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Preface

The author recently published a book entitled Introduction to FElectricity
and Magnetism [Walecka-18]. Tt is based on an introductory course taught
several years ago at Stanford, with over 400 students enrolled. The only
requirements were an elementary knowledge of calculus and familiarity with
vectors and Newton’s laws; the development was otherwise self-contained.
The lectures, although relatively concise, take one from Coulomb’s law to
Maxwell’s equations and special relativity in a lucid and logical fashion.

Although never presented in an actual course, it occurred to the author
that it would be fun to compose an equivalent set of lectures, aimed at the
very best students, that would serve as a prequel to that FElectricity and
Magnetism text. This book has now also been published as Introduction to
Classical Mechanics [Walecka-20]. The goal of this second text is to provide
a clear and concise set of lectures that take one from the introduction and
application of Newton’s laws up to Hamilton’s principle and the lagrangian
mechanics of continuous systems.

Both of these texts on classical physics are meant for initial one-quarter
physics courses. These lectures, aimed at the very best students, assume a
good concurrent course in calculus; they are otherwise self-contained. Both
texts contain an extensive set of accessible problems that enhances and
extends the coverage. As an aid to teaching and learning, the solutions to
these problems have now been published in additional texts [Walecka-19,
Walecka-21].

The present text completes the first-year introduction to physics with a
set of lectures on Introduction to Quantum Mechanics, the very successful
theory of the microscopic world. The Schrédinger equation is motivated
and presented. Several applications are explored, including scattering and
transition rates. The applications are extended to include both quantum

vii
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electrodynamics and quantum statistics. There is a discussion of quan-
tum measurements. The lectures then arrive at a formal presentation of
quantum theory together with a summary of its postulates. A concluding
chapter provides a brief introduction to relativistic quantum mechanics.
An extensive set of accessible problems again enhances and extends the
coverage.

The goal of these three texts is to provide a good, understandable, one-
year introduction to the fundamentals of classical and quantum physics. It
is my hope that students and teachers alike will find the use of these books
rewarding and share some of the pleasure I took in writing them.

Quantum mechanics is a huge field, and no attempt has been made
to provide a complete bibliography. The references given in the text are
only directly relevant to the discussion at hand. It is important, however,
to mention some of the good, existing books that the author has found
particularly useful, such as [Wentzel (1949); Bjorken and Drell (1964);
Bjorken and Drell (1965); Schiff (1968); Itzykson and Zuber (1980);
Landau and Lifshitz (1981); Shankar (1994); Merzbacher (1997); Gottfried
and Yan (2004); Feynman and Hibbs (2010)]. In addition, appendix B lists
some significant names in quantum mechanics, both in its theory and in its
applications.

I would like to once again thank my editor, Ms. Lakshmi Narayanan,
for her help and support on this project. I am also grateful to Paolo Amore
for his reading of the manuscript.

Williamsburg, Virginia John Dirk Walecka
January 8, 2021 Governor’s Distinguished CEBAF
Professor of Physics, emeritus

College of William and Mary
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Chapter 1

Motivation

1.1 Classical Optics
Consider a non-dispersive wave which is the real part of
U(z,t) = eilko—wt) — cik(z—ct) s w=kc (1.1)

Here c is the velocity of the wave, and the frequency and wavelength are
related by

w = 21w = ke = 2w§ (1.2)

As we have seen, this could be an electromagnetic wave in vacuum, a trans-
verse wave on a string under tension, or the sound wave in a medium. This
wave satisfies the wave equation

0?W(x,t) i@a\ll(x,t)

Ox2 2 02 ; wave equation (1,3)
X &

We have also seen that a linear combination of two such waves with
slightly different wavenumbers k, produces an amplitude modulated signal.
A more general linear combination can produce a localized wave packet, or
pulse.

Huygen’s principle states that each point on a wavefront acts as a source
of an outgoing spherical wave. From this, and its generalizations, one de-
rives single-slit diffraction, two-slit and multi-slit interference, and most of
classical wave optics.!

1See Probs. 1.1-1.2. For a more detailed discussion here, see [Wiki (2021)].
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1.2 Planck Distribution

Early in the twentieth century, Planck was studying the distribution of
energy as a function of frequency for the electromagnetic radiation in a
cavity. Normal modes are uncoupled simple harmonic oscillators. The
classical equipartition theorem says that the energy of a simple harmonic
oscillator at an absolute temperature T is

(e(v)) = kT ; equipartition for s.h.o. (1.4)
where kp is Boltzmann’s constant
kp = 1.381 x 10723 J/°K ; Boltzmann’s constant (1.5)

Since there is no limit to how small the wavelength can be, or how high
the frequency, this classical result says there should be an ever-increasing
energy as a function of frequency for the radiation in a cavity, the so-called
ultraviolet catastrophe.?

To fit his data, Planck employed an empirical expression of the form

hv

(e(v))y = hkeT ; Planck distribution (1.6)

where h is a constant obtained from the fit, now known as Planck’s constant

h
o = h=1.055 x 10734 Js ; Planck’s constant  (1.7)
7T

Note that at low frequency, the Planck distribution reproduces the equipar-
tition result

hv

wlheT =1 kgT i hv < kT (1.8)

while at high frequency, it now disappears exponentially

h
;W/Tl;l = hwe Ty > kT (1.9)
e —

One can ask where this empirical Planck distribution might come from.
Suppose that in each mode with frequency v in the cavity it is possible to
have any number n of photons, each with energy

e=hv ; photon energy (1.10)

2See Prob. 1.3.



Motivation 3

Then the mean energy in the mode at the temperature T follows from

an elementary statistical calculation with the Boltzmann weighting factor
67nhu/kBT as

B Z;:O:O(nhy)efnhu/kBT

(e(w)) = ZZO o€ v /keT

= 1/kBT In (Z e—"h”/kBT> (1.11)

3

The sum is just a geometric series

oo
E " =
n=0

(1.12)

It follows that

CO) = T /ZBT) In (1 — ewre)

hv

= T (1.13)

This reproduces Planck’s distribution.

1.3 Photons

The fact that light waves actually consist of photons, which manifest par-
ticle properties, was demonstrated by Einstein in his examination of the
photoelectric effect, where light shining on various solids ejects electrons.
The photons of light each have an energy

e=hv ; photon (1.14)

We know the momentum flux in an electromagnetic wave is 1/c times the
energy flux, and hence each photon in light also has a momentum

h
p= % ; photon (1.15)

Photons are now observed every day in the laboratory as single events in
low-intensity radiation detectors.

3Note e—nhv/kpT — (efhu/kBT)”'
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Sound waves in materials also regularly exhibit particle properties
through phonons, which satisfy analogous relations to the above.*

1.4 Davisson—Germer Experiment

We have seen that waves exhibit particle properties. The Davisson—Germer
experiment in 1927 showed that particles also exhibit wave properties. They
took electrons from an oven, let them impinge on a crystal, and looked for
Bragg diffraction maxima (Fig. 1.1).

crystal
oven Y

e

electrons

detector L/

Fig. 1.1 Sketch of Davisson—Germer experiment.

They observed a diffraction pattern as in classical optics,” and quantum
mechanics was on!

4Remember that c is the appropriate wave velocity.
5Again, see [Wiki (2021)] for more details.



Chapter 2

Wave Packet for Free Particle

2.1 de Broglie Relation

In attempting to write a wave relation for a non-relativistic particle of mass
m, de Broglie appealed to the analogous photon relations from the above.
He associated a wavelength with the momentum according to

p=mv=hk=~+ ; de Broglie wavelength (2.1)

As one immediate consequence, if one fits an integral number n of wave-
lengths around a circle of radius a, then

h
2ma = nh = (2.2)
muv

The angular momentum |I_:\ of a particle moving around in the circle is
then

|L| = mva = nh ; angular momentum (2.3)

As we have seen, this is precisely the quantization condition that leads to
the Bohr theory of the one-electron atom!!

2.2 Schrodinger Equation

With the de Broglie relation, and the angular frequency w(k) given by

e = hw(k) = 2 = (2.4)

1See Prob. 1.5.
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the wave in Eq. (1.1) now takes the dispersive form

\Il(x,t) _ ei[k‘x—w(k)t] _ ei[kx—(th/Qm)t] (25)

Appropriate linear combinations of these waves can again describe a local-
ized wave packet.?
Let us ask what wave equation this U(z,t) satisfies. Evidently

ov(x,t) _ﬁ 0%V (z,1)

i ot 2m  Ox?

(2.6)
The momentum of the particle is p = hk. This quantity is obtained from
the wave in Eq. (2.5) by taking a partial derivative with respect to z. Let
us therefore define the momentum p to be the differential operator

9
p ) Ox

RS,

; momentum (2.7)

and write the hamiltonian H(p) for a free particle as

2 B2 92
H= ;—m = "9 5 ; hamiltonian (2.8)

Then this wave U(z,t) for a free particle satisfies the Schridinger equation

OV (x, 1)

L OU(x,1)
BT

= HU(x,t) ; Schrodinger equation  (2.9)

We make a few comments on this result:

e This equation is inherently complex, so then is the wave function
U(x,t). Hence, we will have to arrive at some new physical inter-
pretation of W(x,t). We will proceed to investigate this below;

e The differential equation explicitly contains Planck’s constant 7;

e The differential equation is linear in the time derivative, and thus it
looks more like a complex diffusion equation than a wave equation;

e It involves the classical hamiltonian H (p, z:), where p now becomes
a differential operator involving Planck’s constant

_ho

= — 2.1
p 1 0x (2.10)

2See Prob. 2.7; see also [Walecka (2008)].
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e The momentum p and the position z now satisfying the basic com-
mutation relation

[p, 2]V (x,t) = (pr — xp)¥(z,t) = ?‘I’(w,t) (2.11)

; commutation relation

e In fact, the argument can be turned around. One says that the sys-
tem is quantized by imposing the canonical commutation relation
in Eq. (2.11), which can be satisfied by writing the momentum as
the differential operator in Eq. (2.10).

2.3 Interpretation

The complex Schrédinger wave function W(z,t), for which we write the
underlying differential equation in quantum mechanics, is not a physical
observable. As you might imagine, this leads to substantial complications.
On the other hand, we do know intuitively that the wave function should
be large where the particle is, and small where it is not. Born suggested
that we interpret the square of the modulus of ¥(z,t) as the probability
density of finding the particle at the position = at the time ¢

plx,t) = |U(z,t)]? = U (2, 1)V (z, 1) ; probability density (2.12)

Here U*(x,t) is the complex conjugate of W(x,t).

We should at least find a continuity equation for the probability density
p(z,t), and the consequent conservation of probability, in the theory. Let
us try to establish that. Consider

dp  OV*(x,t) oY (z,t)
— = ——2U(x,t) + U (z,t) ———= 2.1
e RS ke (213)
The complex conjugate of the Schrodinger equation gives
U (x,t *
—maT(f’) = [HU(z,1)] (2.14)

Hence

op 1 y X
X = (W ) [0, 0)] - [HY(, 0 U0} (215)
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Insertion of the differential form of H = —h29%/0x? allows this to be written
as

dp 0S(x,t)

- =— 2.16

ot Ox (2.16)
where

S(z,t) = % {\If*(m,t)?a\lla(?t) + [?a‘l’é‘;”] ) xp(m)}

% {U*(z, t)pU(z,t) + [p¥(z,t)]" V(z,t)} (2.17)

; probability flux

Thus we have achieved our continuity equation for the probability density.
Note that the probability fluz S(x,t) is just a mean value of p/m for the
particle, or its mean velocity. Note also that S(x,t) is explicitly real.

2.4 Stationary States

Let us look for separated solutions to the partial differential Schrédinger
equation

U(z,t) = B(t)d(z) (2.18)

We will eventually build the general solution out of these. Substitution into
the equation, and division by ¥ = ®1), gives

L1 do(t) 1

h = H 2.19

hEw Td o) ¥(z) (2.19)
In order for this to hold for all (z,t), both expressions must simply be equal
to some constant F.

For the first term, one then has
dd(t)

ih— " = E®(t) (2.20)

The solution to this equation is
D(t) = e EUR (2.21)
For the second term, one has

Hi(z) = By(x) (2.22)



Wave Packet for Free Particle 9

This is a differential eigenvalue equation, where E is the eigenvalue, and
Y(x) is the eigenfunction. Multiply this equation on the left by ¢*, and
integrate over the appropriate range in . This gives

J daop* () Hip(x)
J da [ (z)[?

Let us assume that the hamiltonian is hermitian and satisfies

—FE (2.23)

/dx Y (x)H(z) = /dx [Hi(2)]" () ; hermitian (2.24)
We will discuss this property is some detail below. In this case, one has
E=F" ; real (2.25)

The eigenvalue E of the hermitian hamiltonian H is real, and since it is
just the mean value of the hamiltonian by Eq. (2.23), we can identify it as
the energy of the system.

The separated solution thus has the form

U(z,t) = p(x)e B (2.26)
If this is substituted into Egs. (2.12) and (2.17), one has
p(z) = |v(z)]?
S(@) = 5 {0 @pla) + ()] v} (227)

The probability density and probability current are independent of time,
and the separated solution in Eq. (2.26) is known as a stationary state.

2.5 Eigenfunctions and Eigenvalues

Let us start with the simplest case of the eigenfunctions and eigenvalues of
the momentum operator

_ hdy(x)
Ty dx

Here we have denoted the eigenvalues by Ak. The solutions to this equation
are

py(x) = hky(x) (2.28)

P(z) o e (2.29)
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Now it is crucial to supply some boundary conditions for the problem.
Here we shall just consider the simplest case of periodic boundary conditions
(p-b.c.). Imagine the particle is running around a large circle of length L,
and let = denote the distance along the circle (see Fig. 2.1).

LO

Fig. 2.1 Free particle going around a large circle of length L, with the distance x along
the circle. Basis for periodic boundary conditions (p.b.c.).

The p.b.c. in this case is
Y(x+ L) =(x) ; p.b.c. (2.30)

The eigenvalues of the momentum then follow immediately through

_ 2mn

ky = 7 in=0,+1,+2,--- (2.31)
The normalized eigenfunctions are
1 ‘
wn(x) _ 7e2mnm/L (2.32)

VL

A simple calculation shows these solutions are orthonormal

L
| e i @hin(@) = b (2.33)
0
where 4y, ,, is the Kronecker delta
Omon =1 cifm=mn
=0 sifm#n (2.34)

Now consider the following expression

o * _h o * dwn(l‘>
/O o (2)pion(a) = / o () 2 (2.35)

0
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A partial integration gives

/ o () D i ) (o / a8y (1) (2.36)

With our boundary conditions, the first term on the r.h.s. vanishes, and

hence the momentum operator p is hermitian

L L
[ drvi@mn) = [ pon@ va@)  hemition (237)
0 0

Note that the hermiticity of the operator depends crucially on the boundary
conditions in the problem.

It is evident that the above momentum eigenfunctions are also eigen-
functions of the hamiltonian H = p?/2m

(ﬁkn)2

E, =
2m

(2.38)

A repetition of the previous calculation shows that the hamiltonian H =
p?/2m is also hermitian [see Eq. (2.24)].

These stationary states for a particle going around in a circle are eigen-
states of momentum, with a discrete quantum difference

2
hAK = %ﬁ (2.39)

between the eigenvalues. The probability density in each stationary state
is constant

pul@) = () = 7 (240)

There is no preferred position on the circle.

2.6 General Solution

Let us try to construct the general solution to the Schrodinger equation for
a free particle moving around the circle from these separated solutions

t) = chwn(x)e*iE"t/ﬁ ; general solution  (2.41)

Since the Schrédinger equation is linear, the principle of superposition holds,
and any linear combination of solutions is again a solution.
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The Schrodinger equation is first order in the time derivative, so one has
to specify the wave function everywhere in space at the initial time (say
t = 0) to specify the solution

U(z,0) = g(x) =Y cnthn(x) (2.42)

Use the orthonormality of the eigenfunctions to determine the expansion
coefficients

L
em = / dz 3, (@)g(x) (2.43)

The functions v, () form a complete set, and it is known that an arbitrary

piecewise continuous function can be expanded in such a complex Fourier

series.?

3See [Fetter and Walecka (2003)]; see also Prob. 9.1.



Chapter 3

Include Potential V (x)

3.1 Schrodinger Equation

Let us try and extend the Schrodinger equation to describe a non-relativistic
particle of mass m moving in a real potential V' (z). An evident approach is
to just appeal to our classical mechanics arguments and extend the hamil-
tonian by

» — » +V(x) (3.1)

2m 2m

Let us see what happens to our previous quantum mechanics arguments if
we work with the following hamiltonian

2
H(p,z) = % + V(z) ; hamiltonian (3.2)
m
We will continue to write the momentum in the Schrédinger equation as
_h o
i 0x

The hamiltonian is still hermitian, since a real potential is hermitian

D ; momentum (3.3)

/dx Y (x)Vp(z) = /dx (Vp(x)]" ¥(x) ; hermitian (3.4)
The separated solutions are then again stationary states
U(x,t) = p(x)eH/" (3.5)

where E is the real energy

J daop* () Hep(x)

Tdlp@pP - (3.6)

13
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The potential cancels on the r.h.s. of Eq. (2.15)
1 *
(U (@, [VU(a,0)) - VO, )] W(z,0)} =0 (3.7)
(3

Thus the argument on the continuity equation for the probability density
goes through unaltered

Op(x,t) . 05 (x,t)

5t e 0 ; continuity equation  (3.8)
where
plx,t) = |U(z,t)|? ; probability density
1 *
Sl ) = o (W (. Op¥(a, ) + U )] W 1)) (3.9

; probability flux

In particular, the probability density and flux are still time-independent in
the stationary states

p(x) = [(x)? ; stationary states

S(@) = 5 {0 @pe(a) + P v} (3.10)

3.2 Particle in a Box

Before investigating the general boundary conditions, let us first consider
another simple physical situation where the potential is repulsive and grows
very large. The potential then effectively presents a wall to the particle
where the wave function must vanish. If a particle moves in one dimension
along the z-axis and is in a box of length L, the boundary conditions become
(see Fig. 3.1)

Y(0) =4(L)=0 ; particle in box (3.11)

The energy eigenstates in this case are

/2
7 sin k,,x

()

bn =7 in=1,23--  (3.12)
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X
0 L

Fig. 3.1 Free particle moving in a one-dimensional box of length L, with the distance
z along the axis. There is an infinite repulsive potential, or wall, on both sides.

The corresponding energy eigenvalues are

(hkn)?  (hmn)?
" 2m 2m L2 (3.13)

The energy eigenstates are no longer also eigenstates of momentum,
since now the particle is bouncing off the walls; however, the momentum
operator is still hermitian since the boundary term on the r.h.s. of Eq. (2.36)
still vanishes

[, (2)n ()] = 0 (3.14)

We show the first four eigenfunctions and corresponding probability
densities in Figs. 3.2 and 3.3. If one has some way of repeatedly observing
the location of the particle in these stationary states, then one will indeed
observe the spatial distribution in Fig. 3.3. This is a real, quite amazing,
consequence of quantum mechanics!

The general solution to the problem of a non-relativistic particle in a
one-dimensional box is constructed exactly as in the last chapter

U(z,t) = chwn(aj)e*m"”h ; general solution  (3.15)
n
The eigenfunctions again satisfy the orthonormality condition

L
/0 do 0 (2)9m (%) = S (3.16)

The expansion coefficients are thus obtained from the initial condition just
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as before

U(z,0) =g chwn

L
e = / dz g (2)g(x) (3.17)

The functions v, (x) form a complete set, and it is known that an arbitrary

piecewise continuous function can be expanded in such a Fourier sine series.*

'L/2
VEL2 1) VL/2 g(x)

0.8
0.6
0.4
0.2

§

R
A

vvf

Fig. 3.2 First four wave functions of a particle in a one-dimensional box of length L.
Taken from [Amore and Walecka (2013)].

3.3 Boundary Conditions

The separated Schrodinger equation is a second-order differential equation
in space. With no additional input, the evident boundary condition is to
ask that the physically acceptable solutions, and their first derivatives, be
continuous

¥(x), ¥'(z) continuous ; boundary conditions (3.18)

1 Again, see [Fetter and Walecka (2003)].
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L p(x)/2 L pa(x)/2
1.0 1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

x x

0.2 0.4 0.6 0.8 1.0/, 0.2 0.4 0.6 0.8 1.0/,

L p3(x)/2 L pa(x)/2

1.0 1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

x x

0.2 0.4 0.6 0.8 1.07, 0.2 0.4 0.6 0.8 107,

Fig. 3.3 Probability densities corresponding to the first four wave functions of a particle
in a one-dimensional box of length L. Taken from [Amore and Walecka (2013)].

This sounds so obvious, but as we shall now see, this has essential, and
quite unexpected, consequences.

3.4 Barrier Penetration

Consider a non-relativistic particle moving in one dimension against a bar-
rier of height Vj extending for all x > 0. Suppose its energy is less than
the barrier height. Then classically it can never get into the barrier, since
its kinetic energy is a positive definite quantity

E:%i?2+vo ;x>0
E—V,= %a’;“' >0 (3.19)

Let us now ask what happens in quantum mechanics with the above
boundary conditions. Consider a stationary state with an energy £ < Vj
below the barrier. To the left of the barrier, we have both an incident and
reflected wave (see Fig. 3.4)

Y(x) = e 4 ae” ;<0 (3.20)
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NN
/<\/\/

Fig. 3.4 Free particle moving in one dimension against a barrier of height Vy with
E < Vp. There is an incident and reflected wave, as well as a decaying wave inside the
barrier.

