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Preface to the second edition

I am glad to have the opportunity to write a preface to a second
edition of Basic Quantum Mechanics. The first edition has been out
of print for a few years but, with the permission of the publishers, it
has been circulating vigorously among students in photocopied
form. This has encouraged me to believe that it would be worth-
while to produce an improved version of the book.

There are two major changes that I have made. In chapter 3 there
is now a much more thorough account of the relationship between
potential energy curves, energy levels, and wave functions. A diffi-
culty here is that the discussion rests on the WKB approximation, an
analysis of which would hold up progress at a point at which speedy
movement is vital. My solution is to state and use the important
features of the WKB approximation without proofs, which come
later—in the same place as in the first edition, chapter 5. Since the
statements required are few and succinct 1 believe this procedure
will be acceptable.

The second major change is to the treatments of radioactive states
and the related resonant scattering, in chapters 8 and 9. It has
always surprised me to notice how many physicists spend careers
measuring widths and inferring lifetimes without asking for proofs of
the formulae required. Certainly few elementary books on quantum
mechanics are of any use to them in this respect. In the first edition I
worked out decay and scattering for the same particular potential,
pointed out the relationship of interest, and stated the general
extension. That was better than nothing, but not really satisfactory.
Now in this second edition I have given a more general treatment,
based on the S-matrix, which owes much to research papers by Ning
Hu and by Peierls, published thirty-three and twenty years ago,
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X PREFACE TO THE SECOND EDITION

respectively. I intend the version in this book to be comprehensible
at the transition between British undergraduate and postgraduate
studies, like the treatments of other advanced topics.

I have also made many minor changes that are intended to
improve the balance of the argument and to smooth the reader’s
path. Referring to the preface to the first edition, I cannot yet claim
that the book is as easy to read as a novel, but perhaps it is now
more nearly so.

I have changed over to SI units throughout. This seems to be
mandatory now, but I regret the clumsiness that has been intro-
duced into many of the formulae thereby.

Finally I should thank Professor Sir Rudolf Peierls, and Drs
Allcock and Huby for valuable advice, Dr Wormald for computa-
tional help, Misses Calland and Owen for typing the manuscript,
and Mrs Cheyne for tracing the diagrams. I thank also Dr Carroll
for help with the proofs.

Liverpool, 1981 J. M. CassELs



Preface to the first edition

When I first learnt about quantum mechanics, I thought it was
horrible. The trouble was that the course was taught in a semi-
historical spirit, with a conscious attempt to bring in new ideas only
very gradually. Every calculation involved further tinkering with the
rules, until a point was reached when I had lost all confidence that a
stable new view of physics would be achieved. It was a great relief in
the following year to attend the lectures of Professor Dirac, which
followed essentially the plan of his evergreen book, The Principles of
Quantum Mechanics (Oxford University Press). I learnt at last that
quantum mechanics had an extremely clear and logical structure,
and that classical mechanics could be seen as a limiting case, in a
very beautiful way.

My lectures to third year Honours Physics students at Liverpool
have therefore followed the logical approach, albeit at a more
elementary level than Professor Dirac’s. This book follows the same
plan at the same level; all the new concepts are in chapter 1 and the
rest of the book simply follows the consequences.

A commitment to the logical approach also seems to me to make
it advisable to give a full account of the mathematics. I have
therefore tried very hard to avoid simply quoting ‘well-known’
mathematical results which in fact might well be encountered for the
first time.

I should make it clear that the book is about mechanics, and
makes no claim to be a connected account of elementary atomic,
nuclear, or particle physics. I have provided examples from these
fields, however, to illustrate every important point in the discussion.

I am aware that my emphasis on logic and basic structure, on full
presentation of mathematical argument, and on overall brevity has

xi



Xii PREFACE TO THE FIRST EDITION

produced a book which is not easy to read like, say, a novel.
Possibly users of it may wish to work with another book in parallel
which covers the same ground in a more relaxed, readable, and
necessarily less thoroughgoing way. Another book, Introduction to
Quantum Mechanics by Professor Matthews (McGraw-Hill), has
always seemed to me to be an excellent essay in this manner.

I should mention that my commitment to the logical approach
does not in any way reflect disrespect for the history of quantum
mechanics. On the contrary I believe that the whole development
represents an adventure of the human spirit worthy to rank in the
top dozen since the Renaissance. I feel, though, that the history of
quantum mechanics is best appreciated by those who understand
how it works. Once that is assured, I recommend strongly a study of
The Conceptual Development of Quantum Mechanics by Professor
Jammer (McGraw-Hill).

During the writing of this book, I received much helpful advice
from many colleagues at Liverpool, particularly Drs Huby and
Allcock.

At various times four departmental secretaries have worked on
the typing of the manuscript, and I mention particularly Mrs Valerie
Turnbull who broke the back of the job. I wish to thank also
members of the departmental drawing office for their help with the
diagrams.

Liverpool, 1969 J. M. CasseLs
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Fundamentals of particle
quantum mechanics

§1 Introduction

Non-relativistic quantum mechanics is an elegant, logical, and com-
plete branch of physical theory, but for several reasons the early
steps towards its understanding are not easy.

First, a number of unfamiliar concepts are involved in the basic
skeleton of the theory, and it is difficult to appreciate the signifi-
cance of any one of them until the others are understood. The initial
conceptual investment is therefore high. Secondly, much of the
discussion centres round the wave function ¢y which, to be sure, can
be calculated explicitly enough once the physical scene is set.
Nevertheless, ¢ has a purely abstract significance; an electromagnetic
field carries the power to move objects, whereas ¢ carries nothing
more tangible than information. Thirdly, the methods for tapping
this source of information are somewhat indirect. Fourthly, the
predictions of the theory are often only statistical; the probabilities
of this or that result for an experiment may be all that is available.

It should be mentioned at once, before premature despair -takes
hold, that the mathematical operations involved in the theory are
often very simple indeed. Thus encouraged the physicist’s instincts,
at first frozen by unfamiliarity, soon resume their normal functions;
the right way to think about problems comes to feel completely
natural.



2 BASIC QUANTUM MECHANICS

The best answer to the problem of understanding the basic
skeleton of the theory is surely to describe it all in one place, as
clearly and briefly as possible, in order to facilitate reference and
concentrated study; section 2 does just this, and the sections beyond
do not call for further adjustments to basic concepts.

Meanwhile nothing becomes a skeleton so much as flesh, and the
rest of section 1 aims to provide some. A few very simple examples
will be worked through in detail, to provide a quite informal mixture
of information and exercise. The intention is that this preview
should be read as lightly as possible, but that it should be frequently
rechecked to see how general principles work out in practice.

Informal preview The first point to understand is that the physical
condition of a particle, its state, is described by a wave function ¢ of
position and time. One of the basic assumptions is that ¢ obeys a
partial differential equation called Schrédinger’s equation, first pub-
lished in 1926. Solution of this gives the value of ¢ for all positions
and all times.

The simplest example is provided by a particle of mass m that is
completely free to move in one dimension. Schrodinger’s equation
then takes the form

3 ih &
Py Y(x, t) = m Y(x, t) 1.1

where # is a universal constant, in fact Planck’s constant h divided
by 2. Of course x measures the position and ¢ the time.

Two simplifying features should be noticed, and it is fortunate
that they are common to all examples of Schrodinger’s equation.
First, it is linear in , so that no awkward terms proportional to, say,
¥ or (3y/ox)* appear. Secondly, it is homogeneous; all the terms are
linear in ¢ and there is none that is independent of .

A third feature is not universal but is found in this particular
example. The coefficients qualifying the terms are constant, and not
functions of x or, more complicated still, functions of both x and t.

It is well known that a differential equation with the three
features mentioned can be solved by an exponential function whose
argument is linear in the variables, here x and t With a little
forethought this function may be written

lll — Aei(kx—wt) = AeZ‘n’i{(x/)\)—W} (12)
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where k=2m/A, w=2mv, and where A is a normalising constant,
which may be chosen to be complex if desired. Obviously ¢ behaves
in a wavelike manner, k being the circular wavenumber,t |A| the
wavelength, w the circular frequency, and » the ordinary frequency.

Substitution into equation (1.1) verifies the solution, provided
only that a dispersion relation is always maintained between w and
k:

_we

~om (1.3

w

The dispersion relation is non-linear, and elementary wave theory
signals a warning. A complicated, that is anharmonic, wave function
can be considered to be a superposition of harmonic wave functions
of more than one frequency. The shape of such a wave function
must change as the harmonic waves propagate forwards in time,
since the wave velocity w/k depends on k and w.f An example will
be examined in section 6.

For the moment attention will be confined to free particle wave
functions of a single circular frequency, say ,. Furthermore, the
discussion will concentrate on a finite region of space, such that
—L/2<x<L/2. It will appear later, in section 4, that there is then a
reason for requiring that L should be an integral multiple of the
wavelength |A,| of the wave function, and obviously the simplest
choice is

L =[x (1.4)

1 The term wavenumber is unfortunate, though standard, since k clearly has the
dimensions of an inverse length.

i In classical physics a displacement of a stretched string, or a pressure fluctuation
in a gas, obeys the common wave equation

1% ¢
c2at? ax?
which again is linear, homogeneous, and has constant coefficients. Therefore equation

(1.2) holds good, but the dispersion relation then has the simple and familiar linear
form

o ==xck

where ¢ is a constant velocity, independent of k and w. A complicated disturbance
can therefore propagate without distortion.
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The associated circular wavenumbers and frequency are (equations
(1.2) and (1.3))

kl =i27T/L, wq =2’772h/mL2 (1.5)

Three particular wave functions of frequency w; will be discussed.
They are

l!/a — L—1/2ei(k1x—m1t)
d’b — L—1/26i(—k1x—wlt) (1.6)
o= —i2 g+ 127,

= (2/L)"?*sin (k;x)e "

For the sake of definiteness k, is now taken to be positive through-
out, and a negative wavenumber is shown explicitly by a minus sign.

Clearly ¢, and s, are progressive waves, towards positive and
negative x respectively, and ¢ is a standing wave. As usual a
superposition of solutions of a linear differential equation is itself a
solution of that equation; this is a fact of fundamental importance to
quantum mechanics.

A most important point is that ¢ itself cannot be measured
directly by any kind of experiment. However, ¢ does carry informa-
tion about all the usual dynamical variables of the particle, such as
its position, momentum, kinetic energy, potential energy, and so on,
and this information can be extracted by appropriate mathematical
operations.

Predictions about the position of the particle can be made directly
from the wave function, in the manner first suggested by Born in
1926. In fact |¢|? is the position probability density (PPD),t so called
because ||* dx is the chance that the particle will be found between
x and x+dx. For the sample wave functions of equation (1.6),

lhal” =l |* = 1/L }

|w.* = (2/L) sin® (k,x) (L.7)

In the states represented by ¢, and ¢5, the particle might equally
well be found anywhere, whereas in that represented by ¢, it is most
likely to be found near the points where x is an odd multiple of L/4

tTo avoid verbosity several longwinded titles, after their first occurrences, are
abbreviated to sets of initials in capital letters. A list of abbreviations will be found at
the front of the book.
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Figure 1.1 PPDs for the three wave functions ¢,, ¥, and ..

(figure 1.1). Clearly quantum mechanics is making only predictions
of a statistical nature here.

In all three examples the wave function is normalised so that the
chance of finding it somewhere in the region of special interest is
unity,

L/;2
|2 dx =1 (1.8)

—L/2

It should be realised, of course, that the wavefunctions and PPDs
repeat themselves over and over again at intervals of L on either
side of the region of special interest, so that other particles could be
found out there. It is obviously not possible to produce a localised
PPD with harmonic wave functions of a single frequency, w,, in this
case.t

The other properties of the particle have to be discussed in a less
explicit way. Such things as the momentum, kinetic energy, potential
energy, and in fact all the objectives of measurement in experimen-
tal physics, are called observables. Each observable is represented in
the theory by an operator, which gives instructions for a mathemati-
cal operation on . Forecasts of the result of measuring an observa-
ble are made by studying the effect of carrying out the associated
mathematical operation on .

The momentum of the particle in a one-dimensional problem, for
example, is represented by the operator p = —i#(d/dx), which acts on

T Note that in section 7 and figure 7.10 the wave functions are harmonic inside the
range —L/2<x=<L/2, but zero outside it. A superposition of harmonic waves of an
infinite number of frequencies is required to bring this about (vide problem 3.12).
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Y to produce —ih(dy/ax).T If this operator is applied to s, or Y5,

== ih 52 = ke,
o (1.9)
= _ih‘[_j =—hk,¢,

A significant feature is that the action of p on ¢, or ¢s, has not
changed their shapes, but only multiplied them by the factors %k, or
—hk, respectively. The interpretation of this special mathematical
situation is that a measurement of the momentum of the particle in
the state represented by ¢, or ¢, is sure to produce the result #k, or
—#hk, respectively. The predictions here are definite and not
statistical.

The relationship between the momentum p and the wavelength
27/k, in the state represented by ¢, was verified in electron
diffraction experiments by Davisson and Germer, and independently
by G. P. Thomson, in 1927.

When p is applied to ¢ the result is not so simple:

b= —ih == {(2/L)? sin (Kyx)e™)
=—i(2/L)"?hk, cos (k,x)e 1" (1.10)

Here the action of p has changed the shape of ¢, and the interpre-
tation is that the momentum of the particle in the state represented
by ¢, cannot be definitely predicted. Nevertheless, some informa-
tion about it is available, from an inspection of the third of equa-
tions (1.6). There it is seen that ¢, can be expanded in terms of ,
and ¢, both associated with definite momenta. The interpretation is
that the momentum in the state represented by ¢/, could be found to
be either fik, or —fik,. The chance of getting one or the other result
is proportional to the square of the modulus of the expansion
coefficient in the third of equations (1.6), that is |[—i27"/2|> =1 for the
result ik, and |i27"|> =1 for the result —#k,. The prediction here
is statistical again, and it is significant that a slightly more definite
prediction about the position of the particle in the state represented
by . has been accompanied by a more indefinite prediction about
its momentum.

T Operators will be distinguished by a circumflex accent throughout.
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A third observable may also be considered, the kinetic energy T.
In classical mechanics T =p?/2m and in quantum mechanics the
operator T which represents the kinetic energy is connected with p
by the same relation. Thus,

and
R h2 2 21,2 A
Ta=- 2m{:9;pa hzrtl"’“
L T (112
. 2 2 21,2
Te= - 2hm?9;pc h2r,r(11¢° )

In each of these operations the wave function is left unchanged
except for a constant multiplicative factor and, as before, the
interpretation is that the kinetic energy of the particle is certainly
(h*k3/2m). The relationship between the predicted kinetic energy
(h*k%/2m) and the predicted momentum or momenta (hk, or —#k,)
is always the same as in classical physics. Clearly this is the result of
equation (1.11), where the operators in quantum mechanics were set
up to obey the corresponding relationship. That input has quickly
produced an output reminiscent of classical physics, but with some
added subtlety, like the uncertain prediction of the sign of the
momentum in the state represented by ..

Table 1.1 summarises conclusions about the states represented by
¥, ¥y, and .. A striking feature is that the position of the particle
for all three states, and the momentum for that represented by .,
have not been definitely predicted. It might be thought that this is
trivially the result of imprecise specification of the physical condi-
tions. However, it will soon appeart that a lack of full determinacy
is a fundamental feature of quantum mechanics; it always turns up
in some observables or other, whatever state may be considered.
The potentially complete certainty of classical physics, with all its
philosophical implications, must for ever be surrendered.

t Vide section 5
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Table 1.1 Predictions about the results of measuring various observables,
for the three states represented by ., Y, and . (equations (1.6))

Wave Kinetic
function Position Momentum energy
. Uniform probability hk, W2k22m
density
U Uniform probability —hk, W2k22m
density
Probability density ik, (probability 3)
v peaked at odd multiples wk3/2m
of L/4 —#hk, (probability 3)

§2 Basic assumptions

The basic assumptions of particle quantum mechanics can be set out
formally under seven main headings, and for the sake of clarity and
ease of reference this will now be done. The result may make
somewhat forbidding reading at first sight, and frequent reference
back to section 1 is recommended. Simple examples of nearly all
that is involved have been given there.

Wave functions and probability density The state of a particle is
represented by a complex function Y(rx,t), such that |¢|*>dr is the
probability of finding the particle at the time t in the element of volume
dr at the point r.

The function ¢ is called the wave function because it must satisfy
an equation (2.18) whose solution in some circumstances has the
form of stationary or travelling waves; |¢|? is called the position
probability density (PPD). The complex conjugate wave function ¢*
is obtained by changing the sign of the imaginary part of ¢ at every
r and ¢

The wave function will usually be normalised so that

jw d7=j¢*¢ dr=1 @.1)
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where the integration is carried through all the space available to
the particle. Physically this normalisation means that just one
particle is present. The creation and destruction of particles will not
be considered, so the time dependence of ¢ must be such that the
normalisation is preserved for all t.

Linear superposition of states If two possible states of the particle
are represented by {; and s, then a possible state of the particle is
also represented by ¢ = ¢y, + cos,, where the coefficients ¢, and c,
are arbitrary complex numbers, independent of ¥ but possibly functions
of t.

Obviously, by continued superposition, any number of wave
functions may be used to build up a new :

n

b=ciitelat et T = Lot (2.2)

s=1

Observables and operators Observables are represented by linear
operators which multiply, differentiate, or otherwise act on the wave
function § to produce a new function.t

Thus an observable | will be represented by a linear operator [,
and symbolically the result of applying [ to ¢ can be written [y. By
definition a linear operator satisfies§

[(cw) = cly }
lA(Clllfl"'Czl//z) =C i‘l/1+C2i¢‘2 (2.3)

Operators may be handled algebraically when rules for their
equation, addition, subtraction, and multiplication have been pro-
vided.

The equation [ = of two operators means that they produce the
same result when they act on an arbitrary wave function . The sum
[+ or difference [—m of two operators is defined by

(Txm)y = ly+my (2.4)

t For free particles a ‘region of special interest’ is usually considered (cf. section 1,
and the discussion of periodic boundary conditions in section 4).

$ Cf. p and T in section 1; these particular operators may be substituted into some
of the equations which follow in order to gain a clearer view of their meaning.

§In view of the possible time dependence of ¢ it may be remarked that [ can
always be expressed in a form which avoids differentiation or integration with respect
to t.
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Clearly [+m = +[ and - =~ +1, so that addition and sub-
traction are commutative. More complicated sums and differences
may be built up by repeated use of the basic rule. A simple example
shows that addition and subtraction are associative,

(T+m)+a=T+GH+h) (2.5)

since both sides act on ¢ to produce [y + i+ Ay.
The product [ is defined to be the operator whose instructions
are that m should act first, and then [ should act on the result,

~

(i) = [(rup) (2.6)

More complicated products may again be built up by repeated use
of the basic rule. A simple example shows that multiplication is
associative,

(Im)a = [(mA) 2.7

since both sides instruct that 7 should act first, then 1, and finally I
Another example shows that multiplication of linear operators is
distributive,

[+ a) = (Im)+ (IR) (2.8)

since both sides act on ¢ to produce [(mg) + [(ny).

Multiplication of operators is not guaranteed to be commutative,
however. The product il may produce a quite different result from
[ri, since the order of the component operations is reversed. The
operators [ and m, and the observables associated with them, are
said to commute? if it does happen that il = [ri. Obviously any
operator commutes with itself.

The possible failure of the commutative law of multiplication is
the only difference between the algebra of linear operators and
ordinary elementary algebra; extra care must be taken with the
order of the products.

It is clear that functions of operators can be constructed if a
suitable recipe is given in terms of additions, subtractions, and
multiplications of the arguments.

tp and T in section 1 are operators which commute, since
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Predictions of the result of measuring an observable When [
operates on a particular wave function, u, say, it may produce a
function which differs from ug only by a constant multiplicative factor
l:

Tu, = Lu, (2.9)

If so, then a measurement of 1 is certain to yield the numerical value
l,. The particle is said to be in an eigenstate of | belonging to the
eigenvalue I, and the wave function u; is called an eigenfunction of |
belonging to the eigenvalue .}

It is taken for grantedi that the eigenfunctions associated with an
operator [ form a complete set, in the sense that any wave function
whatever can be formed by superposing them:

g = i CsUg (2.10)
s=1

where ¢ and all the u, are normalised.

The expansion (2.10) may be used as the basis for a more general
assumption, which includes the one already made as a special case;
the probability of | being found to have the eigenvalue I is equal to
|cs|>. No result other than an eigenvalue can be obtained,§ for it will
appear in section 4 that

n

Y lel?=1 (2.11)

s=1

Hermitian operators Only a certain kind of linear operator is
suitable for representing an observable. If ¢, and ¢, are any two wave
functions, then [ must satisfy

j i, dr = f(l‘wl)*dfz dr (2.12)

where the integrals are again to be taken over all the space available
to the particle. Operators which satisfy this relation are called
Hermitian.

t Cf. equations (1.9), which shows that s, and ¢, are eigenfunctions of p, belonging
to the eigenvalues #ik, and —#k, respectively.

1 Proofs of completeness are conventionally, and conveniently, not required by
ordinary physicists.

§ Cf. equations (1.6), where the momentum eigenfunctions and ¢, were all properly
normalised, and the total probability of finding one momentum value or the other in
the state represented by . was 3+4=1 (vide also problem 1.3).
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Momentum and energy operators The use of functions of position
to represent the states of the particle fixes the form of the operator
which represents the position r of the particle. The instructions
given by £ are in fact that the wave function (r,t) is to be
multiplied at each point by the value of r at that point,

t=ry (2.13)

For consider a wave function u, which is zero except at the point r,.
The particle is then certainly located at r, since the probability
density is zero elsewhere, and so u; must be an eigenfunction of r
belonging to the eigenvalue r,. This is ensured by the multiplicative
form of &, for then fu, = ru, =ru,.

In three-dimensional Cartesian coordinates the position compo-
nents x, y, z are represented by operators which multiply the wave
function by x, y, and z respectively. In one dimension, of course
X=x.

The operator which represents the momentum is assumed to be

p=—ihV (2.14)

which acts on ¢ to produce —ihVy. Thus in three-dimensional
Cartesian coordinates the momentum components p,, py, p. are rep-
resented byt

P, = —ih(3/3x)

py = —ih(8/dy) (2.15)
p. = —ih(8/dz)

Operators for the position and momentum of the particle are now
available, and these can be used to build up other operators. If an
observable may be written in classical mechanics as a function F(x, p)
of the position and momentum of the particle, then it is assumed that
in quantum mechanics the observable is represented by the operator
F(& p).%

Thus in classical mechanics the kinetic energy T of the particle is
equal to p*/2m, and in quantum mechanics T is represented by the
differential operator

S S G (62 il az>
T—Zm ® 2m v 2m ax2+6y2+az2 (2.16)

T Cf. section 1.
$The fact that some components of £ and p do not commute does not raise
difficulties in practice.
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Similarly, a potential energy V(r, t) is represented by an operator
V which instructs that the wave function is to be multiplied by
V(, t).

Until chapter 6 attention will be confined to problems in which
the forces on the particle can be described by a potential. The total
energy H of the particle is then equal to T+ V, and it is represented
by

h2

H=T+V=—V2+V(@,1) (2.17)
2m

Time dependence of  The rate of change of ¢ is given by

i ‘1'—"=H¢ (2.18)
ot

so that the operator H has the dual role of representing the energy

of the particle and controlling the time dependence of ¢; equation

(2.18) is called the time-dependent Schrodinger equation (TDSE).

The equation shows that if ¢ is completely specified at any time,
then its rate of change is also specified. Thus the development in
time of ¢ is completely determined by its initial shape, so long as
the particle is left undisturbed.

A measurement of some property of the particle generally does
constitute a disturbance. The wave function ¢ carries information
about what might happen when the measurement is made. If an
observer, presumably intelligent, sees what actually does happen,
then some of the possibilities allowed by the wave function may
cease to be compatible with reality. The wave function must jump
discontinuously at the moment of observation in order to discard
these redundant possibilities, and this jump is not described by any
equation like (2.18). If, for example, a particle in a state represented
by a diffuse wave function is seen to produce a water droplet in a
cloud chamber, then the wave function and the position probability
density immediately become concentrated at this point. Since the
wave function has been changed fundamentally by the position
measurement it is not generally possible to go on and measure some
other observable and regard the result as a property of the original
state. After each measurement, then, the Schrédinger equation must
be solved again with a new set of initial conditions which takes into
account the information that has been obtained.
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Problems

1.1

1.2

1.3

All the mathematical expressions in section 2 are in three-
dimensional form. Read the section again and jot down the
corresponding one-dimensional expressions, where appro-
priate. Thus

Y, 1) = P(x, 1)
|4|* d7 = |y|* dx dy dz— [¢|* dx

and so on. Check with section 1 where possible, and in partic-
ular show that the TDSE of equation (2.18) is translated into
equation (1.1) when there is no potential energy.

Show by direct integration that the ¢, and ¢, given by equa-
tions (1.6) are orthogonal in the interval —L/2<x < L/2, which
means that

L/2 L2

j P, dx=0= j Py, dx

—L/2 —-L/2

If the frequency were raised from w; to o' =3w,/2, would
the corresponding wave functions ¢, and ¢ be orthogonal in
the same interval? [ Comment: The wave functions involving o’
are not periodic in the special interval —L/2=<x=<L/2 and it
will appear in section 4 that they are lacking in certain
essential qualities.]

Consider a wave function formed from the ¢, and ¢, given in
equations (1.6),

U = caf,t+Coty,
where c, and ¢, are complex constants. Use the orthogonality
of ¢, and ¢, to demonstrate that
L/2
| v ax=tef+ier
—L/2
Hence deduce that, if ¢ is normalised to unity, the chances of

finding p with the values ik, or —fik, add up to unity when the
particle is in the state represented by ¢. [Comment: . in



1.4

1.5

1.6
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equations (1.6) is a particular example of ¢ with c,=—i27"?

and ¢, =i27"2]

Verify that the momentum operator p is Hermitian in the
examples

L./2 L£2
(P)* ¥, dx = E(py,) dx

—L2 'y

L./2 L£2
(B o dx= | ¢ (p) dx

L2 s

L./2 L£2
(P¥)* . dx = ¥ (py.) dx

—Lp2 -2

where ¢,, ¥, and ¢, are given in equations (1.6). [Comment:
The quickest results are obtained by free use of equa-
tions (1.9), together with the orthogonality of ¢, and . The
Hermiticity of p and the reality of the eigenvalues of p are
evidently closely related.]

According to classical mechanics a particle subject to a restor-
ing force proportional to x should vibrate harmonically, say
with circular frequency . Find the classical expression for the
potential energy in terms of w.

Hence write down the quantum mechanical energy operator
H for the same problem. [Comment: The completed expres-
sion may be checked with equation (8.1).]

Show that the wave function e®®, with & real, gives rise to the
same physical predictions as the wave function . Hence
conclude that they represent the same state. [Hint: Substitute
Ye® for ¢ in equations (2.1) and (2.10). Comment: Although
the overall phase of a wave function is not significant, the
relative phase of two superposed wave functions is very impor-
tant. For example ¢, +y, and ¢, — ¢, generally represent quite
different states.]
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development of the basic
assumptions

§3 Solutions to Schrodinger’s equation

The TDSE (equation (2.18)) is a partial differential equation involv-
ing both position and time as independent variables. The problem of
solving it systematically is greatly eased when the variables can be
separated, which is possible when the potential is independent of
time and H does not mention t, a very common situation. Then

2

—h—V2+ Vi(r) 3.1

H
2m

and there are energy eigenfunctions u; which depend on r but not
on t, .
Hu,(r) = E,u,(r) (3.2)

To each u, there corresponds a solution of the TDSE: if the
circulart frequency o, and the wave function ¢, are defined by

ho,=E,
¥ (x, ) =u,(r)e™ (3.3)
then
ih %‘% = Hy, (3.4

T The adjective ‘circular’ will usually be left implicit in future.

16
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as required. In view of the special relationship between the ¢, and
u,, equation (3.2) is called the time-independent Schrédinger equa-
tion (TISE).t

The physical properties of the energy eigenstate represented by i,
do not change with time, because ¢ varies only by an overall phase
factor.i Such a state is therefore called stationary.

A general wave function ¢ at t =0 may be expanded$ in terms of
the u,, since they form a complete set,

G, 0) =Y c,u,(r) (3.5)

The continued development of ¢(r, t) according to the TDSE is then
obviously given by

Wx, 1) =Y cu,(R)e (3.6)

Thus all problems giving rise to time-independent energy operators
are easily handled once the energy eigenfunctions u, and the energy
eigenvalues E; (or frequencies w,) are known. The solution of the
TISE is therefore a prime objective in practical calculations.

Probability current density (PCD) As a preliminary step equa-
tion (2.18) may be written out in full, together with its complex

T The relationship between the TDSE and the TISE in quantum mechanics is
similar to that between the common wave equation and the Helmholtz equation in
the classical theory of wave motion. For example a displacement ¢ in a stretched
string satisfies the wave equation

18y 3y
c?at? ox?
and, if ¢, varies with the particular frequency w,,
¥, = uy(x) cos (wit + o)
where a is a phase angle. Substitution into the wave equation gives the Helmholtz

equation

d2
= =—k2u,
dx

with ck,=w,.
f Vide problem 1.6.
§ An explicit formula for the constants ¢, will be derived later (equation (4.16)).
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conjugate:
2
ih w__m V2 + V(r, O
at 2m
oy W 3.7)
—ih——= ——Vx*+ V(r, )"
at 2m

When the first equation, multiplied by (i/A)¢™*, is added to the
second equation, multiplied by —(i/h)¢,

w0l

= (P (T} (3.8)
m

Now the vector j, known as the probability current density or PCD,
can be defined by

i, 0= (V) — 4T} (39)

and an equation of continuityt can readily be established between
the PCD and the PPD:

v.j+%(¢*¢)=o (3.10)

The physical significance of the PCD and the equation of con-
tinuity can be exposed with the help of Gauss’s theorem, applied to
an arbitrary volume W enclosed by the surface S:

£I¢*¢d7=—jv.jdr=—jj.ds (3.11)
w

w N

The rate of change of the probability of finding the particle inside
the volume W is equal to the inward flux of the PCD. Thus j.dS
may be interpreted as the probability per unit time that a particle
passes through dS.

+ Similar equations in the classical theory of wave motion connect energy fluxes
and densities.
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§4 Mathematical properties of wave functions and operators

Hermitian operators The five operators introduced in section 2
must be shown to be Hermitian, as defined by equation (2.12).
Certainly ¥ is Hermitian because it is multiplicative, and r is real:

[t ar= [ty dr = [tv, ar = [ Gutnar
4.1
Similarly V is Hermitian, because it is multiplicative and V is a
real functiont of r and t. X
The Hermitian characteristics of p and T are less straightforward
to discuss. In one dimension, an integration by parts from x, to x,
gives

I% (—m "’2) = j( a¢1> lpzdx—m[lpl%r 4.2)

xq
X1 X1

Simiilarly, after two integrations by parts,

X XZ

fur(-35 5o | (42 v

X1 X1

2
el a—”’z—% A S
- 0x x
Obviously p and T are Hermitian in the range x;<x=x, if the
second terms on the right-hand sides of these equations can be
discarded.

In many problems the particle is in a bound state so that its wave
function is localised near some finite value of x; the wave functions
are either zero at x; and x, or else they tend to zero exponentially
as x; — —®, x, —> +. In either situation the unwanted terms disap-
pear.

Sometimes it is not convenient to consider a region of space
sufficiently large to embrace the entire wave function. For example,

+ Sometimes, though not in this book, a complex and non-Hermitian V is used as a
calculational device, to describe the disappearance of particles into states that the
physicist does not want to discuss. Only a partial picture of the situation can be
gained from such calculations.
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a beam of particles may be accelerated (x very negative), scattered
by a field of force (x =0), and finally detected (x very positive). The
accelerator and detector play an essential part experimentally, but it
is hardly desirable to include descriptions of them in a quantum
mechanical analysis of the scattering process. This may be avoided if
finite limits x, and x, are chosen so that the scattering region is
included but the accelerator and detector are excluded. The artificial
restriction of the space under scrutiny (x,<x=<x,) has to be
matched by an artificial restriction on the wave functions; they have
to satisfy boundary conditions at x, and x, such that the unwanted
terms in equations (4.2) and (4.3) vanish.

A possible boundary condition to impose on every ¥, including of
course ¢, and ¢, is that

Y(x)=¢(x)=0 (4.4)
However, it is usually better to work with the periodic boundary
conditions
3 d
s =u, () =) @)
X/, ax/,,

The advantage is that ¢ can be a momentum eigenfunction, or a
superposition of momentum eigenfunctions.

Similar considerations apply in three dimensions. If the particle is
not localised, a possible boundary condition is

(¥)s=0 (4.6)

on the surface S of some suitable volume of space. Alternatively
there are again the periodic boundary conditions, active on the
surfaces of a cube of side L,

‘!’(_lea y, Z) = l{’(L/z, y, Z) }
(Vll’)—uz,y,z = (Vll’)uz,y,z

with corresponding equations for y==+L/2, z==+L/2.

Finally, the Hermiticity of H is guaranteed because it is the sum
of other operators, T and V, which are Hermitian. The number of
particles is consequently conserved:

4.7

% Ilp*lp dr= —fil {jl{l*(I:Il[I) dr— I(Hw)*q; d¢}= 0 (498

1 Cf. ¢,, ¢, and ¢ in section 1.
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Dirac notation Many times already the complex conjugate of one
function of position has been multiplied by another function of
position and the product has been integrated over all space, or over
all of a special region of space if the particles are not localised. Such
integrations are indeed very characteristic of quantum mechanics, and
it will be worthwhile having a nomenclature and a shorthand
notation for them. The integral on the left-hand side of the identity

[ wtvaar=iluw @9)

all space

is called the scalar product of y, with ¢s;, and on the right-hand side
this is expressed in the neat notation invented by Dirac. Obviously

(P l U) =<, ’ llf1>* (4.10)
The normalisation integral (equation (2.1)) is now written
Wlp=1 (4.11)

and the Hermitian condition (equation (2.12)) becomes

W | ) =gy | W)
= (| [0 (4.12)

The extension to the Dirac notation in the second line here has a
symmetrical form which reflects the fact that [ may equally well
operate on s, or y;. Obviously this notation would be meaningless
and inappropriate if the operator concerned were not Hermitian. In
future (y,| [ |¢,) will be called the matrix element of [ taken between
¥, and ¢. R

An operator which is not Hermitian, k say, also has a matrix
element taken between ¢, and ;, but this must be understood to

mean (¢, | ky,) and not (ki | ¥,).
Orthogonality of eigenfunctions 1If u,, u, are two eigenfunctions of
belonging to the eigenvalues I, ,,
(uy il“z) =(u, , iuz) = L(u, | U)
=(fu1 | uy) = li{(u; | Uy) (4.13)
and so (I,—I,)u; | u,)=0. If I, and [, are different,
<u1 l u2> = 0 (4.14)
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and u,, u, are said to be orthogonal.T Generally, if u, and u, are any
two eigenfunctions of [,

(us | ) =8, (4.15)

where the Kronecker symbol §,, is zero if r#s and 1 if r=s. A
collection of all the normalised mutually orthogonal eigenfunctions
obeying equation (4.15) will be called a complete orthonormal set.

None of the functions in the set can be expressible in terms of the
others, or equation (4.15) would fail: in other words all the func-
tions must be linearly independent.

Sometimes two or more eigenfunctions, orthonormal and linearly
independent though they may be, belong to the same eigenvalue of
some observable. This is called degeneracy, and the eigenfunctions
and states involved are said to be degenerate. The observable
concerned should be stated, or at least kept in mind, because two
eigenfunctions which are degenerate with respect to one observable
are not necessarily so with respect to another.f The possible exis-
tence of degeneracy complicates many otherwise simple theorems in
quantum mechanics, but further remarks in section 12 will show
how best to deal with it.

Expansion in eigenfunctions The interpretative structure of the
theory makes it very important to be able to expand any ¢ in terms
of eigenfunctions. The expansion is easily carried out if the eigen-
functions are arranged into a complete orthonormal set. For if

=2 cu

the coefficient ¢, may be determined by forming the scalar product
of ¢ with u,,

(u |y =2 (u | qu)=2 cus | w)=2 8, =c,  (4.16)

and therefore the required expansion§ is

v =2 (u | )y, (4.17)

+ Cf. problem 1.2.

i Cf. table 1.1: ¢, and ¢y, are degenerate in energy, but not in momentum. The
latter fact is quite enough to guarantee that they are orthogonal.

