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PREFACE

This book continues the series of Proceedings dedicated to the Quantum
Mathematics International Conferences Series and presents a number of
selected refereed papers dealing with some of the topics discussed at its
10-th edition, Moieciu (Romania), September 10 - 15, 2007.

The Quantum Mathematics series of conferences started in the seventies,
having the aim to present the state of the art in the mathematical physics
of Quantum Systems, both from the point of view of the models considered
and of the mathematical techniques developed for their study. While at
its beginning the series was an attempt to enhance collaboration between
mathematical physicists from eastern and western European countries, in
the nineties it took a worldwide dimension, being hosted successively in
Germany, Switzerland, Czech Republic, Mexico, France and this last one
in Romania.

The aim of QMath10 has been to cover a number of topics that present
an interest both for theoretical physicists working in several branches of
pure and applied physics such as solid state physics, relativistic physics,
physics of mesoscopic systems, etc, as well as mathematicians working in
operator theory, pseudodifferential operators, partial differential equations,
etc. This conference was intended to favour exchanges and give rise to
collaborations between scientists interested in the mathematics of Quantum
Mechanics. A special attention was paid to young mathematical physicists.

The 10-th edition of the Quantum Mathematics International Confer-
ence series has been organized as part of the SPECT Programme of the
FEuropean Science Foundation and has taken place in Romania, in the moun-
tain resort Moieciu, in the neighborhood of Brasov. It has been attended
by 79 people coming from 17 countries. There have been 13 invited plenary
talks and 55 talks in 6 parallel sections:

e Schrédinger Operators and Inverse Problems (organized by Arne
Jensen),

e Random Schrédinger Operators and Random Matrices (organized
by Frederic Klopp),
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e Open Systems and Condensed Matter (organized by Valentin Za-
grebnov),

e Pseudodifferential Operators and Semiclassical Analysis (organized
by Francis Nier),

e Quantum Field Theory and Relativistic Quantum Mechanics (or-
ganized by Volker Bach),

e Quantum Information (organized by Dagmar Bruss).

This book is intended to give a comprehensive glimpse on recent ad-
vances in some of the most active directions of current research in quantum
mathematical physics. The authors, the editors and the referees have done
their best to provide a collection of works of the highest scientific standards,
in order to achieve this goal.

We are grateful to the Scientific Committee of the Conference: Yosi
Avron, Pavel Exner, Bernard Helffer, Ari Laptev, Gheorghe Nenciu and
Heinz Siedentop and to the organizers of the 6 parallel sections for their
work to prepare and mediate the scientific sessions of ”QMath10”.

We would like to thank all the institutions who contributed to sup-
port the organization of ”QMath10”: the European Science Foundation, the
International Association of Mathematical Physics, the ”Simion Stoilow”
Institute of Mathematics of the Romanian Academy, the Romanian Na-
tional Authority for Scientific Research (through the Contracts CEx-M3-
102/2006, CEx06-11-18/2006 and the Comission for Exhibitions and Sci-
entific Meetings), the National University Research Council (through the
grant 2RNP/2007), the Romanian Ministry of Foreign Affairs (through the
Department for Romanians Living Abroad) and the SOFTWIN Group. We
also want to thank the Tourist Complex ”Cheile Gradigtei” - Moieciu, for
their hospitality.

The Editors
Bucharest, June 2008
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CHARGE TRANSPORT AND DETERMINANTS

SVEN BACHMANN

Theoretische Physik, ETH-Honggerberg
8093 Ziirich, Switzerland

GIAN MICHELE GRAF

Theoretische Physik, ETH-Honggerberg
8093 Ziirich, Switzerland
E-mail:gmgraf@itp.phys.ethz.ch

We review some known facts in the transport theory of mesoscopic systems,
including counting statistics, and discuss its relation with the mathematical
treatment of open systems.

1. Introduction

The aim of these notes is to introduce to some theoretical developments
concerning transport in mesoscopic systems. More specifically, we intend
to show how concepts and tools from mathematical physics provide ways
and means to put some recent, fundamental results on counting statistics
on rigorous ground and in a natural setting. We will draw on concepts like
C*-algebras, which have been often used in the mathematical treatment
of systems out of equilibrium, see e.g. Ref. 7, but also on tools like Fred-
holm determinants, which have been used for renormalization purposes in
quantum field theory. Before going into mathematical details we will review
some of the more familiar aspects of transport, and notably noise. That will
provide some examples on which to later illustrate the theory.

These notes are not intended for the expert. On the contrary, the style
might be overly pedagogical.

2. Noises

Consider two leads joined by a resistor. The value of its conductance, G, is
to be meant, for the sake of precision, as corresponding to a two-terminal
arrangement, meaning that the voltage V' is identified with the difference of
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chemical potentials between right movers on the left of the resistor and left
movers on its right. We are interested in the average charge (Q) transported
across the resistance in a time 7', and in the variance (Q?)) = (Q?) — (Q)?,
equivalently in the current (Q)/T and in the noise {(Q?))/T.

(1)

There are two types of noises:

Equilibrium, or thermal, noise occurs in the absence of voltage, V = 0,
and at positive temperature 37! > 0. Then
(@ _ 2
=0, =_G. 2.1
@ =2 (21)
(Johnson,® Nyquist!?). This is an early instance of the fluctuation-
dissipation theorem, those words being here represented as noise and

conductance.

Non-equilibrium, or shot, noise occurs in the reverse situation: V # 0,
A=Y = 0. Ohm’s law states (Q)/T = GV, while for the noise differ-
ent expressions (corresponding to different situations) are available: (a)
classical shot noise

(Q*) = e(@) (2.2)

(Schottky?!), where e is the charge of the carriers, say electrons. The
result is interpreted on the basis of the Poisson distribution
)\n

n!’

pn=e" (n=0,1,2,...)

of parameter A, for which

Assuming that electrons arrive independently of one another, the num-
ber n of electrons collected in time T is so distributed, whence (2.2) for
Q = en.

(b) quantum shot noise. Consider the leads and the resistor as modelled
by a 1-dimensional scattering problem with matrix

S:(Z:/,) , (2.3)

where r,t (resp. r’,t') are the reflection and transmission amplitudes
from the left and from the right. Then

(Q7) = e(@) (1 — [*) (2:4)
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(Khlus,'® Lesovik!?). In this case the result may be attributed to a
binomial distribution with the success probability p and with N at-
tempts:

Pn = (:)p”(l —pN,
(n) =Np, {n*)=Np(1-p).

This yields (2.4) for p = |¢|? being the probability of transmission. For
small p it reduces to (2.2). It should be noticed that in the case of
thermal noise, the origin of fluctuations is in the source of electrons,
or in the incoming flow, depending on the point of view. By contrast,
in the interpretation of the quantum shot noise the flow is assumed
ordered, as signified by the fixed number of attempts, and fluctuations
arise only because of the uncertainty of transmission.

We refer to Ref. 6 for a more complete exposition of these matters. We
conclude the section by recalling that noises are quantitative evidence to
atomism. Thermal noise determines 37! = k-temperature, and hence Boltz-
mann’s constant k as well as Avogadro’s number Ny = R/k (somewhat in

523). Shot noise deter-

analogy to its determination from Brownian motion
mines the charge of carriers. In some instances of the fractional quantum

Hall effect this yielded e/3'% or ¢/5 .18

3. A setup for counting statistics

Before engaging in quantum mechanical computations of the transported
charge we should describe how it is measured, at least in the sense of a
thought experiment. Consider a device (dot, resistor, or the like) connected
to several leads, or reservoirs, one of which is distinguished (‘the lead’). The
measurement protocol consists of three steps:

e measure the charge present initially in the lead, given a prepared state
of the whole system.

e act on the system during some time by driving its controls (like gate
voltages in a dot), but not by performing measurements. This includes
the possibility of just waiting.

e measure the charge present in the lead finally.

The transported charge is then identified as the difference, n, of the out-

come of the measurements. For simplicity we assume that n takes only
integer values, interpreted as the number of transferred electrons. Let p,
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be the corresponding probabilities. They are conveniently encoded in the
generating function

X(A) =D ppe” (3.1)

nez
of the moments of the distribution,

= () 2

Similarly, log x(\) generates the cumulants ((n*)), inductively defined by

(n*) =" TT ("0,

P acP

A=0

where P = {aq,...,am,} runs over all partitions of {1,...,k}. Alternative
protocols with measurements extending over time will be discussed later.

4. Quantum description

The three steps of the procedure just described can easily be implemented
quantum mechanically by means of two projective measurements and by a
Hamiltonian evolution in between.

Let ‘H be the Hilbert space of pure states of a system, p a density matrix
representing a mixed state, and A = ), a; P; an observable with its spectral
decomposition. A single measurement of A is associated, at least practically,
with the ‘collapse of the wave function’ resulting in the replacement

p ~ ZPiPPi» (4.1)

where tr(P;pP;) = tr(pP;) is the probability for the outcome ;. Two mea-
surements of A, separated by an evolution given as a unitary U, result in

the replacement.??

p ~ Y PUPpPU"P;, (4.2)
g
where tr(P;UP;pP,U*P;) = tr(U*P;UP,;pP;) is the probability of the his-
tory (e, o) of outcomes. We can so compute the moment generating func-
tion (3.1):
X(A) =Y _tr(U*PUP;pP,;)e (o)
,J
=> (U MUPpP; e . (4.3)

3
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The expression simplifies if
[A,p] =0; (4.4)

then P,pP; = P;p, whence the r.h.s. of (4.1) still equals p (no collapse at
first measurement) and

X(A) = tr(U*e?Ue™Mp) . (4.5)
If p is a pure state, p = Q(, ), then
X(\) = (Q, UM yue=Q) (4.6)

5. Independent, uncorrelated fermions

We intend to apply (4.5) to many-body systems consisting of fermionic
particles which are uncorrelated in the initial state. The particles shall
contribute additively to the observable to be considered and evolve inde-
pendently of one another. The ingredients can therefore be specified at the
level of a single particle. At the risk of confusion we denote them like the
related objects in the previous section: A Hilbert space H with operators
A, U, p. However, the meaning of p is now that of a 1-particle density ma-
trix 0 < p < 1 specifying an uncorrelated many-particle state, to the extent
permitted by the Pauli principle: any eigenstate of |v) of p, p|v) = v|v), is
occupied in the many-particle state with probability given by its eigenvalue
v. Common examples are the vacuum p = 0 and, in terms of a single-
particle Hamiltonian H, the Fermi-Dirac distribution p = (1 + e%7)~! or
its zero temperature limit, 371 — 0, the Fermi sea p = ©(—H).

The corresponding many-particle objects are obtained through second
quantization, which amounts to the following replacements:

H o~ F(H)=EP/\H  (Fock space) (5.1)
n=0

A ~ ddI'(A) (5.2)

U ~ T(U)

where ddT'(A) and T'(U) act on the subspaces A" H C F(H) as

ddl(A) =Y 18- @A® a1,
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Moreover, the state is replaced as

o L/
Trraol(p/p')
Indeed, if p splits with respect to H = H; ® Ho, then the many-body
state (5.4) factorizes w.r.t. F(H) = F(H1) ® F(Hz). In particular if p|v) =
v|v), this entails the following state on F[|v)] = @L_, A" [|v)]
lo+ & 11
1+ 5

(W =1-p). (5.4)

= l//lo + 1/11 s

confirming that v is the occupation number of |v). We note that
TI']:(H)F(M) = detH(l + M) s

provided that M is a trace-class operator on H, in which case the r.h.s. is
a Fredholm determinant. We will comment on that condition later. Under
the replacements (5.1-5.4) the assumption [A,p] = 0 is inherited by the
corresponding second quantized observables, [ddI'(A),T'(p/p’)] = 0. As a
result (4.5) applies and becomes the Levitov-Lesovik formula

X(A) = det(p’ + MV A=A ) (5.5)
Indeed
Tl“]:(H) (F(U)*eiAddl"(A)F(U)e—ikddF(A)F(p/p/))
X(A) = T T /
rraL(p/p')
_ Tr]:(H)F(U*ei’\AUe_iAAp/p/) _ det(l + U*eiAAUe—iAA(p/p/))
Trral(p/p') det(1+ (p/p"))

_ det(p' + U*ei)\AUefi)\Ap) )

Before discussing the mathematical fine points of (5.5), let us compute
the first two cumulants of charge transport. In line with the discussion in
the previous section, let A = @ be the projection onto single-particle states
located in the distinguished lead. Then (5.5) yields

(@) = —ix'(0) = trp(AQ) ,
(@) = —(logx)"(0) = trp(AQ)(l —P)AQ

= tr(p(1 - p)(AQ)?) + tr( [AQ, p))?, (5.6)

where AQ = U*QU — @ is the operator of transmitted charge. The
split (5.6) of the noise ((Q?)) into two separately non negative contribu-
tions is of some interest (> by a different approach,!): The commutator
[AQ, p] expresses the uncertainty of transmission AQ in the given state
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p; the second term in (5.6) may thus be viewed as shot noise. The factor
p(1 — p) expresses the fluctuation v(1 — v) in the occupation of single par-
ticle states |v). It refers to the initial state, or source, and its term may be
viewed as thermal noise; indeed it vanishes for pure states, p = p?, while
for p = (14 €)1 the energy width of p(1 — p) is proportional to 571, cf.
2.1).

6. Alternative approaches

We present alternatives and variants of the two-step measurement proce-
dures discussed in Sect. 3. We discuss them in the first quantized setting
of Sect. 4. The corresponding second quantized versions can then easily
obtained from the replacements (5.1-5.4).

i)14 One could envisage a single measurement of the difference U* AU —
A. On the basis of (4.2) its generating function is

X(N) = e VAU ).

It remains unclear how to realize a von Neumann measurement for this
observable, since its two pieces are associated with two different times.
Moreover, its second quantized version

X(V) = det(p’ + M7 AV=Ap)

generates cumulants which, as a rule beginning with n = 3, differ from
those of (5.5).

ii)20 We keep the two-measurement setup, but refrain from making as-
sumption (4.4), i.e., the first measurement is allowed to induce a “collapse
of the wave function”. We do however assume that the eigenvalues a; of A
are integers, in line with the application made at the end of the previous
section, where A ~» ddT'(Q) with @ a projection. Then (4.3) yields

X(A) Z tr(U* e U P, pPp)dpmne A"

n,m

1 27

27 ddTtr(U*ei)\AUefi()mLT)ApeiTA)
T Jo

by using ,,n, = (27T)—1 fo% ddr eiT(m—n)
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iii)!3 Here neither (3.1) nor (4.4) is assumed. The system is coupled to a
Spin—% resulting in a total state space H ® C2. Specifically, the total Hamil-

tonian is obtained by conjugating the system Hamiltonian by e_i%A®"3,

where A is a coupling constant and o3 a Pauli matrix; equivalently, the
same holds true for the evolution U, which becomes

(7 _ efi%A®o'3(U ® l)ei§A®os )
We note that
O 20) = Usrt)) ® o),  (0==%1),

where o3]0) = o|o) and Uy = e 24024, The joint initial state is as-
sumed of the form p ® p; with p being that of the system and

pPi = (<0—|pi‘0—/>)o’,a’:il = <p++ p+_>

Pt P——

that of the spin. The final state is 17(,0 ® pi)ﬁ * and, after tracing out the
system,

pt = trnU(p® pi)U*
with matrix elements
(olptlo”) = tr(UarpUgin) (o lpilo’) -
In other words,
pr = ( P4+ P+X()\)>
p—+x(=A)  p——
with
x(A\) = tr(ei%AU*e_i’\AUei%Ap) .

We remark that x(\) agrees with (4.5) under the assumption (4.4) of the
latter. It can be determined from the average spin precession, since {o|p¢|c”)
reflects that measurement. On the other hand no probability interpretation,
cf. (3.1), is available for x()), since its Fourier transform is non-positive in
general.”
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7. The thermodynamic limit

The derivation of (5.5) was heuristic. It therefore seems appropriate to
investigate whether the resulting determinant, cast as det(1 + M), is well-
defined, which is the case if M is a trace-class operator. This happens to be
the case if the leads are of finite extent and the energy range finite, essen-
tially because the single-particle Hilbert space becomes finite dimensional.
While these conditions may be regarded as effectively met in practice, it is
nevertheless useful to idealize these quantities as being infinite. There are
two physical reasons for that. First, any bound on these quantities ought
to be irrelevant, because the transport occurs across the dot (compact in
space) and near the Fermi energy (compact in energy); second, the infinite
settings allows to conveniently formulate non-equilibrium stationary states.
However this idealization needs some care. In fact, in the attempt of ex-
tending eq. (5.5) to infinite systems, the determinant becomes ambiguous
and ill-defined. The cure is a regularization which rests on the heuristic
identity

tr(U"pQU — pQ) =0, (7.1)
obtained by splitting the trace and using its cyclicity. It consists in multi-
plying the determinant by

det(eAUTPRUY L et (eMrQ) = oMU PRU=pQ) — 1 (7.2)

thereby placing one factor on each of its sides. The straightforward result
is (see Ref. 2, and in the zero-temperature case Ref. 16)

x(\) = det(e—i/\quUp/ei/\pQ + ei/\p'uQupe—i/\p'Q) ’ (7.3)

where p' =1 — p, py = U*pU, and similarly for p}; and Qu.

Remark 7.1. 1. We observe a manifest particle-hole symmetry:

XP()‘) = Xp’(_)‘) .

2. We will see that the determinant (7.3) is Fredholm under reasonable
hypotheses.

3. The regularization bears some resemblance to deta(1 + M) = det(1 +
M)e~*"M though the latter typically changes the value of the determinant.

To the extent that the regularization is regarded as a modification at all,
it affects only the first cumulant, because the term —iAtr(pyQu—pQ), which
by (7.2) has been added to the generating function log x(}), is linear in .
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The mean is thus changed from (n) = trp(Qu — Q) to (n) = tr(p — pr)Qu.
In line with Sections 3 and 5 we interpret ) as the projection onto single-
particle states in the distinguished lead and U as the evolution preserving
the initial state p, except for changes in the dot. We then expect that Qy—@Q
is non-trivial on states of any energy, while p— py is so only on states which
are located near the dot and near the Fermi energy. As a result, the second
expression for (n), but not the first one, appears to be well-defined.

8. A more basic approach

The regularization (7.1) remains an ad hoc procedure, though it may be
motivated as a cancellation between right and left movers, see Ref. 2. The
point we wish to make here is that eq. (7.3) is obtained without any recourse
to regularization if the second quantization is based upon a state of positive
density (rather than the vacuum, cf. Sect. 5), as it is appropriate for an
open system.

To this end let us briefly recall the defining elements of quantum me-
chanics of infinitely many degrees of freedom: (local) observables are rep-
resented by elements of a C*-algebra A and states by normalized, posi-
tive, continuous linear functionals on A. A state w, together with its local
perturbations, may be given a Hilbert space realization through the GNS
construction: it consists of a Hilbert space H,,, a representation m,, of 4 on
H.,, and a cyclic vector €, € H,, such that

W(A) = (Qwaﬂ—w(A)Qw) y (A S A) .

Notice that the state w is realized as a vector, (2, regardless of whether it
is pure. Rather, it is pure iff the commutant 7, (A)" C L(H,,) is trivial. The
closure of 7, (A) yields the von Neumann algebra m,(.A). Besides of local
observables ,,(A) it also contains some global ones, whose existence and

meaning presupposes w. An example occurring in the following is the charge
present in the (infinite) lead in excess of the (infinite) charge attributed to
w.

The C*-algebra of the problem at hand is A(H), the algebra of canonical
anti-commutation relations over the single-particle Hilbert space H. It is
the algebra with unity generated by the elements a(f), a(f)* (anti-linear,
resp. linear in f € H) satisfying

{a(f),a*(9)} = (f,9)1, {a(f),a(g)} =0={a"(f),a

*

)}
()

A unitary U induces a —
<p<l1

“(g
-automorphism of the algebra by a(f)
(Bogoliubov automorphism). A single-particle density matrix 0
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defines a state w on A(H) through

w(a*(fla(g)) = (g,pf),  wla(flalg)) =0 =wla"(f)a*(9))

and the use of Wick’s lemma for the ccomputation of higher order correla-
tors. States of this form are known as gauge-invariant quasi-free states; they
describe uncorrelated fermions. It is possible to give an explicit construc-
tion of their GNS representation, known as Araki-Wyss representation, but
we will not need it.

For clarity we formulate the main result first for pure state and then for
mixed states. In both cases we assume [p, Q] = 0, cf. (4.4).

Theorem 8.1 (Pure states). Let p = p?. We assume that
p—UpU* (8.1)
1s trace class. Then

(1) The algebra automorphisms a(f) — a(Uf) and a(f) — a(e?Qf) are
unitarily implementable: There erists (non-unique) unitaries U and
e*Q on H,, such that

Umo(a(f) = ma(@UMNT, 9y (alf)) = mo(ale @)

(2) @ is an observable, in the sense that any bounded function thereof is in
Tw(A(H)). R R

(3) The above properties define U uniquely up to a phase and Q up to an
additive constant.

(4) The generating function of cumulants, cf. (4.6), equals the reqularized
determinant (7.3):

(Qw,ﬁ*ei)‘@ﬁe*i)‘éﬁw) _ det(efi)\pUQUplei)\pQ + ei,\prU[)(fi,\,)/gg)7
where the determinant is Fredholm.

Eq. (8.1) demands that the evolution U preserves p, except for creating
excitations of finite energy within an essentially finite region of space. This
assumption is appropriate for the evolution induced by a compact device
operating smoothly during a finite time interval.

The generalization to mixed states is as follows.
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Theorem 8.2 (Mixed states). Let 0 < p < 1. Assume, instead of (8.1),
that p*/2 —Up'/2U* and (p')'/2 —=U(p')Y/2U* are trace class; moreover that

(pr)'?Q (8.2)
is, too. Then the above results (i-iv) hold true, upon replacing (iii) by

e Properties (i-ii) define U uniquely up to left multiplication with an el-
ement from the commutant (A(H))/, and Q up to an additive con-

stant. In particular, U*eMRTe—1AQ s unaffected by the ambiguities.

Notice that the most general case, 0 < p < 1, is not covered. The
physical origin of the extra assumption (8.2) needed in the mixed state case
is as follows. In both cases, pure or mixed, the expected charge contained
in a portion of the lead is of order of its length L, or zero if renormalized
by subtraction of a background charge. In the pure case however, the Fermi
sea is an eigenvector of the charge operator, while for the mixed state, the
variance of the charge must itself be of order L, because the occupation of
the one-particle states is fluctuating, due to pp’ # 0. Hence, in this latter
situation, the measurement of the renormalized charge yields finite values
only as long as L is finite, of which eq. (8.2) is a mathematical abstraction.
In the limit L — oo all but a finite part of the fluctuation of the source
is affecting the transmitted noise. That suggests perhaps that there is a
better formulation of the result. Indeed, the expression for the transmitted
noise, cf. the first term (5.6), is finite if (U*QU — Q)(pp’)'/? is trace class.
This condition turns out to be sufficient for property (i), for making the
determinant Fredholm and U *Q/U\— @ an observable, but not for (i, iii).

For proofs we refer to Ref. 2.

9. An application

We discuss a very simple application to illustrate the working of the reg-
ularization. The system consists of two leads in guise of circles of length
T, joined at one point. Particles run in the positive sense along the circles
C at velocity 1, whence it takes them time T to make a turn, and may
scatter from one to the other circle at the junction. Initially states in the
two circles are populated up to Fermi energies puy, < pg. This is formalized
as follows. The single particle Hilbert space is

H=L*C)® L*(C) 3¢ = (Z;g) 7
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the evolution over time T is

(U)(x) = Sip(x)

with S as in (2.3). The momentum operator is p = —id/dz and the initial
state is p = pr, @ pr with p; = 6(u; — p), (i = L, R). The projection onto
the right lead is @ =0 1.

Quite generally, for p = p? a pure state, eq. (7.3) reads

X(A) = dety(1+ (7 = DQupup’ + (¢ = 1)Quplp)
and in the present situation that determinant reduces to
X(A) = detpz oy (1+ (€ = 1)pppr|t?).

It is to be noted that pppr selects a finite energy interval, (pr, pg], unlike
the determinant without regularization. Using eigenstates of momentum
p € (2m/T)Z we find

x(A)

I[I a+E* =P

nrL<p<pRr
(1= [t + )Y = (g +e*p)

with N = #{p | pr < p < pur} = (ur — pr)T/2xw. This is a binomial
distribution with probability p = |t|> and N attempts, reproducing (2.4).
In particular, it yields Ohm’s law (Q)/T = GV with G = (2m)~![¢|>.41!
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In this work we consider three-dimensional Schrédinger operators with constant
magnetic fields and random ergodic electric potentials. We study the strong-
magnetic-field asymptotic behaviour of the integrated density of states in two
energy regimes: far from the Landau levels and mnear a given Landau level.
These energy regimes are defined by the threshold distribution in the absolutely
continuous spectrum of the unperturbed operator.
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1. Introduction

During the last decades the spectral analysis of quantum Hamiltonians in
strong magnetic fields was approached by different authors. Many domains
of investigation of the mathematical physics are concerned, let us mention
here the problem of the stability of the matter,?3:°:15:22 the study of eigen-

7:16,19,23-26 and the the investigation of the scattering

value distributions
phase,® the magnetic response of quantum gases and the quantum Hall
effect,'%14 and finally, the asymptotic analysis of the integrated density
of states in strong magnetic fields,?"26:27 which is the main theme of the
present note.

We consider here a three-dimensional Schrédinger operator with con-
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stant magnetic field B := (0,0,b), b > 0 being the intensity of the field.
The precise definition of this operator is given in Section 2 below. We ana-
lyze the behavior of the integrated density of states as b — oco. Our results
described in Section 3 have been proved in Ref. 4. Here we give some ad-
ditional comments on the motivation, the physical interpretation, and the
possible extensions of our results.

2. Self-adjointness

In this section we introduce the class of random self-adjoint operators con-
sidered in the note. We first recall some basic facts. The potential vector
is chosen as A = %B x x then the free magnetic Schrédinger operator is
defined on L?(R?) by

Ho(b):HL,O(b)®H1 +H2®—8f.3, b>0,

where I,, is the identity operator on L?(R"), n = 1,2, and

(0 baa\ (o0 b\
Hyo(b) = (28391 - 2) + (Z(%Q + 2) —b,

is the Landau Hamiltonian on L?(R?) up to the additive constant —b. It is
well known that H o(b) is a self-adjoint operator having only pure point
spectrum which coincides with the set {2bq, ¢ € Z }. The eigenvalues of the
Landau operator, called usually Landau levels, have infinite multiplicity.!

It is well-known! that Hy(b),b > 0 is essentially self-adjoint on C§°(R?)
and its spectrum o(Hy(b)) = [0, 00) is purely absolutely continuous.

We consider now on L?(R?) a perturbation of the free operator
H(b) = Ho(b)+V, b>0,

where V' is a real random electric potential defined in the following way.

Let (2, F,P) be a complete probability space. Introduce the random
field Q x R? 3 (w,x) — V,(x) € R which is supposed to be measurable
with respect to the product o-algebra F x B(R3) where B(R?) is the o-
algebra of the Borel sets in R%. Let G = R or G = Z. We assume that V is
a G3- ergodic real random field'?2° satisfying

E (/C |Vw(x)|4dx) < o0, (2.1)

where E is the mathematical expectation with respect to the probability

measure P, and C := (—%, %)3 Note that if G = R, i.e. if V, is R3- er-

godic, then (2.1) can be formulated as E(|V,,(0)|*) < co. The ergodicity of
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V,, combined with (2.1) implies!” that with probability one the operator
H,(b) = Ho(b) + V,, is essentially self-adjoint on C§°(R3). Moreover, there
exists a real subset ¥ such that the spectrum o(H, (b)) of the operator
H,(b) coincides almost surely with X.

Finally, in the formulation of our main results, we suppose that V,, is
G- ergodic in the direction of the magnetic field B.%2!

Most of random ergodic fields used in condensed matter physics for
modelling amorphous materials satisfy our assumptions. For example, the
Gaussian random fields whose correlation function is continuous at the
origin and decays at infinity are R3-ergodic, and R-ergodic in any direction.
The same is true for appropriate Poisson potentials. On the other hand the
Anderson-type potentials (called also alloy-type potentials) are Z3-ergodic,
and Z-ergodic in any direction.!!2

Finally, we recall that the operators with periodic or almost periodic
electric potentials also fit in the general scheme of the present note. We
refer the reader to Ref. 12 for the relationship between periodic and almost
periodic functions on one side, and ergodic random fields on the other.

3. Main Results

The main object of study in the present note is the integrated density of
states (IDS). We define the IDS gy, associated with H,, (b) by the Shubin-
Pastur formula

ovp(E) :=E (Tr (XeX(—oo,m) (Hu(b)xe)) . E €R,

where x¢ is the multiplier by the characteristic function of the cube C,
and X (—oco,m)(Hw (D)) is the spectral projection of the operator H,,(b) corre-
sponding to the interval (—oo, E). The correctness of this definition of the
IDS, and its equivalence to the traditional definition involving a thermody-
namic limit are discussed in Refs. 9,17. The aim of the note is to study the
asymptotic behaviour as b — oo of the quantities

ovp(Eb+ A2) — ovp(Eb+ A1),

the parameters £ € [0,00), A1, A2, A1 < Ao, being fixed. It is reasonable
to distinguish two asymptotic regimes: asymptotics near a given Landau
level which corresponds to £ € 27, and asymptotics far from the Landau
levels which corresponds to £ € (0,00) \ 2Z4. This distinction is justified
already by the elementary calculation yielding the leading asymptotic term
as b — oo of the free IDS gg; corresponding to V,, = 0. The explicit form
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of 0o is well-known:
b oo
s(E) = 55> (E—2b0))% EcR,
q=0

and we find easily that the leading asymptotic term as b — oo of the
variation of gg p is of order b near any fixed Landau level, and of order bl/2
far from the Landau levels.

In order to formulate our results concerning the asymptotics of the IDS
ov,y near a given Landau level, we need some additional notations. For
x = (z1,22,73) € R® we denote by x; = (z1,22) € R? the variables
on the plane perpendicular to the magnetic field. Fix z; € R?. Since by
assumption V is ergodic in direction of the magnetic field, the random field
R > a3 +— V,(x,,23) € R is ergodic, and the operator

2
hy(zy) = —%-FV(.TL,J??,) (3.1)
Z3
is almost surely essentially self-adjoint on C§°(R) (see Ref. 12). Denote by
pv(A;xz1), A € R, the IDS for the operator hy (2, ). By Ref. 21, if V is
R-ergodic (respectively, Z-ergodic) in the direction of the magnetic field,
then the IDS py (\; 2, ) is independent of x; € R? (respectively, py (A;z1)
is Z-periodic with respect to x ). Set

ky(X) = / pv(Axy)dzy.
(—3:3)?

Thus, in the case of R-ergodicity we have ky (\) = p(A;0). Moreover, since

the operator hy (z ) is an ordinary differential operator, the function R

A+ ky(\) € R is continuous.!?

Theorem 3.1. 4 Assume that the random potential V : Q x R? — R
is measurable with respect to the product o-algebra F x B(R?), and that
(2.1) holds. Moreover, suppose that V is R3-ergodic or Z3-ergodic, and is
R-ergodic or Z-ergodic in the direction of the magnetic field.

i) Let £ € (0,00) \ 2Z+, and A1, A2 € R, A\ < Aa. Then we have

[€/2]
. _ Ao — A _
Jm b Y2 (ovp(Eb+ A2) — ovp(Eb+ A1) = 247T2 - qz::o(g —2q)7 /2.

(3.2)
it) Let € € 274, and A1, 2 € R, Ay < Ag. Then we have

Tim b7 (ovs (€D + Aa) — ova(Eb+ M) = % (kv (Aa) — kv(M1)) . (3.3)
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Let us discuss briefly our results, the methods applied in their proofs, as
well as several possible extensions and generalizations.

e Relation (3.2) implies that far from the Landau levels the main
asymptotic term of the IDS is independent of the potential V,,. Note
that the r.h.s. of (3.2) is proportional to the length of the interval
(Eb + A1,ED + A2). It is likely that if we impose more restrictive as-
sumptions on the regularity of the realizations of V,,, we would be able
to obtain a more precise asymptotic expansion of the IDS, and the
lower-order terms will depend on the random potential

e Relation (3.3) shows us that at energies close to the Landau levels, the
three-dimensional quantum particle behaves like an one-dimensional
particle whose motion in the direction of the magnetic field is “aver-
aged” with respect to the variables in the plane perpendicular to the
magnetic field. A similar picture has been encountered in the inves-
tigation of the asymptotic behaviour of many other spectral charac-
teristics of quantum Hamiltonians in strong magnetic fields, such as
the ground state energy, the discrete-eigenvalue counting function, the
scattering phase, etc. This picture is in accordance with the physical
intuition born by the elementary analysis of the trajectory of a classical
three-dimensional particle in constant magnetic field. Generically, this
trajectory is a helix whose axis is parallel to the magnetic field, and
whose radius is inversely proportional to the intensity of the field.”

e In the proof of (3.3) we apply the Helffer-Sjostrand formula® for the

representation of a smooth compactly supported function ¢ of a self-
adjoint operator L via a quasi-analytic extension of ¢, and the resolvent
of L. Moreover, we make use of appropriate estimates of the resolvents
of Hy and H, (b).
For the proof of (3.2), we apply the so called suspension metho
consisting of a standard extension of a Z3-ergodic random field defined
on 2 x R3, to a R*-ergodic random field. Once this extension is con-
structed, (3.2) follows quite easily from (3.3).

e We have formulated our assumptions on the random potential V, seek-
ing for a reasonable compromise between generality and comprehensi-
bility. If more special classes of random potentials are considered, then
probably condition (2.1) could be relaxed in some cases.

e We have considered the asymptotic behaviour of the IDS only for posi-
tive energies, near or far from the Landau levels. An interesting problem
would be to consider this behaviour at negative energies in the cases

d,12:20
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when it is known that the spectrum of the operator H,,(b) almost surely
covers the real axis (e.g. in the case of Gaussian or attractive Poisson
potentials).
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In this paper we present some geometric objects (derivations, differential forms,
distributions, linear connections, their curvature and their torsion) on matrix
algebra using the framework of noncommutative geometry.
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1. Introduction

We study some differential calculi on the matrix algebra M, (C) (most of
them used the techniques from noncommutative geometry), which have
been used in some different areas from mathematics and physics, here we
mention some of them: quantum groups,'? graded matrix algebra,2%2! the
noncommutative differential geometry of matrix algebras.!2:16-18,24,25,30-32

The basic idea of noncommutative geometry is to replace an algebra of
smooth functions defined on a smooth manifold by an abstract associative
algebra A which is not necessarily commutative. In the context of non-
commutative geometry the basic role is the generalization of the notion of
differential forms (on a manifold). To any associative algebra A over the
real field or complex field k& one associates a differential algebra, which is
a Z-graded algebra Q(A) = @,>00Q"(A) (where Q"(A) are A-bimodules
and QU(A4) = A) together with a linear operator d : Q"(A) — QH1(A)
satisfying d? = 0 and d(ww') = (dw)w’ + (—1)"wdw’, w € Q*(A). The al-
gebra 2(A) is also called the (noncommutative) differential calculus on the
algebra A.

A generalization of a differential calculus 2(A) of an associative algebra
A is the p-differential calculus associated with a p-(commutative ) algebra
A, where A is a G-graded algebra, G is a commutative group and p is a
twisted cocycle. The differential calculus over a p-algebra A was introduced
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in Ref. 3 and continued in some recent papers Refs. 5-11,28,29.

The ”classical” noncommutative differential calculus and linear con-
nections on the algebra M, (C) were studied in Ref. 16,18,26,27. The p-
differential calculi and the linear connections on matrix algebra are intro-
duced in Ref. 7. However, distributions, tensors and metrics on the algebra
M, (C) were not introduced in that paper, and introducing these objects is
the aim of the present paper.

In the second section we review the basic geometrical objects about the
p-algebras as p-derivations, p-differential calculi, tensors, linear connections
and distributions. In the last section we apply the mentioned notions on
the matrix algebra M, (C).

2. p-algebras

In this section we present briefly the class of the noncommutative algebras,
namely the p-algebras. For more details see Ref. 3.

Let G be an abelian group, additively written. A p-algebra A is a G-
graded algebra over that field k& (which may be either the real or the complex
field), endowed with a cyclic cocycle p : G x G — k which fulfills the
properties

p(a,b) = p(b,a)™" and p(a + b, c) = p(a,c)p(b,c) (2.1)
for any a, b ,¢c € G.

Notation 2.1. From now on, if M is a graded set, then Hg (M) will stand
for the set of homogeneous elements in M. The G-degree of a (nonzero)
homogeneous element f of M is denoted |f].

A G-graded algebra A with a given cocycle p will be called p- commu-
tative (or almost commutative algebra ) if fg = p(|f|,|g])gf for all

f.9 € Hg(A).
Example 2.1.

(1) Any usual (commutative) algebra is a p-algebra with the trivial group
G.

(2) Let be the group G = Z (Z3) and the cocycle p(a,b) = (—1)%,
for any a,b € G. In this case any p-(commutative) algebra is a su-
per(commutative) algebra.

(3) The N-dimensional quantum hyperplane is the algebra gen-
erated by the unit element and N linearly independent elements

3,5,6,11 g4
N
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x1,...,rN satisfying the relations
TiT; = qT;T;, 1< 7,

for some fixed ¢ € k, ¢ # 0. Then S% is a ZN-graded algebra

o0

Si= B (Sn.nw

niy...sMN

with (S%)n,..ny the one-dimensional subspace spanned by products
™ .. g™~ The ZN-degree of these elements is denoted by

ni

..an|

|z =n=(ny,...,nn).

Define the function p : ZN x ZN — k as

pln,n) = gZrk= Mo,
with o, = 1 for j < k, 0 for j = k and —1 for j > k. It is clear that
S% is a p-commutative algebra.

The algebra of matrix M, (C)7 is a p—commutative algebra, as follows:
Let p, g € M (C),

0 ...0 1
1
0 g 8 e 0 ...0 0
p= and ¢g=[0 €2...0 01,
_—
0 0...¢ 00 ..en10

where €™ = 1, ¢ # 1. Then pg = eqp and M,,(C) is generated by the set
B = {p¢®°la,b=0,1,...,n — 1}. It is easy to see that pq® = ?0¢"p®
and ¢*p® = e~ *p?q® for any a,b = 0,1,...,n—1. Let G := Z,®Z,, a =
(a1,a2) € G and x4 := p*¢™2 € M, (C). Setting p(a, §) = e*2fr—a1f2,
one sees that z,x3 = p(e, B)zgz,, for any o, 8 € G, x4, vg € B. It is
clear that the map p: G x G — C, p(a, ) = £*2#i—*1P2 {5 a cocycle

and M, (C) is a p -commutative algebra.

2.1. p-derivations

Definition 2.1.7 Let a, 3 € G. A p-derivation of the order(c, 3) is a linear
map X : A — A, which fulfills the properties

(1)
(2)

X: A, — Ags,
X(fg) = (Xf)g+ ple, |f])f(Xg), for any f € Ay and g € A.
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The left product between the element f € A and a derivation X of the
order («, ) is defined in a natural way: fX : A — A, (fX)(g9) = fX(g) for
any g € A. Remark that fX is a derivation of the order (|f|+ «, |f] + 5)
if and only if the algebra A is p-commutative.

Next we study the case when A is a p-commutative algebra.

Let X be a p-derivation of the order (o, 3) and X’ a p-derivation of the
order (o/, 3). The p-bracket of X and X' is [X, X'] = XoX'—p(a, /)X 0 X
and satisfies the following property: [X, X’] is a p-derivation of the order
(a+ o, 5+ ) if and only if p(«, B)p(a’,3') = 1.

Definition 2.2.2 We say that X: A — A is a p-derivation if it has the order
(1X1,1X)), Le., X2 Ay = Ayyx) and X(fg) = (X f)g + p(1X],[f)f(Xg)
for any f € Ay and g € A.

It is known? that the p-commutator [X,Y], = XY — p(|X|,|Y])Y X
of two p -derivations is also a p-derivation and the linear space of all p-
derivations is a p-Lie algebra, denoted by p-DerA.

One verifies immediately that for such an algebra A, p -DerA is not only
a p-Lie algebra, but also a left A-module with the action of A on p -DerA
defined by (fX)g = f(Xg), for f, g € A and X € p-DerA.

Let M be a G-graded left module over a p-commutative algebra A, with
the usual properties, in particular |fv| = |f| + |[¢] for f € A, ¥ € M.
Then M is also a right A-module with the right action on M defined by
wf = p(|Yl, |f])f, for any o € Hg (M) and f € Hg(A). In fact M is a
bimodule over A, i.e., f(¢g) = (fi)g for any f, g€ A, ¢ € M.

2.2. Differential calculi on a p-algebra

We generalize the classical notions of differential graded algebra and the
differential graded superalgebras by defining so called differential graded p
-algebras.

Denote by G’ = Z x G and define the cocycle p’ : G’ x G’ — k through

p/ ((nv a) s (’ITL, 6)) = (71)nm p (aa /6) :
It is easy to see that the function p’ satisfies the properties (2.1).
Definition 2.3. We say that Q = @(nﬁ)GG’ Qf is a p-differential graded
algebra (DG p— algebra) if there is an element o € G and a map d: Q5 —
Qg“ of degree (1,a) € G’ and the G’-degree |d|" = (1,0) such that d> =0
and

d(wh) = (dw) 0 + (—1)" p (e, |w|) wdb
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for any w € Q”‘ and 6 € Q.

Jw

If we denote |w| = (n,|w|) the G’-degree of w € Q,; then the last
equality becomes

d(wh) = (dw)8 + p'(|d|", |w|" )wdb.
It follows that € is a p’-algebra.

Example 2.2.

(1) In the case where the group G is trivial, then  is the classical differ-

ential graded algebra.

(2) When the group G is Z, and the map p is given by p(a,b) = (—1)",

then Q is a differential graded superalgebra (see Refs. 22,23).

Definition 2.4. Let A be a p-algebra. Then

Q)= P ard).d

(n,a)eG’
is a p-differential calculus over A if Q (A) is a p-differential graded algebra,
Q(A) is an A-bimodule and Q° (4) = A.

The first example of a p-differential calculus over the p -commutative
algebra A is the algebra of forms (Q(A),d) of A from Ref. 3. The second ex-
ample of a p-differential calculus over a p-algebra is the universal differential
calculus of A from the next paragraph.

2.2.1. The algebra of forms of a p-algebra

In this paragraph we construct the algebra of forms Q(A) of an almost
commutative algebra A (see Ref. 3).

The algebra of forms of an the p-algebra A is given in the classical
manner: Q°(A) := A and QP(A) for p=1,2,... as the G -graded space of
p-linear maps oy, : XPp- DerA — A, p-linear in sense of left A-modules

ap(le, e ,Xp) = fO[p(Xl, e ,Xp),
Oép(Xl, e ,Xjf, .ij_|_17 . ,Xp) = Otp(Xl, . ,Xj, fXj+1, e Xp)

and p-alternating, that is,
Oép(Xl, e ,Xj,XjJrl} . ,Xp)
= —p(|X;], [Xj+1D)ap(Xa, s X1, Xy oo, Xp)
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forj=1,...,p—1, Xy € p-Der(A), k=1,...p, f € A, and where X f is
the right A-action on p -DerA.
Then QP(A) is in natural way a G-graded right A-module with

lap| = Jap (X1, -, Xp)[ = (1 Xa] 4 -+ 4 [Xp])
and with the right action of A defined as
(0pf)(X1,..., Xp) = op(X1,..., Xp) f.
From the previous considerations, it follows that Q(A) = @2, QP(A) is a
G-graded A-bimodule.

Exterior differentiation is defined to be a linear map d: QP(A) —
QPFL(A), for all p > 0, given by

and forp=1,2,...,
dOép(Xl,. . .,Xp+1)

+

p+1

j—1
=Y (=17 O 1KLL XD X (X, X Xppa)

j=1 i=1
j—1 Jj—1
+ Y (O IXL X DO Xl | Xk])
1<j<k<p+1 i=1 i=1
k—1 ~ R
)oK X kD ap (X5 Xilpso oo Xrseos Kgoy Ko Xy,
i=j+1

One can show that d has degree 0, and that d? = 0.
There is an exterior product O (A) x Q7 (A) — QPTI(A), (ap, By) —
oy A By, defined by the p-antisymmetrization formula

ap A By (X1, Xpig)
= Z sign (o) (p-factor) Qp (Xa(l)a . ,Xg(p)) Bq (Xa(p+1)7 o ,XU(erq)) .

The sum is over all permutations o of the cyclic group Sp44 such that
c(l)<---<o(p)ando(p+1) <--- <o (p—+q). The p-factor is the prod-
uct of all p(|XU(j)| Jap]) for p+1 < j <p+gqandall p(|XU(j)| , |Xg(k) |)*1
for j < k and o(j) > o(k).

The algebra Q(A) is a G'-graded algebra with the group G’ = Z x G.
Denote the G’ degree of a;, by |a,| = (p, |ay|). It is easy to see that the
map p' : G' xG' — k defined by p'((p, a), (¢,b)) = (=1)P?p(a,d) is a cocycle
and that Q(A) is a p’-commutative algebra. Moreover, the map d is a p'-
derivation of Q(A) with G’-degree |d|' = (+1,0).
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2.2.2. The algebra of universal differential forms of a p-algebra

We present here our construction of algebra of universal differential forms
0, A of the p-algebra A (not necessarily p -commutative) for a given element
a €.

Let « be an arbitrary element of G. By definition, the algebra of univer-
sal differential forms (also called the algebra of noncommutative differential
forms) of the p-algebra A is the algebra Q,A generated by the algebra A
and the symbols da, a € A, which satisfies the following relations:

(1) da is linear in a.
(2) The p—Leibniz rule: d(ab) = d(a)b+ p(«, |a|)adbd.
(3) d(1) = 0.
Let Q7 A the space of n—forms agday .. .da,, a; € A for any 0 <i <n.
The space Q7 A is an A-bimodule with the left multiplication

a(apday ... day) = aapday . . . day,
and the right multiplication is given by

(aoda1 s dan)an+1

n

=3 (=1)""pla, Y laj)(aodas ... d(aiais1) ... dani1)
i=1 j=i+1

+(—=1)"p(a, Z la;j)aoardas . .. dap41.
i=1

The algebra Q. A = @, ., QA is a Z-graded algebra with the multiplica-
tion QA - QA C QIF™ A given by
(aoda1 . dan)(an+1dan+2 e dam+n)
= ((apday . ..dap)ant1)danyo ... damin).

forany a; € A,0<i<n+m,n,meN.
We define the G—degree of the n-form agda . ..da, by

n
lagday ... da,| = Z la;] .
i=0

It is clear that |wy, - wm | = |wn|+|wm| for any homogeneous forms w,, € Q2 A
and wy, € Q7 A.
The algebra Q,A is a G’ = Z x G-graded algebra with the G’ degree of

n
the n-form agda; . . .da, given by |aoda; . ..da,|" = (n, > |ai]).
i=0
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We may define the cocycle p': G’ x G’ — k on the algebra Q,A4
P (lwnls wml) = (1™ p(lwnl s [wim])

for any wy, € QZA, w,, € QT A. Then Q,A is a p’-algebra. We note here
that G'-degree of the map d is (1,0) i.e. d : Q) — Q1 and the G'-degree

||

of an element x € A is |z = (0, |z|).
Theorem 2.1.7 1. The mapping d : Q%A — QLA satisfies
d(w) = (dw)f + (—1)" p(c, |w|)wdb

foranyw € QLA, 0 € QT A.
2. (QaA,d) is a p-differential calculus over A.

Example 2.3. In the case where the group G is trivial, A is the usual
associative algebra and 2,4 is the algebra of universal differential forms of

A.

Example 2.4. If the group G is Zs and the cocycle is as in Example 2.2,
then A is a superalgebra. In the case where o = 1 2, A4 is the superalgebra
of universal differential forms of A in Ref. 23.

2.3. Tensors

In this subsection we present briefly the p-tensor algebra T (A) of the almost
commutative algebra A. For more details see Ref. 28. Here Q (A) is the
algebra of forms of A.

For av,...,0p € Hg (' (A)) and X1,..., X, € Hg(p-Der (A)) we set
=01 Q- Q,a, to be the p-p-linear map defined by

D p—1 D
(0[1 ®p cee ®p O[p) (Xla cee 7Xp) = Hai (Xz) HP( Z ‘XJ| ) |ak|>
i=1 k=1 j=k+1

For example (a1 ®, ag) (X1, X2) = a1 (X1) oz (X2) p (| X2, |a1]).
It is easy to check that

Oé(le,...,Xp> = fO[(Xl,...7Xp)
and

(){(Xl,...7Xif,...7Xp)ZO[(Xl,...7fXj+1,...7Xp).

P
Then o = 1 ®, - - - ®, ayp is @ homogeneous map of G-degree |a| = Y |a;|.
i=1
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The p-tensor product be extended to obtain the products of non homo-
P
geneous forms such that if 8= Y 3; then
i=1
P
a1®p"'®p/8®p"'®pap:Zal®p"'®pﬁi®p"'®paz)-
i=1
The set 7% is the A— A bimodule generated by the elements a4 ®pRp0yp
defined above with the natural actions

(1 @y ®pap) f=0a1®y - ®papf
and
flar®, - ®pap) = (far)®, - ®, ap
for f € Hg (A). Of course, the natural property
o ®p"'®paif®p"'®pap:al ®p"'®pfai+1 ®p...®pap
also holds.

2.3.1. p-tensor algebra

The p-tensor algebra T®» = @, -, %5, T®» = A is the direct sum of linear
spaces. There is a natural algebra structure ®, defined on homogeneous
elements of T®» by

(Tp ®P Tq)(Xla cee 7Xp+11)
q
= TP (X4,...,X,) T (X1, ... ,Xq)p<z X, |TP\),
=1

for all TP € T% , T? € T® and Xi,...,X,4, € Hg(p-Der(A)), and
extended linearly on T®», and which coincides on A with initial product in
A.

Remark that [TP? ®,T9| = |T?| 4+ |T9|, the product ®, is associative,
and T1 f ®, To =Ty ®, f1I> for any f € Hg(A) and Ty, T» € Hg (T®»).

2.4. Connections on a p-bimodule over a p-algebra

Let A be a p-algebra and M a p-bimodule on A.

Definition 2.5.% A linear connection on M is a linear map of p -DerA into
the linear endomorphisms of M, V : p — A — End(M) such that

Vx : My — Myy x|,

Vax(m) = aVx(m)
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and

Vx(ma) = p(|X],|m[)mX(a) + Vx(m)a
if we use the right structure of M, or

Vx(am) = X(a)m + p(|X], lal)aV x (m),

if M is considered a left bimodule, for all p € G, a € A, X € Hg (p-DerA)
and m € Hg (M).

We say that the distribution D in the p-algebra A over the p-differential
calculus (Q (4) = ®,>00" (A4) ,d) is parallel with respect to the connection
V : p-DerA — End(Q* (A)) if

Vx(m)=0 for any X € p-DerA and for any m € D.

The curvature R of the connection V on M is defined in a natural way by
R : (p-DerA) x (p-DerA) — End(M); (X,Y)+— Rxy,
Rxy(m)=VxVy —p(|X],[Y)VyVx(m) - Vixy),(m)

for any X,Y € p-DerA, and m € M, where
(X,Y],=XoY —p(|X]|,|Y|)Y o X.

Theorem 2.2.9 If the algebra A is p-commutative, then the curvature of
any connection ¥V has the following properties:

(1) A-linearity: Ryx y(m) = aRxy;

(2) Rxy is right A-linear: Rx y(ma) = Rxy(m)a;

(8) Rxy is left A-linear: Rx y (am) = p(|X| + Y|, |a|)Rx,y(m);
(4) R is a p-symmetric map: Rxy = —p(|X|,|Y|)Ry x;

for any a € Ay, me M, X,Y € p -DerA.

In the case where the bimodule M is p-DerA then the torsion of the
connection V is the map

Ty : (p-DerA) x (p-DerA) — p-DerA
defined by

Iv(X,Y) = [VxY,VyX] - [X,Y],
for any homogeneous X,Y € p-DerA.

Remark 2.1. If the group G is Zy and the cocycle is from example 2 then
A is a superalgebra. In this case we obtain the same definition of linear
connections as in Ref. 22.
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Remark 2.2. The noncommutative geometry of p-algebras may be viewed
as a natural generalization of fermionic differential calculus.

2.5. Distributions
Let A be a p-algebra and (2 (A4),d) a p-differential calculus over A.

Definition 2.6. A distribution D in the p-algebra A over the p -differential
calculus (2 (A4),d) is an A-sub-bimodule D of Q (A).

The distribution D is globally integrable if the is a p -subalgebra B of
A such that D is the space generated by AdB and (dB) A.

Remark 2.3. Let us assume that A is generated as algebra by n homo-
geneous coordinates x1, xa, . .., x, and the p-differential calculus (€2 (4),d)
by the differentials dz1, dzxs, . . ., dx, with some relations between them. In
this case any globally integrable distribution D is generated by a subset of p
elements, denoted by I of {1,..., N}, such that D is generated by x;y; and
y;xj for any j € {1,..., N} and i € I. Thus we say that the distribution D
has the dimension p. For other examples, see Refs. 6,9-11.

Definition 2.7. We say that the distribution D over the p-differential cal-
culus (2 (A),d) is parallel with respect to the connection V: p-DerA —
End (QA) if

Vx(m)=0 for any X € p-DerA and for any m € D.

3. Applications to the matrix algebra

In this section we apply the geometrical objects defined in the previous
section to the particular case of the matrix algebra M, (C).

3.1. Derivations

We denote by p-DerM,,(C) the set of p-derivations of the algebra M, (C),
and it is generated by the elements ap%, 8(}%7 with a = (a1, a2) € G,

which acts on the basis {p®¢*2| (a1, a2) € G} like partial derivatives,

i(p"lq‘“) = %p"‘l_kqo‘2 and i(q“z) = 0 of G-degree (—k,0) (3.1)

Op* k Opk
and
8 [eSPpNes} — a2 (¥2—k} (5] a (5] —
W(q pt) = 34 p** and g (p™*) = 0 of G-degree (0,—k) (3.2)
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for any (o, a2) € G. Remark that the first relation from (3.2) is equivalent

with

9 o1 sy _ X2 _onk ar on—k

qu(p q )—?5 p™iyq (3.3)
From a simple calculus we obtain that the applications from the equa-

tions (3.1) and (3.2) are p-derivations. It follows that p- DerM,(C) is a

M,,(C)-bimodule generated by 2n — 1 elements and the p-bracket of the

p-derivations is zero, i.e., [ap%, aqikz] = 0. Then any X € p-DerM,(C) is
given by the relation
0 0
X = xor 2 xoay 3.4
S (e K o X) (3.4

a=(a1,02)EG
where X, X2 € M, (C). We use the compact form

X = 0.X" (3.5)
to write the derivation in (3.4).

3.2. The algebra of forms of M, (C)

In this section we use the construction of the algebra of forms of a p-
commutative algebra in Ref. 3 to introduce our construction of the algebra
of forms of the algebra M,,(C). Thus we obtain a new differential calculus
on the matrix algebra.

We denote by QP (M,,(C)) the space of p— forms and

Q (M, (C)) = D" (Mn(C))
PEL
the algebra of forms of M, (C).
The bimodule Q! (M, (C)) is also free of rank 2n — 1 with the ba-

sis dual to the basis {9, | a € G} := {3%1-,{%- | i,5 = 1,...,n} of the
bimodule p-Der (M, (C)). The basis of Q'(M,(C)) is {da| a € G} =

{dpi, dgil 4,5 =1,... ,n} with the relations

0 . 9 o

dpl(aip]) =0 for ¢ # 7, dp,(apl) =1 and dpi(aqj) =0, (36)
) o 9 0

dql(aiqj) =0 for 2 7& 7, dpL(aipl) =1 and dql(@) =0. (37)

For a simpler writing, the relations (3.6) and (3.7) can be written in the
following compact form

do(03) =0 for o # 3, and d,(0,) = 1. (3.8)
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Remark that the G—degree of the 1-form dx is }dpk| = (k,0) and that
of dg. is |dy| = (0, k).
An arbitrary 1-form a; can be written as

a1 =Y dada = duAy+Y dyAy, (3.9)
acG i=1 j=1

where A, = 041(3%7;) € M,(C) and A, = al(%) € M,(C), for i,j =
1,...,n, or using the compact form we have: A, = a1(9,) € M, (C), for
aed.

Because Q! (M,,(C)) is of finite rank n? — 1, QP (M,,(C)) is the pth
exterior power of Q! (M,,(C)) in the sense of M, (C)— modules and is also
free, of rank (p, n? — 1). An arbitrary p—form oy, can be written as

1 p(p—1) &
ap=—(-1)"z > day, N Nday, Aiy iy,
p: i1,.0ip=1
with
Ah...ip = ap(aail . ,aaip> S Mn((C)

From these considerations we see that the algebra Q (M, (C)) is generated
by the elements p?, ¢/ for 4,5 = 1,...,n and their differentials dpi, d
1,7 = 1,...,n with the relations

4> for

e =e¢p", p'p =pp’,
dpidqj = 7€ijdqjdpi, dpidpj = dpjdpi
and

pidqj = eijdqui, q dp, = dqui, dpipj :pjdpi, qidqj = dqjqi.

3.3. The algebra of universal differential forms of M, (C)

In this paragraph we present our construction of the algebra of universal
differential forms of M, (C), using the construction from the Subsection 2.2.

Let a = (a1, a2) € G = Zy, X Zy, an arbitrary element. QL M, (C) is the
M, (C)-bimodule generated by the elements adb, with a,b € M, (C) which
satisfies the properties

(1) d(a+b) = da + db,

(a
(2) d(ab) = (da)b+ p(a, |a|)adb,
(3) d1 =0, for any a,b € M, (C), where 1 is the unit of M, (C).



Geometrical objects on matriz algebra 35

By a simple computation we obtain the following result.
Proposition 3.1. One has

(1) pFdp = (dp)p* and ¢'dq = (dq)q',
(2) dp* = € (k,0) AP
(3) dps = E?O7s)dp;
(4) dv*e’) = E?k,o)pk_l(dp)qs + 6_a2€?o,s)pkqs_ldq,

where 8?070) = 0, 5‘()‘,670) = 14+e @ e 202 4. pebbaz for | ¢
{1, e, = 1} and E(()E],s) =1 + g™ + 5_2a1 + - 4 8_(5_1)a1 for s €
{1,...,n—1}.

The structure of the M,,(C)-bimodule Q! M,,(C) is given in the following
theorem.

Theorem 3.1. QL M, (C) is generated by the elements p,q¢’,dp",dq®,
i,7,k,s € {0,...,n — 1} with the relations

(]) pkqs — Eksqspk,

(2) pkdpl = (dpl)pk and quql = (dql)qs7

(3) dp* = E‘(Xk’o)pk_ldp and dq°® = 5(()‘075)qs_1dq

(4) d(*a°) = (), )ep" ' a*(dp) + e~ 2y P q* dg,
for any k,l,s € G.

