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Preface

Physicists around the world received the sad news of the demise of
Professor Leo P. Kadanoff in October 2015. [ had no personal inter-
action with him. I heard about him during my first statistical physics
class when I was a college junior while I studied Kadanoff’s block
spin procedure that provides an insight into the renormalization
group theory. Since my professional career has long been dedicated
to investigating the electronic structure problems in solids, I usually
studied the density functional theory, which is conventionally on top
of the zero-temperature or the finite-temperature quantum many-
body theory in equilibrium.

My first professional touch on the nonequilibrium statistical
physics was during my post-doctoral experience at Northwestern
University, Illinois, USA, in 2005, when I was struggling to develop
a computer code, under the guidance of Miyoung Kim and Art
Freeman, for calculating the Seebeck coefficients from the electronic
structures of solids. The transport coefficients, such as electric
conductivity, thermal conductivity, and thermoelectric power, are
defined by the assumption that a system is in a near-equilibrium
state, i.e., essentially in a nonequilibrium state close to equilibrium;
this leads to a completely different physical formalism from the
equilibrium physics with what I usually had dealt. At that time, I
adapted a branch of Boltzmann equation, the so-called Bhatnagar-
Gross-Krook (BGK) model in which the collision term is replaced
by a simple parametric function of the distribution function. The
BGK model has been known, erroneously in many textbooks for
solid state physicists, as the Boltzmann equation. The code for
the Seebeck coefficients based on the BGK model was written
incompletely, so the remaining numerical problems were fixed by
my friend Jung-Hwan Song, who unexpectedly passed away on June
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15, 2011, and its first realistic application was done by Min Sik Park
and Julia Medvedeva, who wrote the first draft of the manuscript for
publishing in Physical Review B in 2010.

During my POSTECH period, I faced a bunch of problems
on nonequilibrium statistical physics, but they are full of phe-
nomenological and empirical treatments dedicated for metallurgical
applications. I have had spent most of my efforts to build a
research framework, the so-called multiscale simulation method,
by organizing a research team consisting of Korean experts from
the vast disciplines of electronic structure modeling, molecular
dynamics modeling, phase field modeling, phase thermodynamics
with databases, and dislocation dynamics modeling. Struggling to
understand those theories, I realized that we need a rather smoothly
unified theoretical framework derived from first principles. To
this end, it is necessary to eliminate structural complications by
arranging atoms to form crystals and solids. Such a system is
nothing more than a very cold and dense plasma. In 2014, I
decided to move to the New Mexico Consortium, Los Alamos,
New Mexico, where I studied the two-component equilibrium
quantum plasma physics, the classical and quantum kinetic theories
for multicomponent systems, and the two-temperature molecular
dynamics for calculating transport coefficients.

In the meantime, I carefully read Leo P. Kadanoff and Gordon
Baym’s book Quantum Statistical Mechanics: Green’s Function Meth-
ods in Equilibrium and Nonequilibrium Problems (Benjamin, New
York, 1962). Like many other classic books, especially Frontiers in
Physics: A Lecture Note and Reprint Series, this book also explains
nonequilibrium statistical physics in a systematic way. It contains
essential concepts on statistical physics in terms of Green’s functions
with sufficient and rigorous details. However, as my friends agree
with me, a lack of effort at the publisher’s end reduced the
readability of this book. The book was printed as a photocopy of
the original manuscript, which was prepared with the help of a
typewriter. In my humble opinion, a book prepared with careful
typesetting helps a reader’s brain to work smoothly because it does
not have to work hard to interpolate text from bad printing. I have
rewritten the text in the KTgX2e format, fixed some typographical
errors, corrected mistakes in equation numbers, drawn figures with
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modern computer programs, added my own footnotes to the text,
and saved in my laptop. This rather tedious work was extremely
helpful for me to understand the formalism of nonequilibrium
quantum statistical mechanics.

During this rewriting and annotating, 1 felt the necessity to
provide a short note on the second quantization chapter in front
of the original text. Although there are no substantial paradigm
shifts after the publication of the original text, the curricula of
graduate schools have evolved since the 1960s. Graduate students
of modern physics now learn relativistic quantum field theory
and quantum many-body physics and have to work on their own
research topics. It, therefore, becomes necessary for them to spend
time on consistent study to make the knowledge of a topic concrete
in their minds in addition to passing relevant examinations. My
experience tells me that a systematically prepared summary is
extremely useful for settling down the key knowledge of a subject.

I would like to appreciate Mr. Stanford Chong, Pan Stanford
Publishing, for encouraging me to publish this rewritten text, which
was prepared purely for personal purposes, in the form of a book,
so that graduate students as well as senior researchers may benefit
from these annotations on the classical text.

In-Gee Kim
Winter 2017

xiii
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Preface of
Quantum Statistical Mechanics: Green’s
Function Methods in Equilibrium and
Nonequilibrium Problems

These lectures are devoted to a discussion of the use of thermo-
dynamic Green’s functions in describing the properties of many-
particle systems. These functions provide a method for discussing
finite-temperature problems with no more conceptual difficulty
than ground-state (e.g., zero-temperature) problems; the method is
equally applicable to boson and fermion systems, equilibrium and
nonequilibrium problems.

The first four chapters develop the equilibrium Green’s function
theory along the lines of the work of Martin and Schwinger. We
use the grand-canonical ensemble of statistical mechanics to define
thermodynamic Green’s functions. These functions have a direct
physical interpretation as particle propagates. The one-particle
Green'’s function describes the motion of one particle added to the
many-particle system; the two-particle Green’s function describes
the correlation motion of two added particles. Because they are
propagators they contain much detailed dynamic information,
and because they are expectation values in the grand-canonical
ensemble they contain all statistical mechanical information. Several
methods of obtaining the partition function from the Green’s
functions are discussed. We determine the one-particle Green's
function from its equation of motion, supplemented by the boundary
conditions appropriate to the grand-canonical ensemble. This
equation of motion, which is essentially a matrix element of the
second-quantized Schrédinger equation, gives the time derivative
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of the one-particle Green’s function G in terms of the two-particle
Green’s function G,. We physically motivate simple approximations,
which express G; in terms of G, by making use of the propagator
interpretation of the Green'’s functions.

Chapter 6 presents a formal method for generating Green’s
function approximations. This method is based on a consideration
of the system in the presence of an external scalar potential. We also
discuss here the relation between our equation of motion method
and the more standard perturbative expansions.

Chapters 7, 8, and 9 outline a theory of nonequilibrium
phenomena. We consider the deviations from equilibrium arising
from the application of an external time- and space-dependent force
field to the system. By making use of the results of Chapter 6 we
show that every Green’s function approximation for an equilibrium
system can be generalized to describe nonequilibrium phenomena.
In this way the Green’s function equations of motion can be
transformed into approximate quantum mechanical equations of
transport. These are used, in Chapter 10, to derive generalizations of
the Boltzmann equation. As examples of the nonequilibrium theory,
we then discuss ordinary sound propagation and also the Landau
theory of the low-temperature Fermi liquid.

Chapters 13 and 14 describe two approximations that have been
extensively applied in the recent literature. A dynamically shielded
potential is employed to discuss the properties of a Coulomb gas;
the two-body scattering matrix approximation is developed for
application to systems with short-range interactions.

An appendix and a list of references and supplementary reading
are included at the end.

We should like to express our gratitude for the hospitality offered
us at the Institutes for Theoretical Physics in Warsaw and Krakow,
Poland, and Uppsala, Sweden, where these lectures were given in
part. Special thanks are due Professor Niels Bohr of the Institute
for Theoretical Physics in Copenhagen, where lectures were first
delivered and finally written.

Leo P. Kadanoff
Gordon Baym
March 1962



Chapter 1

Physical Prerequisites

1.1 Basic Quantum Mechanics

The quantum revolution in the beginning of the 20th century
changed our concepts of dynamics. The dynamic variables such as
position r and momentum p are replaced by the corresponding
position and momentum operators f and P, respectively. When one
would like to observe a dynamical variable, say w, of a particle, one
has to introduce a wavefunction ¥, which contains all the dynamical
information of particles, and to apply the corresponding dynamical
operator €2 to the wavefunction . Then one may obtain the desired
dynamical value of the particle as the eigenvalue of the operator,

QY = wy. (1.1)

This simple eigenvalue equation raises difficult philosophical
problems.

Although it possesses a simple mathematical structure, Eq. (1.1)
tells us that a dynamical property of particle is not a measurement
independent of particle. In order to observe a dynamical variable
of the particle, we have to perform an observation represented by
the operator €2 and then we have to apply the operation to the
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2 | Physical Prerequisites

corresponding spuriously defined wavefunction v, which looks like
a metaphysical object. It seems like that our mother nature responds
us based on our observational acts. We would like to understand the
nature of measurement and the wavefunctions.

In the Hamiltonian dynamics,® all the dynamical properties
are described in terms of the canonical coordinates x, and the
corresponding conjugate momenta py; with r, s = 1,2,3,...,n
where n is the degree of freedom. The corresponding quantum
operators %, and p, follow the conditions

XX — &% =0, prps— bspr=0 (1.2)

)?rf?s - [A)s)?r = ihBrs;
where i = «/—1, h = h/2x is the rationalized Planck’s constant,
and &, is the Kronecker delta.’ This is known as the fundamental
quantum conditions. The fundamental quantum conditions state
that the measurement order of two conjugate dynamical variables is
important. The noncommutative operations of conjugate dynamical
variables restrict the precision of measurements. The implication
of the fundamental quantum conditions to the classical dynamical
variables is so-called the first quantization.

Now one can prepare a quantum mechanical Hamiltonian
operator H, which is written in the form of operators described
earlier and is essentially the same as the classical Hamiltonian H,
with the care of the fundamental quantum conditions Eq. (1.2).
When we operate a Hamiltonian operator H to the wavefunction v
of a particle, we obtain the energy of the particle:

Ay = Evy,

3The annotator presumably assumes that the readers have studied the classical
dynamics at the level of L. D. Landau and E. M. Lifshitz, Mechanics, 3rd Ed.
(Elsevier, Amsterdam, 2005) and/or H. Goldstein, C. P. Poole, and J. L. Safko, Classical
Mechanics, 2nd Ed. (Addison-Wesley, Reading, Massachusetts, 1980).

YThe annotator assumes that the readers have studied the mathematical physics at
the level of George B. Arfken, Hans J. Weber, and Frank E. Harris, Mathematical
Methods for Physicists: A Comprehensive Guide, 7th Ed. (Elsevier, Amsterdam, 2013).

¢P. A. M. Dirac, The Principles of Quantum Mechanics, 4th Ed. (Clarendon Press, Oxford,
1998) p. 87.



Basic Quantum Mechanics

where E is the total energy of the particle. It will be helpful if
we investigate the simplest physical situation: the motion of a free

particle.?
A free particle with mass m has the energy
2
p
=—. 1.3
o (1.3)

Let us align our coordinate system by putting the x-direction
parallel to the particle motion. In quantum mechanics, we have a
corresponding wavefunction ¥, which is believed to contain all the
information for describing the dynamics of the free particle. The
motion of transverse wave in time ¢ is described by the equation

92 02

a—g = ya—xlg, (1.4)
where y is the square of wave velocity. We may assume the
wavefunction is one of the linear combinations of plane waves,

i(kx—wt
te=0) o

cos(kx — wt), sin(kx — ot), e —i(kx—ot)

as usual. Then the differential equation Eq. (1.4) satisfies if and only
if

y = ﬁ = ? = 74m2 .
The Planck-Einstein relations,

p=hk E =ho, (1.5)
enable us to write the wave equation Eq. (1.4) as
W _
ot~ axz’
where
io ihE ih

We arrive at the one-dimensional Schrodinger equation of a free
particle,

dThe annotator follows the discussion of Leonard 1. Schiff, Quantum Mechanics,
3rd Ed. (McGraw-Hill, New York, 1968) Chapters 1, 2, 3, and 6.

3
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The extension to the three-dimensional case is straightforward to
yield that

0y n?

Iha = —EV Y. (1.6)
Considering the three-dimensional Einstein relation is p = &k and
comparing with Eq. (1.3), one obtains the quantum operators of
energy and momentum,

3
E— iz, P ~ihV, (1.7)

respectively.
When an external force F defined by the external potential V,
such as

F(r,t) = -VV(r, t),
exerts on the particle, the total energy of the particle becomes

pZ

E=—+V(t) (1.8)
2m
and one may have the Schrodinger equation as
oY n? N
h—=—-——V V(r, )y, 1.9
ihSe ===V + V(0 (19)

where V is the potential operator corresponding to the classical
potential V. We have a good machinery to solve Eq. (1.9), so we
can obtain, in principle, the wavefunction of particle under the given
boundary conditions. However, we have a big problem: What is the
wavefunction?

There are many interpretations on the wavefunction, but we are
going to accept the standard assumption, due to Born,® that the
numerical value of a measurement is described by a probability
function, which is related to the wavefunction v, which is a complex
function. Since a probability must be real and nonnegative, one may
think of a multiplication of its complex conjugate ¢* to ¢ as the
probability density. As an example, one may obtain a probability
density P(r, t)dxdydz to find the particle in the neighborhood of
volume dxdydz around the position r at time ¢ as

P(r, ) = y*(r, )y (r, &) = [y (r, ). (1.10)

M. Born, Z Physik 37, 863 (1926); Nature 119, 354 (1927).
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This interpretation is termed the Copenhagen interpretation.
Because the particle should be found one and only one in the space,
the wavefunction normalization have to be

/Iw(r, )*dr=1. (1.11)

Copenhagen interpretation can be understood as follows: A dynam-
ical variable @ can be measured as any value after an observation.
Unfortunately, we have no prior knowledge which value will be
measured before the observations. Instead we have an expectation
value of the corresponding operator €2,

- /w*(r, HQy (r, t)dr. (1.12)

Let us investigate how the expectation values of the position
operator X and the momentum operator py evolve in time. The time
evolution of (x) is

%m: i/w*&wdrz/w*)?%dr—i-/aw* ydr
oo

i ) o
+h/(—2V1// +V1/f>x1//dr

= % [V*% (V2y) — (V2y*) Ry ] dr
=2m (W & (V29) + (V™) -V (Ry)] dr

_ f (RY YY) - AdS.
2m S

Because the wave packet vanishes at infinity, the last surface integral
term vanishes. Then we have

d i fi
= / W% (VA9 + (V) - ¥ (%9)] dr
Y[RV — V2 (&) dr + in 7{ V- (¢*V&y) hdS
2m 2m Jg
=—— w*%dr
m 0x
Therefore, we arrived at a relation
d 1

—{x) = —(px)- (1.13)

5
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It is straightforward, in the same fashion, to have the time evolution
of the expectation value of the momentum operator as

d B oV 1.14
dt<px>_<_ax>' (1.14)

Equations (1.13) and (1.14) constitute the Ehrenfest’s theorem' for
the x-component. The Ehrenfest’s theorem shows the analogy of the
expectation values of X and p to the classical equations of motion:

dr _p dp

dt m' dt

Let us imagine a function ug(r), which satisfies an eigenvalue
equation

—VV.

h? N
{—vz + V(r)} ug(r) = Eug(r). (1.15)
2m
It also defines the Hamiltonian operator
N h? N
H=——V>4+7V([D), (1.16)
2m

and ug is the eigenfunction of the Hamiltonian operator. Using this
eigenfunction, we may write the wavefunction as

Y (r, t) = u(r)e 'EYR, (1.17)

Applying the energy operator ih% to the wavefunction Eq. (1.17), we
obtain

ih% = E. (1.18)
at
So the constant E is an energy eigenvalue and the function ¢ is an
energy eigenfunction y, corresponding to the energy operator Ih%
Since | |? is constant in time, the energy eigenfunction y represents
a stationary state of the particle of energy E.
The eigenfunction ug(r) satisfies the normalization condition
Ik lug(r)|>dr = 1 for any discrete set of eigenfunctions labeled by
E. For two different normalized eigenfunctions of the respective
eigenvalues E and E’ are orthogonal each other,

/u’g,(r)uE(r)dr = dpp (119)

fp. Ehrenfest, Z. Physik 45, 455 (1927).
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for non-degenerate energy eigenfunctions. When there is degener-
acy identified by s and s, the orthonormality condition has to be

/u”g/s,(r)ugs(r)dr = 555/855/. (120)

We are able to expand any wavefunction v (r) in terms of the energy
eigenfunctions,

v(r) =) Agus(r). (1.21)
E

The coefficients in the expansion Eq. (1.21) can be obtained by the
procedure

/uz,(r)xp(r)dr = Ag / uy (Dug(X)dr = > Apdpp = Ap.
E E

It is also important to note that the energy eigenfunctions ug satisfy
the closure property:

> upug(r) =8(x —xV8(y —y)8(z—2) =8(r — ). (1.22)
E

In Copenhagen interpretation, we consider P(E) = |Ag|? as the
probability of finding a particle described by the wavefunction v (r)
at the energy E, because

> Pe) =3 [upwmdr [ usyp @)
E E

Z// V() (r) lz u}(r)uE(r’)] drdr’
E
=/ ¥ (') (r)8(r — r')drdr’

~ [ =1

The energy eigenfunction expansion of the wavefunction enables
us to separate the time dependence of the Schrodinger equation
if the potential energy operator V is independent of time t. The
wavefunction ¢ (r, t) is expanded in energy eigenfunctions at the
time t with the time-dependent expansion coefficients:

Y, )= Ag(Qup(r), Ag(0) =/U’E(l‘)w(l‘, t)dr.  (1.23)
E

7
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The expansion Eq. (1.23) is substituted into the Schrodinger
equation (1.9) to yield
d
i iy —Ap(t) = Ap(t)E ,
i ZEjuE(r)dt 5 (1) XEj £ (Eug(r)
or, using the orthonormality of the ug,
d
ihEAE(t) = EAg(8), (1.24)
with the probability P(E) = |Ag(t)|* being constant in time. It is a
simple procedure that the time integration to Eq. (1.24) is performed

once with the initial condition at time . The general initial value
wavefunction is, therefore, written in the form:

U = Ap(to)e” " Fug(r)
E (1.25)
Ap() = [ WV, )

We have another important eigenfunction expansion method by
using the momentum eigenfunctions defined by the momentum
eigenvalue equation

—ihVup(r) = pup(r). (1.26)

The generic solutions to the momentum eigenvalue Eq. (1.26), with
the relation p = 7k, are written in the form of

uk(r) « exp(ik - r).
These are eigenfunctions of the momentum operator with the
eigenvalues 7k. The proportionality constants are determined by the
choice of normalization method.

The simple and commonly chosen normalization method is the
box normalization, in which the probability to find a particle in a
cubic box of volume L3 with the length of each edge to be L is unity.
The box normalization restricts the possible values of k to be a set

of discrete values:
2mn
kX = X) k =

2mn, k, — 2mwn,
L

L’ L’

Meyz=0,£1,42, -
(1.27)

and the proportionality constant becomes L~3/2. The orthonormal-
ization condition becomes

/L3 u:’;(r)uk(r)dr = Skqugkyqyskzqz = Skq (1.28)
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with the properly normalized momentum eigenfunctions
ug(r) = L3% exp(ik - r). (1.29)

The continuity of k is assumed by taking the limit of the size of the
box to be sufficiently large, L — oc. This limit is commonly taken at
the end of calculations.

There is another normalization method by using the properties
of delta function. To see this, we may consider the integral
i ug (r)uk(r)dr is the product of three integrals of each component:

0 g
/ el gy — lim [ elte-a)xgy
oo g—oo J_g
2 si ky —
— lim sing(ky — qx)
g—00 k;, — gy
—275(ky — qx),

where we employed the sinc function representation of delta

function, §(x) = limy_. Si;%. We now give the proportionality to

the momentum eigenfunctions defined in the infinite space to be
u(r) = (27) 3% exp(ik - 1), (1.30)
which satisfy the orthonormality condition
/UZ';(F)Uk(r)dr = 8(ke —qx)3(ky —qy)é(k,—q;) = 5(k—q). (1.31)

When we choose the delta-function normalization scheme, one may
expand the wavefunction in terms of the momentum eigenfunctions
with the introduction of k-dependent energy Ey,

Ve ) = / dkA e FEitu (x),

where we consider a one-dimensional motion for simplicity. The free
particle Schrédinger equation in one dimension,

oY R? 9%y
ih—=———,
at 2m 9x?
yields the energy-momentum relation
h2k?
Ey=——. (1.32)

2m

9
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The Planck-Einstein relation E; = hw(k) transforms Eq. (1.32) to a
dispersion relation,

w(k) = %kz. (1.33)

The efforts to obtain the dispersion relations for the interacting
systems constitute a central pillar of modern physics, since a
dispersion relation contains every physically relevant information
about the stationary quantum system.

Let us consider how we can observe the dynamical variables
precisely in quantum mechanics. This can be analyzed by consid-
ering the mean-square deviation of observations. The word “mean”
implies the expectation value discussed in the Ehrenfest’s theorem.
Let us restrict our discussions to the one-dimensional free particle
motion. The mean-square deviations of the position (Ax)? and the
momentum (Ax)?

(Ax)* = ((& — (x))*) = (x*) — (2x (x)) + ((x)?) = (x*) — (x)?
(Ap)* =((p — (p*) = (p*) — (p)%.

Introducing the measurement error operators

» d d
G=f-), B= —(p)=—ih(dx—<dx>>,

one may obtain

>

(Ax)? (Ap)? = / " ey / " By

(1.34)
o0 [e¢] n n
= [ @vy@wdx [ (gre) (b)ax
—0oQ0 —0o0
The right-hand side of the product of the mean-square deviation
Eq. (1.34) is in the form of [* f* fdx [*° g*gdx, with f = &y and
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g = Bv. Since the inequality
| fg*dx 2

/ [1gI? dx

holds for all infinite range integrals, but the equality holds only for
f = cg with constant c, the inequality
2
| £rgax

/Iflzdx/lglzdx >

also holds. Then the product of the mean-square deviation Eq. (1.34)
satisfies the inequality

[ @ () ax

We consider the symmetric description of the operator product &8
as in the right-hand side of Eq. (1.35)

N N S O S YA
aﬂ:i(aﬁ—ﬂa)+5(aﬁ+,3a)
and take care about the fact that the operator 3 is a differential
operator to enable us in performing the integration by part with

discarding the surface integrals and cross terms. By definition and
the fundamental quantum conditions Eq. (1.2), itis easy to show that

(@B — pa) ¥ = —ih [&‘X - % (XW)} — il

It is, then, straightforward to show the relation

f—g

2

(Ax)* (Ap)* > (1.35)

‘/ V*aBydx

1 1
(A)* (Ap)* = 0" or Ax-Ap>h. (1.36)

This inequality is known as the Heisenberg’s principles of uncer-
tainty.®

One has to take care about the interpretation of the uncertainty
principles. During the derivation of Eq. (1.36), we have not involved
any interaction related with any observation experiments. The
principle of uncertainty is the very nature of dynamics, once the
fundamental quantization conditions hold. The commonly known
explanation about the large disturbance of the motion due to the
lightness of particle, invented by Heisenberg himself (!), is invalid
to explain the principles of uncertainty.

8W. Heisenberg, Z. Physik 43,172 (1927).

11
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1.2 Representations and Equations of Motion

The quantum mechanical operator relation Eq. (1.1) has been
represented in the form
Qv (r) = w,v, (1), (1.37)

where € can be the momentum operator Eq. (1.7) with eigen-
functions Eq. (1.29) or Eq. (1.30), or the Hamiltonian operator
Eq. (1.16) with eigenfunctions defined by Eq. (1.15). It can also
expand v, in terms of the elements of an orthonormal complete set
of eigenfunctions w, with expansion coefficients u,,:

v,(r) = /E dk Uw,(r), (1.38)

where the symbol fz di denotes both a summation ) over
discrete values of the subscript « and an integration [ di over the
continuous part of its range. The orthonormality of w, (r) yields the
coefficients of transformation as

oo = [ Wi, (r)ar. (139)

We can also expand w, in terms of v,:

w,(r) = /): du ug, v, (r). (1.40)

We may regard u,, as the elements of a typical transformation
matrix UU*:

>
(vuh),, :/ diL U, Uy,

z
:/ du /wk(r)vﬂ(r)dr/vu(r Jw, (r')dr (L41)

_ / / W (E)S(r — Bw, (r')drdr’
= [ i@ = @,

where 1 is the identity matrix. This is the definition of the unitary
matrix U. So the expansion coefficients w,, are the elements of
the unitary matrix. In general, the unitary matrix U transforms
an operator €2 from one representation, in which a mathematical
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object in Hilbert space is expanded in terms of a set of orthonormal
eigenfunctions, to another:

UQUt = Q. (1.42)

Let ¥, (r) represent a particular state « of a system. We regard
V¥, as a matrix with one column, in which the rows are labeled by the
coordinate r. This column matrix v, can be expanded in terms of the
orthonormal complete set of uy(r) with the expansion coefficients
Ayk-:

by
b = [ k), a= [ 14

which can be written in the matrix form as
Vo =Uldy,  ay = Ut (1.44)

respectively, where a, is a one-column matrix with rows labeled by k.
Just as the unitary matrix U transforms an operator 2 into another
representation Eq. (1.42), it also transforms a state function v, to
the corresponding representation through Eq. (1.44).

It is left as an exercise to show that the unitary transformation
does not change the norm of the state function:

>
/ U (F) e (r)dr = / Ay () Ya(r) = V)V, (1.45)

where ] is the Hermitian adjoint of the one-column matrix v, with
the column labeled by r. The norm of a state function is a special case
of the inner product of two state vectors v, and g, which is defined
as

(Ver V) = Wi = / Y)Y (O)dr (1.46)

and is also a number. We can consider the two state vectors v,
and vy to be orthogonal if the inner product vanishes. The matrix
element ¥ Qs = (o, Q) is then the inner product of the state
vector ¥, and Q.

An extremely convenient notation system to represent the state
vectors and operators was invented by Dirac. Since any state

hp. A. M. Dirac, op. cit. Section 6 and J. . Sakurai and San Fu Tuan, Modern Quantum
Mechanics, Revised Ed. (Addison-Wesley, Reading, Massachusetts, 1994) Chapter 1.

13
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function or state vector can be transformed from one representation
to another, i.e.,, no matter how the state function is written as v,
or a,, we know those representations indicate a definite quantum
state . So we can write a quantum state « as a ket vector |«) and
its Hermitian conjugate bra vector («|. The inner product of the two
state vectors is written as

Vs = (@lp) (1.47)
and is called a bracket expression. Operations on a ket vector from
the left with  produce another ket vector

Q1B) =18 (1.48a)
and operation on a bra from the right with & produces another bra
vector

(| = (| (1.48b)

The matrix element of €2 between states « and f is written as

Qup =/1//§ (Qyp) dr

— (Y Q) (1.49a)
=(aIp’) = (« %] )
or equivalently
up = [ [0 (6] walr)ar
(1.49b)

= (@M, vp)
=(a[Q] B) = («I€21B).
The matrix element of the Hermitian adjoint operator {2 is then

given by

(@) =2 = (B|2I0) = (w[@2] ). (150)
We may represent a quantum state by Dirac notation: The ket
lu) to denote an eigenstate of Q with eigenvalue w,. A specific
example is that |k) denotes an energy eigenstate of Hamiltonian A
with eigenvalue E. In the same way, we assign |r) as an eigenstate

of position operator f with eigenvalue r. We may write the energy
eigenfunction of energy E as

ur(r) = (rlk),  uy(r) = (kir).
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The Dirac notation representation of Eq. (1.43) becomes

> z
V() = (rla) = / dk g (£lk) = / dk (kla) (£lk)

Since both factors (k|«) and (r|k) in the right-hand side are scalar,
their positions are interchangeable to yield

by
Yo (1) =/ dk (r|k) (kla) = (r|a).

Here we employed the completeness relation

b
/ dk |k)(kl =1, (1.51)
which have a short-hand notation of summation convention
|k )kl = 1.

Now we may rewrite the Schrodinger equation with the
Hamiltonian operator H in Dirac notation:

d A
ih— las(2)) = H |as(t)), (1.52)

where the total time derivative is used due to the fact that there is
no explicit coordinate dependence of the ket and the subscript S
refers to the ket as viewed in the Schrddinger picture. It means the
Schrodinger picture ket varies in time as a function in the ordinary
differential equation. The fact that the Hamiltonian operator H is a
Hermitian leads the Hermitian adjoint equation,

d .
_ihﬁ (as(t)] = (as(t)| H. (1.53)

The solutions to Egs. (1.52) and (1.53) are obvious if H is
independent of time:

las () = e M s (0)) (s (£)] (s (0)] /M, (1.54)

One should take care about the order of operator products
appearing in the infinite series representation of e*#%/" as an
infinite sum of powers of A, which is composed of noncommutative
operators f and p.

15
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We may find the time rate of the matrix element of a dynamical
variable €25 in the Schrodinger picture:

% {as(t) S| Bs(0)) = Li <a5(t)|} Qs Bs(0))

<Ots[t) Bs( )>

+ (as(0)] Qs {d Iﬂs(t))]

<as(t) ﬁs(t)>

+ oy (as) | (st = )| Bs0).
(1.55)

The time rate of the matrix element in the Schrodinger picture is
made of the expectation value of the time rate of the operator itself
and the expectation value of the commutator

[, ] = QA — A,

One interesting feature of Eq. (1.55) appears when Qg commutes
with A and has no explicit time dependence. In this case, all terms
in the right-hand side vanish and so all matrix elements of Qg are
constant in time. This property of the dynamical variable is the
definition of a constant of the motion.

Let us see what happens if we substitute the Schrodinger ket
Eq. (1.54) into the matrix element time rate Eq. (1.55). This gives

d n n s
i <065(0) elm/hﬂse_lm/h‘ ,35(0)>
,35(0)>

= <Ols(0) e

+ 2 (as@)|[¢ 7 s, A ]| 85(0))

where we have made use of the fact that A commutes with e*i#t/%,
It is convenient to define the time-dependent operator

ifdt/h 082 e—im/h
t

- ’

Q= th/hagise—ilflt/h (1.56)
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where the subscript H denotes the convention that the operator is
presented in the Heisenberg picture. Consequently, the Schrodinger
ket should be changed to the corresponding Heisenberg ket

lay (8)) = €717 ag () = las(0)). (1.57)

So the Heisenberg ket coincides with the Schrodinger ket at time t =
0. Thus, the Heisenberg ket does not depend on time for allowing to
write |y (£)) = |ay). Inthe Heisenberg picture, 2 depends on time
t no matter how g depends on time or not, unless Qs commutes
with A . The matrix element time rate is then

)« (o

Since this relation is valid for an arbitrary bra and an arbitrary ket, it
is valid for the operators themselves. The resulting operator relation
is known as the Heisenberg equation of motion:

0Qy
at

1 A N
b )+ o [ 8] ).

dy 9y 1 4
dc = oc Tin
This Heisenberg equation of motion serves the central role in this
book.

The time evolution of a quantum system is governed by the
unitary matrix e~At/h; the choice of the Schrédinger picture or the
Heisenberg picture is a matter of choice where the unitary matrix is
attached to the state vector or the operator, respectively. There is yet
another picture to describe the time evolution of a quantum system
by concentrating on this unitary matrix; it is the interaction picture
or Dirac picture. The first step to implement the interaction picture
is to divide the Hamiltonian into two parts:

,H]. (1.58)

A=Ho+H.

The division criterion is rather arbitrary, but A is commonly chosen
not to depend on time and to posses a simple structure. Most
common choice is that A is the kinetic energy, while A’ is the
potential energy. One may choose H to be the Coulomb field and
H' to be some external electromagnetic interaction. In general, H ,
Ay, and A’ do not commute with each other. The interaction picture

17
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defines the state vectors and the operators as
los (£)) = €057 o (1))

. N 1.59
Q[(t) = eiHQsE/hs"\ZSe—iHogt/h’ ( )

where the subscript I indicates the state vectors and the operators
are described in the interaction picture.

It is straightforward to show the time evolution of the state
vectors and the operators

d A~
ihE loey () = Hy |ty ()

A ) (1.60)
d; _ 0%y | 1 6, Aol
dt ot | ip Ol

where A’ = eiflost/ifjie=iflost/h I the interaction picture, the
time evolution of the state vectors is governed by the interaction
Hamiltonian H’, while the time evolution of the operators is
governed by the reference Hamiltonian Hoy.

To see the importance of the interaction picture, let us introduce
a parameter A, which varies from 0 to 1. We can modify the
Hamiltonian using the parameter A to

A=Hy+28"

The parameter A is tuned to be 0 at time t = —oo and is increased
slowly to 1 as time increases until t = 0, when an experiment begins
and the state vector and the operator in the Schrodinger picture,
the Heisenberg picture, and the interaction picture coincide with
each other. The operator time evolution is steady because we have
chosen Hy; to not depend on time. The solution to the operator
can be obtained once in any time ¢, and this solution persists for
all time interval from t = —oo to t = oo. On the other hand, the
state vector can be prepared at time t = —oo with the reference
Hamiltonian H ;. Since 1 = 0 at t = —oo, the state vector and the
operators coincide with those of the Heisenberg picture. This state
vector prepared at t = —oo evolves in time to coincide with the
state vector in the Schrodinger picture at time t = 0 and the further
evolution like the Schrodinger picture, but with only the interaction
Hamiltonian H’. So the experiment from ¢t = 0 to t = oo observes
the effects of the interaction H ' to the state vector prepared by
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the Hamiltonian H ;. This procedure is of great importance in the
equilibrium many-body theory.

An important example in the venue of many-body theory is
the problem of a simple harmonic oscillator of which a particle of
mass m oscillates in one-dimensional space with a small amplitude
around its equilibrium position through Hooke’s law with the spring
constant K. The Hamiltonian operator of the simple harmonic
oscillator is

o1
=2 4 Zme?s?, (1.61)
2m 2

where we find a characteristic oscillation frequency w = /K/m. The
symmetric powers of X and p operators in the Hamiltonian suggest
us that there is no difference whether we describe the simple
harmonic oscillator in the position space or in the momentum space.
Itis convenient to describe the simple harmonic oscillator in another
space composed of another set of two operators that are connected
by the Hermitian adjoint to each other, say @ and a'. One may find the
set of two operators by employing the symmetric and antisymmetric
linear combinations of the operators £ and p to be'

. mo [, P At fmo (. Db
= e - ] = . - - . 1-62
a 5 <x+1 ) a 5 (x i ) ( )

These operators satisfy a commutation relation
- 1 e e s
a,a'] = o (—i [% p1+i[p, X]) =1. (1.63)

We introduce a new operator N = afa, which is obviously
Hermitian) This operator is explained by the & and p operators,
from the definitions Eq. (1.62),

N mw 1 1
f=ata=("2) ( 5) 1+ (L) iz, 1.
a'a o <x +m2w2p + o [%, P]

This result suggests us to rewrite the simple harmonic oscillator
Hamiltonian operator Eq. (1.61) in terms of the operator N:

N L1

IThis is nothing more than a linear algebra exercise: Aaf) = (C“ CXP) (f
a Cox Cpp) \ P
JOne can check its Hermitian property by NT = (&Tﬁ)T =@ ((“J]L)Jr =ata

N——

.
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Since the Hamiltonian operator H is a linear combination of the
operator N, an eigenvector of N could be an eigenvector of H. Let
us write the eigenvalue equation of the operator N by introducing
its eigenvector |n) with the corresponding eigenvalue n:

Nin)=nin), (1.65)

so the eigenvalue equation of the Hamiltonian will be

A |n) = ho (n + ;) In), (1.66)

from which the energy eigenvalue of the Hamiltonian becomes

En = ho (n + ;) : (1.67)

The energy eigenvalue Eq (1.67) has more information than Planck’s
relation E = hw by the factor (n+ 1). We need to understand
what is the meaning of the quantum number n, which is essentially
a dimensionless nonnegative number for ensuring the positive
definiteness of the harmonic oscillator energy. To this end, let us find
the operator relations among IV, 4,and at.

We may first test the commutation relations

[N, a] =[a'a, a] =a'[a, 4] + [af, a] a = —a,
(N, a'] =[a'a, a) =a' [a,a'] + [a', aT] a = a'.
Using these relations, we can investigate the effects of operators a
and @' on the eigenvector |n). One may show that
Na'|n) = ([N, a'] +a'N) [n) = (n+ 1) a" |n) (1.69a)
Nain) = ([N, a'] +aN) n) = (n—1)aln). (1.69b)

(1.68)

Hence, one may consider @ |n) or @' |n) to be another eigenvector of
the operator N, say |m), to yield

Nim) =(n—1)|m)
or
Nim) =(n+1)|m).
So we can say
Im) - |n—1) for a

Im) > |n+1) for af
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and these relations give the effects of the operators @ and a' to |n) to
be

ajny=cln—1),
(1.70)
atiny=cn+1),

where ¢ and ¢’ are the appropriate phase factors. The implication
of the effects of the operator & or a' on the eigenvector |n) of the
operator N is obvious; besides the corresponding phase factor, a
decreases the eigenvalue n by 1 or af increases the eigenvalue n
by 1. These properties yield the name of the operators @ and a' to
be the annihilation (or destruction) operator and the creation (or
construction) operator, respectively.

Let us find the phase factors c and c’. First we consider the square
of cand ¢:

lcl*=(n—1|c*c|n—1) = (nl|a'a|n) = (n|N|n) =n,
’c”z (n+1]c"c|n+1) = (nlaa’|n)
(n|(N+1)|n)=(+1).
By convention, we take ¢ and ¢’ to be positive and real to obtain
aln) =ynin—1),
a'n) =vn+1in+1).

Now we operate the annihilation operator 4 to the eigenstate |n)
of the number operator N, successively. The sequence will be

aln) =+/nin—1),

a*|ny = \/n(n—1)|n—2),

53 (1.72)
a’|ny=+/n(n—1)n—-2)|n-3),

(1.71)

We know the positive definiteness of n as
n=(n|N|n)=((nla")-@m)=lel* = 0,

which proves the physical argument of the positive definiteness of
the harmonic oscillator energy E, = hw (n + ). The requirement
of the positive definiteness restricts n to be a nonnegative integer;
otherwise, the annihilation sequence Eq. (1.72) will never stop,

21
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leading to a negative value n. We conclude thatn = 0 is the minimum
eigenvalue with which the Hamiltonian eigenvalue equation yields

H10) = %ha) |0), (1.73)

which constitutes the ground state |0) of the simple harmonic
oscillator combined with the ground-state energy Ey = %ha)

We can now generate any simple harmonic oscillator states |n) by
applying successively the creation operator a' to this ground state:

=

_ At
11) = e 0),
1 1 2
2) = at 11y = at
|2) 1+1"'> m(a)un.
1 1 3
3) — at 12y = a0y, 1.74
1 . .\n
n) =%(af) 0),

with the corresponding energy
1
E,,:ha)(n+2>, n=20123,--- (1.75)

We may interpret that N operator counts the number of oscillators
n of frequency w, so N is called the number operator. This contrasts
sharply to a classical simple harmonic oscillator, which possesses its
energy proportional to its amplitude square:

[EnN

E = EmeAZ, (1.76)

where A is the amplitude and is a continuous positive real number.
The minimum energy of the classical simple harmonic oscillator
is, of course, zero, while the ground state of the quantum simple
harmonic oscillator is %ﬁw

We can obtain the matrix elements for the annihilation operator
and the creation operator,

(n'laln) = Vndyn-1, (n'|a'|n) =vn+18y1,  (1.77)
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respectively. It can also represent the position operator % and the
momentum operator p in terms of the annihilation & and creation
a' operators as

<>

whose matrix elements are

(n'|%|n) = 1/ i («/m5n/,n+1 + \/ﬁan’,n—1> ,
<n’|f9|n>=i\/ («/—5n/n+1 NG 1>

1.3 Second Quantization

(1.78)

The quantum mechanics formulation described in the previous
sections has shown its success when applied to a system whose
interaction can be modeled by a mean property single-particle
system. The physical world, which is made of many interacting
particles, requires the inclusion of the inter-particle potentials in the
many-particle Schrédinger equation. The many-body wavefunction
in configuration space contains all possible dynamical information.
Since it is impractical to solve the many-body Schrédinger equation
directly, one should resort to other techniques: second quantization,
quantum-field theory, and the Green's function formalism. The
idea of second quantization was introduced by Dirac* by applying
the concept of the annihilation and creation of particles in order
to bypass the mathematical difficulties in relativistic quantum
electrodynamics. Soon after Dirac, it has been shown that the second
quantization concept greatly simplifies the complicated problems of
many identical interacting particles.!

kp, A. M. Dirac, Proc. R. Soc. (London) 1144, 243 (1927).

'P. Jordan and O. Klein, Z Physik 45, 751 (1927); P. Jordan and E. P. Wigner, Z. Physik
47,631 (1928); V. Fock, Z. Physik 75, 622 (1932). The annotator suggests the reader
to refer the descent textbooks Alexander L. Fetter and John Dirk Walecka, Quantum
Theory of Many-Particle Systems (McGraw-Hill, New York, 1971) and John W. Negele

and Henri Orland, Quantum Many-Particle Systems (Addison-Wesley, Redwood City,
California, 1988).
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In relativistic quantum theory spins raise in natural such a
way to let a quantum field satisfy the relativistic transformation
properties.™ It is, however, convenient to accept the existence of
fermions with spin half-integers and of bosons with spin integers,
for non-relativistic quantum many-body theory. The spin degree of
freedom is indicated separately, for example o, and it is attached
to some dynamical variables, for example the position eigenvector
|x) = |ro). Further internal degrees of freedom, such as isospins,
can be attached in addition to such notation with an appropriate
quantum number.

A wavefunction of N identical particles Wy (x1, X2, ..., Xy, t)
represents the probability amplitude for finding particles at the
N positions and combined with the corresponding spin states,
X1, X2, ..., Xy at a given time t and has to satisfy the definiteness
condition to be written in terms of inner product condition

(‘IJN, ‘IJN) = /XmdXZ coodxy Wy (Xl, X2, ..., XN, t)lz < 4o00.

(1.79)
The N-particle Schrédinger equation, with the Hamiltonian operator

N N
A= zk: R(x) + % >V (x x1), (1.80)

kel

where K and V are the many-particle kinetic energy and potential
energy, respectively, is given by

el N
Ih&\IJN (Xl, X2, ..., XN, t) = H\I—’N (Xl, X2, ..., XN, t) (181)

together with an appropriate set of boundary conditions for the
wavefunction Wy.

The most important boundary condition of the many-particle
wavefunction Wy would be the permutation properties of indistin-
guishable identical particles. Let (P1, P2, ..., P N) represent any
permutation P of the set (1, 2, ..., N). We do not know if someone
permutes two particles collected from the set of the N identical

™MFor a rigorous derivation, one may refer J. M. Jauch and F. Rohrlich, The Theory of
Photons and Electrons, Second Expanded Edition (Springer-Verlag, New York, 1976),
Chapter 1.
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particles, but the N-particle wavefunction changes its sign according
to

Wy (xp1, Xp2, =+, Xpy, ) = 07Uy (X1, X2, -+, xy, 8), (1.82)
where P is the parity of permutation, and ¢ is +1 for bosons and —1
for fermions.

Let ¥o, (xx) be a time-independent single-particle wavefunction to

represent an independent single-particle quantum state |ak), which
is complete

)
/ dk le) (el = 1.