§ Cf. the third of equations (1.6), where (| ¢.)=—i2""2 and (¢, | ) =i27V2
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If ¢ is normalised,

Wley=2 Ylcu |cuy=Y Y c*cd, =2 lelP=1 (4.18)

r N

as promised in equation (2.11).

Closure According to equation (4.17) two functions ¢, ane ¢,, not

necessarily normalised, may be expanded in terms of a complete

orthornormal set by means of the relations ¢, =Y (u | ¢,)u, and
k

b :§<uf | &)u;. Then,
(¢, | 4)= ; Z (e | &)™t | X | )
= ; ;«b, | w Xy | )3
= §<¢, | e X | b) (4.19)

This is the closure relation, of which equation (4.18) is actually a
specizil example. Anotller useful special form arises if ¢, is identified
with [u, and ¢, with [u,:

(| 2 Juy=(lu, | fus>=§<u,| e X Tl (4.20)

Pictorial summary Many of the results obtained so far can be
summarised in a pictorial way. The illustrations exploit analogies
between ordinary unit vectors and their scalar products, on the one
hand, and normalised wave functions and their scalar products, on
the other.

In figure 4.1 a complete orthonormal set of eigenfunctions of [ is
represented pictorially by orthogonal unit base vectors. The set in
this example has three members, but in general the number may be
more or less, or even infinite. The scalar product of any pair of base
vectors in the picture is of course zero, and so is the scalar product
of any pair of eigenfunctions in the theory.

In figure 4.2 a general normalised wave function ¢ is represented
by another unit vector, oriented so that its direction cosine with
respect to each base vector u, is the scalar product {u, | ¢).T The
projection of the unit vector ¢ on the base vector u, is (u, | ¥)=c,,

tThe fact that (u |¢) may be a complex number does not receive pictorial
recognition.
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us

A

cos™ (uy | uz)=7/2 cos™ (us [ uy) = /2

-

A\ G
cos u, | uy=m/2

Figure 4.1 A picture of a set of three orthogonal eigenfunctions.

Uy

cos™ (us | ) /
cos™ up | o)

cos™ (uy | )

N
[

U,

Uy

Figure 4.2 A picture of a general normalised wave function ¢, and its

projections on to the three basic eigenfunctions of figure 4.1.

and the square of the length of this projection is |c,|?, the chance of [
being found to have the value I. The equation |c,|*+|c,|*+]|cs]>=1
corresponds to the usual relation for the sum of the squares of

direction cosines.

In general the vector representing ¢ changes its direction as time
goes on. One exception occurs if s represents a stationary state of
energy E,, and [ does not mention ¢ explicitly; then the vector
representing ¢ does not move because the projection of ¢y on each

—iw t
!

u, varies only by the overall phase factor e

and is therefore of



MATHEMATICAL AND PHYSICAL DEVELOPMENT 25

constant length. Another exception occurs (equation (3.6)) when the
u, are energy eigenfunctions and H does not mention ¢; the projec-
tion of ¢ on each u, is then again constant in length but varies with
its own particular phase factor e ™+,

The abstract space in these illustrations is called Hilbert space.

Expectation values of observables If the state represented by ¢ is
set up many times, and the value of ! measured each time, then the
average of all the results is called the expectation value of 1. It will
be written as (D).

The expectation value of r is easily calculated from the position
probability density,

D= jr|¢l2 dr= jw*np dr = (Y|t |¢) 4.21)
The form of this result is in fact quite general. If again
v=2 cu,
where the u, are the eigenfunctions of [,
Wil =< [ )= Leu, | lew,)
=Y c*el(u | u)= Y. c*c 5,
=Y lalL (4.22)
But s

=Y le.PL,

s

since the probability of getting the result I is |¢,|?, and so,

D=l ) (4.23)

Products of operators 1t is easily seen that the one-dimensional
position and momentum of a particle do not commute,

aav g O T PP
PR = thax(xd/) lhxax i =Rp—ihy (4.24)
so that
£p—pX=ih (4.25)
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This intriguing and beautiful equation was first obtained by Born
and Jordan in 1925.

The commutator of two operators [ and ri is defined to be
[ —ml and written as [[, m]. Thus,

[% pl=ih (4.26)

Typical commutation relations for the three-dimensional position
and momentum of a particle are

(ﬁxf)lP:—ih‘?'(xlll)=~ihx—a¢—ihd/=()‘cﬁx—ih)¢

0x ox 4.27)
TP [P PP '
(BY) =—ih P (y) =—ihy P (D¢

and generally,

where the suffixes i, j take the values 1,2, 3 for the x, y, z compo-
nents of r and p respectively.

If | does not commute with m it may be shown that [ is not a
Hermitian operator, and therefore does not represent an observa-
ble. In general,

(Y | im'/’z) = <il//1 | ) = (rﬁﬁlfl | ¥,)
# (I, | ) (4.29)

The form of this equation shows that the symmetrical product
[+l is always a Hermitian operator. Of course if [ and i do
commute, then frﬁ, and indeed any real function of [ and i, are
Hermitian operators.

A particularly simple product operator is [ =2, which does
represent an observable 12 because [ certainly commutes with itself.
An eigenfunction u, of ! belonging to the eigenvalue [ is also an

T The first step here assumes that equation (2.12) still holds good if rup, is
substituted for ¢, itself. This is usually true, except when [ is a differential operator
and the particle is not localised. The Hermitian character of [ must then be enforced
by boundary conditions, but riu, does not necessarily obey the conditions which ¢,
itself does. In a one-dimensional problem with periodic boundary conditions, for
example, X, =x{, could not have the same value at the boundaries x; and x,.
Whenever product operators are handled in this way the results must therefore be
used with due discrimination. This is particularly important in section 5.
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eigenfunction of 12 belonging to the eigenvalue [2,
u, = [(fu,) = [(lu,) = Llu, = Py, (4.30)

Clearly I? cannot have negative eigenvalues. It follows, for example,
that a measurement of the kinetic energy of a particle (T =p?/2m)
never gives a negative result.

Symmetric energy operators and parity The observables consi-
dered so far have all been familiar from classical physics, but there
are others that can be conceived only in the framework of quantum
mechanics. They are defined by means of the linear and Hermitian
operators that represent them. One such observable is the parity II
represented by the operator IT, whose instructions in one dimension
are that (x) is to be replaced by (—x) at every point x. Thus

Iy(x) = Y(—x) (4.31)

This amounts to a reflection of the wave function about the point
x =0. If ¢ happens to be an even function of x,

Ip(x) = y(—x) = Y(x) (4.32)

and the parity evidently has the eigenvalue +1. Similarly, if
happens to be an odd function of x, the parity has the eigenvalue
—1. There is no other possible eigenvalue, apart from +1, because
any ¢ is an eigenfunction of IT? belonging to the eigenvalue +1,

ITy(x) = M (—x) = Y(x) (4.33)

The commutation relation of IT with H is of interest, particularly
when V(x) is an even function of x. Then

Ovx)= V(—x)[T1= V()IT (4.34)
As for ’f‘,

A 0 0 A 0 dx A d
dx d(—x) ax d(—x) ax 1
Af H® 92 W 0 ~ 8 w9 .
H(___)=__ __w¥
2mox  ax 2m6x2H

(4.35)

2m ax>
Thus, when V(x) is an even function of x,
[T, A]=0 (4.36)

In section 5 it will appear that interesting general consequences
follow when two observables commute, particularly when one is the
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energy. In anticipation it can be stated that a consequence of
equation (4.36) is that the energy eigenfunctions, if they are not
degenerate, must be parity eigenfunctions also, that is even or odd
functions of x. Further, parity is conserved and in particular an
eigenfunction of parity remains so for all time. Since an eigenfunc-
tion of parity, belonging to either eigenvalue, has a PPD which is an
even function of x, any departure from parity conservation can be
detected. If that were to happen it would be a sure sign that V(x)
and therefore H was not in fact symmetric about x =0.

In three dimensions IT can be specified in either Cartesian or
spherical polar coordinates:

Tiy(x, y, ) = $(—x, -y, —2) }
IY(r, 6, &) = ¢(r, m— 6, d + )
From the second form it is easy to see that a spherically symmetric

H, as in the hydrogen atom, leads again to equation (4.36) and its
consequences.

(4.37)

Continuous eigenvaluest It has so far been tacitly assumed that
the eigenvalues of [ are discrete, although the position operator is
an obvious exception. If in fact the eigenvalues of | are continuously
distributed from I, to l,, then the expansion in eigenfunctions
(equation (2.9)) has to be written as an integral over I,

= jc(l)u, dl (4.38)
15

and the interpretation must be altered to say that, if (¢ | ¢)=1, the
chance of getting a value of | between | and 1+dl is |c(1)[> dl. Then
|c(D)l* may be referred to as the probability density for the observ-
able I.

The orthogonality of eigenfunctions belonging to different eigen-
values (equation (4.15)) is now expressed by

(u, l u,'>=6(l_‘l’) (4.39)

where the Dirac 8-function §(I—1') is zero when | —1'+#0. Its value
at [-1'=0, which fixes the normalisation of u, is defined to be

T This topic may be skipped at a first reading.
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positively infinite in such a way that
l

2

Ia(l —-Idl'=1 (4.40)

L

Clearly 8(I—1') is a highly singular mathematical function, which
only has a meaning when it appears in an integral similar to the one
that defines it. An elementary property is

l L

2

jc(l’)S(l—l’) dl'= Ic(l)é(l—l’) dal

L L

2

L

=c(l)J’5(l—l’) dl'=c(l) (4.41)

L

The 8-function is only non-zero when its argument is zero, and so a
reversal in sign of the argument has no effect. The last two equa-
tions are still satisfied when 8(I'—1) is substituted for 6 (I —1").

The orthonormality of the eigenfunctions, as defined by equations
(4.39) and (4.40), ensures that the total chance of getting a result
from a measurement of [ is unity. For,

L

W)= ) I<C(1)u; [c(uy)dl’ dl

_ --C*(l){jc(l')a(l—l’)dl’}dl

= .c*(l)c(l) dl (4.42)

Since (¢ | ) =1, L
j (P dl=1 (4.43)

L

in correspondence with equation (2.11).
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Finally it may be shown that the expansion coefficient c(l) in
equation (4.38) is equal to (u | ¥),

l L

2

(| 0y = j e ar'= [ | w) ar
[ Iy
l

2

2

= jc(l’)S(l—l’) dl'=c(l) (4.44)

L

in correspondence with equation (4.16).

§5 General properties of quantum mechanics
Correspondence to classical mechanics The expectation value of

an observable | was defined in section 4 and calculated in equation
(4.23); its rate of change with time is given by

d d A

—(D=—=(l! 5.1

dt() dt(tlll ) (5.1
Differentiating each of the three parts of the integrand in turn,

L= tlo)+ (o] & o)+ (o] 1[24) (5.2

al
at at
and, with the aid of Schrddinger’s equation,

%(z)=é<ﬁw| f|w>+<¢ —z—: ¢>—é<¢| [1Fw)
gl e

The right-hand side here is clearly the expectation value of the
operator in the parentheses, so that,

d ol i
a—(l)—(at h[f,H]) (5.4)
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As an example the general observable | may be identified with the
momentum p. Since p and T commute,

PN
N A

[p, HI=pV—Vp=—ikVV +ihVV
=—ik(VV) (5.5)

Clearly ap/ot =0, since p does not mention ¢, and so equation (5.4)
becomes

d
a @)==(VV) (5.6)

which recalls at once the classical relation dp/dt=—VV. This is an
example of a general rule, known as the correspondence principle,
that the expectation values of observables in quantum mechanics
behave in the same way as the observables themselves do in classical
mechanics.f The characteristic feature of quantum mechanics is the
frequently occurring fluctuations of the measured values of observa-
bles around their expectation values, a topic that will be examined
soon.

A second example of the correspondence principle in action arises
when [ is identified with the position r. Since r and V commute,

[+, H1=5 [+, 5" 57
The ith component is
7, 02 1=[F, p71=[7, p:1p: + Bi[F,, B;1=2ihp; (5.8)
and so
[k, p>1=2inp (5.9

Since ot/at =0, equation (5.4) becomes
d 1
—@)=— 5.10
a& )] - €)) ( )

which corresponds to the classical equation dr/dt=p/m.

T If operator equations seem obscure at first it will be found worthwhile to include
the wave function explicitly. Then the last step in this particular equation will be seen
to involve nothing more difficult than the derivative of the product of two functions,

VYV =(VV)+VVy§

1 Equation (5.6) is also known as Ehrenfest’s theorem. Vaguer and more elusive
versions of the correspondence principle are sometimes encountered.
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As a final example, the total energy H may be considered in the
situation where the potential V is not a function of t. Then dH/dt =
0, and of course the commutator of H with itself vanishes, so

d
E(H)_O (5.11)

corresponding to the classical conservation of the total energy in the
same situation.

Heisenberg’s uncertainty principle The first part of section 5 has
described how the expectation values of observables in quantum
mechanics behave like the corresponding classical observables. In
quantum mechanics, of course, the actual measured value of an
observable is liable to differ from its expectation value, except when
the particle is in an eigenstate of that particular observable. It is not
in fact possible for a particle to be in an eigenstate of every
observable simultaneously, so that there cannot be a physical situa-
tion in which all the observables are free from uncertainty.

It is easy to find a condition which must be satisfied if a wave
function ¢ is to be an eigenfunction of two observables ! and m. If

Iy =1y and myp = m,

b = [(mop) = m, (fy) = mrlstlf}
wly = m(ly) = L(my) = limy

Obviously m, Ly = Iim.f, so that
(friv— i)y =L, mIw =0 (5.13)

Sometimes the commutation relations between [ and # are such
that this condition can never be satisfied. In one-dimensional prob-
lems, for example, the position and momentum observables obey
the commutation relation [%, p]=i#h; but if ¢ is normalised i%
cannot be zero everywhere. It follows that simultaneous eigenstates
of x and p do not exist, and these observables are therefore said to
be complementary. In three-dimensional problems x and p,, y and
p,» z and p, are pairs of complementary observables because of the
commutation relations [#, p;]= i#d;.

Sometimes | and m do not commute, but [, 7] is equal to an
operator rather than a constant. This situation produces a modified
type of complementarity, less absolute than that involving x and p.
The point is that the operator just mentioned may produce zero for
some very particular wave functions ¢, though not for all. The

(5.12)
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complementarity of [ and m is then abated for these very particular
wave functions. The orbital angular momentum components in
section 10 provide a fine example.

So far a necessary but not sufficient condition has been derived
for ¢ to be a simultaneous eigenfunction of | and m. However, the
discussion can be sharpened further; if [, ]y =0 and if ¥ is an
eigenfunction of I belonging to the eigenvalue [,

[(iup) = () = 1, (riup) (5.14)

Here my is seen also to be an eigenfunction of I, belonging to the
same eigenvalue l.. Provided that this eigenvalue is non-degenerate,
my can differ from ¢ only by a multiplicative constant, m, say. Thus
gy = m and ¢ is definitely an eigenfunction of m also.

The uncertainties which must be associated with a pair of com-
plementary observables can be discussed quantitatively. A measure
Al of the uncertainty of [ is given by

(AD2 === (| 12 |¢)— (| [ |y
= (| (T— (| T|y)? |¥)
=(y| I |¥) (5.15)

where [ =[—(y| [ |¢), the second term being simply multiplicative.
The uncertainty of the complementary observable m is similarly
measured by Am. Then,

(AD*Am)* = (| I [y )| i )
=Ty | TYXi'w | viv' (5.16)
Now Schwarz’s inequalityf states that for any two complex func-

tions f and g,
2

(5.17)

jf*fd‘rjg*g dr= jf*g dr

and, obviously,

{[m o arf ={[ L ra-g*par)
(5.18)

frse

T The inequality may be obtained by considering that { h*h dr=0, where h=
(frgdnf-(f*f d7)g.
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If f is identified with 'y, and g with W'y, these two inequalities
may be used in the right-hand side of equation (5.16):

1 " 2
@0amp= (i) oy | ro)

i
-]

1 oA S
>(E[z,m]) (5.19)
Obviously,
[, =Ll m] (5.20)

1.
Lita1)
(Zi[ 1]
This is the mathematical expression of Heisenberg’s uncertainty

principle. It may be applied at once to the one-dimensional position
and momentum to give the example

Ax Ap=h/2 (5.22)

The certainty of the classical theory would be regained if # were
actually zero; this is a general feature of the uncertainty principle,
since a non-vanishing [[, 1] always contains a factor #.

When attention is artificially restricted to a region of special
interest the uncertainty principle must be applied with care. In
section 1, for example, it has to be remembered that ¢, ¢, and ¥,
really repeat themselves over and over again outside the region
—L/2=x=L/2. Physically Ax is infinite, and so Ap can be zero for
¢, and . Mathematically the failure of equation (5.22), when
attention is restricted to a special region, is explained by the
footnote on page 26.

The uncertainty principle will be extended later (sections 25, 26)
to discuss the spread AE of an energy measurement carried out in a
finite time interval At. The considerations involved are qualitatively
somewhat different from those presented here.

and so finally,

AlAm=

(5.21)

Conservation of observables Usuaﬂllyﬁaflat =0, and in some physi-
cal situations it may happen that [[, H]=0. According to equation
(5.4) (D) is invariant, and so are (I?), Al, and indeed the expectation
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value of any function of l. The observable [ is then said to be
conserved. In particular, if a measurement of [ is certain to yield the
eigenvalue I, at some time, then it is certain to do so at all times.

The simplest example is the conservation of energy whenever
dH/ot =0 (equation (5.11)). Another instructive example is the
conservation of linear momentum for a free particle, when H=
$*/2m and [p, H]=0. All the conservation laws of classical
mechanics are reproduced in this way.

Problems

2.1

2.2

2.3

Suppose that the eigenfunctions of | are not degenerate, and
that u,(r) and u!(r) are both normalised eigenfunctions of I
belonging to the eigenvalue /. Show that the most general
possible relationship between the two eigenfunctions is

u, (r) = ui(r)e®
where § is constant and real.

Show that a non-degenerate solution to the simplest form of
TISE (equation (3.2) with H given by equation (3.1)) can be
expressed as a function which is real everywhere.

Show further that the PCD for the solution is zero
everywhere.

[Hint: Suppose u, to be a solution, write it in the form
v, +iw, where v, and w, are real everywhere, substitute into
the TISE, and separate the real and imaginary parts of the
equation. The absence of degeneracy points to a relationship
between v, and w,. Comment: A complete set of real functions
which solve the TISE can also be found when there is degener-
acy, but a set of complex functions may be more convenient if
its members are simultaneous eigenfunctions of energy and
some other important observable. Thus in equations (1.6) ¢,
and ¢, are eigenfunctions of momentum, but i, is not.]

Use equation (3.9) to calculate the PCD for the states rep-
resented by ¢, and ¢, in equations (1.6). Verify that the PCD
is equal to p/m times the PPD for these momentum eigen-
states, as might be expected from the classical relation p = mv.
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In spherical polar coordinates the components of the operator
V in the directions in which r only, 6 only, and ¢ only increase
are

_ 9

"or

_139

® " rae
1 9
d’—rsinoﬁ

The radial probability current density (RPCD) is the flux of
the PCD through a spherical surface of radius r.
If
¢ =(1/27"2r)S(r)

show that the RPCD is

ih (dS* S)

2m d
If in fact S =€, where k is real, then show that the RPCD is
hk/m.

The matrix elements of an operator are so called because they
can be arranged in the form of a square matrix; if [ in
particular is a Hermitian operator, then (¢,.| [ |¢,) appears in
the mth row and the nth column. If this matrix element is
labelled 1., then a Hermitian matrix is one in which L, = I*,
Show that the (| [ |¢,) form a Hermitian matrix and that the
diagonal elements (m = n) are therefore real.

Show further that if the wave functions used to form the
matrix elements are in fact the eigenfunctions of [, and if there
is no degeneracy, then the diagonal elements of the matrix are
the eigenvalues of | and the off-diagonal elements vanish.

Jot down the 2 X2 matrix associated with p, ¢,, and ¢, in
section 1.

Suppose that [ does not mention t, that [f, H]=0, that the
us(r) form a complete orthonormal set of non-degenerate
eigenfunctions of [, and that

W(r, 1)= Y c,(t)u, (¥
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Show that
d 2
—_— e 0
= lal

for any s, as would be expected when [ is conserved. [Hint: In
the circumstances that are postulated an eigenfunction of [ is
also an eigenfunction of H. Comment: The extension to cover
degeneracy is quite difficult, but it can in fact be proved that
the overall probability of | being found to have each eigen-
value is invariant.]

The energy operator for a particle moving in a three-
dimensional potential field V(r) has the form

. W o0 (,d iz
H= 2mr? dr (r ar>+2mr2+ Vi 6,4)
in spherical polar coordinates r, 8, ¢. The operator 1 represents
the angular momentum of the particle round the origin: it
mentions 6 and ¢, but not r.
Show that the angular momentum is conserved, if the poten-
tial is central and described simply by V(r).



One-dimensional applications

§6 Free particles: momentum probability density

Stationary states It is a wise habit to start the quantum mechanical
analysis of a physical situation by writing down the energy operator
H, whenever possible. For free particles

w2

B=T=-—
2m 8x?

6.1)
Normally the next steps would be to write down the TISE, and
solve it to find the stationary state wave functions u.(x) and the
energy eigenvalues E, =#hw,. The problem in hand is so simple,
however, that the TDSE has already been written down and solved
directly in section 1. According to equation (1.2) the solutions are
wavelike, and a typical one after normalisation can be written

W (x, 1) = L™ V2eitkao0 (6.2)

If attention is again confined to the finite region —L/2<x=<L/2,
then periodic boundary conditions should be imposed. In essence
they require that the interval L should be an integral multiple of the
wavelength 27/k,. Then

k,=2ms/L, §=0,+1,+2,... (6.3)

38
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where s is the first example of a quantum number, whose value must
be chosen from a set of permissible values, not necessarily integral
in every problem. The function of a quantum number is to ensure
that a general solution to the TDSE or TISE, like equation (6.2), is
specialised to conform to the boundary conditions.

The value of each w,; can be obtained from k; by means of the
dispersion relation, equation (1.3). Thus

o, =2mw%s*h/mL? 6.4)

The transition from the mathematical style of section 1 to the
more standard one of section 3 is made by writing equation (6.2) in
the form of equations (3.3):

P (x, 1) = us(x)e""*']

U, (x) — L—I/ZCik!x

(6.5)

It is readily shown that u; is an eigenfunction both of momentum
and energy,t belonging to the eigenvalues ik, and hw, respectively.

In fact pu, = hku, } 66
Hu, = (W*k2/2m)u, = ho,u, )

Discrete eigenvalues of momentum According to equations (6.3)
and (6.6), p, =2msh/L (6.7)

Since the quantum number s must be integral, the momentum
eigenvalue spectrum is discrete: there is a gap between successive
eigenvalues, equal to 2##/L. Obviously this gap may be made as
small as desired by taking L suitably large, but it is always possible
to count the number of eigenvalues which lie in a certain interval of
momentum. It will appear later that this is indeed a very important
kind of operation. .

If a momentum interval 8p; is considered, then division of 8p, by
the gap between eigenvalues will yield the corresponding number
8N of momentum eigenvalues:

6N = (L/2mh)p,
N_ L ©68)
dp, 2wh

This may be called the density of states in momentum space.

1 Notice that § commutes with H for free particles.
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Discrete eigenvalues of energy The energy eigenvalue spectrum is

also discrete, because
E, =2%2s*h?/mL? (6.9)

The gaps between successive energy eigenvalues become larger as
E, and s increase, because of the dependence on s2. This means that
the density of states in energy space decreases as the energy
increases.t

Wave packets It has been seen that a wave function proportional
to e™* represents a state in which the particle has the momentum
#ik'. On the other hand the position of the particle is undefined,
since the PPD is constant. It is interesting to consider the effect of
localising the particle, by putting into the wave function a modulat-
ing amplitude proportional to e ***”2, where a is a real constant.
After normalisationf the resulting wave function, which is an exam-
ple of a wave packet, has the form

tlf(X, 0) — W—1/4a1/2e—a2x2/2eik’x (610)

at t=0.

The energy operator H is of course unchanged, and use of it
shows that y(x, 0) does not obey the TISE, and so it is not an energy
eigenfunction and does not represent a stationary state. For the time
being the discussion will be confined to the state of affairs at ¢t =0.

The PPD is immediately calculable, and it has the Gaussian shape
shown in figure 6.1. The PPD is symmetric about x=0, and

PPD 4

17_1/2(1 B

0d < -
- >

—2“|2 Ax 0 2"2. Ax

Figure 6.1 The PPD of the wave packet at t =0.

t Vide problem 3.2.
i Vide appendix, equation (1).
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MPD A

7 2/ha ]

0d >
-«

T T T
hk'—2V2Ap hk' hk'+2'Y?Ap

Figure 6.2 The MPD of the wave packet at t=0.

therefore the expectation value of x must be zero. Indeed

() =(Y(x, 0)| x |¢(x, 0))

= 011,2 J’ xe ™ dx =0 (6.11)

aw

because the integrand is an odd function of x.
As for the expectation value of x> and the uncertainty of position
Ax,

(x?) =ﬁ J’ x%e ™" dx = 1/2a?

(6.12)
Ax = ((xZ)__(x)Z)l/Z — 1/21/2a

with the help of the appendix, equation (2). It follows that the PPD
falls to 1/e of its peak valuet at x =+aq ™' =+2"2Ax,

Obviously (x, 0) is not an eigenfunction of the momentum, but
the expectation value (p) is unchanged by the introduction of the
factor e @***2;

(p)=(y| p |¢>=<¢ | —ihg‘f>

-h <
= .—;,_1/a2 J’ (ik'— ax)e™*™* dx = hk’ (6.13)

T Of course there is the same relationship between any Gaussian distribution and
its standard deviation.
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The value of (p?) is
(P> = p* )

h%a
=——5 | (-a’—k"?=2ia’k’x +a*x?)e > dx
T

=#*(k"*+a?/2) (6.14)

and so the uncertainty Ap in the momentum of the particle is given
by

Ap =((pH—(pP)?=ha/2"? (6.15)
The product Ax Ap has the value
Ax Ap=H/2 (6.16)

which is in fact the minimum allowed by the uncertainty principle.
This is a special property of the Gaussian modulation of (x, 0).

Momentum probability density (MPD) Some theoretical develop-
ment is needed to get detailed information about the momentum of
the particle. When a wavefunction ¢ is not an eigenfunction of
momentum it is necessary to expand it in terms of a complete
orthonormal set of momentum eigenfunctions. Such a set is pro-
vided by the second of equations (6.5), and the chance that the
momentum will be found to have the value p; is

|Cs I2 — l(L—IIZeipsx/h | ¢>l2 (617)

according to equation (4.17). The limits of integration are x ==+L/2,
and the arbitrary length L must be set very large so that all values of
x for which ¢ is significant are covered.

With that condition |c,|> is proportional to 1/L, which looks
puzzling at first sight. However, the output of real physical interest
is the MPD, |c(p,)|?, defined so that the chance of the momentum
being found with a value between p, and p,+8p, is |c(p,)|* 8p,.
When L is very large there are many momentum eigenvalues in the
range 8p,, and so the density of states in momentum space, which is
proportional to L, becomes a factor. Then, as L — o,

le(p,)I? 8p, = |cs|* SN

L
2_ (.12
le(p)l? = ¢l Y

(6.18)
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according to equations (6.8). After the superfluous suffix s has been

dropped,
c(p) =(Qah)" 2™ | ¢) (6.19)

which is happily independent of L.
If the wave function ¥(x, 0) is substituted into the general formulat

a 1/2 s
C(p) ( ) j e*l(D/h)x +ik’x —(a2x2/2) dx
—o0

3/2h
1\ _..
~(g) e (6.20)
and therefore,
le(p)f? = (wl,lzha)e““k’—v)z/'ﬂa’ (6.21)

This distribution, which is again of Gaussian form, is shown in figure
6.2. The MPD is largest when p =(p), and it falls to 1/e of its peak
value at p =(p)+2?Ap.

Continuous eigenvalues of momentumi The MPD was calculated
by expanding ¢ in eigenfunctions of p belonging to discrete eigen-
values, and then letting L — o« so that the spectrum went over to a
continuum. The same final result can be obtained more directly by
using the continuous eigenvalue theory developed in section 4.

In fact equation (6.19) for c(p) corresponds exactly to equation
(4.44) and it is only necessary to show that the eigenfunction
u, = (2wh) %" js correctly normalised; to check with equation
(4.39) it must be proved that (u, | u,)=8(p—p").

It is hardly surprising, in view of its equation with a §-function,
that (u, | u,) is positively infinite when p’ = p. This can be seen by
defining the infinite integral in the usual way:

X

1 o
(u, | uy)= lim iy I el TP qx
-X

_ i S0 0 —p) X7}

o =) (6.22)

t Vide appendix, equation (3).
% This sub-section, which ends on page 44, may be skipped at a first reading.
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The function whose limit is to be taken has the value X/m# when
p'=p, and so the final result is clearly infinite.

It is irritating that the expression (6.22) does not settle down to
zero when p’#p, in the limit X — oo, Instead it oscillates finitely
around the mean value zero as X increases, with the amplitude
{w(p’—p)}!. Steps may reasonably be taken to damp out these
oscillations, by modifying the momentum eigenfunctions at ex-
tremely large values of |x|. After all, the eigenfunctions actually
enter into calculations when scalar products with them of physical
wave functions ¢ are taken. It is unlikely that ¢ will be significant as
far away as the moon, let alone at infinity. Thus the scalar products
will not be affected by the introduction of a factor which differs from
unity only at extremely large |x|.

The damping can be accomplished by introducing a factor
e =*I2* where & is real, positive, and very small. This is the simplest
factor which will suit the purpose in hand; it has the disadvantage
that the momentum eigenfunctions are not differentiable, and hence
cannot respond properly to p, at x = 0, but this fault may be excused
since the uncertainty in the differential goes to zero in the limit
e — +0. Thus,

o0

1 o
= i — {i(p'—p)x—elxl}/h
<up l up’> el-l-g—lo omh -[ € dx

—o0

. i ( 1 1 )
Iim — —— —
e—=+02qr \p—p'+ie p—p e

&
= lim ———s—5" 6.23

o w{(p—pV+ et .23
The separate terms in the second line appear when the integral is
taken in two bites, from —o to 0 and from O to oo,

The expression (6.23) may be completely identifiedt with
8(p—p'). It is positively infinite when p’=p, zero when p’# p, and
yields unity when integrated over all p'.

Time dependence of wave packets Some important facts about the
development with time of the wave packet can be seen without
examining the wave function in detail. The momentum is conserved,
since p is an operator which commutes with H and does not depend

tIn shorthand, | €®~*dx =2md(k — k') =2md(k' - k).
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on t. Therefore,
d od
dt(p)_dt(p =0

and (p), (p?), and hence Ap preserve at all times the values already
computed for t=0.
The value of (x) can also be found quickly. From equation (5.4),

d e e A - (2 52
a(x)— h([x,H]) 2hm([x,p])

. aa i o (6.24)
[, p*1=L%, p1p + PLX, p]1=2ihp
witI:fthe help of equation (4.26). So
d 1 hk'
ar )= - (= g
(6.25)

(x), =(x)o+hk't/m

The first equation here shows the expectation value of x moving
along at a velocity which is equal to 1/m times the expectation value
of p: that is just what would be expected from the correspondence
principle.

In order to evaluate (x), and (Ax), it iS necessary to folldw the
development of the wave function from (x,0) to ¢(x,t). That
involves a straightforward but unfortunately lengthy calculation.
The final result is

2m?
(Ax)? = (Ax)3+(Ap)*t*/m?

h2a’t?
2N 2
(x2), = (x2)g+ } 626

The same result is predicted by the correspondence principle. An
uncertainty Ap in momentum produces an uncertainty in position
(Ap)t/m after time t: the usual square law has to be used to combine
this with the original uncertainty (Ax),.

The product (Ax), Ap, which at t=0 had the minimum value
allowed by the uncertainty principle, increases without limit as time
goes on.

T Vide problem 3.5.
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§7 Solutions of the TISE

General features It was explained in section 3 that the TISE
(equation (3.2)) plays a central role when H does not mention . A
qualitative discussion of its solutions is therefore appropriate now.
In a region of x where E> V(x) the TISE, with the label s

implicit, can be written as
d’u
@=—k2(x)u (7.1

where

k(x)=|[2m{E - V(x)}/*]"?|

This linear and homogeneous equation is of the second order, which
means that it involves the second but no higher derivative of u with
respect to x. Consequently it must have two linearly independent
solutions before boundary conditions are taken into account.

Where k(x) is constant a general solution looks like the superposi-
tion of two standing waves,

u = A cos (kx)+ B sin (kx) 7.2

where A and B are arbitrary constants. Alternatively, by taking
suitable linear combinations of the terms, u can be made to look
like two travelling waves,

u = Ce** 4 Dex (7.3

where C and D are arbitrary constants. As a rule bound particle
states are better represented by standing waves and free particle
states by travelling waves.

Where k(x) varies slowlyt these simple solutions become mildly
distorted, as the left-hand side of figure 7.1 shows. The wavelength
and the two amplitudes at each point are proportional to the local
values of k™' and k™ '? respectively.f The variation of the
wavelength is intuitively obvious, while that of the amplitudes gives
unidirectional travelling waves a constant PCD, a necessity on physi-
cal grounds.§ The two constants, A and B say, may now be the
amplitudes of the two distorted waves at some reference value of x.

+ The criterion is |dk/dx|« k2.

T Expressions for these solutions will be developed in section 18, but they are not
quoted here because they involve phase integrals, which may appear abstruse at first
sight. Problem 3.7 is intended to make the concept more familiar.

§ Vide problem 3.8.
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< Oscillatory region || ""ing|Exponential _
region region
/ V(&)
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Figure 7.1 The left-hand side shows the behaviour of the two terms in
equation (7.2) when they are distorted by a slow linear variation in the
potential energy V(£). The right-hand side shows the two terms in equation
(7.5) similarly distorted. The variable £=|{2m#A *(dV/dx)}'”*| x is propor-
tional to x but dimensionless. As a matter of fact u, is continuous with ug
through the turning region if A =F, and so is ug with ug if B=G.

Where k(x) changes rapidly the solutions just discussed break
down, but usually the affected region of x is quite small and the
qualitative behaviour of u within it can be guessed successfully.

In a region of x where E < V(x) the TISE becomes

du
dx?
k(x)=[2m{V(x)— E}/#*]"?|

Where «(x) is constant the general solution looks like the super-
position of two exponentials, one decaying and one growing with x,

u=Fe "™ +Ge™ (7.5)
where F and G are arbitrary constants.

=k%(x)u (7.4)
where
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Where «(x) varies slowlyt this simple solution becomes mildly
distorted, although this is not very obvious in the right-hand side of
figure 7.1. The attenuation length and the two amplitudes are
proportional to the local values of «~! and k"2 respectively. The
arbitrary constants F and G may now be the values of the distorted
exponentials at a second reference value of x.

Where «(x) changes rapidly the solution just discussed breaks
down, but again the qualitative behaviour of u can be guessed
successfully.

In figure 7.1, and in figures 7.2-7.4 below, it is assumed that the
wave functions are real everywhere. There is no loss of generality
because non-degenerate solutions of the TISE are being sought.

The behaviour of u is clearly very different in the two regions.
Where E > V(x) the signs of d>u/dx? and u are opposite: then the
curve of u against x is concave towards the u =0 axis, and is apt to
cross it repeatedly at nodes. Where E < V(x) the signs of d*u/dx?
and u are the same: then the curve of u against x is convex towards
the u =0 axis, and therefore if it crosses the axis once§ it cannot do
so again within the region. If the region extends over all positive x,
and if u — 0 as x — o, then it does not cross the axis at all within
the region.

A region of x where k(x) is constant or slowly varying is called
oscillatory, and so is the behaviour of u there. Similarly a region of x
where k(x) is constant or slowly varying is called exponential, and so
is the behaviour of u there.

Continuity through a turning region An oscillatory region is sepa-
rated from an exponential one by a turning region, within which lies
a turning point where E = V(x). Classically a particle projected from
an oscillatory region towards a turning point would be turned back
precisely there. In quantum mechanics k (or «) varies rapidly in that
part of the turning region that lies between the turning point and the
oscillatory (exponential) region.{

A particular approximate u in the oscillatory region, involving
definite values for A and B, specifies the exact u to which it is an
approximation. The exact u can then be followed through the

t The criterion is |dx/dx|« «2.