The M, (C)-bimodule QF M,,(C) is again free and an arbitrary element
wy € QF M, (C) can be written as

W= " Ar(dp)'(dg)”,
l+s=k
where A; s € M, (C).
From these considerations we obtain the following theorem which gives
the structure of the algebra Q, M, (C).

Theorem 3.2. The algebra Q,M,(C) is generated by the elements
P, q, (dp)F = P* (dg)® := Q% i,j € {0,...,n—1}, k,s € Z with the
relations

(1) piqj — Eijqui7 Per — (_1)ks€stst’

(2) ptP* = Pop, ¢*Q° = Q°¢",
(3) kas — Estspk, qus — 8—kspsqk.
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3.4. Tensors

In this subsection we give the tensor components in the matrix algebra.
Let T be the p -tensor algebra of M,,(C). The module T®5 is generated
by da;, ®, -+ ®, day,, with a;,...,q;, € G. Specifically, any element
T € T®: can be written in terms of the elements of the basis as
T= Y do @, ®,do;,T, . o,
i1y €G

where

Tocil Qe

ip = (aall aaZP X Hp< Z |xaz

=1 j=k+1

)

|xa1k

3.5. Linear connections on M, (C)

Next we introduce linear connections on the algebra M, (C). A linear con-
nection on M, (C) is a linear map

V : p-DerM,,(C) — End(p- DerM,,(C))
Vx : (p-DerM,(C)). — (p-DerM,,(C))..4 x|
satisfying the relations from the Definition 2.5. Any linear connection is well
defined if the connections coefficients are given on the basis {0,|a € G},
that is,
9510, 5="Vo,0s

for any o, 8 € G.
The curvature R of the connection V is given by the curvature coeffi-

cients: R, B

05 R 5.+ = [Vou: Vo,](97) = Via, 0, (0r).

A simple computation shows that
7 = 0a(T5,,) = plo [T T2, = (e, B)(0sT%., — p(5,

for any «, 8, 7,0 € G.
The torsion of the connection V is well defined by the torsion coefficients

T(0n,05) = 05Ty 5

F“

o 5.0)

and the relations between connections coefficients and the torsion coeffi-
cients are

Tg.ﬂ = Fg,ﬂ - p(aa ﬁ)rg,a'
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3.5.1. Linear connections on QL (M, (C))

Any linear connection V on the M, (C)-bimodule Q! (M, (C)) is given by
the connection coefficients thus (using the compact formula)

Vaﬁ dap = ngdap + F%qda(b

I}, T € M, (C).
For example we have

VL. (dap> = P?pdap + P?qdaq
ap?

and

0 .
Vo (pdap) = e (P*) dap + p((=3,0), (k,0) p"V 2 (dap)

ki
= ;pk dop + P TP dap + T dyg.

3.6. Distributions

In this subsection we introduce distributions on the matrix algebra M, (C)
over the differential calculi Q (M, (C)) and Q, (M, (C)). In each of these
situations we give characterizations of globally integrable distributions and
globally integrable distributions parallel with respect to a connection V on
QY (M, (C)) and QY (M,,(C)).

3.6.1. Distributions on Q (M, (C))

From the Definition 2.6 a distribution D on Q (M, (C)) is a M,,(C) p-sub-
bimodule of Q (M,,(C)). The distribution D is globally integrable if there
is a subspace B of M, (C) such that D is generated by M, (C)d (B), so the
determination of these kind of distributions is reduced to the determination
of subalgebras from M, (C).

Let D,, = {k € N such that k|n} be the set of all natural divisors of n.
Then for any subalgebra B of M,,(C) there are k, s € D,, such that B is gen-
erated by the set {p*?q*7, i,j € Z}. Consequently we have the following
result.

Proposition 3.2. For any globally integrable distribution D of Q (M, (C))
there are k,s € D, such that D is generated by the elements p', ¢ for
i,j =1,...,n and the differentials dyi-x, dgi-s, fori,j =1,...,n.

Remark 3.1. Without any confusion the previous proposition may be
written using the compact form (3.5) and (3.8): For any globally integrable
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distribution D of Q (M,,(C)) there is a subgroup H of G such that D is
generated by the elements a,dbg, with as, bg € M, (C) with a € G and
g€ H.

Remark 3.2. If D is a globally integrable distribution of Q (M, (C)) of the
dimension p, then p is a divisor of n2.

It is obvious that a linear connection V on the M, (C) -bimodule
Q' (M, (C)) is given by its connection coefficients, again denoted by I'Y, ; €
M, (C), and these are given by the equation

Va,ds =17 sdo,
for any o, 3 € G.

Proposition 3.3. Any globally integrable and parallel distribution D with
respect to a connection NV : p-DerM,,(C) — End(Q* (M,,(C))) of dimension
p s given by the equations

Fg’ﬂ = O7

for a subgroup H of G and for any o, € G, B € H.

3.6.2. Distributions on Q, (M, (C))

Let o € G. Any distribution D on Q, (M,,(C)) is a M,,(C) p -sub-bimodule
of Q, (M, (C)).

Using the structure of Q, (M, (C)) (Proposition 3.2) we have that any
globally integrable distribution D on Q, (M, (C)) is one of the subalgebras
M, (C), M, (C)dup, M,,(C)dag and Q,, (M,,(C)), consequently any globally
integrable distribution on 2, (M, (C)) has the dimension 0, 1 or 2.

Any globally integrable and parallel distribution D with respect to a
connection V : p-DerM,,(C) — End(Q} (M,(C))) of dimension 1 is given
by the equations

P _ TP
" =T5"=0
if D is M,,(C)d,p and
a.p a4
Igm=I5"=0

if it is M,,(C)dnyq, for any g € G

Conclusions and remarks. In this paper we introduce the principal
notions from the (noncommutative) geometry as differential calculi, tensors,
linear connections and distributions to the matrix algebra M,,(C) using
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methods of p-algebras. We note that the tensors and connections open a
way to introduce metrics and Levi-Civita connections on M, (C).

The general theory of p—differential calculi and of linear connections
over p—algebras offers many new possibilities to study some noncommuta-
tive spaces (which may be quantum spaces), related to physics (which are
p-commutative algebras): the quantum hyperplane, the quantum torus, the
quaternionic algebra, etc.
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Distinguished selfadjoint extensions of operators which are not semibounded
can be deduced from the positivity of the Schur Complement (as a quadratic
form). In practical applications this amounts to proving a Hardy-like inequality.
Particular cases are Dirac-Coulomb operators where distinguished selfadjoint
extensions are obtained for the optimal range of coupling constants.

Keywords: Relativistic quantum mechanics, Dirac operator, self-adjoint oper-
ator, self-adjoint extension, Schur complement.

1. Introduction

In Ref. 4 we defined distinguished self-adjoint extensions of Dirac-Coulomb
operators in the optimal range for the coupling constant. This was done by
using a Hardy-like inequality which allowed the extension of one compo-
nent of the operator by using the Friedrichs extension. Then, the remain-
ing component could be extended by choosing the right domain for the
whole operator. The method of proof used simple arguments of distribu-
tional differentiation. This work was the sequel of a series of papers where
distinguished self-adjoint extensions of Dirac-Coulomb like operators were

*@© 2008 by the authors. This work may be reproduced, in its entirety, for non-
commercial purposes.
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defined by different methods almost in the optimal range, without reaching
the limit case (see Refs. 6,7,9,10,12-14).

Here we present an abstract version of the method introduced in Ref. 4.
We believe that this will clarify the precise structure and hypotheses nec-
essary to define distinguished self-adjoint extensions by this method.

The main idea in our method is that Hardy-like inequalities are funda-
mental to define distinguished (physically relevant) self-adjoint extensions
even for operators that are not bounded below.

We are going to apply our method to operators H defined on DZ, where
Dy is some dense subspace of a Hilbert space Hy. The general structure

H= (? _Qs> , (1.1)

where all the above operators satisfy Q = T*, P = P*, S = S* and S >
c¢1I > 0. Moreover we assume that P, Q, S, ,T, S™'T and QS~'T send
DO into Ho.

In the Dirac-Coulomb case our choice was Ho = L?(R?,C?) and

P=V+2—7 Q=T=—-ic-V, S=~v-V,

taken into account here is:

where V is a potential bounded from above satisfying

sup |z||[V(z)] < 1. (1.2)
z#0

Moreover, o;, i = 1,2,3, are the Pauli matrices (see Ref. 4) and ~ is a
constant slightly above maxgs V(). For Dy we chose C2°(R3?,C?). Note
that in our paper Ref. 4, where we deal with Dirac-Coulomb like operators,
there is an omission. We forgot to specify the conditions on the potential
V so that QST is a symmetric operator on C°(R3,C?). The natural
condition is that each component of

(v V)2vV
is locally square integrable. This is easily seen to be true for the Coulomb-
type potentials.

In the general context of the operator H, as defined in (1.1), our main
assumption is that there exists a constant co > 0 such that for all u € Dy,

Gy (u,u) := ((S+ 2) " "Tu, Tu) + ((P — c2)u,u) > 0. (1.3)

Note that since %qa(u,u) < —(u,u), (1.3) implies in fact that for all
0 < a < ¢y and for all u € Dy,

ga(u,u) == ((S+ ) 'Tu, Tu) + ((P — a)u,u) > 0. (1.4)



Self-adjointness via Hardy-like inequalities 43

Another consequence of assumption (1.3) is that the quadratic form
qo(u,u) = (SilTu,Tu) + (Pu,u) , (1.5)
defined for u € Dy, is positive definite:
qo(u,u) = (S_lTu,Tu) + (Pu,u) > co(u,u).

Note that the operator P+ QS~'T which is associated with the quadratic
form qq is actually the Schur complement of —S. Note also that by our
assumptions on P, @, T'S and by (1.3), for any 0 < a < ¢, g4 is the
quadratic form associated with a positive symmetric operator. Therefore
(by Thm. X.23 in Ref. 8), it is closable and we denote its closure by g, and
its form domain, which is easily seen to be independent of a (see Ref. 4)
by H41. Our main result states the following:

Theorem 1.1. Assume the above hypotheses on the operators P,Q,T,S
and (1.3). Then there is a unique self-adjoint extension of H such that the
domain of the operator is contained in Hiq1 X Ho.

Remark 1.1. Note that what this theorem says that “in some sense” the
Schur complement of —S is positive, and therefore has a natural self-adjoint
extension, then one can define a distinguished self-adjoint extension of the
operator H which is unique among those whose domain is contained in the
form domain of the Schur complement of —S times Hj.

2. Intermediate results and proofs

We denote by R the unique selfadjoint operator associated with gy: For all
u € D(R) C Hsa,

qo(u,u) = (u, Ru) .

R is an isometric isomorphism from H,; to its dual H_;. Using the second
representation theorem in Ref. 5, Theorem 2.23, we know that H; is the
operator domain of R'/2, and

qo(u,u) = (R1/2u, R1/2u) ,
for all u € Hyq.

Definition 2.1. We define the domain D of H as the collection of all pairs
u € Hyq, v € Hg such that

Pu+Quv, Tu—Sve Hy. (2.1)
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The meaning of these two expressions is in the weak (distributional)
sense, i.e., the linear functional (Pn,u) + (Q*n,v), which is defined for all
test functions n € Dy, extends uniquely to a bounded linear functional on
Ho. Likewise the same for (—Sn,v)+ (T*n,v).

On the domain D, we define the operator H as

U Pu+ Qu
H = .
(v) (Tu - Sv)
Note that for all vectors (u,v) € D the expected total energy is finite.
The following two results are important in the proof of Theorem 1.1.
Proposition 2.1. Under the assumptions of Theorem 1.1

My C {u €Ho: S 'Tue Ho} : (2.2)

where the embedding holds in the continuous sense. Therefore, we have the
‘scale of spaces’ Hy1 C Ho C H_1.

Proof. Choose ¢s > a > 0. Since S > ¢11, we have for all 0 < § < cffa
St —(S+a)t>652,
and so, for all u € Dy,

qo(u, 1) > qo(u,u) + o (u,u) + 6 (S~ Tu, S~ Tu)
> 6 (u,u) + 6 (S™ Tu, ST Tu) .

The proof can be finished by density arguments. O

Lemma 2.1. For any F in Hy,
QS'FeH_,.
Proof. By our assumptions on H and by Proposition 2.1, for every n € Dy,
(ST, F)] <672 |Inllw, [Fl2 -
Hence, the linear functional
n— (Q"n,S™'F)

extends uniquely to a bounded linear functional on Hy;. |

Proof of Theorem 1.1. We shall prove Theorem 1.1 by showing that
H is symmetric and a bijection from its domain D onto Hy. To prove the
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symmetry we have to show that for both pairs (u,v), (@, 0) in the domain

D
(H <Z) : <z)> = (Pu+ Qu, @) + (Tu — Sv, ¥)

(u, Pii+ Qb) + (v, Tii — S7) = ((Z) H (Z)) .

First, note that since (u,v) is in the domain,

S(v—S™'Tu) € Hop) . (2.3)

)

equals

We now claim that
(Pu+ Qu, @) = (Ru,@) + (S(v — S Tu), S™'Ta).

Note that each term makes sense. The one on the left, by definition of
the domain and the first on the right, because both w, % are in Hyq. The
second term on the right side makes sense because of (2.3) above and Propo-
sition 2.1. Moreover both sides coincide for @ chosen to be a test function
and both are continuous in @ with respect to the H; -norm. Hence the
two expressions coincide on the domain. Thus we get that

() ()

(Ru,@) — (S(v— S~ 'Tu), o — S™'Ta),

equals

an expression which is symmetric in (u,v) and (@, ?). To show that the
operator is onto, pick any Fj, Fy in Hg. Since R is an isomorphism, there
exists a unique w in Hy; such that

Ru=F +QS'F;. (2.4)

Indeed, F is in Ho and therefore in H_1. Moreover the second term is also
in H_; by Lemma 2.1.
Now define v by

v=8"YTu-F), (2.5)
which by Proposition 2.1 is in Hy.
Now for any test function n we have that
(P, w) + (@, v) = (Pn, u) + (T, v)
= (Pn, u) + (Tn, S™'Tu) + (T, (v — S~ 'Tu))
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which equals
(n, Ru) + (T, (v — S~ Tu) = (n, F)

This holds for all test functions 7, but since Fj is in Hg, the functional
n — (Pn, u) + (T, v) extends uniquely to a linear continuous functional
on Hy which implies that

PU+Q’U:F1 .

Hence (u,v) is in the domain D and the operator H applied to (u,v) yields
(F1, Fy).
Let us now prove the injectivity of H. Assuming that

()-)

v=8"1Tu, Ru=0.

we find by (2.4) and (2.5),

Since R is an isomorphism, this implies that u = v = 0.

It remains to show the uniqueness part in our theorem. By the bijectivity
result proved above, for all (2) € Ho?, there exists a unique pair (a,0) €
Hi1 x Ho such that H(}) = (%) Let us now pick any other self-adjoint
extension with domain D’ included in H.; x Hg . Then for all (u,v) € D',
H(") belongs to Ho?. Hence there exist a unique pair (,9) € Hy1 X Ho
such that H (Z) =H (';) But, by the above considerations on injectivity,
u =4 and v = 0. Therefore, D’ C D and so necessarily, D’ = D. O
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We analyze the spectrum of the generalized Schrodinger operator in
L2 (R¥), v > 2, with a general local, rotationally invariant singular interaction
supported by an infinite family of concentric, equidistantly spaced spheres. It
is shown that the essential spectrum consists of interlaced segments of the
dense point and absolutely continuous character, and that the relation of their
lengths at high energies depends on the choice of the interaction parameters;
generically the p.p. component is asymptotically dominant. We also show that
for v = 2 there is an infinite family of eigenvalues below the lowest band.

Keywords: Schrodinger operators, singular interactions, absolutely continuous
spectrum, dense pure point spectrum

1. Introduction

Quantum systems with the spectrum consisting of components of a different
nature attract attention from different points of view. Probably the most
important among them concerns random potentials in higher dimensions
— a demonstration of existence of a mobility edge is one of the hardest
questions of the present mathematical physics. At the same time, a study of
specific non-random systems can reveal various types of spectral behaviour
which differ from the generic type.

An interesting example among these refers to the situation where the
spectrum is composed of interlacing intervals of the dense point and abso-
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lutely continuous character. A way to construct such models using radially
periodic potentials was proposed in Ref. 10 since at large distances in such
a system the radial and angular variables “almost decompose” locally and
the radial part behaves thus essentially as one-dimensional there are spec-
tral intervals where the particle can propagate, with the gaps between them
filled densely by localized states.

To be specific consider, e.g., the operator t = —d?/dx? + ¢(x) on L?(R)
with ¢ bounded and periodic. By the standard Floquet analysis the spec-
trum of t is purely absolutely continuous consisting of a family of bands,
o(t) = U,ICVZO[E%,E%H], corresponding to a strictly increasing, generi-
cally infinite sequence {Ej}_,. Suppose now that the potential is mirror-
symmetric, g(z) = ¢(—x), and consider the operator

T=—-A+q(|z])

on L?(R¥), v > 2. It was shown in Ref. 10 that the essential spectrum of
T covers the half-line [Ey, c0), being absolutely continuous in the spectral
bands of t and dense pure point in the gaps (Eog_1, Fax), k=1,...N.

The well-known properties of one-dimensional Schrodinger operators tell
us that the dense point segments in this example shrink with increasing en-
ergy at a rate determined by the regularity of the potential. If we replace the
bounded ¢ by a family of § interactions, the segment lengths tend instead
to a positive constant, see Ref. 5. Nevertheless, the absolutely continuous
component still dominates the spectrum at high energies.

The aim of this paper is to investigate a similar model in which a family
of concentric, equally spaced spheres supports generalized point interactions
with identical parameters. We will demonstrate that the interlaced spectral
character persists and, depending on the choice of the parameters, each
of the components may dominate in the high-energy limit, or neither of
them. Specifically, the ratio of the adjacent pp and ac spectral segments,
(Eak — Fag—1)/(Eak+1— Eak ), has three possible types of behaviour, namely
like O(k#*) with g = 0,+1. What is more, in the generic case we have y =1
so the dense point part dominates, which is a picture very different from
the mobility-edge situation mentioned in the opening. Apart from this main
result, we are going to show that the interesting result about existence of
the so-called “Welsh eigenvalues” in the two-dimensional case’'!* also
extends to the situation with the generalized point interactions.
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2. The model

As we have said, we are going to investigate generalized Schrodinger opera-
tors in R, v > 2, with spherically symmetric singular interactions on con-
centric spheres, the radii of which are supposed to be R,, = nd+d/2,n € N.
It is important that the system is radially periodic, hence the interactions
on all the spheres are assumed to be the same. In view of the spherical
symmetry we may employ the partial-wave decomposition: the isometry
U : L2((0, 00),r*~tdr) — L2(0, 00) defined by Uf(r) = r“= f(r) al-
lows us to write L2(RY) = Dicn, U~1L%(0, o0) ® S;, where S is the I-th
eigenspace of the Laplace-Bertrami operator on the unit sphere. The oper-
ator we are interested in can be then written as

Ha =P U HA U@ L, (2.1)
l

where |; is the identity operator on S; and the [-th partial wave operators

d? 1 [(v=1)(v—3)
dr? r?[ 4

are determined by the boundary conditions® at the singular points R,

()= (D) e

in the transfer matrix A := e (7 g) the parameters «, 3,7, d are real and
@

Hay = — Fll4v— 2)} (2.2)

satisfy the condition af — v0 = —1. In other words, the domain of the
selfadjoint operator Hp ; is

D(Hpy) = {f € L2(0, 00) : f, f' € ACioe((0, 50) \ Up{Rn});

L {Wﬁﬂ(uu—m]feﬁ(& 00);

F(R,+) = AF(R,—) |, (2.4)

where the last equation is a shorthand for the boundary conditions
(2.3). If the dimension v < 3 we have to add a condition for the be-
haviour of f € D(H;) at the origin: for v = 2,1 = 0 we assume that
lim, o4 [v7In7]71f(r) = 0, and for v = 3,1 = 0 we replace it by
f(0+) = 0. Since the generalized point interaction is kept fixed, we will
mostly drop the symbol A in the following.

2For relations of these conditions to the other standard parametrization of the generalized
point interaction, (U — INF(Ry) + (U + I)F'(Ry,) = 0, see Ref. 4
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3. Generalized Kronig-Penney model

As in the regular case the structure of the spectrum is determined by the
underlying one-dimensional Kronig-Penney model. We need its generalized
form where the Hamiltonian acts as the one dimensional Laplacian except
at the interaction sites, z, := nd + d/2, n € Z, where the wave functions
satisfy boundary conditions analogous to (2.3). To be explicit we consider
the four-parameter family of self-adjoint operators

hAf = //7

3.1
D(hy) = {f € H22(R\ Up{zp}) : Flan+) :AF(%_)} (3.1)

where the matrix A has been introduced in the previous section (without
loss of generality we may assume y = 0 because it is easy to see that
operators differing by the value of x are isospectral). Spectral properties
of this model were investigated in Refs. 3,6 where it was shown that the
following three possibilities occur:

(i) the d-type: 8 =0 and v = § = 1. In this case the gap width is asymp-
totically constant; it behaves like 2|a|d™t + O(n~!) as the band index
n — o0o. This is the standard Kronig-Penney model.

(ii) the intermediate type: 8 = 0 and |y + §| > 2. Now the quotient of
the band width to the adjacent gap width is asymptotically constant
behaving as arcsin(2|§ + v|71)/ arccos(2[§ + v|71) + O(n™1).

(iii) the 0'-type: the generic case, § # 0. In this case the band width is
asymptotically constant; it behaves like 8|3d|~™! + O(n~1!) as n — co.

Recall that these types of spectral behaviour correspond to high-energy
properties of a single generalized point interaction as manifested through

4 etc.

the scattering, resonances,

There is one more difference from standard Floquet theory which we
want to emphasize. It is well known [17, Thm 12.7, p. 188] that in the
regular case the spectral edge Ej corresponds to a symmetric eigenfunction.
In the singular case this is no longer true; one can check easily the following

claim.

Proposition 3.1. Let u be an a-periodic solution of the equation —u'' =
Eou on (—d/2, d/2) with U(xp,+) = AU(x,—), where Ey := info(hy).
Then w is periodic for 8 > 0 and antiperiodic for § < 0.

To finish the discussion of the one-dimensional comparison operator, let
us state three auxiliary results which will be needed in the next section.
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Lemma 3.1. There is a constant C > 0 such that for every function u in
the domain of the operator hy it holds that

[/l < C(Mhaull + [Jull) - (3-2)

Proof. We employ Redheffer’s inequality'® which states that

b b b
[w@rd <o | [lw@pdes [ jupP e

holds for any u twice differentiable in an interval [a, b] and some C’ > 0;
then we get an inequality similar to (3.2) for the squares of the norms by
summing up these inequalities with @« = z,,, b = 41, and the sought result
with C' = 2C" follows easily. O

Lemma 3.2. The set of functions from D(hy) with a compact support is
a core of the operator hy.

Proof. Toagivenu € D(hy) and € > 0 we will construct an approximation
function u, € D(ha) which is compactly supported to the right, i.e., it
satisfies sup supp u. < oo, and

/R (Ju—u|® +[u" —u?)(t)dt <.
Given z € R and d > 0 we can employ for a function v € H*?(z,x +d) the
Sobolev embedding,

[o(@)? + 0" (@)]* < sup Ju(B)]® + o' ()]
t€lx, z+d|

x+d
<o / (of? + [o"[2)(£) dt

with a constant C; which depends on d but not on z. Let us take next a
pair of functions, ¢; € C*(0,d), i = 1,2, such that they satisfy ¢;(0) =
¢5(0) = 1 and ¢1(0) = ¢2(0) = ¢i(d) = ¢j(d) = 0. Denote by M; the
maximum of |¢;(¢)|? + |¢7(t)|> and put M := max{Mj, Ms}; then it holds

d
/ (lags + bel? + [ad! + bdl|?)(t) dt < 2Md(a® + 12).
0
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In view of the assumption made about the function u we can find n such
that [ (lu> + |u”[?)(t)dt < & := /(2 + 8MdC)) and define

u(x) if x <z,
ua(x) = u(xn+)¢l(x) + ul(xn+)¢2(m) if z€ ((En, Tn + d)
0 if T >x,+d

Then u. belongs to D(hy) being compactly supported to the right and

oo

/ (u—uel? + [ — ) () dt < 2 / ([l 4 a2 + Jue? + [l [2)(£) dt
R

Tn

= 2/OO(|“|2 + [u”[?)(t) dt + 8Md(|u(za)[* + [/ (za)[?)

< (24 8MdCy) / (Jul* + [u"|?)(t) dt < (2+8MdCy)E =¢.

Tn
Furthermore, one can take this function u. and perform on it the analogous
construction to get the support compact on the left, arriving in this way at
a compactly supported 4. such that

/ (Ju — el + " — @) (1) dt < 2¢,
R
and since € was arbitrary by assumption the lemma is proved. O

The last lemma is a simple observation, which is however the main tool
for conversion of the proofs in the regular case to their singular counterparts.

Lemma 3.3. Let u, v € D(hy), then the Wronskian
Wia, v)(z) := u(z)v' () — @ (z)v(z) (3.3)
18 a continuous function of x on the whole real axis.
Proof. The condition a5 —~d = —1 for the transfer matrix A is equivalent
to A*o9A = 09, where 05 is the second Pauli matrix.? Then we have
Wla, v)(xn+) = iU (zp+)02V(zp+) = (AU (zp,—)) 02 AV (2,—)
=iU"(zy,—)o2V(x,—) = Wz, v](x,—),
which concludes the proof. O
The way in which we are going to employ this result is the following. Sup-
pose we have real-valued functions ug, vy, v which are H? 2 away from the

points x,, and satisfy the boundary conditions (2.3) at them. Let, in addi-
tion, Wlug, vo] be nonzero — in the applications below this will be true as
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ug, vop will be linearly independent generalized eigenfunctions of hy — then
by the lemma the vector function

-1 / /

Ug Vo u 1 VU — VoU
= = 3.4
Yy [U(/) ’U(l):| (u/> " [’LL(), UO} (—ugu—i-uou’) ( )

is continuous everywhere including the points x,,.

4. The essential spectrum

Now we are going to demonstrate the spectral properties of Hy announced
in the introduction. We follow the ideology used in the regular case,?!?
localizing first the essential spectrum and finding afterwards the subsets
where it is absolutely continuous. In view of the partial wave decomposition
(2.1) it is natural to start with the partial wave operators H;.

The essential spectrum is stable under a rank one perturbation, hence
adding the Dirichlet boundary condition at a point a > 0 to each of the
operators H;, hy we do not change their essential spectrum. Moreover, mul-
tiplication by Cz~2 is a relatively compact operator on L?(a,0o), thus the
essential spectra of the said operators coincide,

Jess(Hl) = Uess(hA)~ (41)
With this prerequisite we can pass to our first main result.

Theorem 4.1. The essential spectrum of the operator (2.1) is equal to

Uess(HA) = [lnf Uess(hA)a OO) . (42)

The idea of the proof is the same as in Ref. 9: First we check that
inf o.ss(Ha) cannot be smaller than inf o.s5(ha), after that we show that
0ess(Ha) contains the whole interval [inf o.ss(ha), 00).

Proposition 4.1. Under the assumptions stated we have

inf 0ss(Ha) > inf oess(ha) - (4.3)

Proof. If v > 2 we infer from equations (4.1), (4.4) that
inf oess(Ha) > irllf info(H;) = inf oess(ha);
notice that with the exception of the case v = 2, [ = 0 the centrifugal term

in the partial waves operators (2.2) is strictly positive, and consequently,
the mini-max principle implies

info(H;) > info(hy) = inf o.55(H;) > inf o(H;). (4.4)
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For v = 2 the argument works again, we have just to be a little more
cautious: for the operator A := EB#O U~'H;U®I,; the above reasoning yields
inf oe55(A) > inf oes5(ha) and the proposition follows from the equation

inf oo (U HoU @ lg) @ A) = min(inf ooss(Ho), inf oeqs(A)). O
Proposition 4.2. o.55(Hp) D [inf oess(ha), 00].

Proof. The idea is to employ Weyl criterion. Let A\g € 0ess(ha) and A > 0,
then we have to show that for every € > 0 there exists a nonzero function

¢ € D(Hy) satisfying  [|(Ha — X0 — A)ol| < &|¢].

Basic properties of the essential spectrum together with Lemma 3.2 provide
us with a compactly supported u € D(ha) such that [[u” — Agul| < ie. In
view of the periodicity we may suppose that suppu C (0, L). Next we
are going to estimate A\ by the repulsive centrifugal potential in a suitably
chosen partial wave. Putting I := [VAR] we have

;{WHR(ZRH—?)] = A+ OR™Y) for relR R+ L

as R — oo, hence choosing R large enough one can achieve that

sup 12|:(V_114(V_3)+1R(1R+1/—2):|—)\‘§;

re[R, R+L] | T

Next we employ the partial wave decomposition, considering a unit vector
Y € S,. and putting ¢(z) := U~ u(|z| — R)Y (z/|]). It holds obviously
¢ € D(Ha), ||¢ll = [lu(- = R)[|, and®

[Hao — (Ao + M)l = [[Hizu(r — R) = (Ao + MNu(r — R)||
< |lu”(r = R) = Xou(r — R)||
H< [ =1 ( ) +zR(zR+y2)} )\> u(rR)H <elol,

which concludes the proof. O

Once the essential spectrum is localized, we can turn to its continuous
component. In view of the decomposition (2.1) we have to describe the
continuous spectrum in each partial wave and the results for Hy will im-
mediately follow; recall that the essential spectrum of H; consists of the

PFor the sake of simplicity we allow ourselves the licence to write || f|| = || ()|l = || £(r)]]
in the following formula.
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bands of the underlying one-dimensional operator hy. Our strategy is to
prove that the transfer matrix — defined in the appendix, Sec. 5 below
— is bounded inside the bands, which implies that the spectrum remains
absolutely continuous.®'6 The following claim is a simple adaptation of
Lemma 2 from Ref. 10 to the singular case.

Lemma 4.1. Let (a, b) be the interior of a band of the operator hy in
Lo(R). Let further K C (a, b) be a compact subinterval, ¢ € R, and x¢ > 0.
Then there is a number C' > 0 such that for every A € K any solution u of

"+ T%u = u, wue D(hy) (4.5)
with the normalization
lu(o)|? + [t/ (x0)[* = 1 (4.6)
satisfies in (xg,00) the inequality

u(@)]* + ' (@) < C. (4.7)

Proof. For a fixed A\ € K the equation haw = Aw has two real-valued,
linearly independent solutions, ug = ug(-, A\) and vg = vo(-, A), such that
ug, vp € D(hp) and the functions |ugl, |ugl, |vol, |v)| are periodic, bounded,
and continuous with respect to A, cf. Ref. 17). Without loss of generality
we may assume that the determinant of the matrix

up Vo
Y = A,
Up Yo

equals one; note that ug, vy are real-valued and hence detY is continuous
at the singular points in view of Lemma 3.3. It is also nonzero, hence to
any solution u of (4.5) we can define the function

which satisfies
y' = Ay on every interval (na, (n+ 1)a), (4.8)

where the the matrix A is given by

2
C |[UpVo (¥

2?2 | —ud —ugvo
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being integrable away from zero. By a straightforward calculation we get

/ I
_ [ VhU — Vou }

—upu + upu'

and using Lemma 3.3 again we infer that y is continuous at the singular
points. Consequently,

¥(2) = exp { / At by(oo)

is a solution of (4.8) and following Ref. 10 we arrive at the estimates

1
() <10 ) < 1 Alllyf?

which further yield
P < o) exp {2 [l et} < v ol exo {2 [ 1410 e}
xo Zo
for x > xo and every solution of (4.5) with the normalization (4.6). From

u(z) 1 u(zo) /
=Y(x)Y Y (z2)A(t)y(t)dt
o= vy | 500+ [vaoue
zo
we then infer that the function |u(-)|? + |u/(-)|? is bounded in the interval
(20, 00) which we set out to prove. |

Now we are ready to describe the essential spectrum of Hy.

Theorem 4.2. For Hy defined by (2.1) the following is true:

(i) For any gap (Eak_1, Ea) in the essential spectrum of hy,

(a) Ha has no continuous spectrum in (Fag—1, For), and
(b) the point spectrum of Hp is dense in (Fak—1, Fok).

(ii) On any compact K contained in the interior of a band of hp the spec-
trum of Hy is purely absolutely continuous.

Proof. (i) By (4.1), none of the operators H;, [ = 0, 1, 2,... has a con-
tinuous spectrum in (Eai_1, Fak), hence Hy has no continuous spectrum
in this interval either. On the other hand, the entire interval (Eox_1, Eoy)
is contained in the essential spectrum of Hy; it follows that the spectrum
of Hy in (Eak_1, Eay) consists solely of eigenvalues which are necessarily
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dense in that interval.

(ii) The claim follows from the previous lemma and Refs. 8,16. To make
the article self-contained we prove in the appendix a weaker result which
still guarantees the absolute continuity of the spectrum in the bands in our
singular case. O

Remark 4.1. The distribution of eigenvalues of the operators partial wave
H; in the gaps of the underlying one-dimensional operator was studied in
Refs. 2,12 Specifically, let ¢(-) be a periodic function and (a, b) an interval
inside a gap of the operator —j—; +q(z), then there is a numerical evidence?
for the conjecture that the number of eigenvalues of the operator —% +
q(r)+ =% in the said interval is proportional to y/c. A similar question could
be asked in the singular case but we do not address it here.

5. The discrete spectrum

Recall that with the exception of the case v = 2,1 = 0 the centrifugal
term in the partial waves operators (2.2) is strictly positive, hence by the
mini-max principle there is no discrete spectrum below Ejy. On the other
hand, in the two-dimensional case Brown et al. noticed that regular radially
periodic potentials give rise to bound states’ which they named to honor
the place where the observation was made. Subsequently Schmidt'# proved
that there are infinitely many such eigenvalues of the operator Hy below
inf gess(Ha ). Our aim is to show that this result persists for singular sphere
interactions considered here.

Theorem 5.1. Let v = 2, then except of the free case the operator Hy has
infinitely many eigenvalues in (—oo, Ey), where Ey := inf oess(Hp).

Proof. The argument is again similar to that of the regular case,'® hence
we limit ourselves to just sketching it. First of all, it is clear that we have
to investigate the spectrum of Hy o.

Let u, v be linearly independent real-valued solutions of the equation
haz = Eyz, where v is (anti)periodic — cf. Proposition 3.1. — satisfying
Wlu, v] = 1. We will search for the solution of Hoy = —y” — 5y = Eoy,
we are interested in, using a Priifer-type Ansatz, namely

Y U v sin 7y
r ] = A R )
Y u' v cosy

where a is a positive function and - is chosen continuous recalling
Lemma 3.3 and eq. (3.4). It is demonstrated in Ref. 15 that the function



Spectra for Hamiltonians with concentric-shell singular interactions 59

~(+) and the standard Priifer variable (-), appearing in

v\ cos 6
()= (nd).

are up to a constant asymptotically equal to each other as r — oo. Accord-
ing to Corollary 5.1 there are then infinitely many eigenvalues below Ej if
#, and therefore also +, is unbounded from below.

Now a straightforward computation yields

! L (usin cos )2 L cos? (1 tan Y )2
= ——(usiny —v =-= u -—).
V=13 o v 1 o8’y o

Furthermore, the Kepler transformation given by the relation tan¢ =
(r~Ytan~y — r~tv/u) satisfies y(r) = ¢(r) + O(1) as r — oo, and

1 1 1
¢ = f(fsinqﬁcosqﬁf Zuzsin2q§f —QCOSZQS)
r u

1 /1 1 1 1
_ 9 (7_7 )‘2 1
27“( —|—4u + sin 2¢ + 1u ) cos ¢> (5.1)

holds on R\ U, {r,} with the discontinuity

1 g
E u(rn+)u(r,—) ’

where (3 is the parameter appearing in (2.3). A direct analysis of the equa-
tion (5.1) shows that ¢’ < 0, and owing to (5.2) and Proposition 3.1 the
corresponding discontinuity is strictly negative for 8 # 0. Hence ¢ is de-
creasing and there is a limit L = lim,_ ., ¢(r). Suppose that L is finite.
Then the condition | [ ¢/(t) dt| < co gives

tan ¢(rp,+) — tan ¢(r,—) = — (5.2)

+ iuQ(rH—sin 2¢(r) + < . 1uz(r)> cos2¢(r) =0 as 71— 00

u(r) 4
(5.3)

and, as u is (anti)-periodic and ¢ tends to a constant, we infer that u?

u?(r)

constant also, not only asymptotically but everywhere. With the exception
of the free case this may happen only for pure repulsive ¢’ interaction,
B>0,a=0,v=20=1. To finish the proof we employ eq. (5.3) again and
observe that L # 7/2 (mod 7) holds necessarily. We thus find a monotonous
sequence of points r,, such that ¢(r,—) < Z (1+ [2£]), where [] is the
integer part. Since ¢ is monotonous we have ¢(r,+) > L, hence all these
points belong to the same branch of the tan function. Summing then the
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discontinuities (5.2) we get
N
tan p(ry+) — tan p(rp,—) < Z tan ¢(r;+) — tan ¢(r;—)

N 3
- ; r; uw(ri+)u(r;—) "’

where the right-hand side diverges as N — oo for any § > 0, while the
left-hand side tends to a finite number tan(L) — tan ¢(r,—). Hence L can
be finite for the free Hamiltonian only, which was to be demonstrated. 0O

Appendix A: Continuous spectra for one dimensional
Schrodinger operators with singular interactions

In this appendix we consider Schrédinger operators on a half-line,
(Hu)(z) = —u"(z) + V(z)u(x) (5.1)
w(0) =0, U(xyn+)=AU(zp—),

where we suppose that the condition

/ W2 < 8 / (Huf? + Jul?), (5.3)
K K

holds for some 3, K > 0 and every u € D(H). This is obviously the case of
operators Hy ;, where in the dimension v > 2 we may put K = 0, while for
v = 2 we have to choose K > 0.

Given a solution u of Hu = Fu we define the transfer matrix T(E, z, y)

e () = (i) o

Our purpose is to prove the following result.

at energy F by

Theorem 5.2. Let T(E, x, y) be bounded on S. Then for every interval
(E1, E2) C S we have pac((E1, E2)) > 0 and ps.((E1, E2)) = 0, where p
denotes the spectral measure associated with the operator H.

Following Ref. 16 we employ the theory of Weyl m-functions. For £ €
C; = {z, Imz > 0}, there is a unique solution u4 (z, E) of Huy(z, E) =
Eu, (x, E) with u; € L? at infinity, which is normalized by u, (0, E) = 1.
We define the m-function by

m(E) =, (0, B);



Spectra for Hamiltonians with concentric-shell singular interactions 61
the spectral measure p is then related to it by
1. )
dp(E) = —lim Imm (E + ig),
T el0

where the imaginary part at the right-hand side can be expressed as
Imm, (E) = ImE/OO luy (2, E)|*dz. (5.5)
0
It is known, see Ref. 16 and references therein, that
SUpp Pse = {E : lsiFolImer(E +ie) = oo} ,

while dpec(E) = 2Imm, (E + i0)dE. Theorem 5.2 is then an immediate
consequence of the following result.

Theorem 5.3. If T(E, z, y) be bounded as above and E € (Ey, Es), then

liminf Immy (E +i0) >0 and limsup Imm,(E +i0) < co.

Proof. For z # x,, we have the relations

- (e

5 (T(Bs 2 )T (B, . ) = (B = E)T(En ) () T(E2, . ).

It is straightforward to verify that T(E, z, y)T(E2, y, ) is continuous at
singular points with respect to y and hence

“ 01
1—T(E17 x, O)T(EQ7 0, J,‘) = / (El—EQ)T(El, Z, y) (0 0) T(EQ, Y, .’lf)dy
0

Now we put Fy = E, Ey = E +ie and multiply by T(F +i¢, x, 0) from the
right to get the formula

¥ 1
T(E+iz, 7, 0) = T(E, 7, 0) - (ie)/ T(E, 7, ) (8 0> T(E +ie, y, 0)dy.
0
By assumption we have | T(E, z, y)|| < C, and therefore
IT(E+ie, 2, 0) < C e [ CIT(E+ie, v, 0)]dy.
0

so by an iteration we get

|T(E +ie, z, 0)]| < Ce=C,
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Note that det T =1 so ||T|| = ||T~}||. Putting now v = ((E +1)282 +1)7!
and using the condition (5.3) we get

/ fu(z)Pdz > 4 / (u(@)[? + o (2)]?)dz
0 K
> O™y (1 +[m ) / ™ ¥ da,
K
hence by (5.5) we infer that
1
Immy > 50_37(1 +[my 7).

From here the first claim follows immediately, and since

1+ [my |

2c3771 >
- Imm+

> |7TL+|,

we get also the remaining part. O

Appendix B: Oscillation theory for singular potentials

In the case of point interactions the classical oscillation theory fails due to
the discontinuity of the wave functions. Nevertheless, we can employ the
continuity of the Wronskian and formulate the oscillation theory using the
approach of relative oscillations.” The aim of this appendix is to present
briefly the basic theorems; since the claims are the same as in the regular
case we follow closely the above mentioned article. The same applies to
the proofs which are again closely similar to those in the regular case; to
observe the volume limit set for these proceedings contribution we refrain
from presenting them.

We consider Schrodinger-type operators on L?(I_, [) with the singular
interactions at the points z,, € (I—, I4), n € M C N which act as

Tu(z) = —u"(z) + q(z)u(x),

with a real-valued potential ¢ € L (I_, ;) and the domain

loc

D(T) = {u u € ACIOC((Z_, o\ U {xn}) :
neM
Tue Li (1_,1;) and U(z,+)= AnU(:rn—)} .

Such an operator is obviously symmetric. Denote by H an arbitrary self-
adjoint extension of it satisfying either
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(a) T is limit point in at least one endpoint, or
(b) H is defined by separated boundary conditions.

By v¢+(E,z) we denote the real-valued solutions of the equation
Ty (E, x) = Evy(F, x), which satisfy the boundary conditions defining
H at the points l4, respectively. Note that such solutions may not exist,
the theorems given below implicitly assume their existence. In particular,
their existence is guaranteed for energies E outside the essential spectrum.
Moreover, in view of the analyticity in the spectral parameter we may use
the oscillation theory also at the edges of the essential spectrum.

The first theorem to follow provides the basic oscillation result, while the
corollary of the second one is the result used in Section 5. By Wy(uy, ug) we
denote the number of zeros of the Wronskian Wus, uz|(z) in the open in-
terval (I_, I ), and given E; < E», we put No(E1, Es) = dimRanP (g, g,),
where P is the spectral measure of the self-adjoint operator H; we note
that No(E1, E2) may even be infinite. In particular, in case of the pure
point spectrum No(Eq, Es) simply denotes the number of eigenvalues in
the interval (Ey, Es).

Theorem 5.4. Suppose that E1 < Es and put uy = ¢_(E1), us = ¥4 (E2).
Then Wo(ul, 'LLQ) = N()(El, Eg)

Theorem 5.5. Let By < Ey. Assume that either uy = ¢ (E1) or uy =
W_(E1) holds, and similarly either ug = 4 (Es) or ug = _(FE2). Then
Wo(u1, ug) < No(Eq, Es).

Next we introduce Priifer variables p;, 6; defined by

u; (T cosO;(x
/( ) = Pi (LL') : ( ) ’
ul(x) sin 0, (x)
where p; is chosen positive and 6; is uniquely determined by its boundary
value and the requirement that 6; is continuous on (I—, I+) \ U, cpr{®n}

while its discontinuity at the sites x, of the point interactions satisfies
|0;(zn+) — 0i(zn—)] = 0 (mod 7).

Corollary 5.1. Suppose that E7 is the edge of the essential spectrum, and
up = Y_(F1) or uy = ¥ (E1). Then H has infinitely many eigenvalues
below Ey if 01(+) is unbounded.

Proof. In analogy with the regular case the function 85 corresponding to
us = 4 (F) is bounded for negative F large enough. This implies that
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|#2 — 01| — oo and since Wuy, us](x) = p1(x)p2(x) sin(fz(x) — 61 (z)) we
get Woy(uq, ug) = co. Hence Theorem 5.5. completes the proof. O
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POINTWISE EXISTENCE OF THE LYAPUNOV
EXPONENT FOR A QUASI-PERIODIC EQUATION
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In this note, we discuss the point-wise existence of the Lyapunov exponent for
the ergodic family ¥(n + 1) + ¢ (n — 1) = 2Xe?™/2 sin(rw(nw + 6))¥(n), n € Z.
Here, A > 1 is a fixed coupling constant, w € (0,1) is a fixed frequency, and
0 € [0,1) is the ergodic parameter numbering the equations. This is actually the
Almost Mathieu equation with zero spectral parameter (and complex coupling
constant). This model is related to various self-adjoint models via a cocycle
representation. The existence of the Lyapunov exponent and the behavior of
the solution can be described quite explicitly.

Keywords: Lyapunov exponent, quasi-periodic equation, ergodic family, Almost
Methiew operator

1. Introduction
1.1. Quasi-periodic finite difference equations

Consider the finite difference Schrodinger equation
(Ho)(n) = (n+1) +¢(n—1) +v(nw + 0)i(n) = Ep(n),  (1.1)

where v : R — R is continuous and periodic, v(z +1) =v(z), 0 <w <1
and 0 < 0 < 1. When w ¢ Q, the mapping n — v(nw + 0) is quasi-periodic.

The spectral theory of such quasi-periodic equations is very rich,
and the study has generated a vast literature; among the authors are
A. Avila, Y. Avron, J. Bellissard, J. Bourgain, V. Buslaev, V. Chulaevsky,
D. Damanik, E. Dinaburg, H. Eliasson, A. F., B. Helffer, M. Hermann,
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S. Jitomirskaya, F. K., R. Krikorian, Y. Last, L.Pastur, J. Puig, M. Shu-
bin, B. Simon, Y. Sina” i, J. Sjéstrand, S. Sorets, T. Spencer, M. Wilkinson
and many others (see e.g. Ref. 9 for a recent survey).

Speaking about intriguing spectral phenomena, one can mention for
example that:

e For such equations, the spectral nature depends on the “number theo-
retical” properties of the frequency w;

and that one expects that:

e Typically such equations exhibit Cantorian spectrum;
o o,,(Hp), the singular continuous spectrum, is topologically typical.

This has been well understood only for a few models, most prominently, for
the almost Mathieu equation when v(x) = 2 cos(z)).

1.2. Lyapunov exponent

One of the central objects of the spectral study of the quasi-periodic equa-
tions is the Lyapunov exponent. Recall its definition. Equation (1.1) can be
rewritten as

() =tms ()= (T

So the large n behavior of solutions to (1.1) can be characterized by the
limits (when they exist) :

TH(E0) = Tim_ % log [ M((n = Dw+0)--- M@ +w) M@)|  (1.3)

1
7 (B,0) = lim —log M~ —nw) - M0 — 2w) M1 — w)||
(1.4)

Furstenberg and Kesten have proved (see Ref. 2)

Theorem 1.1. Fixz E. For almost every 0, these limits exist, coincide and
do not depend on 6.

For energies E such that the limits exist, coincide and do not depend on 6,
their common value is called the Lyapunov exponent; we denote it by v(E).

We are interested in the pointwise (in both E and 6) existence of the
limits v+ (F, ) and v~ (E,0). We call them the right and left Lyapunov ex-
ponents. Speaking about the pointwise existence of the Lyapunov exponent
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itself, we say that it does not exist for a pair (E, §) when either at least one
of v£(E, ) does not exist or both of them exist, but at least one of them
differs from ~(E).

1.3. Lyapunov exponents and the spectrum

For w € Q, one has the following theorem by Ishii - Pastur - Kotani.?

Theorem 1.2. The absolutely continuous spectrum, oq.(Hy), is the essen-
tial closure of the set of energies where the Lyapunov exponent vanishes.

This theorem immediately implies (see Ref. 2)

Corollary 1.1. If y(FE) is positive on I, an interval, then the spectrum in
I (if any) is singular, c N1 C os.

As, in general, singular continuous spectrum can be present, in this state-
ment, one cannot replace o, the singular spectrum, with o,,, the pure
point spectrum. One may ask if it is possible to characterize the singular
continuous spectrum in terms of the Lyapunov exponent. Consider equa-
tion (1.1) on the interval E € I where v(E) > 0. Almost surely, for a given
0, the Lyapunov exponents exist a priori only almost everywhere in E. De-
note by I pyapunov the subset of I where v (E,0) and v~ (E,6) both exist
and are positive. For E € I yapunov , the solutions to (1.1) have to increase
or decrease exponentially (see, e.g., Ref. 2). This implies that the singular
continuous component of the spectral measure vanishes on I ryapunov - S0,
it can be positive only on I\ 1 Lyapunov - And, the latter must happen if the
spectrum on [ is singular continuous.

1.4. B. Simon’s example

We now recall an example by B.Simon showing that, for quasi-periodic
operators, one can find singular continuous spectrum on an interval where
the Lyapunov exponent is positive.

Consider the Almost Mathieu equation, i.e., equation (1.1) with v(#) =
2Xcosf.

For this equation, by Herman’s theorem,” v(E) > log \. We assume that
A > 1. Then, y(E) is positive for all E, and the spectrum is singular.

Let the frequency w be such that, for some infinite sequence (pp, gm) €
N x N*,

w — Pm < m Im .

dm
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Such Liouvillean frequencies are topologically typical but of zero measure.
One has

Theorem 1.3.?2 Under the above conditions, there are no eigenvalues and
the spectrum is purely singular continuous.

Note that this result is a consequence of a theorem by A. Gordon (see
Ref. 4,5) which roughly says that when the quasi-periodic potential can
be super-exponentially well approximated by periodic potentials, the equa-
tion (1.1) does not admit any decreasing solutions.

Note that actually, in the case of the almost Mathieu equation, Gordon’s
result implies that any of its solution ¢ satisfies the inequality

Tt oo max ( (), 6(£20m)) 2 36(0),
6(n) = (WG + D + () ).

This means that the corresponding generalized eigenfunctions have to have
infinitely many humps located at some of the points +¢,,, £2¢,,, m € N.
These humps prevent the solutions from being square summable.

1.5. Non-trivial model problem

In the present note, we concentrate on the model equation

Y(n+1)+¢(n—1) = Ivg(nw +0) Y(n), neZ, (1.5)
vo(0) = 2¢e™/ 2 sin(nh), (1.6)

where 0 < w < 1 is an irrational frequency, 1 < X is a coupling constant,
and @ is the ergodic parameter. Actually, up to a shift in 6, this is an Almost
Mathieu equation with the spectral parameter equal to zero.

We study this equation for the following reasons:

(1) A large part of analysis is quite simple whereas (we believe that) to
carry it out one has to use a non trivial renormalization procedure;

(2) The techniques developed in this study can be generalized to the case
of real analytic potentials v;

(3) This model is related to various self-adjoint models via a cocycle rep-
resentation (see Ref. 3), e.g., it comes up naturally when studying the
spectral properties of the equation

() +a) 6(I1—=1)/2+1¢1+ ¢2 — t) Y(t) = Ep(t).

1>0
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For the model equation (1.5), our ultimate goal is to describe the set of ¢
for which the Lyapunov exponent exists or does not exist and to describe
the solutions both when the Lyapunov exponent exists and does not exist.

We concentrate on the case of frequencies complementary to the fre-
quencies occurring Simon’s example. And, in the case when the Lyapunov
exponent does not exist, this leads to a new scenario for the behavior of
solutions of (1.1).

Our main tool is the the monodromization renormalization method in-
troduced by V. Buslaev - A. Fedotov originally for the semi-classical study
of the geometry of the spectrum of one dimensional finite difference almost
periodic equations, see Ref. 1. The idea was to construct Weyl solutions
outside the spectrum but, at each step of the renormalization, closer to
spectrum so as to uncover smaller and smaller gaps in the spectrum. Now,
essentially, we use it to study the solutions of the model equation on the
spectrum.

2. Existence of the Lyapunov exponent for the model
equation

We now formulate our results on the pointwise existence of the right Lya-
punov exponent y*(6) for the model equation (1.5); as we have set the
energy parameter, to a fixed value, we omit it in the Lyapunov exponents.
The right Lyapunov exponent is defined by the formula (1.3) with

M(z) = <A“01<9) ‘01> , 2.1)

where vy is given by (1.6). Note that for v~ (6), the left Lyapunov exponent,
one has similar results.

2.1. Main result

Here, we formulate a sufficient condition for the existence of the Lya-
punov exponent. Therefore, we need to introduce some notations. For

L=0,1,2..., define
1
WL+1 =19 —— ¢, Wo=w.
wr,

where {a} is the fractional part of a € R, and

1
ALy1 =A%, do=2A
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Remark 2.1. The numbers {w;}{2; are related to the continued fraction
expansion of w:

_ 1 _ 1 _ 1 _
_a1+w1_a1+a lw _a1 11 B
2 + w2 a+ gt
_ 1
= 1
ar +
L — —
as + ag + ...
where a1,a9,a3... € N are the elements of the continuous fraction for w.

It is well known that, for any [ € N, one has wjw;+1 < 1/2. This implies
that the numbers \; increase super-exponentially.

Furthermore, for a given w € (0,1) \ Q and s € (0, 1), define the following
sequence

wr—1

sy = {SL‘l}, s0 = 5. (2.2)

One has

Lemma 2.1. If s = kg 4+ woly, where ko, lg € Z, then:

e For all L, one has sy, = k;, +wrly with kg, l;, € Z;

o if ko > 0, then the sequence (kar)r>0 is monotonically decreasing until
it vanishes and then it stays constant equal to 0;

o Let kg > 0 and L be the first number for which kop, = 0, then

kzowowl cooWor—1 < 2.

For a given L € N, define K(2L,w) being the maximal ko such that
kor = 0 and set K (2L — 1,w) = K(2L,w). Now, we are ready to discuss
the Lyapunov exponent. We have

Theorem 2.1. Pick A > 1 and w € (0,1) irrational. Assume that there

exists a function M : N — N such that M (L) < L and that, for L — oo,
wM(L)wM(L)+1 oW1 — 0 and (23)
)‘M(L)WM(L)WM(L)+1 c..Wwp — 00,

For a given 0 < 0 < 1, the Lyapunov exponent v+ (0) for equation (1.5)

exists if, for all sufficiently large L, one has:

|9 —k— le| > Wow1 - - .wM(L)_le_ “LowLTUM(L)-1 (24)



72 A. Fedotov & F. Klopp

for all k,l € Z such that 0 < k 4+ lwy <1 and

~ i { L if L is even,

K(M(L),w) <k < K(L,w), L+1 otherwise. (2:5)

Furthermore, when ~7(0) exits, it is equal to log \.

One also has a similar statement on the pointwise existence of the left Lya-
punov exponent v~ . Note that for v~ to exist, 6 has to avoid neighborhoods
of the points k+Ilwg with negative k. Now, turn to a discussion of the results
given in Theorem 2.1.

2.2. Admassible frequencies

Denote by Q the set of w € (0, 1) satisfying the conditions of Theorem 2.1

2.2.1. The measure of §)

Khinchin’s famous result (see e.g. Ref 8) on the geometric means of the
products of the elements of the continued fractions implies

Lemma 2.2. mes 2 = 1.

Proof. Let {a;} be the elements of the continued fraction for w. By
Khinchin, for almost all w, one has limy_, (aias . ..aL)% = C, where
C = 2,6... is a universal constant. Pick [ € N. One has 2%” <wig < a%
Therefore, for almost all frequencies w,

T 1 1 . 1 1
limz oo (wWowi ... wp—1)" < Yok lim; _,  (wowy ...wp—1)* > ook
Such w belong to Q: in (2.3) one can take M (L) = [L/2]. O

2.2.2. Liouvillean numbers in §)

Recall that an irrational number w is called Liouvillean if, for any n € N,
there are infinitely many (p,q) € Z x N such that

(see e.g. Ref. 8). One has

Lemma 2.3. The set Q contains Liouvillean numbers satisfying

1

Pl 7
= e

q

¢ =c(w) >0, (2.6)
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for infinitely many (p,q) € Z x N.

Proof. We construct a Liouvillean w € © by choosing inductively (a;);>1,
the elements of its continued fraction. Therefore, we pick a; > 1 large and,
for all L > 1, we choose ar11 so that

1 — ala a
§aL+1 <(aiaz...ayr) I mazar < g, (2.7)

We now check that such an w belongs to €. Therefore, we check that one
has (2.3) for M (1) =1—1. As A > 1, the sequence (a;), is quickly increasing,
and so

w1 — 0, [ — oc. (2.8)

Furthermore, as, for all [ > 0, one has w; = (a;11 +wiy1) "', we get

\a1az-.ar > ajaz...ap—1

Wi—1wiA—1 >
daja;q 8

This implies that
Al—1wi—1wp — 00,

and so w € Q. Now, let us check that w satisfies (2.6) (and, thus, is a

Liouville number). Consider (%)7 the sequence of the best approximates

for w. Recall that (see e.g. Ref. 8), for all I € N,

Dl 1

w—= < — 2.9
’ @) T anq 29)
Q41 = G+1q + qi—1, ¢ =a, q =1L (2.10)
The relations (2.10) imply that
aap...az01 < q < Paj...aza1, P—ﬁ<1+ 1 ); (211)
aja+1

=1

the product P converges as the sequence (a;); is quickly increasing. Re-
lations (2.11) and (2.7) imply that a;41 > g ' A%/, This and (2.9) im-
ply (2.6). |
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2.3. The set of “bad” phases

For given A > 1 and w € (2, denote by O the set of phases § not satisfying
(2.4) for infinetly many L. One has

Lemma 2.4. The set © is topologically typical (countable intersection of
dense open sets) and, under the condition

o0

-1
Z ()\M(L)WJVI(L)WM(L)-H . .wL) < o0 (2.12)
L>0

(which is stronger than (2.3)), it has zero Lebesgue measure.

Proof. For a given L > 0, denote the set of 8 not verifying (2.4) by O,.

Then

o= U e (2.13)

N>0 L>N

Thus, © is a countable intersection of open sets. As w is irrational, the
points 0y, = k + wol (k,l € Z, k > 0) are dense in the interval (0, 1). So,
to complete the proof of the first property of ©, it suffices to show that the
set |J, <y ©r contains all the points 0 ; with k sufficiently large. But, this
follows from (2.5) and the inequality M (L) < I. Finally note that, by (2.4),

1
mes O < » K(L)wows .. .wM(L)_l)\M(L)*l

2 ~1
S — (/\M(L)wM(L)...wale) .

€

Under the condition (2.12), this implies that the Lebesgue measure of © is
Z€T0. O

2.4. Heuristics and the statement of Theorem 2.1

Let us now describe some heuristics “explaining” Theorem 2.1. Consider a
continuous version of equation (1.5)

d(s+w) + o(s —w) = Avg(s) ¢(s), se€R. (2.14)

If ¢ satisfies this equation, then the formula ¥(n) = ¢(nw + 6), n € Z,
defines a solution to (1.5).

