Show that the energy of the uniquely existing bound state corresponds to a pole of the
coefficient F, previously calculated in (a).

Solution
(a) Starting from the usual type of ansatz,
ikx —ikx
e’ + Be , x <0
Y= {Ce”‘", x>0
we obtain
1+B=C

from the continuity of the wave function at x = 0. The derivative of the wave
function is discontinuous, with a finite jump given by

2

h
—5- [v'(04+) — ¥'(0-)] + gy (0) =0
m

This can be obtained by integrating Schroedinger’s equation in an infinitesimal
domain around the discontinuity point. This relation translates to

2
C+B—1=—-i2¢
kn
Introducing
~_ 2mg
8§ = —7—
we obtain
2k —ig
C=r", =
2k+ig 2k +ig

The wave function is

_ ikx lg —ikx _ 2k ikx
VE(x) = O(x) [e <2k+ig) e ]+®( x) (2k+i§) e

It can be written in the compact form

Ye@) = ™ + Fk)e™™!
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with
g
2k+ig
(b) The probability current density can be easily calculated to be

hk ) hk 45>
R e
m m \4k*+ 2

hk hk 4k>
JE >0 m ] m <4k2 +§2)

Fk)=—

Jx <0)=

Thus, as a constant, it is conserved and continuous.
(c) Itis easy to see that for an attractive potential (g < 0) there is a solution of
negative energy

hZ 2
E = UL <0
2m
namely
Y = Vie
provided that
Kk = —mg/h*

(d) Note that the previously obtained scattering amplitude F(k) has a pole at

.mg
k= —l?
that corresponds to the negative energy
h2k2 2
g="%__"8
2m 2h?

which coincides with the bound-state energy. This is a manifestation of the general
property that the poles of the scattering amplitude correspond to the bound-state
energies of the associated bound-state problem.

Problem 3.8 Consider a one-dimensional potential with a step function component
and an attractive delta function component just at the edge (Fig. 4), namely

hzg
Vix)=VO() — Ey S(x)

Compute the reflection coefficient for particles incident from the left with energy
E > V. Consider the limit £ — oo. Do you see any difference from the pure step
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V

(x)

Fig. 4 Step function potential with an attractive delta function edge.

function case? Consider also the case £ < 0 and determine the energy eigenvalues
and eigenfunctions of any existing bound-state solutions.

Solution

The wave function will be of the form

eikx +B€_ikx, x <0
yix) = {Cei’”, x>0

k=+/2mE/n?, g =+ 2m(E — V)/h?

Continuity of the wave function at x = 0 gives

with

1+B=C

Integrating Schroedinger’s equation over an infinitesimal interval around the origin
gives

2 2

o 20 "8 0y =0
—5[w<+)—w(—)]—%w<)—
or
l—Bz—%(g—i—iq)C

From the two relationships between B and C we obtain

2
C=—_ -
14+q/k—ig/k
_1—q/k+ig/k

C14q/k—ig/k
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The reflection coefficient is

J hk B|?
R:u:( /m)|B| _ B
Ji hk/m

or

p_ U—a/b+g"/k
(1+q/k)?+ g*/k?
In the high-energy limit we have
g2 h2
8mE

This is different from the case of a pure step barrier, where reflection drops off
faster with incident energy, namely limz_, o.(R) ~ V2/8E>.
In order to study the case of negative energy, £ < 0, it is convenient to introduce

the notation
_[2m|E] _ [2m(V + |E])
k- = B2 ky = 2

Then we can write the bound-state wave function as

lim (R) ~
E—o0

Ae*-, x <0
V) = {Ae""‘+, x>0
The discontinuity at the origin implies that
n? n’g
—— (—Aky —Ak_)——A=0
2m 2m

which is equivalent to the constraint
K- tK =8

Substituting into this relation the definitions of «1 and squaring, we are led to the
unique bound-state energy eigenvalue

m h2g2
E=——F—-|—-V
212%g2 \ 2m
The corresponding wave number expressions are
2 24,2
) m g°h
ki=—F—=|=——=xV
T onte? ( 2m )
The normalization constant of the bound-state wave function is easily computed to

be A =.2kk_/g.

2

2
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(o)

Fig. 5 Impenetrable potential wall with an attractive delta function.
Problem 3.9 Figure 5 shows an attractive delta function potential situated at a
distance a from an impenetrable wall. Its form is
00 x <0

V(x) = 7;12
) ——g(S(x —a), x>0
2m

(a) Calculate the relative phase of the reflected waves for incident particles of energy £ > O.
What is the behaviour of this phase for low and large energies?
(b) Study the E < 0 case. Are there any bound-state solutions?

Solution
(a) Since the wave function has to vanish at the wall, the only choice in the
region 0 < x < a is sin kx. Thus, the wave function is of the form

Csinkx, O<x<a
Ae k% 4 Betkx X >a

V(x) = {
Continuity of the wave function at x = a gives
Csinka = Ae”'* + Be'*
However, the discontinuity of the derivative at that point gives
—ik(Ae ™% — Be™*®) — kC coska + gC sinka =0

or

Ae—ika _ poika _ ]lc—(k coska — gsinka) C
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Solving for B and A, we obtain

C .
A:_[i_i_i_iezzka]

2 2k 2k
C .
B [ [—l + i _ £6—2lkai|
2 2k 2k
The ratio of the reflected to the incident amplitude is a pure phase: namely, we have
B _ —i+g/2%k—(g/2k)e " _ s
A i + g/2k — (g/2k)e?ika
so that
—2k/g + sin2ka
tané =
1 — cos2ka
At very high energies (k — 00),
tan 8 i — s~
an ~ —— Y ——
g sin® ka 2

At low energies (k — 0),

a1 2)
tang ~ —[1 — —
ka ga

This gives either 6 ~ /2 oré ~ —m /2, depending on how strong the delta-function
potential is.

(b) Introducing E = —h%k? /2m, we write down the candidate bound-state wave
function in the form

Assinh «x, O<x<a

Y = { i

X >a
The continuity of the wave function and the discontinuity of its derivative at x = a
give

Asinhka = Be™

kBe ™ + kA coshka — gBe ™ =0

From these we obtain the bound-state energy condition

1

tanhka = ———
ga/ka — 1

which can be seen graphically to have one solution for ga > 1. The bound-state
wave function is

Yx)=A [@(x)@(a —x) sinhkx + ©(x — a) sinhka e_"(x_“)]
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The normalization constant is given by

A*Z—a 1+ 2ka — ga
2 ga — 2ka

Problem 3.10 Consider a standard one-dimensional square well,

x| > a

Vix) = {0’

-V, x| <a

(a) Particles of energy E > 0 are incident on it from the left. Calculate the transmission
coefficient 7. How does 7 behave for very large energies? What is its low-energy limit?

(b) Arethere any specific values of positive energy for which there is absolutely no reflection
and the well is transparent? Verify explicitly that for these particular values the amplitude
of the reflected wave vanishes.

(c) Consider now the bound-state problem (£ < 0). Find the bound-state wave functions
as well as the equation that determines the allowed energy eigenvalues. Assume that
our square well is relatively shallow, so that

h2r?

Vo <
"= 8ma?

Show that in this case there is only one allowed bound state and that it corresponds to
an even wave function.

(d) Assume that the depth of the square well increases while its width decreases in such a
way that the product V, x 2a stays the same. This is equivalent to writing Vo = g>/2a
and taking the limit @ — 0. Show that in this case there is a single bound state and
determine the precise value of its energy eigenvalue.

Solution
(a) The wave function for particles incident from the left can be written as
eikx + Be—ikx’ X < —a
V(x) = { Ce'?* + De™ 4%, —a<x<a
Feikx X >a

where

k=+/2mE/n?, g =+/2m(E + Vy)/h?

Applying continuity of the wave function and of its first derivative at the points
x = —a and x = a leads to the set of four equations

e—ika + Beika — Ce—iqa + Deiqa
e—ika . B@ika — % (Ce—iqa . Deiqa)
Ceiqa + De—iqa — Feika

. . k.
Ce'9% — Dei49 — _Fetka
q
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Solving for F, we obtain
4qk o—2ik+q)a
(k—q)P 1 —e %k +q)*/(k — q)*
The transmission coefficient is
_ T (hk/m)|FP
Ji hk/m

T |F|?

and has the value
V2 B
T=(14+-—2L—sin’2qa
4E(E + Vp)
Its two extreme energy limits are

2

. V() )
Eh_)n;O{T} 1—msm 2ga — 1

4E

—
Vo sin® /8ma?Vy/h?

(b) If the values of the energy E are such that the sine in the denominator of the
transmission coefficient vanishes, so that 2ga = n, the transmission coefficient
becomes unity and no reflection occurs. These values are thus

0

fim 171~

n*hm?

E,=-Vy+ S
for n =1, 2,.... The physical reason for the overall vanishing of reflection is
destructive interference between the waves reflected at x = —a and those reflected

at x = a; it is analogous to the phenomenon occurring in optics. It is immediately
obvious from the expression for the reflected amplitude,

(k +¢g)(1 — e~

B _ —2ika
(k — q) — e=4499(k + q)*/(k — q)

that for 2ga = nw, B = 0.
(c) The wave function for an eigenfunction of negative energy is

Aet, X < —a
Y(x) =4 Bcosgx + Csingx, —a<x<a
De %%, X >a

with

Kk =/2m|E|/h?, qg= \/2m(V0 — |E|)/n?

The parity invariance of the potential allows us to choose the energy eigenstates to
be simultaneously eigenstates of parity, i.e. odd and even functions. Thus, we have
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an even solution for

and an odd solution for
B =0, D=-A
The continuity conditions for the even solutions are
A = Be* cosga, tan ga = k/q
and those for the odd solutions are
A = —Ce“ singa, tan ga = —q/k

The energy eigenvalue conditions can be expressed in a more transparent form
if we introduce

& = qa, B> = 2mVya*/h?

Then we have ka = /B% — &2 and the conditions are written as

B? §
tanS: ?—1, tanf:—\/ﬁ

for the even and the odd solutions respectively. Plotting both sides of each equation,
we can easily see in Figs. 6 and 7 that if the parameter 8 is smaller than 7 /2 then
only the even condition can have a solution.

(d) The even eigenstates have eigenvalues that are solutions of the equation

tané = 5—2 -1
40 ¢
20| /J
1 2 3 4
-20 | & (radi ans)
-40

Fig. 6 Even solution with 8 = 4.
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10

-10

Fig. 7 Odd solution with 3 = 4.

Substituting the definitions of £ and 8 given above and putting V, = g*/2a, we get
in the limita — 0

2 2 2 2
g:\/_m<Q_|E|a2)N\/mga = tangwér\, mg-a

hz 2 h2 hZ

g |Ela? 24| E|
21 \ga/2—|Ela? g2

The eigenvalue equation gives

mg4

E|=—
|E| e

Taking the same limits in the odd bound-state eigenvalue equation

3

tan§ = —————
/ 132 _ 52
we get no solution. Thus, the above eigenvalue corresponds to the single bound
state of the system in this limit.

Problem 3.11 Consider a one-dimensional infinite square well at the centre of
which there is also a very-short-range attractive force, represented by a delta func-
tion potential. The potential energy of a particle moving in the well is

+o00, x < —L
h2 2
V(x) = ——gé(x), —L<x<L
2m

+00, x> 1L
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(a) Find the positive energy eigenvalues (E > 0).3

(b) Are there any negative energy eigenvalues (E < 0)?

(c) Consider the same problem with the sign of the coupling inverted, i.e. the case of a
repulsive delta function in the centre of the infinite square well. What is the spectrum?

Solution
(a) The energy eigenfunctions and eigenvalues of the standard infinite square
well, without the presence of the delta function potential, are known to be

h2r2n?

X inmtx /2L -1 n+1 e*innx/ZL , E, —
Yalr) = —=[e +(=1) ] =T

1
2L
Schroedinger’s equation for the complete problem reads, in the interval
—L <x<L,

Y (x) + Y (x) = —g* Y (0)8(x)

where E = h%k?/2m, the eigenfunctions ¥ (x) being subject to the boundary con-
dition

Y(=L)=y(L) =

Since, for the odd-parity eigenfunctions v, (x) of the unperturbed problem we have
Y,(0) = 0, the delta function term will not contribute and we can conclude that
all the infinite-square-well odd eigenfunctions (those for even n) will continue to
be eigenfunctions of the problem at hand; thus

i . nmx h2n2r?

= —sin —, E)yy = ——
1zb'Zn \/Z L 2 2mL2

The sought-for even eigenfunctions of the present problem can always be
expanded in terms of the even infinite-square-well eigenfunctions (those for
odd n):

Yie(x) =Y Cyihappi ()

v=0

Substituting in Schroedinger’s equation, we obtain

2 2 1 2
ZC [ (H ) —kz} Yar11(x) = g2 Y (0)3(x)

3 You can use the mathematical formula

& 7 TX
T
=2+ 1)2 —x2  4x 2



3 Simple potentials 57

Multiplying by v/3,,, ,(x), integrating over x, and using the orthonormality of the
infinite-square-well eigenfunctions we get

g2

722V + 1)2/4L% —

Covy1 =

2 Vi(0)¥3,41(0)
Going back to the expansion of ¥ (x), we obtain

00 * 0
Yie(x) = Yi(0) g2 Z 72(2v 125;1;422 -

v=0

V()

which can be true at the point x = 0 only if

AP S YO

1
¢* w2 &= Qv+ 1) — QLk/m)

8

Since we also know that ¥, ,1(0) =1/ VL, we get
1 4L > 1
g2 w2 = (v + 12— (2Lk/7)?

Summing the series, we arrive at

2 _tan kL

g:L kL

There is an infinity of solutions E 2v+1 associated with the above equation:

W2r%Qu + 1)?

EZU-H =< E2v+1 = Sm L2

which coincide with E,, in the limit g> — 0. These can be seen graphically if we
plot tan x and the linear function (2/g?L)x on the same graph and look for points
of intersection; see Fig. 8.

10

-10

Fig. 8 Positive-energy eigenvalues for attractive coupling such that g2L = 0.4.
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1.5

0.5

2 4 6

Fig. 9 Negative-energy eigenvalues for attractive coupling such that gL = 5.

20

10

‘ ‘ 6 ‘ 10
~10
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Fig. 10 Positive-energy eigenvalues for repulsive coupling such that g?L = 2.

(b) Introducing E = —h%k?/2m, we write the candidate bound-state wave func-
tion as
w(x)z{AsinhK(x+L), —L<x<0
—B sinh x(x — L), O<x<L

The continuity and discontinuity conditions give

A =B, tanh;cL:i/cL
g*L
It is easily seen by plotting both sides of the latter equation that there is one solution
provided that the coupling is strong enough, i.e. g2 > 2/L. Thus, there can be only
one even negative-energy solution; see Fig. 9.

(c) In this case there can be only positive-energy solutions. Obviously, the
negative-parity (odd) states are still present since the delta function term in the
potential is invisible to them. With regard to the positive-parity solutions, the dis-
cussion in (a) for the attractive delta function can be repeated in an analogous way.
Thus we end up with the even-parity energy eigenvalue equation

2
tan kL = - kL
L

8
Again plotting both sides of this equation (Fig. 10), we deduce that there is an
infinity of solutions.
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The corresponding energy eigenvalues are always larger than those we obtain
with the delta function turned off, i.e.
W2r?Qu + 1)?

Epy1 = Epppr = S L2

Problem 3.12 Consider a potential consisting of two delta functions,

2 2

B B
V) = ~El5(x +a)+ —528(x — a)
2m 2m

(a) Find the bound-state spectrum in the case g; = g» < 0.
(b) Do the same in the case gy = —g> > 0.

Solution

(a) In the case of equal (attractive) couplings, i.e. g, = g» = —g° < 0, the sys-
tem is parity-even and we can exploit this symmetry to look for even and odd
solutions.

An even candidate wave function is (E = —h’k> /2m),
Ae**, X < —a
Y4 (x) = { Bcosh kx, —a<x<a
Ae ¥, X >a

The continuity and discontinuity conditions are

Ae™ "¢
B =
coshka
and
g’a
1 +tanhka = —
Ka

We can read off easily from the plot of this equation (see Fig. 11) that there is
always one (even) solution.

5

4

1 2 3 4

Fig. 11 Even solution for g?a = 1.
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20
15

10

1 2 3 4

Fig. 12 Odd solution for g?a = 2.

An odd candidate wave function is

—Ae*, X < —a
Y_(x) = { Bsinhkux, —a<x<a
Ae ™™, X >a
The resulting conditions are
Ae—Ka
B=—
sinh ka
and
g’a
1 4+ coth ka = —
Ka

The graphical solution of the last condition is given in Fig. 12. It is clear that an
odd solution does not always exist. In order to guarantee the presence of a bound
state with odd-parity wave function we need a strong enough attractive coupling.
It can be seen from the plot that g2 > 1/a is required.

(b) In the case of the asymmetric potential

g2h2
Vix) = =—1[6(x +a)—5(x —a)]
2m

we can begin with the candidate bound-state wave function

Ae**, X < —a
Y(x) = § Be* 4+ Ce™™*, —a<x<a
De "%, X >a

Solving the continuity and discontinuity equation system, we get the energy

eigenvalue condition
4
dka 8

R P
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R N Wb OO

0.2 0.4 0.6 0.8 1 1.2

Fig. 13 Solution of the asymmetric case for A> = 2.

which, in terms of £ = 4ka and A= 4g4a2, is
1
“Tmemw
and can be solved graphically as in the previous cases to show that one bound state
exists; see Fig. 13.

of

Problem 3.13 Consider the incidence of particles of energy £ > 0 at a one-
dimensional potential region consisting of two unequal delta functions:

h2
Vx) = m [g18(x +a)+ g d(x —a)]
m

(a) Calculate the transmission coefficient.

(b) Consider the case g; = —g» and show that there exist special values of the energy for
which transmission is perfect and there is no reflection.

(c) Compare the low-energy behaviour (E — 0) and high-energy behaviour (E — 00) in
the three cases g1 = g2, 81 = —grand g; #0, g, = 0.

Solution
(a) The wave function will be
eikx+Be—ikx’ X < —a
VU(x) = { Ce'*™ + De %, —a<x<a
Felkx X >a

The continuity conditions are

A '+ aB=Cr'+ D
F)=CA+ D)7}

where we have defined
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The discontinuity conditions
V' (Fat+) — ¢/ (Fa-) = g21¥(Fa)
give
ikF) —ikCh+ kDL = g, F
ikCA™' —ikD) — ikA™" + ikBr = gi(A"' + AB)
From the second and third of the four continuity conditions we get
F= D<%>,\—% C=ir? (M>D
82 82

Cancelling B from the other two equations gives

gk

D= —2i)\"? - : :
818 + A2k +ig1)(2k +igr)

and finally we obtain
P 4k?
A gigr + (2k +ig)(2k +igo)

The resulting transmission coefficient is

-1
2 2
T =|F = [[1 — @(1 — cos4ka)] + (glgz sin4ka + &1 +g2) }

4k2 4k 2k
(b) In the case g = —g, = g, the expression simplifies to
g ST
T = {[1 + m(l — cos4ka)] + 1o sin 4ka}

It is obvious that for 2ka = nz the transmission is perfect, i.e.

h2n?r?
E, =

S’ n=1,2,..) - T=1, R=0
nma

(c) The qualitative behaviour in all these three cases is the same. In detail, we
have the following results.
For the case g = g, = g,

kZ gZ
S lim {7} ~ 1 — = cos’ 2ka
g*(1 +ag?) k—00

am K2
Forthecase g1 = —g2 = g,
. 2 . g .,
%E}){T}Nw, klggo{'f}~l—ﬁsm 2ka
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Fig. 14 Arbitrary one-dimensional well.

For the case g = g # 0, g, =0,

2 g2
an i~ I ge

Problem 3.14 It is well known that the one-dimensional square well potential
always has at least one negative-energy eigenstate. Consider an arbitrary one-
dimensional potential that is always non-positive and bounded, i.e. V(x) <0
and |V (x)| < co. You can prove that such a potential will always have at least
one negative-energy eigenstate. In order to do this, first consider a square well
Vo(x) = —Vp®(a — x)O(x + a) inscribed in V(x) (see Fig. 14). Then consider
the ground state ¥o(x) of Vy(x), with corresponding energy Ey. Prove that
there is always a negative-energy eigenvalue E < Ey. Hint: Take the matrix
element of the Schroedinger operator between the state Vg and the desired bound
state Yg(x).

Solution
Let us consider the square-well potential Vy(x) inscribed in V(x). The time-
independent Schroedinger equation for this square-well problem reads

h2
— 330+ Volw(x) = Eovro(x)
m

The corresponding eigenvalue equation for the potential V (x) is

hz
—%Wg(x) + V() Ye(x) = Eye(x)
Multiplying the first of these two equations by ¥z (x), the second by ¥y(x) and
subtracting, we end up with

2

- [VE@)WE(xX) — Yo PE(x)]

= — [Vo(x) = V()] Yo()¥e(x) + (Eo — E)Yo(x)¥e(x)
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Note that the left-hand side is proportional to the derivative

[VE)WH(x) — Yo)Pp(x)]

Let us now integrate the equation over the whole interval (—oo, +00). The left-hand
side will give a vanishing result and so we shall get

[ dx[Vo(x) — V(1o yre(x)
[ dx Yo()Ye(x)

We have assumed implicitly that the candidate ground state g (x) will not have any
nodes, i.e. points where it vanishes. Thus the product (x )y g (x) will be monotonic
and will yield a non-vanishing integral by which it is legitimate to divide. Since,
by construction, Vy(x) is always larger than or equal to V(x), the right-hand side
of our last equation will be non-negative. Thus, we can conclude that

Eo— E =

E <E,

and there will always be a negative-energy eigenvalue.

Problem 3.15 Consider the square well

0, x| > a
—Vo, x| <a

Vix)= {

(a) What is the required value of the product Voa? for there to be four bound states?
(b) Consider a parabolic potential inscribed within the square well V(x) (see Fig. 15):

~ o, x| > a
o= {Vo<x2/a2 -0, Ixl<a

Show that the parabolic potential will have at least one odd bound state and that it cannot
have more than four bound states of either parity.
(c) Comment on the triangle potential

- {0, x| > a
Vo(lx]/a — 1), x| <a

—-a 0 a

|
— VU

Fig. 15 Parabolic well V.
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Solution
(a) The eigenvalue equations for the square well, written in terms of the variable
&= \/Zmaz(Vo — | E|)/h?* and the area parameter 82 = 2ma’*V,/h?, are

| B §
tan%‘: 5—2—1, tan%-:—\/ﬁ

From these equations we can deduce graphically that we need S to be larger than

/2, 3w /2, ... in order to have respectively two, three, etc. positive-parity bound
states and one, two, etc. negative-parity bound states. Thus, for
37 9n’n? ,  2nPm?

— < B <27 == < Voa~ <
2 &m m

we shall have four bound states.

(b) Since our potential is inscribed within a square well that has exactly four
bound states, it is clear that we could not have more bound states than four. In
order to find out the lowest number of allowed bound states in our potential, let us
consider a second square well, characterized by depth V| and width 24, inscribed
within the parabola. The fact that it is inscribed translates to the relation

2
~ a
Via) =V, = V=V, (a—; - 1)

Such a rectangular potential will have a maximum number of bound states if and
only if its ‘area’ Vjaj is maximal. Therefore, let us demand a maximum of the
function Vi(a)al, i.e.

d ) d (a} ) 2a}
E [Vl(al)al] = VOE (; —ay) = V() ? - =0
or

2 2
a]2 = 4 — {alel} = @ Vo

max 4

Thus, the corresponding parameter will be

2mai|Vi| B 3
ﬁ]E T=§ — T</3]<7T

and will correspond to two bound states. Thus, we can conclude that the lowest
number of bound states that our parabolic potential can have is two: obviously, one
is even (the ground state) and the other is odd.

(c) Applying exactly the same method as above to the triangular potential V
(see Fig. 16), we conclude that the inscribed square well of maximal area has
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—-a 0 a

I

)

Fig. 16 Triangular well.

a; = 2a/3 and (6112|V1|)max = 4Vya? /27. This corresponds to the area parameter
value 8| = 2,3/3«/§, so that

T By 47
[R— <—
N W

For this range, again we can have two bound states, one even (the ground state) and
the other odd.

Problem 3.16 A particle of mass m is bound in an attractive delta function potential

n2g?
Vix) = ———48(x)
2m

Its bound-state wave function is Vo(x) = /k e “Fl and its energy is Ey =
—h%k?/2m with k = g2/2. Assume that, instantaneously, a force acts on the parti-
cle, imparting momentum py to it. Calculate the probability of finding the particle
in its original state.

Solution

The initial state of the particle is characterized by vanishing momentum, i.e.
(Yol pl¥o) = 0. If we act on the wave function with the operator e ~*70*/? which in
momentum space clearly corresponds to a momentum-translation operator ¢?0%/%7
we obtain a state with wave function

Yo (x) = P o (x)

This state has momentum expectation value

+00

(Wpol 1V p) = / dx Yro(x) [—ihyy(x) + povo(x¥)] = po

—0o0

The wave function of the system can be expanded in energy eigenfunctions of
the unperturbed system as

‘-I/(X, t) = Cowo(x)e—iEot/h + /OO dE C(E)'WE(X)e_iEt/h
0
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where the coefficients are the probability amplitudes for finding the particle in the
corresponding states. Thus, the probability of finding the particle in the ground
state immediately after we impart momentum py to it is

2 +o0 ' 2
- ‘ / dx Y3 (x)e' P/

400
p:ww:V’tu%@%w)
2 _ g4h2

i+ gin?

2K
2k +ipo/h

Problem 3.17 Consider a particle moving in the three-dimensional attractive po-
tential

h2
Vix,y,2) = “om [A18(x) + A28(y) + A3 6(2)]

(a) Find the energy and wave function of any existing bound state (E < 0).
(b) For the above state, compute the spatial and momentum uncertainties (Ax)?, (Ap)? and
check Heisenberg’s inequality.

Solution
(a) The problem is separable. By setting

Y(x,y,2) = XX)Y(y)Z(2),

we obtain
X"(x) + 1 X(0)8(x)  Y'(y)+ 1Y (0)5(y)
X(x) Y(y)
Z@tﬁ?wwz_ﬁf=@+@+@

which separates into three independent equations with solutions as shown:

X'(xX)+MXO0)8(x) =kX(x) =  X(x)= X(0)e N
Y'(0) + Y (0)8(y) =i3Y(y) = Y(y) = Y(0)e P!
Z'(2)+ mZO0)8(2) = k2Z(z) =  Z(z) = Z(0)e OF!

The discontinuity conditions at the origin give

_ A
X'0H = X0)=-1X0) = =7

and, similarly,
o A3

K2=7, K3=7
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Together, these relations lead to

Aoz 2 A A2 A3
w(x,y,z)—( ) exp 7IX| Elyl jlzl

8

and

h2 2 2 2
E= —8—m(x1 + A5+ 13)

(b) The expectation values (x), (y), (z) and (p,), (p,), (p;) vanish owing to
parity. Thus

(Ax)? = (x* +y* + %)
and

(Ap)* = (py + Py + p2)
We can easily compute

400
(Wlx*|ly) = (X[ X)(YZ|YZ) = /\_2][ dx x2 e 211!

oo

B ([Fare) P (L) bl
4 9kt \Jo 4 9t \ 2k i A

(Ax)2—2<1+1+1)
IR VSR E R

Thus, finally,

In an analogous fashion, we get

Ah2 [t 52
(P = (XIpi1X) = =55 | dvertloge
—00 X
)\17!2 400 9
= _T N dx e—'ﬂlxla [_Kl sign(x)e_"”"']
A hz +00 )\‘th
= - dx e M [ =261 8(x) + &7 e ] = =L
2 oo 4

and, finally,

h2
(AP = 7 (A + 23+ 43)
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The uncertainty product gives

n? 11 1
AP (AP == (M ++3) (s +5 + =
(A apr =5 (it + 1) 5455+ 5

which is always larger than 7% /4, as required by Heisenberg’s inequality.

Problem 3.18 Consider a three-dimensional square-well potential,
V(x,y,2) = =V O(a — |x]) Oa — |y]) Oa — |z|)

Find the eigenfunctions and energy eigenvalues corresponding to bound states

(E <0).
Solution
Introducing
n? n?
E=——(l++xl),  E+Vo=_—(qi+4q +4a)

we obtain the trial eigenfunctions
V(x,y,y) = X(X)Y(y)Z(2)
where each factor can be even, so that
X(x)=0O(a — |x|) A cosqyx + O (|x| —a) Be
or odd, so that
X(x) = 0O (a — |x|) A sing, x + O (|x| — a) sign(x) Be !

where A, B, A, B are coefficients.

In an analogous fashion, replacing x by y and then z, we obtain the other wave
function factors.

Continuity at x = a gives

Kxa

A cosg.a = Be ™, — Agq, sing,a = —Bk,e ¢
for the even eigenfunctions and

A sing.a = Be ™, Ag, cosgea = —Bk.e™

Kxa

for the odd eigenfunctions. Summarizing the energy eigenvalue equations, we have

Ki/qi (even)

Enagi = {—ql- /i (odd)

fori =x, y, z.
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If we denote by

e(f), 8;7), 8§+), .

the energy values corresponding to the solutions of each of the above eigenvalue
equations (we denote the corresponding parity of their wave functions by a
superscript plus or minus), we shall have the following energy eigenstates and
eigenvalues:

+++ +
o s En =36

—++ +—+ ++— - +

;11 )’ 1(2] ), ](]2 ) 5 Ery = 85 )+ 285 ) = E21 = Eyi
- —t— +—— E - H_ g E
52] )’ 512 )’ 1(22 ) 5 221 — 285 ) 8(1 ) — L£212 — E122

2 s Em =38

and so on.

Problem 3.19 Consider a particle of mass m under the influence of an attractive
delta function potential

h2g2
Vix) = ———6(x)
2m
The system is in its ground state, with energy Eg = —h*g*/8m and wave function*

V&2 ¢~8"l1/2_Since the only time dependence of this wave function comes from
the phase factor e ~/£!/", the characteristic time of the system is T ~ 8m /hig*.

(a) In a time interval much shorter than the characteristic time of the system, the strength
of the potential increases to a much larger value g° >> g2, while the particle stays in the
same state. What is the new ground state of the system? What are the new scattering
states?

(b) What is the probability of finding the system in the (new) ground state?

(c) Whatis the probability density for finding the particle in an eigenstate of energy £ > 07?
What is the probability of finding the particle in any scattering state? What is its relation
to the probability of part (b)?

(d) What is the energy required for the increase in strength of the potential?

Solution
(a) According to the assumptions, after the sudden increase in strength of the
potential the wave function of the system will be the same at the instant after the

4 The positive-energy eigenfunctions of the system are

1 . 2 .
By — +ikx _ & ik|x]|
Ve W= (e & +2ik

with k = v/2mE /A% > 0.
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change.’ It can be expanded in terms of the complete set of new energy eigenstates,

given by
2 2—4
_ h g
/ —g lx1/2 Ey= ——°_
Wo(x) > ( 0 Sm )

—
+ikx 8 kx|
v =—— e - 57—
e (0= \/271( 2%+ 2ik )

Thus, the wave function of the system will be

W(x, 1) = CoWro(x) e B0/l 4 / dk CH(K) e E D ()
0

+ / dk COk) e/ 7 (x)
0

At the instant after the change (r = 0) we have

2
Y(x,0) = vo(x) = ,/2 o812
-

= CoVro(x) + / dk COGh) ¥, (x) + f " akcOwm T @

0 0
(b) The probability of finding the system in the new ground state will be

4g°g’
T @+
(c) The probability density for the particle to be in a scattering eigenstate will be

+00
Py=|Col® = ‘ / dx voToo|

Pi(k) = |CH k)

with

400
CH(k) = / dx YT )

[e.¢]

— f dxe 8 [x]/2 eilkx -5 etklxl
27 J s g +2ik

7 / v |y + ] £ R DS
= — xXe X - e
V2 ) o k V2 \ g*+2ik >+ 2ik

—+00
dxe

_ ike g -z

- (ik—g*/2)|x]
VT (g2 + 2ik)(G% + 2ik)

5 The energy of the system will change due to the change in potential, however.
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The final integration gives

4ikg g’ — §2

VT (g4 + 4k2)(g> + 2ik)

CHk) =

and

16g%> (8-

T (gt +4R)E + 4k2)
The probability of finding the particle in any scattering state is®

00 1 g2_§2 2
&=/ kP =~ [£—8
0 2\ g2+ 3

Po+P,+P =1

Pi(k) =

As expected,

(d) The expectation value of the energy is

2.2 4 2
(H) = Ti > dx e—& 12 _d_ _ §28(x) o8 1x1/2
dm J_o dx?
nlg? [+ ¢t g’ L B
= I dx |:Z(|x|/)2 - 7(|x|)’ + 825(x)] e ¢!
—00
_ h2g2 +00

4
= dx [% —g%(x) + §28(x)] e~

dm J_o
—2
<m:%G%_Q
g

The difference in energy will be

g g
AW = Ey— (H) = -2E, —2—1>=2|E0| —2—1>
8 8

1682 5 _, 9 /m 2[ 1 < 1 1 )]
6 Pr=—-——(-8)— | dkk -
* x & g)ag“ 0 (g4 —gH \g*+4k2  F*4+ar2

2 ) o0 9 /oo 1 g4 §4
s o .y - +
8T 52 )y o Tt T iae

Using the integral [~ dx (x> + a?)~! = 7/2a, we finally get

N2

p_ (87

+ =z ) ;)
2\g*+3

Finally, we can write
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Vo

8(x)

Fig. 17 Square barrier with an attractive delta function core.

Problem 3.20 A repulsive short-range potential with a strongly attractive core can
be approximated by a square barrier with a delta function at its centre (Fig. 17),
namely

12g?

V(x) = ——5—5x) + VO(a — |x])

2m
Show that there is a negative-energy eigenstate (the ground state). If Ej is the
ground-state energy of the delta function potential in the absence of the positive
potential barrier, the ground-state energy of the present system obeys

E > Eo+ Vo

What is the particular value of V|, for which we have the limiting case of a ground
state with vanishing energy?
Solution
Let us define
,» _ 2m , 2m »  2m
K =h—2|E|, q :h_2(|E|+V0)’ B =h_2VO
The Schroedinger equation is
v'=k*y (x> a)
v'=g’v  (xl<a)
The discontinuity at the origin gives
V'(+0) — ¥'(=0) = =gy (0)

Odd-parity solutions do not see the attractive delta function potential and, thus,
cannot exist for £ < 0. Even-parity solutions of the above equations have the form

Ae M, x| > a
Bedl*l 4 Ce~axl x| <a

Y(x) = {
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Continuity at @ and 0 leads to the condition
ean (1 _gz/ZCI) _ q—K
1+ g%/2¢q q+k
In the case of vanishing Vj, we recover the solution

72 2\ 2
Ep=——(%
2m \ 2

Since the right-hand side of the eigenvalue equation is always positive, we have
necessarily

80— 2m E+V)>g4
__> —_— — R
2q 72 ="
or
72 g22
E<Vo——(2) =+ E
= 2m(2> o+ Eo

We can see graphically that the above eigenvalue equation has only one solution,
by defining

Then, we have

ezg(s_)‘>:§_m
1) e JE-»

The solution exists provided that A > b. In the limiting case A = b, or, equivalently,
B = /2mVy/h* = g?/2, we get a vanishing ground-state energy.

Problem 3.21 Consider a particle of mass m bound in the linear potential V (x) =
A?|x|; see Fig. 18.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

—a 0 a

Fig. 18 Linear potential.
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(a) Using dimensional analysis derive the dependence of the energy eigenvalues on the
parameters of the system.
(b) Show the validity of the following approximate solution of the Schroedinger equation:

V) = Ck~'7% exp [fxa dx K(x)], x> a
Ok cos [ [ dx k(x) — m/4], x<La

where k*(x) = 2m[E — V(x)]/h% «k2(x) = 2m[V(x) — E]/Ah* and a is the turning
point defined by E = V(a). At what distance L >> a from the turning point does this
solution become a good approximation?

(c) Find the energy eigenvalues.

Solution
(a) Since the only parameters that appear in the Schroedinger equation are A2
and 712/m, we must necessarily have

E_ h2 B (}\’2))/
- (z) €

where 8 and y are exponents to be determined and €(7) is a dimensionless function
of the quantum number n that determines the energy spectrum. Substituting the
dimensions of the quantities involved (note that [A\] = M'/2L'/2T~1), we obtain
B =1/3and y = 2/3. Thus

n\ "’ 2/3
E = (E) (kz)/ e(n)

(b) Let us consider the x > a branch. Substituting into the Schroedinger equa-
tion, we obtain

PETCR T %K—I/ZK/ _ %K—l/ZK/ + [%K—S/Z(K/)Z _ %K—3/2K//] —0

Thus, the above wave function is a valid approximate solution provided that the
terms in the brackets are negligible. This amounts to

22 n?
K<kt = (V-EP» | —
2\ 2m

Setting V(x) — E = A*(x — a) = A’L, we obtain

hz
L R
> (23)

as expected on dimensional grounds.

1/3
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(c) The wave function 1 (x) should be odd or even under space reflection (a —
—a). Thus, we should have

Cxke) - T =+ " dxk(r) -~ ~

cos|:/x x (X)—Z_ = COS|:/a X (x)—zi|
a 7] a v

cos [—/x dxk(x)—z_ = cos [/x ka(x)+Z:|

= 4 cos |:/x dxk(x)+%i|

or

This implies that

X

a b4 T
/ dxk(x)+Z=—/ dxk(x)—z+(n+1)n

—a

with n a non-zero integer, or

/:1 dxk(x):yr(n-l—%)

Calculating the integral, we have

¢ 2mA2 a 4 2mA2
/ dxk(x)=2 m2 f dx (a —x)V? = g3 m2
—a h 0 3 I

4 (EN? [2mp2
_3 )\‘2 hZ

2\ 3n 1\ 773
— (223 = = Z
f=er () [

Problem 3.22 An electron moves under the influence of an electric field defined
by

we finally get

EX, x>a, Vy, z
E=10, —a<x<a, Vy z
—&X, x<—a, Vy, z
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M(x)
€
—
£ LA __.
a b

Fig. 19 Uniform electric field.

(see Fig. 19). In the WKB approximation the x-dependent part of its energy
eigenfunctions in the x > 0 region is of the form

Ck~ 2 exp [fxb dx k(x)], x>b

e C'k™ ' cos[ [* dxk(x) —m/4],  x<b
where again k%(x) = 2m[E — V(x)]/h% «2(x) =2m[V(x) — E]/A* and b is
the turning point defined by E = V(b). Find the energy eigenvalues in this
approximation.

Solution

The potential corresponding to the given electric field will be

—efx, X >a
Vix)= 10, —a<x<a
eEx, X < —a

The Schroedinger equation can be reduced to one-dimensional equations by the
separation of variables. The energy eigenfunctions are

1 . )
\I’(l') — _elkyy elkzzw(x)
2

where 1 (x) solves the above one-dimensional potential with energy eigenvalues
E. The total energy eigenvalues are

21,2
nk; N hzkg
2m 2m

Eo=FE +
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According to the given WKB formula for the wave function v (x), we shall have,
for a point to the left of the right-hand barrier,

b T
Y (x) = C'k™'/* cos [/ dx k(x) — ﬂ

X

This should coincide with the corresponding wave function constructed for a point
to the right of the left-hand barrier, namely

* T b T
Vo (x) = C'k™Y? cos [/ dx k(x) — Z] = C'k™"? cos [/ dx k(x) + Z]
—b X

Thus, we must have

b
Y. (x) = Y (x) — f dxk(x)—% =nnr (m=1,2,...
-b

This is the WKB quantization condition. It gives

b 2
/ X 2b a\3/2 T 1 h
a+/a X b a+3( b> 2ﬁ(n+2) >m

with

It is convenient to introduce the characteristic length scale of the potential,

hz 1/3
L=
(i)

and the dimensionless energy variable

E
5= alel€ a

Then the eigenvalue equation becomes

Note that § > 1.
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For very large energies or, equivalently, for £ > 1, we get

37 \3 7\ /2
—_ 30 == _
a= () (2)

and

242 202\ 1/3
EO — 23 (971 h eE)

32m

79

This is independent of a and coincides with the WKB result for the potential

V = —eflx|.

In order to go beyond this approximation, we can expand the above equation in

terms of £ 2. We obtain

22° (3 3 _mn (L)
s+ (gt ) = ()

or, keeping the next to leading term,

§+L_1£Gy2
3 4 22

Now, we can substitute the trial solution

E =6 +§&

and obtain

3

éo 4§ &o

or

Thus finally we get

4/3
B a2 <9h2n2e252>1/3 Lt (4\5)/ (g>2

32m  4n*3\ 37 L

M (10 L (1m0 ) o (L) s
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Problem 3.23 A particle in a one-dimensional crystal is free to move in the region
—a < x < a but it is subject in harmonic forces beyond this range. The potential
energy of the particle can be stated in the form

;ma)z(x —a)?, X >a
Vix)=130, —a<x<a
%mwz(x +a)?, X < —a

where m is the mass of the particle and mw? is the spring constant. Find the
approximate energy eigenvalues in the WKB approximation. How does the result
behave in the two opposite limits of very small or very large a?

Solution

The WKB eigenvalue condition is

b [2m
b h

The energy E is related to the turning point b by E = %ma)z(b — a)*. The above
integral becomes

[ae 2o [ a2 T
9 X 2 » x Y Sme*(x +a
2
/dx\/h2 —ﬂ(x—a)z]

2mE !
2a.| ’;:2 +2($)(b—a)2/ dx V1= 12
0

The last integral is just 7 /4. Thus, we get

(2";“)) [a(b—a)+—(b—a)] <n+%>

It is convenient to introduce the characteristic oscillator length L = /h/mw
and the dimensionless energy variable € = E /hiw. In terms of them, the eigenvalue

equation becomes
24/2 1
€+ V2 Ve—(n+=)=0
L 2

or
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Solving this equation, we obtain the energy eigenvalues as

oo () 5 ()]

In the limit a < L, we obtain, as expected,

1
E,~h -
w<n+2>

In the opposite limit, a > L, we obtain

2

72h%n?

E, ~
8ma?

which coincides with the eigenvalues of an infinite square well.
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The harmonic oscillator

Problem 4.1 Consider a one-dimensional harmonic oscillator with potential en-
ergy V(X) = %ma)zxz. The initial (t = 0) wave function of the system is

wum~i0—iyw
2 IX|

where f(X) is a real (f*(X) = f (X)) normalized function that is odd under space
reflection X — —X, i.e. f(=X) = —f(X).

(a) Is ¥ (X, 0) normalized?

(b) What is the initial probability density at the point X = 0?

(c) What is the initial probability of finding the particle in the region [0, +00]? What is the
initial probability for the region [—oo, 0]?

(d) What is the parity of the initial wave function? What is the parity of the wave function
at a later arbitrary time t > 0?

(e) Isthere a time t; at which we can be certain that the particle will be in the region X > 0?

(f) Is there a time T > 0 at which we can be certain that the particle will be in the region
X =<0?

(g) Calculate the current densities 7 (X, 0), J (X, t;), J(X, T).

(h) Is there a time t; at which the probabilities of finding the particle in the regions X > 0
and X < 0 will be equal?

Solution
(a) The normalization condition is satisfied since

+00 0
1=/ dx [¥(x, 0)|2=/ dx 2[ f(x)]?

o]

0 0 +00
fduwW— M4Wﬂ4ﬁzf dx [f(x)]* =1

+o00 00

82
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(b) Owing to the odd parity of f(X), we have f(0) = — f(0) = 0 and, therefore,
P(0,0) =0.

(c) Owing to the vanishing of the wave function in the X > 0 region, we have
P, = [, dx P(x, 0) = 0. Obviously

0
P_E/ dX P(x,0)=1—P, =1

(d) The initial wave function does not have a definite parity. The time-evolved
wave function will be a mixture of odd and even eigenfunctions and, therefore, will
not have a definite parity either.

(e) The wave function at positive times will be

o
Yt = ey e ™ yn(x)
n=0
The coefficients C, are given by

0
Ch = «/5/ dX Yn(X) f (X)

Note that, owing to the reality of the eigenfunctions and the reality of f (), the ¢,
are also real.

It should be noted that the eigenfunctions have definite parity, Y¥n(—X) =
(=D)™fn(X). Then, it is clear that for

T
= —
w
we have

Y t) = =i ) Gan(=X) = =i (=X, 0)

which implies that
P, 1) =P(=x,0)

or that at the time t; the particle has completely moved to the right with exactly the
same distribution it had initially when it occupied the negative part of the X-axis.
(f) Similarly, we can see that at the time
2w

T
w

we have

Y(X, T)=—v¥(x,0)
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and, thus, the particle is distributed exactly as initially, or
P(x, T) ="P(x,0)

(g) All three wave functions (X, 0), ¥ (X, t;) and ¥ (X, T) are real up to a
constant phase. Thus, the corresponding probability current densities can easily be
seen to vanish.

(h) Itis easy to see that at the time

¢ b4
T 20

we have

W(X, t2) = —i W*(_X» t2)

Note that this is possible owing to the reality of the coefficients c,. Thus, the
probability density is even:

P(X, ) = P(—X, 1)

Problem 4.2 A particle of mass m and electric charge ( can move only in one
dimension and is subject to a harmonic force and a homogeneous electrostatic
field. The Hamiltonian operator for the system is

P2 mw?

H=-— 4+ —x>—qé&x
2m+ 2 d

(a) Solve the energy eigenvalue problem.

(b) If the system is initially in the ground state of the unperturbed harmonic oscilla-
tor, [¢(0)) = |0), what is the probability of finding it in the ground state of the full
Hamiltonian?

(c) Assume again that the system is initially in the unperturbed harmonic oscillator ground
state and calculate the probability of finding it in this state again at a later time.

(d) With the same initial condition calculate the probability of finding the particle at a later
time in the first excited state of the unperturbed harmonic oscillator.

(e) Consider the electric dipolemoment d = gx and calculate its vacuum expectation value
in the evolved state | (t)), assuming again that we start from the unperturbed vacuum
state att = 0.

Solution
(a) We can write the Hamiltonian as

p2 maw? (X qg )2 q252

H= —+— —
2mJr 2 2mw?

M2

Note however that the exponential of the momentum operator p is a space-
translation operator; we can prove in a straightforward fashion that

ein/hxe—in/h =X 4|



4 The harmonic oscillator 85

Thus, we have

) ) 252
H= e—l|p/h H0e|Ip/h _ q
2mw?
where
pz mw? ,
Hy= — 4+ —X
"=t 2

is the standard harmonic-oscillator part of the Hamiltonian and
| = g€/ mw?
It is, therefore, clear that the energy eigenstates are
) = e "PMn)
and the energy eigenvalues are
— 1 Maw?
En:ha)(n—l—E) —le

The corresponding eigenfunctions are just the standard harmonic oscillator eigen-
functions translated by | :

Yn(X) = ¥n(x =1

(b) The state of the system can be expanded in energy eigenstates as
© =
W) =) Coe BN )
n=0

The coefficients are

Cn = (M[y¥(0))

and correspond to the probability amplitude for finding the system in each eigen-
state. In our case, since the initial state is the unperturbed ground state,
Cn = (N]0)
The probability amplitude for finding the system in the true ground state |0) is
Ol (1) = Coe =" = (0]0) &=
The corresponding probability Py is time independent:
i i

Po = |(010)|” = [(0]e~"P/"|0)

Using the operator identity

eAtB _ oA B o [ABI/2 _ oB oA g-[B.Al/2
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we get, since p = —i/Mwh/2 (a — a'), where a' and a are the creation and anni-
hilation operators for the harmonic oscillator problem,

; Mw Mw 2
efllp/h — 1 | i emwl /4h
exp /—2h alexp(l,/— o 2
m m
= exp (I /2—;) a*) exp (—I 2;;) a) g mel’/4n

m n m
exp (I /2—;) a’) exp (—I 2—;) a) g mel?/4n

252
P =exp ()

Therefore, we have

0le7"P/M0) = <0

O> — e—me2/4h

Thus, finally

2mw3h

(c) Let us consider again the expansion

0
W)= Coe &M
n=0
The amplitude for finding the system in the unperturbed ground state at time t is

o0

0|1//(t) Z —I Ent/h Oln Z |C |2 e—IE t/h

n=0

The coefficients are given by

O I|p/h|n>

= (0]
< L ) exp ( | % a) o—mol?/4n
exp< | | — oh a)
( / ;)I) Ola In) e —mawl?/4n
— L _ _C() —Mol?/4h __ (_l)n @ " —Mmawl2/4n
-5 () wmemen = ([T e

a

)

> —mw|2/4h
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(=" " —mwl 2 /4h
“ =" (v o ') °

Substituting back into the amplitude, we get

n
_ —iwt/2 o~ma?l2/2h jme?l2t/2h 1 mol * —inot
Ol () = et/ e va ) e
n=0 ""°

2 n
_ giot/2 g=mol?/2h Gima?12t/2n Z 1 (Ml oot
~n! 2h

; 2 F 2] 2 mwl?
iwt/2 e—ma)l /2h elma)l t/2h exp( o ela)t)

Thus

=e
The corresponding probability is

2
P = |(0|1ﬁ(t)>|2 — g—Mal?/h exp [%(e—iwt + eia)t)i|

m m t
= exp |:Ta)|2 (cos wt — 1)] = exp (—2Ta)l2 sin’ %)

or
P =exp (—2;;6;3 sin? %)
(d) In this case the amplitude we want is
(1y () = Z Coe BN (1)
We have

(1n) = (Olae™""P"|n)

It is not difficult to prove by induction that
. [/meh
[a, pn] =1in Ta) pn—l

Mo _;
g e7|Ip/h
2h

Using this in the matrix element at hand, we get

(1) = (0le™""ajn) +1,/ 72 (0le™""Mny

and, consequently,

[a’ efl|p/h] — I
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Mo

Thus, the required amplitude is

—iEnt/h m
(1Y) = ZC e <\/_Cn P+ /2h Cn)
2n—1
—iwt/2 o-ime?l’t/2h —inot | _ VN (| @)
°e Ze { NONGESAN T

+1 [me T | | Me . gMmel?/2h
2h n! 2h

Mw ; Mw i i imw?l2
= giot 1 —— 0% (1 = g iot efla)t/Z g imo 1°t/2h
o (o) e |-G 1o

The corresponding probability is

_ q>&? , ot q*e?\ ., wt
77_2(hmw3> sin 5 ©XP -2 rom ) S5

(e) We have

or

d(t) — (W(t)ldhl’(t)) =q Z C:Cn/ eiwt(n—n’) <n|eilp/hXefilp/h|n/>

n,n'=0

=q Y. CiCw @™ (ni(x+ Din')

n,n"'=0

=ql+9 ) CrCy ™™ (nx|n)

n,n'=0

We need the matrix element

h h
(n|x|n’) = ,/m(nl(a +ahn') = ,/m («/ﬁan,n/_l + V' + 18n,n’+1>

Substituting it into the expression for the dipole moment, we obtain

= | |
dt) = ql +ay/ 5~ Z (c::cnm/n Tle et 4 c;cn_lﬁéwt)

mo 2n+1 '
_ql +q / —mwl2/2h2|:n' (_ | ) e—la)t_{_”_j|
[ h mo i
—al —al T alot wt
4~ 2mwY 2h (&7 +e)
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Our final expression is

d(t) = gl — gl cos wt = 2q| sin? %t

Problem 4.3 Consider a simple harmonic oscillator with Hamiltonian

p2 mw2 5
H=— —X
2m + 2

(a) Show that

211 _ 22_4L"2
[H. [H, X*]] = 2hw)*x - H

(b) Show that the matrix elements of the square of the position, (n|x?|n’), vanish unless
nN=nx2orn =n.

