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Preface to the Second Edition

This edition includes five new sections and a third appendix. Most other sec-
tions are expanded, in particular Sects. 5.2 and 5.6 on hyperfine interactions.

Section 3.8 offers an introduction to the important field of relativistic
quantum chemistry. In Sect.5.7, the coupling of the anomalous magnetic
moment is needed for a relativistic treatment of the proton in hydrogen. It
generalizes a remarkable feature of leptonium, namely the non-hermiticity of
magnetic hyperfine interactions. In Appendix C, the explicit calculation of
the expectation value of an operator which is frequently approximated by
a delta-function confirms that the singularity of relativistic wave functions at
the origin is correct.

The other three new sections cover dominantly nonrelaticistic topics, in
particular the quark model. The coupling of three electron spins (Sect. 3.9)
provides also the basis for the three quark spins of baryons (Sect. 5.9). For less
than four particles, direct symmetry arguments are simpler than the repre-
sentions of the permutation group which are normally used in the literature.

Another new topic of this edition is the confirmation of the E2-dependence
of atomic equations by the relativistic energy conservation in radiative atomic
transitions, according to the time-dependent perturbation theory of Sect. 5.4.
In the quark model, the E?-theorem applies not only to mesons, but also to
baryons as three-quark bound states. Unfortunately, the non-existence of free
quarks prevents a precise formulation of the phenomenological “constituent
quark model”, which remains the most challenging problem of relativistic
quantum mechanics.

Karlsruhe, May 2005 Hartmut M. Pilkuhn



Preface

Whereas nonrelativistic quantum mechanics is sufficient for any understand-
ing of atomic and molecular spectra, relativistic quantum mechanics explains
the finer details. Consequently, textbooks on quantum mechanics expand
mainly on the nonrelativistic formalism. Only the Dirac equation for the
hydrogen atom is normally included. The relativistic quantum mechanics
of one- and two-electron atoms is covered by Bethe and Salpeter (1957),
Mizushima (1970) and others. Books with emphasis on atomic and molecular
applications discuss also effective “first-order relativistic” operators such as
spin-orbit coupling, tensor force and hyperfine operators (Weissbluth 1978).
The practical importance of these topics has led to specialized books, for
example that of Richards, Trivedi and Cooper (1981) on spin-orbit coupling
in molecules, or that of Das (1987) on the relativistic quantum mechanics of
electrons. The further development in this direction is mainly the merit of
quantum chemists, normally on the basis of the multi-electron Dirac-Breit
equation. The topic is covered in reviews (Lawley 1987, Wilson et al. 1991);
an excellent monograph by Strange (1998) includes solid-state theory.

Relativistic quantum mechanics is an application of quantum field theory
to systems with a given number of massive particles. This is not easy, since
the basic field equations (Klein-Gordon and Dirac) contain creation and an-
nihilation operators that can produce unphysical negative-energy solutions in
the derived single-particle equations. However, one has learned how to han-
dle these states, even in atoms with two or more electrons. The methods are
not particularly elegant; residual problems will be mentioned at the end of
Chap. 3. But even there, the precision of these methods is impressive. For ex-
ample, the influence of virtual electron-positron pairs is included by vacuum
polarization, in the form of the Uehling, Kroll-Wichman and Kéllen-Sabry
potentials (Sect. 5.3). For two-body problems, improved methods allow for
a fantastic precision, which provides by far the most accurate test of quan-
tum electrodynamics itself.

The present book introduces quantum mechanics in analogy with the
Maxwell equations rather than classical mechanics; it emphasizes Lorentz
invariance and treats the nonrelativistic version as an approximation. The
important quantum field is the photon field, i.e. the electromagnetic field in
the Coulomb gauge, but fields for massive particles are also needed. On the



VIII  Preface

other hand, the presentation is very different from that of books on quan-
tum field theory, which include preparatory chapters on classical fields and
relativistic quantum mechanics (for example Gross 1993, Yndurain 1996).

The Coulomb gauge is mandatory not only for atomic spectra, but also
for the related “quark model” calculations of baryon spectra, which form
an important part of the theory of strong interactions. A by-product of an
entirely relativistic bound state formalism is a twofold degenerate spectrum,
due to explicit charge conjugation invariance. Quark model calculations might
benefit from such relatively simple improvements, even when the spectra may
eventually be calculated “on the lattice”.

A new topic of this book is a rather broad formalism for relativistic
two-body (“binary”) atoms: Nonrelativistically, the Schrédinger equation for
an isolated binary can be reduced to an equivalent one-body equation, in
which the electron mass is replaced by the “reduced mass”. The extension of
this treatment to two relativistic particles will be explained in Chap. 4. The
case of two spinless particles was solved already in 1970, see the introduc-
tion to Sect.4.5. The much more important “leptonium” case is treated in
Sects. 4.6 and 4.7.

Stimulated by the enormous success of the single-particle Dirac equa-
tion, Bethe and Salpeter (1951) constructed a sixteen-component equation
for two-fermion binaries. However, increasingly precise calculations disclosed
weak points. An effective Dirac equation with a reduced mass cannot be
derived from a sixteen-component equation except by an approximate “qua-
sidistance” transformation. On the other hand, such a Dirac equation does
follow very directly in an eight-component formalism, in which the relevant
S-matrix is prepared as an 8 x 8-matrix. The principle will be explained in
Sect. 4.6, the interaction is added in Sect.4.7. Like in the Schrodinger equa-
tion with reduced mass, the coupling to the photon vector potential operator
is treated perturbatively. The famous “Lamb shift” calculation will be pre-
sented in Sect. 5.5, extended to the two-body case.

A remarkable property of the new binary equations is the absence of “re-
tardation”. Its disappearance will be demonstrated in Sect. 4.9. Most fermions
have an inner structure which requires extra operators already in the single-
particle equation. As an example, the fine structure of antiprotonic atoms
will be discussed in Sect. 5.6. The Uehling potential is also detailed for these
and other “exotic” atoms.

Preparatory studies for this book have been supported by the Volkswa-
genstiftung. The book would have been impossible without the efforts of my
students and collaborators, B. Meli¢ and R. Hackl, M. Malvetti and V. Hund.
A textbook by Hund, Malvetti and myself (1997) has provided some of its
material.

I dedicate this book to the memory of Oskar Klein.

Karlsruhe, March 2002 Hartmut M. Pilkuhn
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1 Maxwell and Schrodinger

1.1 Light and Linear Operators

Electromagnetic radiation is classified according to wavelength in radio and
microwaves, infrared, visible and UV light, X- and Gamma rays. These names
indicate that the particle aspect of the radiation dominates at short wave-
lengths, while the wave aspect dominates at long wavelengths. Nevertheless,
the radiation is described at all wavelengths by electric and magnetic fields,
E and B, which obey wave equations. The quantum aspects of these fields
will be discussed in Chap. 3. In vacuum, the equation for E is

(—c 20} +02+02+02)E=0, 09,=0/0t, 0,=0/0x, (1.1)

where ¢ = 299 792 458 m/s is the velocity of light in vacuum. For the time
being, we are mainly interested in the form of this differential equation, which
guided Schrédinger in the construction of his equation for electrons. In vec-
torial notation, r = (x,y, z) is the position vector, and V = (9;,0y,0,) =
“nabla” is the gradient vector; its square is the Laplacian A. Particularly in

relativistic context, one prefers the notation z° = (z!, 22, 23) = (z,v, 2):

3
VP=A=9+0;+02=) 07, 0i=0/0x". (1.2)
i=1
The z* is conveniently combined with z° = ¢t into a four-vector z* =

(2°,2%) = (2% ), and the —c?9? of (1.1) is combined with V? into the
d’Alembertian operator O, also called “quabla”:

OE=0; O=-02+V2 8=08/d(ct). (1.3)

The full use of this nomenclature will be postponed to Chap. 2. For the mo-
ment, ¢ is expressed in terms of z° merely to suppress the constant c. Today,
¢ is in fact used in the definition of the length scale, see Sect. 1.6.
Differential operators D are linear in the sense D(E1+E5) = DE1+DE5.
If E, and E are two different solutions of (1.1), E = E; + E5 is a third
one. This is called the superposition principle. The intensity I of light is
normally measured by E?, I ~ E? = square(E), but nonlinear opera-
tors such as “square” are not used in quantum mechanics. V and V? are
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Fig. 1.1. Cylinder coordinates

both linear operators. The simplest operator is a multiplicative constant
C, C(E1 + E3) = CE{ + CE,. We now recall some operators of classical
electrodynamics, which will be needed in quantum mechanics. The Laplacian
is in cylindrical coordinates (Fig. 1.1)

T =pcosep, y= psing, (1.4)
V? =02+ p'0,p0, + p~ 205, (1.5)
and in spherical coordinates (Fig.1.2):

z=rcosb, p=rsinb, (1.6)
V2 =r710%r +r72(r x V)2 (1.7)

r X V is somewhat complicated, but its z-component is simple:
(rx V), =20y —yoy = 0. (1.8)

The square of r x V is also relatively simple,

(rxV)?=031—-u?)""+08,(1-u?)dy, u=cosb. (1.9)

Two operators A and B are said to commute if the order in which they are
applied to the wave function does not matter, AB = BA. For example, as
7 x V depends only on § and ¢, not on r, one has r=—2(r x V)% = (r x V)2r=2.
On the other hand, in the radial part 7=*92r of the Laplacian (1.7), the first

Fig. 1.2. Spherical coordinates
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two operators do not commute, r =192 # 92r~! (otherwise one would have
r~192r = §?). Valid alternative forms are

rr0%r = (0, +1/r)* = 0% +2r10,. (1.10)

To check these, apply the operators to an arbitrary function f(r) and use

Orf(r) = f'(r), O:fg = flg+fg', (O +1/r)* = (0r + 1/7)(0, + 1/7).

Equation (1.1) has plane-wave solutions of the type
E = Epe*r=t o = 21w, (1.11)

k= (kg ky k), \=2n/k, (1.12)

where k is the wave number vector, pointing into the direction of propagation
of the plane wave, and A is the wavelength. Insertion of

OE =—iwE, 0,E=ik,E,... (1.13)
shows that (1.11) is a solution of the wave equation (1.1) only for
W/ =k =k + k] + k2. (1.14)

We shall also need cylindrical and spherical waves, where V? is required in the
forms (1.5) and (1.7). Such waves can also be monochromatic, meaning that
they contain only one (angular) frequency w. The common wave equation for
all monochromatic waves in vacuum is

E(z")=e “'E,(r), (w?/c®+V?)E,(r)=0. (1.15)

This “Helmholtz equation” is still a partial differential equation in three
variables; we recall a few tricks for the solution of such equations. The main
trick is to express V? in terms of commuting operators A, B, C, and then to
construct “eigenfunctions” of these operators. When A is applied to any of
its eigenfunctions f,, it may be replaced simply by a constant a,, called the
eigenvalue:

Afn = anfn. (1.16)

For example, the square of the operator 0, occurs both in cylindrical and
in spherical coordinates. The normalized eigenfunctions of Jy4 are

Yy (@) = (27m) "/ 2e™® oy =0,+1,42... (1.17)

In quantum mechanics, m; is called the (orbital) magnetic quantum number
(Sect. 1.4). The normalization is chosen such that

27

27
W Y = /0 o 2o = 1. (1.18)
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It fixes the scale of the eigenfunction. An essential point of (1.17) is the
restriction of the eigenvalues m; of —i0, to integer values, due to the required
single-valuedness of v at all ¢:

P, (¢ +2m) = P, (9)- (1.19)

For such eigenfunctions, one may replace the operator 8; by one of its eigen-
values —m? in the operators (1.5) or (1.9). For commuting operators A and
B there exist common eigenfunctions,

Afan,bm = anfan,bma Bfan,bm = bmfan,bma (120)

because ABf = BAf = a,Bf shows that Bf is also an eigenfunction of A,
again with eigenvalue a,,. A rather trivial example of common eigenfunctions
is given by the plane waves (1.11), which are eigenfunctions of 0,,0d,,0;,
with eigenvalues ik,, ik, , ik, respectively. A famous example in spherical co-
ordinates are the “spherical harmonics” Y;™ (6, ¢) (with simplified notation
m; = m), which are not only eigenfunctions of 9, but also of (r x V)? as
given by (1.9):
Y™(0,¢) = 67" (0)Ym(0), (1.21)
(rx V)Y =-1(1+1)Y™, 1=0,1,2... —1<m<lL (1.22)

O7" is a polynomial of degree |m| in sinf and degree [ — |m| in u = cosé.
Some of these functions are collected in Table1.1.
The 9? are Legendre polynomials P}, apart from a normalization constant:

1
O =(1+12P{k). Py=1, Pi=u, P»=}(3u*—-1), P3= 150" —3u).
(1.23)
When applied to the spherical harmonics, the Laplacian (1.6) effectively be-
comes a radial operator, i.e. independent of § and ¢. Thus E,(r) has solutions
of the form

E.(r) = Eo(w)Ro(r)Y™ (0, 9), (1.24)
(W?/c® + V) E, = E)Y"[w?/c® + (0, + 1/r)* = 1(1 +1)/r*| Ry (7). (1.25)

Table 1.1. Y, for | < 3. Normalization (1.186), z+ = Fz — iy.

Yy = (47r)*§,

Y? = (3/47)2 cos6 = (3/4m)2 z/r,

YA — 3(3/8)2 sin et — (3/87) 204 /1,

Yy = (5/167r)é (3cos®H —1) = (5/16%);(222 +xix_)/r?,
Y = 212(15/87r); cos f sin fe*'? = (15/8#);xiz/r2,

Y2 = (15/32n) 26210 gin2 g — (15/327) 2 z3 /r2.
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Dividing off the first two factors, one finds the differential equation for the
radial wave function R(r),

W2/ + (0 + 1/r)? —1(1 +1)/r*| R, 1(r) = 0. (1.26)

Also this equation has simple solutions, to be discussed in Sect. 1.10.

FE need not be an eigenfunction of any of these operators, but it may be
expanded in terms of the eigenfunctions. Real light has a “spectral decom-
position”,

E(t,r) = /000 dwE,,(r)e ™t (1.27)

which expresses a wave train (or wave packet) as a superposition of monochro-
matic waves. Similarly, there will be a double integral over the directions of k
in (1.11), or equivalently a sum over ! and m in (1.24). As a simple example
of a summation, consider a wave in a waveguide along the z-axis. The walls
of the waveguide in the z- and y-planes require standing waves along these
directions, of the form sin(k,z) sin(k,y). But

sin(kpx) = (2i) et — (24) e~ e (1.28)

displays a standing wave as a superposition of two counterpropagating plane
waves. This also demonstrates that V2 has real eigenfunctions. The solution
(1.28) is an eigenfunction of 92, even though it is not an eigenfunction of 9,.
Similarly, the spherical harmonics are only complex because we insisted on
using eigenfunctions of d, in (1.17), where sin ¢ and cos ¢ would have been
equally possible from the point of view of 83,.

We conclude with the solution of (1.26) for I = 0, [w?/c? + (0, +
1/r)?]R, 0(r) = 0. Also this equation has two solutions,

Ry =rte*™ (8,4 1/r)Ry = r10,eT*" = £ikR., (1.29)

with k% = w?/c?, as usual. R, is the simplest example of an outgoing spherical
wave. (It does not represent dipole radiation, because the Coulomb gauge
condition divE = 0 has been ignored.) For complex E, the intensity is I ~
E*E instead of E%. It decreases with 7 as r~2, as expected.

1.2 De Broglies Idea and Schrodingers Equation

Although light does propagate according to the wave equation just dis-
cussed, it is nevertheless emitted and absorbed in quanta called photons.
In monochromatic light of the type (1.15), each photon has the same energy
E = hv, and in the case of a plane monochromatic wave (1.11), it also has
a fixed momentum p = hk/27:

E =hv =hw=hec/\, p=hk, (1.30)
h = h/2m = 6.58218 x 10716 &V s, (1.31)
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where h is Planck’s constant. The constants ¢ and % (“hbar”) are so funda-
mental in relativistic quantum mechanics that they are often taken as natural
units (Sect. 1.6). On the basis of (1.30), Einstein (1905) translated the relation
w?/c? = k? into an energy-momentum relation for photons,

E?/c? = p*. (1.32)

For massive particles, he had to reconcile Newton’s expression Ex = p?/2m
(m = particle mass, p = mwv) with his photon formula (1.32). As Newtonian
mechanics fixes Ex only up to a constant, Einstein put E = mc? + En
and interpreted this expression as an approximation for small p/mc of the
function

E/c=/m2c + p? = mc+ p?/2me — p*/8m>cE + . .. (1.33)
He thus postulated the energy-momentum relation
E?/c? — p? = m2c? (1.34)

for all kinds of particles (including composite ones and even watches), and
obtained (1.32) as a special case for zero-mass particles. It may also be noted
that for p/mec > 1, the expansion (1.33) of the square root diverges. Instead,
the expansion in terms of me/p < 1 is now convergent:

Ejc=p+m2c®/2p —m*c*/8p* + ... (1.35)

Comparing with the E/c = p of (1.32), one may say that all particles of large
momenta mc/p = 0 move also with the speed of light. There exist weakly in-
teracting particles called neutrinos, which appear in beta decay. Their masses
are not exactly zero, but are neglible in all terrestrial experiments, such that
neutrinos move with the speed of light. In cosmic rays, electrons, protons
and even heavier nuclei sometimes move with the speed of light, too. For
most experiments, however, the system’s total energy E is close to Y, m;c?,
where the sum includes all particles which are explicitly considered. Even in
a fully relativistic calculation, it is often practical to subtract this constant.
Let us call the remaining energy Fn in honour of Newton, even when the
calculation is relativistic. For example, when the energy levels of alkali atoms
are approximated by a single-electron model, one sets

E =mc + En, mec® =510.9989 keV. (1.36)

Already before the discovery of quantum mechanics, Rydberg found an em-
pirical formula for Ey,

En(n,1) = —Reo/(n—B)* = —Roo/n3, n=1,2,3..., Ry =13.605691 V.
(1.37)
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R, is the Rydberg constant for an infinitely heavy nucleus, n is the prin-
cipal quantum number, ng the “effective” principal quantum number, (also
denoted by n*), and 8 = §(l,n) is a “quantum defect” at orbital angular
momentum [ (1.22). In alkali atoms, 8 > 0 is relatively large at small [ where
the valence electron sees an increasing fraction of the nuclear charge Ze in-
side the screening charge cloud of the other electrons. (Actually, n = 1 exists
only for atomic hydrogen, which was studied later. Lithium (Z = 3) begins
with n = 2, sodium (Na, Z = 11) with n = 3, see Sect. 3.8. The other two
electrons of Li occupy the n =1 “shell” which is “closed” according to Pauli
(1925); the other ten electrons of Na occupy the closed n = 1 and n = 2
shells, nowadays called K and L shells.)

This book is mainly concerned with hydrogen-like atoms that have no
further electrons. For pointlike nuclei, § is small and strictly independent of
n, B = B(l) = G;. It will be shown in Sect. 1.6 that l/n% is the eigenvalue of
the “standard form” of relativistic equations for hydrogenic atoms.

Long before Schrodinger found his equation (1926), Bohr (1913) inter-
preted the Rydberg formula as the energies of certain classical Kepler orbits:

En = —Z%?Ro /0%, Re = e*m, /202, (1.38)

Z being the nulear charge. This form applies to the whole isoelectric sequence
of hydrogen (H, He™, Li™", Be™™"...). Together with Sommerfeld, Bohr
established the quantization condition [pdg = nh for closed bound orbits.
They also included a nuclear recoil in the form R = R.omz/(mz+m.), which
amounts to replacing the electron mass by the “reduced mass” mems/(m. +
mg), mo being the nuclear mass. However, the orbits in many-electron atoms
are confined but not closed. The hopping (“quantum jumps”) from one orbit
to another remained also obscure.

De Broglie (1923) proposed that an electron, bound or free, did not at
all follow a path r. = 7.(t), but that its propagation was described by
a wave equation. A bound electron would then correspond to a bound stand-
ing wave, analogous to a photon in a cavity. The cavity has eigenmodes n,
say, with eigenfrequencies w,, which happen to obey Rydberg’s law (1.37). Of
course, de Broglie did not mean that atoms are confined by walls. Instead, the
Coulomb attraction by the atomic nucleus would confine the wave to a finite
volume. There is in fact an analogy with light reflection from a glass. Consider
a plane wave exp{ikr} incident on a window which is normal to the z-axis.
Even under the conditions of total reflection, the wave equation excludes an
abrupt jump to zero of the wave function. Instead, the factor exp{ik,x} of
exp{ikr} becomes exp{—kz}, where —k corresponds to the continuation of
k., to an imaginary value, k, = ik, ik, = —x. Next, replace the plane wave in
the vacuum by a spherical wave in a small bubble in the glass, for example by
R, of (1.29). If now for some reason k is replaced by i outside the bubble,
then the wave function exp{—«r}/r is exponentially falling in all directions.
When the bubble shrinks to zero, only this “forbidden” region remains; the
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complete wave function is then R = exp{—~kr}/r, which is the asymptotic
(r — o0) form of the hydrogen atom’s wave functions, see Sect.1.5. Taking
now an electron instead of light, the volume filled by the electronic wave
functions has a radius of the order of K~! = ag. This must roughly corre-
spond to the radius of Bohr’s lowest classical circular orbit, which de Broglie
knew from the Bohr-Sommerfeld model. For the nth orbit around a nucleus
of electric charge Ze,

kn = Z/nap, ap = h?/e*m, = 0.05291772 nm. (1.39)

The Bohr radius is much smaller than the wavelength of visible light. This is
the main reason for the late discovery of the wave equation for eletrons.

The quantitative result of de Broglie’s hypothesis was that a free electron
of momentum p = m.v propagates like the plane wave (1.11) in vacuum,
with k = p/h and with the “de Broglie wavelength”

A=2rn/k =2nh/p=h/mev. (1.40)

Due to the smallness of A, the verification of de Broglies idea came late. Today,
electron diffraction is used in LEED (= low-energy electron diffraction; the
low energy is needed for a sufficiently small value of v). The first application of
particle interferometry came from low-energy neutron diffraction on crystals,
analogous to X-ray diffraction.

Schrodinger (1926) constructed the wave equation for a free particle of
mass m according to the ideas of de Broglie. He took Einstein’s relation
(1.34) and substituted backwards the values (1.30) for E and p for a plane
monochromatic wave,

h2(w2/62 _ k2) — m202, w _ woeikr—iwt. (1_41)

We shall denote the wavefunctions of all kinds of particles except photons
by ©. The 1)y is analogous to the Ej in (1.11). In the case of spinless particles,
it is a single constant. For spin-1/2 particles such as elctrons, protons and
neutrons, it is a pair of constants called a spinor, just as the E is a triplet of
constants called a vector. But spin was added one year later (Pauli 1927), and
it is still customary to treat the electron as a spinless particle for a while. (Spin
enters nonrelativistic equations only in a magnetic field, see (2.54).) In order
to obtain a differential equation whose solutions satisfy the superposition
principle, Schrédinger interpreted w/c and k as eigenvalues of the operators
10y = 10/90(ct) and —iV, respectively:

[(ih00)? — (—ihV))]Y = m2c*ep. (1.42)
Today, the “momentum operator” —ihV is denoted by p;

(=h?02 —p®> —m2 )Y =0, p=—ihV. (1.43)
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The notation E is not used for ih0;, only for one of its eigenvalues (see also
Sect. 1.4). The stationary free-particle Schrodinger equation

Y(at) = P y(r), (B¢ —p* —m’P)y(r) =0 (1.44)

is the Helmholtz equation for a massive particle. In the notation of (1.15), it
reads
W2/ + V2 —m?3 /R )p(r) =0, (1.45)

which obviously reduces to (1.15) for m = 0. However, this form is not used,
because the potentials of the next section would also have to be divided by #.
The significance of (1.44) will appear repeatedly in this book: for particles
of arbitrary spins in Sect. 4.4, and for the asymptotic region of “binaries” in
Sects. 4.5 and 4.6.

Example of wavelengths: The n = 3 to n = 2 transition in hydrogen
emits a photon (the red H, line) of energy F = R (1/4—1/9) = 1.88¢V. Its
wavelength is A = he/E = 656.3 nm. The wavelength of a free electron with
the same energy 1.88¢V is A\, = h/p = h/(2m.E)'/? = hc/E(2m.c*/E)'/2.
With 2m.c? ~ 10°eV (1.36), the square root is of the order of 1073, and
consequently \.(1.88eV) ~ 0.9nm. The neutron mass is 940 x 10%eV, so A,
is 43 times smaller.

1.3 Potentials and Gauge Invariance

The traditional method of including Coulomb and vector potentials in the
Schrédinger equation of a charged particle uses a Hamiltonian formalism. But
in the first place, this formalism applies to relativistic fields. The Hamiltonian
of light in vacuum will be given in Sect. 3.1, that of the electron-positron field
in (3.89). Relativistic quantum mechanics is the art of obtaining from these
fields equations for systems with a fixed number of massive particles (in the
cases of atoms, n. electrons plus one nucleus). The resulting operators in dif-
ferential equations are also called “Hamiltonians”, but they are never exact.
For the hydrogen atom, the old Dirac Hamiltonian is a good first approxima-
tion. For n, > 1, the correct treatment of “negative-energy” states (Sect.2.7)
is rather tricky. As these problems disappear in the nonrelativistic limit, it
may in fact be appropriate to first mention the nonrelativistic Hamiltonian,
which the reader has certainly already seen somewhere.

The nonrelativistic Schrédinger equation is of first order in id;; the trans-
formation of —9? into i0; is somewhat complicated. For the time being, we
therefore consider the statinary equation (1.44) and replace E by mc? + Ey
as in (1.36):

(2mEy + Ex /¢ — p*)(r) = 0. (1.46)

E%/c? is neglected and (1.46) is rewritten as

Ent(r) = Hop(r), Ho=p*/2m. (1.47)
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In classical Hamiltonian mechanics, the complete Hamiltonian is the sum of
the kinetic energy p?(t)/2m (with p(t) = mw(t)) and the potential energy

V(r(t)):

H=p*/2m+V. (1.48)
Bohr and Sommerfeld used this H, for an electron in the nuclear electrostatic
potential ¢ = Ze/r, V = —ep = —Ze?/r (the electron has charge —e).

They calculated the resulting Kepler ellipses, subject to their quantization
condition [pdr = nh. Schrédinger also adopted H, but instead of taking
r = r(t) and p = mwo(t) of a classical path, he took = and p as time-
independent operators acting on ¥ (r),

Ex(r) = Hy(r), H=—-h*V?/2m+V(r). (1.49)

He solved this equation for bound states in the potential V = —Ze?/r and
found that the eigenvalues En(n,!) did reproduce the Bohr-Sommerfeld for-
mula (1.38), independently of the quantum number I. Encouraged by this
success, Schrodinger returned to his relativistic equation (1.32) and replaced
E—FE-V —ihd —V:

(712 —p2 —m22)p =0, 7°= (ihd, — V)/c = ihdy — V/e.  (1.50)

However, the relativistic effects of this equation are complete only for spinless
particles. After Dirac discovered his equation for relativistic electrons (1928),
(1.50) was discarded for several years. Dirac was convinced that any wave
equation, relativistic or not, had to be of the form ih0;y0 = H. Today,
(1.50) is known as the Klein-Gordon (KG) equation (Klein 1926, Gordon
1926). It describes the relativistic binding of pionic and kaonic atoms, where
the pion 7~ and kaon K~ are the negatively charged members of the spinless
“mesons” 7 and K, with mc? of 139.57 and 493.68 MeV, respectively.

Maxwell’s equations of electrodynamics have a peculiar “gauge invari-
ance”, and the best way to introduce interactions in quantum mechanics is
by postulating gauge invariance also here. The method requires wave equa-
tions; it does not exist in classical mechanics. It has been known since long,
but its universality became clear only after the discovery of the “electroweak”
interaction. Like Lorentz invariance, gauge invariance is somewhat hidden in
the standard form of Maxwell’s equations:

VB=0, VXxE+3B=0, 38 =038/9(ct), (1.51)
VE =4npa, V x B—0yE =4nc 'j,. (1.52)

The inhomogeneous equations (1.52) refer to the cgs-system, 4mey =
11.12 x 107" As/Vm; pe and j,, are the electric charge and current den-
sities. The two vector fields E and B can be expressed in terms of a single
“yector potential” A and a scalar potential A° = ¢,

B=VxA, E=-VA"—§A, (1.53)
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in which case the homogeneous equations (1.51) are automatically satisfied.
The inhomogeneous equations become

—V2A° — VA =4dnpe, VxVxA+0(VA’+0yA) =4dmre 5. (1.54)

Gauge transformation are defined as those transformations of A* = (A%, A)
which do not change B and E:

A = A°—9yA, A'=A+VA, B =B, E =E. (1.55)

The gauge function A = A(x° ) must be unique and differentiable but is
otherwise arbitrary. It need not be a scalar or a Lorentz invariant. As a rule,
A is defined indirectly by a gauge fixing condition, for example

Coulomb gauge: VA =0, (1.56)

Lorentz gauge : VA + 9pA° = 0. (1.57)

An explicit A is then only required for a change of gauge, for example from
Coulomb to Lorentz. The Coulomb gauge has V9ypA = 0h)VA = 0 and V x
V x A=V (VA) - V?A = -V2A, such that (1.54) is simplified as follows:

~V2A% = d7py, (02 — V2)A + VOHA® = dnc g, (1.58)

The first of these equations is the Poisson equation, with the solution
At 7) = /dSr'pel(t, =], |r—v|=[r -2 (1.59)

In the Coulomb gauge, the nuclear charge density pe(t, r’) is independent of
t in the system where the nucleus is at rest. A pointlike nucleus has

pa(t,r") = Zed(r'), A°=¢=Ze/r. (1.60)

The Hamiltonian (1.48) and the KG equation (1.50) refer to that gauge.
Returning to quantum mechanics, gauge invariance is postulated as
follows:

Wave equations are independent of local and temporal phases.

Let qA(z° r)/hc denote a change of phase of 1, ¢ being the particle’s
electric charge: '
= el hey, (1.61)

Such a transformation does affect the differential operators, for example i0;:
ihdoet 1/ ey = e 94/he (ihdy — g[8y, A] /)1 (1.62)

Here we have written [0y, A] = 04/0z° in order not to contradict the rule
that operators apply to all expressions to their right, 0y Ay = 1¥dyA + Adyt,
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analogous to 9, fg following (1.10). To compensate the change of i7dy under
the time-dependent phase transformation, this operator must be accompanied
by a function —qA°, which is gauged according to (1.55). In other words, the
interaction of a particle of charge ¢ is obtained by replacing the free-particle
operator ihdy by

70 = ihdy — qA°/c. (1.63)

This allows one to pull the phase to the left of the differential operator and
eventually divide it off:

4 2 ;
20 = eiaA/her0y, 0"y id/he 02y, (1.64)

Similarly, whenever —iAV operates on 1, it must be accompanied by a func-
tion —gc~!A which cancels the gradient of A according to its gauge trans-
formation (1.55):

T=p—qc *A=—ihV —qc ' A. (1.65)
Thus the phase-invariant relativistic Schréodinger (or KG) equation is
(1°2 — 72 — m2e2) = 0. (1.66)

It is gauge transformed either by (1.55) at fixed phase of 9, or by (1.61)
at fixed A*. An example of the latter transformation is given in (1.174)
below. The operators  and p are called kinetic and canonical momenta,
respectively. They will appear again in the Dirac equation, and in slightly
generalized forms in any local quantum field theory. It should also be warned
that measurable nonlocal phase effects do exist (Aharanov and Bohm 1959).

The coupling provided by 7° and 7 is called the “minimal coupling”. But
as E and B are gauge invariant, they may appear in additional couplings in
(1.66), at least for composite particles.

In atomic theory, gauge invariance is more important than Lorentz invari-
ance. The gauge-invariant form of the nonrelativistic Schrédinger equation
(1.49) is

(endy — w2 /2m)yYy =0, 7% ~7° —me. (1.67)

The connection between v and 1y is postponed to Sect. 2.8. Also postponed
are the Lorentz transformations of 4-vectors such as z# = (ct,r),

p* = (p°,p) = ih(8y,—V), == (" m)=p"—qAt/ec. (1.68)

For the moment, the 4-vector notation mainly implies that all 4 components
have the same dimension, which can be helpful as a dimensionality check
also in nonrelativistic equations such as (1.67) (note that mc has also the
dimension of a momentum, according to (1.66)). However, as one is confronted
with 4-vectors already in contexts such as classical electrodynamics, one may
wonder why V appears with a minus sign in p*, whereas z* has no minus sign
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in front of r. This sign arises from the combination ikr —iwt in the exponent
of the plane wave (1.11), combined with the avoidance of a minus sign in
the eigenvalue equation py = Fky (1.30). The 4-vectors introduced so far
are all “contravariant”. Later, some minus signs will be hidden in covariant
4-vectors. In addition to 9" = (0y, —0;), one also uses 0, = (0o, 0;). But then
minus sign appear in other places, for example in A4, = (4°,—A).

1.4 Stationary Potentials, Zeeman Shifts

Time-independent potentials are called stationary. The only operator which
refers to t in the Schrédinger equation (relativistic or not) is then ihd;. Its
eigenfunctions are exp{—iE,t/h}, where the eigenvalues are denoted by E,:

ihdye " Ent/h — | e iEnt/T (1.69)
In this case, the equation has solutions of the type
Y, (t,r) = e Bt/ (r). (1.70)

¥ (r) is called a statinary solution, but in a sense the whole g is stationary,
because |1g, |? is time-independent. A truly time-dependent solution must
contain several different time exponents, which means several different values
of E,:

Y(t,r) = enthp, = Y coe Et M, (). (1.71)

It is analogous to the spectral decomposition (1.27) of E(t,r). The integral
[ dw is replaced here by a sum over discrete bound states n, but an additional
integral over the continuous energies E of electron scattering states (which
refer to an ionized atom) may also contribute. The coefficients ¢, appear
only when the functions v, (r) are separately normalized (Sect.1.8). They
are analogous to the Eg(w) in (1.24). Decently moving wave packets can be
constructed for the harmonic oscillator (Sect. 1.8). In other potentials includ-
ing the Coulomb potential, |1)|?> wobbles or disperses. The beginner should
not waste time on classical trajectories as limits of moving wave packets.

In the following, we consider a stationary solution of the type (1.69) and
drop the index ,. We may then replace ihdy by E/c everywhere, and in
particular in the gauge invariant combination 7° (1.63). We also return to
the Coulomb gauge and write ¢A°/c = V/c (1.50),

™ =(E-V)/c (1.72)
Insertion into the KG equation (1.66) gives

[(E—V)?/c? —m?c® — m*ap(r) = 0. (1.73)
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This equation contains at least two constant operators, namely E?/c? and
m?2c?. It is useful to combine these into a single constant,

E%/c? —m®c® = h?k2. (1.74)

In a region in space where the potentials vanish (called the asymptotic region
in the case of the Coulomb potential, because it occurs at r — 00), ¥ reduces
to a free-particle solution,

(h?k? — p?)ihas = 0. (1.75)

The general form of 1,5 will be elaborated in Sect. 1.10. In solids V may tend
to a constant (the chemical potential Venem) at large r. In such cases one
would replace E by E — Vipem in the definition (1.74) of k2. Apart from such
trivial generalizations, (1.73) becomes

(R?E? = 2EV /2 4+ V? /2 — w2)y(r) = 0. (1.76)

For comparison with the nonrelativistic limit (1.67), one may define a slightly
energy-dependent “quasi-Hamiltonian”,

2EV/c? = V?/c? + 7% = 2mHyuasi, 12k = 2mHquasit)- (1.77)

The combination 2EV/c? is normally close to 2mV. When relativity was
discovered, one noted that one had to replace m by E/c? in some places. One
then called m the rest mass and E/c? the moving mass. The latter expression
is not used any longer, as one wishes to emphasize the fact that energy and
momentum form a 4-vector. Today, the rest mass is simply called “mass”.

In Sect. 1.1, we saw that V2 contains 855 /p?, and that 8; could be replaced
by its eigenvalues —m? for the eigenfunctions (1.17). In spherical coordinates
it contains (r x V)?/r?, which reduces to —I(I + 1)/r? for the spherical har-
monics Y™, independently of m;. When V' is independent of ¢, V' =V (z, p)
(cylindrical symmetry) or V = V(r), r = /22 + p? (spherical symmetry),
these eigenfunctions and eigenvalues can also be used in solving (1.77). In
these cases, the addition of a small magnetic field B (B? ~ 0) produces en-
ergy shifts linear in Bm;, provided the z-axis points along the direction of B
(for V.=V(r), this is no loss of generality):

E(B) = E(0) + Behcm;/2E(0). (1.78)

This is already the relativistic formula, which is easily derived. B is taken
constant over the atomic dimensions, and the z-axis is taken along B. With
B =V x A, the Coulomb gauge VA = 0 determines A only up to a constant,
which is called b in the following:

A=A, |=Bl0-bz]|, B=|0], (1.79)
A, 0 B
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plus linear terms ax+c, in A, and —ay+c, in A, (to keep 9, A, +0,A, = 0),
which are rarely needed. A apears in the 72 of (1.76),

w2 =(p+eAjc)’ =p®+ (Ap + pAe/c+ e*A? /. (1.80)

There is a problem of notation here, which is the spatial analogue of Ain
(1.62). With p = —iAV and the Coulomb gauge VA = 0, one might conclude
pA = 0. But since pA operates on v, one has instead VAyY = yVA+AVyY =
AV # 0. Consequently, when A is used as an operator, one should not write
VA = 0. The alternative divA = 0 is not good either, since the operators div,
grad and rot are sometimes also meant to operate on everything to their right
(unlike the dot in /i?,b, which is placed on top of its object). The quantum
technicians have therefore elaborated special symbols for the redistribution
of operators, in particular the commutator [,] and anticommutator {, }. For
any two operators A and B,

[A,B]= AB — BA, {A,B}=AB+ BA, (1.81)
{A,B} =2AB — [A,B] = 2AB + [B, A]. (1.82)

A precise form of the Coulomb gauge in the context of operators is thus
[V,A] =0, (1.83)

because its second term —AV1) cancels the + AV which is part of V.Au.
Similarly, when the V2 A° of (1.54) is needed as an operator on ), it must be
replaced by the double commutator [V, [V, A%]], see (2.261).

Returning now to (1.79), the “circular gauge” b = ;, maintains rotational
symmetry around the z-axis:

Aci - éB X r, A<2:1 = (xz + y2>B2/4 (184)

Then 2Ap contains the combination r x p which is called angular momen-
tum I, in view of the corresponding combination in classical mechanics:

=r xp=—ih(r x V), (1.85)

2A.p = (B xr)p = Bl = Bl, = —iBhJ,. (1.86)

Electrons have an additional “spin” angular momentum; a more precise name
for I is then “orbital angular momentum”.

As spherical symmetry is a special case of cylindrical symmetry, we assume
V =V/(z,p) and separate only the ¢-dependence from (r),

¢(7’) = 1/)(2, p)wmz(¢)v —’i8¢1/) = my. (1'87)
In 727, one may then replace 04 by imy; everywhere:

7’ = —h*(02+p 10, + 02 — mi/p?) + Bhmye/c+ 2 B*p* /Ac*.  (1.88)
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The function ¢,,,(¢) can now be divided off. We also assume bound states
in which the range of p? is confined by V, such that B2p? may be neglected.
The only remaining B-dependent operator in the KG-equation (1.73) is then
the constant —2B%mye/c, which may be included in the definition of A%k? as
in (1.74),

E?/® —m2c* — Bhimje/c = h?k?, (1.89)

With this definition, one may use (1.76) with 7% = p? = first half of (1.88),
(B?k? —2EV/c* +V?/c? — p*)ib(z, p) = 0. (1.90)

B is now completely hidden in the redefinition of k2. For given k2, the de-
pendence of E on B follows from (1.89):

(2.4 | 52272 1 _ (w2 :
E(B) = (m*c* + h”*c*k* 4+ Bhmyec)2 = (E=(0) + Bhmyec)2. (1.91)

To first order in B, expansion of the square root produces (1.78). In the
nonrelativistic limit, the factor 1/E(0) is replaced by 1/mc?. One also defines
the Bohr magneton ug:

up = eh/2me, E(B) =~ E(0) + Bupm;. (1.92)

A coincidence of ng different energy levels is called an ng-fold degeneracy.
For V.= V(r) and ¢(z,p) = R(r)©;"(d) (1.21) p? is independent of my
according to (1.22). The energy levels Ej,,, (B = 0) are then 2! + 1-fold
degenerate, Einlzi ; = 20+1. The degeneracy is lifted by the Zeeman-splitting
which is linear in Bm; (Fig.1.4). In the case of strictly vanishing quantum
defects (1.37), different l-values become also degenerate, which may lead to
the more complicated “quadratic Zeeman effect”.

Whereas p? = —h?V? is a real operator with real eigenfunctions (remem-
ber (1.28)), 2 is complex and does require complex eigenfunctions. A real
eigenfunction can only depend on ml2, not on m;. The Zeeman shift demon-
strates the necessity of complex functions. The eigenvalues E remain real,
due to the hermiticity of operators, see Sect. 1.8.

1.5 Bound States

Conducting electrons in metals move like free particles in a constant potential
of depth —Vjy, which is measured from the ionization limit to the bottom of
the conducting band. Due to the Pauli principle, they fill all levels of energies
E < Ep, where Ep < 0 is the Fermi energy. It is customary here to shift
the energy scale such that one has V' = 0 inside the metal. The asymptotic
region where (1.75) applies, (kK + V?)¢) = 0, is then inside the metal. The
details of the metal surface are often unimportant, and it is convenient to
use the limit V' = +V — oo there. In this limit, ¢ must vanish at the
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surface, precisely as the standing waves in the waveguide mentioned near the
end of Sect.1.1. Consider now a wire along the z-axis, with a rectangular
basis of dimensions L, L,. The appropriate solutions of the wave equation
are

Y(z,y,2) = e*=% gin k,x sinkyy, sink;L; =0 (i=1,2). (1.93)
The last two conditions imply
k‘i ZTLiTF/Li, n; = 1,2,3,4,5,... (194)

whereas k, remains arbitrary, positive or negative. If one now cuts the
wire at zmax = L., k. must also be positive and obey condition (1.94)
for i = 3. The possible energy levels are then suddenly discrete or “quan-
tized”,

E = V/m2ch + 2hk2 =\ [m2eh + 2(n2 /L3 + 02 /L2 + n2/L2)1?/4,

(1.95)
with Aim = h/2. For a macroscopic piece of metal, one hastens to the limit
L, =L, = L, — oo, where the energy levels become again dense within
the conducting band (thence the name “band”). Our point here is the op-
posite one, namely confining the wavefunction to a finite volume L,L,L.
entails a discrete energy spectrum. This is the massive particle analogue of
a microwave cavity, where the modes are quantized according to

E(ng,ny,n,) = hw = (n2/L2 + ni/ij +n2/L32¢ch/2. (1.96)

But whereas a single cavity mode can host many photons, a mode in a metal
can host at most two electrons, due to the Pauli principle (the factor 2 ac-
counts for the electron spin). The modes for electrons are commonly called
“orbitals”. Such modes exist approximately also in a single many-electron
atom. In the simplest form of the atomic shell model, the orbitals are suc-
cessively filled with electrons. The word “state”, on the other hand, means
a precise wave function. In single-particle problems, there is hardly any differ-
ence. But the ground state of the helium atom has a wave function ¥ (rq, r3),
which depends on the two electon positions r; and 7. It is an antisym-
metrized product of orbitals only if the mutual repulsion of the two electrons
is either neglected or approximated by an over-all weakening of binding. In
the mathematical sense, the concept of a “state” is more general than a wave
function, as will be explained in Sect. 1.9.

The wavefunction of a single spinless particle can be bound by an at-
tractive, spherically symmetric potential V(r) < 0, 7 = (22 + y? + 22)1/2
according to (1.76), but now with A = 0, w2 = p?> = —h?V?2. In spherical
coordinates (1.6), (1.22), ¢(r) has solutions that factorize into angular and
radial parts,

Yz (r) = Y™ (0, ) Rz 1 (7). (1.97)
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After (1.22) has been used, the angular part can be divided off, and the
following equation is obtained for the radial part:

(k% = 2BV/c*h> + V2 /h? + (0, + 1/7)? —1(1 + 1) /r*|Ry2; = 0. (1.98)

States with [ = 0,1,2,3 are called s, p, d, f, respectively. To solve the radial
equation, consider first the asymptotic region, V(r — oo) = 0. For r — oo,
I(1 +1)/r? is also negligible. The solutions R.s(r) = R4(r) of (1.98) have
already been given in (1.29). For real k, they are not confined in space and
correspond to an ionized electron. The general solution is a linear combination
with two coefficients b, and b_. Bound states require imaginary k,

k =ik, Ras(r)=r"t(bie " +b_e"), (1.99)
and the special value b_ = 0, to exclude exponential growth of R(r) for
r — 00. The solution of the complete equation (1.98) is now taken in the
form

Ri2;=e "u(r), (0, + 1/r)2e ™" = e (9, + 1/r — k)2, (1.100)

where both b, and r~! have become parts of the new function v. The factor
e " is divided off, leading to

[—2EV/h2+V? /R +(0,41/r)% —2k(8,+1/r)—1(1+1) /r?]v = 0. (1.101)
Although Ry ;(r) is now bound, the values of k? = —k? are not yet quantized.
Quantization requires a second boundary condition, which arises at r — 0.
We first consider the case [ > 0. With a finite nuclear charge distribution
p(r"), V(r = 0) remains finite according to (1.59). To find the singular part
of (1.101) for r — 0, one multiplies the equation by r? and then lets r — 0:

[(0r 4+ 1/r)? —1(1 +1)/r*]v(r — 0) = 0. (1.102)
Also this equation has two linearly independent solutions,
v(r —0) =cyr! 4 c_r 7L (1.103)
The quantization of k2 arises only when one postulates both

b_=0, c_=0. (1.104)

These postulates are necessary to make 1(r) “normalizable”, i.e. the integral

I :/|1p|2d3r = /w*(r)w(r)rzdrdgbdu (1.105)
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must be finite. Althought the electron itself is not “smeared out”, its wave
function implies an extended charge distribution pe(t, 7). Nonrelativistically,

Pel = —€P ~ —€|w(t77°)|27 (1106)

is to be used as one source of the scalar potential A%, —V2A° = 47p, accord-
ing to Maxwell’s equation (1.58). For stationary states, p is time-independent.
And as the total charge must give the charge —e of the electron, the nonrel-
ativistic case requires I = 1. The spherical harmonics are separately normal-
ized to unity by integration over d¢du, such that one is left with

I:/ Ri27l7'2d7":/ e 252 (r)r2dr. (1.107)
0 0

This integral would diverge already for the smallest nonzero value [ = 1, v? =
b2 r—4, except for c_ = 0. An ordinary second-order differential equation such
as (1.98) has two linearly independent solutions. With the two extra condi-
tions (1.104), both solutions are killed, one is left with ¢ = 0. However, when
considered as a function of one of its parameters, the equation may have
nontrivial solutions at certain discrete values of that parameter. In our case,
that parameter is k2, from which E follows according to (1.74) or (1.91). The
above argument fails for [ = 0, where both solutions of (1.101) are normal-
izable. Nonrelativistically and for V = —Ze?/r, the second solution behaves
like r=t — (2mZe?/ hz) logr for small r. It gets excluded by more general
arguments involving the kinetic energy operator p?/2m. In the relativistic
equation (1.101), the term V2/c2h? contributes another r~2 -operator, which
also leads to an equation of the type (1.102), but with [ replaced by an [, < I.
And with the relativistic form (1.197) below of the normalization integral,

one finds that ¢_ = 0 is required for all values of [.
Exact solutions of (1.101) exist only for the point Coulomb potential,
V = —Ze?/r. For modified V, numerical integrations may use the point

Coulomb k? as a starting value and integrate from large xr inwards, beginning
with the function e™*". The integration will end at » = 0 with R(0) = 400 or
—00. By repeating the procedure with a slightly different x one will be able
to approach R(0) = 0 (for I > 0) or R(r) = const. (for [ = 0). Conversely,
if one integrates from r = 0 outwards, starting with R = 7!, R(kr > 1) will
behave as b_e™*", and modifications of x will eventually lead to b_ ~ 0.

A spherical potential V(r) is invariant under the parity transformation
r — —r, which in spherical coordinates (Fig.1.2) means

r—r, ¢—=o¢+m O0—->1—0 (u— —u). (1.108)
The parity of the bound states (1.97) is independent of their ¢ dependence,
Yre (—1) = (1) (7). (1.109)

This follows from the decomposition (1.21) of ¥;". The factor ¢"™? has
the parity (—1)™, while O™ has the parity (—1)'""™ (note the invariance
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of (1.9) under v — —u). Consequently, a superposition of states (1.97) with
different m; remains a parity eigenstate. This gives rise to useful “selections
rules”, in particular for the “dipole operator” 7 itself,

/¢{”5*¢;”lrd3r =0. (1.110)

States that contain both even and odd [-values are not parity eigenstates. This
applies for example to plane waves, which will be decomposed into spherical
waves in Sect. 1.10. In the Dirac equation, parity eigenstates do contain both
even and odd [-values, but the selection rule for dipole radiation remains
(Sect. 5.4).

1.6 Spinless Hydrogenlike Atoms

We now turn to the complete solution of the radial equation (1.101) for
a pointlike nucleus, V = —Ze?/r. Z > 1 is needed for hydrogenlike ions, and
also in some variational calculations. For V/he, we introduce Sommerfeld’s
fine structure constant, which has the pleasant property of being dimension-
less:

e?/he = a = (137.036) !, (1.111)
2EZa/her —lo(lo +1) /7% 4+ (0r + 1/r)? — 26(0, + 1/7r)]u(r) = 0, (1.112)
la(la +1) =11 +1) — Z%a°. (1.113)

The notation I, (I, +1) allows us to keep (1.101), with the replacement | — I,
The orbital angular momentum quantum number [ remains integer, of course,
the spherical harmonics are not affected.

In this book, we shall use altogether three abbreviations for products of
a with constants

az =Zo, ogip = efup/hc, ar = am. (1.114)

Ze is the nuclear charge, eqip is the “dipole charge” (5.164). These symbols
not only shorten the sometimes lengthy formulas, they also facilitate their
understanding: oz occurs in the electron-nucleus interaction, eqip occurs in
the electric dipole radiation of the whole atom including the nucleus, and o,
arises from Cauchy integrals (“loops” in the language of Feynman diagrams)
involving the electron alone (for example the anomalous magnetic moment
(2.76)). Atomic dipole loops contains agip/7. A two-photon electron-nucleus
loop will be mentioned in (5.196), which contains a2 /7. It is quite common
today to distinguish between « and a7 even for Z = 1. The isolated « appears
in multi-electron atoms, namely in the repulsive potential (3.80) between
two electrons (and also in some small loop terms which contain 7o, see the
remark following (C.25)). aqip and a, will not be needed before Chap. 5.
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To solve (1.112), one multiplies it by r/2x and expresses it in terms of
the dimensionless variable z = 2kr:

g —la(la +1)/2 + 2(0, + 1/2)* — 20, — 1]v(z) = 0, (1.115)

z=2kr, ng=azE/hck. (1.116)

ng will come out as the “effective principal quantum number” of the Rydberg
formula.
The singular operator —I,(lo + 1)/z is removed by the substitution

law, (0,4 1/2)%2l =28, +1/2+14/2)* : (1.117)

v(z) =z
[ng + 202 +20,(1 + 1) — 20, — Lo — 1w = 0. (1.118)

This is the differential equation of the confluent hypergeometric function
F(z) =1Fi(a,b,2):

[202 + (b— 2)0, — a]F(a,b,z) = 0, (1.119)
b=2la+2, a=lo+1—ng. (1.120)
F has the following power series in z:

F=1+za/b+a(a+1)/[b(b+1)]z2/2!