If A >> 1, then one can expect that, on a fixed compact interval, equa-
tion (2.14) has an exponentially increasing solution ¢+ with the leading
term d)J satisfying the equation

b (s +w) = Mvg(s) ¢ (s), seR. (2.15)
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For the last equation, one can easily construct a solution gi)a“ that is analytic
and has no zeros in the band 0 < res < 1+w. One can extend this solution
analytically to the left of this band using equation (2.15). As vy vanishes
at integers, gzﬁar has zeros at all the points of the form s ; = k + lw where
k, 1 > 0 are integers.

If there is a true solution to (2.14) with the leading term ¢, then (1.5)
has a solution 1+ with the leading term qﬁa' (nw + 0). Furthermore, if 6 €
(0,1) admits the representation 6 = ko — low with some positive integers
ko and Iy, then, at least for sufficiently large A, the leading term of ™
increases exponentially on the “interval” where —’Z}—O +lp<n<ly+1and
then vanishes at the points n =1y + 1, g+ 2,....

The equality 6§ = kg — lpw can be interpreted as a quantization condi-
tion: when this condition is satisfied, the solution 9" that is exponentially
growing up to the point n = ly, at this point, changes to the exponential
decay.

So, it is natural to expect that the solution T keeps growing up to the
infinity if 6 is “far enough” from all the points of the form kg — lpw with
positive integers ko and lp. Hence, the right Lyapunov exponent should
exist.

3. Non-existence of the Lyapunov exponent

Theorem 2.1 is rather rough in the sense that the sizes of the “secure
intervals” that € has to avoid for the Lyapunov exponent to exist (see (2.4))
are too big. This is actually due to the fact that, under the conditions of
Theorem 2.1, one has much more than the existence of Lyapunov exponent.
Roughly, under these conditions, for each L large enough, equation (1.5) has
solutions that, locally, on intervals of length of order (wows .. .wM(L)_l)*l,
can have complicated behavior whereas globally, on the interval 0 < k < IC
of length of order (wow; . ..wr )™, they are nicely exponentially increasing.

Our method also allows a precise description of the set of 8 where the
Lyapunov exponent does not exist. The structure of this set is quite com-
plicated; in the present note, we only describe it for frequencies in Q1 C €,
the set of w satisfying the conditions

wr, — 0, and A _jwr_jwyp — o0 (3.1)
instead of (2.3). One has the following two statements:

Theorem 3.1. Pick A > 1. Let w € Q1. For a 0 < 0 < 1, define the
sequence {sp} by (2.2) with so = 0. Assume that there is a positive constant
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c such that for infinitely many even positive integers L one has
dist (sp—1, wrp—1-N) <wr_1 AL and sp_1>ec

Then, the right Lyapunov exponent v+ (0) does not exist.

and

Theorem 3.2. Pick A > 1. Let w € Q1. For a 0 < 0 < 1, define the
sequence {sr} by (2.2) with sg = 0. Assume that there is a positive constants
c and N such that for infinitely many odd positive integers L one has

dist (s, wr-N)<A7¢ sp-1<1l—¢, and sp<wpN.
Then, the right Lyapunov exponent v+ (0) does not exist.

The above two theorems are sharp: in the case of w € )y, if the Lya-
punov exponent does not exist, then 6 satisfies the conditions of one of the
them.

As for the behavior of the solutions, in both cases, roughly, we find that,
for infinitely many L, even if we forget of the complicated local behavior of
the solutions on the intervals of the length of order (wows .. .wM(L),l)_l,
one can see that globally, on the interval 0 < & < K of the length of or-
der (wowi ...wr)™!, the solutions change from exponential growth to the
exponential decay. For example, in the case of Theorem 3.2, there exists
solutions that, at first, are globally exponentially increasing then are glob-
ally exponentially decaying, the length of the interval of increase and the
interval of decrease being of the same order. Here we use the word globally
to refer to the fact that this exponential growth or decay happens at a large
scale.

4. The main ideas of the proof

As we have mentioned in the introduction, the main tool of the proof is the

monodromization renormalization method. The new idea is that one can

consider the infinite sequence of the almost periodic equations arising in

the course of the monodromization as a sequence of equations describing a

given solution of the input equation on larger and larger intervals, the ratio

of their length being determined by the continued fraction of the frequency.
Now, the renormalization formulas can be written in the form

MO+ (k- 1)w)... M(0 +w) M(9)

~ \IJ({]{IW + 0}) [M1(01 — wl) M1(9 — 2&)1) e Ml(e - klwl) ]t \1171(9)
(4.1)



Lyapunov exponent for a quasi-periodic equation 77

“ 7

Here, “~” means “equal up to a sign”,

2 : _ ,—iml
e M(0) = ( /\Slligﬂ-e) c 0 ); the second order difference equa-
e
tion (2.14), the continuous analog of (1.5), is equivalent to the first
order matrix difference equation

U(s+w)=M(s)¥(s), seR; (4.2)

e U is a fundamental solution to (4.2), i.e., such that ¥(s) € SL(2,C) for
all s;

e * denotes the transposition;

e M; is a monodromy matrix corresponding to this solution, i.e., the
matrix defined by W(s + 1) = ¥(s)M{(s/w).

The new constants wy, 61 and the number k; are defined by
w ={1l/w}, O ={0/w}, ki=[0+kw].

And, as usual {a} and [a] denote the fractional and the integer part of
a € R

Formula (4.1) relates the study of the matrix product M (0 + (k —
Dw) ... M(0+w) M(6) to that of a similar product: the monodromy matrix
M is unimodular and, as the matrix M, it is 1 anti-periodic. One can apply
the same renormalization formula for the new matrix product and so on. It
is easy to check that after a finite number of renormalizations, one gets a
matrix product containing at most ... one matrix. This feature recalls the
renormalization of the quadratic exponential sums carried out by Hardy
and Littlewood (see Ref.3,6).

At each step of the monodromization, one has to study similar difference
equations ¥ (s +wy) = Mp(s)¥r(s), L =0,1,2,.... One needs to have
a good enough control of their solutions but only on one fixed compact
interval namely [0, 1].

For our model, one can choose the fundamental solutions so that all the
matrices My, have the same functional structure, and the numbers (A1) are
the successive coupling constants in these equations.

For A = )¢ > 1, the sequence (A1), tends to infinity very rapidly; this
enables an effective asymptotic analysis of the successive equations. For
general almost periodic equations, one finds an analogous effect at least
when the coupling constant in the input equation is large enough.
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We review recent results on the universal occurrence of Anderson localization
in continuum random Schrédinger operators, namely localization for any non
trivial underlying probability measure. We extend known results to the case
where impurities are located on Delone sets. We also recall the recent local-
ization result for Poisson Hamiltonian. A discussion on the Wegner estimate is
provided with a comparison between the “usual” estimate and the one derived
through Sperner’s type argument and (anti)concentration bounds.

1. Setup and results
1.1. Setup and results for the Anderson model
In this note, we consider random Schrédinger operators on L2?(R%) of the
type
Hpo=H,:=-A+V,, (1.1)

where A is the d-dimensional Laplacian operator, and V,, is an Anderson-
type random potential,

Voo(@) = Y weu(z =),
¢eD
where

(I) the single site potential u is a nonnegative bounded measurable function
on R? with compact support, uniformly bounded away from zero in a

*The author thanks the hospitality of the Pontificia Universidad Catdlica de Chile where
this note has been written.
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neighborhood of the origin, more precisely,

U_Xp, (0) Su< Ui Xas, (0) for some constants uy,d+ €]0, 00];
(1.2)
(IT) D is a periodic lattice.
(IIT) w = {w¢}eep is a family of independent identically distributed random
variables, whose common probability distribution p is non-degenerate
with bounded support, and satisfies

{0,1} € supp u C [0, 1]. (1.3)

To fix notations, the set of realizations of the random variables {w¢}cep
is denoted by Q = Qp = [0,1]”; F denotes the o-algebra generated by the
coordinate functions, and P = Pp = ®¢cp p is the product measure of
the common probability distribution p of the random variables w = wp =
{we¢}cep. In other words, we work with the probability space (2, F,P) =
®C€D ([0, 1],8[071],;;), where By 1) is the Borel o-algebra on [0,1]. A set
& € F will be called an event.

Under assumption (II), that is if D is a lattice, H,, is a D-ergodic
family of random self-adjoint operators. It follows from standard results
(cf. Refs. 41,56) that there exists fixed subsets X, X5, Yac and Xg. of R
so that the spectrum o(H,) of H,, as well as its pure point, absolutely
continuous, and singular continuous components, are equal to these fixed
sets with probability one.

We shall take advantage of this review to extend some results to the
more general setting

(I') 30 < r < R < o0, s.t. D is a (r, R)-Delone set, that is for any cubes
Ay, AR of respective sizes r, R, [DNA,| <1and |[DNARg| > 1.

Recall that a lattice is a particular case of a Delone set.
With condition (1.3), the family of operators H,, is “normalized”, so
that, by the Borel-Cantelli lemma, assuming (I), (II’), (III),

for Pa.e.w, o(H,) = [0, +o0[. (1.4)

Instead of Condition (IIT) above we may consider the more general sit-
uation:

(IIT’) 30 < a<b< oo st {a,b} Csuppu C [a,b)].
Assuming (IIT"), the operator H, may be rewritten as

Ho= -8+ Vo + Y wli;
¢eD
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with

VOZaZuC, wgz%, and u; = (b —a)u¢ > 0.

¢eD

The picture (1.4) is lost. The infimum of the spectrum is shifted by a
constant Ey = inf o(—A + V4), which becomes the almost sure infimum of
the spectrum. If (IT) and (III) hold, then by ergodicity there exists a set
Y C [Ep,o0[ that is the almost sure spectrum of H,. If we only assume
(IT), then this picture is lost.

It will be convenient to work with the sup norm in R?,

llz|| ;== max {|z1], |x2], ..., |zq|} for x=(x1,29,...,2q) € R4,

Then
d
Aule) = {y € RS fy—al < §} =o+|-5.5 |
denotes the (open) box of side L centered at € R% By a box Ay we
mean a box A (z) for some x € R Given a set B, we write Xp for its
characteristic function. By X, we denote the characteristic function of the
unit box centered at z € RY, i.e., X, := XA, (z)-

We prove localization at the bottom of the spectrum for the Ander-
son Hamiltonian without any extra hypotheses. We actually prove stronger
versions of Anderson localization (pure point spectrum with exponentially
decaying eigenfunctions) and dynamical localization (no spreading of wave
packets under the time evolution).

Theorem 1.1. Let H,, be an Anderson Hamiltonian on L?(R?) as above
with hypotheses (I), (II), (III’). Then there exists Ey = Eo(d,ux,dx, 1) >0
such that H, exhibits Anderson localization as well as dynamical localiza-
tion in the energy interval [0, Ey]. More precisely:

e (Anderson localization) There exists m = m(d, Vper, ux, 1) > 0 such
that the following holds with probability one:

— H,, has pure point spectrum in [0, Ey).
— If ¢ is an eigenfunction of H,, with eigenvalue E € [0, Ey], then ¢
1s exponentially localized with rate of decay m, more precisely,

Xadll < Curp eI for all x € R% (1.5)

— The eigenvalues of H,, in [0, Ey] have finite multiplicity.
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e (Dynamical localization) For all s < %d we have

2s
{su]g H e " X0 5o (Hu)Xo ; } < oo forall m>1. (1.6)
te

The full proof of Theorem 1.1 is presented in Ref. 35. In particular it
combines the multiscale analysis of Bourgain and Kenig” together with the
concentration bound of Ref. 3. This yields Anderson localization (using
Ref. 33 for finite multiplicity). To get dynamical localization, one builds on
ideas that are by now standard and that come from Refs. 1,18,19,27,28,32,
33.

1.2. Extenston to underlying Delone sets

The following theorem extends known results, in particular Theorem 11 in
Ref. 8, where the regularity of the random variable is assumed.

Theorem 1.2. Conclusions of Theorem 1.1 hold under conditions (I),
(II’), (III). Constants then also depend on r, R.

Remark 1.1. So far, the general case that would consist in assuming (II’)
and (IIT’) is out of reach for the multiscale analysis cannot be started with
current methods. Indeed if D is not a lattice, both the argument we provide
in Section 3 and the Lifshtiz tails approach (e.g. Refs. 45,46,56) fail when
the bottom of the spectrum is not zero.

Remark 1.2 (The Bernoulli case). If the random wvariables w¢ are
Bernoulli, taking values 0,1 (so that hypothesis (III) holds), then for a given
configuration w, the Hamiltonian reads, with D(w) := {¢ € D,w¢ = 1},

Hy=-A+ > uc (1.7)
(eD(w)
One may wonder what can be said about sets D(w)’s for which localization
is proved. It is clear that they are not (r, R)-Delone sets anymore (otherwise
the spectrum would not start at zero). However it is interesting to note that
as a by product of the proof, D(w) is relatively dense in the following weak
sense: for any € > 0, for any x € R4,

Jim L™= AL (2) N D(w)| = +o0.
This observation follows from the existence of free sites, at any scale large

enough, which associated value can be turned to 1 at the end of the multiscale
analysis, ensuring the presence of the point.
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Instead of considering just one underlying Delone set, one may want
to look at a family of such sets. A common way of “randomizing” D is to
consider the complete metric space given by the closure, with respect to
the Delone topology, e.g., Ref. 50, of all its translates:

D ={zx+ D,z € Ri}.

Provided D has finite complexity, e.g., Ref. 50, such a set possesses a Haar
measure that we shall denote by v. It is then possible to consider “thinned”
or “coloured” Delone sets D* := (D,wp) on D, and to construct the asso-
ciated Schrodinger operator, which amounts, for any D € D, to consider the
model Hpw = Hp ., described in (1.1). The probabilistic structure of such
a colouring of D is well described in Ref. 53, elaborating on Ref. 39 who
considered Bernoulli colourings on Penrose tilings. In particular the overall
probability measure dP(D®) can be decomposed as dv(D) x dPp(w) [53,
Theorem 3.5]. In particular, this enables one to first perform a condition-
ning with respect to the Delone variable and conduct the analysis with the
random variables.

Since the event of {o.(Hp..,) = 0} is P-measurable, the following state-
ment follows from Theorem 1.2 along the same lines as in Ref. 3.

Corollary 1.1. Assume D has finite local complexity. There exists E(u) >
0, such that, for P a.e. w, Hpw exhibits spectral localization in [0, E(u)],
that is pure point spectrum.

Remark 1.3. Extension of Corollary 1.1’s result to the localization picture
described in Theorem 1.1 and Theorem 1.2 requires a carefull treatment of
measurability, since, one has to make sure that events considered through-
out the multiscale analysis are jointly measurable in v and P, perform the
conditionning and do the multiscale analysis. It is very likely that this can
be done along the lines of Ref. 35.

For pure Delone sets, that is with no random colouring, the situation
is much more delicate. One can nevertheless show for large dense sets of
Delone sets that localization holds.?7

1.3. The Poisson model

Writing the (Bernoulli-)Hamiltonian in the form (1.7) is reminiscent to cases
where the randomness is introduced by the location of the impurities, rather
than by their amplitudes as in the Anderson model. A popular model of such
a Schrodinger operator with impurities located at random is given by the
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Poisson Schrédinger operator, where single site potentials are centered at
points obtained through a Poisson point process of a given intensity. While
localization in any dimension is expected for many years for this model, at
least since the proof of Lifshitz tails provided by Donskher and Varadhan
in 1975,2° a rigorous proof of this phenomena has recently been obtained in
Refs. 29,30 for repulsive potentials and Ref. 31 for attractive potential. We
review this result in the sequel. Note however that localization in dimension
one was known to hold by the work of Stolz.>”

Let us note that another model obtained by randomizing the location of
impurities is also of interest: the random displacement model. Only partial

1017 and an

results are known for this model: localization in dimension 1,
asymptotics result (of semi-classical type) in higher dimensions.*3 Other
models of interest have been studied, such as potentials given by Gaussian
random variables, see Refs. 51,58.

The Poisson Hamiltonian is the random Schrédinger operator on L2(R9)

given by

Hy =-A+Vx, with Vx(z)= > ulz-J{),
ceX

where the single-site potential u is a nonnegative C'' function on R? with
compact support satisfying (1.2), and Vx is a Poisson random potential,
that is, X is a Poisson process on R? with density o > 0. Thus the configu-
ration X is a random countable subset of R%, and, letting Ny (A) denote the
number of points of X in the Borel set A C R%, each Nx (A) is a Poisson ran-
dom variable with mean o|A| (i.e., P,{Nx(A) = k} = (0| A|)*(k!)~te—el4l
fork=0,1,2,...), and the random variables { Nx (A;)}_; are independent
for disjoint Borel sets {A;}7_,. We will denote by (X,P,) the underlying
probability space for the Poisson process with density o.

Note that Hy is an ergodic (with respect to translations in R?) random
self-adjoint operator. It follows that the spectrum of Hx is the same for
P,-a.e. X, as well as the decomposition of the spectrum into pure point,
absolutely continuous, and singular continuous spectra. For u as above we
actually get o(Hy) = [0, +o0] for P,-a.e. X. 4

Theorem 1.3.%C Given o > 0, there exists Ey = Eo(0) > 0 and m =
m(p) > 0, such that conclusions of Theorem 1.1 hold on [0, Ep].
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2. A bit of history and the Wegner estimate
2.1. Some history

In the one-dimensional case the continuous Anderson Hamiltonian has been
long known to exhibit spectral localization in the whole real line for any
non-degenerate f, i.e., when the random potential is not constant.!7-3849

In the multidimensional case, localization at the bottom of the spectrum
is already known at great, but nevertheless not all-inclusive, generality; cf.
Refs. 7,47,56 and references therein. First proofs of this result are due to
Combes Hislop!! and Klopp,** assuming that the single site probability dis-
tribution p is absolutely continuous with bounded density. The result relies
on a multiscale analysis argument “4 la” Frohlich Spencer?® and adapted
from Ref. 21’s discrete version; it took more time and a lot of efforts to
carry the Aizenman Molchanov approach of fractional moments* over the
continuum,? still under the regularity assumption on .

The absolute continuity condition of y can be relaxed to Holder conti-
nuity of i, both in the approach based on the multiscale analysis, and in the
one based on the fractional moment method. The basis in the former case
is an improved analysis of the Wegner estimate, which was first noticed by
Stollmann in Ref. 55. Important improvements in Wegner estimates with
(not too) singular continuous measures p have then been successively ob-
tained in Refs. 12,15,16,36,40 until the recent optimal form due to Combes
Hislop and Klopp;'? all theses improved forms provide in particular some
continuity property of the integrated density of states.

However, techniques relying on the regularity of p seem to reach their
limit with log-Holder continuity. In particular, until recently the Bernoulli
random potential had been beyond the reach of analysis in more than one
dimension. For that extreme case, i.e., of Hy, with p{1} = p{0} = 1,
localization at the bottom of the spectrum was recently proven by Bourgain
and Kenig.”

In Ref. 7, the Wegner estimate is obtained along the lines of (an elabo-
rated version of) the multiscale analysis, scale by scale, through a combina-
tion of a quantitative unique continuation principle together with a lemma
due to Sperner.’* Although it definitely requires some technical care, it is
quite clear from the analysis of Ref. 7 that the result extends to any mea-
sure for which a Sperner’s type argument is valid. See for an illustration of
this point the note Ref. 34, where p is a uniform measure on some Cantor
set (u turns to be loglog-Holder continuous in this example).

Localization was thus proved for the two extreme cases: u regular enough
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and p Bernoulli, and with two different proofs, none of which applying di-
rectly to the other case. Our motivation was then to find a single proof for
any non degenerated measure, and thus unifying these two extreme results.
A key step, the concentration bound extending the Sperner’s Lemma esti-
mate used by Bourgain and Kenig, was obtained in Ref. 3. The full technical
details of the extension of the multiscale analysis of Ref. 7 are provided in
Ref. 35.

2.2. The Wegner estimate

It is easy to understand (or at least to get a hint of) why regularity of
the distribution might help for a proof of a Wegner type estimate. But let
us first describe what a Wegner type estimate is and what it is good for.
The multiscale analysis deals with resolvents of the random Hamiltonians,
restricted to finite volume cubes. The aim of the game is to show that
such kernels of finite volume resolvents decay exponentially with a good
probability. Before showing that resolvents decay exponentially, it sounds
reasonable to make sure that their norm is not too big, namely at most
sub-exponentially big (so that it does not destroy the exponential decay
that has already been obtained from previous scales).

To fix notations, consider a scale L, Hy, ,, a suitable restriction of H,,
to a cube Ap, of side L with Dirichlet boundary condition, and Ry, .,(#) its
resolvent (that is now a compact operator). The spectrum of Hy, ,, is thus
discrete and given F € o(H,,) = [0, +oo[ we want to investigate the size of
|RL o (E)| and show it is < el’™" 5 > 0, with probability at least 1— L~P,
for some p > 0 (note that ||RL . (F)| may be infinite, namely when E €
o(Hp, ), but typically, this should happen for a set of w’s of small measure.
This amounts to analyze the probability that dist(E,c(Hp,)) > e,

The strong form of the Wegner estimate reads as follows:!? there exists
Cw < o0, such that for 7 small enough and L large enough,

P(dist(E, 0(Hp ) < 1) < CwQuq (27) LY,

where Q. (n) is the (Levy) concentration function of the random variable
wp (or equivalently the modulus of continuity of its measure u), that is,
Quo () = supP(wo € [z, z +7[) = sup p([z, z + n]). (2.1)
z€R rz€ER
It is worth pointing out that (2.2) is an a priori estimate that is indepen-

dent of the existence of localized states. Applying (2.2) with n = ek’
obviously leads to the needed estimate. A weaker version, corresponding
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to the approach of Bourgain Kenig, reads as follows. Let S be a subset of
DN A, and ws = (w¢)ces- There exists Cyy < oo and 6y > 0 s.t., for
suitable events Ff, ., s C F coming from the multiscale analysis, for L large
enough, d,e > 0 small enough,

Ps(dist(E, 0(Hp ) < e = i Fpus) < LEQz(2e X", (2.2)

where Pg = @) g 1t is the restriction of P to S, Z = ®(ws) is a random
variable such that for any wg, for any ve > do,

1-6

d(ws +ve) — P(ws) >2e 5 . (2.3)

In practice, ® is an eigenvalue of the finite volume operator, and property
(2.3) follows from a quantitative unique continuation principle. Note that
unlike what happens in the strong form, it is a only collective effect of the
random variables w¢, ¢ € S, that provides some decay. The best univer-
sal bound is the following concentration bound (as proven in Ref. 3, see
Theorem 2.1 below)

Q7274 7"y < 0IS| 3.

In practice, |S| = L™, so that the probability in (2.2) amounts to L™ 8%+,
We shall discuss this point in the next subsection.

One way to understand this difference between regular and singular
measures is to consider a purely discrete diagonal model, i.e. where Hy, ., =
VL « is a diagonal matrix, with entries labelled by n = 0,1,--- , N = |AND].
Since the eigenvalues are exactly the w,’s, the distance between F and the
spectrum of this diagonal matrix is exactly inf,, |E —w,|. As a consequence

B(dist(B, o(Hy.)) < 1) < Nu(E—n.E+n) < Quy(2)N.  (2.4)

Note that it is the concentration of a single random variable that enters
(2.4). Assume now the measure p is singular, say Bernoulli with even prob-
ability %, then as soon as |E — n, E + n[ contains an atom of u, a single
wy, is enough to spoil the picture: we get P((dist(E,0(Hrw)) < 1) > 3
and the situation is desperate! This simple example tell us that 1) some
correlation between the eigenvalues is needed (in particular note that if
®(wg) = wi, then (2.3) fails) and it is the Laplacian and the unique quan-
titative principle that shall provide this; 2) it is by a collective effect that
P((dist(E,0(Hr,.)) < n) has a chance to be small, and this is typically

what Sperner’s theorem provides.
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2.3. Antichains, Sperner’s lemma and Ref. 3’s
concentration bound

The configuration space {0, 1} for a collection of Bernoulli random vari-
ables m = {n1,...,nn} is partially ordered by the relation defined by:

n<n < forall i€ {l,...,N}: n <mn.. (2.5)

A set A C {0,1}¥ is said to be an antichain if it does not contain any pair
of configurations which are comparable in the sense of “<”. The original
Sperner’s Lemma®* states that for any such set: |A| < ([g]). An immediate
computation using Stirling formula shows that the latter is bounded by
C2N /v/N. A more general result is the LYM inequality for antichains (e.g.
Ref. 5):

Z(Nl) <1, (2.6)

neA \In|

where |n| = > n;. The LYM inequality has the following probabilistic im-
plication. If {n;} are independent copies of a Bernoulli random variable n
with probabilities (1 — p, p), then for any antichain A c {0,1}":

2V/2
oyVN’

where n = (1,...,1Mn), 0, = \/Pq is the standard deviation of 7. The same
bound extends to antichains on larger alphabet: {0,1,---  k} with k > 1
for equidistributed weights® as well as for general weights?223 (
an upper bound, an asymptotics as N goes to oo is proven in those cases).
An extension of (2.7) to independent Bernoulli variables, but no necessarily
identically distributed is proven in Ref. 3.

Such bounds on probability of antichains find their natural generaliza-
tion in the following theorem, that deals with arbitrary non degenerate
random variables and that is proved in Ref. 3.

P({neA}) < (2.7)

more than

Theorem 2.1. Let X = (X1,...,Xn) be a collection of independent ran-
dom variables whose distributions satisfy, for all j € {1,...,N}:

PUX, <o} =p. and P({X,>2:}) >y (2.8)

at some pr > 0 and x_ < x4, and ® : RN — R a function such that for
some e >0

O(u+ve;) —P(u) > ¢ (2.9)
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forallv>zy —x_, alu € RN, and j=1,...,N, with e; the unit vector
in the j-direction. Then, the random wvariable Z, defined by Z = ®(X),
obeys the concentration bound

Qz(e) < —= | —+—. (2.10)

If the random variables are Bernoulli then the link between Theo-
rem 2.1 and Sperner’s theory of antichains is quite obvious. Indeed, let
g,€' be two comparable realizations of (X1, -+, X,,), say €; < &} for all
j=1,--- N.Then by (2.9), ®(¢) and ®(¢’) cannot both belong to a given
interval of length €. In other words, for any given z € R, realizations of
Z = ®(Xy,---,X,) that fall into [x,x + ¢[ belong to an antichain; (2.7)
above then yields (2.10).

It remains to extend such a reasoning to arbitrary non degenerate
random variables, and not just Bernoulli. This is achieved by taking ad-
vantage of a Bernoulli decomposition of random variables described in
Ref. 3. This decomposition enables us to rewrite each variable as (in law)
X; = Fi(t;) + 0;(t;)e;, where F;, §; are measurable functions, t; is a random
variable on |0, 1] with uniform distribution, ¢; is a Bernoulli random variable
independent of ¢;. Moreover it is shown in Ref. 3 that under condition (2.8),
P, (0;(t;) > 24 —x_) > p— + py. A large deviation argument enables us
to restrict ourselves to the latter case, that is where 0;(t;) > x4 — a_ for
all i = 1,---, N. We are thus left with Bernoulli variables for which (2.9)
applies (since 6;(t;) > x4 — x_); as before (2.7) finishes the proof.

The Bernoulli decomposition we used here found also an application to
random matrices theory.?

3. Proof of Theorem 1.2

With Theorem 2.1 in hands, the Bourgain-Kenig multiscale analysis can
be conducted in the same way as in Ref. 35, provided we can start the
algorithm and make sure the density condition on the so called “free sites”
is satisfied at all scales. Both points will be clear from the construction we
give in Section 3.2 below. It is indeed enough to show that with a sufficiently
good probability, the bottom of the spectrum of finite volume operators is
lifted up, uniformly with respect to the random variables attached to a set
S C D s.t. |SNA| = Cg|A| for some Cr < oo (actually, Cr = (2R) ™).
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3.1. Finite volume operators

Given a box A = Ar(z) in R%, we denote by A the subcube Ay _s, () (recall
(1.2)). We then define finite volume operators as follows:

Hw,A = —Ap + Vw,A on KQ(A), (3.1)

where Ay is the Laplacian on A with Dirichlet boundary condition, and

Vw’AZ Z weuc-

¢ceDnA

Since we are using Dirichlet boundary condition, we always have
inf o(H, a) > 0.

The multiscale analysis estimates probabilities of desired properties
of finite volume resolvents at energies & € R. As in Refs. 6,7,31, these
properties include ‘free sites’. Given a box A, a subset S C A, and
ts = {tchces €10,1]°, we set

Hyton = Hop +Viotsn on L2(A), (3.2)

where Vi, to.0 = XAV, tg With

Veonts () = VwA\s (2) + Vis () = Z weuc(z —¢) + ZtC u¢(z = Q).
¢ceh\s ces
(3.3)
R, t+,a(z) will denote the corresponding finite volume resolvent.

3.2. Proof of Theorem 1.2

Given an energy E, to start the multiscale analysis we will need, as in
Refs. 6,7,31, an a priori estimate on the probability that a box Ay, is ‘good’
with an adequate supply of free sites, for some sufficiently large scale L.
The multiscale analysis will then show that such a probabilistic estimate
also holds at all large scales.

To prove the needed initial estimate, it is enough to prove that a spectral
gap occurs above 0 for finite volume operators with a good probability. This
is the purpose of the next proposition.

Proposition 3.1. Fiz p > 0 and 0 < ¢ < 1 . There exists a scale L =
L(d,q,u_,5_, pu,p,€), such that for all scales L > L and all x € R? we have

P {H‘MS,AL@) > CR™22(log L)~ for all tg € [0, 1]5} >1—L7Pd
(3.4)
where S C A, |S| = (2R) %A
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Proof. By definition of D being a (r, R)-Delone set, for any j € Z9, there
exists a point such that (; € DN Ag(j) (if ¢; is not unique, we select one).
We define the set Tr C D to be the collection of these (;’s, and we further
define T% as the subcollection corresponding respectively to points ¢j with
j € (2Z)%. Note that [Yr N A| = R74|A|, and |[Y% N A| = (2R)~¢|A|. We
set S =T%NA.

We further set

VT(Iwa = Z we,; U,
GETY
Clearly, for any w,
Vo > Z we;ue; = Vo o + Z we; U,
GEYTR CjETR\T??

Going to finite volumes, the same inequality holds with w replaced by wa.
We now follow Refs. 7,30,35. Setting K > 100_, A = A, It follows from
the lower bound in (1.2) that there exists a constant ¢, 4 > 0 such that

1

— Cu,d
0 = w —a) > . w , (3.
VTR,QJA ("E) (QRK)d /AQRK(O) da V A (x a’) (2R>d Y ,AXA (:E) (3 5)

where

1
Yo, A = min — we -
“ cen K4 /Zv ¢
CGA%(@

It follows from standard estimates (e.g., Proposition 3.3.1 in Ref. 59) that,
with fi the mean of the probability measure x, we have, for some A, > 0,

< e AnK?, (3.6)

N =

1
Paga 2, «s
CGA%(@

It follows from (3.5) and (3.6) that. with ¢, ; = “<,

P{Ve, > ¢, a(2R)axa} > 1 — Lie K", (3.7)
and thus, we have for the “free sites Hamiltonian” with
S=(D\T%) NA, (3.8)
(recall (3.2)-(3.3)), with probability > 1 — Lie~4+K" uniformly in tg,
Honts = =Ba+ Vi ts + Vo wy > ¢, a2R) ™5 on L2(A). (3.9)
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Thus, if ¢ € C(A) with ||| = 1, we have
<303 Hw,l\yts 50>A = <507Fw,A,tsSD>A + <507 (VT%,wA - VT%,wA) 90>

Z C’,u,,d(QR)_d/j’ + <§07 (VT%,wA - VT%,Q}A) SO>

A

Rd
> i (o Ve ) - b [ datot+a) Vol +a)
= @y T \F Then? /5 T GRE) o
Aari (0)
CL,d B 1
- X
~ (2R)4 (2RK)4
X / da ‘<SD? VT%,(-UA90> — <S0( + a),VT%7wASD(' + a’)>’
A2rK (0)
cha _ 2
> il ~ 2K RIVASly 2 chafi— 2, KR (0, Hon)}

where we used

lo(- +a) = @llga = [ (€Y = 1|30 < lalIVellga = lal [Vaelly -

It follows that there is IN(%d > 0, such that for K > f(%d we have, uniformly
in ts,
P
(0, HoAts®)p = Cud ek
Since this holds for all ¢ € C(A) with ||¢|| = 1, we have, from (3.7),
uniformly in tg,
=2

il
Hyats 2 Cua Rz o0 L2(A), (3.10)

with probability > 1 — Lie=AuK"  Given p > 0, we take K =
1
(%%)Cllog L)d and get uniformly in tg,

F {vaALatS > Ou,u,d,pR7(2d+2) (log L)_%} >1- L7,
for L > Ly pu.d.p, Where C, . 4, > 0 is an appropriate constant. O
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We present recent works®:16 on the thermodynamic limit of quantum Coulomb
systems. We provide a general method which allows to show the existence of
the limit for many different systems.

1. Introduction

Ordinary matter is composed of electrons (negatively charged) and nuclei
(positively charged) interacting via Coulomb forces. The potential between
two particles of charges z and 2’ located at z and z’ in R? is

2z

|z — 2|

*© 2008 by the authors. This work may be reproduced, in its entirety, for non-
commercial purposes.
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There are two difficulties which occur when trying to describe systems com-
posed of electrons and nuclei. Both have to do with the physical problem
of stability of quantum systems.

The first is due to the singularity of 1/|z| at 0: it is necessary to explain
why a particle will not rush to a particle of the opposite charge. One of the
first major triumphs of the theory of quantum mechanics is the explanation
it gives of the stability of the hydrogen atom (and the complete description
of its spectrum) and of other microscopic quantum Coulomb systems, via
the uncertainty principle. Stability means that the total energy of the con-
sidered system cannot be arbitrarily negative. If there was no such lower
bound to the energy it would be possible in principle to extract an infinite
amount of energy. One often refers to this kind of stability as stability of
the first kind.'%2° If we denote by E(N) the ground state energy of the
system under consideration, for N particles stability of the first kind can
be written

E(N) > —o0. (L.1)

In proving (1.1) for Coulomb systems, a major role is played by the
uncertainty principle which for nonrelativistic systems is mathematically
expressed by the critical Sobolev embedding H!(R3) < L5(R3). The latter
allows to prove Kato’s inequality

Ve > 0, L Ss(—A)-F},
Ed €
which means that the Coulomb potential is controlled by the kinetic energy.
The second issue concerns the slow decay of 1/|z| at infinity and this
has to do with the macroscopic behavior of quantum Coulomb systems. It
is indeed necessary to explain how a very large number of electrons and
nuclei can stay bounded together to form macroscopic systems, although
each particle interacts with a lot of other charged particles due to the
long tail of the Coulomb interaction potential. Whereas the stability of
atoms was an early triumph of quantum mechanics it, surprisingly, took
nearly forty years before the question of stability of everyday macroscopic
objects was even raised (see Fisher and Ruelle!!). A rigorous answer to the
question came shortly thereafter in what came to be known as the Theorem
on Stability of Matter proved first by Dyson and Lenard.®
The main question is how the lowest possible energy E(N) appearing
in (1.1) depends on the (macroscopic) number N of particles in the object.
More precisely, one is interested in proving a behavior of the form

E(N) ~y_.o0 &N. (1.2)
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This behavior as the number of particles grows is mandatory to explain why
matter does not collapse or explode in the thermodynamic limit. Assume
that (1.2) does not hold and that for instance E(N) ~y_o c¢NP with
p # 1. Then |E(2N) — 2E(N)| becomes very large as N > 1. Depending
on p and the sign of the constant ¢, a very large amount of energy will be
either released when two identical systems are put together, or necessary
to assemble them. The constant € in (1.2) is the energy per particle.

Stability of Matter is itself a necessary first step towards a proof of (1.2)
as it can be expressed by the lower bound

E(N) > —rN. (1.3)

Put differently, the lowest possible energy calculated per particle cannot be
arbitrarily negative as the number of particles increases. This is also often
referred to as stability of the second kind.'?2°

A maybe more intuitive notion of stability would be to ask for the
volume occupied by a macroscopic object (in its ground state). Usually
this volume is proportional to the number of particles N. Denoting by 2 a
domain in R3 which is occupied by the system under consideration and by
E(9) its (lowest possible) energy, (1.2) then reads

E(Q) ~ 0o €| (1.4)
where || is the volume of §. Stability of the second kind is expressed as
E(Q) > —k|Q]. (1.5)

Instead of the ground state energy, one can similarly consider the free
energy F (£, 5, 1) at temperature T = 1/8 and chemical potential . One
is then interested in proving the equivalent of (1.4)

F(Q B, 1)~ o0 F(B, )| (1.6)

where f(f3, 1) is the free energy per unit volume.

Large quantum Coulomb systems have been the object of an important
investigation in the last decades and many techniques have been developed.
A result like (1.3) (or equivalently (1.5)) was first proved for quantum elec-
trons and nuclei by Dyson and Lenard.® After the original proof by Dyson
and Lenard several other proofs were given. Lieb and Thirring?” in par-
ticular presented an elegant and simple proof relying on an uncertainty
principle for fermions. The different techniques and results concerning sta-
bility of matter were reviewed in several articles,'921,29:33
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It is very important that the negatively charged particles (the electrons)
are fermions. It was discovered by Dyson” that the Pauli exclusion princi-
ple is essential for Coulomb systems: charged bosons are alone not stable
because their ground state energy satisfies E(N) ~ —CN"/%, as was proved
later.426:32

A result like (1.2) (or equivalently (1.4)) was first proved by Lieb and
Lebowitz?? for a system containing electrons and nuclei both considered
as quantum particles, hence invariant by rotation. Later Fefferman gave a
different proof? for the case where the nuclei are classical particles placed
on a lattice, a system which is not invariant by rotation.

In a recent work,!®'® we provide a new insight in the study of the
thermodynamic limit of quantum systems, by giving a general proof of (1.4)
or (1.6) which can be applied to many different quantum systems including
those studied by Lieb and Lebowitz?2 or Fefferman,® and others which were
not considered before. Our goal was to identify the main general physical
properties of the free energy which are sufficient to prove the existence of the
thermodynamic limit. However, for the sake of simplicity we will essentially
address the crystal case in this paper and we refer to our works'®' for a
detailed study of the other cases.

In proving the existence of the thermodynamic limit of Coulomb quan-
tum systems, the most difficult task is to quantify screening. Screening
means that matter is arranged in such a way that it is essentially locally
neutral, hence the electrostatic potential created by any subsystem decays
much faster than expected. This effect is the main reason of the stability of
ordinary matter but it is very subtle in the framework of quantum mechan-
ics because the particles are by essence delocalized. In our approach, we
shall heavily rely on an electrostatic inequality which was proved by Graf
and Schenker'?13 and which serves as a way to quantify screening. It was
itself inspired by previous works of Conlon, Lieb and Yau,*® for systems
interacting with the Yukawa potential. Fefferman used a similar idea in his
study of the crystal case.”

Like in previous works, our method consists in first showing the ex-
istence of the limit (1.6) for a specific domain A which is dilated (and
possibly rotated and translated). Usually A is chosen to be a ball, a cube

16 we always choose a tetrahedron as

or a tetrahedron. In the applications
we shall use the Graf-Schenker inequality'® which holds for this type of do-
mains. The second step consists in showing the existence of the limit (1.6)
for any (reasonable) sequence of domains {2,,} such that |Q,| — oco. This

is important as in principle the limit could depend on the chosen sequence,
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a fact that we want to exclude for our systems. We shall specify later what
a “reasonable” sequence is. Essentially some properties will be needed to
ensure that boundary effects always stay negligible.

It is to be noticed that our method (relying on the Graf-Schenker in-
equality) is primarily devoted to the study of quantum systems interacting
through Coulomb forces. It might be applicable to other interactions but
we shall not address this question here.

Proving a result like (1.4) or (1.6) is only a first step in the study of the
thermodynamic limit of Coulomb quantum systems. An interesting open
problem is to prove the convergence of states (or for instance of all k-body
density matrices) and not only of energy levels. For the crystal case, conver-
gence of the charge density or of the first order density matrix was proved
for simplified models from Density Functional Theory or from Hartree-Fock
theory.>2® A result of this type was also proved for the Hartree-Fock ap-
proximation of no-photon Quantum Electrodynamics.'*

Another (related) open question is to determine the next order in the
asymptotics of the energy in the presence of local perturbations. Assume
for instance that the crystal possesses a local defect modelled by a local po-
tential V and denote the ground state energy in the domain 2 by EV ().
Since V' is local, it does not contribute to the energy in the first order of
the thermodynamic limit. One is then interested in proving a behavior like
EV(Q) = E°(Q) + f(V) 4 0o(1)jg|—0o- Such a result was recently proved
for the reduced Hartree-Fock model of the crystal with the exchange term
neglected.? This includes an identification of the function f(V'). This pro-
gram was also tackled for the Hartree-Fock model (with exchange term) of
no-photon Quantum Electrodynamics.

The present paper is organized as follows. In the next section we intro-
duce the model for the crystal and state our main theorem. In Section 3,
we briefly describe two other quantum systems which we can treat using
our method. Section 4 is devoted to the presentation of our new approach,
in a quite general setting, together with hints on how it can be applied to
the crystal case.

2. The Crystal Case

For simplicity, we put identical nuclei of charge +1 on each site of Z3. The
results below can be generalized to any periodic system. Let €2 be a bounded
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open set of R and define the N-body Hamiltonian in Q by
N

A,
Hév = Z— 21 (xl,...,xN),
i=1

where
1 1 1
Z D Y Tty X T
i=1 ReZSmsz - x2| 1<z’7£j§N |2i — @] 2 R#AR/ €730 |R =R

Here —A is the Dirichlet Laplacian on ) (we could as well consider another
boundary condition). The Hamiltonian H, g acts on N-body fermionic wave-
functions W(zy,..,xx) € AL L?(Q). Stability of the first kind states that
the spectrum of Hg is bounded from below:

EY = inf (U, HY¥) = inf TAN LZ(Q)(ngV) > —00.

We may define the ground state energy in £ by
s N
EQ) = J{,rgo Eq . (2.1)

It is more convenient to express (2.1) in a grand canonical formalism.
We define the (electronic) Fock space as

N
Fo:=Co P AL ©Q)
N>1 1
The grand canonical Hamiltonian is then given by Hg := @y, HY with
the convention that HS = (1/2) Y rerezsng [ — R'|7! € C. The number
operator reads N := @y, N. It is then straightforward to check that
E(Q) = inf Hq) = inf t Hql).
( ) m (7-7:(2( Q) FGB(}%S, P, I'Fq ( Q )
0<I<1, trzg (I)=1.
The free energy at temperature 1/ and chemical potential 1 € R is defined
by
F(Q,8,u) = inf <tr}-9((HQ — pN)T) +

PeB(Fq), I*=T,
0<I<1, trz, (T)=1.

1
—_ —ﬂ(HQ—,LL./\/’)
3 log tr 7, [e } . (2.2)

%tr;cg (Tlog F))

As explained in Introduction, our purpose is to prove that
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in an appropriate sense. The first important property of F and F' is the
stability of matter.

Theorem 2.1 (Stability of Matter'®). There exists a constant C such
that the following holds:

E(Q) 2 _C|Q|a F(Qvﬁnu) Z _C (1 + ﬁ75/2 —|—max(0,u)5/2> |Q|

for any bounded open set Q C R® and any B > 0, p € R.

Sketch of the proof. The first step is to use an inequality for classical
systems due to Baxter,! improved later by Lieb and Yau,?® and which allows
to bound the full N-body Coulomb potential by a one-body potential:

N
Vionan) 2 =3 Y2 (2.4

i=1
where 0(z) = infgezs | — R| is the distance to the closest nucleus. Hence
we have the lower bound

H§2§2<_Ami _W>

Next we split the kinetic energy in two parts and we use the uncertainty
principle to show that on L?(Q)
A 3/24+V2 S

4 5z) ¢

In proving this lower bound, one uses the Sobolev inequality in a small
ball around each nucleus, exploiting the fact that the nuclei are fixed and
separated by a distance at least one to each other. The proof of the stability
of matter for systems with classical nuclei whose position is unknown is
more difficult and it uses the improved version of (2.4) contained in the
paper by Lieb and Yau,?® as explained in our work.!® This shows

N

A, 1

HY > ( o c) hence Hg > jZAi —CN (2.5)
=1 [

on L%(Q) and Fq respectively. The last step is to use the Lieb-Thirring
inequality?” which states that

N
<Z (—Az,) 9, ‘I’> > Cur /Q pu () 3dx (2.6)

i=1
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for all N > 1 and all N-body fermionic wavefunction ¥ € /\f’ L?(Q). The
density of charge py is as usual defined by py(z) = N [,n_1 [P (2, y)[*dy.
Using the fact that [, pg = N and Hélder’s inequality, (2.6) yields on the
Fock space Fq

> (=Aq,) = Cup|Q AN, (2.7)

Hence we obtain Hg > (Cpr/4)|Q|~2/3N>/3 — CN which, when optimized
over N, gives the result for the ground state energy.

For the free energy, we use (2.5), (2.7) and Peierls’ inequality>®:3* to get

1
F<ﬁ7M7Q) > —Blogtr}- (e_ﬂzi(_Ai)/4) _ C(l +Mi/2)|Q|

The first term of the r.h.s. is the free energy of a free-electron gas which is
bounded below by —C(1 + 37°/2)|Q] in the thermodynamic limit.'6 O

In order to state our main result, we need the

Definition 2.1 (Regular sets in R?®). Let be a > 0 and ¢ > 0. We say
that a bounded open set  C R? has an a-regular boundary in the sense of
Fisher if, denoting by 02 = Q\ Q the boundary of (2,

vt € [0,1], Hm e R? | d(z,090) < \Q|1/3t}’ < 19| at. (2.8)
We say that a bounded open set Q C R? satisfies the e-cone property if for
any x € §) there is a unit vector ag € R3 such that
yeR [ (x—y) a>1-)z—y| v -yl <e} SO

We denote by R, the set of all Q C R3 which have an a-regular boundary
and such that both Q2 and R3 \ Q satisfy the e-cone property.

Note that any open convex set is in R, . for some a > 0 large enough
and € > 0 small enough.'® We may state our main

Theorem 2.2 (Thermodynamic Limit for the Crystal®). There
exist € € R and a function f : (0,00) x R — R such that the follow-
ing holds: for any sequence {Q,}n>1 C Rqe of domains with |Q,| — oo,
19,,|~/3diam(Q,) < C, a > ag >0 and 0 < & < &g

. EQ,) . F(Qn,Bp) 2
Jim o ~© HILII;OW = f(B, ). (2.9)

Moreover f takes the form f(3,u) = p(8) — p.
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Remark 2.1. We know from [22, Appendix A p. 385] and [10, Lemma 1]
that if each set €2,, of the considered sequence is connected, then automat-
ically |Q,|~/3diam(Q,) < C.

A very similar result was proved by C. Fefferman.® Our result is more
general: we allow any sequence €2, tending to infinity and which is regular
in the sense that {Q,}n>1 € Ra.c. In Fefferman’s paper,® Q,, = £,(Q +x,,)
where ¢,, — 00, §) is a fixed convex open set and x,, is any sequence in R3.
These sets are always in R, . for some a,e > 0.

In our work!'® a result even more general than Theorem 2.2 is shown:
we are able to prove the existence of the same thermodynamic limit if the
crystal is locally perturbed (for instance finitely many nuclei are moved or
their charge is changed). A similar result can also be proved for the Hartree-
Fock model.

3. Other models

h!5:16 ig general and it can be applied to a variety of models,

Our approac
not only the crystal case. We quickly mention two such examples. It is inter-
esting to note that for these other models, we do not need the cone property
and we can weaken the assumptions on the regularity of the boundary by
replacing ¢ on the r.h.s. of (2.8) by any t?, 0 < p < 1. Details may be
found in our article.'® Roughly speaking, when the system is “rigid” like
for the crystal (the nuclei are fixed), the proof is more complicated and more
assumptions are needed on the sequence of domains to avoid undesirable

boundary effects.

3.1. Quantum particles in a periodic magnetic field

Define the magnetic kinetic energy T'(A) = (—iV+A(z))? where B = Vx A

is periodic (for instance constant) and A € L2 _(R3). Next, consider the

loc
Hamiltonian

ZT +ZT )R, + V(z, R),
—Z
V(x’R):;\Rk—Jﬂ Z|xl—w]| Z|Rk_Rk’

k;ék’

The ground state energy is this time defined as

. . N,K
EI(Q) = N,III}fEO 1nf U/\iv Lz(Q)®S®{( L2(Q) (HQ > .
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We do not precise the symmetry S of the particles of charge z which can
be bosons or fermions. A formula similar to (2.2) may be used for the free
energy on the (electronic and nucleic) Fock space. We prove in our paper!®
a result similar to Theorem 2.2 for this model. Lieb and Lebowitz already
proved it in the seminal paper Ref. 22 when A = 0. They used as an essential
tool the rotation-invariance of the system to obtain screening. When A # 0
the system is no more invariant by rotations and their method cannot be
applied.

3.2. Classical nuclei with optimized position

For all R C , #R < o0, let us define

N

A,
Hy™ =) ==+ V(. R)
i=1

and the associated ground state energy by

B = fof, ol i ong o (Ha")
T #R<co

We could as well optimize the charges in [0, z] of the nuclei without changing
the energy.®'® However, the free energy itself is not the same when the
charges of the nuclei are optimized or not.'®

Surprisingly, to our knowledge the existence of the thermodynamic limit
for this model was unknown. A result similar to Theorem 2.2 is proved in
our paper'® for E”.

4. A general method

In this section, we give the main ideas of our new approach which allows to
prove Theorem 2.2 and its counterparts for the other models quoted before.

4.1. Screening via the Graf-Schenker inequality

As mentioned in the introduction, an important step is to quantify screen-
ing. For quantum nuclei without a magnetic field (A = 0), Lieb and
Lebowitz used?? the following method (see Figure 1). First they took a big
ball B which they packed with several small balls By of different size. In
each of these balls, they took the (neutral) ground state of the correspond-
ing ball. As the system is invariant under rotations, they can freely rotate
each ground state. Averaging over rotations of all the small balls, they re-
duced the computation of the interaction between them to that of classical
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Fig. 1. A comparison between the original method of Lieb and Lebowitz2? (left) and
our method based on the Graf-Schenker inequality'3:15:16 (right).

pointwise particles located at the center of the balls, by Newton’s theorem.
As each subsystem is neutral, this interaction vanishes. This proves a for-
tiori that there exists an adequate rotation of each system in each little
ball such that the total interaction between them cancels. Choosing this
configuration, they could build a test function whose energy is just the sum
of the small energies, proving an estimate of the form E(B) < ), E(By).
This inequality can be used to prove the limit for balls. Clearly this trick
can only be used for rotation-invariant systems.

Note in the Lieb-Lebowitz proof, a domain (the big ball) is split in
several fized subdomains and an average is done over rotations of the states
in each small domain. This yields an upper bound to the energy. The Graf-
Schenker inequality is kind of dual to the above method (see Figure 1).
This time a domain €2 is split in several subdomains by using a tiling of the
space R3. But the system is frozen in the state of the big domain € and the
average is done over the position of the tiling. This yields a lower bound to
the energy of the form E(Q) > >~ E(A"™ Q) + errors, where A" are
the tetrahedrons which make up the (translated and rotated) tiling.

The Graf-Schenker inequality was inspired by previous works of Con-
lon, Lieb and Yau.*® It is an estimate on the Coulomb energy of classical
particles. The proof of Fefferman in the crystal case® was also based on a
lower bound on the free energy in a big set and an average over transla-
tions of a covering of this set (the method was reexplained later in details
by Hugues!”). Fefferman®
size. The lower bound depends on the number of balls contained in the big

uses a covering with balls and cubes of different

domain and of the form of the kinetic energy which is used to control error
terms.
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Let G = R3 x SO3(R) be the group of translations and rotations acting
on R3, and denote by d\(g) its Haar measure.

Lemma 4.1 (Graf-Schenker inequality!3). Let A be a simplex in R3.
There exists a constant C' such that for any N €N, z1,...,2xy € R, 2; € R3
and any £ > 0,

Z ZiZj >/ dA(g) Z zizjlgen (xi)Lgen (@) ,gi
i —xj| ~ Jg D) |z — ] t~

1<i<j<N ‘ v 1<i<j<N
(4.1)

In the previous theorem it is not assumed that A yields a tiling of R3.
Up to an error which scales like ¢, (4.1) says that the total Coulomb energy
can be bounded from below by the Coulomb energy (per unit volume)
of the particles which are in the (dilated) simplex g¢A, averaged over all
translations and rotations g of this simplex.

Because of the above inequality, simplices play a specific role in the study
of Coulomb systems. Hence proving the existence of the thermodynamic
limit for simplices first is natural (as it was natural to consider balls in the
Lieb-Lebowitz case due to the invariance by rotation). In the next section
we give an abstract setting for proving the existence of the limit when an
inequality of the form (4.1) holds true.

4.2. An abstract result

In this section we consider an abstract energy E : € M — E(Q) € R
defined on the set M of all bounded open subsets of R3 and we give sufficient
conditions for the existence of the thermodynamic limit. In the application,
FE will be either the ground state energy, or the free energy of the system
under consideration.

We fix a reference set A € R, . which is only assumed to be a bounded
open convex set in R? (it need not be a simplex for this section), such that
0 € A. Here a,e > 0 are fixed. We assume that the energy F satisfies the
following five assumptions:

(A1) (Normalization). E(() = 0.

(A2) (Stability). ¥Q € M, E(Q) > —r|Q].

(A3) (Translation Invariance). Y2 € Rq., Vz € Z3, E(Q + 2) = E(Q).

(A4) (Continuity). VQ € Rqc, ¥ € Ry o with ' C Q and (092, 0Y) > 6,
B(©) < B@) + 5|0\ 9] + [2]a(9)).
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(A5) (Subaverage Property). For all Q € M, we have

B> 25 [ B@ng- @) o - l0hal (42

where |Q, ;= inf{|Q], @ C Q, Q € R,.} is the regularized volume of Q.

In the assumptions above « is a fixed function which tends to 0 at
infinity and 6,a’,e’ are fixed positive constants. In our work,'® an even
more general setting is provided. First (A3) can be replaced by a much
weaker assumption but we do not detail this here. Also a generic class of
regular sets R is considered instead of R,.. This is because for instance
the cone property is only needed for the crystal case and it is not at all
necessary in other models, hence the concept of regularity depends on the
application.

Notice (A4) essentially says that a small decrease of €2 will not increase
too much the energy. A similar property was used and proved in the crystal
case by Fefferman [9, Lemma 2]. Taking ' = () and using (A1), property
(A4) in particular implies that for any regular set Q € R, E(Q) < C|Q].
However this upper bound need not be true for all 2 € M. We give a sketch
of the proof of the following result in Section 4.5.

Theorem 4.1 (Abstract Thermodynamic Limit for A1%).

Assume E : M — R satisfies the above properties (A1)—(A5) for some
open convex set A € R . with 0 € A. There exists € € R such that e;(g) =
UA[TYE(glA) converges uniformly towards € for g € G =R3 x SO(3) and
as £ — oco. Additionally, the limit € does not depend on the set A®.

4.3. Idea of the proof of (A1)—(A5) for the crystal

Before switching to the abstract case of a general sequence {2, }, we give
an idea of the proof of (A1)—(A5) in the crystal case. We apply the theory
of the previous section to both the ground state energy and the free energy
of the crystal which were defined in Section 2. First (A1) and (A3) are
obvious. Property (A2) is the stability of matter as stated in Theorem 2.1.
On the other hand (A5) is essentially the Graf-Schenker inequality (4.1),
up to some localization issues of the kinetic energy which essentially have
already been delt with by Graf and Schenker.!?

For the crystal the most difficult property is (A4). The difficulty arises
from the fact that this is a very rigid system. For the two other examples

aThis means if all the assumptions are true for another set /A’ then one must have &’ = e.
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+ o+

Fig. 2. Idea of the proof of (A4) for the crystal.

mentioned in Section 3, (A4) is obvious, the energy being nonincreasing:
E(Q2) < E(Q). This is because we can simply choose a ground state of
as a test for Q and take the vacuum in Q\ . In the crystal case we always
have nuclei in Q\ Q' and if we do not put any electron to screen them, they
will create an enormous electrostatic energy.

The idea of the proof of (A4) for the crystal is displayed in Figure 2. We
build a test state in £ by considering the ground state in €', and placing
one radial electron in a ball of fixed size on top of each nucleus ouside €)'.
By Newton’s theorem, the electrostatic potential out of the support of the
electron will vanish, hence the energy will simply be E(Q') plus the sum of
the kinetic energies of the electrons, which is bounded above by a constant
times |2\ '] for regular domains. The only problem is that we cannot put
an electron on top of the nuclei which are too close to the boundary of €
or of €. For these nuclei, using the cone property we can place the ball
aside and create a dipole. The difficult task is then to compute a bound on
the total interaction between the dipoles and the ground state in . We
provelS that it is o(|Q2|), using a specific version of stability of matter.

4.4. General domains and strong subadditivity of entropy

In the previous two subsections, we have presented our abstract theory giv-
ing the thermodynamic limit of special sequences built upon the reference
set A, and we have explained how to apply it to the crystal case. For all
regular domain sequences we can only get from (A5) a bound of the form

E()

|20

> e.

lim inf

n—oo

In order to get the upper bound, we use a big simplex L, /A of the same size
as 2, and a tiling made with simplices of size {,, < L,, as shown in Figure
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3. We use the ground state of the big simplex L, A to build a test state in
Q,, hence giving the appropriate upper bound. To this end, we need some
localization features, hence more assumptions in the general theory.

NN

Fig. 3. Proof for general sequences {Qx }.

It is sufficient!'® to assume that
(i) A can be used to build a tiling of R?;
(ii) the free energy is essentially “two-body
total energy E(L,/\) as the sum of the energies of the small sets of the
tiling, plus the interaction between them and the relative entropy;

”b such that we may write the

(#i7) the entropy is strongly subadditive.
This is summarized in the following assumption. We assume that T is a
subgroup of G yielding a tiling of R?® by means of A, i.e. U erpA = R?
and pANvA =0 for p # v.
(A6) (Two-body decomposition). For all L and ¢ we can find ¢ € G and
maps Eg: ' - R, I, : T xT' =R, s, : {P:P CT} — R such that
o Eg(p)=Iy(p,v) =0if lguAn (LA) = 0

1
o BL) = Y By + 1 3 1y(nv) —5y(T) ~ [LAJa(0):

pel’ v €eD

nAv
e Forall P CT and Ap = LANU,,cp lgpds
1
E(Ap) <Y By(w) + 5 Y Ig(n.v) = 54(P) + |Apla(0);
neEP u,t;é&?"
nF#V

PWe could as well assume that the energy is k-body with k < oo but this would compli-
cate the assumptions further more.
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e (Strong subadditivity). for any disjoint subsets Py, P, P3 C T

5g(P1UP2UPs) 4 54(Pa) < 54(P1UP2) + 54(P2UP3);

o (Subaverage property). / dg Z Iy(n,v) > —|LA|a(l).
G/r T
nAV

In the applications® the previous quantities are interpreted as follows:
E4(P) is the free energy in the union Ap = (LA) NUyueplgud\, I4(p, v) is
the interaction energy between the simplices fgu/ and gv A\, and s4(P) is
the difference between the entropy of Ap and the sum of the entropies of
Lgu\ with p € P.