Inside the barrier, the Schrédinger equation reads
h? d?
[— + Vo} Y(z) = Ey(z) ;x>0 (3.21)

This can be rearranged to read

2
d;/;gx) = K%Y (x) ;x>0
K2 = W (3.22)

The acceptable solution inside the barrier, which extends out to infinity, is
evidently

Y(x) =be "™ ;x>0 (3.23)

Let us now match the wave functions, and their first derivatives, at the
origin x =0
1+a=050
k(1 —a) = —kb (3.24)
The solution to these equations gives

2k
b=
k+ik

(3.25)
Several features of this result are of interest:

e In contrast to the classical result, there is now a finite probability
of finding the particle inside the barrier;
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e This comes from our choice of boundary conditions in Eq. (
We might, instead, have just imposed the classical result ¥ (0
This would have been incorrect;

e As the barrier height increases, that is as k — oo, the amplitude
b — 0. The amplitude to find the particle inside the barrier van-
ishes, and in this limit we indeed have a wall,

e If the barrier were to be of finite spatial extent, there would be some
amplitude for the wave to actually get through it.> This barrier
penetration is entirely a quantum effect! 1t is now observed every
day in the laboratory.

3.18)
)=0

3.5 Bound States

As another application of the one-dimensional Schrédinger equation, con-
sider the lowest-energy ground state in an attractive square-well potential

V(z) =-V i —L<z<L (3.26)
Here V > 0. We are looking for a bound state with (see Fig. 3.5)
E=-E<0 ; bound state (3.27)

The ground state will be symmetric, and so we only have to consider x > 0.

Fig. 3.5 Bound ground state in a square-well potential in one dimension. Here we make
the minus signs explicit, with V' = —V{) < 0, and £ = —E}, < 0. We are looking for the
symmetric ground-state eigenfunction, with no nodes and minimum curvature.

2See, for example, [Walecka (2008)].
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Inside the potential, we want the symmetric solution with minimum
curvature, and so

Y(x) = a cos (k;x) ;<L
Ky = 2777?(‘/0 - E) (3.28)

Outside the potential, since we seek the bound state confined by the poten-
tial, we keep just the decreasing exponential

P(x) = be " ;x> L
2
K2 = h—”;Eb (3.29)

Now match the wave functions and their derivatives at = L. Better
yet, match the logarithmic derivative, which is the ratio of the derivative
to the function, since one then gets rid of the amplitudes. Thus, with a
change in sign,

Kitan (k;L) = kKo ; eigenvalue equation (3.30)

Given Vj, this transcendental eigenvalue equation must be solved numeri-
cally for Ey. Fortunately, we can readily extract two limiting cases:

(1) Suppose Vy is very large, then Ej will also be very large, and so
will the r.h.s. of Eq. (3.30). Now adjust V. Start with V5 = Ej, in which
case the 1.h.s. vanishes. Move V away from Ej. By the time one gets to
(kL) = m/2, one will have found a solution to Eq. (3.30) since the Lh.s. is
infinite at that point. Hence, as Vj — oo one has

B =vo- 12 (T v 3.31
»=Vo— 5. (37) i ¥o = 00 (3.31)

When the well is very deep, the ground state looks just like the ground
state of a particle in a one-dimensional box of length 2L.

(2) Suppose V goes to zero. Ej, then also goes to zero, and the r.h.s.
of Eq. (3.30) is very small.> Again, start with Vy = Ej, in which case the
Lh.s. vanishes. Move Vj away from Fj a little. An expansion of the Lh.s.
of Eq. (3.30) for small (x;L) gives

ki(ki L) = Ko (3.32)

3The wave function now falls off only very slowly outside of the potential.
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It is best to write this in dimensionless form. Introduce

vy = 2”;72[/2‘/0 o Q%fEb (3.33)
The eigenvalue Eq. (3.32) then reads
Vo — €p = \/Ep i vo— 0 (3.34)
As vg — 0, the solution to this equation is
£y = vh i vg — 0 (3.35)

For the attractive square-well in one dimension with vy — 0, there will
always be a bound ground state with this binding energy €. Furthermore,
in this state, the normalized wave function exists almost entirely outside of
the potential! Again, a quite amazing result of quantum mechanics.

3.6 Higher Dimensions

So far, for simplicity, we have worked in just one dimension where the
Schrédinger equation reads

B 92 O (x,t)

Here the partial derivatives imply that the other variable in the set (z,t) is
to be kept constant. To increase the number of dimensions, we can simply
follow our work on the wave equation and replace

82

2
922 -V (3.37)
where V2 is the laplacian
82
v? = 922 ; one dimension
0? 0?
=—+— ; two dimensions
ox?  Oy?
2 2 2
= % + (%2 + % ; three dimensions (3.38)
This is equivalent to writing the Schrodinger equation as
-9 —
R p . . L O0U(Z,t)
HY(Zt)= |=— V(Z,t) =th————= .
@) = |1 vio)| v - (3.39)
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and expanding the momentum to read
_h 0

_n S i=1,2,--- 3.40
s ;=12 (3.40)

bj
where the index j now labels the cartesian axes.
As one example, consider a particle of mass m in a square two-
dimensional box with sides L. Here the boundary conditions are those
of walls, and the eigenfunctions and eigenvalues are evidently

2 m .
¢nm,ny(1’»y) = (L) Sin(n;I)Sln(nfy) ; (n$7ny):152737"'
e 9 9
Enoiny = 5,73 (2 + ) (3.41)

The general solution to the Schrodinger equation is correspondingly

U(z,y,t) = Z Z Cry oy U n, (T, y) € Fremy t/h (3.42)

Mg Ny

3.7 Perturbation Theory

Suppose the hamiltonian has an additional small piece 6V (x), which makes
the Schrodinger equation difficult to solve analytically

H — Hy+0V(x) (3.43)
We return to Eq. (3.6)
_ [ e @) Hb(a) _ [ da (@) [Ho + 0V (@)]ii(a)

E= 3.44
[P Ja oGP .
Let us use the eigenfunction v, (x) of Hy in this expression to obtain
da 1y, (2) [0V (2)]¢n ()
E, =E° + / n 3.45
J e ) 249

This provides the first-order perturbation theory expression for the shift in
the eigenvalue

_ Sz (2) [0V (2)]ihn (@)
Jda [ (2)[?

The small shift in the eigenvalue is the integral of the perturbation over the
eigenfunction.

SE, ; perturbation theory (3.46)
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As an example, suppose that with the particle in the box in Fig. 3.1
there is a small, narrow potential step at the midpoint

oV (x) = o ; 5

x—L’ <l (3.47)

where | < L. The eigenfunctions are y/2/L sin (nwz/L). For odd n, the
magnitude of the sine is unity at the midpoint where x = L/2. For even n,
it vanishes there.* Hence, for [ < L, one has

l
5En=4VOZ in=1,3,5---

=0 ;n=2,4,6,--- (3.48)
3.7.1 Non-Degenerate Perturbation Theory

Let us make the analysis more general. We want to solve for the eigenfunc-
tions and eigenvalues in the Schrédinger equation

Hip(x) = [Ho + 6V (2)[¢(x) = Ey(x) (3.49)

Expand the wave function ¢(x) in the complete set of eigenstates of Hy

b(@) = 3 et (@)

Substitute this in the above equation
Z (E - E’S’L) mem(x) = (5V(JJ)¢($) (351)

m

Now multiply by ¢} (z) on the left, integrate over x, and use the orthonor-
mality of the eigenfunctions

1
E—-EY

Cp =

[tz i@y @) (3.52)
We now make a rather unusual choice of norm for ¢ (x)
cp =1 ; choice of norm (3.53)

Let us discuss this:

e This choice is for a given n;

4See Figs. 3.2 and 3.3.
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e The Schrodinger equation is a homogeneous differential equation,
and any norm of ¢ (x) can be chosen, as long as physical results are
calculated from expressions analogous to Eq. (2.23);

e This choice will yield (¢ — ¢, E — E9) as 6V — 0, which allows
us to focus on the evolution of a given eigenfunction and eigenvalue
as the perturbation is turned on;

e As long as no denominators vanish, we then have the following
exact results

0@) = bul)+ 2 220 iy, )V (0t)
m#n m
E:@+/@ﬁmﬁmw@ (3.54)

This comprises a complicated inhomogeneous integral equation for
Y(x) and E.

Although the above expression is complicated, we obtain very useful
results by consistently expanding as a power series in §V'!

0le) = bale) + 30 o [y s, ()oY ()nle) +
me#tn P m

E:w+/mm@wum@)
i @)

/ dy 07 (1)8V (4)n(v)

1

_|_ —

mz#n EY — EY

This is non-degenerate perturbation theory, where we have assumed that

none of the denominators vanish. Note that a given order in dV in the
wave function always yields the energy shift to one higher order.

Problems 3.5 and 3.6 contain some applications of these results. If there

is degeneracy present, then one has to get fancier with the perturbation

theory.”

5See, for example, [Walecka (2013)].
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Scattering

We turn to some elementary considerations on the scattering of a particle
in three dimensions from a spherically symmetric potential V (r).

4.1 Incident Plane Wave

Suppose we prepare a particle in a state of definite incident momentum
winc(f) = eik‘f ; ﬁ: hE (41)

This is also an eigenstate of energy, with

(kv )?
E= 4.2
5oy (4.2)
It satisfies the free Schrodinger equation
(V2 + 5?) Yine(Z) = 0 (4.3)

Since we are eventually going to compute ratios of fluxes, the choice of
overall norm is immaterial.

Now use k - & = krcos 6 and expand the plane wave in a complete set
of functions of cos 6

eikrcosé’ _ Z(Ql + 1)7;1 jl(kT) PZ(COS 9) (4.4)
l

25
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Here Pj(cos ) is a Legendre polynomial satisfying

1
2
dcosf P, 0)Py(cosf) = o1
[1 cos 6 Py(cos )Py (cos ) TR

Py(cosh) =1 ; Pi(cos®) = cosd ; Py(cosf) = %(3 cos? 0 — 1)
; ete. (4.5)

We can then solve for the amplitude j;(kr) according to
1! _
gi(kr) = ﬁ/ d cos 0 Py(cos §)ekrcos? (4.6)
-1

This defines the non-singular spherical Bessel function j;(kr). Let us com-
pute the first two, with p = kr and p = cos ¥,

1 ! . 1, . , sin p
; ——— du Pl — — (eiP _ g=ir) —
) =5 [ dnen = o (e =) =
1! , djo(p) sinp cosp
() = = | duper = — =2 4.7
jilp) = /_1 1 pie ip = 5 (4.7)
Note that through this order!
P
Ji(p) = @+ ;i p—0
. 1
o) = Seoslp— 1+ Dw/2] 5 psoc (48)

where (2l +1)!!=1-3-5--- (20 + 1).

4.2 S-Wave Scattering

The separated solutions in Eq. (4.4) satisfy the Schrédinger equation in
spherical coordinates. Let us focus on the [ = 0 term, which is the dominant
term at low energy where kr — 0,

sin (kr)

(V2 +52) dokr) = (V2 + k) — 2= =0 (4.9)
Evidently the radial part of the laplacian in spherical coordinates is
1 /02
e 4.1
\% " (8r2> r (4.10)

IThese relations actually hold to all orders; see also Prob. 4.2.
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for then the above becomes?

sin (kr)
r

(—k* + k?) =0 (4.11)

Let us now include a potential V'(r), and work at very low energy. The
separated [ = 0 Schrodinger equation, or s-wave equation, becomes

%%r —o(r) + kX () =0 ;o(r) = zm (r)  (412)

Let us define

U(r) = @ ; s-wave (4.13)

The s-wave Schrodinger equation for w(r) then becomes

{2 —o(r) + kQ] u(r) =0 . s-wave eqn (4.14)

4.3 Spherical Square Well

Let us solve the s-wave Schrédinger equation for an attractive square-well
potential of the form

v(r) = —vg ;r<d (4.15)

Outside the potential we will have some linear combination of sine and
cosine, which we can write

Uout (1) = Asin (kr + do) i >d (4.16)

where §g is the s-wave phase shift. Inside the potential, if we assume there
is no bound-state and keep just the solution that is non-singular at the
origin, we have

Uin (1) = Bsin (kr) s r<d
K? = k% 4+ vg (4.17)

2The laplacian in spherical coordinates is actually

V2*i£ 7«22 + 1 é sin@g + 1 672
o2 9r or r2sin6 90 00 r2sin2 0 92

The first term is the same as in Eq. (4.10).
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Upon equating the logarithmic derivative at the potential boundary, we
obtain an equation for the phase shift dq (k)

k cot (kd + o) = £ cot (rkd) (4.18)

4.4 Scattering Boundary Condition

We first note that a spherical wave going out from the origin is a solution
to the Schrédinger equation, just as in Eq. (4.11),

ikr

(V2 + kQ)eT =0 ; outgoing wave  (4.19)

We now require, on physical grounds, that the solution to the scattering
problem far away from the potential should consist of the incident wave
plus an outgoing scattered wave

Y = Yine + Vscatt ;T — 00 (420)

This is known as the scattering boundary condition. In detail, this says that

N eikr

w(f):eik'f—&-f(k,@)T ;T — 00
; scattering b.c. (4.21)

The amplitude of the outgoing scattered wave f(k, ) is known as the scat-
tering amplitude.

Let us see how this works for our s-wave scattering. In order to satisfy
this boundary condition, we must choose a particular form for the amplitude
A of the wave function outside of the potential in Eq. (4.16)

60
Uout (1) = sin (kr 4 o) cr>d
P(r) = u%(r) (4.22)

Now look at

Vscatt (1) = Y(r) — Yine(r) s r>d (4.23)
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This gives
i50 3 k
€ . SIN(KT
Yscats (1) = . sin (kr + do) — k(r )
00
e . ) 1 . )
_ i(kr+do) _ —z(kr-‘réo)} _ ikr _ _—ikr
2ikr [e ¢ 2ikr (e ¢ )
1 2150 eikr
=— (e =1 4.24
57, (€ ) — (4.24)

Note that the incoming wave has cancelled, and we satisfy the scattering

boundary condition. Furthermore, we can identify the s-wave scattering

amplitude as

- (e* —1) = e sin &g ; s-wave (4.25)
2ik k ’

The general expression for the scattering amplitude, including all partial

fo(k)

waves, is

f(k,0) = (2 +1) fu(k) Pi(cos 0) (4.26)
l

As k — 01t is only the s-wave that contributes to the scattering amplitude,
since it is only the s-wave that gets into the potential.

4.5 Cross-Section

The classical concept of a scattering or reaction cross-section is as follows:
One prepares a beam of particles, with a certain incident flux [j,., where
the incident flux is the number of particles crossing a unit transverse area
per unit time. The cross-section is then a little element of transverse area
such that if a particle goes through it, a certain event takes place. Hence
the rate of such events taking place is

Iinc dog; = number of events ¢ — f per unit time (4.27)

In quantum mechanics we deal with probability, and its rates and fluxes.
The probability flux in three dimensions follows from Eq. (3.10) as

—

5@) = 5 [ 90— (Vo) 4] (4.28)

This has the interpretation as the amount of probability flowing through
a unit transverse area per unit time. The elastic scattering cross-section
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do for the scattering of a particle into a solid angle d) (and corresponding
area r2dS)) in quantum mechanics is therefore?

(1% : §n) do = (r : §scatt) 240 (4.29)

With the incident and scattered wave functions in Eq. (4.21), one has

]%'S;inc = hk
m
- hk
- scatt = k79 2 4.
S = 11 (1, 0) (4.30

Here, in the second line, we have only taken the radial derivatives of the
exponential as 7 — oo. Hence, the differential cross-section for elastic
scattering into the solid angle df2 in quantum mechanics is the absolute
square of the scattering amplitude

do _

70 |f(k,0)? ; elastic scattering  (4.31)

For s-waves, one has

d in” 0
d% = SH}ZQ 0 ; S-waves (4.32)

Prepare a beam of particles with a definite momentum hk. Count how
many particles go through a unit transverse area in front of the target
over some period of time. Multiply this number by the cross-section do.
This will give you the number of particles that you have observed being
scattered into the solid angle d2. And your particle distribution will look
like | f(k,0)|%. Tt works! It is amazing that all this information is contained
in the single wave function ¢ (Z)!

4.6 High Energy

Let us look at the other scattering limit of high energy where very many
partial waves contribute to the scattering amplitude. Recall that in elec-
trostatics if we have the electrostatic potential satisfying

1
V2P = —of (4.33)

3In this chapter, (IAc, #) are unit vectors.
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where p is the charge density, then the potential is obtained by summing
over the Coulomb interaction with each small charge element

) 737! 4.34
() 471'50 / |r—r ( )

Here, we want to solve the equation

(V2+E%) ¢ = v v = h2 oy () (4.35)

In direct analogy, we can obtain the scattered wave by summing over the
outgoing wave from each little source element?

1 ik\F 7'

Yscats (T7) = — o(r (7 d®r’ (4.36)

An |7 — 7

With the inclusion of j,., which satisfies the homogeneous differential
equation, the whole wave function then looks like

w7) = = L [ (.37

dr | |7 — 7|

This produces an (exact) inhomogeneous integral equation for 1.
Let us look at the asymptotic behavior of ¥scat for large r.> The dis-
tance | — 7/| can be expanded as

|F—7'|=r—7-7 +00"/r) (4.38)
With the identification of the final scattering momentum p”’ through
7 = hk' = hk# ; final momentum (4.39)

and the simple replacement of the denominator by r for large r, one has

T 47

ikr N
Ycats(r) = = {—1 / e~ T (P (F ) dPr! (4.40)

This both demonstrates that 1) satisfies the correct scattering boundary
condition, and it also allows us to identify the scattering amplitude as

1

o —ik 7! / SN 73,0
il v(r () d>r (4.41)

f(kvo)zi

4We are actually employing the Green’s functions for the differential equations.
5We assume sufficient convergence of the integral.



32 Introduction to Quantum Mechanics

Now, just as with perturbation theory, we can start iterating the ex-
pressions to obtain a power series in v. The first iteration simply replaces
1 in the scattering amplitude by ¥y, where

wiTLC(F) = eik.F (442)

This produces first Born approzimation for the scattering amplitude

fa(k,0) f—/ T () dB e ; Born approximation (4.43)
Here the momentum transfer hq is defined through
q= k—Fk'
¢ 2 0
= 4k*sin? ~ (4.44)

The Born approximation for the scattering amplitude is simply the three-
dimensional Fourier transform of the potential with respect to the momen-
tum transfer! We give two applications in Probs. 4.5 and 4.6.



Chapter 5

Transition Rate

So far, we have focused on very simple physical systems in order to concen-
trate on the quantum mechanics (although we did get more realistic with
s-wave scattering and the Born approximation). Let us continue in that
vein as we turn to a study of transition rates in quantum theory.

5.1 Model Problem

Consider two particles moving in one dimension along the z-axis. Parti-
cle one is free to move in a large circle as in Fig. 2.1, so it satisfies pe-
riodic boundary conditions. It has the eigenfunctions and eigenvalues of
Eqgs. (2.31) and (2.32)

1 ,
Yp(x) = —=e2mne/L ;n=0,41,42,-
VL
2mh)?
E, = (2 WL)Q n? ; particle one (5.1)
m

The eigenfunctions satisfy the orthonormality condition in Eq. (2.33).

The second particle is confined to a box of a much shorter length as in
Fig. 3.1, and it has the eigenfunctions and eigenvalues of Egs. (3.12) and
(3.13)*

[l
e
w,
=]
VS

3
I3
8
N———

¢n(x) ;n:17273a”'

n= oo T3h ; particle two (5.2)
m

These eigenfunctions are illustrated in Figs. 3.2 and 3.3. They are also

1We will subsequently use the lengths Lq for the big circle and Lg for the box.

33
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orthonormal. It is assumed here that the box is completely transparent to
the first particle, which passes right through it.?
The starting hamiltonian and general solution for this two-particle sys-
tem are then
P

Hy = a5 Vox
0 2m1 + 2m2 W (x2)

\Ilo(xlax%t) = Z C?Ll,nz(t) 1/’711 (xl)e_iEnlt/h ¢n2(x2)e_iEn2t/h (53)

ni,n2
This wave function satisfies the Schrodinger equation

a\Ifo(l’l, T2, t)
h—7 = 7
ot

(3 = HO\Ifo(Il,l‘g,t) (54)

We have left a time-dependence in the coefficients ¢, , () for general-
ity, but let us see what happens when we substitute this solution in the

Schrédinger equation

. dc%l,nz(t) 0 —iBE, t/h —iE,, t/h
Z th——"=— +(Eﬂ1 +En2)cn1¢n2 (t) 1/Jn1 (xl)e " 1pn2 (x2)e "z

Z (En1 + EnQ) C?n,nz (t) ,(/)”1 (ml)e_iEnlt/h ’L/)nz (x2)e_iEn2 B/h (55)

ni,n2

Upon cancellation of the common terms, and the use of the orthonormality
of the eigenfunctions to extract a given coefficient, one obtains
dcy, o, (t)
1,12
——=— =0 5.6
7 (5.6)
Hence, the expansion coefficients are independent of the time (which we
already knew!), and we can simply evaluate them at the initial time, say
t=0
) ) =0cb . (0) ; time-independent (5.7)

ni,n2

If we were to start in a given state t,,0(21),9(22), then all but one coef-
ficient would vanish

o =90

SO n1,m0 Ong nd ; given initial state (5.8)

2The second particle might be bound to the target by a strong force that the projectile
does not feel, for example.
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Now let us make the problem a little more complicated and assume that
the two particles interact through some short-range potential, so that the
hamiltonian becomes

H = Hy+ H'
H' =V(xy,x9) ; interaction (5.9)

The Schrodinger equation then reads

8‘1’(1‘1, o, t)

ih ot =H\I/(x1,x2,t)

= (Ho-l—H/)\I/({Ehl‘g,t) (510)
Let us again expand

\Ij(xlvx%t) = Z C"lﬂbz(t) 1/%1 (xl)eiiEnlt/hq/jnz(xz)eiiEth/h (511)

ni,n2

A repetition of the above argument then gives

L den, n, (T i(En:+Ep,—E. , —E. )t/h
ih 1C,lt2( ) _ Z (nl,ng\H’\n/l,n/2> Cn’l,n/z(t)e( 1By —Eo n,2)t/
n’,nl
(5.12)
where
I Lo
(n1,na|H'|n’, nb) E/ dwl/ dxy X (5.13)
0 0

U (@)U, (x2) H' (21, 22) s (21)8ny (22)

The above provides an exact set of coupled, linear, first-order differential
equations in the time for the expansion coefficients ¢, n, (t) in the presence
of the interaction H’.

