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PREFACE ,:t\ é

x))

This volume is the result of a one-semester course in quantum mechanics
that I taught at the University of Virginia. The course was taken by physics
majors in their senior year and by graduate students from other departments,
mainly electrical engineering and astronomy.

The material presented somewhat exceeds what can be taught during one
semester. When presented in class the chapter on scattering could obviously
be left out. If scattering theory is desired, one could leave out Chapters
11 and 12.

The basic ideas, theorems, and techniques of quantum mechanics are
developed along familiar lines. They are applied, whenever possible, to real
physical systems which, at the level of this book, necessitates an emphasis on
the physics of the hydrogenlike atoms.

A look at the table of contents shows that problems related to the hyperfine
structure of hydrogen and positronium have been given much more emphasis
than is customary in texts at this level. This has been done for the following
reason: the hyperfine structure and its Zeeman effect offer a unique oppor-
tunity to demonstrate stationary and time-dependent perturbation theory and
such abstract concepts as the mixing of states in actual physical systems of
current research interest, yet with a minimum of mathematical difficulties.
Matrices can be diagonalized exactly, summations usually run only over
two values of the summation index, and orthogonality and normalization
do not require integration over all space but are immediately obvious from
the properties of the two dimensional state vectors involved.

I owe a debt of gratitude to Professor J. Eisenberg for numerous enlighten-
ing and enjoyable discussions.

KrLAUs Ziock
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In the choice of notations the author of a book is inevitably faced with a
dilemma. On the one hand, it would be nice to keep the notation unambig-
uous; on the other hand, it is desirable to keep it conventional. An un-
ambiguous notation would not only quickly use up all the known alphabets,
it would also of necessity be unconventional. The letter m, for example, is
commonly used to describe the mass of particles—predominantly of elec-
trons—but it is a/so commonly used for the quantum number of the z-
component of the angular momentum. In the case of such an obvious clash
between convention and uniqueness this author has always sided with
convention. To reduce confusion as much as possible the following table is
offered. It does not claim to be complete since sometimes a variable or
constant appears briefly only to be substituted into oblivion on one of the
following pages. In such a case I feel that inclusion in this table would have
introduced more confusion that it would have alleviated.

In general, cgs units have been used in this book. In the treatment of
angular momentum, atomic units have been used in some places, to the
extent of letting 4 = 1, (see p. 99.)

1. MATHEMATICAL SYMBOLS

Symbol Explanation or Definition Introduced
A,B,C,... Matrices Appendix A.4
a,b,c,... Vectors or their representatives Appendix A .4
r The radius vector or its representative
A, B, C,... Linear operators Appendix A.1
A BC,... Scalars in general use. If (in a special case) a is
ab,c,... a vector, the symbol a = |a| = + V(@-a)is

used for its magnitude
i The imaginary unit i = V' —1
i,j, k The unit vectors in the direction of the z-, y-,

and z-axis of a cartesian coordinate system
P, The Legendre polynomials Eq. 5.47
pm The associated Legendre functions Eq. 5.60
Yim The spherical harmonics Eq. 5.62
A A finite increment of the quantity following A

Example a, — a; = Aa
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1. MATHEMATICAL SYMBOLS (cont’d)

Symbol
v

V2

™

[1

Symbol

Sy ARG ©

ol
o]

Explanation or Definition
The gradient operator. In cartesian coordinates

a2 ?
v ==l'5; +3 5; +‘k‘5;

The Laplace operator. In cartesian coordinates

02 22 02

V2 = — —_ —
ox? + oy? + 022

For the Laplace operator in spherical polar co-
ordinates see Eq. 5.21

As in A signifies the transpose of the matrix A

As in AT signifies the hermitian conjugate of the
matrix A

As in a*, a*, A*, A*, etc., signifies the complex
conjugate of a complex quantity.
Commutator brackets

[A, B] = AB — BA*

“2. PHYSICAL SYMBOLS

Explanation or Definition
The velocity of light
Describing a state with L = 2
Describing a state with [ = 2

The Lattice period of the one-dimensional
crystal

The energy

The electronic charge, also the basis of the
natural logarithm

The gyromagnetic ratio

The hamiltonian matrix; the hamiltonian
operator

Planck’s constant h = 6.6256 x 10~% erg sec
ki = h[2n; also in atomic units /i = 1
The quantum number of the nuclear spin

The quantum number of the total angular mo-
mentum of an atom

* Also other uses

Introduced

Appendix A.4

Appendix A.4

Chapter 6.3

Introduced

Chapter 7.5
Chapter 5.6

Eq. 3.84

Eq. 7.14

Eq. 9.15;
Eq. 2.30
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2. PHYSICAL SYMBOLS (cont’d)

Symbol
k

n
P

4

P, p

r,r

S

s

t

u(r), u(r)
|4
z,y,2

o

T D

dQ

w

Explanation or Definition

The wave number of an electromagnetic or
matter wave k = 2x/A, where A is the wave-
length

The quantum number of the total orbital angu-
lar momentum

The quantum number of the orbital angular
momentum

The quantum number of the z-component of an
angular momentum, also the mass of a par-
ticle, especially the reduced mass (Eq. 5.8)

The principal quantum number
Describing a state with L =1
Describing a state with / = 1

The momentum, its magnitude
The radius vector, its magnitude
Describing a state with L =0
Describing a state with / = 0

The time

A time-independent wave function
The potential

The components of the radius vector
Spin state-vector indicating m; = %

« =\/2mE *
72

Spin state-vector indicating m; = —%
The wavelength*

A magnetic moment

The Bohr magneton

The frequency

The differential cross section

The total cross section

The Pauli matrices

The volume element, in cartesian coordinates:
dr = dv dydz, in spherical polar coordi-
nates: dr = r?drsin 9 d9 dep

A (generally, time-dependent) wave function
The solid angle element
The angular frequency

* Also other uses

Introduced

Eq. 5.114

Eq. 5.36

Eq. 5.29
Eq. 5.107
Eq. 5.8

Eq. 5.77
Chapter 7.5
Chapter 5.6

Chapter 7.5
Chapter 5.6

Eq. 2.18

Eq. 10.65
Eq. 34

Eq. 10.66

Eq. 7.11

Eq. 13.1
Eq. 13.2
Eq. 9.79

Eq. 13.1
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INTRODUCTION kY

Since time immemorial, man has observed his environment and has tried to
make sense out of what he saw. A crowning achievement in this endeavor
was the creation of Newtonian mechanics. For the first time in history it had
become possible to describe mathematically a large body of experience using
just three basic laws. In the two centuries following Newton, physicists
applied his theory in a more and more refined form to everything in sight.
Buoyed by their brilliant successes, many physicists during this period
believed that they would eventually be able to describe all natural phenomena
in terms of Newtonian mechanics. Even the development of electrodynamics
by Faraday and Maxwell seemed only to add new forces to the already known
gravitational force, leaving Newton’s laws untouched.

Toward the end of the last century and the beginning of the present one,
cracks began to appear in the monolithic structure of physics. Experiments
were performed whose results were in flagrant disagreement with any reason-
able conclusion drawn from Maxwell’s and Newton’s theories. In this book
we shall concern ourselves with these disagreements and with the conclusions
drawn from them by the equals of Newton.

To physicists early in this century the failures of Newton’s theory were
deeply disturbing. To us, humbled by the struggle with the understanding of
nuclear forces and, of course, equipped with 20/20 hindsight, its successes
seem to be more startling than its failures. It is indeed almost miraculous that
a theory which describes correctly the fall of the legendary apple on Sir
Isaac’s head also accounts for the motion of the earth with its 2 x 10%
apple masses around the sun. To expect that the same theory should also
describe the motion of an electron with 3 X 1073 apple masses seems now
presumptuous.

When we enter the through-the-looking-glass-world of quantum mechanics,
we must remember that our imagination has been molded in lifelong contact
with things and events that are correctly described by Newtonian mechanics.
It will, therefore, be best if we leave behind the collection of prejudices that

1




2 INTRODUCTION

we sometimes fondly refer to as common sense. Again and again we shall
have to ‘examine with experiments the firmness of the ground on which we
stand, and we shall have to entrust ourselves to the guidance of mathematics
as we move about.

A BRIEF HISTORY OF QUANTUM MECHANICS

The great scientist,. the true genius, blazes the trail into unexplored
territory. For any serious student of science it will be inspiring and rewarding
to trace the steps of the great explorers in their conquest of the unknown.
Yet for his own first exploration, the student may find the steps of these
explorers too steep and their trail too rough, and thus in this book our
approach has generally been, how it might have happened.

The development of quantum mechanics, on the other hand, is one of the
most fascinating chapters in the history of the human intellect; and in the
following section we shall try to trace the historical development of the ideas
presented in this book.

How It All Started

Toward the end of the nineteenth century, physicists had every reason to be
satisfied with their accomplishments. Newtonian mechanics had explained the
miracles of the heavens and had reached in its Lagrangian and Hamiltonian
formulation an apex of mathematical elegance. Maxwell’s equations had
explained the mysteries of electromagnetism, and thermodynamics was a
fully developed branch of physics and the secure foundation of a thriving
technology. It is not surprising, then, that many physicists thought that all the
questions has been asked and that finding the right answers would be merely
a matter of time. One physicist who expressed himself in this sense was
Phillipp v. Jolly. His remark would be just one of many famous last words if
it were not for the name of the student to whom it was addressed. The
student was Max Planck who, undeterred, had taken up the study of thermo-
dynamics and by 1900, at the age of 42, had become one of the foremost
authorities in this field. It was then that he presented at a meeting of the
German Physical Society an empirical formula with which he attempted to
bridge the gap between the Rayleigh Jeans law and the Wien law of blackbody
radiation. The former described the connection between wavelength and
intensity correctly at long wavelengths whereas the latter gave a correct
description in the limit of short wavelengths. Planck’s formula, which was a
purely empirical interpolation between the two well known laws, fitted the
precise measurements that were then available with extraordinary accuracy.
This inspired Planck to search for a rigorous derivation of his formula! and

1 M. Planck, Ann. d. Phys., 4, 553 (1900).
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“...after a few weeks of the most strenuous work of [his] life, the darkness
lifted and an unexpected vista began to appear. . .”” This happened, however,
not until he had been forced to “.. .an act of desperation.”

This act of desperation was the assumption that an oscillator could absorb
and emit energy only in the form of quanta of the energy E = hv. Planck’s
revolutionary assumption was ignored by most physicists and attacked by
some. One of the most vigorous attackers was Planck himself, who for the
following 15 years tried to derive his results without assuming the quanti-
zation of the oscillators. He came away knowing “. . . for a fact that the ele-
mentary quantum of action played a far more significant part in physics than
[he] had initially been inclined to suspect. . ..”

It was none other than Albert Einstein who realized in 1905 the sweeping
significance of the assumption that Planck, who was no revolutionary, had
made so reluctantly.

In 1905 Einstein® concluded that Planck’s . . .determination of the quantum
is to a certain degree independent of his theory of black body radiation. . ..”
He then showed that Planck’s “light quantum hypothesis™ if generalized by
assuming that all light can be emitted or absorbed only in the form of quanta
of the energy

E=hv

explained not only Stoke’s law of fluorescence but also Lenard’s recent
measurements of the photo effect. Einstein’s equation E = hv of course
specifies only that light cannot be emitted continuously. It was not initially
interpreted as meaning that light quanta are discrete particles that are emitted

in a well defined direction. This final conclusion was drawn by Einstein in
1909.

Quantum Mechanics and the Atom

Today the terms atomic physics and quantum mechanics are almost
synonymous, yet the application of the quantum hypothesis to the theory
of atomic structure was slow in coming. The idea that atoms are the building
blocks of all matter had been firmly established during the nineteenth century;
however, the structure of the atoms remained a complete mystery. Without
any notion at all of the atomic structure, it was of course impossible to apply
the new quantum hypothesis to what we now consider its most proper realm.
This situation changed suddenly in 1911 when an English physicist, Ernest
Rutherford,® discovered that all the positive charge and almost all the mass
of an atom are concentrated in an extremely small nucleus surrounded by an
almost massless negative cloud. In 1912 a young Danish physicist, Niels

2 A. Einstein, Ann. d. Phys., 17, 132 (1905).
8 E. Rutherford, Phil. Mag., 21, 669 (1911).
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Bohr, met Rutherford and one year later he had abstracted from Rutherford’s
discovery a theory of the structure of the hydrogen atom.? Bohr’s model of
the hydrogen atom had the electron circle the nucleus in allowed orbits whose
angular momenta were quantized. The energy difference between two
orbits was to be equal to the energy of the photon emitted in the transition
from one orbit to the other.

During the next ten years or so Bohr’s theory was generalized and refined
and by 1923 it had been built into the complex system of postulates and
empirical rules that is now known as the old quantum theory. This theory was
capable of explaining most of the observed features of atomic spectra quali-
tatively and of explaining some of them quantitatively. All the while it was
obvious that it was not the real thing.

Quantum Mechanics

The next step forward was an eerie hypothesis by Prince Louis de Broglie®
of France. He proposed, based on relativistic considerations, that particles
should be assigned a wavelength

_h
p

A

now known as the de Broglie wavelength. This sent an Austrian physicist,
Erwin Schrodinger, who was at that time in Ziirich, hurrying to his desk.
But while Schrodinger still calculated, lightning struck in Gottingen, Ger-
many, and set off an explosive development unequalled in the history of
science. In July, 1925, Werner Heisenberg, one of many brilliant young men
that had assembled in Gottingen under the tutelage of Max Born, sent to the
Zeitschrift fiir Physik a paper® with the abstruse title “Uber die quanten
theoretische Umdeutung kinematischer und mechanischer Beziehungen.” ?

In this paper he proposed a quantum theory that did away with all such
classical concepts as velocity and location of the electrons in an atom that,
alas, could not be measured in any conceivable way and replaced them with
relations between observable quantities. The algebraic rules that connected
the observables, Heisenberg invented as he went along. In September of the
same year his colleagues Max Born and Pascual Jordan pointed out® that
Heisenberg’s rules were the rules of matrix algebra, a mathematical subject
that physicists in those days had little reason to study.

4 N. Bohr, Phil. Mag., 26, 1 (1913).

5 L. de Broglie, Ann. de Physique, 3, 22 (1925).

8 W. Heisenberg, Zs. f. Phys. 33, 879 (1925).

7 “On-the quantum theoretical reinterpretation of kinematical and mechanical relations.”
8 M. Born and P. Jordan, Zs. f. Phys., 34, 858 (1925).
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In the meantime Erwin Schrédinger had not been idle and in January, 1926,
he sent a paper® to the “Annalen der Physik™ with the title, “Quantisierung
als Eigenwert Problem.” 1 In this paper he introduced his postulates for
the transition from classical mechanics to quantum mechanics, derived the
Schrodinger equation of the hydrogen atom, and solved this equation in
essentially the manner that has been presented in this book. One month later
in February, 1926, in another paper,!! he mentions that the perturbation
theory of classical mechanics can be extended to quantum mechanics and
concludes “. . .In first approximation results the statement that the perturba-
tion of the eigenvalue is equal to the perturbation term averaged over the
unperturbed motion. . ..” 1?

In March, 1926, Schrodinger showed?® the equivalence of his theory and
Heisenberg’s matrix mechanics.

The theories that had thus far been developed were nonrelativistic. But
the precision of spectroscopic measurements did not allow the small relativistic
effects to be swept under the rug. The “fine structure” splitting had already
been bothersome to the old quantum theory and in October, 1925, two
Dutch physicists, G. E. Uhlenbeck and S. Goudsmit,’s using the old quantum
theory, explained this splitting as the consequence of an intrinsic angular
momentum of the electron. They concluded that for this intrinsic moment
the gyromagnetic ratio must be g = 2. In May, 1927, Wolfgang Pauli'® was
able to present a formal theory for this electron spin using matrix notation.

In the meantime, physicists all over the world had gone to work and had
applied Heisenberg’s and Schrédinger’s ideas to the numerous problems of
atomic physics that had been awaiting solutions. In January, 1928, Paul
Adrienne Maurice Dirac, at Cambridge published!” “The Quantum Theory
of the Electron” which reconciled quantum mechanics with the special theory
of relativity. He put the capstone on an intellectual edifice that in all its
splendor had taken less than three years to be constructed.

9 E. Schrédinger, Ann. d. Phys., 79, 361 (1926).

10 ““Quantization as an eigenvalue problem.”

11 E. Schrédinger, Ann. d. Phys., 19, 489 (1926).

12 See Eq. 10.10.

13 E. Schrodinger, Ann. d. Phys., 79, 734 (1926).

14 See Chapter 9.

15 G. E. Uhlenbeck and S. Goudsmit, Naturwissensch, 13, 1953 (1925).
16 W. Pauli, Zs. f. Phys., 43, 601 (1927).

17 P.A.M. Dirac, Proc. Roy. Soc., 117, 610 (1928).
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THE EXPERIMENTAL FOUNDATION
OF QUANTUM MECHANICS

In this Chapter we shall discuss a few experiments whose results do not agree
with what classical physics would lead us to believe. The nature of the dis-
agreement will make it obvious that a completely new theoretical approach
is needed to describe these experiments. In selecting examples of these experi-
ments, we shall not in general follow the historical development, but shall
select those experiments that make the break most apparent. The inventors
of quantum theory did not wait for most of these experiments to be performed.
They were brilliant enough to read the new theory out of the less striking
experimental evidence available to them.

1.1 THE PHOTOELECTRIC EFFECT

If light strikes a piece of metal it frees electrons from its surface, and it is
experimentally possible to count these electrons and to measure their energy.
A quantitative investigation of the effect shows that the light intensity
determines the number of electrons thus freed but has no influence on their
energy. This is contrary to what we would expect from Maxwell’s electro-
magnetic theory since the intensity of a light wave is proportional to the
square of the amplitude of its electric field vector. The energy of the electrons
is, surprisingly, determined only by the color of the light, i.e., its frequency.
Albert Einstein (1905) showed that the experimental results could be described
by

E=h—E, (L.D
where E is the kinetic energy of the photoelectrons, / is Planck’s constant,’
v is the frequency of the incident light, and E,, is the work function of the

1 The constant h = 6.6256 x 10~%7 erg sec was introduced in 1900 by Max Planck to
describe the thermal radiation of a black body. We know today that 4 is a fundamental
constant of nature which plays an all important and all pervading role in quantum mech-
anics.

6



THE PHOTOELECTRIC EFFECT 7

metal, i.e., the amount of energy needed to remove an electron from the metal
surface. This experiment seems to demolish at once the conventional notion
that light is an electromagnetic wave. Einstein interpreted Eq. 1.1 by pos-
tulating that light always comes in the form of small packets, light quanta or
photons, and that the amount of energy in each photon is

E=h (1.2)

In the photoelectric effect an electron absorbs a single photon whose energy
becomes the kinetic energy of the electron.? The light intensity is simply given
by the number of quanta per second. In other words, light, which we had
thought consisted of electromagnetic waves, behaves in this experiment as if it
consisted of individual particles with an energy E = hv.

We can derive the linear momentum of an individual photon by using
Maxwell’s electromagnetic theory.

A plane electromagnetic wave of total energy E, transmits a linear mo-
mentum:

D= — (1.3)
C

where ¢ is the velocity of light. It follows that the momentum p of a single
photon is given by

_ b

h
p=""=" (1.4)

c
(A = wavelength)

This result is borne out by experiments. According® to Eqs. 1.2 and 1.4 it is
not possible to transfer all the photon energy to the electron and to conserve
momentum in a collision between a photon and an unbound electron. The
photo effect requires that the electron is bound to an atom, whose recoil acts
to conserve momentum. Since the atom is much heavier, the transfer of
energy to the electron is almost complete.

The collision of a photon with a free, or loosely bound electron is known as
the Compton effect. 1f a light beam* penetrates a thin slice of matter some of
the light is scattered. Arthur Compton (1923) showed that the wavelength of
the scattered light was increased and that the change in wavelength depended
on the scattering angle. Compton was able to explain the measured angular
dependence of the wavelength shift perfectly when he assumed that individual

2 The energy E,, is due to surface phenomena. If the photoeffect is observed on free atoms,
as in a gas, one has to replace E,, with E,, the ionization energy of the atoms.

3 See Problem 1.1.

4 This experiment is usually done with light of a very short wavelength, i.e., with x-rays.
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photons of energy E = hv and momentum p = hv/c collided with individual
electrons in such a way that momentum and energy were conserved just as
they are in the collision of a pair of billiard balls.

1.2 THE DIFFRACTION OF LIGHT

The fact that light behaves as if it consisted of particles even in experiments
that also reveal its wave nature can be strikingly demonstrated in a simple
diffraction experiment (Figure 1.1).

Tl ntensity

Fig. 1.1 Both photons and electrons exhibit their wave nature in a double slit diffraction
experiment. They ““interfere” with each other even if the intensity is so low that there is
never more than one particle at a time between the slits and the screen.

A light beam penetrates the slits 4 and B and creates the familiar double
slit diffraction pattern® on a screen. The light intensity on the screen is
indicated in the diagram above the screen. If we move a photoelectric cell
across the screen, its current will be proportional to the light intensity as
shown in the diagram. Next we equip the photo cell with an amplifier that

5 Shown here for slits that are narrow compared to the wavelength of the incident light.



ELECTRON DIFFRACTION 9

enables us to register individual photoelectrons and thereby, according to
Eq. 1.2, individual photons.

Now we put the photocell directly behind one of the two slits and reduce the
light intensity until, according to the photocell, only every now and then a
photon penetrates the slits. Having thus established that there is almost never
more than one photon at a time between the slits and the screen, we return
the photocell to the screen and move it slowly across. In doing so, we find
that more photons arrive at the cell when it is at the location of a diffraction
maximum and fewer, when it is at the location of a diffraction minimum. The
number of photons counted during equal periods of time and plotted as a
function of x gives exactly the same curve as the intensity plot obtained before.
We also discover that at any location the individual photons arrive at random,
although at a higher average rate at the diffraction maxima.

This experiment shatters all hope that we might be able to explain inter-
ference as some sort of interaction between photons that have penetrated the
slits. Clearly a new theory is called for to reconcile the seemingly conflicting
observations.

In sifting through the debris we find the following unassailable experimental
facts:

1. The diffraction pattern predicted by Maxwell’s theory exists even at the lowest
light intensities.

2. If one slit is closed, a single slit diffraction pattern appears.

3. If monochromatic light is used, the photoelectrons in the photocell have all
the same energy as given by Eq. 1.1.

4. At any given point “photons,” as measured by the photocell, appear at
random.

5. The average rate at which the photons appear is proportional to the light
intensity.

6. In “collisions” of *“‘photons” with electrons or atoms, energy and momentum
are conserved according to the classical laws of physics.

From this we conclude, tentatively, that light consists of discrete particles—
called photons—that can be counted. The photons obey the laws of a peculiar
non-Newtonian mechanics. This mechanics seems to determine only where an
individual photon is Jikely to go but does not seem to link cause and effect, i.e.,
initial and final conditions in the rigorous manner known from classical
mechanics. The larger the number of photons involved in a measurement, the
more closely their distribution approaches the distribution given by Maxwell’s
theory for the light intensity.

1.3 ELECTRON DIFFRACTION

We might console ourselves with the thought that photons are not really
bona fide particles and that things will look different with, let us say, electrons.
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So we replace® the lightbeam in Figure 1.1, with an electron beam and the
photocell with some device capable of counting electrons. Again we measure
the intensity, this time of the electrons as a function of the position z, and
again we find a double-slit diffraction pattern. The electron “wavelength”
calculated in the familiar manner from the slit separation, the slit to screen
distance d and the diffraction pattern, turns out to depend on the electron
momentum p. It is given by
_h
p

and is called the de Broglie wavelength of the electron.

It should be emphasized that this is the same relation that we had obtained
for photons (Eq. 1.4). It was de Broglie’s contribution to have guessed
Eq. 1.5 correctly when there was no direct experimental proof for it.

The fact that Eq. 1.5 does not depend explicitly on the mass of the electron
suggests strongly that it might hold true for any kind of particles, as, indeed,
it does. We do not encounter this kind of diffraction phenomenon in our daily
life simply because, as a result of the smallness of /, the wavelength of mac-
roscopic bodies is exceedingly small. The wavelength of a man of 7 x 10%g
walking at a velocity of 100 cm/sec is given by Eq. 1.5 as

6.6 x 107%
100 x 7 x 10*

Obviously this will not lead to observable diffraction phenomena if he passes
through a slit of 100 cm width (a door).

) (1.5)

~ 107 cm

1.4 PROPOSED THEORETICAL APPROACH TO THE PROBLEM

We have seen that light behaves as if it consisted of particles and that the
light intensity in a certain place can be interpreted as the probability of
finding photons there. On the other hand, particles (electrons, for instance)
after passing through a slit distribute themselves in such a way that the prob-
ability of finding them in a certain place can be calculated by assuming
that they are waves. The notion that there should be any ““as if’s”” in nature is
disturbing, and we shall therefore adapt the following point of view:

Matter as well as light consists of particles; however, the behavior of these
particles is not described by Newtonian mechanics but by some sort of wave
mechanics or quantum mechanics.

6 Electrons of an energy suitable for this experiment (~50 keV’) have according to Eq. 1.5
a very short wavelength. The *‘replacement” therefore requires a considerable change in the
scale of the entire apparatus. Electron diffraction experiments of this kind have become
possible only recently and tax severely the skill of even the best equipped experimentalist.
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This new kind of mechanics, somehow, does not allow definite predictions
for the behavior of an individual particle but describes only some sort of
average behavior or, in other words, only the probability that a certain
particle will do a certain thing.

The opposite viewpoint is also legitimate: light and matter can be described
as waves which, during emission and absorption, manifest themselves as
particles.

The theory we are about to develop will encompass both pictures. Which
picture we use mentally in thinking of a situation is a matter of practicality
or preference—this author, for one, refuses to be considered a wave, no
matter how short his wavelength. Obviously the correct quantum mechanical
theory must go over into the well-known classical theories of light and
matter under certain limiting conditions. The way in which this happens is
hinted at by our above experiments. If a vast number of photons arrives
during a short time interval, their particle nature will no longer be apparent,
but we will observe the intensity predicted by classical electrodynamics.
This is especially true if the frequency » and thereby the photon energy Av is
small. A single photon of a radio wave contains so little energy that no experi-
mental equipment is sensitive enough to register it. If radio waves are at all
detectable, there are so many photons present that the electrodynamical
description is fully adequate.

If the mass of a particle is much larger than, let us say, the proton mass, the
diffraction effects will become negligible and the probability to find the
particle in the zero order diffraction maximum (i.e., straight behind the slit
where classical mechanics says it ought to be) will become a certainty.

1.5 HEISENBERG’S UNCERTAINTY RELATION

The thought that for a well-defined initial condition, nature (or at least our
theory) should not provide us with a well-defined final state is unpleasant.
We shall, therefore, following Werner Heisenberg, examine the concept of
the well defined initial state more critically.

Obviously we know the initial state of a particle, i.e., its momentum and
location, only if we have actually measured it. Let us, therefore, measure in a
‘“‘gedanken-experiment,” 7 proposed by Niels Bohr, the velocity and location
of an electron. Let us assume that we have a microscope so powerful that we
can see an individual electron with it. The fundamental process necessary to
accomplish this is, of course, that light (i.e., at least one photon) is bounced

" A gedanken- , or thought-experiment, is an imagined experiment which, although im-
practical or even unfeasible, does not violate any fundamental law of nature. In a gedanken-

experiment we can let the cow jump over the moon and calculate the initial velocity it
needs to do this.
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Incident light

Fig.1.2 The combined effects of the finite resolution of the microscope and the momentum
transferred by the photon set a fundamental limit to the accuracy with which the location
and the momentum of the electron can be known simultaneously.

off the electron and enters the objective lens of the microscope (see Figure
1.2). '

It is well known that, because of the finite size of the diffraction pattern, a
microscope of focal length f can resolve a particle position only with an
uncertainty:

4 ;
Ax ~ f= 1.6
x fd (1.6)

where 1 is the wavelength of the illuminating light. The photon in bouncing
off the electron transfers some momentum to it (Compton effect). The «-
component of the momentum of the scattered photon is determined only
with an uncertainty '

4
2f
since we do not know where it actually went through the lens. Thus, even if

we know the momentum p, of the photon before the collision perfectly well,
after the collision the z-component of its momentum is only known within®

+ps

Ap, = B4 1.7
y4 L (1.7

8In the derivation of Eq. 1.7 it has been assumed that the absolute value of the photon
momentum has not been changed by the collision, i.e., the electron has been considered to
be ““heavy” compared with the photon. This assumption is valid as long as the photon
energy is small compared with the rest energy, E, = 511 keV, of the electron. For photons
of visible light (E = hv ~ 4 eV) this is certainly a valid assumption.
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From the conservation of momentum it follows that after the z-component
of the electron-momentum has been observed, it is uncertain within the same
limits. The product of the uncertainties of electron z-coordinate and mo-
mentum is therefore

A\ (p.d Ah
Awhp, = (P (P = ap, =21 — 1.8
zAp, (d)(f) P =" (1.8)
(using Eq. 1.4 and assuming that the light was incident in the z-direction, i.e.,
that p, = p,).
The fact that
AxAp, = h (1.9

contains neither the particle mass nor the parameters of the microscope
suggests that it might be universally valid, as is indeed the case. Equation 1.9
expresses the famous uncertainty principle by Heisenberg and says in words
that, if the coordinates of any object are known with an accuracy Az, Ay, Az,
then its momentum is uncertain within®:

h h h
A =—, Az—__
Py P Az

Ap, =,
Pe = Az Ay

(1.10)

According to Heisenberg’s uncertainty principle as stated in Eq. 1.9, we
can never know the initial state of any system with complete accuracy, and
this rather than a lack of causality is the reason that our theory can determine
only the probability that a certain final state will occur.

Much has been written about the question whether nature is really in-
determinate or whether the uncertainty principle states merely a limit,
although a fundamental one, to the accuracy with which we can measure
things. As we have seen in Bohr’s gedanken-experiment, our trouble stems
from the fact that the probe particles (the photons) have a nonzero wave-
length and momentum. The uncertainty principle is thus deeply anchored in
the wave nature of particles. If a particle with zero wavelength existed, it
would not be subject to a description by quantum mechanics, and the un-
certainty principle would not apply to it. The particle would also, if used as a
probe in Bohr’s microscope, destroy the uncertainty principle for all other
particles. Until such a particle has been found, we leave the above question
to the philosophers. '

® The alert reader will have noticed that something is amiss here. A single photon does not
create an image in the focal plane of the microscope. It would have been better to measure
the coordinates of an ensemble of particles using several photons. The result would have
been the same. Since a more formal discussion of the uncertainty principle is given later
in this book, we shall not pursue this point.
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PROBLEMS

1.1

1.2

1.3

14

1.5

1.6

1.7

1.8

1.9

1.10

Show that in a collision between a photon and a free electron energy and
momentum would not be conserved if all the photon energy were transferred
to the electron (photo effect).

Calculate the de Broglie wavelength of an electron whose energy is 1000 eV.
Compare the result with the wavelength of x-rays with an energy of 1000 eV.
Calculate the de Broglie wavelength of (a) an electron, (b) a proton having a
kinetic energy of 1 eV, 100 eV, 106 eV.

What advantages do electron microscopes have over light microscopes?
Why?

An automobile is moving with a velocity of 60 m/hr. What is its de Broglie
wavelength? What, if any, additional assumptions do you have to make to
solve this problem?

Derive an expression for the ratio of electron wavelength/photon wavelength
for electrons and photons of equal energy. At what energy are the two
wavelengths equal?

You are given a source of x-rays of 200 keV and are to demonstrate the
existence of the Compton effect and the photo effect. What kind of target
material, high Z or low Z, will you use as a target in (a) the Compton experi-
ment, and (b) the photoeffect experiment ?

The diameter of an atomic nucleus is of the order of 10713 cm. You want to
obtain information about the size and shape of nuclei and you have decided
to do this by bombarding them with fast protons. What is the approximate
energy to which you have to accelerate the protons?

A bullet whose mass is 10 ¢ moves with a velocity of 1000 m/sec. In a pre-
cision experiment this velocity is determined with an uncertainty of 1074%;.
How accurately, in principle, could one measure the location of the bullet?
Does the uncertainty principle constitute any practical limit on the accuracy
with which the location can be determined ?

A high-speed shutter is placed between a monochromatic light source (a
laser) and a high resolution spectrometer. First the shutter is held open for a
long time while a measurement of the photon energy is made. During a later
experiment the shutter is opened for only 10~ sec while the photon energy is
measured. How does the result of the second measurement compare with that
of the first? (a) Qualitatively, give reasons. (b) Quantitatively, assuming that
the spectrometer has infinite resolution.

SOLUTIONS

1.1

Let E, = hv be the energy of the photon. In this case its momentum will be
p1 = hvjc. Let E, = mv?2 = p,?[2m be the energy of the electron and p, its
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momentum. Assuming the electron to be at rest initially and assuming that
all the photon energy is transferred to the electron, we have

2
h =FE =FE, = ';—fn
The electron momentum becomes, in this case, p, = V2mhy # p1 = hvjc
q.e.d. This is, of course, a non-relativistic calculation; relativistically we
obtain a similar inequality.
In a light microscope the wavelength of the illuminating light has to be short
compared to dimensions of the object to be observed. Similarly, if we
“illuminate” a nucleus with a proton, we must require that the de Broglie
wavelength of the proton is short compared to the nuclear dimensions if we
are to observe any detail. In optical microscopy we settle for nothing less
than an image of the object. Nuclear physicists are less demanding and are
willing to calculate the size of their object from diffraction patterns. Thus we
assume that useful information can be obtained even if the de Broglie wave-
length is equal to the nuclear diameter. Hence

h
A=-=10"18cm
now
h2 - 10%6 (6.626) - 10754 - 1026

- _
P 2mE or E 2m 2-1.67 104

=13.1-10"%erg
= 820 MeV

This calculation was nonrelativistic. Can you do the same calculation using
the proper relativistic connection between energy and momentum? The
result should be E = 617 MeV.
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MATTER WAVES

2.1 THE WAVE EQUATION AND THE WAVE FUNCTION

There are several ways to make the transition from classical mechanics to
quantum mechanics. They all depend at one point or another on a clever
guess of the modifications we have to make in a classical expression to get its
quantum-mechanical equivalent.

Our approach to the problem will be to exploit the close resemblance
between light waves and particle waves as expressed in Egs. 1.4 and 1.5 and
to guess a plausible-looking wave equation and then to check its validity by
applying it to a well-understood experimental situation.

A plane light wave can be described by

9@, 1) = E, sin (ke — of) @.1)

where E, is the magnitude of the vector of the electric field strength, w = 27y
the angular frequency, and k = w/c = 27/ the wave number. Such a wave
has the same phase in any plane perpendicular to the direction in which it
progresses.

We know from the outcome of the electron diffraction experiment in
Chapter 1.3 that a “wave” of electrons of uniform momentum is “mono-
chromatic” (i.e., has a well defined wavelength), so we write in analogy to
Eq. 2.1:

yp(z, t) = A sin (kx — wt) 2.2)

We do not know whether this is the correct wave function (it will turn out
not to be), nor do we know the meaning of the constants A4, k, and w. The
interpretation for w is suggested by Eq. 1.2; we assume that a similar relation
exists between the kinetic energy and the frequency of a particle. Hence we

try
2
w=ho=E=f2 o o=2== (2.3)
2m 2mh

16
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where p, is the particle momentum.! A suitable expression for k comes
directly from the experimental result (Eq. 1.5):

PR N S (2.4)
k  pg h
Using Eqgs. 2.3 and 2.4 in Eq. 2.2 we obtain
- (Pe® _ Pa't
z,t) = A-sin |[— — —F— 2.5
v, ) (-2 @5)

This wave function is unfortunately not very informative. It describes an
infinite plane wave and, hence, does not offer any clue to the location of the
particle. Actually this was to be expected. We had specified the particle
momentum p, exactly and should therefore have no idea where the particle
is. Nevertheless, we shall try to obtain some hints from Eq. 2.5 concerning
the kind of differential equation or wave function that describes the motion of
particles. The wave function Eq. 2.5 actually satisfies a large number of wave
equations, and we try one:

*p %y

i o 22 (2.6)
This equation is solved by Eq. 2.5. It describes, for instance, the propagation
of a plane sound wave through a gas if we identify « with the velocity of
sound. Substituting Eq. 2.5 and assuming dp/dt = 0 (i.e., absence of forces
acting on the particle), we obtain

4 2
—DPx _ T XDy
R @7
or
2
o« = f;lz (2.8)

This result looks unattractive. We would prefer a wave equation that depends
only on basic particle properties such as mass; whereas, dynamic variables
such as the momentum should appear only in the wave function.? A second
look at Eq. 2.7 tells us that p, would have cancelled if we had differentiated
only once with respect to time. So we try a new wave equation:

oy _ 0%

o 7oz 29)

1 We have used here 4 = h/2n - h (pronounced A-bar) is more frequently used inthe modern
literature than Plank’s original A. i

2 At relativistic velocities, mass becomes a dynamic variable; ours, however, is a non-
relativistic theory.
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We substitute Eq. 2.5 into Eq. 2.9 and find that this does not end our trouble
(Eq. 2.5 is not a solution of Eq. 2.9).
As we can easily verify

2
w(z, 1) = A exp [i(% — 23’11—;” (2.10)
is a solution of Eq. 2.9 if
y = % (2.11)

Here we stop and review the situation. On the credit side we note:

1. We have found a wave equation (Eq. 2.9) that does not depend explicitly on a
dynamic variable.

2. The constant y contains the fundamental constant 4 that seems to play such an
important role wherever quantum phenomena are concerned.

3. The wave function (Eq. 2.10) which solves Eq. 2.9 describes a “monochro-
matic” plane wave as was desired.

On the debit side we find:

1. The experimental situation we have tried to describe is rather undemanding.
Even though our wave equation can handle a simple plane wave, we still have to
test it on a more complicated physical situation.

2. The wave equation (Eq. 2.9) as well as the wave function (Eq. 2.10) are com-
plex. This is particularly disturbing with regard to the latter, since it means that
Eq. 2.10 cannot describe a measurable quantity.

So, what does it describe?

We postpone the answer to this question and take another look at Eq. 2.9.

Substituting Eq. 2.11 and making the obvious extension to three dimensions
we get

. . 2

a_zp = _ﬁ V2 or ik a_tp — @

= 2.12
ot 2m ¥ ot 2m ( )

If in obtaining Eq. 2.9 we have guessed correctly, Eq. 2.12 will be the wave
mechanical equivalent of the classical equation of motion. We compare these
two descriptions of the behavior of a free particle:

Classical Equation of Motion Quantum Mechanical Wave Equation

(a) E = p*® (b) iha—w = (ihV)" P (2.13)
ot 2m

Written in this form, the two equations exhibit a very formal (and very faint)
similarity. This similarity led Erwin Schrédinger (1926) to postulate that the
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transition from the classical description to the quantum mechanical de-
scription of a system should be made using the following procedure:

(a) Write the classical equation of motion in terms of the total energy E, the
momentum p and the potential V.

(b) Change this equation into an operator equation by replacing E with the operator
ih(9/ ot) and by replacing p with the operator® —ihV

(c) Apply the resulting operator equation to a wave function y and solve for it.

This is merely a shrewd guess, and it should be stated that there are other
ways to make the transition from classical to quantum mechanics, based on
equally tenuous similarities.

The fact that the similarities between Eqs. 2.13a and 2.13b and the con-
clusions drawn from them are not at all obvious is just another tribute to the
genius of Erwin Schrodinger. Before we try to find out about the meaning of
the wave function, we shall outline briefly how this theory was completely
confirmed by experiment.

The classical equation of motion of a particle in a potential is

2
E=2 4+ v (2.14)
2m
Application of the above postulates (b) and (c) yields the Schrddinger

equation:

2
ih %%’ - 2’17” Vi + V() (2.15)

In the case of the hydrogen atom,* the potential energy is given by Coulomb’s
law:

2
Yo =V =-% (2.16)
r
substituting this into Eq. 2.15 we obtain
0P B e, _ €Y
ih-—t=——Vyp—-—% 2.17
ot 2m v r (217)

This is the famous Schrddinger equation of the hydrogen atom. We shall solve
it later (Chapter 5) and find complete agreement between the experimental
values for the energy levels of the hydrogen atom and the values calculated,
using Eq. 2.17.

The application of the same procedure to other systems also leads to
agreement with the experimental results, and we are today convinced that

3 This choice of sign will be discussed in Chapter 4.1.
4 Assuming the proton to be stationary.



20 MATTER WAVES

Schrodinger’s postulates are the key to a complete description of quantum
phenomena:

(a) If we can overcome the mathematical difficulties involved in solving the
Schrédinger equation.
(b) If we know the force law applicable to the situation.

For more than two particles, the mathematical difficulties are often con-
siderable, just as in the case of the classical many-body problem. There exist,
however, very powerful approximative methods to deal with more compli-
cated problems. The exact force law is known to us only for electric and
magnetic interactions of the kind existing between a nucleus and its sur-
rounding electrons or between the electrons themselves.? The laws that govern
nuclear forces are still partly unknown—a fact that further impedes the
search for the solution of nuclear many-body problems. We shall see later
that quantum mechanics can make qualitative but firm predictions about the
outcome of experiments even though we know only the general character of
a force (i.e., whether it is attractive, repulsive, spherically symmetric, etc.).

After this sneak preview of events to come, we shall try to understand the
role of the wave function in the scheme of things.

Since Eq. 2.10 describes a plane wave filling all space and does not offer
any clue, we turn to the Schrodinger equation (Eq. 2.15) for enlightenment.
Equation 2.15 is a partial differential equation, and we try to solve it by
writing the wave function as a product of a function u(r) that depends only
on r and another function ¢(¢) that depends only on .

b y(r, 1) = @(2)u(r) (2.18)
hence
ihu(r) o _ _ 1 POVZu() + V(E)g(t)u(r) (2.19)
dt 2m
we divide by y(r, t) and get
ih do _ h_2 2
o(0) dt 2mu(r)V u(r) + V(r) (2.20)

Since the left side of Eq. 2.20 does not depend on r, and the right side does
not depend on ¢, both sides must be equal to the same constant®, say E.

5 The gravitational force is also well known but is so weak that its manifestations have
never been observed on an atomic scale.

8 The mathematical technique we have used here is called the separation of the variables.
It often leads to a simplification of the problem. In our case it allows us to split the partial
differential Eq. 2.19 into an ordinary differential equation and a partial differential equation
of fewer variables (z, y, and 2). A partial differential equation that can be reduced in this
manner is said to be separable.
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Hence
A9 _ g o = geiB (2.21)
@ dt
and
h2
Eu(r) = — o Vau(r) + V(r)u(r) (2.22)
m

Equation 2.22 is usually called the time-independent Schridinger equation.
It is obvious from Eq. 2.20 that this separation can always be carried out if
V is not time dependent, i.e., if 9V/0t = 0.

Since Et/h in Eq. 2.21 must be dimensionless, it follows that E has the
dimension of an energy; w = E/h is a frequency, and since E is a constant, w
must be constant. Thus’

p(r, 1) = @(u(r) = e *u(r) (2.23)

This is a wave function that describes a monochromatic standing wave whose
amplitude u is a function of r.

In Chapter 1, we had interpreted the square of the amplitude of a traveling
wave as something proportional to the probability that a photon goes
through a unit area in unit time. For a standing wave, the intensity is pro-
portional to the probability of finding a photon in a volume element.

In analogy to this, we interpret® u*(r)u(r) as the probability density of
finding the particle at r. The square of the absolute value, u*(r)u(r), was
taken to account for the possibility that »(r) might be a complex function.

At this point some clarification of the concept of probability density may
be in order.

The probability of finding a point particle at any given point in space is
zero because there are infinitely many points in any finite volume. To come to
a meaningful definition of the probability of finding a particle somewhere, we
have to refer to a finite volume element. The probability of finding a particle in
it depends on the distribution of the particles and on the size of the volume
element.® We define as the probability density P the probability w per unit
volume:

P= (2.24)

Sz

to find the particle.
The probability that the particle is in a finite volume ¥ is obviously given

7 The constant @ is now included in the function u(r).

8 u*(r) is the complex conjugate of u(r).

9 The probability of catching a fish depends on how large the net is as well as on the local
abundance of fish.
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by the integral

W= f Pdr (2.25)
14
taken over this volume. Hence

P(r) = p*(r, )p(r, 1) = u*(Ou(r) (2.26)

Since the particle, if it exists, must be somewhere, the probability density
integrated over all volume elements must yield a certainty. Thus

f P(r) dr = f W @u(r) dr = 1 (2.27)

The Schrédinger equation is a homogeneous differential equation and leaves
a constant factor in its solutions undetermined. The normalization of the wave
function Eq. 2.27 allows us to determine this factor and to calculate the
absolute probability density.

The probability density can be measured in scattering experiments but,
although these experiments confirm the interpretation that we have given the
wave function, they are not very precise. The real proof of our theory is
rather in the extreme accuracy (6 or more decimal places) with which
measured energy values verify its predictions.

Before we continue, we bring our terminology up to date. The time-
independent Schrodinger equation (Eq. 2.22)

2
Eu = — s Viu 4+ Vu (2.28)
2m

is often written as an operator equation (see Appendix A.1):

B2
Eu = ( Ko 4 V)u — Hu (2.29)
2m
The operator
2
H=——V4+V (2.30)
2m

is called the Hamilton operator or the Hamiltonian of the problem because of
its similarity to the Hamiltonian form of the equation of motion in classical
mechanics. Instead of saying that we solve the Schrodinger equation (Eq.
2.28) we often say, “we find the eigenfunctions u of the Hamiltonian (Eq.2.30)
(see Appendix A.1). ’

The eigenvalues E of the Hamiltonian are the possible energy values of the
system. This statement will be made plausible later (Chapter 4.1). In the final
analysis, however, it can be justified only through experimental verification,
and we add it, belatedly, as another postulate to the ones listed on p. 19.
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2.2 WAVE PACKETS, MOMENTUM EIGENFUNCTIONS AND
THE UNCERTAINTY PRINCIPLE

Having acquired some familiarity with the basic concepts of quantum
mechanics, we take another look at the uncertainty principle.

It is well known!® thatagy nonperiodic function of time f(#) can be expressed
as a superposition of sine waves of varying frequency with the help of a
Fourier integral:

l

1= _ZA(w)eiwt do (2.31)

Similarly a function of r, or for the sake of simplicity x, can be written as

o)
(@) = —— [~ e dk 2.32)
V27 J-w
where k is the wave number and ¢(k) an amplitude depending on it. We
recognize the function e™* as an eigenfunction of the momentum operator
since it satisfies the eigenvalue equation

de'*”

X

The functions e’** are, therefore, often referred to as momentum eigen-
functions. The eigenvalues k7 of e*** are, by dimension, momenta but whose
momenta? To find out, we note that e”** is not only an eigenfunction of the
momentum operator but is also an eigenfunction of the Hamiltonian of a
free (V = 0) particle.