Conjectured by Lanford and Robinson!® the strong subadditivity (SSA)
of the entropy in the quantum mechanical case was proved by Lieb and
Ruskai.?®24 The fact that SSA is very important in the thermodynamic
limit was remarked by Robinson and Ruelle?' and others.?* In a forthcom-
ing article!® we prove the following

Theorem 4.2 (Abstract Limit for general domains'®). Assume E :
M — R satisfies the properties (A1)—(A6) for some open convex polyhe-
dron A € Rqe with 0 € A, yielding a tiling of R®. Then we have for all
sequences {Q} C Ra.c with |Q,| — oo and |Q,|~1/3diam(Q2,,) < C,

EQ
lim (62n)

n— 00 |Qn|

= é’
where € is the limit obtained in Theorem 4.1.

The proof of Theorem 4.2 is based on a careful estimate of the energy
and the interaction energies of boundary terms, ie. of the sets £gu/\ which
intersect the boundary of the big set LA. The application to the crystal
is not much more difficult than for Theorem 4.1. Indeed in the paper of
Graf and Schenker,'? (4.1) was expressed using a tiling of R? and the last
subaverage property of (A6) essentially follows from their ideas.!® Strong
subadditivity of the entropy is usually expressed via partial traces. A gen-
eralization in the setting of localization in Fock space is detailed in our
article.'®

°Due to some localization issues of the kinetic energy, it is often needed that the sets of
the tiling slightly overlap. Seel® for a generalization in this direction.
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4.5. Proof of Theorem 4.1

Denote as in the Theorem ey(g) = E(glA)|¢/A|~1. Notice that (A2), (A4)
with Q" = ), and (A1) imply that e, is uniformly bounded on G. Also we
have by (A3) es(u+ 2z, R) = es(u, R) for all (u, R) € R3 x SO3(R), 2 € Z3,
i.e. ey is periodic with respect to translations. Hence it suffices to prove the
theorem for g = (u, R) € [0,1]® x SO3(R).

Next we take g € G, L > ¢ and apply (A5) with Q = gLA. We get

1 —al E(GLANgLN)
|LA\ [eA

Let us introduce the set Z of points z € Z3 such that RIA +u+ 2z C GLA
for all u € [0,1]® and all R € SO3(R). We also define Z as the set of points
z € 73 such that (REA+u+2)NGLA # ) for some (u, R) € [0,1]3 x SO3(R)
but z ¢ Z. We obtain using (A1) and (A3)

er(g) > dg — a(l).

E(gLANgLN) EGLANGA) / du/ E(GLAN (RIA +u+ 2))
LZAN 012 Jsos(® LZAY
/ / E(GLAN (RN 4 u+ 2))
du
o5 o sog(R A

+(#2) du/ dR ep(u, R).
0,1 SO4(R)

Using the stability property (A2), we infer
E(GLAN (RIA 4+ u+ 2)) < |gLA N (REA 4+ u + 2))|

(A =" Py =
Hence
E(GLA N gt
BULO DI 4> (p2) | es(g) dg + K(#DZ).
LA (0,18 x SO5 (R)

As A has an a-regular boundary, it can be seen that (#02) < CL?*( and
Z = |LA|+O(L?¢). Using again that e, is bounded, we eventually obtain
the estimate

@ | ei(g) dg — Cla(0) + (/L)
[0,1]3x SO3(R)
for some constant C'. It is then an easy exercise to prove that

lim infey = lim ep:=¢€
l—oo G {— 00 [0,1]3 x SO5(R)

and finally that e, — & in L'([0,1]® x SO3(R)).
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The last step consists in proving the uniform convergence, using (A4).
Fix some small n > 0. As 0 € A and A is convex, we have (1 —n)A C A.
More precisely, there exists an r > 0 and a neighborhood W of the identity
in SO3(R) such that R(1—n)A+u C A forall (u,R) € A:= B(0,r)xW C
G. We have that gf(1 —n)A C LA for all g € Ay := B(0,r¢) x W, hence
in particular for all g € A. Now we fix some § € G and apply (A4) with
Q=glA and Q' = ggl(l —n)A, we get

E(gth) < E(ggl(l —n)d) + CleAn + o(|LA]).

Integrating over g € A and dividing by [¢A| we infer

_ 1
ee(g) < m /A e(1—ne(9) dg +Cn+o(1)r—oo-
g

First we pass to the limit as £ — oo using that e, — € in L!(G) and |A| # 0.
Then we take n — 0 and get limsup,_,  supzeq ee(g) < €. This ends the
proof of Theorem 4.1.
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We present a review of recent work on the mathematical aspects of the BCS
gap equation, covering our results of Ref. 9 as well our recent joint work with
Hamza and Solovej® and with Frank and Naboko,® respectively. In addition,
we mention some related new results.

1. Introduction

In this paper we shall describe our recent mathematical study®®?° of one
of the current hot topics in condensed matter physics, namely ultra cold
fermionic gases consisting of neutral spin—% atoms. The kinetic energy of
these atoms is described by the non-relativistic Schrodinger operator, and
their interaction by a pair potential AV with A being a coupling parameter.
As experimentalists are nowadays able to vary the inter-atomic potentials,
the form of AV in actual physical systems can be quite general; see the
recent reviews in Refs. 5 and 4. Our primary goal concerns the study of
the superfluid phases of such systems. According to Bardeen, Cooper and
Schrieffer? (BCS) the superfluid state is characterized by the existence of a
non-trivial solution of the gap equation

Alp) = —(27:)\3/2 /RS Vip— Q)Aéggdnhi(ﬁ) dq (1.1)

*(©2008 by the authors. This paper may be reproduced, in its entirety, for non-
commercial purposes.



118 C. Hainzl & R. Seiringer

at some temperature 7 > 0, with E(p) = /(p2 — p)2 + |A(p)|2. Here,
ft > 0 is the chemical potential and V(p) = (2)~%/2 [, V(z)e”"#*dx de-
notes the Fourier transform of V. The function A(p) is the order parameter
and represents the wavefunction of the Cooper pairs. Despite the fact that
the BCS equation (1.1) is highly non-linear, we shall show in Theorem 2.1
(see also [8, Thm 1]) that the existence of a non-trivial solution to (1.1) at
some temperature T is equivalent to the fact that a certain linear operator,
given in (2.3) below, has a negative eigenvalue. For T' = 0 this operator is
given by | — A — p| + AV. This rather astonishing possibility of reducing
a non-linear to a linear problem allows for a more thorough mathematical
study. Using spectral-theoretic methods, we are able to give a precise char-
acterization of the class of potentials leading to a non-trivial solution for
(1.1). In particular, in Theorem 2.2 (see also [6, Thm 1]) we prove that for
all interaction potentials that create a negative eigenvalue of the effective
potential on the Fermi sphere (see (2.6) below; a sufficient condition for
this property is that [p, V(x)dz < 0), there exists a critical temperature
T.(AV) > 0 such that (1.1) has a non-trivial (i.e., not identically vanish-
ing) solution for all T < T.(AV), whereas there is no such solution for
T > T.(A\V). Additionally, we shall determine in Theorem 2.2 the precise
asymptotic behavior of T..(AV') in the small coupling limit. We extend this
result in Theorem 2.3 (see also [9, Thm 1]) and give a derivation of the
critical temperature T, valid to second order Born approximation. More
precisely, we shall show that

8e7 2
T.=p ¢

e/ (2\/1by) (1.2)

where v = 0.577 denotes Euler’s constant, and where b, < 0 is an effective
scattering length. To first order in the Born approximation, b, is related to
the scattering amplitude of particles with momenta on the Fermi sphere,
but to second order the expression is more complicated. The precise for-
mula is given in Eq. (2.11) below. For interaction potentials that decay fast
enough at large distances, we shall show that b, reduces to the usual scat-
tering length ag of the interaction potential in the low density limit, i.e.,
for small . Our formula thus represents a generalization of a well-known

formula in the physics literature.”!3

In the case of zero temperature, the function E(p) in (1.1) describes an
effective energy-momentum relation for quasi particles, and

== inf £(p) = int V(0? = )2+ 1A(p) 2
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is called the energy gap of the system. It is of major importance for applica-
tions, such as the classification of different types of superfluids. In fact, = is
the spectral gap of the corresponding second quantized BCS Hamiltonian.
(See Refs. 2 and 12 or the appendix in Ref. 8.)

An important problem is the classification of potentials V' for which = >
0. This questions turns out to be intimately related to the continuity of the
momentum distribution ~y(p), which will be introduced in the next section.
In the normal (i.e., not superfluid) state, A = 0 and + is a step function at
T = 0, namely v(p) = 6(|p| — \/it). According to the picture presented in
standard textbooks the appearance of a superfluid phase softens this step
function and ~(p) becomes continuous. We are going to prove in this paper
that if V(z)|z| € LS5 and [V < 0 then indeed both strict positivity of
= > 0 and continuity v hold. It remains an open problem to find examples
of potentials such that the gap vanishes in cases where a superfluid phase
occurs.

One of the difficulties involved in evaluating = is the potential non-
uniqueness of the solution of the BCS gap equation. For interaction poten-
tials that have nonpositive Fourier transform, however, we shall show that
the BCS pair wavefunction is unique, and has zero angular momentum.
In this case, we shall prove in Theorem 2.5 (see also [9, Thm. 2]) similar
results for = as for the critical temperature. It turns out that, at least up
to second order Born approximation,

™

[1]

=T, (1.3)

ey

in this case. This equality is valid for any density, i.e., for any value of
the chemical potential u. In particular, = has exactly the same exponential
dependence on the interaction potential, described by b,, as the critical
temperature T.

2. Preliminaries and main results

We consider a gas of spin 1/2 fermions at temperature 7' > 0 and chemical
potential g > 0, interacting via a local two-body interaction potential of
the form 2AV (x). Here, A > 0 is a coupling parameter, and the factor 2 is
introduced for convenience. We assume that V' is real-valued and has some
mild regularity properties, namely V € L'(R?) N L3/2(R?). In the BCS
approximation, the system is described by the BCS functional Frp, derived
by Leggett in his seminal paper,!! based on the original work of BCS.2 The



120 C. Hainzl & R. Seiringer

BCS functional Fr is related to the pressure of the system and is given by

Frir, >f/<p —un dp+/\a )2V (2)de — TS(r.0),  (2.1)

where the entropy S is

/n@ p)logL(p)ldp,  T(p)= (Zf;ﬂ 1 fl(igp))'

The functions (p) and &(p) are interpreted as the momentum distribution
and the Cooper pair wave function, respectively. The satisfy the matrix
constraint 0 < I'(p) < 1 for all p € R%. In terms of the BCS functional
the occurrence of superfluidity is described by minimizers with o # 0. We
remark that in the case of the Hubbard-model this functional was studied
in Ref. 1.

For an arbitrary temperature 0 < T < oo the BCS gap equation, which
is the Euler-Lagrange equation associated with the functional Frp, reads

AG) =~ [ Vo0 g e Gl a2

where E(p) = \/(p? — )2 + |A(p)|2. The order parameter A is related to
the expectation value of the Cooper pairs a via 2a(p) = A(p)/E(p). We
present in the following a thorough mathematical study of this equation. In
order to do so, we shall not attack the equation (2.2) directly, but exploit
the fact that « is a critical point of the semi-bounded functional Frp.

The key to our studies is the observation in Ref. 8 that the existence of
a non-trivial solution to the non-linear equation (2.2) can be reduced to a
linear criterion, which can be formulated as follows.

Theorem 2.1 ( [8, Theorem 1]). LetV € L% y € R, andoo > T > 0.
Define
(*—m)/T
_ 2 € +1
Kr, = (p 1) c—m)/T _ |
Then the non-linear BCS equation (2.2) has a non-trivial solution if and
only if the linear operator

K, + AV, (2.3)

acting on L?(R?), has at least one negative eigenvalue.
Hence we are able to relate a non-linear problem to a linear problem
which is much easier to handle. The operator Kt , is understood as a mul-

tiplication operator in momentum space. In the limit 7' — 0 this operator
reduces to | — A — u| + AV.
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2.1. The critical temperature

Theorem 2.1 enables a precise definition of the critical temperature, by
T.(AV) :=inf{T |Kp, + AV > 0}. (2.4)

The symbol K7 ,(p) is point-wise monotone in T'. This implies that for
any potential V| there is a critical temperature 0 < T,.(AV) < oo that
separates two phases, a superfluid phase for 0 < T < T,(AV) from a normal
phase for T.(A\V) < T < oo. Note that T.(A\V) = 0 means that there is no
superfluid phase for A\V. Using the linear criterion (2.4) we can classify the
potentials for which T.(AV) > 0, and simultaneously we can evaluate the
asymptotic behavior of T,(AV) in the limit of small A. This can be done
by spectral theoretical methods. Applying the Birman-Schwinger principle
one observes that the critical temperature T, can be characterized by the
fact that the compact operator

Asgn V)IVIVEE ! VT2 (2.5)

has —1 as its lowest eigenvalue. This operator is singular for 7, — 0, and
the key observation is that its singular part is represented by the operator
An(1/T.)V,, where V,, : L*(Q,) — L*(Q2,) is given by

1 1 N
(V) (p) = CTSEENT /QH V(p = q)u(q) dw(q) - (2.6)
Here, Q,, denotes the 2-sphere with radius /i, and dw denotes Lebesgue
measure on {),,. We note that the operator V,, has appeared already earlier
in the literature.®19
Our analysis here is somewhat similar in spirit to the one concerning
the lowest eigenvalue of the Schrodinger operator p? + AV in two space
dimensions.!'* This latter case is considerably simpler, however, as p? has
a unique minimum at p = 0, whereas K ,(p) takes its minimal value on
the Fermi sphere p? = i, meaning that its minimum is highly degenerate.
Hence, in our case, the problem is reduced to analyzing a map from the L?
functions on the Fermi sphere ,, (of radius /u) to itself. Let us denote
the lowest eigenvalue of V,, as

e, (V) :=inf specV, .

Whenever this eigenvalue is negative then the critical temperature is non
zero for all A > 0, and we can evaluate its asymptotics. Moreover, the
converse is “almost” true:
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Theorem 2.2 ( [6, Theorem 1]). Let V € L*?(R%) N LY(R?) be real-
valued, and let X > 0.

(i) Assume that e, (V) < 0. Then T.(A\V) is non-zero for all A > 0, and

. n 1
lim A 1 =— .
0" T OWV) T en(V)
(i1) Assume that e, (V) = 0. If To(AV) is non-zero, then In(p/T.(AV)) >
cA™2 for some ¢ > 0 and small \.
(i1i) If there exists an € > 0 such that e, (V — €|V]) = 0, then T.(AV) =0

for small enough \.

(2.7)

As we see, the occurrence of superfluidity as well as the asymptotic behavior
of T,(AV) is governed by e,(V). A sufficient condition for e, (V) to be
negative is [V < 0. But one can easily find other examples. Eq. (2.7)
shows that the critical temperature behaves like T.(AV) ~ pe'/Aex(V)) In
other words it is exponentially small in the coupling.

In the following, we shall derive the second order correction, i.e., we will
compute the constant in front of the exponentially small term in 7T,.. For
this purpose, we define an operator W, on L?(€2,,) via its quadratic form

_ [T p]? AVI2 | 2
W) = | d|p<|p|2—u| [ a2 (0 = 1o/ )P

+ [ aole(a/ ) (2.5)

Here, ¢(p) = (21)7%/2 [, V(p — @)u(g)dw(q), and (|p|,2) € Ry x S de-
note spherical coordinates for p € R3. We note that since V € L'(R3),
Js2 d2|p(p)|? is Lipschitz continuous in |p| for any u € L?(R?), and hence
the radial integration is well-defined, even in the vicinity of p? = . In fact
the operator W, can be shown to be Hilbert-Schmidt class, see [9, Section
3].

For A > 0, let

N 2
BHfAQ\/ﬁv# A

and let b, (\) denote its ground state energy,

T
7 W (2.9)
b, (A) = inf specB,, . (2.10)

We note that if e, < 0, then also b,(A) < 0 for small X. In fact, if the
eigenfunction corresponding to the lowest eigenvalue e,, of V,, is unique and
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equals u € L*(Q,,), then
Tu /\277<U|W/t|u>
27 2
In the degenerate case, this formula holds if one chooses u to be the eigen-
function of V,, that yields the largest value (u|W,|u) among all such (nor-
malized) eigenfunctions.

With the aid of b,()), we can now recover the next order of the critical
temperature for small A.

bu(\) = (ulBu|u) + O(N3) = A o). (2.11)

Theorem 2.3 ( [9, Theorem 1]). Let V € L'(R%) N L32(R3) and let
p > 0. Assume that e, = inf specV, < 0, and let b,(\) be defined in
(2.10). Then the critical temperature T, for the BCS equation is strictly
positive and satisfies

™

lim <ln <;> + WW) =2~ —1In(8/7). (2.12)

Here, v = 0.577 denotes Euler’s constant.

The Theorem says that, for small A,

—2
T, ~ 1 3 enrevm o) (2.13)
™

Note that b,()\) can be interpreted as a (renormalized) effective scattering
length of 2AV(x) (in second order Born approximation) for particles with
momenta on the Fermi sphere. In fact, if V' is radial and [5, V(x)dz < 0,
it is not difficult to see that for small enough p the (unique) eigenfunction
corresponding to the lowest eigenvalue e, of V, is the constant function
u(p) = (4mp)~"/2. (See [6, Section 2.1].) For this u, we have

im (u u) = s z)dr — 7)? M
lim ulB,Ju) = (\am) [ Vie)de = (/amp? [ L

Here, ag(\) equals the scattering length of 2AV in second order Born ap-

dxdy = ag()) .

proximation. Assuming additionally that V(z)|x| € L' and bearing in mind
that b, (A\) = (u|B,|u) + O(A?) for small enough p, we can, in fact, estimate
the difference between b, () and ag(A). Namely we prove in [9, Proposition
1] that

nm1< S ):o.
#=0 i\ (ulBylu)  ao(X)
This yields the approximation

872

™

Tc A~ 67\’/(2\/;7110(/\))
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in the limit of small A and small p. This expression is well-known in the
physics literature.”13 We point out, however, that our formula (2.13) is
much more general since it holds for any value of u > 0.

2.2. Energy Gap at Zero Temperature

Consider now the zero temperature case 1" = 0. In this case, it is natural
to formulate a functional depending only on « instead of v and «. In fact,
for T'= 0 the optimal choice of v(p) in Fr for given &(p) is clearly

" (p) = { (1+\/1—4|a ) for p% < u (2.14)

1—/1—4|a(p)|?) for p> > pu °

Subtracting an unimportant constant, this leads to the zero temperature
BCS functional

/|p —,u| 1— V1—4a(p)? dp+>\/ z)]*dx.

(2.15)
The variational equation satisfied by a minimizer of (2.15) is then
A ’ Alg)
Ap)=——2 | Vip—9=Ldq, 2.16
) =~ 5 /]R Y= a gy da (2.16)

with A(p) = 2E(p)é&(p). This is simply the BCS equation (2.2) at T = 0.
For a solution A, the energy gap Z is defined as

= —inf E(p) = inf /(o7 — )” + ()P (2.17)

It has the interpretation of an energy gap in the corresponding second-
quantized BCS Hamiltonian (see, e.g., Ref. 12 or the appendix in Ref. 8.)

A priori, the fact that the order parameter A is non vanishing does
not imply that = > 0. Strict positivity of E turns out to be related to the
continuity of the corresponding  in (2.14). In fact, we are going to prove
in Lemma 5.1 that if V' decays fast enough, i.e., V(x)|z| € L5/°(R3), the
two properties, = > 0 and y(p) continuous, are equivalent. Both properties
hold true under the assumption that [V < 0:

Theorem 2.4. Let V € L32 N L, with V(x)|z| € L5/5(R®) and [V
(2m)3/2V(0) < 0. Let o be a minimizer of the BCS functional. Then =
defined in (2.17) is strictly positive, and the corresponding momentum dis-
tribution v in (2.14) is continuous.

1] 1

One of the difficulties involved in evaluating = is the potential non-
uniqueness of minimizers of (2.15), and hence non-uniqueness of solutions
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of the BCS gap equation (2.16). The gap E may depend on the choice of A
in this case. For potentials V' with non-positive Fourier transform, however,
we can prove the uniqueness of A and, in addition, we are able to derive
the precise asymptotic of Z as A — 0.

In the following we will restrict our attention to radial potentials
V with non-positive Fourier transform. We also assume that V(0) =
(27)73/2 [V(z)dx < 0. It is easy to see that e, = inf specV, < 0 in
this case, and that the (unique) eigenfunction corresponding to this lowest
eigenvalue of V, is the constant function.

In particular we have the following asymptotic behavior of the energy
gap = as A — 0.

Theorem 2.5 ( [9, Theorem 2]). Assume that V € L'(R3) N L3/2(R?)
is radial, with V(p) < 0 and V(0) < 0. Then there is a unique minimizer
(up to a constant phase) of the BCS functional (2.15) at T = 0. The cor-
responding energy gap, = = inf, \/(p? — )2 + [A(p)|2, is strictly positive,
and satisfies

. “w T
1 1 (—) — | =2-1 . 2.1
Pt (n =) " ayn bu()‘)) h 219
Here, b, (\) be defined in (2.10).
The Theorem says that, for small A,
8
E ~ Mgeﬂ'/(Q\/ﬁbu(A)) .

In particular, in combination with Theorem 2.3, we obtain the universal
ratio

| (1)

T
li = — ~ 1. .
/\11)% T. & 7639

That is, the ratio of the energy gap = and the critical temperature T,
tends to a universal constant as A — 0, independently of V' and p. This
property has been observed before for the original BCS model with rank one
interaction,>'? and in the low density limit for more general interactions’
under additional assumptions. Our analysis shows that it is valid in full
generality at small coupling A < 1.

3. Sketch of the proof of Theorem 2.1

The backbone of our analysis is the linear criterion in Theorem 2.1. As a
first step towards its proof, one has to prove that the functional Fr (v, «)
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in (2.1) attains a minimum on the set
D ={(v,a)|v € L'(R*,(1+p)dp),a € H'(R?),0 <y < 1,[&|* < v(1-)}.

This can be done by proving lower semi-continuity of Fr on D. See [8,
Prop. 1] for details. Theorem 2.1 is then a direct consequence of the equiv-
alence of the following three statements [8, Theorem 1]:

(i) The normal state (yo,0), with v = [¢®*~#/T 4 1]=1 being the Fermi-
Dirac distribution, is unstable under pair formation, i.e.,

inf Fr(y,a) < Fr(,0).
(v,a)€D

(ii) There exists a pair (v, @) € D, with a # 0, such that

2
pT—=p .
Alp) = +——=a&(p) (3.1)
3 —7(p)
satisfies the BCS gap equation (2.2).
(ili) The linear operator K7, + V has at least one negative eigenvalue.

The proof of the equivalence of these three statement consists of the
following steps. First, it is straightforward to show that (i) = (ii). By
evaluating the stationary equations in both variables, v and «, one shows
that the combination (3.1) satisfies the BCS equation (2.2).

To show that (iii) = (i), first note that (yp,0) is the minimizer of Fr in
the case V' = 0. Consequently %fT(Wo, tg)|t=0 = 0 for general g. Moreover,
a simple calculation shows that

2
P (0,10)e0 = 29l K + AV )

If K7, + AV has a negative eigenvalue, we thus see that F(vo,tg) <
Fr(70,0) for small ¢ and an appropriate choice of g.

The hardest part in showing the equivalence of the three statements is
to show that (ii) = (iii). Given a pair (9, &) such that the corresponding
A in (3.1) satisfies the BCS equation (2.2), we note that if & = m(p)a(p)
and v(p) = 1/2 + m(p)(v(p) — 1/2), the pair (v, ) yields the same A and
hence also satisfies (2.2). Moreover, with the choice

- . E
P — anh#

mP) = 150 2B )
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(where E(p) = /(p2 — )2 + |A(p)[?), the new pair (v,a) satisfies addi-
tionally

2E(p) _ p*—p

anh 58 5 —(p) (82)
ﬁ / Vp— )alg)dg =~ 2 __564(19) . (3.3)

Note that in the case V =0, i.e., A = 0, the equation (3.2) reduces to

2
pT—p
2KT,;L(p) =71 .
5 — 70

Using this fact, together with (3.3), we thus obtain

P> —pu pz—u‘ >
« .

%—Vo %—7

1
(a|Kr,, + AV]a) = 3 <a

(3.4)

Using the definition of E(p) and the strict monotonicity of the function

x> x/anhgy for x > 0, we infer from (3.2) that

with strict the inequality on the set where A # 0. Consequently, the expres-
sion (3.4) is strictly negative. Hence K7, + AV has a negative eigenvalue.
This shows that (ii) implies (iii).

4. Proof of Theorems 2.2 and 2.3

For a (not necessarily sign-definite) potential V' (z) let us use the notation
V(2)'/? = (sgn V(@) [V (z)|"/2.

From our definition of the critical temperature T, it follows immediately
that for T' = T, the operator K7, + AV has and eigenvalue 0 and no
negative eigenvalue. If ¢ is the corresponding eigenvector, one can rewrite
the eigenvalue equation in the form

—p = AK; Vi

Multiplying this equation by V1/2 (z), one obtains an eigenvalue equation
for ¢ = V/24). This argument works in both directions and is called the
Birman-Schwinger principle (see [6, Lemma 1]). In particular it tells us that
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the critical temperature T, is determined by the fact that for this value of
T the smallest eigenvalue of

Br = AV'2K ;) V|2 (4.1)

equals —1. Note that although Br is not self-adjoint, it has real spectrum.

Let § : L'(R3) — L?*(Q,) denote the (bounded) operator which maps
¢ € L' (R3) to the Fourier transform of v, restricted to the sphere €,,. Since
V € L'(R3), multiplication by |[V'|*/? is a bounded operator from L?(R?) to
LY(R®), and hence §|V|*/? is a bounded operator from L?(R?) to L?(1,).

Let
1 1 1
my, (T) = max 7/ (—)dp,O},
w(T) {47m rs \K7u(p) P2

and let
Mr = K7, = m, (T35 (4.2)

As in [6, Lemma 2] one can show that VY/2M7|V|*/2 is a Hilbert-Schmidt
operator on L?(R?), and its Hilbert Schmidt norm is bounded uniformly in
T. In particular, the singular part of By as T — 0 is entirely determined
by V1/2§*S‘V‘1/2.

Since V'/2Mp|V|'/? is uniformly bounded, we can choose A small
enough such that 1 4+ A\V'/2M7|V|'/? is invertible, and we can then write
1+ Br as

1+ By =1+ AVY2 (m, (T)FF + Mg) |[V]'/? (4.3)

Amy, (T) 1/2 sl 1/11/2
v e’ S SV

= (14 AV 20|V |2) (1 +

Then Br having an eigenvalue —1 is equivalent to

Am,, (T))

1/2~% 1/2
1+/\V1/2MT|V|1/2V Py (4.4)

having an eigenvalue —1. The operator in (4.4) is isospectral to the selfad-
joint operator

Amy, (T)

1/2 7%
1+AV1/2MT|V|1/2V /25" (4.5)

S|V|1/2

acting on L%(Q,,).

At T =T,, —1 is the smallest eigenvalue of By, hence (4.4) and (4.5)
have an eigenvalue —1 for this value of 7. Moreover, we can conclude that
—1 is actually the smallest eigenvalue of (4.4) and (4.5) in this case. For, if
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there were an eigenvalue less then —1, we could increase T and, by conti-
nuity, find some T' > T, for which there is an eigenvalue —1. Using (4.3),
this would contradict the fact that By has no eigenvalue —1 for T > T..
Consequently, the equation for the critical temperature can be written
as
1
14+ AV 2Mp |V|1/2

This equation is the starting point for the proof of Theorems 2.2 and 2.3.

Amy, (T.) inf spec F|V|'/2 Vi = 1, (4.6)

Proof of Theorem 2.2. Up to first order in A the equation (4.6) reads
Iy, (T.) inf spec F[V — AV M7,V + O(\)|§F* = —1, (4.7

where the error term O(A?) is uniformly bounded in 7. Note that FVg* =
VIV, defined in (2.6). Assume now that e, = inf spec V), is strictly nega-
tive. Since V''/2My, V/2 is uniformly bounded, it follows immediately that

1 1
lim Am,,(T,.) = —- =— .
fue) mu(Te) inf spec§VF* Vibey
Together with the asymptotic behavior m,,(T) ~ =2 1In(u/T) as T — 0,
this implies the leading order behavior of In(u/T,) as A — 0 and proves the

statement in (7).
In order to see (i7) it suffices to realize that, in the case FVF* > 0,
Eq. (4.7) yields mr, > const /2.
The statement (i47) is a consequence of the fact that
1
1+ AV1/20My, [V[172

3V |12 V125" > F[V — const A\|V|]F* > 0,

for A small enough. We refer to Ref. 6 for details. O

Proof of Theorem 2.3. To obtain the next order, we use Eq. (4.7)
and employ first order perturbation theory. Since V" is compact and
inf specFVE* < 0 by assumption, first order perturbation theory implies
that
T — -1
mulTe) = Mu|FVE*|u) — A2 (u|FV M. VF*|u) + O(N3)’

(4.8)

where u is the (normalized) eigenfunction corresponding to the lowest eigen-
value of §VF*. (In case of degeneracy, one has to the choose the u that
minimizes the A? term in the denominator of (4.8) among all such eigen-
functions.)
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Eq. (4.8) is an implicit equation for T.. Since FVMrVF* is uni-
formly bounded and T, — 0 as A — 0, we have to evaluate the limit of
(u|FVMpVF*|u) as T — 0. To this aim, let ¢ = VF*u. Then

(u|FV MgV F*|u)

1 A ~
" Jgs m"ﬁ(p”?dp— my(T) /m 2(p)|? dw(p) (4.9)
B / (KTl@ (6 ~ [6(viw/leDI*] + pimwp/mw) dp.

Recall that K, (p) converges to |p? — u| as T — 0. Using the Lipschitz
continuity of the spherical average of |3(p)|? (see [9, Equ. (29)]) it is easy
to see that

%iin0<u|8VMTVS*|u> = (uWy|u), (4.10)

with W, defined in (2.8). In particular, combining (4.8) and (4.10), we have
thus shown that

1
li T, =0. 4.11
) (m#( )+ inf spec (A/BV, — )\QWM)> (4.11)

The statement follows by using the asymptotic behavior ( [9, Lemma 1])

1 " 8
in the limit of small T', where v ~ 0.5772 is Euler’s constant. m|

5. Proof of Theorems 2.4 and 2.5
5.1. Sufficient condition for 2 > 0

If e, (V) < 0 we know that the BCS equation (2.16) has a solution, meaning
the system shows a superfluid phase for T = 0. This is not sufficient, how-
ever, to guarantee the existence of a positive gap = > 0 nor the continuity
of the momentum distribution . Unlike the case of the critical tempera-
ture, we lack a linear criterion which allows a precise characterization of
potentials V' giving rise to a strictly positive gap. We are, however, able to
derive sufficient conditions, namely a fast enough decay of V. Under such
assumptions one can show the equivalence of the positivity of = and the
continuity of 4. Both hold true if additionally [V < 0. It remains an open
problem to find examples for V' such that e, < 0 but Z = 0.

Lemma 5.1. Assume that V € L3/ and that V(x)|z| € L5/5(R3). Then
= > 0 if and only if v is continuous.
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Proof. It is easy to deduce® from the BCS equation (2.16) that & is in
C°(R3). Because of (2.14) the continuity of v is equivalent to the fact that
|&| = 1/4 on the Fermi ©Q,,. From the relation A(p) = 2E(p)é&(p) one obtains

R 1 1
la(p)|* = 1 o (5.1)
Tapr T1

and we can conclude that |&|? = 1/4 on the Fermi surface if and only if
A(p) does not vanish on €2,. Namely, suppose that A vanishes at some p’
on the Fermi surface. Since o € H*(R?) we see that o € L*(R3) N L°(R3)
and hence, together with V(z)|z| € L5/, Hélder’s inequality implies that
A(z)|z| = V(z)a(z)|z| € L*(R3). We thus infer that A(p) is Lipschitz
continuous, meaning that A(p) cannot decay slower to 0 than linear. Hence
2 <

there is a 0 such that lim,_,, % > 6 and |a(p’) <i O

= 4 \/5+

Proof of Theorem 2.4. Let a be a global minimizer of the BCS functional
Fo. Then for any g € C§°(R?) such that |& + €g| < 1/2 for € small enough,
2

o —F(a+eg) . > 0. (5.2)
A straightforward calculation yields
2 | 2 _ A ZN12
. p” — pl[Re(ag)]
= 2(g|E(— AV 8 . (5.3
@Flote)|  =2elBiv) 1wVl +8 [ P EEGEE 6

Assume now that Z = 0. This means that A has to vanish at some point
p’ € Q,. Then there has to be an open neighborhood on €, on which A
vanishes. In fact, according to the argument in the proof of Lemma 5.1
(Eq. (5.1) and Lipschitz continuity of A) there is a neighborhood Ns(p') C
R3 in the vicinity of p’ where |&|?> < 1/4 — § for some § > 0, and hence
A vanishes on Nj5(p’) N Q,. Note that A cannot vanish at one point on
the Fermi surface since otherwise |&| = 1/2 except on one point, which
contradicts the continuity of &.

We shall now construct an appropriate trial sequence §,, essentially
supported in N, such that

Tim | (gl E(=iV)|gn) +8/ lv” “Eﬂiel(%ﬁg)] =0 (54
and
1m (ga[V]ga) = /R V(2)dz < 0. (5.5)

This gives a contradiction to (5.2).
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For the construction of g, let ¢, € L?(£2,,) be supported in Ns(p') N,
such that 1, (s) — (s — p’) as n — oo. Choose also f, € L?(R,,tdt)
such that f,,(t) — 6(\/ —t), and let g,,(p) = ¥n(s)fn(|p|). Observe that
on N(p'), E(p) = |p? — u|//1 — 4]a(p)|* < c|p? — p| for some constant c,

and thus grows linearly in [p| close to \/i. Hence one easily sees that the
problem here is equivalent to the existence of a negative eigenvalue of the
relativistic operator |p| +V in one dimension. Using the Birman-Schwinger
principle, it is easy to see that the latter always has a negative eigenvalue
if [V <o. |

5.2. Proof of Theorem 2.5

The energy gap of the system at zero temperature, = = inf, E(p), with

E(p) = [p* — ul/v/1 = 4]a(p)]? = VIp> — ul> + |A(p) 2,

depends on the behavior of [A(p)| on the Fermi sphere. The function A is
not unique, in general and need not be radial even in case V' is radial.

Under the assumption that V is non-positive and V(0) < 0, we shall
argue in the following that the minimizer of the BCS functional (2.15) at
T = 0 is unique [9, Lemma 3]. If, in addition, V is radial, this necessarily
implies that also the minimizer has to be radial. Since V< 0,

J.

Hence, if &(p) is a minimizer of Fy, (2.15), so is |&(p)|.

Assume now there are two different minimizers f # g, both with non-
negative Fourier transform. Since t — 1 — /1 — 4t is strictly convex for
0 <t <1/2 we see that ¢ = %eri%g, satisfies

Fo() < 3Fo(f) + 3Fo(g) .

This is a contradiction to f, g being distinct minimizers, and hence f = g.

GV~ ila)dpda > [ 6V — i)l doda. (55)

In particular, the absolute value of a minimizer has to be unique. If &
is the unique non-negative minimizer, then one easily sees from the BCS
equation (using [V < 0) that & is, in fact, strictly positive. Hence any
minimizer is non-vanishing. But (5.6) is strict for non-vanishing functions,
unless G(p) = |&(p)|e™™ for some constant x € R.

To summarize, we have just argued that for V < 0, V(0) < 0 and V
radial, the solution of the BCS equation is unique, up to a constant phase,
and it is radially symmetric. This will enable us to apply the same methods
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as we used for the critical temperature T, in order to derive the asymptotic
behavior of E.

The variational equation (2.16) for the minimizer of Fy can be rewritten
in terms of o as

(E(—iV)+ AV (2)) a(z) = 0. (5.7)

That is, « is an eigenfunction of the pseudodifferential operator E(—iV) +
AV (z), with zero eigenvalue. Since V < 0 and a(p) is non-negative we can
even conclude that a has to be the ground state.

Similarly to the proof of Theorem 2.3, we can now employ the Birman-
Schwinger principle to conclude from (5.7) that ¢y = V'/2a satisfies the
eigenvalue equation

1
VP — )2 +1A(p)P

Moreover, there are no eigenvalues smaller than —1 of the operator on the
left side of (5.8).
Let

m = max L L - i
8= {4”” /R (\/W — )2 +A(p))? P2> w O} -0

Similarly to (4.2), we split the operator in (5.8) as

AV1/2 VIM2¢\ = —¢x. (5.8)

V1/2 |V|1/2 _ m#(A)Vl/QS*S|V|1/2 + V1/2MA‘V‘1/2 .

1
E(—iV)
Again one shows that V1/2MA|V|'/2 is bounded in Hilbert-Schmidt norm,
independently of A. Moreover, as in the proof of Theorem 2.3 (cf. Egs. (4.3)—
(4.5)), the fact that the lowest eigenvalue of A\V1/2E(—iV)~!|V|Y/2 is —1
is, for small enough A, equivalent to the fact that the selfadjoint operator
on L*(,)

A, (A)
1+ AVIZZMA V]2

SV Vg (5.10)
has —1 as its smallest eigenvalue. This implies that limy_,o Am,(A) =
—1/(y/1re,) and hence, in particular, m,(A) ~ A~! as A — 0. The unique
eigenfunction corresponding to the lowest eigenvalue e, < 0 of V, is, in
fact, a positive function, and because of radial symmetry of V' it is actually
the constant function u(p) = (4mwp)~1/2.

We now give a precise characterization of A(p) for small A.
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Lemma 5.2. Let V € L' N L3/? be radial, with V < 0 and V(0) < 0, and
let A be given in (2.16), with « the unique minimizer of the BCS functional
(2.15). Then

A(p) =—f(N) (/Q V(p—q)dw(q) + Am(ﬁ)) (5.11)

m
for some positive function f(X), with |[nx]| L rs) bounded independently of
A

Proof. Because of (5.8), §|V|'/2¢, is the eigenfunction of (5.10) corre-
sponding to the lowest eigenvalue —1. Note that because of radial symme-
try, the constant function u(p) = (47u)~'/? is an eigenfunction of (5.10).
For small enough A it has to be eigenfunction corresponding to the low-
est eigenvalue (since it is the unique ground state of the compact operator
FVF*). We conclude that

1
1+ \VI/ZMA V]2

dx = f(\) V25w = F(\) <V1/23*u n AfA) (5.12)

for some normalization constant f(\). Note that ||€x]|2 uniformly bounded
for small \, since both V1/2Ma|V['/? and V'/2§* are bounded operators.
From (5.7) and the definition ¢y = V/2a we know that

A(p) = 2E(p)a(p) = —2AVa(p) = =2A[V[/?6x(p) -
In combination with (5.12) this implies that
Alp) = ~22f () (V5" u(p) + X))

with ny = [V[1/26\. With [X]ec < (2m)72lma]li < @2m) 722V [L][€x]l2
by Schwarz’s inequality, we arrive at the statement of the Lemma. O

With the aid of Lemma 5.2 and Lipschitz continuity of fﬂu V(p—q) dw(q)
(which follows from V € L'(R3)) it is not difficult to see that

m —i n H___ n o
m,AA)-\/ﬁ(l AV 2+1In8+ (1)) (5.13)

as A — 0. From Eq. (5.10) we now conclude that

1

MulB) = RV ) = N algV MaVE ) £ O0%) (5.14)
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where u(p) = (4wp)~'/? is the normalized constant function on the sphere

Q,,. Moreover, with ¢ = V§*u,

WRVMAVE ) = [ s l60) P dp=n, (&) [ 6(/an/lpl)? dutr)

1 SN2 2 L. 2)
= [ (= - + = dp.
[, (G5 160 = 169D + (/)2 )
Using Lemma 5.2 and the fact that limy_o f(A) = 0, we conclude that
iir%<u|SVMAV§*|u> = (uWylu) , (5.15)

with W, defined in (2.8). (Compare with Egs. (4.9) and (4.10).) In combi-
nation with (5.13) and (5.14) and the definition of B, in (2.9), this proves
that

tny (1 (A(%) * 2¢ﬁ<Z|BM|u>) =2-h(E).

The same holds true with (u|B,|u) replaced by b,()\) = inf specB,,, since
under our assumptions on V' the two quantities differ only by terms of order
A3,

Now, by the definition of the energy gap Z in (2.17), 2 < A(/p).
Moreover,

[1]

> min |A ,
T p?-pl< A@)]

from which it easily follows that = > A(,/u)(1 — o(1)), using Lemma 5.2.
This proves Theorem 2.5.

[
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We consider a periodic magnetic Schrodinger operator on a noncompact Rie-
mannian manifold M such that H'(M,R) = 0 endowed with a properly dis-
continuous cocompact isometric action of a discrete group. We assume that
there is no electric field and that the magnetic field has a periodic set of com-
pact magnetic wells. We review a general scheme of a proof of existence of
an arbitrary large number of gaps in the spectrum of such an operator in the
semiclassical limit, which was suggested in our previous paper, and some ap-
plications of this scheme. Then we apply these methods to establish similar
results in the case when the wells have regular hypersurface pieces.

Keywords: magnetic Schrédinger operator; magnetic well; spectral gaps; Rie-
mannian manifolds; semiclassical limit; quasimodes

1. Introduction

Let M be a noncompact oriented manifold of dimension n > 2 equipped
with a properly discontinuous action of a finitely generated, discrete group
I" such that M/T is compact. Suppose that H*(M,R) = 0, i.e., any closed
1-form on M is exact. Let g be a I'-invariant Riemannian metric and B a
real-valued I'-invariant closed 2-form on M. Assume that B is exact and
choose a real-valued 1-form A on M such that dA = B.

*Partially supported by the ESF programme SPECT.
TPartially supported by the Russian Foundation of Basic Research (grant 06-01-00208)
and the Russian Science Support Foundation.
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Thus, one has a natural mapping
u— thdu+ Au

from C°(M) to the space QL(M) of smooth, compactly supported one-
forms on M. The Riemannian metric allows to define scalar products in
these spaces and consider the adjoint operator

(ihd+ A)* : QL (M) — C°(M).
A Schrédinger operator with magnetic potential A is defined by the formula
H" = (ihd + A)*(ihd + A).

Here h > 0 is a semiclassical parameter, which is assumed to be small.
Choose local coordinates X = (X1,...,X,) on M. Write the 1-form A
in these local coordinates as

A=) A;(X)dX;,
j=1

the matrix of the Riemannian metric g as
9(X) = (g¢(X))1<je<n
and its inverse as
9(X) ™" = (¢ (X)h<jen-

Denote |g(X)| = det(g(X)). Then the magnetic field B is given by the
following formula

0Ar  0A;
B=) BjdX; NdXy, Bjr= o — .

Z i dX N Xk Bik = 55~ 9%,

i<k
Moreover, the operator H" has the form
1 0
H'V= — (ih + A»(X))
lg(X)] 2 ox;

1<j,6<n
X [\/mgﬂ()() <ih88X£ + AAX))] .

For any € M, denote by B(x) the anti-symmetric linear operator on
the tangent space T,, M associated with the 2-form B:

9z (B(@)u,v) = By (u,v), wu,v e TpyM.
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Recall that the intensity of the magnetic field is defined as

TBE) = Y N =y (B @) B,
iAj()a\ch(excziBf)(x))

It turns out that in many problems the function x — h - Tr*(B(zx)) can
be considered as a magnetic analogue of the electric potential V' in a
Schrodinger operator —h2A + V.

We will also use the trace norm of B(z):

|B(x)| = [Te(B*(x) - B(x))]'/2.

It coincides with the norm of B(x) with respect to the Riemannian metric
on the space of linear operators on 7, M induced by the Riemannian metric
gon M.

In this paper we will always assume that the magnetic field has a peri-
odic set of compact potential wells. More precisely, put

bo = min{Tr"(B(z)) : z € M}

and assume that there exist a (connected) fundamental domain F and a
constant €y > 0 such that

Trt(B(x)) > by + €0, =€ OF. (1.1)
For any €1 < ¢q, put
U, ={zcF: Tr"(B(x)) <by+e}

Thus Uy, is an open subset of F such that U, NdF = @ and, for €; < €,
U,, is compact and included in the interior of F. Any connected component
of U, with €; < ¢y and also any of its translates under the action of an
element of I can be understood as a magnetic well. These magnetic wells
are separated by barriers, which are getting higher and higher when h — 0
(in the semiclassical limit).

For any linear operator T in a Hilbert space, we will denote by o(T")
its spectrum. By a gap in the spectrum of a self-adjoint operator T we will
mean any connected component of the complement of o(T) in R, that is,
any maximal interval (a,b) such that

(a,b) No(T)=10.

The problem of existence of gaps in the spectra of second order periodic
differential operators has been extensively studied recently. Some related
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results on spectral gaps for periodic magnetic Schrodinger operators can be
found for example in Refs. 1,4,5,14-22,24 (see also the references therein).

In this paper, we consider the magnetic Schrédinger operator H" as an
unbounded self-adjoint operator in the Hilbert space L?(M) and will study
gaps in the spectrum of this operator, which are located below the top
of potential barriers, that is, on the interval [0, h(by + €)]. In this case, an
important role is played by the tunneling effect, that is, by the possibility for
the quantum particle described by the Hamiltonian H" with such an energy
to pass through a potential barrier. Using the semiclassical analysis of the
tunneling effect, we showed in Ref. 4 that the spectrum of the magnetic
Schrodinger operator H" on the interval is localized in an exponentially
small neighborhood of the spectrum of its Dirichlet realization inside the
wells. This result reduces the investigation of gaps in the spectrum of the
operator H” to the study of the eigenvalue distribution for a “one-well”
operator and leads us to suggest a general scheme of a proof of existence of
spectral gaps in Ref. 5. We review this scheme and some of its applications
in Sec. 2. Then, in Sec. 3, we will apply these methods to prove the existence
of an arbitrary large number of gaps in the spectrum of the operator H", as
h — 0, under the assumption that by = 0 and the zero set of B has regular
codimension one pieces.

2. Quasimodes and spectral gaps

In this section, we review a general scheme of a proof of existence of gaps
in the spectrum of the magnetic Schrédinger operator H" on the interval
[0, h(by + €0)] and some of its applications obtained in Ref. 5.

2.1. A general scheme

For any domain W in M, denote by H{}V the unbounded self-adjoint op-
erator in the Hilbert space L2(W) defined by the operator H" in W
with Dirichlet boundary conditions. The operator H@V is generated by the
quadratic form

u s g [u] = / |(ihd + A)u|? dz
w
with the domain
Dom(qfyy) = {u € LAW) : (ihd + A)u € L2} (W), uow =0},

where L?Q (W) denotes the Hilbert space of L? differential 1-forms on W,
dz is the Riemannian volume form on M.
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Assume now that the operator H" satisfies the condition of Eq. (1.1).
Fix ¢4 > 0 and e2 > 0 such that ¢; < €2 < €y, and consider the operator
H% associated with the domain D = U,,. The operator H% has discrete
spectrum.

The following result is a slight generalization of Theorem 2.1 in Ref. 5,
which is concerned with the case when N}, is independent of h. It permits
to get a more precise information on the number of gaps as h — 0.

Theorem 2.1. Suppose that there exist hg > 0, ¢ > 0, M > 1 and that,
for h € (0,ho), there exists N, and a subset pff < puh < ... < li}ﬁ/h of an
interval I(h) C [0, h(by + €1)) such that

/“L?_M?71>ChMa j:]-v"'ath
dist(f, OI(h)) > ch™,  dist(uly, ,0I(h)) > ch™,

and, for each j = 0,1,..., Ny, there exists some non trivial vf € C*(D)
such that

C
Il — el < S )

Then there exists hy € (0, ho] such that the spectrum of H" on the interval
I(h) has at least Ny, gaps for h € (0, hy).

2.2. A generic situation

As a first application of Theorem 2.1, we show in Ref. 5 that the spectrum of
the Schrodinger operator H”, satisfying the assumption of Eq. (1.1), always
has gaps (moreover, an arbitrarily large number of gaps) on the interval
[0, h(bp+€p)] in the semiclassical limit h — 0. Under some additional generic
assumption, this result was obtained in Ref. 4. Indeed, slightly modifying
the arguments of Ref. 5, one can show the following theorem.

Theorem 2.2. Under the assumption of Eq. (1.1), for any interval [, 8] C
[bo, bo + €0] and for any natural N, there exists ho > 0 such that, for any
h € (0, ho), the spectrum of H" in the interval [ho, (3] has at least N gaps.

The proof of this theorem can be given by a straightforward repetition of
the proof of Theorem 3.1 in Ref. 5 with the only difference that one should
choose g < p1 < ... < py in the interval («, ) instead of (bg, by + €o).

Indeed, using Theorem 2.1 with Nj dependent on A and a continuous
family of quasimodes constructed in the proof of Proposition 2.3 in Ref. 4,
we can get an estimate for the number of gaps in the constant rank case.
Denote by [a] the integer part of a (the largest integer n satisfying n < a).
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Theorem 2.3. Under the assumption of Eq. (1.1), suppose that the rank
of B is constant in an open set U C M. Then, for any interval [a, 5] C
Tr" B(U), there exists ho > 0 and C' > 0 such that, for any h € (0, ho)], the
spectrum of H" in the interval [ha, h3] has at least [Ch™/3] gaps.

2.3. The case of discrete wells

A more precise information on location and asymptotic behavior of gaps in
the spectrum of the magnetic Schrédinger operator H", satisfying the as-
sumption of Eq. (1.1), can be obtained, if we impose additional hypotheses
on the bottoms of the magnetic wells. In this section, we consider a case
when the bottom of the magnetic well contains zero-dimensional compo-
nents, that is, isolated points, and, moreover, the magnetic field behaves
regularly near these points. More precisely, we will assume that by = 0 and
that there is at least one zero xg of B such that, for some integer k > 0,
there exists a positive constant C' such that for all z in some neighborhood
of zy the following estimate holds:

CYd(z,x0)* < |B(z)| < Cd(z,x0)" (2.1)

(here d(z,y) denotes the geodesic distance between z and y). In this case,
the important role is played by a differential operator Kgg in R™, which
is in some sense an approximation to the operator H” near x(. Recall its
definition (see Ref. 7).

Let Zo be a zero of B. Choose local coordinates f : U(Zg) — R™ on
M, defined in a sufficiently small neighborhood U(Z¢) of Zo. Suppose that
f(Zo) = 0, and the image f(U(Zp)) is a ball B(0,r) in R™ centered at the
origin.

Write the 2-form B in these local coordinates as

B(X)= > bum(X)dX;AdXy, X =(Xi,...,X,) € B(0,r).

1<l<m<n

Let B be the closed 2-form in R™ with polynomial components defined by
the formula

X 0%,

0 m n

B(X)= Y SR (0)dX, AdX X €R™
1<t<m<n |a|=k

One can find a 1-form A® on R™ with polynomial components such that

dA°(X) =B%(X), X R



Periodic Schrodinger operators with hypersurface magnetic wells 143

Let K ;fo be the self-adjoint differential operator in L?(R™) with polyno-
mial coefficients given by the formula

h . 0\* 0
KI' = (ihd + A%)*(ihd + A”),

where the adjoints are taken with respect to the Hilbert structure in L?(R")
given by the flat Riemannian metric (e, (0)) in R™. If A® is written as

A =A%x, + ...+ AV dX,,

then K ;’0 is given by the formula

K= 3 om0 (g + 4800 (i + AL

1<¢,m<n

The operators Kgo have discrete spectrum (cf, for instance, Refs. 10 and
8). Using the simple dilation X hEe X , one can show that the operator
K! is unitarily equivalent to h%K%O. Thus, h_%KQO has discrete
spectrum, independent of h.

Theorem 2.4.° Suppose that the operator H" satisfies the condition of
Eq. (1.1) with some ex > 0 and that there exists a zero To of B, sat-
isfying the assumption of Eq. (2.1) for some integer k > 0. Denote by
A1 < A2 < A3 < ... the eigenvalues of the operator K}:O (not taking into
account multiplicities). Then, for any natural N and any C > A1, there
exists hg > 0 such that the spectrum of H" in the interval [0, Ch%] has
at least N gaps for any h € (0, hg).

3. Hypersurface wells

In this section, we consider the case when by = 0 and the zero set of the
magnetic field has regular hypersurface parts. More precisely, suppose that
there is an open subset U of F such that the zero set of B in U is a smooth
oriented hypersurface S, and, moreover, there are constants k¥ € N and
C > 0 such that for all x € U we have:

CYd(z,8)* < |B(z)| < Cd(z,S)k. (3.1)

On compact manifolds, this model was introduced for the first time by
Montgomery?® and was further studied in Refs. 7, 25 and 3.
Let

wo.0 = ZEA
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be the closed one form on S induced by A, where ig is the embedding of S
into M.

Denote by N the external unit normal vector to S and by N an arbitrary
extension of N to a smooth vector field on U.

Let wp,1 be the smooth one form on S defined, for any vector field V' on
S, by the formula

1 -~ S
(Viwo)(y) = EN’“(B(N, V), yeSs,
where V is a C™ extension of V to U. By Eq. (3.1), it is easy to see that
wo,1(x) # 0 for any = € S. Denote

Wimin(B) = ;gg |wo,1(z)| > 0.

For any a € R and 8 € R, 8 # 0, consider the self-adjoint second order
differential operator in L?(R) given by

Qe B) = Ly (1Btk+1 — a>2
’ dt? kE+1 '

In the context of magnetic bottles, this family of operators (for k = 1) first
appears in Ref. 23 (see also Ref. 7). Denote by Ao(a, 3) the bottom of the
spectrum of the operator Q(«, ).

Let us recall some properties of Ag(«, 3), which were established in Refs.
23, 7 and 25. First of all, remark that A\g(«, ) is a continuous function of
a € R and 8 € R\ {0}. One can see by scaling that, for 8 > 0,

Xo(a, B) = BFZ N (B 72, 1) . (3.2)

A further discussion depends on k odd or k even.

When k is odd, Ag(a, 1) tends to +00 as @ — —oo by monotonicity. For
analyzing its behavior as o — 400, it is suitable to do a dilation ¢t = aﬁs,
which leads to the analysis of

d? sk+1 2
2 2
—h"— — =1
“ < m2+(k+1 )
with h = o~ +2)/(F+1) gmall. One can use the semi-classical analysis (see
Ref. 2 for the one-dimensional case and Refs. 26 and 11 for the multidimen-
sional case) to show that
2k

Ao(a, 1) ~ (k + 1)@04%“ , as a — 400 .

In particular, we see that Ag(«, 1) tends to +oo.
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When k is even, we have M\g(a,1) = Ag(—a, 1), and, therefore, it is
sufficient to consider the case @ > 0. As a — 400, semi-classical analysis
again shows that A\g(a, 1) tends to +oo.

So in both cases, it is clear that the continuous function Ag(«, 1) is lower
semi-bounded,

)= inf A 1 -
v = inf Ao(a, 1) > —o0,
and there exists (at least one) amin € R such that A\g(a, 1) is minimal,
/\Q(Oémin, 1) =D.

For k£ odd, one can show that the minimum oy, is strictly positive. One
can indeed compute the derivative of A\g(cr,1) at o = 0 and find that

I
8—@(0,1) <0.

In the case k = 1, it has been shown that this minimum is unique (see Ref.
25). Numerical computations show (see Refs. 23 and 7) that, in this case,
v = 0.5698.

Theorem 3.1. For any a and b such that
f/wmin(B)k%? <a<b

and for any natural N, there exists hg > 0 such that, for any h € (0, h],
the spectrum of H" in the interval

[h 557 a, 572 b]
has at least N gaps.
Proof. Let S and U as defined before (3.1) and gy be the Riemannian
metric on S induced by g. Without loss of generality, we can assume that

U coincides with an open tubular neighborhood of S and choose a diffeo-
morphism

0:IxS—TU,

where I is an open interval (—eg,eq) with 9 > 0 small enough, such that
C] |{0}><S =1id and

(©*g — do) |{oyxs =0,
where gg is a Riemannian metric on I x S given by

Jgo = dt® + go-
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By adding to A the exact one form d¢, where ¢ is the function satisfying
N(z)¢(z) = —(N,A)(x), weU,
o(x) =0, =x€S,
we may assume that
(N,A)(z) =0, zeUl.

As above, denote by H g the unbounded self-adjoint operator in L?(D)
given by the operator H" in the domain D = U with Dirichlet boundary
conditions.

For any ¢ € R, let P! (wo,o + kﬂtk"‘lwo,l) be the formally self-adjoint

operator in L?(S, dz,,) defined by

1 1, -
Pfgl (wo’o + Mtk+1wo,1> = (ihd + wo,0 + k+1tk+1w0’1>

1
X <’Lhd + wo,0 + k_’_ltk—i_lwo,l) .

Consider the self-adjoint operator H"? in L%(R x S, dt dx,,) defined by
the formula

0? 1
H _ *hQ P 7tk+1
8t2+ s(w00+k+1 wo,1

with Dirichlet boundary conditions. By Theorem 2.7 of Ref. 7, the operator
H"0 has discrete spectrum. Moreover, it can be seen from the proof of
this theorem that if \°(h) is an approximate eigenvalue of H" with the
corresponding approximate eigenfunction w” € C°(R x S) such that

)\O(h) < Dh(2k+2)/(k+2)
and
I(H™ = A2 (h))uwh | < CREFHD/EE2) |l

then A°(h) is an approximate eigenvalue of Hp with the corresponding
approximate eigenfunction v* = (071)*w" € C(U),

I(HB = X0(h))o"|| < CREFHI/EE2) ).
So it remains to construct approximate eigenvalues of H"0.

Lemma 3.1. For any \ > #wpin(B)?*+2) | there exists ® € C°(R x S)
such that

("0 — AR )| < Ch3G ||,
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Proof. Take 27 € S such that |wo 1(21)] = Wmin(B). Consider a; € R such
that Ag(a1,1) = Awmin(B)"2/#+2) > o, Let ¢ € L?*(R) be a normalized
eigenfunction of Q(«y, 1), corresponding to Ag(aq,1),

d? [ ? -2
g (™ - o) | 90 = M8 20, [l = 1.

k k
For simplicity of notation, put ag = alwmin(B)_k%;h%. Then the func-

tion
¥ = wmi“(B)mhimlb(wmin(B)%wh_ﬁzt)
satisfies
<_h2d2 + min(B)° <1tk+1 - aB)2> W(t) = A FT (1),
d? K+l
¥l L2 ) = 1.