(c) Compute the matrix element (n|X|n’) and verify the completeness of the energy eigen-
states, checking explicitly that

o0

XAy = Y (nix|e) (elxIn’)

=0

Solution

(a) Itis straightforward to prove this operator relation.

(b) Substituting the expression for the position operator in terms of the creation
and annihilation operators and using the properties of their action on the states,
namely

an=+vnn-1, alin=vn+1in+1)

we arrive at

h
(DI = — @+ Doy + VN + 2N+ Db -2+ = D0, 2

(c) Similarly, we obtain

n
nixIn') = /> (Vs w1 + VU T80 )
2mMw
and by substitution we can check the given identity.

Problem 4.4 Consider a simple harmonic oscillator with Hamiltonian

p2 maw?
H=_—4+—Xx
2m + 2

2

(a) Determine the expectation value (X*); by solving the corresponding time evolution
equation and show that it is a periodic function of time with period (2w)~".
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(b) Suppose that the initial wave function of the system is real and even, i.e.
W(X,0) = ¢ (X) = Y (—=Xx) = ¥*(X)
Calculate the uncertainty at time t (the dispersion)
(AX)F = (X = (X))

in terms of (X%)o and {p?)o.

(c) Consider the limit t < w~!. If by T and V we symbolize the kinetic and potential
energy, show that if (V) > (T)g then (x2); < (X)o. In contrast, when (V)o < (T)g
then (X?); > (x%)o.

Solution
(a) From the solved expressions for the position and momentum Heisenberg
operators,

X(t) = cos wt X(0) + sin wt PO
Mo

p(t) = coswt p(0) — sin wt MwXx(0)
we obtain

(1 — cos 2wt) (p*)o

1
(X% = 5 (1 + cos 2wt) (x?)¢ + S

1
in 2wt { X X
+2mwsm ot (Xp + pX)o

(b) For an even initial wave function we have

(UIx|y) = (&lply) =0
If in addition the initial wave function is real then, using the fact that the momentum
operator is imaginary, we get
(WIxp + px|y) = —(¥|xp + px|y)*
= — (Y1 (xp+ P [¥) = —(¥Ixp+ px|y) =0

Thus, we have

2
mm$=u%wm%n+é%%g&wt
[0}

(c) For small times, we have the approximate expression

mm“wﬂvumf<w“—u%
! (Mw)?
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o(x) V(x)

0 X

Fig. 20 Harmonic oscillator with attractive or repulsive delta function core.

from which we can immediately conclude that
X< () = (V)o>(T)
and

X > (X = (V)< (T

Problem 4.5 Consider a harmonic oscillator potential with an extra delta function
term at the origin (see Fig. 20):

me? , Mg

V(X) = 7 X* 4+ > 8(X)

(a) Notice that, owing to the parity invariance of the Hamiltonian, the energy eigenfunctions
are even and odd functions. Notice also that the simple harmonic oscillator odd-parity
energy eigenstates vr,, 1 (X) are still eigenstates of the system Hamiltonian, with eigen-
values Ez, 11 = hov + 1 + %), forv=0,1,....

(b) Expand the even-parity energy eigenfunctions of the given system, {g(X), in terms of
the even-parity harmonic oscillator eigenfunctions ¥, (X):

Ye() =Y Corau(X)
v=0

Substitute this expression into Schroedinger’s equation and compute the coefficients C,
by multiplying by ¥,,(X) and integrating.
(c) Show that the energy eigenvalues that correspond to even eigenstates are solutions of

the equation
_[n Z 2v)! +1 E\!
Mrw 4= 22 (v!)? 2 ho
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You can make use of the fact that, for the oscillator eigenfunctions, we have

1/4
2 (0) = (@) ACD]
h 2vp!

(d) Consider the following cases: (1)g > 0,E > 0;(2)g < 0,E > 0;(3)g < 0,E < Oand
show that the first and the second cases correspond to an infinity of energy eigenvalues.
Can you place them relative to the set E;, = ho(2v + %)? Show that in the third case,
that of an attractive delta function core, there exists a single eigenvalue corresponding
to the ground state of the system. Use the series summation'

> (2))! I JAT/2-x/2)
;41(“)2 2j+1—x 2 T(1-x/2)

Solution

(a) The delta function term in Schroedinger’s equation is proportional to
¥ (0)8(X), which vanishes for any odd function that satisfies the rest of the equation,
such as the harmonic-oscillator odd eigenfunctions.

(b) The Schroedinger equation is

00 h2 d2 Maw? s h29
UZ;CV (—ﬁ% + TX - E) VYo (X) = _%WE(O)S(X)

or
[ee] 1 h2
;cv [hw (2u + 5) — E] Yau(X) = —z—nfva(owx)

Multiplying by ¥,,/(X) and integrating gives, owing to the orthonormality of the
harmonic oscillator eigenfunctions (remember that they are real),

1 h?
[ha) (Zv’ + 5) - E} Coy = —z—rgwoww(m
or

h’g  Ye(O)¥a(0)
2mhw (2v+3)— E

C2v:_

(c) Substituting into the expansion of {re(X), we obtain

v 0 Vv
VE() = — wE( )Z Wz ( i) (X)E

! You can use the mathematical fact that the gamma function I'(X) possesses poles at the points X = 0,
—-1,-2,-3,....
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At the point X = 0, this expression is true provided that
1 n i [¥2,(0)
g9 2mghw(v+1)-E
Using the given values of ¥,,(0), this is equivalent to
/ Z 2v)! 1 E\'
< 22(v ')2 2 Nw
(d) Using the given gamma function expression, we get
4 [ h T'(l/4-E/2hw)
g Vmo I'(3/4— E/2hw)

The right-hand side has poles at the points

! E—n(n—012 ) = E=h 2n+1
4 2he s - 2
and zeros at the points
3 E =-n (n=0,1,2 ) = E =h 2n—i—1-i-1
4 2he R e 2
Since
'z+1
F(Z):w
we have for z = —¢, with € > 0,

1 1
I'(—e) = — ') = — <0

For E > 0 the right-hand side can be plotted as shown in Fig. 21.
In the case g > 0, the left-hand side is a horizontal line in the upper half-plane
cutting the right-hand side at an infinity of points E, > ho(2v + %). In the case

| 2 /J /4} BE
sigis

Fig. 21 Plotof I'(1/4 — x)/T"(3/4 — X).

-10 ¢
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g < 0, the left-hand side is a horizontal line in the lower half-plane cutting the
right-hand side at an infinity of points E, < hw(2v + %). Thus, the positive-energy
eigenvalues are in one-to-one correspondence with those of the even-eigenfunction
harmonic oscillator, lying higher or lower than them in the repulsive or attractive
delta function case respectively.

In the attractive case (g < 0) there is also a single negative-energy eigenstate.
For E = —|E| < 0, the right-hand side of

4 Mo T (1/4+ |E|/2ho)
gV h  T'3/4+ |E|/2hw)

is a monotonic function of | E| that starts from the value

raM
rG/4)

at E = 0 and decreases to 1 at |E| — o0. The left-hand side is a horizontal line.
There is a single solution, provided that the coupling is such that

ra/yH71  gh
[r(1/4)} = T6mw

Problem 4.6 Consider a simple harmonic oscillator in its ground state. An instan-
taneous force imparts momentum Py to the system. What is the probability that the
system will stay in its ground state?

Solution

The new state of the system is

1/4
i Mw .
wpo(x) = e—l pox/h wo(x) — <E> e—l pox/h e—mwXZ/Zh

In an expansion in the complete set of harmonic oscillator eigenfunctions,

V() =Y Catn(X)
n=0
the coefficients

+00

Ch= f dX Y (X) ¥, (%)
—00

are the probability amplitudes for the system to be in the state vr,. Thus

2
= ' f Yi(x) e PHm

2

P = ‘ / VoW (X)
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Calculating the Gaussian integral

+o0 i
/oo dx exp (—%x Po — %ﬁ)

+o0 Mw pO 2 p(2)
B /_oo dx exp [_T (X Bl 2ma)> ]exP (_4ma)h>

b —p?
0= P\ Smen

Another way to compute this probability is to start from the formula

we get

Po = [(0le™»*"j0)]*

and use the operator identity

eA+B _ oA oB o—[A BI/2

which holds for operators that have a c-number commutator. Applying this identity
for
X =, n @' +a)
=,/—(@ +a
2mw
we obtain

e o oot e

2
— ‘ (0|O> e—p§/4mha) ) — e—pg/thw

2

)

since exp(Ba)|0) = |0) and (0| exp(ya*) = (0].

Problem 4.7 A simple harmonic oscillator is initially (at t = 0) in a state corre-
sponding to the wave function

1/4
P(X,0)= (Z> e_”xz/z
T
where y # Mmw/h is a positive parameter.

(a) Calculate the expectation values of the observables

2

X, p. xp+px, X2, p

att = 0.
(b) Calculate (x?) and (p?); fort > 0.
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(c) Write down the uncertainty product (AX);(Ap);. Verify that it is always greater than
h/2. Show that it is a periodic function of time.

Solution

(a) The expectation values of the position and momentum in the initial state
vanish owing to parity, as can be checked explicitly. Similarly, the third quantity,
being imaginary and Hermitian, leads to a vanishing expectation value in the initial
(real) state. The remaining two expectation values are

> a o0 1
(x*)o = ,/Zf dx x2e "X = — /Z— / dxe 7 = —
T J Ty J_o 2y

00 82 ) hz)/
2y — _h2 Z/ d e_VXZ/Z_ e VX 2 _ _ 7
(P o <) X e >

(b) From the solved Heisenberg operators

and

. p(0)
X(t) = cos wt X(0) + sinwt —=
Mw

p(t) = cos wt p(0) — sin wt MwXx(0)

we obtain

(X*)t = 3(1 4 cos 2wt)(X*)o + (1 — cos 2wt)(p?)o

2(Mw)?

or

Similarly, we get

(c) The uncertainty product is

(AX)F(AP) = — +

h?  sin?2wt /Mo hzy 2
4 16

Y 11D
and its period is T = 1/2w. Note that for y = mw/h we would be in a state of

minimal uncertainty. This choice identifies our initial wave function with the ground
state of the harmonic oscillator.
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Problem 4.8 Consider a simple harmonic oscillator.

(a) Show that, for any function f (X) of the position operator, we have

h h
T — /
[a, f(x)]_,/ f(x) [a', fx)] = ,/2 wf(x)

(b) Choose f(x) = €< and show that
(n|€**10) o< (n — 11€*]0) oc - - - o (0]€**|0)

Compute the proportionality coefficients as well as the matrix element (0|€¥*|0). Write
down the final expression for the matrix elements (n|€**|0) and show that they are
properly normalized, satisfying

o0
> lnieo)* =1
n=0

(c) Suppose now that initially (at t = 0) the system is in the state
[¥(0) = €|0)

Calculate the expectation values of the position and momentum observables in this
state. What is the probability that an energy measurement at t = 0 will give the value
En = ho(n + %)? Calculate the probability for such an outcome at time t > 0.

(d) Consider ¢ to be a given parameter with the dimensions of length. Work out the operator
quantities

Show that
(n|€PM0) oc (n — 11€PM0) oc - - - o (0]€PM]0)

and compute the proportionality constants. Calculate the matrix element (0]€/P/"|0).
Write down the final expression for the matrix elements (n|e'P*/ "|0) and verify that they
satisfy the normalization condition

o0
I(n|ePM0))> = 1
n=0

(e) Suppose that the system is initially (at t = 0) in the state

1y (0)) = €PM|0)

If we make an energy measurement at time t > 0, what is the probability of finding the
value E, = ho(n + %)?
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Solution
(b) Starting from the easily proved commutator relations in (a), we take f(X) =
€% and consider the matrix element

i kx i h _ i kx
(n—1]a € W»”hbmﬁnIW|m
vﬁm@“m>:ihﬁjlwn—ué“m>
2mw

which gives

or
: ik h -
n|e**0) = —./ ——(n — 110
(n|eg™*|0) NG 2mw< |€7710)
Similarly, we get
. ik h .
n—11e€¥0) = —(n—21€*0
( |€7]0) — me( |€"10)

and, by induction,

. ion no\"
(n|g**|0) = %( m) (01€'**|0)

In order to compute the ground-state matrix element, we write it as

[ h
i _ T
exp |:| k me(a +a )i| O>

eA+B _ oA @B o [ABI2
which is valid for any two operators with a c-number commutator. Therefore we

obtain
[ h / n
ik /—3af ik, ——
exp <| k T a ) exp (I k T a)

—hk?/2mo

<mé“m>=<o

and use the identity

<mé“m>=<o

O> e—hk2/4mw
=e

Finally, we get

J/n! 2me

which satisfies immediately the normalization property.

(n|eIkX|O> — M ( L) e—hk2/4ma)
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(c) The probability amplitude for finding the system in the state |n) attimet = 0

i

ik AR R " —hk2/4me
(n[y(0)) = (n|e™|0) = W( 2ma)) e

The corresponding probability will be

k2n h n 2
Pa(0) = [(n|y(0))]* = <_> e—hik/2mo

n! \2me

Attime t > 0 the state of the system can be expressed as
H[/(t) 7Ia)t/2 ZC e Ija)'[

The coefficients of this expansion are

j
k)! h >
= (jly(0) = (T)!( —) g ame

Thus, the evolved state will be

() = e hk/Amo g-iot/2 Z('k)J ( / w) eiiot |

The probability amplitude for the system to be in the state |n) is

ity = e "rime grion2 00 ( L) ginot

The corresponding probability is

kzn h \" )
Pa(t) = [(n|y () |* = <—> e /2 — PL(0)

n' 2Mw

and it is time independent.
(d) Itis easily seen that

eip/é/hxe—ipZ/h =X40

[x, dPN) = _gdPtM [, dPUN) = g M ipe/n
2h
Taking the matrix element (N — 1| - - - |0) of the last expression, we obtain

(nlePM0) = — m—}ﬁ]‘)m —11&Pth0)

¢
Jn



100 Problems and Solutions in Quantum Mechanics

By induction we eventually get to

(&P o) = (Jf]_)'n< /E> (0[P/M|0)

The ground-state matrix element is easily calculated as
Mw
0 ¢ ]——@—ah||o0
folee [ 5= o
0 ¢ T ¢ /™
= exp| —¢,/——a' )ex —
P 2h P\ 2n
Thus

(n|ée |pe/h|0> (\/%n ( /2h ) efmwe2/4h

It is straightforward to verify that the normalization condition is true.
(e) The evolved state of the system is

0> e~ Mwl?/4h _ o—mowt?/4h

hﬂ(t) —Ia)t/2 ZC e—ljwt

with coefficients

. o (—0)! j 2
— _ £p/h Mmw¢?/4n
Ci = (jly©) = (jlg€PM0) = Vil (J >h ) e

Substituting, we get

i
() = e etet? Z( N (v 2h ) e )

The probability of finding the system in the state |n) is

P — e (Mo " o mol/2n
" n\2h

and it is time independent.

Problem 4.9 For a simple harmonic oscillator, consider the set of coherent states
defined as
Zn

Vn!

|2) = e 172

In)

M2

Il
=

n

in terms of the complex number z.
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(a) Show that they are normalized. Prove that they are eigenstates of the annihilation oper-
ator a with eigenvalue z.

(b) Calculate the expectation value N = (N) and the uncertainty AN in such a state. Show
that in the limit AV — oo of large occupation numbers the relative uncertainty (AN)/N
tends to zero.

(c) Suppose that the oscillator is initially in such a state at t = (. Calculate the probability
of finding the system in this state at a later time t > 0. Prove that the evolved state is still
an eigenstate of the annihilation operator with a time-dependent eigenvalue. Calculate
(N) and (N?) in this state and prove that they are time independent.

Solution
(a) It is straightforward to see that

(22) = e Z (Ln d |n>—e"z'2i|Z|2n =1
n’,n=0 (n/)'n n=0 n!

Acting on a coherent state with the annihilation operator gives
272 272 f z
alz) = e Z a|n e Z |n —1)

In—1)=72[2)

z|7/2
Zel\/zm

which proves that |z) is an eigenstate of a with eigenvalue z.
(b) Thanks to the property proved in (a), we have

N = (zjala|z) = |z)?
Similarly, we have

(zIN?|2) = (z|la'aa’a|z) = |z|*(z]aa|2)
= |z1*(zI(1 + a'a)|2) = |21*(1 + |21

Thus, the square of the uncertainty is
(AN) = (N?) = (N)? = |z’
The relative uncertainty is

AN _ 1t
Nzl IUN

In the limit N' — o0, it goes to zero.
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(c) The time-evolved state of the system is
S .
W) =) Che” BN n)
n=0

The coefficients are determined from the initial state through

z"
)= el f

= (nly(0)) = (nlz) —e'Z'/ZZW NG

Thus, the evolved state is

|w(t)> — —Ia)t/2 e—|Z| /2 Z

Ze th)

The probability amplitude for encountering the initial state |z) in the future is

x 2 a—iwt\N
2y (t) = e ey W

n=0

The corresponding probability is
Py(t) = e—4|z|2 sin?(wt/2)
Addressing the remaining issues, it is straightforward to show that

aly(t) = ze7 !y ()

As a result of this relation, we obtain

(y®laaly®) = 1z = (N)o,  (WOIN? ¥ (1) = [21°(1 + [z1%) = (N?)g

Problem 4.10 A simple harmonic oscillator is initially (at t = 0) in a state with
wave function

o0
Y(x,0) = N> c"Yn(x)
n=0
where 1,(X) are the harmonic oscillator energy eigenfunctions and C is a complex
parameter.

(a) Calculate the normalization constant N.

(b) Find the wave function of the system at a later time t > 0.

(c) Calculate the probability of finding the system again in the initial state at a later time
t>0.

(d) Compute the expectation value of the energy.
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Solution
(a) The normalization constant, up to a constant phase, is given by

Z Ic|" = |C|2 = N=+1-|c]

(b) The time-evolved wave function is
W(Xa t) =N eflu)t/z Z Cnefmwt Wn(x)
n=0

(c) The probability amplitude for finding the system again in the initial state is

1—|c)?
1 — |C|2e—iwt

(YO)Yt) = [NPe /2y g et = g7t/

n=0

The corresponding probability is

P(t) = [(¥(0) (t)z_[1+74|c|2 -2‘0_11
= WO = | 1+ G s sin’ 5

(d) The expectation value of the energy is

= INJ? Z Enlc)™ = [1 + (1 —[c] )szcﬁn}

n=0
how d > ho 1+ |c|?
=—|1+1lcld =)= D 1) | =~
> |: + Icl( | |)8|C| (n:0| | >:| 2 1= |cp

Problem 4.11 A polar representation of the creation and annihilation operators
for a simple harmonic oscillator can be introduced as

az\/N+lei¢, al=e ' VN+1

The operators N and ¢ are assumed to be Hermitian.

(a) Starting from the commutation relation [a, af] = 1, show that
€%, N]=¢€?, [ N]=—-e'?
Similarly, show that
[cos¢, N] =i sing, [sing, N] = —i cos ¢
(b) Calculate the matrix elements

(njef?|n’y, (n|cos ¢|n’), (n|sing|n’)
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(c) Write down the Heisenberg uncertainty relation between the operators N and cos ¢.
Compute the quantities involved for the state

) =(1—lch'? Y c"In)
n=0

where C is a complex parameter. Show that the resulting inequality is always true.
(d) Consider the coherent state

e N 2
lz) = e %" E [n)
n—o V!

and calculate the quantities (AN)?, (A cos ¢)? and (sin ¢ ) in it. Show that the number—
phase Heisenberg inequality in the limit of very large occupation numbers (z — o0)
reduces to an equality.’

Solution
(a) Using the fundamental commutation relation we get

l=[a,al=vN+1€% " /N+1-€eVN+I/N+1€?
=N+1-e"(N+De?=N-e""N€e? = [ N]=¢€*
(b) Taking the matrix element of the commutation relation just proved, we get
(nite™?, NJjn') = £(nje"’|n’)
or
(" —nF Dine?|n’) =0
which shows that
(ne*'?In’) = Cdrv.ns1

The coefficient C is easily shown to be unity. Indeed,

1
n+1

C=(ne’n+1)= ﬁ(nm‘q’ann) = (nv'N+1jn) =1

Thus, we have
(n[e?In’) = 8y.ns
(N[cos I’y = 1 (Sw.ns1 +8wnei),  (NIsing|n’) = i (81 — Swn—1)

2 You may use the asymptotic formulae

o~ 1z e’ <1 1, )
Znvn+l 2 8|2/

2

|z20 ez’ 1
S
n/in+hHn+2) |z 2|z?

Il
=

n
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(c) The uncertainties are defined in the usual way
(AN = (N?) = (N)?
(A cos qb)2 = (cos2 ¢) — (cos ¢)2
Their product satisfies the Heisenberg inequality
(AN (Acos¢)’ = 7| ([cosdp, NT) > = 7| (sing) [

For the given state, we have on the one hand

(N) = (1 —[c) Dl n = [l — [c )a| B (ZICIZ”)
n=0

n=0
B 1 Ic|?
2 2
=|c|°(1 — |c =
el = lel )8ICI2 (1— Icl2> 1—|c?

(N*) = [c*(1 —|c |)8| 7 (Dcﬂ“n)

n=0
oo P (N) _ M
= [c|“(1 — || )8|C|2 (1 _ |C|2) (1 —c|?)?

Similarly,

Thus, finally, we obtain
|cf?

2 _
(AN = epp

On the other hand, we have

(€)= <1—|c|)Z(c>” (njg?In’y = (1 — eI Y Iclc
n=0

n,n'=

From this we get

1 x SRR I
(cosqﬁ):i(c—i-c), (sm¢)_2i(c c)

We also have

() =(1 = 6) 3 (e eIyl = (1 — o)) (¢ =

n,n,n” n=0

Thus

p—

1
(cos? ¢) = 7 + A_I[CZ +(c"?]

and

1
(Acosp)’ = At Icl?)

105

2
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Substituting into the Heisenberg inequality, the latter then takes the form

1 lc — ¢*|?
>
20—1cPp ~ 16

Defining ¢ = |c|€#, we arrive at

sin? B < 2
~ 1—cf?

which is always true.
(d) Since, as can be shown straightforwardly, a coherent state |Z) is an eigenstate
of the annihilation operator a with eigenvalue z, we have on the one hand

(ZINl2) = |2*,  (zIN*}2) = 1zI(1Z]* + 1)

and
(ANY = |z)?
On the other hand, using the matrix element (n|g?|n’y = Sn.v+1, We get
(zl€?|2) = ze 1 i 2"
= nlvn+1
and
S |z

e2i¢ — 2 |z
@i =2 ) e T

from which we obtain

1 o ol N 2"
(Zlcosglz) = S(z+ 2" e Z(;W
and
o0 |Z|2n

’ _l l 2 27 a2
(z| cos ¢|Z)—2+4[Z +(@)]e nXZ(:)n! (n+DHn+2)

The resulting phase uncertainty is

|Z|2n

2 327 o—l2I?
[#+@r]e nZ:;n!./(nJrl)(nJrz)

=

1
2—_
(Acos¢)” = > +

1 o [
—1@+ z)’e 2

Z |Z|2n
o nlvn+1
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In an analogous fashion we can also compute

2
[(zlsing|2) > = 1e727 |1z — z*? i L
o nlvn+1

Gathering all the above and substituting it into Heisenberg’s inequality, we obtain

1+1[z +(z)]e|2\2§: 21"
2% i /nt DN +2)

2 2
1 = |z Z—Z? L0 |z
__(Z+ Z*)ze_zlzl Z e |Z| -
4 Zn:() ntvn+1 16|22 Zn:() nvn+ 1

In the limit Z — oo we can replace the series appearing in the above relationship
by their asymptotic approximations and get

1+1[z+(z)2]1 L
24 IE 2|z

(+)1 - 2>|Z_Z*|21 Ly 2
EE 8|z|2 = "16/z]* 8|22

The O(1) terms cancel out to give

—2ZY +@2z+ 7)) = [212]> = 22 — (z)*] + Oz

16/2)* [-2 = 16/z*

or

— [2lz> = Z — ()] = % [21z* — 22 — ()] + O(z™%)

Thus, for a coherent state, in the limit Z — oo Heisenberg’s inequality for the phase
and the occupation number reduces to an equality.

Problem 4.12 A harmonic oscillator is at a given moment (t = 0) in a state
|¥e(0)) = €P/0)
where ¢ is a given length and |0) is the ground state.

(a) Starting from the translation property of the operator € ‘®/", that is,
|ep/h Xefllip/h X4l

calculate the matrix elements (n|etP/"|0).
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(b) Determine the wave function of the system at a later time t > 0 and show? that it
corresponds to a Gaussian wave packet centred at a point that oscillates between £ and
—L.

(c) Calculate the uncertainties (AX)? and (Ap)? for the above wave packet and show that
it has a minimal dispersion at all times.

Solution
(a) From the translational property of €‘P/" it follows that

; ; Mw
elep/hae—wp/h —a ¢ —
5

or
elﬁp/h’ al=/¢ | — dtp/h
[ I=£,/ h
Taking the matrix element (N — 1| - - - |0) of the above commutator, we obtain

V4 mow
J/nV 2h

By repeated application of this procedure we get

_p\n n/2 )
w#mm=%%(%ﬂ (01?0

The ground-state matrix element is

(n|gPMo) = — (n—1]€*PM|0)

. 00 d 00
wwmm=/ wwman&)wm=/ dX YoOOYo(X + ©)

o]

(M . /Oo dx exp [ —2%x2 ) ex —m(xqtz)2
=\ 7n - P\™n P17

— g—Mw?/4n

Thus, finally we have

2
(n| /M|y = g=mt/4n (0" (ma)"
Jnr \an

3 You can use the fact that the harmonic oscillator energy eigenfunctions are expressed in terms of the Hermite

polynomials as
1/4
mw L meson mw
X)=|— e Hn [ X,/ =—
Yn(X) (nh) s o (%) T

and the Hermite polynomials are generated as follows:

0 N
z 2

= Hn(s) = @2 +278

n!

n=0
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(b) The time-evolved wave function will be

Y(X. 1) =Y Cpe ' E My (x)

n+0
with

- ) X (—Z)n Mo n/2
_ _ iep/hiy . a—Mwt?/an A\ Y)Y
= (nly(0)) = (ne*Pj0) = e Jnt (2h>

Substituting, we obtain

Pix by = e g2 30§
n=

> _E)n I ma) :
> e ot [T X
_om( Vzh) Y0
1/4
_ <@> / oMl /4h g-iwt/2 g-mex? /2h
h

X (O (i Mo Mo
X nXZ(; nt (e m) Hl'l (X F)

Making use of the given mathematical property Y - (z"/n!)Hn(S) = e 7125 we

get
Pyt = (o " gt/ j Mot
W= — exp | —
7h P17 o

Mo )
X exp _E(X + £ cos wt)

sin wt(X 4 £ cos a)t)i|

The associated probability density is

1/2
W (x, t)* = (%) exp [—%(X + £ cos wt)2:|

It is clearly a Gaussian function with an oscillating centre at £ cos wt.
(c) The expectation values of the position and its square at time t are

maw\ /% [ Mw 5
(X) = —n dXX exp ——(X + £ cos wt)
T

12 12
m

:(—ﬁ) / dx x e Mex*/h Ecoswt( ) / dx g~mex*/n
T

= —{coswt

12 proo

m
) / dx x? exp [——w(x + £ cos a)t)z]

oo h

12 poo

m
— (—w> f dx (X* + €% cos® wt — 2¢ cos wt X) g mex’/h
—0o0

h
= 0’ cos’ wt + ——
2Mw
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Thus, the spatial uncertainty comes out to be time independent and coincides with
the ground-state value:

5 h
(AX)r = 2Mw

The momentum and momentum-squared expectation values are

172 poo
(p)t = —ih (?) f dx exp [—%(X + £ cos wt)2i|
7 —0o0

Mo .. mow .
X <E> [—1€sinwt —2(X 4+ £coswt)] = —TE sin wt

5 hme mlw?
(P = > +

Finally, the momentum uncertainty comes out time independent and coincides with
the ground-state value:

02 sin® wt

hmo
AP = —
(Ap); 5
The uncertainty product is therefore time independent and minimal:

2

h
(AX)F(AP) = T

Problem 4.13 The propagator IC(x, X'; T) = (x|e”' TH/M|X') of a free particle is
proportional to the exponential of the classical action for the motion of the particle
from point X to point X" in the time interval T, defined as S = fOT dt %m)'(z(t),
namely

K(x,x'; T) ~ exp <%) = exp [i %(X - X’)Z]

(a) In order to verify whether this property is true for a harmonic oscillator, first calculate

the classical action
T m Mw?
S:/ dt | = 52(t) — %2
0 2 2

for the motion of a classical particle with conditions
x(0) = X, X(T) =X

(b) Consider the expression

K(x, x';t) = f(t) exp (%)
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with f(t) an unknown function, and determine this function from the requirement that
the propagator satisfies the Schroedinger equation for the harmonic oscillator. Determine
the remaining multiplicative constant by demanding that the propagator expression
reduces to the free propagator expression” in the limit of vanishing frequency.

(c) Check that the expression you have found for the harmonic oscillator propagator ap-
proaches the correct limit whent — 0 —ie.

Solution
(a) The solution of the classical equation of motion X = —w? X, subject to the
conditions X(0) = X, X(T) = X/, is easily found to be

/

X(t) = X coswt + < ;

— X cotwT | sinwt
sinwT

After a bit of algebra, the classical action is calculated to be

m 2xX
S=2 X2 4+ xHcotwT — —
2 sinwT

(b) Substituting the expression

K(x, X';t) = f(t) exp {i % |:(X2 + x?) cotwt — ,XX ]}

sin wt

into the harmonic oscillator Schroedinger equation

3 h 3 mo )
(h— %W_TX),C(X’X’U_O

we find that it is indeed satisfied provided that

df (t
% = —% f(t) cotwt
This last equation has the solution
C
ft)=—
sin wt

and the propagator is

Kx, x';t) =

B ex i% (x? 4+ x"*) cot wt — 2xX
+/sin wt P 2h sin wt

4 The complete expression for the free propagator is

/. — m —
Ko x50 =\ 5 7int P [th(x X)}
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The constant C is determined from the w — 0 limit to be C = /om/2xih. The
complete expression for the harmonic oscillator propagator is thus

KX, Xt) = | — < im0 2 4 % cotat — 2K
, X)) = | ——— exp cotwl — —
2i 7 sin wt 2h sin wt

(c) As afinal check, let us consider the zero-time limit, in which the propagator
should reduce to a delta function:

K(x, X';0) = (X|X) = 8(x — X)

In order to take this limit, we regularize our expression, giving a small imaginary
part to the time viat — t — i€. Our expression becomes

K(x, x';0) = li /l [ﬂx /2] =8(x — X'
x, ,)_61113{ ZﬂheeXp Zh( ) }_ (X =X)

Problem 4.14 Consider a one-dimensional harmonic oscillator in the presence of
a time-dependent force, i.e., a driven harmonic oscillator:
P> mw?

H=-— 4+ —x>—xF(
2m+ 5 (t)

The propagator Kg(X/, X; tg, t;) for the motion from a point X at an initial time t;
to a point X’ at a final time t;y can be obtained in terms of the classical action. A
straightforward but tedious calculation gives®

Ke(X, X3t ) = KX, x; T) e*/M

where

J; Ji1h —2xX'mMwd; — 2Xmw J,

4mw 2Mw sinw T

X

Here J;, J, and J; are the following integrals:

tf tf
J = dt F(t)sinw(t — ), ) = dt Fi)sinw(t; —t)
t t

and

t t
J; = / dt F(t) / dt’ F(t) sinw|t — 1’|

3 K stands for the unperturbed harmonic oscillator propagator,

Mw 2xx’
KX, xT)= | ———— X* + X cotwT —
( ) 2rihsinwT exp{ 2h [( + )CO @ smwT]}

with T =ty — t;.
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(a) Verify explicitly that the above expression for K satisfies the Schroedinger equation.
(b) Consider the case of an instantaneous force

F(t) = pod(t —to)

that acts at amoment t; < ty < tf and imparts momentum Py to the system. Write down
the expression of the propagator in this particular case.

(c) Assume that initially (at t = t;) the system is in its ground state and at time {y > O itis
subject to the above instantaneous force. Calculate the probability of finding the system
again in the ground state at some later time t; > ty. You could use the matrix elements

n
: 1 h h
i kx 2 H
0) = — —— 2| ik, —
(n|e™"|0) n!exp|: T ](I 5 a))
Solution

(a) The Schroedinger equation reads

a  h? 3 me? :
ih—+——— — — X2+ F(TX | KX =0
[ 8T+2m8x’2 2 +F(D) }
Using the fact that IC(X’, 0; T, 0) satisfies the Schroedinger equation for F = 0, we

arrive at

0 X 1 X
——— —wcotwT X — — — (
oxX’

2
F(Tx =0
aT ax’ 2m )+ (M

Noting first the properties

d\]'; d'Jl

— =2F(T)J — = F(T)si

a7 (M, a7 (T)sinwT

and

dJ2— cotwT Jh + @
dT_a) @l sinwT

Ji

we have

X 1 N 2 cotwT
— =XF(T) - — — I x’
oT = m (mm) “sineT !
which, when substituted back into the second equation together with
axX
X' sinwT

shows it to be always true.
(b) For the force F(t) = pod(t — ty) with t; < ty < t;, we have

Ji=posino(ty —t), h=psinot;—1ty), k=0
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We have for the exponent X

X = —y R0 P; + apoxX’ + BPox with y = sin w(ts - to) sin w(ty — t;)
2m sinw(ty — t;)
and
_ sin a)(t() — ti) _ sin a)(tf — t())
*= sin a)(tf — ti) ’ 'B - sin a)(tf — ti)

Thus, the propagator is

2Mw

(c) The time-evolved wave function will be, setting T =ty — t;,
v (X', tp)
= : i P
= dx K(X', X; tg, t;) exp nl 7 3me apoX’ + BPoX | { Yo(X)
—o0

: 2
Ko (X', Xt t) = KX, X; b — ) exp {% [—V& + apox’ + ﬂpox] }

— ein/2 eXp ( y p()) Z e —inwT w (X)elapox '/h <n|elﬁp0X/h|0>

2mhew —
§ X et 1 e (18P0 )"
—e iwT/2 ex < IV 2) e inoT = X' @ #Pox /h ( )
P 2hmo i vn! ¥n(x) V2hmo

The amplitude for finding the system in the ground state again is

(Ol (tr))
L Cinot | ifpo \"
_ iwT/2 inoT apox/h
—e exp( 2hm ) Ze W (o|€ In) <—2hmw)

2 00 —ioT\ N
P ) _oe +pB +iy , 1 _oz,b’poe
© exp ( 2hmo D0 nZ(:) n! 2hmw
P (@ + B2+ afe T +iy)
hmo

— e—in/Z exp |:_
The corresponding probability will be
2
P =exp |:—&(Ot2 + B% 4+ af cos a)T)]
hme

Substituting for « and g in the exponent, we have

sin? w(ty — t;)  sin® w(ty — ty)

2 2

a” + +afcoswT =

p p sin T sin T
cotwT

nwT

and it never vanishes. Thus, the system never returns to the ground state.

+ sin w(ty — t;) sin w(ty — to)



4 The harmonic oscillator 115

Problem 4.15 A simple harmonic oscillator is in a state

1 .
=— (|1 VA2

(a) Calculate the uncertainties (AX)? and (Ap)? in this state.
(b) Write down the uncertainty product

2
(AX)*(AP)* = '}xuz, V)

and determine the values vy and A for which it becomes minimum. Obtain this value.

(c) Consider the uncertainty product for the value ¥y corresponding to dX/dv = 0 but
82X /0v? < 0 and then determine its minimum with respect to A2. Compare its final
value with the value obtained at the absolute minimum. What do you conclude about the
dependence on the phase v? How do both values compare with the uncertainty-product
value at the absolute maximum?

Solution
(a) The expectation value of the position in the above state is

. 1 2 iv —iv
() = 75 (X1 + 2221X12) + 2 € (11x12) + 2 &7 2IxI1)

Using the fact that

n — n
— - T . . B h
X_\/;(‘”a) (1]x|1) = 2[x|2) =0, (1]x]2) _\/;

we end up with

21 COSV h
(X) =

1+22 Vmo

The expectation value of the square of the position operator is

%) = 7757 (1) +2221X712) + 2 €Y (1X°12) + 2. €7 21x°1))
Using the fact that
x? = % [a> + @)* + 2N + 1]
= (1) = % (21%°)2) = % (11x*12) =0
we obtain
x?) h 34512

~ 2me 1422
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The uncertainty is then
(AX)* = N FO.2,v)
2mMw
with
F2,v) = ﬁ (3+ 51% 4 842 sin? V)

Similarly, for the momentum operator we obtain

. [mwh .
=—iy 5 @- a) = (1|pl2) = —ivVmwh
n 2 1 n
p=" @ N ] =t = T
Thus
, Moh 5
(Ap)” = 5 G(A7,v)
with
1
GO v)= —— (3 + 5% 4 8% cos? v)

(1+22)?
(b) The uncertainty product is

2
(AX)*(Ap)* = hZxo& v)

with
(3 + 51* 4+ 8aZsin? v) (3 + 51* + 812 cos? v)
(1+22)*

Considering the partial derivative with respect to the angle v we get

XA, v)=FG =

X 3204
— = ————sin4v
ov (1 + A2)y*
This vanishes for the values
v=0 =X T
4 2
The second derivative is
%X 128,14
= cos 4v

a2 (14+ 124
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and we can see that v = 7 /4 corresponds to a maximum in the uncertainty product
while vy = 0, /2 correspond to a minimum. For these values we have

(3 + 5213 + 51 +8A%)
(I+a5*
Considering the derivative with respect to A2, we get

dX 601 —3)
daz T (142

X(A%, vo) =

which vanishes for the value

A=

-

This corresponds to a minimum, since

d?X 120
= At a4l
dx2)? (1422 (34274 5)

is positive at A%.
The uncertainty product at vy = 0, 7 /2 and )\2 = 1/+/5 has the value

h 542 h
(AX)(Ap) = 5\/70: 5 ( 07+3§) ~ 52.63

(c) Atthe maximum v = /4, we have

34504 4422\ ?
=( +504 + ):FZ(AZ)

(1 4+ A2)2
From
6(1% — 1 12(1 — A2
F/()\‘z) ( 233) — , F//()\'Z) — ( > 4) >
(I+2%) (14 A2)
we get the value
2=

for which

F(ig) =4 ~2.75

We observe that this, although larger, does not differ much from the value 2.63
obtained at the absolute minimum. The dependence on the phase v is weak. In
contrast, at the absolute maximum A> — oo, the corresponding value is 5.
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Angular momentum

Problem 5.1 Consider an electron bound in a hydrogen atom under the influence of
a homogeneous magnetic field B = 2 B. Ignore the electron spin. The Hamiltonian
of the system is

H=Hy— oL,

with @ = |e| B/2mec. The eigenstates [n £ m) and eigenvalues E® of the unper-
turbed hydrogen atom Hamiltonian Hj are to be considered as known. Assume that
initially (at t = 0) the system is in the state

W(©0) =521 =) = |211))

(a) For each of the following states, calculate the probability of finding the system, at some
later time ¢ > 0, in that state:

2p) = 5 (121 =) —[211)
2py) = 5 (21 =) +[211)
12p:) =1210)

When does each probability become equal to 1?
(b) Consider a state |A) defined by

(A - LAY = R|A), L2|n) = 27%|A)

Here |N) is an angular momentum eigenstate with angular-momentum-magnitude quan-
tum number £ = 1 and angular momentum eigenvalue along the direction N equal to
—+h. Calculate the probability of finding the system in this state and show that it is
a periodic function of time. What is the period? What are the maximum and mini-
mum values of this probability? For simplicity consider the direction N to be in the
xy-plane.

(c) Calculate the expectation value of the magnetic dipole moment associated with the
orbital angular momentum at time ¢.

118
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Solution
(a) The eigenstates |n £ m) of Hy are also eigenstates of the complete Hamilto-
nian with modified eigenvalues

E,.. = E,(f)) — mhow
The evolved state of the system is
(1)) = %e*iE?’)f/h (621 —1) —e 21 1))
The probability of finding the system in the state |2p,) is
P = [2pel ()2 = [ E " cos wr|? = cos® wr
Similarly,

Py = |2py [0 = lie " sinwr |2 = sin ot
P =12p:ly@)* =0
The probability P, becomes 1 att, = nw/w, i.e.

T 2 37

’ ’ El

w w w

while P, =l atf, = 2n + Dn /2w, i.e.

t— T 3r  Sw
T 20 20 20

(b) The state |A) can be expanded in terms of the states |2 1 m) withm = £1,0
as follows:

N =Ci1211)+C_4]21 —1)+ Cp|210)
The coefficients C,, are given by
Cn={21mh)
They can be obtained from the eigenvalue condition:
2 I m|(h-L)|N) =n(2 1 m|h) =hC),
or

1 , 1 .
C = 52 (A = iN)2 T m[Ly|A) + (A +iR)(2 Lm L)
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Since we have

(211|Ly =h/2(210], (211|L_=0
(210|Ly =h/221 —1], (210|L_ =hrv/2(211]
21 —1|L, =0, (21 —1|L_ =h/2(210|
we get
C, = %mx —iNy)(2 1 0|n)
Co = %(2 1 —1]A) + %(nx +ify)(2 1 1]A)
C_, = %(hx +in,)(210]A)
and so

Cl = %(ﬁx - ihy)CO
C_1 = (N +iM))Co

The third relation is satisfied trivially (A7 4- A3 = 1). Cy can be obtained from the
normalization requirement

L=1Col +ICiP +|C-1P = |Col* (1 + 5 + 3) = Co = 7

N

It is convenient to define
N=cos¢pX+singy
Then we can write

IA) = % (|2 10) + %e“'¢|2 1)+ ﬁei¢|2 1 —1))

The amplitude for finding the system in this state is

) . . L RO .
(hll//(l‘)) — %e iE, t/h(etthrtq) _ e it l¢) — %le iEy t/h sm(a)t +¢)

The corresponding probability is
1 oin2
P, = 5 sin“(wt + @)

The probability of finding the system in the state |A) is thus seen to be a periodic
function of time with period 277 /w. Its minimum value is zero, while its maximum
value is 1/2. These values are attained at times

. T T
tr(;mm) — _¢ +n—, t,(lmax) — _¢ + (Zl’l + 1)_
w 26()
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(c) Itissimplerto solve first Heisenberg’s equations of motion for the Heisenberg
operator L (). They are

dL i iw
ol u=-"u.,L
o h[ ] h[ 2 L1
or
dL, dL,
= a)Ly, =~ = —wlL,
dt dt

while L is a constant of the motion. The solution of the above system is
L,(t) = L;(0)coswt + Ly (0) sin wt
L,(t) = L,(0)coswt — L,(0)sinwt
L (1) = L.(0)
The expectation values of these quantities are
(WO [e7 Li(0) + e/ L_(0)] [¥(0))
= 1y 0)] [e7'10) — &|0)] = 0
(Ly)i = =5 (Y (0)] [e7" L (0) — e L_(0)] [¥(0))
= —Li(Y(O)] [e7'|0) + e7']0)] = 0
(L) =5 (=11 = (1D L(O) (| =1) = [1))
=3 (=1 = (ID(=|=1) = [1)) =0
Thus finally we get
(L), =0

which also implies the vanishing of the magnetic dipole moment associated with
the orbital angular momentum:
e

(1) (L)) =0

2mec

Problem 5.2 The most general spin state of an electron is

lx) =alt)+bl)

where | 1), | |) are the eigenstates of S, corresponding respectively to eigenvalues
=47 /2. Determine the direction N such that the above state is an eigenstate of N - S
with eigenvalue —7 /2. Calculate the expectation value of Sin that state.

Solution

Using the previous problem, we can conclude that

a = sin(6/2), b = —cos(6/2) e



122 Problems and Solutions in Quantum Mechanics

The spin expectation value in such a state is
h
(x|SIx) = 5 [—sin6 (cos¢ X+ sing §¥) — cosH 2]
Note that, as expected,

h h
(x|(A-9)|x) = 3 [—sin29 (cosz¢ + sin® ¢) - 00529] =-3
Problem 5.3 An electron is described by a Hamiltonian that does not depend on
spin. The electron’s spin wave function is an eigenstate of S, with eigenvalue +7/2.
The operator N - Srepresents the spin projection along a direction N. We can express
this direction as A = sinf(cos ¢ X + sin¢p §) + cos O 2.

(a) Solve the eigenvalue problem of A - S. What is the probability of finding the electron in
each N - Seigenstate?

(b) Assume now that the system is subject to a homogeneous magnetic field B = NB. The
Hamiltonian is H = Hjy + wN - S. The original spatial state of the electron continues as
an eigenstate of the modified system. Calculate the spin state of the system at later times
t > 0. What is the probability of finding the system again in the initial state? What is
the probability of finding it with inverted spin?

Solution
In terms of the Pauli representation we write

h . 0 1 . . 0 —i 1 0
h-S=5|:sm9c,os¢(1 O)—l—sm9s1n¢(i 0)+cos9(0 _1>i|

. q S—E cosf  sinfe ¢
~ 2 \sin6e'? —cos 0

The eigenvalues of this matrix are -7 /2, with corresponding eigenvectors
cos(6/2) sin(6/2)
sin(6/2)e'? )’ —cos(6/2) e'?
The probabilities of finding the electron in the above states are respectively

cos?(0/2) and sin®(6/2).
(b) The evolved state will be

W (@) = e F Sy 0))

Ignoring the spatial part, we have

U(t) = e—iE<°>z/h e—iwt(ﬁ-o‘)/Z ((1))
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or
W(t) = e " [cos(wt/2) — iR - @ sin(wt/2)] ( (1)>

so that

i 2) — i sin(wt /2) cos 6
W(r) = o~ iEOt/h cos(wt/ _
(0)=e —i sin(wt/2) sinf e'®
The probability of finding the system again with spin up is
Py = | cos(wt/2) — i sin(wt /2) cose\2 = 1 — sin*(wt/2) sin’ 0

Note that at times t = 27 /w, 47 /w, ... this probability becomes unity. The prob-
ability of finding the system with spin down must be

P, = sin’(wt/2) sin?§

Problem 5.4 Consider a state with orbital angular momentum (quantum number)
¢ =1 (for example, an n = 2, £ = 1 state of the hydrogen atom),

[¥) = Col1 0) + Cy[1 —=1) + C4[1 1)

(a) Find a direction N such that this state is an eigenstate of the operator A - L. Express the
coefficients C in terms of the angles 6, ¢ that define the direction N.
(b) Write down expressions for the eigenvectors of L,

[1,Ly,=0), |1,L,=hn), |1,L,=—n)
Do the same for the eigenstates |1, L ).