He" = — ——— = —— ¢! (2.34)

—ih Z— = khe'* (2.33)

According to the postulate on p. 22 the eigenvalues of the Hamiltonian are
the possible energy values of the system. We can thus interpret the wave
function y(z) of a localized particle as a superposition of wave functions of
free particles with various momenta. The range of k over which ¢(k) is
substantially different from zero gives the range of momenta k# that we can
expect if we make measurements of the particle momentum.

This is very similar to a situation with which we are familiar in another
field: electronics. An electric pulse starting at ¢ = ¢, and lasting to ¢t = ¢,,
although it is a one-shot event and has no periodicity, can be interpreted as a
superposition of sine waves of various frequencies. 1f such a pulse is put
through a circuit whose response is frequency dependent, the circuit will
behave exactly as if it had been subjected to a superposition of sine waves
covering the frequency range indicated by the Fourier integral.

10 If not, see Appendixes A.2 and A.3.
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Equatiosn\f2.32 thus expresses a connection between the spatial eigenfunc-
tions y(xr) and the momentum eigenfunctions ¢(k) or, in other words,
between the probability that the particle is in a certain place x & Ax and that
it has a certain momentum p, + Ap,. Obviously there must, then, exist a
connection between Eq. 2.32 and the uncertainty principle. In Appendix A.3
the Fourier integral of a square pulse is deriyed. It is shown that the spectrum
extends to higher and higher frequencies w as the"Width of the square pulse
is reduced.

If we replace the square pulse f(¢) with a square wave y(x), we can con-
clude by comparing Eqs. 2.31 and 2.32 that for a narrow square wave, (),
the “spectrum” of the wave numbers extends to very large values of k.

This would imply that a particle whose wave function is well localized must
have a wide momentum spread; however, there is a catch. A square wave is
not a solution of the Schrédinger equation. With a little more effort than we

have invested in Appendix A.3 one can show, however, that the following
theorem holds true.

THEOREM

The smaller the interval x + Az is over v;}"hfch"a' Sfunction () differs sub-
stantially from zero, the larger is the interval k over which its Fourier amplitude
(k) differs substantially from zero.

This theorem whose proof can be found in the literature!! applies to any
kind of function and thereby also to solutions of the Schrodinger equation.

Relying on this theorem, we can now state with confidence that the mo-
mentum spectrum of a well localized particle extends to very high momenta.
We have thus shown again that the uncertainty principle is deeply rooted in
the wave nature of particles.

From the foregoing it is obvious that the momentum spectrum will not only
depend on the width but also on the shape of the spatial distribution of the
particle. The two curves in Figure 2.1 may illustrate this. They both enclose
the same area and have the same full width at half maximum!2 but obviously
have different Fourier transforms.

It is interesting to ask for what shape of the spatial distribution, given a
width, the width of the momentum distribution is smallest. If we define the
uncertainties Az and Ap,, as the full widths at half maximum of the respective
distributions, the answer is: The uncertainty in the momentum is smallest,
for a given uncertainty in the location, if the wave function is a gaussian:

l 2 2
u(@) = ——=e" /% (2.35)
Joim
11 For example, L. P. Smith, ‘““Mathematical Methods for Scientists and Engineers,” p. 364-
Dover Publications Inc., New York, 1961.

12 A widely used though arbitrary definition of the ““width” of a curve.
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3))6\
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Full | width
at | half ____ )N b

maximum|(f. w. h. m.)

4————a—->L—7a-—>

Fig. 2.1 Two curves with the same width (f.w.h.m) and the same area can have different
Fourier integrals.

The uncertainty product is, in this case;

SR

This is considerably smaller than the uncertainty product that we had derived
from Bohr’s gedanken-experiment. It is known as the minimum uncertainty
product. We forego the proof at this point!? since we shall derive the same
result later (Chapter 6.3) in another way.

Thus far we have concerned ourselves only with either monochromatic
plane waves or standing waves. The former describe a particle of well-known
momentum and completely undetermined location, the latter a particle con-
fined to some region of space—the region where the amplitude u(r) in Eq.
2.22 is different from zero.

As every baseball fan knows, there also exist particles that move in free
flight from one place to another, and both their momentum and their
position are reasonably well known. We shall now investigate what our theory
has to say about this situation. To this end let us assume that the wave
function y(z, 0) that described the particle at the time # = 0 maintains its
shape but is shifted along the z-axis as time goes on (see Figure 2.2). A
mathematical way of expressing this is to say that

p(x, t) = yp(x — vt, 0) (2.37)
13 The proof is found in many OW gxts Powell and B. Crasemann,
Quantum Mechanics, Addison afd Weé nc\, ()M(a 1961 Chapter 3, p. 77.
on
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Y(x, t)

w(x’ 0) w(x—vt, 0)

J

Fig.2.2 A wave function y(x, t) = y(xz — v¢, 0) that maintains its shape while it moves in
the positive z-direction. This kind of wave function cannot describe a moving particle.

X —>

where v is the velocity with which the entire curve is shifted in the positive
direction. This velocity is called the phase velocity.14

It is tempting to assume that a moving particle can be described by such a
wave function moving with the particle velocity. We shall soon see, however,
that this is not true.

The Fourier transform of Eq. 2.37 is obviously

W@, 1) = pa — vt, 0) = —— f a(k)e == gk (2.38)
\/2’77 —©
y(z, t) is thus decomposed into a packet of plane waves
exp [ik(z — vt)] = exp [ik (x _ kh t)] (2.39)
. m

These waves, however, do not satisfy the Schrodinger equation (Eq. 2.15).
If, on the other hand, we use Schrodinger waves according to Eq. 2.10 to
build the wave packet, the resulting wave function will not satisfy Eq. 2.37.
We conclude that a wave packet of matter waves cannot propagate in the
manner described by Eq. 2.37. Actually this was to be expected. The un-
certainty principle tells us that a moving particle whose location we know at

14 Notice that in this special case the phase velocity would equal the group velocity. For a
discussion of the concepts of phase- (wave-) and group velocity, see F. Jenkins and H.
White, Fundamentals of Optics, Second Edition, McGraw-Hill, New York, 1950.
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the time 7 = 0 to be # 4+ Az, has a momentum distribution covering the
range from p, — Az to p, + Az. Since the momentum is not perfectly
defined, the prediction of the future location must contain an additional un-
certainty over and above the one the particle had at ¢ = 0. In other words,
wave packets tend to spread out as time goes by.1®> A quantitative study of
this spread in time is given in more advanced texts.1® It is interesting to com-
pare this situation with the one known in optics. In a light wave moving
through vacuum, phase velocity and group velocity are equal. A packet of
light waves thus maintains its shape in a vacuum. Only in the presence of a
dispersing medium do phase velocity and group velocity differ. The result is
known as dispersion. Applying the same terminology to a packet of matter
waves which changes its shape constantly, we can say that matter waves show
dispersion even in vacuum.

The fact that photons do not undergo dispersion in vacuum does not imply
that they are exempt from quantum mechanics. Rather, since they move with
the velocity of light regardless of their momentum,

_ fo
c

an uncertainty in momentum does not affect their spread in space.
The group velocity of a packet of light waves is defined as!?

00,
oA

where v, is the phase or wave velocity. Equation 2.40 can also be wzi
asls

(2.40)

v, =V, — 4

since for particle waves:

U242

It follows that

In other words, the group velocity of a packet of matter waves is equal to the
velocity of the particle it represents.

15 This spread may be preceded by a contraction to the minimum size allowed by the
uncertainty principle.

16 For example, J. Powell and B. Crasemann, loc. cit.

17 See F. Jenkins and H. White, loc. cit.

18 See Problem 2.7.
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PROBLEMS

2.1 Can we measure the wave function of an electron? If so, how? If not, why?

2.2 The normalized wave function of the electron in the lowest energy state of a
hydrogen atom is'®

u(ry = Ae—me*rin*
(a) Show that this is a solution of the Schrédinger equation (Eq. 2.22) if the
potential is a Coulomb potential. (b) Determine the value of the constant A.
(c) Find the energy eigenvalue.

2.3 Find a form of the potential for which u(r) = constant is a solution of the
Schrodinger equation. Interpret your result.

2.4 An electron whose kinetic energy is 1 eV is trapped in a cubic box of 1 m?
volume with perfectly reflecting walls. What is the probability that the electron
can be found in a volume element of 1 cm?® in one of the corners of the box.
(Hint. Do not calculate, think.)

2.5 Given a homogeneous gravitational force in the —y direction, a frictionless
particle moves in a parabolic trough whose cross section is given by y = a2
Write down (a) the time-dependent Schrodinger equation, and (b) the time-
independent Schrodinger equation of the system. Assume that there is no
motion in the 2-direction and that the amplitude is small.

2.6 (a) Normalize uy(x) = Aje—o*
and

Uy(x) = Ape—o"
over the interval —oo <z < oo,
Are these two functions orthogonal over this interval?
(b) Are the functions orthogonal over the interval 0 < 2 < ©?

2.7 Derive Eq. 2.41 from Eq. 2.40.

SOLUTIONS

26 (a)

@ T
1 =4, f e—225" dy = A2 P

[2:1
1=A22f x2e—2a2% gy __\/\/
— 00

hence

19 Watch out for the two different meanings of e in this equation.
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hence

— 2
Ay = Vo =
m

To find out whether the functions are orthogonal we form

e} =
f uy ()ug(x) dx = A1A2J x e—22%" dx
— 00 —

Since the integrand changes sign as we go from z to —x the integral must
vanish between symmetrical limits.

(b) The integral

—o0 —

f wy ()uy(x) doe = AlAzj we—22" dx = A A, e

does not vanish, i.e., the two functions are not orthogonal over the interval
0 <« < . It is thus meaningless to say that two functions are orthogonal
unless we specify the interval, area, or volume in which they are orthogonal.
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SOME SIMPLE PROBLEMS

At this point only some mathematics stands between us and our intermediate
goal: the calculation of the parameters of the hydrogen atom. A look at the
Schrodinger equation in the form in which we shall later solve it (Eq. 5.22)
may, however, convince us that we should sharpen our skills on the simpler
problems below. These problems do not deal with real physical systems but
with simplified abstractions. They will, nevertheless, give some valuable
insight into the workings of quantum mechanics.

3.1 THE PARTICLE IN A BOX

For simplicity we consider a one-dimensional box, i.e., we allow a particle
to move in a force-free region on the z-axis —a < r < +a. Atz = +a, we
install a strongly repulsive force in the form of an infinite potential (Figure
3.D.

Fig. 3.1' An infinite square well potential.

30
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In the force-free (¥ = 0) interior of the box, the time-independent Schrd-
dinger equation (See Eq. 2.28) is

Eu=—'—; 3.1)

We try a solution of the form:
u(x) = A sin (o) + B cos (ax) (3.2
Substitution into Eq. 3.1 yields

E[A sin (xx) + B cos (ax)] = ;2—_h_2 [—A«?sin (ax) — Ba?® cos (az)] (3.3)
m

This is an identity® if, and only if,

ho® 2mE
—— = E or o= [— 3.4
2m h® G-4)

u(x) = Asin (\/22@ x) + B cos (\/22:? x) 3.5)

is a solution of Eq. 3.1.

This wave function does not tell us very much, since Eq. 3.1 places no
restriction on E. Actually this was to be expected, since a particle moving
freely along the z-axis can have any energy it pleases. Equation 3.1, however,
does not tell the whole story; we have not yet taken into account the influence
of the retaining walls.

Outside the region —a < « < +a, Eq. 3.1 has to be replaced with

—1? d*u()
2m  da?

Hence

Eu(x) =

+ Vu(x) (3.6)

In the limit ¥ — oo this can be satisfied for finite values of E only if
u=0 forall |z| > a
The infinite potential thus imposes the boundary conditions:
u(+a) =u(—a) =0
If we assume the wave function to be continuous at z = *a, this results in

—A sin («a) + Bcos (xa) = u(—a) = 0
and 3.7
A sin (x @) + Bcos (xa) = u(a) =0

1 Tn other words valid for all values of .
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A trivial solution of Eq. 3.7 is 4 = B = 0, which means that u(z) = 0 or
that the box is empty.
There are, however, two nontrivial solutions; one is

A=0 hence cos (xa) =0
or
u(x) = B cos (ox) (3.8)
where

0 == R 3m s 37 yeens L , etc., and n is an odd integer. 3.9
2a 2a 2a 2a
The other is
B=20 hence sin (aa) = 0
or
u(x) = A sin (ax) (3.10)
where

o =0, 7 27 , 37 cees nm , etc., and n is an even integer. (3.11)

s s
a a a a

E=_=__=En; n=1,2,3,... (3.12)

i.e., there are infinitely many quadratically spaced energy levels possible.
This leaves only the constants 4 and B to be determined. If there is one
_particle in the box, we must have

f u¥(x) dz =f u¥(x)dz = 1 (3.13)
Applied to the wave functions (Eqs. 3.8 and 3.10), this normalization yields

A=B= (3.14)

1
Ja
In Eq. 3.12 we left out the case n = 0 for good reasons. According to Egs.
3.10 and 3.11, n = O results in u(x) = 0. In other words, any particle confined
in a box must have a certain minimum energy:

L
=

8a®m

(3.15)

This sounds startling, but is a direct consequence of the uncertainty principle.
If we know the particle coordinates to within 2@, and we do, then the mo-
mentum has to be uncertain to within

27h

Ap, =% 3.16
P = (3.16)
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This amounts to not knowing whether the particle moves with a momentum
|pol = 7h[2a in the +x or —x direction. The energy corresponding to this
momentum is?

E=l -T% _F (3.17)

the lowest possible energy state.

This is a simple method to obtain a rough estimate of the minimum energy
of a system. It can be used to estimate the energy of electrons in an atom or of
nucleons in a nucleus if the atomic or nuclear radius (i.e., the size of the box)
is known.

3.2 THE TUNNEL EFFECT

A classical particle (for example, a bowling ball) with kinetic energy E
moves toward a potential barrier (position 1, Figure 3.2a). The ball rolls up
the slope, and a short time later at = 0 (position 2) all the kinetic energy is
transformed into potential energy ¥(0) = E. At this moment the ball re-
verses its direction and starts to roll back down the slope. Never under any
circumstances will it run up the hill any further; in other words, never will
it be found in the region > 0, where V(x) > E.

Now we investigate what happens under similar circumstances in a
quantum mechanical system. We assume that a particle with kinetic energy E
approaches a potential barrier of height ¥, > E. For mathematical con-
venience, we assume a discontinuous transition from V' =0 to V = V, at
x = 0. To the left of the barrier (# < 0) the Schrodinger equation reads

K* d®u
———=E 3.18
mdd (3.18)
and we know the solution already:
u = A sin (ax) + B cos (ax) (3.19)
For x > 0 we have
K d*u
——=(V,—E 3.20
om dz? Vo u ( )

The general solution of Eq. 3.20 is

u=Ce™+ De®  with y= \/zf-"ﬂ/;z—_—E—)

2 The exact agreement is somewhat fortuitous and results from the fact that we have used
Ap,, - Az = h in the uncertainty relation (Eq. 1.9) instead of, as is more usual, Az Ap,, = A.

(3.21)
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(a)

x=a x

Fig. 3.2 A classical particle (Fig. 3.2a) cannot overcome a potential barrier that exceeds
its total energy; however, quantum mechanics allows a particle to appear in places that are
strictly forbidden to it by classical mechanics (Fig. 3.2b and c).

In a physically meaningful solution » must be finite for large x.*> Hence
D=0 (3.22)
At this point we make two additional assumptions: The wave function

u(x) and its derivative shall be continuous everywhere, including the point
x = 0.* From the continuity at x = 0 follows

B=C (3.23)

3 Unless we have a particle source somewhere at « > 0 (a possibility that we exclude here).
Remember that this solution is valid only for # > 0. We do not have to worry about its
behavior for negative values of .

1A discontinuity of du/dx or a discontinuity of u(x) would let d2u/dx? go to infinity. Accord-
ing to Eq. 3.20 this can happen only if either E or V" becomes infinite.
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Thus
du _ —Bye™*® for x>0
dx
du . ‘w‘%b S\,’_‘, . R
— = Ao cos (ax) — Ba sin (o) for a2 <0 (3.25)

Hence, from the continuity of du/dx at x = 0,

— yB=ad e (3.26)

The complete solution is thus

u(x) = A[sin(\/zr;? m) — \/z cos ( 2:;'2E x)il 3.27)

in the region ¢ < g, and

_4/|_E _ [2m(Vo — E)
u(z) = A \/Vo_Eexp( \/ > x) (3.28)

in the region x > a. Since V, > E, (Eq. 3.28) describes a nonperiodic wave
whose amplitude decays exponentially.

This means that the particle has a finite—although exponentially de-
creasing—probability to be in a region (positions 3 and 4, Figure 3.2b) that
is strictly forbidden to it by the laws of classical physics.

If we let the potential go to zero at x = a (Figure 3.2c), particles that have
reached position 4 find themselves again in a region with V' < E and can
continue their journey towards x = co. This looks as if particles could dig a
tunnel through a potential wall of finite thickness and penetrate it if it is too
high for them to go over it. This effect is called “tunnel effect” and has
important consequences.

As we might suspect, this kind of barrier penetration is not restricted to
matter waves. When light is totally reflected at the boundary between
glass and air, it actually penetrates into the air. However, in this forbidden
region the amplitude dies down exponentially over a distance of the order
of a wavelength. No light escapes permanently, and we have total reflection.
If we bring another piece of glass to within a wavelength of light of the
reflecting surface, light can escape into it even though the two surfaces do not
touch each other.

It is not difficult to show that other effects familiar from optics occur with
matter waves. Light is reflected at both surfaces of a windowpane, i.e., not
only in going from a region of low » to one of high », but also in going from
high n to low n. Similarly, matter waves are partially reflected at a potential
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threshold even if ¥, < E and even in going from a region with ¥, < Eto one
with ¥ = 0. Both these effects are, of course, unknown to classical mechanics.
A bowling ball with E > V¥, will always roll on toward x = o, and a bowling
ball that approaches the slope in Figure 3.2a from the high side will always
roll down.

We shall now discuss an important manifestation of the tunnel effect in the
field of nuclear physics. In a nucleus, positively charged particles are held
together by attractive nuclear forces of very short range. The exact law obeyed
by the nuclear forces is still not completely known. For instance, we do not
know whether these forces possess a potential or whether they are velocity de-
pendent. The general situation however, can be described at least approxi-
mately with the picture shown in Figure 3.3. Outside a certain distance, R,,
from the center of the nucleus, the long range (¥ oc 1/r) repulsive Coulomb
force between the positively charged particles dominates. Closer in, at R, the
attractive nuclear force takes over, and we represent it by a potential well.
Particles trapped in this well must have a certain minimum kinetic energy,
E,, as a result of the uncertainty principle (see Chapter 3.1). Because of the
tunnel effect, an a-particle rattling around in this potential well has a small
but finite probability of “tunneling” through the wall. According to our

=

o= 9
0 o

0 © o=

Fig. 3.3 The nucleons in a nucleus are held together in a potential well formed by the
nuclear forces. They do not have enough energy to spill over the rim of this well. The
tunnel effect allows some of them to get out nevertheless. (Energetically the emission of
a-particles is favored over the emission of single nucleons.)
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simple-minded theory of this process, we might expect to find an expression
like

P oC u*u = u® oc exp —2'|:\/(—I7—_hfﬂ (R, — Rz):\ (3.29)

(V = average potential between R, and R,, M = mass of the «-particle) for
the probability of finding the a-particle outside the nucleus (x-decay). A
more sophisticated approach to the problem yields

p °C exp (—2L:2 I%;E) dr) (3.30)

which is in satisfactory agreement with experimental results.

Another example of the tunnel effect is the penetration of electrons through
a very thin insulating layer between two conductors. This effect is used in
certain electronic devices (tunnel diodes).

If the two conductors are superconducting and are held at a slightly
different potential, an interesting effect can be observed. In tunneling from the
higher potential ¥, through the insulating barrier to the lower potential V3, an
electron looses an amount of potential energy that is given by

AE = e(Vy — V) (3.31)

where e is the electron charge. For reasons that are explained by a detailed
quantum mechanical theory of superconductivity, electrons can also tunnel
through the insulator in pairs. In this case, the excess energy which is now

AE = 2e(V, — Vy) (3.32)
can be emitted in the form of a photon whose frequency is

o= 2e(V2 - V]_)

. (3.33)

Not only have such photons recently been observed (the so-called a.c.
Josephson effect)’ but Eq. 3.33 has been found to agree with the experimental
results to within 10~2 percent.

3.3 THE LINEAR HARMONIC OSCILLATOR

We shall now examine a system that is still a simplified abstraction but
that has served as a model for the theoretical study of many real physical
situations.

5 The abbreviation a.c. stands for alternating current. In experiments of this kind, the
frequency w is usually in the microwave range.
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It is well known from classical mechanics that a restoring force, which is
proportional to the distance from an equilibrium position, F = —Cx, leads
to a simple harmonic motion. Such a force can be derived from a potential:

2
y == (3.34)
2

The equation of motion of a one-dimensional classical harmonic oscillator is

thus
mv®*  Ca?
E=—+4+— 3.35
5 5 (3.35)
We mention an obvious way to realize such a system: A mass, M, held
between two springs obeying Hooke’s law (see Figure 3.4). A solution of the

equation of motion Eq. 3.35 is

x = A sin (ot) (3.36)
We determine the constants:
2 2
E="4 2 cos (0f) + %‘i— sin X(wt) (3.37)
or
2
;12_2% - "’C‘;’ cos® (wf) + sin® (wf) (3.38)

This identity holds true only if

w?=—= and A== (3.39)

2E . C
(1) =\/—E sin (\/; l) (340)

hence

< —x X —>

Fig. 3.4 In a classical harmonic oscillator a particle is bound to an equilibrium position by
a force that is proportional to the distance from this position. Another way to express the
same fact is to say that the potential energy is proportional to the square of the distance
from the equilibrium position.
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In other words, a classical harmonic oscillator in one dimension can have any
amplitude and, hence, any total energy but only one frequency.

w = /E (3.41)
m

Now we write the Schrodinger equation for the one-dimensional quantum
mechanical harmonic ascillator. (We shall show later that the three-dimen-
sional Schrodinger equation can be separated into three one-dimensional
equations.)

—_— 3.42
2m da® 2 (3.42)
We have used here w? = C/m, i.e., we have expressed the potential energy
in terms of the frequency o that a classical harmonic oscillator with the same
restoring force C would have. To simplify Eq. 3.38, we rewrite

hod*u | mod®

2Eu
Y =lu= - —— + —u 3.43
Ao : mo da* 7 (343)

This simplifies if we measure x in units \/Ii/mw,6 i.e., substitute x = x'\/h/mw:

d*u ’2

et (3.44)
X

Au = —

For convenience, we shall drop the primes henceforth and write x instead,
keeping in mind that our unit of length is now: \/h/mw. Innocent though it
looks, Eq. 3.44 is not easy to solve. We notice, however, that for very large
values of x, Au « x%u, so that the Schrodinger equation becomes

d*u B
0 = Xu 3.45
dxg @ ( )

For large « this equation has the solution:
U, ~ are=*M (3.46)

This is usually called the asymptotic solution of Eq. 3.44. We split a factor
e~ off the eigenfunction u(z) and substitute

u(x) = e=="12f(x) (3.47)
into Eq. 3.44, hoping that this will simplify our problem.” We form
d2b1 2
2= ¢ @ =2af (@) + (@) + (@) (3.48)

6 We can easily convince ourselves that this has, indeed, the dimension of a length.
71t will, see Problem 3.4.
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Substituting Eqs. 3.47 and 3.48 into Eq. 3.44, we obtain
M (@) = f(@) + 2zf"(x) — ["(x) — 2*(2) + 2% (2) (3.49)
S'@ = 2af'(@) + f@A—-1) =0 (3.50)

In order to solve this new differential equation, we expand

or

f(@) =2Akx" (3.51)

hence

zf'(x) = i kA,2* (3.52)

f'(@) =2 k(k — DA = (k + 2)(k + 1)A4;,,7" (3.53)
2 0
We substitute Eq. 3.51, 3.52, and 3.53 into Eq. 3.50.

(k4 2)(k + 1)Ap 02" — 2D kA + (A — 1)X A2 =0 (3.54)
0 0 0
This is an identity only if
k+2)k+ DA —24k+ (A — 14, =0 (3.55)

that is, if the coefficients of «* vanish separately for all values of k. Equation
3.55, therefore, gives the following recurrence relation® for the A, :

—2k+1-2

(k+2)(k+1)
This means that any series whose caefficients satisfy Eq. 3.56 will satisfy Eq.
3.50. As usual, this includes many more solutions than the physical meaning
of Eq. 3.50 calls for and, as usual, we invoke the boundary conditions to sift
out the physically meaningful solutions.

In the linear harmonic oscillator the particle can go to infinity if its energy
E is infinite. The oscillator has thus no clearly defined boundary, and the
only condition that we can impose in good conscience is

Ay (3.56)

k+2

f () de = 1 (3.57)

This implies that u*(x)u(x) goes to zero faster than [1/x| since the latter
condition would still lead to a logarithmic singularity. With this in mind,
we examine Eq. 3.56.

fim di2

2
= 3.58

8 See Problem 3.7.
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A series with coefficients that satisfy Eq. 3.58 is convergent,? but convergence
alone is not enough. Unless

flz) = Z A" (3.59)
stays smaller than e**2 for large values of ,
u(x) = e—="2f(x) (3.60)

will at best approach a constant, and Eq. 3.57 cannot be satisfied. However,
as we shall see presently f(z) in Eq. 3.59 does not stay smaller than e*"/2. We

expand
k

< x
—_— 3.61
zo: %kl ezven 2%k [2)! (361
The ratio of two consecutive coefficients becomes for large values of k:
2K2(k[2)! _ 1 o1
WAk + 1)) 2k2+ 1)  k

Since the same ratio for Eq. 3.58 approaches 2/k, it follows that f(z) in Eq.
3.59 does not stay smaller than e=*2 for large x. Fortunately, there is a way
out of this dilemma. If in Eq. 3.56 for a certain integer k = n,

M+ 1=2 (3.62)

A,..» and hence all following coefficients vanish. In this case we get

f(2) = z A (3.63)

This is a polynomial and therefore certainly smaller than e**'2 for large values
of z and finite n. The normalization condition (Eq 3.57) can therefore be
satisfied only if

A=2n+1 (3.64)

and if, at the same time (depending on whether 7 is even or odd), either all the
odd-numbered or all the even-numbered 4, vanish. We thus have two series
of eigenfunctions with ascending values of the quantum number »:

u,(z) = e_ﬁ/zz A, x* n=024... (3.65)

0 n=1,3,5,...

one with even, and one with odd values of n. The 4, are given by the re-
currence relation Eq. 3.56 if ' we know 4, and 4;. We shall now derive some
eigenfunctions explicitly. To this end, we assume that all odd-numbered

9 This is the well-known ratio test. See for instance, V. Kaplan, Advanced Calculus, Addison-
Wesley Inc., Reading, Mass., 1953.
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4, = 0 and that n = 0 (i.e., that our series breaks off after the first term).
From Eq. 3.56 follows 2 = 1; hence '

Ay = Ay, and Ags = 0= A04 = A065 etc.

We write the constants 4 with two subscripts to account for the possibility
that they might have different values for a series that breaks off after n terms
then they have for a series that breaks off after n’ terms. Now we go ton = 2,
A=25, and get

Ago, A22 = —2A20 0 = A24 = A26 = etc.’
n=4 A=9
Aggy Ags = —4A40, Ags = 5449 0 = Ay = Ay, etc.

. Next we derive some odd eigenfunctions:

0 n=1 A=3

I

I, Ay, A3 =0, etc.
n=3 A=1
Az, Ags = —5435 0 = Ags = Ay, = etc.
n=>5 A=11

Asy, Asz = —%Am, Ags = 1é5A51 0= A57 = etc.

The polynomials whose coefficients we have just derived are called Hermite
polynomials. The Hermite polynomials have been well investigated, and we
] list here, without proof, some convenient formulas to determine their co-
efficients:

H,(2) = (=)™ jin; (™) (3.66)

H,(2) = 272" — 27! (g) &gt 3(2) 2t

_m=3_.1.17. h .n—6 e
1.3 5(6)x + (3.67)
HAD) _ H, () (3.68)
dx
H, (%) = 20H, () — 2nH,, (%) (3.69)

In keeping with convention, we have used in Table 3.1, which lists the first
six eigenfunctions, the coefficients as they are given by the above formulas. We
notice that the ratio of the coefficients is the same as that given by Eq.
3.56. The normalization, however, will be changed and we shall now call them
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Table 3.1
ni|i, | E, U,
ho
0 1 7 Boe_mz/ 2
3w
1| 3| =22 | Bowen
2
S5ho
2| 5|5 By(4a? — 2)e~"/2
| h
E 3| 7 —53 By(82% — 120)e"/2
E
! 9%
4| 9 Tw B, (164 — 482 + 12)e—="/2
1A
5011 -2—w By(324% — 16027 + 120w)e—2*2

| B,. Also, again in keeping with convention, we have chosen the sign of the
Hermite polynomials in Table 3.1 and Figure 3.5 so that the highest power of
x is always positive. This amounts to a choice of the phase of the wave
function which has no physical significance.

{ The constants B, can be obtained from the normalization.

Example
By J (82° — 122)% ™ dw = 1 (3.70)

The normalization as defined in the example (Eq. 3.70) yields, in the general
case,0

1

N J2mn! \/;

B, 3.71)

10 For a derivation of this expression, see J. L. Powell and B. Crasemann, Quantum Mech-
anics, Addison-Wesley, Inc., Reading, Mass. 1961.
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Harmonic oscillator eigenfunctions and their squares.

Figures 3.5 and 3.6 show the normalized wave functions and their squares
for the quantum numbers, n = 0 ton = 7.

We sum up: The boundary conditions select, just as in the case of the
particle in the box, a denumerable set of eigenfunctions belonging to a set of
discrete, (in this case, equidistant) energy eigenvalues.

The eigenfunctions form two discrete sets; one remains unchanged under
a mirror transformation (i.e., if we change « to —x), and the other changes
sign.

Functions with this kind of behavior under exchange of  with —x are
said to have a definite parity. If

u(r) = u(—r) 3.72)
the -parity is said to be even, and if

u(®) = —u(—r) (3.73)
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the parity is said to be odd.

Examples
P cosx, 22, 22 + 2* + a

have even parity; .
panty; sin z, x, x®

have odd parity. & x4

do not have a definite parity. We shall learn more about the significance of
the parity of an eigenfunction in subsequent chapters (see Chapter 6.6).
It is now easy to solve the harmonic oscillator problem in three dimensions.
The Hamiltonian is

i kr®
H=——V'4— 3.74
SVt (3.74)
measuring, as before, lengths in units
=
mo
and usi
nd using o

(3.75)
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we obtain the Schrodinger equation:
Vip+@A—=rp=0 (3.76)
We try a solution of the form:
v(x, ¥, 2) = u(@)v(y)w(z) 377
0%u ) 0w
v—+ uw 22 w2 (4= 2% — 42 — Puow =0 (3.78)
ox? 02 022
We divide by uow
10%  10% 1 6
-t = +(A=—2— ¢y =2 =0 (3.79)
uodx® voy* w oz 022

Obviously, this can be written so that either all the x-dependent terms, or
all the y-dependent terms, or all the z-dependent terms are on one side.



THE LINEAR HARMONIC OSCILLATOR 47

L I — 0T T
— 040— n=6 ]
g 2ox
(23 — -
| &,
g &
£ ~ Zloa- |
] 3
I 1 2ol —
a. Q.
=03+ — 0.08— —
P N Mo 0 |
(8) (8)
08 - T T 030 T

o
-
o
>
I
S
L]
~

A nw?7 —

\) 0.10 —
— 0.05 —
il | |

(S
T
|
T

|

Probability density
(=]
&
I

]
=
S

I

Probability amplitude
(=3
o

04| .
«0.6 | 1 i 0 | | |
-60 —45 =30 -15 0.0 15 30 " 45 6.0 -60 =45 =30 -15 0 15 30 45 .
Displacement from equilibrium position Displacement from equilibrium position
(h) (h)
Fig. 3.5 (concluded) Fig. 3.6 (concluded)

Hence, the equation can be separated by using three different separation
constants, 4,, 4,, 4,, which have to satisfy

A+ A, + 4, =2 (3.80)
This gives us three independent equations:

2,
% + (A, — 2¥)u(z) = 0
dZ
(3= yu(y) = 0 (3.:81)
dy
d’w

el + (A, —PHw(E) =0

The solutions for these one-dimensional equations have already been
obtained and are listed in Table 3.1.
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To sum it up, the wave function of the three-dimensional harmonic
oscillator is the product of the wave functions of three one-dimensional
harmonic oscillators in the z, y, and z direction. The total energy is the sum
of the energies of the three one-dimensional oscillators. This results in a very
complicated behavior since a solution for the z-coordinate with, for example,
n = 2 can combine with any solution for the y and z coordinate.

It is interesting to compare the probability of finding the particle in a
certain location in the potential well for the classical and quantum-mechanical
harmonic oscillator.

For the classical harmonic oscillator the probability is, obviously, in-
versely proportional to the velocity that the particle has when it moves
through a certain volume element (length element in the one-dimensional
case). Hence

Pdroc o 92 (3.82)
v \/AZ - x2
For the quantum-mechanical harmonic oscillator, it is
P dx oc u¥(x) dx (3.83)

Figure 3.7 compares the probability density of the particle at various
distances from the origin in both a quantum-mechanical harmonic oscillator
of quantum number n = 60 and a classical harmonic oscillator of the same
total energy.

There is an excellent agreement between the classical probability density
and the average probability density in the quantum-mechanical case. Com-
paring Figure 3.6 with Figure 3.7, we see that this agreement develops
gradually as n increases. This is a manifestation of the correspondence
principle: Quantum-mechanical systems, in general, approach the classical
behavior as we go to large values of the quantum numbers.

Figure 3.8 shows the energy levels and the probability densities of the
first eleven states in relation to the harmonic oscillator potential: V' = Cz?/2.
The quantum-mechanical harmonic oscillator is a reasonable approximation
of many physical systems. As an example, we mention diatomic molecules.
In a diatomic molecule the two atoms can vibrate around their equilibrium
position. For vibrations of small amplitude, the restoring force is very
nearly proportional to the amplitude and the molecule resembles a harmonic
oscillator rather closely. Consequently the vibrational states of a diatomic
molecule lead to nearly equidistant spectral lines.

Historically the harmonic oscillator has played an important role in the
development of quantum mechanics. Guided by experimental evidence from
the blackbody radiation, Max Planck postulated in 1900 that a harmonic
oscillator should only be able to absorb or emit radiation in discrete amounts.
This was the beginning of the era of the “old quantum mechanics.”



THE ONE DIMENSIONAL CRYSTAL 49

0.24

020~ qﬂ

e S S T T — N

|
|
l
|
]
016 }
|
I
|
|
|

!
012 ‘\ n
|

Probability density
|

0.08 — f ﬂ ]

il T
LA RRAAAL

-12 -8 - 0 4 8 12
Displacement from equilibrium position

v

T
S —————

Fig.3.7 For large values of n the average value of the probability density closely resembles
the classical probability density (dotted line).

In 1925, Heisenberg invented a new kind of “matrix mechanics” and
showed that, applied to the harmonic oscillator, it, indeed, led to discrete
equidistant energy levels.

3.4 THE ONE-DIMENSIONAL CRYSTAL!

A metal crystal consisting of a vast number of positive ions and electrons
is certainly a quantum-mechanical many-body system par excellence. For-
tunately it is possible to derive some of its salient features from the follow-
ing drastically simplified model.

11 The material in this section is somewhat more difficult than that in the preceding sections.
Chapter 3.4 is selfcontained, however, and its study can be postponed until later.
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(a) The positive ions are much heavier than the electrons and are known,
experimentally, to be almost immovable. We assume that they are stationary
and that they provide a periodic potential with a period d in which the
electrons move.

(b) The electrons are very nimble, and able to move out of each others
way. We assume that the electric potential created by the electrons is the
same everywhere in the crystal.

These assumptions reduce our problem to the study of the motion of an
individual electron in a superposition of a constant and a periodic potential.
To further ease the solution, we make some mathematical simplifications.

(c) We consider only one dimension, i.e., we investigate the motion of
an electron in the one-dimensional crystal lattice of Figure 3.9.

(d) Since the absolute value of the potential has no influence on the
motion of the electron, we assume the potential to be zero halfway between
lattice points.

(e) To avoid trouble that might arise at the two ends of the crystal, we
join them to form a ring.

Before we set out to solve the Schrédinger equation for this problem, we
try to find out as much as we can about the general character of its solutions.
The crystal potential was assumed to be periodic with a period d:

V(z + d) = V(z) (3.84)

The fact that the shape of the potential is the same in all cells of our one-
dimensional crystal lattice does not mean that the eigenfunctions have to be

g
fo R
N E
\4 o ) ty
Fig.39 A one-dlmenswnal cryst{al n%g i o, .};" :
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periodic with the lattice period. True, the Schrédinger equation remains
unchanged if we replace V(x) with V(x + d), but it leaves a constant factor
in its eigenfunctions undetermined. At the point x 4 d, the Schrédinger
equation is, therefore, the same as it was at the point . Its solution, u(xz + d),
could, however, just as well be

u(x + d) = pu(x) (3.85)
where y, is a (possibly complex) constant. If we move over one more lattice
space, the same argument holds true. Hence

u(x + 2d) = py * pou(x) (3.86)

If we continue this N times (where N is the number of ions in our crystal
ring), we get back to where we came from. Hence
Uz + Nd) = ji, - ptp - - - pyu(z) = u(2) (3.87)
or
Moy =1 (3.88)
Because of the symmetry of the crystal ring, it cannot make any difference

at which lattice point we started, and we conclude that all the u, must be
equal. Hence

u(z + Nd) = uNu(x) = u(x) (3.89)
or
p=e"N " 5n=0,12...,N—1 (3.90)
We have, therefore,
u(x + md) = ¥V . y(x) (3.91)
The statement made in Eq. 3.91 can also be expressed in the following form:
u(z) = &N w(z) = - w(2) (3.92)

where k = 27n/Nd and where w(x) is periodic with the period d [i.e.,
w(x + d) = w(z)]. The proof is easily accomplished by replacing = with
x + mdin Eq. 3.92. Equation 3.92 is known to physicists as Bloch’s theorem!?
and to mathematicians as Floquet’s theorem.!? It can easily be extended to
three dimensions.

The plane wave described by Eq. 3.92 has an amplitude w(x) that is
periodic with the period d of the lattice. As we had emphasized earlier, u(x)
itself need not have the same periodicity. However, it is easy to convince
ourselves that the probability density, u*(x)u(x), will be periodic with the
lattice period. This follows from

u*(z + du(z + d) = w*(x + d)w(z + d) = w*(@)w(z) = u*(x)u(x) (3.93)

12 Felix Bloch, Z.f. Physik, 52, 555 (1928).
13 A. M. G. Floquet, Ann. del” Ecole norm. sup., 2, XII (1883).
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Fig. 3.10 For reasons of mathematical convenience the ring of Fig. 3.9 is idealized by a
succession of square well potentials.

If we want to go on with the solution of the Schrddinger equation, we
have to specify the actual shape of the periodic potential. To simplify things,
we assume the physically impossible though mathematically convenient
Kronig Penney potential'* (shown in Figure 3.10). We have shown that the
solutions of the Schrodinger equation with a periodic potential:

P + e (E—Vu= (3.949)
are of the form:
u(z) = e*w(x) (3.95)
Substitution of Eq. 3.95 into Eq. 3.94 yields a differential equation for w(z):
d*w dw | 2m k®r®
— 4 2ik— 4+ = |E———=V|w=0 3.96
dx2+'dx+h2( 2m ) (3.56)
To solve Eq. 3.96 we substitute
w(z) = e** (3.97)
The resulting identity yields'®
2m(E —V
y = —k :h\/——(hT—-—) (3.98)

14 R, de L. Kronig and W. G. Penney, Proc. Roy. Soc., A130, 499 (1931).
15 Remember that in the Kronig Penney model, V is (except for the discontinuities) a
constant.
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In the region of zero potential, 0 < # < a, the general solution of Eq. 3.96
becomes, therefore,

WO(-’IJ) — Aei(a—k)a:+ Be~tla—klx (399)
where
2mE
o= +\/ 7 (3.100)
In the potential well, a < « < d, the general solution is
wy(x) = Ce'F = 4 peith—i= (3.101)
where
g = \/%;V) (3.102)

If we require that the eigenfunction u(x) and its first derivative be continuous!é
atx = 0 and * = a, we get

wo(0) = w,(0),  wol@) = wy(a) (3.103)

(@_0) = (% (% _ (%) (3.104)
dzx Jy dz )y dx ], dz J,

These four linear homogeneous equations are sufficient to determine the four
constants 4, B, C, and D if the determinant of their coefficients vanishes.
This fourth order determinant of transcendental functions of E is difficult

to solve for E, and we simplify the problem even further. We shrink the
region a < x < d, increasing at the same time ¥ so that the product:

Vd—a) =K (3.105)

remains constant. Since u(z) was to be continuous at * = g and © = d, we
can integrate Eq. 3.96 if we narrow the potential well so much that u(z)
remains (practically) constant in going from =z = a to x = d. With the
potential well this narrow the condition (3.105) makes V' so large that we
can neglect both & and E inside the well. Hence Eq. 3.96 becomes

2mVw

w dw
— + 2ik — — =0 3.106
i T R (3:109
We integrate Eq. 3.106 over the region of the potential well:
f O g g 2t [ 22 gz — 2 (Ve dz = 0 (3.107)
a dz 2}i a

this yields

(%:) (Z‘;) + 2ik(w(d) = w(@) = S WdK =0 (3.108)

16 See footnote 4.
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Because of the periodicity of w(x) and its continuity at z = 0
w(d) = w(0) = w(a) (3.109)

so that the second integral vanishes. Hence

(d;g) _ (%) _ 2h_’" W(O)K = 0 (3.110)

(dw (dw)

— and —

dx)o dz)a

are the derivatives on either side of the potential well, i.e., in the region of
zero potential, therefore

(%) _
dz Jo

Together with Eq. 3.99 this yields

(%0) — %” Wwo(O)K = 0 (.111)

Ai(a — k)1 — M%) _ Bi(o 4 K)(1 — eHha) — Zh—':’ K(4 + B) =0
(3.112)
Equations 3.99 and 3.109 yield
A+ B= Aei(a—k)a+ Be—i(a+k)a (3113)

Equations 3.112 and 3.113 are two linear homogeneous equations for 4 and
B. They can be solved if the determinant of the coefficients vanishes:

1 — ei(a-k)a 1 — e—i(a+k)a
amk | =©
hz
(3.114)
Multiplying this out and using the identity e* = cos ¢ + isin ¢, we get
a transcendental equation for «:

i(a —_— k)(l _ ei(a—k)a) _ %( _i(a + k)(l _ e—i(a+k)a) _

f—;‘ sin (aa) + cos (xa) = cos (ka) (3.115)

or substituting the value of « given Eq. 3.100 and replacing!” a with the lattice
constant d:

Km
hJ2mE

17 This is now permitted since we have made d — a very small.

sin (g \/m) + cos (% \/M) = cos (kd)  (3.116)
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The left-hand side is a function of E, the right-hand side is not. The left-hand
side can assume values larger than one, the right-hand side cannot. Equation
3.116 can, therefore, be satisfied only for those values of E for which the
left-hand side remains between —1 and +1.28 In other words, in a crystal
only certain energy bands are allowed for an electron. This result is borne out
by a more complete theory and confirmed by experiments. Figure 3.9 shows
a plot of

d s— d 55—
Hod) = — \/2__ sin (h \/2mE) + cos (h \/2mE) (3.117)
as a function of ad, for various values of K.

The values of ¢ for which Eq. 3.116 can be satisfied are drawn heavily.
They determine the so-called allowed energy bands of the crystal. Taking the
allowed values of ad from Figure 3.9, we can calculate the allowed values of
E from Eq. 3.100.

R(ad)?

E= Smd® (3.118)
The result is shown in Figure 3.12. A look at Figures 3.11 and 3.12 shows what
we would have expected. The larger K, that is the higher the potential
separating the regions of zero potential, the narrower the energy bands. For
K — oo the crystal is reduced to a series of independent square wells, and the
energy bands go over into the discrete eigenvalues that we had found for a
square well in Chapter 3.1.

3.5 SUMMARY

Let us review our findings thus far. The transition from classical mechanics
to quantum mechanics starts from the classical equation of motion of a
system:

2
=2 L v (3.119)
m

The transition is accomplished in five steps.

(a) The total energy E is replaced by an operator
0
ik ?t

(b) The momentum p is replaced by an operator!®
—ihV
18 In a real crystal, N is very large, kd can vary almost continuously, and cos (kd) can assume
any value between —1 and +1.
19 This choice of sign is customary, since only the square of ihV occurs in the Schrodinger

equation, it does not make any difference here. We shall, however, come back to this
point in Chapter 4.1.
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Fig. 3.12 As the barriers between different crystal cells get bigger and bigger the energy

Fig. 3.11 A particle trapped in a potential well can have only certain discrete energy
values. In a periodic potential these discrete energies are replaced by allowed energy bands.

bands shrink to the allowed energy values of the particle in an infinite square well.
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(c) The resulting operator is applied to a wave function y and the resulting time
dependent Schrodinger equation:

oy

h2
i = — — V2 .
i 5= VP + V@)Y (3.120)

is solved for y(r, ¢) .
@ v*(r, Oy(r, 1) dr

is the probability that the particle can be found in the volume element dr at the
time ¢.
If the potential does not contain an explicit time dependence, i.e., if

v 0 3.121
= (3.121)

the Schrodinger equation (Eq. 3.120) is separable, and we obtain the time independ-
ent Schrodinger equation

—h2
= VU@ + V©ul) = Eu() (3.122)

The eigenvalues of the Hamiltonian (operator)

h2
—_ e — V2
H 5 V2 + V@) (3.123)

are the possible energy values of the system. The square of the absolute value of
the eigenfunction

u*()u(r)

gives the probability density that the particle can be found at r.

(e) The eigenfunctions w(r, 1), or u(r) for the time independent problem, must be
normalized by forming

fw*(r, Hy@, Hdt =1 or fu*(r)u(r) dr =1 (3.124)

These integrations can only be performed if the boundary conditions of the
problem are known. The boundary conditions together with Eq. 3.124 select
the physically meaningful solutions of Eq. 3.120 or Eq. 3.122 from the many
more mathematically possible ones.