5.2 Golden Rule

Now, as previously, we are in a position to iterate these equations and
obtain a power series in H'. Since the r.h.s. of Egs. (5.12) is already linear

in H', we can just make use of our previous coefficients 2, ., (t) = ¢, ,
12742 10742
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on the r.h.s.! This gives

dcn, n, (t)

ih
BT

HNor! o/ \ 0 i(En, +Eny—E,; —E,;)/h
= E (n1,ne|H \nl,n2>cnlpn/26 e T TEA R E
ni,nj

(5.14)

Suppose it is the state z/)n? (:El)wng (22) that is occupied at the initial time
t =0, so that

& =8 20 Ops no ; given initial state (5.15)

!
ni,ny T,y TMg,Mg

Then, at a later time, the amplitude for finding the system in a different
two-particle state satisfies

d t ; “E o—
ihM:<n1,n2|H,|n(1J,n8>eZ(E”1+E"2 En(lj Eng)t/h

dt
; (n17n2) % (n(l)vng) (516)

Integration of this relation between the initial time ¢ = 0, and the total
elapsed time ¢t = T, gives

1 1, .
Cni,no (T) = —ﬁ<n1,n2|H/|n(1)7n0> ; (EZWT — 1) (517)

where the initial and final energies of the pair, and energy differences, are
defined by

Ey = Enrl) + Eng
E=E,, +E,
ho = E — B, (5.18)

Now, by our general interpretation of quantum mechanics, the probabil-
ity of finding the system in the state with (nq, ng) after time T, if it initially
started in the state with (n{,n9), is given to leading order H’ by

Ppi(T) = |eny s (T)]? ; transition probability
1 2 4 wT
= ﬁ |<n1,n2\H/\ng,ng>| E Sln2 (2> (519)
The transition rate is the transition probability divided by the time

Pri(T)
T

Ry (T) = ; transition rate (5.20)
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Hence

1 2
Ry (T) = 72 |(n1, no|H'|nY, n3)|” fr(w)

.2
sin® (wT'/2)
=T ——— 5.21
st = (15| 20
Let us examine the function fr(w), which we plot in Fig. 5.1.
T
NN
oaM/7 4AmyT
Fig. 5.1 Sketch of the function fr(w).
The function fr(w) has the following properties:
(1) For large T, at the origin (w = 0), it grows as T
fr(0) =T ; T — 00 (5.22)
(2) For large T, away from the origin (w # 0), it goes to zero
fr(w) =0 ; T — o0
w0 (5.23)
(3) When integrated over all w, a simple change of variables x = wT/2
gives
o * sin?
fr(w)dw =2 5— dv =21 ;all T (5.24)
—o0 —o T

The last result is obtained from any good table of integrals;
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(4) When multiplied by a well-behaved F'(w) and integrated over w, then
for large T" one simply gets that function evaluated at the origin

/ () fr(w) dw = 20 F(0) T oo (5.25)

Now we can either continue to work with the well-defined function fr(w)
in the very large T limit, or we can introduce a shorthand for the above
results. We introduce the Dirac delta function

Limy_ o fr(w) = 276(w) = 27h6(F — Ey) (5.26)
It has the following properties:
0(E—Ey) =0 it B # Ey
0(E — Ey) = o0 ; if B = Ey
/F(E)é(E — Ey)dE = F(E)) (5.27)

For large T', the transition rate in Eq. (5.21) then becomes?

Pi T 2T
Rf’L: fzg ) :?|<n1,n2‘H/|TL(1),TLg>|25(E—EO)

; transition rate (5.28)

We make several comments on this result:

This expression is ezact to O(H');

It is independent of T';

It gives the transition rate to any other two-particle state in the space;
One only recovers energy conservation for the transitions as T — oo;
Fermi called Eq. (5.28) the “Golden Rule”;

It is one of the most useful results in quantum mechanics!

Although we will be content here to work to leading order in H’, it is im-
portant for our understanding of quantum mechanics to realize that the full
wave function W(x1,z9,t) in Eq. (5.11) simultaneously carries information
on all the exact probability amplitudes ¢, n,(¢).

3If you are uncomfortable working with the Dirac delta function, just continue to
work with fr(w) for large T
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5.3 Density of Final States

Suppose we are doing a scattering experiment in our simple model. We can
prepare the target in a given state with energy Eng, and we can prepare
an incident beam with a well-defined energy En? = W2k /2my, where ko =
27n{/Ly. We certainly can achieve the energy resolution to determine that
the target ends up in another state with discrete energy FE,,; however,
with the scattered particle, the situation is more complicated. Let us, for
simplicity, call the size of the big region in which the first particle moves
Ly = L. The final particle energy is F,, = h*k?/2m; with k = 27n;/L,
and as L becomes very large, these energies are very closely spaced. Thus
no matter how small our resolution dk is on the final particle, many final
states will lie within this resolution! For large L, the number of these states
dny is

L
dny = %dk ; L — o0 (5.29)

Thus all of these states will get into our final detector, and the transition
rate that we actually measure is of necessity

L
Ry;dny = Ry, (%dk) ; measured rate (5.30)

Equation (5.28) then reads

2

L
Ryidng = — |<n1,n2|H'\n‘;,ng>|2 S(E — Ey) (27rdk> (5.31)

Multiply and divide this expression by dE. It is then possible to immedi-
ately do the integral over F using Eq. (5.27), where we have summed over
all of the energy-conserving events that get into our detector. Hence?
2m 11,0 0|2
Ryidny = - |(n1, no|H'|nY,n9)|" pe (5.32)
where pp is known as the density of final states

L [ dk :
PE = 5o (dE) ; density of final states  (5.33)

4We suppress the integral symbol on the Lh.s., although we have now used f&(E -
Eg)dE = 1; we leave it this way because there are usually some variables left in dny
[see, for example, Eq. (5.43)].
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It follows that with a projectile energy of E = h?k?/2m;, this density of
final states is given by

B L rmy _ B (hk)2
o =ar(or) T F o (534

5.4 Incident Flux

The incident probability flux of the first particle in our model problem with
an incident wave of the form

1 .
o (1) = —= ot ; incident wave 5.35
Yo (1) Nis (5.35)
is given by Eq. (2.27) as
1 (hk
Line = 7 (mf) ; incident flux (5.36)

This is the probability flow of the incident particle past a given point per
unit time. It is the ratio of the transition rate to the incident flux that is
the physical observable here.

5.5 Summary

In summary, in our model problem the ratio of the transition rate to inci-
dent flux that we measure in our final particle detector is

1 k m 2
HRJ% dny = (ko) (FLT,I@) |(k, no| H' |ko,m3)|? (5.37)
L ) Lo
(ol Vo, ) = [ dan @097 [ oy 07 (m2) H 2,1y )
0 0

Note that the two factors of L coming from the density of final states and
incident flux just cancel the factors of (1/L)? coming from the normalization
of the projectile wave functions. If the integral over x; is convergent, its
upper limit can be extended to infinity, and the size of the big region L
in which the projectile moves has then disappeared from the problem! The
above expression is analyzed in more detail in Prob. 5.1.°

51t is useful to note that the p-b.c. allows the integral over the coordinate z; of the
first particle in the matrix element in Eq. (5.13) to be rewritten as ffiﬁz dxy.
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The extension to higher dimensions follows immediately from

I\2
dny = <2) d*k ; two-dimensions
T
I\3
= (2) &k ; three-dimensions (5.38)
™

5.6 Born Approximation

Let us return to our three-dimensional problem of the scattering of a particle
from a potential V(r), and we calculate to lowest order in V(r). This is
now a one-body problem. We work in a large box of volume L? and apply
p-b.c. The initial and final particle wave functions and energies are

. (iR (k)
i ; B =
= l?f ,_ (hK)
: E = .
Uy(E) = e B = (59)
The initial probability flux is
P 1 hk
Iine = k-S(@) = 5 (5.40)
The transition rate multiplied by the number of final states is
2 L3
pdny = — )?6(E' — E k A1
Rdng = STUAVIPSE - B) | | (540
Here the matrix element of the potential is given by
(IVE) = 75 /deeWV( ) =R F (5.42)

Multiply and divide the transition rate by dE’, do the integral over the
Dirac delta function, and invoke the resulting energy conservation to obtain

Ryidny = 2%HfIVIi)I2 [(QI:)sk (g;) dQ} (5.43)

where df) is the solid angle into which the particle is scattered. Now use

dE W2k
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The differential scattering cross-section is then given by

1
Iinc Rfi dnf

Note that the factors of L have cancelled from this expression, which can
be rewritten as

do =

k2 (m) Q. (5.45)

do
o \fpalk,0)
foa(k,0) = / P Ty () = %’ZV(T) (5.46)

This is precisely the Born approximation result in Eq. (4.43)!

It is quite amazing that with so many different factors coming from so
many different places, we obtain the same result from our transition-rate
analysis as we did from the time-independent scattering study. In the end,
the transition-rate approach is more powerful and useful.

5.7 Two-State Mixing

So far in looking at transition rates we have worked to leading order in H'.
We now simplify the problem enough so that we can treat H' exactly. We
still seek separated solutions to the Schrodinger equation as in Eqgs. (2.18)—
(2.22), so that we have

U(z,t) = P(a)eFHP

Huy(xz) = Ey(x) i H=Hy+ H’ (5.47)
The eigenfunction v (z) can be expanded in the complete set of solutions
to the unperturbed problem

x) = Zanwn(x)
Hotn(z) = Epthn () (5.48)

Substitution into the eigenvalue equation, and the use of the orthonormality
of the eigenfunctions v, (z), gives

Y [(BR = E) bu + (nH'|0)] an =0 (5.49)

n’
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This relation is still exact, and there is one equation for each n. We are thus
faced with an infinite set of coupled algebraic equations for the amplitudes
(a1,as2,as, - ); however, we now make some simplifying assumptions:

e We assume that it is only the mixing of a pair of states (11, 12) that is
important for us;

e We assume that the pair is degenerate, with energy ;¢

e We assume that the diagonal elements of H’ vanish.

e We assume the off-diagonal elements of H' are real, with H{, = Hj;.

The above equations then reduce to the following simple pair of equations

(EO — E)a1 + H{Q ag = 0
H{2 a1 + (EQ — E)Clg =0 (550)
This is a pair of linear, homogeneous, algebraic equations for the ampli-

tudes (a1, az). These equations will only have a non-trivial solution if the
determinant of the coefficients of (aj, as) vanishes. Hence

(Bo — E)? — (Hjy)* = 0 (5.51)

It follows that the eigenvalues and corresponding (normalized) eigenfunc-
tions are

E. — Eo+ Hi, () = % [ () + o (2)
! : _ ) — T
E_ — Eo— H), V@)= @) @] (5.52)

The general solution to the two-level problem is then obtained as the
linear combination of the separated solutions

U(x,t) = cy by (@) e Brt/P pc op_(x)e Bt/ (5.53)
Suppose that at the initial time ¢t = 0 we start in the state 1 (), so that

; initial condition

U(x,0)

I
<
=
—

8
N

cy =c.=— (5.54)

6These could be the pair of first excited states of a particle in the square two-
dimensional box, for example. [See Egs. (3.41).]
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Then at a later time

U(z,t) = a1(t)Y1 () + az(t)pa(z)
ar(t) = 1 (efiE+t/h n efiE,t/h)

1 A .
as(t) = = (e*lE”/h - e*lE*t/h) (5.55)

The probability of finding the particle in the state 1 (z) after time ¢ is
then

Pi(t) = |a1(t)|* = cos® (H{,t/h) (5.56)
while the probability of finding it in the state ¥q(x) is
Py(t) = |ag(t)|* = sin® (H}y t/h) (5.57)

Evidently the particle oscillates back and forth between the states (1, 12)
with an angular frequency Hj,/h, and

P(t)+Py(t) =1 (5.58)

This is essentially the analysis that applies to neutrino mixing, or that
of the neutral kaon, in particle physics.”

"See, for example, [Walecka (2008)].



Chapter 6

Quantum Electrodynamics

In order to do more physics, we need to get more realistic. An essential
part of modern physics is the interaction of a charged particle with an elec-
tromagnetic field. We certainly cannot do all of quantum electrodynamics
here, and we will be content to include the electromagnetic field through
vector and scalar potentials (/T, ®). This will allow us to describe

(1) A static Coulomb field, as in an atom,

O(Z,t) = Pooulomnp(r) cA=0 (6.1)
(2) A static magnetic field!
B(&) = V x A(Z) c D=0 (6.2)
(3) A transverse radiation field® with
B(i,t) = V x A(Z,t) c D=0
Bz.t) = _3Agtc,t)
A(Z,t) = Re [eﬁ 61'(];“7‘*”5)] s w=ke (6.3)

where €}, with s = (1,2) are transverse unit vectors.

To proceed, we need to construct the hamiltonian for a charged particle in
such an electromagnetic field.

'With V- B = 0.
2See [Walecka (2018)].

45
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6.1 Hamiltonian

The classical hamiltonian for a charged particle in an electromagnetic field
with vector and scalar potentials (A4, ®) is given by

H= % [ﬁ— Az, t)}2 + e®(Z, 1) (6.4)

We shall justify this by showing that the classical Hamilton’s equations
produce the Lorentz force on the particle

F=c¢ (E + U X é) ; Lorentz force (6.5)

Hamilton’s equations read

= ;1=1,2,3
8]97, dt 3t )<
OH dpi
=—— 6.6
The first of Hamilton’s equations expresses the particle velocity as
dx; 1 -
;= — = — |p— eA(T t} .
o=t == [-ed@) (6.7)
Differentiation of this relation gives
dp; d?x; dA; (%t
L (1) (6.8)

at — de Yt
The second of Hamilton’s equations then yields the force on the particle
through®

md2$i - _edAi(f,t) . O0H
de2 dt Ox;
_ oA oA T 04)) 0%
- ax]— v ot 1% 8.’EZ eaxi
0A; 0A4;
=eF; + ev; |:an — 83:} (69)
? J

where the electric field E receives a contribution from both potentials

. Y\
E=-V&- - (6.10)

3We use our convention that repeated Latin indices are summed from one to three.
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Now use the vector manipulations

[17 X (ﬁ X /T)L = EijkVj (ﬁ X /_f)k = €ijk sklmvj%
= [0t Om — bim 6] Uj%
= v [88‘;1; —~ g‘:] (6.11)
The magnetic field B is obtained from the vector potential through
B=VxA (6.12)
Hamilton’s equations then reproduce the Lorentz force equation
F=ce (E +U X E) ; Lorentz force (6.13)

6.2 Schrodinger Equation

Thus, for our purposes, the Schrodinger equation for a non-realtivistic par-
ticle in a potential V' (r), in the presence of additional electromagnetic fields
with vector and scalar potentials (A4, ®), is given by

(7
m%f’t) = HU(Zt) ; Schrodinger eqn
1 7. - (12 R
H=—|p—cA@ 1| +e@@n+v(e)  (6.14)

Upon quantization, in order to satisfy the basic commutation relation

h
[pi, ;] = 552']' (6.15)
we continue to employ
I = .
p==V ; canonical momentum  (6.16)
i

6.3 Ionization in Oscillating Electric Field

We start the discussion of electromagnetic interactions with a very simple
example, where we explicitly have all the wave functions. Suppose a charged
particle is moving in the ground-state of the one-dimensional box, and it is



48 Introduction to Quantum Mechanics

boosted into the continuum by an electric field that is oscillating along the
z-axis according to

1 . .
53 = 50 COSLdot = 505 (ezwot + eilwot) (617)

The interaction hamiltonian is then
H' = —e&yx cos (wot) = — (63‘0> xe ot (6.18)

where it is only the final term that will increase the energy of the bound
particle in Egs. (5.17) and (5.18).

The initial and final wave functions and energies are*
h2m?
Uil = V@) 5 B gl
1 ikfx (hkf)2
= — s B = ; p.b.c. 6.19
’l/)f (ZL') \/Ze ) f 2m b C ( )

The transition rate times the number of final states is then

2
650 27 (2 L
wdng = (| — | — 0(Ef — E; — hwg) | ——dk 2
Rany = (50) 2 1471el) ol ) | ayhs] (020
We can now carry out some familiar manipulations and use
dE;  hlky
_— = — 6.21
dkf m ( )
The maximum energy density of the electric field is
Uy = %053 ; field energy density (6.22)
The transition rate per unit field energy density follows as
2
1 k b .
—Ryidny; = ma &y / dxe_ZkfIxz/JnO(x) ; By = By + hwg
(6.23)
were « is the dimensionless fine-structure constant
2
1
< — (6.24)

C 7 dneohe | 137.0

4Here d is the size of the confining box.
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The transition rate is proportional to the absolute square of the tran-
sition dipole moment. If the integral converges, then the expression in
Eq. (6.23) is again independent of the length L of the region of the final
continuum particle. It is also easy to check that the expression in Eq. (6.23)
has the correct dimensions.

6.4 Interaction With the Radiation Field

To lowest order, the interaction with the radiation field in the hamiltonian
in Eq. (6.14) is

R P o VIR . hg
H' = - |5 A@.1) + A(@.0) - 7] L F= 5
. - 171 7o e
A(@,1) = AR, 5) &, [eﬂk-w*wﬂ + e*“k'w*wt)} (6.25)

Here A(E, s) is the amplitude of the vector potential in the classical wave.
Since the fields are transverse with £ - € = 0, we can move p through to
the right in the first term, and rewrite

H = —cA(Z1) - % (6.26)

To leading order in A, this looks like the classical expression —eA(Z, t)-7.
If we are looking at transitions that put energy into the system, then, as

before, we can simply use®
AF4) = LA 5) . iEa—wt - By = E; + hw 2
(‘Tat)*i ( 75) is € ) f= i+ (6 7)
We also know that the time-average energy flux in the classical wave is%
2
Sine = [EO;AQ(las)} c ; energy flux (6.28)

6.5 Photoionization

We are now in a position to make a more realistic calculation of photoion-
ization by the radiation field. We work in three dimensions with initial and

5See Prob. 6.3.
6See [Walecka (2018)]; remember that now E = —Bj/at, and the magnitude of the
time-average Poynting vector for the electromagnetic field is Sijpe = <£0E2)c.
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final particle wave functions and energies

Vi(Z) = ho() ; By = Ey
1 7 - Bk )2
by (T) = ﬁelkw iy = U )

The transition rate multiplied by the number of final states, and divided
by the incident flux, is then

(6.29)

1 e2 1 27 T 2
— Rpdny =(—C ) —— T\ e . | BreFFE 5 (7
Sine Ryidny (2€ow20>(m2L3> x ( h ) ks / e Po(@)

L3
x §(E; — Ey — hw) {Wd%f} (6.30)
Write d3kf = k]% dQy dky, and use
dE; Bk
— = 6.31
dk‘f m ( )
This yields
1 D
Wi = S—Rﬁ dny ; photoionization
mc
a [ kf Pk 7 ?
_ WRNEE 3, i(k—kp)@ [ P =
52 <2E) €r, /d xe (m> Po(Z)| dQy  (6.32)
where the energy E is defined by
(ik)?
E=-—— .
ZT (6.33)

This is a nice result. It is the general expression for photoionization
by the classical radiation field to lowest order in «. Note that the factors
of L? have again cancelled. One can again check that this has the correct
dimensions.

6.6 Normal Mode Expansion of the Electromagnetic Field

The next challenge is to express the free electromagnetic field in normal
modes, that is, as a set of uncoupled simple harmonic oscillators. We work
in a big cubical box of volume Q = L3, and apply periodic boundary con-
ditions.
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The total energy in the free electromagnetic field in the box is obtained
through the sum of the squares of the electric and magnetic fields. In SI
units it is given by

1 _ 1 =
E = —/ d*x <50E2 + B2> ; field energy (6.34)
2 Ja [0

One has the freedom of choosing a gauge for the electromagnetic poten-
tials,” and here we work in the Coulomb gauge. This gauge has the great
advantage that, when quantized, there is a one-to-one correspondence of
the resulting quanta with physical photons. For free fields, the Coulomb
gauge is defined by

<l

CA=0 ; =0 ; Coulomb gauge (6.35)
The electric and magnetic fields are then given by

, A L.
Foo4 . B=VxA (6.36)

With periodic boundary conditions, the normal modes are given by
plane waves

1 .= - 2
ap(7.1) = ﬁez(k‘m—wkt) = %(nw,ny,nz)
wk:|E\c in; =0,£1,42,--- ; i=ux,y,2 (6.37)

Once again, we have an infinite, discrete set of wavenumbers, and the nor-
mal modes are orthonormal

/Q B g2 (7,0) g (7,1) = b 1 (6.38)

Now introduce a set of orthogonal, transverse unit vectors €. for each
k as shown in Fig. 6.1. They satisfy

0 ;s=1,2
Cris " Cg = Os, (6.39)

) )

7See Probs. 6.1 and 6.2.