Take normal coordinates f : U(z1) C S — R"™! on S defined in a neigh-
borhood U(z1) of z1, where f(U(z1)) = B(0,r) is a ball in R"~! centered
at the origin and f(z1) = 0. Choose a function ¢ € C*°(B(0,r)) such that
dé = wo,o. Write w1 = Z?;ll w;(s)ds;. Note that

1/2

n—1
Wiin(B) = Z |wj(0)|2
j=1

Consider the function ® € C*°(B(0,r) x R) given by

n—1
_ p—B/2(n-1) . 9(s) B _ _
O(s,t) =ch X(s)exp( i—— | exp | i~ Ele(O)sj
j=

(3.3)

2
xexp<—2|2|2ﬁ)\ll(t), s€ B(0,r), teR,

with some 3, where x € C°(B(0,r)) is a cut-off function and c is chosen
in such a way that ||®[|;2(sxr) = 1.

Put
h,1 5 0? h L ok
H" = —h @ + PS mt wo,1 — an(),l(O) s
2
_ op—B/2(n—1) _ sl
E(s) =ch x(s)exp ( 2h25> ;

Dy (s, t) = E(s)U(t).
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Then we have

n—1
H"0®(s,t) = exp (—zd)gj)) exp TB Z 0)s, H"®,(s,1).
=1

Next, we have

1
Pg (k n ltk+1w0,1 — O(BWOJ(O))

1 0 1
=3 — (ih== + —— 51w (s) — apw; (0
> (it + gt i)~ @y 0)
je . 0 1 k+1
x| g 90 zha— + Tl we(s) — apwe(0)
, 1
=Sl (ihge + oyt ens) - anes(0))
g !
1
X <zh854 + T 1tk+1wg(s) — a3w4(0)>
., 0 1
JrZthZ(s) <Zh855 + i 1tk+1w/(s) - ang(O))
¢
0? ow
_ _p2 Je ; je k41 YWe
- h%;ozaa +2m%;%k+l 7s; )

where

PNl ()

By a well-known property of normal coordinates, we have d;g§™(0) = 0. So
we get T¢(0) = 0, and
g™ (s) =0+ O(|s]*), T'(s)=0(s]), s—0. (3.4)
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We get
HM1 @ (s,t) = AR 12 @y ( h2z Ogafjig W(t)
LDV i 1 Z“” (s)0 41 w(1)
+2i hz ggeaE (kiltkﬂwe(s) - an4(0)> U(t)
+R(s, )Py (s,t) hQZFf 654 (s)W(t)
Hthf <k+1tk+1 we(s) ang(0)> E(s)U(1),
where

Rot) = i (gt eite) - anes0)

7 +1

2
1 k+1 2 1 k+1
- - — wain(B)* Y
X (k 1t we(s) ang(O)> Wmin(B) j A 1t —ap

(Zgo s)w;(s)we(s) — Z( (0))2) 1204

tkH Z wj(s) — w;(0))apw; (0)

1 2
O(lsI*) > <k+ ltk“ aB> .
J

We have
‘5‘2 1/2
s B = (w0 [ ey (—2 Yas) = cunt,
R?’L*l
(3.5)
and, furthermore,
maE m— m 62E m—
51 G (5)] = Cah™ ), ls]" 5= ()] = Cah™ 2. (3.6)
Sj J

We also have

e < CohFE, [REDBE)| < Coh (3.7)
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Since s = 0 is a minimum of |wp 1(s)|?, we have
[wo,1(8)* = wmin(B)? =D _ g5 (s)ws (s)we(s) — (w;(0))* < Cels*  (3.8)
I

and

(fgrwm) =23 S (01 (0) = 0,

which implies

Z(%’(S) —wj(0)w; (0)] < Crls|*. (3.9)
Using Eq. (3.4), Eq. (3.5), Eq. (3.6), Eq. (3.7), Eq. (3.8) and Eq. (3.9) and

putting 8 = 3(1#2)’ one can easily get that

|00 — A 557 B < Ot O
Given a and b such that & wy, (B)?/**+2) < a < b and some natural N,
choose numbers v;,j = 0,..., N, such that
a<vyg<r<...<vy<b.

By Lemma 3.1, for any m =0,1,..., N,

P = v h 5T € [RRHD/(k42) g p(2h+2)/ (42

is an approximate eigenvalue of the operator H%: for some ®% € C°(D)

(" — )L || < CRIED |0l
Using Theorem 2.1 with N, = N independent of h, we complete the proof.

Remark 3.1. Using the methods of the proof of Theorem 3.1, one can
construct a much larger (h-dependent) number of approximate eigenvalues
of the operator H" on the interval [p(2k+2)/(k+2) g p(2k+2)/(k+2)p] with some
a and b such that ¥ wmin(B)?**2) < ¢ < b. Applying then Theorem 2.1
with N}, dependent on h, one can get the following theorem.

Theorem 3.2. Under the assumptions of Theorem 3.1, for any a and b
such that

ﬁwmin(B)kiH <a<b,
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there exist hg > 0 and C' > 0 such that, for any h € (0, hyl, the spectrum
of H" in the interval

has at least [Ch™ 3<’»‘%F2>] gaps.

4. Concluding remarks

1. Suppose that the operator H" satisfies the condition of Eq. (1.1) with
some ¢y > 0, and that the zero set of the magnetic field B is a smooth
oriented hypersurface S. Moreover, assume that there are constants k € N
and C > 0 such that for all z in a neighborhood of S we have:

C~Yd(z,9)* < |B(x)| < Cd(x, S)".

Note that these assumptions are stronger than the assumptions of Theo-
rem 3.1.

It is interesting to determine the bottom \o(H") of the spectrum of the
operator H" in L?(M). By Theorem 2.1 in Ref. 4 and Theorem 2.7 in Ref. 7,
Ao(H") is asymptotically equal to the bottom Ao(H"?) of the spectrum of
the operator H™°. From the construction of approximate eigenvalues of
H"™Y given in Lemma 3.1, one can see that, in order to find \g(H"?), it is
natural to consider a self-adjoint second order differential operator P(v,w),
v,w € R""1 in L?(R) given by
2

and minimize the bottom Ag(v, w) of the spectrum of the operator P(v, w)
over v € R" ! and w € K, where K = {wp1(s) : s € S} is a compact
subset of R"~1\ {0}.

The identity

d? 1 v-ow)? v-w |?
P = -Z 4 [ —|wprrr - F AR
) (dt”(kHW' wi ) )T Y

shows that, for determining the minimum of \o(v,w) over v € R*~! and
w € K, it is sufficient to assume that v is parallel to w. For such v and
w, we obtain P(v,w) = Q(«, () with a = £|v|,5 = |w|. By Eq. (3.2),
it follows that, for determining the minimum of Ag(«, 5) over a € R and
B € {|wo.1(s)|: s € S}, we should first minimize over 3, that is, take s; € S
such that

|wo,1(s1)| = min{|wo 1(s)| : s € S1,
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and then, for the minimal 8, minimize over «.

This observation provides some explanations of our construction of ap-
proximate eigenvalues of the operator H"? in Lemma 3.1, in particular, of
our choice for the exponent in Eq. (3.3). It also motivates us to formulate
the following conjecture:

Conjecture 4.1. Under current assumptions, for the bottom \o(H") of
the spectrum of the operator H" in L*(M), we have

lim K™% Ag(H") = i winin(B) 2.

Observe that a similar result was obtained by Pan and Kwek?® for the
bottom of the spectrum of the Neumann realization of the operator H" in
a bounded domain in the case k = 1.

2. In the setting of Sec. 3, one can assume that the function |wg 1 (z)]
has a non-degenerate minimum at some x; € S. In some sense this is the
“miniwells case” analyzed in Ref. 12 in comparison with the “uniform case”
analyzed in Ref. 13, which in this setting was studied in Ref. 5. Then we
can obtain a more precise information about gaps located near the bottom
of the spectrum of H" (see some relevant calculations in Ref. 3). This will
be discussed elsewhere.

3. The results obtained in Sec. 3 and in the previous remark can be
extended to the case by # 0 (for the “miniwells case”, see some relevant
results in Ref. 9). We will consider these problems in a future publication
(cf. Ref. 6).
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In the framework of the theory of open systems based on completely positive
quantum dynamical semigroups, we describe the behaviour of a bipartite sys-
tem interacting with an environment in connection with the quantum entangle-
ment. We solve in the asymptotic long-time regime the master equation for two
independent harmonic oscillators interacting with an environment and give a
description of the continuous-variable asymptotic entanglement in terms of the
covariance matrix of the considered subsystem for an arbitrary Gaussian input
state. Using Peres—Simon necessary and sufficient condition for separability of
two-mode Gaussian states, we show that for certain classes of environments
the initial state evolves asymptotically to an entangled equilibrium bipartite
state, while for other values of the coefficients describing the environment,
the asymptotic state is separable. We calculate also the logarithmic negativity
characterizing the degree of entanglement of the asymptotic state.

Keywords: Open systems, Quantum entanglement, Nonseparable states

1. Introduction
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The rapid development of the theory of quantum information, communi-
cation and computation has revived the interest in open quantum systems
in relation, on one side, to their decohering properties and, on the other
side, to their capacity of creating entanglement in multi-partite systems
immersed in certain environments. Quantum entanglement represents the
physical resource in quantum information science which is indispensable for
the description and performance of such tasks like teleportation, superdense
coding, quantum cryptography and quantum computation.'® Therefore the
generation, detection and manipulation of the entanglement continues to
be presently a problem of intense investigation.

When two systems are immersed in an environment, then, besides and
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at the same time with the quantum decoherence, the environment can also
generate a quantum entanglement of the two systems and therefore an ad-
ditional mechanism to correlate them."?° In certain circumstances, the
environment enhances entanglement and in others it suppresses the entan-
glement and the state describing the two systems becomes separable. The
structure and properties of the environment may be such that not only
the two systems become entangled, but also such that a certain amount of
entanglement survives in the asymptotic long-time regime. The reason is
that even if not directly coupled, the two systems immersed in the same
environment can interact through the environment itself and it depends on
how strong this indirect interaction is with respect to the quantum deco-
herence, whether entanglement can be generated at the beginning of the
evolution and, in the case of an affirmative answer, if it can be maintained
for a definite time or it survives indefinitely in time.!

In this work we study, in the framework of the theory of open quantum
systems based on completely positive dynamical semigroups, the existence
of the continuous variable asymptotic entanglement for a subsystem com-
posed of two identical harmonic oscillators interacting with an environment.
We are interested in discussing the correlation effect of the environment,
therefore we assume that the two systems are independent, i.e., they do not
interact directly. The initial state of the subsystem is taken of Gaussian
form and the evolution under the quantum dynamical semigroup assures
the preservation in time of the Gaussian form of the state. We only in-
vestigate here the asymptotic behaviour of the subsystem states. The time
evolution of the entanglement, in particular the possibility of the so-called
”entanglement sudden death”, that is suppression of the entanglement at
a certain finite moment of time, will be discussed in a future work.

The organizing of the paper is as follows. In Sect. 2 the notion of the
quantum dynamical semigroup is defined using the concept of a completely
positive map. Then we give the general form of the Markovian quantum
mechanical master equation describing the evolution of open quantum sys-
tems. We mention the role of complete positivity in connection with the
quantum entanglement of systems interacting with an external environ-
ment. In Sec. 3 we write the equations of motion in the Heisenberg picture
for two independent harmonic oscillators interacting with a general envi-
ronment. From these equations we derive in Sec. 4 the asymptotic values
of the variances and covariances of the coordinates and momenta which
enter the asymptotic covariance matrix. Then, by using the Peres-Simon
necessary and sufficient condition for separability of two-mode Gaussian
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1417 we investigate the behaviour of the environment induced en-

states,
tanglement in the limit of long times. We show that for certain classes
of environments the initial state evolves asymptotically to an equilibrium
state which is entangled, while for other values of the parameters describ-
ing the environment, the entanglement is suppressed and the asymptotic
state is separable. The existence of the quantum correlations between the
two systems in the asymptotic long-time regime is the result of the compe-
tition between entanglement and quantum decoherence. We calculate also
the logarithmic negativity characterizing the degree of entanglement of the

asymptotic state. Conclusions are given in Sec. 5.

2. Axiomatic theory of open quantum systems

The standard quantum mechanics is Hamiltonian. The time evolution of a
closed physical system is given by a dynamical group Uy, uniquely deter-
mined by its generator H, which is the Hamiltonian operator of the system.
The action of the dynamical group U; on any density matrix p from the set
D(H) of all density matrices in the Hilbert space H of the quantum system
is defined by

p(t) = Up(p) = e~ 71 pet 1

for all t € (—o0,00). According to von Neumann, density operators p €
D(H) are trace class (Trp < o), self-adjoint (p! = p), positive (p > 0)
operators with Trp = 1. All these properties are conserved by the time
evolution defined by Uy.

In the case of open quantum systems, the time evolution ®; of the
density operator p(t) = ®;(p) has to preserve the von Neumann conditions
for all times. It follows that ®; must have the following properties:

(1) @c(A1p1 + A2p2) = M Pi(p1) + AaPi(p2) for Ai, Ao >0, Ay + A2 =1,
i. e., ®; must preserve the convex structure of D(H),

(i) @¢(p") = @4(p)T,

(i) () > 0,

(iv) Trdy(p) = 1.

The time evolution U, for closed systems must be a group Uy = U Us.
We have also Uy(p) = p and U;(p) — p in the trace norm when ¢ — 0. The
dual group ﬁt acting on the observables A € B(H), i.e., on the bounded
operators on H, is given by

Uy(A) = enft Ae= 71,
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Then U, (AB) = U, (A)Uy(B) and U,(I) = I, where I is the identity operator
on H. Also, l'_th(A) — A ultraweakly when ¢ — 0 and U, is an ultraweakly
continuous mapping.*7'2 These mappings have a strong positivity property
called complete positivity,
> BlU\(AlA;)B; >0, Ai,B; € B(H).
4,J
In the axiomatic approach to the description of the evolution of open

4712 one supposes that the time evolution ®; of open

quantum systems,
systems is not very different from the time evolution of closed systems.
The simplest dynamics ®; which introduces a preferred direction in time,
characteristic for dissipative processes, is that in which the group condition

is replaced by the semigroup condition® 7!

(I)t+s = (I)tq)sa t,S 2 0.
The complete positivity condition has the form
> BI®,(AA;)B; >0, A, B; € B(H), (2.1)
]
where @, denotes the dual of ®; acting on B(H) and is defined by the
duality condition
Te(@4(p) A) = Te(p,(4)).

Then the conditions Tr®;(p) = 1 and ®,(I) = I are equivalent. Also the
conditions ®;(A) — A ultraweakly when ¢t — 0 and ®;(p) — p in the trace
norm when ¢ — 0, are equivalent. For the semigroups with these properties
and with a more weak property of positivity than Eq. (2.1), namely

A>0— By(A) >0,

it is well known that there exists a (generally unbounded) mapping L - the
generator of <I>t, and <I>t is uniquely determined by L. The dual generator
of the dual semigroup ®; is denoted by L,

Tr(L(p)A) = Tr(pL(A)).

The evolution equations by which L and L determine uniquely ®; and &)t,
respectively, are given in the Schrodinger and Heisenberg picture as

d®i(p)
0)  L(@i(p) (2.2
and
W) _ F(Gu(a)). (2.3)
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These equations replace in the case of open systems the von Neumann-
Liouville equations

dUy(p) i
and
dU,(A) 0. ~
L5 = . O(4),

respectively. For applications, Egs. (2.2) and (2.3) are only useful if the
detailed structure of the generator L(z) is known and can be related to the
concrete properties of the open systems described by such equations. For
the class of dynamical semigroups which are completely positive and norm
continuous, the generator L is bounded. In many applications the generator
is unbounded.

According to Lindblad,'? the following argument can be used to justify
the complete positivity of <T>t: If the open system is extended in a trivial
way to a larger system described in a Hilbert space H ® K with the time
evolution defined by

W,.(A® B) = &,(A)® B, AecB(H), B B(K),

then the positivity of the states of the compound system will be preserved by
Wt only if D, is completely positive. With this observation a new equivalent
definition of the complete positivity is obtained: D, is completely positive
if Wt is positive for any finite dimensional Hilbert space K. The physi-
cal meaning of complete positivity can mainly be understood in relation
to the existence of entangled states, the typical example being given by a
vector state with a singlet-like structure that cannot be written as a tensor
product of vector states. Positivity property guarantees the physical consis-
tency of evolving states of single systems, while complete positivity prevents
inconsistencies in entangled composite systems; therefore the existence of
entangled states makes the request of complete positivity necessary.!

A bounded mapping L : B(H) — B(H) which satisfies L(I) =
0, L(A") = L(A)" and

L(ATA) — L(ANA — ATL(A) >0

is called dissipative. The 2-positivity property of the completely positive
mapping Py,

B, (ATA) > By(AT)Dy(A), (24)



160 A. Isar

with equality at ¢ = 0, implies that Lis dissipative. Lindblad!'? has shown
that conversely, the dissipativity of L implies that <I>t is 2-positive. L is
called completely dissipative if all trivial extensions of L to a compound
system described by H ® K with any finite dimensional Hilbert space K are
dissipative. Lindblad has also shown that there exists a one-to-one corre-
spondence between the completely positive norm continuous semigroups CT)t
and completely dissipative generators L. The structural theorem of Lind-
blad gives the most general form of a completely dissipative mapping L2

Theorem 2.1. L is completely dissipative and ultraweakly continuous if
and only if it is of the form

B(A) = L1, A1+ = S VAV + v, A, (2.5)

h 2h

J
where Vi, >, V]TV] € B(H), H € B(H),,.-

The dual generator on the state space (Schrodinger picture) is of the
form

L) =~ A+ o SV V). (26)
J
Egs. (2.2) and (2.6) give the explicit form of the most general time-

homogeneous quantum mechanical Markovian master equation with a

bounded Liouville operator:8:12:19
dd.(p
;t( ) _ h[H D¢ (p 2712 ([Vi®:(p), VT + Vi, 4(p) V).

The assumption of a semigroup dynamics is only applicable in the limit
of weak coupling of the subsystem with its environment, i.e., for long relax-
ation times.'® We mention that the majority of Markovian master equations
found in the literature are of this form after some rearrangement of terms,
even for unbounded generators. It is also an empirical fact for many phys-
ically interesting situations that the time evolutions ®; drive the system
towards a unique final state p(oo) = limy;_.oc P+(p(0)) for all p(0) € D(H).

The evolution equations of Lindblad are operator equations. In cases
when these equations are exactly solvable, the solutions give complete in-
formation about the studied problem and determine completely the time
evolution of the observables.
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3. Equations of motion for two independent harmonic
oscillators

We are interested in the generation of entanglement between two harmonic
oscillators due to their interaction with the environment. Since the two
harmonic oscillators interact with a common environment, there will be in-
duced coupling between them, even if initially they are uncoupled. Thus,
the master equation for the two harmonic oscillators must account for their
mutual interaction by their coupling to the environment. We study the
dynamics of the subsystem composed of two identical non-interacting (in-
dependent) oscillators in weak interaction with a large environment, so that
their reduced time evolution can be described by a Markovian, completely
positive quantum dynamical semigroup.

If <T>t is the dynamical semigroup describing the time evolution of the
open quantum system in the Heisenberg picture, then the master equation
has the following form for an operator A (see Egs. (2.3), (2.5)):%1215

d®,(A) i, ~ 1 ~ ~
0 = 7 ed(A)] + ﬁ;(‘/ﬂ@t(z‘l)"/j] + [V, 2(A)V). (3.1)

Here, H denotes the Hamiltonian of the open system and V;, VjT, which are
operators defined on the Hilbert space of H, model the interaction of the
open system with the environment. Since we are interested in the set of
Gaussian states, we introduce those quantum dynamical semigroups that
preserve this set. Therefore H is taken to be a polynomial of second degree
in the coordinates z,y and momenta p,, p, of the two quantum oscillators
and Vj, V; are taken polynomials of only first degree in these canonical
observables. Then in the linear space spanned by the coordinates and mo-
menta there exist only four linearly independent operators V;—1 23 4,'°

Vi = azjpe + ay;py + bajx + by;y,

where aj, ayj, bz, by; € C. The Hamiltonian H of the two uncoupled iden-
tical harmonic oscillators of mass m and frequency w is given by

1 mw?
H = — (2 2 22 2y
5y, P+ 0y) + —— (27 +y7)

The fact that &)t is a dynamical semigroup implies the positivity of
the following matrix formed by the scalar products of the four vectors
a,,b;,a,, by, whose entries are the components a;,bz;, ay;, by;, respec-
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tively,
(aza;) (a;bs) (azay) (azby)
1771 (bza;) (bzbs) (bray) (b.by)
2 (aya;) (aybs) (ayay) (ayby)

(bya;) (byb:) (byay) (byb,)
Its matrix elements have to be chosen appropriately to suit various physical

models of the environment. For a quite general environment able to induce
noise and damping effects, we take this matrix of the following form, where

the coefficients D, Dy, ..., and A are real quantities, representing the
diffusion coefficients and, respectively, the dissipation constant
D, —Dyyp,, —ihA/2 Dy, —Dyp,
—Dyp, +1hA/2 Dy.p. —Dyp, Dy, p, (3.2)
Dy, —Dy,., D,, —Dyp, —ih\/2 '
_pry mepy _Dypy + ih)‘/Q Dpypy

It follows that the principal minors of this matrix are positive or zero. From
the Cauchy-Schwarz inequality the following relations for the coefficients
defined in Eq. (3.2) hold (from now on we put, for simplicity, i = 1),

/\2
2 2
Dmeyy - Dmy =0, DIIDP:;D: - D:z:pz > Z7
2 2 )\2
meprpypy - mepy 2 0’ Dnypypy - Dypy = Z’
DyyDyp,p, — D2, >0, DyyDy,p, — Dy, > 0. (3.3)

The matrix of the coefficients (3.2) can be conveniently written as

Cy Cs

in terms of 2 x 2 matrices C; = ClT, Cy = Cy' and C5. This decomposition
has a direct physical interpretation: The elements containing the diagonal
contributions Cy and C5 represent diffusion and dissipation coefficients cor-
responding to the first, respectively the second, system in absence of the
other, while the elements in C3 represent environment generated couplings
between the two, initially independent, oscillators.

The covariance of self-adjoint operators A; and A, can be written with
the density operator p, describing the initial state of the quantum system,
as follows,

1 _
oA, A,(t) = iTr(p(I)t(AlAQ + AxAy)).



Asymptotic entanglement in open quantum dynamics 163

We introduce the following 4 x 4 covariance matrix:

Oz Uzpw Uwy Uwpy
Oxp. Op.pn.. Oyp.. Op_
G(t):: TPz Y PxPx ~YPxz ~ PxPy . (3'5)

Ozy Oyp, Oyy Oyp,
Ozp, Oppy Typy Tpypy

By direct calculation we obtain'®

d
é%:Yb+JYT+2D, (3.6)

where

=X 1/m 0 0
v —mw? =\ 0 0 7
0 0 -2 1/m

0 0 —mw? =\
D is the matrix of the diffusion coefficients

Dy, l)xpz l)xy l)zpy
D = ‘szz Dpzpz Dypz Dprpy
l)Zy l)ypz l)yy l)ypy

l)IPy l)pxpy l)ypy l)pypy

and T denotes the transposed matrix. Introducing the notation o(co) =
lim; .o o(t), the time-dependent solution of Eq. (3.6) is given by!®
a(t) = M(t)(o(0) — o(00)) M (t) + o (c0),

where M(t) = exp(tY). The matrix M(¢) has to fulfil the condition
lim;_,, M(t) = 0. In order that this limit exists, ¥ must only have eigen-

values with negative real parts. The values at infinity are obtained from the

equation!®

Yo(oo) +o(o0)YT = —2D. (3.7
4. Environment induced entanglement

The two-mode Gaussian state is entirely specified by its covariance matrix
o (3.5), which is a real, symmetric and positive matrix with the following

[ AcC
7=\cTB)’

block structure
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where A, B and C' are 2 x 2 matrices. Their entries are correlations of
the canonical operators x,y,ps,py, A and B denote the symmetric co-
variance matrices for the individual reduced one-mode states, while the
matrix C' contains the cross-correlations between modes. The entries of
the covariance matrix depend on Y and D and can be calculated from
Eq. (3.7). To simplify the calculations, we shall consider environments for
which the two diagonal submatrices in Eq. (3.4) are equal: C; = Cs, so that
Dyy = Dyy, Dyp, = Dyp,, Dp,p, = Dp,p,- In addition, in the matrix Cs
we take Dyp = Dy, . Then both unimodal covariance matrices are equal,
A = B and the entanglement matrix C' is symmetric. With the chosen co-
efficients, we obtain the following elements of the asymptotic entanglement
matrix C":
m2(2A2 + w?) Dy + 2mADgp, + Dy, p,
Tay(00) = 2m2A(\? 4+ w?) ’
-m w2Dmy +2mADyp, + Dy, p,
2m(A? + w?) ’
2w Dy — 2mw?ADyyp, + (207 + w?) Dy,
2M(A2 +w?)

Uwpy(oo) = oyp,(00) =

Upz'py (OO) =

and of matrices A and B
m2(2A2 + w?)Dyy + 2mADyyp, + Dy .
2m2A(A2 + w?) ’
—m?w?Dyy + 2mADy,, + Dprpm

Oz (00) = Jyy(oo) =

20Dy — 2mw?ADyy,, + (202 +W?) D, .
Op,p. (00) = Upypy(oo) = 2222 iwz) b

With these quantities we calculate the determinant of the entanglement
matrix

1
D202 +u2)

1
X[(mw* Doy + --Dy.p,)* + AN (Day Dy,p, = D)

det C =
(4.2)

It is very interesting that the general theory of open quantum systems allows
couplings via the environment between uncoupled oscillators. According
to the definitions of the environment parameters, the diffusion coefficients
above can be different from zero and can simulate an interaction between
the uncoupled oscillators. Indeed, the Gaussian states with det C > 0 are
separable states, but for det C' < 0, it may be possible that the asymptotic
equilibrium states are entangled, as it will be shown in the following.
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On general grounds, one expects that the effects of decoherence, coun-
teracting entanglement production, be dominant in the long-time regime,
so that no quantum correlation (entanglement) is expected to be left at
infinity. Nevertheless, there are situations in which the environment allows
the presence of entangled asymptotic equilibrium states. In order to in-
vestigate whether an external environment can actually entangle the two
independent systems, we can use the partial transposition criterion:'417 A
state is entangled if and only if the operation of partial transposition does
not preserve its positivity. Simon'” obtained the following necessary and
sufficient criterion for separability, S > 0, where

S =det Adet B

1 (4.3)
-

and J is the 2 x 2 symplectic matrix

J_<_Olé>.

In order to analyze the possible persistence of the environment induced

+(= — |det C|)? — Tr[AJCIBJC" J] — i(det A+ det B)

entanglement in the asymptotic long-time regime, we consider the environ-
ment characterized by the following values of its parameters: m?w?D,, =
Dy.p.s Dap, =0, m*w?Dyy = D, 5, . In this case the Simon expression
(4.3) takes the form

2
S = m2w2 (D;%;v - Dgy) + D%py _ 1 _ mQWQDE:ngpy
A2 A 4+w? 4 A2(A2 4 w?)

(4.4)

There exists a large range of diffusion coefficients characterizing the envi-
ronment (and fulfilling at the same time the constraints (3.3)) for which the
expression (4.4) is negative, so that the asymptotic final state becomes en-
tangled. Just to give an example, without compromising the general features
of the system, we consider the particular case of D,, = 0. Then we obtain
that S < 0, i.e., the asymptotic final state is entangled, for the following
range of values of the coefficient D, characterizing the environment,
mwDgy 1 - Dyp, - mwDgy n 1’
A 2 VA2 tw? A 2
where the coefficient D, satisfies the condition mwD,, /A > 1/2, equiva-
lent with the unimodal uncertainty relation. If the coefficients do not fulfil
the inequalities (4.5), then S > 0 and therefore the asymptotic final state
of the considered bipartite system is separable.? These results show that,
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irrespective of the initial conditions, we can obtain either an separable or an
inseparable asymptotic entangled state, for a suitable choice of the diffusion
and dissipation coefficients.

We apply the measure of entanglement based on negative eigenvalues
of the partial transpose of the subsystem density matrix. For a Gaussian
density operator, the negativity is completely defined by the symplectic
spectrum of the partial transpose of the covariance matrix. The logarithmic
negativity E = —3 log,[4f(c)] determines the strength of entanglement for
E > 0. If £ <0, then the state is separable. Here

f(o) = %(det A+ det B) — det C

) 2 (4.5)
- [Q(det A+ det B) — det C’} —deto.

In the considered particular case the logarithmic negativity is given by
mwDg, B Dy,

by = ] . (4.6)

This expression depends only on the diffusion and dissipation coefficients

E = —log, [2

characterizing the environment and does not depend on the initial Gaussian
state.!? One can easily see that the double inequality (4.5), assuring the
existence of entangled states (S < 0) is equivalent with the condition of
the positivity of logarithmic negativity, £ > 0. For £ > 0, quantity F
(4.6) simply gives a measure of the degree of entanglement contained in the
particular asymptotic inseparable state determined by inequalities (4.5).

5. Summary

We have given a brief review of the theory of open quantum systems based
on completely positive quantum dynamical semigroups and mentioned the
necessity of the complete positivity for the existence of entangled states of
systems interacting with an external environment. In the framework of this
theory we investigated the existence of the asymptotic quantum entangle-
ment for a subsystem composed of two uncoupled identical harmonic oscil-
lators interacting with a common environment. By using the Peres-Simon
necessary and sufficient criterion for separability of two-mode Gaussian
states, we have shown that for certain classes of environments the initial
state evolves asymptotically to an equilibrium state which is entangled, i.e.,
there exist non-local quantum correlations for the bipartite states of the two
harmonic oscillator subsystem, while for other values of the coefficients de-
scribing the environment, the asymptotic state is separable. We determined
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also the logarithmic negativity characterizing the degree of entanglement
of the asymptotic state.

Due to the increased interest manifested towards the continuous vari-
ables approach® to quantum information theory, these results, in particu-
lar the possibility of maintaining a bipartite entanglement in a diffusive-
dissipative environment for asymptotic long times, might be useful for appli-
cations in the field of quantum information processing and communication.
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REPEATED INTERACTIONS QUANTUM SYSTEMS:
DETERMINISTIC AND RANDOM

ALAIN JOYE
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This paper gives an overview of recent results concerning the long time dy-
namics of repeated interaction quantum systems in a deterministic and ran-
dom framework. We describe the non equilibrium steady states (NESS) such
systems display and we present, as a macroscopic consequence, a second law
of thermodynamics these NESS give rise to. We also explain in some details
the analysis of products of certain random matrices underlying this dynamical
problem.

Keywords: Non equilibrium quantum statistical mechanics, Repeated interac-
tion quantum systems, Products of random matrices

1. Introduction and Model

A repeated interaction quantum system consists of a reference quantum
subsystem S which interacts successively with the elements &, of a chain
C =E&1+&+- -+ of independent quantum systems. At each moment in time,
S interacts precisely with one &, (m increases as time does), while the other
elements in the chain evolve freely according to their intrinsic dynamics.
The complete evolution is described by the intrinsic dynamics of S and of
all the &,,, plus an interaction between S and &,,, for each m. The latter is
characterized by an interaction time 7, > 0, and an interaction operator V,,
(acting on S and &,,,); during the time interval [71+- -+ 71, 71+ -+ T ),
S is coupled to &, only via V,,,. Systems with this structure are important
from a physical point of view, since they arise naturally as models for funda-
mental experiments on the interaction of matter with quantized radiation.
As an example, the “One atom maser” provides an experimental setup in
which the system S represents a mode of the electromagnetic field, whereas
the elements & describe atoms injected in the cavity, one by one, which
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interact with the field during their flight in the cavity. After they leave the
cavity, the atoms encode some properties of the field which can be mea-
sured on these atoms.'*'6 For repeated interaction systems considered as
ideal, i.e., such that all atoms are identical with identical interactions and
times of flight through the cavity, corresponding mathematical analyses are
provided in Refs. 7,17. To take into account the unavoidable fluctuations
in the experiment setup used to study these repeated interaction systems,
modelizations incorporating randomness have been proposed and studied
in Refs. 8,9. With a different perspective, repeated quantum interaction
models also appear naturally in the mathematical study of modelization of
open quantum systems by means of quantum noises, see Ref. 4 and refer-
ences therein. Any (continuous) master equation governing the dynamics
of states on a system S can be viewed as the projection of a unitary evo-
lution driving the system S and a field of quantum noises in interaction. It
is shown in Ref. 4 how to recover such continuous models as some delicate
limit of a discretization given by a repeated quantum interaction model.
Let us finally mention Ref. 15 for results of a similar flavour in a somewhat
different framework.

Our goal is to present the results of the papers Refs. 7,8 and Ref.9 on
(random) repeated interaction quantum systems, which focus on the long
time behaviour of these systems.

Let us describe the mathematical framework used to describe these
quantum dynamical systems. According to the fundamental principles of
quantum mechanics, states of the systems S and &, are given by normal-
ized vectors (or density matrices) on Hilbert spaces Hs and Hg,, , respec-

3,62 We assume that dim Hs < oo, while dim Hg,, may be infinite.

tively,
Observables As and Ag,, of the systems S and &, are bounded opera-
tors forming von Neumann algebras Ms C B(Hs) and Mg, C B(He,,).

They evolve according to the Heisenberg dynamics R 3 t — a%(As) and

m

R >t af (Ag,), where as and of are *-automorphism groups of Mg
and Mg, ,
erence states, given by vectors ¢s € Hs and g, € Hg, . Typical choices
for ¥, v¢,, are equilibrium (KMS) states for the dynamics o, o , at in-

respectively, see e.g., Ref. 6. We now introduce distinguished ref-

verse temperatures s, O¢,,. The Hilbert space of states of the total system

2A normalized vector i defines a “pure” state A — (v, A1) = Tr(gyA), where gy =
[4)(1p|. A general “mixed” state is given by a density matrix ¢ = > <4 pnoy,, , Where
the probabilities p, > 0 sum up to one, and where the 1, are normalized vectors.
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is the tensor product
H="Hs ® He,

where He = Q),,,~1 He,,, and where the infinite product is taken with
respect to e = ®m>1 g, . The non-interacting dynamics is the prod-
uct of the individual dynamics, defined on the algebra Mis Q1 Me,.,
by a5 ®,,>1 ak, . It will prove useful to consider the dynamics in the
Schrédinger picture, ie. as acting on vectors in H. To do this, we first
implement the dynamics via unitaries, satisfying

aly(Ay) = et# Aye ¥ t €R, and Lytpy =0, (1.1)

for any Ay € M, where # stands for either S or &,,. The self-adjoint
operators Ls and Lg_ , called Liouville operators or “positive temperature
Hamiltonians”, act on Hs and Hg,, , respectively. The existence and unique-
ness of Ly satisfying (1.1) is well known, under general assumptions on the
reference states ¥4.5 We require these states to be cyclic and separating.
In particular, (1.1) holds if the reference states are equilibrium states. Let
Tm > 0 and V;,, € Ms @ Mg, be the interaction time and interaction oper-
ator associated to S and &,,. We define the (discrete) repeated interaction
Schrédinger dynamics of a state vector ¢ € ‘H, for m > 0, by

U(m)o = e_iZm . -e_izze_izlqb, (1.2)
where
Ly, = 7Ly, + 7 > Le, (1.3)
n#k

describes the dynamics of the system during the time interval [r; + -+ +
Tk—1,T1 + -+ + Tk), which corresponds to the time-step & of our discrete
process. Hence Ly, is

Ly=Ls+ Lg, + Vi, (1.4)

acting on Hs ® He,. We understand that the operator Lg in (1.3) acts
nontrivially only on the n-th factor of the Hilbert space H¢ of the chain.
As a general rule, we will ignore tensor products with the identity operator
in the notation.

A state o(-) = Tr(p-) given by density matrix p on H is called a normal
state. Our goal is to understand the large-time asymptotics (m — oo) of
expectations

¢ (U(m)*0U(m)) = o(a™(0)), (1.5)
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for normal states g and certain classes of observables O that we specify
below. We denote the (random) repeated interaction dynamics by

a™(0) = U(m)*OU(m). (1.6)

1.1. Van Hove Limit Type Results

A first step towards understanding the dynamics of repeated interaction
quantum systems reduced to the reference system S was performed in the
work Ref. 2. This paper considers Ideal Repeated Quantum Interaction Sys-
tems which are characterized by identical elements & = & in the chain
C, constant interaction times 7, = 7 and identical interaction operators
Vi =V € Ms @ Mg between S and the elements £ of the chain. In
this setup, a Van Hove type analysis of the system is presented, in sev-
eral regimes, to describe the dynamics of observables on S in terms of a
Markovian evolution equation of Lindblad type. Informally, the simplest
result of Ref. 2 reads as follows. Assume the interaction operator V is re-
placed by AV, where A > 0 is a coupling constant, and let m, the number of
interactions during the time 7" = mT, scale like m ~ t/A\?, where 0 < t < 0o
and 7 are fixed. Assume all elements of the chain are in a same thermal state
at temperature 3. Then, the weak coupling limit A — 0 of the evolution
of any observable O acting on S obtained by tracing out the chain degrees
of freedom from the evolution (1.6) satisfies, after removing a trivial free
evolution, a continuous Lindblad type evolution equation in ¢. The tem-
perature dependent generator is explicitely obtained from the interaction
operator V and the free dynamics. The asymptotic regimes of the parame-
ters (A, 7) characterized by 7 — 0 and 7A? < 1 are also covered in Ref. 2,
giving rise to different Lindblad generators which all commute with the free
Hamiltonian on S. The critical situation, where 7 — 0 with 7A% = 1 yields
a quite general Lindblad generator, without any specific symmetry. In par-
ticular, it shows that any master equation driven by Lindblad operator,
under reasonable assumptions, can be viewed as a Van Hove type limit of
a certain explicit repeated interaction quantum system.

By contrast, the long time limit results obtained in Refs. 7-9 that we
present here are obtained without rescaling any coupling constant or param-
eter, as is usually the case with master equation techniques. It is possible to
do without these approximations, making use of the structure of repeated
interaction systems only, as we now show.
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2. Reduction to Products of Matrices

We first link the study of the dynamics to that of a product of reduced dy-
namics operators. In order to make the argument clearer, we only consider
the expectation of an observable As € Mg, and we take the initial state of
the entire system to be given by the vector

Yo = Ps ® Ve, (2.1)

where the ¥s and 1¢ are the reference states introduced above. We'll com-
ment on the general case below. The expectation of As at the time-step m
is

(0, @™ (As)o) = <¢0,P61L1 ellm Ag e "'671L1P¢0> ;o (2.2)
where we introduced
P =1lys Q) Pye,.» (2.3)
m>1

the orthogonal projection onto Hs ® Cte. A first important ingredient in
our analysis is the use of C-Liouvilleans introduced in Ref. 11 , which are
operators K defined by the properties

eiz"Ae_iZ" = 'Kk o1 Kk (2.4)
Ky Ys ® e =0, (2.5)
where A in (2.4) is any observable of the total system. The identity (2.4)

means that the operators K} implement the same dynamics as the Ly
whereas relation (2.5) selects a unique generator of the dynamics among
all operators which satisfy (2.4). The existence of operators K, satisfying
(2.4) and (2.5) is rooted to the Tomita-Takesaki theory of von Neumann
algebras, c.f. Ref. 11 and references therein. It turns out that the K} are
non-normal operators on H, while the Ly, are self-adjoint. Combining (2.4)
with (2.2) we can write

(tho, @™ (As)ho) = (o, PeSr - e Fm P Agahg) . (2.6)

A second important ingredient of our approach is to realize that the inde-
pendence of the sub-systems &, implies the relation

Pelf1 .. oiEmp — peifip... peimp, (2.7)

Identifying Pe'* P with an operator M}, on Hs, we thus obtain from (2.6)
and (2.7),

(1o, @™ (As)tho) = (s, My~ M As s) - (2.8)
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It follows from (2.5) that Mys = vs, for all k, and, because the operators
M, = Pe'f* P implement a unitary dynamics, we show (Lemma 4.1) that
the M}, are always contractions for some suitable norm ||| - ||| on C%. This
motivates the following definition.

Definition 2.1. Given a vector s € C% and a norm on ||| - ||| on C%, we
call Reduced Dynamics Operator any matrix which is a contraction for |||- |||
and leaves g invariant.

Remark 2.1. In case all couplings between S and & are absent, Vj, = 0,
M, = e'™I's ig unitary and admits 1 as a degenerate eigenvalue.

We will come back on the properties of reduced dynamics operators
(RDO’s, for short) below. Let us emphasize here that the reduction process
to product of RDO’s is free from any approximation, so that the set of
matrices { M}, = Pef* P}, oy encodes the complete dynamics. In particu-
lar, we show, using the cyclicity and separability of the reference vectors
s, e, , that the evolution of any normal state, not only (¢, - 1), can be
understood completely in terms of the product of these RDO’s.

We are now in a position to state our main results concerning the asymp-
totic dynamics of normal states p acting on certain observables O. These
result involve a spectral hypothesis which we introduce in the next defini-
tion.

Definition 2.2. Let M g) denote the set of reduced dynamics operators
whose spectrum o (M) satisfies o(M)N{z € C| |z] = 1} = {1} and 1 is
simple eigenvalue.

We shall denote by P s the spectral projector of a matrix M corre-
sponding to the eigenvalue 1. As usual, if the eigenvalue 1 is simple, with
corresponding normalized eigenvector ¢s, we shall write Py pr = |1s) (|

for some ¥ s.t. (Y|s) = 1.

3. Results
3.1. Ideal Repeated Interaction Quantum System

We consider first the case of Ideal Repeated Interaction Quantum Systems,
characterized by

gkzg, L‘gk:Lg, Vk:MTk:T forallkZl,
My, =M, forall k>1.
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Theorem 3.1. Let o™ be the repeated interaction dynamics determined by
one RDO M. Suppose that M € Mgy so that Py y = [¢s)(|. Then, for
any 0 < v <inf.eoamn 13 (1 —|2]), any normal state o, and any As € Ms,

0(a"(As)) = (b, Asips) + O(e™™"). (3.1)

Remark 3.1. 1. The asymptotic state (1| -1s) and the exponential decay
rate v are both determined by the spectral properties of the RDO M.

2. On concrete examples, the verification of the spectral assumption on
M can be done by rigorous perturbation theory, see Ref. 7. It is reminiscent
of a Fermi Golden Rule type condition on the efficiency of the coupling V,
see the remark following the definiton of RDO’s.

3. Other properties of ideal repeated interaction quantum systems are
discussed in Ref. 7 , e.g. continuous time evolution and correlations.

For deterministic systems which are not ideal, the quantity o (a"(As))
keeps fluctuating as n increases, which, in general, forbids convergence, see
Proposition 5.3. That’s why we resort to ergodic limits in a random setup,
as we now explain.

3.2. Random Repeated Interaction Quantum System

To allow a description of the effects of fluctuations on the dynamics of
repeated interaction quantum systems, we consider the following setup.

Let w — M(w) be a random matrix valued variable on C? defined on a
probability space (2, F, p). We say that M (w) is a random reduced dynamics
operator (RRDO) if

(i) There exists a norm ||| - ||| on C? such that, for all w, M(w) is a con-
traction on C¢ for the norm ||| - ||.

(ii) There exists a vector ¥s, constant in w, such that M (w)is = s, for
all w.

To an RRDO w — M(w) on § is naturally associated a iid random
reduced dynamics process (RRDP)

W Mw) - Mw,), weV, (3.2)
where we define in a standard fashion a probability measure dP on QN by
dP = Pi;j>1dp;, where dp; =dp, forall jeN*.

We shall write the expectation of any random variable f as E[f].
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Let us denote by o2, @ € OV, the process obtained from (1.6), (2.8),
where the M; = M(w;) in (2.8) are iid random matrices. We call aZ the
random repeated interaction dynamics determined by the RRDO M (w) =
PelE (@) P Tt is the independence of the successive elements & of the chain
C which motivates the assumption that the process (3.2) be iid.

Theorem 3.2. Let ol be the random repeated interaction dynamics deter-
mined by an RRDO M (w). Suppose that p(M(w) € M(g)) > 0. Then there
exists a set @ C OV, s.t. P(Q) = 1, and s.t. for any @ € Q, any normal
state o and any As € Mg,

Jim Z o(a = (0, Asts) , (3.3)

where § = Pl*,]E[M]¢$'

Remark 3.2. 1. Our setup allows us to treat systems having various
sources of randomness. For example, random interactions or times of in-
teractions, as well as random characteristics of the systems &, and S such
as random temperatures and dimensions of the &,, and of S.

2. The asymptotic state (0, - 1s) is again determined by the spectral
data of a matrix, the expectation E[M] of the RRDO M (w). Actually, our
hypotheses imply that E[M] belongs to Mgy, see below.

3. The explicit computation of the asymptotic state, in this Theorem
and in the previous one, is in general difficult. Nevertheless, they can be
reached by rigorous perturbation theory, see the examples in Refs. 7-9.

3.3. Instantaneous Observables

There are important physical observables that describe exchange processes
between S and the chain C and, which, therefore, are not represented by
operators that act just on S. To take into account such phenomena, we
consider the set of observables defined as follows.

Definition 3.1. The instantaneous observables of S + C are of the form

O=As®'__, BY, (3.4)

=

where As € Ms and B ) ¢ Me

m+j°

Instantaneous observables can be viewed as a train of [ + r + 1 observ-
ables, roughly centered at &,,, which travel along the chain C with time.



Repeated interactions quantum system 177

Following the same steps as in Section 2, we arrive at the following
expression for the evolution of the state ¥y acting on an instantaneous
observable O at time m:

(Yo, @™ (O)tbo) = (o, PMy - - My 11 Ny (O) Pibo) . (3.5)

Here again, P is the orthogonal projection onto Hs, along 1¢. The operator
N, (O) acts on Hgs and has the expression (Proposition 2.4 in Ref. 9)

-’ ir ) \mimn - (3:6)
PelTm—ilm—i .. giTm m(AS ®§:—l Bg))e—”m mo e Tm =g,

We want to analyze the asymptotics m — oo of (3.5), allowing for ran-
domness in the system. We make the following assumptions on the random
instantaneous observable:

(R1) The operators M} are RRDO’s, and we write the corresponding iid
random matrices My = M (wg), k=1,2,--, .

(R2) The random operator N,,(O) is independent of the My, with 1 < k <
m—1—1, and it has the form N(wy,_q,...,Wnyr), where N : Q7+
B(C?) is an operator valued random variable.

The operator My, describes the effect of the random k-th interaction on
S, as before. The random variable N in (R2) does not depend on the time
step m, which is a condition on the observables. It means that the nature
of the quantities measured at time m are the same. For instance, the B,(Tz)
in (3.4) can represent the energy of &4, or the part of the interaction
energy V,,4; belonging to &,,1;, etc. Both assumptions are verified in a
wide variety of physical systems: we may take random interaction times
T = 7(wk ), random coupling operators Vi = V(wy), random energy levels
of the & encoded in Lg, = Lg(wy), random temperatures fg, = Bg(wy) of
the initial states of &, and so on.

The expectation value in any normal state of such instantaneous ob-
servables reaches an asymptotic value in the ergodic limit given in the next

Theorem 3.3. Suppose that p(M(w) € Mgy) # 0. There exists a set

Qc oV of probability one s.t. for any w € Q, for any instantaneous
observable O, (3.4), and for any normal initial state o, we have

lm + 3" o(aZ(0) = (0.ENUs), EIN]€Ms.  (3.7)

HU— 00 M
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Remark 3.3. 1. The asymptotic state in which one computes the expec-
tation (w.r.t the randomness) of N is the same as in Theorem 3.2, with
0= Pl*,]E[M]'(/)S‘

2. In case the system is deterministic and ideal, the same result holds,
dropping the expectation on the randomness and taking § = 1, as in The-
orem 3.1, see Ref. 7.

3.4. Energy and Entropy Fluxes

Let us consider some macroscopic properties of the asymptotic state. The
systems we consider may contain randomness, but we drop the variable w
from the notation.

Since we deal with open systems, we cannot speak about its total en-
ergy; however, variations in total energy are often well defined. Using an
argument of Ref. 7 one gets a formal expression for the total energy which is
constant during all time-intervals [7,,—1, 7y, ), and which undergoes a jump

jm) = a™(Vint1 — Vin) (3.8)

at time step m. Hence, the variation of the total energy between the instants
0 and m is then AE(m) = Y7, j(k). The relative entropy of p with respect
to 0o, two normal states on 9, is denoted by Ent(g|gg). Our definition of
relative entropy differs from that given in Ref. 6 by a sign, so that in our
case, Ent(p|op) > 0. For a thermodynamic interpretation of entropy and
its relation to energy, we assume for the next result that ¢s is a (8s, ak)—
KMS state on 9Ms, and that the ¢g,, are (Bg,,, ok )-KMS state on Mg, ,
where (s is the inverse temperature of S, and B¢, are random inverse
temperatures of the &,,. Let gg be the state on 9t determined by the vector
o = Vs @Y = PsQ),, Ye,,. The change of relative entropy is denoted
AS(m) := Ent(p o a™|gg) — Ent(g|og). This quantity can be expressed in
terms of the Liouvillean and interaction operators by means of a formula
proved in Ref. 12.

One checks that both the energy variation and the entropy variations
can be expressed as instantaneous observables, to which we can apply the
results of the previous Section. Defining the asymptotic energy and entropy
productions by the limits, if they exist,

lim o (AE(m) =:dE; and lim AS(m) =:dS,,
m

m— 00 m— 00 m

we obtain
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Theorem 3.4 (2"¢ law of thermodynamics). Let o be a normal state
on M. Then

dE; = (0,E[P(Ls +V — 7 (Ls + V)e L) Plyss)  as.
dS. = (0,E[Be P(Ls +V — "X (Ls + V)e ") Plyps) a.s.

The energy- and entropy productions dE; and dSy are independent of the
initial state o. If Be is deterministic, i.e., w-independent, then the system
satisfies the second law of thermodynamics: dSy = PBgdE .

Remark: There are explicit examples in which the entropy production can
be obtained via rigorous perturbation theory and is proven to be strictly
positive, a sure sign that the asymptotic state is a NESS, see Ref. 7 .

As motivated by (2.8), the theorems presented in this Sections all rely
on the analysis of products of large numbers of (random) RDO’s. The rest
of this note is devoted to a presentation of some of the key features such
products have.

4. Basic Properties of RDO’s

Let us start with a result proved in Ref. 7 as Proposition 2.1.

Lemma 4.1. Under our general assumptions, the set of matrices { M} jen~
defined in (2.8) satisfy M;vs = s, for all j € N*. Moreover, to any
¢ € Hs there corresponds a unique A € Ms such that ¢ = As. |||9]]] ==
|AllgHs) defines a norm on Hs, and as operators on Hs endowed with
this norm, the M; are contractions for any j € N*.

Again, the fact that ¢s is invariant under M; is a consequence of (2.5) and
their being contractions comes from the unitarity of the quantum evolution
together with the finite dimension of Hg.

As a consequence of the equivalence of the norms || - || and |||-]||, we get

Corollary 4.1. We have 1 € o(M;) C {z | |2| =1} and

sup {|| M;;, M;

Jn—1""

'Mjlllv n € N, jy EN*}:CO < 00

Actually, if a set of operators satisfies the bound of the Corollary, it
is always possible to construct a norm on C? relative to which they are
contractions, as proven in the next
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Lemma 4.2. Let R = {M; € Mq(C)}jcs, where J is any set of indices
and C(R) > 1 such that

|M;, M, ---M;, || < C(R), forall {ji}i=1,...n €J", for all neN.
(4.1)
Then, there exists a norm ||| - ||| on C¢, which depends on R, relative to
which the elements of R are contractions.
Proof. Let us define T C M4(C) by
T = Unen Uy ja,wjmyean My My, -~ M. (42)

Obviously R C T, but the identity matrix I does not necessarily belong to
T. Moreover, the estimate (4.1) still holds if the M;,’s belong to T instead
of R. For any ¢ € C? we set

llelll = sup [[Me] = [l (4.3)
MeTuUl

which defines a bona fide norm. Then, for any vector ¢ and any element N
of T" we compute

lINglll = sup [[MNe| < sup [[Mell = |llolll, (4.4)
MeTuUl M

sUp
eTul

from which the result follows. O

Remark 4.1. If there exists a vector 1g invariant under all elements of R,
it is invariant under all elements of T and satisfies ||¢s| = |||¥s]]| = 1.

5. Deterministic Results

In this section, we derive some algebraic formulae and some uniform bounds
for later purposes. Since there is no probabilistic issue involved here, we shall
therefore simply denote M; = M (w;). We are concerned with the product

U, = M - M,. (5.1)

5.1. Decomposition of the M;
With Py ps, the spectral projection of M; for the eigenvalue 1 we define
Vi = P s,  Pji=[s) (Yl (5.2)

Note that (1;]1s) = 1 so that P; is a projection and, moreover, M ¢; = 1);.
We introduce the following decomposition of M;

Mj = Pj'i‘QijQj, with Qj:]l—Pj. (53)
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We denote the part of M in Qj(Cd, by Mg, = Q;M;Q;. It easily follows
from these definitions that

PP, =P, Q;Qr = Qj, (5.4)
QiPL, =0, P.Q;=PFP,—P=Q; — Q. (5.5)

Remark 5.1. If 1is a simple eigenvalue, P s, = P; and (5.3) is a (partial)
spectral decomposition of M;.

Proposition 5.1. For any n,

v, = |w5><0n| + MQl t Man (56)
where
Op = P+ MY Py + -+ MG - My (5.7)
= M, - My¢u

and where (s, 0,) = 1.

Proof. Inserting the decomposition (5.3) into (5.1), and using (5.4), (5.5),
we have

U, =) PMg,., Mg, + Mg, -
j=1

Since P; = |¢s)(1;|, this proves (5.6) and (5.7). From (5.5), we obtain for
any j, k,

Mg, Mg, = Mg, My, = Q;M; My, (5.9)
Hence, ¥,, = P/My---M, + Q1My---M, = |s)(M}--- M| +
Mg, - -+ Mg, , which proves (5.8). |

5.2. Uniform Bounds

The operators M;, and hence the product ¥,,, are contractions on C? for
the norm ||| -|||. In order to study their asymptotic behaviour, we need some
uniform bounds on the P;,Q);, ... Recall that ||¢s| = 1.

Proposition 5.2. Let Cy be as in Corollary 4.1. Then, the following
bounds hold

(1) For any n € N*, |0, || < Cp.
(2) For any j € N, [|P;|| = |[¢;]| < Co and [|Q;]| <1+ Co.
(3) sup{||ManMan71 --~MQ].1 I, ne N j, € N*} < Co(1 4 Cy).
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(4) For anyn € N*, ||0,,]| < C2.

Proof. It is based on von Neumann’s ergodic Theorem, which states that

1 N—-1
I k
Pl’M] o ]\}Enooﬁ I;J Mj.

The first two estimate easily follow, whereas the third makes use of (5.9)
to get Man Man_l s Mle =Q;, M;, M; -+ Mj,, so that

Jn—1"

[Mq,, Mg, - Mg, |l <IQj,[Co < Co(l+ Co).
Finally, (5.8) and the above estimates yield ||6,,| < Col|v1]| < C§. |

5.3. Asymptotic Behaviour

We now turn to the study of the asymptotic behaviour of ¥,,, starting with
the simpler case of Ideal Repeated Interaction Quantum Systems.
That means we assume

My =M, forall k>1.
If 1 is a simple eigenvalue of M, then Py = |¢s)(¢], for some ¢ s.t.
(Yvs) =1, and

Uy =M™ = [1hs)(¥] + Mg

Further, if all other eigenvalues of M belong to the open unit disk, Mg
converges exponentially fast to zero as n — oc.
Consequently, denoting by spr(N) the spectral radius of N € My(C),

Lemma 5.1. If the RDO M belongs to Mgy,
Uy, = |ihs) (W] +O0(e™"),
for all0 < vy <1—spr(Mg).
Two things are used above, the decay of M) and the fact that 6,, = ¢ is
constant, see (5.6). The following result shows that in general, if one knows

a priori that the products of Mg, ’s in (5.6) goes to zero, ¥,, converges if
and only if P, = |[¢s) (1], does.

Proposition 5.3. Suppose that lim, .. sup{|Mq, ---Mq, |, jx €
N*} = 0. Then 6, converges if and only if 1, does. If they exist, these
two limits coincide, and thus

Tim W, = [s) (o),

where Yoo = limy, o0 Y. Moreover, |ths){tso| is a projection.
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In general, we cannot expect pointwise convergence of the 6,,, but we
can consider an ergodic average of 6,, instead. This is natural in terms of
dynamical systems, a fluctuating system does not converge.

The previous convergence results relies on the decay of the product
of operators Mg,. Conditions ensuring this are rather strong. However,
Theorem 6.1 below shows that in the random setting, a similar exponential
decay holds under rather weaker assumptions.

6. Random Framework
6.1. Product of Random Matrices

We now turn to the random setup in the framework of Section 3.2. For
M(w) an RRDO, with probability space (2, F,p), we consider the RRDP
on OV given by

U, (@) = M(w1) - M(wy,), weQV.

We show that ¥, has a decomposition into an exponentially decaying
part and a fluctuating part. Let Pj(w) denote the spectral projection of
M (w) corresponding to the eigenvalue one (dim P;(w) > 1), and let Py (w)
be its adjoint operator. Define

Y(w) == Pr(w) s, (6.1)
and set
Pw) = s) (@), Qw)=1-Pw).
The vector 1(w) is normalized as (¢s, ¥ (w)) = 1. We decompose M (w) as
M) = Pw) + Q@)M@)Q) = Plw) + Mo().  (62)
Taking into account this decomposition, we obtain (c.f. Proposition 5.1)
U (@) i= M(wr) - - M(wn) = [¢5)(0n(@)| + Mg (w1) - - - Mo(wn), (6.3)
where 6,,(0) is the Markov process

On (@) = M (wn) - - M*(w2)1h(w1) (6.4)
= th(wn) + Mg (wn)(wn-1) + -+ Mg(wn) - - - Mg (w2)(wr),

a M*(w;) being the adjoint operator of M (w;). We analyze the two parts
in the r.h.s. of (6.3) separately.
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Theorem 6.1 (Decaying process). Let M(w) be a random reduced dy-
namics operator. Suppose that p(M(w) € M(gy) > 0. Then there exist a set
Q1 € OV and constants C,oc > 0 s.t. P(Q) = 1 and s.t. for any T € Q,
there exists a random variable no(w) s.t. for any n > ny(@),

[Mg(w1) - - Mo(wn)|| < Ce™®", (6.5)
and E[e®"] < co. Moreover, E[M] € M gy.

Remark 6.1. 1. The sole condition of M having an arbitrarily small, non-
vanishing probability to be in Mgy suffices to guarantee the exponential
decay of the product in (6.5) and that E[M] belongs to M g).