It is obvious from the foregoing examples that the boundary conditions
play a decisive role. The condition u(4a) = 0 in the example of the particle
in a box eliminated all solutions that did not satisfy

_ nmih?

= , n=1,23,... 3.125
8a’m ( )

n

Similarly the condition

f wri de = 1 (3.126)
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Fig. 3.13 In quantum mechanics, as well as in classical mechanics, the basic differential

equations permit an infinite variety of solutions. Whether we hear music depends on the
boundary conditions.

imposed on the solutions of the linear harmonic oscillator led to discrete
energy eigenvalues. In the one-dimensional crystal the periodicity of the
potential together with the condition ’

u(x + Nd) = u(x) (3.127)

led to allowed bands of discrete energy eigenvalues. For finite values of N,
Eq. 3.116 is, of course, satisfied only for a finite number of energy eigenvalues
in each band.

We conclude?® from our examples: Whenever a particle is confined to a
certain region of space only certain discrete energy eigenvalues are allowed.

The great importance of the boundary conditions and the fact that
confinement leads to discrete eigenvalues is by no means restricted to quantum
mechanics. To illustrate this we mention two examples from classical physics.

Maxwells equations* encompass everything that is electromagnetic.
Whether they describe the TV program on Channel 6 or the current generated
in a hydroelectric power plant depends on the boundary conditions under
which we solve them. The motion of a string can be described by a differential
equation, and all the configurations the string can assume are compatible
with this differential equation. If we impose boundary conditions, only
certain configurations remain possible (Figure 3.13).

20 A rigorous proof of this statement has not yet been found, although the widely varying
conditions under which we have shown it to be valid make it plausible that the statement
is universally true.

21 J. R. Reitz and F. J. Milford, Foundations of Electromagnetic Theory, Addison-Wesley,
Inc., Reading, Mass., 1960.
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The Schrddinger equation is a linear differential equation or, to put it
differently, the Hamiltonian operator is linear. According to the definition
of linearity (see Appendix Al), this means that a superposition of solutions
(or eigenfunctions) is also a solution. We have studied this for the case of the
wave packet (see Chapter 2.2). We mention here in passing that a similar
superposition is possible when different eigenfunctions belong to the same
eigenvalue, a case to which we shall return later (Chapter 9).

We conclude this chapter with the introduction of some widely used
expressions whose origins should by now be obvious to the reader:

A quantum mechanical system can usually exist in various states charac-
terized by their wave functions. A state whose wave function is an eigen-
function of an operator is often called an eigenstate of that operator.

If the wave function of a state can be expressed by a linear combination of
other wave functions we often refer to this as a superposition of states.

The labels (indices) of a set of discrete eigenvalues are often called the
quantum numbers of the corresponding states.

PROBLEMS'

3.1 A gas consisting of point particles of mass m = 10723 ¢ is confined in a box
whose volume is 1 cm3. According to the kinetic theory of gases the average
velocity of the gas molecules is given by

2
Z;— =3kT
where k = 1.38 x 10716 [erg/molecule °K] is Boltzmann’s constant. Give a
rough estimate of the temperature at which one can expect to see a deviation
from the behavior predicted by the kinetic theory. Is this limitation of
practical concern in the example given here?

3.2 (a) A proton or (b) an electron are trapped in a one-dimensional box of
1078 cm length. What is the minimum energy these particles can have?

3.3 A particle is trapped in a oné-dimensional box whose total length is L. Its
energy is E = #*A*[2mL?. Where in the box is the particle most likely to be
found?

3.4 An electron whose kinetic energy is 10 eV is trapped in a potential well whose
walls are 10.01 V high. How thin must the walls of the well be in order for the
electron to have an appreciable chance to escape?

3.5 A junction between two superconducting metals exhibits the a.c. Jo;ephson
effect. A voltage of 1.0 mV is applied across the junction. What is the fre-
quency of the electromagnetic radiation emitted by the junction?

3.6 Determine the normalization factors B,, B;, and B, for the harmonic oscill-
ator eigenfunctions of Table 3.1.

Yo
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3.8

3.9
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To find out why we have split off the factor e—="/2 (Eq. 3.47), expand u(z)
itself into a series and substitute this series into Eq. 3.44). Compare the result
with Eq. 3.56.

The energy eigenvalues of a molecule indicate that the molecule is a one-
dimensional harmonic oscillator. In going from the first excited state to the

ground state, the molecule emits a photon of #v = 0.1 eV. Assuming that the -

oscillating part of the molecule is a proton, calculate the probability that
the proton is at a distance from the origin that would be forbidden to it
by classical mechanics.

An electron is trapped in a one-dimensional harmonic oscillator potential.
The frequency difference between the spectral lines emitted by the electron is
Ay = 105 cycles/sec. The electron is in its ground state. What is the prob-
ability of finding the electron at a distance of (+10~7 £ 1 x 10~% cm from
the origin? What is the probability of finding the electron at the center of the
potential well in an interval of +10~°cm?

Show that for infinitely large values of the constant X in Eq. %the
allowed energy bands contract t6 points on the energy scale ‘and that these

points coincide with the energy elgenvalues of a particle in a one-dxmensmnai’k;

box of total length d.

SOLUTIONS

31

A serious discrepancy with the kinetic theory of gases can certainly be
expected if the average kinetic energy mv?2 = 3k T approaches the minimum
energy of a particle in a box as given by Eq. 3.15:

g _ T
17 8a®m
Since a = 3 for a cubic box we let
=h?  3kT m2h? 72(6.626)% - 10754
m =2 * “3mk ~ 4x*-3-10°3-1.38 - 1016
=2.6510715°K

This temperature is so low that quantum effects would be quite negligible
even at the lowest temperatures that can be reached today (~10~3 °K). This
does not mean that quantum effects cannot be observed in low temperature
gases or liquids. In our example we had assumed point particles so that each
particle has the full volume of the box available. Real gas molecules, of
course, occupy a volume so that only a small intermolecular volume remains
at very low temperatures. In that case we can easily observe quantum effects
in liquid He at temperature of the order of 1°K.

[ ,«'\
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3.8 If E = hv = 0.1 eV we have according to Table 3.1:

tom
i

i

1)
Eo = —2—' = 0.05

The force constant C is, according to Eq. 3.41:

C = mw?

A classical harmonic oscillator with this force constant and a total energy E,
has, according to Eq. 3.39, an amplitude of

2E, h
¢ V2mE,
The ground state wave function is, according to Table 3.1,
Uy = Bye—"2 = .1_=._ e—o’2
ku

using the normalization (Eq. 3.71). The probability of finding the proton
outside the classically defined limit A is then

P4) =1 L o do = 1 2 fA e* g,
= —_—— e~ x = _—= e X
\/11 —A4 ‘/77 0

The reader may evaluate this integral using tables of the error integral

1 ¢
— f "2 do
V2nJo
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SOME THEOREMS AND DEFINITIONS

4.1 THE EXPECTATION VALUE, EHRENFEST’S THEOREM

The object of theoretical physics is to make quantitative statements about
measurable parameters of a physical system. In classical physics there can be
little doubt about the connection between a theoretical prediction and its
experimental verification.

In the realm of quantum mechanics, the existence of the uncertainty
principle forces us to reexamine this problem, raising the following questions.

(a) In what way can we extract a value for a dynamic variable from our theory?
(b) How is this value related to the outcome of an experiment designed to measure
the variable?

Because of the uncertainty principle we cannot determine the parameters
of a system with complete accuracy. The sad fact that experiments, for
whatever reasons,! do not yield a unique result was well known to experi-
mentalists before the advent of quantum mechanics, and they developed
methods to deal with this regrettable situation. It is a common practice to
repeat uncertain experiments several times and to determine the average of
several measurements of, for example, a parameter z according to

2=1%a (4.1)
n k=1

where x; is the result of the kth measurement. If certain values z, occur n,
times, we can write Eq. 4.1 as

< 1 &
S =13 na 42

1 We are thinking here of reasons as mundane as insufficient resolution, imperfect equip-
ment, etc.
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The probability that a measurement yields the value x, is then

Pp=——=—= (4.3)
n
2
r=1
Using this definition, we can write

m
z =Y P, (4.4)

r=1

We shall follow the mathematical usage of calling the thus defined average,
z, the expectation value of = (often written as ¥ = (x)). The definition (Eq. 4.4)
can obviously be extended to a continuous distribution of probabilities, P(x),
by writing

(@) = f_iP(x)x dz = f Zx dw (4.5)

dW = P(x) dx is the probability that x has a value between « and z + d.
Since the probability that x has any value at all must be one (a certainty), we
find that P(x) has to satisfy

f “ P(e)de =1 (4.6)

P(z) is usually called the probability density of = because it gives the proba-
bility per unit interval

Pa) =Y 4.7)
dx

that « has a certain value. In tJorming the average of x according to Eq. 4.5,
those values of  that are more probable contribute more heavily to the
integral. These values are, so to speak, given more weight. For this reason,
(z) as in Eq. 4.5 is sometimes called the weighted average of x, and P() is
also called the weight function. The procedure used to get the expectation
value of a parameter x can be extended to functions of one or several
parameters. We can define the expectation value of a function of, for example,
three parameters f(zx, ¥, 2) as

(=, 9, 2) = f f f P(, 9, 2)f (2, 9, 7) dv dy dz (4.8)

In applying this to quantum mechanics, we remember that u*(r)u(r) dr is
the probability that a particle can be found in the volume element dr. The
expectation value (r) of the coordinate vector of the particle is thus, according
to Eq. 4.8,

@ = f u*Ou(or dr 4.9)
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The expectation value, on the other hand, is defined as the average of many
measurements. The connection between theory and experiment must,
therefore, be given by

@ = f WOurdr = lim £ 3 r, (4.10)

n->o N k=1
where r; is the result of the kth measurement of the particle coordinates.
The only way to measure the coordinates of a particle is to perform a
scattering experiment, i.e., to bounce some other particle off it. Obviously
this will change the coordinates of the scattering particle and will, in general,
make it unavailable for subsequent measurements. The way to get around
this difficulty is to start with a large number of target particles in the same
state and to bombard them with a stream of identical particles, thus averaging
over a large number of measurements. Figure 4.1 shows a typical scattering
experiment. The particle detector is moved around the target and measures
the flux of scattered particles as a function of the angle 6. Symmetry con-
siderations preclude a ¢ dependence as long as target particles and bom-
barding particles have their symmetry axes—if they have any—oriented at
random. It might seem as if such a scattering experiment would yield nothing
but (r), the average location of all the target atoms, i.e., the center of mass
of the target. This is not true. Among other things, we can obviously extract
some information about the size of the scattering particles® from an analysis
of the relative number of the scattered particles. This amounts to a measure-
ment of (JAr|) and since |Ar| is the same for all the target particles it does not
matter whether we measure

darly =1 3 1ary @.11)
n k=1

several times for the same particles or once for several identical particles.

Now we turn to the expectation value of the momentum. It is easily defined
experimentally. We measure the momentum of a particle several times or we
measure the momenta of several particles accelerated under identical con-
ditions and take the average. But how can we define it theoretically? How
do we determine the expectation value of an operator? Is it

(Po) = — | ih 2 (y*y)dr  or  (p,) = _f'/’*ih % 4,
0x Ox
or what? To find out, we follow a procedure given by Paul Ehrenfest.® Let

(x(t)) = J' zyp*y dr (4.12)

2 If the size of the bombarding particles is known.
3 P. Ehrenfest, Z. Physik 45, 455 (1927).




e
iy

i

66 SOME THEOREMS AND DEFINITIONS

Detector

@ = Scattering

angle
Thin
target
Be f inlec Beam
am o 1/ ‘ Beam of unscattered particles monitor
incoming particles 4

Fig. 4.1 1In a typical scattering experiment a beam of identical incoming particles is
scattered by a large number of identical target particles.

be the expectation value of the x coordinate of a particle moving along the
z-axis.

d{z)
= — 4.1
iy (4.13)

must be the average velocity with which the wave packet (particle) moves.
We conclude that?

1@ _ ipy (4.14)
dt

should be the expectation value of the x-component of the particle momen-
tum. We now proceed to express (p,) in terms of the operator i/(9/0z).?

m

d() d [,
m& 4 d
dt dt JW var
oy oyp*
= A YN\ 4.15
mfx(tp at-’rwat) T (4.15)

4 We restrict ourselves to m(d{z)/dt) instead of m(d(r)/dt) purely for reasons of mathe-
matical simplicity. The transition to three dimensions will be obvious for the final result.

5 Note that z, y, and z are parameters of the integration, they are, therefore, independent of
t, i.e., dz/dt = dy/dt = dz/dt = 0.
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For 0y/ot and Oy*/0t we substitute expressions we obtain from the
Schrodinger equation (Eq. 2.15) and its complex conjugate:

L ="V —-V 4.16
ot 2m ¥ )/ ®y (4.16)
dp* ih i
—_— = — — VZ * -V T * 4.17
o o ¥ + P My (4.17)

Substituting Eqs. 4.16 and 4.17 into Eq. 4.15, we obtain
(py) = mfw*x i Viy dr — mflpx ik Viy* dr (4.18)
2m 2m

Because of the hermiticity of the Laplace operator,® the second integral can
be rewritten

f wp R vrx gr = f v P G2 dr (4.19)
2m 2m
hence

() = % f y*[e Vi — Vi(zy)] dr

- %fw*(x V2 — 2Va Vy — & Vi) dr

— —ik f o+ 2% 4 (4.20)
Ox

This answers our question. The expectation value of the momentum is

obtained by sandwiching the momentum operator, —ifi(d/0x), between the

two eigenfunctions and integrating. Making the obvious extension to three

dimensions, we get

Py = J Y (—ih V)p dr (4.21)

This equation is known as Ehrenfest’s theorem. Now we can also explain the
minus sign for which we had no reason earlier (see p. 56). The minus sign
comes from an arbitrary choice we made in the phase of the wave function
(Eq. 2.10). If, instead, we had used a wave function

w(, 1) = A exp {-i(%”m _ ;n—;ﬂ (4.22)

6 See Appendix A.1.
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it would have satisfied a Schrodinger equation

dy %y

= ¥ P (4.23)
and this would have led to a plus sign in Ehrenfest’s theorem. The choice of
sign we have made here is universally accepted in the literature.

Equations 4.12 and 4.21 suggest a generalization of the averaging pro-
cedure they employ. Let F(p, r) be a function of the dynamic variables p and
r describing some measurable property of a classical system. The expectation
value of the same property in the corresponding quantum mechanical system
can then be obtained in the following way: The function F(p, r) is replaced
with the operator

F = F(—ilV, ) (4.24)

using the procedure given on p. 56. The expectation value (F) is found by
letting

(F) = J W Fy dr (4.25)

where v is the wave function describing the system.

From all we have said thus far it should be clear that this statement is a
postulate rather than a provable theorem. As such, it is in need of experi-
mental verification which we provide by applying it to-find the expectation
value of the energy:

i

!

! 2
i Fip,v) = £ + v(r) (4.26)
n;!r 2m
As we know, this translates into
2
F(—iaV,r) = — s ViqV()=H 4.27)
2m S
According to Eq. 2.22, we have
Hu = Eu (4.28)
hence
(HY = f w*Hu dr = E f wrudr =E (4.29)

This statement can be compared with experimental results, and we shall do
this for the case of the hydrogen atom in a later chapter. This final postulate
was introduced by Dirac and it completes the list of postulates on p. 57.
The postulate introduced ad hoc at the end of Chapter 2.1 is now seen to be
just a special case of Dirac’s postulate.
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4.2 DEGENERACY

Degeneracy is a phenomenon that we encounter in systems described by
partial differential equations. We shall make ourselves familiar with it by
contemplating a classical example. Figure 4.2 shows a circular membrane
(drumhead), clamped around its periphery, in various states (modes) of
vibration. The lines represent nodes, the circumference being a node in every

Finger placed at
point Py

f3=213f

f

Finger placed
at point Py

fa=230f fs=265f fe=292f

fi=316f1 fs=35011 fo=360fi

Fig. 4.2 The ¢-dependent modes of vibration of a circular drumbhead are twofold degen-
erate. The frequency in each of these modes is independent of the orientation of the nodes.
This rotational symmetry can be lifted by an external perturbation,
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Fig. 4.3 A sketch of the drumhead vibrating in the mode f.

case. The plus and minus signs represent opposite displacements: at an
instant when the plus areas are raised the minus areas are depressed. Figure
4.3 shows a perspective view of the drumhead vibrating in the mode f;. The
numbers underneath the individual figures give the frequency of the particular
mode in multiples of the fundamental frequency f;.

If we strike the membrane at the center we will obviously excite the first
mode, the fourth mode, or one of the higher modes having complete rota-
tional symmetry. We could also excite any combination of these modes.
Let us assume that somehow we had managed to excite only the first mode.
This mode is characterized completely by its eigenvalue, i.e., the frequency
/1 and the eigenfunction

Ay = Ay(z, y, 1) (4.30)

that gives the deflection in the z-direction as a function of z, y, and 7. From
Figure 4.2a it is obvious that the z, ¥ dependence of 4 is of the form

A, (V22 + 92, 1) = Ay(r, 1) (4.31)

In other words, in a cylindrical coordinate system centered on the center of the
membrane the eigenfunction does not depend on the azimuth ¢. We turn
now to the mode f,. Here the eigenfunction depends on the angle g.
Obviously it will be possible to excite this mode in many different ways,
depending on the azimuth ¢ at which we strike the initial blow. A blow at P,,
for example, would excite a vibration around the line a-h. A blow at P,
would excite a vibration around the dotted line c—d. Because of the rota-
tional symmetry of the membrane both vibrations must have the same
frequency (eigenvalue). The two eigenfunctions, however, will be different.
True, the second eigenfunction will result from the first one through a simple
rotation of the coordinate system, but it cannot be written as a multiple of
the first eigenfunction. An eigenvalue—here f,—that has several eigen-
functions which are not linear combinations of each other,” is said to be
degenerate.

7 A linear combination of one function (as in our example) is, of course, simply a multiple
of that function.
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Inspection of Figure 4.2b makes it plausible that all possible vibrations of
the mode f, can be described as a superposition of two vibrations: one
around the axis a-b, the other around some other axis (for example,
c—d®). This mode is, therefore, said to be twofold degenerate. In a more
general case where we need at least n different eigenfunctions to describe
all the possible modes of vibration we speak of n-fold degeneracy. Inspection
of Figure 4.2 shows that the eigenfunctions of the vibrating membrane are,
at most, twofold degenerate. Degeneracy is thus likely to occur in systems
that have certain symmetries. Symmetry is, however, not the only cause of
degeneracy. If the modes f; and f; (Figure 4.2), by some accident, had the
same frequency (they do not), we would still call this a degeneracy even though
the two eigenfunctions are not related by a simple symmetry operation.

Degeneracy of an eigenvalue is much more than a mathematical curiosity.
Only a few quantum mechanical problems can be solved directly. Usually
we have to solve a simpler problem and then apply perturbation theory to
take into account all the interactions present. In the example of Figure 4.2,
it may not matter whether the membrane vibrates around a-b or c-d
since the frequency is the same in either case. However, if the symmetry
is disturbed by a perturbation (for example, a finger placed at the point P,),
the two modes will have different frequencies and the degeneracy is lifted.
Thus the concept of degeneracy will become important later when we discuss
perturbation theory. At the moment we mention only that the fine structure
and hyperfine structure of spectral lines result from degeneracies that are
lifted by small perturbations.

PROBLEMS

4.1 Determine the expectation value of the kinetic energy and the potential energy
of the linear harmonic oscillator in the states withn =0, n =1, and n = 2.

4.2 Determine the expectation value of z and p, of the linear harmonic oscillator
for the states with n = 0, n = 1, n = 2. Interpret your result.

4.3 The wave function of a particle is

2
u(x) = Aexp I:i(ocx — fzg)}

What is the expectation value of its momentum ?

8 A detailed theoretical analysis bears this out. The eigenfunctions of the membrane are of
the form sin (ng)I,, and cos (ng)I, where the I, are Bessel functions. Obviously any eigen-
function sin (np + «)I,, can be written as a linear combination:

sin (np + o) = [a sin (np) + b cos (np)1l,
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4.4 Derive an expression for the restoring force in a linear harmonic oscillator.
(Hint. Since the force constantly changes direction and the system is sym-
metrical about the origin, the expectation value of the force, i.e., its average,
is of course equal to zero. A useful estimate can nevertheless be obtained by
considering the average of the absolute value of the distance = from the
origin.)

4.5 Derive an expression for the expectation value of the z-component of the
angular momentum. (Hint. Classically the angular momentum is given by
L=rXxp)

Solution of 4.3. The expectation value of the momentum is

—_ ? * h au d
p) = _wu —Ii P x

. u ey : o*ht 5
—ih— = —Aili-io-exp | i| oz — o | | = ahu

m

Now

hence

{py = ochf u*udr = ah

—
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THE HYDROGEN ATOM

5.1 THE HAMILTONIAN OF THE HYDROGEN ATOM
IN THE CENTER OF MASS SYSTEM

A hydrogen atom consists of a proton and an electron, held together by
the electrostatic attraction the two hold for each other. Classical physics
would draw the following picture of such a system (Figure 5.1). The total
energy of the proton and electron in this coordinate system is given by
2 2 2

p_3+_p_1’_____; (5.1)

2me 2m11 |re - rpl

E =

total energy = kinetic energy + kinetic energy + potential energy of
of the electron  of the proton  proton and electron due
to their mutual coulomb
attraction?

where

p. = momentum of the electron, p, = momentum m, = electron mass
of the proton
m, = proton mass |[r, — r,| = distance between electron and proton.

1 The validity of Coulomb’s law has been established experimentally with extreme accuracy.
Plimpton and Lawton have shown, in 1936, that the exponent of r in Coulomb’s law is
2 £+ 2 x 107 Their measurement was done, however, using macroscopic laboratory
equipment. In using Coulomb’s law in Egs. 5.1 and 5.2, we make the bold assumption that
it will still be valid in the realm of the submicroscopic where other well-known laws (those
of classical mechanics) fail. The agreement between the quantum mechanical theory of the
hydrogen atom and the experimental results, which we are about to establish, will prove
at the same time that Coulomb’s law is valid down to distances of the order of 1078 cm.

It might be mentioned at this point that the validity of Coulomb’s law for protons has
been established down to ~10~13 cm. Electrons, to the best of our knowledge, behave like
true point particles, obeying Coulomb’s law as far as we can measure.
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Fig. 5.1 The classical picture of a hydrogen atom as described in an arbitrary cartesian
coordinate system.

Using the substitutions of p. 19, we obtain the following Hamiltonian:
2 2 2
He -l yr_ H g & (5.2)
2m, 2mn lre - rpl
The operator V,2 operates only on the electron coordinates; the operator
V,? operates only on the proton coordinates.

This Hamiltonian describes the system completely, but it tells us more
than we care to know. It describes not only the behavior of the electron and
proton due to the coulomb interaction but also any motion the atom as a
whole might make. In classical physics we usually distinguish between these
two parts of the motion by transforming to a-center-of-mass coordinate
system. In this way we obtain two equations of motion, one describing the
motion of the center of mass in some “laboratory coordinate system,” the
other describing the motion of the parts of the system relative to their
center of mass. We use the same technique here and introduce the coordinate
vector of the center of mass:

X r, + m,r
R=1[Y =mee pip (53)
7 m,+ m,
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Since the coulomb force between the proton and the electron depends only
on their distance from each other, we need only to introduce one other
vector to describe the system completely

r= y) =r,—rI, 5.4
z

To carry out the transformation of Eq. 5.2 to the center-of-mass coordinate
system we form

v _ Oy X  dyos

= 5.5
oz, 0XOox, Ox0x, (5:5)
Using Egs. 5.3 and 5.4 this can be written as
a_'/) — __Mme a_u) + g’f , (5.6)
oz, m,+ m,0X 0Oz
Similarly
Oy __my Oy 9y .7
ox, m,+ m,0X O«
Analogous expressions are obtained for
aw 31/1 azp and Qﬂ
oy, 9z, 0y, 0z,
Introducing the reduced mass
m = — My (5.8)
m, + m,
we obtain
V,=2V,+V (5.9)
and 7
V, =2V, -V (5.10)
m

e

where Vj, operates only on the coordinates of the center of mass and V only
on the coordinates z, y, 2. The Hamiltonian becomes, therefore,

_ 2 2 2
el ( Ve + V) L (ﬂ Vg — V) L AEREY
2m, \m, 2m,, r
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Keeping in mind that Eq. 5.11 is an operator equation, we carry out the
squares and obtain

32 2
H= _h[L"— V2, 4+ ML (VY 4+ VV,) + Vz]
m

2
2m, Lm, »

2 2 2

_ zfn [7;"_ Vi — (V¥ + VY + vﬂ S CAE)
» e 4

or

He =M ¢ _Fg ¢ (5.13)
2(m, + m,)

This Hamiltonian is the sum of a part —#%/[2(m, + m,)] V3 that depends
only on R and a part — [(/4%/2m) V2 + €*/r] that depends only on r. It is easy
to show that if this is the case, we can separate the Schrodinger equation by
substituting

p(r, R) = ¢(R)u(r) (5.14)

The two parts of the eigenfunction, ¢(R) and u(r), are connected only through
the common separation constant. In this case, the separation constant
contains the kinetic energy of the center-of-mass of the atom. Unless the
atom is placed in a box, this kinetic energy can assume any value and, as a
result, the eigenfunctions $(R) and u(r) are independent of each other.2
Physically this means, of course, that the internal state of the atom is
independent of the motion of its center of mass.

To carry out the separation, we substitute Eq. 5.14 into Eq. 5.13, obtaining

———_Luvz ¢ — Ls éViu — fz—2u<;5 = Eu¢ (5.15)
2(m, + m,) " 2m r ‘
We divide by u¢
B2 2 2
T gy P gy, €, (5.16)
2(m, + m,)d 2mu r

We group together the r and the R dependent terms and equate them to the
same constant:

_—]iz-V2¢—E—L2V2u+e—2+E (5.17)
2(m, + my)é B ° 2mu r ‘ '
or
=P w4_gg (5.18)
2m, +m,) " ‘ '

2 Later in this chapter we shall encounter situations where the separation constant, itself, is
quantized. In this case the two factors of the eigenfunction will only be conditionally
independent.
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and, using
E=E,—E,.: (5.19)
2
=Ry, U gy (5.20)
2m r
The solution of Eq. 5.18 is a plane wave, obviously describing whatever
motion the center of mass, i.e., the entire atom makes. This part is of no
interest to us. Equation 5.20 is the Schrodinger equation of a particle moving
in a fixed potential (see Eq. 2.28) except that the electron mass has been
replaced with the reduced mass. For this reason the separation in the center-
of-mass system is sometimes referred to as the reduction of a two-body
problem to a single-body problem.

5.2 SEPARATION OF THE SCHRODINGER EQUATION
IN SPHERICAL POLAR COORDINATES

Since the potential of the hydrogen atom has spherical symmetry it is
appropriate to transform to spherical polar coordinates before we attempt
a solution. The coordinate system we shall use is shown in Figure 5.2.
The Laplace operator

becomes in these coordinates®

10 0 1 9 /. 0
veol9 (20 2 (sinoZ
r or (r ar) + r?sin & 909 (sm 619) +
Using Eq. 5.21 in Eq. 5.20 yields
1 0 [ ,0u 1 0 (. ,0u
10 (20U o 9oH
rior (r ar) + r%sin 9 09 (sm 819) .
1 2%  2m (e ao ’
— 4+ — -+ E}u=0 (522
rzsin2198992+ i ( + )u (5.22)

r
We try to separate this, substituting*

ur) = x(r) Y4, ) (5.23)
0 [ o0y x 0 (. ,0Y y 0%
yZ (r2 2% 2 (sin 9% cr
ar (r ar) T noas (Sm ao) t Gint 9 9p°
2 2

+ 2’;’2’ (e— + E) LY =0 (524)
r

3 See for example, W. Kaplan Advanced Calculus, Addison-Wesley Publishing Co., Inc.,
Reading, Mass. 1953.
4 We shall discuss the physical significance of this separation at the end of Chapter 5.9.
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Fig. 5.2 The spherical polar coordinates used in the description of the hydrogen atom.

If we divide by y Y, this separates into an r-dependent equation and a - and
L g-dependent equation:

mm"n

d [ ,dy 2mr? [e?

—_ - —|—+E)ly= A4 5.25

dr(rdr)+h2 (r+)x x (5.25)
and

2
1 9 (sinﬂa—Y) L &y _ 4y (5.26)

sin 9 09 09)  sin® 9 67)2

where A is the separation constant. Now we note that Eq. 5.26 is independent
of the total energy E and the potential energy ¥ except for the connection
with Eq. 5.25 by way of the separation constant 4. This means that Eq.
5.26 is valid for any central potential, V' = V(r), and any value of the total
energy E. This does not imply that the solutions of Eq. 5.26 are independent
of ¥V or E since the separation constant 4 is common to Eq. 5.26 and the
E and V dependent Eq. 5.25. Physically meaningful solutions of Eq. 5.26
must, of course, have values of 4 that are compatible with solutions of
Eq. 5.25 and vice versa. We postpone the solution of Eq. 5.25 and focus our
attention on Eq. 5.26.
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5.3 THE SEPARATION OF THE ANGULAR WAVE EQUATION

Since separation of the variables has served us well thus far, we try it
again by substituting

Y(9, @) = P(9(e) (5.27)
into Eq. 5.26. The result is
2
smﬁa(nﬂa)_l_A o= — L 10°% (5.28)
P 09 09 ¢ 9¢®
If we name the separation constant m?, as everybody does, this separates into
. d
¢ — ) AP 9= 5.29
sin 19 (sm dﬁ) + sin® m?P (5.29)
and
d’¢
m’¢ = — 5.30

This constant has nothing to do with the reduced mass m introduced earlier.
Equation 5.30 can be integrated immediately to yield

¢ = Poetm? (5.31)
Since the wave function should not change if we change ¢ by 2 (thus coming
back to the same point) we have to require that

B(p) = P + 2m) = Poe ™0 - T = e (5.32)
This will be the case if, and only if, m is an integer. We have just found the
first quantum number of the hydrogen atom:

o000
\ .
We call it the magnetic quantum number for reasons that will become apparent
later. It should be noted here that the physical meaning of m is not evident
from anything we have said thus far. To solve Eq. 5.29, we make the
substitutions:

d d
= 93 — = —sin ¢ — 5.33
& = cos 75 sin pr: (5.33)
Hence d i
T 2 Rl B 2 [ . 2 = 2
sin 0d§( sin® 9 d§)+ AP sin* 9 = m°P (5.34)
or
1-8— pr: ( 1-8&— )+ A(l — E)P = m®P (5.35)
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If we change the name of the constant in Eq. 5.35 to
A=1ll+1) (5.36)

Equation 5.35 is recognized as the well-known associated Legendre equation
1—é& dié ((1 — &) Z—;) + I(I + D(1 — )P = m*P (5.37)

Its solutions are known as the associated Legendre functions. The reader who
is familiar enough with spherical harmonics to have recognized the Schré-
dinger equation (Eq. 5.26) as the differential equation of the spherical
harmonics may at once advance to p. 83 where the solutions of Eq. 5.26 are
listed and discussed. The reader who lacks mathematical proficiency is well
advised to bear with us through the following purely mathematical discussion.
It will lead to the derivation of the spherical harmonics: a class of functions
that plays a decisive role not only in quantum mechanics but also in the
theory of electricity and magnetism.

5.4 LEGENDRE POLYNOMIALS

A look at Eqgs. 5.30 and 5.35 shows us that one particular value of m
simplifies both equations: m = 0. We, therefore, try to solve Eq. 5.35 for
this special case.

d dpP
—_ 1 — E2y 2 = .
dg(( E)d5)+ AP =0 (5.38)
We substitute® ap
(a) P =73 a,é* and (b) EE_ =Y ka, & (5.39)
0 1
into Eq. 5.38%
S (k + D(k + 2)a .8 — 3 k(k + Dag* + 4 20: aff =0 (5.40)
0 0

Equation 5.40 is an identity if, and only if, all the coefficients of equal powers
of & vanish separately, i.e., if

k(k+1)— A
Gy = G T )= 2 (5.41)
Now
lim 2&2 — 1 (5.42)

k= Ay

5 For reasons soon to become apparent we are vague about the upper limit of these sums.
6 The indices under a sum can, of course, be renamed freely, i.e.,

S ke + Dag &1 = (k + Dk + 2)ay 48"
1 0
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This means that Eq. 5.39a is? divergent for £ = 1 (remember & = cos 9).
At this point we have to invoke the boundary conditions of the hydrogen
problem to select from the many mathematically possible solutions of Eq.
5.38 those that are physically meaningful. Since the attractive force between
the electron and the proton abates gradually as r increases, there is no well-
defined boundary. Therefore we have to settle for the condition

f wtu dr = 1 (5.43)

which states merely that there is one electron and that it is somewhere.

Since we had shown that the Schrédinger equation is separable, we could
write

u = y(NP()$(p) (5.44)
The three functions x, P, and ¢ are related only through the common separa-

tion constants m? and 4 = /(! + 1). We cannot, therefore, rely on one to
make up for infinities in the others and must insist that

fx*xrz dr, fP*P sin9dd® and qu*qS de
all remain finite. Hence, unless
f P*($)P(#) sin & do (5.45)

and, therefore, P(¢) remains finite®, Eq. 5.43 cannot be satisfied. This means
in view of Eq. 5.42 that Eq. 5.39a has to break off after a finite number of
terms and that for some k =/

kk+1)=Ill+1)=4 1[=0,1,2,3,... (5.46)
We have thus found another quantum number for the hydrogen atom

AL

Again, we emphasize that nothing said thus far makes the physical meaning
of / obvious. The polynomials

P, = é a (5.47)

7 Or rather could be. The criterion (Eq. 5.42) gives what is known as the ambiguous case,
allowing either convergence or divergence.

8 The fact that the integral (Eq. 5.45) is finite does not necessarily imply that P(9), itself, is
finite. However, for the kind of smoothly varying functions we are dealing with in physical
applications, one condition always implies the other.
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are known as Legendre polynomials. Since Eq. 5.38 determines P only up to a
constant factor, and since the P,—being polynomials—have no singularities
for —1 < & < 1, they can be normalized. It is customary to normalize the
Legendre polynomials by requiring

P(1) =1 (5.48)

This together with Eq. 5.38 is sufficient to determine the coefficients of the
Legendre polynomials unambiguously.

5.5 THE ASSOCIATED LEGENDRE FUNCTIONS

We return to the associated Legendre equation (Eq. 5.37) and make the
substitution:

P = (& — 1)™2w(§) (5.49)
This leads to
_d_P = 2 __ 1\(m/2)-1 2 _ m/2_d_“_’ 5.50
i mé&(E* — 1) w(é) + (& —1) de (5.50)
and
d°p 2022 (mi2)—2 2 (m/2)—1
E?=m(m—2)§(§—1) w + m(&4 — 1) w
2 (mi2)—-1 AW 2 _ 4 (m/21—1 AW 2 (m/z)_dz_w
= (52 . 1)m/2{w[m(m — 2)52(52 — 1)—2 + m(§2 _ 1)—1]
dw d*w
—2 2 _ 1)yt == .
o amEE — 0 dgz} (5.51)

Substituting Eqs. 5.49, 5.50, and 5.51 into Eq. 5.38 yields—after collecting
terms of equal order:

2 _ 4w dw _ _ _
(& = D75+ (m+ D270 — [0+ D = m(m + Diw =0 (5.52)

We return to the Legendre equation (Eq. 5.38).

dP;
—_— I(l4+ DHP, =0 5.53
d5]+(+), (5.53)

fo-o

Remembering Leibnitz’s rule

(uv (m) _ u(m)v 44 m(mz'_ 1) u(2)v(m—2) + m“(l)v(m—-l) + uv(m) (554)
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we differentiate Eq. 5.38 m-times, letting

1—&=u and %’ =0 (5.55)
m m+1
—m(m + 1) ‘;; F— (m + 1)2¢ d§m+1
dm
+ (1 - — 4 dsm“ Pz+ (1 + 1)d—§;P,=o (5.56)

Collecting terms of equal order yields

() v ()

— [+ 1) — m(m + 1)]d “Pi o (5.57)

We compare Eq. 5.57 with Eq. 5.52 and find them to be identical if we let

dmp,
w=t 5.58
dém 59
We sum up. The P, are solutions of the Legendre equation (Eq. 5.38).
dmP,/dé™ satisfies Eq. 5.57, derived from Eq. 5.38 through m-fold differenti-
ation. Equation 5.57 is none other than Eq. 5.52 which was obtained by
substituting
. l)m/2 amp i
"
into the associated Legendre equation (Eq. 5.37). The solutions of the associ-
ated Legendre equation (Eq. 5.37) must, therefore, be

(& (5.59)

d™P
= (& — ymr—— 5.60
( ) e (5.60)
These functions are called the associated Legendre functions. Since the P, are
polynomials of the order /, we cannot differentiate them more than / times.
We must, therefore, insist that
m< | (5.61)

We shall see later that this inequality has a very evident physical meaning.
In view of Egs. 5.27, 5.31, and 5.60, we can, therefore, state: The angular
part of the Schrédinger equation for any central potential® is solved by the
spherical harmonics:

Y = Nipe™™*P,"(8) (5.62)

® In other words, for any potential that depends only on the magnitude of r.
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where the N,,, are normalization constants. The name spherical harmonics
suggests that the Y7;,, are some kind of three-dimensional equivalent of the
trigonometric functions. This is, indeed, true. The Y,,, are not only periodic
in @, and 9, but they also satisfy

f Y* Y, sin®dd =0 (5.63)

for I # k or m # n in obvious analogy to Eqs. A.2.7 and A.2.8. A set of
functions that satisfies conditions like Eq. 5.63 or Eqgs. A.2.7 and A.2.8 is
said to be orthogonal. If the functions can also be normalized, as the Y,,, and
the trigonometric functions obviously can, they are said to be orthonormal.
We shall forgo the proof of the orthogonality of the spherical harmonics

and return to it later (Chapter 6.1) in connection with a more general discussion
of orthonormal sets.

5.6 THE SOLUTION OF THE RADIAL PART
OF THE SCHRODINGER EQUATION

We return to Eq. 5.25, substituting for 4 the value we had found while
solving the Legendre equation.

d (, dx) 2mr?
— "=+ —
dr ( dr K

Just as in the case of the harmonic oscillator (Chapter 3.3), substitution of

( + E) £ =10+ )y (5.64)

_a power series into Eq. 5.25 would lead to a recurrence relation connecting

three coefficients with each other. Again, we have to resort to some mathe-
matical slight of hand to avoid 'this. We substitute

n(r) = ry(r) (5.65)
into Eq. 5.25. Since

Z_ca_x_4_ 1 5.66
dr rdr r rdr 1 (5.66)

this substitution yields the following differential equation for 7(r):
e R R L (5.67)

This would still lead to a useless recurrence relation, and we make one more
substitution:

n(r) = {(r)e™" (5.68)
This yields
d¥ dt 2me*  2mE 2+
= g2 — =0
or? * dr I: R2r A? to rt ]C

(5.69)
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The value of « in Eq. 5.68 was left open, and nothing can stop us from letting

a_ _ 2mE

o = o (5.70)
Hence
2
g__% 5 2mE dC + (2me I+ 1))§ =0 (5.71)
dr K?
A final substitution
=Y cr* (5.72)
0
yields the recurrence relation:
_ 2
2( k |—2mE _ me" )
R K
Crt1 = (5.713)

Cr
k(k+1)—11+1)

At this point we have to invoke the boundary conditions. If the hydrogen
atom exists, the electron must be bound, and we have to insist that

[reener ar
remains finite.’® Hence
fx*xrz dr =fn*77 dr =f§2e_2" ar<M (5.74)
where M is some finite number. This means that for large r
{=3c (5.75)

has to converge faster than e’ in order for Eq. 5.74 to remain finite. Now,

the ratio of two coefficients ¢, becomes for large k
lim %41 — 22 (5.76)
k= Cp k

On the other hand, if we expand e*", the ratio of two consecutive coefficients

tends towards a/k for large values of k. Hence Eq. 5.74 can be satisfied only

if the series Eq. 5.72 breaks off after a finite number of terms. This is possible

only if in Eq. 5.73 for some integer k = n:

2 2 4
nthE _ mhf (5.77)
or

me*

E=— T
2n’h®

(5.78)

10 See the pertinent remarks in Chapter 5.4.
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This quantum number is the last of the three quantum numbers hidden
behind the Schrédinger equation of the hydrogen atom. It is called the
principal quantum number or the quantum number of the total energy.

We conclude as follows.

(a) The total energy of a hydrogen atom is negative. This is not startling. In
writing Eq. 5.1, we had fixed the energy scale—as is customary for systems with
finite binding energy—so that the total energy was zero for a proton and an electron
resting at a very large distance from each other.1!

(b) The hydrogen atom can exist only in states in which the total energy satisfies
(Eq. 5.78).

(c) The energy difference between two different states is given by Eq. 5.79:

E, — En =55 (-2 - -E) G.79)

This is the famous Rydberg formula for the spectral lines emitted by a hydrogen
atom. We note here that the emission of light, i.e., the fact that the energy difference
between two states can be converted into the energy of a photon, is not explained
by our theory. A consistent treatment of light emission is the subject of quantum
electrodynamics and goes considerably beyond the scope of this book.

(d) The ionization energy of hydrogen, i.e., the energy required to sever the elec-
tron completely, is obtained by letting n, = 1 and n, = <« in Eq. 5.79;

me*

Eion = 533

(5.80)
All these findings are in splendid agreement with the experimental results,

and we have every reason to consider our theory completely vindicated.!
Now to some of the finer points. Equation 5.73 implies that

n>1
because otherwise for
n=1

¢,+1and, thereby, all the following coefficients would be infinite.

11 Note that in Eq. 3.35, we had used a different convention, making the energy of the oscil-

lator zero for the equilibrium position. Obviously that is the preferable choice if ¥(r) goes
to infinity for large r.

12 See also footnote 1.
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Thus we have the following picture: The eigenfunctions of the hydrogen
atom are

unlm

N -

exp [—(me?/nhr] i Y, (5.81)
0

where the Y, are the spherical harmonics. The principal quantum number,
n, can have any integer value:

n=12,3,...
The quantum number / can have any integer value:
1=0,1,2,...,n—1
and the quantum number m can have any integer value:
—I<m<gl

In writing this latter statement we have followed the usual convention of
writing Eq. 5.62 in the form

Yin = Nipe™P{™(8) (5.82)
where m can assume any value between m = —/ and m = [, instead of
writing

Yim = Nype™P,"(8) (5.83)

where m can have only positive values 0 < m < /.

The energy depends only on #, and n different values of / are possible for
each value of n. For each of these values of / there are 2/ + 1 different values
of m possible. To all of these different quantum numbers m and / belong
different eigenfunctions (Eq. 5.81), but only one eigenvalue E,. The hydrogen
eigenvalues are thus very highly degenerate except for the lowest value E,.
The degree of degeneracy of a state with the quantum number » is obviously
given by

n—1

D2+1
0

It is customary to call a state with / = 0 an s-state, a state with /=1 a
p-state, and states with higher values of /, d, f, g, h . . . states.

The origin of these labels goes back to the prequantum days of spectros-
copy. The letters s, p, d, frefer to the character of the spectral lines, sharp,
principle, diffuse, and fine, connected with these states.

The value of the principal quantum number is usually expressed as a
number preceding the letter symbol.

H
H
i

e e S LA
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s p d f g
1=0 I=1 =2 =3 =4
E=0 n=co smmmms Emm— S— — e F =0
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n=3
n=2
=-135n=1 =-135eV

Fig. 5.3 The energy-level diagram of the hydrogen atom.

The Is state is thus the lowest energy ground state of the hydrogen atom.
The 25 and 2p state are the states withn =2,/ =0and n = 2, ] = 1, etc.
Figure 5.3 shows the energy level diagram of the hydrogen atom.

We still owe an explanation of the physical meaning of the quantum
numbers / and m. We postpone this explanation and a more detailed dis-
cussion of the hydrogen eigenfunctions until we have acquired a better
understanding of some of the more formal aspects of quantum mechanics.
‘We now content ourselves with the derivation of some of the more obvious
consequences of Eq. 5.78.

5.7 HYDROGENLIKE ATOMS, THE ISOTOPE SHIFT

The term hydrogenlike atoms is used to describe atoms consisting of one
positive and one negative particle. Obviously such atoms must have a
Hamiltonian similar to Eq. 5.2, and all the expressions derived for the hydro-
gen atom must be applicable.

The He Ion

The spectrum of the singly ionized He atom!® is described by“Eq. 5.79
except that all energy eigenvalues are larger by a factor 4. In the Hamiltonian

13 The neutral He atom is a three body problem and has altogether different eigenfunctions
and eigenvalues.
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(Eq. 5.2) we expressed the potential energy as

e _ (electron charge) - (proton charge)

r r
obviously this has to be modified to
e(Ze) €Z
R
if the central nucleus has a charge Z. Instead of a factor e, this yields a factor

€'Z®in Eq. 5.79. In the case of the He ion (Z = 2) this quadruples the energy
eigenvalues.

A very accurate measurement of the spectrum of the He ion shows a small

deviation from this prediction. This is because we also have to replace the
reduced mass:

memﬂ
m=—"_
m, + m,
in Eq. 5.79 with
m = e (5.85)
m, + m,

where m, is the mass of the He nucleus. The deviation is
e Mt My 43 1 0004078 (5.86)
m m,+m, m, 4 m,

in excellent agreement with the experimental value:

1.0004071
Muonic Atoms

Muons are particles which very much resemble electrons, except that their
mass is about 200 times that of the electron. A negative muon can be
attracted by a nucleus and “orbit™ around it just like an electron. Since the
mass of the muon is ~200m,, the “radius” of its orbits is 200 times smaller
than that of a corresponding electron orbit. The picture of an orbiting
electron or muon is of course not really correct. What we should have said
is that as a result of the mass dependence of the factor e—" in Eq. 5.68, the
eigenfunction goes faster to zero for large r if the mass m is larger. The
consequences are, however, the same.

The muon “orbits” the nucleus deep inside the innermost electron shell
and sees the full charge Z of the nucleus. Accordingly, muonic atoms have
hydrogen-like spectra but all energy eigenvalues are higher by a factor:

M 72 . 2002
me

(5.84)
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This leads to the emission of photons in the x-ray region.} Since the muon
comes much closer to the nucleus than the electrons, muonic atoms are a
very sensitive probe for the range of the nuclear forces. Whereas for the light
elements (Eq. 5.79)—after multiplication with (m,/m,)Z*—holds quite well,
the deviation increases rapidly with Z. From the size of the deviation one can
calculate the size of the nucleus. Some of the best measurements of nuclear
diameters have been made this way.