52 Introduction to Quantum Mechanics

Fig. 6.1 Orthogonal, transverse unit vectors €;;_ for each k.

The vector potential can now be expanded in normal modes as follows

2 1/2
A7 h — i(k-Z—w * = —i(k-Z—wp,
(6.40)

where we have chosen particular amplitudes for the normal modes which
will make the energy come out nicely. This expansion has the following
features to recommend it:

e This expression is real, giving rise to real (E, é);
e Since only the transverse polarization vectors are used in the expansion,
one has ensured that
V-A=0 (6.41)

—

o A(Z,t) satisfies the wave equation, and, since the order of partial deriva-
tives can always be interchanged, so do the fields (E, B)

OA(Z,t) =0 (6.42)

= OBt =0B(t) =0 (6.43)

The periodic boundary conditions are obeyed;
There is enough freedom to match the initial conditions.

The normal-mode expansion in Eq. (6.40) can now be substituted in
the expression for the energy in Eq. (6.34), making use of the definition
of the fields in Egs. (6.36). This is classical E&M. The calculation is
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straightforward, and the details are given in appendix A. The result is®
1
E = Z Z hwki (a%sa,;s + a,;sa;»s) ; normal modes  (6.44)
Lk s=1

The problem has been reduced to normal modes. One has an infinite,
uncoupled set of simple harmonic oscillators, one for each value of the
wavenumber k and polarization s.

6.7 Quantization of the Oscillator

We will spend some time with the quantization of the simple harmonic
oscillator, since that will be central to what we do in quantum mechanics.
The hamiltonian for the one-dimensional oscillator is

2 2
_ o R - osci
H= S + ) ; oscillator (6.45)

Introduce the destruction and creation operators by

__r (%)W 2ok
~ (2mhw)t/? \on -,
. (M)
“ T Cmhoyz T ( 271) (6.46)

From our discussion of the hermiticity of operators, it is clear that a' is the
hermitian adjoint of a.® The canonical commutation relation between the
momentum and coordinate is

h
[p.al = - (6.47)
It follows that the creation and destruction operators satisfy
[a,al] =1 ; commutation relation (6.48)

Written in terms of these new operators, the hamiltonian takes the form

H = hw (aTa + ;) = hw (N - ;) (6.49)

8Recall ¢? = 1/egpuo-
9See Prob. 6.4. Here we label the coordinate more generally as q.
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Here we have defined the number operator by
N =dla ; number operator (6.50)

It further follows from our discussion of hermiticity that the number oper-
ator N is hermitian; consequently, it has real eigenvalues.®

Now we could write and solve the simple harmonic oscillator as a one-
dimensional differential Schrédinger equation in coordinate space.!! It is of
great interest, however, to see how far we can get on the spectrum of the
number operator, and on the application of the creation and and destruction
operators to those eigenstates, using only the general principles of quantum
mechanics, in particular, the commutation relations of the creation and
destructions operators.

We shall therefore proceed to work in an abstract occupation number
space, where we write the eigenvalue equation for the number operator in

abstract form as!?

N|n) = n|n) ; abstract eigenvalue equation (6.51)
The abstract eigenstates are orthonormal, with an inner product satisfying
(n'In) = 6y pr ; orthonormal (6.52)

This relation actually follows by taking a matrix element of Eq. (6.51) and
using the hermiticity of NV

(n'|N|n) = n(n'|n) = n’(n'|n) (6.53)
Hence
(n" —n)(n'In) =0 (6.54)
The abstract states are also complete, satisfying the relation

Z [ny(n| =1 ; complete (6.55)

10 Again, see Prob. 6.4. The hermitian adjoint of a product of operators is the product
of hermitian adjoints in reverse order.

1 As done, for example, in [Walecka, (2013)].

12The coordinate-space wave function is the component form of this abstract state vec-
tor; in the language of Chapter 9, one has (z|n) = ¢ (x), where ¥, (z) is the coordinate-
space wave function.
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To justify this, take an arbitrary matrix element (ns|---|n1) of this relation
Z<1’L2|’I’L nlnl Z(s’ﬂm nny = nzﬂll
n
= <n2|n1> (6.56)

which is the correct answer.
Let us now see how far we can get in this abstract occupation number
space using just the general principles of quantum mechanics. Consider

[N,a'] = a'aa’ — a'a’a = afla,a’] = o (6.57)
It follows that
Na'|n) = a" (N +1)|n) = (n+ 1)a'|n) (6.58)

Hence a' raises the eigenvalue by 1

afln) = C(n)|n + 1) (6.59)
In the same vein, consider
[N,a] = a'aa — aa'a = —[a,a']a = —a (6.60)
As before
Naln) =a(N —1)|n) = (n—1)aln) (6.61)

It follows that a lowers the eigenvalue by 1
aln) = C(n)|n — 1) (6.62)

Let us demonstrate that this lowering property must terminate, since the
eigenvalues of n must be non-negative. Consider the matrix element

n = (n|N|n) = (nla'a|n) = |C(n)|*> >0 (6.63)

In order that the lowering process not actually produce a state with negative
eigenvalue, one must have

alnmin) =0 (6.64)
Hence, the lowest eigenvalue of the number operator is zero

N|nmin) = N|0) =0 (6.65)
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The states with integer n are then obtained from this by repeatedly
applying a' to it using Eq. (6.59).13 The norm of the raised state is given
by

(njaat|n) = (n|N +1jn) =n+1
=[C(n)]? (6.66)

Let us choose the relative phase of all the basis states so that

Cn)=vn+1 (6.67)
It follows that
alln) = vn+1|n+1) (6.68)
Similarly
afln —1) = /n |n) (6.69)
Operate on this state with a
aa’ln —1) = (N +1)|n — 1) = n|n — 1) = V/n aln) (6.70)

Hence, with our phase convention

aln) = /n|n—1) (6.71)

In summary, we have found the eigenstates and eigenvalues of the simple
harmonic oscillator hamiltonian in Eq. (6.49)

1 1
H:m(afa+2>:m(N+2) (6.72)
using the commutation relation
[a,al] =1 (6.73)

and the general principles of quantum mechanics. We have also found the
effect of the creation and destruction operators on these abstract eigenstates

Hln>=ﬁw<n+;>|n> ;n=0,123,
aln) = vn |n—1)
a'ln) = vn+1|n+1) (6.74)

13See Prob. 6.5.
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It is really quite remarkable that we are able to obtain all of these results us-
ing only the general principles of quantum mechanics and the commutation
relations of the creation and destruction operators!

6.8 Quantization of the Electromagnetic Field

We are now in a position to quantize the electromagnetic field. We treat the
normal-mode amplitudes as creation and destruction operators, and write
the uncoupled energy in Eq. (6.44) and commutation relations as

2 2
1 1
— . i + B 1
H = szk (Nks + 2) = szk (agsaks + 2)
E s=1 i os=1
[aEs’ a%lsl] = 5];7]2/ 53,5’ (675)

We then have an infinite set of uncoupled simple harmonic oscillators, one
for each mode. The state vector is the direct product of abstract state
vectors, one for each mode, that satisfy

aTgsaEsmEs) =ng|ng,) s g, =0,1,2,--- (6.76)

The quanta are called photons, and we are back to where we started the
course!

The vector potential in Eq. (6.40) now becomes a quantum field operator
that creates and destroys photons

2 1/2
. h L L
7t) = E E - g tkF—wrt) 4 1z ik d—wkt)
A(Z,t) = 2 (20%509) [aks - iR T +al & e i(K-&—wy, }
k S=
(6.77)

As does the interaction with a non-relativistic charged particle in Eq. (6.26)

H = —eA(7,1) - % (6.78)

6.9 Radiative Decay

We now have enough information to compute the rate for the radiative
decay ¥; — ¥y + . With the interaction in Eqgs. (6.77) and (6.78), it is
the appropriate creation operator in the vector potential that makes the
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transition to the final photon state of [1; ). The decay rate then follows as
in Eq. (6.30)

he? 27
Rfi dnf o <2wk509> <h)

§(Bf — E; + hwy) {(;)?’d%] (6.79)

The volume element € = L3 cancels. Now use d°k = k2 dk dS2;,, and

2

& - / P @) L@ x
3

dk 1
] = T (6.80)

This gives the photon emission rate

Wyri = Rfi dnf
— 2
= Y e [ BreFTr@) Log@)| do,  (6.81)
2712 ks f m g

This is a powerful result. We have calculated the rate for photon emission
by a charged particle making a transition in any quantum system!

6.10 Schrodinger Picture

In the Schrddinger picture, the operators are time-independent, and
all the time dependence is put into the wave function. Thus the
Schrodinger equation for a non-relativistic particle in a potential V' (r), in
the presence of additional electromagnetic fields with vector and scalar po-
tentials (/Y, ®), in the Schrédinger picture is given by

U (7, t
zh% = HV(Z,t) ; Schrodinger picture
Ly cd@)| +ea
H= ——[7—cA@)| +e0(@)+V(r) (6.82)

Upon quantization, in order to satisfy the basic commutation relation

h
[pi, z;] = ;5@‘ (6.83)
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we continue to employ

h =
p=-V ; canonical momentum  (6.84)
i

The vector potential A(Z) is quantized in Eq. (6.77), where it is A(Z,0).
Note that one then has a full interacting quantum field theory.

Other pictures, in particular the interaction picture where the free-field
time dependence is put into the quantum field operators [see Egs. (6.14)]
are discussed in Sec. 9.7.

6.11 Lasers

Suppose we have a whole array of excited systems in the same state prepared
to make a radiative transition down to another state. When making the
radiative transition, the creation operator in the vector potential acts on
the state |nj ) in which there are already photons present. It gives

af Ing,) = /ng +1 g, +1) (6.85)

The larger the value of ng_, the larger the amplitude ,/n;  + 1. Hence, as
ng, grows, the emitted photons are more and more likely to go into the
same single mode with a given value of ks. The result will be an intense
electromagnetic wave with a single value of ks. This is the laser.

M Quantum electrodynamics (QED) is examined in detail in [Walecka (2010); Walecka
(2013)].
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Chapter 7

Quantum Statistics

If we have a system of many identical particles, we have to be concerned
with the quantum statistics of these particles. Let us start by considering
a collection of bosons.

7.1 Bosons

Let us order the available single-particle states as 0,1,2,--- i, 7, k,---.
The state vector for the many-particle system in the abstract occupation
number space is then just the direct product over all the single-particle
states with the number of particles in each mode

[noming ---) = |ng)|ni)|ne) - - ; abstract state vector  (7.1)

The operators in this space are just our previous simple harmonic oscillator
operators for each mode, and for bosons, we will now denote these operators
by b and bf. They satisfy the commutation relations

[bi,b;] = ;5 ; commutation relations (7.2)

All of the properties of these operators follow exactly as in Sec. 6.7. As we
have seen, this analysis holds for photons. It also holds for non-relativistic
spin-zero systems such as ‘He atoms, which are also bosons. Let us here
focus on this latter case.

Suppose we have a single-particle operator such as the kinetic energy
for this many-body system. We write this operator as

T = Z Z b; {J|T|i) b; ; one-body operator (7.3)
g
Some comments:

61
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e From now on we use a hat over a quantity to indicate an operator in
the abstract space, except for the creation and destruction operators
where this is obvious;

e Here (j|T'|i) is the appropriate single-particle matrix element for the
problem at hand

GIT i) = / @33 ()T () (7.4)

e If T is diagonal, then

T =" (ITl)bib; = > (IT]5)n, (7.5)

J J

e In this last case, the many-body matrix element of the kinetic energy
operator is

(ning -~ |T|n1 ng ) = Z<j‘T|j>nj (7.6)

J

This just adds up the kinetic energy of all the filled states, and it is
clearly the correct answer.

We can rewrite this one-body operator T by introducing the non-
relativistic quantum field

(&) =D (&) b, : quantum field
D(@) = Ejj (&) b (7.7)
;
The one-body operator is then
- / P O ()T (7.8)

Suppose one has a two-body operator, such as the potential between all the
pairs

D NACEE) (7.9)
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The extension of the above is simply!
1 N S
V=3 / d’z / &y O (GOt @V(E - G H@PE)  (7.10)

One can then construct a hamiltonian and write the many-body
Schridinger equation in this abstract occupation number space as

m%m;(t» = f]|\1/(t)> ; Schrodinger eqn
H=T+V (7.11)

This is often referred to as second quantization.?
If the number of bosons is conserved, as in the case of *He atoms, then
there will be one Schrédinger equation in each subspace of given V.

7.1.1 Bose Condensation

Suppose we have a non-interacting collection of bosons at very low tem-
perature. They will all occupy the same lowest-energy single-particle state,
and the ground state of the many-body system becomes

|N,0,0,---) = |N)|0)|0) - - - (7.12)

This is known as Bose condensation.
Consider the creation and destruction operators (b, by) for the zero-
mode. Redefine these operators as
bT
b= — el =% 7.13
\/N » S0 \/N ( )

Consider the commutator of these new operators

bo, bi] 1
[ 017\7 ol _ &~ ~0 (7.14)

This vanishes for large N. We can therefore forget about the fact that these
new quantities are operators and just treat them as classical quantities (“c-
numbers”). What is their value? Take the matrix element of

[£O> Eg] =

1

2
N(Mbébolw = &|" =1 (7.15)
IThere is no self-interaction, and we can always subtract it off as a one-body operator

to eliminate it, if need be.
2See [Fetter and Walecka (2003a)].
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Hence the c-number &, is a pure phase.
Consider the first term in the quantum field operator

Yo(@)by = EoV'N 1o ()
= ¢o(T) (7.16)

For Bose condensation with large N, the quantum field operator can thus
be separated into two parts

D(F) = do(F) + Y 1;(F)b; (7.17)

jz1
We observe the following:

e The first term is a c-number;

e It has the spatial dependence of the lowest-energy single-particle state
Yo ();

e It serves as a wave function for the condensed many-body system;

e Since the Bose condensate is described with a single-particle wave func-
tion, it is not surprising that it exhibits many of the unusual features
of a quantum fluid, such as quantized vortices; 3

e The remainder of the above quantum field is an operator acting on the

states above the condensate.

7.2 Fermions

There is another class of particles, for example, electrons and nucleons, that
show a very different behavior. These are the fermions that obey the Pauli
exclusion principle, which states that

One cannot put two identical fermions into the same state.

We have to go back and build this principle into the fermion operators
in the abstract occupation number space. Consider the operators in one
mode (a, aT). Instead of imposing commutation relations, we impose anti-
commutation relations

{a,a'} = ad" +ala=1
{a,a} =aa+aa=0
{a', a"} =da'a’ +aTa’ =0 (7.18)
3See [Walecka (2008)]; see also Prob. 7.5.
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Consider the action of these operators on the two states |0) and |1), where
1) = a'l0)
all) = 0) (7.19)
e The number operator then gives the correct values
a'all) = (1 —aa') a’|0) = |1)
atal0) = (aTa) all) =0 (7.20)
e And further application of a' and a takes one out of this subspace
af|1) = afaf0) =0
al0) = aa|l) =0 (7.21)

e Thus these operators fulfill the condition that one can have either |0)
or |1) particles in a given state, but no more.

The anti-commutation relations we then impose in the abstract occu-
pation number space for fermions are

{a, a;} =0;; : fermions
{ai, a;} = {a, al} =0 (7.22)

The only challenge now is keeping track of signs, since the operators for
different modes anti-commute. One has

no...n87108n8+1...>
7/LO"'TLs—l]-sns—Q—l"'>

Ss=mng+ny+--+ns1 (7.23)

CLS|7’L0 Mg 18 Ng41 - > - (_1)SS

ai|n0...ns_1osns+1 > — (—]_)S5

The trick is to keep the operators paired until they reach the state on which
they operate. For example

alaslno---ns--->Zns\no~-~ns~-~> (7.24)
For fermions, the field operators now become*
(T) = ij(a?) a; ; quantum field
J
(@) =D Y5 (&) al (7.25)
J

4For the spin-1/2 electrons and nucleons the single-particle wave functions become a
little more complicated — see below.
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The kinetic and potential energies in this abstract occupation number space
again take the form®

T = /d% OH@)TP(T)
N 1 PP o A
V=g [@ [eyit@i@viE-ahi@ie) 10
and the many-body Schrodinger equation is again
lh%ﬂl(t)) = H|U(t)) ; Schrodinger eqn
H=T+V (7.27)

The quantum many-body problem is discussed in detail in [Fetter and
Walecka (2003a)].

7.3 Connection Between Spin and Statistics

It follows from some of the more esoteric aspects of relativistic quantum
field theory that there is a connection between spin and statistics

Half-integral spin particles obey Fermi statistics, while integer spin
particles obey Bose statistics.

Electrons and nucleons have spin-1/2, and they obey Fermi statistics.
4He atoms have spin zero and photons have unit helicity (the component
of spin along the direction of motion); they obey Bose statistics.

We can keep track of the helicity of the photons with the polarization
vectors

1
er ., =F— (€, tier 7.28
E+1 V2 ( E1 k2) ( )
For the spin-1/2 particles, we keep track of the spin projection along the
z-axis with a set of two-component column vectors 6

b)) o

5Note that the two-body potential now vanishes if the initial or final pair of single-
particle states are identical since a? = (a;r-)2 =0.

60ne then uses the complex conjugate transpose @Z);L (Z), or adjoint, of the single-
particle wave function in the field [note Eq. (11.41)].



Chapter 8

Quantum Measurements

In discussing measurements in quantum mechanics, it is always good to have
a specific experiment in hand. We start our discussion with the Stern—
Gerlach experiment — one of the pioneering measurements in quantum
mechanics that led Pauli to the concept of spin.

8.1 Stern—Gerlach Experiment

In this experiment a beam of neutral particles with internal angular mo-
mentum AS, here assumed to be spin-1/2 with S, = +1/2, and a magnetic
moment [ = 2u§ in the direction of the spin, is passed through an inho-
mogeneous magnetic field (see Fig. 8.1).

dB

z
dz

i
L
i

Vrrrri

inhomogeneous
z magnet
j_)y (A)
X

Fig. 8.1 Stern—Gerlach experiment on a spin-1/2 system with a magnetic moment i =
2uS, and S; = £1/2. The z-axis is in the plane and vertical.

67
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The particles feel a force in the z-direction of

dB,
dz

F, =pn, (8.1)
Instead of seeing a continuous distribution of particles coming out of the
detector in the z-direction, one observes only two beams, corresponding
to S, = £1/2. This illustrates the discrete quantization of the angular
momentum. One observes just the eigenvalues of S, .

In quantum mechanics we understand what is happening by saying the
initial internal state of each particle is a linear combination of the two spin

states!
[Yine(8)) = 1 () [ 1) + (D) [ 1) (8.2)
The probability that we will measure spin up is then |c4(¢)[?, and the prob-
ability that we will measure spin down is |c| (t)|?, where
e @) + ey ()))* =1 (8.3)

The internal Schrodinger equation tracks the behavior of both components
as time progresses.

Suppose one now passes the top beam through a second detector iden-
tical to the first one as illustrated in Fig. 8.2.

|+ =

—_—

H (A) X

Fig. 8.2 Repeat of Stern—Gerlach experiment on upper beam using detector (A).

1

One will now observe that all of the particles coming out again have their
spin up, and there are none coming out with their spin down.? We conclude
from this that measurements are reproducible, and if we measure that the
particle has spin up, then another measurement immediately afterwards
will again say that it has spin up.

1Here the states | 1) and | |) are one-particle states in the abstract occupation number
space.
2We assume pure pass measurements here.
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But in quantum mechanics, we actually have something more profound.
The act of the first measurement has changed the system. It is no longer in
the state in Eq. (8.2). The act of measurement has reduced the basis. The
act of measurement has placed it entirely in the new state

[Yine (1)) = c(t) | 1) P le))? =1 (8.4)

It is even more interesting than this. Suppose that instead of being
oriented in the same z-direction as the first detector, the second detector in
Fig. 8.2 is rotated by 90° about the y-axis and oriented in the z-direction,
which is normal to the plane in Fig. 8.1. What we will now observe coming
out of the second detector is two beams, one corresponding to spin up along
the a-direction | —), and one corresponding to spin down along the z-
direction | +-). How do we understand this? In quantum mechanics these
two states form a complete basis in which the state | 1) can be expanded

|¢>=%<|+>+|e>> (8.5)

Hence, the above state can be rewritten as

) = (1) + 1)) (5.)
The probability that we will now find the system in the state | —) is then
le(t)]?/2, and the probability that we will find | «-) is also |c(¢)|*/2. The
act of measurement again prepares the system in a new state. The internal
Schrédinger equation again tracks the behavior of both components as time
progresses.
Suppose we now select a system coming out in the | —) state with its
spin pointed up along the z-axis. We have then prepared a known linear
combination of the original states®

| =) =@ D +e )]l (8.7)

and the process starts all over again!

Whenever you get confused by abstract discussions of measurements in
quantum mechanics, it is always worthwhile coming back to this example,
where the concepts are quite intuitive.

3You can now figure out what happens if we put detector (A) after either one of these
beams (see Prob. 8.2).
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8.2 Reduction of the Basis

Let us try to formalize this measurement theory. Suppose we are looking at
a single particle, and we have a complete set of the eigenfunctions of some
hermitian operator with real eigenvalues at our disposal

Fipp(z) = foor(z) ; eigenfunctions (8.8)

Order the eigenvalues fo < f1 < fo---, and expand the wave function
U(x,t) in this complete set of eigenfuctions

U(x,t) = Zcf(t)d)f(m) ; complete set (8.9)
!

