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PREFACE

During the last century organic chemistry has developed far from its
empirical beginnings, where each observation constituted an isolated fact.
As a result of a century’s accumulation of experimental fact, generalizations
have evolved. Most have proven understandable from a qualitative theo-
retical viewpoint. This framework of generalization interwoven with quali-
tative theory constitutes the basis of the so-called organic chemist’s intui-
tion. Organic intuition is a powerful tool not yet formulated on a quantita-
tive basis.

Part of the theoretical framework has been resonance, or qualitative
valence bond, reasoning. Thus the structures of organic molecules are repre-
sented in valence bond symbolism, and such representation is efficaciously
used in formulating reactions and reactivity. Following three decades of
the use of this approach in organic chemistry, it now appears that there is
much to be gained from the use of molecular orbital theory in formulating
organic systems. In certain instances where the resonance approach is
unsatisfactory, molecular orbital theory can provide acceptable rationaliza-
tion of facts and the prediction of new ones. Even the most simplistic of
molecular orbital methods lead to molecular conclusions and provide insight
which are in remarkable agreement with experimental observation. More
generally, a look at the same phenomenon from this second viewpoint is
refreshing.

As for the level of sophistication required in this approach, one must
consider the following aspects. For practicality, there is no point in com-
plexity exceeding need. In fact, resonance reasoning has had such a pro-
found impact on organic chemistry because it can be used quickly and
conveniently. Often where one desires only a prediction of the order of
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X Preface

reactivity of a set of reactants or of different sites in one reactant or where
one wishes insight into the source of some peculiar pattern of experimental
results, the simpler methods of quantum mechanics such as the Hiickel
theory suffice. When this level of sophistication is inadequate, then it is
necessary to employ more sophisticated methods. Even where the simplest
(e.g. Hiickel) theory predicts molecular behavior correctly, it is worth-
while for the interested organic chemist to penetrate further into more
sophisticated quantum mechanics. A most intriguing endeavor is the com-
parison of prediction by various levels of sophistication with one another
and with experimental reality.

In the past, quantum mechanics was a difficult field for organic chemists
Some excellent texts have, however, become available during the last
decade. The present text is based on the author’s lecture notes used at
Wisconsin since 1960 in a first-year graduate course for organic majors
and also used in a series of American Chemical Society “Short Courses.”
The treatment begins on a very elementary level and proceeds through the
Hiickel level into more advanced methods such as polyelectron theory.
The transition from elementary to advanced material is purposely gradual.
Often a given topic is reconsidered several times with equivalent but
alternative treatments. Where possible, the organic chemist is taught the
language and its use prior to its theoretical justification. It is the author’s
experience that this approach develops in the student an intuitive feeling
for the “how” and “why”’ of quantum mechanics. A number of items not
appearing elsewhere are included. The pedagogical method employed is
that of gradual escalation of difficulty while maintaining the organic
chemist’s interest. It is the author’s hope that the reader will experience
the joy in learning an intriguing subject unimpeded by an often justified
concern in succeeding.

Acknowledgment

Some word is needed to acknowledge the stimulation afforded by my
research students. This dedicated group of individuals has provided a
spirited and stimulating atmosphere with unusual intellectual depth and
has made this effort most enjoyable.



ChapterT

DELINEATION OF THE METHODS AND RESULTS OF THE
LCAO-MO HUCKEL APPROACH

1.1 Some Preliminary Basic Definitions and Introductory Material

1.1a Orbitals

An orbztal is the locus in space in which an electron is distributed. Quali-
tatively, it may be pictured as an electron cloud. An orbital localized at
one atom is called an atomic orbital while one which is distributed around a
molecular framework is termed a molecular orbital. Each orbital, atomic or
molecular, has two characteristics of particular interest, its energy and its
spatial description.

By the energy of an orbital, atomic or molecular, is actually implied the
energy of an electron spread about this orbital. An orbital will be seen to
have mathematical significance but no physical reality until it is occupied
by an electron.

The spatial deseription of an orbital can be qualitatively and pictorially
indicated by the drawing of a surface encompassing some large fraction
of the electron population of the orbital; this has been common in organic
chemistry. Thus carbon 2s and 2p orbitals are depicted in Fig. 1.1-A. How-
ever, an orbital is more precisely formulated as a mathematieal function of
position in some coordinate system. If 2, y, z coordinates are used, the fol-
lowing formulations of 2s, 2p., 2p,, and 2p, orbitals (xz, X2pzr X2pwr X2pes
respectively), termed Slater orbitals,"* may be given:
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2 1, The LCAO-MO Hiickel Approach

~ ¢

2s 2p
Fia. 1.1-A

Jsl2

Xepy = —l—/;ye"“’ 1.1-1b
T
L5/2

X2px = mxe"“’ 1.1-1c
T
L5/2

X2pz = -mze—’“’ 1.1-1d
T

where p = (2% + y* + 22)1/? is the distance of a given point in space under
consideration from the origin; the origin is taken as the center of the (e.g.)
carbon atom.* In the above k£ = 1.625 when p is in angstroms and the atom
is earbon.

What we are saying is that an orbital is nothing other than a function
of space coordinates z, y, and z; the value of the orbital at each point P in
space will depend on the magnitude of z, ¥, and z at P. It is instructive to
analyze the spatial characteristics of the four Slater atomic orbitals given
in Egs. 1.1-1,

The case of atomic orbital 2s is simplest. The Slater orbital function
x2. (note Eq. 1.1-1a) has no directionality; that is, xz, is weighted equally
in z, y, and 2. x2, being a simple exponential, is positive everywhere in
space (Fig. 1.1-B). This is the first spatial characteristic to be noted.
Second, x2, will have the same value at all points of equal distance p from
the atomie nucleus (i.e., the origin), and henee x., has spherical symmetry.
Finally, we note that x, is a constant times a negative exponential and we
know that a negative exponential function decreases rapidly to zero as the
variable taken negatively in the exponent increases. Thus as p, the dis-
tance from the nucleus, increases, the value of the orbital x.; decreases.
From these three observations we can depict x», pictorially as in Fig.
1.1-B. Here the everywhere positive value of xs, is noted, the spherical

* The reasons for the exact formulation of the constant preceding the exponent are
given later in another connection.
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B Plus sign of orbital

FiG. 1.1-B

symmetry is indicated, and the increasing diffuseness of the orbital at
increasing distances outward is suggested.

One may now pick one of the three 2p atomic orbitals, as given in Egs.
1.1-1, and inspect its characteristics. In looking at x2,., We note that it is
a product of the coordinate z (of the point P under consideration) and
the negative exponential term e~*# discussed above in connection with the
2s orbital. The following observations may be made in sequence:

(a) Since the exponential term is positive at all points in space, the
sign of x2p. Will be that of z, the distance of the point P under consideration
from the horizontal xzy plane. Therefore, x2,. will be positive above the
(horizontal) zy plane, zero in the zy plane, and negative below this plane
(cf. Fig. 1.1-C).

(b) Next we can see that as the distance from the origin increases to
infinity in the plus or minus z direction the orbital x,,. approaches zero.
The z component (i.e., its absolute value) increases while the e=*# decreases

F4
X2pz Gpproaching zera at Z — +0

X3 py positive

[ S S
p ———
pa ’I
oz J]
e =
/;‘—‘—ﬁ
P = Xopz 2610——F

X2pz NEgative

X2pz approaching zero 0t 2 —= - @

Fie. 1.1-C. Sign characteristics of p. orbital.



4 1. The LCAO-MO Hiickel Approach

in proceeding upward or downward from the center of the atom, but the
negative exponential is a “stronger function” and dominates.*

(¢) Third, since xap: is zero at the origin, positive above and negative
below the zy plane, and zero at z = =4 =, it is a logical consequence that
the 2pz atomic orbital must reach a maximum somewhere along the z axis
above the origin and a minimum somewhere below.t

(d) Finally, let us consider how xs. varies in a horizontal plane parallel
to zy and m units above the plane (cf. Fig. 1.1-D). The atomic orbital

z
Plx,y,z)

/W/

x

Y

Fic. 1.1-D

function then is given by (k%/2m/(w)'/?) e~*¢. Inspection of Fig. 1.1-D shows
that as points in this plane increasingly distant from the z axis are con-
sidered, p increases and thus the negative exponential term decreases.
Thus x2p. diminishes in horizontal directions away from the z axis.

From the prior four observations it is apparent that xsp. is schematically
depicted by Fig. 1.1-E. In a similar manner, xzp. is found to lie along the
z axis and xsp, along the y axis, each with a positive and negative lobe.

* The product ze~*#is said to be ‘‘indeterminate’ asz approaches plus or minus infinity.
The simplest question is the limiting value of this product in proceeding along the z
axis to plus or minus infinity; here p = 2.

lim zets = lim < = lim —2/% lim —— =0
1] 2= 1 - = 1 e —— m ;—— =
ot e 0 () /A2 paie Kokt

The first equality derives from the L’Hospital rule that the limit of an indeterminant
quotient is given by the limit of the quotient of numerator and denominator derivatives.
A similar proof can be used to show that xep. vanishes as one proceeds in any direction
from the nucleus, that is, as p — .
¥ By considering only points along the z axis, that is, setting p = 2, differentiating
x2p: (cf. Eq. 1.1-1), and setting the derivative equal to zero, the reader can quickly
demonstrate that these extrema occur at z = == (1/%).
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Bl Pius sign of orbital

[O Minus sign of orbital

Fic. 1.1-E

1.1b Electron Density and Normalization

More related to observational reality than an orbital itself is the square
of the orbital, for it is the squared orbital function* which gives eleciron
density. Thus, for example, the value of xep.2 = (k%/7)2%%* at any point
in space will give the fraction of an electron in this orbital per unit volume
at this point.

As a result of this definition, an integration of an orbital squared over
all space—that is, fromz = —w to + o,y = —® to +w,andz = —
to 4+ «—must afford a value of one, for it is adding the electron density at
all points in space. For example,

+ o0 0 0 0 ®© oo
f f f xutdedydz = 1, f f f xeng? da dy dz = 1
g=—00 ¥ y=—00 ¥ g=-0 —0 Y—w Y —w
f f f xen dr dy dz = 1, f f f xend dz dy dz = 1
1.1-2

Actual integration of the squares of 2s and 2p orbitals is given as a problem
for the reader to do. This is seen in each case to give unity. This would not
be so, if it were not for the coefficients %%%/(3x)!/2 and k°?2/#x'/? occurring
in the 2s and 2p orbitals of expression 1.1-1. These coefficients are called
normalizing constants, and the process of multiplying an orbital by the

* A more involved statement would be required if complex orbital expressions were
being considered.
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proper constant to make the total electron density over all space equal
to one is termed normalization.

1.1¢ Molecular Orbitals as Linear Combinations of Atomic
Orbitals (LCAO)

When atomic orbitals overlap, the ensuing interaction results in forma-
tion of molecular orbitals. To the organic chemist, = systems are of par-
ticular importance; here the molecular orbitals result from interaction of
all of the atomic p orbitals not involved in sigma bonding and generally
parallel to one another. Mathematically, the molecular orbitals are taken
as linear combinations of the component atomic orbitals (i.e., LCAO-MO).
That is, the x’s (x1 from atom 1, x; from atom 2, etc.) are added—however,
not necessarily with equal weighting. Any given molecular orbital ¥,
having n interacting atomic orbitals, thus may be written as

¥ =cx1+ oxe+ caxs +- -+ CaXa 1.1-3

The c¢’s are the weighting constants or molecular orbital coefficients indi-
cating the extent to which each atomic orbital is weighted in the molecular
orbital.

The LCAO-MO method can be termed a “mixing’’ process, for one does
mix together atomic orbitals to obtain molecular orbitals. Several aspects
of this process are presently noteworthy. First, when one quantum mechan-
ically mixes a given number of atomic orbitals, more than one molecular
orbital results. Each of the molecular orbitals obtained (¥1, Y2, ¥s,...)
has its own set of molecular orbital coefficients; that is, the weighting of
the component atomic orbitals will differ in different molecular orbitals.
Second, each molecular orbital has its own characteristic energy. Third,
there will be as many molecular orbitals resulting from the mixing process
as there were atomic orbitals mixed; in quantum mechanics orbitals are
neither lost nor gained.

Let us consider the specific case of ethylene first. Here there are two
atomic p orbitals to be mixed, x: at atom 1 and x; at atom 2. The method of
mixing atomic orbitals is detailed subsequently; it affords both the energy
of each molecular orbital resulting from mixing and also the LCAO form
(i.e., the MO coefficients). However, for the present, the results of mixing
of x: and x; will merely be given, for there are advantages to describing
molecular orbitals further prior to detailing methods for obtaining them.

The two molecular orbitals resulting from interaction and quantum
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mechanical mixing of x; and x; are

1 1 1 1
\l/1=@x1+ﬁm, ¢2=@x1—@xz

Since x1 and xz are simple functions of coordinates, it is apparent that the
two ethylenic molecular orbitals ¢; and 2 in turn can be expressed as
analytic functions of x, y, and z; that is, at every point P in space having
a given set of coordinates, y; and ¢, will each have a definite value. Let
us then ascertain the geometric properties of y; and .. If atomic orbitals
x1 and x; are taken centering at O, and O, and separated by the ethylenic
interatomic distance Ri; (ef. Fig. 1.1-F), then these are given by

1.14a

k5/2 k5l2
X1 = mzexp( kp1), Xz = mzexp( kps) 1.1-5

and y¥1 and ¥, as given by 1.1-4a, may be rewritten*

ks/2
V= (2r )mzfexl)( kp1) + exp(—kpz)]

k5/2
Yo = (2w)ll2z[exp(—kp1) — exp(—kps2) ] 1.1-4b

One could evaluate ¢, at several points in space. However, inspection of
Y1 as given either in Eq. 1.1-4a or 1.1-4b indicates that it is the superposi-
tion of x1, centering at O; and x. centering at O.. Thus knowing the general
geometric properties of atomic p, orbitals, as discussed earlier we can begin
by concluding that the superposition is reasonably depicted by Fig. 1.1-G.
This is the ethylenic = orbital depicted in most elementary textbooks and
familiar to most organic chemists. Several aspects are easily derived from
the mathematical formulation of ¢, as given in Eq. 1.1-5. First, for points
in the XY plane, where z = 0, ¥, is zero and has a node. Second, since

* Using the formula, des = [(Ta — T3)2 + (¥a — ¥6)? + (24 — 23)2]V%, for the distance
between two points in space A(Za, Ya, 2s) and B(zs, s, 25), one could reformulate Egs.
1.1-5 explicitly in terms of the variables z, y, and 2 alone; i.e.,

Y1 = (; yn (exp{—k[(z + 1) + y* + 22 ]2} + exp{—k[(z — 1)? + y* + 22]2})

v = (,f S Pk + D2 + ¢t + 218~ o[~k (@ = D? + 4 + 2]

where 2] = Ry, the interatomic distance.
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AP x, y, 2)
o |
& )
P
Y i
P
A A
0 'l 0, >
AV
(1)
gl
Fic. 1.1-F

exponentials are always positive, the sign of ¥, is determined by z; and
Y1 is positive above the XY axis where Z is positive and negative below
the XY plane. As with the components x; and xsz, ¥1 approaches zero as
g and ps, the distances from the nuclei, increase toward infinity. ¢, must
then be a maximum somewhere between z = 0 and «. For points on any
circle symmetrical about the X axis, p1 and p; are constant, and ¢ is
maximized in the XZ plane since Z is then maximized. Now looking at
Y., we see that this normalized difference between xi and x. is equivalent
to the superposition of x; and an inverted x.. This is clear once one realizes
that taking x; with a negative sign in the linear combination is equivalent

B Positive

~

O Negative

Fia. 1.1-G
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to replacing z by —z. Thus (—x2) = (k%2/72) (—z) exp(—kps) s an
inverted x2, for whenever z is positive (—y2) is negative and vice versa.

There is one salient feature of s, resulting from the equivalence but
opposite signs of xi and — x; this is the cancellation of these orbitals in
the YZ plane. This is easily seen from the expression for . as given in
Eq. 1.1-5 once it is realized (cf. Fig. 1.1-F) that in the YZ plane p; = p»
and thence ¢» = 0. Thus ¢, has a node not only in the XY plane but also
in the Y Z plane. Note Fig. 1.1-H describing y..

While ¢, is of lower energy than either of the component p orbitals, ¥»

z

B Positive
O Negative

Fic. 1.1-H

is higher. A molecular orbital whose energy is lower than a single p orbital
is said to be bonding while a molecular orbital of higher energy than a single
and isolated p orbital is termed antibonding. A molecular orbital whose
energy is the same as that of an isolated p orbital is nonbonding. In the
ethylenic case ¢, is bonding and - is antibonding; taking the energy of
noninteracting p orbitals as the arbitrary reference zero of energy, one can
formulate the interaction of ethylenic p orbitals schematically and energy-
wise (Fig. 1.1-I).

Two final aspects are to be noted in connection with the ethylene situa-
tion. First, since the 7 system of ethylene contains two electrons which will
fill the low-energy molecular orbital, the = energy of ethylene may be said
to be —2|8| (i.e., —1|8] per electron).* Clearly this is energetically better
than having two “insulated”’ p orbitals containing two electrons, in which
case the energy is zero. Second, in its simplest (Hiickel) form the LCAO

* Pending a discussion of 8, we can use the ethylenic case to define the energy units
[B] of Fig. 1.1-I as half the = bonding energy in ethylene.
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|
N
x| X2
S -
U J—
H.. L _-H H~ —_— _-H
R el N -
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H/ A N :emovol'or H/ - \ H
T ypothetical —
0 insulation -
R
Noninteracting Interacting
p-orbitals p-orbitals
+l - +1_.—— g, (Antibonding MO}
//,/
x -
Energy Y X, X2 \\\

-l -1 “=—— y, (Bonding MO)

Fic. 1.1-I. Formation of two MOs from two AOs.

theory gives the electron density per electron in a given molecular orbital
and at a given atom (¢) by the square of the LCAO-MO coefficient ( ¢.?).
Thus in the bonding MO of ethylene (¢1) ¢?= (1/¥2)2 = 1 and also
¢? = % give the r-electron density at atoms 1 and 2 for one electron. Since
electron density contributions are additive and ethylene has two electrons
in 4, the m-electron density at atom 1is ¢ = 1 and at atom 2 is ¢ = 1.
The even electron distribution is no great surprise.

1.1d Summary of Salient Features of LCAO-MO Mixing

(a) Mixing or quantum mechanical interaction of n atomic p orbitals
(the x’s) gives n = molecular orbitals, some of higher energy (antibonding),
some of lower energy (bonding), and sometimes some of the same energy
(nonbonding) compared to the atomic orbitals mixed.

(b) Orbitals in general and molecular orbitals specifically can accom-
modate at most two electrons per orbital. The lowest energy orbitals are
preferentially populated.

(¢) The 7 energy of the system is the sum of the energies of all the =
electrons. The energy of an electron is that of the orbital it occupies.

(d) Each molecular orbital has its own LCAO form of the type ¢ =
¢cx1 + Cxz -+ CaXn, where the ¢’s indicate the extent to which each
atomic orbital is weighted in the MO.
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(e) The =-electron density contributed by an electron to a given atom
is given by the square of the coefficient of that atom in the MO containing
the electron.

(f) The total m-electron density at a given atom is the sum of the
m-electron density contributions, as outlined in (e), due to all electrons.

(g) Since the sum of the squares of the coefficients in any particular
MO gives the total electron density for one electron in that MO and since
this total must be one electron, the sum of squares of coefficients of a MO
should equal unity. Such an orbital is said to be normalized.

1.2 Basic Procedure for Quantum Mechanical Mixing of Atomic
Orbitals; Solution for Molecular Orbital Energies

1.2a The Secular Determinant and Its Solution for Molecular
Orbital Energies

In the preceding section the results of mixing two parallel p orbitals to
give the ethylenic molecular orbitals were given without justification; this
had the advantage of giving the reader a feeling for the phenomenon of
orbital mixing prior to his actually learning how the mixing is done. The
procedure followed in mixing atomic orbitals is now detailed; however, the
theoretical justification is postponed until the reader has acquired a famil-
iarity with the language and practicalities of quantum mechanical orbital
mixing.

The general rules for mixing any set of atomic orbitals are given first
and then applied to specific examples.

Rules for Quantum Mechanical Mixing

1. Write a determinant having as many columns and as many rows as
atomic orbitals to be mixed. The properties of determinants will be given
as needed; for the present, a determinant can be considered to be a square
array of numbers and variables evaluated in a specific way to be shown.

2. Label the columns successively with the atomic orbitals to be mixed.
That is, above eolumn 1 place x1; above column 2, place x», and so on. Then
in the same order label the rows of the determinant.

3. Beginning with the upper left element, where column 1 intersects
row 1, and proceeding diagonally to the bottom right element, fill in X’s
along the diagonal. Each element of a determinant can be labeled in general
a., where r refers to the row of the element and s refers to the column, and
this rule sets a,, = X when r = s.

4. Where a row corresponding to a given atomic orbital (x,) intersects
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a column headed by another atomic orbital (x,), we have element a,, which
is a measure of the overlap of these two atomic orbitals. The number a.,
to be filled in is zero if the two atomic orbitals x, and x, are distant and
noninteracting, while it is one if the orbitals are adjacent and overlapping.
Although it is clear that there will be intermediate and varying extents of
atomic orbital overlap, for the present we will consider only the extreme
approximation where all nonvicinal orbital interactions are taken as zero.

5. Set the determinant equal to zero.

6. Solve the determinant for X. Each value of X obtained is a molecular
orbital energy. The determinant described above is called the secular
determinant and the equation in which the determinant is set equal to zero
is the secular determinantal equation.

1.2b Application of LCAO Mixing to Ethylene

The simplest case to which the rules just given for mixing atomic orbitals
can be applied is that of ethylene. Here x; and xz, atomic p orbitals cen-
tering at atoms 1 and 2, are to be mixed. Since two atomic orbitals are
being mixed, the determinant will have two rows and two columns (rule 1).
Columns 1 and 2 are labeled with x; and x:, and rows 1 and 2 are labeled
in the same way (rule 2). The main diagonal elements (upper left to lower
right) are filled in with X’s (rule 3). The only nondiagonal elements in the
ethylene example are ay; and as; both of these are filled in as 1, since these
elements represent the interaction between x, and x: which are adjacent
and overlapping atomic orbitals (rule 4). There are no nonoverlapping
and noninteracting atomic orbitals and therefore no zero elements to be
filled in. Finally, the resulting secular determinant is set equal to zero
(rule 5), to give

X1 X2

X1 X 1
=0 1.2-1a

x:11 X

Two-by-two, or second-order, determinants are simply evaluated by
taking the product of elements along the main diagonal, indicated by the
dashed arrow below, and subtracting the product of elements along the
alternative diagonal, indicated by the dotted arrow below™*:

* This mnemonic device for evaluation of a 2 X 2 determinant derives from the
general definition of determinants. A determinant, written as a square array of numbers
and variables, is evaluated by definition as the sum of all possible products of the type
+a1000s4, etc., that is, products obtained by selecting an element from each column
of the determinant—however, with the proviso that in this selection of elements for
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XA
AKX
e N
to give to give X+ X
—(1)-+(1) equals X?
equals —1

Thus value of determinant is X2 — 1

Hence on expansion, or evaluation, of the secular determinant, the secular
equation 1.2-1a becomes

Xt—1=0 or X?2=1 and X = =+1 1.2-1b

X = —1 gives the energy of the (low-energy) bonding MO of ethylene.
X = +1givestheenergy of the (high-energy) antibonding MO of ethylene.
Energy is expressed in the positive unit |8], ‘“the absolute value of beta.”
It is to be remembered that the energies are relative to the energy of an
isolated p orbital whose energy is therefore taken as zero. Thus solution of
the ethylenic secular determinantal equation 1.2-1 has resulted in precisely
the molecular orbital energies given earlier without justification (cf. Fig.
1.1-I). One molecular orbital (X = —1) of lower energy and one molecular
orbital (X = +1) of higher energy than either of the two atomic p orbitals
mixed (X = 0) have resulted.

Although ethylene is indeed the simplest example for illustrating atomic

any given product the same row must not be used more than once. Additionally, each
product anasa, ete., is given a plus or minus sign depending on the ‘‘evenness or
oddness’’ of the number of permutations required to convert the term into the zeroth
permutation audsas . ... Thus we keep the second subscripts in order and exchange
only the first subscripts as many times as needed to give the zeroth permutation. For
example, in a 3 X 3 determinant, one of the products obtained by selecting an element
from each column is @saza;. This is related to the zeroth permutation auasnes; by a
single exchange of the first and third elements, however keeping the second subscripts
in order and moving only the first subseript with the term. With a single permutation
(i.e., an odd number of permutations), this term is given a negative sign. Had two
permutations been needed, it would have been given a positive sign. A2 X 2 determinant
(i.e., Eq. 1.2-1) can be written generally as

ain Q12

axn a

There are two possible products, each containing an element from one of the two columns;
these products are anaze and anai. The first has no inversions of order and the second
has one. Hence the determinant has the value angs — ama, fitting the mnemonie
device given above.
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orbital mixing, there is the simpler case of a single, isolated atomic orbital;
this does not involve mixing. The secular determinant set up for (e.g.)
xr a8 in Eq. 1.2-2is 1 X 1 with a single element corresponding to the inter-
section of row x, with column x, and therefore taken as X. Using the defini-
tion of a determinant (footnote, p. 12), we see thatin a 1 X 1 determinant
there is only one possible “product” of elements, namely the single element
itself. A 1 X 1 determinant is hence equal to the element. In the present
instance this gives the energy X of the isolated p orbital x, as zero in accord
with the earlier statement

Xr
xX|=0 or X=0 1.2-2

that the energy of an isolated p orbital would be taken as our reference
point and as zero.

1.2¢ Application to the Allyl Species and Determination of Its
Molecular Orbital Energies

The next level of difficulty involves molecules having 3 X 3 secular
determinants; there are two of these, the allyl and the cyclopropenyl
species. The allyl species is considered first.

By the allyl species is meant, the linear chain of trigonal carbon atoms

2 3

1
CH,—CH—CH,

having parallel p orbitals: x1 at carbon-1, x, at carbon-2, and x; at carbon-3.
Note Fig. 1.2-A. The ordinary C—C and C—H single, or sigma bonds, are
assumed in the present approximation to be composed of relatively non-
mobile electrons which do not have to be included in the calculation. The
LCAO calculation mixes x1, x2, and xs; and determines the molecular or-
bitals (i.e., here, their energies) available to the molecule. Only once the

Fic. 1.2-A
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MO energies are found and it is desired to total the = energy, is it important
to know which allyl species is being considered and relatedly how many
7 electrons are to be accommodated in the MOs. If there are two = elec-
trons, we are dealing with the allyl carbonium ion; if three, the allyl radical;
if four, then the allyl carbanion. However, the secular determinant and its
solutions are independent, in the present approximation, of the number of
7 electrons; the determinant and its solutions are functions only of the
geometric ordering of the component p orbitals in space.

The secular equation for the allyl species is written by inspection (Eq.
1.2-3) using the rules of Section 1.2a:

X1 X2 X3
X1 X 1 0
2|1 X 1|=0 1.2-3
X3 0 1 X

The three atomic orbitals xi, x2, and xs label the rows and columns as
required by rule 2; the ordering must be the same for the rows as for col-
umns. According to rule 3, X’s are written along the main diagonal (i.e.,
as elements an, as, as). Element ai (i.e., row 1, column 2) derives from
the interaction of x; (row 1) and x: (column 2). Since the atomic orbitals
x1 and x: are adjacent and overlapping, a one is filled in as this element in
accord with rule 4. Similarly, element ax, deriving from the interaction of
the same two AOs, is filled in as a one. Elements ay; and as» correspond to
the interaction of adjacent and overlapping AOs x; and xs and are filled
in as ones. Contrariwise, elements a3 and as are filled in as zeros since AOs
x1 and x3 are not vicinal and are assumed not to interact. It now remains
to evaluate the 3 X 3 secular determinant in Eq. 1.2-3 and then solve for X.

There is a simple mnemonic device for evaluation of third-order deter-
minants somewhat similar to that given earlier for the second-order case.
This can be demonstrated by its application to the secular determinant
in 1.2-3. To solve such a third-order determinant, one repeats rows 1 and
2 in order below row 3. Through elements au, aa, and as three dashed
diagonal arrows are drawn as shown in the diagram below, each through
three elements; the three elements lying on each dashed arrow are multi-
plied. Three triple products with a positive sign result. Now three dotted
diagonal arrows are drawn through elements a3, az3, and a3, each through
three elements as shown. The three elements lying along each arrow are
multiplied and the triple product obtained is given a minus sign; three such
negative triple products result. The determinant then is the algebraic sum
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of the three positive (dashed) and the three negative (dotted) triple
products*:1;

X 1 0
NN .
AT NN
MY 1
NN T
N
0, Y
.. ° \ - :
’ '.\\ ..\\ \\
X 1 0
e \\ A
to give (—1)-0:X.0=0 -° .° \  togive XXX = X3
RN 4 T
= e Ny
to give (—1)¢1¢1+X = —X E \ to give 110 =0
. \
. ¥ b} .
to give (—1)-X-1-1 = —X to give 0:1:1 =0
Total of negative Total of positive triple
triple products: —2X products: X3

Total value of determinant is X3 — 2X

The secular determinantal equation 1.2-3 can now be rewritten as the
cubic polynomial

X3—-2X=0 or X(X*—-2)=0 1.24

Therefore, the solutions are X = 0 and X = +V2. Three atomic orbitals
were mixed and three molecular orbitals have resulted. As in the ethylenic
problem, one may envisage as in Fig. 1.2-B some imaginary insulators,
capable of preventing interatomic orbital overlap, being removed. The
interaction on removal of the insulator leads to splitting of the energy
levels and formation of three molecular orbitals: a bonding MO at —V?2,
a nonbonding MO (i.e., at 0), and an antibonding MO at +V2 (cf. Fig.

* It may be seen that *his mnemonic device merely provides an easy way to select
all triple products of the type anasais as required by the definition of a determinant (cf.
footnote p. 12) and also automatically determines whether the number of inversions of
order is even or odd. All of the dashed products have zero or an even number of inversions
of order while the dotted products have an odd number; this is why the dashed products
are taken positively while the dotted ones are taken negatively.

t It is important for the reader to realize that the device used for second- and third-
order determinants cannot be extended to higher order (e.g., 4 X 4) determinants.
One can readily prove to himself that all (e.g.) quadruple products are not provided
by such a scheme.
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Xi

Removal of
two hypothetical
insulators

Fic. 1.2-B
Vs N
+ﬁ , X = +»\/§
Xi X2 X3 Quontum
mechanicol™s
-2 mixingof S X =-,/2
AQs
Fig. 1.2-C

1.2-C). The three molecular orbitals formed are designated 1, ¥, and ;.
For the present only the energy characteristics of the MOs will be con-
sidered ; although each MO has its own spatial distribution as given by its
LCAO-MO coefficients, the determination of coefficients will be delayed.
It is of interest now to determine the = energy of the allyl carbonium
ion, the allyl radical, and the allyl carbanion. The allyl carbonium ion
CH;=CH—CH_® has two electrons. The allyl free radical CH~CH—CH,
has three, while the allyl carbanion CH;=CH—CH,:® has four. Figure
1.2-D gives the MO energy diagrams with electrons assigned to the lowest
possible orbitals, each orbital accommodating at most two electrons. The

Carbonium ion Free radical Carbonion
+./2-

o- 1 1
-2 1'. 4 #
Totol
electron
energy -2/Z 18l -2/218] -2J/2 18]

Fic. 1.2-D. Allyl carbonium ion, free radical, and carbanion r-electron energies.
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m-electron energies, obtained by summing the 7 energies of the individual
electrons, are given below each diagram. It is noted that all three species
have the same m-electron energy of —2V2|8|; this is because the third and
fourth electrons are introduced into the nonbonding MO and neither add
to nor detract from the = energy of the system. The = energy of a system
of carbon p orbitals can be pictured to be the energy gained on allowing
the component p orbitals to interact; in the present instance this is the
energy gained by removal of the hypothetical insulators as depicted in
Fig. 1.2-B.

We have compared the allyl species with a hypothetical system in which
the three atomic orbitals are completely noninteracting. Another model for
comparison is both of present interest and of general significance. In this
comparison we use a model corresponding to one of the contributing reso-
nance structures of the system being considered. By determining the =
energy of such a system ‘“‘frozen’’ into one resonance contributor and com-
paring this with the = energy of the actual species in which complete
overlap and delocalization is possible, we obtain the energy resulting from
allowing resonance or delocalization. Thus the m-energy difference between
the “frozen” and the delocalized species is termed the delocalization, or
resonance, energy. In the present instance the ‘‘frozen” model has one
ethylenic double bond and one isolated p orbital. Again one can picture
removal of a hypothetical insulator, this time from between the ethylenic
system and the single p orbital. Such a process leading to the fully delocal-
ized allyl species is pictured in Fig. 1.2-E. In energy-level terminology we
can write the process as in Fig. 1.2-F. Here we see that the starting frozen
species prior to complete delocalization has the = systems of ethylene plus
that of an isolated carbon p orbital. The former will contain two electrons,

Removal of

hypotheticol

insulator

ond goin of

delocalizotion

energy
Frozen species Delocalized species
w En.=-218I w En. = -2/218l

Fie. 1.2.-E
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Frozen species Delocolized species
Ethylenic Single
moiety p oarbitol
+ /2 - e
] - —
o — e ————————— e =

-2|8] = En. -2/218| = En.
or (2-24/2)18| delocalization energy

Fi6. 1.2-F. Electron delocalization in the allyl carbonium ion.

while in the case of the (e.g.) carbonium ion, the latter will not be occupied.
After delocalization is allowed, the energy levels become those of the allyl
species and two electrons fill the bonding MO. The increase in = energy
accompanying the delocalization process, that is, the delocalization energy,
is thus (cf. Fig. 1.2-F) (2 — 2v2)|8]. One peculiarity of the allyl species,
because of its nonbonding molecular orbital, is that the delocalization
energy is the same for the carbonium ion, the free radical, and the car-
banion. This may be seen in Fig. 1.2-F by adding the extra electron needed
for the radical, and the extra two electrons in the case of the carbanion.

1.2d Determination of the Molecular Orbital Energies
Jor the Cyclopropenyl Species

The only other three-atom system of carbon p orbitals is cyclopropenyl

(I), in which the three carbon p orbitals are arranged in a cyclic fashion.
*

A — A = A

(* = ® for cyciopropenyl cation, » for the radicai, ® tor the carbonion)

Since there are no noninteracting and nonoverlapping p orbitals the secular
determinant in Eq. 1.2-5 has no zeros and only ones in the off-diagonal
elements.

X1 Xz X8
X1 X 1 1
x2il X 1| =0 1.2-5
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Expanding this 3 X 3 secular determinant, using the mnemonic device
given on page 16, one obtains

X2-3X+2=0
which factors into

(X+2)(X-D(X-1) =0.
Thus the solutions for Eq. 1.2-5 are
= —2 X = +1, and X = +1

One could have obtained these energy levels from trial solution of the
expansion of the determinant or by plotting ¥ = X® — 3X + 2 versus X
and determining the values of X for which ¥ = 0.

Figure 1.2-G gives the = energies of the cyclopropenyl cation, free
radical, and carbanion as well as the delocalization energies. The frozen
model used for calculation of the delocalization energies (DEs) is that of
one resonance contributor, that is, one ethylenic double bond plus one
isolated p orbital having the balance of the electrons. This model has the
= energy of —2|8| for all three cyclopropenyl species, since the p orbital
contributes zero regardless of the number of electrons assigned to it.

It is most interesting that the molecular orbital prediction is for greatest
stabilization for the two-electron cationic species, less for the three-electron
radical species, and least for the four-electron carbanionic species.* The
simple resonance theory without added assumptionst would not have

Catian Free radical Carbanion
(two electrons) (three electrons) (four electrons)

- — —_ :é:

m En.  -4[8]| =318 -218l
DE -21{Bl -118l 018l
Fic. 1.2-G. Delocalization and = energies of the cyclopropenyl species.

* In the case of the cyclopropenyl carbanion there are two electrons available for the
two levels at +1, and in the present approximation one would predict these two electrons
to occupy different +1 levels with unpaired spins to give a triplet as a consequence of
Hund’s rule. An analogous situation obtains for the cyclobutadiene example discussed
next.

* The Hiickel rule (vide infra) provides such a differentiation, but this rule derives
from molecular orbital theory.
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provided this differentiation, since we have the same number of resonance
contributors for all three species. Experimentally it is of course well known
that the cationic species is most stable. Furthermore, this cyclic two-electron
species constitutes the simplest example of the Hiickel rule! specifying
special stability for cyclic species having 4n + 2 electrons.

1.2e Application of Direct Approach to Larger Molecules

Using the direct approach set forth for LCAO mixing thus far one can
write the secular determinant for any = system composed of parallel p
orbitals. However, expansion of even a fourth-order determinant requires
a more involved treatment than encountered thus far. In many cases,
especially where there is molecular symmetry, there are simpler approaches
to the problem; and these are outlined shortly. Nevertheless, the present
treatment is extended to two of the larger molecules. This allows introduc-
tion of cofactors which are of importance in the section to follow and also
indicates the procedure available when simpler methods are not available.

The expansion of a determinant by cofactors is a useful procedure. The
cofactor of any element a;; in a determinant can be signified by 4.;. It is
obtained by deleting that row (i.e., 7) and that column (i.e., j) containing
the element under consideration and then placing a plus sign in front of the
resulting lower order determinant if the sum of ¢ and j is even or a minus
sign if the sum of 7 and j is odd. Thus in the fourth-order determinant D:

1

- (111-—(:112—-&13~-(114 - -
: a1 (23 Qg4
(4231 €:122 Aoz Q24
D= i ) Ap = —|an as; au 1.2-6
G311 Q3 A3z O3

! A A4z Qa4

1
a4 ('142 A4z  Oyg

the cofactor A1, of element ay, is obtained by deleting row 1 and column 2
to give a 3 X 3 determinant. A negative sign is prefixed since a1 is an odd
element ; that is, the subscripts add to give an odd number.

Any determinant of order n (i.e., an n X n determinant) may be ex-
pressed as a linear combination of (n — 1)-order determinants; this is
termed expansion of a determinant by cofactors. One selects any row or
column of the determinant and multiplies each element of that row or
column by its cofactor. The original determinant is then given by the
algebraic sum of these products of element and cofactors. For example, the
determinant D of Eq. 1.2-6 could be expanded using the first row to give

D = andn + apdi + el + audu 1.2-7
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Since each of the cofactorsis a 3 X 3 determinant which we can expand by
inspection by the device given on page 16, while the original fourth-order
determinant is not subject to easy expansion, there is a clear advantage in
expanding by cofactors. Actually one would select that row or column which
had the maximum number of elements equal to zero, for this would give us
the smallest number of 3 X 3 determinants (i.e., the cofactors) to expand.
The same method can be used with a higher order determinant by successive
application. Thus a fifth-order determinant can be expanded by cofactors
into a linear combination of 4 X 4 determinants, each of which can then be
expanded into 3 X 3’s. Clearly, this method quickly reaches a practical
limit.

Let us apply the method to both eyclobutadiene and methylenecyclo-
propene. In the case of cyclobutadiene (II) the four atomic p orbitals are
labeled in order around the four-membered ring where the positive lobes

X ?XZ

X4 X3

I
are pictured as projecting above the plane of the paper. The fourth-order
secular determinant and the secular equation are then

X1 Xz X3 Xa
XIX 1 0 1

x2[1 X 1 0
=0 1.2-8
/0 1 X 1

xa[l 0 1 X
Using the first row, we expand this by cofactors to obtain

X 1 0 11 0 1 X 1
X1 X 1|+1(=Dfo0 X 1{+1-(-=D]0 1 X|=0 129

0 1 X 1 1 X 1 0 1

It is noted that there is no term involving the element a3 and cofactor A;s
since the former is zero. Expansion of these determinants in 1.2-9 gives

X(X*—2X) — (X24+1-1)— 1+ X2—1) = Xt —4X?
=XxXt—4) =0
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+2

Fic. 1.2-H. Cyclobutadiene MOs.

giving MO energy levels of X =0, X =0, X = —2, X = 42. Cyclo-
butadiene has four = electrons, and the energy levels may be filled and the
7 energy and = delocalization energy determined as in Fig. 1.2-H. The
frozen model used for calculating delocalization energy here is one reso-
nance contributor of cyclobutadiene in which the two double bonds are
assumed not to interact; this model therefore has = energy which is double
that of ethylene, or —4|g|. This is precisely the x energy of the delocalized
cyclobutadiene, so that MO theory predicts no stabilization by delocaliza-
tion. The organic chemist is well aware of the lack of stability of simple
cyclobutadienes and we note its nonconformity with Hiickel’'s 4n + 2
electron requirement for aromaticity.

One further aspect is noteworthy. There are two energy levels at X = 0;
these are said to constitute a degenerate pair. And, in general, the occurrence
of more than one orbital of the same energy is termed degeneracy. With two
electrons filling the bonding MO at —2, there are two electrons which are
available for the degenerate pair of MOs. In such a case Hund’s rule sug-
gests that the two electrons will go one into each member of the degenerate
MOs and that the two electrons will have the same spin. The reason why
this configuration, having two unpaired electrons and termed a triplet, is
of lower energy than the alternative configuration in which the electrons
have opposite, or paired, spins is the subject of a later discussion. The
present example is similar to that of the cyclopropenyl carbanion (cf. foot-
note on p. 20).

The case of methylenecyclopropene (III) is also instructive. Here the

X1
Il X2

(@]
1l

X3 X4
(m)
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secular determinant may be expanded as before. However, the resulting
polynomial can only be partially factored.

X1 Xz X3 X4
x|X 1 0 0

x2|1 X 1 1
D = =X-11 X 1| —-1-10 X 1| =0
x:/0 1 X 1

X4O 1 1 X
D=X(X?+4+2-3X)—(X2-1)=X*—4X?+2X+1
= (X—-1D(X*4+X*-3X—1) =0

Hence one energy level is given by X = 1. The other three MO energies
are the roots of ¥ = X34+ X2 —3X — 1 =0. These are obtained by
plotting Y versus X to determine for which values of X the function Y
equals zero. These roots are found to be X = —2.17, —0.31, and +1.48.
The energy levels, r En., and delocalization energy (DE) are given in
Fig. 1.2-1.

+1.48
+1.00

-0.31 ——H—
-207 —Y—

m En = -4.96(8!
DE = -0.96]8|

Fic. 1.2-I. Methylenecyclopropene MOs.

1.2f Simple Mnemonic Device for Obtaining Molecular Orbital
Energies for Unbranched Cyclic and Acyclic » Systems

A simple procedure has been described by Frost and Musulin® which
allows one to write down quickly the MO energy levels for certain = sys-
tems. The case of simple, unbranched rings is considered first.

One begins by drawing a circle of radius 2|8|. Then the appropriate regular
polygon is inseribed in the circle; in doing this one vertex is placed at the
bottom of the circle. If the molecular system is one of the cyclopropenyl
species, an upside-down equilateral triangle (Fig. 1.2-J) is inscribed. If we
are dealing with cyclobutadiene, we inscribe a square with one vertex
down (Fig. 1.2-K). For any of the eyclopentadienyl species—carbanion,
free radical, or cation—we draw in a pentagon (Fig. 1.2-L). For benzene,
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MO Energies
+2

MO Energres

Fic. 1.2-J. Cyclopropenyl. Fic. 1.2-K. Cyclobutadiene.

MO Energres MO Energies

__________ +2
"""""" +1.618
1
————————— -0 R
Tt -0.618
et
e ——— -2 < —— 2
Fic. 1.2-L. Cyclopentadienyl. Fic. 1.2-M. Benzene.

MO Energies MO Energies

————————— +1.802 S 2
—————— — +1.414
. ————1+0.444
__________ [e] ——— 0
_____ -1.246 _-___—'-: -1.414
Sl 2 e 2
Fic. 1.2-N. Cycloheptatrienyl. Fic. 1.2-0. Cyclooctatetraene.

a hexagon (Fig. 1.2-M); for cycloheptatrienyl, a heptagon (Fig. 1.2-N);
cyclooctatetraene, an octagon (Fig. 1.2-O); and so on.

Corresponding to each intersection of the polygon with the circle, there
exists a MO whose energy is given by the vertical placement, that is, its
projection on a vertical energy scale. The center of the circle is taken as the
zero, the bottom as — 2|8, and the top as +2|8|. The vertical displacements
from zero can be obtained by simple trigonometry; for many purposes a
qualitative idea of the placement of the molecular orbitals is sufficient.
For example, inspection of Figs. 1.2-J through 1.2-M reveals the source of
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the Hiickel rule requiring 4n 4+ 2 electrons for aromaticity, where n is an
integer. It may be seen that in all cases there is a single energy level at —2,
thus requiring at least two electrons for a closed shell. Above the —2 level
the MOs occur in degenerate pairs, requiring that all additional electrons
be provided in (n) groups of four for each degenerate pair to give a closed-
shell species. The summation of the electron requirement for closed-shell
species is therefore 4n 4+ 2. Also, we note that species having 4n electrons
are predicted in this approximation to be triplets, since two electrons are
supplied for the highest occupied degenerate pair (cf. discussion on p. 23).
Finally, since the low-energy species in each case will be those in which all
of the bonding molecular orbitals are filled, making the = energy as negative
as possible, inspection of these diagrams immediately suggests in each case
which species should be heavily stabilized. From Fig. 1.2-J we correctly
predict stability for the cyclopropenyl cation (two electrons); from Fig.
1.2-K we predict the cyclobutadienyl dication (two electrons) and the
cyclobutadienyl dianion (six electrons) to be preferred. Figure 1.2-1, sug-
gests that the cyclopentadienyl carbanion (six electrons) should be favored
over the radical and the cation in agreement with organic knowledge;
similarly, Fig. 1.2-M leads us to the preference for neutral benzene in the
six-ring system. Figure 1.2-N predicts special stability for tropylium cation
(six electrons) compared to the anion and radical; the organic chemist is
aware of the correctness here, too. Figure 1.2-O suggests that the dication
(six electrons) and the dianion (10 electrons) will be the favored eight-
ring aromatic species.* Thus, the Frost—Hiickel circle mnemonic is, indeed,
a convenient device.

An extension given by Frost and Musulin® allows application to un-
branched acyclic 7 systems. For a chain of m atoms we draw (note Figs.

MO Energies MO Energies

+1

Fic. 1.2-P. Ethylene. Fia. 1.2-Q. Allyl.

* In the past cyclooctatetraene has often been said to be nonaromatic because ring
strain led to puckering. The argument is belied by the existence of planar cyclooctate-
traene dianion where the r energy gained in attaining planarity is more than the strain
energy resulting. Thus cyclooctatetraene may be said to be nonplanar for electronic
rather than mere steric reasons.
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MO Energies MO Energres

+1.618 +1.732

+1.000
+0.618

(0]
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f e -1.000

fomom —— - 1618 -1.732

Fig. 1.2-R. Butadiene. Fi1a. 1.2-S. Pentadienyl.