Positronium

A positron is a positive electron. If it ever gets together with an electron,
the two annihilate each other and 2 or 3 y-rays result. Before they annihilate
each other, the positron and electron sometimes form an atom called
positronium, which lives for 10~7 or 1071 sec, depending on the relative
orientation of electron and positron spin. We recall that the mass, m, in
Eq. 5.79 is the reduced mass:

m,m,

m, + m,

m =

If we replace the proton mass, m,, with the positron mass, m,, we obtain

2

m
=t 5.87
2m, 2 (5:87)

m =

Hence the energy eigenvalues of the positronium atom are § of the energy
eigenvalues of the hydrogen atom.

Muonium

A positive muon can capture an electron and form muonium. The reduced
mass is in this case:
m,m
m=—=* ~m,
m, + m,

i.e., the energy eigenvalues of a muonium atom are almost equal to those of a
hydrogen atom.

The fact that the reduced mass rather than the electron mass enters into
the derivation of the energy eigenvalues makes itself felt in a similar way in
the spectra of nonhydrogenlike atoms. It leads to an—exceedingly small—

energy difference between the spectra of different isotopes of the same
element.

14 We are referring here to photons emitted when the muon changes its state. Jumping
electrons emit the usual spectrum of an atom with Z — 1.
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5.8 ANGULAR MOMENTUM

We have yet to explain the physical significance of the quantum numbers
m and /. The fact that they were obtained in solving the angular part of the
Schrodinger equation suggests that they might have something to do with
the angular momentum of the atom. To pursue this idea we translate the
classical expressions for the angular momentum into the language of quantum
mechanics.

The Angular Momentum Operators

In classical physics the angular momentum of a point mass with the
momentum p is defined as

iz Pa Yp. — #Py
L,=rxp=|j ¥y Py = | @z — TP, (5.88)
k z p, TPy = YPa

where i, j, and k are the unit vectors in the z, y, and z direction. The quantum
mechanical equivalent is, according to the postulates of Chapter 2.1:

2,2
0z oy

L= —inh zi—-xa— =
Ox 0z
2,2
oy 0

We transform this to spherical polar coordinates:

x = rsin ¢ cos @
y = rsin 9 sin ¢

z=rcos ¥
From
r2 = 2 + yz + 22
follows
or_z Or_y Or_z (5.91)
dx r oy r 0z r
Also, since
Y—tang (5.92)
x
0 1 d¢ y
J—— tan = —_—= —— 593
ax( ?) cos® ¢ dx z® G99
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and
1 9 1
—(tan¢)=—F——=-—
0 (tan ) cos’pdy =
therefore
N 2
00 _ _ Yooty 22_c50
ox z? oy x
We differentiate
z = rcos 9
partially with respect to z, y, and 2
Qi: =Qcosz9— rsinﬁ@@
oz oz x

or, using Egs. 5.90 and 5.91

09 = cosd _ cos pcos P

dx  r rsind r
Similarly, from
a—z=0=a—rcosz9—rsinz9a—19
Yy y dy
and
a—z=1=&cos19—rsin19‘a—l9
0z 0z 0z
follows
09 _y cos?d _ sin g cos 9
y rrsind r
and
@=Gmﬁ_0} = _sind
02 r r sin ¥ r
Now

0 _0r9d 990 090
@“@w+@w+@®

(5.94)

(5.95)

(5.96)

(5.97)

(5.98)

(5.99)

(5.100)

(5.101)

(5.102)

(5.103)

equivalent expressions are found for d/0x and 0/dz. Using Eqs. 5.90, 5.103,

5.91, 5.101 and 5.95 in Eq. 5.89, we obtain

L,= ih(sin qo%9 + cot & cos ¢§)
P

Similarly

L,= ih(— cos «p—a- + cot ¥ sin qo—@—
op

09

(5.104)

(5.105)
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and

L,= —ik 2 (5.106)
op

L, is immediately recognized as an operator that has the hydrogen wave
functions as eigenfunctions with the eigenvalues 4-mf since

L —ilig(P)P,™(9) 9 grime _ +mhu (5.107)
op dg

in other words: The quantum number m is a measure of the 2 component of
the angular momentum in units of #.

5.9 THE OPERATOR OF THE TOTAL ANGULAR MOMENTUM

‘We now form the operator of the square of the total angular momentum:

LP=L2+ L2+ L2 (5.108)
Now
L= —hz(sin qaa% + cot 9 cos (pgp) (sin qaé% + cot ¢ cos <pa%))
. 0% . 0? sin @ cos ¢ 0
= —h*sin® p — + sin ¢ cos ¢ cot & - —
{ LFrE P P Y 5009 sin9 o
a 2
cot ¥ cos® ¢ — t & cos @ si
+ cos ¢paﬁ+co _ <p1n<pa¢aﬁ
2 s O 2 . 0
+ cot® & cos® ¢ — — cot® & cos g sin ¢ —} (5.109)
o0¢* op
Also
2 2 2 az 0 2
LS = —hc — — cos ¢ cot ¥ si
v :05 Fr LS PP Y
9 sin® g 2 9 i
cot 9 si — — cot ¢ sin @ cos
+ sin® @ Py sin @ @ 29 39
cos ¢ singp 0 2q .3 0°
—————TL — +4 cot® ¥sin® ¢ —
sin % 9o 4 0¢®
+ cot® ¥ cos g sin ¢ ai} (5.110)
- @
Finally
2 2 82
L= —h— (5.111)
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Adding Eqgs. 5.109, 5.110, and 5.111 gives

02 0 1 0°
L* = —p¥— 4 cot ¢ — ——} 5.112
{8192 09 + sin® ¥ 0¢® ( )
This c;m also be written
1 0 /. i} 1 0
L? = — g3l —— — 9 — — 5.113
{sin 9 09 (sm 319) + sin® ¢ 8<pz} ( )

We compare this with the angular part of the Schrédinger equation:

1 0 . Y 1 oY
9 (sin 92X oY _ 5.
—L= (sm 329) +1)Y  (5.26)

The conclusion is obvious, the angular part of the hydrogen wave functions
Y,.(?¢) and hence the entire wave functions, u(r), are eigenfunctions of the
operator L?

Lu(r) = y(r)L2Y (¢, ) = B + Du(r) (5.114)

with the eigenvalues
I + Dr?

We conclude: The quantum number / is a measure of the total angular
momentum in units of #.

Considering the remarks made on p. 76, we can now more fully appreciate
the implications of the separability of Eq. 5.22. The Hamiltonian can be
written as the sum of a radial part and the angular momentum operator
Eq. 5.113. This connects the separability with the conservation of angular
momentum.'® The separation constant is quantized in this case so that the
angular and the radial part are not fully independent but are connected by
the condition that 4 = J(/ 4+ 1) in both Eq. 5.25 and Eq. 5.26.

5.10 THE EIGENFUNCTIONS OF HYDROGEN, ATOMIC UNITS

Now that we understand the meaning of the various quantum numbers of
the hydrogen atom, we return to the discussion of its eigenfunctions. Table
5.1 lists the complete hydrogen eigenfunctions u(r, &, ¢) for the four lowest
values of n. The normalization constants have been determined such that
J u*u dr = 1. In the absence of an interaction with some external force any

15 We shall explore this connection in more detail in Chapter 6.



Table 5.1

State 1 m u
1s 0 0| Ane et
= 3
2s 0 0| A1 —x) nk
2p 1 0 | Ape®zcost o 1 (mez)%
n— ="
e* : 7 \ nh?
2 1 1| A,—=zsin Jeti®
p + "5
2
3s 0 0 A,,e"(l — 2%+ -2—;)
2
3p 1 0| A= J; (2 — ) cos &
3p 1| £1 | A4,e® L_ #(2 — x) sin Pe L@
V3
1
3d 2 0| A,e®—=22Bcos?2® — 1)
" 3v2 ¢
z2 .
3d 2 | £1 | A,e®—=sin® cos Jeti®
n v3
3d 2| 2| Ae® ! _ 22 sin? Je L2
2V3
xﬂ
4s 0 0 Ane'“(l — 3z + 222 — -5)
_ 22
4p 1 0 A”e“\/Sx(l — x4 —5) cos &
— R .
4p 1 +1 Ane"”A/g x(l — x4 %) sin Se L@
1 x
4d 2 0 A,,e"-iaﬁ(l - 3)(3 cos2d — 1)
— § ) +ip
4d 2 | +1 Ape ™ -2-x2 1—3 sin ¥ cos de
4d 2| £2 | Ae® A/ % xz(l — g) sin? Pe L2
. 3 cos & 29 —3
-z — —
4f 3 0 Ane 6v's % cos ¥ (5 cos )
4f‘ 3| +1 A e““ljzxasinﬁ(SCOSzﬁ— Detie
" 6N 20 :
Va3 ;
4 3 2 | A,e®——= sin? & cos PeL2%®
4 b " eV2
af 3| 43| Aze® &8 sind Jet3ie
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Fig. 5.4 The probability u*(r)u(r)r? and the probability density u*(r)u(r) of the electron in a hydrogen atom as a function of the radius.
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coordinate system should be as good as the next one. We would, therefore,
expect that the electron density u*u is independent of the angles ¥ and ¢.
For ¢ this is easy to see since

utu = yin[P"(9)])%™e - e (5.115)
is mdeed independent of ¢. It is, however, not usually'® independent of ¥,
nor need it be. In any state with n > 1, there are several states with different
!/ and m that have the same energy, i.e., are degenerate. As long as we do not,
by some interaction, remove this degeneracy, the atom is not in any one of
these states in particular but in a mixture of all of them. The reader should
convince himself that the probability density of, for instance, the 3d state is,
indeed, independent of @ if we form:'?

wru = u*(3,2, 0u(3, 2, 0) + 2u*(3, 2, Du(3, 2, 1) + 2u*(3, 2, 2)u(3, 2, 2)
(5.116)

where u(3,2,1) stands for u(n =3,/=2,m=1). We shall see later
(Chapter 10.2), that it is also possible (for instance, with the help of an
external magnetic field) to make sure that an atom is in a state with a well-
defined value of / and m. (It is this case that Figure 5.5¢ refers to.) Figure 5.4
gives the probability density u*u averaged over all angles ¢ as a function of
r for various values of the quantum numbers » and /. Figure 5.5 attempts to
give an impression of the spatial distribution of the electron probability
density for various values of the quantum numbers. The probability of
finding the electron in a volume element is given by

dP = u*u dr = u*ur? dr sin 9 dd do (5.117)

This probability is also plotted.in Figure 5.4 as a function of r for various
values of n and /.

It is interesting to calculate the radius at which the probability?® of finding
the electron, is greatest. We do this for the case of the 1s state:

0= 4 (w*u dr) = 4 l:exp ( 2me'ry )r dr sin ¢ dd dthl (5.118)
dr dr
This yields
h2
r=— ‘ (5.119)
me

This happens to be the radius of the first electron orbit in Bohr’s old quantum
theory.*® The Bohr radius 7%/m,e? is frequently used as the unit of length in

16 Only for s-states.

17 Where do the factors 2 come from?

18 Not the probability density!

19 Neglecting the small difference between the electron mass m, and the reduced mass m.
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(a) (]

Fig. 5.5 The spatial distribution of the electron probability density #*u in a hydrogen
atom. The scale has been changed to make all three figures appear the same size. Also the
shading has been normalized so that the area of highest electron density appears black.
The reader may verify just how much the absolute size and density vary from state to state.

atomic physics and is the basis of the so-called atomic units. In atomic units
the energy is measured in multiples of the ionization energy of hydrogen
m,e*[2h%1° The use of atomic units amounts to letting 42 = 1, e = 2, and
m, = } in all equations. Expressed in atomic units the Schrddinger equation
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100 THE HYDROGEN ATOM

Eq. 5.20 becomes for instance:!?

v — 2 _ gy (5.120)
r

The abscissa in Figure 5.4 is divided in units of A%/m,e®. We had inquired
earlier (Chapter 5.6) into the degree of degeneracy of the hydrogen eigen-
functions. A look at Table 5.1 shows a marked difference between the m and
the / degeneracy. The m degeneracy is simply due to the symmetry of the
eigenfunctions just as .in the classical example of Chapter 4.2. The reason
for the / degeneracy is less obvious. The probability distributions for the 3s
and the 3p state for instance are completely different (see Figure 5.4¢c, d). We
can only conclude that the shape of the electron distributions is such that
for the given potential of the form V = e?¥/r the total energy just happens to
be the same for both states. To demonstrate how this can occur, we calculate
the expectation value of the potential energy for the 25 and the 2p state.

2
Moy = L f e 2a’r® cos® 9r® dr sin & d9 do
ko

2 2
=N 202 e g = (5.121)
T 3 a®
N2
(Ve = = J (1 — ar)r® dr sin 9 d9 dg = (5.122)
a
where
_mé
nh?

The weighted average value of the potential energy is thus the same for the
two states. This must mean that the small hump in the probability distribution
of the 2s state in the region of strong field makes up for the fact that most of
the 2s distribution is in a weaker field than the 2p distribution.

Very accurate measurements of the energy levels reveal that the degeneracy
of the states is lifted by small perturbations. These perturbations affect some
of the linear combinations of the eigenfunctions of a degenerate eigenvalue
more than others. This leads to a splitting of the corresponding energy levels.
We shall discuss some of these effects in detail in the later chapters.

PROBLEMS

5.1 Normalize the first three Legendre polynomials using the condition (Eq. 5.48).

5.2 Show explicitly that the first three Legendre polynomials are orthogonal over

the interval —1 < & < 1. Are they also orthogonal over the interval 0 <
§<1?
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5.4

5.5

5.6

5.7

5.8

5.9

5.10

5.11
5.12

5.13

5.14
5.15

5.16
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5.18

G\

How can we calculate the ionization energy of the hydrogen atom from
spectroscopic measurements ?

The spectra of muonic atoms allow us to determine the size of the nucleus.
How ? Explain qualitatively.

Is a positronium atom larger or smaller than a hydrogen atom? Explain.

You are given the task of finding out whether a certain element is a mixture of
several isotopes. For evidence, would you turn to atomic or molecular
spectra? Why?

Verify, by application of the appropriate operators, that the quantum
numbers of the 2p state of the hydrogen atom are indeed / = 1,and m =0,
+1.

A baseball is pitched so that it spins at 300 rpm. Making sensible assumptions
about the structural parameters of the ball (mass, composition, etc.) deter-
mine its angular momentum in units of 4. How much angular momentum is
this per atom?

When an atom of a heavy element is bombarded with electrons of sufficient
energy, it sometimes happens that one of the two 1s electrons is knocked
out of the atom. The resulting hole is filled by one of the 2p electrons. The
x-rays emitted in this process are known as the K z-rays. Derive a formula for
the wavelength of the K z-rays as a function of the atomic number Z.
Calculate the expectation value of the kinetic and the potential energy of the
hydrogen ground state.

What is the parity of the first three eigenfunctions in Table 5.1?

Verify that the 1s eigenfunction in Table 5.1 is normalized and orthogonal to
the 2s eigenfunction.

Show that the three 3p eigenfunctions in Table 5.1 are orthogonal to each
other.

Verify that the 4f eigenfunctions in Table 5.1 are normalized.

What is the degree of degeneracy of the hydrogen eigenfunctions in the states
withn =1, 2, 3?

Show that a hydrogen atom in the 3d state is spherically symmetric as long as
no external perturbation distinguishes a particular coordinate system.

In Bohr’s old quantum theory an electron was thought to move in a circular
orbit around the nucleus. Studying Table 5.1, you will find certain eigen-
functions for which the picture of an orbiting electron is particularly appro-
priate. What are their quantum numbers ? '
(a) Derive an asymptotic expression for the radius at which the electge#1s
most likely to be found in states with / =n — 1, for n > 1. (Hai
Table 5.1.) Calculate the class:cal expresswn for the frequency of 7e

PROBLEMS 101

(E, — Eny)
h 3
(c) Compare the results of (a) and (b) above. Comment !’

= Aw



W

6’”3”‘1 i

102

THE HYDROGEN ATOM

5.19 Show that whenever a Hamiltonian?® H(z,, . .., z,) can be written as a sum

of two parts Hy(zy,...,%;) + Hp(%y,...,%,) depending on different
variables, the eigenvalue equation

H(xly L] xﬂ)'/’(xi’ L] xn) = EIP(xly A ] x’n)

can be separated by substituting

Y@y, - TP (Bggs - s Tn) = P(B, ., Ty),
How are the eigenvalues of the operators Hy(z;, . . . , %), Hy(®pyq, . . ., %),
and H(xy, ..., x,) related?

SOLUTIONS

5.6 The mass M of the nucleus enters the energy levels of an atom only through

the reduced mass (Eq. 5.8):
_ m,M
" + M

Since m, < M the small difference in M between different isotopes has a
negligible influence on m. The atomic spectra of the various isotopes of an
atom differ, thus, very little. A molecule in its vibrational modes approaches
an harmonic oscillator. The energy eigenvalues of the harmonic oscillator,
according to Egs. 3.64, 3.43, and 3.41,

@n + Do (2n 4—1)h\/25
En= = —_—
2 2 m

are inversely proportional to the square root of the mass m of the vibrating
particle.

Assume that AM is the mass difference between two isotopes and that
AM & M. In this case the ratio of the molecular energy values for the two

isotopes will be
R M+ AM 1 1 AM
N A V;

For the same ratio we get in the case of an atomic spectrum

m,(M + AM) | (m, + M L4 e AM
m,+M+AM |\ m,-M )~ M M

5.13 In the product 45 , - u, _, the ¢ dependent part becomes

(ei(p)*(e—-i¢) = e—2i(p

20 Or other operator.
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In the products uy, - u, ; and u3 - u, _, the ¢ dependent part becomes
et or e~

In each case the integral from ¢ = 0 to ¢ = 2= vanishes, i.e., the eigen-
functions are orthogonal.

The ¢-dependence is obviously eliminated in the products #*u. The only
angular dependence that could exist would be a #-dependence. Dropping the
identical z-dependent parts, we get for the state with m = 0

1
uy*u, = 33 (9cost® — 6cos?d + 1)

For the states with m = +1
uy*u, = % sin? & cos® 9
and for the states with m = +2
1
*yg = —— sin? &
a3 =173

These probability densities are quite obviously #-dependent. On the other
hand all five states, m =0, m = +1, and m = +2 are degenerate in the
absence of any perturbation that favors a particular direction. The atom will,

therefore, be in a state that is the sum of equal parts of all five states. Thus the
total probability density becomes

1 2 2
¥, — 4.9 _ 29 41 Zsin2 9 cos? & 4+ —— sint &
u*u 9.2(9cos 6 cos? 3 + )+3sm cos +4.3sm

Substituting
sin? ¢ =1 — cos? ¢
we get
lcostd —Lcos?® + s + % cos?® — 3 cos? @
+ & +§cost® —%cos?d = utu
Adding this up we find that the 9-dependence cancels and we obtain

wru =%

i.e., the electron distribution in the 3d state is isotropic.
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MORE THEOREMS

In the preceding chapters we have tried to establish a firm connection
between the more or less intuitively introduced postulates of Chapters 2 and
4 and the results of experimental physics. In doing this, we have looked
neither left nor right. Lest the reader get the impression that quantum
mechanics is a collection of postulates and mathematical tricks, we shall now
fill in the gaps and try to show quantum mechanics as it actually is: a
physical theory of great mathematical beauty, fully as elegant as classical
mechanics in its Lagrangian or Hamiltonian form. We shall also discuss
some mathematical techniques that will be of help in the solution of the more
intricate problems in the following chapters.

6.1 ORTHONORMAL FUNCTIONS, COMPLETE SETS

Frequently we have encountered integrals of the type

fw*qv dr =c¢ (6.1)

in the foregoing chapters. Sometimes the function ¢ satisfied ¢ = p, in
which case we had normalized g such that ¢ = 1. Sometimes the nature of ¢
was such that ¢ = 0, in which case we had called y and ¢ orthogonal. All of
this is vaguely reminiscent of the scalar product (dot product) of vector
algebra. For instance

f Yrpdr = ¢ (6.2)
is a constant, although y and ¢ are functions of r, whereas
3
(a-b)=>Yab =c (6.3)
=1

is a scalar, although a and b are vectors. Actually this similarity is more than
skin deep and is explored in the mathematical theory of Hilbert spaces. We

104
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shall just use it as a handy excuse to apply the convenient notation and
terminology of vector algebra to our problems.

Definition. The scalar product ¢ of two functions y(r) and ¢(r) is defined as

f yredr=c (6.2)

and we shall henceforth use the abbreviation?!

f yrodr=(y, p) =c (6.4)

for it. Note that this notation implies that the first of the two factors is taken
as the complex conjugate. We can extend the notation in the following way to
include operators

Jw*qu dr = (v, Q) (6.5)

[(CERTEerS (66
Thus the definition of a hermitian operator? becomes

(v, Hp) = (Hy, ¢) (6.7)

Definition. A set of functions yy, ,, ..., w, is said to be linearly
independent if there exist no constants a,, a,, ..., a,, different from zero,
so that

ﬁakw,xr) —0 (6.8)

is satisfied for all choices of r. Obviously this means that none of the functions
¥, can be expressed as a linear combination of all the others.

Definition. A set of functions yy, p,, . . ., p, that satisfy

=1lifi=k
\ =4, 6.9
(o p) =0l 0 69)
is said to be orthonormal.
Let 5, 95, . . ., w, be a set of linearly independent functions. Let
¢ = ; Y (6.10)

1 The notation implies that the integral is taken over all space.
2 See Appendix A.1.
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be a linear combination of the y,. If the ¢, form an orthonormal set, it is
especially easy to determine the coefficients a; in Eq. 6.10. To this end we
multiply both sides with, for example, y,* and integrate:

*

(b ) = 3 (v ) 6.11)

Because of the orthogonality of the v, all terms of the sum except the one
with y, = p, vanish. Because of the normalization of the y,

(i ) = 1 (6.12)
hence

a; = (yi ¢) (6.13)

It is obvious that the larger the set of the v, is, the more linearly independent
functions ¢ we can construct with it in the manner of Eq. 6.10. It is interesting
to raise the question whether with an infinite set of orthonormal functions
Y, We can express any arbitrary function ¢(r) as

@(r) = g AP (6.14)
Obviously we can do this if for any function ¢(r) we can make

lim ((p(l‘) -3 aktpk) =0 (6.15)
n— o 1

through a suitable choice® of the a;. Equation 6.15 is not very suitable as a
practical criterion. If we want a workable expression, we have to settle for
less:

lim ( f o — 3 apl® df) =0 (6.16)
where, in order to carry out the integration, we have to assume ¢(r) to be
piecewise continuous. Whereas Eq. 6.15 would make ¢(r) = > a,y, every-
where, the slightly less stringent condition, Eq. 6.16 allows for the occurrence
of Gibbs’ phenomenon* in the vicinity of a discontinuity in ¢(r). Now we
form ‘

f ar =H"’* - iak*wk*) (<P - iakwk) dr=e, (6.17)

3 The reader who is still not familiar with the contents of Appendixes A.1, A.2, and A.3
should study them now.
4 See Appendix A.2.

@ — ;akwk
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Using Eqgs. 6.9 and 6.13, this becomes

€ = (9, ) — ? apa* — ; ap*a, + ; az*ay, (6.18)
or
€ = (9, ) — Z ai*a; (6.19)
hence Eq. 6.16 is satisfied if
lime, =0 (6.20)
or n— o
(9, @) = ; ap*ay (6.21)

This leads to the next definition.

Definition. An-orthonormal set of functions y,, k = 1,2, 3, . . . is said to
be complete in a volume V if for any piecewise continuous function g(r)

(g, 9) = ; ay*a; (6.22)
where the integral is taken over the volume ¥ and the g, are defined by
@ = (Y, 9) (6.23)

Keeping in mind the subtle difference between Eqs. 6.15 and 6.16, we
brazenly interpret the completeness relation (Eq. 6.21) to mean that any
function (at least of the kind we have to deal with) can be expanded in the
form:

o)
P = ; Y (6.14)
where the g, are given by Eq. 6.13.

It is obvious that despite its mathematical elegance the completeness
relation is almost useless as a practical criterion. How are we to decide
whether Eq. 6.19 is valid for any function ¢ ? We leave this thorny problem
to the mathematicians and merely convince ourselves below that the eigen-
functions of operators of physical significance form orthonormal sets,
emphasizing, however, that the orthonormality of a set of functions does not
necessarily imply its completeness.> The proof that any set of functions is

® The statement that an infinite orthonormal set is not necessarily complete is very easy to
prove

cos (wt), cos Qwt), . . ., cos ((k — Dwt), cos ((k + Nwt), cos (k + 2)wt), etc.

is certainly infinite and orthogonal. It can also be normalized (see Appendix A.2.7); yet, it
is not complete since it cannot be used to expand the function cos (kwt). Similarly, cos (kwt),
k=0,1,2,3,...is not a complete set, since it is obvious from changing ¢ into —¢ that
o«
sin (nwt) =3 a, cos (kot)
0

cannot be satisfied for n % 0.
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complete is usually rather difficult (not surprising if we consider how
sweeping the statement of completeness is). However, the eigenfunctions of
the operators we are dealing with in quantum mechanics have, generally,
been shown to form complete sets, at least with regard to the kind of wave
functions we are interested in, and we shall frequently expand functions in
terms of such sets without further proof of their completeness.

By now it should be apparent to the reader that the expansion of a function
in terms of a complete set of other functions is merely a generalization of the
Fourier expansion discussed in Appendix A.2.

At first glance it may seem difficult to lend substance to the above statement
about the eigenfunctions of operators of physical significance. Is there any one
mathematical characteristic that is common to all operators that have a
physical meaning? Fortunately, there is.

Let Q be an operator describing some measurable physical quantity, for
example the momentum, of a system. The expectation value

(@) = (y:> Qv (6.24)

is then the result that we can expect as the average of many measurements of
that quantity (Chapter 4.1). If v, is an eigenfunction of the operator Q,
Eq. 6.24 yields, of course, (Q) = g, where ¢, is the eigenvalue of y,. This
shows that the eigenvalues of operator can be measurable quantities. An
operator of physical significance is obviously one whose eigenvalues are
measurable quantities. Measurable quantities, whatever they may be, are
certainly real. Operators of physical significance must, therefore, have one
thing in common: their eigenvalues must be real. Once a physical problem
has been properly phrased mathematically, it is more likely than not that
the answer to it has been available for 100 years or so. In our case the answer
is given by the following theorem.

THEOREM
The eigenvalues of a hermitian operator Q are real.

Proof
(v, Qy) = (v, qy) = q(v, ) (6.25)
also

Qv ») = (qy, ) = q*(», ¥) (6.26)
Now, since Q is hermitian,
(v, Qy) = (Qy,y)  and hence g =g*

The above proof can also be read from right to left yielding the statement:
An operator, whose eigenvalues are real, is hermitian.
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This leaves us with the comfortable knowledge that the theorems that we
shall prove below for hermitian operators cover all the cases of physical
interest.

For good measure we prove that two of the most important operators are
indeed hermitian.

THEOREM
The Hamiltonian operator
2
H=——V+V(r) (6.27)
2m
is hermitian.

Proof. V(r) is a real multiplicative factor and thereby hermitian. The
proof of the hermiticity of the Laplace operator V2 is given in Appendix A.l.

THEOREM

The momentum operator —ihV is hermitian.

Proof
0 oy oy*
— (p*y) = p* — + p— 6.28
o, W =+ v (6.28)
Integration of Eq. 6.28 yields
oy*
J 2 (p*y)dr = f w2 a4 j dr (6.29)

The integral on the left side vanishes because y*y vanishes for large values
of |z| if the particle is confined to some finite region:

[ dzayds = [lyoyizz,ay dz = 0 (630)
x
Hence
oy op*
«Wir=—[pZ 0 6.31
f L fw oz & (6.31)
or, since corresponding expressions are obtained for the other coordinates,
V) = —(Vy, 9) (6.32)
hence®
(p, ih Vy) = (ihVy,yp)  q.ed. (6.33)

6 Remember that the complex conjugate of the first factor is to be taken, i.e., (2 Vy, p) =
- j' ih Vy*y dr.
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From the hermiticity of the momentum operator follows immediately that
the operators L, L, and L, are hermitian.

Proof. According to Eq. 5.89,

. d .. 0
L, ihy P + ihz 2
Since the operators p, = —ifi(9/0z) and p, = —ih(0/dy) are hermitian, and
since ¥ and z are real factors and, thereby, hermitian, it follows that L, is
hermitian. The proof for L, and L, follows from a cyclic permutation of the
variables. (A cyclic permutation replaces  with y, y with z, and z with x.)
Since the angular momentum operators can be derived from each other
through a cyclic permutation any expression derived for one of them can
be transformed into an expression for the others by means of a cyclic
permutation. The hermiticity of L?* follows immediately from the hermiticity
of L (see Problem 6.2).

THEOREM

The eigenfunctions vy, ys, Y3, - . . of a hermitian operator Q, belonging to
different eigenvalues q,, 4, qs, . . . are orthogonal over Q’s region of hermiticity.’

Proof. The proof is accomplished by showing the above statement to be
true for any two eigenfunctions y; and vy,.

Qv vi) = 4. (s> ¥i) = ¢i(Wi> ¥1) (6.34)
also

(s> Q%) = q(¥is ¥i)

Because of the hermiticity of Q:

(v, Qi) = (Qvis Vi) or 4 — Wi v) =0 (6.35)

Since by assumption ¢q; # g, it follows that

Woyp) =0 for iz#k qed

We still have to cover ourselves for the eventuality that the eigenvalues are
degenerate. Let v, and y, be two normalized linearly independent eigen-
functions of the hermitian operator Q, both belonging to the same eigenvalue
q,ie.,

Oy, =qyis Qv = q¥: (6.36)

7 Sometimes the condition jV p*(Q@) dr = j'V (Qy)*@ dr is satisfied only in a certain
volume ¥ and not elsewhere. In this case V is referred to as Q’s region of hermiticity.
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Since our above proof breaks down y, and ¥, need not be orthogonal even
if Q is hermitian. We form

O(ay; + Pyi) = q(ay; + Byr) = gy (6.37)

Y = ay; + By, (6.38)

Thus, vy, is a new eigenfunction to the same eigenvalue ¢q. The constants «
and f are arbitrary, and we determine them by requiring that

where

@i ) =0 (6-39)
and
> ¥p) = 1 (6.40)
Because of the normalization of y; and v, this yields
o= —B(yi> ¥s) (6.41)
and
o + of[(vs vr) + (Wi w1+ B2 =1 (6.42)

If we solve Eqgs. 6.41 and 6.42 for « and # and substitute into Eq. 6.68, we
obtain

Y (Wi YR)¥s
V1= I(y,, poP®

This is an eigenfunction of Q with the eigenvalue g, it is orthogonal to y,, and
it is normalized. We can, thus, amend the above theorem as follows: The
eigenfunctions of a hermitian operator belonging to nondegenerate eigen-
values are orthogonal. From the eigenfunctions that belong to degenerate
eigenvalues, orthogonal linear combinations can be formed.

Vi (6.43)

Definition. The largest possible number of mutually orthogonal linear
combinations of eigenfunctions of an operator Q having the same eigenvalue
q is said to be the degree of degeneracy of g.

There is a systematic procedure to form such orthogonal linear combina-
tions, the so-called Schmidt orthogonalization procedure. In the orthogonali-
zation of y; and vy,, above, we have used the Schmidt procedure for the
special case of twofold degeneracy.

6.2 MORE ABOUT EXPECTATION VALUES

We shall now take another, closer, look at expectation values. Let Q be a
hermitian operator with a complete set of normalized eigenfunctions
u, k=1,2,3,... belonging to the eigenvalues g, k =1,2,3,.... Let a
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quantum mechanical system be in a state described by a wave function y,,
which is not an eigenfunction to Q. The expectation value of Q is then

(@) = (¥n> Qvn) (6.44)
We expand y,,:

Yo = 2 Apill; (6.45)
1
Substitution into Eq. 6.44 yields

) o0 o0 s
<Q>n = (glam'ui’ kalankuk) = ( Zaniuia kganquuk) (6460)
since (¥;, u,) = d,, this becomes

(Q)n = éani*aniqi = ;lani|2 q; (6.46b)

In other words, the expectation value of Q in the state y, is the weighted
average of all the eigenvalues ¢,, and the statistical weight of each eigenvalue
is the absolute square of the expansion coefficient of the corresponding
eigenfunction of Q.

We see now what the physical significance of the eigenfunctions of an
operator is: If the wave function of the system is an eigenfunction of Q with
the eigenvalue g,,, the statistical weights of all the other eigenvalues are zero
and a measurement will yield ¢,, with certainty. But can we square this state-
ment with the uncertainty principle? We certainly can. The uncertainty
principle links the uncertainties of two observables and says nothing about
the uncertainty in the measurement of a single observable. However, not all
pairs of observables are linked with an uncertainty relation of the type of
equation Eq. 2.36. In view of the above statement about eigenfunctions, we
can pronounce the following theorem:

THEOREM

If the wave function of a quantum mechanical system is an eigenfunction
of the operator A and at the same time an eigenfunction of the operator B,
we can simultaneously measure (A4) and (B) with certainty.

Proof. The proof follows from the foregoing statement about eigen-
functions. To find out under what circumstances a wave function can be an
eigenfunction of two or more operators, we make another brief excursion
into mathematics.

Definition. v is said to be a simultaneous eigenfunction of the linear
operators A and B, belonging to the eigenvalues « and f respectively if it
satisfies both:

Ay = ayp and By = By (6.47)
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THEOREM

Two linear operators A and B which have simultaneous eigenfunctions, v,
commute.

Proof
A(By) = APy = pAy = Pay (6.48)
B(Ay) = Bay = aBy = afiy (6.49)
hence
BAy = ABy  q.ed. (6.50)

We show now that the inverse statement also holds true.

THEOREM

The eigenfunctions of commuting linear operators are simultaneous etgen-
Junctions or in the case of degeneracy can be constructed in such a way @S35 e
simultaneous eigenfunctions.

Proof
(a) Nondegenerate case. Let y be an eigenfunctioﬂ fi;)A' .
Ap=ayp 6.51)
We multiply both sides from the left with B §
BAy = Bay (6.52)
since 4 and B are assumed to commute
BAy = ABy = aBy (6.53)

i.e., By is an eigenfunction of 4 with the eigenvalue «. Since « was assumed
to be nondegenerate, By can only be a multiple of y, hence

By =py q.ed. (6.54)

(b) Degenerate case. For the sake of simplicity we assume « to be twofold
degenerate and y; and y, to be two orthonormal eigenfunctions of A
belonging to «. Then all linear combinations of p; and y, are also eigen-
functions of 4 with the eigenvalue «. We pick one of them:

Y = ayy; + asp, (6.55)
It must be an eigenfunction of A4:
Ay = a(ayp; + azp,) (6.56)
We multiply Eq. 6.56 from the left with B and obtain
BAy = aB(ayyp, + axp,) (6.57)
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Since 4 and B commute, this can also be written
ABy = aB(ayyp, + axp,) (6.58)

In other words, B(a,p, + a,¥,) is an eigenfunction of 4 with the eigenvalue
a. Since « was assumed to be twofold degenerate, B(a,y; + a,y,) must be
one of the linear combinations of ¥, and y,. We must thus be able to write

B(ay, + axps) = c1y; + Gy (6.59)

Since the coefficients a; and a, are still arbitrary we can determine them so
that

ayr + s = Blayys + axyp) (6.60)
In this case a,y; + a,p, also becomes an eigenfunction of B since it satisfies
B(ayy, + axyp,) = Blayy, + azy.) (6.61)

To determine the particular coefficients a, and a, that satisfy Eq. 6.60, we
multiply Eq. 6.61 from the left with »,* and ,* respectively and integrate.
This yields

a,(v1, Byy) + ax(y1, Bys) = Bay(vy1, 1) + Bas(yy, v2) (6.62)
and

a, (s, By,) + ay(ys, By,) = Bay(ye, v1) + Baz(vye, v2) (6.63)

v, and y, were assumed to be orthonormal, hence, if we use the abbreviations

(1, By,) = By, (y1, Byy) = By, , etc.

a,By; + a;B,, = fa, (6.64)
and
@By + a;By, = fa, (6.65)

These are two simultaneous linear equations for a; and a,. They can be solved
if the determinant of their coefficients vanishes.

Bll - ﬁ B12

=0 (6.66)
B21 B22 - ﬂ

This is a quadratic equation with two roots 8, and 8,. We had assumed to
know B, y,, and y, and, hence, we can calculate B;;, B;,, By, B;, and,
thereby, f, and B,. If 8, and B, are equal, any choice of @; and a, will satisfy
Eqgs. 6.64 and 6.65, and f is a degenerate eigenvalue. If 8, # B, Eqs. 6.64
and 6.65 will determine the constants @, and a, so that Eq. 6.61 is satisfied,
q.ed.
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Obviously this procedure can be extended to higher degrees of degeneracy.
Returning from this mathematical digression to the realm of physics, we
can formulate the following theorem.

THEOREM

The expectation values of two commuting operators can be measured
simultaneously and with arbitrary precision.®

6.3 COMMUTATORS AND THE UNCERTAINTY PRINCIPLE

In view of the preceding theorem the uncertainty principle must be
restricted to the expectation values of noncommuting operators. To investi-
gate this situation in detail we avail ourselves of some mathematical tools.
If two operators A and B do not commute, the difference of the products 4B
and B4 must be different from zero.

Since expressions of the type (4B — BA) occur frequently in quantum
mechanics, this difference has been given a special name and a special symbol.

Definition
AB — BA = [A, B] (6.67)

is called the commutator of the operators 4 and B.
From this definition follow, immediately, the identities below which the
reader may verify himself.

[4, Bl = —[B, 4] (6.68)

[4, BC] = [4, BIC + B[A, C] (6.69)

[4B, C] = [4, C]B + A[B, C] (6.70)

(4, [B, CN1 + [B, [C, 4] + [C, [4, B]l = 0 (6.71)

The commutator of two operators 4 and B will in the most general case be
another operator, for example, D.

[4,B]=D (6.72)

We assume now that 4 and B are hermitian and investigate the hermiticity—
or the lack of it—of D.

(v [4, Blg) = (v, 4Bg) — (y, BAp) = (y, Dy) (6.73)
We compare this with
(Dy, ¢) = (4By, 9) — (BAy, ¢) (6.74)

8 At least in principle, that is.




116 MORE THEOREMS
Since 4 and B are hermitian this can be written

(Dy, 9) = (By, A9) — (4y, By) = (v, BAg) — (v, ABg) = —(, Dg)
(6.75)
An operator satisfying Eq. 6.75 is said to be antihermitian, hence:
THEOREM

The commutator of two hermitian operators is antihermitian. If we want to
express Eq. 6.72 in terms of a hermitian operator we can write

[4, B] = iC (6.76)
where C is hermitian. We introduce now a new operator
Q=A+ilB (6.77)
and form
(©v. 0v) = 10yl* 4 > 0 (6.78)
substitution of Eq. 6.77 into Eq. 6.78 yields
((4 + i2B)y, (4 + i2B)y) > 0 (6.79)
Since A and B are hermitian this can be written as®
(p, (4 — iAB)(A + iAB)y) > 0 (6.80)
Making use of Eq. 6.76, this can also be written as
(4% — KC) + 2(B*) > 0 (6.81)

This inequality must hold regardless of the size of A, and we ask for which
value of A the left side becomes smallest. Obviously for

, _ ©)
b= (6.82)
assuming that (B?) £ 0. Using Eq. 6.82 in Eq. 6.81, we get
5, _ (OF  COF
A9 =55 T ass > O (6.83)
or
2
e > (6.84)

The heading of this paragraph may have led the reader to suspect that this
expression might be related to the uncertainty principle, and it is. To show

9 Note that since B is hermitian, B is antihermitian and changes its sign in our notation if
it is moved to operate on the second function in the bracket.
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this we introduce an operator that describes the deviation of an individual
measurement of a quantity described by the operator 4 from its expectation
value:

04 =A — (4) (6.85)

The expectation value of this operator is zero, as it must be, since the expecta-
tion value (4) is defined as the average of many measurements of the quantity
represented by the operator A.

In an investigation of experimental errors it is customary to characterize
the accuracy of a series of measurements by the “root-mean-square” (rms)
error'® of the measurements. In our case the root-mean-square error is
described by the operator

(04)* = A — 24(A4) + (4)* (6.86)
Its expectation value—which can be different from zero even if (64) = 0—is
(B = (%) — 204 + (A7 (6.87)

or
((04)%) = (4?) — (4)* (6.88)

Now we replace 4 with 04 = A — (A4) and B with 6B = B — (B) on both
sides of the inequality Eq. 6.84. This gives on the left-hand side:

((04)*){(6B)%)
The right-hand side of Eq. 6.84 remains unchanged since Eq. 6.85 and its

equivalent for B obviously have the same commutator as 4 and B themselves.
Hence we obtain

oaenn > (6.89)
or, since
A4 =+/((64)? and AB=/{(OB®) (6.90)

are the rms errors of the measurements of the properties described by the
operators 4 and B, we find

AAAB > %C) (6.91)

101et » be a quantity to be measured, ,, the result of an individual measurement, and
12 . .

F=- E z,, the average, or mean, of all measurements. éz, = & — =, is the deviation of the
n

kth measurement from the mean.
1 n
6z = \/ =@ —x)?
noy

is the rms error. In the case of a gaussian distribution of the z, around Z, the rms error
gives the turning point of the Gaussian.
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i.e., if the operators describing two properties of a quantum-mechanical system
do not commute, the product of the uncertainties in the measurement of both
quantities is larger than or equal to a certain minimum value. This is the most
general form of the uncertainty principle. In most cases of interest the commu-
tator of two noncommuting hermitian operators will not be another operator
but a constant.

As an example we calculate the uncertainty product of position and

momentum
., 0 . 0
[z, p,l = | =, —ih —} = —ih| x, — (6.92)
ox ox
according to Appendix A.1.2
0
,— | = —1 6.93
=5 (6.93)
Hence, in this case, C = ki or
AwAp, > g (6.94)

We notice that the uncertainty product given by Eq. 6.94 is smaller by a
factor of 1/4w than the value given by Eq. 1.9. This is due to the fact that in
the present calculation we had minimized the uncertainty product whereas the
previous values were only rough estimates. The value given by Eq. 6.94 is,
accordingly, said to be the minimum uncertainty product.!!

6.4 ANGULAR MOMENTUM COMMUTATORS

Since H, L?, and L, have simultaneous eigenfunctions (namely, the
hydrogen eigenfunctions) they must commute, i.e.,

[H,L*]=1[H,L]=1[L%L]=0 (6.95)

To investigate the remaining components of the angular momentum operator
we form?!2

[Lau9 Ly] = (sz - zPy)(sz - xpz) - (sz - xPz)(sz - zpy) (696)
Since

[pe> p] = [z, p,] = 0, etc.,
this becomes

[Los L) = ypup2 — y2p.* — 2°pypy + p2p, — YPazP. + 2°Papy
+ yxp 2 — ap,p e = [z, pl(xp, — yp,) (6.97)
11 See also Eq. 2.36.

12 p.» P,» and p, are used as abbreviations for the components of the momentum operator
—ih(0/ 0x), —ih(0/dy), and —ih(9/dz).
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Now
0 0
» P = |2 —ih—| = —ih| 2, — 6.98
[z, p.] l:z i az:l i [z az] ( )
According to Example A.1.1 in Appendix A.1, we have
[z, ﬁ} ——1 or [np]=ik (6.99)
0z
and hence, using Eq. 5.89, Eq. 6.97 becomes
(L.. L] = ikL, (6.100)
Through a permutation of the variables we also obtain
[L,, L] =ikL, (6.101)
and
[L,, L] =iiL, (6.102)

Equation 6.95 might create the impression that the L, enjoys some sort of
preferred position; this is, of course, not the case. From

(L5 L)=[L2+ L2+ L2 L]=0 (6.103)
it follows immediately that
[L%4 L] =0 (6.104)
and
(L2, L] =0 (6.105)

through a permutation of the variables. The fact that Eq. 5.106 looks so
much simpler than the corresponding expressions for L, and L, is a result of
the particular choice of the spherical polar coordinate system. Since the
Hamiltonian is symmetrical in the variables z, ¥, and z we can also conclude
that

[H,L)=[H,L]=0 (6.106)

As Eq. 6.97 demonstrates, it does not follow from Eq. 6.106 that L, and L,
commute. From the fact that H commutes with L,, L,, and L, whereas L,
L,, and L, do not commute with each other, we have to conclude that the
simultaneous eigenfunctions which H has with L, differ from those it has
with L, and L,.

We wish to draw attention to the fact that all the above conclusions were
drawn directly from the algebraic properties of the angular momentum

commutators. No reference had to be made to any specific set of eigen-
functions.
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6.5 THE TIME DERIVATIVE OF AN EXPECTATION VALUE

We shall now derive a useful expression for the time derivative of an
expectation value and prove an important theorem.

Let Q be an operator describing some property of a quantum-mechanical
system. We assume Q to have no explicit time dependence, i.e.,

% _ (6.107)
ot
and ask: What is the rate of change of the expectation value of Q?
d op* oy
— Q) =| —=—Qypd *Q-+td 6.108
G @=[Fovir+[votar (6.108)

For 0y/0t and dy*/dt we substitute the appropriate expressions from the
time-dependent Schrodinger equation and its complex conjugate:
¥

., Oy ., Oy
h—=H and —ih—— = Hy* 6.109
ih p n ih= Y (6.109)

(H itself is real.) Hence

i

d 1
—(Q)=— [(—Hy* * T 110
5@ hf( Hy*Qy + y*QHy) d (6.110)

Or, using our new notation,

d 1 \
9= {—(Hy, Qy) + (v, QHy)} (6.111
We have shown in Chapter 6.1 that H is hermitian. Hence'®

(Hy, Qy) = (v, HQy) (6.112
and therefore

40y =L ((p, 0HY) — (9, HOY)} = = (.10, Hly) (6112
dt ih il

If {Q, H] = 0 it follows obviously that (d/dt){Q) = 0. We can, thus, fo
mulate the following important theorem:

The expectation value of an operator that commutes with the Hamiltonic
is constant in time.

Obviously this is a sufficient but not a necessary condition since Eq. 6.11
can also vanish if [Q, H]y is orthogonal to .