Conveniently, we consider that the infinite set of single-particle
quantum number oy is ordered (1, 2,3, ---, 1,5, ¢, ---,00) and ak
runs over this set of eigenvalues, so we have a fixed set of quantum
numbers

o1, 02, -, ON. (183)

We are going to construct the many-body wavefunction by ex-
panding in terms of the (independent) single-particle wavefunctions

%k (X k) :

Wy (x1, X2, ..., Xy, t)

= Z Z C(aPll ap2, -+, UpN, t) wmpl(xl)wapz(XZ)"'wde(XN)'

P apyp,apz,,apy

(1.84)

Since the v, (x) are time independent, all the time dependence
of the many-particle wavefunction is described in the coefficients

C (o1, a2, -+ -, ay, t), which also follows the permutation property
Eq. (1.82) in such a way that
C(ap1, apz, -+, apn, ) =¢"C (a1, a2 -+, an, t). (1.85)
To obtain the coefficients C (o1, a2, -+, ay, t) we require the
normalization condition
b
/ e 1@y (xi) 2 = 1. (1.86)

The orthonormality condition of the single-particle wavefunction
yields a condition

> C(an oz ay, )P =1, (1.87)

01,02, 0N
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Let us multiply Eq. (1.84) to the left by ! ¥} --- ¢} , which is the
product of adjoint wavefunctions corresponding to the fixed order
of quantum numbers a5 - - -y as appeared in the left-hand side,
and then integrate over all the appropriate coordinates. The result
becomes

Clayag, - am )= Y C(ap,aps, -, apy,t)

ap1,0p2, -, &pN

M
v / dxi ¥l (vl (x0) -l (ew)

X Yap (XP1)Wap, (XP2) - - Yoy (XpN)
= Z C (op1, apa, -+, app, t)

ap1,0p2, -, QPN

xS0 [ dnwd v, Ceen)
P

X /dXZw(L (Xz)wapz (XPZ) e

x / AXnyrl, (XN ) Wapy (Xp ).
(1.88)

We know from the Copenhagen interpretation that the integral
dekl/f;k(Xk)waPk(ka) measures whether a particle occupies the
quantum state |oy) if apy = a. Let ng be the count of how many
times one has the same permuted states |apy) as the state |ak),
so we say that ny is the occupation number. We also know that
a quantum state of fermions cannot accommodate more than one
particle because of the exclusion principle. The exclusion principle
allows one and only one permutation. On the other hand, bosons
can occupy any number of particles. In both cases, the sum of
the occupation numbers must be the same as the total number of
particles N:

N=> n (1.89)
k

The factors Y., ¢" [dx1y] (x1)Va,, (xp1)--- in the right-hand
side of Eq. (1.88) become (—1)” ny!ny!ns!- - - ny for fermions and
ni!ny!nz!- - - ng! for bosons. Here we do not limit the index of
occupation numbers because 0! = 1. Itis now available to switch the
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expansion coefficients C («q, g, - - - ay, t) to the occupation number
coefficients C (nq, ng, n3, - - - ny), which satisfies the normalization
conditions

. 2 N!
Z |C (n1, nz, n3, -+, o, )| ——————— =1 (1.90a)

niny!---ny!
ny, Nz, Ne 1+72 o

for bosons and

Z |C_'(n1, ny, n3:"':noo)|2L(—1)P:1
n  Ngo!

Ino!.
ny,nz, -, Neo 12

(1.90Db)
for fermions. Let us define another coefficient

N!

1/2
| | l) C(nllrIZ""noOit)l
N1iNg: -+ - Neo:

f(n11n2i"'in00i t)E (
which satisfies the corresponding normalization condition

Z |f(n11 np, : -+, Ny, t)|2=1

ny,ng,---Neo

The original N-particle wavefunction is now expressed as

Wy (X1, X1, - XN, t) = Z C (a1, az, - -an, ) Yoy (x1) Yoy (X2) -~ Vay (XN)

1,002, N
= > Clung -, 0) Yy (1) Yy (x2) -+ Yy (x1)
1,02, 0N
nilngl - nogl\ /2
= > f(nl.nz,--~.noo.r)(7°°
N!
ni,nz,--Neo

X Z;P Z Wam (Xl) l//apz (XZ)"'WCXPN (XN)
P

ap1,ep2,@pN

Z f(nl; ng, -+, Neo, t) q)nl,nz,wnoc (x1, x2, - - XN),

ny,ng,-Neo

(1.91)
where we introduced a symmetric (( = 1) or an antisymmetric
(¢ = —1) complete orthonormal basis function

nilng!-- - ng! 1/2
q)nl,nz,mnDC (X1: X2, " 'XN) - <N|oo>
’ (1.92)

X ZEP Z 1/fap1 (Xl) IpOlpz (Xz)"'wapzv (XN)!
P

ap1,0p2, 0PN

which is independent of time. Let us write, as an explicit example, a
spinless three-boson (¢ = +1) wavefunction, which describes two
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particles occupying the ground state (denoted by the subscript 1)
and the rest particle occupying the first excited state (denoted by
the subscript 2):

®210...(no=0) (X1, X2, X3)

- %[wl(l)wl(zmw) v (Y220 (3)

7
+ Y2 (D) ¥1(2)¥1(3)],

where we employ an abbreviation that (1) represents the coordinate
x1. Yet another example of a two-fermion ({ = —1) wavefunction,
which describes one particle occupying the ground state and the
other occupying the first ground state, can be expressed as
P110-n.=0 (11, X2) = —= (P2 (DV2(2) — 2DV ()],
V2

in which the single-particle wavefunctions form a Slater determi-
nant™ in their permutations due to the factor (—1)”.

Great conveniences are achieved when the time-independent
many-body wavefunctions ®p, pn,..n,, (X1, X1, - - - Xo0) are represented
by the Dirac notation. We introduce a time-independent occupation
number state vector

[n1nz - Neo)e

which represents a physical state that the state o is occupied by n;
particles, the state «; is occupied by n;, particles, etc. This occupation
number state satisfies the orthogonality

(nynh - niglning - Noo) = SuinySnymy -+ Sy (1.93a)
and the completeness

Z Ining - oo )(Ning - Nool, = 1. (1.93b)

ny,nz,--Neo

"]. C. Slater, Phys. Rev. 34,1293 (1929). One may write
Y1 (x1) ¥1(x2) -+ v (xn)
nylngl- - ngl\ V2 | W2 (x1) vz (x2) -~ ¥ (xn)
Pnyngngg (X1, X1, -+ Xoo) = (T) - '

YN (x1) ¥ (x2) YN (xn)
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We consider that the occupation-number basis states are simply
the direct product, or tensor product, of eigenstates of the number
operator of each mode®

[n1ny - Ny = |N1); [N2)¢ -+ Noo) e (1.94)

which forms the so-called Fock space.

The single-mode occupation number states |nj) suggest us to

extend the annihilation ¢, and creation 61 operators, which satisfy
the commutation relations

e &1, =0, [e,ﬁ, e}] -0

- (1.95)

[510 5” = Skl

A A

where we introduced an extended commutator |4, ]_( = AB —

¢BA. For ¢ = +1, the operators & = by and &,I = IAJ,T( are bosonic
and their effects when applied to s single-mode state |ny) are well
studied, because they follow the same commutation rules of simple
harmonic oscillator:

biclni)y = /i I — 1) 4
b i) = v/ + Ll + 1), (1.96)
Pk, + (= BUM) Ing)y =nilng), ne=20,1,2,.--00.

The operations of the bosonic operators to a many-body state are
simply extended as

bibiining - no)y = V/me+ 1ymiing -4+ 1-om — 1+ ny),.
(1.97)

On the other hand, for { = —1, the properties of the fermionic
operators ¢y = d and &,t = @y are rather different from that of the
bosonic ones, due to the anticommutation rules

Gl + aia =0, ajal +ajal = o,
T (1.98)
aga; +a;Tak = 8.

°Some references use the notation of tensor product:

[ninz - nely = In1); ® [N2); ® -+ @ |Noo); -
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First of all, they have the most important properties axa; = &}:&}: =0
so that 61,161,1 |0) = 0, which prevents two particles from occupying
the same state k. Second, it is easy to show, by omitting the

subscripts, that

(a'a)* =1 - 2aa" + aataa’ = 1 2aa" +a (1 - aa') af
=1-aa' =a'a
In other words, the number operator for the kth mode 7y, - = &;E&k
satisfies the condition that

fir— (1 — fAx_) =0, (1.99)

which suggests that the number operator has the eigenvalues zero or
one. Consequently, for a given state, the properties of the operators
ay and 61,1 to the state |ny) are
At _ A _
810 = |1, &lLd) = [0}, (1.100)
ay 11k = 0, ak|0x) = 0.

We define a fermionic many-particle state in the occupation
number representation by operating the creation operators to the
vacuum state |0):

Ingny -~ - ng)_ = (a})"l (ag)"z - (al)™ 10). (1.101)

The effect of an annihilation operator dy on this state is

np nz 5
Qi Inng -+ Neo)_ = Qi (‘ﬂ) (a;r) "'(ago)n |0)

where Sy = n; 4+ ny; + -+ + ng_1. If np = 0, the operator a, can
permute with all the operators at the right without further payments
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for changing the sign until a; |0), which yields to zero. If ny = 1, on

the other hand, the anticommutation rule &k&}: =1- &,ﬁ&k is applied

first and then the second term &;&k to the vacuum yields to zero.
The operations of the fermionic annihilation and creation operators
to the many-body state in the occupation number representation are

summarized as

_1Sk —1... ) if -1
&k|~-~nk-~-):{( )Ml n Yo, ifng

0, ifng=0
AT 0! ifnk=1
ak|...nk...>7= s .
(=1 /ne+ 1| ng+1---)_, ifne=0
Ay — (:alak) |ong---)_ =ngl--ng---)_, ng=0,1.
(1.102)

Armed with the occupation number representation of many-
particle states combined with the single-mode annihilation and
creation operators, one defines the field operators

P )= ()
k

. (1.103)
Itm=> "yl wel
k

where the coefficients are the single-particle wavefunctions at states
|ak) and the sum is over the complete set of single-particle quantum
numbers. It is convenient to split the spinor quantum numbers,
for example spin index «, by writing the wavefunctions having two
components

Y (1),
Vi (1)

so we may write the index field operators v/, (r) and fp(j (r). The field
operators satisfy the following quantization conditions:

), ()] =0, [0, 9} ()] =0,
[{\ﬂrx (r), &g (I‘/)} . = 505,35 (l‘ — l‘,) .

Equation (1.104) is another form of quantization of dynamical
variables, the fields, and it is known as the second quantization

wk(r)z{ :|El/fk(r)a, a=1,2,

(1.104)
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rules, or the field quantization rules, distinguished from the first
quantization rules Eq. (1.2), which quantize the position and
momentum operators.” One of the advantages of the second
quantization in many-body quantum theory is that the position
vector is treated as a parameter, not as an operator in the first
quantization, like the time in the first quantization language. This
allows us to treat the quantum mechanical problems of many-body
system on the space and time equally.

It would be helpful if the readers verify the following operators
in the second quantization language: The Hamiltonian operator can
be represented as

ﬁ=/dr&T(r)?(r)&(r)

1 (1.105)
+3 // drdr’ P (@) ¢t (K)V (rv) ¥ (¢) ¥ (1)
and the total-number operator
N = /drﬁ(r) = /dr M v (). (1.106)

It is noticeable that the number operator N commutes with the
Hamiltonian operator Eq. (1.105), which is physically commensu-
rate with the fact that the ordinary Schrédinger Hamiltonian does
not change the total number of particles. We infer that N is a
constant of motion and can be diagonalized simultaneously with the
Hamiltonian.

PHere we do not discuss the quantizations of the other conjugate variables energy
and time.



Chapter 2

Mathematical Introduction

2.1 Basic Definitions

The properties of a quantum mechanical system composed of many
identical particles are most conveniently described in terms of
the second-quantized, Heisenberg representation, particle-creation,
and annihilation operators. The creation operator ¥t (r, t), when
acting to the right on a state of the system, adds a particle to the
state at the space-time point r, t; the annihilation operator ' (r, t),
the adjoint of the creation operator, acting to the right, removes a
particle from the state at the pointr, t.

The macroscopic operators of direct physical interest can all be
expressed in terms of products of a few y’s and v !’s. For example,
the density of particles at the pointr, t is

A, ) =9 (r, v () (2.1a)
Since the act of removing and then immediately replacing a particle
at r, t measures the density of particles at that point, the operator
for the total number of particles is

N() = / dr ' (r, ) (r, t) (2.1b)

Similarly, the total energy of a system of particles of mass m
interacting through an instantaneous two-body potential v (r) is
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given by
- o
- / RLACDITACD

2m

(2.2)

+% /drdr/lﬁT Oy (v (r=r) ¥ (r, 0)d(r0)

In general, we shall take 7 = 1.

The equation of any operator X (t) in the Heisenberg representa-
tion is
X (6

at

Since [A (t), A (t)] = 0, we see that the Hamiltonian is independent
of time. Also the Hamiltonian does not change the number of
particles, [I:I, N (t)} = 0; therefore, N (t) is also independent of time.
Because of the time independence of H, (2.3) may be integrated in
the form

i =[X (0, A (8)] (2.3)

X (t) =X (0)e At (2.4)

Particles may be classified into one of two types: Fermi-Dirac
particles, also called fermions, which obey the exclusion princi-
ple, and Bose-Einstein particles, or bosons, which do not. The
wavefunction of any state of a collection of bosons must be a
symmetric function of the coordinates of the particles, whereas,
for fermions, the wavefunction must be antisymmetric. One of
the main advantages of the second-quantization formalism is that
these symmetry requirements are very simply represented in the
equal-time commutation relations of the creation and annihilation
operators. These commutation relations are

VY O)FP (@, )Pr)=0
Py (v 9T (v, d =0 (2.5)
VYt () Fd ()P rn)=56(r—r)
where the upper sign refers to Bose-Einstein particles and the
lower sign refers to Fermi-Dirac particles. We see, for fermions, that
Y2 (r,t) = 0. This is an expression of the exclusion principle in

space—it is impossible to find two identical fermions at the same
point in space and time.
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We shall be interested in describing the behavior of many-
particle systems at finite temperature. For a system in thermody-
namic equilibrium, the expectation value of any operator X may
be computed by using the grand-canonical ensemble of statistical
mechanics. Thus
(i| X |i) e~ PLE—1N)
Zi e—B(Ei—uN;)

Here |i) represents a state of the system, normalized to unity, with
energy E; and number of particles N;. The sum runs over all states of
the system with all possible numbers of particles. A more compact
way of writing the average (2.6a) is

ot {e‘ﬁ(ﬁ_“’v))?}
B =]

(X) = i (2.6a)

(2.6b)

where tr denotes the trace.

The thermodynamic state of the system is now defined by
the parameters u, the chemical potential, and B, the inverse
temperature measured in energy units, i.e.,, 8 = 1/kgT, where kg is
Boltzmann’s constant. Zero temperature, or § — 00, describes the
ground state of the system.

Green’s functions, which shall form the base of our discussion
of many-particle systems, are thermodynamic averages of product
of the operators v (1) and ¥ (1'). (We use the abbreviated notation
1 to mean rit; and 1’ to mean ry ty, etc.) The one-particle Green’s
function is defined by

6(L1) =1 (P (WP (1)) 27a)

while the two-particle Green'’s function is defined by
1 . - o R .
G2 (12,12) = (T (¥ (¥ (2) vi(2) 9T (1)) (2.7b)

In these Green’s functions, T represents the Wick time-ordering
operation. When applied to a product of operators, it arranges them
in chronological order with the earliest time appearing on the right
and the latest on the left. For bosons, this is the full effect of T
For fermions, however, it is convenient to define T to include an
extra factor +1, depending on whether the resulting time-ordered
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product is an even or odd permutation of the original order. Thus,
for example,
P =PRI e
+Jt (AN Y (1) for & <ty
As in (2.5), the upper sign refers to bosons and the lower for
fermions. We shall use this sign convention throughout these
lectures.

The one-particle Green’s function G (1, 1') has a direct physical
interpretation. It describes the propagation of disturbances in which
a single particle is either added or removed from the many-particle
equilibrium system. For example, when t; > ¢t;/, the creation operator
acts first, producing a disturbance by adding a particle at the space-
time point ry t. This disturbance then propagates to the later time
t;, when a particle is removed at r; ending the disturbance and
returning the system to its equilibrium state.? For t; < ty, ¥ acts
first. The disturbance, which is now produced by the removal of a
particle at rit;, propagates to time t;;, when it is terminated by the
addition of a particle at the point ry..

Similarly, the two-particle Green’s function describes, for the
various time orders, disturbances produced by the removal or
addition of two particles. For example, when t; and ¢t; are both later
than ¢y and &, G, (12, 1'2") describes the addition of two particles
and the subsequent removal of two particles. Yet when ¢ and ¢/
are later than ¢, and &, the two-particle Green’s function describes
the disturbance produced by the addition of one particle and the
removal of one particle, and the subsequent return to equilibrium by
the removal of a particle and the addition of a particle. We shall make
extensive use of this physical interpretation of Green’s functions.

In addition to the one-particle Green’s function, we define the
correlation functions

6 (1L1) = (P (1))

! 1 (2.8)

G*(1L1) =4 It (1) ¥ (D)

The notations > and < are intended as a reminder that for t; > t;,
G = G,whilefort; < ty,G=G"~.

dHere the typographic errors at the subscripts appeared in t;; and ry/ in the original
text are corrected.
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2.2 The Boundary Condition

The time-development operator eIt bears a strong formal simi-
larity to the weighting factor A that occurs in the grand-canonical
average. Indeed for t = —ig, the two are the same. We can exploit
this mathematical similarity to discover identities obeyed by Green’s
functions. In particular, we shall now derive a fundamental relation
between G~ and G~.

Our argument is based on the fact that the time dependence of
¥ and ¥, given by (2.4), may be used to define the creation and
annihilation operators and, therefore, G and G<, for complex values

of their time arguments. In fact, the function ¢*, which we may write
as

) / 1N tr [efﬂ(ﬂfuﬁ)eitlﬁl’b (r1, 0) e—i(a—t)A Wt (ry, 0) e—itl/I:I:|
G (1, 1) = (7) o [e’ﬂ(ﬁ’”m]
is an analytic function for complex values of the time arguments
in the region 0 > J( —t/) > —pB. This analyticity follows
directly from the assumption that the e~P(A=18) factor is sufficient
to guarantee the absolute convergence of the trace for real
time. Similarly, G=(1, 1) is an analytic function in the region
0<3(t —t) < B.

To derive the relation between G~ and G=, we notice that the
expression

1\ tr [e”s(ﬂf"mlﬁT (rv, t) ¥ (11, 0)}
(11,0 = (1) -
1= tI‘ [e_ﬁ(H_#N):|

i
may be rearranged, using the cyclic invariance of the trace (trAB =
trB’ﬁl), to become

G (L 1),
g tr {e P em) (oA (-®) g vy, 0) e (=) ry, )] |
- i? tr [e‘ﬁ(ﬁ‘“’v)}

1 oo f o
= (1) <eﬁ(H_“N)W (ry, 0) e #(F=#R) gt (r, t1')>
Because ¥ (r, 0) removes a particle, we have

¥ (ry, 0)f () = (K +1) ¥ (ry, 0)
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where § (V) is any function of the number operator N. In particular,
e PN (ry, 0) Y = 1) (ry, 0)
and from (2.7a) it follows that
eﬂH“/Af (rll O) eiﬁH = IZ (rll _Iﬂ)
Thus,

6 (L)) =% (7 ) (0 G0 i) B (1))

=+ef* 7 (1, 1) (2.9)

ti=—if
This relationship is crucial to all our Green’s function analysis.

Notice that Eq. (2.9) follows directly from the cyclic invariance of
the trace and the structure of the time dependence of ¥ (1). Since
G, is also defined as a trace, we can go through an entirely similar
analysis for it, splitting it into several non-time-ordered expectation
values of ¥’s and ¥’s and proving a set of relations similar to
Eg. (2.9). However, this analysis is much too complicated because
G, is composed of too many different analytic pieces, corresponding
to all the different possible time orderings of its four times variables.

We employ the following simple device to exhibit a relation like
Eq. (2.9) for G,. We consider the time variable to be restricted to the
interval

0<it<p

Equation (2.4) defines the field operators and, therefore, Green’s
functions for imaginary times. To complete the definition of Green’s
functions in this time domain, we extend the definition of the time-
ordering symbol T to mean “i x t” ordering when the times are
imaginary. The further down the imaginary axis a time is, the “later”
itis. Then Green’s functions are well defined in the interval 0 < it <
B. For example, the one-particle Green’s function is

G(1,1) =

G~ (1, 1/) for itl > itl/
G= (1, 1/) for itl < itl/

For 0 < ity < B, we have

G(L1)],_,=6"(11)],_, (since0=it <ity forallty)
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and

G(1,1) |t1=—i,3 =G (L 1)]| (since B = ity > ity forall ty)

t=—Iif
Therefore, Eq. (2.9) can be restated as a relation between the values
of G (1, 1') at the boundaries of the imaginary time domain:

G(1,1)], o =% G(1,1)] (2.10)

t =7I'/3
Moreover, we can see immediately that G, on the imaginary time axis
obeys exactly this same boundary condition.

Gy (12, 1'2'), _, = £ G (12, 1'2)| (2.11a)

t1=7l'ﬂ
and also

Gz (12,1'2)|, _y =%e ™ G(12,12)], __, (2.11b)

These boundary conditions on G and G, will be used over and over
again in the subsequent analysis.

It is only at a later stage that we shall need the imaginary-time
Green’s functions. Now we shall restrict our attention to the one-
particle function, for which Eq. (2.9) is a suitable representation of
the boundary condition.

Because of the translational and rotational invariance of the
Hamiltonian Eq. (2.2) in space and its translational invariance in
time, G and G= depend only on |r; —ry/| and 4 — t;. When
we want to emphasize that these functions depend only on the
difference variables, we shall write them as G¢*(< (1 —1") or
as 6" (Iry —ry|, t; — ty). In terms of the difference variables,
Eq. (2.9)is

ty=

G=(r, t) = +e?G™ (r, t —iB)

We now introduce the Fourier transformations of G and G=, defined
by

G (p,w)=i / dr / dt e PTHLG> (1, t)

= s (2.12)

G= (p, w) = i /dr/ dt e 'PTHOLGS (1, t)
—0

Note the explicit factors of i and +i that we have included here to
make G~ (p, w) and G= (p, w) real nonnegative quantities. Equation
(2.9) then becomes the simpler relationship

G< (p, ) = e PG (p, w) (2.13)
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It is useful to introduce the “spectral function” A (p, w) defined by

A(p, w) =6 (p,®) FG (p, ®) (2.14)

The boundary condition on G can then be represented by writing
" (po)=[1=%f()]A(p )

(2.15)
G-(po)=f@A(p 0
where
1
f(w) = m (2.16)

The term f can be recognized as the average occupation number in
the grand-canonical ensemble of a mode with energy w.

[The statement is, more precisely, that if the Hamiltonian can be
diagonalized to the form ), €, 1/3}1},1, then 1” is a creation operator
for a mode of the system with energy €,. The average occupation

number of the mode A is <fb} 1%> = f(e)]
From the definitions of G~ and G=, it follows that

A(p, w) = / dr / de e ™™ ([ (5, 0 91 (0,0) F 91 (0, 0)§ (x, B)])

Thus, as a consequence of the equal-time commutation relation
Eg. (2.5), A satisfies the sum rule

/g—:A(P, w) = /dre—ip.r<[@ r, 0) 9T (0, 0)F 41 (0,0) ¥ (r, O)D
= /drS =1 (2.17)

We can use the relations that we have just derived to find G for
the trivial case of free particles, for which the Hamiltonian is

- e
R z/drvw (r,t)- V¢ (1, t)

H
0 2m

We notice that
- eia)t ~ .

6 0) = [ e (01 .0 (. )
where Q is the volume of the system and ¥ (p, t) is the spatial
Fourier transform of ¥ (r, t). Since ¥ (p, 0) removes a free particle
with momentum p, it must remove energy p?/2m from the system.
Thus,

2

I 0= 0y = (54 @, 0)
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so that

2
6" (prw) = (2;2’) 5 (w - ,fm) (I, 0 v (b, 0))

2m
proportionality is determined from the sum rule Eq. (2.17) to be 2.

Thus, for free particles,

Hence, A (p, ) is proportional to § (w — LZ), and the constant of

A(p, @) = Ao (p, ) = 276 <w_2";> (2.18)
> _ dp ip-r—i % t 1:|:f(%)
Gwo= [ e (%) e
, (2.19)
2 s
Gi(r, 6= [ 9P _geri(5)e M

(2n)® i

Since T (p, 0) ¥ (p, 0) is the operator representing the density
of particles with momentum p, it follows that for free particles, the
average number of particles with momentum p is

(¢ (p, 0) ¥ (p, 0)) :f<pz>

(n(p)) = S >m

! (2.20)

B eﬂ(%*#) -1

This is a result familiar from elementary statistical mechanics.
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Chapter 3

Information Contained in G™ and G~

3.1 Dynamical Information

Now that we have set down the preliminaries, we shall try to gain
some insight into ¢ and G~.
The Fourier transformation of the field operator ¥ (r, t), given by

¥ (p, w) = /dr/dt e PTHOLL (1, £)

is an operator that annihilates a particle with momentum p and
energy w. Thus, G< (p, @) can be identified as the average density
of particles in the system with momentum p and energy w:

G=(p, w) =(n(p, ®) =A(p ) f(w) (3.1)

The interpretation of this result is evident. As we have pointed out,

f (w) is the average occupation number of a mode with energy

w; the spectral function A (p, ») is a weighting function with total

weight unity, which, whenever it is nonzero, defines the spectrum of

possible energies w, for a particle with momentum p in the medium.
To check this result, we may note that the density of particles,

(nr, ) =@ (@@ OP T ) ==£iG™ (rt, rt)

_ [do dp ..
_/271 (2n)3G P, @) (32)
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This says that the total density of particles is equal to the integral
over all p and w of the density of particles with momentum p and
energy w. Since (n (r, t)) is independent of r and ¢, we shall represent
it simply by the symbol n.

As an example, for a system of free particles,

p?
Ay (p, ) = 278 <a) - >
2m

Hence, Ay (p, ) is non-vanishing only when w = %. This says that

the only possible energy value for a free particle with momentum p
2

is 2”7”. The total density of particles with momentum p is

dw 2 1
(n(p)) = / o (n(p, w)) = f <£n) = w (3.3)
P\ 21

To see what happens in the classical limit, we explicitly write the
factors of 7 in the expression of the density:

. dp 1
n_/(Zﬂh)3 9’3(%7”):':1 (3.4)

In order that at a fixed temperature, the density does not diverge as
h — 0, the factor e #* must become very large. Thus, the classical
limit is given by Bu — —oo. We may then neglect the F1 in
the denominator of Eq. (3.4), so that the momentum distribution
becomes the familiar Maxwell-Boltzmann distribution

(n(p)) = (const) e_ﬂ(%)

Equation (3.4) indicates that fu — —oo is also the low-density
limit.

On the other hand, for a highly degenerate (i.e., high-density)
Fermi gas, St becomes very large and positive. Defining the Fermi

2
momentum?® pg by . = 2%, we find

0 for p> pr

(n(p)>2{1 for p<pe

All states with momentum p < pg are filled, and all states with
p > pr are empty.

2The symbol for the Fermi momentum was originally pyinstead of p.
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For a Bose system, u cannot become positive, but instead it
approaches zero as the density increases. Then the total density of
particles with nonzero momentum cannot become arbitrarily large,

but it is instead limited by
dp 1 1 (2m o x?
21 p(E Tt \ B e
(2m) eﬁ(m) 1 T 0 €

In order to reach a higher density, the system puts a macroscopic
number of particles into the mode p = 0. The mathematical
possibility of this occurrence is the fact that u = 0, f(0) = oc. This
phenomenon, called the Bose-Einstein condensation, is reflected in
the physical world as the phase transition of He* to the superfluid
state.

When there is an interaction between the particles, 4 (p, w) will
notbe a single delta function. To see the detailed structure of 4, let us
compute G~ (p, w) by explicitly introducing sums over states. Then
G” (p, w)is

(ST

6" (p ) =A(p ) [1=£ f ()]

© et e ({10 (P) e AT (p) 1i)
dt ﬂ(EI M‘Nl)
/, L0 Ze o« [e—ﬁ(ﬁ—uﬁ)}

1
2218 (0 + E; — Ej)
tr {e‘ﬁ(ﬂ_“’v)}

(3.5)

1 N
=5 e "I (p) 1)
ij

It is clear then that the values of w for which A (p, ) is non-
vanishing are just the possible energy differences that result from
adding a single particle of momentum p to the system. Almost always
the energy spectrum of the system is sufficiently complex so that
A (p, o) finally appears to have no delta functions in it but is instead
a continuous function of w. However, there are often sharp peaks in
A. These sharp peaks represent coherent and long-lived excitations,
which behave in many ways like free or weakly interacting particles.
These excitations are usually called quasi-particles.

We can notice from Eq. (3.5) that G~ (p, @) is proportional to
the averaged transition probability for processes in which an extra
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particle with momentum p, when added to the system, increases the
energy of the system by w. This transition probability measures the
density of states available for added particles. Therefore, G* (p, ®) is
the density of states available for an extra particle with momentum
p and energy w.

Similarly, G~ (p, @) is proportional to the averaged transition
probability for processes involving the removal of a particle with
momentum p, and leading to a decrease in the energy of the system
by w. Since the transition probability for the removal of a particle is
just a measure of the density of particles, we again see that G (p, »)
is the density of particles with momentum p and energy . The
interpretation of G~ as a density of states and G* as a density of
particles will be used many times in our further work.

In terms of these two transition probabilities,” the boundary
condition Eq. (2.13)¢is

P (addingp, @) _ AL f(@) _ -
B (removingp, )  Af(w)

(3.6)

This statement, called the “detailed balancing condition,” is a direct
consequence of the use of an equilibrium ensemble.

3.2 Statistical Mechanical Information Contained
inG

In addition to the detailed dynamical information, G contains all
possible information about the statistical mechanics of the system.
We have already seen how we can write the expectation value of
the density of particles in terms of G=. Similarly, we can express the
total energy, i.e., the expectation value of the Hamiltonian Eq. (2.2),
in terms of G=. To do this, we must make use of the equations of
motion for ¢ and /1. Using the equation of motion Eq. (2.3) and the

PHere we introduce the symbol 3 for representing the transition probability. In the
original text, the symbol was T.P.

“The equation number was originally (2.12), but this is just definition of the Fourier
transformations of G* and G~.
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commutation relations, Eq. (2.5), we see that

2
(,-aat+ v >;p(r,t)=/dfv(r—f)fmf.t)fp(f,t)fv(r,t)

2m
(3.7a)
and
_ii + v al (r,¢)= Al (¥, t) /di" v(r—r) W (F,t) W (F, t)
at | 2m ’ ' ' '
(3.7b)

Therefore, it follows that

1 .0 L0\ 4 o
Z/dr Klat _lat’) vl (r t) ¥ (r, t)th

1 vz ovE N
:1/‘“ K‘Zm‘ zm>w* (rt) 9 (r, t)] (3:8)

r'=r

+ %/drdi‘fﬂ OV @& Ove—-0)9 [ 09 (rt)

The right side of Eq. (3.8) is half the kinetic energy put all the
potential energy. When we add the other half of the kinetic energy,
we find that

()= far K’aat it V/) W, )b m]

m

r'=r,t'=t

] d 0 V.-V
::I:i/dr i——i— + G= (rt, r't’)
4 ot ot | m br et

2
dp do o+ (%)
@2rn)}2r 2
where 2 is the volume of the system. Equation (3.9) is very useful
for evaluating ground-state energies, specific heats, etc.
All statistical-mechanical information can be obtained from the
grand partition function?

f (@) A(p, ) (3.9)

E=tr {e’ﬂ(ﬁ *ﬂﬁ)} (3.10a)

We shall now show how we can find E from G. Statistical mechanics
tells us that in the limit of large volume, the grand partition function

dThe symbol for the grand partition function was Zg in the original text.
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is related to the pressure P by

g = efP? (3.10b)
Differentiating the logarithm of E with respect to u at fixed 8 and €2,
we find
oP a a N
BQL—| =—InE=—Intr [e’B(H’“N)}
I s I o
tr [e’ﬂ(’:”“m} N
=p —
]
=B (N)
so that the density of particles is given by
oP
n= — (3.11)
M |pe

This is a very commonly used thermodynamic identity. Since we
know that, in the limit 4 — —o0, the density and the pressure both
go to zero, we can integrate Eq. (3.11) to obtain

g
P(B )= /_ du'n (B, 1) (3.12)

[o.¢]
Consequently if, or for a given 8, we know Green'’s function as a
function of u, we can calculate P and hence the partition function.
Unfortunately, the integral in Eq. (3.12) can rarely be performed
explicitly. One of the few cases for which a moderately simple result
emerges is for a free gas. Here

d 1
n(B, u)= P

@ pl(E)] 4

(3.13a)

and hence
_ l d7p ﬂ[(%)*/‘] }
P(B u)==F / e In {1 Fe (3.13b)

In the classical limit, By — —oo. Then we see that

P -s[(5) ]
(27’

ap  _p[(2)-n
P Gy

n =

and
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sothat P = f~'n = nkgT. This is the well-known equation of state
of an ideal gas.

There is, however, another method of constructing the grand
partition function, which is very useful in practice. Let us write a
coupling constant A in front of the potential energy term in Eq. (2.2).
Then

H= ﬁo + AV
where H is the kinetic energy and V is the potential energy
operator,

V= /drdf' PP @V e — 09 ©J )

When we differentiate In E with respect to 4, at fixed 8, u, and 2, we
find

a 1 a A A0 R N
1 Ing=_tr [a/leﬂ(H”“V”N)] =—B(V) (3.14)

(We do not have to worry about the noncommutatibility of V with
Ho — N because of the cyclic invariance of the trace.) Integrating
both sides of Eq. (3.14) with respectto 4, fromA = 0to 1 = 1, we
find

Lda, .
n&],_, —[InE]_, = —,8/0 - (avy, (3.15)

Now (V) is the expectation value of the potential energy, for
coupling strength A. It may be expressed in terms of G< by
subtracting from Eq. (3.8) half the kinetic energy. Then

dp do ‘”_(%>

Ay (p @) f (@) (3.16)

so that
BPQ =[InE],_;

pZ

dp do @~ (T)
(2n)® 21 2

Ax(p, ©) f(w)
(3.17)

tda
=[InE],_ — 59/ 1
0

The constant term [In E],_, is just B P Q2 for free particles, which we
have evaluated in Eq. (3.13b).
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Chapter 4

The Hartree and Hartree—Fock
Approximations

4.1 Equations of Motion

We have seen that the one-particle Green’s function contains
very useful dynamic and thermodynamic information. However,
to extract this information, we must first develop techniques for
determining G.

Our methods will be based on the equation of motion satisfied by
the one-particle Green’s function. This equation of motion is derived
from the equation of motion (3.7a) for ¥ (1). From Eq. (3.7a), it
follows that®

1\ /(.8 VBN, .o
() ({5 +2m) povy )
+ (jll) /drz 1% (r1 — rz) (41)

x (T (P @97 250" (1)),

= =i /dl'z v(ri —rz) Gz (12;12%) |tz:t1

4The equation number (4.1) was omitted in the original text.
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Here, the notation 27 is intended to serve as a reminder that the time
argument of ¢/ (2) must be chosen to be infinitesimally larger than
the time arguments of the ¢’s in order that the time ordering in G,
reproduces the order of factors that appear in Eq. (3.7a). [Since ¥’s
commute (or anti-commute) at equal times, we do not have to worry
about the time ordering of ¢ (1) and ¥ (2).]

To convert Eq. (4.1) into an equation for G, we must take the time
derivatives outside the T -ordering symbol. The spatial derivatives
commute with the time-ordering operation, but the time derivative
does not. Since T changes the time ordering when t; = t, the
difference

0 s o N 0 4 o
5o (TP () = (T (59 W97 (1)
3t1 8tl
must be proportional to a delta function of t; — t;. The constant

of proportionality is the discontinuity of (T (v (1) ¥ (1))) as &
passes through ty, i.e,,

5w (Wi 0 = (7 (h i m))
(P d ) - (7 (s i)
=8t —u) (PP (V) FI (1) ¥ (D))
=6(t1—ty)d(rp—ry) =26 (1 — 1/)
In this way, we find that Eq. (4.1) becomes an equation of motion

for G:
a Vi

(i8t1+2m> G(L1)=6(1-1)

+ i/drzv (ri —12) Gp (12;12%), _,
(4.2a)
In a similar fashion, we can also write an equation of motion for
G- involving G3, one for G3 involving G4, and so on. As we will have
no need for these equations, we shall not write them down.
Starting from the equation of motion of ¢/t (1), we also derive
the adjoint equation of motion,

2
(—i L Vl/) G(1,1)=6(1-1)
oty

2m

+ i/drz Gy (127;1'2) ’fz=f1 v(r; —r1)
(4.2b)



Equations of Motion

Equations (4.2) are equally valid for the real-time and the imaginary-
time Green'’s function. The only difference between the two cases
is that for imaginary times, one has to interpret the delta function
in time as being defined with respect to integrations along the
imaginary time axis.

Equations (4.2a) and (4.2b) both determine G in terms of G;. It is
in general impossible to know G exactly. We shall find G by making
approximations for G, in the equations of motion (4.2).

However, even if G, were precisely known, Eq. (4.2) would not be
sufficient to determine G unambiguously. These equations are first-
order differential equations in time, and thus a single supplementary
boundary condition is required to fix their solution precisely. The
necessary boundary condition is, of course, Eq. (2.10):

G(L 1), =% G(L )], __, (2.10)
A very natural representation of G, which automatically takes the

quasi-periodic boundary condition into account, is to express G as
a Fourier series, which we write in momentum space as

0<it<§$p
Lt — t i e 126G (p, z,) for -~
G(p Zj (p. 2,) 0<it <
(4.3)
where z, = (f—,"ﬂ) + 1. The sum is taken to run over all even integers

for Bose statistics and over all odd integers for Fermi statistics in
order to reproduce correctly the & in the boundary conditions.
The equation of motion directly determines the Fourier coeffi-

cient G [( ﬂ> + u} However, we want to know the spectral weight
function A. To relate G to A, we invert the Fourier series (4.3):

—ip (2w ,
G(p, Zl,)z/0 dte'[(f“")Jr“](t_”G(p,t—tJ)

This integral must be independent of t’ and is most simply evaluated
by taking t = 0. Then

d .
Gmﬂzcﬂnnz/—ﬁfm
2mi
and we find

pn—o|t A(p'w)
o= [ 25 [ i) 20
:/@A(p.w)

2Tz, —w

A(p, o)
15 e Bl

(4.4)
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Thus, the Fourier coefficient is just the analytic function

dw A (p, w)
6(p.2 = [ 500 +5)
T Z—w
evaluated at z = z, = (f—;};) + . The procedure for finding

A from the Fourier coefficients is then very simple. One merely

continues the Fourier coefficients—a function defined on the points
z = (f—l‘/’g) + p—to an analytic function for all (nonreal) z. The
unique continuation that has no essential singularity at z = oo is
the function Eq. (4.5). Then, A (p, ) is given by the discontinuity of

G (p, z) across the real axis, i.e.,
A(p,w)=1i[G(p,w+i€)—G(p, w—i€)] (4.6)

since

1 1 . /
—=p —7id (0 — o)
w—o +ie w—o

where o denotes the principal value integral and ¢ is an infinitesimal
positive number.

The three concepts—equations of motion, boundary conditions,
and analytic continuations—form the mathematical basis of all our
techniques for determining Green’s function.

4.2 Free Particles

Let us illustrate these methods by considering some very simple
approximations for G. The most trivial example is that of free
particles. Since v = 0, the equation of motion (4.2a) is simply

i Y1) —s1-1) (4.7)
oty 2m ’ '
We multiply this equation by
. [ Ty
exp [—IP S(r1—ry) +i (—zﬂ + H) (&t — tl’):|

Integrate over all r; and all ¢; in the interval 0 to —i. Then Eq. (4.7)
becomes an equation for the Fourier coefficient,

p?
(Z,, — > G(p z)=1
2m



Hartree Approximation

Therefore,
1
G(p2)=—F5v (4.8a)
=~ (&)
v 2m
The analytic continuation of this formula is
1
G(p z) = — (4.8b)
== (&)
2m

This analytic continuation involves nothing more than replacing

(%) + @ by the general complex variable z. The analytic
continuations we shall perform will never be more complicated than

this. We see directly from Egs. (4.6) and (4.8b) that

Ao (p, ®) =276 [a) — (lﬂ)}
2m

This by-now-familiar result expresses the fact that a free particle
2

with momentum p can only have energy 2”—m. Once we know 4, we

know G~ and G~.

4.3 Hartree Approximation

To determine G when v # 0, we must approximate the G, that
appears in Eq. (4.2a). Approximations to G, can be physically moti-
vated by the propagator interpretation of G (1, 1') and G, (12; 1'2").

The one-particle Green’s function, G (1, 1), represents the
propagation of a particle added to the medium at 1’ and removed
at 1. We can represent this pictorially by a line going from 1’ to 1:

G, 1N=1 ——1
Notice that this line represents propagation through the medium,
and not free-particle propagation. Similarly,

1 1

G, (12;1'2)) = Go
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describes the propagation of two particles added to the medium
at 1’ and 2’ and removed at 1 and 2. In general, the motion of the
particles is correlated because the added particles interact with each
other, either directly or intermediately through other particles in the
system.

However, as a first approximation, we may neglect this corre-
lation and assume that the added particles propagate through the
medium completely independent of each other. That is, we use the
approximation®

1
Gz (12; 1/2/) = Gz
2 2
1’ - 1
~ =G(1,1)G(2, 2
(1,1)6(2 2) 4.9)
2 > 2

If we then substitute Eq. (4.9) into the equation of motion (4.2a),
we obtain the approximate equation for G:

.9 V.
[zatlJrZ;l:Fz/drz v(ri—r2)6 (2, 2+)]G(1, 1)

2
= [ia + V—;} — /drz v(ry—r2) (n UZ”] G¢(L1) (4.10)

Equation (4.10) is a Green’s function statement of the well-known
Hartree approximation. It is the same equation as we would have
obtained had we considered a set of independent particles moving
through the potential field

V() = / drs v (v — r2) n (r2)) (4.11)

The potential field Eq. (4.11), called the self-consistent Hartree
field, is the average field generated by all the other particles in
the system. Thus, we see that the Hartree approximation describes
the many-particle system as a set of independent particles, each

bThe symbol ~ in the second line was omitted in the original text.
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particle, however, moving through the average field produced by all
the particles.

For a translationally invariant system, Eq. (4.10) is quite trivial.
Since (n (r;)) is independent of the position r;, the average potential
is also constant. Letting v = [ drv (r), we may write

YV =nv

Then, by just the same procedure as in the free-particle case, we find
from Eq. (4.10) the equation for the Fourier constant:

[z,, — (pz> — nv} G(p z)=1
2m

The continuation from z, to all complex z of the Fourier coefficient
is, therefore,

1
G(p z)= — (4.12)
zZ— (f—m) —nv
so that in the Hartree approximation
p?
A(p, w) =278 {w — < > — nv] (4.13)
2m

Thus, the particles move as free particles, except that they each
have the added energy nv.

To complete the solution to the Hartree approximation, we must
solve for the density of particles in terms of u, or vice versa. This can
be computed from Eq. (3.2):

dp dw
n=4iG-(rt,rt) = | —=— A(p, o) f(o 4.14
Cor)= [ o oAb f@) @10
which for the Hartree approximation becomes
dp d 1
n= P fo (4.15)

(27‘[)3 E eﬂ[(%)wtnvfu] T 1

Similarly, we find the energy per unit volume from Eq. (3.9):

H) _ dp<ﬁ+W) 1
Q (27[)3 2m 2 eﬁ[(%)+nv—u] 1
1\ 5 dp %
= (= |n‘v+ 5 4.16
<2> (27)> p[(5)+nv—u] 1 (+16)
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Finally, we may obtain the equation of state of a gas in the Hartree
approximation. We do this in the low-density limit for simplicity.
We start out by considering the effect of changing the chemical
potential by an infinitesimal amount du at fixed temperature. Then
the familiar thermodynamic identity,

dP = ndu (4.17)

gives the change in the pressure. When Eq. (4.15) is taken in the low-
density limit (8 — 00), it becomes

o efm) [P —p(%)
(27)°

Hence at fixed 8,
dn = gn(du — vdn)
Thus, from Eq. (4.17),

1 1
dP = </3> dn +vndn = kgTdn + (2> vd (n®)
Since the pressure vanishes at n = 0, we find

1
pP— <2> n’v = nkgT (4.18)
This is in the form of a van der Waals equation,
(P —an®) (Q — Qexc) = nks T

but without the volume-exclusion effect. For an interacting whose
long-range part is attractive, v is negative, and quite reasonably the
pressure is reduced from its free-particle value.