1 Vide problem 2.2.

§ F and G would have to be of opposite sign.

9 Note that k2 (or «2) is small near the turning point.
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turning regiont and into the exponential region, where in turn it
specifies another particular approximate u, involving definite values
for F and G. When A and B are given, F and G can in principle be
determined. More precisely, F and G are connected with A and B
by two linear homogeneous equations.

Boundary conditions at infinity It is usual in physics for the
general solutions of differential equations to be specialised by
boundary conditions in particular problems, and the solutions of the
TISE are no exception. For example the second term in equa-
tion (7.5) must be excluded when an exponential region persists as
x — . Otherwise the PPD would become infinite where classically
no particle could penetrate, and that would be unphysical. The
boundary condition can say simply that G =0, or alternatively that
u— 0 as x — . A third, and particularly simple, linear homogene-
ous equation for the arbitrary constants has appeared here.

When an exponential region persists as x — —o then F=0, or
u—0as x— —wo.

Construction of part of an overall solution The next step is to
consider the construction of a solution that passes current all the
way from an oscillatory region through a turning region to an
exponential region of infinite extent (figure 7.2). The four constants
A, B, F, G, are here connected by three linear homogeneous
equations, two for the connection through the turning region and
one for the boundary condition as x — «. Therefore u is determined
apart from an overall scale factor, which may as well be identified
with F. In figure 7.2 F has a positive real value but it might equally
well have been negative, and then u would have approached the
x-axis from underneath as x — .

The solution in figure 7.2 has been computed exactly, but a result
not much inferior might have been obtained by taking the very
simple approximate u in the exponential region, extrapolating by
eye across the turning region, and continuing with an approximate u
in the oscillatory region. The extrapolation relies on the fact that u
and du/dx must be continuous if V(x) is well behaved.}

The vertical dotted line in figure 7.2 is a reminder that d?u/dx?
changes sign at the turning point, although u does not.

+ A glance forward to'ﬁgure 18.1 may be helpful.
i If they were not continuous, then d?u/dx? would not exist, in general contradic-
tion of the TISE.
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Figure 7.2 A wave function current through a turning point, and obeying
the usual boundary condition for an exponential region of infinite extent.
The variable & ={{2m#A~>(dV/dx),}'?| x is proportional to x but dimension-
less.

Bound states When V(x) takes on the shape of a potential well, as
in figure 7.3, there is a possibility that bound states can be formed.

The partial solution u, in figure 7.3 is similar to the solution
constructed for figure 7.2: it is valid in the central oscillatory region
and in the right-hand turning and exponential regions. Let it be
proportional to the scale factor F,.

The second partial solution u_ is valid only in the left-hand
exponential region. In view of the boundary condition as x — —oo,
u_ consists of a single term decaying with —x, and proportional to
the scale factor G_.

To form a complete solution u, and u_ must be extrapolated
through the left-hand turning region to a smooth junction at the
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Figure 7.3 An attempt to construct a wave function current through all
regions fails because the slopes of u. and u_ do not match at the left-hand
turning point.

left-hand turning point. Now the ratio F,/G_ can be adjusted so
that u, is continuous with u_ at the turning point, but no scope
remains for an adjustment to constants which will make du,/dx
continuous with du_/dx there. In general it will not be so,t and
figure 7.3 shows an example. The defect is unacceptable, and the
only cure is to vary E: if E is increased (reduced) the turning points
move further apart (closer together) and the wavelengths of the
oscillations are reduced (increased). Either way a legitimate eigen-
function of energy can be obtained (figure 7.4), and further variation
of E will find more. As E is increased (decreased) a node in u, may
appear (disappear) and the sign of G_ or F, has to be changed to
maintain u, continuous with u_. That is why one eigenfunction in

+ A more mathematical analysis would note that there are six amplitudes, for two
solutions to the TISE in each of three regions of x. There are also six linear
homogeneous equations connecting the amplitudes, two to satisfy boundary condi-
tions as x — +o° and four to ensure the continuities of u and du/dx at two turning
points. There is no non-trivial solution unless the determinant formed from the
coefficients of the amplitudes is zero, and that will not generally happen.
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V(x)

v
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Figure 7.4 Decrease or increase of E in figure 7.3 produces satisfactory
energy eigenfunctions u; or u,, which have one or two nodes respectively.
Further decrease of E would set up u,, while further increase would set up
Us, Ug, . ... The eigenfunctions here have not yet been normalised.

figure 7.4 approaches the u =0 axis from above as x — —x, and the
other from underneath.

When the energy eigenfunctions in figure 7.4 have been
normalised they are then completely determined apart from a
trivial ambiguity in sign.T

When the genesis of the two energy eigenfunctions in figure 7.4
has been fully pondered, some very important facts about bound
states in simple one-dimensional potential wells will become obvi-
ous. The energy eigenvalues of these states have a discrete spectrum,
and the energy eigenfunctions are non-degenerate. If the eigenvalues
in order of increasing energy are E,, E,, E,, . . ., then the correspond-
ing eigenfunctions ug, Uy, U, ...have 0, 1, 2, ... nodest respectively
in the oscillatory region.

The lowest energy eigenvalue E, is bound to lie above the
minimum potential energy.§ The difference is called the zero-point
energy.

+ A particular example of a trivial phase factor, the subject of problem 1.6.

+ The quantum number conventionally assigned to a bound state is often equal to
the number of nodes, or the number of nodes plus one.

§ Vide problem 3.9.
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The potential V(x) in figure 7.4 was deliberately made asymmet-
ric for the sake of generality. If V(x) had been symmetric, the
theorems about parity proved in section 4 would have come into force:
Ug, Ua, Uy, . . . would have belonged to the parity eigenvalue +1 (even
parity), while u,, us, us, . . . would have belonged to the parity eigen-
value —1 (odd parity).t

Reflection and transmission at a potential step It is useful to
consider next some solutions to the TISE which represent free

particle states.
The potential step shown in figure 7.5 is a simplified description

A

E

Figure 7.5 A potential step such that V(x) does not exceed E. Both
regions are oscillatory, but the wave function discussed in the text is not
shown because it is complex, the PCD being non-zero.

of a situation where a very large force to the left acts on the
particles over a very small interval of x near x =0.
For negative x the general solution of the TISE is}

u=Ae* + Be (7.6)
whereas for E >V, and positive x it is
u'=Ce**+ De > (7.7)

Calculation of the PCD verifies that u describes particle fluxes equal
to (hk/m)|AJ? to the right and (hk/m) |B|? to the left, and likewise

TClearly an eigenfunction of parity with an even (odd) number of nodes must
belong to even (odd) parity.

11In future the formulae for wave numbers k(x) and absorption coefficients «(x)
(lines following equations (7.1) and (7.4)) will usually be taken for granted.
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that u’ describes particle fluxes equal to (k’/m) |CJ* to the right and
(hk'/m) |DJ? to the left.

The change in V at x =0 is not singular enough to destroy the
continuityt of u’ with u and of d*u’/dx? with d’u/dx?. Thus there
are two linear homogeneous equations connecting the four constants
A, B, C, and D. Since there are no boundary conditions at x = +oo,
there are two linearly independent solutionsf for each value of
E > V,. By setting D =0, one of these can be chosen to represent a
state where no particles enter from the right. Now there are three
linear homogeneous equations for four constants, and so this solu-
tion certainly exists for any E > V,. The energy eigenvalues of free
particle states have a continuous spectrum.

‘When the continuity conditions at x =0 are put into mathematical
form,

A+B=C } (7.8)

k(A-B)=k'C
Reflection and transmission coefficients for particles entering from

the left and encountering the step may be defined and evaluated in
an obvious manner:

_ (fluxtoleft), -, ‘ \ k' k)
A

" (flux toright), o k'+k (7.9)
(ﬂux to nght)x>0 k'|CP>_  4k'k )
(fluxto left) ..y k A (k' +k)?

Physically it is satisfying and indeed necessary that & and J are real
and positive, that

R+T=1 (7.10)

and that & — 0 when V;— 0.
If 0<E <V, then equation (7.7) must be altered to read

u'=Fe "+ Ge* (7.11)

The boundary condition G =0 is now mandatory, and so there are
four constants connected by three linear homogeneous equations. A

t For finite V,, the TISE requires only that d?u’/dx? should be discontinuous with
d2u/dx2.

$1In counting constants and linear homogeneous equations there is no need to
worry whether or not the wave function is complex. A complex constant contains two
real constants, but then a complex equation provides two real equations.
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Figure 7.6 A finite potential step such that V(x) does exceed E. The wave
function in the oscillatory region is a harmonic standing wave. The wave
function can be shown because it is real, the PCD being zero everywhere.

single solution always exists and therefore the spectrum of energy
eigenvalues is continuous. Since there is no degeneracy the eigen-
function can be expressed in real form (figure 7.6).1 Finally, because
the PCD is zero for a real wave function, it may be concluded that
R=1, T =0.

Reflection and transmission at a barrier A ‘rectangular’ barrier of
height V, and width a is shown in figure 7.7. If E>V,, and if
attention is restricted to situations in which all particles enter from
the left,

u=Ae*+Be ™, x<0
u' = Ce**+ De > 0<x<a (7.12)
uu — Feikx’ x>a

T Vide problem 3.11.
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Figure 7.7 A potential barrier of width a and height V.

There are five constants connected by four equations, which ensure
that the wave function and its derivative are continuous at x =0 and
x = a. The other constants, and in particular F, can therefore be
expressed in terms of A alone. A mildly tedious calculation gives
the result

F 4kk'ei«—®
= : 7.13
A (k+Kk)—(k—k')e*™ ( )
where a=k’a and B =ka. Thus
g‘= E 2= 8k2k12
A k*+6k%k™>+ k' — (k*—k'?)? cos 2a
2 ain2 -1
=|1 Vi sin® a (7.14)

4E(E—V,)

The variation of J for values of V/E in the range —1 to +1 is
shown in figure 7.8. Transmission is complete when V/E is zero,
for the obvious reason that there is then no barrier. It is also
complete whenever a=nm, with n=1,2,3,...: the waves
reflectedt at x =0 and x = a then superpose with opposite sign in
the region where x <O0.

+ Similar effects in optics are exploited when camera lenses are coated to promote
transmission of light.
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Figure 7.8 Transmission through a potential barrier.

Transmission through a classically impenetrable barrier When
E = VO’

T =1/1+B%4)>0 (7.15)

and so it looks likely that finite transmission will persist when
E>V,. That can be checked by working with a trio of equations
like equations (7.12), but with ix substituted for k’. The solution
will be like equation (7.14), but again ix must be substituted for k'.
Thent

V32 sinh? (Ka)}—1
= +———— R
g {1 AE(V,—E) (7.16)
and so
FJ =16E(Vy,—E) V% <, ka>1 (7.17)

The most important factor here is the exponential e "2<¢, which makes
J extremely sensitive to the value of ka. This is a feature of the
theory of a-decay that was developed by Gurney and Condon, and
independently by Gamow, in 1928. The a-particle has to penetrate
the Coulomb barrier, outside the range of nuclear forces but inside
the radius at which it is classically free. The decay lifetime is indeed
a very sensitive function of the a-particle energy (Geiger—Nuttall
relation).

+ Note that sin (ix) =i sinh x.
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Particle trapped between impenetrable walls An understanding of
the behaviour of wave functions at potential steps makes it possible
to discuss the simplest of all bound state problems, that of the
trapped particle, and the results exemplify very well the earlier
exposition of the general properties of bound states.

The appropriate potential is illustrated in figure 7.9. With the two
walls the particle is free to move and V(x)=0, while at each wall
(x =+£L/2) there is an infinite potential step. There is no transmis-
sion to the region outside either wall,f and so two boundary

o0 oo

T T +—> X
-L/2 0 L2

Figure 7.9 Potential for an infinitely deep particle trap.

conditions are imposed on a general energy eigenfunction u:

uy(x)=0, x==L/2 (7.18)
The energy operator in the region between the walls is
A I
H=T=—-——, —L2<sx<L/2 (7.19)
2m ox
and the TISE is
K2 d*u,
-——=Fu, —L2=sx=<L/2 (7.20)
2m dx

Obviously the solutions are harmonic and depend as usual on a
wavenumber k. Since this is a bound state problem a representation
in terms of standing rather than travelling waves will prove to be
most convenient:

u, = A, cos (k,x)+ B sin (ksx) (7.21)

Further specialisation is introduced by the fact that the potential in
figure 7.9 is symmetric about x =0, so that u, shouldi have even

T Vide problem 3.11.
1 There is no question of degeneracy in this problem.



ONE-DIMENSIONAL APPLICATIONS 59

parity (B, =0) or odd parity (A, =0). Thus, when the boundary
conditions (7.18) are taken into account, and the eigenfunctions are
normalised,

B {(2/L)1’2 cos (msx/L), s=1,3,5,.. } (7.22)
* W(2/L)Y? sin (wsx/L), §s=2,4,6,... )
4
o A A
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Figure 7.10 Unified diagram for the energy eigenstates of a particle in an
infinitely deep trap. The potential energy (top left), energy eigenvalues (top
right), energy eigenfunctions (bottom left), the quantum numbers, zeros,
and parities (bottom right) are shown. The dashed lines are related to the
turning points of the classical motion. The ordinate scale for the eigenfunc-
tions is set by a =(2/L)"2.
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The usual relation between E, and k, givest
E, =#?k%[2m = 7*h>s?/2mL? (7.23)

A bound state problem in quantum mechanics is apt to give rise
to three different types of diagram: a plot of V(x) against x (as in
figure 7.9), a display in which the eigenenergies are drawn as
horizontal lines against a vertical energy scale, and plots of some of
the u,(x) against x. In figure 7.10 all three are presented in a unified
form which emphasises the connections between them. The horizon-
tal dashed lines show how the eigenenergies are related to the
turning points, and the vertical dashed lines are reminders that the
latter are the points at which d?u/dx? changes sign.

The available space at the bottom right accommodates informa-
tion on the quantum numbers (QN), numbers of nodes (0s) and
parities (IT).

§8 The linear harmonic oscillator

Energy eigenvalues Classically a particle which is subjected to a
restoring force —(mw?)x oscillates about x =0 at the frequency
/2. The restoring force can be described by the potential energy
V(x) = mw?x?/2 (figure 8.1, top left) and in quantum mechanics this
appears in the operator which represents the total energy,

PO | 2
AH=T+V=p*+"=
2m

%2 8.1

The energy eigenvalues E, can of course be obtained by substi-
tuting the appropriate operators into Schrddinger’s equation
Hu, = E,u,, but the resulting differential equation requires to be
solved in series. This tiresome procedure can be avoided by attacking
the problem in a more indirect way, which makes use of simple non-
commutative operator algebra.

+ An analogous problem in classical physics is provided by a stretched string
clamped at both ends, as in a guitar. The eigenfrequencies there are proportional to
the harmonic number s, and not s2 as they are here. The difference arises entirely
from the different dispersion relation (equation (1.3) and subsequent footnote).
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Figure 8.1 Unified diagram for the energy eigenstates of a particle in a
linear harmonic oscillator potential. The ordinate scale for the eigenfunc-

tions is set by B = (mw/wh)""*. Note the strong family resemblance to figure
7.10.

It is convenient to define two dimensionless operators @ and 4*
by the equations

a =é {i(hmw) ?p + (mw/h)"/?x}
2
A¥ 1 : —1/2 4 1/2¢ (8 )
a —E{—z(hmw) P + (mw/h)*%}
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Since p and % are Hermitian it can be seen that (Y | d,) =
(@*y, | ¢,) and (P, | a* ) = (ay, | ¥,) for any two wave functions i,
and ¢s,. Thus the operators @ and @* are not Hermitian; they do not
represent observables and the symmetrical notation (equation
(4.12)) for their matrix elements is not appropriate. However-da*
and d*d are Hermitian operators, because they can be expressed as
real functions of H,

Ml(l mw2>iAPAll

¥~ (=524 Y 22} T e =T 4

e U e bl v L e
) . A (8.3)

a*dzi(L 52 MY 32)+L[;€ ‘]=ﬂ_l

ho 2mP T 2 20 P02

and so

H=(aa*-dDho =(d*a+Hho; [a a*]1=1 (8.9

These equations may be used to investigate the commutation rela-
tion between H and d,

=d(a*a —hw = 4(H —ho) (8.5)

If both sides of this equation are applied to an energy eigenfunction
u, belonging to the eigenvalue E,, then H(duw,)=d(H—hw)u, =
(E, —hw)(du,). Clearly au, is also an energy eigenfunction, but it
belongs to the eigenvalue E, —hw; the effect of a on u, is to produce a
new eigenfunction whose energy is lower by hw. This amount of
energy is called a quantum, and a is referred to as the quantum
destruction operator. Similarly,

Ha* = (a*4a* +1a*ho
= a*(aa* +Hho = a*(H + ho) (8.6)

and so H(a*u,)=(E, +ho)(@*u,). The effect of 4* on u, is to
produce a new eigenfunction whose energy is higher by hw, and a*
referred to as the quantum creation operator.

The energy eigenvalues cannot be negative since H is the sum of
the squares of Hermitian operators. There must exist an eigenfunc-
tion u, belonging to the minimum energy E,, and when the quan-
tum destruction operator is used the equation H(duy) =
(E,—hw)(duy) can only be satisfied by the disappearance of du.
Thus,

duo =0 (8'7)
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and with the help of equation (8.3),

(H -1ho)uy = hod*(dug) =0
Hu, = hou, (8.8)

so that E,=3#hw. Successive applications of the quantum destruction
operator to any u, must eventually reduce it to the form u,, since
the production of negative energy eigenvalues can be avoided in no
other way. If n applications are required, then

E, =(n+)Hhow (8.9)

where n is an integer (figure 8.1, top right)

The minimum energy fiw/2 is of course the zero-point energy. An
oscillator in the nth stationary state is said to have n quanta, the
zero-point energy being ignored.

The relationship (8.9) between the classical frequency w and the
quantised energy step #iw is just the one brilliantly though indirectly
conceived by Planck on 7 October 1900. He was thinking of
‘resonators’ in the walls of a cavity and coupled to the elec-
tromagnetic field inside, and his idea resolved serious difficulties that
had appeared in the theory of black body radiation.

Energy eigenfunctions The explicit expressions for the quantum
destruction and creation operators can be obtained by substituting
p =—ih d/dx in equation (8.2),
1 1/2 1/2
a =5 {(himo)"™ 2+ (o} = 75 (Z+ )
(8.10)

where &= +(mw/h)*x. Thus equation (8.7) for u,, and its normal-
ised solution, may be written

1/4
dia —&up, U= (%:—:) e ¢ (8.11)

The other eigenfunctions can be obtained from u, by successive
applications of the quantum creation operator; obviously u, is
proportional to (4*)"u,. The normalisation may be kept in order by
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observing that

(@*u, | a*u,) = (u | aa*u,)

=<us (%+%>us>=(s+l)(us lu)  (8.12)

so that if u, is normalised so is u,; =(s+1)""?a*u,. Therefore,

u, =(1.2.3...0) 7 "2(a% u,

—my () (- m13)

This expression may be simplified to some extent by means of the
operator identities

d d

__C_lg ¢ =—et? & e 2 -
(—gge) =cvren(sy) e e '
so that
u, = (2"n 1)V (%) 1/4e—§2/2 {(_ Dret (adz)" e—£2}
=@ty 2 (%) 1/4e‘§2’2Hn(§) (8.15)

Table 8.1 Stationary state wave functions of
a linear harmonic oscillator. The last bracket
in each is the Hermite polynomial

n Uy,
1 (2)—1/2(%’)”}&2/2(29
2 (8)“’2(%’>me‘“’2(4§2—2)

1/4

3 (48)"172 (%) e (L —128)
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where the function in the braces defines H,(£), the Hermite polyno-
mial of degree n.T

The first few eigenfunctions are given in table 8.1 and illustrated
in figure 8.1 (bottom left). The peaks in the n=2 and n=3
eigenfunctions show clearly the approximate k™2 factor in the
amplitude (figure 7.1).

Parity Clearly u, has even parity because it is an even function of
& or x. In general the parity is even if n is even, and odd if n is
odd.x

Zero-point energy and the uncertainty principle When the oscil-
lator is in the lowest energy state,

2
H="2 var="2 2 L2 (8.16)
2 2 2m

Now if a, b, ¢ are any three real numbers such that a +b = ¢, then
ab =< c?/4. Application of this inequality to mw?(x2), (1/m)(p?), and

ho gives Ax Ap =V(GApD)<h/2 (8.17)

since (x) and (p)=(d/dt)(x) are obviously zero. This equation may
be compared with the uncertainty principle, Ax Ap =#/2, to see that
in fact Ax Ap =#/2. Obviously the zero-point energy could not have
been any lower than #Aw/2 without violating the uncertainty
principle.

Matrix elements of the destruction and creation operators The
matrix elements of d and d* will be of interest later. They are
readily calculated from the relation u,,,=(s+1)"Y24*uy,,

(ug | au,) = (@*u, | u,) = (s + D"*ugy | u,)
and = (S + 1)1/283+1,n = n]/285_n—1 (818)
(ug | a*u)=(n+D"(u, | u, ) =(m+ 1Y%,  (8.19)

Finally it may be noted that (a*d)u, = {(H/hw)—1}u, = nu,. The
Hermitian operator d*d represents an observable whose eigen-
values are the number of quanta which the oscillator can have, and

d*a is therefore called the number operator.

T The leading term in H, (£) is readily seen to be proportional to £".
¥ Vide problem 3.13.
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Problems

3.1 Show that the eigenfunctions of momentum and energy given
by the second of equations (6.5) form an orthonormal set. In
mathematical terms the required result is

(U, (x) | ug(x)) = 8,

3.2 For free particles show that the density of states in energy
space is given by

SN L (m)“2

8E, 2mh \2E

[Hint: Use the relation
3N _oN o,
8E, op, oE,

together with equations (6.8).]

3.3 If ¢ is expanded in terms of the normalised momentum
eigenfunctions identified before equation (6.22),

¢ = I c(p)u,dp= Qmh)~? j c(p)e™* dp

According to equation (6.19),

c(p)=Qmh)™"? j pe P dx

Check that this pair of equations exemplifies Fourier’s
theorem, which states that if

0= [ e dk

then

8= [ e ax
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Note that f(x) is called the Fourier transform of g(k), and
vice versa.

The process of going over in one dimension from an expan-
sion in discrete momentum eigenfunctions to one in continu-
ous momentum eigenfunctions can be summarised as follows:

L—ce

lim Y, L' — j(21rh)“ dp

Understand this statement. [Hint: Write out the expansion of
a general ¢ in terms of normalised discrete momentum
eigenfunctions, with ¢, expressed as a scalar product. Repeat
in terms of normalised continuous momentum eigenfunc-
tions, with c(p) similarly expressed.]

In equation (6.10) a wave function (x,0) representing a
particular wave packet was given. Subsequently s(x, 0) was
expanded in momentum wavefunctions

oo

45, 0= @™ [ c(pre ap

—o0

where c(p) was expressed in the second of equations (6.20).

Now momentum eigenfunctions are also energy eigenfunc-
tions for free particles, and so the TDSE can be solved at
once by extending equation (3.6) to integral form:

¥(x, t)=Q2mh)"? I c(p)eiP/he=ip?2hm g,

Carry out the integration with the help of the appendix,
equation (3), and show that

¥(x, t)=7"Ya"*{1+(iha%t/m)} V2
y {—a2x2/2+ik’x—(ihk’zt/2m)}
X 1+ (iha’t/m)

[Hint: It is tidier to work with k'=p/h as the variable of
integration. Comment: Note how ¢(x, t) goes back to ¢(x, 0)
when t=0.]
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Form the PPD from (x, t) in problem 3.5 and verify equa-
tions (6.26).

Where k is constant equation (7.6) can be written

= cos [k )+ Bsin ([ 02)

4] 0
Where k varies slowly show that the appropriate generalisa-
tion is
Ko\ 2 ¢ Ko\ 12 H
u= A(—,f) cos {jk(x) dx}+B(-,:0> sin {jk(x) dx}
0 0

and certainly not

u= A(%) 1/2cos {k(x)x}+ B(%) 1/zsin {k(x)x}

Ignore the amplitude factors (ko/k)Y? in this discussion.

The distorted unidirectional travelling wave

u = (ko/k)? exp {i j’c k(x) dx}

X0

is said in section 7 to be an approximate solution to the TISE
where k(x) varies slowly. Check this by direct differentiation.

According to equation (3.10) the PCD in a stationary state
must conform to the equation

V.j=0

and in one dimension the PCD must therefore be constant.
Check that u is satisfactory from this point of view, and
hence justify the k"2 factor in the amplitude. [Hint: Use the
condition |dk/dx|« k? at each differentiation.]

If the lowest bound state in a potential well V(x) has the
eigenfunction u, and the energy E,, show that the zero-point
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2
]dx

Explain qualitatively why the first term must be greater than
or equal to zero, and the second greater than zero. [Hint:
Express E, in terms of (V) and (T), and use the hermiticity
of p.]

energy is

h2
EO_ Vmin = J [{V(x) - men} lu0|2+ﬁ

—oo

dug
dx

Suppose that the turning points in problem 3.9 are a distance
2d apart, and that u, can be approximated by a Gaussian
function. Show with the help of the appendix, equation (2),
that

o

hz
IZn"

—oo

2

d
ol 4x ~ #2/4md?

dx

Relate this result to the uncertainty principle, equation
(5.22). [Hint: Arrange that a normalised Gaussian function
has d*uy/dx*=0 at x==+d. For the final part recall that
(Ap)?>=(pH-(p)*]

Show that the wave function in figure 7.6 may be expressed
in the form

u=A'cos(kx+¢), x=<0

u'=A'cos pe™*, x>0
with «
tan ¢ =—
an ¢ A

If the potential step is infinitely high show further that
k/k — © and u — 0 at the barrier, while u’ — 0 there and at
all points to the right. [Comment: In the last part of the
problem the gradient of the wave function is not continuous
at x =0. This exceptional behaviour arises because the poten-
tial is infinite.]

Find the MPD for a particle trapped between rigid walls and
in its ground state. [Comment: Recall the discussions below
equation (1.8).]



70

3.13

3.14

3.15

BASIC QUANTUM MECHANICS

Show that the parity operator IT and the quantum destruction
operator a* (equations (8.10)) anticommute, that is

Ima* = -a*1

Hence show that a linear harmonic oscillator in the state
belonging to the eigenenergy (n+3%)hw also belongs to the
parity (=1)".

Use classical mechanics to consider a particle subject to a
restoring force proportional to its displacement, and so acting
as a linear harmonic oscillator. If the amplitude is A, find an
expression for the time-averaged probability of finding the
particle between x and x + 8x, and plot it as a function of x.
Use quantum mechanics, and a computer, to make a
similar plot of the PPD when the particle is in its 10th
eigenstate. Hence show the general correspondence of the
two plots when the turning points are made to coincide:

(n+Hho = mw2A?2

[Hint: The Hermite polynominal of degree 10 can be looked
up in the Handbook of Mathematical Functions (ed. M.
Abramowitz and I. A. Stegun), Dover Publications, New
York, 1965.]

A wave packet moves along at the group velocity dw/dk.
Recall the dispersion relation (equation (1.3)) and so check
the remarks in the text under the first equation (6.25).
[Comment: this is a very easy and beautiful example of the
correspondence principle.]



Three-dimensional
applications

§9 Free particles

Stationary states For free particles in three dimensions the total
energy operator is

H=T=-——vV 9.1)

In Cartesian coordinates a stationary state wave function u, belong-
ing to the energy E, obeys the TISE

h2 h2 ( a2 62 62

_.._.vzuk:—-ﬁ 5—;5 F—FF)uk:E}uk (9-2)

2m

It is convenient to restrict attention to a cube of volume L3,
bounded by the planes x =+L/2, y =+1/2, z=+L/2. The operators
P and T will be kept Hermitian by means of the periodic boundary
conditions given in equation (4.7).

The variables may be separated by the substitution u(x,y, z)=
f(x)g(y)h(z); after division by fgh the Schrodinger equation be-
comes

R o, R Pe, B o
2mf x> 2mgdy> 2mh 92>
71

+E =0 9.3)
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The first term is the only one which depends on x, and so the
equation can only be correct for all x if this term is separately equal
to a constant, which may be written in the form —#2k2/2m. Then,

2
géwzf: 0 (9.4)

Similar constants k, and k, may be defined so that
2 2

d d*h
d—y§+k3g=0; At kih=0 (9.5)
and equation (9.3) is satisfied if (h*/2m)(k2+ k2+ k?2) = E,. Solutions
for these three equations are readily found and normalised:

f: L—1/2eikxx’ g — L—~1/2eikyy, h — L—1/2eikzz (9.6)

Now k may be defined as the vector whose components are k,, k,,
k,; the stationary state wave functions may then be written in the
form

W2k
2m
k., =2ms, /L, s, =0,£1,£2,... 9.7)
k, =2ms,/L, s, =0,£1,£2,...
k, =2ms,/L, s, =0,+1,+2,...

Uy = fgh = L-B/Zeik.r; Ek —

where the conditions on k,, k,, k, ensure that the periodic boundary
conditions are satisfied.

The wave function associated with the vector k and the energy E,
is also an eigenfunction of the momentum belonging to the eigen-
value p, = #k:

pus = —iAV(L 32" = Ak (L") = fikuy (9.8

This is only possible because the momentum and total energy for
free particles commute, as they did in one dimension.

Density of states To every set of integers s,, s,, s, there corre-
sponds a distinct stationary state. Now the relations betweent p,, k,,
and s, are precisely the same as those between p,, k,, and s in one

t From this point the suffix ‘k’ on E, and p, will often be left implicit.
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dimension, and therefore equation (6.8) can be taken over to see
that the number of p, eigenvalues in the interval 8p, is (L/27#)8p,.

Similarly the numbers of p, and p, eigenvalues in the intervals 8p,
and 8p, are (L/2wh)dp, and (L/27wh)Sp, respectively. The number
of eigenvalues of p where the three components lie in the intervals
ép,, 8p,, 8p, is the product,

L 3

A momentum space may be constructed in which p,, p,, p, are
Cartesian coordinates. In this space &p, 8p, 6p, is an elementary
volume, and equation (9.9) shows that there are simply (L/2mh)*
free particle stationary states per unit volume.

Later on the number of states in the energy interval 8E will be
required. Since E = (h*k?/2m)=p?/2m, the corresponding momen-
tum interval is 8p = (dp/dE)SE = (m/p) 8E. If the direction of p is left
unspecified the associated momentum space is a spherical shell of
radius p and thickness 8p. The volume of this is 47rp> 8p = 47mp SE
and therefore

L \3 L3*mp
SN = (———) SE=—""2 sE
2an) ATMPOE =S 5
oN L3mp (9.10)
S—E- ~PeT 2mH3

The density of states is of course reduced by the factor dw/4 if p
is required to point into an elementary solid angle dw in some
particular direction.

Momentum distribution The wave functions given in equations
(9.7) form a complete orthonormal set of momentum eigenfunc-
tions, which can be used to find the momentum probability distribu-
tion in a general state represented by (r). If

Y@= ; Crly
then
L= <L—3lzeip.r/h l lll> (911)

since p=#k. Obviously L must be chosen very large so that ¢ is
negligibly small at distances of the order of L/2 from the origin; the
exact limits of integration will turn out to be unimportant.
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The overall probability of finding the momentum with compo-
nents in the intervals &p,, 8p, 8p, is |a*’8N=
(L/2mh)? |cuf* 8p, p, 8p,. This is equal to |c(p)|* 8p, dp, dp, if c(p) is
defined by

c(p) =(Q2mh)>12e**" | ) (9.12)

The resuit here is independent of L, which may thus be allowed to
become infinite so that the eigenvalues of p go over to a continuum.

Momentum with continuous eigenvaluest As in one dimension,
c(p) can be computed directly from continuous eigenvalue theory if
correctly normalised momentum eigenfunctions are available. The
result of equation (9.12) shows at once that these are u,=
(27h)~3%e'***  An obvious extension of the calculation in section 6
verifies that

(up | ug)=38(p,—p)) 8(p, —py) 8(p. —p)=38(—p) (9.13)

which serves also to introduce and define the vector Dirac function
s(p—p)-

§10 Orbital angular momentum

Operators In classical mechanics the orbital momentum 1 of a
particle round a point is defined by

1=rxp (10.1)

where r is the radius vector of the particle from the point, and p is
its linear momentum. As usual the quantum mechanical operator 1
must be connected with the operators & and p by the same equation.
If Cartesian coordinates are set up with the point of reference for 1
at the origin,

) o\ )
=525,y 222
YP: — Zpy l Yaz Zay
o 0 0
l =“x—“z=—’h( —_— ——) > 10.2
y =2 xp. i Zax xaz ( )

. 3 )
Can e =_.h( 3 )
[, =%p, — 9D, =—i x—ay Var) )

T This sub-section may be skipped at a first reading.
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z

/
/

e e

Figure 10.1 The standard relationship between Cartesian and spherical
polar coordinates.

The passage to quantum mechanics is quite straightforward because
no products of non-commuting operators are involved.

Often it will be convenient to wcrk in spherical polar coordinates
(figure 10.1), defined in the standard way so that x =r sin 0 cos ¢,
y =rsin 6 sin ¢, z =r cos 6. When the variables are changed,

[ = ih(sin ¢i+cot 0 cos d)i) ]
30 £y
. d . J
ly=1h(—c0s ¢£+cot03m d’@) > (10.3)
L =—ih->
dd J

The coordinate r does not appear in any of these operators, which
therefore commute with any operator involving r alone.
The square of the total orbital angular momentum is represented

by
" e d 9 1 &
12=l2+f2+f2=—h2{ —(‘0—)+ —} 4
T sin626 "N 05 ) Y anraag2) (104

Commutation relations According to equation (4.28) each compon-
ent of linear momentum fails to commute with the corresponding
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component of position. Thus,
[i‘xv fy] = [?ﬁz - ﬁﬁys iﬁx - fﬁz]
= 9p.[P., 21+ 2,2, p. ]
= ih(3p, — §p,) = il (10.5)
Similar equations for the commutators [l;, [,] and [L, [.] may be
written down immediately, because all the equations involved re-

main true when x, y, z are cyclically interchanged. To summarise,f

a a 2

(L, L1=inl, [0,L1=inl, [L,0]=inl, (10.6)

The square of the total angular momentum, on the other hand,
commutes with any of the three components. For example,

[i29 ix]:[ig, i\x]+[iz, ix]
= Z‘y[i‘w ix]+[iy9 Z‘x]l‘y + iz[[z: ix]+[iz7 ix]iz

=in(-LL - LI+ L+ L0)=0 (10.7)
Since 12 is unaffected by cyclic interchange of x, y, z,
[, L1= 1= L]=0 (10.8)

Complementarity The commutation relations between the three
components of 1 suggest that an eigenstate of one component is not
in general an eigenstate of the other two.

It may indeed be proved that an eigenstate of any two compon-
ents must also be an eigenstate of the third, belonging to the
eigenvalue zero for all three. For equation (5.13) shows that if u,
is an eigenfunctiont of, say, I, and [,

[ix9 iy]un00= ihizunoozo (10.9)

so that u,q is also an eigenfunction of [,, belonging to the eigen-
value zero. Once this is established, equation (5.13) can be used

twice more: 7 —3 =
[lya Z\z]u'nOO - lhixunOO 0} (1010)

[iza ix]unOO = ihiyunOO =0

+In vector notation 1x1=i#l; this equation looks strange at first sight but
corresponds to the classical IxX1=0 as #— 0.

1 This and subsequent eigenfunctions are labelled by three suffices. The second and
third serve to indicate the eigenvalues of 17 and I, to which the eigenfunctions belong
(equations (10.11)). The first is connected with their radial variation (equation (11.2)),
which must be decided by reference to another observable because the operators for
angular momentum depend on 6, ¢ only.
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Thus u,q, must belong to the eigenvalue zero for I, [, I, and
consequently 1 also.