1.2-P-1.2-S) the polygon having 2m + 2 sides inside the usual circle of
radius 2/8| and with one vertex down as before. However, only those inter-
sections of the polygon which are to the right of the vertical diameter of the
circle are used. This excludes the intersections at the bottom of the circle
(i.e., at —2|8]) and at the top of the circle (i.e., at +2|8]) as well as those
to the left; the part of the polygon used corresponds to the linear « chain
involved.

1.3 Elucidation of the Electronic Nature of Molecular Orbitals;
Determination of LCAO~-MO Coefficients

The preceding section concentrated on basic methods of eliciting molecu-
lar orbital energies. These were of value for determining the = and delocal-
ization energies of numerous species of organic interest. This section deals
with determining the electronic nature of these molecular orbitals. This is
done by finding the LCAO-MO coefficients. With these coefficientsin hand,
giving the linear combination of atomic orbitals of which a particular
molecular orbital is composed, we can obtain a mental picture of the molecu-
lar orbital as some given superposition of component AOs. Additionally, as
will be shown, we can derive molecular properties as charge densities and
bond order, and various reactivity indices as free valence.

1.3a A General Method of Determining LCAO-MO Coefficients

In the linear combination of atomic orbital-molecular orbital
(LCAO-MO) method each molecular orbital is expressed in the form

¥i = cuyx1 + Coxe + C3ixs 1 Caixe + 0 -+ Crjixn 1.3-1

where the x’s are the atomic orbitals available to the r system being con-
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sidered. This is similar to Eq. 1.1-3 except for the addition of subscript j
which refers to MO j. This subscript is necessary, since for each different
molecular orbital ¢; there will be not only a characteristic energy (X;) but
also a different and characteristic set of LCAO coefficients, the c,’s. There-
fore, for each different molecular orbital there will be a different admixture
of atomic orbitals, as each c;; indicates the weighting of atomic orbital x.
in molecular orbital ¢;. In labeling the coefficients it is customary to use
the first subseript to refer to the atom and the second subscript to indicate
the molecular orbital.

The same secular determinant which is used to derive the MO energies
is now employed to ascertain the LCAO-MO coefficients. To do this, one
selects any row or column; it i1s convenient to use row 1 routinely.* The
elements of this first row of the secular determinant can be generally
designated an, ais, @13, - - ., a1, for an n X n determinant representing a mole-
cule having n» component atomic orbitals. The cofactors of the first-row
elements can then parallel-wise be labeled An, Az, A1, ..., A1, It is now
stated that these cofactors of the elements of the first row of the secular
determinant give the unnormalized LCAO-MO coefficients ¢y, ¢y, Csjy - - -,
¢aj- That is, the cofactor of each element of the first row of the secular
determinant gives the weighting constant for the orbital heading that
column in which the element appears.

Thus if the secular determinant D is given by

X1 X2 X3 Xn
| am it e -
xX1|lan @iz iz ¢ Qip o
L e e e - = = 3
X2 dg1  Qgz  QAg3 Aap
D= x; Az Q32 Az A3n
Xn Ap1 QA2 Qg3 Tt Apn

then c1; = Au, c2; = A, ¢3; = Ay, ete.; or in generalt
Ci; = A 1.3-2

The cofactors are functions of X, the molecular orbital energy, and thus
they give LCAO-MO coefficients which are functions of which energy
level (X) is being considered. This is in agreement with the earlier state-
ment that each energy level has its own set of coefficients.

* In a few situations it will prove to be advantageous to select some other row.
t A derivation of this relationship is given later.
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The method of determining LCAO-M O coefficients is most readily learned
from applications to molecules which have been considered from the energy
viewpoint in Section 1.2. The simplest example is ethylene, whose MO has
the general form

Vi = Ci;Xa + Ceixz 1.3-3

Depending on which MO is considered (i.e., whether j = 1 or 2), we will
obtain one or the other of two sets of ¢ and c..

The first row of the ethylenic secular determinant is enclosed in a dotted
rectangle to emphasize that we plan to take the cofactors of each element
of this row and use these cofactors as unnormalized LCAO coefficients
(cf. p. 21 for the method of obtaining cofactors*). It is to be

X xe
a| X 1]
D= :111=X, A12= —1
X2 1 X

noted that each atomic orbital’s weighting (i.e., its coefficient) in the
LCAO expression is given by the cofactor of the element immediately
below that orbital. The cofactors, or unnormalized coefficients, thus ob-
tained are listed in Table 1.3-1. As obtained by the method of cofactors

TABLE 1.3-1
UnNORMALIZED COEFFICIENTS FOR ETHYLENE

General Value for Value for ¢:

Cofactor value (X =-1 X =1)
An (giving unnormalized ¢;) X -1 +1
A1z (giving unnormalized ¢;) —1 —1 -1

the relative value of the coefficients is seen to depend on X, that is, on
which MO is being considered, the bonding MO with X = —1 or the anti-
bonding MO with X = +1. The last two columns of this table give the
unnormalized coefficients. The unnormalized MOs are given by

Vi= —x1— X or V1= x1+ Xz 1.3-4
and
Yo = X1 — X2 1.3-5

* Actually, in obtaining these cofactors, we get 1 X 1 determinants. But as noted
previously, the general definition of a determinant as a summation of all permutations
reveals that a 1 X 1 determinant is just the single number in the determinant.
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The method of cofactors merely gives the relative values of the coefficients
in any single MO, nothing more. Therefore the negative sign in the cofac-
tors Au= —1 and 4, = —1 (i.e,, for ¥, and X = —1) is without sig-
nificance. Multiplying through by —1 we obtain the second and more
convenient form of Eq. 1.3-4.

The unnormalized MOs of Egs. 1.3-4 and 1.3-5 are unsatisfactory. We
have noted in Section 1.1b that the square of a coefficient gives the =-elec-
tron density g, at that atom (r) due to one electron in the given molecular
orbital ( ) under consideration:

Qri = Cri? 1.3-6

A respectable molecular orbital will have a total electron density, summed
over all atoms, of one electron for each electron put into that MQ; that is,
the sum of the squares of the coefficients in a MO should be one for the MO
to be properly normalized.* The sum of the coefficients in Eq. 1.3-4 is
12 + 12 = 2. Similarly, Eq. 1.3-5 gives 12+ (—1)2 = 2. These MOs
have the peculiar property of giving a total electron density of 2 when
containing one electron, thus the requirement for normalization. The rule
18 to take the sum of the squares of the unnormalized coefficients and to dwide
each coefficient by the square root of this sum. In this case we divide each un-
normalized coefficient by V2 to obtain

vi=1/(V2)x1 + 1/ (V2)xe 1.3-7
Yo =1/(V2)x1 — 1/ (V2) xa 1.3-8

Now the squares of the coefficients do add to one in each MO, and we note
that these are the bonding and antibonding molecular orbitals of ethylene
as given in Section 1.1. Also, the m-electron density at each atom of the
ethylene molecule may be calculated. This is the sum of the individual
contributions by each electron to that atom:

gr = 2 NiGrj = 2 NiCef 1.3-9
H H

Equation 1.3-9 generalizes this statement, giving the total w-electron
density ¢, at atom r of a molecule as the sum of the individual contributions
(the g./'s) by each electron in MO j to atom r. Here n; is the number of
electrons in each MO j and may be termed the occupation number, and the
summation is over all filled MQOs. Applied to the case of ethylene, Eq.
1.3-9 gives 2-(1/¥2)2 = 1 = density at each atom. Since the ethylenic
double bond contains two = electrons and ethylene is symmetrical, we shall
have to await more complex molecules to observe values which could not
intuitively have been predicted.

* This statement is true for the present Hiickel method but will need modification
in some future instances.
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Since the present section deals with LCAO-MO coefficients, it is presently
desirable to define another molecular property derivable from a knowledge
of these coefficients. This is bond order. The contribution to the bond order
between atoms r and s by an electron in MO j is given by Eq. 1.3-10 and
has been termed® the partial bond order:

Pra.ji = CrjCsj 1.3-10

Just as the total electron density was given as the sum of the individual
contributions, similarly the total bond order is given by such a summation:
Drs = 2. MyPre,j = 2. NiCriCej 1.3-11
7 7
Here again n; is the occupation number of MO j.

Applied to the ground state of ethvlene in which there are two electrons
in Y and where the contribution per electron is (1/¥2) (1/¥2) = 3, this
affords a bond order of one. Again this is not surprising, for ethylene does
have one localized = bond.

It is of some interest to determine the bond order of an electronically
excited ethylene in which one electron has been promoted to y.. The bond
order contribution in y, is (1/¥2)(—1/¥2) = —1, which cancels the % bond
order contributions from one electron in ¥, giving a zero total bond order.
Thus in this excited state one would expect relatively free rotation due to
the absence of = bonding and energy gain by parallel p-orbital overlap.

1.3b  Application to Determination of Coefficients of the Allyl
Species

The secular determinant’s first row is used again to determine the cofac-
tors—Au, Ay, Aiz—of this row’s elements. These cofactors are 2 X 2
determinants which are expanded to give respectively the weighting (un-
normalized coefficients) of the orbitals heading the columns of the deter-
minant.

X3 O 1 X
X 1 1 1 1 X
An = ) A= — ) A =
1 X 0 X 0 1

Table 1.3-2 gives the values of the cofactors and unnormalized coefficients
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TABLE 1.3-2
UNNORMALIZED LCAO COEFFICIENTS FOR ALLYL AND
NorMALIZING FACTORS

General For ¢4 For ¢ For ys

Cofactor value (X = —V2) (X =0) (X = +V2)
An Xz -1 1 -1 1
A ~-X +V2 0 —V2
Ay 1 1 1 i
Sum of squares of

unnormalized

coeflicients

N g
[T

2
1/v2

Normalizing factor

for the three MOs (X = —V2, X = 0, X = 4V2). Also, for each MO the
sum of the squares of the unnormalized coefficients is given along with
the reciprocal of the square root of the sum. The latter are the normal-
izing factors by which each unnormalized MO is multiplied to effect
normalization. Using the data in Table 1.3-2, we obtain the unnormalized
allyl MOs as

(X= +\/§) ¢3=X1—V§xz+X3
(X =0) Yo =x1— Xs 1.3-12
(X = —V2) Yi=x1+V2x + xs

Multiplying each by the appropriate normalization factor from Table 1.3-2
we can write the normalized allyl MOs:

(X =4V2)  ¢s=3x1— (1/V2)x: + $xa
(X =0) Yo = (1/V2)x1 — (1/V2) xs 1.3-13
(X = —\/§> 'Pl = %Xl + (1/\/5))(2 + %X3

We note from the coefficients that an electron in y, distributes itself more
heavily at the central carbon than at the ends of the molecule, whereas in
Y. electrons are localized at the two end carbon atoms. We recognize from
our earlier discussion in Section 1.1 that the consequence of a change in
sign of coefficients of adjacent AOs is the appearance of a node, or region of
no electron density. Said differently, in proceeding along the top side of a
# system, from atom to atom, we can be certain that somewhere in between
two points where the wave function has changed signs, there is a point
where the wave function and therefore the electron density goes through
zero. In ¢ there is no such node; in ¥» there is a node at atom 2; and in
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TABLE 1.3-3
r-ELECTRON DENSITIES AND BoND ORDERS FOR THE
ALLyL SpeciEs

Species (o Q: Qs Py Py (P1s)
Cation 0.5 1.0 0.5 1/V2 1/V2 3
Radical 1.0 1.0 1.0 1/V2 1/V3 0
Carbanion 1.5 1.0 1.5 1/V2 1/V2 —3

¥s there are two nodes, one between atoms 1 and 2 and one between atoms
2 and 3.

The total m-electron densities and bond orders are given in Table 1.3-3
for the allyl cation (two = electrons), allyl radical (three electrons), and
the allyl carbanion (four electrons). Realizing that a carbon atom having
a m-electron density of one has a zero formal charge, we see that the cation
has no formal charge at the central carbon atom but half a formal positive
charge at the end carbon atoms. This is in agreement with the resonance
prediction. The radical has unit r-electron density and a zero formal charge
at all atoms. The carbanion has no charge at the central carbon atom but
a half-negative formal charge at atoms 1 and 3, which again accords with
the resonance theory. It is noteworthy that = bond orders between atoms
1 and 3 can be calculated although, strictly speaking, a bond order should
not be calculated between two atoms which in the original calculations
were assumed not to overlap. The results obtained are presently used to
indicate the tendency toward bonding rather than pursued quantitatively
since we are dealing here with a rough perturbation calculation. We find
that for the allylic carbanion, atoms 1 and 3 are antibonding; that is, the
total bond order is negative and overlap would lead to destabilization.
This is reasonable, since complete 1-3 overlap would afford the cyclopro-
penyl anion which has no delocalization energy compared to 2 — V2 for the
allyl carbanion. The zero 1-3 bond order for the allyl radical, suggesting
little change in = energy on forming a 1-3 bond, predicts approximately
correctly, for there is little gained in forming a 1-3 bond and converting
the allyl radical (= En. —2.83|8]) to the cyclopropenyl radical (= En.
—3.00|8]). For the allyl carbonium ion the 1-3 bond order is +3 and we
would predict 1-3 bonding and formation of the cyclopropenyl cation to be
favorable, which is correct. The allyl carbonium ion has a = energy of
only —2V2|8], or —2.83|8|, compared to the more stable cyclopropenyl
cation, of = energy —4|8]. This approach, informing us which added =
bonds will lead to more stable species and which will lead to less stable
species, is discussed from a more quantitative and rigorous viewpoint in a
later discussion of first-order perturbation theory.
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1.3¢ Cyclopropenyl Coefficients; Difficulties Due to Degeneracy

Logically, we would next proceed to the cyclopropenyl system and deter-
mine the MO coeflicients. However, as will be seen, this is only partially
possible using the present level of sophistication. The secular determinant
and cofactors of the first row are

xs] 1 1 X
X 1 1 1 1 X
An = y A= — y Ay =
1 X 1 X 1 1

Table 1.3-4 gives the values of the cofactors for the different cyclopro-
penyl MOs (i.e., X = —2, X = +1, X = +1). This calculation reveals
that for the bonding MO (X = —~2) of cyclopropenyl the cofactors, and
thus the LCAO coefficients, are all equal. When properly normalized these
coefficients become 1/V3 and the bonding MO is

¥ = (1/V3)xa+ (1/V3)xe + (1/V3)xa 1.3-14

The w-electron density per electron in the bonding MO is 1 and therefore
is Z for the two electrons in the bonding MO of the cyclopropenyl cation
(IV). The formal charge at each of the three carbon atoms is predicted to
be +13 in accord with the resonance picture.

However, the coefficients for the antibonding, degenerate pair of MOs
at +1 cannot be obtained from the 2 X 2 cofactors, since these cofactors

TABLE 13-4

CoracTors DERIVED FROM CYCLOPROPENYL SECULAR
DETERMINANT

General For X = -2 For X = +1

Cofactor value (¥1) (2 OF yy)
An Xz —1 3 0
Az X +1 3 0
A 1-X 3 0
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®

A — A — A

become zero for X = 4-1. Because the cofactors merely give us the rela-
tive magnitude of the LCAQ coefficients, obtaining zero for all cofactors
does not imply that the coefficients are zero. The ratio is said to be inde-
terminate, and the unnormalized coefficients cannot be obtained in this
way. We shall return to determining these coefficients once we have reached
the next level of sophistication.

For the present, it can be stated generally that the cofactors derived
from any given secular determinant will necessarily be zero whenever
these correspond to a degenerate pair of MQOs. The basis of this rule is
discussed in Chapter 2.

It can be predicted that due to degeneracy at X = 0 all of the cyclo-
butadiene coefficients will not be derivable from the cofactors of the fourth-
order secular determinant. The coefficients for the butadiene problem could
be determined by the methods presented thus far; but, at this stage of
molecular complexity, the calculations are sufficiently laborious compared
to simpler available methods that we postpone the discussion of butadiene
and larger molecules until Chapter 3 as well as the introduction of methods
of simplification by use of symmetry properties.

1.4 Choice of the Basis Set of Atomic Orbitals in LCAO-MO
Calculations

In the preceding examples, the atomic 2p orbitals which were quantum
mechanically “mixed” through use of the secular determinantal equation
were taken as all oriented with the plus signs aimed in the same direction.
The molecular orbital coefficients obtained then indicated how these atomic
orbitals were to be oriented and weighted in each MQ; a plus sign indicated
that the atomic orbital was to be aimed upward while a negative sign speci-
fied that in the given MO the AO was to be aimed downward.

Now the original set of AOs prior to mixing is termed the ‘‘basis set”
employed. This merely means that we have somewhat arbitrarily chosen a
set, of orbitals to use in the mixing process. Actually, a different set might
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have been chosen, although there are some restrictions imposed.* For
example, another permissible set of basis orbitals would have one (e.g., xr)
or more of the complete set of p orbitals inverted with the plus and minus
signs exchanged. When using such a basis set, one must not forget that in
any MO each atomic orbital symbol represents that AO as it occurs in the
basis set. Thus, a positive coefficient for x, signifies an inverted AO at
atom r. In setting up a secular determinant with some of the basis orbitals
inverted, we put in a —1 for each adjacent set of orbitals in which the plus
lIobe of one orbital is near the minus lobe of the other orbital, and vice versa.

It is found that the molecular orbital energies afforded by quantum
mechanical mixing are independent of the orientation of the basis set of
atomie orbitals mixed. Conversely, the molecular coefficients will be a func-
tion of the choice of the basis set. However, it will be noted that, although
the algebraic form of the MOs depends on the choice of the basis set, the
actual molecular orbital will not depend on this choice. Thus the coefficients
will merely reinvert those orbitals in a MO which were taken upside down
in the basis set; that is, if the orbital x, is an inverted one, it is the negative
of a more conventionally chosen orbital aimed upward, and in each MO
obtained using the inverted orbital x, the coefficient will be the negative
of that obtained in the conventional calculation. Thus the direction of the
AOs in the molecular orbitals found will be independent of the definition
of the basis set.

A simple example is found in the case of the allyl species if we choose the
basis, or starting, set of AOs with the p orbital at carbon-3 inverted (Fig.
1.4-A). Here the secular determinant becomes

X1 X2 X3
x1| X 1 0

xell X —1{=X—2X=0 and X=0, +V2 14-1

800
00 6

Fic. 1.4-A

* It is necessary that a “complete set” be chosen. For the present purpose this merely
requires that all atomic orbitals be included.
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TABLE 1.4-1
Cofactor
(normalized General For X = —V2 ForX =0 For X = +V2
coefficient?) value () (¥2) (¥s)
Au (o) X2 -1 1 (3 -1 (1/V2) 1 ()
Ay (c) -X V2 (1/V2) 0 (0) —V2 (~1/V2)
A (c3) -1 -1 (—%) -1 (1/vV2) -1 (=%

e Normalized coefficients are given in parentheses.

The LCAO-MO coefficients are given in Table 1.4-1. Inspection of the
coefficients of Table 1.4-1 shows that it gives the usual allyl coefficients
with the exception that in every instance the sign of the coefficient c¢; is
inverted. However, this is the coefficient weighting the present x; which is
the negative of the more common convention, and the coefficient serves
to give an MO in each instance which has the AOs aimed with positive
signs in the usual direction*.

1.5 Cases Where Negative Overlap Is Enforced in the Basis Set

Occasionally a molecular situation is encountered in which it is impossible
to assign the direction of the basis set of AOs so that lobes of equal sign
overlap. Thus “twist-hydrotrimethylenemethane” (I) might have its
basis set of AOs chosen either as in Ia or in Ib, but in no case could one
find a basis set with only plus lobes overlapping plus lobes and only minus
lobes overlapping minus lobes. As we have recognized, either basis set will
afford the same solution. However, for convenience the basis set Ib is

{la) (Ib)

* There is one consequence of choosing a basis set with lobes of unequal sign over-
lapping. This is that bond order definitions given by Egs. 1.3-10 and 1.3-11 must be
modified t0 pra,; = CriCuiers (1.3-102) and pre = Zj nCriCsiere (1.3-11a) where e, is +1
or —1 depending on whether lobes of the same or opposite sign overlap.
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+ Lobes tilting outward

Point of sign inversion
in bosis set

- Lobes tilting outword

Fic. 1.5-A. Moébius strip problem.

better since all of the off-diagonal elements will be the same, namely —1.
As a problem (Problem 7 at the end of this chapter) it is suggested that
the reader obtain the MO energies for ‘“twist-hydrotrimethylenemethane’’;
these turn out to be X = —1, —1, and +2.

If one focuses attention on basis set Ia, he notes the presence of a cyclic
array of contiguous p orbitals with like signs overlapping except for one
inverston. This is related to the Mébius strip problem described by Heil-
bronner.” We may envisage a large cyclic polyene in which each p orbital is
twisted a bit relative to the adjacent p orbital and finally the ends of this
twisted chain are joined to give a cyclic polyene with a single inversion of
p-orbital sign in proceeding from one atom to the next (Fig. 1.5-A). It has

+2
+J/2
—-
—_— _ﬂ
MGbius cyclobutodiene
--------- +2 +1.732
-~————+0.618
~—— 0
—— -i.618 y ——-|.732
Mgbius cyclopentadienyl Mgbius benzene

Fia. 1.5-B. Moébius cyclic polyenes.
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been noted by Heilbronner that in such a cyclic polyene the MO energy is
given by the general expression*

X=2cos[2L+ lvr].
Here 7 is the number of AOs and L has the values 0, 1, ..., (n — 1) with
each value of L giving one molecular orbital.

It is not difficult to demonstrate® that for such Méobius systems a simple
mnemonic trick similar to the Frost—-Hiickel device is available. As with the
Frost device, one inscribes the appropriate polygon in a circle of radius
2|8/, and again the center of the circle is taken as the zero. As before, inter-
sections of the polygon with the circle correspond to MO energy levels.
However, in the case of Mébius strip cyclic polyenes, one orients one side
of the polygon horizontally at the bottom of the circle (cf. Fig. 1.5-B).

1.6 The Hiickel and Mobius Rules

Having developed the circle mnemonics for the Hiickel and Mobius
systems, we find it appropriate to use these in explaining the well-known
Hiickel rule which states that for a cyclic system of basis orbitals, 4n + 2
confers particular stability. Also, we can inquire if this rule applies to
Maébius systems, and if not, what rule is appropriate.

Looking at the circle mnemonic as applied to Hiickel systems we note
that invariably a single MO occurs at —2 and that this will accommodate
two electrons. Above this in energy, the MOs occur in degenerate pairs
(except for the highest occupied MO of even systems). Each pair will
accommodate four electrons; if there are n degenerate pairs, 4n electrons
are needed for these. This means that the total number of electrons required
for a closed shell in a Hiickel system will be 4n + 2.

It is readily seen from the Mébius mnemonic® that a different rule is
required since there is no single nondegenerate bonding MO. Since all the
MOs (except for a highest energy MO in odd cases) come in degenerate
pairs, the number of electrons needed for a stable, closed shell is 4n. Thus
for aromaticity, the Mobius rule is quite different.

In Hiickel systems, a molecule having the wrong number of electrons
for a closed shell has been defined® as ‘‘antiaromatic.” The same definition

* Heilbronner’s expression actually contained an extra factor to take into account
the decreased overlap of noncoplanar p orbitals. For simplicity we merely use the de-
creased resonance integral as our energy unit.
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TABLE 1.6-1
SUMMARY OF AROMATICITY AND ANTIAROMATICITY
REQUIREMENTS oF HUckeEL AND MOBIus SyYsSTEMS

Number of electrons

Type of

system 4n + 2 4n
Hiickel Aromatic Antiaromatic
Maoébius Antiaromatic Aromatic

could now be applied for Maobius systems, except that 4n + 2 leads to
antiaromaticity. Table 1.6-1 summarizes the situation.?10.11

It has been noted® that not just twisted cyclic polyenes but any cyclic
array of orbitals having an odd number of sign discontinuities constitutes
a Mobius system. The Hiickel systems similarly are more general. Also,
both Zimmerman®-'' and Dewar® have pointed out that the generalizations
above apply not only to molecules but also to transition states.

1.7 Relation between the LCAO-MO Coefficients and the
Molecular Orbital Energies

A very useful relation exists between the LCAO-MO coefficients of a
given MO and the MO’s energy. It will be shown later that minus twice the
sum of the partial (one electron) bond orders, including all pairs of adja-
cent atoms, gives the energy of that particular MO in the usual units of
|8]. We can picture the = bonding energy in any single MO as being dissected
into contributions with the contribution from any given bond being given
by the negative of twice the partial bond order

Aer,i = —2prs.i 17-1

Thus a positive partial bond order between atoms r and s in MO 7 affords
a negative contribution to the = energy (i.e., stabilization) while a negative
bond order signifies antibonding.

We could, for example, take the LCAO-MO coefficients for allyl’s lowest
molecular orbital and obtain from these the MO energy. Thus the 1,2-par-
tial bond order is (cf. Table 1.3-2 or 1.4-1 for coefficients) 1/2V2; and the
2,3-partial bond order is the same. The total bond order in the bonding
MO is therefore 1/V2; and the = bonding energy in this MO is hence —V2
per electron. This is synonomous with the MO energy.

This energy—coefficient relationship has another use, that of deriving the
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Allyl MOs Approximalte cyclopropenyl MOs
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F16. 1.7-A. Perturbation calculation of cyclopropenyl MO energy levels.

energy levels of one molecule from those of a structurally related one. For
example, it is possible for each allyl MO to derive (Fig. 1.7-A) the energy
change on allowing 1,3-bonding. We then obtain an approximation to the
MO energies of cyclopropenyl. Since the original coefficients are derived
from the allyl secular determinant which assumed no overlap between
atoms 1 and 3, we cannot expect the energies obtained to be exact for
cyclopropenyl. Precise Hiickel energies could be derived, of course, using
the cyclopropenyl coefficients.

Problems

1. Show that a Slater 2s orbital vanishes as p — infinity.
Hint: From the calculus of variations we know

tim £ _ jig £

wow §(U)  unw g7 (%)

and we note that x2, can be written in this quotient form.
2. In a p orbital, locate the point of maximum electron density.
3. Set up the secular determinant for benzene.
4. Obtain the Hiickel molecular orbital energy levels for the species
trimethylenemethane:

cHp=c C‘Hz

CH»

5. Show that without methods beyond those given in Chapter 1 it is
impossible to obtain all of the molecular orbital coefficients due to de-
generacy in trimethylenemethane.
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6. Convince yourself that a linear (i.e., acyclic) three-orbital system, in
which AO 1 is perpendicular to AO 2, breaks down into a problem of two
separate molecules. Which two? Set this problem upin a 3 X 3 determinant.
What characteristic of the 3 X 3 determinant correlates with its ability
to be ‘‘broken down’’ into two simpler problems?

7. Given “‘twist-hydrotrimethylenemethane,” with three p orbitals in a

=
AN

planar cyclic array, obtain the eigenvalues. How does this compare with
the array of MO energies in cyclopropenyl itself? In each case decide which
should be the stable species: the cation, the radical, or the carbanion?

8. Assume that the off-diagonal elements representing the interaction
between AOs r and s are given by cos 6,,. Then obtain the MO energies
for twisted ethylene as a function of angle of twist: for 0°, 30°, 60°, 90°,
120°, 150°, and 180°. Put all this together then into a correlation diagram,
plotting MO energies against 6;;.

9. How does the number of MOs correspond to the number of basis
AOs? Which of the following has the MOs symmetrically disposed about
zero: Cyclopropenyl, ethvlene, methyl, allyl? Can you correlate any molecu-
lar situation to the symmetrical disposition?

10. Derive the molecular orbital energies for butadiene. To do this use the
method of expansion by cofactors of the fourth-order secular determinant.
11. Show that the molecular orbital energies obtained for the cyclopro-
penyl problem are the same despite a basis set of atomic orbitals being
chosen having x; inverted.

12. Derive the MO energy levels for ““Mébius cyclobutadiene” by setting
up and solving the usual secular determinant. Check your answer against
that obtained using the ecircle mnemonic trick. Compare the resonance
energy with that for cyclobutadiene.

13. We are given the following energies and MO expressions for butadiene.

X = —1618; ¢ = 0.3717x1 + 0.6014x: + 0.6014xs + 0.3717xs

= —0.618; ¥, = 0.6014x; + 0.3717x2 — 0.3717x; — 0.6014xs
X = 40.618;  ¢; = 0.6014x; — 0.3717x2 — 0.3717xs + 0.6014x,
X = 4+1618;  ¢u = 0.3717x; — 0.6014xs + 0.6014xs — 0.3717xs

Use this information to calculate (to the second decimal place) the molecu-
lar orbital energy levels of the cyclobutadiene. Compare this with the
energies obtained by exact Hiickel solution of the cyclobutadiene problem.
14. Using the same butadiene MOs as given in Problem 13, derive the
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approximate energy levels of methylenecyclopropene. Here the 1,3-partial
bond orders are used.

15. Again using the butadiene MOs of Problem 13, derive the approximate
energy levels of “Mobius cyclobutadiene’” and compare your answer with
that obtained in Problem 12.

16. Whatis the effect of a methoxyl group substituted on (2) a carbonium
ion center, (b) a free radical center, (¢) a carbanion center? That is, which
centers are stabilized or destabilized and by what relative amount? Explain
this in MO terms: For simplicity simulate an oxygen p orbital by a carbon
p-orbital.
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Chapter 2

INTRODUCTION TO SOME CONCEPTS OF QUANTUM
MECHANICS AND THE THEORETICAL BASIS OF THE
LCAO-MO METHOD

The preceding chapter dealt with the simplest methods of the Hiickel
version of the LCAO-MO approach. Justification of these methods was
delayed with the conviction that there is a pedagogical advantage in pre-
senting the utility of the method prior to detailing its theoretical basis.
For the inquisitive and physically inclined the present chapter, giving the
basis of the LCAO-MO method, has been delayed long enough.

2.1 Fundamental Concepts of Quantum Mechanics

2.1a Eigenvalues, Eigenfunctions, and Operators

We can begin by defining the terms eigenvalues and eigenfunctions which
are basic to quanturn mechanics. Figenvalues are allowed values of some
observable property, for example energy. In fact, throughout Chapter 1
we determined the energy eigenvalues, or molecular orbital energies, for
electrons in different molecular systems. The logic of the term eigenvalue
(characteristic value) is clear once we remember that each molecule was
found to have its own characteristic set of MO energy levels or energy
eigenvalues; that is, only very particular energies were allowed. The energy
is sald to be quantized. However, observables besides energy may be
quantized and therefore have sets of allowed values or eigenvalues; pres-
ently we are most interested in energy.

An eigenfunction is a function describing the system with a given eigen-
value. Our LCAO molecular orbital expressions are eigenfunctions, since

44



2.1 Fundamental Concepts of Quantum Mechanics 45

each ¢, describes the state of an electron having the corresponding eigen-
value X; or MO energy. We see that for each eigenvalue there corresponds
an eigenfunction. We are most interested in eigenfunctions describing the
allowed states of an electron; such eigenfunctions are termed orbitals. We
use the symbol x; and term atomic orbital to describe the state of an elec-
tron confined to an atom, while the symbol ; is reserved for molecular
eigenfunctions (MOs) describing the state of an electron in a molecule.

Finally, before proceeding we need one further definition. An operator
is a symbol prefixing some variable and signifying that the particular
operation is to be performed on the variable. The operator (d/dz) signifies
“take the first derivative with respect to z of ..."”". The operator (d?/dz?)
similarly specifies ““take the second derivative of.”” It is the variable to the
right of the operator which is operated upon.

2.1b A Basic Postulate of Quantum Mechanics

A fundamental postulate is used to obtain the eigenvalues and corre-
sponding eigenfunctions for some observable property of a given system
(e.g., energy and orbital of an electron). This postulate is given by

(0,)®; = kd; 2.1-1

Here (0,) is an operator, ® is the function describing the system (as an
orbital), and k; is a constant corresponding to an allowed value of some
observable property of the system (as energy). This equation then in effect
states that for every observable property of a system described by the func-
tion ®, there can be found an operator (0,) such that when (0,) is per-
formed on an allowed value of ®, ®; (i.e., the eigenfunction), one obtains
back ®; multiplied by a constant k;, where k; is the eigenvalue, or allowed
value, corresponding to the eigenfunction ®;.

In principle, all we have to do is to select the proper operator (O,)
corresponding to the observed property we wish to obtain, and then to
solve Eq. 2.1-1 for the allowed values (the k;’s) of the observable; in the
process of obtaining these eigenvalues we also obtain the eigenfunctions
(the ®.s) describing the system in its allowed states. Table 2.1-1 gives
some examples of observables and their corresponding quantum mechanical
operators. Inspection of Table 2.1-1 reveals that physical properties ex-
pressed classically in terms of coordinates z, ¥, and z have quantum me-
chanical operators which correspond exactly to the classical expression;
such physical properties are position in space (z, ¥, z, r), relative position in
space (r12), and potential energies of electrons. We note, however, that the
momentum and kinetic energy operators are different from their classi-
cal counterparts. The operator equivalent of momentum (P = mw) is
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TABLE 2.1-1
SoME OBSERVABLES AND THEIR QUANTUM MECHANICAL OPERATORS®?

Observable Classical expression QM operator
Position in space z (similarly®: y and 2) z (similarly’: y and 2)
Momentum of a particle of P=mv (h/2%%) (d/dz)
mass m

Kinetic energy of a particle T = imp? — (h*/8mx?) (d?/dx?)
of mass m = (1/2m)P?

Potential energy of an elec- V = —Zer —Zet/r

tron near a nucleus of
effective positive charge Z

Potential energy of two V = e¥/ry, e%/ra
interacting electrons (1
and 2)
Total energy of an electron E=T+4+ Ve = — (h?/8mn?) (d?/dz?)
+ Vot
a b is Planck’s constant, v is velocity, ¢ is4/—1, r is the distance of the electron from

the nucleus, r1; is the distance between two electrons, and e is the charge of an electron.

b In expressions involving coordinates where only the £ component has been listed, if
motion in all directions is considered, then one must add equivalent terms in which y and
2 replace z.

(h/2%1) (d/dz). To obtain the kinetic energy operator we replace each P
in the classical expression (1/2m) P2 by the momentum operator. This gives
(1/2m) (h/2=%) (d/dz) (h/2%7) (d/dz). Since (d/dz)(d/dzr) means ‘‘dif-
ferentiate twice with respect to z'’ and ¢ = 4/—1, the kinetic energy
operator becomes — (h%/8ma?) (d?/dz?) for motion in the x direction. For
motion allowed in all directions (d2/da?) is replaced by the sum (d%/dxz?) +
(d2/dy*) + (d?/dz?).

We can now rewrite the eigenvalue equation 2.1-1 for the special case
employing the electron energy operator 3¢ and giving the energy eigen-
values F,;:

Hd; = ;P 2.1-2

Equation 2.1-3 is the equivalent one in which the energy operator is
written explicitly (here V. is the potential energy characteristic of the
specific system considered) :

[— (h2/8m1r2) (d2/d12 + d2/dy2 + d2/d22) + Vtotjq)i = E.,'q)-,' 2.1-3

This is the form of the Schrédinger equation most commonly given in
undergraduate textbooks.
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A second postulate of quantum mechanics, which can be considered to
be a corollary to that already given, states that the value (0,) of the
observable property corresponding to the operator (0,) when a system is
described by the function ¢ is given by*

_ [9(0,)¥ dzdy dz
[ytdadydz

(0s) 2.1-4

Here (0,) represents the measured value of the observable. In the special

case of interest now, the energy of any orbital is given by

[ yacy da dy de
fy2dzdydz

This will correctly give an orbital’s energy even when the orbital ¢ is not

an eigenfunction and additionally even when it is not normalized. The
integration in these equations is performed over all space, that is, from

E= 2.1-5

= —oo to 4w, y= —ow to 4w and 2= —oo to 4w

If the wavefunction or orbital is normalized, the denominator becomes
unity. If, additionally, the orbital is an eigenfunction, Eq. 2.1-5 becomes

E,‘ = /l//ia(zl//i dx dy dz 21-6

where ; is an eigenfunction and F; is its energy. This equation can be con-
sidered to be the integrated form of the Schridinger equation (Eq. 2.1-2),
for if we multiply each side of 2.1-2 by the eigenfunction ®; (symbol used
in 2.1-2 instead of ;) and then integrate over all space, we obtain

/tbe,-@,-dx dy dz = E,-/(I)ﬁ dr dy dz = E,' = /@iméidx dy dZ 2.1-6’

which is the equivalent of 2.1-6. In this, we have made use of the facts that
E;is a constant and may be removed from under the integral sign and that
®, is normalized and as a result the integration of its square affords unity.

2.2 The Variation Method; Minimization of LCAO-MO Energy
to Give the Secular Equation and Secular Determinant

We shall now apply the preceding to finding the eigenvalues and eigen-
functions (here allowed energies and orbitals, respectively) for an electron

* Throughout this discussion we are assuming that the wavefunctions, or orbitals,
used are real (i.e., noncomplex).
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placed into the 7 system of an organic molecule. For mathematical sim-
plicity we begin with a three-atom molecule. We shall assume that the
eigenfunction is of the LCAO form, that is,

¥ = cixa1 + Cexe + C3xs 2.2-1

However, the molecular orbital given by Eq. 2.2-1 will be the desired
eigenfunction only if ¢1, ¢, and ¢; are correctly chosen. We use Eq. 2.1-5 to
obtain the energy of the molecular orbital, because we have not assumed
it to be normalized and an eigenfunction. The energy of ¢ will depend on
the choice of ¢, ¢z, and ¢, but we desire that choice which will minimize the
orbital energy. It will be found that the eigenfunctions correspond to
energy minima for bonding MOs. .
We begin by substituting the LCAO-MO expression of Eq. 2.2-1 into
the energy expression of 2.1-5, cross multiplying in the process to obtain

E/ (eix1 + coxz + c3xs)? dv

= / (Cl)(l + c2x2 + 63X3)50(61X1 + cox2 + CSXS) dv 2.2-2

where dv represents the volume element dx dy dz. We may now expand the
squared term on the left and the product on the right; in so doing, we must
make certain to keep the 3C operator in its present order, that is, operating
only on terms to the right of itself. We obtain

E I:C12 / X12 dv + 622/)(22 dv + 632 / X32 dv

+ 2¢ce / xixe dv + 2¢1¢3 / x1xz v + 2c¢ac3 / X2X3 dv]
= ¢y’ / x3x: dv + 622/)(25(3)(2 dv 4 c5? / x33Cx3 dv
+ cics / x13Cxz dv + cic2 / x23Cx1 dv + cics / x19Cxa dv

+ 6163/)(35(3)(1 dv + 6263/X25CX3 dv + cgcs_/xgﬁcxg dv 2.2-3

It is convenient to use shorthand notation for integrals of the type which
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appear in Eq. 2.2-3, since these occur in many usages. The integrals are of
four types:

H, = / xr3Cxr dv is termed the Coulomb integral,

H, = /x,ﬁcx., dv where x. and x, are different atomic orbitals, is
called the resonance integral,

S, = / xr2 dv is 4 normalization integral, equal to one if the atomic
orbitals used are normalized,

Srs = / XrXs AV is termed the overlap integral.

Prior to substituting this symbolism into Eq. 2.2-3, let us consider
briefly the nature of the four integrals. The integral H,, can be considered
to give the energy of an electron in the (isolated*) atomic orbital. H,,, the
resonance integral, is the two-center analog of H,,, and can be considered
to give the stabilization resulting from overlap and interaction of the two
atomic orbitals x, and x. with the electron being allowed to distribute
itself between both orbitals rather than being confined to one. It is shown
later that H,, = H,,. S, as the designation ‘‘overlap integral’’ implies, is
a measure of the extent to which the atomic orbitals x- and x. overlap in
space. To the extent that x, and x. are simultaneously large in certain
regions in space, the integral S,, will also be large. If x, is always small

* This is only approximately true, since 3 in this derivation is the energy operator
for the entire molecular orbital ¥ rather than just the atomic orbital x,. Thus

/ xeJoxr dv = / x[d2/dzt + d2/dy? + d2/dzt — Zet/r, — Zet/r, — Zet/r Ixs dv

= /erchr dv +/Xr [:_82Z/r. —eZ/r]x-dv = E, + L.

Thus the operator 3¢ contains in addition to 3¢, (the operator corresponding to the atomic
orbital x,), the extra terms —e?/r, and —e?/r, which are the potential energy contribu-
tions due to attraction of the electron by nuclei s and ¢. Thus the integral H,, = [ x,3Cx, dv
gives the energy E, of (an electron in) atomic orbital x, plus an inecrement L. The
absolute value of L is, however, small, since when x, is large (i.e., near atom r), then
rs and r; (the distances from atoms s and ¢) are also large and their reciprocals are small.
All this is equivalent to saying that the Hamiltonian for the MO is not quite the Hamil-
tonian operator for a single atom.
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where x, is large and vice versa, then S,, will be small. §,, is the normal-
ization integral. Since x,? gives the probability of an electron in x, being
found (i.e., its electron density) at a particular point in space, the integral
S, gives the total electron density. If x, is properly normalized, S,, will
thus equal one.

Returning now to our derivation, we rewrite Eq. 2.1-9 using the sym-
bolism for the four types of integrals. In doing this we use the fact that
H,., = H,.. We obtain

E[c®Su + ¢Sz + ¢528s5 + 212812 + 2163815 4 262635 ]
= ¢ Hy + ¢®Hay + ¢s?Hss + 2c160H e + 2¢163H 15 + 2c005Hos  2.2-4

Now all of the integrals are fixed quantities characteristic of the geometry
of the molecule being considered. The energy E of the system is a function
of the variables ci, ¢3, and ¢;. To obtain the first secular equation we par-
tially differentiate Eq. 2.2-4 implicitly with respect to ci, keeping ¢; and
¢ constant. We obtain*

(6E/601) [012511 + ¢2%Sa2 + €283 + 2¢162812 + 2¢163813 + 20203523]
+ E[201S11 + 202S12 + 203S13] = 201Hu + 202H12 + 263H13 22-5

For an energy minimum (9E/d¢;) = 0 and the first term drops out. Divid-
ing through by 2 and grouping terms, we find

(Hu - Esu)cx + (H12 — ESy)c + (Hm — ES)es =0 2.2-6

which is the first of three secular equations which can be obtained. The
second and third are obtained similarly from Eq. 2.2-4 by partially differ-
entiating with respect first to ¢; to give the second secular equation (2.2-7)
and then with respect to ¢; to give the third (2.2-8):

(H21 - ES21)01 + (H22 - ESz2)C2 + (H23 - Esza) ;=0 2.2-7
(H:u - ES:H)CL + (H32 - ESs2)C2 + (Haa - Esaa)ca =0 2.2-8

Now if the three secular equations 2.2-6, 2.2-7, and 2.2-8 are not to have
the trivial solution ¢; = 0, ¢c; = 0, ¢; = 0, then the following condition
must be metf:

* In this differentiation we remember that the derivative of a product d(uv)/dz is
given by u(dv/dx) + v(du/dzx).

t A corollary of Cramer’s rule states that a necessary condition for a nontrivial solu-
tion of a set of simultaneous, linear equations is the disappearance of the determinant
of the coefficients of the unknown variables. In the present instance the unknown
variables are ¢, ¢; and ¢; while the coefficients of the variables are the terms in
parentheses in the secular equations.
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X1 X2 X3
X1 (Hn - ESn) (Hu - ESlz) (H13 - ESls)

xe| (Hn — ESa1) (Hyp — ESp) (Hu— ESx)| =0 2.2-9

xs| (Hu — ESz) (Hzp — ES3) (Hszpz — ESs)

This is termed the secular determinantal equation. Each element of the
determinant has subscripts indicating which atomic orbitals appear in that
element’s resonance and overlap integrals; and the columns and rows are
labeled with these interacting orbitals. The reader can readily demonstrate
to his satisfaction that the preceding derivation can be applied to larger
systems, or to the smaller system ethylene for that matter, and will afford
secular equations and secular determinants of exactly the same form. How-
ever, there will be as many secular equations and rows and columns of the
secular determinant as there are orbitals mixed (i.e., taken in linear com-
bination). Thus, in general the secular equations are

> (Hye — ES.)e. =0 for r=1,2,3,...,n 2.2-10

and the secular determinantal equation is
I(Hra - ESrs)l =0 2.2-11

Turning now to the specific case of allyl and Eq. 2.2-9, we find that sim-
plification is possible. Thus Hy, Hss, and Hy can all be taken as equal and
designated by the symbol « representing the Coulomb integral for a carbon
p orbital. Hyy, Ha, Hy, and Hy, are the resonance integrals reflecting the
extent of electronic interaction between two adjacent p orbitals, and all of
these can be replaced by the general symbol 8. Hy; and H3 can be neglected
since these integrals involve nonadjacent p orbitals. Sy, Sz, and Ss; are
normalization integrals equal to one. Sy2 (=82z) and Sz (=8s2) are ne-
glected in the Hiickel approximation; these overlap integrals are relatively
small (about 0.25). As will be noted later, the results which we obtain here
with the “neglect of overlap’ assumption can readily be corrected to in-
clude overlap.

As a result of these substitutions Eq. 2.2-9 becomes

X1 X2 X3
x1|(a — E) B 0
Xz B (¢ — E) B =0 2.2-12

X3 0 £ (« — E)
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Now determinant algebra allows us to multiply or divide all elements of
any row or column by a constant. The effect of such an operation is to
multiply or divide the value of the entire determinant by that constant.
In the present instance we shall divide each column by 8, giving

X1 X2 X3
xi|(a — E)/B 1 0
X2 1 (a — E)/B 1 =0 2.2-13
X3 0 1 (a — E)/B

Now let us define
X=(@—E)/B=E—-a)/(—B) = E—-0a)/(8) 22-14a

and we note that Eq. 2.2-13 becomes the secular determinantal equation
of the form utilized in Chapter 1:

X1 X2 X3
X1 X 1 0
x2x!11 X 1[=0 1.2-3
10 1 X

The X’s are found as diagonal elements; the ones are found where columns
and rows headed by adjacent and interacting atomic orbitals intersect.
Zeros are found where columns and rows of noninteracting atomic orbitals
intersect.

The definition of X as given in Eq. 2.1-20a is important. We see that X
is defined as the energy E of the system in excess of a and in units of |3,
the absolute value of beta. Thus in view of the significance attached to
a = H,, the energy of an electron in an isolated p orbital is taken as our
arbitrary zero of energy. Thus

E=a+ X8 2.2-14b

We have now justified the method of obtaining molecular orbital energies
given in Chapter 1.

It is of some considerable interest to inquire whether the solutions to the
secular determinantal equation (e.g., 2.2-9) really do correspond to energy
minima. Thus far in our derivation we merely required that the first
derivative of the energy with respect to each of the LCAO coefficients be
zero; this could correspond to an energy minimum, a maximum, or an
inflection point. Let us return to Eq. 2.2-5 and implicitly partially dif-
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ferentiate again with respect to ¢;. A positive second derivative (3*E/dc,?)
is a requirement for an energy minimum with respect to ¢; when the secular
equation is satisfied; similarly the second derivatives with respect to the
other LCAO coefficients should be positive. Implicit partial differentiation
affords

(62E/6012) [012S11 + ¢2?Saz + ¢*Ss5 + 2¢162812 + 26163815 + 20203S23]

+ 4(3E/301) [CISII + ¢S + C3SI3] + E[2S11] = 2Hy

or
2(Huy — ESn)
92E /9c,?) = 2.2-15
(9%E/dert) 23S + 2282 + 52835 + 26162812 + 26263825 + 2¢165815 ?
(02E/dci?) = 2(Hu — ESu) = 2(a — E) 2.2-16
or* in terms of X:
(92X /9c) = —2X 2.2-17

The denominator of the expression in 2.2-15 is unity since this is just the
expansion of [¢2dv = [(coxi + cex2 + ¢sx3)? dv with substitution for the
symbols used for the overlap and normalization integrals.f Analogous
expressions are obtained for the second derivatives with respect to the
other LCAO coefficients.