We could never hope to discover a volume-exclusion term from
the Hartree approximation. Such a term arises because the particles
can never penetrate each other’s hard cores. However, in deriving
the Hartree approximation, we have said that the particles move
independently; therefore, this correlation effect has been completely
left out. In order to treat hard-core interactions, it is necessary to
include in the approximation for G, the fact that the motion of one
particle depends on the detailed positions of the other particles in
the medium.

The Hartree approximation is much less trivial when the
particles are sitting in an external potential U (r). The system for



Hartree Approximation

which Hartree originated his approximation was that of electrons in
an atom, under the influence of the central potential of the nucleus.

The equation of motion for G in the presence of an external
potential is®

3 Vi "
i+~ U] 6 1)

=5(1-1)+ /drzv[rl—r2)62(12 127)|, _,

and in the Hartree approximation, this reduced to

9 /
|: at +2——U(r1) /dI'zV(rlrz) I’l(rz):| ( /)=5<1—1)
(4.19)
Again this equation is the same as we would have obtained had we
considered independent particles in the effective potential field

%Mm=Uﬁﬂ+/ﬁw&rwﬂMMD (4.20)

Since the system is no longer translationally invariant, we cannot
consider (n) or Ueg to be independent of position, and the equation
cannot be diagonalized by Fourier transforming in space. It can,
however, be diagonalized on the basis of normalized eigenfunctions,
i (1), of the effective single-particle Hamiltonian, A (r) = (—%) +
Ueff (I‘):

A1 (r) i (r) = Eig; (1) (4.21)

The procedure for solving the equation is to first take Fourier
coefficients of the equation of motion, finding

[z, - A1(0)]G(r,r;z)=8(r—T) (4.22)
so that in terms of the ¢;,
/
(v, v52) Z@m%m
Hence
Arr, o) =27 ¢ )¢ ()8 (w— E) (4.23)
i

“The integral variable symbol dr, was omitted in the original text.
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We see that the single-particle Hamiltonian H; defines both the
single-particle energies and wavefunctions of the particles in the
system.

Once more, to complete the solution, we have to compute the
density, since this determines Ujefr. We have

n(r, 0) =/j—: A(r,T, 0) f (@)
= lgi (0] £ (E) (4.24)

The term f (E;) gives the average occupation of the i-th single-
particle level, while |¢; (r)|? is obviously the probability of observing
atr a particle in the i-th level.

Notice that to determine ¢; (r), itis necessary to solve a nonlinear
equation, since Hi (r) itself depends on all the ¢; through its
dependence on the density. The process of solving this nonlinear
equation is called obtaining a “self-consistent” Hartree solution.

4.4 Hartree—Fock Approximation

The Hartree approximation (4.9) for the two-particle Green’s
function does not take into account the identity of the particles.
Since the particles are identical, we cannot distinguish processes in
which the particle added at 1" appears at 1 from a process in which it
appears at 2. These processes contribute coherently. To include this
possibility of exchange, we can writed

1/ 1

G, (12;1'2)) = G,
2 2
1’ - 1 1 1
~ + ><
2/ > 2 2 2
=6(1,1)6(2,2)£6(1,2)6(2,1) (4.25)

dThe symbol ~ in the second line was = in the original text.
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This approximation to G, leads to the Hartree-Fock approximation.
In fixing the relative signs of the two terms in Eq. (4.25), we use the
factthat G, (12; 1'2") = £G, (21; 1'2’). This symmetry can be verified
directly from the definition of G, Eq. (2.7b).

The approximate equation of G resulting from substituting
Eq. (4.25) into Eq. (4.2a) takes the form

. 8 Vz / / ’
(zatljuzr;) G(1, 1)+/er (| VIr) 6 (2, 1), _, =8(1-1)
(4.26)

where

(C1] Vs = 8 (r1 — 1) / dr)av (11 — 13) (n (r3))

+iv(r; —ry) G= (1, 2)\t2:t1

(4.27)

again has the interpretation of an average, self-consistent potential
field through which the particles move. However, with the inclusion
of exchange, V becomes nonlocal in space.

In the case of translationally invariant system, we can Fourier
transform Egs. (4.26) and (4.27) in space to obtain

H - E(p)} G(pti—t) =8 (t — tr) (4.28)
1

and
2 d /
E(p)=£n+nvi/(2:)3v(p_p/) (n (p)) (4.29)

where v(p) = [dr e PTy(r) is the Fourier transform of the
potential v (r). Just as before

A(p, ») = 218 (0 — E(p)) (4.30)

so that

1

(n(p)) = f(E(p) = m (4.31)

The Hartree-Fock single-particle energy E(p) must then be ob-
tained as the solution to Egs. (4.29) and (4.31).

To sum up: Both the Hartree and the Hartree-Fock approx-
imations are derived by assuming that there is no correlation
between the motion of two particles added to the medium. Thus,
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these approximations describe the particles as moving indepen-
dently through an average potential field. The particles then find
themselves in perfectly stable single-particle states. There is no
possibility for collisions and indeed no mechanism at all for particles
moving from one single-particle state to another.

In Chapter 5, we describe a way of introducing the effect of
collisions into our Green’s function analysis.



Chapter 5

Effects of Collisions on G

5.1 Lifetime of Single-Particle States

The Hartree and Hartree-Fock approximations have the character-
istic feature that A has the form

A(p, w) =276 (0 — E(p))

so that there is just a single possible energy for each momentum.
This result is physically quite unreasonable. The interaction be-
tween the particles should result in the existence of a spread in these
possible energies. Perhaps the best way of seeing the necessity of
this spread is to consider

L1 .09 () =[6" (e -0

d ] ) 2
= ] / = A(p, @) [1 % f(w)] e )
27
(5.1)
If the expectation value in Eq. (5.1) involved only a single state,
Eq. (5.1) would be the probability that one could add a particle

with momentum p to this state at the time t/, remove a particle at
the time ¢, and then come back to the very same state as in the
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beginning. Clearly, as the addition and removal processes become
very separated in time, i.e., |t — t" — 00, this probability should
decrease. The expectation value in Eq. (5.1) actually contains a sum
of many different states. This sum should lead to a result decreasing
even more strongly in time.

However, in the Hartree and Hartree-Fock approximations, the
right-hand side of Eq. (5.1) is independent of time. Therefore, this
approximation predicts an infinite lifetime for any state produced by
adding a single particle to the system. Thus, we must look for better
approximations if we are to have an understanding of the lifetime of
single-particle excited states.

It is possible to estimate this lifetime for a classical gas without
doing any calculation. If we first add a particle and then remove
a particle with the same momentum, we should come back to the
same state only if, in the intervening time, the added particle has
not collided with any of the other particles in the gas. Therefore,
we should expect that the probability Eq. (5.1) should decay as
e TI=t| where I'(p) is the collision rate for the added particle.
This collision rate can be estimated as

I(p) ~ ()o <Z> (5.2)

where o is an average collision cross section, and % is an average
relative velocity of the added particle with respect to the other
particles in the medium.

This decay of single-particle excited states is an exceedingly
important feature of many-particle systems. It is responsible for
the return of the system to thermodynamic equilibrium after a
disturbance.

Itis very easy to find a form for A that will lead to a proper decay
of the probability Eq. (5.1). No A, which is a sum of a finite number
of delta functions, will lead to exponential decay in Eq. (5.1). But
any continuously varying A will lead to rapid decay. Consider, for
example, the Lorentzian line shape

I'(p)

A(p w)=
o~ B + [

(5.3)
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When the dispersion in energy I'(p) is much less than 8, we can
perform the integral in Eq. (5.1) by replacing f(w) by f (E(p)).
Then the probability does indeed decay as e~"(P)la—t| Thus, I'(p)
represents both the energy dispersion and decay rate of the single-
particle excited state with momentum p. The average energy of the
added particle is E(p).

5.2 Born Approximation Collisions

We now want to describe an approximation that includes the
simplest effects of collisions. We have already noticed that if one just
takes into account independent particle propagation in Gy, i.e.,

— —— >
Gy - j:><
—— —— -

then no lifetime appears.? The simplest type of process that can lead
to a lifetime is one in which the two particles added at 1’ and 2’
propagate to the spatial points r; and F;; at the time ;, when the
particles are at these spatial points, the potential acts between the
particles, scattering them. Then the particles propagate to the points
1 and 2, where they are removed from the system. We can represent
the contribution of this process to G, pictorially as

1/ 1 1/ f‘li-]. 1
—_———
|
|
G = ...+
z : (5.4)
!
2 2 2/ o 2

where the dashed line represents v (f; — 1').

At first sight, it appears quite easy to write down Green’s
functions that correspond to our physical picture (5.4). We replace
each line by a propagator and integrate over all possible points at
which the intermediate interaction could occur. Then we find that

2The symbol + was missing in the original text.
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the value of this picture is

™ x/dh /diz /(:) dt[G (1L, 1) G (L V) v(F1 - )G (2,2)6 (2, 2)],
(5.5)

The three question marks in Eq. (5.5) represent the quantities that
we cannot fix by a physical argument alone. First, there is the
numerical factor in front of the entire expression. We shall see in
Chapter 6 that it should be i. More important is the ambiguity of the
limits on the & integration. Should this integral run over all times?
Over all times after the particles have been added? Or when? This
question is very hard to settle on the basis of physical arguments
alone. To remove this latter ambiguity, we consider Green'’s functions
defined in the pure imaginary time domain, 0 < it < 8. There G and
G, must satisfy the boundary conditions

G(11)], =% G(L 1) (2.10)

’q:—w

G2 (12, 1'2')|, _y = £ G (12, 1'2') | (2.11)

ti=—ip

Notice that the G, we used to define the Hartree-Fock approxi-
mation certainly satisfies Eq. (2.11), since

[6(1,1)6(2,2)£6(1,2)6(21)]

=+ [6(1,1)6(2,2) £G (1, 2:) G(2,1)]

f=—ip

Expression (5.5) will also satisfy Eq. (2.11) if the f; integral is taken
to run from 0 to —igB. In that case, Eq. (5.5) is of the form

F(l,...):/o_iﬁdil/drl G(L,1)--

so that

F(l,...)|t1=0=/6(1, i)|t1=0...=:teﬂ”/6(1, D)y

=+ F(1,..)l4— i
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All the above is just an elaborate justification for approximating
G, by

G, (12, 1'2')

G

— |
=G(1,1)6(2,2)+6(1,2)6(2,1)
—iB
+I/ dfldl_jdl_'z 1% (f'l — f'z)
0
x{G(1,1)6(1,1)6(2,2)G(2,2)

+6(1,1)6(1,2)6(2,2)G6(2, 1)} (5.6)

L=t
This approximation describes the two particles added to the system
as either propagating independently or scattering through single
interaction. Both direct and exchange processes are included. Since
only the first-order terms in v are included in describing the
scattering, clearly Eq. (5.6) gives no better a picture of the scattering
than the first Born approximation of conventional scattering
theory. For that reason, we shall call Eq. (5.6) and the resulting
approximation for G the Born scattering or collision approximation.

In Chapter 6, this approximation will be shown to be the first two
terms in an expansion of G, in power series in G and v.

When Eq. (5.6) is substituted into the equation of motion for G,
Eg. (4.2a), the Born scattering approximation takes the form

e Vlz ’ P 9= 3 3 4/
i i 5(1,1)_/ dhdi, = (1,1)6 (1, 1)
0
0<it<p
0<it <B

(5.7)
=§(1-1) for
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where ¥ (1, 1), which is usually called the self-energy, can be split
into two parts,

2(1,1)=%ur (1,1)+ 2 (1, 1) (5.8)
The Hartree-Fock part of X, whose effects we have already treated
in detail, is

Y HF (1, 1/) =4 (tl — ty) {8 (I'l — rlr)/drz v (1'1 — 1'2) (n (I'z))

Fiv(r —r) G= (1, 2)|t1=t2} (5.9)

while the part of the self-energy due to collisions is, in the Born
scattering approximation,

X (1,1) =+i° /drzdrz/ v(ri—r)v(ry —ry)

x [G(1,1)6(2,2")G(2,2) (5.10)
£6(12)6(21)6(2.2)],_, .

As a first step in solving Eq. (5.7), we Fourier-transform it in
space and find

oty
xG(pt—t)=68(t—1t)
where E (p) is just the Hartree-Fock single-particle energy defined

by Eq. (4.28). The Fourier transform of the collisional part of the self-
energy is, from Eq. (5.10),°

i) , —iB .
[I—E(p)}G(p,t—t)—/o dtX (p, t—1) (5.11)

/

dp dp dp
(2n)? (27)* (2n)?

1
«(3)te-pErp-F) e s
x5(p+p —p—P)
xG(p,t —t)G(pt—t)G(p, t—1t)

In our later analysis, we shall see in detail that the integrand in
Eq. (5.12) describes processes in which particles with momentum
p and p’ scatter into states with momentum p and p’ as well as

X (pt—t) ==%i?

bThe integral variables in the original text have to be corrected.
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the inverse processes in which the barred momenta go into the
unbarred ones. In either cases, we recognize that the momentum
delta function in Eq. (5.12) represents the conservation of momen-
tum, while the combination (1) (v (p — p) £ v (p — p’))* represents
the first Born approximation collision cross section with exchange
included.

We now have to solve Eq. (5.11) and Eq. (5.12) to obtain
the physically interesting functions G~, G<, and A. However, it is
convenient for us to obtain the solution to these equations by using
properties of 3., which are generally valid. Hence we turn to a
discussion of these general properties.©

5.3 Structure of X.and A

From Eq. (5.12), we notice that ¥, like G, is composed of two analytic
functions:
X7 (p,t—t) for it>it

Sc(pt—t) = 5.13
(p ) {2<(p,t—t’) for it < it ( )

where
5 (bt~ ) =/...a< (0t —6) G (b t—¢) G (Pt~ 0)

5 (pt— ) = /c (0t —6)G= (bt —¢) G~ (Pt~ )
(5.14)

In fact, it is true in general that ¥. is composed of two analytic
functions, as indicated in Eq. (5.13).

Itis in general convenient to represent the functions ¥~ and ¥~
as Fourier integral analogous to Eq. (2.12):

00

d )

> (p, t):/ Tw'z> (p,a))ef""t
J—oo &7

% duw » (5.15)

7.E<(p’ a))e Tw

¥~ (p t) = :I:/
27i

—00

¢(Original) 1The general properties discussed below are not all valid when dealing
with hard-core interactions. This will be taken up in Chapter 14.
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We have again written the explicit factors of i and +i so that the
functions £~ (p, ) and X< (p, ) will turn out to be real and
nonnegative.

In particular approximation Ref. (5.14)

dp'de’ dpde dp'dd’

Epo)= [ o0 oot @)
x(2n)*s(p+p —-p-P)d (0+o —d—d)
x(vip—p) v (p-p))°
xG< (p/’ w/) G~ ([_9, LD) G~ (l—,)/’ &)/)

5= (p, w) = / 6 (P, @) 6 ()G (ph ) (5.16)

The second important property of X, (t — t') is that it satisfies
the same boundary condition (2.10) as G. This is derived from
the fact that G, satisfies the boundary condition (2.11). Thus,
for0 < ity < B,

e (L1, = 6™ e (L 1),

or

25 (1, 1)],_, = £ =7 (1, 1) (5.17)

t=—ip
Therefore, ¥~ (p, @) and X< (p, w) are related in exactly the same
way as G~ (p, w) and G= (p, w). In analogy to A, we define

F(pow)=%"(p,o)£ X~ (p o) (5.18)
so that in analogy with Eq. (2.15),

L7 (pw)=T(pw)[1£ f(w)]
5 (p o) =T (p, ) f(w)
Since X, obeys the quasi-periodicity condition (5.17), it too may
be expanded in a Fourier series like (4.3) in the imaginary time
interval, with the Fourier coefficients given by

Se(p, 2) = / Tdol(p o) (5.19)

o0 2T Zy — @

where z, = (f—l‘/;) + u.

dThe subscript c appeared in the original text is omitted.
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Now we can see quite directly how to solve Eq. (5.11) for G. We
take Fourier coefficients of both sides of this equation by multiplying
by e/#(=t) and integrating over all ¢ from 0 to —iA. Then we find

[Zv - E(p) - X (P, Zv)] G (p: Zv) =1
This is a relation between the functions G (p, z) and Z (p, z) on the
set of points z,, and it must, therefore, hold for all complex z. Thus

1
G(p,2) =
e OEPATY)
1
- - (5.20)
z— E(p) - [ 42 Hes)

We recall that 4 is given in terms of G by the discontinuity of G across
the real axis. Hence
i
A (p’ CD) = . / '
w+ie— E(p) — [ 42 e

i

. do' T'(p,w)
w_IG_E(p)_ 2 (uflpefw’
Since
! i5(x)
=p— —16(x
X +ie 50x

we may write

A(p w) = - _
® — E(p) = NEc (p, ) + (5) T (p, @)
- : : (5.21)
®— E(p) = REc (p, @) = (5) T (p, 0)
where
N do' T (p, ')
%Ec(p,w)qo/ D o —
T w—w
Finally, we find A in terms of I" as
T (p, )
A(p, w) = 5 (5.22)

[0 = E(p) = 25 (p, @) + | 152
This equation is an entirely general result.

Notice that 4 is of the same form as we used in our discussion
of the lifetime of single-particle excited states, except that WX, and
I" depend on frequency. If these are slowly varying functions of the
frequency, we can still think of I as a lifetime of the single-particle
excited state with momentum p. i X, can clearly be interpreted as
the average energy gained by a particle of momentum p in virtue
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of its correlations with all the other particles in the system. Notice
that the line shift, WX, and the line width, I, are not independent:
They are connected by the dispersion function (5.21). This kind of
dispersion relation occurs again and again in many-particle physics.

5.4 Interpretation of the Born Collision
Approximation

The above arguments do not depend in the slightest on the use
of the Born collision approximation. The result (5.22) is quite
generally valid. To gain a more detailed understanding of this result,
let us study the lifetime that emerges from the Born collision
approximation.

We recall that

dp'de’ dpde dp'da’

= (p w) =
x (20)*8 (p+p ~p-P) (0 +o —o—d)
x(vip-p)xv(p-p))*
x G= (p, @) 6™ (b, @) G™ (P, &) (5.16a)
£ (p, o) — [ D! dBdd dp'de

(2m)* (2m)* (2m)*

x(@2n)*s(p+p —p-P)S(w+0 —0—a)
_ _ N2

x(vie—p)£v(p—P))
x G (p, )G (p, @) G (P, ) (5.16b)

Equations (5.16) look rather horrible, but actually they are quite
easy to understand. I' is related to the decay of the probability that
when we add a particle with momentum p to a system at time ¢’ and
then remove a particle with this momentum at time ¢, we return to

the same state. In fact when 4 is a Lorentzian line shape (5.3), this
probability is

|(F () T (pt'))|* ~ e TPl

Now we do not expect the system to return to the same state if
the added particle disturbs the system in any way. In particular, if



Interpretation of the Born Collision Approximation

the particle collides with other particles, this will prevent the system
from returning to its initial state. We may interpret ¥~ (p, w) as the
collision rate of the added particles. To see this, consider a collision
in which a particle with momentum p and energy w scatters off a
particle with® momentum p’ and energy «’ and the two particles end
up in states p, w and p/, &':f

p, @ p @

In the Born approximation, the differential cross section for such
a process is proportional to [v(p —p) £ v (p — p)]* times delta
functions representing the conservation of energy and momentum
in the collision. We can recognize these factors in Eq. (5.16a).
To get the collision rate, we must multiply by the density of
scatterers, G< (p/, @) = A(p, @) f (®') and by the density of
available final states, G~ (p, @) G” (p/, @) = A(p, ®) A(p/, &) x
[1+ f(®)][1=£ f(&)] Thus, we see that Eq. (5.16a) is indeed the
total collision rate of the added particle.

In a low-density system, e.g., any classical system, ¥~ (p, ®)
represents the entire lifetime. This follows because the boundary
condition implies < (p, w) = e P~ %> (p, w). However, in a low-
density system fu — —o0, so that X< is negligible in comparison
with -,

In a highly degenerate system, however, X< is just as large as
3~. By just the same arguments as we have just gone through, we
can see that X < is the total collision rate into the configuration p, o,
assuming that p, w is initially empty. Hence we must conclude that,
for fermions, the total decay rate, I" (p, @), is the sum of the rates
for scattering in and scattering out, whereas for bosons this total
rate is the difference between these two rates. How can this result
be understood physically.

¢The typographic errors of the appearance of the symbols p’ and ' in the original
text are fixed.

fThe hatched circle of the diagram in the original text is replaced by the hatched
square.
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We said that the system would not come back to the same
state whenever the interaction between the added particle and
the particles originally present changed the configuration of the
system. The added particle has two effects. First, this particle itself
undergoes collisions, p, w + p/, ' — P, @ + P/, &', as represented
in X~. Second, the added particle changes the rate of occurrence of
the inverse process, p, ® + p/, @ — p, w + p/, @/, as represented
in <. For a fermion system, these inverse processes are inhibited
because the exclusion principle prevents a scattering from sending a
particle into the state p, w. Then the net effect of ¥~ and X< is that
extra particles pile up in the configurations p, w and p’, @". Thus, for
fermions, ¥~ and X< contribute additively to the lifetime.

On the other hand, for bosons the presence of an extra particle
in the state p, w increases the probability of a scattering into
that state, since it increases the density available of final state.
Now the processes represented in X< will tend to decrease the
occupation of the configurations p, ® and p’, @', whereas the
processes represented by ¥~ will tend to increase the occupation
of these configurations. Therefore, for bosons, ' = £~ — ¥~.

In a zero-temperature fermion system, it is quite convenient to
interpret £~ and X< in the language of “holes and particles.” Here,
%~ (p, w) is the lifetime of a particle state and vanishes for w < pu,
while X = (p, w) is the lifetime of a hole state, and it vanishes for v >
. When our model is specialized to zero temperature, I" (p, ®) =
0 at @ = p. This result, which is true in all order of perturbation
theory, enables us to define long-lived single-particle states near the
edge of the Fermi sea.

After all this talk about the meaning of the result we have
obtained, it is important to notice that we really do not have a
solution for A. Equations (5.16) and (5.22) represent a horribly
complex set of integral equations for A. To get detailed numerical
answers, it is necessary to solve these equations. For example, if I is
small, to 0-th order, we can take A (p, @) = 278 (w — E(p)). To first
order, we could substitute this form for 4 into Eq. (5.16) and obtain
the lowest-order results for ¥~ and X <. Then we would substitute
these approximations for ¥~ and X< into Eq. (5.22) and find the
first-order solution result for A. And so forth.
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5.5 Boltzmann Equation Interpretation

We have just been considering the response of a system, initially in
equilibrium, to a disturbance that adds a particle with momentum
p to the system. A perhaps more familiar way of describing
the behavior of a system after a disturbance is by means of
the Boltzmann equation. Now we shall indicate how the lifetime
obtained in the previous section may also be derived from a
Boltzmann equation.

The Boltzmann equation is only valid in cases in which I, the
dispersion in energy, is small, so that a particle with momentum
p1 can be considered to have the energy E (pi). Then we can
describe the system after the disturbance in terms of n (p;, T), the
average density of particles with momentum p; and time T. The
Boltzmann equation expresses the time derivative of n(py, T) as
the rate of scattering of particle into the state with momentum p;
minus the rate of scattering out of momentum p;. If we use Born
approximation cross section, we find, as the Boltzmann equation,

dp” dp dp
(27)° (27)° (27)°
x 278 [E (p) + E (') — E () — E ()]

1
x (27)° 8 (p1+pP -P-D) <2>

9
I T J—
8Tn(p1' )=

x [v(pr—P) F v (p: —]5/)]2
x{n(py, T)n(@, T)[1+n(@ T)] [1£n(@, T)]
—[1 % n(py, T[1 £ n(p’, TIn(p, T)n(p, T)}
(5.23)

After adding at time T = 0 a particle with momentum p to a system
in equilibrium, n (p;, 0) is given by
1

n(p1, 0) = f(E (p1)) = BEGD—) 1 for p1#p (5.24)

However, n (p, T) is initially not given by its equilibrium value but
is instead n (p1, 0). Now, n(p1, T) for p; # p will never change
appreciably from its equilibrium value. Therefore, for this initial
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condition, the Boltzmann equation (5.23) reduced to the simple
result

BiTn (P, T)=-n(p, T)Z" () + [1£n(p, T)] == (p) (525)

Notice that X~ (p) and X< (p) are precisely the values of
37 (p, w = E(p)) and = (p, = E(p)), which emerges when 4 is
approximated by 276 (w — E(p)). Equation (5.25) has the solution

n(p T)= f(E(p))+e " [n(p,0) — f(E(p))]

where

F(p)=2"(p)FZ" (p) (5.26)

This result indicates a close correspondence between our Born
collision approximation and the results of an analysis based on
a Boltzmann equation with Born approximation collision cross
sections. We shall later use a generalization of the Born collision
approximation for G to derive this Boltzmann equation.



Chapter 6

A Technique for Deriving Green’s
Function Approximations

Up to now we have written approximation for G by relying on the
propagator interpretations of G and of the G, that appears in the
equations of motion for G. We have thus been able to write a few
simple approximations for G, in terms of the processes that we wish
to consider. However, physical intuition can take us just so far. The
use of purely imaginary times makes a direct interpretation of these
equations difficult. Furthermore, it is hard to find physical ways of
determining the numerical factors that appear in front of the various
terms in the expansion of G,. We, therefore, seek a systematic way of
deriving approximations for G.

As a purely formal device, we define a generalization of the one-

particle Green’s function in the imaginary time interval [0, —if]:
, (T [$y (M ¥T)])

G(L1;U) =~ P

i (T[S])

Here T means imaginary time ordering and the operator Sis given
by

(6.1)

S=exp [—i / - d2u (2)?1(2)] (6.2)
0
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Technique for Deriving Green’s Function Approximations

A(2) = ¥T(2)¥(2) and U (2) is a function of space and times in the
interval® [0, —iB].

One reason that the Green'’s function (6.1) is convenient to use is
that it satisfies the same boundary condition,

G(L,15U)|, ==+ G (1, 15U)[,__ (6.3)
as the equilibrium Green’s function. The derivation of this boundary
condition for G(U) is essentially the same as for the equilibrium
functions. The time 0 is the earliest possible time, so that

1 (T [397 ()] ¥ (r1, 0))
—_0 — Zl:T ~ A
S (T[3])
Since the time —ig is the latest possible time,
G(L13U)],_ =+ (e, =AY T [$9700])
L
e (T[3])
The cyclic invariance of the trace that defines the expectation value
then implies Eq. (6.3).
Another reason this Green’s function is convenient is that it obeys
equations of motion quite similar to those obeyed by the equilibrium
function G. These are

{ia + Vi U(1)} G(L1;U)=6(1-1)

G(1,1;U)]

oty  2m (6.4a)
+i /alr2 v(r—r2) G (12,12%5U)|, _,
and
{" az, * Zvi -v (1/)] L) =s(-1) (6.4b)
Fi /drz v(r; —ry) G2 (127,1'2;U) ’tzztz |
where
G, (12,12,U) = (1>2 L [31/3(1)&(?)?*(2’)@(1/)}> (6:5)
i (T[S])

4(Original) {We may regard G (1, 1; U) as a one-particle Green’s function, written in
the interaction reapresentation, for the system developing in imaginary time in the
presence of the scalar potential U. This potential is represented by adding a term
[dr U (r, ©)ii(r, t) to the Hamiltonian. In the interaction representation, all the U
dependence is explicit int the § factor, and the field operators are the same as in the
absence of the potential.
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We derive Eq. (6.4) in exactly the same way as the equations of
motion for the equilibrium function G (1 — 1’). The only new feature
is the appearance of the terms U G. To see the origin of these terms,
consider, for example,

/\ A A _lﬁ
T[Sy (1)] = {exp[/ d2 U(Z)ﬁ(Z)H

51

x ()T {exp {—i /tl d2 U(Z)ﬁ(Z)} }
0

A A A _Iﬁ
i—T [S¢y)] =T {exp [—i/ d2 U(Z)ﬁ(Z)H

t

» {I.a%”(l) /dl‘z U (12 t1) [ ¥ (1), i (ry, tl)]}

x T {exp [1’ /iﬂ d2 U(Z)ﬁ(Z]} }

Since from Eq. (2.5)

[V (re, &), A(rz, 6)] =8 (11 —r2) ¥ (ry, 1)

it follows that

T [ Q) +T[S¢Mju@) (6.6

i— [T (Sy@)]=T o
t

Such a calculation is the source of the U G term in Eq. (6.4a).

So far we have only succeeded in making things more compli-
cated. We shall learn something by considering the change in G(U)
resulting from an infinitesimal change in U. We let

U(2) — U(2) +8U (2) (6.7)

The change in G resulting from this change in U is

56 (1,150 = 5 {11 (f [Sng(l[)lﬂf; (1’)]>}
_1 [<T[ SPIT ) (F ) (P BT )
f (T [8]) (T [3]) 73]

(6.8)
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When 88 appears in a time-ordered product, it can be evaluated as

. i 1 P
85 =46 {exp [—i/ d2 U(Z)ﬁ(Z)] } = 57/ d2 §U (2)n(2)
0 I'Jo
(6.9)
since the T’s automatically provide the proper (imaginary) time
ordering. On substituting Eq. (6.9) into Eq. (6.8), we find

5G (1,15U) = /O_iﬁ 42 {<T [S&i(zlz;%f[g;) a(2)])
(P B a]) (T [$a(2)))
R AEIEEIAG) }w(z)

—iB
- j:/ d2(G; (12, 1'2+;U)
0

-G (1, 1; U) G (2, 2%;U)18U (2) (6.10)

Since this calculation of §G is just a generalization of the method

by which one obtains an ordinary derivative, we call the coefficient

of §U(2) in Eq. (6.10) the functional derivative, or variational

derivative, of G (1, 1’;U) with respect to U (2). It is denoted by
3G (1, 1;U) /86U (2), so that

5‘;;}(12')”) —+[6,(12,125U) — 6 (1, 15U) G (2, 25 U)]

(6.11)

We may, therefore, express the G, that appears in the equation

of motion Eq. (6.4) for G in terms of §G/8U. This equation then

becomes
0 A
{i+1 —U(l)ﬂFi/drz"(rl —I2)
oty 2m

x [G (r2t1, v2113 U) +8U(6t)] }G<L 15U) =5 (1-1)
b
(6.12)

The Green’s function G(U ) is thus determined by a single functional
differential equation.

Unfortunately, there exist no practical techniques for solving such
functional differential equations exactly. Equation (6.12) may be
used, however, to generate approximate equations for G. We shall
begin our discussion by using Eq. (6.12) to derive the beginning of a
perturbative expansion of G(U ) in a power series in v.
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6.1 Ordinary Perturbation Theory

If there is no interaction between the particles, G(U ) is determined
by the equation
ii+v—%—uu) Go(1,15U)=6(1-1") (6.13)
oty 2m T '
together with the boundary condition (6.3). The function
Go(1, 1';U) may be used to convert Eq. (6.12) into an integral
equation:’

—ip
G (1, 1:U) = G (1, 1;U) ii/ did3 Go (1, 1;0) v (1-2)
0

I ) _
x |G(2,2%;U)+ —=—|G(1,1;U 6.14
cez)s gy leay G
We have introduced the notation
V (1 — 1/) =V (|r1 — r1/|) 1) (t1 — tl/) (615)

By applying [1% + % -U (1)] to Eq. (6.14), one can verify that Eq.
(6.14) is a solution to Eq. (6.12). To see that it satisfies the boundary
condition (6.3), we observe that

—iB _
6(1.150)| =6 (L 0],y [l G (1)

::I:e‘s"{Go (1,150)]

ti=—ip

—iB _
+/ d1 Go (1, 1’;U)]t1__iﬁ-~~]
0

e G (1 130)],

Notice that Eq. (6.14) contains time integrals from 0 to —ig. This is
the ultimate origin of the appearance of such integrals in the Born
collision approximation.

To expand G(U) in a power series in V, we need only successively
iterate Eq. (6.14). To zeroth order G = Gy: The first-order term is

bThere was a typographic error in the equation number of the original text.
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obtained by substituting G = Gy into the right side of Eq. (6.14).
Then to first order in V:

—iB
G(1,1;U) =Go (1, 1’;U)j:i/ d1d2 Gy (1, ,u)v (1-2)
0
R é -
+. .
x ng (2,2 'U)+8U (2)160 (1,1;0) (6.16)

We then must compute BU(Z) Go (1, 1’; U). Perhaps the simplest way
of finding this derivative is to regard Gy (1, 1’; U) as a matrix in the
variable 1 and 1'. The inverse of this matrix, defined by

—iB
/ d1Go(1,1;U)Go(1,15U)=8(1-1")
0

is, from Eq. (6.13), just

2
Gyt (1,15U) = [aatlJr—U(l) s(1-1) (6.17)

Varying both sides of the matrix equation GalGo = 1 with respect to

U implies
8 [Gy'Go] = 3Gy Go + Gy '8Gy =0
or
8Go = —Go8Gy ' Gy
Thus
8Go (1, 1/ —if 8Gy* (3,350
8Go (L 1) _ / d3d3 Gy (1,3) | 260 B350 o gy
sU(2) 0 sU(2)
B U(3)
= d3 Gy (1,3 Go (3,1
| aea S e
=Go(1,2)Go (2, 1) (6.18)
since % = §(3 — 2). Substituting Eq. (6.18) into Eq. (6.16), we find
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that to first orderin V,
—iB
G (1,15U) = Go (1, 1;U) :I:i/ did2 Gy (1, L,0) v (1-2)
0

x [Go (2,2%U) Go (1, 1;U)

+ Gy (i, 2+, U) Gy (2, 1; U)] (6.19)
We represent this pictorially as

O

G(1,150)= 1V —»—— 1 +1 —1 > 1

where the lines signify Go. When U is set equal to zero, we have the
expansion of G (1 — 1) to first orderin V.

It is instructive to compare this first-order result with the
Hartree-Fock approximation, which may be written as

<iai+2Vri>6(1—1’):8(1—1’)ii/_iﬁd2V(i—2)
x[G(2-2")G(1-1")
+G(1-2%)G(2-1)]
Then
G(l—l’)=Go(1—1/):|:i/_iﬁdid2 Go(1-1)V (1-2)

x[6(2-27)6(1-1)£6G(1-2%)G(2-1)]

(6.20)
The first-order solution (6.19) is equivalent to the Hartree-Fock
solution expanded to first order in V.

To obtain higher-order terms in V, we substitute Eq. (6.19) back
into Eq. (6.14), and again use Eq. (6.18). The GG term gives the
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second-order contributions

oo - 0

> 1 > ".‘\ )
+ @ + Q (6.21a)
—*‘* ]
——

while the second-order contribution from % is

i / " didz 6o (Liv) v (i-2) (6.21b)
0
ST (2){i1/d3d460 (1,33U0)v(3-4)

x [Go (3, 4% U) Gy (3, 1;U) % Go (3, 4*;u) Go (3, 15 V)] }




Expansion of ¥ inV and Gy | 85

All the terms in Eq. (6.21a) and the first four terms in Eq. (6.21b)
arise from an iteration of the Hartree-Fock approximation. However,
the last two terms do not appear in the Hartree-Fock approximation,
but are instead the lowest-order contributions of the collision terms
in the Born collision approximation. In the appendix, we consider
this expansion in more detail.

One can iterate further and expand G to arbitrarily high order in
V. The general structure of G is given by drawing all topologically
different connected diagrams.

We should point out that there are very few situations in which
this expansion converges rapidly. Usually, the potential is sufficiently
large so that the first few orders of perturbation theory give a
very poor answer. Furthermore, physical effects such as the e~ T(¢=%)
behavior of G and the single-particle energy shift cannot appear
in finite order in this expansion. Instead, one would find e~"(¢~t)
replaced by its power-series expansion

1—F(t—t’)+<;> r2(t—t) 4.

which converges slowly for large time differences.

6.2 Expansion of X in V and G,

The difficulties of the expansion of G in powers of V may be avoided
by either infinite classes of terms in the expansion, or equivalently
by expanding the self-energy X (1, 1’;U) in terms of V. We recall
that ¥ is defined by

) V2 T 2\ (3
(iatlWLZ;I)G(1—1’)—/0 dlz(1-1)6(1-1)=68(1-1)
(6.22)

in equilibrium case. In the presence of U, we define ¥ by the
equation

—ip
/ dl [6G;' (L LUu)-2 (1L LU)]6(1,15U0)=6(1-1)
’ (6.23)
If we define the matrix inverse of G by the equation

—ip
/ di6 (1, LU)6 (1, 150) =5 (1 1)
0
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itis clear that
G (1,1;U)=6G," (1,1;U) — = (1,1,U) (6.24)
To find £ (U ), we matrix multiply Eq. (6.12) on the right by G~1.
Then
_1/3 _ _ _ o
G (1, 150) =G, (L, 1U) i/ d2v(1—2)6(2, 21)s(1 — 1)
0

8G(1, 1;U)

—i/iﬂdédivu—Z)[ U ) }Gl(i, 1;0)
0
(6.24a)

so that
—iB

5 (1, 1’;U)=:I:i/ d2v (1-2)6(227)5(1-1)
0

8G(1,1;U)

—iB
+i/ d?diV(l—?){ SU2) }G‘l(i, 1;U)
0
(6.25a)

Using G - G™1 4+ G8G~! = 0, we find

S NSG(LLU) |y s,
/0 d1 lw(z)]c (1,150)
:-/diG(l, i;U)BU‘S(Z) 60 (1, 130) - = (1, 150)]

=G(1,1’)8(2—1/)+/ -y S (L 150)

ip
dlG(1, ;U
( ) 3U(2)
Hence Eq. (6.25a) for X becomes

£(1,15U)=58(1-1) {ii/divu—é)a(é,éﬂu)

+iV (1-1)6(1,15U)
8% (1,15U)
sU (2)
(6.25b)

This latter equation is very useful for deriving the expansion of
¥ in a power series in Gy and V. To lowest order in V/,

+i/did2V(1—2)G(1,i;U)

T (L15U) = +is (1 - 1) /d? V(=26 (2250) o0

+iV (1-1)Go (1, 150)
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This is clearly just the lowest-order approximation to the Hartree-
Fock self-energy. The second-order result for ¥ is obtained by taking
the Hartree-Fock terms in Eq. (6.25b) to first order in G, using Eq.
(6.19). The more interesting second-order terms in X result from
%. To lowest order, these terms are

-

+ L (6.27)
N

4

where the lines signify Gy’s. Expression (6.27) is just the lowest-
order evaluation of the collision term in the Born collision
approximation self-energy.

6.3 Expansionof X in V and G

In the calculations in previous chapters, we have expanded X in V
and G instead of VV and Gy. The primary reason for doing this is that G
has a simple physical interpretation, while the physical significance
of Gy in an interacting system is far from clear. We shall, therefore,
indicate how successive iteration of Eq. (6.25b) leads to such an
expansion in G and V.

The Hartree approximation is derived by neglecting % in Eq.
(6.25a). This approximation is the first term in the systematic
expansion of ¥ in a series in V and G:

S (1, 150) =j:i/d2 V(-2)6(2250)5(1-1)

+iV (1-1)6(1,150)
The next term comes from approximating 2 by 22 in Eq. (6.25b).

7] sU
Then Eq. (6.25b) becomes

T (1,1;U) == (1, 150) iiZ/iﬁ d1d2 Vv (1-2)G(1,1;U)
><(SU(S(Z_)[/déV(i—é)G(é,é*;U)(S(i—l’)

iv(i_r)c(i,y;u)]
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However, G = —G - 8G~1 - G, so that to lowest order,
8G(1,15;U)
3U (2)

Therefore, we find to second order in V,

£ (1,15U) — =4 (1,150)

=G(1,2)6(2, 1)

=ii2/d2dév(1—2)v(§—1)

x [G(1,1;U)G(3, 2;U)G(2, 3;U)
+G(1, 3;U)G(3, 2;U)G(2, 1;U)]

=

| LN
= Lt 4 e (628)
N -

where the lines represent G’s. Equation (6.28), when U is set equal
to zero, is the Born collision approximation.



Chapter 7

Transport Phenomena

So far we have studied many-body systems by considering the effect
of adding or removing one or more particles. From the one particle
Green’s function G (1 — 1), we were able to determine the energy
spectrum and decay times of the single-particle excited states.

We indicate that G, can be used to describe the scattering of
two particles added to the medium. Higher-order Green’s functions,
defined similarly to G and G, describe the effects of adding or
removing more than two particles.

However, there exists a class of disturbances that are not
conveniently described in terms of these equilibrium Green’s
functions. Consider, for example, a disturbance produced by the
externally applied force field, F (r, t) = —VU (r, t).? This force field
may be represented by the addition of the term?

A (t) = / dr U (r, t)f(r, t) (7.1)

2In this chapter, the original text uses capital letters for the position vector R and the
time T. Here, we switch the capital letters to the lower cases, r and ¢, for avoiding
confusions. In Section 7.4, a new coordinate system has been introduced, but it is
not necessary at this stage.

PThe typographic error on assigning the equation number (7.1) in the original text is
fixed.
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Transport Phenomena

where

h (r, t) = &T [r, t) {ﬁ (r! t)
to the Hamiltonian of the system. One example in which this kind
of disturbance is particularly important is a system of charged
particles, perturbed from equilibrium by a longitudinal electric field.
Then, the external force is the electric field, times e, the charge on
each particle, while e~1U (r, t) is the scalar potential for the applied
electric field.

Other types of external disturbances, e.g., general electromag-
netic fields, can be represented by other terms added to the
Hamiltonian. These extra terms cause no additional conceptual
difficulties. However, for the sake of simplicity, we shall restrict
ourselves to the disturbance (7.1).

Many interesting physical phenomena appear as the response of
systems to external disturbances of this kind. For example, in an
ordinary gas, a slowly varying U (r, t) will produce sound waves. A
longitudinal electric field, applied to a charged system, will lead to
a flow of current. Both processes will be accompanied by the flow
of heat. Each of these processes involves the flow of macroscopically
observable quantities—momentum (in a sound wave), charge, and
energy—and are, therefore, known as transport processes.

Preparatory to developing a Green’s function theory of transport,
we shall review the conventional approach based on the Boltzmann
equation in order to see, on the one hand, its shortcomings and, one
the other hand, the features that must be retained in any correct
theory.

7.1 Boltzmann Equation Approach to Transport

The conventional Boltzmann equation is an equation of motion for
f (p, 1, t), the average density of particles with momentum p at
the space-time point® r, t. The time derivative of f is computed by

¢(Original) iThe reader may argue that it is unreasonable to define an f (p, r, t)
quantum mechanically because the uncertainty principle makes it impossible to
simultaneously specify the position and momentum of a particle. However, we are
not interested in specifying the position of any particle with accuracy much greater
than the wavelength of the disturbance. Therefore, when the disturbance varies only
over macroscopic distances we can specify the momentum of the particles with
macroscopic accuracy.



Boltzmann Equation Approach to Transport

taking into account the following effects:

(1) Particles with momentum p continually drift into and out of the
volume element of space aboutr.

(2) Owing to the average forces acting on the particles, the momenta
of the particles in this volume are gradually changed.

(3) Collisions that take place in this volume suddenly change the
particle momenta. Collision rates are computed by using the
free-particle collision cross sections, correcting the collision
rates for the density of final states in the many-body system. For
fermions, the exclusion principle requires that particles cannot
scatter into occupied states; bosons, on the other hand, prefer to
scatter into occupied states.