13 To see that this is nothing but the definition of hermiticity, just rename the functic
Qy by letting Oy = ¢.
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6.6 SEPARABILITY AND CONSERVATION LAWS

In Chapter 5.9 we made a then cryptic remark about the connection between
the separability of the Schrodinger equation and the conservation of angular
momentum. We shall now try to shed some more light on this connection.
Let H be an operator, for example, the Hamiltonian of the hydrogen atom.
Let the eigenvalue equation

Hy = Ey (6.114)

ie., the Schrodinger equation, be separable. This means that Eq. 6.114 is
equivalent to
Hyy, = Eyyy; Hyy, = Eyp, (6.115)
where
H + Hy,=H, pyy9, =y and Ei+ E,=F

H, and y, contain only variables not contained in H, and y,. Multiplying
Eq. 6.115 with v, and v,, respectively, we obtain

v Hyy, = Hyp = Eyp and Y oy, = Hyy = Epp  (6.116)

This means that the eigenfunction y is a simultaneous eigenfunction of the
Hamiltonian H and its two parts H; and H,. According to the theorem on
p. 113 this implies that H,, H, and H commute:

[Hy, Hy] = [H, H,] = [H, H}] =0 (6.117)

This, in turn, means, according to Chapter 6.5, that the properties described
by the operators H,; and H, are constant in time. We have, thus, shown that
the separability of the Hamiltonian implies the conservation of some dynamic
variable. The well-known conservation of angular momentum is, thus,
quantum mechanically expressed by the fact that the Hamiltonian can be
written as the sum of a radial part and the angular momentum operator. We
have said “can be written,” since separability is a sufficient but not a necessary
condition for the conservation of dynamic variables. The separability of a
partial differential equation is dependent on the coordinate system whereas
physical conservation laws are not. As an example we consider the angular
momentum operator L2 In spherical polar coordinates we saw this operator
appear explicitly in the Hamiltonian, enabling us to separate the Schrédinger
equation into an angular and a radial part. In cartesian coordinates this
would not have been the case. The angular momentum operator would have
been dependent on all three coordinates, and its explicit introduction into the
Schrodinger equation would not have led to a separation of the variables.
The choice of spherical polar coordinates with all its fortunate consequences
is, of course, not a stroke of luck but a tribute to the insight of Erwin
Schrodinger.
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6.7 PARITY

We had seen earlier that the eigenfunctions of the harmonic oscillator have
a definite parity. The same is true for the hydrogen eigenfunctions. Therefore,
it might be appropriate to track down the origin of this peculiar property of
certain eigenfunctions. To this end we consider the Schrédinger equation:

2
Eu(r) = — 2i V2u(r) 4+ V(©)u(r) (6.118)
m
Changing the sign of all coordinates yields
2
Eu(—r) = — zi Vu(—r) + V(—ru(—r) (6.119)
m
if
V(1) = V()

i.e., if the potential is invariant under space inversion, the two differential
equations are identical. This means that u(r) and u(—r) can differ only by a
constant factor « that is not determined by the differential equation. Hence

u(—r) = au(r) (6.120)
Changing the sign of r we get
u(r) = au(—r) = o2u(r) (6.121)
Hence
a2 =1 or o= 41

In other words, if the potential is symmetrical about the origin, the eigen-
functions have a definite parity. They will either change sign (odd parity) or
not change sign (even parity) under a mirror transformation.

We still have to plug one loophole. Our proof depended on the assumption
that the eigenfunction u(r) is nondegenerate. This is not always the case.
Therefore, we assume now that the Schrodinger equation Eq. (6.114) has
several degenerate eigenfunctions and that one of these eigenfunctions,
properly normalized, is u(r); u(r) need, of course, not have a definite parity.

Through a process called symmetrization, or antisymmetrization, we can
construct from u(r) normalized eigenfunctions of even, or odd, parity.

The equation

u,(r) = y[u() + u(—1)] (6.122)

is obviously an eigenfunction, it has even parity, and it can be normalized
through the choice of y. Similarly

uy(r) = y'[u(r) — u(—n)] (6.123)
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has odd parity and can be normalized through the choice of y’. We sum up:
If the potential in the Hamiltonian is symmetrical the eigenfunctions of a
nondegenerate eigenvalue have a definite even, or odd, parity. In the case of
degeneracy we can always construct eigenfunctions of definite parity through
symmetrization or antisymmetrization.

We now show that the parity of the wave function of a system is constant in
time. To this end we invent an operator P that consists of the instruction:
change the sign of all coordinates in the function that follows. This operator
applied to an eigenfunction of even parity

Pu,(r) = u,(—r) = u,(r) (6.124)
has the eigenvalue +1. Applied to an eigenfunction of odd parity
Puy(r) = up(—r) = —uy(r) (6.125)

it has the eigenvalue —1. In other words, the eigenvalue of this operator is the
parity of the wave function. Hence

+1 for even parity eigenfunctions

<P>={

-1 for odd parity eigenfunctions

This operator is, therefore, called the parity operator. We apply the parity
operator to the Schrédinger equation. This yields

P[Hu(r)] = Hu(—r) = HPu(r) = Eu(—r) (6.126)
if the Hamiltonian
2
H=——V*4+V(r) (6.127)
2m
is symmetrical in r, which it is as long as V(r) is symmetrical. Another way to
express the statement made by Eq. 6.126 is to say that
PH = HP  or [H,P]=0 (6.128)
According to Eq. 6.113 this implies

4 ipy=0 (6.129)
dt

This digression about the parity of eigenfunctions might seem rather academic,
and it is at this point. The true importance of the concept of parity will
become evident later in two applications:
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1. In complicated quantum-mechanical systems it would sometimes require
laborious calculations to tell whether a certain process can happen. If we know,
however, that the interaction Hamiltonian? of the system is symmetrical and that
the process would change the parity of the wave function, we know immediately

that it cannot happen.

2. If we do not know the interaction Hamiltonian!* (and we do not in the case of
nuclear interactions), we can measure whether certain processes conserve parity and,
thus, learn whether the Hamiltonian is symmetrical. This may be less than we
would like to learn but it is often what we must settle for.

PROBLEMS
6.1 Do the functions log (kz), k =0,1,2, ... form a complete set? Do the
functions log (kz), k =--- —2, —1,0,1,2,... form a complete set?

6.2 Show that if 4 is a hermitian operator, A? is also hermitian.

6.3 A and B are two arbitrary hermitian operators. Which of the following
expressions are hermitian: [4, B], i[4, B], AB?

6.4 Show that the operator of the z-component of the angular momentum is
hermitian.

6.5 Can we measure the energy and the momentum of a particle simultaneously
with arbitrary precision?

6.6 Can we measure the kinetic and the potential energy of a particle simul-
taneously with arbitrary precision?

6.7 A quantum-mechanical particle moves in a constant potential (constant in
time and space). Is its potential energy constant in time?

6.8 Express the degree of degeneracy of the hydrogen energy eigenvalues as a
function of n.

6.9 Verify Egs. 6.69, 6.70, and 6.71.

6.10 Are the expectation values of the kinetic energy and the potential energy of a
bound particle constant in time?

6.11 Find the parity of the 1s, 2s, 2p, 3s, 3p, and 3d eigenfunctions of the hydrogen
atom.

SOLUTIONS

6.5 In order for E and p to be simultaneously measurable, their operators must
commute. Now

-

hZ
=—-——V24+ V¥V and p = —ikV
2m

14 The word Hamiltonian is not only used for the operator of the total energy of a stationary
state but also for the operator of the interaction energy when a system goes from one state
to another. It is this latter operator that we refer to with the term interaction Hamiltonian.
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Hence, since V2V = VV2,
[H,p] = —ik(VV — VV)

This commutator vanishes only in the case ¥ = constant. In other words,
energy and momentum can be measured simultaneously and with arbitrary
precision only for an unbound particle. This is, of course, exactly what we
would expect from the uncertainty principle. Given enough time we can
measure the energy of a bound particle with arbitrary precision. The ac-
curacy of the measurement of the momentum is, on the other hand, limited
by the fact that a bound particle is localized.

We investigate here the parity of the eigenfunction u(n, /, m) = u(3,2,1)
leaving it to the reader to find a general connection between parity and the
quantum numbers 7, /, and m. First we must find out how the variables r, 4,
and ¢ change as we change - —z, y — —y, and z - —z. Obviously r
remains unchanged. Consulting Figure 5.2, we find that a vector pointing in a
certain direction will point in the opposite direction if we replace ¢ with
7 — ¥ and ¢ with = + @. Making these substitutions in the 3d wave function,
we find that

sin ¥ cos # e?? — sin (7 — &) cos (w — B)e'? - i
= sin ¢ (—cos #)e’® - (—1) = sin & cos & €?

i.e., the parity of the u(3, 2, 1) wave function is even.




ATOMIC PHYSICS

In classical mechanics we can solve the two-body problem in closed form.
For more complicated problems, however, we must resort to perturbation
theory. A similar situation exists in quantum mechanics. We have seen the
hydrogen problem yield to a frontal assault. Many of the more complicated
problems, however, require the use of approximative methods. Several such
methods have been developed, using either iterative procedures or a statistical
approach. The more important iterative methods, first introduced by D. R.
Hartree, assume that each electron moves in a central field created by the
nucleus and all the other electrons. The Schrédinger equation is solved for
each electron in an assumed central field, and the thus-found electron eigen-
functions give a charge distribution. This charge distribution is then used to
calculate new eigenfunctions which in turn give a charge distribution that is
somewhat closer to reality. This new charge distribution is then used to
calculate new eigenfunctions which in turn . . ..

* Today the Hartree method, applied by high-speed computers, allows us to
calculate numerically the electron distribution in many electron atoms with
high precision. While Hartree calculations are not overly difficult concep-
tually, their application to real physical problems requires a truly heroic
effort.

Even if we do not endeavor to calculate the eigenfunctions and energy
levels of the more complicated atoms, their fine structure offers a fascinating
field of study. The fine structure of spectral lines results from the existence of
degenerate eigenvalues whose various eigenfunctions react differently to
perturbations. We shall discuss this in some detail in a later chapter dealing
with perturbation theory. The degeneracies are, of course, always connected
with different angular momentum states, and a quantitative treatment
requires a thorough knowledge of the quantum-mechanical theory of angular
momentum. This theory is based on the algebraic properties of the angular
momentum operators, some of which we derived in Chapter 6.4. A detailed
theory of angular momentum is beyond the scope of this book, although we
shall derive some of its conclusions in Chapters 9 and 10.
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Thus we conclude that a systematic discussion of the spectra of many
electron atoms is out of our reach. In this chapter, therefore, we shall try,
in a less strenuous way, to come to a qualitative understanding of some of the
features of many electron atoms by combining experimental results, basic
quantum mechanics, and educated guesses. Our motivation for this chapter is
threefold: (1) to furnish a nodding acquaintance with the important field of
atomic physics, (2) to introduce the concept of spin, and (3) to introduce the
terminology and notation of atomic physics.

7.1 THE PERIODIC TABLE

Even before the advent of quantum mechanics the striking similarities and
regularities in the chemical behavior of the elements were attributed to
regularities in their atomic structure. From our quantum-mechanical vantage
point we expect these regularities to reflect the structure of the wave functions
of the atomic electrons. The electron structure of all the known elements has
now been unraveled, using mainly spectroscopic evidence. In the following we
shall trace the assignment of quantum numbers for the lightest elements.!
The ionization energy of the hydrogen atom is

me!
2K
According to Eq. 5.84 this becomes for a one electron atom of nuclear charge
Ze

(5.80)

ion =

472
Eion = ﬂe—_z— (7'1)

2K
We apply this to the He atom.
Helium

In the He atom the nucleus has a charge 2e; however, each of the two
electrons neutralizes part of this charge for the other electron so that none of
them sees the full nuclear charge. Let us assume that one of the electrons is in
a ls state. This electron together with the nucleus presents a spherical charge
distribution to the second electron, and we assume that the second electron
moves at least approximately as it would in the field of a central charge
eZ,; somewhere between e and 2e. Assuming that the second electron is also
in a 1s state we calculate the ionization energy of the He atom.

me'Ziy
Ein =2 712)

1Following a treatment given in W. Weizel, Lehrbuch der Theoretischen Physik 2nd
volume, Springer Verlag, Berlin, 1950.
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Equating this to the measured value E;,, = 24.5 eV (the ionization energy
of hydrogen is 13.5 eV) we find

245
Zey = /——= 35 7.3
7=\ 135 (7-3)

This means that each of the electrons sees only 1.35e instead of 2e, or that
one electron screens 65 percent of one proton charge. This is not unreasonable.

Lithium
Assuming that the principal quantum number of the third electron is also
n = 1, we obtain, using the measured value E;,, = 5.37 eV,

Zeg = —5—3—6- = 0.63 (7.4

This is impossible since two electrons cannot neutralize 2.37 proton charges.
We try n = 2 for the third electron. This yields

Zoy = 33—6 —1.26 (1.5)

(3.38 eV is the ionization energy of hydrogen in its 2s state.) This means that,
seen from a 2s electron, each of the two ls electrons screens 1.74/2 = 87
percent of a proton charge. This is reasonable since the 2s electron is, on the
average, farther away from the nucleus than the two 1s electrons.

Beryllium

We assume n = 2 for the fourth electron and also assume that each of the
two 1s electrons screens 87 percent of one proton charge, just as they did for
the first 2s electron. In addition, the second 2s electron is also screened from
the nucleus by the first 2s electron.

In the case of He, we observed that two electrons with equal 7 screen each
other with 65 percent efficiency, and we now assume that the same holds true
for the two 2s electrons. This leaves us with

Zy=4—174 —0.65 =161 (7.6)
For n = 2 this yields an ionization energy of
E,, =3.38-(1.61)2 = 8.8¢eV (1.7

and this is in fair agreement with the experimental value of 9.28 eV. We can,
thus, assume that the assigned quantum numbers are correct.

Boron

Assuming another 2s electron, we calculate from the known ionization
energy E;,, = 8.26 eV that Z ; = 1.56. If we calculate Z,;, assuming that
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the screening due to the 4¢h electron is 65 percent, we get
Zy=5—174—13 =196 (7.8)

which is a rather poor agreement. So we try n = 3. This yields Z,, = 2.34
which is impossible, since it would mean that an 7 = 3 electron (which is, on
the average, farther away from the nucleus than an n = 2 electron) sees more
of the nuclear charge.

This suggests that the 5th electron might be a 2p electron. The 2p eigen-
function is zero at the origin, and the screening should, therefore, be better
than the 3.04 nuclear charges Eq. 7.8 that we expected for another 2s electron.

If we continue this procedure, adding evidence from optical and x-ray
spectra at the later stages, we arrive at the quantum number assignments
listed in Table 7.1.

72 THE PAULI PRINCIPLE

Table 7.1 reveals some remarkable regularities. There are never more than
two s-electrons, six p-electrons, ten d-electrons, or fourteen f-electrons
belonging to the same value of the principal quantum number #. Remem-
bering that a p-state is threefold degenerate, a d-state fivefold degenerate, etc.,
we conjecture that the six p-electrons represent all three possible values of m
(—=1,0, 4+1) just twice, etc. Thus we formulate, fentatively the following
theorem:

There are never more than two electrons in any atom that have the same
set of quantum numbers.

There are never more than two electrons in any atom that have the same
set of quantum numbers.

This looks suspicious. Why should there be just two electrons allowed to a
state? It was in 1925 when Wolfgang Pauli suggested that there might be
another quantum number at the bottom of this.2 This quantum number was
to be capable of only two values, and two electrons of equal quantum numbers
n, I, and m were to differ in this new quantum number. Soon afterward this
quantum number was identified by Uhlenbeck and Goudsmit as the “spin”
of the electron.® Later, we shall discuss the spin in more detail. Here all we
need to know is that it exists and that, in the case of the electron, it gives
rise to a quantum number capable of only two values. This enables us to

numbers.”’

2 W. Pauli, ZS. f. Phys., 31, 373 (1925). L
3 G. F. Uhlenbeck and S. Goudsmit, Naturwzssenschafteﬂalj‘\; 9%3 (1925). '
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Electronic Configuration of the Elements

~N — N T g ey
[~ - Nt N \O O \O \O \O\O\O\O\O\O\O\W\O\W\W\O
() AANAANANAAANAAANANAAANANANANANANANNO —~ AN s s s ks s s Ka KaKa Ko Ka Ka Ka Ko
< N FTOE 0O — Q™
esz-ac
~ -— — ANNNTNOANODOOOOOOO COO0OOO0OOOOOOOOOO0OO
2eagggeg |2egeeegegezgeeess
_ =) OO0 OO\ \ONONDOOVNOONOOVLO OO0 OLYN0N0N0N0N0ND0N0NDO OO \O\O\O\O\O\O\\WO\WNO OO0
) o s s s s ks s s s s s s e s s s s s s K s K Ko Ko Ka Ko Ko s Ko Ko Ko Koo' s s s s KK Ka Ko Ea Ko Ko Ka Ko Kol
“~ NNt NOEECAAO—~ANNMYS Tt <ttt T
el Batc s AR A A A A s A A A A A A A A .3
Vo 000000000000 00000000000000000000 |oooooooo0000000
222 cgegcaeacagegegegcaeeEggegeas | 2eeegeeeegeeeces
] o N=RY-R -V RV -V RN- RN Ve V- V- BT RV RV I~ RV~ JVo V- V- V- RV Vo Vo V- V- IV V- Vo Vo Ve ) O \O \O\O \O\O\O\O\O'\O\O\O\O\WO\O
) o KKK K Ka Ko Ko KoK Ko s Ka KoK Ko Ko s s Ea s Ea Ka s Ka Ka Es Ka Ka Ko Ko Ko ks Es K Ks s Ka o KoK Ko Ko Ka Ko Ko\l
~ [=) QOO0 OOOOOOOCOOOOOOOOOOOO0OOOOOOOOOO QOO OO OCOOOOCOOOOO
gleeeEeeSeEegaegegegcacacEgegegegEgz | ceeeeegegeegeees
«@ B el O \O \O\O\O\O\O\O\O OO0 WOWON0N0NYWNDON0NONDOND0ND0W0N00 OO0 OO\ WONO OO NWY N0 NOND
) o~ SR K s s s s KoK Ka KoK Ha Ko s Ko Ks Ea Ko Ko Ks Ea Ka Ko Ko Ka Ko Ko Ko Ko Ko Kol s s s Ea s Ka K Ka Eas Ka Ko Ko Ko Ko\l
~ Q, =) VOOVOOVOOOVOVOOVOOOVOOOYOOWOOOOOO0WWOOW0o \O \O \O\O\O OO\ \WO\WO\WO\W\WWO\W0
“ o s s s Ko Ko Ko Ko Ea Ko Ko Ko Ko KaEa Ko Ea K Ko Ko EaNaEa s KaKa Ko Ea Ko Ko Ko Ko\l sl s REaEaEa s Ko Ko Ko Ko Ko Ko Ko Ko\
— “ 1N AN AANAAAdAAAAaANAaAAAAAaANAAaAaAAaAaANAaAaaAANAaAdaNAdN [ AN
"
LR 0| g0  CEEIT o Eo0anay 0, 3 _ o0_0wS | ws0oca, SoEFfve nEZ
g % | ORI 0L ZAANORATUR>ATEB RO EACTIFARAR<CY |LE<EAPZA<ORCHK S
2
mo. < MO OAND =N TNOEORANOD NN TNONORNADS — AN Mt VO OO = ANNFTNO-0NO —
ON vy NMNNNWNLOVLVLOYLOVYOVOLYLYOVOVOVOODSSSSSSSS0S 000 00 00 00 00 00 00 WOVOANANANAANANANANANAAANRNO O
=22
8
<
“ By — Nt N
) — O O O vt ot vt vl vt —ANANANANANN
~ ANTNO~WOOOODOOOO
ce2egeeess
<+ ] Enlle Has i "o WY~ \O \O \O \O\O\O\O\O\W\W\WOWWO\0\0\W0W0W0
) —ANANANN~—~ANANNN~NANAaNNAN A [aEa s Ea Ko Ko Ko Ea Ko Ko Ko Ka Ko Ko Ko Ko Ko
. ggegegeg |eegegeeeeaegeecsese
Ll LY Nt N \O O \O O \O\O\O\O O\ \O\WONWON0\O\W0W0W0\0 OO \O\O\O\O\W\WOWWOWNOW0WOW0W0OY
) fenka Ko Ko Ko Ko Ko Ko\l S e s K Ka s Ko Ko Ko Ko Ko s Ko Es Ko Ko Ko e s KaKs Koo Ko Ko Na Ka Ko o Ka Ko Ko Kol
“© —ANANANANANANAN [aEsKa Ka Ko Na Ko Ko\l s s s s K s Ko Ko Ko Ko Ko Ka Ko o Ko Ko Kol e K s s s K Es Ka Ka Ea K Ko Ka Ko Ko Ke']
— v — N ANANANANNANANAN ANANANANANANANAN AN AAdaANadadaNaNNNdN ANANANANANAANANANANANANANANANNN N
L= 0 < o
=] () —_Q [ < —_ — & [ eo.lunaeserr O, P ) 0 =B .S g 0o =00
W IT | OmmOZOWZ | Z2<hanl< [MORE>OZR0ZONOOCuANY |[KAXNOSFAEEA <O SR N
2 =) < o <
= 2 Nt WNN\O 0 [=)} [ Kag) v \O I~ 00 N NNt n\O S0 NO o v \O I~ 00
mm R eYnoroag | A0SR R | 2RSNRISSERRIARAANIRE | SRAITIITILLEERRRAA
8
<

130



- ww e T

| DA 4l

AN DA NN N NN

[P S

SPIN 131

We mention here that the Pauli principle applies not only to atomic
electrons but to any system containing several identical particles of half-
integer spin (we shall see presently what that means). Such particles are called
fermions and whenever several identical fermions (electrons, protons, or
neutrons are some examples) get close together, we can be assured that no
two of them will have the same set of quantum numbers. There are other
particles called ““bosons’’ (7-mesons and photons are examples) that do not
mind so much and that will happily wear a set of quantum numbers worn
by another boson of the same kind at the same place.

7.3 SPIN

Part of the angular momentum of the hydrogen atom results from the
motion of the electron around the proton. This part of the angular momentum,
the one we discussed in Chapter 5.8-9, is, therefore, often called the orbital
angular momentum. Besides the orbital angular momentum that all particles
can have, most elementary particles have an intrinsic angular momentum.
Regardless of their state of motion, they behave somewhat like little gyros
or tops. We call this intrinsic angular momentum the spin. Particles with
spin are electrons, protons, neutrons, and photons, to name a few. Particles
without spin are w-mesons and K-mesons.

The spin of a particle cannot be explained in terms of the non-relativistic
quantum mechanics we have developed here. To understand it, we would
have to find the eigenfunctions of-a relativistically invariant Hamiltonian,
first proposed by Dirac. This would go considerably beyond the scope of
this book, and we introduce spin here as an empirically known property of
some elementary particles. We saw in Chapter 5.9 that in a hydrogen atom
the orbital angular momentum is characterized by a quantum number /, and
that the expectation value of the magnitude of the angular momentum is

JII+ Dk
where
1=0,1,2,...,n—1
The expectation value of the z-component of the angular momentum is m#A

where m is an integer
—I<mK!

The spin angular momentum can be treated in a similar fashion. The spin

quantum number that is the equivalent of / is usually called 7; it describes the
magnitude

JIT + 1) &
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of the spin angular momentum. The quantum number m;, the equivalent of
m (or m, as we shall write it from now on to distinguish the two) can again
have values

—I<m<I

cHanging in steps of one. m; describes the z-component
myh

of the spin angular momentum. There is, however, one significant and sur-
prising difference: The spin quantum numbers are capable of half-integer values.
Table 7.2 lists the possible values of I and mj; up to I = 3. Electrons have

Table 7.2
1o 3 1 3
my 0 —%a % —15 0’ 1 _%, _%9 %, %

I = }. This explains the fact that in the periodic table (Table 7.1) the possible
sets of the orbital quantum numbers are represented just twice. The states
with the same values of #, /, and m can still differ in m;, which can be either
+41 or —3. Protons and neutrons also have I = }. Some of the esoteric
particles manufactured with the large high-energy accelerators have higher
values of I. Particles with half-integer spin

I=1,3,etc.
are called fermions and obey the Pauli principle. Particles with integer spin
1=0,1,2,3,etc.

are called bosons and could not care less.

74 THE MAGNETIC MOMENT OF THE ELECTRON

If a particle moves in a central field in such a way that its orbit encloses an
area, its angular momentum is proportional to this area. If the particle is
charged, its orbital motion constitutes a current flowing around the periphery
of the area, resulting in a magnetic moment. We would expect that these
statements of classical physics remain true in quantum mechanics and that
an electron in a state with / £ 0 has an orbital magnetic moment. This is,
indeed, true. If we solve the Schrédinger equation of an atom in a magnetic
field B including the terms for the magnetic part of the total energy, we find
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that the energy eigenvalues contain terms of the form w-B where p is a
magnetic dipole moment. These calculations are not trivial, and we shall
forego them here, substituting some semiclassical arguments leading to
exactly the same value for pu. '

Let an electron move in a circular orbit of radius r = A2/me? around a
proton. Let us assume that the z-component of the angular momentum is
L, = k. We equate this with the classical angular momentum:

L,=h=mrw (7.9
An electron orbiting the proton with a frequency w/27 = » = 1/ constitutes

a current of i = » electrons/sec. Such a current enclosing an area 4 = 7r?
produces a magnetic dipole moment:

2
po = id = £2TF (7.10)
27
Substitution of Eq. 7.9 into Eq. 7.10 yields
eh
Bo = (7.11)
2m,

This is the so-called Bohr magneton. An electron in a state with a total
angular momentum v I(/ 4+ 1) & has a magnetic moment

=1+ Dpy (1.12)

If the z-component of the angular momentum is m/ the z-component of the
magnetic moment will be

My = Mylhy (7.13)

All this is borne out by a rigorous quantum mechanical calculation and
verified by experiments.

The intrinsic angular momentum of the electron is also connected with a
magnetic moment, the so-called intrinsic or spin magnetic moment. Sur-
prisingly this magnetic moment is the same as the orbital magnetic moment
belonging to m;/i = k although the spin angular momentum m# is only half
as big. This is often expressed by saying that the gyromagnetic ratio of the
electron (also called its g-value) is equal to two.

spin magnetic moment measured in Bohr magnetons (7.14)

angular momentum measured in units of A

This result is correctly given by Dirac’s relativistic quantum mechanics, and
particles with g = 2 are often called Dirac particles. Obviously Dirac particles
are fermions. The only known Dirac particles are the electron, and the muon,
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and their antiparticles. A very precise measurement of g shows a small
deviation from Dirac’s value. The g-values of the electron and muon are

g. = 2.003192 (7.15)
angi
g, = 2.00233 (7.16)

This very small deviation from g = 2 and even the small difference between
g. and g, are accounted for by a more complete relativistic quantum theory
called quantum electrodynamics.

7.5 THE VECTOR MODEL

Now we extend our semi-quantitative contemplation of many electron
atoms to their angular momenta. We do this for three reasons:

1. This approach gives many of the essential features of atomic structure with
much less bother than a complete quantum-mechanical treatment of the subject.

2. It will enable us to understand the nomenclature used to describe atomic states.

3. It demonstrates—on firm ground—a technique often used at the frontiers of
theoretical physics: one picks an experimentally observed or theoretically expected
symmetry, here rotational symmetry, and derives all the properties related to it,
even though one lacks a complete understanding of the system (here the many-
electron atom).

The most surprising aspect of the hydrogen eigenfunctions is, certainly,
that even the component of the angular momentum vector with regard to an
arbitrary direction is capable only of certain discrete values.

This was confirmed in a famous experiment by Stern and Gerlach® and it is
true for all quantum-mechanical systems. There are no special requirements
for establishing the direction with respect to which an angular momentum can
have only integer or half-integer components. Therefore, we define a direction
like this:

Fig. 7.1 This is one way to establish an axis of quantization.

4 W. Gerlach and O. Stern, Z. f. Phys., 7, 249 (1921). For a review of this important
experiment, see R. M. Eisberg, Fundamentals of Modern Physics, John Wiley and Sons,
New York, 1961.
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forcing every electron in the universe to adjust its angular momentum
components in the approved manner. What is the catch? Well, it is this:
Our thumb, of course, does not lift any existing degeneracy, and an electron
with / = 3 can have eigenfunctions with m; = —3, —2, —1,0, 1, 2, or 3 but
it can also have any linear combination of these eigenfunctions. Thus what we
have really said is this: An electron of angular momentum / can be described
in any coordinate system by a superposition of at most 2/ + 1 eigenfunctions
with m, ranging from —/ to 4-/. This is why, so far, the quantum number m,
has not taken on much meaning for us. It has not led to observable conse-
quences. In a strictly central potential, all 2/ 4 1 states of different m;, but
equal / are degenerate. They have the same energy and cannot be distin-
guished spectroscopically. This is changed if we introduce terms into the
Hamiltonian that depend on the angle ©. Such terms can be introduced
through an external electric or magnetic field. It is obvious that in the presence
of such fields the energy will depend on the orientation of the angular
momentum, and thereby the magnetic moment, in the external field.

Let us assume that a hydrogen atom is in a state in which it has a total

orbital angular momentum VII + 1) h. If we place the atom into a magnetic
field in the 2 direction, the field will exert a torque on the magnetic dipole
moment, trying to align it with the z-direction. Since the atom has an angular
momentum it will behave like any gyroscope in such a situation. The torque
will not align it but will cause the axis of the angular momentum to precess
around the z direction. This is shown in Figure 7.2. The precession results in a
constant value of the z component of the angular momentum, and this con-
stant value has to be one of the allowed values m,/i where —I < m, < I. The
x and y component of the angular momentum keep changing all the time and,
therefore, cannot be measured simultaneously. This is obviously what the com-
mutation relations (Eqs. 6.101 and 6.102) have been trying to tell us all along.

Which value of m, the atom will assume depends on the orientation it had
when it was first brought into the field. Actually, we do not even need an
external field to define a special direction for an atom. Any electron in a
many-electron atom has either a spin or a spin and an orbital angular
momentum. Any electron can thus define a direction with respect to which
the other electrons must adjust their angular momentum components.

Now we investigate what happens when the magnetic moments of two
electrons react with each other. As an example we consider a p-electron and a
d-electron, disregarding for the moment that the two electrons also have a
spin angular momentum. The magnetic moments of both electrons will try to
align each other and, in the process, will set up a precession around a common
axis. The resultant of the two angular momenta in the direction of this axis
has to be quantized to have a magnitude that can be expressed as

VL + 1) &
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Fig. 7.2 A torque acting on an atom with angular momentum (or on any gyroscope) w
not align the axis of the angular momentum but will cause it to precess. The projection
the angular momentum on the axis of precession is an integer multiple of 4. For a macr
scopic gyroscope the number of possible orientations is so large as to be continuous.

where L is an integer. For the example given, there exist only three ways
which this can be accomplished. The three possibilities are shown in Figu
7.3a to 7.3c. Actually this figure makes the situation look more complicat
than it really is. The possible values of L in our example are simply

L=2+1,L=24+0, and L=2-1 (7.1
In other words, L is the sum of the larger of the two I’s, and the possib
values m; of the smaller of the two. For two arbitrary angular momentu
quantum numbers / and /” with / > I’, we thus obtain

I—I'S LI+ (7.1
In the most general case of the addition of # orbital angular momenta, tl
highest possible value of L is given by

Lpax = 2 1 (7.1
1

where /, is the quantum number of the orbital angular momentum of tl
kth electron. The lowest value of L is zero or the lowest nonnegative numb
that we obtain if we subtract all the other /, from the largest /.

Spin angular momenta add in a similar fashion. If there are two electron
the possible values of the total spin S are®

S=3+3%=1, and S=31-1=0

51t is customary to use the letter I for the spin of elementary particles and nuclei, where
the letter S is used for the total spin of many electron atoms.
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S(S+1)

Fig. 7.3a,b,c  Two angular momenta precess around a common axis. The opening angles
of the precession cones adjust themselves so that the resultant has a length that can be
expressed as v L(L + 1) h, where L is an integer.

Fig. 7.3d The total angular momentum described by the quantum number J will align

itself in such a way that its component with respect to a given external axis has one of the
possible values of m;.

For three electrons, we get
S=i+b+i=1% and S=}+i-1=}
For n electrons, S can have any value between

S =0and S = n/2 or S=4%and S =n/2
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depending on whether # is even or odd. It is obvious that in a many-electron
atom, where every electron has a spin and many have an orbital angular
momentum, things could be appallingly complicated. Fortunately, two
factors cooperate to simplify matters.

1. The Pauli principle sees to it that the angular momentum of a closed shell is
zero. This leaves us with only the outermost electrons to worry about.

2. Spins and orbital angular momenta (at least, in the light atoms) obey Russel
Saunders coupling also called L-S coupling.

These terms mean the following. In a many-electron atom all the orbital

angular momenta add up to a total orbital angular momentum VLL + ) i
in the manner just discussed. All the electron spins add up to a total spin

angular momentum V S(S + 1) A as discussed above.

The total spin and the total orbital angular momentum align themselves
with respect to each other in such a way that they add up (vector fashion)
to a total angular momentum characterized by a quantum number J. J can
assume any value betweenJ = |L — S|andJ = |L + S|, varying in steps of
one. Thus, J is either always an integer or always a half-integer depending on
the nature of S. '

To illustrate this we return to the example of the p and d electron (Figure
7.3a to 7.3c). Let us assume that the two electrons have arranged themselves
in such a way that

L=3 and S=1

The total orbital angular momentum and the total spin will now precess
around each other and form a resultant total angular momentum (see
Figure 7.3d), characterized by the new quantum number J, which can be
either 2, 3, or 4. If the two electrons had added upto L = 2, § = 1, J could
have been 1, 2, or 3, etc. Now comes the important point: If the atom is
brought into a magnetic field, which is weak compared with the extremely
strong magnetic fields inside the atom, it will precess as a whole and adjust
its total angular momentum in such a way that its z-component

mzh
has one of the values:

—Jh, —(J — DA, ..., (J — Dh, Jh

This latter 2J + 1-fold degeneracy which is lifted only by an external magnetic
field, is called the multiplicity of the state.

Notice that if the total angular momentum aligns itself in a magnetic field
in such a way that my is an integer or half integer, neither m,, m,, mg, or my,
are integers or half-integers. Actually these z-components are not even
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constant but vary in time as a result of the precession around the common
axis. Therefore, they cannot be used to describe the state of the system.

This is often expressed by saying that m,, m,, my and mg are not “‘good
quantum numbers”’ if several angular momenta couple with each other. If the
external field becomes stronger than the internal fields, it is “‘every spin for
itself”> and m, and m, become good quantum numbers. In other words, the
spin and orbital angular momentum of each individual electron adjusts itself
so that its components with regard to the external magnetic field become
integers or, in the case of spin, half-integers. In such a case we often say,
colloquially, that the strong magnetic field decouples spin and orbital angular
momenta.

Based on this coupling scheme is the following notation. The total orbital
angular momentum is expressed by a capital letter:

S, P, D, F, etc.
corresponding to
L=0,1,2,3,etc.

The quantum number of the total angular momentum J is tacked on as a
suffix, and the number of possible orientations of the total spin 2S5 + 1 is
expressed by a prefix. Thus the system we have discussed would be in a

3F,, 3F,, or 3F, state

depending on the actual value of J. If the principal quantum number is of
interest, it can be added in front of the letter. To gain more familiarity with
this notation we apply it to some concrete examples.

Hydrogen

There is only one electron, hence / = L and S = . The ground state is
obviously a 12§y, (pronounced: doublet S one-half) state.
In the first excited state, L can be either 0, in which case J = %, leading to a

2 ZS% state,

or it can be 1. In this case the spin has two possible orientations leading to
J =} orJ = % or, in our new notation, to a

2 %P, state or a2 2P, state

These two states have different energies since in one case the magnetic
moments of spin and orbital angular momentum are antiparallel and in
the other case they are parallel with respect to each other. This results in
different values of the magnetic energy. Since the magnetic energy is small
compared to the Coulomb energy, this energy difference is very small. It
leads to a splitting of the spectral lines and is called fine structure splitting.
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We see now why 25 4+ 1 and not S is used as a prefix. 25 + 1 is th
observed fine structure splitting that results from the interaction of spin an
orbital angular momentum if L > S.6

The 2 2S,, and 2 *P,, states remain degenerate under the influence of th
spin orbit interaction. Very precise experiments, first performed by W
Lamb,” showed that even this degeneracy is lifted by an interaction with th
radiation field. This Lamb shift between the 2 %S, and the 2 2P, state is onl
about %, of the already very small fine structure splitting.

Helium

Because of the Pauli principle, the ground state of He must be a
115, state

The first excited state can be an S state or a P state. Let us first consider the ,
state. Since the two electrons now have different principal quantum number
the Pauli principle no longer enforces opposite spin directions. Hence, we ca
have either a

218, state or a 2 35 state

(singlet s zero) (triplet s one)

Now to the P state. Here S can be either zero (coupling with L = 1 to giv
J = 1) or it can be one (coupling with L = 1 to giveJ = 0, 1, or 2). Thus th
resulting states are

21P,,23P,, 23P,, and 23P,
It is interesting to note that a selection rule
AS=0

allows transitions between two states only if the initial and firal state
have the same total spin. Transitions between triplet and singlet states a1
thus forbidden. This results (in the case of He) in the existence of tw
independent series of spectral lines where no line in the singlet spectrum ca
be expressed as a difference of energy levels participating in the fripl
spectrum, and vice versa. Before this was properly understood there wei
thought to be two kinds of helium, ortho-helium and para-helium, chemicall
alike but, somehow, spectroscopically different.

6 For L < S the level splits into 2L + 1 different levels.
7 W. Lamb and R. C. Retherford, Phys. Rev., 79, 549 (1950).
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PROBLEMS

71
7.2
7.3

74

7.5

7.6

7.7

7.8

7.9

7.10

7.11

7.12

Estimate the ionization energy of the carbon atom.
Why is it difficult to separate the rare earths chemically ?

Which of the following elements: Li, Be, N, F, Na, Mg, Cl, would you expect
to have a spectrum similar to that of hydrogen ? Which would have a spectrum
similar to that of helium?

The He nucleus has no spin. Draw a qualitative diagram of al/ the energy
levels withn = 1, n = 2, n = 3 of the singly ionized He atom (a) without an
external magnetic field, and (b) with an external magnetic magnetic field.
Draw a schematic diagram of levels with n = 1,n = 2, n = 3, of the muonic
carbon atom. (Consider only the energy levels resulting from the various
states of the muon and assume that the electrons remain in their ground
states.)

Which of the following states cannot exist: 2Py, 2Py, 3Py, 2Py, 2Py, 1P,
3P, 3P, ?

How many different energy levels does a *Py, and a 2Py state have (a) with-
out an external magnetic field, and (b) in an external magnetic field ?
Neutrons and protons are fermions with spin I = }. What total nuclear spin
would you expect the following nuclei to have: H2, H3, He®, He!?

Pions have no spin. A negative pion can be captured into atomic states by a
proton, forming a pionic hydrogen atom. The proton has spin . Draw a
schematic energy level diagram for the lowest s, p, and d state of a pionic
hydrogen atom (a) in the absence of a magnetic field, and (b) in a magnetic
field.

The electron and its positive antiparticle the positron both have spin . Since
they have opposite charges they can form a hydrogenlike atom that is called
positronium. The ground state of positronium is, of course, a 1s state. Would
you expect, in the absence of an external magnetic field, that the ground state
is split as a result of the interaction between electron and positron spin? If so,
into how many levels?

The hydrogen molecule H, consists of two hydrogen atoms. These atoms are
bound together by the two electrons that orbit around both nuclei. The wave
function of both these electrons is spherically symmetrical (s-state). Yet, there
exist two, experimentally discernible varieties (states) of hydrogen at low
temperatures, ortho-hydrogen and para-hydrogen. What distinguishes these
two kinds of hydrogen ?

(a) Given three particles with angular momentum quantum numbers /; = 4,
l, = 3, I, =2, in how many different ways can these angular momenta be
combined to give a total angular momentum L ? (The values of L obtained in
this way are not necessarily different from each other).

(b) Into how many states (not necessarily all of different energy) do the states
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obtained in (a) split under the influence of an external magnetic field? Show
that this latter number is the same whether the angular momenta interact with
each other, or not.

SOLUTIONS

1.7

7.12

In a %P, state the angular momentum quantum numbers have the following
values: L = 1 (P state), and S = § (prefix 4 = 25 + 1). The two have com-
bined to give J = } (suffix ). The ?P, state is one of the three fine structure
levels, each belonging to one of the three possible values of the total angular-
momentum quantum number J =, J = £, and J = }. As such it is rep-
resented by a single-energy level in the absence of a magnetic field. In an
external magnetic field (or, also, because of an interaction with a nuclear
spin) the total angular momentum described by J (here J = }) can orient
itself in two ways so that my =} or my = —4%, resulting in a split into two
different levels. In the case of the 2Py, state the quantum numbers are L = 1,
S = 4, andJ = £. This state is also represented by a single-energy level in the
absence of a magnetic field. The level is one of the two fine structure levels
belonging toJ = §andJ = }. In the presence of a magnetic field there will be
four levels belonging to my = 3, my =%, my = —4,and my = —3.

We start with the particle with /; = 4. Relative to this particle the particle
with /, = 3 can orient itself in such a manner that the resulting angular
momentum has one of the quantum numbers L' =7, 6, 5, 4, 3, 2, or 1.
Relative to these possible angular momenta, the remaining particle can orient
itself so that my, is either 2, 1, 0, —1, or —2. Hence,

L'=7 6 5 4 3 2 1
my,
219 8 7 6 5 4 3
1] 8 7 6 5 4 3 2
0| 7 6 5 4 3 2 1
-11 6 5 4 3 2 1
-2 5 4 3 2 1 0

(Note that in the last column /3 is the larger of the two numbers so that it is
now L’ that has to orient itself so that my, = £1, or 0.)

We have thus obtained a total of 33 different combinations. We would, of
course, have obtained the same number if, for example, we had started by
combining /, and /5 and the result L” with /;. In the presence of a magnetic
field, L = 9 splits into 2L + 1 = 19 different levels and L = 8 into 2L +
1 =17, etc. Adding it all up, we obtain 19 + 217 + - - - = 315. So much
for the interacting particles. If there is no interaction, the first particle can.
assume any of 2/; +1 =9 different orientations. Independently, the secon¢
particle can assume 2/, + 1 = 7 and the third 2/3 + 1 = 5. The total number
of different combinations is obviously 9 - 7 - 5 = 315, as it should be.
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8.1 TRANSITION PROBABILITY

It is well known that an atom in an excited state, described by a wave
function u,, J'm, €N return spontaneously to the ground state u,, Jm,> €Mitting
a photon whose energy /iw equals the energy difference between the initial
and the final state of the atom. A complete quantum mechanical theory of
light emission should be able to predict the probability for such a transition.
Since the final state of the system contains a photon and the initial state does
not, a theory that describes light emission has to be able to describe the
creation of a photon. Such a theory exists and is known as quantum electro-
dynamics. Regrettably, quantum electrodynamics, which is a branch of
quantum field theory, goes far beyond the scope of this book.

To stay out of the mathematical brierpatch of quantum field theory we
shall use the technique that has served us well thus far: We shall write down
the expression for the analogous classical situation and then translate it into
quantum mechanics. Since photons do not naturally emerge from this theory
we must introduce them as deus ex machina at the appropriate time.

A classical device that radiates light, although of a long wavelength, is an
antenna or electric dipole. The flow of electromagnetic energy, according to
classical electrodynamics, is given by the time average of the Poynting vector

S = [EH] (8.1)
where E and H are the vectors of the electric and magnetic field. The Poynting

9 vector of the radiation field of an electric dipole, radiating with a frequency
Vo, ist

tic 2 4. 2.9 ;9 _

4 IS| = (ed)*w* sin 195;n2 (rlx — wt) : ( — _l_) (8.2)

ch 47c’r

flgwhere ed is the electric dipole moment (see Figure 8.1).

serl See Marion, Classical Electromagnetic Radiation, Academic Press, New York and

London 1965.
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Fig. 8.1 According to Maxwell’s theory the intensity of the light emitted by an electri
dipole is proportional to sin? &.

The radiation of a classical dipole is thus proportional to the square of it
(oscillating) dipole moment. We, therefore, investigate the quantum mechan
ical expectation value of the dipole moment ed of a stationary state charac
terized by an eigenfunction u(r).

(ed) =fu*ed wdr = efdu*u dr (8.3

If we change r into —r, u*u remains unchanged if u has a definite parity
however, because of d, the integrand changes sign. Since any integral of th
type

Jr@ v
vanishes between symmetrical limits if?2
f(x, Y, Z) = —f('_xs -y, —Z) (8‘4
we can pronounce the following theorem:

The stationary states of a system whose Hamiltonian is symmetrical abot
the origin have no electric dipole moment.

Does this demolish our hopes of explaining the emission of light by atoms
Of course not. Stationary states do not radiate anyway. What we are aft

2 The proof of this statement is straightforward in one dimension and can easily be extende
to three dimensions.
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must be a transient oscillating dipole moment occurring when an atom:goes
from one stationary state to another. To investigate this possibility we: return
to the time-dependent Schrédinger equation (Eq. 2.15):

0 h® EEEIT T
it = — V% 4 V(D)p (2.15)
ot 2m
According to Eq. 2.21, this equation has the solution:
Y= —iwtu(r) — e—(iEt/h)u(r) e (8 5)

If there is more than one stationary state (and this is the only case of mterest
to us) all the linear combinations

y = Zlcke‘“E"” Pu(r) (8.6)
k= . .

are solutions of Eq. 2.15. The symbol k stands here as an abbrevié:tigﬁ fbr a
set of quantum numbers #, J, m;. Thus the most general—nonstatlonary——
probability density is, according to Eq. 8.6: ‘

vo=3 Seraen BB uwwun 62
=1 k=1 iy
The probability density (Eq. 8.7) fluctuates in time with the frequencres
Wip = — E'Z—;i_Ek . (88)

This leads us to suspect that light of these frequencies might be emitted if
these fluctuations are connected with a changing electric dipole moment of
the atom. Substitution of Eq. 8.7 into Eq. 8.3 yields the expectatnon value of
the electric dipole moment: _ .
ey =3 3 e ont f du,*u, dr (8.9)
=1 k=1
This is the most general form of the electric dipole moment. A transition from
an initial state k to a final state i resulting in the emission of a photon of
frequency wy is represented in Eq. 8.9 by the term: : ‘

(ed)y, = ec¥c oo f du*u dr (8.10)

Now we make the decisive assumption: The intensity of the light emitted by
an atom is given by the time average of Eq. 8.2 if we replace (ed)? with
(2ed) ;2. The factor of two results from the fact that the exchange of i and k
in Eq. 8.10 leaves the time average unchanged. Thus the contribution. Wlth
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the frequency |w,,| appears twice in the sum (Eq. 8.9.) The time average of
sin? (r/X — wt) is
(sin? (r/% — wt)y =} (8.11)

so.that the light intensity becomes, according to Eq. 8.2,

(ed); 2wyt sin® 9
Iy=—""5""

8.12
27cr? ( )

If we integrate Eq. 8.12 over the surface of a sphere of radius = 1, we obtain

the luminous intensity of the light source, i.e., the energy emitted by the
atom per unit time:

2 . 4wik4 2
L, = f Tar® sin & df dp = "2 Ced); (8.13)
[4

Obviously, it is not proper to speak of light intensity if we are dealing with
the light emitted by a single atom. An atom emits individual photons, and a
quantum-mechanical theory should tell us the probability of finding them.
Here the shortcomings of our theory become apparent. Our method of
substituting the expectation value of the electric dipole moment into the
classical formula (Eq. 8.2) simply does not describe the creation of photons
but rather the emission of a continuous wave. However, all is not lost. Instead
of carrying out a quantization of the radiation field (as we properly should?),
we simply introduce photons, ad hoc, into our theory.