Thus we have arrived at the interesting answer in Eq. 2.2-17 that the
second derivatives (92X/dc¢,?) will be positive for a molecular orbital having
a value of X less than zero. A positive second derivative provides a necessary
condition that the extremum we have located is a minimum, and we can
state that all bonding MOs (i.e., negative X’s) correspond to energy
minima. Any deviation from the value of X afforded by the secular equa-
tions will raise the energy of the MO. Furthermore, Eq. 2.2-17 reveals that
antibonding MOs, where X is positive, correspond to energy maxima. For
nonbonding MOs where X = 0, we have an inflection or saddle point. In
real organic systems, the bonding MOs will be populated largely or com-
pletely while a much smaller number of nonbonding and antibonding
MOs will be filled. As a result the energy of the total system will be at a
minimum.

* This is obtained by substitution of the definition of X into the right-hand side of
2.2-16 and the second derivative of this definition into the left-hand side.

t Although we have not required the original ¢, whose energy we were extremizing
to be normalized, we are requiring that it be a properly behaved MO once the correct
¢’s are chosen.
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2.3 Justification of the Method of Cofactors for Determining
LCAO Coefficients

Consider a secular determinantal equation as

an Gz Q3 . Qa
A1 Qo2 Qo3 **° Q2n
an Gz Az -+ apm| =0 2.3-1
An1 Ann

where each element a,, = (H,, — E8,,). This is then just a convenient
shorthand abbreviation of the secular determinantal equation of the form
given in 2.2-9. The secular equations from which 2.3-1 derives are

anc + eCe + aycs + ¢ -+ e = 0 2.3-2a
anCy + A + Axcs + ¢+ agc, = 0 2.3-2b
asc + azece + acs + -+ Az, =0 2.3-2¢
aniCy + v + At = 0 2.3-2n

where these represent equations such as 2.2-6 through 2.2-8. Now let us
see to what extent a valid solution for the molecular orbital coefficients is
given by

Co = kA1, 2.3-3

where ¢, 1s the LCAO coefficient for atom s, A4;, represents the cofactor of
element ai,, and & is an undetermined constant. Equation 2.3-3 is just a
restatement of the method of cofactors, presented in Chapter 1, in which
the relative values of the LCAO coefficients were given by the cofactors of
the elements of row 1 of the secular determinant.

We can show in the following way that Eq. 2.3-3 does afford a proper
solution to all of the secular equations. If we substitute the values of the
LCAO coefficients as given by 2.3-3 into the left-hand side of any of the
secular equations, for example the rth one, we obtain a quantity

L =k(andn + arpdre + a4+ -+ aud1a) 2.3-4
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Now it can be seen* that the portion of Eq. 2.3-4 in parentheses is just an
expansion by cofactors, using row 1, of the determinant

Ar1 Qrp Ar3 =t Qrn
Qo1 Q22 Qg3 -+ Q2n
Gn Q@ Qi - Q| = L/k 2.3-5
aﬂ.l .o aﬂn

This determinant is zero independent of the value of r, that is, regardless
of which secular equation was selected for testing the validity of our choice
of coefficients. If we selected the first secular equation and hence r = 1,
then this determinant is identical with the secular determinant of Eq.
2.3-1, which is equal to zero. If r has any value other than unity (i.e., we
selected one of the other secular equations), then the determinant above
will have its first row identical with one of the succeeding rows, and any
determinant having two identical rows (or columns) is equal to zero. As a
consequence L = 0 and we see that all of the secular equations are satisfied
by choosing the LCAO coeflicients as prescribed by the method of cofactors.

2.3a Orthogonality of Eigenfunctions

Two wavefunctions or orbitals are said to be orthogonal when the integral
of the product is zero. It is general that two molecular orbitals of the same
molecule, or any two eigenfunctions of the same operator for that matter,
will be orthogonal if they correspond to different eigenvalues. A general
proof is now given. We begin by pointing out that operators of interest in
molecular orbital theory satisfy the relation

f‘I’.-JC‘I’,- dv = f‘I’ﬂC‘I’i dv 2.3-6

These are termed Hermitian operators, and this property is discussed in
the next section. Now if both ¥; and ¥, are eigenfunctions of the operator,
and here 3¢ is the energy operator as an example, then the Schrédinger
equation tells us that

v = E¥,; and XV; = E¥; 2.3-7a,b

* It is necessary to note that the determinant in Eq. 2.3-5 has the same cofactors of
its first-row elements as the secular determinant (i.e., in 2.3-1).
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Substitution of 2.3-7a into the right-hand side of 2.3-6 and 2.3-7b into the
left-hand side affords after extraction of the constants E, and E;,

Ei/‘l’i‘l’j dv = E;‘f‘l’j‘l’i dv 2.3-8

But since E; and E; are different eigenvalues, the equality 2.3-8 can be
true only if

/ Y, dy = 0 2.3-9

The orthogonality relationship of Eq. 2.3-9 can be extended to the
special case of two LCAO-MOs by letting

W, = Cuixa + Cauxa + Caixzs + ** * + CaiXa
and
V¥; = cijx1 + cojx2 + €a3jxz + * * -+ CujXn-

Then on substitution into Eq. 2.3-9 we obtain

T8

3 CriCss / XrXs Q0 = 2 CriCsiSps = 0 2.3-10

With the more stringent neglect of overlap assumption in which S,, is
zero except for r = s, when S,, = 1, we obtain

Y Cricrj =0 2.3-11

That is, when a summation is taken of the products of corresponding LCAO
coefficients for two nondegenerate MOs, the result is zero.
Another consequence of this proof is that

/\I/,-JC\I/; dv = 0 23-12
since
/ V30w, dy = / VB dv = B, f V¥ dv=0 2.3-13

This is the basis of the off-diagonal elements being zero in a secular deter-
minant expressed in terms of molecular orbitals (i.e., the determinant
becomes diagonalized). Each off-diagonal element, H., — ES.,, becomes
composed of two vanishing portions. The first is zero since it is now the
integral in 2.3-13 and the second is zero due to orthogonality of the two
MOs as in Eq. 2.3-9.
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2.4 The Hermitian Character of the Molecular Orbital Operators

The relationship assumed in Eq. 2.3-6 derives from the nature of the
operators used in quantum mechanics and more specifically here, in MO
theory. Thus, the energy operator we commonly deal with has two parts,
a potential energy term of the form —Ze?/r.; and a kinetic energy term
involving second derivatives.

If we had only the potential energy component, we would have no doubt
about the Hermitian character of the operator, since —Ze?/r;; is just a
multiplier and thus the order of terms under the integral sign is unimpor-
tant. That is,

Ze?
/\1/,——\1/ dv—/\If—-\If dv—]r—-\m\p,-dv,... 2.4-1
ij

However, the Hermitian character of the kinetic energy portion of the
operator is not as obvious. For simplicity we will test the operator (d?/dz?)
since the z, y, and z second derivatives are additive in the operator and if
one is Hermitian, the rest will be so also. Thus the question is whether the
following equation is valid:

+ o0 dz ~+ 0 2

\I'dz\ll der = _W\I/d2\llldx 2.4-2
We note that the integrals have limits allowing z to run from minus infinity
to plus infinity, since in principle orbitals may extend this far.
To test 2.4-2 we use the method of integration by parts. We remember
that

l2 lg
/ u dw = [uw]i? —/ w du 2.4-3

41 151

For the left-hand side of Eq. 2.4-2 we allow ¥, to be u and (d?¥,/dx?) dx
to be dw. This gives us

+ o0 d2 d\I,J]-I-w f+w d\I’J d\I’1,
i— Vider =¥, — - —_— 2.4-4
—w ¥ da? ¥;dz [\II dzr 1. _e dx dz,dz a
T T T 1
u dw U w w du

Similar treatment of the right-hand side of 2.4-2, however with ¥; being
uw and (d*¥;/dz?) dz being dw, affords

Yo d? d\I/,-]+°° /+°° a¥; d¥,

Y, — V¥, dz = |¥;
o 7 da? ’ [sz dx dx

2.4-4b

— o0 -0
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In each of Eqs. 2.4-4a and 2.4-4b, we find that the term in brackets is zero.
Thus when evaluating this term at its limits a reasonable wavefunction
will vanish at plus or minus infinity (as will the derivative). The second
term is seen to be the same for the two equations, since the integrals differ
only in order of multiplication of two derivatives. Hence we have proved
the equality in Eq. 2.4-2 and this leads to completion of the proof of 2.3-6.

2.5 Rank of Secular Determinants as Affecting Determination of
Coefficients

In Chapter 1 it was noted that the method of cofactors could not be used
to obtain LCAO-MO coefficients for degenerate MOs. In order to explain
the basis of this it is necessary to define rank. The rank of a determinant is
the size of the largest subdeterminant one can obtain by striking out rows
and columns such that the subdeterminant is nonzero. If we have a secular
determinant of order (e.g.) 3 (as in cyclopropenyl), we see immediately
that the rank cannot also be 3, since the secular determinant by definition
is zero. If by deleting one row and one column, we can obtain a nonzero
2 X 2 subdeterminant, then the rank will be 2. In the case of the secular
determinant for cyclopropenyl, all 2 X 2 determinants become zero when
we substitute in the value of X = +1. This was the reason the ratio of
cofactors could not be used to give the LCAO-MO coefficients. The problem
here 1s that the rank of the cyclopropenyl secular determinant is 1 and not 2
when degenerate eigenvalues are substituted in. Thus, all cofactors will
vanish.

More generally, the rank of secular determinants of order n willben — 1
for nondegenerate eigenvalues and n — 1 — m where there are m degenera-
cies, 1.e., m degenerate pairs. The proof of this is left for the reader to con-
sider in connection with later discussions of diagonalization of secular de-
terminants and matrices.
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Chapter 3

THE USE OF MOLECULAR SYMMETRY FOR
SIMPLIFICATION OF SECULAR DETERMINANTS;
INTRODUCTION TO GROUP THEORY

At the end of Chapter 1 it became clear that the difficulty of direct solu-
tion of secular determinants increases rapidly with the size of the molecule
studied and a mathematical impasse is quickly reached. When the molecu-
lar system has symmetry, as is frequently the case, this impasse can be
delayed by the use of group theory. However, the approach of this chapter
is not to present group theory immediately but rather to develop the use
of symmetry properties more gradually and then to demonstrate the equiv-
alence of group theory to the methods employed.

3.1 Conversion of Secular Determinants Expressed in Terms of
Atomic Orbitals into Secular Determinants Expressed in
Terms of Group (Symmetry) Orbitals

3.1a Method of Addition and Subtraction of Rows and Columns

For a molecule which has an element of symmetry such as a plane, there
is a useful method for simplification of the secular determinant. Ethylene
is the first case to be considered. As before the secular determinant is
written in terms of the atomic orbitals which then label the rows and
columns. The simplification involves a first step of writing a new deter-
minant in which each pair of columns of the original secular determinant
headed by equivalently located atomic orbitals has been added to give one
new column and then subtracted to give a second new column. In the same
way, in a second step, the rows are added and subtracted.

59
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Original Secular Determinant

X1 X2

X1X 1
=0

xo|1 X

Result of Step 1 (Column Add-Sub)

OGa+x2) Oa—x)
xi] X+1 X-1

x| 1+X 1-X

Result of Step 2 (Row Add—Sub)

Oa+x) (a—x)

o+ x| 2X+2 | 0
| : =0
(a — x2) 0 P 2X — 2
Hence
(x1 + x2)
a+x)|2X+2]=0 oo X=-1
and

(X1—X2)
a—x)]2X—-2|=0 o X=+1

Addition-subtraction operations as performed above do not alter the
equality of a determinant to zero.* These operations afford a secular deter-
minant which can be dissected into two 1 X 1 determinants. In general,
a determinant which can be separated into such nonoverlapping blocks of
smaller determinants is equal to the product of these smaller determinants.
Then each determinant equaling zero provides a solution to the secular
equation. In the present instance, since a 1 X 1 determinant of a quantity
is equal to the quantity itself, the addition-subtraction method has led
directly to the final solutions of X = —1 and X = +1. Furthermore, the
group orbitals labeling the column and row of each of the 1 X 1 secular
determinants are the corresponding unnormalized molecular orbitals.

In the utilization of the addition-subtraction method it is important to

* Each addition—subtraction operation (e.g., on two columns) has the effect of multi-
plying the determinant by 2. However, since the determinant is equal to zero, multi-
plication by a constant is of no concern. The overall operation is equivalent to a “‘simi-
larity transformation’” and multiplication by a constant; this matrix equivalent is
considered subsequently.
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group the added columns together and separately from the subtracted
columns. The rows should follow the same sequence as the columns. The
group orbitals heading the added columns can be termed ‘‘symmetric”
group orbitals while those labeling the subtracted columns can be desig-
nated ‘‘antisymmetric.”” The order in which the symmetric orbitals occur
is unimportant as long as the same order is observed for columns and rows.
The same is true of the separately grouped antisymmetric orbitals.

A second example is found in the treatment of the allyl species (I).

000
500

Here there is a plane of symmetry bisecting the molecule through atom 2
and x:. Since x1 and x; are the equivalently located atomic orbitals, the
columns and rows headed by these will be added and subtracted to give a
secular determinant expressed in terms of symmetric and antisymmetric
group orbitals. Since x2 has no similarly situated orbital, it is not subjected
to addition—subtraction operations. Since it is bisected by the plane of
symmetry, it is symmetrical with respect to this plane and is grouped with
the symmetrical group orbitals. The operations are then

Original Secular Determinant

X1 X2 X3
x1|X 1 0

X21 X 1 =0

x:0 1 X
Result of Column Operations

(xa+x3) x2 (xa— xs)
X1 X 1 X

X2 2 X 0 =0

X3 X 1 -X
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Result of Further Row Operations

(x1+x3) x2 (x1— xs)

xi+x)| 2X 21 0
X2 2 X 0 =0
(x1 — xs) 0 0! 2Xx
Hence
(x1+ x3) xz

(x1 + xs) 2X 2
=0 and X = 1\V2
X2 2 X

for the symimelric orbitals

(x1 — x3)
x1i—x3)] 2X |=0 and X=0

Jor the antisymmetric orbital

In the present instance addition-subtraction operations have broken the
third-order secular determinant into a 2 X 2 composed of symmetric
orbitals, plus a 1 X 1 of the antisymmetric orbital x1 — xs whose energy is
X = 0 and is the nonbonding MO found by the earlier direct approach.
Whenever a 1 X 1 determinant is obtained, not only does this yield the
energy of an orbital directly but also the heading of the determinant is
more than just a group orbital—it is the unnormalized molecular orbital
having the energy given by the determinant. Contrariwise, when simplifi-
cation by symmetry has left a determinant headed by several orbitals of
the same symmetry, as in the case of the second-order determinant above,
these orbitals must be mixed further to afford a solution. This is done by
solving the determinantal equation for the energy, here X = +V2 and
then using the method of cofactors to determine the coefficients weighting
the orbitals heading the columns and rows of the simplified secular deter-
minant. Thus the second-order secular determinant obtained for the allyl
species has its elements expressed in terms of the two orbitals ¢, = (x1 + xs)
and xz. The molecular orbitals whose energies are given by this determinant
will have the form

‘l/ = C,P, + CaXe = Cs(xl + X3) + CaX2 3.1-1

and the coefficients obtained from the cofactors of the first-row elements
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of the second-order determinant are then

Coefficient  Cofactor in general For X = —V2  For X = +V2

Cs X —V2 42
€ -2 -2 -2

and the unnormalized MOs are
Yoy = \/§¢3 + 2x = \/§X1 + \/§X3 + 2x. 3.1-2
Vi = V26, — 2x2 = V2x1 + V2x3 — 2x2 3.1-3

These are equivalent to the orbitals given in Egs. 1.3-13 except for a con-
stant factor of V2. The normalized MOs are presently obtained by division
by the square root of the sum of the unnormalized coefficients squared

(i.e., \/g):
Ixi + 3xs + (1/V2)xe 3.1-4
Ve = ba+ o — (1/V2)x: 3.1-5

¥
<
I

3.1b  Some Comments on Symmetry and Antisymmetry of Group
Orbitals

In the preceding discussion, the subtracted group orbitals have been
referred to as antisymmetric while the groups consisting of added atomic
orbitals have been termed symmetric. The significance of this designation
can be conveyed either pictorially or algebraically. Thus inspection of
(x1 + xs) (Fig.3.1-A) and (x1 — x3) (Fig. 3.1-B) indicates that the orbital
(x1 + x3) is symmetrically disposed about the plane of symmetry. How-
ever, (x1 — xs) is antisymmetric with respect to the plane since for every
point on one side of the plane there is an equal but negative value of the
orbital found at the equivalently located point on the other side of the
plane. x. is symmetric; for this reason it was grouped with the summed

symmetric orbital.
+X, +X, +X, ~X,

01 0 01 ¢

CH, H CH, CH, (I:H CH,

‘N 0|

Fi16. 3.1-A. The group orbital (x; + xs). Fia. 3.1-B. The group orbital (i — x3)-
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For this to be seen algebraically, we need to define a symmetry operator
o, which means “reflect in the plane of symmetry.”” This symmetry operator
will now be applied to the group orbitals of interest:

If
¢ = x1+ xa and b = X1 — X3 3.1-6

then
ops =o(xa+x3) =oxi+ oxs=xs+ x1 = ¢ 3.1-7
opa = o(x1— X3) = ox1— OXs=Xs — X1 = — s 3.1-8
oX2 = X2 3.1-9

since
aX1 = X3 and gxX3 = X1 3.1-10

Equation 3.1-10 follows from inspection of Fig. 3.1-A and recognition that
performance of the operation ¢ on x1 converts it into xs and the same opera-
tion on x; transforms it into xi.

One further point is noteworthy. Equations 3.1-7 and 3.1-8 reveal that
our group orbitals ¢, and ¢, are eigenfunctions of the operator o, for appli-
cation of this operator to each of these results in the same orbital, ¢, and
¢. respectively, multiplied by a constant 41 in the case of ¢, and by a
constant —11in the case of ¢.. Thus the net result of the symmetry operator
on a group orbital is to multiply the orbital by its eigenvalue 41 if the
orbital is symmetric and —1 if it is antisymmetric.

3.1c Application to Cyclobutadiene

Cyclobutadiene is a molecule which has two planes of symmetry (cf.
Fig. 3.1-C) and hence two reflection operations ¢ and ¢’. The present use of
symmetry in the addition—subtraction method is of interest not only be-
cause of the great simplification of the secular determinant but also because
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as noted on pages 34 and 35 we are unable to obtain the LCAO-MO coeffi-
cients from the fourth-order secular determinant but are able to derive
these presently.

The fourth-order secular determinant can be first simplified by adding
and subtracting rows and columns* headed by atomic orbitals symmetri-
cally placed about the ¢ plane.

Original Secular Determinant

X1 Xz X3 X4
xiX 1 0 1

X2 1 X 1 0
=0 3.1-11a
X3 0 1 X 1
xs|1 0 1 X
Addition—Subtraction of Columns
(x1+x) Oetx) Go—x) (Oe— x)
x| (X + 1) 1 (xX-1) 1
X2 1 (X+1 1 (X-1)
=0 3.1-11b
X3 1 1+ X) -1 (1-X)
xs| (1 + X) 1 (1-X) -1
Second Step: Addition—Subtraction by Rows
it x) Getxsd) (a—xd) OGe—xs)
(x1+ x4) | (2X + 2) 2 0 0
(x2 + xa) 2 (2X + 2) 0 0
=0 3.1-1llc
(x1 — x4) 0 0 (2X — 2) 2
{x2 — x3) 0 0 2 (2X — 2)

It is noted that there result two second-order secular determinants—one
expressed in terms of group orbitals symmetric with respect to the hori-
zontal plane of symmetry and the other antisymmetric with respect to the

*To avoid circumlocution we refer to addition (subtraction) of rows (columns).
Addition (subtraction) of the corresponding elements of the rows (columns) is actually
meant.
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horizontal plane. These 2 X 2 determinants can now be solved for the
molecular orbital energies and the LCAO coefficients. We can begin by
dividing all columns by 2. Then

(x1+x4) (x2+ x3)
xa+x) | (X+1) 1
=90 or (X+1)2=1 3.1-12
(x2 + x3) 1 (X+1 or X=~1=x1
and X = -2,0
for the horizontally sym-
metric orbitals

The weighting of these two horizontally symmetric orbitals in the LCAO

molecular orbitals corresponding to X = —2 and 0 is obtained by the
method of cofactors:
LCAO coefficients General expression For X = —2 ForX =0
eu (X+1) -1 +1
Coz -1 ~1 -1
LCAO-MO wavefunction Normalized MO
MO energy (unnormalized) expression
= -2 W= —10a +x) —1(x2 + x») i =300+ x2+ xs + xd)
3.1-13
X =0 Y2 =10a + x4) —1(x2 + xa) Yr=30a — x2 — xs + xa)
3.1-14

Similarly, for the horizontally antisymmetric orbitals

(x1—x4) (x2— x3)
(x1— x4 [ (X = 1) 1
=0 or (X-12=1
(x2 — x3) 1 (X —1) or X=1=x1
and X =0, +2 3.1-15
The method of cofactors is then applied to these MOs to give

LCAO-MO coefficient General expression For X =0 For X =2

€14 (X —-1) -1 +1
C23 —1 —1 -1
LCAO-MO wavefunction Normalized
MO energy (unnormalized) MO expression
0 ¥s=—10a—x) — 12— xs) ¥s=340a+x—x— xo) 3.1-16

Ya=10a—x) — 10— x) ¥a=30a— x4+ x— x0) 3.1-17
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However, we have utilized only one of the two planes of symmetry for
simplification. We could have employed this further symmetry to decom-
pose each of the second-order determinants into two 1 X 1 determinants.
Thus addition—-subtraction by columns and rows of the determinant in
3.1-12 gives 3.1-18 while similar treatment of 3.1-15 affords 3.1-19:

21 2
(xi+txe+xs+x) (Ga—x2— xs+ x4)
(a+ x2 + xs + x4) (2X + 4) i 0
: =0
(x1 — x2 — x3 + x4a) 0 : 2X
3.1-18
¥s ¥4
(x1F+x2—xs—x1) (1 — x2e+ x3 — x4)
(x1+ x2 — x3 — x4) . 2X 0" i
(x1 — x2+ x3 — x4) 0 (2X — 4)
3.1-19

Each of the resulting first-order secular determinants affords one of the
MO energies found from 3.1-12 and 3.1-15. Additionally, the orbitals
heading these determinants no longer occur together with other group
orbitals in a secular determinant and thus no further mixing is required.
This means that these orbitals are more than just group orbitals; they
correspond to the molecular orbitals as determined earlier by the method
of cofactors. Inspection of the symmetry properties of the four MOs reveals
that y1 is symmetric with respect to both reflection operations, ¢ and o’.
Y2 is symmetric with respect to ¢ but antisymmetric with respect to o’.
Y3 is antisymmetric with respect to o but symmetric with respect to o’. ¥4
is antisymmetric with respect to both operations. These molecular orbitals
are pictured in Fig. 3.1-D. The final first-order secular determinants could
have been obtained directly by a single process of taking linear combinations
of rows and columns. Thus column 1 would be taken as the sum of all
four columns of the original fourth-order determinant; column 2 as the
sum of columns 1 and 4 minus columns 2 and 3; column 3 as the sum of
columns 1 and 2 minus columns 3 and 4; column 4 as the sum of columns
1 and 3 minus columns 2 and 4. The rows would then be added and sub-
tracted in the same way. This process leads to decomposition into the same
four first-order secular determinantal equations as derived from the step-
wise decomposition.

Two aspects of the preceding deserve further emphasis and generaliza-
tion. First, in general, group orbitals of different symmetry will not mix
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Fia. 3.1-D. Cyclobutadiene molecular orbitals: y;, symmetric with respect to ¢ and
o'; 2, symmetric with respect to ¢, antisymmetric with respect to ¢'; y3, antisymmetrie
with respect to ¢, symmetric with respect to ¢’; ¥4, antisymmetric with respect to ¢ and o'.

in a secular determinant. That is, all elements corresponding to the inter-
section of a row and a column headed by (e.g., group) orbitals of different
symmetry will be zero. By reformulating a secular determinant (originally
expressed in terms of atomic orbitals) in terms of group orbitals it is thus
possible to transform this determinant into one composed of blocks of
smaller determinants and equal to the product of these smaller deter-
minants.

Second, different molecular orbitals will not mix in a secular determinant
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Xy Xo X3 Xg Xg Xg b b b3 by Py P
X, ¢, 40l0lojo]o0
Xel |0 4010
Xs P 7 .o Transformed ¢,|0 01010} _4
X, 77 '/ // '/ into: ¢, |0 0 2 o)
Xsp $s[0|0]07Z7)0
X ¢ |o|ofo]o]ol

Fic. 3.1-E Hypothetical sixth-order secular determinant transformed into two sec-
ond-order and two first-order determinants. The x’s are atomic orbitals and the ¢’s
are group orbitals, all of different symmetry type except ¢. and ¢s, which are the same,
and ¢s and ¢s, which are the same.

either.* Thus, if one had a “‘crystal ball”’ which told him the LCAO form
of the molecular orbitals of a molecule, one could add and subtract columns
and rows (or multiples of columns and rows as needed) so as to transform
the original secular determinant into one expressed in terms of combina-
tions of the original atomic orbitals corresponding to the LCAO form of
the molecular orbitals. Then a determinant having first-order determinants
along the diagonal would result, since every off-diagonal element would
correspond to the intersection of a column and a row headed by different
MOs. Since each first-order determinant resulting directly affords the
energy of the corresponding MO, such a ‘‘diagonalization process” is the
goal of secular determinant simplification. Symmetry provides an only
partially effective “crystal ball”’ leading to only partial diagonalization of
the secular determinant (see, for example, Fig. 3.1-E).

3.1d Direct Formulation of Symmetry Determinants

Thus far we have used the addition—subtraction device for transforming
secular determinants expressed in terms of atomic orbitals into secular
determinants formulated in terms of group, or symmetry, orbitals. The
addition—subtraction device had pedagogical value and is of interest. Never-
theless, there is a simple method of writing down the transformed deter-
minant directly. To obtain any element (a,.} of a secular determinant
expressed in terms of group orbitals, one multiplies the group orbital ¢,
heading the row in which the element of interest appears by the group
orbital ¢, heading the column.

* A difficulty arises when a degenerate pair is considered. However, even here no mixing
occurs when these are expressed in proper form. The nature of the ‘“proper form’’ is
discussed subsequently.
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(1) Tor every squared term (i.e., x,?) in the product ¢.¢. we include
one X in that element a,,.

(2) For every cross product of two adjacent and interacting atomic
orbitals, we add a one.

(3) For every cross product of noninteracting atomic orbitals, we put
in a zero.

Elements at the intersection of columns and rows headed by group
orbitals of different symmetry can be written as zero without using these
rules; however, it may be worthwhile for the reader to convince himself
that the rules arrive at the same prediction.

Furthermore, since a secular determinant expressed in terms of group
orbitals automatically decomposes itself into smaller determinants, each
one of which is expressed in terms of group orbitals of only one symmetry
type, one need not deal with the secular determinant as a whole but rather
one can deal separately with each of these smaller secular determinants.

The method just given can now be applied to molecules discussed pre-
viously from other viewpoints. In the case of ethylene (II) we can write

Q P

CH, CHz

0 0

two group orbitals ¢, = x1 + x2 and ¢. = x1 — x2 which are, respectively,
symmetric and antisymmetric with respect to the plane perpendicular to
sigma bond 1-2. The 2 X 2 determinant written in terms of these is then

x1+x2) (xa— x2)
at+x)|2X+2 |

(x1 + x2) 0 P 2X — 2
For a;; the orbital product is
(x1 + x2) (1 + x2) = x> + x2* + 2xaxe.

There are two squared atomic orbital terms, hence ay; includes 2X. Two
cross-product terms of interacting AOs are present; hence ay includes 2.
For a; the orbital product is

(x1 — x2) (x1 — x2) = xa? + x2& — 2xaxe-

Again, there are two squared AO terms, hence az includes 2X. Minus two
cross product terms of interacting AOs requires az to include —2.
For a2 and az the orbital product is

(x1 — x2) (a + x2) = xa® — x%
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Plus one and minus one squared term are present, so for a2 and as no X’s
are included and, no cross-product terms are found.

Since the symmetric and antisymmetric orbitals did not mix, each could
have been dealt with separately in a 1 X 1 determinant.

For allyl (I) the antisymmetric group orbital ¢, = x1 — xs will not

1
1 2' 3
CHz— CH—CH,

(I

mix with the two symmetric orbitals x2 and ¢ = x1 + x3, and consequently
¢. is already an unnormalized MO. To get its energy we merely need to
write down the first-order determinant

(Xl - Xa)
(xi—x3)] 2X |=0 giving X=0 3.1-20

using the rules for writing down the single element. The symmetric orbitals,
x2 and ¢s, have to be mixed in a secular determinant

(Xx + Xa) X2

(x1 + x3) 2X 2
=0 or 2X?2—4=0 and X = +V2
X 2 X

3.1-21

The LCAO coefficients of the two orbitals mixed, ¢, = x1 + x3 and x2, are
obtained from this second-order determinant by the method of cofactors:

LCAO coefficient General expression For X = —V2 For X = +V2

C13 X —Vi +V§
[/ -2 -2 -2
LCAO-MO wavefunction Normalized
MO energy (unnormalized) MO expression
—V2 W= —V2(x1 + x3) — 2xe Vi =3+ (1/V2)xe + 3xs  3.1-22
+V2 Vi = V200 + x) — 2xe ¥ =ha — (1/V)xe + 3xs  3.1-23

0 Yoe=x1— xs Yo = (1/V2)xa — (1/V2)xs  3.1-24

The case of the cyclopropenyl species (III) is analogous. The antisym-
metric orbital ¢, = x1 — x3 is written by inspection and the corresponding
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CH
Hé{—PcsH
(11D
first-order determinant formulated as
(X1 - X3)
xi—x3)[2X~-2[|=0 and X=1 3.1-25

We note that this is different from the first-order determinant of the allyl
system, for presently in the orbital product x:% + xs* — 2x1xs the term
—2x1x3 contributes —2 since x; and x; are adjacent and interacting unlike
the situation in the allyl case.

The symmetric cyclopropenyl orbitals are x; and ¢, = x1 + x3. Mixed
together in a secular determinant these lead to two further eigenvalues:

(x1 + x3)  xo
xi+x) [(2X +2) 2
=0 or 2X24+2X—-4=0
X2 2 X or (X-D(X+2)=0;
thus X=1, -2 3.1-26

Using the method of cofactors we obtain after normalization
= (1/V3)x + (1/V3)xa + (1/V3)xs
Yo = (1//6)x1 — (2/v/B)x2 + (1/4/6)xs

The asymmetrical group orbital ¢, needs only to be normalized to afford
the third MO ¢; = (1/V2)x1 — (1/¥2) xs. Of these three MOs, because of
difficulties due to degeneracy, we were previously able to obtain the LCAO
coefficients only for ¢ (cf. pp. 34-35). The present treatment has de-
composed the original third-order determinant into two smaller deter-
minants, neither one of which contains a degenerate pair; hence the original
difficulty has been circumvented.

In the case of cyclobutadiene the present treatment allows a facile solu-
tion. The four group orbitals of different symmetry have been given pre-
viously (pp. 66—67); these could be written by inspection of Fig. 3.1-F,

Symmetry with respect to

Group orbital T o’
x1+ x2 + xs + x4 Symmetric Symmetric
X1 — X2 — X3+ x4 Symmetric Antisymmetric

xi +x2— x3s — xa Antisymmetric Symmetric
X1—x2+ x3s— x4 Antisymmetric Antisymmetric
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using the different combinations of equivalently situated atomic orbitals
in such a manner to include all possible combinations of different sym-
metry. Since these four group orbitals do not mix, they are more than just
group orbitals—they are unnormalized M Os. The energy of each is obtained
from a first-order determinant. For example,

(x1+ x2+ x3 + x4)
(x1+ x2+ x5 + x4)| 4X + 8 | =0 and = =2

The remaining MO energies are similarly obtained as 0, 0, and +2. This
is clearly less laborious than the addition—subtraction approach of page 65.

The case of benzene is also illustrative of the present approach of for-
mulating the secular determinant directly in terms of group orbitals and
then making use of the fact that group orbitals of different symmetry do
not, mix in a secular determinant. As seen in Fig. 3.1-G benzene has two

Fia. 3.1-G
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perpendicular planes of symmetry, and the corresponding reflection opera-
tions are signified by ¢ and ¢’. We could attack the problem by utilizing
either one of these symmetry planes alone. Using only ¢’, we can write
down by inspection the group orbitals which are symmetric and antisym-
metric with respect to this operation. The symmetric orbitals are xi1, xa,
(x2 + xs), and (xz + xs). The antisymmetric orbitals are (x2 — xs) and
(xs — xs) . All six are eigenfunctions of the o’ operator. The four symmetric
orbitals have an eigenvalue of +1, while the two antisymmetric orbitals
have an eigenvalue of —1. The antisymmetric orbitals may be used to
write down a second-order secular determinant and the symmetric orbitals
lead to a fourth-order secular determinant. Here again we have used the
rules given on page 70 to obtain the elements of these determinants:

(X2 - Xs) (X3 h Xa)

(Xz - Xs) 2X 2
=0 3.1-27a
(xs — xs) 2 2X
x1 x4 (x24+x) (xs+ xs)
x1/X O 2 0
x40 X 0 2
=0 3.1-27b
(x2+2x8) {2 O 2X 2
(xa+x5)|0 2 2 2X

While the second-order determinantal equation 3.1-27a can readily be
solved for X = +1, the fourth-order equation 3.1-27b is less obviously
amenable to facile solution. In actual fact, 3.1-27b can be solved, for
example, by expansion by cofactors and thence to a fourth-order polynomial
which is found to be readily factored. However, dealing with fourth-order
determinants is bothersome.

Had we focused attention on the second symmetry operation o, we could
have written orbitals which are instead symmetric and antisymmetric
with respect to this operation. The symmetric orbitals are then (x1 + x4),
{(xz + x3), and (xs + xs). The antisymmetric orbitals are (x1 — x4,
(x2 — x3), and (xs — xs). All of these are eigenfunctions of the o operator,
the former three having eigenvalues of +1 and the latter three having
eigenvalues of —1. Again we may write down two secular determinants,
although still in terms of these symmetry orbitals. This has an advantage
since two third-order determinants result and third-order determinants are



3.1 Conversion of Secular Determinants 75

readily amenable to solution:

(x1+x) (x2a+xs) (xs+ xs)

(x1 + x4) 2X 2 2
(x2 + x3) 2 (2X +2) 0 =0 3.1-28a
(x6 + x5) 2 0 (2X + 2)

(x1—x4) (xe—x3) (xs— xs)

(x1— x4) 2X 2 2
(x2 — x3) 2 (2X — 2) 0 =0 3.1-28b
(xs — xs) 2 0 (2X — 2)

Expansion of 3.1-28a, after dividing each column by 2, affords X (X + 1)2 —
24+ =X+DX+X-2)=X+DX-1D(EX+2) =0
and X = —1, +1, —2. Similar expansion of 3.1-28b gives the MO energies
X = +1, —1, 4+2. In the usual fashion the cofactors of row 3* of 3.1-28a
could be used to determine the weighting of the group orbitals of this
determinant for each of the MO energy levels deriving from this deter-
minant. Similarly, the cofactors of row 1 of the determinant of 3.1-28b
give the weighting of the group orbitals of this determinant in the three
MOs obtained from the solution of 3.1-28b.

Still easier than either of the two preceding approaches is one that
utilizes both planes of symmetry simultaneously. Thus we can write down
symmetry orbitals of four types: those symmetric with respect to both ¢
and ¢’; those symmetric with respect to ¢ but antisymmetric to ¢’; those
antisymmetric to ¢ but symmetric to ¢’; and finally those antisymmetric
with respect to both operations. These are given in Table 3.1-1. An entry
of “‘symmetric’’ corresponds to an eigenvalue of 41 for that group orbital
and operator, while ‘“‘antisymmetric’’ relates to an eigenvalue of —1. Thus
for example, o(x2 — xa + xs — xs) = —1+(x2 — xs + xs — xs) as can be
demonstrated by carrying out the indicated operation using Fig. 3.1-G to
determine the result of each individual o operation on an atomic orbital;
the procedure is the same as demonstrated on pages 63 and 64. Before
proceeding to use of these four types of group orbitals, we might pause to
question if additional planes of symmetry possessed by the benzene mole-

* Row 3 is selected as a second choice when it is observed that the cofactors of row 1

are all zero for some of the eigenvalues. Where a secular determinant contains no de-
generacy one can find at least one row whose cofactors afford the coefficients.
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TABLE 3.1-1
BenzeNE GROUP ORBITALS, SYMMETRY, AND SYMMETRY
E1GENVALUES®

Symmetry with respect to

Group orbital o o

x1 + x¢
x2 + x3 + x5 + xs

Symmetric (+1)
Symmetric (+1)

Symmetric (+1)
Symmetric (+1)

xz + X3 — x5 — Xo Symmetric (+1) Antisymmetric (—1)
Symmetric (+1)

Symmetric (+1)

Antisymmetric (—1)
Antisymmetric (—1)

X1 — X4
X2 — X3 — Xs T Xs
Antisymmetric (—1)

Xz — X3+ X5 — X8 Antisymmetric (—1)

s The symmetry eigenvalues are given in parentheses.

cule and not utilized here might be employed to break down our group
orbitals into further categories. The answer is that additional planes of
reflection are of no use, for the orbitals of Table 3.1-1 can be seen not to be
eigenfunctions of such reflection operations; for example, reflection in a
plane passing through x» and xs would not convert our group orbitals into
themselves or their negatives.

The use of two planes of symmetry allows us now to write down two
second-order and two first-order secular determinants. Each of the group
orbitals affording a first-order determinant is in fact a final, although
unnormalized, MO since it will mix with none of the remaining five group
orbitals. Accordingly,

(x2+ x3 — x5 — Xe)
4X + 4 | =0 gives X = —1 and

Yo=13(x2+ xs— x5 — Xs)

(X2+Xs—' Xs — XG)]

while

(x2 — x8 + x5 — xe)
4X — 4 | =0 gives X =1 and

¥s=3(x2— xa+ x5 — Xe)

(X2— Xs+X5- Xs)l

as the eigenvalues and normalized MOs deriving from 1 X 1’s. The two
second-order determinants, each based on two group orbitals of the same
symmetry, lead to the remaining four eigenvalues; for each determinant
we use the method of cofactors to obtain the coefficients. For the completely
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symmetric orbitals:
a+x0) (Oe+xs+ x5+ xe)

(1 + x4) 2X 4
=0
(x2 + xs + x5 + xo) 4 4X + 4
or X24+X—-2=0 and X =41, -2 3.1-29
Coefficient Relative general value For X =1 For X = =2
C14 X + 1 +2 -1
Casse -1 -1 -1
MO energy Normalized molecular orbital
-2 1= 1/A/8)0a+x2+x+ xa+ x5 + x)
+1 = (1/4/12) 2x1 — x2 — xs + 2x4 — x5 — xo)

For the ¢ symmetric and ¢’ antisymmetric orbitals:

(xa—x0) (x2— x3s— x5+ xo)

(x1— x4) 2X 4
=0
(xe — x3 — x5 + xs) 4 4X — 4
or X2—X—-2=0 and X =2,-1 3.1-30
-Coefficient Relative general value For X = —1 For X =2

C14 X ~1 +2 +1

C2356 —1 +1 —~1

MO energy Normalized molecular orbital

-1 vi = (1/4/12) (2x1 + x2 — x3 — 2x4 — x5 + xe)

[

+2 Ve = (1/V8) (x1 — x2+ x3 — xs + x5 — xo)
We may summarize the results obtained above for the benzene problem
in Fig. 3.1-H.

3.2 Matrix Methods for Diagonalizing Secular Determinants and
Matrices; The Heisenberg Formulation of Quantum
Mechanics

For each secular determinant one can devise a determinant such that
the secular determinant will have its columns added and subtracted as
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X=2
¥, = UABI{ X, ~Xo +X3=Xq + X3 ~Xs)
Six nodes

X X =
Vs 1/2 (X, -Xs+ Xs—Xg) Y, = UAMIZ)(2X(-Xz - X3~ 2X4 ~Xs—~Xg)

Four nodes

X =

¥, = 172 (Xg+ Xy =Xs - X¢) Y = (1/T2)(2X,+ X2 - X3~ 2Xq - Xs + Xg)
Two nodes

X = =2

W, = (I/NBIX, + Xp + X3 + Xo + X5 + X¢)
No nodes (excluding molecular plane)

Fie. 3.1-H. The six benzene molecular orbitals.
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required by symmetry if the secular determinant is postmultiplied by the
new determinant. The following provide some examples:

Secular Postmultiplying Resulting
determinant determinant determinant
Ethylene
X1 X2 x1+x2 xX1— x2
X 1 1 1 (X+1 (X-1)
1 X 1 -1 (X+1) (1-2X)
Allyl
X1 X2 X3 (a4 x3) x2 (xa— xs)
X 1 0 1 0 1 X 1 X
1 X 1 01 0 2 X 0
0 1 X 1 0 -1 X 1 -X
Cyclopropenyl
X 1 1 10 1 (X+1) 1 (X-1
1 X 1 01 0 2 X 0
1 1 X 1 0 -1 1+X) 1 (1-2X)
Cyclobutadiene
X101 10 0 1] |[(x+1 1 1 (X-1)
1X10| (01 1 0 1 (X+1DX-1 1
01X1| [01-1 o0 1 (1+X)(1-X -1
101X 10 0 —1 (1+ X) 1 -1 (1-X)

We note that the postmultiplying determinant is so designed that each
column will effect the desired addition and subtraction of columns to give
a secular determinant expressed in terms of symmetry orbitals heading the
columns. This is effectively the same operation as just adding and sub-
tracting columns as previously. Each column of the postmultiplying deter-
minant has a +1 in an element corresponding to an orbital which is needed
in the group orbital and needed positively. Minus ones are put in locations
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in the column where the orbital is needed in minus linear combination.
Where an atomic orbital 1s not needed in the particular group orbital, a
zero is entered into that location in the column of the postmultiplying
determinant. Thus far, each column of the postmultiplying determinant
has had only two entries; this corresponds to use of only one element of
symmetry. One could use two perpendicular planes of symmetry, for
example, and this would require further entries into the columns.

In similar fashion one could design a premultiplier determinant which
added and subtracted rows in the same way. This premultiplying deter-
minant is seen to be the “transpose” of the postmultiplying one; that is,
it is obtained by transposing (i.e., exchanging) rows and columns of the
postmultiplying determinant. Thus pre- and postmultiplication is seen to
simplify the determinant in the same way as addition—subtraction.

We have already noted that if ever an addition—subtraction operation
leads to a 1 X 1 determinant, then this determinant affords a final eigen-
value and the heading of the column and row is a final MO. Thus, if one
knew in advance what the LCAO-MO coefficients were for a given problem,
one could construct the postmultiplying determinant by using one column
for each set of LCAO-MO coefficients corresponding to a given MO. The
row vectors of the premultiplying determinant are chosen in the same way.
This pre- and postmultiplication then totally diagonalizes the original
secular determinant. Each resulting diagonal element has the form X — A,.
Since each element equals zero, the A;’s are the eigenvalues.

If the column and row vectors are not normalized, the diagonal elements
will have the form NX — NA., but this does not affect the value of MO
energy obtained by setting each 1 X 1 determinant equal to zero.

One example 1s the cyclopropenyl problem where

111 1, 2
VB VB VB| x { ||V V6
1 -1 1 1 -1
R I I R e I
L | L B N B
V6 V6 V6 V3 V2 V6
(X +2) 0 0
= 0 (X -1 0 =0 3.2-1

0 0 (X-1)
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We note that in using X’s and ones in the Hiickel method, we have the
negative of all elements of a secular determinant of the form

H,-E Hy, Hy;
H, Hy — E Hy; =0 3.2-2
H; H Hy; — E

but this just changes the sign of the entire determinant and does not change
its equality to zero. Here the diagonal H’s are zero due to our choice of our
energy zero, and our off-diagonal H’s are —1, 0, or 4-1 due to our choice of
energy units. If one wanted, however, to use the exact form of 3.2-2 in
terms of X’s and ones, we would need to put —X’s on the diagonal and —1
for every off-diagonal element corresponding to (plus—plus) or (minus—
minus) interaction. Since solution in this way only requires extra effort
we will retain the use of +X’s when secular determinants are solved in the
Hiickel approximation. However, the pre- and postmultiplication method
will work equally well on a secular determinant of the form 3.2-2.

It is now of considerable help to use a different terminology in discussing
the same problem. For this it is necessary to define a “matrix.” A matrix
is an array of numbers and superficially looks like a determinant. Unlike a
determinant it need not be a square array. A matrix does not have a definite
value in itself but rather merely provides a means of storing information.
Each element of a matrix carries some significance depending on the user’s
problem. Thus one could use a matrix to store calendar dates, LCAO-MO
coefficients, or other data. Presently we will be interested in an H matrix
whose elements H,, are the resonance integrals. Additionally, a € matrix
is needed; this will have its columns storing the LCAO-MO coefficients.
Finally, we need an E matrix in which the diagonal elements are the eigen-
values and there are zeros everywhere else.

In dealing with matrices, we note that these follow the same rules for
multiplication which are used in multiplying determinants. One example
is the following:

C(H—Elc=0 3.2-3

where € is the transpose of C.

The array [H — E] is the same as that in the secular determinant of
Eq. 3.2-2, and Eq. 3.2-3 merely states that if we pre- and postmultiply
the matrix [H — E] by the transposed and original untransposed arrays of
coefficients, we will get a matrix which consists of all zeros. This is identical
to what we have been doing with determinants except that previously we
have been leaving the E’s as symbols and then solving the 1 X 1 deter-
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minants left along the diagonal. Expansion of Eq. 3.2-3 gives
CHC — CEC = 0

But it can be readily shown that the order of multiplication of a diagonal
matrix as E does not affect the final value and thus €EC = EEC. Also, the
coefficient matrices € presently used are said to be orthonormal; that is,
€C = 1 where 1is the unit matrix with ones along the diagonal and zeros
elsewhere. This is equivalent to saying that for orthonormal matrices the
inverse €' is given by the transpose €. Thus

CHC =E 3.2-4

This pre- and postmultiplication by an orthonormal matrix and its trans-
pose (or inverse) thus diagonalizes the H matrix and is called a similarity
transformation.* Equation 3.2-4 gives the Heisenberg formulation of
quantum mechanics and is seen to be exactly equivalent to the secular
equation solution of the Schrodinger equation.