The state is normalized, so that

S ey () =1 (8.10)
f

Measurement theory then assumes the following:

(1) If we make a precise measurement of the quantity F, we will observe
one of the eigenvalues f;

(2) If we perform a pure pass measurement at a time tq that lets the eigen-
value f through, then the wave function is reduced to*

U(x,t) = cp(t)vs(x) it >t
lep()* =1 (8.11)
The measurement is reproducible and the basis is reduced.

(3) If the measurement simply lets the eigenvalues in the set f; < f < f5
through, then the basis is reduced to

Ui t) = 3 st (o) >t
f

Sl =1 (8.12)
f

where the sum E} goes over f1 < f < fo.

4Note that the coefficient cf(t) must be rescaled to achieve this norm (see Prob. 10.2).
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8.3 A Second Experiment — 7% Decay

As a second, more complex, experiment, consider observations of the decay
into two photons of the neutral, spin-zero, 7° meson. We work in an ab-
stract occupation number space where there are three states (see Fig. 8.3)

om0
= > K
A= +1
= &> K
A= -1

Fig. 8.3 The three states used in the discussion of the 70-decay experiment.

(1) There is a single 7° at rest in the state |7%);

(2) There is one two-photon state with equal and opposite wave vectors k
and unit positive helicities A = +1, where the helicity is the component
of the angular momentum along the direction of motion. With the use
of the photon operators b%)\ this state is

z TR B
[k, +1) | =k, +1) = oL o7 [0) (8.13)

(3) There is a similar two-photon state with equal and opposite wave vec-
tors k and unit negative helicities A = —1

_ 1y =t T
[l =1 [ =, =1) =L b2 o) (8.14)

Since the pion at rest has no angular momentum, and angular momentum
is conserved, there can be no net angular momentum along the direction
of motion of the photons, and therefore it is only two-photon states with
the same helicity that can be accessed during the decay. The state we are
describing in the abstract occupation number space is a linear combination
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of these three states®

T (t)) = /%{C+(t)|/€,+1> | =B +1)+ e () F,—1) | - F,—1)
+eo(t)| ) (8.15)

The Schrodinger equation then tracks all three coefficients in this state
vector as a function of time.

e At the initial time ¢ = 0 we prepare a 7° at rest so that

c(0) =1 ;c4(0) =c(0)=0
;t=0 (8.16)

e There is a piece of the hamiltonian H that converts the my to two
photons; we do not need to know just what this is, only that it is there.
As the time progresses, the 70 will disappear and the two photons will
appear. The decrease in |cy(t)|? with time gives the decay rate;

e After some time, the m is gone, and the state is

ko} e ad - —
w0) = [ G2 {er@F+1) | = Fort)+ e (01F, 1) | - E.-1))
T
S>>0 (8.17)
With no further information, we expect these coefficients to be equal
e ()7 = [e- (1) (8.18)

Now suppose we do an experiment where we set up a detector to look
at the photon with a given momentum hk coming from the decay of a pion,
and we measure the helicity of that photon. We do that experiment over
and over again. The probability that we will measure a given helicity is
obtained from Eq. (8.18). It is equally likely that we will measure A = +1
as A = —1. If we do measure A = +1 in a pure pass measurement, for
example, then the state vector becomes

|0 (t)) = c(t) |k, +1) | — k,+1) Cle@®P=1 (8.19)

We have reduced the basis, and the measurement is now reproducible.

Let us do another experiment. We have a collaborator who sets up a
second detector to measure the helicity of the second photon with opposite
momentum —Ak. If there is no coordination in our measurements, he or

5For illustration, we keep only the asymptotic energy-conserving states with 2fikc =

mac2.
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she will find the same probability distribution as obtained from Eq. (8.18)—
equal numbers of A = +1.

But suppose we arrange the timing to make sure we are doing a coin-
cidence experiment where we measure the two photons coming from the
decay of the same 7°. Now if I find a helicity A\, my collaborator will find
the same helicity A! 1t is only those states that are contained in the state
vector, which supposedly describes the system for all time. Equation (8.18)
implies that the probability that we will both measure a pair with A = +1
is the same as the probability that we will measure a pair with A = —1.
We will never measure a pair with opposite helicities, which would imply
a breakdown in the conservation of angular momentum, since there are no
such pairs in the state vector.

We can go further. If I do a pure pass experiment for helicity A =
+1, for example, the state vector is reduced by my measurement to the
state vector in Eq. (8.19), and the subsequent measurement of the second
helicity, whenever it would occur, would also then give A = +1 with unit
probability. My measurement has determined what the second observer will
subsequently see. And it does not matter how far we are apart when we
make these measurements; the results are now correlated. When we get
together later offline and compare our results for the same 7° decay, we
will find we have measured the same helicities. It is only those states that
are contained in the state vector.®

It is important to note that the Schrodinger equation simultaneously
tracks the time development of the states of both helicities A = +1. It is
only a measurement that selects one or the other of the possibilities.

It is the observations that the Schrddinger equation simultaneously
tracks all the components of the state vector, and that a measurement of
one component reduces the basis and can determine what a second observer
will see, which form the foundation of quantum computing.”

6There is a principle in relativistic quantum field theory known as microscopic causal-
ity, which states that information cannot be transmitted faster than the speed of light.
That principle cannot be violated, and this experiment does not do so.

"See, for example, [Bernhardt (2019)].
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Chapter 9

Formal Structure of Quantum
Mechanics

In mechanics and electricity and magnetism we write the fundamental equa-
tions, Newton’s laws and Maxwell’s equations, in abstract form in the sense
that we write them as relations between vectors. The component form of
these relations is just a calculational tool. The underlying relationships
are between the vectors themselves. Our goal here is to achieve a similar
abstract form for the Schrédinger equation. We have actually seen good
examples of this in our use of the abstract occupation number space for
electrodynamics and for the quantum statistics of many-body Bose and
Fermi systems. Our first step is to generalize the notions of vectors and the
scalar dot product of vectors to infinite dimensional complex linear vector
spaces with an inner-product norm.

9.1 Hilbert Space

Ordinary three-dimensional vectors have cartesian components, and a dot
product defined by

U= (Ul,'l)g,vg)

3
i-b=Y ab (9.1)
1=1

Let us generalize this in two ways:

e Extend the space to have an infinite number of dimensions;
e Let the components of the vector become complex.

75
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One then has
U= (’Ul,’UQ,Ug,"')

@ b= ab, (9.2)
i=1

The square of the length of the vector is then given by
G =T 5= |vf (9.3)

i=1

An infinite dimensional linear vector space with an inner-product norm is
known as a Hilbert space. Our goal is to write the Schrodinger equation as
an operator relation in an abstract Hilbert space.

9.2 Component Form

Let us start with the component form of our relations. In order to do this
we need to introduce the concept of a continuous component, and we also
need to make use of the Dirac delta function that was introduced when
discussing transition rates. In fact, the concepts and notation for what
we are doing here were originally introduced by Dirac in his fundamental
work. !

We first label the components of the abstract state vectors that we are
studying with a subscript x, and calculate the inner product of two of those

vectors as?

<¢m|"/]n> = Z ("/]m); (¢n)gg (9'4)

€T

We now have to define the continuous sum, as well as the components in
the z-direction. We do this by writing the sum as an integral and using our
coordinate-space wave functions for the components

Goltn) = 3 (W)’ (), = / 4z 7 (2)n () (9.5)

This defines the continuous sum. It is just the integral over the appropriate
interval of two of our previous wave functions.

ISee [Dirac (1930)].
2We go back to one dimension for simplicity.
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Let us further introduce the eigenstates of the hermitian position oper-

ator 3

Tlx) = z|z) (9.6)
We can then rewrite the above as

(Cmlthn) =Y (Wm)s (n)y = > (Umlx)(x]thn) (9.7)

x x
where we have identified the wave functions as

(Ymlx) = oy, (2) (9.8)

We now have the consistent physical interpretation that the probability for
finding the particle in the interval dx at the position x if it is in the state
|thn) is the absolute square of the probability amplitude obtained from the
inner product (x|, )

|<x|77/1n>|2 dr = W}n(x)|2 dx ; probability (9.9)

Equation (9.7) allows us to identify the completeness relation for the
eigenstates of position

D el =1 (9.10)

What about the inner product of these states? Here we are forced to deal
with the fact that the eigenvalues of position are truly continuous, and we
write*

(x|2")y = 6(x —a") (9.11)

The relation in Eq. (9.10) then gives us, consistently,

(' |2") = Z<:U/ |z) (z|z" ) = /dxé(:v’ —x)8(x —2")

x

=4(z' —2") (9.12)

3We here and henceforth again use a hat over a symbol to indicate an operator in
the abstract Hilbert space (except for the creation and destruction operators, where it
is obvious).

4Note the Dirac delta function is symmetric, with §(z — z') = §(z’ — z).
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The matrix element of the potential energy in this coordinate represen-
tation is given by
(@'|V(2)|z) = V(z){2'|z) = V(2)d(z — ) (9.13)

The matrix element of the kinetic energy is a little more complicated, but
still straightforward

. h? d? h? d?
/ _ v AR _ v
(@I Tle) = 2m <x dx? x> 2m dx? (@'l)
h? d?

9.3 The Schrodinger Equation

Let |¥(t)) be a time-dependent vector in this abstract Hilbert space. The
Schrodinger equation then reads

) X
ih—|U(t)) = H|¥(¢
i W (1) = HIW (1))
H=T+V (9.15)
Take a matrix element with (x|, and use completeness of the eigenstates of
position®

) = 3l e ([ (1) (9.16)

x!

Identify (z|¥(t)) as the wave function ¥(z,t), and use the expressions for
the matrix elements of the kinetic and potential energies from above.® This
gives

in 2wz, t) = /dm’ {—iaj + V(x)} 5z — 2)U(a 1)

ot 2m 0x?
r? 02
= {_2m&r2 + V(a:)} \I/(Z‘,t) (917)

Low and behold, we recover our previous Schroédinger equation in coordi-
nate space from the component form of the Schrodinger equation written
in this abstract Hilbert space in Eq. (9.15)!

5Eigenstates of momentum are investigated in Probs. 9.1-9.3.
6Note that if the matrix element is real, and if the operator is hermitian (see the next
section), then the matrix element is symmetric (z’|H|z)* = (z/|H|z) = (z|H|z').
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9.4 Hermitian Operators

Let F' be an operator in the abstract Hilbert space. The adjoint operator
F1 is defined by

(Wl Flbm)* = (| ET10) : adjoint (9.18)

where [1,,,) and |¢,,) are any two acceptable states in the space. An oper-
ator is hermitian if it is self-adjoint

F=Ff ; hermitian (9.19)
The eigenstates of a hermitian operator are defined by

Fls) = flvg) ; eigenstates (9.20)

Here f is the eigenvalue, and it follows from Egs. (9.18) and (9.19) that these
eigenvalues are real. The projection of these eigenstates on the eigenstates
of position yield the corresponding coordinate-space wave functions

(xlr) = Py(x) ; wave function  (9.21)

It can be shown for certain classes of operators that the wave functions
form a complete set, in which any other acceptable wave function can be
expanded”

U(x) = Zcf Py(x) ; completeness (9.22)
f

The corresponding statement of completeness in abstract Hilbert space is

|0 = Zcf 1) ; completeness  (9.23)
f

9.5 Commutation Relations

The theory of quantum mechanics for a particle moving in one dimen-
sion in a potential V'(z) is constructed by imposing the following canonical
commutation relation on the hermitian operators p and Z representing the
momentum and position of the particle in abstract Hilbert space

h
b, ] = - ; commutation relation (9.24)
i

"See [Fetter and Walecka (2003)]; see also Prob. 9.1.
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As in Eq. (9.17), this is satisfied in the coordinate representation with

(z|plz’) = ?%5(1@ —a) ; coordinate rep (9.25)

9.6 Ehrenfest’s Theorem

The formal solution to the Schrédinger equation in abstract Hilbert space
can be written as

W (t)) = e /0 |p(0)) : formal solution (9.26)

where the exponential of the operator has a well-defined meaning in terms
of its power-series expansion. If we consider the hermitian operator F then
what we would measure for the time development of this quantity if the
system is in the state |¥(t)) is the exzpectation value®

F(t) = (W(O)|F [0 (t) = (W(0)|! /" e/ w(0))  (9.27)

Differentiate this with respect to time

dF (t)

E = (W)L, ) (9.28)

The operator whose expectation value then yields the time development of
F(t) is given by the commutator with the hamiltonian

(ng)op = L1, F] (9.20)

If F' should have an additional explicit time dependence, this relation be-
comes

dF OF i . -
<dt>op =5 + %[H, F] ; Ehrenfest’s theorem (9.30)

This is known as Fhrenfest’s theorem. We give three consequences:

(1) If the operator F =1, then we are simply investigating the time devel-
opment of the norm of the state. It is evident that

‘

h

8The state is normalized (see below); see also Prob. 9.5.

[H,1]=0 (9.31)
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Thus if the state is originally normalized, it will continue to be normal-
ized as time progresses;
Suppose we have a time-independent operator O that commutes with
the hamiltonian. Then

(iﬁw:;uzm:o (9.32)

The expectation value of this operator does not change with time;
hence, the operator O represents a constant of the motion;
With a hamiltonian of the form

H=-— t .
om + V(%) (9.33)
one has
AT
g s = £
h[ 2] m
1, i
—[H,p]| = =[V(2),p .34
In the coordinate representation, the last expression becomes
o e V(@)
! V(@) 8] o) =~ o - a) (9.35)

Equations (9.28)(9.35) then become the quantum analogs of Hamil-
ton’s equations in classical mechanics.

9.7 Other Pictures

All of the above results hold in what is known as the Schréidinger picture
where Eqs. (9.15) and (9.26) govern the time development of the abstract
state vector. As we have seen, in many cases where

H=Hy+ H, (9.36)

it is convenient to take out the free time dependence and have the time
evolution be explicitly proportional to H;. We do this by going to the
interaction picture. The Schrédinger equation is

z’h%ﬂl(t)) - (ﬁo + ﬁl) W (1)) (9.37)
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Define

(W(t)) = e Hot/h g (1)) ; interaction picture (9.38)

Substitute this in the Schrodinger equation
(Ho + ih= ) |Wo(t)) = e'Hot/h (ffo + H’l) e~ ot/ g (1)) (9.39)

The terms in Hy cancel, and one is left with a Schrodinger equation of the
form

m%NjO(t» = H, (t)[¥o(t)) ; interaction picture
gl (t) _ ez’ﬁot/h gle—z‘ﬁot/h (9.40)
Here
o(t)) = et (1)) (9.41)

This is still an exact formulation of the problem, and always remember that
physics lies in the matriz elements.
We can rewrite the time development of [W(t)) as

o (1)) = Ut t0)|Wo(to)) (9-42)

Then from Eq. (9.40), the time-development operator U(t, ty) satisfies the
following differential equation and initial condition

ih%U(t,to) = Hy()U(t, to)
Ulto, to) = 1 (9.43)

This can then be rewritten as an integral equation
ot
Ult,tg) =1 — %/ dt’ Hy (Ut to) (9.44)
to

This integral equation can be iterated to obtain an explicit power series in
H; for the time-development operator

U(t,to):i—%/t dt' Hy(t') () /dt/ dt" () L () +

(9.45)
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The Schrodinger state vector then develops in time according to Eq. (9.38)
(1)) = e R T (1, 1) [Wo (to)) (9.46)

Suppose we confine the discussion to operators O that have no explicit
time dependence. Their expectation value in the Schrodinger picture, with
a normalized state vector |¥(t)), is

(0) = (¥(1)|O]w(t)) (9.47)

The formal solution to the Schrodinger equation in abstract Hilbert space
is given in Eq. (9.26)

W (1)) = e~/ | w(0)) (9.48)

The Heisenberg picture, which has exactly the same physical content as the
Schrodinger picture, is defined by putting all of the time dependence into
the operators

Ou(t) = HIt/h ) e=iHt/h ; Heisenberg picture (9.49)
The state vector is then independent of time, and
(0) = (¥(0)[On ()| ¥(0)) (9.50)
The equation of motion of the Heisenberg operator is given by

dOp(t) i . -
i = p Ou)] (9.51)
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Chapter 10

Quantum Mechanics Postulates

Here we summarize the quantum mechanics postulates arrived at in the
previous discussion. They are formulated in the abstract Hilbert space.

(1) There is a state vector |¥U(t)) that provides a complete dynamical de-
scription of a system;

(2) An observable F is represented by a linear hermitian operator F:

(3) The operators obey canonical commutation relations, in particular

b 2] = - (10.1)
(4) The dynamics is given by the Schrodinger equation
0 -
zh§|\ll(t)> = H|¥U(t)) (10.2)

(5) The eigenstates of a linear hermitian operator form a complete set!

F'fn>:fn|fn> sn=1,2,---,00

(6) Measurement postulate:

(a) A precise measurement of F' must yield one of the eigenvalues f, ;

(b) If the state vector is normalized, then the probability of observing
an eigenvalue f,, at the time ¢ is [(f,|¥(2))]?;

(¢) A measurement f' < f < f” at time to reduces the state vector to

w(tg)) = 2t lMIn) e < < 7 (104)

() Jay, (to)]?)

1See Prob. 10.1.
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Through his many years in physics, the author has found this to be a
complete and essential set of postulates for the implementation of quantum
mechanics.



Chapter 11

Relativity

11.1 Special Relativity

The final chapter in the text Introduction to Electricity and Magnetism
[Walecka (2018)] discusses special relativity. The speed of light is observed
to be the same in all inertial frames. Lorentz came up with a coordinate
transformation involving the position and the time that leaves the wave
operator unaltered by the transformation

0? 1 92 2 1 92
00 Eort 92 Eol (11.1)

Einstein took this transformation seriously in his special theory of rel-
ativity and said this is how the spatial and time coordinates are actually
related between frames. The amazing implications of Lorentz contraction
and time dilation are repeatedly exhibited in the laboratory today.

An elegant way of summarizing the Lorentz transformation is to say
we live in a complex Minkowski space. Suppose the origins of the frames
coincide at the initial times. With the use of the coordinate along the
direction of relative motion of the frames, and the subsequent time, one
can form a two-vector x,, = (x,ict) in the first frame. The square of the
length of this two-vector is the interval

2
quxu =2 — 22 ; interval (11.2)
pu=1
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A Lorentz transformation to the second frame is then an orthogonal trans-
formation (a rotation) a,, in this space that leaves the interval invariant

ZwLxL =22 - = Zx#x# =22 — *t? (11.3)

p=1 p=1

The calculation proceeds in a familiar fashion

2
WA 5,
Tply = Ay Q' Ty Ty = WV TyLyr = CEVLEV

p=1 p=lv=1lv'=1 v=1v/=1

(11.4)

With the inclusion of the two (unaffected) transverse spatial coordi-
nates, the analysis is extended to four-vectors z, = (Z,ict), and the
Lorentz-invariant scalar product of four-vectors. The theory of special
relativity is then readily developed in this complex, four-dimensional,
Minkowski space in which we live. A detailed discussion can be found
in the text [Walecka (2008)].

Relativistic quantum mechanics is a huge field, and it forms the basis
for everything that goes on in today’s nuclear and particle physics. We
certainly cannot give a comprehensive introduction to relativistic quantum
mechanics here. We can, however, cover two topics that provide a good,
firm foundation for future study. We discuss the quantum field theory of
a massive, neutral scalar field, and we introduce the Dirac equation for
relativistic spin-1/2 systems.

11.2 Massive Scalar Field

The relativistic relation between energy and momentum for a particle with

E = \/p?c® + mict (11.5)

If we identify this with the hamiltonian H, and attempt to quantize with
p'= (h/i)V, the Schrodinger equation becomes

rest mass myg is

1/2

im0 29+ moet?] Co@n (1)

ot
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The square-root causes difficulties.® A repeated application of this expres-
sion, however, leads to a much simpler expression

mopc

(D—mz)qb(f,t):O ;M= ——

(11.7)

This is the relativistic wave equation for a particle with inverse Compton
wavelength m = moc/h.

We know from the previous text Introduction to Classical Mechanics
[Walecka (2020)] how to do classical continuum mechanics with the wave
2 There the analysis is applied to the string, where the wave
equation holds. Introduce the two-vector z, = (z1, z2) = (z, ict), with
¢? = 7/o and i the imaginary number /—1. Also, introduce the convention
that repeated Greek indices are summed from 1 to 2. The basic equation
of motion is then obtained from Hamilton’s principle of stationary action

equation.