+ala+1)(a+2)/[bb+1)(b+2)]22/3!... (1.121)

To prove this, one writes F' = Yya52",
(b—2)F' = 532" b(k + Vagr1 — kar], 2F" = Sp2%k(k + Va1, (1.122)

which leads to the recurrence relation
ar+1(k+1)(k+0b) = ax(a+ k). (1.123)

For k — 00, ag,1/ar = k shows that the series diverges as e* = X2%/k! at
large z. The precise relation between R and F' is

Ryzy = e " (2kr) e ciw = Ne */22l F(2), (1.124)

such that R goes as e~*/%e* = e*/2 = e, as expected from (1.99). How
can one avoid this rising exponent? There are certain values of the param-
eter a (1.120) for which F' does not grow exponentially; for example a = 0
gives F' = 1. More generally, when a is a negative integer —n,., F' reduces to

a polynomial of degree n, in z:
F=F(-n,, b 2)=1-n,.2/b+ (—n,)(—n, + 1)2%/2b(b+1)...,

F(n,=1)=1-2/b, F(n,=2)=1-2z/b+2%/[b(b+1)]. (1.125)
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Apart from normalization, these are the Laguerre polynomials (1.179) below.
For each a (1.120) of F', E is now calculated using (1.116) and (1.120):

ng=oazE/khc=n,+lo+1=n—-0, [fi=I1-Il,. (1.126)
The integers n, and n are the “radial” and “principal” quantum numbers,

respectively,
n=mn,+1+1. (1.127)

The normalization constant N of (1.124) is given in Appendix A, the complete
nonrelativistic wave functions for n = 1 and 2 are

wnlm (9’ ¢>7 T) = }/lm(07 ¢)(Z/naB)3/2€_ZT/naB Rnl (T)7

RlO =2, RQO =2 ZT‘/CLB, R21 = 3_1/2Z7‘/CLB. (1.128)

For the calculation of E from (1.126), x must be eliminated. E? = m?c* +
AR%k? = m2c* — h?ck? implies khe = (m2c* — E?)Y/2, such that (1.126)
becomes azE/(m?c* — E?)'/? = ng. Resolving this expression for E, one
finds

—1/2 —1/2

2 ay / azk 2 (7B /

E=mc |1+ 2 , hek = n, = me 5 t+1 . (1.129)
B B

Note the absence of odd powers of az. For aZ/n% < 1, one expands
[1+a%/n3] 2 —1=—-1ag/nd+ 3ah/ny — Loy /nG...=f  (1.130)

A more practical quantity is then Ex = E —mc? (1.36), which is given here
to the order o /nf:

Ey =mcf = —ymc®azng?(1 — ja/n% + jay/nh — ¥a%/nf). (1.131)

The leading term gives Rydberg’s expression (1.37). As 5; = (3 is also small,
one expands

0% /n2 = a%/(n— B)? = o} /m?(1+28/n+ 36%/n? + 468%/m®).  (1.132)
Writing (1.113) in the form (I, + 1/2)? = (I +1/2)* — a%, one finds
Br=l—lo=1+1—[(1+1)?—aq]V2 (1.133)
Expansion of the square root in powers of 0‘22 gives:

B =a% 20+ 1)1 +a% /(20 + 1) + 2a% /(20 + 1)4]. (1.134)
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It shows that the order o} requires at most two powers of §; in oy /nj and
one power in ag /nf:

ay/ng = azn *1+48/n+108%/n%), af/nf=afn %(1+63/n). (1.135)

The expansion of Ex in n and [ to order o} is postponed to (2.149), where
it is presented for the more important Dirac equation. As (3; arises from the
inclusion of V2 in the KG-equation, it need not be viewed as a relativistic
effect. One may define a “KG potential” for use in the KG equation (1.76):

(h?k? —2EVkg — ) =0, Vkag = V(1 —V/2E). (1.136)

Even without the approximation V/E ~ V/mc?, (3, is strictly independent
of n. The expression for Ey to lowest nonvanishing order in a% has of course
B =0, Ey = —a%mc?/2n?, in agreement with the Bohr-Sommerfeld for-
mula. These energies depend on n, and [ only via their sum n, +1=n—1
according to (1.127). And as a given l-value contains already 2! + 1 mag-
netic sublevels, the total degeneracy of the nonrelativistic energy levels of
the spinless hydrogen atom is

Gspintess(n) = 7520 + 1) = n?. (1.137)

A systematic degeneracy of this type (as opposed to accidental degeneracy for
particular values of some parameters) can always be reduced to a symmetry
argument. For spherically symmetric potentials, F is independent of m;. For
V = —Ze?/r and negligible V2/E, E is also independent of [, which is a con-
sequence of O4 symmetry (its mechanical analogue is the conservation of the
Runge-Lenz vector, which will not be discussed here). Oy is a nonrelativistic
symmetry which is broken in the relativistic case.

The operator (I + 1)/r? may also be combined with Vg, which is then
called an effective potential:

Veg = Via + (1 + 1)h*c? /2 Er2. (1.138)

The second term corresponds to the centrifugal potential of classical mechan-
ics. The nonrelativistic approximation ¢?/2E = 1/2m gives

Vegt,ne = V 4+ 1(1 + 1)R*/2mr?. (1.139)

This function is plotted in Fig. 1.3 for V = —e?/r and for [ = 0, 1, 2 (“s”-,
“p”-, “d”-states). The degeneracy of F, in these very different potentials
is not at all evident. It is reflected in the shell model of atoms. Electronic
shells with n = 1, 2, 3 are called K, L, M. Examples of spinless hydrogenlike
atoms are mesic atoms (pionic and kaonic atoms, normally with Z > 1).
Their energy levels are influenced by strong interactions at short distances,
which drastically reduce the lifetimes of mesic atoms in s-states, and for
heavier nuclei also in p-states. For such atoms, the order a-binding effects
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Fig. 1.3. The energy levels Exy = fa2m02/2n2 and Ve = 762/7‘ + h%(f +

1)/2mr? for £ = 0,1,2, (s, p, d)

of the KG equation have been verified with moderate precision in p- and
d-states. Foe a theoretician, the best test of these effects is a by-product
of ordinary “electronic” hydrogenlike atoms, in the form of a fine-structure
average (see the discussion following (2.149) below). The precise values of the
electron mass and the Bohr radius ap have already been given in Sect. 1.2. For
scattering states (which contain one ion and one unbound electron), (1.98)
applies with positive k2; the substitution k& = ik is then inappropriate. We
therefore resubstitute in (1.120)

z==2ikr, a=l,+1+in, n=—azE/hck, (1.140)

F = F(lo 4 1+in, 2o + 2, —2ikr). (1.141)

E > mc? is now a continuous parameter, and the confluent hypergeomet-
ric function F(a,b,2) contains both e**" and e~ for r — co. Such waves
are called Coulomb distorted waves (see also (1.299) and Sect.2.7); 7 is the
“Sommerfeld parameter” (the distortion vanishes for n = 0). At very high
energies, one has Vg = V, and the centrifugal potential at fixed [ becomes
also unimportant.

0 0 0
3s 3p 3d

Fig. 1.4. The Zeeman splitting for the spinless hydrogen atom, at n = 3
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The KG equation plays a central role in relativistic quantum mechanics,
as the Dirac and binary equations can be reduced to the same form. It is
therefore useful to simplify that form as much as possible. For the point
Coulomb potential, multiplication of (1.76) by (¢/EZa)? = ¢*/E%*a% gives
the “standard form”

(2/rc +a%/r2 — w2)p = —(hkc/Eagz)?, (1.142)

rc=razE/he, p.=cp/azE. (1.143)

It contains only two constants, namely a2 and nng,
K¢ = —(hkc/Bag)*y =nz*y, K =2[rc+aj/rl—=Z,  (1.144)

according to the definition (1.116) and k* = —k? for bound states. The
original KG equation is an “implicit” eigenvalue equation, i.e. the operator
itself contains E. Its standard form is an explicit eigenvalue equation for
ngz, which is an advantage in perturbation theory of 72 (for example of the
Zeeman shift calculation (2.307) in Sect. 2.9). This point is hidden in the four-
component Dirac equation Hpy¥p = Evp (Sect.2.4), but becomes evident
in the two-component “Kramers version” (2.135) below. The standard form
of the nonrelativistic Schrodinger equation for V = —az/r (1.49) is (2/re —
i) = n§2w; it is used in quantum defect theory (Seaton 1966). But there
the advantage is less important, as (1.49) is already an explicit eigenvalue
equation for Ey. Equation (1.119) is an explicit eigenvalue equation in z,
with eigenvalue a.

Immediate results of the standard form are that it contains only o%,
E? and m?. Whereas the a?-dependence survives in the nonrelativistic
Schrédinger equation, the appearance of E? and m? is characteristic of rel-
ativity. It is already present in Einstein’s relation (1.34) for freely moving
objects. In particular, m is only defined as +v/m2. The sign of m is a matter
of definition. Einstein should really have used a new symbol on the right-
hand side of his equation (1.34), for example the letter s which will be
introduced in (4.72) for the mass? of a composite particle. The arbitrari-
ness in the sign of E is more difficult. In Sect. 3.2, negative energies will be
needed for positrons, which are repelled by the hydrogen nucleus. But near
the end of Sect. 4.7, it will become clear that the static KG and Dirac equa-
tions also represent limiting cases of relativistic two-body equations, in which
hydrogen and antihydrogen appear as degenerate solutions with eigenvalue
s = (:l:E = mmucleus)z-

The natural units of relativistic quantum mechanics are A = ¢ = 1. A pop-
ular energy unit is the electron Volt, éV. From % (1.31) and ¢ (1.1), one gets

1=h=hc=06.58218 x 107 *%eVs = 1973289 x 10 °eVem.  (1.145)

Both cm and s have then the dimension eV~!. As the precision of ¢ exceeds
that of the original Paris meter, the meter has been redefined as 1m = 1s X c.



26 1 Maxwell and Schrédinger

The fine structure constant e?/fic (1.111) remains dimensionless, e? = a =
1/137.036. Measurements of « are discussed by Kinoshita (1996). Magnetic
fields are quoted in Tesla,

1T = 10 000 Gauss = 692.76 V2. (1.146)

With m,. = 510999 eV, the corresponding Larmor frequency ((1.173) below)
is small,

Wearmor = 3€B/mec = 3(B/T)1.15768 x 10~ * eV. (1.147)

The energy scale of thermal dirstibution is given by the Boltzman constant,
kg = 8.61734 x 1075 eV /K.

Unfortunately, some theorists use i = ¢ = 1 in connection with Heaviside-
Lorentz units, where the 47 is missing in the inhomogeneous Maxwell equa-
tions (1.52). There are thus two different units of charge in use,

e=+/a=0.08542, epp =eVir, o=e} /4, (1.148)

which is a permanent source of errors.

On the other hand, atomic theorists prefer “atomic” units, h = m, =
e = 1. From e?/hc = a, this fixes ¢ = 1/a. The Bohr radius is ag =
h?/e?m, = 1, the Rydberg constant R, = 1/2. The smaller “Rydberg”
unit R, = 1 is also used, thus providing errors of factors 2.

1.7 Landau Levels and Harmonic Oscillator

A free spinless particle of charge ¢ = —e in a constant magnetic field is
described by (1.76) for V = 0 and 72 given by (1.80):

(h?k? — %)y = (W®k? — p* — 2Ape/c — A%e?/*)y = 0. (1.149)

As A (1.79) is independent of z, there exist solutions with plane waves along
the z-axis,

P(r) = e*Zp(z,y), (WK} —pl — py — 2Ape/c — A%e*/®)Y(z,y) = 0;
(1.150)
hzkt2=h2k2—h2k§:Ez/c2—m202—h2kz. (1.151)

This equation may be solved both in cartesian and in cylindrical coordinates;
the two sets of solutions are quite different. To understand their connection,
it helps to recapitulate the corresponding classical paths. These follow from
the Lorentz force

p=—-eE+vxB), v=r=dr/dt (1.152)
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for the special case E = 0. The relativistic form of p is mu = mdr/dr, where
7 is the particle’s proper time. When the particle energy E is conserved, one
has t = 7y = 7E/mc? (“time dilatation”) and p = #FE/c?. Consequently,
the relativistic Lorentz force contains m only indirectly via E, precisely as
the Klein-Gordon equation (1.151). The classical path in three dimensions is
a helix along the z-axis (the direction of the magnetic field), its projection
on the xy-plane being a circle of radius

R =p¢/ecB. (1.153)

Relativistic particle momenta are in fact measured from curvatures in mag-
netic fields. The relativistic Larmor frequency is wparmor = ecB/2E. The
classical helix has its “guiding center” defined by its coordinates (z4, y,) in
the xy-plane. The quantum mechanical solutions of (1.149) have no orbits
with x4, and y, as simultaneous eigenvalues, as the corresponding operators
do not commute. The circular gauge (1.84) contains orbits with guiding cen-
ters at a fixed distance p; from the origin. The “Landau gauge” takes b = 0
in (1.79). Then A depends only on y, and x4 can be fixed. For general b, one
obtains solutions with fixed ellipses of guiding centers. Rotated and shifted
ellipses would require more parameters in (1.79).
The Landau levels are most easily calculated in the Landau gauge

b=0, A.=A,=0, A,=Buz, (1.154)
Y(z,y) = e™Vyp(x), [k7 + 02 — (ky +zeB/he)?|y(x) = 0. (1.155)
The equation is rewritten as
(k7 + 02 — (eB/hc)*(x — 0)?]p =0, x9 = —hck,/eB. (1.156)
It is made dimensionless and the x( is removed by the substitution
Tz —xzo=s"%, 8, = 871/265, s = hc/eB, (1.157)

[k7s + 0F — 2w (&) = 0. (1.158)

The equation is equivalent to the nonrelativistic Schrédinger equation (1.49)
in one dimension (V2 — 82, Ey = h%k?/2m) with the harmonic oscillator
potential V(z) = mw3 (z — x0)?, which will be commented on in Sects. 1.8
and 1.9, and also in Sect.3.1 in connection with photons. The harmonic

oscillator becomes dimensionless for s = ii/mwy,
Ent = Jhwn (€ — 83)y. (1.159)

Note also that we have this time ignored our rule that the separation of
the plane wave exp(ikyy) in (1.155) replaces the constant k7 by k2 = ki — k2,
because k; was needed in the shift of variable (1.156). The physical range of
¢ in the differential equation (1.158) is —oo < & < +o0; the point £ = 0 is
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harmless this time. The asymptotic solution at £2 — oo is found by setting
k2 =0,
(52 - a§)¢as =0, tas= N+€§2/2 + N€_§2/27 (1'160)

The coefficient N, must vanish, because the function exp{¢2/2} explodes for
& — 00. The complete solution for finite £ is again taken as a product,

Yu(€) = Nue €72 H, (6). (1.161)

The new label n refers to the nth eigenvalue k2, of (1.156). We shall find
n = 0 for the lowest eigenvalue k2, where vy is called the ground state.
(In the hydrogen atom, the ground state has the principal quantum number
n =1 and !l = 0.) At this moment, the values of n are still open. The factor
exp{—&2/2} is again pulled to the left of all operators and then divided off:

B2eE/? = €29 — )2 = e IO — €0 — Ot + €2),  (1.162)
(0F — D¢ — Ol +2n')Hn(€) =0, n/ =kf's. (1.163)
One may of course also rewrite
Oct = E0¢ + 1, (1.164)
remembering 0¢§H = £0¢H + H = (£0: + 1)H:
(0f —260e +2n)H, =0, n=n'— . (1.165)

This differential equation is solved by a power series expansion,
Hy, =Y a,8, 2n—£0)¢ =2n-v)g’, 0 =v(v-1)¢"2, (1.166)
v=0

v+2)(v+1)ays2 +2(n —v)a, =0. (1.167)

The first term in (1.167) originates from ay+28£2£”+2. For v — oo, one has
ay+2/a, = 2/v. The same ratio appears also in the power series expansion
exp{€2} = X, ()" /n! = X,£V/(v/2)!. As in the hydrogen case, it corre-
sponds to the growing part of 1,5 (1.160). It can be avoided only if the series
stops at a certain maximal power V., of £. This requires the n of (1.165) to
be an integer, 7 = Umax; in that case a,,_, 12 vanishes according to (1.167).
The coefficients of the two highest powers of £ follow from (1.167) by setting
v =n — 2, and by Hermite’s choice of normalization, a,, = 2™.

n(n —1)a, —4a, o =0, H,=2"["—n(n—1)/4""2..]  (1.168)
The series begins with ag for even n and with a; for odd n,

Hy=1, H,=2¢ H,=4€6> -2, Hy=8¢ —12. (1.169)
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The polynomials H,, are called Hermite polynomials. With n’ = n + % ac-
cording to (1.165), the eigenvalues k? of (1.158) assume the values

ki, =n'eB/lic=(n+})/s, n=0,1,2.... (1.170)

Thus the Landau levels are equidistant in k? and also in E? according to
(1.151). At fixed k,, one may also define a mass for the transverse motion,

m? =m? 4+ h?k?/c?, (1.171)
E,/c= \/mt2(32 + h2k2 = myc +n'eBh/2m,c? — ne*B2h/8mic . .. .
(1.172)

In the nonrelativistic limit, the third term is already negligible, such that the
energy levels F,, themselves become equidistant,

EN,n = n,hWLarmora WLarmor — eB/2mc. (1173)

It is instructive to construct the Landau levels also in the gauge (1.79) with
b # 0. For that purpose, we separate a phase from ¥ (z,y) (1.155) as in (1.61),

Y@, y) = NP (z,y), A= —bryB, (1.174)
—ihdye = e (—th0, + byeB/c), —ihdye = e (—ihdy + bxeB/c).
(1.175)

The equation for ¢’ (x,y) keeps the form (1.150), but now with A given by
(1.79). In the circular gauge b= 1, (1.84) and (1.86) give

(h*kf —p —py+ieBOyh/c—e*p* B* [4P )y (x,y) =0, p* = 2*+y”. (1.176)

This is still the old equation, with solutions ¢’ = e~%¢4/"ce=Fy¥a)(x). How-
ever, it also has other simple solutions. They are found in cylindrical coordi-
nates by the ansatz

w’(ac,y) = wml (¢)¢Cl(p)v (1177)

where the ¢,,,(¢) are the eigenfunctions of —id,, with eigenvalues m; =
0, £1, £2.... The operator 72 is then given by (1.88), but with the addi-
tional simplification 82 — —k2:

[k} + p 10, + 02 —m} /p® — eBmy/hc — (epB/2hc)*|hei(p) = 0. (1.178)

The substitution z = (e/2hc)Bp? and the ansatz 1. = e */221™l/2(2)
lead again to the confluent hypergeometric differential equation for w, w =
F(a,b,z), this time with b = 1 + |m;|/2, —a = (k?/eB — 1 — m; — |my|)/2.
Its polynomial solutions have —a = n,, n’ = n,+m;+|my|+1)/2. They are
the (“associated”) Laguerre polynomials L?:

Ly = (n, +p)2(n,p)) " F(—n,,p+1,2), (1.179)

with p = |my|/2, ¢ = n,, and the harmonic oscillator quantum number n =
p+n,.
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1.8 Orthogonality and Measurements

The point Coulomb potential and the constant B-field (“harmonic oscillator”)
practically exhaust the list of explicit solutions not only for the KG-equation
(1.73), but also for the Dirac equation below. The nonrelativistic Schrodinger
equation has additional explicit solutions in cases that involve the conserved
Runge-Lenz vector, but these are less interesting. In this situation, the anal-
ysis of implicit solutions becomes particularly important.

In linear algebra, an operator AT Hermitian adjoint to A is defined over
the space of square integrable functions 1, 1’ as follows:

[ AT = [p(Ay')" = [A Y™ (1.180)

The integration extends at least over those variables on which A acts. For A =
z, f(z), 0,02 etc. one may only have to integrate over x, even if ¢(r) is also
a function of the orthogonal coordinates y, z. But there are also wavefunctions
¥(r1, r2) which are needed for atoms with two electrons, in which case a two-
particle operator A;, might require integrals over d®r; and d3rq in (1.180).
A popular notation is [dr, without specification of 7. For A' = A, the
operator is called “self-adjoint”. The operator x (= multiplication by z) is
self-adjoint, but 9, is not. i0, is self-adjoint for those functions that vanish
at the integration limits. (i0,)* = —id,, and the minus sign is canceled by
a partial integration, ['*0,1 = — [0 ™.

In practice, AT = A may be weakened to apply to a class of integrals
called “expectation values”, to be defined in (1.206) below. This is called

“hermiticity”, AL = Apg. Eigenfunctions v; of Ay have real eigenvalues,
a; = a}. For the proof, we set ¢ = ¢;, ¥’ = 1; in (1.180):
J i Anvi = a; [ ¥ = [Yi(Auyi)" = af [¥]s. (1.181)

In physics, it has become customary to replace the term “self-adjoint” by
“Hermitian”, except perhaps in the discussion of “observables”, see below.

Eigenfunctions v; and v; with two different eigenvalues of the same op-
erator Ag are “orthogonal” to each other,

Awl = aiwi, A?/)j = a]"(bj, f’l/ljwz = 0 fOI‘ a; # aj. (1182)
For the proof, consider (1.181) with ] replaced by %:
[V AV = a; [ i = [Pi(A;)" = aj [ i}, (1.183)

in view of the reality of a;. Consequently, (a; — a;) [¥}1; = 0 results in
[¢idi = 0 for a; —a; # 0. For i« = j, the integral remains open, and
2

a normalization constant N; is used to get [ [¢;|* = 1. The functions are then

said to be orthonormal,

[Yji = 0ij = (1fori=j, 0fori# j). (1.184)
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A trivial example of orthogonality relations is provided by the functions
Ym, (@) (1.17), which have the universal normalization constant N(m;) =
(2%)71/2

2m

APy ()i (@) = G- (1.185)

0
The piece 9,(1 — u?)d, of (r x V)? is separately Hermitian in the variable
—1 < u < 1, u = cosf, such that (r x V)? is also Hermitian (with eigen-
values —I(I + 1), as we know). Consequently, the spherical harmonics satisfy
orthogonality relations in the two variables u = cos 6 and ¢:

2 1
/ do / duYy" (0, )Y (0, 8) = [ AV Y™ = Grwbur. (1.186)
0 —1

The operators § and ps = —i0¢ are Hermitian for the harmonic oscillator
wave funcions, and so is their combination &2 + pf =& - 8?. The resulting
eigenvalues n + § of k*hc/eB (1.170) are real, so the eigenfunctions vy, (€)
are orthonormal:

[ dEN, Nye ™ Hoy Hy = Sy (1.187)

In this case, the normalization constant IV, is relatively complicated:
2 o 1 1 -1/2
[e € H2de = m22"nl, N, = (7T2 2”n!) . (1.188)
It will be derived by a simpler method in (1.227). If one wishes to normalize

in the more physical coordinate z’, the relation dz’ = sd¢ gives

}—1/2

1
Ny = [(ws)aznn! (1.189)

Yo
—4 4
Y1
P2
V3

Fig. 1.5. The harmonic oscillator functions v, for n =0 to 3
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Orthogonality relations of eigenfunctions of operators A with real eigenval-
ues a; are taught in linear algebra. Their significance in quantum physics
is also connected with the theory of measurements: The result of a mea-
surement is the eigenvalue of a fixed and known operator. For example, the
momentum hk of a free particle is one of the infinitely many eigenvalues of
the operator p = —iAV. But what happens with the hermiticity of p for
plane waves which refuse to vanish at the integration limits? As an example,
consider the functions

b = ek=2y(a,y), P = e EY (z,y).

/ " o = — / " 0 4 (i) (i) — ' (i) (i)

Zmin Zmin

(1.190)
The “surface terms” must be eliminated in order to make —if0, a Hermitian
operator. Two different methods are used here. The first one takes right away
Zmin = —00, Zmax = +00, but replaces the phase ik.z by ik.z — k|z| with
£ > 0. In this case each surface term of (1.190) vanishes, and at the end of the
calculation one may take k — 0. The second method uses a finite integration
interval, zmax — Zmin = L. as in Sect. 1.5, and imposes periodic boundary
conditions, ¥(zmax, ,y) = ¥(Zmin, Z, y). In this case the two surface terms of
(1.190) cancel each other. At the end of the calcutation, one takes L, — oo,
see Sect. 2.2. In this method, the possible values of k, are restricted to

k. =mn.2m/L,, n,=0,+1,42 43 +4... . (1.191)

Their spacing is twice as large as in the case (1.94) for bound states, but
negative values are now also allowed. The total number of states for large L,
is thus the same, and one is no longer restricted to standing waves sin k., z.
Contrary to p., the component I, = —ihdys of the angular momentum op-
erator I = r x p (1.85) is automatically Hermitian, due to the periodicity
condition ¥(¢) = ¢ (¢+27) of a single-valued function on a circle. This prop-
erty has been converted into another useful trick for wavefunctions (1.190)
that extend only over a finite region in x and y: The space is deformed into
a torus of length L, = 2nR — oo. The region z > zy.x has a trivial meaning
in this torus.

The stationary KG-equation (1.73) is of second order in a; = E;. For
V = 0, the equation may be rewritten as w2y = h2k21, which is again an ex-
plicit eigenvalue equation 72¢; = a;¢;, a; = h2k2. (The fact that a; contains
E? instead of E; is only relevant for the physical content.) A complication
arises for V # 0, for those variables (normally only r) that occur in V.

For the derivation of orthogonality relations, one needs the KG-equation
at energy E; and its complex conjugate at energy E; (the hydrogen atom
without magnetic field has E; = E(n;,l;), E; = E(n;,l;), but one may
immediately set [; = I, in view of (1.186)):
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(B —V)?/? —m*? — w2y =0, [(E; —V)?/c* —m?c? —n? ]1/) =0.
(1 192)
We multiply the first equation by ¥7, the second one by ¢; and subtract the
two products:

YH(E? — 2B,V — w2y — y(EF — 2E;V — w* )yl = 0. (1.193)

This is now integrated over all space. As w# = p + eA/c is Hermitian, the
operators 72 and 72* cancel each other after integration, and one is left with

[ Y7 Ei(E; = 2V) — E;(E; = 2V)]¢ = 0. (1.194)
Observing E? — E} = (E; — E;)(E; + Ej), one may extract a factor (E; — Ej);

For a spherically symmetric potential V() = V(r), (1.195) simplifies to
/ r2dr Ry Rya (B + E' —2V) =0 for E # E. (1.196)
0

These expressions generalize (1.182). The nonrelativistic limit takes |[V| < E,
in which case (1.182) remains correct also in the presence of V in the
Schrédinger equation.

The normalization integral (the left-hand side of (1.196) for E' = E) can
be set equal to 1 as in (1.184), but it is better to divide the expression by
2mc? or by E in order to keep the nonrelativistic limit £ ~ E' ~ mc?, V ~ 0
in the form (1.184):

[ (3B + B = V)ihi/me® = b5 (1.197)

When the time exponents exp(—iE;t/h) of ¢; and exp(iE;t/h) of ¢} are
included, (1.197) may be written as

Gli) = [ (6P [(~ iR, + Lihd, — V) /me2ui(t,r) = 85, 4704 = 9.

(1.198)

This form applies also to truly time-dependent wave functions such as (1.71),
for which Dirac introduced the compact notations of kets |) and bras (|:

w=2wm<W=Z¢m (1.199)

(W'|9) = ZC/*Czﬂ =) e (1.200)

The Dirac notation is rather ﬂexible, |i) = |¢;). In nonrelativistic context,
(Y'|y) always means [1)"*. Two general solutions ¢ and ¢’ of an equation
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are said to be orthogonal, (¢'|¢)) = 0 if they have not a single v; in common,
i.e. ¢, =0 for ¢; # 0. The normalization is

(Wl) = Jei* = 1. (1.201)

K2

The coefficient c; of a specific state |j) is projected out of |¢) (1.199) by
means of (1.198), which defines the “scalar product” of |j) and [¢);

%me=/@@@+¥mrvwmﬁ. (1.202)

The interpretation of a general state |¢) is based on the observation of
discrete and reproducible bound state energies, the superposition principle
and on the orthogonality relations. In the absence of degeneracy, a measure-
ment of E which results in the value E; identifies the state |i), apart from
a phase. Consider for example the states |i) = |n;, 1;, M) = VYn, 15 me (1,0, P)
of a hydrogen atom in a magnetic field, where the degeneracy with respect to
the magnetic quantum number m; is lifted by the Zeeman splitting (1.78). If
the magnetic field B has been measured by some classical method, one can
calculate the possible values E; before measuring the atomic energies. The
corresponding ¥; play the role of unit vectors in the vector space of square in-
tegrable functions, (1|1)) < oo, which is called a Hilbert space. This space has
infinitely many dimensions, but in most cases one needs only a small number
of components, namely those for which nonzero expansion coefficients ¢; are
expected in the actual energy measurement of the hydrogen atom. Hermiti-
tan operators that generate a complete set of states (see (1.250) below) are
also called “observables”.

Suppose now that a single hydrogen atom in a trap is excited at time t = 0
by a short laser pulse from its ground state (n =1, I =0, m; = 0) to a mix-
ture of its four n = 2-states (spin is neglected). The state { = 0 of n = 2 can
only be excited by two-photon absorption, which is negligible. We thus expect
a linear combination of the three states (n = 2, | =1, m; = —1, 0, +1),
with coeflicients c_1, ¢g and c¢;, and of the unexcited ground state with co-
efficient cgg. However, in an actual measurement one finds only one of these
four energies, for example from the frequency of the photon which is cre-
ated in the atomic de-excitation. This frequency is always that of one of the
discrete Zeeman components, never in between. The only possible interpreta-
tion of (1.201) is that |c;|? is the probability to find that Zeeman component.
As the single hydrogen atom in the trap can emit at most one photon, one
cannot determine |c,|? with a single pulse. One may either use many pulses
with a sufficiently slow repetition rate, or one may fill the trap with many
hydrogen atoms which are all in the atomic ground state. In the latter case,
the gas must be sufficiently thin to avoid inter-atomic perturbances (and in
particular recombination into molecular hydrogen Hs). In practice, it is eas-
ier to use a beam of atomic hydrogen. In that case, however, the “Doppler”
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line broadening caused by the thermal velocity distribution must be much
smaller than the Zeeman splitting. Such a beam is then described by a “den-
sity matrix”. In any case, the outcome of these experiments will be the three
positive numbers |c_1|2, |co|? and |e1|?, with |e_1]? + |co]® + |e1]? < 1. Dif-
ferent experiments are necessary to measure the relative phases between the
¢;, for example the application of a probe laser pulse at time ¢ > 0. A real-
istic theory of measurement in a given system may be quite complicated. As
a rule, the precision of the apparatus has a natural limit. The preparation of
a ¢ with components in different energy eigenstates F; requires a laser pulse
with a correspondingly broad frequency band Awjaser. According to (1.27)
and the theory of Fourier transforms, this is achieved with a pulse length
Atpaser ~ 1/Awaser- The limit Atjager — 0 would contain frequencies that
lead to ionization of the atom.

The probability interpretation has some strange consequences. Registra-
tion of the decay photon at time ¢ signals that the atom is now certainly in its
de-excited state, which is normally the ground state, ¢;(t) = d; 0. Thus the
wavefunction has “collapsed” on the state which has been identified by the
measurement. Every energy measurement of a quantum state changes that
state, except when it was already in a stationary state.

Equation (1.202) is rarely needed in the context of time-dependent prob-
lems, even in the analogous case of the Dirac equation for electrons. In our
relativistic treatment of the spinless Zeeman effect, B2-terms (mentioned in
(1.88) and (1.91)) were neglected. This is equivalent to the use of first-order
perturbation theory (Sects. 2.8 and 3.4), where the expansion coefficients may
be calculated from the unperturbed wave function. The unperturbed atomic
states (corresponding to B = 0) are degenerate at fixed I, and the simpler
orthogonality relations (1.186) are sufficient. The magnetic components Y;”
are projected out as follows:

[/ Ru(r)) =Y eV =D camllm); (1.203)

Cmt = /d(ZYlm/* Zchlm = (Im/|¢/Ru)- (1.204)

For B = 0, the |c,,|> may be measured not from the energies of the decay
photons (which have converged to a single monochromatic line), but from
their circular and linear polarizations.

For the point Coulomb potential —Ze?/r, the explicit eigenvalue equation
(1.144) leads again to orthogonality relations of the type (1.184),

J &reps(ro)vi(re) = 65, (1.205)

where 7. is merely a complicated notation of the integration variable. In
terms of the “physical” variable r, one has ¥;(r.) = ¥, qa(Ejazr). As the
physical interpretation of v requires orthogonality relations, its relativistic
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extension is not so obvious. In practice, measurements often result in pulses
on an oscilloscope; their interpretation requires detailed knowledge of the
apparatus. The integral

[9" Ay = (Y]AJp) = (A)y (1.206)

is called an expectation value. When A is Hermitian, ) may be expanded in
terms of its eigenfunctions t; as in (1.199), and one finds

(An)y = Zc;ciai<j\i> = Z |cila;. (1.207)

Jst

This is the ordinary definition of a mean value: each possible outcome a; of the
measurement is weighted with its probability |c;|2. After each measurement,
the state collapses onto the relevant eigenstate with probability one. It may
there be verified at any later time, provided A commutes with the operator
of the equation of motion, which in the case at hand is the KG-equation. In
analogy with classical mechanics, one calls such an A a conserved operator.
The measurement of eigenvalues of nonconserved operators is problematic. In
particular, the xz-component z of the position operator r does not commute
with p2 which occurs already in the free KG-equation.

The connection between quantum states and the classical motion of a par-
ticle seems simple only for the harmonic oscillator potential. Such a poten-
tial supports the “coherent states” below, which oscillate nearly rigidly with
sin(wt). For a pendulum, w = wy is the classical pendulum frequency (see
also Sect. 1.9). However, the most important application is to a nearly classi-
cal electromagnetic field (laser field) of a sharp frequency w. In both cases, the
equation thdyp = Hv applies. For the pendulum, H is given by the right-
hand side of (1.159). The laser field Hamiltonian has { and —i0, replaced
by the “quadrature components” (3.34) of the monochromatic electric field.
A necessary condition for the existence of solutions with the time depen-
dence sin(wt) is an infinite spectrum of equidistant energy levels. Below, we
shall discuss coherent relativistic Landau states, which are equidistant in the
variable k? = (E2?/c* — m2c®)/h? — k2 according to (1.170).

Any energy eigenstate ¥, (r,t) = 1, (r)e " "Frt/? has p,, = Yieb, B, /mc* =
|10 (1) |2 B, /mc? (the integrand of (1.197) for V' = 0) time-independent, which
justifies the name “stationary”. To obtain a time-dependent p, 1) must be a su-
perposition of states ¥; with different energies F;. Only then are expectation
values time dependent, (r) = (r)(t), (p) = (p)(¢). If the coefficients ¢; of
this superposition are chosen at random, p will fluctuate rather unclassically
within the range of the classical pendulum, subject only to the periodicity
restriction p(t + 27/w) = p(t). Periodicity occurs of course also for a finite
number of equidistant energy levels, for example for an arbitrary superpos-
ition of Zeeman sublevels.

At any given time, the coherent state is a shifted stationary state, shifted
both in position £ and velocity —ide. Normally the ground state )y is shifted,
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such that the coherent state has a simple Gaussian form. The shift is accom-
plished by a Taylor expansion, which may be written in exponential form
as in (1.275) below. The most general shift is best described by a complex
parameter o,

m&¢:m=mw%@xzmn=wwm—&vm—w«+&¥m%
1.208
« is the eigenvalue of a non-Hermitian operator,

atha (&t =0) = ava(§,t=0), a=(£+0:)/V2. (1.209)
The complete coherent solution of ihdy) = Hp, with H given in (1.159), is

wa = E?T:Oe_iwjvtcnwn(g)v Cn = e—\a|2/2an/\/n!‘ (1210)

The |c,|? are Poisson distributed, as shown in Fig.1.6. Turning now to the
relativistic Landau orbitals, we define a new variable 7(¢) such that

Ya(§,7) = Ezozoeiw‘rcnd}n(g) (1.211)

corresponds to the equidistance in k?, and not in E. In terms of the Larmor
frequency wrarmor (1.173), we find w = 2w armor- T is the wave packet’s own
“coherent time”, each component having a slightly different time,

tn = TE, /mc?. (1.212)

Consequently, the wave packet of a relativistic particle in a constant magnetic
field disperses in time, but not in its own “coherent time” (the component
parallel to the field disperses always). However, this 7 is not appropriate for
the interaction with light, see (5.158).

Returning to a general operator A with eigenvalues a;, the eigenvalues of
A? are a2, and the corresponding expectation value is

(%) =3 lef*al. (1.213)

| lenl?
I I -

n:012345678910...
Fig. 1.6. The Poisson distribution for |a|? = 4
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This is the same as (A)? only if the v in question is an eigenstate of A. The
eigenstate 1; has ¢; = §;;. Otherwise, (A%) —(A)? is positive. The distribution
of |¢;|* (for example the |c,|? of Fig.1.6) may be characterized by a few
parameters such as the “mean square deviation” and the “skewness”. The
former is

o4 = (<A2> - <A>2)1/2 = [Z lci|2a2 — (Z |ci|2ai)z] V2 (1.214)

For the distributions of two operators A ans B, one can prove the “triangle
inequality”

((4%) = (4)*)((B®) — (B)?) = [([A, B])/2[*. (1.215)

Applying this to the operators A = z, B = p,, one finds from [A4, B] = ih
Heisenbergs “uncertainty relation”

((2®) = (@) ((p2) — (p)?) = 7*/4. (1.216)

This is fascinating from the point of view of classical mechanics, because it
implies that one cannot measure position and velocity of a particle at the
same time, “AxAp, > h/2”. In a loose sense, one may also regard the time
variable t as a clock operator and put A = ¢, B = ih0;. which gives again
[A, B] = ih. As the eigenvalues of B are the energies E,,, this means that
one can measure E with a prescribed precision AFE only in a sufficiently long
time interval At, see Sect. 5.4.

Books on nonrelativistic quantum mechanics define not only p(r,t) =
Y*(r,t)y(r,t) as the probability to find the electron at position 7, but also
a probability current j(r,t) = —ih(¢*Viy — ¢V*), because this entails
a continuity equation, d;p + Vj = 0. With (r)(t) = [rp(t), it is then easily
shown that (r)(t) satisfies the relation of classical mechanics, md(r)/dt =
—i(hV) = (p)(¢t) (Ehrenfest theorem). This is good for a classical motion
where it exists, but it is of little use in quantum mechanics. ¥*1 need not
have a maximum at (r), it may even vanish there. In (2.18) below, a continuity
equation for the electric charge will be derived from the Maxwell equations.
A separate equation for a flow of probability does not exist.

1.9 Operator Methods, Matrices

It was mentioned in Sect.1.7 that the differential equation (1.158) for the
Landau levels is equivalent to that of the harmonic oscillator,

Eny = hwHyp, H=1(-03). (1.217)

The harmonic oscillator potential arises from the expansion of the potential
V(z) (in one dimension) about its minimum value at x = xg:

V(z) = V(zo) + 2 (z — 20)?02V(z = 20), 02V (z =1z0) = mw}y. (1.218)
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It is the favorite potential of nonrelativistic quantum mechanics because
V(z — o0) = oo kills the dissociation continuum. A physical example is
the effective potential between the two atoms of a diatomic molecule, where
o > 0 is the equilibrium distance and hwp the approximately constant sep-
aration between those vibrational levels that are well below the dissociation
energy (the mass m in the kinetic energy operator refers the reduced mass of
the two atomic nuclei). A more hypothetical example is the quantum treat-
ment of a pendulum.
In general quantum physics, H is related to the counting operator

N=H-1 Nn)=nn), n=0,1,2..., (1.219)

where |n) may represent the wavefunction ¢, (€). The eigenvalues n arose
in (1.170) from the condition that the function H(¢) defined in (1.161) be
a polynomial in &, the degree of which was called n. In the following, n and |n)
are derived more directly, without referring to a wavefunction. One defines
a non-Hermitian operator a and a Hermitian N,

a=2"Y2e4+8), af =27Y2(¢-0), N=dla (1.220)
The relation H = N + % follows from
[0, =1, [a,a'] =aa’ —ala=1. (1.221)

The complete spectrum (1.219) will now be derived from N = afa and
[a.af] = 1.

We first show that if |n) is an eigenstate of N with some unknown eigen-
value n, then a|n) = |an) is also an eigenstate, with eigenvalue n — 1:

Na =a'aa = (aa’ —1)a = a(a’a — 1) = a(N — 1), (1.222)
Na|n) = a(N —1)|n) = a(n — 1)|n) = (n — 1)aln); [N,a] = —a. (1.223)

Apart from a constant, |an) is thus identical with the state |n — 1). Normal-
izing (n|n) = 1, we can from (1.223) calculate that constant:

(an|an) = (n|aTa n) = n(n|n) = n, (1.224)
aln) = n'/?jn —1). (1.225)

(A relative phase between states of different eigenvalues remains always open
and is taken to vanish by definition.)

With a more explicit notation for (an|an), (1.224) reads [ |av, |*d¢é = n,
which shows that n cannot be negative. If n;, denotes the smallest such
value, what happens with (1.225) for n = npin? AS nymin — 1 is negative, the
state |nmin — 1) would have a negative norm, which is impossible according
to the normalization integral. The only way out of this contradiction is

alnmin) =0, (£ + 3&)% =0. (1.226)
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This equation is satisfied with )9 = Noexp(—&2/2), which is in fact identical
with the solution (1.161) for n = 0. Obviously, the ground state of the number
operator N = (§ — 0¢)(€ + 0¢)/2 is already determined by its first factor
acting on ¢ (remember that mathematical formula, like semitic scripts, are
read from right to left). Moreover, multiplication of (1.225) by a' gives the
recurrence relation

) =n"Y2afln — 1), = (2n)2(E+ O¢)tn_1, (1.227)

by means of which %, is constucted iteratively, including its normaliza-
tion factor (1.188). The operators a' and a are called raising and lower-
ing, or creation and annihilation operators. In Fig. 1.7, they are illustrated
by steps on a ladder. They introduce addition and subtraction into quan-
tum mechanics: 0 +1 = 1, 1+ 1 = 2 and so on. Matrix elements of a
and a' between the more complicated Landau states (1.177) are derived in
the review of Canuto and Ventura (1977), together with applications in as-
trophysics. The operator method can be extended to the angular momen-
tum I = r x p. With p = —ihV, we set aside the factor A and define
l="nl, [ =—irxV:

lo = —i(yd, — 20,), I, = —i(20, —28.), I, =—i(xd, —yd,), (1.228)

[Zx7 Zy] = iiza [Zya Zz] = ilAm, [[za iz] = Z‘lAy' (1229)
The second and third expressions follow from the first ones by the cyclic per-
mutations xyz — yzx — zxy. The non-commutativity of I prevents common
eigenstates |, 1y,1,), except for I, =1, =1, = 0, Y = (47)~/2. Neverthe-
less, the operator [? does commute with each component [;; its eigenvalues
I(I+ 1) have already been mentioned in (1.22). To construct the eigenstates

Fig. 1.7. Counting ladder
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of I2 and l;, we introduce operators [ which change the eigenvalues of I by
one unit: . R . . . . A
=1, —ily, I =1 =10, +il, (1.230)

The eigenvalues of [, would be changed by [, + il}, but one prefers
eigenstates of l;, in view of their simplicity (1.17) in spherical coordi-
nates.

Insertion of the commutators (1.229) into (1.230) produces

[ ) =—1_, [0 =1,. (1.231)

The first relation is reached from (1.222) with the substitutions N — I,

a — I_. To calculate the eigenvalues m of I by operator methods, we may
translate (1.223) and (1.224) into

Li_|m)=(m—21)i_|m), (_mll_m)=(m|ll_m)=n_.  (1.232)

But whereas the eigenvalue n of afa was known in (1.224), the state |I1I_m)
is as yet unknown. To begin with, we note that (1.231) implies that I, 1_
commutes with [, :

lAzlA+lAf == (ZA+ + lA+lAz)lAf = Z+Zf + Z+(Zflz - lA,), [[Z,ZA+ZA,} = 0 (1233)
This ensures the existence of common eigenstates of [, and i+i_:
I |n_,m)=n_|n_,m), l.|n_,m)=m|n_,m). (1.234)

And as the norm n_ of |[_m) (1.232) must not be negative, there is again
a minimum of n_, namely n_ ,;;, = 0. To proceed, we must now isolate the
m-~dependence of n_. The explicit expression

Ll = (o)l i) = B+ B4l —BE-240  (1235)
shows that [, commutes also with 2. For the eigenstates (1.234), we have
n_=A-—m?+m, *n_,m)=An_,m). (1.236)

The claim is now that the eigenvalues A of 12 are independent of the eigen-
values m of I,. This is so because I contains {2, 12 and [2 in a symmetrical
way. Although none of the components commmute according to (1.229), they
all commute with I2. Thus our choice of the basis of eigenfunctions of I, is
immaterial form the point of view of I?. In most textbooks, this symmetry is
mentioned at the very beginning, and the fact that A is independent of the
eigenvalues of [, is taken for granted. The relation n_ = 0 is then translated
according to (1.236) into

mmin(mmin - 1) =\ (1237)
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The main deviation from the harmonic oscillator arises from the commutator
(1,1, = -2, (1.238)

instead of the HO-relation [a,a'] = +1. Clearly, |n_,m) is also an eigenstate
Of ZflA+:

I_lyn_,m)y=nyln_,m), ny=n_—2m=XA—m(m+1). (1.239)

Whereas [_ lowers the eigenvalues of I, Z+ lowers those of —I,. Consequently,
ny must vanish at the largest value of m,

Mmax (Mmax +1) = A (1.240)

In combination with (1.236) this implies Mmin (Mmin — 1) = Mmax(Mmax + 1),
and as by definition Mmpyax > Mmnin, this quadratic equation has only one
solution,

Mmax = —Mmin = L. (1.241)

Finally, as m is lowered and raised in steps of 1, myax — Mmin = 20 must be
an integer, and insertion of (1.237) or (1.240) gives

A=1l1+1), n.=Xx—-m(m—-1)=I0+m)(l—m—1). (1.242)

This is in agreement with the values of [ and m quoted in (1.22), but it admits
additional solutions in which [ is half-integer. Such solutions are excluded
in the KG-equation, but they will be needed in Sect.2.5. There, r X p is
not conserved (it does not commute with the Dirac operator, even if the
potential is spherically symmetric). It is replaced by another conserved vector
operator j with the same commutation relations.

The entity of eigenvalues of an operator is called its “spectrum”. This
definition may be used also in the case of implicit eigenvalue equations such

Fig. 1.8. The first three orbital angular momentum ladders
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as the KG-equation in the presence of a Coulomb potential. The resulting
E-spectrum has a discrete part (the bound states) and a continuous part
(the scattering states). On the other hand, the operators N and I have only
discrete spectra. Their eigenstates are conveniently written as unit vectors,
the operators as matrices. In the following, the eigenvalues are arranged in
increasing order from bottom to top:

3000

0 0 0
. 0200 100=]0o|, W=]o], 2=|1] (1.243)
0010 0 1 0
0000 1 0 0
For the following operators, the dots are omitted for brevity:
1
0000 032 00 032 00
1 1 1
0 2200 00 01 022 0 1
0 010 00 00 00 10
(1.244)

One may now verify algebraic relationships such as (1.219)—(1.227) by matrix
multiplication. The connection between these matrices and the differential
operators of Sect. 1.8 follows from the scalar product (1.200) of two arbitrary
vectors |[¢) = Xpic; and (Y| = Xppfcl*. With |¢) in the form of a column
vector, (¢'| is a row vector, such that the scalar product is a (complex)
number:

<7/}/| = ( CE) cl2*a cll*v CE)*)7 |1/)> =\ ) <¢,|1/}> = Z C;*Ci. (1245)

C1
Co

i

This notation is not quite conventional. As a page is written from top to
bottom, one frequently begins with the state of lowest eigenvalue and then
puts the dots further down when one gets tired or runs out of space. In a level
scheme, on the other hand, the ground state appears always at the bottom.
The excited states which appear further up are related to raising operators,
at least at some stage of the formalism. Thus the notation chosen here avoids
redefinitions in other sections.

For an arbitrary operator B, B|y) = |Bt) is again written as a col-
umn vector, namely as X;Bli)¢; in terms of the eigenstates of N. Its
j-component is obtained by multiplication with the unit vector (j|, giving
|Bv); = (j|X;Bli)c;. The matrix elements of B are now defined as

Bji = (j|Bli) = [ ¢} B, (1.246)
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because this entails the rule for multiplication by a matrix B:
|BY); = X Bjici. (1.247)
The multiplication rule for two matrices is more difficult to derive:
(AB);; = (jIABIi) = Zu(j| Aln) (n] Bl). (1.248)

The XY, extends over a complete set of eigenstates of a Hermitian operator.
Unless stated differently, this operator is the same as in the definition of |¢)
and (j|, such that for example (j|1|n) = d,;. In our example, this is the
number operator N. To derive (1.248), we must first derive a property of the
“number wave function” 1;(€) which is called “completeness”. It follows from
the fact (not proven here) that any square integrable but otherwise arbitrary
function () can be expanded in terms of the ¥, ¥(§) = Xncnthn(§) (ex-
amples will follow in Sect.4.2). A coefficient ¢, of ¢ is obtained by means
of the orthogonality relations, which in the present example appear in the
“nonrelativistic” form (1.184):

cn = [Yn(€)Y(€)dE’, (€)= T [ Y5 (E)Y(E)dE Yn (E)- (1.249)

The last relation expresses the arbitrary function (&) in terms of ¥(£’') at
different positions £’. This is only possible if the integrand is a delta function:

Znn(€)¢n () = 0(& = €). (1.250)

This is the desired completeness relation, also called closure. Turning now
to (1.248), one may define C' = AB, where (j|C|i) contains only a single
integral, [d¢. It is converted into a double integral by means of the delta
function, [d¢ = [ [d&dE’6(€ — ). The delta function is then replaced by the
sum (1.250), which in Dirac’s ket and bra notation reads

Yaln)(n] =1, (1.251)

or even shorter [)(| = 1. The sum is inserted between A and B in (1.248).

In the case of the attractive Coulomb potential, the sum over the principal
quantum number n must be extended to include the integral over the contin-
uum states (the unbound Coulomb wave functions of Sect. 1.10), even when
both indices ; and ; of (1.248) refer to bound states. This strongly reduces
the use of the present method for matrix products. A more appropriate tool
is the Coulomb Greens function of Appendix B.