This argument shows that, if the total angular momentum is not
zero, then only one of its three components can be definitely specified.
Conventionally [, is picked out for this special attention, and no
generality is lost because the orientation of the basic coordinate
system can be chosen arbitrarily. There is, of course, no obstacle to
the specification of both 1* and [, at the same time, since these two
observables commute. A general angular momentum eigenfunction
will therefore be written u,,,,, with

& _ 2
Puty = 10+ D un,m} (10.11)

lzunlm = mhunlm

where the form of the u,,,, and the possible valuest of the numbers |
and m, which fix the eigenvalues of 1% and l,, remain to be investi-
gated. Negative values of [ need not be considered because 17, which
is represented by the sum of the squares of Hermitian operators,
cannot have negative eigenvalues.

Sometimes [ is called the orbital angular momentum quantum
number, and m the magnetic quantum number. An eigenstate of 1°
belonging to the eigenvalue I(I+1)A* may conveniently, but some-
what loosely, be referred to as a ‘state of orbital angular momen-
tum .

Eigenvalues The eigenvalues can best be found by operator
algebrat based on equations A(10.6) and (10.8). It is convenient to
define two operators [, and [_ by the relations

a

[L=10—il, (10.12)

Since [, and [, are Hermitian it is clear that (¢, | [,y =(I_¥; | ¥,)
and (W, | [_w)=([, ¢, | ,) for any two wave functions ¢, and ..
Thus the operators I, and [_ are not Hermitian and they do not
represent observables. However f+f1 and [ [, are Hermitian
operators, because they can be expressed as real functions of I2

1 The eigenvalue in the first of equations (10.11) is written in the way that it is
because | will later turn out to be integral; however, this is in no way assumed at this
point.

1 The procedure here is very similar to that followed in section 8 to find the energy
eigenvalues of the linear harmonic oscillator.
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and l;, ” X PO - s s
L=, +il){d —il) =02+ 12—l ]
=2+ P2+al=1-0(0,-n (10.13)
[1=02+2-nl, =021, +h

Obviously 12 commutes with [,, because it commutes with both [,
and [;. On the other hand,

“Z’ff]z [lz,Alx]+ i[L, [1=inl, +4l, = "’+} (10.14)
LI, =1.0,+h)

The result of applying [, to the angular momentum eigenfunction
U, (equations (10.11)) may now be considered. Since [12, [,]1=0,

P ) = [Pt = 10+ DRt (10.15)

so that [,u,,, is also an eigenfunction of 1> belonging to the same
eigenvalue as u,,, itself. On the other hand, by equations (10.14),

L ) = L A W)ty = (m+ DAl uy,,)  (10.16)

so that [,u,,, is also an eigenfunction of [,, but it belongs to the
eigenvalue (m+1)h. The effect of I, on u,,, is to produce a new
angular momentum eigenfunction, belonging to the same ezgenvalue
of 12 but with the eigenvalue of 1, increased by h. For this reason [, is
called the positive shift operator for orbital angular momentum.

Similarly 1> commutes with [, and fzf_ ={_(I,—#). The result of
applying I_ to u,,, is then expressed by the equations

P(1_t4,) = 10+ 1)h2(glun,m>}
£ (T t) = (m = V(- th0)

The effect of I on uy, is to produce a new angular momentum
eigenfunction, belonging to the same eigenvalue of 1> but with the
eigenvalue of 1, decreased by h. Correspondingly I_ is called the
negative shift operator for orbital angular momentum.

There are limits to the amounts by which the [, eigenvalue can be
raised or lowered by successive applications of the shift operators.
The observable I>— 12 =12+ 12 cannot have negative eigenvalues; for
a given eigenvalue of 17 there must be maximum and minimum
eigenvalues of [,, which may be denoted by m. % and m_# respec-
tively.

When [, is applied to Ui, » €quation (10.16) can only be satisfied
because U, vanishes everywhere. An equation for m. in terms of

(10.17)
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I can then be found with the help of equations (10.13),
i\‘*(i+unlm*) ={l(l1+1)-m, (m, + 1)}h2unlm+ = ()}
m,(m,+1)=1(1+1) (10.18)

so that m,=1 or —(I+1). Similarly [_u,, must also vanish
everywhere, and this leads to an equation for m_ in terms of [,

[t ) = {1+ 1) = m_(m_— 1)}Puy,, =0
m_(m_—1=1l(1+1)

so that m_=—1 or ([+1). Now obviously m, = m_, which rules out
the second of the two possible solutions for m, and m_. Therefore,

m,=1, m_=—1 (10.20)

} (10.19)

Successive applications of the positive shift operator to u,,,,, must
eventually bring it to the form u,,, , because the production of
negative eigenvalues of 12— 2 can be avoided in no other way. Since
the eigenvalue of I, increases by # at each application, the value of
m increases by integral steps from m_ to m,. It follows that
m,—m_=2l must be integral, and therefore | must be integral or
half-integral.

Similarly it can be seen that any allowed value of m differs from
m, by an integer. It follows that, for a given l, all the possible values
of m are contained in the series which climbs by integral steps from —1
to +l1 (figure 10.2). For a given [ there are obviously (2] + 1) possible
values of m.

This completes the information which can be extracted from the
commutation relations for the components of 1. It will appear
shortly that in fact no suitable eigenfunctions of r, 8, ¢ can be found
for the half-integral values of ! and m, and so the corresponding
eigenvalues are ruled out for orbital angular momentum. Neverthe-
less these values are shown by open circles in figure 10.2, and they
will be discussed later in connection with the concept of spin angular
momentum.

Eigenfunctions A frontal assault on the problem of finding the
U could be made by putting the various values of [ and m into
equations (10.11), together with the explicit expressions for i and [,
in terms of 6 and ¢. Unfortunately the second-order differential
equation involving 17 is laborious to discuss, although it is very well
known in mathematical physics.
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0 1 2
!

Figure 10.2 The allowed values for angular momentum quantum numbers.
The half-integral values shown by the open circles are not suitable for
orbital angular momentum.

This difficulty can be avoided by startiI)g with the u,;_;, which
obey the first-order differential equation [_u,, _; =0. Subsequently
the general eigenfunction u,,,, can be found by applying the positive
shift operator [+ m times to u, ;. In these operations the normal-
isation can be kept in order by noting that

<i+unlm' l lA+unlm'> = <unlm' I i~ i\+unlm'>

= {l(l + 1) - m,(m’ + 1)}h2<unlm' I unlm’>
=(I+m'+ D= m WU | Ui (10.21)
so that, if u,,, is normalised, then so is
Ui ={T+m + D= m WP gy (10.22)

Since m' <1 the numerical coefficient here has been chosen in such a
way that it is always real, and never negative. This is a generally
accepted convention.

Separation of variables The u,,, may conveniently be written as
the product of separate functions of 7, 0, ¢:

Unim = Rnl(r)@lm(o)d)m((b) (1023)
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The logical arrangement of most of the suffices can be easily
understood. The operator fz depends only on ¢, and so the second
of equations (10.11) reduces simply to [,®, =m#hd,. Thus the
function @,, depends only on the value of m. Similarly the operator
i2 depends only on 6 and ¢, and so the first of equations (10.11)
reduces to iz@,m<1>m =1(1+1)4*6,,,P,.. This equation obviously de-
pends on [, and it also depends on m through @,,. Thus both must
be specified in order to label ®,,. The suffices attached to R,
cannot be discussed until section 11, however.

The normalisation of w,,, requires that

L 2

(Ut | Ui} = f | | ®Er.x6t 05D,

r=0 6=0 ¢=0
Xr’sin@drdodé¢ =1 (10.24)

and this can conveniently be arranged by three separate normalisa-
tions:

21
j o¥d,, dop =1
0

=

I@?ﬁ”@,m sin §do=1 (10.25)
[}

I Rfaner dr=1
o

J

Azimuthal angle functions ®,, It has already been pointed out
that @,, obeys the simple equation

R d
L&, =—ih— D, = mhd, 10.26
whose correctly normalised solution is
1 1/2 )
D, = (—) eme (10.27)
2

A restriction on the values of m now becomes apparent. The
wave functions cannot be properly interpreted if they are not
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single-valued functions of position; but @, (¢d +27) = D, () only if
m be integral. For orbital angular momentum attention must there-
fore be restricted to the eigenvalues which are indicated by filled
circles in figure 10.2.

Polar angle functions @, A plan for finding these by means of the
shift operators has already been outlined. Explicit expressions for I,
and [_ will be needed:

. (8 . 3 )
l+=he‘¢(£+l cot 05—‘;)

= he“"(%— 7t cot Blz)

o . 0 . 6)
= pa—id| _ 7 i
I_=he ( a6+1cot496¢

= —he‘i‘"(g% +#7 cot 01,)

(10.28)

P

_ The function 6, is found first by writing down the equation
I_R,0,_®_,=0. Since [_ does not affect R

nls

{0

—he”‘¢(£+ #1 cot Ol,)@,,_,d?_l =0 (10.29)

After substituting I, = —lA®_, and removing the factor —he *¢@_,,
d

(a‘o“‘ l cot 0>@L—l =0 (1030)

which has the simple solution @, _; = A sin' §. The normalising factor

A can be found from the second of equations (10.25) by repeated
partial integration. The result is

1
0, =3I+ )17 (21—“) sin' @ (10.31)
Now 6),,, can be found by using the upward shift operator [ +m

times, a typical step being given by equation (10.22). Again R, is
not affected by [, and so equation (10.22) becomes

Opms1 Py ={I+m +1)(1 - m')}—"ze“’(g%-"“ cot f’fz)@lm@m,
(10.32)
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After substituting [,®,.=m'hd,, and cancelling a factor ®,..,,=
e*d, . from both sides,

@,,mlﬂ={(l+m'+1)(t—m'>}—”2(5"5—m'cot o)@,,,,,

={(l+m'+1D)(I-m"} V2 (sin"" 05% sin™™ 0)@1,,,
(10.33)

This operation must be carried out [ +m times, starting with m' = —1
and the O, _, given by equation (10.31), and ending with m'=m —1.
After cancelling many intermediate factors of sin 6 the result is

_[RI+DA=m)]Y?[( 1 1 d\".
@’"‘_[ 20+m) | [(21')8“‘ "maa) Smﬂo]
C[@I+DA-m 2D d ~
‘[ 20+m)! {2'11 SIn™ 0 cos ) (cos™ 1)1}
2+ 1)(I—m) 2
- [(2+(ll)+—(m)'m) Pl(cos 6) (10.34)

where the expression in the braces defines P;*(cos ), the associated
Legendre functiont labelled by | and m. When m = 0 this function is
identical with P;(cos 0), the Legendre polynomial of degreet [, and
the upper suffix is then omitted. Thus,

1
{2(21+1)}U2{ ll'd(T()j—MT)[(COS 6— 1)}

= {21+ 1)}"*P,(cos 6) (10.35)

Spherical harmonics Y,,,(0,¢) Theproduct Y,,(6,¢)=0,,(0)D,.(d)
is called a spherical harmonic. The first few of them are set out in
table 10.1, and figure 10.3 gives a polar diagram which illustrates
their behaviour on the y =0 (¢ =0, =) plane.

An inspection of the examples in table 10.1 shows that the angular
dependence of the position probability density, u¥, unm *|Yim (6, &%

t Various definitions of P*(cos ) are current, many of them inconsistent by factors
of —1 for some values of m. The definition used here has the merit of being valid for
both positive and negative m, and it agrees with the one given in Higher Transcenden-
tal Functions, Vol. I, Bateman Manuscript Project, McGraw-Hill (1953). A useful
relation is 6, =(-1)"0, _,,.

} The leading term in P,(cos @) is easily seen to be proportional to cos'6.
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Table 10.1 Spherical harmonics for [ =0, 1, 2. The minus signs occur for
odd positive values of m only

I m Yin (6, ¢) I m Y1 (6, ¢)
1\¥2 . 15 \ 2 A
0 0 4—) 2 (—3 > ) sin® ge*
T T
( 172 . 15 1/2 )
1 - (g:i) sin @e** 1 —(g— sin @ cos 6¢'®
T T
5 1/2 s
3\ 2¢ 0 T6_‘n' (Bcos“0-1)
1 w 0 (4—1;) cos 6 N ‘
-1 (8— sin @ cos 8e~**
3\ . 12 _
-1 (5) sin e ™ -2 (512—5—) sin® ge 2
\ \ w

can be expressed simply in terms of a polynomial of degree 2l in
cos . For example, |Y,o>>*cos?8 and |Y,|* xsin®@ cos* =
—cos* 8 +cos? 0. A little study of equation (10.34) can easily put this
remark on a general basis.

This kind of relationship between the angular distribution of the
position probability density and the angular momentum of the particle
concerned is widely exploited in atomic, nuclear, and particle physics.

It is also worth remarking that spherical harmonics belonging to
different eigenvalues of I? or I, must of course be orthogonal, and
therefore

[¢]

Parity In three dimensions the instructions of the parity operator
IT are

Y?"m'(e, ¢)Ylm(07 ¢) sin 6 d6 d¢ = 6!’1 am'm (10'36)

2
0

My(x, y, z) = (~x, -y, —2) (10.37)

The various theorems proved about parity in one dimension are
readily extended to three, and in particular the two possible eigen-
values of IT are again +1 (even parity states) and —1 (odd parity
states).
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. OO

1
—
[\S]

Figure 10.3 Polar diagrams of the spherical harmonics with [ <2 on the
¢ =0, 7 or z, x plane. The directions of z and x are shown on the Ygo
diagram only, to avoid clutter. Negative values are indicated by dashed
lines, and the parities of the spherical harmonies should be noted. The scale
is fixed by the radius of the Yj, diagram, which is of course (4) .
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When the instructions of IT are translated into spherical polar
coordinates and applied to u,,,,,

IR, () Y (6, &) = Ry (r) Yy (m— 6, & + ) (10.38)

so that the form of R, (r) is immaterial so far as the parity is
concerned. The parity properties of Y},,(6, @), on the other hand,
can be established in a clear and simple form.

The first point to notice is that IT commutes with all angular
momentum operators, including the shift operators. For example,

an . d 0
I, = ~1h{—x a(—y)+ ya(_x)}ﬁ

a 0\s ¢
=i —_——y— = 10.39
lh(xay yax)ﬂ LII (10.39)

Next, it is easy to see from equation (10.38) that Y, ;(6, ¢) <
sin' 8¢~ has parity (—1), since sin (w—60)=sin § and e ¢+™ =
e~il‘n-e~ild> — (_1)le~il¢.

Finally, since IT commutes with [, and Y,,.(6, ¢) is proportional
to (ll)”"‘Y,,,(O, ), it follows that Y},.(0, ¢) has the same parity as
Y, (6, &). Thus it is seen that states of even (odd) orbital angular
momentum have even (odd) parity.

Properties of the shift operators For future reference the properties
of the shift operators may conveniently be summarised at this point.
With the normalisation established by equation (10.22),

f B {+{(l+m+1)(l—m)}1/2hun,,m+1, -lsmsl-1
+Unim = O, m=1
. HI-m+DA+m}P*huy ey, —lHlsms<l
l—-unlm = 0 _
> m= —l
(10.40)

The third equatiop may be obtained from the first by replacing m by
m—1, applying [_ to both sides, and using equations (10.13) for

I_1l.

Spectroscopic notation For historical reasons states of orbital an-
gular momentum 0,1,2,3,4,5,...are called s, p, d, f, g,
h, ... states respectively.
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§11 Central potentials

Stationary states and radial functions R,;(r) A central potential
V(r) is one which depends only on the magnitude of r and not on
the value of 6 or ¢. A particle moving in such a field is subject to
forces which are always directed to or from the origin of the
coordinate system.

The total energy operatort is H=—(#2/2my)V>+ V(r), and in
spherical polar coordinates this becomes

. n {1 d ( 9
A= 22(p2)
2mg r? or "o

1 9 ( a) 1 8? }
+ — — | t+
r’sin 0 06 Smeae r*sin® 9 9¢ vir)

) ( , a) iz
=— (Pl v .
2mgr? or "o 2mgyr? ") (11.1)

The second term, which stands alongside V(r), is called the cen-
trifugal potential. In classical mechanics its negative gradient would
be the centrifugal force, (1*/morr.

None of the angular momentum operators mentions r, and all of
them commute with 1?; therefore all of them commute here with H.
This has the usual consequence that the orbital angular momentum
is conserved, just as it would be in classical mechanics.

A further consequence is that the stationary states can be eigen-
states of I, and 17, as well as H, and the corresponding eigenfunc-
tions can therefore be written in the form u,,, = R, (r)Y,.(6, ®).
The time-independent Schrdodinger equation, Hu,,, = E U is
readily simplified by operating with 1> and cancelling the Y,
throughout. The result is

n* d ( ) d) 11+ 1Dk? }
_ R (R FRACRAL VR ¥/ - .
{ 2mor? dr " ar 2myr? (r) R = EuRy  (11.2)

This equation does not mention m, which is the reason why R, and
E,; are given only two distinguishing suffices.

ni

1 In this section the masses of particles will be given a suffix (e.g. my, m., m,) in
order to avoid all possibility of confusion with the magnetic quantum number m.
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A more convenient equation can be obtained by the substitution
R, = S,/r; after multiplication by r,

2 2 2
{ L d—+l(l+1)h+V(r)}S"l=EnlSn, (11.3)

2mgdr? | 2mgr?

This has the same mathematical form as a one-dimensional
Schrédinger equation, with the centrifugal potential added to V(r).
According to equations (10.25), S,; is correctly normalised byt

ij,Sn, dr=1 (11.4)
(0]

Boundary conditions Near the origin S,; must tend to zero at least
as fast as r, in order to avoid having an infinite position probability
density at that point. At very large r, on the other hand, equation
(11.3) takes the form

# &S,
2mg dr?

={V(r)—E.}S. (11.5)

As r increases V(r)—E,, must become positive for bound states,
and the solutions of the equation either increase or decrease expo-
nentially. The increasing solutions must obviously be rejected, be-
cause they do not represent states in which the particle is to be
found near the origin.

§12 The hydrogen atom

Stationary states The simplest of all atomic systems is the hy-
drogen atom, consisting of an electron (mass m,, charge —e) bound
electrically to a proton (mass m,, charge e). Since m.<m,, the
proton may to a good approximationi be considered stationary at
the origin of the coordinate system, and the Coulomb forces acting
on the electron are then described by the central potential V(r)=
2
—e“ldmegr.

T Note carefully that S, is normalised so that there is no factor of 4 in this
integral. In future |S,,;|2 will be called the radial position probability density (RPPD).

1 As shown in section 14, this approximation may easily be avoided by replacing
m, with the reduced mass p =m.m,/(m +m,).
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As usual a stationary state of orbital angular momentum [ is
associated with a radial function S,; obeying equation (11.3):

{ LA (R Vs }
2m.dr*  2m.r?  4weor

Enlsnl (12' 1)

This equation is cluttered with coefficients and in need of rational-
isation. As a first step a positive number n may be defined:

) |Ges) 122

47780
It should be noted that E,; is negative for bound states and that the
spectrum of n is discretef because the spectrum of E, is discrete.
Next a natural length a, may be constructed from the physical
constants present, namely #, m., and e*/4me,. It is

ao=4meoh*/m.e?*=5.292x10" "' m (12.3)

n=

and is called the Bohr radius: it sets the scale of all atomic and
molecular systems and processes.
Finally a dimensionless variable p proportional to r may be

defined:
mee

2r

p= 'n'sonh2>r na, (124

Use of p in place of r in the equation has the effect of introducing a

natural length varying with the energy eigenvalue. This unusual step
is justified by the mathematical simplification that is gained.

When the first equation (12.4) is used on the left-hand side of
equation (12.1), and equation (12.2) on the right-hand side,

dzs,, { 1.n l(l+])} _
I e CURLL (12.5)

At very large values of r, or p, the equation takes the asymptotic
form (d*/dp®)S,, =S,./4, which has the exponentially decreasing
solution S,; ~e 2. A suitable solution to equation (12.5) would be
S.. =f(p)e ™2 where f(p) is a function whose behaviour at large p
does not dominate that of the factor e 2. After substituting for S,,

&f df {g I(1+1)
dp? dp 2

}f= 0 (12.6)

+n will later turn out to be integral; however, this is in no way assumed at this
point.
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An expression for f may be sought in the form of a series
in ascending powers of p: f=(agp” +ap”  +ap i+ )=
p°Y a,p°. When this is put into equation (12.6) every power of p

s

must of course vanish separately. The terms of lowest power, p” 2,
cancel if
olo—-1)=1(1+1) (12.7)

and so o =1+1 or —L The first choice must be adopted because
aop”' would become infinite at r=0, contrary to the boundary
conditions on S,;. Once o has been fixed, it may be seen that the

terms proportional to p'** in equation (12.6) cancel if

d = l+s+1—-n a
ST s+ D(s+20+2) ¢

(12.8)

This relates all the coefficients in the series to ay, whose value can
be decided by normalisation (equation (11.4)).

The docile behaviour of f at large p must still be checked. The
highest powers of p are the most important from this point of view,
and equation (12.8) shows that the ratio between successive coeffi-
cients becomes a,,,/a, = 1/s when s is very large. The same asymp-
totic ratio is found in the series expansion of €°, and it may be
concluded that f tends to behave like e” for large p, which is
contrary to specification. The difficulty can only be avoided if the
series for f is in fact a polynomial in p of finite degree; this is true
provided that n is integral and n=1[+1, for then the numerator on
the right-hand side of equation (12.8) vanishes after n—1[ terms of
the series. The denominator is never zero and so a,_; and all higher
coefficients vanish.

The integer n is called the principal quantum number, and in
spectroscopic notation its value is often written in front of the letter
indicating the orbital angular momentum. For example, a state with
n=2 and [ =1 is called a 2p state.

Energy eigenvalues The original definition of n relates the energy
eigenvalues directly to the principal quantum number. In fact

mee*

E, = ——s%"——
" 32n%e2h7n?

(12.9)
where the suffix | has been dropped because the energy eigenvalues
do not depend on [ at all. This is a special property of the Coulomb
potential and not generally true.
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0 1 2 3 1
0 1 1 1 1
4s 4p 44d 4f
. 3s 3p 3d
2s 2p
_10 -
E,/eV 1s

Figure 12.1 Energy levels and quantum numbers for the hydrogen atom.
The spectroscopic label for each state is shown underneath the line which
represents its energy. Only the states with principle quantum number n <4
are shown, simply because the lines get crowded as n — » and E, — 0.

The scheme of quantum numbers and energy eigenvalues for the
hydrogen atom is shown in figure 12.1.

The first semi-classical derivation of equation (12.9) was given by
Bohr in 1913. He was able to account for many known features of
the optical spectrum of the hydrogen atom, and so established
beyond doubt that atomic structures were to be described by
quantum mechanics. The first modern treatment of the hydrogen
atom was published by Schrodinger in 1926, in the same paper that
introduced the TDSE and TISE themselves.

The actual value of E, is —2.180%x 107# J or —13.61 eV when the
proton mass is taken to be infinite.

Energy eigenfunctions The polynominal generated by the recurr-
ence relation (12.8) may be connected with the associated Laguerre



Table 12.1 Radial functions S, =rR,; for the
hydrogen atom, according to equation (12.11).
Here p,=2r/a,, p,=rlas, and p;=2r/3a,, as
specified by equation (12.4)

n l a(l)/zsnl
1 0 —pe*"?
2 {0 ~@)Pp2e (1 py/2)
1 __(2_14)1/2p§e—02/2
0 -G3) 1/2P36*D3/2(1 ~p3+p3/6)
3 1 —(3)"?p3e (1~ p,/4)
2 () P ple

Figure 12.2 Unified diagram for the energy eigenstates of the hydrogen
atom, with | =0 (s states). Note that the radial wave functions are S,,, etc.,
and not Ry, etc.

92
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rla, o
—— E3—_
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E
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QONs 0Os  Parity
21 0 -
31 1 -

Figure 12.3 Unified diagram for the energy eigenstates of the hydrogen
atom, with [ =1 (p states). The centrifugal potential is present, in contrast
with figure 12.2.

polynomial of degree n—1—1,

- _ n—i—1 (_p)x
L2 o) =—{(n+ DY Ago Mu—I—1-0)I2I+1+A)!

(12.10)

and then

S = —1/2[@]1/2 —pi2pl 1] 2151 () (12.11)
nt = Qo nz{(n + l)'}3 € P n+t \P .
The normalisation is in accord with equation (11.4).

The first few of these eigenfunctions are listed in table 12.1. The
three s wave functions for n <3 are shownt in figure 12.2 and the
two p wave functions for n=3 in figure 12.3. The centrifugal
potential has the important effect of moving the oscillatory region
out from the origin, as well as raising the energy eigenvalue.

t Note that these unified diagrams must deal with S,;, and not R,;: only the former
obeys a simple radial equation.
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Degeneracy The problem of degeneracy mentioned in section 4
can now be discussed in more detail. For example, the stationary
state wave functions for the hydrogen atom are clearly degenerate
so far as the energy is concerned. Thus figure 12.1 shows nine states
with n =3 and energy E; = —m.e*/2887?e3h?, namely one 3s state
(m=0), three 3p states (m=0,%1), and five 3d states (m=
0, £1, £2). If the energy eigenvalues alone had been calculated it
would not be clear that the corresponding eigenfunctions are or-
thogonal. In fact they must be so, because they belong to different
combinations of eigenvalues of I> and ..

This example shows how to form a complete orthonormal set of
eigenfunctions even when there is degeneracy. A complete commut-
ing set of observables must be used, such that each eigenfunction
belongs to a unique combination of eigenvalues. The set used here
for the hydrogen atom comprised 12, I,, and H.

§13 The three-dimensional harmonic oscillator

Stationary states A problem with important practical applications
is provided by the three-dimensional harmonic oscillator, set up by
subjecting a particle to the central potential V(r)=mw?r?/2. This
potential is illustrated by the full curve in figure 13.1, while the
dashed curve illustrates the sort of potential which could represent
the short-range nuclear forces binding a proton or neutron to a
nucleus. The curves diverge widely outside a certain radius, but for

V()
Oscillator

Figure 13.1 Qualitative comparison between the oscillator potential and a
plausible potential for a neutron or proton bound in a nucleus. The
Coulomb interaction of a proton has been ignored.
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tightly bound states the wave functions are in any event small and
decreasing exponentially in this region. The oscillator potential is
therefore often used for simplified nuclear calculations.

It is perfectly possible to proceed in the standard way by writing
the stationary state wave functions in the form u,,, =
R, (nY,.(0, ), and finding the R,;, by the method of section 11.
This amounts, of course, to the selection of 12, [, and H as the
complete set of commuting observables for the problem.

There are, however, some advantages in working with a different
set, in order to make use of the work already done on the linear
harmonic oscillator (section 8). The stationary state wave functions
so obtained are not generally eigenfunctions of 12 or [, but it is
instructive to discuss the possible values of these observables with-
out making formal expansions in angular momentum eigenfunctions.

The energy operator can be expressed as the sum of three
operators depending only on x, y, and z respectively,

H=H +H,+H, (13.1)

where H,, for example, is given by equation (8.1) with the under-
standing that p there means p,.

The stationary state eigenfunctions can be expressed as the pro-
duct of three eigenfunctions depending only on x, y, and z respec-

tively, U, = i (£)0r (Y)W (2) (13.2)

where u, (x), for example, is given by equation (8.15) with the
understanding that n there means n,. Then

AU, = +n,+n, +Dho = (N+3)he (13.3)

The energies for the lowest five values of N are given in table 13.1,
column 2.
Table 13.1 Energies, multiplicities,
parities, and quantum numbers for the
three-dimensional harmonic oscillator

N Ey/ho gy n n,l

0 3 1 + 1s

1 3 3 - 2p

2 3 6 + 2s, 3d

3 3 10 - 3p, 4f

4 ¥ 15 + 3s,4d, 5g
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Energy degeneracy In general there are several different sets of n,,
ny, n, values for each value of N, so that the wave functions are
degenerate with respect to energy. When N is given, n, can take the
values 0,1,..., N, and for each n, there are N—n,+1 possible
values of n,, namely 0, 1,2,..., N—n,. Thus the total number of
independent eigenfunctions belonging to the energy E is

N

gv= 2 (N-n +1)=3N+1)(N+2)

n,=0

The values of gy are given in table 13.1, column 3.

Parity The effect of using IT is equivalent to multiplication by
=D=(—=1)~(—=1)"==(—1)N. States of even (odd) N therefore have
even (odd) parity, as shown in table 13.1, column 4.

Angular momentum The leading term in U, ,, may be written
down in Cartesian coordinates and then transformed into spherical
polar coordinates:

U

o e—mw(x2+y2+zz)/2hxnxynyznz+‘ .

=g mer* /28N cos™: @ sin™*"™ 0 cos™ P sin P+ - - 13.4)

nenyn,

Comparison with the remarks below equation (10.35) about the
angular complexity of |Y;,,(6, ¢)|> shows that an expansion of U, , .
in angular momentum eigenfunctions contains only terms with [ < N.
Moreover, in view of the parities, the expansion contains only terms
with [ even (odd) if N is even (odd). These two rules lead quite
simply to the angular momentum assignments indicated in table
13.1, column 5.

Thus the wave function with N=0 can only be associated with
=0, and so it must represent the lowest energy state of zero
angular momentum, the 1s state.

The three linearly independent wave functions with N=1 can
only be associated with [ =1, and so they must be composed of
linear combinations of the wave functions which represent the
lowest energy states of angular momentum 1, the three 2p states.

The six linearly independent wave functions with N=2 can be
associated with I =0 or 2. They cannot contain any 1s component,
however, because they are all orthogonal to the N =0 wave func-
tion. Therefore they must be composed of linear combinations of
the wave functions representing the next lowest energy state of zero
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[
Figure 13.2 Energy levels and spectroscopic labels for the three-
dimensional harmonic oscillator. The comparison with figure 12.1 is inter-
esting: the Coulomb potential is relatively more effective at smaller radii
and therefore for smaller I. Nuclear physicists using the oscillator potential
often use the principal quantum number n’'=n—1.

angular momentum, the 2s state, or the lowest energy states of
angular momentum 2, the five 3d states. In fact these states must all
be degenerate in energy, in order to provide the 1+5 =6 linearly
independent combinations which are required. Thus the N =2 wave
functions represent mixtures of 2s and 3d states.

The wave functions with N =3 and 4 can be analysed in the same
way, and the level scheme shown in figure 13.2 is the result. It is
interesting to compare this with figure 12.1.

§14 The deuteron

Structure The deuteron is a bound state of a neutron (mass m,,
position r,,) and a proton (mass m,, position r,). The two are held
together by a short-range and strongly attractive nuclear force,
which for many purposes may be described by the ‘square well’
potential shown in figure 14.1. The potential energy is supposed to
depend only on the distance between the two particles, |r,—r,|; it is
equal to —Vj, if this distance is less than or equal to the range a, and
zero otherwise.



98 BASIC QUANTUM MECHANICS

Vir,~rD

0+

0 a r,—r,|

Figure 14.1 The ‘square well’ potential for the neutron-proton interac-
tion.

Quantum mechanics of two-particle systemst Some modifications
need to be made in the basic assumptions (section 2) when two
particles are present, and in particular the wave function becomes a
function of two position vectors as well as the time. In the deuteron
problem, for example, the wave function is ¢/r,,r,, t); physically
Y*¢ dr, d7, is the probability of finding the neutron in an elemen-
tary volume dr, at r,,, and at the same time finding the proton in an
elementary volume dr, at r,. The overall probability is proportional
to both the elementary volumes, as it obviously must be.

The operators representing observables are formed in the same
way as before. Thus the three components of momentum of the
neutron are represented by —i# d/dx,, —ih d/dy,, —ih 8/dz,, where
Xn, Yoo Zn are the components of r,. Operators representing more
complicated observables are again found by reference to their
classical analogues, and in particular the total energy is represented
by N e e

H=T,+T,+V,
h2 Vz_ h2
2m, " 2m,
where, for example, V2 stands for the operator 9%/9x2+0%/dy2+
8%/az}.

The interpretative structure of the theory is unaltered, and the

TDSE still states that if dy/ot = H. If ¢ is written in the form

V2+ V(e —r,)) (14.1)

T Further points arise when the two particles are identical (section 24).
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u, (¥, r,)e 5" then the TISE exhibits u(r,, r,) as the usual eigen-
function of H belonging to the eigenvalue E;:

" h h?
Hu,(r,, x,) = {— Vi——V2+V(r,—r I)}us(r,.,r)
P zmn zmp p P P
= Equ,(r,,x,) (14.2)

Centre of mass coordinates It is convenient to introduce new
coordinates and masses by the relationships

m.r,+m.r,
I=r,—r, R=———"
"o m,+m,
(14.3)
m,m
p=——"2- M=m,+m,
m,+m,

Clearly R (with components X, Y, Z) is the position of the centre
of mass of the deutron as a whole, and M is its total mass. On the
other hand r (with components x, y, z) is the position of the neutron
relative to that of the proton, and w is called the reduced mass of
the system. Now equation (14.2) may be transformed by introducing
R, r, M, and u, by writing u,(x,, r,) = F,(R)f,(r), and by dividing
throughout by F,(R)f,(r). The result is

H 2} 1 {_ - } _
R ER s v vo o -5
(14.49)

1
F.(R)

where, for example, Vg stands for the operator 82/0X2+8%/0Y?+
8%/0Z>. Physically F*f*Ff drg dr, is the probability of finding the
centre of mass of the deuteron within the element of volume drg at
R, and at the same time finding the position of the neutron, relative
to that of the proton, within the element of volume dr, at r.

The first term in equation (14.4) is the only one that depends on
R, and so it must separately be equal to a constant, E, ; say:

2
= VAE.(R)=E.cF.(R) (14.5)
Similarly,
h2
wevoke-Efo (14.6)

with E,, also a constant, such that E, , +E,, =E.
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Comparison with equation (9.1) shows that equation (14.5) refers
simply to the motion of the deuteron, considered as a free particle
of mass M located at R. The appropriate function for F, (equations
(9.7)) is a plane wave proportional to e’*-®, representing a state in
which the deuteron has momentum #K; and kinetic energy E g =
R’KZ/2M.

On the other hand, equation (14.6), which is concerned only with
the internal structure of the deuteron, is identical mathematically
with the TISE for a single particle of mass u subject to the fixed
central potential V(r). The appropriate methods for handling it have
therefore been fully developed already.

Explicitly, f,(r) will be written in the form r~ 'S, (r)Y,.(6, ),
where the spherical polar coordinates r, 6, ¢ are related to x, y, z in
the usual way (figure 10.1). If the internal energy E,, is renamed
E,,, then the S,; obey equation (11.3) exactly as before, except that
my is replaced by u. The Y, (0, ¢) are also unchanged (table 10.1),
and they are eigenfunctions of the 1 and I, defined by equations
(10.3) and (10.4). The observable 1 will be referred to as the internal
orbital angular momentum; it is actually the sum of the orbital
angular momenta of the neutron and proton round the position of
their centre of mass.

Ground state of the deuteron The stationary state of lowest inter-
nal energy has /=0 in order to avoid a repulsive centrifugal
potential, and n =1 in order to minimize the number of nodes in the
wave function and hence the kinetic energy. The appropriate radial
equation is

W d?

{22+ VO S =BuuSio (147
with V(r) as shown in figure 14.1.1 If the deuteron is bound, E must
be negative, and for r>aq,

d2s 2 2\1/2
pREaRL S=0, Kk =|(—2uE/HR*)*?| (14.8)
whose solution is S = Ae™". (The solution proportional to e** does
not satisfy the boundary conditions at r=.) Similarly for r<a,
ds

2TRS =0, k=|2u(E+ Vo (14.9)

t The suffices 10 will be left implicit for the rest of this section.
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whose solution is S =B sin(kr). The solution proportional to
cos (kr) does not satisfy the boundary conditions at r=0.) At r=a
the wave function and its first derivative must be continuous, and

therefore Ae™ = B sin (ka) }

—kAe™® = kB cos (ka) (14.10)

When the second equation is divided by the first,
cot (ka) =—«/k (14.11)

This equation must be solved numerically in order to arrive at the
appropriate value of E. A condition on the solution is w/2 <ka <r;
the lower limit is set because cot(ka) is negative, and the upper
limit because an n =1 wave function has no nodes between r=0
and r =0, The lower limit gives rise to a condition for a bound state
of the deuteron to exist at all:

2“'V 1/2 2“’ 1/2 T
a(T") >a{F (E+ VO)} > (14.12)
since E is negative. In other words,
a’Vy> wh?[8u (14.13)

The deuteron is in fact only just bound, and the inequality only just
satisfied; this gives information about a”V,, but not about either the
range or the depth of the potential separately.