In order to use Eq. 3.2-4 exactly one needs to have normalized MOs to
construct € and its transpose. As noted above we can fill in the elements of
the H matrix as minus ones or zeros since these are the resonance integrals.

Thus each nonzero element H,, = 8 or —1 units of |8] = —8.
Some applications are
Allyl
c H c E
-
111 (101 1]
2 2 0o -1 o]|2%2 V2 2 2 0 0
L o = 10 —1|]LX o =] 0o o o
2 V2 2 Ve |
1 -1 1 0 -1 0 1 -1 1 0 0 +V2
2 2 2 V2 2
RERCEL |2 V2 2]

* Such a similarity transformation does not change the sum of the diagonal elements
of the matrix (i.e., the “trace’’ of the matrix). Therein lies the proof of the statement
made earlier that the rank of a nondegenerate secular determinant is » — 1 and that the
rank is diminished by 1 for each degeneracy. Thus, we can include a — E (or ¢ — X)
in each diagonal element to use the usual formulation. In a determinant having no
degeneracy, only one element of the final, diagonalized determinant is zero (i.e.,
H., — X =0 for X = H,,). If two diagonal elements have the same eigenvalue H,.,
then two elements will be zero after diagonalization, and so on. Thus, the rank after
diagonalization will be n — 1 — (the number of degeneracies). And we know that the
rank is not changed by the diagonalization process.
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Cyclopropenyl

v . - -

1 1 1 1 1 2

V3 V3 V3 0 -1 —17|V8 V2 V6 -2 0 0
1 —1 1 —1

— — _ — — 0 —|=

= 0 = 1o -1|l% = 0 +1 0
I e S L e s o I
V6 V6 V6 V3 V2 V6

Here again the columns of the € matrix are composed of the LCAO-MO
coefficients. Taken alone the array of a single MO’s coefficients is called a
row or column vector. Now instead of using the entire € matrix, we could
use merely the vector corresponding to one MO. That is,

¢He. = E, 3.2-5

Here € and ¢ are the row and column vectors for MO k and E is the energy
eigenvalue for MO k. Equation 3.2-5 can thus be used conveniently to get
the MO energies for a single MO. Some examples are found in the following:

Ethylene; MO 1

0 -1 1/v2
&Hc, = [1/v2 1/¥2] = —1
-1 0 1/v2
Allyl; MO 3
[ 0 -1 0 3
&He, = [3 —1V23]| -1 0 —1||-12 = +V2
| 0-1 o0 1
Benzene; MO 2 _
[ 0-1 0 0o o0-17[o0
-1 0-1 0 0 oOoff 3
0—-1 0-1 0 oOf] %
&He,=[03 3 0 —3 —3] =—1
0 0—-1 0-1 o0]]oO
0 0 0—-1 0-1[]-3%
[—1 0 0 0-1 0] [—%]
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Finally, in connection with the matrix formulation of the eigenvalue
problem, it is interesting to note that expansion of the triple vector—
matrix—vector multiplication (i.e., €H¢) for some specific MO gives a
series of terms of the form c¢.H..c,, where r and s refer to the basis set of
orbitals. The expansion is

€He = ci®Hy + c?Hoe + c®Has ++ - - + ¢2H o + 2¢10H o
+ 2¢cic3Hys + - -+ 2cocaH o3 - - 3.2-6

This is more briefly written as
&He = 3_ c.c.H., 3.2-7

which assumes that H,, = H,,, which will be true for the operators used.

We note that the energy of this one MO then consists of (1) one-center
contributions which are just Coulomb integrals weighted by the square
of the coefficients, that is, by the electron density contribution, and (2)
bond order contributions of twice each product of LCAO coefficients
multiplied by the resonance integral between the two orbitals. This is in
agreement with what we derived earlier by expanding the integrated form
of the Schrodinger equation and is really quite equivalent.

3.3 Matrix Methods for Perturbation Calculations

The preceding matrix treatment requires that one know what the LCAO-
MO coefficients are in order to solve the matrix equation for MO energies.
However, it is possible to use the LCAO-MO coefficients for a molecule
closely related to the one under study. Here the H matrix for the mole-
cule whose energy is desired should be used. Thus, to get the MO energies
for cyclopropenyl, we could use the € matrix built from the LCAO-MO
coefficients of allyl together with the H matrix for cyclopropenyl. This €
matrix will not diagonalize the H matrix but the diagonal elements of the
resulting matrix, nevertheless, will be close to those for cyclopropenyl.

It is simpler for purposes of discussion to deal with the vector-matrix—
vector treatment in which only one MO is treated at a time. It is seen that
we can use the ¢ vector for a given molecule together with the H matrix
for a derived molecule in which there is some new overlap introduced. A
reasonable approximation to the MO energy of the derived molecule is ob-
talned. Even simpler is to break the H matrix into two parts, Hp and H’. H,
is the matrix for the original molecule before introducing the new overlap and
H’ is a matrix containing only the elements deriving from the new overlap.
That is, H = Hy + H’. But if this H matrix is to be pre- and postmultiplied
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by the vector corresponding to a molecule before introduction of new bond-
ing, then the vector used corresponds exactly to the molecule from which
H, is derived and thus &H¢o = E, where Ey is the exact MO energy for
the original molecule. This can be written as

tHe, = € (Ho + H') e, = SHoco + EH'cy = Ey + E’ 3.3-1

where E’ = €H’c,. This means that the energy change on introducing a
geometric and overlap perturbation, i.e., E’, can be obtained by pre- and
postmultiplication of the H’ matrix by the original ¢ vectors (i.e., ¢).

An example is the case of MO 1 of allyl where we wish to know the energy
change on introducing 1,3-top-top overlap to the point where this is
equivalent in magnitude to normal ethylenic overlap. Written out, this is

00 -1 3

E' =[} 1/V2 00 Ofl1V2]=-05

[l

=
i

-1 0 0 3

Since the original energy of MO 1 of allyl is —1.414 and the energy change
on introducing 1,3-top-top overlap is —0.5, the approximate new energy
is seen to be —1.914. Actually, with an exact Hiickel calculation, we would
get —2.000. Thus the approximation we are using is reasonably good. This
method is really equivalent to the bond order approach described earlier
and it is seen that the triplet matrix multiplication does afford twice the
negative of the bond order between the two interacting atoms. The method
1s most useful in determining what types of interactions will be energetically
favorable and what overlap will instead raise the energy.

3.4 The Jacobi Method for Diagonalization of Matrices

We have already considered the problem of diagonalizing, or partially
diagonalizing, an H matrix by use of appropriate similarity transformations,
that is, postmultiplying the H matrix by an appropriately designed matrix
Q and premultiplying by the inverse of Q. For complete diagonalization,
we noted that the use of the coefficient matrix € and its transpose was
effective. When final eigenfunctions were still unknown, we found we could
resort to symmetry to design a Q and its inverse.

The present method is one which does not rely on knowledge of either
final eigenfunctions or symmetry but rather proceeds systematically to
eliminate off-diagonal elements. For this approach to be practical for any
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H matrix larger than a 2 X 2, a reiterative computer program is used, and
the method is one of the more reliable methods of diagonalizing matrices by
computer.

Let us assume an H matrix but with just three rows and columns shown
explicitly as in Eq. 3.4-1. Our plan is to find an orthonormal matrix Q so
that post- and premultiplication by Q and @ converts elements k,, and ks,
to zero.

Q H Q
cosf sin® O h, hy, hy| cos@ —sinf O
—sinf cos® Ol hyy hes hes || sin @ cosf O
0 0 14 hir hiw hi 0 0 1
[ /b, cos? @ +h,, cos? 0 7]
h.; cos @
~+ (hes + her) sin 8 cos 6 — (hyy — h4s) sin@cos 6
+h,ysin 8
~+h,e sin? 8 —her sin? @
—h,, sin? h.. sin® @
- h,-i sin 6
= — (hyy — hs,) sin 0 cos 8 — (hyg + hor) sinfcos 8
+h,icos@
+her cOSE O +h,, cos? O
hir cos 0 —hi, sin 6
hii
| \+h.,sing +hi, cos 8 ]
3.4-1

Inspection of the Q and @ matrices reveals that they are orthonormal. That
is, for any column or row the sums of squares of the elements add up to
unity; and, any two columns, when taken as vectors, give zero products
when multiplied. This means that @ is the inverse of Q, since the inverse of
orthonormal matrices is the transpose. Such pre- and postmultiplication
by a matrix and its inverse has been termed earlier a “similarity trans-
formation.” Such a similarity transformation of a matrix does not change
the eigenvalues of the matrix transformed. Previously, we used the C
matrix and its transpose to diagonalize the H matrix totally. However,
presently we will be satisfied with eliminating one element k., and its sym-
metrically disposed element h,..
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We wish to find what value of 6 will lead to h,, becoming zero. The H
matrix is symmetrical (i.e., ks = hsr) and the similarity transformation
leaves it symmetrical. Thus, annihilating ., also removes h,. Setting the
second element in the first row of the transformed matrix (i.e., h,, after
similarity transformation) equal to zero, affords Eq. 3.4-2; this has assumed
Pre = Dgr:

hro(cos2 0 — sin28) — (hyr — hss) sinfcosd = 0 3.4-2

From this we obtain

sin(26) 2k 3.4.3
c05(20)  hyr — hes Aoa

and

:E (hrr - hss)
20 = 3.4-
008 [(hrr - hss)2 + 4hf82]l/2 3b
where the plus sign is chosen in Eq. 3.4-3b for a positive k., but the minus
sign is used if A, is negative. We can now obtain cos 6 and sin 6 from the
standard relationships:

1 26\ 1 — cos 26\
cos f = (—-I_-;L> and sin 8 = (———;£> 3.4-4

The quantities cos 8 and sin 8 are obtained from the value of cos 26 which,
in turn, is obtained by use of Eq. 3.4-3b and the elements of the original
H matrix. These two quantities are then used for the quantities in the
transformed matrix as given in Eq. 3.4-1. The two quantities are also
employed to evaluate the matrix Q used in the similarity transformation.

This first similarity transformation has succeeded only in converting the
original h,, and A, elements to zero. A second similarity transformation is
now designed to convert another large off-diagonal element of the H
matrix to zero. As these similarity transformations are continued, it is
observed that elements which were once annihilated, may become nonzero
again while zeroing some other off-diagonal element. Nevertheless, the sum
of the squares of the off-diagonal elements does systematically diminish
and we repeat the operation until all such elements have vanished and only
the eigenvalues are left on the diagonal.

While Eq. 3.4-1 uses only a 3 X 3 matrix for illustration, larger systems
are handled in the same way. In each case the transforming matrix Q has
the cos—sin square matrix so positioned that it occupies rows and columns
r and s to eliminate element A,, and the rest of the Q matrix has ones along
the diagonal. Finally, all of the Q matrices used are multiplied in order to
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obtain a product which must be identical with the desired € matrix, since
it is this product which has succeeded in complete diagonalization. That is,

QQQ;: Q. =C 3.4-5

3.5 More Formal Use of Symmetry by Means of Group Theory

3.5a Symmetry Operators

Hitherto, we have made use of the symmetry operator ¢, which means
“reflect in a plane of symmetry.” Sometimes the specific plane of reflection
is indicated when more than one plane of symmetry exists. Thus o, signifies
“reflect in a vertical plane’’ while oy, indicates “‘reflect in a horizontal plane.”
There are additional symmetry operators which may be applied to orbitals
of interest; these orbitals may be atomic, group, or molecular orbitals.
Table 3.5-1 lists a number of these symmetry operators of interest. We
shall be most interested in eigenfunctions of such symmetry operators and
in building up eigenfunctions of these operators. Thus we note that group
orbitals of interest and the final molecular orbitals are eigenfunctions of
symmetry operators appropriate to the molecular system under considera-
tion.

TABLE 3.5-1
CoMMoN SYMMETRY OPERATIONS
Symbol Operation signified
oy Reflect in a vertical plane of symmetry (going through a vertical axis of
symmetry)
o Reflect in a horizontal plane of symmetry (perpendicular to the vertical
axis)
E Do nothing
C, Rotate by (360°) /2 = 180° about a molecular vertical axis of symmetry
C; Rotate by (360°) /3 = 120° about a molecular vertical axis of symmetry
Cn Rotate by (360°) /n
7 Invert the molecule using a center of symmetry
S Rotate by 180° and then reflect in a horizontal plane (i.e., ¢4C3)

R A general symbol signifying some symmetry operation to be specified
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3.5b  Character Tables of Nondegenerate Symmetry Groups

For nondegenerate orbitals, whether they be symmetry or molecular
orbitals, we can define the character of the orbital under a given symmetry
operation as the eigenvalue of the orbital corresponding to the given sym-
metry operator. For nondegenerate orbitals the eigenvalue and hence the
character for a given operation will be either +1 or —1, corresponding to
the orbital being symmetric or antisymmetric with respect to that opera-
tion. The case of degenerate orbitals is considered later.

Each character table consists of a group of symmetry operations and a
listing of the characters for all of the conceivable types of symmetry orbitals
which might exist. Two common examples are the C; group and the Cs,
group for which the character tables are given in Tables 3.5-2 to 3.5-4. In
designation of the symmetry types possibly occurring, A is used for an
orbital type which is symmetrical (eigenvalue and character of 1)} with

TABLE 3.5-2

Group operations
The C; group

representation E C,

A 1 1

B 1 -1
TABLE 3.5-3

Group operations

The Cev group

representation E C oy oy’

4, 1 1 1 1

A 1 1 -1 -1

B 1 —1 1 —1

B, 1 -1 -1 1
TABLE 3-5.4

Group operations

The C, group
representation ) oh

A’ 1 1
A" 1 —1
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respect to the principal rotational operation C, (e.g., C: in the cases of the
two group tables given as examples in Tables 3.5-2 and 3.5-3). B is used to
signify an orbital type antisymmetric (eigenvalue and character of —1)
with respect to the principal rotation. Subsecript 1 connotes symmetry
(character 1) for the ¢, operation while subseript 2 implies antisymmetry
(character —1) with respect to this operator. It will be further noted that
the different symmetry types are termed representations. A representation
consists of the entire sequence of characters for each of the operations and
of the given symmetry type.

3.5¢ Utilization of Character Tables and Symmetry Operators in
Formulating Symmetry Orbitals

In any given molecular problem we are interested only in those symmetry
operators which are capable of transforming individual atomic orbitals
into equivalently situated atomic orbitals in the molecule. We wish to
employ just enough of these symmetry operators so that there is an operator
available to transform each original atomic orbital into all of its equivalent
atomic orbitals. This is the best criterion in selecting a group character
table for use; this selection will minimize the complexity of the manipula-
tions but will ensure full use of molecular symmetry.

Let us use “rectangular cyclobutadiene”* as an example for illustration
which is interesting per se (Fig. 3.5-A). Inspection of the C; group table
and its operators shows that there are insufficient group operators (i.e.,
only £ and C;) to convert any one AO into all of its equivalents. Thus we
can convert x; to x3 by the operator C: which rotates the molecule by 180°;
but we find no operator capable of converting x; into x2 or x4. We need a
more powerful group. The Ca, group does satisfy the requirement. x, is

|

|

O |

F1c. 3.5-A. The center dot represents )

the C; axis of rotation perpendicular to _‘———_" o
the molecular plane. O

q\———

* This would be a cyclobutadiene species in which there were alternating bond lengths,
and in resonance terminology would correspond to a more heavy weighting of one of
the two resonance contributors for cyclobutadiene. Whether in fact square or rectangular
cyclobutadiene corresponds to the lower energy situation is & matter of considerable
interest.
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TABLE 3.5-5
ResuLrs oF THE GRrOUP OPERATIONS ON THE AOs OF
RECTANGULAR CYCLOBUTADIENE

Atomic orbital x, Ex, Caxr axr a'xr
X1 X1 X3 X4 X2
X2 X2 X4 X3 X1
X3 X3 X1 X2 X4
X4 X4 X2 X1 X3
X, 4 0 0 0

converted into itself by the operator E, into x; by the operator Cs, into x»
by ¢’ and into xs by . Having selected the Cs, group and its operators, we
proceed by listing vertically all of the AOs in the molecule. Then in adjacent
columns we list the result of each of the group operators on these AOs. For
rectangular cyclobutadiene this is carried out in Table 3.5-5. Below each
column, at the bottom of the table, is listed the number of AOs unchanged,
by the operator heading the column; this will be used later. The following
rule (Rule IT) will now give all of the needed group orbitals of any specified
symmetry type. To obtain a group orbital one uses a linear combination of
the atomic orbitals (e.g., given as a row in Table 3.5-5) obtained by the
action of all the group operations on any one atomic orbital of the molecule.
The coefficients used in this linear combination are just the corresponding
characters for the desired symmetry type as selected from the group char-
acter table. Thus to obtain an orbital of A; symmetry we would use the
characters 1, 1, 1, 1 as coefficients; applied to the atomic orbitals of row 1
of Table 3.5-5 this gives the A; symmetry orbital x; + xs + x4 + xe.
Applied to the last three rows of the table we obtain the same symmetry
orbital written in different order and thus obtain nothing new.

To generate an A, group orbital we use the characters for the A, repre-
sentation as taken from the C,, table, namely 1, 1, —1, —1, and use these
as coefficients of the atomic orbitals given in row 1 of Table 3.5-5. This
gives us the A, orbital x1 + x3 — xs — x2- Similarly, use of the characters
of the B, representation (i.e., 1, —1, 1, —1) as coefficients leads to the B,
symmetry orbital x; — xs + x4+ — x2; and the characters of the B, repre-
sentation (1, —1, —1, 1) afford x; + x2 — xs — x4, the B: symmetry
orbital. As it happens in the present problem, application of the characters
of any of the representations to more than the first row of Table 3.5-5
gives us no new group orbitals. Since we have obtained only one orbital
of each symmetry type, these will not mix in a secular determinant and are
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final, although unnormalized, molecular orbitals for the rectangular eyelo-
butadiene molecule.*

We can restate the rule just given for obtaining symmetry orbitals by
group theory in the following formula. This gives the symmetry orbital ¢;
of symmetry type ¢ as

Rule IT ¢: = 2. Xip-Rx» 3.5-1
R

Here X,z is the character of representation (symmetry type) ¢ for opera-
tion R. If x, is any arbitrarily selected atomic orbital in the molecule, Ry,
is therefore the atomic orbital resulting from the symmetry operator R
acting on x,. In the treatment of rectangular cyclobutadiene above we
obtained the X;z’s from a row (of the desired symmetry type) of Table
3.5-3 and we obtained the Rx.’s from (e.g.) row 1 of Table 3.5-5. These
products were taken for all symmetry operations of the character table used.

If the reader reflects on this use of group theory to construct the sym-
metry orbitals, he will see that it is equivalent in every way to the approach
used earlier. Thus Table 3.5-5 is a formal way to obtain a set of atomic
orbitals equivalently located in the molecule; and use of the characters of
a given representation (symmetry type) as coefficients of these equivalently
located AOs merely ensures the desired symmetry or antisymmetry with
respect to the operators of the group. As an example, in construction of
the A, orbital, one of the four terms used is X4;,0,* avx1- The portion g.x1
is equal to x4 (cf. Table 3.5-5) ; this is just the AO located in the molecule
in a position equivalent to x1. The portion X4, ., is equal to —1 (cf. Table
3.5-3) and gives x4 a negative sign in the summation and ensures antisym-
metry with respect to ..

There is another rule (Rule I) of use in constructing symmetry orbitals
by use of group theory. This makes use of the total character X,z of the
molecular set of atomic orbitals. This total character for each operator R is
merely the number of atomic orbitals in the molecule unchanged by that
operator. Looking at Table 3.5-5 we see that for the £ operator four AOs
are unchanged and Xz = 4. For each of the remaining operators no AOs
are left unaltered, and X,¢,, X« and X, are each zero. These four charac-
ters 4, 0, 0, 0 constitute a representation which is said to be reducible.}

* We note with interest that these are the same as for the cyclobutadiene molecule
itself (cf. p. 72). However, the energy levels will differ in the rectangular and square
molecules. Discussion of this problem is postponed despite its intrinsic interest.

t In group theoretical terms the X.z’s are called characters of a reducible representa-
tion and the series of these for the different group operators R is called a reducible
representation. The set of characters for a given symmetry type (e.g., Bi, ete.) is said to
constitute an irreducible representation. Thus a reducible representation may be re-
duced, or dissected, into its component irreducible representations.
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The C:v group Group operations

Representation E €, oy o

Ay 1 1 1 1
A, 1 1 /~1 /-1
B, 1 /-1 1 /-1
B 1 {—11-—-1 1

Rectangular \4 \*0 0 KO

cyclobutadiene
reducible
representation

Fig. 3.5-B

=

These characters, when individually multiplied by the corresponding
characters of one of the symmetry types and then the sum divided by the
number of operations (the order of the group), will give the number of
symmetry orbitals of the desired symmetry type. This procedure is most
readily remembered by adding a row corresponding to this reducible
representation below the C, group table presently being used (see Fig.
3.5-B). Then these characters are multiplied by the corresponding charac-
ters of the symmetry representation of interest; for the A; representation
we would multiply the pairs of characters connected by arrows in Fig.
3.5-B. The sum of products is then divided here by 4, the order of the Cs,

group.

Number of A symmetry orbitals in 1-441-04+1-041-0
rectangular cyclobutadiene 4y = 1 =

1

14+10-1.0-10_,

Number of A; orbitals Qq, = 1
1-4 —1- i.0-1-
Number of B; orbitals ag, = 01_ 0-10 =1
Number of B; orbitals ag, = 14— 1'0: 10+10 =1
This rule may be formulated algebraically as

k
Rule I a; = (l/h) Z X X 3.5-2

R

where 4 is the order of the group and a; is the number of group orbitals of
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symmetry 7. X;g and X,z are the characters of the irreducible and reducible
representations, respectively, for operation K.

We see that Rule I does predict that there will be one group orbital of
each symmetry type (A4, Az, By, B:) in agreement with the finding by
Rule II. Normally one would begin by determining the number of orbitals
of each type using Rule I and follow this by finding precisely what these
symmetry orbitals are.

One further point may be made with regard to the number and type of
irreducible representations in the reducible representation provided by
the characters of a molecule of interest. The sum of the characters of all
of the component irreducible representations will add up to the total
character of the reducible representation.* That is,

Xig =2 aXir 3.5-3

Using this, which will be true for each of the group operations, one can
often tell by inspection what combination of symmetry types (irreducible
representations) is required to afford the distribution of characters in the
reducible representation. Looking at Fig. 3.5-B we can see that the only
combination of the A., Az, Bi, and B: rows which will give the total char-
acters below the group table is one of each symmetry type. Then the total
of £ characters adds to 4, the total of C; characters gives 0, the total of ¢
characters gives 0, and the total of ¢’ characters gives 0. Any other com-
bination would not fit this criterion. For example, if there were two A4,
symmetry orbitals and one each of type B; and Bs, the reducible represen-
tation would consist of characters 4, 0, 2, 2, which are not the X,’s we ob-
tained in Table 3.5-5.

Another way of considering the dissection of a reducible representation
into its irreducible components is to view the representations as vectors.
Thus the A, representation is the vector [1 1 1 17, while the A, representa-
tion is the vector [11 —1 —17, and so forth. It is seen that in general the
product of any two vectors of different representations (i.e., of differing
symmetry) is zero and the product of any vector multiplied by itself is the
order of the group, h, here 4 for the Cs, group. Also, a reducible representa-
tion is a vector, too, and the vector for cyclobutadiene is T'ea = [4000].
However, this reducible vector is the sum of the four vectors 41, 4s, By,
and B2, each taken once. Accordingly, if one multiplies this reducible vector
Id by one of the four irreducible vectors, for example the By vector T,
he will get contributions to the product only from the B, components.
Each B, component when multiplied by the vector 'z, then gives a con-
tribution of 4 (i.e., the order of the group Cb,). If this multiplication give;

* If any representation occurs more than once, it is included this number of times.
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4, there will be one B; irreducible vector in the reducible sum Tyeq. If the
produet were to turn out to be 8, this would mean that there were two B,
irreducible representations included in the reducible one. A product of 12
would mean three B; components, and so on.

This can be stated in the form of what is a general proof for Rule I of
group theory. First, the reducible veetor in a general case can be said to be
the sum of irreducible component vectors:

Frea = a1 + 2T + a3z +- - -+ a:T; 3.5-4

where each a; is the number of vectors of the jth symmetry type in the
summation. If we now multiply this sum of vectors by one of the irreducible
vectors, say T';, only one of the irreducible vectors on the right-hand side
of Eq. 3.5-4 will give a nonzero product, and this is a:h. Thus we get

lFeg'r;i=04+0+4+0-+---+4 ash 3.5-5

since I';» T'; = h. Therefore, we can solve for the number of vectors of the
ith variety a; to obtain

a; = Trea* Ti(1/R) 3.5-6

But this can be seen to be just a vector language restatement of Rule I
(note Eq. 3.5-2).

We shall now consider a second molecule amenable to treatment by the
(2, group, namely 1,4-dehydrobenzene (IV), in resonance language (Fig.
3.5-C). Any less complex group than Cs, will not convert each of the atomic

(V)
|
l
Xe A Xy X,
__________ et
Xs YXA. X3
|
|
UI

Fic. 3.5-C
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TABLE 3.5-6

Result of group

operator
Atomic orbital E C, o o'
X1 X1 X4 X4 X1
X2 X2 X5 X3 X6
X3 X3 X8 Xz X5
X4 X4 X1 x1 X4
Xé X5 X2 X6 X3
X6 X6 X3 X5 X2
Total character of 6 0 0 2

reducible representation

orbitals into all of its equivalent orbitals, while those more complex involve
more than the minimum necessary operations.*

Rule I is employed first in order to determine the number of symmetry
orbitals of each type. A table detailing the results of the Cs,, group’s opera-
tors on all of the AOs is assembled (Table 3.5-6). The characters of the
reducible representation are seen to be 6, 0, 0, 2. Equation 3.5-2 now gives
the total number of group orbitals (reducible representations) of each
symmetry type. Following this first for the A, representation whose charac-
ters are 1, 1, 1, 1, we obtain the number of A, orbitals as

as, =31-6+1-0+1-0+1-2) =2 3.5-7
Analogously

s, =1(164+1.0—-1.0—-1.2) =1 3.5-8

ag, =316 —1-04+1-0-1-2) =1 3.5-9

ap, =116 —1.0—1-04+1-2) =2 3.5-10

Alternatively, we might have come to this conclusion by inspection by
noting that it would require this combination of irreducible representations
to afford the reducible representation (6, 0, 0, 2) provided by the dehydro-
benzene molecule. This is seen in Fig. 3.5-D.

Knowing the number of each type of symmetry orbital, we proceed to

* To be precise one would assign the molecule to the Ca, group which also includes a
horizontal reflection operation using the plane of the molecule. However, the only
additional interconversions accomplished by this group is to transform upper lobes of
p orbitals into lower lobes. This transformation has no value in providing further sym-
metry orbitals but instead entails considerable extra work.
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Operators of the
Csv group

Representation E C. o o

Ay 1 1 1 1 Twoneeded | to give totals of characters
4, 1 1 —1 —1 Oneneeded | equaling those for reducible
B, 1 -1 1 ~1 One needed | representation

B, 1 -1 -1 1 Two needed

Reducible representa- 6 0 0 2
tion of molecule
equal to total of above

Fig. 3.5-D

determining what these group orbitals are; Rule II is used. We employ the
sequence of AOs given in the rows of Table 3.5-6 and apply the characters
of the appropriate symmetry representation as coefficients to these AOs.
Accordingly, for the one A, orbital we use the characters 1, 1, —1, —1 as
coefficients. Applied to the first row of Table 3.5-6 this gives x1 + xs —
x4 — xa or zero; thus row 1 of Table 3.5-6 is of no use. Application of the
same four characters to row 2 of the table gives x2 + xs — xs — xs (better
written x2 — x3 + xs — xs), which is the desired single A, symmetry
orbital. Further application of the same characters to the remaining rows
of Table 3.5-6 gives either no orbital (zero) or the same A, orbital; hence
we see that the prediction of one 4 orbital by Rule I is fulfilled.

The energy of the 4, orbital is obtained in the usual fashion as

(x2 — x3 + x5 — Xs)
(x2 — xs+ x5 — x6) | 4X — 4 |=0 o X=1 3511

and the normalized MO is

Vs = 3(x2 — x5+ x5 — Xo) 3.5-12

Use of the B; characters as coefficients for the AQs of Table 3.5-6 gives
X2 — Xs + xs — xs (or better, x2 + xs — xs — xs) whose energy is given by

(x2 + x3 — x5 — Xxe)
(x2+ x3s — x5 — xo)| 4X + 4 |=0 or X=-135-13

Here the normalized MO is

Y= 3(xe+ xs — x5 — Xe) 3.5-14

The A, and B, orbitals give more difficulty, since there are two group
orbitals of each symmetry type which must be mixed in second-order
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determinants. Beginning with the A, case, we obtain the first of the two
group orbitals by application of the A, representation characters 1, 1,1, 1
to the first row of Table 3.5-6. This gives x1 + x4 + x4 + x1, or just
x1 + x+* The second A, orbital results from application of the characters
to row 2 of Table 3.5-6 to yield (after rearrangement of terms) x2 + x3 +
x5 + xs. The reader can demonstrate that application of the characters
to the last four rows of the same table merely gives repetition of the same
orbital. The two A, orbitals are now mixed in a second-order secular deter-
minant to give

(x2+xs+ xs + x5) (x2+ x4
(x2 + x3 + x5 + xe) (4X + 4) 4
=0 3.5-15
(x1+ x4) 4 (2X + 2)

This can be expanded in the usual way to give the two energy levels and
then the two sets of coefficients weighting the symmetry orbitals. However,
when a determinant having a set of rows and columns of the general form

24 B
=0 3.5-16
B A

is encountered, there is a convenient trick. Row 1 and column 1 are indi-
vidually divided by V2. Application of this gives a symmetrical deter-
minant of the form
A (1/¥2)B
=0 3.5-17
(1/V2)B A

which can be diagonalized by adding and subtracting rows and columns.
With this approach 3.5-15 becomest

(1/¥V2) (e + xs + x5 + x6) (a4 x4)
(1/V2) (xz + xs + xs + xs) (2X 4+ 2) 2V2

]
=]

(xa1+ x4) 2V2 (2X +2)
3.5-18

Using our rules for filling in secular determinant elements, we could have

* The form of the group oribtal is important but not the absolute magnitude, since
the extent of its contribution to the total MO remains to be determined in the mixing
process.

t Note that any multiplication or division of row 7 and column % of & determinant also
multiplies or divides the orbital labeling row and column <.
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("X + 1X) —
(epv — ¥ + XP) 0
61-ce 0= [ (X + %X+ eX 4 &X) (ZA/T) |
0 (A + % + X9) - (x4 ,
| (X 4 X 4 X 4 3X) (gA/T) |
i (X 4 1X) — (X 4 ) + 1
| (X 49X 4 X + 5X) (GA/T) | | (X 4 X + X + 5X) (gp/1) ]
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By this device we have found the proper linear combination of the A,
symmetry orbitals corresponding to the final (although unnormalized)
MOs; these are given as headings of the columns and rows. The correspond-
ing energies result from solution of the separate 1 X 1 determinants. The
normalized MOs are

1= 300+ x) + (1/2V2) (xe + x5 + x5 + xs), = —1-v2 3.5-20
va=30a+ x) — (1/2V2) (xe + xs + x5 + xs)» = —1+4V2 3.5-21

The two Bs group orbitals, obtained by application of the B; characters
1, —1, —1, 1 to the rows of Table 3.5-6, are found to be x1 — x4 and
x2 — X3 — x5 + xe- The second-order secular determinantal equation mix-
ing these two orbitals is

(xz2 = xs — x5+ xs) (x1— xa)

(X2 —x3— X5 T Xs) (4X - 4) 4
=0 3.5-22

(x1 — x4) 4 (2X —2)

Precisely parallel simplification as followed with 3.5-15 affords the two
MOs and their energies as

¥s =300 — xa) + (1/2V2) (x2 — x3s — x5 + Xs) 3.5-23

with
X=1-1V2 3.5-24

and
¥ = 2(x1 — xa) — (1/2V2) (x2 — x3 — x5 + x6) 3.5-25

with
X=14+V2 3.5-26

300 e ot
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Fig. 3.5-E. 1,4-Dehydrobenzene MOs. The shaded areas represent the positive
orbital, the unshaded areas the negative orbital sign above the molecular plane.
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The six 1,4-dehydrobenzene MOs can be depicted in qualitative shorthand
as in Fig. 3.5-E. Here the shaded portions represent positive orbital signs
above the plane of the paper while unshaded portions represent negative
signs above this plane. The r energy of 1,4-dehydrobenzene is seen to total
—7.656|8], giving a resonance energy of —1.656|8|. Interestingly, this =
energy is less than for benzene itself (—8|8|). We have here one of a general
class of compounds wherein extra overlap leads to destabilization of the
molecule.

3.5d Use of Character Tables of Degenerate Groups

Consider species such as cyvclopropenyl (Fig. 3.5-F). The approach used
in Section 3.1d can be used to afford the MOs and energies. This employed
group orbitals symmetric and antisymmetric with respect to o.1:

= (1/V3) a + x2 + x2), X=-2 3.5-27
¥2 = (1/V2) (x2 — x3), X =+1 3.5-28
¥ = (1/¥8) (2x1 — x2 — x3), X =41 3.5-29

However, we might wish to use the formal group theoretical approach
delineated in the preceding subsection. There is indeed a group table, Cs,
(Table 3.5-7), which makes use of all of the symmetry operations of

TABLE 3.5-7
CHARACTERS OF THE C3v GROUP

Cy group E 2C; 3oy
Ay 1 1 1
A, 1 1 —1
E 2 —1 0

F1a. 3.5-F. Cyclopropenyl and its
symmetry operations.
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interest* to us in dealing with the cyclopropeny! species. The reader doubt-
lessly will note that there are several new features in the C;. table not found
in the character tables considered thus far. First of all, there is more than
one (s operation possible; one can rotate (e.g.) cyclopropenyl by 120°
(i.e., C3) and also by 240° (i.e., C3?). Each of these rotations has the same
character for any given irreducible representation; and, rather than list
C; and C3? as separate columns we give only one column and head this
with the label 2C;. In the same way the heading 3¢, is shorthand notation
indicating that one should really envisage three columns, each with the same
characters; these columns correspond to the three vertical reflection opera-
tions avi, avs, and o3 (cf. 3.5-A for definitions of these operations).

Second, the reader will note that there is an E representation. “‘E”’
signifies a (twofold) degenerate representation. The characters of this
representation are 2, — 1, and 0. Clearly 2 and 0 are not the usual symmetry
eigenvalues. In degenerate representations the characters are no longer
identical with symmetry eigenvalues, and the reasons can now be discussed.

In looking at the degenerate pair of MOs given in Egs. 3.5-28 and 3.5-29
(X = 41 for both), we note that not all of the C;, group symmetry
operators transform these MOs into themselves (eigenvalue then +1) or
into their negative (eigenvalue then —1). For example, the result of C; on
Y2 is seent to give (1/V2) (xs — x1)- It can be shown that this result, al-
though not derived from v alore, can be expressed as a linear combination
of both ¥» and ¥;. Thus

Cor = (1/V2) (xs — x1) = — 3y — (V3/2)¥s 3.5-30
Similarly

Cabs = (1/V6) (2x2 — x3 — x1) = (¥3/2)y2 — $¢s 3.5-31
In each case (3.5-30 and 3.5-31) the reader may verify the results by in-
spection of Fig. 3.5-F, using the C; operator and then by taking the appro-
priate combinations of Y. and y¥; as given by 3.5-28 and 3.5-29. Further,
the reader can demonstrate to his satisfaction that linear combinations of

the two degenerate pairs of MOs, ¥, and 3, result when other (s, group
operations are performed on either MO. Thus in general

Ryy = ay. + bys 3.5-32

I

and
Rys = c¥r + dys 3.5-33

* It does not include o1, reflection in the molecular plane, for this operation merely
inverts all of the p orbitals and does not aid in finding symmetry orbitals.

t This is obtained by inspection of Fig. 3.5-F and noting the result of C; on the in-
dividual AOs of ¢. as given by 3.5-28.
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Given a symmetry operator and a set of orbitals, whether they be atomic
orbitals as considered earlier or MOs as ¥, and ¢ of Egs. 3.5-32 and 3.5-33,
we find that the operator R acting on each orbital will give some fraction
of this orbital unchanged plus some additional orbitals. The fraction un-
changed for each orbital member of the set is the orbital’s contribution to
the total character of the set. In the instance of the degenerate set of MOs
Y2 and ¢, the symmetry operator R leaves the fraction a of ¥, unchanged
while the fraction d of y; remains unaltered by E. Thus a and d may be
considered to be contributions to the total character for operation R of the
degenerate set of MOs and (a + d) is the total character. While the indi-
vidual contributions depend on the precise form of the degenerate MOs, and
this has a degree of flexibility,* the total character is independent of the
form of the MOs selected.

For the case of the (3 operation on the MOs ¢, and ¢; as given in Egs.
3.5-30 and 3.5-31 we see a and d individually to be —3 and the total char-
acter (a + d) to be —1; this is the character as given in Table 3.5-7 for
the £ (degenerate) representation and the C; operator.

The characters of degenerate groups can be more readily derived by use
of matrix methods, but for present purposes attention is focused on prac-
tical use of character tables of degenerate groups. Actually, the procedure
in dealing with degenerate groups is essentially the same as followed in
Section 3.5¢ for nondegenerate groups.

Assuming that we have not obtained the cyclopropenyl system energies
and MOs by use of the single symmetry plane ¢, (cf. Fig. 3.5-F), we proceed
to use Rule I of Section 3.5¢c. The AOs are listed in Table 3.5-8 together
with the result of the C;, group operators on these. By inspection of Table
3.5-7 we can see that it will require the characters of the £ plus the 4,

* Any normalized linear combination of a set of degenerate MQs will be an acceptable
MO having the same energy, giving the option of an infinite choice in selecting the form
of the first member of such a degenerate pair. However, the second MO is then fixed
by the requirement that it be orthogonal to the first member as chosen.

The first statement is readily seen as follows. If ¢« and ¥» are an orthonormal set of de-
generate MOs of energy E, the energy of any linear combination, say ay. + bys, is given
by

/ (ava + bys)3C (a¥a + bis) dv

= a? / Va3Cya dv + 2ab / Vallds dv + b / ¥l dv

= a’E + 0 + bE = (a? + b)) E,

which will afford E if a? + b? is chosen equal to 1. Note that the orthogonality of ya
and s is utilized to set [yqdCys dv = 0.
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TABLE 3.5-8

Result of group operator

Atomic orbital E C; Ci? ow oy Ovw
X1 X1 X2 X3 X1 x3 X2
X2 X2 X3 X1 X3 X2 X1
X3 X3 Xt X2 X2 X1 X3

Total character of the 3 0 0 1 1 1

reducible representation

representations to give the total character found. More formally, Rule I
gives

Number of A, symmetry orbitals a,
=¢1-34+1.0+1.0+ 11411+ 1-1]=1 3.5-34
Number of A, symmetry orbitals a4
=1-3+10+1.0-1-1—-1-1—-1-1]J=0 3.5-35
Number of E degenerate pairs ag
=123-1.0—-1.0+0-140-14+0-1]=1 3.5-36

Now we proceed to use the AOs of the rows of Table 3.5-8 and the charac-
ters of Table 3.5-7 as coefficients according to Rule II of Section 3.5c.
Row 1 of Table 3.5-8 together with the A, characters of Table 3.5-7 affords
the A, orbital 2x; + 2x2 + 2x3. Use of rows 2 and 3 merely repeats this
as would be anticipated from the prediction by Rule I of only one 4,
orbital. This orbital when normalized is then the same as Eq. 3.5-27.

Despite the prediction of no A orbitals by Rule I, we could attempt to
obtain one using the A; characters of the C;, table together with the AOs
of Table 3.5-8. This is to no avail, as zero results in each case.

Application of the F characters (2, —1, —1, 0, 0, 0) of the Cj, table
(3.5-7) as coefficients for the AOs of Table 3.5-8 gives us (after dividing
by 2) the three group orbitals:

& =2x1— x2— Xz 3.5-37
$r= —x1+ 2x2 — xz 3.5-38
¢s = —x1— x2 T+ 2xs 3.5-39

We soon see that Rule I, predicting only one pair of degenerate orbitals
(E representation), has not led us astray. Of the three group orbitals, only
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two are independent. ¢, is the first of the two which may be selected; it is
just the unnormalized form of the MO ¢; given in 3.5-29. ¢» — ¢3 = 3x2 — 3x3
is the second of the degenerate pair; this is the unnormalized form of ¥ as
given in 3.5-28. ¢2 + ¢3 = —2x1 + x2 + xs is a repetition of ¢1, being just
the negative of this. The trick of adding and subtracting two MOs* is a
convenient device for obtaining a set of degenerate MOs orthogonal to
each other.

In similar fashion the Cg, group operations are found sufficient to inter-
convert every pair of equivalent p orbitals of benzene; and this group, con-
taining two degenerate representations, may be used to afford the solution
to the benzene problem (Fig. 3.5-G). The C¢, group has 12 operators: the
E operator, one C; operator, two C; operators (Cs and Cg?), two Cs operators
(Cs and C¢°), three reflection operators utilizing planes of symmetry bisect-
ing sides of the benzene ring (the ¢,’s), and the three diagonal reflection
operators using planes passing through carbon atoms (the ¢4’s). The result
of these group operators on the six benzene AOs is given in Table 3.5-9.
The Cq, group characters are given in Table 3.5-10. At the bottom of the

“* For this device to work the degenerate MOs should either already be individually
normalized or should be unnormalized by the same factor as in the example above. Thus
in general we see that

/(\h + \Pz)(\h—\Pz)dv=/\h’dv—/wz’dv = 0.

and hence (Y1 + y2) and (Y1 — y,) are indeed orthogonal.
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TABLE 3.5-9
Errecr oF Cee GrROUP OPERATORS IN Basic Ser oF Benzene AOs

Result of group operator

AO E C, C; C¢2 Co C& ovu1 o2 03w oa1 0d2 0ds
X1 X1 X4 X3 X5 X2 Xs X2 X4 P X1 X3 X5
X2 X2 X6 X4 Xe X3 X1 X1 X3 X5 Xs X2 X4
X3 X3 X X5 X1 X4 X2 X6 X2 X4 X5 X1 X3
X4 X4 X1 Xs X2 X5 X3 X5 X1 X3 X4 X6 X2
X5 X5 X2 X1 X3 X8 X4 X4 Xs X2 X3 X5 X1
Xe X6 X3 X2 X4 X1 X5 Xs X5 X1 X2 X4 X6

Total character of 6 0 0 0 0 0 0 0 0 2 2 2
the reducible

representation
TABLE 3.5-10
Csv CHARACTER TABLE
Symmetry operators

Representation E C, 2C; 2Cs 3oy 3o4

Ay 1 1 1 1 1 1

A, 1 1 1 1 -1 -1

B, 1 -1 1 -1 1 -1

B, 1 -1 1 -1 -1 1

E, 2 -2 -1 1 0 0

E, 2 2 -1 -1 0 0

Reducible representation

of benzene AOs 6 0 0 0 0 2

group table there are given the characters of the reducible representation
of the benzene system of AOs. We must remember that each of the third
and fourth columns in actuality represents two columns of characters while
the last two columns are each shorthand for three columns. This abbrevia-
tion is possible because the characters for any individual representation
(e.g., A2) will be the same for all symmetry operations of the same class
(e.g., Cs and C3?). However, the order of the group (4) is 12; and in using
Rules I and II, we must use each column as many times as is indicated by
the number preceding the operator heading the column. This is the number
of columns which would be written were the group table written out in full.

Application of Rule I gives the number of symmetry orbitals of each
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symmetry type (irreducible representation) :
an, = H(6+2+24+2) =1
a4, =56 —2-2—-2)=0
ap, = H(6—2—-2—-2) =0
ap,=15(6+2+2+2) =1

ag, = 75(12) =1 (i.e., one E; degenerate pair)

ag, = 75(12) =1 (i.e., one E; degenerate pair)

Application of Rule II, using successive rows of Table 3.5-9 together
with the characters of the Cg, table as coefficients, gives us the eight group
orbitals listed below,

b4 = 2(x1+ x2+ xs + x4 + x5 + xe)
which after normalization is the MO ¢, of page 77.

¢, = 2(x1 — x2 + x3s — x4 + X5 — Xe)
which after normalization is the MO s of page 77.

¢p =2x1+ x2 — xs — 2x4 — x5 + Xo

¢z,

¢E 1t
1

only two of which are independent. ¢z, is, after normalization, the ¢; of
page 77. The sum and difference of ¢g,”" and ¢g,””’ give unnormalized -
and 3, the latter being a repetition.

X1+ 2x2 4+ x3 — x¢ — 2x5 — Xs

—x1+ x2+ 2xs + x4 — x5 — 2x6

¢ = 2x1 — x2 — x3+ 2x¢ — x5 — Xo
¢z, = x1— 2x2+ xs + x4 — 2x5 + X5
o5, = x1+ x2— 2xs + x¢ + x5 — 2xs

of which, similar to the E; situation, only two are linearly independent ; the
sum and difference of ¢z,”” and ¢g,”"’ give the MOs ¢4 and 5 after normal-
ization.

Having obtained the benzene MOs by group theory, we would proceed
to find the energies in the usual manner. If more than one group orbital of
the same symmetry resulted from Rules I and II, these symmetry orbitals
would have to be mixed in-the usual manner in a secular determinant and
the weighting of these determined by the method of cofactors. In fact,
even with degenerate pairs of a given symmetry, in place of orthogonalizing
by addition—subtraction, we could have mixed any pair in a 2 X 2 secular
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determinant and obtained final MOs and coefficients in the traditional
way.

3.5e Use of Group Tables with Complex Characters and Use of
Complex Wavefunctions

Thus far we have avoided using group theoretical tables which have
complex characters. Among these are the C, tables. However, these are
not difficult to use, and there are instances where they are used to ad-

vantage.
For illustration some of the C, group tables are given in Table 3.5-11.

TABLE 3.5-11
Tee C. Group TaBLES®
Cs E Cs Cs? Ce E Cs Cs C: Caz Ce®
A [ZLENT A @ W @ @ W &
E 0 W w? Ey W w0l W W Wt Wb
E E,
E" W @l 2 E” W wl w? o gt @b
EY @ @ W @ Wt WV
E,
Cy E Ci C C¢ Ey” W w? et @t W ™
A W W W W B W W W W o ¥
EY W W @ W
E,
E,” W @t w? wTd
B W @ e W
Cs E Cs Cs2 C C§t
A W W W W W
EY o @ @ W Wt
E;
E\/ W  wl w? e e
EY o @ Wt W WP
E,
E,” o w? wt 0 w78

eIn C;, w =B and C* = E.In Cy, w = e/t and Cyf = E. In C;, w = €5 and
0.55 = FE.In Cs, w = e”’”'/" and Cs = FE,
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The characters are given as functions of a variable w. It is seen that the
tables have a simple pattern. Thus, the group operators correspond to
rotations by multiples of 1/n in each C, group table. The first operator in
each case then is a zero-degree rotation (i.e., the ¥ operator) corresponding
to C.°% The next operator is C.!, followed by C.2, C.3, etc., until all possible
rotations are considered. In cases where C, to some power is more simply
expressed, such as Cg? = C; in the Cs table, this is done. The symmetric
representation is just a row vector of ones but to emphasize the pattern,
in each table this is given as [? % o &+ -w?].