In the relativistic case, the KG equation and also the Dirac equation
have additional continuum solutions at negative F, which are also required
in the completeness relation. On the other hand, these states decouple in
many relativistic systems. For the number operator at hand, the relevant
eigenvalue for the Landau levels is h?k? = E2?/c? — m?c?, and one merely
needs a complete set of eigenvalues of A%k2. More generally, if |i) and |j) in
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(1.248) are both positive-energy states and if either (j|A|n) or (n|B]i) vanish
for all negative-energy states |n), then those states may simply be omitted.
For example, this is the case for the angular momentum matrices I, which
commute with the KG-operator in the pure central Coulomb potential and
thus do not change F.

The completeness relation for plane waves (in one dimension of length L)
requires the normalized version of e**?,

wk( ) 1/2 zk:n L—lzneiknwe—iknw' _ (5(.’E _ iL'/), (1.252)
with k,, = 2n/L. The three-dimensional normalized plane wave is
Y(r) =e*"v—12 vV =L,L,L., (1.253)

with V' = normalization volume. As L — oo, the k,-values become dense,
and the sum approaches the integral over dk = 2mdn/L. This leads to the
famous formula for the delta function,

[ee]
/ dk e*=2") = 97§ (z — o). (1.254)

We conclude with a few comments on Hermitian adjoint operators and ma-
trices. Successive application of the definition (1.180) gives

[ AT = YA = [ AT = [ Ay, (1.255)

as double complex conjugation gives the original operator. Another useful
extension of (1.180) is obtained by replacing ¢ by B*4):

[ YA BT = [(Bro) AT = [$B A" = [Y(BAYY™,  (1256)
which shows that AT B™ is the Hermitian conjugate of BA,
(BA)t = ATBT. (1.257)
As a special case, take B = At:
(AT A)T = At A, (1.258)

Thus already the mere definition of the number operator in terms of an
arbitrary operator a guarantees that all its eigenvalues are real. The same
remark applies to lA+lA,.

Turning now to matrices, the Hermitian conjugate of a matrix is the
complex conjugate of its transposed,

B* =By, (B%);i=(B");- (1.259)

In view of the definition (1.246), this is also the matrix representing the Her-
mitian adjoint operator. From (1.259), one also verifies B+ = Bj% = B and
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(BA)* = ATB*. The elements of the unit matrix are called §;;; a diagonal
matrix By has nonzero elements only in the diagonal positions ¢ = j. The
diagonal elements B;; will be called b;:

(Ba)ij = bidij. (1.260)

Vectors of the type |n) in (1.243) are eigenvectors of B, in the sense that
matrix multiplication by B reproduces the vector up to a factor b,, which is
called the eigenvalue. Today, linear operators and matrices are synonymous
expressions. For example, finding the eigenvalues of an operator is called di-
agonalization of the operator. The word “state” comprises a wave function
and its representation by a vector. Eigenstates are eigenfunctions of an op-
erator or eigenvectors of a matrix, and so on. The space of square integrable
complex functions is called a Hilbert space. It is a linear vector space, which
expresses the superposition principle: Linear combinations of states are again
possible states. As a rule, states are taken to be normalized.

The elements l” of angular momentum matrices I are characterized by

index pairs, i = (I,m), j = (I',m'), and 12 is diagonal in both: (lz)ymr,lm =
1(1 4+ 1)011: 0y - All three matrices [ are diagonal in I:
(i)l”m',l’m = o (i(l))m/m. (1.261)

The submatrices I(!) have finite dimensions (214+1)(2141). For I = 0 one has
I=0(,=Il_=1y=0),forl=1and =2

1
) 10 0 . 0 00 W (0220
i,W=(o00 |, iY=|22 010 s =100 2% (1.262)
00-1 0220 00 0
00000
2000 0 1
010 0 0 4200 00
i.®=1o0000 0o, =]0620 00]. (1.263)
1
000-1 0 0 06: 00
000 0 —2 1
0 0 0420

Not shown is [5_2), which is the Hermitian adjoint of Z(_2) Unit matrices may

be written as 1, such that for example (1.235) reads
=1(141)— 2 +1.. (1.264)

This convention becomes mandatory as more and more degrees of freedom are
included, such as electronic spin (Sect.2.3) and nuclear spin (Sects. 4.3, 4.4,
4.6). Without it, an operator A would have to be written as A®1,®1;®1, ...,
to indicate all the spaces s, t, u... in which A does not act.
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It was mentioned in Sect. 1.8 after (1.202) that Hermitian operators have
orthonormal sets of eigenstates |i) = 1; which can be used as basic unit
vectors in a Hilbert space. An actual physical state v is specified by its
components ¢; along these vectors. Occasionally, one has to exchange this
“coordinate system” with some other set of orthogonal unit vectors,

Y = Zicithi = Zinm¥p, (1.265)

To avoid the infinitely many components of general Hilbert space vectors,
consider an angular wave function ¥ (6, ¢) which happens to be an eigenfunc-
tion of i2, such that it has only 2] 4+ 1 nonvanishing components. Normally,
one would take the spherical harmonics ¥;™ as basic unit vectors in this case,
¥; = Y. In vector notation |i), these are for [ =1

1 0 0
[+1.=(0], [0.={1], [-1).=[0], (1.266)
0 0 1

where the index , is a reminder that these are eigenfunctions of L. Suppose
now that one wants to use the eigenvectors ¥/, = |m), of [, = (I_ +11)/2 as
an alternative set of coordinates. For [ = 1,

1 010 1 1

N 1
) = 101, [4),= +21/2 ) |0, = 0. (1.267)
T vV2\o10 T2l Tove

They are linear combinations of the Y (8, ¢),
Yy = ZiUnmithi, Uy = XU 5. (1.268)
The fact that both the 1; and the ¢/, form orthonormal sets,
(§li) = i, (nlm) = Gnm, (1.269)
imposes a condition on the coefficients U,,;:
Onm = Z5U5 (3| XiUmilt) = Xj.:Up i Umidji = XU, :Unj.- (1.270)

Taking the U,,; as elements of a matrix U, with UT = U = Uy, (in compo-
nents Uy, ; = (U1)jn, see (1.259)), the matrix form of (1.270) becomes

1=UU". (1.271)

Such a matrix is called unitary. Its Hermitian adjoint equals its inverse,
Ut = U~!. Thus a change of basis in Hilbert space is accomplished by a uni-
tary transformation. In our example it is a 3 x 3-matrix, the coefficients of
which are just the elements of the state vectors (1.266). It is called Dél)(ﬂ'/2),
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as it has the meaning of rotating the cartesian coordinates by 7/2 about the
y-axis (which brings the z-axis into the position of the old z-axis). For [ = 2,
the corresponding matrix U is 5 x 5-dimensional: it is called D) (7 /2).
Unitary transformations are used in many places, for example for a change
of basis of the Landau levels. However, they are used most extensively in
connection with rotations. In the following, we consider a particularly sim-
ple rotation, namely one by an angle o about the z-axis. Here each Y, is
transformed into itself, only its phase is changed: with ¢’ = ¢ — a,

em®’ — gim(¢—a) _ ,—ima imé (1.272)

The resulting transformation matrix D, («) is diagonal,
(D2())mn = Omne™ ™, D,(a) = e, (1.273)
The exponentiation of a general matrix M is defined by the converging series
eM=1+M+M?/20+... (1.274)

In our example, I, = 10y in configuration space shows that (1.273) is nothing
but the operatorized form of the Taylor expansion,

0 f(6) = 1(6) 0D, f(0) + Oy BRSO = o —a). (1273

One says that the Hermitian I, = —10s “generates” rotations about the
z-axis. If fact, any Hermitian matrix H generates a unitary matrix U, as

U=¢ef Ul = () = et — i — L, (1.276)

The simplest unitary matrix is a multiple of the unit matrix, Uy = e =%,
For a given 1 in (1.265), it results in the multiplication of all expansion
coefficients by e?®0. But as an overall phase of all physical states remains
unobservable, this change of expansion coefficients may be eliminated by
multiplying 1 by e~*@0. For definiteness, one sets oy = 0. This entails a re-
striction on the allowed matrices H in (1.276), namely tr H = 0, for the
following reason: Remembering det(AB) = (det A)(det B), 1 = UU' implies
det(UUT) = |det U|> = 1 or det U = e~V (the case U = e~ would have
ay = agdim(U), where dim(U) is the number of diagonal elements of U).
Therefore, any unitary matrix may be decomposed into a phase factor and
a “special” or “unimodular” matrix SU of unit determinant:

U=e"USU, detSU =1. (1.277)

When SU is expressed as e, one gets det SU = e"*"# | and consequently
H must be traceless (remember also that a unit matrix has det1 = 1, but
trl =dim1).
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1.10 Scattering and Phase Shifts

The scattering of particles on atoms may be formulated by a wave equation
with an effective potential Vig. For neutral atoms, Vg is typically confined
to a region r < rp, and the asymptotic wave function 1,5 satisfies the free
equation (1.75), —h2V2i,s = h2k%),s. For scattering on ions, the wave at
r > rq suffers an additional Coulomb distortion, which will be mentioned
below. Spin is again neglected.

Whereas the real scattering of a single particle is a time-dependent pro-
cess, the idealized experiment contains a beam of particles of fixed momen-
tum Kk (the direction of which is taken as the z-axis), plus a more complicated
outward wave which is produced by the scatterer:

Vs = P L 17 i (w)e™ ) w=cosh, do/dR=|f]?, (df2 = dudg).
(1.278)
Here fi is the scattering amplitude, and do/df? is the differential cross sec-
tion for elastic scattering (k' = k) into the solid angle u = ug, ¢ = @x.
Superficially, the scatterer appears as a source, but fi(u) is negative in the
forward direction v = 1 (§ = 0), such that the total flux is conserved. The
limitations on f(u) follow from a partial-wave decomposition of (1.278),

Yas = Y YL (u)Ri(kr) = (2m) /2 (14 )2 Pi(w)Ry(kr).  (1.279)
1=0 1=0
After division by k2, the radial equation becomes
[1+ (Okr + 1/kr)? —1(1 + 1) /E*r?| Ry (kr) = 0. (1.280)

It is identical with (1.98) for V' = 0, but the constant 1 was omitted in (1.102).
Defining a dimensionless variable kr = p, the general solution of (1.280) is

Ri(p) = it (k)g(p) + ci- (K)mu(p), (1.281)

where j; and n; are the spherical Bessel and Neumann functions: j; is regular
at p =0, 51(p — 0) = p!, while n;(p — 0) = p~*~1. For I = 0 and 1, one
verifies

jo=p tsinp, mo=p tcosp, (1.282)
j1=p 2(sinp — pcosp), ni=p *(cosp— psinp). (1.283)

For [ > 0, both j; and n; obey the recurrence relation
Jren = p~ 2L+ 1) — Giea (1.284)

The incident wave e'”* of (1.278) is decomposed into partial waves as follows:
et = Siaqi(p)Pi(u), ap =i'(20+1). (1.285)

The values of a; will be derived below.
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Fig. 1.9. Outgoing spherical waves

If (1.280) would apply at all r, then the normalizibility of 1) would require
¢;— = 0asin (1.103), and there would be no scattering. But as 1, is restricted
to the region r > rg, one may have ¢;_ # 0. Below the threshold energy for
ionizing collisions, ¢;_ /¢,y remains real. The otherwise unknown Vg is then
real, and the complete KG-equation is also real. Another possible solution is
then

Ry (kr) = ¢ (i +me-/ay), a—/cy = —tand, (1.286)

and since 9,5 is the unique continuation of the unknown inside wave ¢, R}
can differ from R; at most by a constant phase, and tan §; must be real. From
the asymptotic forms of j; and ny,

jilp = 00) = p~sin(p — I /2) = (~i)! (2ip) (e — (~1)'e™?), (1.287)

nlp — 00) = —p~Leos(p — In/2) = (—i)(2p) M (e + (~1)le~), (1.288)
one finds that §; causes a “phase shift” in R;: With sin(a +6) = sinasind +
cosacosd,

Ri(p — 00) = ¢4 (pcos &) L sin(p — Im/2 4 &;). (1.289)

To calculate a coefficient a; in the sum (1.285), it is projected out by means
of the orthogonality relations (1.186) for the ¥;*(6, ¢), which are reduced to
those of the Legendre polynomials by the substitution (1.279):

[ aurp = @+ ) (1.290)
1

(U4 3) g = [ duPe’™ = (ip) e Pi(u)|Ly — [ Pdu].  (1.291)
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For p — o0, the last integral vanishes relative to the first one, as a second
partial integration produces a second factor (ip)~!. Using also P,(1) =1
Pi(—1) = (—1)! and the asymptotic form (1.287), one has

I+ 3 a(=i)! (2ip) e — (—=1)'e™] = (ip) " '[e” — (=1)'e™"], (1.292)

from which the value (1.285) follows. The form (1.292) shows also that the
plane wave e*** contains both outgoing (e’ P;/ip) and incoming (e =% P} /ip)
spherical waves. The scattered wave in (1.278) is purely outgoing, of course.
The relation between fi(u) and §; follows after a partial wave decomposition

of fi(u):

[e )

=> @2+ 1) fi(k)Py(u). (1.293)

=0

The total coefficient of e P, in (1.278) is thus (14 })(ip) ~* (1+2ikf;) accord-
ing to (1.292). This must equal the form (1.289) for R;(p — 00). Rewriting

sin(p — Im/2 + 6;) = (2i) " te ¥ [e?PeP — (—1)le™] (1.294)
(8; is called the phase shift), agreement is reached for
¥ =14 2ikf;, fi =k Lsinge = (2ik) (2 — 1). (1.295)
The differential cross section becomes
do/d2 = |fx|* = Zip (2L + 1) (2 + )PPy fif:. (1.296)

The total cross section ¢ = [df2do/df? is simplified by the orthogonality
relation (1.290),

o= 41521+ 1)|fi|* = 4 /k*2y(20 + 1) sin? §;. (1.297)

The notation df2 = dud¢ is common but not very adequate for the scattering
of spinless particles on a central potential where do is independent of ¢, such
that in practice df? = 2wdu.

So much about the scattering on neutral atoms. For the scattering on
ions of total charge Z, the Coulomb potential cannot be dropped outside
the ion radius rg. The corresponding R; was called e*7y; in (1.100), and the
regular solution was v; = rlew = rle F(a, 21, + 2, —2ikr), with a and 7 given
n (1.140). Including a normalization constant Ny,

Ry = Ni(2p)lee* F(ly + 1 +in, 2l + 2, —2ikr). (1.298)

This is the generalization of j;. The generalization of n; is the irregular
Coulomb function G;. The wave function for the scattering by an ion has
an asymptotic form similar to (1.289),

1

Ri(p — 00) = ¢i.p” " sinfp — nln(2p) — In/2 4 i), (1.299)
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where oy is a phase shift. For the scattering by a bare nucleus (r, = 0), o; can
be calculated explicitly:

or=argl'(la +1+1in) —nw(la —1)/2. (1.300)

This is the (relativistic) Coulomb phase shift. The corresponding partial-wave
Coulomb scattering amplitude f; is again given by (1.293) and (1.295),

fe(w) = (2ik) ™) (20 + 1) Py(u) (e — 1). (1.301)
=0

For nuclear reaction rates, one needs a normalized incident particle flux,
corresponding to ¢;4 = 1 in (1.299) (see also the discussion in Sect. 4.2). This
determines the original NV; of (1.298) as

Ny = e ™20 (lo + 1 +10)|/T(2la + 2). (1.302)

The range 7o of most nuclear reactions is so short that one may set e**” =1
and F = 1. The factor (2p)'= practically excludes reactions with I > 0. In
the approximation [, = 0, one finds

N = 2mn(e*™ — 1)~ L. (1.303)

With charge ¢; = Z1e > 0 of the incident nucleus, n = Zy ZoaE /hck is posi-
tive and tends to infinity for £ — 0. N¢ is then known as Gamow’s “Coulomb
barrier penetration factor”. It largely determines the thermonuclear reaction
rates.
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2.1 Lorentz Transformations

The Laplacian V2 (1.2) is invariant under rotations of the coordinate system,
r" = Rr, V' = R™'V, where R is a 3 x 3 rotation matrix. Lorentz found
additional transformations involving z° = ct which leave the d’Alembertian O
(1.3) invariant. Today, the definition of Lorentz transformations is extended
in one respect and narrowed in another one: A Lorentz transformation

3
o =Azx: 2" = A + ZAfx’ = Afx? (2.1)
i=1
leaves 292 —r? (and 93 — V2, 792 — &2 etc.) invariant and has determinant +1.

By this definition the rotations are a subgroup of A, namely those matrices
having 2% = 20 and consequently A? =0 :

_>
10
Agp = . 2.2
= (%) (2.2
An important subgroup of R are the rotations R, about the z-axis. When
viewed as Lorentz transformations, they are defined by z% = 29, 2/ = z,

det R = 1. The invariance requirement is reduced to z'? + y'? = 22 + y2 and
allows the parametrization of R in terms of one angle, called the rotation
angle a:

2 =z, 1 0 0
z' =zxcosa—ysine, R,=|0cosa—sina |. (2.3)
y = xsina + ycosa 0sina cosa

a = 0 is the identity transformation z’# = x*, which is reached again at
a = 2w, due to the periodicity of cosa and sin«. The matrix is further
simplified by using Cartan components (z,z,z_) instead of the des Cartes
components (z,,y)

Ty =Fx—iy, o =€y, 2 =e z_. (2.4)

Perhaps Cartan simply diagonalized R,. More likely, he wrote z2 + y? =
(z + 1y)(z — iy) = —x,z_ and required separate transformations for each
bracket.
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Turning now to general rotations, we set 7 = 71 + 73 and find that r?, r3
and 717, are separate rotation invariants. In the standard vector formalism,
these scalar products are r4r] = rq 4 Ry Rr1 where Ry, is the transposed
of R. Thus the invariance condition reads

RtrR =1: ZRkiRkj = (S” (25)

Such matrices are called orthogonal. Their transpose equals their inverse,
Ri; = R~'. The product of two such matrices is again orthogonal,

(R2R1)txR2R1 = Ry trRotr RoR1 = Ry Ry = 1. (2.6)

With these two properties, the matrices form a group, the “rotation group”.
It allows one to construct complicated rotations from products of simpler
ones. Euler wrote the most general R(«,3,7) as the product of a rotation
(2.3) about the z-axis, a rotation by § about the new y’-axis (which leaves
y" =), and a rotation by v about the new z’-axis.

The determinant of a matrix product is the product of the determinants
of its factors, and det(Ry,) = det R. Consequently, (2.5) implies det?(R) = 1.
The matrices R(™) of determinant —1 are not rotations (they do not form
a group either, because R(7)? has determinant +1). They may be written as
the product of a standard matrix R{™) and a rotation. In cases of 3-dimen-
sional rotational invariance, the standard matrix is the space inversion

S: 2% =2 r=—r (=22 =29 =—y). (2.7)

In many cases, however, external fields destroy rotational invariance except
for rotations about a given axis, which is then taken as the z-axis. A reflection
in the xy-plane,

Ryy: Z=-z2'=z,y =y (2.8)

may then be more practical. The two matrices are connected by a rotation
by a = m about the z-axis, S = R,(m)Rg,. The reason for denying the
status “Lorentz transformation” to transformations with determinant —1 is
mentioned at the end of this section and explained in Sect. 3.2, although it is
irrelevant for this book.

The construction of “proper Lorentz transformations” Ay, is analogous.
A Lorentz transformation along the z-axis is defined as a Ap, for which 2’ = «,
y'" = y. The resulting invariance condition is (z%)? — 2/2 = 292 — 22 =
(2° 4 2)(2° — 2) = 292% . One merely has to replace the +ia in (2.4) by =+n,
where the “rapidity” 7 is real:

2l =242, Y =2%€", 2¥ =207, (2.9)
2% = 2%coshn + zsinhn, 2’ = z%sinh#n + 2 cosh1. (2.10)

In classical mechanics, one uses an equivalent parametrization in terms of the
velocity (1.152):
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¥ =z’ +2v/e), 2=~ v/c+z), y=(1-0v2c)V2  (211)
Comparison with (2.10) gives the connection,

v =coshn, wv/c=sinhn/y. (2.12)

Due to the simple exponential functions in (2.9), the addition law for two
rapidities in the same direction is the same as for two rotations about the
same axis:

Ape (M) Apr(n2) = Ape(m + n2). (2.13)

The addition law for velocities is complicated and leads to a limiting velocity
v = ¢ for n = co. Speculations about tachyons (particles moving faster than
light) look little attractive when formulated in terms of rapidity.

In covariant formulations that treat all four components of z* simultane-
ously, the relative minus sign in O = —92 + V2 must be somehow removed. It
causes the minus sign in 2°2 — 2 and results in the definition of the Lorentz
invariant scalar product of two 4-vectors A* and B* (for example B* = pH)

AB = A°B° — AB. (2.14)

The “archaic” solution of this formal problem is to set 20 = iz*, O =
Z‘ﬁ:lx“x“. It becomes very confusing for complex 4-vectors in connec-
tion with complex conjugation. Today, one defines for each (contravariant)
4-vector A* a covariant 4-vector A, as follows:

3
A, = (A’ -A),B,=(B°,~B), AB=)_ A,B"=A,B"=A"B,.
n=0
(2.15)
Alternatively, some authors define 4,, = (—A% A) in order to keep the sign
of the Lorentz invariant scalar product of the archaic metric. They write
p? = —m?2c? for a free particle, instead of the more common p? = m?2¢c2.
The transformation between co- and contravariant 4-vectors is formalized

113 3 b))
by a “metric tensor”g,

0 0
-10
0 -1
0 0 —1

o O O

Ay = guwA”, AV =g"P A, g = g, (2.16)

oS o o+

It is heavy machinery for a simple sign, but it may be familiar from general
relativity. Remember that d, has no minus sign:

a/.t = (aUa V), o* = (803 7V)7 pll« = lh(a()a 7V)7 Py = Zh(a()a v) (217)

This distribution of minus signs is unusual but consistent with (2.14). As
mentioned at the end of Sect.1.3, it arises from the exponent of the plane
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wave (1.11), i(kr —wt) = —ik,2*. Another explanation for the “missing sign”
in p, is based on the Maxwell equations: Maxwell added the term —GyF in
(1.52) because he wanted a continuity equation for the charge-current density,
divj + p = 0. This term produced the Lorentz invariance; the 4-component
version of the continuity equation being

gl = (cper, o)y Buily =0 (2.18)
Lorentz combined E and B (1.53) into a single field strength tensor,

Frv=9rAY —9"AF . FO=09'A° — 9yA’' = E', F9 = —B"(ijk cyclic),
(2.19)
which enabled him to summarize the inhomogeneous equations (1.52) by
a single 4-component equation:

0, FM = axj/c. (2.20)

The continuity equation is now necessary, because of 9,0, F** = 0,0,,(0* A¥ —
0¥ A*) = 0. Note also that the Lorentz gauge (1.57) is Lorentz invariant.

The metric tensor allows one to write the scalar product of two 4-vectors
in terms of their contravariant components as follows:

AB = Atg,, B" = A, gB. (2.21)
The Lorentz transformation A (2.1) must thus satisfy
Awgd =g. (2.22)

The proof that Lorentz transformations form a group is analogous to (2.6).
Similarly, (2.22) implies det®(A) = 1. There are again matrices A=) of de-
terminant —1 which are not counted as Lorentz transformations. They may
be written as g4 = SA, where the metric tensor g plays the role of the space
inversion S (2.7), and A has determinant +1. They may also be written as
—gA =TA’, where T is the time reversal transformation:

T: 2%=-2° »=r (2.23)
With these definitions, ST = —1 is a Lorentz transformation, although S and
T are not. The reason is that % = —2°, 2/ = —z can again be reached by

a rotation analogous to (2.3), but now in the (z°, z)-plane, with o = 7. The
rotation looks trivial in the archaic metric 2° = iz?, (z%)%2+2/2 = (2%)2 +22.
However, in the region 0 < o < 7, the mixing of z* and z produces complex
values of ° and z. Nevertheless, there is no problem for operators such as 0.
In Sect. 3.2, ST will be identified with “CPT”. There exists one very weak
interaction which violates both C'P and T but not CPT, which justifies the
restriction of Lorentz transformations to det A = +1.
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The phase expi(kr — koz) of a plane wave is Lorentz invariant, kjx% —
k'r" = koz® — kr. It implies that k, is transformed like z,,. With ko = w/c
and the z-axis along v as in (2.11), this gives

W =y(w+vk,), K, =~vy(wv/c®+Ek,). (2.24)

An important application is the Doppler shift of the radiation emitted by an
atom of velocity v, as the frequency w of the atomic calculation always refers
to the atom at rest, v = 0. When the atom moves away from the radiation
detector, k. is negative, and w’ is “redshifted”.

2.2 Spinless Current, Density of States

Orthogonality relations were derived in Sect. 1.8 for the solutions of the KG-
equation in a stationary potential V(r) = qA° (¢ = —e), both for the sta-
tionary (1.197) and for the time-dependent (1.198) solutions. The latter form
remains valid also for time-dependent A* = A#(x°,7), as will be seen now.

Quite generally, one first constructs a 4-current density j*(z*) = (cp, J),
which fulfills a continuity equation, d,j* = 0. Integrating 0;p = —Vj over
all space and neglecting the surface integral according to the discussion in
Sect. 1.8, one gets 0; [ pdr = — [ jdf = 0. Thus [ j°d®r is time-independent;
it is used to define the scalar product.

Particles of charge ¢ # 0 contribute to the electric 4-current density j’
on the right-hand side of the Maxwell equations (2.20). Also j/| obeys a con-
tinuity equation (2.18), and as long as the construction of j* is unique, j/] is
identical with j*, apart from a constant:

I = aqi*.

With the normalization [ pd®r = 1, ¢ = [ pad®r is the system’s total charge
which is in fact conserved. In relativistic quantum mechanics, the number
of each type of charged particles (pions, electrons, protons) is separately
conserved, and charge conservation follows from Maxwell’s equations. In the
underlying quantum field theory, however, charged particles may be created
in particle-antiparticle pairs (7=, 7"), (e”e™) and may also be transmuted
as in BT-decay, p — netv,. It appears that Maxwell got his conservation law
by divine inspiration, because it remains correct also in these more general
processes. In fact, both the neutron n and the neutrino v, have ¢ = 0, and the
electric charges of proton and positron are equal, g(p) = q(e*) = —¢q. = e.
In nonrelativistic quantum mechanics, p(r,t) may be interpreted as the
probability to find the particle at the position r at time ¢. More precisely, gp
is taken as the probability to localize the charge at position 7. This interpre-
tation becomes problematic in relativistic quantum mechanics. An instanta-
neous and precise localization measurement requires charged test projectiles
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of high energy, which will always create photons in their collisions. In quan-
tum field theory, » and ¢ become continuous labels of the field operators,
without any “physical” significance.

We now turn to the construction of j# from the KG-equation in covariant

form. The 4-momentum 7# = p* — g A" /c was derived already in (1.68), and

the combination 72 — 72 is now recognized as m,m":

T = mictip. (2.25)
We shall also need the complex conjugate version,
T = m2c?a*. (2.26)

From these two equations, we can verify that
J* =yt + (2.27)
satisfies 0,,j# = 0. The first term in j* gives
BT = (8,07 + Do, (2.28)
In the second half of this expression, we express 9,, as
O = (my +qAu/c)/ih (2:29)
and use (2.25). In the first half, on the other hand, we use
Op = (—qAu/c—m},)/ih, (2.30)

and then (2.26). The corresponding substitutions are used in the first term
of (2.27). With the superposition principle, 1 = v; + ¢; of two solutions of
the KG-equation, it follows that

=PI T, T = —ih D" — qAR e (2.31)

also fulfills the continuity equation. Its 0-component j?i is used for the scalar
product (j|i), as discussed already in (1.198) for time-independent V = qA°.
Consider now a plane wave,

Vo k(@) = e ke kx = kox® — k. (2.32)
With p*v = hkH1p, it satisfies the KG-equation for
k kM = k2 — k* = m*c /R2. (2.33)
ko is then a function of k, apart from a sign:

ko = +£(k* + m32c? /n?)1/2, (2.34)
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The sign will be fixed separately in the following, such that the index o of
1) may be dropped. For the construction of the scalar product of two plane
waves, we use three times the one-dimensional integral

[ d' e ka=ke) — 975 (ky — K, (2.35)

(K'|k) = h [ d3ripp (—i Do + i00)thn = 8%Hi(ko + K))o(k — k). (2.36)

As §(k' — k) requires k' = k?, one has k2 = k2, and ko + k} becomes 2k for
equal signs and zero for opposite ones. In comparison with (1.197), we have
dropped a factor %i/2me, in order to comprise also massless particles. Very
often, the factor 87 is also avoided by a normalization factor (27)~%/2 in
front of the plane wave (2.32). In the quantum Maxwell field (Sect. 3.1), the
factor 2kg is likewise eliminated by means of a second normalization factor
(2ko)~ Y% = (h/2w)'/2. However, (2.36) is in fact more elegant because of its
Lorentz invariance (see below).

A basic concept of quantum mechanics is the density dZ of free-particle
states in the unbound continuum, or more precisely in a constant potential as
mentioned in connection with (1.75). dZ is defined as the number of orthog-
onal states per interval d®k and volume V = L,L,L,. For large L., (1.191)
may be written as d(n,/L,) = dk, /2, giving dZ = d®k/873. However, this is
inconsistent with the scalar product (2.36), where dZ must cancel all factors.
Consequently, one needs a Lorentz invariant density of states,

d3 k = d®k/8m32kg, alternatively d5k = d*kmc?/8m3E. (2.37)

The second form is convenient for massive particles, because it agrees with
the nonrelativistic form for E = mc?. In many applications, one requires dZ
as a function of an energy interval, dF or dkg instead of d®k. One then uses
spherical coordinates for the components of k,

d3k = k*dkd = kokdkods2, (2.38)
due to the relation kdk = kodko which follows from (2.34). Consequently,
dZ = kdkod$2/167> or = kdEd2m/87°h?, (2.39)

where the last expression has kg = E/hc = w/c inserted. The density of states
is important in the theory of metals, where the Pauli principle allows only
two electrons per state. The factor 2 accounts for the electron spin; particles
of spin s have 2s + 1 times the density of states of spinless particles. This is
so because any free particle satisfies the KG-equation, as we shall see.

The factor mc?/E in (2.36) may be regarded as a Lorentz contraction of
the normalization volume in the direction of flight. For electrons, it becomes
quite small in white dwarf stars where the high density (small volume per
electron) pushes the electrons into relativistic orbitals, even at zero temper-
ature. For bound electrons in a metal, on the other hand, mc?/E is slightly
larger than 1.
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The Lorentz invariance of (2.37) is independent of the specific form of ;°.
The Lorentz invariant differential is d*k = dkod®k; the integral over kg is
removed by a Lorentz invariant function, namely &(k,k* — m?c?/h?). But
with

6(k2 — k2 —m2c2/h?) = 6[(ko — w/c)(ko + w/c)]
= c(2w) " o(ko — w/c) + 8(ko +w/c)], w/c= (k* —m2c/h*)V/2,  (2.40)

the second value kg = —w/c must be removed by the step function, ©(kg) =1
for ko > 0 and 0 for kg < 0. O(ko) is Lorentz invariant for m? > 0 (due to
A > 1, “tachyons” with m? < 0 are thus excluded). In summary, the Lorentz
invariant form of (2.37) is

d3 k= (2m) 3d kS (kK — m2c? /h?)O (ko). (2.41)

2.3 Pauli’s Electron Spin

In one-electron atoms, the Zeeman splitting in a weak magnetic field B is
given by a formula similar to (1.92),

Epijm; (B) = Enij(0) + Busgiym;, ps = eh/2me. (2.42)

The index ; in E,;;(0) is a new quantum number which assumes two differ-
ent values for [ > 0, and the old magnetic quantum number m; is replaced
by a new one m; which assumes equidistant values of either sign. With g;;
adjusted to the unit distance, m; assumes half-integer values. For [ = 0, m;
is +1/2, while for I = 1 it is £1/2 for one j and +1/2, £3/2 for the other
one. In general, if one defines j in a clever way, then the multiplicity of m;
obeys a simple rule:

j=l+5, —j<m;<j (2.43)
In comparison with the spinless atom, the number of states at fixed n and [
is doubled. With X, = 25 + 1,

S @) =20 D+ 120+ L) +1=2(2+1). (2.44)

For I = 0, the states j = —1/2 are absent, but (2.44) remains correct, as
2(0—1/2) +1 = 0. It is one of the first indications of the new two-valued
degree of freedom of the electron, called “spin”. The value of the “g-factor”
in (2.42) was found by Landé:

gy = 1420~ 1)/(20+1) = (2] +1)/(20 +1). (2.45)

The simple formula (2.42) applies only when the total Zeeman splitting re-
mains small in comparison with the j-splitting, Bupgi;(2j + 1) < [Ej41/2 —
E;_15|. For comparable splittings, the Zeeman effect becomes complicated,
but for strong magnetic fields, a new simple pattern appears. The quan-
tum numbers j and m; are then inappropriate and are replaced by a new
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two-valued quantum number, which is simply added to the spinless Zeeman
formula (1.92). Anticipating a bit of theory in the notation, the normalized
two eigenvalues are written as 2mg, ms = £1/2, where my is called the “spin
magnetic quantum number”:

E(B) = En(0) + Bug(my + 2ms). (2.46)

This splitting in a strong magnetic field is called the “normal” Zeeman effect,
because it was first understood. (The name referred originally to a similar
formula for certain two-electron atoms, which is valid also for weak B). The
Landé formula (2.42) got the name “anomalous Zeeman effect”, which is still
in use. Its theoretical complication arises from a “spin-orbit” potential, which
is a relativistic spin effect in the Coulomb potential, see Sect.2.8. For [ = 0,
however, (2.45) gives go; = 2, and both formulas are identical (the spin-orbit
potential vanishes in this case). The situation is simpler in the absence of
a Coulomb field, say for a free electron in a magnetic field. The relativistic
Landau level formula (1.170) has n replaced by n — mgq/e, for ¢ = te. An
even more precise formula is

E2(n,ms) = [e(2n + 1) — qgreems|B/hc,  grreo = 2.0023. (2.47)

The constant ggee is called the g-factor of a free electron.

For B = 0 and in the absence of relativistic Coulomb effects such as
the V2/c®h? in (1.98), the electron spin becomes an “internal” or “hidden”
quantum number, analogous to the two states of polarization of light in an
optically inactive medium. But even then, the spin manifests itself in atoms
and molecules via the Pauli principle, which allows at most one electron
per orbital. If spin is not counted in the orbitals, the Pauli principle allows
two electrons per orbital. For example, the total degeneracy of states in the
nonrelativistic hydrogen atom is gspin (1) = 20spinless(7), With gspinless given
by (1.136).

Spin must be introduced into the electron wave function 1. in a manner
that admits a rotational invariant coupling between the spin and a vector
field such as B. In the analogous case of light, the two polarization compo-
nents must be incorporated in a 3-component vector A(r,t), such that the
operators Ap and pA in w2 (1.80) are rotational invariant. The Lorentz-
invariant extension of these operators requires yet another component A°
in combinations such as A*p,,. For electrons, two components are sufficient,
both for rotational invariance and for Lorentz invariance. In this section, only
rotations are considered. The two-component electron wave function is called
a spinor,

_ o V(@) \ _ (Ya(at) )
Ye =t = (1/,_11//22(33#)> = <¢J_r(xu)> =Yy (@")x+ + Y- (a)x—, (2.48)

w=(p) =xtm=3 xo=(]) =xom=-b )
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X+ and x_ are unit spinors, similar to the three unit vectors into which
A(r,t) can be decomposed. An operator in this two-component space is a 2x2
matrix with at most 4 independent components. If no matrix is written, the
2 X 2 unit matrix is understood, which is also denoted by ¢° in this context:

o’ = <(1) 2) =1 (2.50)

The other three matrices were chosen by Pauli (1927) as

s (10 (01 s (0—i
U‘“Z‘<0—1>’ ”“’””‘(10)’ "_”y_<i0>' (2:51)

They are both Hermitian and unitary; their complete algebra can be written
in a single line:

olod = 8§ +ickok 12 =1, k= ¢k (2.52)
For two vectors a and b, it implies
(ca)(ob) = ab+io(a x b). (2.53)

The development of the spin formalism has a complicated history (Enz
2002). It was first believed that the Zeeman effect involved the atomic core.
Pauli suggested to Landé that is might be connected instead with the va-
lence electron. Inspired by Pauli, Kronig suggested that the electron carries
an intrinsic angular momentum éh, but he was argued out of this by Pauli.
Soon afterwards, Goudsmit and Uhlenbeck postulated spinning electrons,
with a factor 2 between the spin and orbital magnetic moments, respectively.
In classical relativity, Thomas calculated the relativistic precession of spin
(“Thomas precession”) in a magnetic field, which also contains the factor 2.
Pauli still rejected a possible connection with the Zeeman effect, but was
finally convinced by Frenkel. Next, the spin-orbit potential was explained by
the Dirac equation (next section), where also the Zeeman operator followed
very elegantly. This and the classical calculation by Thomas created the im-
pression that spin is a relativistic effect. It was only found afterwards that
the Zeeman operator is part of the nonrelativistic kinetic energy operator of
(1.67), provided w2 is replaced by wo?:

[en® — (wa)?/2m]y = 0, (2.54)

which will also be derived in Sect. 2.8 in the context of relativistic corrections,
including the spin-orbit coupling. The name “Pauli equation” is associated
both with (2.54) and with the relativistic corrections (2.248) below.

Mathematically, the Laplacian A = V2 = 92 + 65 + 02 is the square of
a 2 X 2 matrix, which is called Vo on the basis of the subsequent analysis.
In its standard form, 0, appears in the diagonal:
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0, 0- B )
Vo = <6+ —3z> , O+ = 0, £10,. (2.55)
Other forms follow from transformations with unitary 2 x 2 matrices. By
matrix multiplication, one verifies the square:

s [0, O- 9. 8.\ ([ 92+0.0, 9.0.—-0_0.
(VO') - <a+ az) <a+ 8Z> B <8+az 7aza+ a+a_ +8§ (256)

2
= (VO v02) = V2", (2.57)

In Schrédinger’s (relativistic) free-particle equation (1.43) one now replaces
p* by (po)?
[-1%85 — (po)® — m*clyp = 0, (2.58)

and then p — 7w = p — ¢A/c for an electron of charge ¢ = —e:
[~h202 — (mo)? — m2P|y = 0. (2.59)
This produces the desired new piece of the Zeeman operator,

B, B_

2_ .2 —
(o) =7° +heBo/c, Bo = <B+ B,

) , Bi=B,+iB,. (2.60)

Taking again B, = B, = 0, the new operator has the eigenvalues +heB/c =
2mgsheB/c as required by the “normal” Zeeman effect (2.46). It arises from
the replacement of p_py by m_m, (74 = 7, £im,) in one diagonal element
(according to (2.56)) and of pyp_ by my7_ in the other one. The quadratic
terms are equal in both products and produce the part 72 + ﬂg of w2. The
mixed terms agree only in their anticommutators; 7_7, contains the combi-
nation

(0, —10y)(Ag+iAy)+(Ag+iAy) (0, —i0y) = {0z, Az} +{0y, Ay} +iB., (2.61)

with B, = [0, Ay] — [0y, Az]. m1m_ has a change of sign in its commutator
part, and thus B, replaced by —B,.

For bound states, the approximation E(0) ~ mc? implicit in the use of the
Bohr magneton (1.92) in (2.46) is consisitent with additional nonrelativistic
approximations, to be discussed in Sect. 2.8. For V' = 0, on the other hand, the
exact validity of (2.59) shows that the relativistic Landau levels of electrons
are obtained from the spinless Landau levels by the replacement E2/c? —
w2 — E?/c? — w2 — heo B. Consequently, they have simply the eigenvalues
2hem B/ c of this operator added to the spinless E2-levels, which is precisely
the statement of (2.47) in the approximation ggee = 2.

The raising and lowering matrices o1 are somewhat simpler than the
Pauli matrices:
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. 01 . 00
o+é(am+wy)<00>, a_é(amwy)<10>. (2.62)
The matrix Bo of (2.60) is decomposed into Pauli matrices as follows:
Bo =B,0,+B_oy+ Byo_ = B,o, + B0, + Byoy. (2.63)

This smells rotational invariance: One might argue that B is a vector, o is
a vector, so Bo is a scalar. The argument is not quite correct, however, as
the Pauli matrices are fixed standard matrices. Rather, the spinor ¥ (2.49) on
which Beo acts must be transformed under rotations such that ¢! becomes
a vector, with 1! defined below. We use again the simplest form of a rotation,
namely (2.3) which leaves the z-component invariant. The rotation of a vector
field B(r) is complicated by the fact that its arguments r = (z, y, z) must
also be rotated:

B.(v") = B.(r), B.(r') = B(r)e*™®. (2.64)

To simplify the notation, we assume again that B remains constant over
atomic dimensions, and suppress its arguments. The scalar product of two
spinors ¥, and v is written as 1/)21/1,1; it implies a summation over the spinor
components. For ¥, = ¢, = ¥,

O = (5, 9%), YT =yiey + iy, (2.65)

This combination is invariant under transformations by 2x 2 unitary matrices,
Ur=vu-1

W =Uyp, ¢T=y'UT Ty =yl (2.66)
It was mentioned at the end of Sect.1.9 that rotations of the functions ¥,
are represented by unitary matrices, see (1.276). If the combination o, is
to transform like the z-component of a vector, the matrix U, («) for a rotation
about the z-axis must commute with ¢, in order to keep o'To,9' = ¢to. 1.
And as a multiple e*® of the unit matrix is excluded by definition, the only
matrix available for U is o,:

Uz(a) = e*iasaz = (e_o ez%s) . (267)

All 2 x 2 matrices of this type have automatically determinant +1, they are
therefore SU; matrices in the sense of (1.277). A factor s will be necessary
in order to also have ¥ToL 1 transformed like the +-components of a vector:

oy =9 UTo Uy = ¢lope . (2.68)

We now study the full operator o B (2.60); its rotated version is

B, B_e o
B’o’ = (B+eia BZ > . (269)
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In order to get ¥ UTB’aU = T B, one needs

B’oU = UBeo. (2.70)
This requires s = 1/2 in (2.67): By matrix multiplication, one verifies
B B_e o efia/Z 0
’ — Z. .
B'oU, = <B+eza —-B. ) ( 0 eza/2 ) (271)
—ia/2 0 B. B
e . B_
pov— (70" 8 (B 5). e

The factor s = 1/2 is called the electron spin for the following reason: The
Pauli matrices have the commutators

[05,0y] = 2i0,, [oy,0.] =2i0,, [0;,0,]=2i0, (2.73)
1
2 A
mutator algebra (1.229) of the angular momentum operators I. This restricts
the possible eigenvalues s(s + 1) and m, of s?> and s., and from s = éa
and 02 = o, = o2 = 1 one finds s*> = 3/4, ergo s = 1/2. One says that
“SU, -matrices form a two-dimensional representation of the rotation group”.
Strictly, only the inverse is true, because a rotation by 27 is identical with
the unit operator. For the electron spinor, on the other hand, insertion of

s =1/2 and o = 27 into (2.67) gives

according to (2.52). Therefore, the “spin” operators s = ;o satisfy the com-

be(a = 360°) = (e_O” e?ﬂ) bela = 0) = —1b.. (2.74)

The group SU, gains additional importance as a subgroup of SLo(C), of
which the 4 x 4 Lorentz transformations A of Sect. 2.1 form a representation.
This may justify the somewhat pedantic style of this section.

A general rotation may be characterized by a rotation axis & and a rota-
tion angle « in the form of a rotation vector a = aé:

V(@) = e "5y, (2.75)

This form of the rotation applies in fact to particles of arbitrary spin s, where
S is a vector of (2s+1)(2s+ 1) matrices that satisfy the angular momentum
algebra, for example the matrices (1.262) for s = 1.

The two pieces 72 and (he/c)Bo of (wa)? are separately rotational in-
variant. They are also separately gauge invariant, as B = V x A is not
affected by the gauge transformations (1.55). One may thus admit an arbi-
trary factor geee/2 in front of Bo. The precise operator in the Pauli equation
is in fact

(wo)? + (he/c)keBo, ke = (giree — 2)/2 = 0.00118 ~ o/2m.  (2.76)

Dirac was lucky that the “anomalous magnetic moment” k. is so small. The
proton has x, = 1.79, g, = 5.58.
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2.4 The Dirac Equation

While Pauli’s equation (2.59) is correct as long as A vanishes, its simplest
extension ih8y — 70,

[ — (wo)?|yp = m*cPyp, w0 =ihdy — qA°/c (2.77)

misses relativistic effects of A°. Today, the name “Pauli equation” is reserved
for the case where also (mwo)? is treated nonrelativistically. In (1.67), the
72 /2m is then simply replaced by (7o )?/2m. In the notation of nonrelativis-
tic quantum mechanics, the equation (2.54) reads

iﬁa%ﬁN = le/)N, Hp = (71'0')2/2777, + V. (278)

Relativistic corrections follow from the Dirac equation (Sect. 2.8). Those con-
taining A° cannot be derived from (2.77), because the electric field

E=-VA° - H,A (2.79)

is missing. And as E and B are parts of the same tensor F*¥, (2.77) is
not Lorentz invariant. Pauli mentioned this problem in letters to Dirac at
Cambridge and Kramers at Copenhagen and urged them to solve it. When
Dirac published his solution in 1928, Kramers had apparently also solved the
problem, but in a rather different form. Looking at Dirac’s more impressive
form, Kramers was discouraged and published his own form much later (1933)
in an inappropriate periodical. This form was practically ignored but was
popularized 25 years later by Feynman and Gell-Mann (1958) in the context
of parity violation. Its quantum field version was elaborated by Brown (1958)
and Tonin (1959) and is today used in higher-order perturbative expansions
(Chalmers and Siegel 1999). Here we first present the Kramers form, since it
requires only Pauli matrices, and its proof of Lorentz invariance is a trivial
modification of the proof of rotational invariance of the last section.

Kramers remembered the formula a? — b? = (a + b)(a — b) for commuting
operators a and b. When he made this replacement in the incorrect equation
(2.77) with the noncommuting operators a = 7°, b = 7o,

(7° 4+ wo)(n® — wo )b, = m2Pip,, (2.80)
the commutator produced the missing E:
[ro, 7% = o([ihV,qA°/c| — [qA/c,ihdy]) = —igha E /c. (2.81)
For the electron, with ¢ = —e, the explicit form of (2.80) is thus
[r,m" — hea(B —iE)/clt, = m*c*,. (2.82)

The correct equation thus contains both B and E, but the proof of Lorentz
invariance is easier in the form (2.80) with the factorizing operator. The
formalism is further simplified by an auxiliary spinor ;:
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Y = (me) 17 — wo)ip,. (2.83)

With this definition, (2.80) assumes the form of two coupled linear equations:

(0 = wo )y = mey,

2.84
(70 + 7o)y = mep,. (2.84)

Kramers could equally well have used the opposite order of factors in (2.80),
which changes the sign of the commutator:

(7% — o) (70 + wo )b = m2cPy. (2.85)

The two spinors that satisfy (2.80) and (2.85) are unequal; they are dis-
tinguished here by the indices , = “righthanded” and ; = “lefthanded”.
Elimination of one of the two spinors from the linear equations produces the
quadratic equation for the other one.

The operator M = io E of (2.82) is anti-Hermitian, M = — M. Moreover,
it apparently destroys the invariance of the equation under the parity trans-
formation 7 — —r. The 4-potential A* transforms under parity as follows:

AY(ry = A%r), A'(r)=-A(r). v =-r. (2.86)

The substitution » = —r is the space inversion (2.7). Vectors that change
sign under parity are called “polar”, vectors that don’t are called “axial”.
Both A and E (2.79) are polar, while B = V X A is axial. Thus the parity
transform of o(B —iFE) is o(B+ ¢ E), which is also the Hermitian conjugate.

Perhaps these unexpected complications confused Kramers. Dirac (1928)
postulated a wave equation of the Hamiltonian type,

. 1 1 v
ihdopp = Hp¥p,  Hp= + wa + mep, (2.87)

with V = —eA°. He then found out that o and 8 had to be 4 x 4 matri-
ces. Unlike the Pauli matrices, the Dirac matrices are used in two different
standard forms. The form for (2.84) is called the chiral basis,

0
wch=<ﬁ:>7 ach=<goo,>, 5ch=<c?o%>~ (2.88)

Insertion of these matrices reproduces precisely the pair of first-order equa-
tions that follows from the second-order Kramers equation (2.80). The Dirac
matrices are Hermitian. The operator w = —ihV + eA/c is a polar vector,
7' (r') = —m(r). The parity transformation exchanges 7° — wo with °+ 7o,
which must be compensated by an exchange of 1, and ;. Without the Dirac
form, the parity transformation of (2.84) is

wvlﬂ(f'ﬂ/) = 1/%("), 1Pz/(T/) = wr(fr)' (289)
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For the four-component Dirac spinor ©¥p, the same transformation is

Up(r') =+"p(r), A°=8. (2.90)

The second standard form uses the “parity basis”, in which 3 is diagonal, see
(2.151) below, where ¢° = 1 is used. Unfortunately, Dirac concluded from his
postulate that the relativistic Schrodinger equation must be wrong. In the
context of quantum field theory, the equation was rehabilitated for spinless
particles by Pauli and Weisskopf (1934). Instead of the abbreviation “KG-
equation” used in this book, “SKGPW-equation” would be more correct.

Parity will be discussed more explicitly in Sect.2.6. In the absence of the
Kramers equation, emphasis was put on the 4 x 4 form of Dirac matrices. It
is frequently easier to express « in terms of the Pauli matrices,

0
o’ 0
a=fo. h=(% ) 291)
2, and vy are eigenspinors of the “chirality matrix” ~°, with chiralities +1
and —1, respectively. The Dirac equation reads now

(1 = y°wa)pp = mcBip. (2.92)

Contrary to parity, proper Lorentz transformations are diagonal in the
chiral basis. The transformations were found by Weyl (1929) and Van der
Waerden (1929). The chiral components ¥, and ; are also called Weyl or
Van der Waerden spinors. In that context, ¢; = 1p is called a dotted spinor,
1, =1 an undotted one.