Problems

4.1 Consider a mole of helium kept under standard pressure and
temperature in a cubical box of side L (volume=2.24X
1072m?). How many quantum states are available to the
atoms, below a reasonably estimated maximum energy, say
2kT (k=1.38x10"2JK™!, T=273K)? Hence estimate the
probability of a quantum state being occupied.

4.2 Show that the PPD for each of the three p wave eigenfunctions
can be expressed as a polynomial in cos 6 of degree 2. Show
further that, if the PPDs (not the wave functions) are added
together with equal weight, then the result is spherically sym-
metrical. Repeat, mutatis mutandis, for the d wave eigenfunc-
tions. [Comment: The rule exposed here explains in part why a
closed electron shell in an atom is so inert.]
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4.3

4.4
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The addition theorem for spherical harmonics refers to two sets
of Cartesian axes i, j, k, and ¥, §', k', together with a general
point r. The polar and azimuthal angles of r relative to i, j, k
are 0, ¢ and the corresponding angles of k' relative to i, j, k
are a, B. The angle between r and k' is §'. Then
1

Picos 0)=5777 3 V(@ B)Yin(0,4)
Make a sketch to illustrate the angles 6, ¢, a, B8, and 6'.

A particle is in a p state belonging to the eigenvalue [, =0.
Use the addition theorem to show that the chances of finding
l./h=-1, 0, or —1 are 3, 0, or 3 respectively. [Hint: Align k
along i’. The angle B is arbitrary but that does not affect the
result.]

Show that the TDSE for a free particle in an s state takes the
simple form

L 0d(rt) K 9¢(rt)
th— —=—g——5—
ot 2m  or
where
d(r, t)=rf(r, 1)

Show further that a solution is

o(r, )=(1/2mw"?)S(r)e B
with

S(r);A_e—ikr+A+eikr

and write down the consequent dispersion relation between k
and E (or w). [Hint: Treat the radial operator in V? as in
equation (11.3). Comment: The boundary condition at r=0

means that A,/A_=—1, but this would be modified if the
particle were not free inside some definite radius, say a.]



Approximate methods for
stationary states

§15 Perturbation theory

First-order perturbations The stationary state problems so far
discussed have been solved exactly with the single exception of the
deuteron problem, where numerical methods can be used to get a
solution to any desired accuracy. Essentially the Schrodinger equa-
tion Hu, = E.u, has yielded the energy eigenfunctions u, and the
corresponding eigenvalues E.

In practice the energy H in these problems may very often be
modified by the addition of a small perturbing term H’, so causing
the eigenfunctions to change by small amounts from u, to u; +u,
and the eigenvalues similarly from E, to E;+E; The new
Schrodinger equation,

(H+H)(u, +ul) = (E, + E)(u, +ul) (15.1)

may not be capable of exact solution. An approximate procedure is
then to neglect terms of the second order of smallness, namely H'u
and Elu!.. After cancellation of Hu, with Eu,,

Hu!+H'u, = E,u.+ Elu, (15.2)

As usual the original unperturbed eigenfunctions u, form a com-
plete set, so that each u} may be expanded in the form ug =Y clu,.
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After Hu, has been put equal to E,u, the equation becomes
Y ¢l Eu +Hu = Z ci Eu, + E.u, (15.3)

Every term may now be multiplied by u¥ and integrated over all
space. Since (u | u,)= &,
ChoBi+ (| H' |u) = cioE, + Ei8y, (15.4)

The shift E; in the energy eigenvalues is obtained when k is put
equal to s:
E{=(u| H' lu)=(H" (15.5)

The change in the eigenfunctions is calculated by taking k not
equal to s:
’ _<uk| I:I, Ius>
Cos = (7
Es - Ek
This does not fix the value of cf,, which must be chosen so that
u, +u! is suitably normalised. In fact it may be put equal to zero:

<uk| H |ug Y
15.7
k§s E Ek ( )

> k#s (15.6)

This is because all the u, concerned are orthogonal to u,, and so
(ug+ut | ug+uy=(u, | u;)=1 to terms of the first order of small-
ness.

Degeneracy A condition for this procedure to work satisfactorily is
that the c;, given by equation (15.6) are small compared to unity.
This is obviously not true when there are u, which are degenerate in
energy with u, (that is E,—E,=0), and at the same time
(u| H' |u)# 0. If this difficulty arises the eigenfunctions concerned
must be rearranged into new linear combinations such that all the
appropriate matrix elements of H' are zero. An example is given in
section 16.

Second-order perturbations A second-order calculation of the
energy shift is sometimes required, especially when E;=0. This
starts with the equation

(I:I+I:I')(us +) ci + u) =(E, +E;+E’s’)<us + ) croh + u>
k k
(15.8)
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where the ¢, and E. have already been evaluated, and u” and E”
are of the second order of smallness. The zero- and first-order terms
already satisfy the equation, and when third- and higher-order terms
are discarded,

Au'+Y ciH'w = Eu!+E! Y ciu +Eu, (15.9)
k k

Now uj may be written in the form } cj and the scalar product
i

taken of every term with u,. The result is

EII

Z (u, |H |uk><uklI:I, |ug)

ks E “Ek

u HI 2
=y K % ]L,“‘)l (15.10)
ks k

For the ground state (s =1, say) Ef is necessarily negative, be-
cause E,—E, is always negative.

The summation in equation (15.10) may be difficult to evaluate,
but a useful upper limit to —E7 may be found by replacing E, — E,
by its minimum value, E, — E;. With the help of the closure relation
of equation (4.19),

_Ells (E 1
=

= (5 ) (5 ol B o B ey = )

_(E 1
2_E

§16 Hydrogen atom in an electric field

—) X Cunl B X Al

17 k#1

)((ull H"?|u))—E}? (15.11)
1

The perturbing potential in a uniform field The coordinate system
may be chosen so that the electric field is directed along the z axis,
and the potential energy of the electron (charge —e) then contains
an extra term eéz = edr cos 6. For any reasonable value of € this
may certainly be regarded as small compared to the kinetic and
Coulomb energy terms.
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Ground state perturbation in first order According to equation
(15.5) the first-order shift in the ground state energy is

E1oo ="<u100| eér cos 6 |u100>

= eﬁj‘ufoo(r COos 0)“100 dr (16.1)

Now u,q is a parity eigenfunction,t and so u¥y,u,0 is an even
function of position. On the other hand the perturbation is an odd
function and therefore the integrand as a whole is odd. Any
contribution at the point r is cancelled by the contribution at —r, and
it follows that Ej,,=0.

A short way of stating this result is to say that the electric dipole
moment of the system is zero. Obviously the same is true of any
state of definite parity, provided that the calculation is not compli-
cated by degeneracy.

Ground state perturbation in second order A limit to the second-
order shift may be obtained from equation (15.11):

(U100 €26°r? cos” 6 |u100)
(Ezoo - EIOO)

© q 2
32e,8>
=225 j I r*e 7% cos? 0 sin 6 d¢p d@ dr
00 O

n
—Efe=

T

3a

32w €0 3
=270 302
3 90 (16.2)
The second-order shift may be written —3a&?, where a is the
polarisability of the system; evidently for the ground state of the
hydrogen atomi a <(64¢y/3)a3.

Perturbations of n =2 states in first order The n =2 eigenfunctions
Us00, U211, U0, and u,q_4 represent four states which are degener-
ate in energy in the simple theory of the hydrogen atom. They are
also eigenfunctions of the parity, and in fact the energies associated
with u,,; and u,,_, are not shifted in first order by the electric field.
However, the perturbation calculations for u,q and u,,, are spoiled

T It is in fact even parity, since [ =0, but this is not essential to the argument.
t An exact calculation gives o = (18¢,)a3, so that the upper limit is only about 20
per cent high.
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by non-vanishing matrix elements,t

(Uayo| €81 €OS 0 |Uzg0) = (Uspo| €8T COS O |Uz10)*

© g 2w
_ eé J' J‘ I 1— ) —rla,
16mad 2a,
00 o

x cos? 0 sin 6 dr d6 d¢

=—3eéa, (16.3)

The remedy is to work with new normalised linear combinations
of these two eigenfunctions, namely uj;=(1/y2)(Uppo+ Uz10) and

= (1/v2)(Us00— Uz10). With the help of equation (16.3) it is easily
seen that

(uj| eér cos 0 |uy) =(uj| e€r cos @ |us)=0
(u3| eér cos 8 |uy) = —3eda, (16.4)
u’ eér cos 0 |us)=3eda,

The first equation checks that u; and u5 can be handled by
perturbation methods, while the second and third give the corre-
sponding energy shifts in first order.

The n =2 stationary states of the hydrogen atom in the electric
field are therefore represented by wu,,,, U,;_;, Us, and uj, whose
energy eigenvalues are summarised in figure 16.1. Obviously u; and
uy are not eigenfunctions of 1> or IT, but this is not surprising
because these observables do not commute with the total energy
when the term e¥r cos 6 is present.

§17 The variational method

Upper limits to ground state energies It is obvious that the expec-

tation value of the energy (H), computed from a normalised wave

function v, cannot be less than the lowest energy eigenvalue E,.

Moreover, the difference is very small if v does not differ much from

u,, the ground state eigenfunction. For let v be expanded in energy

eigenfunctions, v =Y c,u,, where the coefficients ¢, for s=1 are
s

T Matrix elements of edrcos & which connect two states of different magnetic
quantum number vanish when the integration over ¢ is carried out.
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+3 —— Uy

04 — Uy, Uzp_q

—3 —_—

Figure 16.1 The n =2 energy levels of a hydrogen atom in a uniform
electric field.

supposed to be of the first order of smallness. Then, because
Yle =1, we find

(H)= Y |c.P E,=Ey+ Y. (E.— E) |c,]? (17.1)
s=0 s=1
which shows that (H)— E, is of the second order of smallness.
The variational method for estimating a ground state energy is to
write down a trial wave function depending on one adjustable
parameter, whose value is then varied until (H) is a minimum. This
minimum will not be far above E, if the trial wave function has been
wisely chosen. Obviously it should have a general form which is
appropriate to the state being investigated; the ground state of the
helium atom, for example, should be represented by a spherically
symmetrical electron wave function (no orbital angular momentum)
with no nodes between zero and infinite radius (minimum Kkinetic
energy). This particular problem will be worked out in detail later
(section 24).

The variational principle A simple generalisation of equation
(17.1) states that if a normalised v differs little from an eigenfunc-
tion u, of I, belonging to the eigenvalue I, then (v| [ — |v) is of the
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second order of smallness. This principle can be applied to find
approximations both to I and wu, but considerable insight and
subtlety are required to get useful results.

§18 The WKB approximation

This method of approximation was invented by Jeffreys in 1925 and
introduced into quantum mechanics by Wentzel, Kramers, and
Brillouin in 1926. It provides the mathematical support for the
discussion given in section 7 and especially the part that related to
figure 7.1, which should be studied again.

The oscillatory region Here E— V(x) is positive and the TISE
may be written u

P —k2(x)u (18.1)

where k(x) is real and positive. The WKB approximation may be set
up by writing u =e™. Then,

2 2
- (g—:) +i§7’j = k2 (18.2)
and .
2 1/2
v =:tj(k2+i§—xl;> dx (18.3)

The fixed but arbitrary lower limit of integration will be chosen
later, and the associated constants of integration left implicit up to
that point.

Now if k(x) had actually been a constant, k, say, the solutions
u = e**o* could have been written down at once. Then v would have
been equal to +kyx, and d*v/dx*> would have been zero. This
suggests that, if k is actually varying slowly, a first approximation to
v can be obtained by neglecting d*v/dx? in equation (18.3) Thus,

X

vzvl=ijk dx (18.4)

Now d?v,/dx*=+dk/dx, and this can be put back into equation
(18.3) to get a second approximation to v,

X

dk 1/2
vxvzzi[(kziia> dx (18.5)
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where, to be consistent, plus or minus signs must be used through-
out. If the approximation is to work well v, should be close to v;.
So,

dk

dx

< k? (18.6)

which is the basic condition for applying the WKB approximation in
the oscillatory region. If a ‘wavelength’ A(x) is defined by A =2a/k,
an equivalent statement is that

A
—l«2n (18.7)
dx

Thus the fractional change in wavelength from one oscillation to the
next (an increase of x by about A) must be small compared to 2.
Obviously this allows u to differ markedly from an oscillation of
constant wavelength.

The expression for v, can be simplified by making further use of
equation (18.6) to write

(i dk ( ,
vzzij(kiﬁ-EJ—C)dx::tJ'k dx+1ilogk (18.8)

In the oscillatory region, then, u can be approximated by

X

e2=k "2 exp (=Fi I k dx+ cx) (18.9)

X

where the arbitrary limit of integration has been fixed at the position
of the turning point (x,) and the limits of integration have been
reversed to make the integral positive. The constants of integration
have also been made explicit; they can be complex to achieve any
desired phase and normalisation.

In bound state problems it is convenient to use standing rather
than progressive waves. They are produced by appropriate linear
combination of the solutions (18.9),

u=~ug=k Y2 cos (yo+¢) (18.10)
where

Xo

Yo= jkdx (18.11)

X
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In equation (18.10) a particular choice of normalisation has been
made, but the phase angle ¢ is still arbitrary. Obviously two
independent standing waves can always be obtained by choosing a
pair of phase angles differing by #/2.

The exponential region Now equation (18.1) is replaced by

d2

d—x'§= K2(x)u (18.12)
where k(x) is real and positive. The WKB approximation to the
solution of this equation can be obtained in a similar way, provided
that

% < K2 (18.13)
The result is
U=ug=K 2 (18.14)
where
yp= IK dx (18.15)

Xo

and an arbitrary choice of normalisation has been made. In practice
the solution with a negative sign in the argument of the exponential
is most often required, to suit a boundary condition.

Joining solutions through the turning region It will be realised that
the WKB solutions (18.10) and (18.14) hold good whether or not
V(x) varies linearly with x, as it did in figure 7.1. It is only necessary
that the conditions (18.6) and (18.13) are satisfied over a useful
range of x.

To join up solutions through the turning region it is necessary to
specify V(x) there precisely. Clearly a linear variation is most
generally appropriate,

V(x)=E(1+ax) (18.16)

where, for convenience, the origin of the coordinate system has
been chosen so that x,=0.

The TISE in the turning region has two independent solutions as
usual. The first (second) may be arranged to connect a solution of
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-1 -0.05

. . Turning
Oscillatory region region |Exponential region
T ¥ L T T T T T T
—6 -5 -4 -3 -2 -1 0 1 2 &

Figure 18.1 The exact wave function u near the turning point of a linearly
varying potential, and the WKB approximations uo and ug. The vertical
scale is linear to the left of turning point and logarithmic to the right.

the type (18.10) with ¢ = —m/4 (¢ = +m/4) through to the solution
of the type (18.14) which decreases (increases) exponentiaily. The
connection formulae which give the internal normalisations are

k"2 cos (yo—m/4) ‘**%K_llze_yﬁ] (18.17)
k=2 cos (yo+ m/4) «» k> '

etVe

The proof of these easily grasped results is both very tedious and
quite advanced, and it will not be given here. However, figure 18.1
shows the first solution through all three regions, and the failure of
the WKB approximations in the turning region can be seen. The
position variable used in figure 18.1 is dimensionless,t

£ =|2maE/R*)"3| x = |{2mha~2(d V/dx)}'?| x (18.18)

The double and single arrowheads in equations (18.17) are a
reminder of a point that must be kept in mind. If the exponentially

+ Equations (18.16) and (18.18) give yo=3(—£)*? and y =3%¢32.
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decreasing solution is found far inside the exponential region, then
the phase of the wave function in the oscillatory region can be
confidently inferred. The reverse is not true, for a small change in
phase in the oscillatory region will introduce some of the exponen-
tially increasing solution; the coefficient may be small, but neverthe-
less this solution will dominate far inside the exponential region.
The first formula (18.17) can be used freely only in the direction of
the double arrow. In the second formula the double arrow points in
the opposite direction, obviously.

Potential increasing to the left The discussion so far has dealt
entirely with a potential increasing to the right through the turning
point x,. However, the connection formulae can be used unchanged
in the reverse situation, provided that the limits of integration in the
formulae for yo and yg are both reversed.

Approximate energy eigenvalues for bound states The WKB ap-
proximation can be applied in an interesting way to estimate the
energy eigenvalues of bound states.

If there is no node the angle yo+d¢ (equations (18.10) and
(18.11)) must increase from the value —/4 at the reference turning
point (x;) through zero to the value m/4 at the other turning point
(x,). Thus

X3

J kdx=m/2, no node (18.19)

If there are nodes the phase integral must increase by # for each
node,

[ kdx=(n+3m, n nodes (18.20)
This equation expresses the Bohr—Sommerfeld quantisation rule,
published in 1915.

As an example the energy levels of the linear harmonic oscillator
may be estimated. With the notation of section 8,

+(Q2E, /m@?)12

2E 172
mhg j (mw’;—xz) dx=(n+3)w (18.36)

—(2E,,/mm2)”2
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and integration gives the remarkable result E, =~(n-+3)hw. This
formula is exactly correct in spite of the approximations made in the
calculation.

Phase space and quantisation Classically a particle with energy E,
in a bound state bounces back and forth between the turning points
x; and x,, its momentum at any intermediate point being p =
+[2m{E, — V(x)}]"2.

Now phase space is constructed by using x and p as two or-
thogonal coordinates, and the classical trajectory of the particle in
phase space may be plotted (figure 18.2) through one complete
oscillation. This trajectory is of course closed, and symmetrical
about the p =0 axis. The area inside is

X2

2 j pdx=Qn+1)wh (18.22)

X1

according to equation (18.20).

The trajectory of a particle with E,_, would lie entirely inside the
one just discussed, and it would enclose an area (2n-—1)wh.
Another version of the quantisation rule, therefore, is that each
additional stationary state involves the enclosure in phase space of

{l

p

- T T T P

Xy 0 X, X

Figure 18.2 Classical trajectory in phase space of a particle in a bound
state.
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an extra area 2wh by the corresponding classical motion. The
similar rule in three-dimensional motion involves a volume (27#)?
in phase space. Something like these rules has been seen before
(equations (6.8) and (9.9)).

Problems

5.1

5.2

53

5.4

The proton would be more accurately described as a uniformly
charged sphere of radius 107'*m than as a point charge. Use
perturbation theory to estimate the consequent small change
in the binding energy of the 1s state of the hydrogen atom.

The change in the binding energy of the 2p state is even less.
Why is this?

When a uniform electric field is applied to the 1s state of the
hydrogen atom the wave function becomes distorted. Find the
admixture of the following wave functions:

2p(m=0), 2p(m=1), 2s

A vparticle is subject to a square well potential of finite depth
(V=0, —L2sx<L/2; V=V, elsewhere). Use the Bohr-
Sommerfeld quantisation rule to find the number of bound
states. Is the answer accurate?

Verify that the Bohr-Sommerfeld quantisation rule is not
useful for estimating the energy of the 1s state of the hydrogen
atom. The failure appears as a mathematical snag: what is the
basic reason for it?



Magnetic fields and spin
angular momentum

§19 Review of classical mechanics: general rules for quantisation

Introduction It has been assumed so far that the forces acting on a
particle can be described by a scalar potential V. However, the
forces produced on a charged particle by a magnetic field are not in
this class; they depend on the particle’s velocity as well as its
position. To deal with these forces it is necessary to put the theory
on a more general basis, which uses the advanced -classical
mechanics embodied in the Lagrangian and Hamiltonian equations
of motion. A brief review of this classical theory follows, and then it
will be seen that the passage to quantum mechanics can be very
simply achieved.

Classical mechanics: Lagrangian equations of motion A Lagran-
gian function L(x;, x;, t) is assigned to the particle, where the x; (i =
1,2, 3) are the Cartesian position coordinates and the X; are the
corresponding components of velocity; for mathematical purposes
the x;, X%, and t will be regarded as independent arguments in
considering variations of L.

The Lagrangian equations of motion are given by

————-f=0 (19.1)
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The physical content of these equations depends entirely on the
choice of L. In the simple situation, with forces that can be de-
scribed by a potential V(x,, t), the correct choice is easily seen to be
L=T-V,

L(x, %, 1) = X 3mx? = V(x, 1) (19.2)
For then the Lagrangian equations take the form,

aV
% +—= i
mx; ox 0 (19.3)

or mv=—grad V.

Classical mechanics: Hamiltonian equations of motion The La-
grangian equations can be cast into another form by defining new
variables, the momenta p; conjugate to the x;, and a new function,
the Hamiltonian H.

The momenta are defined by

oL

pi=_ (19.4)
0%;
and the Hamiltonian function by
H=Y pX—L(x, %, 1) (19.5)

When considering variations of H the p; and x; will be considered as
independent arguments for the first term, and the x;, the x;, and ¢ for
the second term. Then

dL(x;, X, t
_OL(x;, %, ) .

1
: ox;

1

dH = Z {xy‘ dp; +p; dx;

aL(x;, %, t L (x;, %;
_L(% %, 1) dx_}_ O %, 1)

a%; ' at
oL oL
i ax,- at
. . oL
= 2 (% dp,—py dx) =~ dt (19.6)
i

Here the second and fourth terms of the first equation cancelled
because of the definition of the momenta, and the step between the
second and third equations used the Lagrangian equations also.
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It is clear from the last line of equation (19.6) that the x;, the p,
and t may conveniently be used as the independent arguments for
H, when considering its variation as a whole. In this way the
Hamiltonian equations of motion are obtained:

aH(xv pir t) — - aH(xn pis t) — x

03 ; 19.7
0x; ] op; ' (197

All this takes on a very familiar appearance in the simple situation
where the forces can be described by a potential V. Then L is given
by equation (19.2) and the momenta defined by equation (19.4) are
p: = mX;, as usual. The Hamiltonian H, defined by equation (19.5), is

H=Y pi,—T+V=T+V

thus H is in fact the total energy, in line with the notation used all
along. Explicitly,

H(x, p, 0= (X p2r2m )+ Vi, 0 (198)

and the Hamiltonian equations are,

oV L P .
axj = p,-, m = x]' (19.9)

In other words p=—grad V and p=myv, as usual.

Quantisation Two rules suffice for the passage from classical to
quantum mechanics. First, the p, conjugate to each x; is to be
replaced by the operator —i#(3/dx;). Secondly, the Hamiltonian
operator ﬁ{xi,—ih(alaxi), t} thus formed is to be used in the
Schrédinger equation i#(3y/ot) = Hy.

In the simple situation where the forces can be described by a
potential these rules lead at once to equations (2.14) and (2.17). All
conclusions up to the present point are thus automatically reco-
vered.

§20 Magnetic fields

Classical mechanics An electric and magnetic field, specified by &
and 4, can be described in terms of scalar and vector potentials ¢
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and A. The relations between the fields and the potentials are

%=—V¢—%, B=VXA (20.1)

and the divergence of A may be fixed by the gauge condition,
1 .
V.A+?¢=0 (20.2)

For a particle of charge e and mass m moving in this electromagne-
tic field the Lagrangian is in fact

L=T—ep+ev.A= Gmi’+exA)—ed (20.3)

To check this the Lagrangian equations must be shown to predict
the correct electric and magnetic forces on the particle. In fact they
state that

. ap . ) 8A->

mi,=el ———A+ ), x,— 20.4

! ( ax, Zl: ax; (20.4)
Now there are two reasons why the value of A at the position of the
particle may vary with time; one is that A itself may vary with time
and the other is that the particle may be changing its position in the
field with time. In other words,

. A, 0A;
A =1 ¢, — 1 20.5
! dat i % 8xi ( )
and so
A, dA, A,
miy=e( 2224 oy (5 2 9% o)
axj at i axi ax]

The expression in the first bracket is the jth component of &, and in
the second bracket two terms cancel and the remaining four can be
identified with vXVXA. Thus the Lagrangian equations simply
show the particle accelerating under the usual Lorentz force,

mv=e(&+vxXR) (20.7)

Now that L has been decided, equation (19.4) can be used to find
the momenta p; conjugate to the x;,

pi = mX; +eA; (20.8)

or
p=mv+eA (20.9)
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Then the Hamiltonian function can be found from equation (19.5),

H=Y (px —3mi?—exA) +ed
= ZL (p,—eA)*+ed (20.10)
T 2m

1

=—(p—eA)*+ed

2m

Quantisation The rules for quantisation set out at the end of
section 19 lead at once to the Hamiltonian operator

A 1
H=— (—-ihV—eA)’+ed
2m

h2 h 2
= v+ (W AA V) A2+ed  (20.11)
2m 2m 2m

Here the first term in the parentheses instructs that the differen-
tial operator should act on the product of A and any wave function
to which H is applied. With the usual rule for the differentiation of
products, and with the help of equation (20.2),

1.
V.A=A.V+(V.A)=A.V—;2-¢ (20.12)

where the parentheses indicate a multiplicative factor. Altogether
then

. W, ik 2 ih
QLR L N TP,
m 2m

- *é (20.13)

2mc

Electrons in a uniform magnetic field The magnetic field may be
supposed to have a uniform strength 9% directed along the z axis,
since the orientation of the coordinate system can be chosen arbit-
rarily. The vector potential is then,

A, =—3By; A, =3Bx; A, =0
AN } (20.14)

(VxA),=(VXA),=0; (VXA),=%
The electric field is assumed to be static, so that ¢ = 0.

For reasonably weak magnetic fields AZ may be neglected, so that
the second term in equation (20.13) is the only new one. Its value
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for an electron of charge —e and mass m, is,T

_iheA v__ihe% (_ i+xi>: eRB (_ih_a_>
me 2m, Y ox ay/ 2m, ad

(20.15)

The operator here is the familiar I,, and so the effect of the
magnetic field on an eigenstate of I, is easily evaluated. The energy
of the state is altered by the Zeeman shift ¢,, where
eh
2m,

€y = mAB (20.16)
It is obvious now why m was called the magnetic quantum number
in section 10.

Classically the energy of a magnetic dipole in the magnetic field
would be —u,#B, where w, is the z-component of its magnetic
moment. Thus the electron behaves as if it had a z-component of
magnetic moment

ey = —( ch >m = ppm (20.17)
2m,
where ug=—ef/2m, is a natural unit of magnetic moment for a
particle of charge —e and mass m,. It is called the Bohr magnetic
moment of the particle concerned, here an electron.
The Zeeman shift will often be written

Em, = —pgMB (20.18)

where a subscript | has been added to the magnetic quantum
number, to show that orbital angular momentum is involved, and a
factor g equal to unity has been introduced. The significance of
these steps will be understood in section 21.

Atoms in a non-uniform magnetic field Classically a force p, %’ in
the z-direction is exerted on a magnetic dipole with z-component
p, by a magnetic field whose z-component is B+%3'z (B, B’
constants). The effects of this force are also predicted by quantum
mechanics, in accordance with the correspondence principle, but
there is the important feature that u, is quantised by equation
(20.17). From 1921 onwards Stern and Gerlach demonstrated this

+ Just at this point the same symbol ¢ is being used for both the scalar potential
and the azimuthal angle. The context will show which is meant.
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by using a non-uniform magnetic field to split collimated beams of
randomly oriented atoms into 2]+ 1 discrete components, each with
a particular value of m. The importance of these observations was
immediately clear, but some years passed before they could be fully
interpreted.

§21 Spin angular momentum

Experiments on Zeeman shifts and Stern—Gerlach splittings show
that equation (20.18) leads to the right order of magnitude for the
effects observed, which are certainly of the kind predicted. There
are, however, some very serious discrepancies in detail.

The first Stern—Gerlach experiment, for example, split a beam of
silver atoms into two components, although 2/+1 cannot be even
for integral I This is of course a complicated result to discuss here,
because the silver atom contains many electrons.

It is simpler to consider a fact which was established with more
difficulty, that the 1s level of the hydrogen atom is Zeeman shifted
and split into two components, differing in energy by 2ug%. This is
just twice the normal spacing between states differing by unit m,.

There are two important points to note. The first is that there are
twice as many levels (2) as expected (1), and this feature turns out to
be common to all levels of a single electron. The second is that the
energy splitting is at least of the order of magnitude predicted.

These clues support the suggestion, first put forward by Uhlen-
beck and Goudsmit in 1925, that the anomaly had something to do
with an angular momentum of the electron such that two eigen-
values for its z-component exist. Consideration of figure 10.2 shows
that the appropriate angular momentum has a squared value of
13+ 1D)A* =312, with possible z-components of +3#. Conveniently,
but somewhat loosely, these eigenvalues may be said to belong to ‘a
state of angular momentum %’.

It is true that half-integral values were eschewed for orbital
angular momentum, on the grounds that eigenfunctions single-
valued in ¢ could not be found for them. The objection does not
rule out the possibility that the particle itself has an intrinsic angular
momentum, or spin, which is not directly related to its orbital
motion; this spin angular momentum s may be represented by
operators § which have no other function except to act on spin
eigenfunctions x.i, which in turn have no other function than to
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respond to §. In particular the x,; are not represented by wave
functions of some coordinate describing the orientation of the
electron, so that no question arises of single-valuedness in such a
coordinate. The quantum mechanical formalism for all this is per-
fectly normal, as will be seen, but no useful classical picture of the
spin can be given because the angular momentum involved disap-
pears in the limit #— 0. The same is not true for orbital angular
momentum because the quantum numbers | and m may take
arbitrarily large values.

In order to explain the double-sized Zeeman splitting the corre-
sponding equation to equation (20.18) must be

Em, = ~Hp&MB, M, =%} (1.1

with g, =2. This means that the magnetic moment per unit of spin
angular momentum is given just twice the value deduced for orbital
angular momentum.

The introduction of spin 1 (as it is loosely called) and the assign-
ment g, =2 are presented here as responses to experimental facts. It
should be mentioned that in fully relativistic quantum mechanics the
Schrédinger equation is replaced by either the Klein—Gordon or the
Dirac equation. The particles described by the Klein—-Gordon equa-
tion have no spin, but those described by the Dirac equation have
the spin 3 and g =2 ‘built in’ from the start. The latter class of
particles includes the electron.

As a matter of fact the proton also has spin 3, causing a further
doubling of the number of levels of the hydrogen atom. The
splittings are much smaller than those discussed here, because the
Bohr magneton for the proton is smaller than that of the electron by
the factor m./m,,.

Formal mathematical machinery The basic assumptions are that
the spin angular momentum operators obey the same commutation
rules as orbital angular momentum operators,

[5., 8, 1=ihs,; [3,, 8,1=ihs,; [5,8]=ihns, (21.2)
and that
§=s(s+ 1> =3h>% s=3 (21.3)

Positive and negative shift operators, §, =§, +i§, and §_= 3§ —is§,,
and a magnetic quantum number m, can be defined in the manner
of section 10, and the procedure of that section followed in a
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completely routine way. Two eigenfunctions x,,, with m, =3,
emerge with the following properties:

S.x-3=—3hx-y,  Sxy=+3hxy, 8 )
$.x-1=hxy; $,x3=0 (21.4)
§_x_1=0; S_xi=hx_y

Scalar products of the two eigenfunctions are given the usual
values for an orthornomal set,

xalxp=Kalxp=1
(sl x-p = lxp= 0] (21.5)

Since no actual coordinate is involved these are not integrals, but
they may be visualised as scalar products in a two-dimensional
Hilbert space (figures 4.1, 4.2).

There is no difficulty in forming the matrix elements of §. For
example,

(=il 82 Ix) = s | Soxy) = +3dx s [ x0) =0 (21.6)

Finally, the Hamiltonian for an electron (charge —e) in an elec-
tromagnetic field must be amended to include a term
(g.e/2m.c)A . s, which obviously produces the right Zeeman splitting
(equation (21.1)). This is actually one of four additions to equation
(20.13) that are discussed in section 23.

§22 Combination of orbital and spin angular momenta

Full wave functions The full wave function of an electron must
now carry information about the spin as well as the ordinary
observables. It is appropriately formed by multiplying together the
spin and ordinary wave functions. The operators representing ob-
servables act only on the part of the full wave function with which
they are concerned, and they simply ignore the other part. Two
examples follow, for the 2p (m, = +3) state of the hydrogen atom,

izu211(r)X% = (izu2ll(r))X% = huzn(r)X% } (22.1)
$;uz11(Nx: = U1 (N8 x1) = %huzu(r)X% ’
Both have the familiar form of an operator acting on a (full) wave

function to generate an eigenvalue multiplied by a (full) wave
function.
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Addition of orbital and spin angular mometa The two kinds of
angular momentum combine vectorially to give the total angular
momentum,

j=1+s (22.2)

with the components j, =L +s,, j, =, +s,, j, = I, +s,. From the prop-
erties of 1 and § it is clear that §j obeys the usual commutation rules,

o h1=ihj; [ R1=ihi; [ i]=ikj,  (22.3)

and therefore
(7 321=14,, 3°1=17., i’1=0 (22.4)

Positive and negative shift operators, j, =7j, +ij, and j_=]j, —ij,,
and total and magnetic quantum numbers j, m; can be defined in the
usual way. The procedure of section 10 can be followed once more
to see that the values of these quantum numbers are to be found in
figure 10.2.

Three relations involving §* can usefully be written down at once:

P=r+8+20.8
P2+8+20s. +1.5 +15, (22.5)
1.§=4>-1>-%?

The wave functions Y, (6, ¢)x. formedi in the manner of
equations (22.1) are eigenfunctions of the commuting set 12 lz, R
and §,. Often it is better to work with wave functions Wi which are
eigenfunctions of the commuting set §? j,, 12, and §2. Two non-
vanishing commutators should be noticed at once:

[, L1=25[0, L1+ 28 [1, ]
=wG, 0 —5.10) (22.6)
[jz’ §z] = _h(§+ f— - §— f+)

It follows that in general the eigenfunctions of {* cannot be eigen-
functions of I, and s, also. An exception to this statement (cf. equation
(5.13)) occurs when my, m,, and m; = m; +m all have their maximum
values I, s, and j=1+s: the shlft operators §, and [, in equations
(22.6) then produce zero. A second exception occurs when m;, m,, and
m; all have their minimum values —1, —s, and —j=—1—s; the shift
operators §_ and [_ then produce zero.

t The radial variation of the u,,, is not involved in what follows, and it will be left
implicit.
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Apart from these two exceptions the Wi will be superpositions
of two Y, X, since s =3 and m; = m; + m, = m; 3. Explicitly,

Wit = Clth+v1-1 Yiom+5X—1+ Clin 911 Yim—pxs  (22.7)

The coefficients Cin,, which appear here are called Clebsch—
Gordan coefficients; their values in most practical situations may be
found from published tables, similar to table 22.1. The first two sets
of coefficients given there will now be derived in detail.

=0, s=1 Matters are very simple here because all combinations
are except10na1 elther m, =0 and m, =3 (both maxunum values), or
=0 and m, =—% (both minimum values). Since j>=§2,

11 1.1
Wo's= Yooxs Wiy = Yoox— (22.8)
and Cooyy=Choiy=1
=1, s=3 The exceptional combination m, =—1, m, = —% may be
S

considered first. With the help of the second of equations (22.5),
PYixo=Q+3+ DAY, x
=3G+DA’Y,_1x, (22.9)
and so
Wii=Y 1x (22.10)

FY
H

Three more elgenfunctlons of §* with j =3 can be found by using the
shift operator j,=1[,+8§,. The normalisation is kept in order by
factors similar to those in equations (10.22), (10.40), and (21.4).
Thus

W =320+ 6,) Yaxes
=3"*Yiox-+3)"?Y,1x, (22.11)

and likewise

(22.12)

Wit =) Yiuxo+@Y? YloX;}
Wﬁ =Yux

The last-mentioned eigenfunction of course involves the second
exceptional combination m; =1, m, =1.

A normalised wave function orthogonal to W%} can be con-
structed from it by transposing the coefficients of Y;ox_y and
Y;-1x:, at the same time changing the sign of one. This new wave
function is still an eigenfunction of j,. As for §?, the second of
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Table 22.1 Clebsch—-Gordan coefficients for the vectorial addition of the
orbital and spin angular momenta of a single electron. The second column is
redundant, since m; = m + m,, and it is only included for clarity. In (c) the
coefficients are zero unless the square root of a positive quantity is indicated.