Solution
(a) The given operator can be written as follows:

A-L=nL,+ 30, —in)L + 1A, +in)L_
or

A-L=cosOL,+1isin0e™L,+1sinfe®L_
It is easy to see that

N-LI10) = Jhsin@ e |1 1) + Jhsind |1 —1)

A-LI11)=nhcosH|l 1) —i—%zhsin@e"ﬂl 0)

A-LIL —1) = ~TicosO|1 —1) + S5hsind e~?|10)
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Thus
A-Lly) = Co (%h sing e 0|1 1) + Lhsing ¢i4|1 —1))

el (hcos0|1 1) + Lhsing |1 o>)

+C_ (—hcoseu —1)+ Lhising e |1 o>)

fh (Cie'® + C_1e7'?) sin6 |1 0)
+ (EhCO sinf e~ + RC, cos 9) 1)
+ (%hco sinf e —hC_, cose) I —1)

The eigenvalue condition translates to

5T (Cie'? + C_1e7?) sinf = haCy

%hco sinf e~ + hC; cos O = haC,
%hCO sinf ' —hC_,cosf = haC_;

where i = 0, £ are the eigenvalues. Solving the above for the three eigenvalues
we obtain

|¥)o = cos6 |1 0) + % sinf (—e (1 1) +€?|1 —1))
¥ = J5sin6 [10) + cos?(6/2) e~ |1 1) +sin*(6/2)e'® |1 —1)
(V) 4 smt9 [10) —sin?(8/2)e~? |1 1) — cos2(8/2) e? |1 —1)

(b) Taking @ = /2 and ¢ = /2 we get
1Ly =0)= i (1 1)+ 1 —1))
1Ly = £h) = 5[10) + (?%)(Hl)—ll —1))
Similarly, for & = 7 /2 and ¢ = 0, we get
|1,Lx=0)=%(—|1 1) +1 —1)

1, Ly = 1) = 5510) + (£3) (1 1) + 11 = 1))

Problem 5.5 Consider an operator describing a rotation around the y-axis by 7 /2
and apply it to an eigenstate of L? and L, with £ = 1:

e—in’ Ly/2h |l, Lx)
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Show that the resulting state is an eigenstate of L.. Prove the rotation operator
relation

elJTLy/Zh LZ e—lJTLy/zh — _Lx

Show also that

o—iTLy/2 =T Ly /2 yiwLy /2 =iwL /20 _ |

Solution
Begin with the state

e—iﬂL}v/2h|l’Lx =h>
— o imLy/2 [% (1L Ly =n)+ 1, Ly, = —h)) — 5ill, L, = 0>]
=—3i (1L Ly=h) |1, Ly = —h)) — |l Ly, =0) = |1 ~1)

In an analogous way we can show that any L, eigenstate rotated by 7 /2 around ¥
is an eigenstate of L,. For the above state we can write

. 1 1 ;
e L/ L =Ry =1 —1) = — =Ll —1) = —+L. e L L, = 1)
giving
e—ij'[Ly/2h Lx |1’ Lx — h) — _Lz e—iT[Ly/zh |1’ Lx — h)

or

el g Ly

since the same holds also for |1, L, = 0) and |1, L, = —7).
It is clear that

—imLy/2h yn jinLy/2h __ o q\nTn
e VERLT e = (—=1)"LT

Thus,

—inLy/2h p=inL/2h yizLy/2h _ iwL./2h

e e
Problem 5.6 Consider the state |j; j, j m), which is a common eigenstate of
the angular momentum operators J2, J%, J? and J,, where J = J; + J,. Show that
this state is also an eigenstate of the inner product operator J; - J, and find its
eigenvalues. Do the same for the operators J - J; and J - J5.

Solution

Since

I-0h=1(@P-5-3)
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it is clear that

Ji-daljijajm)=300G+ 1) = 1G4+ 1 = jaGa + Dl ja Jom)
The eigenvalues are independent of the eigenvalues m of J,, since

[(J1 -3, Jel =3[, Jol =3[9, Jre] — 3033, o] =0
Similarly, for J - J; we have
J- ) =343

Thus,

3-dilji o jmy =02 [jG+ D = G2+ D = 374G+ D] Ljr 2 j m)

Analogously for J - J;.

Problem 5.7 Consider an operator V that satisfies the commutation relation
[Li, Vil =ihej Vi
This is by definition a vector operator (for example, V =r, p, L).

(a) Prove that the operator e ~**%</" is a rotation operator corresponding to a rotation around
the x-axis by an angle ¢, by showing that

eIl Gt L /h — Rij(®)V;

where R(¢) is the corresponding rotation matrix.
(b) Prove that

LM my = 16 —m)

(c) Show that a rotation by 7 around the z-axis can also be achieved by first rotating around
the x-axis by 7 /2, then rotating around the y-axis by 7 and, finally, rotating back by
—m /2 around the x-axis. In terms of rotation operators, this is expressed as

T La /2 p=iw Ly [l =iz Lo/2h _ ,—imLc/h

e

(d) Now consider an electron. How is its state modified if we rotate it by m around the
z-axis, then by & around the y-axis and, finally, by 7 around the x-axis?

Solution
(a) Consider the operator

X; = ¢ 0L/l pidLi/h
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as a function of ¢ and differentiate it with respect to ¢. We get

dX; I i ;
dp = ¢ L Vil = e X,
From this we obtain
Xx(¢) = Xx(o) = Vx
X, (¢) = X,(0)cos¢ + X (0)sing = V, cosp + Vsing
X (¢) =X (0)cosp — X,(0)singp = V_cos¢p — V, sin¢
or

1 0 0 Vi
e LMy L — 10 cos¢p  sing Vi | =RijV;
0 —sing cos¢ V.

Clearly, the matrix R is a rotation matrix corresponding to a rotation around the
x-axis by an angle ¢.
(b) Putting ¢ = 7 in the above expression, we get

e_i”Lx/h LZ eian/h — _LZ
Acting on the rotated state with L, we get

L ™M e m) = —e ™ML 10 m) = —hm e™H " € m)
Thus

L0 m) o« |6 —m)

Since the rotation operator is unitary and it is acting on a normalized state, the
proportionality coefficient is just a phase, which we take to be unity. Thus,

T m) = 16 —m)

(c) Putting ¢ = 7/2 in the rotation matrix, we get

L, L,
oL /2 L, el — |
L. —L,

Thus, we obtain
o7 La/2h (Ly)n p—imL/2h _ (L.)"

and finally

elJTLx/zh e—urLy/h e—tan/Zh — p—inL:/h

e
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(d) In the case of an electron the rotation operators involve the total angular
momentum J = L + S. Thus, the action of the rotations on the electron state can

be written as
e_”'[-]x/h e—thy/h e—nrJ:/h |\IJ>
— e*lJTO']/Z efznoz/Z e*l?TO’}/Z emex/h emey/h efanz/h |\Il)
_ iO’10'20'3 e—tan/Zh (e_lﬂLX/Zh e—an)./h) e_l”LZ/h|lIJ>

— _e—ian/Zh (e—ian/he—ian/%) e—ian/h|\p>
— _e—inLX/Zh (e—ian/he—ian/Zh) einLZ/hW,)
_e—ian/2h (e—ian/he—ian/Zheian/h) |\If)

_efinLvr/ZheiﬂLx/Zh“p) — —|\I’>

Problem 5.8 Consider again a vector operator V.!
(a) Prove the property

[32, I x V] =2in (3PV -3 -V)J)
(b) Demonstrate that

(jm'\VIjm)= (j m'|3-V)J|j m)

R G+ 1)
= —————(j m'3|j m)(j m|J-V)|j m)
R2jG+ 1)
(c) Assume now that the states |j m) correspond to two angular momentum operators
Ji, J,, being eigenstates of J7 and J; in addition to J?, J,, namely

|jm) = 1j1 j2 jm)
Calculate the matrix elements
(1 2 Jm|dilj1 jo j m), (J1 j2 jm|dalj1 j2 j m)

Solution
(b) Let us introduce a complete set of states | j/ m”). Then we get

G @) 3ljm) = (jm'| @V D7 |7 m) ¢ m131m)
jrm"

Since [J%, J] = 0, we have

0=(j'm"|[3*Nljm)=r*[j'(G’+1)—jG + D] (j' m"13|j m)

1 By definition a vector operator satisfies the commutation relation [J;, V;] = ihe;j Vi, where J is the total
angular momentum.
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and, thus, j' = j. Note however that we can easily show that
[J, 3-V)]=0
which implies
[Jo, -V =[Jr, - VN]=0
Therefore, we have
(jm'|Q-V)|jm") #0

only form' = m".
(c) We can write

J=1®—iNJp + 3 &+iNJ- +2J.
and calculate the matrix element

(jm'[31j m) = n& —i9)/TGF D — mm + D 8 i1
+ IR+ iDVTG F D = mm = D) S m—1 + 2im8,

From the relation previously proved we get

(j m'3alj m) (jm'|3 - Jalj m)(jm'|3]j m)

R
We also have
3= R h 3 = R (P ) = (P - )
and, analogously,
1 n= (R )
Therefore, the matrix elements in question are

NG+ G+ 1)]

JU+1D  jG+D

i +D n 20+ 1)]
JG+H  jG+D

hm
(Jm|di|j m) = 27 [1 +

. . hm
(J m|da|j m) = 27 [1

Problem 5.9 Consider an electron. We know its orbital angular momentum ¢ and
the z-component m of its total angular momentum j. What are the possible values
of j? Calculate the expectation value of the magnetic dipole moment of the electron
in the state |£ %;j m).
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Solution

The possible values of the total angular momentum are

j=t+3,

. 1
J=E—§

From problem 5.8, making the correspondences

J1—>L,

J2—>S

we have the following diagonal matrix elements:

(€+2,mK2|S|€+—,mZ 1)

Problems and Solutions in Quantum Mechanics

_Lhm | ue+D 3 _, Tm
2 (e (e+3) Aty (e+3) | 2+l
(Z—%,m, isle -1, myel)
_m | e+ N 3 _, hm
T2 D) Tae-plery )T e
e+ ms e LiLte+ 4, ms e d)
nm | €+ 1) 3 ] 20
=L 1 3 1 W | = mo
2 | (e+3)(e+3) 4(e+3)(E+3) 20+1
(E—%,m, FILie =1, m; £ 3)
him 0+ 1) 3 ] C+1
=2— —+ =27h
2| (e—3)(e+3) Cae-D(e+ 1) m£+%
The magnetic dipole moment operator of the electron is
w=—S(L+29
2me
Thus, we get
(e+%,m;z%|(L+2S)|z+%,m;z%)zzhmZJ’}
2
(6 =3, m 3L +29)€— 35, m; £ 3)=2hm—
2
and, finally,
nooam (41, j=t+1
(n) =25 — 1
mec 204+1 | ¢, j=t—3
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Problem 5.10 A hydrogen atom is under the influence of a homogeneous magnetic
field B = 2B. Assume that the atom is initially (at ¢+ = 0) in a state |n; £ 1 j m)
with j = £ + % Calculate the probability of finding the atom at a later time ¢ > 0
in the state |n'; €' L; i/ m'), with j' = ¢ + % orj =¢ — %

Solution

The Hamiltonian operator of the system is

H = Hy+ o(J; + S;)
where Hj is the unperturbed hydrogen-atom Hamiltonian. Note that [Hy, J.] =
[Hy, S;]1=0.
The evolved state of the system will be
|lp_(t)> —iE,t/h —twmt e—lwl‘S /h|n Y l,] =0+ 2’m>

The probability that we require is”

P(l):| Z/ljmlezth/hlngl,J_E_’_ )
with j/=£/:|:%.This gives

ot 2 | ot 2
cos — — —sin— (.S;)

1) = 8n’n§m/m(S /
P(1) e > "7 >

wt 4 wt
= 8, nOm'mbee |:cos2 5 + h_2 sin® — > (S;) |2]

using the fact that
(S:) =5 mlS e+ 5, m:L3)

is real. Proceeding with the determination of this matrix element, we note that the
case j/ =€ + % was calculated in problem 5.9. The second case, j' = £ — %, can
be obtained by starting from

h2
7 =0+ meg[Ste+ 3 mies)
=Z<z+a ms € 3]S:| s € )i m'se Jiside + 4, mse d)
j'm'
=(e+ 1 s e+ 4, e+ L sde+ 4,
e+ 1, S e =4, ) fe=1 se+ 1)
Thus
h2
et 5o+ 50 e =5 asde+ 4 ) = 5

2 Applying the formula (b) of problem 5.8 for V — J,, we obtain that the matrix elements (j m’|L|j m),
(j m'|S|j m) vanish unless m’ = m.
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Substituting the known first term, we get

Thus, finally, we obtain

, Wt ., Wt 2m 2
Po(t) = 8,800 Sy | cOS™ — 4+ 8in” — [ ———

2 2 \24+1
and
wt 2m \?
P—(t) = (Snn/8€€/8mm/ sin2 7 |:1 - (m) ]

Problem 5.11 Consider a spinless particle of mass p and charge ¢ under the
simultaneous influence of a uniform magnetic field and a uniform electric field.
The interaction Hamiltonian consists of the two terms
Hy= -1 (B-L), Hi=—q(£-1)
2uc
Show that
(€ m/| Hya + Hl€ m)[* = [(¢ m' | Hyal€ m)|* + €' m'| Hel€ m) |

and that, always, one of the matrix elements (¢’ m'|Hy|¢ m) and (¢’ m'| Hg|¢ m)
vanishes.

Solution

We can always take the plane defined by the vectors E and B to be the X plane;
then the electric and magnetic field will not have components along this direction. A
rotation by 7 around the x-axis will change the sign of B - L. The state e =" /" | £ m)
can easily be shown to be an eigenstate of L, with eigenvalue —Am, namely

L, (e M em)) = —e "ML (e m) = —hm (e 1€ m))
Furthermore,
e LM g m) = 1€ —m)
Thus, we have

W | Hylt m) = —LB . (¢/ m'|L|€ m)
2p

_ iB N4 m/le[an/hLe—ian/hlg m)
2p

= LB (0 —w/|L1t —m)
2u



5 Angular momentum 133

The states |[¢ —m) can be obtained via
[ —m) o< L™|€ 0)
and we have, noting that Ljf =-L;,
1€ m) oc L€ 0) o< (L™)" € 0) o< (|€ —m))*

Considering the square of the quantities in the last line we can see that the propor-
tionality constant is just a phase. Thus, we have

(€ m'|Hy |l m) = —%B (0 —m!|L*e —m)

__i . / / *
= 2MB ((¢' m'|L 1€ m))

= (€' m'|Hu|€ m)*
In an analogous fashion we have

(¢’ m'|Hglt m) = —qE - (¢ m'|r|€ m)
= qE - (¢'m/|em e Mg m)
=qE- (¢’ —m'|[r|L —m)
=qE - (¢’ m'|r|£ m)*
= — (' m'|Hg|t m)*

Consequently,

2 / / 2 / / 2
|” = [(¢/ m'|Hul€ m)|” + (€' m'| Hg|€ m)|
+ (€' m'|Hp|€ m)* (€' m'| HE|€ m)

+ (€' m'|Hy|€ m) (¢’ m'|Hg|€ m)*

| (€' m| Hyi + Hg|€ m)

Since, however,

(€' m'| Hyi|€ m)* (¢ m'|Hg|€ m) + (¢ m'|Hy|€ m) (€' m'|Hg|€ m)*
= (¢ m/|Hwl€ m) (¢ m'|Hg|€ m) — (€ m'|Hn|€ m) (€ m'|Hg|€ m) =0

we obtain as required
(€ m/| Hya + Hel€m)|* = (€ m/| Hyal€ m)|* + (€' m'| Hg € m)|*
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The states |£ m) are parity eigenstates.® Thus, on the one hand,

' m'|Hylt m) = @' (t’ m'|PHyP|L m) = @'w (£’ m'|Hy|{ m)
which implies that @z’ = 1. On the other hand,

(' m'|Hg|t m) = o' (¢’ m'|PHgP|t m) = —wow’ (€ m'|Hg|€ m)
which implies that wa@w’ = —1. The two conclusions are mutually exclusive and
thus, always, one of the two matrix elements must vanish.
Problem 5.12 Consider an electron under the simultaneous influence of a uniform
magnetic field and a uniform electric field. Calculate the matrix elements

(Zm mg|Hy |l m; 5 m> (Zm mg|Hg|l m; 5 m)

where Hyy, Hg are the interaction-Hamiltonian terms:

Hy = — B(L+28), Hg = —¢E -r

2mec

Solution
The electric matrix element vanishes because of parity:

(em; L miriem; L m)) = —(€m; L mg|PrPIem; L m))
= —(=D* (¢ m;  mglr|t m; 1 m))
= (Em mg|r|€ m; 5 m) 0

The magnetic matrix element consists of two parts. The first is*

B (£m; L myLiem;dm)) = —2’; S B (€3 L myIL1Ems L m)
e

mhe
= Tamee
€

2mec

The second contribution,

_°B. (E m; % my|S|¢ m; % mi)

mecC

eh B, B, —iB,
2mec \ By +1iBy —B, -

s

can be written as

3 The parity eigenvalue of |£ m) is @ = (—1)’.
YL =RL, + 9Ly +2L, = S&—i§)Ly + R +i9)L_ + 2L,
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Thus, finally, we have

(m + he
tm;3 4 |Hylt m; 3 1) = —————B8B
( 2 M 2 ) 2m, z
(m — 1he
tm;t | |Hultm;t )= ————B
( 2 M 2 ) 2. z
*
(€m; 3 4 1HulCm; 5 L) =(€m;5 | [Hul€m; 5 1)
. he (B 'B.)
O 2me 'Oy

Problem 5.13 Consider a particle with spin quantum number s = 1. Ignore all
spatial degrees of freedom and assume that the particle is subject to an external
magnetic field B = R B. The Hamiltonian operator of the system is H = gB - S.

(a) Obtain explicitly the spin matrices in the basis of the S*, S, eigenstates, |s, m,).

(b) If the particle is initially (at # = 0) in the state |1 1), find the evolved state of the particle
attimes ¢ > 0.

(c) What is the probability of finding the particle in the state |1 —1)?

Solution
(a) In order to obtain the spin matrices for s = 1, we consider the relations

S.|10) =hv2]11), Si1 —1) =hv2]10)
S_|11) =hv/2]10), S_110) =Aav2|1 —1)

which lead to

0
Sy =nv2 ., S =Sof=mv2]1
0

o O O
(i
S = O
- o O
o O O

From these we obtain

0

1 h
Si=5S+8)=—71
2 0

1 0
01
V2 1 0

Similarly, we get
—i 0

| n (©
Sy=—(Se—S)=—|i 0 —i
2 V2 o i o



136 Problems and Solutions in Quantum Mechanics

Their commutator is

1 0 0
[Si, S,1=ir*|{0 0 0
00 -1
implying that
1 0 0
S.=n|l0 0 0
00 -1

(b) From the matrix S, we can derive that its eigenvectors® correspond to the
states

|Sx = 1)

%(|1 1) +v2/10) + 1 —1>)

ISy =0) == (11)—[1 =1))

5 (
1S = —h) =1 (|1 1) — /211 0) + |1 —1))
The inverse relations, in an obvious notation, are
1) =4 () +1-m) +v200))
110) = %(I ) —1—h))
=1y =1 () +1-h) = v2I0))
The evolved state of the particle will be
(o)) = eT#BS 1 1) = § (e n) + ei#P) —1) + V210))
(c) Transforming back to the S, eigenstates, we get

l¥(1)) = cos*(gBt/2)|1 1) — sin*(gBt/2)|1 —1)
2sin(gBt/2) cos(gBt/2)|10)

The probability of finding the particle in the S, eigenstate |1 —1) is

P, = sin*(gBt/2)

5 The eigenvalues are, of course, %, 0, —7.
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Problem 5.14 Consider a pair of particles with opposite electric charges that have
a magnetic-dipole-moment interaction

218
H =A(u 1) = —MA (sV-s?)
1

The system is subject to an external uniform magnetic field B, which introduces
the interaction

—B-(u+ ) =— B (m2g1S" — m;g,S?)

2m 111y
Ignore all degrees of freedom other than those due to spin.

(a) Determine the energy eigenvalues and eigenstates.® Express the results in terms of the
parameters a = e?g1g2A/4mm, and b; = eBg; [4m;.

(b) The system is initially (at ¢ = 0) in the state | )| | ). Calculate the probability of
finding the system in the state | )| 1)® at a later time ¢ > 0. What is the maximum
value of this probability and at what time is it attained?

(c) Find the expectation values of the individual spins and of the total spin at any time.

Solution
(a) The Hamiltonian of the system is

H=—-aS".S? — b SV + bs@
= =3 (58P + 5V5P) —asVSD — iS5 + b5

Acting on the products of the one-particle spin states, we get

iy @ _ (_a’ _bil b2h> D) py@
H| 1)1 1) —( 1 e AR

M) 1Y@ — _“hz bih bZh) M) 1Y@
H )71 ) —( YR o AR

o - B e (@b bzh) My Y@
HIYZIT === +(4 > o AR R

HILO 1 = -

2

ah2 b]h bzh
4 2 2

| DPIN® + (— ot

6 Expressed in terms of the spin eigenstates | 1)V 1)@, ..., | LD D,
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Thus, we obtain the following eigenstates and corresponding eigenvalues:
i) = HOIH@
h
E++ = Z(sz — 2b1 — ah)
o) =1 )P Y@
h
E__ = _Z(sz — 2b1 + Cll"l)
(W) =cosy | DN +siny | D] H@
ah?®
E, = e (I —2cot2y —2tany)
(W) =siny | 1)V —cosy | )T 1)

ah?
E_, = T(l —2cot2y +2coty)

where

(b) The evolved state of the system is

W () = e HR 2YD] B = o7 HIM (cos y | W, ) + siny |W_y))
= e E-1Meosy (W) + e B+ giny |W_ )
— (COSZ y e*iEJF,t/T’L 4 Sin2 y e*iE,+t/7’l) | T>(1)| ¢>(2)

+cosy siny (e_"E#’/h — e—iE—+f/7l) IRIENE

The probability for the flipped state can be read off as

E. —E ¢ ht
P4 = sin® 2y sin® [%} = sin’ 2y sin’ (2 s?n 2)/)

This probability achieves its maximum value sin® 2y at times

L _Q@utm

0 sin 2y n=0,1,..)
ha

Total flip would be possible only for y = 7 /4.
(c) The evolved state is

W) =Ccol NP1 NP + Dl )PP
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where C(¢) and D(t) can be read off from the expression for |\W(¢)) in part (b). The
expectation value of the total spin is

(WOISIW@) = [COP IS D LT + (IS L) (1 T1)
HIDOP (IS AT 1) + (IS ) (1)
+CODO T IS TN+ ISI ) (1) +he.

h h h h
=lCOIP(z2—Z2)+|DWI*|z2— =2

|IC@®)] (2 2)+|()| <2 2)

+ C*(t)D(t) (0 +0) + C(t)D*(1) (0 +0) =0
Thus, we get

(S =0

The individual spin expectation values are
h
2

(S, = (1-2Py;)2

| S

h
(ICOHPP = ID@W*) 2= 3 (1-2/D@)*) 2=
and we have

(S =—(Sih

Problem 5.15 A beam of neutrons with energy E( and spin along the positive
z-axis enters a region where there is a uniform magnetic field B (see Fig. 22). The
Hamiltonian interaction term with the magnetic field is

H=-B-p,=2wh-S

where N is the direction of the magnetic field and w = Bu, /h.
Ignore the spatial degrees of freedom and find the state of the system at any time
t > 0. Compute the expectation value of the spin S.

Y S

Fig. 22 A neutron spin in a uniform magnetic field.
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Solution
If the width of the region in which the change in magnetic field value from zero
to B occurs is small, namely,

v 2120 /E
ax W 22V
w B pinmy

the transition can be considered as being instantaneous. Thus, we can assume that
at the moment of entrance (¢ = 0) the spin wave function does not change and from
then on evolves according to the Hamiltonian H.

Let us characterize the direction N by the angles 6 and ¢. Then, we can write

N =Xcos¢sinb + ¥singsind + 2cos b

The matrix A - Sis given by

h-S=3 sinf ¢  —cos6

h( cosf  sinf e‘i¢)
2

The corresponding evolution operator will be

i . cosf  sinf e i®
exp <—£2wﬁ . St> = exp [_lwt(siné ot —cosd )]

=coswt — i cosf  sinfe? sin wt
o sinf e’ —cos@

_ (coswt —isinwtcos  —isinwrsing e’
- —isinwtsinf e'®  coswt + i sin wt cosH

The evolved state will be

W) = coswt —isinwtcosd  —isinwtsinf e '? 1
- —i sinwt sin O ¢'? cos wt + i sin wt cos 6 0

or

cos wt — i sin wt cos 6
Y(t) = .. . ;
® ( —isinwt sin6 e'¢ )

The expectation value of the spin in this state is

h
(S); = 5 [X (—sin@ sin ¢ sin 2wt + sin 26 cos ¢ sinza)t)

+9 (sin® cos ¢ sin2wt + sin 26 sin ¢ sin’wr)
+2 (0052 wt + sin® ot cos 29)]
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y

B, ()

X

Fig. 23 Combination of static and oscillating magnetic fields.

As a particular case, let us take ¢ = 0, 0 = 7 /2, namely B = XB. Then we get
ho
(S); = 3 (sin2wt ¥ + cos 2wt 2)

which corresponds to a rotation in the zy-plane.

Problem 5.16 An electron is subject to a static uniform magnetic field By =
Boz (see Fig. 23) and occupies the spin eigenstate | 1). At a given moment
(t = 0) an additional time-dependent, spatially uniform, magnetic field B(t) =
Bj (coswt X + sinwt ¥) is turned on. Calculate the probability of finding the elec-
tron with its spin along the negative z-axis at time ¢ > 0. Ignore spatial degrees of
freedom.

Solution

The Schroedinger equation for the system is

d
i%#wm=—54%&+mem&+ﬁwmw%ﬂwm
m

(&

or
Lo eh By Bje i
M) = =5 - ( B o, ) v
Setting
[ a@)
v =(50)
we obtain
a=it (Boa + Bie™'"b)
Ne
b=i—— (Bie'a — Byb)

2me
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Introducing

le| By le| B
Wy = s w] =
2m. 2me

we obtain the above equations in the form
a=—iwpa —iwe b
b=iwyb —iwe“a
At this point, let us substitute the trial solutions
a(t) = e~ion/ 2+ 4 b(r) = el /2+i%u g

We immediately obtain

1 1
Q= :i:E\/(a) —2a)? + 4o} = :I:Ey
and

B— _:l:y —(w—ZwO)A

2601

Finally, we obtain
a(l,) — e*ia)t/z (A+eiyt/2 4 A e*i]/t/Z)

b([) = eia)t/2 _MA+ein/2 + Y + (a) — 2w0)A_e—iyt/2
2w, 2w
Applying the initial condition a(0) = 1, b(0) = 0, we arrive at
+(w—-2
A=V (w — 2wp)
2y

and
vt w—2wy . yt)

e~iwt/2 (cos L 4 i— " " in
Y(r) = 2 Y 2

. w t
—2iet 2L gip %

The probability of finding the spin of the electron pointing along —z is

4a)% ., Yt
= sin® *—
(0 — 2w0)? + 4w} 2

Py
Note that for w = 2w this probability exhibits the resonance phenomenon. For this
choice the probability of spin flip is
P, |w=2w0 = sin’ w1

and becomes unity at t = (2n + 1)7/2w;.



5 Angular momentum 143

Problem 5.17 A particle with total angular momentum j = % is in an eigenstate

|j m) of 3%, J.. Determine the probability of finding the particle in an eigenstate
|j m,) of the operator N - J corresponding to the angular momentum component
along an arbitrary direction A = sin6 cos ¢ X + sinf sin¢ §y + cos 6 2.

Solution

We can write

N-J=1sin0eJ, +1sin0e?J_ +coso J,

As implied in the question, this operator has common eigenstates with J2. Indeed,
we have

J2jmy) =02+ DIj my)
A-J|jm,) =hm,|j m,)

Each of these states can be expanded as follows, setting j = %:

m_i

m)= Y Cuf3/2m]

m=-—3:

Acting on it with A - J gives

3
2

S G (Lsin0 e CEHIE, m A1) + Lsing e O, m— 1)

—_3
m=-3

m=

+ cos@ hm|3 m)) = hm, Z Cnl3 m

le

with

CH =n/15/4 —m@m + 1)
Thus
Cg;rz) = C(_%)/z =0
CEJ/rz) = C(Jg)/z = C3/2 =", )2 =nv3
ch),=cl) =2n
Equating the coefficients on both sides of the expansion we obtain

Csp (3 cos® —m,) + Cip (—sm9e "P)

Cip (£8m06‘¢>+C1/2( cosf —m,) + C_y (sinf e™'?)

C1/2 (51n6?e’¢)+C 172 (——COSQ mn)—i—C 3/2 <—Sln9€ l¢>

C_ip <£ sin @ e’¢) +C_3p (——cos@ — m,,)
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A non-trivial solution for these coefficients requires a vanishing determinant, which,
after some algebra, gives as expected

, £

\S][8]
=

4 5,2 9 _ 5 —
m, —3m, + 15 =0 my =+

As an example, let us work out the m,, = % case. We get

C_ 1 6 . C 2 0 .
il —cot— e '?, 12— = cotfcot— e 2
Csp /3 2 Csp 3 2

Cs2

2 6 '
= Z cot cot> — ¢3¢
C_3/2 3 2

C_3/2 is determined from the normalization condition as

1\ 1,6 4 0
=1+ =cot” — 1+ = cot” 0 cot” —
C_3p 3 2 3 2

The probability of finding the particle in the state corresponding to the eigenvalue

3.
513

nm;,; =

Plmomy=3)=|Gm|3 mi=3)] =ICul’

[\S][ON]

Problem 5.18 A particle with s = 1 is in the S, eigenstate with eigenvalue +7.
Consider the spin operator S, in a direction 2’ that makes an angle 6 with 2.

(a) Find the eigenstates of S, and express the state of the system in terms of them.
(b) Calculate the uncertainty in S, for the given state of the system.

Solution
(a) Acting with
S, =sinf cos¢ Sy +sin6 sing S, +cosb S,
= 3sinf (e7¢ S, 4+ €'? S_) + cos6 S.

on the ansatz
[1my)=C_i|1 —1) 4+ Cy|1 0) + C{|1 1)
we obtain

m|1 m,) = sin@ (%c_le*m’ + %Cle”f’) |10)

+ <—C_10059 + %Cosineew) I —1)

+ (%co sinf e~ 4+ cos 6 cl) 11 1)
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This corresponds to the system of equations

sin@ e'?Cy, —myCo+ —=sinf e °C_; =0

f V2
T sin@ ¢'?Cy — (cos +m,)C_; =0
(my —cos9)Cy — f51n96 9Cy=0

The vanishing of the determinant of this system gives, as expected,
my =-—1,0,1

Solving for the coefficients, we obtain

c, = & sin @ ot i = ﬁ sin 6 it
V2 \my + cos6 /2 \my —cosf

The coefficient Cy is determined from normalization. In the case m, = %1 itequals
sin @ /+/2, while in the case m, = 0, it equals cos 6.
The eigenstates |1 m /) are given by

sin 6 5 0 6 _.
11, my =1) = —[10) +sin* — e [l —1) +cos’ e |1 1)
V2 2 2
2] ,
11, my = 0) = cosd |10) + Sil/li (€11 —1) — 7|1 1))
0 0 0
|1,mzf=—1>=—sj§|10>—cos €I 1) —sin® Ze |1 1)

Since (1|0') = —sinf e~'? /v/2, (1| — 1') = —sin?(0/2) "¢ and (1|1') = cos? 62
e~ the state of the particle can be written as

L 0
1) = e (~sind I me =0) = VI G 11 e = 1)
0
++/2 cos? > 11, my = 1))

(b) Itis straightforward to obtain

6 .0

(1181 1)=nh <cos4 2~ sin 5)

and

0 0
(1 1|SZZ,|1 1) =n? (00545 + sin* 5)
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and, finally,

h2
(AS.)? = ) sin® 0

Problem 5.19 An electron under the influence of a uniform magnetic field B = §B
has its spin initially (at # = 0) pointing in the positive x-direction. That is, it is in
an eigenstate of S, with eigenvalue +% /2. Calculate the probability of finding the
electron with its spin pointing in the positive z-direction. Ignore all Hamiltonian
terms apart from the interaction of the magnetic dipole moment due to spin and the
magnetic field, H = —u - B = w§,.

Solution
Employing the Pauli representation, it is easy to see that

1S =1/2) = (I 1) +1 1)
ISy =%1/2) = 5 (D) £il 1)

which can be written as
| 1) = ﬁ (ISy =h/2) + 1Sy = —1/2))
1) = =i (1S, =1/2) = IS, = —1/2))
Furthermore,

[Y(0) =[Sy =h/2) = == (e7™*|Sy =1/2) + ™S, = —1/2))

S

The evolved state will be

[ (1)) = e "My (0))

_ % (e—in/4—iwt/2lsy = +1h/2) + T2 S = _h/2))

on 5 trinG - )

The probability of finding the electron in the state | 1) is
4 wt
Pr(t) = cos® | = + —
0 =cos (5 +%)
This probability becomes unity at times

3

= = @dn—1)
T 20’ T 2w "

Problem 5.20 A system of two particles with spins s; = % and s, = % is described
by the approximate Hamiltonian H = « S - S, with o a given constant. The system
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is initially (at # = 0) in the following eigenstate of S, S3, Si., S».:
!
| 7)

Find the state of the system at times ¢ > 0. What is the probability of finding the
system in the state |2 5 % —%)?

Solution The Hamiltonian is

2

[
=
=

H=1a($-5-S) =lan[S(S+1) -]

The eigenstates of S2, S, will also be stationary states; the allowed values of the
total spin quantum number s are 1, 2. These states can be expressed in terms
of the S?, S3, Si., Sy, eigenstates through the Clebsch-Gordan coefficients. In
particular, we have

33.1 _1 31.11
1) =al3 35 —3)+0l5 33 3)
31.11 33.1 _ 1
21 =cl3333)+d]3 53 —3)
The coefficients a, b, ¢, d are easily determined from
()13 3.1 1 ()3 1.11
Sell ) =0=a$"[3 3555 —3) +087[5 333 3)

which gives

Similarly, we have

which gives

d=1, =%
Thus, we have
Ih=—33%3 -3 +33532)
2u=LRE N+ E Y
The inverse relations are
3353 =SR0+3011)
$34 -4 =4 0- S
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The evolved state of the system will be
@) = 4 (V3e B2 1) 4 B 1))

with £} = —5ah/4 and E, = 3ah /4 asthe two energy eigenvalues. The probability

of finding the system in the state |2 2; 1 — 1) s

222 2
E, — Et
P2~ dy) = s B2 BN
=%sin22at

Problem 5.21 Consider a particle with spin s = 1.

(a) Derive the spin matrices in the basis |1 m) of §2, S. eigenstates.
(b) Find the eigenstates of the spin component operator N - S along the arbitrary direction
N =sin6 (Rcos ¢ + ¥sing) 4+ cosH 2.

Solution

(a) The relations discussed in problem 5.13,
SP10) =Av2(11),  Spll —1) =hv2]10)
S_11)=nhv2]10),  S_|10)=hvV2|]1 —1)

imply that
010 000
S,=mv2[0 0 1], S =nv/2[10 0
000 010
Thus, we get
010 0 - O
h h
Ss=—11 0 1], Ss=—7|i 0 —i
V2 010 V2 0 ¢ O
1 0 O
S;=nr|0 0 O
00 -1
(b) Using the above matrices, we get
cos @ % sinfe~'? 0
A-S=h %sin@e”” 0 %sin@e""”

0 % sinfe'?® —cosf
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Solving the eigenvalue problem of this matrix, we get, as expected,
m, =-—1,0, 1

The corresponding eigenvectors are

% sin@ e~i¢
X0 = —cos 6
— % sin @ e®
sin?(6/2) e~i? cos2(6/2) e ¢
X—1 = —% sin 6 , x| = %sin@
cos2(6/2) e'® sin?(6/2) e'¢

Problem 5.22 A beam of particles is subject to a simultaneous measurement of
the angular momentum variables L2, L.. The measurement gives pairs of values
£ =m =0and ¢ =1, m = —1 with probabilities 3/4 and 1/4 respectively.

(a) Reconstruct the state of the beam immediately before the measurement.

(b) The particles in the beam with £ = 1, m = —1 are separated out and subjected to a
measurement of L,. What are the possible outcomes and their probabilities?

(c) Construct the spatial wave functions of the states that could arise from the second
measurement.

Solution
(a) The state of the beam is, in terms of the eigenstates of L,

[y) = 2100) + Lei |1 —1)

where « is an arbitrary phase.
(b) The possible outcomes will correspond to the common eigenstates of L2, L,,

11, my =1), 11, my = 0), 11, my = —1)
Each of these states can be expanded in terms of L, eigenstates:
11, my) = Ci(my)|1 1) + Co(my)[1 0) + C_1(my)[1 —1)
Acting on this state with

L,= %(L—t- +L_)
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we should get m,h. Doing this, we obtain the following relations between the
coefficients:

Co=mN2C, =mV2C_,,  Ci+C_y =mN2C
Therefore, we are led to
1, ome=1) =1 (|1 1) +/2[10) + |1 —1>)
I, m, =0) = %(u 1y —1 —1>>
Lome==1)=1(111) = V210 +]1 1))
The inverse expressions for the L, eigenstates are

1) =25l me =0)+ 5 (1Lme = 1) + |1, m, = —1))
110) = J5(1me=1) = [Lm, = —1))

1 =1)==Fl1m=0)+3(1m =1 +[Im,=—1))
From these relations we can read off the probabilities:

1 1
PL.=+n = 3, Pr.—o =5
I 2

(c) Using standard formulae for the spherical harmonics we obtain for the eigen-
functions of L,

/3 /3
Vi1 =4/ —(F£cosh —isingsinb), Yo = —4/ —sin6 cos ¢
8w 4

Problem 5.23 Consider a system of two non-identical fermions, each with spin
1/2. One is in a state with S;, =% /2 while the other is in a state with S, =
—h/2. What is the probability of finding the system in a state with total spin
quantum numbers s = 1, m,; = 0, where m;, refers to the z-component of the total
spin?

Solution

From the Pauli representation we can immediately see that

|S1x =1/2) = %(I T+, |S1x = —h/2) = %(I =14
where | 1) and | |) are the S, eigenfunctions. The inverse relations are
| th = %(|S1x =n/2) +|S1» = —h/2))
[ ) = %ﬂsu ="n/2) —|S1x = —N/2))
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In an analogous fashion, we can also see that

12y =1/2) = 5 (I D2+l 1)), S2y = =1/2) = 5 (I D2 =il 1)2)

Thus we have

|12 =5 (12 =1/2) + 82y = —1/2))
| V2= =i (1825 =1/2) = |S2, = —1/2))

The m, = O state in the s = 1 triplet is’

ls =1, mg=0) = %(I Ml =1l 1))
= —3i(e7 ™Sy =h/2) Sy =1/2)
— ™S =1/2) |82y = —h/2)
+e ™S = —1/2) 1S2, =1/2)
— e TS = ~1/2) |S2y = ~11/2))
From this expression we can read off the probability:

P=[10S1. =+, Sy =-)" =14

Problem 5.24 Consider a system of three electrons.

(a) Find the eigenvalues of the total spin. Find a set of eigenstates of the total spin operators
S2, S. (treat electrons 1 and 2 as a subsystem and combine the spin Sy, of the latter
with that of electron 3).

(b) Ignoring spatial degrees of freedom, assume that the approximate Hamiltonian of the
system is

H=q« (Sle2x + SlySZy + S2xS3x + S2yS3y + Sle3x + Slys3y)
Show that H can be expressed in terms of S? and SZZ. Find the energy eigenvalues.

Solution

(a) As suggested, we will think of the system as consisting of two subsystems,
one of two electrons and one of a single electron. The first subsystem has total
angular momentum values s;» = 0, 1, corresponding respectively to the singlet

ls12 =0, m12=0)=%(|T>1|¢>2—|¢>1|T>2)

where m 1, specifies the z-component of the total spin s, of the first subsystem,

7 The factor ¢/™/* is a compact way of writing ﬁ(l +i).
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and to the triplet
Isp=1mp=1)=[1hl 1)

Isp =1mpp =0) = f(|T>1|¢>2+|¢)1|T)
sp=1mp=-1)={)l{):

Combining S;, with S; gives the allowed values

i 1 301
|S12 - §| =S13=S12+3 = S123 =5, 3

The resulting eigenstates of total spin form a quadruplet:
S=11011)

3)=all0) [ 1) +bl11)[ )
3)=cll =1)[ 1) +d[10)]])
2=

[[S]ISS I ST [o%)

I =01

DI IL

and a doublet
3 3)=100)11)
3 —3)=1001]
The coefficients are obtained as follows:
si)=mall = a=i b=1
or

530 = 5 Ul Dl Dz 10l Dol D3+ 1l Dl 1)3)
Similarly,

SP-D=maiY) = e=k  d=

3’

or

13 —3)= D12l N+ 1Dl Dl Da+ 11l 4l 1))

The other two states of the quadruplet are

13 3) =11l Dl M, 15 =3) =13l s
Similarly, we get for the doublet

|5 3)=J5 A1 Dl Dz =1l Dal 1)3)
3 =30 = Al ol D=1 il Dal D))
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(b) The given Hamiltonian is equal to

o
H = E (2S-$+25-S+25-S; — 281:82; — 2852:83; — 251:83:)
o
=3 [(Si+ S+ S3)> — ST — 3 — S3 — 281,82, — 282,83, — 281,53
@ ), o’ 2., Q2 2 2
= E (SI+SZ+S3) _T_(Slz+SZZ+S3z) +Slz+52z+52z
Finally,

The energy eigenvalues are, in terms of the total spin quantum numbers s and
mS7

3n?
E = 9 [hzs(s +1) —hsz — —i|

\S]

2

The possible values of s are %, % Thus we have

for s=3, mi==+3, E=0
for s:%,m‘yzi%, E = ah?

1 1 142
for s = 75 my = :I:E’ E = —Eah

Problem 5.25 Consider two spin-1 particles that occupy the state
Isi =1, m =1;55=1, my=0)

What is the probability of finding the system in an eigenstate of the total spin S
with quantum number s = 1? What is the probability for s = 2?

Solution

It is not difficult to construct the eigenstates of S?, .. We shall show them using
boldface numbers. They are a singlet

00) = J=I1,00[1,0) — 5(I1, DI1, =1) = |1, =D)|1, )

a triplet
111) = ﬁ(u,om, 1) — [1, D|1,0))
110) = —%|1,0>|1,0> — (1L, DI, =1) — |1, =1)[1, 1))
11-1) = %(|1,0)|1, —1) — |1, =1)|1,0))
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and a quintet

122) = |1, 1)[1, 1)

21) = (11, 0)1, 1) + 1, 1)|1,0))

20) = (1L DIL 1) + 1, =11, 1))
2-1) = 55(I1, 0)[1, =1) + |1, =1)[1, 0))
12-2) =1, -1)|1,—1)

From the above relations we obtain
11, 1)[1,0) = f(|2 1)—-111)

Thus, the probability of finding the system in either of the states shown on the
right-hand side is 1/2.
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Quantum behaviour

Problem 6.1 A quantum system has only two energy eigenstates, |1), |2), corre-
sponding to the energy eigenvalues E;, E,. Apart from the energy, the system is
also characterized by a physical observable whose operator P acts on the energy
eigenstates as follows:

Pl1y=12), PI2)=I1)
The operator P can be regarded as a type of parity operator.

(a) Assuming that the system is initially in a positive-parity eigenstate, find the state of the
system at any time.

(b) Ataparticulartime f a parity measurement is made on the system. What is the probability
of finding the system with positive parity?

(c) Imagine that you make a series of parity measurements at the times
At, 2At, ..., NAt = T. What is the probability of finding the system with positive
parity at time 7'?

(d) Assume that the parity measurements performed in (c) are not instantaneous but each
take a minimal time §t. What is the survival probability of a state of positive parity if
the above measurement process is carried out in the time interval 7'?

Solution
(a) Itis clear that

P1) £ 12)) == (1) £ [2))
Thus, the parity eigenstates are

I£) = 5 (1) £ 12)

The inverse relations are

1) =5 () +1=), )=S0+ = 1)

155
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The evolved state of the system is
W (1)) = e (coswt |+) + i sinwt |—))

with
E, — E; _ E+E

wm - YT T

(b) The probability of finding the system in the state |+) of positive parity is
cos? wt.

(c) Attime At the probability of finding the system in a state of positive parity
is cos? wAt. The probability of finding the system in a positive-parity state at time
2At will be cos? wAt cos? wAt. Continuing like this, at time 7 the probability
will be

w

(cos? a)At)N = (1 —sin’ a)T/N)N

For N > 1 but finite, this is

GRS

Note that for any finite NV the above survival probability of the positive-parity state
is always smaller than unity.
In contrast, for N — oo the probability

T =05 ()=

In the limit of infinite instantaneous measurements the survival probability of a
positive-parity state is unity.'

(d) Since there is an appreciable minimum time required for each measurement,
N cannot be infinite but its maximum value will be the large but finite number
T/8t. Also, since for T/N > §t we have cos(wT/N) < cos wét, the correspond-
ing probability is

[cosz(a)T/N)]N = exp [2 (%) Incos wét]

Problem 6.2 A pair of particles moving in one dimension is in a state characterised
by the wave function

W(xy, x) = N exp [—%(xl —x + a)z} exp [—%(xl + X2)2:|

! The “freezing’ of the system in the initial state for a repeated series of measurements has been called the quantum
Zeno effect.
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(a) Discuss the behaviour of W(x, x;) in the limit « — 0.

(b) Calculate the momentum-space wave function and discuss its properties in the above
limit.

(c) Consider a simultaneous measurement of the positions x, x, of the two particles when
the system is in the above state. What are the expected position values? What are the
values resulting from a simultaneous measurement of the momenta p;, p, of the two
particles?

Solution
(a) The normalization constant is N = («f)~/4/2/m. In the limit « — 0,

1 a\ 1
W(xg, xp) ~ - d(x1 —x2+a) <E) exp [—ﬁ()ﬂ +X2)2]

This is a sharply localized amplitude describing the situation where the two particles
are at a distance x, — x; = a. Keeping « as small as we wish but non-zero and S
as large as we wish but not infinite, we have a normalizable amplitude for the two
particles to be at a distance a, to any desired order of approximation.

(b) The momentum-space wave function is

B( ) @p) ™ ~( Ja — = Y~ Lo+ poy
, = exp| =(p1 — p2)a— —(p1 — - =

P1, D2 m p ) P1— D2 3 pP1— D2 3 P1 T+ P2

In the limit 8 — oo we have

o
p
This is a sharply localized momentum-space amplitude for the two particles to
have opposite momenta. Keeping 8 as large as we wish but finite and « as small as
we wish, we have a normalizable amplitude for the two particles to have opposite
momenta, to any desired order of approximation.

(c) A measurement of x; and x; will yield values related by x, — x; = a: the
measurement of the position of particle 1 is sufficient to determine the position of
particle 2, or vice versa. A measurement of the momenta p; and p, will give values
related by p, = —p;: measurement of the momentum of particle 2 is sufficient
to determine the momentum of particle 1, or vice versa.? This is an example of
entanglement.

4 i o
®(p1, p2) ~ 8(p1+ p2)2 ( ) exp [5@1 - pz)a] exp[~S(p1 = o)’

Problem 6.3 A pair of spin-1,/2 particles is produced by a source. The spin state of
each particle can be measured using a Stern—Gerlach apparatus (see the schematic
diagram shown in Fig. 24).

2 The above wave function is very close to the wave function proposed by Einstein, Podolsky and Rosen in 1935 as
a ‘paradox’ suggesting that both the position and momentum of a particle can have definite values independently
of whether they are actually measured. The EPR controversy has been now resolved with Bell’s inequality.



158 Problems and Solutions in Quantum Mechanics

Source

Fig. 24 Einstein—Podolsky—Rosen set-up for two spin-1/2 particles emitted by a
source. The Stern—Gerlach apparatuses are represented by arrows showing their
field directions. The small squares show the observed positions of spin-up and
spin-down particles.

(a) Letfi; and fi, be the field directions of the Stern—Gerlach magnets. Consider the com-
muting observables

corresponding to the spin component of each particle along the direction of the Stern—
Gerlach apparatus associated with it. What are the possible values resulting from mea-
surement of these observables and what are the corresponding eigenstates?

(b) Consider the observable

1 = 6 & @

and write down its eigenvectors and eigenvalues. Assume that the pair of particles is
produced in the singlet state

10, 0) = 55 (I1S: H)V1S: =) — 15, =)V1s. H)P)

What is the expectation value of o12)?

(c) Make the assumption that it is meaningful to assign a definite value to the spin of a
particle even when it is not being measured. Assume also that the only possible results
of the measurement of a spin component are 47 /2. Then show that the probability of
finding the spins pointing in two given directions will be proportional to the overlap of
the hemispheres that these two directions define. Quantify this criterion and calculate
the expectation value of 1%,

(d) Assume that the spin variables depend on a hidden variable A. The expectation value
of the spin observable o!? is determined in terms of a distribution function® f(1):

(1) = % / dx f()SDG) SE(2)
Prove Bell’s inequality
(o1 2@) = (2@ < 1+{c" (¢ - ¢")

3 Assumed to be normalized by [ dA f(A) = 1.
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(e) Consider Bell’s inequality for ¢’ = 2¢ and show that it is not true when applied in the
context of quantum mechanics.