As explained in Sect. 2.1, the Lorentz transformation of a:(}r =29+ 2 and
2% = 2% — 2 is obtained from the rotation of z, = —z — iy and z_ =z — iy
by replacing the ia in the exponent of 2/, = e**®z, by a new parameter 7,
which is real. The same substitutions apply to the spinor transformations
(2.67). Dropping the ¢ converts the matrix from unitary to Hermitian. Since
its determinant continues to be 1, the matrix is now called SH:

-n/2
. =SHvy,, SH= e~ M9=/2 — (e 0 67?/2) ) (2.93)

The matrix Bo (2.60) which was used in the proof of rotational invariance
is replaced by

0

ey )

Tt = (71- ﬂ_g) , 7r0i =m0+t 7,, T =7, + imy,. (2.94)
- Ty

A Lorentz transformation along the z-axis,
7l =Y, 7l =7y (2.95)

leads now to
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m,0"SH = (SH) ' 0. (2.96)

The explicit proof is analogous to (2.71), with B’e replaced by 7T;LO'“. Thus

im0t is Lorentz invariant as anticipated by the notation, but ¥4, is
not. Instead, it is transformed like the zero-component of a 4-vector,

W' =l (SH) ¢, =y (eg” eon) Y (2.97)

= oI, cosh ) — Ylo, 4, sinh . (2.98)

The group of complex 2 x 2 matrices is called Ly(C), its unimodular
subgroup (which comprises the matrices with det(Ly(C)) = 1) is SLy(C).
Any such matrix may be decomposed into a matrix SU and a matrix SH:

SLy(C) = SHy @ SUs. (2.99)

It has already been mentioned that a Lorentz transformation matrix A may
be decomposed into a rotation matrix Ag (2.2) and a proper Lorentz trans-
formation Ay, A = ArAp,,. Consequently, the group of real 4 x 4 Lorentz
transformations represents the group SLo(C). It is presently speculated that
the ultimate “theory of everything” could have more space-time dimensions
than 3 + 1. From the point of view of relativistic quantum theory, it should
be more promising to try to extend SLy(C).

The phase between ¥, and v, in (2.84) is a matter of definition: a factor
e’ in front of mcy; would be compensated by a factor e ~*® in front of mci,
in the second equation. Similarly, m? in the Kramers equation (2.82) may
be taken as the product of a lefthanded mass m; that multiplies cy; and
a righthanded mass m,. that multiplies ¢, in the second equation:

m? =mm,, (1°—mwo)Y, =mchy, (1°+ o)y =mech..  (2.100)

The corresponding Dirac version is

1/2
(71'0 . 7571'0')’1ij = mcﬁsjme, ﬂs’im,ch — ((mT/?nl)l/Q (ml/mr> ) .

0
(2.101)
The basis-independent form of Sgjy, is

Bsim = B[my +my + (m, —my)y°]/2m. (2.102)

Osim 1s a simple example of a new matrix in the “proper Dirac” space, which
is spanned by the three matrices v°, 3 and +°3. To profit from the analogy
with the Pauli matrices o, we now settle on one standard vector of 2 x 2
Dirac matrices in analogy with (2.51), B8 = (8, By, B:). For reasons that
will become clear later, the parity basis (2.151) below is preferred to the
chiral basis, 3 = 3

pa
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ﬂf&(é_()l), 75@((1)(1)), 17566y<?_()i>.(2.103)

o and 3 reduce the algebra of the 15+1 4 x 4 Dirac matrices to two inde-
pendent Pauli algebras. For example, the anticommutator of 4° and 8 = ~°
which is normally written as

Y% +4%° =0 (2.104)
follows from
BB+ BBz =0, (2.105)
as in the case (2.52) of the Pauli matrices. The above matrix Sy, fulfills
szim =1, ﬂsim”}’5 = *’)/Sﬂsimy (2106)

but it is not Hermitian. The transformation 8 — By is a similarity trans-
formation (Sect.2.6). It is also the parity transformation matrix of the new
basis.

In the field equations of quantum electrodynamics as well as in the derived
many-electron equations, v° appears only in the combination y°o. It justifies
the abbreviation o = 7°o, which is standard in the literature (a separate +°
appears only in parity violation, see (2.321)). However, in order to reduce the
relativistic two-fermion problem to an effective one-body equation with a re-
duced mass, one must manipulate the two-fermion Dirac space independently
of the two-fermion spin space (Sects. 3.6 and 4.6). The separate algebras of
o and B are then indispensable.

The Kramers equation shows that the sign of the mass has no physical
significance. As the Dirac equation is linear in m, it must have an alternative
form with m replaced by —m. The transformed p will be denoted by 1%,:

Vb =2"0p.  (x0 = 7Pm0)h = ~meBuh. (2107)

This form is obtained from (2.92) by the substitution ¢¥p = v°¢?% and by
multiplication by v5 from the left, using (2.104).

It may be noted that for A* = 0, the Kramers equation (2.82) becomes the
free KG equation (p,p" —m?c?)i, = 0. In this case one need not reduce ¥ to
two components: Writing (2.92) as (E —~v°po —mcy°)p = 0, multiplication
by E + v°po + mcy° gives

[E? — (po)? — m*pp = (E? — p* — m*c®)p = 0. (2.108)

As classical mechanics uses Hamiltonian equations of motion, it was nat-
ural for Dirac to postulate an equation such as (2.87). In Chap. 3, we shall see
that Hamiltonian equations do in fact occur in quantum field theory, which
did not yet exist for electrons in 1928. However, equations for systems with
given numbers of massive particles are derived from the quantum field equa-
tions in complicated iterative procedures. These procedures leave little room
for separate postulates. Nevertheless, Dirac’s Hamiltonian form remains use-
ful for equations with several electrons, see (3.87) and particularly (3.112).
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2.5 Addition of Angular Momenta

Setting 70 = (E — V) /c, m = p, the Kramers equation (2.80) becomes
(E—-V)/c+apl[(E—V)/c—opl, =m*ci,. (2.109)

For a central potential, V(r) = V(r), one needs the vector of Pauli matrices
in polar components:

o=0.(f+ioc xX7)=(F —io X #)o,. (2.110)

By taking the scalar product of this equation with #, one finds its radial
component,

op=0F =0,c080 + (0,7 + o_e'?)siné. (2.111)

The angular components are verified by taking the cross product with r,
using the rule a x (b x ¢) = b(ac) — c(ad):

? X o =i0.F X (0 X 7)=io.(0-1— 7o) =i(c,0 —F), (2.112)

as 02 = 1. This is the same as (2.110) multiplied by o, again using o2 = 1.
The operator op follows from (2.110) as

op = —iho, (8, — ol/r) = —ih(8, + ol/r)o,, (2.113)

2

with [ = 7 X p/h. The product of these two forms shows (op)? = p?. In

matrix form,
cosf sinfe . i, i
Ir= (sin@ei‘z’ —cosf ) , ol= (i+ _Zz) . (2.114)

Neither of these matrices commutes with . For example, from (1.231) one
finds o A .
[lz,la'} = —0'+l, + Ufl+. (2115)

On the other hand, using the corresponding commutators of the Pauli ma-
trices,

302,04] = +os, (2.116)

%[az,ia] =0 d_—o_l,. (2.117)

This is just the opposite of (2.115), such that the sum of these two commu-
tators vanishes. Similarly, one finds [—idy + 0./2,0,] = 0. One defines the
total angular momentum j as follows:

j=i+o/2, [j,lo]=0, [j,0,]=0. (2.118)
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(In nonrelativistic quantum mechanics, I 4+ s = h(i + o0/2) is called j. The
definition (2.118) gives the opportunity to get rid of 7 in the angular momen-
tum algebra without formally setting i = 1). The commutators of j folow
from those of its components:

[z sl = +jx,  [j4,0-]1 =27 (2.119)

They imply [j2,j] = 0 and the eigenvalues j(j + 1) of 52 and m;j of j..
—j < m; < +j. These eigenvalues explain the multiplet structure in the
anomalous Zeeman splitting mentioned in Sect.2.3. As I? commutes with
each component of I, it commutes also with lo. Already the total number of
states led us to conclude that j assumes the two values [4+1/2. The eigenvalues
of lo follow then by squaring (2.118):

lo=3>-1?-02/4=j(G+1)—1(1+1) - 3/4 (2.120)

A slightly more convenient operator is lo +1; by inserting the two possible
values of j, one verifies

lo+1=(—1)(2j+1). (2.121)

In the Dirac equation, it is j that is conserved and fixed, while [ assumes the
two values j = 1/2. What is commonly called the electron’s orbital angular
momentum (= 0 for s-states, 1 for p-states etc) is the dominant value, see
the next section.

For later applications, the general method of constructing eigenstates
|7(4142)m) from the product states |jimi)|jems) of two commuting angular
momenta, j = j; + j, will be explained. The j; are kept fixed (our example
has j1 = I, jo = s = 1/2) and will be supressed, |j(ji1j2)m) = |jm). The
quantum number mo could also be supressed, as it is m — my. This follows
from

Jzljm) = mljm) = (j.1 + ja2)ljima)[jame) = (m1 + ma)|jimi)|jama).
(2.122)

The new states |jm) are expressed in terms of the product states as follows:

jm) =Y (mamo|jm)|jima)|jzms). (2.123)

my

The coefficients (myms|jm) are Clebsch-Gordan (CG) coefficients; they are
normally written in more detail, for example as (j1jamimaz|jij2jm). In the
case at hand, m; assumes only the values m + é, as mg = my is either +§
or — 1. With the |jomso) = x(m2) given by (2.49) and [jym1) = Y™ (0, ¢), we

obtain the “spinor spherical harmonics”

m— im m—1/2 -
o= (o ) =0, s
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The construction of (mjymsz|jm) starts from the “stretched configuration”,
M1 = Mimaz = Jj1, M2 = Mamaz = J2, M = Mmax = Jj1 + J2 = Jmax-
The single value m = j; + jo fixes both m; at their maximal values j;, the
summation in (2.123) reduces to a single term, and from the normalization
of |jm) one has

(J1J2|dmax, J1 + j2) = 1. (2.125)
At the same time, this fixes the phases of all |jyax, m), as the states with
lower m-values are generated by the lowering operator j_ = j, —ij, analogous

to (1.230). According to (1.232), the lowering operator produces the state

|7, m — 1) with a proportionality constant ni/ 2, where the value of n_ follows
from (1.236), with A = j(j + 1):

Jolim) =n?im=1), n_=j(+1) —mm—1) = (+m)(j —m+1).

(2.126)
Applying j_ to (2.123) and using j_ = j1_ + jo— on its right side, one gets
n!2)j,m—1) =) (mams|jm)[ny 2 |ji, ma—1) |ama)+ny % jrma) 2, ma—1)].

mi

Starting now from (2.125), one obtains all CG-coefficients for j = jmax from
the recurrence relation

0! (mamaj,m — 1) = (j1(ja +1) = my(my + 1)/ (ma +1,mg| jm)
+(ja iz + 1) = ma(ma + 1))/%(ma, mo + 1|jm) '
(2.127)
The relation applies in fact to all j provided one knows the state |j, j) also
for j < jmax. This state can be determined from orthogonality requirements.
For example, application of j_ to the stretched configuration gives

. . . . 1/2 . . .. 1/2, . . . .
G2 e g1 + 2 — 1) = 317241, 51 — 1)ldada) + da’2|d1d1) |2, j2 — 1) (2.128)

Apart from an overall sign, the orthogonal combination with the same value
of my +mg is

Gt dmax = 131+ g2 = 1) = =43 * (31, j1 = Dlgaje) + 512 |j1dn) iz, g2 — 1)

(2.129)
(remember the orthonormality of the states on the right-hand side,
(Jimal{gamaljimi)|jams) = 0mtm, Omym,). One may of course also check di-
rectly that this is an eigenstate of j2. The overall sign was fixed by Clebsch
and Gordan such that the coefficient of |j;j1) is positive. Unfortumately, this
depends on which of the two angular momenta is called 7,. The asymmetry
is removed in Wigner’s 3j-symbol

<j1 J2 J3 > _ (=1)r—72mms

i3, — =0.
) =y e Ol ).+

(2.130)
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Fig. 2.1. Decomposition of |2, m1)|1/2,m2) and |2, m1)|1, m2) into |j, m)

It is in fact totally symmetric under permutations of its three columns. For
the coupling of three angular momenta, see for example Weissbluth (1978).
For jo = 1/2, jmax — 1 = j1 — 1/2 is already the minimal value of j. For
Jo2 > 1/2, a third state appears at jmax — 2, which must be orthogonalized
with respect to the two arising from the action of j_. The resulting multiplet
structure for j; = 2, jo = 1 is included in Fig. 2.1; the general CG-coeflicients

for jo =1 are given in Table 2.1.
Returning to the present spinor case, one gets from (2.127) for fixed j; =1,

(m— 3, 3|0 £ 5,m) = £[( £ m+ 3)/ 2+ 1),

(m+ 4, —3li+3,m) = [ Fm+ )/ + 1)) (2.131)
m—1/2
ijl _ ]- (]+m)2 ]_1/2/
72 VA (G-m)zy L
1
; 1 —(j+1—m)2Y" 2
'™ Y )2 Y52 . (2.132)

1T : 1
ity V2 +2 (G +1+m)2Y}] )

As the Yimﬂ/ * are normalized according to (1.186) and the transformation

(2.124) is unitary, the X{ ™ are automatically orthonormal:

LA™ ™ = 6116 36mm.- (2.133)

Table 2.1. The CG-coefficients (mimz|jm) for j2 = 1 and ma = +1 (left column),

mo = 0 (middle), and mas = —1 (right).

1 1 1
j=j1+1: (1+m)(J1+m+1) | 2 G112 —m? |2 (G1—m)(j1—m+1) ) 2
J=aT L (2j1+1)(251+2) 231+ 1)(G1+1) (271+1)(2j1+2)
1 1
. . . I 2 . . 71 i . 2
j=j1: _ ((JH;JV_LI)((]J_EHV;LH)) mlj (1 4+ 1)] "2 ((Jl 27]"11)((;1?17?“))
1
2

1
(J1+m+1)(G1+m) | 2
251(241+1)

1
P . (1—m)(G1-m+1) | 2 _( i
Jj=ntl: ( 2j1(251+1) ) (j1(2j1+1)
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How does o, (2.111) act in this basis? Being pseudoscalar, it changes the
parity of the state, at fixed j. It transforms x]™ into X%m, where | = 2j — 1
is the other possible l-value. Moreover, 02 = 1 implies o, )7 " = :l:x%m. Un-
fortunately, our choice j; =, jo = 1/2 implies the minus sign:

oo™ =", [=2j—1. (2.134)

2.6 Hydrogen Atom and Parity Basis

The hydrogenic energy levels for an idealized, pointlike and infinitely heavy
nucleus follow from the Dirac equation with the potential V = —Ze?/r =
—heaz/r (az = Za). Their lowering from the nonrelativistic value En(n, 1)
is indicated in Fig.2.2. Note the degeneracy of the levels | = j —1/2 and | =
j+1/2 for all values of the principal quantum number n except n = j+1/2,
where the level with | = j + 1/2 = n does not exist.

The levels are most easily calculated with the Kramers equation (2.109).
Setting E2/c? — m2c® = h*k? as usual and dividing by h2,

(k* + 2EBaz/her + a%/r? + V2 +i[aV,V/hc])b, = 0. (2.135)
According to (2.113), one has
[0V, V]=0,0,,V] =0V, [oV,—az/r]=0c.az/r’ (2.136)

This last operator is absent in the KG equation. It connects states of differ-
ent | according to (2.134), such that a suitable ansatz for v, requires both
l-values:

1/)7’+(r) = R+(X;'T1/2 + iﬂX;Tl/z)’ ¢T_(T') = R—(_iBX;':_nl/g + X;‘Tl/g)-
(2.137)
The terms proportional to 3 (see below) are the relativistic corrections with
the “wrong” l-value. Writing the two x-components of v, and v,_ on top
of each other and decomposing V2 = (8, + 1/r)? — I?/r? as usual, one sees
that (2.135) contains two 2 X 2 matrices acting on these components:

= (G52 [2:<<j+;><j+§> _201)7 m:<o.i).
X5y 0 " —i 0
(2.138)

The elements of i? are the familiar I(I + 1), those of io,. follow from (2.134).
In (2.135), both matrices are multiplied by 7~2, such that their sum can be
diagonalized independently of r. The diagonalization is simplified if one first
subtracts from 2 a multiple of the unit matrix, such that the rest is traceless:

P=3G+15)2—(Ie+1), (2.139)
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where {o + 1 has the values +(j 4 1/2) in the diagonal, according to (2.121):

lo+1+iaz0, = <_ija+z —;iz) , Jr=J+ s (2.140)

The eigenvalues of this matrix follow from its square, which is a multiple of
the unit matrix:
(lo +1+iago,)* =2, (2.141)

'y:\/ji—a%:\/(j—l-é)Q—aQZ. (2.142)

The two eigenvalues are thus —y and -+, respectively. The other two r~2-

operators of (2.135), namely a%/r* and —(j 4+ 5)?/r* (which has been ex-

tracted from —I2/r2), combine into —y2/r2, such that the two decoupled
equations arising from the diagonalization can be summarized as follows:

(k* +2Eaz/her + (0, +1/7)? —y(y £1)/r*)Ry = 0. (2.143)

The expansion (2.146) below shows that § is actually of the order az. The
substitution ¥ = ik, R = e " v as in (1.100) produces again the radial
KG-equation (1.112), for

lox =7 la—=7v—-1. (2.144)

Its solutions (1.124), effective principal quantum numbers ng = n — 3, and
eigenvalues E (1.129) remain valid, only the quantum defect 3; is replaced
by j + 1/2 — v, according to (2.144):

Ry = Nie*‘z/zzlaiF(—nr, 20+ +2,2) z=2kr, lox=1-0;, (2.145)

Bi=B=7+1/2—y=a%/(2j+1)+a%/(2j +1)*.... (2.146)

The expansion differs from the spinless case (1.134) only by the replacement
I — j; insertion of (1.132) and (1.135) into (1.131) gives

B = (1 28/ o 4 347} - J + Gyt
2.14
+433 /n? — 125a2262/n4 + 145a%ﬂ/n5 + 2204%/716). (2.148)

The four terms in (2.148) are of the order of,. Finally, inserting the expansion
(2.146) for f3;, one obtains to order o,

Ex(j) o 2a%/n 3% ay/n 5a3  3ay(n—2j—1)
me2  2n2 2j4+1  4n?2 (2§ +1)3  8nt n3(2j + 1)2
(2.149)
The KG-energies have j replaced by I. The smallest j-value has (254 1) = 2,
the smallest [-value has (2] + 1) = 1. To order o, averaging over j at fixed [
(with the weight (25 + 1)/2(21 4+ 1) corresponding to the multiplicity 25 + 1)
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Fig. 2.2. Lowering of the hydrogen energy levels from the nonrelativistic value
(upper dotted line) for n = 3

produces the spinless KG energies. In a perturbative treatment of spin, this
is due to the vanishing traces of the Pauli matrices.

The wave functions for [, and [, are quite different. The condition
a = —n, that the confluent hypergeometric function F'(a,b,z) reduces to
a polynomial refers to n,, not to ng = n, + l, + 1 which appears in the
energy formula. A fixed value of ng means n, = ng — v for l, = v, and
n, = ng —v+ 1 for I, = v — 1. In particular, for j = n — 1/2, the first
alternative is excluded by n, = -1, a = +1.

Unfortunately, the ansatz (2.137) for ), leads to parity eigenstates only
for j = n — 1/2, which limits its use, for example in perturbation theory. In
terms of 1, alone, the parity transformation (2.89) reads

Y (r') = (me)H(n° — om)yy(r) (2.150)

according to (2.84). The ansatz (2.137) ignores this. The fact that a parity-
invariant equation has solutions that are not parity eigenstates is not particu-
larly strange; it happens in the excited states of the nonrelativistic hydrogen
atom, and even plane waves are not parity eigenstates. What is embarrassing
is the fact that the representations of the basic group SLy(C) are constrained
by (2.150) in their parity eigenstates. In the 4-component Dirac formulation,
this implies that v° and 4° (2.91) do not commute. The appropriate ba-
sis for parity eigenstates has «° diagonal. It is frequently called “Dirac” or
“low-energy” basis; the name “parity basis” seems more appropriate:

_ 1 Yr + d)g 5 _ 01 — Lo
e (20) =) 2 () we=(02).
(2.151)
The index 4 stands for great or large, s for small. The small components van-
ish for o — 0. Parity eigenstates require two different radial wave functions

g(r) and f(r), but they have only one I-value in 9, (see (1.109)) and only
the other one (denonted by [ in the following) in 1;:

Yg = g™ (0,8), bp=—if(rxI"(0,9). 1=2j-1.  (2152)

The factor —i compensates the ¢ in the coupled radial equations below. Evi-
dently, 1p, has parity (—1)!, which derives from Y™ in the large components.
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The opposite parity of Y™ in the small components is compensated by the

eigenvalue —1 of 7. This allows one to define the “orbital angular momen-
tum” [ of an electron in a representation-independent way: For fixed j, the
parity (—1)! determines .

With ap, = 73,0, the Dirac equation (2.87) assumes the form

71'(11/)9 = omyy, 7T3_¢f = oYy, 79 = 7% £ me. (2.153)

The hydrogen atom has o = op given by (2.113). When lo+1 acts on X{m,
its eigenvalue is called —kp (p for Dirac, to avoid confusion with k = —ik).
The other eigenvalue is then +kp according to (2.121):

(lo + 1)x]™ = —kpx]™, &p=(—75)(2j+1),
709 =h0 +1/r —kp/r)f, 7Lf=—h(d +1/r+kp/r)g. (2.154)

The corresponding ansatz for 1, requires also two radial functions, say R,
and R_ in (2.137), but the resulting coupled radial equations are second-order
instead of first-order.

Before proceeding, it is convenient to separate a factor r—! from ¢ and f,

g=ug/r, f=up/r, (B +r ) t=r"10,. (2.155)

This substitution is always practical in spherical coordinates; in the Laplacian
it replaces (0, +r~1)? by 92, see (1.10). It removes a factor 72 from the volume
element d3r = r2drdf2, such that i9, becomes Hermitian, for example

[ridrgf = [drugus, [drug(i0,.)us = [ drug(—id.)u,. (2.156)
The equations for u, and uy are

™ ug =M, — kp/r)uy, wiup = (0, + kp/T)uy. (2.157)

It is possible to relate u, and uy to a single function u such that both equa-
tions for u become identical. The ansatz

ug = [an) + bh(0r — kp/T)u, up = [br® —ah(d, + kp/r)lu  (2.158)
with free parameters a and b produces
(7070 /h? + 0% — kp(kp £ 1) /12 £ (b/a) T az/r*Ju = 0. (2.159)

These two equations become identical for —kp +azb/a = kp —aza/b, which
determines b/a as

bja=rplag T (k5 /oy —1)Y? = (kp Tv)/az. (2.160)

With this expression, the r~2-terms of (2.159) combine into —y2 F+~, and the
equation becomes again (2.143), with R = u/r. Also, insertion of b/a into
(2.158) gives
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ug = a[r + (h/az)(kp F7)(0r — kp/r)]u, (2.161)

up = b[r’ — (h/az)(kp £7)(0r + kp/7)]u. (2.162)

The second expression has been transformed using (b/a) ™! = az/(kp F7) =
(kp £ 7v)/az. The signs in front of v must be chosen such that kp =+~ is of
the order of .

Also these equations are greatly simplified for n, = 0, kp = —n. With
F(n, =0)=1,1, =~ —1, (1.124) gives

u(n, =0) =rR=Ne " (2kr)Y(2c) "L, ~=(n?— %)% (2.163)

The value of k follows from (1.129), but now with ng = n — 3, =~
n—a%/(2j+1):

-1/2
= meaz [ n a% ~ ez |y " al 1 (2.164)
hng n% an 2n \j+ é n ’ ’

Forn=j+ é, the last bracket vanishes,

k(ny = 0) = azme/hin = Kpy. (2.165)

Surprisingly, this is also the exact result, as insertion of n% =2 into (1.129)
shows. It happens to be the nonrelativistic expression (1.39), which appears
in (1.38) for all n,: Exy = —h*k2/2m. Insertion of u into (2.161) and (2.162)
leads to the replacement 8, — v/r — k,,. With (A/az)(—n +)[(y +n)/r —
azme/hn] = —hagz/r —me(y/n — 1) and E/c = [m?*c? — k2|12 = mey/n,
the equation for u, is reduced to

ug = a[E/c+mc(2 — v/n)u = 2mcau. (2.166)

The corresponding equation for uy follows from (2.162) only up to a con-
stant factor, which remains open in the solutions of the two identical equa-
tions (2.159). The precise expression for uy follows instead from the original
(2.157), up = —(E/c + me + az/r) 'h(y/r — K, — n/r)uy. It takes some
minutes to simplify this expression to

up = ay'(n —y)uy, (2.167)

the main tricks being the replacement of E/c 4+ mc in the denominator by
me(y+n)/n and of y+n by —a%/(y—n). Otherwise, the only deviation from
the nonrelativistic uy is the replacement of r'*1 by 7. The main difference
resides in the spinor X%m in 1, which has [ = n. For example, the ground

state has o
Xo' 2 = (4m) "2 (m), (2.168)

= 3T (L m e YRV () 4 (L me )Y ().
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The elimination of the small components in a nonrelativistic expansion will
be discussed in Sect. 2.8.

We have seen in (2.156) that 0, is Hermitian with respect to u, and
uy, not with respect to g and f. It may be instructive to consider a volume
element in a space of d dimensions, d%r = r%1drd2,;_;. To make 9, a Her-
mitian operator, a factor r(4=1)/2 must be absorbed by u and u' each. The
generalization of (2.155) is thus
(@-1/2y  f = p=(d-D)/2

g=r_ Uf,

T,—(dfl)/2ar _ [ar +(d— 1)/2T]r*(d71)/2.

For this reason,

Apg= [0, +(d—1)/2r> = 32+ (d — 1)r 10, + (d/2 — 3/2)(d/2 — 1/2)r 2

(2.169)
may be identified with the radial part of the Laplacian in d dimensions.
Rewriting the second factor in front of r=2 as (d/2 — 3/2 + 1), one sees that
the choice d = 3+2 cancels the angular part —I(I+1)r 2 of the 3-dimensional
Laplacian. This trick has been discussed by Stillinger (1977) for the Coulomb
Schrodinger equation. Relativistically, [ is replaced by [, such that d is no
longer integer.

The KG and Dirac equations may also be transformed into a radial har-
monic oscillator in d = 4 + 4l dimensions, by the substitution r = s? (see
for example Dineykhan et al. 1995). However, none of these substitutions has
produced practical progress yet.

Note that the 4 x 4 Dirac matrices o and v° are Hermitian, while the
2 x 2 matrix lo + 1 + iazo, (2.140) is not. As the energies of bound states
must be real, such non-Hermitian matrices in eigenvalue equations must have
a property that guarantees real eigenvalues. In Sects. 1.8 and 1.9 we learnt
that Hermitian matrices A (A = A") have all eigenvalues real. In diagonal
form, Aqiag®i = a;9;. We shall see now that the eigenvalues of any matrix
remain unchanged under a “similarity transformation” with a matrix V,

Agim = VAgiagV 1 (2.170)
With V~1V = 1, this follows from
AdiagV IV = aithi,  VAdiagV Vb = a; V. (2.171)

The eigenvalues are the solutions of the determinant equation, det(Agm,—a) =
0, where @ = a x 1 is a multiple of the unit matrix. Writing a = VaV !, one
obtains

det[V (Adiag — @)V 1] = det(Adiag — a) = 0, (2.172)

using det(VX) = det(V) det(X) (setting a = a;, the diagonal matrix Agiag —
a; has only zeros in the ith row, which makes the determinant vanish).
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In nonrelativistic quantum mechanics, similarity transformations arise
from changes of an orthonormal basis in Hilbert space (Sect.1.9), in which
case V is unitary (V = U, U~! = U'), and Ay, is Hermitian. In relativistic
quantum mechanics, non-unitary matrices V' stem from the simultaneous use
of two function spaces, 1, and 1; in the present case. Here one may impose
V=1 = V* getting for (2.140)

o I+ ez =Y 0« - _ (=0
ASlm_ (ZQZ ]+ ) _V( 0 /_y) V 9 Adlag_ ( O ,.)/>7 (2’]‘73)

Ve 1 iaz(y+js)t
v=Y (-iaz(7+j+)_1 j > (2.174)

For ¢+ (2.137), the eigenstates of Agiag are now Vi), . The value of B follows
from (2.174) as

B=(j+1-7)/az=pBlaz. (2.175)
However, such constructions fail for potentials other than —az/r. In gen-

eral, the Kramers matrix element of an operator O follows from the orthog-
onality relations (2.207) below,

Ofi = [ ¥ ;0. (2.176)

The resulting form of hermiticity is O}, = O;¢. In the present example,
the transformation (2.170) is unnecessary. Group theory became popular in
quantum physics mainly after Wigner’s book (1959); the correct statement
that “observables may be represented by Hermitian matrices” has since been
shortened to “observables are represented by Hermitian matrices”. The coun-
terexample of the Kramers equation was avoided in the Dirac equation. In
Sect. 4.7, a normal, parity-invariant Dirac equation will be endowed with
a non-Hermitian hyperfine operator Ay, which is necessary for positronium
(Sect. 5.2).

The replacement of the nonrelativistic “centrifugal barrier potential” (14
1)/r? by the smaller v(y + 1)/r? becomes particularly important for nuclei
of charge Ze, with Z > 1, az — 1. For j = 1/2, v becomes imaginary at
Z =1/a ~ 137. For pionic atoms, (I + 3)? — a becomes negative for [ = 0
already at Z = 1/2«. For ordinary atoms, the nuclear charge radius keeps
V(r) finite at 7 = 0. The “leptonium” bound states such as e~ u* have no
helpful charge radius, but they have Z = 1, so there is no problem. Problems
can arise when residual perturbations are approximated by operators that
fail for » — 0, see the next section.

Most operators of the quantum mechanical differential equations are ex-
pressed in terms of z#, 0, Pauli matrices o etc. There are however several
discrete operators for the classification of symmetry properties of the wave
function. The parity transformation P was already defined in Sect.1.5. One
may formally write Pr = —rP,

Pf(’!‘,t) = f(frat)y P2f = Pf(*”‘,t) = f(’!‘,t). (2177)
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Consequently, P? = 1; the eigenvalues of P are +1 (even functions f) and —1
(odd ones). In this sense, it was said that the small components ¢, (2.152)
have the opposite parity of the large ones. The quantum mechanical parity
transformation has an additional factor 3, which is necessary to keep the
Dirac equation invariant under the transformation » — —r. Its connection
with the classical space inversion (2.7) is in fact not unique, see Sect.3.2
below. In any case, the transformation Pyp(r,t) = Byp(—r,t) fulfills also
P2 = 1. This property holds also for the operators C and T of Sect. 3.2, and for
the two-particle exchange operator P;o which is needed for the formulation of
the Pauli principle. The detailed quantum mechanical form of these operators
follows from the appropriate wave equations, not from the Lorentz group of
classical mechanics.

2.7 Alternative Form, Perturbations

The ansatz (2.161) for ugy and uy leads to the radial solution R = u/r of the
Kramers equation, which is obtained from the solution of the KG-equation
simply by replacing ! — j in the quantum defect 3. However, this approach
seems to be restricted to the point Coulomb potential V = —Ze?/r. In the
presence of small additional operators, it is still possible to bring the radial
equations (2.157) into a form that admits the extraction of the asymptotic
factors e=*/2 and zle*! (2 = 2kr). We rewrite (2.157) as

me? — em? K me? + cm? K
2hck ug+(8z— 2D>uf=0, 27;;5 uf+(82+ zD>ug:0’
(2.178)
with en® = E—V = E + Ze?/r = E + 2hckaz/z. Remembering hck =
(m?c* — B?)Y/2 = (mc* + E)Y/?2(mc® — E)'/?, one sees that the constants to
the left of u, combine into (mc? — E)/hck = (mc? — E)Y/?/(mc? + E)Y/2. We
divide the equation by (mc? — E)'/2 and define

(me)V2(me* + E) Y 2u, =4, (mc?)Y (mc? — B) "V 2up =a;. (2.179)

After expressing u; in terms of 4y also in the second equation (2.178), the
square roots disappear again:

2
1 azmct+EY\ | (8 HD)A
N L —0, 2.180
(3= Yyt (0" ) iy (2.150)
2
1, azme =B (a “D)A —0 2.181
(322" Y+ (04 )iy —0. sy

Next, we substitute

Ug =Ut +u—, Uf=uy—u_. (2.182)
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From the sum and difference of (2.180) and (2.181), one obtains

(3-np/z=0:)u_ =z~ (mg+rp)uy, (3—ng/z+0:)uy =z~ (mg—rp)u_,
(2.183)
ng = azE/hck, mg=azmc®/hek, mj—ng = aZ. (2.184)

—z/2

We may now separate the factor e , and then insert the first equation into

the second one:
uy = e vy, vy = —(mg+rp) (20, +ng — 2)v_, (2.185)
(0, —ng/z)(20, +ng — 2z) + (m% — k%) /2]v_ = 0. (2.186)

With k%, = (j + 3)?, this equation does not distinguish between I = j — }
and [ =75+ ;,

(202 + (1= 2)0, +ng — 1 —~*/z)v_ = 0. (2.187)
The term —+?/z is removed by the substitution
ve = 2wy, [202+ (2y+1-2)0, +ng—7v—1w_ =0. (2.188)

This is again the confluent hypergeometric differential equation (1.119).
Apart from a normalization constant, its present solution is

F_=FQ1-n.bp,z), n.=ng—~, bp=2y+1 (2.189)

For the exponentially falling functions F', n]. must a positive integer. However,
we can include the value n]. = 0 by a zero in the normalization factor,

w_=—Nyz_F_, z_= \/(’y —ng)(kp +mg). (2.190)

This implies w_(n). = 0) = 0, but the complete solution remains normalized,
due to wy(n, = 0) # 0, see below. Comparison with the definition (1.126)
Ny =ng—lo—1showsn, =n, fory=1l,+1(1=75-1/2),andn, =n,. —1
for v =1y (I = j +1/2). The case distinction of the previous section is now
unnecessary. Insertion of v_ into (2.185) gives

vy = Nyx_(kp +mg) 127(20, — 2z +ng +v)F_. (2.191)
This expression is simplified using the relation
(20. —z+b—a—-1)F(1+a,b,z) = (b—a—1)F(a,b,z) : (2.192)
(20, —z+ng+v)F_ = (y+ng)F(—n,.,bp, z).

Combination of the constants leads to

vy = Nyzp 2"F(—n,bp,2), =4 = \/(’y +ng)(Kkp —mg). (2.193)
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This is so because
v’ —nj :'yz—m%—&—a% =K% —m%. (2.194)

It is customary to denote n!. by n,., even if this is confusing for | = j + é, not
only with the solution R = u/r (2.145) of the Kramers equation, but also
with the solutions u, and uy (2.158) in terms of the Kramers w. In summary,
g =ug/r and f = uys/r have

ug. s = Nye *227(1 + E/mc®)Y?[x F(—n,,bp, 2) Fx_F(1 —n,,bp, 2)].
(2.195)
Note also that b = 2l, +2 is near an even integer in u, whereas bp = 2y+1 is
near an odd one in u, and ug. Only for j =n — 1, n, = 0 implies n, F_ = 0
and ug ~ u as in (2.166). The constant N, in (2.195) follows from the wave
function normalization (Appendix A),

[r2dr(g® + f?) = [dr(u] +u}) = 1. (2.196)

The unbound electrons have E > mc?, k = ix = (E? —m?c*)Y/2 /he > 0.
The effective principal quantum number ng is replaced by the continuous
parameter —in as in (1.140),

ng = iazE/hck = —in, mg = iagzme/hk = —inpmc?®/E. (2.197)

This implies z, = z_, and

r_=e % oz, =eb=\/(y—in)/(kp — inmc?/E). (2.198)
The exponential e~#/2 = e " receives its original form e**”, and the second
confluent hypergeometric function F_ of (2.195) is eliminated using

F(a,b,2z) = e*F(b—a,b,—2). (2.199)

Finally, (mc? — E)Y/? = i(E — mc?)'/?, such that (2.195) becomes

. . E +mc)'/21 ikt . .
(Zi) = — 2N, (—2ikr)" <((E _ZCCQ))WR’Z MR (y 4 in, by, —2ikr).
(2.200)

The solutions of the Dirac equation fulfill orthogonality relations, which
may be written in various ways. The stationary form of (2.87), Hy = Ev is
the standard starting point, as it has the same appearance as the nonrela-
tivistic Schédinger equation. The index p for Dirac is dropped here, but it
must be remembered that ¢ = 1p has four components, both in the chi-
ral (2.88) and parity (2.151) bases. The Dirac equation for A = 0 and its
Hermitian adjoint may be written as

Hii = Egpi, olH' = Ejpl, H' =V +cplatme®s.  (2.201)
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The symbol p! is uncommon as —iAV = p is a Hermitian operator, but
it is convenient here before integrating over all space, meaning ¥pt =

<_
(—ihVy)T = 1AV in analogy with (1.198). Multiplying the first equation
in (2.201) by 1/1;, the second one by ; from the right and integrating the
difference of these two combinations over all space, one gets

[ONH — HYidr = 0= (E; - ) [ ¢jyid’r, (2.202)
from which the orthonormality relations follow as

[lid®r = 5. (2.203)

The spin-angular functions X{ ™ that form part of v in a spherically symmet-
ric potential V' (r) are separately orthonormal in (I, j, m) according to (2.133),
such that (2.202) is reduced to orthonormality relations for the radial func-
tions g = uy/r and f = uys/r,

frzdr(gn/gn + forfn) = [dr(ugntign + Ufntisn) = dpim. (2.204)

In the chiral basis, (2.203) becomes

J (wljwn- + Mjwzi)dsr = i, (2.205)

as (2.151) shows. If one now eliminates
Y = (1) — o)y, /me, w:fj = w;rj (ﬂ'? + <;>k0')/mc7 (2.206)

one obtains again the KG form (1.197):
[ (Ej + Ei — 2V)ihid®r = mc?sy;. (2.207)

This result follows also directly from (2.80): When the “non-Hermitian” op-
erator (7% 4+ mo)(n® — wo) operates on 1/)? to the left, the factors come in
the order required by (2.85).

The perturbation theories of the Dirac equation and the nonrelativistic
Schrodinger or Pauli equations are formally identical. The equation to be
solved is

(Ho + Hper)Yn = Entby, (2.208)

where both Hy and Hy., are time-independent operators, and the unper-
turbed equation has known and exact solutions. The perturbed equation is
solved by expanding both E,, and 1, in a power series of the matrix elements
of I’I()7

E,=E+E.+E® ..., (2.209)

Y =0+ DL (2.210)
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The unperturbed equation is
Hoyy, = Enipy; (2:211)

it is identical with one of the previously solved equations Hv,, = E,1,. But
as it does not solve (2.208), an index 0 is necessary in the formulas; it will be
dropped in the final result. To second order in the matrix elements of Hper,
the series expansions (2.209) and (2.210) give

HO¢71L + Hper¢2 = E2¢}L + E’rlt 27 (2'212)
Hop® + Hyerthh = EQYP) + EXyl + BP0, (2.213)

To solve (2.212), one multiplies it with 27 and integrates over d3r. For
a normalized unperturbed wave function, [ 910 = 1, the result is

ES [¢01yl + E} = [¢OTHoyy + [ YO Hyert)?. (2.214)

As Hj is Hermitian, Hy = Hg, the integral with Hy may be rewritten as

[0 Hotpr, = [(Hon)"r, = B [ 40 . (2:215)
This integral cancels in (2.214), leaving
Ep = [0 Hyerth) = (Hper)n- (2.216)

According to the definitions of Sect.1.9, the energy shift E! in first-order
perturbation theory is the expectation value of the perturbation in the un-
perturbed state. From (2.213), one can now express E,(?) in terms of the
nondiagonal matrix elements of Hpe,. With the bra and ket notation (1.246)
they read

(0l Hper k) = J 9, Hper . (2.217)

The index © of unperturbed states is now omitted. The hermiticity of Hy
gives (n|Ho|n®) = E%(n|n®) on the right-hand side of (2.213), such that
the equation is simplified to

EX(n|n) + E® = (n|Hper|n), (2.218)

where we have used the normalization (n|n) = 1 for the coefficient of EP . We
still need the perturbed state |n'), which we expand in terms of the complete
set of unperturbed states |k) (of energies EY) as in (1.199):

|n1> = Yrcknlk), <k|n1> = Ckn, (kln) = Ogn. (2.219)

Multiplication of (2.212) by 121 and integration gives the following relation
for the cgp:
E%cpn + E}dky = Efcrn + (k| Hper|n). (2.220)
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The term with k = n leads again to the expression (2.216). The coefficient ¢,
cancels out and cannot be determined this way; it is set equal to zero in order
to keep the perturbed state |n) + |n') normalized:

((n+ (n')(In) + [n")) = (njn) =1: (nn') = 0. (2.221)

Geometrically, the small vector [n!) must be orthogonal to |n) in order not
to affect its length. Thus (2.220) gives

Chn = (B — ER) " (k| Hpex|n). (2.222)
Its insertion into (2.218 produces the final result
E = Spn{n| Hper k) (k| HporIn) (Ey, — ER) ™. (2.223)

Unfortunately, many of the more complicated perturbative operators are
calculated with nonrelativistic approximations, which normally deteriorate
their behaviour for r — 0. Examples to the order o will be given in the
next section. In such cases, the relativistic wave function R cannot be used
for s-states, where it diverges as 2! = 2!=8 = 27 To the orders o, loga?
and oY, there exists a special nonrelativistic expansion of quantum electro-
dynamics (NRQED), with nonrelativistic field operators, in which the only
allowed nonperturbative equation is the Schrédinger equation (see for ex-
ample Kinoshita 1996). All terms beyond the Bohr formula are calculated
perturbatively. A special “dimensional regularization” method yields in fact
closed analytic results (Czarnecki et al., 1999). For a while, some of its results
could only be derived from NRQED. However, relativistic equations are in-
dispensable beyond o, particularly for atoms and ions with high Z. In later
chapters, the KG, Dirac etc. equations will be derived from the S-matrix of
QED, which is both Lorentz invariant and easily calculated. The S-matrix
is given in a Born series which has no bound states. Its reproduction by the
solutions of differential (or integral) equations provides bound states, which
are nonperturbative solutions of QED. As it is not possible to reproduce the
full S-matrix in one step, many small elements must be included perturba-
tively. Every perturbation must be included with its correct analytic proper-
ties in coordinate space. This implies that perturbations from “loops” must
be calculated from “dispersion integrals”, which in coordinate space provide
integrals over “Yukawa potentials”, of the form [ dzf(z)e®"/r. This will be
explained in Sect. 5.3 for the vacuum polarization (“Uehling potential”) and
in Appendix C. However, some of the effects can be anticipated by ad hoc
modifications of the relativistic wave function, mainly for r — 0.

Ordinary atoms have “Rydberg states”, in which one electron occupies an
orbital with n up to 100, and ! up to 10, depending on the excitation mech-
anism. The resulting “Rydberg spectrum” is practically hydrogenic, corre-
sponding to V = —e?/r. There exists a vast literature on the modification
of V for r — 0 (Drake 1982, 1993). It comprises a “quantum defect theo-
ry” (Seaton 1966), even in a relativistic version (Johnson and Cheng 1979).
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However, the problem is complicated by the presence of the “core” electrons
(Sects. 3.5 and 3.8). It is clearest for the “leptonium” bound states, where no
nuclear charge distribution “softens” V for r — 0.

In the leptonium context, an approximate removal of the divergence of R
was started by Fried and Yennie (1958). With 8 =1 —l,, 277 = e7#l82 s
approximated by 1 — Blog z. Insertion of z = 2kr = 2Erk/E gives

log z = log(2az/n) + log(Er). (2.224)
Suppressing the index _ in the Kramers solution, one obtains for [ = 0,

R/N = e ""[1 — Blog(2az/n) — Blog(Er)|F(—n,, 2 — 20, 2), Bo = a%,
(2.225)
with 3y = o% for KG and 3, /2= ;O&QZ for Kramers. Next, one may adjust
the asymptotic behaviour of R(z — o), which is done here for arbitrary I:
Using a relation explained in the course of Landau and Lifshitz (1977),

F(=np, b, 2) ~ (=2)" T(b)/T(ny +b), (2.226)

the first-order expansion of I'(n,+b) = I'(n,.+204+2—20,;) gives I, — 26,
with I, = I'(n, + 21 + 2). Consequently, for [ = 0 and z — oo,

R(—ny, —28+2,2) ~ R(—n,2, 2)[1 + 28T (n+1) —¥(1))], (2.227)

=TI, ()= —yga, ¥Pn+1)—-0(1)=2"i" (2.228)

(Ygw = 0.5772... is the Euler constant).
The remaining procedure in the adjustment of the relativistic wave func-
tion is still somewhat incomplete. Gupta et al. (1989) found an operator

rg’ = —Allog(ur)/r +vea/r],  Af =[V,[V, f], (2.229)

(rg’) = (r=?) forl>0, (2.230)

where p = myms/mya (mi2 = my + ms). By partial integration,
(ra®)imo = 2051303~ log(n/2az) + ¥(n+1) + yge — sn~ ' + 3] (2.231)

Inspection of the higher-order QED results shows that a first approximation
for R is
R = Rg—o(1 - B(rg’n’)fagp®). (2.232)

Note that (r5)i—o < 0 for small az. Complete corrections to order a% will
be derived in Appendix C.

When the relativistic expectation value does not exist, both the zeroth
and first-order in 3 expectation values must use (2.232). Higher orders in n;*
are included in the approximation ng = n. For perturbations with a radial
dependence r~2 (such as the hyperfine perturbation of Sect.5.1), the expec-
tation value is still the relativistic one. There is however a recoil correction
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to first order in 3, which has 1/u3 replaced by 1/u?my>. The Gupta operator
occurs also in the “Salpeter shift”, to be mentioned in connection with the
Lamb shift of Sect. 5.5.

A precise formalism based on (2.232) does not exist. In a careful calcu-
lation of perturbations, singular operators such as §(r) simply do not occur.
Thus the factor z=? of R poses no problem. In the “quarkonium” model of
mesons, the phenomenological potential is expected to be less singular than
r~1at r =0 (see also Sect.4.10).

The radial Dirac functions g and f may be regularized at » = 0 by defining
Jreg = T’B_lug, freg = Tﬁ_lu]c, provided the operator 0, 4+r~! is also modified,
(0 +771 = Br~1)rf~1 = rB=19, compare (2.169). But as the orthogonality
relations (2.196) are also modified, nothing is gained for perturbation theory.

The Dirac equation may also be modified by a gauge vector potential,
A = VA(r) = #W(r), which does not contribute to B (see (1.53) and
(1.55)). Suitable choices of W may then produce equations with exact so-
lutions. The choice W = W — kp/r (Alhaidari 2001) sets kp = 0 in
(2.178) and produces an equation without any angular momentum, j =
I+ o/2 = 0. That equation is solved exactly for Morse-type potentials,
Worse = Vole 2(E-HRo)/a _ 9¢=(R=FRo)/a] where the variable R refers to the
distance between the two nuclei of a diatomic molecule. To treat a molecule
by an equation which suppresses the electronic coordinates requires an “adi-
abatic” approximation, valid for very slow nuclear motion. It is not clear that
such a modified Dirac equation would be useful for relativistic effects in the
adiabatic approximation.

2.8 The Pauli Equation

In the discussion of the KG equation, we mentioned the connection with the
nonrelativistic Schrédinger equation in (1.77) for stationary solutions, where
70 = ihdy — V/c is replaced by (E — V) /c. For time-dependent solutions, the
connection is more complicated, as the KG equation is of second order in dy,
while the nonrelativistic equation is of first order. The Dirac equation, on the
other hand, is already first-order, which slightly simplifies the derivation of
the nonrelativistic Pauli equation. The derivation leads to familiar concepts
such as kinetic energy and spin-orbit interaction, which are not at all evident
from (2.153), let alone the chiral (2.84) or second-order (2.82) forms.

In the nonrelativistic reduction, the small components ¢y may be elim-
inated from the first equation of (2.153) by means of the second one. One
substitutes

Yp = ey, (2.233)

which removes the mc from 7% = 7% — me, and adds mc to Wg =79+ me:

XV, = omfy, (T + 2me)Y = owy),. (2.234)
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The index y indicates that the eigenvalue of iA0; is now Ey = E — mc?. In
nonrelativistic problems, the matrix elements of V' (r) and eigenvalues of ih0;
are both much smaller than mc?, such that one may expand 7% + 2mc in
terms of %, /2me:

Py = (7 + 2me) lomy) ~ (2me) (1 — 7Y /2me)omi),. (2.235)
One sets 9y = 0;/c and multiplies the first of (2.234) by ¢:
(ihdy — V¥, = [(om)?/2m — ewenom /4m* Py, (2.236)

The first term on the right-hand side is brought to the other side and com-
bined with V into the Pauli Hamiltonian

Hp = (om)?/2m +V = (7 + heaB/c)/2m +V (2.237)

(the second form uses (2.60)). The rest is a relativistic “perturbation”. The
corresponding vy is the ¥y of (1.67):

(ihdy — Hp)by = 0. (2.238)

In the time-independent perturbation theory, the perturbing operator must
not contain ¢ or ;. For the case at hand, the d; which is part of ¢, on the
right-hand side of (2.236) was eliminated by Pauli. He substituted

Yo =1-W?/2)y, W =on/2me, (2.239)

multiplied the equation by 1—W?2/2 from the left and neglected these factors
in connection with omwenQ om/4m2c? which is already small:

(1 —W?/2)(ihdy — Hp)(1 — W?/2)sh = (—ihoW? + WVW)h.  (2.240)

Here we have used WO, W = 9,W?, assuming that W is time-independent.
These terms cancel out in (2.240). Two new terms W2Hp/2 and HpW?/2
arise on the left-hand side and are transferred to the right:

(ihdy — Hp)yp = Hy1p, (2.241)

H, = - W*on)? + (om)?W?|/2m — JW2V — LVW? + WVW. (2.242)
The last three terms make a double commutator:

H, = —(om)*/8m’c® — J[W,[W,V]], (2.243)

W, V] = [om,V]/2mc = —ihV'r *ro/2mc = —ihV'0,/2me,  (2.244)

—[W, W, V]| = —ihlow, V'o,]/4m3c? = [-R2AV — 28V o (7 x #)]/4m>c2.
(2.245)
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The symbol AV is a common abbreviation for [V, [V, V]], to be evaluated
below. With @ = p + eA/c, the term —p x # is written as r—1r x p = hl/r;
this piece provides the spin-orbit potential:

Vi = B2V al/4am2cr. (2.246)

The term
—h2AV/8m2c® = Vpa (2.247)

is called the Darwin term. In summary, one has
H, = —(om)*/8m3c® + Vpa + Vo — heV'a (A x r)/4m>c3r. (2.248)

The first operator in H, is “kinematical”, i.e. independent of V. Classically,
one would have the expansion (1.33), with p# replaced by m*:
er® = (m2c* + Er2)Y2 = me® + 72 /2m — 7t /8mPP .. (2.249)
for an electron 72 is replaced by (om)?.
The appearence of (om)* and other singular operators in H, must not
upset the basic structure of (2.241) as a second-order differential equation.

This is achieved by the perturbation theory of Sect. 2.7, in which we now set
Hy = Hp and Hper = H,:

E) = [¢p Hoyl = (H, ). (2.250)

The expectation value of the square of a Hermitian operator Ay may be
evaluated symmetrically:

J YO ARYL = [(Auy?)t Anyd (2.251)

This is useful for —(om)*/8m3c?, because one may then replace ()2 /2my?
by (EY,, — V)¢?2. In this way one finds

{(em)*/8m3c?),, = (EX,,, — V)?/2mc?),. (2.252)

This correction appears unchanged in the nonrelativistic reduction of the KG
equation, where 7w*/8m3c? is eliminated by the nonrelativistic Schrédinger
equation, 72/2my? = (EY,, — V)¢9.