Thus, the Boltzmann equation is

{ . + p;nvr —[VU (r, )] - VP} flpr D)= <af> llisi

at ot
(7.2)
where, in terms of Born approximation collision cross sections,
of dpy dp dp [1 i} 12
() = s—=—=|5)lve-p£tv(p-P)]
ot collision (277) (277) (277) 2
x (2n)°5(p+p' ~Pp-P)
2 N2 =2 =2
X2n3<p+(p)_p_(p)>

2m 2m 2m 2m

x (LA FF=fFA£f)(1+f)]
(7.3)

Here

f=f(p,l‘,t), f/:f(p/,r,t), etc.

This Boltzmann equation is appropriate only for systems with weak,
short-ranged forces.

When particles interact through the Coulomb force, v(r) = "’r—z,
the force is so long-ranged that the whole picture of instantaneous
local collisions breaks down completely. For long-ranged forces,
Eq. (7.2) is almost certainly wrong. It is much better to leave
out the collision term entirely and consider the particles move
independently through an average potential field. This effective field
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is the sum of the applied field and the averaged field produced by all
the particles in the system:

d /
Uer(r, t) = U (r, t) + /dr’ v(r—r) 7p3 fp.rt) (74)
(2pi)
Then the Boltzmann equation becomes
ad -V
{M P QU 0] v,,} fprt)=0 (7.5)

This equation is often called the Vlasov-Landau equation. It is
nonlinear because Uy depends on f. We shall defer the discussion
of the collisions Boltzmann equation to Chapter 8.

In the absence of a U, Eq. (7.2) has the solution

1

ef [(p_z':.vlz —M] +1
the readers should check for themselves that, in fact, the collision
term vanishes for this choice of f. This solution represents
thermodynamic equilibrium. The parameters 8, i, and v are the five
parameters (v is a vector) necessary to specify the thermodynamic
state of the system. The new parameter here is v, the average
velocity of the system. Notice that the solution (7.6) is the
distribution function in thermodynamic equilibrium for a set of
independent particles. Therefore, the Boltzmann equation ignores
the change in the equilibrium distribution caused by the inter-
particle potential. Our more general theory will overcome this
limitation.

Now we use the Boltzmann equation, (7.2), to derive the exis-
tence of ordinary sound waves. This derivation indicates the way
in which the Boltzmann equation describes transport phenomena.
Sound waves appear in the limit in which the disturbance U (r, t)
varies very slowly in space and time.

When U (r, t) has this slow variation, f (p, r, t) must be slowly
varying. Then the left-hand side of Eq. (7.2) must be very small, since
it is proportional to space or time derivatives. Hence the collision
term in Eq. (7.2) must also be small. For an arbitrary choice of f, the
collision term is on the order of I' f, where T" is the typical collision
rate. By hypothesis, we are considering a slowly varying disturbance,

so that I'f is much greater than 3—{ or (%) - Vi f. Therefore, the

frt)= (7.6)
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condition that the collision term be small is a strong requirement on
the solution f. To lowest order we can determine f by demanding

that
a
(f> =0 (7.7)
ot collision

The solution to Eq. (7.7) must be of the form
-1
:Fl}

(7.8)

(p — mv (r, ))*

2 - ﬁ (l', t) n (r, t)
m

fprt)= {EXP [/3 (r, 1)

The f represented by Eq. (7.8) describes the system as being in
local thermodynamic equilibrium. However, the system is not in
complete thermodynamic equilibrium since the temperature 8 (r, t),
the chemical potential u (r, t), and the average local velocity of the
particles, v (r, t), vary from point to point.

Notice that in obtaining Eq. (7.8), we are really thinking the
collision term to be a dominant part of the Boltzmann equation. It
is the collisions that are responsible for keeping the system in this
local thermodynamic equilibrium.

To complete the lowest-order solution, we must determine the
five unknown functions, 8 (r, t), i (r, t), and v (r, t), which appear
in Eq. (7.8). We can determine these by making use of the five
conservation laws for the number of particles, momentum, and
energy.

These five conservation laws are obtained by multiplying
Eq.(7.2) by 1, %, or p, and then integrating the resulting equations
over all p. In all three cases, the integrals of the collision terms vanish
and we find the differential conservation laws:

Number conservation:
d
an rL+V-jr=0 (7.9a)
where
wo=[ - rero
n ) == » Ly
2y’ P
. dp p
) (r' t) = 7/[ (pl r, t)

(27)°* m
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Energy conservation:
aE (r, t) dp p p?
v, - —— , T, t) = — t)- ViU (r, t
itV Grpmam/ @O IEO-VU Y
(7.9b)
where

guﬂ—/g)ﬁmﬂnrﬂ

Momentum conservation:

j(r, t)—|—/ (;:)3 (p- V) [%f(p, T, t)] =—n(r, ) VU (r, ) (7.9¢)

The number conservation law expresses the result that the time
derivative of the density of particles must be equal to the negative
divergence of the current. This is also called the equation of
continuity. Similarly, the time derivative of the energy density is the
negative divergence of the energy current, plus the density of the
power added at the point in question. Finally, the time derivative of
the momentum density is the negative divergence of the momentum
current, plus the applied force density.

The conservation laws (7.9) are exact consequences of the
Boltzmann equation. They do not depend in any way on the
use of approximation (7.8) for f. However, we can substitute
the approximate f into these equations and thereby determine
parameters in Eq. (7.8) in terms of U .

To simplify this analysis, we shall consider only the low-density
limit (B4 — —o0), in which f has the simpler form

2
P, ) = exp {—ﬂ 0 l“’_"’zvm(r”) e t)] } (7.8a)

As a further simplification, we consider U (r, t) to be a small
perturbation of the system from an initial equilibrium configuration
at time —oo in which v(r,—oc0) = 0, g(r, —0c0) = B, and
u (r, —oo) = u. This enables us to write the conservation laws in
alinearized form. These linearized conservation laws are derived by
substituting Eq. (7.8a) into Eq. (7.9). Since terms like v-V, v?, etc,,
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are all of second or higher order, the linearized conservation laws
are

an (r, ¢
"8 g e gn(r )~ —nV-v(r, 0
ot (7.10a)
e _ dp_p p°\| -po[EB0 o]
ae " (27)° m2m
so that
,t
35; ) v €+ P)V-vr D) (7.10b)
and
ov(r, t)
R = —VP () = nVU (r, (7.10¢)
In Eq. (7.10)

n(r,t) = expe —B(rt) |- —u(rt)
/3(27r)3 2m (7.11)
Et) = (2> n(r, )~ (rt)
and

Pr,t)=n(r )1 (r )

are the particle density, energy density, and pressure of a free
low-density gas, expressed as functions of g (r, t) and u (r, t). Also
n, £, and P are the values of these quantities at time —oo. The
linearized hydrodynamic Egs. (7.10) can be derived for all ordinary
fluids. However, Eqgs. (7.11) are not always true, since they are
the thermodynamic relations for a perfect gas. In a more general
discussion of sound propagation, one must use more accurate
thermodynamic relations than Eq. (7.11). These cannot be derived
from a Boltzmann equation.

We now eliminate U (r, t) from Eq. (7.10). If we take m times the
time derivative of Eq. (7.10a) and subtract from it the divergence of
Eq. (7.10c), we find

3%n(r, t)
me 1Y

o V2P (r, t) = nV2U (r, t) (7.12)
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and from Egs. (7.10b) and (7.10a), we find

19 1 3(rt)
——n(r t)=-V. )= ——
natn(r ) vin g E+P ot
310P(rt)
=" 7.13
5P ot ( )

This last equation is a restriction on the possible changes in g (r, t)
and u (r, t), and we may use it to eliminate V2P (r, t) from Eq.
(7.12). Note that we are switching from the variables 8 (r, t) and
w(r, t)ton(r, t) and P (r, t). The solution to Eq. (7.13) is just

5P
(P(r,t)— P)= 3In (n(r,t) —n) (7.14)
since P (r, t) is P and n (r, t) is n at the initial time ¢t = —oo. Then
from Eq. (7.14)
5
VP (r, t) = §/5—1v2n (r, t)

so that Eq. (7.12) becomes
[ — vz} n(r, ) = ~V2U (r, f) (7.15)
m m

This is the equation obeyed by forced, undamped sound waves. The
velocity C of this sound wave is given by

c* = 567 _ kT (7.16)
3 m 3 m
which is the adiabatic or Laplace sound velocity for a perfect
gas. The restriction (7.13) is equivalent to the statement that the
sound wave must propagate with constant entropy. In terms of the

thermodynamic derivatives of a free gas, C? is given by

=20 ]

The analysis that we have just carried out is the lowest order in

free gas

an expansion in powers of w/I" and [%} /T, where w and k are
the frequency and wavenumber of the disturbance U, and T is the
typical collision rate.

The next-order terms in this expansion involve viscosity and
thermal conductivity. These transport coefficients can, therefore, be
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calculated from the Boltzmann equation. They appear in the sound-
wave damping.

It is interesting to note that these correction terms are of order
w/ T relative to the terms we have just computed. Therefore, the
analysis of transport is based on an expansion of 1/I" or one over
the square of the potential. Thus, in our Green’s function analysis, we
can hardly expect that any power-series expansion in the potential
could describe transport.

This result for the sound velocity indicates both the strength and
the weakness of the Boltzmann equation approach. The Boltzmann
equation predicts the existence of sound waves, and it gives
the correct sound velocity for low-density systems: the result
C? = 5kgT/3m has been verified experimentally for dilute gases.
However, the sound velocity C* = (1) (%)S/N is correct for a very
wide range of fluids, even in situations in which thermodynamic
derivative is very far from its free gas value. Yet the Boltzmann
equation predicts the free gas value, which suggests that the
Boltzmann equation approach cannot give a good description of any
systems except those that are weakly interacting.

There is another hint that the Boltzmann equation is inherently
limited to weakly interacting system. Look at the energy conserva-
tion law, Eq. (7.9b). This is actually a conservation law for kinetic
energy,

dp p’

' (27_[)3 ﬂf (p' T, t)

However, it is not merely the kinetic energy that is conserved but the
total energy—Kkinetic plus potential. Any approximation that leads to
an energy conservation law of the kinetic energy alone can be valid
only when the average potential energy is much smaller than the
kinetic energy, i.e., in the weak-interaction limit.

As we shall soon see, the Green’s function approach overcomes
this limitation of the Boltzmann equation and, in fact, is capable of
going far beyond the Boltzmann equation in its range of applicability
and its accuracy.

On the other hand, we must retain one very important feature
of the Boltzmann equation in our Green’s function approach: the
conservation laws for the number of particles, the energy, and the
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momentum. In fact, we saw that the derivation of sound waves de-
pends only on the assumption of local thermodynamic equilibrium
and the use of these conservation laws. These conservation laws
dominate the response of the system to slowly varying disturbances;
they must be included to get a qualitatively correct description of
this response.

7.2 Green’s Function Description of Transport

The problem posed by transport theory, be it quantum or classical,
is to calculate the space- and time-dependent responses induced in
a system by external space- and time-dependent disturbances. In
electrical transport, for example, one applies, starting at a certain
time, an external disturbance in the form of an electric potential, like
Eq. (7.1), and tries to find the current and charge distributions due
to this potential.

To be specific, we shall consider only disturbances of the form
Eq. (7.1),

H'(t) = /dr n(r, t)U (r, t) (7.1)

We then want to calculate the expectation values of physical
operators, as they develop in time when the system is influenced by
U.In the Heisenberg representation, any operator, X (r, t), develops
in time according to the equation

i%)?u (r,t)= [)?U (r, 0), I:IU (t)+/dr’ Ay (I", t) U (I‘/, t)
(7.17)

Here Hy (t) is the Hamiltonian (2.2) of the system. It now
depends on time because there is an external time-dependent
perturbation. The subscript U on the operators indicates that their
time development is given by Eq. (7.17) and, therefore, depends
onU.

Let us suppose that at a very earlier time ¢, before U is turned
on, the system is in a definite eigenstate, |i, ty) of H and N. The t in
the designation of the state means that

H ()i, ty) = E; |i, tt) whent <t (7.18)
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In the Heisenberg picture, the system will always remain in this
state. Only the operators change in time. [The relation (7.18) will fail
to hold as soon as t becomes later than the time when U is turned
on.] The expectation value of the operator X at the time ¢ and point
ris

(X(r, ), = (i, tol Xy (1, ) Ii, to) (7.19)

Now in an actual experiment, the system is not in a definite
eigenstate of the Hamiltonian at time ¢, but is rather at a definite
temperature S~!. We start with a system in thermal equilibrium
at a definite temperature (and chemical potential) when we begin
the experiment, and then we observe how the system develops in
time. We must, therefore, average Eq. (7.19) over a grand-canonical
ensemble of eigenstates of the system, at time ¢,. The expectation
value becomes

, > e PEN (i ] Xy (r, £) 1i, to)
(X(ro), = S e PE—uNy)

(7.20)

The ensemble can still be represented by a trace, but we must be
careful to specify, by writing H (t), the time at which the ensemble
was prepared. Actually, Eq. (7.20) is independent of ¢, as long as
ty is before the time that U is turned on. The number operator is
independent of time, since an external potential does not change the
number of particles.

Next we notice that we can solve Eq. (7.17), at least formally, by
going to the interaction representation. In this representation, the
operators develop in time according to

i% =[X (0, #()] (7.21)

The transformation between the interaction representation and the
Heisenberg representation is given by!

Xu (@ )=V OX0OV®) (7.22)

d(0riginal) tOne may check (7.22) by explicit differentiation with respect to ty. Using

ialgft) = /dr’ n(r,0)U (v, ¢) V()
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where
Ve)y="T —1i tdt/ dr'a(r,t)u (v, t 7.23
(3] {exp{z/t0 /rn(r YU (r )}} (7.23)

is written in terms of the density operator in the interaction
representation.

The problem of calculating the expectation value of an operator,
developing in the presence of U, is then reduced to calculating

(Xy (r,0)) = (X (r, 1)),
tr {e—ﬁ[ﬁ @-181-1(6) R (r, ) D (t)}
tr {e—ﬁ[ﬁ(to)—uﬁ]}

(7.24a)

Since we are in the interacting representation, H (t,) is independent
of time so that we can drop the t, in H (t). Since ¢, can be any time
before the disturbance is turned on, Eq. (7.24) does not depend on
tp. Then we can write

(R o), =V OXravE)
Vo) =T {exp [—i / t dtdr' n(r,¢)U (r, ﬁ)” (7.24b)

where the expectation value written without the U denotes the
equilibrium expectation value. Equation (7.24b) is, in a certain
sense, the solution to the problem of transport, since all the
operators develop as they would in the equilibrium ensemble. All
the dependence on the external field U is explicit in Eq. (7.24b).
Our program for determining quantities like Eq. (7.24b) will be
to write equations of motion for generalized Green’s functions in

one finds

.XU(t)_A—l 205 Y
=l i (1740 v

+V79 [)?(t), / dr' a(r,6) U (r, t)} V(o)
=V {;?(r), Ao+ / dr' i (v, ) U (r, 0} v

= [Xu(t), Ay(® +/dr’ Ay (¢, o) U (¥, t)}
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terms of which quantities like Eq. (7.24b) can be expressed. These
equations of motion will bear a strong resemblance to Boltzmann
equations.

We now use the Heisenberg representation creation and annihi-
lation operators to define Green’s functions

g (1130) =1 (T (Ju 94 (1))
g (1,1;0) =11 (I W) (1))
g=(1,1,U) ==+ 11 <1/?J (1) v (1)>

2
0: (12,120 = (?) (1 (b 0 @0 (2) 94 (1))
(7.25)

In terms of these Green’s functions, we may describe the response
of a system, initially in thermodynamic equilibrium, to the applied
disturbance U. For example, the average density and current at the
pointr, t are given by

(T )y = <1/},3 (r, &) ¥y (r, t)> — +ig= (rt, rt; U)

<i(r, t)>U - {VZI_'mV [+ig= (rt, r/t;U)]} (7.26)

r'=r

«_n

We use the “g” to distinguish these physical response functions,
which are defined for real times, from their imaginary time
counterparts G(U), G2(U). We shall see later that there is a close
connection between these two different sets of Green’s functions.
For the time being, we limit ourselves to discussing the real-time
functions.

We now consider the equations of motion obeyed by g(U). To
derive these, we notice from Eq. (7.17) that®
2

d \Y
lal/fu (r't)=_<

2m

) Yy (r, 6) + U (r, ©) Yy (1, £)

+ /dr/ v(r—r) g (¢, 8) Gy (7, 6) Ju (r, )
(7.27)

The typographic error of the omission of the superscript T at the first ¢ in the second
line in the original text is fixed.
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It follows then that

5 V2
v _ymylg, s
{'at1+2m ()}g( )

oo
=5(1-1)+ i/ dtdr, V (1 -2)g; (12,12,U)
—00

(7.28a)

Making use of the equation of motion of 1%, we can similarly derive

V?
{—iai +21 —U(l)}g(l, 1;U)
vooam (7.28b)

00

=5(1-1) j:i/ d2v (1'-2)g, (127,12 V)
Here V (1 — 2) = v (r; — r2) 8 (t1 — ;). As in the case of the equili-
brium Green’s functions, we shall construct approximations for g(U)
by substituting an approximation for g,(U) into these equations of

motion.

7.3 Conservation Laws for g(U)

In our derivation of sound propagation from the Boltzmann
equations, we saw that it was essentially to make use of the
conservation laws for the number of particles, the energy, and
the momentum. When a system is disturbed from equilibrium, the
first thing that happens is that the collision forces the system to
a situation that is close to local thermodynamic equilibrium. This
happens in a comparatively short time, on the order of I' 1. After
this rapid decay has occurred, there is much slower return to all-
over equilibrium. During this latter stage, the behavior of the system
is dominated by the conservation laws. These laws very strongly
limit the ways in which the system can return to full equilibrium. For
example, if there is an excess of energy in one portion of the system,
this energy cannot just disappear; it must slowly spread itself out
over the entire system. This slow spreading out is the transport
process known as heat conduction. Therefore, in order to predict
even the existence of transport phenomena—Ilike heat conduction
or sound propagation—it is absolutely essential that we include the
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effects of the conservation laws. The conservation laws must be
woven into the very fabric of our Green’s function approximation
scheme.

For example, we must be sure that any approximate calculation
leads to an (A (r, t)), and <i (r, t)>U which satisfy the differential
number conservation law

ad .
—(A(r, t +V-<'r,t> =0
o7 (A0 +V-(jr0)
This conservation law becomes a restriction on g(U). Using Eq.
(7.26), we can express this restriction as

R Vi —Vy
iyl 1,1/;U] +v.{7 1,1/;0] -0
K ot 3t1r>g( . am It -

(7.29)

where 1’ = 1" meansry =1y, & = ¢

Fortunately, it is very simple to state criteria that will guarantee
that an approximation for g(U) is conserving, i.e., it satisfies
the restrictions imposed by the number, momentum, and energy
conservation laws. We get an approximation for g(U ) by substituting
an approximation for g,(U) into Egs. (7.28a) and (7.28b). This
procedure really defines two different approximations for g(U ), one
given by Eq. (7.28a) and the other by Eq. (7.28b). We shall show
that the differential number conservation law is equivalent to the
requirement on the approximation: [criterion A] g(U) satisfies both
Egs. (7.28a) and (7.28b).

To derive the number conservation law from criterion 4, it is only
necessary to subtract Eq. (7.28b) from Eq. (7.28a) to find

o .0 Vi— Vi
i i+ (Vi+ V1) ——— —U W) +U (1)|g (1 1;U)

ot dty 2m
::I:i/dz V-2 -V -2)]g (12, 12%0)
(7.30)

When we set 1/ = 1% in Eq. (7.30), we find Eq. (7.29), so that the
approximation indeed satisfies the differential number conservation
law exactly.
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We shall not write differential momentum or energy conserva-
tion laws analogous to Eq. (7.30). Instead we shall only employ
the integrated forms of these conservation laws. For example, the
conservation law for the total momentum is

d o (PO), / dr [VU (r, ] (A (r, ©)y (7.31)

This states that the time derivative of the total momentum is equal
to the total force acting on the system.

In order to have an approximation that conserves the total
momentum, we place one more restriction on the approximate
g2(U) to be substituted into Eq. (7.28). This is: [criterion B]
92 (12;1%2%,U) = g, (21,2717, 0).

In order to see that this additional restriction is sufficient to
obtain a momentum-conserving approximation, we construct the
time derivative of the total momentum in the system by applying

Vl/ to Eq. (7.27), setting 1’ = 17 and integrating over all r;. In
thls way, we findf

d Vi—Vr,
— d ———ig~(1,1,;U
dt {/ n [ 2i 19 ( )L/ 1+}

Vi—ViVi=Vy _ ,
—l—/der-{ T T g (1,1;U)}

=1

== /dl‘1dl‘2 [Ver (Irq = l‘zm 92 (l'1t1. rpt;; it rat); U)

—i/dr1 [VU (r1)1g~ (rity, rity; U) (7.32)

The term proportional to a divergence on the left side of Eq. (7.32)
vanishes after integration over all r;. The term proportional to g,
vanishes in this equation because criterion B implies that this term
changes sign when the labels r; and r, are interchanged. Therefore,
this term must be zero. Equation (7.32) then becomes

d Vi —Vy
i— /dr1 gt (1,150)
dy 21 =1+

(7.33)
= —i/dr1 g= (1, 1) VU (r1)

fThe typographic error in the argument of the function g, (r1 t, oty Ty tf'; r t1+; U)
in the original text is fixed.
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This is just the momentum conservation law that we wished to build
into our approximations.

The discussion of the energy conservation law is no more
complicated in principle, but it involves some algebraic complexities,
so we shall only outline it here. By using the same device as we
discussed in this section on equilibrium properties of Eq. (3.9), we
can express the energy density in terms of U and of differential
operators acting upon 1%, (1) ¥y (1). Then, with the aid of Eq.
(7.30), we can construct the time derivative of the total energy. After
a bit of algebraic manipulation, which employs only criteria A and B,
we find

diT (A (), = —/dr [VU (r, £)] - <i(r, t)>U (7.34)

which says that the time derivative of the total energy in the system
is equal to the total power fed into the system by the external
disturbance.

To sum up: Any approximation that satisfies criteria A and B
must automatically agree with the differential number conservation
law and the integral conservation laws for energy and momentum.
Therefore, we may expect that these conserving approximations for
g(U) lead to fitting descriptions of transport phenomena.

7.4 Relation of g(U) to the Distribution Function
f(p, R, T)®

The Green’s function theory of transport is logically independent of
the Boltzmann equation approach. However, it will be interesting for
us to make contact between the two theories. We shall now indicate
the connection between the distribution function f (p, R, T) and the
Green'’s function g(U).

We have already noted that f(p, R, T) has no well-defined
quantum mechanical meaning. Therefore, the best that we can hope
to do is to define an f (in terms of g) that has many properties
analogous to those of the classical distribution function. To do this,

&Now, we introduce the coordinates R and T in terms of the Wigner distribution
function. It was not necessary to introduce these coordinates before this section.
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we write the real-time Green’s function, +ig= (1, 1’; U), in terms of
the variables
r=ri—-ryt=t —t

_ Iritry _ bttty
R="+ T=""

(7.35)

Then we define

o
g~ ;R T;U)= /dr/ dt e PTH [4jg= (1, t; R, T; U)]
> (7.36)
This function may be thought of as the density of particles with
momentum p and energy w at the space-time point R, T at least in
the limit in which g varies slowly in R and T. Hence, f (p, R, T) can
be defined as

dw
f,RT)= /ﬁf (p, o;R, T; U)

- /dr e (9 (R- g T) iy (R+ g 7)) (737)

This definition is originally due to Wigner.

The function f has many similarities to the classical distribution
function. When it is integrated over all momenta, it gives the density
atR, T, thatis,

d ~ "~
/(2:)3]((1’, R T)= <1/f1]; (R, T) ¥y (R, T)> = (AR, T))y

When it is integrated over all R, it gives the number of particles with
momentum p at time T since

JdRf R 1) = [ dradry e Pre () e, 1Y By (1, 7))
= (¥ (. T (b T)

Just as in the classical case, the particle current is

o dp p
iRT) =2 2FmRT
Jrn), =G5 n/ @R
This identification of the distribution function f will enable us to
see the relationship between Green’s function transport equations
and the Boltzmann equation.



Chapter 8

Hartree Approximation, Collision-Less
Boltzmann Equation, and Random Phase
Approximation

Our general procedure for describing transport phenomena will be
based on approximations in which g,(U), which appears in the
equation of motion for g(U), is expanded in terms of g(U). The
simplest approximation of this nature is the Hartree approximation.

92 (12; 1'2; U) =g (1, 1/; U) g (2, 2/ U) (8.1)
The two particles added to the system are taken to propagate
completely independently of each other. They do, however, feel the
effects of the applied potential U as they propagate through the
medium, and hence their propagation is described by g(U ).
When Eq. (8.1) is substituted in the equations of motion, Eq.
(7.28), these become

; 9 V12 Uerr (1 1,15U)=6(1-1 8.2
{18151_‘_2m_ Eff():|g(l , )— (_ ) (a)

2
{_ia + Ay (1/)} g(1,15U0)=5(1-1) (8.2b)
where

Ut (R, T) =U (R, T):l:i/dR’ v(R—R)g= (RT,RT) (83)
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Equations (8.2) describe the propagation of free particles
through the effective potential field U¢g (R, T). This potential is the
sum of the applied potential U and the average potential produced
by all the particles in the system. It is the potential that would be felt
by a test charge added to the medium.

When the particles have internal degrees of freedom, such as
spin, or there is more than one kind of particle in the system, we
must sum the last term in Eq. (8.3) over the different degrees of
freedom. If the internal degree of freedom is spin, and the interaction
is spin-independent, then this summation just gives a factor® 25 + 1,
so that Eq. (8.3) becomes

Ut (R, T)=U (R, T) i (2S + 1)/dR/ v(R—R)g= (R'T,RT)
(8.3a)

In general, we shall not explicitly write this summation in our
formulas.

Before we go any further, we shall show that this approximation
is conserving. From Eq. (8.1), we see directly that criterion B, the
symmetry of g, (12, 1'2’; U) under the interchange 1 <> 2,1’ < 2’
is trivially satisfied. Criterion A states that Egs. (8.2a) and (8.2b) are
consistent with one another. To check this, we construct

9 Vi a V3
A= |i——4+——Ue(1 —— — U (1 1,1;U
[18t1+2m eff )H i+ gm — Ve (1)] 9 ( )

in two ways; first, by multiplying Eq. (8.2a) by

9 \YS
[—1 Ty (1/)}

and then multiplying Eq. (8.2b) by

3 V2
— + L — U (1
[z 5 +o off ( )]

3The variable S denotes the number of internal degrees of freedom. This statement
was not mentioned in the original text.
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These two operations imply, respectively, that

and

a V32
A=|ie L U] s(1-1
['atl T gm U )} (1-1)

.0 Vi
_ [_, ot~ U (1/)] 5(1-1)

Therefore, we see that Egs. (8.2a) and (8.2b) both lead to the
same differential equation for g. When supplemented by suitable
boundary conditions, they will both determine the same function g.
Thus, the Hartree approximation is conserving.

If we take the difference of the two mutually consistent equations
(8.2a) and (8.2b), we find

0 d Vi—=Vyo ’
{i <8t1+8t1,) +(V1+V1f)'%_ [Ueff(l)_Ueff(l)]}
0

xg(l,l’;U):

We now set t; = t) = T; thus

i i_ﬁ_i +(V +V) m
it | aty rr 2m

— [Uesr (r1, T) — Uegr (r1, T)] } xg=(rT,ryT;U)=0
(8.4)

In the limit in which Uk (R, T) varies slowly in space, Eq. (8.4)
is equivalent to the collision-less Boltzmann equation. In order
to show the relationship between the Green’s function theory of
transport and the Boltzmann equation approach, and to gain a
deeper insight into the meaning of both, we shall now derive the
collisions Boltzmann equation from Eq. (8.4).
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8.1 Collision-Less Boltzmann Equation

When Eq. (8.4) is expressed in terms of the variablesr = r; —ry and

R =1 (r; —ry), itbecomes”

(e §r) ela- 5 1))

aT im 2 2

dp’
< [ e S (¥R T) =0
(8.5)
where f, defined by Eq. (7.37), is the quantum analogue of the
classical one-particle distribution function. We multiply Eq. (8.5) by
e 'PT and integrate over all r. Then Eq. (8.5) becomes

a p'VR 1 dp/ i —n).
_ R T)==[d ¥ ilp-p)r
(3T+ _ )f(p ) 1./ r/(m3e

r r

% |Uer (R+ 3, T)~Ver(R— 2, T) | f®" R T)

(8.6)

So far this equation is an exact consequence of the Hartree
approximation (8.1). Now let us suppose that Ueg (R, T) varies

slowly in R. In the integrand above, we may, therefore, expand
Ut (REEL, T)as
r

r
Uar (R £ = T)=Uet(R T) % (2) - VUetr (R, T)

so that
0 P Vr
(aT +

- dp’
>f(p. R, T) =VrUe (R, T)-/dl"/ #

X f (PR T) [~ Vel 0]
On integrating by parts, we find precisely the collisions Boltzmann
equation
d
|:8T+fl:1 'VR_VRUeff(Ru T)'Vp:| f(p' R' T) =0 (87)

where, in terms of f,
dp’

Ut (R, T)=U (R, T)+/dR’ v (R—R’)/ = f(P.R,T)
(27)
(8.8)
bWe also need the new time variables t = t; — ty and T = % (t1 + ty/) for the

completion. This statement was omitted in the original text.
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8.2 Linearization of the Hartree Approximation:
The Random Phase Approximation

We may solve Eq. (8.4), or equivalently Eq. (8.6), exactly in the limit
in which the potential U (R, T) is small.

We consider only disturbances that vanishes as T — —oo. The
boundary condition on Eq. (8.6) is an initial condition which states
that at T = —oo, the system is in equilibrium, i.e., that f (p, R, T)
is given by the equilibrium value of [ %G< (p, w), evaluated in the
Hartree approximation. Thus,

1
Tg@oof(li" R T)= SEPD-0 11 f(E(p) (8.9)
where
2
E(p) = Zp—m +n/dr v(r)

From the definition Eq. (7.25) of g=(U), we see that f (p, R, T)
depends on the values of U (R, T’') only for times T’ earlier than
time T . We may, therefore, write, to first order in U, that

fRT)=f(E(P)+5f (PR T)

where

8f (0, R, T) =/T dT’/dR’ % (R-R, T-T)U (R, T
(8.10)

This equation defines the linear response function, %, in the real
time domain. It is closely related, as we shall soon see, to the
functional derivative in the imaginary time domain, which was
defined in Chapter 6.

Owing to the smallness of U, we may write Egs. (8.6) and (8.8) in

linearized form:

[a p'v“} 5F (b, R, T)

2y
1 ' o
_ /dr7p3 P (5 (Rt 2, T) = Ut (R— 2, T) |

aT
I (2m)
(8.11a)

111



112

Random Phase Approximation

and
dp’
(27)

U (R, T)=U (R, T)+/dR/v(R—R/)/ s 8f (PR T)
(8.11b)

The Hartree approximation, when linearized in the external field, is
known as the “random phase approximation.” Equation (8.11) is just
one of many equivalent statements of this approximation.

To solve these equations, we consider the case in which U (R, T)
is of the form

U, T)=U (k Q)ekrer (8.12)

where Q is a complex frequency such that I2 > 0. Then U (R, T)
vanishes as T — —o0. We see from Eq. (8.10) that

Sf(P, R T)=e*™9Ts5f (p, Kk T) (8.13)
where

0
i ’ 3 /8
5f(p k Q):/ dT//dR/e_’m +ir O (p,—R,-T")U (k Q)

U
(8.14)
Equation (8.11) then becomes

k- k k
(52 [ efo-5)-(:0+3))
x 8Uef (K, ©2) (8.15a)

where

SUe (k, Q) =U (k Q) + v(k)/(gj;g §f(p,k Q) (8.15b)

Here
v (k) = / dr e KT y(r)
We readily find
sk @) = LEC@D) TS E@+D)) g o o

=
S

Q—

el

(8.16a)
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and

SUetr (K, ) = U (k, )

dp’ f(E(P=3))—F(E(P+3))
w0 [ 28 o iE
x 83Ut (K, Q)
U (k Q)

(8.16b)

v 2 f(E(p’_%g{‘él}E(P’+%))

There are two quantities of physical interest that we can
determine from Eq. (8.16). The first is the change in the density

sn(k Q) = /( s 0f (0 k Q)

Let

5n dp f(E(p-3)) - (E('+'§))
(w) (e ) = (2:)3 Q- :

(8.17)
This is the density response of a system of free particles, with single-
particle energies E (p), to applied field. Then én is given by

(w2
on (k, Q) = ; =09 (. oY k ) (8.18)

The other function of direct interest is the dynamic dielectric
response function K. This function, defined by

T
8Uckt (R, T) :/ dT’/dR/ KR-R,T-T)U (R, T)

> (8.19a)
or
Uk (R, T)
SU (R, T
gives the change in the effective potential when one changes the
externally applied potential. It is a generalization of the ordinary
(inverse) dielectric constant to the case in which the external
potential depends on space and time. When U (R/, T’) is one of the
form (8.12), it follows that

SUek (R, T) = e®RIT K (K, Q) U (k, Q)

K(R-R,T-T')= (8.19b)
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where
0 . — ’
K(k Q) =/ dT’/dR/ e*R-IT' K (R, —T")
—0o0

Inthe Q@ = 0, k — 0 limit, K~! (k, ) becomes the ordinary static
dielectric constant €. It is clear from Eq. (8.16b) that in the random
phase approximation

1
1-v(k) (g—u)o (k )

K(k Q) =

(8.20)

8.3 Coulomb Interaction

A particularly important application of the random phase approxi-
mation is to a system of charged particles. The interaction is through
the Coulomb potential®

2

v(R):% v (k) = ’

4me

k2
If a system contains two kinds of oppositely charged particles,
say electrons and ions, and the ions are much heavier than the
electrons, then to a first approximation, we can think of the ions
as producing a fixed uniform positive background potential, and
consider only the dynamics of electrons. The positive background
is a time-independent potential added to U, whose only purpose is
to guarantee overall electrical neutrality of the system.

In this case, —e~'U is the scalar potential for an externally
applied electric field, and —e~ U, is the scalar potential for the
total electric field seen by the particles—the external field plus
the average field produced by the electrons plus the uniform
background:

(8.21)

62
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U (R, T) =U (R, T)+/dR’ ((a (R, T)), —n) (822)

n, representing the background, is the average density of particles.

‘Instead of “coulomb” in the original text, we will use “Coulomb,” which starts with
the capital C, because it is the name of a person.
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The random phase approximation is useful for calculating the
dielectric response function of the system. From Eq. (8.17), we have

((P 5 > f<(p+¥)z)
2m
( ) )_/(2 )3 (8.23)

Q_ kP

m

Let us consider first the limit in which the disturbance varies so

k-p 2

slowly in space that (7) & Q2 for all momenta p that are

appreciably represented in the system. Then,

k-p k-p k-p 3
1 -
T ms2 + (mQ) * (mQ +
By symmetry, the terms even in p here do not contribute to the
integral in Eq. (8.23). Thus

(5 sty [ 2 [ . <<p 2—m§>2> iy (“”;m))]
ke ()

m+§22

11
-k T Q

m

Shifting the origin of the p integrations and keeping only terms up to

order k* we find
sn K> dp p? k-p)?
k Q) = 143
(5U> =10t | @ )3f< > " <m9>

nk? K
=5 [1 + 7 (v >} (8.24)
where
2
p
— 8.25
/(271)3 f (2m> (8.25)
In the classical limit
3
(v*)=— (8.26a)
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and for zero temperature fermions

3\ [ Pr\?
2 —_— —
(v?) = (5) ( ) (8.26b)
where pg = (2mu)"/? is the Fermi momentum.

Upon substituting Eq. (8.24) into Eq. (8.20) for the dielectric
function, we find

1
Kk @) = ——— -
-2 E (14 5 (7))
QZ
= 8.27
FomE-EE e )

We notice at once that there are poles in this response function at

2
Q? = (4”;:6 ) + (V) = @} + (V) R (8.28)
Exactly as a pole in the one-particle Green’s function G(z) indicated
a single-particle excited state, so does a pole in K indicate a
possible excitation, or resonant response, of the system. This
resonance occurs also in én(k, @), as we see from Eq. (8.18).
It, therefore, corresponds to a possible density oscillation of the
system with frequency (w? + (v*) kz)l/z. This resonance is called
a plasma oscillation, and the frequency w, is called the plasma
frequency. Plasma oscillations have been observed experimentally in
systems as diverse as the upper atmosphere and metals. The upper
atmosphere is partially ionized; a metal, to the first approximation,
can be described as an electron gas.

We may see the physical significance of the plasma oscillation
quite clearly if we examine the density change, én (R, T), caused by
an external field U (R) = e'*RUy, which is switched on at time T
and switched off at a later time Ty, i.e.,

ek Ry, To<T <Th
0, otherwise

U(R,T):{

This U may be written in terms of its Fourier transform as

' © 40 QT _ ,iQT,
U (R, T) — elk-RUk/ — e—IQT i
oo 2mi Q
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Hence, U may be regarded as a superposition of potentials of the
form U (R, Q) = Uk%. Thus, én (R, T) is found from Eq.

(8.18) by the formula
sn (R, T)

—i — —i — on
:eikRUk/oo de e e (57)o (b )

w 2ni Q 1- (42 (), (6 )

Using (1), from Eq. (8.24), we find
dQ nk? Q% + k% (v?)

sn(R, T)=e*Ry, | — —
n( )=e k| 27 mQ Q4—§22a)f,—a)f,k2 <v2>

e~ IQUT=T1) _ p=iQT—To)
X
()

nk?
ik-R dﬁ mQ
2ri Q2 — w? — k2 (v?)

e IQT—T1) _ g=iQT—To)
X

since to order k%, we may make the replacement
Q' — Q*wl — ik (vV?) — (QF — ) — K (v?)) (2 + K (v?))
The integrand has plasma oscillation poles at
Q==+ (o + K (v2)"*
and hence the integral will be well defined only when we specify
the integration contour near these poles. The contour is determined
from the fact that the response to the external potential is causal, i.e.,
dn (R, T) = 0if T is earlier than T,. This implies that the contour
must be chosen to pass above the poles, since when T < Tj, we
may close the path of integration in the upper-half € plane and the
integral vanishes.
When T > T3, we may close the integration contour in the lower-
half Q plane and find, from the sum of the residues,
nk?
mQ2 (k)

=e

sn (R, T) =e™*Ryy

x {cos [Q, (k) (T — To)] — cos [2, (k) (T — T1)] }
(8.29)
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where

Qp (K) = + (0% + K (v?))*
It is clear from Eq. (8.29) that the effect of the external potential is
to set the density in oscillation with frequency €2, (k). The spatial
dependence is the same as the spatial dependence of the external
field.

In a zero-temperature fermion system, the plasma oscillations
are undamped. However, a more careful calculation of Eq. (8.23) at
finite temperature would show that the plasma oscillations decay in
time.

From the evaluation (8.27) of the dielectric response function,
we see that in the limit of very high frequencies, K ~ 1; therefore,
the total field is almost exactly the same as the applied field. This
is because at very high frequencies, the particles in the system
hardly have time to move in response to the applied field. The first

correction to this result is
2

Kk Q) =1+ 22 (8.30)
) 2
On the other hand, when the external field is very slowly varying,
the particles have time to respond, and they move to as to practically
cancel the applied field. We may see this very clearly in the limit in
which the frequency goes to zero, and the wavenumber is small but
nonzero. Then, from Eq. (8.27)

-5\ _ [ (+%)
AR B
0

U

(271)3 I%’
dp 9 p* )

(2n)® on 2m
0

S (8") (831)
Kw/p

Hence
kZ
K (k, 0) = e (8.32)
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where the Debye shielding distance rp is given by

on
rp % = 4me? <> (8.33)
ol 8
In the classical limit, (g—") = np, so
/s
1
2
rf = ——— 8.34
D™ 4re2np ( )
For a zero-temperature fermion system, g—z = %, where vg is the
F
velocity of particles at the edge of the Fermi sea.? Thus,
, whag
= Zmve (8.35)
where qg is the Bohr radius, %

The particles in the system, therefore, move in such a way as to
reduce the total field by the factor k*/ (k* + rp=2). In particular, if
the external field is a static Coulomb potential,

4nC

C
U (R, T)=|Tl| U(k,sz):zms(g)?

then in the long-wavelength limit,
4nC

The long-ranged applied field is shielded by the particles in the
system, and the effective field is short-ranged.
In the classical limit, Eq. (8.32) is valid for all wavelengths, so that

eiR/rD

Ut (R, T) = C

(8.36)

Thus, the total field produced by a point charge drops off with
exponential rapidity, with a range equal to the shielding radius rp.
This screening effect is a very fundamental property of a Coulomb
gas.

dWe note that vy, which was written as v in the original text, is nothing more than
the Fermi velocity.
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8.4 Low-Temperature Fermion System and Zero
Sound

In a low-temperature, highly degenerate fermion system, the
evaluation of (), in Eq. (8.17) is particularly simple. In the long-
wavelength limit, as S — oo,

r(=(e-2)) s (e 02))

Therefore, Eq. (8.17) becomes

8 1 00 1 kpz 2 2
on (k,gz)zf/ pzdp/ dz —" 5 P PE
su /), 4 Jo 1 Q- % 2m  2m

where pg, the Fermi momentum, is defined by

2
&zu—n/drv(r)

2m

and z is the direction cosine between k and p, then

sn Ly, ez
— k Q) = - 8.37
(w)o( ) pEllzg_w (8.37)
m
where py = 7% is the density of energy states at the top of the Fermi
. dp  _ d
sea; i.e., ﬁ = ppdE%.

The inverse of the response function K is thus given by

K1 @) = 1+ v(k)pg (14 T /k dx
= PE 2kpe J e x —Q

Let Q = w + i¢, where w be a real positive frequency and € be an
infinitesimal positive number. Then we find explicitly,

K1k Q) =1+v(k)pe
— + ming (ka —w)]}
m

mo kpe
1 1 L
. * 2kpr ! L
(8.38)
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where 1, (x) = 1 if x is positive, and 0 otherwise. If the interaction
is sufficiently weak, so that the dimensionless parameter v(k)pg is
much less than unity, then K will be very close to unity except when
the logarithm is very large, and this happens when o = %. In this
case

k
K- (ka)+le)_1+v(2)pE

1 k
X 1+10g71—@+7rin+ ﬂ—a)
2 kpg m
(8.39)

When the interaction is attractive, v(k) < 0, a very special
condensation occurs in a low-temperature fermion system—the
transition to the superconducting state, as described by Bardeen,
Cooper, and Schrieffer. This condensation leads to new physical
effects that completely invalidate the Hartree approximation. In Eq.
(8.39), all we see is that K becomes very small in the neighborhood
of w = %, indicating that a disturbance with this frequency and
wavenumber would be screened out.

On the other hand, when the interaction is repulsive, v(k) is
positive, and K has the form indicated in Fig. 8.1.° (We have drawn
the v < 0 case in dashed lines for comparison.) Notice the sharp

resonance at
_k 242
vz |- (52}
m VoE

This corresponds to a resonant phenomenon in the system, which is
called zero sound. It is characterized by the sound velocity

Com — = vy (8.40)

An analogue of zero sound is observed in the giant dipole resonance
of nuclei.