2. Actually, E[M] € Mgy is a consequence of spr(E[Mg]) < 1, which
comes as a by product of the proof of Theorem 6.1. From the identities

E[M] = [¢s)(E[¢]| + E[Mq], (E[¢]lvs) =1, E[Mglvs =0, (6.6)

which do not correspond to a (partial) spectral decomposition of E[M],
and this estimate, we get

E[M]" = [$s){ E[¢] + E[Mq]"E[¢] + - -- + E[Mg]"" 'E[¢] | + E[M¢]*"
" |ys) (1 — EIMg]") ]| = Pygqu-

(6.7)

3. Our choice (6.1) makes ¥ (w) an eigenvector of M*(w). Other choices

of (measurable) 1(w) which are bounded in w lead to different decompo-

sitions of M (w), and can be useful as well. In particular, if M(w) is a bis-

tochastic matrix, ¥ (w) can be chosen as an M*(w)-invariant vector which
is independent of w.

6.2. A Law of Large Numbers
We now turn to the asymptotics of the Markov process (6.5).

Theorem 6.2 (Fluctuating process). Let M(w) be a random reduced
dynamics operator s.t. that p(M(w) € M(gy) > 0. There exists a set Qo C
oN" st P(Q2) =1 and, for allw € Qo,

where
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Remark 6.2. 1. The ergodic average limit of 6, (&) does not depend on
the particular choice of ¢)(w). This follows from the last equality in (6.9).
2. The second equality in (6.9) stems from
n—1
E0.] = ) (E[Mq])"E[¢],
k=0
by independence, and which converges to Pl*,]E[ M]E[w] by (6.7). The third
equality follows from (6.6).
3. Comments on the proof of these Theorems are provided below.

Combining Theorems 6.1 and 6.2 we immediately get the following
result.

Theorem 6.3 (Ergodic theorem for RRDP). Let M(w) be a random
reduced dynamics operator. Suppose p(M(w) € Mgy) > 0. Then there
exists a set Q3 C QN s.t. P(Q3) = 1 and, for all T € Qs,

1
]\}EHOO N ;M(wl) o M(wn) = [¥s)(0] = P1 g (6.10)

Remark 6.3. 1. If one can choose ¥(w) = ¥ to be independent of w, then
we have by (5.8) that 6,,(w) = 9, for all n,@. Thus, from (6.3)-(6.5), we get
the stronger result lim,, oo M (wy) -+ M(wy,) = |¢s)(¥], a.s., exponentially
fast.

2. This result can be viewed as a strong law of large numbers for the
matrix valued process U, (@) = M(w1) - -+ M(wp,).

Comments. The existence of (ergodic) limits of products of random oper-
ators is known for a long time and under very general conditions, see e.g.,
Refs. 5,13 . However, the explicit value of the limit depends on the detailed
properties of the set of random matrices considered. The point of our anal-
ysis is thus the explicit determination of the limit (6.10) which is crucial for
the applications to the dynamics of random repeated interaction quantum
systems.

The more difficult part of this task is to prove Theorem 6.1. The idea
consists in identifying matrices in the product ¥, (w) which are equal (or
close) to a fixed matrix M that belongs to M gy. Consecutive products of M
give an exponential decay, whereas products of other matrices are uniformly
bounded. Then one shows that the density of long strings of consecutive
M'’s in a typical sample is finite. Once this is done, a self-contained proof
of Theorem 6.3, is not very hard to get® .
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On the other hand, given Theorem 6.1 and the existence result of Ref.,?
we can deduce Theorem 6.3 as follows. Let us state the result of Beck and
Schwarz in our setup. Let T denote the usual shift operator on QN defined
by (Tw)j :ij, _] = 1,2, R

Theorem 6.4 (Beck and Schwartz®). Let M(w) be a random reduced
dynamics operator on . Then there exists a matrix valued random variable
L(@) on QY s.t. B[||L|]] < oo, which satisfies almost surely

ginequationL(w) = M (w)L(T®), (6.11)

where T is the shift operator, and
. 1 _
J\;E}’clmﬁ E M(wy) - M(wy,) = L(©). (6.12)

Further assuming the hypotheses of Theorem 6.1, and making use of the
decomposition (6.3), we get that L can be written as

L(@) = [s)(0(@),
for some random vector 6(@). Now, due to (6.11) and the fact that ¢s is
invariant, 6(w) satisfies

() =0(Tw) a.s.
The shift being ergodic, we deduce that 6 is constant a.s., so that

(@) =E[0] a.s.

which, in turn, thanks to Proposition 5.2 and Lebesgue dominated conver-
gence Theorem, allows to get from (6.5)

n—oo

6.3. Limit in Law and Lyapunov Exponents

We present here results for products “in reverse order” of the form @, (@) :=
M(wy,) - - - M(wq), which have the same law as ¥, (@). They also yield infor-
mation about the Lyapunov exponent of the process. The following results
are standard, see e.g. Ref.1 . The limits

Ap(@) = lim (9,(@)*®, (@)Y and Ay@) = lim (¥, (@) T, (@))"/*"
exist almost surely, the top Lyapunov exponent 7, (w) of Ag(w) coincides

with that of Ag(w), it is constant a.s., and so is its multiplicity. It is in
general difficult to prove that the multiplicity of v; (@) is 1.
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Theorem 6.5. Suppose p(M(w) € M(g)) > 0. Then there exist o > 0, a
random vector

Moo (@) = lim p(wr) + Mg (wi)i(w) + - -+ Mg(wr) - - Mg (wn—1)¢(wn)
and Q4 € OV with P(Q4) = 1 such that for any @ € Q4 and n € N*
< Cge™ ", for some Cgz. (6.13)

ginequation [ ®,(@) ~ ) (10 (@)
As a consequence, for any w € Qy, v1 () is of multiplicity one.

Comments. While the Theorems above on the convergence of asymptotic
states give us the comfortable feeling provided by almost sure results, it is
an important aspect of the theory to understand the fluctuations around
the asymptotic state the system reaches almost surely. In our iid setup, the
law of the product ¥,,(w) of RRDO’s coincides with the law of ®,, (@) which
converges exponentially fast to |1)s)(ne (@)|. Therefore, the fluctuations are
encoded in the law of the random vector 7., (@). It turns out it is quite
difficult, in general, to get informations about this law. There are partial
results only about certain aspects of the law of such random vectors in case
they are obtained by means of matrices belonging to some subgroups of
Gly(R) satistying certain irreducibility conditions, see e.g. Ref. 10. However,
these results do not apply to our RRDO’s.

6.4. Generalization

A generalization of the analysis performed for observables acting on S only
described above allows to establish the following corresponding results when
instantaneous observables are considered.

The asymptotics of the dynamics (3.5), in the random case, is encoded
in the product

M(wl) e M(Wmflfl)N(wmflv <o vwm+r)»
where N : Q"+ — M, (C) is given in assumption (R2).

Theorem 6.6 (Ergodic limit of infinite operator product).

Assume M(w) is @ RRDO and (R2) is satisfied. Suppose that p(M(w) €
M(gy) #0. Then E[M] € M gy. Moreover, there exists a set Q5 C QN of
probability one s.t. for any @ = (wp)nen € Qs,

. 1¢
th{}o o Z M(wy) -« M(wn)N(wnt1, - -+, Wnpigrs1) = [Ps) (0] E[N],
n=1

where 0 = Pf,JE[M]djs'
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As in the previous Section, a density argument based on the cyclicity and

separability of the reference vector ¥y allows to obtain from Theorem 6.6 the

asymptotic state for all normal initial states ¢ on 9t given as Theorem 3.3
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THE MATHEMATICAL MODEL OF SCATTERING IN
STEPWISE WAVEGUIDES
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We consider the mathematical model of the interface of two homogeneous
waveguides. This model includes, as particular cases, most types of the acoustic,
electrodynamic and quantum waveguide interfaces. We give an accurate math-
ematical construction of the most important object in the waveguide interface
theory — the scattering operator — and discuss its most general properties.

Keywords: inhomogeneous waveguide, scattering in waveguide

1. Introduction

The problem of modes transformation in inhomogeneous waveguides has
very long history, and a long list of publications in physics and mathematics
was devoted to this problem during the last century. There exist now a lot of
approximate methods to solve these problems analytically and numerically
and, moreover, the commercial soft for such problems (see, e.g., Refs. 10,11).
Nevertheless, the well-known and widely used term “scattering matrix”
(see, e.g., Ref. 5) seems to be not yet mathematically well-defined in the
waveguide problems, and, accordingly, the mathematical properties of the
scattering operator of a waveguide (in any sense) are not well described.
Such description is, however, necessary to understand the processes in the
quantum, electrodynamic and acoustic waveguides, and, in particular, to
develop good numerical algorithms for waveguide simulation.

Here we consider a mathematical model of the stepwise waveguide and
demonstrate that the investigation of this model is, essentially, a problem of
the theory of the self-adjoint extensions of the symmetric operators in the
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Hilbert spaces. In such approach, the scattering operator appears naturally
when the resolvent of the self-adjoint extension of some symmetric operator
is calculated, and hence the scattering operator is, from the very beginning,
the operator in an appropriate Hilbert space, namely, the deficiency space of
the initial symmetric operator. This allows us to investigate the properties
of the “scattering matrix” within the operator theory.

In addition to a construction of the scattering operator, we obtain in
this way a description of some of its important properties. Some of them
seem to be rather unexpected, as, for example, the fact that this operator
may be, in general, unbounded in the Hilbert space of the sequences of
mode amplitudes with the usual inner product. It is also interesting that,
under some conditions, the scattering operator may be approximated (in
some well-defined sense) by finite-dimensional operators which are scatter-
ing operators for appropriate “finite dimensional waveguides”. This approx-
imation preserves most of important properties of such operators, such as
the flow conservation law, and can be used to numerical calculation of the
scattering matrix for various types of waveguides.

Our work is mainly devoted to the simplest of problems mentioned
above — the problem of mode transformation at the
homogeneous waveguides. In this case, the field in each homogeneous part
of waveguide may be represented as the superposition of the correspond-
ing eigenwaves with coefficients depending on the longitudinal coordinate.
From this point of view, the scattering operator in this case maps the vec-
tor of in-wave amplitudes to the vector of out-wave amplitudes. For such
consideration, one must have a precise definition of what in- and out-waves
are. If, as is the case in some problems of quantum mechanics, the number

interface” of two

of eigenwaves in both waveguides is finite, it is not so difficult to explain
what they are, and hence what the scattering operator is: It is simply a ma-
trix of finite size. The situation becomes dramatically complicated in the
infinite dimensional case which appears in most physical problems, such as
acoustic or electrodynamic waveguides, quantum wires and so on. In such
cases, the in- and out- waves belong to the infinite dimensional space which
has not, as a rule, any natural structure of a Hilbert space. So, the scatter-
ing operator must be considered as the operator in the infinite dimensional
space of quite complicated nature.

It is not that difficult to write the formal algebraic expression for the
scattering operator in terms of the boundary conditions at the waveguide
interface, and different kinds of such expressions appear in a number of
books and papers, see, e.g., ref. 6. In the finite dimensional case, these ex-
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pressions can be used for analytic, as well as numerical, investigation of
mode transformation, although, if the dimension of the “transversal space”
is large enough, this investigation may be not that simple. To do this formal
expression valid in the infinite dimensional case, one must, however, inves-
tigate in some detail certain analytic properties of the operators entering
in this expression, and we do this for our model.

2. A Mathematical Model of the Stepwise Waveguide
2.1. An Abstract Homogeneous Waveguide

For a mathematical model of a homogeneous waveguide, let us consider an
infinite dimensional Hilbert space H and the self-adjoint negative operator
A with compact resolvent in this space. We say that any essentially self-
adjoint operator of the form

2

d .
WZ[H@@ + A®IL, (2.1)

in the Hilbert space H ® Lo(R) with the domain D(A4) ® C§°(R) is a waveg-
uide.

For any non-real point A € C, the resolvent of the operator (2.1) is of
the form

oo
(ReON(E) = - [ B =00, 22)
where B(\) = (A — A)'/2 and for the branch of the square root we take
Re/p > 0 for any p € C such that Imp # 0. It is easy to see that (2.2) is
a bounded operator in the space H ® Lo(R). Further, for any real —w? ¢
specA, there exist limit operators Ry (—w? £ i0) defined on a dense set;
they map the domain H ® C§°(R) into the space

(H ® La(R))®
( @ Vi ® [e:tz|z|\/ufwf]> , (23)

—w?€specA, w?<w?

where Vj is the eigenspace of the operator A corresponding to the eigenvalue
—w?, and in the last tensor product, [etilzlv “L“’i] is the one-dimensional
space spanned by the function in square brackets. The last direct sum in
(2.3) represents what is usually called the in- or out-space, depending on
the sign.
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This approach to the definition of the scattering states, instead of using
the “radiation conditions”,? rather complicated in the waveguide problems,
is known as “limiting amplitude principle”.” The passage to the limit of
the resolvent of the stepwise waveguide and the corresponding scattering
operator at the real values of spectral parameter does not contain any

essential obstacles, so we will not consider this limit in what follows.

2.2. The Abstract Stepwise Waveguide

Let now consider two Hilbert spaces Hi and two negative self-adjoint op-
erators A4 with compact resolvents in these spaces. Let further consider
the Hilbert space and the dense domain in it:

L=(Hy®L(Ry)) @ (H- ® La2(R-)),
Dy = (H, & C(R,)) & (H. ® O (R_).

The operator

d2
Wo = <1H+ ® a2 + A+ ® ILQ(R+)>
2

y (2.4)
D (IH ® — +A_ ®IL2(R_)>

dz?

is symmetric, but not self-adjoint on this domain. In what follows any self-
adjoint extension of the operator (2.4) is said to be a stepwise waveguide. We
will see that self-adjoint extensions of this operator are parameterized by
the operator we refer to as a scattering operator in the stepwise waveguide.

3. The Scattering Operator
3.1. The Self-adjoint Extensions of the Operator Wy

To describe the self-adjoint extensions of the operator (2.4), we will follow
the von Neumann approach.! We need first to describe the deficiency spaces,
i.e., the kernels of the adjoint operators Wy £ 4. To do this, we need to find
all solution in the space £ of the equation

Wyu = %iu . (3.1)
It is easy to see that these solutions are of the form

—By(+i)z 3
() = {e vy if 2 >0, (3.2)

eB-FDzy_ if 2 <0,

where Bi(\) = (A — A+)'/? and vy are the right and left “limit values”
of the function u(z), respectively; for details, see subsection 2.1. For the
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function u(z) to belong to £, these values must lie in the spaces HT which
are the augmentations of the spaces Hi with respect the norms

lollE = 1XE lla - (3.3)
The self-adjoint positive operators X in (3.3) are defined as
Xy = (Bx(i) + Be(—1)"/?,

and hence are the operators with compact resolvent. Hence, the deficiency
spaces Ay are isomorphic to the space

Hy=H}&H, . (3.4)

(Note that the extensions of the operators e¥5+(M? . H, — Hy®Ly(R)+
to the map H} — Hy ® Lo(R)4 are natural and these extensions give
unitary isomorphisms desired. The inverse operators are given by the maps
ur— Halimu(z),
z—+0

where hereafter H 4 lim denotes a limit in H 4. The fact that the deficiency
spaces do not coincide with the “transverse” space of the waveguide has a
physical interpretation: It is well-known that the field may have singularities
on the waveguide interface.

Any unitary operator V in the space H4 defines a unitary operator
Ny — N_ given by

(efB+(i)z ® efo(i)Z) VU — (e*BJr(*i)Z P e*B*(*i)z) Vou. (3.5)

Hence, the set of the unitary operators in the space H4 parameterizes
the set of self-adjoint extensions of the operator (2.4). We designate Wy the
extension corresponding to a given unitary operator V. So, the interface of
two homogeneous waveguides can be described by such an operator.

3.2. The Self-adjoint Extensions and the Boundary
Conditions

Physicists like to describe the waveguide interface through “boundary con-
ditions”, i.e., some linear relations between the values of the function u(z)
and its first derivatives at the interface.?> We now show how such conditions
follow from the definition of the operator Wy, . Note, however, that not all
possible extensions can be obtained in such a way. Indeed, due to von Neu-
mann’s theory, the domain of this operator consists of elements of the form
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o ® 0 ® Vu, where ug € Dy and @ € Ny. It follows from this relation that

HElmu(z) = (I+V) %,
SNl . . _ (3.6)
Ii’iﬁnu (2) = —(B(i) + B(—1)V) Jo,

where ¥ = (Z+) € Hy = H} @ Hj is the vector of “limit values” of the

function @ and where the operators B(=4:) in the space H 4 are defined as
B(#4i) = B4 (i) @ B_(+1). Hence, if both the operators in the right hand
side of the equations (3.6) are invertible, we obtain the relation

Qou(()) + Qlu’(O) = 0, (37)

where the operators (Qg, @1 in the space H, are defined in terms of the
operator V' as follows:

Qo=I+V)™",
Qu=(B(i)+B(-i)V)""J,
and operator .J in the space Hy = HX & H is defined as J = I, & (—1_).
Note that these operators may be unbounded not only in H, but even in
Hy.
As an example, let us consider the waveguide such that H; = H_ and

(3.8)

A4 = A_. Let further the boundary conditions be the continuity conditions
of the function u(z) and its z-derivative at z = 0. So, this waveguide is
exactly an homogeneous waveguide. The corresponding unitary operator V'
is of the form

Vi =V._=—-1iB(-i)"' X2,

Vey=Vi_ =—-2iB(—i) ' X2

3.3. The Resolvent of the Operator Wy and the Scattering
Operator

We now calculate the resolvent of the waveguide operator and show how
the scattering operator appears in a natural way. To do this, we need to
find in D(Wy) the solution for u of the equation

Wyu — A= f, where f € £ and Im\ # 0.

The general solution of this equation has the form

1 oo
u(z) = _§B£1 (\) / e I121=CIBx (V) ¢ () d¢ + e 11BNy,
0
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where we take all + for z > 0 and all — for z < 0. The vectors us € H¥
in these formulas are the constants of integration. To satisfy the conditions
(3.6), we must choose these constants (i.e., the vector u = uy G u_) as
follows. Let us consider the vectors

1

P = _§B£1()\)/€$<Bi(/\)f(io dc . (3.9)
0

One can see that these vectors, same as the vectors By (A\)Fy, belong to

the spaces H) , = {¢ € Hy || X¢|| < oo}. Let us now consider the system
of equations (for a constant u and a vector © € Hy) of the form

F+u=(I+4+V)uv,

BV (F =) = = (B(i) + B(=)V) . (3.10)

This system is a direct consequence of the conditions (3.6). Formally, the
solution (for u) of the system (3.10) can be expressed as

u=2(I+V)(BA\) —B(@i)+ (B\) —B(=i))V) ' B\\F - F

=Sy (\F . (3.11)

If the inverse operator in (3.11) exists, the operator Sy (\) : H)y — Hy,
defined in this relation, is said to be a scattering operator for the stepwise
waveguide Wy . In terms of the scattering operator the resolvent of the
operator Wy is expressed as follows:

u(z) = (Rw, (M) f)(2) =
—3IBZY () [emleEm B £ (e¢) d¢+ (3.12)
0

e=e#B(N (S, (N\)F)., where € = sign(2).

We show now that the operator Sy (\) : Hy +— H4 exists and bounded.
First, note that for Im\ > 0, the operator (B(\) — B(—i)) ™" is a bounded
operator H/, — H 4. This assertion is equivalent to the boundedness of the
the operator X 2 (B(\) — B(—i))" in H, which follows from the obvious
numerical inequality of the form

1
sup —| < o0.

>0 | (Va+i+Ve—)Va+A—=+qg—i)

To prove the desired property of the scattering operator, it suffices

now to prove that the operator (B(A\) — B(—i)) ™" (B(A) — B(i)) + V has a
bounded inverse in H 4. This fact follows form the inequality

I (BO\) = B(=i))™" (B(\) = B(@)) [|=b(A) < L. (3.13)
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(Hereafter we consider all operators as operators in H4 and use the corre-
sponding norms.) Indeed, if so, than for any ¢ € H4, one has

(B - B (BO) - B@) +V) ] 2
IVell = 1(BO) — B(-i) " (BO) - B ol = (14
el = bliell = (1 = b)) ligll

and hence the operator (B(A) — B(—i)) " (B(\) — B(i)) + V has the
bounded inverse. The inequality (3.13) follows from another numerical in-
equality of the form

VIR~ Vi
q>0 \/q—O-)\—\/q—i

This is simple and we omit the proof. The case ImA < 0 can be considered
by a similar way.

The boundedness of the scattering operator as the operator from H,
to H 4 seems to be a too weak assertion. But we show in what follows that
it may be unbounded in H, and this fact seems to be rather unexpected
from the physical point of view; we do not understand at the moment its
physical consequences.

It is important to note that the constant b(\) in the estimate (3.13) does
not depend on the operator V', but only on the spectra of the operators
A4. We use this fact in what follows to prove the existence of the finite
dimensional approximations of the scattering operator.

=b(\) < 1. (3.15)

4. The General Properties of the Scattering Operator

4.1. On The Finite Dimensional Approximation of the
Operators in the Hilbert Space

In this section, we briefly discuss the main general notions concerned with

the finite dimensional approximations of the operators in Hilbert spaces.?

Let H be an infinite dimensional Hilbert space and
{H,, T, : H— H, |neN}

a sequence of finite dimensional Hilbert spaces and linear surjections. We
say that this sequence approzimates the space H if the maps T;, are defined
on some dense linear manifold M C H and, for each x € M, we have

i (| Tz m, = [/l -
n—oo
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Let further A : H — H be a linear operator such that AM C M and
A, : H, — H, a sequence of linear maps. We say that this sequence
approximates the operator A if, for each x € M, we have

lim ||T, Az — A, Thx||g, =0 .

Such definitions of approximation of linear spaces and operators are widely
used in Numerical Analysis.
The following properties of approximations used bellow are evident:

(i) If the operators A, are uniformly bounded, then the operator A is
bounded.

(ii) If the sequences A, and B, approximate the operators A and B and
the sequence A,, is uniformly bounded, then the sequence A, B, ap-
proximates the operator AB.

(iii) If the operator A~! exists and is bounded, the sequence A, approxi-
mates the operator A, and the operators A, ! exist and are uniformly
bounded, then the sequence A, ! approximates the operator A~1.

The example which we use below is as follows. Let A be a positive
operator in H with compact resolvent, P, the projection onto the linear
span of the eigenvectors of A corresponding to the eigenvalues A, where
A < n. Let H, = P,H , T, = P,,A, = A|g, and M be the set of
vectors in H with finite spectral decompositions. Then the pairs (H,, A,)
approximate (H, A).

4.2. The Approximation of the Scattering Operator

There exists a very limited number of physically interesting examples of the
stepwise waveguides for which the scattering operator can be investigated
analytically and most of these examples are finite dimensional. To calcu-
late the scattering operator in the infinite dimensional case, a numerical
procedure is usually needed. Such procedures are always based on some
finite dimensional approximation of the original problem. The question of
the convergence of such numerical procedures is the key question for the
successful calculation and, as a rule, this question appears to be very com-
plicated.

We show that, under certain conditions, a scattering operator for a given
infinite dimensional step-wise waveguide can be approximated, in the above
sense, by appropriate finite dimensional waveguides.

In Ref. 4 it was shown that such conditions are satisfied for certain
physically interesting cases.
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Suppose the approximating sequences of the operators Ay ,, are defined
as in subsect. 4.1. Let further suppose there exists a sequence V,, of unitary
operators approximating a given unitary operator V. The existence of such
approximation is the main condition for the following constructions. Due
to the fact that the operators P, are projections on the eigenspaces of
the operators A, the sequences B, +y = P,B+(\)P, approximate the
operators By. It follows from the this fact and the relations (3.13), (3.15)
that the sequence of operators

(Bno‘) - Bn(_i))71 (Bn()‘) - Bn(l)) +Va

approximates the corresponding limiting operator and their inverses are
uniformly bounded. Hence, the sequence

Sv, (A) =
2 (In + Vn) (Bn(>\) - Bn(i) =+ (Bno‘) - Bn(_i)) Vn)_l Bn(/\) - In

approximates the operator Sy (A) and, moreover, is the sequence of scatter-
ing operators for the finite dimensional waveguides defined by the transver-
sal operators A4 ,, and unitary operators V,,.

4.3. Unboundedness of the Scattering Operator. An
Example

In this section, we show* that the scattering operator may indeed be un-
bounded in the space H. We emphasize that the example discussed is artifi-
cial and seems to have no physical meaning. But, first, it is mathematically
natural, and, second, it shows that for the scattering operator in H to be
bounded, some additional conditions are needed.

Let us consider a sequence of the finite dimensional waveguides of the
form (where §,, is a constant)

Hi,n = CQ:

-1 0
074

n

A*,n = An = ( ) ; AJr,n = UnAfA,nU;a

where the unitary operators U, are of form
_ 1 1—-p62 23
Uy=Uy=U," = m o

and the boundary conditions are the continuity conditions of the function
u(z) and its first derivative. Let W,, be the corresponding waveguide. For a
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given n, it is easy to calculate the scattering operator which is a 4 x 4-matrix
of the form

_ Ry, T,
Sn(A) = (UnTnU; UanU:;> ’

where the 2 x 2-matrices T,, = T(8,) and R,, = E — T,, are matrix-valued
functions of . An explicit expressions for the T-matrix is quite complicated,
but it can be shown that, for a given A € C and 3,, — oo, the matrix element

T12(ﬁn) is O(ﬁn)

Now suppose 3, — oo and consider a waveguide of the form

W:éWn.

n=1

The corresponding scattering operator is then

SN =D Sn(N).

n=1
For any A € C, the set of matrix elements of this operator is unbounded,
and hence the operator can not be bounded.

5. The Multistep Waveguides and The Scattering Operator
To construct a mathematical model of the multistep waveguide, let us con-
sider the set of real numbers 0 = ag < a1 < ... < ay < 00. Let

N+1
L= HjoLy(a)),
§=0
where Ay = (—00,a9) and A; = (aj_1,a;) for j = 1,...,N; let Aniq =
(an,0), and let

N+1
Do = P H; @ C§°(A)).
§=0

Let the A;, where j =0,..., N + 1, be negative operators in the respective
Hilbert spaces H; and let

N+1 2
Wo = (P (d22 @ I, © Iy (ra,) ®Aj>
j=0

be the symmetric operator in £ with the domain Dy. This operator has
many self-adjoint extensions; we will consider only local extensions, i.e.,
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those defined by boundary conditions of the form (3.7) at each point a;.
Such extensions W we be referred to as multistep waveguides.

For each j = 0,..., N, one can define the scattering operator S;(\) for
the pair (A, A;41) as in subsection 3.3. These operators completely define
the waveguide, e.g., in terms of its resolvent. For a given scattering operator,
the resolvent of the waveguide may be constructed as follows. Let

Let P;(t) = e tBiN | where t € A;. These operators are known in physics
as propagators. Then, for z € A;, we have

u(:)= 3B [ Byl 2= DFCQCH

Pj(z — aj,l)u;r + Pj(aj — 2)uj ,

where the vectors u]i € Ha, are the constants of integration. Due to the
boundary conditions at infinity, one has ua' =0 and uy,,; = 0. The defini-
tion of the scattering operator implies that

(u;;l) _ 50 <Pj+1(Aj+1|)uj+1 +wj++1) (5.1)

u Pi(|A;)uy + ¢y

for j =0,..., N, where

The equations (5.1) define the vectors uji,

multistep waveguide is completely defined by the set of partial” scatter-
ing operators. Together with the finite dimensional approximation of the

and hence the resolvent of the

scattering operator described in subsect. 4.2, these equations give a way to
numerical calculation of the different problems connected with multistep
waveguides.?”
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We consider the Schrédinger operators on R? with the magnetic field given
by a positive constant field plus random ¢ magnetic fields of the Poisson-
Anderson type. We give sufficient conditions for the lower Landau levels to be
infinitely degenerated eigenvalues, and for the lowest Landau level not to be
an eigenvalue. The proof relies on the entire function theory by B. Ya. Levin.
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1. Introduction

Define a differential operator £, on R? by

1 2
Ew - (Zv+aw) 5

where w is an element of a probability space €2, and a, is the magnetic
vector potential. The magnetic field corresponding to a vector potential
a = (az,ay) is defined by rota = 0,a, — 0ya, in the distribution sense. We
assume the magnetic field rot a,, is given by

rota,(z) = B+ Z 2may (w)o(z — 7). (1.1)
vely
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Here, B is a positive constant, § is the Dirac measure concentrated on
the origin. The random set T',, is the Poisson configuration (the support
of the Poisson point process) with intensity measure pdxdy, where p is a
positive constant (for the definition of the Poisson point process, see e.g.
Refs. 2,21). The random variables {a }4er,, are i.i.d., [0,1)-valued random

a

variables independent of I',, #, and their common distribution measure g

satisfies
supp p # {0}.

We denote
a=E[o,], p=P{a, #0},

where E[X] denotes the expectation of a random variable X, and P{E} the
probability of an event E. The values & and p are independent of ~y, since
{oy }yer are i.i.d. We call the magnetic field satisfying these assumptions
the Poisson-Anderson type random § magnetic fields ®. The assumption
ay(w) € [0,1) loses no generality, since the integral differences of o, (w)’s
can be gauged away.!®> These conditions are considered to be a mathe-
matical model for the randomly distributed infinitesimally thin solenoids
under the influence of a homogeneous magnetic field. A system of this type
appears in the study of the Hall conductivity (see Desbois et. al.810).

A vector potential a,, satisfying (1.1) can be constructed as follows.?
In the sequel, we identify a vector z = (z,y) € R? with a complex number
z=x+ 1y € C. Put

¢w(z>=%+o‘0(‘“)+ 3 av(w)( ! +1+Z2), (1.2)

2 Lerovo o7

5

where ap(w) = 0if 0 € T',,. Later we will prove that the right hand side of
(1.2) converges locally uniformly in C\ T',,, almost surely. Put

a,(2) = (Im ¢y, (2),Re g, (2)).

2More precisely, we construct the random variables {a~},ecr, as follows. Let Q1 be
the probability space on which the Poisson configuration I'y, is defined, and number the
elements {v;}32; of Iy as 0 < |y1] < |y2| < -+ (the probability that there exist two
points of ', with the same absolute value is zero). Let 2 be the probability space
on which i.i.d. random variables {ozj};?il are defined. Put Q = Q7 x Q2, and denote
y; (W) = aj(w) (J=1,2,...).

Of course, we can consider the case Iy, is a non-random lattice I' and {a} are i.i.d.
(Anderson type). The arguments below can be applied to this case with a little modifi-
cation.
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Then we can easily verify (1.1) holds.

We denote the Friedrichs extension of Ew|C(c’>C(R2\Fw) by H,, then H, is
a self-adjoint operator on the Hilbert space L?(R?). The domain of H, is
given by

D(H,) = {u € L*(R?) | Lou € L*(R?),
limsup |u(z)| < oo for any v € ', }. (1.3)
zZ—y
Remark that we can take another self-adjoint extensions of LW|C(?O(R2\FW),
since Ly|oee(r2\1,) I8 not essentially self-adjoint (see e.g. Refs. 1,7,17).
When o, (w) € Z, the boundary condition limsup,_,. [u(2)| < oo is equiv-
alent to
limsup |u(z)| = 0.
z—y

This boundary condition physically means that the solenoids are electrically
shielded and the electron cannot penetrate inside the solenoids.

We denote the free operator (the operator corresponding to the constant
magnetic field rota = B) by Hy. The spectrum of Hy is well-known:

G(HO) = U {En}v

where E,, = (2n — 1)B is called the n-th Landau level. The Landau levels
are infinitely degenerated eigenvalues of Hy.

In this paper, we shall investigate whether the infinite degeneracy of the
Landau levels changes under the perturbation of the d-magnetic fields. This
problem is closely related to the infinite degeneracy of zero modes for the
2-dimensional Pauli operator.!415:22 The result is the following.

Theorem 1.1.

B
n s a positive integer satisfying —— + & > np, then E, is almos
1) 1 ) itive int tisfyi 3 then FE, is al t
T
surely an infinitely degenerated eigenvalue of H,,.

B
(2) If om0 + a < p, then Ey is almost surely not an eigenvalue of H,,.
T

The above theorem roughly means the lower Landau levels tend to be stable
under the perturbation by ¢ magnetic fields, even if it is random. Similar
results are obtained in the case of (scalar) point interactions® 51%13,20
the case of § magnetic fields.'4151718:22 Tt may be interesting to compare
the above results with those in the case of regular potentials.'’23 In that

or in
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case, it is widely believed that the Landau levels are broadened and there
exist some extended states corresponding to the center of the Landau level.

It seems natural for the authors to conjecture FE,, is not an infinitely
degenerated eigenvalue when B/(27p) + & < np. However, this conjecture
could not be proved for some technical reasons (see the remark after the
proof of Theorem 1.1 in section 4). The spectrum between Landau levels
will be argued in our forthcoming paper.!?

The rest of the paper is organized as follows. In section 2, we introduce
a multi-valued holomorphic function on C called the multi-valued canonical
product, and estimate its exponential growth order at infinity. In section
3, we give an explicit form of eigenfunctions corresponding to the Landau
levels, using the multi-valued canonical products. This expression combined
with the result of section 2 will lead us to the conclusion in section 4 (a
similar argument is found in Ref. 6).

2. Multi-valued canonical product

There is a beautiful theory by B. Ja. Levin'® about the relation between
the exponential growth order of the canonical product and the distribution
of its zeros. His theory also holds for the multi-valued function, with the
modification as follows.

Let I" be a discrete subset of C and a = (a)~er be a sequence of non-
negative real numbers. For 7 > 0 and 61,6; € R with 0 < 05 — 6; < 27,
put

77/(7", 01792) = § Qy
0<|vy|<r,01 <argy<6

(the sum is taken over v € T, as in the sequel). Put n(r) = n(r,0,27). We
assume

n(r) = O(r?) asr — oo. (2.1)
Define a sum (r,, and a product or o by

(roalz +Z (_ i+;> (2.2)
o (5+

Y#0
z
oro(z) = 2% 1—)
a(2) H( :
¥#0

(we put ap = 0 when 0 ¢ T'). Particularly when I is a lattice of rank 2 and
ay =1, then (r o is the Weierstrass ¢ function, and or  is the Weierstrass
o function.

7) (2.3)
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Let {C;}32, be a system of disks, where C; = {|z — 2z;| < r;}. We say
C=UjZ, C;is a CO-set if

1
lim sup — Z r; = 0.

,
S PR

Proposition 2.1. Assume (2.1) holds. Then the following holds:

(1) The sum (2.2) converges uniformly in a compact subset of C\ T'. If
we take the branches of the functions {(1 — %)D‘W }yer\goy appropri-
ately, then the right hand side of (2.3) converges uniformly in a simply

connected compact subset of C\T'. For k = 0,1,2,..., the function
| (%)k or.o(2)] is independent of the choice of the branches. Moreover,
we have

d

%O—F,a(z) = UF,a(Z)CI‘,a(Z)~ (24)

(2) Assume additionally that

(a) there exists Iy C [0,27) such that [0,27) \ Iy is countable and the
limit
A(f1,07) = lim 7n(7‘7921,92)
r—00 r

exists for any 01,05 € Iy + 2nZ with 0 < 05 — 01 < 27, and
(b) the limit

1 . oy
5F,a = 5 rll}nc;lo Z ? (25)
o<|y|<r

exists and is finite.

Let dA be the Lebesgue-Stieltjes measure given by the relation
f[Gl 62) dA () = A(01,02). Then, there exists a C°-set C such that

log |or o (re?)]

lim 5

r—oo,ret?ZC T

— H(). (2.6)
where the function H(0) is defined by the Stieltjes integral

9
H(9) = —/9 (¢ — 0)sin2(xp — 0) dA() + Re(e*0r q).

—27

The convergence (2.6) is uniform with respect to 0 € [0, 27).
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Remark 2.1. The proof of the first assertion is easy. The second assertion
is a generalization of Theorem 2 in Chap. II, Sec. 1 of Ref. 16, and its proof
is also similar (there is a misprint in the first edition of Ref. 16; there must
be the minus sign before the integral in (2.06) in Ref. 16). The outline of
the proof will be given in Ref. 19.

Corollary 2.1. In addition to the assumption of (ii) of Proposition 2.1,
assume that

A(@h 92) = 0(92 — 01)

for some positive constant c. Put

751",&2

or.a(2) = e o op o (2).

Then, there exists some C°-set C satisfying the following; for any € > 0, we
have

151 a(2)] < el (2.7)
for sufficiently large z, and
|Fr.a(2)] > elem9ll* (2.8)

for sufficiently large z outside C.

Proof. By Proposition 2.1 and the equality

0
—c/ (¥ — ) sin2(¢p — 0)dy) = e,
0

-2

we see that there exists some C%set C such that both (2.7) and (2.8) hold
for sufficiently large z outside C. Since C is a C”-set, the limitation z € C\C
on (2.7) can be eliminated by using the maximum modulus principle (see
the argument after the proof of Lemma 5 in Chap. II, Sec. 3 of Ref. 16). O

For an entire function f, it is well-known that f and its derivatives ‘f;—{
have the same exponential growth order.!® For a multi-valued holomorphic
function f, we have the following.

Lemma 2.1. Let f be a multi-valued holomorphic function on C and ng a
nonnegative integer. Let T be the set of the branch points of f. Assume the
following conditions hold:

(1) In a neighborhood U, of each v € T', f is written as
f(2) = (z=7)"g4(2),

where ay, > ng and g, s a function holomorphic in U, .
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(2) #{veT | W <r}=0(?) asr — oc.
(3) There exists a constant a > 0 such that
HOET
for sufficiently large z.
Then, for any ¢ > 0, we have for any k =0,1,...,ng

dvf

RO elotellel’ (2.9)

for sufficiently large z € C\T.

Remark 2.2. By (i), the function |§Z—{(z)| is single-valued.

Proof. By (i), we have

d* f
lim |— =0
20N | a2k (2)
for k = 0,...,n0. Thus the function My(r) = max,;—, ‘%(z)’ is monotone

nondecreasing, by the maximum modulus principle. By (ii), we can take
A € N such that

#yel| hl<rp< A -1
Take [ € N. Dividing the ring {I — 1 < |2| < I} into Al? subrings, we find a
subring {r; — 74 < |z| < 1 + 54} which contains no point of I'. Then,
for |z| = r;, we have by the Cauchy integral formula

dif M fw

—(2) = — — L dw.
dzk 278 1 (w— 2)kH1
| 3A12

w—z|=
Using this formula, we have
My(l—1) < (BAI*)FEIM, (1) .

Therefore (2.9) follows from (iii). |

3. Eigenfunctions for Landau levels

Let us return to our model and construct the eigenfunctions for Landau
levels. Similar solutions are found in Refs. 14,15,18,22.

Let ¢, be the function given in (1.2). Define differential operators A,
and Al by

»Aw = 26z + ¢w(z)7 AI; = _282 + (bw(z),
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where 0, = (0, — i0y)/2, 0s = (0, + i0y)/2. These operators satisfy the
canonical commutation relation

L,=AlA,+B=A,A, - B (3.1)

as an operator on D'(C\ Ty,).
Put a(w) = (ay(w))yer,, Cw = Cro a(w) and o, = 01, a(w)- Then, we

have
Bz

B
Au=20. + 5 +G(2), Al = 20, + 7”’ 1 &0). (3.2)

Put

~ 1 (0<ay(w)<1), -~
a’Y(w) - {O (ay(u}) _ 0)) 0w = O'Fw,&(w)v

where a(w) = (& (w))yer,, . Notice that o,, is an entire function.
Lemma 3.1. Let n € N. Then, the following holds:

(1) Let f be an entire function. Put
u(z) = AL (e o () T EL (R ) - (3.3)

If u € L?(C), then u € D(H,) and H,u = E,u. Moreover, if u €
D(H,,) satisfies H,u = Bu, then there exists an entire function f such
that (3.83) holds with n = 1.

(2) For almost all w, the assumptions (a) and (b) in (ii) of Proposition 2.1
are satisfied withT' =T, a = B(w) = (noy(w) — ay(w))er, and

A(91,92) = p(92 — 91)(7’7/]? — 5[)/2.

(3) Let w € Q satisfying the conclusion of (). Let 0, = dp, g be the
constant defined by (2.5) for T =T, and o = f(w). For a polynomial
g #0, let uy, g be the function u defined by (3.3) with f(z) = e“swzzg(z).
Then, there exists a C°-set C such that for any e > 0

ing(el <o (-5 + =D ) e

for sufficiently large z, and

@l ze (-5 + 7LD p) e

for sufficiently large z outside C.
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Proof. In the sequel, we denote the inner product on L?(R?) by (u,v) =
Jre tvdxdy, the L?-norm by |ul|* = (u,u).
(i) For simplicity of the notation, we omit the subscript w for a while.
Let u be the function given by (3.3). By (2.4) and (3.2), we have
A= e 0 (2)71(20,)e 12 o (2)]. (3.6)
Put
o(z) = e T o (o) () (2).
By (3.1) and (3.6), we have (£ — B)v = AT Av = 0. Then we can prove
LAy = Ej+1.A“v for any nonnegative integer j, by an inductive argument
using (3.1). Thus we have Lu = E,u.

If w € L?(R?), then we have Lu = E,u € L?(R?). Since v(z) =
O(]z — y|"~**!) as z — ~ (I is the order of zero at v for f), we have
u(z) = O(|z —v|'~* 1) as z — . Thus u satisfies the boundary conditions
limsup,_,, [u(z)| < oo for every v € I'. By (1.3), we have u € D(H).

Next, suppose u € D(H) and Hu = Bu. Since H is the Friedrichs
extension, (3.1) implies

((H — B)u,u) = (AT Au, u) = || Aul?.
Thus, we have
Au=0 in R?\T. (3.7)
By (3.6), any solution to (3.7) is written as
u(z) = ¢ ¥ o) (),

where g(z) is a holomorphic function on C\T'. Since u satisfies the boundary
conditions limsup,_, ., [u(z)| < oo for every v € T, we see that the function
g has to be factorized as g(z) = 7(2) f(z), where f(z) is an entire function
on C. Thus the assertion holds.

(ii) First we prove the assumption (a) is satisfied. For N = m + ni €
Z @ Zi, define a square Qn by

QN = s+ ti| 1< < +1 1<t< 4—1
N—szm2_5m2,n2_n2

and put
Xnw) = > B,
'YGFMQQN

Then the random variables { X} nezgzi are independent and

E[XN} = Eq, [#(F N QN)}EQQ [na’Y - a’Y] = p(np - 6‘)7
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where we used E[#(T. N U)] = p|U| (for the probability spaces 21 and Qs,
see the footnote about the definition of the Poisson-Anderson fields). For
r >0 and 01,0, € R with 0 < 6y — 61 < 27, put

S(r,01,05) = {se? |0 <s<7r 6 <O<b},

N(’/‘, 91,92) = {N SYASY /) | QN C S(?", 91,92)},

a(r0,02) = > Xy
NEN(7‘791,92)

Then we have

’ﬁ(?”', 017 92) _ ZNEN(7‘791792) Xn #N(Ta 917 92) N p(np — O_‘) (92 — 91)
r2 #N(r,01,03) 72 2

almost surely, by the law of large numbers. Moreover, we readily have

m ﬁ(’l’, 91, 02) ; 77,(7', 01, 92)

=0

r—00 r

almost surely. Thus we have

almost surely, for each 01,0, € Q with 0 < 65 —6; < 27. By the monotonic-
ity of the function n(r,0;,62) with respect to 6y or 6, we see that (3.8)
holds for every 61,62 € R, almost surely.

Next we show the assumption (b) holds. Put

p
S(ry= > 7;
1<|y[<r
We shall prove §(r) converges as r — oo, almost surely.

Form=1,2,...and k=0,...,4m — 1, put

, k
Ui = {7“619 m? <r<(m+1)2, - <0<
2m

2m

Cm,k = eri%7 Fm,k =I'n Um,k7 5m,k: = Z E’;
r v
m,k
In the sequel, we denote the general constants independent of m, k,w by C.
For v € Uy, 1, we have

1 1

~2 2
v Cm,k

(’Y + Cm,k)(’y - Cm,k)

2.2
Y Cm,k

<Cm™>. (3.9)
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Put 3 = E[3,] = np — &. Then we have

I(Sm,k: + 6m,/c+m|

<m™* Z By — Z By| + Cm™ (# L.t + ## L)
Tk

Lo ktm

< m_4< Z (Bv - B) + Z (ﬁw - B) + |#Fm7k - #Fm7k+m|ﬁ>

mek Fm,,k+m,
+Cm ™ (#T ke + #m km) (3.10)

where we used (3.9) and cm ftm = m  in the first inequality. By the

Schwarz inequality and the 1ndependence of {#}, we have

E Z(ﬁ'y_ﬁ) :EQ1 EQz Z(ﬁ"/ _B)
Lok Tk
1/2

<Eo, | Va, |35 — Eo, [(#T Ve, [6:)"]

Tk

< (Eq, [#Tmu])/* (Va, [8,))/* < Cm,

where V[X] denotes the variance of a random variable X. The expectation

(3.11)

E HZFm . (By — B)H is estimated in the same way. Moreover, we have
EH#Fm,k - #Fm,k-&-mu < 2E[|#Fm,k - p|Um,k|H
< 2V[#T,]? < Cm, (3.12)
E[#Fm,k + #Fm,k—i-m] - 2P|Um,k‘ S Cm27 (313)

where we used V[#L,, k] = p|Tmx| < Cm?. By (3.10), (3.11), (3.12) and
(3.13), we have

E [‘5717,,]@ + 6m,k+m|] S Om737

SO
0o m—
Z Z |6m,k + 6m,k+m + 5m,k’+2m + 5m,k+3m” < 00
v=1 k=0

Therefore we conclude the sequence {§(m?)}5S_; converges almost surely.
Now it is sufficient to show that

sup |6(r) —8(m?)| — 0 asm — oo (3.14)
m2<r<(m+1)2
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almost surely. As in the proof of (a), we can prove

#a el |m? <yl < (m+1?)
m(m+ 1)% — rm?

almost surely. This implies
#{yeT, |m? <y <(m+1)2}<COm?
almost surely. Thus we have
16(r) = 8(m?)| < #{yeT, | m? <y < (m+1)*}m™* <Cm™?
for m? < r < (m+ 1)2, which implies (3.14).
(iii) By (2.4) and (3.2), we have

Al =sgno,(z)71 (—285 + B;) sgno,(z),

where sgn(z) = = % Thus we have

Un,g(z)
= e 71 sgn o, (2) 71 (=205 + B2)" ' 0,(2) 15, (2) e %7 g(2)

= e T sgnoy(2)7 (—20; + B2)"! .6 (2)9(2).

Since

#T'w 0 B (0))

— TP
r2

almost surely, we have
#(T, N B.(0) =0(r*) asr— oo

almost surely. So the conclusion follows from (ii) of this lemma, Corollary
2.1, Lemma 2.1 and the Leibniz rule. O

4. Proof of theorem 1.1

Proof. Suppose B/(27wp) + @ > np. Then, there exists ¢ > 0 such that
—B/4+ mwp(np — &)/2 + € < 0. For any polynomial g, the function u, 4 is
an eigenfunction of H,, corresponding to the eigenvalue F,,, by (3.4). Thus
we see that F, is an infinitely degenerated eigenvalue of H,,, almost surely.

Next, suppose B/(2mp) + & < p. Then, there exists € > 0 such that
—B/4+mp(np —a&)/2 —e > 0. By (3.5), we have

lui1(2)] > 1 (4.1)
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for sufficiently large z outside some C%-set C. Adding some disk centered
at the origin to C, we may assume (4.1) holds for every z € C\ C. Let

So={r>0]{lz|=r}nC =10}

Suppose some u € D(H) satisfies Hu = Eu. By (i) of Lemma 3.1, u is
written as u = uy,; f for some entire function f = ZZOZO anz". Then we
have

oo
/ \u|2dxdy22772/ lan |2r2" Tt dr. (4.2)
c n=0" 50

Since C is a C%-set, we have
/ r?" P dr > |(1, R) N Sp| — oo
(O,R)I'-WS(]

as R — oo, where |S| denotes the Lebesgue measure of S. Thus the right
hand side of (4.2) diverges if some a,, is not zero. This implies u = 0, so we
see that F is not an eigenvalue of H,,, almost surely. O
Remark 4.1. We could not prove the conjecture ‘E,, is not an infinitely
degenerated eigenvalue when B/(2mp) + @ < mp’ for two reasons. First,
we could not exclude the possibility of the existence of the exceptional
solutions, which cannot be written as (3.3), when n > 2. Second, we could
not establish the lower bound like (3.5) for the solution u,, 4, when n > 2.
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MEAN FIELD LIMIT FOR BOSONS AND SEMICLASSICAL
TECHNIQUES

FRANCIS NIER

IRMAR, UMR-CNRS 6625, Campus de Beaulieu, Université de Rennes 1
835042 Rennes Cedex, FRANCE

We give a summary of results obtained with Z. Ammari in Ammari-Nier?
after analyzing accurately the formal relationships between mean field and
semiclassical asymptotics.

Keywords: Mean field limit; bosonic QFT; Wigner measures

1. Introduction

When the one particle states lie in a complex Hilbert space Z, the many
body problem is formulated in a Hilbert space H C ®,enZ2%7, which
contains the symmetry (resp. antisymmetry) constraint for bosons (resp.
fermions). The mean field limit consists in studying states associated with
a large number N of particles and their dynamics for some specific Hamil-
tonian. After introducing the small parameter ¢ = +

N>
-1
2N = 29 and the evolved states

one can consider

for example initial states ¥, =
U, = e icHe Wy, when H. is the Wick quantized version of a polynomial
expression p(z,z) of z € Z obtained after replacing the z; (resp. z;) vari-
able by a scaled annihilation (resp. creation) operator \/ea; (resp. v/eaj)
while fulfilling the Wick ordering rule (annihilation on the right-hand side).
The mean field dynamics is given by ¥y ~ z?gl where z; evolves accord-
ing to the Hamiltonian dynamics, i0;z; = 0zp(z¢, Z;), in the phase space Z
endowed with the symplectic form Im ( , ). The precise meaning of ~ is
given after proving that with the normalization |z;| = 1, the quantity

(U, c(AQRI® - QI+IRARI®---@IR+IQ--- @1 A)V,)
(1.1)
is equivalent to (z;, Az;) in the limit ¢ — 0 (i.e. N — o00). Within the
bosonic framework, the observable involved in (1.1) is nothing but the Wick
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quantized operator p%} ** for the polynomial p4(z,%) = (2, Az). Higher or-
der correlations are also described after testing with Wick quantized higher
order polynomials.

This summarizes the formal relationship between mean field limits and
semiclassical analysis: they both involve the Hamiltonian dynamics on the
phase space and e-dependent quantizations of classical symbols. In spite
of the strong development of semiclassical techniques for finite dimensional
problems in the eighties, very little has been done in this spirit for mean
field problems. One reason is the well-known difficulty to develop a pseudo-
differential calculus in infinite dimension which is rich enough to catch the
properties of realistic nonlinear dynamics. Another reason is that some
other methods, based on the integral functional point of view or techniques
of truncated Dyson expansions were more effective for other problems in
quantum field theory.

This text provides a short presentation of a recent joint work with
Z. Ammari, where the introduction of Wigner measures in infinite dimen-
sion allowed to analyze the links between various approaches to mean field
problems and to prove new results. While doing so the differences between
the inductive and projective approaches to the infinite dimensional case
and the specificities of Weyl-, Wick- and anti-Wick quantizations have been
completely clarified.

2. Review of the finite dimensional case

2.1. Finite dimensional phase space and Schrédinger
representation

Consider Z = C¢ with its natural Hermite scalar product (z;, z2) =
Z;lzl Z1,%2,, its real scalar product S(z1,22) = Re(z1, z2) and its sym-
plectic form o(z1,22) = Im(z1, 22). Set H = @, V" Z = ['s(Z) the
bosonic Fock space, defined as a Hilbert direct sum. For any n € N, the
orthogonal projection from ®" Z onto the closed subspace \/" Z of sym-
metric tensors is denoted by S,,. For any (£1,&s,...,&,) € Z™, the vector
EVEV---VE e\ Zis

1
E1VEV - VELES(E®6 - ®8) = o] Z §o(1) @Ex(2) " @ Eo(n)
‘oe6,

After introducing a small parameter € > 0, the e-dependent annihilation
and creation operators are defined by

a(z)yrz = Ven (2| ® Lyn-1 ¢
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a*(z)jyrnz =Ven+1) Sppio(2®@Iynz) =+e(n+1) z\/IVnZ,

when z € Z is identified with the operator C 3 A +— Az € Z. The quantized
real variables

d(z) = \%(a*(z) +a(z)) and II(z) = ®(iz) = %(a(z) —a*(2)).

They are self-adjoint operators on H and satisfy the identities:
[®(21), ®(22)] = ie0o (21, 22)1, [®(21), I(22)] = i€S (21, 22)1.
The representation of the Weyl commutation relations in the Fock space
W (z1)W (2) = e~ TIC02W (2 + 25) 1)
= ¢ ETERIW ()W (21),

is obtained by setting W(z) = e'®(2) | After introducing the vacuum vector
(1,0,...) € H, the coherent state vectors are given by

2 «
E(z)=W <ﬂ> Q = ezla"(-al2)lg
ic

for any z € Z, with the explicit form
L2 o= 1 oat(2)" 1212 a2 25"
E(z)e” == Z p— Q=e" 2 Z € 7 (2.2)

n=0 n=0
They should not be confused with Hermite or product states of the form

H,(z) = 2%™. (2.3)
The number operator is also scaled with the small parameter € > 0 accord-
ing to

d

Nyyrz =enljyrz = Y a*(ej)ale;)
j=1
where the last identity holds for any orthonormal basis (ey,...,eq) € Z9.

The relationship with the Schrodinger representation which can be for-
mulated with a Bargmann transform in the finite dimensional case (see
Folland,” Martinez,?? Aftalion-Blanc-Nier!) can be explicitly given after
setting z = x + i€, with (z,¢) € T*RY. The symplectic form [ , ] and the
scalar product (, ) on T*R? are usually defined according to

|=¢y—an=—-Im{z+i, y+in) = —o(z+ i,y +in)
((,8), (y,m) =zy+&n=Re(z+i, y+in) = S(x+if,y +in).
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In order to recover easily the correspondence with the standard pseudodif-
ferential calculus of operators a(\/ﬁx, \/EDw), it is convenient to set

e =2h.

While specifying the relationship between the usual presentations of the
bosonic Fock space and the semiclassical analysis of finite dimensional prob-
lems, fixing the normalizations in a coherent way for both approaches is
probably the hardest task. Here is a summary of these correspondences:

Z =Cd T*R4

FS((Cd), LQ(Rd)

S(z1,22) = Re(z1, 22) ((z1,&), (22,82)) = &1.&2 + @122 = S(21, 22)
(21, 22) = Im(z1, 22) [(z1,61), (2,82)] = &1.w2 — 2162 = —0 (21, 22)

a(z) = a(X7_, aje;) a(z) =z? L (VR + Vh)
a*(2) = a* (X, aje)) a*(2) = Y0, oj(—Vho,, + Vhay)

[a(z1),a"(z2)] =€ (21, 22)  [a(z1),a” (22)] =2h (21, Zz>
D(zg) = %(a(zo) +a*(20)) V2h(zo.x 4+ &.D,)
W(ZO) == eiq)(z(]) T(_\/ﬁfo,\/ﬁmo) = e:(\/ﬁwow+£o\/ﬁD£)
E(z) = W(¥22)Q Toag e (m~ Y 4e )
i€ (ﬁ’ﬁ)
25" |20 = 1 Hermite function
m2
(0)~Y/2[20.(~0, + @) (n /e )
N =1, a*(ej)ale;) h(—A + 22 — d)

2.2. Quantizations

The Wick quantization is defined for any polynomial symbol while fol-
lowing the Wick ordering rule with creation operators on the left-hand
side and annihilation operators on the right-hand side. After choosing an
orthonormal basis (e1,...,eq) in Z, a*(e;) is associated with the anti-
linear form z; = (z, e;), the annihilation operator a(e;) with the linear
zj = (e;, z), and with the polynomial b(Z,2) = 3 .4 5<m Ca,pZ?2" is
pWick — 2 lal4181<m Ca,p(a*)¥a® . A more intrinsic
way can be done by considering for a (p, ¢)-homogeneous polynomial, the
associated sesquilinear form. In finite dimension, this amounts to

associated the operator

b(z,2) = <Z®Q, 5z®P> . b= l,l'apaqb(z aec(\/2\V2) (24
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The general definition of the unbounded operator b"i°* (see for example

Derezinski-Gérard®), is given by its action on any n-particles sector
|
Wick _ nl(n+q—p) pra /5
blvnz — ].[p,_;’_oo)(n)W 2 <va\/n—p Z)
(2.5)
n n+q—p
chk
iz ec\/ 2\ 2
The Weyl quantization is defined after considering the Fourier trans-
form of the symbol b,

Flbl(z) = /Z bE) e 2SO [(de), b(z) = /Z Flbl(z) 2759 [(dz),

when L(dz) denotes the Lebesgue measure on Z = C?. The Weyl quan-
tization (corresponding to the standard definition of a™¥!(v/hx, vVhD,),
€ = 2h) is then given by

pWenl _ / FB(z) W(Varz) L(dz). (2.6)

After taking good Weyl-Hormander symbol classes, this makes an al-
gebra with the Moyal product with full asymptotic expansions w.r.t.
e > 0 (see Hérmander,'® Bony-Chemin,® Bony-Lerner,* Helffer,'¢ Nataf-
Nier,?® Robert?*). A good choice which contains polynomial symbols is
UserS((2)%,9) with g = d2? = da?® + d€? or g = <dz> Moreover for any
polynomial symbol, the relationship between the Wick and Weyl quantiza-

tion is explicit according to

L\ Wick
e_ e/2

* (me/2)@

pWevl (2.7)

The Anti-Wick quantization can be defined in different ways. Either
by associating with any polynomial symbol b(z, z) = Zla\+|ﬁ|<m Ca,pZ%2P
the operator bA~—Wick — 2ol 48] <m Ca,3a”(a*)® . Equivalent definitions

which make its properties more obvious are given by:

wwiek = [ o) By EE©) 5 (28

212 Weyl

pA-Wick _ 2.9
7r5/2 (2:9)

:/ W(Vare) e T Lde).  (2.10)
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For example, the Anti-Wick quantization appears directly as a non negative
quantization in (2.8) while the comparison with the Weyl quantization can
be derived from (2.9) or (2.10). In finite dimension, all these quantization
are asymptotically equivalent in the sense that they are asymptotically
equal up to a well controlled O(e) term when one deals with good classes
of symbols.

2.3. Mean field or semiclassical asymptotics

The semiclassical asymptotic can be written

{ihatib = pWevl(Vha, VhD, )
U(t=0) =19,
and there are several ways to handle the limit A — O:

iS(u}r;t)

1a) Use the WKB-ansatz, ¢)(t) = e > re hFak(z,t), when the initial
data equals Y8 = e Yoo hFag(x, 0);

1b) Express more generally e~ wP(Vhe,VhD2) a5 o Fourier integral operator;

1c) Express enP(VheVhD)pWeyl(\/hy \/hD,)e~ 5 P(VheVhD2) ag an p-
pseudodifferential operator with principal part solving dib = {p,b}
according the classical Hamiltonian dynamics associated with p;

2) Analyze the propagation of squeezed coherent states when ¥ = F(zp)
also known as the Hepp method,;

3) Use Wigner measures which solve 9 + {p, u} = 0.