Next we note that the variable w is defined as a function of an angle 6
and that 6 is just the angle of rotation corresponding to the group operator
C.. Note

w = e¥ 3.5-40
where

6 = (27/n) 3.5-41a
and thus

w = exiln 3.5-41b

However, we can express » as a linear combination of real and imaginary
parts as in the following:

w=cosf + isin b 3.5-42a
w = cos(2x/n) + 7sin(27/n) 3.5-42b
It can be seen that doubling the angle of rotation 6 corresponds to squaring
w; l.e., o? = ¢? Tripling the angle 8 likewise corresponds to cubing . In

general, raising w to any power (e.g., r) is equivalent to multiplying the
angle by that power (i.e., giving an angle r8). Thus,

w" = cos(r8) + isin(r8) = cos(2xr/n) + 2 sin(2wr/n) 3.5-43

Two further generalities are of use. First it can be seen from Eq. 3.5-43

that
w® =1 3.5-44

(i.e., here r = n»). This results since the cosine term in Eq. 3.5-43 becomes
unity while the sine term becomes zero. The other generality is that

o'ttt ettt F0n=0 3.5-4)

This is seen by setting S equal to this sum as in 3.5-46 and subtracting the
quantity S as in 3.5-47 to give 3.5-48:

S=w4+?*t+o®*+ o'+ -4 " 3.5-46

wS = o+ o + @t + -+ @t 3.5-47

Sl —w) = — o™ =w(l — o) 3.5-48



110 3. Molecular Symmetry for Simplification of Secular Determinants

From Eq. 3.5-44, we know that w® = 1, and thus the right-hand side of
3.5-48 vanishes. Since we know that w has a variety of values and is not
generally unity, the left-hand side of 3.5-48 can be zero only if S = 0, thus
proving 3.5-45.

In inspecting the group tables we find that all of these begin with a
symmetric (i.e., 4) representation followed by a series of degenerate repre-
sentations. The even-dimensioned groups also have a B; the odd groups
do not. Also, we see that the degenerate representations are given explicitly
for both members of each degenerate pair. Further examination shows that
in each representation the characters of the successive operators differ by
an increment in the exponent. Beyond this, in proceeding from the sym-
metric representation through the first members of each degenerate repre-
sentation and onward to the B representation, where it exists, this incre-
ment in the powers increases by one as each new representation is en-
countered. Thus the A representation characters are functions of an angle
which does not increase at all in proceeding from operator to operator; the
E\’ representation characters are functions of an angle which increases by
27/n in going from one character to the next of the representation; the
E, increment is 47/n; the E;’ increment is 67/n; and so on.

For complex representations the characters of the second member of each
degenerate pair are the complex conjugate of the corresponding characters
of the first member; that is, each pair of characters from the same repre-
sentation and the same rotation gives unity when multiplied together.

Also, for complex groups we need a more general definition of ortho-
normality as can be seen from multiplication of the two vector members of
a degenerate pair. This does not give zero but rather gives h, the order of
the group. Similarly, the result of taking the sums of squares of the charac-
ters of a single member of a degenerate pair is zero rather than h.

Thus the test for normalization is taking the sum of the products of the
characters multiplied by their complex conjugates which skould equal the
order of the group. And, the test for orthogonality is that the products of
the characters of one member multiplied by the complex conjugates of the
corresponding characters of the other member should sum to give zero.
These two tests are given in Egs. 3.5-49 and 3.5-50.

(1/h) L Xer*Xer
R

0 (summation over all group operators, R) 3.5-49
(1/h) = Xp*Xer =1 3.5-50
R

One example of the use of such complex group tables is the cyclopropenyl
problem (note Fig. 3.5-H). If we apply Rule I to the reducible representa-
tion derived in Fig. 3.5-H, we find that one of each of the three irreducible
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X, E C; C?
X1 X2 X3
X2 X3 X1
X8 X1 X2
X3 Xz

Trea = [3 0 0]

Fig. 3.5-H. The cyclopropenyl basis set and its reducible representation.

representations that follows is present:

w?

as = (1/A)Trea*Ta =43 0 0] [=1 3.5-51

w?

w?

(1/h) Tra*T = 4[3 0 0]} o' |=1 3.5-52

ag

w?

w?

agr = (1/h) Trea* T = 3[3 0 0] o [=1 3.5-53

w2

Now we proceed to apply Rule II to obtain the group orbitals. For con-
venience we select the first row of the transformed basis orbitals in Fig.
3.5-H, and we use the characters in the C; group table as LCAO-MOs.
coefficients. This gives us three orbitals of different symmetry, and these
are therefore eigenfunctions directly. They are

01 = wﬂxl + w°X2 + w°x3 3.5-54a
02 = woxl + le?, + w2Xa 35-54b
0; = %1 + wlxe + w3 3.5-54c¢

These are still unnormalized, as can be shown, and need a factor of 1/V3.
Although «° is unity it is retained to show the equivalence of all three
cyclopropenyl centers. Each AO is weighted similarly by a function of an
angle (i.e., some power of w), and the angle changes by a constant incre-
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ment in proceeding from AO to AO. Thus the successive coefficients in one
MO differ only by a phase factor. The phase factor has opposite sign for
degenerate MOs and these “rotate’” in opposite directions. Also, we can
multiply all MOs by any power of w and still have an acceptable set of MOs.

In using complex wavefunctions such as 3.5-54a,b,c to obtain electron
densities, bond orders, MO energies, and so on, we must use a more general
form of the appropriate integrals in which one of the two wavefunctions is
written as the complex conjugate. With real M Os this assumes the simple
form we have already been using. For example, to get energy, we proceed
as follows (MO 2 is used as an example) :

E2 f 02*&02 dT

%f (x1 + o™ + w™x3) 3 (1 + wxe + wixs) dr

H3a + 3w+ w)B] = a + 2 cos(27/3)8
=a—2_ e, X = +1 3.5-55

In the case of electron densities and bond orders, one can obtain meaningful
results from one member of a degenerate pair, in contrast to the situation
with the real form of the MOs where one needs to take a degenerate pair
of MOs together in order to obtain results which are not dependent on what
linear combination is selected for use.

One other point needs to be made about the complex wavefunctions in
Eqgs. 3.5-54b and 3.5-54c. This point is illustrated by taking linear combina-
tions of the degenerate MOs 6, and 6;; here we will take the sum and dif-
ference. We obtain

Yy = (6a+ 03) =20 + (o' + o xe + (0 + &) xs]  3.5-56a
Yo = (6 — 0;) = [(0' — o xe + (& — w?)xs] 3.5-56b

But reference to Eq. 3.5-43 allows us to express o', «?, &}, and « 2 explicitly.
We find that (! + o) = 2 cos(27/3) = —1. Similarly, (o® + «™2) = —1.
This allows us to express 3.5-56 as

Yo =2x1— x2 — X3 3.5-57a

which is still unnormalized but is seen to be the usual real form of one
of the two degenerate MOs of cyclopropenyl. In similar fashion we obtain
(wl - w"l) = 27 sin(21r/3) and (w2 - w—z) = —27 Sin(27r/3). Thus the
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two coeflicients of x. and x; have equal magnitudes but opposite signs.
Since the MOs are not yet normalized we might just as well use +1 and
—1 as coefficients and write the resulting MO as

Yo = x2— X3 3.5-57b

which is seen to be the usual form for the real, unnormalized second
degenerate member for cyclopropenyl.

In general, one can convert the complex MOs into real forms by just
adding and subtracting the degenerate pairs in this way followed by
normalization.

3.6 Complex Characters in Deriving the Hiickel and Mébius
Solutions

Previously we introduced the Hiickel and Mébius formulas without
proof. However, now that we have considered complex characters it is of
interest to reconsider the problem.

We begin with the matrix formulation of the eigenvalue problem as

Hc=Xc o [H—XJc=0 3.6-1a,b
[X—Hlc=0 3.6-1c

The form in 3.6-1c is identical to that which we have formerly used, with a
determinant of X’s and zeros, in dealing with all types of delocalized
systems. We now rewrite this explicitly in Eq. 3.6-2 with a trial vector
for €. The plus sign for the corner elements is used for Hiickel systems and
the minus sign for Mébius ones. For simplicity a 5 X 5 secular matrix is
used but the result can be thought of generally.

X 1 0 0 «+17]»]

6 1 X 1 0O i{=0 3.6-2

[ +1 0 o 1 X L

The vector resulting on performing the multiplication shown in Eq. 3.6-2
is zero, and thus each element must be zero. This vector is given in the
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following equation:

[ AX ot 2t ] (X )]
W+ X 42 (X 4+t + v )t
v+ X+ (s (X ) [=0 3.6-3
vi 4 X 4 o (X + vt + v

| 00 4+ 03 40X | (X 0t )

In setting up Eq. 3.6-2 we have made use of the implicit assumption that
the molecule will conform to a C, type of group and that we can therefore
use a (', type of representation for the ¢ vector. Here, if » is taken as some
power of w, it can be seen that the ¢ vector is indeed a generalized C,
irreducible representation. We keep the exact form of » undefined for the
time being except that, in simplifying the vector obtained (note Eq. 3.6-3),
we do assume that

vh = 1 3.6-4

where the plus sign is used for Hiickel systems and the minus sign for
Moébius systems. This has allowed us to deal with the & and +° terms
in Eq. 3.6-3.

Looking at the resulting vector in this equation, we recognize that the
¥, v1, v% »3 and v* terms are nonzero and thus the vector will vanish only if

X = —pl — 1 3.6-5

for both Hiickel and Mébius systems.
For Hiickel systems, where »® = +1, a solution is obtained if we take

v = exp[ (zk/n) 27 3.6-6

where n = 5 presently for the five-orbital system. That this is a solution
to Eq. 3.6-4 taken with a plus sign is readily seen by considering the trigo-
nometric form (note e = cosf + ¢sin8) of a complex variable. Also,
using this form, we can rewrite Eq. 3.6-5 as

X = —exp[:(ik/n)21r;] — exp[— (7k/n)27] = —2cos(2km/n) 3.6-7

which is the Hiickel formula. Here k = 0, 1, 2, ..., n — 1 and is the MO
number.
In the case of the M&bius system, where »® must equal — 1, we can select
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v as in Eq. 3.6-8a; however, a more general solution is seen in Eq. 3.6-8b:
exp (tw/n) 3.6-8a
exp[(2k + 1) ix/n] 3.6-8b

14

14

Using the form in 3.6-8b, we can evaluate the energy expression in Eq.
3.6-5 for Mobius systems. Thus

X = —exp[(2k+ Dir/n] — exp[— (2k + ix/n] = —2cos(2k + 1)x/n
3.6-9

which is the general formula for Mébius systems. Again k is the MO number.

For both Hiickel and Mobius systems there is another result from our
efforts above. Thus, having obtained a general expression for these eigen-
values, we know that the vector [»® »! »2 »3- - -] used in Eq. 3.6-2 is the
eigenvector ¢ and its elements thus give the LCAO-MO coefficients. In
the Hiickel case, these come from the C, group tables, and in the Mébius
case a similar set of characters applies except with a different definition of ».
We can readily convince ourselves that the complex conjugate vector
[»® vt »=2y=%.. .p=»] applies to the second degenerate member in cases of
degenerate pairs. Also we could use sums and differences of the two vectors.
Thus the LCAO-MO coeficients in the case of the degenerate molecular
orbitals are:

et = [1/(2n) V2] (v + v7) = (2/n)'? cosRkrx/n)  3.6-10a
e = [1/(2n)2] (v — v) = (2/n)"2sin(2krr/n)  3.6-10b

In the case of 3.6-10b, we have dropped a factor of ¢ which was present,
since it is a constant multiplier. The trigonometric form for the LCAO-MO
coefficients is convenient and common for Hiickel cyclic polyenes.

For the nondegenerate Hiickel bonding MO we have more simply just

¢ =1/Vn 3.6-10c

In the case of Mébius systems our treatment differs only in the value of
v employed. Here we obtain

et = (1/V2) (v + ) = (2/n)Y2cos(2k + 1)rr/n 3.6-11a
em = (1/N2) (v —v) = (2/0)Y2sin(2k + Vrr/n 3.6-11b

for the degenerate pairs of MOs. If there is a nondegenerate antibonding
MO, its LCAO-MO coefficients are given by

¢ = 1/Vn (1)~ 3.6-12

Thus, our use of the ¢ vector chosen initially has been justified. In the
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Hiickel case the C, group table has proved exactly applicable with v = «*1.
For the Mabius case, a C, group table with special requirements is seen to
apply. Here w®1% = 3» = —1, where k again is the MO number.

3.7 Use of Moiety Eigenfunctions in Construction of Molecular
Orbitals

Hitherto we have been restricted to symmetry in the simplification of
secular determinants. In using symmetry, we assume we know the relative
weighting of basis orbitals which are equivalently located in a molecule.
However, there are other instances where basis orbitals can be known in
advance of calculation to have certain relative weightings. Thus, a group
of three orbitals in a linear array is an allyl-like moiety and the final MOs
obtained will have allyl-like relative weightings of these basis orbitals as
long as the only other moieties in the molecule are also allyl-like and interact
in a symmetrical fashion.

Thus, we might consider the layered compound shown in Fig. 3.7-A.
Such compounds have been synthesized and have their rings held together
with methylene bridges; however, we will ignore the methylene bridges and
consider only the p-orbital system. We may deal with this molecule as a
sixfold set of linear allyl-like arrays, each consisting of three colinear p
orbitals. For example, p orbitals la, 1b, and 1¢ make up one such array.

(T

v
4!

Fi16. 3.7-A. Orbitals for triple-layered compound.

R
=1
=
-
=7
~
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TABLE 3.7-1
IRREDUCIBLE REPRESEN-
TATIONS FOR ALLYL-LIKE

MoiETIES®

R, R, Rs

I8 V2 0 ‘ —~V2
T, 1 V2 1
T's 1 —V2 1

@ Normalized to a sum of
squares of 4.

Alternatively, we may consider the molecule made up of benzene-like
MOs for each of the three layers and then look at the problem of admixing
of these MOs.

If we take the first approach, we note that each of the six colinear allyl-
like arrays has three MOs. The weighting of allyl MO coefficients will be
those in Table 3.7-1. It is now of interest to mix the three allyl-like MOs
derived from atoms la, 1b, and le¢ with the other five sets making up the
triple-layered compound. It is quickly found that allyl orbitals of different
representations do not admix. Thus, for example, the lowest energy MO
of moiety 1 (i.e., corresponding to representation I';) does not admix with
the nonbonding MO of moiety 2 (here corresponding to representation I'y).
Thus, all we need to do is to admix the six bonding MOs of the six allyl-like
colinear arrays as if we were doing the benzene problem, to mix the six
nonbonding arrays in the same way, and finally to mix the six antibonding
arrays. In these mixing processes one can use either the sixfold symmetry
of benzene or instead the two planes of symmetry (i.e., as in Cy,). Thus
each of the sixth-order determinants will break up into two 2 X 2’s and
two 1 X 1’s. Below we give the original sixth-order determinant derived
from the bonding allyl MOs and leave it to the reader to complete the
treatment.

L1 b2 [ [ b5 e
é1|4X + 4V2e 4 0 0 0 4
b2 4 4X 4 4V2¢ 4 0 0 0
& 0 4 4X + 4V2e 4 0 0
®4 0 0 4 4X + 4V2¢ 4 0 =0
®s 0 0 0 4 41X + 4V2¢ 4
@6 4 0 0 0 4 4X + 4V2e
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The diagonal elements of the 6 X 6 result from such interactions as
(x1a + V2x1 + x1.) with itself (i.e., ¢y with ¢1) to afford 4 squared terms
and 4V2 cross-product terms. In this case the cross-product terms are of
the type xisxw and thus each contributes ¢ which depends on the amount of
coaxial p—p overlap. The off-diagonal elements result from interactions of
the type (x1a + V2x + X10) With (x2a + V2x2 + x2¢), and it is seen that
there are four cross-product contributions of the normal parallel p-orbital
overlap type.

The second approach involves taking three MOs at a time, one from each
benzene moiety and all three of the same symmetry in C,,. These three
mix only with one another but not with the other benzene MOs of different
symmetry. It can be seen then that each of the six benzene MOs will be
split in an “‘allyl-like fashion’” by —V2e, 0, and +V2e. With either approach
the 18 resulting MOs become —2 — V2e, —2, —2 +V2¢, —1 — V2, -1,
—1 4+ V261 —V2¢, +1, +1 +V2¢, +2 — V2¢, +2, +2 + V2¢. The under-
lined MOs are degenerate pairs.

One final point of interest is that if we populate the bonding MOs, that
is, with the 18 electrons of the three benzene rings, we obtain a = energy
which is that of isclated benzene rings and the total = energy does not
contain any e terms, meaning that the = energy is independent of distance
between rings. Only if the rings are compressed to the point where e ex-
ceeds 1/V2 is stabilization derived. Thus, like barrelene, we have a mole-
cule whose MOs are not those of the isolated component parts, and yet the
electrons are delocalized. However, there is no accompanying delocaliza-
tion energy.

This situation is common to like moieties approaching one another sym-
metrically. Hence, the method is very general and can be applied to a va-
riety of systems. Thus, the 1,4-dehydrobenzene problem on page 95 could
be done more simply by taking plus and minus combinations of the corre-
sponding pairs of the three allyl molecular orbitals. Alternatively, but less
simply, one could solve the problem by taking the ethylenic MOs in “allyl-
like’ linear combinations. First one would use the bonding ethylene MOs
and then the antibonding ethylene MOs. Among the problems that follow
is included the solution of the barrelene problem by using three ethylenic
MO systems, which is still another use of the method.

Problems

1. Using symmetry do all problems at the end of Chapter 1 where sym-
metry allows direct formulation of the secular determinant.
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2. Devise a way to use the circle device to solve the barrelene problem for
all six MO energies. Be prepared to justify the application of the monocyclic
device to this six-orbital, non-monocyeclic problem.
3. Use symmetry to do the naphthalene problem.
4. Use symmetry to do the 7-norbornadienyl problem, and decide whether

the cation, radical, or carbanion is the stable species. Take 2-7 overlap to
be ¢ and take the other transannular overlap for simplicity to be ¢ as well.
Neglect 2-5 and 3-6 overlap.
5. Redo Problem 4 without carbon-7 having a p orbital (i.e., the nor-
bornadiene problem).

(a) Which MOs are common to Problem 4 and why?

(b) Is the delocalization energy a function of ?
6. Get the MO energies for barrelene. Use a basis set with plus lobes
aiming clockwise and the bridges labeled 1,2; 3,4; and 5,6. Use 1 for the
intrabridge overlap and ¢ for interbridge overlap if plus—plus.
7. If you premultiply the ethylene secular determinant by the row vector
[1 —17 and postmultiply by the column vector [1 —17, what operation
have you performed? What value of X does this give? Try premultiplying
by the matrix

What does this do, which should be familiar. These are called similarity
transformations.

8. Having used one plane of symmetry for solution of a trigonal problem
as cyclopropenyl, why can you not proceed to further simplify using a
second plane of symmetry (i.e., as a plane going through x: after using one
going through x1)?

9. Get one solution (i.e., one eigenvalue) for a generalized secular deter-
minant for a cyclic polygon (e.g., benzene) by addition of the elements of
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rows 2 through n (here 6) to row 1. Note this is an allowed operation. How
does this help? What MO energy is obtained?

10. Show that MOs 1 and 2 of allyl are truly orthogonal. Use the defini-
tion of orthogonality as a starting point. That is, use the overlap integral
between MOs 1 and ¢, and the knowledge of the LCAO-MO coefficients
for allyl.

11. Use the integrated form of the Schrédinger equation and the LCAO
expression for MO 1 of allyl to obtain the energy of MO 1.

12. Premultiply the secular determinant for allyl by

1 0 17
010
| —1 0 1]
and postmultiply by
[1 0 —1T7
01 0
|1 0 1]

The allyl determinant should have the AOs in the order x;, xz, xs. What
operation have you performed which is familiar? Mathematically, you
have carried out a similarity transformation except for a scalar “fudge
factor.”

13. Using two planes of symmetry, set up the separate group orbitals and
secular determinants for the naphthalene problem. Use a numbering system
beginning with 1 at the junction position. Solve for the eigenvalues and
those eigenfunctions which do not require the method of cofactors. Which
MOs have you seen before in other molecules?

14. Use symmetry to solve the following problems. Get the eigenvalues
for these molecules:

6 i 8

<, >

=4 ; { 3 /N 6
(a) (b) (c)

(d) 1In the problem above, one might have started with MOs for known

moieties rather than with atomic orbitals as a basis set. For example, in

(b) you might begin with the MOs for the ethylenic moieties. Try this
and see whether or not you can predict in advance which MOs from the
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left ring will interact with which MOs from the right ring? If so, in what
general situation will there be interaction?
15. Use the simplified method of setting up determinants directly to solve
the barrelene problem for any one of the symmetry types. Use two per-
pendicular planes. Then list the other symmetry orbitals in groups; how-
ever, these need not be solved explicitly.
16. What happens when the p orbital of 7-norbornadienyl is brought in
from infinity to the diene moiety? That is, which MOs of norbornadiene
itself interact with the p orbital? What are the final MOs?
17. Use three planes of symmetry to solve the paracyclophane problem.
Ignore the (CH,), bridges and assume the planarity of the rings. Use an
overlap of ¢ = 8/8,. Number the two rings 1a, 2q, 3a,. .., 6a and 1b, 2b,.. .,
6b. Take one plane through atom la. Use the D2y, group table and set up
the subdeterminants directly. Is there appreciable delocalization energy
in this molecule beyond that of the two benzene rings? How much?
18. (a) Given a reducible vector V, = 2V, + Vg, + Vg, multiply by
the irreducible veetor V4, and divide by #, the order of the vector. What is
the answer and its significance?

(b) Generalize this into a proof of Rule I. [Hint: Start with V, =
a1 + @V + agVs + -+ -+ a.Vn. ]
19. (a) Take allene as in the accompanying figure, where there is a
modified Newman projection diagram. x; is at atom 1, x» and x; at atom 2,
and x. at atom 3. x. and x; are kept 45° from horizontal and are not turned.
Now consider the 90° twisting of the terminal methylenes, increasing
612 = 8y the angle between the first two AOs and between the last two to
90° each. Use the relationship (812/8:) = cos 8 as giving the form of
resonance integrals between two twisted orbitals. Set up two 2 X 2 deter-
minants of symmetry orbitals using the C; axis. Now solve for energy as a
function of angle of twist (i.e.,8 = 0 — 90°). Use this to draw a correlation
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diagram. Is the noncrossing rule violated? How do you explain the result?
[Note: This requires some thinking!]

(b) What result would you get if you picked the central orbitals as
horizontal and vertical instead of diagonal?

(¢) Consider the molecule as set up in 19a at # = 45° and the molecule
asset up in 195 at initial geometry. Which of the systems is Hiickel and which
is Mobius? What then is predicted about the MO array at these geometries?
Is this what you actually found?

20. Use the pictured unit as a basis. This consists of two p orbitals aimed

at one another colinearly. Obtain bonding and antibonding molecular
orbitals for the system. Use these resulting molecular orbitals (six bonding
and six antibonding such bases are needed) to solve the paracyclophane
problem in a fashion reminiscent of the benzene problem.

21. In a similar way, do the barrelene problems by using the MOs of
twist-dihydrotrimethylenemethane as bases. Why do you not have to mix

I4

3a 2a

all six MOs together to solve the problem (i.e., all three from the front face
of barrelene and all three from the rear face)?

22. Do the paracyclophane problem using symmetry to simplify. To
what extent is there stabilization in bringing two aromatic rings together
in this fashion?

23. What happens as two cyclobutadiene molecules approach one another
face to face with p orbitals approaching coaxially? Take each intermolecular
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overlap as e for each pair of atomic orbitals. Do the problem by using
pairs of final cyclobutadiene MOs. Give the final MO energies as a funetion
of ¢ but do not bother to get final eigenfunctions. Do justify at the end your
mixing only certain MOs and show your work explicitly, indicating which
MOs are mixed and what the secular determinant elements are.

Xyp

24. Given the representation [4 0 —2 —27 in the C. group, decide how
many times the B representation oceurs in this. Show how you obtained
your answer.

25. Do the 1,3-dehydrocyclobutadiene problem using two planes of sym-
metry and setting up the secular determinants of each symmetry type
separately. Do your work explicitly to obtain the eigenvalues. Label each

N / Tis
N /
\ /
4 ‘ 3
VAN
7
\0'20

/

determinant with its symmetry and with the basis orbitals used. Give the
final eigenvalues, and only those eigenfunctions which can be obtained
without the use of cofactors. (Note overlap 1-3 and assume this is the
normal vicinal overlap.)
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Chapter 4

EXTENSIONS, MODIFICATIONS, AND APPLICATIONS OF
THE HUCKEL APPROACH

This chapter deals with calculations for molecules with heteroatoms, the
means of including overlap into calculations, methods of constructing and
using hybrid orbitals and orbitals with unusual orientation, the matrix
formulation of the eigenvalue problem, speeial properties and uses of non-
bonding molecular orbital coefficients, and construction of correlation
diagrams.

4.1 Calculations for Molecules Containing Heteroatoms

As has been shown by Pauling and Wheland,! the secular determinant for
a molecule containing a heteroatom (e.g., oxygen or nitrogen) may be
written in the usual fashion except that the diagonal element corresponding
to the heteroorbital column and row becomes (X + §) rather than the
usual X. Here § is a measure of the electronegativity of the heteroatomic
orbital. The more positive values correspond to a more electronegative
orbital, and conversely. That § represents an increment in the Coulomb
integrals, which occur along the diagonal, will be shown below.

A wide assortment of different values of § have been used for each ele-
ment; Table 4.1-1 gives a compilation of values recommended by Streit-
wieser? for oxygen and nitrogen.

In the same way that having a heteroatom present requires adjustment
of the Coulomb integral along the diagonal, one might anticipate that the
off-diagonal elements, which represent the resonance integrals, might also
require adjustment. Thus, for a heteroatom having a shorter covalent
radius, overlap with adjacent carbon p orbitals may be increased with a

125
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parallel increase in the absolute value of the resonance integral occurring
in the off-diagonal element corresponding to interaction of the two atomic
orbitals. Where such overlap is increased, the off-diagonal element e is
taken as greater than unity; where overlap with the heteroorbital is de-
creased, a value of ¢ of less than unity is utilized. Table 4.1-1 includes typical
values for oxygen and nitrogen.

TABLE 4.1-1
] €
Ether oxygen 2.0 0.8
Ketone oxygen 1.0 1.0
Amine nitrogen 1.5 0.8
Imine nitrogen 0.5 1.0

The detailed rationale for the use of these new diagonal and off-diagonal
elements is seen by considering a secular determinant such as that given
in Eq. 2.2-12—however, now for a molecule having carbon atom 1 replaced
by some heteroatom Z. The Coulomb integral for this atom now becomes

Ay = / XHJCXS dv
rather than the usual value for carbon
a = / XICxc dv.

The resonance integral linking the heteroatomic to the adjacent carbon
atom(s) is now

Beo = /szfoc dv
rather than the usual
g = / XorFCXe, V.

Secular determinant 2.2-12 then becomes

X1 X2 X3
X1 (aﬂ - E) Bcz 0

4.1-1

[
o

X2 Bea (a - E) B8

X3 0 8 (a — E)
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If we make the substitution (o, — E) = (a; ~ @) + (@ — E) and then
divide each column through by the constant factor 8, the top left diagonal
element becomes (@, — @) /8 + (@ — E) /B, or (6 + X) if we remember the
definition of X given on page 52 and additionally define § = (a, — «)/8.
The remaining diagonal elements become X as in the absence of further
heteroatoms. Also we define ¢ = 8,./8. Secular equation 4.1-1 then becomes

X1 Xz X3
X1 X+6 € 0

Xz2| € X 1, =0 4.1-2

X3 0 1 X

It can be seen from the definition of § that this quantity is the incremental
value of the heteroatom Coulomb integral, in units of 8, over that of an
ordinary carbon p orbital. Since 8 is a negative unit, the lower the energy
and the more negative the heteroatomic orbital energy, the more positive
will be the value of 5.

The secular determinant in 4.1-2 is, of course, a special case. In the general
situation there may be several heteroatoms. In these cases, each diagonal
element corresponding to a heteroatomic orbital will have its own value of
8 inserted, and each off-diagonal element will have a value of e proportional
to the resonance integral between the atomic orbitals heading the par-
ticular row and column.

4.2 Inclusion of Overlap

Hitherto in simplification of secular determinants (e.g., p. 51) we have
been setting all overlap integrals S,, = 0. This ‘“‘neglect of overlap”’ made
in the Hiickel approximation was only partially justified by indicating
that the overlap integrals between adjacent m-bonded carbon orbitals are
small, ranging from 0.25 to 0.29 or so. However, this neglect is not entirely
justified.?

If we are to include overlap, the simplest situation is encountered if it is
assumed that all overlap integrals are equal. However, almost as manage-
able is the assumption? that the resonance integrals and the overlap in-
tegrals are proportional.

&s = H. /8 = S./8 and H,, — ES; = (8 — ES) 4.2-1

where ¢ is a proportionality constant, 8 is the exchange integral for a
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standard bond length, and S is the corresponding standard overlap integral.
The standard may be taken as that of benzene.

We may now use the definition of the off-diagonal elements H,, — ES,,,
as given in Eq. 4.2-1, to substitute in a secular determinant such as 2.2-9.
For the diagonal elements (H,, — ES,,) we substitute (« — E), as was
done on page 51 in the case of neglect of overlap. These substitutions
afford the secular determinant in 4.2-2* where all nonzero off-diagonal
elements contain the ecommon factor (8 — ES). Each column may be
divided by this common factor without changing the equality to zero of
the determinant. This affords a secular determinant of form similar to that
of 2.2-13 where overlap was neglected. The new secular determinant is
given in Eq. 4.2-3.

X1 X2 X3
X1 (a - E) 612(3 —_ ES) 613(,3 - ES)

xz|en(B — ES) (e — E) e(B—ES)| =0 4.2-2

xslea(B — ES) ex(B — ES) (¢ — E)

X1 X2 X3
X1 (0‘ - E)/(ﬂ - E‘S) €12 €13
Xz e (a — E)/(B — ES) €3 =0
X3 €1 €32 (e — E)/(B— ES)

4.2-3

If we now let X = (a — E)/(8 — ES) and substitute for the diagonal
elements, we obtain a secular determinant of the same form as when overlap
is neglected. Where the overlap and resonance integrals are taken equal to
the standard S and B, respectively, then the off-diagonal elements become
the usual 1’s:

X €12 €13 X 1 1
a1 X e or 1 X 1{=0 4.2-4
€1 €z X 1 1 X
(for the special
case of
cyclopropenyl)

* It is seen that if atoms r and s do not overlap at all, ¢, becomes zero.
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While solution of the secular equations with retention of overlap thus
leads to secular determinants of the usual form, the significance of the
eigenvalues of X obtained no longer is the same as in the case of neglect
of overlap as can be seen from the new definition of X above. Solving this
definition of X for E, we find we may rearrange* the result to give a more
meaningful form:

_a—Xﬁ_(a—aXS)-l—(aXS—Xﬁ)_ X
B=1"%xs~ 1- XS =et 1" xglf— oS
4.2-5

or

E=a+ X'yl 426
where

, X

X' = 1= xs 4.2-7
and

y= (8 — af) 4.2-8

We note that Eq. 4.2-6 giving the energy when overlap is included has
the same form as

E=oao+ X8| 4.2-9

(2.2-14b)

which was derived on page 52 with neglect of overlap and which may be
seen to result from 4.2-5 when S is set equal to zero.t In Eq. 4.2-6, with
inclusion of overlap, we find that the energy is still expressed relative to
but the units of energy are now |8 — &S| (i.e., |v|). The eigenvalues of X
as derived from the Hiickel secular determinant are not linear with energy
(E) and are not directly useful. However, by use of 4.2-7 we can use our
Hiickel eigenvalues (i.e., the X’s) to give us the X”’s which are directly
linear with energy (Eq. 4.2-6).

Since the overlap integral between two adjacent p orbitals of a = system
is relatively constant (~0.25), we may investigate how our new energy X’

* We note that both 8 and (8 — «8) are negative numbers. Since it is convenient
to work with positive units of energy, we take the absolute value of each to give energy
units having the values || = —gand |8 — a8| = — (8 — a8).

t There is an interesting point here. When we make the approximation of setting
8 = 0 in Eq. 4.2-5, we cannot expect that the original value of 8 used will still give a
satisfactory approximation to the energy E. Thus 8 of Eq. 4.2-5 and the g of Eq. 4.2-9
represent different quantities; the latter is no more than an empirical parameter assigned
& value to correct for the approximations leading to 4.2-9. The former is a theoretical
quantity, the resonance integral.



130 4. Extensions, Modifications, and Applications of the Hiickel Approach

3
2 Ly
- /
X ’
< A
Fig. 4.2-A. Plots of X' vs. X (solid > 0. T
curve) and AX’ vs. AX (dashed curve). x *,’/
-2 =

-3-2-4 0 ¢t 2 3
X (Ax)

varies with X. In addition and more pertinent is the way the calculated
delocalization energy per electron compares in the two approaches. Plots
of X’ versus X and AX’ versus AX are shown in Fig. 4.2-4. Here AX =
(X +1) and AX’ = (X + 0.8) are the delocalization energies; the values
1 and 0.8 derive from our subtracting the values of X and X', respectively,
for the bonding MO of ethylene as is necessary to obtain the DEs. We note
that in the region of interest, namely, from X equal to ~—3 to about zero,
both plots are only roughly linear. The slope of these plots determines
what ratio of v to 8 will successfully give the same = energies or one-electron
delocalization energy for any given molecular orbital. Clearly, with the
nonlinear plot, the ratio of v to 8 optimum for one value of X will not be
optimum for the other energy levels. However, often single molecular
orbital energies are of less interest than the total = energy and the delocal-
ization energy. Inspection of Table 4.2-1 shows that for the benzenoid
compounds there is a good constancy of the y-to-g ratio with a value of ~2.
Accordingly, the commonly used values of 8 = 18 keal/mole and v = 36
keal/mole not only reproduce the empirical resonance energy of benzene
(36 kcal/mole) but also assure that calculation with or without overlap
will give about the same delocalization energies for other benzenoid aro-
matics. For nonbenzenoid compounds, calculation using these values of 8
and v will give only approximately the same results without as with
overlap.

There is another consequence of inclusion of overlap; this might be
termed “overlap destabilization.” It can be seen that when overlap is
included the bonding MOs are compressed toward zero (i.e., being non-
bonding) and the antibonding MOs are expanded. Thus, looking at the
expression for X’ in Eq. 4.2-7, we see that for a negative eigenvalue of X,
the denominator is greater than unity and X’ becomes less negative than
X. For a positive eigenvalue of X, the denominator becomes less than
unity and X’ becomes more positive than X. The net result is that where
there is pairing of MOs (i.e., where a bonding and an antibonding pair of
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TABLE 4-2.1
DEeLocALIZATION ENERGIES WITH AND WITHOUT NEGLECT OF OVERLAP
FOR SELECTED COMPOUNDS

DE neglecting DE with Ratio of
Compound overlap overlap DEs (8/v)
Butadiene 0.4721 8 0.1747 + 2.702
Hexatriene 0.9879 8 0.3868 v 2.554
3-Vinylhexatriene 1.466 3 0.5609 v 2.578
Fulvene 1.466 3 0.6376 v 2.299
Pentalene 2.456 8 1.087 «~ 2.259
Heptalene 3.618 g8 1.465 ~ 2.471
Azulene 3.637 B 1.597 « 2.278
Heptafulvene 4.005 B 1.496 ~ 2.676
Fulvalene 2.799 B 1.204 ~ 2.315
Styrene 2.424 g 1.211 ~ 2.001
Stilbene 4.878 8 2.445 v 1.994
1,1-Diphenylethylene 3.814 B 2.402 v 2.004
Triphenylethylene 7.290 g 3.656 v 1.994
Tetraphenylethylene 9.719 B 4.879 ~ 1.992
Naphthalene 3.684¢ B 1.860 « 1.981
Benzene 2.000 B 1.000 ~ 2.000

MOs have opposite and equal values), the antibonding MO is more anti-
bonding than the bonding MO is bonding. If both MOs are doubly occupied,
there is net destabilization. This contrasts with the situation with neglect
of overlap, where the stabilization due to two electrons in a bonding MO
would exactly cancel the destabilization of two electrons in a paired anti-
bonding MO.

For example, in the dianion formed from addition of two electrons to
ethylene, neglect of overlap would give us zero delocalization energy whereas
inclusion of overlap leads to net destabilization.

This result has been used to explain the reluctance of such systems to
accept extra electrons.

4.3 Treatment of Hybrid and Unusually Oriented Orbitals

Hitherto we have utilized as a basis set of atomic orbitals only 2p orbitals
oriented parallel-wise. There are a number of molecular systems of interest
where the basis set includes 2s orbitals, sp hybrid orbitals, or 2p orbitals
with other than the common parallel orientation. We wish now to deal
with such situations.
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4.3a The Form of Hybrid and Unusually Oriented Orbitals

A particularly useful means of defining the direction of a vector in an
x, y, 2z coordinate system is by its ‘‘direction cosines.” These are the cosines
a, B, and v of the angles made by the vector with the z, y, and z axes, respec-
tively (cf. Fig. 4.3-A).* Referring to this figure, we note that the coordinates
of point P are given by

= ra, y = 18, and z2 =1y 4.3-1

where 7 is the distance of point P from the origin. Equations 4.3-1 allow
us now to rewrite the Slater atomic orbitals (Eq. 1.1-1) in more conven-
ient form, a form useful in writing a general expression for hybrid and
unusual orbitals. Thus the Slater atomic orbitals become

kﬁl2
X2 = 3x
k5/2

Xopz = v are™k 4.3-3

rekr 4.3-2

k5I2

v Bre~* 4.3-4
(4

Xzpy

kﬁIZ
Xopz = —= yre~kr 4.3-5
T

Now a hybrid orbital will be an admixture of these four atomic orbitals
¢ = CeXs + CpzXpz + CouXpy + CpzXpz 4.3-6

which on substitution of the Slater orbitals given in 4.3-2 to 4.3-5 becomes

5/2
¢ = % re—kr [ \/c_g + acps + Bepy + 'yc,,,] 4.3-7
Now we would like to know what assortment of constants (¢, Cps, Coyy Cpz)
will maximize the orbital in a given direction «, 8, ¥. Toward this end we
may recognize that the orbital ¢ is a function of the direction cosines «, 8,
and v and then extremize ¢ with respect to these variables. Since v may be
expressed in terms of « and 8, ie, ¥y = (1 — o — g2)V2 Eq. 4.3-6 is

* We note that the three direction cosines are not mutually independent but are
related by a? + 82 + v = 1. However, it does require all three to uniquely define the
direction of vector OP. With only two cosines known, (e.g., « and 8) two vectors sym-
metrically disposed about a plane (here X¥) are possible.
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expressed as

k5/2 Cs

¢ = —rehr [_' + acps + Bew + cpz(l —a? = Bz) 1,2] 4.3-8
Vr 3

Taking the partial derivatives with respect to a and B, setting these equal

to zero for an extreme, and designating the values of the cosines giving the

maximum as «, B, and vy, we obtain

9¢ il —kr RXlp:

I:;;]ﬂ = ﬁ re= ¥ [sz - (_1_—_QZ——-BT)”2] =0 4.3-9
8¢ L Bess B

l::’-&:]a = '—\/-1-?—7'6 k [pr - (1 o — 82)1’2 =0 4.3-10

Using the relation o? + 82 + 2 = 1, we can solve these equations for the
desired constants:

Coz = Q(Cps/Y) 4.3-11
Coy = B(sz/Y) 4.3-12
Cpe = Y(Cps/Y) 4.3-13

Thus the coefficients weighting the three different 2p orbitals are propor-
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tional to the direction cosines e, B, and y defining the vector along which
the orbital is maximized.* If we let the quantity (¢,./y) be represented by
the symbol N,, we may substitute the coefficients obtained in Eqgs. 4.3-11
through 4.3-13 into 4.3-6 to write the form of a hybrid orbital aimed in the
(a, B, y) direction:

¢ = Cixe + Np(Qxpz + Bxoy + YXp2) 4.3-14

Thus we have here a general prescription for writing a hybrid orbital aimed
in any given direction. It can be shown that for proper normalization
¢t + N,2 must equal unity. The s character of the hybrid is determined by
the relative weightings of ¢, and N,. Specifically, if n = ¢,2and m = N2,
then Eq. 4.3-14 gives an s*p™ hybrid.

A summary of the prescription for writing a hybrid orbital is then as
follows:

1. Write the orbital of the form given in Eq. 4.3-14 with the direction
cosines ¢, B, and y being selected to orient the orbital as desired.

2. ¢ and N, are chosen to give the wanted hybridization. The ratio of
¢:? to N2 affords the relative s to p character. For an s"p™ hybrid, take
& =VWand N, = \/m.

3. Normalize the orbital. This is done by dividing the entire orbital by
(e + Np2)e.

In order to better understand the reasons for the choice of ¢, and N, it is
instructive to determine the energy of a hybrid orbital of the form given in
Eq. 4.3-14. We do this by using the integrated form of the Schriodinger
equationt

E = [ ¢ dv = [ Leoxs + Np(axz + Bxy + vx2) J3C[ex:

+ Np(“Xz + Bxy + ')’Xz):] dv. 4.3-15

In the expansion of Eq. 4.3-15 we obtain integrals of the type [x,3Cx.dv
where x. and x, are two different atomic orbitals of the same atom. These
integrals are zero. That this is so may be seen by considering two examples.
First consider the integral [x.,JCx.dv. Implicit in the integral sign is the
instruction to integrate from z = —® to +w, y = —o to +», and

* When we substitute ¥ = 4 (1 — o? — 3?)!/2 we obtain a maximum. With the alter-
pative of v being taken negatively we find a minimum for ¢. In the latter case ¢,
¢y, and ¢, have their signs reversed and the orbital obtained is aimed oppositely with
a negative lobe oriented in the «, 8, v direction.

t For simplicity «, 8, and v will now be used to represent the orbital orientation and
Xz Xy, and x. will be utilized for p orbitals.
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z = — o to + «. In this triple integration, there is no reason that one of
the integrations cannot be split into two parts, an integration from (e.g.)
z = — o to 0 plus an integration from z = 0 to + «; it will be seen that

these two parts are equal in magnitude but opposite in sign and hence
self-canceling. Thus in the case of [x,3Cx. dv for every point P+ in the
upper hemisphere (cf. Fig. 4.3-B) there is a point P~ below the zy plane
where the sign and magnitude of x, is the same. But at P~ and P+ x, and
hence 3Cx. will have equal magnitudes but opposite signs. This derives
from p orbitals having equivalent lobes of opposite sign. As a consequence,
the value of x,3Cx; at P~ will be equal but opposite in sign to the value at
P+, The integration from z = — o to 0 must afford a value equal but
opposite in sign from the integration from 0 to + « ; and the total integra-
tion from z = — « to 4 « will be zero. With similar reasoning we conclude
that the integrals

/XIJCXZ dv, /Xﬂcxu dv, /XZJCXy dl), /XZJCXz dv and /XVJCXI dv

are composed of AOs of different symmetry and are zero.
Returning to Eq. 4.3-15 and expanding, we may now discard cross-
product-type integrals and are left with

E =¢2 /x,JCx, dv+ N,? [a2 /x,JCx, dv + 8¢ /nyCx, dv + 2 / X 30Xz dv]

4.3-16

The Coulomb integrals may be abbreviated as H,, and H,, and represent
the energy of an electron in an isolated s or p orbital. Clearly the three
Coulomb integrals involving x., x,, and x. are equal since they differ only

Fic. 4.3-B
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in spatial orientation. Equation 4.3-16 then simplifies as
E = ¢H,, + N[ + 82 + v*]Hpp = ¢2H, + N2H,, 4.3-17

We see now that the energy of the hybrid orbital has an s component and
a p contribution and that these are weighted as ¢ and N2 Herein lies the
justification of our using the ratio of these squares as giving the (s*p™)
hybridization.

An exactly parallel expansion of the integral [¢?dv = 1 leads to the
normalization requirement that ¢2 + N2 = 1.

Having discussed the basis for the rules given above for writing hybrid
orbitals aimed at odd angles, we might illustrate use of this prescription.
As a first example, suppose we wish to set up an sp? hybrid orbital centered
at the origin and oriented in the +Z direction. Since the orbital is per-
pendicular to the X and Y axes, « and 3 drop out of Eq. 4.3-14 (i.e,,
cos 90° = 0). As a second step we note that the ratio of ¢, to N, must be
1:V2. This would give us the unnormalized orbital ¢’ = x, + V2x. where
¢, and N, before normalization, are 1 and V2, respectively. The third step
of normalization requires division by the square root of the sum of squares
of unnormalized ¢, and N,, that is, division by V3. Thus normalized
¢ = 1/V3 and normalized N, = V2/V3; and the normalized sp? hybrid
orbital aimed in the positive z direction is ¢ = (1/V3)x. + (v2/V3)x.. If
one considers the spatial superposition of the two contributing atomic
orbitals as in Fig. 4.3-C, one can see that the popular conception of an
sp? orbital results (cf. Fig. 4.3-D). In the upper hemisphere in Fig. 4.3-C
the positive lobe of the p, atomic orbital adds to the positive value of the
s orbital while in the lower hemisphere the negative value of the p. orbital
cancels the still positive value of the s orbital; the result is a large positive
upper lobe and a small negative lower lobe.

Let us try the reverse approach in illustrating the writing of hybrid and
oddly oriented orbitals. We can ask ourselves what sort of orbitals are
given in the following:

¢ = (1/V8)x. + (1/V3)x= + (1/¥2)x. 4.3-18a
¢ = (1/V6)xs + (1/V3)x: — (1V2)x. 4.3-18b

First of all, we can determine the sp hybridization from the ratio of the
sum of squares of the p-orbital coefficients relative to the squarc of the
s-orbital coefficient ; this is equivalent to determining the energy contribu-
tion of the s- and p-type atomic orbitals. The ratio of s to p character is
thus seen to be 3:(3 + 1) or ¢:2 and both ¢, and ¢. are seen to be sp®
hybrids. Second, we can concern ourselves with orientation in space. Know-
ing that c, is 1/V6 in each case and that ¢? + N, = 1, we recognize that



4.3 Treatment of Hybrid and Unusually Oriented Orbitals 137

Fic. 4.3-C

when put into the form of Eq. 4.3-14 our orbitals ¢, and ¢. will have
N, = V5/¥6. When we factor this out of the p-orbital portions of Egs.
4.3-18a,b we obtain

é1= (1/V8)xa + (V6/VB)[ (V2/VB)xz + (V3/¥B)x.] 4.3-19a
é2 = (1/V8)x. + (VB/VB)[ (V2/VB) x: — (V3/VB)x.] 4.3-19b

In these equations we can find the direction cosines «, 8, and v as the
respective coefficients of x,, x4, and x,. Since x, does not appear in these
equations we can conclude that 8 = 0 and that the orbitals, being perpen-
dicular to the Y axis, are in the XZ plane. For both ¢; and ¢2 « = cos 6, =
V2/¥5; and therefore 6,, the angle made by these orbitals with the X axis,

Z

Xgp2

Fic. 4.3-D
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Z

39.23°
Fia. 4.3-E

is found to be 50.77°. For ¢y, v = V3/V5 and 8, = 39.23°. For ¢, v =
—V3/¥5 and 6, = 180° — 39.23°. Thus we have a pair of sp® hybrid orbitals
in the XZ plane and symmetrically disposed above and below the X axis
as shown in Fig. 4.3-E.