Solution
(a) The eigenstates and the corresponding quantum numbers relating to o‘") and
@ are?
1S, H) V1S, 0P, +1+1
1S, =) VIS 9P, —1, 41
1S, D VIS, 2P, +1 -1
|Sn1 _>(1) |Sn2 _>(2)a _19 —1
(b) The eigenvectors of o1? are the same as those of o' and ¢®. The cor-
responding quantum numbers are the products of the pairs of quantum numbers
in (a):
O e e S i e R
T e N e T L e e R

The state of the pair is given as the singlet
100) = &5 (IS. HV1S. =)@ — IS, - DS, +)@)
Therefore the expectation value of o 1% will be’
(0010?10 0) = — cos(¢1 — ¢2) = —fi; - fip
(c) The expectation value of o012 in this scheme also would be
@) =P +P_—P —P,

where P, is the probability that both particles have their spin ‘up’ with respect
to the field direction in the corresponding Stern—Gerlach apparatus. Similarly for
the rest of the probabilities. Each particle, by assumption, has a well-defined spin

4 The spin eigenstates for a general direction can be expressed in terms of the standard eigenstates with respect
to z as

[Sn +) = cos(¢/2)IS; +) + isin(¢/2)[S; —)

ISy —) = isin(¢/2)[S; +) + cos(¢/2)[S; —)
The inverse relations are

[S; +) = cos(¢/2)|S, +) — isin(¢/2)|S, —)

IS, =) = —isin(¢/D)|S, +) + cos(¢/2)|S, —)

The angle ¢ equals cos™! (fi - 2).
5 We have

(S: £10D|S. £) = £cosgi,  (S. £[0V[S; F) = Fising;
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Fig. 25 Spin directions.

independently of observation. If a spin component of a particle has been measured
as +% /2 then we can conclude that its spin will lie somewhere in the hemisphere
defined by this ‘up’ direction. Obviously the spin of the other particle will lie in the
‘down’ hemisphere (see Fig. 25).

Consider the spin components of the two particles along directions that make
an angle ¢. The probability of finding the spin components of both particles to
be +7 /2 will be proportional to the overlap of their corresponding ‘up’ hemispheres,
P++ = ¢/m. The proportionality coefficient is determined by the fact that this
probability must be equal to unity when ¢ = .

The probability of finding the two spin components pointing in opposite direc-
tions can be written P,_ = a¢ + b. This probability would be unity if the two
hemispheres coincided (¢ = 0); thus, b = 1. It vanishes if ¢ = 7, however. Thus,
a = —1/m. Therefore P,_ = P_, =1 — ¢ /. Finally, we get

=2 (s-7)

(d) We have
4
(o)~ (02 6)) = = / dr f() SPOM) [Sf)(k) - Sf,)()»)]
_ ;_2 / dr f() S0 S5 ()
+; / di ) SO0 S SP0) SD )

S ;_2 / dr () S0 S5 () [1 — ;—25;”(,\) Sf,)()\)]
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We have used Sf)()») = —S;l)(k) and [S((j)'.)()»)]2 =’ /4. The last equality gives us
the inequality

e (¢)) — ("2 (¢") |
4
= / dr f(r)

S0 S|

4
L= ST S5 ()

4
[ oo |1 - %sporsgo)
Note that the quantity in square brackets is positive. Thus, we finally have

|{e12)) = (e"@))| = 1+ (0"2(@' —¢)

(e) Although Bell’s inequality was derived in the framework of a so-called local
hidden variable theory, let us apply it in quantum mechanics in the specific case
¢' = 2¢. Using the quantum mechanical result found in part (b) we get (c(!?) =
—cos ¢; Bell’s inequality then implies that

|cos¢p —cos2¢| < 1 — cos¢

This is, however, not true in the region 0 < ¢ < /2. Try, for example, ¢ = /4.
Since experiment® has confirmed the quantum mechanical predictions, this imme-
diately implies that the whole framework of local hidden variable theories is ruled
out.

Problem 6.4 Neutrinos are neutral particles that come in three flavours, namely
Ve, v, and v.. Until recently they were considered to be massless. The observation
of neutrino oscillations, i.e. transitional processes such as v,, < v, is a proof of
their massiveness.

(a) Consider for simplicity two neutrino species only, namely the flavour eigenstates |v,)
and |v,). Ignoring the spatial degrees of freedom and treating the momentum as a
parameter p, the Hamiltonian is a 2 x 2 matrix with eigenvectors |v;) and |v;) and

eigenvalues Ey 5 =,/ p2c? + mi,c* ~ pc+mi ,c?/2p. If the flavour eigenstates are
related to the energy eigenstates by

[ve) = cos O |vy) + sinf |v,)

|[v,) = —sin@ |v1) + cos O |vy)
where 0 is a parameter, calculate the matrix representing the time evolution operator.

(b) If at time ¢ = O the neutrino system is in an electronic neutrino state |y (0)) = |v,),
find the probability P,_,, for it to make a transition e — u, as a function of time. Do

6 A. Aspect, P. Grangier and G. Roger, Phys. Rev. Lett. 49, 91 (1982).
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the same for the probability P,_, .. Alternatively, assume that initially the system is in
a muonic neutrino state | (0)) = |v,) and calculate the analogous probabilities P,,_,,
and Py ..

(c) Show that, up to an irrelevant overall phase, the Schroedinger equation satisfied by the

neutrino state can be cast in the form, with Am? = m3 — m3,

d Am?c® [ cos20 —sin20
zhalw(t»:— (

ap  \—sin20 —cos 29) v

(d) Consider a situation where electron neutrinos with estimated number density N, are
emitted from a source and their density is measured at a faraway location. Derive a
relation between Am? and the distance at which there is maximal conversion to muon
neutrinos. Derive an expression for the mixing angle € in terms of the ratio N (L)/N,(0)
at alocation L. The average momentum of the emitted neutrinos p is considered known.

Solution
(a) Inthe energy-eigenstate basis the time evolution matrix is a diagonal matrix
U (t) with elements

Ui = (vile™ "))

o—iEit/h 0
Uu@) = ( 0 eiEzt/h)

In the flavour-eigenstate basis we have

so that

(Ve|U(1)|ve) = cos? @ e E1t/h 4 sin® 9 ¢~ E21/
(WulU@)|vy) = sin® 0 e Bt/ 4 cos? § e~/ Eat/h
el U®)|vy) = (U (@)]ve) = cos O sin@ (e E2/M — g=iEai/h)
and the corresponding matrix /(¢) turns out to be
cos2@ e 1 Eit/h 4 gin? @ e~ E2a/M cos O sin (e*"EZ’/h — e iEat/n )
cosOsin (e B/ — o=iEVN/M)  gin? g eI E/N 4 cog? @ e /N
(b) In the case where |Y(0)) = |v.), the evolved state will be
[y (1)) = (cos® 0 e sin* 6 e M) (v,
+cos @ sinf (e‘iEz[/h — e TiEu/h ) V)

Thus

2 —iEyt/h _ —iEit/h |2
| e i) |

Peop = | (vl (@)

= ‘COS@SinQ (e
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giving
E, — E,
P, =sin’20sin’ | — ¢
: (%571)
The survival probability of the electronic neutrino is
. : E, — E,
Poe = 1 — sin®20 sin® (T t)
In the case where the initial state is [¥(0)) = |v,), we get
E,— E
) ) 2 1
Pu—e = sin” 20 sin (T t) = Pessa
As expected, we also have
E, — E,
Pusp=1—sin? 20 sin’ | ——— 7| =P,_.
- (255)
(c) Consider the matrix
cosf —sin6
O=\.
(sm 6 cost )
in terms of which we can transform the state vector from the flavour-eigenstate
basis to the mass-eigenstate basis:

v, =0V,

ip i E, 0 e Eit/h 0

or, equivalently,
= (e ) (5 22)
(To i) (g ) w0
Dropping the flavour subscript this becomes
ngvor=( o) (5 2)

e Eit/h 0 cos® —sinb
x < 0 eiEZ’/h> (sin0 cos9> ¥ (0))

Thus, we have
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Now note that we can write

E, 0 (m% + m%)c3 1 0 Am?c® (-1 0
= | pc 4+ — + —
0 E, 4p 0 1 4p 0 1
Thus, we get

Ld Am? [ cos® sinf) (1 0
o) == 4p (—sin@ cos@) (O —1)

y cosf —sinf
sin @ cos

(m% + m%)c3

)IW(I)H- [PC+ )
p

} [V (1)

or

. d Am?c (cos20  —sin20
lhallﬂ(f)) = ——(

4p —sin20 —cos 29) Vo)
We have dropped the irrelevant phase
i (m7 + m3)c?
- — 2 |t
exp { - |:pc + ap
(d) Replacing the time of travel ¢ by the distance L = ct, we have
E,—E %t Am?* Lc?
;t _ (m% _ m%) C _ m C
2h 4ph 4 ph

Maximal conversion of electron neutrinos occurs when

Am? Ly c*  m
4ph 2
that is,
2 ph
LmaxAn’l2 = f
C

The mixing angle can be expressed as
1 — N,(L)/N.(0)
sin?(w L /2 Lmax)

sin®20 =

Problem 6.5 Consider a neutron interferometer composed of three crystal slabs
(see Fig. 26). A beam of neutrons is split at the first slab, reflected and redirected
at the second and finally superposed at the third and final slab. A phase shifter PS
is placed along the route of one branch, giving a phase difference § to the neutrons
with which it interacts. A spin flipper S F that can flip the spin of a neutron is placed
along the route of the other branch. By placing a detector in one of the final beams

an interference pattern dependent on é can be observed.
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SF

PS 11

Fig. 26 Neutron interferometry.

(a) The spin flipper device is based on the operation of a static magnetic field By and
a time-dependent magnetic field perpendicular to it, B; () = Bi(cos wt X + sin wt §).
What must be the relation between the neutron magnetic dipole moment and the rest
of the parameters in order to have maximum spin-flip probability? The neutron time of
flight 7y in the device is given.

(b) Let the initial state of the system be

[¥i) = 5 (o) [ 1) + 1) | 1))

This is the state before the beam encounters either SF or PS. The spatial parts |¢; )
correspond to known wave packets that propagate along the first and the second route
correspondingly. Determine the final state of the system and calculate the spin expec-
tation value in the final state, {(y¢|S|v).

Solution

(a) A physical system mathematically analogous to the spin flipper is the system
of an electron in a magnetic field that has a uniform component and, perpendicular
to it, a time-dependent component; this was solved in problem 5.16. Making the
modification w; — —w; and redefining the parameters as

_1 _ 1
wo = 5 Bo, W) = 5un By

we can carry over the solution (for [ (0)) = | 1)):

. t -2 t t
W) = e | (cos 22 +i 272 Gn V) 11y — 21 % sin D )
2 y 2 y 2

where y = \/ 4w? + (w — 2wp)?. Maximal spin-flipping occurs when @ = 2awy.
Then the state is

W (1)) = e ' coswit| 1) — ie'® sinwt] )

If the value of the oscillating magnetic field is adjusted so that the time of flight of
a neutron in the device, i.e. in the magnetic field region, satisfies w; vy = 71/2 =
unBitn = 7, the neutrons will be subject to a complete spin-flip. Their state will
be | (1n)) = —ie®| |) with @ = woty = 7 Bo/2B.
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(b) Starting with the given initial state, after the action of the phase shifter and
the spin flipper neutrons will be in the final state

W) = 5 (=ilon)| 1) + € 12)| 1)

where o has been absorbed into §.
It is straightforward to calculate that (1 |o| 1) =12, (| |o||)=—Z,
(Mol {)=Xx—iyand (| |o| 1) = X+ i¥. Thus, setting (¢|¢p1) = I, we get

hi
(VelSle) = > (sind X + cosé §)

Problem 6.6

(a) A spin-1/2 particle in the state |S, +) goes through a Stern—Gerlach analyzer having
orientation fi = cos @ Z — sinf X (see Fig. 27). What is the probability of finding the
outgoing particle in the state |S,, +)?

(b) Now consider a Stern—Gerlach device of variable orientation (Fig. 28). More specifically,
assume that it can have the three different directions

| =h=cosfZ—sinf X

=

o>

f, = cos (9 + %n) Z— sin(& + %rr)

>

fi; = cos (9 + %n) Z— sin(@ + g—‘n)

Fig. 27 Tilted Stern—Gerlach apparatus.

Fig. 28 Stern—Gerlach device with variable orientation.
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Source

Fig. 29 A pair of spin-1/2 particles emitted in opposite directions. The arrows in
the circles represent the field directions in the Stern—Gerlach analyzers.

with equal probability (1/3). If a particle in the state | S, +) enters the analyzer, what is
the probability that it will come out with spin eigenvalue +7 /2?7

(c) Calculate the same probability as above but now for a Stern—Gerlach analyzer that can
have any orientation with equal probability.

(d) A pair of particles is emitted with the particles in opposite directions in a singlet |0 0)
state. Each particle goes through a Stern—Gerlach analyzer of the type introduced in (c);
see Fig. 29. Calculate the probability of finding the exiting particles with opposite spin
eigenvalues.

Solution
(a) The eigenvalue relation

h-S)|S, £) = :I:§|Sn +)
is represented in matrix form as
< cos 6 —sin@) (a) _ i(a)
—sinf —cos@ )\ b b
Solving, we obtain a, = cos(8/2) = b_ and a_ = sin(0/2) = —b; this gives

_( cos(0/2) L sin(6/2)
150 ) = (—sin(9/2))’ 155 =) = (cos(9/2)>

The probability of finding the particle in the state | S, +) is
P =1(S. +1S, +) I = cos’(6/2)

(b) The probability of finding a particle in the exit carrying spin eigenvalue
+h/21is

| 2

AV
Il
wl—

DS H 1S )

TiZ1,2.3

=1 COSZQ-FCOSZ Q-}—z + cos? €+2_7r
3 2 2 3 2 3
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This can be seen to give’

1 6 1 0 3 0
77=§<c0525+§c0525+§sin25)=—

(c) In this case we should average over all orientations according to

1 2
<>:§/0 dao - - .

2 1 [ ,0 1
P=<|(SZ+|Sn+>|>=g dé cos )
0

Then we have

(d) The probability of opposite spin outcomes is

73:<{‘(Ools,‘,”+) s7 - )[ + [loo] s ~ | +)‘2}>

— 2 1(9 —0)) = l
={ cos 7 =5
The intermediate steps involved are:
(1A +) (=" —) — (=] +) (+]A" =) = cos[(6 — 0')/2]
(+1h =) (=& +) — (=] =) (+]A" +) = —cos[(6 —6')/2]

Problem 6.7

(a) A system with Hamiltonian H is initially in a state [{(0)) = [v;). Show that for small
time intervals the probability of finding the system in the initial state is equal to
1 — (AEY?/h* + 0(th

where AFE is the energy uncertainty in the initial state.

(b) Consider now the transition amplitude 7'j;(¢) to state |;). Show that Tj;(¢) = Tij(—t).
Then show that the survival probability P;; has to be an even function of time. In a
similar fashion, show that the total transition rate Zj P i(0) at t = O vanishes.

(c) Show that the survival amplitude 7;;(¢) can be written as

Ta(t) = / dE ni(E) e B/t

where n;(E) is the so-called spectral function of the state |i). Consider the case of a

cos(0/2 4+ 7/3) = (1/2)cos(0/2) — (\/5/2) sin(6/2)
cos(0/2 +2m/3) = —cos(8/2 —m/3) = —(1/2)cos(6/2) — («/§/2) sin(0/2)
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continuous spectrum and assume that for a particular state the spectral function has the
form

o ] AT
ME) = S (E= Eo + (T2

with I' > 0. Find the corresponding survival probability. Despite the fact that this spec-
tral function does not correspond to a realistic spectrum, find why the short-time be-
haviour of the survival probability established in (a) does not apply here.

Solution
(a) The survival probability of the initial state is

Pii = | (Wile gy |

Expanding in time, we get

73-~~1+it(H* H)+ﬁ(I(H>|2—1<H2>—1<H2>*)
i 14 2 ((H)" = (H)) + - > >

All the expectation values refer to the state |1;). Obviously, due to hermiticity we
have

(HY*=(H), (H»*=(H"
and thus
~ t? 2
Pii % 1= 5(AE)

The O(¢3) term is
-i (1 H?) — 1<H3>* + (H) (H*)* — (H)* <H2>)
o 5 3

and it vanishes. The next non-zero correction is O(¢*).
(b) From the definition of 7" we have

Tji(t) = (jle " Mi)y = (il j)* = T3 (=)
The survival probability is
Pii(t) = |T(O = T:(OT;;(t) = T (—0)T;i(—1) = | T (—0)|> = Pyi(—1)
We have
P = Tji(l)r,-*,-(l) + Tji(t)T;‘(t)

= — (W He™ MMy T(0) + T (| He )
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or
Piu(0) = = [7:(0) = T3] (v H i)

Summing over all states [/;), we get

Y Pii(0) = ;; Y Wil HIY) (Y1) — - Zwmvm (Wil HIYi) =0
J J

J

(c) Inserting the complete set of energy eigenstates into the definition of 7;;, we
get

T,‘,’(I) = Z (llEn) (E |l —iE,t/h __ Z | l|En —tEnt/h

E"

This can be written as an integral:
T;: (1) =/ dE Z | (/| Ey) |2 S(E — En)e—iEt/h _ / dE ni(E)e—iEt/h
En

where

ni(E) =Y _ | (i|Es) > 8(E — Ey)
E,

For a continuous spectrum this will be a continuous function. Considering the given
spectral function, and assuming that this is so, we obtain

1 hr/2 : ,
T:(t) = — f dE 2/ S e B — oiE/h T2
T (E — Eo)* + (nl'/2)

We may evaluate the above integral as a contour integral (see Fig. 30). The

Fig. 30 The complex energy plane: evaluation of T;;.
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corresponding survival probability is
Pit)=e""

Note that the derived exponential decay contradicts the property shown in (a),
according to which at early times we have P oc 1 — O(¢?). The issue of the ap-
proximate applicability of exponential decay is broad and deep. Nevertheless, in
our case, for the particular spectral function assumed it is rather clear why the
early-time expansion performed in (a) would go wrong: all moments of the energy
diverge. For instance,

(i|H?|i) = ZEZ (|E,) /dEEzni(E)

'h E?
2 (E — Ep)> + (hT'/2)?

Problem 6.8 Consider a two-state system |1), |2). The Hamiltonian matrix in the
orthonormal basis {|1), |2)} is a Hermitian 2 x 2 matrix that can be written in terms
of the three Pauli matrices® and the unit matrix as” H = 1 (Hy + H - 7).

(a) Consider the density matrix p(t) = | (¢)) (¥ (¢)| corresponding to the state | (¢)) of the
system. Show that it satisfies the time-evolution equation

i
b =——[H,
p=—31H, p]
Show that the density matrix can be written as the 2 x 2 matrix
1

Show that the length of the complex vector W is equal to unity.
(b) Show that the Schroedinger equation, or the corresponding time-evolution equation for
P, is equivalent to the equation

v 1
& _HxWU
dt h

Show that the motion of the system is periodic. Solve for ¥(r).

8 To avoid confusion with the spin case we shall use the symbols 7,,a = 1,2, 3:

0 1 0 —i 10
=\t o) 2= o) BT o -1

9 In terms of the matrix elements H; j = (i|H|j) of the original Hamiltonian, the components of the vector H are

Hy = Hi» + H, Hy) = i(Hyjp — H), H; = Hj) — Hp
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(c) How is the return probability |(1(0)|y(¢))|* expressed in terms of the above solution?
Calculate it in the simple case in which the system is initially along the ‘1’ direction.

Solution
(a) From the Schroedinger equation and its conjugate, we can obtain the general
expression

. dly (@) d{y ()]
p=—"WOI+ YO —

= L (HIWO)YW O] = [ GO = =1 H, p]

In the basis {|1), |2)} the density matrix is

p:(|¢1|2 lbll”;)
Uivs  IYal?

Normalization requires Tr p = |/{|*> + || = 1. This is also evident from

Wlply) = W)W lv) = [(WIv)P =1

Note that the matrix representation for p in terms of ¥ given in the question satisfies
the trace property automatically. Writing it out explicitly and equating with the
above form for p gives

l<1+‘1‘3 ‘111—1"1/2>:(|1/f1|2 X/fﬂﬁf)
2\ +iv, 11— vivs  [Yol?

and

U=y +¥iye, W =i(nys —¥ivn), W=y P = [l

(b) Substituting the vector expressions into the time-evolution equation for the
density matrix, we get
. iTT, T
V. 1= —— I:_a, b
L2 2

1
= ﬁeabctc H,¥, = ﬁ (H X ‘I’) =T

p= ] H, W,

D=
—

Thus we can write

dv 1
—=-Hx"¥
dt h

Itis evident, by taking the inner product of this equation with H, that the component
of ¥ along the direction of the Hamiltonian vector is a constant of the motion.
Similarly, W2 is a constant. Thus, we have a state vector ¥ of constant length
rotating around the vector H (see Fig. 31).
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Fig. 31 State-vector rotation.

Since ¥ (¢) = (ﬁ . ‘Il(t)) H= ¥ ,(0), we can just write

dv 1
= _Hx9,
dt h
Taking an additional time derivative we get
d*v H?
Lo () g,
dr?
The square of the Hamiltonian vector is equal to the squared difference of the energy
eigenvalues:

H? = H{ + H} + H} = (H\1 — H»)* + 4|Hp|* = (E) — E2)? = h*o?
The solution to the above equation of motion is
U, (1) = ¥, (0) coswr + H x ¥(0)sinwt
or
U(0) = - 9(O) A+ | (0) — - 9O | cosor + A x ¥(O)sinor
On rearrangement this becomes
U() = H- (0) H(l — coswt) + ¥(0) cos wt + H x ¥(0) sin wt

The period of the motion is T = 2nh /| E, — E1|.
(c) The return probability is

P@t) = YOy @)* = (YO @)) (¥ (0] (0))
= (Y (0)[p()[Y(0)) = 5 + 3%(0) - ¥(r)
=14 1) AP + Lw(0) - [\I: L (0)cos wf + H x ¥(0)sin a)t]
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I

Fig. 32 Split neutron beam.

or
P(t) = cos*(wt/2) + [B(0) - H]? sin’(wt/2)
In the case where ¥;(0) = 1 and ¥,(0) = 0, we have W;(0) = ;3 and
Hy, — Hy»
V(Hiy — Hp)* +4|Hp?
Note also that (AE)?) = |H},|*. Thus, we may write
% in2 s

Goy 72

v(0)-H=

Pit)y=1— 4

Problem 6.9 A neutron beam passing through a neutron interferometer is split into
two parts, one of which passes through a magnetic field (see Fig. 32). The magnetic
field can be considered uniform throughout the extent of the path of the neutron
branch that passes through it. Its magnitude is adjustable. Consider the interference
pattern created by the existence of two branches and determine the possible mag-
nitude differences of two magnetic fields that give the same interference pattern.

Solution

The evolution of the neutron spin is determined by the Hamiltonian

Hy=—p, B =3hoos (0 =2u,B/h)

The magnetic moment is u, = gn(le|fi/2m,c). The evolved state will be

. —iwt/2
Y = e "y (0) = (" 0 e,-g/z) ¥(0)

Starting from an initial spin state [{(0)) = | 1) we end up at time T with just a
phase change, |/ (7)) = e *“%/2| 1).
The state describing the interfering beams is

W) =N (Ipr) e "1 1) + |éu) | 1))

10

10 Yf () = I, the normalization factor is

N =2712[1 4+ I cos(8 + wr/2)]"/?
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where 7 is the time spent by the first branch in the magnetic field region and |¢y)
and |¢y) correspond to the spatial wave functions of each branch. The probability
of finding a neutron in the spin-up state | 1)|¢r) is

P 1[1+1%42Icos(8 + wt/2)
2 1 + I cos(8 + wt/2)

The interference pattern is not modified for a frequency change

4
w,_w:n_n n=1,2,..)
T

i.e. a magnetic field change

47 h 4mv h
AB=n|— =n|——
T 2y L 2y
87°h h 87 %hc
=n =n
Lx 2y gnle|LA
where L is the extent of the magnetic field region and X is the average wavelength
of the neutrons.

Problem 6.10

(a) Consider a system of two spin-1/2 particles in the triplet state
110) =2 (Nl Ve + Dol D)

and perform a measurement of Sé'). Comment on the fact that a simultaneous measure-
ment of S§2) gives an outcome that can always be predicted from the first-mentioned
measurement. Show that this property, entanglement, is not shared by states that are
tensor products. Is the state

|\1/>=%(|11> +V2010) + 1 —1))

entangled, i.e. is it a tensor product?
(b) Consider now the set of four states |a),a = 1, 2, 3, 4:

0) = 5 (1 1) + il —1))
1) = %(Il 1) +ill1)
2) = 55 (e77*10) — ¢700))
13) = % (e7™410) + €7/*100))

Show that these states are entangled and find the unitary matrix &/ such that'!

|a> = Z/{aala)

" {le)} = 111), I1 = 1), [10), [00)
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(c) Consider a one-particle state [{y) = Cy| 1) + C_| |) and one of the entangled states
considered in (b), for example |0). Show that the product state can be written as

1¥)10) = 5 (10)1%) + DY) + 21¥") + 13)[v"))
where the states |¢'), [v”), |v") are related to |y) through a unitary transformation.

Solution

(a) A measurement of S when the system is in the state |1, 0) will give £72/2
with equal probability. If the value +7#/2 occurs, implying that particle 1 is in
the state | 1), a measurement of S;z) will yield the value —7 /2, particle 2 being
necessarily in the state | | ). Inversely, if a measurement on the particle ‘1’ projects it
into the state | | ), a simultaneous measurement on the other particle will necessarily
give +n /2. The two particles are in an entangled state. In contrast, if the state of
the two particles can be written as a product then there is no entanglement. For the
given state |W), we have

W)y =3ADID) + 1O+ DY+ D)

or
w=[Han+1m]e[Lan+ 1]

A spin measurement of particle 1 with outcome 47 /2 can be accompanied by a spin
measurement of particle ‘2” with either of the outcomes +7%/2. The two particles
are completely disentangled.

(b) The given states can be written in terms of the product states as

00 = 5 (IDID + il DI
1) = %(I¢)I¢)+iIT)IT>
2)= (DI =il DI
13) = f(IT)Ii)—ili)IT)

A spin measurement of particle 1 in either of the first two states results in particle
2 having a spin of the same sign. Similarly, in each of the other two states a spin
measurement of the first particle results in an antiparallel spin for the other.

The matrix U/ is given by

)
)
)
)

1 i 0 0
yo Li1 oo 0
_«/E 0 0 e*in/4 _ein/4

0 0 e—in/4 ein/4

and it is straightforward to see that it is unitary.
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(c) Setting
[¥') =Dyl 1) + D_| ), V") =E4l 1) + E-| {)
W) =Fil 1) + F-| )
and substituting into the expression to be proved, we obtain
U0 + 1D + 12)19") + 13)1y™)
= ﬁ[(@ +iDY)I MDD + GC+ Dl DT
H(C-+iD)I M M) + GC-+ D) D)D)

+(Er —iFOL DI + (—Ex + FOI DD
F(E- —iFI)L DIMNI) + (iE-+ FO)l DD D)]

Comparing with

[¥)10)
= S(Ce DD +iC N DI +C I DD +iC | D)D)

we get
D+ = —iC+, D_ = iC_, E+ = C_, E_ = —C+
F+=l.C,, F7=l'C+

and

¥) = —iCl ) +iC | ) = (jf ?) )
wi=cin-can=(1 )w

(W) =iC_| 1) +iCyl 4) = (? g) [v)

According to the above, a system consisting of a spin-1/2 particle in a state
|Yr) and a pair of spin-1/2 particles in any of the entangled states |a) will pro-
duce, if subject to a measurement on the latter, a particle in one of the states
V), |7, |7y, [¥"). A complete teleportation of, say, state |y) would be
achieved if we were to transfer classically the information contained in the speci-
fication of the unitary matrix.
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General motion

Problem 7.1 A particle of mass m is bound in a spherical potential well

00, O<r<a
Vir)=130, a<r<b
Vo, r>b

Find the energy eigenfunctions. Consider the case of vanishing angular momentum
and find the condition that determines the energy eigenvalues. Does this condition
always have a solution? What is the minimum value of the potential V|, necessary
for a bound state to exist? Is there a difference in respect to a one-dimensional
square well?

Solution

The radial part of the energy eigenfunctions

YEem = Ree(r) Yo (0, @)

satisfies the radial Schroedinger equation

d2+2d Le+1) 2m[v() EN| Rpotr) = 0
dr?  rdr r? K : BRI =
Introducing
h2k2 h2q2
E=——, Vo— E=——
m 2m
we obtain

dr?  rdr r2

[dz 2d e+l

> 2d e+1
|: (+)+k2i|REg(r)=O, a<r<b

_ —__ 2 R :O, >b
a2 rdr 2 q :| ee(r) r>

178
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. . ) _ ..
with solution (b, = n, £ ij,)

Ajy(kr) + Bng(kr), a<r<b

R —
£e(r) {Dh,(z)(iqr), F>b

The continuity conditions read

Ri(a)=0 = A = Cny(ka), B = —Cjika)
C [ne(ka) je(kb) — juka)ne(kb)] = Dh{ ™ (igb)
or
notka)jjkb) — jekaymykb) _ by (iqb)
ne(ka)jokb) — je(ka)ne(kb) {7 (igb)

where the prime denotes a derivative with respect to r. The last condition determines
the allowed (discrete) energy eigenvalues.
In the case £ = 0, after some algebra the last condition simplifies to

—q = kcotk(b — a)

Defining § = k(b — a), 2mVy(b — a)z/h2 = B2, we can write the eigenvalue equa-
tion in the form
&5
/B2 — g2
This equation can be solved graphically. The right-hand side blows up at £ = 8,

while the left-hand side blows up at 7 /2. Thus, in order to have at least one solution,
the following must hold:

tané = —

h27'[2
> —_—
8m(b — a)?
In contrast, a one-dimensional square well always has at least one (even) solution.
Note that the bound-state condition we have obtained here corresponds to the one-

dimensional square-well condition for odd bound states, which is met only for a
sufficiently deep square well.

T
,B>5 > VO

Problem 7.2 A hydrogen-like atom with atomic number Z is in its ground state
when, due to nuclear processes (operating at a time scale much shorter than the char-
acteristic time scale of the atom © ~ hag/e?), its nucleus is modified to have the
atomic number increased by one unit, i.e. to Z + 1. The electronic state of the atom
does not change during this process. What is the probability of finding the atom in
the new ground state at a later time? Answer the same question for the new first
excited state.
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Solution
The wave function of the atom at t = 0 is
z2
Yi00(r) = ———75 € Zr/a
(77 ao)

The energy eigenfunctions of the modified system 1, (r) are obtained by the
substitution Z — Z + 1 to the original eigenfunctions. For example,'

3/2
(Z+ 1Y o~ (E+Dr/ag

Vioo(r) = ———75
(ray)”*
_ (Z+1)32 Z+1 (el
Va00(r) = NVAGEE r) emtErh
(3271%) ao

The evolved wave function of the system will be

[ee} +£ _
—i n hor
Z Z ntm € tEnt/ wnﬁm(r)

1 4=0m

M2

Y, t) =

n

where the energy eigenvalues are

. Z4+1 Z 4+ 1)é?
z _ 211, (Z + De

Tz T 2an?
The coefficients C,,, can be obtained by taking the inner product with one of the
orthogonal eigenfunctions. We get

¥ —iE,t/h ok - _ —iE,
/ d3r wn’(/m’W(t) = ZCﬂEme ol / d3r wn’ﬁ’m’wnﬁm = Cyme VEwtih

ntm

Att = 0, we have
Cotm = / BT, 0) = / B o OWr100(r)
= 5@05m0/ d’r Y y00(r)¥100(r)

The probability of finding the system in the new ground state is

Faml?  |[[EEZ+DP? > Z  Z+1
Po=|Clooe_‘E°’/h‘ _ (EE+ DI 471/ drr? exp [——r— i r]
0

T ag ap aop

2

_[ZE+yp
(z+3)

! The Bohr radius is defined as ag = hz/meez.
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Similarly, the probability of finding the system in the new first excited state is
wonl2 2N 22+ D)
P = ‘Czooe_’Ezt/h‘ = ?7[ ( +1 ;]
(Z+3)
Note that for Z > 1, Py — 1 and P; — 0.

Problem 7.3 A particle of mass m is bound in a central potential V (). The particle
is in an eigenstate |V gg,,) of the energy and the angular momentum.

(a) Consider the operator
G=r-p+p-r

Show that the expectation value (V¥ g, |G| ¥ Ee,) vanishes at all times.
(b) Show that for any state

d p?
T (G) = 4<2m> 2([r - VV(n)])
In particular, show that for the above bound state of the system the left-hand side vanishes
and
p’ 1
<wEZm 2_ WElm> =3 <WEZm |[r . VV(V)” WE£m>
m 2

(c) Consider the above relation (known as the virial theorem) for the case of the hydrogen
atom and compute the matrix elements (n £ m|V (r)|n £ m), (n £ m|p?/2m|n £ m).

Solution
(a) Using the canonical commutation relations we can write

G=2hr-p—ih(V-r)=2nar-p—3ih
0
== — 2inr -V—3ih=—2ihr8——3ih
r
Thus, the expectation value of the above operator in the state

VEm (1) = Ree(r) Yo (Q) e £/
will be

(YEmOIG|YEm (D))

/OO dr r’Re(r) <—2ih ri - 3ih> REe(r)
0 ar
= —ih / dr Rge(r) [2° Rigy(r) 4 3r* Rgo(r)]
0
= —if /oo dr {2r3 [RE.(M] + 3r2R%g(i’)}
0

= —ih f dr [r3R%£(r)]/ =0
0

‘We have used the fact that for a bound state the radial wave function is real.
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(b) For any state, the time evolution of the expectation value of the operator G
satisfies
d (G) = / ([H, G])
e’ n
The commutator can be computed as follows:
1
[H, Gl = —[p*, G1+[V(r), G]
m

1 .
™ (2p;lpj, xlpk +2[pj. xklpkp;) + 2ikr - VV(r)

2ih _ ,
=——p +2ihrV'(r)
m

Thus, we get

d _ p? dv(r)
<6 _4<%>_2<r . >

In the particular case of the state Vg, the expectation value (G) vanishes at all
times and we get

2

p 1
2m

wE2m> = 5 <WElm

dv(r)

,
dr

<wE£m wE€m>

(c) In the case of a hydrogen atom V() = —e?/r and the above relation gives

2
<n€m'p—
2m

Also, we have

2

1 1
nt m> = <T>n€m = §<rvl(r)>n€m = __<V>"€m

<T>nﬁm + <V>n/ém =E,

Thus
<L )n(m n ) < )nlm n 2h2 )

Problem 7.4 A hydrogen atom is in an energy and angular momentum eigenstate
Ynem- The energy eigenvalues E, = —mge4 / 2n2h? are considered known. Consider
the expectation values of the kinetic and the potential energy (7'),em> (V)nem as
functions of the parameters m. and ¢? and show that

<T>n£m = _Env <V>nﬁm = 2l'?n
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Solution
If we vary the expectation value of the kinetic energy with respect to the mass
parameter, we get

p2

d
me—— (ntfm
ome 2me Me

2
nﬁm>=—<n€m 7
2

nt m> = —(T)nem

Note that the normalized state |n £ m) is dimensionless and does not carry any mass
dependence.? Similarly, we get

o2
nfdm)=(nlm|— —
de? r

If, however, we vary the expectation value of the total energy,

a 2
ez—<nﬁm‘—e—
r

nt m> = (V)ntm

(H) = (T) + (V) = B, = — 1"
N N o2
we get
d d
— (T)=E,, 2___(V)=2E,
meg—(T) (V)

Combining these results, we arrive at the desired relations
(T)nem = —En, (V)nem = 2E,

Problem 7.5 A particle of mass p is bound in a central potential V (r). The particle
is in an eigenstate of the energy and angular momentum |E £ m).

(a) Prove that the following relationship between expectation values is true:

o [2E () =25 V) = (Vo)

1
+ 7[5 = D(s =2) = 4(s = DUL + D] (r° ) + 27 [P (0)* 8,0 = 0

where s is a non-negative integer.’

(b) Apply this formula for the hydrogen atom (V(r) = —e?/r) and calculate* the expecta-
tion value of the radius (r) and the expectation value of the square of the radius (r2) for
any energy eigenstate. Consider the uncertainty Ar and show that it becomes smallest
for the maximal value of angular momentum. Show that for £ = n — 1 the ratio Ar/(r)
tends to zero for very large values of the principal quantum number.

2 Equivalently, in the expression f d3r wom (D 4+ -} Ynem (r), the wave function has the dimension length to the

power —3/2 and, thus, can be expressed as L™3/2 f(r /L) in terms of a dimensionless function. The length L is
buried in the redefinition of the integration variable.

3 Hint: Consider the radial equation in terms of the one-dimensional radial wave function u(r), multiply it by
rSu/(r) and integrate.

4 The hydrogen energy eigenfunction at the origin is ¥4, (0) = Sg,o(ﬂa8n3)’1/2, where ag = hz/pve2 is the Bohr
radius.
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Solution
(a) We consider the radial Schroedinger equation

L+ 1)

Wre(r) = { +—2[V( )—E]}MEE(”)

multiply by 7*u’;,(r) and integrate by parts. The left-hand side becomes

1
—ESS,ORZ(O) + % / dru [(s —Dr' % + rs_lu”]
0

= — %BS,ORZ(O) + s(s b, /‘00 dr r* 2 (u?)
+£/ drr'u? {£(£+1)+—2[V()—E]}
2 0 r?

= — %(SS,ORz(O) - i [—2.96(5 + 1) + S(S — 1)(5 _ 2)] (rs—3>

m. s—1
+sh—2(r (V—-E))

The right-hand side is

_%E(Z + D(s =23 + S/;l_f<rs_1> _

Combining them, we arrive at the relation’

[2SE< ) —2s <r“_1 V()= {rv' )

w w

<rS—lV> _ _(rS V/)

h2
1
+ 7 [sGs = s =2) = 4(s — DL+ ] (r'=?)
=27 [£(¢ + 1) = 11 1$(0)* 8,0
An alternative way to arrive at this relation is to consider first the commutator

[H, [H, "]
with

2 le+1

gl Dy
21 ur?

and compute it in terms of the radial commutator [p,, f(r)] = —ih f'(r). The

radial-momentum operator is
—ih 9 . ( ad 1)
pr=——r=—ih|—+ -

5 Y(0) = Yem(O)REe(0) = (@A)~ > REe(0)
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Taking the matrix element of the resulting operator equation between eigenstates
|E £ m) gives the above formula.

(b) In the case of the hydrogen atom (V = —e? /r, E = —e? / 2n2ay), the above
relation becomes

—% [s(s — 1)(s —2) — 4(s — DEL + D] ()

K} 1 2s—1, ., 2
+ o () = ) = 800800
agn ao agn

For s = 2, we get
(r) = Lagn® [3 — € + Dao(r=")] = Lag [3n> — €€ + 1)]

For the last step we have used the relation (V') = 2F implied by the virial theorem.
For s = 3 we get

(r?) = Lagn?[5n® + 1 = 3¢(¢ + 1)]
It is straightforward to see that
(Ar) = (r®) = ((r)? = jag [n* + 207 — (€ + 1)7]
The uncertainty Ar becomes smallest for
bpax =0 — 1 — (Ar)? = %a%nz(Zn +1)
In this case, the relative uncertainty is

(Ar?  gagn’Cn+1) 1
(n? 1ain®(2n + 1)? C2n+1

and tends to zero as n — 00, as expected from the correspondence principle.

Problem 7.6 An isotropic harmonic oscillator is in an eigenstate of energy and
angular momentum |n £ m) with energy eigenvalue E = hw(n 4 3/2).

(a) By considering the dependence of the expectation values of the kinetic and potential
energy on the parameters p (mass) and w, prove that

E ho 3
<T):<V>=5=7<”+§>

This result is the virial theorem for the isotropic harmonic oscillator.
(b) Calculate the position and momentum uncertainty product (Ar)z(Ap)2 for the oscillator
when in the given eigenstate and check the Uncertainty Principle.
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(c) Prove that the following relation between expectation values is true:

2WE |y (1)’ : .

sl = (7) (s + D)+ fIsts = Dls =2) —4(s — DL+ D) =0
where s is a positive integer.®

(d) From the relation in part (c) obtain (+*) and (Ar?)?. Show that for the maximal value
of ¢ the uncertainty A r? achieves its minimal value. In this case show that the ratio
(Ar?)?/((r?))? tends to zero in the limit of very large energies.

Solution
(a) We have
"1y = () = iy
Fan Y = \on] =
0 d [uw® ,
— (V)= pu— (=) =V
Ha V) uau< : r> (v)
d 9 2
Ly =o— (B2 = 2v)
ow dw \ 2
0
w—E = E =2(V)
ow
d
p—E=0=—(T)+ (V)
p
Thus, we get
(T)—(V)—E—hw +3
AN T )
(b) Since (p) = (r) = 0 from symmetry, the corresponding uncertainty product
squared is
4 E?
(Ar(Ap)* = (%) (p*) = 5 (VI(T) = —
1) 1)

(c) See problem 7.5.
(d) For s = 3 we obtain

ouE , @2 o, 3 B

6 Hint: Consider the radial equation in terms of the one-dimensional radial wave function u(r), multiply it by
rSu'(r) and integrate.
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W L(ny 3\* 3

The corresponding uncertainty squared is

22w o LR 3\ |3
o=t = (L (w4 3) 3]

For £ = n, this gets its minimum value:

2
(Ar?)? = (i> <n + E)
Uw 2

The relative uncertainty squared is

(Ar2? 3\~
() (n " 5)

and tends to zero for very large n.

or

Problem 7.7 Consider an isotropic two-dimensional harmonic oscillator, with
Hamiltonian

2 2 2

Py [Py BT 5 5
H=">*4+ 247

2u+2u+ 3 (x*+y7)

(a) Introduce polar coordinates p, ¢ and show that the energy and angular momentum
eigenfunctions are of the form

ein FEv(p)

V2w

where the radial part satisfies

d> 1d v* p* 2N+
- 4= == F =0
|: 0 odp + priaibw: " ] Ne(p)

The length « is the usual harmonic-oscillator characteristic length o« = (71/uw)'/?. The
number N takes non-negative integer values. The angular momentum takes values
v=0,1,...,N.

(b) Consider the ground state, N = v = 0, and find the corresponding normalized wave
function. Calculate the expectation value (p?) for the ground state. Do the same for the
excited state for which N = v = 1.

(c) Introduce into the above radial equation the transformation

p=¢&r'"2 " F(p)ocr'R(r)
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where £ is a parameter to be determined; the function R(r) satisfies the three-dimensional
radial Schroedinger equation for the hydrogen atom. For what values of the angular
momentum v and the oscillator quantum number is this correspondence possible?

(d) Show that the following relation between expectation values is true for any eigenstate
corresponding to v, N:

Using this relation show that
(PP =+ 1

Solution
(b) It is straightforward to check that in the case v = N =0 the radial
Schroedinger equation has the solution

Foo(p) = Ce P12

The normalization constant is C = +/2/c. The expectation value of p? in this state
is

2 2 [ 2 —p?/at 2
(p")o = 2 dp pp~e =«
0

Similarly the wave function of the excited state N = v = 1 can be found by sub-
stitution to be

The corresponding expectation value of the square of the radius is
(o =207
(c) Performing the change of variables, we get
> 2d V-1 & (N + 1DE2T 1
2oz 2 S 2R E Ry =0
{dr2 + rdr 4r? 4ot + |: 202 ] r} ")

This is the radial Schroedinger equation for a standard (three-dimensional) hydro-
gen atom, provided that

2

={£+1) = v=2{+1=13,...,N

N+1=21=24,... = N=1,3,...
g 1

202 agpn



7 General motion 189

Thus, the correspondence is possible for odd values of N and v. The last relation
can be considered as a definition of the Bohr radius aq for this hydrogen-atom
equivalent.

(d) Theexpectation value of the square of the oscillator radius, for any eigenstate,
is

[ dp pp*F*(p) [ dr p*rR*(r)
~ [dppF¥p) [ drrRr)

= g2 / dr rsz(r)// drr? <%) R*(r) = 52/<%>

The expectation value of the inverse radius for the hydrogen atom is known, by
virtue of the virial theorem (T) = %(r V'), to be given by

N1y, 2RI
nz_ 2\t =T ~ agn?

(PP wv

Thus, we obtain

2 2
(0% ny = Eaon® = (i) aon® = o*2n = o} (N + 1)
aopn
Note that this result is true for the N = v = 1 case as well as the ground-state
case.

Problem 7.8 A particle of mass u is confined to a two-dimensional plane and is
subject to harmonic forces, which, to a good approximation, can be put in the form
of the following Hamiltonian:

=2 T ) s
=—+ =+ —1(x VUW X
2 2 ) Yy Ho"Xy
The only constraint that the parameter v satisfies is v < 1. Note that v is not
necessarily small.

(a) Consider a rotation of the variables that leaves the kinetic energy and x? + y?
invariant:

X] =cosax +sina y, Xp = —sino X + cosay
p1 = cosap, +sina py, p2 = —sina pyx +cosap,y
Show that it preserves the canonical commutation relations. Choose the parameter angle

« in such a way that the full Hamiltonian becomes diagonal.
(b) Find the eigenvalues and eigenfunctions of the energy.
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Solution
(a) Expressing the potential energy in terms of the new canonical variables, we
get

%/La)z (xl2 + x%) +vuw? [x1x2 cos2a + % sin 2« (x22 — xf)]
Taking @ = m /4, we get a diagonal potential energy
V(xi, x2) = 2pe* [(1 = v)xi + (1 +v)x3]

This choice corresponds to x; = iz(x +y), xo = \%(y —X).
(b) The system is the sum of two independent harmonic oscillators with fre-
quencies 7 = w*(1 — v) and Q3 = w?(1 + v). The energy eigenvalues will be

Enlnz = h€ (I’l] + %) + 72 (n2 + %)

The two quantum numbers take on the standard one-dimensional harmonic oscil-
lator values ny, np =0, 1, .... The energy eigenfunctions will be W,,,,,(x1, x2) =
Y, (X1) Y, (x2), where ¥, (x) are the one-dimensional harmonic oscillator energy
eigenfunctions.

Problem 7.9 The delta-shell potential is a very simple, although crude and some-
what artificial, model of the force experienced by a neutron interacting with a
nucleus. Consider an attractive delta-shell potential of radius a, the strength of
which is parametrized in terms of a parameter g:
n2g>
Vir)=——"6@0F —a)
2p
(a) Investigate the existence of bound states in the case of negative energy.
(b) Consider the case of positive energy and find the corresponding energy and angular
momentum eigenfunctions.

Solution
(a) For negative energies E = —h2k?/2u, the radial Schroedinger equation is

LL+1)
-

g, (r) = [ g8(r —a) + Kz] uge(r)

The energy eigenfunctions are’

r <a, u_(r)= Arje(ikr)

u(r) = )
{r > a, u-(r)= rBhE )(ucr)
7 The spherical Hankel functions are defined as
1 @) = ne) £ ije(x)

in terms of the spherical Neumann (n¢) and Bessel (j;) functions.
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Continuity of the wave function at r = a implies
A jilixa) = B R (ika)

Integrating around the point r = a, we obtain the discontinuity condition for the
derivative of the eigenfunctions:

u'(+a) — u'(=a) = —g’u(a)
In terms of the above eigenfunction forms, this is
BhS (ika) — Ajjika) = —g*Aji(ika)
The condition on the energy in order for there to be a bound-state solution reads

1 [jgika) K (ixa) -
g Jelika) 7 (ika)

2

This equation has one solution for sufficiently strong coupling g?; as an illustration,
we can consider the case £ = 0, for which it simplifies to
1—e* 1
& ga
with & = 2ka. Since the left-hand side is always smaller than unity, there will be a
solution only if

gla>1
(b) In the case of positive energies E = h*k?/2u > 0, the radial Schroedinger
equation is

2+ 1
M%g(r) = |: ( I"—; ) — g28(r —Cl) —k2] MEE(V)

The energy eigenfunctions are

") r<a, u(r)= Arjokr)
u(r) = _
r>a, u-(r) = rBhé )(kr) + rChEﬁ(kr)
Continuity of the wave function at r = a implies that
Ajo(ka) = Bh(ka) + Ch{P (ka)

Integrating around the point r = a, we obtain the discontinuity condition for the
derivative of the eigenfunctions,

u'(+a) — u'(—a) = —g*u(a)
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which, in terms of the above wave-function forms, becomes
Bh (ka) + ChS (ka) — Ajj(ka) = —g*Ajo(ka)
From these two independent homogeneous equations, we can obtain the ratio
E n ka) ng(ka)
c R (ka)  Jetka)
B

"' ka)  jika)
RSP ka)y  Jetka)

2

An equivalent but more illuminating expression is

C B 1—iX
B 1+iX

where
g ji(ka)

X =

ny(ka) je(ka) — jy(kayn(ka) + g2 je(ka)n,(ka)

It is clear that |C/B|* = 1, as expected from the conservation of probability. It is
more appropriate to introduce the phase shift §,(k), defined via
c_ o286

B

with §, = arctan X. Note that, using the asymptotic form of the Hankel functions
RS ~ —(£i)x"e¥, we obtain for the asymptotic form of the outside eigen-
function the expression

u-(r) ~ =2ik ' Be " sin(kr — €m/2 + &)

This should be contrasted with the asymptotic form of the solution in the absence
of the potential, namely u(r) ~ sin(kr — € /2).