(@l=0,s=3

i m; m mq cimy

003m,
3 3 0 3 1
3 -3 0 -3 1
b)l=1,s=3
1) ml m, mg levmﬁm‘
3 3 1 3 1
1 O
1
’ b @
3 ' (U G
i ol @
3 -4 -1 1
1 [ 1 (G
’ : 0 5 -3
L 1 { 0 - GXe
2 2 -1 ! @
(c) General I, s =3
i m; m m Cltn —mm,
1+1 L [mtr S (emdelenT?
’ P lm=t b (rmE)PRI+ DT
-1 Lo [mis s GrmpedTeien ™
’ T lm-t b —(-m)RI+ )R

equations (22.5) can be used to see that
iz{(%)l/z YloX—% - (%)”2 Y1—1X§}

that =3G+ DB Yiox—— 3 Yimixd  (22.13)
so that,

Wit=3)"Yox— 3" Y11x (22.14)
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Finally, with the help of 7.,

Wl‘ = (%)1/2 YiiX-1— @2 Yioxs (22.15)

Six independent Ws have now been found, four belonging to j =3
and two to j=31. No others exist, because there are only 6 =3x2
independent products of Ys and ys available.

General addition of angular momenta When j=j; +j,, with j; =},
the total angular momentum quantum number j may take any of the
values ji+j,, ji+j>—1,...,j1—j.+1, j;—Jj.- The number of inde-
pendent eigenfunctions, either of the set §, j,_, &, j», or of the set %,
J» 11, 12, is given by
i1tz
Qi+ DR+ 1= Y (2j+1) (22.16)

i=i1=i2

Spectroscopic notation The spectroscopic notation mentioned in
section 10 is extended to label a state of principal quantum number
n, spin multiplicity 2s+ 1, orbital angular momentum [, and total
angular momentum j. Such a state is called a n>**']; state. The total
angular momentum eigenfunctions derived earlier would thus be
appropriate to n’s,, n’p;, and n°p, states. Of course the value of n is
open until the radial part of the wave function is specified.

At times it is convenient to omit the values of n and 2s+1, and
write down simply /.

§23 Spin-orbit coupling and fine structure: Zeeman effects

It has already been mentioned that the correct relativistic equation
for the electron is the Dirac equation, and really this should be used
to determine the energy eigenvalues of the hydrogen atom. The
work involved is beyond the scope of this book, but it leads to the
conclusion that, to a good approximation, the normal Schrédinger
equation and non-relativistic quantum mechanics can be used, pro-
vided that some extra terms are included in the Hamiltonian. This
should be amended to read

g=2iﬂ2+ Vi +H +H"+H" (23.1)
"
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where u is the reduced mass, V(r)=—e?/4me,r, and the three last
terms are new and small. They are given by

4 A
d gl p
s (—
8u3c?
. n oV
H'=—- —_—— 23.2
4u2c? or ar (23.2)
n 1 19V,
H" = 293 a
2uicror )

The classical and relativistic genealogy of two of these terms can
be understood quite easily. The first, H’, is the second term in the
expansion of the relativistic kinetic energy in powers of p*/u2c?;
apart from potential energy, E*>=c%p>+ u>c*, and the difference
between E and the rest energy is E—uc?>=(1/2p)p*—
(1/8u3c?)p*+- - -

The second term, H”, is known as the Darwin term and cannot be
understood in a purely classical way.

The third term, H", was first written down correctly by Thomas.
A relativistic transformation of the Coulomb field into the rest
frame of the electron gives rise to a small magnetic field, and H"”
describes the energy of the electron’s magnetic moment in this field.
The situation is complicated by the fact that the electron rest frame
precesses with a certain angular velocity relative to the centre of
mass frame, and this halves the value of the term.

Since the third term contains 1 . § it is said to give rise to spin-orbit
coupling. A term of this type arises in many other atomic and
nuclear problems, and so it is important to understand how to deal
with it.

General strategy The effect of the new small terms may be calcu-
lated with the help of the perturbation theory of section 15. The
unperturbed wave functions must of course represent the stationary
states of the original first two terms of equation (23.1).

It is at once obvious that the R,;(r) Yy, X, Will not serve for the
purpose; because of the i.8 operator in H" there will be finite
matrix elements connecting degenerate states with the same values
of n, I, and m; =m; +m,, but different values of m;, m,. To see this
it is only necessary to write 1.§=Ls, +3({,§_+[_s,) and to consider
the effect of the shift operators on Y, Xum .



130 BASIC QUANTUM MECHANICS

The remedy is to use the unperturbed wave functions R,,WiT, the
total angular momentum eigenfunctions of section 22. The point is
that these are eigenfunctions of 1.s =237 —1°—32), and the orthonor-
mality of the WITs can therefore be relied upon to suppress undesir-
able matrix elements of H".

The actual eigenvalues of 1.s will be needed; they are equal to
HiG+D—1(1+1)—2>, or 3Ik? for j=1+3 and —3(I+1)A? for j=
[—3.

Evaluation The calculation is straightforward once the correct
unperturbed wave functions have been chosen. The first energy shift

18 . N i
E'=(R, Wil H' |[R.WI{T")

oo

1 e? \2
= - > J (En+ ) R%r2dr
2uc 4qregr

0

2

« n 3\)
“n? (l+% 4. E. (23.3)
Here the TISE satisfied by the R,,Wi7" has been used to substi-
tute for (p*/2w)>, and the final result is stated in terms of the fine
structure constant a = e*/4meghc. This is an important pure number
with a value close to 1/137.
The second energy shift is

E"=(R,Wi?| H" |R,WIT)

h2e? J' dR,
T 16meopc? Ru dr dr
0
h2e? » (az)
e - (%)Es 234
321780[.L2C2 Rnl(O) n nY10 ( )

since R,,;(0)=0 if [#0.
The third energy shift is zero if [ =0, because there cannot then
be any spin-orbit coupling. When [ is not zero,

E"=(R,WIiP| H" |R, Wi

P gen-0n-3 [ LRad
T 16meou>c? A 40 y o r

_ @ [iG+D-10+ )3
N n{ I+ 1D)Q2I+1) }Em 1#0 (23.5)




MAGNETIC FIELDS AND SPIN ANGULAR MOMENTUM 131
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Figure 23.1 Fine structure of the n=2 energy levels of the hydrogen
atom.

All three terms may be collected together to give the total fine
structure energy,

2
E'+E"+E"=2 {_—"1—3}5,, (23.6)
n“\j+s 4
independent of whether I =0 or not, and whether j=1+3 or [—4.
Obviously the spin-orbit coupling gives rise to a splitting of levels
that were previously degenerate. A simple example is the splitting of
the 2°p; and 2°p, levels in hydrogent (figure 23.1).

Weak magnetic field 1If a magnetic field 8 in the z direction is
added, then there will be a further term in the Hamiltonian,

H" =—([,+28,)h 'us®B (23.7)

The operator here has non-zero matrix elements connecting Wi7 of
differing j but the same | and m;. Nevertheless, since just these
levels are split by the spin-orbit term, a perturbation calculation
based on the W7 is valid if the magnetic field is weak. The criterion
is that the Zeeman splitting energies must be small compared to the

T The 225% and 22p% levels are still degenerate to this approximation. They are
actually split by the Lamb shift, an effect smaller than the fine structure by another
factor of a2
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spin-orbit splitting. Provided that this is so,
=—~(WiP| [, +28, |WiPh " ne®B (23.8)

The matrix element can be calculated by expanding the WITs in
terms of the Yi, X w1th the help of Clebsch—Gordan coefﬁaents
For example, when j =3 and m; =3, equation (22.12) shows that the
expectation value of I, +2s, is $(1—-1)+%0+1)}=3%A. Similar
evaluations for the other three p; wave functions show that

E3m = —MpgM; B (23.9)

with g3 =3%. For the two p; states the corresponding formula for g4,
has the factor gy =3. These results determine the initial slopes of the
lines in figure 23.2, which traces the energies of the 2p levels of
hydrogen as a function of magnetic field.

2+
WﬁZf(i( Intermediate field
E—-E,
o? |E2|
- -~
1 i Yl()x%
//
/// /
-7 —_—
/// /////
///
0 -§___ _ Y
-~ — 1
N3 \\\\\
~ ~——
\\\
~
-1+ \\
N
2t
1 t -
0 3

@/N—;}laz lE2|

Figure 23.2 The Zeeman effect for the 2p energy levels of the hydrogen
atom.
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General values of gg The general results are worth quoting. The
Zeeman shift is

with

D10+ D +s(s+1)
g =1+ 251G+ 1) (23.11)

Here g; is called the Landé splitting factor.

Strong magnetic field When the Zeeman splitting energies are

large compared to the spin-orbit splitting a reversal of policy on the

choice of unperturbed wave functions is necessary. Now the Y, Xim,

should be used, because they are eigenfunctions of [, and s,, and so

of H™. Undesirable matrix elements of H" are therefore suppressed.
The magnetic energy obviously has the value

8mlms= _“'B(ml +2ms)% (23.12)

The spin-orbit coupling can now be regarded as perturbing the
Y, Xm, because the magnetic energy splits the previously degener-
ate states with the same m; =m; +m,. The essential expectation
value, that of 1.8= 10,8, +1([,[_+1_1[,), is easily calculated,

<Ylm!Xmsl i . § llllmIXm,> = mymg hz (2313)

since the raising and lowering operators produce wave functions that
are orthogonal t0 Y, X ..

For the 2p stages of hydrogen the combined effect of H’, H”, and
H" is easily calculated by substituting mym,#? into equation (23.5),
in place of the eigenvalues of i.8. In this way a small energy shift,

E'+E"+E" =(§—¢mm,)a’E, (23.14)

is obtained for these particular states, and this must be added to the
large magnetic energy given by equation (23.12).

The whole of figure 23.2 can now be understood. The weak field
results at the left of the picture give way to the strong field results at
the right. The change of pattern is known as the Paschen-Back
effect. In the intermediate field region, which has not been discus-
sed, the energy eigenvalues are indicated by dotted lines.
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Problems

6.1 A hydrogen atom is in a 2p, j=3, m; =3 state. Predict the
results of measuring 1, s, I,, and s,.

6.2 A hydrogen atom is in a 2p, m; = 1, m, = —3 state. Predict the
results of measuring §* and j,.

6.3 Draw the diagram corresponding to figure 23.1 for the n=3
levels of the hydrogen atom. Compare quantitatively the p;~pz
splitting in the two diagrams.

6.4 Draw the diagram corresponding to figure 23.2 for the 3d
levels of the hydrogen atom.



Identical particles and the
Pauli principle

§24 Identical particles

The wave functiont for two particles, first discussed in section 14,
has the form ¥(r,, r,, t) when the particles are labelled 1 and 2. The
probability at time ¢ of finding particle 1 in the elementary volume
d7,, and particle 2 in dr,, is |¥|*>dr, dr,. Other observables, for
example momentum, are represented by operators mentioning r;
and r, in the appropriate way.

The exchange operator Although the labels 1 and 2 are explicit in
the wave function, it seems that no physical distinction can be made
between particles that are identical. This is the principle of indistin-
guishability, and it gives rise to an important property of the wave
function. No difference can be detected between the state described
by ¥(r;,x,, t) and that described by ¥(r,, r,, t), where the role of
particle 1 has been taken by particle 2, and vice versa. This means
that the second wave function can differ from the first at most by a
phase factor e, with § real. Mathematically, if P,, is the operator
that exchanges particle 1 for particle 2 (and vice versa),

pulp(l'l, N, 1) =Wy, 1, t) =e®V(ry, 1), 1) (24.1)

1 Spin variables may be added to r; and r,, for particles with spin.

135
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If P,, is applied twice,
ﬁ%ﬂp(l'l, I, t)= pueia‘p(l’h )= eZislp(l'l, 1 (24.2)

After two exchanges of the particles the wave function must be
back to its initial form, so also,

P2, W, 1, 1) = V(15 t) (24.3)

Thus €** =1 and e® = +1.

It is not hard to see that Py, is a Hermitian operator, as defined
by equation (2.12). Obviously P,, is linear, and so it is fit to
represent an observable, the exchange parity. The eigenvalues of
exchange parity are +1 (symmetric or even state) and —1 (antisym-
metric or odd state).

It is clear that the energy operator H must involve the coordi-
nates r, and r, in a symmetrical way,t and it follows that [P,,, H]=
0. All the work done in section 4 with ordinary parity can then be
repeated with P,, substituted for II.

One consequence is that any stationary state is automatically
represented by an eigenfunction of exchange parity, unless there is
degeneracy.

A second consequence is that exchange parity is conserved. If two
particles are created in a particular state of exchange parity, they
will so continue for all time.

It happens that fermions,i or particles of half-integral spin, are
found only in states of odd exchange parity; on the other hand
bosons3§ or particles of integral spin, are found only in states of
even exchange parity. The first of these rules is referred to as the
Pauli exclusion principle, for reasons that will become clear shortly.
Both rules can actually be deduced from relativistic quantum
mechanics.

Two independent fermions The Schrdodinger equation, for two
identical fermions moving without mutual interaction and without
spin-dependent forces, has the form,
{H(r) + HE) @, 1) X (mD, m®)
=E¥(r, r)X(m®, m®) (24.4)

where the spin wave function X has been made explicit.

+ For example equation (24.10).
# Electrons, muons, protons, and neutrons are fermions.
% Pions, kaons, and photons are bosons.
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The appropriate ¥X can be built up very easily out of the
solutions to the Schrodinger equation for each particle individually.
These solutions have the form

H () (00X = Eatha (r) X2 }
H(r,) s, (fz)X(fa) = E,¢, (l'z)X(fz) h

It is easily checked that the product WX = s, (r,) ¢, (r) x W x 3 solves
equation (24.4) with E=E,+E,. When it is remembered that
H(x,)+ H(r,) mentions r, and r, symmetrically, and the spins not at
all, it becomes clear that the solution is at least eightfold degenerate.
The spin wave functions can be any one of the four combinations
x$x 2, and the spatial wave function can be ¢, (r,)¥, (r,) instead of
U, (r1)¢n, (r,). None of these are eigenfunctions of P,,, and the next
step is to write down linear combinations that are so.

The four symmetric and normalised? combinations are
3

(24.5)

XX 3
1 1
\/_2 (o (2 )W, (1) + 4, (1), () E (X(+1')X(—2;) + X(—l%)X(f;)

1,2
xR

: (24.6)

1 1
ﬁ (W (), (12) — Y, (2 )W, (x2)) E (X(+1‘)X(—2) - X(—I;)X(f;))

Py
and the four antisymmetric and normalisedt combinations are

1
75 (a0 02+ s ()8 1) . = (X~ XD

1) (2)

~

X+ X +1 (24.7)
L ( 1 (1) (2) (1) ,(2) P ‘
NG W, (), (82) — Y, (11 Y, (x2)) 7 Oeix S+ x5x 8

X9x® )

The Pauli exclusion principle states that none of the symmetric
wave functions are allowed for two fermions. The antisymmetric
wave functions, on the other hand, vanish identically if the two
fermions are in the same state (that is a=b and m{"=m{?). A
consequence of the Pauli exclusion principle, applicable to non-
interacting fermions, is that two fermions cannot be in the same state.

T When a =b the normalising factor for the spatial part of the wave function is 3,
not 1/v/2. Obviously s, (r,), (x,) is correctly normalised.
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Total spin wave functions The spin angular momenta of two
fermions can be added vectorially to give the total spin,

S= s(l) +s(2) (24.8)

The observables of interest are S, and S?, represented by operators
such that

& _ (1 a2

S, =§P+352

§ =0+ 820+ 280 . §@ (24.9)
2+ 2508 + §P§@ 4§05

Il

where §, §@, %, §? are the usual raising and lowering operators.

The methods of section 22 can be used again to see that the three
symmetric spin wave functions which appear in equations (24.6) and
(24.7) are eigenstates of S,, belonging to the eigenvalues 1,0, —1
respectively, and that all three are also eigenstates of S?, belonging
to the eigenvalue 1(1+ 1)4% =2#2; they are referred to as the triplet
spin states or, more loosely, as states of total spin 1. Similarly, the
antisymmetric spin wave function belongs to the eigenvalues 0, O for
S,, S%. It is referred to as the singlet spin state, or as the state of
total spin 0.

The Clebsch-Gordan coefficients for combining two spin 3 angular
momenta are given in table 24.1.

Table 24.1 Clebsch-Gordan coefficients for
the vectorial addition of two spin angular

momenta
(&Y @ Sm,
S mg mg mg C%,::m%ms(z)
1 1 3 3 1
1 1 —-1/2
1 04 7 2
i 1 -1/2
-3 2 2
1 -1 -3 -3 1
1 1 -1/2
2 2 2
0 0
1 1 —-1/2
-3 2 -2
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Ground state of helium The helium atom has a nucleus of charge
2e and two electrons, for which the operator H has the form
N h2 h2 2 €2 e2
A=V V3 +
m 2m 2megr; 2megr, 41reg Ky — 1y

(24.10)

As a first approximation the last term may be ignored, and the two
electrons then become independent. Each electron is represented by
a wave function similar to that of the hydrogen atom, with 2e”
substituted for e? throughout. The ground state is obviously ob-
tained by putting both electrons into the 1s state, necessarily pro-
ducing a symmetric spatial part of the wave function. It follows,
because electrons are fermions, that the ground state contains an
antisymmetric, or singlet, spin wave factor. In fact,

20 ) 1o e

8
(¥X)o~——7exp ( 72 XXX

(24.11)

where a, is given by equation (12.3) as usual. The associated energy
eigenvaluet is —me*/4m?edh>.

It is important to notice that the total spin is forced to be zero by
the Pauli principle and the associated symmetry considerations, even
though H mentions no spin-dependent interaction. The lowest
energy for a triplet spin state, to the same approximation, has an
energy of —Sme*/32mw>e3h?, when one electron is in the 1s state and
the other in a 2s or 2p state.

A more accurate energy for the ground state may be obtained by
the variational method of section 17. The charge on the nucleus is
+2e, but each electron partially screens the other so that the
‘effective charge’ lies between e and 2e. Thus suggests that the
effective charge should be written ze, and that z should be varied to
minimize (¥| H |¥). The spin wave function is not involved, and it
will be left implicit. The trial wave function is simply

Z3

Y= e_(zlao)('1+'2) (24.12)

wa;

1 Vide tables 10.1 and 12.1 with e? replaced by 2e2, and equation (24.7) and its
associated footnote.

$ That is two electrons each four times as strongly bound as in the hydrogen 1s
state (equation (12.9)).
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The calculation of (¥| H |¥) is straightforward so far as the first
four terms of equation (24.10) are concerned. They produce to-
gether an expectation energy equal to (z2>—4z)(me*/1672e3H?).

The fifth term in equation (24.10) can be handled by means of an
expansion involving Legendre polynomials. If r, <r,

1 1

2
T =;—+% P,(cos 0’)+% P5(cos 0) (24.13)
1 2 2 2 2

where 0’ is the angle between r, and r,. If r, <r, then the roles of r,
and r, should be exchanged on the right-hand side.

Only the first term of each expansion needs to be considered,
because ¥ is spherically symmetric. The result is an expectation
energy equal to (5z/8)(me*/167%e3h?). Altogether then

277)_me
8 /16m%eh?
This expression has a minimum when z =27/16 = 1.688. The corre-

sponding energy is 2.85 (me*/16w%e3#?), a result which is accurate to
2 per cent.

(P|H|P)= (22 (24.14)

Spectroscopic notation Once more the spectroscopic notation is
extended. A state of spin multiplicity 2S+1, orbital angular
momentum L#, and total angular momentum J# is referred to as a
25+17 . state. The capital letters conventionally signify vectorial
addition of the angular momenta of two or more electrons.

Another notation may be used to show how the individual elec-
trons are disposed, by specifying the number of electrons in each
state. Obviously lower case letters are used to specify these.

Thus the ground state of helium is a 'S, state, and its invididual
particle configuration is (1s)%.

Excited states of helium: exchange interaction According to equa-
tion (24.7) four different states of helium can be built up from the
individual particle configuration (1s) (2s). The spatial wave function
may be symmetric and the spin wave function antisymmetric, so
giving rise to a 'S, state or, alternatively, the spatial wave function
may be antisymmetric and the spin wave function symmetric, so
giving rise to three degenerate S, states.

When the mutual interaction of the two electrons is ignored the
1S, and the 3S; states have the same energy. The degeneracy is
lifted, however, when the mutual interaction is taken into account.
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A perturbation calculation of the effect of the fifth term in equation
(24.10) shows this clearly. For the S, state,

(v, ¥is)= [ [ututenutiote {;—h}

X Uy00(F1) Uspo(Xy) A7y dTy

o2
+ IJ“TOO(H)”%OO(&) {—}
d7e, |l'1 =

X Unoo(Xy) Us00(x2) A7y dTy
=I-+1Ig (24.15)

eZ

47780 ‘l’l —l'2|

Here the wave functions are the same as those in section 12, except
that 2e? replaces e? throughout. The two terms are called the
Coulomb integral (I) and the exchange integral (Iz). For the 3S,

state,
(s

Obviously I is positive, and this turns out to be true for I also;
essentially the reason is that the interaction is strongest when r; =r,,
so that there is not a great deal of difference between I and Ig. It
follows that the 'S, state has higher energy (less binding) than the
38, state. Here again there is a remarkable difference in energy
between singlet and triplet spin states, even though H does not
mention spin.

eZ

— | Vs >=IC—IE (24.16)
dareg e, — ) '

Problems

7.1 Three fermions labelled 1, 2, 3 are to be put into three
quantum states labelled a, b, c. Form a properly antisymmetri-
cal and normalised wave function for this.

What would happen if the three particles were bosons
instead, with the further assumption that E, <E, <E, and the
gaps between energy levels are large compared to kT?



Transitions

§25 Spin precession and magnetic resonance

So far the discussion has been mainly concerned with the properties
of stationary states, although the wave packet in section 6 was an
exception. In this chapter some situations that call for the TDSE will
be discussed. The two problems that follow, both concerned with
the behaviour of spin 3 in magnetic fields, offer the attraction that
exact solutions are possible and convenient. The first, about spin
precession, illustrates the use of equation (3.6) when H is indepen-
dent of time. The second, about magnetic resonance, involves a
time-dependent H so that equation (3.6) is not applicable. It is
typically convenient to expand the wave function in terms of the
stationary states of the time-independent part of H, but the expan-
sion coefficients are, of course, functions of time that require
calculation.

Spin precession A particle of spin 3 will be considered whose state
is represented by ¢(r)x.s, and it will be supposed that (r) is not
coupled to a magnetic field of strength B in the z direction. This
would be true if the particle were bound in an s state, for example.
The space part of the wave function can then be left implicit when
considering the effect of the magnetic field on the spin angular
momentum.

142
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The Hamiltonian is given by H = —(g.e/2m)%s,, where e and m
are the charge and mass of the particle. The factor g is very close to
2 for the electron or muon, but it takes other values for particles that
are subject to nuclear forces, such as the proton. The stationary
states are represented by x.1 and x_;, belonging to the eigenvalues
+3h for s, and F (g.eh/4m)AR for the energy. The Larmor precession
frequency w; may be defined by

B

w =55 (25.1)
2m

and the energy eigenvalues are then given by +3hw;, .
When t =0 the spin wave function ¢ will be taken to be
1
=— 1+y_1 .
$(0) =75 O+ x-p) (25.2)

Obviously s, is equally likely to have the two possible values +1#,
but ¢(0) is actually an eigenfunction of s,, belonging to the eigen-

value 3, ¢ 6(0) =3{(8 +i8,) + (5, —i8, )} (0)
=2732(5_x3+ 8§, x-) = $h(0) (25.3)

where the properties of the shift operators §,, §_ have been recalled.
The subsequent development of ¢(t) can be written down at once
by means of equation (3.6):

1 . .
()= (e Py +e™ ™y y) (25.9)
V2

It is clear that the particle is repeatedly in an eigenstate of s,,
belonging to the eigenvalue +#/2, when t is an integral multiple of
27wy ; at such times ¢(t)==+¢(0). This suggests that the spin
rotates, or precesses, in the xy plane and this idea is easy to verify.
A unit vector n may be defined that starts off in the x direction and
rotates in the xy plane, round the z-axis, with angular velocity ;.
A positive (negative) w; corresponds to clockwise (anticlockwise)
rotation when viewed along the z-axis. The component of s along n
is represented by the operator

§.n=3§n, +8n,=§ cos (w.t)+3, sin (w 1)
=38 e7 '+ 5 et (25.5)
and it is easy to check that
(. m)(1) = 27225 _xy+e 2, x ) =3hd(1)  (25.6)
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Here it is seen that the spin steadily maintains the eigenvalue #/2 in
the direction of the rotating vector n. This behaviour corresponds to
the classical precession of a gyroscope that is subjected to a couple
at right angles to its angular momentum.

Magnetic resonance Another situation of great practical interest
arises when a static magnetic field of strength % is maintained in the
z-direction, while a rather weak magnetic field %’ is arranged to
rotate in the xy plane at angular velocity w. The components of the
rotating field in the x- and y-directions are &' cos (wt) and &' sin (wt),
so that a positive (negative) w corresponds to clockwise
(anticlockwise) rotation when viewed along the z-axis. The Hamil-
tonian is

H= —(g.e/2m)(BS, + B’ cos (wt)§, + B’ sin (w1)§,)
=@, §, +3(AS, e + A§_e™") (25.7)

where A is defined to be the angular frequency —(g.e®B’'/2m).
The spin wave function at ¢t =0 may be supposed to be x_i, so
that the particle would be in the stationary state represented by

x_1e“" if B’ were zero. When @’ is not zero,

(1) = c.(Dxze "+ c_(Dx-ge™” (25.8)

with ¢,(0)=0, c_(0)=1. Clearly |c.(¢)|* is the probability at time ¢
that thereAhas been a transition to the state with s, = +#/2.
When H is given by equation (25.7), the TISE says that

iC‘+X%e_ith/2 + ic'_X_%eimLt/Z — %/\C_X%ei(iw!_

—w)t —ifw; —w)t

(25.9)

—iw, t/2

+ %)\c+x_%e

The scalar product of this equation may be formed with x:e
and x_e*v/? to get two equations, involving c., ¢, c¢_, and ¢_,

¢, =3rc_ el )

' (25.10)
ic_=3\c, e i@
The first of these may be differentiated to get
Eo—ilw,.—w)é, +ir%c, =0 (25.11)

+The exclusion of the exponential factors from c,(t) and c_(t) greatly simplifies
the following equations. In advanced quantum mechanics this is called ‘working in
the interaction representation’.
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This linear and homogeneous differential equation may be solved as
usual by the substitution c, =e®, which gives a quadratic equation
for p with the two solutions

P12 =3il(@0p — 0) £{(w, — )+ A%}7] (25.12)

The constants in the general solution c,= Ae”'+BeP" can be
obtained by considering that ¢, (0) =0, and by looking at the first of
equations (25.10) at ¢t =0. The final result is
B i)\ei(w,_—m)tlz sin [%{(w]_—w)z + )t2}1/2t]
{(w— @)+ A7
AZsin? [H(wp — 0)*+A%12¢]
(wp.— )2+ A2

c.=

le.f?= (25.13)

There are several instructive general points that are exemplified in
this formula. In the first place it is clear that, for A € w; (or B' < RB),
the transitions from s, =—#/2 to s, =+#h/2 occur for a sharply
limited range of angular frequencies w. This is illustrated in figure
25.1, which shows |c,|* for t=m/A, when the transition can be
complete for the first time. The relationship between the effective
range of applied frequencies and the energy change between the two

le,f?
1.0

Figure 25.1 The probability |c.|* of s, being found to be +#/2 at the time
t=m/X and as a function of w. The probability as t — « is also shown, with
the assumption that experimental conditions are not ideal.
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states concerned is given by the formula
E;—E~ho (25.14)

where E; and E; are the energy eigenvalues of the initial and final
states.

For the sake of definiteness the discussion will temporarily be
specialised by supposing that the particle is in fact an electron,
which has negative charge and a positive w; (clockwise when viewed
along the steady magnetic field). Then equation (25.14) shows that
energy is being supplied by the source of the rotating magnetic field
to the electron. At exact resonance the flow of energy is reversed
after t = w/A until the initial situation is restored at t = 2/A.

For slight variations of frequency, inhomogeneities of field, and
long periods of time the trigonometric function in equation (25.13)
averages out to the value . The remaining factor then controls the
final dependence of |c.|* on w; and the population of the s, = +#/2
state fluctuates around the dashed line in figure 25.1. If there is no
other process involving the electron spin the net flow of energy from
the source of the magnetic field ceases after this initial investment
has been made. In solids or liquids there is often some other method
of spin relaxation by which the electron is returned to the s, = —#/2
state, and then the flow of energy from the source is continuous and
can be macroscopically detected.

Alternatively the transitions can be microscopically detected in
free particles, atoms, or ions by a change in the effect of an
inhomogeneous magnetic field, applied before and after the magne-
tic fields discussed here. The Stern—Gerlach experiments mentioned
in section 20 were powerfully extended in this direction by Rabi and
his collaborators.

A second point of interest is that equation (25.14) becomes more
and more exact as A/w; is reduced, as figure 25.1 indeed makes
obvious. Of course the time required for the transition to occur is
increased, in inverse proportion to A. The error AE in measuring
E;—E,; is related to the time At before a transition is likely to be
observed by

AEAtzh/\.%=h (25.15)

as foreshadowed in section 5 when the uncertainty principle was first
discussed.
Finally, the correspondence principle can again be seen at work.
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A classical magnetic dipole associated with an angular momentum
would precess round B at the angular frequency w;, as discussed
earlier. The magnetic field %', rotating at the same angular fre-
quency, would point consistently along the vector m, so producing a
further precession round that vector at the angular frequency A. The
component s, of the particle’s angular momentum would thus be
proportional to —cos (At) at exact resonance. The quantum mechani-
cal formula (25.13) shows that (s,) is indeed proportional to

leaP=lc_>=2lc.?*—1=25sin® 3At)— 1 =—cos (At) (25.16)

There is a point of experimental technique that should be men-
tioned. A linearly oscillatory magnetic field is usually applied, rather
than a pure rotating field. The linear field can, however, be decom-
posed into a superposition of two rotating fields, with angular
frequencies +®. When o = w; the component at angular frequency
—w does not produce a significant effect.

§26 Transitions caused by a perturbation independent of time

A non-stationary situation of very general interest can be discussed
with the help of figure 26.1, which shows the energy eigenvalues
associated with a time-independent Hamiltonian H. By hypothesis
the state labelled s is an isolated one, whereas those labelled r (or
k) are closely spaced and their energies E, (or E,) extend indefin-
itely above and below E;. At t =0 the system starts off in the state s,
which would of course be stationary if the Hamiltonian comprised H
alone. In fact it will be supposed that a second time-independent

[} f
E =

- w0 —

Figure 26.1 The structure assumed for the energy eigenvalues of H alone.
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term H' is also included in the total Hamiltonian, and the aim is to
see what happens after t =0 because of this fact. An important role
in the calculation will be played by the matrix elements (u,| H' |u,)
(or (uy| jad |ug)) which are assumed to be non-zero. Other conditions
on them will appear later.

The energy eigenfunctions of H alone form a complete orthonor-
mal set, and so s can be expanded in terms of them:

¢ = cs(t)use—i(Es+E;)t/h+Z cr(t)ure—i(E'+E:)t/h
{cs<0) =1 {E; =(u| H'u,)
¢(0)=0 E,=(u|H'u,)

The complex exponential factors are included as a matter of con-
venience, because later equations will be simplified thereby, but of
course the as yet uncalculated ¢(t), c,(t) allow full freedom to the
variation of . The energies E, E. defined here would, in other
circumstances, be the first-order energy corrections to E;, E, caused
by H' (section 15).

The actual time variation of ¢ is described by the TDSE

(26.1)

ih—=H+H)y (26.2)
and so
(ihé, + Elc,)u,e "EFEMA LY (ihé, + Elc,)u,e B AEh
— CSHIuse—i(ES'PE;)t/h_'_Z CrI_‘I/u'e—i(E,+E:):/h (26.3)

since I-AIus =FE.u, and Hu, = E,u,

The scalar product of equation (26.3) may be formed, first with u
and then with one of the u,, say u,. Some terms are eliminated by
orthonormality of the eigenfunctions, and others cancel because of
the definitions of E; and E, (or E;). The results are

ihé, = X ¢, (u,| F' |u,ye™
o ) (26.4)
ihé = c(u H' lude '+ Y, c(u A lu e

r#k

where, for example,

hoy, = (B +Ep)—(E+Ey) (26.5)



TRANSITIONS 149

An integral equation for ¢, So far the calculation has been exact,
but further progress depends on getting rid of the last term in the
second of equations (26.4), by puttingt (| H' |u,)=0 for r# k. In
words it is usual to say that ‘the final states do not interact’. This is
often an exactly fulfilled requirement, for example in the nuclear
beta decay calculation of section 27, where H' includes a charge
operator. In other situations the final states do in fact interact, and
the omission of the terms under discussion is a regrettable approxi-
mation which impairs the credibility of the final result.

When the final states do not interact, E; and E; are also apt to be
zero. It is therefore consistent to simplify equation (26.5) to read,

oy, = E, —E, (26.6)

It is an easy matter to reinstate E; and E; alongside E, and E; in
succeeding formulae, if desired.

The second of equations (26.4), with its last term now dropped,
may be integrated and put into the first of equations (26.4),

&=~ Dl A lwpe | fewemar} @6

0

The next step is to recognise that the states k are all of the same
type, so that [(w|H'|u)> will vary smoothly with E,, or wj.
Moreover, if the number dN of states k in the energy interval dE; is
given by

dN 1 dN

—=pp ==

dE, " fdw

(26.8)

then pg can be assumed to be large and also to vary smoothly with
wy,. Thus the summation in equation (26.7) can be replaced by integra-
tion over wy,

1 N . ' o
¢ = ~7 jl(uk | H' |us)lze"""ﬂ‘{L c,(t)e' ! dt’}pE dw,,
(26.9)
A final approximation, of physical significance, is to assume that the
time integral in equation (26.9) is negligibly small outside a small

interval of w,, near wy, =0. If this is so, then [(u| A’ |u,)?> and pg
may be regarded as constants, and the range of integration over cwy,

T Note that the possible values of r specifically exclude s (figure 26.1).
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extended from —oo to +oo,

g t
1 A N N ’
&=~ loal AP [ o] a1 ar fa,
—o 0

(26.10)

The conditions for the validity of this final approximation will be
discussed later.

Solution of the integral equation The key to the solution of
equation (26.10) is to remember the exponential decay law of
radioactivity. A nucleus in a state s, able to make transitions into
states k which include one or more free particles, does so in such a
way that |c,|>=e™', where A may be called either the transition rate
or the decay constant.

An obvious suggestion is therefore that ¢, (t)=e*Y> should be
tried. The time integration in equation (26.10) then gives,

t

i fa (A 2+iw )t _ 1}

(—=A2+iw )t dtr — l{e 2611
I © e T IN2 (26.11)
0

and the oy, integration givesT
r e—)\t/Z_e—iwkst>

—i ) do, = e ? 26.12

’J( o tin2 ) (T TE (26.12)

—oo

Since ¢, = —3Ae 2 it is now clear that equation (26.10) is satisfied if

A =27 | A ) (26.13)

t Vide the appendix, equation (4). An alternative and altogether more dashing
treatment results from reversing the order of integration over t' and w,,, and using
the fact (section 6) that

J' e day =27 8(t'— 1)

Then,

t )
ZwJ.e‘“"z S(t'—t)dt= wJef"”z 8('—t)dt’' = we M2
0

0
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This important formula is often referred to as the Golden Rule. It
obviously involves two distinct parts, the square of the modulus of
the matrix element and the density pg. The latter is often called the
phase space factor, because it is equal to (2774) > multiplied by the
volume of phase space embraced when a unit increase is made in E,
(section 18).

Very often the matrix element cannot be precisely calculated,
because of lack of knowledge about H, u,, and u, but it is usually
possible to make some statements about it (for example angular
distribution or dependence on E;). The phase space factor can
always be calculated, and useful predictions may sometimes be
made from the behaviour of this factor alone (section 27).

Decay width The chance I(w, t) dw,, of finding the system at
time t in one of the states k lying in the interval dw, is given by
integration of the second of equations (26.4):

Iy, 1) dane = | (D ipe doy,

1 A o 2
- E ‘ J <ukl HI ‘us>e(*}‘/2+w’ks)t dt, PE dwks (26'14)

0

With the help of equations (26.11) and (26.13),

e(*A/2+imkS)t_ 1 2
Wy + l)\/2
A2

T (@i, + A74)

I SR
(wks, t) 277

{14+e™M—2e*"2 cos (w 1)} (26.15)

At infinitely large times,

A2

T (26.16)

I(wks’ 00)

Figure 26.2 shows how I depends on w,, for At=1,2, and . The
characteristic bell-shaped form of the last of these should be noted,
together with the fact that

'[ I(wksa OO) dwks =1
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I(wks, ')

2/

i

“3 _2a A 0 A 24 3A

Wy

Figure 26.2 The probability distribution for «wy,, at various times.