Now, if L is the luminous intensity of a source, the number of photons
emitted by the source-per-unit time must be given by

N=L (8.14)
ho

If we have only one atom and L, is its luminous intensity, as given by Eq.
8.13, then

sz 1k 2

A== h 2 (o) (8.15)
must be the probability that the atom emits a photon during one unit of time.
Since the emission of a photon is accompanied by a transition from the
initial state of the atoms vy, to the final state y,, 4, is usually called the
transition probability. The lifetime of the initial (excited) state is in this case
given by
1

ik

(8.16)

T =

3 This so-called second quantization would lead to the correct theory—the quantum field
theory of light emission.
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if the final state v, is the only one to which y, can decay. If there are several
final states possible, the lifetime of the state v, is obviously given by*

(8.17)

We mention here in passing that we can also make a strictly classical theory of
light emission. In this theory the light emission from a classical oscillator—
an elastically bound electron—is calculated, using classical electrodynamics.
If a classical oscillator radiates energy, its oscillation must be damped as a
result of the energy loss. The radiation damping leads to an exponential decay
of the luminous intensity, and the decay constant y can be calculated. We
obtain
2 2
y =22 (8.18)
mc

where m is the electron mass. Obviously, in the classical as well as in the
quantum-mechanical case the luminous intensity is proportional to the decay
constant. The ratio ‘
Ay _ 205m(d)?
y - 3k

is called the oscillator strength and gives the luminous intensity of the atom
in units of the luminous intensity of a classical oscillator. The value given for
the transition probability by Eq. 8.15 agrees in first approximation with the
one obtained from quantum electrodynamics. The higher order terms are so
small that we cannot detect their presence with current experimental
techniques. We return to Eq. 8.15, which we write in the form:

= fr (8.19)

4wik3
3hc®

The coefficients (y;, edy,) fill a two-dimensional array and are, therefore,
called matrix elements. We shall hear more about them later. The structure
of Eq. 8.20 is of more than passing interest. Whenever transition probabilities
are calculated, the result can be written in the form

Ty o |(yi> Qo) (8.21)

where p, and v, are the wave functions of the initial and final state, and Q is
the operator of the perturbation (here the electric dipole moment) that causes
the transition from one state to the other. Initial and final states can be of a
very general nature, and Table 8.1 may serve to illustrate this point. We

Ay = |(pss edpl® o€ |(y;, edypy)|® (8.20)

4 See Problem 8.7.
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Table 8.1
Process Initial state Final state
Light emission Excited atom Atom in ground state
+ photon
Radioactive decay | Nucleus N Nucleus N’ + a-particle, etc.
Scattering Proton moving toward a Proton moving away from
nucleus + nucleus at rest nucleus + recoiling nucleus

mention here that if the transition from the state y, to the state y, has a large
probability, then the probability T; oc |(y;, Qy;)I? of the inverse transition
is also large. The reader should be able to prove this statement, assuming
that the operator Q is hermitian. (see Problem 8.3)

82 THE SELECTION RULE FOR [

The actual calculation of atomic transition probabilities can be a very
tedious business. We shall not attend to it here and settle instead for the
derivation of selection rules. A selection rule is a rule that tells one whether
or not a certain transition can occur without making any statement about the
numerical value of the transition probability.

- First we consider the quantum number /. The wave functions of the
hydrogen atom, or for that matter of any atom with a central potential, are
of the form:

u(r) = x(r)P,"(9e™? (8.22)

A change from r to —r corresponds to a change from ¥ to 7 — ¥, and from
@ to m + @ (see Figure 5.2) in a spherical polar coordinate system. Since

sin(m — #) =sin®; cos(m — ¥ = —cos?; and T = ¢
(8.23)

an inspection of the hydrogen wave functions (Table 5.1) shows that all
functions with even values of / have even parity whereas all those with odd
values of / have odd parity. Considering that an integral vanishes between
symmetrical limits if the integrand has odd parity, and considering that the
operator of the electric dipole moment has odd parity, we can state the
following selection rule:
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The expectation value of the electric dipole moment—and with it the transition
probability—vanishes unless initial and final state have different parity, i.e.,
unless

Linitial = ltina1 = A1 52 0,2,4, ... 8.29)

This necessary but not sufficient condition for light emission is known as
Laporte’s rule. A straightforward but tedious calculation shows that actually
an even more restrictive selection rule applies:

Al = +1 (8.25)

8.3 THE SELECTION RULES FOR m,

Now we consider the quantum number m. Since the states of equal # and /
but different m are degenerate we assume that a magnetic field in the z-
direction is present. This field is assumed to be so small that it does not
appreciably change the energy levels or the transition probability. The field is
merely there to assure that the m-degeneracy is lifted; therefore, we have a
right to assign to the atom a definite value of the quantum number m. First,
we calculate the light emission in the 2-y plane which is due to a dipole
moment in the z-direction.

© 4 27
(€2)i =f Lxar® dr f P,™ P, sin & cos & dd f eim%et™? do  (8.26)
[ 0 [}
We take a closer look at the last integral:

2r 27
f exp [i(m, — m)pldy =J‘ ™ do (8.27)
0 0

-

This integral vanishes unless Am = 0. Hence, in the presence of a magnetic
field in the z-direction, linearly polarized light can be observed® at a right
angle to the field, resulting from transitions with

Am =0 (8.28)

Notice that this rule has been derived neglecting the spin, and is thus only
applicable to transitions between spinless (i.e., singlet) states. We state here
without proof that it is valid in the presence of a spin in the more general
form: :
Amy; =0 (8.29)
Now we form

x & iy = r(sin 9 cos ¢ + isin & sin @) = r sin Pe® (8.30)

5 This is only a necessary condition for the emission of light. It could, of course, be that the
9- or the r-dependent integral vanishes.
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From this we derive the expectation value:

(@ + iy) = f () dr f ¢ do L T et g (8.31)

Hence

x+iyy=0 (8.32)
or

@) =@ =0 (8.33)
unless

my=m; F 1 (8.34)

Hence the dipole moment in the 2-y plane can lead to the emission of light in
the field direction if

Am = £1 (8.35)

To determine the polarization of the light emitted in the z-direction, we recall
that, according to Eq. 8.9, a factor

exp [@—h“@] (8.36)

appears in the expression for the electric dipole moment. If we consider that
i = €'"* and multiply this into the time-dependent part (Eq. 8.36), we see
that according to Eq. 8.31 the - and the y-component of the dipole moment
are out of phase by =/2. The light emitted in field direction must, therefore,
be circularly polarized.

-It should be mentioned that nature has ways to get around the above
selection rules. Even if the matrix element of the electric dipole moment
vanishes, an atom will always go to the ground state (eventually), utilizing
processes having operators with parity and angular momentum properties
different from those of the electric dipole operator. Possible mechanisms by
which such forbidden transitions can occur are the following.

Magnetic Dipole Radiation

If electric dipole radiation is the quantum-mechanical analog of the
radiation from a dipole antenna, magnetic dipole radiation is the quantum-
mechanical analog of the radiation from a solenoid. The transition proba-
bilities for magnetic dipole transitions are usually very much smaller than
those for electric dipole transitions.

Higher Electric Mnuitipole Radiation

Even if two states are not connected by an electric or magnetic dipole
moment, they can nevertheless have an oscillating electric quadrupole, etc.,
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moment. Again, the transition probability for such transitions is very much
smaller than that for electric dipole radiation.

Two Quantum Transitions

The 2s state of hydrogen cannot decay to the 1s state because that would
imply A/ = 0. There are no other electric or magnetic moments to help the
good cause and, therefore, the atom is left high and dry once it is in the 2s
state. Usually deexcitation will occur when the atom collides with another
atom but, even in a perfect vacuum, the atom can go to the ground state by
the simultaneous emission of two photons. Since two-quantum emission is
very much less probable than one-quantum emission, the 2s state is said to
be meta-stable.

PROBLEMS

8.1 Prove that

f *f@yde =0

a

if f() has odd parity.

8.2 Calculate the probability of the electric dipole transition between the states
(n,1,m) = (2,1,0)and n = 1 of the hydrogen atom. Neglect any effects that
result from the electron or proton spin.

8.3 Quantum-mechanical transitions between two states can take p]ace in both
directions (for example, an atom which can emit a photon in going from a
state y; to a state y; can also absorb a photon in the state y; and go to the state
yi). Show that the transition probabilities for these two processes are always
proportional to each other.

8.4 Name all the states of the He atom that have n = 2. Which of these states are
meta-stable ?

8.5 Give more examples of quantum-mechanical transitions in the spirit of Table
8.1. List also the inverse transitions.

8.6 The oscillator strength of the 2p — 1s transition of the hydrogen atom is
f = .139. What is the transition probability? What is the lifetime of the 2p
state? Assume the elementary charge to be twice as big as it is. How would
the lifetime of the 2p state change?

8.7 Verify Eq. 8.17.

8.8 A muonic carbon atom is a carbon atom in which a negative muon “orbits”
the nucleus far inside the innermost electron shell. Using the value of the
transition probability for the 2p — 1s transition, calculated in Problem 8.6,
find the lifetime of the 2p state of the muonic carbon atom.
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Solution of 8.3.- The probability for a quantum-mechanical transition between
two states y;, vy is given by an expression of the form

P o |(yy, QupI?

where Q is the operator of the interaction that brings about the transition (for
instance the electric dipole operator in the case of light emission). The probability
for the inverse transition from the state v, to the state y, under the influence of the
same operator Q is then

P o [(y;, Qua)l®

The operator Q, describing a physical quantity, must be a hermitian operator. Hence
Wi, Qvi) = (Qvi, vi) = (i Qv)*

Hence
[(wi, Qvil® = [(¥2, QI or  Poc P’

We have written P’ oc P rather than P’ = P since more than the absolute square of
the matrix element enters into P’. For instance, let P be the probability that an atom
spontaneously goes from an excited state to the ground state, emitting a photon.
The probability of the opposite process, excitation of the atom by resonance ab-
sorption of a photon, will in this case depend on the absolute square of the same
matrix element, but it will also depend on the abundance of photons available for
absorption (i.e., on the intensity of the incident light).
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MATRIX MECHANICS

In the preceding chapters we have formulated quantum mechanics with the
help of partial differential equations. The differential equations were to be
solved for wave functions which by themselves did not represent any
measurable quantities. Dynamic variables came out of this theory in the form
of eigenvalues. The fundamentals of this approach to quantum mechanics
are due to Schrodinger. There exists another formulation of the theory that is
due to Heisenberg. The Heisenberg approach spurns quantities that cannot
be measured directly, such as probability amplitudes. Instead, measurable
quantities are directly related with each other through the rules of matrix
algebra. The two approaches yield the same results and are—no matter how
different they look—very closely related mathematically. The rules of matrix
mechanics were derived directly from the experimental results by Heisenberg.
Only later was it recognized by Schrédinger how closely akin mathematically
his and Heisenberg’s forms of the theory really were. Having already mastered
Schrédinger’s wave mechanics, we shall use it as a convenient access road to
Heisenberg’s matrix mechanics.

Although both theories are completely equivalent it turns out that in some
applications one is more convenient to use than the other. In the following
chapters we shall concentrate on those problems that lend themselves more
readily to a solution with matrix methods.

9.1 MATRIX ELEMENTS

Previously we had defined the expectation value of a linear operator Q as

Q) = f P*0y, dr = (p,, Op) ©.1)

This expectation value was defined as the average of many measurements of
the quantity described by the operator Q. The measurements were to be
made while the system was in a state described by a set of quantum numbers

153
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symbolized here by the one subscript i. Now we expand y;* and y, in terms of
eigenfunctions of another linear operator (for instance, in terms of the eigen-
functions u, of the Hamiltonian of the system).

p* =2 catut and Yi =2 Cimlim 9.2)
Hence = m
(v, Qy) =2 zlcik*cim u*Qu,, dr 9.3)
k=1 m=

The definite integrals (u,*Qu,, dr form a two-dimensional array of numbers.
We encountered such an array in the previous chapter and for no good
reason, called the numbers matrix elements:

9em = (., Qu,,) 9.4

Now we shalil show that they deserve this name because the rules of matrix
algebra apply to them. First we show that the rule of matrix addition

(4 + By = ay + by 9.3)
applies. Let Q and P be two linear operators. Then

(Q + P)y =f“i*(Q + Puy dr =Jui*Quk dr +J“i*P“k dr = qu + Pux

9.6)
Matrix multiplication is defined by
(4B), = ,,éf'“"b'"" ©.7)
To show that the same law applies to our two-dimensional arrays, we form
P = Qi 98
where Q is hermitian, and expand it in terms of the u;:
Quy = ¢ = iglc,“-ui 9.9)
We multiply from the left with »,* and integrate
(4, Qup) = que =i§ Cri(uy, U;) (9.10)

Since the eigenfunctions of a hermitian operator are orthonormal,! it follows
that

G = Cra (9.11)
Hence

Qu; = Elqmuz (9.12)
l=

1 Or can be made orthonormal.
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Therefore

(u;, PQuy) = (”i’ Pgl‘hkuz) = lglpz'z‘hk q.ed. 9.13)
The associative and distributive law are obviously satisfied since the linear
operators satisfy them. From the above definitions, the theorem follows.
THEOREM

If the w, form a complete set of functions and Q is a hermitian operator, then
the matrix Q is hermitian.

Proof
Ga = (;, Quy) = (Qui;, wy) = (wy, Qu)* = g, * (9.14)
Finally, a simple but important theorem.
THEOREM

The matrix elements of an operator taken between the eigenfunctions of this
operator form a diagonal matrix.

Proof (trivial)

As an example of this last theorem we write down the elements of the
matrix of the Hamiltonian:

(u;, Huy) = (u;, Egi) = E(u;, w) = E, (.15

We sum up: For every hermitian operator we can form a hermitian matrix,
using an arbitrary complete set of functions. If these functions happen to be
the eigenfunctions of the hermitian operator, the resulting matrix is diagonal
and the matrix elements are the eigenvalues of the operator. Operators and
matrices are related in much the same way as are vectors and their represen-
tatives. A vector exists in its own right without reference to any coordinate
system. We can represent the vector by a column

x
r=41y
2

giving its projections in a particular coordinate system. Similarly, an operator
is a mathematical entity that exists without reference to any system of
functions one might care to apply it to. We can represent the operator Q in a
particular set of functions u, by forming all the matrix elements.

9 = (u;, Quy) (9.16)
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A quantum-mechanical problem is solved if we have found the eigenvalues
and eigenfunctions of the Hamiltonian H and of those other operators Q in
which we might have been interested. We can then construct the diagonal
matrices, whose elements are the expectation values, and the nondiagonal
matrices, whose elements g, = (y;, Qy,) are related to the transition
probabilities between the eigenstates y; and v, of the Hamiltonian. Now the
question is: Do we have to solve the Schrodinger equation in order to form
this diagonal matrix ? The answer is no. We shall show in the next paragraph
that there exists a strong algebraic connection between the different matrix
representations of the same operator. This will enable us to form a matrix
representation of an operator in any complete set of functions and then to
find its one and only diagonal matrix representation by means of a unitary
transformation.

9.2 THE SOLUTION OF A QUANTUM MECHANICAL PROBLEM
BY MEANS OF A UNITARY TRANSFORMATION

We start with two complete sets of functions:
Prs Vs k=1,2,3,...
Obviously, we can expand one in terms of the other:
@y =i§1 Y (9.17)
The expansion coefficients a;; form a matrix. Similarly,
¥i =2 bunpa (9-18)
Substitution of Eq. 9.18 into Eq. 9.17 yields

P = z Z akibin(pn (919)

i=1n=1

Z akibin
i=1

The coefficients of ¢,,:

must satisfy

S aub 3 =1 if k=n - (9.20)
a iOin = n .
5" = 0 if k#n
Hence

AB=1 or B=A1 (9.21)

We shall now show that the matrices A and B are unitary.
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Proof
(90> P1) = O = (Z a; ¥ Zaknwn)
= 2 Z(au% AnPn) = Z Za,z Anlyn = Z ag*a, = Z aklah

o o 9.22)
Written in matrix form, Eq. 9.22 reads
AAt =1 (9.23)
We have thus found the theorem:
THEOREM

Any complete set of functions can be transformed into another complete set
by means of a unitary transformation.

Next we see what the transformation A, defined as above, will do to the
matrix representation of an operator Q. Let Q be a matrix whose elements are

9 = (vi, Q1) (9.24)

Let Q' be the matrix representation of the same operator Q in another
complete set of functions:

x = (9: Qpr) (9:25)

Using a unitary transformation, we express the g,;" with the help of the y,:
Qi = E—:x gl(ain¢n, Qapy)
= Zl Elain*qnlakl = El Elam*qmauﬂ‘* (9-26)
n=1 = n=1]=

or in matrix notation
Q’ = A*QAft* 9.27)

We have thus found the following theorem.

THEOREM

The same unitary transformation that transforms one complete set of
functions into another complete set through

@ = Ay  or written more explicitly @, = a,.y, k=1,2,3,..
(9.28)

transforms the matrix representation of an operator in one set into the represen-
tation in the other set through

Q' = A*QAf* (9.29)
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Therefore, it should be possible to find the diagonal matrix representation
of an operator (i.e., the representation that has the eigenvalues of the
operator in the main diagonal) in the following way:

(a) Write down the matrix representation of the operator in some arbitrary
complete set of functions g,.

(b) Find the unitary transformation that transforms this matrix into a
diagonal matrix.

(c) Use the same transformation to transform the arbitrary set of functions
@, into the complete set of eigenfunctions y, of the operator.

If this procedure is unique, it should solve the problem completely since it
gives us the eigenfunctions and the eigenvalues of the operator, and from
these two quantities we can calculate all there is to be known. Now, we shall
show that there is one and only one, diagonal matrix representation of an
operator by giving a unique procedure for finding it. Let H' be a matrix
representation -of the Hamilton operator in some arbitrary complete set of
functions ¢, :

Hy' = (¢:, Hpy) (9.30)
We want to find the diagonal representation H = E with the elements?
(vi, Hyp) = Egdy 9.3

where the y, are the eigenfunctions and the E, the energy eigenvalues of the
Hamilton operator. The unitary transformation that transforms H' into the
diagonal matrix E is defined by

AT*H'A* = E (9.32)
Multiplication from the left with A* yields
H'A* = A*E (9.33)
or
z Hip'ap* = Z i *Emp = a3 Ey (934
m=1 m=1

For any value of k, Eq. 9.34 is a set of coupled linear homogeneous equations
for the a,;:
i =1:Hy'ay* + Hyp'ay* + Hyg'ay* + - -+ = ay*E;
i=2:Hy'ay* + Hylay* + Hy'ag* + -+ = ay*E; (9.35)
i=3:---,etc.,...
2 We conform, in general, with the convention that we have used for matrices: (1) Capital
letters for operators and (boldface) matrices, and (2) lower case letters for matrix elements.

We depart from this convention only when—as in the case of energy eigenvalues—the use
of capital letters for particular eigenvalues is well established.
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These linear homogeneous equations for the a,* can be solved if, and only
if, the secular determinant vanishes:

(Hy' — Ep) Hyy' Hyy ot
Hyy' (Hyy' — Ep) Hyy'
Hy' Hj,' (Hys' —E) "+ |=0 (9.36)

This determinant is an equation of order n, (n — c0). It has 7 possible solu-
tions, the E,, that need not all be different (degeneracy). We have thus shown
that there exists, at least in principle, a unique way to determine the eigen-
values E, and all the coefficients of the unitary transformation A that trans-
forms the ¢, into the y,. This method of solving a quantum-mechanical
problem is completely equivalent to solving the Schrodinger equation. Since
it involves the solution of an infinite set of coupled linear equations when
applied to a problem with infinitely many different eigenfunctions, it is not
often used for problems of this type. The real advantage of the method
becomes apparent if we apply it to perturbation problems, as we shall do in
the next chapter.

9.3 THE ANGULAR MOMENTUM MATRICES

For later use we shall now derive matrix representations of the angular
momentum operators. It will turn out that we can do this without ever
specifying a particular complete set of functions. We start from the algebraic
(commutation) relations between the operators that we derived in Chapter
6.4.

Since the algebraic relations between operators remain valid for their
matrix representations, we know that the commutators?

@[L,, L] =iL,,  (®[L%L,]=0 9.37)
(@[L,,L]=iL, (®[L>,L]=0 (9.38)
@[L;, L] =iL,,  (B)[L*%L,]=0 (9.39)

must also be valid for the angular momentum matrices. Since two diagonal
matrices always commute it follows from Eqgs. 9.37, 9.38a, and 9.39a that
no two of the component matrices L, L,, L, can be simultaneously diagonal.

3 For convenience, we follow the convention of expressing angular momenta in units of 4,
this amounts to setting # = 1 in our equations.
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‘We know that the angular momentum matrices are hermitian because the
corresponding operators are hermitian. We choose our representation so
that L, and L? are diagonal and set out to find L,, L,, L, and L? in this
particular representation. It will turn out that the assumption that L, and
L2 are diagonal, together with the commutation relations Egs. 9.37 to 39,
suffices to determine the elements of the angular momentum matrices

unambiguously.
For later use we introduce the nonhermitian matrix
L,=L,+iL, (9.40)
and its hermitian conjugate*
; ; Lit=L =L,—iL, (9.41)
These matrlces satlsfy the following commutation relations:
L EaL)=[L,Ll+L, L] =il + L =L, 9:42)
Also
. ‘ [L—a Lz] = [La;’ Lz] - i[Ly’ Lz] = L— (943)
and.
L,,L]=—i[L,L,]+i[L,LJ]=2L, (9.44)
and ﬁnally (and obv10usly)
L3, L, ]=[L%L.]=0 (9.45)
since both L, and L, commute with L2. We can also easily verify that
LLLE1L2—L24+L, (9.46)
and
LL =L*-—L2-1L, 9.47)

We still do not know what the physical significance of L, and L_ is. To find
out, we' investigate the operators L, and L_. Let vy,,, be a simultaneous
eigenfunction of the operators L2 and L, with the eigenvalues 4 and m:

L2 Yam = )'w).m’ szlm = MYPm (9 48)

We know that such mmultaneous eigenfunctions must exist since the operators
L? and L, commute. In the case of the hydrogen eigenfunctions we had found
that A = I(/ + 1). We have as yet no right to assume that A will be of the
same form for any eigenfunction v,,, of the operator L? and, hence, use the
noncommittal form A for the eigenvalues of L2. We apply L,L, to ;.
According to Eq. 9.42 this yields

z(L+"p/1m ‘=1L Lz'p}.m + L+1)Ulm
= Limy;, + Ly, = Li(m + Dy = (m + D(Lyys)  (9:49)

4 Of course, the hermitian conjugate of a non-hermitian matrix is also a non-hermitian
matrix. The ““non-hermitian hermitian conjugate” is only a linguistic curiousity, not a
mathematical one.
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Comparing the left and the right side of Eq. 9.49, we see that L,v,,, is an
eigenfunction of L, with the eigenvalue m + 1. Since y;,,, is an eigenfunction
of L, with the eigenvalue m this means that L, when applied to one of the
functions y;,, raises the value of its quantum number m by one. Therefore,
itis often called a raising operator. Similarly we can show that L_ is a lowering
operator, i.e., it lowers the value of m by one. It should be pointed out that L,
raises and L_ lowers the quantum number m regardless of what else it does
to the eigenfunction of L?and L,. Unless m + 1 is a nondegenerate eigenvalue
of L,, we are not justified in assuming that

Liim = Yamia (9.50)
but only that
Liysm = w;.m-H 9.51)
where y’ is a function that may, or may not, differ from y. From Eq. 9.45
follows
LPLiy; = L L*y;,, = LA = AL, Y3 9.52)

In other words, while L, and L_ raise or lower the quantum number m by
one, they leave the quantum number A untouched. Next we apply L, several
times in succession to an eigenfunction v,,,

LiL - Ly, (9.53)

thus, raising m more and more. Now, m is the expectation value of the z-
component of the angular momentum vector and A the expectation value of
the square of its absolute value. Therefore, the above procedure must lead
us to some highest value of m which we shall call j since the z-component of a
vector cannot be larger than the entire vector. Hence, there must be an
eigenfunction y,; % 0 and eigenfunctions with m > j + 1 must not exist.
Hence

Liy;; =0 (9.54)

Similarly, a consecutive application of L_ must lead to some lowest value of
m = j' so that
L_y,;, =0 for Y0 #Z0 (9.55)
The difference j — j’ must, of course, be a positive integer. Now we apply
L,L_and L_L, to v,;; and y,;, respectively,
L,L_y;;=0 and L. L,y;;=0 (9.56)
Using Eqs. 9.46 and 9.47 we obtain

L.L vy, =@G—j%+j),;=0 and L_L,y,;

= - fz + Dy, =0 (9.57)
Since

Yar # 0 # yyy
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it follows from Eq. 9.57 that

jG'—D=4 and j(Gj+1D=2 (9.58)
Equation 9.58, together with the fact that
j—j =k (9.59)
is a positive integer, allows us to determine k. The quadratic equation
G=R(—k=1D=j+] (9.60)

has two solutions:
k= —1 and k=2j (9.61)

The first one has to be discarded because it is negative. From the second it
follows that
J==j (9.62)
or
A=jG+ 1) (9.63)
and
m=—j, —(G—-1,—-G—2),...,j—2,j—1,j 9.64)
In other words, what we found for the special case of the hydrogen eigen-
functions applies to any wave function v,,, that is an eigenfunction to L2 and
L,:
(a) the eigenvalue of L% can be expressed as j(j + 1), and
(b) m; can assume any of 2j + 1 values from —j to +j.
Now comes the big difference: According to Eq. 9.61, k = 2j is an integer,
which means that j can have integer or half-integer values.® In other words,

j=0,%1,%2,...,etc. (9.65)

We have, thus, justified all the assumptions made earlier in the discussion of
the vector model. In the beginning of this section we promised that the
elements of the angular momentum matrices could be determined from the
commutation relations and the assumption that L% and L, are diagonal. We
have yet to make good on this promise.

9.4 AN EXPLICIT REPRESENTATION OF THE ANGULAR
MOMENTUM MATRICES

To find the elements of the angular momentum matrices we apply L, to
some eigenfunction® yp;,,:

Li%im = Yimn (9.66)

5 This does not prove the existence of the spin but shows that spin, if it exists, can be
described within the framework of our formalism.
6 Instead of 4 = J(j + 1) we shall use j from now on to label the eigenfunctions.
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We know that y;, . is an eigenfunction to L_ with the eigenvalue m + 1. If
m + 1 is a nondegenerate eigenvalue, we must have

Vimr1 = Du¥imin (9.67)

where a,, is a constant. Since we have shown in the preceding paragraph that
there are as many different eigenvalues m as there are eigenfunctions v,
(namely, 2j + 1), we conclude that the eigenvalues m are nondegenerate.
Therefore

LiYim = QGm¥Pimia (9.68)
Similarly we find that

L ;= bpWima (9.69)

Since the y,, form an orthonormal set, the matrix L, can only have non-
vanishing elements of the form:

Yimi1 Ly Pim) = ap, (9.70)
(i.e., only the elements whose row index is one higher than their column index

differ from zero). The matrix L, must, therefore, look like Eq. 9.71.

m= 110] —1

ol
|
o
nojeo
o
|
Doj
|
olco

1 |0la,|0j0] 0|0l 0| 0] O

~.
Il
DOj=

—3+(0l o ]ojol o |o] o | 0] o0

\ 1 (0] O [O|a| O (O] O | O | O

j=1 (9.71)

g0l 0 ]ojo| o0 f0|a,| 0] O
j=% 4|0l o jojo| o |o| 0 |a,|loO
—3 |0l 0 |ojo| ool o0 | 0 |a,
—2/0l 0 ]ojolo|o|lo0o|o0]oO

(Note that in accordance with convention we have labeled rows and columns
so that m runs from +; to —j. This puts the nonvanishing matrix elements
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above the main diagonal.) From Eqs. 9.46 and 9.47 it follows that L,L_
and L_L, are diagonal matrices. Hence using Eq. 9.41

(L—L+)im = J(] + 1) - m2 —-m =7c2 L—-ikL+km6im
=1
*
=2 L mLipm =gkL+kmL+km 9.72)

Since the only nonvanishing elements of L, are those with k = m + 1, there
is nothing to sum over in Eq. 9.72, and we get
*

Lyprmltmirm =J0 + 1) — m(m + 1) 9.73)

or (except for a phase factor which we set arbitrarily equal to plus one?)

Ly, .=jG+1D—mm+1) (9.74)
Letting j = %, we find that
m | 3] =3 m 3] -3
L,= % (0] 1 and L= % 10| 0 (9.75)
—-310]| O —-3|11] 0
And from
L,=%L,+L) 9.76)
it follows that
L 1(0 1) i L 1(0 —i) ©77)
e = an = — .
2\1 o 2\ o
Also from the commutator Eq. (9.37a) it follows that
L 1( ! 0) (9.78)
20 -1 '

The matrices

0 1 0 —i 1 0 ©19)
G, = , o, = , G, = R
10 Y i 0 0 —1

are the famous Pauli spin matrices or Pauli matrices. In a similar fashion we
can find the matrix L, for j = 1:

01 0
L,=+2[0 0 1 (9.80)
000

7 The phase of the angular momentum has no physical significance.
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Hence
L___i_OIO L=-1—_0_i0
T2l o) vyl 0 i)
010 0 i 0
1 0 0
L,={0 O0 O 9.81)
0 0 —
100
L2=2(0 10 (9.82)
0 01
PROBLEMS

9.1 Which of the following statements are correct ?
(a) All diagonal matrices are hermitian.
(b) A matrix that is both hermitian and unitary is a diagonal matrix.
(c) All real matrices are hermitian.
(d) A diagonal matrix commutes with any matrix of the same rank.

9.2 Find the elements
Poo = (4o, Patho)s Por = (U, poity), P10 = (U1, paite)
and
Pu = (1, pity)
where u, and u, are the first two eigenfunctions of the one-dimensional
harmonic oscillator and p, is the 2-component of the momentum operator.
9.3 Find the elements

(Yoo = (4o, gu), (qxder = (ug, gruy),
(gho = (U1, q2Uy), and (qon = (uy, qouy)
of the electric dipole moment matrix of the one-dimensional harmonic
oscillator.
9.4 Find the matrix element

(Unyms €Xly ) = (U100, €XUg10)

for the hydrogen atom.

9.5 Write down the explicit expressions for the raising and lowering operators
L, and L_ and show, by applying them to the 2p eigenfunctions of hydrogen,
that they, indeed, raise and lower the value of the quantum number m.
(Hint. See solution of 9.6.)
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9.6 Show explicitly that L, Yy; = L_Y; ;.

9.7 Derive explicit representations for the matrices L,, L,, L,, and L2 for j= 3
so that L, and L? are diagonal.

9.8 Are all the Pauli matrices hermitian? Are they all unitary ?

9.9, Demonstrate that the commutation relations derived for the angular mo-
mentum operators do, indeed, apply to the angular momentum matrices for
j=4%andj =1 .

9.10 Which of the angular momentum matrices for j = 1 are hermitian? Which are
unitary ?

SOLUTIONS

oB ®
9.2 (Boe_’”z/ 2, (—ih) a_o e/ 2) = —Bozfﬁf (—2)e="dx =0
— 00

(Since the integral is taken between symmetrical limits and the integrand has
odd parity. See also Problem 8.1)

a [eo]
(B(,e~12/2, (—ih) ~ Blzxe—ﬁ/z) = —2ih3031f e (1 — a?) dx
—

- vV - —ik

Following this procedure the reader should not find it difficult to evaluate the
two remaining matrix elements.

9.6 The raising operator L, = L, + iL, can be written explicitly with the help
of Egs. 5.104 and 5.105:

0 7} a d
i o 9 o . e . 9si 7
L, zh(sm @ 75 + cot ¢ cos ¢ PP icos ¢ 75 + icot ¥ sin wa(p)

= (ih sin ¢ + K cos tp)a—i} + (ifi cot & cos ¢ — A cot ¥ sin <p)a—a(p
We apply this to
Yy, o« sin e

L,Y,, < (iisin ¢ + Fi cos @) cos dei®

+ (il cot & cos ¢ — A cot & sin @)i sin Pe'®
cos &
sin 9
cos %
in 9

= ei"’{h cosdcos ¢ —Hh cos @ sin &

+i(ﬁsin pcos? — h sin qz>sin19)} =0

sin
Analogously, we may show that
LY, ;=0
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STATIONARY PERTURBATION THEORY

10.1 THE PERTURBATION OF NONDEGENERATE STATES

We have already mentioned that most quantum-mechanical problems
must be solved with one or the other of a variety of approximative methods.
One of these methods is due to Schrodinger and deals with the following
situation:

The state of a system is mainly determined by some strong interaction* (for
instance, the Coulomb interaction between the electrons and the nucleus). The
Hamiltonian H® related to this interaction is known and so are its eigen-
functions? and eigenvalues:

H(O)w;co) — E;CO)w;CO) (101)

In addition, there exist weaker! interactions which result in small changes
of the Hamiltonian, its eigenfunctions, and eigenvalues. As examples we
mention the interaction with an external electric or magnetic field, and the

interaction between spin and orbital magnetic moment. Because of the
presence of these additional interactions, Eq. 10.1 becomes

Hy, = Eyy, (10.2)

where H, E, and y, differ slightly from H®, E{? and (. It is obvious what
“differ slightly’” means in the case of E;; however, for H and v, we have
to define it more carefully. We assume v, to be of the form

(0)

ve=p" + ) + P+ (10.3)

and require that p{, »{?, etc., are small compared to »\® in some yet to be
defined way. As far as H is concerned we assume that it can be written as

H=H® 4 HU  H@ 4 ... (10.4)

1 The terms strong and weak interaction are usually reserved for the description of certain
nonelectromagnetic interactions. We use them here in a broader sense.

2 We shall see later that we can obtain useful results even without such detailed knowledge
of the unperturbed system.

167
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and that HV, H® etc., are small compared to H'®. Again, we have to hedge
concerning the exact definition of smallness. The conditions that have to be
satisfied by y{1’ and H® will evolve in the course of our investigation and it
will turn out that the two conditions are closely related. We substitute Eqs.
10.3.and 10.4 into Eq. 10.2 and obtain

H,w — (H(O) + HY + H(2) )(w(o) + ,w(l) + 1/)(2) .)
(E(O) + E(l) El(c2) )(,(/)(0) (l) + 1/)(2) S = Ekwk
(10.5)

If we write this explicitly, we obtain an expression containing terms like
H Oyl 0D 0y, (2) | [figy0) " frg, (D etc, The sum of the upper indices
in these expressions is a measure of their smallness. In other words H®yp{V
will be smaller than HVyp{® or HOyV if we have defined the smallness of
HO, H®, . and @, 9@, ., etc., properly. Below we shall restrict
ourselves to first order perturbation theory by neglecting all terms of the type
HWyp - H®y0) "etc., or of higher order. In this case Eq. 10.5 becomes

H (0)+H(0) (1)+H(1) (o _ E(O)'/’(O) + E©@ (1)+E(1)w’(co) (10.6)
From Eq. 10.1 we know that HOyp® = E©y( 5o that Eq. 10.6 becomes

H(O)'l/)kl) + H(l)'/’;cm — E(O)tp,(cn + E(l)'l’r(cm (10.6a)

We assume that the eigenfunctions of H® form a complete set and expand
p in terms of this set:

(1) z akmw(O) (107)
Substituting this into Eq. 10.6a we obtain
H® z Qe ,w(O) + H(l)w’(CO) E(O) z akmww) + E;(cl)#’;(cm (108)

If we multiply both sides of Eq. 10.8 from the left with 9{®* and integrate we
obtain as a result of the orthonormality of the

Ez(O)aki + Hz(';) = El(cmaki + El(cl)éki (10.9)

From Eq. 10.9 we can obtain the a,; and thus, by means of Eqs. 10.7 and
10.3, the perturbed eigenfunction v, = 9! + V. First we assume that
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i = k and obtain from Eq. 10.9:

HY = EWY (10.10)

This does not tell us anything about the a,, but states that in first approxima-
tion the perturbation energy EV is equal to the expectation value of the
perturbing Hamiltonian H™Y taken between the ezgenfunctzons P of the
unperturbed state. For the case i # k follows, if E{® is nondegenerate
(ie., if E{ 5 E! for all i 5 k),

H(l)

Ay =
(0) (0)
E.” — E;

(10.11)
This leaves only the coefficient a,; undetermined. Its real part can be found to
be zero from the normalization of y, = %\ + y{1’ (see Problem 10.2). The
imaginary part of a,; remains undetermined, and we can make it zero since it
effects only the phase of v, and has no influence on the energy of the per-

turbed state. To show this, we separate the term containing a,; from the sum
(Eq. 10.7):

(1) z akzw z akﬂ/’z + ay 'P(O)

Since we know that the coefficient ay; is small as well as purely imaginary, we
can write

ve=(1=% i|akk|)'l’ + Zamw“” ~ exp (+i |akk|)y)k + Eamw‘”’ (10.12)

This is the sum of a large (\*) and a small ( > akizp§°’) vector in the complex
i#k
plane. To first order, the magnitude of this sum is clearly not affected if one
of the two vectors is rotated by a small angle (¢ & |ay|) with respect to the
other.
With all the expansion coefficients thus determined, we can write down the
perturbed eigenfunctions to first order:

(0 D _ o 1k P
= + = + 10.13
Y Y ,;c E, — E,c ( )

This important equation tells us the following facts.

1. If the wave function of a state »\* is changed by some perturbation H ), we
can express the perturbed wave functlon ¥ as a linear combination of the un-
perturbed wave functions w{%). This is often expressed by saying that the perturbation
mixes in other states.

2. The difference between the energy of the unperturbed state ¢{® and the states
{0 which are mixed in by the perturbation, appears in the denominator of the
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expansion coefficients ay;. This means that those states whose energy E; is close to
the energy Ej of the unperturbed state are mixed in most heavily.

3. The matrix elements of the perturbation, H{) = (!9, HVy{?)) appear in the
numerator of Eq. 10.13.

In view of the connection between the matrix elements and the transition
probabilities discussed in Chapter 8.1 we can thus say: A perturbation HY
mixes only those states between which a transition is possible under the
influence of that perturbation.

By now it should have become obvious what the conditions are for the
smallness of p{’ and HW. If y, is to differ only very little from 3{*’, only small
amounts of the other states y!? should be mixed in by the perturbation. In
other words, the coefficients a; in Eq. 10.13 should be small. This, in turn,
gives us the condition that qualifies HV) as being small, namely,

Hik

for i >k 10.14
E,— E, £ ( )

N

Thus far we have used the Schrédinger picture, but we can make the
transition to matrix mechanics without difficulty. The perturbed eigen-
function y, can be obtained from the unperturbed eigenfunctions {® through
the “transformation’’3:

Y = 21 a s (@ =1) (10.15)

According to Eq. 9.27, the same matrix 4, whose elements transform the
v{® into the vy, will transform the matrix H to its diagonal form through

AP*HA* = E (10.16)

10.2 THE PERTURBATION OF DEGENERATE STATES

The perturbation theory as we have developed it in the preceding paragraph
has but one flaw: It is almost useless since it applies only to nondegenerate
states. Not only are most atomic states degenerate, but the perturbation of
degenerate states is of special interest to the experimental physicist. To
understand this we repeat briefly the basic facts of degeneracy with special
emphasis on the degeneracy of energy eigenvalues. An energy eigenvalue

3 We have used the term transformation to emphasize the formal analogy to the trans-
formation of vectors as described by Appendix A.4.5. We can, in this vein, consider the
9;? the elements of a state vector. The wary reader will sense yet another formulation of
quantum mechanics lurking beyond the horizon.
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E® s said to be n-fold degenerate if there are n linearly independent
eigenfunctions {® so that

H(O)w;co) — E(O)w;CO)’ k = 1’ 2, 3, o.n (1017)

The fact that all the y{” have the same energy eigenvalue E© with the
Hamiltonian H® does not imply that they also have the same eigenvalue
with some other Hamiltonian H. Even if H differs from H® only by a small
perturbation,

H = H 4 HO (10.18)

If the perturbation H acts differently on the various eigenfunctions y'?, it
can very well happen that

Hy, = Exy, (10.19)

where all the E; are now different. In this case we say that the degeneracy is
lifted by the perturbation. A degeneracy lifted by a perturbation is the delight
of the experimental physicist because with luck and ingenuity it is often
possible to measure directly the energy differences E;, — E‘® to a very high
degree of accuracy (frequently much more accurately than the energy E‘©
itself). In order to develop a perturbation theory applicable to degenerate
states, we follow the approach taken in Chapter 10.1, amending it as needed.

Up to and including Eq. 10.6a, everything is all right; Eq. 10.10 on the other
hand, cannot generally be true if the state y\® is degenerate. In the
case of n-fold degeneracy there exist # linearly independent eigenfunctions w,‘c‘:’,

w,‘c‘;’, e, w,‘c?" and infinitely many linear combinations

v =Y ap (10.20)
i=1

all belonging to the same eigenvalue E®. The perturbation, however, if it
lifts the degeneracy (and this is the only case with which we shall concern
ourselves), will do different things to these different unperturbed eigenfunc-
tions. If we want to obtain the energy eigenvalues E; , . . . , E; that develop
under the influence of the perturbation H™, we have to pick those linear
combinations y'”’ that are eigenfunctions of H or that, in matrix language,
make H® diagonal. That such linear combinations do exist can be seen in
the following way. Assume that the perturbation has been applied and has
lifted the degeneracy completely. In this case, n different nondegenerate
eigenfunctions exist, each with one of the eigenvalues Ekl, e Byl If
we now turn off the perturbation gradually, these # nondegenerate eigen-
functions will continuously go over into exactly # of the infinitely many linear
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combinations. These # linear combinations are sometimes called the adapted
eigenfunctions of the perturbation. Once we have found the adapted
eigenfunctions our troubles are over; we can then calculate the perturbation
energy according to Eq. 10.10:

E, =Y, HYyY), 1=12,...,n (10.21)

At the same time Eq. 10.11 ceases to cause trouble. If i # k, the denominator
still vanishes in the case of degeneracy, but so does the numerator (H® is
diagonal), and we can hope that somehow we will be able to find the a;;.
Before we set out to do this, however, we convince ourselves in a more
rigorous mathematical manner that the matrix H® can always be made
diagonal in first approximation.

Let us assume the state w,‘c‘” , in which we are interested, is 5-fold degenerate
in the absence of a perturbation. In this case the diagonal energy matrix will
look as follows.

E® 0 0 0 0 0

0 E® 0 0 0 0 0 0
0 O|E® o o0 0 0 |0
0o ol 0 E® o o0 o0 |0

H*=]| 0o o| o E E® o o0 |0 --- | (1022

0 0| 0 0 0 E” o0 |0
0o 0|l 0 0 0 o0 E9 |0
0o 0 0 O 0 0 O0 Ev

The energy eigenvalue E[® is different from E[®, E®, E[®, etc. Therefore
these states will not give us any trouble in Eq. 10.12. The only states we have
to worry about are the five states with E{?. This means, on the other hand,
that the perturbation Hamiltonian H® ha$ to be made diagonal only with
respect to these five states. If H'® and H? are to be simultaneously diagonal,
(at- least in the framed rows and columns) they must commute, (at
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least in the framed rows and columns). Now, the framed portion of
H ijs proportional to the unit matrix, and the unit matrix commutes with
any matrix; hence, we can always diagonalize H in the region of degeneracy.

In the general case of the perturbation of an n-fold degenerate state we
therefore procede as follows.

(a) We pick n-different, linearly independent linear combinations i, y\7, . . .,

'/’;3,) of the unperturbed eigenfunctions.

(b) We form the n? matrix elements of H" with them.

(c) We diagonalize the resulting » X n matrix with a unitary transformation 4
(discussed in chapter 9.2.).

(d) If we are interested not only in the energy eigenvalues as given by the dia-
gonalized form of H", we can go on and find the adapted linear combinations by

applying the unitary transformation A4 to

(0
T R AL

Before we apply this technique to a specific example, we take a look at the shape of
the matrices involved. The Hamiltonian matrix in the absence of a perturbation
looks as follows

E® 0 0 0 0 0 0 0 0

0O E® 0 0 0 0 O 0 0 ---

0 0 E® 0 0 0 0 0 0

0O 0 0 E” o0 0 O O O -

0O 0 0 0 E® 0 0 0 0 ---
H"=]| o0 0o 0 0 ©0 E® 0 0 0 -

0O 0 0 0 0 0 E® 0 0 ---

0 0 0 0 0 0 0 E® 0 ---

o 0 0 0 0 0 0 0 E© -

.
.
.

.
.
.
.
.
.

(10.23)

Under the influence of the perturbation the Hamiltonian matrix, represented
in the system of the unperturbed eigenfunctions u\*, becomes.




bLI

(1) (0) (1) (1) (1) (1) (1) 1) (1)
Hn + E, Hy, H13 Hj, Hy; Hig Hi; Hig
(1 (1) (0) (1) (1) (1) (1) (1) (1)
H21) H22 + E2 H23 H24 H25 H26 H27 H28 cer
1) (1) (1) (0) (1) (1) (1) (1) (1)
Hj Hg, Hyy' + Ey Hgy Hg; Hsg Hy Hy oo
1) (1) (1) (1) (0) (1) (1) (1) (1)
H41 H42 H43 H44 + E3 H45 H46 H47 H48 e
¢} (1) (1) (1) (1) (0) (1) (1) (1)
H51) Hg, Hgy Hg, Hg' + Eq Hgg Hg Hgy s
1 (1) (1) (1) (1) (1) (0) (1) (1)
Hél) Hg, Hg, Hg, Hgy Hgg' + Eg Hg, Hgg s
1 (1) (1) (1) (1) (1) (1) (0) (1)
H’i(l) Hp, Hp Hy, Hz; Hzg Hy' + Ey Hag s
1 (1) (1) (1) (1) (1) (1) (1) (0)
Hé1) Hg, Hg, Hg, Hg; Hgg Hg, Hg' + E4 cee
(1) (1) (1) (1) (1) (1) (1) (1) ‘
Hy, Hg, Hgyy Hgy, Hgy; Hgyg Hy, Hg s
(10.24)
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In constructing Eq. 10.24, we have assumed that arbitrary linear combina-
tions of the degenerate eigenfunctions y{* were used so that H is not in
general diagonal. Now let us assume that we want to find out what happens
to the state whose energy used to be E{”. The unitary matrix A, which
transforms the region of interest into the diagonal form, looks as follows.