There is an additional interesting aspect to the problem. Let us consider
two new orbitals which are the normalized sum and difference of ¢, and ¢,:

¢ = (1/VZ) (¢1 + o) 4.3-20a

and
¢ = (1/V2) (¢1 — o) 4.3-20b
Substituting in for ¢, and ¢, in Eq. 4.3-20 we obtain the striking result that
¢s = (1/V3)x: + (V2/V3)x: 4.3-21a

and
¢4 = X: 4.3-21b

where ¢; is seen to be an sp? hybrid directed positively along the X axis.
It is seen that these are the orbitals used by one carbon atom of ethylene
to form a ¢ and a = bond with a second such atom; ¢; and ¢4 are depicted
in Fig. 4.3-F. As has been noted previously, in forming molecular orbitals
we arrive at the same final eigenvalues and eigenfunctions independent of
the choice of the basis set of orbitals to be combined as long as a complete
set is selected. Group orbitals formed as the sum and difference of two
members of a basis set are as acceptable as the original two members. In
the present instance we obtained ¢; and ¢, as the sum and difference of
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Fic. 4.3-F

¢1 and ¢s. Actually, we could have started with ¢; and ¢, since as is easily
shown the normalized sum and difference of these orbitals are ¢, and ¢..
Thus for constructing the central ¢ and = bond of ethylene it makes no
difference whether we use the familiar sp? orbital ¢; to form the o bond
and then use the p, orbital ¢, (i.e., x.) to form the = bond or instead use
two equivalent orbitals ¢, and ¢,. The equivalent orbital representation
of the double bond in ethylene is depicted in Fig. 4.3-G. Because these
orbitals are aimed away from the interatomic axis and appear in the orbital
picture drawn to interact to form a pair of orbitals splayed outward* the
bonds thus formed have been termed ‘‘banana bonds.” One might question
whether the electron density directly between the two carbon atoms in this
model would not be different from the ordinary o + = representation of a
double bond, for Fig. 4.3-G seems to imply little such internuclear electron
density, while the ¢ bond of the common model clearly provides such elec-
tron density. The difference is only apparent and derives from the diminu-

¢30 ¢30

¢4a ¢4b
F16. 4.3-G. Basis set of 8p’ orbitals used in equivalent orbital double bond formulation.

* The similarity to the old spring model of a double bond is obvious.
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Fic. 4.3-H. Approximate model for a migrating phenyl group.

tive representation of atomic orbitals generally used by organic chemists.
Such orbitals, as in Fig. 4.3-G, have the advantage of not cluttering up a
molecular representation; however, a disadvantage results if one construes
such drawings to imply the corresponding excessive electron localization.
Thus, more liberally drawn orbital contours would be seen to provide the
expected internuclear electron density. As a final point, it should be recog-
nized that the basis set shown in Fig. 4.3-G will afford the same result as
the sp? and p, set only if all possible interaction is included in setting up the
secular determinant. Thus the interaction between ¢4, and ¢z and between
@32 and ¢4 must be included although such interaction will be considerably
smaller than between orbitals ¢s, and ¢s and between ¢4, and ¢sp.

Having shown how to set up and identify miscellaneous hybrid and oddly
oriented orbitals, it remains for us to show how these may be used in obtain-
ing elements of secular determinants. As an example involving hybrid
orbital and odd-angle orbital interaction let us select the model for the
1,2-phenyl migration depicted in Fig. 4.3-H.5 The idealized model selected
assumes cyclopropane distances between atoms bearing orbitals x1, xz, and
x4 Also, all orbitals shown are taken as p except for ¢; which is an sp?
hybrid. The naiveté of these assumptions is justified only by lack of infor-
mation about the precise hybridization and the recognition that the model
will afford only qualitatively useful information.

By use of group theory as outlined in Chapter 3, we can set up the follow-
ing symmetry orbitals:

Al xa+xo, ¢ Asl X5 —Xe, X6 —Xs

By: x1 —x2 X5 +x9 Xs T X8, X1, X7
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It is clear that to set up the A; and Bj secular determinants, the interaction
elements between orbitals ¢; and x; and x: as well as between x; and x; and
x2 will be needed. Since overlap integrals are easier to obtain than exchange
integrals and since it is commonly assumed that these are proportional, the
primary goal is to obtain the overlap integrals. The geometric relationships
between x: and x: and between x; and ¢3 are seen most readily by trans-
posing these orbitals to the double coordinate systems of Figs. 4.3-1 and
4.3-J. Our approach will be to write the analytical form for each of the
hybrid and oddly oriented orbitals in Figs. 4.3-1 and 4.3-J, and then to
write down and expand the overlap integrals between pairs of these orbitals.
The rationale behind this approach derives from the availability of tables
of overlap integrals between common types of atomic orbitals oriented
parallel-wise or perpendicularly and as a function of distance. These are
the integrals which result from our expansion.

The orbitals whose linear combinations will be used are depicted in Fig.
4.3-K. In this figure as well as in 4.3-I and 4.3-J, we use a set of coordinates
having two origins, @ and b, 1.54 A apart. At each origin there is a Z axis
(Z, and Z). The positive X directions are taken as facing the center so
that the basis set will have the positive lobes of the orbitals directed toward
each other. Each of the hybrid and oddly oriented orbitals of our bridged
species (i.c., x1, X2, X4, and ¢;) may be written as a linear combination of
the orbitals of Fig. 4.3-K; we use the geometry of Figs. 4.3-I and 4.3-J

Za Zs
X,
N o
7 60300 > b
X
Xe /7
X, —_— +<-——-—Xb

Fia. 4.3-1
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Ze Zs
X,
30°
b
+
a X
30° -
+
b5
Ky — + + — 0,
Fic. 4.3-J

together with our approach to obtain ¢,, N,, o, 8, and v.

xi= (V3/2)xm + 3xm 4.3-22a,

X = $xm0 + (V3/2)Xea 4.3-22b

s = (1/V3)xea + (1/¥2)xa0 — (1/V6) xo 4.3-22¢
Za Zp
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Having the necessary orbitals formulated, let us proceed with determi-
nation of the required overlap integrals; for example,

Stonx) = [ e do

= [ LB e + (1A 00 = (1/¥6)x00]

X [(V3/2)xa + 3xa] dv

~ |3 / xoxe dv| 4 |(V3/2V8) f Xeaxes O

- (1/2V§)/’X5nX2b dv + (1/2@) /X:qub dv

+ (1/2V8) f Xeaxss A — |(1/2V6) f Xoaxss 00

%S(Xaa; Xzb) + (V§/2VE) S(Xza, Xzb)
- (1/2\/6) S(quy Xzb) 43-23&

In the expansion of the overlap integral S(¢s;, X;) all terms except those
enclosed in boxes disappear due to differing symmetry of the two orbitals
comprising the overlap integral. The reasoning is the same as on pages
134-135 in connection with resonance integrals involving orbitals at the
same atom. Thus, for example

1] ]
f XsaXzb dv = — f XsaXzb d?), and waXzb dv = 0.
0

—o

The remaining integrals of interest are obtained in the same way and are
found to be

SOxn x1) = (V3/4) S (Xeay Xab) + (V3/4) S(Xsay xa)  4.3-23b
S(xz x4) = S(x1, x4) 4.3-23¢
S(¢s, x2) = S(ds, x1) 4.3-23d

Thus, each of the specialized overlap integrals has been found as a linear
combination of overlap integrals between regularly oriented orbitals, and
the latter are conveniently available in tables, as has been noted. Table
4.3-1 contains values of special interest for organic calculations; these are



144 4. Extensions, Modifications, and Applications of the Hiickel Approach

TABLE 4.3-1
SELECTED VALUES oF OVERLAP INTEGRALS®
Internuclear
distance

R (A) S(szy sz) S(Xpry Xpz) S(sz: Xs) S(X-\y Xs)
0 1.00 —1.00 0 1.00
0.49 0.809 —0.483 0.386 0.890
0.98 0.468 0.159 0.509 0.637
1.24 0.318 0.303 0.463 0.491
1.30 0.287 0.319 0.444 0.456
1.37 0.258 0.328 0.425 0.423
1.43 0.221 0.332 0.402 0.390
1.50 0.207 0.332 0.380 0.360
1.56 0.184 0.327 0.357 0.330
1.63 0.164 0.319 0.334 0.302
1.95 0.089 0.250 0.226 0.188
2.28 0.046 0.171 0.141 0.111
2.60 0.023 0.107 0.083 0.062
2.93 0.011 0.063 0.046 0.034
3.26 0.005 0.035 0.025 0.018

e For 2s and 2p Slater orbitals on adjacent carbon atoms.

abstracted from the tables of Mulliken et al.® Thus by interpolating we
obtain the orthodox integrals S(xsa Xz}, S(Xzay Xz8), and S (Xza, Xzb)
needed for Egs. 4.3-23a—d, which then afford the desired overlap integrals
S(x1, x4), Sxz, x4), S(xa, ¢3), and S(xz, ¢3). These overlap integrals may
then be used to determine the off-diagonal elements of the secular deter-
minant by assuming proportionality of these resonance integrals with the
overlap integrals just found.* Although not part of the problem of deter-
mining the overlap integrals in unique situations, the results of the MO
caleulation on the bridged species in Fig. 4.3-H are interesting and deserve
mention. Of the nine molecular orbitals found on solution of the secular
equation, four are bonding and one is slightly antibonding besides the four
strongly antibonding orbitals. Since the phenonium cation species corre-
sponding to this strueture has only eight delocalized electrons, the anti-
bonding orbital is not utilized. However, in the corresponding free radical

* One might assume for qualitative purposes that the chief variation in secular deter-
minant elements derives from differences in overlap.® However, a more detailed cal-
culation would take into account the energy effects of s-orbital admixture. Diagonal
elements corresponding to s-hybrids would be lower in energy by a difference which
can be taken as the difference in the ionization potential of the 2s and 2p orbitals. The
off-diagonal elements also would be adjusted by use of Mulliken’s magic formula’ which
in the present case would give the off-diagonal element as Hi; = £8:; (H:: + Hj;). Other
related versions® have been employed.
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species and even more so in the carbanion analog, the antibonding orbital’s
contribution by virtue of occupation by one and two electrons, respec-
tively, leads to destabilization. Nevertheless, a calculation similar to that
just described, in which, however, an alkyl group migrates, indicates that
the antibonding orbital is considerably higher in energy, with the radical
and carbanion counterparts being less stable. This, of course, finds experi-
mental support in organic chemistry.® We should note that the procedure
followed in Eq. 4.3-23a may be generalized. We may assume orbitals of
general form as given in Eq. 4.3-6, these orbitals being centered at points
a and b. The overlap integral, determined as in the specific case, becomes

Sas = CaaCaS(8a, sb) + cecS(za, xb) + cyacpS (ya, yb)
+ c.at58(2a, 2b) + CoaCsS(sa, £b) + czacasS(za, sb) 4.3-24

We note that S(ya, yb) and S(za, zb) are equivalent; they represent the
overlap between parallel p orbitals. We may call such an integral S(p, p7).
Similarly, if we are dealing with carbon atoms, the last two overlap integrals
are equal ; we can designate these by S(pe, s). Here pr or pe merely tells us
whether the p orbital is perpendicular or coaxial with the interatomic axis
(respectively). With the same descriptive notation the second integral can
be briefly written S(pe, po). Then Eq. 4.3-24 is simplified to

Sa = C.aC,bS(S, S) + Czaczbs(pay pa)
+ (Cralyp + Cat) S(pm, p"") + (Csalap + Czacab)S(pU, 8) 4.3-25

Another convenient form is obtained by substituting (cf. pp. 133-134)
N patz fOT €20, Npafs fOr cya, and so on. We obtain

Sab = C.aC.bS(S, S) + Npapr[O‘.aC\‘.bS(pU, pa) + ﬁa.BbS(p"rv p‘ll')
+ voveS(pm, p7) ] + CeaNppasS(8, o) + cwNpataS(s, po) 4.3-26

4.4 Properties of Alternant Hydrocarbons

Alternant hydrocarbons are defined as those w-system molecules where
the carbon atoms may be separated into two sets, one which is starred and
the other which is unstarred, and so that no two atoms of the same set are
adjacent. Thus ethylene (I), butadiene (II), allyl (III), benzene (IV),
and naphthalene (V) represent alternant systems while cyclopropenyl
(VI),fulvene (VII), and azulene ( VIII) are typical nonalternant molecules.
It is seen in the nonalternant molecules that it is not possible to avoid
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having two starred or two unstarred atoms adjacent. Also, the common
convention is to select the more numerous set of atoms for starring in the
case of molecules having an uneven number of atoms; such molecules are
termed odd alternant.

*
*
~
s
R\
)
’/>
*
*
*
©)
*

(I} (I (1) (V) (V)
Alternant
(VL) (vin) (Vi)

Nonalternant

There are a number of properties which are characteristic of alternant
7 systems. One is that alternant hydrocarbons (i.e., the neutral species) do
not have any uneven electron density distribution and the w-electron
density is unity at each center. The nonalternant molecules tend to have
uneven electron density distributions; for example, both fulvene and
azulene have large dipole moments.

A second property is that the MOs of the alternant hydrocarbons are
symmetrically disposed about zero. A consequence of this is that the odd-
alternant hydrocarbons then must have a nonbonding MO. This is so,
since all of the MOs come in bonding-antibonding pairs, and one is left
over; to be symmetrical the set then must have this remaining MO at zero.

Still another property of interest is that the LCAO-MO coefficients of
alternant hydrocarbons are the same numerically for the bonding and anti-
bonding pairs except that the sign is reversed at every unstarred atom.
Alternatively we could reverse the sign of each starred orbital.

One further point deals with the odd-alternant hydrocarbons. This is
that the free radical has its odd-electron density appearing at the starred
atoms. The same is true of the positive charge of the carbonium and the
negative charge of the corresponding carbanion.

The pairing theorems derive simply from a typical secular determinant
of an alternant hydrocarbon. Thus, if we label the rows and columns corre-
sponding to the starred atoms of the alternant system, we obtain in a
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typical (e.g., 4 X 4) system the secular determinant
xt* xz x* x
xi* X a 0 au
xzlon X ap O
=0 4.4-1
xs*| 0 an X an
X4 Qu 0 as X

Here the @, elements merely represent the nonzero off-diagonal terms.
The zeros present result from the fact that in an alternant hydroearbon no
two starred atoms will be adjacent and no two unstarred atoms will be
adjacent, and there the orbitals which are starred correspond to starred
atoms. If we now multiply the starred rows and columns by --1, we have
in effect multiplied the determinant by —1 an even number of times, since
each multiplication of a row or column of a determinant by a constant
merely multiplies the value of the determinant by that constant. Thus we
have not changed the equality to zero, and obtain

—x* xx —x* x
—-x*| X — Q12 0 — Q14
Xz| —0a X — 0 0
=0 4.4-2
—x3* 0 — Q32 X — Q34
X4| — Qa1 0 — Q43 X
The eigenvalues of 4.4-2 are most readily seen from
—x1* X2 —xz* X4
—x*| —X o 0 a1
Xz| Q21 —X G 0
=0 4.4-3
- Xs* 0 A3y -X a34
X4{ Qa1 0 (7] —-X

which is Just 4.4-2 negated; algebraically this is done by multiplying all
columns and rows by the imaginary 7 which does not change the relative
weightings of the basis functions.
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In any case, it is seen that the eigenvalues of 4.4-3 are the negative of
those of the original secular determinant 4.4-1, since the determinants of
4.4-1 and 4.4-2 differ only in having X’s along the diagonal in the former
and — X’sin the latter. Since 4.4-1 and 4.4-3 correspond to the same molecu-
lar problem, we see that for every eigenvalue X from 4.4-1, there is a corre-
sponding eigenvalue — X from 4.4-3. Thus the eigenvalues for the problem
come in pairs equally displaced about the usual zero.

Turning to the eigenfunctions, we see that the eigenfunction from 4.4-1
corresponding to X and that from 4.4-3 corresponding to —X will differ
only in the signs of the coefficients of the starred basis orbitals. This can
be seen from comparison of the orbitals heading the rows and columns in the
two determinants. The only difference is in minus signs weighting the
starred basis orbitals in 4.4-2.

4.5 The Dewar Nonbonding MO Method®

For odd-alternant hydrocarbons it has been noted that there is of neces-
sity a nonbonding MO. Although one might not think that knowledge of
this single MO of a system could be of use, a remarkable amount of infor-
mation does result.

Refer to the secular equations of an odd-alternant hydrocarbon (e.g.,
benzyl; note Fig. 4.5-A and Eqgs. 4.5-1a~4.5-1g) :

a*X + ¢ =0 4.5-1a
a* + X + o* +a* =0 4.5-1b
¢ 4+ s X*+ ¢ =0 4.5-1c

c* 4+ X + o* =0 4.5-1d

c® + c*X + ¢ =0 4.5-1e

* +cX+e* =0 4.5-1f

e 4+ +*X =0 4.5-1g

In these secular equations we use either * or ° as the superseript to label the
type of orbital weighted with the coefficient. This procedure reveals that the

2

FiG. 4.5-A. The starred and unstarred positions of benzyl.
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e 2 -0 Fic. 4.5-B. Derivation of NBMO coefficients. @ = 1/4/7 by
‘ normalization.

LCAO-MO coefficients can be obtained essentially by inspection. Thus, we
set, all of the terms containing X = 0. The first equation then gives ¢ = 0.
The second equation gives the sum of the coefficients bonded to the un-
starred position 2, which equals zero; i.e., a,* + ¢;* + ¢* = 0. Proceed-
ing to the third secular equation and setting both X and ¢,* equal to zero,
we get the result that the unstarred coefficient ¢ = 0. Continuing in the
same fashion we find in general that all of the unstarred coefficients for
benzyl are zero and that in each case the sum of the starred coeflicients
surrounding any unstarred position adds up to zero. In fact, inspection of
the general form of any set of secular equations such as 4.3-2 shows that
when X in the rth secular equation is set equal to zero, there is left the
sum of starred coefficients, and this sum generally equals zero. Similarly,
it is general that the unstarred coefficients are zero.

With this generalization available, it is possible to obtain the non-
bonding MO coefficients by inspection. Thus, we begin in the case of benzyl
by assigning the value a to the para LCAO-MO coeflicient. The coefficients
at the meta positions are zero since these are unstarred positions. Now, the
LCAO coeflicient at carbon-5 is seen to be —a since the sum of the coe-
flicients surrounding C-4 (an unstarred position) must total zero. Similarly,
the coefficient at C-7 is —a. Since two of the LCAO-MO coefficients sur-
rounding C-2 are known and are —a, the coefficient for C-1 must be +2a.
Finally, the coefficient at C-2 is zero since this is an unstarred carbon. Now,
with the coefficients known relative to one another, and with the knowledge
that the sums of their squares must equal unity by normalization, one can
solve to obtain @ = 1/4/7.

NBMO coefficients can be obtained in general in the same manner (Fig.
4.5-B). A useful point to keep in mind is that it is usually simpler to
begin by assigning the unknown value a to a starred position which is dis-
tant from the carbon bonded to only a single unstarred position. If we had
begun by assigning a value to the coefficient at C-1 first, we could have
obtained the same answer but with slightly more difficulty.

4.6 Nonbonding MOs in Mdbius Systems

Dewar’s treatment given in Section 4.5 was predicated on the assumption
of a simple = system with no plus—minus overlaps in the basis set. An
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Top-bottom overiap

Fi1G. 4.6-A

exactly parallel treatment of an odd-alternant system having a sign dis-
continuity (i.e., a plus—minus overlap) in the basis set leads us to a result
differing only slightly. For example, consider the species having a Mébius
cyclobutadiene ring and one exocyclic atom (note Fig. 4.6-A).

The secular equations are

a*X + =0 4.6-1
a* 4 X + ot — ¢ =0 4.6-2
e+ c*X 4 ¢ =0 4.6-3

¢t + X + ot =0 4.6-4

— 0 ¢ +6*X =0 4.6-5

Realizing that we can star alternant atoms, we know that pairing of
MOs occurs for such Mdbius systems. In odd systems as presently con-
sidered there then must be a nonbonding MO. With X set equal to zero,
we can see that the unstarred coefficients again must be zerc as for the
Hiickel and acyclic situations. For example, in Eq. 4.6-1, with X = 0, ¢
becomes zero. However, Eq. 4.6-2 shows a slight difference from the normal
Dewar treatment. Here, with X = 0, ¢; + ¢z — ¢s = 0. Thus the rule be-
comes that the coefficients surrounding any unstarred position are added;
however, in this addition they are taken with a negative sign if they overlap
with that unstarred basis orbital in a plus-minus fashion. With ordinary
overlap the starred coefficients are added as usual with a positive sign.
The sum must be zero as in the normal Hiickel cases. We can then gen-
eralize the Dewar rule as

Doelt =0 4.6-6

where s is the unstarred atom, the summation is over all overlapping atoms
7, and €, 1s 41 for plus-plus or minus-minus overlap between basis orbitals
7 and s while it 1s — 1 for plus-minus overlap.
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4.7 Uses of the NBMO Coefficients

A number of different practical results can be derived with knowledge of
the NBMO coefficients.® One allows us to obtain the electron distribution
in the odd-alternant carbanion or carbonium ion. Thus, in the benzyl
radical, having seven 7 electrons, we have a unit =-electron density at all
atoms of the = system as is characteristic of all the uncharged alternant
hydrocarbons. In looking at Fig. 4.7-A, we see that the carbanion differs
only in the addition of one extra nonbonding MO electron, and we know
the distribution of this electron from the LCAO-MO coeflicients we have
derived. The squares of these coefficients give the electron densities which
are then seen to be # at the benzylic carbon (C-1) and #% at each of the
ortho and para carbons. These values then correspond to the distribution
of formal negative charge in this species. In the case of the corresponding
cation, we have the same configuration as in the free radical except that
the single nonbonding electron is removed. Since the distribution of this
nonbonding electron is known, we then know the distribution of formal
positive charge in the cation. It is again 4 benzylic and 4 ortho and para.
The results obtained are identical to those resulting from complete solu-
tion of the Hiickel secular determinant.

A number of other uses of the nonbonding MO coefficients have been
demonstrated, especially by Dewar.? One is estimation of the energy gained
by juxtaposition of two odd-alternant hydrocarbon fragments to generate
an even-alternant system of interest. As an approximation, we assume that
the energy resulting from fusion of the two fragments derives from mixing
of the two nonbonding MOs, one from each fragment and with the two
electrons then populating the lower energy of the two MOs. In effect then
we need to mix together the two NBMOs ¢, and y¢p in a 2 X 2 secular

0 ——— —H—
—H— —H— —H—
—H— —H— ——
—H— —H— —H—
Radical Carbanion Cation

Fi16. 4.7-A. Configurations of the benzyl radical, carbanion, and earbonium ion.
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determinant. It can be readily seen that the determinant has off-diagonal
elements as in the following equation:

V4 17
‘l/A -X (crAcaB)
=0 471
Ve| (Cracsn) X

and with X’s along the diagonal. Actually with normalized MOs, here Y4
and ¥, the number of squared terms obtained along the diagonal is always
unity. The product c,4c,s is based on the assumption that fragments A
and B overlap only at one place, where atom r of A overlaps with atom s
of B. If there are more sites of overlap, then we have a sum of such terms
off the diagonal. In any case, the off-diagonal term is arrived at in the
usual way in which we consider the number of adjacent overlaps.
Solving the 2 X 2 thus obtained gives us

X = +[cracen + cracun +---] 4.7-2

Since the splitting of the two nonbonding MOs gives a bonding MO which
is doubly occupied, the energy lowering due to this splitting is

AE = —2(ceacsB + 2¢tacup +- ) 4.7-3

In words, this means that we can put two odd-alternant fragments together
and approximate the stabilization energy by taking the product of the
NBMO coefficients, one from each fragment, at each site of new bonding.
The sum of products is then doubled and taken negatively. We note here
that the absolute sign of LCAO-MO coefficients is arbitrary, so that after
the summation we may end up with a positive or negative summation, but
this has no significance.

One example which is of some interest has been noted by Dewar. This is
the formation of naphthalene and azulene from the nonatetraenyl and the
one-carbon fragments:

g
o* T *-a
o TAE = 6ab 4.7-4
a o
o 9
(8]
\ 4.7-5
H *x -g
Ab AE - 4ab
" 3
[2]

*
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Here b derives from a single p-orbital fragment and is therefore 1 on nor-
malization. The value of a is obtained in the usual way as 1/V5. However,
one does not need the actual values of a and b in order to see that there
is energy lowering at two sites in azulene compared with three in the
formation of naphthalene. The energy changes on formation of these two
species are thus given in the equations above. The main difference results
from the fact that all sites of bonding have the same contribution of 2ab
in the case of naphthalene but for azulene one term less occurs due to
bonding at an unstarred position. Even worse energetically would be an
example where bonding led to terms with opposite sign as in the formation
of cyclobutadiene from a methyl fragment and allyl:

*

..['.: AF -0 E 476

g *

Here we have one contribution of +2ab and one negative contribution of
—2ab. Although b is still unity, the value of a in this case is not the same
as in the preceding example but is the usual 1/V2 (i.e., the nonbonding
MO coefficients of allyl).

4.8 The Mulliken~Wheland-Mann and Omega Techniques

Thus far in doing MO calculations we have assumed that all adjacent
overlaps are equal and that all carbon atoms are equally electron attracting.
Although this simplistic set of assumptions is incorporated in the secular
determinant prior to solution, the results of such Hiickel calculations are
less naive. Thus, bond orders do not come out all equal except where
demanded by symmetry. Similarly, in nonalternant hydrocarbons and also
in charged species, one finds unequal electron densities at different molecu-
lar sites.

One attempt to take this information into account in setting up the
initial secular determinant was proposed by Mulliken and Wheland and
students.*1%:1! Thus it is assumed that the resonance integral used, repre-
senting interaction between two atoms, should be linearly dependent on
the bond order between the two atoms. Similarly, it is assumed that the
Coulomb integral used should be sealed so that it is a function of the elec-
tron density at each atom. The relationships used are

Oy = w(l - Qr) 4.8-1
.Bra = .BO(Sra/SO) 48'2
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where
S../Ss = [0.08(P,," + P,°) + 0.1157/0.276 4.8-3

Here @, is the total w-electron density at carbon r, 8, is the standard
resonance integral (e.g., for ethylene), 8, is the adjusted resonance integral
between atoms r and s, P," is the = bond order between atoms r and s,
while P,,° is generally taken as unity. Also, 8, is the increment in the
diagonal element of the secular determinant used earlier for an atom r of
different electronegativity than carbon. It can be seen that both resonance
integrals and diagonal secular determinant elements are adjusted. For a
more electronegative atom than carbon, a positive 6 was employed. Equa-
tion 4.8-1 indicates that & is taken as a function of the w-electron density
at the given carbon. If this electron density, @, is less than the unit density
found for an uncharged alternant hydrocarbon, then § will be positive,
since the proportionality factor w is positive; a typical value of w is 0.8. If
the electron density is greater than unity at a carbon, the value of § will
be negative. However, one can determine the electron density only from
the LCAO-MO coefficients and these are not available prior to setting up
the secular determinant. Thus a reiterative method is needed. Similarly,
Eqgs. 4.8-2 and 4.8-3 allow one to obtain new off-diagonal elements (i.e.,
the B,’s) if one uses the bond orders derived from the preceding iteration.
The first iteration is an ordinary Hiickel solution of the MO problem. The
LCAO-MO coefficients obtained are then used via Eqgs. 4.8-1, 4.8-2, and
4.8-3 to obtain the elements of the secular determinant for a second itera-
tion. This determinant, on solution, then gives new coefficients which are
then used again. The process is continued until the eigenvalues and coeffi-
cients reach constant values.

While Mulliken, Wheland, and co-workers used both variations of the
Coulomb integrals and resonance integrals, Streitwieser has shown that
in many instances variation of only the diagonal elements provides a useful
improvement. This has been termed the omega technique.!?

Another approach is to use only the variation of off-diagonal elements
with bond orders, and this has been used by the present author. One
example of the utility of this last approach is in the application to the
pentadienyl anion. Here a simple Hiickel calculation suggests that the
m-electron densities at carbons-2 and -4 are zero but 0.333 at each of atoms
1, 3, and 5. Reasons have been given®® as to why the electron density seems
experimentally to be more heavily localized at the center carbon of such
systems in disagreement with this simple calculation. However, the Hiickel
approach is less naive in giving bond orders. The bond order between atoms
1 and 21s calculated to be different than that between 2 and 3. Furthermore,
the improved bond orders are seen to lead to the correct concentration of
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TABLE 4.8-1
7-ELECTRON DENSITIES CALCULATED FOR THE PENTADIENYL
CaRrBANION BY Svccessive LCAO-MO APPROXIMATIONS WITH
CuanciNG Bonp ORDERs®

Approximation @ es s Py Py

First 0.333 0.000 0.333 0.788 0.578
Second 0.317 0.000 0.365 0.802 0.564
Third 0.316 0.000 0.368 0.802 0.562

@ Adopted from Zimmerman.®

charge at the central carbon. The results of successive approximations for
the pentadienyl anion are given in Table 4.8-1.

4.9 Correlation Diagrams;Reaction Allowedness and Forbiddenness

One application of molecular orbital theory which is of particular use to
the organic chemist is the prediction of the “allowedness’ or “forbidden-
ness’’ of an organic reaction. One suitable definition is that allowed ground-
state reactions are those in which there are no crossings of MOs during
reaction except where the two MOs crossing have the same occupation of
electrons. This means that the product configuration will have the elec-
trons in the lowest possible arrangement. For a reactant with only bonding
electrons (e.g., a neutral, nonradical hydrocarbon) this means that an
allowed reaction will be one in which all of the bonding MOs remain bonding
during reaction and all of the antibonding MOs remain antibonding. This
situation is shown in Fig. 4.9-A.

Conversely, a forbidden reaction is one in which, as the reaction pro-
ceeds, the MOs cross in such a way that one ends up with a higher energy
electron population of product MOs than one had in the reactant. For a

A
Fra. 4.9-A. A typical allowed reac- F1a. 4.9-B. A typical forbidden re-
tion. All bonding MOs remain bonding. action. Bonding and antibonding MOs
The abscissa is the reaction coordinate cross X = 0. The abscissa and ordinate

and the ordinate is the energy X. are the same as in Fig. 4.9-A.
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simple reactant with only bonding electrons this means that there will be
a bonding MO (with two electrons) which becomes antibonding and an
antibonding MO (unoccupied) which becomes bonding. This situation is
illustrated in Fig. 4.9-B. Here we see that in the allowed reaction (Fig.
4.9-A), all the bonding MOs remain bonding and the product is obtained
in its lowest configuration with all the bonding MOs occupied but no anti-
bonding MOs containing electrons. In contrast, in the forbidden reac-
tion (Fig. 4.9-B) 3 of reactant gradually transforms itself into 3’ of
product and ¥’ is antibonding. Since ¥; is doubly occupied, assuming that
the reaction is adiabatic (i.e., there is no change in electron occupation),
¥3” will be doubly occupied as well and thus an (exceptionally high energy)
excited state of product would result. While in such forbidden reactions
one does not expect to get a doubly excited state as the product, one can
expect that the molecular energy will rise sharply as the molecule proceeds
along the reaction coordinate.

Now the question is how one determines which MOs of reactant become
which MOs of product. One approach can be used in cases where there is
molecular symmetry in the reactant which does not change along the
reaction coordinate. It is important, though, to note that it is not sufficient
for reactant and product merely to have the same symmetry but rather
it is necessary for the symmetry to be maintained in between these extreme
molecular geometries. In such cases, one is able to draw the correlation
lines (i.e., as in Figs. 4.9-A and 4.9-B) by use of the noncrossing rule which
states that two eigenfunctions (here two MOs) of the same symmetry will
not cross. It is found that there is one unique correlation possible in each
case which satisfies the criterion. This method is the one introduced by
Woodward and Hoffmann.!4-%5

As an example, we can apply the method to the electrocyclic closure of
allyl. The orbital drawings at the top of Fig. 4.9-C are for the basis set. We
see that the disrotatory motion allows the allyl species to maintain a verti-
cal plane of symmetry as twisting continues until finally the cyclopropyl
species is generated. Conversely, conrotatory motion maintains a horizontal
axis of symmetry throughout the process. The symmetries are designated as
A or S representing antisymmetry or symmetry with respect to these
elements (i.e., the plane or axis). We find only one way to connect reactant
and product MOs in each case.

If we now consider a given occupation of electrons—two electrons for
allyl cation giving cyclopropyl cation or four electrons for allyl anion giving
cyclopropyl anion—we find that the disrotatory motion is favored for the
cation since here there is no crossing of MO 1 with any unoccupied MO as
does happen in the conrotatory twisting. For the anion, with four delocalized
electrons in MOs 1 and 2, we see that conrotatory motion is preferred
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Fic. 4.9-C. Correlation diagrams for disrotatory and conrotatory electrocyclic
closures of allyl species. (a) Disrotatory twisting of basis set; (b) conrotatory twisting
of basis set.

since here MOs 1 and 2 are each doubly occupied; these cross in the con-
rotatory mode and we obtain a ground-state configuration. Alternatively,
if we had disrotatory motion, the two electrons in MO 2 become strongly
antibonding, since with this motion MO 2 becomes the antibonding o
orbital of product; also, MO 3 of reactant is unoccupied and transforms
itself into the nonbonding MO of the carbanion. Thus, disrotatory motion
leads to a cyclopropyl anion with two electrons in an antibonding ¢ orbital
but none in the p orbital at atom 2. Hence, for the carbanion conrotatory
motion is allowed and disrotatory motion is forbidden.

Another approach to drawing the correlation lines and following energy
change along a reaction coordinate involves looking at the reacting species
half-way along the reaction coordinate. This is the Mobius—Hiickel method
of Zimmerman." For example, if we refer to Figs. 4.9-A and 4.9-B, we see
that half-way between reactant and product there are degeneracies at the
point along the reaction coordinate where MOs cross. This half-way point
along the reaction coordinate is marked with an . What we need then is a
way to determine what the array of MOs looks like at half-reaction, since
for every degeneracy there is a crossing of MOs and this would allow us to
draw the correlation diagram.

Turning to the specific case of the allyl species closure, we note that at
half-reaction the disrotatory transition state is composed of a Hiickel-like
array of basis orbitals, since nowhere do we have a plus—-minus overlap
between basis MOs (see Fig. 4.9-D). As noted earlier in connection with
basic MO theory, the MOs deriving from mixing of the basis orbitals are
independent of our choice of orientation of the basis orbitals; and here our
definition of Hiickel and Mobius is independent of just how we orient the
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{a) {b)

Fi1c. 4.9-D. Disrotatory (Hiickel) and conrotatory (Mobius) transition states for
allyl closure. (a) Hiickel transition state; (b) Mdbius transition state.

basis orbital selected. If we Invert one (e.g., p orbital) in the set of either
system, we do not change the Hiickel or Mobius character. The former
always has zero or an even number of inversions in proceeding around the
cyclic array and the latter has an odd number of plus-minus overlaps.

Presently, we know that a Mdobius cyclopropenyl system has a bonding
degeneracy and a single antibonding MO. This tells us that MOs 1 and 2
cross at the point &, as actually occurs in Fig. 4.9-C. In contrast, the Hiickel
cyclopropenyl system has a single bonding MO and an antibonding de-
generacy. This tells us that for the Hiickel reaction geometry (i.e., dis-
rotatory), MOs 2 and 3 cross, as does happen.

Thus the Mobius—Hiickel approach of Zimmerman!® allows one to
obtain correlation diagrams readily, and the method is not dependent on
symmetry.

Problems

1. Using symmetry, derive the correlation diagram for the disrotatory
closure of the allyl cation to give the cyclopropyl cation. Now do the same
for the conrotatory closure.

2. Use the Hiickel-M6bius method to do the two problems in Problem 1.
3. Use the bond order—perturbation method to draw the correlation dia-
gram for this same reaction. Have you obtained the same result from the
three different approaches? In each case indicate if the reaction is forbidden
or allowed.

4. TUse the LCAO-MO coefficients given for butadiene in Chapter 1 to
determine if either disrotatory twisting or conrotatory twisting is forbidden.
Do the other approaches give the same result?
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5. Consider the transformation of ‘“rectangular cyclobutadiene,” in
which the long bonds are 1-2 and 3-4 and the short bonds are 2-3 and 1-4,
into its isomer in which the short bonds have been stretched into the long
bonds and the long bonds have become the short bonds (i.e., the long bonds
now are 2-3 and 1-4 and the short bonds are now 1-2 and 3-4). Obtain the
correlation diagram and . show that this is a forbidden transformation.
[Hint: One approach is to use symmetry and another is to use the Mbius—
Hiickel approach to obtain the half-reaction MO array.] Generalize this;
for example, what is the result with cyclooctatetraene? How about other
4N systems? If only m-electronic factors are controlling, what is the pre-
ferred geometry?

6. In view of the result of Problem 5, inspect a similar transformation of
a 4N + 2 system such as benzene, here a benzene where bonds 1-2, 34,
and 5-6 are short and 2-3, 4-5, and 6-1 are long in one species while 1-2,
3-4, and 5-6 are long and 2-3, 4-5, and 6-1 are short in the other. Is this
transformation forbidden or allowed? What is the preferred molecular
geometry of (e.g.) benzene as a consequence.

7. Categorize the transition states for each of the following transforma-
tions as either Mébius or Hiickel. Then determine the number of delocal-
ized electrons involved in each of the transition states. Finally, draw the
correlation diagram and decide if the reaction is forbidden or allowed.

(a) A disrotatory electrocyclic closure of butadiene to give cyclobutene.

(b) The conrotatory version of part (a).

(¢) A 1,3-antarafacial hydrogen migration in propylene.

(d) A 1,3-suprafacial hydrogen migration in propylene.

(e) A process analogous to that in part (c), however, where a carbon
with a p orbital is doing the 1,3-migrating and both lobes of the p orbital
are overlapping, one lobe with the top of C-1 and the other lobe with the
bottom of C-3.

8. Consider the 1,4-closure of benzene to Dewar benzene with top-top
overlap between AOs 1 and 4 of benzene. Draw the correlation diagram
using symmetry. Is the reaction forbidden or allowed? Now consider the
problem from another approach. Dissect the two MOs which are anti-
symmetric with respect to a plane bisecting carbon atoms 1 and 4 and note
that two of the six delocalized electrons populate one of these two; also
note that this MO remains bonding throughout the reaction and does not
affect the allowedness or forbiddenness. Now inspect the remaining four
MOs and note that each of these can be written as composed of group
orbitals of the form x1, (x2 + xs), (xs + x5), x« and that these four basis
group orbitals form a cyclic array and must accommodate the remaining
four delocalized electrons. What type of array is this, Hiickel or Mgbius?
Is the reaction allowedness or forbiddenness predictable on this basis? Can
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you now generalize the Mobius-Hiickel treatment to such bicyclic transi-
tion state reactions?

9. Using the Dewar method of nonbonding MO coefficients, predict the
charge distribution on the methylene carbons of (a) the benzyl anion and
(b) the e-naphthylmethyl anion (i.e., o-naphthyl-CH,©:) in order to
decide which is more basic.

10. Draw the correlation diagram for the thermal fission of cyclobutane
into ethylene. Label the diagram explicitly and conclude if the reaction is
forbidden or allowed.
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Chapter 5

MORE ADVANCED METHODS; THREE-DIMENSIONAL
TREATMENTS AND POLYELECTRON WAVEFUNCTIONS

Thus far we have used MO methods which apply to a truncated set of
basis orbitals. Either the truncated set has been the 7 system of a planar
molecule where then we neglect the ¢ system, or the set has been a group
of orbitals assumed to be able to be dissected from the rest of the molecule.
Also, hitherto we have included only one electron at a time in our energy
minimization and have not included clectron—electron interaction effects.
This chapter deals with the polyelectron methods and the extension of
Hiickel theory to three dimensions.

5.1 Polyelectron Wavefunctions; Slater Determinants

Thus far we have been considering wavefunctions which are single
molecular orbitals, each of which is considered as contributing separately
and independently to the state of the molecule. However, a better wave-
function would consist of a product of single molecular orbitals and have a
spin assignment as well as having electrons assigned to molecular orbitals
in the product. This would then give the simultaneous contribution of all
MOs. Such a product would be

& = ¥, (1)F(2) 5.1-1

for ethylene. Here the presence of the bar over the MO indicates that a 8

spin is assigned to that MO and the absence of a bar indicates an « spin

for that MO. This product, in effect, says that while electron 1 is assigned

to MO 1 with a requirement for « spin, electron 2 is assigned to MO 1

with imposition of 8 spin. The overall wavefunction then is the product
161
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of the two space-spin orbitals. It can be seen that the wavefunction squared,
which gives the probability and electron distribution at any point in space,
is then just the product of the individual MOs squared and thus just the
product of the individual one-electron probabilities.

Each of the constituent orbitals is called a space-spin orbital, or often
just a spin orbital, since it describes both the spatial and the spin properties
of an electron assigned to it. What is meant is that the orbital is a product
of the ordinary spatial MO of the type we have previously been using,
signified presently as y,, ¥», . .., and a spin function which is & or 8. Each
function, spatial or spin, has following it parentheses to which an electron
is assigned. Then we can write the space-spin orbitals as

(1) = ai(Da(l),  ¥a(2) = ¢:(2)B(2) 5.1-2

However, it is artificial to assume that electron 1 is uniquely assigned to
¥, and electron 2 confined to ¥,. Rather, it is more reasonable to include
the alternative assignment,

¥1(1)¥,(2) 5.1-3

in linear combination with the original assignment ¥,(1)¥,(2). The nega-
tive linear combination in Eq. 5.1-4 is taken with the philosophy that the
total wavefunction should be antisymmetric with respect to exchange of
electrons 1 and 2.

1 - _
d=— {0 (1)¥(2) — (1), (2 5.1-4
\,—2-{1()1() (D (2)
Thus, if the operator P signifies permuting electrons 1 and 2, the poly-
electron wavefunction ® is seen to be converted to its negative by permuting
with the P operator. Accordingly,

1 - - 1 - -
Py = @P{\Iﬁ(l)\lﬁ&) ~ (1) 9, (2)} =5 {W1(2)¥1(1) — ¥ (2)¥a(1)}

1 . -
= —= {V(1)V,(2) — (¥ (2)} = - 5.1-5
\/Q{l()l() 1(1)¥1(2)}
A wavefunction which is antisymmetric with respect to electron exchange
is said to be antisymmetrized.
We note that the wavefunction & corresponds to the expansion of a
determinant and may be written as

B(1) (1)
d = —
V2@ W)
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In general antisymmetrized wavefunctions may be written as such deter-

minants where the columns contain the occupied space-spin MOs and each
row has a different electron assignment. Hence for a closed-shell system

Wy (1)¥; (1) Wa (1) Ty (1) ¥5(1) F5(1) - - ¥ (1)
W1 (2) ¥, (2) Wa(2) Fa(2) ¥3(2) F3(2) - - -

& = ¥ (3) - 5.1-6

One feature of the Slater determinant worth noting at this point is the
behavior of the function ® if one attempts to consider an electronic con-
figuration where the same space-spin MO is used more than once, that is,
where two electrons are assigned with the same spin to the same space MO.
In this case two columns of the Slater determinant become identical and
determinant algebra tells us that the polyelectron wavefunction ® vanishes.
Thus Slater determinants enforce the Pauli prineiple.

A common short and convenient notation allows us to write Eq. 5.1-6 as

1 - - - -
P = ——| V(1) ¥1(2) ¥2(3) ¥ (4) ¥3(5) ¥3(6) - - - ¥,(2n 5.1-7
mll()l()z()z()s()s() (2n)]
Here we write only the diagonal terms of the full Slater determinant with
the understanding that the full determinant is implied. Another useful
notation is

@ = Pui(1)%1(2) ¥(3) s (4) Ws(5) ¥ (6) - - ¥ (20) 517
or
¢ = 12n! Py (1)%4(2) ¥, (3) ¥y (4) W3 (5) ¥5(6) - - - ¥, (2n) 5.1-7b
or
& = —= B(—1)FPPY(1)¥:(2) ¥a(3) Fa(4) Wa(5)Ta(6) - - ~F(20) 5.1Tc

vV 2n!

Here the B operator in Eq. 5.1-7a signifies take all permutations and add
these up with appropriate plus or minus signs and then normalize the sum.
The P operator takes all permutations but omits the normalization. The
P operator merely says to permute the product of n space-spin MOs. The
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summation in Eq. 5.1-7c¢ includes all permutations. Even permutations
with two or some even number of permutations are given positive signs
[note (—1)P then is 417 and odd permutations are given a minus sign
[here (—1)7is —17]. For example,

Po(1)¥(2) = =1 (2)¥(1) = —¥a(1)¥,(2) 5.1-8

We note that it does not make any difference if we permute the electrons
or instead keep the electron assignments in the same order and, instead,
permute the space-spin MOs.

Finally, thinking about the full secular determinant in Eq. 5.1-6, we
realize that the determinant is, by definition, just the same sum of n-fold
products as in Eq. 5.1-7. Thus the definition of a determinant tells us to
select one space-spin MO with its electron assignment from column 1, to
multiply this by an MO with electron assignment selected from column 2,
and to multiply this from such a function selected from column 3, etc. In
selecting functions from each column to make up a product we must not
use the same row twice and we must affix a plus or minus sign depending
on whether the product is even or odd (i.e., whether the permutation is
even or odd). We then add together all such permutations and normalize
to get ®. Our shorthand notation of Eq. 5.1-7 explicitly gives the zeroth
permutation.

5.2 Energy of a Single Slater Determinantal Wavefunction

To obtain the energy of a single Slater determinant including effects due
to mutual electron—electron repulsion we have to consider two operators
and derived integrals. One operator we have already discussed, namely
3C;, defined by

I = /\m(z‘)ac W (0) dr = /apk(i):;c @) dr - 524

gives the energy I, of electron 2 in MO k& as a result of its kinetic energy
and also potential energy due to attraction by molecular nuclei.