In nuclear and particle physics it is more usual to express I in
terms of E, rather than the frequency w,,. Thus,}

B 2
 m{(E,— E,)*+ 1?4}

where I' = #A is an energy called the decay width; it is the full width
of the energy interval within which I(E,, ©) has more than half its
maximum value.

The uncertainty principle involving energy and time is again
exemplified here. An observer attempting to determine E, by one
measurement of E, must wait for the transition to occur, which
takes a time At of the order of 1/A. But the error AE in identifying
E, with E, is of the order I'=#A, so AE At=h as before (equation
(25.15)). Obviously the limitation can be overcome by repeating the
experiment many times, so building up an experimental distribution
curve to compare with figure 26.2

I(Ey, =)

(26.17)

The approximation leading to equation (26.10) It is now clear that
the important final states are those for which |E, —E,|=T, and a
retrospective look at the derivation of equation (26.10) shows that
w, and pg must not change appreciably for these values of E,. This

1 If E, and E. had been carried along the denominator would involve the energy
(E.+E.—E,—E.)?
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is assured if I'« T, where T, is the kinetic energy of the particle or
particles involved.

More vaguely, the condition can be stated in the form that
H'« H, and for this reason the derivation of the Golden Rule is
described as a perturbation theory of transitions.

Selection rules The matrix element (4, | H' |u,) may be zero for all
E, =E,, and then the transition rate vanishes to first order. Often
this does not happen by accident, but rather because of symmetry
properties of H', u,, and w,. If H' were an odd parity operator, for
example, then u, and u, would have to have opposite parity to
achieve a non-zero transition rate.t Similar situations crop up in
connection with angular momentum, where matrix elements often
vanish on angular integration except in special circumstances. Con-
siderations of this kind give rise to selection rules governing the
nature of the transitions that are allowed to occur.

Second-order transitions If the first-order transition rate is small
or forbidden by a selection rule, then the more complicated situa-
tion shown in figure 26.3 may have to be considered. The virtual
states q are such that E, # E,, and they have finite matrix elements

—,

!
{

Li (u H'lu)=0 ‘—J
(| A ) #0 —f— (| A’ |u,) #0

Figure 26.3 The structure assumed for the energy eigenvalues of H alone,
when transitions only occur in second order.

+ Cf. previous remarks about electric dipole moments (section 16).
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of H', both with u, and u, (or u.). It is assumed as before that the
final states do not interact ((u| H' |u,)=0, r# k), and that E} and
E. are zero.

The new form of ¢ may be written

=c (t)[us +Y {<E‘—Hlbl_"—>} u e ~iEHED ]

+Zc (t)[;+2{<“‘*|H '“')} q]e-‘@*”'/" (26.18)

a E.—E
where

E" Z |<uE|H,|E‘u >l2, E// Z |<uq| H' |ur>|2

q

Here the wave functions in the square brackets are stationary to
terms of first order in the presence of H' (equation (15.7)). As
before the exponential factors are chosen for future convenience; in
other circumstances E§, E7 would be the second-order energy
corrections to E,, E, caused by jad (equation (15.10)).

When the expression for ¢ is substituted into equation (26.2),
scalar products are taken with u, and u, and all appropriate
cancellations are made:

ihé, =ZC,{Z<uSI H'lEu )<2|H' |u,)}
ihé, =cs{):<“k|H'|u gl H |ug )}

(26.19)

E.—-E,

These equations are the same as equations (26.4) (final state interac-
tions neglected), except that the summations over the virtual states g
replace the direct matrix elements that appeared previously. Con-
tinuation of the calculation along the same lines as before carries
this feature into the answer, the second-order Golden Rule,

A =gf:_T Z<uk |H' luq><uq| H'|u)|? (26.20)

E.—E, PE

q

The only new condition is that I'=#A must be small compared to
|E, — E,| for all g, so that the summation denominators can always
be written as E; —E,.

The denominator E; — E, exercises some restraint on the energy
of the virtual states through which the decay proceeds. If this
restraint be sacrificed an upper limit for the second-order transition
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rate can be found by replacing E; —E, by E, — E_,, where E_ is the
energy of the lowest effective virtual state. With the help of the
closure relation (equation (4.19)),

£ <27 Ko A ju )P

% (E—E.) (26.21)

Obviously this is much smaller than a typical first-order transition
rate produced by H' and not forbidden by a selection rule, since H !
is small and E, — E, will be of the order of H.

§27 Nuclear beta decay

The Golden Rule can be applied with confidence when H' corre-
sponds to an electromagnetic interaction, or to the weak Fermi
interaction responsible for, among other processes, nuclear beta
decay. As an example the latter process will be discussed in order to
bring out some general points of interest.

The process A — B+e™ + 7, will be analysed, where A, B are the
initial and final nuclei, e~ is an electron, and 7, is an antineutrino of
the electron-associated variety. The differential decay constant
dA(E,) for transitions in which an electron is produced with total
energy between E, and E.+dE, is

2 o
dA(E,) = f Kreths Wl H' |¥0)%p dE.,

2 ; . N
=L et L ey ' |W,)%p dE, (27.1)

where #ik, and #k; are the momenta of the emitted electron and
antineutrino respectively. They are free particles apart from H' (and
neglected Coulomb interactions between the electron and the nu-
clear charges), and therefore have the usual plane wave functions
(section 9). Provided that the electron and antineutrino wavelengths
are long compared to nuclear dimensions, and this is a good
approximation, only the constant 1 need be kept in the expansions
e**=1+ik,.r.+ --and e*"=1+ik,.r,+---. The spins of
both are ignored.

The meaning in equation (27.1) of the phase space factor p needs
some thought, since there are two free particles of variable energy in
the final state. Of course p contains a factor pg_, such that pg_dE, is
the number of electron states with electron energy in the range dE..
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But for each electron state there is an energy density of final states
obtained by varying the antineutrino energy E;. Thus p also con-
tains a second factor pg, evaluated at the antineutrino energy E;
which is given by overall energy conservation. The integral involving
a §-function at the end of equation (27.2) is a convenient way of
writing down this second factor.

Next, H' may be taken to be a scalar constant g, whose dimen-
sions are energy X volume, multiplied by a charge operator J that
changes a neutron into a proton.

This is a very simplified assumption, which does not, however,
affect the general points at which this discussion is aimed. In truth
the interaction is a mixture of vector and axial vector interactions,
which involve the neglected spins of the electron and antineutrino.

With the above simplified form of H', the differential decay
constant is

Ej—mc?
2mg*M?
%3— e, dE, J- PE, 8(Ey— E.—E;)dE;
0 27.2)

where M = |(¥5| T |WA)| is of order unity, unless it vanishes because
of a selection rule. In the §-function, E, is the total energy available
for the two particles, including that required for the mass energy of
the electron.

A minor deviation is needed to recalculate equation (9.10) rel-
ativistically. This is necessary for the massless antineutrinc, and
might as well be done for the electron as well. Thus, for either
particle, pr = dN/dE = (dN/dp)(dp/dE) and, since E*=c?p*+m?c*,

dN__. L 3 2 __ L > 2 2 .4
a ( >4Trp ———= (E*—m?*c?

dA(E,) =

2mh T 2w

dp E E

dE ¢ ¢

where the phase space rule mentioned in section 18 has been used
to count the states. Thus,

dA(E,) (qugzMZ)( L?

(27.3)

(Ez _ m2c4)~1/2

JELE2 - ety

dE, hL® 223
Eo—mc2 L3
x j 2772c3h3 E%S(EO—Ee—E;) dE{r
[4]
2M?
8 T {E.(E2—m2c*)V*(E,—E.% (27.4)

T 2mcH
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It is seen here that the shape of the electron spectrum has been
entirely determined by the phase space factor; it is called the
‘allowed’ shape and has been experimentally checked with great
accuracy in numerous transitions.

The total transition rate obtained by integrating equation (27.4)
over E_ is given by

2 2...5 .4
A= S0 fno (275)
where,
Mo = (E§—m?c*)?/mc? }
f(mo) = —imo =13 +30m5 +3(1+ ) In {mo+ (1 + )%}

(27.6)

The value of M might conceivably be accurately zero, for example
if A had the opposite parity to B; this would be an example of a
selection rule at work. In such a case the second terms in the
expansion of e™®* and e would have to be brought into play.
The electron spectrum would be modified into a ‘forbidden’ shape,
and M? would be reduced by a factor of the order of (Eya/fic)?,
where a is the nuclear radius. This is about a factor 100, and the
effect of this can be clearly seen in a group of experimental values
of A.

The experimental half-life of the neutron (about 10°s) leads to a
value for g of about 1.5 % 107*° MeV m?, since M should be close to
1 in this transition. The interaction is certainly weak compared to
the ordinary potential energy describing the nuclear force, say
30 MeV, multiplied by the cube of its range, say 3 X 10~** m?, giving
a typical product of about 107*>* MeV m>. The ratio of the weak H’
to the nuclear H, about 10*®, amply justifies the use of perturbation
theory for this problem.

Nuclear double B-decay Certain nuclei are unstable against the
emission of two electrons and two antineutrinos. A typical example
is *®Ca (—**Sc+e™ + #,) — *®Ti+2e™ +2#,, where the virtual state
configuration is indicated in brackets; the energy available for the
whole process is 4.3 MeV. Although “®Ca is energetically unstable
for single B-decay to “®Sc, the process is very highly forbidden
because of angular momentum selection rules. A value of |(E, — E,)|
of about 1 MeV may be adopted as an estimate of the minimum
energy required to raise the “®Sc to a virtual state of more suitable
nuclear spin. An upper limit for the integrated double beta decay
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rate is, according to equation (26.21),

- 2mg*
T W(E,—E,)’L"

X IIIjEel(Ezl — m2c4)1/2Ee2(E.e22_ m2c4)1/2

x E; E; 8(E,—E,, —E.,— E; —E;)dE, dE.,dE; dE;, (27.7)

3 4
) (Ol T2 1% (555

27

The phase space integral may be made dimensionless by bringing
out a factort of (mc?)'!, and it will then be of order unity, like the
matrix element, M. Thus,

- 2mg* ( L?
T H(E,—E, )L \272c*K
The lifetime 1/A is thus about 10%° years, but experimentally the
process just evades detection at the time of writing.

A

4
> (mc®)"=5x10"28s"1 (27.8)

§28 Radioactivity

The immediate objective here is to give a mathematical description
of the emission of particles in radioactivity, and to develop a
relation between the energy spectrum of the particles and the decay
lifetime.t However, some of the equations that will be written down
will be useful again in section 31, where the remarkable relation-
ships between bound or radioactive states and scattering will come
to light.

A central force of definite range a will be supposed to act on a
particle of mass m,

V(r), rsa] (28.1)

0, r>a

V()= {

No attempt will be made to specify V(r) in detail, and so it will not
be possible to write down the wave function inside a. That does not
matter; it is the wave function outside a that carries the information
sought. In that region the TDSE for an s state takes the simple

T From its definition a § function obviously has dimensions reciprocal to those of
its argument.

1 The relation was seen already at equation (26.7), but the derivation there is
subject to the limitations of perturbation theory.
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form+
d9(r,0)_ _# P6(r0)

i > 28.2
i at m a0 7C (28.2)

where
o (r, )=ri(r, t)

If V(r) is attractive enough a bound s state with negative energy
E, can be formed. Outside a, and therefore outside the outer
turning point, the wave function decays exponentially with r:

do(r, t) = Age “oe Eot/h r>a (28.3)
where
Ko =|(—2mE,/h)*?|

When the force is not quite so attractive a radioactive s state may
be formed. A major part of the wave function represents a station-
ary state of energy E, in the usual way, but there is an extra factor
e ™2 which introduces exponential decay with the decay constant
A,. Thus

(AJ Aoy V3 (e e BR) e /2
(A JAry,) PPeikre i B Kl a<r<ut
d)s(r, t) = (284)
° r>uvgt

where the width I',=hA,. If I, < E, and this will be assumed to the
end of this section, the waveform emitted from the central region
will be well preserved as it travels outwardst with the group velocity
v, (figure 28.1); in other words the RPPD is a function only of the
retarded time t—ov;'r, and it is zero for negative retarded times.
Now the RPPD is

4 > =(AJo)e 2N g <r<ugt (28.5)
and this is a function of the retarded time only if
—2TIm k,= A/ v, (28.6)

The probability of decay occurring by the time ¢t should be 1—e™,
and the normalisation of ¢, ensures this. Provided that a is much
smaller than v/A,, the radius reached by the wavefront after the

t Vide problem 4.4.
i Like toothpaste squirted from the tube.
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Figure 28.1 The wave functions of a particle emitted from a radioactive

state.

mean lifetime of the decay, the normalising integral is

(

Since equati

ot

fe
on (28.2), the TDSE, is satisfied
ks = {(2m/h2)(Es _%I.Iﬂs)}ll2

Aoy | e ™o dr=1—eN, a< v (28.7)
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and

Re k,=|2mE,/#*)'?|
Im k,~—Re k(I',J4E,) (28.8)

The two equations for Im k, are compatible because E,~imv2, as
the correspondence principle requires.

The particle kinetic energy spectrum According to the usual in-
terpretative rules, the chance of finding the particle with kinetic
energy T and T+ 8T is I(T, «), with

(T, ) = lim el 6P S (28.9

Here ur=(1/2%w"?)Sy(r) is an angular momentum and kinetic
energy eigenfunction belonging to the eigenvalues 0 and T, respec-
tively, and dN/dT is the density of kinetic energy eigenstates. After
appropriate substitution, and omission of factors of modulus unity

vt
s

j sin (Iorr)e”‘s"%"s‘dr{

a

2 ZA 1/2
I(T, ©) = im ——(m>
t—>o0

ho,

2T

2

1 1
+
kr—Re k,—iImk, kr+Rek,+iImk,

As ( m )1/2
X omtw, 2T
_(TE)"(L2m)
(T-E)*+3I% °

I'«E, (28.10)

An example is shown in figure 28.2. The full width of the spectrum
at half height (say AE) is close to I',, while the mean lifetime of the
state (say Af) is A;'=#/I, and so AEAt=# as the uncertainty
principle requires.

t Vide problem 8.3.
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Figure 28.2 The kinetic energy spectrum of a particle emitted from a
radioactive state. The shorter the lifetime of the state, the broader is the
spectrum.

Problems

8.1

8.2

8.3

Sketch the diagram analogous to figure 25.1, with t=3n/A
instead of m/A. Interpret the result in the light of the uncer-
tainty principle.

The maximum kinetic energy of the electrons emitted in the
beta decay of *H to *He is 18.6 keV. Estimate the half-life of
the decay.

Verify that the radial wavefunction

Sr(r)=(2/R)"?sin (krr)
— _i(ZR)—1/2(eikTr__ e—ik.rr)
is an eigenfunction of the kinetic energy T belonging to the
eigenvalue #2k%/2m.
Note that S; satisfies the boundary condition S =0 both at

zero radius and at the arbitrarily large radius R, in order to
ensure that T is Hermitian. Hence show that the density of

states is
AN_ (4N (dkp)_ R (m):”
dT \dk;/\dT/ =h \2T



Scattering

§29 Introduction: analysis into partial waves of definite angular
momentum

In atomic, nuclear, and particle physics scattering experiments are a
standard means of investigating interactions and structures. Typi-
cally a collimated beam of particles, as monoenergetic as possible, is
directed on to a target consisting of many atoms. The interactions of
the incident particles with the target cause some of them to be
scattered out of the beam, and the numbers appearing at various
angles may be measured. The energy of the beam and the nature of
the particles in it determines whether each atom as a whole acts as a
scattering centre, or whether the nucleus or the particles within it
are the effective centres. Sometimes indeed, when the wavelength of
the incident particles matches the interatomic spacing, the col-
laborative effects of many atoms must be considered. For simplicity,
the wavelengths will here be assumed to be small compared to
interatomic distances so that superposition effects do not come in. In
such conditions it is enough to analyse the scattering of the incident
particles by a single atom or nucleus, the separate effects of the
various scattering centres being simply additive.

Some features of the interaction between the incident particle and
the scatterer show up quite directly. The range of the interaction
may sometimes be indicated by sharp minima in the intensity of the

163
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scattered particles as a function of scattering angle (section 32); at
other times an upper limit to the range is a fair deduction from a
featureless angular distribution (section 29). If the system ‘particle
plus scatterer’ has bound states, then the scattering at low beam
energies is predictable (sections 30, 31). If the same system has
radioactive states with positive energies, then the intensity of scat-
tering shows dramatic maxima or resonances at just those energies
(section 31).

On the other hand, the establishment of the fine details of the
interaction between the scatterer and the incident particle requires
very patient investigation. In general, data are collected for many
angles and energies and compared with the predictions of various
assumed interactions. It often takes much effort to reach a satisfac-
tory description, ideally in terms of a potential energy between the
particle and the scatterer that is specified for all separations between
them. Often the interaction is too complicated to describe in these
terms although, even then, an effective potential which gives the
right answer in some conditions may be a useful abstraction.

The discussion is often much simplified by dealing one at a time
with the various angular momenta of the incident particles around
the scatterer. To see how to do this, the beam alone will be
considered first.

The incident beam: no scatterer present A collimated beam of free
particles, moving co-axially along the z-axis with momentum #hk
and energy E =#%k?/2m, can be represented by the wave function
¥ =¢e** in the bombarded region (x, y small). The time-dependent
factor e *E"* js left implicit, and normalisation will not be necessary.
The collimating diaphragms are supposed to be wide enough to
avoid trouble from diffraction effects.

The particles obviously have zero z-component of angular
momentum l,, but a measurement of the square of the total angular
momentum may yield any of the eigenvalues of 1°. When ¢ is
expanded in eigenfunctions of 1° and ,, belonging to the eigenvalue
0 for the latter,

. < 1

Y =e" =3 =Si(nYi(6, ¢) (29.1)
1=0

where r, 6, ib are related to x, y, z in the usual way. Since i? and A

commute, (I?)"¢ also obeys the Schrodinger equation for arbitrary

integral n, and so each term in the expansion must separately be a
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solution. Thus S; obeys the usual radial equation (equation (11.3))
with V(r)=0,

{ w2 d@ 11+ 1)k?
____+—_

h2 2
2 L s =psin=(E5 s 292

The boundary condition Sj(0)=0 applies as before.

The 1=0 or s wave is particularly easy to discuss. The radial
function S; may be obtained from equation (29.1) by using the
orthonormality of the Y, expressed in equation (10.36). After
writing z =r cos § and remembering that Yy, =(1/4m)"?,

2 3

H 1\2
- SO j j (—) e'*r>*®sin 9 49 d¢o
3 4

v - 1/2 S
S fe]” SO0 e[ 203)
(]

kr -0 kr
, ( 1T)1/2
So= . ~———sin (kr) )
As expected this is a solution of the | =0 version of equation (29.2),
h? )dZS’ (hzk )
. 29.4
<2m dr? 2m So (29.4)
with S4(0) =0. The full s wave including Yoo is

l 4 1 —_ (o~ ikr __ ikr

. S6Yoo= pm —sin (kr) _2k (e e (29.5)

Scatterer present The scatterer, centred on the origin of the coor-
dinate system, will be supposed to exert only central forces that can
be described by a potential V(r). Very often V(r) is zero for r
greater than some range a, and this too will be assumed. At some
distance from the origin the stationary state wave function will now
take the modified form,

l[/ 1kz +f( ) lkr

r»a (29.6)
Again ¢ is independent of ¢ because the angular momentum is
conserved for central forces, so that I, still has the eigenvalue 0.
Upstream in the incident beam (small x, y, and large negative z)
the first term in equation (29.6) is dominant. Calculation of the
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probability current density j yields a flux of v incident particles per
unit time and area, where v is the velocity #ik/m.

Well outside the incident beam (large x, y) the first term in
equation (29.6) is cut off by the collimators, and the second becomes
dominant. Another calculation of j shows a flow of v |f(8)|* dQ
scattered particles per unit time passing through an area subtending
the elementary solid angle d(2 at the origin. The fact that this flow is
directed radially outwards is the physical justification for the general
form of equation (29.6), and in particular for the positive sign in the
exponent of the second term. This term represents an outgoing
travelling wave.

The differential scattering cross-section do/d{2 is defined as the
scattered flow per unit time and solid angle, divided by the incident
flux,

do 2
T5=1FO) (297

From equation (29.6) it is obvious that f(0) has the dimensions of a
length, as the nomenclature implies. In a purely statistical sense do
may be thought of as the effective target area that the incident
particles have to hit in order to score a scatter into the solid angle
da.

The total scattering cross-section o, is the integral of da/dQ over
all directions,

m 27 T
o= j I (c‘;—g> sin 0 d9 d¢ = 24 If(@)Psinodo  (29.8)
0 0 0

Obviously f(8) contains all information about the scattering. It
can be calculated by solving the Schrédinger equation, including
V(r), over the whole region of the beam, including the origin. The
boundary conditions state that y must remain finite at r=0, and
conform to equation (29.6) at large radii.

Again ¢ may be expanded in angular momentum eigenfunctions,
belonging to the eigenvalue O for L,

4= T 7S Yil6. ) (299

Since the forces are central i> and H continue to commute, and
each term in the expansion must obey the Schrédinger equation
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separately. Thus,

{-ama G+ v Jso= (5

with §,(0) =0. At large radii equation (29.6) will be achieved if the
S, can be related to the S

n’k?

)S,(r) (29.10)

— L(_rf)_) e (29.11)

Y. 1481~ S} Yiol6, &) —>
1=0

This is possible because the second and third terms on the left-hand
side of equation (29.10), and the second on the left-hand side of
equation (29.2), are negligible at large radii. The two equations
become identical and simple, and the solutions are harmonic func-
tions of kr, like S, in equation (29.3). The harmonic functions can
be expressed as superpositions of in-going and out-going travelling
waves, like S; in equation (29.5). If S, is normalised so that its
in-going part is matched to that of S), then equation (29.11) will be
satisfied.

For the s wave in particular, the ! =0 version of equation (29.10)
is

2 2
{~2h—mad—2+ V(r)}So(r) = (hk )So(r) (29.12)

with S4(0)=0. Outside a, the second term on the left-hand side is
zero and S, must take the form A sin(kr+8,), where A is a
normalising constant and §, is a real angle called the s wave phase
shift. The value of A can be fixed to match the in-going part (cf.
equation (29.5)) of S/:

<

1/2
So = (iq;;)—_ Cisﬂ sin (kr + 80)
1 i ik 2i8 ,ikr
7 SO YOO = E (e —e e ) (29.13)
1 i
7 (So=S)Yoo=7— (1 —e*o)etkr, r=a

P

For the s waves there is no need to go to the limit of large radii
because the centrifugal potential is absent.

Neglect of scattering in states of high | The second term on the
left-hand side of equation (29.10), the centrifugal potential, will



168 BASIC QUANTUM MECHANICS

equal the energy of the particles at a radius b, given by the relation
I(1+1)/b? = k. When  is large enough b, will be considerably larger
than a, the range of the scattering potential. Between a and b, the
dominant terms in equation (29.10) state that

d’s,_1i+1)

it S, b=r=ab>»a (29.14)

which has the general solution S, =~ B;r'**+ Cr~". The ratio of B, to
C, is of course fixed by the solution of equation (29.10) inside a, and
the boundary condition at the origin, but it would be an extremely
exceptional situation if B, were precisely zero. In general the
radially increasing term B;r'*! will become completely dominant at
b, whatever the behaviour of V(r) inside a may be. The effective
boundary condition offered to S; at larger radii is thus independent
of V(r), and the same as if there were no scatterer present at all.
Thus S;=S; and the scattering will be negligible for angular
momentum [ such that
b>»a }

1(1+1)» (ka)*=(a/X)?

The classical analogue of this conclusion is easy to see. A particle
with linear momentum #k and angular momentum #ka would pass
the origin at the distance a, just touching the scattering potential. If
the angular momentum were greater than #ika, no interaction at all
would take place.

It follows that the scattered wave described by equation (29.11)
involves the sum of a limited number of spherical harmonics of low
. If do/dQ is expressed in powers of cos 6, no power greater than
(say) 6a/X will be significant.

In particular, at energies low enough for the inequality 2 > (a/X)*
to hold good, only I =0 or s wave scattering will occur. The angular
distribution of the scattered particles is then isotropic.

(29.15)

s wave approximation There is now only one term in equation
(29.11), and this is written down in equations (29.13). Thus,

f(e)= L (1—e*®) = (%)ei'so sin 8,=a,

2k
2
:—; = (%) sin? 8, = A2 sin? 8, = |ay|* (29.16)

o= 4mX*sin? 8, =41 |a,|*

where a,, the s wave scattering amplitude, has been defined.
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Obviously the total s wave scattering cross-section cannot be
greater than 4mwX2

Calculation of 5,, a, The scattering cross-section has now been
firmly tied to the phase shift §,, which can only be obtained by
solving equation (29.12) inside a, with Sy(0) = 0. The solution must
be joined smoothly (S,, dSy/dr continuous) at a to the S, written
down in equations (29.13). The two joining equations give the
normalisation of the internal solution (not interesting here) and the
phase shift §, in the external solution (all important). In fact the
fixing of 8, may be isolated by requiring (1/S,) dSy/dr to be
continuous at a: S

_1_9_0) _

(so ar ). k cot (ka + &,)
This equation suggests that a, should be expressed in terms of cot
(ka + 8,), rather than sin §,. This can be done by means of the
trigonometric identity

1\ .
Aog = (E)els‘] Sin 80

i 1 e’ sin (ka)}
—2ika _
© {k cot (ka +8,)— ik k (29.17)

which may be checked by using the standard trigonometrical expres-
sions for sin (ka +8,), cos (ka+8,) in terms of sin(ka), cos (ka),
sin 8,, and cos 8.

Now ka is small for the s wave approximation to be valid at all,
and so equation (29.17) can be written in the approximate form

1
a°~k cot (ka +80)—ik_a
=———1———a (29.18)

(55%) -

So dr a

The first term here is called the resonance term, and it is only
significant if a near-cancellation of its denominator occurs; such an
event is apt to be connected with the existence of bound or
radioactive states at about the same energy of the system ‘particle +
scatterer’ (sections 30, 31), The second term is called the potential

scattering term, and it is constant and determined by the range of
the interaction between particle and scatterer.
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As k, E — 0, the right-hand side of equation (29.12) will lose its
influence inside a. Correspondingly So(r<a), {(1/Sy) dSy/dr},, ao,
and hence o, must become independent of energy. If in particular
a,— ag, then —ay is called the scattering length.

Formulae for general | For reference some of the formulae for
general | may be set down. A full analysis of equation (29.1) shows
that w r\ 12
e* =Y (2I+ 1)i‘<———) Jia(kr)Py(cos 6) (29.19)
=0 2kr 2
where Ji,i(kr) is the Bessel function of order [+1. At large radii,

Tr 1/2 1
(2_10‘) ]H%(kr) k—r:: (‘E;) sin (kr—%l'ﬂ) (29.20)
The right-hand side here shows the harmonic dependence on kr that
is expected from the earlier discussion. When the scatterer is present
the sine function is replaced by e*®sin (kr—3lm+§,), the in-going
travelling wave being preserved. The real angle §, is of course called
the 1 wave phase shift. Then,

(@)= (%) Y. (21+1)e' sin §,P,(cos 6)
=0
do 5 | % o 2
o=~ ;0(21 +1)esin §P(cos 0)| ¢  (29.21)
o =4mX? z 21+ 1) sin® §,
=0 J

It is interesting to notice that, since P;(1)=1 and Im e®=sin §,

4
o= —kl’ Im £(0) (29.22)
This result is known as the optical theorem.
As k, E — 0 it can be shown that § must become proportional to
k?*1, and correspondingly the contribution of the Ith partial wave
to o, will be proportional to k* or E*.

§30 Neutron—proton scattering at low energies

This problem involves two particles, but the methods of section 14
can be used to reduce it to single-particle form. The analysis of
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section 29 holds good, provided that g = m m,/(m,+m,) is written
in place of m, and also that r (components x, y, z) is interpreted as
the position of the neutron relative to the proton (equation (14.3)).
The interaction between neutron and proton will be the same as that
used to calculate the binding energy of the deuteron (figure 14.1)

The zero range approximation will be adopted; this says that a is
extremely small and V, extremely large, while the product a®V,, just
satisfies the inequality of equation (14.13).

Since a is extremely small the s wave approximation will be valid,
the scattering will be isotropic, and the potential scattering term in
equation (29.18) will be negligible.

In the interaction region (r<a) the solution to equation (29.12)
with the right boundary condition at the origin is S,
sin [{2u(E + Vo)A ?r], where E =#?k?/2u. Since V, is extremely
large, and a is extremely small,

5 a) = () e {(42) )
<So T a~ P cot e a (30.1)

Under the same conditions, equation (14.11) says that

2uV. 1/2 201V, 1/2 —2uE 1/2
(5) o {B) o=-(F) e02

where E,, is the (negative) energy of the bound state of the
deuteron. The resonant scattering term is therefore
. 1
¢ _{(_ZMEm)/ﬁz}l/z_ik

2wh? ( 1 )
o~=~— /)=
12 |E10‘+E

(30.3)

It is clear that the binding energy of the deuteron and the
neutron-proton scattering cross-section are very closely related; the
smaller the binding energy, the larger the cross-section. In practice
the situation is complicated by the fact that both particles have spin
1 and the interaction between them is spin dependent. The total
spin of the deuteron is actually 1, and so equation (30.3) only apply
to the scattering which takes place when the spins of the neutron
and proton are set up to form total spin 1. More usually the spins
are at random, and a slightly more complicated formula than
equations (30.3) must then be used. The details will not be pursued
here.
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Transformation to laboratory system In actual practice experimen-
tal measurements are made in the laboratory frame of reference; in
a typical collision the proton is initially at rest and the neutron is
projected towards it with velocity v (figure 30.1(a)). In this picture
the centre of mass, located at the point R (equation (14.3)), is
moving to the right at the velocity {m,/(m,+m,)}v.

Since the motion of R is undisturbed by the collision, it is
convenient to follow developments in a frame of reference in which
R is constant. This is the centre of mass frame of reference. A
picture of the initial situation in this frame (figure 30.1(b)) may be
obtained by giving both particles an additional velocity {m,/(m,+
my)}v to the left. The velocity of the neutron is reduced to the value
{m,/(m,+m,)}v to the right by this transformation.

In the centre of mass frame after the collision (figure 30.1(c)) the
conservation of energy and linear momentum require the velocities
of the particles to be unchanged in magnitude, although directed
differently. The final direction of r determines the angle of scatter-

ing 6.
() ()
m,+m, m,+m,
Um [ ] Lo 1 «—v
m, m, m, r CofM mp
(@ ()
()
v
mn+mp/
.mn
r
6 )
Cof M m,+m, ©

P
G/
m,+m 0’

P 6
(© (d)

Figure 30.1 Neutron—proton scattering in the laboratory and centre of
mass frames.
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The final velocity of the neutron in the laboratory frame (figure
30.1(d)) may be obtained by adding back the velocity {m,/(m,+
my)}v to the right. The laboratory angles of scattering 6’, ¢’ are
evidently given by

m,sinf®  sin@
m,cos 6+m, cosf+ry (30.4)

¢'=¢

tan 6’ =

where y=m,/m,.

The fictitious particles with reduced mass w and position r have
the initial velocity 7 = v; their momentum is wv = hk, their energy is
E =3uv* = #?k?/2y, their position probability density in the incident
beamr is normalised to unity, and their incident flux is v.

The neutrons in laboratory space with mass m, and position r,
have the initial velocity 7,=v; their momentum is m,v=Hhk'=
(my/r)k, their energy is E' =4m,v? = (m,/u)E, their position proba-
bility density is unity, and their incident flux is therefore v also.

To each scattering of a fictitious particle at the angles 0, ¢ there
corresponds a scattering of a neutron at the angles ', ¢’. When an
elementary solid angle df2 is traced out by r, a corresponding
elementary solid angle d(2’' is traced out by r,. According to equation
(30.4),

dQ |sin6d6de | (1+2ycos 8+y?)>?

a2 lin0d0 dé’ |~ 1+ cos 0| (30.5)

The solid angle transformation gives rise to a difference between the
outgoing flows per unit solid angle of scattered neutrons at 6’, ¢’
and fictitious particles at 0, ¢. Since the incident fluxes are the same,
the differential cross-section for neutron scattering in the laboratory
frame is given by

do' (do-> (142 cos 6 +v?)*?

a2’ \dn {114+ cos 6]

10 (30.6)

The scattering of the neutron in the laboratory frame is not iso-
tropic, obviously.

Since the total numbers of scattering events are identical, the total
cross-section for neutron scattering in the laboratory frame is

. _8'n-h2< 1 )
o=o= = GEE (30.7)
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Here equation (30.3) has been rewritten in terms of E’, with the
approximation y =1,

§31 Resonant scattering

As in section 28, it will be supposed that the particle is subject to a
central force of definite range a. The energy of the particle is
supposed to be low enough to ensure that only s wave scattering
occurs.

The TDSE again takes the form¥

do(r,t) 0 Fo(r1)

ih
! at 2m  or?

, r>a (31.1)

whose solution is
d)(r, t) — (A—e—ikr+A+eikr e—iEt/h (31.2)

where k =|2mE/h?)'?|.

The ratio of A, to A_ for a given k is fixed by the boundary
condition at r=0. It would always be —1 if the potential V(r) inside
a were not present.

All this looks like the familiar progression from the TDSE
through the TISE to an energy eigenvalue and a stationary state
wave function, but this is not so. Unusually, E will be allowed to be
complex as well as real, so bringing in states in which the wave
function grows or decays exponentially. The wave function of equa-
tion (28.4) and figure 28.1 is an example of a decaying state. The
normalised wave function in a growing or decaying state is confined
to a changing region of space bounded by a wave front. The writ of
equation (31.2) does not run everywhere, and therefore there is no
question of saying that the energy has a complex eigenvalue: rather
it has a spectrum of real values when a proper analysis is made
(equation (28.10)).

The S-matrixt The scattering of particles is often described by
means of the S-matrix. When elastic s wave scattering alone is
involved the S-matrix becomes a 1X1 matrix, or just an ordinary

T Vide problem 4.4.

1 A capital S sans serif will be used to denote the S-matrix. There should be no
confusion with S(r)=rR(r), a persistent usage since section 11. The former appears
only in section 31, the latter not at all in section 31.
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function, actually of k. It may be defined by reference to equation
(31.2),

S(k)=—A,/A_ (31.3)

When k is varied it is to be expected that S(k) varies analytically,
but there are situations in which it becomes infinite.

For example the bound state of section 28 may be considered. If k
is given the particular value ik, in equation (31.2), and if the result
is then compared with equation (28.3), it is clear that A, can be
identified with A,, and A_ with zero. Thus S(ik,) has an infinite
value or, in other words, the S-matrix has a pole when k takes the
value ik.

The radioactive state represented by equation (28.4) may be
considered similarly, and the conclusion is that the S-matrix has a
pole when k takes the value k..

An alternative way of writing the wave function in equation (31.2)
is

o(r,t)=(A, e T+ A_elClne B p>q (31.4)
from which is it apparent that

S(-k)=—-A_JA,= 1/S(k)}
S(k)S(-k)=1

Thus it followsT from the identification above of poles that if there is
a bound state S has a zero at k = —ik,, and if there is a radioactive
state S has a zero at k =—k,.

If (r,t) is a solution of the TDSE then it can be shown that
¢*(r, —t) is another.} Thus equation (31.2) implies the existence of a
solution which can be written$

& (r, 1) = (A¥e 1K L AXikINe—iEYWA 15 (31.6)

(31.5)

so that
S(—k*) =—-A*/A*=S(k)* (31.7)

Thus poles and zeros not on the imaginary k-axis occur in pairs; the
radioactive state also gives rise to a pole at —kZ¥ and a zero at k¥, in
addition to the pole and zero already noted.