10 0 0 O O O 0O

01 o o 0o O 0 00O

0 0lay a a3 ay a;5| 0 0

0 0|ay Gy @y ay ay|0 0

0 Ojag ay az azy ay|0 0 ‘
A=| 0 O|ay ayp ay ay ai|0 O (10.25) ;

0 0|a; ayp ap am as|0 0 - |

00 0 0 0 O O 1O

00 0 0 O O o0 O .

Obviously Eq. 10.25 will affect only the framed area of Eq. 10.24. As a result
of the unitary transformation

A*tHA* = H' (10.26)
we thus get a Hamiltonian that is diagonal only in the area of interest (see
page 176).

Equation 10.27 is the representation of the perturbed Hamiltonian in the
system of the unperturbed eigenfunctions y{* if instead of arbitrary linear
combinations the adapted eigenfunctions have been used for the state with
the energy E + EV.

It should be emphasized that in order to obtain Eq. 10.27 and with it the
desired values of the perturbation energies E;! - - - E;”, we do not actually
have to know the adapted eigenfunctions. Rather by fo]lowmg the procedure
of Chapter 9.2, we obtain E{l - E{V) from the secular determinant (Eq.
9.36) and only then the clements of the unitary matrix 4 from the Egs. 9.35.

Fortunately, we do not have to burden ourselves with those parts of Eqgs.
10.24 and 10.25 that are outside the framed portions. We can write Eq. 10.26
just as well in the form

A*fHA* = E® + EW (10.28)
where A*f, H, A*, E® and E™ stand only for the framed portions of the




9LL

HY +EY HY Hyg Hy Hyg) Hyg! Hy Hyg :

HY  Hy +EY  H Hyy Hy) Hg! Hyy Hy :

Hg} HY E” + EJY 0 0 0 0 Hg .
HY HY 0 E” + EgY 0 0 0 HY)
( (1) )

, HY HY 0 0 E + Ej! 0 0 HY ..
H HY HY 0 0 0 E® + E{ 0 HY
HY H 0 0 0 0 E® + E]} HY
Hg Hg Hg! Hg Hg) Hg HG  Hg +EY
(10.27)
—
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respective matrices. If we substitute H = E® + H® into Eq. 10.28, we obtain
A*T(E(O) + H(l))A* = E© + A*TH(I)A* = E© + E® (1029)
or
A*THWA* = EW (10.30)
This is an equation that directly relates the perturbation part of the Hamil-
tonian to the perturbation energy, and it is in this sense that we shall hence-
forth interpret the matrices A and H®,

To become more familiar with this formalism we treat explicitly? a trivial
case: the perturbation of the 2'P; state of the He atom by a magnetic field.
The total spin of this state is zero and so is the spin of the nucleus. Hence we
are dealing with an orbital angular momentum of /=1 and threefold
degeneracy.

We have learned in Chapter 7.3 that a state with a total angular momentum?®
\/l(l + 1) and a z-component m has a magnetic moment \/l(l + 1)u, with a
z-component mu, where u, is the Bohr magneton. We know from classical
electrodynamics that the energy of a magnetic dipole with a dipole moment
& in a magnetic field of field strength B is given by

E = (pn-B) (10.31)
Since the magnetic moment of an electron is proportional to its angular

momentum we assume, correctly but without proof, that the expectation
value of its energy in a magnetic field is given by

(v, - By) = (v, oL - By) = po(,(L,B, + L,B, + L,B,)y) (10.32)
The angular momentum operator L operates only on the angular part of the
eigenfunctions y and leaves the radial eigenfunctions untouched. The angular
parts of all eigenfunctions are the spherical harmonics.® The normalized
spherical harmonics with / = 1 are

1 /3 . ;
a) m=1; Y;; = — =/ —sin ¥e*?
() 11 2 277

(b) m

II
o
iy
(=]

|
[e]
o
w
)

(10.33)

¢) m=—1; Y,_,=-_[/-—sinde
(© 1= 045

For simplicity we assume the magnetic field to be in the z-direction, i.e.,
H® = uo(B - L) = uoB,L, (10.34)

4 And in more detail than is actually necessary.

5 In units of A.

6 As long as the potential depends only on r, which it does here. The second electron is in
the 1s state and has, therefore, a spherically symmetrical distribution.
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Since the three eigenfunctions are degenerate we try first to find the adapted
linear combinations by forming H{Y, i, k = 1,0, —1, with the eigenfunctions
as given in Eq. 10.33a to c. According to Eq. 5.106 (letting z = 1)

HY = —i,uoBz—a- (10.35)

. do

Hence, HVY,, = 0 so that the middle column of our matrix HY vanishes.
The middle row must also be zero because Y; has no ¢-dependent term and
the term e**? integrated over 2= gives zero. Similarly,

(Yaps HVY,_,) o f f % sin & 5?— (sin 9e=®) sin 9 dd dp = 0 (10.36)
P

because the integral over ¢ vanishes. The same holds for (¥;_;, HV Y},). In
other words, H? is a diagonal matrix and Eq. 10.33a to c are the adapted
eigenfunctions. If we calculate the two remaining matrix elements
(Y1, HVYyy) and (Y4, HY Y, ,), we find them to be 1 and —1, respectively.
The diagonal representation of the matrix H® is therefore

1 0 0
HO =y4B[0 0 o0 (10.37)
0 0 —1

of course, this is no surprise; we could have read it directly from Eq. 10.34.
The fact that the spherical harmonics are the adapted eigenfunctions is also
trivial. They are, after all, eigenfunctions of the operator L,.

We conclude from Eq. 10.37 that the singlet P; state splits into three levels
under the influence of a magnetic field. The energy of the m =1 level
increases proportionally to the magnetic field; the energy of the m = 0 level
remains unchanged; and the energy of the m = —1 level decreases propor-
tionally to the magnetic field. If we plot the energy of each state as a function
of the magnetic field, we obtain Figure 10.1. What if the magnetic field had
been in the z-direction? The matrix would have been nondiagonal:

B 010
HY = 4,B,L, = % 101 (10.38)
010
To diagonalize it, we have to solve according to Eq. 9.36:

ﬂoB ]

NG
B
—E, B2l _ (10.39)

NG

—E,

:uOB x
NG
0 NOBJ:

J2
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Fig. 10.1 An external magnetic field lifts the threefold degeneracy of an atom with L = 1.

This determinant has the solutions E, = 0 and E, = 4 u,B, as we would
have expected since the energy of the atom should not depend on the direction
of the magnetic field. Using Eq. 9.35, we determine the coefficients of the

unitary transformation. Since

B
Fote ag* = ay*E,
/2
B B
l_‘o__x an* + fo =" ag* = ay*E,
V2 V2
:u'OBz

— ay* = agx*E
\/2 2k 3k k
Letting k = 1 we find that, using E;, = u,B,,

a21* = \/Ean*
and
an* = ay*

For k = 2 it follows that (since E, = 0)

axp* =0
and

ap* = —az*
Finally, with k = 3

023* = —\/5013*

and

* — o %
Q137 = Qg3

(10.40)

(10.41)

(10.42)

(10.43)

(10.44)

(10.45)
(10.46)
(10.47)

(10.48)
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putting these equations together we get

ayu* a* azs*
A*=|1V2a,* 0 —V2a,* (10.49)
an* —ay* a3

The values of ay,*, a,,*, and a;3* follow from the unitarity of A

all* alz* al3* all '\/Ea;u an 1 0 0
\/_2—011* 0 —'\/5013* a» 0 —ap | = 010
an* —ayp,* a3 a3 —\/5013 A3 0 01
(10.50)
Hence
an*ay + ap*ay + aygta;; =1 (10.51)
2a,*ay + 2a15%a; = 1 (10.52)
From Egs. 10.51 and 10.52 it follows that
ap*a, =% (10.53)
together with
ﬁall*all - \/2 (113*(113 =0 (1054)
and
all*al.l - am*am + (113*a13 = 0 (10.55)
this yields
an*ay = a*a;; =} (10.56)

This does not say anything about the phase of the a,. However, since our
one condition that A be unitary is satisfied whether A is real or not, we set the
phase angle equal to zero and obtain

1 1 1
2 2
1 1
A=|—= 0 ——= 10.57
NG NG (10.57)
i _1 1
2 JZ2 2

This enables us to find the adapted linear combinations

1 _
(@ p.= i + \/— Y10 + 1Y, t
— Y —-—=Y (10.58)
\/
1

.\/i Yl + %Yl_l

®) y.=

J

© ys= vt —
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To sum up: In the absence of a magnetic field, a He atom in the 2p state can
be in any of the angular momentum states described by the eigenfunctions
(Egs. 10.32a to c¢) or any of their linear combinations. In other words, the
angular momentum vector can point in any direction. In the presence of a
magnetic field in the z-direction only the linear combinations (Egs. 10.56a
to c) are permitted. The atom precesses now in such a way that the -
component of the angular momentum vector has one of the values #, 0,
or —h.7

10.3 SPIN, STATE VECTORS, HILBERT SPACE

We have stated earlier that spin is the intrinsic angular momentum of some
elementary particles and that its existence cannot be deduced from a non-
relativistic theory.

Since many interesting phenomena in atomic physics result from the
existence of spin, we shall introduce spin, ad hoc, guessing at a formalism
to deal with it. The formalism we shall use is due to W. Pauli and gives
the essential features of the proper Dirac theory of the electron.

Formally we can introduce spin into the wave function of a quantum-
mechanical system by adding two new quantum numbers: s for the magnitude
of the spin angular momentum as given by®

) =s(+1) (10.59a)
and my for its z-component as given by?®
8,y = my (10.590)

In order to avoid problems arising from the coupling of spin and orbital
angular momentum, we assume the orbital angular momentum to be zero
and write®

Y=Y om (10.60a)

Since spin is an intrinsic property of particles that exists regardless of their
state of motion, we could also write y in the form

y} = w’nlps,m‘ (10.60b)

where ¢ is the spin eigenfuntion and v, the orbital eigenfunction of the
system. Let us assume that Eq. 10.60 describes a system in which only one

7 See Problem 10.8.

8 In units of A® or A, respectively.

9 The formalism we are about to develop can very well cope with the simultaneous existence
of spin and orbital angular momentum; however, we shall restrict ourselves to the dis-
cussion of systems with / = 0 for simplicity.
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particle has a spin and that this spin has s = 4. What does the spin eigen-
function look like in this case?

The coordinates of the spin eigenfunction ¢, ,_ cannot be the components
x, ¥ and z of the radius vector since the spatial distribution of the electron
was supposed to be independent of its spin state. This means that, although
spin constitutes an angular momentum in three-space, the coordinates of the
spin eigenfunction refer to some other space which we shall call spin space.

We try to write the spin-eigenfunction in the form

Pm, = L geon (10.61)

B J2m
where ¢ is an angle in spin space. This seems to fit the bill. The functions
@, are eigenfunctions of the operator'®

L,= ii (10.62)
dy
with eigenvalues +4. The functions ®m, are also orthonormal, since
2 1 2 . .
f Prp_y, dy = E—J- e gy = 0, (10.63a)
o T Jo
and
27
f prpy dy =1 (10.63b)

We can even form linear combinations
@ = apy, + by_y, (10.64)

where a% + b% = 1 so that ¢ is normalized.

But that is as far as it goes. We cannot find any linear combinations that
are eigenfunctions of L, or L, nor is the situation improved by the use of
more complicated functions instead of (1 /\/Z)ei“?/ 2) because such functions,
if their linear combinations are eigenfunctions of L, and L,, make these
operators nonhermitian. The plain fact is that ¢,, is not a function in the
usual sense, but is a vector in spin space.

It is usually written as

1
P =a = (0) (10.65)
if the spin is up, and
0
P =PB= (1) (10.66)

04 =1,
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if the spin is down and

¢ =aa + b (10.67)

where!
a*4+ b2 =1 (10.68)
if it points somewhere else. @ and @ are state vectors in spin space and,
according to the rules of vector algebra, they are orthonormal.
If our eigenfunctions are vectors, our operators must be matrices and

L, =}o, = %((1) _(1)) (10.69)

obviously fits the bill for an operator that has a and B as eigenfunctions with
the eigenvalues +% and —4. a and B are not eigenfunctions of L, and L,;
instead we have

O IR R
T T R
i [ TR
I R S

It is now possible to construct linear combinations of a and @ that are
normalized eigenfunctions (also called eigenvectors) of L, and L,. For
instance,

Ly(aa + bB) = (—g B+ IE) a) — 3(aB + ba) (10.74)

(ao + bB) is an eigenfunction of L, if @ = b. Its eigenvalue is { and it can be

normalized through a = b = 1/+/2.
At this point some general remarks are in order. It is not just a stroke of
luck that the multiplication of & and @ with the angular momentum matrix

L, = io, (10.75)

yields the eigenvalue equations:
La=4%a, LB=-—1f (10.76)
There is more to it. We can obtain a consistent formulation of quantum

mechanics that is completely equivalent to the Schrédinger (eigenfunction)
or Heisenberg (matrix) formulation in the following way.

11 Why?
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A quantum mechanical system can be represented by a column vector that
has one component for each of the possible combinations of all the quantum
numbers that describe it. Since there can be infinitely many possible com-
binations, such state vectors can have infinitely many components. The

infinite. dimensional space spanned by these state vectors is called a Hilbert
space.

Table 10.1.

Quantum

numbers State vectors
nilij| m ¢)) ) 3 C))
1{01}% 3 a 0 0 0
1{0|%] -3 b 0 1] 0
2{0|% 3 0 1 0 0
2104 -3 0 0 0 0
2|11}32 2 0 0 a 0
2]11}3 3 0 0 b 0
2112 —-% 0 0 c 0
2|11]|3%] -2 0 0 d (1]
2(1(4% 3 0 0 0 1
2113 -3 0 0 0 0

etc. 0 0 0 0

|

Column 1 describes the atom in its 1.5 ground state in the absence of a magnetic
" field; the two spin states are degenerate; the normalization requires a® + 5% = 1.

Column 2 describes a 2.5 state whose degeneracy has been lifted; the electron spin
is up.

Column 3 describes a 2%Py state which is fourfold degenerate; the normalization
requires @ + b2 + ¢ +d% = 1.

Column 4 describes a ZZP% state whose degeneracy has been lifted; the electron
spin is up.
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A state vector is normalized to have the length 1. If the state of the system
is described by a nondegenerate eigenfunction, the component of the state
vector corresponding to its particular set of quantum numbers is 1. All
others are zero. In the case of degeneracy several components can be non-
zero; however, the sum of their squares has to be one.

As an example we write down state vectors for some states of the hydrogen
atom in Table 10.1, disregarding the nuclear spin.

In the Hilbert space picture the place of the operators is taken by matrices
and the place of the wave functions by vectors. If the multiplication of a
vector with a matrix results in the same vector multiplied with a scalar, we
call it an eigenvector of the matrix and the scalar its eigenvalue. All this has
already been anticipated in our notation. The equation

(v, Qy) =(Q) (10.77)

can mean

Operator Constant
4

Y*Qy dr = (Q) (10.78)

Aave functions ™\

or it can mean

Representative of
state vector (column form)

N
(p*, v, ws*, .. .) 9qu Y12 Gz (21
ﬁggéesggfg:ive of 921 922 Gaz " P2
(row form)
951 932 43z " ys | =(Q) (10.79)
. . . /' Scalar
matrix

The result is, in either case, a number—the expectation value (Q). The row
vector Yt = (p.*, wo*, v5*, ... ) in Eq. 10.79 is the hermitian con' gotauaf
the vector: .

, . o
This enables us to use the matrix convention for the inner. prodwf(ﬁfh ti-
plication of every element in a row in the first matrix with the corresponding

element in a column of the second matrix). The inner (dot) product of two
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vectors (Y - ¢) becomes thus Yt - ¢. We do not want to pursue this matter
further but simply state:

(a) Spin eigenfunctions can be written as two component vectors in spin
space.

(b) The corresponding operators are the angular momentum matrices:1?

L, = }o,, L, = 1o, L, =}o, (10.81)

0 1 0 —i 1 0 (1052)
G, = s G, = , G, = .
10 Yoo\ 0) 0 —1

are the Pauli matrices.
In the following paragraph we shall apply our knowledge of stationary

perturbation theory and spin to the interaction between nuclear and electron
spin.

where

10.4 HYPERFINE STRUCTURE

We have mentioned earlier that the proton has spin 4.13 Together with this
intrinsic angular momentum goes a magnetic moment of 2.79275 nuclear
magnetons.’ The neutron also has spin § and a magnetic moment of —1.9128
nuclear magnetons. The minus sign indicates that for equal direction of the
spin angular momentum the magnetic moments of proton and neutron point
in opposite directions. The fact that the neutron has a magnetic moment is
somewhat surprising since very sensitive measurements have shown it to be
strictly neutral. Its electric charge, if indeed it has any, is less than 1072°
electron charges. The existence of a magnetic moment shows that the neutron’s
disdain for electric fields is somewhat hypocritical as deep down inside it
must have currents of equal but opposite charges. Since the proton and the
neutron have a spin and a magnetic moment it is not surprising that most
nuclei are similarly endowed. If the atomic electrons have a resulting angular
momentum (and magnetic moment), the nuclear spin has to align itself in
such a way that the resultant of nuclear spin and electron angular momentum

12 =1.

13 This is the customary (though colloquial) way to express the fact that a particle has a
spin quantum number s = } and a total spin angular momentum |L| = Vss+ )h =
Vih

14 A nuclear magneton is a magnetic dipole moment u, = ek/2m,, where m, is the proton

mass. Note the fact that the g-value of the proton is not 2 but 5.6. This large deviation from
the Dirac theory is due to the nuclear forces of the proton.
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Fig. 10.2 The Zeeman effect of the hyperfine structure of deuterium.

can be written as'®
IS+ D

according to the vector model (see Chapter 7.4). The various relative
orientations of nuclear and electron magnetic moments have different
energies. The electronic energy levels are thus split by the interaction of
electronic and nuclear angular momentum or, in other words, the 2j + 1
fold degeneracy of the electron state is partially lifted. Some examples may
serve to illustrate this fact. The nucleus of the deuterium atom has spin 1.
In the 1S ground state the (quantum number of the) electron angular
momentum is j = 4. The two possible hyperfine states have f = 4 and f = 3.
One state is twofold degenerate, the other four-fold. Under the influence of
an external magnetic field the state with f = § will split into 2 levels and the
state with f = § into 4 levels (see Figure 10.2). In the 2P, state of deuterium
the total angular momentum of the electron is j = 4. As a result we have
three hyperfine levels with f = }, f = § and f = §. The three hyperfine states
are 2-, 4- and 6-fold degenerate.

The 22P,, state has j = } and, therefore, f= } and f= § just as the
ground state.

It should be pointed out that the total number of different possible orien-
tations is not influenced by the coupling. Thus, in the P-state of deuterium we
have one electron with s = 4 and / = 1 and one nucleus with 7 = 1. That
gives two possible orientations for the electron spin, three possible orienta-
tions for the electron orbital angular momentum, and three possible orienta-
tions for the nuclear spin, for a total of

2x3x3=18

different possibilities if there is no coupling.

15 It is customary to describe the spin of the nucleus with , m;. The total angular momentum
of the electron is usually described with j, m; even if, as in an s-state, it consists only of the
spin angular momentum. The resultant total angular momentum is described by f, m;,.
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We must arrive at the same number if we add up all the degeneracies of the
two P-states. The 22P,, state has one twofold and one fourfold degenerate
level. The 22P,, state has three levels with 2-, 4-, and 6-fold degeneracy.
Addingitupweget2 + 4+ 244+ 6=18.

10.5 THE HYPERFINE STRUCTURE OF THE HYDROGEN
GROUND STATE

Before we discuss the hydrogen hyperfine structure quantitatively, we shall
see what the vector model can tell us about it. Since the ground state is an
s-state, we have j = 4. The proton also has / = }, and proton and electron
spin can thus be either parallel giving us a triplet state with f = 1, or they can
be antiparallel, resulting in a singlet state with f = 0. The two states differ in
energy, and this energy difference has been calculated to 5 or 6 decimal
places. Experimentally it is one of the best known quantities in all of physics:

y= éhE = (1 420 405 751.800 + 0.028) cps (10.83)

Spontaneous transitions between the two states are responsible for the
famous 21 cm line emitted by interstellar hydrogen.

=A=2lcm (10.84)

QIO

The energy difference between the triplet and singlet state was first calculated
in 1930 by E. Fermi who showed it to be

AE = lo = a{l - §) (10.85)

and calculated the value of the constant a. Fermi’s result is what we might

expect since the energy of two magnetic dipoles @, and ., is given by
classical electrodynamics as

Eoccp, p, (10.86)

The rigorous derivation of Fermi’s result (Eq. 10.85), however, goes beyond
the scope of this book. Below we shall use the measured value of the hyperfine
splitting between singlet and triplet state and derive from it the behavior of
the two states in a magnetic field, i.e., the Zeeman effect. Our plan of attack
will be the following.

First we shall consider the Coulomb interaction part of the Hamiltonian

2
H? = — 5’1’; V2 4+ V(r) (10.87)
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as the Hamiltonian of the unperturbed atom. We shall add to this the
perturbation due to the spin-spin interaction (Eq. 10.85)

H' = HO 4 a(I-j) (10.88)

and find the adapted linear combinations of the unperturbed eigenfunctions
(including, of course, the spin eigenfunctions). Next we shall consider the
Hamiltonian (Eq. 10.88) as the unperturbed Hamiltonian whose energy
eigenvalues (the measured hyperfine levels) and eigenfunctions (the adapted
linear combinations) we know. We shall add to this Hamiltonian the
perturbation due to the interaction with the external magnetic field

H=H +u-B (10.89)

The spin-spin interaction did not lift the degeneracy completely; thus we
again must form adapted linear combinations, this time starting with the
eigenfunction that we found for the spin-spin interaction. So much for the
plan, now to its implementation.

In the following we label all the quantities referring to the proton with a
+ sign and all the quantities referring to the electron with a — sign. The
operator (I - j) can be expressed in terms of the Pauli matrices

(I-j) = }ot - }o~ = }(o,*0,” + o,'6,” + ©,%c,") (10.90)
where

o,

ot = | o, (10.91)
ot
acts only on the proton-spin eigenvector and

G,

o= |o,- (10.92)

G,

acts only on the electron-spin eigenvector. Using the symbols a« and B for

the spin eigenvector, we can write down the following combinations for the
spins of electron and proton:

@, = ata~ @, = BB~ (10.93)
(Both spins up) (Both spins down)
(Notice that a~ and at as well as B~ and B+ are vectors in different spaces.
The spin-space of the electron and the spin-space of the proton. ata—, etc.,
are, therefore, not to be understood as inner products of the vectors at and
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a~, etc., but merely as juxtapositions.)

P; = a3 P, = Bra- (10.94)
(Proton spin up, (Proton spin down,
electron spin down) electron spin up)
From Egs. 10.69 to 10.73 it follows that:
oo =f of=a (10.95)
ca=if, of=—ia (10.96)
¢, 0= a, off=—-B (10.97)

Substitution into Eq. 10.88 yields, using Eq. 10.90,1
a(I- jota = %(6*6‘)a+a‘ = f—: (6,70,” + 6,76,” + 0,70, )ata"
= i(pﬂa- — BB + o) = §a+a- (10.98)

In other words a*a~ is one of the adapted linear combinations that make the
matrix of the perturbing Hamiltonian diagonal. Next we try

@ (ot - = 9
Z(°+' Be =3

Thus, B*B~ is also an eigenvector to a(I - j); it is degenerate with ata.
Now we try atf~

(¢Fa — ata” + PR = -Z BB~ (10.99)

%(o* s B =2 (Bta + Bra — atP) (10.100)

a
4
and Bta~

‘i(c+ LBt = ﬁ(wp— + off~ — Ba) (10.101)

Neither of these vectors is an eigenvector, and we should now proceed to
use our diagonalization procedure; however, the adapted linear combina-
tions are obvious in this case. We add Eq. 10.100 to Eq. 10.101:

(67 OB+ ) =S (@B + ) (10102)

This linear combination is an eigenvector, again with the eigenvalue a/4. We
still have to normalize:
(B +a BB +aP)=1+0+0+1=2 (10.103)
Hence
1

q)T - \/z
16 Remember that o+ operates only on a+ and B+ nof on &~ or B~; o~ operates only on
o and B-.

("B~ + a~B1) is the normalized eigenvector. (10.104)
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If we subtract Eq. 10.101 from Eq. 10.100, we find another eigenvector:

9 (o o YaB — Bo) = L (3pta — 30'p) = — 2 @tp— pra)

(10.105)
Its eigenvalue is —£a, and it can be normalized to give
<= ﬁ (@B~ — Brer) (10.106)

We sum up. The (normalized) adapted eigenvectors of the operator
a(I - j) of the spin-spin interaction are
L
J2
They are degenerate and their energy is a/4 above the energy of the un-

perturbed ground state. There is also a nondegenerate state whose energy is
2a below the unperturbed level:

ata”, BB~ and Yp=—(a'B + Bta) (10.107)

1
NG
The eigenvectors (Eq. 10.107) form the so-called triplet state, and yg
forms the singlet state. The energy difference between the two states is

Ysg=—=(a"f™ — pa") (10.108)

a_ (_ 3_") = a=AE (10.109)
4 4

Now we determine the quantum numbers of the four adapted eigenfunctions.
We start with m,, the quantum number of the z-component of the total
angular momentum.

Just from an inspection of the eigenfunctions we find that ata~ has the
eigenvalue m, = 1 and B+B~ has the eigenvalue m, = —1. Obviously both
states have f = 1. Next we determine the eigenvalues of (a*f~ + Bta~)

1

J2

1
NG

(atB~ F Bta™ — a'B~ £+ Bra™) (10.110)

L, — (@™ £ Bfa) = §(o," + 0,7) = (a"B™ & PTa)

1
2/2
(i.e., both states have the eigenvalue m, = 0.) Now we turn to the quantum

number of the magnitude of the total angular momentum f. For ata~ and
B*B~ we have already found it. We can guess what it will be for the two
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remaining states, but it is instructive to carry out the calculation.
La:+ + L~ 2
L*=L"+L)Y=|L"+L,~
L'+ L~
=¥, + 0.7 + 20,70, + 0," + 0,7 + 20,0,

+ 06,2+ 6,7 4+ 20,70,7) (10.111)
Now

ol=0=02=1 ' (10.112)
Hence

1
L?— (a*f™ &+ Bra”
\/2( B~ £ p'a)
—[6 + 2 +6,))(ar* to
4\/2[ + 2(e,t6,” + o6,'0,” + 0,76, )](a'B™ £+ BTa)
=3 \/2 [6(a"B™ £ Bfa) + 2(BTa™ £ a'P7) + 2(BYa” + a*P")
2(atB~ + Pta") selecting the upper sign
— 2B & Bra)] =
J 2 [0(a™B~ — BTea") selecting the lower sign
(10.113)
The eigenvalues of L? are thus 2 and 0, so that we have either f = 1 or f = 0.
Table 10.2 sums it all up.

Table 10.2

State Eigenfunction Quantum numbers Energy

ato 1 1 3

o=

E, + }JAE

Triplet | $p = é—i (B~ +Bta) | 1 o @ a E, + JAE

pHp- 1| -1 =3 | -} | E +1AE

: 1
Singlet | ¢ g =7 (B~ —prta)| 0] O 2 | & | E, —3AE

2 my and m; are not good quantum numbers for these states.
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By now the reader may have wondered what became of the unperturbed
Hamiltonian and the spatial part of the eigenfunctions. Nothing. The
Hamiltonian H® = —(/i2[2m)V? + V(r) does not act on the spin eigen-
vectors (Egs. 10.107 and 10.108), and the spin operator AE(I - j) leaves the
spatial wave function untouched. In other words, the spatial part of the
Hamiltonian matrix H® is diagonal in the y, and remains so regardless of
the spin eigenvector with which we multiply v,. All we have to do is, there-
fore, to diagonalize the perturbation and add the resulting terms to the
already diagonal unperturbed matrix. The perturbed eigenfunctions are
simply the product of the unperturbed spatial eigenfunctions and whatever
spin eigenvectors we need to diagonalize the spin part of the Hamiltonian.
After this preparation we are now ready to calculate the Zeeman Effect.

10.6 THE ZEEMAN EFFECT OF THE HYDROGEN HYPERFINE
STRUCTURE

If we subject a hydrogen atom to an external magnetic field—assumed to be
in the z-direction—the perturbing Hamiltonian becomes, according to Egs.
10.88 and 10.89,

H=H 4 AEI-j) +p-B=H® 4+ AEI-j) + w,B, (10.114)

Here u, and B, are the z-component of the magnetic dipole moment of the
atom and the z-component of the external magnetic field. The magnetic
moment of the hydrogen atom is the sum of the magnetic moments of proton
and electron?’

+

B = g Mo 67 — g%% =uo, —puo,” (10.115)
where u,, is the nuclear magneton and u, the Bohr magneton (g* and g~ are
the g-values of the proton and electron). The minus sign takes into account
that for equal spin-direction the magnetic moments of proton and electron
have opposite directions because of the opposite signs of their charges. Thus,
we can rewrite Eq. 10.114:

H=H" 4+ éf (6" -67) + B(u o, — u'e,?) (10.116)

To find the energy eigenvalues and the adapted eigenvectors of this perturba-
tion we could, again, start with a*a~, atf~, B*a~ and B*B~. But since we
know that the eigenvectors of Eq. 10.116 must go over into the eigenvectors
ata~, $p, BTR~ and Yy if the magnetic field is reduced to zero, it is more

17 That is, in an s state. In the case of states with nonzero angular momentum there is also
an orbital contribution.
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instructive to express the eigenvectors of Eq. 10.116 as a linear combination
of the latter.

We already know that ata—, $,, BT, and g are eigenvectors of the
first two terms of Eq. 10.116, therefore, we investigate what happens if we
operate on them with B,(u—o¢,” — utc,t). We start with

Bz(.“_oz_ - /'l'+°.z+)a+a_ = Bz(lu’_ - ,u“')a‘ra‘ (10117)
and

B(uo, — ute BB~ = —B,(u- — pHBH~  (10.118)
and find that both are eigenvectors of H, Eq. 10.116. The eigenvalues are
+B,(u~ — p*) so that the energy of these two hyperfine states in a magnetic
field is
AE B

E,=E"+ - £ (g —mg) (10.119)
Next we form
1

NG
B,

C L B )

B(u o, —p'e,") - (a'f £ BTa)

- _ 5

\[; (W + B F pra) (10.120)
or, in other words,
d Bz(/“cz~ - ,“+°z+)‘lis = —Bz(lu_ + :u'+)"l)T (10121)
an
B(u e, —uto,Wor = —B(u” + u s (10.122)

This means that Y5 and ¢, are nor eigenvectors of the perturbation by the
external field. It is evident from Eqs. 10.121 and 10.122 that all the perturba-
tion does is to mix these two states and that the adapted eigenvectors can be
written as linear combinations of Y g and . The simple sum g + ¢, does
not suffice since, although it is an eigenvector of B,(u~6,” — ute, 1), itis not
an eigenvector of Eqs. 10.116. We must then, alas, diagonalize Eq. 10.116,
going by the book. According to Chapter 9.2, we start by writing “the matrix
representation of the operator in some arbitrary complete set of functions.”
The obvious choice for these functions (here, of course, vectors) are the
vectors Y g and 5, which are eigenvectors in the absence of the magnetic field.
Thus, we form

Hyp' = (Ur, (AEQ-)) + BJ(re, — o), ete. (10.123)
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According to Eqgs. 10.102 and 10.122, we have!8

(@, AEQ - by) = (%, oG c‘)%) =% oy
and

(!‘l)T’ Bz(:u'_cz_ - /u+°z+)"p1‘) =0 (10125)

Using Eqgs. 10.105 and 10.121, we can obtain the three other matrix elements
and find the following representation:

AE
7 —B,(u + ")
HY = (10.126)
- 3AE ’
—B,(uw + u") -

The next step is to “find the unitary transformation that transforms this
matrix into a diagonal matrix.”*® According to Eq. 9.33, this unitary
transformation A is defined by

H'A* = A*E (10.127)

or written explicitly for our two-by-two matrix:

= =B + 1) (

an* alZ*)
an* ax*
an* ap*\(E, O
=( oo )( ! ) (10.128)
an* ay*/\0 E,
This matrix equation yields four linear homogeneous equations for the four

coefficients a;;*. “These linear homogeneous equations can be solved if, and
only if, the secular determinant vanishes.”’2°

4
3AE
—B, (1™ + &) -

A
TE —E  —Bw +pu)
=0 (10.129)
3AE
—B(p +pu") - — ~F
This is a quadratic equation
E? — SAE? + Ei—E — By +ut)=0 (10.130)

18 Remember, a = AE.
19 Se: Chapter 9.2.
20 Seze Problem 10.7.
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Fig. 10.3 The Breit-Rabi diagram of the hyperfine structure of the hydrogen ground
state.

which has the solutions:

E=—— :I: \/—-— + By + ph)? (10.131)
Using the abbreviation
+uh) = A% g™ + pag") == (10.132)
Eq. 10.131 is often written in the form:
E= —%i%\/1+xz (10.133)

Adding to this the energy E® of the unperturbed level, we obtain for the
energy of the states ¢, and g, respectively,

AE AE

Epg=EY — \/ 1+ 22 (10.134)

Equation 10.134 is a special case of the Bre1t-Rab1 formula® which describes
the Zeeman effect of the atomic hyperfine structure.

With Eqgs. 10.119 and 10.134, we have completely unravelled the hyperfine
structure of the hydrogen ground state. Figure 10.3 shows a plot of the Egs.
10.119 and 10.134, the so called Breit-Rabi diagram. We could now easily
calculate the coefficients of the unitary transformation A*, but we postpone
this until we have some practical application for them. '

PROBLEMS

10.1 In analogy to Eq. 10.6a derive from Eq. 10.5 an expression that includes
terms small of second order.

*1 G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931).
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Show that to first order the real part of the expansion coefficients a;; vanish
if we assume that both »{® and v, = »{? + (!’ are normalized:

¥r ) = @2, ) =1

Show that from
Q’ = A*QAt*
follows
Q = At*QA*
if A is a unitary matrix.
Find linear combinations of a and @ that are eigenvectors of L, and L2,

Show that ata—, 8=, ¢y = (1/V2)(atB~ + Bta~) and g = (1/V2)
(atB~ — B*a~) are mutually orthogonal.
Verify Eq. 10.126.

Equation 10.128 yields four equations. Why don’t we solve the secular
determinant for the second pair of equations?

Muonium is an atom consisting of an electron and a positive muon. The
muon has spin 3. Its mass is 206 times the electron mass. The muon behaves
in all respects like a heavy electron. In particular, its magnetic moment is
very close to u,, the magnetic moment we obtain if we replace the electron
mass with the muon mass in the expression for the Bohr magneton y,. The
energy difference between the states ¢ and g in the absence of a magnetic
field is

AE = hv = h(4463.15 + 0.06 Mc/sec)

In a magnetic field the energy difference between the states (f, m,) = (1, 1)
and (f, m;) = (1, 0) was measured and found to be 4 - (1800 Mc/sec). What
was the magnetic field strength?

We can calculate the energy difference between the states ¢, and g of a
muonium atom in the absence of a magnetic field from a measurement of the
energy difference between the states (f, my) = (1, 1) and (f, m;) = (1, 0)
(see previous problem) in the presence of an external magnetic field. In order
to minimize the error resulting from the inhomogeneity of the field, it would
be desirable to make the measurement at a value of the magnetic field at
which the energy difference is field-independent. Does such a value exist?
Give a qualitative argument. If such a value of the magnetic field exists,
calculate it.

For very large values of the magnetic field B,, do the energies of the states
ata~ and ¢, converge, diverge, or approach a constant difference?

At what value of the external magnetic field B, is the energy difference
between the states 873~ and 1 equal to the energy difference AE between
the unperturbed states 5 and g?

At what value (other than zero) of the external magnetic field B, is the

energy difference between the states B3~ and g equal to AE, the energy
difference between the unperturbed state 5 and $g?
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SOLUTIONS

10.2 We have

1= (W(O) l,,(0)) — ('Pk 'J’k) (,p](co) + w(l)’ (0) + ,/,(1))
(W(O) (0)) + (,/,<0)’ (1)) + (,pm (0)) + (,/,(1) (1))

In first approximation we have
(W, v ~ 0
Hence, since w,‘co’ was assumed to be normalized,
(,p(o) ,I,’(cl)) = —('P(l) ’#(0)) = _(,/,;co), w’(cl))*

In other words, the matrix element (y\?, »{1)) is imaginary. Now we
multiply Eq. 10.7 with ${0*. Since the ¥{* are orthonormal we get

@O, v = a(v?, vi) = ay,

Since (y?, 1) was shown to be imaginary the a;; do not have a real part.

10.12 The energy of the state 8"~ is according to Eq. 10.119

AE
E L =EO+— =5 (g™ = rng")
The energy of the state g is given by Eq. 10.134 as

AE AE
E—E(O)—T——-z——\/ +.’L‘2

Thus the energy difference between the two states is

AE AE —— B
E_I—Es=7+7 V1 +x2—7z(,uog——,ung+)

Setting this equal to AE we obtain

AE ————e B
?(1 - \/1 +.’I,‘2) +_25(:uog— - :unng) =0

Substituting the proper value (Eq. 10.132) for z, we obtain

AE B? B, .
7 1 - 1 +AE2(M()g +ﬂng) +7(Mog - Mng ) =
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Solving this for B,, we obtain
2,8 " Mng"

Now pylg™ = u, = 0.92838 - 1020 erg/gauss is the magnetic moment of
the electron, and ,u,.g+ = p, = 14.105 - 1072 erg/gauss that of the proton.
Since u, < u,, we can neglect u,, in the numerator so that (using Eq. 10.83)

z

B AE  hv  6.626 - 102 ergfsec 1.42 - 10° sec™?
N — =i =

T 2p, 2p,  2-1.41-10"Berggauss!

= 3.34 - 10° gauss
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POSITRONIUM

11.1 A LOWBROW APPROACH

If a positron is brought to rest in matter, it ionizes the material along its
path. Toward the end of its trail, when its velocity is sufficiently reduced, it
can pick up an electron and form a positronium atom. If the process happens
in a noble gas, the positronium atom should live happily ever after as a free
atom. But how long is ever after? Since

electron + anti-electron = electron — electron = no electron

a positronium atom lives on borrowed time, and reality sooner or later will
catch up with it, that is, positron and electron will annihilate each other.
Where does the energy 2 mc? go? Because of its low mass there are only two
particles into which the positronium atom can decay—the neutrino and the
photon. Both lead a very hurried existence, always moving with the velocity
of light and, thus, both have a nonzero momentum in any coordinate system.

If the positronium atom is at rest (and in its own center-of-mass coordinate
system it is always at rest), decay into one moving particle does not conserve
momentum. Positronium, therefore, has to decay into at least two particles.

A decay into neutrinos, although possible, involves the so-calied weak
interaction and is, therefore, vastly less probable than the decay into photons,

-which proceeds by means of the much stronger electromagnetic interaction.

A detailed analysis (see Chapter 11.4) shows that positronium in its singlet
state can decay into 2 photons. To conserve momentum and energy, these
two photons must have precisely the same energy, and they must be emitted
at a relative angle of precisely 180° if the positronium atom was at rest at the
moment of its demise. The energy of each photon must be

E = mc? = 511 keV

the rest energy of the electron. Positronium in its triplet state can only decay
into an odd number of photons, and the smallest odd number (other than
one) is three. Although decays into five or seven photons are possible, they

200
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are less probable and have not been observed. There are infinitely many ways
to split energy and momentum between three photons, and no simple rules
exist as to their angular distribution and energy distribution except that all
three have to be emitted in one plane.

The singlet state has a lifetime of 1.25 x 107 seconds,! and the triplet
state has a lifetime of 1.4 x 107 seconds. The existence of this long-lived
component is an unmistakable sign of the formation of positronium.

11.2 THE HYPERFINE-STRUCTURE OF POSITRONIUM

In Chapter 5.7 we discussed the energy-level structure of positronium and
we have nothing to add except that none of the predicted spectral lines have
ever been observed. This is not disturbing since positronium is a very rare
commodity and since it is usually formed in its ground state. However, since
positrons have spin } the positronium atom has a hyperfine structure, and
the hyperfine structure of its 1s ground state has been measured by Deutsch
and Brown in a very elegant experiment, which we shall discuss later. First,
we shall see what we can find out theoretically about the hyperfine structure
of positronium.
As in the case of hydrogen, the ground state must be split by the I-j
interaction into a singlet and a triplet state. Also, as in the case of hydrogen,
we cannot calculate this splitting not knowing Dirac-theory, let alone |
quantum electrodynamics. The measured energy difference between the two .
states is |

E = hv = h(2.0337 x 10° Mc/sec) (11.1) |

in perfect agreement with the theoretical prediction. This value is much
larger than that of the hyperfine splitting of hydrogen (as well it should be),
since the positron has a much larger magnetic moment? than the proton.
Having been given the value of the hyperfine splitting, we can now proceed |
to calculate the Zeeman effect of the positronium ground state.
Apart from the magnetic moment of the positive particle, nothi
changed when compared with the case of the hydrogen atoggé asS

( LIBRARY }}

= 1u+ b H g ey ‘*‘*W"‘"w\'\e‘}”fg

b P s;’
1 In metals, positrons annihilate with the conduction electrons without formiW*‘%
The annihilation lifetime in this case is also of the order of 10~1° seconds.
2 The magnetic moment of the positron is, of course (except for its sign), the same as that

of the electron.

But this time we have
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Fig. 11.1 The Breit-Rabi diagram of the hyperfine structure of the positronium ground
state.

so that both eigenvalues vanish. This means that the external magnetic field
does not change the energy levels of the states ata~ and B+f~. The states
Y oor (f,m;)) = (1,0) and g or (f, m;) = (0, 0) are still described by the
Breit-Rabi formula (Eq. 10.131), but this time (~ + u*) enters and there is
only a quantitative change in the behavior of the two levels in the magnetic
field. The resulting Breit-Rabi diagram of the ground state of positronium is
shown in Figure 11.1.

1i.3 THE MIXING OF STATES

We have learned in Chapter 10.1 that a perturbation can mix states. In
other words, a system, that (in the absence of a perturbation) is in a state ;
goes under the influence of a perturbation into another state ¢,;. The eigen-
function ¢, of the complete Hamiltonian (including the perturbation) can be
written as a superposition of possible eigenfunctions of the unperturbed
system,

P = g Cix¥x (11.2)

where the expansion coefficients c¢;; can be determined by the methods
developed in Chapter 10. Equation 11.2 can be interpreted as meaning that
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the originally “pure state” y; has been “mixed”” with some or all of the other
eigenstates 1y, of the unperturbed Hamiltonian. The degree of the mixing is
given by the coefficients c;;, and in Eqs. 9.35 and 10.11 we have been given
prescriptions for finding them. We have seen, however, that the energy
eigenvalues of the problem can be obtained without worrying about the
actual values of the coefficients. This raises the following question: Is the
superposition of states just a mathematical exercise designed to gain useless
information, or is the mixing an observable physical phenomenon? The
answer is, the latter, as shown by the following example.

The singlet 1-s state of positronium has a lifetime of 1.25 x 1071 sec.,
whereas the triplet state has a lifetime of 1.4 x 1077 sec. If we mix the two
states, the lifetime of the mixed state should be somewhere in between and
we should be able to calculate precisely where in between.?

Before we undertake a detailed calculation we survey the situation
qualitatively:

The ata~ and B+~ components of the triplet state are adapted to the
perturbation; they are not mixed with anything and will maintain their
lifetime of 1.4 x 1077 sec.

Y, and Y4 will be mixed by the magnetic field. This means that an atom
originally in the 5 state now has a chance to decay slowly via three quantum
emission. Since it still has the chance to decay rapidly by way of two quantum
emission, its lifetime will remain of the order 10710 sec.

For an atom originally in the ¢, state the situation is radically different.
The admixture of even a small amount of Y g opens the two quantum decay
“channel” in which decays are a thousand times more likely. We can,
therefore, expect that the lifetime of the ¢, component is roughly halved
if we mix in as little as 0.1 percent Y g. Before we go any further we must ask:
What is the probability that the atom is in any particular state to begin with?
Let us assume that neither the electrons nor the positrons used in the
manufacture of positronium are polarized.  This means that there are as
many electrons and positrons in the a state as there are in the @ state. The
probability that an electron is in the a state is thus 4; the probability that this
electron captures a positron in the a state is also 4. Therefore, we expect to
find one quarter of all positronium atoms in the ata~ state. The same
arguments apply to the B+~ state which therefore is also populated by one
quarter of the atoms. The states BTa~ and a*~ are not eigenstates but are
mixed by the (I -j) interaction. Both have a probability of one quarter to

occur and both are equally represented in Yg = (1 /\/E)(d+p_ — Bfa~) and

3 Implicit in this statement is the assumption that the lifetime of the pure states is not
changed by the magnetic field, a reasonable assumption, since the spatial distribution of
the electron and positron which determines the lifetimes together with the relative spin
orientation, remains unchanged.
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Y= (l/ﬁ)(a“‘B‘ + B*a~). Therefore, both these states also occur with a
probability of 25 percent. Thus, in the absence of a magnetic field we have
the following situation: Three quarters of all the positronium atoms are in
the threefold degenerate triplet 1s state and one quarter are in the singlet 1s
state. As a consequence 75 percent of the atoms will decay into three quanta
with a lifetime of 1.4 x 1077 sec and 25 percent will decay into two quanta
with a lifetime of 1.25 x 10710 sec.

If we turn on a magpnetic field the situation changes: One half of the atoms
will continue to decay with the appropriate lifetime into three quanta. One
quarter will decay into two quanta with a lifetime of the order of 1071° sec.,
and one quarter will decay into two quanta with a field-dependent lifetime
somewhere in between. Now, we shall try to find out just where somewhere is.