A new operator G;; = e?/r;; represents the potential energy resulting
from mutual repulsion of two electrons ¢ and j. Using this we can write
two-electron integrals such as

Gt = [ (DG ) dr 5.2:2

which represents the mutual repulsion of electrons ¢ and j with electron 7
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assigned to space MO k and electron j assigned to space MO I:
v,

¥ 4

Note that here spin is not involved. Ifor example, if £ and ! were to apply to
MOs 1 and 2 of ethylene, the term G212 then gives us the energy of repulsion
between an electron in the bonding MO and an electron in the antibond-
ing MO (i.e., the repulsion between the two one-electron clouds in Fig.
5.2-A, dotted area and hatched area). Note that the subscripts in Gy are
in the same order as in the terms under the integral in Eq. 5.2-2 where
the MOs are listed in the order of functions of electrons <, j, ¢, j sequentially.

The total energy operator is taken as

F=3+g 5.2-3

We can now proceed to obtain the energy of a Slater determinant includ-
ing both one-electron and two-electron terms. Thus

P = PU (1) ¥(2)T,(3) - - -, (2n) 5.2-4

1
- v/ 2n!
and the integrated form of the Schrodinger equation gives us
1 _ _ - - - -
E= oo [ PROB@®E) E@nsP () B@%E) - Fa2n) dr

5.2-5

The designation of the permutation operators by a prime (‘) and a double
prime ("’) merely indicates that each permutation is independent of the
other.

Equation 5.2-5 can be simplified since it is not necessary to permute both
the MO products before and after the operator; it is sufficient to permute
only one. To show this, let us premultiply the integral in 5.2-5 by a per-
mutation operator P, so designed that each permutation resulting from

Fi1a. 5.2-A
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P’ is reversed to restore the original product of MOs. We note that P,
affects the electron assignment in both the MO products before and after
F but permuting all the electrons does not change the value of the integral.

We also note that P’ has the 2n! terms and after this reverse permutation
we have 2n! identical permutations preceding . Thus the normalization
factor of 1/2n! in 5.2-6a is canceled in 5.2-6b

E

glapq/15'\1/1(1)@1(2)\1/2(3)@2(4)---\i/,,(zn)
X FP (1)%1(2) ¥ (3) Fa(4) - - - (20) dr 5.2-6a
= [ B OBE@BE) ) - (2n)

X SP P (1) (2) 0 (3)Fa(4) - Fa(2n) dr  5.2-6b
= [BOBE@BE B ¥

X FPU(1)F1(2) ¥, (3) 2 (4) - - - ¥, (20) dr 5.2-6¢

But PP’ is just equivalent to an ordinary unnormalized sum of permuta-
tions P since all permutations are included. Equation 5.2-6¢ then gives a
very convenient form for writing this and similar integrals involving two
Slater determinantal wavefunctions. All we must do is to include all per-
mutations in the second term but without any normalization needed.

To evaluate 5.2-6¢ it is helpful to consider the 3¢ and G components of
§ = 3¢ + g separately, or,

E=Ey+ Eg 5.2-7

The 3 component includes the one-electron energy effects, kinetic and
potential energy, for all electrons. That is,

3 =301 + 3 + 3¢ + - - -+ Fan 5.2-8

where JC; is the operator for electron 1, 3C; for electron 2, and so on. Thus,
the one-electron component of the energy E is given by

Bx = [ 082 %(3) 0 4) - Fa(20)

X [301 + 302 + 3¢ + - - - JPU1(1) ¥1(2) o (3) o (4) - - - Fu(2n) dr
5.2-9
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Similarly, the two-electron component of the energy
Ee = / By(1) Ty (2)05(3) Ty (4) - - T, (2n)

X GP¥(1)¥,(2) ¥ (3)¥a(4) - - ¥,(2n) dr 5.2-10

Here the two-electron operator represents the sum of all sets of repulsions
between two electrons and thus

$=Ge+Gs+Su+ - +Gs+Gu+--+Gu+--- 5211

Turning first to the one-electron integral, we note that this is the sum of
separate integrals, the first using 3¢, the second using 3C;, the third using
33, and so on. We also note that each of these integrals can be broken up
into the product of integrals, each one of which is a function of only one
electron. For example, if we consider the integral with the energy operator
for electron 1, we find this to be

Ey = /\Ill(l)scl\lll(l) dn/\i'l@)‘i'l(?) drs

X /‘1'2(3)‘1'2(3) dr,/ W, (4)¥,(4) dry- - -dran 5.2-12
3 4

This has assumed only the zeroth permutation of the operator P, and we
will have to justify the lack of permutation in arriving at this result. How-
ever, first let us evaluate the integral product which gives Exi (note Eq.
5.2-12). In this product we see that each integration involves functions of
just one electron; in fact, it was this which allowed dissection of the original
integration over all electrons into the simpler form above. We note that
except for the first integration, all the integrals have the value of 1 by
virtue of normalization. The first integral is just I; (note Eq. 5.2-1) which
is the one-electron energy of MO 1:

Ey =1, 5.2-13

In arriving at this equation we have assumed that all permutations except
for the original one (i.e., the zeroth one) lead to zero integrals. This can
be seen in the following. Thus, in Eq. 5.2-9, if we still retain consideration
of only 3¢, and permute any two space-spin MOs, we obtain a vanishing
integral. If the two MOs permuted are ¥; and ¥;, we obtain the integral
in Eq. 5.2-14. This is zero due to two integrals being zero, namely the
integral involving electron 1 and also the integral involving electron 2. The
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two integrals vanish due to spin orthogonality.* The integrals of Eq. 5.2-9
which are not permuted are still unity and are not explicitly written out in
the following:

f\mu)scl\i/lu) dTI/\I/I(Q)\il(2) drs

2

/\Pl 3 (1) dTI/\l/l(?)\l’l(Q) dre

2

X/ dnf (2)8(2)drs =0 5.2-14

If we try to avoid the spin orthogonality problem and again try to per-
mute terms in Eq. 5.2-9, we might try exchanging ¥; and ¥,. Again con-
sidering only the 3C; operator, we obtain from 5.2-9 terms which are zero:

f\mu):;cl%u) drlf\ill(Q)\ill(2) drzf\pz(swl(?,) drs = 0 5215

In this case it can be seen that the permuted integral product vanishes due
to the third integral which is zero as a result of spatial orthogonality. Also
the first integral in the product will be zero if ¢, and ¢, are eigenfunctions
of the one-electron operator 3C;.

In the same fashion we can evaluate the part of the energy deriving from
the other one-electron operators, namely 3C, 3Cs;, etc., and conclude that
each of these affords a contribution of I where k is the MO containing the
electron of the one-electron operator. Thus,

Ey = 3 el 5.2-16
k

Here n: is the number of electrons assigned to MO k. We next need to
evaluate Eg (note Eq. 5.2-10). In evaluating 5.2-10 we recognize that the
operator is the summation of all two-electron operators in Eq. 5.2-11.
Without any permutation, we find that each use of an operator G;; results
in a two-electron integral of the type in Eq. 5.2-2, and this is multiplied
by a product of integrals that are all unity by normalization. For example,

* Integrals of products of spin functions are unity when the two spin functions under
the integral sign are the same and zero when they are not. For example

/azu) dr =1 while /a(l)ﬂ(l) dr = 0.

1 1
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use of the G;3 component gives
Ee® = / ¥, (1) P3(3)G13¥1 (1) P2(3) dny d‘r3/—\f112(2) de/ ¥2(4) dry
13 2 4

= GmmMO 52—17

Using all components of the operator we see that we will obtain one Guu,
four Gz, one Gumn, and so on, terms. This can be formulated as
EGO = E ’I’LlekzklMO 5.2-18
k1
where this gives the terms arising without permutation. Here 7y is the
number of possible pairs of electrons with one in MO % and the other in
MO L.

We now have to consider terms arising from 5.2-10 if we include permu-
tation of the electrons in the space-spin MOs following the repulsion
operator. Perfectly equivalent to permuting the electrons is permutation
of the MOs, thus keeping the terms in order of increasing clectron number,
and this is used here. First, we can see that any permutation of space-spin
MOs of different spin leads to spin orthogonality. Second, we can also see
that any two space-spin MOs permuted must be those containing the two
electrons of the operator. Otherwise, we will obtain vanishing orthogonality
integrals in the product. The preceding leads to terms such as

Fou = —f B1(1)05(3)Gue¥a (1) ¥y(3) dndrsf\T/l?(Z) drz/\Tff(/i) dry -
1,3 2 4

i

— [ B3I G (1)94(3) dry iy

= — G MO 5.2-19

The negative sign results from use of the permutation operator. The total
energetic contribution from such permuted terms is
EGP = — ZmHGkuk 5.2-20
k1
Here my,; is the number of possible pairs of electrons with one in MO &
and the other in MO [; in contrast to n:;, however, the two electrons con-
stituting each pair must have the same spin.

Thus we have three types of contributions to the total electronic energy.
One is just the sum of the one-electron energies (note Eq. 5.2-16). If the
MOs are Hiickel MOs, then the energy will be the same as that which we
have considered thus far.

The second contribution is a sum of electron repulsions as given in Eq.
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5.2-18. This is destabilizing and derives from mutual electron—electron
repulsion. We can obtain this term very simply from consideration of all
repelling pairs.

The third contribution is given in Eq. 5.2-20 and this is seen to be stabil-
izing. The integrals are termed exchange integrals and the stabilization
derives from the ability of electrons of like spin to permute with the result
of diminution of electron repulsion.

The three energy contributions are shown schematically in Fig. 5.2-B
for a four-MO system (e.g., butadiene).

Va —_— — V4

Vs _ ¥y —_—

——1—‘——- ‘P, —"‘—\—/—‘—\—‘wz +h— wz
.__1_*___ ¥, _\#Q*/_‘y, —\-t_f/_' ¥,

N/

S —

(a) (b) (c)
Fic. 5.2.B. Schematic representation of contributions to the energy of a closed-
shell system. (a) One-electron terms, contribution 27, + 2I,; (b) electron—electron re-
pulsion, contribution Gy + 4G22 + Gazz; (¢) electron—electron exchange terms, 2G2s.

We can now combine all the contributions to the energy of a Slater
determinant and obtain the general expression

E = Z mdy 4+ 220 nuGrur — 22 maGun 5.2-21
k<l k<l
It should be recognized that this expression gives the energy of any Slater
determinant, independent of whether or not it is a closed-shell system.
However, we have not yet discussed the significance of open-shell Slater
determinants and these are not always proper wavefunctions.

Since we are presently dealing with closed-shell systems, we can put in
definite values of the n’s, the n,’s, and the my/’s. It can be seen that n
is 2 for each doubly occupied MO. Second, 7; will be 1 for each Gruu-type
term and will be 4 (note Fig. 5.2-B for example) for each G term where
k and [ are different MOs. Similarly, m.; will be 2 for each Gruu-type term
where k and ! are different but my; is zero for k = I since of necessity the
electrons in this one MO (i.e., termed k or I) are of opposite spin and my
gives contributions only for pairs of electrons of the same spin.

We can write the total energy for a closed-shell system as

=2 Z I + Z G + 4 Z Gy — 2 Z Grine 5.2-22

k<l k<l
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By keeping k¥ < [in these summations, we assure ourselves that the same
electron—electron repulsion term is not counted twice. However, we can
rewrite the last two terms in 5.2-22 allowing all values of occupied MOs
for both k and I. But, then we have to divide these summations by 2
since each term is duplicated. Hence

E=2Y L+ Guaw+2Y G — 2 Gun 5.2-23
k k kel Py

If in the last two terms of 5.2-23 we were to omit the restriction that &k = [,
the last term would be increased negatively by a summation of Gy terms
and the next to last term would be increased positively by twice a summa-
tion of the same terms. Thus, we can omit the k¥ # [ restriction in the last
two summations by just compensating and not including the second term
in 5.2-23. Thus

oce ote [+141
E=2X1L+2Y Gt — 2 Gune 5.2-24
% k.1 k.l

We note that these summations are over all occupied MOs.

In considering equations such as 5.2-21 and 5.2-24, we have to recognize
that these merely give the total electronic energy of the MOs we are using.
If these are Hiickel MOs, for example, the energies derived will be correct
for these orbitals but will be higher than if we use better molecular orbitals.
This point has to be considered subsequently.

We still have not discussed the nature of the terms in the summations
except by definition in Eq. 5.2-2. Terms of the type Gru: have been noted
to derive from electron—electron repulsion with one electron in MO &k and
one in MO [. However, these integrals can be evaluated further as in the
next section.

Turning to one other point, we find it is convenient to define single-elec-
tron (i.e., MO) energies as

&= I+ 22 G — 3 GrauM© 5.2-25
1 1

This gives the energy of a single electron in MO k as a consequence of its
one-electron contribution (i.e., the I;) and also including its repulsion by
the other electrons and taking into account stabilization by exchange with
electrons of like spin. But note that the total electronic energy is not the
sum of these one-electron energies. Thus,

oce oce oce

E#226k= 221k+4Zlekl_22lelk 5.2-26
k k k1 k,!
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since this would include each electron repulsion and exchange term twice as
needed. (Compare with Eq. 5.2-24.) Hence Eq. 5.2-25 gives only the energy
experienced by each electron as a result of interactions with all of the other
electrons. By adding such energies together we thus are including each
electron—electron repulsion and each electron—electron exchange twice.

5.3 Evaluation of MO Repulsion Integrals

If one were dealing with the butadiene problem, one would obtain terms
such as Gun™°, G12124°, GaMO, and Grn™°. These may or may not be
explicitly labeled with a superscript “MO,” but they do represent inter-
action between MOs. Since each molecule requires its own set of such
integrals it is not realistic to have these tabulated and available.

However, such integrals can be evaluated in terms of more available
quantities. To do this we write down the definition of a general MO repul-
sion integral (e.g., Gim.) and substitute in the LCAO-MO expansion for
each MO in the integral.

Gt = f G (DY) Guatn (1) (2) dry dry 5.3-1a
1,2

It

f 3 (1) 3 axe(2)8 3 conxe(1) S unxa (2) drydrs 5.3-1b

= T ettt | 1e(Dx(28x(Dx(2) dry 5.3-10
refu

The last integral involves atomic rather than molecular orbitals. There are
a number of conventions for writing such repulsion integrals. Among these
are (rs[Gltw), (1t | su), and G,,,A°. In the first of these, the orbital subscripts
are kept in the same order as in the integral (i.e., electron 1, electron 2,
electron 1, electron 2). In the second notation, the subscripts before the
vertical bar refer to functions of electron 1 and those after the bar refer to
electron 2.

This integral often has been simplified by an approximation termed
neglect of differential overlap, or zero differential overlap. This is based
on the idea that x,x. will be vanishingly small unless » = {. One can see
that if these orbitals are not identical, then any volume element dv present
in one where the value of the atomic orbital is appreciable will be in a
region in space where the value of the other orbital is small (Fig. 5.3-A).
This is a more restrictive assumption than the usual neglect of overlap
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dv

X, X

Fic. 5.3-A

where merely the entire overlap integral is taken to be zero. Here we are
assuming that the orbital product is zero even before integration.

If we assume zero differential overlap (ZDO), then Eq. 5.3-1¢ simplifies
considerably. For the integral not to vanish, it is then required that ¢t = »
and that 4 = s. We then obtain

lemnMo = Z crkcalcrmcsn/ Xr(l)Xs(z)ng(l)Xa(2) dTl dTQ 5.3-2a
2

T8 1,

= X atutomtn [ xH(1Gx(2) dry dr 5.3-2b
7.8 1,2

The integral in Eq. 5.3-2b can be seen to be the atomic orbital analog of
the MO repulsion integral in Eq. 5.2-2. Presently the integral represents
the energy of repulsion of electron 1 in atomie orbital x, with electron 2 in
atomic orbital x.. Thus the term x,2(1) gives the electron density as a
function of position in space of electron 1. Similarly, x,%(2) gives the electron
density of electron2 as a function of its coordinates. For any two points in
space, one having electron 1 and the other giving the position of electron 2,
the product

x:2(1) (e2/r10) xs2(2)

gives the electrostatic repulsion energy between the two electron densities.
Then the integral in Eq. 5.3-2b merely affords the total repulsion when one
integrates over all space. Finally, a shorthand abbreviation for the repul-
sion integral is just v, so that Eq. 5.3-2b becomes

lemn = Z CyiCsiCrmCanYrs 53'3

If we define a quantity w,im = CCrm, then we can rewrite 5.3-1 con-
veniently in matrix form as a vector-matrix—vector triple product:

lemnmo = Z Wr kmY rss,in = 5kmrmln 5.3-4

T8
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where
Bim = [CtkCim  CokCom  CokCim  CakCem "]

and @, is a similar vector whose elements are the same type of products
of the LCAO-MO coefficients deriving from MOs ! and »n. Thus, if k£ and
m were equal in &, or [ and n were equal in ®;,, the elements of that vector
would be electron density terms (i.e., just the LCAO-MO coefficients
squared). As it is, the elements of the omega vectors are products of coeffi-
cients for a given atom but derived from two different MOs. Finally, the
v, terms used, which are noted above to be the energy of repulsion between
two electrons with one in atomic orbital r and the other in atomic orbital s,
depend on the elements bearing the two orbitals, the nature of the orbitals,
and their distance apart.

There is a very simple way of evaluating the triple vector—matrix-vector
product in Eq. 5.3-4. This can be demonstrated most easily for a specific
case. For example, suppose we wish to obtain G, that is [12 | 1249,
for ethylene. For this we need the vector

B = [cence CnCon] = 3 —31 5.3-5

as well as its transpose. To solve for G ®° = [12 | 12]4° we need @l w5,
This is written out as

=

Yu Y
3 —3 = (™° 5.3-6

1
Yo Y2 -2

The product of the vector-matrix multiplication (i.e., the first two terms)
is a vector and multiplication by the final vector then gives a scalar value
for the repulsion integral in terms of the AO repulsion integrals. However,
one can do this more simply by just remembering that post-multiplication
by a vector is equivalent to taking a linear combination of the columns and
premultiplication is equivalent to taking a linear combination of the rows.
Thus, we use the elements of the postmultiplying vector and label the
columns of the I' matrix in order with these elements. Each column is
multiplied through by its label. Similarly, we use the elements of the pre-
multiplying row vector to label and multiply the rows. After these multi-
plications one adds up all elements. This process affords the same scalar
result that formal triple matrix multiplication would. However, it allows
one to see, prior to the actual operation, just how many times each repul-
sion integral in the I' matrix is used in the final result.
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This is 1llustrated in 5.3-7*:

+ -}
+% Yu Y S +ivn —ive
=|U
—% Ya o Y2 M _%721 +’1£‘Yzz
= }vu —ive —ira + v 5.3-7

For illustration purposes all of the terms resulting are kept separate. But
we recognize that yu = va are identical as are v and yxn. The former are
just repulsion integrals indicating the energy raising due to two electrons
in a single p orbital and the latter are comparable terms but where the
electrons are in adjacent (i.e., vicinal) p orbitals. Thus, we can see imme-
diately from simple inspection of the left matrix in 5.3-7 that each diagonal
term is taken (3)(}) times and that there are two equal such terms. We
can see each off-diagonal term is multiplied by a positive term (i.e., +3)
and by a negative term (i.e., —3) and that we have a total of two off-
diagonal terms, each then multiplied (3)(—3) times. We thus come out
with 0.5y — 0.5y as the value of G°. For larger systems the method
proves especially useful, since often it is quickly possible to tell when an
MO repulsion integral vanishes and it generally is easy to total up the
number of each type of atomic orbital repulsion integrals. It turns out
to be general that when the symmetry of the pre- and postmultiplying
vectors differs, the integral becomes zero, and consideration of the multi-
plication of columns and rows by elements derived from omega vectors of
different symmetries reveals that a cancellation of terms will occur.

5.4 Energy of a Slater Determinant for a Closed Shell in Terms of
Atomic Orbital Integrals

We have now obtained in Eq. 5.2-24 an expression for the total electronic
energy of a closed-shell system. However, the result is in terms of MO
repulsion and exchange integrals of the type Gyu° and Griu°. We now
would like to obtain the electronic energy in terms of atomic orbital repul-

()

operator indicates the summation of all matrix elements.

* The
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sion integrals. We need to expand I in terms of atomic orbital integrals
prior to completing this. We see that

L= [ mn) dr = [T e (D5 5 caxd(1) dr

= % caca [ xe(D%xu(1) dr = T cucall 541
r.l r.l
If we now take Eq. 5.2-24 and substitute for the MO one-electron energy
terms (using 5.4-1) and also for the MO repulsion integrals (i.e., using
5.3-1), we obtain

E = 2 Z crkclkHrt + Z Crkcalctkcul(2Gralqu - Graule) 54‘23

rik retu,kl
or equivalently
E = 2 Z crkctkHrl + Z (2crkcllclkcul - crkcalctlcuk) Gratqu 54‘2b

rt,k ratu, ki

In Eq. 5.4-2b we have exchanged the subscripts ¢ and u in the last summa-
tion of 5.4-2a. This is acceptable since we are summing over all values
(i.e., over all atoms ¢ and u) and the letter used to designate an atom is
arbitrary.

We might assume zero differential overlap now. Then G,,.A° vanishes
unless { = r and u = s; this deletes all other terms in the summation in
5.4-2b to give

E =2 Z C,-kC:kH,-; + Z (20,-):203[2 - Crkcnlcrlcnk)yra 5.4-3a

rek ra, kl

where v, = Gror®©
If we designate one-electron bond orders by prix = cmcu, oOne-electron
densities by ¢ = cu?, and again use the notation that wri = crxcr, We
obtain
E=2% pupH.A + 2 ¥ gagu¥es — 20 @rpwapt¥e  54-3b
rt k ra, kl ra, ki
Here we see that the energy of a Slater determinant includes the one-
electron energies of Hiickel theory in the first term (i.e., remember our
treatment of bond order contributions to energy). The second term is a
pure Coulombic repulsion term involving two-electron densities, g and
ga1, repelling one another with an energy of v,, per unit electron density in
each atomic orbital. The final term is stabilizing and derives from our
ability to exchange (permute) two electrons of the same spin and thus
minimize electron repulsion by allowing an electron at atom r and one at
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atom s to avoid one another. The terms w,: and w, x; each give a measure
of the exchange occurring.

5.5 Minimization of the Energy of a Slater Determinant;
Roothaan’s SCF Equations

One can minimize the energy E as given in Eq. 5.4-2a with respect to
the LCAO-MO coefficients used. In doing this we have to maintain the
requirement for orthonormality of the eigenfunctions. The result given is
that derived by Roothaan!:

Z {[Hrt + Z Calcul(2GrstuA0 - GrautAO)] - 6Srt}crt =0 5.5-1a
t su,l
which holds for r = 1, 2, 3,..., n. It is seen that Eq. 5.5-1a is reminiscent
of our usual secular equations except that the quantity in the brackets
replaces the usual H,.; actually H,, has an addition to it of

Z Calcul(2GntuA0 - GrsutAO)

su,l

We define the entire quantity as
FrtAO = HrtAO + E Cnlcul(2Grl!uA0 - GrautAO) 5.5-2

su,l

which then gives
Z (FrtAO - GSrt)Crt =0 55"1b
¢

Thus to solve the secular equations we would proceed in the usual manner,
here diagonalizing the F matrix, except that the matrix elements, that is,
the F.’s, need to be obtained from Eq. 5.5-2. The matrix elements are
not the simple H,A%s (i.e., a’s and 8's) which we have previously been
using. Rather they are additional terms which can be seen to include elec-
tron repulsion and exchange effects on the electron. Unfortunately, evalua-
tion of each F,, element requires the LCAO-MO coefficients. Since these
are not available until after diagonalization the best we can do is to start
with an approximation to these (e.g., with Hiickel coefficients) and then
use the resulting coefficients for a second iteration. The process then is
repeated until the MO energies and coefficients converge to self-consistency.

Finally, let us write the total energy in terms of the matrix elements we
have defined. Thus, we can factor Eq. 5.4-2a to give

E = Z CrkCzk[2H,-t + Z Catcul(2GntuA0 - GrautAO)] 5.5-3

rik su,l
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We can substitute the definition of F,A° (note Eq. 5.5-2) into this to give
E = Z crkclk[HrtAo + F”AOJ 5.5-4

rt.k
Then we use this to evaluate the energy obtained at the end of each itera-
tion.

5.6 Pople’s SCF Equations

Thus far, the Roothaan SCF equations have not assumed zero differen-
tial overlap. If we wish to introduce this assumption (ZDO), it is con-
venient to consider the effect of the assumption on the value of F,, in
Eq. 5.5-2 in two separate cases.

In the first case where we are dealing with diagonal matrix elements (i.e.,
F..), t = r. Then the first term of 5.5-2 becomes H,A°. Additionally, the

summation
2 Y CaCuiGrarn®® becomes 2 Y €.i2Grers®© 5.6-1
su,l 8,1
since ¢ must equal r and v = s by our ZDO assumption. Finally the summa-
tion
- Z cllculGnu lAO becomes - Z crl2Grrrr 56'2
8u,l i
since here u = 7, s = t from ZDO, and also { = r by our initial assumption
of the diagonal nature of F,,. Thus
Frer = Hrer + 2 Z 0312%-- - Z crl27rr 5.6-3
8,1 i
where ¥y = Grre and v¥er = Gy, We can simplify this further using the
definition of electron density and separating out the term for s = r from
the second term; thus
FTTAO = HTTAO + Z qSI‘YTB + %qf"YTT 5'6-4

sy
where ¢’ is the total electron density at atom r (i.e., X nigri).
1
For off-diagonal terms F,, is again obtained from Eq. 5.5-2. The first

term is now H,A°. The second term involving G,,.A° disappears by ZDO,
since ¢ # r for an off-diagonal element. The third term

=" Co1Cu1Grens?® becomes — 3 €ucriGrer® 5.6-5
!

su,l
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since s must equal ¢ and u = r by ZDO. Also we can use the definition of
bond order to further simplify this last term. We then obtain

FrtAO = HrtAO - %Prt’)’rt 56‘6

We use the diagonal and off-diagonal elements as defined by 5.6-4 and
5.6-6 in the usual secular equations, except that now we also neglect overlap
integrals off the diagonal. The secular equations are

Z (Frt - Eart)ct =0 56—7
t

5.7 Configuration Interaction

Thus far we have aimed at optimizing LCAO-MO coefficients either so
that single MOs would be minimized in energy or so that Slater determinant
wavefunctions would have minimum energy.

Now we consider using Slater determinants as basis functions and mixing
these. This will give us a linear combination of Slater determinants. Since
each Slater determinant represents an electronic configuration, we are
really mixing configurations. For such mixing we will use the full ¥ operator,
thus including electron—electron repulsion.

As an example, let us consider the situation of a molecule (e.g., ethylene)
having one electron promoted from MO k to MO I. We can write four
configurations:

¢, ¢, é ¢
e
v

The Slater determinantal functions are

¢ = Wi (1)¥(2)], ¢ = [Wi(1)¥,(2)]
¢ = [We()¥e(2)], ¢ = [T(1)¥i(2)] 5.7-1

Our intention is to mix these four configurational functions in a 4 X 4
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secular determinant

A P2 s 4

& | (Fun— E) Fp Fys Fi

o2 Fy (Fp — E) Fy Fy
=0 572

¢s Fa Fy (F33 — E) Fyy

P4 Fu Fu Fys (Fu— E)
where each F,, matrix element is defined as

Fra = / ¢rg¢a dT = / ¢r(sc + 9)¢, d‘l’ 5.7-3

where ¢, and ¢, represent Slater determinants, or permuted product
functions.

We now proceed to evaluate each of the elements. In this we remember
that we do not need to permute the configuration before the § operator.
In the case of Fuy

Fy = /\1/,,(1)\1/1(2)915\?,,(1)\111(2) dre = It + I + Gae™® — Guu©

5.7-4

This is just the energy of the closed-shell Slater determinant ¢ before any
mixing with other Slater determinants. We can write this result by inspec-
tion as discussed earlier or can consider the integral in detail. The first two
terms arise from use of the 3C portion of the & operator, the Gyu®° term
comes from use of the G operator without permutation, and the — G M°
derives from use of the G operator with permutation.

In exactly parallel fashion

Foo = I+ It + Geet®® — Gen® 5.7-5

In the case of F3; and Fyy the one-electron terms and the nonpermuted two-
electron term arise similarly, but spin orthogonality leads to no exchange
terms. We obtain

Fy = /\I’k(l)\i’l(2)gp\l’k(l)‘i/z(2) dr = I+ I, + Gu®° 5.7-6

and

Fu=Ir+ I + Guu° 5.7-7
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Proceeding to the off-diagonal elements we find that Fi, = 0. Spin
orthogonality wipes out all one- and two-electron terms.

Fy = f\p,,(1)\1/,(2)5y'15\i/,,(1)\i/1(2) dr =0 5.7-8
Continuing, we have
Fu= [GD®Q5PB1) () dr = 0 579

and similarly Fi4 = 0 again as a consequence of spin orthogonality. Also,
Fa3 and Fy = 0 in identical fashion.
In the case of F3, we have

Fy = fqz,,(1)\iz,(2)513\ir,,(1)w,(2) dr = —GuuM®  5.7-10

Here, without permutation we have spin orthogonality and only — Gj;M°
results. Secular determinant 5.7-2 now can be filled in as

2} 2 &3 o4

1| (L + It + Gru™© 0 0 0
— GuuM° — E)
2 0 (Ie + I + Groui® 0 0
— GauM® — E)
@3 0 0 (It + I+ Geue®®. —GrnM©
- B
&4 0 0 — GranM© (I + I+ G
—E)

5.7-11

Thus ¢; and ¢ are final eigenfunctions. The 2 X 2 involving ¢; and ¢4 has
equal diagonal elements and is reminiseent of the Hiickel ethylene problem.
Thus this can be diagonalized by addition-subtraction, thus giving
(1/¥2) (¢s + ¢4) and(—1/¥2) (¢3—¢s) as eigenfunctions. The former gives
the lower energy eigenvalue, i.e.,

E =14+ I 4+ GuM® — Gru© for (1/¥2)(¢s + ¢s) 5.7-12
The latter gives an energy of
E=1+ I, 4+ G + GruM© 5.7-13
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Hence the original problem of configuration interaction in this case has
led to the three degenerate wavefunctions

¢, ¢ and (1/V2)(¢s + ¢4) 5.7-14

all with an energy Iy + I + Giu® — GrusM© and also to a higher energy
eigenfunction

(I/VQ) (s — &) with an energy I + I + Goun®®© + Gr®® 5.7-15

The first three (Eq. 5.7-14) constitute the three components of a triplet
species and the last one (Eq. 5.7-15) is an excited singlet. The energy dif-
ference between these is twice the exchange integral, i.e.,

AE = 2Gy M0 5.7-16

and this proves to be general.
This result gives us the general form in which to write excited singlets
and triplets. These have the form

P = (1/V2) {{¥1(1) ¥1(2) ¥ (3) W2 (4) - - - ¥2(2n — 1) ¥ (2n)|
F (1) ¥1(2) % (3) ¥ (4) - - ¥i(2n — 1) ¥ (20) |} 5.7-17

where the singlet !® has the minus sign and the triplet 3® is assigned the
plus sign.

Another example of configuration interaction arises in connection with
the use of correlation diagrams for organic reactions. A forbidden ground-
state reaction is one in which an occupied bonding MO becomes anti-
bonding during the reaction. Figure 5.7-A shows the situation where a
closed-shell reactant configuration with only bonding MOs occupied
adiabatically transforms itself into a product set of MOs. Since reactant

Fic. 5.7-A. Ground-state reactant Fig. 5.7-B. Doubly excited state re-
giving doubly excited state product. actant giving ground-state product.
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MO 3 becomes antibonding during the reaction, the product configuration
is doubly excited. The entire wavefunction for this configuration can be
expressed as Slater determinant ®;. It is clear that ®; becomes increasingly
high in energy as the reaction proceeds:

@ = [0y (1)¥1(2)¥5(3) ¥p (4) ¥5(5) ¥3(6) | 9.7-18

Although the present situation is written for a six-electron, six-MO species,
the example applies generally.

A second configuration is &y1 given in Fig. 5.7-B. This reaction diagram
starts with a doubly excited configuration and ends with a ground-state
one. Clearly, this begins as being of rather high energy and ends being low
in energy. The configurational wavefunction is given by

Frr = [¥1(1) ¥1(2) W2 (3) T2 (4) ¥a(5) T4 (6) | 5.7-19

We now consider the consequences of interaction of these two Slater
determinantal wavefunctions (i.e., configuration interaction). The secular
matrix is given by

&y $ry
& |Fr1 Fru
5.7-20
®u|Fur Fun
where
Fu= [ @59, 5.7-21
We obtain Fi 1 and Fry 11 in the usual way as
Fyo =201+ 21, + 21; + Guu + Gasse + Gasss + 4G + 4Gins
+ 4Gz — 2G21 — 2Ghgs — 2Gass 5.7-22a
Firnn = 211+ 21, + 215 4 Guu + Gooss + Gaasa + 4G1012 + 4Ghas
+ 4Goips — 2G121 — 2Gua — 2G4 5.7-22b

In the case of F1 11 we evaluate the integral
Fin = /‘1’1(1)‘i’x(z)‘l’z(3)‘1’2(4)‘1’3(5)‘1-’3(6)

X 5P‘I’1(1)‘i’1(2)‘1’2(3) @2(4)‘1’4(5) @4(6) dr
= G3344MO = [34 ' 34] 57‘23
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F}lu\/Fll
S 26

Reaction coordinate

F1a. 5.7-C. Noncrossing of ¢1 and ¢11 along the reaction coordinate as a result of
configuration interactlion.

We evaluate Gau ™ = [34 | 34] as follows:
[34 347 = 3 wrs1Yrews 31 = B3I 034 5.7-24

and find that in general this quantity does not vanish. With a nonvanishing
off-diagonal element Fpi11 we find that the secular matrix in expression
5.7-20 will diagonalize to give energies higher and lower than Fiy and Fiy 11
even when these two approach one another and become degenerate. Thus,
there is a splitting of states which results in noncrossing as shown in Fig.

5.7-C.

5.8 General Expressions for Use in Configuration Interaction

Configuration interaction is normally used for more general purposes
than in the two examples presented thus far. Usually, after one has obtained
one-electron MOs, either of the Hiickel or SCF variety, a further improve-
ment in the energy of the ground state can be obtained by admixing the
closed-shell ground state with as large a number of excited configurations
as is practical. Also, if possible, doubly excited configurations should be
included. From such admixing one obtains the energies of both singlets and
triplets. The wavefunctions obtained are in the form of linear combinations
of Slater determinantal polyelectron wavefunctions. While the eigenfunc-
tions thus are not quite as convenient to work with as simple one-electron
MOs, as in Hiickel or SCF approximations, they nevertheless can be used
to give all the desired physical properties as electron densities, bond orders,
and so on. Furthermore, the energies for the lower excited states are found
to be decreased relative to the unmixed Slater determinantal forms, and
thus configuration interaction also gives us better excited state energies
and good excited state wavefunctions.
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In order to carry out configuration interaction practically, we need to
use general expressions for the matrix elements in order to avoid having to
calculate these from first principles each time we do such a calculation.
Since the expressions given below can be derived by the reader using the
methods given thus far, the details are omitted and it is suggested that the
reader try deriving some of these as problems. For matrix elements between
singly excited configurations:*

3

3 3 3
Pt = / 1P F 1D, dr = Simbinklo F+ Simb 1n — 61aFkm + G 5.8-1

3
where the superscript ! refers to the two possible singly excited states (i.e.,
singlet and triplet) and one selects either the 1 or the 3 superscript. The
k, I, m, and n refer to four MOs of the Hiickel or SCF variety and the
3,4’s are the usual Kronecker deltas, which are zero if p # ¢ and unity if
» = ¢. E, is the energy of the closed-shell ground-state configuration (i.e.,
in absence of configuration interaction). The F terms are defined as

N N
Fln = HlnMO + 2 Z GwlwnMO - Z GwlanO 5.8-2a
N N
ka = HkmMO + 2 Z kameO - Z kamwMO 58"2b
3
1@ = Genimn — Grnmi F Genim 5.8-3

The summations are over all N MOs of the ground configuration. In Eq.
5.8-3 the plus or minus sign depends on whether the singlet or the triplet
is being considered.

Matrix elements between singlet and triplet configurations disappear.
Interaction elements between the ground-state configuration and singly
excited configurations are given by

Fot = V2Fi = V2Z(HiM© + 2 Y Gror®® — Y Gruw™©) 5.8-4

In the case where the MOs used are SCF orbitals, then Brillouin’s theorem
leads to zero matrix interaction elements between the closed-shell ground
state and singly excited singlet configurations (i.e., as in Eq. 5.8-4). In any
case matrix elements between different multiplicity configurations also
vanish.

* The notation & is used to represent the configuration in which an electron has been

promoted from MO & to MO I. The configuration is given in Slater determinantal form
(e.g., note Eq. 5.7-17).
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One interesting point arises if we attempt to take a closed-shell Slater
determinant consisting of non-SCF MOs and admix each of these with small
increments of other members of the complete set of MOs. Let us take a
four-MO system (e.g., butadiene) as an example. We write the usual Slater
determinant, except that to each space-spin MO we add an increment of
all of the other MOs:

® = [{¥1(1) + 8¥2(1) + 8:10¥a(1) + 8u¥u(1)}
X {W1(2) + 82%2(2) + 613%3(2) + 810¥4(2) }
X {W2(3) + 8a¥1(3) + 825¥3(3) + 824¥4(3) }
X {¥2(4) + 6u¥1(4) + 0¥3(4) + &u¥4(4)}] 5.8-5

If we expand this Slater determinant, we will obtain a total of 4¢ deter-
minants. We obtain

= [¥1(1) ¥1(2) ¥(3) ¥2(4) | +

Biz{ W2 (1) ¥1(2) ¥ (3) W2 (4) | + 1(1)¥2(2) ¥ (3) ¥, (4)1} + b
S {1W1(1)¥1(2)¥1(3) ¥5(4) | + N1 (1) ¥ (2) ¥, (3) 1 (4)1} + ¢
Sisf 1 Wa(1) W1(2) W2 (3) ¥2(4)| + W1 (1) ¥3(2)W2(3) ¥ (4)]} + d
Sl (W (1) 71(2) W2 (3) Ta(4) | + 11 (1) T (2)¥2(3) T2 (4) |} + &
o [W1(1) W1 (2) ¥3(3) ¥2(4) | + [Wi(1)¥1(2) W (3) ()]} +
Saa{ [ W1 (1) ¥1(2) W4 (3) ¥2(4) ] + [W1 (1) ¥1(2) ¥2(3) ¥u(4) [} g

plus terms representing doubly excited configurations and
weighted with 8132, 8142, 0237, 8242 13014, €tC. 5.8-6

For MOs which are nearly SCF the improvements to each MO (i.e., the
8’s) will be small and we can neglect the squared terms, the terms consisting
of the product of two different §’s, and terms of still higher order in the §’s.

If we now turn our attention to the expansion in Eq. 5.8-6, we note that
the term on line a is just the original closed-shell Slater determinant before
mprovement. Interestingly, the determinants on lines b and ¢ are zero
since these are determinants each of which has two identical columns, and
such determinants vanish. The Slater determinantal wavefunctions in lines
b and c are seen to result from admixture (note the coeflicients 8,2 and da1)
of MOs within the closed shell with other closed-shell MOs which need
improvement. The result is that there is no improvement by different
linear combinations of the same MOs already utilized.

Even more interesting are the terms in lines d, e, f, and g, Each of these
can be seen to be a Slater determinantal combination corresponding to a
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singlet excited state, although one must note that the form is slightly dif-
ferent than that given in Eq. 5.7-17 for singlets. One can permute the
first two terms of the second determinant in lines d and e and the last two
terms of the first Slater determinant in each of lines f and g. In doing this
we obtain the negative sign between the two determinants and thus have
the characteristic excited singlet form.

This means then that improvement of the original non-SCF single deter-
minantal wavefunction to self-consistency is equivalent to configuration
interaction mixing in all singly excited state configurations. Also, we have
here a proof of Brillouin’s theorem, since as the variation needed to reach
self-consistency approaches zero, the contribution of the singly excited
configurations also becomes zero. Thus for SCF MOs, there will be no
matrix interaction elements between the ground-state Slater determinant
wavefunction and the singly excited singlet configurational wavefunctions.
Actually, one might use Eqs. 5.8-5 and 5.8-6 to obtain an approximate
SCF set of MOs by using the coeflicients weighting the singly excited
singlet determinantal wavefunctions as derived from a simple configuration
interaction calculation. This would give only the bonding MOs. However,
if one wanted the antibonding MOs, one could use a similar treatment based
on an initial determinant in which other sets of MOs (e.g., all antibonding)
were doubly occupied.

Still another point of interest concerns the significance of the matrix
elements (e.g., Fi,) in Egs. 5.8-2a and 5.8-2b. We take Eq. 5.8-2a and
substitute for H ;.M for G,1,-M° and for G.,.,M° as follows:

HlnMO = 2 C,-szH,-gAO 5.8-7

Tt

Gotwn® = Gron®©® = 3 €11CouwCinCuwGronA® (note Eq. 5.3-1) 5.8-8a

retu

Guin®© = Grown© = 3 CriCowCuwCinGronA® (again note Eq. 5.3-1)

ratu

5.8-8b
This affords
F MO = Z Crlcm{HrtAo + Z Cawcuw(2Grstqu - GrautAo)} 5.8-9

rt 8U W

However, we notice that the quantity in the braces has the same form as
F, A0 of Eq. 5.5-2 and substitution into 5.8-9 gives us

Fl,,MO = 2 CﬂC[,,F”AO 58‘10

re

Thus we see that F; MO is just a matrix element between MOs [ and n
quite as H.M° would be except that here the full F operator is used rather
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than just J¢. If ¥; and ¥, are eigenfunctions of F, then off-diagonal elements
F .40 will vanish unless I = n (i.e., for Fu). If I does equal n, note that
Eq. 5.8-2a becomes identical with 5.2-25 which gives the single MO energy
including electron—electron repulsion.

5.9 Three-Dimensional Hiickel Theory; The Extended Hiickel
Treatment

The methods we have used in Hiickel treatments thus far have assumed
either a set of p orbitals or some other truncated set of orbitals which has
excluded part of the molecular framework. The part excluded often has
been a planar ¢ framework or in other instances it has been a part of the
molecule not particularly of interest and assumed not to interact with the
truncated, delocalized system of orbitals considered. While symmetry does
allow one to separate a planar ¢ framework from the = system of p orbitals
perpendicular to this plane, the dissection into two separate sets of MOs,
one studied and the other disregarded, is not ideal.

If we decide to include all valence shell atomic orbitals in a calculation
and thus admix three p orbitals and one carbon 2s for each carbon atom
and admix a hydrogen 1s for each hydrogen atom, we have what is termed
extended Hiickel theory. Alternatively, we could use a basis set consisting
of hybrid orbitals but then orbitals at any carbon have H,, matrix elements
between them while p,, p,, p., and 2s orbitals centered at each carbon differ
in symmetry and do not have such matrix elements.

If we select the p,, p,, p., and 2s orbitals at each center as our basis, it

Y

F1c. 5.9-A. Orientation of basis orbitals at two carbon atoms of a molecule.
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is clear that the Hiickel solution requires knowledge of the overlap between
orbitals at different carbons and oriented at odd angles relative to one
another (e.g., note Fig. 5.9-A). In Fig. 5.9-A we have depicted only two
of the many atoms of a typical system of interest; but the relations derived
will apply to all sets of two adjacent atomic centers.

Thus, using the methods described previously for obtaining overlap
between orbitals with unusual geometric relationships relative to one
another, we can derive the expressions in the following equations:

Sz = (82/9)*8es + [(AY* + 82%)/0?15:x 5.9-1
Sy = (Ay/p)2See + [(AZ? + A2%) /p*]S,x 5.9-2
S.. = (A2/p)28,. + [(Ax? + Ay?) /0?18, 5.9-3
Sey = (AyAz/p?) S;e — (AzAY/0?) Sux 5.9-4
Sz = (AzA2/p?) Sov — (A2AZ/p?) Ser 5.9-5
Sy = (AyAz/p?) S,e — (AyAZ/p?) Sex 5.9-6
Sae = (A2/) Sos 5.9-7
Sye = (8Y/p) Sas 5.9-8
S = (A2/p)S,s 5.9-9

Here S.y Syyy Sz Szy, S22, and Sy, give us the overlap integrals between
two p orbitals with the indicated orientations and at two centers. Similarly,
See, Sys, and S, give us the overlap integrals between a p., py, or p, orbital
and a carbon 2s orbital at another center. The p’s are the distances between
the two atomic centers, S,, is a standard overlap integral, available from
tables, for two p orbitals oriented colinearly at the distance p apart. Simi-
larly, S, is the standard overlap integral value, again available from tables,
where the two p orbitals are oriented parallel to one another. S,, is the
standard integral between an s orbital and a p orbital at the second center
aimed at the s orbital. The Ax, Ay, and Az values are just the difference in
2, ¥, and 2z coordinates at the two centers considered. Finally, in using these
relationships, we adopt the convention that S,, is positive if the first sub-
seript is o and the second is s while this overlap is negative if the first sub-
seript is s and the second is o, as in S... S., is always negative.

These relationships thus give us the required overlaps between the basis
orbitals, although in terms of standard overlap integrals.

With the overlap integrals available, we now need to discuss the H,,
elements, namely the resonance integrals. For the diagonal elements (i.e.,
the H,,’s) the valence state ionization potential of the given element for the
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s orbital or p orbital used is generally used directly. Thus, for hydrogen
1s H,, is taken as —13.60 eV (i.e., the valence state ionization potential).
For carbon 2s we use —21.01 eV, and for carbon 2p we use —11.27 eV.

For the off-diagonal matrix elements (H,, where r 5 s) the Mulliken
“magic formula’ in Eq. 5.9-10 is used:

He = K(Hy + Hoo) Sre/2 5.9-10

This provides a resonance integral which is proportional to the overlap
integral and which gives an energy that is intermediate between the valence
ionization potentials of the two orbitals » and s. K is a proportionality
constant commonly taken about 1.75.

With the [H — ES] matrix elements available, it remains to diagonalize
this. However, we notice that the eigenvalue symbol E occurs in both
diagonal and off-diagonal terms. One approach to solving the diagonaliza-
tion problem is first to diagonalize the S matrix, as in Eq. 5.9-11, to give
the S; matrix. The Jacobi process described earlier can be used or some
alternative, less time-consuming method (e.g., Gram-Schmidt orthonor-
malization) can be employed. Thus, there is a T matrix which can be used
in a similarity transformation to convert $ to S, Further, we could pre-
multiply S; by a matrix ;7! in which each diagonal element is the reciprocal
of the diagonal elements of the S; matrix; this would give us the unit
matrix (i.e.,, 1) with all ones along the diagonal and zeros clsewhere.
Alternatively, we can accomplish the same result by employing the S;~/2,
or V, matrix twice, once before and once after as in a similarity transforma-
tion. We can do this since both V and S, are diagonal matrices and thus
commute (the order can be reversed) :

TsT =8, 5.9-11
and
VistTv=Vsyv=1 5.9-12a

If we define the product TV as U, then 5.9-12a can be more simply rewritten
as
Usu=1 5.9-12b

We can now apply this similarity transformation to the entire secular
matrix and effectively remove the F terms from the off-diagonal elements
as a consequence of the S,, terms disappearing from off the diagonal. Thus
we can see in Eq. 5.9-13 that applying the similarity transformation using
the U matrix converts the secular matrix into a form lacking off-diagonal
E terms:

U[H — ES)U = UHU — EUSU = [H' — E1] 5.9-13a
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where
H' = UHU 5.9-13b

Hence solving the original secular matrix, including overlap, for its eigen-
values is equivalent to diagonalizing the new H’ matrix which is expressed
in terms of a new basis where the orbitals are orthogonal. To effect this
diagonalization we proceed as usual:

C'[H - E1]¢' =0 5.9-14a
or

C'OH— ESUC’' =€[H—-ESIC=0 5.9-14b

Here Eq. 5.9-14b formulates the diagonalization problem in the old basis
where there is overlap between nonorthogonal orbitals while Eq. 5.9-14a
formulates the diagonalization problem in terms of the new, orthogonalized
basis.