It is interesting to compare the phenomenon of zero sound with
ordinary sound in a highly degenerate fermion system. The relation

€? = L (88), implies that C = vg/+/3. We see that the dispersion

€The figure differs from the original one significantly. The figure has been tried to
be reproduced from Eq. (8.38), but the low-frequency region results are completely
different from the original one.
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3.0¢ ' . .
-_— v(k)>0
== wk)<0
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mo/kpy

Figure 8.1 NK (w) for a weak repulsive interaction. The dashed line is
NK (w) for a weak attractive interaction.

relation for zero sound, w = vgk, is different from that for ordinary
sound, ® = (vF/«/§) k. For ordinary sound, the system is in local
thermodynamic equilibrium, so that

9
——~ [ (E(p))
o (4)
(8.41a)
3

(At low temperatures, 5 is negligible in a sound wave.) On the other
hand, Eq. (8.16a) implies that for zero sound

5f (p, k Q) =[p-év(k 2)—du(k Q)]

kp
= 9
8f (0, k Q) = ="———< f(E(p)) (8.41b)
ai(z)
m 2m
This is clearly not a form for a local equilibrium phenomenon.
Ordinary sound is just an oscillating translation and an oscillating
expansion of the Fermi surface, but its shape remains spherical.
Zero sound is a complex oscillation of the surface of the Fermi
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sphere. Atkins’ describes this oscillation as follows: “At a particular
instant the Fermi surface is considerably elongated in the forward
direction of propagation and slightly shortened in the backward
direction (like an egg), but half a cycle later it is slightly elongated in
the backward direction and considerably shortened in the forward
direction, the amplitude of oscillation being greater at the forward
pole than at the backward pole.”
Finally, the change in density for zero sound is

1 d 2
sn (K, Q):pEvng/ z_ 7

Lz ezt e

whereas, in ordinary sound it is

pE62k2
Q2 _ C2)2
Zero sound is certainly a more complex phenomena.

Ordinary sound was derived from a better Boltzmann equation
than was zero sound—a Boltzmann equation that included not only
the effect of the average fields, but also the effect of collisions. It
was just the collision terms that determined that the distribution
function in the low-frequency, low-wavenumber limit be a local
equilibrium one. In fact, when we examine this problem more
carefully, we find that the quasi-equilibrium result must hold
whenever the disturbance is so slowly varying that even the longest-
lived single-particle excited states have ample time to decay. Since
these states are at the edge of the Fermi sea, the criterion for the
correctness of the ordinary sound solution is

sn(k, Q) = Uetr (k, )

k-
Q < T (pr, 1) 7‘” < T (pr, 1) (8.42)

In the opposite limit, the fields are oscillating too rapidly for
the collisions to exert a damping effect. Therefore, the zero sound
calculation, which neglected collisions, may be expected to be valid
in the limit of high-frequency, short-wavelength disturbances:

k.
Q> T (pr 1) TP > I (pr, 1) (8:43)

f(Original) {K. R. Atkins, “Liquid Helium,” Cambridge University Press, New York,
1959, p. 249.
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At zero temperature, the single-particle excited states at the edge
of the Fermi sea are infinitely long lived; I" (p, #) = 0. Thus, the
domain of existence of ordinary sound essentially disappears, but
one can have zero sound at very low frequencies. In particular, nuclei
in their ground states are zero-temperature system; therefore, they
may be expected to exhibit an analogue of zero sound.

8.5 Breakdown of the Random Phase
Approximation

The Hartree approximation and the random phase approximation
do not always lead to sensible results. In particular, the pressure
derived from the Hartree approximation does not always obey the
basic statistical mechanical inequality®

(8P> >0 (8.44)
on P

We recall that the classical limit of the Hartree approximation gives
1
P = (2) n“v(k=0)+p""'n

and, therefore,

aP

() =nv(0)+ B! (8.45)
on 8

8(Original) 1To derive this inequality we write
G),-G),/ Gi)
an 8 I 8 I 8

aP 1 9
(—) =-——logE=n>0 (Q=volume of system) (8.44a)
omw/g BRI

Now

and
an g g tr e U]
(5), =5 gt (8.44b)
=2 (0= (A)?)

so that (%)ﬂ is the ratio of two nonnegative quantities.



Breakdown of the Random Phase Approximation

Suppose that the interaction is attractive, so that v(0) is negative.
Thus, if we keep n fixed, we can make (%—5) p negative by choosing

Bt =kgT < —nv(0)

Thus, for temperatures too low, the Hartree approximation violates
(5w)p = 0
an/pg —

As the temperature is lowered and (%)ﬁ = n/(gz) ap-
B

proaches zero, it is clear that <(N — <IV>)2> becomes arbitrarily

large. Such a tremendous fluctuation in the number of particles can

be a signal that the system is about to undergo a phase transition.
This thermodynamic instability in the Hartree approximation is

reflected as a dynamic instability in the response of the system to

external fields, as calculated in the random phase approximation. To

see this, we calculate K in the classical and long-wavelength limit.
In this limit, Eq. (8.17) becomes

an
<8U ) (k, 2)
kp

dp —

=— n 9 ex {—ﬁ <p2 +nv(0) — )]
~ ) e e-ky, (£) P 2m #

k'*p—Q Q 2
_ﬂ/ (2n)? Q_;; exp [—/3 (£n+nv[0)—ﬂ):|

-4 ()
0 pe
= —Bn _I_/ngﬂ(M nv(0)) _— / dZ/ dp 7](&

m

Now let 2 be very small and in the upper half plane. Then to lowest
order in €2, we may replace the €2 in the denominator of the integral
by ie. Then Q integral becomes

1 .
1 im

/ dz kpz :_n
-1 ie— " kp

m

in the ¢ — 0 limit. Thus,

én Q /Bm
<8U) (k, Q) = (1+1k 2) (8.46)
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We see then that

-1
K(k Q) = |14 Bnv(k) — i% / ’Bzmﬁv(k)] (8.47)

2 gt tnvk)

Aslong as Q. is in the lower half-plane, there is no difficulty, since we
have assumed 2 to be in the upper half-plane in deriving the form
(8.47) for K. However, when

Bt + nv(k) .
nv(k)
the pole is in the upper half-plane. To produce such a pole with an
attractive interaction, v(k) < 0, we need only increase g, i.e., lower
the temperature until 1 + Bnv(k) is negative. If v(0) > v(k), the
temperature at which poles in the upper half-plane begin to appear
in K is the same temperature at which (%)ﬁ becomes negative.
It is very easy to see how a pole in K in the upper half-plane
represents a dynamic instability. Consider, for example, an external
disturbance of the form

has a pole at

(8.49)

ik-R-‘r{TU , T 0
URT) =1 ko 1=
0, T >0

where { > —iQ. This U may be written in terms of its Fourier
transform as

) o dq —iowT
U (R, T) — elk>R+§TUk/ w e

oo 2l w — i€

Then the density fluctuations induced by this U are given by

) T $ L d —ioT’
Sn(R, T) = e'k‘RUk/ ar’ 22 (kT —T') &7 / e
oo sU oo 2T w — i€

—i(@+id)T' [0

_ eikRUk /Oo dle o) / dT’ e—i(w+ic)T’87" (k —T’)
oo 2T w — i€ _ sU
o0 o0

) 0o+i¢ s —iQT 5
= elk‘RUk/ 7677” (k! Q)
—ootiz 2 Q —1 (¢ +¢€)dU

) 0o+i¢ L) —iQT §
_ e’k‘RUk/ L (l> (k Q) K (k Q)
—ootic 2E Q=1 (¢ +€) \8U /,
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Suppose that K has the pole in the upper half-plane at 2 = Q, but
is otherwise analytic in the upper half-plane. Then, since { > —iQ,
we can write the Q integral as a loop around the pole and an integral
from —oo to oo just above the real axis. The contribution to én from
the pole is, therefore,

e ¥ Re=1%T (_27j) (residue at 2,).

This term increases exponentially in time, which would seem
to indicate that the potential U has excited an unstable density
fluctuation. It really implies that the random phase approximation
is unable to describe the system (except for very short time), and
that there are physical processes occurring in the system that
call for a better mathematical approximation. The appearance of
the pole in the upper half-plane has been suggested as a way of
seeing dynamically that the collection of particles with attractive
interactions has undergone a transition from a gas to liquid."

Later we shall see a similar instability occurring in fermion
systems with an attractive short-range interaction. The onset of this
instability represents the transition to a “superconducting” phase.

h(Original) $N. D. Mermin, doctoral thesis, Harvard University, 1961.

127



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

Chapter 9

Relation between Real and Imaginary
Time Response Functions

In the last chapter, we used the Hartree approximation to describe
nonequilibrium phenomena. Unfortunately, we cannot directly write
more complicated approximations in the real-time domain because
we have no simple boundary conditions that can act as a guide in
determining g,(U). Therefore, we have, at this stage, no complete
theory for determining the physical response function g(U). [As
we saw in Chapter 4, simple physical arguments do not suffice to
determine approximations for the two-particle Green'’s function; it
is necessary to use the boundary conditions to determine the range
of the time integrations in, e.g., Egs. (5.6) and (5.7).]

In Chapter 6, we developed a theory for approximating ¥ and,
therefore, G, (U ) in the imaginary time domain. Now we shall discuss
the relationship between g(U ), the physical response function, and
G(U), the imaginary time response function, and show how the
theory already developed suffices to determine g(U ).

9.1 Linear Response

There is a particularly simple relation between the linear responses
of the density in the two time domains. In the imaginary time
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domain,

8G(1,1;U0) o) , +

U@ _:i:[Gz(IZ,lZ) G(1,1)G(2,2)]
Hence, the response of the density can be written

G (1L,150)

iIW =1 [GZ (12, 1+2+) -G (1, 1+) G (2, 2+)]
1. 4
== (T (A (1) 7 (2))) — (A) ()] (0.1
In discussing this response, it is convenient to define
L(l—2) — 4 86(1, 1+;U)
A-2=+—0

= (GO -G - @) (02)

We should notice that L (1 — 2) is quite analogous in structure to the
one-particle Green’s function. Just as G (1 — 1) is composed of the
two analytic functions of time G~ (1 — 1')and G= (1 — 1'), so

1> (1—2) fort; >t
Li_2= -2 fora>t (9.2a)
L<(1-2) fort; <t

where

L1 -2) =2 () — (1) (2 2) — ()

1 (9.2b)
L~(1-2) == ((A(2) — () (A (1) — (A)))
As G satisfies the boundary condition,
G (1 - 1/> |t1:0 =+’ G (1 - 1/) |t1:—i/3
so L(1 — 2) the boundary condition
L(1- 2)|t1:0 =L(1- 2)|t1:—iﬁ (9-3)

Therefore, L can also be written in terms of a Fourier series as®
dk

Z L(k ) oK (ri—r2) =i (6 —t) (9.4a)

v

aThe function symbol L just after the summation symbol > was omitted in the
original text.
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where
TV

In exactly the same way as we establish that the Fourier coefficient
forG(1—1)is

G(p 2) Z/Lw/ Alp @)

V = even integer (9.4b)

v

2 z— o
:/Ld G~ (p, ) F G (p, o)
21 zZ—o
we find that
do' L7 (k, o) — L= (k, o
L(k Q):/ o L7k o) = L (k o) (9.52)
2 Q-
where
o0 . .
Lz (k, (,()) — /drl/ dt; e*lk-(l‘17rz)+la)(t1ft2)iL% (1‘1 -1yt — tZ)
- (9.5b)

The function L(k, ©2) is the quantity that is most directly
evaluated by a Green’s function analysis in the imaginary time
domain. The linear response of the density to a physical disturbance
can be easily expressed in terms of L (k, 2). The physical response is
given by

(A (D) = (A" ()7 (U (@)

U=r {exp [—i /tl d2 U (Z)fz(Z)]}

and all the times are real. Hence, the linear response of (7 (1)), to
Uis
8 [+ig (1,1%U))] =68 (A (1)
1 [ N .
-1 [ @ mw.aene

[ee]

where

:/ﬁ d2 [P (1-2)-L"(1-2))U (2)
(9.6)

These functions L~ and L= are exactly the same analytic functions
that appear in the coefficient of Eq. (9.2) of the linear term in the
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expansion of G(U). This is the fundamental connection between the
two linear responses.

If
U (R, T) = Uge*R-i®T (9.7)
then
. én
where

dn b . .
< ) (k Q) — / dtz/drz e*lk(l"l*rz)‘f’lﬂ(ﬁ*tz)
sU -

[L> (1'1 — 1'2, tl — tz) — L= (l‘l —TI, 1 — tz)]

/ / I (k o) — L (k )] @00

do' L~ (k, w’) — L= (k, @)

27 Q-
However, we can recognize this last expression as just L(k, €2), so
that
8
( ”) (k Q) = L(k Q) (9.8)

Therefore, the Fourier coefficient function L(k, 2) is exactly the
linear response of (1 (1)), to a disturbance with wavenumber k and
frequency Q2 in the upper half-plane.

Let us determine this Fourier coefficient by using the Hartree
approximation in the complex time domain. We certainly expect
that this approximation has the same physical content as the
real-time Hartree approximation. Therefore, we anticipate that the
linear response L (K, ) computed from this approximation for G(U)
should be identical to the ($7) (k, Q) that we computed in the last
chapter by means of the random phase approximation.

In the imaginary time domain, the Hartree approximation is

¢ (L1,0) = ['aat + —2 - Ueff(1)] §(1-1)

9 2
—[8&+—U(1)

—iB
;i/o d2 V(1—2]G<(2,2;U)]8(1—1/)
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We can compute
8G(1,1;U N
¥=_/ d3/ d3' G(1,3;U)G (3,1;U)
sU(2) 0 0
8671 (3,3;U)
LA L)
U (2)
3Ueff(3)
s3U(2)

—ip
=/ d3G(1,3;U)G(3,1;U)
0

—ip —ip
:G(1,2;U)G(2,1’;U)j:i/ d3/ d4
0 0

/ 56(4,4+;U)
xG(1,3;U)G(3,1;U)V(3_4)T(2)

(9.9
Therefore, in the Hartree approximation,

3G (1, 1+;U)]
U=0

L(1—-2)=+i e

—ip —ip
=:I:IG(1—2)G(2—1)+/0 dB/0 d4
x[£iG(1—-3)G(3—1)]V(3—4)L(4—2)
If we define
L(1-2)=+£iG(1-2)G(2-1) (9.10)

we can write this approximation as

—ip —ip
L(1-2) :L0(1—2)+/ d3/ d4Ly(1—-3)V(3—-4)L(4-2)
Jo 0
(9.11)
By employing the boundary conditions on G

G(1—2)lyo =+ G(1—2)],__ys

G(1—2)l—0 =+ G(1—2)—_is
we can see that Ly satisfies the same boundary condition (9.3) as
L. Thus, Ly may also be expanded in a Fourier series of the form
Eqg. (9.4), with a Fourier coefficient Ly (k, ©2,). From Eq. (9.10), it
follows that

Li(1-2)=%£i6"(1-2)6G(2-1)

Lj(1-2)=4i6"(1-2)G"(2-1)

133
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and hence
> dp’ do' -~ ( , Kk o\ < k 15}
L< k, = G< a7 / - G> f— a7 - =
o (k@) (27)° 21 (p+2w+2) (p 27¢ 72
so that

Ly (k, ) —L5 (k o)

dp) do/ [, kK , , k|, o
= (2n)32nA<p+2’w+2)’4(p_2'w_2>
SENCEDINCES
~rlo+5) 12r(@-F)] )

Because Eq. (9.11) is derived by differentiating the Hartree
approximation, the G’s that appear in Eq. (9.10) must be the Hartree
Green’s functions, and for these

A(p, w) =278 (0 — E(p))

2
=27 (a) _r_ nv)
2m

Therefore, Ly — L5 takes the simple form

d k k
Lg(k,a))—Lg(k,a))=/(2:)3 278 (w_E(p+§)+E<p_§))

(e (ee3) - (= e-2))]

It follows then that the Fourier coefficient Ly (k, 2) is
do' Ly (k, &) — Ly (k, o
Lo(k.sz)=/ o hlee) b ke)

2 Q—-o
[k FE@D)-FER=Y) o,
(2n)? Q- ke
If we compare Eq. (9.12) with Eq. (8.23), we see that
on
kQ=(—| (k2 9.12
Lo (k) ( 7 )0( ) (9.12a)

The latter function is the quantity that appears in the solution to the
real-time Hartree approximation.

Now it is trivial to solve Eq. (9.11). We multiply it by
e~k (ri—r2)+i2 (6 -%) and integrate over all r; and all t; between 0 and
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—iB. In this way, we pick out the Fourier coefficients on both sides of
the equation and find

L(k: Qv) = LO (k: Qv) [1 + V(k)L[k: Qv)]
and therefore

L(k Q) = Lo (k, Q) [1+v(K)L(k Q)]

Thus
3 Lo (k, )
HE ) = 1 e (k @)
or
n
L(k Q) = (7)o (s ) (9.13)

1—v(K) (25), (k Q)

We recognize this expression for L(k, ©2) as exactly that derived
for (21) (k, Q) in the random phase approximation [cf. Eq. (8.18)].
Therefore, we see that ($7) (k, ©2) can be determined equally well
from the imaginary time theory. One just has to solve for L(k, €2),
using an approximation for G(U), to find the physical response
(3) (s 9.

Unfortunately, this procedure for determining the physical
response from the imaginary time response is very difficult to
employ for approximations fancier than the Hartree approximation.
It is only for this approximation that we can solve exactly for
the response and hence obtain an exact solution for the Fourier
coefficient. In other situations, we cannot obtain an explicit form
for L (k, 2) from the imaginary time Green’s function approximation,
and hence we cannot employ the simple analysis that we have
developed here.

9.2 Continuation of Imaginary Time Response to
Real Times

We should really like to have approximate equations of motion for
g(U). However, these are hard to obtain directly, because g,(U)
satisfies a somewhat complicated boundary condition. Instead of
working with g,(U) directly, we shall show how, g;(U) in terms of
G,(U), we obtain a theory of the physical response function.
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We begin this analysis by introducing an essentially trivial
generalization of G(U) and G, (U ). These functions were originally
defined for pure imaginary times in the interval 0 < it, it' < ip.
However, there is nothing very special about the time zero. We could
just as well define Green'’s functions in the interval [t, t, — i8], i.e,,

0<i(t—t) <pB (treal) (9.14)

For times in this interval, we write

T
6(115U;) = LTS AVTAY)

i (T[SD)

(9.15a)

where
. to—if
S =exp {—i/ d2 U (2)n(2) (9.15b)
ty

Here T orders according to the size of i (t — ty); operators with
larger value of i (t — ty) appear on the left. When ty = 0,the G (U; t)
defined by Eq. (9.15) reduces to the G(U) discussed in Chapter 6.
The theory of G (U;ty) is identical to the theory of G(U). This
generalized response function satisfies the boundary condition
G(1,1;U, zb);t]:to =+ G (1,1;U, to) yq:tﬂ_iﬁ

instead of

G(1,15U)|, o=+ G(1,15U)|,__,

Therefore, the only change that has to be made in the formulas
of Chapter 6 to make them apply to G (U;t) is to replace all
time integrals over the time interval [0, —i8] by integrals over
[to, to — iB]. In particular, G (U; t,) satisfies the equations of motion:”

2

{iaat + zv—l - U(l)} G(1,15U;t)
m

! (9.16a)

to—ip
+/ d1= (1L, L,U;t)G6(1,15U;6) =6(1-1")
b

PThe + symbol in front of the integral sign J in Eq. (9.16a) in the original text was
omitted.
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and

2
{ 8?:1/ + V—m - U(D} (1,15U;t)
_ip (9.16b)
_/ di6(1,1U0) s (1,150;0) =5 (1- 1)
to

We shall now establish a relationship between G (U ; t) and g(U)
in order that we may convert Eq. (9.16) into equations of motion for

g(U). To do this, we consider the casei (t; — t) < i (&t — t). Then

G(L1;U;t) =6~ (1,1;U;t)
(T [$PT N9 ))
i (T [3])
i( ) (U to, 6~ iB) [T (00, 0] IT (1)U (8, 0)]

x [0 (6, ) 0 (W (@, 0)] ) /(00 10— 8))
(9.17)

where
U, t)=T {exp [—i /tl d2 U(Z)ﬁ(Z)} } (9.17a)
to

For comparison, we write the physical response function, which
is defined for real times. For example,

g (L130) =+ (%) (i (1) ()

" (}) ([at @9t (@)aw)] [t @9 waw)])
(9.18)

where

dw) =T {exp {—i / " a2 U(Z)ﬁ(z)” (9.18a)

Let us consider the case in which U (1) is an analytic function of ¢
for 0 > Jt; > — B, which satisfies

lim U(()=0 (9.19)

Ny ——o0

For example, U (R, T) might be Uye’*™ %" where IQ > 0. If
U (R, T) is an analytic function of the time, then U (t, t;) and
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U (t) are analytic functions of their time variables in the sense that
every matrix element of each term in their power-series expansion
is analytic. If all sums converge uniformly, as we shall assume,
G=(1,1,;U;t)and g= (1, 1’; U) are then each analytic functions of
their time arguments. The analytic functions U (t, ;) and U (t) can
also be defined by

i (88&) U = /dr1 AU (VU (D)

U(-o0) =1 (9.20)
and

9 R PN
i (8&) U (o ) = / dry A (U (DU (6, &)

Uty to) =1
Because of this analyticity, it follows that
lim U (o, 1) = U (t)
ty—>—00
and, because of (9.19)
lim U (to, to — i) =1
th——o0
Therefore, the analytic functions G= (1, 1’;U; t) and g (1, 1’; U)
are connected by

: < OTT . — < /.
Jim G (1,1;U;6) =9~ (1,1;U) (9.21a)
and, similarly,
Jim G~ (1,15U;6) =97 (1,1;U) (9.21b)

In order to have a simple confirmation of the result that we have
just obtained, let us compute +iG= (1, 1’;U; t) and +ig= (1, 1;U)
to first order in U. These are

+iG= (1, 1;U; t)

o=ip 1\ 4

— () + / 0 () (7 (AQ) — (W] [A2) — (A1) U (2)
m I

— () + / 2 (1> ([A(2) — (W] [A(1) — (W) U (2)
& 1

- / 1 2 (11) (A1) — ()] [A(2) — () U (2)
to—i
= (i ldZL> 1-2)U(2) — : d2 L= (1-2)U(2
<”>+/to ( ”)/to,-,s 1-2U@)
(9.22)
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Since L~ and L= are analytic function of their time variable, when
U is also analytic, the right side of Eq. (9.22) is clearly an analytic
function of & and . If we take the limit 4 — —oo, Eq. (9.22)

becomes
t

Jim 467 (1, 1,5 6)] = () +/ a2 [F(1-2)— L~ (1-2)]U(2)
- (9.22a)

This should be compared with Eq. (9.6), which indicates the physical
response is

A1)y =+ig=(1, 1,U)

= (A) + /tl d2 [L"(1-2)—L<(1—2)]U(2) (9.22b)

o0

This is, of course, the same as Eq. (9.22a).

9.3 Equations of Motion in the Real-Time
Domain

We now describe how approximate equations of motion for G (U; ty)
may be continued into equations of motion for the physical response
function g(U).

Let us begin with the very simple example, the Hartree
approximation. In this approximation, Eq. (9.16a) is

I v , ,
latl+2;1_Ueff(1;t0):|G(l'l;U;tO)ZS(l_l) (9238)

where
Ut (R, T;6) = U (R, T):l:i/dR’v(R—R/) G= (R'T;R'T;U;t)
(9.23b)

We consider the case in whichi (t; — ) < i (tir — t). Then

i8 +Vf Uett (1) | G~ (1, 15U;6) =0
atl zm eff ] ) ] ] -

Using the analyticity of U (R, T), we take the limit t, — —oo to find

Uet (R, T; —00) = U (R, T) j:i/dR’ v(R—R)g= (RT;RT;U)
(9.24a)

139
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and
9 V—lz Uetr (1; “(1,15U)=0 9.24b
[zat1+2m—eff(.—00)g(. U) = (9.24b)
These equations hold for all complex values of t; and ¢ such that
B > J(t4 — t1) > 0. When they are specialized to the case of real
values of the time variables, they become just the familiar statement
of the real-time Hartree approximation.

Our original derivation of the Hartree approximation depended
in no way on the analytic properties of U (R, T). In fact, the validity
of the equations for g(U) that we shall derive does not depend on
the analyticity of U at all. The analytic continuation device is just
a convenient way of handling the boundary conditions on the real-
time response functions. It also gives a particularly simple way of
seeing the connection between the imaginary time G(U) and the
physical response function g(U).

This same continuation device can be applied in a much more
general discussion of the equations of motion for g(U). The self-
energy X (1, 1’; U; t) can be split into two parts as

2(1,15U;) =Zwr (L 15U56) + 2 (1, 15U5%)  (9.25)

where the Hartree-Fock part of X is
EHF (1, 1/; U; tg) =34 (t1 — tl/) { +1is (1'1 — I'1f)/dl‘2 14 (I'l — 1'2)

xG= (rztl; Iyt;; U; t()) +iv (1'1 — 1'1/) G~ (1, 1/; U; tg) }
(9.25a)

and the collisional part of ¥ is composed of two analytic functions of

the time variables ¥~ and X <:
¥~ (1, 1;U; fori (t; — t 0
5 (L 13U50) =4 > ¢ f) forilt =t) >0 g 0
2<(1,15U;t) fori(ty—ty) <O

For example, in the Born collision approximation
EC (1, 1/; U; t()) = :|:IZ /dl‘zdrzl v (1'1 — 1'2) \%4 (I'l/ — 1'2/)

x{G(L1;U;t)G(2,2;U;%)G(2,2U;t)
—G(L,2;U;t)G(2,15U;t)G(2,2,U;t)} 40

tz/:llr

(9.26a)
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so that ¥~ and X< are
22 (1,15U;t)

= :i:l2 / drzdrzf \% (r1 - rz) v (rlr — I'zf)
x {62 (1,13U;6) 6% (2.23U;t) 6% (2,2 U5 o)

£62 (1,23U56) 6% (215Us56) 6 (2, 2U50)

fzyztl/
(9.26b)

Since G~ and G= are analytic functions of their time variables, so is
S

For the sake of simplicity in writing, let us for the moment drop
the exchange term in Zyy, i.e., the term proportional to v (r; — ry/)
in Eq. (9.25a). Then Eq. (9.16a) becomes

9 V2
—Ue (L) | G (1, 15 U;
i ok~ V(15| 6 (1, 13050)

t—if _ _
=5(1-1) +/ d1%:.(1,LU;t)G(1,1;U;t)
to
Forthe casei ( — &) < i (tir — &), this gives

9 +vz Uer (1; )| G= (1, 15U )
8t1 Zm eff ’ ’ ] ]

t;
:/1di 2= (1, 1LU;0) 65 (1, 15U 1)
)
ty
+/1 iz (L LU;0) 6" (11:U;0)
t;
1 Iﬂ ) ] )
+/ d1E<(1,1;U;t0)G<(1,1';U;t0)
ty
If we now take the limit {y — —oo, we find that g=(U ) obeys

9 2
[ e o —Ueff(l)} <(1,1;0)

=/ i1 [27 (1L L) -2 (1L L)) g° (3, 150)

oo
ty
_/1 diz= (1L, L) [g" (1L 150) —g= (1, 1;0)]
(9.27a)
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where
Uet (1) = Uesr (1; —00)
22 (1,1;U0) =22 (1, 15U; —00)
Applying the same arguments (9.16a) in the case i (t; — &) >
i (tyy — tp), we find®

a Vi
| — +— —Uex (1 (1, 15U
i 4ot~ V()] g7 (1,150)

:/tl di 3> (1, Lv)-2(1,LU)]g (1 1;0)

[e¢]

ty
_/1 di=” (1,1U) g7 (L150) —g= (1, 15U)]

o0
(9.27b)
Similarly, Eq. (9.16b) implies
9 Vi
—i — —Ueg (1 <(1,1;U
iy~ Uer (1)] 97 (1, 150)

:/tl di [g7 (LLU)—-g= (1, L;U)] == (1,15U)

ty
_/ dig= (1L, LU) 27 (1 150) - == (1, 150)]
(9.28a)
and

0 V2 _
[_'aty +2r1n—Ueff(1/)}g (1,1;0)

z/“ i1 (g7 (L1:U) —g° (L L) 5~ (L 150)

o0

tyr
_/1 dig>(1,L,U) (2> (1,1;U0) -2~ (1, 1,;U)]

o0

(9.28b)

When X~ (U; ty = —o0) and X< (U; tp = —o0) are expressed in
terms of g~ (U) and g=(U), Egs. (9.27) and (9.28) can be used to
determine the real-time response functions g~ (U) and g<(U). For

“The integration variable symbol d1 in Egs. (9.27b) and (9.28a) was omitted in the
original text.
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example, the Born collision approximation for g(U) is derived by
using Eq. (9.26b) to find?

22 (1,1,;U)
=32 (1,1;U;t = —0)

= +i’ /drzdrz/ v(r; —r)v(ry —ry)
< % (1,15V) g% (2,23V) g% (2, 2V)

+g3(1, 2;U)g93(2, 1;U)g3(2, 2; U)]

t=ty, ty =ty

(9.29)

Equations (9.27) and (9.28) are exact, except for the trivial
omission of the exchange term in Xyp. In Chapter 10, we shall
discuss how these equations may be used to describe transport.
In particular, we shall use the approximation (9.29) to derive a
generalization of the Boltzmann equation. We shall also use these
equations to discuss sound propagation in many-particle systems.

dThe typographic errors of the wrong parenthesis [-- -] in the last line and of the
missing comma at the subscript in the original text are corrected.
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Chapter 10

Slowly Varying Disturbances and the
Boltzmann Equation

Equations (9.27)-(9.29) are, in general, exceedingly complicated.
Fortunately, they become much simpler in the limit in which
U (R, T) varies slowly in space and time. This is exactly the situation
in which simple transport processes occur.

When U varies slowly, g~ (1, 1; U) and g= (1, 1/; U) are slowly
varying functions of the coordinates

_ri+ry T_t1+t1'

R 10.1
> > (10.1a)
but sharply peak about zero values of
r=ri—ry t=t—ty (10.1b)

The equilibrium Green’s functions are sharply peaked aboutr = 0
and t = 0, as can be seen, for example, from G; (r, t) in the low-
density limit:

Gy (r,t) = / (Zd;))?, eﬂ(%—ﬂ)—i(%>t+ilj.r

1 m 3/2 mr? (B — it)
_i(Zn(,B+it)) exp | fu = 2(p7+ 82)
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Slowly Varying Disturbances

This function has a spatial range on the order of a thermal
wavelength, Ay, = %, and in time, it decreases with a t=3/2
dependence. Actually, if one includes a lifetime, then G< would
decay exponentially in time. We may expect then that external
disturbances with wavelengths much longer than the thermal
wavelength and frequencies much smaller than the single-particle
collision rates will not change this sharp r, t dependence of g.

It is, therefore, convenient to consider g< (1, 1’; U) as functions
of the variables (10.1). We, therefore, write g<(1,1;U) as
g= (r, t; R, T). We recall that

g~ (P, o;R T) = / drdt e PTHt [+jg=(r, ;R, T)]  (10.2a)

can be interpreted as the density of particles with momentum p and
energy o at the space-time point R, T. Also

g (p, ;R T)= / drdt e PTHl jg> (v, ;R, T) (10.2b)

is essentially the density of states available to a particle that is added
to the system at R, T with momentum p and energy w.

10.1 Derivation of the Boltzmann Equation

We may derive an equation of motion for g=(p, w;R, T) by
subtracting Eq. (9.27a) from Eq. (9.28a). We find

e T on T2m T 2m

2 2
[ L L Iy () 4 U (V)] 97 (1,150)
/ di [57 (1, 1L0) - =< (1, 1,0)] = (3, 15V)
1g=(L, LU) [z~ (1,15U) - == (1, 1,;U)]

[
/ i == (1,1v)[g" (1 1:0) - g= (1, 15U)]
- [
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We now rewrite Eq. (10.3) in terms of the variable r, t; R, T by
expressing the g’s that appear in this equation in terms of these
variables and also writing ¥ as?

22 (1, 1;U) =22 (r, R T)

Then after this change of variables, the left side of Eq. (10.3)
becomes

.0 VR - Vi r t r t
I— + —Ug(R+=, T+ =) +Uex|R—=, T —=
oT m

2 2 2’ 2
xg=(r,; R, T)
(10.3a)

Because g= (1, t; R, T) is very sharply peaked aboutr = 0,t = 0,
we can consider r and t to be small in Eq. (10.3a). Then we can
expand the difference of Ug’s in the powers of r and ¢, retaining only
the lowest-order terms. In this way, we see that Eq. (10.3a) may be
approximately replaced by

{' 0 (TR Vr_ Kr-VRthaaT) Uert (R, T)]}f (r, &R T)

17
oT m
(10.4a)
In terms of the variablesr, t; R, T, the first term on the right side
of Eq. (10.3) may be written as®

Y _ _ F 3
dt [ dr |2 r-rnt—tR+—-, T+ =
o 2 2

o ;
_x< <r—f‘, t—ER+ g T + 2)] (10.3b)

co(rer-(r=5). 1 (- 0))

where we have made the change of integration variables

_ - _ r
I'=I'1—I'1/=r1—(R—E)

- t
11—t =t — T_E

2The typographic error, ...(10.3) terms of the variable ..., of this sentence in the
original text is corrected to ... (10.3) in terms of the variable ...

PThe notation for the integration symbol d7 in the original text is corrected to be a
vector symbol dr.

3
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Because X~ (1, t; R, T) and g= (1, t; R, T) are each sharply peaked
aboutr = 0, t = 0, and slowly varying in R, T, we can neglect the
necessarily small quantities added to R and T in Eq. (10.3b). Then
Eq. (10.3b) becomes®

t
/ dz/df [X”(r—F t—ER, T)
J —00

_E< (r_l_" t— Z-’R' T)]g< (f’ Z-’R; T)

(10.4b)

The second term on the right side of Eq. (10.3) can be written in
terms of the variabler, T;R, T as¢

/Oodf/dl"g< <r, LR+ (r;ﬂ, T + (t;a)

o ;
X {E> <r—i‘,t—t;R—;,T—2> (10.5a)

_ - r t
—X(r-rt—-tR——=, T — =
2 2

after the change in integration variable

t=t1 - r=r—1

We again realize that only small values of r and F, ¢t and ¢ are
important, so that this term becomes®

/ dz/dfg(f, ER, T)[Z” (r—f t—R, T)—E<(r—F, t—ER, T)]
t

(10.5b)
When Egs. (10.4b) and (10.5b) are added together, we see that the
first two terms on the right side of Eq. (10.3) can be approximated

by
o0
/ df/dl"g<(f‘, GR T)[X” (r—1, t—R, T)—Z=(r—1, t— R, T)]
-0
Similarly, the remaining two terms in Eq. (10.3) can be evaluated as

—/ di/df'[g>(i~, ERT)—g=<(LER T)]S<(r—F t—ER T)

“The integral symbol [ is added in front of the integration variable symbol dF, which
is also vectorized.

4The integral symbol [ is added in front of the integral variable symbol df.

°The integral symbol [ is added in front of the integration variable symbol df, which
is also vectorized.
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Therefore, Eq. (10.3) may be approximately replaced by

d VR - V, 0
i 4+ = (r-VRUe (R T)) — t——Ueit (R, T)| g~ (r, R, T)
oT m oT

:/didt‘r {g="ERT)[Z"(r—Ft—ER T)— =~ (r—F t— R, T)]
g FERT)—g"(HER T) = (r—F t—5R T)}
:/di-df {9 ER T)Z” (r— &R, T)
-9 (LR T)E“(r—ft—5R T)} (10.6)

To convert this equation into a more useful form, we multiply by
+ePT-i%t and integrate over all r and t. Then we find

B P Vr WUer (R, T) 0
— — VrRUe (R, T) - V, —————— g P oRT
EX Wen (R, 7)-Vp+ -T2 g (p, R 7)
=—g" P o;RT)Z(p,o;R T)+g” (p,o;R T)Z™(p, ;R T)
(10.7a)
where

> (p, ;R T) = /drdt e PTHO s> (p, R, T)
(10.8)
><(p, w;R T) = /drdt e PTHOU[Li%< (1, ; R, T)]

Exactly the same analysis applied to Egs. (9.27b) and (9.28b) yields
the equation of motion for g~ (p, w; R, T):8

a  p-Vr W (R T) 3

+|— — VeUex (R, T) -V, “(p, ;R T

ar T RUek (R, T) - Vp + 3T awg(pw )

=—g"PoRT)Z(PEP R T)+g9 P, osRT)E"(p, ;R T)
(10.7b)

In order to gain some insight into the result we have just
obtained, we consider the Born collision approximation in which <
are given by Eq. (9.29)," where this equation is written in terms of

fThe wrong equation number (9-27b) in the original text is corrected.

8The wrong superscript < of g at the left-hand side in the original text is corrected
to >.

"The wrong equation number (8-2) in the original text is corrected.
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the variablesr, t; R, T:

_ r _ r r _ r
2 (r, ;R T ='2/def R+-—-R-= R—-—R+=
( ) =i VRT3 2)’ 2 "ty

x g% (=, —6R, T) g2 (r, 6 R, T) g (&R, T)

) R+R i —
+g% <R+—R+r,t;( R C r)'T>

2 2 2 4
. F (R+R) (F-P
x g < o RS G

If the disturbance varies very little within a distance on the order of

the potential range, the second spatial argument of all the g’s may be
taken to be R, i.e.,

_ r _ r r _ r
2 (r, ;R T)~i% [ dRdiv (R+ - —R— = R—-—R+=
( ) / ( o 2)( ' +2)
x g% (~F, —6R T) [g% (r, R, T) g% (£, &R, T)

> r r
+ g2 <R+ —R+f,t;R,T)
2 2
2 R+i R+f &R T
X = — - OR,
9 2 2

This may now be Fourier transformed inr, ¢ to give!
dp’ do' dp do dp da
$2 (p, ;R T) = lJ3 w P3£ p3 @
(2n)° 27 (27)° 27 (27)° 27
x(@2n)*s(p+p —p-P)S(0+0 —d— &)
1 _ _\72
x (§> vie-p)+v(p-p)]
x g (p/, ;R T) g (p, &R, T)g= (b, @R T)
(10.9)

In interpreting Eq. (10.7a), we should notice that ¥~ (p, w; R, T)
is the collision rate for a particle with momentum p and energy
w at R, T, while X< (p, w; R, T) is the rate of scattering into p, w
at the space-time point R, T, assuming that the state is initially

’

IThe typographic error at the last frequency integration variable symbol
original text is corrected to ‘é—“;’.

in the

T

do'
2
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unoccupied. Therefore, the right-hand side of Eq. (10.7a) is the
net rate of change of the density of particles with momentum p
and energy » at R, T. This right side has then exactly the same
interpretation as the right side of the Boltzmann equation (7.3).
The contributions —p - Vrg™ and +VgUes - Vpg™ to the rate of
change of g= can also be recognized in the Boltzmann equation.
They are, respectively, the result of the drift of particles into the
volume element about R and the change in the momentum due to
the average force acting on the particles at RJ The eastern on the left-
hand side of Eq. (10.7a), (2%) (.2) g=, results from the change in
the average energy of a particle at R, T caused by the time variation
of the potential field through which it moves. This term does not
appear in the usual Boltzmann equation because this equation does
not include the particle energy as an independent variable.
Therefore, Eq. (10.7a) has the same physical content as the
usual Boltzmann equation. To see whether these equations are
mathematically identical, we subtract Eq. (10.7a) from Eq. (10.7b).

The result is
d  Pp-Vr

4+ | =
8T+

e (R, T) 9
aT dw
x[g~ (P, ;R T)Fg~(p, ;R T)]=0

Just as in the equilibrium case, we define a spectral function a by

- VRUeff (R: T) : Vp +

a(p,o;RT)=g9" (p,;R, T)Fg~(p, o;R, T) (10.10)

Thus, we may write

9 p-Va (R, T) 0 _ B
a—T—f— — VrUes(R, T)-Vp—i-T%] xa(p, »;R, T)=0
(10.10a)
This has the solution
2
a(p ;R T)=y (w — - —Uar (R, T)) (10.10b)

where y is an arbitrary function.

We are now faced with a rather embarrassing situation. Because
we claim that Egs. (10.7) and (10.9) are just extensions of the
equilibrium Born collision approximation to a nonequilibrium

IThe notation R in the original text is replaced by the vector notation R.
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situation, we must demand that as T — —oo, a (p, w; R, T) reduce
to the equilibrium A (p, w), which emerges from the Born collision
approximation. However, this equilibrium A (p, @), which was
determined in Chapter 5, is not a function only of w — %. Therefore,
the a (p, w; R, T) determined as a solution to Eq. (10.10a) cannot
possibly reduce to this A (p, w) as T — —oo. Therefore, we must
have made a mistake in our analysis.

Later, we shall look back and find the mistake. Now let us proceed
as if no mistake had been made. We do know one very simple
A (p, w), which is of the form of Eq. (10.10b), namely, the Hartree
result:

A(p, ) =276 (0 — E(p))
2

p
E =—
(p) om + nv

If we take this to be the initial value of a (p, w; R, T), we find from
Eq. (10.10b) that

a(p, ;R T)=278(w—E (p,R, T)) (10.11)

where
2

E(pRT)= z"—m +Uer(R T)

We can now simplify the equation of motion (10.7a) for
g~ (p, w; R, T) considerably. We assume that g = is of the form

g P oRT)=a(p oRT)f(pRT)
=278(w—EMRT)) f(p,R T) (10.12)

and, therefore,
g PR T)=a(p oRT)[1+ f(p R T

Here, f (p, R, T) is the distribution function that appears in the
Boltzmann equation, i.e., the density of particles with momentum p
atR, T. The left side of Eq. (10.7a) can be written as

d P VR

ar

Wer(R T) 8
AT  dow

xa(p, o;R, T) f(p,R, T) (10.13)

- VRUeff (R; T) : Vp +
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We have explicitly constructed a (p, w; R, T) to commute with the
differential operator appearing in Eq. (10.13). Therefore, Eq. (10.13)
can just as well be written as

0 -V
a(p, w; R, T) ﬁ‘i‘p R _VRUeff(R: T)Vp:| f[p! R, T)
(10.13a)
The right side of Eq. (10.7a) is
ap, o;R, T)[-f(p, R, T)Z”(p, ®;R, T)
+ (£ f(p, R T)Z(p, »;R, T)] (10.14)

Therefore, when we integrate Eq. (10.7a) over all w, it reduces to

d -V
|:a,1_, +p R - VRUeff (RI T) : Vp:| f(p! R! T)
N 10.15
=~ f@RT)S" (po=EMRT)RT) (10.15)
+[1+f(PRTNE(po=EMRT)RT)
By using the expressions (10.9) for £, we find
ad Y
|:8T +p R - VRUeff(R, T) : V]J:| f(p: R; T)
dp do' dp do dp' dif
2n)? 27 (27)% 27 (27)° 27
(10.16)

x(2n)*s(p+p -p-9)d(0+0 —&— &)

«(3) b @-p v -5

x[ffrAxf)Axf)-QxHQAES)fF]
where f = f(p, R, T), f' = f (P, R, T), etc. Except for the trivial

substitution of Uy for U, this is exactly the ordinary Boltzmann
equation with Born approximation collision cross section.

10.2 Generalization of the Boltzmann Equation

We have to go back and remove the inconsistency from our analysis
of the previous section. We derived a value for a (p, w; R, T) that
did not agree with the Born collision approximation from which we
began. Since our Boltzmann equation purports to be nothing more
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than the extension of the Born collision approximation to the case
in which there is a slowly varying external disturbance, this lack of
agreement with the equilibrium analysis is indeed a serious defect.

When we look back at our derivation, we can see our error at
once. We were trying to find an expansion, Eq. (10.3), that is valid
in the limit in which all the functions involved vary slowly in the
variables R, T. One the left side of Eq. (10.3), we held on to all
terms of order % or Vg. However, in evaluating the right side of Eq.
(10.3), we only considered terms that involved no space and time
derivatives; we left out terms of order % and Vg. This procedure is
clearly inconsistent. The correct analysis would include all terms of
order Vg and % on both sides of Eq. (10.3).