Whereas the Pauli equation with relativistic corrections is useful for more
complex systems, the small components are more easily eliminated directly
from (2.153),

(E—-V —mc®)p, = onc®*(E -V +me®) tomy,, (2.253)
by expanding the denominator in terms of V' alone:

(E+mc® = V) = (E+mc®)t + V/(E +mc)>. (2.254)
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The equation is now multiplied by E + mc?, and the small term c?onVom/
(E + mc?) is approximated by omwVaom/2m:

[E? —m*c* — (E +mc®)V — (com)? — onVonm/2m]h, = 0. (2.255)

One may now rewrite —onwVom as ;lom, [om, V] — J(ow)?V — 1V (ow)?
and replace both }(om)?V and }V(om)? by m(E —mc? — V)V on account
of their expectation values for 1y (2.238). The result is the old KG equation,

augmented by the double commutator:
[E? —m?*c* — 2BV + V2 — (com)? + [om, [om, V]]/4m]y, =0.  (2.256)

It will be useful when hyperfine vector potentials are included in 7.

For the explicit calculation of (H,.) (indices are now supressed), one needs
the expectation values of r=° for s = 1, 2, 3. They are collected here for
a hydrogen-like ion of nuclear charge Ze, for s up to 6:

(rY =kn/n, Kn=azmc®/hen = Z/agn, (2.257)
(r3 =2+ DI (2.258)
(r3y = k2[L20+ DHI7Y, L2=1(0+1), (2.259)

(r=% = kin=Y(3n?/L* — 1)/(L* — 3/4)(21 + 1),
(r%) = nia (=) (5n” = 8L + 1)/ (3n” — L*)(L” - 2),

(r=8) = k2 (r=%)[35m% — 30L? + 25 + 3L3(L? — 2)/n?]
/(3n? — L?)(L? — 2)(4L? — 15).

All (r~*) are odd functions of n; (r~2) and (r—3) are both proportional to
n~3, which will be exploited below.

For the Darwin term, one also needs the wave function at the origin.
With |Y|? = 1/4n (Table 1.1) and the nonrelativistic normalization constant
(A.13) for 1 =0, N?(1 = 0) = 4k3,

[9(0)]? = N?(1 = 0)/4r = &2 /7. (2.260)
With V! = dV/dr and V = —Ze?/r, one has
AV = [V, [V, V]| =V"+2V'/r=0. (2.261)

On the other hand, as E = —[V, A%] = [V, V/e] is the nuclear electric field,
the Maxwell equation (1.52) [V, E] = 4mpe becomes

AV = —edmpg. (2.262)
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The point limit Zed(r) (1.62) of pe gives AV = —4razd(r):
(Vba) = B3 (= AV)/8m2c? = h?(az4nd(r)) /8m3c?, (2.263)

(Vba) = azh?8,om|1(0)2/2m%c? = azh®8, k> /2m3c2. (2.264)

(V1) is now calculated as expectation value over the unperturbed wave
function,

W0 = R(r)x{™ (6, ¢), (2.265)

where [ is the orbital angular momentum of the large components, but m;
and myg are still mixed according to the prescription (2.132) for x]™, such

that one can use loy)® = [(j — [)(2j 4+ 1) — 1]¢° from (2.121). Insertion of
a factor 1 = 4(j — 1)? gives

lo= (5 —1)(—2j + 4l + 1), (2.266)

lo(j=1+Y=1 lo(i=1-1)=—-(1+1). (2.267)

For [ = 0, one has (Io) = 0, which reflects the spherical symmetry of Y2,

(I)o = 0. However, (2.259) gives
(V'[r)y = Ze?s3I0+ 1)1+ 3)] 7, (2.268)

which is infinite for [ = 0. It has been customary to exclude the point
r =0 from (V'/r), getting (Vy)o = 0 on account of (2.266). For I = 0,
Vba takes over (Bethe and Salpeter, 1957). However, the factor I disappears
from (io/r3), giving

(Vpa(l = 0)) = (Va(l = 0)) = azmc®/2n3. (2.269)

It is thus possible to ignore the singular part of AV and to use (Vg (I = 0))
down to | = 0. This ambiguity arises because both r=3 and §(r) prevent
meanigful solutions of the differential equation, similar to the (om)%. Both
operators are eliminated by observing

(r=%) = kun(r=?)/L* = agmc®(r—?)/L*hc. (2.270)

Dropping again the expectation brackets, one obtains the mathematically
consistent form of the Pauli equation with relativistic corrections as

[E% —m?c* — 2BV + V2 — (com)? — LheazV'ie /L2, = 0.  (2.271)

Moreover, V' = azhc/r? may be combined with the other 7~2-operators of
the radial KG equation into

L2 =14(la+1) = L* — o} + laZlo /L% (2.272)
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The [, differs from the exact Dirac lo+ (2.144) only at the order . In
summary, the radial KG equation (1.98)

[k? = 2BV/R2® + (9, + 1/r)? — L2 /r¥]Ry2; = 0 (2.273)

applies also to the Dirac equation to order a}, provided the I, is chosen
accordingly. The energy levels for [ = j + 1/2 are still degenerate to this
order. With L2 = (v £ 1), the equation would again be exact as in (2.143)
or (2.159).

Of practical interest is the fine structure of spectral lines, which arises
from the splitting of energy levels by V; for fixed [ and j =1 &+ ; For that
case one writes

lo=@G-0@2+1) -] (2.274)

and neglects the common downshift of E} due to the — é The splitting follows
then from (2.259) as

AEfine = (Va)is1/2 — (Vahie12 = mphag[2m?*l(l+ 1)) (2.275)

For s-states, I = 0 implies j = é, lo = 0, in which case AFg,, does not exist.

2.9 The Zeeman Effect

In the spinless case, the Zeeman operator arose from w2 = p? + eBhl, Jc+
O(B?), and [, was replaced by one of its eigenvalues m;. The Kramers equa-
tion (2.82) has w2 replaced by wo? = w2 + eBho, /c. Neglecting again the
A? of w2, one has

(mo)? = p? + eBh(l. +0.)/c = p* + eBh(m; + 0./2)/c. (2.276)

J= is replaced by one of its eigenvalues, which are called m; in the following.
However, as j, and j, do not commute with o,/2, 42 may be treated as
a constant of motion only for the first-order Zeeman shift. Second-order effects
may become important for small separations of different j-values. In fact,
j=1+ é and j =1 — % are only separated by the spin-orbit potential V;
(2.246), which was also derived by first-order perturbation theory. For the
above use of j as a good quantum number, |V | must be much larger than
the Zeeman splitting. This is the regime of the anomalous Zeeman effect. The
splitting is then described by (2.42). In general, however, both perturbations
must be considered. including the off-digonal elements of o, (those between
the two j-values at fixed [ and m;). The resulting mixing is quite complicated
in the Dirac equation. For this reason, we first use the Pauli operator Hp
with its relativistic correction H,.. Insertion of (2.276) into (2.241) gives

(ihd, — V — p?/2m) = [ehB(l. + 0.)/2me + H,]1). (2.277)
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For H, ~ 0 (which implies Vj; =~ 0), I becomes a useful operator for first-
order perturbation theory. A set of good quantum numbers is then [, [, and
0., for which (2.277) leads to the “normal” Zeeman effect (2.46), in which i,
and o, are replaced by their eigenvalues m; and 2mg.

In H,, the B-dependent terms appear as follows:

—(om)*/8m3c? = —p?/8m3c? — eBRB(l, 4 0.)p? /4m?c?, (2.278)

[ih0; — H(B = 0)]¢ = Hzeet), (2.279)
Hyee = eh[B(l, + 0.)(1 — p?/2m2c?) /2me — Vo (A x r)/4m3c3r]. (2.280)

In Hy,., all operators except I and o may be replaced by their nonrelativistic
expectation values, in particular

(p%) = 2m(Ey — (V) = (agme/n)?, (2.281)
and using A = ;B X 7T,
o(Axr)=lo(-r’B+rBz) = }r’B(—0. + 0, cosf). (2.282)

The factor 72 is cancelled by V' = Za/r? in (2.280), which greatly simplifies
the radial expectation value:

—(V'a(A X 7)/T)radial = 5(V)radial B(—0= + 0, cos 0). (2.283)

For the angular expectation value, one sets o, = 0,z +sin (o, e~ o _e'?);
only ¢ cos? @ has a nonvanishing expectation value for parity eigenstates:

(=V'a(A x r)/4m>c*r) = ehBo,a%(1 — (cos?0))/8n*mec. (2.284)
The total Zeeman operator with first-order relativistic corrections is thus
Hyeo = uBB{iZ(l —a%/2n?) +0.[1 —a%(1+ (cos? ) /4n?)]},  (2.285)

with pp = eh/2mec as usual. The ground state has [ = 0, n = 1, (cos? ) =
1/3 and thus Hg = ugBo.(1 — a%/3).

For the fully relativistic calculation, we first consider the anomalous Zee-
man effect, where only the diagonal matrix elements of o, in the spinor basis
xi™(l = j =+ }) are needed. We take the Kramers equation in the form

(792 — p? +iheaE/c — m*c*), = Kperthr, Kper = ehB(m; +0./2)/c.
(2.286)
The perturbed energy E = E° 4+ E! is part of 7%. To first order in E', one
has

12 =(E°+E'-V)?/? = (E° - V)?/* + 2EY(E° — V) /c®.  (2.287)
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The perturbative form of the Kramers equation is thus
(K7 +2EY(E° = V) /1Y, = Kperthr, (2.288)
K? = (E°-V)?/c® — p* + ihed E/c — m*c?. (2.289)

Expanding also v, = ¥° + 9!, the zeroth order equation is K292 = 0, and
the first-order equation is

K2+ E'2(E° — V)e 292 = Kperth?. (2.290)

From here on, the calculation of E'! is a straightforward extension of the
nonrelativistic procedure. One multiplies (2.290) by wlOT, integrates over all
space and uses

T RO = [(KPy?) et =0, (2.291)

where K7 differs from K? by the sign of ifiec E/c. The factor 2(E° — V) /c?
following E' is absorbed in the orthogonality relation (2.207), leading to

E' = [¢)T Kperth? /me = (Kper /mc). (2.292)

This procedure is avoided in the literature, because the Dirac equation is
an explicit eigenvalue equation, HY = FEt, and its many-electron “Dirac-
Breit” extension of Sect.3.4 also has that form (which is only lost in the
“improved Breitians”). There is then no difference between relativistic and
nonrelativistic perturbation theory. However, the result (2.303) below follows
rather directly from the Kramers equation with its implicit F-dependence and
its non-Hermitian operator. This equation is a simple example of a more ad-
vanced class of relativistic equations. The example has a drawback, however,
namely the degeneracy of states of opposite parities. When the unperturbed
energies EO are degenerate, care must be taken that ¢} vanishes for B — 0.
This requires a diagonalization of Ky in the subspaces of degenerate states.
In Sect. 2.6 we saw that for n > j + ;, l=1- é is degenerate with [ = j + é
(form=j+ é, the state [ = j + é = n is absent). In the present case, Kpe;
conserves parity; it is diagonal in Dirac’s parity basis but not for the simpler
states (2.137). Consequently, one must use

Y =272 (g +p), =272 (g, — ), (2.293)
(Kper) = 3 [(9x] — ifxD) Eper(9xa = ifx0) = 5 (X Kperxi = F2 X! KperXq)-
(2.294)

With the normalization [(g*+ f?) = 1 one finds for the term e Bhim,; /c of Kper

E' = eBhm;(1—2[ f?)/2mec = Bupm;(1—2[ f?), up = eh/2mc.
(2.295)
The nonrelativistic limit has [ f2 = 0. To first order in relativity, one may
use (2.154) in the form

f=—=(h/2mc)(0, +1/r + kp/r)g. (2.296)
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The s-states have [ =0, 7 = é, kp =—1, f = —(h/2mc)g’ ,g = Ne™"", k =
azme/hn according to (2.165), which leads to

[ 17 = (az/2m)? [ ¢* = o3 /an?,  E*(mj) ~ Bupm;(1 - o%/2n). (2.207)

The general expression [ f2 = 1/2 — E/2m follows from (A.33). A simpler
and even more general derivation is to combine in (2.286) the constants into
a new mass m’,

m?c® + eBhmj/c =m'?c?, m' ~m(1l+ eBhm;/2m?c?), (2.298)

and to use (2.149), with m replaced by m’. This also shows that (2.297)
remains valid for [ > 0. The expectation values of o,/2 follow from the
spinor spherical harmonics (2.132),

202 )i=jrje = Fmy /(20 +1) = 2m;(5 — 1)/ (20 + 1), (2.299)

E'(0:/2) = 2Busm; [lg°(j — /(2L +1) = (7 = /(21 + 1)) (2:300)

The Landé g-factor g;; (2.45) follows from (2.299). Use of j — [ = —(j — 1)
and of

(20+1)7r = 21+ 1) 21D (204+1) 1 Q21+1) "t = 21+1) " 4 (1—5) /5 (+1)
(2.301)
produces the final results,

E'(0:/2) = 2Busm;[(j — 1)/ (20 +1) = [45G + DI 7' [ 7. (2:302)
With [ f2? given above, the complete Zeeman shift becomes
E' = Bugm;[(2j +1)/(2l + 1) — 1+ 1/4j(j + D)](1 — E/m)].  (2.303)

For I = 0, this agrees with the Bugm;(1 — a%/3n?) of (2.285).

As o, does not commute with ia, the fine structure and Zeeman splittings
are not additive. V;; is diagonal in the basis )d "5 but o, mixes j = l—|—§ with
j=1- % at fixed [ and m;. We consider only the nonrelativistic reduction
of this mixing, where the value [ of the small components does not enter.
Writing the state with j = [ + % above that with j = [ — %, one has to
diagonalize the matrix

1/2 0

= up[1 — a3 (1 + (cos” 6)) /4n?],

1 m; —w
;Uz=2l_|_1(_50 —mj); wz\/(l+§)2—m§. (2.305)
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The part Bupm; of the Zeeman shift is a multiple of the unit matrix in
this basis and is omitted together with the common downshift of Fgpe (unit
matrices have no influence on diagonalization). The diagonal elements of éaz
are adopted from (2.299); the nondiagonal elements follow from (2.132) as

G=1+3bouli=1-1) =i+ s —my/1+ 1 +m;=—w. (2300
The eigenvalues of M are then
M = £\ JAB2, + A Eguopty Bm; /(21 + 1) + i B2,

The limit B? — 0 gives My = £ [AEgne + 2u5Bm; /(21 + 1)] and agrees
with the anomalous Zeeman effect, while the opposite limit AFgn. = 0 gives
the normal Zeeman effect (2.46). For s-states, j = ; implies m? = 1/4,
w =0, My = Bupm;, and M_ does not exist. The ratio up/ug is also called
a “binding correction” to the free electron’s g-factor ggee.

Instead of the lengthy expression (2.242), one may also use (2.256)
for the Zeeman shift calculation. The “standard form” (1.144) of the KG
equation satisfies standard orthogonality relations, namely (A.36). Writing
K = Ky — 0K, they lead to 5(7152) (0K). The linear expansion n52 =

nEQ(Eg) + (S(EQ)dnEz/dE2 =ng 2(E2) —m2a%/E} (h = c=1) gives
(E?) = (6K )y Eg/m?. (2.307)

With . = p_+eA(r./E?) (which is dimensionless), the linear Zeeman effect
has 6K = §(w.)? = eB(l, + 0,)/EZ. In this manner one finds

6E = 6(E?)/2Ey = eB(l, + 0.)Eo/2m. (2.308)

The factor Eg/m produces the correction 1 — a2/2n? = (1 — p?/2m?2c?) of
(2.280).

2.10 The Dirac Current. Free Electrons

We have so far studied the Dirac equation in a stationary potential,
V(r) = qAo(r). For time-dependent problems, one needs a conserved cur-
rent, d,j* = 0, of which j° is then used for the scalar product. A compact
notation of j# is ¥ py*9p. It will be derived in the following from several
more explicit forms. From (2.87), one finds with @ = —iAV — ¢ 1¢A,

ih(0o + Va)yp = ¢ 1q(A° — Aa +meB)Yp, q. = —e. (2.309)

Its Hermitian conjugate form is

i (T + Vo) = —c gy (A° — Aa + mef). (2.310)
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From these two equations, one verifies 8y5° + Vj = 0 for
P°=chvp, §=cvhawp. (2.311)

Note that 1”31/) p is the zero-component of a 4-vector, not a Lorentz invariant.
Its decomposition into chiral components follows from (2.88),

hvp = vy, + v =p. (2.312)

The Lorentz transformation of i1, has been given in (2.97), that of 1/1;1/11

has the rapidity n replaced by —n. They show that 1/1;[ 1, and 1), are Lorentz
invariants. Their sum is also parity invariant:

Yl + i = 50%p = ¥pvp,  vp = hA°. (2.313)

7% = B is given in the chiral basis by (2.88) and in the parity basis by (2.103).
In the latter basis, on has

YDUD = Yl Tpatps = Vit — Yy (2.314)
To express j* in terms of ¥, and ¥ p, one defines
v = Pyoa = 70750', j“ = CwD"de}D, (2315)

The variety of notations can be confusing; 1,79 p is the same as ¢L¢D7
because of (7°)2 = 1. In the chiral basis, one would in the first place extend
the Pauli matrices o to two different sets of 4-vector matrices:

ot =(0%0), o0,=("%-0)=0}, =1 (2.316)
The pair of equations (2.84) reads then
Tuotihy, = mey,  muold = me,. (2.317)

The o} appear only in front of lefthanded spinors; they may be called left-
handed Pauli matrices. One may also define right- and lefthanded currents,

g = cplotp., it = cplot (2.318)
With the two expressions (2.29) and (2.30) for d,,, one finds
18,38 = mc (Wl — plp,) = —id, i (2.319)
Thus, for mc? # 0, there is only one conserved 4-current:
=gt gt = evlot i + el ot (2.320)

But its two pieces jI' occur separately in parity-violating weak interactions.
When parity violation was finally discovered (Wu et al. 1957), it was for-
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mulated within the existing standard Dirac notation by means of right- and
left-handed projectors. According to the diagonal form (2.91) of ~°,

¥ =vpy*Prp, ji =vpy'Pyp. (2.322)
This notation is still in use today. The Hamiltonian for beta decay n — pe~v
is Hg = 21/2Gujé‘fgwjﬁp’

b, = U NP, = W) o'W, =t | (2.323)

while j# is absent in Hg. (The field operators ¥ will be introduced in Sect. 3.2.
The factor 2/2 is a relict from the time when j# was coupled with equal
strength. The nucleon current operator jl;, will be given in Sect.5.8 in the
quark model. Its matrix elements are discussed in textbooks on beta decay
(Konopinski 1966, Pilkuhn 1979).)

One may also express j* in a form analogous to the spinless current (2.31),

—px S
m

g = D, me, T =T 1t 4 ihot (0, + D), (2.324)

where o#” is the antisymmetric part of o}'c",

ol'o? =gt + ", ot =—c"H. (2.325)
g"¥ is the metric tensor (2.16), and
037

0% = 0% =0;, 0% =gy cyclic. (2.326)

However, j* is rarely used in this form.
The matrices v# (2.315) are appropriate for the discussion of Lorentz
properties in the four-component spinor formalism. One has

ARV At =29 P — Pyt = 208 (2.327)
o’y , is the 4 x 4 version of (2.325). From (2.315), one finds
07

oy =70, o, =1-0", (2.328)

where 1 is the Dirac unit matrix.
Among the solutions of the free Dirac equation we discuss again plane
waves,

Yp(k) = e kT b (K, my). (2.329)
In the chiral basis up = (ur, u;), the components satisfy (2.84) in the form
(k° — ko)u, = (mc/R)uy, (k° + ko), = (mc/h)u,. (2.330)
These equations are solved by

u, = (hk° + hok)/?y, w = (hk° — hok)Y/ %y, (2.331)



2.10 The Dirac Current. Free Electrons 101

because of (k%2 — k*)1/2 = mc/h. The spin states xy = x(ms) refer to the
electron at rest. When they are quantized along the direction k of k, they
become eigenstates of the eigenvalue of ok. The eigenvalue of éafc is called
the helicity A:

lokx(\ k) = Lkokx(\ k) = Mex(\ k). (2.332)
In this case (2.330) is solved by
u, = (hk® 4 20hk)Y2x,  w = (K — 2X\RE)Y 2y, (2.333)

In a general basis, the spinor up(k, m;) is related to the spinor u' = ug(my)
by the inverse of (2.93), which is called a “boost”:

up(k,ms) = €2 (me) 2 x(ms). (2.334)

From (2.12) one has
coshn =~y = E/mc?, sinhn = hk/mc, (2.335)
2 = (e")V2 = (E/mc? + hka/mc)Y?, o=+, (2.336)

Qf which (2.333) is a special case in a special Dirac basis. With the angles of
k denoted by 6 and ¢, ok is again the matrix o, in (2.114). The resulting
helicity spinors are

1 _in 1go—id
1 _ [ cosyb 1 _ sin ,0e
X(3,0,¢) = (siné@ezd’)’ X( 2,9,«5)—( > (2.337)

cos %0
Their orthogonality relations are
xFTOV, k)x(\, B) = dan (2.338)
This leads to
ufu, = WO +20K), wlu; = h(k® — 2)k), uhup = 2RK%.  (2.339)
The plane wave orthogonality relations follow now from (2.35) as
[p (K Yp(k)dPr = 8735(k — k' )dan 2hk°; (2.340)

they agree with (2.36) of the spinless case. The density of free electrons is
then again given by (2.37). The Lorentz invariance of upup is checked by
(2.338) as follows:

Upup = uiul + u}ur = O 2(k% — 4)\2k2)1/2h = 2mcoyry . (2.341)

The normalization differs from that chosen in Sects. 2.7 and 2.8 for an electron
in an external Coulomb potential. The latter one breaks Lorentz invariance,
but a normalization to 2k as in (2.340) is not excluded. For later use, we
also collect the scalar products of helicity spinors that are quantized along
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two different directions & and k. The z-axis is taken along I;:, such that
X(A,0,0) = x(ms = A) are the standard unit spinors (2.49):

X' Tx = 6 x cos 50 +2X 65 5 sin éee_zi)‘/‘b. (2.342)

This leads to
uptup = 2x'Tx(8x ABK® + 6y _ame). (2.343)

We shall also need the nonrelativistic expansion of up. From (2.331) and
with (1 4+ 2)Y/2 ~ 14 2/2 — x2/8,

upy = (BEO)Y2(1 + ok /E°)Y 2y =~ (hE°)Y2(1 + hok/2me — h?k? /8m2c?)x.
(2.344)
In this limit, the large and small components (2.151) of up become useful,

ug = 272 (u, 4 ) = (2me)2(1 + B2E2 /8m2c?)x, (2.345)

up =272 (u, — ) = (2me)"V?hoky, (2.346)

because uy vanishes for k — 0. However, (2.345) is dangerous because it
suggests +h2k> /8m?c? as a relativistic correction to the nonrelativistic for-

malism. This is correct only if one renormalises uTDu D to 2mec instead of the

2hk° of (2.339).

The helicity basis is by no means necessary for handling the Pauli matrices
in Lorentz transformations. The algebra (2.52) shows that the most general
function is in fact linear in o. And as (v°)? = 1, this applies also to the
combination v°o. By squaring, one easily verifies

€%/2 = (2 4+ 2) "2 (y + 1 + 1 okh/mc). (2.347)

Nevertheless, the previous square roots are more compact. They are very
convenient in bilinear forms. Consider for example the “spin summation”

Dy = Zpulmg)ul (my) = 55, (k° +7°ko) 2 x(ms) x| (ms) (k° +7° ko) /2,

(2.348)
which appears in the calculation of probabilities. The Pauli spinors x form
a complete set:

S x(mg)x" (ms) = ((1) ?) =1 (2.349)
In the Dirac chiral basis (2.91), X, has the form
_ Err Zrl
Eu - (Elr Ell) ) (2350)

and with (2.331), one finds
Y = h(k® + 7 ko) + mcp. (2.351)
The mc arises as h(k° + ka)'/2(k° ¥ ko)'/2.



3 Quantum Fields and Particles

3.1 The Photon Field

In classical electrodynamics, the energy contained in the vacuum fields is
vac — (8m) "L [ d*r(E? + B?). (3.1)

On the other hand, Planck’s postulate (1901) requires that in a cavity with
enumerable modes i = 1,2,3,4... of frequencies w;, the energy measurement
in a given mode yields one of the possible values F,; = n;hw;, where n; is the
number of photons in that mode. The interaction between the photons is very
small, such that the photon numbers in different modes can be determined
simultaneously. The state of the electromagnetic field in a cavity can be
expanded in “Fock states” with given photon numbers n; in the modes |i),

’(pF = |n17n27n37"~>7 Ni’l/}F = ni¢F~ (32)

The N; are number operators, and the photon field Hamiltonian is
Hp =) hwN;. (3.3)
i=1

Its lowest eigenvalue is zero, the corresponding Fock ground state is
©'—10,0,0,...), Hpy® =o0. (3.4)

A number operator N = afa was already discussed in Sect. 1.9; the matrix
representations of a and a' were given in (1.244). It was Dirac (1926, 1927)
who proposed to use a; and a;r as absorption and emission operators for

photons in a mode |¢). Thus a possible form for N; arises from
[ai,a;f] =1, N;= a;rai. (3.5)

The condition of simultaneous measurability of different modes, [N;, N;] = 0,
is satisfied for
lai,al] = dij,  [as, a5] = 0. (3.6)
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When E and B are taken as linear combinations of these a; and aI, a form
similar to (3.1) leads automatically to (3.3), as will be seen below. It is con-
venient to express both E and B in terms of the four-potential A* and to
keep time-independent parts of A* unquantized, as “classical” fields A%;. The
Coulomb gauge VA = 0 is particularly convenient, as a static charge den-
sity pel implies a time-independent A%, A° = AY%. Thus only a part of the
vector potential becomes a nontrivial operator,

Atot = Acl(r) 4+ 147 A = CZ(h/wi)l/Q(aiAi + hC), Al = Ai(’l")e_iwit,
i
(3.7)
where hc stands for “Hermitian conjugate”, and h = 2wh. The normalization
factor (h/w;)'/? refers to the following orthogonality relations

(ilj) = [d*r A A; = 6;;, (3.8)

which will be verified below. The A; satisfy the Helmholtz equation that
follows from (1.58) in vacuum, and they also satisfy the Coulomb gauge
condition:

(w?/c? +V*A; =0, VA;=0. (3.9)
Let E and B now denote the pure quantum fields:

E=-0,Alc=iY (hw;)"?[a;A;(r)e ™" —he], B=VxA. (3.10)

Clearly, the hermiticity of E and B requires A = A'. This introduces prod-
ucts a;a; and a}ta;r- into the integrand of A (3.1) which change the photon
numbers by two; these must somehow disappear from the final result (3.3).
The Coulomb gauge condition admits two different modes 4 for fixed w;. Re-
placing the cavity walls by periodic boundary conditions allows the use of
the convenient plane waves, normalized according to (1.253):

A, = e(i)(k)eikr_“"tV_l/z, ke (k) =0, w?=c%> (3.11)

The orthogonality of the two different polarization vectors e(®) (i=1,2) is
understood in (3.8). When the z-axis is taken along k, they may be taken as
unit vectors along the 2- and y-axes, €) = (1,0,0), € = (0,1,0). But in
the summation over many modes, it is best to keep a fixed coordinate system.
The cartesian components of k are expressed in terms of their spherical ones:

k = (kg, ky, k.) = k(sin 6 cos ¢y, sin 8y, sin ¢y, cos ¢y,). (3.12)
The transversality condition ke = 0 together with the choice e,(f) = 0 lead to
eV = (cos O, cos ¢y, cos O, sin ¢, — sin Oy, (3.13)

€® = (—sin ¢y, cos ¢, 0) = Z x 75/ sin 0. (3.14)
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e

Fig. 3.1. The linear polarization vectors of A. The vectors k, s(l), e® form a rect-
angular system

For light of circular polarization (“helicity”) A = +1, one uses
€N (k) = 2712(—xeV) —ie?). (3.15)
We are now ready to insert E (3.10) into the form (3.1):

(8n)~L [d*rE? = fh/4fdSTZiVj(wiwj)l/z(aiAi — a;rAf)(ajAj — a;A;).
(3.16)
The products that contain one a and one a' are reduced to a single sum by
the orthogonality relations (3.8):

Hpa =} Zihwi(aial + afa;) = § Zihwi(N; + 3). (3.17)

This is half of the desired operator Hp, plus an unwanted zero-point energy,
éhwi per mode. The zero-point energy is physical in cases where a harmonic
oscillator potential is fitted to the minimum of the potential curve of a di-
atomic molecule, and also when Landau levels are joined to a region of vanish-
ing magnetic field. Here, however, it is of no significance. It is eliminated by
stipulating a “normal ordering” or “Wick product” in E? and also in B?, in
which all lowering operators a appear to the right of all raising operators a':

=08 [dr(:E?:+:B*:), :adl:=da (3.18)

.I.

The integrals over a;A;a;A; and a] A} a}A;‘f are also simplified by orthog-

onality relations. The plane waves A;(r), (3.11) without the factor e~%*
satisfy

Al(r) = A_y(r), (3.19)

where the index —i stands for —k in this particular case. However, (3.19)
applies to arbitrary modes if we understand ¢ as an index for all addi-
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tive quantum numbers of each mode. For spherical modes, for example, one
has

(Y7"(6,9))" = Y,""(0, 9). (3.20)

The reason for this symmetry is the reality of the Helmholtz equation (3.9);
A;+ A7 is also a solution with the same w;; the modes in a cavity are in fact
real, not complex (see below). Thus there remains the following nondiagonal
sum in addition to (3.17):

HE,nd = — iEihwi (aia_iefm‘“it + aIaLeQi“it). (321)

It is cancelled by a corresponding term in [ d>r : B?: /8m; the cancellation
is relatively complicated for arbitrary orbitals. One uses

V(A x B)=B(VxA)—A(V x B) (3.22)
and inserts B =V x A:
(VxA?=V(Ax(VxA)+ AWV x(VxA). (3.23)

The first term is a divergence and vanishes after integration, and the second
term may be rewritten as —AV?2A in the Coulomb gauge, see the derivation
of (1.58). This equals +w?A?/c? according to the Helmholtz equation. To
summarize, the contributions of E? and B? to Hp are equal in the diagonal
and opposite off-diagonal.

Knowing that the time-independence of Hyp expresses the energy conser-
vation of the free electromagnetic field, the proof that (3.18) is also time-
independent can be greatly simplified, see Sect. 3.4.

Photons are the excitations of the free electromagnetic field. The com-
mutators of the field operators can also be derived from the postulate of
canonical field quantization, without reference to the excitation spectrum.
The field equations are derived from a Lagrangian free field density,

Lr(A,0,A) = —(167) ' F,, F" = (87) "' (E* — B?), (3.24)
(with F,,, defined in (2.19)), by the principle of least action:
Sc [ d3rdtL = 0. (3.25)

The index C on the variational symbol ¢ restricts the variation of A to the
space of functions satisfying the Coulomb gauge VA = 0. The canonical
momentum field is

IT =0L/0(0yA) = —E, (3.26)

and H = ITOyA — L. The postulate of canonical field quantization is

[Ai(r), IT;(r")] = ih8 D 6(r — '), 82 = 8;; — 8;0;/ V. (3.27)



3.1 The Photon Field 107

The commutator is analogous to that of » and p, but it is complicated here
by the condition VA = 0, which requires [X3_,8;4;(r), IT;(r')] = 0.

In macroscopic matter, the electric polarization p of individual atoms
of density N,(r) adds up to a macroscopic polarization P = N,p. When
the magnetic polarization is negligible, the macroscopic Maxwell equations
are

D=E+4rP, VD =4rpne, VxB—0,D=4rj,/c,  (3.28)

where ppov is the movable part of p.;. P can be written as a power series in
the components E; of E, and frequently P = x(r)E is a good approxima-
tion:

D =¢E = —edgA, e=1+y=n> (3.29)

where n is the index of refraction. Dielectrics have pyoy = 0, such that the
Helmholtz and Coulomb gauge equations remain valid, although in slightly
modified forms:

(W?n?/c? +V?)A; =0, V(eA)=0. (3.30)
The Hamiltonian (3.18) is replaced by
Hp = (87)"' [d*: (ED + B?):. (3.31)

The canonical field quantization is changed accordingly, but the re-
sulting form (3.3) of the energy operator does not change! One could
write

(a5, al] = 0ij, N;=aja (3.32)
to notify that these operators refer to “polarons”. For constant n, the modes
of these particles have ¢ replaced by ¢/n. The important point is that one has
avoided complicated interactions by new decoupled modes. The correspond-
ing quanta are frequently called quasiparticles. The underlying local fields (to
the extent that they exist) are “quasifields” or “effective fields”. Sometimes,
quasiparticles exist only in a few selected modes. A spectacular example is
“squeezed light”, where in a certain mode m raising and lowering operators
get mixed:
=1, Ny =al am. (3.33)

m = pam +val,, |u? =[P =1, [am,a}]

In some applications, a; and aj are eliminated in favour of their Hermitian
components, which were called ¢ and —40; in the harmonic oscillator example.
For light, one defines the “quadrature” components,

Xl = é(aT +a)7 X2 = éi(aT - a)v [X17X2] = éi’ (334)
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for each mode separately. The electric field (3.10) for the plane waves (3.11)
is then for real €

E(r,t) = 2(hw/V)Y%e( X, sin(wt — kr) — Xy cos(wt — kr)). (3.35)

The matrix elements of a and af between Fock states follow from (1.225)
and its Hermitian adjoint,

(n'|a|n) = 0pr m1v/n, (n'|at|n) = 6, i1V, (3.36)

Consequently, all Fock expectation values vanish, (n|A|n) = (A), = 0. In the
complete field operator A(r,t), each a; and a;r changes the photon number
of exactly one mode:
1
(0l | A2 ning) = w2 (5n,1 v/ AL + 6 mlm/ngA;) Sut s
+(1+2).

(3.37)
However, actual fields can rarely be described by a single quantum state; they
require a density matrix formalism.

In the continuum limit, one considers instead of Hp the energy density
Ep = HF/V,

er = Hp/V = 25 [ d®kN\(k)hw/87%,  [ax(k),al, (k)] = 8730\nd3(k — k).
(3.38)

32C,Pand T

The Maxwell equations (2.20) are invariant under the charge conjugation
operator C, which reverses the sign of the four-potential A* = (¢, A):

Al =—-A": FE¢c=-E, Bc=-B. (3.39)

The extension of this invariance to quantum mechanics requires a sign change
of the electric current, j{; , = —jl;. We have argued in Sect. 2.2 that j/ differs
from the 4-current density j# only by the constant ¢, j% = ¢j*. Therefore C
invariance of the Maxwell equations requires

= . (3.40)
With 7# = ihd* — (q/c) A*, the charge-conjugate 4-momentum is

ng = iho* + (¢/c)AF = —7h*, (3.41)
where the star denotes complex conjugation. A Klein-Gordon equation (1.66)

containing AY, is
(=) (=7#*) = m?Jpe = 0. (3.42)
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This is nothing but the complex conjugate of the original KG equation,
Yo = P*. (3.43)

In this sense, the KG equation is C-invariant. The antisymmetry of its current
is satisfied by (2.27), j# = ¢*wH) + YrH**; the minus sign arises from
T — —gH* Tt — —qh,

The nonrelativistic Schrédinger equation (1.67) is not C-invariant, be-
cause it is linear in 7° = ihdy — (¢/c)A°. C invariance is responsible for
the profound differences between nonrelativistic approximations and the rel-
ativistic formalism and its physical consequences. As the KG operator is
second-order in 7°, the eigenvalue w,, of i9; need not be positive. For a gen-
eral 1 (r,t), the complete sum in (1.71) contains also negative energy states.
The latter ones exist for w down to —oo. With interactions included, all
charged particles could fall infinitely in energy, for example by emitting ra-
diation. Without charge conjugation, one may rule that all expansion coeffi-
cients vanish when w,, < 0. But 9)c = ¥* changes all e~** to e*** and turns
all positive energies negative. On the other hand, possible negative energy
states 1(7) in 1) are turned into positive energy states. The only known way
out is to replace 1 by an operator

=0 o) v = maapem it w0 = Sa_gqp_eit. (3.44)

a; is a meson lowering operator analogous to the a; (3.5) for a photon in the
mode %, and a_; is a raising operator analogous to the a;f for a photon, but
this time for a new particle, namely a meson of opposite electric charge. To
emphasize this point already in the notation, one frequently writes

a_; = bj, (LJLZ‘ = bl (345)
The neutral pion 7° has no electric charge and has in fact a; = b;, which
makes ¥ a Hermitian operator as in the case of light. For the 7~ on the other
hand, the new particle required by charge conjugation is the 7T, which is
also called the antiparticle of the 7~ (or vice versa). The operator ¥ is then
not Hermitian, one has

ot = Sialpreit 4 Sial gt e it (3.46)

Still, for A* = 0, there is no formal difference, because the free KG equations
for ¢ and ¢* are identical. For A* # 0, there is also no difference as long as
A* is charge conjugated according to (3.39). But if the total A* contains an
external, “classical” piece as in (3.7), the states are different. In particular,
an attractive Coulomb potential has bound states for 7~ but not for 7+. The
unbound scattering states of nT satisfy the equation for 7~ at negative w.
More importantly, the positron wave functions in 87 decays (see below) may
be calculated from the Dirac equation for electrons.
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Any closed system is charge conjugation invariant, apart from “weak in-
teractions”. Thus, if the Coulomb potential is provided by a proton nucleus p,
there should also exist an “antiproton” nucleus p, whose potential is repul-
sive for 7~ but attractive for 7+. C invariance requires profound deviations
from the traditional Hamiltonian quantum mechanics of binary atoms, to be
discussed in Chap. 4.

Atoms have fixed numbers of electrons, but as ¥ removes an electron,
it does not commute with the electron number operator. The connection
between wave functions ¢ and the operator ¥ is complicated. The aim of
relativistic quantum mechanics is to approximate the action of ¥ by effec-
tive operators in the subspaces of fixed electron numbers. One normally sets
¥(=) = 0. When necessary, this can be formalized by projectors on positive-
energy states. However, it would be inconsistent to keep such projectors in
completeness relations.

The Dirac equation is also charge conjugation invariant, but the necessary
transformation requires several steps. We take the form (2.8) but express a
as v2o in order to separate the Pauli algebra from the Dirac algebra:

(1° =Pom)yp = mefyp, (77— o T )Y, = mef. (3.47)

o, and o, are real, but oy is imaginary, o, = —0o,. There exists no unitary
matrix that would transform all three o* back to o. It is however possible
to transform o* into —o:

o* = -UloUc, Uc= <0 _1> =e /2 = g, ULUo =1, (3.48)

10
(7% + o) Ucthl = mefUc}. (3.49)
Next, the sign of the second operator in the bracket is changed by a (-
transformation as in parity, using v°3 = —3~°:
(7% —APom*)BUcYE = mcUcth,. (3.50)

In the final step, the sign of the left-hand side of (3.50) is switched by a ~°-
transformation,

(7% +YPon*) e = meBye, Yo = By Uct. (3.51)

This replaces the spinless transformation (3.42); it is surprisingly compli-
cated. The joint operator C'P fo charge conjugation and parity transforma-
tion is simpler, because the latter one brings another factor g,

Yop(r) =1 Uctp (). (3.52)
It is accompanied by the C'P-transformation of A*,

Agp(r) = —A(-r), Acp(r) = A(-r). (3.53)
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It has been found that the weak interaction is neither C nor P-invariant, but
that the ordinary beta decay (p — eTwvn) is still CP invariant. In other forms
of the weak interaction, C'P violation is small. If one postulates the invariance
of quantum mechanics under transformations that can represent classical
Lorentz transformations including space inversion, then one can comprise
beta decay only by taking C'P as the space inversion operator. The problem
is irrelevant from the mathematical point of view, as the group SL2(C) (2.99)
has no space inversion.

The Maxwell, KG and Dirac equations are also invariant under time re-
versal T, t' = —t, v’ = r:

Ag"(t7 T) = Ao(ftv 7‘), AT(ta T) = 7A(7ta T)v (354)

19 =7 wp = -7, (3.55)

AP* is to be taken at time —t. For T, the matrix transformation (3.49) is
already sufficient, because it changes exactly the signs of the three vector
components:

1pT(tv T) = UC¢*D(_t7 T)' (356)

The product CPT is particularly simple: With UcUg, = UZ = 1 and (¢})* =
1/)D7

Yepr(at) =1 pp(—at) = pp(—z") (3.57)

in the notation of (2.107).
We still have to check the antisymmetry of the Dirac current j# = j¥ + jI*

(2.320) under charge conjugation, jf = —j*, as required by the Maxwell
equations. We begin with j//c = lTO'lH 1; and express this form in terms of
the transposed spinors,

it'fe = ol = bruol U = uUbo"Ucdi  (3.58)

according to (3.48). Looking now at (3.51), ¥c = By Ui}, writing o# as
~v?Bot3~° and remembering v° = —1 for 9; as well as By = ¥, one finds
Jl = jff, ¢ and correspondingly jF = jl’f ¢» which disagrees with the expected
Jj&n = —j*. To resolve this contradiction, one must replace the Dirac spinor
function ¥p(r,t) by an operator ¥p(r,t) that lowers the charge of the state
on which it operates by one unit: It destroys an electron with () = ¥p, and
creates a positron with ¥(-) = Wpp. The minus sign arises from the postulate
that the components ¥, (o = 1,2,3,4) of ¥p and !I/g of LT/Z) anticommute.
The precise anticommutators will be derived in Sect. 3.3, they are

{W(i(r,t),WB(r',t)} =0apd(r —7"), {Wu(r,t),¥s(r',t)} = 0. (3.59)

The Dirac current operator will be denoted by jJ in the following. As the
form (3.58) has WZT and ¥; in transposed order, it has in fact an extra mi-
nus sign from (3.59), and the correct form is fwl,tra;‘tr![/;tr +26,,00(0). The
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last term arises from Yo 500307, 05 = tro;’ = 20,0. It is removed by an
antisymmetrization of jl,

/e = AWh 4" Tp] = LT, — Oy ol

r,tr

+ g’lTOlu‘pl - letfo-lﬁftr!plftr)'
(3.60)
This antisymmetrization is always understood but rarely written explicitly.
The resulting density operator pg is the antisymmetrised version of (2.312),
pu = 30 Up) = § (T}, — T, 0]

r,tr

+ U - 0. (3.61)

Commutators in (3.59) would lead to pg = 0. We shall see later that the
anticommutator form (which is required by charge conjugation) entails the
Pauli principle.

The precise meaning of the operators a; and a_; in ¥ (3.44) is best ex-
plained for a process in which a free electon of energy Ack®, momentum hk
and spin component mg is removed, for example in the reaction e"p — vn
(weak electron capture), where the proton (p) is transformed into a neu-
tron (n), and the electron into a neutral and massless spinor particle called
neutrino. The absorption of the initial and creation of the final particles re-
quires the field operator product ![/):!I/Z,!PJSP. For the electron field ¥, we only
need the component

Uk m, = etk [ak,mse_i“tu(ko, k) + a,,k,msemu(—ko, k)], (3.62)

with u given by (2.331). The scattering theory of Sect.4.2 predicts the con-
servation of energy and momentum, w+w, = wy, +w,, and k+k, =k, +k,.
These relations can only be saved if the antiparticle created by a_ g m,, ap-
pears in the final state instead of the initial state, such that for negative w,
energy conservation reads

Wp = wp +wy + (—w). (3.63)
Momentum conservation may be written as
k, =k, +k, +(—k). (3.64)

Consequently, the momentum of the object created by a_ g, is —k, not k.
The argument is extended to other quantum numbers which are additively
conserved, in particular to the electric charge: As the removed electron has
q = —e, a created anti-electron has ¢ = +e, which explains the name
“positron”. When the ag m,, of (3.62) contributes to e"p — vn, the a_ g m,
contributes to the “BT-decay” p — nvet. As a free proton is lighter than
a free neutron, 31-decay occurs only in certain nuclei.

The summation index i of (=) is normally inverted to —i as indicated
already in (3.45). One thus writes

Yo =e *in, v =yu(—k, —k, —my) /i = 7°(hk® + hka)'/2x(—m,);
(3.65)
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y5v agrees with —(3y°Ugcu* apart from a phase, Ucx(ms) = mgx(—ms). The
v® endows v; with an extra minus sign, which ensures uv ~ —mec + mc = 0,
instead of 2mc as in (2.341).

3.3 Field Operators and Wave Equations

The replacement of the one-electron wave function ¥p by an electron field
operator ¥p has far-reaching consequences. The precise Dirac equation ap-
plies no longer to single-electron states as in (2.87), but to the field operator
itself. With 7# = ih0* + (e/c) Afes,

ihdWp = [—eA%, + (—ichV + eAgor ) + mc2 G, (3.66)
where also Af,; contains field operators A* in addition to classical fields A;:
A =Ag+ A, A =A%+ A% —eAd =V(r). (3.67)

In the Coulomb gauge, A? | satisfies the Poisson equation (1.58),
—VZ Ay = A7 (pel — epu + poa)- (3.68)

In the case of atoms, pg is the nuclear charge density, py is given by (3.61)
and p’ is the charge density of muon, pion etc fields. In the following, pl,; is
neglected, and the antisymmetrization of pg is omitted. The solution (1.59)
of the Poisson equation for the operator part A° is then

A(r,t) = —e [ dF pg (v, ) )Ir — '], pw =L, )p(r' t). (3.69)

The physical meaning of A and A° is then very different: While A changes the
photon number by +1 according to our discussion of Sect. 3.1, A° creates or
absorbs electron-positron pairs. After elimination of AY, the Dirac equation
becomes a nonlinear integro-differential equation for the field operator ¥p.
Wave equations for atoms with electrons are easily derived within a Fock
space for electrons and positrons. We expand ¥p in terms of one-electron or-
bitals 1; p (r) exp(—iw;t) and the complex conjugates of one-positron orbitals,

Up =Upe +Upp, ¥pe = Zibithip(r)e ™, Wp, = Zdivhip_(r)et.

(3.70)

The operator b; is analogous to the a; of Sect.3.1; it removes and electron

from the orbital ¢;p(r). dj creates a positron, b;r creates an electron, and

N, = b;rbi is the electron number operator for the orbital 7. Surprisingly, this

is consistent with the use of anticommutators (Jordan 1927, Jordan and Klein
1927)

bibl + bib; = 0 (3.71)
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instead of the harmonic oscillator commutators bib; — b}bi = §;;, provided
one has b? = 0: The necessary property of a raising operator bt is

Nbi|ln—1) =n'2N|n), N =blb,;, (3.72)
compare (1.227). For the special case (b")? = 0 this is consistent with
bbb |n — 1) = bT (1 — b'b)|n — 1) = bl jn — 1). (3.73)

A good approximation for an electron bound in a state |a) to a nucleus is
expressed in terms of the electron-positron vacuum |0) as follows:

Ya(r1,t) = (0|¥p(r1, )b |0), (3.74)

because of (0|d] = 0 and (0[b;b}, = 0 for i # a. The index i = a picks the
desired orbital.

We now consider a simplified two-electron state, in which the repulsion
between the two electrons is neglected. That is to say, the electrons occupy
two orbitals |a) and |b):

Yap(r1,72,t) = 2_1/2<O|‘PD(7"1,t)WD("“2,t)sz)b2|O>~ (3.75)

The factor 271/2 ensures normalization, see below. The operator product
contains a double sum,

Yp (’l"l, t)g/D (’I"Q, t) = Ei,jbibj’(/)ip (’I"l)’(/)jp (Tg)e_i(wi+wj)t. (3.76)

Two combinations of indices contribute to (3.75), namely ¢ = a, 7 = b and
i = b, j = a. The first combination delivers the product ¢, (r1)1(rs). For
the second one, the two ¥p’s must be put into inverse order before ¥p(rq,t)
can compensate bl. This causes a change of sign according to (3.59). The
resulting two-electron state is

Yab = 272 e (r1)p(r2) — U (r1)Ya(r2)]e™t, w=w, +wp.  (3.77)

It vanishes for a = b, thus establishing the Pauli principle (Pauli 1925): an or-
bital can accomodate only one electron. Even in the absence of any interaction
between the electrons, factorizing states 1, (r1)¥p(r2) do not exist. Electrons
cannot be numbered, 7 is used for the position of any of the elctrons.

As an operator in the photon Fock space, the “electron wave function”
(3.74) satisfies (3.66) for A% = 0,

ihatl)f)l = Hﬂ/)l, H1 = V(Tl) + [*Zhvl + eACl(rl) + 6A(’I°1, t)]al + ’I’)’LCZ,BL

(3.78)

As A(r;y) changes the photon number by one unit, 1, (71,t) has no diag-

onal elements in the photon number space. The operator A° of (3.69) disap-

pears because of <0|W,TD = 0. When (3.78) is applied to the result (3.77) for
|ab), one gets
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ihO;|ab) = (Hy + Hy)|ab), (3.79)

which is of limited use because it misses the Coulomb repulsion between the
two electrons,
‘/12 = 62/7‘12, T12 = [(7’1 — 7‘2)2]1/2. (380)

Fig. 3.2. The angle 912

For a more general state ¥ po which is not an antisymmetrized product
of orbitals, one must replace b};bl|0> by a state |ee) which is only specified
indirectly by its eigenvalue —2e of the total charge operator ) which is con-
served:

Q= —c[drpy(r,t), Qlee) = —2elee). (3.81)
With the normalization left open, the generalization of the ansatz (3.75) is

U = (01Tp (r1, t)Wp (1, t)|ee) = (0|1 W5 ee). (3.82)

The field equation (3.66) for ¥; = ¥p(r;,t) (i = 1,2) is now written in the
more compact form

ih@t!l'/i = [Hl — eAO('r'i,t)]Q/i. (383)
And as H> does not operate on ¥, one obtains for ¥ po
(zh@t — H1 - H2)7/1D2 - <O| [(Zhat — Hl)%]wz +W1 [(zh@t — HQ)WQ] |6€>. (384)

The combination (0|(ihd; — Hy)¥; = (0|A%(r1,t)¥; vanishes again because
of (0]A° = 0. The second round bracket is —eA°(rq,t), for which we insert
(3.69):

(zh@t — H1 — Hg)’(ﬂpg = —€<O|W1 fd3r’W’T!I/’(e/\r2 — ’f'/l)W2|6€>. (385)

The operator ¥'f = ¥i(r/ t) is now anticommuted to the left of ¥;, where one
may use (0|¥'T = 0. In this procedure, however, there remains the following
anticommutator:

3,0 {wal (Tl)a wg(,r/)wﬁ(,r/)} 3T/6(7'1 - T/)Won (T/) _ Q/Otl (,,.1)
;/d |ro — 7/ /d | — 7| T
(3.86)
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Thus, (3.84) finally becomes
(ihdy — Hy — Hy — Vi2)pa = 0, (3.87)

which is the desired “Dirac-Coulomb” equation. The postulate of canonical
field quantization was formulated for the electromagnetic field in (3.27), but
it was not used there. Instead, the formalism was based on the counting op-
erator N for free field quanta, namely photons or polarons. An analogous
Fock space basis exists also for the electron field operator, but the decompo-
sition into single-electron orbitals neglects their mutual Coulomb repulsion,
as we have seen. For comparison, the interaction between photons or polarons
is so weak that one can have large amounts of quanta before it is felt. For
electrons, the canonical field quantization is most conveniently formulated if
the field equation (in this case the Dirac equation) is already known: There
exists a QED Hamiltonian Hqgp as a space integral over products of field
operators, such that the field equation follows from the commutator between
the field and HQED;

ZhatW(T) = [W(’I’),HQED], (388)

One piece of Hqgp is already known, namely Hr (3.18), which commutes
with ¥ = ¥p. We now add the electron-positron piece,

H, = [ &' 0L )(V - 1eA® + cma + mc?y0)Wp (r'). (3.89)

To obtain the field equation as a local differential equation from (3.88), it is
clear that ¥(r) must either anticommute with ¥ (r’), in which case its an-
ticommutator with ¥'(r’) must have the form (3.59) in order to cancel the
[ d3r', or it must commute with ¥(r’), in which case a commutator must
be used (see below). For electrons and also for muons, charge conjugation
invariance requires anticommutators, as we have seen. In the particular case
of (3.89), note the factor ; in front of A°. It disappears in the Dirac equation
because ¥j, A%, is quadratic in ¥},, compare (3.69). The complete Hamil-
tonian of quantum electrodynamics is

HQED :HF+He+Hy+Hscalar+"' (390)

Here Hgca1ar contains the contributions of “scalar fields” for the charged spin-
less particles, such as 7%, see Sect. 4.9. The dots represent the Hamiltonians
of possible additional fields that contribute also to p.;.