Problem 7.10 Consider a repulsive delta-shell potential

2.2
V)= "8 s —a)
2u

(a) Find the energy eigenfunctions.
(b) Consider the limit g2 — oo corresponding to an impenetrable shell and discuss the
possible solutions.
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Solution
(a) The radial Schroedinger equation

L€+ 1
ulg,(r) = |: ( ’j ) +g%(r —a) — k2] uge(r)

leads to the energy eigenfunctions:

) r<a, u_(r) = Arjokr)
u(r) = _
r>a,  u-(r)=rBh (kr) +rChiPkr)
Continuity of the wave function at r = a implies
Ajo(ka) = Bh(ka) + Ch$P (ka)

Integrating around the point r = a, we obtain the discontinuity condition for the
derivative of the eigenfunctions:

u'(+a) — u'(—a) = g’u(a)
which, in terms of the above wave function forms, becomes
- -’ 7 — 02 A;
Bh, ' (ka)+ Ch,"” (ka) — Aj,(ka) = g~ Aji(ka)
From these two independent homogeneous equations, we can obtain the ratio
-/ .
g2y i ko) jika)
c h(kay  Jelka)
4 .
N h” (ka)  jika)
nPkay  Jjeltka)

2

As in the previous problem, an equivalent expression is

C _ 1—-iX
B 1+iX

where
Y g% (ka)

ny(ka)je(ka) — jy(kayn (ka) — g2 je(kan,(ka)

It is clear that [C/B|* = 1, as required from the conservation of probability. Again
it is useful to introduce the phase shift §,(k), defined via

C

— 2k

B

with §, = arctan X. Note that, using the asymptotic form of the Hankel func-
tions hfzi) ~ —(£i)x~'eT*, we obtain for the asymptotic form of the outer
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eigenfunction the expression
u-(r) ~ =2ik ' Be " sin(kr — £m/2 + &)

This should be contrasted with the asymptotic form of the solution in the absence
of the potential, namely u(r) ~ sin(kr — £ /2).
(b) In the limit g — oo, we get

u-(r) = Brjetkryng(ka) — jo(ka)ng(kr)]

which vanishes at the shell. The phase shift is the same as that for an infinitely hard
sphere, namely

The outer solution is completely independent of the internal solution,
u_(r) = Arjy(kr)
which should vanish on the shell, namely
Jelka) =0

The possible energies corresponding to this condition coincide with the (infinite)
zeros of the spherical Bessel function. In the simplest case, £ = 0, we just get
niw

£=0 == ky, = —, n=1,2,...
a

Similarly, in the £ = 1 case we get the condition
L=1 = tanka = ka

which has also an infinity of solutions.

Note that the two branches of the solution are independent. Thus, we could have
one of the following physical situations: a particle bound in the interior of the
impenetrable shell with the above special energy values E, (A #0, B =0),ora
particle always in the outer region (A = 0, B # 0) for any energy E > 0.

Problem 7.11 A neutron is bound in a nucleus. The system is approximated by a
spherical ‘square well’ of radius a and depth —V} and it is in its ground state. Find
the momentum uncertainty of the system. Consider also the hypothetical case in
which the depth of the well has the special value Vy &~ 9?72 /16m,a®. Show that
in this case there is a unique bound state for zero angular momentum and find its
energy.



7 General motion 195

Solution
The lowest-energy state has to have £ = 0 and E < 0. The corresponding radial
eigenfunction is

uo(r):{0<r<a, Asinqr
a<r < oo, Be™*"
with
9’ = 2;:2" Vo—1ED, «*= 2;“m (cf +i* = ZH;ZVO = Z—j)

Continuity implies that

B = Ae*?singa = — % Ae“? cosqa
or

gacotga = —ka

The last equation gives the condition determining the existing bound-state eigen-
values. Introducing & = ga, we can write it as

Ecoté _

/)2 — &2 -
In order to have at least one solution y has to be greater than v /2. This is equivalent
to

e X _y,
0= 8mna2 = Vmin
Our system occupies the ground state, whose energy Eo = —%«2/2m,, corresponds

to values « and ¢ satisfying the above condition.
The normalization constant N of the ground-state wave function,

up(r) = N [O(a — r)singr + singa®(r — a)e "]

is given by

1 sin 2 sin®
N2, in2qa n in”~ ga
2 2q 2k

Using the eigenvalue condition, this simplifies to N2 = 2« /(1 + ka).
The expectation value of the momentum vanishes, owing to the spherical sym-
metry of the ground state. The expectation value of the square of the momentum is



196 Problems and Solutions in Quantum Mechanics

proportional to the expectation value of the kinetic energy:

(p?) = 2my (T) = 2my (Eg — (V) = —2m,| Eol + 2m, Vo /Oa dr ug(r)

the integral is given by

a a N2 in?2
/ dr ug(r) = N? / dr sin? qr = — <a _ s qa)
0 0 2 2q

Using the eigenvalue condition, we finally arrive at the uncertainty expression

Ka
1+«a

(Ap)* = (hq)*

The special case Vo = 9272 /16mya® corresponds to

3n T 3n
Ww=_—7r= = 5 <W<
2.2 2 2
Note that the upper limit is the minimum value necessary for at least two bound
states, as can be easily seen from a graphical solution of the eigenvalue equation.
Thus, we have a unique bound state with £ = 0 corresponding to

Ecoté 37 9n’n?

Jor2/8 — &2 5= 0= T 3mpa?
Problem 7.12 Derive the Thomas—Reiche—Kuhn sum rule in the form

2u
h—ZZ<EU—E0>|<v|ﬁ-r|0>|2=1

for a particle of mass . The direction N is arbitrary. In the particular case of the
hydrogen atom (|v) — |n £ m)), calculate the contribution of the n = 2 states to
this sum. Take h = 2.

Solution

Consider the easily provable commutator identity

ih n?
[xi, [H, x;]] = ——[x;, pj]l = — &
N N

This can be written in the form

2
X,’HXj —X,')CjH — H)iji —I-.Xij,' = ;8,']'



7 General motion 197

Let us find its matrix element with respect to the ground state |0) and introduce a
complete sum of states. We obtain

> [(01xi ) Eu(v]x;10) — (OLx; v} (v]x;10) Eo

v

h2
— Eo(v|x;[v)(v]x;|0) 4 (Olx;|v) E, (v]x;]0)] = ;51‘]'

This is equivalent to

h2
Z(Ev — Eo) [(Olx;[v) (v[x;|0) + (Olxi[v) (v]x;]0)] = ;51']‘

Introducing a unit vector N and multiplying both sides by 7,7 ;, we obtain

2

h
> (Ev = E0In - r[v)* =
" 122

In the case of the hydrogen atom, we must also include in the above sum rule
the contribution of the continuum of the scattering states in the form of an integral.
The discrete part reads

n—1 4L

D3> (Ea—EDNL00IA 1|0 £m)?

n=1 =0 m=—¢

The contribution of the first excited state n = 2 is

4
(Ex—E) Y Y 1(2emlz[100)

£=0,1 m=—¢
=(E, — EN[I(200[z]100)]* + [(2 1 1|z|1 0 0)[?
+ 121 = 1jz[100)]* + [(210]z]100)[*]

It is clear that, owing to the odd parity of z, the matrix element (2 0 0|z|1 0 0) will
vanish. Similarly, from the fact that [L,, z] = 0, we get

Q@1+ 1[L, 21100y ==£(21 £1]z]100) =0

Thus, only the matrix element (2 1 0|z|1 0 0) contributes. Using the known forms
of the hydrogen eigenfunctions

Y00 = (wag) /e~
and

r
Va0 = (32may) /> —e "/ cos O
aop
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we obtain
5
24/2
(210]z]100) = a (é)

The corresponding contribution to the Thomas—Reiche—Kuhn sum is

213e® (8\° , 3 /(8)°
—— =) ag==1= =0.416 ~ 40%
72 8ap \ 9 4\9

Problem 7.13 Consider a repulsive delta-shell potential

2,2

V(r) = % 50 — a)

Take the limit g> — oo.

(a) Obtain the energy eigenvalues and eigenfunctions that correspond to a particle captured
in the interior of this impenetrable shell. Discuss the ground state as well as the first
few excited states and give a rough estimate of their energies.

(b) Calculate the matrix elements

(E £ m|z|Eq 0 0)

between the ground state and any other energy and angular momentum eigenstate.®
(c) Prove the Thomas—Reiche—Kuhn sum rule

h2
D (E — E)I(EIz] Eo)* = -
= 12
for this case. Then show that it reduces to the following sum:

Z (akn)z _ 3
[(ak,? — 2P~ 1672

n

where the wave numbers k,, correspond to the £ = 1 energy levels. Compare numerically
the first and second terms in this sum.

8 Take the following integrals as given:

a
/ drr? jikr) = (74 + 2k%a® + 2 cos 2ka + ka sin 2ka>
0

1
4k4a
a 3 .
3. cmry o f(a cosak 2ak sin ak
/0 drr jl(kr)j0< P ) = (k ) {ﬂz —ak? + % — @

n a? sinak
k2 ) n? — (ak)?
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2.5 J
4 6 10
-2.5

Fig. 33 Plot of (tanx)/x.

Solution
(a) The delta-shell potential in the infinite strength (g2 — c0) limit (see problem
7.10) leads to the energy eigenfunctions

r<a, Njo(kr)
r>a, 0

REe(r) = {

The corresponding eigenvalues are given by jy(ka) = 0. For £ = 0, the eigenvalues
are

W2nim?

E, = n=1,2..)

2ua?
For £ = 1, the eigenvalue condition has the form

tanka = ka

As it can be immediately inferred from the graphical solution to this equation (cf.
Fig. 33), the smallest root occurs in the interval (7, 377 /2). Thus, it corresponds to
the first excited state. The numerical value of this root is ka &~ 4.493 or 1.437. The
next root occurs at ka ~ 7.730 or 2.467. A very rough estimate of the position of

these roots reads

1 1

kpa~(n+Nm - ———
T

Forn =1and n = 2 we get ka ~ 2.5 and ka ~ 7.72, which are roughly equal to

the previously stated values.

(b) The matrix element (E £ m|z|Ey 0 0) can be calculated, starting from

/dQ Yﬁ*m(Q) cos 6 Ypo(S2) NE(NQf dr rzjg(kr)rjo(kor)
0

The angular integral is

\/%/ dQY}, (Q)cosb = %/ dQ Y}, (QY10(Q) = —

\/5515,15%0
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Thus the matrix element will be

1 a
(E € mlzlBg00) = 50180 Nero [ drrkryriothon
V3 0
The ground-state wave number is ky = 7 /a, while the wave number k corresponds
to the solutions of jj(ka) = 0 or tanka = ka. The normalization constants are

given by
3

N —2:f drr?j2kr) = ——
El A rreji(kr) 201 + (ka)]
3

N—2= d 2'2k =Cl_
0 /(; rrejy(kor) )

The integral appearing in the expression for the matrix element is

4 2ka coska
3. . _
/0 drr’ ji(kr) jo(kor) = m

We have used the eigenvalue condition tan ka = ka. Note that we can also use
cos’ka = (1 + tan®ka)™' = [1 + (ka)*]~". Substituting this in the above, we get

E £mlz|Eg00) = -5, ka
( m|z|Eg 0 0) = @ 2,1 m,OM
(c) Starting from the Thomas—Reiche—Kuhn sum rule as proved in problem 7.12,

SO K2 = R)I(E, £ mlz|Eg 00) = 1

n,t,m

and substituting the calculated matrix element, we obtain

1672 Z (kna)?

3 [Gvay — 77

n
Now, the sum runs over the £ = 1 eigenstates, for which
T T
143 (2), k~246(2),
a a
corresponding to the first, third, etc. excited levels. A rough numerical estimate of
the first two terms gives

0.9674+0.024---~1

which shows that the sum rule is very quickly saturated by the first excited state.

Problem 7.14 Consider ahydrogen atom inits ground state. What is the expectation
value of the kinetic energy? What is the probability of finding the atom with a kinetic
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energy larger than the expectation value? Calculate the uncertainty in the position
variable. Do the same for the uncertainty in the momentum and check the validity
of the Heisenberg inequality.

Solution

With the help of the known ground-state wave function we can calculate the
expectation value of the kinetic energy:’

n’ 3 2a9 72 2 n’ = 2 1 1
(T) = 3 / d’r e P02 o720 — _ 7 drro| —+ —) e "/
2umag mag Jo r  4ag
n? e?
= — = — = _El
2,ua§ 2a

Alternatively, we could have used the virial theorem
(T) = =3(rV) = —3(V)
which, together with
(T +(V)h = E

implies that (T); = —E; and (V); = 2E].
A measurement of kinetic energy is equivalent to a measurement of momentum.
The probability amplitude density for finding the system with momentum p will be

ipr/h
0p) = [ s V)

2 00 1 )
= dr r? d cos 0 'Preost/m g=r/a
(27771)3/2(77618)1/2 0 ~1

=—7i /oodrr{exp[—(l—il?>r]—c-c-}
pQ@r2ad)' 2 Jo a h

(e )] e
pQ2r2hal)'/? dag \ Jo ap h e

ia 9 i\

= T g [(a—o -#7) }

_ 24 b (L . pj) 1

C@utPad)? dag \ai B

B 4ay’ (1 N pz)z_ 4 (ao>3/2 <1+a§p2)_2
T ermlad)?\a@  w) T xy2\n h?

9 The Bohr radius is ag = 712/ 11e? and the hydrogen energy levels are E, = —e*/2n2ag.
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The corresponding probability density will be

8 [ap\’ 1
P(P)—F(%> ﬁ

4
(z+7)

The probability of finding the system with momentum

uet  h
p=po=v2u(T) = @

is given by
oo 5 32 00 ?;:2
/po p P~P(p) . 3 a1
The integral at hand can be easily computed:'°

/ o0 g £ w4437

| (1+&2)* 32 192

Thus, the probability of finding the system with momentum larger than the expec-
tation value is

1 2
P=—-——~~0.2878
2  3m

The expectation value of the position (1 0 0|x|1 0 0) vanishes owing to spherical
symmetry. The square of the position has a non-vanishing expectation value and it
is given by

e’ 5
(AX)® = (r?) — (x)* = in drrte /% = 4 (g) I'(5) = 3a;

(ﬂag) 0 ag aop

The square root of this value should be comparable to the expectation value of the
radius, which is

(r) = 5 /oo drrie v = 349
0

3
ag 2

Either of these lengths gives the approximate size of the atom in its ground state.
The corresponding uncertainty is

(A = (%) = (r)? = (3 - —) ay = =*

10 Consider the change of variable x = tan ¢.
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The uncertainty in the momentum is known from the expectation value of the kinetic
energy:

(AP = (p?) — (p)* =2u(T) = —

The Uncertainty Principle is clearly satisfied since

(Ap)? (AX)* = 3n?

Problem 7.15 Some hadrons can be successfully described as bound states of
heavy quarks in a non-relativistic spin-independent potential. The most common
example is a pair comprising a charmed quark and antiquark (m. = 1.5 GeV /c?)
described in its centre-of-mass frame by a linear interaction potential

Vi) =gr+v

(a) Calculate the expectation values of the radius and the square of the radius for any energy
eigenstate with £ = (. Show that both are expressible in terms of one dimensionful
parameter a, with the dimensions of length, times a dimensionless factor. Show that this
is generally true for any expectation value (r") in any energy eigenstate.

(b) Consider the square of the momentum operator and show that the expectation
value of any power of it scales according to the corresponding power of a, for
any energy eigenstate with ¢ = 0. Write down the momentum—position uncertainty
product and derive an inequality for the dimensionless coefficient in the energy
eigenvalues.

(c) Assume now that the same interaction potential is valid not only for the charmed-quark
ground state but also for the bottom-quark—antiquark bound state (m, = 4.5 GeV /c?).
Calculate the corresponding expectation values of the radius and the square of the radius
in any £ = 0 eigenstate. Calculate the relative ratio (r")./(r")y, where v is an integer,
of the radius expectation values for the charmed-quark case and the bottom-quark
case.

(d) The energy eigenvalues of the ground state (n = £ = 0) and the first excited state (n =
1, £ = 0) of the charmed-quark system are E{ ~ 3.1 GeV/c? and E\” ~ 3.7 GeV /c2.
Assume also that the ground-state energy of the bottom-quark system is E(()b) ~
9.5GeV/c?. Can the energy eigenvalue E ib) be predicted?

Solution
(a) Following problem 7.5, we can prove that
:—2 [2sE (rs_l) — 25 <rs_1V(r)> - (rs V'(n)]

- % [s(s — (s —2) —4(s — DL + D] (r* ) + 27 |¢(0)]* 8,0 = 0



204 Problems and Solutions in Quantum Mechanics

In our case we have, for any eigenstate with £ = 0,

e 2B, — Vo) ™) — 2s + g )]
+Ls(s = (s = 2)(73) + 27 [Yrp(0) %80 = 0

where 7 is the principal quantum number and labels the energy eigenstates E,,. The
mass (. = m./2 is the reduced mass of the quark—antiquark system. For s = 0, we
get

& lhe

[Yo(0)* = -y

For s = 1, we have

Finally, for s = 2 we obtain

4 8 2
s Bn = W) = 15 (B = Vo)

The radial Schroedinger equation has the form

1 d? Ll +1) 2uc
———r
r dr? r2 n?

(r*) =

(&*r +Vo)] Rue(r) = E Re(r)

Equivalently, we can write

1 d? 2L +1)
———r +
rdr? r?

+ 2a3r] Rue(r) = — Ly~ Vo) Rucr)
where we have introduced the parameter

72 1/3
a =
(Mc82>

The parameter combination that multiplies R,¢(r) on the right-hand side has the
dimensions of inverse length squared. Thus, we can always write

2 g\
%(En - VO) = 0_226,, — E, = Vo + €, ( g >

C

where €, is a dimensionless function of the quantum number n. Equivalently, we
may write

h2
E,=VWwte— =W+ Enag
nea?

C
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The radial Schroedinger equation takes the form

1 d? Le+1) 2r
2[ +( )+

|-+ -4 =
rdr? r2 a’

] Rn[(r) = EanE(r)

Therefore, its solutions will be functions of the dimensionless variable 7 = r/a.
Their normalization constants will equal a dimensionless number times a ~*/2. Any
radius expectation value will be given by

<rv>n€ = avlnli

in terms of the dimensionless number!! 7.
For the calculated radius expectation values, we get

2 8
(ry = gena, (r’y = Eegaz

Note that the ratio

is independent of ¢,,.
(b) From the virial theorem'? 2(T) = (rV'(r)) we have, for any eigenstate of
the energy with £ = 0,

2 2h%e,
(p?) =2u(T) = ng*(r) = zug’ae, = z—
3 3 a
Since owing to spherical symmetry (p) = (X) = 0, the Heisenberg uncertainty prod-
uct will be

16
AL (ADY: — 2723
(AX)” (Ap) 45h €,

Heisenberg’s inequality implies that

1/3
6}1 > § X 4_5 — 55]/3
—\4 16 4

(c) The only thing that changes is the mass. This modifies the characteristic

length according to
72 1/3 B2 1/3
“G) = emli) ()
ne& Hv8 Mo

U e = [3° dF P R2,().
12 Tt can be derived from the general expectation-value relation used in (a).

1/3
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The corresponding expectation values are

Mo
8 e 2/3
() = [s€aap = (E) (r?)e

Thus, we obtain

o _ (e (NS e (e (1)
<r>c=<ﬁ) ”(5) | <r2>c=(ﬁ> ”(5>

Note however that, in general, for every energy eigenstate and for every radius

power we may write
b 3
(ru>£”z) _ a[\)}]y(lz) _ (a_b>v _ (&)U/
M ) \ac 4p

c nt

since the dimensionless integrals I,EZ) are identical.
(d) In terms of the known values E(()C), Eic), E(()b), we get

g\ n2gt\ "’
EY —EY = (¢, — ) ( > LB B = (e —e) <I>
C

or

1/3
E® = E” + (%) (E© - E§) ~9.9Gev/c®

Problem 7.16 Consider a spherically symmetric potential of the form
V(r) = A*r®

A particle of mass p is bound in it. Using dimensional analysis, determine the
dependence of the energy eigenvalues on the parameters of the system up to a
multiplicative dimensionless factor. Consider the case where this potential describes
the centre-of-mass interaction between two particles, of masses M and m, and the
first particle is replaced by a similar particle but of mass M’. How would the energy
eigenvalues change?

Solution

The parameters that appear in the Hamiltonian are 7%/ and A2. Thus

2\ X
En =€y (h_> ()\‘Z)y
n
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where ¢, is a dimensionless factor depending on the radial quantum number that
labels the energy eigenvalues. The parameters have dimensions as follows:

hZ
— = ML*T2, A*> = ML> T2
"

Thus, in order to match the left-hand side of the expression for E, we must have
l=x+4+yand2=4x+ 2 —a)y,orx =a/2+a)and y = 2/(2 + «). Then the
energy can be written as

hz o/(a+2)
En =€, (;) ()\‘2)2/(064-2)

An equivalent parametrisation makes use of a characteristic length d =
(h?/ur?)/*+2 In terms of d, we have E, = €,h*/ud>.
For the application considered, the eigenvalues would change to E;, where

E;, B M o/(a+2) B Mm/(M+m) a/(a+2)
E, \W — LMm/ M+ m)

MM’ +m)]er?
[M (M + m)]

Problem 7.17 Consider the electric dipole and quadrupole moment operators for
a particle of electric charge e:

— — 1
di =ex;, Qij =€(X[Xj—§3ijl"2)

Calculate the expectation values of these operators when the particle occupies the
ground state (n = 1, £ = 0) or the first excited state (n = 2, £ = 1) of the hydrogen
atom.

Solution

The diagonal matrix elements of the electric dipole moment vanish since these
states are parity eigenstates and the position operator is odd under parity:

PXP = —X
= WmlmXnlm)=—nlm|PxXPlntm)
=—(=D=Dmtmx|n tm)=—(nem|xjn £ m)=0

Since for any spherically symmetric eigenfunction it is true that
Wlxix;ly) =680 = J=31r?Y)
we should have

(n €0]Qijln €0) = e ((n £ 0lxix;n £0) — 18;;(n €0[r?|n £0)) =0
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This takes care of all states but |2 1 = 1). For this state, we have

e o
Qij —/ drree_’/“"/dQ sinzeMU
0

64na8
where
sin® 0 cos? ¢ — % sin®@ cos¢sing  sinf cosb cos ¢
_ 202 . .2 ) 1 . .
M;j = | sin“fcos¢psing sin”6 sin (]5—5 sin @ cos 6 sin ¢

sinf cosf cos¢  sinf cos6 sin g cos?h — %

Performing the integrals, we obtain the diagonal electric quadrupole moment

o gry (1 0 0 1 0 0
Qij=64—°(6!) (4—5> 0 1 0 |=2al0 1 0
d 0 0 —2 0 0 -2

Problem 7.18 An electron is moving under the influence of a uniform electrostatic
field £. Consider the probability amplitude that the electron, having momentum p;
at time ¢ = 0, will be found at time # > 0 with momentum py.

(a) Show that this amplitude vanishes unless
pr = pi + e€t

This is what would be expected classically from a force constant in space and time.

(b) Denote by K(r¢, ri; t) the amplitude for finding the electron at the position r at time
t, when initially (at t+ = 0) it is at the position r;, and see whether this amplitude
(propagator) satisfies the reflection invariance satisfied by the free propagator in the
absence of an external field:

Ko(rs, iz t) = Ko(—=rs, =i 1)

(c) How is KC(ry, r;; t) related to KC(r;, rg; £)?
(d) Calculate the propagator explicitly and check all the above results.

Solution
(a) The electron Hamiltonian in the presence of the uniform electric field is

2
H=L _cc.r
2m

The amplitude for finding the electron with momentum p¢ at time ¢ > O when it
had momentum p; initially is

—iHt/h

Kps, pi; 1) = (prle i)
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Consider the commutator
Ip, e iHIR] = gmiH1/h (eth/hpe—th/h) _ e—th/hp — piHI/h [Pu(t) — pl

The Schroedinger momentum operator coincides with the initial Heisenberg mo-
mentum operator. Taking the matrix element of the above operator relation between
momentum eigenstates, we obtain

iHt/h —iH/h |

(pellp, e "H1Mpi) = (pr — P (Pele ™ 7/ |pi) = (prle pu(?) — p11pi)

The Heisenberg operator appearing in the right-hand side of the last relation can be
obtained from the solution of the Heisenberg equation as follows:
dpu
dt

Thus, integrating with respect to time, we get

i ie
= ﬁ[H’ pH] = _ﬁé‘_][xja p] = eg

Pu(?) = p +e&t
Returning to the above momentum matrix element, we can write

iHt/h iHt/h

(Pr — Pi)(ptle” Ipi) = e&t (ptle” [p;)

or, equivalently,
(Pt — pi — eENK(pr, pis 1) =0
which proves that this amplitude vanishes unless
pr=p;i + et€

This is something expected classically, since the momentum transfer of a force
that is constant in space and time should be ¢ = ¢£t. Note that this amplitude is
related to the spatial propagator as

_ —iHt/h d% /d3 ip’~r//h —ip~r/hI€ / .
K@, rso)y= (/e Mr) = B e ®. p: 1)

(b) Consider the space-reflected propagator
K(—r', =r; 1) = (=r'|e R —ry = (r'|Pe  HI/AP|r)
where P is the parity operator. This is further equal to
(e M) (P e P = K@ vy )+ (TP, e P

Since the last commutator is non-zero as long as the electric field is present, we
conclude that

K(=r', —r; ) 2K, r; 1)
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(c) It is useful here to consider the expression for the propagator in terms of
energy eigenstates,

K vy =) du(y e Bt

Because of the hermiticity and reality of the Hamiltonian, we have

(rle™ My = (rie! ™ Zw O e B =K, 15 1)

Thus, despite the fact that
K(=r', =r; ) #K', r; 1)
we still have
K, r';0)=K0,r;1

as in the free case.
(d) As above, it is convenient to go to the Heisenberg picture, which can be
solved explicitly. The solved Heisenberg momentum and position operators are

t2
pu=p+efr, Tru=r+ p+—8

Consider now
I, rs ) =r'(r'le ey = (r/jre H/R

. . 2
= (r|e !y |ry = <r’ o iHI/ (r +ip+ ;_g)

)

et , L _iHi/h
=(r+—&)KU",r; )+ —{(r'|e pir)
2m m
The last term, being of the form

9 9
WIp;Ir) = (F1pj 1Y) = +ih=—(r1)" = +ih=— (VI

J J

modifies the above expression into a differential equation,
ht et?
i— VKT, r;t)= <r’ —r — —8) Ko, r;t)
m 2m

Integrating with respect to r, we get

m

m (1 et?
K, r;0)—InkKr',0:0)=i—[=r’=r-r'+ —E-r
n K( ) — In K( ) lm<2r +2 )
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With an exactly analogous series of manipulations, we can obtain the symmetric
expression

1
2

K, 1 1) —InkO, r: 1) = ihﬁ (

2
N2 / et /
—r-r —E&-r

t ") +2m )

Taking r’ = 0 in the first expression, we get

ht \2 2m

Substituting this into the second expression, we arrive at

1 2
lnlC(O,I’;t)—ln/C(O,O;t):iﬂ(—r2+£5-r>
InKC(r', r; ) — Ink(0, 0; 1) im (r r/)2+et28 (r+r")
n , ;1) —1In ,0,0) = — - —&-
2ht m
or
S ) im N2 et? ,
IC(r,r,t)—IC(0,0,t)exp{zm |:(r r) —|—m8.(r—|—r):|}

In order to calculate the time-dependent coefficient XC(0, O; #), we can use the
identity

K(0,0; 1) = f d’r KO, r;t —t)K(r, 05 1)
which holds for any intermediate time ¢’ and take ¢’ = ¢/2. Then we have

K(0,0; 1) = / d*r [K(r,0; t/2))?

2m et
— 0.0: 2 2 d3 L2 -2
[K(0, 0; 1/2)] / rexp(z vl +12h8 r)

or

int\/? e2E?
K(0,0; 1) = [K(0,0; t/2)1* | =— —i r
( ) = [K( /2)] <2m) eXP( [y >
Note that in the free case (£ = 0) this relation is immediately satisfied by the known
solution KCo(0, 0;¢) = (m/2miht)*?. 1t is clear that the appropriate trial ansatz
is (0, 0;1) = KCp(0, 0; 1) ei"”3, which, when substituted, yields ¢ = —e*E%/24mn
and

2
K0, 0; 1) = Ko(0, 0; 1) exp (—l ot >

Thus, the full propagator is

. , iet , 22 3
K@, s 0) =Ko, 13 1) eXP{E[S‘(fH)]} eXP(—’%mht)
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where /Cq is the free propagator. The non-invariance under spatial reflection and
the r’ <> r symmetry are now manifest.
The momentum-space amplitude that we encountered in part (a) is

K:(pf’ pl ’

d3 /d3 ) '
= K(0, 0; t)/f 2 )% e'PrT'/h p—ipit/h

X exp [Zh (r'—r) ]exp{lzeht [8.(r+r/)]}

&*r'd’r ) im
= K(0, 0; l‘)// on )3 el O /h o —idit /B exp |:2_ht (r _ r)2:|

e2E?
= Ko(Or, Gi; 1) exp( "2amn t3>

where
et et
= —E, i=Pi— —8
s = Pr + 5 q p >

However, the free amplitude is particularly simple. Thus, we have

~ _ e2E? 3
Kps, pis t) = Ko(Qs, i ) exp <_124mht )

) 252
= (arle™ """ |gs) exp (—i;mhﬁ)
e igit
= —i t —— |6 — 0
P ( "2amn ) P ( 2mh> (@ = %)
262 (a2t
= exp <—i 2e4mh t3> exp (— 123;1?) 3(pr— p; — et)

Problem 7.19 Consider the Hermitian operator

=3(X-p+p-x

This operator is associated with dilatations, i.e. rescalings of the position coordi-
nates.

(a) Establish the commutation relations
[D, x‘,‘]=—ihxj, [D, pj]zlhp], [D, L]]ZO

(b) Prove the finite dilatation properties

eiaD/h X; e—iaD/h — Y X, eiaD/h w(x) — eda/Z I//(eo(x)

where « is a parameter and d is the number of space dimensions.
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(c) Show that for a free particle we have
[D, Hy]l = 2ihHy
Taking the matrix element of this relation between energy eigenstates, we get (E —
E'){E|D|E'Y = 2ihE(E|E"). Verify this relation explicitly for plane and spherical
waves.
(d) Consider the one-dimensional Hamiltonian

2
H=2 1

2m ' x?
Show that it obeys the same dilatation commutator relation as a free Hamiltonian. Is
this property compatible with a discrete energy spectrum?

Solution
(b) We can write

ih
D=x-p— —d
P 2
where d is the number of space dimensions. Then, we have

(xleiolD/h xj |w> — eold/z eD(X~V <x|xj |¢,> — eo{d/z eaX~V xj (xhl,)

Note, now, that the operator exponent is just the Taylor translation operator:

0 a
exp (X - V) =exp (oin:xia—xl) = exp (oez alnxi)

i
Thus, the coordinates are translated as follows:
Inx; — Inx; + o = In(e®x;) == x; = e%x;
Therefore, we have
(x| %D/ X |¥) = o¥(1+d/2) X (e x|p) = % x; (x|e/@P/m |y
and, finally,

eiaD/h —iaD/h — ¥

xje e Xj

and also
eiolD/h w(x) — ec{d/Z 1p(eotx)

(c) It is straightforward to see that [D, p*] = 2i% p?. Taking the expectation
value of the dilatation commutator of the Hamiltonian between energy eigenstates
we get

(E — E'Y{E|D|E') = 2ihE(E|E')
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For plane waves (in one dimension, for simplicity), we get

d , 0 i\

[ — ()] / Gx ik <—ihx— — ’—) K = 2ink25(k — k')
2w
or

ad ih
k* — (] (ink — — =
- ] (inw - 5

The left-hand side is

) Stk — k') = 2ink*s(k — k)

—ih% K [k = (K]} 8k — k') = —in [k* — 3(K')*] 8k — k)

= 2ihk*8(k — k')
and, therefore, is equal to the right-hand side.
For spherical waves it is sufficient to verify that
3ih

[k* — (k')] / e Je(kr) (—ihri — —) Je(k'r) = ihw§(k — k)
0 or 2

The left-hand side is equal to

. / ! 9 > . ; /
ih [k2 —(k )2] k Yo / dr r*jo(kr) jo(k'r)
0

ihm 0
== [k — ()] k =8k — K
2k2[ (k")?] PTIR )
ihm 3 [, ()3 o ,
=—— — K- S(k — k') = ihw 8(k — k
2 ak/[ kZ] (k= k) = ihm otk = k)

which coincides with the right-hand side. We have used the orthogonality property
of spherical Bessel functions,
b4
2k?
(d) This Hamiltonian, as well as an analogous higher-dimensional one with
interaction V o< r 2, corresponds to the Schroedinger equation

d? 2mi\ 1 2mE )
[ + ( ) —2] Y(x) = Y(x) = k“Y(x)

Cdx? 1’ ) x n>

/Oo drr2jekr)jek'r) = —=8(k — k)
0

Note that the effective interaction parameter A = 2mA /h? is dimensionless. The
fact that both the kinetic term and the interaction term scale with the same power
of length is reflected in the commutation relation

[D, H] =2ihH

which can be proved in a straightforward fashion.
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If | Ey) isanormalizable state (i.e. in the discrete spectrum), taking the expectation
value of the above commutation relation in this state gives

(Eol[D, H]|Eo) = 2ih(Eo|H|Eo)
or
Eo=0

Thus, any such Hamiltonian cannot have normalizable discrete eigenstates.

Problem 7.20 Consider an infinite region in which a uniform electric field £ = £y
is present. An electron, characterized by a well-localized wave function (r) =
Neik're_“’z/z, with K = k,X + &, and k, > 0, enters the region (at r = 0); see
Fig. 34. Find the expectation values of the position and momentum of the electron
at any subsequent time of its presence in the region. Calculate the time T at which
the expectation value of the position component of the electron in the direction of
the field will coincide with its initial value and write down the expectation values
of its position and momentum at that time. Calculate the size of the wave packet
at any time 0 < r < T and show that it is independent of the electric field. Show
also that the momentum uncertainty is the same as in the free case and, therefore,
constant.

Solution

The Hamiltonian of the system is

2
H=L _ec.r
2m

Fig. 34 Motion in a uniform electric field. The small arrows represent the particle’s
velocity.
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Let us consider the Heisenberg equations for the position and momentum; note that
they are linear in the corresponding operators, something that, as in the case of the
harmonic oscillator, suggests strong similarities with the evolution of the classical
system. They are

dr p dp i
b — = _[H,p]=
dt  m’ dt [ Pl =€

They can be easily integrated out to give

2
p() = p(0) + e&t, r@) =r0)+ wt ot 8

The initial expectation values of the electron position and momentum are
Mo = |N|2/ drre =0
because of rotational symmetry, and'?
(plo = |N|2/d3r efik~re7ar2/2(_l-hv) eik'refarz/Z
= |N|2/ d*r e (K + iar) = 1k

The evolved expectation values are

nk et?
Ne=—t+-—-¢&, (p); =hk + e&t
m 2m
Writing the position expectation value in components, we get
ht ht et?
<Z>I =0, <x>t = —ky, <y>l = _ky + —£
m m 2m

It is clear that the motion takes place entirely in the xy-plane. In fact, it is the
parabola

ky eEm

= —(X + _—
) kx< )i e

(x)?
The exit point, att = T, occurs when the xz-plane is reached again and so (y)r = 0.
The time T is equal to 27k, /|e|€. The exit position and momentum expectation
values are

2%k,

Ny ==—"-""%  (p) ="k +e€T = k,X—k,y
lel€

13 Note that |N |2 [ d3re=" = (y|y) = 1.
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Taking the square of the position-operator solution of the Heisenberg equation
we obtain

2
(1) = r*(0) + #p%m + % [p(0) - r(0) + r(0) - p(0)]

et? et? et
+—&-p0)+ —E& -1(0) + —&°
m m 4m
The expectation value is
t? t et’h e
P =o+ =P+ —(P-r+r-plg+ —5& k+ —&
m m m 4m
The square of the expectation value of the position is, however,
I S ht3e
2 _ 2
M=+ T+ =k
Subtracting, we get
12 t ’n’k?

(Ar); = (r)o+ —(pPo+— (P T +T1-p)g— —
m m m

which is completely independent of the electric field at all times 0 < ¢ < T. Itis
not difficult to calculate that

3 3ah?
2 <p2>o=T+"2h2» r-p+p-r)=0

and, finally, obtain
, 3 aht \?
(Ar)y;=— |1+ —
2a m

Similarly, we can calculate the momentum uncertainty (Ap)? = %ahz and see that
it is independent of the electric field but also constant, as in the free case.

(r*)o

Problem 7.21 Consider a particle of mass m interacting with a central potential
V(r) .
r)=—
2

(a) Write down the radial Schroedinger equation and show that the eigenfunctions corre-
sponding to the continuous spectrum can be expressed in terms of the solutions'# of the
Bessel equation

X%y (x) + xy'(x) + (x* = n?)y(x) = 0

14 The solutions of the Bessel equation are the Bessel functions J,(x) and Y, (x).
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which depend upon the dimensionless parameter y = 2mi/h> and the wave
number.

(b) Assuming momentarily the possibility of bound states, consider the dependence of the
energy eigenvalues on the available parameters on dimensional grounds. What are the
conclusions? Arrive at a similar conclusion by assuming the existence of bound states
and applying the virial theorem (7') = %(r V.

(c) Consider now the particle under a modified potential

Pyl 1
V(r) = — ( m ) —r2(1—r})

where 7 is a number smaller than unity. With the help of dimensional analysis determine
the dependence of the discrete energy eigenvalues on the parameters of the system.
Define a characteristic length that determines the size of the discrete eigenfunctions.
What happens to this length in the limit n — 0?

Solution
(a) The radial equation is

[hz(ﬁ ;i)+yyw+n

A
— (= 4= —|R = ER
2m \dr? = rdr 2m  r? * r2i| 5e(r) 5e(r)

For E = h%*k?/2m > 0 it becomes

R(x)=0

2 L+ 1
R'(x)+ =R'(x) + [1 _ (+72)+)/:|
X X

where x = kr. Changing variable according to

R(x) = x%y(x) = o=—

=

we get the equation

1 +D+y+1
y’/<x>+;y/(x)+[1— ( lz 4 “}yu):o

This is the Bessel equation with

vV =Ll+D+y+1

and solutions J,(x), Y, (x). The corresponding radial eigenfunctions are

Ro(kr) = J%Jv(kr), \/%Yv(kr)
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(b) Since the Schroedinger equation is of the form

d> 2d 0L+ 1 2m|E
[—( + )+ s )—@]Rm(”)=— m|2 |RE@(V)
r n

dr?  rdr r2

it is clear that there is no dimensionful parameter to express the (length) 2 quantity
2mE /h%. This reflects the absence of normalizable discrete eigenstates. Similarly,
if we assume that such a state exists and apply the virial theorem, we get

(T)=3(rV'(r))=—(V) = (H)=0

(c) The parameters of the problem are 7%/2m and y. The first has dimensions
ML* T~2, while the second has dimension L=2"_ If the energy eigenvalues have the

dependence
n\"
E=(7)<WWé
m

where € is a dimensionless function of the appropriate radial quantum number, we
obtain

, 1
ML’T?=(ML‘T?) L™ = x=1y=-

n
Thus, we have

K2 .
E = Z—(Iyl)”"e
m

It is obvious that the characteristic length of the system is

1 1
1= = (5 i)

This length determines the overall extent of the corresponding eigenfunctions. In
the limit  — 0, it tends to zero for strong coupling (|y| > 1) and becomes infinite
for weak coupling (|y| < 1).

Problem 7.22 An electron moves in the presence of a uniform magnetic field
B = zB. The Hamiltonian of the system is

)

(a) Write down the velocity operators V and calculate their mutual commutator [v;, v;].
(b) Derive the Heisenberg equations of motion for the velocity operators and solve them.
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(c) Atagiven time, taken to be ¢t = 0, a measurement of the y-component of the velocity of
the electron is performed, yielding the value v},. Almost instantaneously, a measurement
is made of the z-component, giving the value v.. What is the state of the system at the
moment that these measurements are completed?

(d) Write down the state of the system at a later time # > 0. At what time is this state an
eigenstate of v, with the same eigenvalue v’ ? Also, at what time is this state an eigenstate
of v, with the same eigenvalue v;? At which times ¢ > 0 is the system in an eigenstate
of vy with eigenvalue —v'?

Solution
(a) The velocity operator is
d [ 1
V= —TI = L[H, rN=— [p — EA(r)]
dt h 7 c

The commutator of the velocity components is

e e
[vi, v;] = _E[Pi, A;(D]+ E[Pj, A;(n)]
ieh ieh ) eB
= E (8iAj — ain) = EéijkBk =ih E eijz
Thus, we get

[on, 0] = [vy, 0.1 =0,  [os, vy] = ifi (<2
vy, V] = [vy, v,] =0, Uy, Vy] =i ¢

(b) The Heisenberg equations of motion for the velocity operators are

SR

h
that is,
. i i e
v = ﬁvj[vj, vil + ﬁ[vi, vjlv; = _aejizvj
or
) . eB . eB
v, =0, Uy = —0,, Uy = ——7y
cu cu

The first shows that the velocity component parallel to the magnetic field is a
constant of the motion, i.e. v,(f) = v,(0). The transverse components can be de-
coupled by differentiating the above equations once more. We can also introduce
the cyclotron frequency w = |e| B/uc. We have

Uy = —a)zvx, vy = —a)zvy
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with solution
V(1) = vx(0) cos wt — v,(0) sin wt
v, (1) = vy(0) cos wt + v,(0) sin wt
(c) Since the velocity components v, and v, commute, they can be measured

simultaneously. Thus their measurement at ¢ = 0, yielding the eigenvalues v; and
v, determines the initial state of the system to be

/ /
¥ (0)) = |vy, v;)
(d) Since no subsequent measurement is made, the evolved state at times ¢ > 0
will be
_ —iHt/h /
W) = e H )

The fact that v, is a constant of the motion, i.e. v, = [H, v,] = 0, means that
the evolved state will continue to be an eigenstate of this operator with the same
eigenvalue at all times:

v Y @) = e v vl vl = e Tl v = g ()
Acting on the evolved state with the operator v, we get
vy ¥ () = vye |y (0))
= e T (T My~ HHR) [y (0) = e My ()9 (0)
= e HIN (vy cos wr + v, sinwr) vy, v))
= v/, cos i |Y(1)) + sinwte M.y (0))

It is clear that at the times

2nmw
tn=<—> n=12,..)
w

the second term disappears and the evolved state becomes an eigenstate of v, with
the original eigenvalue v;:

vy [Yr (1) = v ¥ (1))
Note that it is a simultaneous eigenstate of v, having the original eigenvalue v_. It
is also clear that at the times

Z,,:(ﬂ) n=1,2..)

w

the system occupies a simultaneous eigenstate of v, and v, corresponding to eigen-

values —v; and vg.
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B

D

Fig. 35 Phase difference induced by the presence of magnetic flux.

Problem 7.23 Consider a uniform magnetic field that has a non-zero value B = 2B
inside an infinite cylinder parallel to its direction. A beam of particles of charge ¢
and mass u travelling in the plane perpendicular to the field is split into two beams
that are directed towards the same point along different paths, as shown in Fig. 35.
The size of the particle wave packet is much smaller than both the characteristic
lengths of the system and the distances travelled, so that it makes sense to talk
about a particle trajectory. Thus, the particles never travel through the region of
non-zero magnetic field. Write down the vector potential in all space. Calculate the
classical action for a particle travelling in the region of vanishing magnetic field.
Show that there will be a phase difference between the two beams proportional to
the magnetic flux.

Solution

A vector potential that gives the magnetic field 2B in the cylinder is

B B .
A<=——X = —
2(y+x37) qub

This is continuous at the surface of the cylinder (p = R) with the pure-gradient
vector potential outside the cylinder,

The Lagrangian for a particle of charge ¢ and mass i moving in the presence of a
vector potential A is

L:Evz—i—zA-v
2 c
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The classical action is

t r r
S[r;t]:/ dr’ (ﬁv2+1A-v):ﬁ/ dr.v+1f dar - A
0 2 C 2 0 C 0

In the region of vanishing magnetic field, the Lorentz force also vanishes and the
classical equation of motion gives constant V. The vector potential term in the
action, however, takes the form

BR? (' BR?
! / dr-vo=1"""s
2c 2¢

An approximate expression for the probability amplitude for finding at the point
C a particle that has followed path ABC is Y agc o e'S45¢/" Similarly, for the
alternative path ADC we get Y4 pc o e'S42¢/" There will be a phase difference

gBR?
2ch

1
Aa:ﬁ(SABC—SADC)=i¢dI’-V+

7 (¢aBc — Papc)

o (18R, — Ae=21o
= T o= —
2ch ch °

where @5 is the magnetic flux.

Problem 7.24 A particle of charge ¢ and mass yu is subject to a uniform magnetic
field B.

(a) Starting from the Hamiltonian

1 2
H=—[p-2Am)]
2u c
derive the velocity operator v. Calculate the commutator [v;, v;]. Prove the operator
identity

N 2
(;7) [H, [H, v,]] = —?V,

where w = |q|B/uc. If |E,) and | E},) are two eigenstates of the energy with eigenvalues
E, and E},, show that the matrix element of the transverse velocity between these states
vanishes unless the energy eigenvalues differ by 7w, namely

(EqlvilEp) #0 =  E,— Ep = tho

(b) Show that the expectation value of the velocity component in the direction of the mag-
netic field (v)) is a constant of the motion. Show that the expectation value of the
velocity in the transverse direction is given by

(V1) = (Vido+ 5 (1) X B— 2 (1) x B
M 2p



224 Problems and Solutions in Quantum Mechanics
(c) Calculate the expectation value (r,), and show that its motion is a circle of radius
r2 = ((V1)o)*/w?* around a point Ry = (R)o, where
1 .
R=r, +—-vxB
w

Show also that [H, R] = 0 and calculate the commutator [R;, R;].
(d) Calculate the commutators

i

S(H e =R S [H ]

N 2
(%) [H, [H, (1, —R)].

Show that the matrix elements (E,|(r | — R)|E}) between energy eigenstates obey the
same selection rule as the matrix elements of the transverse velocity.
(e) Show that the uncertainty in the transverse velocity is independent of time, i.e.

(Ive = (vi) 1), = (v — (vi)ol?),
or, equivalently,
(lve — ). J%), = {Ive — (vol),

Derive the corresponding relation for r; — R.
(f) Derive the time evolution of the angular momentum L . Show that the angular momentum
component parallel to the magnetic field, L}, is conserved.