We shall now go back and find the terms that should not have
been neglected. For example, let us re-examine the first two terms
on the right side of Eq. (10.3). By employing exactly the same change
of variables as we used earlier, we can write these terms as¥

Lo o 3
/ dtdr (£~ — %) (r—i-,t—t;R+ E, T+>
o 2 2

. —T t—t
wg< (R U0 o _ (=0
2 2

o . r t
+/ dtdr (X -X7) (r—1t—tR— -, T — =
\ 2 2

- r—r t—t

x g~ (f',t;R—i—( > ),T—i-( > )> (10.17)

where
(Z2 -2 R T)=2"(r, ;R T)— X~ (r,;R, T)

Because r, I, and ¢, are small, compared to the characteristic
distances and times over which g= (p, w; R, T) and = (p, o; R, T)
vary, we can expand the various quantities that appear in the
expression (10.17) as, for example,
g (f', R U0 o (t_t))
2 2
-r

=g~ (L, GR T)— {

Vet o t0 (& ER T)
R 2 BT g » Y )

r

kThe argument variable 7 of g= function at the first term in the original text is
corrected to be a vector F.
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We can now see that to order Vg and a% the expression in Eq. (10.17)
is

o
/ didt (8 —2<)(r—1 t—E5R T)g~ (F, R, T)

—0Q

o _4d _
dtdr r-V, t— — —r) - Vg — (t—t
+1w r{[r R+ 3T (r—1) - Vrp — ( )BT’}
><U(r—f',t—f;R,T)g<(f‘,f;R’,T/)}

R=R, T=T"
(10.18)

where

1t
ortR T)= 27 (22 =) tR T)

The first integral in Eq. (10.18) was included in our earlier
discussion; it appears on the right side of Eq. (10.6). The second
integral was not included, and it should be added to this right side.
The last two terms in Eq. (10.3) also give an extra term:

~ . 0 _ .
—/_Oodtdr{ [r-VR—{—taT—(r—r)-VRr—(t—t) BT/]
xb(r—ft—5R T)Z™ (F, §R, T’)}
R=R,T=T’
(10.19)

In this equation,

b(r, R, T)= %%l (g —97)Ir,tR T)
which also should be added to the right-hand side of Eq. (10.6).
When these extra terms are included, this equation is correct to
order Vg and ;7.

We derived the ordinary Boltzmann equation by taking the
Fourier transform of Eq. (10.6) and hence finding Eq. (10.7a). To
obtain a generalized Boltzmann equation, we must add the Fourier
transforms of these two extra terms to the right-hand side of
Eq. (10.7a). If we define b (p, w; R, T) as the Fourier transform of
b(r, t;R, T) in the r, t variables, we can write the transform of the
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term (10.19) as'
_ 3

+i [ drdtdidt e P |F . Vp+E— —(r—F)- Vo — (t— ¢
l/rre rR+8T (r—r)-Vr —( )BT/

dp” ‘L"H dp’ Ld ol P (r—F)+ip i’ (=D —iw't
(2n)® 27 (27)% 2n
x b (p”, o”; R, T) = (p’, o; R, T’)
=4 / drdtdf'dfdp,dw/ dp”de’ e~ {(P—P")T+i(w—0")t+i (p'—p") F—i (o ~0")E
)" (2n)*
d 9
TV VR G g TV R S
x b (p//‘ (1)//; R, T) 2< (p/’ (1),; R/, T/) | -
T/=T

1V, -V, 9 0
PR W AT

=4 |[-Vy -V —

[ vOVRT S AT
xb(p, w;R, T) 2= (p, ;R, T') | werr

p'=po'=0

In order to write expressions like this in a compact form, we

define a generalization of the Poisson bracket

X aY
Xr Y = ) ;RI T A ) ;Rl T
[X, Y] = (iR T) o (b iR, T)

dX Y
— 57 B R T) o~ (p, ;R T) (10.20)

- VPX (pr w; R, T) : VRY (p' w; R, T)
+ VX (p, o;R, T)- VY (p, o;R, T)
Using this Poisson bracket notation, we can write the Fourier

transform of Eq. (10.19) as
F[b, 7]

Similarly, the Fourier transform of the previously neglected term in

Eq. (10.18) is
o, g71

By adding these extra two terms, we can correct Eq. (10.7) so
that it includes all terms of order Vg and E)iT This corrected version

IThe wrong time argument T of £< at the second equality in the original text is

corrected to be T'.
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of Eq. (10.7) is

d p-Vr
9T +

— VRU

d
, T) 87} g~ (P, o;R T)
w

—[o, 71+ [b 7]
=3P o;RT)g (p,o;RT)+Z”(p, ;R T)g= (p, »; R, T)
(10.21)

Now we have to evaluate the Fourier transforms o (p, w; R, T)
and b (p, w; R, T). The latter is given by

b(p, »;R, T) = /drdt e P letltl [g7(r, R, T)—g~(r, R, T)]

Since the Fourier transform of i [g™ — g=] is a (p, w; R, T), we can
write

b(p, w; R, T)_/dt elvt—
2mi

=/d“’ (p, ;R T)

|:/ dt el(a) ')t / dt el(w w)t:|

/da) a(p, o;R, T)

27 w— o

ﬂw’ta (p’ w/; R, T)

where g denotes the principal value integral.
In our discussion of the equilibrium Green’'s functions, we
introduced the function

6= [ G2 S0

2 Z— o

As z approaches the real axis from above or below, z — w * i,

G(p.Z)—>/dw M:LmA(p,w)

2 w-—
In either case, we can write
N do' A(p, @)
-‘hG(p,w)zp/T —
T ow—w
Similarly, for the nonequilibrium case, we define

do' a(p, o;R, T)
g zR T)=/* —

Y (10.22a)
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and we write

do’ ,o ;R T
an&ﬂ=p/)”593——l
27 w— o
as
b(p, »;R, T) = Rg (p, »;R, T) (10.22b)

Moreover, in the equilibrium case, we define a collisional self-energy
as
do' X~ (p' w/) - X" (p! a)/)

e (p )= 27 zZ— o
_/ do' T (p, o)
) 2n z—w

We now define the analogous nonequilibrium quantities:
Fp,o;RT)=X"(p,o;RT)FZ"(p,w;R, T) (10.23a)

and
&mzaﬂz/%iﬂgﬁﬁﬂ
2m zZ— o
By just the same arguments as we used to derive Eq. (10.22b),
we can see that o (p, w;R, T), the Fourier transform of
/1N (r, R, T)—2<(r, R, T)], is

(10.23b)

o, ;R T)=NZ(p, ;R T) (10.23¢)
Now we can rewrite Eq. (10.21) in the form
d p- VR aUeff d i .
— — VRU¢gr - V — g —[NZ, g~ NRg, =
o7 T RUer - Vp + —2 o1 97 — [MZe, g7] + [Mg, 7]

P E>g< + E>g<
(10.24)
The last two terms on the left side of Eq. (10.24) are written in terms
of the generalized Poisson bracket (10.20). This equation can be
simplified in form a bit if we notice that the other terms on the left
also form a Poisson bracket, i.e.,
3 p-Vr Wer 9] _ p? B
|:37+ m _VRUeff'Vp+ 9T £j|g - [w <ﬂ Ueff:g
Therefore, Eq. (10.24) becomes
2
{a) - <£n> — Uetr — NZ, gﬂ +[Mg, 7] =-X"g~+X7g”
(10.25a)
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By exactly the same procedure, we can derive the following equation
of motion for g~:

2
+ {a) - <2pm> —Uef — R, g7 | +[Mg, T7]1=-2g~+X~g~
(10.25b)

Equations (10.25a) and (10.25b) are coupled integro-differential
equations for the unknown functions g~ (p, @;R, T) and
g~ (p, w; R, T). The self-energies ¥~ and X = are expressed in terms
of g~ and g~ by the particular Green’s function approximation being
considered. For example, in the Born collision approximation, ¥~
and X< are given by Eq. (10.9). The auxiliary quantities fig and i X,
are expressed, respectively, in terms of g~ and g~ and £~ and X< by
Egs. (10.22) and (10.23).

Equations (10.25) are generally correct except for one rather
trivial omission: So far, we have left the exchange term in Xyr out
of our discussion. The direct (Hartree) term is included; it appears
in Uegr (R, T). When g= (p, w; R, T) varies little within distances of
the order of the potential range, we can approximately evaluate

Ut (R, T) = U (R T)+/ (::)3 Z‘; /dR/v(R—R/)g< (p, R, T)
as
Ugk(R T)=U (R T)+ 4 d—w//dR’v(R—R’)gf (p, w;R, T)
o ' (2m)® 27 T

=U (R: T) + XHartree (R: T)
With the inclusion of the exchange term in Eq. (10.25),

Ut (R, T) + R (p, ;R T) > U (R, T) +NE (p, ;R T)
(10.26a)
where, just as in the equilibrium case, the total self-energy is a sum
of the Hartree-Fock and the collisional contribution

N (p; w; R; T) = EHF (p, R, T) —+ 9{2’: (p’ w; R’ T)
d / / / < / /
Zur(p, R T) :/(271:)3da)2n [viv(p—p)]g (p,w;R, T)
(10.26b)

where

V= /dr v(r) (10.26¢)
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When Egs. (10.25) are modified using Eq. (10.26), they are exact for
slowly varying disturbances.

These generalized Boltzmann equations can be integrated
partially. We notice that the collision term on the right side of Eq.
(10.25b) is exactly the same as the collision term in Eq. (10.25a).
Therefore, when we subtract these two equations, the collision

terms cancel and we find
2

{a)— <me) —UR T)—NRE(p,w;R T),a(p, ;R T)
+Mg @ o;R T), T (p,w;R T)]=0
(10.27)
where
a=g Fg9g- =X %~
Equation (10.27) may be integrated simply. In fact, the solution
to Eq. (10.27) gives almost exactly the same evaluation of a as in the
equilibrium case. In equilibrium,

G(p2) = !

2
z— 5. —%(p2)

Therefore,

G(p w—i€)=NG(p, )+ (12) A(p, o)

. -1
- {mc—l (p, @) — ('2> r(p, a))]

where G~ is an abbreviation for @ — (p—z) — N (p, w). Also

2m

G(p, w+ie)=NRG(p w)— (12) A(p, w)

. -1
= {mcl (p, w) + (;) I'(p, w)]

Thus
NG (p,
NG (p, ) = 1 (zp 2 2
[RG-1 (p, )] + [—”’;“’)}
I'(p )
A(p, w) =

2
(%61 (p, 0)]” + [—”‘;“’)}
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Let us see whether there is a similar solution to Eq. (10.27). We
try

(10.28a)

2m

1
g zRT)= -
z-(£)-VRT)-Z(pzRT)
Then
1 1
a(p, o; R, T):If l

RNg~'(p, w;R, T)— (5) T (p, w;R, T)

1
g l(p, ;R T)+ (L) T (p,w;R, T)

I'(p,o;R T)
[Rg~" (p, 3R, T)]* + [w} 2
(10.28b)
and
Ry (p, o;R, T) 21 l 1 |
2 [Ng~t(p, ;R T)—(5) T (p, ;R T)

1
"N l(p ;R T)+ (L) T (p, ;R T)
Rg~' (p, w;R, T)

- 2
(gt (p, ;R T)] + [w}

(10.28¢)
where p2
RNg ' (p ;R T)=w— <2m) —URT)-RE(p,»;R T)
(10.284d)

Then, the left side of Eq. (10.27) becomes

N —1 -1 _1 N1 1
(Mg~ a] + Mg~ ', T] = - [Sig 'Sﬁg—l—ir]

1] 1
T Ty

+1[1 r]
5 | mqy— ;T "
2 | Rg1+i3

(10.29)

1
+5 |77 T
2 [Sﬁg t—is
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Like the commutator, our Poisson bracket has the property [4, B] =
— [B, A]. Hence, expression (10.29) may be rearranged in the form

mg~!— Lr !
M gt it

1

(10.29a)
However, the Poisson bracket of any quantity A with any function of
A is zero, since
A IF(A) A If(A)

[4, f(A)] = 0 9T AT 9o — VpA - VR f(A) + VRA -V}, f(4)

_f [9ADA DA DA S
T 94 | 8w dT 9T 90 PT R RE-TE ™

Therefore, expression (10.29) is, in fact, zero, providing that
Eq. (10.28) is a solution to Eq. (10.29). Since the solution (10.28a) is
of exactly the same form as the equilibrium solution, it must reduce
to the equilibrium solution as T — —oo. Therefore, it satisfies the
initial condition on the equation of motion.
To sum up, the equation of motion
p?

[a) — <2m> —URT)—-RZE(P, ;R T), g~ (p, »;R, T)

+ [NRg (p, o;R, T), X~ (p, w; R, T)]
=—"(poRT)g"(P ;R T)+X~(p,w;R, T)g” (p, w;R, T)
(10.30)

provides an exact description of the response to slowly varying
disturbances. All the quantities appearing in this equation may be
expressed in terms of g~ and g=. In particular, ¥~ and X< are
defined by Green’s function approximation, which gives the self-
energy in terms of g~ and g=. The lowest-order approximation of
this kind is given by Eq. (10.8). Both g~ and g~ are related to g by

/dﬂ g Po;RT)Fg=(p osR T)

27 Z—w
=g(p o;R T)
2 -1
= [z— (in) ~UR T)-X(p ;R T) (10.31)

which is exactly the same relation as defines the equilibrium Green’s
functions.
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To go from Eq. (10.30) back to the ordinary Boltzmann equation
with Born approximation cross sections, we replace £~ and X< on
the right side of Eq. (10.30) by the approximations (10.9). On the left
side of Eq. (10.30), however, we must employ the approximations
¥~ = X< = X = 0. Since the left side of Eq. (10.30) determines the
result Eq. (10.28b) for a, we must, therefore, replace X and I in Eq.
(10.31) by zero. Then we geta = 27§ (a) — (%) —U (R, T)), so
that we recover the ordinary Boltzmann equation (7.2).

The ordinary Boltzmann equation emerges then from an approx-
imation in which the self-energies that appear on the left side of
Eq. (10.30) are handled differently from those that appear on the
right. One can see that these two appearances of the self-energy ¥
play a very different physical role in the description of transport
phenomena. The £~ and X< on the right side of Eq. (10.30) describe
the dynamical effect of collisions, i.e.,, how the collisions transfer
particles from one energy-momentum configuration to another. On
the other hand, the X’s on the left side of Eq. (10.30) describe the
kinetic effects of the potential, i.e., how the potential changes the

2
energy-momentum relation from that of free particles, w = (f—m) +

U, to the more complex spectrum, Eq. (10.31). Because these two
effects of ¥ are physically so different, we should not be surprised
to find that we can independently approximate the kinetic effects of
% and the dynamical effects of .

In the derivation of the ordinary Boltzmann equation, we
completely neglect all the kinetic effects of ¥ and retain the dynamic
effects. In this way, we get to the familiar Boltzmann equation, which
describes the particles as free particles in between collisions. The
more general equation (10.30) includes the effects of the potential
on the motion of particles even between collisions. These effects
arise from several different sources. When the system is fairly dense,
the particles never get away from the other particles in the system.
Therefore, we cannot ever really think of the particles as being “in
between collisions.” Quantum mechanically, the wavefunctions of
the particles are sufficiently smeared out so that there is always
some overlap of wavefunctions; the particle is always colliding.
Also the particle always retains some memory of collisions it has
experienced through its correlations with other particles in the
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system. This memory is also contained in its energy-momentum
relation.

Equations (10.30) and (10.31) can be used to describe all
types of transport phenomena. In Chapter 11, we shall use these
equations to describe the simplest transport process, ordinary
sound propagation. In Chapter 12, these equations will be applied
to a discussion of the behavior of low-temperature fermion systems.



Chapter 11

Quasi-Equilibrium Behavior: Sound
Propagation

11.1 Complete Equilibrium Solutions

It is interesting to see how the nonequilibrium theory leads, as
a special case, to the equilibrium theory of Chapters 2-5. There
are two situations in which we expect an equilibrium solution to
come out of the generalized Boltzmann equation. The first and most
obvious case iswhen U (R, T) vanishes for all T previous to the time
of observation. Then the system has never felt the disturbance, and
it remains in its initial state of equilibrium. The second case is when
U(R, T) = Uy, a constant, for all times after some time, say Tp.
Then if we observe the system at some time much later than Ty, we
should expect that the system will have had sufficient time to relax
to complete equilibrium.

In an equilibrium situation, the functions g~ (p, @; R, T) and
9= (p, w; R, T) are completely independent of R, T. Since we are
looking when U (R, T) is also independent of R and T, the left side
of Eq. (10.30) vanishes. Therefore, g~ and g= obey

0=%"(pw)g~(p o) - X" (p0)g” (P @) (111
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To see the consequences of Eq. (11.1), we consider, as an
example, the Born collision approximation. Then Eq. (11.1) becomes

dp'dw’ dpda dp'da’ (1 ) B
=[G Gy Gy (2) @B )
xa(p,wa(p,o)ad o)a(p,d)s(0+o —o—ad)
x3(p+p —p—p)20)* {f(p o) f (P, ) [1£ f (D @)

x 1+ f(p, o)) -1+ fo]l[1+f(p, )] fBa)f(P, o)}
(11.2)

where we have written

g9~ o) =[1% f(p, ®)]a(p, »)

(11.3)
9=~ o) =f(p w)a(p, o)

The expression in braces in Eq. (11.2) will vanish if f (p, o) is of the
form

-1
f(p, a)):{exp [,3 (a)—p-v+;mv2—u’)] :Fl} (11.4)

where v is an arbitrary vector. In fact, it is possible to prove that
Eq. (11.4) is the most general f for which Eq. (11.2) vanishes.
The proof is quite analogous to the proof of the H theorem for the
ordinary Boltzmann equation.

Therefore, to determine the possible equilibrium limits of
g~ (p, w;R, T)and g~ (p, w; R, T'), we must solve Eq. (10.31):

2

g p2)=2— (;}) —Uy—X(p, 2) (10.31)

using the relationships (11.3) and (11.4). These two may be written
as

g~ (p, ) = ePloPvim? =) g=(p o) (11.5)

Since X (p, z) is a function of g~ and g=, Egs. (10.31) and (11.5)
provide two relations between the two unknown functions g~ (p, w)
and g= (p, w).

When Uy = v = 0, Egs. (10.31) and (11.5) are identical to the
equations in Chapter 5 to determine the equilibrium Green’s func-
tions for chemical potential ¢’ and inverse temperature 8. Writing
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these equilibrium functions as G~ (p, w; 8, 1) and G” (p, w; B, 1),
we find

g (P @) =G (p,w; B, 1)

g~ (p, ) =G~ (p, w; B, 1)
In this case, the nonequilibrium Green’s functions reduce to their
equilibrium counterparts, and the whole equilibrium theory of
Chapters 2 through 5 emerges as a special case of the nonequilib-
rium theory developed in Chapters 9 and 10.

Consider next the case Uy # 0, v = 0. U, then represents a
constant term added to the energy of every particle in the system.
We expect that Uy should have two effects on the equilibrium
solution: First, the frequency should go into w — Uy, and second, the
chemical potential should go into u’ — Uy. If we define

3% (p, ®) = g= (p, 0 + Uo) (11.7)

we then expect that the solution to Egs. (10.31) and (11.5) atv =0
is

(11.6)

G2 (p, ©) = G= (p, »; B, 1) (11.8)
where u = u’ — U,.
To verify this conjecture, we let z — z + Uy in Eq. (10.31). This
then becomes

B do' g” (p, @) T 9= (p, ®)] "
1 , U — /
g (P z+Uo) o PR

_ wag (P ) F3~ (P w)]‘l

2 zZ—w
and also

2

9 P z+U))=2z— <2p—m> -2 z+Un;g7,97)
2

=z- (2197) - Zur (P, 97)
m
_/dg P o+U;g, g7 )-X°(p0+Usg . g7)
2 Z—w

We may express the self-energies as functionals of g. We first note
that

ZHF(I’,9<)=/"'/%9< (P:a’/)z/"'/%g< (p, o)

=Xur (P, 97)
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In the Born collision approximation,
2P o+Uog™, g7) ~/da)’dd)dd)’ $(w+Ug+o —o—d)
xg=(p, o) g™ (B a)g” (P, @)
~/da/dd)dd)’ S(w+Up+o —a—a)

X g< (p/' (1),) g> (l—)‘ (;))g> (l—J/’ (Z),)

=X (p®:97,97)

Thus, we see that the g’s obey
[/ do' 5~ (p, ®) 3~ (D, a))}1 . ( p’

P _E ] ;_>I-<
2w z—o Zm) P 257.5")

which is exactly the same equation as is obeyed by the equilibrium
G~ and G=. Furthermore, when v = 0, the boundary condition (11.5)
can be written in terms of the g’s as

g (p, ) = LG (p, w)

The g’s must then be the equilibrium G’s, since they are both
determined by the same equation.

The equilibrium state that results when U = Upand v = 0 is
thus the initial equilibrium state. The only difference is that the zero
point of the particle energies has been shifted by an amount Uy.

We shall now see that the equilibrium state that occurs with
v # 0is one in which the system as a whole is moving with a uniform
velocity v. If the entire system is moving, Green’s function should
be the same as the equilibrium Green’s functions that would be
“seen” by an observer moving with velocity —v past a fixed system. A
particle moving with momentum p and energy w in the fixed system
would appear to the moving observer to have the extra momentum

—mv and the extra kinetic energy (ﬁ) (p — mv)®— (%) . Therefore,

if v does in fact represent the velocity of the system, g~ and g=
should be related to the equilibrium functions by

G2 (p, ©) = G= (p, w; B, ) (11.9)

where

1
g2 (p, 0) = g= <p+mv,w+p~v+ vaz—l—UO) (11.10)
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To verify this, we must show that the g’s satisfy the same
equations as the G’s. First, the boundary condition. From Eq. (11.5),
we see that

g> (p’ w) — eﬁ [w+p4v+%mvz—(p+mv).v+%mvz_y_]g< (p’ w)
— eﬂ(w—u)g< (p, )
Thus, the g’s satisfy the same boundary condition as the equilibrium
G’s. The other equation that determines g~ and g~ is Eq. (10.31). We

can rewrite this equation in terms of the g’s by letting p — p — mv

andz— z+Up+p-v— %mvz. Then, it becomes

1
g (p+mv,z+U0+p-V+ vaz)

_ [/da) 3" (p, ©) F5° (p, w)r

27 Z—w

1 2
:(Z+p.v+mvz>_(p_|_rnv)
2 2m

1
- X <p+mv,z+p-v~|— va2+Uo;g>,g<>

2 1

=z— L —S(p+mv,z+p-v+-mv:+Uy;g”, 9"
2m 2

By essentially the same argument as we gave before, we can show

that

Epp+mv,z+p-v+Uopg,97)=21,%3,97)

Since the g’s obey the same equations as the equilibrium Green’s
functions, Eq. (11.9) is, in fact, correct, and v is the average velocity
of the system.

Such an equilibrium state would be reached if the potential
U (R, T), when it acted, transferred a net momentum mNv to the
system.

11.2 Local Equilibrium Solutions

A very simple extension of the results of Section 11.1 can be applied
to a discussion of sound propagation. This is the primary reason
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for having described the equilibrium solutions to the generalized
Boltzmann equation.

The arguments we shall use to find sound propagation will be
very closely analogous to those used to find sound propagation from
the ordinary Boltzmann equation. The left side of the generalized
Boltzmann equation, (10.30), involves space and time derivatives;
the right side does not. Therefore, when U (R, T) varies very slowly
in space and time, the left side of Eq. (10.30) is necessarily very
small. Hence, in this limit, we can neglect the left side of Eq. (10.30)
entirely. We then have to solve

7 (p ;R T)g™ (p, ;R T) =X~ (p, ;R T)g™ (p, >;R, T) =0
(11.11)
In the Born collision approximation (11.11) becomes?

dp’ do' dp do dp da
(2n)? 27 (27)% 27 (2n)® 27
x(2n)*s (p+p —p-P)S(0+0 —d— )

1 _ _ 72
x <2) vip—p)tv(p—p)]

x {g=(p, o;R, T)g=(p’, ©’;R, T)g” (b, »; R, T)g” (p’, @; R, T)

—g>(p, w; R, T)g>(p/' w/; R' T)g<(p' d); R' T]g>(p,' d)/; R' T)}

=0 (11.12)

From the discussion in Section 11.1, we know that the solution to
Eq. (11.12)is

g9 (R T)

1
FmoRT) P {_ PR, T) [w —p V(R T)+omvi(R T)

—u®, T)+U(R, T)} } (11.13)

where 871 (R, T), u (R, T), and v (R, T) now represent the local
temperature, chemical potential, and mean velocity of the particles
in the system.

To determine g~ and g=, we make use of Eq. (10.31),

2
g ZRT) =2 (5) “URT)-—%(p,zR T) (1031)
m

2The equality = 0 in the last line was omitted in the original text.
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Since all the quantities in Eq. (10.31) depend on the values of g~ and
g~ at only the space-time point R, T, we can directly carry over the
discussion of Section 11.1 to establish the solution to Egs. (10.31)
and (11.13). In analogy to Eq. (11.9), we find

1
g3 (p +mv(R, T), w+p- V(R T)+ Eva(R, T)+U(R, T);R, T)

=62 (p,o; (R T), (R T))
or
‘g2 (p, w; R, T) = G2 (p — mV(R, T)' d);ﬁ (R! T)' 1% (R' T))

o=w—-p-V(R T)+%mv2(R, T)—U (R, T)
(11.14)

Here GZ (p, ; B.11) are the equilibrium Green’s functions deter-
mined by the equilibrium Born collision approximation at the
temperature 8! and the chemical potential .

Therefore, when the disturbance varies very slowly in space and
time, the nonequilibrium Green’s functions 92 (p, @; R, T) reduced
to the equilibrium functions defined at the local temperature,
chemical potential, and average velocity. Each portion of the system
is very close to thermodynamic equilibrium, but the whole system is
not in equilibrium because the temperature, chemical potential, and
velocity vary from point to point.

We have derived this local-equilibrium result from the Born
collision approximation. The result Eq. (11.14) is, in fact, much more
generally valid. However, it is important to notice that Eq. (11.14)
emerges from the application of Green’s function approximations
to a specific situation; it is not an extra assumption inserted into
the theory. Equation (11.14) is not always correct; it is wrong
in superfluid helium and in a superconductor, where the local-
equilibrium state cannot be described by five parameters only. It
is probably also wrong in a Coulomb system because of the long
interaction range. The general theory is capable of predicting when
Eq. (11.14) is correct, and when it is wrong.

To obtain a solution to Green’s function equations of motion,
we have to determine that local temperature, chemical potential,
and velocity. Just as in the discussion of the ordinary Boltzmann
equation, these parameters will be determined with the aid of the
conservation laws for particle number, energy, and momentum.
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11.3 Conservation Laws

The conservation laws can all be derived from the generalized
Boltzmann equation (10.30). It is much more convenient, however,
to derive from our starting point: Green’s function equations of
motion, Egs. (7.28a) and (7.28b). We shall use only the difference
of these two equations

0 9 Vi Vi ,
[<8t1+3t1/>+2m_2m_U(1)+U( Vg (11;0)

_ ii/dZ V(-2)—V (1 —2)]g (127, 12V)
(11.15)

Eventually, we will employ the form of Eq. (11.15) in which g, (U)
is determined by the Born collision approximation, but for now, we
shall make use of only some rather general properties of g, (U).

If we set 1 = 17 in Eq. (11.15), we derive the number
conservation law

0 . < Vi /
8—t1[izg (1L, LU + Vi~ [Z(ﬂ: )9~ (L, 1;U)} =0

1'=1

or
9 .
S (AR, T))y + V- <i R, T)>U —0 (11.16)

To find a differential momentum conservation law, we apply
:I:W to Eq. (11.15) and set 1’ = 1*. In this way, we find"

9 [(Vi— Vi ,
P {(1211)(11)‘9 (1,1;U)}

- ma% <i(1)>u

== [V, UM)] (a(1)y

{ (Vi—=V1) (Vi —Vy)
2i 2im

=1

— Yy, -

(+) g~ (1,1 U)}
1'=1

+ /dl‘z [VrZV (l'l - 1'2)] 92 (12, 1+2+; U) ’tzztl*
(11.17)

bThe 1+ symbol in the original text is corrected by 1.
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So far this equation does not even have the structure of a
conservation law because the term involving g, is not proportional
to a divergence. However, in the limit as the disturbance varies
slowly in space, this term may be approximately converted into a
divergence. The point is that g, (12;1%2%) ’t;:tf can be written as
g2 [r1 —r2; (r1 +12)/2, t1] and if the disturbance varies slowly in
space, g, varies slowly as a function of (r; + rz)/2. In fact, we may
now write

/dl‘z [Vrzv (1'1 — 1'2)] 92 (12, 1+2+; U) ’Q:t{r
= [ ar (vvge (virs - 5. )

%/dr [Vv(r)] [gz (r; r— ; t1) — 92 (—r: r+ % tl)]

(11.18)

Because of the symmetry
g2 (12;1725,U) = g, (21,2717, U)

of both the exact g,(U) and any approximate g,(U) that obeys
condition B, it follows that
r r
92<1‘1‘1 4 92 I'I'1+21
Thus, expression (11.18) becomes
1 r r
3 /dr [Vv(r)] [92 (r; = tl) - 92 (r; ri+o tl)]

If the disturbance varies very slowly over the force range, we can
expand the g to first order in r, getting

/dl‘z Vv (ry —13) g2 (12,1127, 0) |tz:t1+

r-v,
> gy (111, )

~ —/dr [Vv(r)]

=7Z:(Vn)].

Therefore, for slowly varying disturbance, the momentum
conservation law has the structure
9 /s
m—= (iR T)) =—[VU R DI AR Ty~ V- T(R,T)
(11.19)

V _
/drz M (r1 —r2); g2 (12,1725 0) }fzztf
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where
V1 — Vlr Vl - Vl’ .
Ti(RT)= +i)g= (1, 1;U
(R T) ( 2i )< 2im )j(')g( >}
1'=1=R, T
. 1 /drz (r1 —r2); (r1 —r2); 9v (Jr; — r2)
2 [r; —1p| d[ry — 12|
x 92 (121725 U)o o _rrik (11.20)

%;j is usually called the stress tensor. It is the momentum current;
but since the momentum is a vector, its current is a tensor.

An exactly similar argument leads to a differential energy
conservation law in which the time derivative of the energy density
is

) ViV

d
3 €M =0 {il -

I'n (1, 1; U)
1
—E/drz v(ri —r2) gz (12; 2% U) |t2=t1+}

=— vl (), - V- (1121)
where the energy current, for slowly varying disturbance, is®
Vi—V1 V- Vi

1 1 1 1g< (1, 1/,U):|

2im m
Vi— Vv
—/drzv(rl—r2)¥
2im

+/dr2 M(rl _rz)

je(1) = +i {
1=1
g2 (12,12%;0)]

t=t,1'=1+

2
Va - (V1 —Vy) I+
X {21m g2 (12' 12 ;U>|t2:t1+,1’:1+

(11.22)

11.4 Application of Conservation Laws to the
Quasi-Equilibrium Situation

These conservation laws are true not only for the exact g(U) and
g2(U) butalso for any conserving approximation for these functions.

“Here the redundant vertical bar on the right of the first term is omitted.
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In particular, these laws hold in the Born collision approximation.
Therefore, we may determine functions B (R, T), w (R, T), and
v (R, T)in Eq. (11.14) by substituting the local equilibrium solutions
into the conservation laws.

This is most simply done for the number conservation law
(11.16), which can be expressed as

/ (2n)3 [a +7 .va] g iR T)=0

For the local equilibrium solution (11.14), this is

9 Ve
/ (271)3 [7 + p} G“(p—mv(R, T), w; B(R, T), u(R, T)) = 0

Wenow letp — p+mv (R, T). Since the rotational invariance of the
equilibrium Green’s function implies

dp
- 3 G< , W; P, - O
/(Zn)g pG= (p, w; B, 1)
we find
d
+Vr-V(R, T)| G (p, R, T R, T)=0
52 [ ks |55+ vR D) 6 (0 R 1), (R T)
Hence, the number conservation law becomes

%n(ﬂ(R T), u(R T)+Vr-[VR, T)n(B(R, T), n(R, T))]=0
(11.23)

where

dp dw

n(:B' M’): (2 )32

G~ (pw; B 1)

is the equilibrium density derived from the Born collision approxi-
mation, expressed as a function of the inverse temperature and the
chemical potential. Similarly, in the local-equilibrium situation, the
momentum conservation law (11.19) becomes

d
mﬁ [V (R' T) n (ﬂ (R' T)! 1% (R, T))]

z_n(IB(R! T),M(R, T))VRU (R! T)_VR‘I[R! T)
(11.24)
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while from Eq. (11.20), the stress tensor is seen to have the form

d d iPi
T, R, T) = / 0 [RPP Ge(p — my(R, T, w3 AR, T), (R, T)

27)} m
n /dr (r1 —r2); (r1 —r2); dv (Ir; — r2f)
2
Iry — 1y d|r; —ra|

x g2 (12;172%;U)] (11.25)
By exactly the same argument that we used to evaluate the
Born collision approximation ¥ (p, z;R, T) in terms of the local

temperature, velocity, and chemical potential, it is easy to show that

g2 (12,12%;0) = ™R D=6, (12, 12758 (R, T), 1 (R, T))
(11.26)

t=tf,t—T,r=R

for
ry +ry
2
T=t,=¢t,t0=4"

R=

where G, (12;1'2; 8, 1) is the equilibrium two-particle Green’s
function, in the Born collision approximation. The rotational
invariance of this function and G (p, w) implies that Eq. (11.25)
becomes

‘Iij (R! T) = my; (R' T)Vj (R' T) n (ﬂ (R! T)! w (R’ T))

(11.27)
where
do d 2
P(ﬁ,u)z/Z:(ZP)3 ?f)m G=(p, w; B, 1)
a
/ dry 1 — Vaﬁ'r“_:j” 6:(12:1°2%5 8, 1), _,-
(11.28)

Thus, the momentum conservation law, Eq. (11.24), reduces to

e VR, T)n (B (R, ), (R, TY)]
-V. [mv (R' T)V(R, T)n (ﬂ (R! T)' w (R' T))]

We have used the symbol P for the part of the stress tensor
proportional to the unit tensor §;;, in anticipation of the fact that
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this quantity is actually the pressure in the many-particle system.
The most elementary reason for the appearance of the pressure in
the momentum conservation law is that the pressure and the stress
tensor have quite parallel meanings: The pressure is the average
flux of momentum up to a surface of the system, whereas the stress
tensor ¥;; gives the flux of the i-th direction momentum through a
surface perpendicular to the j-th direction.

We can make this identification of the pressure mathematically
as follows. Let us go back to the original Boltzmann equation
(10.30):

2
w—;—m—u Y, g°| + Mg, £5] = —£7g= + =g~ (10.30)

For the case in which U (R, T) is independent of T, the time-
independent local-equilibrium form
g~ o;R T)= f(p, ®;R)a(p, »;R)
Z=( o;R T)= f(p, o;R) T (p, »;R)
1
exp[B(R)(w — p - V(R) + mv3(R) — u(R) — U (R))] ¥ 1

is an exact solution to the Boltzmann equation, since then the right
side of the Boltzman equation vanishes, and the left side becomes

f(p, ;R) =

[a) — (pz) —U — R, fa} +[NRg, fT]1=0 (11.30)
2m

Like ordinary Poisson brackets, the generalized Poisson brackets
satisfy

[4, BC]=C[A, B]+ B[A, (]
Therefore, Eq. (11.30) may also be written as

p* , .
{fo- (£) - -n5.d] + 10.1)
2
+a [w—(%) —U—?ﬁE,f} +T'[9g, f1=0

However, the term in the braces must vanish, because a is evaluated
by demanding that this term be zero. We are then left with

a [a) _ (pz> _u s, f} +T g f1=0  (1131)
2m
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which has the simple solution

v=0
B (R) =B, independent of R (11.32)
u(R)+ U (R) =/, independent of R
For these values of 8, wu, and v, the function f (p, w;R) is
independent of p, and R:

1

S R = g1

and hence,

[ (Pm) U- snz,f}w[mg,f]
b ()0 ()

Since neither
2
w— (p> —U -9y
2m

nor g depends on time, the choice Eq. (11.32) indeed gives a solution
to Eq. (11.31).

Now we consider Eq. (11.29), the momentum conservation law,
inthe case U (R, T) = U (R). Using Eq. (11.32), we find

0=-n(B n(R)VU(R)—VP (B 1 (R)

or
0=-— [n(ﬂ,u(k))— ap(ﬁél‘j(m VU (R)
But VU (R) is arbitrary, so that
(;) P (B u)=n(B 1) (11.33)
7

This is identical with one of the thermodynamic definitions of the
pressure that we used in Chapter 3. The identification of the P
in Eq. (11.29) as the pressure is, therefore, correct. Incidentally,
Eq. (11.28) is a useful expression for calculating the pressure.
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Finally, we consider the energy conservation law (11.21). The
substitution of the local-equilibrium solutions into this law yields

(aaT) {S(ﬁ(R T), u(R, T))+ 1m[v(R T)n(BR T), 1 (R, T))}

= —V'ig (R, T) —n(ﬂ(R, T), ;,L(R, T))V(R, T) VU (R, T)

(11.34)

where the equilibrium energy density is

dp dow p
5 ) == < ] y Py
(8, 1) @n) 27 2m G (p, w; B, 1)
1
-3 /dr2 v(r—r2) G2 (121725 B, ),y

(11.35)

The energy current is given by Egs. (11.22) and (11.26) as

. dp dw p

R, T)= G~ — R, T),w;B(R, T), u(R, T
Je® T) = [ 5 Ry 67 (= mv(R, T, ; B(R, T), (R, T)

/dl'z v(r; —r2)) {v(R T+ nﬂ

x G(12;12% (R, T), (R, T)) |1,:1+,tz:t1+

r—-r (Vi—Vy
+/dr2v(|r1—r2|) 12 2[ 121.m1 +v (R, T)]v

x G(12,12%8(R, T), u(R T))

|1/=1+,t2=t1+
The rotational invariance of the equilibrium solution may be used to
reduce the energy current to the form

JeR T)=v(R T){}swr1)ur1)

where

d 2 2
O = 5v* R T)n (B, u)+/(2 i (1+§) 26" (p, i, 1)

- /dl‘z v(lr —r2)) G(12,12%; 8, 1) ’1’21+‘t2:t1+

1
+e /dl‘z v(r —r)(r —12) - V2 G(12,12%; 8, ) |11=1+,t2=t1+

When we integrate the last term in the braces by parts, it becomes

/drz [Vev (i —12)] - (11 —12) G2 0 + % /drz v(ri —r2)G2()
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We now see that the energy current may be expressed in terms of
pressure and energy density, defined, respectively, by Eqgs. (11.28)
and (11.35):

e R T =v (R T) | S’ R T)n(B(R T), p (R, T))

+PBRT), R T)N+EMBRT), (R, T))
(11.36)
The energy current is thus the local mean velocity times the sum of

the mean increase in kinetic energy due to the local mean velocity
and the enthalpy density, £ + P.

11.5 Sound Propagation

To derive the existence of sound propagation from these conser-
vation laws, we consider the case in which U (R, T) is small. At
time T = —oo, we consider the system to be in equilibrium with
BRT)=8 uR T) = u v(R, T) = 0. Then, for all later times
B(R, T)—B, (R, T)— u andv (R, T) will be small.

In the conservation laws, we consider only first-order terms.
Then the number conservation law (11.23) is

%n(ﬂ RT),u(RT)Y+nV-v(RT)=0 (11.37)
The energy conservation law (11.34) is
8%5 BRT),u(RTND+(E+P)V-V(RT)=0 (11.38)
and the momentum conservation law (11.29) is

naiTv(R, T)+VP (B[R T), (R T)) = —nVU (R, T) (11.39)

We eliminate v from Eqs. (11.37) and (11.38) to find:

D eB®R ), LR T))

10
CapnBR T, R T) =
(11.40)
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We also eliminate v from Egs. (11.37) and (11.39) by taking the
divergence of the latter and then substituting the time derivative of
the former. This gives

2

=-nViU(R, T) (11.41)

These equations are almost identical to those that arose in the
discussion of sound propagation based on the ordinary Boltzmann
equation.

Equation (11.40) relates the permissible variations in u (R, T)
and B (R, T). Since all the quantities that appear in this equation
are thermodynamic functions, we can give a thermodynamic
interpretation of Eq. (11.40). This equation demands that the change

in 8 and u be such that
dn d&
————— =0 11.42
n E+P ( )
where dn and d€ are the local changes in n and £. We recall the

thermodynamic identities

TS=E+PV —uN
and

SdT = —Ndp+VdP

where S is the entropy, E is the total energy, and N is the total
number of particles. These identities may be expressed solely in
terms of intensive quantities by dividing both sides of each by N.

Then
S E+ P
T <> I (11.43)
N n
and
S dP
—dT = —dp + — (11.44)
N n

If we take the differential of Eq. (11.43) and use the relation (11.44),
we find the equation

ra($) -4 Exban
N n n n
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It follows that

dn ac Tn d S
n E&+P  E+P \N
Therefore, the restriction (11.42) may be written as

d (;) =0 (11.45)

This restriction means that 8 (R, T) and u (R, T) change so that the
entropy per particle, a local quantity, is constant.

Because of this restriction, the change in pressure must be
related to the change in the density by

P
dP = (8) dn
on S/N

Therefore, the momentum conservation law (11.41) becomes simply
the sound-propagation equation

[38;2 - CZVZ} nBR T), u(R T))=—V2U (R T) = (11.46)
m

where C, the sound velocity, is determined by

mC? = (813) (11.47)
on /g /N

For a perfect gas, the result (11.47) agrees with the sound
velocity derived from the ordinary Boltzmann equation. When the
potential is nonzero, these results differ. The sound velocity? (11.47)
is amply verified by experiment.

This formula for the sound velocity can be obtained much
more directly, assuming only local thermodynamic equilibrium and
applying the conservation laws. The main justification for our rather
elaborate Green’s function arguments is that they provide a means
of describing transport phenomena in a self-contained way, starting
from a dynamical approximation, i.e., an approximation for G,(U ) in
terms of G(U ). These calculations require no extra assumptions. The
existence of local thermodynamic equilibrium is derived from the

dThe equation number was originally (11.31), which is the time-independent local-
equilibrium Boltzmann equation, the wrong reference.
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Green’s function approximations. The various quantities that appear
in the conservation laws are determined by the approximation. The
theory provides at the same time a description of what transport
processes occur, in this case sound propagation, and a determination
of the numerical quantities that appear in the transport equation, in
this case (3 P/0n)g, -
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Chapter 12

The Landau Theory of the Normal Fermi
Liquid

12.1 The Boltzmann Equation

The nonequilibrium theory described in the previous chapters
reduces to a particularly simple form for a system of fermions
very close to zero temperature. To see this, let us define a “local
occupation number” f (p, w; R, T') by writing

g o;RT)=a(p, o;R T) f(p, ;R T) (12.1)
where
a(po;RT)=g9" (posRT)Fg~ (pw;R T)
In equilibrium, at zero temperature

1 forw < u

Therefore, all “states” with @ < w are occupied, and all “states” with
w > u are empty. At very low temperatures, f differs from 0 or 1
only for w very near to . We shall assume that f still has this form
at low temperatures, even in the presence of a disturbance. That is,
we assume that there exists a i (R, T') such that f(p, o;R, T) =0
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for w appreciably greater than u (R, T), and f (p, o;R, T) = 1 for
w appreciably less than . The only frequencies for which the local
occupation number, f (p, w; R, T), is different from zero or one are
those within an infinitesimal range of u (R, T). This dependence of
f on w is essentially what we mean by “low temperature” for a non-
equilibrium system. We shall show in a moment that this hypothesis
about the behavior of f leads to a perfectly consistent solution to
our basic nonequilibrium equations.

There is one simplification that makes this low-temperature
system rather tractable: for w near u, the lifetime I' becomes
vanishingly small. We have mentioned in Chapter 5 that at zero
temperature in equilibrium

27 (pw)=0 forw<u
S(p,w)=0 forw>pu

The proof of this relations depends only on the fact that f = 0 for
w>pand1l— f = 0forw < w.Since we are assuming that f hasa
similar behavior in the nonequilibrium case, it follows that

7 (p,o;R T)=0 foro<pu(R T)

(12.2)
2, o;R T)=0 forow>u(R T)

when the system is very little excited from its zero-temperature
state. Therefore, for situations near zero temperature, we shall take
both £~ and X< to be very small at those frequencies, near p, for
which the occupation numbers f (p, w; R, T) differ from 0 or 1.
This approximation involves an assumption about the continuity of
¥~ and ¥< at o = u. The continuity can be proved in all orders
of perturbation theory, but it is not necessarily true for situations,
such as the superconducting state, in which perturbation theory is
not valid. Therefore, the discussion in the remainder of this chapter
applies only to so-called “normal” fermion systems and not to the
superconductor.