We refer the reader for example to Grigis-Sjostrand,'® Martinez,?? Robert?*
for the first approach and to Combescure-Ralston-Robert® for the sec-
ond one in finite dimension and Gérard,'? Gérard-Markowich-Mauser-
Poupaud,'® Helffer-Martinez-Robert,'” Lions-Paul?° for the introduction
of Wigner measures.

The bosonic mean field limit writes with ¢ — 0 when ¢ = % and n is
the characteristic number of bosons. It is usually written

i&?aﬂ/} — pWickw
Yt =0) =1, with ., = B(z) or ¢, = 25", n=1.

The problem is to show

(W(t), Ap(2)) “=° (s, , As,)

where A is any Wick-quantized polynomial A = bW and z; is the solution

to the associated classical equation

i0rzy = Ozp(Zt, 2t)s Zt=0 = 20 -
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In the framework of mean field limits, this has been considered first with
the Hepp method. This method was actually first developed for the infinite
dimensional case by Hepp'® and Ginibre-Velo.'* Another approach widely
studied consists, when v¢,, = 26@", in computing explicitly the evolution of
Wick observables tested on such states via a Dyson expansion (see Frohlich-
Graffi-Schwarz,!! Fréhlich-Knowles-Pizzo,' Erdés-Schlein-Yau”™®). Both
methods work essentially for some specific initial data contrarily to the
methods 1b), 1¢) and 3) used in the finite dimensional semiclassical frame-

work.

3. Infinite dimensional case

Considering the infinite dimensional case which is the relevant one within
the mean field theory presents some well known difficulties. First of all
building a good pseudodifferential calculus is not so trivial and the dif-
ferent approaches carry different pieces of information. Even when a good
pseudodifferential algebra is built, it has to be preserved by nonlinear defor-
mations according to the mean field dynamics. In the infinite dimensional
case, this essentially never happens.

There are essentially two ways to consider the extension of the pseudo-
differential calculus in infinite dimension: one is inductive and occurs within
the problems of thermodynamical limits, the other one is projective and
fits better with a stochastic processes point of view. The first one consists
in having a good control of phase-space integrals like (2.6), (2.8), (2.10),
with respect to the dimension or by replacing the Lebesgue measure with
Gaussian measures. The quasi-equivalence of two Gaussian measures is en-
sured by some Hilbert-Schmidt condition which occurs in the presentation
by Lascar?! of some infinite dimensional pseudodifferential calculus and is
reminiscent of Shale’s theorem. Such Hilbert-Schmidt conditions do not en-
sure that all the infinite dimensional phase space is well explored and brings
difficulties after applying a nonlinear Hamiltonian dynamics.

The second one relies on the tensor decomposition

FS(Z) ~ Fs(pz) & Fs(pJ_Z) (31)
with
W(E+E)=WEWE) =W,() @ W, (¢') when ¢ epZ, ¢ ep'Z,
(3.2)

where p is any finite rank orthogonal projection and p~ = 1 — p (the tensor
product is the Hilbert tensor product). Hence it is possible to define cylin-
drical Weyl (resp. Anti-Wick) observable by restricting the integral (2.6)
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(resp. (2.10)), and testing with such an observable corresponds to tracing
out (or integrating) with respect to all the directions but pZ.

This distinction can be considered within the Wick quantization of poly-
nomial symbols. Actually it is contained in the discussion of what is the
right continuity assumption for polynomials b(z, z) = <z®q ,bz®P > which
amounts to the right notion of completed tensor product. The Hilbert-
Schmidt condition would say that b € £2(\/* Z,\/? Z) is a Hilbert-Schmidt
operator (LP(E, F') denotes the p-Schatten class and L°(FE, F) the set of
compact operators). The condition (2.4) actually provides the right alge-
bra property and it is a mixture of Hilbert-Schmidt (the symmetric tensor
products \/? Z and \/* Z are Hilbert tensor products) and projective topol-
ogy (l; is a general bounded operator). Here again the difficulty comes from
the fact that a nonlinear Hamiltonian dynamics does not preserve the class
of polynomial symbols.

Although the possible pseudodifferential calculi do not lead in infinite
dimension to good notions of Fourier integral operators and yet do not al-
low nonlinear deformations, some results about the mean field dynamics
are available via the Hepp method (see Hepp,'® Ginibre-Velo'*) or via the
truncated Dyson expansion approach (see Erdds-Schlein-Yau,”® Frohlich-
Graffi-Schwarz,'! Frohlich-Knowles-Pizzo!'?). The most flexible way to ap-
proach the semiclassical limit, that is Wigner measures, allows to clarify
the situation in infinite dimension.

Wigner measures are easily defined with the Weyl and Anti-Wick quan-
tization within the projective approach according to (2.6), (2.10), (3.2).
When the trace class operator ¢ > 0 on H with Tr[g] = 1, the family of
probability measures defined by duality according to

Tr [p0" % © 1y, 3))] / oo

on any finite dimensional subspace pZ, is a projective family of probability
measures also called a weak distribution. When the phase space Z is separa-
ble and under the additional assumption that Tr [(1 4+ N)%/20°(1 + N)%/2]
is uniformly bounded w.r.t ¢ € (0,2) for some 6 > 0, it is possible to
carry out the diagonal extraction process which leads to the definition of
the Wigner measure. Moreover such an asymptotic weak distribution is
actually a Radon measure on the infinite dimensional phase space Z (see
Skohorod,?¢ Schwartz2%).

Theorem 3.1. Assume that Z is a separable Hilbert space. Let (95)66(075)
be a family of normal states on L(H) parametrized by e. Assume
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Tr[N%/2p°N%/2] < C5 uniformly w.r.t. ¢ € (0,8) for some fived § > 0
and Cs € (0,+00). Then for every sequence (€, )neny with lim, o e, = 0
there exists a subsequence (ep, )ken and a Borel probability measure p on
Z such that

klim Tr{p=+b"¥!] lim Tr[ps"kbA*WiCk]/ b(z) du(z),

li

k—o0 z

for all cylindrical functions b € Upep F~1 (My(pZ)) of which the Fourier
transform is a bounded measure (P is the set of orthogonal projections with
a finite rank).

Moreover this probability measure i satisfies / 2% dp(z) < 0.
Z

Definition 3.1. For a family (QE)EE(OE) which satisfy the assumptions of
Theorem 3.1, M(o°) denotes the set of all its Wigner measures defined after
extracting a subsequence €,, — 0.

Once these asymptotic objects are defined it is possible to handle them
and to compare the action of different quantizations (the comparison of
Weyl and Anti-Wick quantized cylindrical observables is contained in the
theorem), of different kinds of results (Hepp method, truncated Dyson ex-
pansion) and of different points of view (inductive or projective). For every
questions several limits have to be considered: the limit ¢ — 0, the limit
with respect to the dimension going to or being infinite and possibly the
limit due to an approximation process which allows to switch from one kind
of observables to another (cylindrical, polynomial). The order of taking the
limits is often crucial and makes the analysis non trivial. For example, the
asymptotic equivalence of quantizations is only partially true.

Proposition 3.1. Assume the uniform estimate

(14 N)%2p°(1+ N)*/?

< Cs foralld >0

LH(H)

and further that the family (QE)EE(O,E) has a unique Wigner measure @ as
e — 0. Then the limit

tg 7 [65" 0] = [ B du2)

holds for any polynomial B(Z,z) = <z®q, Bz®p>, with a compact kernel
BeL>\rz\ 2.
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Dimensional defect of compactness: The restriction

P q
pBecLx(\/2\ 2
is not an artefact of our approach. It accounts for what we called the di-

mensional defect of compactness. Here is the basic example: Take an or-
thonormal basis (e;);jen of Z and consider for ¢° the projector

o = [E(eqe))(E(eqyq)

when [1/¢] denotes the integer part of 1/e. This family admits the unique
Wigner measure dg as € — 0. For any Wick quantized polynomial with a
compact kernel

lim (E(ef1/q)) , b " E(ep/q)) = 0.
But taking b"Vi* = N, that is b(z) = |z|? gives
(B(epnye) b  Elepnye))) = (Eej)  NE(ej)) = 1.

4. Applications
Three applications have been given with details in Ammari-Nier.?

(1) Reconsidering the thermodynamic limit of the ideal Bose gas as a small
parameter limit allows to reconsider the Bose-Einstein condensation
phenomenon. It provides an interesting illustration of the dimensional
defect of compactness.

(2) It is possible to specify the relationship between various approaches
and various results about mean field limits. For example a slightly
weaker version of the propagation of chaos, that is for products states
|2®7) (2™ tested on Wick observables, can be derived from the result
given by the Hepp method for coherent states.

Theorem 4.1. Let U, be a unitary operator on H possibly depending
on ¢ € (0,2) which commutes with the number operator [N,U.] = 0.
Assume that for a given z € Z such that |z| = 1, there exists zy € Z
such that

M(|UE(z)(U-E(2)]) = {62, } -

Then for any non negative function ¢ € L' (R,ds) such that [, ¢(s)(1+
|s])° ds < oo for some § > 0 and [g ¢(s) ds =1, the family

9899 = Z 51/290(51/2(71 - 5_1))|U62®n><U62®n|
n=0
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admits a unique Wigner measure

1 2
M (o3) %/0 Seio, db.

Non trivial superpositions: It is possible to derive from the results ob-
tained for the mean field dynamics of coherent states or product states,
the mean field dynamics of non trivial superposition of states. For ex-
ample the Wigner measure allows to use some orthogonality of measures
arguments.

Proposition 4.1. Assume that the family of vectors (u®).cqz and
(v%)ee(0,7) satisfy the uniform estimates

(14 N)O/2uf

N <o el = v = 1
for some fixred § > 0 and C > 0. Set
O = [u™) (V7]

Assume further that any p € M(g5,,) and anyv € M(¢5,) are mutually
orthogonal. Then the family (05,)cc(0,7) is pure with

M(@p€ € (0,8)) = {0}

ie. ;E)% <us7 bWele€> ;E% <UE, bA7WickUs> =0

for any b € F~Y(My(pZ)) and any p € P.
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Perturbations of Hamiltonians whose Fourier symbol attains its minimum along
a hypersurface are considered. Such operators arise in several domains, like
spintronics, theory of superconductivity, or theory of superfluidity. Variational
estimates for the number of eigenvalues below the essential spectrum in terms
of the perturbation potential are provided.

Keywords: Schrodinger operator, variational principle, Fourier symbol

1. Introduction

We are studying quantum Hamiltonians H = Hy + V acting on L?(R"™),
n > 2, where V is a potential and Hy is a self-adjoint (pseudodifferential)
operator whose Fourier symbol Hy(p) attains its minimal value on a certain
(n — 1)-dimensional submanifold of R™ (surface of extrema). A possible
example for Hy is the Hamiltonian

(el = o)’

Ho(p):AJr%, A upo>0, peRS, (1.1)
arising in the study of the roton spectrum in liquid helium II' and intro-
duced by Landau.? Another example can be the three-dimensional Hamil-
tonian

Bp* —p)
e +1
Ho(p) = (p* — M)Wa p, 8> 0, (1.2)

which has appeared very recently in the theory of superconductivity;>*
we refer to the papers cited for the physical meaning of all the constants.
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Similar situations appear in the study of matrix Hamiltonians related to the
spintronics (see below) and in the elasticity theory.® We will be interested
in situations when V is has a short range (in a suitable sense) and does
not change the bottom of the essential spectrum, hence one arrives at a
couple of questions concerning the eigenvalues lying below the threshold.
A rather detailed analysis of the eigenvalues can be carried out using the
constructions of Laptev-Safronov-Weidl, see Ref. 6.

Our aim here is more methodological. It is a classical result that the
existence of a negative eigenvalue for the Schrédinger operator —A + V' in
dimensions one and two is guaranteed by the condition [V (z)dz < 0. We
are going to find some analogs of these conditions for the above Hamilto-
nians, in particular, estimates for the number of discrete eigenvalues below
the threshold. While estimates of this kind along with a more detailed spec-
tral information could, in principle, be achieved using more sophisticated
methods of Ref. 6, they can be useful for an a priori analysis; moreover, this
provides an intuitive illustration of the role of one-dimensional dynamics in
the direction transversal to the surface of extrema and shows the origin of
an infinite discrete spectrum appearing under negative perturbations.

It seems that the presence of an infinite discrete spectrum in the physics
literature in such a setting has been observed first rather recently in Ref. 7
on example of rotationally invariant perturbations of the Rashba Hamilto-
nian. In Refs. 8,9 we gave a rigorous justification for a class of spin-orbit
Hamiltonians and rather general potentials, including distributional inter-
actions and interactions supported by null sets, using variational arguments
and specific test functions for two-dimensional systems. Here we develop
this idea in a different direction and use the one-dimensional character of
the dynamics in the direction transversal to the surface of extrema to con-
struct another type of test functions using exact eigenfunctions of a certain
integral operator.

2. Assumptions and basic construction

Let us list our assumptions. Below we consider a self-adjoint operator Hy =
Hy(—iV), where R” 5 p — Hy(p) € R is a semibounded below continuous
function attaining its minimum value min Hy = m. Denote I' = {p € R™ :
Hy(p) = m}; we will assume that for some domain Q C R™ the intersection
S =0QnNT is a smooth (n — 1)-dimensional submanifold of R (in general,
with boundary); by w we denote the induced volume form on S. Without
loss of generality we assume that S is compact and orientable (otherwise
one can take a smaller Q). We also suppose that Hy is twice continuously
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differentiable near S.

For both the Hamiltonians (1.1) and (1.2) one takes Q = R3. For the
example of Eq. (1.1), one has m = 0 and S is the sphere of radius pg
centered at the origin. In Eq. (1.1) one has m = 237! and S is the sphere
of radius ,/p centered at the origin.

Consider a real-valued potential V' € L!'(R™). We will assume that the
operator H = Hy + V defined as a form sum is self-adjoint with

inf spec. (Ho + V') = inf spec,, Hy = m. (2.1)

For both the Hamiltonians (1.1) and (1.2) the assumption (2.1) holds for
V e L¥?(R3) N L' (R?); indeed, such V is relatively compact with respect
to the Laplacian. As the difference (Hy — Laplacian) is infinitely small with
respect to the Laplacian, V' is a relatively compact perturbation of Hy as
well.

In what follows we will work in the p-representation. The operator H is
then associated with the bilinear form

o) = [ Hl P+ [ [ - Ty
Rﬂ, n Rﬂ,

where V is the Fourier transform of V', in our case V is a bounded continuous

function due to V € L'(R™). By V we denote the operator on L?(S,w)

acting by the rule

Vi(s) = /SV(s — 5 ) f(s"w(ds).

Theorem 2.1. The number of eigenvalues of H below m is not less than
the number of negative eigenvalues for V counting multiplicities.

Proof. Let n(s) be a unit normal vector to S at a point s € S and depend
on s continuously. For r > 0 consider the map o : S x (—r,r) — R,
(s,t) — s+ tn(s); we choose r sufficiently small in order that L becomes
a diffeomorphism between S x (—r,r) and (S x (—r,7)). Note that due
to Hy € C? one has Ho(o(s,t)) —m < Ct* for t — 0 with some C > 0
independent of s and that o(s,0) = s for any s € S.

Consider two arbitrary function W1, ¥y € L?(S,w). Take ¢ € C$°(R)
with [ =1 and € > 0. Consider functions f{ € L*(R"™) given by

(2.2)
0, otherwise.

fi(p) = {51 ee ) (s), p=o(s,t), (s,t)eSx(=rr),
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Clearly,
() (H —m) f5) = / Fo0) (Ho(p) — m) £5 () dp

//n (p—p) f5 (") dpdp'.

One has dp = p(s, t)w(ds)dt with p(s,t) =1+ O(t) for ¢ — 0 uniformly in
s € S, hence

/ L (Hop) - m)ff(p)ff(p)dp‘
i 62/1/S<H0(0(8’t))_m)|@ 01 (5)Wa(s)p(s t)w(dS)dt’

gc‘/_i G 0201 (5) Wa (5)p(s t)w(ds)dt‘

< Ce = O(e).

r/e
/ / [ 2l PTG s ot ctputs) i

On the other hand, for any bounded continuous function v : R™ x R® — R

one has
/n /n v(p. ") (p') dp dp’
_2/_T/_T/ / ) p(e (=)

x W1 (5)Ws(s")p(s, t)p(s’ ) w(ds)w(ds')dt dt’ (2.3)

/T/e—: /T/e/ / (s,et),0(s',et"))p(B)p(t)

XUy (5)Wo(s))p(s, et) pls', et ) w(ds)w(ds')dt dt’ =: I(e).

Due to the obvious estimate

(s,et),0(s,et")) U1 (s)Ta(s ) p(s,et)p(s’, et’) w(ds)w(ds')

gC/S|\I/1(5)’w(ds) /S|\I/2(s)|w(ds)

with C = SUpP,, e |V(Ps D) SUD (s )esx (—rr) [P(8,1)], Ome has, by the
Lebesgue dominated convergence,

lim 1(c) / / 0)) T (5) Wa(s'Jw(ds)w(ds')
_ /S/Sv 5,8/ ) 07 (3)Wa (s (ds)w(ds').

(2.4)
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Taking v(p,p’) = V(p — p'), we have shown that for any ¥y, ¥, € L2(S, w)
and the functions f§, f§ given by Eq. (2.2) one has

i (f5, (= m) f5) = (U1, V). (25
Assume now that V has N negative eigenvalues Fi,...,Eyx and let
Uy,..., Uy be the corresponding normalized eigenfunctions orthogonal to

each other. Consider the functions f7, j = 1,..., N, given by the expres-
sions (2.2). Then, by Eq. (2.5), the matrix h(e) = (( <, (H — m)f5)) con-
verges to diag(E1, ..., En). In particular, h(e) is negative definite for suf-
ficiently small ¢, which means, by the variational principle, that H has at
least N eigenvalues below m. O

3. Estimates for the number of eigenvalues

Due to the obvious estimate

LLW%—dwwwmu@<m

V is a Hilbert-Schmidt operator and hence compact, which implies
Specqs V = {0}.

Theorem 3.1. If V < 0 and V # 0, then the discrete spectrum of V
consists of an infinite sequence of negative eigenvalues converging to 0, and
0 is not an eigenvalue.

Proof. Let f € L?(S,w). One has

V) = //‘s—s T (s wo(ds)lds')

=y L L V@ T i (s wtas)

= Gy [, V@lo@ e <o

with
= / f(s)e 8P w(ds). (3.1)
s

Therefore, specV C (—o0, 0].

Assume that (f,Vf) = 0 for some f. The function g in Eq. (3.1) is
analytic as the Fourier transform of the compactly supported (and hence
tempered) distribution (27)"/2f(s)ds(s), where dg is the Dirac measure
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concentrated on S. To have (f,Vf) = 0 the function g must vanish on a
set of non-zero Lebesgue measure (the support of V') and hence, due to the
analyticity, must vanish everywhere. As the Fourier transform is a bijection
on the set of the tempered distributions, this means f = 0. Therefore, 0
cannot be an eigenvalue of V, and it remains to recall that V is a compact
operator in a Hilbert space of infinite dimension. O

Combining Theorems 2.1 and 3.1 one arrives at

Corollary 3.1. If V <0 and V # 0, then H has infinitely many eigenval-
ues below the essential spectrum.

If the condition V' < 0 does not hold, one still can try to estimate
the number of negative eigenvalues for V using the values of the Fourier

transform at some points. Due to specg V = {0} the number of negative

ess
eigenvalues for V can be estimated using the variational principle as well.
Theorem 3.2. Let N € N. Assume that there exist points s; € S, j =
1,..., N, such that the matriz (V(sj — sk)) is negative definite, then V has
at least N negative eigenvalues and hence H has at least N eigenvalues
below m.

Proof. Fix some neighborhoods S; C S of s; such that there exist diffeo-
morphisms J; : B — S, where B is the unit ball centered at the origin in
R™~!. Without loss of generality we assume J;(0) = s;. Let us take func-
tions ¢; € C§°(R™1) with D;(0) [ ¢; = 1, where D; is the Jacobian for
Jj,j=1,...,N. Denote ¥5(s) = 51_"<pj(5_1JJ71(3))XB(J;1(s)) where xp
stands for the characteristic function of B. Clearly, ¥$ € L?(S,w). One has

(W5, V) //\IIE V(s — )05 (s w(ds)w(ds")

o [ / ATV (J5 () = () (e ) D () Dy
/ / Jj(ew) — Ji(eu)) pr(v')Dj(eu) Dy, (eu)du du’
BJe B/e

= V(S] — k).

Therefore, the matrix (<\II§, VU5)) is negative definite for small e. The rest
follows from the variational principle and Theorem 2.1. O

Taking N =1 in Theorem 3.2 we obtain a simple condition resembling
that for perturbations of the Laplacian in one and two dimensions.
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Corollary 3.2. If

V(z)dx <0,
R7l

then H has at least one eigenvalue below m.

We note that Corollary 3.1 can be also obtained from Theorem 3.2
because for V' < 0 and V' # 0 the matrix (V(sj — si)) is negative definite
for any choice and any number of mutually distinct points s; € R™ by the
Bochner theorem.

4. Matrix Hamiltonians

The above constructions can be also applied to a class of matrix Hamiltoni-
ans. Namely, consider an operator Hy acting in L?(R™) ® C? whose Fourier
symbol in the multiplication by a d x d Hermitian matrix Hy(p). Then there
exist unitary matrices U(p), p € R™, and real-valued continuous functions
P A (p), ..., D= Ag(p) with Aj(p) < Aa(p) < --- < Ag(p) such that

Hy(p) = Ul(p) diag (\1(p), - .., Aa(p))U*(p). (4.1)

We assume that A (p) satisfies the same conditions as the symbol Hy(p) in
the scalar case. We will use the same notation; in particular, min A\ (p) =
inf spec Hy = m.

A class of such matrix operators is delivered by spin-orbit Hamiltoni-
ans'? acting in L?(R?) @ C? and given by the matrices

2

Ho(p) = (p “(5)) (4.2)

a(p) p

with some linear functions a. In particular, the case a(p) = a(ps + ip1)
corresponds to the Rashba Hamiltonian,'! and a(p) = —a(p; + ip2) gives
the Dresselhaus Hamiltonian;'? in both cases « is a non-zero constant. Here
one has A1(p) = p* — |a(p)|, and the minimum —a?/4 is attained at the
circle |p| = |af/2.

Again consider a scalar real-valued potential V € L*(R"). Assume that
the operator Hyg + V' defined through the form sum is self-adjoint and that
inf specyes(Ho + V') = inf specs Hy = m. The preservation of the essential
spectrum for the above Rashba and Dresselhaus Hamiltonians is guaran-
teed, e.g. for V € L*(R?) N L?(R?), which is achieved by comparison with
the two-dimensional Laplacian.

Also in this case we can prove an analogue of Corollary 3.1.
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Theorem 4.1. Let V <0 and V # 0, then the matriz Hamiltonian H has
infinitely many eigenvalues below m.

Proof. The proof follows the construction in the proof of Theorem 2.1.
Consider the vector h = (1,0,...,0)T € C%, and for ¢ > 0 denote Fi(p) =
U(p)f; (p)h with the functions f; from Eq. (2.2). Then by Eq. (4.1) one has

F; (1 =) = [ M) T
[ -V ey
n R’n

By Egs. (2.3) and (2.4), there holds
Ehl}(l)<Fj€’ (H —m)Fg)
= A L V(S — 3')<U(S)h, U(S/)h>m\1’2(5/) W(ds) w(ds’).

By the same arguments as in the proof of Theorem 2.1, the number of
eigenvalues of H below m is not less than the number of negative eigenvalues
of the operator U acting on L?(S,w) and given by

Uf(s) = /SV(S — $'WU(s)h,U(s")h) f(s)ds'.

Again, U is a compact operator by

/S/S‘V(s—s’x s)h,U(s }w (ds) w(ds")
sééW@wWﬂmwﬁkw

Let us show that all eigenvalues of U are negative (this, like in Theo-
rem 3.1, will mean that ¢ has an infinite number of negative eigenvalues).
For f € L?(S,w) one has

(f,uf) = //V (s — ") {U(s)h, U(S’)h>mf(s')w(ds)w(ds')
z s'—s,x) L
/ / 4L 2 e (U(s)h, U(s")h) f(5)f(s')da w(ds) w(ds') (4.3)
Rn )

— (275”/2/]1@ V(:z:)|g(:1:)‘2d:17 <0

with

g(x) ::/SU(s)f(s)he_“s’”)w(ds).
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It remains to show that 0 is not an eigenvalue of Y. Assuming U f = 0 we
obtain from Eq. (4.3) that g vanishes on the support of V' having non-zero
Lebesgue measure. As g is again the Fourier transform of a compactly sup-
ported distribution and hence analytic, it must vanish everywhere, which
means that the vector function s — U(s)f(s)h is zero a.e. As the matrix
U(s) is unitary for any s, this means f = 0. O

We note that Corollary 3.1 and Theorem 3.2 for the Rashba and Dres-
selhaus Hamiltonians were shown in Ref. 8 using special test functions for
two-dimensional operators.'®> The above analysis can be extended to the
case when the perturbation V is not a potential, but a measure with some
regularity conditions. For the Hamiltonians (4.2) one can still prove the in-
finiteness of the discrete spectrum for perturbations by negative measures
supported by curves.?
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VORTICES AND SPONTANEOUS SYMMETRY BREAKING
IN ROTATING BOSE GASES *

ROBERT SEIRINGER

Department of Physics, Princeton University, Jadwin Hall,
Princeton NJ 08542-0708, USA
rseiring@princeton. edu

We present a rigorous proof of the appearance of quantized vortices in dilute
trapped Bose gases with repulsive two-body interactions subject to rotation,
which was obtained recently in joint work with Elliott Lieb.!* Starting from
the many-body Schrédinger equation, we show that the ground state of such
gases is, in a suitable limit, well described by the nonlinear Gross-Pitaevskii
equation. In the case of axially symmetric traps, our results show that the
appearance of quantized vortices causes spontaneous symmetry breaking in
the ground state.

1. Introduction

In recent remarkable experiments,!'2:21:22 the appearance of quantized vor-
tices in the ground state (and low temperature equilibrium states) of ro-
tating dilute Bose gases was beautifully demonstrated. These quantized
vortices are a consequence of the superfluid nature of the system under
investigation. In particular, since the system is almost completely Bose
condensed, it behaves like a single quantum particle.

The state of ultracold dilute Bose gases is usually described by means
of the Gross-Pitaevskii (GP) equation.?%5%10 This non-linear Schrédinger
equation originates as the variational equation from the corresponding GP
energy functional, given by

E9P(¢] = (6| Holg) + 4mg / ()| (11)
RS

Here, ¢ € L?*(R?), and Hy denotes the one-particle Hamiltonian, describing
the kinetic, potential and rotational energy of the particles. In fact, if

*(© 2008 by the author. This work may be reproduced, in its entirety, for non-commercial
purposes.
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denotes the angular velocity vector and V' (z) the trap potential, Hy is, in
appropriate units, given by

Hy=-A+V(z)—9Q-L, (1.2)

where L = —ixz AV denotes the angular momentum operator. The param-
eter ¢ in (1.1) is nonnegative and measures the interaction strength among
the particles. The trap potential V' (z) is assumed to be locally bounded and
to increase fast enough at infinity in order to have the particles confined
to the trap (and, in particular, to ensure that Hy is bounded from below).
More precisely, we assume that

1
| llim (V(x) — Z'Q A x2> = +00. (1.3)
Since —A — Q- L = (—=iV +Q Ax/2)? — |Q A z|?/4, this implies the desired
property.

The GP energy is the minimal value of £5F[¢] among all (appropriate
normalized) functions ¢, i.e.,

EP(g,Q) = inf E%F[g].
l$ll2=1

Using (1.3) and the fact that g > 0, it is in fact not difficult to show
that the infimum is actually a minimum (see Ref. 20). That is, there exists
a minimizer of the GP functional (1.1). Note that, in general, there may
be many different minimizers. In any case, any minimizer satisfies the GP
equation

— Ag(z) + V(2)¢(x) = Q- Lo(x) + 8mglo(x)|*¢(a) = ug()

where p = E9P(g,Q) + 4ng [5s |¢(x)|*d®r is the corresponding chemical
potential.

For axially symmetric V(z), i.e., in case V(z) commutes with Q - L,
the GP functional is invariant under rotation about the €2 axis. It turns out
that for any Q # 0, this rotational symmetry is broken in the GP minimizer
for large enough interaction strength g.23:2* This symmetry breaking is the
result of the appearance of quantized vortices since, in case of more than one
vortex, they cannot be arrange in a symmetric way. Note that, in particular,
this implies that there will be many GP minimizers (for g large enough).

We remark that the phenomenon just described is a special feature of
rotating systems and cannot be observed in a non-rotating system. In fact,
for Q = 0 there is always a unique minimizer of the GP functional.2°
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It turns out that the appearance of quantized vortices, and the resulting
symmetry breaking, which we have just described, are not merely a property
of the GP theory, but can actually be derived out of the underlying (many-
particle) Schrédinger equation. This was proved in Ref. 14. In the following
sections, we will give a summary of these results, and we will explain the
key ideas leading to their proof.

2. The Schrodinger Equation for Many Particles

Consider a quantum-mechanical system of a large number, IV, of bosons,
with one-particle energies described by Hy (given in (1.2) above). We as-
sume that the particles interact via a repulsive pair interaction potential
va(2). The Hamiltonian for this system is given by

N

Hy =3 H{"+ > wvalzi—a), (2.1)

i=1 1<i<j<N

where the superscript (i) refers to the fact that Hy acts on the i’th variable.
Since the particles under consideration are bosons, the Hamiltonian Hy
acts on the subspace of totally symmetric functions in @ L2(R3), which
we denote by Hy.

The interaction potential v,(z) is assumed to be nonnegative and
of short range. More precisely, it is assumed to have finite scattering
length,'"2° denoted by a, which means that it has to be integrable at infin-
ity (i.e., it has to decay faster than |z|~3). A typical example would be a
hard sphere interaction, which formally means that v, (z) = oo for |z| < a
and v, (z) = 0 otherwise. We shall, in fact, choose some fixed (nonnega-
tive) interaction potential w(x) with scattering length 1 and obtain v, (z)
by scaling as

ve(2) = a *w(z/a) .

It is then easy to see that v,(z) has scattering length a. Moreover, a now
appears as a parameter in the Hamiltonian Hp, which can be freely varied.
In particular, we can (and will) let @ depend on N. We note that this scaling
of v, (z) is, of course, mathematically and physically equivalent to scaling
the trap potential V(x) (and the angular velocity §2) in an appropriate way,
while keeping the interaction potential fixed.
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2.1. Ground State Energy

For fixed w(z) and V (z), we shall denote the ground state energy of Hpy
as Fo(N,a, ), ie.,

B0 = o WD),
Since the ground state energy per unit volume of a homogeneous Bose gas
with interaction v, (z) at density p is given by 4wap? for low density,!® it
is reasonable to expect that Fy(N,a,Q) ~ NEST(Na,Q) for dilute gases.
Here, dilute means that a®p < 1, where p denotes the average density. This
condition is, in particular, satisfied if N > 1 and Na = O(1). We call this
the GP limit. In this limit, we have the following result.!*

Theorem 2.1. For any g > 0 and Q € R3,

Eo(N,g/N,Q
hm 0( 79/ J )

_ GP
Jim SOOI pOr(g, ) (22)

That is, for large N and a = O(1/N), the ground state energy per
particle is given by the GP energy with coupling parameter ¢ = Na. The-
orem 2.1 holds for all angular velocities  (satisfying the stability criterion
(1.3)). It extends previous results in the nonrotating case = 0.2

Note that the right side of (2.2) is independent of the choice of the un-
scaled interaction potential w(z). In the dilute limit considered here, only
the scattering length a matters, and not the details of the interaction po-
tential. Note also that the result cannot be obtained by simple perturbation
theory; in fact, the [|¢[* term in the GP functional is partly kinetic energy,
and not the average value of v, (x) (which might even be zero, as in the case
of the hard-sphere interaction).

As will be pointed out in Subsect. 2.3 below, it is essential to restrict
to symmetric wave functions (bosons) in Theorem 2.1. For the absolute
ground state energy (defined as the infimum of Hy over all wavefunctions,
not necessarily symmetric ones), the result is wrong, in general. For the
absolute ground state, the right side has to be replaced by minimizing a
density-matrix functional instead.??

2.2. Bose-FEinstein Condensation

The GP energy functional (1.1) and its minimizers contain information not
only about the ground state energy of the many-body Hamiltonian (2.1),
but also about the ground state or, more precisely, its reduced density
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matrices. Recall that for any wavefunction ¥ € Hy, its reduced one-particle
density matriz 'yj(\}) is given by the kernel

Wﬁ)(x,x’) =N U(z,20,...,e8)0" (2, 29,..., 25)dTs - doN .
R3(N—1)

Note that this defines a positive trace class operator on the one-particle
space L?(R3).

The one-particle density matrix of a state ¥ contains all the information
about the system concerning expectation values of one-particle operators.
It particular, the concept of Bose-Finstein condensation (BEC) is defined
in terms of 71(\}).

Note that if ¥ is normalized, i.e., ||¥||s = 1, then the trace of 'y](\}) is
N. BEC means that VJ(\}) has an eigenvalue of order N. The corresponding
eigenfunction is called the condensate wave function. For dilute systems, as
we consider here, one expects in fact complete BEC, meaning that *y](\}) is
approximately a rank one projection, or 71(\})(;3, x') = No(z)¢p(x') for some
normalized ¢ € L?(R?).

In the non-rotating case 2 = 0, complete BEC in the ground state of
H y was proved in Ref. 15. Moreover, it was shown that the condensate wave
function equals the GP minimizer. Recall that in the case 2 = 0 there is a
unique minimizer of the GP functional (1.1) (up to constant phase factor,
of course), which we denote by ¢©F. That is, if 71(\}) denotes the one-particle
density matrix of the ground state ¥ of Hy for 2 = 0, then

Jim 0 (a,a') = 69 (1) (o) (2.3)
in the GP limit N — oo, Na — g. To be precise, the limit (2.3) holds
in trace norm sense. Note that although a is scaled to zero in the limit
considered, the right side of (2.3) depends on g = Na via ¢©F.

The corresponding result for 2 # 0 is necessarily more complicated
because of non-uniqueness of the GP minimizer ¢“%. It is actually more
natural to not just look at a ground state of Hy (which may not be unique
in the rotating case either), but on the set of all approximate ground states.
These are defined as sequences of (bosonic) N-particle density matrices vy
(that is, positive operators on H with trace one) with Tr Hyyy ~ NECF.
One can then expect that the reduced one-particle density matrix -y J\} ) of any
such approximate ground state is a convex combination of GP minimizers,
ie.,

W (@,2') = 3 NP (2)6ET (o)
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where each ¢$F is a GP minimizer, and >, \; = N.

Theorem 2.2 below states that this is indeed the case. The mathemati-
cally precise formulation is slightly complicated by the fact that the set of
GP minimizers is, in general, not countable.

Let T be the set of all limit points of one-particle density matrices of
approximate ground states:

= {'y : 3 sequence N lim %Tr Hyyn = EP(g,9Q),

—o00, Na—g

B N C
Rt 7} : (2.4)

Since Hy has a compact resolvent by our assumption (1.3), one easily sees
that Try = 1 for all v+ € I". Moreover, because of the linearity of the
conditions in (2.4), T" is clearly convex.

Theorem 2.2. For given value of g > 0 and §2, let ' denote the set of all
limit points of one-particle density matrices of approximate ground states
of Hy, defined in (2.4).

(i) T is a compact and convex subset of the set of all trace class operators.
(#i) Let Toxy C T denote the set of extreme points in T'. We have Ty =
{|p)(9| = ECF[p] = ECF(g,Q)}, i.e., the extreme points in T are given
by the rank-one projections onto GP minimizers.
(i1i) For each v € T, there is a positive (reqular Borel) measure dy.,, sup-
ported in Ueys, with chxt dp~ (¢) = 1, such that

= / dyi () 16) (9]

ext

where the integral s understood in the weak sense. That is, every vy € I’
s a convex combination of rank-one projections onto GP minimizers.

We remark that item (iii) of Theorem 2.2 follows from item (ii) by
Choquet’s Theorem.%

As explained above, Theorem 2.2 is the natural analogue of (2.3) in the
rotating case. It can also be interpreted as a rigorous proof of superfluid-
ity. As typical for superfluids, angular momentum in rotating systems is
acquired in terms of quantized vortices. These can be seen by solving the
GP equation.

Theorem 2.2 also shows the occurrence of spontaneous symmetry break-
ing. As remarked earlier, axial symmetry of the trap V(z) leads to non-
uniqueness of the GP minimizer for ¢ large enough.?32¢ Uniqueness can
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be restored by perturbing Hy to break the symmetry and favor one of the
minimizers. This then leads to complete BEC in the usual sense, since T’
contains contains only one element in case the GP functional (1.1) has a
unique minimizer.

As in the case of the ground state energy discussed in the previous
subsection, the situation is very different for the absolute ground state.
The set I" consists of only one element in this case (namely the minimizer
of the density matrix functional discussed below, which is unique for any
value of 2 and g). In particular, there is no spontaneous symmetry breaking
in the absolute ground state. This will be discussed in the next subsection.

2.3. The Absolute Ground State

Let Eaps(N,a, Q) denote the absolute ground state energy of Hy in (2.1),
irrespective of symmetry constraints, i.e.,

(Y|Hn|¥)

EasN7 7Q = i
bs(Noa, W) =l e

Note that necessarily Faps(N,a,Q) < Eo(N,a,Q). As is well known, for
Q0 = 0 the two energies are equal. This turns out not to be the case for
Q # 0, in general.

In the GP limit, the absolute ground state energy, and the correspond-
ing one-particle reduced density matrices of approximate ground states,

turn out to be described by a GP density matriz functional, introduced in
Ref. 24,

EPM[y] = Tr [Hon] + 47rg/ p~(2)2d%r .
R3

Here, v is a positive trace class operator on L?(R?), and p,, denotes the den-
sity of 7, i.e., py(2) = v(x, x). The functional EPM
a unique minimizer (under the normalization condition Tr~ = 1), which
we denote by yPM, We denote the corresponding energy by EPM(g,Q) =
EDM[yDM],

The following Theorem concerning the absolute ground state of Hy was
proved in Ref. 23.

can be shown?* to have

Theorem 2.3. For any fized g > 0 and Q € R3,

; L ) _ _pm
(97 Q) and ]\}Enoo N’yabs -

FEas(N,g/N,Q
lim abb( 79/ ) ) — EDM
N—oo N
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Here, 'y,(it)g denotes the one-particle density matrix of any approximate
(absolute) ground state sequence of Hy. In other words, the set I" defined
as in (2.4), but for the absolute ground state, contains only one element,
namely the unique minimizer of EPM.

Note that £SP is the restriction of EPM to rank one projections. In
the case of symmetry breaking (i.e., for g large enough), rank yPM > 2,
and hence EPM < ESP. In particular, in view of Theorems 2.1-2.3, the
absolute and bosonic ground state differ significantly, in general, both in
terms of their energy and their reduced one-particle density matrix.

We remark that the results explained in this subsection become phys-
ically relevant if one considers bosons with internal degrees of freedom.
Internal degrees of freedom effectively increase the number of allowed sym-
metry classes (see, e.g., Ref. 8). In particular, if the number of states of the
internal degrees of freedom of the bosons is greater or equal to the rank of
APM EPM(g Q) equals the (bosonic) ground state energy per particle in
the GP limit. More generally, one can show that in the GP limit the func-
tional £PM | when restricted to density matrices of rank at most n, correctly
describes the ground state energy (and corresponding one-particle density
matrix) of bosons with n internal states.

3. Sketch of the Proof of Theorem 2.1

In the following, we shall give a brief outline of the main ideas in the proof
of Theorem 2.1. For details we refer to the original work in Ref. 14. We
shall restrict our attention to the appropriate lower bound on the ground
state energy Eo(N,a, ). The corresponding upper bound can be obtained
via a variational argument, as explained in Ref. 23.

A convenient way to keep track of the bosonic symmetry requirement
is to work in Fock space. Recall that the bosonic Fock space F is given by
F =@ n>oHn- In terms of creation and annihilation operators a} and a;
on F, the Hamiltonian can be written as

H = Zeja;aj + %Z ajaj-akal Wijki - (3.1)
j>1 ijkl
Here, we choose the basis in the one-particle space L?(R?) as to diagonalize
Ho, i.e., Hy =} ejlp;){p;], and a;f creates a particle with wavefunction
¢j, whereas a; annihilates it. The coefficients Wj;i; are given in terms of
expectation values of v, (x), namely Wik = (p; ® ©;|valpr @ @1).

Note that H in (3.1) commutes with total particle number operator

> i>1 a;aj. Hence it splits into a direct sum of operators on Hy for N =
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0,1,.... In fact, our Hy in (2.1) is just the restriction of H to Hy.
The analysis employed for obtaining a lower bound on the ground state
energy of H in the sector of N particles consists of two main steps:

1. Eq. (3.1) is not necessarily well defined. E.g., if v,(x) is the hard-
core interaction potential (or, more generally, is not integrable), then
Wikt = oo for any set of indices. In order to overcome this problem,
we shall first show that, for a lower bound, one can replace v,(z) by
a “soft” and longer ranged potential U(x) (with the same scattering
length), at the expense of the high-momentum part of the kinetic en-
ergy. We note that this step is necessary even in the case when v, ()
is integrable (and hence (3.1) is well defined) in order to proceed with
the second step.

2. After having replaced v, () by the softer potential U(x), one then shows
that it is possible to replace the operators a; and a; by complex num-
bers z; without changing the ground state energy too much.' Note
that if all the a} and a; in (3.1) are treated as numbers, the expression
(3.1) looks very similar to the GP energy functional (1.1); in fact, it is
given by

(GalHalea) + 5 [ vala = 9loa@) Ploa) oty

with ¢z (x) = 3 ; 2j0;(2).

In the following, we shall explain these two main steps in more detail.

3.1. Step 1: Generalized Dyson Lemma

The following Lemma can be viewed as a generalization of an idea of
Dyson.” The purpose of the lemma is give a lower bound on the interaction
potential v, (z) in terms of a softer and longer ranged potential U(x), at
the expense of some kinetic energy (see also Ref. 18). For our purpose, we
can only spare the high momentum part of the kinetic energy, however; the
low momentum part is needed for the Hy term in the GP functional.

We thus have to separate the high momentum from the low momentum
part of the kinetic energy. This can be done in the following way. The proof
of Lemma 3.1 is given in Ref. 16.

Lemma 3.1. Let v,(x) have scattering length a and range Ry. Let O be
the characteristic function of the ball {x : |z| < R}. Let 0 < x(p) < 1, such
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that h(x) = 1/—\)((.1‘) is bounded and integrable,
fr(x) = sup |h(z—y) — h(z)],
ly|<R

and
wr () —7fR /fR

Then for any € > 0 and any positive radial function U(x) supported in
Ry < |z| < R with [U = 4w we have the operator inequality

~VXPIR@XPV + 3ea@) = (1 - )al(e) — Zwp(e).  (3:2)

Here, x(p) denotes a multiplication operator in momentum space. Note
that the operator —Vx(p)fr(x)x(p)V can be interpreted as a Laplacian
that has been localized to the ball of radius R and cut off in momentum
space. Because of the cut-off, this is not a local operator, however. The
parameter R is chosen such that @ < R < N~1/3. Note that to leading
order in a/R, the scattering length of 2aU(x ) is given in terms of its first
order Born approximation as (87)'2a [, U(x)d% = a.

Because of the appearance of the characteristic function 0z (z) in (3.2),
Lemma 3.1 has the following immediate consequence. If y1,...,y, are n
points in R? whose mutual distance is at least 2R, then

n n
~Vx(p)*V + Z( —y) > Z (1= )aU (e = ) = Zwp(e )] -

This bound accomplishes the replacement of the hard interaction potential
vq () by a soft one, at the expense of the high momentum part of the kinetic
energy. For given configuration of N —1 particles, this estimate is applied to
the remaining particle. Of course one still has to estimate the contribution
from configurations where 2 (or more) of the N — 1 fixed particles are
closer together than 2R. This can be achieved by a Feynman-Kac integral
representation®® of the ground state. We refer to Ref. 14 for details.

3.2. Step 2: Coherent States

The Fock space F can be viewed as an infinite tensor product of the form
F = Q> Fj, with F; spanned by the vectors (a})”|0> forn =0,1,....
Here, |0) denotes the Fock space vacuum.

Consider first the case of a single mode, Fi, say. For z € C, a coherent
state'® in F is defined by

|2} = e l=I*/2+2al |0y .
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These states span in the whole space F;. In fact, they satisfy the complete-
ness relation

/dz|z><z| 1, (3.3)
C

where dz stands for 7~ 'dzdy, and z = z + iy, =,y € R.

In terms of coherent states, upper and lower symbols of operators can
be defined. Lower symbols are simply the expectation values of operators
in coherent states, e.g., (z|a;|z) = z and <z|a1a1|z> = |2|?. Upper symbols,
on the other hand, represent functions of z which, when integrated against
|2)(z|dz over C, yield given operators. For instance, it is not difficult to see
that a;, = [ dz z|2)(z|, while ala, = [ dz(|2> — 1)|2)(z|. Hence, upper and
lower symbols of a; are given by z, whereas the lower symbol of aJ{al is | 2|2
and the upper symbol is |z|> — 1.

Note that lower symbols yield upper bounds on ground state energies, by
the variational principle, while upper symbols are useful for lower bounds.
The difference in the symbols thus quantifies the error one makes in replac-
ing the operators a{ and a; by numbers. In particular, for every quadratic
term aial a factor —1 has to be taken into account. For this reason, one
cannot introduce coherent states of all the modes j, but only for a finite
number of them.

In fact, we shall introduce coherent states of all the modes 1 < j < J
for some J > 1. That is, we first write F = F« ® F~, where F. is spanned
by the vectors of the form (al)™ - .- (aB)"ﬂO), withn; e Nfor 1 <j <J.
For z = (z1,...,25) € C’, we introduce the projection operator II(z) on
F<, given by

H(z) — |21®"'®Z,I><Z1®"'®ZJ‘.
Using upper symbols, we can then write the Hamiltonian H in (3.1) as
H= dz11(z) ® h(z).
CcJ
Here, h(z) represents the upper symbol of H. Since only the modes 1 <
j < J have been replaced by numbers, h(z) is an operator on F~. Using

the completeness property of the coherent states, Eq. (3.3), it is then easy
to see that

inf spec H > inf inf spec h(z) .

One then proceeds to show that h(z) ~ £%F[¢,] modulo controllable
error terms. These error terms are, in fact, operators on F~ which describe
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both the interactions among particles in high modes as well as the interac-
tion between particles in modes j < J and j > J. Precise bounds on these
terms can be found in Ref. 14.

4. Sketch of the Proof of Theorem 2.2

In order to obtain information on (approximate) ground states from bounds
on the energy, one proceeds as follows. One first perturbs the Hamiltonian
Hy in (2.1) by some one-particle perturbation S, and applies the same
perturbation to the GP functional (1.1). One then shows that the result
of Theorem 2.1 still holds for the perturbed system. In fact, the proof of
Theorem 2.1 outlined in the previous section is sufficiently robust in order
to easily incorporate such a modification.

Griffiths’ argument!! then implies that, for any v € I, and any bounded
hermitian operator S,

TrSy 2 min (91519}, (4.1)

where the minimum on the right side is taken over all GP minimizers.
Inequality (4.1) is the key to the proof of Theorem 2.2. The rest follows
from convexity theory,2¢ as we shall explain now.

Recall that an exposed point of a convex set C is an extreme point p
with the additional property that there is a tangent plane to C containing
p but no other point of C. Hence, for v € I' an exposed point, there exists
an S such that

Tr Sy <TrSy foral~vyel. (4.2)

with equality if and only if v = 7.

It is not very difficult to show that [¢“F)(¢“F| € T for any GP minimizer
#SF. Hence, if we choose v in (4.2) to be equal to |¢SF)(¢CF| for the ¢CF
that minimizes the right side of (4.1) for this particular S, the inequalities
(4.1) and (4.2) imply that

jmin (915]9) = (¢°7[S16%) < Tr 7 < Tr Sy = (9715]¢°")

and hence there is actually equality in (4.2). This, in turn, implies that
5 = |pF)(¢F|. We have thus shown that all exposed points of T' are of
this form!

In order to extend this result to all extreme points, now merely exposed
points, we employ Straszewicz’s Theorem,?® which states that the exposed
points are a dense subset of the extreme points. Strictly speaking, this
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theorem only holds in finite dimensions and not, a priori, in the infinite
dimensional case under consideration here. However, because of compact-
ness, the set I' is “almost” finite dimensional, and hence the theorem can
be applied via an approximation argument. We refer again to Ref. 14 for
details.

5. Conclusions

We have presented a rigorous justification of the Gross-Pitaevskii approxi-
mation for sufficiently dilute rotating Bose gases. For large particle number
N and both Na and € of order 1, the ground state of a rotating Bose gas
is well approximated by the solution to the GP equation. This is true both
for the energy and the reduced density matrices. In particular, our analysis
proves the appearance of quantized vortices and the occurrence of sponta-
neous symmetry breaking in the parameter regime where these phenomena
can be observed in the GP equation, e.g., for Q # 0 and ¢ large enough.

We point out that one of the major open problems in this field is the
validity of the GP equation for rapidly rotating gases, where either |Q] — oo
as N — oo (in case the trap potential grows faster than quadratic at infin-
ity), or Q approaches the trap frequency (for traps that are asymptotically
quadratic). There is evidence that the GP descriptions breaks down once
the number of vortices in the system is of the same order as the number of
particles. Despite recent progress in this direction,? a proof of this assertion
is still lacking.
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THE MODEL OF INTERLACING SPATTAL
PERMUTATIONS AND ITS RELATION TO THE BOSE GAS
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The model of spatial permutations is related to the Feynman-Kac represen-
tation of the Bose gas. The transition to infinite cycles corresponds to Bose-
Einstein condensation. We review the general setting and some results, and we
derive a multi-body interaction between permutation jumps, that is due to the
original interactions between quantum particles.

Keywords: spatial random permutations, infinite cycles, interacting Bose gas,
Bose-Einstein condensation

1. Introduction

One purpose of this article is to review the setting for the model of spatial
permutations and its relation with the quantum Bose gas, and to summarize
some of the material presented in a recent collaboration with Volker Betz.2
Another purpose is to compute the effective interaction between permuta-
tion jumps. It involves the original interaction potential between quantum
particles. While several mathematical questions remain unanswered, it is
argued that the model of interacting spatial permutations describes the
quantum interacting Bose gas exactly, and in a simpler way. The main phe-
nomenon in bosonic systems is the Bose-Finstein condensation. We discuss
the links between this phase transition and the occurrence of infinite cycles
in random permutations.

Given points z1, ...,y in R?, one considers random permutations 7 of

*© 2007 by the author. This article can be reproduced, in its entirety, for non-
commercial purposes.



256 D. Ueltschi

N elements with weight

N
H eXP{*ﬁL’Ci - l’n(i)|2}~
=1

Permutation jumps are essentially finite, but permutation cycles can be
large. This model is illustrated in Fig. 1. It is motivated in large part by
the Feynman-Kac representation of the Bose gas. We actually discuss a
more general setting where permutation jumps interact.

R O

Fig. 1. Illustration for a random set of points @ = (z1,...,zn), and for a permutation
7 € Sy . Isolated points are sent onto themselves. Permutation jumps are small, but long

cycles can occur nonetheless.

The precise setting is introduced in Section 2. We recall the Feynman-
Kac representation of the Bose gas in Section 3; it makes the relation be-
tween the ideal Bose gas and non-interacting spatial permutations clear.
The two-body interaction between permutation jumps, that is expected to
give the exact behaviour to lowest order in the strength of the particle in-
teractions, is computed in Section 4. Finally, we describe a simple model of
interacting permutations in Section 5. It is exactly solvable, and it provides
some understanding about the effects of interactions on the Bose-Einstein
condensation.
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2. The model of spatial permutations

Let A € R? be a cube of size L and volume V = L%, and let N € N. The
state space of the model of spatial permutations is

Qay =AY x Sy,

with Sy the symmetric group of permutations of N elements. We are inter-
ested in the properties of permutations, and all our random variables are
functions 6 : Sy — R. Their probability distributions depend on spatial
variables in an indirect but essential way. Let ¢;(7) denote the length of the
cycle that contains 4, i.e., the smallest integer n > 1 such that 7" (i) = i.
The most important random variable is the density of points in cycles of
certain lengths. For n,n’ € N, let

1
gnyn/(w):V#{izl,...,N:ng&(ﬂ)§n’}. (2.1)
The expectation of the random variable 6 is defined by
1
E )= —— d O(r) e~ H@m 2.2
) = Z 7w > 3 otw) (22)
TESN

Here, the normalization factor Z(A, N) is chosen so that Ey y(1) = 1.

The term N! is present in order that Z(A, N) scales like the exponential

of the volume of A — thus behaving like a partition function in statistical

mechanics. The integral is over N points in A, denoted = (x1,...,2N).
We consider Hamiltonians of the form

N

= Zf(% — Tr@i)) + Z V(Zi Tr(i), Tjr Tr(j))s (2.3)
i=1 1<i<j<N

with & a spherically symmetric function RY — [0, 00], and V' a translation

invariant function R*¢ — R. We also suppose that ¢ is increasing and

that £(0) = 0. One should think of typical permutations as involving finite

jumps, i.e., |T; — 2x(;)| stays bounded as A, N — oo.

The major question concerns the occurrence of infinite cycles. It turns
out that the distribution of cycles can be well characterized in the absence
of interactions, with the potential V' = 0. We need a few hypotheses on
& Let C = [ e~¢. We suppose that e~¢ has positive Fourier transform,

e(k)

which we denote C'e™¢\*) . Precisely, we have

Ce—s(k) :/ e—27'rikm e—{(z) dz.
R

The case of physical relevance is {(z) = $|:1c|2 with [ the inverse tem-
perature, in which case (k) = 4723|k|?>. But it may be of mathematical
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interest to consider other functions, including some where e~¢ has bounded
support. Criteria that guarantee positivity of the Fourier transform are dis-
cussed e.g. in Ref. 6.

We define the critical density by

dk
e = /R i (2.4)

The critical density is finite for d > 3, but it can be infinite for d = 1, 2.
The experienced physicist will have recognized the formula for the critical
density of Bose-Einstein condensation. The relation with the Bose gas will
be discussed in the next section. In the following theorem we fix the density
p and we let N = pV in the expectation (2.2).

Theorem 2.1. Let £ satisfy the assumptions above. Then for any 0 < a <
b<1, and any s > 0,

. p o if p<pe
(a)  lim Epv(0)va) = .
Voo pe if p = pe;
(b) ‘}Enoo EA,pV(Qva,vb) =0;
0 if p < pe;
(c) Vlgnoo Eypvievesv) =45 if0<s<p—pc;

p—pc fO0<p—pc<s.

In order to understand the meaning of these claims, one should think
of a as barely bigger than 0, and b barely smaller than 1. In part (a), @; v«
is the density of points in finite cycles. All points belong to finite cycles if
p < p.. However, if p > p., a fraction p — p. of points belong to infinite
cycles. It is natural to ask oneselves about the size of “infinite cycles” in
a finite domain of volume L? = V. One could expect the typical length to
be of order L2, since the continuum limit of random walks has Hausdorff
dimension 2, and cycles are somewhat like closed random walks. However,
part (b) shows that cycles of length V* with 0 < b < 1, have vanishing
density. Thus infinite cycles are macroscopic, i.e., each cycle involves a
strictly positive fraction of points. The statistics of macroscopic cycles is
characterized in part (c).

The proof of Theorem 2.1 can be found in Ref. 2. Actually, the correct
statement involves periodic boundary conditions; the interested reader is
invited to look in Ref. 2 for the precise statement. Theorem 2.1 extends an
earlier result of Siité for the ideal Bose gas.!'
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A different model is investigated in Ref. 4, where the positions
Z1,...,xy form a cubic lattice. The density is always equal to 1, but the
function £(x) depends on a parameter that represents the temperature of
the system. It is found numerically that the critical temperature for the oc-
currence of infinite cycles is close but different from that of the ideal Bose
gas. Many properties are similar, however; infinite cycles are also macro-
scopic. A surprising fact is that the expectation of the length of the longest
cycle seems to be identical to that in the ideal Bose gas; this suggests that
the distribution of macroscopic cycles may be the same.

3. Feynman-Kac representation of the Bose gas

The Feynman-Kac formula relates the kernel of e #H  with H a
Schrédinger operator, to the Brownian motion, whose mathematical ex-
pression is the Wiener measure. It seems to have first appeared in Ref. 3,
precisely in the context of bosonic systems and in the discussion of cycles.
Ginibre wrote an excellent mathematical introduction to the Wiener mea-
sure, the Feynman-Kac formula, and its application to bosonic systems.?
We review these notions here without introducing the full mathematical
setting, but all equations below can be justified with a bit of analysis. In
particular, we do not discuss the details arising from the boundary condi-
tions; as usual in statistical mechanics, they are irrelevant for large systems.

Let A C R? be a cube of size L, and let gz denote the normalized
Gaussian function

1 2
gp(z) = We 7726

It is not hard to check that
[ 9:(e = i@ = D)z = gt - b,
A

and that, after iteration,
n
/ dzy...dz, Hgt(mH — T — ;) = Gt (x”H -z — E?zla,i). (3.1)
An—l =1

Let H = —A + U be a Schrédinger operator in L2(A), with A the
Laplacian and U a smooth real function. This operator is unbounded and
we need to specify its domain. We can choose the space of C? functions
on A with Dirichlet boundary conditions. Then H is symmetric and we
consider its self-adjoint extension. Of relevance to statistical mechanics is
the operator e #H Tt is a nice operator, bounded and compact, but these
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properties are not important here. The Feynman-Kac formula states that
(with 2,41 = 21)

Tr e P2 = lim dzq...dz, [H QQﬁ/n Tiy1 — T } exp{ gz Ul(x; }

n— oo n
A i=1

/Adx exp{—% /025 U(w(s))ds}dWﬁf(w).

Here, w is a Brownian bridge starting and ending at « and traveling in time

23, and W25 is the Wiener measure. In the second line we should restrict
the paths to stay inside A, because of Dirichlet boundary conditions; we
neglect these technicalities, however.

Let us turn to the description of bosonic systems. The state space for
N quantum bosons in a domain A C R? is the subspace L2, (AY) of
symmetric complex functions of N variables. The Hamiltonian is given by
the Schrodinger operator

N
—ZA,'-F Z Uz — xj).

1<ij<N

Here, A; denotes the d-dimensional Laplacian for the i-th variable, and
U(xz; — ;) is a multiplication operator that represents the interaction be-
tween particles ¢ and j. We always suppose that U(x) > 0. We can choose
the self-adjoint extension of H that corresponds to Dirichlet boundary con-
ditions. Of course, the sum of N Laplacians in A? can be viewed as a
Laplacian in A*Y | so we can apply the Feynman-Kac formula.