Both the Maxwell (2.20) and Dirac (3.66) field equations may be derived
from the principle of least action (3.25), applied to the Lagrangian

L = (4n) "Wp(yum" —m)¥p — Y F,, FH],  wt =iho* —eAr.  (3.91)

As we know these equations beforehand, there seems no need to define L. But
the space integrals (“loops”) of higher order perturbations are frequently di-
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vergent, in gross contradiction with the spirit of small perturbations. Already
the lowest nonvanishing “self-energy”, depicted by graph a in Fig. 3.3 below,
produces an infinite energy shift. It can be compensated in (3.91) by an ad
hoc mass counterterm Am()WpWp, such that m in (3.91) has little to do
with the measured electron mass. The same complication arises with the
electric charge e in (3.87), which gets “renormalized” by the “vacuum polar-
ization”. The first-order mass renormalization is nicely explained in the book
of Sakurai (1967). A more convenient method is the “dimensional regular-
ization” (see Sect.5.3). For the QED Lagrangian (3.91), renormalization can
be extended to all orders, leaving behind smaller and smaller finite terms.
Such a field theory is called “renormalizable”. Until Sect. 5.3, our masses and
charges will be the physical, “renormalized” ones, e = 0.08542 (1.148) and
mec® = 511keV for the electron. The corresponding L (3.91) is not particu-
larly fundamental.

As the electron field operator disappears from equations such as (3.87), the
Pauli principle becomes a separate postulate. The permutation operator Pjs
for two “identical particles” such as two electrons commutes with H = Hy +
Hjy + Vi9, thus allowing common eigenstates of H and Pja:

PioH = HPy3, Piay = nioyp. (3.92)

With Pty = 4, the eigenvalues 712 are +1 and —1. The Pauli principle
excludes the value 4+1 by hand.

Nuclear motion may be included in (3.87) by a nuclear Hamiltonian term,
normally in a nonrelativistic form:

H, = —X;V2,/2mp; + Xic; Z;Z;€° [T ij.

Atoms have only one nucleus, but molecules such as Ho or Ny may have
several identical nuclei. For any two identical particles ¢ and j, the wave func-
tion 1. ,, of the complete system of electrons plus nuclei has n;; = (—1)%%,
s; being the spin of particle ¢. This is the famous “spin-statistics” theorem.
For integer s;, it is known as the “Bose-Einstein” principle. It has drastic
consequences particularly for s; = 0: In the vibrational ground state of Na,
all odd rotational excitations are missing, provided both nitrogen nuclei are
of the spinless “N type.

Like the Pauli principle, the Bose-Einstein principle follows from quan-
tum field theory: The spinless field operator satisfies a Klein-Gordon equa-
tion. The charge conjugation symmetry (3.40) of its current operator requires
commutation relations instead of the anticommutation relations (3.59),

[Wi(r,t),T(r' t)] =6(r —7'), [@(r,t),¥(r,t)]=0. (3.93)

However, local quantum fields for isotopes such as '*N, 13N are of little use
in other contexts. The spin-statistics theorem is probably more fundamental.
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3.4 Breit Operators

The “Dirac-Coulomb equation” (3.86) still contains the photon field operators
A; = A(r;,t). Although their expectation values (A)p vanish for all Fock
states (3.2), it must be remembered that a general state of the electromagnetic
field is a superposition of Fock states. The nondiagonal matrix elements of A
(3.37) appear in second order perturbation theory. In that order, two terms
arise from the combination A; As; they can be replaced to some extent by an
equivalent “Breit” operator. For its calculation, we separate the full operator
into an “unperturbed” operator H¢ in which A is missing, and a perturbation
Hpe; which is linear in A; and Aj:

Hper = Hp1 + Hpa, Hpy = eA(r, t)oy. (3.94)

The unperturbed Dirac-Coulomb equation reads
Hey) = ESyd,  He = Hic + Hac + €2/, (3.95)
Hic =V(r;) +m a0 + mc?f;, i = —ihV,; + eAa(r;). (3.96)

The standard time-independent perturbation theory for an eigenvalue
equation Hy = F is needed now to the second order. The first-order shift
vanishes because of (A) = 0. This is good as A is time-dependent; the time
dependence vanishes in the combination (n|Hper|k)(k|Hper|n).

As Hp,, (3.94) contains two terms, two factors of Hper produce four terms,
namely H7y, Hp, and Hy Hyy = HyHpi. The first two terms are “self-
energies” and contribute to the Lamb shift (Sect.5.5); the other two produce
the Breit shift Ep ,, to order a*:

Ep .y = 255sn (n|Hpy |k) (k| Hpo|n) (ES — ED) 7. (3.97)

In (n|Hp|k), only the annihilation part cX;(h/w;)/%a;A;(r1)e” ™t of A
(3.7) contributes, and in (k|Hpz|n) only the corresponding creation part, con-
taining aIA;‘ (r2)eit with the same index 7. In the product, the t-dependence
disappears. The summation index k comprises the index i for the cre-
ated photon and an index n’ for the intermediate two-electron states. With
(Olasal|0) =1,

Epp = 2€* 3 (he/wi) [ ot Ai(r1) [ Y], antbn A; (75) /AE,  (3.98)

AE = E° — EY, — hw;. (3.99)

L T LT

Fig. 3.3a,b. (a) Self interaction and (b) Photon exchange

a



3.4 Breit Operators 119

The integration over r; and 74 is understood in the first integral (remember
that 1 = ¢ (r1,72) is a two-electron wave function); the second integral has
integration variables v}, r,. The X, includes an integral over the continuum
of unbound electrons, but the main contribution comes from states for which
E9 — EY, is significantly smaller than hw;. We use the approximation AE =
—hw;, which leads to a great simplification via the completeness relation
(1.250), which in our case becomes

X (71, rg)wl, (P}, 75) = d3(r1 — 7))d3(re — 75), (3.100)
EB,n = —262h02i fw};alAi(rl)a2Af(r2)/hwi2. (3101)

This has the form of an atomic expectation value. With h = 27h,
EB,n - <HB>n7 HB = —471'6221‘(4};2@1141‘(Tl)GQA:(’r‘Q). (3102)

Hp is the Breit operator, which reproduces Ep, already in first-order
perturbation theory. For plane waves A(k) and in the continuum limit
(3.38),

Hp = —¢€? fd3k(27r2k2)_12i2:1a16ikr1e(i)age_ikme*(i). (3.103)

Due to the Coulomb gauge condition ke = 0, the tensor Ty, = E.Zzlel(i)e,ﬁi)

is not simply d;,,, as for a complete set of vectors, but
Ty = S22 = 61, — Kk /K2, (3.104)
such that k - T',, = 0. Consequently,

Hp = —e* [ Pk(2r%k?) aran — (alk)(agk)/k2]eikr, =17 — 7o
(3.105)
The first integral gives

[ dk(2n?k?) ek = 1)r. (3.106)

It follows from the inverse Fourier transformation (which contains a fac-
tor (2m)73) of (4.50) below. Strictly, the factor k% must be replaced
by (k* + a;?)7!; as is an “infrared cutoff” in this context: it re-
moves the photons of wave numbers k having k*> < a;2? from the
field A(r,t). At the end of the calculation, one sends as — oo. The
second integral is reduced to the first one in two steps: Firstly, one
notes

ke'kT — _iveikr (3.107)

and takes the V outside the integration. Secondly, one writes

k/k* = -1V (1/k*) (3.108)
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and performs a partial integration over k:

—iVy [ ke Rk, [ (202K = iV, [ P keRT,,(20°K2) T = LVir,

(3.109)
[ Bke®T ki, ) (272KY) = 161 /7 — Lrir /. (3.110)

The complete final expression is thus (Breit 1929)
HB = 7%‘/12[(11012+(Oll7')(ag’l°)/’f‘2], V12 = 62/7". (3111)

Note the change of sign inside the bracket! The Dirac-Breit equation reads
(ihdy — Hy — Hy — V1o — Hp)hpo = 0. (3.112)

It is easily extended to more than two electrons.

Although Hj,; and Hp, are time-dependent, the combination (3.97) is
not. There exists a more elegant formalism which removes the t-dependence
directly from A = A(r, t). Using the time-independence of Hp = Z’ihwia;[ai,
one substitutes

A(r, t) = etHr/h Ag, e~ itHr /P (3.113)

Aga, = e HHr/h Ay, t)ettHr /R, (3.114)

The time derivative of Agy, is
ihdy Age, = e /M (Hp A — AHp + ih[8;, A])etHr/m, (3.115)

Any mode A; in (3.7) satisfies
iRy, As] = wi Ay, 1[0y, AT] = —w; Al (3.116)

which leads to
ih|0:, A] = [A, HFp], (3.117)

and thus to ih0; Ase, = 0. The operator e**7/" has the physical meaning of
a shift of the time variable by —t, compare (1.275); the connection between
A and Agg, is simply

ASch = A(T‘, 0) (3118)

Asgcy is called the Schrodinger picture of the vector potential operator, and
A its Heisenberg picture. In the absence of external time dependene, all op-
erators of the KG, Dirac, Dirac-Breit etc. equations are time-independent in
the Schrodinger picture, which guarantees the existence of stationary solu-
tions as in (1.44). The equations of nonrelativistic quantum mechanics have
the form ihdyp = H,1p, where Hy, is Hermitian, and time-independent for
closed systems. In such cases, one may transform all operators as in (3.113),
but with Hp replaced by the full H,,. This Heisenberg picture has all time
dependence of ¥ moved to the operators. For example, the position operator
T satisfies

thdr /dt = [r, Hp,|. (3.119)
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In this this book, only A is taken in the Heisenberg picture, which is called the
“interaction picture”. Here, ¢ appears only in connection with the interaction
between the charged particles and the photon field. The operators of relativis-
tic quantum mechanics are often energy-dependent, in which case the Heisen-
berg picture is meaningless. This applies in particular to the KG and Kramers
equations. The Dirac Hamiltonian which is derived from the Kramers op-
erator (at the expense of doubling the number of components) is energy-
independent, but replacing H,,, by Hp (2.87) in (3.119) still makes no sense.
It leads to dr/dt = v = ca, which implies v?/c? = a® = (y°0)? = 3. This
latter result shows also that Hp (3.111) cannot be used beyond first-order
perturbation theory. In (3.168) below, it will be replaced by a better operator.

3.5 Two-Electron States and Pauli Principle

The Dirac-Breit equation in a nuclear Coulomb potential is difficult to han-
dle except for nuclei of large electric charges Ze, where Vio and Hp may
be treated perturbatively. For Z > 1, the unperturbed states of the inner
electrons are determinants of one-electron orbitals (“Slater determinants”),
which for two electrons have the form (3.77). The Dirac orbitals may then be
taken as eigenstates of jf and ji., j% and ja,

ji=l+01/2, jo=1Ilz+0y/2 (3.120)

The effects of V5 and Hpg require not only the combination of the product
states |jim1)|jamz) into states [jm) by means of CG-coeflicients (2.123), but
also a superposition of such states with different j; and jo, at fixed j and m.
The conserved total angular momentum operator of an isolated atom (with
a spinless nucleus) is normally denoted by the capital letter J; for a two-
electron atom this is our j:

J =341 +Jo (3.121)

This basis of states is needed for “jj-coupling”. For lighter atoms, however, V14
is more important than relativity, in which case the LS or “Russel-Saunders”
coupling is more convenient. Here the orbital angular momenta I, and [, are
first coupled to a total angular momentum ]3, to which the total spin operator
S = o0/2 is added:

J=L+S8, L=0L+l,, S=0/2, o=01+0,. (3.122)

Capital letters S, P, D indicate the eigenstates of i(i + 1). Without rela-
tivistic effects and in the absence of magnetic fields, L commutes with the
total potential operator Vi,

[‘t’a ‘[cot} = 07 Viot = V(Tl) + V(TQ) + V12(7‘). (3123)
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This is so because with r = [(r; — 79)2Y2, [I1, Via(r)] = —[la, Via(r)]. Tt is
also geometrically evident, as L generates rotations of both electrons by the
same angle: From (1.273), we have

D.(a) = exp(—il,a) = exp(—ily, ) exp(—ily.cx). (3.124)

The distance r between the electrons is unchanged by this rotation.
In Sect. 3.6, we shall derive from the Dirac-Coulomb equation the nonrel-
ativistic Pauli Hamiltonian for two spinor particles,

ihOps = Hpptbs, Hyp = (m101)%/2my + (7209)%/2ma + Vies.  (3.125)
For A =0, H,, reduces to a totally spin-independent operator,
H,.(A =0) =pi/2m; + p3/2mz + Vies. (3.126)

In this approximation, spin has become an “internal degree of freedom”. The
corresponding solutions of (3.125) have a factorizing form,

QZ}S = wspinless('rla 7‘2)X12- (3127)

For two different spinor particles as in neutral muonic helium (ap~e™, a =
helium nucleus), x12 may be taken as the direct product of eigenspinors x1
and y2 of 01, and 09,

X12(Mms1, ms2) = X1(mMs1)Xx2(Ms2). (3.128)

For two electrons, however, these states exist only for mg; = mgo. The Pauli
principle requires g to be antisymmetric under the simultaneous exchange
r1 & Ta, Mg <> Ms2. And as the solution (3.127) factorizes, one factor must
be symmetric, the other antisymmetric. The symmetric x12(ms1 = ms2)
requires an antisymmetric ©spinless = ¥as- Lhe resulting g is called “ortho”:

wortho = 77[}3,5 3Xms7 Mg = Mg1 + Ms2. (3129>
For mg = 41, one has indeed ™ = x1(ms/2)x2(ms/2). For ms = 0, on

the other hand, the direct spinor product must be symmetrized by hand.
Including a normalization coefficient 271/2,

N =272 (xe(—3) +xa(=3)x2(3)]- (3.130)

The notation 3™ merely means “triplet”; the triplet comprises the three
values my; = 1, —1, 0. The only antisymmetric combination,

N =272 (Dxa(=1) — xa (= Dxe (D], (3.131)
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is then a singlet. The corresponding spinless must be symmetric, the resulting
g is called “para’:

wpara = wsy (7'1; 1‘2) 1XO~ (3132)

In the “orbital” approximation, the atomic ground state is g9 =
Yo(r1)to(r2). The ground states of two-electron atoms and ions are always
spin singlets, even in cases such as H™ where the orbital approximation is
insufficient (Sect. 3.8).

Note that the mere symmetries of the spin functions entail eigenstates of
S? = 2/4. As |m,| = 1 is the largest possible value of |m,|, it belongs to
the value 2 of s(s+ 1). The lowering operator S_ = S;_ + So_ is symmetric
under the exchange 1 <+ 2, it cannot transform a symmetric state into an
antisymmetric one. According to the CG-construction (2.126), ° has thus
also s = 1, and the remaining singlet state has s = 0. Of course, one may
also verify the eigenvalues of o2 directly by means of

02 =034+ 02+ 2010, =6+201.00, +4(014,00_ +01_024), (3.133)
where ;4 are the raising and lowering operators (2.62).

The situation for ¥g is very different from that of the one-electron nonrel-
ativistic and unperturbed state ¥°, where a certain combination of Xl(%) and
x1(—3) was taken in (2.265) in anticipation of the relativistic perturbation
Vzi. The present H,,. (3.125) contains no such perturbation; the form (3.126)
contains no spin whatsoever.

The level scheme of helium is indicated in Fig. 3.4. The level notation is
adopted from the uncoupled orbitals |nq,11)|nsg, la), even though the coupling
due to the Coulomb potential e?/r;5 between the electrons is not neglected.

E
[eV] ‘k - Pf{a ~ s Or/tglo ~
ls 1P lD BS 3P 3D
0.0
1s3s 1s3p 1s3d (a3 153P 1s3d
1s2p 182
48 1s2s s<p
1s2s
—24.6
1s?

Fig. 3.4. Helium levels with one electron in the ground state 1s. The zero of FE is
chosen accordingly
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One of the two electrons is always in the ground state, |ny,l;) = |1s). States
with both electrons in excited states are auto-ionising: One electron de-excites
and ejects the other one into the continuum (“Auger-electron”). The energy
levels including the Coulomb repulsion in first-order nonrelativistic pertur-
bation theory are

E=FE +E+EL, Ei+Ey=—-Z°Ro(14ny2), EL = (e?/r12). (3.134)

As the spin functions are separately normalized, (€2/r12) needs only the or-
bital functions

Yoy, as = 272 [Y10(71) ¥y 15 (12) £ P10(12) Yz 10 (1)), (3.135)
(€2 /T12) parasortho = [ A*T1d>Ta|110(P1)Yn, 15 (12) £ Y10(72) 0, 15 (11)]2€? /1.
(3.136)

There are altogether four integrals in (3.136), which are pairwise equal. One
abbreviates

Eé‘ = <e2/r12>para,ortho =J=x K, (3137)
J = [ @r1dPra|p1o(r1) [Pty 1, (12)[?€? /712, (3.138)
K = [ d*r1drotpio(11)¥ng 1, (T1)¥10(r2) 5, 1, (P2)€? /712, (3.139)

Both J and K are positive, such that the para-levels ly above the correspond-
ing ortho-levels. J has a probability interpretation, as |110(71)|?%n, 1, (72)]?
would be the joint probability to find the first particle at position r; and
the second one at position 75, provided the particles are distinguishable. For
identical particles, this interpretation is excluded by the second integral K,
which is called the “exchange energy”. Both integrals can be performed ana-
lytically, but first one has to expand 1/r;2 in terms of Legendre polynomials
P;(u), with u = cos 015 and 615 shown in Fig. 3.2:

1";21 =(r}+ri-— 2r1r2u)_1/2 = Tfl(l +7r3/r} — 2ur2/r1)_1/2
= Zré/rllJrlH(u).
1=0

This expansion converges only for ro < rq; otherwise ro must be extracted
from the square root:

oy = Zﬂ(u)[rlg/rllﬂ@(rl — 1) + 7t /riHO(ry — 7). (3.140)
1=0

Next, P;(cosf12) is decomposed into products of spherical harmonics as fol-
lows:

Py(cos f12) = 4w > V™ (121) Y™ (622). (3.141)
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All angular integrals are then performed by means of the orthogonality re-
lations (1.186). Only I = m = 0 survives in J, and [ = lp, m = my survives
in K. The ground state (1s)? has

1,/}10(7') = (471')71/2]%10, Ry = 2(Z/(IB)3/267TZ/GB, J=K= gZROO
(3.142)
In the excited states |1s)|ngla) with Iy > 0, the factor 75 pushes the maximum
of Rp22 to the region 7o > r;. This implies (r12) ~ (ry) and suggests an
asymmetric splitting of Vio (3.123):

Viet = —Ze%[r1 — (Z — 1)e? Jry — €2(1/ry — 1/r13). (3.143)
Neglect of the last bracket leads to
E~—Z°Ry, — (Z —1)?Ry /n3. (3.144)

An improved treatment includes the multipole expansion (3.140) for ro > rq,

ry b =y =y 2u 4 rirg P Pa(u) + . ). (3.145)
The decomposition (3.141) shows that every term in (3.145) has vanishing
expectation value. However, second order perturbation theory does produce
nonvanishing “polarization” energies. Here we only treat the dipole polariza-
tion, which arises from the first term in (3.145). The outer electron slightly
displaces the wave function of the inner electron. This increases the mean dis-
tance between the electrons and reduces their mutual repulsion. The second-
order perturbation theory of Sect. 2.7 leads to (2.218), which by (wo|wt) = 0
reduces to

E® = (49| Hper|90Y),  Hper = €2r175 2u. (3.146)

The complicated expansion (2.219) of ¢! can be avoided in this case. The
intrgration over u = cos in (o|Hper|1?) shows that 1! must also contain
a factor u, which then gives fil u?du = 2/3. From the point of view of the
inner orbit, e?/r3 is a constant, (it is —e times the electric field E caused by
particle 2 at fixed distance 7). It follows from (3.146) that E) will contain
a factor e?/rj, which acts as an additional operator for the outer orbit. For
the (non-degenerate) ground state of an arbitrary atom, one defines

E(2) — —éaelEQ = —éaelez/r; (3.147)

where a.1 is called the electric polarizability.
The calculation inserts the ansatz ¢! = uf(r) into the equation

(Hy — Ey )y = €°rry *uado (3.148)

for 71 = r, which is taken here in nonrelativistic form. The —V?/2m of H;
gives —V2u/2m = u(—0% — 2r=19, + 2r=2)/2m, after which the factor u
cancels from (3.148). The resulting differential equation for f,
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fror f — 2 f 4 (=22} 4 2Z apr)f = (47)"Y2Ryy  (3.149)
is solved by
f=—(ra% /23" YVr;%(rag/Z + %rz)e_rz/aB (3.150)

and leads to a1 = (9/2)(ap/Z)3. This method has been extended to some
other perturbations by Dalgarno and Lewis. Details can be found in the book
by Schiff (1968). Relativistic corrections use Coulomb Greens functions (Zon
et al. 1972). Kaneko (1977) includes higher multipoles. The energy E®)(ry)
is now used as additional potential in the equation of motion of the outer
electron. This is an “adiabatic” approximation, which neglects the influence
of Hy on the inner wave function, which after all does depend both on 7
and ry. Equation (2.259) shows that (r—*) exists only for L? > 0, while (r~)
exists only for L2 > 2 (I > 1).

3.6 Elimination of Components

For a single electron, the small Dirac spinor components were eliminated in
Sect. 2.8, and a transformation (2.239) was added in order to preserve the
Hamiltonian form ko) = Hzp, see (2.241). A more general approximate
elimination of components is due to Foldy and Wouthuysen (1950); it splits
the Dirac equation into two separate Hamiltonian equations. The method
has been extended to two fermions by Chraplyvy (1953), Barker and Glover
(1955). In this section, we first present this “CBG”-method. Next, we elimi-
nate the small components of the wave function for two electrons, which will
yield (3.125) in the nonrelativistic limit. Finally, we turn to a very general
method for eliminating half of the components of the Dirac-Coulomb-Breit
equation for a closed system, which includes the nucleus as just another struc-
tureless fermion. Its anomalous magnetic moment coupling will be added in
Sect. 5.7. Spinless nuclei are more complicated (Sect.4.9). It will become clear
in Chaps. 4 and 5 that closed relativistic systems have some general proper-
ties, which persist even in their coupling to the radiation field.

The CBG-method keeps 31 and 3, diagonal and eliminates 7} and ~3. In
the one-fermion case, one writes

H = 3mc® + H. + H,, (3.151)

where the “even” operator H, may contain 3 but not v°, and the “odd” op-
erator H, is proportional to 4°. Otherwise, H, and H, need not be specified
and may contain additional interactions, for example of additional nonrela-
tivistic particles. A unitary transformation ¢ = e*1)’ that commutes with
ihO, gives after multiplication by e’ the transformed Hamiltonian equation,

ihdy) = H'Y', H' =eSHe ™. (3.152)
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Insertion of the exponential series (1.274) gives
H' = H +[iS, H] — ;[S,[S, H]] — §[S,[S,[iS, H]]] ... . (3.153)
In a first approximation, H, is removed by
S~ S =iH,/2mc?p. (3.154)
The factor ° in H, gives for the main term Bmc? of the first commutator
H,0—BH, =2H,p(, (3.155)

so H, is in fact cancelled. The part [iS, H.| is a new odd operator which is
eliminated in a second step. In this manner, one arrives at the Hamiltonian
of Foldy and Wouthuysen,

Hypw = pmc® + H, + H23/2mc* — [[H,, H.), H,| /8m?*c* — H23/8m>c°.
(3.156)
For two relativistic particles, (3.151) is generalized as follows:

H = Bimyc® + Bomoc® + Hoe + Hoe + Hep + Hoo. (3.157)

H,. and H,, contain factors ’y% and ’yS, respectively, and H,, contains a factor
73~5. In practice, H,, is the Breit operator (3.111), which for the present
purpose is put into the form

Hp =cby}vs, b=—1(o102+ 01,00:)Viz/c. (3.158)

Removal of this operator requires a component S,, in the transformation
(3.153),
Soo = (Bamg — Bimy)Hoo/2¢* (m3 — m?). (3.159)

The Chraplyvy-Barker-Glover Hamiltonian becomes
Hepa = Bimic® + Bomac? + Heo + H2 /2m3c2 6, + HZ /2m3c? By (3.160)

+[[Hoe; Hee]; -H'oe]/SWL?C4 + [[Hem Hee]y Heo]/8mgc4
_H:)le/gm:lacﬁﬁl _H§O/8mgcﬁﬁ2 +/61ﬁ2{{Hoea HOO}7 Heo}/4mlm204~ (3161)

It represents four separate four-component equations, one for each eigenvalue
of 81 and B5. For 81 = B2 = 1, both particle energies come out positive. The
Dirac-Breit equation (3.112) has

Hee = V%ota Hoe :C’yirldlﬂ'l, ng = 62(0'1771)2. (3162)
Equation (3.160) is the nonrelativistic Hamiltonian anticipated in (3.125).

Among its many terms, the two spin-orbit potentials are quoted here for
later reference:



128 3 Quantum Fields and Particles

VSEG =lo V' (Amit +my ) 2mar, VSPC =looV/ (Img ' +myt)/2mar.

(3.163)
Their expectation values are simplified by (o2) = (071), as (61 —02) vanishes,
both for triplet and for singlet spin states:

(VEBG L VEBGY — (1o V' /2mymar) (2 + my /2my + my/2my).  (3.164)

Hcpe is a power series expansion in Hye, He,, H,, but not in H... However,
with H,, = Hp (3.158), one has H2, = c*b® ~ V3 ~ H2, contrary to
the assumed dominance of H... As Hg was constructed using first-order
perturbation theory, it is advisable to replace it by an operator with the
same expectation value but with a negligible square (Malvetti and Pilkuhn
1990, 1994). For stationary states of total energy E, the following notation

will be used:

0_ . _ _ )
Viot =Vi+ Vo +Vig, 7@ =ihdy — Viot/c, T =T101, T =m0y :

(3.165)
(7% =T =32 — Hp/e)pp2 = c(m1f1 +maf2)¢ps. (3.166)

One substitutes
Yp2 = (1+ Hp/27°)¢pp, (3.167)

multiplies (3.166) by 1 + Hp/27% and sets all terms containing HZ equal
to zero. Due to {Hp, 3;} = 0, the right-hand side of (3.166) gets no linear
terms:

(n° — A3 — ime — {Hp/2n%,yim1 + ¥3ma})¥pp = c(miBy + moB2) Db
(3.168)

Insertion of (3.158) gives
{Hp/2mc,}m; +y5ma} = {b/27°, v3m1 + A7 m2). (3.169)

One now has Hy,, = 0 in (3.157), and the series expansion is harmless. How-
ever, nonrelativistic expansions have another defect, which has been men-
tioned already in Sect.2.8: Higher-order operators such as w® in (2.249)
become forbiddingly singular. Special “regularization” procedures must be
introduced already at the order af, which go under the name “nonrelativis-
tic quantum electrodynamics” (NRQED). Each power of H,. and H., con-
tributes one power of V1 and Vs, such that Hepg is a “nonlocal” operator,
with all powers of gradients. The original relativistic differential equations of
quantum mechanics are local, however; they contain at most two derivatives.

We conclude the CBG elimination with an approximate reformulation of
the unfamiliar operators (3.169), by inserting 7 ~ E/c =~ mjac in b/27°,
with b = —(0’10‘2 + UlrUQT)V12/2CZ

{b/27‘(’0,ﬂ'1} = 7{(0’10’2 + Uer'QT)V12,7710'1}/4m1202. (3170)

With Vi = 62/7"12 and the definition 0'1X2 = 01 X 09, one obtains for A =0,
7; = p,, and for j # i.
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—{(o102 4+ 01,02, )V12,p,0:} = —Vi2(0ip; + 0irpjr + 075, /T12).  (3.171)

The operator —75V1201X2,T /4myac®r1o has the form of a hyperfine interaction
(Sect. 4.7). The combination

bkp = — 3 Vi2(01Ps + 01,D2r) (3.172)

is the Breit interaction between an electron and a spinless particle 2
(Sect. 4.9).

Now we come to our main topic, the fully relativistic elimination of com-
ponents. We first treat (3.166) for two fermions. The operators vv3 and (31 32
commute with each other; they have common eigenstates. The components
of ¥ py with eigenvalues 41 of 47+3 will be called v and Y, respectively:

Ypo = (iﬁ) . BHY =9, Yx=-x (3.173)

Their eigencomponents of 3; 82 will be distinguished by a single index, g or f.
They are expressed here in terms of the chiral components of ¥ pao:

w:<d)g>: 1 <wrr+’¢)ll> X:<X9>: 1 <wrl+wlr>

wf \/2 d}rr - '(pll ’ Xf \/2 wrl - 7/)17" '
(3.174)

The first index r or [ refers to the eigenvalues +1 or —1 of 77, the second one

to the eigenvalues of v5. Equal indices imply 773 = 1. 3; exchanges r < [
in the ith index. In particular, the phase of x has been chosen such that

Batp =x, Box = . (3.175)

14 and x4 are the “large” components of ¢ and x; their “small” components
1y and xy vanish in the nonrelativistic limit. More important is the fact
that 14, ¥y and x4 are symmetric under the exchange of their two indices,
whereas x ¢ is antisymmetric. It is the singlet in the space of “D2” states. In
analogy with (o1 + o2) X = 0 in ordinary spin space, it fulfills

(¥ +7)xs =0, (Br+B2)xs =0, (3.176)
(V281 +73B2)x5 = 0. (3.177)
The last equation follows from
VB + 7582 = L +93)(B1 + B2) — LB+ B) (W +13).  (3.178)
5

With the notation 8 = (8., 8,, 8:) = (+°, iv°3, B), (3.176) and (3.177)

can be summarized as
(B1+B2)xy =0. (3.179)

For two electrons, the Pauli principle admits x; only in connection with
triplet spin states and symmetric states in r-space, or in connection with
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singlet spin states and antisymmetric states in r-space. In the classification
of helium levels (Fig. 3.4), such combinations are not mentioned because the
terminology refers to the large components, as in the case of parity.

In the equation for 1, one may now use 75 = 72 = +°, while that for x
has —y3 = 7} = ~+°. In addition, 3, is eliminated by (3.175). With all Dirac
matrices of particle 2 eliminated, we may abbreviate

V=" Bi=pB, mo+Bmi=m,. (3.180)

In the basis (3.173), (3.166) becomes a coupled pair of equations for ¢ and .
Using ¢ = 1 from now on,

(70 — AP (m +ma) — bl =myy, [7°—~°(m —m2) +blx = mytp. (3.181)

For m; = mga, my = my(1 + () vanishes for 5 = —1, which reduces (3.181)
to

7"'01/)f = Typtfg, 770% = 2mixg + 7T+b(770)71¢g7r+b1/’97 (3.182)
woxf = T_pXg) 7T0Xg =2myy + W,b(ﬂo)_lwgw,bxg, (3.183)
mip =7y ke D, (3.184)

Using (3.184) to eliminate x4, one obtains for ¢,
(70 — m_p(70) P ] [70 — mop(70) TP p]hy = Amiep,. (3.185)

The approximations b = 0, 7 = 2m; in the denominators and 7° = 2m; +
i0/0; in the numerators lead to (3.125) for m; = ma.

Next, we consider arbitrary masses in (3.181) and eliminate x by means
of the first equation to obtain a second-order equation for 1) alone:

(70 — P (m1 — m2) + bJm 70 — AP (m1 + m2) — bl = mep. (3.186)

This equation is greatly simplified in the cms, where for A = 0 (p;01 —
P202) (P01 + Pyo2) = p? — p3 = 0. It will turn out in Sect. 4.6 that (3.186)
is not only of first order in Ep = p,, but also of first order in E2.

The parity transformation of ¥ is

Y'(r1,r2) = BY(—T1, —T2). (3.187)

For m1 = mg, the Pauli principle requires a negative eigenvalue of the per-
mutation operator Pjo which exchanges w01 with wo0os:

Pioyp = —p, Pramio; =mj0; Py (i # j). (3.188)

However, setting m; = my is not allowed in (3.186) because of m;l =0 for
8 = —1. Multiplication of (3.186)by m removes m;l everywhere except in
connection with the first 7, because of
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miy’mit =9"m_/my =495, m_ =my — Bmy. (3.189)

One may thus rewrite (3.186) as
[E = Vioy — (11 = m2)7* + B[E = Vigr — (m1 + m2)7° — b = m34. (3.190)

This equation will be greatly simplified in Chap. 4 for the isolated binary atom
without a magnetic field. The presence of B excludes that simplification. In
the next section, it will be simplified instead by the elimination of the small
components 1.

In the general case of a closed system of n Dirac particles, we call n, =
n — 1 the number of electrons (one of these particles could also be a muon).
We define the total electronic chirality operator,

e =12y} (3.191)

The general 1 p,, is now decomposed into eigenstates ¥ pne and X pne of Y272,
with eigenvalues +1 and —1, respectively:

fyzdene = PyeSdJDne, PYZXDne = _’)’QSXDne' (3192)

Using in addition (3.175) for 3, we have again eliminated the Dirac matrices
of the last particle n. The pair of equations (3.186) is generalized to

[0 — Ziyimi —v2mn — Zig V3 big — Ziv) 12bin]t) = moyx, (3.193)

(10 — Ziy)mi +v2mn — T3 big + D vebinl X = my . (3.194)
The ¥; and Y;; extend from 1 to n, =n — 1, and
™ =E— S Vin — %iVij, my =m, + ZimifBi. (3.195)

When all particles ¢ are electrons, one has m, = m,, +m.2;3;. The b;; are
the generalization of (3.158),

bij = _é(o'io'j + O'iro'j'r)vij- (3196)

Elimination of x using (3.193) and multiplication by m gives the following
equation for :

[E =V = B mi + 72T — Dy 73 big + By 72 bin] (3.197)
X[E =V = Ziyimi — om0 — Zig ¥ 13 bij — D vebinltp = mi .
Y =me] fmy =7 (1= 2ms i fmy), (3.198)

Ve =mee/my = 2meo fmy, me = my — Zmif;. (3.199)

This is the generalization of (3.190) to n. > 1 electrons.
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3.7 Brown-Ravenhall Disease, Energy Projectors,
Improved Breitian

The equation for n. electrons, ¥ppe = Yp(ri, ra,...7THe) arises from
a straightforward generalization of (3.82); it has 4™ components. Both the
elimination of components and the transformation of Breitians of the previous
section become ineffective for n, > 2. But even for n. = 2, the most precise
calculations of helium-like ions in the region Za =~ 1 such as helium-like
uranium (Indelicato and Desclaux 1990) are performed with 16-component
Dirac-Breit equations. The eigenvalue —n.e of the charge (3.81) does not ex-
clude the presence of electron-positron pairs in ¢p .. A corresponding wave
function component would have the form ¥p n,41p = Yp(T1...Pn +1;7p),
where 7, are the positron coordinates. ¥p =~ %¥pnc is called the “no-pair”
approximation. It does allow for the creation and subsequent reabsorption of
electron-positron pairs by higher orders of the interaction operators. Among
these, the “vacuum polarization” will be calculated in Sect.4.9, but by
a rather different method.

Equations such as Dirac-Coulomb (3.87) (generalized to n. electrons) are
solved either by variational methods or by treating the electronic Coulomb
repulsion V;; as a perturbation of single-particle orbitals (properly antisym-
metrized, of course). We first discuss the perturbative approach; the first-
order shift E}, was calculated already in Sect.3.5. The second-order shift
requires the perturbed states |n') expanded in a complete set of unper-
turbed states as in (2.219). The negative-energy states must be included
here. They contain combinations in which one electron has a negative energy
E} < —mcc?, while the other one has a much higher energy Ej, such that
E{+E} is degenerate with the unperturbed energy, E1+Ef = E1+ Es. Conse-
quently, all two-electron states are infinitely degenerate, and the perturbation
theory breaks down. This was first noted by Brown and Ravenhall (1951), it
became known as “Brown-Ravenhall disease”. Over several decades, the influ-
ence of the negative-energy states was kept small by plausible assumptions,
producing in fact increasingly precise results (Pyykko 1988). The problem
was reformulated by Sucher (1980) as “continuum dissolution”, meaning that
equations such as (3.112) have no bound states at all: An electron may fall
and fall and transfer the energy difference to one or several other electrons by
ejecting them, like in the Auger process mentioned in Sect.3.5. In QED, the
formally negative energies —k° in the electron field operator ¥ (3.62) appear
in the energy balance with the correct positive sign, due to the Fock space
operator a_. In a wave function v, one can to some extent keep track of Fock
space operators by means of energy sign projectors, one for each electron i:

A = 1+ (B, (3.200)
where H; is the single-particle Hamiltonian (3.78) in the limit A — 0,
H; =V (r;) + [<ihV; + eAa(ri)] o + mc?B;. (3.201)
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The original proposal was to neglect also V' and A in (3.201),
Hyy = —ihVia; + mcB;, H2 =m2c* — h*V2. (3.202)
The resulting equation was elaborated among others by Mittleman (1981),
HY =By, H=IATHN + 32,3000V A0 (3.203)

It is the previous Dirac-Coulomb Hamiltonian, multiplied by positive-energy
projectors.

The operators H; in (3.203) still contain the photon field A, which pro-
duces the Breit operators in second-order perturbation theory. The new form
of the Breit operator is

Hy ) = XA Hp AN, (3.204)

to be added to H in (3.203). It was mentioned in Sect. 3.6 that H?B ~ V2
makes H?Z B forblddmgly large. This defect is absent in H B‘: for the followmg
reason: Each 72 of Hp ,i; connects the large components wgl of ¢; (in the
parity basis (2.151)) with the small ones 9 y;. It follows already from (2.153)
with 78 = (E—V)/ctme that |¢),] is large and |¢¢| is small for E ~ mc?. On
the other hand, for E &~ —mc?, [t,] is small and |wf| is large. The resulting
(¥°) is small in both cases, but the elements (—FE;|y?|E;) and (E;|y?| — E;)
are large. In ngz)], these matrix elements are set to zero by the projectors.

The decomposition of ¥ into ¥(+) and #(~) was given explicitly in (3.62)
for a free electron field, but it was understood in (3.44) that a corresponding
decomposition exists also in the presence of an external classical 4-potential
AY,, and in particular in the presence of a Coulomb potential V' = —eAY. The
formulation of QED in external fields is called the “Furry picture”. Its validity
is restricted to systems of relatively small electron numbers, depending on the
strength of the external potential (Lindgren et al. 1955, Shabaev et al. 2000,
Shabaev 2002). For a nucleus with Z = 80, n. = 2, 3, 4 is unproblematic,
while for Z = 1, n, = 3 gives already nonsense: A proton cannot bind three
electrons. On the other hand, n, = 20 is also problematic for Z = 80, because
the number of electron pairs is then n.(ne —1)/2 = 190 > Z. The formalism
becomes more flexible when the external potential is replaced by an effective
mean potential, but its connection with QED is then less clear.

For high Z and small n., the energy differences ES — E?, in AE (3.98)
become increasingly important in Breit operators; they can be included in
the Furry picture. The construction is somewhat complicated in the Coulomb
gauge (Bethe and Salpeter 1957). Here we anticipate the covariant interaction
of Chap.4. The scattering amplitude is given in (4.255). With ¢y = (E] —
E1)/he = (B3 — Eb)/he, the Fourier transform of —t~! = (¢? — ¢2)~! leads
to e'" /r according to (4.117). Thus the complete interaction Hamiltonian
between electrons 1 and 2 is

H12 = VF(]. — alag), VF = 6iq0r12€2/7"12, (3205)
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The effects of keeping qo # 0 in ¢! are referred to as “retardation” (in
classical electrodynamics they arise from the retarded interaction between
two charged particles). The unretarded Hamiltonian is

Hia(go = 0) = Viz(l — o),  Vig = €°/rya. (3.206)

The piece —a; a2 Vi4 is called the Gaunt interaction. Formally, it arises from
Hp (3.111) by the replacement (a17)(c2r)/r? — ajas. To get the complete
Breit operator in the Furry picture, (3.205) is decomposed as follows:

His = Vs — Ve + Vi — Via, (3.207)

and Vp — Vio is expressed as a double commutator. The Furry states of
particle 2 are eigenstates of Hy with eigenvalues Es and F} in the initial and
final states:

[Ha, Vi — Via] = (B — E2) (Ve — Vi2), (3.208)

[Hy,[Ha, Ve —Vio]] = (B} — E1)[Ha, Ve — Vig] = —R2P@ (Ve — Vi) (3.209)

As Vg — V15 contains neither gradients nor Dirac matrices, only the pieces
cp;a; = —ihea;V; of H; (2.87) contribute to the commutators. And with
[V1,7r12] = —[V2,712] = [V, r12] = 712/7r12, one obtains the following identity:

Ve — Vi = —a1[V, [V, Vi — Vis]] /5. (3.210)

This is the exact result. For small gy, one may expand

Vi — Vig = (€072 — 1)e? /r1y = ie’qy — éqgez/rlg, (3.211)
2|V, Vr — Vio] = = Jqonf1z, P12 = T12/r12, (3.212)
VF — V12 = ;[alag — (alflg)(ajf'lg)]. (3213)

When this is combined with the piece —a;aVr of (3.207), the old Breit
operator emerges in the limit gg — 0.

For ¢° = 0, (3.206) contradicts (3.213) where V;e; does not vanish. The
contradiction is resolved by Vi3 which arises from 7°2 = (E — V2)? after the

elimination of x in (3.190). V2 is removed by the substitution (Schwinger
1973, Malvetti and Pilkuhn 1994)

(E—Vi9)* = (E+az/r)? = B> + 2Eaz/r = E* — 2EV. (3.214)
To first order in az, (3.214) merely shifts the origin of rys:
r19 =T+ Oéz/QE, Op12 = Oy (3.215)

The new “quasidistance” r applies in the cms of binary atoms, see Sects. 4.5—
4.7, where r1 and 7, are not separately defined. It physical interval will be
0 < Er < oo. In the small Breit operator, 715 — r is negligible. There remain
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however changes in the kinetic energy operators p,o;, to which 7; and m
(3.165) reduce for A = 0. In (2.113), we found op = —iho, (8, — ol/r), and
in (2.155), an extra factor r—! was extracted. Setting (p; — py)/2 = p5 in
order to avoid confusion with p = —iAV,., the substitution (3.215) in

F120P1aT 1y = —iop [0y — (ol 4+ 1) /19 (3.216)

produces a correction which cancels V,e;. This will be verified for the slightly
simpler case of a spinless particle 2, see Sect.4.9. On the other hand, the
covariant form Hio (3.206) is to be inserted into the equation after the elim-
ination of y. Then H%, vanishes by construction, one has rjo = r, and there
is no retardation. With these simplifications, one can take b = —V o109 in
(3.190), combine b with Vot = V into Vi = V(1+0103) and take V. V_ =0
at the end:

[E—Vy =7 ][E-V_ =S =miy, me=m tm. (3.217)
With V. V_ =0 and my = mq £ Smq, this leads to

[E2 —2EV —m? — (E -V} )¥°my —7_(E = V_)y"m_/my

(3.218)
+r_mimy/m_]p = 0.
One may now eliminate the small components, which have 8 = —1. Calling
ms —my = dmeo1 and my + mo = mqo as before,
[E2 —2EV — m%Q + 7L7r+m12/6m21]¢g (3 219)
=[(E - Vi)my + 7 (B — V_)dma1/maz]iy, .
E? —2EV — ém3, + m_m 6ma1/m
[ 21 +0ma1/ 12]¢f (3.220)
— (B = Va)ms + 7 (B — Vo )maa/omat)ity.
The last equation provides
Yp=DH(E = Vi)my + 7 (E = V_)maz/dmarldy, (3.221)
D= E2 —2FV — 6771%1 — 7T_7T+5m21/m12. (3222)

The question arises whether this elimination covers the case of positronium,
which has m; = mg, mi2/dmae1 = co. The denominator D of ¢y is harmless.
The numerator appears in (3.219) for 1, in the combination

[(E*V+)7T++7T_(E*V_)(Smgl/mlz]D71[(E*V+)7T++7T_ (E*V_)m12/6m21].

(3.223)
Expanding the denominator as in (2.254), one sees that the main singular
term is canceled by the m_m mj3/dma; of the left-hand side. In a relativis-
tic treatment ot the binary Zeeman effect, the remaining singular terms
are presently ambiguous because of the transformation (3.215). See also
Sect. 4.10.
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In principle, the Brown-Ravenhall disease can be cured by equations such
as (3.197), in which the nucleus is included among the relativistic particles.
The change of variables from 7; to

rei =7i/E, pp;=Ep;=—iVEg (3.224)

makes (3.197) an equation in E? only. The potential energy V contains
—Zal|r; — ry|7t and alr; — r;|7t, such that EV becomes V(rg) = Vg,
in which each r; and 7, is replaced by rg; and rg,, respectively. We first
demonstrate this E?-theorem for the simpler equation (3.190). In the new
variables, it becomes

[E? —m? —2Vg — (m1p — 7r2E)75’ — (mp +m2E)Y" — 2IhlY =0, (3.225)

20y = [Vg + (mip — mep)y” — bE|[Ve + (11p + m2p)y® + bg|/E%. (3.226)

The form —2I¢ in is chosen in analogy with the —2Vg, the index p¢ alludes
to the hyperfine operator (4.235) below. In Chap.4, rg will also have the
physical interval 0 < rg < oo. Hopefully, the final version of relativistic
quantum electrodynamics will completely dispense with energy projectors
and Breitians.

Electronic Breitians (which do not involve particle n) occur only for
ne > 1. Here we return to (3.193), which we rewrite as

[E—Vi/E—(Zi;mgi+ Zijv;v3bEi;) | E— (TEn + X%, bein)  Bvlt = my x.
(3.227)
The corresponding expression (3.194) is reformulated accordingly. The ab-
sence of even powers of E from the left-hand sides of these equations proves
the E2-theorem.
For even n., a complication arises from the parity transformation ma-
trix e,

Be =111, B;, {Besr’} =0, Byl + ()™ ™28 =0. (3.228)

It implies {B,72} = 0 only for odd n.. In that case, the parity transformation
does not mix ¢ with y. For even n., it does. In that case, the problem
disappears when particle n is spinless. However, its Klein-Gordon equation
must be linearized before spinor particles can be added. This will be done in
Sect. 4.9.

3.8 Variational Method, Shell Model

The ground state energy of an atom or molecule can be calculated by a vari-
ational principle. One takes a normalized trial function with one or several
free parameters and expands it (virtually) in terms of the unknown exact
solutions ; of the differential equation, which has the form Hi; = E;1);:
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WYirial = 25Ci1h;. (3.229)

The orthogonality relations of the exact solutions give the expectation value,
(H)trial = Zilci|*E; > EgXi|c;|* = By, (3.230)

where Fj; is the smallest eigenvalue, namely that of the ground state. The
best trial function gives the minimal value of (H )t,ia1, which for well chosen
parameters approaches E,. For every parameter p;, this means

9(H )tria1/Opj = 0. (3.231)

Excited levels may be calculated by trial functions that are orthogonal to
that of the ground state.

The variational calculation of the helium ground state by Hylleraas (1929)
brought the final acceptance of the many-electron Schrédinger equation as the
basis of nonrelativistic atomic theory. The Hamiltonian (3.125) is written as
H,, = Hy+ Hy+€?/r12, with H; = p?/2m — Za/r;. Helium itself has Z = 2,
but the calculation remains valid for Lit, Be™ and other helium-like ions.
In the simplest version, 1t;ia1 is assumed in factorizable form, ¥para, trial =
Yirial (11)Wirial (r2) 1 x°, with Z replaced by an effective trial charge Z,;,1 in the
ground state wave function Rig (3.142), Ririal = 2(Zisial/ap)?/2e "1 Zma/as,
The trick of this ansatz is to express the correct H; in terms of Zi,ia1,

Hl = P%/zm + ‘/triaIZ/Ztrialy ‘[crial = *Ztrialez/rl' (3232)

As Rtrial solves the equation (p%/27771""‘/;1&:11_E/‘l7 trial)Rtrial = 0 with El7 trial =
—Z2. | Roo according to (1.38), the nonrelativistic limit of the virial theorem
(A.35) gives (p*/2m)tria1 = — b (Virial)trial = Zii Roo,

2(H} ) trial = —2Roo(Z2501 — 27 Ziyial)- (3.233)

trial

And most importantly, (e?/r12)ia1 can be adopted from (3.142),
(€2 /r12)trial = Jirial + Kivial = 3 Zgia Roo- (3.234)

The total Zi,ja-dependence of (H,,,)irial is thus 2(Z2, — 22 Ziyial + thrial).

trial
This function has a minimum for O(H )tyia1/0Ztrial = 0, at

Zial = Z — 5/16,  (H)trial = —2Z2,1 Roo- (3.235)

(H)min is lower than the first order perturbative result of Sect.3.5 by an
amount 2(5/16)2R., (the second order perturbation for the ground state is
also negative as evidenced by (2.223), but is more difficult to calculate). The
value Eyia = —2x2.85R, of (3.235) for Z = 2 is still above the experimental
—2 x 2.904R, of helium. Application of this simplest variation to the H™
ion (Z = 1) gives (Hi)trial = —2(1 — 5/16)2Ro > — Ry, which would mean
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instability against the decay H™ — H+e~. Experimentally, H™ is stable by
0.75keV. More precise variational calculations are explained by Bethe and
Salpeter (1957).