6/d2x£ <q, aaq) =0 : d*x = dacdt (11.8)
Ty

The lagrangian density for the string is

_ o [9a(@.)]* 7 [0q(z, )]’
5*2 { ot } 2| Oz (11.9)
This can be rewritten as
_ 7 ( 9q 9\ Tt [0\
L= 5 <8mu> (333”) =-3 <6:1:M ; string (11.10)
Lagrange’s equation for the string then follows as
0 oL 0 oL oL
o [on | 05 [Gwagm) ~ 5 =

With the above conventions, this can be written as

0 [8(85] oL =0 ; Lagrange’s eqn (11.12)

Oz, [0(9q/0x,) | Dq

Now just extend the definition of x,, to include two additional spatial
coordinates x,, = (21, %2, x3,x4) = (&, ict), and take the above analysis over

1One can always start expanding it (see Prob. 11.1).
2See also the book Introduction to Classical Mechanics: Solutions to Problems
[Walecka (2020)]; in particular, see the solution to Prob. 15.10.
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to the scalar field ¢(%,t).> Hamilton’s principle reads
4 ¢ 4. _ 1.3
o | dzL|p,— | =0 ; dx =dx” edt (11.13)
Oz,
Lagrange’s equation reads
o[ o ] o
Oz, |0(0¢/0x,,) 1))

To get the proper scalar field equation we employ

=0 ; Lagrange’s eqn (11.14)

(0 ° 22,2
=——|=—)] — = ; lar fiel 11.1
L 5 (8:0#) 2mc¢ ; scalar field  (11.15)

Lagrange’s equation then reproduces Eq. (11.7)
(O—m?) ¢(z,t) =0 (11.16)

The field ¢ and the lagrangian density £ are both Lorentz scalars. Thus
Hamilton’s principle and Lagrange’s equation are here both Lorentz invari-
ant.

The canonical momentum density is given by

oL 0¢(& 1)

II(z,t) = = 11.1
@8 = @600 ot (11.17)
The hamiltonian density then follows as
¢
=11—-L 11.1
H N (11.18)

This gives*

1[0z, )]1° e . 92 1 .
H(f,t):2[ ‘b(;t t)] +%[v¢>(x,t)} +mieA (@ t)  (11.19)

With periodic boundary conditions, the normal modes for the scalar
meson field are given by plane waves
4@ ) = o= @i f 2T )

VQ

wr = c\ k2 +m?2 cni=0,41,+2,--- ;i=a,y,2 (11.20)

3Now, of course, ¢ is the speed of light.
4Note that this hamiltonian density is positive definite.
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They satisfy the wave equation
(O—m?) qz(%,t) =0 (11.21)

We have an infinite, discrete set of wavenumbers, and the normal modes
are orthonormal

/Qd?’x a3 (7,t) qp (,1) = 0p (11.22)

The scalar field can be expanded in normal modes according to

B2 o o
o(Z,t) = Z (2ka> [CE el T—wit) c% ek T—wit) (11.23)

The total energy follows by substituting this expansion in the hamiltonian
density and doing the spatial integration. The calculation proceeds just as
in appendix A, only here it is simpler. We leave the details as a problem,
and the result is®

1
B=33 h (¢ e+ ez ep) (11.24)
k

Since the analysis has been reduced to a set of uncoupled simple har-
monic oscillators, we can immediately quantize the massive scalar field. We
impose the oscillator commutation relations of Sec. 6.7

e k] = 1 (11.25)

The total energy, which is the hamiltonian, then simply becomes the sum
over the number of quanta in each mode

H= Zk:mk (N,; - ;) (11.26)

The energy of each quantum is just the correct relativistic expression for
the energy of a particle with momentum p'= hk

Bk = By =\ (Fe)? + (moc2)? (11.27)

Let us summarize what we can take away from our discussion of the
massive neutral scalar field:

e This provides the simplest example of relativistic quantum field theory;

5See Prob. 11.2.
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e The lagrangian density is Lorentz invariant, and hence so is Lagrange’s
equation here;

e Lagrange’s equation produces the relativistic wave equation for a mas-
sive scalar field;

e The hamiltonian is obtained from the lagrangian through the canonical
procedure;®

e The normal-mode expansion of the massive scalar field reduces the
hamiltonian to a set of uncoupled simple harmonic oscillators;

e The field is then quantized using the oscillator results;

e The quanta of the field are massive scalar particles, with the correct
relativistic relation between energy and momentum;

e The quantum scalar field QB(:E', t) now creates and destroys these quanta,
which are bosons;

e Interactions can now be included in the lagrangian density. For exam-
ple, an acceptable self-coupling of the field here is obtained by incre-
menting the lagrangian density with

A

/31((?) = T

(11.28)

Relativistic quantum field theory of a massive scalar field plays a central
role in the standard model of electroweak interactions in particle physics, as

well as in model field theories of the nuclear interaction in nuclear physics.”

11.3 The Dirac Equation
The first successful union of quantum mechanics and special relativity for a
single-particle was achieved by Dirac, and here we give the lovely historical
argument [Dirac (1926)].

One wants the theory to possess the following features:

(1) A positive-definite probability density

p=""T >0 ; probability density (11.29)

6We also know from the Introduction to Classical Mechanics text how to obtain the
energy-momentum tensor T}, and the energy flux [Walecka (2020)].

"See [Walecka (2004)]. Relativistic quantum field theory is developed in detail in
[Walecka (2010)].
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(2) A Schrodinger equation that is first-order in the time derivative

v
zhaa—t =HY ; Schrodinger equation (11.30)
(3) A continuity equation
dp - .
5t +V-§= ; continuity equation (11.31)

As before, this will provide a basis for the interpretation of the theory
and ensure that, for a localized particle,

o p(Z,t)d*z =0 (11.32)
(4) The correct relativistic relation between energy and momentum

E? = p%c + mict ; relativistic relation (11.33)

Now we do know of a theory that is Lorentz covariant and involves only
first-order time derivatives, and that is the set of Maxwell’'s equations in
electrodynamics.® Here one has a set of eight coupled equations for the
components of the electric and magnetic fields (E, B). Dirac argued by
analogy. He introduced a wave function ¥ that had a set of n components

wo' ;0'21,27"',7’7/
components of ¥ (11.34)

with a corresponding positive-definite probability density defined by
n
p= Z Vi, (11.35)
o=1

To satisfy Lorentz covariance, one expects to have to treat space and
time on an equal footing, and to satisfy the second requirement above, they
must then occur linearly. Thus Dirac assumed an equation of motion of the
form

3 n
8¢a = ’Zkz z; p —|— mocZBg,ﬂ/)p ; Dirac eqn

c=1,---,n (11.36)

Here (o o Bsp) are simply constants that couple the various components
of the wave function. One now has a set of n coupled, linear, partial

8See Introduction to Electricity amd Magnetism [Walecka (2018)].
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differential equations. In order to satisfy the third requirement above, we
need to investigate dp/0t. To this end, consider

:Zw;l ZZ vpawp+moczﬁvap
P
Zng lz ’;;a mocZﬂ 1 (11.37)

k=1 p

where the second line is obtained from the complex conjugate of Eq. (11.36).
Now interchange dummy summation indices ¢ = p in the second term on
the r.h.s., and add it to the first term. The result can be written as

=t S (T3t
33 (52) -

k=1 o

+moc22w (Bop = Bro) Y (11.38)

To have a continuity equation, the r.h.s. should be the divergence of some
quantity. It will be a divergence if the last two terms are absent. They will
disappear if the numerical coefficients in Eq. (11.36) are required to satisfy
the relations

50;) = ;a
Oéfip = a’;‘; (11.39)
These requirements can be rewritten in matriz notation as®
B =g
ok = okt ck=1,2,3 (11.40)

Here we have used the fact that the complex conjugate transpose of a matrix
is the adjoint

[m'],, =m}, ; adjoint (11.41)

91t is assumed that the reader has an elementary knowledge of matrix manipulations

(see Prob. 11.5). Here we forgo the underlining of (&, 3), and later, of ¥; furthermore

Ozk = Q.
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If one defines the “vector” & = (aq, ae, a3), then Egs. (11.40) take the form
g =gt ; hermitian
a= O_ZT a= (041,0[2,043) (11.42)

Such matrices are said to be hermitian.
The previous results can also be rewritten in matrix notation as follows.
Introduce the column vector

U1
(G

U= ; Dirac wave function (11.43)

Un
Then the probability density in Eq. (11.35) takes the form
p=Utw : probability density (11.44)

The Dirac Eq. (11.36) becomes

zh%—\f =HU ; Dirac equation
h -
H = cd - p+ Bmoc? i p=-V (11.45)
i

It follows from Egs. (11.38) and (11.39) that the continuity equation can
be written in matrix notation as

% +V-§=0 ; continuity equation
p=0Tw ; probability density
S=cUiaw ; probability flux (11.46)

It remains to satisfy point (4) and obtain the correct relativistic relation
between energy and momentum. As with the Schrodinger equation, one
looks for stationary-state solutions to the Dirac equation and converts it to
time-independent form

U = U}(f) efiEt/h
Hp = (cd -+ Pmoc®)h = E (11.47)

If H is applied to both sides once again, one obtains

H%*)p = E*) = (*p? + mic* (11.48)
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The r.h.s. is the required result. The quantity H? on the Lh.s. is now
obtained through matrix multiplication!'?

H? = (ca - p+ Bmoc®) (ca - g+ Bmoc?) (11.49)

Since matrices do not commute, one must keep careful track of the order
of the factors in this expression. Thus

3 3 3
=Y Y aFalpepi +mo® > (0¥ B+ Bak) pr + mictp® (11.50)
k=11=1 k=1

Since the components of pr do commute with each other, a change of
dummy summation variables allows the first term on the r.h.s. to be rewrit-
ten as

1
¢ ; ; Oékalpkpl =c ; ; B (akal + ala’“) PLDI (11.51)

The required expression for H? in Eq. (11.48) is then reproduced, provided
the following relations are imposed on the Dirac matrices (&, )

Bk + akﬁ =0 ; anti-commute
oFal + alak = 26y, (@, 8) n x n matrices
B =1 (11.52)

Thus (o, 3) must be hermitian, anti-commuting, n xn matrices that satisfy
the last two conditions.!!

The smallest dimension with which one can satisfy the relations in
Egs. (11.52) is n = 4. The standard representation of the Dirac matri-

ces can then be exhibited in 2 x 2 form as

a= (_),U ; B= Lo ; standard representation
g0 0-1

2 x 2 form (11.53)
Here & = (04, 0,,0,) are the Pauli matrices given by'?

Op = 01 L Oy = 0~ 0, = 10 : Pauli matrices
10 B A F N0 -1 '

(11.54)

10Note that one has effectively taken 4/c2p? + mZc* through the clever use of matrices!

M The unit matrix is again suppressed on the r.h.s. of the last two relations.
I2Note that in this discussion, k = (1,2, 3) is the same as k = (x, v, 2).
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For a free particle in a cubical box of volume €2 with periodic boundary
conditions, one can again look for solutions to the Dirac equation of the
form

1 T
= —e""u(k
W 76 (k)
7= hk ; eigenvalue (11.55)
Equation (11.48) then becomes
E? = (ﬁ,];c)2 + mac? ; eigenvalue (11.56)

11.3.1 Non-Relativistic Reduction

In order to relate this discussion to that of the one-particle Schrodinger
equation, consider a non-relativistic reduction of the Dirac equation. Write
the Dirac wave function in the following two-component form

P = <i> ; two-component form (11.57)

Now use the standard representation of the Dirac matrices in Eqs. (11.53),
and substitute Eq. (11.57) into the last of Eqs. (11.47). The stationary-state
Dirac equation then takes the form

(25w (] () -#(0) s

The upper and lower components of this matrix relation are

cG - px +moctd = Ed

G- po—moc®xy = Ex (11.59)
We remind the reader that each of these equations is itself a two-component
relation, the & are the Pauli matrices, p= (h/i)V, and F is the eigenvalue.

Equations (11.59) are still exact.
Consider the positive energy eigenvalue with [compare Eq. (11.56)]

E =++/(moc?)?2+--- ; positive-energy solution  (11.60)
The second of Egs. (11.59) can be written as

co-p

S 11.61
X = B o ( )
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This term is now of O(p/mgc), and hence it is small in the NRL. Substitu-
tion of Eq. (11.61) into the first of Egs. (11.59) gives

S \2
% 6= (E —moc®)o (11.62)

Write out the numerator on the lLh.s.
3 3 3.3
@72 =)_) oioipipj =YY 5 (0i0j +0j0i) pip;  (11.63)
i=1 j=1 i=1 j=1

The last equality comes from a change of dummy indices i = j and the fact
that the p; commute. The properties of the Pauli matrices in Prob. 11.6
reduce this expression to

(@-9)* =9 (11.64)
Now in the NRL
E—my?=¢ ; NRL -eigenvalue
E 4+ moc® = 2moc? + € = 2moc? (11.65)

Thus in the NRL, the positive-energy, stationary-state Dirac Eq. (11.59)
for the upper components ¢ of the Dirac wave function reduces to the free-

particle Schrédinger equation'3
~2 h2v2
L o =— b =c¢cop ; Schrodinger equation  (11.66)
2m0 2m0

11.3.2 Dirac Hole Theory

We have to face the problem of the negative-energy solutions to the

Dirac equation, for example, those with eigenvalue —\/ (hkc)? + (moc?)?
in Eq. (11.56). Within the principles of quantum mechanics, under some
perturbation, an isolated particle can simply keep falling down into these
levels without end. There is no ground state for a free particle!

Dirac came up with an extremely clever solution to this problem by
invoking the Pauli exclusion principle. We shall see below that the Dirac
equation describes a particle of spin-1/2, which is then a fermion. Dirac
assumed that all the negative-energy states are already filled with identical
fermions. Thus they are unavailable to the particle in a positive-energy

13 The lower components are then given in the NRL by x = (& - §/2moc)¢.
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state. Everything is then measured with respect to this filled negative-
energy sea, the new vacuum.

Fig. 11.1 Particle promoted to a positive-energy state, leaving a hole in the filled
negative-energy Dirac sea.

This picture has some immediate consequences, for example:

e Within this picture, one of the negative-energy fermions can be pro-
moted to a positive-energy state leaving a hole in the negative-energy
sea (Fig. 11.1). The hole must have just the opposite properties of
the particle, since if it is filled with a particle, one returns to the vac-
uum. The hole is thus just an antiparticle. Based on this picture, Dirac
predicted the existence of antiparticles before they were discovered!

e Within this picture, the vacuum has dynamics. For example, the charge
in the vacuum can be rearranged by the presence of another charge, and
the vacuum is polarizable.

Both of these observations imply that, from the outset, one is faced with a
many-body problem in relativistic quantum mechanics.

11.3.3 Electromagnetic Interactions

Consider a Dirac particle in an electromagnetic field. Such fields can be
described in terms of potentials (A4, ®) according to

o]
I
<

x A ; electromagnetic potentials

- oA
Vo - = (11.67)

x5
1
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In quantum mechanics, as well as in classical mechanics, these fields can be
incorporated by making the following replacements
p—p— eA ; incorporate E-M field
H — H + e® (11.68)
Thus the Dirac equation in the presence of an electromagnetic field becomes
S T 2 L Ov .
[ca (p—eA) + Bmoc” + e@} V= zha ; Diraceqn ~ (11.69)

This Dirac equation leads to the following remarkable results:'*
(1) When applied to an electron in a static magnetic field described by
A(Z), one finds a magnetic moment of

ho . 3}
LY S =

fiol = & (11.70)

| =

Me
Thus

e Since /S is a spin angular momentum, one concludes that the Dirac
equation describes a particle of spin-1/2;

e The electron is predicted to have a g-factor of gs = 2, in accord with
observation;

(2) In a static, central, electric field described by ®(r), the electrons expe-
rience a spin-orbit interaction

BoN%1 /dD\ = -

where the orbital angular momentum is hl. This is again in accord with

the experimental observation.

In summary, Dirac’s rather simple arguments on incorporating relativity
and quantum mechanics lead to an absolutely remarkable, and far-reaching,
theory of spin-1/2 fermions!

11.4 Path Integrals

Let us go back to the starting point in this chapter. There is another
approach to quantum mechanics that makes use of path integrals.'® In the

14See Probs. 11.9-11.10; see also [Walecka (2008)].
15See [Feynman and Hibbs (2010); Shankar (1994); Walecka (2010)].
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theory of quantum mechanics, the transition probability amplitude for a
particle to go from a point (gi,¢1) to a point (g2,t2) can be written!®
1

(gate|lits) = /D(q) exp {hS(Z, 1)} ; path integral (11.72)

where S(2,1) is the action

5(2,1) = /12 dt L (q,q) (11.73)

Here the integral goes over all possible paths between the two points (it is
a path integral). In the classical limit where Planck’s constant i — 0, the
phase oscillates very rapidly. The method of stationary phase for evaluating
such an integral (see [Fetter and Walecka (2003)]) implies that if one can
find a path that leaves the phase stationary, then the integral receives all
of its contribution along that path. The condition for finding a stationary
path is precisely Hamilton’s principle

§5(2,1) =0 ch—0 (11.74)

The present text is an introduction to quantum mechanics, and going
into the path-integral approach takes us too far from our stated goals;
however, as a guide to future study, we do want to at least make the reader
aware of some of the features of functional methods and path integrals as

applied to relativistic quantum mechanics:'”

e This approach unites quantum mechanics, field theory, and statistical
mechanics;

e It provides an alternative to doing quantum mechanics with canonical
quantization;

e Exact expressions are obtained for quantum mechanical transition am-
plitudes;

e Everything is written in terms of classical quantities, in particular, the
classical lagrangian and classical action;

e The price for this is that one has to consider other dynamical paths than
the classical one given by Hamilton’s principle of stationary action;

e With this approach, one can readily study the implications of various
symmetries of the lagrangian, even with highly nonlinear interactions

16See [Walecka (2010)].
"Two basic references here are [Feynman and Hibbs (2010); Abers and Lee (1973)]—
see also [Itzykson and Zuber (1980)].
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with derivative couplings, where canonical quantization becomes pro-
hibitively difficult;

e Reduction to multiple convergent integrals lends itself to numerical
methods.



Chapter 12

Problems

1.1 The discussion started with a classical wave that is the real part of
W(z,t) = elhr=wt) (12.1)

Suppose we have two oscillating functions with the same frequency

Re (aefiwt) — % (aefiwt + a*eiwt)

. 1 . .

Re (Befzwt) — 5 (ﬁefzwt + B*ezwt) (122)
and suppose we are interested in the product of these functions, as in the
energy, energy flux, etc. Furthermore, suppose we want the time average

of such products, which we denote by (---).
(a) Show

(Re (ae™™") Re (Be ")) = i (af™+a*p) = %Re (af™)  (12.3)
(b) Suppose the wave function is a superposition of two such terms
U(z,t) = Re (ae™™") + Re (Be ™) (12.4)
Show
(W (,1)) = 5 la+ B (12.5)

These are extremely useful relations when using complex solutions to

the classical wave equation while describing real situations.!

1.2 Consider a classical plane wave incident on two slits separated by a
distance d. If we seek the amplitude of the wave on the other side of the

1See [Fetter and Walecka (2003)].
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slits, we can just add the waves Re[Aei(’”’*‘*’t)] coming from each slit, where

x is the distance to the observing screen. For small angles, the difference
in optical pathlength A from the second slit is

A~ 6d (12.6)

where d is the slit separation (see Fig. 12.1).

1%
d

‘ A

Fig. 12.1 Difference in optical pathlength A for two-slit interference pattern measured
at an angle 6. A plane wave is incident from the left, and the interference pattern shows
up on a screen to the right. The transmitted wave is uniform in the direction normal to
this plane.

(a) Use the result in the previous problem to show that the time-average
intensity pattern on the observing screen is proportional to

kA
(U%(2,7)) = 2|A|? cos? (2> ; interference pattern (12.7)

(b) Show the condition for the first interference minimum is then

A

0~ —
2d

; first minimum (12.8)
Note that no matter how small the slit separation d, if the incident wave-
length A is comparable to it, then this interference pattern will show up at
a finite angle on the screen.

1.3 (a) Suppose we have a physical system satisfying the classical wave
equation and obeying periodic boundary conditions (p.b.c.) in one dimen-
sion
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Write the differential form of this relation as
2
dk = %dn (12.10)

Use w = kc to conclude that the number of normal modes per unit length
is given by

1 1

(b) Extend this result to two dimensions, and show

1 1 1
ﬁdzn = ﬁdnxdny = gdvxduy (12.12)
If this is summed over all modes with a given length v, then show the
number of modes per unit area is
1 2w
ﬁd% = Fvdv (12.13)
(¢) Show that in three dimensions, the number of modes per unit volume
of frequency v is given by
1 47
ﬁd‘n’n = C—BV2 dv (12.14)
If there is a degeneracy of g for the types of normal modes at a given
frequency, then
1 dmg
ﬁd?’n = ?3”2 dv (12.15)
(d) With the use of g = 2 for the two transverse polarizations of a free
electromagnetic wave, and with the equipartition result for the energy of
a normal mode in Eq. (1.4), show that one obtains the following classical
expression for the electromagnetic energy density in a cavity
- 87‘(’]@3TV2

U, T) = s ; classical energy density (12.16)

1.4 A photon has a frequency just into the ultraviolet
v =10" Hz (12.17)

What is its wavelength? What is its energy? What is its momentum?
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1.5 (a) In the books on Introduction to Classical Mechanics it is shown
that the energy E and radius a of a particle of mass p and charge e per-
forming circular orbits about a point charge —Ze are

Ze? 1
P=-2° ~
dmey 2a » energy
dreq L2
= ok ; radius (12.18)
Zer p

where |L | = pav is the angular momentum. Verify these results;

(b) We shall show at the beginning of the next chapter that de Broglie’s
relation for the wavelength of a particle implies that the angular momentum
of the above system is quantized as |L| = nh with h = h/2w where h is
Planck’s constant, and n is an integer n = 1,2,---. Show this immediately
yields Bohr’s quantum theory of the spectrum of one-electron atoms.?

1.6 (a) Suppose we analyze a photon-electron collision through the con-

servation of momentum and energy

ﬁe = ﬁO - ﬁl ; momentum conservation

—2
hl/o = hlll —+ pe
2m

; energy conservation (12.19)

Show the substitution of the first relation in the second leads to

1, 1 (h\?
h(vg —11) = %(Po —p)?= 5 (c) (V2 + v} — 21y cos b)
h (1/0 — l/l)2
-V =— 1-— 0)+ ——— 12.20
O R L {( cosf) + T ( )

(b) Show that if the energy shift is small, the last term can be neglected
for all  of interest
(vo — 11)?