If ¥~ and X< are both negligible for w near p, then this region
the Boltzmann equation (10.30) becomes

p2

[a} - (2—) —URT)-RE[P, oR T)alp, ;R T)f(p, ;R T)| =0
m

forw ~ u

(12.3)
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We may verify that out assumptions about f for w appreciably
greater or less than u (R, T) lead to a consistent solution to the
Boltzmann equation. First if w is appreciably less than y, then from
the assumption f = 1, we have

> =0,2=I,9g"=0,,andg~ =a (12.4)

When we substitute this solution into the Boltzmann equation
(10.30), we find

2m
- o;R T), Rg(p, ;R T)]|=0 forow<p
(12.5)
Since this equation is, in fact, just Eq. (10.27) satisfied by a, Eq. (12.4)
for w appreciably less than u. For w appreciably greater than u, the
solution g= = X< = 0, which follows from the assumption f = 0,
trivially satisfies Eq. (10.30).
We have shown in Chapter 10 that for all w, a (p, w; R, T) is given
by? Eq. (10.28b) with the aid of Eq. (10.31)

I'(p, ;R T)
[0 (£) - U ®R ) -9%= (@R T g [7”"";‘“'”]2

[w_ (pz) —URT)-RE(p, ;R T),a(p, o;R T)

a(p, ;R T) =

Thus, when w is close to u, so that
Frp,o;RT)=X"PpP,o;RT)FZ~(p,o;R, T) >0
a becomes just the delta function

a(p, ;R T)=2n <a)— (pz) —~U (R, T)—RE (p, ;R T))

2m
(12.6)
Note thatatw = u (R, T)

a d do' T (p, o;R, T

o’ ow 2w w— o
/ do' T (p, o;R, T)
=— ———= <0
21 (b - @)
since T is a positive function. By continuity, 2> < 0 for all » near

. Therefore, the argument of the delta function in Eq. (12.6) is a

2In the original text, the reference equation number was only (10.31), but this is not
enough to explain the following equation.
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monotonically increasing function of w for all w near u. It follows
then that for every p, R, T, there exists just one root of

2
" (;) +URT)+NE(p, w;R T)
m

Let us write this solution as
o=E@PRT)+U(RT) (12.7)

where

p2

E(p,RT)= <2m) + RE P, &R T)lp—pprr)+v® ™)

In equilibrium, E (p, R, T) reduces to E(p). Because the re-
sponse to the disturbance is primarily a change in the occupation
of single-particle levels with @ near p, the response manifests itself
mostly for momenta such that E'(p) &~ n. We shall assume that there
exists a unique momentum pg, called the Fermi momentum, such
that E (pr) = u.

The two basic assumptions that go into this theory are the
existence of a unique Fermi momentum and the smooth variation
of ¥~ and X~ near w &~ u. Whenever these two assumptions are
satisfied, the rest of our statements will hold for a fermion system at
sufficiently low temperatures, in which the disturbance varies very
slowly in space and time.

We can combine Egs. (12.3) and (12.6) into the form

p* p*
[w - <—> —U — %X, 278 (w— (—) -U - zm:) f(p, R, T)} =0
2m 2m

forw ~ u

(12.8)

Clearly, we need not consider the general f (p, w; R, T) but only the
simpler distribution function®

n(p,RT)= f(P &R Tly—pprr)u®n) (12.9)

We shall interpret n(p, R, T) as the density of quasi-particles
with momentum p at the space-time point R, T. As we proceed, we

b(Original) {The symbol n(p, R, T) for the quasi-particle distribution function,
rather than f (p, R, T), is conventional in the literature of low-temperature fermion
systems.
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shall find that these quasi-particles behave very much like a system
of weakly interacting particles.

For example, the quasi-particle distribution function obeys a
simple Boltzmann equation. To derive this, we use the fact that

pZ pZ
wo—(-—|-U-%% 278 (w—(-— | -U-%T || =0
() (o= (a) - =)

to rewrite Eq. (12.8) in the form®

st(w— <pz> —U—E> {w— <p2> —U—Z,n} -0
2m 2m
(12.10)

It is possible to effect a considerable simplification in Eq. (12.10).
First note that

2 . .
S(a)— (p—) -U —2)25([w_u —E(® R T)] {1_MD

2m ow

Sw—UMRT)—Z(P RT)
= I moR T (12.11)

ow

1

Thus, Eq. (12.10) can be written?
275(@—U R T)— = (p R T)) { [1 I3 (p, iR, T)} an(p, R T)

1_82[p,a);R, T) dw aT
w
pZ
+Vp [(%> +U (R, T)+ = (p, ;R, T)} -Vern(p, R, T)

—Vr [(%) +U®R T)+ = (p, iR, T)] -Von(p, R, T)} —0
(12.12)

Now

2
{v,, szTn) +UR T)+=(p ;R T)] }
o=UR,T)+E(p,R,T)

X (p, o;R, T
= VPE (P. R, T) - [M VPE (p’ R’ T)

dw } w=UR T)+E(p,RT)

¢(Original) §Since we are assuming that X (p, z; R, T) is real near z = u, we shall
drop the R in WX (p, w; R, T) henceforth in this chapter.
dIn the original text, the equation number was (12.7).
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and also

2

{VR K;n) +URT)+Z(p o;R T)H

w=U+E

X
— VR (E +U) (1_)
0w / ey +E

Therefore, Eq. (12.12) can be written in the much simpler form

an(p,R, T)

T + VPE (p: R; T) . VR” (p: R! T)

278 (w—E (p,R, T)) [

—VRE(p,R T)-Vpn(p, R T)} =0 foro~u

(12.13)

Consequently, the quasi-particle distribution function satisfies the
Boltzmann equation

9
a—; + VpE - Van — VRE - Von — VRU - Vpn = 0 (12.14)

12.2 Conservation Laws

The response of the system to a slowly varying external disturbance
can be described in terms of the quasi-particles, whose distribution
function is determined by the Boltzmann equation (12.14). From
this Boltzmann equation, we can derive the forms of the conserva-
tion laws appropriate to a very low-temperature fermion system.
These conservation laws will provide an identification of physical
quantities like the number density, the momentum density, and the
energy density in terms of the quasi-particle distribution function.
Moreover, they will give a further confirmation of the quasi-particle
picture.
We recall that the differential number conservation law is

9 .
S (AR, T))y + V- <i R, T)>U —0 (12.15)
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To obtain a result that we can identify with this number conserva-
tion law, we integrate Eq. (12.14) over all momenta p, and find

dp on(p,R T) dp
(27‘[)3 9T (27‘[)3 VpE (pv R: T) : VRn (p, R; T)
dp
_/ WVRE (p, R, T) . Vpn (p, R, T) =0

(12.16)

The last term here can be converted into the form
dp
—— [VR-VE(, R T)|n(p,R, T
/(271)3 [VR - VpE (p ) n(p )

by an integration by parts, so that Eq. (12.16) becomes

aiT / (Zd:)Sn(p, R, T)+VR~/(2d:)3 [VoE(p, R T)] n(p, R, T) = 0

(12.17)
But the number density is the unique quantity constructible from g~
and g~ that satisfies a conservation law of the form of Eq. (12.15).
Consequently, we can identify the first term in Eq. (12.17) with

(N, T .
M and the second term with V - <j (R, T)>U. Thus

oT
d

(R T))y = /(2:)3 n(p, R T)+no (12.18)

. d

<j (R, T)>U - % [VoE (@R )] n( R T)+jo (12.19)

The constants ny and jo must be independent of time and space,
respectively. Therefore, these constants must be independent of the
distribution function n (p, R, T). Since we shall only be interested
in the variations in (f) and <i> resulting from variations in the
distribution function, we shall neglect these constants hereafter.
Similarly, we can ignore the fact that n (p, R, T) is ill-defined for p
far from pg. The only variations in n (p, R, T) that we need consider
are for p near pr, and hence the integrals in Egs. (12.18) and (12.19)
will contribute only for p near pg.

Equations (12.18) and (12.19) indicate the essential correctness
of the quasi-particle picture. In Eq. (12.18), we see that the change in
the density of particles is the integral over all momenta of the change
in the density of quasi-particles with momentum p. In Eq. (12.19),
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we see that the change in the total current is V,E (p, R, T), the
velocity of a quasi-particle with momentum p, times n(p, R, T),
the change in the density of quasi-particles with momentum p,
integrated over all momenta.

The momentum conservation law is

%m <i (R, T)>U YV-TR T)=— (AR T))y VU (R, T)
(11.19)

To obtain the form of this law appropriate to the present situation,
we multiply Eq. (12.14) by p and integrate over all momenta. Thus,
we find

0 d d
7/ (2:)3p"(p' R T)+ /%p{(va)'(VRH)—(VRE)-(VP}'})}
—[VRU (R, T)] (A (R, T))y (12.20)

It is exceedingly plausible to identify the momentum density,
m <i (R, T)> , with the integral of the momentum times the quasi-
particle distribution function, i.e.,

<i(R, T)>U = (de)3 PR T (12.21)
This identification, as well as the identifications (12.18) and (12.19),
can be put on a firm mathematical basis, but the arguments
necessitate inquiring more deeply into the structure of the many-
body perturbation theory than we care to at this point. We shall
merely state that Eq. (12.21) can be shown to be a consequence of
the momentum conservation law, while Egs. (12.18) and (12.19) can
be similarly derived from the number conservation law. Equation
(12.21) is an alternative expression for the current, which should be
compared with our earlier result, Eq. (12.19). Later we shall use the
equality of these two expressions for the current in the calculation
of the equilibrium value of V, E.

Now let us consider the expression for the stress tensor that
is derived by making use of identification (12.21) of the current.
A comparison of the momentum conservation law (11.19) with
Eq. (12.20) yields

3
0 0E on 0F 0n
S oY [ [
oR (2 ) ap; OR; oR; dp;

i=1

(12.22)
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By integrating the last term in Eq. (12.22) by parts, we can write

3009 aE an 3 [ 9E
Z 73’,’]' (R, T) —_— +I’17 p]
i1 E)Ri ( 8[91 8R1- 8[91 8R
Z O s E)n
= 23R, (zn) Pigp T
©d 3
P g0 (12.23)

If the right side of this equation is really to be the divergence of a
tensor,

d
/(2:)3 E( R T)Vrn(p, R, T)

must be the gradient of some scalar. Let us denote this scalar by the
E(R, T). Then &€ (R, T) is defined by

d
MERT) = [P EERT) VG RT) (1220
T
E (R, T)is afunctional of n (p, R, T) for all values of p. And because

TP ;R T)lo—u®m)+E@RT)

can be expressed (as we saw in Chapter 11) as a functional of
n (p’; R, T) with no explicit dependence on U (R, T), £ (R, T) does
not have any explicit dependence on U. Therefore, we can compute
VRE (R, T) as

5E (R, T)

————V R T 12.2
sn (p‘ R, T) Y (p' ) ) ( 5)

VRE(R, T) = /dp

By comparing Egs. (12.24) and (12.25), we see that

3ER, T)

_ 3
E( R T)=(2n) snp R T)

(12.26)

Because the last term in Eq. (12.23) is the gradient of £, we can solve
this equation for ¥ to find

d )
T, (R T):/(Z p)3 { BE(‘;: D) syE R T) n(p, R T)

—ER, T (12.27)
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We can, by calculating %, discover the physical interpretation of
&.From Eq. (12.26)

AER, T) :/d SEMR,T) sn(p,R T)

aT én(p,R, T) aT
P on(p, R, T)
3 p’ ) A

(27) oT
From the Boltzmann equation (12.14), we see that
ad , R, T
/ EMmR T) L
(27)°

dp dp
- ﬁ[EVpE-VRn—EVR~Vpn]+ (ﬁEVRU-v,,n

/(2) EVE VRU/(Z)

so that®
€ (R T)
Voo [ G5 E®RT)[VE @R T 0 R T)
=—VRUR,T)- / )3 [VoE(p,R, T)|n(p, R, T)
(12.28)
This is exactly the form of an energy conservation law with an energy
current
. d
je (R T)=Vgr- / (2:)3 R, T) [VPE (PR T)] n(p,RT)

(12.29)
equal to the sum over all momenta of the density of quasi-particles,
times the energy of the quasi-particle E, times the quasi-particle
velocity Vp E. The source term in the conservation law is

d
—VRU (R, T) - /(2:)3 [VoE (p, R, T)| n(p, R, T)

which is the power fed into the system. Hence, Eq. (12.28) becomes
exactly the usual energy conservation law
€ (R, T)

- V.j.(R T)=-VU (R, T)- <i(R, T)>U (12.30)

¢We insert the parenthesis [- - - ] in the right-hand side for avoiding the differentiation
confusion.
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12.3 Thermodynamic Properties

It seems quite clear by this point that £ (R, T) is just the energy
density. A final check on this point, we compute, in the case of
equilibrium [U (R, T) = 0], the change in & (R, T) resulting from
a change in the chemical potential p. In this situation

_ dp
35_/(2n)3 E(p)sn(p) (12.31)

From the definition of n (p, R, T) in equilibrium, at zero tempera-
ture

0 for E(p) > n
n(p)= f(E = 12.32
(p) = f(E(p)) {1 for E(p) < 1 ( )
Therefore, all contributions to Eq. (12.31) come at p = pg, where

E(p) = p. Thus
dp
8= | —=39§ = ué
/(27[)3 n(p),u pnon

so that
dé

e 12.33
=M ( )

We, therefore, recover the thermodynamic relationship that at zero
temperature, the derivative of the energy density with respect to
the particle density is the chemical potential. This is but another
indication that £ is the energy density.

We would like to see how the other important thermodynamic
quantities appear in this theory. To do this, let us note that the
basic element of the theory, the quantity that can be calculated
directly from Green’s function, is E (p;R, T), the quasi-particle
energy expressed as a functional of the distribution function. From

E (p, R, T), we can calculate
SE(p,R T)
,P;R T) =(2n)° ————= 12.34
f(p. PR T) = (2n) 5n (0’ R.T) (12.34)

Since f (p, p’; R, T) is a second variational derivative, and two such
derivatives comment, it is symmetrical in p and p/, i.e.,

f®PiRT)=f(P,BRT)
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This second variational derivative of the energy is a kind of effective
interaction. For example, in the Hartree approximation,

2 d ’
E(P,RT)= <p> + p v—v(p-p|)]n(p.RT)

2m (27)?
Therefore,
_ [ dp p*
ERT)= (271)3 ﬂn (p, R, T)
1 dp dp ,
Z __r R, T — —
2 (27_[)3 (27_[)3 n(p ) [V v (‘p p D}
and

f PR T)=[v—v(]p-p])]

Unfortunately, this is the last case in which we can obtain any
moderately simple forms for E, £, and f. For example, in the Born
collision approximation X. (p, z; R, T) is expressed as complicated
integrals of products of g~ (p/, »;R, T) and g~ (p’, »”;R, T).
Through the contribution of these integrals for frequencies near
w(R, T), Xc(p, zR, T) gains a dependence on n(p/, R, T). Also
Y. depends on a for all frequencies, and a in turn is expressed
in terms of X. Thus, a and E turn out to depend on n in a very
complex implicit fashion. But even though we cannot obtain simple
expressions for £, E, and f, we can use the theory to derive some
interesting general relations between these quantities.

In equilibrium, E (p, R, T) = E(p). All the interesting properties
of the system are determined by the distribution function for
momenta near pg. To find these properties, we need to know the
behavior of E(p) near p = pg. In particular, we should know the
effective mass m*, defined by

2 2

— PF
2m*

p

E(p)=n+ near p = pg (12.35)

We can express this effective mass in terms of f (p, p’) by making
use of the fact that Eqgs. (12.19) and (12.21) are both valid



Thermodynamic Properties

expressions for the current <i (R, T)>. We have’

: d
<j ®, T)> ~J p)3 2R T) (12.21)
(de)3 VpE (P, R T)n(p, R T) (12.19)

By taking the variational derivative of this equation with respect to
n(p, R, T), we find

d/ ! /
%:VPE(p,R, T)Jr/(zfr’)3 [Vo f (b, PR T)]n(p,R T)

In equilibrium, this becomes®
P _ P dp’

Pp_P p) Vyn (p/ 12.36
= (Zn)gf(pp) pn (p) ( )
But
0 p>p
n(p)={ !
1 D < Dr
so that

P,
/(2 E f(p.p ); (P~ pr) (12.37)

At p = prand p’ = pr, f (p, p’) depends only on cos 6 = pl;—l;. Thus,
F
atp = PF, we can write Eq. (12.37) as

_m_/(Z E f(cos@)cos@é(p —pF)

or

1 1 1 d (cos®
S ¥ f (cosB) cosO (12.38)
m m* 2m% ), 2
This expression relates the effective mass to a moment of the
effective two-particle interaction. For example, in the Hartree-Fock

approximation, this gives the effective mass as

1 = 1 LFZ _jd(cos@) {V(O) -V (ppm>}c059

m m* 21

fThe equation numbers were not written in the original text. Here those numbers are
written intentionally for providing better understanding.

8This can be done by the integration by parts on the integral term of the right-hand
side.
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Another thermodynamic quantity of some importance is the
thermodynamic derivative d” From Eq. (12.18), the change in n can

be written as
dp’
dn = dn
/ (2n)? ()

But from Eq. (12.32)
dn(p) = —d[E(p) — ] (E(p) — 1)

Since dn (p) depends only on p when we change u, we have

d /
E(p) =/ (2:)3 f(p,p)dn(p)

_/1d(c059) 0)/ o dn (

_/ d(cosG) F (cos0) dn
-1

Thus
dn(p) = —5 (E(p) — 1) [dn / 1 0 £ (cose) - du}
and
d 14
an= [ 52506 = [du— [ LG f(cosyan]

Because § (E(p) —pn) =6 (<ZI:§ ) (212*))

dn = ™PF [d,u—dn/ d(cose)f( 59)}
-1

27?2

and

dn:(pp)[l Pr d(cos@) -

an = \am) | T2 |, 2 S )}
If we make use of expression (12.36) for m*, we find
-1

dn _ {2”2 +/ d(co d(cosb) ¢ o sO)(l—cosO)} (12.39)
dp m* pg 1

as our expression for the thermodynamic derivative in terms of the
effective two-particle interaction.




Thermodynamic Properties

Expressions (12.38) and (12.39) were originally derived by
Landau. He goes on to use the basic equations we have written here
to derive all the properties of a low-temperature normal fermion
system, including the existence of zero sound. Since we feel that we
cannot hope to surpass the clarity and beauty of Landau’s original
presentation, we strongly suggest that the reader refer to his papers
cited in References and Supplementary Reading.
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Chapter 13

Shielded Potential

13.1 Green’s Function Approximation for
Coulomb Gas

In our discussion of the random phase approximation, we saw that
the particles in a Coulomb system move so as to produce a decided
shielding effect. They reduce the effect of slowly varying external
forces applied to the system. In particular, the applied field U (R, T)
produces the reduced total potential field®

62
Uk (R, T) =U (R, T)—l—/dR/ R_R| ((A (R, T))—n)

e2

=U(RT dR’
( ”/ R_R|

x [£i(2S+1)6= (R, T;R, T;U) —n]  (13.1)

The constant n, the average density, represents the subtraction of
the uniform background. The (25 + 1) comes from summing over
the spin degree of freedom [cf. Eq. (8.3a)]. The main application of
this chapter will be to an electron gas for which (25 + 1) = 2.

aThe coordinate variable R’ in G< was R, which was a typographic error, in the
original text.
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The reduction in the applied field is measured by the dielectric
response function

(13.2)

KL 2) = {weﬁ(l)}

sU(2)

In fact, the Fourier transform of K goes to zero in the low-wave-
number, low-frequency limit [cf. Eq. (8.32) for example], implying
that the applied field is completely shielded out in this limit.

Now all of the approximations we have discussed so far have
been derived by expanding G, or ¥ in a power series in V and
G. In Chapter 6, these expansions were derived by considering
quantities such as §X (1, 1’;U) /85U (2) to be small in comparison
with § (2 —1)8 (1 — 2). This kind of approximation is certainly
wrong in a Coulomb system. To see this, we should note that to
lowest order

83X (1,15U)  SZHartree (1, 1;U)
sUR2) sU(2)

[Uer(1) —U(D)]6 (1~ 1)

ZW
Then
3¥x(1,1,U)
—0E
But we have already said that K can usually be considered to be
a small quantity, in the sense that its Fourier transform is usually

much less than one. Therefore, in the lowest approximation in a
Coulomb system,
83X (1,15U)
— =~ -§(1-1)6(1-2
3U(2) ( )3 )

Clearly, then we cannot use approximations derived from the
statement

=8(1-1)[K(1,2)—8(1-2)]

83X (1,15U)

U (2)
We shall instead derive approximations for the Coulomb system
by considering how functions change when U is changed. There
is much physical sense in saying that the relevant quantity for a
Coulomb system is the total field through which the particles move,

«5(1-1)8(1-2)
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and not the applied field. We can expect that physical quantities
should vary rather slowly in their dependence on the total field U .

To derive approximations, we begin from the exact equation
(6.24a)

G'(1,150) = Ii—Flz—Uﬁ(l) §(1-1)
T g 2m ¢

Lu)| ¢t (1 150)
(13.3)

which holds for the time arguments in the imaginary interval
[0, —iB]. Since the only occurrence of U in this equation is in Ug, we
see that G depends on U only in so far as it depends on U . We shall,
therefore, regard G as a functional of U¢. We may handle variational
derivatives very much as ordinary derivatives. Thus, we may use the
chain rule for differentiating G (Ug) with respectto U, i.e,,
3G (1, 13Uei)) _ [T 5 8Uer(3) 8G (1, 1 Uerr)
sU(2) _/0 §U(2)  dUex(3)
The (13, t3) integral is over all space and all times in the interval

[0, —iB], since G depends on U in that entire region. Then we can
rewrite Eq. (13.3) as

_,/ did2 v (1-2) LU(Z) (1,

(13.4)

G (L15U) = {zi + = vi Ueff(l)} s(1-1)

iy 2m
R 86 (L LUek) | .y iz o,
—1/0 d1ld3 Vs(l, 3) |:8Ueﬁr(3) G (1, 1,Ueff)
(13.5)
The quantity
i 8Ueff(3)
Vs(1,3)= d2V(1-2
5(1,3) /0 )

» (13.6)
:/ d2V(1-2)K(32)
0

occurring in the above equation is interpreted simply as an effective
time-dependent interaction between particles at the points 1 and 3.
A particle at 1 can affect a particle at 3 in two ways. First, the particle
at 3 can feel the effects of the potential VV (1 — 3) directly. Also the
potential V can effect particles at 2, which in turn will change the
potential they exert at point 1. This intermediate polarization of the
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medium leads to the time dependence of the effective interaction.
The first effect is represented in the delta-function part of K and
the second effect in the remainder in K. Because of the dynamic
shielding, Vs is of much smaller than V; we shall call it the shielded
potential.

To the lowest order, we can approximate Eq. (13.5) by neglecting
8G /58U . This yields the Hartree approximation

G =Gyl — Uegr

To obtain the next-order result, we define

a3 Vi
G (L 1;Ue) = [iatl + ﬁ —Ue(1)[8 (1 — 1) — ='(1, 1; Uegr)

(13.7)

where Y’ differs from X in that it does not contain the Hartree self-
energy. From Eq. (13.5), we find

=iVs(1,1)6G (1, 1/)+i/VS(l’ NG, i)%
(13.8)

Our approximation will be to neglect §X'/8U ¢f. Thus
(1,15 Ueq) = iVs (1, 1;Ueqr) G (1, 1; Uegr) (13.9)

We then need an expression for Vs. From its definition, Eq. (13.6)
and the definition of U.g, we write the exact equation

Vs(1,3) = / d2V(1-2) S;Ufé?
=V(1—3)j:i(25+1)/V(l—Z)%Vﬂ—ﬂ
+
:V(1—3)ii(25+1)/Vs(l,Z)%V@}—B)

:V(1—3)ii(25+1)/Vs(1,2)6(4,2)6(2,4+)V(4—3)

5% (5, 5)

+ i(25+1)/V5 (L2645~ o)

G(5,4)V(4-3)
Again we neglect X' /8U ¢g. Thus

Vs(1,3)=V(1-3)+£i(2S+1) / Vs(1, 2)G(4, 2)G(3, )V (4 — 3)
(13.10)
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We shall use the approximate Egs. (13.9) and (13.10) to describe the
one-particle Green’s function in an electron gas.

Incidentally, if we started from the random phase approximation
for K, we would arrive at essentially the same equation as Eq.
(13.10) for Vs, but the G’s would be replaced by Hartree Green's
function. To see this, we recall that to derive the random phase
approximation, we began with the Hartree approximation for G in
the presence of U. Then to find K, we differentiated

Uer(1) = U (1) + / V(1-2) [+ @25 +1)6y (2 2") —n]

with respect to U. Here Gy is the Hartree Green’s function. Thus

SUe(1) . 8Gu(2, 2%) 8Uc(4)
TG s(1—3)+ / V(1 —2)[£i(2S +1)] Uid) 30
or

K(1,3) =8(1—3)£i(2S + 1) / V(1 = 2)6Gu(2, 4)Gu(4, 2)K(4, 3)
(13.11)

Then using the definition (13.6) of Vs, we find for Vs in this
approximation

Vs(1,3) = V(1-3) £i(2S + 1)/VS(1, 2)Gu(4, 2)Gu(2, 4)V (4—3)
(13.12)

In some ways, it is better to use the Hartree Green’s functions
than the real G’s to determine Vs. The derivation of the plasma
pole in Vs (or equivalently in K) from Eq. (13.12) depends rather
critically on the use of the properties of the Hartree Green’s
functions. A calculation shows that the plasmon pole appears in Vs in
the approximation (13.10) but only at relatively high wavenumber.
Therefore, the low wavenumber form of Vs is not given too well
by Eq. (13.10). One would need a fancier equation than Eq. (13.10)
to get the correct low wavenumber behavior of Vs, using real G’s.
Nonetheless, we shall use Eq. (13.10) in the evaluation of G.

Let us proceed to the analysis of the equilibrium Green’s function.
Since we are finished taking functional derivatives with respect to
U and U, we may set U = 0 in Egs. (13.9) and (13.10). Then
Uesr = 0, because we have included a uniform positive background to
guarantee over-all electric neutrality of the system. This background
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has the effect of canceling the Hartree field of the electrons. Had we
not included the background, U¢ would be given by

Ues (1, t) = /dl‘/

where the integral extends over the entire volume of the system.
Thus, U would become infinite as the system became infinite.

ne®

Ir—r|

As in Chapter 5, we wish to determine®
I'(p, »)
A(p o) = .
[ = E(p) = W5 (p, @) + [ 752
where
I (p, w) =X~ (p, w) — == (p, ®)
do' T (p, &
zp = [ 52 TP
T w—z
and

2 / 2
p dp 4re .
E(p):—:l:(ZS—i—l)/i — (A (p
2m (2n)? p—pP " (e
To write down an expression for ¥., we must note a few simple
facts about Vs. The shielded potential obeys the periodic boundary

condition

Vs(1=1)],_,=Vs(1 -1 (13.13)

t1=0 t=—Iip

The difference Vs — V, like G, is composed of two analytic functions

Vs(1—1’)—v(1—1’)={

Therefore, Vs may be written in terms of a Fourier series, where the
Fourier coefficient is

VS> (1 — 1/) for itl > itlr
VS< (1 — 1,) for it1 < itl/

do Vg (k o) - Vs (k )

Vs (k ©2,) =V (k) + / (13.14)
27 Q, —w
b 4Y
Q,=—
v —Iﬁ
We may then take Fourier coefficients of Eq. (13.10) and obtain
Vs(k ©,)=V(EK)[1+ L (k 2,)Vs(k 2,)] (13.15)

PThe necessary vector symbols are explicitly given in this chapter for clarity. In the
original text, those are written in scalar format.
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where L (k, ©,), the Fourier coefficient of +(25 + 1)G(4, 2)
G(2, 4) is given by

do L7 (k Q,)— L7 (k 2,)
27 QL—w

L (k @) = (13.16)

and

dp’ do k K
L?(k,w):(zs+1)/ P “’62(p+§,w/+2)6§(p_,_w/_9)

(27)? 27

It is now simple algebra to convince oneself that
Vs (k o) — Vs (k o) =23Vs (k, o —i€)
_ g [ V (k) ]
1-VEK)L (K w—ie€)
= Vs (k 0 —i€)* x [L7 (k ®) — L] (K, )]

Since
Vs (k ) = e’V (k,w) and L] (k o) =e’’L; (k o)
It follows that
Vs (k) = Vs (k o —i)]? L (k ) (13.18)

We shall first find X7 (p, ), the collision rate of a particle with
momentum p and energy w. The collisional part of the self-energy
differs from X’ by the single-particle exchange energy. Thus, from
Eqg. (13.9),

s (1-1)=i[Vls(1-1)-V(1-1)]G6(1-1)

so that
$2(1-1)=iV< (1-1)62(1-1)
and
dp’ do' _ > ,
22 (p, 0) = () 27 Vs (p—p, 0 — o) G (P, o)

Now from the result (13.18), we find that
N dp do' dp do dp do'
p (p,w)=(25+1)/ 3 35 3
(2n)° 27 (27)° 27 (27)° 27
x(2n)s(p+p —p—P) 278 (0+0 —&— )
X |Vs(p— P, @ — & +i€)* G=(p, )G (P, )G (P, @)
(13.19a)
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Similarly, X< (p, ), the collision rate of an excitation produced by
removing a particle with momentum p and energy w is

E<(p.w)=(254-1%/ dp;f@i dp3€8 dﬂ3ﬂgf
(27)° 27 (27)° 27 (27)° 27
x (278 (p+p —Pp—P) 278 (0 + 0 — & — &)
x|Vs(p— P, w— o+ ie)|
x G (p), @) G~ (B, @) G~ (D', @) (13.19b)
Notice that these results are exactly the same as those that

emerged from the Born collision approximation (without exchange)
except that in the collision cross section,

Vs (p— B, 0 — @ +i€)|”
replaces
[v (p — P)I?
This replacement is absolutely necessary when dealing with the
Coulomb interaction. In this case, the first Born approximation

differential cross section is proportional to the non-integrable
function

4me??
wmf={m}
There is a very small-angle scattering from the long-ranged Coulomb
force, the total cross section diverges, and the lifetime I' is infinite.
However, using the shielded potential in the form of Eq. (13.15):

Vs (k, Q) =
47762

. G k N6<(p—K o )—G= k )6 (p—% o
k2 — 47e? (25+1)f (;53%% 6> (p+5.0)6<(p z'ngiw,(P+z' )6~ (p-%.«)
(13.20)

The low-momentum transfer divergence disappears, and the total
cross section is quite finite. Thus, it is essential to use the shielded
potential in discussing the Coulomb gas.

Not only is it essential to describe the scattering of particles
in the medium by shielded potential, but it is quite reasonable to
do so. Vs (k, ©2) represents the total potential field produced by an
externally added charge distribution proportional to

eik~R—iQT




Calculation of the Equation of State of a Coulomb Gas

But the system should not be able to distinguish very well between
external perturbations and the fields produced by the particles
within the medium. Therefore, if one adds a particle to the medium,
its scattering should be described by the average total field it
produces, i.e., Vs.

Another way of stating the same result is to notice that a
particle moving through the medium produces a rather complicated
disturbance. It tends to repel other particles from its immediate
neighborhood so that at large distances, the net disturbance
produces a small to repel particles in its neighborhood. In some
sense, the total disturbance—added particle plus lowered density
in the neighborhood—moves as a single entity. This entity is called
a quasi-particle. The elementary scattering processes are not the
collisions of particles but the collisions of quasi-particles. The
effective potential between quasi-particles is not V (1 — 2) but the
shielded potential Vs (1 — 2).

To determine A, we must solve Eqs. (13.12) and (13.19) self-
consistently. It is extremely difficult to get very far in carrying out
this solution. Hence, we shall leave this aspect of the problem here
and turn a discussion of the equation of state of the Coulomb gas in
the shielded potential approximation.

13.2 Calculation of the Equation of State of a
Coulomb Gas

In Chapter 3, we described a method for computing the pressure of a

system by means of an integral, Eq. (3.15), of the interaction energy
over an interaction strength® parameter. This integral is

— = ——/ — (AV); Q = volume of system  (13.21)

where Py is the pressure of a non-interacting gas with the same
values of the chemical potential and temperature. The interaction

“There is a typographic error on the word “strength” by “strengthn” in the original
text.
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energy may be expressed in terms of G, as

V), = < (;) / dridro§r  (r) ¥ (r) v (r — 12) xzf(rz)&(rﬂ>
A

1
:E/drldrz v (r; —r3) Go (12,1727 2) (13.22)

=t
Thus
tda ot
P = Py+ A 7 dry Av (I‘l — rz) G, (12, 172 ;/l)tzztfr (1323)

This equation can be used to obtain an implicit form for the
equation of state. Since the density n is given as

(&)
n=|—
o/ g

! da 9 +9+
n=ngy-+ - dl‘z Av (1'1 — 1'2) 7G2 (12, 172 ,/1)
o 4 o

it implies

A
(13.24)

Equations (13.23) and (13.24) lead to expressions for the pressure
and the density in terms of the variables 8 and u. We shall now
indicate briefly the structure of this result for a Coulomb gas.

For the approximation in the last section, the total interaction
energy is

- Z/drz v(r—r2) Gz (12,172%52),
-

spin

—Iﬂ _ _ _
:j:i(25+1)/ dis (1-1)6(1-1%)
0

dp dp  4né? do do' _ o,
/ G (pw)G (p,a))

=+ (2541 o
( )/(27()3 27)® p—p|*.) 27 2n
7 dp g s > 7 < 7
sis+1) [P | [dn s 0 -8)6" .5 - )
(27) 0
,jﬁ B _ _
—/ dtl r= (p, t — tl) G (p, t — tl):| (1325)
51

Since the left side is independent of ¢;, we may, for convenience,
choose t; = 0. Then, using the Fourier transforms of ¥< and G~,
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we find that the last term is

dp dwde efle=) _1
—(25+1 — 3 (p,0)G (p &
(25 + )/ G i 2 w—a (p, 0) 6™ (p, ')

d d d / 2> 3 G< 3 4 _E< 3 G> X /
:_(25+1)/ p3£ o X7(p, )G (p, ) (p, ©)G(p, )
(27)° 27 27 ®— o

Thus?

p  4mae? 4 o
pemzasen [ /(2n)3(2n)3|pn pr 7 V(2 ()

+(25+1)/ ‘“/ / (Zn)

o 7 (p, @) G= (p, @) — = (p, w) G" (p, @)
w— o

(13.26)

where (7 (p)), is the density of particles with a particular spin
direction.

When we substitute the result (13.19) for < into Eq. (13.26),
we find

p  4maie? 4 o
P_POJF(ZS+1)/ /(Zn)3(2n)3 Ip—p'I? (R ) (A (P),

dpdw dp'de’ dpda dp'da
+(25+1)z/7 pczpc:paipcz
0 27)* @2n)" @2n)" (2n)

« (2m)t SPFP P p)|Vs(/lp P, o — +ie)|

o+o —w—
x [6G7 (p, w; )G (P, @;2) G~ (p, &; ) G~ (P, & 2)
—G= (p, w; ) G= (p/, 052) G (p, ;)G (P, @5 2)]
=P+ P+ P (13.27)
Note incidentally the detailed similarity between the last term

in Eq. (13.27) and a typical quantum mechanical second-order
perturbation theory calculation of an energy shift. The factor

VsI?8 (p+p —p—P)

is the matrix element for a process

=/ =/

pw+pw — po+po

4The equation number (13.26) was missing in the original text. In addition, the prime
symbol’ at the one of the integral symbol [ % was also missing in the original text.
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The G=’s are densities of initial states, the G™’s are densities of
available final states, and the factor

[a)—i—a)’—d)—d)/]

is the typical energy denominator that enters such a calculation.
The reason for this similarity is that for the particular case of a
zero-temperature system, the pressure is simply*®

p—— (é) () = (RY] (13.28)

This can be seen from the thermodynamic relation
TS=(H)—u(N)+PQ

Therefore, Eq. (13.26) also determines the ground-state energy.
When the G’s in Eq. (13.26) are replaced by Go’s, Eq. (13.26) leads
to a calculation of the ground-state energy of an electron gas similar
to that done by Gell-Mann and Brueckner.’

In general, there is no guarantee that the pressure determined
by Eq. (13.27) will be the same as that determined by Eq. (3.12),
an integral of the density over the chemical potential. It is true
that these alternative methods will lead to identical results for all
the approximations for G we have discussed up to now.# However,
these methods require solving for G self-consistently, i.e., as the
solution to a nonlinear integral equation. The closer we come to
self-consistency in the approximate solution to these nonlinear
equations, the closer we will come to making the results of the '
integrations for P outlined in Chapter 3 correspond to the result
(13.27).

To carry the evaluation of the pressure further, we replace the G’s
that appear in Eq. (13.27) by G¢’s. There are then two cases in which
we can get results simply. The first is a zero-temperature electron
gas, and the second is a classical system.

€There is no equation number (13.28) in the original text. The equation number
(13.28) is assigned to this equation from the context.

f(Original) M. Gell-Mann and K. Brueckner, Phys. Rev., 106, 364 (1957).

8(Original) §The proof of this result will be published shortly by one of us (GB) in the
Physical Review. (Author) This article is indeed published in Gordon Baym, Phys. Rev.
127,1391 (1962).
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For zero-temperature electrons, the Hartree-Fock term in the
pressure becomes simply the negative of the exchange energy. Here
2§ + 1 = 2. Thus, setting pY = /2mp,

Lda dp dp’  4me’a
Py =2 Y 3 3 12
0o 4 p<p? (27) p'<p? (27)° Ip—p'I

g2  [Pr 5 o, 1 1
=— d / “d // do
223 Jy PPy PP p? + p'? = 2app’
& (1))’
= —— 13.29
p ( )

To the degree of accuracy to which we shall work, it makes no
difference if we replace the p? in P; and P, by the Fermi momentum
pr, which is conventionally defined by" pr = (37%n)'/3. Therefore,
we can write the result (13.29) as

2 4
€ P

473
The density n of an interacting gas with a certain value of p is
not equal to the density ny of a free gas with the same value
of w. Therefore, pr = (372n)'/3, different from' p? = (372ng)"/3.
For example, in the Hartree approximation, pf = +/2mpu, whereas
pr = +/2m (u — nv). Inreplacing the G’s by Gy’s in the collision term,

we write
p° p*
G” (p, 276 —— ] |1+ —

G~ (p, w) > 276 (a)— pZ) f (pz>

P, (13.29a)

and

2m 2m

We make the change of variables

k _ k
PQP—EEP— p—>p+EEP+

/ / k_/ =/ —
p—>p+5=p+ p—>p—§=p,

"The power factor 1/3 was typographically wrong by 1/2 in the original text.
IThe subscript 0 at pl?, which was omitted in the original text, is necessary.
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in the integral Then the collision term in the pressure becomes
/ dp’ dk
(271) (2n)? (2n)?
2 /)2 2
pi () P2
P+ A=) ) 11+ =
Xf(2m>f< 2m ) [ f(Zm)]
, 2
2|vs (&, (%) +ie )|

(p—p)k

(13.30)

m
The extra factor two arises from the use of the symmetry of

"k 2
Vs <k, (p ) tie /l>
m
under k - —k.

We recall that in the discussion of the random phase approxima-
tion, we found

KkQ=0=——+—
e+ ()
for k small. Thus, in this approximation

4me’d

K2+ ( L )2
rp(4)

We may expect that for k=1 much less than the screening radius rp,
Vs (4) is nearly equal to

Vs (k Q2 =0;1) =

4me’d

="

To see the qualitative effects of the shielding, we shall replace the
shielding in Eq. (13.30) by a cutoff at low momentum transfer k.
We take as a cutoff kp, = % For k > %, we take Vs = 4’”92 . Then
Eq. (13.30) becomes

/

dp dp
(27)? (27)°

1
P, = 2(47‘[62)/ daa
0

X/ dk 1 1
k=rs' () (27)° Kt (p' —p)- (%)

(&) () o)

()

(13.31)
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If the k integral were not cut off below, it would be divergent.

Let us evaluate this for fermions at zero temperature. For large
o, 7 < Dp the main contribution to this integral comes from
k <« pg. Therefore, we can cut off the above integral at k = pr and
make approximations appropriate to small k within the integrand.
In particular, we note that the factor

2 7\ 2
Py (p+)
Pidlyg p( AL
f (Zm) l f ( 2m )]
is nonzero only when p + % 1%‘ < Dr
and when p — ¥ is outside the Fermi sphere, |p — ¥| > pg. This can

only happen if p is close to pr. Therefore, we can approximately
write

2
(p£3)" _ P prke
2m 2m = 2m

where « is direction cosine between k and p. We can also approxi-
mately write

_ / da/ p? ~ P dg/“’d »
(271)3_2712 2n2 ) 2 ) 2m
Thus, Eq. (13.31) becomes

4 e dk

p, -7 mpF / dE/ dE, / d“/ /
w? 2”2 1/rp K
kaO[ kp]:Ol
E 1-f(E,—
<o (e ) [ (5= 5]
kaOl/ kp]:Ol/ 1
E — 1_ E /
(o= o (o) e

2
where E, = £-. Now the integrals over E are easily evaluated, since
f is either 1 or 0. In particular,

faz (e ) 1= (23] = {2, o
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so that
" da [ do PF@(W>|“|( ) ||

mpre
P, =4
: < > Ury K2 M(Ol —a)
mppe br " dk/ da/ do’ ——
1/rp o +a
:(msze > ln(pFrD)f(l—an)
b4

From Eq. (8.35)

, wh 1
rp" = —ap~ —
4 pp e?
Thus,
p? me?
P, = ~3 4me (1 —-1log2) {ln p— + O(l)] (13.32)

Note the appearance of the e* In €? in this term.
Since Py = ( pg)s /15mn? for zero-temperature fermions (with
spin), we find for Eq. (13.27):
0> 2 2
_ 1(5”,;212 Z:,f - ;—Fme (1 - log2)log p—e 4. (1333)
To find an equation of state, we must now express P in terms of n
by eliminating p? in Eq. (13.33). Using the thermodynamic identity

n= (Z—P) , we have
/g

opP 3pF
3PF o

4
opr [ € ’
_m [ (v) +PF[€ P PE g (1—ln2)lnme}
Pr b4 7T

3mn?2  9p? P

~ (f)’ + emp; _ m pre’ (1-1n2)In (mez>

372 73 4 DF
The last two terms in this equation represent the change in the
density from that of a non-interacting gas with the same value of the
chemical potential. We must solve this equation for p? in terms of n.
Since pr = (37n)/3,

e2m] /3
In2) In } DF (13.34)
123

3e’m  3mée
272 (1
7 PF
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Substituting Eq. (13.34) into Eq. (13.33) and writing (1 — X)°/3 as
1-— gX, we discover the equation of state for the Coulomb gas:

2
np? ne
= — — 13.35

5m 4 143 ( )

When the pressure is expressed as a function of n, instead of p?, the
e*In e? term fortuitously cancels out.