An extension of the variational principle is the density-functional for-
malism, for systems with many electrons. The Thomas-Fermi model of an
electron gas is an early example of this method. It describes the electrons by
local plane waves exp{ik(r)r}, which produce an electron density p(r). The
surprising successes of this method seem to result partly from good informa-
tion on trial functions from other sources (Parr and Yang 1989).

Relativistic variational methods have been reviewed by Grant and Quiney
(1988, 2002), mainly for “Dirac-Fock” calculations. They are complicated
by the states of negative energies in Dirac-Coulomb equations, which ex-
clude a stable ground state. In most cases, the trial functions can be chosen
such that they avoid negative-energy components. The relativistic density-
functional formalism has also been developed relatively early (Ramana and
Rajagopal 1983, Engel et al. 1995). However, a consistent formalism can ex-
clude the negative-energy states only if these are strictly avoided. We have
seen in the last section that is accomplished by treating also the nucleus
relativistically. It remains to find suitable orbitals for the variational trial
functions. In terms of the 4-momenta k! and k¥, they should satisfy effective
equations with the Lorentz-invariant eigenvalues

With k? = m? and k2 = m2, the desired E? results as

n-

E? = (Zik; + ky)? = 5,E3, + X5 E] — Xym? —m?, (3.237)

In the traditional static nucleus formulation, the total electronic energy E.
is the sum of the orbital energies, E, = X;E;, and E? = (E, + m,,)?, apart
from a nonrelativistic recoil correction as in (4.379) below. The effective two-
particle orbitals would satisfy equations of the form (4.276) below. They
may be written in terms of the effective principal quantum number ng; as
K, = ”Eflﬁz

We now turn to a discussion of the periodic table of elements in terms of
the single-electron orbitals of the atomic shell model. Only the atomic ground
states are discussed. The notation for H and He is (1s)! and (1s)2.

The Pauli principle pushes the next two elements, Li and Be, into the
n = 2 shell. There they may choose between 2s and 2p, which in the limit of
complete nuclear shielding by the two electrons of the “closed” shell would be
degenerate, with energy — R, /n?, n = 2. The state (1s)?(2p) is close to this
limit, similar to the (1s)(2p) excited state of helium (compare (3.144), with
Z — 1 replaced by Z —2). The state (1s)?(2s) lies again lower, as the 2s wave
function penetrates deeper into the electron cloud of the closed shell. Its outer
electron energy may again be parametrized by —Z2%; R /n?, with Zeg ~ 1.25.
Consequently, the Li ground state is (1s)?(2s). Be (Z = 4) has two electrons
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in the 2s-shell. In comparison with the Li ground state parametrization, one
could associate two factors —(Zeg + 1)? Ry, with them, plus an extra mutual
repulsion. This configuration is in fact lower than (1s)?(2s)!(2p)*, where the
last electron has again Ze.g =~ 1. Once the 2s-subshell is filled, the following
six elements (Z = 5 — 10) successively fill the 2p subshell. A general nl-shell
can accommodate up to 2(2! + 1) electrons, the factor 2 accounting for the
electron spin.

The closed shells with n = 1 and 2 (He and Ne (Z = 10)) have the
electrons so strongly bound that they refuse chemical binding; they make
the lightest noble gases. The next noble gas is Ar (Z = 18), which has the
3s and 3p subshells filled. For the ten electrons in the 3d shell, Z.g is again
relatively small, such that the 4s-shell is filled first. Thus the 4th row of the
periodic table successively fills 4s, 3d, and 4p. It ends with Kr (Z = 36).
The 5th row fills 5s, 4d, 5p, ending with Xe (Z = 54). However, 4s and 3d
as well as bs and 4d are nearly degenerate. The d orbitals of rows 4 and 5
are filled in the order (4s)?(3d)™¢ and (5s)?(4d)™ respectively, with ng =
1...10, with the exception of the “coinage metals” Cu and Ag, which are
(45)%(3d)*0 and (5s)!(4d)?, respectively. In Table 3.1, the 10 elements of the
3d and 4d subshells are listed in two separate rows, merely for compactness
(in chemistry, this arrangement is used for the 2(2 x 3 + 1) = 14 4f and 5f
orbitals (lanthanides and actinides) of rows 5 and 6, which are omitted here).

Table 3.1. The periodic table of elements, including ionization energies in e€V. The
elements of the 3d and 4d subshells of the lower half of the table are to be inserted
between the 4s and 4p, 5s and 5p subshells in the upper half. Not shown are row 6
and the 14 4f elements (lanthanides) of row 5.

Group 1 2 3-12 13 14 15 16 17 18
1s H He
eV 13.60 24.59
2s Li Be 2p: B C N (0] F Ne
eV 539 9.32 8.30 11.26 14.53 13.62 17.42 21.56
3s Na Mg 3p: Al Si P S Cl Ar
eV 514 7.65 5.99 815 10.49 10.36 12.97 15.76
4s K Ca 3d 4p:  Ga Ge As Se Br Kr
eV 434 6.11 6.00 7.90 9.81 9.75 11.81 14.00
55 Rb Sr 4d 5p: In Sn Sb Te I Xe
eV 4.18 5.70 5.79 7.34 8.64 9.01 10.45 12.13

Group 3 4 5 6 7 8 9 10 11 12

3d Sc Ti Vv Cr Mn Fe Co Ni Cu 7Zn
eV 6.54 682 6.74 6.77 7.44 787 786 7.64 7.73 9.39
4d Y Zr Nb Mo Tec Ru Rh Pd Ag Cd
eV 6.38 6.84 688 7.10 7.28 737 746 834 7.58 8.99
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The most stable atoms are the light noble gases, helium and neon. They
have the largest ionization energies, 24.6 eV and 21.6 €V, respectively. Rela-
tivistic effects of the outermost or “valence” electrons are generally small,
even in cases where they change the chemical properties. Larger effects oc-
cur in the isoelectric sequences of hydrogen (He®, Lit* Bett = Be3T,
B4, ...), helium (Li™, Be™™, B3 ...), and so on. To order a%, the binding
energies of the hydrogenic sequence are given by (2.149) with j =1/2, n = 1:
En/mc? = —Z%a2(1 + Z%a?/4). Xenon (Z = 56) has Z2a?/4 = 0.04, which
is already “large”. For Z >> 3, the helium isoelectric sequence has nearly
twice the total binding energy of the hydrogenic one, as the repulsive poten-
tial €?/r15 and the electronic Breit operator decrease as Z ! relative to the
nuclear attraction.

For neutral atoms, the single-electron binding energies of the inner shells
(K, L, M) are approximately measured by X-ray absorption edges: With
increasing X-ray energy, the absorption coefficient makes a jump at each
inner-shell ionization threshold. The largest jumps occur for the last two
shells, L(n = 2) and K(n = 1). The L-shell absorption contains three jumps,
of wich the first two (Lz;; and Lyjy) arise from the 2p; /o and 2pg/, states,
while the last one (L;) arises from the 2s; /5 shell, which is more strongly
bound, at least nonrelativistically. The splitting between 2p;,, and 2ps/;
increases with increasing Z and eventually exceeds the 2p; /5 —2s; / splitting,
which would vanish according to the Dirac equation without mutual electron
interaction.

Relativity increases the total atomic binding energy, thereby contracting
the electron cloud. Orbitals with j = 1/2 contract most, those with j =
3/2 remain essentially unchanged up to Z = 70. The reason is that the
contraction of j = 1/2 increases the shielding of the nuclear charge, such that
Zes decreases for the orbitals with larger j. This indirect effect of relativity
dominates for most of the d-shell (j = 3/2 and 5/2). On the other hand, those
valence orbitals that are already completely shielded without relativity, are
not affected by inner shell contraction.

Turning now to the excited states of valence electrons, one would expect
these to follow the Dirac equation for Z.g = 1, at least for the alkaline atoms.
After all, it was here that Rydberg discovered the principal quantum num-
ber n. The alkalines are the poor man’s hydrogen. However, the nd states
of Na show an “inverted” fine structure, in the sense that the ndsz/, states
are above the nd; /, states, rather than below as in the Dirac equation (see
also Fig. 2.2), even for very large values of n (Rydberg atoms). Similar effects
are observed in K and Rb, including hyperfine splittings. They arise from
the stronger contraction of j = [ — 1/2 states (relative to the j =1+ 1/2
states), in combination with a negative exchange energy K (3.139) with the
core electrons. The net result is an upshift of j = [ — 1/2 which can over-
compensate the Dirac downshift (Sternheimer 1963, Luc-Koenig 1976). Such
effects become negligibly small in the alkaline isoelectric sequences (Johnson
and Cheng 1979).
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3.9 The Pauli Principle for Three Electrons

We now consider atoms or ions with three electrons, using the LS cou-
pling scheme. A general three-spin state contains products xi(mse) X
X2 (msp)Xx3(mse), which will be abbreviated by |ms,mspmsc). The largest
possible value of ms = mg, + msp + My is 3/2 and belongs to S = 3/2,

X(g ;’) = éé%) The other three state of this quartet are generated by the
spin-lowering operator o_ = 01— + 03— + 03_. The total symmetry of o_

guarantees that it does not change the symmetry of the states on which
it operates, which allows one to write down all x(3/2,ms) without using
Clebsch-Gordan coefficients, for example

XCG, =312 =L L D+ k=L D+ L, L -1, (3.238)

The factor 3-1/2 follows from the normalization x'x = 1. However, these
totally symmetric spin states require totally antisymmetric orbital states,
which are rarely needed. In the orbital approximation, lithium and its iso-
electric sequence always have two electrons in the 1s ground state, ¥ = ¥y =
115 = Y. The third electron will be in a valence state 1,,. The complete state
must be constructed from the three orbital states |00v), |[0v0), |v00) and

the six spin states |3, —3,ms), |§,ms,—é> and |m,, 3, —3) with m, = +1.
‘s 111 11
The remaining two states |3, 3, 1) and | — 3, —3,—1) are excluded. By the

symmetry of o_, combinations such as (3.238) are then also excluded. This
implies that all totally antisymmetric combinations ¥g of the above three
orbital states and the available spin states automatically have S = 1/2, m, =
+1/2.

In practice, one may then choose one value of my and take ©g as the
normalized determinant,

Po(r1)x1(3) Yo(ri)xi(—3) Yu(ri)xi(ms)
s = 6712 | Po(r2)xa(3) Yo(rz)xa(—35) Yo(r2)xa(ms) (3.239)
Yo(rs)xs(3) Yo(rs)xs(—3) u(rs)xs(ms)

Expanding in the elements of the first row, one finds in the compact notation

Ps = 6712(|00v), — 1 mg) — 10001, mg, —1)—|00v — L, 1. my)

+|000 — 1, mg, L) + [000m, 3, —1,) — [v00m, — 1, 1.)). (3.240)

27 2727

The determinant method (“Slater determinant”) works for any number
of electrons. For four or more electrons, however, it need not produce eigen-
states |S,ms) of §2. It is then helpful to first construct separate irreducible
representations of the permutation group for spins and orbitals, respectively,
and to combine these into the totally antisymmetric form afterwards. This
can be done graphically by means of “Young diagrams” (Weissbluth 1978).
The method works also for identical bosons, where the totally symmetric
combination is needed (Pilkuhn 1979). See also Sect. 5.9.



4 Scattering and Bound States

4.1 Introduction

As mentioned in the Preface, the main goal of relativistic quantum mechanics
is a precise and powerful basis for bound state calculations. The direct ap-
plication of QED to bound states has been discussed in the last chapter; it is
incomplete and needs improvements, even conceptual ones. Precise calcula-
tions include the nuclear charge distribution, which is normally measured in
high-energy electron-nucleus scattering. This requires a connection between
the bound state and scattering formalisms, which is provided by the Born
series of Sect.4.1.

In the analytic continuation of the S-matrix below the threshold for scat-
tering, bound states appear as poles. For pointlike nuclei, these poles are
found from solutions such as (1.298). They are then shifted by the form fac-
tors measured in electron or muon scattering.

As the various terms of the Born series have no bound state poles, a purely
numerical continuation of the S-matrix seems excluded. One must have means
to sum the Born series. These can be differential or integral equations. In
the static limit (no nuclear recoil), one may simply modify the interactions
in the already successful KG or Dirac equations such that their scattering
amplitudes reproduce the Born series. In the simplest approximation, the
potential is the Fourier transform of the first Born approximation.

Beyond the static limit, the Born series of two-body scattering is needed;
it will be explained in Sect.4.2. Again, the first Born approximation is nor-
mally sufficient, but it gains its full power only after reduction to irreducible
submatrices. This delicate point will be discussed in Sect. 4.7.

In more general terms, one must find equations that produce calculable
scattering amplitudes, and then adapt their Born series to that of QED as
far as possible. The S-matrix of the synthetic equation is not exact, but it
is both unitary and analytic. Its pole positions are the approximate atomic
energy levels. They appear as the eigenvalues of the differential equation. The
practical procedure will be explained in Sect. 4.5.

Conservation laws of QED such as energy-momentum conservation,
Lorentz invariance etc are reproduced by the QED Born series. However,
QED refers to electrons and photons only. Muons may be included without
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profound alterations in the “electroweak” field theory, protons not. Never-
theless, we trust that the complicated quark-gluon structure of protons and
other nuclei or even of atoms cannot destroy the consequences of such con-
servation laws in the scattering and decay of these objects. Relations that do
not require explicit knowledge of the S-matrix go under the name “relativistic
kinematics”, they form the main part of Sect.4.2. In particular, any system
composed of two subsystems of 4-momenta k; and ko has (k1 + ko)? = s as
a Lorentz invariant. Setting ki + ko = 0 gives s = (kY +£9)? where k9 + &9 is
now the total cms energy. Relativistic two-body kinematics allows one to ex-
press kf = k% = k? in terms of s alone, see (4.75). It combines the equations
P31 = k%91 and p3ihy = K%y into a single equation p?yp = k21 (4.188) for
the composite system in its cms. This asymptotic equation provides a check
of whatever equation one may find. (Unfortunately, quarks have no well-
defined S-matrix and no asymptotic equation, to which an interaction could
be added.) Similarly, the kinematics of photon emission by atoms provides
a test of time-dependent perturbation theory (Sect.5.4).

4.2 Born Series and S-Matrix

Stationary scattering theory has been discussed in Sect. 1.10. In this section,
the corresponding time-dependent formalism is explained. In principle, it
requires wave packets instead of plane waves, such that one can define a time
—T at which the particle has not yet reached the scatterer, and a time +7" at
which it has definitely left it. The complete solution at all times z° satisfies
an integral equation, the “Lippmann-Schwinger” equation:

P(z) = (z) + e [ d*yG(z, y)K' (y)¥(y), (4.1)

where G and K’ are the Greens function and kernel, respectively. Plane waves
may be used instead of wave packets if K’ is artificially “switched on” adi-
abatically at z° = —T, and again switched off at 2° = +7. One may then
idealize the initial state to an incoming plane wave,

O (2) = hi(x) = e lup,, (4.2)

where up; is a possible free Dirac spinor as in (2.334). Similarly, ¢(zq > +7))
may be expanded in terms of outgoing plane waves:

0> T) = yS,pby. Sy = lm (e D). (43)
1,2)} = ei“’tfik”u}rjf. (4.4)

The expansion coefficients S;¢ form the scattering matrix.
Born (1926) used an iterative solution of (4.1) (the Born series) for the
construction of the S-matrix. The construction of the Born series begins with
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the conversion of the equation of motion K1 = 0 from differential to integral
form, which is then solved by iteration. K is split into an operator K° with
exact solutions 1(?) and a remainder eK’ which is treated perturbatively:

K=K+eK', K%©® =0, K% =—eK'y. (4.5)
To solve the latter equation, one defines a Greens function G indirectly:
K°G(z,y) = —ba(x —y) = =0(2° —°)03(x — y). (4.6)

The formal solution of (4.5) is (4.1), because ¥(?) disappears from the left-
hand side of (4.5), and eK? [ d*yG(z,y) replaces eG(z,y) by eds(z — y) ac-
cording to (4.6). This produces the necessary eK'(x)i(x) after y-integration.
In the following, we restrict ourselves to the free Greens function, Gy =
A(z,y) = A(z — y); in the Dirac case this function is called S(z — y):

(0,0" + m*)A(x) = d4(x), (10", —m)S(z) = da(x). (4.7)

One sees that
S(z) = —(i0"y, +m)A(z) (4.8)
reduces the equation for S to that for A. The integral equation (4.1) is then
d(z) = — e[ d'yAle — y)[i{Au(y), 0"} + eA* ()Y (y), (4.9)

while that for the Dirac equation becomes

Yp (@) = 9N — e [ d*yS(z — y)y" Au(y)dn(y). (4.10)

The construction of A(x) proceeds via momentum space. The relevant
Fourier transforms are

Az) = (2m)~* [ d*pe P B(p), d4(x) = (2m)~* [ d*pe P* (4.11)

and (4.7) reduces to
(m® = pup")®(p) = 1. (4.12)
This specifies @ except on the “mass shell”, p,p* = m?, where it is adapted to

the physical situation by “ie” rules. In scattering problems, () (z) ~ e~k
represents an incident plane wave of 4-momentum k*. With p° = w,

B(p") = (m® —w? +p* —ie) ' = (B* —w? —ie) !, (4.13)
1 1 1
o(p") = E=m2+p>)Y2 (414
#) 2E<E—i6—w+E—ie+w>’ (m”+p7) (4.14)

The significance of the ie, in the denominator of (4.13) appears in the inte-
gration over w in (4.11). The zero at w = E,, is avoided by giving E,, a small
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imaginary part, see Fig.4.1. The integral is evaluated as a Cauchy integral,
clockwise along a closed contour,

2mif(z for z inside the contour
%(z —w) tdwf(w) = mif(z) ) (4.15)
0 for z outside the contour,

provided f is regular inside and on the contour. For x° > 4°, the factor
exp[—iw(z® — y°)] = exp[(—iRew + Imw)(z° — y°)] falls exponentially in
the lower half of the complex w-plane, such that the contour may be closed
there by a large semicircle. Insertion of f = (2E) le~®*’ gives the socalled
Feynman propagator Ap,

3 0
Ap(2° > 0,2) = i(27r)_3/ Zé)eipwe_m”’ = Ay (x). (4.16)

In terms of d3p (2.37), this may be also be written as

. * ipe—iEz’®
Az —y) =i [dipdp(@)Pp(y), Ppz) = P (4.17)
Before continuing, let us take a look at the “retarded propagator”,

2

Op = (m? — w? + p* — isign(w)) (4.18)

1 1 1
Bp = 4.19
R 2E(E—ie—w+E+ie+w>’ (4.19)

which has both w-poles in the lower half plane. The corresponding retarded
Greens function Ag(z) for 2° > 0 receives also contributions from the pole at
w = —F, which in view of (4.16) corresponds to states of negative energies.
The physical absence of such states excludes the use of @r in the present
treatment of scattering by equations such as (4.1) which are applied to wave
functions. The correct equations (3.66) apply to the field operator ¥. Their
Greens functions are in fact the retarded ones, as will be seen in Sect. 5.3.

Alm w

> Rew

Fig. 4.1. Position of the poles of the Feynman propagator G, in the complex w-
plane and closure of the integration path —oco < w < oo by a semicircle at |w| = oo
for 2% > 4°
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For 2° < 4°, the factor exp|—iw(z® — y°)] falls exponentially in the upper
part of the complex w-plane, such that Arp and Ag are evaluated by closing
the integration path by a semicircle at Imw > 0:

Ap(2® < 0,z) = i/dipe_ipweiE””O =A_(2)= A (—2% —x), (4.20)

Ag(2° < 0) =0. (4.21)

Here A seems unreasonable, not only because it contains the “states of neg-
ative energies”, but also because the resulting ¥ (z) (4.1) depends on later
times, y° > z°. However, it will be shown below that this part of the Feynman
propagator describes the scattering of antiparticles, after a C' PT transforma-
tion.

The Born series of particle scattering solves (4.1) iteratively,

W= @ 4@ (4.22)
M (z) = e [ d*yG(z, y) K (y)0 O (y), (4.23)
P(z) = € [ d*yG(z,y)K'(y) [ d*2G(y, 2) K' ()9 (2). (4.24)

For spinless particles, the derivative of A, arising from the operator i0* A,
in (4.9) is avoided by a partial integration,

¥ — @ = —ie [d'y Az — y)[iA,0" —i D" A, +eA2p(y).  (4.25)
The S-matrix (4.3) is also constructed iteratively,
§=80 45048 59 = (f]i). (4.26)

The scalar product (¢¢(x,t)|¢)(x,t)) contains an [ d>x, which is trivial, how-
ever: It produces a factor 167°k}d(ks — p) according to (2.36) and the ex-
pression (4.20) for Ap. This factor is cancelled by the d3 p = (1673p°) ~1d®p.
The result for S;¢ is thus simplified, and in particular

Sty = —ie [ d'yAu )ity W), (4.27)

1 (y) = Wi, (10" — 9"+ eA ). (4.28)

The term —eA* gives an e?-contribution to Si(}), which is moved to the next
order sz). The remainder will be called ji’} (y); it is the free-particle version
of (2.31). Equation (4.27) applies also to electron scattering, where j* is one
of the forms discussed in Sect. 2.10. One normally uses the compact notation
(2.315),

]Zf = Zbkf’Y“i/}km dj = 'I;Z)T’YO (429)
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To lowest order in e, ¥; and s are plane waves of the type e ¥ =

e~ hovoeiky a5 in (2.329). The y-dependence of ji“f is then explicitly
) = dfe = o, (40

=k -k =k -k}, g =k — k. (4.31)

The y-integration of (4.27) is trivial for the Fourier components A, of 4,
Au(y) = [dke ™A, (k), (4.32)

Jdiye VD = (2m)*5,(k + q), (4.33)

Sty = —ie(2m)" [ d*ka(k + ) A, (k) J; =

The expression for J/; for a spinless particle follows from (4.28) by i0"1k, =
* Y *
K, G, (—i0) = uf K

—ie(2m)* A, (—q)Jl;.  (4.34)

Jit(KG) = kj' + K. (4.35)
The matrix elements of the Dirac current follow from (2.329):
Ji¢(Dirac) = upy*u; = up(kg,mys)y"up(ki,m;). (4.36)

The A, (y) produced by a stationary target such as a nucleus is independent
of yo, it requires the adiabatic switching on and off of A, at yo = —7 and
+T, respectively:

+T o
/ dyoe " ¥ = 25in(¢°T) /q° — 276(¢°). (4.37)
-T

The last expression appears in the limit 7' — oo. It should not be used in the
calculation of the differential cross section do; s, which contains |S;¢|*. To be
precise, do; is the differential transition rate (which is d3 kf|S;¢|?/2T) per
incident particle flux (which is v; = k;/k?. There is however an extra factor
(2k9)~! from the normalization of the initial state; the corresponding final
state normalization factor is included in d3 k; = d®k/ (87r32k:?)):

doip = |Sif|?d3 ks [ATk) v, v; = ki /JKD. (4.38)
In spherical coordinates for ky, k% = k92 — m?2 implies kdk = k°dkO,
diky = kjdksd(2s/(167°k}) = kydk}dS2y /167, (4.39)

dois = Tlggoqsif|2/2T)kfdk?dnf/(327r3ki). (4.40)
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With (4.37), the limit becomes
[25in(¢°T) /q°]? /2T = 276 (¢°). (4.41)

lim

T—o0
The dk§ is cancelled by d(¢°), which fixes not only £} = & (energy conser-
vation), but also ky = k;:

doip = (167°) " 1d2yle [ >y A, (y)ils (y)]*. (4.42)

To make the contact with the scattering amplitude f of the stationary scat-
tering wave function (1.278), one defines

fip = —(4m)re [ dPyAu(y)its (y), doig = |fif|*ds2y. (4.43)

A spinless nucleus can only provide a Coulomb potential, A°(y) = Ze/y for
a point nucleus of charge Ze, and A(y) = 0. As mentioned above, we are
primarily interested in deviations from the point potential, which are caused
by an extended nuclear charge distribution pe (r') = Zepn ('), [ d3r'pn = 1.
The relevant A° is the solution (1.59) of the Poisson equation,

A%y) = Ze [ &> pn () |y — 7|, V(r) = —eA(r). (4.44)
Insertion of (4.30) gives
fir = Am) "L [ EPyV (y)e'?, (4.45)

which is essentially the Fourier transform of V. We first integrate (4.44) over
7’ and then shift the integration variable y of the Fourier transform by 7/,
y=r-+r"

[ Pye'™ [ P pn () )7 = [ d®re'd" Fy(g%) /7, (4.46)

Fn(g®) = [d*e pn ('), Fn(0) = 1. (4.47)

Fn(q?) is called the nuclear form factor; it is measured rather directly in
high-energy scattering.

The Fourier transform in r is now performed in spherical coordinates,
[df2 = dud¢, [d¢ =27 and with qr = qru:

iqr 0 1 X 2 0 . .
/d?’re = 271'/ rdr/ due' ™ = .ﬂ-/ dr(e"” —e™"1").  (4.48)
T 0 1 q Jo

This integral does not converge at r = co. One defines an artificial charge
screening radius a, in the form of an extra factor e="/% and lets a; — oo in
the final result:

[e9)
/ dr[e’!‘(iq—qgl) . er(—iq—agl)] _ —(Zq _ as—l)—l _ (Zq + as—1>—1
0

= 2iq(¢® +a; %)t (4.49)



150 4 Scattering and Bound States

In the final result, we write again g? instead of ¢2, in order to avoid confusion
with g,q" = ¢*% — ¢*:

fdgreiqref’"/as/r =4n(q* +a;%) " — dr/q*. (4.50)

As already mentioned, it is the inverse Fourier transform which determines
the point Coulomb potential:

V(r) = (2m)"% [d®qe 9" (—4naz /q*) = —az /T (4.51)
For the scattering of a spinless particle, one finds from (3.114)

JH(KG) =2k) =2E, fi;=—-20zEF(q*)/q". (4.52)
And with k2 = k‘]% = k2, one obtains

¢ = (ki — kys)? = 2k*(1 — cos 0) = 4k?sin(0/2), (4.53)
where 6 is the scattering angle. For electrons, the relevant matrix elements
of J{;(Dirac) have already been calculated in (2.343)

Because of many different units and normalization constants, it is advis-

able to check the dimensions of the final expressions. The differential cross
section do has the dimension of an area, cm? or (eV)~2.

4.3 Two-body Scattering and Decay
In the S-matrix (4.27), we now replace the static limit A°(y) by the full 4,,(y)
which is constructed from Maxwell’s equations (2.20) in the Lorentz gauge
0, A" = 0, now in units ¢ = 1:

00" AY = 4mjg. (4.54)
The corresponding integral form uses the Greens function D(y—x) satisfying

9,0" D(x) = 54(x),  Au(y) = [ d*aD(y - 2)4jar (). (4.55)

Comparison with (4.7) shows D(z) = A(z, m? = 0), such that expressions
(4.11) and (4.13) apply with m? = 0:

D(y —z) = (2m)~* [ d*pe” Ve (—p,p/ —ie) ™" (4.56)
The —ie is unessential in the following, because p* will be expressed in terms

of in- and outgoing 4-momenta. For je,, only the current density of the target
nucleus is now relevant, je, = Zejo . The notation must be extended to



4.3 Two-body Scattering and Decay 151

the case of two different currents; our previous current of the projectile is
now called ji'. Also, we prefer to write j2,, = g,.j5 and abbreviate again
Ze? = ay:

S} = —dmiaz [ d'yd'eD(y — 2)jt () g5 (@). (4.57)

This expression is symmetric in j; and jo, both currents must have the form
(4.30):

JEy) = eI, gy(x) = e, gy =k —k; (=1,2). (4.58)

The index ¢ in S;y comprises the pair of indices (1,2), while f comprises
the indices (1’,2') of the final states. With the form (4.56) of D(y — ), the
z-integral gives

[ d*zeP e 2" = (27)404(p — ¢o), (4.59)

while the y-integral gives (27)*34(p + q1):
S = amiaz(2m)" [ d'pos(p — 12)04(p + a1) T g S5 () 1. (4.60)
The two d4-functions require
P =qh = —q = ki — kyH =~k + K} * (4.61)
We also define the total 4-momenta of the initial and final states,
kit =Ky + Ky, Ky =k +ky, (4.62)
such that S;r becomes
Sip = i(2m)*04(ki — k) Tiy, (4.63)
T = dnaz iy g s Jt, t=pup” =% - ¢k (4.64)
In this form, 64(k; —ky) = 6(k) —k$)d3(k; —ky) expresses conservation of the
system’s total energy and momentum. In the previous section, the energy &Y

of particle 1 was conserved, which entailed conservation of the magnitude
of its momentum, but not of its direction. Perturbation theory in general is

G "

p

k5 ko

Fig. 4.2. The first Born graph for ab — a't/
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illustrated by Feynman graphs. The Born series focuses on the number of
exchanged “virtual” photons. The first Born graph is illustrated in Fig.4.2.
Two-photon exchange graphs are shown in Fig. 5.3 in Sect. 5.5.

Although (4.63) has been derived only for S’i(}), the energy-momentum

conserving d4(k; — k) arises in all orders, T;; = Ti(}) + Ti(f2) + .... The point
at which a photon line begins or ends is called a “vertex” (points with two
photon lines will be mentioned in Sect. 5.5). To begin with, each line section
in a Feynman graph is associated with a certain 4-momentum. In 7 the
three 4-momenta on lines 1 and 2 may be called &y, kY, k7 and ko, kY, kb. As
in (4.61), 4-momenta are conserved at each vertex. Calling ¢; and ¢ the two
photon 4-momenta in the order in which they are emitted by particle 2, one
has kY = ko—q1 = kb+qo, and kY = k1+q; = k] —qgo in the “direct” graph, and
kY = k1+q1 = k] —qo in the “crossed” graph where the photons end in inverse
order on line 1. In the latter case, one rewrites kf as 3 (k1 + k{) + 5 (q1 — g2).
In both cases, one finds ki + k2 = k' + k) = k7 + k}. Thus energy-momentum
conservation proceeds stepwise in the higher order Born graphs. One of the
two ¢; remains unspecified; it is integrated over. Feynman rules are not used
in this book; the final integrations over the unspecified momenta may be
diverging and require intricate counterterms.

The kY and k9 are in general not separately conserved. However, there
exists a special coordinate system, called the center-of-mass or center-of-
momentum system (cms), which is defined by

ki:kl—i—kg:O:kl/—&—kT:kf. (465)
The total energy in this system is frequently denoted by 4/s. One has

Kl ems = kY cms = (V/5,0). (4.66)
And as k? = k,k* is Lorentz invariant, the cms energy is also a Lorentz
invariant,

B2 =k%=s. 4.67
i 7

The individual energies kY and k9 of the free ingoing particles in this system
will be denoted by F; and Es; they are also Lorentz invariants. Their sum is

FEi+ E; = \/S, (468)
while the difference of their squares follows from E? —m3 = ki ., = E3—m3:
FE? —E2=m2-m2=—-m,ym_. (4.69)

The combination mm_ occurred already in (3.187). The lighter particle is
called 1, the heavier one 2, such that m_m_ is positive. Observing E? — E3 =
(E1 — E2)4/s, one finds

Ey=1Y(s—mym_)/y/s, E;=3(s+mim_)/Vs. (4.70)
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The same formalism applies to the free outgoing particles, with k?

1,cms re-
placed by k] ..,.%. Consequently, By — By = Ey — Ey = 0 = ¢f , in (4.61).
In higher order Born graphs, expressions (4.70) need not apply to the in-
termediate energies F{ and EY, because the “virtual particles” associated
with the sections between vertices need not fulfill the free-particle equations
(they are then said to be “off the mass shell”, k2 # m?). On the other hand,
ImT? has all particles onshell, due to the unitarity relation (4.99) below.
This relation is used in a calculation of T without Feynman rules.
Some expressions of the one-body kinematics of the last section can be
taken over to the two-body kinematics in the cms. Defining q’f)cms = g*, the

Lorentz invariant ¢ of (4.62) becomes —g?:

0" =qt s = (0,9), t=—q". (4.71)

The minus sign could have been avoided by defining ¢ = —gq,¢", but it is
justified by a sign symmetry of the three Lorentz-invariant “Mandelstam
variables”,

s = (kl + k2)2 = (kll + kg/)2, t= (kl — k’l/)z = (kQ/ — kg)z, (472)
Uu = (kl — kz/)2 = (kg - k1/)2, (473)
s+t +u=2m?+2m3. (4.74)

In the one-body case, we defined in (1.74) E?/c?> — m?c? = h*k?. This
combination of constants occurs not only in the solutions of the KG equation,
but also in those of the Dirac equation, compare (2.135). The correspond-
ing cms value k2 = k2 will also be called k2, dropping the boldface

1,cms 2,cms

notation. From (4.69), we find
k* = E —mi = E5 —m3 = [s + mim? /s — 2m} — 2mj] /4. (4.75)
It occurs frequently in the combination
4k*s = s + mim?2 — 2s(m} + m3) = A(s,m}, m3). (4.76)
The “triangle function” A is symmetric in all three arguments,
Ma,b,c) = a® + b* + ¢ — 2(ab + ac + be). (4.77)
More useful is the factorizing form
A =[s — (mg +m1)?|[s — (mg —m1)?. (4.78)

Physically, k is the wave number in the cms. The form (4.78) shows that
it vanishes not only at the “threshold” sy, = (mq + m2)2, but also at the
“pseudothreshold” spn = (ma —mq)?. Positive values of /s refer to particle
scattering, negative ones to the scattering of two antiparticles. Both k% and
A are Lorentz invariants.
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In all measurable quantities, one is free to replace m; by —m;, even if they
are derived from Dirac equations. When m; and msy are taken of opposite
signs, s¢n and spen exchange their roles.

The two-body generalization of the differential cross section do;s (4.38)
is somewhat artificial. A more fundamental concept is the transition rate
density 7;¢, which is the transition probability |S;¢|? per time interval 27 and
volume V| from a normalized initial state |i) = |1, 2) to a selected normalized
final state |f) = |1’,2'). In the one-body case, we had to replace the energy-
conserving delta-function, §(¢°) = 6(kY — k') by the adiabatic switching
(4.37) in order to get a well-defined expression for §2. In the two-body case,
the 4-dimensional d4(k; — ky) requires in addition also a large volume V,
outside which the interaction vanishes at all times. Extending the arguments
that led from |S;¢|?/2T to 27|T;£|%5(¢q°) to four dimensions, one gets

fip = |Sif|?/2TV = (2m)*64(ki — ky)|T; 4|2 (4.79)

Alternatively, one may also use (4.63) directly but replace one of the two
factors (27)%6, by

(2m) 404 (k; — kf) = [ d*zeiFi—ki)e, (4.80)

take ky = k; in the exponent on account of the second factor, and then iden-
tify the resulting [ d*z with 27V, which cancels the denominator of (4.79).

The measurable rate density is proportional to the product of the macro-
scopic phase space densities Fj(k;, R,T) of the initial particles j = 1,2. The
particle density p,;(R,T) and particle numbers N; are

pi(RT) = [ &K Fy, Nj = [drp;. (4.81)

The dependence of F' on T and R must be sufficiently smooth in order to
remain compatible with the limiting procedure 7' — oo, V' — oo required
for energy-momentum conservation. A stationary particle beam of sharp mo-
mentum p has

F(k, R, T) = 85(k — p)p(R,T); (4.82)

p could be damped by absorption (or by decay in the case of unstable parti-
cles) along the beam direction 2,

p(R,T) = p(x,y,0)e >/, (4.83)

where A is a mean free path and p(z,y,0) a macroscopic beam profile. Re-
membering the covariant normalization (j|j) = Qk?, the actual transition rate
density to a discrete final state |f) is

rif = II; [ d°k;(2K)) "' Fj(kj, R, T)fis. (4.84)

For the collision of two stationary beams, F1Fy = d3(k1 — py)ds(ka — py)
xp1(R,T)p2(R,T) makes r;; proportional to the product p;ps2 at a common
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time 7" in a common place R. If the beams never meet, r; ¢ remains zero. The
case of a single unstable particle in |¢) is discussed below.

In the continuum of unbound two-particle final states, one has a differen-
tial transition rate,

drif = tipdi Kidy k),  dik = d®k/167°K°, (4.85)

where d3k is again the Lorentz invariant momentum differential. The six
differentials of dr;s can be rearranged such that four of them are cancelled
by the d4(k; — ky) of #;y. For this purpose, we define a “Lorentz invariant
phase space” differential, which in the most general case comprises ny > 2
particles of 4-momenta k; in the final state:

dLips(k;, f) = (2m) T2 d} kida (ki — kg),  kp = 5570 k. (4.86)
The differential transition rate is then
drig = |Tif|*11; [ d°k;(2k)) " F;dLips(k;, f). (4.87)
For the special form (4.82) of Fy and F5, this gives
drig = p1p2(4k9k3) | Tis[*dLips. (4.88)

The differential cross section do; s is now defined in terms of dr;y in a manner
that reduces it to (4.38) in the static limit. One defines ad hoc a “relative

velocity”,
via = (2K IV, drip = pipaviados. (4.89)

The factor (k9kJ)~! is removed because it is not Lorentz invariant. In

summary then,
doj = (4kv/s)"|Tiz[*dLips(ki, f). (4.90)

In the cms and for ny = 2, dLips is essentially the solid-angle differential df2;
of one of the two particles:

dLips = (1672 E1 Ey) *d®k1d%kod (/s — By — E2)d3(k1 + ko) (4.91)
= k?dk,d,6(v/s — E)/(16n*E\Ey), E =E; + Fs. (4.92)

To cancel the last delta-function, one must express dk; in terms of dF. From
E,L2 = mf + k?, one has EldEl = kidki, and with kl = kg = k‘,

dE = dE, + dEy = kdk(l/El + 1/E2) = k‘ldklE/ElEQ. (493)

After the cancellation, the delta-function implies E = /s, but we shall con-
tinue to use E as an alternative symbol for the cms energy:

dLips = kdf2,/167*E, E = /s. (4.94)
Elastic scattering has k; = k and consequently

doip = d|T;s|? /64 E2. (4.95)
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Comparison with the one-particle formula (1.296), do/df2 = | fx|?, shows the
connection

fo =Ti¢/8E. (4.96)

The S-matrix has two fundamental properties, namely unitarity and an-
alyticity, but both are largely lost in the Born series to any finite order. Uni-
tarity (STS = 1) results from the completeness of the initial and final states
in the defintions (4.3) of the S-matrix. Adapting the notation of (1.270), one
would write X;5%,5;; = d;f. After a partial-wave expansion as in Sect. 1.10,
one obtains a partial-wave S-matrix S;, which in the simplest case of exclu-
sively elastic scattering is a 1 x 1 matrix. Here unitarity requires S; = e,
where the phase shift §;(s) remains real up to a value s;, where inelastic
scattering begins to contribute. In a more precise notation, one has

2387850 d k= (il f). (4.97)
In terms of the T-matrix (4.63), this reads
—i(Tiy — Ty;) = X [ dLips(ks, )T, Ti;- (4.98)

As practically all interactions are time-reversal invariant, one can find a spin
basis in which T' is symmetric, Tj5 = T';:

2ImT;; = X [ dLips(ks, )T Ts- (4.99)

This relation connects different powers of T' and is violated by any approxi-
mation that ends at a given power. For example, TZ.(f1 ) (4.64) is real, whereas
the right-hand side of (4.99) is nonzero.

Analyticity says that T;¢(s,t) has an analytic continuation from the phys-
ical regions of s and ¢ to the unphysical ones, and in particular to s < sg.
While the Born amplitudes are analytic in ¢ (Tl(f1 ) has a pole a t = 0), they
miss the poles at positions s, < st that represent the atomic bound states
(in the case of the Coulomb interaction, these poles accumulate near s,. In
a given partial wave, n may be identified with the principal quantum number,
and s, = Stn — a%mlmz/nz, as will be seen in Sect. 4.5). The situation may
be illustrated by the function f(z) = (1 —x)~! ~ 1+ x + 22, which is oo at
x = 1, while its approximation is 3 there.

For the two-body states among j in (4.99), the analytic structure of dLips
follows from (4.94) and the expressions (4.76) and (4.78) for k and A:

dLips = df2;k/167%s'/% = d21y/s — stn+/5 — Spwn/321%s. (4.100)

It has a pole at s = 0 and two square root cuts, one starting at sy, =
(mq +ma)? = m3,, the other at the pseudothreshold spen = (ma —m2)?. By
analytic continuation, the unitarity equation applies also in the region ¢ > 0,
where is supplies square root cuts at ¢ = t¢, and t = t,. These cuts will be
needed for the calculation of vacuum polarization in Sect. 5.3.



4.3 Two-body Scattering and Decay 157

If the initial state consists of a single excited atom of energy E at rest,
then its radiative decay into a photon and a atomic final state of energy E’
gives a momentum k to the photon, and —k to the final atom. As the energy
of an atom is normally quoted for the atom at rest, E’ is to be taken as the
mass my in the expression (4.75) for k2, while m; = 0 is the photon mass:

k* = (E* - 2E"*E* + E'*)/AE?, (4.101)
k= (E*-E?/2E=E—-E —(E—-FE)?)2E. (4.102)

As E' is smaller than FE, the subtracted term is positive. The energy hw of
the emitted photon is not £ — E’ as one might expect, but slightly smaller.
The missing energy is carried away by the recoiling atom. Nonrelativistically,
one has 2F = 2m (m = atomic mass) in the last denominator, giving k =
E—E’—k?/2m. In meson decays, there are some extreme cases like w — y+7°
where m2 < m? implies that the photon and the pion receive about equal
energies, namely 3m,, each.

For the inverse process, one may direct a laser beam of photon momen-
tum &’ on the atoms of energy E’ at rest. This requires iiw’ > F—E’, because
some energy is required for the motion of the excited atom. The total sym-
metry of the triangle function A (4.77) implies that whenever one atom is at
rest, the common (momentum)? of the photon and of the other atom is \/4,
divided by the cms (energy)? of the atom at rest, according to (4.76). The
necessary momentum of a laser photon is thus

k' =V\2E' = (E* - E'?))2E' =E - E' +(E— E')?/2E'.  (4.103)

Excited atoms and other unstable states may be included among the asymp-
totic initial states |7) of the S-matrix only if their decay rates may be calcu-
lated by first-order, time-dependent perturbation theory. The IT;d%k;(2k9) ™"
in (4.84) or (4.87) is then reduced to d3k;/2k?; the decay rate density is

drif = |Tif|* [ d*k;(2k)) "' F;dLips(k;, f). (4.104)

A monoenergtic beam of unstable particles has F; = F(k;, R,T) again
given by (4.82). The decay rate is the integrated decay rate density, in which
the density p of F' disappears:

dLy (ki) = |Tig*(2k7) " dLips(k?, ki, f)- (4.105)

For k; = 0, kY = E, a two-particle decay has dLips given by (4.94). And as
|T;#|? is Lorentz invariant, the only difference for the lab system arises from
the factor (k9)~! in (4.105):

dlyy (k) = (k)" EdL (E), (4.106)

where E = /s is the mass of the decaying state. The factor E/k{ is the
famous “time dilatation”, which says that moving systems decay more slowly.
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The total decay rate into the state |f) integrates over the decay angles (2;
in (4.94) and sums over the helicities Ay of all decay products:

ELi(E) = / > T4 Pkyds2y /327°E. (4.107)
Af

When |i) has vanishing total angular momentum (a “spinless particle”), the
decay is isotropic in the cms, such that [ df2; gives 47. For a system of total
angular momentum j > 0, the decay angular distribution depends on the
magnetic quantum numbers m; present in the initial state. By rotational
invariance, the angular-integrated rate I';;(E) is independent of m; and may
be calculated for a fixed value, say m; = 0.

As an example, consider the decay of a vector meson into an electron-
positron pair, V' — e~ e™. Here one only needs one of the three m;-values in
the polarization vectors €/ (m;), say e(0) of (4.171) below. We may also set
0=0,

T(m; =0) = (47r)1/2eVJ§p = (4m) 2eyucy,v, = (4m)Y2%eyulasv,. (4.108)

The index p stands for positron. ey is a coupling constant, and the (47r)1/ 2 is
included such that for the decay of a virtual photon, production and subse-
quent decay is again of the form (4.64), with ey, = e. The free Dirac spinors
u. and v, are expressed in terms of Pauli’s x by (2.331) and (3.65),

e = VEe +¥kox(me), vp=7" \/Ep + P kpox(—my). (4.109)

In the cms, one has E, = E, = E/2 and k, = —k. For the electron, we
choose the explicit helicity spinors x () (2.337). The positron spinor is then
Xp(—myp) = X(Ap), because the positron helicity basis has the z-axis along
the positron momentum, which is —k. In this way, one finds

T = (4m) ey B a1 VE/2+ 250\ JE/2 = 250k (Aozy),  (4.110)
(Ao2|A) = 2X(cos® 16 — sin® 16) = 2X cos ), ( )
(Alo=| = A) = —2cos 30sin L0e™ ¢ = —sinfe ", (4.112)
T = (47)'/?2ey (2\m cos 0655, — 3 Esinfe %65 _5 ), ( )
D IT|? = 327es, (m? cos® 6 + | E*sin®6). ( )
AAp
Finally, the angular integral gives [ df2 cos? 6 = 47 /3,
Er(V — e et) = Zep(2m* + E*)k/E. (4.115)

There are several applications of the two-body scattering formalism in
which the cms does not exist. When two electrons scatter in the presence of
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an external A% of an atomic atomic nucleus, the asymptotic states cannot
be taken as plane waves any longer. They are eigenstates of single-particle
Hamiltonians H; and H,, with separate eigenvalues k9 and kY. The total
lab energy k9 + kI is conserved, but the S-matrix has nondiagonal elements,
Sis = (kYk9'|S|k9k3). The photon propagator is still given by (4.56); the
index 1 of ¢ (4.64) may be dropped:

t=p'pu=a —q*, q=k) -k =k — &Y. (4.116)

The Fourier transform of the Born approximation still gives a local potential
V12, but this depends now on the energies of the asymptotic states. Replacing
in (4.50) a;2 by —q°2, one finds

[ dBrefmeio” Ir = 4n/(q® — 7)), Via(r,qo) = e'®7e? /. (4.117)

(The zero of the denominator is neglected; it corresponds to atomic de-
excitation.)

Explicit spin summations as in(4.114) are normally unelegant. The matrix
element for scattering or collision of a single electron may be written in several
forms,

T =4'Qu = x"(\)Mx(\). (4.118)

Q is a linear combination of the sixteen matrices 1, v*, /%, 7> and y>y*.
M contains only the 2 x 2 matrices ¢° = 1 and o; M = My + M,o. The
cross section for unpolarized electrons avarages |T'|? over \;

LTI = LEd (V) Mx (W)X () M (V). (4.119)
This is simplified by the completeness relation
ST ) =1, AT = xI (V) MM (). (4.120)

When the polarization of the outgoing electron is irrelevant, one also has to
sum over its helicity \':

DT = 2 iixs W) xg V)Y (MM = 25y (MM (4.121)
In this way one obtains the simple expression

15w TP = ttrace(MM') = |Mo|> + M, M. (4.122)

4.4 Current Matrix Elements, Form Factors

The forms (4.35) and (4.36) of current matrix elements ignore the inner struc-
tures of mesons and nuclei. Even the “elementary” leptons (electrons and
muons) have some inner structure that follows from QED. In the present
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section, the most general current matrix elements compatible with Lorentz
and gauge invariance will be constructed.
Gauge invariance is simple; it is equivalent to current conservation:

audi; =0, "=k’ -k} (4.123)
When the meson or nucleus is not excited by the scattering, one has
kP =ki=m? t=(ki—kf)?=2m?—2kiky. (4.124)
The general form of Ji“f for a spinless particle is then
Ji3(KG) = (ki + kp)F(t), F(0)=1. (4.125)

The first factor ensures (4.123), and F'(¢) is a “form factor”, which cannot be
calculated exactly for mesons and nuclei. The nuclear form factor Fi(g?) was
introduced in (4.47) as the Fourier transform of the nuclear charge density, in
the limit of a non-recoiling nucleus. In cms scattering, one has in fact —t = g
according to (4.71). Thus F(—t) is the Lorentz-invariant generalization of
Fn(g?). In principle, F is a function of all possible Lorentz invariants, F =
F(t,k?,k?,kikf). But with (4.124), ¢ is the only independent variable, for
a fixed value m of the particle mass. At small ¢, F' is paramatrized by its
slope,

dF(t)/dt = (r?,)/6, (4.126)

where (r? ) is the “mean square charge radius”. The name derives from the
relation (4.47) between F' and the static charge density py at small g,

exp(igr’) ~ 1 +igr’ — L (qr')?, (4.127)

s [ d&Pr(gr')?p=1q* [uPdurtdrp = ¢* [r'drp/6 = (r2,)q? /6. (4.128)
Qualitative arguments about the poles of analytic functions (which are
handled by “uncertainty relations” in nonrelativistic quantum mechanics)
show that particles with a large mean square radius have low-lying excited
states. For nuclei, such state are produced in inelastic electron-nucleus colli-

sions (“Coulomb excitation”). There one has
k2 =m?2

K2 (2

k} =m3 >m;. (4.129)
The condition g, ch = 0 requires then instead of (4.125)
T (KG) = [(ki + kp)"t + ¢ (mF — m?)|GP (1), (4.130)

for a state f that is again spinless and has the same intrinsic parity as the
ground state. For example, the a-particle (“He nucleus) has among its ex-
cited states a state a* that also has spin zero and positive parity (01). The
Coulomb excitation cross section do(e”a — e~ a*) is given by (4.90).
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The G?f in (4.130) is a transition form factor. Excited states appear also
in the higher-order terms of the Born series for elastic scattering, beginning
with the two-photon exchange (4.26):

s§§>=—e/ d4/ dz° /d?’xA Z] (@)j%}' (). (4.131)

We shall not discuss this expression any further, but note that A, is pro-
portional to Ze (compare (4.55)), such that the second Born approximation
is proportional to Z2?e* = a%. The contribution of all excited states to the
second Born approximation of elastic scattering is called the (electric) po-
larizability. Its calculation requires a good knowledge of nuclear theory. It
frequently limits the precision of atomic bound state calculations, for exam-
ple for atomic hydrogen. Heavy nuclei have both large (r§h> and large Ze.
Turning now to spin—é particles, the general form of the current matrix
element may be taken as a combination of uys(k; + kf)*u; and wpy u;:

T = ugly“Ga () — Fa(t) (ki + ky)* /2mus. (4.132)

The two functions Gj; and F; are the “magnetic” and “Pauli” form factors,
respectively. The condition qﬂJi’; = 0 is satisfied by each term separately;
the Dirac expression (4.36) for a structureless electron has Gy = 1, F5 = 0.
There is an alternative parametrization of Ji’} which is better in the presence
of potentials,

T8 = ug [y By () + o4 a, Fa () /2m]us, (4.133)

with o/, given by (2.327). Its equivalence with (4.132) is based on the Dirac
equations for the free-particle spinors u; and uy,

upohy quu; = yup[y (kiy — kpy) — (kiy — kpy)v*]ug
= ug[y"(mi +my) — k' — kflug, (4.134)

after use of k;yu; = myu;, ugksy = myuy, and with y”y# = 2¢*” —y#~¥. For
m; = my = m the connection between (4.132) and (4.133) is the “Gordon
identity”,

Gum(t) = Fi(t) + Fa(t). (4.135)

F5(0) is the anomalous magnetic moment k,, (2.76), as will be seen below.
For leptons (electrons and muons), F; and F» may be calculated perturba-
tively as “radiative correction”, caused by the emission and reabsorbtion of
a virtual photon. They are then also called “vertex functions”. The result is
best expressed in terms of a new variable £ (Lifshitz and Pitaevskii 1973) and
a scaled coupling constant a,

¢ =-t=m*(1-92%/¢, ar=a/r, (4.136)
Fy=ag€logé/(&% — 1), F»(0)=F(¢=1)= lar = Kan. (4.137)
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In other words, a real electron is not quite structureless. The Gordon identity
cannot be used in the presence of potentials. The form (4.133) is better than
(4.132) because the normalization F;(0) = 1 guarantees the correct value of
the electric charge.