T Attention may be drawn to figures 31.1 and 31.2 at this point.
1 Vide problem 9.2.
§ Since, for example, (ikr)* =—ik*r=i(—k*)r.
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Connection between S(k) and the scattering amplitude When k is
real and positive S(k) can be connected with the scattering am-
plitude. According to the second of equations (29.13),

S(k) = e*®o, k real, + (31.8)
and then the first of equations (29.17) gives

i
= (1- + 31.
ag K (1-9S), k real, (31.9)

Two more conditions on S The description of pure scattering must
show as many particles going out as coming in, and so |A_|*?=|A,|?
for real and positive k in equation (31.2). Furthermore, as was
noted below equation (29.18), the scattering amplitude tends to a
constant a; at low energies. Therefore

Is|=1

1 , (31.10)
lmé % argS=2a, k real, +

Scattering when there is a bound state An expression for S can be
constructed which reproduces the features of figure 31.1 and obeys
equations (31.5), (31.7), and (31.10). It is

k+ik
S=-—-2 (31.11)
k_lK()
Imk
t x Pole
o Zero
ik
—>» Re k

Figure 31.1 The pole and zero of the S-matrix when there is a bound state
of the ‘particle plus scatterer’.
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Imk
A
X Pole
O Zero
o o
» Re k
X X ~
ks

Figure 31.2 Poles and zeros of the S-matrix when there is a radioactive
state of the ‘particle plus scatterer’.

This gives ,
T k+ik
0=47Tla0‘2=;5 1+k‘—iKZ
T k? ) 2wh? ( 1 )
= — = + .
k? (k2+:<3 m \E+|E|/’ kreal, + (31.12)

in complete agreement with equation (30.3) when minor differences
of notation are taken into account.

Scattering when there is a radioactive state The features of figure
31.2 and equations (31.5), (31.7), and (31.10) indicate that

_(k=k¥)(k+k)

(k= k)(k+k¥)
For real and positive k,T while |S| =1 as already mentioned, arg S
starts at 0 when k =0, increases through o when k is near Re k,,
and approaches 27 as k — .

A resonance is said to occur when arg S=a precisely, and
S=—1. The cross-section at that particular value of k, say k., is

4

2
k res

S (31.13)

OKres) =75~ = 4T\ (31.14)

which is the maximum value possible.

T The moduli and arguments of the four factors should be considered in order to
follow these remarks. For example |k — k¥|=|k —k | and |k + k| = |k + k¥ for real k.
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An expression for the cross-section may be obtained as follows:

ki 1_(k—k:")(k+ks) 2
kK21 (k—k)(k+k¥)

_m Rk(k¥-k)P

T k2 |k—kJPlk+k)
_ alY(Re k)

" (E—-EJ)*+TI72/4’

o=4m Iao|2 =

k real, + (31.15)

where equation (28.8) has been used.

In figure 31.3 a plot of o, against E, for the particular case
I'.,=EJ/10, shows the resonance at energies near to E,. The full
width of the peak at half height is always equal to I';, and thus I is
usually called the width of the resonance or, equally, of the radio-
active state.

A comparison between figures 28.2 and 31.3 shows remarkable
similarities. It may be concluded that the energies of radioactive states
can be determined in two ways, either by measuring the most probable
energies of emitted particles or by finding the resonance energies for
scattering of the same particles by the residual systems.

The lifetimes of the radioactive states can be found in three ways.
The decays with time of the fluxes of emitted particles may be
followed, or the widths of the emitted particles measured, or the widths

A

4
(Re k)?

0

0

Figure 31.3 Resonance scattering, when there is a radioactive state of

‘particle plus scatterer’. The shorter the lifetime of the state, the broader is
the resonance.
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of resonance scattering measured. The first method is most convenient
for long lifetimes, and the other two for short lifetimes.

Applications in atomic, nuclear, and particle physics are wide-
spread.

§32 The Born approximation

A completely different approach to the scattering problem may be
developed by regarding the interaction H' of the particles with the
scattering centre as weak compared to their kinetic energy H. The
momentum eigenfunctions L~*?e'®* discussed in section 9 may be
used as unperturbed eigenfunctions of H. These eigenfunctions obey
periodic boundary conditions at the faces of a cube of side L. The
conditions are enforced by the restrictions of equation (9.7) on the
components of k, and these in turn determine the density of states
(equation (9.10)).

The perturbation H' causes transitions of particles from a state
with the initial momentum #k; to other states with the final momen-
tum #k;. Conservation of energy in the usual way ensures that
|k?| = |k?| = k2. The density of final states is found by putting p =k
in equation (9.10), with an additional factor of d{2/4m when attention
is focused on those final states where k; points into the solid
angle d{2.

The initial state has a flux vL > particles per unit area and time,
so that the rate at which the specified transitions occur must be
vL ™3 do. This may be equated with the transition rate givent by the
Golden Rule,

27 2 I3mk
L3de =22
oL do =" 8mH

The factors of L cancel as usual, and L may therefore be allowed to
become infinite. If H is represented by the scattering potential V(r),

—(L"32¢iker | I:I'l [ ~32eikr

dQ (32.1)

do m? 2

a0 " an (32.2)

_ I V(r)e®&0r dr

T A negative sign is included to indicate the phase of f(6) (see equations (29.6) and
(29.7)) and this is faithfully preserved through equation (32.4). The phase is not
readily deduced here, but there are other ways of obtaining the Born approximation
which do supply this information. The amplitude does not obey the optical theorem
(equation (29.22)).
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At this point is is convenient to define the vector K=k;—k;; an
elementary construction shows that the magnitude K is equal to
2k sin (6/2). Evidently #K is the momentum transfer from the scat-
tered particle to the scattering centre in the collision concerned.

Now the direction of K can be taken as the polar axis of a set of
spherical coordinates r, 6', ¢'. Integration of the right-hand side of
equation (32.2) is trivial over ¢’, and simple over 6’,

© o 2w
2
iKr cos 6’ 2
dn 4 2h4 j j jv(r)e sin 0 dd) d0 drI
0 0 O
m2 l iKr cos 6’ " 2
ol IV(V)[(E>6 Krcos ]6’=0r2 dr (32.3)
0
which leads to the standard Born approximation formula,
do 4m [ {sm Kr} » 4 |7
0

It is worth noting that do/d{2 depends on the kinematics of the
collision only through the variable K =2k sin (6/2). This means, for
example, that quadrupling the energy of the particle and halving the
value of sin (6/2) would leave do/d{2 unchanged.

Validity The accuracy of the Born formula is not easily discussed
in a general way, but some criteria can be obtained when the
potential V(r) may be given some sort of average value V' up to its
range a.

The scattered wave will not be a serious perturbation of the
incident wave if the phase shifts are small, and in particular the s
wave phase shift §, is small. According to equation (29.16),

"N 1/2 " 1/2
k(l—%) cot {ka(l—%) }=kcot(ka +8)  (32.5)

At high energies (E>» V') it is clear that §, will be small if the
cotangent on the left-hand side has an argument differing by a small
angle from ka. Since {1—(V'/E)}"*~1-%(V'/|E), the condition is
kaV'| _|aV’

2E hv

«1 (32.6)
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where v is the classical velocity of the incident particles. It is
satisfactory to note that in this situation the Born approximation is
complementary to the s wave approximation, which applies at low
energies.

It is possible for the Born approximation to be valid at low
energies, when ka <« 1, V' is negative, and E «|V’|. Then equation
(32.5) says

tan 8y~ (—E/V")"* tan {(-2mV")"?a/h} (32.7)

Thus 8, will be small provided that (—2mV’)"?a/# does not ap-
proach 7/2 very closely.

If V(r)=-V, (V, positive) when r=<a, and V(r)=0 otherwise,
the condition says that

a*Vo<7w*h?*/8m (32.8)

Comparison with equation (14.13) shows that the Born approxima-
tion is valid at low energies provided that the scattered particle
cannot have, or nearly have, a bound state in the interaction
potential. The Born approximation could not therefore be used to
obtain equation (30.3), for example.

Neutron scattering by nuclei at intermediate energies A suitable
use for the Born approximation is to calculate the scattering of, say,
400 MeV neutrons by nuclei. The interaction can be represented by
a constant potential —V, extending up to the nuclear radius a.
Typical values are V,~40MeV and a~2.5x107** m for carbon,
so that Vo/E~0.1 and aVy/hv~%; thus equation (32.6) is rather
sparsely satisfied. The calculation will therefore not be extremely
accurate.

The appropriate substitutions in equation (32.4) yield the result

2

dﬂ% - 4";24‘/% {K—3 j Ka sin (Ka) d(Ka)}
4_m9V—0a[ 3(Ka)~*{sin (Ka) —Ka cos (Ka)}}
A (K (K (32.9)

where the spherical Bessel function of order 1 has been identified.
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Figure 32.1 Neutron scattering by nuclei of intermediate energies, calcu-
lated by means of the Born approximation. Diffraction minima are seen.

The dependence of do/d2 on Ka is shown in figure 32.1. The
diffraction minima are quite characteristic, and experimental studies
of them are often used to establish the radii of nuclei and particles.
When the calculations are made exactly the minima actually occur at
slightly smaller values of Ka.



SCATTERING 183

Problems

9.1

9.2

9.3

9.4

9.5

9.6

At first sight equation (29.6) conveys the impression that the
number of particles is not conserved. The beam appears to
continue undisturbed downstream from the target, while scat-
tered particles travel away from the target in other directions.
Prove in fact that particles disappear in the forward direc-
tion because of a destructive superposition of the two terms in
equation (29.6). The overall number of particles is conserved
as a consequence of the optical theorem, equation (29.22).

Show that if (r,t) is a solution of the TDSE then so is
U*(r, —t). [Hint: Write down the TDSE,

2
p2e0_f

Py oy V24 V(r)}llf(r, t)

and then write down its complex conjugate, which is not a
TDSE because of a minus sign on the left-hand side. This can
be corrected by substitution of ¢*(r, —t) for ¢*(r, 1).]

Show that ¢*(r, —t) represents a physical state which is the
same as that represented by (r, t), except that it develops in
the reverse order of time.

Show that S cannot have a pole where the real and imaginary
parts of k are both positive. Since poles are paired this means
that S cannot have poles in the upper half plane, apart from
those on the imaginary axis due to bound states. [Hint: At-
tempt to construct an analogue to figure 28.1 with proper
attention to normalisation.]

Show that the maximum value of o, given by equation
(31.15), occurs when E =E,. Show further that resonance
occurs at the slightly higher E =|(E2+T/4)"?|. [Hint: In the
second part find where the maximum of o/47A? occurs.]

Show that the potential scattering is described by S=¢e 2%
and that equations (31.5), (31.7), and (31.10) are duly
satisfied. When the potential scattering is not neglected, and
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o /(Re k)?
12

101

8
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Figure 9P.1 Resonance and potential scattering, showing constructive
superposition above resonance and destructive superposition below it.

when there is a radioactive state,

ika (k= k) (K + k)
(k—k)(k+k¥)

Sketch Argand diagrams for S and 1—S, and hence show that
the resonance and potential scattering superpose construc-
tively above resonance and destructively below it. [Comment:
Figure 9P.1 shows a computed example.]

S=e
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Radiation

§33 Quantisation of the radiation field

A single oscillator: classical version In a vacuum, with no charges
or currents present, the electromagnetic field is called a pure radia-
tion field. It can be described by a vector potential A(r, t), the scalar
potential ¢(r, t) being zero. The vector potential obeys the equations

2
V2A—i%=0}

c? ar? (33.1)
divA=0
and the electric and magnetic fields are
g=—-A, @B=culA (33.2)

A Fourier analysis of A can be made in terms of travelling waves
obeying periodic boundary conditions in a cube of space with side L.
For the moment attention will be restricted to a situation in which
just one of these waves is present:

h 1/2 ) s
A= (2€0kCL3> ekf{ak;(t)e"‘"+a;"j(t)e k. } (333)

185
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Here k is the propagation vector of the wave, and
(/2eokcL®)?ay(t) is a complex amplitude:T A is kept real by the
addition of the second term involving the complex conjugate am-
plitude. The wave is transversely polarised in the direction of the unit
vector €, which must be orthogonal to k in view of the second of
equations (33.1). Two orthogonal choices for €,; are required, and
these may be decided and labelled by j=1,2 in any convenient
manner. In order to satisfy the periodic boundary conditions,

k,=2msJL, k,=2ms/L, k,=2msJL  (33.4)

with s,, s,, s, integral.
When the expression for A is substituted into the first of equa-
tions (33.1) the time dependence of a is exposed:¥

i+w?a=0, w=ck (33.5)
The appropriate solution is
ace (33.6)

since A will then be a harmonic function of k . r— wt: this makes the
wave travel in the direction of k with velocity c.
The real observables Q and P can be defined by

Q= (—h—> 1/z(a +a*)

20 B\ 12 (33.7)
P=0= ( 5 ) (a—a*)
since @ = —iwa and a* = iwa*. After inversion,
_i '(_1~)1/2 (9)1/2 }
=7 { P+z) @ 539
1 ( 1 )1/2 (w)m } '
a¥=—1{— o
NG { i P+ W Q

1 It might seem strange that the arbitrary normalising factor contains #'/2, while
the discussion remains strictly classical. Later on this is matched by a factor #'/2 in
the definitions of Q and P (equations (33.7)), so that in fact no trace of # remains
when those observables are used. The factors are so chosen in order to prepare for a
close analogy between a and a*, on the one hand, and the quantum destruction and
creation operators @ and @* of section 8, on the other.

i The suffices kj will be left implicit while one particular wave is being discussed.
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The electric and magnetic fields given by equations (33.2) can
now be calculated, first in terms of a and a* and then in terms of Q
and P:

h 1/2 ) .
&= 1(28 (;43) e(aelk.r__ a*e—uk.:)
0

1 1/2
=—(£ L3) €(Pcosk.r+wQsink.r) (33.9)
o
and
12
RB= l(‘;"fi") (k:£>(aeik.r_a*e—ik.r)

1/2 kx

b(ﬁ) ( ke>(P°°Sk-r+wQ sink.r)  (33.10)

Thus the total energy H of the electromagnetic field can be
found:

H =3(e€+ o B =3(P*+ 0?Q?) (33.11)

The total energy has deliberately been called H in order to
suggest that it may be regarded as a Hamiltonian depending on a
‘coordinate’ Q and a conjugate ‘momentum’ P. The corresponding
Hamiltonian equations (equations (19.7)) are indeed correct,

oH  , . oH .
30 0w°Q=-P, P P=Q (33.12)
which agree with equation (33.7).

An analogy between the electromagnetic wave and the linear
harmonic oscillator of section 8 is now quite obvious. The Hamilton-
ian of equation (33.11) is the same as that of a linear oscillator of
unit mass and frequency . The electromagnetic wave may be
quantised simply by pursuing this analogy to its logical conclusions.

A single oscillator: quantised version The quantum mechanical
description of the wave involves the operators O, P, H, a4 and 4*
whose mathematical properties reproduce those of the operators %,
p, H, 4, and a* of section 8. Thus [Q, P]=ih, and the operator
algebra based on this leads to the inevitable consequence that the
wave has quantised energy eigenvalues,

E,=(n+)ho (33.13)
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In the nth state the wave is said to involve n photons, each of
energy hw. Since any transition involves the creation or destruction
of integral numbers of photons, it is reasonable to think of them as
particles.

The operators just mentioned must operate on wave functions
u,(Q)e E" which corresponds to the oscillator wave functions
u, (x)e E"  Obviously u¥(Q)u,(Q)dQ is the probability of field
measurements on the wave leading to the conclusion that Q lies in
the range dQ. In fact such measurements are seldom discussed, and
the number of photons in the wave is nearly always the point of
interest. In order to recognise this it is reasonable to develop a
notation which promotes n to a more prominent position and omits
to mention the wave function explicitly. This will be done from
equation (33.15) onwards.

The photon destruction and creation operators (equations (8.2),
(33.8), and (8.18)) have the following non-vanishing matrix ele-

ments: 128

<us I dun>: n s,;n—1 ]
‘ ’ 33.14
<us | d*un> = (n + 1)1/285,n+1 ( )

The vector potential can be expressed in terms of @ and 4%, and
so it takes on the properties of an operator A. Its non-vanishing
matrix elements are obtained from equations (33.3) and (33.14):

. h iz
A G
280kCL (33.15)

A R\,
n+1Alny=(n+1 1/2(___> ge kT
1 A =+ D (=
Very often the radiation process under discussion is the emission of
a photon where none was present before. The relevant matrix
element is then

A — h —ik.r
(1) A [0)= (280 kcL3>ee (33.16)

The exponential factors here and in the previous equation are
signals that the photon has momentum #k.t Thus the relation
between the energy and momentum of the photon is

E=hw =hck=cp (33.17)

which is the appropriate relativistic formula for a particle of zero
rest mass.

T Vide problem 10.1.
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A full set of oscillators When the most general variation of the
classical A is considered, equation (33.3) must be replaced by

12
A= Z(zeok L3> & {a (De™ +af (e ™7} (33.18)

Because of equation (33.4) the waves can be counted in the manner
of section 9. Thus the number with k vectors whose magnitudes lie
in the interval dk is given by

dN_L%?
dk 2n?
After quantisation this leads, through equation (33.17), to an energy

density pg for oscillators with a single photon of specified polarisa-
tion:

(33.19)

L*k?

PE = m (33.20)

If the polarisation is not specified, then the right-hand sides of the
last two equations should be doubled, to allow for summation over
j=1,2. If k is restricted to point into the solid angle d{2 then a
factor of d(2/4s should be included.

The next step is to calculate the Hamiltonian in terms of the full
set of wy;, Q,j, and P,;. The result replacing equation (33.11) is

=Heo® + 1o ' BIL’ = L3Py +ofQh)  (33.21)
ki
which shows that each oscillator makes its own separate contribu-
tion. In general the cross-terms between pairs of waves vanish on
spatial averaging, since they come from two different values of k and
therefore vary spatially through an integral number of cycles. Even
if the pair has a common k the cross-terms for the two orthogonal
polarisations vanish. Finally, when the cross-terms between a pair of
waves of indices k, j and —Kk, j are considered, the contributions to
3€08> and Ju,'B* are equal in magnitude but opposite in sign. This
is seen most easily from the fact that k, &, and 38 always form an
orthogonal right-handed set of vectors.

The Hamiltonian equations now state that each P,; is conjugate
to Qy;, and uncoupled to the coordinates of any other oscillator.
After quantisation [Qk,, Py +]=ih if k=K, j=j', and zero other-
wise. Thus the operator algebra for finding the energy eigenvalues
can be carried through for each oscillator separately, the inevitable
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result being
E= Z (g +%)hwki (33.22)
ki

Since there is an infinite number of oscillators there is an infinite
zero-point energy, Y. 3hw,;. However, this energy does not change in

kj

transitions, and is therefore unobserved and capable of being ig-
nored.

The matrix element given by equation (33.16) must now be

modified slightly in order to specify which oscillator gains a photon:

) B 172 .
(1] A |0y = (m) g e " (33.23)

General remarks on radiative transitions When a charged particle
and a radiation field are considered together, the total Hamiltonian
H, is the sum of the Hamiltonian H, for the particle alone, H, for
the radiation field alone, and H, for the interaction between the
two:

H,=H,+H,+H, (33.24)

It will soon appear that H; can be treated as a perturbation, so that
the stationary states of the system can be well represented by
products of the eigenfunctions of H, and H,. Transitions will be
induced by H; in which the states both of the particle and of the
radiation field change simultaneously, the latter by the creation or
destruction of one photon since H is actually proportional to A.In
section 26 it was seen that energy is approximately conserved in
such transitions. When, for example, the particle starts in an eigen-
state of FIp belonging to the energy eigenvalue E; and ends in one
belonging to E;, and simultaneously a photon of energy hw,; ap-
pears in the radiation field where none was present before,

h’wki in'“'Ef (33.25)

This formula, and its twin for processes in which a photon disap-
pears, played a vital part in Einstein’s discussion of the photoelectric
effect (1905) and Bohr’s of the spectrum of the hydrogen atom
(1913).
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The interaction term most prominently involved in radiative
transitions is the second one in equation (20.13),t

H=——A.p (33.26)

3e

for a particle of charge e.

According to section 26 the Golden Rule (equation (26.13)) will
give an accurate radiative decay rate if the width I' is small
compared to the photon energies involved. An order of magnitude
assessment gives

=2~ (D) ) (&) G )
ho o \h/\2gokcL?®/\m/) \27*hc/\w

=~2e*[dmehc)(v?/cH) <13 (33.27)

where the fine structure constant a = e?/4meohc =~1/137 has been
identified. Clearly the validity of the Golden Rule is assured.

In this estimate it was assumed that the factor e *** in the matrix
element is well approximated by unity. This is called the electric
dipole approximation. Because of a selection rule the matrix ele-
ment of p may vanish, and then a higher term in the series
expansion of ¢ ** must be considered. If the sth term is the lowest
effective one then the radiative width will be reduced by a factor of
about (kR)* =(R/X)*, where R is a typical dimension in the
particle system. This is apt to be a severe and experimentally
obvious inhibition.

If n photons are already present in an oscillator involved in an
emission process, then the corresponding transition rate is increased
by the extra factorf n+1 in the square of the matrix element
(equation (33.15)). This is the fundamental basis of stimulated
emission devices such as the laser, in which a large collection of
excited atoms is induced to co-operate in emitting energy into
particular radiation oscillators.

+ It is worth noticing that the third term, involving A2, is responsible for low
energy or Thomson scattering of radiation by a charged particle.

+This same factor appeared in the early and simple calculations by Einstein of his
‘A and B coefficients’ for induced radiative transition probabitities (1917).
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§34 The 2p-1s radiative transition in the hydrogen atom

The value of k can be calculated immediately from equation (12.9),
corrected by use of the reduced mass u, and equation (33.25). It is

o pe* 1
k=—=r—>550—3 34.1
¢ 32mledn’c (1-3) (34.D
When this value of k is multiplied by the Bohr radius a small

number is obtained, By 3 o2 3 1

%8 dme,hc 8 137
where the fine structure constant @ has been identified again. The
smallness of ka, permits the use of the electric dipole approxima-
tion, since no problem arises with the matrix element for the
transition under discussion.

According to the Golden Rule the differential transition rate dA,,
from the 2p state with magnetic quantum number m, when the
photon propagation vector k is required to point into the solid angle
d{, is given by

(34.2)

2@ <e)( h )1’2
dAa, = — {—l— .
" 1‘=Zl’2 h L 260kCL3 ek’
A L3k? dQ
X{U100| P |u2lm>l2 2_% E ; (34.3)
d)\m_ 1 ( e’k > R ,
dQ 2« drrequhc? izsz |€ki~<u1oo|P‘u21m)‘ )

As usual L has cancelled out and may conveniently be allowed to
become infinite. According to equations (5.7) and (5.9),

p=— [k A (34.4)
where, for clarity, the position of the electron is labelled with a
suffix to distinguish it from the coordinate involved in the classical
vector potential A. Then,

. ip < A .
(Us00l B [Uz1m) = __h—{<u100l fe |Hutz1m) — (Htyoo| Re [Up1m)}
i
= —# (E,— E U100l X [U21m)

= _iIJ«kC<u100| | o8 lu21m> (34.5)
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Thus,

Z |9ky' - U100l Te Iu21m>|2 (34.6)

i=12

D 1 ()
dQ 27 Mdwegh

This new form of the matrix element explains why the electric
dipole approximation is so called. The next step is to express the
vector matrix element in terms of ordinary vectors with real compon-
ents by the definitions

<u100| Te lu21m>EMmr +iM,,; (34.7)

The angle between &,; and, say, M,,, will be called 6,,,, and so on.
Then,

d, 1 <e2k3> , , ,
dﬂ - 271_ 4‘7T80h {(COS @1mr +cos @2mr )Mmr
+(cos? @,,,; +cos” 0,,,, M2} (34.8)

Since k, €,,, and €, are an orthogonal set of vectors, the sum of the
direction cosines of any vector with respect to them is unity. Thus,
dr, 1 ( ek

a0 2= dmreqh

Y1 =c05* @1 M + (1 —co5* B, M)
(34.9)

dQ 2=«

where, for example, @,,,, is the angle between k and M,,,,.

The totai transition rate is obtained by integrating over all direc-
tions of k, when the average values of both cos® @,,,, and cos® 0y,
will be 1. So,

4 < e’k? )

A =% 2 +MZ,
=3 Greg Mo+ M2
_4 ( ek

3 )<u21ml Xe [U100) - {U100] Te |u21m> (34.10)

41regh

The components of M,,, and M,,; are easily calculated (Table 34.1)
by writing

v= () “revtevioy
o= () in-vh- v (4.11)
Ze= (?) Uz’e Y=1k0
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Table 34.1 Components of the electric di-
pole matrix elements, with the radial factor
removed, for the 2p-1s transition in hy-

drogen

Vector Components divided by I,

X y z

M,, —/3 0 0

M, 0 -3 0

M,, 0 0 V3

M, 0 0 0

M, Vi 0 0

M_,; 0 —3 0

and remembering the I'=1=1 version of equation (10.36),

T 2
j Y¥,.Y,,, sin0.dd.d0,=8,,m (34.12)
o 0
Each component contains the radial integral
I= J.r;’R’l"oRz1 dr,=21523792q, (34.13)
o

which is not included in the data given in table 34.1 Equation
(34.10) shows that the transition rate is independent of the value of the
initial state magnetic quantum number m ; this is a particular example
of a general result. Very often the initial state is a mixture, with equal
probability but random relative phase, of all the states of different m;
the transition rate remains the same. It is given here by

2 4
o)
A=273" N tmeah) \3202e203c )20
= 2213 By (34.14)

This has a value of 6.26x10%s7%, the corresponding lifetime being
1.60x107%s.
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Selection rules 1t is obvious from equation (34.6) that the matrix
element would have vanished if the initial and final states had not
been of opposite parity. It is also clear from equations (34.11) and
(10.36) that only a p state has a non-vanishing matrix element for an
electric dipole transition to an s state. These are particular examples
of the electric dipole selection rules; the transitions allowed are those
with Al=1, Am =0, +1, and change of parity.

Angular distributions According to equation (34.9) and table
34.1, the angular distribution of the photons from the m =0 initial
state is proportional to sin® @,,, where @,, is the angle between k
and the z-axis.

Similarly the angular distribution of photons from the m ==1
initial state is proportional to 3(1—cos® @,)+3(1—cos® @)=
1 ‘_% Sin2 @kz‘

If all three initial states are populated, with equal probability but
random relative phase, the angular distribution is isotropic. This
corresponds to a general rule that such a prescription makes all
orientations of the initial system equally likely.

Polarisation: transition from the 2p (m =0) state The rules gov-
erning linear polarisation of the photons can be found from equa-
tions (34.6), (34.7), and table 34.1. When the initial state has m =0,
the matrix element of r, reduces simply to the z-component of M,,.

It then follows that all photons emitted in the equatorial (or x, y)
plane are plane polarised parallel to the z-axis.

No photons are emitted along the z-axis, so that no question of
their polarisation arises. In figures 34.1 and 34.2 this pattern of
polarisation will be referred to as type pl.

Polarisation: transition from the 2p (m =1) state Here M;, has
only an x-component, and M;; only a y-component.

It follows that photons emitted in the equatorial plane are plane
polarised in the equatorial plane, obviously at right angles to k.

Photons emitted along the z-axis have both an x-component and
a y-component of polarisation. It is then interesting to consider
whether these are phased in such a way that the polarisation is
circular. In fact the analysis that follows will show that photons
emitted in the positive z-direction are right circularly polarised,
and those emitted in the negative z-direction are left circularly
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m=1 e .
2p4{ m=0
m=—1 }!“‘BI%

a2, p3
a2, p2

1s

Figure 34.1 The 2p-1s transitions including Zeeman effect, with spin
neglected. The angular distributions of the photons are proportional to
sin? @, (al), or to 1—3sin® @,(a2). The polarisation patterns p1, p2 and p3
are described in the text.

polarised. This pattern of polarisation will be referred to as type
p2 in figures 34.1 and 34.2.

In order to discuss circular polarisation of photons, the first point
to recognise is that the classical vector potential A could have been
expanded in terms of right and left circularly polarised travelling
waves, in place of the plane polarised waves that were actually used.

When only a single right circularly polarised wave is present,
equation (33.3) would be replaced by

oo\ 1 . icr 4 1 : —ikr
A=(m) {7'2‘(51‘1+18|‘2)ame"' +E(Sk1—l€k2)a=kkRe k'}

(34.15)

where k, €, and &, form a right-handed orthogonal set of vectors.

The discussion then proceeds along the same lines as before. Real
observables P,r, Qg are constructed from ayg, ayr by equations
like equation (33.6). A Hamiltonian for the wave is thus H=
L(Pix+®*Qigr). When the oscillator is quantised ayr becomes a
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Figure 34.2 The 2p-1s transitions including Zeeman effect, with spin.
Where appropriate the branching ratios are given, as well as the photon
angular distribution and polarisation patterns.

right circularly polarised photon destruction operator, and a}g
similarly a right circularly polarised photon creation operator. The
matrix elements of a,r and ajr are given again by equations like
equation (33.15). So, when only one right circularly polarised oscil-
lator is considered, the matrix elements of A are

g (34.16)
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A full set of oscillators, both left and right circularly polarised,
can be handled without difficulty because once again the Hamil-
tonian does not contain cross-terms. Thus equations (34.16) hold
good for each right circularly polarised oscillator separately. The

similar matrix elements for left circularly polarised oscillators are
3

R h 1/2
_ - ("
(1= Dual A ) = ) (5

1 . .
X7 (81— igyo)e™"
¢ (34.17)

A h 1/2
((n+ e A Jny) ={(n + 1)y }'? <2£0kcL3)

—ik.r

><—1—( +igg,)e
NG &1 T 18

J

When the perturbation calculation of the 2p-1s transition rate is
carried out once more, equation (34.6) is obviougly to be replaced
by

dr, 1 ( e’k?

40 "5 m){‘:}—z (&1~ %) . (U100l relunm)r

2} (34.18)

1 .
+ |7§ (€1 +i€2) . (Ui00| Xe [Uz1m)

where the first term corresponds to right circularly polarised
photons, and the second to left. A little thought will show that the
total transition rates given by equations (34.6) and (34.18) are the
same.

Now the particular problem in hand can be taken up again. For
emission along the positive z-axis the polarisation vector €, can lie
along the positive x-axis, and &, along the positive y-axis. Consider-
ation of the components of M;, and M;; in table 34.1 then shows
that only the first term of equation (34.18) contributes; therefore
the photons are right circularly polarised.

For emission along the negative z-axis, €; can lie along the
positive x-axis and &, along the negative y-axis, so forming k, €,,
and &, into the required right-handed set. It is then obvious that
only the second term in equation (34.18) contributes, and the
photons are left circularly polarised.

Photons moving along the z-axis cannot carry a z-component of
orbital angular momentum, but in the transition under discussion
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one unit of I, disappears from the electron. The missing angular
momentum can be accounted for if the photon is given one unit of
intrinsic angular momentum, or spin. When the photon is right (left)
circularly polarised the component of the spin along k is supposed to
be +# (—h). This simple picture of the photon’s spin cannot be taken
too far, because the expected third state of alignment is missing.
However, within its limits, the idea is a useful one.

Polarisation: transition from the 2p (m =-—1) state Here, as
would be expected, the photons emitted along the positive (nega-
tive) z-axis are left (right) circularly polarised. This pattern of
polarisation is referred to as type p3 in figures 34.1 and 34.2.

Zeeman effect: spin neglected When a uniform magnetic field % is
applied along the z-axis, the three initial states have slightly differ-
ent energies, and correspondingly there are three slightly different
values of k. Each of the three spectral lines has a unique combina-
tion of angular distribution and polarisation pattern. The predictions
are illustrated in figure 34.1.

Zeeman effect: spin included The actual experimental results differ
from figure 34.1, because the electron has spin 3 and there is a
spin-orbit term in its energy. With the help of chapter 6 the
amended predictions of figure 34.2 can be constructed. The initial
states are shown split according to the weak field part of figure 23.2.
The final state is of course a doublet, since spin angular momentum
alone is present. The magnitude of all the Zeeman splittings are
controlled by the Landé g-factor (equation (23.11)).

The initial states are eigenfunctions of § and j,. When discussing
radiative transitions these must be considered as superpositions of
eigenfunctions of I, and s,, because s is not mentioned in equation
(33.26) and so s, cannot change in the transition. Those initial states
which contain two terms of different s, will decay by two routes,
with branching ratios controlled by the squares of the corresponding
Clebsch-Gordon coefficients. The branching ratios are shown in
figsure 34.2 along with the angular distributions and polarisation
patterns.

When this extraordinary wealth of experimentally accessible in-
formation is considered, it will be readily understood how atomic
spectroscopy came to be the principal testing ground for the quan-
tum theory in its early days.
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Problems

10.1 Write down the matrix element for the emission of a quan-
tum of radiation by a free particle. If the initial momentum of
the particle is p; and its final momentum is p;, show that the
matrix element averages to zero over the usual cube of side L
unless

pi =p;+ 7k

[Comment: Energy is not conserved in this process, so that it
can only be part of a more complicated event.]

10.2 Calculate the lifetime for the 3s—2p transition in the H atom.



Appendix

A few non-elementary integrals

M 12
'[ e—asz dx — Tra (1)
¢ 1/2
j xe o dx =7 )
e 1/2_.b2
[ e g1 o

Completion of the square in the exponent leads to a version of
equation (1):

¢ e—)\t/2_e—im>
" \de =ime M? 4
j ( wtiN2 )T “)

—oc

This is most easily verified by contour integration in the complex
plane. The contour extends from —o to + along a real axis (giving
the integral required), and returns by clockwise traversal of an
infinite semicircle in the lower half plane. The integral is regular at
o =—iA[2, and so the integral required is the negative of the contour
integral round the semicircle. The second term in the numerator
contributes nothing to this (Jordan’s lemma, slightly modified) but
the first term gives rise to the result stated.
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-Sommerfeld rule, 113
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common wave equation, 17
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Ehrenfest theorem, 31
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eigenstate, 11
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Einstein, 191-2
electric dipole moment, 106
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energy, 13, 37
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potential, 13
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exchange parity, 135-6
exclusion principle (vide Pauli ex-
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Hamiltonian, 117-8
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identical particles, 135-41
indistinguishability, 135
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Landé splitting factor, 133
Larmor precession frequency, 143
laser, 191
Legendre, associated function, 83
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magnetic field, 118-22
quantum number, 77
resonance, 144-7

matrix elements, 36

momentum, 5, 12, 39, 42-3, 74
probability density (MPD), 42-3
transfer, 180

INDEX

normalisation, 5
number operator, 65

operator algebra, 9-10
optical theorem, 170, 183
orthogonality, 14, 21-2, 28
oscillator, 15, 59-65
three-dimensional, 94-7
oscillatory region, 48, 109-11

parity, 27-8
phase, 15
Paschen-Back effect, 133
Pauli exclusion principle, 136-8
periodic boundary conditions, 20
perturbation of stationary states,
103-5
phase, 15
phase integral, 46, 68, 110
shift, 167
space, 114-5
photon, 188
Planck, 63
Planck’s constant, 2
polarisation of photons, 195-9
position probability density (PPD)
(vide et Radial position proba-
bility density), 4, 8
potential scattering, 169, 183-4
step, 53-5
precession, 142-4
principal quantum number, 90
probability current density (PCD)
(vide et Radial probability cur-
rent density), 17-18

quantisation, general rule for, 118
quantum, 62

Rabi, 146
radial equation, 87
position  probability
(RPPD), 88
probability
(RPCD), 36
radiation, 185-91
radiative transitions, 185-91
radioactivity, 158-62
reduced mass, 99

density

current density
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resonance scattering, 164, 169, Stern—-Gerlach experiments, 121-2
174-9, 184 superposition, 9

S-matrix, 174-8, 183-4
s wave, 168
scalar product, 21
scattering, 163-82
amplitude, 168
length, 170
neutron—proton, 170-4, 177
resonance (vide Resonance scat-
tering)
Schrodinger, 2
Schrodinger’s time-independent
equation (TISE), 17, 46-59, 68
time-dependent equation (TDSE),
2, 16
selection rules, 153
shift operators, 77-86
spectroscopic notation, 86, 128
spherical harmonics, 83-6
spin (vide Angular momentum, spin)
spin orbit coupling, 129-31

Thomas term, 129
transitions, perturbation theory of,
147-55
trapped particle, 58-9
turning point, 48
region, 48, 111-3
Two-particle systems, 98, 135-41

uncertainty principle, 32-4, 42, 146

variational method, 107-9
virtual states, 153

wave function, 1, 2, 8

wave packet, 4045, 67, 70
WKB approximation, 68, 109-13
width, 159, 162

Zeeman effect, 121, 131-3
zero-point energy, 65