Solution
(a) As in the first part of problem 7.22, we have

1 inh
V=— [p - gA(r)] = v, vl = _2q €ijk B
"w c uc

It is straightforward to introduce velocity components parallel and transverse to the
direction defined by the magnetic field:

V=V,+Vy
where

V||=B(V-B)
VLzéx(Vst:)

If we take B = 2, this corresponds to
v =g, Vi =—2Xx(ZxV)=0v,8+1v,9
In an exactly analogous way, we can decompose the position operator as

r=ry+r, =B(r-B)+Bx(rxB)
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Since the Hamiltonian is

H=bwr=twr+ L w)

2
and
ihq
[v;, vl =0, [vii, vij]l=[vi, vj] = ﬁeijk By

we arrive at

ih

[H, v,]=— (ﬂ) (v x B)

ue

and

[H, [H, v.]] =R’ v,

Rearranging, we obtain

SN 2
(%) [H, [H, V.]] = —w* v,

which is the required identity. Note that, starting from Heisenberg’s equation of
motion for the transverse velocity operator and differentiating it with respect to
time, we arrive at the very simple equation of motion

dVl_l[H Vi N dzvl

i~ no dr?
which will be used below. Returning to the identity proved above and taking its
matrix element between energy eigenstates, we get

= —COZVJ_

(Eq| [H, [H, VL11|Ep) = (h)* (EqIV1|Ep)
or

(Eq = Ep)* (EalVi|Ep) = (i) (EaIVL|Ep)
and finally

[(Ea = Ep)’ — (heo)*] (EalVLIEp) = 0
This implies that the matrix element has to vanish unless
E,— E, = thow
(b) We proved in the solution to (a) that [V;, v|;] = 0. This implies that

[H, VH] =0
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which is equivalent to stating that the parallel velocity component is a constant of
the motion,

vy (1) = vy(0)
The parallel component of the position operator will be
I’||(l‘) = r||(0) + v||(0)t

From the Heisenberg equation for the transverse velocity,

Vi = i[H, V]
dt h
we get
i _ 4,99, p
dt e ue dt
or

Vi + LB xri)=v,0)+-LB xr0)
e uc

The corresponding relation between the expectation values is

(V1) = (Vi)o+ L (1), x B — -L (r)g x B
cu ci

We can actually do better than this and solve for the transverse velocity opera-
tor using the second-order differential equation for the latter obtained previously,
namely

av _ i [H.v.]
dt _no 0t
It is straightforward to deduce that
Vi(t) = V1(0) cos ot + [v1(0) x B] sinwr
and so

(V1), = (V1)p coswr + [(V)g x B] sinwt
(c) Integrating the last two equations, we obtain
ro@) =r,(0)+ é {V(0) x B + v, (0) sinwt — [v(0) x B] cos ot}
and

A N

(ri), =)o+ é [(V)O X B+ (vy) sinwt — ((V)O X B) cos a)t]
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Introducing
1 N
R=r, + —vxB, Ro = (R)y, r2=w? <VJ_>(2)
w
we can write
1 . N
(ri), —Ro = —[(v1)g sinwr — ((v)g x B) coswt]
w
or
1 N
((ro), — RO)2 =— [(VL)% sin® wt + ((v)o X B)zcos2 a)t} =r?
w

Thus, (r ), describes a circle of radius r. with its centre at Ry. Since (r|); =
(V|)ot, the particle moves in a helix in the direction of the magnetic field. It is
straightforward to see that R is a constant of the motion:

1
[H, Ril = 5— (v;[vj, R]+[vj, Rilv;) =0

2p
since
[v;, Ri]=0
Thus, there is a corresponding operator equation for the circle,
2 1 2
[ri()—R]"= e [v.i(0)]

Itis interesting to see that the commutator of different components of R is non-zero:
we have
ih A
[Ri, Rj] = ——¢€;iBy
Hw

(d) It is not difficult to obtain
.\ 2 . 2
1 1 er_ d r,
- ) [H [H (. —Rll==-|H, —|=—+
(Y = 4]
= -’ (rL — Ro)
Z[H. (r, —R?] =0
h
i
n
From the first of these commutators we get

(Eq — Ep)* (Eq| (r1 — Ro) | Ep) = (hw)* (E,| (r L — Ro) |Ep)

[H. v1] = —2[H. v}1=0

that is,
[(E. — Ep)* — (hw)*] (Eq| (r 1 — Ro) |Ep) =0

which clearly means that this matrix element vanishes unless the energy difference
Ea —F b = t+ho.
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(e) We have
2 2 2
Vi) =), ] = [V = (vi), ]+ (vy)

Now substitute into the transverse term on the right-hand side the solved expression
from (b) for the transverse velocity operator:

Vi) — (vi), ] = [VL(0) — (vi)o] sin>wr + {[VL(0) — (v1)e] x B}’ cos?
= [Vi(0) = (v.)o]’
Thus, we obtain
(v = (vi))?), = (v — (vi)o)),
or, equivalently,
(Vi — )%, ={(vi — (o)),

From the expressions for the transverse and parallel components of the position
operator,

ri(t)=R+ lVL(O) sin wt — lV(O) x B cos wt
w w
r||(t) = r||(O) + VH(O)I

we can write
2

[re@— )] = [re@ —ro). ] +(ry);

The transverse term is
[ro) — o))
2
= (R —Ro+ é [VL(0) — (vi)o] sinewr — i {[vL(0) — (vi)e] x I%} Cosa)t>
or, remembering that we are considering an operator equation,
[ri@) = (ru),]" = (R = Roy?
1 .
+ = {[VL(0) = (vi)o] sin ot
— [vi(0) = (vi)o] x B cosa)t}2
1
+ = (R =Ry {[v1(0) = (vi)o] sin et
— [vi(0) — (v1)o] x B cos wt}
1 .
+ - {[vL(0) — (vi)o] sinwt
— [vi(0) = (vi)o] x B coswt} - (R — Ro)
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Rearranging,

1
[ro@) = ()] = — [V.(0) = (v + (R —Ro?’

1
+- ([I’l(O) ] [vi(0)— ]sm wt
+ [VL(0) = {vi)o] - [fl(o) ) ] sinwr
+ [rL©) —(ri)o] - {[VL(O) V1)o] x B} cos wt

+ {[v.(0) - (VL>0] x B} - [rL(O) — (r 1)o] cos wt)

The corresponding expectation value is

(I =0 0P) = = (020 — w]?) +(R - Roy)

+ — cos wt + — sin wt

1) 1)
with
D=({[rL—(r1)o] [ve—(vi)o]+[ve —(vi)o] [re— (U)o]})o
=(rL-vi+Vvy-ri)g—2(1)-(Vido
and

C=({[ro—(ro)o] {[vi—(vi)o] x

B)
v = o] x B - [ru = o]}y
2B.

:D—B (erVL—VLXU) «r ) (VL>)

(f) Consider the angular momentum operator L = r x p and its time derivative

dL v i dap
dt P dt

The time derivative of the momentum can be obtained from the corresponding
Heisenberg equation,
dp,' . i

[H .]_iu“(.[. J+[vi, pil .)_q .8A~i+aA .
dt  h P ~2h bitbs P bi Pl C 2¢ b ax; 0x; v

We can choose the vector potential to be

1
A=-Bxr
2
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Then, we have!?

d
dt 2c
Going back to the angular momentum, we have
dL q q
— =u(VxV)+ —VXAr)+—r x(vxB
o M(X)+2C>< ()+2C x (Vv x B)

:i(h—q>B—i[vx(pr)—rx(va)]
uc 2c

After some algebra, we get
2ih
[vx (T xB)—rx(vxB);=—B8B;+¢€;B;(r x V)
I

Thus, we finally obtain
dL q

= Bx(rxv
ar = o (rxv)

It is clear that the parallel component B - L is conserved.

Problem 7.25 An electron moves under the influence of a uniform magnetic field.
The Hamiltonian of the system is

e

uc

H = i[p—gA(r)T S.B

where Sis the spin operator for the electron.

(a) Write down the velocity operator Vv, derive the commutator of its components and show
that the Hamiltonian can be put in the form

H 2
H=—(oc-v
2( )

where o represents the Pauli matrices. Show that the Hamiltonian is the sum of three
mutually commuting terms

H=H,+H+ Hg

depending on independent sets of variables.

15 Similarly,

dv
— = i(v X B)
dt e
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(b) Consider the transverse Hamiltonian H,; and show that it can be cast in the form of a
one-dimensional harmonic oscillator,

@ pe’ ,

T

in terms of new variables g and @z that satisfy canonical position—-momentum com-
mutation relations. Write down the creation and annihilation operators a, a' associated
with these variables. Discuss the energy eigenvalues and eigenstates of the transverse
Hamiltonian.

H,

(c) Show that the angular momentum component along the direction of the magnetic field is
a constant of the motion. Consider its common eigenstates with the transverse Hamilto-
nian and determine its eigenvalues. Construct the spatial eigenfunctions corresponding
to these states.

(d) Show that the spin-dependent part of the Hamiltonian can be put in the form

o 1 1 ,
Hs =ho(bb— 2 ), b=£(Sy—le)
Show that b and b’ satisfy {b', b} =1 and b? = (b")> = 0. Show that the number

operator N = b'b has eigenvalues 0 and 1. Consider the operator Q = +/iw ab', where
a was introduced in part (b), and demonstrate the anticommutation relation

{0. 0"} = H\ + H;

(e) The energy eigenstates are eigenstates of the number operators N = afa and N = b'b.
Show that the pair of states |n 0) and |n — 1, 1) is degenerate, corresponding to energy
nho. Similarly, the pair |n 1) and |n + 1, 0) corresponds to energy (n + 1)iw. Relate
this degeneracy to the commutator of the operator Q and the Hamiltonian.

Solution
(a) The velocity commutator is easily obtained to be
e e ieh
[vi, vj]l = —E[Pi, Aj;(N] + E[Pj, Ai(n] = e (0;A; — 0;4;)

ieh ) eB
= EeijkBk =ih e €ijz

Starting from the expression to be derived, we have

(@ -V =0i0;vivj = 3 ({oi. o} + [00. 0]) vivy = (8 + ieijuo) viv;
=0’ + %eijkak [Vi, Vj]
=vi- ﬂa -B
ure
or

H=C@ vw=Ewv?2-L(s. B
2 2 uc
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Let us take the magnetic field B = 2B and choose for a vector potential
A=1Bxr =1B(—yX+xy)

We can introduce the frequency'®

eB
w=—
uc
Then, we obtain
Px w Py w Pz
Ve = — , v, = — — —X, vV, = —
x + 2)’ y I ) z m
Note that
N/10)
[Vx, Vy] = l?» [V, V] = [Vya v.]=0

The Hamiltonian is the sum of three commuting terms,
H=H, +H)+ Hg

with
2
M _ P _
HL—E(sz‘FVi)’ Hll—ﬁ’ Hg = oS,
(b) Note that the commutation relation satisfied by the transverse velocity com-
ponents is of the position-momentum type, namely

(£) v 1 =i
w
Thus, we can introduce the operators
qza)_lvx, W= UV
which satisfy
lg, @] =ih

It is straightforward to see that

2 2 -2_2
v2x+v§:a)q +u o
and so
2 2
() nw” 5
H =—+—
1L 0 2‘]

16 Since it is the combination e B that appears, for a negatively charged particle we can always take the magnetic
field to point towards the negative z-axis.
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We can introduce creation—annihilation operators by

Vo V2hpw V 2hw N Y

which satisfy the standard harmonic-oscillator commutation relation
[a, a'] =1
In terms of them, the transverse Hamiltonian is
H, :ha)(aTa—i- %)
with transverse energy eigenvalues
EP =ho(n+3) (=0,1,..)

and transverse energy eigenstates generated by the multiple action of a' on the
vacuum | 0 )Y, defined as a normalized state that is annihilated by a: a] 0 )" = 0.
The transverse energy eigenstates are

T}’l
%m%“

where the dots signify any additional quantum numbers corresponding to observ-
ables that commute with the transverse Hamiltonian.

(c) Let us first calculate the commutators of L, with the transverse velocity
components. They are

[L;, vi] = ith, (L, Vy] = —ihvy

These commutators simply state the fact that the transverse velocity operator be-
haves as a vector rotating under the action of L,, the generator of rotations in
the transverse plane. These rotations should conserve the square of the velocity
operator. It is straightforward to check explicitly that

(L., vi+Vi]l=I[L;, H]=[L;, H =0

This means that the transverse Hamiltonian eigenstates are also eigenstates of L,.
Using the velocity—angular momentum commutators derived above, it is easy to
obtain also the commutators!”

[L,, a] =ha, [L,, aT] = —ha'

17
[ .
a=,/5— (Ve +ivy)
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as well as the commutators

(Lo @] =nha”, L., (a)"] = —nn (af)"

From the spatial representation of the angular momentum in terms of the polar
coordinates p, ¢ it is clear that

(pol--v)yxe = v=0, %1, £2,...
where v specifies the angular momentum. Consider now the n = 0 eigenstate:
L.|0v) =hv|0v)
Acting on this state with one of the commutators derived above we have
[LZ, (aT)”] 10 v) = —nh (af)" [0 v)
giving
L.|lnv) =h(v —n)|nv)

The spatial representation of the annihilation operator is

| " 8+ 8+ (x +iy)
a=—i [— | — — —x i
2uw | 0x ay Y

This becomes in polar coordinates

hoo ad i 0
a=—i|—e? | =41 4 ”w o
2Uuw ap  padg

We require that the ground-state wave functions are annihilated by a:
L L2 () o wente, 4y =0
3,0 0 ad) o7 P 0,v{0, =
Yo, (p, §) = e Wou(p, 0)
d U
—— = Wy, (p,0) =0
=t () e w0

Wo,(p, 0) o pUe her’/4

Using the fact that

we get

with solution
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Thus, we have finally
Wo,(p, §) = Nye " ple e/

The normalization constant is calculated to be

(14v)/2
N, = (ro)~ 12 (E2
o1

All eigenstates |n, v) of higher energy can now be generated by acting on the ground
state with the creation operator:'8

al =i O e ' —i—l-ia —I—Mw
2w ap 2h

These states will be eigenstates with angular momentum /(v — n). Their wave
functions are

Nvin _; a l 8 I,L n 0 e
Ut 0= D fee (2 LT )] o

This can be put in the equivalent form

N,i" i1 9 v—n+l ;w)

d v—1 ,ua)
X oo X —_— +
ap P 2h

0 Hw
-~ v _—pwp? /4
x< op +2h >,oe

It is clear that near the origin
W, (p) o pV T e TP
A singularity at the origin is present unless
V>n

This implies that the allowed angular momentum quantum numbers are the positive
integers¢{ =n,n+1,n+2,....

)
V/n!

[0v) =|nv)
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(d) We can use the Pauli representation, i.e. spin algebra, to derive all these
relations in a straightforward way. We have

0 —i 0 0 2
— F— — 2 _ (pt) =
b (O 0)’ b <i 0) ° (b) 0

b (Y - e

From the relation
0 0 1 2
bib = ( ) =50 —o0y)= (1—5&)
Hs = —0S. =hw (b'b — 1)

and

NS

0 1

we obtain

Note that the sum of the spin-dependent and the transverse Hamiltonian is
H, + Hs = ho (a'a+ b'b)
Introducing the operator
0 = Vhwab'

we note first that its main ingredients, namely a and b', commute with each other.
It is, then, straightforward to show that

{0, 0"} =ho (ab'a’b + a'bab’) = iw (aa'b'b + aabb')
=ho (b'b +a'a (b’b + bb')) = hiw (b'b + a'a) = H, + Hs
(e) From the expression for the Hamiltonian
H, + Hs = o(N + N)

it is clear that its eigenstates have eigenvalues iw(n + n). Thus, both states of each
pair correspond to the same energy eigenvalue. These states are related through the
action of the operator Q, namely

On0) =+vhwin—11)
For any two energy eigenstates related by Q, we have

ol..)=1]..) = HQ|..)=E|..)
—  [H, 0ll..)=(E —E)...)
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Thus, they are degenerate if
[H, 0]=0

This is certainly true here.

Problem 7.26 A particle with electric charge ¢ and mass p moves under the
influence of a uniform magnetic field B = zB. The Hamiltonian is

)

Consider the following three distinct choices of vector potential that lead to the
given uniform magnetic field:

A =xBYy, Ay=-yBX,  A;=1B(—yX+x¥)

Find the energy eigenvalues and show that the energy eigenfunctions corresponding
to the different cases are related by

w_z — e_iquy/wal, WS — e—iquy/thwl

Solution
The Hamiltonians in all three cases have the familiar form

2
=P g
2p

2 2 1 2 p?
= Eo o) =) 2

1 q 2 1 q 2
(o) 5 (- )
3 21 pX+2c Y +2,u Py 2¢ *
In each case the transverse Hamiltonian can be put into a harmonic-oscillator form.
Introducing @ = p, and ¢ = x — cp,/q B in the first case, we have

2 2
@L_Z R .
Hl :£+Tq ) [Q5 w_]=lh

where @ = ¢ B/pc. In an analogous fashion, in the second case, introducing @’ =
pyand ¢’ =y + cpi/qB, we get
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Finally, introducing w” = p, — gBx/2candq” = y/2 + cp./q B inthe third case,
we get

72 2
w M=

(L) / .
H3 =ﬂ+7q s [w/, q//]=lh
Thus, in all three cases the eigenvalues are given by
k> @8} [ED) 1
Ew=——-+E". E, =ho(n+3) (=01,..)
"

where k is the wave number in the direction parallel to the magnetic field along
which the particle propagates freely.

The Hamiltonians corresponding to the three vector potential choices can be
related to each other through a momentum-translation operator

e—iﬁ~x/h peiﬁ-x/h =p+ ﬁ
We have

2 2
H(l) — & + eiquy/hc & e—iquy/hc
! 21 21

2 2
H(J-) — e—iquy/hc &eiquy/hc + &
2 21 21
Thus, introducing { = g Bxy/hc, we may write

HEO — o HO o

In an analogous fashion we have

2 2
HWD — omic/2 Px g2 | e ﬂe—i;/z
3 21 21
2 2
_ oicr2 ) pie Px yic Py | icp
21 21

or
HS(L) — ei;/z HZ(L)efi;/z — efi{/Z Hl(i) ei;/z
From the Schroedinger equations, since the eigenvalues are the same, we get
i —i 1 i
H Yo = EDy, = e CHD &y = EPy,

oryry = e~14B¥/he oy Similarly, we get 3 = e~'98%Y/2i¢ 4 Note that the function
A= %Bx y appearing in the exponential is just the gauge function involved in the
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(0, D) 0. D
|
0,00 [H (L, 0)
A . B

Fig. 36 Particle trajectories in the earth’s gravitational field.

gauge transformation among the vector potential choices, namely A| = A; + VA
and A2 = A3 — VA.

Problem 7.27 Consider a particle of mass m moving in a uniform gravitational
field mgz.

(a) Starting from the Heisenberg equations of motion, calculate the probability amplitude
for finding the particle at a position r’ at time ¢, if initially (at # = 0) the particle is at
the position r (i.e. calculate the propagator).

(b) Consider a classical particle of the same mass moving from the origin to r in time # and
calculate the classical action S = [; dt' (mv?/2 —mgz). Show that the propagator
obtained in (a) is equal to the exponential of the classical action.

(c) Consider now an approximately monoenergetic beam of neutrons, which is splitinto two
parts that travel along two different paths ABT" and AAT and finally meet; see Fig. 36.
The size of the wave packet is much smaller than the length of the path travelled and so
it is meaningful to speak of a particle trajectory. Calculate the phase difference in the
beams induced by the fact that the neutrons travel through regions with different values
of the gravitational potential. Consider the de Broglie wavelength of the neutrons given.

Solution
(a) From the Hamiltonian
»?
H=—+4mgz,
2m
we obtain
dr p dp
- =, — = —mg2
dt m dt
and thus

p(0)

p=-—mgtz+p0), r=r0)+—1—1g’2
m
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The probability amplitude (propagator) for finding the particle at position r’ at time
t if initially it is at position I is

K, rs oy =(r'le”™ /M)
Multiplying the propagator by r’, we get
PR, v = (rr e My = (r'le” e @) Ir)

2
<r’ o iHin [r(0)+t@ 8! 2”r>
m

2
= ("] e [r(©) — Lgr2]| 1)+ (r e Hp(O)lr)

From this we obtain'®

It
l—VIC(r/, = ("—r+igr?2)Kr’, r; 1)
m

Integrating as in problem 7.18, we arrive at the expression

2
/ .mg / .mg- 3
K’ ryt)=Ko(r', ryt —i— t —i—=t
( ) o( )exp|: 12h(z+z):|exp( i )
where K is the free propagator.?’
(b) A classical particle of mass m obeys the classical equation of motion

mt=-mg2 = r=v0)r—igt’2

assuming that it is at the origin at time ¢ = 0. Its velocity is V = V(0) — gt2. The
classical action will be the time integral of the Lagrangian:

Selr;t] = / dt’ {sm[v@©)]* — mgz(1')}
0

Substituting the classical trajectory obtained above and integrating, we get

1
mgtz — —mg2l‘3

LI |
2 24

mr
Selrit] = ETS

Thus, we can write

m \>'? i
Kr;t) = <2mhz> exp <£Sc[r;t])

) 9
——{x] = plx) = +ih—Ix)
dax dx

2 m \32 m
v _ . r—r 2
Ko, 150 (2mm) eXp[lzm( )}

(x|p = —ih
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This formula is exact. Note however that, even for a general Lagrangian, in the limit
h — 0 we have approximately

i
K o exp <£Sc[xc])
(c) If the size of the neutron wave packet is much smaller than the size of
the distance travelled, it makes sense to assume that the integral involved in the

probability amplitude is dominated by one path. Then, we can use as an approximate
formula the expression

m \? i
Kapr(r; t) o« <ﬁ> exp <7—15ABF)

Alternatively, we have

m 3/2 i
K r; ¢ =S
aar(r; 1) « (27”7”) exp <h AAF)

The classical action calculated for each path is

2.3
m mg-t;

Sir = — D? —mgDt; —
AT on P T o

Sar = ﬁlﬂ —mgD(t — 1)
Sup = ﬁﬁ, Spr = %Dz — mDt; — mz—‘ftf
Thus
Saar = % (lt)—lz + ; iztl) —mgDt — mz—izlf
Sapr = % (lt)—lz + ; izt1> —mgDt; — n;—iztf

It is clear that between the two amplitudes there is a phase difference

1 m m\>
Ap = - (Saar — Sapr) = —?gD(f — 1) = —2mAg (ﬁ) LD

where we have replaced the horizontal travel time in terms of the de Broglie wave-
length A:
ma

L
t_tlz_:LT
v
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-
P
S

Fig. 37 Magnetic flux quantization. The outer ring represents a possible particle
trajectory.

Problem 7.28 A particle of electric charge ¢ and mass p moves in a region of
vanishing magnetic field but non-vanishing vector potential. Consider the simple
case where auniform magnetic field has a constant non-zero value BZin a cylindrical
region of fixed radius R and infinite height inaccessible to the particle; see Fig. 37.
What are the allowed values of B?

Solution

For vanishing magnetic field we have A = VA(r). The only constraint on A is
continuity at the border surface surrounding the region of non-vanishing magnetic

field. The Schroedinger equation for the particle in the external region will be
1 q 2 .0
— <p - —VA) W(r, 1) = ih—W(r, 1)
21 c at

The wave function W vanishes on the surface of the cylinder p = R. Note however
that

VvV — liVA — eiqA/the—iqA/hC
he
Thus, we may write

. 2 g ke d
GlANhe [ g2 ) o7 Ay (r 1) = ih— (T, t)
21 at
or
W(r, 1) = e 0wy (r, 1)

where W satisfies the free Schroedinger equation. Both W and W, vanish at the
cylinder boundary. We can write

W', 1) = 1A e / & Ko(r', 1 0Wo(r, 0)

— eiqA(r/)/hC/ d3r ]Co(r /’ r; [)e_iqA(r)/hc\Ij(r, 0)
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in terms of the free propagator Xy. Note that Ky satisfies the appropriate boundary
condition since it vanishes on the boundary. The full propagator is

K@’ r; 1) =exp {ihi [ACr) — A(r)]} Ko(r’, 15 1)
c
The appropriate continuous choice of vector potential is

B Bp .
A.=—(—yR = —
S (R4 x9) = ¢

A =28 g = BB BB g,
T THES T
where ¢ and p are the standard cylindrical coordinates. Thus,
BR?
A@) = T¢
Since
Ko(r', 130) = Ko(Ir" —rl5 1)

with

1 =11 =y = 22 4 o 4 2 — 200" cOS($ — )

the propagator takes the form

BR?
K=exp|iT "¢ — )| Kollt' =1l: )
2hc
Single-valuedness implies that we require
BR?
4IBR _ orn =12,
2hc

or
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Many-particle systems

Problem 8.1 Consider a pair of free identical particles of mass m. For sim-
plicity, suppose that they are moving in one dimension and neglect their spin
variables. Each particle is described in terms of a real wave function, well-
localized around points +a and —a respectively; see Fig. 38. For definiteness,
take V. (x) = (B/m)V/* exp[—g(x Fa)?]. A well-localized state corresponds to
B > 1/a*. Write down the wave function of the system and calculate the expecta-
tion value of the energy. Show that if the two particles are fermions then there is an
effective repulsion between them. Compare with the case of two identical bosons.

Solution The given one-particle wave functions 4 (x) are normalized. The
two-particle wave function is

Y(x1, x2) = N[Y (xDY_(x2) = ¥ (x)¥4(x2)]

The symmetric case (plus sign) corresponds to bosons and the antisymmetric case
(minus sign) to fermions. The normalization constant N is, up to a phase, given by

1 —1/2 1 a2\ 12
N=—(1=+1 =—(1ie2ﬁ“)
ﬁ( ) V2

where [ is the overlap function,

o0
= / dx Yo (Y- (x) = e P
—00
Note that a well-localized particle is characterized by a small value of (Ax)>. In
order for the system to consist of two relatively well-localized particles, we should
have

1

(Ax)) < ad® = T <Lat = 28a*>1

244
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e -

—a a

Fig. 38 Wave functions of two-particle system.

The Hamiltonian of the system of the two non-interacting identical particles is
just

_r
2m  2m

The expectation value of the energy in the above state will be
E=A4IN*(E+£TI)
where E is the energy expectation value in either of the localized one-particle states,

h2 00 B h2
E = “om | dx Y)Y (x) = 4—5

and I is the mixed matrix element
hZ 00 h2
F=- 2 7 gt = 220 —2padye s
2m J_s 4m
The final expression is
e B2\ 1+ e 29 (1 —2Ba%)
— \2m 1+ e 22

A variation in the distance of the two particles will result in a change in energy
of the system. This defines an effective force between the two particles. If the two
particles are fermions, we have

0 2M%B%a .. —1 4+ 2Ba’ + e 2B
2Ba
= —Fe

da  m (1- 672,3512)2

This is always positive, since ¢=2*" + 2842 — 1 > 0. Thus, we always have an

effective repulsion between the two fermions. This is a reflection of the antisym-
metry of the two-particle wave function. In the case of two bosons, we have

2M2B2a 0 e 41— 2428
=—29

F 2
m (1 + 672,8(42)

For well-separated bosons (28a® > 1), this force is attractive. It is repulsive only
at very short separations a < 0.8871/2,
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Problem 8.2 Consider two particles, each with orbital angular momentum quantum
numbers £ = 1, my = 0. What are the possible values of the total orbital angular
momentum? What is the probability! that a measurement will find each of these
values? Consider the case where the two particles are spin-1/2 fermions. Neglect
their interaction and assume that they both have the same radial wave function.
What are the total spin and the total angular momentum of the system?

Solution

Going from the eigenstates of L3, Ly;, L3, Lo, to eigenstates of the total orbital
angular momentum, we obtain

o li=1,06=1,00=> (€0[t;=1,0;,=1,0)]...: £0)
L
—(=0,0,=1,0,6,=1,0)]...:£=0,0)
+(€=2,016,=1,0,=1,0)]...; =2, 0)

The probability of finding vanishing total orbital angular momentum is

2
) 2 _=1f
[{10; 10/00)|" = ‘ﬁ =3

This immediately implies that the probability of finding total angular momentum
quantum number £ = 2 will be 1 — % = %

In the case where the two particles are spin-1/2 fermions, their total eigenfunction
must be antisymmetric. Since they have the same radial wave function, their spatial

wave function
ni=n, =1, m =0;,n,=n, &r=1, my =0)

will be symmetric or, equivalently, [n| = n; n, = n; £, m = 0) with £ = 0, 2 will
be symmetric. Thus, the spinor wave function

sy = 1, my; 80 =1, my,)
must be antisymmetric. This implies that the total spin vanishes (s = m; = 0), since

only this choice (singlet) corresponds to an antisymmetric combination:

s =0my =0) = —( thl =11l 1))

The total angular momentum will have values equal to the total orbital angular
momentum: thus j = 0, 2 and m; = 0. The probabilities of these values are % and
% respectively.

! You may use the following Clebsch-Gordan coefficient:
(e,mi =t =1, 6, my=1Lr =101, Ly £ =L+ € — 2, m =m +m;)

__[ Qe = @2t~ 1) ]‘/2
a 0y + €, — D2 +20, — 1)
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Problem 8.3 Consider a pair of electrons constrained to move in one dimension
in a total spin S = 1 state. The electrons interact through an attractive potential

0, X1 —x3| > a
Vo, |xi—xf=<a

V(x1, x2) = {

Find the lowest-energy eigenvalue in the case where the total momentum vanishes.
Solution
Since the spin state of the electrons is the triplet’> |S = 1, M) which is sym-
metric in the interchange of the two electrons, their spatial wave function has to be
antisymmetric. In terms of the centre-of-mass variables

X=1xi+x), P=p+p
x=xi—x3, p=3(p1—p)

the Hamiltonian becomes

2 2
H="—+2

%4
dm m + V)

with eigenfunctions

W(xy, xp) = #e"”z/fe(x)

V2w

Here ¥ (x) satisfies the Schroedinger equation

m

v (x) = hz[V(X) —€ly(x)
The energy eigenvalues are

h2K?2

E=—+c¢€
dm

Interchange between the two electrons corresponds to
X1 — Xp - X—->X, x— —x
Thus, an antisymmetric spatial wave function corresponds to an odd ¥ (x):
Vixy, x) = -V, x1) = Ye(—x)=—Y(x)

2 The triplet states are

LD =1tz 11 =D=1inle
110y = 25 (I thl b2+ 11l 1))
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Vanishing total momentum corresponds to K = 0. Thus, the lowest-energy
eigenstate W, will be the state

1
27

where ¥ (x) is the odd eigenfunction with the lowest-energy eigenvalue. From the
corresponding Schroedinger equation, we obtain

W (xy, x2) = Ye(x)

—Aer, X < —a
Ye(x) = {§ Bsin gx, —a<x<a
Ae ™™, X >a
where
h2K2 h2q2
E:_—<O, E+V0:—
m m

From the continuity of the above wave function, we obtain the energy eigenvalue
condition

q
tanaqg = ——
K

This can be written in terms of & = ga and 8% = mVya®/h* as

£

It has a solution only if
5 = nga2 - JT_2
h 4

Problem 8.4 Consider N identical particles. Assume that their interactions can
be neglected and that the Hamiltonian of the system is the sum of N identical
one-particle Hamiltonians with known eigenvalues ¢;:

H = ZHQ, H,li)e = €li)a

(a) What is the energy of the ground state if these particles are spin-0 bosons? What if they
are spin-1/2 fermions??

(b) Consider the case of three such particles and write down the corresponding ground-state
wave functions.

3 H, is spin-independent.
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Solution

(a) Inthe ground state of N identical bosons each boson is in the lowest-energy
single-particle state. If € is the energy eigenvalue corresponding to it, the ground-
state energy of the system will be

E:NE]

For N = 2M identical fermions, the particles will occupy its one-particle energy
eigenstate in pairs of opposite spins. Thus, the ground-state energy will be

E=2e+e+ -+e€y)

For N = 2M + 1 identical fermions, the situation will be the same with the excep-
tion of one unpaired fermion, which will occupy the highest-energy single-particle
state. Thus

E=2e+e+ - +eu)temu

(b) The wave function of three identical bosons has to be totally symmetrized
with respect to interchanges of the particles. Since the Hamiltonian is a sum of
commuting terms, the energy eigenfunctions will be products of single-particle
eigenfunctions. If ¥;(x) is the eigenfunction corresponding to the lowest-energy
eigenvalue €}, the ground-state wave function will be

V(1,2,3) =iy = E =3¢

Three identical fermions must have an antisymmetric wave function. The ground
state corresponds to a pair of these particles occupying the state v of lowest
eigenvalue €; with opposite spins and the third occupying the state ¥, of eigenvalue
€r:

1
W(1,2,3) = o {[Yia (D1, 12 — Y1 (DY) ¥24(3)
31

—[Y14 (WY1, = Y1, (DY 1 (D] ¥2,4(2)
+ Y21 (D) [Y14 1, 3) — Y1, QY11 B)]}

The corresponding energy is

E=2¢+¢

Problem 8.5 The Hamiltonian of the helium atom* can be written as

H = Hy + Hy»

4 We neglect spin—orbit forces, hyperfine interactions, nuclear motion etc.
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where Hj is the sum of two parts H;, each corresponding to the Hamiltonian of a
single electron interacting separately with the nucleus:

2 2¢?
g P2
2m ri
The term
&2
Hy, =
Ir; — |

is the electrostatic repulsion between the two electrons.

(a) What is the ground state of the helium atom if we neglect the electron repulsion? What
is the first excited state? Consider now the repulsion term Hj, as a perturbation and
calculate the ground-state energy correction.

(b) Calculate the expectation value of the magnetic dipole moment of the helium atom in
the ground state found in (a). Consider the helium atom in the presence of a uniform
magnetic field B = BZ. What is the correction to the energy of the approximate ground
state found in (a)?

(c) Consider the correction to the degenerate 1s2s eigenstates of H due to electron repulsion
and calculate the splitting.

(d) Consider a helium atom that at time r = 0 has one electron in a 1s hydrogen-like state
with spin up and an electron in a 2s state with spin down. Write down the state of the
atom at a later time ¢ > 0. Is it possible that at some time T the spins are reversed?
Treating the electron repulsion as a perturbation, calculate this time and comment on
the validity of such a calculation.

Solution

(a) The eigenfunctions of Hy are products of hydrogen-like wave functions
with ag replaced by ag/2 owing to the change in atomic number of the nucleus. The
energy eigenvalues of Hy will be sums of the energy eigenvalues corresponding to
these states. The wave function has to be antisymmetric in the exchange of the two
electrons. The lowest energy arises for the spatial wave function

Y1y, r2) = Yioo(r)¥ioo(r2)

and is
Ej — _sze4 B Z’me* _ gE,
2n? 2n*
where E; = —me*/2h? is the energy of the ground state of the hydrogen atom.

This state is necessarily symmetric. Thus, the spin wave function will have to be
antisymmetric. Among the two-spinor wave functions only the singlet

1

ﬁ(l Mil b2 =1l 1))

xo0 —> 100) =
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is antisymmetric. Thus, the ground state of the helium atom (neglecting the electron
repulsion) is

Wisis00(rt, r2) = Yi00(r1)¥100(r2) Xoo

The next energy level of Hy corresponds to the combination of a 1s hydrogen-like
electronic state with a 2s or a 2p state. Then

Z2me* Z’me*
Bo=—mpr ~ g =0

The spatial wave function will be one of the combinations

1
Y (T, 1) = NG [¥10001) Y2em, (r2) £ Yaem, (01) Y100(r2)]

These have to be combined with a suitable spin wave function in such a way that
the total resulting wave function is antisymmetric. There are two combinations:

‘I’iz 1m, (T1, T2) = WS)(I‘l, r2) X1m,
+
12;00(1'1’ ) = %(2)(1‘1, I2) X00

X1m, stands for the symmetric triplet spin wave functions

D=1l 1 =D=[Ihll
1
[10) = ﬁ“ Ml + 1l 1))

The expectation value of the electron repulsion term in the ground state is
(AEp)n =e / d’ry f d’ry lﬁloo(”l)l lﬁloo( r2)

64e> o
= drl i e 4n/a dr, r22 e~ n/a g,
0 0

n2a8
where’
1
J]z—/ng/dQl —4ﬂ/d91
ri — 12 \/r —J,—r2 2r ry cosf

82
=— @1 +r—|rn—nr

rir

3 For the first angular integration, say €, we take the zj-axis to coincide with &,. Then the remaining angular
integration is trivial, giving just 47.
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Substituting back into the radial integral, we obtain eventually®

AEmn =2 = 31p,
12“_4610_2 1

(b) The magnetic dipole moment operator is

e

L= (L + Lo 428 +28) = —— (L +28)
2mc

2mc

Since
(L1 + L2) Yr100(r)¥ioo(r2) =0,  S|00) =0
the magnetic dipole moment of the above ground state vanishes:
(11;00{pu[11;00)=0

The fact that not only does the expectation value of the magnetic dipole moment
p in the ground state vanish but also this state itself gives zero when p acts on it
implies that higher-order corrections to the energy involving it will vanish as well,
since these corrections depend on (- - - |u|1 1;0 0).
In the presence of a uniform magnetic field B = BZ the Hamiltonian Hj becomes
— 1 e 2 1 e 2
Ho= - [p1 = 2AG)] +5- [P — “A®)|
m c 2m c
2e%  2¢? e
— - - =B S+

ry r nic
where for the vector potential we can choose, up to a gauge transformation,

A_lB = —(—yX+x¥)
=-Bxr=—(—
3 r > yX+xy

The Hamiltonian can be written as

ﬁ():HO—i(L +2S)+ﬁ(r2+r2—z2—z2)
2me “0 8me2 VP2 T
The two terms due to the magnetic field, treated as a perturbation, will give a
correction to the ground-state energy equal to their expectation value in that state,
namely

5¢2
4ayg

51262

o0 oo
(AE) = / dx xe™ / dyye™®(x+y—|x—y)=
0 0
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The first term, being proportional to the expectation value of the magnetic dipole
moment operator, vanishes. Each of the other two terms equals

e¢?B?

o o - 2)

ZBZ 8 00 4 1 232 2
= (= — / dr r* e/ / d / d cos 6 sin? 6 = <0
8mc? ) \may ) Jo 0 1 16mc?

The energy correction can be written as (AE)z = —fB?/2 with 8 = —ezag /4mc?.
The parameter § represents the magnetic susceptibility of the helium atom. The fact
that 8 < O classifies the He atom as diamagnetic.

(c) Among the degenerate states corresponding to the first excited level of H
we have the pair

‘Piz) % [¥r100(r1) ¥200(r2) — ¥200(r1) Y100(r2)] x10 = Tﬂg))ﬂo
‘I’S) = ﬁ [¥r100(r1) ¥200(r2) + ¥200(r1) Y100(r2)] xoo = W{;)Xoo

Treating the electron repulsion as a perturbation, we shall have, to first order, the

following corrected energy eigenvalues
B = Bt AR
with
() (£) (F) (H) (£)
Al =<‘I’12 |H12|‘I’ > ( |H12|W )

that is,

N / d’ry / R ¢ = [ReDV3e) £ 0V ) 920)]

The splitting will be
A=A A =2 & | &
= A}, 12 | rz Wl(rl)lﬁz(rl)%(rz)%(rz)
or
62 00
A=25— | dxx(1—x)e*;+xh)
ap Jo
with

3

Ji =f dy (1 — y)e ™ = e
0 3

o 1 x X3
Jy = dyy(l—y)e ™ ==+ " )™
2 /x yy(l—ye (27+9 3)e
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Thus, finally

_(32\¢ _ ok
~\1944 ) 200 — !

(d) The initial state W (r;, rp; 0) will be the antisymmetric combination

\/% [Y100(r)¥200(r2) | D1l 42 — Y200(r)V100(r2) | $)1] 1)2]

It can be written in terms of the eigenstates of Hy encountered in (a), namely
— +
(e, 125 0) = L5 [ @ 1) 00 + 7@ 1) oo

The time-evolved state of the atom will be |W (7)) = e~ "#/"|W(0)), where H is the
full Hamiltonian. Assume now that we find the system at some time 7 in a state
W(ry, rp; T) with reflected spins,

% [Y100r1)¥200(r2) | L)1l )2 — Y200 D) V100(r2) | il )21
= % [ng_)(l‘l, ) X10 — WS)(I‘l, ;) Xoo]

This means that, up to a phase y, we have

NG <|1/ff;)>)(10 - |¢S)>XOO) = el? e M 2 (W ) x10 + |¢{;))X00>
(W e Ty O) = i, (D] THA D) = _miv

Treating Hj, as a perturbation, we can replace it in each exponent by its expec-
tation value in the unperturbed state. This would be legitimate within first-order
perturbation theory. Thus, we get

< (—)|efiTH0/h efiTA(,;)/h|1//(—)> — Y

( (+)| —iTHy/h —lTA(“/hW(Jr)) _eiv

or

exp [—%(Elz + A(lg))T] —exp [——(Elz + A(+)) :| = el
_ __ &
—> T = )A(_)jA(l?‘
Since T = hx/A is inversely proportional to the perturbation, it should not be
trusted as a quantitative estimate.
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Fig. 39 Charged particles in a uniform electric field.

Problem 8.6 Two ions having equal mass m and electric charges ¢, and ¢, interact
through harmonic forces described by the potential

2
mw
V(r, ) = T(l’l - 1)’

The system is subject to a uniform electric field £; see Fig. 39. If the system is
initially (at r = 0) in a state described by a real wave function that is symmetric
in the interchange of the two ions, find the expectation value of the total electric
dipole moment (D), in terms of its initial value. What is the electric polarizability
of the system?

Solution

The Hamiltonian of the system is

_pi o, Py, ma?

w 2
22 L (r— —q1E- 11— &-
3 + > > r—r) —q €& r—q@f n

In terms of the centre-of-mass variables

1
R=§(I’1+l‘2), r=r;—r

1
P =p; +p2, P=§(P1—P2)
the Hamiltonian becomes
P? P> me? 1
H=——-(@+¢@)€& R+—+ =@ —q@)E-r
4dm m 2 2

The total electric dipole moment is

1
D=Dcm+d=(q1 +¢)R+ 5(41 —q)r

The Hamiltonian is a sum of two commuting parts, the centre-of-mass part, describ-
ing a particle of mass 2m and charge ¢; + ¢, under the influence of the electric field,
and a relative part, describing a particle of mass m /2 and charge (¢q; — ¢g»)/2 that,
apart from its interaction with the electric field, self-interacts through a harmonic
force.
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The Heisenberg equations of motion for the centre-of-mass variables are

dR P 4P

— = R
ar "o a @t
or
P(t) = PO) + (g1 +q2) Et
t 12
R(1) =R0) + —PO0) + —(q1 + 92) €
2m 4m
Then we get

t t?
(D) = (Demdo + =—(q1 + q2)(Po + — (g1 + ¢2)° €
2m 4m
The corresponding equations for the relative variables are
dr  2p dp ) 1
= — = — . — 8
i m a T mertila o)

These give the second-order equation

d’r q1 — Q2
— =20t + —=E&
dt? @t m
with solution
r(t) = [r(O) " S} cos w2t + £p(O) sin w~/2t + Q28
w? 2 mw?
From this we get
(d), = (d)o cos w2t + P)o sin w2t
f mw
2
- t
+ (g1 — q2) £ sin? ©L
2mw? V2

If the initial wave function is real, we have for the initial expectation values of
p: and p»

(P1,2)o = —lh/d3r1/d3r2 Y(ry, 1) Vi ¥ (ry, ra)

_3/d3r1/d‘r2 Vi [¥ @, ) =0

Since ¥ (ry, ry) = ¥ (rp, r1) we have

d)o o f & / &ry Y1, 1) — 1) = 0
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Thus
2
(Dcm)r = (Dem)o + 4—(611 + @) E
m
and
(G —q)* . ., ot
(d); = % £ sin’ E

The expectation value of the total electric dipole moment will be

2

PRy
(D), = (D)o + 4’—<q1 PRSI C [
m

wt
E sin®> —
2ma?
The terms proportional to the electric field correspond to an induced electric dipole
moment.

The Hamiltonian of the system can be written as

p? p | mo? a—-a 2\ (@ - @)
H=""_ R+ MY (p g) - "D e
4m (@1 +42) + m + 2 (r 2mw? > 8mw?

Thus, the energy eigenvalues of the relative part of the system will be the eigenvalues
of a shifted oscillator,

. 2
Enzhm(wi)_wgz

2 Smw?

For any normalizable state, the energy expectation value will have an electric-field-
dependent part that is quadratic in the electric field:

(q1 — q2)*
o= —

o
AE=—-—=-& =
2 dmw?

The parameter « is the electric polarizability of the system.

Problem 8.7 Consider a system of N particles with a Hamiltonian that contains
one-body and two-body interaction terms,’

N p2 N 1 N
— L . . — .. . .
H —igl:z—mi'i';vz(rz)'i‘ 2;%](1'1, r])

The probability current density for particle i is defined as

namely

h
Ji(rL 1y, ey 1) = — (UV, ¥ — UV, W)
nm;li

where W(ry, 1y, ..., y;t) is the wave function of the system.

TV, j is symmetric.
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(a) Show that in the case where only isotropic two-body forces V;; (|ri —r; |) are present,
the total momentum and total angular momentum are conserved.

(b) Show that the probability density p(r;, I, ..., ry;t) = |¥|? satisfies the continuity
equation

ap N
5+;<V,--J,->=o

(c) Assume that the N particles are identical fermions. How does the probability density
p(ry, ra, ..., ry) behave under interchanges of the particles? Show that the quantity

p(r, 1) = (W(0)| 8(r —1;) | (1))

is independent of j and represents the probability density for finding one particle at a
position r at time ¢.
(d) Introduce the particle density operator

T
p(r) = ~ Z o(r—rj)

Jj=1

Then, show that the probability density for finding a particle at the position r is given by
p(r, 1) = (W(O)]8(r — )W)
Show that we can introduce a current density operator

| X
Jor) = T Z[pj S(r—r;)+ 8 —r;)p;]

2mN “
Jj=1

that satisfies
J(x, 1) = (W) J(r) [¥(0))

Verify the operator relation
i
h

and show that it is equivalent to the continuity equation.

Solution
(a) The equation of motion for the total momentum operator is

P= Zpi = ;Tl Z[H» pjl= —%Z V,ikXI;Vqurk_rzD
j j j ,

1 Iy —T;
=Y V.—L =0
2; e — ;]

[H, p(r)] ==V - J(r)

since V;; and V/j are symmetric functions; here Vk’j abbreviates Vk’j(lrk —rj|).
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Similarly,
. . ] r;
L:ZLj:erxpj ZVI{]./ 7/ _
(b) Itis straightforward to see that
h 2 20\ * i
; Vi T= 5 2,: (W Viw — (V9) W] = - [WTw — (Tw)" ]

' o 5
= = [WHY — HY) W] = —[W"¥ + (§) v] = -2

(c) For identical fermions the wave function has to be antisymmetric and thus
the probability density will be symmetric:

\IJ(...,I',',...,I'J',...)Z—\I-’(...,I'j,...,l',',...)
and
2
‘\Ij(...,l'i,...,l'j,...)‘ =‘\IJ(...,rj,...,r,-,...)

We have for the quantity p(r, t)

o(r, t):fd3r1---/dSrN,o(...,rj,...)S(r—rj)

=fd3r1---/d3rj1/d3rj+1---/d3er(..., T, T, g,

Since j simply denotes the position of the free variable r and po(ri, 13, ...) is
symmetric, the right-hand side does not depend on j . It is clear that the interpretation
of the quantity p(r, ¢) must be the probability of finding a particle at r independently
of where the other N — 1 particles are.

(d) Starting from the particle density operator definition, we get

(WO p(r) W) = Z W()| 8(r — 1)) [W(D) = p(r, 1)

The left-hand side of the operator relation to be verified gives
N ; N )
N ;[H, Sr—rj)l= N ;[Pj, d(r —r;)]

1 N
N -X;{I)j Vi =) + [V —r)] - b))
J=
1 N
= N & {p - V5(r — 1)) + [Vs(x —1))] - p;}

—-Vv.J
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Taking the expectation value of this operator equation for the state |W(¢)) we get

(WOIHp|¥ (D)) — —(YOIpH|W(@®) = -V - T

i i
h h

or
|—\IJZ‘ plW(t)) + (W(¢ — (W) = —(¥(r W(r
- __vy.
= [_ V- J

Problem 8.8 Consider two identical bosons with zero spin subject to a poten-
tial V (Jr; — ry|) that has at least one bound state. The system is in its ground

state |Yg).

(a) Find the expectation values of the electric dipole moment d, the magnetic dipole moment
u and the electric quadrupole moment Q;; in the ground state.
(b) Find the matrix elements

(Emg; ... u00;...), (Emyg; ...1d;100; ...)
for any state with £, m, # 0.

Solution

(a) The two-identical-boson state has to be symmetric in the interchange of the
two particles. Thus, the relative wave function will have to be even and so the
ground state | W) will correspond to an even relative wave function. The operator
d = gr, being a vector operator of odd parity, will have a vanishing expectation
value in the parity-even ground state:

PdP = —d == (Wold|Wo) =0

In addition, the lowest-energy bound state of the system must be an s-state, with
vanishing angular momentum. Thus, since for a spin-0 boson p o< L, we shall have

LiVg) =0 = (Wolu|¥) =0

Since the ground state is an s-state, the expectation value of the electric quadrupole
moment will be

(Qij) o (xix; — %r2> == (Wol| Qij|Wo) = %5ij(‘yo|Qkk|‘I’o> =0
(b) We have for the first matrix element

Cme; ... | 00; ...y < (€my; ... |L/00;...) =0
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For the other,

(Cme; ... |d,]00; ...) ==L myg; ...|Pd;P|IOO; ...)
=—w{my,...1d,|00;...) = w = —1

where @ is the parity of the left-hand state. Because a system of two identical bosons
cannot be in an odd-parity (relative) state, since odd parity implies antisymmetry,
this matrix element has to vanish also.

Problem 8.9 The electromagnetic interaction energy between two magnetic dipole
moments is

1 1 1 1
AH:—E(M~u2)V2;+E(u1-V)(uz-V);

This interaction between the electron and the proton gives rise to the hyperfine
splitting of electronic energy levels. Find the expectation value of this term for an
energy eigenstate of the unperturbed hydrogen atom |n =2, £ =m, = 1; ...).
Solution
Neglecting all other perturbations, the Hamiltonian will be

2

it 2 [(s.5) v — s (s, ) !
H = Hy + F— [(Se Sp) V —— (8- V) (Sp- V) r]
g—62 (L-S)Vzl—(L~V)(S-V)l
167t mempc? ¢ P r ¢ P r

where Hj is the standard unperturbed hydrogen-atom Hamiltonian. The orbital part
vanishes, being proportional to

1
—4n Spiéijkx]' Vk(S(r) — Spgéijkxj' VkV[;

= —4nSp,-e,-jka [Xj(S(l')] + 47TSpi€ijk(vkxj)8(r) +0
=0+ 47TSpi€ijk6kj 8(r)y=20
where x; is the jth component of r. The expectation value of the remaining spinor
term, for an eigenstate ¥, ¢, (r)x of Hy, the spinor part being arbitrary, is
ge’

AH|) = ——
{l Y 87w mempc?

[(x"Se - Spx) I = (x"SeiSpjx) 1if]
where

I =fd3r|wngmf(r)|2v2% = —471/ A1 [Yem, (1) |*8(r)
= —47 [Yem, (0)*
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and
Iij = f d3r |1//n(img(r)|2vivjril

Forn =2, =m; =1, we get

1 /"O

— drre_’/“"/ dQ sin® 6 (—8;; + 377,
647‘[61(5) 0 ( H ! J)
where 7;, #; are components of the unit vector 7. The non-zero /;; are

1 1

1=0, I;=

Liy =1y = ——, Ly =———
Y8 x 1543 “ 4 x 154
Thus, we get
2
ge 1 ;
AH)y = — Se - Se — 38 S
( )211 8nmemp02 <8 X 1508) X [ e ' e ez pz] X

This can be expressed in terms of the fotal spin
S=S.+8§,
as

Se-Sp=3(S"=3),  Sp.See=5(SI = 31)

2 z

Then, we can write
Se - Se — 38e:Sp: = 1 (S* — 352)
For total spin eigenstates, this has the expectation value
$h* [s(s + 1) = 3m]]

Given that the allowed values of s are 0, 1, this gives either 0 or —h? /2, h? corre-
spondingly.