The canonical partition function is equal to

TI‘L2 (AN) e PH = TI‘LQ(AN)P+ e PH

sym
where P, is the projector onto symmetric functions,
1
P+90(x17 cee ,CL’N) = ﬁ Z So(x‘n'(l)a s 7x7r(N))‘
TESN

Using this projection and the Feynman-Kac formula, the partition func-
tion of the Bose gas can be written as

1 /
Tre P = N / dx E e H'(@m)
VAN

TESN



The model of interlacing spatial permutations and its relation to the Bose gas 261

with the Gibbs factor given by

o H' (@) _ H/deﬁrﬂn )}x
Xexp(,% Z /2,@ Wz s) —w;(s ))d5>

1<i<j<N

(3.2)

This formula is illustrated in Fig. 2. It involves spatial positions and per-
mutations of these positions.

8

N

wi(B)

NN e

1 = w1(0)
x

Fig. 2. Feynman-Kac representation of a gas of N bosons. The horizontal plane rep-
resents the d spatial dimensions, and the vertical axis is the imaginary time dimension.
The picture shows five particles and two cycles, of respective length 4 and 1.

In the case of the ideal gas, U = 0, the paths no longer interact and the
Wiener integrals in (3.2) can be computed. We find that

e—H’(m;n—) _ (47Tﬁ>_dN/2 e—H(O)(m,ﬂ') (33)

with

HO (2 462}95’_ )] - (3.4)

The prefactor in (3.3) plays no role in expectations of random variables
and it can be ignored. Thus the ideal Bose gas is equivalent to the “ideal”
model of spatial permutations with Gaussian weights. Random variables of
permutations have same distribution in both models, and the transition to
infinite cycles takes place at the same critical density.

The equivalence between the occurrence of infinite cycles and Bose-
Einstein condensation is an open problem. It is known to be true in the
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ideal gas, see Refs. 12,13,15, but it does not seem to be true in strongly
interacting systems in a solid phase. Pollock and Ceperley have argued that
superfluidity is related to spatially winding cycles.!! Such cycles are clearly
infinite in the thermodynamic limit. On the other hand, we know from
Theorem 2.1 that infinite cycles are macroscopic (i.e., they have strictly
positive density), so they certainly have non-zero winding number. Infinite
and winding cycles should therefore be equivalent. Superfluidity is by no
means equivalent to Bose-Einstein condensation. These facts bring some
level of confusion and we can only hope that they will be clarified in the
future.

However, it is expected that, in dimension d > 3, weakly interacting
bosonic systems have the same critical density for Bose-Einstein condensa-
tion, superfluidity, infinite cycles, and winding cycles. Hereafter, we study
the occurrence of infinite cycles in the weakly interacting regime, and we
implicitly assume that they reveal a Bose-Einstein condensation.

4. Exact two-body interaction for permutation jumps
4.1. Expansion of path interactions

The two-body interactions between quantum particles translate into many-
body interactions for permutations. But we can perform an expansion and
see that, to lowest order, we obtain a two-body interaction between permu-
tation jumps.

Let Wt =g, '(z —y)W! , be a Wiener measure normalized such that
fd = 1. From (3.2), we have

o H'(mm) _ (47r5)—dN/2 e—H(O)(wﬂr) e—H(l)(w,ﬂ')

with H(®) given by (3.4), and

1<i<j<N
/ a2, )] TI0 =), (1.1)
b

The last product is over bonds b = {4, j} with ¢ # j. For i < j, we defined
wp = w; — wj, and

T(wb) =1—e ; o U(wb( 5))ds . (42)
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Expanding the product in (4.1), we have

o N . 3N(N-1) 2
ctVen ([T [z @] S 0t S ] T,
i=1 k=0 {by,....by} m=1

(4.3)
In the regime of weak interactions, the typical k in the above sum is a small
fraction of the volume, and the typical by, ..., b; are mostly disjoint.

We first perform the expansion in a somewhat cavalier fashion. We will
be more precise in Section 4.2, where we will check that we have identified
the leading order. Let by, = {im, jm - Let us assume that b, N b, = O for
all £ # m; then

N k k
[H / awzs, (wi)} T] Y@) = T] V@i @atin)s @i i) (4:4)
=1

m=1 m=1

where the potential V' has been defined by
Viz,y,2,y) = / AW (w) / AW22 (W)Y (w — o). (4.5)

This is the two-body interaction between jumps = — y and z’ — 3’. The
expression (4.5) can be simplified, see Eq. (4.16) below. We use the identity
(4.4) for all by,...,b; that appear in (4.3), not only disjoint ones. This is
an approximation; it assumes that either the terms with intersecting b,,’s
are not important, or that their contribution is close to (4.4). We obtain

k
o~ @) A DT T V@i (i) T T

k>0 {b1,..sby} m=1

Ignoring the possibility that a same bond may occur several times, we get

k
CHO @y N (CDF
e @)~ Z X Z H V@i, Tim)s Tjrms Tr(Gim))

k>0 T biyeenby m=1 (4.6)
= exp{— Z V(Ii7x7r(i)axj7x7r(j))}'
1<i<j<N

These approximations suggest that, to lowest order in the strength of the
interaction, the multi-body interaction arising from the Feynman-Kac rep-
resentation can be approximated by the two-body interaction defined in
(4.5).
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4.2. Cluster expansion

It is not clear that the approximations above have produced the correct
terms, that are exact to lowest order. In this section we perform a cluster
expansion. It cannot be entirely justified from a mathematical point of view,
but it nevertheless clarifies the approximations.

Consider the graph with vertices {1,...,k}, and with an edge between
£ and m whenever by Nb,, # 0. We say that a set of bonds B = {by,...,by}
is connected if this graph is connected. Let supp B = Upe gb. We say that B
and B’ are compatible if their supports are disjoint, supp B N supp B’ = ().
Then the sum over sets of bonds in (4.3) can be written as a sum over
connected and mutually compatible B’s, namely

SEID VNN | CIEED SRS VNS | (LR | )]

k>0 {b1,...,bx} m=1 >0 ¢! By,... bEB,,
compmmble

(4.7)
The contribution of compatible B’s factorizes. For a connected B, let us
introduce

eate,m) = (0% T [awz @] [] T,

i€supp B beB

Notice that ®p(x, 7) depends only on positions x; and x, ;) for i € supp B.
Then we have

L
efH(1> z,m) _ Z i Z H dp, (x,T). (4.8)

>0 Bi,...,By m=1
compatible

We now apply the cluster expansion method, see e.g. Ref. 9,14 for ref-
erences. Given By, ..., By, let o(Bi,..., By) be the following combinatorial
function:

ife=1;
oo (=l ife=e.

' GCG(Bi,...,By)

$(Br,...,By) =

== -

Here, G(B,. .., By) denotes the graph with ¢ vertices, and with an edge
between i and j whenever B; and B; are not compatible. The sum is over
all connected subgraphs of ¢ vertices, and |G| is the number of edges of
G. Notice that ¢(By,...,By) is zero unless By, ..., By form a cluster, i.e.,
unless G(By, ..., By) is connected.
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The cluster expansion yields a convergent series for the logarithm of
(4.8), hence for H("). Precisely,

L
HO(x,m)==>" > @(Bi,....B) [ ®5,. (@, 7). (4.9)
¢>1B1,...,Bg m=1

Let 41,...,4 be distinct indices. The previous equation suggests to define
the k-body interaction by

V(k) ((‘rie ) xw(iz))?:l)

= — Z Z (P(Bl,...,anl)ﬁ(sz(m’ﬂ)_ (410)
(=1

m2>1 Bi,..;Bm
Ug supp Be={i1,...,iK }

Then HW is given by

(1) w 7T Z Z V(k)((xizvxw(ie))if:l)' (4'11)

k>2 1<ip<--<ip <N

Everything here is exact, and it is rigorous provided we can prove the
absolute convergence of the series of cluster terms in (4.9). A sufficient
criterion is that, for any 1,

Z 1@ p(x, )| Pl <a (4.12)
B,supp B3i

for some constant a > 0. See e.g. Ref. 9,14 for concise statements about
cluster expansions. The sum above involves bonds whose positions are far
away. In order to get such an estimate, one needs to control spatial decay.
It depends on permutations, and there are combinatorial difficulties.

We conclude this subsection by discussing various estimates for the
terms above. Using 1 — e™® < z, we have that

M loe = sup T(w) < B|U][co-

The interesting regime of parameters is 5 ~ 1 /TC(O) and U — 0, s0 T is
arbitrarily small. If the potential U is a hard-core with small radius, then
|T]|co =1, but || Y|, is small for p < co. We also have that, for any B, x,
and T,

@5 (@, m)| < | TIIE

Consider the series (4.10) for the potential at order k. The sets By, ..., B
that contribute to lowest order are such that ) ,|B¢| = k — 1. It follows
that V(*) is of order || Y]k .
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We can extract the lowest order term. The expression for
1748 (T4, Zr(s), Tj, Tr(;)) involves terms of arbitrary orders. But we only need
to consider —®p with B containing the single bond b = {4, j}. We then ob-
tain the potential V' defined in (4.5).

4.3. A simpler expression for the interaction

We now seek to simplify the formula (4.5). Namely, we can replace the two
integrals over Brownian bridges by a single integral, which will lead to the
nicer formula (4.16). We have

[awze [awi @) rw-o)

= lim dzs...dw,dzh ... dx), [H 928 /n(Tiv1 — Ti)g2p/m(Tip1 — x;)} X

n— o0 o
AR(n—1) i=1

n
x [1 fexp{féZU(:ri fx;)}] (4.13)
i
with 1 = 2, T =y, 2} =2/, 2],,; = y. Let us introduce z; = z; — ;.
It is not hard to check that

928/n (i1 — i) gop/m (i1 — 27)

) X (4.14)
= 98/n(Tit1 — Ti — 3Ziv1 + 52i) Gap/n(Ziv1 — 2i)-

Substituting into (4.13), we get

nlgl;o dzo...dz, [ﬁ 9ag/n(Zig1 — zl)] {1 — exp{fg Z U(zl)}]
i=1 i

An—1

n
/ dzy...dz, Hgg/n(a:i_H —x; — %Zi_:,_l + %Zl) (4.15)
An—1

i=1
Using Eq. (3.1), the last line is equal to
gsly—z—5(y—y —a+2) =gs(3(y +y —2—2).

The first line of (4.15) yields an integral over Brownian paths. Then (4.15)
is equal to

- 48 w(s S
95(3(y +/ —x—w’))/[l — e il awe ().
Finally, we have the following identity, similar to (4.14)

928y —2)g28(y' — ') = gs (G + Y —x—2"))guply —y —x +2').
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Recall that the two-body interaction defined in (4.5) involves normalized
Wiener measures. Putting normalizations back, we get the following elegant
formula for the interaction between jumps z — y and =’ — 3/,

V(z,y, 2, y') = /[1 — ik’ U(W(S))ds]d/W;[_ax,,y_y, (w). (4.16)

It would be useful to obtain a closed form expression in terms of special
functions, if it is possible. When U consists of a hard-core potential of radius
a, V(z,y,2',y") is equal to the probability that a Brownian bridge, starting
at  — 2’ and ending at y — 3/, intersects the ball of radius a centered at 0.

4.4. Effect of interactions on the critical temperature

The model of spatial permutations should help to clarify the effects of
interactions on the critical temperature of Bose-Einstein condensation.

Let T, C(a) be the critical temperature for Bose-Einstein condensation as
a function of the scattering length a of the interaction potential U between
quantum particles. It is believed that Tc(a) behaves in three dimensions as

Tc(a) . TC(O)
7
with ¢ a universal constant that does not depend on the mass of particles
or on the interactions. The value and even the sign of ¢ has been contested
in the physics literature, although a consensus has recently emerged that
c~ 1.3. See Refs. 1,7,8,10 and references therein.

The model of spatial permutations is clearly simpler than the Feynman-
Kac representation of the Bose gas, and is therefore better suited to Monte-
Carlo simulations. More importantly, we expect that this model, with the
interaction (4.16), is ezactly related to the original quantum boson model,
to lowest order in a. Numerical simulations should allow to determine the
constant ¢ in the model of permutations with high precision, and with high
confidence. It should be identical to the universal constant of (4.17) for the
interacting Bose gas.

= cp'Ba+ o(p'/3a), (4.17)

5. A simple model of interacting spatial permutations

In this final section, we discuss a simple model of interacting spatial per-
mutations that was introduced in Ref. 2. We consider only interactions
between permutation jumps of 2-cycles, arguably the most important. The
resulting model is exactly solvable, and it provides a heuristic description
for the shift in the critical temperature of the Bose-Einstein condensation.
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The approximation consists in replacing the Hamiltonian (2.3) by

H(w ) 45 Z |Ti — Zr(s) ?+ Z V(i xj, 25, %;).

1<i<j<N
w(i)=7,m(j)=i
The interaction term V(-) is given by (4.16) as before. From now on, all
computations will be exact, at least to lowest order in the scattering length
of the original potential U. We consider the three-dimensional case, obvi-
ously the most interesting. A computation shows that

V(z,y,y,z) = + O(a?). (5.1)

2a
[z -yl
The lowest order term in the right side does not depend on 3, surprisingly.
The expectation of a random variable of permutations is given by (2.2),

1 ~
Ean(®) = o 3 0 dop o=@
an(0) Z(A, N)N! £ (”)/AN re
TESN

We now substitute H with the following simpler Hamiltonian H(®):

H (g, ) MZ@Z Ty |? + aNo(), (5.2)

with Na(7) denoting the number of 2-cycles in the permutation 7. The
substitution is exact provided that, for any given permutation 7,

dx efH(z,Tr) _ 7H(°‘)(m,7'r) ]

AN AN

dxe

Isolating the contribution of 2-cycles, this equation reduces to
dzydzy e~ 78T =2l V(@2 maen) dzyda, e~ 2Bl w2l e
A2 A2
With V(-) in (5.1), we find that
] \1/2
=(— O(a?). 5.3
a=(r5) o+ o) (5.3)

We now compute the pressure of the model with Hamiltonian H(®). The
grand-canonical partition function is given by

Z / da:efH( A( wﬂ')
AN

N>O ! TESN

eﬁuN

Z'(B,A,p) =
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It is convenient to work in the Fourier space. Let us introduce a new par-
tition function,

N
Z(8, A, ) = Z eBNM' Z Z e—aNz2() H o—Bl2mki|? St -
N>0 " ki,..kNEA* TESN
(5.4)
Here, A* = 3 is the dual lattice. The thermodynamic pressure is defined
by
P (B,p) = Jim - log Z(5, A, pr) (5.5)

ﬁV
One can verify that the partition functions Z and Z’ differ in two re-
spects only. First, a normalization is missing, which results in a shift of
the chemical potential. Second, Z has been defined with periodic boundary
conditions, unlike Z’ (where boundary conditions are neither periodic, nor
Dirichlet). But both partition functions yield the same thermodynamics;
precisely,

1 N

We now compute p(®). Introducing occupation numbers, (5.4) becomes

z6am= Y I {eﬁuzwkﬁu)nk 3 1'eaN2<m>}

N !
(nk)penr kEA* 7Tk€871,k k

We decomposed the permutation 7 into permutations () for each Fourier
mode, and we also used

Notice that the chemical potential needs to be strictly negative, as in the
ideal gas. We get

1
P (B, ) = hm Z log {Z e~ BTk = m)n Z n!e_‘”\b(”)}

kEA* n>0 TES,
(5.6)

Let us compute the bracket above. For given m € S,,, let r; denote the num-
ber of cycles of length j. Then > jJri =mn, and the number of permutations
for given (r;) is equal to

n!/ Hj”rj!.

Jj=1
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The bracket in (5.6) is equal to

Z Z o n Bk on) S, gry g—ora

;T
n>0 ! T1,72," ]>1‘7 ]T]
Z mfn
- ¥ 11 L1 gmiBlamk =0 ] 3 L1 280k g e
’I“‘! J 7'2! 2
1,73, >0 j=1,3,4,... 7 r22>0
— Z 1 —iB(27k|—p) 4 1 ,—28(127k|]®—p)—a
= exp{ ;€ +s5e€
j=1,34,...

- exp{_ log(1 — e~A2mk* =)y _ 1 =28(12wkl* =) (1 _ ¢=o )},

This can be inserted into (5.6). In the limit V' — oo the expression converges
to a Riemann integral. If o = 0, we get the pressure of the ideal gas

1 _B(|12mk|? —
p(o)(@m - ,E/slog(l _ o B27k*—p) )dk, (5.7)
R

as expected. And if o #£ 0, we get
28

(B, 1) =p (B, 1) — W(l—

e ).

P (B, 1) T @B, p)

T - P
p&

(@ (b)

Fig. 3. The pressure and the free energy of the simple interacting model in three di-
mensions.

The pressure p{® is plotted in Fig. 3 (a) as a function of g. One can
consider other thermodynamic potentials as well. Recall that the free energy
f(@) is function of the (inverse) temperature and of the density, and it is
related to the pressure by a Legendre transform:

(8, p) = up [o — '™ (B, )]
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One then obtains the graph depicted in Fig. 3 (b). It is strictly decreasing
up to the critical density p£“> = pga)(ﬁ), and it is constant afterwards. The
critical density is equal to the derivative of p(®) with respect to pu at 0—.
We have

pl = p¥ — W(l —e %) (5.8)
The first term of the right side, pgo), is equal to the critical density of the
ideal gas, Eq. (2.4). The second term is the correction due to our simple
interaction.

We see that p((;a) is smaller than pEO) — interactions favour Bose-Einstein
condensation. This observation is in line with physicists’ expectations. The
heuristics is particularly simple in this model: 2-cycles are penalized and this
favours all other cycles, including infinite cycles. The latter occur therefore
at a lower density. While elementary, this heuristics may well be correct.

Let us now estimate the change in the critical temperature. Using (5.3)
with 5 = 1/TC(O), we find that, to lowest order,

Tc(a) . TC(O)
7"

with ¢ = 0.37. This formula can be compared to (4.17). If we believe the
value ¢ = 1.3 found numerically, then 2-cycle interactions account only for

= s a=cp"

a fraction of the effect of all interactions. One could also take into account
the interactions within 3-cycles and longer cycles; the constant ¢ would
increase a bit.

One would expect infinite cycles to occur for all densities larger than
the critical density (5.8). More precisely, Theorem 2.1 should remain valid
for a > 0, replacing p. by pga). But only a weaker claim has been proved
so far.

Theorem 5.1. For any b < 1,

4
; N ()
Vlgnoo EA,PV(ng,pV) 2P (1 4 oo )Qpc :
Theorem 5.1 guarantees the existence of macroscopic cycles for large
enough densities. The proof can be found in ref. 2.
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This talk contains a review of some results about homogeneous boson models,
which are a special case of the general variational problem of statistical me-
chanics that can be solved in terms of quasi-free states. We apply these results
to the model of the Mean-Field Boson Gas with Bardeen-Cooper-Schrieffer
(BCS) interaction.

Keywords: Solvable boson models, Bose-Einstein condensation, canonical com-
mutation relations, equilibrium states, quasi-free states, gauge breaking, en-
tropy densities, variational principles, pairing boson model

1. Introduction
1.1. Motivation

Shortly after the discovery of superfluidity F. London made a connection
between this phenomenon and the almost forgotten Bose-Einstein conden-
sation (BEC) in the free Bose gas.?® His arguments were essentially based
on fact that Helium-4 atoms are bosons, and their superfluidity can be un-
derstood in terms of the Bose statistics that they obey. Almost ten years
later N.N Bogoliubov® proposed a microscopic theory of the superfluidity
of Helium-4 showing that it can be regarded as a consequence of combina-
tion of two factors: the Bose-Einstein condensation and interaction between
bosons. The Bogoliubov theory had a serious impact, since just a few years
before L.D. Landau had developed a spectral criterion for superfluidity and
according to this criterion the free Bose gas is not superfluid even in the
presence of BEC.23

But more than eighty years after the prediction of Bose-Einstein con-

*This lecture (QMath10-Conference in Moeciu, Romania) is based on the joint projects
with J.V.Pulé (UC Dublin) and A.F.Verbeure (KU Leuven).



274 V. Zagrebnov

densation the problem of whether this phenomenon is stable with respect
to realistic pair-interaction is still unsolved and seems beyond the reach of
the present methods. Either one must use special pair-potentials and lim-
its?” or one must truncate the Hamiltonian. The second course was followed
by many authors. One such approach is to use a Hamiltonian which is a
function of the occupation of the free-gas single particle states.*? Since all
the operators in these models commute, they can be investigated by prob-
abilistic techniques using Laplace’s method (Large Deviations).%” However
these models (which include mean-field or imperfect Bose gas) produce a
spectrum identical to that of the free Bose gas and therefore does not satisfy
the superfluidity criterion.

A more plausible model is the so-called Bogoliubov model, also called
the weakly imperfect Bose-gas, see Refs.8,45. This model takes into account
more interaction terms without losing its exact solvability. The basic ingre-
dients of this model in terms of states on the (Canonical Commutation
Relations) CCR-algebra of the boson observables, including the problem of
the Bogoliubov-Landau spectral behaviour, has been analyzed in Refs. 1,2.
Later the boson Pairing Model was introduced as a further refinement of
the Bogoliubov model by including of BCS boson interaction.*® Theoret-
ical work on this model resulted into some intriguing properties like the
occurrence of two types of condensation, a boson BCS-type pair condensa-
tion and the standard one-particle condensation, as well the presence of a
spectral gap in the elementary excitations spectrum.'®>20,21,29,35

The methods that have been used so far for the study of these solvable
models have been the Bogoliubov approximating Hamiltonian method®®
and some form of Laplace’s method,%” One should also mention the non-
commutative large deviation method developed in Ref. 32 for lattice sys-
tems and later refined in Ref. 39. This method has not been rigorously ex-
tended to Bose systems mainly due to technical problems with unbounded
operators. However on a formal level it gives the right variational formulas
(see for example Ref. 35.) Here we develop a new method based on the
quasi-free states on the algebra of observables given by the algebra of the

canonical commutation relations.?39

1.2. Solvable Models

All the solvable models referred to above share the property that their equi-
librium states and/or ground states, which are states on the algebra of the
Canonical Commutation Relations (CCR) are completely determined by
the one- and two-point correlation functions. Such states are called quasi-
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free states. This class of states has been intensively studied in the sixties and
seventies. Although quasi-free states are frequently used as the ideal labo-
ratory for performing tests of all kinds, this mathematical analysis turned
out to be much too technical to be very practical for its utility in the study
of Bose systems in physics, see e.g. Refs. 12.40.

Recently we found in Ref. 36 a presentation of the quasi-free states
suitable for the study of space homogeneous systems and in particular the
explicit form of the variational principle of statistical mechanics for all solv-
able boson models. Then for these models the set of states over which one
minimizes the free-energy density (or grand-canonical pressure) is reducible
to the set of homogeneous quasi-free states. The main technical step in this
is the explicit formula for the entropy density of a general quasi-free state
including the non-gauge symmetric ones.

Though the variational principle when solved fully, in principle contains
all the information about the model, in practice it is often difficult to solve.
A very useful additional tool is the use of condensate equations introduced
in Refs. 43,44. They form an essential part of the study of the variational
principle and can be derived without any explicit knowledge of the entropy
of the system, Section 2. Moreover, they are always valid as opposed to the
Euler-Lagrange equations which are not always satisfied because either the
stationary point is a maximum or the minimum does not correspond to any
stationary point.

In Section 3 we apply our method to the Pairing Boson Model with
Mean-Field and Bardeen-Cooper-Schrieffer (BCS) interactions to obtain
the variational principle conjectured in Ref. 35 (and proved in Ref. 38),
supplemented by the condensate equations. This model with BCS attrac-
tion is a very good example of a situation, when the condensate equations
can give some conclusions more directly. For instance, from the condensate
equations (3.11), (3.12), one immediately concludes that there is neither
pairing nor zero-mode condensation for negative chemical potentials and
also that zero-mode condensation implies a non-trivial boson pairing. An
unusual property of this model is that for the BCS repulsion it is not com-
pletely equivalent to the mean-field case: the repulsion does not change the
density of corresponding thermodynamic potentials but produces a gener-
alized (type III) condensation & la van den Berg-Lewis-Pulé.
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2. Quasi-Free Boson Systems
2.1. Mathematical Heuristics

Traditional approach to boson systems in mathematical physics is to start
with symmetric Fock Hilbert space § of vector states. Let L?(R"™) be
the space of square integrable functions on R"™, here n stands for dimen-
sionality. One considers the creation and annihilation operators: for any
frg € L*(R™). The creation operator is given by a*(f) = [dxf(z)a*(z)
acting in some domain dom(a*(f)) C §, the annihilation operator is its
adjoint operator a(f), and satisfying the usual canonical commutation re-
lations

[a(z),a”(y)] = 0(z —y) , [a(x), a(y)] = O,

leading to the relations

[a(f),a"(9)] = (f.9), [a(f), a(g)] = 0.

It is assumed that there exists a particular normalized vector €2 in § such
that it is annihilated by all a(z) and hence that for all f:

a(f)Q = 0. (2.1)

The symmetric Fock space § is then the Hilbert space is the linear span
generated by all vectors of the set: {a*(f1)a*(f2)...a*(fn)Q}, for all f; and
for all n € N.

A vector-state wy of a boson system is an expectation value of the
type w(A4) = (¥, AV), where ¥ is a normalized vector of the Fock space
and where A is any observable of the boson system. Remark that each
observable is a function of the boson creation and annihilation operators.
In particular, the physical model is defined through the energy observable,
called Hamiltonian. For a two-body interaction v the general model takes
the following form in a finite volume V = |A|:

Hy = / dx%Va*(w) -Va(z)
) A (2.2)
iy [ @ /A dy a* ()" (y)o(x — y)a(@)aly) -

Stability of the model requires that the Hamiltonian operator acting in the
Fock space is bounded from below.

In this paper we adopt the following definition: we shall say that a
system is solvable if the corresponding density of thermodynamic potential
can be expressed explicitly via a finite number of correlation functions.
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We shall make this definition more exact later. In general the model (2.2)
described above is not solvable. The natural way of defining solvability is
in terms of the correlation functions.

The state w is known if one can find all its correlation functions

w(a®(f1)--a”(fn)al(gr).--a(gm)) (2.3)

for all functions f;, g;. One should realize that in order to know the state
one has to know an infinity of correlation functions, for all n,m € N. This
makes the many-body problem unsolvable in most cases.

In the literature one can find many approximation procedures, where the
original state w is replaced by a state w constructed via various decoupling
procedures such that all higher order correlation functions can be expressed
in terms of those of order less than some n + m. It must remarked that on
the basis of the Marcinkiewicz theorem,334!
Indeed, this theorem tells us that if the decoupling holds for all correlation
functions from some n + m on, then the decoupling holds for all correlation
of order n+m > 2. This means that the only decoupling, not contradicting
the positivity of the state w, is the one in terms of the one-point function,
w(a(f)) and two-point functions, w(a*(f)a(g)), w(a(f)a(g)), for all f and
g. Any state satisfying the decoupling procedure described above is called
a “quasi-free state” (gf-state).

In the rest of this section we recall the main features of the boson Gibbs
states, in particular the class of space homogeneous quasi-free states which
are necessary for the formulation of the variational principle of statistical
mechanics for solvable models.

Our main original contribution in this section is a proof of the existence
of a canonical automorphism mapping a gauge breaking state in a gauge
invariant one. This result will be essential for the explicit computation of the
entropy density of the state, which makes possible the explicit formulation
the variational principle for our class of solvable boson models.

many of them are erroneous.

2.2. Canonical Commutation Relations and Quasi-Free
States

In order to define the total set of all quasi-free states it is convenient to
work with the boson field which is defined on & a suitable subspace of
L?(R"), called a space of test functions. This field is defined by the map
b: f €6 b(f), where the linear operator b(f) on Fock space is given by

b(f) = a(f) +a"(f).
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The Canonical Commutation Relations (CCR) for these fields are now

[b(f);b(9)] = 2i0(f,9) , (2.4)

with o(f,¢9) = Imm(f, g). Note that the fields are real-linear in their ar-
gument: b(Af) = Ab(f), for ImmA = 0, but b(if) = i(—a(f) + a*(f)) and
af) = L((6(F) + ib(f)).

It is equivalent to use the field operators as the generators of all ob-
servables instead of creation and annihilation operators. To avoid using
unbounded operators we use the Weyl operators as the generators of the
algebra of observables 2l of the system. These are given by

W(f) = exp{ib(f)}, (2.5)
for any f € &. The CCR are then equivalent to the relations
W(HW(g) = e " TIW(f +g). (2:6)

We shall denote the set of states on 2 by &. We recall that a state w € &,
is any normalized linear positive form on .

Very often it is convenient to define states though their truncated func-
tions w(b(f1)b(f2)...b(fn)): for fi, fa,... fn € &. These functions are de-
fined recursively through the formula

Wb(f)e =wb(f)), wb(f)..-b(fa) =D wbfi). )i wl (f),

where the sum is over all possible partitions of {1,...,n}, and where the
order within each of the clusters is carried over from the left to the right.

Let w be an arbitrary state on the Weyl algebra 2, then for all f € G,
the expectation values w(W(f)) are known and can be expressed in terms
of the truncated functions (see e.g., Ref. 9),

AT

n!

w(W(f) =w(e) =3

n=0
~ exp {Z i;?"w<b<f>">t} .

For the models that we study in this paper we shall see that only the one-
and two-point functions play a role. The one-point function is determined
by the linear functional ¢ on & and the two-point functions by two (un-
bounded) operators R and S on &. These are defined by

¢(f) = wla™(f)) (2.8)

w(d(f)"™)
(2.7)
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and the truncated two-point functions
(f, Rg) = w(a(f)a™(g)) — w(a(f))w(a™(g)),
(f,589) = wla(f)a(g)) — wla(f))w(a()),
where g stands for the complex conjugate of g. Clearly w(b(f)b(f)) can be
expressed in terms of these two operators and ¢. Note that the operator R
is self-adjoint. We shall denote by &4 g s the elements of & determined by
the triplet ¢, R and S.

Since x-automorphisms (canonical transformations) leave the CCR in-
variant, many properties of a state are conserved under these transforma-
tions. We shall say that states are canonically equivalent if they can be
transformed into each other in such a way.

It is easy to see that in general there is a canonical transformation
which transforms a state w into a state wy with ¢ = 0. For any real linear
functional x on &, the transformation 7, on the boson algebra defined by

n(W(f) = eXDW(f) (2.10)

together with linearity and conservation of products, is a canonical trans-

(2.9)

formation. Clearly this transformation translates the boson field, 7, b(f) =
b(f) + x(f). Now the composition of a state w with the transformation 7,
wo = woT, is again a state and wo(b(f)) = w(b(f)) + x(f). Therefore if we
choose x(f) = —w(b(f)) = —2Re ¢(f), which is real linear, then the one-
point function of wy vanishes. Moreover the reduced two-point functions
are left invariant so that operators R and S are unchanged.

It is clear that the positivity of the state w implies that

w((a(f) +a”(g))(a(f) +a"(7))") 2 0 (2.11)
for all f,g € &. Assuming ¢ = 0 the inequality (2.11) is equivalent to
(f.Rf) +(f.Sg) + (9,87 f) + {9, (R—1)g) = 0

for all f,g € &. Putting f = 0 we see that R > 1, and putting g = —R'/?h
and f = R~'/2Sh gives

R(R—1)+58*S — R™'/25*SRY? — R/28*SR~1/2 > .
Notice that if operators R and S commute, then the latter simplifies to
T?=R(R—1)— S*S >0. (2.12)

We now introduce the one-parameter group of gauge transformations.
This group of canonical transformations or CCR-automorphisms, {m\| A €
R}, is defined by

m(a*(f) = e?a*(f), ma(a(f)) = e a(f). (2.13)
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A state w is called gauge invariant if the relation w o 7, = w holds for all
A € R. In particular for a state w € &4 g, s the one- and two-point functions
transform under such a gauge transformation as follows

(wom)(a"(f)) = ePw(a"(f)),
(wom)(a(fla*(9)) = w(a(f)a™(9)),
(wom)(a(flalg)) = e (w)(al(f)alg)),

or equivalently (¢, R, S) is transformed into (e"*¢, R, e~%?*S). Therefore a
necessary condition for gauge invariance is that ¢ = 0 and S = 0.

We now prove that any w € G4 g s is canonically equivalent to a state
webg= Goﬁ,o if R and S commute and Rf = Rf for all f € &. We shall
see later that these conditions are satisfied for translation invariant states.
We determine explicitly the operator R as a function of R and S. This
result is similar to the more restricted result stated in Ref. 30, where only
the existence of such a map between pure quasi-free states (see definition
later) is proved. Here we prove not only the existence of this map but we
give its explicit construction.

Theorem 2.1. Let w € &4 g s with R and S commuting and Rf = Rf
for all f € &. Then there exists a canonical transformation T mapping w
into w € &5 where the operator R is given, in terms of the operators R > 1
and T >0, by

R=1y4 T2+1% (2.14)
2 4) '

Proof. Clearly we can assume that ¢ = 0. By applying a canonical trans-
formation similar to the gauge transformation in (2.13) we can transform
operator S into |S|. Then we consider another canonical transformation
(also called Bogoliubov transformation)

a(f) =~(a(f) = aUf) —a*(V]),
where U and V are commuting self-adjoint operators commuting with R
and S and satisfying Uf = Uf, Vf = Vf and U? — V2 = I. We consider
the two equations
(f, Rg) = &(a(f)a*(9)) = w(v(a(f)a*(9))),
0= (f,59) = &(a(f)a(@)) = w(v(a(f)a(@))),

in order to express R as a function of R and S or preferably T'. One computes
explicitly the following equations from the former ones, using the symmetry
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of R and S, as follows
R=U?R+V*R—1)-2UVS, (2.15)
0=U?S~UV(2R— 1)+ V?8S. (2.16)

From the second relation (2.16) one gets a quadratic equation for the op-
erator X := UV !, which is semi-bounded from below by I. Then solution
of this equation has the form

X = <R —1/2+ ((R-1/2)° - 52)1/2> s-1.

Using the relation (2.12) between the operators S and T', one gets
X = (R-1/2+ (12 +1/4)) (R(R - 1) - 72) /2.
This gives for U and V,
U=X(X*-1)"2 Vv=(x*-1y"2

which we insert into the first equation (2.15) to obtain R as a function
(2.14) of R and T.

The canonical transformation 7 of the theorem is of course given by the
composition of the gauge transformation with the Bogoliubov transforma-
tion. O

The states we shall be considering will be translation invariant. Space
translations are again realized by a group of canonical transformations
{mz]x € R™} of the algebra of observables 2 given by 7, (a(f)) = a(T,f)
where (T, f)(y) = f(y — z). The translation invariance of a state w, given
by wo T, = w for all z € R”, is immediately translated to the operators
R, S by the property that they both commute with the operators T, for
x € R".

Translation invariance implies that ¢(f) = cf(O) where f denotes the
Fourier transform of f and ¢ = w(a*(0)). On the other hand it is well
known' that if A is such a translation invariant operator, then there
exists a function & on R™ whose Fourier transform is a tempered distri-
bution such that for all functions f, (Zl}”)(lc) = f(k)f(k) This is due
to the kernel theorem for operator-valued distributions and the convolu-
tion theorem for Fourier transforms. In particular, our operators R and
S are simple multiplication operators with functions denoted by r(k)
and s(k). It is easily checked that for k # 0, r(k) = w(a(k)a*(k)) and
s(k) = w(a(k)a(—k)) = s(—k) where a(k) is the operator-valued distribu-
tion given by the Fourier transform of a(z). For our purposes (see later) we
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can assume in addition that r(—k) = r(k). This last property is equivalent
to Rf = Rf. As R and S are multiplication operators they commute so
that (2.12) holds and can be written in terms of r and s:

r(k)(r(k) = 1) = |s(k)[* > 0.

It is convenient to introduce a non-negative function t(k), corresponding to
the operator T', defined by

t(k)* = r(k)(r(k) — 1) — [s(k)|*. (2.17)

The class of translation invariant states G4 r,s can now be parameterized
by the complex number ¢ and the functions » > 1, t > 0 and «a(k) =
arg s(k).

Now we turn to the quasi-free states.

Definition 2.1. A state w is called a quasi-free state (¢ f-state) if all trun-
cated functions of order n > 2 vanish. This means that a ¢f-state is com-
pletely determined by its one- and two-point functions:

1

wW(f)) = exp{iw(b(f)) — 5w (b(f)b(f)):} (2.18)

The set of ¢f-states will be denoted by Q.

Note that a qf-state is completely determined by ¢, R and S. We denote
the g f-state corresponding to ¢, R and S by wg gr,s. Of course, translation
invariant ¢ f-states can be parameterized uniquely by the complex number
¢ and the functions » > 1, ¢ > 0 and «a(k) = args(k). Note also that a
qf-state is gauge invariant if and only if ¢ = 0 and S = 0. The above
arguments show that wy g s is canonically equivalent to wg = Wo. R2.0°

We end this section by calculating the entropy for qf-states. For any
normal (density matrix) state w with density matrix p the von Neumann
entropy is defined by the formula S(w) = —Trplnp. The entropy is left
invariant under any canonical transformation 7 (see e.g., Ref. 34, Chapters
1 and 9), that is, S(wo7) = S(w). Let w be a translation invariant, locally
normal state on the algebra 2 (i.e., its restriction to every bounded region
of R™ is normal). Let A C R™ be a family of bounded regions increasing to
R™. Then the entropy density of w is defined by

S(wa)
V b

where V' = |A| denotes the volume of A, wy is the restriction of w to A and

limp := limaqgn. For translation invariant ¢ f-states of the type wgr, S has

Sw) = li/{n (2.19)
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been calculated in Ref. 15 and is given by

S(wg) = /V(dk) {r(k)Inr(k) — (r(k) — 1) In(r(k) — 1)} (2.20)

where v(dk) = d"k/(2m)". Tt is clear from the above argument that the
entropy density of wy g s is the same as that for wz. We state this result
in the following proposition.

Proposition 2.1. The entropy density of qf-state with two-point functions
defined by R and S is given by

S(we,r,5) = S(wg)
_ / v(dk) {F(k) InF(k) — (F(k) — 1) In(F(k) — 1))

where T is given by (2.14),

(2.21)

1

(k) = % n <t2(l<:) + i) - (2.22)

In particular, the entropy density is independent of the one-point function

®.

2.3. Equilibrium States

An equilibrium state at inverse temperature 8 of a homogeneous boson
system will be defined by the variational principle of statistical mechanics,
that is, an equilibrium state is one that minimizes the free energy density.

The free-energy density (or more precisely the grand-canonical pressure)
functional is defined on the state space by

flw):=BE(w) = SWw), (2.23)

where S(w) is defined in the previous section and £(w) is the energy density.
The energy density is determined by the local Hamiltonians of the system
under consideration, Hp, defined for each bounded region of volume V'

!
€(w) =lim Zw(Ha — pNa)

where p is the chemical potential and Ny is the particle number operator.

The variational principle of statistical mechanics states that each trans-
lation invariant (or periodic) equilibrium state wg is the minimizer of the
free energy density functional, that is, for any state w,

Flws) = inf f(w). (2.24)
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In the definition of £ and S it has been presupposed that the states are
locally normal in the sense that wy is a normal state. This is a reasonable
assumption since we are basically interested in equilibrium states which are
thermodynamic limits of local Gibbs states given locally by their (grand)
canonical density matrices py = e PHA—#NA) /Ty e=BHA—1NA),

Let w be a normal state with density matrix p on Fock space §, with
zero one-point function and with two-point functions given by the operators
R and S = 0. Let {f;} be an orthonormal basis of eigenvectors of R with
eigenvalues 7;. Consider the operator (trial diagonal Hamiltonian) H =
>_j€jaja; with a; = a(f;) and €; = In(r;/(r; — 1)). Let o be the density
matrix given by o = e~ /Tre= . It is clear that the state defined by o is
a qf-state which has two point function

Troa(f)a*(9) = (f, Rg) = Trpa(f)a”(g).

Thus o is the density matrix for the ¢ f-state wg.
We use this construction to prove the entropy inequality

S(w) < S(wr). (2.25)

Using the Bogoliubov-Klein convexity inequality [9, Lemma 6.2.21], one
gets

S(wr0)) —S(w)=Trplnp—-Trolno > Tr(p—o)Ino
where Ino = — 3" €jaja; —In Tr (exp —H) and hence

S(wy) — S(w) > —Z €j(Trpaja; — Troaja;) = 0,

J

since the states p and ¢ have the same two-point functions. This proves the
inequality (2.25), which is a mathematical expression with the following
physical interpretation: The state w is a state with more non-trivial corre-
lations than its associated qf-state wr and therefore it is understandable
that the entropy of the state is smaller than or equal than the entropy of
its associated qf-state.

Clearly this inequality carries over to the entropy density of locally
normal states and using canonical equivalence to locally normal states with
non-vanishing ¢ and S. Thus for locally normal states in &4 r,s we have

S(w) < S(we,r,s) = S(wg)- (2:26)

From now on we shall study solvable models, i.e., models with a Hamil-
tonian whose energy density limy w(H,)/V for any translation invariant
state w depends only on the one- and two-point correlation functions of the
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state. This will be made more precise in Definition 2.3. But we first impose
one last restriction on the states.

Definition 2.2. A translation invariant state w is called space-ergodic, if
for any three A, B, C' local observables the following holds

lilr\nw(ABAC) = w(AC)w(B),

where By the space-average
B ! / dx 7, (B)
= = T Ty .
A=y A .

Note that for translation invariant states one has that w(B) =
limp w(By), and therefore the above definition can be written in the form

w(A(li/r\n By —w(B)I)C) =0.

In other words, for a space-ergodic state w, the limiting space-average op-
erator B := w — limy By is proportional to identity I. In the same way
one gets w — limp[Ba, A] = 0 for any local observables A and B. For these
reasons the limiting operator B is called an observable at infinity.” Note
that B is a normal operator since [B, B*] = 0

As a first application of the ergodicity of states we have

. aga
h[{nw ( (%/O) = |c|* :== po, (2.27)

where pg is the zero-mode condensate density for boson systems.

Definition 2.3. We say that a model is solvable if for every ergodic state
w, the energy density £(w) depends only on the one-point and two-point
correlation functions of w.

Note that if a model is solvable then the energy density £(w) is the
same for all w € G4 r,s. We shall denote this common value by £(r, ¢, ¢).
On the other hand we have shown that for w € &4 g g, S(w) attains its
maximum at the ¢f-state w = wg g 5. Thus we have

inf  f(w) = f(wsr,s)

w€E By,R,s

(2.28)
— BE(rt,asc) — / V(dk) {F(k) In7(k) — (F(k) — 1) In(F(k) — 1)} .

Taking the infimum in (2.28) over ¢, R and S we obtain our main result.
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Theorem 2.2. For a solvable boson system the equilibrium state wg is a
qf-state and it is defined by
flwg) = inf f(w)

we Q

= inf {ﬁé’(r,t, a,c) — /V(dk) {F(k)In7(k) — (7(k) — 1) In(7(k) — 1)}} ,

rt, a,c

where 7(k) is given by (2.22) as a function of r and t.

2.4. Condensate Equations

Now we are in position to introduce the notion of condensate equations for
equilibrium states of general boson system. They constitute essential tools
for the study of the equilibrium as well as ground states of boson models.
For a full discussion of this topic we refer the reader to Refs. 43,44. These
equations are derived directly from the variational principle of statistical
mechanics formulated above. However they have certain advantages over
the Euler-Lagrange equations. First of all that they can be derived without
any explicit knowledge of the entropy of the system. Secondly, while the
Euler-Lagrange equations are not always satisfied because either the sta-
tionary point is a maximum or the minimum occurs on the boundary, the
condensate equations are always valid.

To this end, consider the following completely-positive semigroups of
transformations on the locally normal states in &. Let A be any local (quasi-
local) observable (with space-average Ap over region A) and let

[y = /dw{[Tx(AR), e (An) + 7 (AD)] T2 (A)]}-
A
Then for each finite region A one can define a semigroup of completely-
positive maps on &'3 given by

{7a,v =exp AT'A| XA > 0}.
Let wg be any locally normal state satisfying the variational principle with
density matrix ps. Then using the notation of Definition 2.2, one gets

0 < lim 1 (f(limew o M)  f(w))

—0

Trpp A% A
< lim {ﬁ Tt pa AR [Ha (1), An] — Tr pa A} Axln ““AA}

Tr PAAA AT\
The second inequality is a consequence of the bi-convexity of the function
x,y — xIn(z/y). Since the limiting space-average operator A is normal,
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the second term of the right-hand side of the inequality vanishes and one
gets

li[{nﬁwﬁ(Aj\[HA(ﬂ)ﬂAA]) =0, (2'29)

along with the same inequality with Aa replaced by Aj.

Using the same argument as above, but now working with the group
of unitary operators {U; = exp(itHx(p))|t € R}, one gets immediately
limp wg([Ha (), X]) = 0 for any observable X. Therefore

0= lij{nwg([HA(M%Af\ Axl)

. (2.30)
= lim{ws([Ha (1), A3]An) + wa( A5 [Ha (), AxD}

Using (2.29) and the property that the space-averages commute with all
local observables, one gets the general condensate equation.

Theorem 2.3. Let wg be any limit Gibbs state, satisfying the variational
principle for equilibrium states at inverse temperature 3, including 8 = oo
which means that we is a ground state, and let A be any local (or quasi-
local) observable, then the condensate equation with respect to A is given
by

lim s (A3 [Ha (), Aa]) = 0. (2.31)

3. Pairing Boson Model with BCS and Mean-Field
Interactions

The model was invented in Ref. 46 as an attempt to improve the Bogoli-
ubov theory of the weakly imperfect boson gas, see a detailed discussion in
Refs 25,45. Using the notation of the previous section the Hamiltonian of
the Pairing Boson Model (PBH) is then given as in Refs. 35,38 by

u v
Hy =T\ — —Q: — N2 1
A=Ta 2VQAQA + o7 VA (3.1)
where
TA = Z €(k) aZak, QA = Z )\(k;)aka_k, NA = Z a};ak.
keA* keA* keA*

The coupling \ is for simplicity a real L2-function on R™ satisfying A\(—k) =
A(k), 1 = A(0) > |A(k)|. The coupling constant v is positive and satisfies
v —u > 0, implying that the Hamiltonian defines a superstable system.3®
For a discussion of the origin of this model, see Ref. 38 and the references
therein.
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Again since the operators Nj/V and Qa/V are both space averages,
by the arguments of Section 2.3, this model is solvable in the sense of
Definition 2.3 and the energy density is given by

E(r,t,a,c) = /V(dk) (e(k) = p)(r(k) = 1) — plef?
2
2
We have used the relations
w(agar) = (¢r, (R — 1)¢) + [’V yo,
w(ara_p) = (¢r, Sér) + 2Vipo.

+2 ( Jran ) =1+ |) -2 \Am)c? + [otar) Aws(

With
p(k) =r(k) =1, c=1/poe™®,

p= [Vl o) + po, o = [odR) A(R)s(),
the energy density £(r,t, a, ¢) becomes
E(r,ta,c) = / v (aR) e(k)p(k) — pp+

Since the cases u > 0 and v < 0 are very different, we shall consider them

- g |poe™™™ + 0‘2. (3.2)

separately.

3.1. BCS attraction u > 0: Coexistence of BEC and
BCS-boson pairing

First we consider u > 0. Clearly, in this case the minimum in (3.2) is
attained when 2o = argo. Therefore, instead of (3.2) one can take for
further analysis the function £(r,t,¢) := E(r,t,a = (arg0)/2, ¢), which has
the form

= Vg U

Elrt.c) = /u<dk>e<k>p<k>—up+§p Lot (33)

The corresponding entropy density S(w) is given in (2.21). It is independent
of po and depends only on p(k) and |s(k)|. Then for real A(k), after optimiz-
ing with respect to the argument of s(k), for 2a = arg o the Euler-Lagrange
equations in the parameters r, t and ¢, take the form

2p(k) + 1 = ]J;((’Z)) coth(BE(k)/2). (3.4)
s(k) = W E1DAE) o sm (k) /2), (3.5)

2E(k)
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0= —p+vp—ulpo+lo|), (3.6)
where
Fk) = (k) — o+ vp, (3.7)
and
E(k) = {f2(k) — u®A(k)?(po + |o)2} % (3.8)

As usual these equations are useful only if they have solutions within the
admissible domain of r, ¢t and ¢, which corresponds to the positivity of
the state. These three equations coincide respectively with equations (2.8),
(2.9) and (2.10) in Ref. 35. The integrated form of the first two equations
also coincide with equations (5.1) and (5.2) in Ref. 38:

p= %/ v(dk) {é((’]?) coth %ﬂE(k) - 1} +r0 (3:9)

ul|o 2
(|0|+po)zw/n y(dk)AE(Zi) coth%ﬁE(k) tpo.  (3.10)

On the other hand, we find that the condensate equation (2.31) with respect
to ag/V1/? is

po(—p +vp —ulpo + |o])) =0, (3.11)
cf. (3.6), and that with respect to Q5 /V it takes the form

@ +a>{ JARINRER) = -+ o) ) + (- -+p)
(3.12)
—u [/V(dk) ME)? (p(k) +1/2) + po} (c + O’)} = 0.

Taking into account that |c|?> = pg, one can check that these conden-
sate equations are consistent with the Euler-Lagrange equations (3.4)-(3.6)
and/or (3.9)-(3.10).

Remark 3.1. Notice that there is a relation between the condensate equa-
tion (3.11) and the Euler-Lagrange equation (3.6). Indeed, by (3.3) the
po-dependent part of the variational functional has the form

- 1
Eo(po) := 5 (v = u)p§ = (u = vp +ulopo ,

where p := p — po. Since v > u, & is strictly convex and has a unique

min

minimum at pf". For p < vp — ulo| one gets p® = 0, which is not a
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stationary point, whereas for p > vp — u|o| the minimum occurs at the
unique stationary point p§'™ = (u—wvp+ulo|)/(v—wu) > 0. These of course
correspond to the solutions of the Euler-Lagrange equation (3.6), or the

condensate equation (3.11).

Remark 3.2. We have assumed above that E(k) > 0. It is clear that E(k)
corresponds to the spectrum of the quasi-particles of the model (3.1) and
that it should be real and non-negative for all k. We can see this by applying
the general and well-known inequality (see e.g. Refs. 9,17 or Ref. 43)

li‘I/nw([X*, [Hy — uNy, X]]) >0

holding for each equilibrium state and for each observable X. Let X = ay,
where @), = ugar — via®* ;, with

ui_;<]];((ll?)+1>, vg_;<£((’]‘;))_1>. (3.13)

Then one obtains limy w([ay, [Hy — uNv,ax]]) = E(k) > 0, as should be
by the stability of the original system.

There are two order parameters in the model (3.1), namely py (Bose
condensate density) and the function s(k), or the density of condensed
BCS-type bosons pairs ¢ with opposite momenta. By virtue of equations
(3.9), (3.10) and (3.6) it is clear that there exists always a trivial solution
given by po = s(k) = 0, i.e., no boson condensation and no boson pairing.
The interesting question is about the existence of non-trivial solutions.

The variational problem for the Boson pairing model for constant A has
been studied in detail in Ref. 35. It was shown there that the phase diagram
is quite complicated and it was only possible to solve the problem for some
values of u and v, see Fig. 2 in Ref. 35.

The first Euler-Lagrange equation (3.9) implies that for u > 0 (attrac-
tion in the BCS part of the PBH (3.1)) the existence of Bose-Einstein
condensation, pg > 0 for large chemical potentials p, or the total particle
density p. Moreover, it causes (in ergodic states) a boson pairing, o # 0.
This clearly follows from the condensate equations (3.11), (3.12) or the sec-
ond Euler-Lagrange equation (3.10), since (3.10) is impossible for py > 0
and o = 0. However from the same equation it can be seen that the bo-
son pairing o # 0 can survive without Bose-Einstein condensation i.e. for
po = |c|* = 0. This is proved in the next remark.

Remark 3.3. In this remark we prove that it is possible to have a solution
of the condensate equations (3.11), (3.12) with pg = 0 and o # 0. The proof
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is based on the analysis in Ref. 35. For simplicity let us take n = 3 and
A(k) = 1. For x > 0 we let

E(k,x) = {(e(k) + 2) — 22}/, (3.14)
and for fixed v > 0
v e(k)+x 1
I = = dk th —GFE(k —15. 3.15
(o) =5 [ vtan {0 comomnn -1} @y
Let p. be the critical density of the Perfect Bose Gas at inverse temperature
B,
= dk L 3.16
Pec = RSV( )m- (3.16)

Let p1 = sup,so(l2(z) — x). From (3.15) one can check that I5(0) = vp.
and I4(0) = 400, and therefore ju; > vp,. Choose vp, < p < pu1 and let &
be one of the solutions of y = Iz (x) — .

Now for > 0, let

v 1 1
Il(x) = §/R3 V(dk)m coth iﬂE(k,x),
Az) = zli(z) — I(z). (3.17)
One can check that A is a strictly concave increasing function of z with
A(0) = —vp,. Let
a:=(AZ)+p)/t+1=1(z). (3.18)

Note that A(#) + p > A(0) + p > p—vp. > 0 and therefore a > 1. Let the
BCS coupling constant u = v/a.
We now propose the following solution:

(k) = ;g“();; coth %ﬁE(k,:i:) - % (3.20)
s(k) = QE(”;;, 5 coth %ﬂE(k;,:ﬁ). (3.21)

From the definitions above it can be verified that (s(k))* < p(k)(p(k) + 1).
Then using the identities

1
wo="o==I(2)i=4z,
« o
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we can check that the condensate equations (3.11), (3.12)) are satisfied.
Note that (3.19)-(3.21) is also a solution of the Euler-Lagrange (3.4)-(3.6).
In fact, in Ref. 35 we have proved that there is a whole region in the p-a
phase space for which this happens.

Suppose now that (pg # 0, 5(k), 5(k)) is another solution of (3.4)-(3.6)
for the same values of p, v and u. Then from (3.6) we can let

Y- U/RS W(dR)p(k) — 1 = ulio + |5]) > 0 (3.22)
and so from (3.4)) and (3.5)) we obtain
. e(k) +y 1 1
p(k) = 2E(hy) coth §5E(k7y) -3
§(k) = % coth %ﬁE(k,y).

Integrating these identities we get

y+p—vpo = I2(y),
ay —vpo = yli(y)
and subtracting gives A(y) = (o — 1)y — p. But from the properties of

the function A mentioned above the last equation has only one solution for
> vp. and therefore y = &. Thus the solution coincides with (3.19)-(3.21).

3.2. BCS repulsion u < 0: suppression of BCS pearing and
generalized (type III) Bose condensation

The “two-stage” phase transitions with one-particle py = |c|?> # 0 and pair
o # 0 condensations described in Section is possible only for attractive BCS
interaction u > 0. This behaviour was predicted in the physics literature
(see for example Refs.20,46) and then was proved in Refs. 35,38.

The case of repulsion (v < 0) in the BCS part of the PBH (3.1) is very
different than attraction. Despite general belief,8-20:21:29 repulsion u < 0 is
not identical to the case u = 0, i.e., to the Mean-Field Bose gas. The latter
model has been studied in great details by different methods and it shows
a simple type I BEC in the ground state, see Refs. 5,14,16,22,26,37.

Remark 3.4. Formally one deduces that (3.10) for v < 0 implies only
trivial solutions py = 0, ¢ = 0, but since the equation gives stationary
points of the variational problem, this observation can not be conclusive.
On the other hand the condensate equations (3.11), (3.12) give immediate
but only partial information that for ;1 < 0 the Bose condensation py and
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boson pairing ¢ must be zero. The inequalities of Remark 3.2 do not give
more information about those parameters. The pressure for u < 0 was ob-
tained rigorously in Ref. 35, in fact for a wider class of interactions then we
consider here. The nature of the phase transition was studied in Ref. 38,
where a method of external sources was used to prove the variational prin-
ciple. Below we give another argument that solves the problem for the BCS
repulsion in the PBH model (3.1).

Let us therefore take u < 0. Then clearly

E(rt,ac) > /a(dk) (R)p(k) — o+ 27"

Therefore, since r — rlnr — (r — 1) In(r — 1) is increasing and 7(k) < r(k),
we have

S(we,r,s) < S(wg) < S(wr),

where S(wr) = S(we,r,5=0) = S(wp=0,r,5=0) as in (2.20), the free-energy
density f(wg) is bounded below by the free-energy density fM¥ (3, u) of
the MF boson model. On the other hand

f(wg) inf  {BE(r,t,a,c) — S(we,r,s)}

PO, QTS

< inf » {BE(r t,a,¢c) — S(wy,r,5)} (3.23)

po=0, s=

— inf {ﬁ </u(dk) e(k)p(k) — pp + Zpg) - S(wR)} )

p

where p = [v(dk)p(k). It is well known that the last infimum gives the
free-energy density of the MF model (though this infimum is not attained
with po = 0 for p > vp.()) and therefore f(wg) coincides with the free-
energy density fMF (3, ). Here p.(f) is the critical density for the Perfect
Bose Gas (3.16). Thus we have the following: In the case of BCS repulsion
u < 0 the free energy for the PBH is the same as for the mean-field case

Flwg) = M7 (B.p) - (3.24)

Returning to the variational principle this means that the infimum of the
free-energy functional in the repulsive case is not attained for u > vp.(5).
Since the critical density p.(() is bounded (for n > 2), we must have BEC
in this domain. But now it cannot be a simple accumulation of bosons in
the mode k = 0, i.e. pg # 0, since it would imply that ¢ # 0, and by
consequence a positive BCS energy in £(r, t, a, ¢), see PBH (3.1).

The situation which one finds strongly suggests a relation to what is
known as generalized condensation. The possibility of such condensation
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was predicted by Casimir'! and studied extensively by van den Berg, Lewis
and Pulé.* One form of generalized condensation is called type III; here
the condensate is spread over an infinite number of single particle states
with energy near the bottom of the spectrum, without any of the states
being macroscopically occupied. To make the connection with the large
deviation and variational techniques developed by van den Berg, Lewis and
Pulé, see e.g., Refs. 6,7, note that though the infimum in the right-hand
side of (3.23) cannot be reached within the space of regular measures p(k)
with po = 0, there is a sequence of regular measures {p(k)}; such that
pW (k) = 0-8(k) + pW (k) — pod(k) + p(k), | — oo. Here py > 0 when
1> vpe(B).

If F denotes the free-energy density functional in terms of
(po, p(k), s(k)), then we get

Jim 70, p 0 (k), s (k) = 0) = F(po, p(k), 5(k))- (3.25)

Mathematically this is due to the fact that the functional F is not lower
semi-continuous on the set of reqular measures. The physical explanation
was given in Ref. 38: In the case v < 0 this model corresponds to the mean-
field model but with type III Bose condensation, i.e. with approximative
regular measures that have no atom at k& = 0. The fact that repulsive
interaction is able to “spread out” the one-mode (type I) condensation into
the type IIT was also discovered in other models.'%3!
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