1 12.21
21/01/1 < ( )

(c) The frequency of the light is related to its wavelength by vy = ¢/ Ao
and 11 = ¢/A;. Hence show that one arrives at the lovely, simple Compton
formula for the shift in wavelength?

h
Al — Ao = %(1 — cosf) ; Compton formula (12.22)

2See [Walecka (2008)].
3With the use of proper relativistic kinematics for the particle, this result holds
without approximation.
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This is in complete agreement with the experimental results. The results on
Compton scattering confirmed the particle nature of the photon introduced
by Einstein in his explanation of the photoelectric effect.

2.1 Suppose one repeatedly prepares a non-relativistic particle in the
plane-wave state of definite momentum in Eq. (2.5) and sends it against
the two-slit opening in Fig. 12.1. Show the measured particle density on
the screen will exhibit an interference pattern identical to that in Prob. 1.2.

2.2 (a) Consider a particle of mass mg constrained to move in a circle
of radius a in the (z,y)-plane. Show the classical hamiltonian is

1
H= ﬂLg ; I = mga? (12.23)

where L, is the angular momentum in the z-direction, and I is the moment
of inertia;
(b) In quantum mechanics, L, is given by

h 0 0

It is convenient to measure angular momentum in units of #, and to define
L. = hl,. It follows that

1 0 0
l,==|o— —y— i L, =hl, 12.25

i (m dy y@x) ( )
Consider an eigenfunction of [, with eigenvalue m

Lf(z,y) =mf(z,y) ; eigenvalue m (12.26)

Make this an implicit function of the rotation angle ¢ by defining

¥(9) = f(x(0),y(0)) ; T =acos¢
;Y =asing (12.27)
Show
U (g g ) He = LSy (229

Hence conclude that the eigenvalue equation for the z-component of the
angular momentum can be rewritten as

Lp(9) = 1"125;“ — mi(9) (12.20)
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(¢) Show the eigenfunctions of I, obeying p.b.c. are

1 .

Vm(¢) = Ee”’”’ ;m=0,4+1,42,--- (12.30)

(d) Show these are simultaneous eigenstates of the hamiltonian, with
energy eigenvalues

_ R,

E, =
o™

(12.31)

2.3 The results in the previous problem can be used to write the
Schrédinger equation in polar coordinates in two dimensions. Introduce
the coordinates (r, ¢), and let a partial derivative in these coordinates in-

dicate that the other variable in this pair is to be held fixed.
(a) Show from the previous problem that

0 0 )
U (g g ) flo) e =reoso
s y=rsing  (12.32)

(b) In exactly the same manner, show

(r(,i) $(r,9) = (:c;; T y(,fy) ) (12.33)

(c) Apply these relations twice, add, and divide by r? to obtain the
laplacian in polar coordinates

10 0 1 92 0? 9?

2.4 The eigenfunctions and eigenvalues for a particle of mass mg con-
strained to move in a circle of radius a in the (z,y)-plane are given in
Prob. 2.2 as

1 .
V(@) = Ee”’”’ cm=0,+1,£2, -
h2
Ep = o7 m? (12.35)

(a) Show the corresponding probability density is a uniform constant;
(b) Show the general solution is

U(p,t) =D Cmthm(p)e i/ (12.36)
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(¢) Suppose one creates an initial state
1
V2
Construct the corresponding general solution, and show the probability

density now oscillates as a function of time.
(d) What is the frequency of this oscillation?

U(¢,0) = —= [tbm, (¢) + Yy (9)] (12.37)

2.5 (a) Show the corresponding probability current in Prob. 2.4 is*

S(6,8) = o {@*<¢,t)§W+ [ﬁa‘l’éﬁ’”

" 2moa By ] (g, t)} (12.38)

(b) Interpret this quantity;
(c) Calculate S(¢,t) for the solution ¥ (¢, t) = 1), (¢) e~ Emt/h,

2.6 The mean value of a hermitian operator O with a normalized wave
function ¥(x) is

(0) = / dz * (2)O(x) (12.39)

In quantum mechanics we are dealing with probability distributions, and
the mean-square-deviation from this mean value is given by

(A0)* = ((0 = (0))*) = (0*) — (0)? (12.40)

Make use of the normalized ground-state wave function for a particle in
a one-dimensional box of length L in Eq. (3.12) [recall Figs. 3.2 and 3.3],
and demonstrate the following:

(a) Show that for the momentum

(p) =0 P (p%) =1 (5)2 (12.41)

(b) Show that for the spatial coordinate®

(z) = 5 ; (2%) = %2 (1 — 2;) (12.42)

4Recall Eq. (4.28); here my is the rest mass, and ¢ is the polar angle.
5Note the following definite integrals

2

U U
/ du usin? (u) = ™ ; / du u? sin? (u) = il
0 0

3

s
4 6 4
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(¢) Combine these results to obtain

@ aap = B2 (1= 5)

12 Con2
Ap Az = 0.568 h (12.43)

This is an example of the Heisenberg uncertainty principle. The mo-
mentum and position (p,q) of a particle cannot both be specified precisely.
Given the commutation relation [p, ¢] = /i, it is possible to give a rigorous
proof that for a normalized wave function®

1
ApAqg > ih ; uncertainty principle (12.44)

The uncertainty principle represents a significant break from classical me-
chanics where one initializes a mechanical system at a given point (p, q) in
phase space, and then follows it in a deterministic fashion from there.

2.7 Although the solutions to the Schrodinger equation and correspond-
ing probability densities for a particle in a box in Figs. 3.2 and 3.3 are so
simple and clear, the solution for a free particle is more subtle.” For exam-
ple, the probability density obtained from our motivating wave in Eq. (2.5)
is independent of position and time! In order to construct a probability
density that moves with the particle, we need to construct a wave packet.

(a) Take a superposition of the waves in Eq. (2.5) with an amplitude
sharply peaked about a wavenumber corresponding to the classical mo-
mentum po = hky.8 Construct

(z,t) = /dk Ak — ko)ettbr=w®t (k) = rk?/2m  (12.45)

Show this satisfies the Schrodinger equation for a free particle;
(b) Show that at the initial time ¢ = 0, the wave function and probability
density are

U(x,0) = ™" F() P [9(z,0)) = |F(z)”
F(z) = / dl A(l) e (12.46)

where the amplitude A(l) = A(k — ko) is sharply peaked about [ = 0;
(c) As an example, take A(l) = 1 for |I| < lo; calculate and plot |F(z)|%;

6See, for example, [Walecka (2008)].
TThis is why we have left it as a problem—so as not to interrupt the flow of the text.
8Recall the previous problem on the uncertainty principle.
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(d) Since A(l) is sharply peaked about I = 0, we can make a Taylor
series expansion of w(k) about ko and keep just the first term

w(k) ~ w(ko) + (k — ko) [d“;gf)] k (12.47)
Show that for finite time, the probability density then becomes
(¥ (@, ) = |F(z — vgpt)|* (12.48)
Here vy, is the group velocity®
Vgp = [d“;gf)]k - % - % (12.49)

Thus the probability density for the localized wave packet moves with the
classical particle velocity!

3.1 Suppose the potential in Fig. 3.4 has the opposite sign and is an
attractive half-space, with V(x) = =V < 0 for all positive . Write the
transmitted wave as

, 2m
V() =t D k2= ﬁ(E + Vo) (12.50)
Match the boundary conditions at x = 0, and show the transmitted ampli-
tude is

2k
k+k

t= (12.51)

Discuss.

3.2 Show that the expansion coefficients in the general solution for a
particle in a square box in Eq. (3.42) are obtained from the initial condition

U(z,y,0) = g(z,y) (12.52)

according to

L L
o = / da / dy vt o (2,) 9(2,9) (12.53)
0 0

9The phase velocity of a wave is vy, = w(k)/k. Note that for this free-particle wave
packet, the group velocity is twice the phase velocity.
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3.3 (a) Suppose one prepares the following initial state for the particle
in the one-dimensional box!?
1
V2

Plot the initial wave function and probability distribution.

(b) Construct the solution ¥(z,t) and probability distribution |¥(z, t)|?
for later times;

(¢) Show that probability distribution oscillates back and forth in the
box;

(d) What is the frequency of that oscillation?

U(z,0) = —= [¢1(z) + ¢a()] (12.54)

3.4 Suppose one prepares an initial state for the particle in a box that
is simply constant over the box

1
U(z,0) = 7 ;0<z<L (12.55)

Show the solution to the Schrodinger equation for all subsequent time is

\IJ(.Z’, t) = Z ann(x)eiiEnt/h
n=1

v = (12.56)

Cn = —
™ n

It is interesting that this simplest of initial conditions gives rise to such a

complicated wave function.

3.5 Suppose there is a small circular potential at the center of the two-
dimensional square box of the form

SV(7) = o 7= ol < a (12.57)

where 7 is located at the center of the box. Assume a < L. Use per-
turbation theory to show that the shift in the ground-state eigenvalue is
then

71'0,2

6E1,1 = 4V0ﬁ (1258)
3.6 Consider the non-degenerate perturbation theory in Egs. (3.55).
(a) Show that this analysis holds for a particle in a one-dimensional box

with an additional potential 0V (z);

10See Figs. 3.2 and 3.3.
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(b) Suppose the perturbation 6V (x) is odd about the midpoint of the
box. Show that all the first-order energy shifts then vanish;

(¢) Show that the second-order energy shift always lowers the energy of
the ground state.

4.1 Suppose the spherical square-well potential in Chapter 4 is just deep
enough to have one bound state at k? = 0.

(a) Show the depth of the potential is 2mVy/h? = 72 /4d?;

(b) What is the s-wave wave function inside the potential?

(c) What is it outside?

4.2 In the separated radial Schrodinger equation for a free particle in
spherical coordinates there are two types of solutions that form a funda-
mental system in which any radial solution can be expanded. These are the
spherical Bessel functions j;(p) and spherical Neumann functions n;(p).

(a) For | = 0 the spherical Neumann function is

cos p

no(p) = (12.59)
P
Show this satisfies the same radial equations as jy(p);
(b) For I =1 the spherical Neumann function is
cos sin
n(p) = — o 2P (12.60)

p? p

Show this satisfies the same radial equation as j;(p);
(c¢) Show that through this order, the Neumann functions satisfy the
general relations

1-1-3-.-(20—1
n(p) = — MJ ) ip—0

ni(p) — %sin [p— 1+ 1)m/2] ; p— o0 (12.61)

Note that the spherical Neumann functions are singular at the origin.

4.3 The spherical harmonics are the non-singular solutions to the an-
gular part of the Schrédinger equation in spherical coordinates. For [ = 1
one has

3 3 ;
Yi0(0,0) =4/ o cos 6 ; Y141(0,0) = 1\/;Sln6‘ei ¢ (12.62)
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Show these satisfy the angular equation

1 0 . 0 1 02
me (smeae) N HQW} Vi (6.6) = —1(1 + 1)Yi (6. )

(12.63)

4.4 This problem involves the explicit verification of some results on
the probability flux quoted in the text:

(a) Verify Eqgs. (4.30);

(b) Verify Eq. (5.36).

4.5 Suppose one has a Yukawa potential of the form

; Yukawa potential (12.64)

Show that Born approximation for the scattering amplitude is given by

A

fBa(k,0) = — 2+ 2 (12.65)

Sketch and discuss.

4.6 Suppose one has a spherical potential of the form

v(r) = v ;T <d
; spherical potential  (12.66)

Show that Born approximation for the scattering amplitude is given by

fealk,0) = —(vod?) jl;fld) (12.67)

Sketch and discuss.

5.1 Suppose the interaction in our model problem is an integrable short-
range potential of the form

H'(x9,71) = V(|xg — 1|) ; integrable potential (12.68)
(a) Define the momentum transfer by

q=ko—k ; momentum transfer (12.69)
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Show the matrix element of the interaction in Eqgs. (5.37) takes the form

(k,no|H' |/<:o,n2> q) p1i(q)
/ dx 'V (|x|)
pri(a) = ; dw ey o (@)Y () (12.70)
(b) Show the rate in Egs. (5.37) becomes
k
o s = <k: ) (L) V(@) s:(a)? (12.71)

(c¢) Show this has the correct dimensions.

5.2 The previous problem provides an expression for the ratio of the
transition rate to the incident flux in our model problem of the scattering of
one particle from another trapped inside a box in one dimension. It remains
to evaluate the target transition matrix element pyr;(g). Since everything
now concerns the particle in the box, we can drop the superfluous subscript
2. For the transition from the ground state with n = 1 to an excited state
with n, one needs the integral

pna(q) = E/L dx €'9” sin (%) sin (ﬂ-—;) (12.72)
0

where the quantum number n and the size L now refer to the box.!?!
(a) Evaluate this integral and show

1 Anz(qL) et
i [(gL)? — (n? + 1)72]2 — (2nm2)2 [1+(-1) ]

(12.73)

ﬁn,l(q) =

(b) Make a plot |pn,1(q)|* as a function of ¢L (see Fig. 12.2). Discuss.'?

5.3 Consider the back scattering of the projectile in our model problem.
(a) Show that the only modification of the results in Probs. 5.1 and 5.2
is that the momentum transfer now becomes

q=ko+k ; back scattering (12.74)

(b) Show that this can be made arbitrarily large for a given energy trans-
fer, and hence one can experimentally map out the results in Prob. 5.2(b).

HRecall Fig. 3.2.
121t is of interest to make at least one log plot to see the diffraction structure.
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0_6""'x""x""x""x""x""

16n1(q)]?

0 5 10 15 20 25 30
qlL

Fig. 12.2 Plot of |p,,1(q)|? as a function of (¢L) for four values of n. Here L = Lo is
the size of the box. (The author would like to thank Paolo Amore for preparing this
figure.)

5.4 The goal of the two-state mixing example is to treat the interaction
H’ to all orders. The system starts in the state 91 at t = 0. Expand the
expression for the probability of finding the system in the state 1o after
time T in Eq. (5.57), and divide by T, to get the transition rate as H — 0.
Show

1 1
Ryi(T) = ZPpi(T) = ﬁ|<¢2|H'|¢1>I2T s H' — 0

T
(12.75)
Show this reproduces the lowest-order expression for the transition rate in

Eq. (5.21) at energy conservation fiw = 0.
6.1 The electromagnetic fields (E , é) are related to the potentials by

ALY Sa(i,t) (12.76)

Let A(Z,t) be a well-defined function of position and time.
(a) Show the electromagnetic fields are unchanged under a gauge
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transformation
A(Z,t) — A(Z,t) + VA(Z, 1) ; gauge transformation
OA(Z,t
B(T,1) — (1) — g; ) (12.77)

Since the fields are unchanged, the physics should be unchanged.

(b) Show that the terms in A can be eliminated from the
Schrédinger equation by making a local phase transformation on the wave
function

U(F, 1) — eNED/hy (7 1) (12.78)

Remember that the wave function is not a physical observable.
6.2 Suppose one has chosen a vector potential A’ (2, t) which reproduces
the (F, B) fields, and suppose the divergence of this field is non-zero
V- A t) = p/(Z,1) (12.79)

(a) Make a gauge transformation as in Prob. 6.1, and show that with
the new vector potential A(Z,t)

- —

V- A(Z,t) = p/(Z,t) + V2A(Z, ) (12.80)

(b) Conclude that one can always work in the Coulomb gauge, where

—

V- A@Zt) =0 ; Coulomb gauge (12.81)

6.3 Show that if one were to retain just the first term in the time-
dependent interaction in Eq. (6.17), so that

H' = —e&yx cos (wot) = — <6§0> x eiwol (12.82)

then the rate Ry; in Eq. (6.20) would become

2
2
Ry = (6;‘0> %|<f|$‘l>‘26(Ef — E; + hwo) ; de-excitation (12.83)

Compare this with the rate Ry, in Eq. (6.20)

2
2
Ry = (?) %|<f|x|2>|25(Ef — E; — hwg) ; excitation (12.84)

Now fix F; and hwg, and conclude the following:
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e As a function of Ey there are two non-overlapping rate expressions, one
for By = E; — hwo, and one for By = E; + hwo;

e Since there is no overlap of the two expressions, one can ignore any
interference term between them in the calculation of the rates;

e In leading order, the real time-dependent perturbation H’ in Eq. (6.17)
therefore describes both de-excitation and excitation of the system;

e Correspondingly, the perturbation H’ in Eq. (6.26) describes both emis-
ston and absorption of radiation.

6.4 This problem reviews the main aspects of adjoints and hermiticity.
For simplicity, we go back to one dimension and express the matrix element
of an operator N between two acceptable wave functions as

(WrINYs) = [ da vj(2) N (a) (12.85)
The adjoint operator NT is then defined through the relation

/dx [Nty (2)] () = /dm Vi(@)NYg(z) 5 adjoint  (12.86)
An operator is hermitian if it is identical to its adjoint
N =N ; hermitian (12.87)
(a) The eigenstates of N satisfy

Npn(z) = npn(z) (12.88)

Take the matrix element of this relation with ¢ (x), and prove that the
eigenvalues of a hermitian operator are real,
(b) Suppose one has a pair of operators M N. Show

(MN)t = NTMT (12.89)

(c) Reverify that the operators p = (h/i)d/dz and H = p?/2m + V (x)
with a real V(z) are hermitian;

(d) Show that in two-dimensions, the angular momentum operator L,
is hermitian.

6.5 (a) Show that the number of eigenstate |n) in Sec. 6.7 can actually
be constructed as

n) (a")"|0) (12.90)

L
V!
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(b) Make use of the commutation relations to show this state is normal-
ized

(nln) =1 (12.91)
6.6 Repeat the calculation of photoionization starting from the quan-

tized radiation field and a single photon in the state |1 ). Use an incident
photon flux of

Iine = é : photon flux (12.92)
Show the photoionization cross-section becomes
1
o =7 Ry;dny ; photoionization (12.93)
inc

2
0y

_o mey (kp | s ih-kpa (P q
27702(1‘1)(16)6’” /dme m Yo(@)

6.7 The required transition matrix element for the quantum system in
the general expression for the photon emission rate in Eq. (6.81) is

My; = /d3x =T 4 (7) % ¥i(Z) (12.94)

(a) Suppose the hamiltonian for that quantum system has the form

ﬁQ

H=— 7 12.
o V(@) (12.95)
Show
hp
H 7| =-— 12.
7] =2 2 (12.96)
Hence, show
7 i ik - -
Myi= 1 / @ e 3 (7) [H, 7] 4(7) (12.97)

(b) Now assume the wavelength of the light is such that kR < 1 where
R is a measure of the size of the system. Then

—ik-&

¢TI o 1 kR < 1 (12.98)

Show that in this limit the required matrix element becomes

Mfi = %(Ef - Ei)/d?’x Y3(E) T 1hi(T) ; dipole approx. (12.99)
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This is known as the dipole approximation.

7.1 Consider a non-interacting spin-1/2 Fermi gas inside a big box of
volume V = L? with p.b.c. in all three directions. In its ground state, the
levels are filled up to a wavenumber |k| = kp.

(a) Count the number of filled levels. Show the number of particles per
unit volume is

N 1 |2L3 [kr k3
=_— == &Pk =5 12.100
EY TV | @23 /0 ] 32 ( )
(b) Show the energy per particle is
E 3 (hkp)?
—_ = : = 12.101
N 57" CEE T o (12.10)

where € is the Fermi energy.
(c) Compute the pressure from the first law of thermodynamics P =
—(dE/dV).13 Show

_2R

P =
52m

(3n2)%/3 )/ : Fermi gas (12.102)

7.2 Consider a non-interacting spin-0 Bose gas of massive particles in-
side a big box of volume V = L3 with p.b.c. in all three directions. In its
ground state, the particles all occupy the k = 0 level.

(a) Compute the pressure from the first law of thermodynamics P =
—(dE/dV). Show

P=0 ; Bose gas (12.103)

(b) Suppose instead, that the particles are confined to a large cubical

box of volume V = L3, where the ground-state single-particle energy is
g0 = (h?/2m)(372/L?). Show the pressure is

2
P = AN ; Nop =

12.104
: (12.104)

<|=

Compare with the result in part (a). Discuss.

7.3 While the full quantum many-body problem is complicated, the
Hartree self-consistent field approximation provides a surprisingly good first
approximation for many finite systems such as the electron cloud in the

13Here the many-body system is in its ground state at a temperature T' = 0.
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atom or the atomic nucleus. Suppose there is a two-body interaction V' (|Z—
7|). The Hartree single-particle potential is defined by

U () = / Py V(7 - §n(@) (12.105)

where the particle density is given by the sum over all the occupied states
of the absolute square of the single-particle wave functions

n(y) = Z |9 ()] ; over occupied states (12.106)

K2

These wave functions, in turn, are given by the solutions in the self-
consistent potential

i UH@)] i(F) = eth(®) (12.107)

Provide a physical motivation for the Hartree equations, and give some
indication as to how you would go about solving them.

7.4 Consider a Bose gas where essentially all the particles remain in the
condensate. Suppose the two-particle interaction is a contact interaction.
(a) Show that the Hartree potential takes the form

Un(®) = Moo(@)[? (12.108)

where ¢q is the condensate wave function in Eqs. (7.16)—(7.17), and X is a
constant independent of V.
(b) Show that the Hartree equation for that condensate wave function
then becomes
IAve

2m

+ Mgo(Z)?| ¢o(&) = e06o(Z) (12.109)

Note that this is now simply a local, nonlinear, differential equation.