We can now use this equation of state to find the ground-state
energy of the Coulomb gas. From Eq. (13.28), E/Q = un — P. We
evaluate p in terms of n from Eq. (13.34) as

4 2

0
_EDT B M o™ (1336)
Pr pr

2m 2m

so that

E 3 ) 362 nm"’ me?
— = — 1—-In2)ln — 13.37
()i s ™ s

It is customary in the literature to express results like this in
terms of the Rydberg unit of energy,

e? me*

2a,  2h2
(ap = Bohr radius), and the dimensionless parameter r;, which is
essentially the ratio of the inter-particle spacing to the Bohr radius,

. 3 1/3m62_ 9 \? 1
* 7 \4mn oo\ 4 prdo

Thus,

E 3/97\?*%*1 3 /ox\®1 2 et

=2 (= - (= ——1—121 1

Q 5(4) rz 271(4> o n)nr5+0()2r2
2.21  0.916 me4

z{rsz o +0.06221nrs] e (13.38a)

and

p_met 2 (9 11 for\'P1 (13.38b)
=n— |- | — il — .
22 |5\ 4 r2  2m \ 4 I's
These expressions are the first few terms in expansions of the
energy and pressure in terms of rs—expansions that are increasingly
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accurate in the high-density (r; — 0) limit. It is important to notice
the appearance of the e*Ine? term in the energy. It means that
these expansions can only be asymptotic; they are not power
series expansion. Such logarithms will appear in the expansion of
any physical quantity in the Coulomb gas. Therefore, no physical
quantity can be expanded in a power series in e?.

There is Dyson’s old argument why this should be so. If
physical quantities could be expanded in a power series in €?,
the expansion would be just valid for negative e, an alternative
Coulomb interaction, as for e? > 0. However, a purely attractive
Coulomb interaction is indeed a very strange interaction; the system
would be able to undergo extremely coherent processes.

One indication of this is the plasma pole, which we found near

. 4mé?

sza) =
b m

When e? becomes negative, this becomes a complex pole at z =

+is/n |ez| /m. Such a complex pole, as we have discussed in
Chapter 8, leads to unstable behavior of the system, and this means
that the Green’s function analysis that we have given cannot be
correct for e? < 0.

The next term in the expansion of the pressure is of the form
(const) x n (me*/2h?). Our expression, Eq. (13.27), gives only part
of this term. The remainder comes from the term 8§ %’/8Ug, which
we neglected in Eq. (13.8). To find the contribution to order e* from
this term, we take ¥’ (1, 1) = iVs (1, 1')G (1, 1) in the right side
of Eq. (13.8) and keep only the §G/8U ¢ term. Then to order e*, the
correction term (13.9) is

—iB
82'(1, 1; Uett) = —/ d2d3V(1—3)V(2-1)
0
x Go(1, 2)Go(2, 3)Go(3, 1') (13.39)

The contribution of this term to the pressure must be evaluated
numerically.

This highly quantum mechanical formalism leads to reasonable
results in the 7 — 0 limit. We could calculate P, directly from
Eq. (13.30), but it is somewhat simpler to go back to our original
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equation (13.23). We wrote P = Py + P, where
da
P = —dry Av(r; —r
> / L drz v (r1 —12)

integral variables 1 and 2 (1340)

X [Gz (1, 2; 1%, 2*) -G (1, 1*) G (2, 2+)Lz:t1+
and again make use of the shielded potential approximation for G,.
We find

P, = (25 +1) /_iﬁ d1d2K(1 - 1)V(1 - 2)G(2 — 1H)6(1 - 2™)
0

(13.41)
where the dielectric function K is defined by

K(1—2)=8(1—2)ii(25+1)/iﬂdidiK(l—i)V(i—Z)
0

xG(2-2)G(2-2) (13.42)

By comparing Eq. (13.41) with Eq. (13.42), we see that vG; may be
simply expressed in terms of K — 1.

There is one complication. In Eq. (13.41), 1* and 27 signify that

the § (1 — 1) termin K (1 — 1) should reproduce the exchange term

~-'/dl'2 v(rl—rz)G(rz—r1, tl—tf’)G(rl—rz, tl—tf_)
But in the integral in Eq. (13.42), the § (1 — 1) term in K yields

cli_% drov(ri —r)G(r;—r, 6 — )G (r1 — 12, & — &)
which, because of the different equal-time limit of the G’s, is not the
same as the exchange term. Thus, to express vG, in terms of K — 1,
we write
G2 -1MH61-27) = [G[Z —1M6(1 -27) - 62 - 1)G(1 — 2)]
+G(2-1)G(1-2)

Substituting this in the right side of Eq. (13.41) and using Eq. (13.42)
give

> [ viG: - ) =+ (25 + 1) /_iﬂ d1d2K(1 - T)v(i - 2)
0

x [G(2 — 17)G(1 — 2%) — G(2 — 1)G(1 - 2)]
—i lim [K(1-2)—38(1—2)]

-t

(13.43)
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The difference G(2—-17)G(1—-2%) — G(2—1)G(1—2) con-
tributes only when &, = . Hence, only the § (1 —1) term in
K (1—1) contributes to the first term in Eq. (13.43). We may,
therefore, replace K (1 — 1) by § (1 — 1) in this term. Thus

Z/V(GZ—GG)zzl:(ZS—i-l)tlirr} /drz v(ri —ry)
X [G (I'z — I, 0’)G(r1 — Iy, 07)
—Gry—r, b —t)G(r — 1yt — &) ]
—irlzilnrl [K(1-2)—-46(1-2)]

-t

We get the same result whether we let t, — t;r or t, — tj; we
consider the latter case. Then

Z/V(Gz —GG)==+(25+1) /drv(r)G<(—r, 0)(G=(r, 0) — G™(r, 0))
—iK”(r=0,t=0) (13.44)
From the equal-time commutation relations of ¢/ and v/ f, we have
G-(r,0) -G (r,0)=—ié(r)

so that the right side of Eq. (13.44) isnv (r = 0)—iK~ (r = 0, t = 0).
These two terms are individually divergent in the Coulomb case,
but their difference is finite. Writing them in terms of their Fourier
transforms, we find

Z/v(cz—ca)=/(2d:)3 [nv(k)—i/zc;: K>(k,a))}

Now we know from the boundary condition on K that

10k )
KKkKow)=—-—"-
o) =71 epo
where Q (K, ») is the discontinuity of the function K (k, z) across the
real axis:
Qk w)=—i[K(k w—i€)— KK w+i€)] (13.45)

Thus, P, becomes

_ Tda dk do Q(k, w)
pz_/o /l/(27f)3 (xln(/l)v(k)—/zn 1_eﬂ) (13.46)
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The weight function Q (k, ) contributes appreciably to the w
integral only in the neighborhoods of density excitations of the
system, e.g., for o ~ w,. In the classical limit, these contributions are
for iBw < 1, so that we may replace (1 — e‘hlg“’)_1 in the integral
by hfw:

do Q(K, w) do QK w)
/Z 1 —epo _)/E Bw
Now in the high-frequency (|2] — oo) limit, K (k, 2) — 1, so
that from Cauchy’s integral theorem, K (k, 2) may be written

d 1
KkQ)—-1= /]2 [ [K(k o—i€) — KKk o+ i€)]

21 Q—w
dw 1

= E r_wQ(k, 60)

Therefore, we see that
d K, 1
/L"Q( w)z—f[K(k,Q=0)—1]
27 Bw B

(using the fact that K (k, 2 = 0) is real so that the 2 — 0 limit may
be taken uniquely). Thus, P, assumes the rather simpler form

1
da dk
= — [ ——= (AW v(K)+=[K(k 2=0)-1
= [ 5 e (v + ke =0-1)
(13.47)
To evaluate this, we recall that in the classical limit, for Q = 0, we
found

K 1K 0;0) =1+ pan()v (k)
=1+ [krp (D] °

where the 1-dependent screening radius is defined by

rp (1) = !

\/4mde?Bn (1)

Substituting this evaluation of K into Eq. (13.47), we find

/ dA 1 1
B (271)3 K2 [rp (D1° 1+ K2 [rp ()]
Doing the k integral gives

/3/ 84 [rp (/1)]3
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The lowest-order contribution to this term may be evaluated by
replacing n (1) in rp (1) by ng, the density of a non-interacting gas
with the same value of the chemical potential. Thus, finally,

P —lnkTi1

It is clear from this form that the dimensions are correct.

What is the physical interpretation of the calculation that we
have just done for P,? Let us go back to our starting point,
Eg. (13.21), which relates the pressure to the interaction energy. The
interaction energy is a perfectly reasonable classical concept. We can
express it classically as

(13.48)

1
3 /dl‘1dl'2 v(ry —rz)p(ry, r2)

where the density correlation function p (ry, r;) is the probability
for finding a particle at r; and a (different) particle at r,, in an equal
time measurement. To the lowest order, the density correlation
function is just the product of the densities nong. However, since this
interaction energy diverges for the Coulomb system, we have added
a background charge that cancels it out. Therefore, we must estimate
p (r1, r2) more accurately to find the lowest-order order change in
the pressure in a Coulomb gas.

We notice that when there is a particle present at r,, the
density of particles in the immediate neighborhood will be lowered,
since the particle repels its neighbors. According to the Maxwell-
Boltzmann distribution, the density of particle at r; in the potential
field v (r; — ry), will be proportional to e #'"'=T2) Therefore, we
might guess that

p (r1, r2) ~ nje FVrir2)

and the interaction energy will be

1
5 /drldrz v(ri —ry) [e‘f“’(rl‘”] —1] n3

If Bv is usually much less than one, we may expand the exponential
to find an interaction energy

Q Q dk
—pond [ dr 00 =g [ K o)
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This second-order interaction energy leads to exactly the same
second-order pressure as we would have obtained had we replaced
Vs by V in the last term of Eq. (13.27) and take the classical limit.
However, this result diverges for a Coulomb gas since [v(r)]? erz'
But in a Coulomb system, the shielding effect will decrease the
amount that a particle repels the other particles in the system, so
that more realistically, p (11, r2) should be estimated by

o (r1, 1) & nje PVsi—r) (13.49)

Therefore, the interaction energy will be
1
2 /drldrz v(r; —ry) [e_’f’VS(“_”J — 1] nj

which, when B Vs is usually much less than one, is
Q 2/ Q 2/ dk
—B—n drv(r)Vs(r) = —B8—n —— v(k)Vs(k
Bt [ drviIVsr) = =i | o5 vV

Taking

472

k2 4 rp?
yields a P, identical to Eq. (13.48).

We can use Eq. (13.48) to get an equation of state for the Coulomb
gas. We calculated that the pressure is

Vs(k) =

1

P=P —
’ no (%) 15

>

1+1
9

ke T
] = noksT + 7127{ (4me?nep) ™
(13.50)

wherel Py = nokgT is the pressure of an ideal gas with temperature
T and chemical potential u:
_ dp e P (% —M>

no = -
0 (2rh)®

We remember that the real density is not ng but %’ . If we use
T

Eq. (13.50) and %—'I’f = Bny, we see that

31 2 3/2
n=ng+ 212 (4e*Bng)

IThe Boltzmann constant kg was written as k in the original text.
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so that

P =nkyT (1 _ 1 1) (13.51)

18 (%”) rin

Equation (13.51) indicates that the first-order effect of the
correlations is to reduce the pressure. To understand this, we need
only note that the direct effect of the average Coulomb force would
be to produce an (infinite) increase in the pressure. As each particle
got near the wall, all its fellows would push against it and help it
along. We have explicitly eliminated this infinite helping effect by
including the background of charges. The shielding tends to further
reduce this helping effect by reducing the forces felt by the particles.
Therefore, the shielding acts to reduce the pressure.

Equation (13.51) represents the first few terms in the expansion
of the pressure in terms of the shielded potential. The parameter
that we consider small is

1

(57

the inverse of the number of particles within a sphere with radius rp.
This number of particles has to be large in order that the description
of shielding that we are using be sensible. If the number is less
than one, there are no particles available to shield. Notice that this
expansion is certainly not an expansion in the potential strength
e%. The first term we have here is of order e3. Therefore, in this
high-temperature limit, as in the low-temperature limit, a Coulomb
force seems highly unamenable to expansion in a power series of e?.
Nevertheless, there exists a well-defined asymptotic expansion for
the limit of small e2.

One final point. Equations (13.9) and (13.10) can be used as the
basis of a description of nonequilibrium phenomena in plasmas. It is
easy to verify that they are a conserving approximation. Eventually,
they lead to a Boltzmann equation for a plasma in which the left
side is the same as in the collision-less Boltzmann equation, and
the collision term involves scattering cross sections proportional
to | Vs|?.



Chapter 14

T Approximation

14.1 Structure of the T Matrix

All our Green’s function approximations so far have been based

on the idea that the potential is small. Even the shielded potential

approximation depends on there being a dimensionless parameter,

proportional to the strength of the interaction, which is small. For
1

. : . 3 \1/3
zero-temperature fermions, this parameter isr; = - (m) , and
3

in the classical limit, it is % (m>1/3_ However, in many situations
of practical interest, the potential is not small, but nonetheless the
effects of the potential are small because the potential is very short-
ranged. For example, a gas composed of hard spheres with radius rq

has the potential

0 forr > ry
v(r) = (14.1)
1 forr < rg

but when ry — 0, the properties of this gas are essentially identical
with the properties of a free gas.

We can make a first estimate of the properties of such a gas
by adding up an infinite sequence of terms in the expansion of
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G3 (12;1'2"). In the Born approximation,

— —— > —
GZ = + [}
—— —— > — 1

+ (exchange terms)

Only processes in which two particles propagate independently or
come together and interact only once are considered. If the potential
is strong, we have to take into account that the particles feel the
effect of the potential many, many times as they approach one
another, i.e., that

- » - ]
Gz = + :
— — - PR ™ R —
— -
] ]
| |
+ \ \ +
— 1 g 1 g
T T
| | | |
+ | | | | +
——l
+ (exchange terms) (14.2)

Equation (14.2) represents the power-series expansion of the
integral equation

G, (12,12) =6 (1,1)G(2,2) +£6(1,2)G(2,1)

(14.3)

This should be compared with Eq. (5.6).
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To see the consequences of Eq. (14.3), we introduce the auxiliary
quantity T, which satisfies®

(1217 ]12)=v(1-2)8(1-1)8(2-2)
i /did2 (12| 12)6 (1) 6 (2, 2) v (1 - 2))
(14.4)

We shall see that in the low-density limit, T reduces to the T matrix
of conventional scattering theory. The T matrix defined in Eq. (14.4)
is related to the G, defined in Eq. (14.3) by

V(1-2)6;(12;12) = /didi (12| T |12)
x[6(1,1)6(2,2)+6(1,2)6(2,1)]

(14.5)

This is easiest to see if we write Egs. (14.3) and (14.4) in matrix
notation:

[1—iGGV]G, = GG+ GG
T[1—iGGV]=V (14.3a)

1
=V— + 14.4
VG, =V T [GG £ GG ( a)

Thus,
VG, =T [GG + GG]

which is just the right side of Eq. (14.5). The combination
V (1 —2)G; (12, 1'2") appears in the equation of motion for G.

Even when the potential is infinite, e.g., v is of the form (14.1),
T can be finite. The reason is that the correlation between particles
ensures that there can be no particles closer together than ry. This
is reflected in the vanishing of the G, (rt, r't;rt™, r't") defined by
Eq. (14.3) when |r — 1’| is less than ry.

4Here one should not be confused with the notations for the quantity T and the
operator T. In the context, the quantity T means T (12;34) = (12| T |34), while

the operator T should not be confused with the time ordering operator T in the
previous chapters.

227



228 | T Approximation

Let us see how T may be determined. From Eq. (14.4), it follows
that T has the structure

(L21T]1,2) =8t — )8 (v — ) (ry, 12| T (6 — &) Iy, 12)
(ry, 12|T~ (s — o) |ry, ) fority > ity
(ry, 12| T (& — t)Iry, r2) = § (ry, 12|T=(t — t1)|ry, r2) fority < ity
(r1, r2|To(ts — )|y, r2)  fority =ity
(14.6)

where T~ and T = are analytic functions of the time arguments. T
satisfies the same boundary conditionsas G (t; — t/) G (t, — 1), i.e.’

(T (6 —t) Nyoo = (15T (& — ) D), g

=" (IT” (th — tr) |>|t1=7iﬁ

=" (I T (o — t1) Nye—ip
so that T~ and T < are related by
(ri, 12| T~ (@) Iry, r2) = @729 (ry, 1y | T (@) [Ty, T2)  (14.7)

where

uTwmn=/ dt e (| T> (8) )

[o.¢]
IT"@h=[ e iqr=)
We can represent this boundary condition by writing T as the
Fourier series

1 .
— t — —iz,(ti—ty)
(T (6 - )l =— §v e (T (@)0) (14.8)

where

TV .
zZ, = —IB + 2u v = even integer
—i
Essentially, the same calculation as we went through in Chapter 9
[c.f. Eg. (9.5a)] indicates that the Fourier coefficient of T is

d > _ <
<W&m=un@n+/:ﬂw(mn<w(@D

27 Z—w

(14.9)

b(Author) Here and after, we understand the symbol {|4|) to be an abbreviation of
(ry, r2|Afry, r2).
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where
(Ta@h = [ dee (1)
The other function of time that appears in Eq. (14.4) for T is
(r, r2|G(t — ty)Iry, r2) = iG(ry —ry, t — t)G(ry — 1y, 6 — £1/)
(14.10)

We can similarly expand (| G |) in a Fourier series and find that its
Fourier coefficient is

do (|G” (@)) — (G~ (@) ])

(r, 121G (2) Iry, r27) =

27 Z—w
do do’
- . 27 27
G7(ry —ry, 0)G (rz —rp, ©) — G7(r; — 1y, )G (r; — 12, W)
x Z—w—o

(14.11)

Now we can write Eq. (14.4) as
(ry, 12| T (1 — )|y, r) = 8(r1 — r1)d(ry —r)8(t — t)v(ry —ry)
—ip
+/ df/df'ldf'z(l'b ry|T (& — ty)|Fy, T)
0

x (Fq, F2|G(E — t)|ry, T2 )v(ry —127)

We take Fourier coefficients of this equation by multiplying by
e/#(t—t) and integrating over all t; in [0, —iB]. Then we find

(ri, 12| T (2) Iry, 1) =8(r1 —ry) 6 (r2 —r2)v(ry —ry)

+ / dE1dF (11, 02| T (2)F1, F2) (1, B21G (@)1, T2)v(Fy — 12)

(14.12)
Equation (14.12) is originally only derived for
TV .
z=2z, = 71,3 + u v = eveninteger

but both sides may be continued to all complex values of z. This
complex variable corresponds to the total energy of the particles
that take part in the scattering process. We can also Fourier
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transform with respect to the center of mass variables in Eq. (14.12).
We write

(ry, r2| T(2) |r r)—/ ap ex { iP (ry+r;—r r)}
1, I 1, I2) = (27)° p 2 1 2 1 2

x(r1 —r2| T (P, z) Iry —ry)

dP '
(ry, r21G(2) Iry, 127) =/ @’ exp {—;P- (ri+r—ry — 1‘2')}

x (ry —r2|G (P, z) [ry — rz7) (14.13)
so that Eq. (14.12) becomes
(rIT (P, 2)Ir') = §(r — r)v(r') + /df<l'|T(P, 2)|[E)(F|G(P, 2)Ir')v(r')
(14.14)
Equation (14.14) remains an integral equation in the radial
variables. This integral equation cannot be solved exactly except in
a very few special cases. To see the nature of this equation, let us
assume that v is finite, so that it may be Fourier-transformed. We
multiply this equation by e~'P™+T"*" and integrate over all r and r'.
We then find
(pIT (P, 2)|p’)
=v(p—p)+ /

!/

(pIT (P, 2)Ip)(PIG(P, 2)|p)v(p’ — P')

(14.15)
Here, p represents the momentum of one of the initial particles

in the center of mass system, p’ is the momentum of this particle
after the scattering, P is the center of mass momentum, and
(p| T (P, 2) |p’> is the scattering amplitude for such a process.
To see the relation of T to the conventional scattering amplitude,
let us consider the low-density limit in which
Bu — —0o0

dp dp
(27)3 (27)3

and
p?
A(p, ) — A% (p, w) = 276 (a)— )
2m

Then
dp, dp; ePrm-ri)+ip(r-ry)

(2n)* (27)* ,_ (L) _ (L)

2m 2m

(ry, 121 G(2) Iry, 120) =

dp eip(r—r)

@) ,_ Y (i)

(rlg (P, 2) |r') =
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and
A @r)sp-p)
(pIG(P,2)|p) = . (%> - (%> (14.16)

With this value of G, Eq. (14.15) becomes

"
PITP, 2Ip) = v(p —P) + / S BIT(P, PP — )

1
x (14.17)

2= (5) - (%)

When the complex variable z is replaced by the total energy of

the incident particles (%) - (%) + i€, Eq. (14.17) determines
the scattering amplitude of conventional scattering theory. This

scattering matrix is defined by

(I T = (¢p|v (14.18)

where (p| is a free two-particle state and (g,| is a two-particle

2
scattering state with energy szn' The state (¢p| satisfies

2
{gp] (PIO +v— (;;n)) =0 (14.19)

where H, is the free-particle Hamiltonian. We may write the
solution to this equation as

2m

1
(op] =PI+ {0p| v
(P—) — Ao +ie
where the i€ is chosen so that the solution to (¢p| corresponds to an
outgoing wave. Multiplying by v and using Eq. (14.18) then gives

(BIT [p) = (plv[p) + (PIT ————v[p)
(ZLm) — Ho+ie
which is Eq. (14.17), with z = (%) Fie+ (%)

In this conventional two-body scattering matrix, the particles
may be thought of as propagating as free particles, between
Born approximation scatterings, while in the many-body case, the
particles feel the full effects of the medium between the scatterings
with each other. Even if the interactions of the particles with the
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medium are neglected, A (p, ) — 2746 (a) — %), the weightings

of the intermediate states between scatterings are changed by the
presence of the medium. This is reflected in the factors of f and 1+ f
that appear in Eq. (14.11). Also the many-body T matrix depends
on the center of mass momentum of the two particles, whereas the
conventional scattering matrix is independent of this momentum.
The many-particle T satisfies an optical theorem quite analogous

to the one obeyed by the conventional scattering matrix. To derive
this theorem, let us consider T to be a matrix in the variables p
and p’. Then Eq. (14.15) may be written with the momentum indices
suppressed as

T(z)=v+T(2)G(z)v
or as

T Y 2)=v!1-G(2) (14.20)

T and G are real functions of the complex variable z. We let z =
o — ie. Then the imaginary part of T is given by

ST (0 —i€) =— [T (@ —i)]* [ST ' (@ —i€)] T (w — i)
=—T (0+1i€) [ST ' (w—i€)| T (w — i€)
Now from Eq. (14.20),

ST Y(w—ie)=—3IG (w—ie€)

=~ 2" (@)~ 6" (@]
and
ST (w—i€) = % [T~ (0) — T~ ()]
Thus,
T7 (@) =T (0)=T (@+i€)[G7 (@) =G~ (@)] T (v — i€)
or, with the matrices indices reinserted,
T (P T<(P Y = dp__dp TP ] p
<p‘ (P, w) — (,a))|p>— WW“)' (P, » +i€)| p)
x (p|G™(P, ) — G=(P, )| P')
x (p'IT (P, w—i€)|p’)
(14.21)
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Since

T> (w) = e’ @297 < ()
and

G” (0) = & 7PMG" ()

we can derive from Eq. (14.21) that

ol )

_ . — dp — z —/
= [wIT®.0+ialp) o Fs (0% B )| p)
d_/
x(zjf)g (B IT (P, 0 —i€)| p') (14.22)

Equations (14.21) and (14.22) are generalizations of the optical
theorem of ordinary scattering theory:.

Let us now substitute the approximation (14.5) for G, into the
equation of motion for G. Then

(iaat1 + Zi) G(L1)=58(1-1)% / V(1-2)G, (12;12%)
=38(1-1) j:/<12|T|ii>
x [6(1,1)6(2,2%Y)£6(1,2%)6(2,1)]
55(1—1’)+/2(1,i)6(i,1’)
so that the self-energy is, in this approximation,
z (1, 7) :i/dZdZ [(12|T|1'2) + (12|T|21")] G (2, 2*)
=4 i/drzdi‘z [(riry |T (4 — /)| ryis)

£ (rro T (& — t)| For)] G (T2 — 12, tr — &)
(14.23)

To understand the T approximation for G, let us compute®
¥~ (p, w), the average collision rate for a particle traveling through

“The momentum p of the arguments of £> and G<, which was printed in scalar form
in the original text, is vectorized for clarity.

233



234 | T Approximation

the medium with momentum p and energy w. From Eq. (14.23), we
see that

do’ do’ o
7 (pw) = (zp)3 zi [<p p|T (p+p/,w+w’)|7p2 >

/_
jE<p p’ > (p+p/,w+w/)|p2p>]G<(p/,w,)

Using the optical theorem (14.22), we find

£ (o) [ M40 b __dp
, W) =
P @n)* @n) (2n)°

<p 4 P+p, 0+o +1€)|p>

x(p|G” (p+P,w+o)|P)

-
X {<f)/|T (p+p/,a)+w/—ie)|pp>

2

¢<p’|T(p+p’,w+w’—ie) p_pﬂ

2

However,

= > —/\ 3 Y do'
(p|Gg= (P, w)|P') = (27)° 8 (p — P) o

G><1')+P,a/+a)> G><—p+P, —a/+w>
2 2 2 2
so that X~ (p, w) has the form
5 (p, ) = dp’dc:/ df)dc?; dp’dci/
(2m) (27) (2m)
X (271)48(p+p’—f)—1')’)8(w+w/—cb—d)’)

2 2
_\ (2
<p P |T(p+p,a)+w +I€)|p>‘

x G=(p, )G (P, ®) G (P, &)
This is an exceedingly natural result. The lifetime is proportional
to the cross section for a scattering process, p, v + p/, o — P,
@ + p/, @. The differential cross section is composed of energy-
and momentum-conserving delta functions times the squared
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magnitude of the direct scattering amplitude + the exchange
amplitude. This differential cross section is multiplied by the density
of scatters G= (p/, »') and the available density of final states
G~ (p, ®) G~ (p/, ®') and then integrated over all possible scatterers
and final states.

2= (p, w) has exactly the same structure except that G= (p’, ')
is replaced by G~ (p/, ) and G~ (p, ®) G~ (p/, @) is replaced by
G=(p, @) G= (P, ).

The T matrix approximation is extremely useful when the
potential has a hard core, e.g., Eq. (14.1). With a finite potential, we
found that there was a term in X (1, 1') proportional to § (t; — /),
which was, in fact, the Hartree-Fock contribution,

dp’ : :
2ry @) (n(P)

zHF(p)=nv(k=0)i/

If, however, there is a hard core in the potential, the Hartree-Fock
term diverges, since the v(k) are infinite. There still is a finite term
in ¥ proportional to § (¢, — /), but instead of being the Hartree-
Fock term, it is determined by Ty, the delta-function part of T in
Eq. (14.6). Also, there is a term in T, and hence in %, proportional
to a%(s (tl — tl/).

Brueckner and others have applied the T-matrix approximation
to the calculation of the ground-state energy and density of nuclear
matter. The results check nicely with the extrapolated properties of
heavy nuclei.

The T approximation is conserving, i.e., it satisfies criteria
A and B. Therefore, when stated in terms of G(U), it may be
used to describe nonequilibrium behavior. The Boltzmann equation
for g(U) derived from this approximation involves collision cross
sections proportional to |T |2. In the classical low-density limit, these
reduce to the classical collision cross section.

14.2 Breakdown of the T Approximation in
Metals

At very low temperatures, some metals exhibit the peculiar
phenomenon of superconductivity. We now want to show how its
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appearance is signaled by the breakdown of the T approximation in
a metal.

We can consider a metal to be a Fermi gas of electrons. The
long-range part of the Coulomb interaction is effectively shielded
out. For some metals, the residual interaction with the ions leads
to a net effectively attractive interaction between the electrons.
This effective interaction is highly velocity dependent. To a first
approximation, it can be considered to act only between electrons
whose energies lie in the range

|E(p) — nl < hap (14.24)

about the Fermi energy u. The Debye energy, hwp, which is the
maximum phonon energy in the metal, is comparatively small. It
corresponds to a temperature of a few hundred degrees Kelvin,
while u is an energy of the order of 20, 000 degrees. The particles in
this shell about the Fermi sea interact through a potential that may
be taken to be

v(r —ry) =—-vé(r; —ry)

Such a potential can have no effect between electrons of the same
spin. The exclusion principle prevents them from ever coming on
top of one another. However, electrons of opposite spin can interact
via this potential. There are, of course, no exchange process between
particles of opposite spin. This is represented in our formalism by
taking the total scattering matrix for all the particles in the process
p +p — P + p’ having the same spin to be

% KP—ZP’ IT (p+p2)| I_)—ZI_)/>_<P—ZP/ |T(p+p/,z)}p/2_p>}
(14.25)

while the scattering matrix for the process in which p and p have
spin up while p’ and p’ have spin down contains no exchange term
and is simply

2 2

From Eq. (14.4), we can see that when v (r; — r;) is a delta function,

<p_p |T(p+p/,z)\p_p> (14.26)

(1,21T11,2) ~8(1—2)8 (1 — 2
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Therefore, in this case
_ / n _n
<p2pyT(p+p’, 2) p2p>=T(p+p/, 2) (14.27)

so that the total scattering amplitude Eq. (14.25) for the same-spin
particles vanishes. However, the scattering amplitude Eq. (14.26) for
unlike spins is certainly nonzero.

To determine T in this case, we go back to Eq. (14.14). Since T is
of the form (14.27) and, when nonzero v (p — p’) is just —v, we see
that

dp dp’
TP 2= v {H/(Z:ﬂz:f (BIGP, 2 p)T (P, 2)

and consequently, where T is nonzero,

et et [50 [ 5 Gy

» G P+P/2,w)G (—p+P/2,0) -G~ (p+P/2, 0) G- (—p+P/2, w)

Z—w—o

(14.28)

For an attractive interaction, T has a very peculiar behavior at
low temperatures. We shall see that when P, the total momentum
of the particles taking place in the collision, is small, there appear
complex poles in T for values of z near 2u. To show this, we shall
evaluate the integral in Eq. (14.28) at P = 0, assuming that G can be
replaced by Gy. Then

100,21 vt = dp 1-2f(E(p))
T @]+ /IE(p)—MI<wD (2n)>  z-2E(p)

where the limits of the integration are determined by the assump-
tion that V only acts for energies in the range Eq. (14.24). Since the
contributions to the integral all come from a narrow sheet about the
surface of the Fermi sea, we can write

—V

T-1(0,2) = (14.29)

W, tanh( £¢
1+vpg [2, de (272;1(]2726

where € is single-particle energy measured relative to y, i.e.,

— (PN _,
2m
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and py = 3% Let us evaluate this integral for imaginary values of
z—2u,z—2p =iy. Then Eq. (14.29) becomes

—v
T71(0,2) = (14.30)
) € 4
1—vpg fO *de (tanh (%)) (25)2:_);2
If the temperature is sufficiently high so that
@ tanh (£°)
v,oE/ de ——=~ <1 (14.31)
0 €

then Eq. (14.30) will have no poles for real values of y, i.e., complex
values of z. However, when the temperature is low enough so that

15 hﬂ;
W/”detanmzl
0 €

there will be poles for real values of y. For sufficiently low
temperatures, this integral may be made arbitrarily large. For
example, at zero temperature, 8 = oo, tanh % =1,and

@ 4e 1 V% + 40}
de 4 2 = — log 3
0 Y2+ (2¢€) 2 y

which we can make as large as we please by picking y sufficiently
small.

Therefore, for high temperatures, the T approximation contains
no complex poles and is perfectly consistent. For low temperatures,
complex poles appear. The T matrix measures the probability
amplitude for adding a pair of particles in a certain configuration,
and then removing a pair in some other configuration. A complex
pole in the upper half-plane in Eq. (14.29) then indicates that if a
pair of particles with equal and opposite momenta are added at
a certain time, the probability amplitude for removing such a pair
increases exponentially in time. Then the T approximation as stated
in Eqg. (14.29) is no longer capable of correctly describing the system,
except for very short times. The appearance of these complex poles
signals that something about the system has radically changed. This
change is actually the onset of superconductivity.

To estimate the critical temperature at which this change first
occurs, we have to estimate the temperature at which the equality
in Eq. (14.31) occurs. This estimate is most easily made if we use
the experimental fact that the parameter v is roughly 1/4. Then,
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the integral Eq. (14.31) will only be sufficiently large if 871 = kT
is small compared with wp, so that the hyperbolic tangent will be
close to unity over most of the domain of integration. To get a rough
estimate of the integral, we write

tanh<'3€>%{1 for (%)>1

2 0 for (%) <1

Then Eq. (14.31) determines the critical temperature T, = [kg8.] "
to be

1 =vpglog

Bcwp
2

or

Bl =keT. = ?e_ﬁ ~ ?e"‘
The critical temperature determined in this way is indeed quite
small. In fact, it is typically of the order of 5 degrees, while the Debye
temperature, fiwp/ kg, is typically 300 degrees. This tremendous
difference comes about because the coherent effects that lead to the
complex pole and hence the instability in the normal state are an
exceedingly delicate summation of small perturbations to produce a
net large effect.

If we investigated the structure of T (P, z) in detail, we would
discover that the complex pole first appeared at P = 0, as indeed
we have assumed in the foregoing analysis. This indicates that the
instability first appears in the scattering of particles with equal and
opposite momentum. We have already indicated that the complex
pole appears only in the scattering of particles of opposite spin
at total energy equal to 2u. This complex pole appears because
particles with equal and opposite momentum, opposite spin, and
total energy 2 form an essentially bound state. This pair formation
is responsible for all the peculiar properties of superconductors.
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Appendix A

Finite-Temperature Perturbation Theory

In these chapters, we always determined G by making use of some
kind of equation of motion. However, there exists an alternative
scheme for determining G based on an expansion of G in a power
series of VV and Gy. We described the first few terms of this expansion
in Chapter 6. However, for many purposes, it is useful to know the
structure of the entire expansion. We shall, therefore, describe this
expansion in detail.

The basic elements in the expansion of G (1, 1’; U) are the free
particle propagator

G (1,15U0)= 1/ —»—— 1
and the interaction:
iV(1l-1)=ivin-r)élt—t)= 1 ---=----- 1

G(U) can be expressed as the sum of the values of all topologically
different connected diagrams for which (a) one propagator line
enters and one line leaves, (b) each potential line contains at both
of its ends one entering and one leaving propagator line; i.e., the
potential line appears only in the combination
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The point of connection between the two propagator lines and the
potential line is called a vertex. Each vertex is labeled with a space-
time point.

To calculate the value of a particular graph, for example,

we do the following:

(1) Write down the product of all the propagators and interactions
that appear in it, in this case

Go(1, 1)Go(1, 1Go(1, 1iV (A = 2V (1= 2)Go(2, 2)Go(2, 2)

(2) Integrate the labels on all the vertices over all space and all times
between 0 and —ig. In this case, we integrate the four barred
variables.

(3) This gives the contribution of the diagram to G (1, 1’) for the
case of bosons. For a fermion system, we multiply the result of
the integration by a factor of (—1)*, where ¢ is the number of
closed loops composed of fermion lines in the diagram. In this
example, there is one closed loop,

so we have to multiply by a factor of —1 fermions.

Therefore, this diagram contributes
—ip
+ d1d2d1'd2’ Gy (1,1) Gy (1,1) Gy (1, 1/
/ LDGELIGET)
xiv (1=2)iv (i'=2)6o (2 2)Go (2, 2)
to G (1, 1').
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However, in equilibrium (U = 0), the physical information is
most readily accessible not from G (1 — 1’) but from A (p, ), which
is easily determined from

.0 [ A1

2 z— o
Therefore, what we really want is a diagrammatic expansion
for G(p, z). To get this expansion, we take the expansion for
G(1,1;U = 0), multiplied by e~ P(ri—Tv)+iz(6-t) where
TV
z, = —71,3 +un

even integer for bosons

odd integer for fermions

and integrate over all r; and all ¢; in the interval [0, —i8]. In this way,
we generate an expansion for G (p, z,).

The basic rules for calculating G (p, z,) are only slightly more
complex than those for calculating G (1, 1'). In fact, we can derive
these new rules by using the old rules and the fact that

dp elPp-(ri—ry)—iz, (ti—ty)

Go (1-1') =_1,,32 / O (A2)

2m

We associate with every particle line in the diagram a momentum
p and an “energy” z,. For example, the diagram we considered before
is labeled P, z,

o

p: Zv

P, z;
The “energies” and momenta of the lines are, respectively, summa-

tion and integration variables.

(1) For each particle line, we write a factor

Go(p, z,) = 1 _ P':u
z, — (Pz)

2m
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(2) For each potential line, with its associated particle lines, we
write a factor

(27'[)3 ) (p +p —p- I_’,) (—1B) Supv, o4

which expresses the conservation of momentum and “energy”
in the collision,

/ n/

p ) Zy p y Zipy
| ; .
1
1
1
1
|
|
- 1 .
p, z, f), Zy
We also write a factor
iv(p—p)

(3) To find the value of the diagram, we integrate over the momenta
and sum over the possible “energies” of all lines, except one
of the external lines, that is, one of the two lines that connect
with only one vertex. Instead of summing over this external
line, we set its “energy” and momentum equal to z, and p. The

energy sums are, of course, sums over v. For each summation

. . . 1 1
and integration, we also write a factor (Tﬁ) { (2;1)3}

(4) Finally, for fermions we again multiply the resulting expression
by (—1)¢, where ¢ is the number of closed loops.

In this way, we determine the contribution of the diagram to

G(p, z,)-
For the particular diagram we are considering, the particle lines
give a factor

1 1 1 1 1

2 ’2 72 72 [YAY;
o @) () (@) () (8

and?

iv(p—p)iv(p—p")

dThe typographic error p’of the argument of the first potential factor iv (p - f)’) in
the original text is fixed by following the rule 2.
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Since there is one closed loop, there is again a factor of £1.
Therefore, the value of this diagram is

d / dpl dp//
(1) ( Iﬂ) Z/ @1)° 2n) @n)’ 2n)°
1 1 1 1 1
o= () = () = (8) 2o (8) o~ (5)
x (278 (p+p —P— D) (—iB) Susr,it
x 278 (p" 4+ — P —P) (—iB) Svrsv, 4w
xi’v(p—-p)v(p—p") (A3)

We can see that z,» and p” are limited to be just equal to z, and p.
Therefore, Eq. (A.3) is

X

2

1 — | = (p. =) (A.4)
A= (t)
where
0 _ 1y’ dp’ _dp
. (b 2) =(F1) <_,5) Z /(271) *(2n)® (27)°

1

1
7= (5) 7 - (;";) == (47)
x (27)°8 (p+P =P = D) (~1B) St
xi? [v (p — P)I° (A5)
The sums extend over V/, b, ¥’ = even integers for bosons, odd for
fermions.

If we now compute the frequency sums in Eq. (A.5), we find,
after a considerable amount of algebra, that X? (p, z,) is just the
collisional self-energy in the lowest order. This lowest order is
obtained by replacing the G’s in the Born collision approximation of
Chapter 5 by Gy's.

A useful method for doing these Fourier sums is to represent
them as contour integrals in the complex plane. Consider the
contour integral

X

dz
I = ij{ Ef(z)h[z) (A.6)
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where
1

f(2) = m (A7)

and h(z) is an arbitrary function of z except for possible poles.
Assume that the poles of h(z) do not coincide with the poles of f(z),
which areatz = z, = % + i, and take the contour C in Eq. (A.6)
to encircle all poles of f in the negative sense, but none of the poles
of h. Since the residue of f(z) atz = z, is :I:%, we have, on the one
hand,

oy Z h(z,) (A8)

Now on the other hand, if zf (z)h(z) — 0 as |z| — oo, we can replace
the contour C by the contour C’ that encircles all the poles of h(z) in
the positive sense. Comparing these two evaluations of I/, we find

1 dz
=GR [E=vere (A9)

To illustrate such a frequency summation, let us consider a
simple diagram, the “bubble,”

which, in space-time language, is
1°(1,2) = +iGo (1, 2) Gy (2, 1) (A.10)

This is a piece of the diagram we have been considering so far, and, it
will be recalled, the bubble enters into the discussion of the random
phase approximation.

Introducing the Fourier sum and integral representation of G,
we find that

. ; p’ 1 1
iLo(1,2) =i <_> ~ (277) (27[) 2 — (pi) 7 — ((p/)z)

2m
x e~ 1@y =2,)(ti—t)+i(p—p')-(r1—12)
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z-plane x|C
X
X

X a

1 O

’ 2

. < g
z2=0 (D) x
O/ x
()’ X

2m

C|Xx
X

Figure A.1 The contour deformation from C to C’ in the z-plane. The
thin lines represent the contour C and their directions of integration are
indicated by the arrows. The thick lines represent the contour C’ with
the direction of integration to be counter clockwise. The poles of the
distribution function f(z) (for fermions) are indicated by x, while the poles
from the particle lines are represented by .

We multiply this expression by e/%(4—&)=ik(ri—T2) an{ integrate over

all t; between 0 and —iB and all r;. In this way, we pick out the
Fourier coefficient:

1 dp’ 1 1
Lok ) =+ —75 Z/ oE (4K’ )
_lﬂ 4 (277:) ZU’ + QV - pZT ZU/ - 57
(A11)
where
Q, = L_v = even integer
_Iﬂ

This we recognize as a portion of the expression (A.5).
We now apply Eq. (A.9) to the calculation of the sum in Eq. (A.11).
In this case, the contours C and €’ are as shown in Fig. A.1, since

1 1

/k2 N2
o+, - B ;G

h(z) =
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Then Eqg. (A.5) becomes

wke) =1 [ B :

i) @2n) Jo2n z+Q, — @, )

(0% (p'+k)*
dp’ f(W) _f( 2m —Q\,)
~ ) @) Q, 4 WY _ @k’ (A.12)
v 2m 2m

This equation tells us the values of the analytic function Ly (k, €2) at
the points
Q=Q, = L]:g (v = even integer)
—I

To discover Ly (k, ©2) from Eq. (A.12), we must analytically continue
the right side of Eq. (A.12) to a function that is analytic for © not
real and approaches zero as |Q2| — oo. Just replacing 2, by € in Eq.
(A.12) is not satisfactory analytic continuation because it leads to an
Ly (k, ©2) that does not approach zero as 2 — oo in all directions. The
origin of this difficulty is that as Q — oo, f ((p—z) - Q) approaches

2m
F1 or 0, depending on whether %<2 is greater than or less than

2m
f (% - Qv> by f (%) in Eq. (A.12). This does not change

the value of Ly (k, ©2,) since e/ = 1. Therefore, we can write Eq.
(A.12) as

(”—2) — . The correct continuation is found by first replacing

)2 (' +k)2
Q. 4+ WP _ (K’ (A.13)
2m 2m

Lo (k, 2,) =

We can now continue Ly (k, ©2,) to Lo (k, ) by replacing 22, by Q2
in Eq. (A.13), since this continuation now leads to a function that
approaches zero as 2 — oo in the upper or lower half-plane. Thus

() ()
k Q) = / dp’ 2m 7m i
2D ] Gy Q, + WX i :

2m

This agrees with our earlier evaluation of Ly (k, €2).
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There is one remaining ambiguity in this graphical formalism,
namely in the graphs that contain

—iB
:iz/ A2V (1-2)G(22)  (AlS)
: 0
|
|
|
1
or
AN (1-1)Go(1,1) (A.16)

In both these cases, there appears Go (1, 1),,_,, which is ambiguous
since Go (r1ty, rity) # Go (rity, rit; ). Butin both cases, we should
evaluate t; as tf = t; + €. Then Eq. (A.15) becomes

evaf

j:z/dr1V[r1—r2)/(2 )3_1ﬂ2ﬁ

2m

[ -

= —jv

dp % dz  e* 1
@2n)d Je2mefle=m 1, P2

where e = 07,

Now notice that the integrand goes to zero exponentially as
z — oo in either the right or the left half-plane. Therefore, we can
deform the contour C to encircle £ in the positive sense and pick
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up no contribution at oco. In this way, we find

=_,-v/

or ro—

2 _
c z— I

dp
(27)°

R - ———

_, [ 4 (P _
AT (Zm>_v"°

This is, of course, just the single-particle Hartree self-energy in the
lowest order of approximation. Similarly, the diagram (A.16) is just
the lowest-order single-particle exchange energy.
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