The matrix equation (Eq. 10.128) yields four linear homogeneous equations
for the a,*. The first one is (using Eqs. 10.132 and 10.133)

AE AE AE | AE
au*“Z' —a21*?x=au*(—-—4~ +—2—\/1 + x2) (11.3)
or
a;* x
—=— = (11.4)
asg 1 — \/1 + z?
Similarly we get
* 2 —1 _
Giz2” = \/1+—x = __! (11.5)
ag* z 4
The new eigenvectors we are after are (according to Eq. 9.17)
Yy = an¥r + ads (11.6)
and
Y, = @y + ans (11.7)

To determine the real and the imaginary parts of the four complex
coefficients a;,*, we need eight equations, two of which we have already
found (Eqs. 11.4 and 11.5). The unitarity of A* provides four more equations

ap*  ap*\[an* an _ 10 (11.8)
an™  axp*/\ay,  ax* 0 1
but there it ends. We are thus forced to economize somewhere, and a look at
Eqgs. 11.6 and 11.7 suggests just the place. The absolute value of the phase of
the eigenvectors ,, and ¢, is of no physical significance. This means we can

extract a common phase factor from either of these equations or, to put it
diﬁerently, we can assume one of the two coefficients in each equation to be
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real. Since y in Eqs. 11.4 and 11.5 is real, this means that all four coefficients
can be taken to be real. Thus we have

ap = Yax, Ao = —Yay2 (11.9)
and, from Eq. 11.8,
0112 + alzz =1 and a,1a91 + A12Q29 = 0 (11.10)

Solving these four equations we get the following values for the four
coefficients:

Y
Ay = —Agp = —(—, Q13 = Qg = F—— (11.11)
V149 V1497
Hence
1 1
b= ——(OPr+$y) and = - (br — bg) (1112)
Vi+y Ji+y
A look at Eq. 11.4 shows us that
limy = —o0 and limy = —1 (11.13)
-0 T o

In the absence of a magnetic field (z = 0), thus we have

Y= —¢g and Y, =Yg (11.14)

as it should be. In a very strong magnetic field we get

(a) ¢1=3‘—§(—¢T+¢s> and () 4»2=Ji§(¢f+¢s) (11.15)

Using the definitions of ¢ and 5, Eqs. 10.104 and 10.106 and Eqgs. 11.15a
and 11.15b become

(@ ¢$=—Pra~ and (b)) Y, =atp" (11.16)

This bears out the statement made in Chapter 7.4 that in a strong external
field it is every spin for itself. A strong field decouples the two spins and makes
m; and m; good quantum numbers. We started this paragraph with the
intention of calculating the lifetimes of the states ¢, and ¢, as a function of
the external magnetic field. Having followed the discussion to this point,
the reader should now be able to carry out the final steps of this calculation.

11.4 TWO- OR THREE-QUANTUM DECAY?

We have stated earlier without proof that singlet positronium decays into
an even number of photons, usually two, whereas triplet positronium can

4 See Problem 11.1.




206 POSITRONIUM

decay only into an odd number of photons, usually three. This is due to the
charge conjugation invariance of the electromagnetic interactions.

Charge conjugation means: Replace every particle in a system with its
antiparticle.?

Charge conjugation invariance means: Nothing is changed by charge con-
jugation, i.e., a process that happens in the real world would happen in
exactly the same way in an antiworld created by exchanging every particle
with its antiparticle.

The electromagnetic interaction responsible for the annihilation of posi-
tronium and the strong (nuclear) interaction are charge conjugation invariant.
The weak interaction that brings about nuclear -decay, is not. To investigate
the consequences of charge conjugation invariance for the annihilation of
positronium we have to invoke another general principle: The wave function
of a system of several identical fermions, i.e., particles of noninteger spin is
antisymmetric under the exchange of particles. This means that the wave
function of a system of several identical fermions (for example, several
electrons) changes its sign if we exchange the coordinates of two particles:

Yy, Ty oo s Tyl oo s T) = —9(Ty, Foy o oo , Ty By ... 1) (11.17)

This theorem follows from field theoretical arguments and is a generalization
of the Pauli principle. This latter fact we shall illustrate with an example.
In Chapter 7.4, we had stated that the Pauli principle does not allow helium
to have a triplet ground state. Let us now forget about this statement and
instead insist that the ground-state eigenfunction be antisymmetric under
particle exchange. We have not derived an explicit expression for the spatial
part of the He eigenfunctions. We know, however, that in the ground state
both electrons have the same quantum numbers (# = 1,/ = m = 0) and,
thus, the same eigenfunctions. Under an exchange of electron coordinates,
therefore, the spatial part of the eigenfunction remains unchanged. Hence
the antisymmetry must reside in the spin eigenfunction. Let o;, 8, and a,, B,
be the possible spin states of electron #1 and electron #2. Obviously there is
only one normalized non-zero spin eigenfunction that we can form from these
functions that is antisymmetric, under particle exchange:

1
7

This is the singlet eigenfunction required by the Pauli principle. We can
extend this antisymmetry requirement to the two different fermions forming

Y= (1B — a5B) (11.18)

5 This operation is sometimes more correctly referred to as particle-antiparticle con-
jugation, but the term charge conjugation is more widely used.
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the positronium atom. We simply say: Positron and electron are two states
of the same fermion, differing in one quantum number—the charge. If this is
so, we have two identical particles but have to insist that the eigenfunctions
are antisymmetric under exchange of the two “electrons”: No. 1 and No. 2.
In this new picture, let electron No. 1 have a positive charge and electron
No. 2 a negative charge. An eigenfunction that is antisymmetric under charge
exchange can be constructed as follows

Y= %(l', s, +)'/"2(r9 sl9 _) - 1:02(1-’ S, +)'|P1(l', S', _) (11°19)

where the labels 1 and 2 refer to the “electrons’ No. 1 and No. 2. Their
spins and charges are respectively described by the symbols s, s" and +, —
Obviously Eq. 11.19 is antisymmetric under particle exchange (exchange of
labels 1 and 2), as it should be, but what happens to it under charge exchange
alone? We express charge conjugation with an operator S, which changes
the “charge quantum number’’ plus into minus and vice versa:®

Sy = pu(r, 5, =)pa(r, 5°, +) — po(r, 5, —)ypu(r, s', =) (11.20)
We compare this with the influence of a “spin exchange operator,” which
exchanges only particle spins
Sy = pu(r, 5", H)pa(r, 5, =) — po(r, 8", Hyu(r, s, =) (11.21)
By comparison we find
Sy = —S,p (11.22)

Hence in order to see what the charge conjugation operator does to the
antisymmetrized wave function, we need only to see what spin exchange does.
This depends, of course, on the spin eigenfunction:

S,atea” = ate” (11.23)

Spbr = \/- (B + a B = ﬁ (Ba™ + pa) =¢r (11.24)

but S,BB =P (11.25)
Sbs = \/2 (@B —aBH = \/2 —= (Bfa™ — BTa’) = —¢y  (11.26)
enee Spr = —¢p (11.27)
e SePs = Ps (11.28)

6 We assume that the positronium atom is in an s state so that the radial part of the eigen-
function is not dependent on the labeling of the particles.
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where @, and ¢g are the complete eigenfunctions of the triplet and singlet
ground states of positronium. ¢, and @g describe the system before annihila-
tion; after annihilation it is described by

P =P P2 P3° (11.29)

the product of the wave functions ¢,, @,, etc., of the photons emitted.

What does a photon do under charge conjugation? A photon is its own
antiparticle, but if we change all positive charges in the world into negative
ones and vice versa, the electric and magnetic vectors of all photons change
sign. This leaves the frequency and direction of the photon unchanged, but
changes its phase by 180° and thereby changes the sign of its wave function.
Thus ¢, goes to —¢, and ¢ remains unchanged if we have an even number of
photons, but changes sign if the number of photons is odd.

Therefore, equations 11.27 to 11.29, taken together, say: If the electro-
magnetic interaction causing the annihilation is invariant under charge
conjugation (and it is), then the triplet state positronium must decay into an
odd number of photons and the singlet state positronium must decay into an
even number of photons.

PROBLEMS

11.1 (a) Derive an expression for the lifetime of the two positronium hyperfine
states with m, = 0 as a function of the magnetic field.
(b) Discuss the quantitative results in comparison with the qualitative state-
ments made in Chapter 11.3.

11.2  You are given the task of verifying the prediction made by quantum electro-
dynamics that the lifetime of the state v, is 1.25 x 10710 sec. Lifetimes of this
order are very hard to measure accurately. How would you go about your
assignment ?

11.3 What is the energy difference between the positronium hyperfine states
(f,my) =(,1) and (f, m;) = (1,0) in a magnetic field of 10,000 gauss?

11.4 The lifetime of the triplet positronium states (f, m;) = (1,0), (1, £1) in
solids (for instance plastic insulators) is reduced to ~2 x 10~ sec because of
the annihilation of the positron with bound electrons in the material and/or
collision-induced spin flips to the singlet state. Calculate the strength of the
magnetic field needed to reduce the lifetime of the (1,0) triplet state to
1079 sec. (Assume that the reduction of the lifetime in the magnetic field takes
place only as a result of state mixing.)

11.5 It is technically difficult to measure directly the relatively large energy
difference between the singlet and the triplet state of positronium. In several
experiments performed to date, experimenters have instead measured the
energy difference between the states (f, m;) = (1,0) and (f, m) = (1,1)
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in a magnetic field and have calculated the zero field splitting from the
Breit-Rabi formula. In doing this, they face a dilemma: In a weak magnetic
field the lifetime of the state (1, 0) is relatively large, but the energy difference
AE (between the states (1, 0) and (1, 1)) is small, giving rise to large relative
errors. In a strong field AE is large, but the lifetime of the (1, 0) state is
reduced, giving rise to a large uncertainty in AE because of the uncertainty
principle. If our goal is to determine the zero field energy difference in the
customary way, what magnetic field would allow the highest accuracy ? Is this
choice of field critical ?

Calculate the energy difference between the positronium hyperfine states
(fimy) =(, £1) and (f, my) = (1, 0) in an external magnetic field of 10 k
gauss. Calculate the energy difference between the states (fimy) = (1, £1)
and (f, m;) = (0, 0) in the same field.

You want to measure the energy difference between the positronium hyper-
fine states (f, m;) = (1, +1) and (f, m;) = (1, 0) with a relative accuracy of
+1.5 percent. The magnet available to you has an inhomogeneity of +1
percent independent of the magnetic field it produces. What is the minimum
value of the magnetic field needed to achieve the desired relative accuracy?

Solution of 11.7. The energy difference between the states ( fimy) = (1, £1)and
(fim) =(1,0)is (according to Eq. 10.131)

AE AE —
=—— 4+ —V 2 =V 2
€ 4+2 1 + = 7 2( 1 + 1)

The uncertainty in e because of the uncertainty in B (or z) is

Thus the relative uncertainty in € expressed in terms of the relative uncertainty of

18

Ae AE x Az x
e 2 VIi+a2AE

x
7(\/1 + 2% — 1)

x? (Ax)
_l+ac2—\/1+ac2 x

Letting Az/z = 0.01 and Ae/e = 0.015 we obtain

or

3 x?

5 1 +22 — V] + 22

x=V3

Using the definition of = and the values of g and 4, the reader will obtain the value

of B.
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TIME DEPENDENT PERTURBATION
THEORY

12.1 THE FORMALISM

Frequently one has a perturbation that changes with time, and the pertur-
bation theory we have developed can be modified to deal with such a situation.
Let us assume that a system is described by a Hamiltonian

H = H® 4 HO() (12.1)

where H® is the unperturbed Hamiltonian and H®(¢) is a small time-
dependent perturbation. The unperturbed Hamiltonian has eigenfunctions u,

HOy, = Eu, (12.2)

which are the solutions of the time-independent Schrddinger equation.
Since H is time dependent, its eigenfunctions must be time dependent, and
we have to solve the time-dependent Schrodinger equation:

Hy(t) = iha—w (12.3)
ot
We can expand v in terms of the solutions of the unperturbed Schrodinger

equation but, if we do this, the expansxon coefficients must, of course, be
functions of time:

p(t) = 3 a(ue TR (12.4)
k
We substitute Eqs. 12.4 and 12.1 into Eq. 12.3:

(H(O) + H(l))tp(t) — Z(H(O) + H(l))ak(t)uke—iEkt/h

k

k

lh[% a-k(t)uke—iEkt/h - z alc(t)uk ik -—zExt/h] (125)

210
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Because of Eq. 12.2 this becomes

S Enar T 4 3 HO 1y (e 4
k k
= il 3 G Oue B 4 S g (DB (12.6)
k k

We multiply Eq. 12.6 from the left with u,* and integrate over the volume:
2 aye™ M, HY (D) = if 2 a0, = ihd,(t,e " (12.7)

On the right-hand side of Eq. 12.7 we have made use of the 6rthonormality
of the u,. Introducing

%‘ = Wy (12.8)
we can rewrite Eq. 12.7:
a(0) = = 3 a0 HY (12.9)
n

In the most general case this is a system of infinitely many coupled linear
differential equations, but we can solve it approximatively. To this end we
assume that prior to the time ¢ = 0, the system is in one of the unperturbed
states u, and we call this particular state Uinitial OT, for short, u,. Att = 0, the
perturbation is turned on. If the perturbation is small (as we shall assume)
the coefficients a; in Eq. 12.9 will be small. This means d, is small or, in other
words, the coefficients a,, change only slowly with time. We are thus justified
in assuming that, for some time after the perturbation has been turned on, the
a on the right-hand side of Eq. 12.9 will remain close to their initial values
a,(0). To determine the a,(0), we use Eq. 12.4, letting ¢ = 0:

¥(0) = u; = 3 a,(0)u, (12.10)
we multiply from the left with u,* and integrate:
O = a,(0) (12.11)
Now we can solve Eq. 12.9:
a,(t) = lhf ety gy (12.12)
1 —o0

The reader, who is bothered by the fact that we assume the a; to be constant
in order to determine their time dependence, may convince himself that a
more formal approach, letting H®» = ¢ H®’ and

at) = @ + eal? + &a® 4 - - (12.13)

where € < 1, yields the same result if one neglects all terms of second or
higher order in e.
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In the following paragraphs we shall apply this formalism to some simple
problems. The first two are perturbation problems, all right, but we shall be
able to diagonalize the perturbation Hamiltonian exactly (i.e., we shall not
need to make approximations in solving Eq. 12.9.)

122 SPIN PRECESSION

If the perturbation mixes only a finite number of states, for example two,
and if the time dependence of the Hamiltonian is simple, Eq. 12.9 can be
solved exactly. As an example we treat the case of a free electron at rest. In
the a-state the electron spin is assumed to point in the z-direction. At the time
t = 0, a magnetic field B in the z-direction is switched on and stays on
thereafter. The unperturbed states in this case are obviously

! d = 0 12.14
a=(0) an B—(l) (12.14)

and the eigenvector of the initial state is by assumption
Y, =a (12.15)

The unperturbed Hamiltonian is zero since we had assumed the particle to
be at rest; the perturbation Hamiltonian is

H = B,g- t,~ = B0, (12.16)
(letting g = 2). Thus Eq. 12.9 b¢comes
dy(f) = ”;jgx [ax(1) (e, 6,0) + as()e® (e, 6,B)] (12.17)
and
i) = E222 (0,0 @, 0,0) + GO 0] (1219)

The unperturbed states have zero energy, hence
W1y = Wy =0
Now, according to Eq. 10.95,
oo =f and of =a
Hence

) = L2 o) (12.19)
1
and

at) = £P= g ) (12.20)
ih
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We differentiate Eq. 12.19 and substitute it into Eq. 12.20,

ih . KoBs
a(t) = ay(t 12.21
oB. 1(1) i 1(9) (12.21)
or '
B 2
() = — ("T) ay(t) (12.22)
This has the solution:
ay(1) = ae'Bat/h | po—ineBstlh (12.23)
Differentiation of Eq. 12.23 and substitution into Eq. 12.19 yields
ay(t) = —(ae™Bsth _ | . g=ihoBatih (12.24)
From
p(0) = a = ¢,(0)a + a,(0)B (12.25)
follows
a=b=1 (12.26)
hence
a,(t) = cos (""f”’) (12.27)
and
ay(f) = —isin (’%—') (12.28)

Thus the spin eigenvector of an electron in a magnetic field becomes

w(t) = cos (&?)a — isin ("TB"') e (12.29)

i.e., the perturbation mixes the two states a and B and the degree to which
each state contributes to the total state vector changes with time. According
to Eq. 12.29, the spin stays in the y-z plane but precesses around the direction
of the magnetic field with the Larmor frequency:

o= ”":z (12.30)

This result could also have been obtained by using a semiclassical approach.
Our reason for giving this trivial problem the full treatment is to demonstrate
the formalism on a simple situation before we graduate to something more
complicated. Equation 12.29 also gives us another look at the mixing of
states.

A
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12.3 THE MIXING OF STATES

We compare Eq. 12.29 with the result given by stationary perturbation
theory.

The energy eigenvalues are given according to Eq. 9.36 by

—E uuoB
FRTTI_0 o E,= +u,B, (12.31)
iuoBm _Ek
Using these values of E, in Eq. 9.35, we get
a oBan* = a,,*u,B or as,* = a,*
(@ u 21* SV 21* 11 . (12.32)
(0)  poBay* = —ay,u,B or Qgp” = —0ay
From the unitarity of
a a
. ( n ) (12,33
di a1
it follows that
1
a = |a = —=
lan| = |a,l NG
Hence
! (£ B) with eigenvalues 4-u,B, (12.34)

NG
Comparing Eqs. 12.29 and 12.34, we recognize another possible interpreta-
tion of the mixing of states. Under the influence of the perturbation the
system oscillates back and forth between the various unperturbed states
mixed together by the perturbation. The frequency of this oscillation is
determined by the strength of the perturbation.! Stationary perturbation
theory tells us the time average of the probability of finding the system in one
state or another.

To illustrate the oscillation of a system between two states under the
influence of a perturbation, we consider the decay of muons in a magnetic
field. Muons have spin } and thus behave in a magnetic field exactly as
described in Chapter 12.2. As a result of the nonconservation of parity in the
7 — u + v decay producing the muon, it is easy to obtain beams of muons
that are almost completely polarized along the direction of flight.2
1 The question whether all mixed states can be interpreted in this way is somewhat academic

since a stationary perturbation usually exists all along, and we do not know the unperturbed
initial state.

2 To show that the production of polarized muons in the decay of the meson requires
nonconservation of parity in the decay process is not difficult. There are several very
readable accounts of the connection between parity nonconservation and asymmetries in
the angular distribution of the decay products. See, for instance, E. Wigner. Scientific
American (December 1965), p. 28. .
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"\ Stopping

target

Detector

Fig. 12.1 Spin precession. The original axis of quantization was the direction of flight.
With respect to this axis the muons were polarized. With respect to the direction defined by
the magnetic field the muons are in a mixed state.

Let us assume now that a short burst of polarized muons is shot into a
target and stops there (Figure 12.1).

A muon slows down and comes to rest (or rather thermal equilibrium)
in a very short time (a1071%sec). Its polarization is not disturbed in the
process and, if the target is made of, say, graphite, there are no interactions
to disturb the polarization afterward. Thus if the spins of all the muons
point originally in the direction of the beam, they will continue to do so
until the particles decay. This situation changes if the target is in a magnetic
field in the z-direction. The stopped muons will, starting at ¢ = 0, precess
around the z-direction, and the spins which originally all pointed in the
z-direction will point in succession in the +y, —z, —y, etc., direction.

Positive muons decay with a lifetime of 2.212 usec into a positron and two
neutrinos, and they have the fortunate habit of emitting the positron
predominantly in the direction opposite to where their spin pointed at the
moment of decay. This gives us a means of measuring the actual spin direction
of the muons as a function of time. A detector (see Figure 12.1) registers
the number of the decay positrons emitted at an angle between 6 and 6 +
AO. If we plot the countrate of dN/dt as a function of the time = elapsed
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[
~

Fig. 12.2

since the arrival of the short burst of polarized muons, we find the time
dependence shown in Figure 12.2.

Initially most of the positrons are emitted in the z-direction; after a } turn
of the spin, most decay positrons are emitted in the direction of the detector,
etc. The decreasing amplitude of the curve, of course, results from the
fact that the total number of muons decreases continuously with the lifetime
of 2.212 usec.

12.4 HARMONIC PERTURBATIONS

Very frequently one has to deal with perturbations caused by an oscillating
electric or magnetic field. Using the formalism developed in Chapter 12.1,
we can treat such problems in a general manner, but we shall restrict ourselves
here to an example which is of special interest to experimental physicists.

A free electron (or other spin § particle) whose spin is pointing in the
z-direction is at rest in a constant magnetic field B = kB = B,, also pointing
in the 2-direction. At the time ¢t = 0, a small rotating magnetic field

cos (wyt)
B = B{ sin (w,t) (12.35)
0
in the @-y plane is turned on. The Hamiltonian of the system is obvio‘usly“’
GIC
H=H 4+ HY = ’if B, + ﬁ;-g- B(cos w,t, sin w,t, 0)| 0, (12.36)
o

z
3 Concerning the notation used here (i.., row and column vectors), see Problem A.12 of
the Appendix.
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Letting g = 2, we obtain
H = u,B,0, + p,Blcos (w,t)o, + sin (w,t)c,] (12.37)

The unperturbed state of the system, prior to ¢ = 0, is described by the
eigenvectors

a and B
with eigenvalues given by
H%a =y B and HOB = —uBp (12.38)
The eigenvector of the perturbed state is
Y1) = a;(H)a + a,(H)B (12.39)
We had assumed that the electron was initially in the state &, hence
$(0) = (0 + a,(0)B = « (12.40)
or
a(0)=1; ay,(0)=0 (12.41)

Applying H® to a and 8, we get according to Eq. 12.37

H"%a = pu,B[cos (w,f)B + i sin (w,t)B] = u,Be’'B (12.42)
similarly
H(l)p — ‘uoBe—imota
Hence it follows that
HY = H =0

HY = B = Bue 7,00 s \Bd

and ' Tl @ Uk
. = ( “ :

HY = H?L = Bu,e™®* {{/ lg_J( oy (;12. )

2 ’(_‘) & j‘ )

Using Eqs. 12.44 to 12.46 in Eq. 12.9, we obtain o

and

Using
E, —E,

PE Wy = —Wy; = (12.49)

this becomes

dy(t) = /%3 ay(1)ei‘@o0" (12.50)
1




218 TIME DEPENDENT PERTURBATION THEORY

and

dy(t) = %? a,(t)e o (12.51)

Differentiation of Eq. 12.51 and substitution into Eq. 12.50 yields

’—’; {at) + i@ — w)dyn)}e" " = "—hB ay(f)e' ™! (12.52)
Mo i

This and the differentiation of Eq. 12.50 and its substitution into Eq. 12.51
yields two differential equations:

Gyt) + i@ — w,)dy(f) + (/‘h )a2(t) —0 (12.53)
and
ay(t) — i(w — w)dy(b) + ( ) () = 0 (12.54)
We substitute
a (i) = e (12.55)

into Eq. 12.53 and obtain
2 4B\
—y° - y(a) —_ a)o) + h ) = 0 (12.56)

This has the solution:

2 2
y=w—wai\/(w—2w,,) +(&q§)EA_‘°i1 (12.57)

Thus, the general solution of Eq. 12.53 is

a(t) = e} (4 - 't + Be~M) (12.58)

From the initial condition, a,(0) = 0 follows B = — A. We differentiate Eq.
12.58 and let t = 0:

d,(0) = 24iA (12.59)
Equating this with Eq. 12.48, yields
#.B
A= —EZ 12.60
20k { )

Hence it follows that

HoB  sawtyiz, —int iAt ﬂo i(Awt) /2
1) = —— —_ = sin (Af) - € 12.61
ax(?) T (e e”) T (29) - ( )
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Thus the probability of finding the electron in the state @ at the time ¢ is
given by

lay(H)> = (/%1:)2 sin® (A1) (12.62)

Now, if at ¢ = 0, the probability of finding the electron in the state B is
zero, whereas a short time ¢ later it is |a,(¢)|?, then |a,(¢)|> must be the
transition probability that during the time interval ¢ the electron has gone
from the state a to the state 8. Using the value of 4 as defined in Eq. 12.57,
we obtain

2 2 2
lay(0)l® = ) — sin® {\/(‘“—_—“’—) + (’if) t} (12.63)
h2|:(w — w,) 4 (M)} 4 h
4 h
We investigate this expression. The probability that the electron goes from the
state a to the state 3 under the influence of a harmonic perturbation of
frequency w, varies with time, and the amplitude of this variation is largest if

2u,B,
h

If we want the transition probability to equal unity, we also have to maximize
the sin? term in Eq. 12.63 by letting

— (w _ wo)2 l_‘o__B : _7

at \/ : +(h>t . (12.65)
This result is often—colloquially—expressed as follows: The application of a
magnetic field rotating with the resonance frequency w, = w for a time

t = m[2A “flips the spin’® from the a to the @ state. If we had left the perturba-
tion on twice as long, t = w4, |a,|? would again be zero, meaning that the
spin would have been flipped back to the a state. The resonance character of
Eq. 12.63 enables us to measure magnetic moments with great precision. The
magnetic field B and/or the time ¢ are usually adjusted in such a way that ar
resonance, i.e., when w = w,, the transition probability is equal to one. We
assume this to be the case and plot

0 =w,=

(12.64)

20 2
o) = e [[1 + F 00 ) 129
2u,B B(o — w,)? 11 4u,"B 2
4u,’B?
as a function of (see Figure 12.3):
((,()’— wo)h

2u,B
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10
|“z Iz
05—
0 | 1 .
0 1 2 3 4
(W = wo)k
2uoB
Fig. 12.3

We can, thus, from a measurement of w, and B, determine the magnetic
moment y, of a particle. If we increase B (i.e., increases the power of the
rotating r.f. magnetic field), the curve in Figure 12.3 is broadened.

A larger r.f. magnetic field flips the spin in a shorter time; this so-called
“power broadening’ of the spectral line is, therefore, a manifestation of the
uncertainty principle. Obviously the experiment can be performed in two
completely equivalent ways: (a) by changing the frequency o, of the r.f.
magnetic field, or (b) by changing the frequency w through a change of the
field strength B, of the static magnetic field.

It is interesting to note that for a given r.f. magnetic field the transition
probability from the state a to the state  is just as big as the one from the
state B to the state a. This is generally true in quantum mechanics: A process
that has a high transition probability of going in one direction also has a high
probability of going in the opposite direction.

Returning to Eq. 12.42, we notice that if we had written —sin w,? instead
of sin w,t, thus changing the direction of rotation of the magnetic field, we
would have had to replace w — w, with ® + , in Eq. 12.57 and would not
have obtained a resonance.

It should be noted that it is not necessary to use a rotating r.f. magnetic
field in magnetic resonance experiments of this type. A linearly polarized r.f.

4 See Problem 8.3.
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magnetic field in the z-direction can be written as

COS w,t cOs w,t cos w,t
B =2B 0 = B| sin w,t | + B| —sin w,t (12.67)
0 0 0

(i.e., as a superposition of two fields—one rotating clockwise, the other
rotating counterclockwise). As we have seen, the field that rotates clockwise
makes a negligible nonresonant contribution. Thus the experiment can be
performed with a linearly polarized magnetic field if we make the obvious
adjustment of the amplitude.

Resonance experiments of this type have played a crucial role in the
development of some branches of physics, and we shall now discuss a few
typical (and important) ones.

12.5 MAGNETIC RESONANCE EXPERIMENTS

Molecular Beam Experiments

Stern and Gerlach® demonstrated the possibility of separating in an atomic
beam the two spin states of silver atoms in the ground state. The accuracy of
this method of measuring the magnetic moment of atoms and molecules was
improved by I. I. Rabi by several orders of magnitude. A molecular beam is
first split according to the components of the angular momentum of its
molecules (atoms) in an inhomogeneous field 4 of the Stern-Gerlach type
(see Figure 12.4). One component, respresenting, for example, a certain spin
state, is then passed into a homogeneous field B. Superimposed on this
homogeneous field is an r.f. magnetic field of variable frequency w,. From
the field B the molecules pass into another inhomogeneous field C that
deflects them onto a detector D. If the r.f. field is tuned to the energy difference
(frequency) between the two spin states, the angular momentum of the
molecules will change upon passage through the field B. In this case, the
magnet C will no longer deflect them onto the detector D. The signal from
the detector D will thus vary as the r.f. frequency is changed. Obviously this
technique—as well as its theoretical foundation as given in Chapter 12.4—can
be extended to more complicated situations. The Rabi apparatus, for instance,
can be used to measure energy differences between hyperfine states (in this
case the Hamiltonian (Eq. 12.36) must include the (I - j) interaction.

Electron Resonance and Nuclear Magnetic ‘Resonance

The nuclei in many chemical compounds and the electrons in certain free
radicals are magnetically so loosely coupled to the rest of the molecule that

5 See footnote on p. 134.
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Magnetic :i“:
field lines ||}

Fig. 12.4 A schematic of Rabi’s molecular beams apparatus.

they can be considered free. In this case, the theory developed in Chapter
12.4 can be applied directly. In the experiment a liquid or solid specimen is
placed in a strong homogeneous magnetic field superimposed on a weak r.f.
field. The field strength of the d.c. field is then varied until the resonance
field, as given by Eq. 12.64 is reached:

B, =l® (12.68)

2p
(u is here the magnetic moment of the particle under investigation). At this
value of the d.c. field, spins are flipped and the r.f. circuit supplies the power:

P = Niiw (12.69)

(N = number of spin flips/second) to the sample. At a certain setting of the
d.c. field we can thus observe a change in the load of the r.f. circuit. Obviously
this experiment requires a certain degree of polarization of the probe. If
there were exactly the same number of particles in the energetically higher
a-state as there are in the @-state, the r.f. circuit would gain as much energy
from transitions from a to B as it would lose because of transitions from 8
to a (remember the transitions probability is the same for both processes).
Fortunately we are saved by the fact that in thermal equilibrium there is a
slightly higher population in the energetically lower state (and we mean
slightly). At room temperature for fields in the kilo-gauss region the excess
population in the B-state is only of the order of one part per million.

Since a sample easily contains more than 102 molecules this is enough
to give a measurable signal. Nuclear and electron magnetic resonance
techniques (N.M.R. and E.M.R.) are used in very accurate magnetometers
where the known magnetic moment of protons or electrons is used to measure
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d.c. magnetic fields by varying the frequency of the r.f. field until resonance
occurs. Other applications include the measurement of small deviations from
the free-particle resonance frequency (Eq. 12.64) that result from interaction
with the other constituents of a molecule, helping in the determination of
molecular structures.

Positronium

As mentioned in Chapter 11.2 the hyperfine structure of the positronium
ground state has been measured. The reader should now be able to appreciate
the elegance of the method as well as do all the pertinent calculations.
Positronium is formed in a microwave cavity located in a d.c. magnetic field.
A linearly polarized r.f. magnetic field in the cavity mixes the states (f, m,) =
(1, £1) and (f, m;) = (1, 0). Now, the state (1, 0) is mixed by the d.c. field
with the state (0, 0). If the d.c. field is set to be off the resonance value,® all
the atoms in the states (1, 0) and (0, 0) will decay into two quanta. As the
resonance value is reached the two quantum decay channel is also opened to
the atoms in the (1, +1) states, resulting in a change of the energy distribution
of the annihilation y-rays.

Since we are already well acquainted with the hyperfine structure of the
positronium ground state, we shall carry out a detailed calculation of the
transition probability for this particular example. The calculation will follow
the procedure that we used for the determination of the transition probability
between the two spin states of a free particle (see Chapter 12.4).

To keep things simple we shall assume that x <« 1 (see Eq. 10.132), i.e.,
that the externgfl magnetic field B, is small. (The reader who settles for
nothing short of perfection may obtain the complete solution by omitting
this short cut.)

We write the Hamiltonian of the system in the following form

H =H© 4+ HY (12.70)

where H(® is the time-independent part, including the interaction with the
static magnetic field B,. H(¢) is the time-dependent perturbation caused by
the rotating magnetic field:
cos (w,t)
B = B| sin (w,t) (12.71)
0

We want to obtain the matrix elements of the Hamiltonian H® and thus
must ask ourselves: What are the possible initial states of the system under
the influence of the already present static field B,? This question has already

6 It is technically much easier to vary the d.c. field rather than vary the microwave frequency.
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been answered in Chapter 11.3. The states ato~ and B+p~ are eigenstates of
H® and so are the states (Eq. 11.12)

$r= ——— bp + g and by = ——— (br — pby) (1272)
J1 4 92 V14 92

making use of our assumption that < 1 ¢, reduces to
z 2 x
b, = 5(4»5 - q»T) - (q»T - 54,3) (12.73)

and Eq. (12.73) reduces to

b, = §(¢T + fq,s) — s+ 3 ¢r (12.74)

The states ata~ and B~ are degenerate so we could start with any linear
combination. Which one should it be ? To simplify matters we assume that all
positrons are in the B state so that only the state B+@~ will be occupied.” Thus

our initial states are
B+p_7 ‘l’l’ and ¢2

The Hamiltonian H®), written explicitly in analogy to Eq. 12.36, is

c:c— - ca:+
HY = ’izf—B (cos (,1), sin (0,1), 0)| &,” — &,*
cz_ - °z+

= ’-‘255 [(6,” — 6,%) cos (w,t) + (5,7 — &, sin (w,1)] (12.75)

Fortunately we do not have to calculate all the matrix elements H,,, although
this would not be overly difficult. We have seen in Chapter 12.4 that a spin-
flip transition under the influence of a magnetic field,® (and that is what we
are concerned with here) happens only if the frequency w, of the rotating
magnetic field is very close to

AE
—=uw
h

7 This assumption is not completely unjustified since positrons from the f-decay of a
radioactive nucleus are at least partly polarized. Our assumption does not affect the
population in the states $; and {,. True, the initial capture of the positron will only lead
to a state 3+~ or B+a~, but B+a~ is not an eigenstate of the hyperfine interaction 6+ - o-,
which immediately mixes it with the a+@~ state to form the states g and ¢ ..
8 The same statement can be made for all resonance transitions induced by oscillating or
rotating electromagnetic fields. Other examples are the absorption of light by an atom and
the absorption of y-rays by'a nucleus, both going to an excited state in the process.
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where AE is the energy difference between the final and the initial state. Let
us assume we have adjusted our magnetic field B, so that /iw, equals the
energy difference between the states ¢, and B+B~. In that case only the matrix
elements (BB, H",) = Hg}), and (Y, HYB+R~) = HY, will contribute
and they are, as the reader can easily (?) verify,?

- o B —20
(_— (q)T - gq"s) ) H(l)p+p ) = H;}};ﬂ = — w e ot (1276)

8

From the hermiticity of H¥ follows

B .
HY, = HOY = — ”_—\"/gg gt (12.77)

Now, using Eq. 12.9, we can calculate the coefficients a, (k).

. 1 _iwtyy (1) io8Bxa\(t) i(wy—wt
dgg(t) = — a (e ™' HY | = Lo 21/ yila, 12.78
(1) 7 (D) 881 PNE ( )
and
dy(1) = ;lf—ia,,p(t)e"th{}}ﬂ = ip,gBrayy(t)e "ot (12.79)

This system of two coupled differential equations is, except for the values of
the constants, the same as the one given by Egs. 12.50 and 12.51. Therefore,
we can obtain the solution immediately by substituting the proper values of
the constants into Eq. 12.63. However, there is one hitch. Comparing Egs.
12.78 and 12.79 with Egs. 12.50 and 12.51, we find that a,(¢) in Eq. 12.79 does
not play the role of a,(¢) in Eq. 12.51 but rather that of a,*(¢). Since we are
only interested in the transition probability |a,|? this need not bother us.
Comparison of Eqs. 12.79 and 12.51 thus yields the substitution:

#B _ p.gBr

ih  ih8

In other words, in order to obtain the transition probability |a,|2 we must
replace

(12.80)

B with g\/ig

in Eq. 12.63 obtaining

e s W T

9 See Egs. 10.95 to 10.97 and also Problem 12.4.
10 See Problem 12.5.
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So much for the transition probability. If, in an actual experiment, we want to
observe a signal, it is necessary that there be a difference in the initial popula-
tion of the two states being mixed by the time-dependent perturbation. This is
where things get a little sticky. The population of the state 8+f~ depends on
the degree of polarization of the positrons, and the population of the state
Y, = —(Y7 — (#/2)g) depends on the magnetic field B,. Also, the two
states have a different lifetime and, to make things worse, the lifetime of one
of the states ¢, depends on the magnetic field B,. Nevertheless, the reader
might be able to unravel even this part of the problem or, at least, follow the
literature® on the subject.

We have treated this particular example in considerable detail to show how
detailed information can be extracted from an experiment. Resonance
experiments of the type described here have reached a very high level of
sophistication. It is no longer enough for the experimental physicist to
measure a line and then say, here it is. The small effects that result from
nuclear forces or an interaction with the radiation field shift a resonance line
sometimes only by a small fraction of the linewidth. Therefore, it is not
unusual that experimenters determine the location of the center of a
resonance line to one hundredth or even one thousandth of the linewidth.
This means, of course, that the /ineshape, i.e., the dependence of the transi-
tion probability on such things as magnetic field or frequency must be very
well understood.

Muonium

A technique quite similar to that used for positronium has been used to
measure the hyperfine structure of muonium. A resonance transition between
the states (f, m;) = (1, 1) and (1, 0) in a strong d.c. magnetic field B = kB,
was induced by a rotating r.f. magnetic field. In the (1, 1) state the muon is
in an a state whereas in the (1, 0) state it is in a mixed state. In this case, the
resonance transition leads to an observable change in the angular distribution
of the decay positrons.

PROBLEMS

12.1 The angular distribution of the positrons from muon decay is given by
P6) =1 —}cosb) (given without proof)

P(6) db is the probability that the positron is emitted in the angular range
between 6 and 6 + d6. 6 is the angle between the muon spin and the direction
of flight of the positron.

11 See for instance V. W. Hughes, S. Marder, and C. S. Wu. Phys. Rev. 106, 934 (1957).
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Derive an expression for the curve shown in Figure 12.2., assuming that the
solid angle under which target and detector (Figure 12.1) see each other is
very small.

12.2 (a) Derive an expression equivalent to Eq. 12.63 for the precession of a free
proton.
(b) A free proton is located in a static magnetic field B = kB, of 10,000
gauss. How strong a rotating r.f. resonant field must one apply in the z-y
plane in order to “flip” the proton spin in 10~ sec?

12.3 Muonium was discovered by measuring the precession frequency of the atom
in a weak static magnetic field, i.e., the energy difference between the states
(f, mp) = (1,1) and (1, —1). Compare this frequency with the precession
frequency of a free muon in the same magnetic field. On which fact could the
experimenters base their claim that muonium had, indeed, been formed?
Does an experiment of this type give information about the size of the zero-
field hyperfine structure splitting between the triplet and singlet state?

12.4 Derive Egs. 12.76 and 12.77 explicitly.

12.5 Derive Egs. 12.78 and 12.79.

12.6 Derive Eqgs. 12.78 and 12.79, assuming that the initial state was not [chc
but ata~. Comment!

12.7 Derive all the elements of the matrix H'Y in the representation defined by the
states ata™, gy, BTR™, Y,.
Solution of 12.4. The Hamiltonian H is given in Eq. 12.75. We apply it to 1B,

.'lf‘-’f—B {(e;~ — &) cos (w,0) + (6,” — 6,T)sin (w,H}RTE™ = HURHR-
now
o8 =a and o, = —ia (see Eqs 10.95 and 10.96)

Hence

HVBHE~ = @ {cos (wt)(BTa~ — atB7) + isin (w,H(—Rre + atp7)}

,uoé' {=V24¢g cos (w,0) + iV2yg sin (w,0)}
= _/:;’g P {cos (w,t) — isin (w,b)} = /\‘/oé’ A

We multiply this with ¢; = —¢, + 2/2¢ 4 and obtain, since P, and g are
orthogonal

x Mo _ —Ho .
Hilt)fﬁ = (—\PT +i'~l’s)< \/j, 4’ e “""t) = \/5 e 1ot

The reader may verify by explicit calculation that

o LS = Hi,
is indeed satisfied.
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SCATTERING

13.1 THE FUNDAMENTALS

Thus far we have concerned ourselves mostly with particles held in potential
wells, central potentials, or other entrapments. Now we shall investigate the
fate that may befall a particle traveling through matter.

Let a parallel beam of monoenergetic particles be incident on a target
containing scattering centers, i.e., atoms, nuclei, etc. (see Figure 13.1).
Occasionally a particle will approach a target particle so closely that the two
interact and the incident particle is scattered. The target is considered to be
thin if the probability is small that a particle is scattered more than once upon

Detector
< for scattered
particles

mueanaEE

Scattering Bea.m
target monitor

Fig. 13.1 The number of particles scattered into a detector is proportional to the solid
angle dQ covered by the detector, the number of incident particles as determined by the
beam monitor, and the number of scattering centers in the target. (The fraction of particles
scattered out of the beam is assumed to be small.) The proportionality factor is called the
differential cross section.

228
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traversing the target. In a typical scattering experiment one might measure
the number of particles that are scattered by an angle ¢ into the element dQ
of the solid angle. This number will obviously be proportional to N’ (the
number of particles per cm? per sec incident upon the target), to n (the
number of scattering centers in the target), and to the element d<2 of the solid
angle.

Number of particles scattered per second into dQ = o(E, ))N'ndQ (13.1)

The proportionality factor ¢(E, ©) can obviously depend on the energy E
of the incident particles and on the scattering angle . If either the target or
the beam particles are polarized, there can also be a dependence on the
azimuth @, a possibility that we shall henceforth disregard. The dimension of
o(E, 9) as defined by Eq. 13.1 is that of an area, and ¢ is called the differential
cross section. The physical interpretation of o is the following: if the incident
particles were point particles and if every particle hitting a scattering center
were to be scattered into d€2, each scattering center would have a cross
section of ¢ [cm?].

Integration of ¢(E, &) over all angles yields the total cross section.

o(E) = f o(E, 9) dQ = f o(E, 9) sin & do dg (13.2)

It is obvious that it should be possible to calculate o(E, 9) if the interaction
between the target particles and the incident particles is known in detail.
Similarly one should be able to derive salient features of the interaction from
an analysis of scattering data.

Scattering experiments have been essential to the exploration of the forces
acting between the various elementary particles. It should, however, be
pointed out that scattering experiments are often difficult to interpret. During
a collision the interaction is sampled over a wide range of distances and,
maybe, relative velocities. Therefore, it is not surprising that a measured
scattering distribution can usually be fitted with a variety of theoretical
models. In the following paragraph we shall derive some of the features of
potential scattering without ever committing ourselves to a specific potential
for the scattering centers. Since scattering encompasses a wide variety of
processes we narrow down the number of possibilities as follows.

1. The interaction between the particles can be described by a spherically
symmetrical potential.

2. The scattering process is elastic, i.e., neither of the participating particles
changes its rest mass and no particles are created or annihilated during the collision.

3. Target particles and incident particles are different. This means that we can
always tell whether a particle emerging from the target is a scattered incident particle
or a recoiling target particle.
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13.2 THE SCHRODINGER EQUATION, PARTIAL WAVES

There can be no fundamental difference between the interaction of two
bound particles and that of two free particles. We must, therefore, be able to
start with the Schrodinger equation in the c.m. system (Eq. 5.20), written
here (Eq. 13.3) for an arbitrary potential. The only difference in our pro-
cedure will be that we shall now seek solutions for unbound particles, i.e.,
those with £ > V.

— 52
2m

V®u 4+ Vu = Eu (13.3)

m = mymy[my + my is the reduced mass; m, we assume to be the mass of the
incident particle and m, the mass of the target particle. To see just what
the introduction of the reduced mass does for us in this case we calculate
the energy in the center-of-mass system

my,* _ (my + my)v"
2 2

E =

(13.4)

where v’ is the velocity of the center of mass and v, the velocity of the incident
particle in the laboratory system. The lab velocity v, of the target particle is,
of course, zero. Hence

- myv,* _ (my + my)(m,*,%) _ mymy,” mo,*

E = =
2 2(my + my)? 2(my + my) 2

(13.5)

This is the kinetic energy of a particle of mass m moving with the velocity v,.
Equations 13.3 thus describes the scattering of a particle of mass m and
kinetic energy mv,%/2 by a fixed potential located at the center of mass.

To compare our findings with experimental results, we would have to
transform the angles and cross sections to the laboratory system. The
formulas for this routine task are derived in many texts.!

Even without solving Eq. 13.3 we can find out something about the general
character of its solutions. In the immediate vicinity of the scattering center
the action will be violent and its description difficult. At a considerable
distance from the scattering target, however (where the experimentalist lies
in wait for the scattered particles) things will be simpler, and a look at
Figure 13.1 shows what the solutions will look like in this region.

There must be a plane wave that describes the unscattered particles and,
superimposed upon it, a spherical wave that emanates from the target and

1 For example, L. I. Schiff, Quantum Mechanics, second edition, McGraw-Hill, New York,
1955, p. 97 ff.
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describes the scattered particles. We should thus be able to write the asymptotic
solution of Eq. 13.3 as follows

u,, = lim u(r, ) = A{e“cz +1 f(t?)ei’"} (13.6)
=0 r

where the first term describes the plane wave and the second term the spherical

wave.

v

k 5 (13.7)
is the wave number of the (matter) wave. f(##) is the amplitude of the spherical
wave. It can, of course, still depend? on the angle ¥ and is usually called the
scattering amplitude. Before we try to find f(#) we derive an important
theorem. The probability P of finding a particle in a volume V is given,
according to p. 58, by

P =f p*ypdr (13.8)
v

We can calculate the rate of change of this probability

dp « 0 azp*)
— = = ——)d 13.9
dt fy(lp ot Ty )" (139)

For 0y/ot and 0y*/0t we substitute the appropriate expressions from the
time-dependent Schrédinger equation (Eq. 2.15) and its complex conjugate

o

dyp _ ﬂ 5, i v”{ﬁ.-(ff' - ‘
% = om Vip P V(ryy 7 (1\3.10.)
and - S |
dy* ih o, 0 S ;
— =——V* 4+ -V@)p* 13.11
o= T VY RO s
Thus Eq. 13.9 becomes N
il_l: N 21_:; f,,('/’* Vip — p Vi dr (13.12)
This can also be written as
% = i% Vdiv (p* Vy — » Vy¥) dr (13.13)

2 We had already ruled out a possible ¢ dependence.
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Using the well-known divergence theorem linking the integral over the
divergence of a vector with the surface integral over the vector, itself, Eq.
13.13 becomes

dpP " .

-‘;-———J.(zp Vy — p Vy*) da (13.14)
where the integral is to be taken over the surface S bounding the volume V.
If no particles are absorbed or created, and we excluded these possibilities,
any change in the probability of finding a particle in the volume ¥ must be
connected with a particle flux® through the surface of the volume. The vector

S=— R vy — yvym (13.15)
2m

must, therefore, represent a particle current, and there must be a continuity
relation

—= —f d