7.5 Consider the non-interacting Bose condensate wave function ¢g =
VNpg in Eq. (7.16), where v is the ground-state single-particle level.'*
Suppose the particles are in a big box with p.b.c in all directions.

(a) Show the square of the modulus is

|po|* = no ; particle density  (12.110)

where ng is the particle density;

14We choose ¢ = 1.
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(b) Compute the probability flux S from Eq. (4.28) using this wave
function, and show the medium is at rest

S(¢o) =0 (12.111)

(¢) The medium can be given a velocity by including a spatially-
dependent phase in the single-particle wave function 19 — ¥ eX(¥). Show
the expression for the particle density is unchanged

|poe™[* = ng (12.112)

(d) The velocity of the medium can now be identified from the proba-
bility flux calculated with this new wave function. Give an argument that

not = S (goe™) (12.113)
Hence obtain
h -
U= EVX ; fluid velocity — (12.114)

The fluid velocity of the Bose condensate is obtained from the gradient of
the phase of the single-particle wave function.
(e) Show the fluid motion is irrotational

Vxi=0 . irrotational  (12.115)
7.6 Repeat Prob. 7.1 for non-interacting spin-1/2 particles in a one-

dimensional box.
(a) Show the particle density is given by

oL [*r 2k
—/ dk] =2F (12.116)
0 ™

™

N 1
ng=— = —
T T L

(b) Show the energy per particle is

E_ 1 . _ (kp)®
N 37F PR T o,

(¢) Show these are the same results one gets for particles moving on the
large circle with p.b.c. (Remember to include both directions!)

(12.117)

7.7 One can go from plane-polarized photons to photons with a given
helicity through a canonical transformation. Define

—

[ - 1 ,
S :Fﬁ (€, Ei€y) P Op 4 = :F% (bzy Fibg,) (12.118)
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(a) Show
Crsbis = NI Z bt = @l b (12.119)
s=1,2 A==+1 s=1 A==+1
(b) Show
P . Pt
[bg » b = Bax  [bg s b ) = [0, 0L ] =0 (12.120)

The properties of the operators follow from these commutation relations.

8.1 This problem discusses the spin of spin-1/2 fermions.'® The main
thing to keep in mind here is that the spin operators and wave functions
are very simple. The spin operator is

= h
hS = 55" ; spin operator (12.121)

where & are the 2 x 2 Pauli matrices (0, 0y,0,) defined in Eqgs. (11.54).
The spin wave functions (“spinors”) for spin up and down along the z-axis

= <(1)> L g, = (?) (12.122)

(a) Show these are eigenstates of o,

.01 = 1 P 0.0 =—0) (12.123)

(b) The eigenstates of spin up and down along the z-axis can be con-

are

structed as

b = 7 (o1 + 1) ;b = —= (¢T —¢y)  (12.124)

g

Show

OrPs = Oy ; Oxhe = — O (12'125)

(c) Hence, show

¢T (¢)—> + ¢<—) PO =—2 (¢—> - ¢<—) (12-126)

1

V2
8.2 The Stern—Gerlach detector in Fig. 8.1 is rotated by 90° about

the y-axis, and the beam with spin-up along the z-axis is separated. The

15This problem involves simple matrix manipulations. If these are unfamiliar to you,
please do Probs. 11.5 and 11.6 first.
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detector is now returned to its initial configuration in Fig. 8.1 and that
beam is inserted into it. Express the state | —) with spin-up along the
x-axis as a linear combination of the states | 1) and | |) with spin-up and
spin-down along the z-axis, and describe what is now observed coming out
of that detector returning to its initial configuration.

8.3 (a) Consider a particle of mass mg moving in a circle of radius a
in the (x,y)-plane, as discussed in Probs. 2.2, 2.4 and 2.5. Suppose the
particle has a charge e. We know from E&M that the little current loop
has a magnetic moment pu, = (7Ta2)z'e, where i, is the current. Show

le=ev=ey = 621;:], (12.127)
Hence, show the magnetic moment is
[ = ﬁLZ (12.128)

(b) When the angular momentum is quantized with L, = fim, show

eh
Bz = pm = Gy
mo
im=0,£1,+£2,--- (12.129)

(c) Discuss how the Stern—Gerlach apparatus can be used to prepare a
state Y (¢) = €™ /v/2m;

(d) Discuss how photoabsorption on the ground state can be used to
prepare a state ¥ = athy, (¢) + b, (¢).

9.1 Consider a particle moving in one dimension in a large circle of
length L and satisfying periodic boundary conditions. The wave functions
16
are

(xlk) = () = =@

2mn
k=20 cn=0,%+1,- (12.130)
L
16 Any piecewise continuous function (x) can actually be expanded in this set, and
the basis functions are complete in the sense that

N 2

@) — > crr(x)

n=—N

L
Lim N—>oo/ dr =0 ; completeness
0

This is all the completeness we will need for the physics in this volume.
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(a) Use completeness of the eigenstates of position to show that
(k[K") = Ok (12.131)
(b) Show that the matrix elements of the kinetic energy operator are

2
(Zg Sk (12.132)

(k|Tk') =
(c) Show that the matrix elements of the potential V(&) are

(KIV K = 27k~ &)

L
V(k— k) = / da V() e= 1=K )a (12.133)
0

9.2 Look for stationary states in the abstract Hilbert space

U (t)) = e P |w)
H|V) = E|U) (12.134)

Define the amplitude in the momentum representation as
(k|¥) = A(k) (12.135)

(a) Use the results of Prob. 9.1 to show that the Schrodinger equation
in the momentum representation is

> { [E - (222] O et — %V(k - k’)} A(K) =0 (12.136)

k!

(b) Use the density of final states in one dimension to convert this to
the integral equation

2m

{E - (W} Ak) - % / T (k- K)AK) =0 (1237)

Note that the differential equation for the amplitude (z|¥) in the coordi-
nate representation, and the integral equation for the amplitude (k|¥) in the
momentum representation, both follow from the same Schrédinger equation
in the abstract Hilbert space!

9.3 The abstract states in Probs. 9.1 and 9.2 are eigenstates of the
hermitian momentum operator p

plk) = hk|k) (12.138)
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where the basic commutation relation in the abstract Hilbert space is
[p,2] = = (12.139)

(a) Verify that the eigenvalues hk are real;
(b) Show the projection of the first relation on the eigenstate of position

(x|plk) = iz 0 (x|k)y = hk(x|k) (12.140)

(¢) Show that in the momentum representation, the canonical commu-
tation relation is satisfied with

N .0
<k|$|/€l> = 2%5]@’]4

; momentum rep (12.141)

9.4 The completeness relation in the abstract Hilbert space for the
eigenstates of momentum for the particle moving on the large circle of
length L with p.b.c. reads

Z |k) (k| = ; completeness

=20 in=0,+1,--- (12.142)

(a) Use this to show

(wlz') =) (xlk)(kl2’) = % S et = §(x —a’)  (12.143)

k k

This is the completeness relation for the complex Fourier series;
(b) Similarly, use Eq. (12.132) to show that

"o (k) /
(| Ta") ZZ z|k) (kITIR ) (K |a') = oy @Ik (kla’)

k
52 92 ,
= —%@@dx ) (12.144)
(c¢) Show
(@lpla’) =Y 0> (alk) (kK (K |2') = hk(a|k)(kl2)
/ k

;7<x|$/> (12.145)
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9.5 These are two problems on the adjoint.
(a) Show from Eq. (9.18) that
(P = —iFt (12.146)

(b) Define | W, (t)) = et/" |1),.)). Use the fact that H is hermitian to
show that

(U ()W) = (|7 i) (12.147)

9.6 The hamiltonian and number operator for the simple harmonic os-
cillator are given by

N . 1 ~
Hy = hw (N + 2) ; N=dla (12.148)

(a) Expand the exponential, rearrange the terms, and show that

. N\ 2
i Fl iFl t - 1 [t - -
eiHot/h o p—iHot/h _ 1 4 %[HOJI] + o <Zh> [Ho, [Ho, a]] + -+ (12.149)

(b) Use the commutation relations for the harmonic oscillator, and show
that through this order

etHot/h g g=iHot/h _ g o=t (12.150)
(c) Similarly, show
eifot/h ot g—iHot/h _ ot giwt (12.151)
9.7 Consider the time development operator in the interaction picture
in Eq. (9.45)
) ) i t ) i 2 st t’ . .
Ult,tg) =1— f/ dt' Hi(t') + (—) / dt’/ dt’" Hy(tYH (") + -+~
h to h to to
(12.152)
Show that the double integral in the third term can be rewritten as
t t R R 1/t t ) )
/ dt’/ dt" Hi(t'")H,(t") = 7/ dt’/ dt" T[Hy (¢ Hy ()]
to to 2! to to
(12.153)

where the time-ordering operation T[Hy (t')H, (t")] places the operator with
the latest time to the left.
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10.1 The statement of completeness for the eigenstates of the hermitian
operator F' in abstract Hilbert space is given in Eq. (9.23)17

) = Zcf [¥r) ; completeness  (12.154)
f

(a) Obtain the expansion coefficient as

¢ = (s]0) (12.155)
(b) Substitute this back in to get

W) = [y Wy ) (12.156)
f

(c¢) Conclude that the statement of completeness for the eigenstates of
the hermitian operator F' in abstract Hilbert space can be written as

Z ) (wy| =1 ; completeness (12.157)
!

10.2 (a) If one performs a pure pass measurement at a time ¢, that lets
the eigenvalue f through, show that the rescaled reduced wave function at
to iSlS

4
V) = L0 @y =t (12.158)
les (to)

(b) Give an argument that the reduced wave function at subsequent

times is then

_ ¢s(to) B (t—to)/h ,
U(z,t) = Yr(x)e ;t>to  (12.159)
|es (to)]

11.1 (a) Expand the square-root in Eq. (11.6) to first order, and show
that, apart from a constant term mgc? in the energy, one obtains the non-

relativistic Schrodinger equation;
(b) What is the first relativistic correction to this Schrodinger equation?

11.2 As in appendix A, substitute the normal-mode expansion of the
scalar field in Eq. (11.23) into the hamiltonian density in Eq. (11.19), do
the spatial integrals, and derive the uncoupled oscillator expansion of the
energy in Eq. (11.24).

"The corresponding statement for the wave functions is obtained by taking the inner
product with |z).
18Recall Eq. (8.11).
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11.3 (a) The canonical momentum density for the neutral massive scalar
field is given by
oL 0¢(Z,t)

(%, 1) = 5096750 = ot (12.160)

The expansion of the scalar field in normal modes is

B\ M2 o o
S(F 1) = <2ka> [c,; eilRament) 4 ol e_’(k'”_“”“t)} (12.161)

Hence, show that the canonical momentum density is

1 B\ V2 - ; -
=) i(K-Z—wit —i(E-F—wyt
I(Z,t) = = Z (29) [CE eik-d—wit) _ cpe kg —wy )} (12.162)

(b) Use the commutation relations of the creation and destruction op-
erators to show that the equal-time commutation relation of the field and

canonical momentum density is

— - Zh ]. (! T (e
(7, 1), (&', 1)] = EZE [e“f (@-7) 4 e=iF @) (12.163)
k
(¢) Each sum provides an integral representation of the three-
dimensional Dirac delta function. Hence show that the canonical com-
mutation relation in continuum mechanics between the field and canonical

momentum density is
[®(Z, 1), I(z',t)] = ihé® (& — ") (12.164)

11.4 Suppose we include the additional nonlinear self-coupling of the
neutral, massive scalar meson field of Eq. (11.28) in the lagrangian density

Li(¢) = f%sb‘* (12.165)

(a) Show that since there are no additional derivative terms, the canoni-
cal momentum density, and canonical quantization procedure follow exactly
as in the previous Prob. 11.3;

(b) Show the additional term in the hamiltonian density is simply

Hi(d) = %df* (12.166)
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(¢) Substitute the normal-mode expansion of Eq. (12.161), and enumer-
ate the processes described by this hamiltonian density;
(d) What picture are we in?

11.5 Let m denote an n x n matrix

miip Mi2 -+ Min
ma1 Ma22 -+ Map

m = (12.167)
Mnp1 Mp2 - Mpn

Label an element of m by m;;, where j indicates the column and £ indicates
the row. Introduce the convention that repeated Latin indices are summed
from 1 to n. The element of the matrix product of two such matrices a and
b is then given by

[Qb]jk = a1y, (12.168)

Pick the row for aj; and the column for b;; then multiply the elements
together and add them up.
(a) Evaluate the following matrix products

{(1)(1)} [? oz} ; [(1) (1)} {(1) —01] ; D oﬂ {(1) —OJ (12.169)
(b) Let ¢ denote an n-component column vector
(G
p= : (12.170)
Un
The matrix product m 1 is given by

(] = mjn (12.171)

Evaluate the following matrix products

L LR I e

11.6 The Pauli matrices are defined in Egs. (11.54).
(a) Show the matrix product of Pauli matrices satisfies

0,05 = iEiijk 3 ) 75_] (12173)
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where €;5;, is the completely antisymmetric Levi-Civita tensor;
(b) Show that the Pauli matrices satisfy the following anticommutation
relation

0;0; + 0;0; = 2(5@' (12.174)

11.7 The standard representation of the Dirac matrices in 2 x 2 form is

a = (g‘;) . B— ((1)01> (12.175)

where ¢ = (0,,0y,0.) are the Pauli matrices defined in Eqs. (11.54).
(a) Show that the rules for matrix multiplication of the 4 x 4 matrices
are satisfied by using matrix multiplication rules for the 2 x 2 submatrices;
(b) Show that the following relations are satisfied by the Dirac matri-
ces'?

Bar + a3 =0
afal + alak = 26y,
g2=1 (12.176)

11.8 Use the analysis in Sec. 11.3.1 to show that the non-relativistic
limit of the positive-energy Dirac spinor for a free particle takes the form

ux(k) = {(E-ﬁ/(gzmc)@] o= <(1)>
gy = ((1)) (12.177)

11.9 If the vector potential A in Eq. (11.69) is included in the non-
relativistic reduction in Eq. (11.66), one has

1 - .
50 -(F—eA)d-(F—ed)p=¢¢ (12.178)
277’1,0
With our convention that repeated Latin indices are summed from 1 to 3,

and the results in Prob. 11.6, one has

-, -,

G- (pP—eA)d- (P—eA) =0i0;(p—eA)i(p —ed),
(8ij + ieijuor)(p — eA)i(p — eA); (12.179)

90nce again, we do not underline the Pauli or Dirac matrices, and there is a sup-
pressed unit matrix on the r.h.s. of Eqs. (12.174) and (12.176); also, a® = ay.
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(a) Show

iakakij (p — 614)1'(]) — eA)j = —thkEkij(viAj)
= —ehd - (VxA)
= —ehd- B (12.180)
(b) Hence, conclude that the above non-relativistic reduction takes the
form
1 - eh -
—(f—eA)? - —&-Blo= 12.181
g P eA)" =5 -7 Blo=e¢ ( )
(¢) From this, conclude that a Dirac particle has the magnetic moment
in Eq. (11.70).

11.10 (a) Counsider the Dirac equation for a particle in a static, central,

electric field given by E = —V®(r). Show that in this case the Dirac
equation can be reduced to
I 1 I L 2
Ca.p2m062+€76@(r)co~p+e<I>(r) o0 e

(12.182)
(b) Show that?°

S S - S . s o R (dDN L
U-p@(r)a-p:q)pz—i—(p@)-p—l-r(dr>a~(rxm (12.183)
(c) Hence conclude that if |e|/2moc? < 1, and e® {1+ O[(p/moc)?]} =
e®, then the Dirac equation reduces to the following Schrodinger equation
for the upper components ¢

Hp=c¢¢
=2 2
D eh 1 /dd\ | -

H=— o ——| = -1 12.184
2my +ed(r) + (2mgc)? r (dr 7 (12.184)

Here the spin-dependent contribution has been retained, and the angular
momentum identified as ¥ x p'= hl.
(d) Use this result to obtain Eq. (11.71).

20Note that V®(r) = (7/7)(d®/dr).



Appendix A

Electromagnetic Field in Normal
Modes

One has the freedom of choosing a gauge for the electromagnetic potentials,!
and here we work in the Coulomb gauge. This gauge has the great advantage
that, when quantized, there is a one-to-one correspondence of the resulting
quanta with physical photons. For free fields, the Coulomb gauge is defined
by

V-A=0 ; &=0 ; Coulomb gauge (A.1)

The electric and magnetic fields are then given in terms of the vector po-
tential by

E=-== . B=VxA (A.2)

With periodic boundary conditions, the normal modes are given by
plane waves

= 1 i (k-2 —w 7
qE(x’t) = ﬁe“ T—wyt) ; k = f(nw’ny’nz)
wi, = |kle iny=0,41,42,--- ;i=x,y,2z (A3)
They satisfy the wave equation
Ogp(Z,t) =0 (A4)

We have an infinite, discrete set of wavenumbers, and the normal modes
are orthonormal

/Q B g7, 0) g (7, 1) = 0 1 (A5)

1See Probs. 6.1 and 6.2.
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Now introduce a set of orthogonal, transverse unit vectors é;, for each k
(see Fig. 6.1). They satisfy

& k=0 ;i s=1,2
Crs " Cry = Os,s! (A.6)

The vector potential can then be expanded in normal modes as in Eq. (6.40)

2 1/2
A7 h —~ i(k-@—w * = —i(k-Z—w
@0 =33 (gmn)  [owed © 0 s e E ]
Eos=1

(A7)

where we have chosen particular amplitudes for the normal modes which
will make the energy come out nicely.

With the use of Egs. (A.2), the fields (E, B) are expressed in terms of
the normal-mode expansion of the vector potential /T(a_c', t) as

1/2
) ~ 2809 ks ks ks

{“E pi(Fx—wit) _ % e—i(E.x—wkt)}
s ks

(A.8)

We will now substitute these expressions in the relation for the field energy
in Eq. (6.34)

E= 1/ 3z (EoEQ + 1§2> (A.9)
2 Ja Ko

and use the orthonormality of the plane waves

1 M MAN
ﬁ/ﬂdeez(k_k =6k (A.10)
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Consider first the term containing the contribution of the electric field
= 1
3 2 *
PaB? = 13037 o (b b (0, a5, + g7,
E,s E/,s’
— — —2iwgt * * 2wt
I AR (agsa_g,y e agaly e )}

(A.11)

Q

Now consider the term containing the contribution of the magnetic field

1 - 1 h
o | &Pz B = — (07 R 204,00
210 /Q v 2110 ;EZ:/ Qwpeg L FoF (a Aps T apar %)

0 (Fx &) (F x é,) (apa gy e +az g et
(A.12)
Use the vector identity?
(kxeg,) - (kx 5_,;75,) = kQ(_‘Es . 5_,;75,) (A.13)
Recall 1/pgeg = ¢® and w,% = E2027 so that
L2 k202
=% —w (A.14)
HoEoWE W
The magnetic contribution then takes the form
1 3 52 _ L * *
% Q @ BT = Z Z Z huwy [6%7’;'58’3/(@@3@%5 + a’;Salzs)
E,s E’,s’
+5E,7E’ (é)lgs ’ é'fl;,s/) < ksa’ E s’ € et + a_‘ 7§,s’ eziwkt)}
(A.15)

When the electric and magnetic contributions are combined, the final
time-dependent terms cancel identically, and the energy in the field is then
indeed given by the normal-mode expansion in Eq. (6.44)

2
E= % DD fww (“Es%s + %a}is) (A.16)

ko os=1

2Note that (K x L —(k % €_j .); note also that (k- € py)=0fors =(1,2).
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The electric and magnetic contributions to the energy of the free electro-
magnetic field oscillate back and forth with time, but the total energy is a

constant of the motion.
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Significant Names in Quantum
Mechanics—Theory and Applications

Hendrik Antoon Lorentz (1853-1927)

Max Karl Ernst Ludwig Planck (1858-1947)
Albert Einstein (1879-1955)

Max Born (1882-1970)

Niels Henrik David Bohr (1885-1962)

Erwin Rudolf Josef Alexander Schrodinger (1885-1962)
Louis Victor Pierre Raymond duc de Broglie (1892-1987)
Satyendra Nath Bose (1894-1974)

Douglas Rayner Hartree (1897-1958)
Wolfgang Ernst Pauli (1900-1958)

Enrico Fermi (1901-1954)

Werner Karl Heisenberg (1901-1976)

Paul Adrien Maurice Dirac (1902-1984)
Eugene Paul Wigner (1902-1995)

Felix Bloch (1905-1983)

Hans Albrecht Bethe (1906-2005)

John Bardeen (1908-1991)

Lev Davidovich Landau (1908-1968)

Victor Frederick Weisskopf (1908-2002)
Julian Seymour Schwinger (1918-1994)
Richard Phillips Feynman (1919-1988)
Francis Eugene Low (1921-2007)

Marvin L. Goldberger (1922-2014)

Chen Ning Yang (1922-)

Freeman John Dyson (1923-2020)

John Clive Ward (1924-2000)

Mohammad Abdus Salam (1926-1996)
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Murray Gell-Mann (1929-2019)
Leon Nathan Cooper (1930-)

John Robert Schrieffer (1931-2019)
Sheldon Lee Glashow (1932-)
Steven Weinberg (1933-)

Jeffrey Goldstone (1933-)

James Daniel Bjorken (1934-)
Kenneth Geddes Wilson (1936-2013)
David Jonathan Gross (1941-)
Hugh David Politzer (1949-)
Frank Wilczek (1951-)
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