If we proceed as in Eq. 5.9-14a, we note that in addition to obtaining
the eigenvalues, which are independent of which basis we select, we obtain
the eigenvector matrix C’. However, this set of eigenvectors (or eigenfunc-
tions) is not particularly useful since it gives weightings of the orthogonal-
ized basis orbitals rather than the set with which we began. However,
reference to Eq. 5.9-14b reveals that we can easily convert this to the desired
C matrix:

¢ = uc 5.9-15

This relationship is formulated in Eq. 5.9-15.

The extended Hiickel method thus can be carried out on organic systems
including all bonds, both ¢ and =, and in fact it does not differentiate
between these. As in the two-dimensional Hiickel treatment it does not
take into account electron-electron repulsion and exchange. In practice it
gives useful results when used qualitatively but energy differences predicted
are usually much too large.

5.10 Three-Dimensional SCF Methods

Just as it was possible to improve two-dimensional Hiickel theory by
proceeding to two-dimensional SCF approaches, three-dimensional quan-
tum mechanical treatments are improved by proceeding to methods includ-
ing electron—electron interaction.

We begin with the Pople SCF equations 5.6-4 for diagonal matrix ele-
ments F,. and 5.6-6 for off-diagonal elements F,. We first concentrate
attention on the H,, and H,, terms in these expressions. For this we use the
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one-electron Hamiltonian operator 3C:
o= —(h/Smat)VE— V4 — Vg — Vg —- - 5.10-1

where V? represents the sum of second partial derivative operators with
respect to the three coordinates. More commonly this is written in units
such that the coefficient of V2is —1, and for simplicity this will be used
henceforth. Accordingly, H,, may be written as

H,. = /xr(l)[_%v2 —Va—=Vg—Ve—-- ]x'(l) dr 5.10-2a

or
(r|—=3V2 — Vo= Vg — Ve —--+[r) 5.10-2b

The notation in Eq. 5.10-2b is just an alternative way of writing integrals.
More important, we note that we can partition the integral into two
separate integrals. One gives us the energy of an electron in AO r. We
designate this U,, and note that it includes both the kinetic energy of the
electron in this AO on atom A and also the potential energy of attraction
for the nucleus, or core, of this atom:

H, = (r|=3V2 = Valr) — X (r|Vg|r) 5.10-3a
B4
=U,— ¥ (r|Var) 5.10-3b
B4

The other term derived from the original integral consists of the sum of
(r|Vs{r) integrals and these represent the potential energy of attraction
for the electron in AO r for all the nuclei other than A (i.e., where B corre-
sponds to each atom).

Turning attention to the off-diagonal terms H,. we can again use the
same Hamiltonian operator in Eq. 5.10-1 and obtain

Hyi = (1=} = Va = Vi = Vo —---|0) 5.10-4

If atomic orbitals r and ¢ are on the same atom A, then the portion of the
integral corresponding to use of the operators —%V? and — V4 vanishes
due to symmetry; that is, r and ¢ necessarily differ in symmetry (e.g.,
one being p, and the other s, ete.) while the operator is totally symmetric.
Also with r and ¢ on the same atom but being different orbitals, the portions
of the integral deriving from use of the other operators (e.g., V) are zero
due to zero differential overlap.

Where atomic orbitals r and ¢ are on different atoms, A and B, it is
convenient to partition the integral in Eq. 5.10-4 into a part including
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(—V2— V4 — Vg) and a second part using (—V¢ — Vp —---). Thus,
H,-t = (TI‘—%V2 -_ VA - VBIt) — E (T|Vc|t) 510‘5
C#A B

The first operator affords the kinetic and potential energy contributions of
an electron spread between orbitals r and ¢ on atoms A and B; this includes
the attraction for nuclei A and B. Thus in Eq. 5.10-5, the first term is just
the usual resonance integral 3,: between the two orbitals r and £. However,
the second term includes only the potential energy contributions due to
attraction of the electron spread between orbitals r and ¢ by nuclei C, D,
etc. These are taken as small and neglected in CNDO calculations. In
summary H,, is given by

H, = Bre = SriBed 5.10-6

We should note that the 8., In contrast to the usual resonance integrals
connoted by this symbol, is independent of the extent of overlap between
AOs r and ¢ and is just a function of the energies of the orbitals r and ¢.

We now substitute the value of H,, (note Eq. 5.10-3b) into the Pople
SCF expression for F,, (Eq. 5.6-4) and also remove the restriction over the
summation so that s may equal r; to compensate for the latter we subtract
¢rvr¥ This gives us

F,.,- = Urr - E (T’VBIT> - %errr + E QsYre + E QsYre 5.10-7
B4 g,r;son A s.r;sonB

Here we have also dissected the summation of g,v. terms into those which

correspond to orbitals on atom A and those on atom B, remembering that

atomic orbital r is on A.

Now, in CNDO (complete neglect of differential overlap) treatments the
approximation is made that all repulsion integrals are a function only of
which two atoms the two orbitals are on and are independent of the orienta-
tion and hybridization of each pair of AOs involved in a repulsion integral.
Thus, in Eq. 5.10-7 we label v,, as y44. In the fourth term in Eq. 5.10-7 we
set all the v,, terms equal to the same y44 since in this summation both
orbitals r and s are on atom A. Clearly this assumption is a bit drastic
since the integrals really differ appreciably; for example, v,, is much larger
than vr, for in the former case two electrons repelling one another are
confined in one AO while in the latter they are in different AOs albeit on
the same atom. Finally, for the last term, the v,, terms are set equal to a
common parameter v45. Here the error introduced tends to be smaller.

* Here for simplicity we omit the prime on ¢, used earlier to signify totalelectron den-
ity on atom r. We recognize this term by its single subscript not involving any MO.
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With these substitutions, Eq. 5.10-7 becomes
Frr = Urr + (qA - %Qr)‘YAA + Z (qB7AB - VrB) 5'10'8

B#A
The term V,5 represents the attraction for an electron in AO r on A for the
nucleus of atom B; this is the same term as the last one in Eq. 5.10-3.
We obtain the off-diagonal term from Eq. 5.6-6 by substitution for H,.
and use of a generalized repulsion integral:

Frt = Srtﬂo - %Prl‘YAB 5.10-9

Finally, there is an advantage to rewriting the diagonal terms with
inclusion of the definition for total electron density on atom B as

g = ZB —_ QB 510—10

where Q5 is the charge on atom B and Zz is the nuclear charge of this
atom. We obtain

Fro=Usx+ (g4 — 3¢)vaa + 2 [—Qsvas + (Zvas — Vip)] 5.10-11
B#A

The quantity (Zgyas — V.s) is termed a penetration integral. It can be

seen to represent the energy of an electron in atomie orbital r or atom A

as determined by its attraction by the positive core of atom B (i.e., a

negative or stabilizing energy effect) and its repulsion by the full comple-

ment of electrons (Z5 in number) surrounding atom B.

In the CNDO/2 treatment, which is representative of a number of three-
dimensional SCF approaches, the following assumptions are made in
approximating the diagonal and off-diagonal matrix elements of Egs.
5.10-9 and 5.10-11.

(a) TFirst, as in many of the methods, overlap is neglected in the secular
determinant. Thus all of the coefficients are normalized so that the sums of
the squares in any eigenfunction add up to unity. Also, as the name ‘“‘com-
plete neglect of differential overlap” implies, differential overlap is ne-
glected so that only repulsion integrals of the type ., are retained. This has
already been assumed in these equations. Furthermore, these integrals are
given the value vy4z which is assumed to be independent of the type and
orientation of the two orbitals r and s and dependent only on the distance
between the two atoms bearing r and s (i.e., atoms A and B). Despite
neglect of differential overlap for most integrals, the approximation is not
invoked for the resonance integrals; as in Hiickel theory, this would prove
too drastic.

(b) Resonance integrals are taken as proportional to overlap integrals
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despite the latter being neglected subsequently. This is again parallel to
Hiickel theory.

(¢) The penetration integrals are neglected. This means that we are
assuming, as an approximation, that V.g = Zzysz. This is equivalent to
saying that the attraction of an electron by a nucleus is exactly counter-
balanced by the repulsion of the electron by the valence shell electrons of

that atom.
(d) Finally, the term U,, is derived from Eq. 5.10-12 which uses both
the ionization potential of the orbital of interest

U"‘ = _%(Ir + Ar) - (Zr - %)'Yrr 5.10-12
as well as its electron affinity (A4,).

In using such three-dimensional self-consistent field calculations, one
often can obtain satisfying ground-state properties which are in good
agreement with experiment. Ideally, one would then like to use the wave-
functions for configuration interaction so that not only ground state but
also excited states might be better approximated. One difficulty is that
what is good parametrization for ground-state SCF methods without con-
figuration interaction is not optimum for inclusion of configuration inter-
tion. Also, configuration interaction with so many configurations possible
proves less than simple.

Problems

1. Which of the following integrals is zero? Show why.

(a) f\1/1(1)\il(g)\pz@)@2(4)5\1/1(1)@1(2)@2(3)\1/2(4) dr.
(b) f\1/1(1)\ill(z)\pz(3)@2(4)513\1/1(1)@1(2)@2(3)\1/2(4) dr.
(c) f\pl(l)\pz(2)g?\pl(1)\iz(2) dr.

(d) /\pl(l)\i/,(2)gﬁ\il(1)\pz(2) dr.

2. Calculate G12sM° (a) for allyl and (b) for ethylene. Here do not use
actual value of repulsion integrals but instead use vu, v, v, etc. Also,
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assume neglect of differential overlap. Remember that yu = vu, Y2 = va,
etc., in these cases.

3. What is the total electronic energy of benzene in its ground state if we
assume Hiickel MOs? Express this in terms of MO repulsion integrals and
one-electron energies.

4. What is the total electronic energy of the allyl anion expressed in
terms of AO integrals? Assume the Hiickel eigenfunctions as an approxima-
tion.

5. Write the Slater determinant for the ground-state configuration of
butadiene and then obtain its energy in terms of MO repulsion integrals.
6. Given a set of one-electron (e.g., Hiickel) MOs for butadiene, write
the wavefunction for its first excited singlet (i.e., S1). Then write the wave-
functions for the lowest energy triplet (i.e., T); there should be three.

7. Consider three configurations of cyclobutadiene, ¢, ¢», and ¢;, where
MOs 1 and 2 are filled, MOs 1 and 3 are filled, or where the usual excited
singlet form is used with one electron in each of MOs 2 and 3 and two
electrons in MO 1. Write the 3 X 3 matrix for interaction of the three con-
figurations and then obtain final energies in terms of one-electron integrals.
For simplicity and as an approximation treat the problem as if MO 1 and
its electrons were absent. Note that the problem is easier if one uses the
linear combinations ¥» = (1/¥2) (a — xs) and ¢s = (1/V2) (x2 — x4) for
MOs 2 and 3. Show that the results are independent of the choice for these
MOs.

References

1. C. C.J. Roothaan, Rev. Mod. Phys. 23, 69 (1951).

2. R.Daudel, R. Lefebvre, and C. Moser, ‘‘Quantum Chemistry, Methods and Applica-
tions.” Wiley (Interscience), New York, 1961.

3. R. B. Parr, “The Quantum Theory of Molecular Electronic Structure.” Benjamin,
New York, 1963.

4. J. Pople and D. L. Beveridge, ‘‘Approximate Molecular Orbital Theory.” McGraw-
Hill, New York, 1970.

5. M. J. 8. Dewar, ‘““The Molecular Orbital Theory of Organic Chemistry.”” MeGraw-
Hill, New York, 1969.



ANSWERS TO PROBLEMS

Chapter 1

1. Lm[k2/(3w)*]oe~ = Hm[k*?/(3m) ] (p/e*)

il i)

= lim[k572/ (3w) 2] (1/ke**) = O.

pro0

2. Since for any point off the z axis P(, y, 2), p is smaller for the corre-
sponding point P(0, 0, ), x. is maximized somewhere on the z axis. Here

Xz = (k5/2/\/1_r)ze—’°‘
since then p = 2.

dx./dz = (k52/Vx) (e7* — kze™**) = 0

which gives z = 1/k. [Note: We simplify the work by noting that when
x:? is maximized, x is 2 minimum or a maximum.]

3. /X100 01 4. X = —V3,0,0, +V3.
1 X100 0
01 X100
001 X 10

0 00 1 X 1

1 00 01 X
197
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5. Using row 1,

X 1 1 11 1
Au=|1 X 0|=X"—2X, Apw=-10 X 0| =—-X°
1 0 X 0 0 X
1 X 1 1 X 1
Ap= [0 1 0| =X, Au=—10 1 X|=X
01 X 01 0

for X = 0 all cofactors equal 0 and the ratios are indeterminate. The same
situation results where cofactors of row 2 or of row 3 are used.

6. X1 Xz X3
X1 X O O

x2|]0 X 1] =0
XaOlX

Here elements A1 and A are orbitals; x1 and x: are perpendicular and do
not interact. Expansion by cofactors gives

X 1 X 1
X =0 or X =0 and = 0,
1 X 1 X

corresponding to an AO secular determinant |X| and a separate ethylenic
2 X 2 secular determinant.

The ability of a secular determinant to be broken down depends on
there being all zeros outside the blocks of the subdeterminants and no
elements simultaneously in the rows or columns of more than one of the
resulting subdeterminants (i.e., “block diagonalization”).

7. X = —1, —1, 42, The array of energies is inverted from those of
ordinary cyclopropenyl. For a closed shell, twist-hydrotrimethylenemethane
should have four electrons in two orbitals and the anion is the preferred
species. For eyclopropenyl, two electrons give a closed shell and the cation

is favored.
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8. X cosé
=0, X? = cos? g, X = Zcosé6.
cosf X

For 0°, X = —1, +1; for 30°, X = —0.866, 40.866; for 60°, X = —0.5,
+0.5; for 90°, X = 0, 0; for 120°, X = 4-0.5, —0.5; for 150°, X = +-0.866,
—0.866; for 180°, X = +1, —1.

dX., .
X, = —cos 0, W—Slno.
For 90°, slope = 1.
Thus, twisting is forbidden.

0 90" 180

9. The number of MOs equals the number of basis AOs. The number of
basis AOs determines the order of the secular determinant and the latter
determines the number of solutions.

Ethylene, methyl, and allyl have symmetrically disposed MO energy
levels. This results in alternant hydrocarbons where alternating atoms may
be designated as the “starred set” without two starred atoms or two un-
starred atoms being adjacent.

10. X = —1.618, —0.618, 4-0.618, +1.618. ‘
11. X1 xz xd

X1 X 1 —1

X2 1 X -—-1{=0

xa'|—1 —1 X
where x3' is xs inverted. Multiplying column 3 and row 3 by —1, we obtain
xu x2 —xs
x| X 1 1
x2|1 X 1 =0

—Xal 1 1 X

which affords the usual solutions for eyclopropenyl. However, we note that
the heading now is —x;” which we see is indeed equal to xs.
Alternatively, the secular determinant in terms of xi, xz, and x;' could
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have been expanded to give the usual cyclopropenyl solutions.

12. X1 X2 X3 X4
xifX 1 0 -—1

x| 1 X 1 0

x0 01 X 1

x«/—1 0 1 X

X 1 0 1 1 0 1 X 1
D=X|1 X 1| - 0 X 1)+ 0 1 X
0 1 X -1 1 X -1 0 1

Xt—4X2+4, (X2-2)2=0, X = —V2, —V2, +V2, +V2

The answers are the same as those from the circle mnemonic. Thus, Mébius
cyclobutadiene is more stable.

13. For MO 1, pis=0.137 and AX = —2(0.137) = —0.276 X =
—1.618 — 0.276 = —1.894 (versus —2 as the exact solution). For MO 2,
pu = —0.36; AX = 4+0.72; X then becomes —0.618 + 0.72 = +40.10
versus O for the exact solution. MO 3 gives X = —0.10 and MO 4 gives
+1.894.

14. ForMO1,pi3 = 0.224and AX = —0.448;thus X = —1.62 — 0.45 =
—2.07. For MO 2, piy = —0.224, AX = +0448, and X = —0.618 +
0.448 = —0.17. For MO 3, p13 = —0.224 and X = 1.07. For MO 4, X =
1.17. Compare the exact solutions X = —2.17, —0.31, +1, +1.48.

15. For MO 1, pyy = —0.136 and AX = +0.276, giving X = —1.62 +
0.28 = —1.34. For MO 2, piy = +0.36, AX = —0.72, X = —0.62 —
0.72 = —1.34. For MO 3, pu = —0.36 and X = +1.34. For MO 4,
X = 1.34. The exact solutions are —1.41, —1.41, +1.41, 4+1.41.

16. The methoxyl stabilizes heavily the cationic system, moderately the
radical, and does not stabilize the carbanion (note Chapter 4 for overlap
destabilization effects indicating more than lack of stabilization for the
anion).

We predict this since two adjacent (carbon) orbitals are nonbonding
when separate but ethylenic (e.g., X = £1) when overlapping. In the
cation with an adjacent electron pair, the two electrons occupy the bonding
MO giving stabilization. In the radical, there are three electrons, one is
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antibonding (X = +41) but two are bonding (X = —1) and net stabiliza-
tion results. In the carbanion the bonding energy of two electrons is can-
celed by the antibonding energy of the remaining two electrons.

Chapter 3

1. For the benzene problem use one of the following approaches:

(a) Use a plane of symmetry ¢ and the symmetric group orbitals
X1, X2+ xe X3 + X5, x4 to give a 4 X 4 and the antisymmetric orbitals
Xz — Xey X3 — Xs to givea 2 X 2.

(b) Use a plane of symmetry through bonds 2-3 and 5-6 and the sym-
metric group orbitals x1 + x4, x2 + x5 x5 + xs to give a3 X 3 as well as the
antisymmetric orbitals x1 — x4 X2 — X3, X5 — Xs t0 give another 3 X 3.

(¢) Use both planes of symmetry to get two 1 X 1’s and two 2 X 2’s.

(d) Use the Cg, or the D, group tables and formal group theory.

For the remaining molecules use the appropriate symmetry and parallel
procedures.

2. Admix the three bonding MOs of ethylene in a Mobius fashion. This
centers the circle at —1 (i.e., the energy of an isolated ethylenic orbital)
and with a radius of 2¢ where —e is the resonance integral between trans-
annular orbitals. Then use the same method with the antibonding MOs of
ethylene with the circle centered at +1 and with a radius again of 2¢. All
of the bonding ethylenic orbitals are orthogonal to all of the antibonding
orbitals and thus the two problems can be treated separately.

Alternatively, use the circle device to do twist-hydrotrimethylene-
methane. Then take each MO from one such twist-hydrotrimethylene-
methane and admix it in a 2 X 2 with the corresponding MO of a second
such moiety.

3. Use two planes of symmetry perpendicular to the molecule and informal
group theory or instead the C,, group. One obtains two 2 X 2’s and two
3 X 3’s. The eigenvalues are

—3 )+ 3O~ 3AM 23N, —1, +1

4 and 5. Three of the five MOs are norbornadiene ones which have the
wrong symmetry to admix with the C-7 p orbital: These are

et xst+xs+xe), X=—1—c¢
(xe—xs— x5+ x8), X=41—c¢
(e —xs+xs—xs), X =+14c¢

[T

(S



202 Answers to Problems

The remaining norbornadiene MOs, 3(x2 + x3 — xs — xs) and x7, admix
in a2 X 2 to give

+ 1672

Without x7, this last norbornadiene MO has an energy of —1 + e. The
delocalization energy for the norbornadienyl cation is a function of ¢, with
stabilization increasing with overlap ¢, while for the anion the DE is inde-
pendent of e.

6. X =—1—¢ —1—¢ —14+ 2 +1—¢ +1 —¢ +1+ 2e

7. Pre- and postmultiplication by the vector [1 —1] and its column trans-
pose is equivalent to subtraction of the rows and then the columns. Pre-
and postmultiplication by the two 2 X 2’s is equivalent to addition and
subtraction of rows and columns of the ethylene secular determinant and
diagonalizes it.

8. Any second plane used must be perpendicular to the first. Otherwise,
orbitals obtained with use of one plane will not be symmetry eigenfunctions
relative to the other plane.

9. Addition of all rows gives one row all of whose elements are X + 2.
This allows factorization of (X + 2) from the secular determinant and
gives the energy of the lowest MO (ie., X = —2).

1 1 1 1 1
10. /\I/pI/zdr = /(5)(1 +@x2+§x:«)(ﬁn—@)@) dr

1 1 1 1
=ﬁ/xﬁdf—Wé_/xfdr+5/xmd7—§/xmdr

._.L 1+ S
T 2V2 2V2 a

1 1 1 1 1 1
11. E=/§x1+@x2+§xa 3 §x1+@m+5m dr

1 1 1 1
= Z/Xﬂc)a dr 4+ 5/)(250)(2 dr + Z/Xaacm dr +ﬁ./- x13Cx2

S23=0

1
+W/X2JCX3dT = d+\/§6

or X = —V2
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12. This is equivalent to addition and subtraction of rows 1 and 3 and
columns 1 and 3. :

13. The group orbitals used are S8: xa+ x5 x2+ x5 + x7 + x10,
xs + xs + xs + x0; Spdvi x1— X8, X2 — X5 — X7+ Xw, X3 = Xa — Xs + X5
ApSv: e+ x5 — x1— X0, X3+ xa — X8 — Xo0; AA: X2 — x5 + X7 — X0,
x3 + Xs — Xz — X9 Solution of the two 3 X 3’s and two 2 X 2’s gives as
eigenvalues X = —2.308, —1.618, —1.303, —1.000, —0.618, +0.618,
+1.000, +1.303, +1.618, 42.308.

We have encountered the combinations involving xs, X3, X4 X5, X7, X3, X9,
and xy alone in the butadiene problem. The MOs are just sums and dif-
ferences of two butadiene moiety MOs.

14. (a) Use two perpendicular planes of symmetry and transannular
overlap of e. One obtains X = 1, —3 £ 1(6)¥2, 1 & 1(5 + 16&)12,

(b) TUse two perpendicular planes of symmetry or the D,y group table
to obtain X = —1, —1, 1 & 2e.

(¢) Degeneratepairsat X = —3 £ 1(5)Y¥%also X =3 — e+ 3 (4 +
4e + 5)12 X = 43 + ¢ & 3(4e2 — 4e + 5)Y2. [Note: Picking the basis
set orientation so that there is only plus-plus or minus-minus overlap,
convenient symmetry orbitals are x; + x4 mixing with x2 + x3, xs + Xs
mixing with xs + xs, x1 — x4 + xs — Xs mixing with x2 — x3 + xs — x,
and x1 — x4 — x5 + xs Mixing with x» — xs — xs + x.

(d) For molecule (a) the bonding ethylenic MO does not have the
right symmetry to mix with any butadiene MOs. The antibonding ethylenic
MO has the right symmetry to admix with ¥, and ¥, of butadiene. ¥, and
¥; of butadiene do not admix with any other MO. The reasoning for mole-
cules (b) and (c¢) is similar; in each case MOs symmetric in one ring will
not mix with any MOs of the other ring.

15. Using two planes of symmetry and the numbering

the group orbitals which are totally antisymmetric are x1 — x2 and x3 —
x4+ + x5 — xs. This gives 1 + 2¢ and 1 — e as solutions. The SS orbital is
xs+ xs—xs — xs (X =—1—¢). The SA orbital is xs — x« — x5 + Xs
(X =1—¢). The AS orbitals are x1 + x2 and xs + xa + xs + xs (X =
—1 4 2¢and —1 — ¢).
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16. The p orbital (x7) has the correct symmetry to admix only with
X2 + X3 — Xs — Xs, Where xs, x3, x5, and xs are chosen all in the same direc-
tion. The final MO energies are 1 +¢ 1 —¢ —1 —¢, —3 + (¢/2) =
1(1 — 2 + 17&)12,

17. The eigenfunctions consist of normalized + combinations of the
separate benzene MOs. The eigenvalues are X = —2 e —1 +¢
—1+¢ +1+e¢ +1 +¢and +2 =+ e This problem is really more readily
done by admixing corresponding benzene MOs from the two rings in a
series of 2 X 2’s. There is no additional delocalization energy (i.e., DE is
independent of ¢) until € reaches 1.

18. (a) The multiplication gives 2h since V.V4 = h but all other
products are zero due to orthogonality. After division by h, we get 2 which
is the number of times the irreducible vector V4, occurs in V,. This gives us
a way to determine how an irreducible vector (or representation) is con-

tained in a reducible one.
(b) Note Egs. 3.5-4 through 3.5-6.

19. (a) One 2 X 2 mixes x1 + xs1 and xz + xs; the other mixes x1 — xa,
x2 — x3- There is a crossing of MOs at § = 45°. Using geometric symmetry
alone, one might have predicted no crossing since the MOs crossing have the
same ordinary symmetry. But the symmetry element used (i.e., a Cy axis)
does not go through any bonds which are changing and is not useful.
Actually, there is a “hidden symmetry” since the four-orbital array is
cyclobutadienoid and the crossing orbitals actually do differ if considered
using cyclobutadienoid symmetry; crossing does occur as the explicit cal-
culation shows.

(b) One obtains the same result. Any other linear combination of the
two central basis orbitals is also acceptable.

(¢) 1In 19a with 6 = 45° we have Hiickel system, xi overlaps with x.,
which overlaps with xs, which overlaps with x,, which overlaps with x;—all
plus-plus.

In 19b with initial geometry the overlap is x1 with x» with x; with x.
with x; but there is an odd number of plus-minus overlaps (e.g., x1 with
X4) -

20. The six (1/V2) (xa + xs) sets can be mixed as can the six (1/V2)
(xa — x») sets, each in benzenoid fashion. The MOs are exactly analogous
to benzene MOs except here we have linear combinations of (1/V2) (xa + x)

and (1/¥2)(xa — x)-
21. Here we mix each twist-hydrotrimethylenemethane MO with the same
MO from a second molecule oriented face to face. Nonequivalent MOs do
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not mix due to different symmetries. The eigenvalues and eigenfunctions
are the same as obtained previously in more traditional but more tedious
fashion.

22. This is done somewhat analogously to Problem 17 except there we
used three planes of symmetry rather than formal group theory. Here the
C;, group can be used.

23. Following the barrelene treatment in Problem 21, we mix correspond-
ing MOs of two cyclobutadiene molecules in a series of 2 X 2's. The energies
are —2 + ¢ 0 3¢ 0 = ¢ +2 = e Again the justification for mixing only
corresponding MOs is the failure of MOs of different symmetry to mix;
this can be tested via a secular determinant.

24. Once. Use Rule I. Thus transpose [1 —1 —11][40 —2 —2]% = 1.

+ = (17)e,

[
0O =

1 1
5. X =0 —= — - X =1 —= - - X = —
2 ) 5 (X2 X4); 7\/'2‘ (XI Xs),

Chapter 4

s * . .
1. +./2 v, (S) o (A} Symmetries in paren-
o Y, (A) >< X, (5) theses are with respect
to a plane through x,.
-2 _'H'_\——H-— o (S)
¥ (S)

Allyl cation :F Cyclopropyl cation
Disrotatory
V. (A) '
+ /3 — : o (A)
o ¥, (S) : x.(a) Symmetries are with
T I ’ respect to a C. axis
-2 i o (S)  through xe.
¥, () .
Allyl cation :F Cyclopropyl cation
Conrotatory

2. The results are the same. The correlation lines are obtained by noting
the Hiickel cyclopropenyl array of MOs for the disrotatory closure at the
transition state; the degeneracy at +1 shows MOs y¥. and y; cross. For
conrotatory closure a Mobius cyclopropenyl array of MOs is used to deter-
mine transition state MO ordering and the —1 degeneracy shows MOs ¢,
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and . cross. The transition state point along the reaction coordinate is
shown above in the answer to Problem 1 by a ¥.

3. Refer to Fig. 1.7-A; however, note that the 1,3-bond order is eicircse
for each MO k and that e will be larger than the 31 used for ordinary =
overlap. Also for top—top (Hiickel) closure ¢ is positive and for top—bottom
(Mébius) overlap e is negative. Take ¢ = +2 or —2 for two cases (note
overlap for a ¢ bond will be stronger than for a = bond ; hence ¢ = 2 rather
than =1 is reasonable). Then we get the correlation diagrams:

+2

+ﬁ—%— _Laia  +24i4

° +0.414 o —0.414

w: >
N KT

-2

Top-top Top-bottom

4. This treatment is similar to that of Problem 13 in Chapter 1 except
that, again, we use a large value of e to get the perturbation energy (i.e.,
AX) for each MO on initiation of 1,4-sigma bonding. For conrotatory
twisting MOs 1 and 2 cross as do 3 and 4. For disrotatory twisting MOs 2
and 3 cross. Use ¢ = 42 for Hiickel closure and e = —2 for M6bius closure.

5 and 6. At the half-way stage, we have “square cyclobutadiene” and a
degeneracy at zero. The correlation diagram is

o g

'Squcre cyclobutcdiene‘

The interconversion of two ‘“‘cyclohexatriene tautomers” goes through a
Hiickel, hexagonal system with no degeneracies at zero and is allowed. All
the 4N systems have nonbonding degeneracies and are forbidden while the
4N + 2 do not have such degeneracies and are allowed. We predict Jahn-
Teller molecular distortion of the 4NV systems.

7. (a) Hiickel, 4e, forbidden; (b) Madbius, 4e, allowed; (c) Mébius,
4e, allowed; (d) Hiickel, 4e, forbidden; (e) Hiickel, 4e, forbidden.
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O (A)

8 oy m—r2

¥ () —*! My~ Mg (A)
¥ (S) T+ Tae (A)
\Il3 (A) l " M3+ e (S)
\I/"’ (s) _|[; li 723—75‘(3)
¥ (S)
-2 Tie (S)
Benzene Dewar benzene

Symmetries are with
respect to a horizontal
plane ay.

The ground-state reaction is forbidden.

The MOs which are antisymmetric with respect to a plane bisecting
C-1 and C-4 are Yo (becoming my; — ms) and ¥s (becoming mas* — mse*).
These do not cross zero and ¥» remains doubly occupied and bonding
throughout; these do not affect the forbiddenness. The remaining four
MOs are made up of a Hiickel array of group orbitals and have 4e’s. Thus,
we have a forbidden reaction. For such bicyclic transition states, consider
a single ring and localize the remaining electrons in the other with no double
bonds at the overlapping carbons. The single ring then becomes deter-
mining.

9. (a) 4/7 benzylic; (b) 9/20 a-naphthylic. Benzylic more basic.
10. Symmetries are relative to a plane bisecting the bonds cleaving.

Ois + Oyg (A)

F e (8)

Ta= T4 (A)

Tat Ms4(S)

The reaction is forbidden.
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Chapter 5

1. (a) Zero, spin orthogonality for electrons 3 as well as 4.
(b) Nonzero since on permutation we obtain

— f\Ill(l)qll(2)‘1/2(3)@2(4)‘3‘1’1(1)@1(2)‘1’2(3)@2(4) dr

= —2I, — 212 - GuuMO - 4G1212M0 - G2222M0

(¢) Zero, spin orthogonality.
(d) Nonzero. Permutation gives G2 .

2. (a) ivu+ Fve+ v (b)  3vn+ v
3. E=2L+4 2+ 2I; + GuuM® + GueMC + Giss© + 4G ™0

+ 4Ga323M0 + 4G540 — 2G99 M0 — 2G50 — 2233540,
4. E =25+ 21, + GuuM© + GoMC + 4G 1M — 2G1M° where
L= =V2I8l, I, =0, Gm® = §vyn+ dvu + by,
Gee™® = Jyu + v, Gup™© = fvu + 3ve + ivs, and
Gen™ = }yn — 1vu. Thus B = —2V2|8] + Lyn + $vre + 4y

N
5. &= |¥(1)¥1(2)¥2(3)¥2(4)| (N.implies normal-
E = 2I) + 2I; + Gun™°© + 4G1M° + Gop™© ization by 1/(41)'?)

N N
6.0 = & (DB BE )] — (DB BE) %))

N N
o, — v—l,z, (2 (1) (2) Wa (3)F5 (4)| + [W2(1)1(2) ¥ (3) W5 (4) )

N N

7. Fn = 212 + G2222M0, Fzz = 213 + GsssaMO, Fas = 12 + 13 + G2323 + G2332,
Fiy = Guz, Fi = V2Guu, Fi = V2Gum. All off-diagonal elements van-
ish with this choice of a basis.

GagpMO = GiggpsMC = %’Yu + %713- G0 = Yi2. GospM0 = 0

Thus E3 =27 + Y12, E2 = 2] + %’)’11 + %’)’13 = El, where 1 is the one-
electron energy of an electron in MO 2 or 3.
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A

Addition—subtraction
of columns of secular determinants, 65
by rows, 65
Addition and subtraction, method of,
59, 60, 62, 69
Adjusted resonance integral, 154
Allene, 121
Allene twisting, 121
Allowedness, 155
Allyl, 71, 83, 145
carbanion, 17
carbonium ion, 17
radieal, 17
spevies, 14, 61
w-electron densities and bond orders,
33
a, 51
Alternant hydrocarbons, 145
1,3-Antarafacial hydrogen migration in
propylene, 159
Antiaromaticity, 39
Antibonding, 10
molecular orbital, 9
Antisymmetry, 61, 63, 92, 156
Antisymmetric group orbitals, 61, 63
Antisymmetrized wavefunctions, 162,
163
Aromaticity, 26, 39
Atomic orbital, 1
integrals, energy in terms of, 175
repulsion integral, 173
Azulene, 145, 146, 152

B

Banana bonds, 139
Barrelene, 121

use of circle mnemonie, 119
Basis set, 35

choice of, 35

enforced negative overlap in, 37

orientation, 36
Benzene, 25, 26, 73, 83, 105, 145

group orbitals, 76

molecular orbitals, 78
Benzene to Dewar benzene compression,

207

Benzyl, 148

carbanion, 151, 160

carbonium ion, 151

radical, 151

8, absolute value of, 52
Bicyclic transition state reactions, 160
Block decomposition of secular

determinants, 68, 198

Block diagonalization, 68, 198
Bonding, 10
Bonding-antibonding MOs, 146
Bond order, 31
Brillouin’s theorem, 187
Butadiene, 27, 42, 145, 158

C

C, group, 89
C, operator, 88
C3, group, 89
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C; group, 89 Cyclobutadienyl
C; operator, 88 dianion, 26
C30 group, 101 dication, 26
Cs, character table, 106 Cycloheptatrienyl, 25
Cs, group, 105 Cyclooctatetraene, 25, 26
C, group tables, 108 Cyclopentadienyl, 25
C., operator, 88 carbanion, 26
C, tables, 108 Cyclopropenyl, 24, 71, 101, 111, 128, 145
Character table, cation, 19, 34
optimum choice, 95 coefficients, 34
utilization, 90 problem, 80, 110
Circle device applied to barrelene species, 19
problem, 119 symmetry operations, 101
Circle mnemonic
for Hiickel systems, 24 D

for Mébius systems, 38
Closed-shell system, energy of, 170
1,4-closure of benzene to Dewar benzene,

Degeneracy, 23
along reaction coordinate, 157
Degenerate MOs, 103

159 .
€ matrix, 81 orthogonalization, 103, 105
CNDO/é 194 Degenerate pair, 23
’ . Degenerate representations, 102

CNDO calculations, 193 !
Coeﬂici::t:u ations, 19 1,4-Dehydrobenzene, 95, 100

for allyl factors, 32 1,3 Dehydrocyclobutadiene, 123

LCAO-MO. 11 5’ Delocalization energy, 18

Mobius 11’5 of allyl species, 20

molecular orbital energies and, 40 3, 125, 1_54

Determinants

trigonometric form, 115
Cofactors, 21, 28
method of, 54

definition, 12
first-order, 14, 60, 69

Column operations, 61 second-order, 12

Complete neglect of differential overlap, third-order, 15
193 Dewar benzene, 207

Dewar nonbonding MO method, 148
Dewar rule, generalized, 150
Diagonalization, 69

by matrix methods, 77
Direction cosines, 132
Disrotatory closure of allyl cation, 158
Disrotatory electrocyclic closure of

butadiene, 159

Disrotatory twisting, 157
Double bond, spring model, 139

Complete set, 36
Complex characters, 108
Configuration interaction, 179
in forbidden reactions, 182
general expressions, 184
matrix elements, 185
general expressions, 185
relation to SCF theory, 186
Configuration interaction-SCF theory,
relation between, 186

Conrotatory motion, 156 E
Correlation diagrams, 155

use of symmetry for, 156 Eigenfunction, 44
Coulomb integral, 49, 51, 126, 153 orthogonality, 55
Cramer’s rule, 50 Eigenvalues, 44
Crossings of MOs, 155, 157 symmetry, 64, 75, 76
Cyclobutadiene, 22, 25, 42, 72, 122, 153 of X, 129

molecular orbitals, 25, 68 significance of, 129
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Electrocyclic closures of allyl species, 157

Electron affinity, 195

Electron density, 5

distributions, 146

Electron distribution in carbonium ion,
151

Electron—electron repulsion, 165

E matrix, 81

Energetic distribution of MOs about
zero, 146

Energy dissection, 84

Energy eigenvalues, 44

Energy perturbation, 84

E operator, 88

Equivalent orbital representation, 139

E representation, 102

Ethylene, 70, 83, 145

Excited configurations, 179

Excited singlet, 182

Excited singlet and triplet species,
energy of, 182

Expansion by cofactors, 21

& operator, 165

Fin M0, 187

F.A0, 177

Fission of cyclobutane into ethylene, 160
Forbiddeness, 155

Frost—Hiickel circle mnemonic, 26
Fulvene, 145, 146

G,;j, 164, 168
GruaM0, 164
lemn, 172
G,aa”0, 172, 177
v, 129
Yrsy 173
I' matrix, 174
v-to-8 ratio, 130
Group (symmetry) orbitals, 59, 61, 63
Group tables

C,, 89

C., 89

C,, 89

Cyy, 101
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Cey, 105

C,, 108

choice of, 95

general, 106
Group theory, 88

H,A0, 177

H matrix, 81

3C; operator, 164

Headings of secular determinants, 60

Heisenberg formulation, 77, 82

Hermitian operators, 55

Heteroatoms, 125

Hiickel LCAO-MO coefficients, 115

Hiickel and Mébius energies,
generalized, 113

Hiickel and Mobius formulas, 113

Hiickel and Mobius rules, 39

Hiickel’s rule, 21, 26

Hiickel systems, 40

Hiickel treatment, extended, 188

Hund’s rule, 20, 23

Hybrid orbital, 132, 134

I, 164
¢ operator, 88
Inclusion of overlap, 127
Integral S (px,pr), 145
Integrals
Coulomb, 126
overlap, 194
repulsion, 194
resonance, 126
Inverse matrix, 82
Inverse of orthonormal matrices, 86
Ionization potential, 195
Irreducible representation, 92
combination of, 94
dissection into, 92, 94
for allyl-like moieties, 117

J

Jacobi method for diagonalization, 85
Jahn-Teller effect, 159, 206
Jahn—Teller distortion, 159
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Kinetic energy, 46

LCAO form, 6, 10
LCAO-MO coefficients
determination of, 27
difficulties due to degeneracy, 34
trigonometric form, 115
LCAO-MO energy, minimization of, 47
LCAO-MO method, 27
Linear combination of atomic orbitals, 6
Linear combination of degenerate MO’'s,
103

M

Mei, 169
Manipulation of column and row
headings, 98
Matrices
G, 81
E, 81
H, 81
inverse, 82, 86
orthonormal, 82, 86
similarity transformation, 86, 92
trace, 82
unit, 82
Matrix, definition, 81
Matrix elements between singlet and
triplet configurations, 185
Matrix methods
for diagonalizing secular determinants,
77
for perturbation calculations, 84
Methylenecyclopropene, 23
Mnemonic
for energy of Slater determinant, 170
for Hiickel MO energies, 24
for Mobius MO energies, 39
for unbranched cyclic and acyclic =
systems, 24
Moébius benzene, 38
Mobius character, 158
Maébius cyclic polyenes, 38, 39
Maobius cyclobutadiene, 38, 42, 43, 200
Moébius cyclopentadienyl, 38

Index

Mébius cyclopropenyl, 38, 158
Mébius energy formula, 39
Mébius formula, 113
Mobius-Hiickel method of Zimmerman,
157
Maébius and Hiickel transition states, 158
Mobius LCAO-MO coefficients, 115
Mébius mnemonic, 39
Moébius strip problem, 38
Maébius systems, 39, 40
Moiety eigenfunctions, 116
Molecular orbital, 1
antibonding, 9
bonding, 9
coefficients, 6
distribution of eigenvalues in alternant
systems, 146
energy, 44
LCAO, 6
nonbonding, 9
normalization, 5, 11, 30
repulsion integrals, 172
Molecular symmetry, 59
Momentum, 46
MO vectors, 83
Mulliken’s magic formula, 144, 190
Mulliken-Wheland—Mann technique, 153

N

Nk, 168
7z, 169
Naphthalene, 120, 145, 152
a-Naphthylmethyl anion, 160
NBMO coefficients
derivation of, 149
uses of, 151
Negative overlap (enforced), 37
Neglect of overlap, 51
effect on delocalization energy, 131
Node, 32
Nonalternant molecules, 146
Nonatetraenyl, 152
Nonbonding, 10
Nonbonding electrons, energy contributed
by, 18
Nonbonding molecular orbital, 9
juxtaposition of, 151
in M&bius systems, 149
Noncrossing rule, 122, 156
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Norbornadiene, 119, 121, 201
7-Norbornadienyl species, 121, 202
Normalization, 5, 11, 30
Normalization integral, 49

o

Occupation number, 30
Odd-alternant hydrocarbons, 146
Odd permutations, 164
o +w? 4wl + wt+ e + wm 109
w?, 109
win, 174
Omega technique, 153, 154
Omega vectors, 174

of different symmetries, 175
o vectors, 174
One by one determinant, 14, 60, 69
Operators

concept of, 45

Hermitian, 55

symmetry, 63, 88

total energy, 165
Order of a group, 93
Orthogonality of eigenfunctions, 55
Orthogonalization of degenerate MOs,

© 105,107
Orthogonal symmetry planes,

requirement for, 119

Orthonormality, 110
Orthonormal matrix, 82, 86
Orthonormal set of degenerate MOs, 103
Overlap

destabilization, 130

inclusion of, 127

neglect of, 51

between orbitals oriented at odd angles,

189

Overlap integral, 49

determination of, 143

expansion of, 143

values, 144

P

P operator, 162, 163

P operator, 163
operator, 163

P.r, 154

Pairing theorem, 146
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Paracyclophane, 121, 122

Partial bond order, 31

p orbital energy, isolated, 14

2p atomic orbitals, 3

Pauli principle, 163

Pentadienyl, 27, 154

Permutation operator, 162

Perpendicular planes of symmetry, 74

Phenyl group migration, 140

« bond order, 154

« electron density, 11, 30

« energy, 9, 10

of allyl species, 20

Polyelectron wavefunctions, 161

Pople’s SCF equations, 178

Postmultiplying determinant and
premultiplication, 79

Potential energy, 46

Premultiplication and postmultiplication,
80

Prescription for writing hybrid orbital,
134

Product wavefunctions, 162

Q

Quantum mechanical mixing, rules for, 11

R

Rank of determinant, 58
Rank of secular determinants, 58
Reaction allowedness and forbiddeness,
155
Rectangular cyclobutadiene, 90, 159
Reducible representation, 92
dissection of, 92, 94
Representations, 90
characters of, 92
Repulsion integrals, 172, 173, 174
generalized, 194
Repulsion between two one-electron
clouds, 165
Resonance energy, 18
Resonance integral, 49, 126
Roothaan’s SCF equations, 177
Row and column vectors, 83
(re | G| tu), 172
(rt | su), 172
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Rule I of group theory, 92, 93
general proof, 95
Rule II of group theory, 91, 92

S

S: operator, 88
Sz, 189
Sz, 189
Szy, 189
Sz, 189
Sy., 189
Syy, 189
Sy., 189
S, 189
S.., 189
2s atomic orbitals, 2
Schrodinger equation, 46
Secular determinant, 11, 12
addition-subtraction treatment,
59, 60, 62, 65, 69
block decomposition, 68, 198
diagonalization, 69
direct formulation, 69
equation, 12, 51
headings, 60, 98
matrix methods, 77
rank, 58
simplification, 59
o) operator, 88
o, operator, 88
Similarity iransformation, 82, 86
Simplification
of secular determinants, 59
by symmetry, 62
Simultaneous use of two planes of
symmetry, 75
Single-electron energies, 171
Slater atomic orbitals, 2, 132
Slater determinants, 161, 163
antisymmetry, 162
closed shell, energy of, 171
convenient form, 166
energy, 164, 170, 171, 176, 177
in atomic orbital integral terms, 176
minimization of, 177
Slater determinantal wavefunction
single, energy of, 164, 170
two, convenient form for integrals, 166
Slater orbitals, 1

Index

(s"p™) hybridization, 136
sp? hybrids, 138
sp® hybrids, 136, 138
8p® orbitals in equivalent orbital double
bond formulation, 139
S(po,po), 145
S(po,s), 145
Space—spin orbital, 162
Spatial MO, 162
Spin orbital, 162
Spring model of double bond, 139
Starred coefficients surrounding
unstarred position, sum of, 149
Starred and unstarred atoms, 145
1,3-Suprafacial hydrogen migration in
propylene, 159
Symmetric, 61
Symmetry, 156
correlation diagrams and, 156
determinants, 69
eigenvalues, 64, 75, 76
formal use of, 88
matrix operations and, 120
operations, 88
operators, 88
o, 63
utilization of, 90
treatment by matrix operations, 120
use of planes, 74, 75, 119

T

Three-dimensional SCF methods, 191
Total bond order, 31
Total character, 92

contribution to, 103
Total energy operator, 165
Total n-electron density, 154
Trace of matrix, 82
Trimethylenemethane, 41
Triple-layered compounds, 116
Triplets, 23, 26, 182
Tropylium cation, 26
Twist-hydrotrimethylenemethane, 38,

42, 122, 198

Two-electron integrals, 164

U

Unit matrix, 82
Units of | 8], 52
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Unnormalized MOs, 30

Unstarred coefficients, 149
Unusually oriented hybrid orbitals, 131

\/

Variation method, 47

\:i4

Wavefunctions for excited singlets and
triplets, 182
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Woodward~Hoffmann method, 156

X

X, 52
|X1,60
X', 129

z

ZDO, 172,173, 178
Zero cofactors, 34, 35
Zero differential overlap, 172, 173, 178