Problem 8.10 Assume that the Hamiltonian that describes the interaction of elec-
tron and proton spins, responsible for the hyperfine splitting, in a hydrogen-like
atom has the simplified form

H=Hy+2x (S-Sp)

where

2 2
Z
g2 2
2m r
is the standard unperturbed Hamiltonian and XA is a parameter. Ignore all other

perturbations.
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(a) Express the state with electron quantum numbers n =2, { =m,; =1, m§e> =1 and

2
proton quantum number m® = —% in terms of the eigenstates of the total spin S =
Se +Sp.

(b) The total angular momentum operator is J = L. + S. What are the allowed values of
the quantum number j? Assuming that the state of the system is [£ = m, = 1; m® =
% , m§P )= _ % ), what are the probabilities of finding the system with each of these values
of j?

(c) Consider a state with n = 5, even parity and j = 3. What is the total spin of such a
state? What is the energy difference between that state and the state with n = 2, odd
parity and j = 0?

(d) If the system starts at time ¢ = 0 in the state considered in (a), calculate the probability
of finding the system in the same state at a later time ¢.

Solution
(a) The spin partof the state of the systemis | 1).| | )p. The total-spin eigenstates
are the singlet |0 0) and the triplet |1 1). In terms of them we have

| Del $)p = 75 (110) +100))

(b) The allowed values of the total spin quantum number are s = 0, 1. The
allowed values of total angular momentum are determined by

—s|<j<l+s

which for £ =1 implies j = 0, 1, 2. The relation of the two states | = m, =
I;s=my=0)and |£ =my =1;s =1, my =0) to the basis |[£ =1, s; j, m) is
found as follows®

lt=m=Ls=m=0)=t=1,5s=0,j=1, m=1)

|€=mg= ;s =1, ms:O)

1 P _ _ 10— —
=5(t=Ls=Lj=Lm=1)-|[t=1s=1Lj=2m=1)

Thus, we may write

© =1 p®=_1)

—m, = 1- 1
le=my=1;m =3, m!

1
2
=5(t=mi=1s=m=0)+ [t=m=1;5=1 m =0))

=1,s=0j=1l,m=1)+s{=1,s=1;,j=1,m=1)

_L| l|
=5 >

—le=1s=1j=2,m=1)
From this expression it is clear that the probability of finding j = 0 is zero, the

probabilities of finding j = 1 are % for s = 0 and le for s = 1, and the probability
of finding j = 2 is }—r

8 See for example problem 5.25.
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(c) For such a state, the allowed values of £ are 0, 1, 2, 3, 4. Of these, only 0, 2, 4
correspond to even parity. j = 3 can be achieved from 2 or 4 with s = 1. The state
with n =2, j = 0 and odd parity corresponds to £ =1 and s = 1. There is no
hyperfine splitting difference between these two states and their energy difference

is just
2 (1 1
Es—E),=— ———.
2ap \25 4

(d) The time-evolved state of the system is

Z2e? .
[¥ (1)) = exp [i (8aoh) t] (%emm/“ =1,5s=0j=1,m=1)

+leM e =1,5s=1j=1Lm=1)

— e =1 s =1y =2, m=1))

The probability of finding the system in the same state as initially is
Mt
P(t) = (Y (0)|[¢ (1)) |* = cos® >

Problem 8.11 The interaction between the spin magnetic moment of the electron
and the magnetic moment of the proton in a hydrogen atom is
1 1 1 1
AHZ—E(%'%)VZ;JFE(%'V) (kp- V) =
Consider a hydrogen atom with its proton replaced by a deuteron, a spin-1 bound
state of a proton and a neutron. Calculate the hyperfine splitting due to this inter-
action when the atom is in the state

=1 e=m =0)[L 1]

Solution
In terms of the spins, the interaction term is
e’ 1 1
AH = 5L 18, .Sy V?= — (.- V)(Sq- V) -
8wmemyc? r r

The shift in energy due to this interaction is

2
€ 8d

AH)= ——
(AH) 8w m.myc?

1 1
f d*r [Yri00(r)1* 1 [(Se -S4) v2; —(Se-V)(S4-V) ;] X

that is,

2

e
(AH) = =S5 O S So) x
MeMmyc
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where ¥/7,(0) = (ra3)~!. The spin inner product can be written as

Se-Sa=1(2-82—8) =L [s¢s+1)—3~2]

where
S =S¢+ Sq
is the total spin of the atom, specified by s. Since sq = 1 and s, = %, the possible
values of the total spin quantum number are
_ 1 3
§=12 3
The spin state of the system

| Tell 1)a

has m; = % Therefore, it can only correspond to s = % Thus, we get
2, 72 4
h
AE = _% S mec?
6rmemgycta; 6 \mq

Problem 8.12 Consider the HD" ion consisting of a proton, a deuteron’ and an
electron. As in the case of the H ion, a good approximation is to neglect the nuclear
kinetic energies and take as the Hamiltonian

_ p? 2¢? 2e? +€2
“2m  |r—R/2] |r+R/2] R

Hy

The system is in the state with spatial wave function'’

01 = oy (IR g (I RELY]
/naS do ao

Assume that the internuclear distance R is given and that it has its optimal value,
determined by the minimization of energy.!! A simplified version of the hyper-
fine splitting interaction between the electron and nuclear spins has the form
(mg ~ 2my)

2
AH = 7 [2g; (S.+$;) 80 = R/2) + ga (S -S0) 5+ R/2) ]

dmempc?

° The deuteron is a spin-1 bound state of a proton and a neutron.
10" Consider the normalization factor N as given.
1 This is R ~ 2.45a¢ ~ 1.3 A. The corresponding value of the normalization constant is N ~ 0.58.
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Assume that the spin part of the wave function is
1 1\@© |1 1\(®) (@
33 [z =37 1)

and calculate the correction to the energy due to this factor.
Solution
It is straightforward to obtain

—2
N ¢e?

- (S. . (S, .
(AH) 47rmempa862 [2ng (Se Sp)X +8ax (Se Sd)X]

where
N’ = N?(1 4 e R/’

is a dimensionless number.
The spin inner products appearing in the interaction term can be expressed in
terms of the square of the total electron—proton spin,

Sep = Se + Sp

and the square of the total electron—deuteron spin,

Sed = Sc+ S,
as
o8, — (5, - )
and

Sc - Sq = 1 (Si — 2n* —21?)

The allowed values of s, are 0 and 1, while the allowed values of s¢q are % and %
Since

| Del V)p = 75 (10 0)ep + 11 0)ep)

x't (Sﬁp — %h2) X =1(00]+ (10 (Sﬁp — %?ﬁ) (10 0)ep + 11 0)ep)
= 372 ({0 0] + (10]) (=310 0)ep + 511 0)ep) = —3A°

However, the z-component of S¢q is given by meq = % and this can only occur for
Sed = % Therefore,
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The energy shift will be

Nzez h?
aE= ()T (gt )

3.2
dwmemyagc

or

— (X4 m
AE=N" (§> (—) mec® (—gp + 8a)

mp
) ) L. =2
The dimensionless coefficientis N~ ~ 0.4.

Problem 8.13 The deuteronisa j = 1 and even-parity bound state of a proton and
a neutron. Consider a toy model of the deuteron in which the dominant centrally
symmetric part of the interaction of the proton and the neutron is approximated by a
harmonic oscillator potential. Use the fact that the deuteron quadrupole moment'?
has a known small but non-zero value and obtain the form of the deuteron state.!?
Using the general form of the spin—orbit coupling
/
L VO g,
2m*c? r
calculate the corresponding correction to the energy.
Solution
The total angular momentum Jy of the deuteron arises from the total proton—
neutron spin S and their relative orbital angular momentum, namely

Jo=L+S, S=S8,+85,

The possible values of s are O and 1. The first would require £ = 1, which cor-
responds to negative parity. Therefore, s = 0 is excluded. With s = 1, the value
Jj = 1 can be achieved either with £ = 0 or with £ = 2. This can be expressed, for
m; =0, as

Ij=1,m;=0)=Col00)[10) + C|20)[10)

12 Consider the definition Qij = xixj — %8,-,— =
13 You may use the harmonic-oscillator radial wave functions

3
Ra(r) = Nort exp|— (22) 12|, Rt =Na |2 — (22} 12 [exp| - (22 ) 2
o 2\ n
4 7/4 3 3/4
N = e (me\ [ (me
V15 n 3 n

The harmonic oscillator mass m & m, /2 is the reduced mass of the neutron—proton system.
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The admixture |C;|/|Co| of the £ = 2 component is a measure of the departure from
spherical symmetry. The lowest value of the radial quantum number n compatible
with £ =2isn = 2.

The expectation value of the electric quadrupole moment operator in the deuteron
state will be!*

(Qij) =1Col*(2: 001Q;j12: 00) + [C2]*(2; 20Q;]2; 2 0)
+ C5C2(2; 00[Q;;12; 2 0) 4 c.c.

The first expectation value vanishes owing to spherical symmetry. Assuming that
the £ = 2 admixture is small, we can take C, ~ € and Cy ~ 1 + O(€?). Then

(Qij) = €(2;00]0;;12; 20) + c.c.

This matrix element is

4 [8 (mw\?
ii=xy==\=5 J
i 3 571(?1) !

o0 3 ) 15/ 1\
J = f drré| = — me P2 | emmer /2 — —Jr—[—
0 2 h 8 \mw

1 1

where

and

Finally, we get

Q%£<i>e

with

3 \mw

from which we can deduce the admixture € of the £ = 2 component.
The spin—orbit correction to the Hamiltonian is

2 w2
AHso = 2mch 5= 4mc? (J2 —LF - Sz)
The corresponding correction to the energy is
3(hw)* ,

14 The first entry in the states is the radial quantum number 1 = 2. We will drop the common spinor part.
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Problem 8.14 Consider a simplified form for the hyperfine splitting interaction
between the electron and proton spins:

2 2
H=2_Z 4,(,-S)

2m r

Assume that the atom is initially (at + = 0) in the ground state of the spin-

independent part of the Hamiltonian and with the proton spin ‘up’ and the electron

spin ‘down’, namely the state v0o(r) X%p ) Xie).

(a) Find the wave function at any later time ¢ > 0.

(b) What is the probability of finding the spin of the proton pointing down?

(c) Calculate the expectation value of the magnetic dipole moment of the system at any
time.

(d) Consider now the influence of a uniform (weak) magnetic field on the system. What are
the new eigenstates and energy eigenvalues?

Solution
(a) The evolved state will be

[y (@) = e #7100y 1)@ 1P
e MM100) exp [—% (Sp-Se) r} DI

For the spin part, we have

€ p 2

and

Is =1, mg=0) = % (IO NP+ | D) 1P

s =0, my =0y = (1 DT D7 = 1 )€ 1)P)
Thus,

@) =G5 100) exp |- (S - 7, (110) —00))
V2 2n 2
or
|w(t)> —lE]t/h 311711/4 |1 OO) ( —l}uht|l O) _ |0 O))

with E| = —e?/2ay. This can be transformed back to electron—proton spin eigen-

states by writing

[ (1)) = e Bt/ M4 1100 |x)
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where the spin part |x) is given by

ANt Aht
Ix) = —isin == | 1)1 )P +cos —= | 1) 1)

(b) Thetotal spin commutes with the Hamiltonian and is a constant of the motion.
Thus, proton spin down is at all times accompanied by electron spin up. From the
evolved state it is clear that the probability amplitude for finding the proton spin
pointing down will be

; ; Aht
WOIN D = —ie B sin ==

The corresponding probability is

Aht
P(t) = sin2 T

This probability becomes unity periodically, at times
b4
t, =2 )— =0,1,...
@n4De— )
(c) The magnetic dipole moment of the system is
e 8e€ —&p€
= L S S
H <2mech> + <2mech> et <2mpch) P

teli + 211eSe + 2/'LpSp)

=ﬁ(

with g. = 2. Taking the expectation value in the evolved state we get, after some
algebra,

e . o AL Aht
(1) = %smz (IS )+ %cos2 = (118l 1)
Mt e Mt
—l—%sinz = (L 1Sl 1) + %Cosz = (LISe 1)

Since S = %(SJr + SO)x+ 2%(.53r — SO)¥ + 8.2, we get
(M) = 3(1p — o) cos Mt 2
(d) The magnetic field will induce on the Hamiltonian the additional term

AH=—-u-B
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The total Hamiltonian is a sum of an orbital and a spin part that commute, namely

B

p e UeB A
e L,+ > (S2 _ _) - (lLeSez + MpSpZ)

H,=————
T om r /)

2 h

The eigenfunctions will be a product of an orbital and a spinor part,
|E) =Intmg)].. )
The eigenvalues will be
E=E, — ueBmy+ AE;

The spinor parts |...); and AE; can be determined as follows. Observe that

B
[S:, Hotl = 7 [Sz’ MeSez + /LPSPZ] =0

Acting with weSe; + upSy; on an arbitrary combination of the states [s =1,
mg = 0) and |s = 0, m, = 0), we obtain

h
(MeSez + 1pSpe) (a1 0) + 510 0)) = (e — Mp)5 (al00) + b]10)

From that, we obtain for the spin part of the Hamiltonian

A 3n2 B
Ho=5 (52 - 7) e

which, acting on the above state, gives

H(all 0) + 0|0 0))
A2 Bb(ue — 3°Ab B(ue —
_ a  Bb(pe — pip) 110) — 4 (e — pla
4 2 4 2

} 10 0)
Demanding that this is equal to
H (a|l10) + b|00)) = (AE)s(all 0) 4+ b|00))

leads to

Ah? 3AR2 B2 (e — [y)?
AE, — M\ (aE, + _ B(pe — 1p)
4 4 4

and

a_ _ B(pe — 1p)
b 2AE; — AhY2
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The energy eigenvalues are

A2 AR?
- 7\/ 1= [Blue — p1p)/30*]°

The corresponding spin eigenstates will be the above |1 0) and |0 0) combinations
with coefficient values given by

AE; =

B(pe — pp)/AR*
— [B(e — p)/ 1%

SN
L
H_
=
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Approximation methods

Problem 9.1 Consider a particle of mass x and charge e in the central potential

€2

-, O<r <R
vin=1 5
— MR, R <r <o
,

This potential differs from the Coulomb potential only in the region r > R, where
the Coulomb force is screened. The difference becomes negligible if the parame-
ter A — 0. Consider this difference as a perturbation and calculate the first-order
correction to the energy of the ground state.

Solution

The Hamiltonian can be written as

H = Hy+ AV
with
2 2
moP
21 r
and

62
AV =00 — R)— [1 — e P]
r

Treating AV as a perturbation, we can compute the first-order energy shift of the
ground state. It will be

2 00

e
=— / dr re 2/ [1- eiW*R)]
ao R

AE"Y = (100]AV|100)

where [100) — g0 = (nag)_l/ze_’/“" is the unperturbed ground state.

273
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Performing the integral, we get

-2
AED = ook |4 By 20 (1 2RAT( Ao
1 ap 4 ao 2

This vanishes in the limit A — 0. It also vanishes, as it should, in the limit R — oo.
Expanding in A, we obtain to first order

AEE]) ~ Lele 2R/ <1 + 5)
ao

Problem 9.2 A particle of mass m moves in one dimension subject to a harmonic
oscillator potential %mwzxz. The particle oscillation is perturbed by an additional
weak anharmonic force described by the potential AV = Asinkx. Find the cor-
rected ground state and calculate the expectation value of the position operator in
that state.

Solution

The corrected ground state will be

— PN | )
0} =10) = == > _ — (n|sinkx [0} |n)
The relevant matrix element can be written as the imaginary part of

exp |:i/<, / L(a + aT)} o>
2mw

Since the commutator of the operators appearing in the exponent is a c-number, we
can make use of the operator identity

(n|e™0) = <n

ATB _ A B,—[A.BI/2

and obtain

: . h _‘. . h
(n|e"™|0) ={nlexp|ix,/—a' | exp | ik,/ —a
2mw 2mw

exp | ik, —
P! 2mw

O> e—hK2/4mw

0> e—hK2/4ma)

Il

' 0> e—hK2/4mw
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Thus, the corrected state is

o7 = j0) — g ietiama S L L (G [T i
— _ - —c.C.
Zihwe = n /n! He 2mw "

=1

2v+1
e S (=1 1 n
—10) — — hk” /4mw 2 1
0 = 70 ; Qv+ D) Vv r D! (KV 2mo 12v+1)

The expectation value of the position operator in this state will be, to first order,

(01x10)

2v+1
2 e S (=D 1 7
_ _ = k*/4mw Olx|2 1
o' ; Qv+ D) v x DI (KV 2me Olxf2v 1)

_Z_Ae—hkz/4mw§: (=" it ( h

v+1
) 0]a+ah)2v + 1)

how = Qv+1) Qv+ D! \2mo
— _2_)\'e—hK2/4Wlw K h h - _ Ak e—hK2/4mw
ho 2mw 2mw maw?

Problem 9.3 A particle of mass m moves in one dimension subject to an anhar-
monic potential that is close to but not exactly a harmonic oscillator potential,
namely

2,2

Ve = mwzx (2)2A

where a is a parameter with the dimensions of length and A < 1 is a dimensionless
exponent. We can write this potential as

mwz 2
Vx) =

+ AV

with
2.2

AV(x) = ma)2 X |:<;_C>2A B 1i|

(a) Treating AV as a small perturbation, calculate the first-order correction to the ground-
state energy.

(b) Consider now a trial wave function for the ground state,

1/4
v p= (L) e

T

and calculate the expectation value of the energy without making any use of the smallness
of A. Find the value of the parameter 8 for which the ground-state energy has a minimum
and write down an expression for it as a function of A.
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(c) Now take into consideration the smallness of A and see whether the value of the ground-
state energy coincides with the one obtained in part (a) from perturbation theory.

Solution
(a) We have
E" = (0|AV|0) = /’"‘”/ dx e~y 2[() 1]
hw
_ ha) h J(A)
N 2\/_ mwa?
where

J(\) = / dy e () =T(A +3/2) * T(3/2) [1 + A ¥(3/2)]

o]

1,2

Substituting the values of the above functions,' = we obtain?

EV =3y () em ()| 2o L (L
! 2 mwa?) | "2 2 2 dmwa?

(b) The expectation value of the Hamiltonian with respect to the trial state

Y(x, p)is

h2 2 3
EB) = (YIHIY) = ﬁ + ;"j; a2 pIr (HE)

where the gamma function arises from the integral over the potential energy. Min-
imizing with respect to 8, we obtain a minimum at

Po = [2 202 P }_1/%2)
m=w*(A + DI'(A +3/2)

The minimal ground-state energy value corresponding to Sy is

h2 AJ/(A+2)
€0 = (hew)/+? (—2) 1)
ma

where

1(0) = [T(h 4 3/2)] /04D 9= 2243/042) . =1/20:42)
% [()»+ DY o+ 1)—x+1/(x+2)]

'T(3/2) = [¢¥dx Jxe ™ = /m/2and Y(z) = I'(2)/T(2).
2 %(3/2) = —y +2 —2In2, where y = 0.57721 ... is the Euler constant.
3 We have expanded (i /mwa®)* = exp [A In(n /mwaz)] as approximately 1 + A In(i/mwa?).
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(c) Expanding around A — 0, we obtain*

g~ e <§)+1 (L> +0(?)
o V) T e

which coincides with the expression obtained perturbatively in (a).

Problem 9.4 Replace the nucleus of a hydrogen-like atom with a uniform electric
charge distribution of radius R < ap. What is the resulting electrostatic potential
V& (r)? The difference

e

2
AV(r)= Vg(@r) — (——)

,
will be proportional to the assumed extension R of the nucleus.

(a) Considering AV as a perturbation, calculate the correction to the ground-state energy
to first order.’
(b) Do the same for the 2s and 2p states.’

Solution
(a) Assuming a uniform electric charge density
ol
47 R3/3

and using the standard Coulomb law expression for the electrostatic potential,

4 The expansions of the factors involved are

M (A42)
A n2 A n?
(hw)k/(k-%—Z)%hw 1—Zlnho+---), — ~1l+—-In — + -
2 ma 2 ma
i 1/4 A JT Ao (3
TG+ 3/ 0+D0=243/042) o T _ 2, (YT Zul(2
(TG +3/2)] 7 el L AT b
2= 2A3/042) o ? (1 _ %an +.. ) . V204D o g1/ (1 + % Inz+-- )

14+ 0V L g 4 )Y 0 4 002

5 You will need the integrals of the type

A n AV
I,(A) = / dxx"e™ =nl[1—e? Z —
0 = v!

6 The corresponding wave functions are
Yio0(r) = (wad)~1/2e="/4, ¥a00(r) = 32mad) ™22 — r/ag)e "/

Y210(r) = (32ad)~V2(r/ag)e ™"/
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we obtain
Ve(r) = 3e? / e 1
R = T R r<R " Ir’ —r|
302 R - 1
= —— dr'r’ / (d cos 0)
2R J, -1 Vr2 41 = 2rr cosf
or
o2
-, r>R
ey =1

0, r>R
AV(r) = 62(1+1ﬁ_i) <

The first-order correction to the ground-state energy will be

E{) =(100/AV[100) = /d3re_2’/“"AV(r)

dra}

ez [t x* 3x2
— d —2x _

ag Jo ve (x + 23 21 )

where we have introduced the parameter

R
A= — K1
ap

Performing the integral, we obtain

2

EV = 8:@3 [3-322 4247 — e (3461 +31%)]

Expanding the exponential around A = 0 and keeping terms up to fifth order, we
get

gD = < [ o0
10— Zao 5

(b) The energy correction for the 2s state is

1 r\ 2
E\ = / d*r <2 — —) e 1AV (r
20 327'ra8 ap ")
2 A

e x* 3x?
= — d 2 — 2 ,—x -
Saq J, PG (x LYY )
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Performing the integral, we obtain

E§) = < <i) 1))
2ap \ 8A3
where
I(A) =336 — 2402 4+ 427 — e (336 + 3361 + 1442% 4 361° + 61*)
In the limit of small A this gives

D~ & (2
2007 240 \ 10

The corresponding correction for the 2p state is

1 r\°
EY) = /d3r (—) e 1" cos? @ AV (r)

3271(18 ay
Thus
2 A 4 3 2
Eéll):e— dx x* x_|_x__i
24ay Jo 223 o
2
ao

Expanding, we are led to

Note that the 2p-state correction is strongly suppressed in comparison to that from
the s-states:

Problem 9.5 A hydrogen atom is subject to a uniform electric field £. The electric
field is sufficiently weak to be treated as a perturbation.

(a) Calculate the energy eigenvalue corrections for the first excited level (n = 2).
(b) Write down an expression for the induced electric dipole moment of the ground state to
the lowest non-trivial order. Obtain an upper estimate for the polarizability of the atom.

Solution
(a) In the absence of an electric field, the first excited level consists of the four
degenerate states [200),|210),|211) and |21 —1). The matrix elements of the
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perturbing Hamiltonian in these states are —e&(2 € m|z|2 €' m'). It is not difficult
to see that on the one hand

(C'm|zlem) = 8y (€' m|z|Cm)
On the other hand, parity considerations imply that
(¢'m'|z|em) = —( m'|PzPltm) = —(= D (' m'|z|¢ m)

which shows that these matrix elements vanish unless ¢ 4+ ¢ = 2v + 1, where v is
an integer. Thus, all these matrix elements vanish except

(200/z1210) =

r r
3 d’rrcos? — (2 — —) e = _3q,
32rag aop do

Therefore, the states |2 1 =+ 1) do not receive any correction to first order and
both correspond to the eigenvalue E, = —e?/8ay. In contrast, the states |2 0 0) and
|2 1 0) mix and split. The new eigenvalues are the eigenvalues E; F 3e£aq of the

matrix
E, 3efayg
368610 E2

The corresponding eigenvectors are

5 (200) F |210)

(b) The first-order correction to the ground state reads

¢ m')Z]100
100)7 = —e£ Y n mm D

E’ 0]z|]100
— —eE Z w In’ ¢ 0)
n'=20=1,3,.. El - En,

Using this expression, we can write down to first order the expectation value of the
electric dipole moment in the ground state:

d) = e (100|r|100)
¢ 0[z|]100
—2e252 Z wuooum’e’m

W=20=l,3,. Ey

The first term (the permanent electric dipole moment) vanishes owing to parity.
The second term, linear in the electric field, represents the induced electric dipole
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moment. It is non-vanishing only in the direction of the electric field.” Thus

(n £’0|z|1 00)?
(dina) ——2e252 Z

W=20=1,3,. — Ey

Note that this sum should be extended to the continuous part of the spectrum, includ-
ing the scattering states in the form of an integral. The proportionality coefficient
relating the induced electric dipole moment to the electric field is the polarizability,

a_ZeZZ Z n£0|z|1£0)|
- L]

n=24{=1,3,.

Again, to the sum we should add an integral that includes the continuum states. The
squared matrix element in the sum is multiplied by the positive number®
1 1 n? 4
= =
E,—E; |E|n?>—17 3|E]

This bound comes from the maximal value’ of n?/(n> — 1) obtained for the lowest
value n = 2. Thus, we may write

8e? &
a§3|2|2 3 ln £0lz1100)
1

Problem 9.6 An ion of charge ¢ and mass u is bound in a molecule with forces
that can be approximated by the isotropic oscillator potential'® pw?r?/2.

7 The matrix elements (n 1 0]x|1 0 0) and (n 1 0|y|1 0 0) vanish.
8 The corresponding coefficient in the continuum sum is
1 1 1
|E1| 1+ (kao) |Ei|

9 Actually, n%/(n®> — 1) is a slowly varying quantity throughout the sum, starting from its maximal value 4/3 at
n = 2 and approching 1 for n — oo.
19 You can make use of the radial eigenfunctions of the isotropic harmonic oscillator (y = pw/h),

2p34 o 2324 2
- —yre/2 — —yr/2
Roo(r) = ey ) Ri(r) = Vo re

ﬁy3/4 2yr2 2 7/4 2
- _ —yr</2 2 —yr=/2
Ryo(r) = Y (1 3 )6 , Rya(r) = 1/4\/— e
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(a) Show that the electric dipole moment of the system in a given direction d = gz satisfies
the sum rule

3 (&, (nemldin' € my|)? = ——=—
n', 0, m 2“’

Calculate the matrix elements (n’' £’ m’|d|0 0 0) and verify that they satisfy the above
sumrule forn =€ =m = 0.

(b) The system is perturbed by a weak electric field £ = £Z. Calculate the first- and
second-order corrections to the ground-state energy. Determine the ground-state cor-
rection to first order and compute the expectation value of the potential energy to this
order.

(c) Calculate the matrix element (n’ ¢’ m’|z|1 1 0) and verify the above sum rule.

(d) Calculate the second-order correction to the ground state and compute the mean square
radius of the system in the ground state to this order.

(e) Write down the second-order correction to the ground-state energy and compare it with
the exact ground-state energy eigenvalue.

Solution
(a) Itis straightforward to show that

[[H,z], z1 = —h*/u

Taking the expectation value with respect to the state |n £ m) and inserting a
complete set of states {|n’ £’ m')}, we arrive at the desired sum rule.
The matrix element (n’ £’ m’|z]0 0 0) is equal to

f dQY}, (0, ¢)Yo(0, ¢) cos@ / T ar 73 Ry (r)Roo(r)

= —8 /0/ dxY;, () Yio(2) / dr r’ Ry (r)Roo(r)

1
= 5m05e’1/ dr r* Ry o (r)rRoo(r)

7
mO(SZ’l‘/ / dr r*Ryp(r)R(r) = 1/ Sm0de18n1
2Uuw

This value can be immediately inserted into the sum rule and reduces it to a trivial
identity.
(b) The first-order correction to the ground-state energy vanishes, since

E{" = —¢£(000]z]000) =0
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The next correction is

[(n' € m’|z|0 0 0)|?

E(()2) — q282

n#0, ¢, m' Eo— Ew
202 202
qg°& 1 h q°-&
=-7 — (2—) Sm08e181 = Tt
© o e\ 200 pe

The first-order correction to the ground state is

"'m’'|z]000
|0 0 O>(1) — _qg Z (I’l m |Z| ) |n/ Z/ m/)
n'#0, ¢, m' EO B E"/
E | n
=12 | 2 1o
ho\ 2uw

Thus, the corrected ground state will be

S g€ | nh
000)=1000) + — | —1[110)
ho\ 2uw

The expectation value of the potential energy in this state, to linear order in the
electric field, will be

2 E h
Ve =220001r2000) + 2222 [ Re (00021 10))
2 h 2w

Note however that the matrix element (1 1 0|20 0 0) f d2 Y} Yoo vanishes.
Thus the expectation value will be the same as in the unperturbed case, namely

I, ) 3
(V(r))o = FHe (000[r%1000) = Zha)
(c¢) The above matrix element is

o0
(n€'m'|z|]110) = 8o / dQQY}; Ypcos 0 f dr r* Ry (r)Ri1(r)
0

Note that, since Yoy = /5/16m (3 cos?> 6 — 1), we can write

/3 1 2
cos 0 Yp(R2) = HCOSZQ = ﬁYOO + «/_I_SYZO

Thus, we obtain that the matrix element (n’ £’ m’|z|1 1 0) is equal to

1 o© 2 o©
ﬁ(Sm/o(Se'o / dr r*RyoRy; + \/—1—53;11/0302 / dr r°Ryo Ry
0 0
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h 3
rRyy = |— = Roo — Ry
[170) 2
h 5
rRiy = /— /= R»
uw V2
Therefore, we have
(n€'m'|z|]110) h 18 ) 15 800 +\/§8 826
Z = _— E— /| 7, n — —— /, i ’ — 1 ’ ’
nw \/5 m’00¢'09n’0 ﬁ m'00¢'00n'2 3 m'00¢'20n'2

The sum rule has the form

Z ' — D0 €m)z|]110))* =

n, ', m

Note now that

and also

2uw

and it is immediately verified.
(d) The second-order correction to the ground state is

oono=(2) y oy !
how

127
n'#0,¢',m' n"%0, ", m" nn

X <n/ Z/ m/|Z|n// e// m//) <n// g// m//|Z|0 O 0) |n/ e/ m/)

q& 2 h 1
B <h_> S— D i Umz1 10| ¢ )
@ K@ o0

Substituting the matrix element determined in (c), we get

EN? n 1 1
000)? = q—) —(——200 —220)
1000) (hw 3 (~ 2200+ =20

The perturbed ground state complete to second order is

g€ | h
000)=1000) + — [—[110)
ho\ 2uw

+ <g)2 L <—L|200) + L|220)>
ho/) 2uw J/6 V3

From this state we obtain the mean square radius,

(r2)o = (r¥o + (ﬁyi (1<1 10/72[110) — i<000|r2|200>>
0 0 ho) 2uw \2 V6

_3n 7 AN
S 2pw 4 \ho U
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We thus have

(000|r2|200):—£( f ) (110[r3110) :%(i)

Z,u—w Uw

(e) The second-order correction to the ground-state energy is

2((/‘2 1
EY = =13 " 0005z ¢'m)

W0 O, m'
202 202
q-& 1 q-&
= — —8,18¢10m0 = —
2uw? r;ZXm: n " " 2uw?

The system can be solved exactly by writing the potential as

2 2 252
vin="2 (- Leg) -2
2 2w?

iq < uw’r?  g*&? iq £
= X — . — ex .
P huw? P 2 2uw? P huw? P

From this it follows that the eigenvalues of the system are just

3) q*&?

E,=nh <
a)<n+2 2002

while the eigenstates are the translated states

exp(— 19 p-é’) |n € m).

huw?

Notice that the second-order perturbation theory gives the exact result.

Problem 9.7 A particle of charge ¢ and mass u is bound in the ground state of
an isotropic harmonic oscillator potential. Consider a perturbation in the form of a
weak time-dependent spatially uniform electric field £(¢) = £,O(t) cos wt e'/*.
Calculate the probability of finding the system in an excited state at time t >> 7, up
to first order.

Solution

The perturbing potential is H'(t) = —q&yzO(t) cos wt e~'/*. The probability of
finding the system in an excited state [n £ m) # |0 0 0) will be

1 2

P=—

t
- / dt’ " E=E M (n ¢ m|H'()]0 0 0)

0
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The matrix element of the perturbation (n £ m|H'(¢')|0 0 0) is

, h ,
—q& e cos wt' (n £ m|z]000) = —g& 2—e_t T cos @t 8,18018m0
\ 2uw

For the last step, (n £ m|z|0 0 0) = /h/2uw 8,,18¢10m0, See the previous problem.
Thus the probability, to first order, is non-zero only for a transition to the first
excited level. It is

2¢2 2

q°&y
2uhw

P(t) = 81116218m0

t
/ di’ ¢! En Bt g7 o5 Gt
0

Integrating, we obtain

t ) . ei(w+6)tft/r -1 1
/ dt/ el(o)+w)t —t'/t — ~
0 ilw+o)—1t! —i(lw+w)+1!
Thus
/f 2 1 N 1 ?
o 4| —-ilw+ow)+17! —i(lw—o)+71!

[1+ @) + @2 + ol [l + t)? - (to?]

=17’ 2 2
[14 2@ +2)?] [1 + 20 — @)?]

Problem 9.8 Consider a hydrogen atom in its ground state, which, beyond time
t =0, is subject to a spatially uniform time-dependent electric field £qe~"/".
Treating the electric field as a perturbation, calculate to first order the probabil-
ity of finding the atom in the first excited state (n = 2, £ = 1, m).

Solution

The perturbing Hamiltonian is H' = —e&yze™"/". The first-order expression for
the probability of the transition 1s — 2p is

202 2

6 t . ! ’
P]S—)Zp(t) = eh—20 / dt/ el(Ez*El)t /h e*f /T(Z 1 m|Z|1 00)

0

We obtain for the matrix element

1 > 4_—3r)2 2
2 1mlz|100) =3, —/ dr e “‘)/dQ cos? 6
*raiv/32 Jo

5 1 ( )54' 5 256
= q, _— — '=a _—
03 /2 \3 0O /3 % 243
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V(x)

Vo L x

Fig. 40 Linear perturbation in an infinite square well.

Inserting this into the expression for the probability and performing the integration,
we obtain

2022 21 A —t/T 2/t
e“Ea 256 1 —2e coswt + e
Pls—>2p(t) = 8m0 90 ( )

n? o \V2(243) 1/ + ?
where
Ey—E; _ 3¢
h 8hay
At very late times ¢ > t, the probability is
E&a} [ 256\ 1?
n? (fz(243)) 1+ (w7)?

w

Pl s—2p ~ 8m0

Problem 9.9 A particle of mass m and charge ¢ moves in one dimension between
the impenetrable walls of an infinite square-well potential
0, x| <L
00, |x| > L
(a) Consider a weak uniform electric field of strength £ that acts on the particle; see Fig. 40.
Calculate the first non-trivial correction to the particle’s ground-state energy.'! What is
the probability of finding the particle in the first excited state?

" You may use the sum

i 1 . 4 N 4 1 x? 7+712
@n2—13  @n2—1* @@n2—1°] 2 64\4 12

n=1
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(b) Consider now the case of a time-dependent electric field of the form £(t) = £O(t)e /7.
Calculate the transition probability from the ground state of the system to the first excited
state in first-order time-dependent perturbation theory for times ¢ > 1.

Solution

(a) The perturbing potential is H' = —g&x. The first-order correction to the
energy eigenvalues vanishes owing to parity, as will now be seen. Each of the
energy eigenfunctions

1

2L

withn =1, 2, ..., has parity (—1)"*!. Thus

vfn (x) =

[einﬂx/ZL + (_1)n+lefinnx/2L]

E\V = —qE(Wn|x|¥n) = —(=Dg€ (WYul PxPI¥n) = g€ (Yu|x[¥a) = 0
The second-order perturbation theory correction reads'?

8mL*q*E? (W ||} |2
o thz 2 2

EQ =

n n

n'#n

Forn = 1, we need the matrix elements (11| x|y, ). Note that, owing to parity, only
the matrix elements (Y| |x|yr,) withv =1, 2, ..., are non-zero. After performing
an integral, we obtain

_ 8iL 1y 1 2
(1/f1|x|1ﬁ2v> - ?(_ ) |:41)2 1 + (41)2 _ 1)2i|

and thus

,  64L? 1 4 4
Wl 7= =5 [(4v2 — T@rmy T 1)4]

Thus, the energy eigenvalue correction is

83mL4q2€2 o0 1 N 4 N 4
K276 —~ 42 —1) @2 -D*  @?2-1)

83mLAq?E? (1 21x2 ot )

@) _
E =—

12 The unperturbed energy eigenvalues are E, = h*n2n?/8mL2.
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The first-order correction to the ground state is

8mL%*qE i 1
R 4v2 — 1

v=1

[y = (Vv lx Y1) [¥20)

SzimL3q5 > ) 1 5
= 2D [W — + 1)4} W)

The probability of finding the particle in the first excited state (n = 2) is therefore
mL3qE 2
h2mé

(b) The probability for a transition from the ground state to a different eigenstate
Y, is given by

_ g\ *
Pros = || = [(Waly) O = (1) (g) (

202 2

& ' 1 J(E,—ENt /h—t' [T
Pioa(t) = h—20 f dt’ e En—Enr' /n=t'] (Wnlx Y1)
0

From parity, it is clear again that only transitions 1 — 2v can occur. The corre-
sponding matrix element squared is

2_64L2[ Lo 4 4 }
(W) P = |G T a1 T @ -1y

Thus, we may write

ol(E2—EDt/h—t/t _ | 2

P1—>2(t)= i(Ez_El)/h_T_l

64L%q2EL (5)2

R4

9

For times ¢ > t, the probability becomes independent of time:

_64L%g282 (5’ 72
Proz R4 9 2 2\2 2
T 1+ (3rm?/8mL?)" ©

Note that the characteristic time of the unperturbed system is 7o =h/E; =
8mL?/hm?. Thus we may write

64L2q2E2 (5\2 (8mL*\’ (r/10)>
hlmd hm? 1 4 9(t/7)?

12 ~

9

This can also be written as

15\* _9(t/m)’
11) 1+9(t/1)

in terms of the static probability obtained in (a).

P = Pstatic (
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2p

Is v

Fig. 41 Photon emission through 2p — 1s + y.

Problem 9.10 Consider a hydrogen atom in a 2p state that is perturbed by a plane
electromagnetic wave'® of wave number k and frequency w = ck:

A(r, t) = 2Ag cos(wt — K - 1)

The positive-frequency part!* of this vector potential gives a semi-classical descrip-

tion of the emission of a photon. Assume that the wavelength A = 27 /k is much
larger than the effective dimension of the atom ay.

(a) Calculate the probability per unit time of finding the atom in its ground state (n = 1, £ =
m = 0) in first-order perturbation theory (Fig. 41). Assume that we are interested in
times ¢ that satisfy # > ™' and ¢ > %/|E|. Express your result in terms of the matrix
element of the electric dipole moment of the atom.

(b) Integrate over all possible wave numbers k of the electromagnetic wave and obtain
the 2p — 1s transition rate per unit solid angle corresponding to the direction of the
emitted photon k. Determine the amplitude A from the condition that the energy density
calculated from the above electromagnetic wave must coincide with the energy density
corresponding to one photon per unit volume.

(c) Obtain the total transition rate assuming that we do not measure the direction and
polarization of the emitted photon.

Solution
(a) The perturbing Hamiltonian is
H=-=——(p-A+A-p)=HO) e +H 0)e
2uc
_ e .
HO) =—2—(p-Ao+Ag-p) e
e

Note that

i e—tk-r — e—zk-rpi _ hkie—zk-r AO . pe—zk-r — e—zk-r‘A0 p
since Ag -k = 0.
13 The vector potential is transverse,i.e. V- A = k- Ayg=0.

14 The vector potential can be written as a sum of a positive-frequency and a negative-frequency term, A =
Aoeik-x e—iwt + Aoe—ik-x eiwt
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The transition probability is (« = (E, — E;)/h = 3e?/8agh)
| 2
7D2p—>ls = h_z

t
/ dr’ [e“—““”f’ + e“—“—w)”] (100|H(0)]2 1 m)

Since the extent of the atom is roughly ag and we have kay < 1, we make the ex-
pansion e KT &~ 1 — jk - r + - - - and keep the first term (the dipole approximation).
Then we get, for the matrix element,

(100|H'(0)]2 1 m) ~ —iAo -(100|p|2 1 m)
ne
We can proceed by noting that
ih
[Ho,r] = ——p,

I

where Hj is the unperturbed hydrogen-atom Hamiltonian. Then

(21m|p|100) = %(Ez —ED21mlrj100) = ﬂ(2 1 m|d|1 0 0)
e
where d is the electric dipole operator. We have
— io ia R
(21m|H0)100) = —Ap-21m|d|100) = —Ap(21m|e-d|100)
c c

in terms of the polarization (unit) vector € for the electromagnetic field, introduced
as Ag = Ag€. Note thatk - € = 0.
The time integration gives for large times > o~ !, @

t t
‘/ dt/ei(w—a)t’ +/ dl’/ ei(—w—a)t'
—00 —00

4 t
=27 [5(0{ — a)) -+ 8(a + w)] |:f dl/ e—i(w—a)t’ + / dt/ei(w+a);/]

—00 oo

-1

2

= 2m8(0 — w) (t + / dt’ e_zi“’”) =2718(00 — w)

oo

Thus, the probability per unit time is

Prpis 21 Afw?

50— 8(E2 — Ey — o) |2 1m|@&-d)100)?

t c

The delta function enforces the conservation of energy between the energy of the
atom and the energy of the emitted photon.

(b) In order to get the transition rate we multiply the probability per unit time by
the number of available electromagnetic field modes. If the whole system is put in
a box of volume V — oo, the allowed wave numbers will be labelled by integers
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ny, ny, n; that are related to the wave number through

r — 27 n, _ 2mny _ 2nn,
AVAVEN AEVAVER SRTAVE

The number of available states will be

d*k V. o[> 5
n’(;n”%/\ di’lx/ dl’ly / d”lZ: \% @ = W/O dow dQl‘(

Thus, the rate for the transition 2p — 1s per unit solid angle will be

aw 1% f°° Jow? Pryp1s  VAjw!
0

= = 21mlé-d|100)|
10 = 83 4h2n2c5|< m| | )

The time-averaged energy density of the electromagnetic field is'>

/1, \ 207,
Since the transition occurs by the emission of one photon of energy fw, we can
determine the amplitude of the corresponding classical electromagnetic field by
equating its energy density with the energy density corresponding to the emitted

photon,

w? , how
2=
and the rate becomes
aw 3 .
2p—1s

(c) The dipole-moment matrix element can be calculated in terms of the given
hydrogen-atom states and the polarization vector of the electromagnetic wave. It is

(2 1m|d]100)

e o
= —4/ dr r’rre=3/2 / duY] Yook
327‘[&0 0

_64!610 2 5 dQY* 1 2/A Y% 1 2/a Y ]AY
VA Im [—5 SR=IPY 1+ 55KV + 52 10]

eAay (2\°T | [7n  .m Ve 1,
:nm 5 —5\/;(?(—1)’)5”;,—1+§\/;(X+ZY)5m,1+%Z5m,o

15 The time average required is (sinz(k r—ot)=T"! fOT dt sin?(k-r — wt) = 1/2.
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The square of this matrix element, which appears in the 2p — 1s transition rate,
is

3 2.2 2 10
|[21m|(&-a)[100) = % (5) [(€2+2) (Sm—1 + Sm1) +26260]

Note also that | (2 1 m|d[100)|* = 6(%)10

[21ml&-d[100)1>=31(d)* [(&]+&) (8m -1 + 1) +228m.0]

ezaé /m?. Therefore, we can write

and

w3

= 8hnlc3

dw

o) () P [(&F +&5) (3ot + 8n) +287800]

2p—1s

A

If we take k = Z then the polarization vector must have €, = 0. We can consider

the two linearly independent polarizations ¢ =g and &é? =§. For a general
polarization, the differential rate is
e? ’ 2 [in2 2
s <2nc2) | (x) |* [sin® & (8,1 + Sm,1) + 2€0S™ D S 0]

Integrating over angles, we obtain
2

e 43
Wapsisiy = <—) | (r)[?

4rhc \ 3c?

Problem 9.11 A hydrogen atom is subject to a perturbing electromagnetic wave
with vector potential'®

A(r,t) = 2Ap cos(k-r — wt)

The wavelength of the electromagnetic wave is much larger than the effective
size of the atom, i.e. A > aqy. The atom makes a quantum transition from a state
|A) = |n £ m my) to another state |B) = |n’ £ m’ m). Within the framework
of first-order perturbation theory, find the requirements on the parity and angular
momentum of the initial and final states for such a transition to occur (the selection
rules).

Solution

The perturbing potential is

H(t)=———(A-p+p-A) —g—S-(V x A)
2uc 2uc

16 The vector potential is transverse, i.e. V - A = 0, or, equivalently, k - Ag = 0. The frequency is w(k) = ck.
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The probability for a transition A — B to occur is, to first order,

t 2
/ dt’ e Es=EDCm g H(1)|A; .. )

o0

PA%B = h_2

The ellipses (dots) in the initial and final states refer to the photon that is absorbed
or emitted. In our approximation, these states are just products of an atomic state
and a photonic one. Thus, the photonic part is all lumped into a factor (... Ag...) =
@o €(k), where € is a polarization vector k-&=0). Finally, we get

t 2
/ dt/ ei(Eg*EA)t//h <B| X |A>

where
X=cos(k-r—wt)é-p+p-€cosk-r—wt)
—gS- (€ xKk) sin(k - r — wt")
At this point, we note that, considering the jth component of p,
pjcos(k-r—wt) =cos(k-r—wt)p; + ihk;sin(k - r — wt)
Thus
€-pcostkk-r—wt)=cos(k-r—wt)é-p

since € - k = 0.
Since the atomic wave functions fall off rapidly beyond a¢ and kay < 1, we can
safely expand the cosine and keep at most linear terms:

cos(k-r—wt)~coswt +k-r sinwt + - --
Returning now to the atomic matrix element, we get

(B| X |A) = 2& - (B|p|A) coswt’ + 2(B|(k - r)(& - p)|A) sin wt’
+g(& x k) - (B|S|A) sinwt’ + O(k?)

The spin term does not play any role since the unperturbed Hamiltonian does not
depend on spin and the spatial states are orthogonal to the spin states.

The dominant term will be proportional to the matrix element of the momentum
operator. This transition is called electric dipole transition (E1) because of the
relation of the momentum matrix element to the electric dipole operator:

= (B[Hy pllA)

— %(EB — Ex)(BIr|A) = “L(Eg — E)(B|d]|A)
eh

(BlplA)
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Since the momentum or the dipole moment operators are of odd parity, the parities
of the initial and final states must be different, otherwise the matrix element vanishes
and this transition cannot occur. Thus

PdP = —d — Wpwp = —1

However, since these operators are vector operators they can be written as

V= % |:(V71 - ViD&k — %(‘ﬁ + Vi)¥ + Voi]

For any component V, of such an operator, we may deduce, through the Wigner—
Eckart theorem,

1
; V.|i - -
(JB mp|Vylja ma) o

that the angular momentum quantum numbers must differ by unity. Otherwise, this
transition vanishes. Thus,

(Jal;mgyql|jpmp)(B|IV,]|A)

El - ljp — jal =1

If the states are such that the electric-dipole matrix element vanishes, the domi-
nant remaining term contains the product x; p;, which can be written as

3 (xipj + pixj) + 5 (xipj — pix;)

The first term gives rise to the electric quadrupole transition (E2); the corresponding
matrix element is

(Bl (xipj + pix;) |A) ki&;

Note, however, the identity

ih
[Ho, x;x;] = T (pix; + pjxi +x;pi +xipj)
n? ih
=——08;; — — (x;pi +xipj
m J m ( J ./)

Thus, we may write

no
(B| (xip; + pix;) |A)k; &; = (B|[Ho, x;x;1|A) ki&; + Ek' €

The last term is, of course, zero. Because of transversality, though, we can add to the
commutator any term proportional to §;;. Thus, we can introduce the quadrupole
moment operator

— 1.2
Qij =X,‘Xj — §I" (S,‘j
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and then the matrix element becomes
(B|QijlA) ki €;
Since the quadrupole moment is a parity-even operator, the corresponding se-
lection rule will be
E2 - Wy = Op

Applying the Wigner—Eckart theorem to the second-rank tensor operator, we obtain
(Jmp|Qgljama) X(ja2;maq| jpmp)

and so
E2 = ljp — Jjal =2 =< ja+js

The remaining term gives rise to the magnetic dipole transition (M1) and corre-
sponds to the matrix element

(Bl (xipj — pixj) |A) ki & = (k x &) - (r x p)
= (k x &) - (B|L|A)

Since the angular momentum is a parity-even vector operator, the corresponding
selection rules are

Ml = Ws = Wp, lja—Jjel =1

Problem 9.12 A particle of mass m moves in one dimension under the influence
of forces given by the double-well potential

Vix)= me (x2 — a2)2

4a?

(a) Consider the propagator and replace the time variable ¢ by the Euclidean time t, via
t — —it. Then show in general that the lowest-energy eigenvalue can be obtained from
the limit

n
Ey=— lim —InK(x', x; —iT)
T—ooo T

where T is the Euclidean time and K is the propagator for a transition of the particle
from the point x to the point x’.

(b) For the potential given above, obtain a solution of the classical equations of motion, with
the time variable replaced viat — —it,in which the particle starts at the local minimum
x=—aatt=—-T/2— —oo and ends up at the other local minimum, x" = +a, at
T = T/2 — oo. Discuss also the possibility of a solution that is the sum of two such
solutions with widely separated centres.
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(c) Consider a classical solution that is the sum of N widely separated solutions of the type
derived in (b). In the limit 7z — 0 each of these solutions gives an approximation to the
propagator through the formula

K(a,—a; —iT)~ Y Ayexp(—SV[x]/h)
N

where Ay is an unknown constant and S¢V)[x] is the classical action!” in Euclidean time
for each of the solutions. Derive the dependence on N of each of the above quantities
and perform the summation.

(d) Calculate the ground-state energy of the system in terms of the given parameters and
the unknown factor A y.

Solution
(a) From the expression for the propagator in terms of the energy eigenstates,

(o]

K&, xs )= e By, (g (x')

n=0
by going to imaginary values of the time via t — —it we get

o0

K@, x; —it) =Y e My, (yr () = e 5 Mg () + - -

n=0

In the limit T — oo it is clear that the surviving term will be the one corresponding
to the smallest eigenvalue, namely Ey. Thus, we can write

. h .
Ey=— TILII;O [? In KC(x', x; —zT)]

(b) The classical equations of motion are

d’x(t) .
m T2 =V'(x)
Multiplying by the ‘velocity’ x(t), we get
md op =Y ]
—— @) = — — -Vx)| =
2dt dt dt 2
which gives an integral of the motion
)2
E:mg)—wm
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We are interested in a solution with boundary conditions x(+00) = Fa. Such a so-
lution is very easily obtained if we make the additional assumption that the velocity
vanishes at the endpoints, i.e. x(+00) = 0. Then, since the potential vanishes at
these points also, the conserved quantity £ must be zero. Thus

\/7 2fx(f) dx = |:a—x(f)i|
./V(x — o= -2 MNatx@

or

1)
x(t) = atanh E(T — Tp)

Note the arbitrary integration constant ty.

It is not difficult to see that if two such solutions are each localized at two widely
separated points (|7; — 72| > w~'), the sum x;(t) + x,(7) will be an approximate
solution since any products x;x, will have small overlap. The same is true for a
sum of an arbitrary number of solutions.

Substituting the classical trajectory into the classical action, we obtain

3 2o 1
S = e f dz = mwa’
4 —oo COsh™z

This is independent of the centre point. Thus, for a sum of N such solutions the

action will be NS, = Nmwa?.

(c) Each of the centres t; (with i =1, 2,..., N) can have any value between
—T/2 and T /2. Thus, we need to make N integrations:
1 T/2 T/2 T/2 TN
— / d‘L’l f f d‘L’N = —
N J 7 T/2 T/2 N!

The factor N'! is present since any two of these centres are interchangeable. We
may, then, write
N
nI%
where Ay is an unknown factor Corresponding to a simple amplitude. Thus we get

1
Kia, —a; =iT) ~ Yy —TVAY e NS/
— N

Ay=A

Note that in order to create a string of solutions starting at —a and ending at a, we
need an odd number of them. Thus, we must have
IC a, —a: —iT) ~ T2n+lA2n+1 e—(2n+1) /h
( ) ; Qn +1)! 0
= sinh(AgT e 5/™)



9 Approximation methods 299

This amplitude has to be normalized. We know the corresponding amplitude for
the harmonic oscillator,!8

Ko(0,0, —iT) = [¢o(0)PeT> + ... = m_;e_m
T

Therefore, we can write

K(a,—a; —iT) ~ /m_;”e—wT/z sinh(ATe=5/")
4

(d) The expression for the propagator just obtained can be written as

1 /mw )
,—a; —iT)~ = —{ [—(——}-A _Sc/h)l]
K(a, —a; —iT) 2\ o 1P > 0e

o[- (§-me) 1)

From this we can read off the two lowest-lying energy levels:

h h
E= 7‘” +hAge S = 7“’ + T Age "0/

Which of the two is the lower depends on the sign of the unknown parameter Ay.

Problem 9.13 Consider the one-dimensional potential

V@) ax? + rax®  ra’x?
xX)=—
4 4 8
(a) Find the points of classical equilibrium for a particle of mass m moving under the
influence of this potential.

(b) Using the variational method, consider the trial wave function

Y = (é>1/4 e P2
T

where xg is the global minimum found in (a). Evaluate the expectation value of the
energy for this wave function and find the equation defining the optimal values of
the parameter B, in order to get an estimate of the ground-state energy. Now take a
special, but reasonable, value of the coupling constant, A = 72 / ma®, and obtain the
corresponding estimate of the ground-state energy.

(c) Write the potential in terms of the variable x — x, and, for small values of it, obtain the
frequency w of small oscillations around the global minimum.

I8 In the limit 2a — 0, we should obtain a simple harmonic oscillator.
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Solution
(a) The classical equilibrium points are the minima of the potential, so that

mi = —V'(x) == Vi) =0, V'(xp) >0
The extrema of the potential are the solutions of
A A
Vi(x) = 1 (4)63 +3ax? —a® ) = %(4)62 +3ax —a>) =0
The second derivative of the potential is
4 A 2 2
Vix) = Z(le 4+ 6ax —a )

We obtain a maximum at
2

_ v ra

and two minima at

_ _a
X_ = —a, Xp=7
with
V'(~a) = 5’\4"2 -0, v'(5)= 5’1\22 >0
Of these two minima, x_ = —a is the global minimum since it corresponds to the

lower energy:

ra* a 3ra*
Vicay = -5 <V (5) =

(b) Consider the trial wave function with xo = —a. The expectation value of the
kinetic energy, thanks to translational invariance, does not depend on xy. It is

hz * " hz
(T) = —— /ﬁ/ dx e~ P12 (e—ﬂxz/z) _ B
2m YV 7w J o 4m

The expectation value of the potential is

00 2
(V) = &‘/E/ dx e % [(x —a)* +alx —a)’ — a—(x — a)z]
AV ) o 2
A 5a?

. 3 a*
7(@*@‘7)
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Thus we get

Eogy > X( 3 5 1)
(ﬁ)wmaz[ﬂ“ TGt T3 72 }

where we have introduced the dimensionless coupling A = Ama®/A%. Minimizing
the energy with respect to & = Ba?, we get the equation

For A = 1 there is a special exact solution, namely
Tl = s=d E= (2
a T *7 2ma? \12
(c) Interms of 6x = x — xp = x + a, the potential is

@m?—2£®m3+5@m*—ﬁf
4 4 8

5xra?

Vix) = A

The frequency of small oscillations is determined by the identification

2 T8 T YTy

mw? B S5ra? 5 [ ra?
m

Alternatively, we may express the characteristic length of the potential in terms of
the characteristic oscillation length

—\ 174
(5x> h
a=\|— —
4 mo
Problem 9.14 A particle of mass m and positive charge ¢, moving in one dimen-
sion, is subject to a uniform electric field £[O(x) — O(—x)]; see Fig. 42.

(a) Consider a trial wave function v (x) o< e~**! and estimate the ground-state energy by
minimizing the expectation value of the energy.

(b) Obtain an estimate of the ground-state energy by applying the Bohr—Sommerfeld WKB
quantization rule.

Solution
(a) Introducing the normalized trial wave function

Y(x) = Jae
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0 X

Fig. 42 Particle in an electric field with energy E.

we obtain the expectation value of the kinetic energy,

2
1y = -4 [ e (e=1y”
2m J_o
hz(x © /
=->— dx e M —a[®(x) — O(—x)le~ "}
m J_co
o [ na? R hla?

d —2us 2 —2alx| _ _ —
x[ a(x)-i—a]e - . o

2m J_o

The potential experienced by the particle is V(x) = ¢& |x| and its expectation value
is
o 1 q&
V) =gq€ d 2l =g — = =
) qa/_ xlxle g =1

o]

The expectation value of the energy,

E(e) h’a? n q&
o)=—+—
2m 200
has a minimum at
nay g€ gEm 13
(o) m 20 %0 < o’ )

This corresponds to a minimum, since E”(ctg) = 3%%/m > 0. The energy value is

2421/3
E, 3 [(qE) h ]

~ 253 m
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(b) The turning points found using the WKB method are xg = £E/g€. Thus
we get

E/qE

/ dx/2m(E — q€|x|) = (n + 1) hr
—E/q&

Performing the integral, we obtain for the ground state (n = 0)

. GrB et
Ey= 25/3

m
Note that this value is slightly larger than that obtained above, Ey, with the varia-
tional method:

E 23 4.4
=0 _ 37) %—6%1.49
Ey 3 3
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Scattering

Problem 10.1 Consider the scattering of particles of a given energy in a central
potential of finite range.

(a) Show that the energy eigenfunctions 1/f§+)(r) depend only on r, an angle and the energy
E. The angle can be taken to be cos~!(K - r). On which variables does the scattering
amplitude fi(r) depend?

(b) Calculate the asymptotic probability current density corresponding to ¢;£+)(f) and show
that it can always be written as

j=J1+Jsc+As7

where the first term corresponds to the incident particles and the second to the scattered
particles.! What is the explanation of the third term? Show that

f dS-JSC:—¢ dS- AT
S S

00

where S, is a spherical surface of infinite radius with origin at the centre of the
potential.
(c) Use the above to prove the optical theorem,

4 )
o= %Im[fk(k)]

! You may use the relation

1 .
/ d cos§ F(B)e ikreost — L

—ikr ikr 1
. o [FOe b — Fme* ]+ 0 (72)

304
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Solution

(a) The integral solution to the Schroedinger equation in the asymptotic region

is?

eikrcos@ eikr m ) ,
wk(r) ~ . d3r/ e—zkf’»r V(r/) Wk(r /)
2m)3/2 r 27h?
_ 1 ikrcosf eikr
= ooy [e + — i)

It is clear that the second term depends only on K and r. Thus the right-hand side
depends on k, r and 6.
(b) Calculating first the gradient

1 -1, ikrcos et . ~ 0fx(6)
VY. 6) = (2m)32 {lkek "+ 2 [rfk(@)(—l +ikr) + © 59 } }

and substituting it into the probability current density, we obtain

j:J1+Jsc+AJ

where
o 1 nk . 1 hk |fk(9)|2
J“th(ﬁ)’ j“_@m3&i) .
and
Aj — L l ikf*(e)e—ikr(l—cow) 4 ¢ ik — l fk(e)eikr(l—cose)
2miQ2m)3 \r k r

A~ df(0)
+ 9—{;‘2 )e’kr(l_cose) — C.C.:| +0307

This expression represents the interference between the incident and the scattered
waves.

Integrating on the surface of a sphere centred at the origin and taking its radius
to infinity, we must have, from probability conservation,

S S Sec

Note however that

h hkR*> !
dS - Ji=—— P dS- k= —— d 6 6=
féx Ti = ey 7§ m2r)? /_1( c0s0) cos6 =0

2 The approximation
r—r'|~r—"f-r’

is valid in the asymptotic region.
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Therefore

% dS-Jsc=—y§ dS- AT
Soo Seo

(c) The total cross section o is given by?

1 1
o = [ @10 =5 § asirOF = § as-seP
r S, r Sk

_ mQ2n)? _ mQn)?

Asis clear from the expression for A J derived above, the angular (o 0) component
will not contribute. We get

1 . )
_2_kr ds- [k fk*(e) e—tkr(l—cos@) + fkfk(Q) elkr(l—COS@) + C.C.]
Soo

o —

1
= —n'r/ dcosO(1 4 cos0) [ fi(@)e™ e 0 +cc]
-1

T

4
= X 2ifu(0) = 20£;0)] = - Im[/iO)

Problem 10.2 Consider an attractive delta-shell potential (A > 0)

n2a
Vir)=——6(r —a)
2u

(a) Calculate the phase shift §,(k), where € is the angular momentum quantum number.
(b) In the case £ = 0, investigate the existence of bound states by examining the analytic
properties of the partial scattering amplitude. Are there any resonances?

Solution

(a) The radial energy eigenfunction can be written as

R)(r) = Ajo(kr), 0O<r<a
Rio(ry =14 0,

R/ (r) = B [je(kr) cosd; — ne(kr) siné,], a<r<oo

Continuity of the wave function at r = a implies that

ne(ka)
Je(ka)

A .
Rl(<,<z)(a) = R]i?g)(a) - 3 = coS &, — sindy
Discontinuity of the radial derivative at the same point gives

R,’c’e(a +€)— R,’(ye(a —€) = —ARi(a)

3 We take r — oo.
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or
B | jj(ka) cos 8, — nj(ka) sind,| — Aj; ,(ka) = —LAjk c(ka)

Finally, using both the equations relating A and B, we obtain the required expression
for the phase shift:
»ji(ka)
Jeltkayny(ka) — ne(ka) jy(ka) + Ane(ka) jo(ka)
We can also write down an expression for the partial scattering amplitude. It is
2tan &,
i+ tan 8¢

tand, =

Se(k) = exp [2i8,(k)] — 1 =

or
Ly 2D
Se) = - : ZMJ.K/(ka) . -
Jelkayny(ka) — ne(ka) j,(ka) + Aje(ka)h, "(ka)

(b) For s-waves (£ = 0), we have

2iAa sin ka

So(k) = .
ok) ka/sin ka — Laeka

Now introducing’
ka =&, ra=g
we get
2gsinh &

So=—
07 " &/sinh& — get

The condition for bound states is
2
e ¥ =1- _S
8

It is clear that for g > 1 there is a single solution to this equation. Thus, there is
one bound state provided that

g>1

The absolute square of the partial scattering amplitude is the appropriate quantity
that will appear in the scattering cross section. Reintroducing { = ka, we have
g%sin’¢
(¢/sing — gcosg)* + g2sin*¢

1 2
ISl =

S = ng i
5 Bound states will correspond to imaginary values of the wave number, i.e. negative energies.
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It is clear that the function on the right-hand side becomes largest, i.e. unity,
when

¢ _
E = gCoS¢

Approximate solutions of this equation are

§n~2nn<1+l>+0<i2>
8 8

These points are solutions for values of the coupling much larger than the integer
n, namely

g>n

The related values of the energy correspond to resonances. Near a resonance, we
can write

sy~ /e

4 Qrn/g* + (¢ — )2

Problem 10.3 Particles of a given energy scatter on an infinitely hard sphere of
radius a.

(a) Calculate the phase shift §,(k).

(b) For s-waves (¢ = 0), find the values of the energy for which the partial cross section
becomes maximal.

(c) Consider the case of low energies (ka < 1), write an approximate expression for §, and
explain why the cross section is dominated by s-waves and is isotropic. Compare the

low-energy cross section with the geometric value wa®.

Solution
(a) The radial wave function, written in terms of the phase shift, is

Ry ¢(r) = A je(kr)cosdy — ng(kr)sin ]

It has to vanish for » < a. Thus, we obtain

_ Jelka)
B ne(ka)

tan 8,

(b) The total cross section can be written as

4 o0
o= k—f 3 26 + Dysin® (k)
=0
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The s-wave partial cross section is
4T, 5 47 1
op=—sin“fp=— | ———
"7 T e \T o2 s

From (a) we have

tan §p = = —tan(ka) == cot? 8y = cot® ka
a

Thus

47 1
o= —(—->—
"7 %2 \ 1+ cot?ka

and its maximal values are achieved for
k=Z@n+1) (=0 1,..)
2a

(c) From the behaviour of the spherical Bessel functions near zero, we obtain

(ka)2£+1 (ka)Zl—H
— =—2U+)———
2¢ + DH1Re —HN [2¢+ DN
It is clear that the scattering is dominated by £ = 0, for which both tan §, and the
cross section have their largest values.
The low-energy cross section for s-waves is
4 1
oy — ————
TR+ (ka)

tan &, ~

4
~ k—Z (ka)2 = 4ma?

This is four times the geometric cross section, 7a®. The reason is that the whole
surface of the sphere participates in the quantum mechanical scattering process, not
just the two-dimensional section of the sphere.

Problem 10.4 Consider the scattering of a particle from a real spherically symmet-
ric potential. If do(0)/d<2 is the differential cross section and o is the total cross
section, show that

o)
Tk dQ2

Verify this inequality explicitly for a general central potential using the partial-wave
expansion of the scattering amplitude and the cross section.

Solution

The differential cross section is related to the scattering amplitude through

do(6) )
1q = | f®)]

_4r [do(0)
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Since | f|*> = (Re £)? + (Im f)> > (Im f)?, we can write
do(0)
a2

On the other hand, from the optical theorem we have

> [Im fi(0)]

do(0)
k dQ
For a central potential the scattering amplitude is

—41 0
—7 mfk()_

1 & .
fi(0) = p § (2€ + 1)e™ sin 8, Py(cos 0)
=0

and, in terms of this, the differential cross section is

do(9) 1
aQ k2

Z Z(zz + D2 + 1) e~ gin §, sin 8, Pp(cos 6) Py(cos 6)
=0 ¢'=0

The total cross section is

42 &
o= Z(2£+1)sm 8¢

Using the fact that P,(1) = 1, we obtain

2
do(0) 1 i -
= — (2€ + 1)e'"* sin §;
a2 k2 =
1 | 2
=3 Z(ZZ + 1) (sin 8, cos 8¢ + i sin® §;)
=0

2
o0 1 o0
= ;(%Jr 1)sin & c0s8£j| + = [;(%Jr 1) sin? 34}
do(©) _ 1| 5 P K22
20+ Dsin®8, | = ——
i e ;( LR T

Problem 10.5 The radial Green’s function is defined by the equation

1 d d L+ 1
1ld [rzzgk,m, m} + [k2 (r+ )]gkm )= —8(r—r)

2

r2dr

(a) Verify the choice

Gl nry=C [9(}" — 1) jelkr)RS (kr'y 4+ 0 — 1) j@(kr’)h;‘)(kr)]
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by substituting in the above differential equation. Also find the normalization
constant C.
(b) Show that the radial wave function satisfies the integral equation®

Ry o(r) = jolkr) + /0 dr' r UG o(r, )Ry o)

Solution

(a) Using the fact that j, and hf) are solutions of the free radial Schroedinger
equation, as well as the identity n}(x) je(x) — j(x)ne(x) =1/ x2, we can verify that
the Green’s function Gy ¢(r, r’) is a solution of the above equation. The normalization
constant is C = k.

(b) Acting with the radial Schroedinger operator on both sides of the above
integral equation, we get

U(r)R(r)=0+ /‘00 dr’r’zU(r’)iZS(r —rYR(") = Ur)R(r)
0 r

Problem 10.6 Consider the double delta-shell potential V(r) = (h?/2m)U (r),
where

U(r) = —16(r —ap) — A8(r — az)

with a, > a; > 0, and calculate the phase shift §,. In the case of s-waves (£ = 0)
investigate the existence of bound states and resonances.

Solution

Introducing the potential into the integral equation of the previous problem, we
obtain the solution

Rio(r) = jo(kr) — h1aiGr.o(r, ar)Ri.o(ar) — ra3Gr.o(r, az) Ry.o(az)

In the three different regions, we have the following expressions for the Green’s
function:
Forr > a; > ay,

Gr.(r, a12) = kje(kay o) b (kr)
Fora, <r < aj,
Gro(r, ar) = kje(kay) b (kr)
and
Gro(r, az) = kjo(kr) b (kay)
Forr <a; < as,

Gro(r, ar2) = kjo(kr) h$ (kay )

U =Qm/mH)V.
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Introducing

gi = ka’h,, Ry (a;)) = R;
Jetka;) = ji, hé_)(kai) = h;

where i = 1, 2, we get

Jetkr) = (g1 Ry ji + gaRaj2) B (kr), r>a>a
Rio(r) =3 (1 — g2Rahy) jolkr) — g1 i RiB k), a1 <r <a
Jetkr) (1 — g1 R1hy — g2R2h7) , r<a <a

These expressions carry R; and R, as unknown parameters. These can be deter-
mined from the system of the two equations that we get by considering the top
expression at » = a; and the bottom at r = a;, namely

(81j1h2) Ry + (1 + g2j2h2) R2 = o

(1 + gih1j1) Ry + (g2h2j1) Ry = Ji

Since we are interested in the phase shift, it suffices to consider the external wave
function, which has the form

Rio(r) = jolkr) — (g1 Ry j1 + g2Raj2) b (kr) = jo(kr) — AR (kr)

and in which a particular combination of R; and R, appears. Solving for this
combination, we get
_ gttt 18l — jih)
L+ gijihi + g2h2j2 + g182J1ha(jaht — jihz)

and, thus,

giji + g2j} + g182J1j2(jah1 — jiha)

: : = —— Y7 (kr)
L+ g1jih1 + ghajo + g182J1h2(jahy — jiho)

Ry o(r) = jo(kr) —

forr > a; > ay.
Setting

ar =1+ gajons + grjint + gi1gan2j1(jant — jina)
Be = g1ji + g2J5 + 8182j1j2(jon1 — jina)

we can write

y
oy + i
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which implies that the external radial wave function can be given as

Ry o(r) = 2t ifs [oeg je(kr) — Bene(kr)]
= exp [—i tan~! (%)} [je(kr) cos 8y — ne(kr) sin dy]
¢

Thus, the final expression for the phase shift is

Be g1ji + &2J5 + g182J1j2(jon1 — jinz)
taIl(Sg = —

ar 1+ gajona + gujini + g182maji(any — jina)
For s-waves (¢ = 0) the phase shift is just

tan §g = @
Xo
where o and S are obtained by substituting jy(ka;) = (sin ka;)/ka; and ny(ka;) =
—(cos ka;)/ ka;. The explicit expressions are

)»1 . )\2 .
oap=1-— % sin 2ka; — — sin2ka,

2k
AlA2

+ e {—1+ cos[2k(a; — a2)] + cos 2ka; — cos 2kay}

and
M Ao M

A
= — — — —cos 2ka; ——2c052ka2
2k 2k 2k 2k

ALA
+ 7 (sin[2k(a) — )] + sin 2kaz — sin 2kay)

The partial scattering amplitude is

Bo

2 tan dg . 2i By
i + tandy o oo — iBo

S() 262160 —1=

Bound states correspond to
o =ify  (k=ix)

and resonances correspond to positive energy values that make the partial cross
section

B3
Bi +

1 2
lSol” =

maximal, i.e.

apk) =0
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The explicit condition for bound states is

Al A2 Al Ay . MM Ao
== =>=- — sinh 2/(61] — —sinh 2/(612 4+ — cosh 2/('(,11 4+ —= cosh 2Ka2
2k 2« 2k i 2% P
AA
= 41 22 {—1 4 cosh[2«(a; — a»)] + cosh2ka; — cosh2kas
K

+ sinh[2«(a; — ap)] + sinh 2k ay — sinh 2k a;}

Introducing the dimensionless numbers

ap
V= —, Vi = Aia;, § =2ka
aj

we can write this condition as
fE) =VvE> —yvE —yE +yvEe " +yEe ™
+yp[l—e " —e L] =0
At the origin, £ = 0, we have
fO)=f0)=0
and
J'0) =2[v —v(y1 + y2) + vir2(v — 1]

For very large values & — oo, we get f(£) ~ v&2. Thus, there will be one zero of
f (&) corresponding to one bound state, provided that

v—1
+ 1

Vi+V2>vive .

This is equivalent to
)\]Cl] + )»202 > 14+ klkzal(ag — al)

As an example, we consider the special case A = Ay = a; U a, = 2aq. Plotting
f (&) in this case, we get the graph shown in Fig. 43. By inspection of the graph we
can safely conclude that in the £ = O case there will be one bound state.

The condition for resonance takes the explicit form

8(0) =v¢* — ygsing — y,¢ sinvg
+yiya{—1+cos[(v—1)¢]+cos¢ —cosve} =0

with ¢ = 2ka,. For { — oo this function goes to 400, while at the origin we have

80)=g'(0)=0



10 Scattering 315

Fig. 43 Plot of f(&).

©c o o ©°
kN W A

0.5 1 1.5 2

Fig. 44 Plot of g(¢).
and

g"(0) =2v(1 —y1 — y2) + g182(v — D2 — )
There will be a zero and, therefore, resonance, provided that

(v-DHv-2)

vi+tyr>1l+ny
2v

or, equivalently, that

Ardo
Atay + Aar > 1+ T(Clz —a)(ax — 2a1)

For the special value of the couplings and radii considered previously, g(¢) is as
shown in Fig. 44.

Problem 10.7 Consider the one-dimensional delta function potential

ha
Vix) = %5()6)
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(a) Solve the energy eigenvalue problem for both signs of the coupling A. Verify the ortho-
normality and completeness of the eigenfunctions. In the case of the continuum (scat-
tering states), write the eigenfunctions in terms of the scattering amplitude. Examine
the analytic properties of the scattering amplitude in the k-plane. Are there poles? What
do they correspond to?

(b) Determine the one-dimensional Green’s function

d2
<37+H>@uJﬁ=—max—ﬂ
X

and solve the above eigenvalue problem with the help of the scattering integral equation’
1 /
0w = 9w - o= [ d Gl U

Solution
(a) For the continuum (0 < E = h%k? /2m) the energy eigenfunctions are

1 ; .
x <0, - (eth + fe—th)
Vi(x) = \/f_n

x >0,
V2T

From the continuity of the wave functions at the origin, we get

g=1+7

and from the discontinuity of the derivative

¥'(+0) — ¥'(=0) = 1¢(0)

geikx

or
2ikf = a1+ f)

These lead to the form

Y) = —= [ + Flle]
2w
with
k)= —————
F®) —1 4 2ik/A
Note however that the eigenfunctions
~ 1 . .
(.X) — efzkx + (k)ezklxl
Vi N [ f ]

T U =2mV/h>.
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correspond to the same energy. The latter describe a particle incident on the potential
from the right, while the former describe one incident from the left.

In the case of an attractive potential (A < 0) there is also a single bound state
with wave function

Vax) = e = \/meflkl |x]/2

corresponding to the energy

h2k2 h2\2
EA =
2m 8m

The proof of orthonormality is straightforward:

+00
f dx Yo (x)

T dx —ikx —ik|x ik'x N ik |x
=/_Oo = [+ fhe M [ 4 p e ]

“+0o0

d L o
— (S(k _ k/) +/ Z_X |:e—lkx+lk \x\f(k/)+etk x—lk|x|f(_k)
T

—00

(R fKe ™ EHMT]

' 1
=8k — k') — (;;) 22 [K' f(K") + kf(—k) + (k + K') f(—k) f(K))]
=8k — k)

Similarly, for the orthogonality of the continuum states to the discrete state, we

have
+00 K +o00 . .
/ dx Yl = [ 7 / dx e ™ + fk)e™M] =0

taking into account that f~!(k) = —1 — ik/x.
Completeness corresponds to

+00

+00
/0 dk i (x) ¥, (0) + /0 dk Y)Y 0) + Ya(x)Pa0) = 8(x)
Using the fact that

f+f==21f7

and that

[rk) = f(=k)
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we can write the continuum contribution above as
T dk ,
/ — [¢" + fUOS M1+ £ (k)]
0 27
0 dk i kx * —ik|x|
+/ 2—[e’ + fHK)e " M1+ fo]

oo 2T

Thus, we arrive at the following form for the left-hand side of the completeness
relation:

+00
8(x) +/(; g [eikxf* 4+ e—ikxf* +(f — f*)eiklxl] n @(—)L)Ke—'clxl

o dk :
=8(x)+ / — )™ 4 O(=r)ke ™ = §(x)
e 2
The integration has been performed in the upper complex k-plane and it gives a
non-vanishing result only when the pole of the amplitude (—1 + 2ik/1)~! is there,
ie. when A < 0.

The scattering amplitude is

1
k)= —————
J& —1+2ik/A
and it has a pole for
_ i
k=ika = 5

This pole corresponds to a bound state (A < 0).
(b) Solving the Green’s function equation through a Fourier transform,
dq ; / ')
Gix —x)= | — "’“‘“:2/417
k(-x X ) f \/E gk(CI)e q q2 _ k2 + i€

we obtain

Substituting this Green’s function into the integral equation we get exactly the same
scattering solutions as those we examined above.

Problem 10.8 Prove the formula

e sing, = —k/ dr r> U(r) je(kr) Ry o(r)
0
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and get from it a closed expression for the phase shift in the Born approximation.
Apply this last expression for the potential

Vi =g*e ™

with £ = 0.
Solution
Using the integral equation

Ree(r) = jokr) + f dr' P20 G o(r, ) Re o ()
0

and substituting the Green’s function in the asymptotic region r — oo, we obtain

o0
Rio(r) = jo(kr) 4 kh'”(kr) / dr' r*U (') je(kr' ) Re o (1)
0
This is of the form
Rio(r) = jo(kr) 4+ Xh$7 (kr)
with
o0 2
X = k/ ar'r’ U(r’) jg(kl’/)Rk’g(l"/)
0

However, from the asymptotic behaviour of Ry ((r),

1 L I . _
Ry o(r) ~ o sin (kr -5 + 5@) = je(kr) + 5(62185 - 1)h§z J(kr)

we obtain that
i 2i8 OO r 12 N ’ ’
5(6 t—1) =k dr'r=U@") je(kr )Ry o(r")
0
or
o0
o sindy = —k / dr' r2U ) jelkr ) Re ()
0

In the Born approximation, we can assume that §, is small and also replace the
radial eigenfunction in the integrand with j,(kr). Then we get

o0
8 ~ —k / dr' U’y jkr')
0

For the particular potential

2
2m2g p—
h

U(r)
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we obtain

2mg’k

b=

o] 2 2 00
./0 dr rzefl”jzz(kr) = — kzl;zgz /(; dx x* e 1k jg(x)

For s-waves, we get

2 oo
__mg —pux/k 1 _
&y = pErel A dxe (1 —cos2x)
mg? 1

Tk 1+ (w/2k)2

This is negative for our repulsive potential.

Problem 10.9
(a) Prove the identity
GH(E) = Gy (E)[1 + VGH(E)]
with
GeE)=(E+ie—Hy)™'. GHP(E)=(E+ie—H)"
(b) From the equation
W) = 1K) + GHUEIVIK)
derive the operator scattering equation (the Schwinger—Lipmann equation)
i) = 1k) + G5 (B)VIY)
(c) Establish the orthonormality property
Wi ) = (k) = 8k — k)
(d) If ¥’ = k, prove the relation
W 1VIK) = K1V g™
(e) Introduce the operator
T(E)y=V +VGP(E)V
and show that

T(E)— THE) = —27i VS(E — H)V
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Solution
(a) Multiplying by G, ! from the left and G~! from the right, we arrive at the
identity

Gy'=G'+V < E-Hy=E-H+V
(b) We have
k) = 1+ GV)™ |y
This, substituted back, gives
) = 1K) + GV + GV) ™)
This would be the Schwinger—Lipmann equation if
GV(1+GV)' =GV
which is equivalent to
GV =GoyV(1+GV)
or
GV =Gy(1+VG)YV

This, thanks to the identity proved in (a), is always true.
(c) We have

(Y lvk) = Wil [T+ GEIVIIK) = (Y [K) + (Yw l(E — H)'VIK)

= (Y K) + (Y [(E = ENT'VIK) = (Y |K) = (Y| V(E" — Ho) ™' [K)
= (Y |K) = (Y |V Go(ENIK) = (Y| [1 = VGo(EN] |K)

= (k'lk) = 8(k — k)

(d)

WIVIK) = K| [1+ GOEWV] VIK) = K| [1+ VGHE)] VIK)
= (K'IV[1+ GHEWV]IK) = K'|VIy)

(e)
; 1 1
T(E)—TW(E)=V - — - \%4
E+ie— H E—ie— H
—2ie .
=V————V =-227iV§(E — H)V

(E— H)? 4 €2
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e

kl

k /g
_—

@-¢
Fig. 45 Scattering from a dipole.

Problem 10.10 Consider an electric dipole consisting of two electric charges e and
—e at a mutual distance 2a. Consider also a particle of charge e and mass m with
an incident wave vector K perpendicular to the direction of the dipole; see Fig. 45.

(a) Calculate the scattering amplitude in the Born approximation. Find the directions at
which the differential cross section is maximal.

(b) Consider a different system with a target consisting of two arbitrary charges g; and g,
similarly placed. Calculate again the scattering amplitude and the directions of maximal

scattering.
Solution
(a) The potential created by the dipole is
V() S
r=—
Ir+al |r—a

We have placed the charge —e at —a and the charge e at a. The scattering amplitude
in the Born approximation is

47%m 4r’me? dr . 1 1
k') = — K'|VIK) = — S
Jl =TtV === | Gy ( |r+a|+|r—a|)
2 2 3
_ _4”71’;“’ (;:;3 ¢ird % (_e—iq-a 4 eiq.a)

We have denoted g = k — k’. The integral involved is

. 1 o0 1 . 4
/ dre"l - = 271/ drr / (d cos 0) e <Y = —Z
r 0 -1 q
Thus, the scattering amplitude is

2me? 1 . . 4ime* (sinQ-a
k/ - _ o _e—zq<a+ ezq-a — _ ( >
fi(k") 3 qz( ) 2 p
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Takingk = k2anda = aX, wehavek’ = ksin R + k cos 0 2, g> = 2k*(1 — cos6)
and q - a= —kasinf. Thus

4m2e* sin®(ka sin0)

NEE
[tk = (k)y* (1 — cosf)?

The cross section becomes maximal when
. T A
2asin@ = E(Zn +1)= 5(211 +1)

(b) The scattering amplitude will be

4n2mef dro. 1

Ky = — irq = —ig-a ig-a
Ju(k") - A (q2¢7'%% + q1'%?)
2me 1 ; .
= —— — (e "%+ g1
h2 qz (QZ q1 )
_ me (q1+q) cos(kasin®) + i(q, — g2) sin(ka sin 6)
C (hk)? 1 —cos@

The differential cross section is

m2e? (g, + ¢»)? cos®(ka sin0) + (g1 — g»)? sin®(ka sin )

k| =
[ etk (hk)* (1 — cos0)?
. m?e? ‘112 + qz2 + 2q1g> cos(2ka sin 6)
(hi)* (1 — cos9)?
For g14, > 0, maximal cross section is achieved at
. 2
2asinf = nT =ni

while if g;g, < 0 itis achieved at

. T A
2asinf = (2n + 1); =2n+ 1)5

Problem 10.11 Consider the scattering of particles of mass m from an attractive
potential that has a constant strength — V{y within a sphere of radius R but vanishes
elsewhere. Calculate the differential and the total cross section for kR < 1 (i.e.
small energies).

Solution

The phase shift is given by the formula

s, JIKR) = o jokR)
© 7 n,(kR) — ay ny(kR)
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where «; is the logarithmic derivative® at » = R. In the limit kR < 1, using the
small-argument behaviour of the spherical Bessel functions, we get

204 1) e @R =

tan 8y A~ —— ———— (kR
[(2¢ + D] aR+E(+1

These phase shifts are small; the scattering will be dominated by small values of £.
The differential cross section is

do 1 5
—— ﬁ|30+361P1(c0s0)—|—-~-| ~Co+Cicosf +---

a2
where
8% ) Rzaé
Co=75= 2
k (1 4+ Rayp)
666 R(—1+R
;= 201 _ o r2kRy? aoR(—1+ Ray)
k2 (1 + Rap)(2 + Ray)
and
C —1+4+R 1+R
G _ 2(kR)2( + Ro)(1 + Ray)
Co Roo(2 + Roy)

It is clear that C;/Cy < 1 in the limit of low energies.
The total cross section will be

R \2
o Z/ dQ2 (Co+ CycosO +---) ~4nCy = 4 R? (L)

14+ agR

tang R\ >

— 47 R? (1— mnaq )
qR

Problem 10.12 The scattering amplitude of a particle of mass m in a potential V (r)
can be written as

dmm?

it = =2 v vy

where W|£+) is the scattering wave function, which satisfies the integral equation’
) = |k) + G E V[T

Write down the Born expansion of the scattering amplitude. Using the optical

8 The logarithmic derivative at r = R is ay = j'(qR)/je(¢R). The wave number ¢ is defined as ¢ =

V2m(E + Vo)/n?.

9 The Green’s function operator is defined as

1

GUE) = -
E+ie—H
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theorem calculate the total cross section for the potential V(r) = gZe " to the
lowest non-trivial order.

Solution

The scattering amplitude in the forward direction is

41%m

Sy = ———(k|V]¥")

p
47%m

=T [<k|V|k>+<k|VGg+)(E)V|k>+...]

Its imaginary part will be
2

4w m
Im [ fik(K)] = —

2
2

27 m 1 1
==X (kv : - vk
ih E +ie — Hy E —ie — Hy

{Im[<k|V|k>] + Im[<k|VG(O+>(E)V|k)] 4. }

_ 27%m 5 k‘V vl
= eV ara Y
47‘[3m 47.[3m ;
= L KIVSE -~ HoV k)= (k|Vqu|q)(q|5(E_H0)V|k>
4 3
= j;lzm / d*q (KIVa) @IV IK)S (EGk) — E(g)
4 3
= j;lzm/d%] [(kIV[a)|* 8 (E(k) — E(q))
873m?

S RIS

Let us now calculate the potential matrix element, first setting Q = k — q. We
have

&dr A .
<k|V|q> — gZ/ me iQr—pu
g2 00 1 )
=— drrie ™™ / (d cos ) e'0rcost
VN 4 0 —1

ig2 e’ ] )
— drr [e—(u-HQ)r _ e—(u—lQ)r]
47T2Q 0
0]

l'g2 00 ) ]
___'8& 9 / dr [ #HOr _ g-tumior]
472Q ap Jo

g’ a( 1 1 )
C 4m?Qop \u+iQ wu—iQ

B ig2< o )_M_gz 1
A2 \(w+iQ)?  (w—iQ)?) 7w (u2+ 0?2
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For g = k, we may write
0% = 2k*(1 — cos )

Thus, the imaginary part of the scattering amplitude is

8g*u’m’n

1
Im k =7‘/d3 SE—, 7L
[fi(K)] 3 1T oy (g )
8g*u’m’m? / /1 1
= dqgqdlg —k dcos) ——
v ; qq5(q —k) | ( )<2+Q2)4
8g4k,l,L2 2 2 1
o m— dcos6
T /( COS8) A — 2K cos 0)F
4,222
1
:Mf (d cos6)
2k7R* _1 (—p?/2k? — 1+ cos 0)*
_ 16 g*m*kn?\ 3u(u? + 4k?) + 16k*
3 h4,u4 (u? + 4k2)3

The total cross section is

64m3g*m?\ 3u’(u? + 4k*) + 16k*
o =
3h4 (M2+4k2)3

Problem 10.13 Consider a one-dimensional potential that vanishes beyond some
point, i.e. V(x) = 0 for [x| > a > 0.

(a) The scattering wave functions satisfy the following integral equation'’
o0
U0 = g + / dx' GoP(x = )V (g )

where ¢ (x) = ¢'** //27. Determine the Green’s function Ggﬂ(x — x'). Show that it
can be written as the position matrix element of an operator.
(b) Show that in the asymptotic region |x| > a, we can write

ik|x|

Var

Determine the scattering amplitude f(k, k") in terms of V and .
(c) Whatis the connection of the scattering amplitude f (k, k) to the reflection and transmis-
sion coefficients, familiar from standard one-dimensional problems? Prove the relation

e[fk, 1= =1[Ifk. P + | fk, —b)7]

Vi(x) ~ ¢r(x) + [k, &)

10 The wave number corresponds to the energy in the standard way, E = h2k?/2m.
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(d) Consider the exactly soluble problem for which V(x) = gdé(x). Calculate the scattering
amplitude in the Born approximation and compare with the known exact answer. Show
that, in the attractive case, the Born approximation is valid only when the energy is large
in comparison to the bound-state energy.

Solution
(a) Acting on both sides of the integral equation with the operator Hy — E, we
obtain

[Ho(x) — E1¥ P (x)

= [Ho(x) — E]gw(x) + f dx' [Ho(x) — E1G5P(x — x )V (i (x')

—00
or

—V@) Y (x) = f " i [Ho(x) — E] G = W ()

—00

which implies that
[E +ie — Hy(x)] G§”(x — x) = 8(x — x)

We have added the term +-i€ to the energy in order to fix the boundary conditions
at infinity. Fourier transforming, we obtain

dq / n’q?\ - dq . /
—1 Lig(x—x") E s G(+) — / 49 igx—x")
fzne ( e, )G @ 2’

N "2k B2g2 !
G @) = (— -1y ie)

and

2m 2m
Thus finally we get

©dg . (RAE Rlq? -
Ggi_)(x _ x/) — / _q elq(X*x) (_ — —q + l€>

0 2T 2m 2m
2im ek =x) ek¥'=0) im . ,
=5 |:®(x —x') T O — x) = :| = ikl
It is easy to see that the position matrix elements of the operator
G§(E) = “%_HO

give exactly the Green’s function

xIG(E)X) = / dq (x|q) (q|GSP(E)Ix')

2 2\ !
:/ 49 ix—xg E+,-6_M
2 2m
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(b) In the asymptotic region we can make the approximation

Ix — x| = V(x — x)2 = /x2+ (x/)2 — 2xx' & /x2 — 2xx’

x’ x|
%lxl 1—— :|x|—x—
X X

Thus, defining &’ = k|x|/x, we approximate the Green’s function as follows:

im . im0
GE)—H(X _ x/) - etklx X etklxl ik'x

1k 1’k

Then we have

(+)(x)&, 1 |:eikx _ iv2mm k]
k =

h’k

V2

The scattering amplitude is

/ dx’ e_ik/X/V(X/)lﬂ,£+)(X/):|

mi~/ 27w
— d
hk

(c) In the far positive region, x > a, the wave function is

f(k, k/) - _ xlefik’x’v(x/)vllg-i-)(x/)

ikx ikx

k, k
m+f( )\/E

In the far negative region, x < —a, itis

eikx —ikx
N S —
V27 4 21

From these expressions we can recognize immediately

(1) the incident wave and current

eikx hk

’ Jl -
V2 m(2rm)

(2) the reflected wave and current

e—ikx hk

k, —k , Jp = ———|f(k, —k)
f( )m t m(zn)lf( )]
(3) the transmitted wave and current
efikx hk
1+ fk, k . Ji=—— 1+ fk, k)
[T+ f( )]m | m(27t)| Sk, k)

Thus, the reflection and transmission coefficients are

T=J0/i=11+fk,OF,  R=\L/J=I|fk =k



10 Scattering 329

Probability conservation dictates that
R+T=1
which is equivalent to

1L+ fk, k) + 1 f(k, K))> =1
= |f(k. =k + |/ k. b = —2Re[ f(k. k)]
(d) The exact answer for the scattering amplitude of the delta function potential
is
___ '8
S = ig +n’k/m
and the bound-state energy is
mg?
2n?

On the other hand, the Born approximation to the scattering amplitude gives

E, = —

.8m
B~ —i—-
n*k
Notice that the exact answer can be rewritten as (g < 0)

—i

f=—F
i — E/|Ey|
In the high-energy limit £ > |E|, this is approximated by
. [IEb] .mg
fri—7 = it = /s

which coincides with the Born approximation result.

Problem 10.14 The neutron—proton scattering amplitude is of the form
f=xl(a+4n7%S,-S) xi

where x; and yr are the initial and final states. Calculate the cross section for
neutron—proton scattering when the initial and final proton spins are not measured.
Solution
The operator appearing in the amplitude is

Si+ S =3 [SEVSE + 50800 + 255, |
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The cross section corresponding to the scattering of neutrons from protons when
the target spin is not measured will be

Umn_ Z ‘fpmn

mp, m

In particular, we have

O'+EO'1= Z ‘fmp

‘ 2

The first relevant amplitude is

b L = (o= 4 lfa-+4n 725, -5) g = 3
= (a + 2bmp) Smom

and leads to the cross section

oy = Z |a+2bmp|28mpmé=2 |a+2bmp‘2

!
my, my, mp

=la+b>+ |a—0b|* =2lal* +2|b)?
Similarly, we have for the other amplitude
ml, — —
iy = (ol = 3 lfa+ 41728, ) g =~ )
= 2b8m;, 1/26my,-172
and for the corresponding cross section

o_= Y MbPSw 1/28m, 12 = 4IbI

mp,m;)

The polarization @ will be

o, =0 _ laP— b
or+o_  la>+3b?

o =

Problem 10.15 Consider the scattering of a particle by a distribution of scattering
centres. Each scatterer is located at a point r; and scatters with a given potential
Vo(Ir — r;]). Write down the scattering amplitude in the Born approximation.

(a) Consider the case of a cube of side a with the scatterers placed at its eight vertices.
(b) Do the same for an infinite cubic lattice of lattice spacing a.
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Solution
The Born-approximation scattering amplitude is (q = k — k")

o hZ/d3r/e’qr Z Vo(lr’ —r;])
=g ¢ / dp ¥ Vilp) = " Vilg) Y %"
i i

where Vj is the Fourier transform of the given potential V.

k() = —

(a) In the case of the cube, the sum is

8cos(aq,/2)cos(agy/2) cos(aq,/2)
The cross section will be
d 64m?(2m . '
7 7’”5 )|V| 2 8D o2 DA o2 14
dQ h 2 2 2
Maximal value is achieved when all g; = 2n;7/a.

(b) In the case of an infinite lattice, the sum is

§ :ezaqxn‘ § :ezaq‘n‘ § :ezaqn

n,=0 n,=0
=( _ eiaqx)—l(l _eiaqy)—l(l _ iaqj)—l

-1
= —8j ¢ @tarta)al2 (sm 3x9 in D% gin @)
2 2 2

The cross section will be
do  64m(2n a\~!
— = # Vo | <s1n 29:4 sin? 22— Kbk sin’ qi)
dQ nt 2 2 2
Maximal (infinite) cross section corresponds to any of the momentum transfers

2n, 7 2nym 2n,m

qx = s qy = s q: =
a a a

(nxa nyv n; = 15 25 )
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Index

addition of angular momenta, 125, 129, 146, 150, 153
angular momentum, 118
anharmonic perturbation, 275

Bell’s inequality, 157, 158, 161
Born approximation, 319, 322, 324, 330

central potential, 183, 206, 217

charged harmonic oscillator, 84

classical action, 297

coherent states, 100

Coulomb interaction screened at short distances, 273,
277

cross section, 306, 309, 330

delta function near a wall, 50

delta function potential, 45, 66, 70, 315
delta-shell potential, 190, 192, 198, 306
density matrix, 171

deuteron, 264, 267

dilatations, 212

double delta-shell potential, 311
double-well potential, 296

driven harmonic oscillator, 112

Einstein—Podolsky—Rosen paradox, 157
electric dipole moment, 207, 255, 260, 279, 281
electric quadrupole moment, 207, 260, 267
electromagnetic transitions, 290, 293
energy—time uncertainty relation, 22
entanglement, 157, 175

expanding square well, 38

exponential decay, 171

free particle, 17
Gaussian wave function, 25, 27

hard sphere, scattering from, 308

harmonic oscillator, 82

harmonic oscillator dispersion, 90
harmonic oscillator with a delta function, 91
heavy quark—antiquark bound states, 203

helium atom, 249

hydrogen atom in a magnetic field, 118, 122, 131
hydrogen atom in an electric field, 279

hyperfine splitting interaction, 262, 264, 269

identical particles, 244, 247, 248

infinite square well, 42

infinite square well with a delta function, 55

infinite square well with time-dependent electric
field, 287

instantaneous momentum transfer to a harmonic
oscillator, 94

isotropic harmonic oscillator, 185, 281

linear potential, 74

magnetic dipole moment, 137, 139, 261, 264
magnetic flux quantization, 242
many-particle systems, 244

neutrino oscillations, 161

neutron interferometer, 164, 174
neutron—proton scattering, 329
number—phase uncertainty relation, 104

one-dimensional scattering, 326
one-dimensional well, arbitrary shape, 63
operator scattering equation, 320, 324
optical theorem, 304, 309, 324
oscillating magnetic field, 141, 164

parabolic well, 64

partial scattering amplitude, 306

particle in a gravitational field, 239

particle in a magnetic field, 132, 134, 135, 146, 219,
223,230, 237

particle in an electric field, 132, 134, 208, 215, 255,
281, 301

periodic system, 5

phase difference due to magnetic flux, 222

phase shift, 306, 308, 318, 323

plane-wave superposition, 6

potential step with a delta function, 47
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propagator, 8—10, 110, 208, 242, 296 step potential, 39, 41
proton—deuteron ion, 265 Stern—Gerlach analyzer, 157, 166

system of three spinors, 151
quantum behaviour, 155

quantum measurement, 157, 166 teleportation, 177

quantum Zeno effect, 156, 168 Thomas—Reiche—Kuhn sum rule, 196, 198
three-dimensional reflection, 32

radial square well, 178, 194, 323 three-dimensional refraction, 32

rotations, 124, 126 time-dependent uniform electric field, 285, 286
triangular well, 64

scattering, 304 two-delta-function potential, 59, 61

scattering amplitude, 304 two-dimensional harmonic oscillator, 187, 189

scattering integral equation, 311 two-state system, 155, 171

Schwinger-Lipmann equation, 320

sinusoidal perturbation, 274 variational method, 299, 303

spin, 122, 139, 141, 144, 146, 148, 150, 153, 164, vector operator, 126, 128

230 virial theorem, 181
spin—orbit interaction, 267
square barrier with a delta function, 73 wave function, 1

square well, 52, 247 WKB approximation, 77, 78, 79, 301
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