For nucleons (protons and neutrons), the large values k, = 1.79, k,, =
—1.91 cannot be calculated reliably; they are caused by the “hadronic struc-
ture” of these particles, which is qualitatively explained by the quark model,
Sect. 5.9.

The vertex function Fj(t) diverges for t — 0. Like the factor 1/t in the
main term Tz(f1 ) (4.64), the divergence arises from the vanishing of the denom-
inator of the photon propagator D(y — z) (4.56), this time for the radiation
emitted at position y and reabsorbed at position z. It can be handled by
a charge screening radius a, as in (4.50), but now a; ! is either called a pho-
ton mass or an infrared cutoff A:

Dy(y —x) = (2m)~* [ d*'pe” Ve (A2 — p,pH —ie) " . (4.138)
The resulting F; is complicated; for small g? it is
Fi =1—azqg*m ?(3log(m/2)) — }). (4.139)

The removal of the unphysical parameter X is postponed to Sect.5.5. As
the proton is also charged, it has the same form factor at very small g2.
But normally, the inclusion of the hadronic charge radius (4.126) is more
important. The proton has (r2,) ~ (0.85 fm)?.

The fact that F; and F» follow from the Dirac equation (3.66) for the
electron field operator emphasizes the exactness of that equation. However,
as the calculation of radiative corrections is tedious, one prefers to work
with effective field equations in which the dominant radiative corrections
are replaced by auxiliary operators. The most important long-range operator
arises in the approximation Fj(t) = 1, F(t) = F3(0) = Kan. The resulting
first-order S-matrix element for the scattering on a four-potential A* follows
from the insertion of (4.133) into (4.30) and (4.27),

SZ.(}) = —ie [d*'yArj, = —ie [ d*yAre " Yus (v, + Oaxa G Kan/2m)u;.
(4.140)
The combination e~*?%¢” may be replaced by id”e™", and 8" = 9 may be
transferred to A* by partial integration:

Si(;) = —ie [ d*ye " Wup(Aty, — i0” AP0y s Kan/2Mm)u;. (4.141)

As 0axa i = (Vu Yo — YY) is antisymmetric in g and v, only the antisym-
metric part of 9V A* contributes, which is [0¥, A¥] = —F# /2:

SZ-(}) = —iefcl‘lgje_i‘”’uf(A”vM + i FM 04 sa puKan /4M)u;. (4.142)
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The effective Dirac equation must reproduce this expression. It is unique
only if one excludes additional derivatives. Remembering that the first term
Ay, =~°(A° — Aa) originates from the Dirac equation (2.92) in the form

(Y —m)yYp = V(7 —y%am —my®)Wp =0, T =p+eA, (4.143)

one merely has to add the second term of (4.142) to the interaction operator
of (4.143):

O — vom —mey’ (1 — ihekan Fluohs 4 /4m*e®)banp = 0. (4.144)

[m
This is the anomalous Dirac equation, which will be studied in some detail.
The factors & and ¢ have been included for that purpose. With appropriate
restrictions, the equation also applies to an effective field operator ¥,, p which
removes electrons and emits and absorbs photons as in (3.66). The main
restriction is of course that the reabsorption matrix element in the form
connected with Fy(¢) in (4.133) is set equal to zero. For leptons, the second
restriction is g%/2m? < 1, where m is the lepton mass. For nucleons, the
same restriction holds, but here m is more of the order of the pion mass. The
restriction also excludes the use of ¥, p for the creation of lepton-antilepton
or nucleon-antinucleon pairs. A field theory with ¥,,p is not renormalizable.
The space-space part oy, , = 0¥ = io® (i,j = 1, 2, 3) of o%, contains
no Dirac matrices according to (2.326). The F),, follows from (2.19). In the
parity basis where 4* = 3 is diagonal, (4.144) reads

(7% — Mmanc)thy = (7o — ihkanea E/2me)y, (4.145)
(70 + Manc)tp; = (wo + ihkaneo E/2me)i,, (4.146)
Man = M + hekamoB/2me, E =-VA° - §)A. (4.147)

The nonrelativistic limit of these equations gives E = manc® + Hp. In the
Pauli Hamiltonian Hp one may put m,, = m, and the additional operator
arising from m,,c?> may be shifted into Hp as follows:

Hpan =V + 7% /2m + heo Bggree /4MC,  Greo = 2 + 2Kan. (4.148)

Thus Kay is in fact the anomalous magnetic moment defined in (2.76). Later,
the Fourier transform of F; — 1 will be included as a modification of 7°.

Nuclei of ordinary atoms are nearly always nonrelativistic. They get an
index 5 in the following, anticipating the application to binary atoms. Their
Zeeman operators are expressed in terms of the nuclear magneton

Hzee = g2nS2Blin,  n = eh/2myc. (4.149)

Here m,, is the proton mass, irrespective of the nuclear mass my, for all spins
s9 > 0. For s = 1/2, S5 = 05/2, this agrees with (4.148) only for the proton
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itself. If one wants to treat a spin-1/2 nucleus as a Dirac particle, one must
redefine its g-factor:
Hyoo = hZeo Bgs /4mac, (4.150)

92 = Gnama/Zmy,. (4.151)

For example, the proton has gs = g,2 = 5.58, while the nucleus *He has g2 =
—2.128 and g2 ~ (3/2)gn2 = —3.185. The most important manifestation of
nuclear spin in atoms is the magnetic “hyperfine interaction” between S,
and the electrons. In classical electrodynamics, a nucleus with a magnetic
moment

Ky = Gn2finS2 (4.152)

fixed at the origin produces a vector potential
A=p, xr/rd=—p, x[V,1/r] =V x (u,/r). (4.153)

This A is now used as an operator in the electron’s Dirac equation. The
procedure is analogous to the calculation of A° in (4.44), but it is more
questionable here. For any finite Dirac g-factor gs, g2, vanishes in the limit
ma — o0 according to (4.151), such that the static limit of (4.153) is strictly
speaking zero. It is therefore of interest to see how A arises in the framework
of two-body scattering: The vector components J;f of Ji’} (4.133) contain

u'yu = v ou = xT[(ck')o + o(ok)x = X' Tk + k' +io x q]x, (4.154)

!

U0 yquu = —u'c" gju = 2mix'T (o x q)ix. (4.155)

This shows that the part J(o);; which is proportional to o does contain 1
and K,y in the combination 1 + Kay = gree/2:
Jif(o') = égfreeul'yu = éigfreeXlTo' X gx. (4'156>

The o E terms will be included relativistically in Sect. 5.6. Here we elim-
inate ¢ (4.146) to obtain a nonrelativistic equation for 1,

(70 — me)y = [(wa)?/2me — ihkan[ea E, wa] /Am>c*]y,. (4.157)

With eE = [V, V], the new operator adds a term —&a,[W, [W, V]] in (2.243).
It results in a factor 1 + 2k,, both in Vi and in Vp, (2.246). For s-states,
one finds

(Vba) = (1 + az)azam/2n® = (Vi) i—o. (4.158)

The analyticity of (V) as a function of [ is thus respected by Fs.
The Coulomb potential is modified by the inclusion of F} in the integrand
of (4.51). With [d3qe~"9"q?/q> = (27)35(r), one finds

V(r) = —agz/r + drazllog(m/2\) — 1/8]6(r) o, /m?. (4.159)
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The modified Darwin potential is obtained from (2.263) as 6Vpa = 2kanVba =
araz4m(r)/8m?, wich cancels the —1/8 of (4.159). It is thus advisable to
use the spinless form factor,

F=F - ja:¢?m % =1 — (arq?/m?) ; log(m/2)), (4.160)

V(r) + 6Vba = —az/r + 4maz log(m/2))8(r) oy, /m?, (4.161)

and to completely discard k., in s-states (except in the o B-term of (4.148),
of course). For a spinless particle, one may simply set Vi = 0, and identify
F with the spinless form factor F(¢) in (4.125), to this order in a.

An order-of-magnitude estimate for A is half the imaginary momentum
k = —ik of the asymptotic wave function e™*", 2A = kK = Zam/n, FF — 1 ~
—(axq?/2m?)} log(n?/a%). Comparison with (4.126) leads to a kind of mean
square radius of electrons and muons,

(ren) = (ar/m?) log(n? /aZ;), (4.162)

although its dependence on az = Za shows that it is a binding effect. It gives
the leading contribution to the “Lamb shift”, which lifts the Dirac degeneracy
of nsy /3 — npy /2 states (compare Fig.2.2). The complete Lamb shift will be
calculated in Sect.5.5. ((r2,)!/? should not be confused with the “classical
electron radius”, r. = a/m., which enters the Compton cross section.)

Unfortunately, the introduction of the photon mass A violates the gauge
invariance of QED. A modification which does respect gauge invariance is
a QED in d dimensions, where d need not be integer. It simplifies the cancel-
lation of infrared divergences, see for example Brown (1992).

4.5 Particles of Higher Spins

In addition to the photon, the heavy bosons W+ and Z° of the electroweak
interaction have spin 1. All other particles of spin > 1/2 are composite, which
limits the value of their “particle approximation”, neglecting excitation and
breakup. In atomic theory, nuclei are normally treated as single particles. In
some long-range interactions, however, even a whole atom of total angular
momentum j may be treated as a single particle of spin j.

It is postulated that any closed system of total energy %ick® and total mo-
mentum fik satisfies the Einstein relation (1.41), 77,2]{7#]{}“ = m?c?, which leads
to the differential equation (1.43), (p,p* —m?2c?)p = 0. For charged particles,
gauge invariance requires the replacement of p* by 7#, and additional spin
operators O(S) may appear. In units % = ¢ = 1, one thus has

[, —m? = O(S)|yp =0, w=p'—qAr. (4.163)

Both the KG equation and the Kramers version (2.82) of the Dirac equation
have that form.
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A massive particle of spin 1 at rest is described by a wave function V (7, t),
the three components V4 =V, £V, and Vy = V, of which transform under
rotations like the components of a vector field, for example like the magnetic
field B (2.64) under rotations about the z-axis. A general rotation may be
written as in (2.75), with the matrices S @ formally identical with the I of
(1.263). This allows still for different Lorentz transformations. One usually
chooses a 4-vector V* analogous to the electromagnetic potential A*. The
fourth component is fixed by the Lorentz gauge condition p,V* = 0. For
a free particle, this implies

k,VE =0, VE(k=0)=(0,V), (4.164)

because V7 is a scalar under rotations, corresponding to a spinless particle.
In the presence of electromagnetic fields, however, the condition itself must
be gauge invariant,

T, V* =0. (4.165)

The solutions of (4.164) are similar to (3.11).
Vi) = e kel (K, N), kyet = 0. (4.166)

A denotes the helicity, that is one of the eigenvalues of the spin operator
along k. For k, =0, ¢ =0, one finds

et (£1) = 272(0, F cos 0, —i, £ sin h), (4.167)
e*(0) = m~(k, k%sin 6, 0, k° cos ). (4.168)
The orthonormality and completeness relations are
(V) (A) = 7 (N)eP (V) — €' (V)e(A) = —dwa, (4.169)
Ihet(k, \)e” (k, \) = —g" + kPEY /m?. (4.170)
For k =0, k° = m, one has
e =(0,e), e(0)=(sind,0,cosb). (4.171)

The interactions of particles of arbitrary spins are parametrized in the
Born series. Their current matrix elements have been collected by Walden-
strom and Olsen (1971), see also (5.203). For spin 1,

JZ.’} = — (ki +kyp)"[Frepe — ém_2F2(e;q)(6iq)] — Gl[e;“eiq - efe}q}. (4.172)

Fy, F5 and G, are three form factors. For small |¢|, they are conveniently ex-
pressed in terms of the magnetic, charge and quadrupole form factors Fi;, Feo
and Fg. The “Breit” or “brick-wall” frame is used here, where the initial and
final momenta k; and k; of the spin-one particle are as small as possible,
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under the condition that its recoil effects are shared symmetrically between
initial and final states:

ki=q/2, kf=-q/2, K =k}~m(l+7/2), 7=q°/4m>. (4.173)

Taking the z-axis along g, one finds

Iy = —(ki+ k)t [Fiejei+27e} ei.(1+7)Fo] + Gig(ef e — e}, ) (1+ 57).
(4.174)

The traceless part of €},€iz I8 the quadrupole operator
er.ei = 3letes + Qifl, (4.175)
Qiy = 2€},6iz — €}yCiz — €}yCiy. (4.176)

Fc and Fg are defined as the coefficients of e}e; and of Q;f/27 in JO/2K0,
while Fy is the coefficient of ig x S/2m in J/2E. In this manner, one obtains

FQ:F1+(1+T)FQ+G1, FC:F1+§TFQ, Fy =Gy (4177)
The magnetic and quadrupole moments are defined at 7 = 0,
p=eG1(0)/2m, Q= Fg(0)/m?>. (4.178)

Their effects on atomic spectra will be discussed in Chap. 5.

For particles of arbitrary spin s, there exists also a spinor wave function ..
with only 2s + 1 components, together with its parity transform ;. (Fierz
and Pauli 1939, Joos 1962, Weinberg 1964, Carruthers 1971). As for spin 1/2,
one defines a 2 x 2 matrix v° with eigenvalues 4+1 and —1 for 1, and ¥,
respectively. A free “Dirac” spinor up is boosted from a spinor x(ms) in
analogy with (2.334),

u(DS) = m56757’sx(5). (4.179)
For a boost to 4-momentum k* one has
coshn =k°/m =+, sinhn=k/m (4.180)

as in (2.335). "5 is the square root of a polynomial of degree 2s in k* and kS.
The polynomial is constructed from e?75 as in (2.336). One takes the z-axis
along k, such that 2nS reduces to 2nmg, where m; is one of the eigenvalues
of S,. Fors=1

10 0 e¥o 0
S.=(000 |; =01 0 |, (4.181)
00-1 0 0e 2

e®21 = cosh 2n + sinh 2y = cosh? n + sinh? n + 2 cosh 7 sinh 7. (4.182)
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In this way one finds, in addition to ml/2enSt? = (K + ko)'/2,
me™S" = [m? + 2k°kS + 2(kS)2]*/2, (4.183)
m3/2en5Y — 2 (k0 + 2kS) + (K° + 2kS)[2(kS)? — LK])M/2,  (4.184)

m2e™” = m* 4 2m? (K + kS)kS+ 2(2k°+kS)kS([(kS)2 —k2]|/2. (4.185)

These boosts depend only on ms = A = kS/k, not on s. For example, (4.183)
and (4.185) are identical for |A| < 2. See also Sect. 4.8.

One may also construct e”5 from the direct product of 2s spin-1/2 boosts,
with a set of Pauli matrices o(¥). In that case, the product must be put into
a form which contains only

1200 =8. (4.186)

For s =1,
mens(l) — (kO +k0'(1))1/2(k0 +k0'(2))1/2 (4187)

Here one may use k°2 = m? + k* = m? + é(kzd(l))2 + ;(k0(2))2 and then
combine }(ko™)? + 1 (ko™®)? with (ko) (ko) into 2(kS)>2.

4.6 The Equation for Spinless Binaries

A study of the relativistic eikonal approximation (which is omitted in this
book) led Brezin, Itzykson and Zinn-Justin (1970) to a bound state equation
for two relativistic spinless particles (“spinless binaries”). The equation was
rederived by Todorov (1971), who emphasized its exact solutions and also
speculated about additional short-distance operators. In the following, essen-
tially the original equation of Brezin, Itzykson and Zinn-Justin will be called
“Todorov equation”. The discoverers of the equation may console themselves
that Schrodinger did not get his name attached to the Klein-Gordon equation
either.

The Todorov equation is a KG equation with relativistic recoil. It ap-
plies for all mass combinations of the binary system, provided particle 2 is
also spinless (spinor particles 2 are covered by the more complicated “Klein-
Dirac” equation of Sect.4.9). The relativistic effects of recoil are unmeasur-
ably small already for the mesic helium atoms, which contain the lightest
spinless nucleus. They become large in 7~7+ and 7~ K+ and K~ 7T atoms,
but no precise data exist for such binaries. Like the KG equation, the Todorov
equation is verified indirectly: It reproduces the spin-averaged energy levels
of leptonium, which are known with excellent precision. The mathematical
significance of the KG equation for the Dirac equation has been stressed
in Chaps.2 and 3; the Todorov equation is of comparable significance for
leptonium.
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In the two-body case, the interaction is constructed from the S-matrix in
the cms, p; = —p, = p. With p? = p2 = p?, two stationary free-particle
equations (1.44) apply simultaneously in the asymptotic region r — oo where
the interaction vanishes,

(K = p1as(r) = 0, (K = p3)us(r) =0, k* = Ef —mi = E5 —m3.

(4.188)
The complete equation has the interaction operator added. It is already
known in the static limits (m; < my and my < my), namely —2E;V + V2
according to (1.90). If one now replaces the two limiting operatores —2FE;V
(i =1, 2) by an interpolating —2€V/, the resulting first Born scattering am-
plitude f; reproduces exactly the cms Born amplitude Tl(f1 ) (4.64) of QED,
apart from the S-states (see below):

(k* —2¢V + V2 —p*)y = 0. (4.189)

The connection between f and T is given by (4.96). In the first Born approx-
imation,

8rEfY = TW = drgigody g T3y /42 (4.190)
Insertion of J§* = (k1+k})* (4.125) and J5 = (ko+k5)* (in the approximation
F(t) =1) leads to
T\ = dnquaa(ky + ki) (ks + k3), /@ (4.191)
kiky and K1k} are fixed by (ky + ko)? = (k] + kb)? = s
k1 ky = 2kikhy = s —m? — m3. (4.192)
Next, one may use ki* = ki’ — ¢ and k4" = ko + ¢* to get

JiJa = (2k1 — q)(2ka + q) = (2K} + ) (2K, — q). (4.193)

Taking the average and observing q(ks — kb) = q(k} — k1) = ¢*> = —¢q?, one

finds the simple expression
Ti(;) = 16mq1q2(k1ka/q” — 1/4). (4.194)

The Fourier transform of the second term —¢q;qs produces a delta function
d(r) which contributes only to S-states. The spinless particles known to-
day (mesons and nuclei) all have internal structure which results in strong
form factors Fj(—q?). Their effects are negligible for larger orbital angular
momenta ! (normally [ > 0 is sufficient), but the approximation (4.194) cer-
tainly breaks down for S-states. One may thus ignore the —1/4 in the bracket.
Agreement with the scattering amplitude of (4.189) is then reached for

€ = kiko/v/s = (s —m? —m3)/2¢/s. (4.195)
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The relatively complicated expression (4.75) for k2 in (4.136) is eliminated
in favour of the relativistic reduced mass p as follows

k> =€ —pu?,  pu=mimy/Vs=mims/E, (4.196)

[(e=V)?—p? =P’y = 0. (4.197)

Near the threshold E = mq +mg = mqo, i is close to its nonrelativistic limit

fnr = Mima/mia. The equation is now in a familiar form, but it is better to
remove the E? from denominators:

[(L(B? —m} —m3) — EV)? — mimj — E*p*|y = 0. (4.198)

Already the inclusion of the nonrelativistic binding energy, £ ~ mis —
aZpinr/2n* makes p n-dependent, which is avoided in (4.198) (this n-
dependence will enter the hyperfine operator of Sect.5.1). The factor E in
front of V' and p is removed by taking r/E = rg as independent variable, as
in (3.224). At the same time, one may multiply the new variable by mimq
to make it dimensionless:

p=mMmimoTE = pur, p,= p/p=—iEV /mims. (4.199)

p is close to the variable p,,,, = pn,r of nonrelativistic quantum mechanics.
The price paid for this pedagogical trick is another redefinition of r. The
possibility of such redefinitions stems from the fact that the “position opera-
tor” r is basically a nonrelativistic concept, for example in (3.119). Attempts
to construct a corresponding operator for relativistic quantum mechanics
result in a strange “Zitterbewegung”. In quantum electrodynamics as the
appropriate basis of relativistic quantum mechanics, both 7 and t serve as
counting operators of fields.
The dimensionless Todorov equation is

[(e/u—V,)> —1=pll =0, V,=—az/p. (4.200)

The form (4.197) of the Todorov equation follows from the KG equation by
the substitutions
Ei—e€ my—p. (4.201)

It guarantees the correctness of the operator V2 only in the static limits.
One additional energy shift is §Eg = 3 (V2L%/r?)my2/m3m3, which has been
calculated by Elkhovskii (1996) in the nonrelativistic approximation for par-
ticle 2, to first order in mq /ms. It is of the order of aGZ. Its E2-form is

30Eg = J(VZL?/r?). (4.202)

With 6(e/p) = 30E? /mims according to (4.200), the corresponding operator
can be included as a correction Vg in the Todorov equation,

(e=V)2 =2 —p*> + Vsl =0, Vg =V2L?/2r*myms. (4.203)
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However, Vg was calculated for two spinor particles, and its mere spin-
independe does not prove its validity for spinless particles. Also, the radiative
corrections of Sect.5.5 are in fact larger.

The standard form of the Todorov equation is identical with (1.144), with
new redefinitions of r. and ng. With hc =1,

re =roge, ng=age/k, k= (u®—e?)2 (4.204)

But whereas the energy E; of particle 1 in the static limit is proportional to
its mass my, By = my(1 + erZ/n,%)*l/2 according to (1.129), multiplication
of the corresponding relation between € and p by E gives a linear relation
between the square of the total cms energy and mims:

E* —mi —m3 = 2mima(1 + a% /n}) /2, (4.205)

The threshold value of E? is (m;+ms2)? = m?2,. Its subtraction gives a relation
analogous to (1.131) for Ey,

E? —miy = 2mimaf, f=(1+a%/n3) Y2 -1 (4.206)
The calculation of E requires yet another square root,

E = 2mimaf +mip)"? = mig + frine — 5 fPpn. /mas + 3 f2ud, /mis F ..

(4.207)
With f of the order of a2Z and fi,./m12 vanishing in the static limit, the new
expansion parameter fii,,/m1s is very small for electronic atoms. There, the
terms f? are attributed to the “Braun recoil formula” for the Dirac equation
(Braun 1973, Eides et al. 2001). Positronium has i, /mis = 1/4.

As each expansion complicates the result, one may quote E? instead of E.
We shall see later that fine and hyperfine splittings as well as radiative cor-
rections contribute small corrections §E? = 2E§F, such that E? is the ap-
propriate quantity also under more general circumstances.

It was mentioned already below eq. (4.96) in Sect. 4.2 that the T-matrix is
an analytic function of the Mandelstam variables s and ¢. Consequently, the
eigenvalues of any relativistic equation depend on E only via s = E?. They are
invariant under the replacement £ — —FE. The symmetry in F of the spectra
of closed systems follows already from C'PT invariance. The field operators
of spinless particles have Yeopr(2#) = Wopr(—x*), while spinor fields get an
additional factor 4 according to (3.57). A closed system at total energy E
has a time dependence e~ *F*, which is changed to etFt = ¢~ {(=E)t by CPT.
Physically, the system of energy —F is the antisystem of energy +FE. An
atom is transformed into its antiatom by C'PT, for example hydrogen (e p)
into antihydrogen (e*p).

An analogous argument applies also to the appearance of m? and m3.
Already in Sect. 1.6 it was mentioned that only m? has physical significance.
This is obscured in the Dirac equation but is evident in its Kramers form,
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(2.82) or (2.135). In the expression (4.205) for E?, it seems contradicted
by the requirement that mims must be positive. But this sign asymmetry
may be traced back to the requirement that the bound state wave function
must fall as e *" for r — oo, i.e. K = (u? — €2)'/2 must be positive. With
K= M(l—l—n%/(%%)_l/2 as the generalization of (1.129), it is clear that negative
mims requires the negative sign of the square root.

In the above formulas, » = 71 —r5 has been replaced either by p or by r.:

p=mimor/E, 7Tc=o0zer = Jazp(E® —mi—m3)/mims.  (4.208)

The ranges of the new distance variables are 0 < p < oo and 0 < r, < 0 as
usual, corresponding to 0 < Er < oo. Negative E thus requires the negative
sign of the square root that defines r, r = —[(r; — r3)?]/2. The traditional
distance variable in antiatoms is to be taken negative, at least in connection
with C, CP or CPT transformations.

When particle 2 is a nucleus with a given charge density px(r), the po-
tential Vi (re) = [d3r'pn(1)|re — 7' /aze|~! respects CPT only if py is
the Fourier transform of the nuclear form factor F(g?), and not some other
convenient function. For a proof, define

q. = ajazs (4.209)
such that exp(igr) = exp(ig.re). Then Vy can be rewritten as
Vn(re) = [d3rl(2n) 73 [ d®qee " Fn(q?a%e?)re — rl| 7t (4.210)

The form factor introduces a weak e2-dependence into Vi, which does not
break the invariance under £ — —F.

The KG orthogonality relations (1.197) do not directly apply to the
solutions of the Todorov equation, due to the energy dependence of p,
wi = mimg/E;. One must first change the variable r, either to p or
to 7. The dimensionless Todorov equation (4.200) is most convenient, with
e/u=(E*—m3?—m3)/2mima:

[ p*dpR;(p)Ri(p)(ei/ i + €/ pj — 2V,) = 265€i /i (4.211)

The generalized radial KG equation (2.273) may also be transformed to the
variable p, because L2 = l,(l, + 1) is independent of € and u:

(/1% =1 2Ve/u+ (9, +1/p) — L2/p*R = 0. (4.212)

It will be seen later that this equation carries the generalized KG equation
to the two-body problem.

The first-order perturbation theory of the standard form, K1 = 7152’@[}, is
analogous to the formalism of Sect. 2.7:

(Ko + Kper) = 152 + (052, (n52)" = (Kper). (4.213)
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Here ngg = (ngg)o is understood, and (nEQ)l will be denoted by 6n§2 in the
following. With ngz = Kk?/a%e? = a,*(u?/e® — 1), one obtains

5n§2 = a2 5(p%/€%) = 4mIm3a,?0(E* — m? —m3)~2 (4.214)
The final result is
SE? = —0422(e/u)?’mlmgéng2 = —az(e/p)*mima(Kper). (4.215)

5E = — Lo (e/n)*ulKper). (4.216)

The nonrelativistic limit has e¢/u = 1, dE? = 2m20E, and thus 6E =
6(—%0(2Z,u/n%) = 0EN as expected. The main advantage of the standard
form is the expression for the second-order shift (nEQ)(z), which is completely
analogous to (2.223):

(n5*)®) = g (0| Kpex ) (k| Kpex |n) (ng % — ng3) " (4.217)

This form applies only to explicit eigenvalue equations.

The order a}, of E may be calculated from T alone, setting V2 = 0.
One first expands all operators to first order in relativity and then uses gauge
invariance g,Ji" = g,J5 = 0. One keeps ¢o # 0 in the cms, because it will
appear in the iteration of T(}). Instead, one splits J into a component J|
parallel to g and two perpendicular components,

Ji=J—-q(Jq)/q* (4.218)

This leads to
q@J°—qJy =0, Jy=qJ%q, q=]|q (4.219)
T Jop = I3 = ¢3/q%) — 11 da. (4.220)

Writing now 1 — ¢2/q? = —t/q?, the t is cancelled in (4.64), and one is left
with
T Jou/t = =T0 T3 [q° = J11d21/(@° — 45)- (4.221)

The first term contains the “instantaneous” interaction, the second one the
“retardation”, which are familiar effects in classical electrodynamics. The
retardation is frequently small and may be evaluated by setting gy = 0 in the
denominator. Looking at the Breit operator Hp (3.105) from this point of
view, we see that with a change of the name of the integration variable from
k to q, the square bracket is

ol an) = ajay — (a1q)(0nq)/q>. (4.222)

A more precise treatment which keeps ¢° # 0 has been mentioned in Sect. 3.7.
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In the spinless case J = k' + k = 2k + q,
J, =2k —2q(kq)/q>. (4.223)

From (k' +k)q = (k' +k)(k—k') = k?—k’2, one concludes that this formalism
does not allow one to set k? = k’? either, because otherwise Jy=0,J.=J.
The modification (4.221) does reproduce the effect of V2 to the order a.
Expansions to the order o, also comprise retardation (Czarnecki et al., 1999).

4.7 The Leptonium Equation

There are six types of leptons, namely the electron e™, muon p~, tau lep-
ton 77, their antiparticles e (positron), u™, 71, and their neutral massless
partners, the neutrinos v and antineutrinos v. The tau lepton is very heavy
and decays within 1071° s which prevents bound states. The other charged
leptons can form hydrogenlike “leptonium” bound states with each other,
namely positronium e~ e, muonium e~ ™, antimuonium e*u~ and muon-
antimuon bound states u~ . The muon decays after 2.2 x 10~%s, which is
long enough for precision measurements. Its mass is 200 times the electron
mass. For this reason, muonium is chemically very similar to atomic hydrogen.
As the muon is still ten times lighter than the proton, the main differences
arise from the higher mobility of muonium. On the theoretical side, electrons
and muons are ideal Dirac particles. Their anomalous magnetic moments
are calculable from QED, they are very close to the a/27 given in (4.137).
A consistent relativistic binary treatment of ordinary hydrogen is more dif-
ficult, due to the proton’s inner structure which does not follow from QED.
The theoretical study of leptonium is also of intererst for its possible analogy
with a relativistic quarkonium model of mesons.

An essential issue in the description of two fermions is the number of
components of the wave function . In the presence of an external 4-potential
Al 4 x 4 =16 components are convenient, 1) = 1)py. This follows from the
general ansatz (3.82) which leads to the Dirac-Coulomb equation with the
Breit correction Hp (3.111). In Sect. 3.6, ¥ ps has been split into two octets v
and x, and x has been eliminated in (3.186). Finally, 1) has been split into two
quartets ¢, and 1y (the large and small components of 9, respectively), and
elimination of ¢ produces a four-component equation for 1,. Any systematic
expansion ends up with four nonrelativistic components, for example the
singlet and triplet spin components.

The construction of the binary equation from the S-matrix for A%} =0
need not follow this procedure. For two spinless particles, we subtracted in
(4.188) for noninteracting orbitals an interaction operator I = 2¢V — V2 and
determined the linear operator 2V from the first Born approximation. The
V2 was included because it is required in the two static limits (the two KG
equations). Additional small “recoil operators” may be calculated from the
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“straightforward” Born series up to arbitrary orders. When the differential
equation is replaced by an integral equation, it is known as “Bethe-Salpeter”
equation.

For two Dirac particles, one has traditionally taken an ansatz from the
cms form of (3.166), replacing w1 — p, wa — —p, ©° — E — Iy,

(E — Iis — 7ipo1 + vapo2)p2 = mitbpe, my =mifi +mofa, (4.224)

and then adopted one of the two methods (V2 or retardation) for the de-
termination of 1. Also in this case, agreement is reached at the order a3,

but the details are irritating. If the procedure outlined in (4.220) is adopted,

the first-order result is Il(é) ~ V + Hp, apart from necessary modifications

by “positive-energy projectors”. On the other hand, it follows from (3.206)
that the “retardation” piece Vet of Hp vanishes. It does so after the V2
from (E — V)? is eliminated, see the discussion in Sect.3.7 and the explicit
calculation in Sect. 4.9. This indicates the existence of a simpler Born series
for a reduced, 8 x 8 component T-matrix, from which an 8-component in-
teraction Ig is constructed, for direct subtraction in the free (= asymptotic)
equation for the octet 1. With V' = 0, the asymptotic form of (3.186) is

[E — 25 (p1 — p2)Im ' [E — 7° (1 + p2)|thas = My 1Pas. (4.225)
With p; = —p, = p,
P1+ D2 = P01+ P02 =pAo, p1—p2=po1 —Ppyo2 =po, (4.226)

Ao =0, — 03, o0 =01+0. (4.227)

As the more practical form (3.186) has an extra factor m, the interaction
operator 2 is introduced into (4.225) with a factor m ",

[E —+°(p1 — p2)Im{'E —7°(p1 + p2)] — m;"2Is —myJyp = 0. (4.228)
Multiplication by my and use of (pAo)po = 0 gives
[E? —m?2 —2Is —y°Ep(om_/m; + Ac)]yp = 0. (4.229)

By its construction from the first Born approximation, 21, él) is linear in V;
the cancellation between first- and second-order Born terms induced by Iig
is already done. More generally, (4.224) and (4.229) give different results at
any given order of the Born series. Agreement is only reached when (4.224)
includes higher orders than (4.229).

The single-particle Dirac equation exists also in two forms, namely the
standard 4-component form and its 2-component Kramers reduction (2.82).
But there it is the 4-component version which is superior in its relation to
the Born series. As emphasized earlier in this chapter, the operator v, A* is

the Fourier transform I, il) of the first Born approximation to the scattering
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matrix. If one first reduces the S-matrix to 2 x 2, for example by the use of
(2.324), and then uses its Fourier transform 12(1) as interaction operator in
the Kramers equation, one misses the quadratic operator, 4, A* = A% — A?
which follows from gauge invariance of that equation. In both cases, the for-
malism is influenced by parity invariance. The factorizing form (2.80) of the
Kramers equation is parity invariant, but the form (2.82) is not suited for
additions. If at fixed 7, m# the first-order operators are modified, parity invari-
ance is lost. The asymptotic form of (4.224), on the other hand, has three par-
ity transformations, namely ¥E} = B19pa(—7r1,72), V52 = Batipa(r1, —12),
and ¢£%2 = (1B2¢¥pa(—r1, —r2). The first two transformations are useless
because they are broken by I16. Equation (4.229) has only one parity transfor-
mation, namely (3.187), which is respected by Ig. Obviously, the construction
of the interaction from the S-matrix should be restricted to equations whose
asymptotic forms do not require additional symmetries. This is also illus-
trated by the individual time shifting operators p§ = i9;; and p3 = 02 of
the two separate Dirac equations satisfied by ¥p2as,

(P)/Iliplp - ml)wDQ,as = 07 (751’2# - m?)'l/)DZas =0. (4230)

To obtain a useful two-fermion equation, one must multiply the first equation
by 7?, the second one by 9 and then add:

(p° —iP1o1 — V3Peo2 — mif1 — m2fBe)¥paas =0, p° =pi+pY. (4.231)

This aspect was absent in the nonperturbative method of Chap. 3, where only
one time was used.

In the next section, the 215 of (4.229) will be constructed directly from the
8x 8-component T-matrix of QED. However, 21 is also found from (3.225), by
(i) omitting the retardation from the Breit operator, wich amounts to setting
bg = —Vgoi102/E, and (ii) by omitting all V2-operators in I, (3.226). With
the abbreviations (4.226), there remains

Ing = =Ve(1 + 0102)pgAay’ — ppor'Ve(1 — 01039)/E®.  (4.232)

The second term vanishes, as o operates only between triplet spin states,
where 1—o 105 = 0. In the first term, the spin dependence is further simplified
by

(0102>01202+i01X02, (010'2)0'2:0'1—i01X02. (4233)
Insertion of Ao = o1 — o4 gives
(1+0102)A0 =2i01 X 03 = 2i07,, (4.234)

Is = Vg +Ing, Iny=—-in"055Vepg/E*. (4.235)

I, 5 is the hyperfine operator, which will be discussed in the next section and
in Chap. 5.
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m.y and m_ occur in (4.229) only in the combinations m3 and m_/m

of (3.189),
m3 =mi+m3+2mimaB, m_/my = (ma —miB)/(ms +miB). (4.236)
For Is = 0, (4.229) must possess simpler forms such as
(E? —m?2 — 2y°Epo )thas1 = 0, (4.237)
(E? —m? — 2y°Epo,)ihas 2 = 0. (4.238)

Only such forms lead to the asymptotic equation (4.188). To see this, we
insert E? —m?% = E? —m{ — m} — 2mymof3 and divide (4.237) by 2E to get

(e — 4B —7°Po1)hasy = 0, (4.239)

with € and p defined in (4.195) and (4.197). This form of (4.237) is an effective
one-body Dirac equation. Multiplication by € + u8 + y*po; gives

€2 — 12 — (po1)*|thasy = (k* — p*)tbas1 = O, (4.240)

as in (2.108).
The transformation from t,s to 1,51 must remove the factor m_/m,
from o without changing Ae. It contains the “spin permutation” operator,

Pyin = 3(1+ 0102). (4.241)
From (3.133) it follows that (see also (5.67) below)
yo103 = (0 —6)/4=s(s+1)—3/2. (4.242)

Consequently, Pspin has the eigenvalue +1 for the s = 1 states which are

symmetric, and —1 for the s = 0 state which is antisymmetric, and Pszpin =1
Consider now the transformation
w = Cl’lpl, C, = (m+m,)71/2(m2 + mlﬁPSpin) (4243)

from this point of view. o vanishes when it acts on a singlet state to its right
or left. In the products oC and (o, one may therefore replace Pipin by its
triplet eigenvalue +1,

o0y = Cio =o(mym_)"V23(mg +miB) = o(my /m_)/2  (4.244)
The inverse of C; is

Cfl = (m+m7)_1/2(m2 - mlﬂPspin>7 (4'245)

which explains the normalization factor (m,m_)~1? = (m3—m32)~/2. From

B35 = ~4%(—P), one finds
Crly® =~%C;. (4.246)
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Multiplying (4.229) by C; ! from the left, one observes
Cr'y%aC =~4°CioCy = yPomy /m_. (4.247)

This removes the factor m_/m4 from o in (4.229) as required. For Ao, on
the other hand, one finds

Cr'y°AcCy = 4°C1AcCy = ° Ao, (4.248)

because Ao flips the spin symmetry: a triplet state to the right of Aeo is
transformed into the singlet state (which has Pypi, = —1) and vice versa. In
this manner one achieves the combination Ao + o = 201. The derivation of
(4.238) is similar:

Y = Oy, Co= PapinC1 = (mym_)"V2(Bmy +maPpin),  (4.249)

Cy'yPaCy =~%amy /m_, Cy;'7°AcCy = —~°Ac. (4.250)

The extra minus sign in the operation of Cy on Ao produces the combination
—Ao + 0 = 205. The complete binary equation (4.229) is thus equivalent to
two effective Dirac equations

(E? —m? —2Ig1 — 29°Epo )y =0, (4.251)
(E? —m?2 —2Ig — 29°Epo,)ys = 0, (4.252)
Iy = CT 'R0y, Igo = Cy ' IR0y, (4.253)

The relation between 11 and 9 follows from the inversion of (4.249),
o = Oy C191 = O ' PapinCi9h1 = Papinth. (4.254)

Thus Ppin exchanges o1 with o3 in the differential equation.

4.8 The Interaction in Leptonium

In the 16-component equation (4.224), the simplest interaction I;5 would
be the Fourier transform of the first-order Born approximation T(!) (4.64),
(4.36),

Ti(l) = drazui v uuhye, yus /t. (4.255)

To that one must at least add the retardation operators, as explained in
Sect. 4.5. But if Tf? is first reduced to an 8 x8 form (by (3.175) or by using the
eliminations (4.260), (4.261) below), its Fourier transform Ig = Ig; in (4.251)
is both simpler and more precise. With u; = u/T7? and {7, = a; = 70o,
one obtains

Ti(;) = drazuyTuhT(1 — v¥ySo100)uus/t. (4.256)
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u; and up are the 4-component spinors up (2.334) for momenta k and
ko = —k, respectively. The free two-fermion spinors of ¥ and x will be called
v and w. Here it is slightly more convenient to use simultaneous eigenstates
of 47 and 73 instead of the states (3.174):

_( urrugy [ urruy (v 5.5 _ (10
,U_<ullu2l>7 w_<u1lu2r>7 ulu2_(w)7 7172_<0_1)

(4.257)
The Hermitian adjoint final state spinors are
UIT = (uleru/QrT7 u/llTuIZZT)v wlT = (u/eruélTv ulllTU’IZ'r'T) (4258)
Inspection of (4.256) shows that Ti(; ) can be rewritten as
Tz(]}) = 47T'az[’UIT(1 — 0'10'2)11 + w'T(l + 010'2)w]/t. (4259)

The general T}y may be decomposed into the elements of the four submatrices
Tovs Tww, Tow and Ty, but Ty, and Ty, appear only for odd numbers of §;
(note that (4.256) contains no ;). To get (4.259) as the elements of an 8 x 8
matrix, one may now use the free form of (3.181) to eliminate one of the two
spinors:

w=m;"(E—-~"Ack)v, v=m"(E -~ k), (4.260)
or one of the two Hermitian adjoint final state spinors:
W't =vTI(E -~y Aok ym;', v =wl(E -1k’ )m;". (4.261)

Here we choose to eliminate w and v'T; the resulting 8 x 8 matrix is called
m_T_lM :
T;p = w''mi ' M. (4.262)

The form (4.262) is analogous to the one-fermion case, where the current
operator was reduced to 2 X 2 components in the form Z/JZ/TF Hib in (2.324). It
is not Hermitian, but it has instead simple Lorentz transformation properties,
as %T transforms inversely to .. From (4.259) and the elimination of w
and v't,

M = draz[mi(E -y ok Ym'(1 — o102) + (1 + 0102)(E — 7" Ack)] /t.
(4.263)
The combination o(1—o102) vanishes as in (4.232). Consequently (and with

t=-— 2)7
! M = 4dnaz[2E — 7°(1 + o102) Ack]/(—¢?). (4.264)

Using (4.233) and (4.234),

M = —8raz(E —iv°kaly)/q?, o)y =01 x og. (4.265)
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The operator 2Ig of (4.229) is the Fourier transform of mj'M. The addi-
tional factor (2E)~! in (4.190) is taken care of in the transition to the form
(4.239). The Fourier transform (4.51) of —4mwaz/q* gives V(r) as usual. In
the second term of (4.265), k is the momentum of the initial state 1y, (r); the
corresponding operator is p. Taken together, Ig (4.235) results. Note that Vp
differs from pV'. The T in (4.262) arises from x'fm ' My, and x''p = x'TK/.
The final momentum k' has disappeared in (4.264).

For use in the simpler equations (4.251) or (4.252), Is must be transformed
into Ig; or Igs according to (4.253). Like Ao, 0'1X2 connects only singlets with
triplets. Consequently,

Ci1075C1 =07y, (20750 = —07, = 05. (4.266)
In this notation, Ig; = Is and Igs have identical forms,
Isi = BV (r) —iy°a 5V (r)p. (4.267)
Division by 2F exhibits the equations with the symbols of (4.239),
[e — up —V(r) —y’po, + i’y5aij(r)p/E]1/)¢ =0. (4.268)

It is of course unnecessary to solve both equations. The symmetry under the
exchange 1 — 2 is emphasized here because it is obscured by the notation
in equations such as (4.251). As the reduced mass p does not distinguish
between the masses of the two particles; the Pauli matrix o; in (4.268) can
be chosen freely. A continuous transition between 17 and 1), is achieved with
the unitary operator

Ula) = eiPspinoé/Q, UteU = o, (4.269)

U'AoU = cosada —sinac}y,, UleU = cosao), +sinada. (4.270)

The last term in (4.268) is the hyperfine operator. For comparison, insertion
of (4.153) in the Dirac equation (4.143) gives the static hyperfine operator,

Yoai1eA = V0o 1(gna/2my)s2 X [V, —€2/r] = v°(gn2/2Zmy)o1 X 82[V, V],
(4.271)
with —e?/r = V/Z. For the special case sy = 02/2, gno = 2, Z = 1,
the substitution —[V,V] = 2VV — {V,V} shows that the static hyperfine
operator misses the anti-Hermitian {V,V} (the m,' represents ms Lot s
replaced by E~! ~ (m + mso)~! in the binary case).
The non-Hermitian Vp in (4.268) does not lead to complex eigenvalues
E. With the choice of phases (2.152) between large and small components,
the coupled differential equations for g and f remain real. The kinetic energy
operator v5po; is real because the explicit i in front of f(r) makes ivy® real,
and because the remaining io1p = o1V is real according to (2.36), where
o1l is real. Writing 701 x sy = (—i7°)(io; X 83), it remains to show that
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i1 X sg is real. From [sgg, S2,] = is2, etc. and [s1g,S14] = @51, etc., one
obtains
iSl X 89 = [82, 8281} = —[81,8281]7 (4272)

which is a generalization of (2.115) and (2.116). The s;85 is obtained from
the square of the total spin operator S = s; + s9,

S? = 82 + 82+ 2518y = 3/4+ sa(s0 + 1) + 251 59. (4.273)

The resulting 2s;s2 is diagonal in the space |S,mg) of spin states, with
elements s and —sy — 1 for S = s5 £ 1, respectively. From the commutator
(4.272), one thus obtains

(8", mslioy x 83]S,mg) = (8" — S)(s2 + 1/2)(S",ms|o1]|S,ms), (4.274)

for arbitrary magnetic quantum numbers mg, m'. Equation (4.274) vanishes
for S’ = S, as required for a matrix that is both real and anti-Hermitian. The
two coupled equations for g and f are thus real, and the resulting eigenval-
ues F are also real. The fact that the standard eigenfunctions are complex
has a different origin, which was mentioned already in Sect. 1.1 in connection
with the eigenfunctions of V2.

The hyperfine operator will be treated later as a perturbation. In first
order, only its expectation value enters; its anti-Hermitian part vanishes. At
fixed total angular momentum f and orbital angular momentum [ > 0 of the
large components, the anti-Hermitian part mixes j = +1/2 with j =1—1/2.
As f = j+1/2, this occurs only for f =1 > 0. It is particularly important for
positronium, where the hyperfine structure is of the same order of magnitude
as the fine structure. Details will be given in Sect. 5.2.

The E? dependence of (4.268) is verified by the substitution » = p/u =
Erg asin (4.199). Division by u gives the dimensionless leptonium equation,

(e/u—B—V,—7"peo, + i'ySo'lszpppmlmg/E2)"¢11 =0. (4.275)

When the E~2 in the last term is approximated by ml_22, one obtains the
“chiral hamiltonian” form

hp = (e/p), h=B+V,+7°ppo, + iy’ ayV,p,mime/mi,,  (4.276)

where the dimensionless h is energy-independent. In Sect.5.4, the time-
dependent vector potential A(t) will be included in h. Using also hfy =
(e/1)x, one obtains the orthogonality relations

[ & pxts = 635 (4.277)

The nonperturbative inclusion of the exact hyperfine operator (4.275) re-
quires different orthogonality relations (Appendix A). Neglect of the hyper-
fine operator gives the two-body Dirac-Coulomb equation
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(€/n=B=V,=7"ppo Jipc =0, ¢/p=(E*—mi—mj3)/2mim,. (4.278)

Equation (4.278) applies also to a spinless nucleus, as long as a correction
a?m?/E? in (4.371) below is neglected. This correction is smaller than hy-
perfine shifts, except of course in the limit m;/E — 1 (Klein-Gordon limit).

The Dirac-Breit equation of Chap. 3 does reproduce the results of (4.268),
at least to the order a},. How is this possible, when it includes retardation
and in its eightcomponent version (3.190) also the combination 7%? = E? —
2EV +V?2, after the statement at the beginning of Sect. 4.6 that the V2 must
be dropped? The stunning answer is that the r in the two equations cover
slightly different ranges. Denoting the r of the Dirac-Breit equation by 712,
its operator V73 is eliminated by (3.214),

(E+az/r2)? = E*+2Eaz/r. (4.279)

With the approximation E &~ mis = mj + ms, this relation was found by
Schwinger (1973). The equivalence of the two formulations will be demon-
strated in Sect. 4.9.

The exact solutions of the Dirac-Coulomb equation (4.278) follow again
most easily from its Kramers form as in (2.135), where the lefthanded com-
ponents are eliminated:

(€ /> =1=2V,e/u+ V2 +V2+ilo1V,, V)¢, =0, V, =—az/p, (4.280)

with €2/u?—1 = k?/p?. The equation differs from (2.135) only by notation. Its
eigenvalues E? follow again from (4.206), with the effective principal quantum
number ng of the Dirac equation,

e/p=0+a%/n3) V% ng=n-f=n+y—j-L (4.281)

Expansion of the square roots contained in f and vy = \/ (4 +1/2)? — o2 gives
to order o, the already familiar result (2.149), this time for ¢/u — 1. A final
expansion for E according to (4.207) contains terms that had previously been
calculated only by NRQED.

Again, the levels with n = j + ; =1+ 1 have ng = v, and

(1+ oﬁ/n%)*l/2 =v/n, E%—m3—m3=_2mimayy/n. (4.282)

The nonrelativistic reduction of (4.278) follows the procedure of Sect.2.8;
one merely has to replace m by u. The spin-orbit potential is now denoted
by ‘/sll7 .

Vou = B2lo V' J4u®cPr. (4.283)

It shows again that o7 must not be interpreted as the spin operator of par-
ticle 1. Its l-dependence to order o is cancelled as in (2.273), as required
by the parity degeneracy of the Dirac energy levels. This is in contrast to
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Hcpe, where both spin-orbit potentials (3.163) are needed for parity degen-
eracy. Setting o5 = 0 in the CBG formalism implies a spinless nucleus, which
will be confirmed in Sect.4.9 below. Comments on the adjustment of the
leptonium interaction to atomic hydrogen will be added in Sects. 5.6 and 5.7.
The charge conjugation of 1 ps is the direct product of two single-fermion
transformations (3.51), ¥p2.c = B1627775Uc1Uc2v}s. The eight compo-
nents 1 of ¥p have 3132 = 3 and v775 = 1, which simplifies the transforma-

tion to
Yo = BUc1Ueo®*, Ug; = —i0; y. (4.284)

As in (3.48), one has
o; = -Ul,o1Up1, (i0*)* = —UL, ULyic*UoiUgs. (4.285)

The eigenvalue E of i0;; + i0y2 = i0; is charge conjugated to —F, but as
(4.275) depends explicitly only on E?, no v°-transformation is required for
a sign change. For A* = 0, ¢ and ¢ satisfy the same equation. States with
total magnetic quantum number my = 0 have ¥* = (9, see (2.152) and (5.8)
below. The CP and CPT transformations of ¢ follow from (3.52) and (3.55)
as

Yop(r) = UoiUc2¢™ (=7),  ¢opr(z”) = ¢(—z*). (4.286)

In the static limit m; < mq, V(r) becomes an external potential, as explained
in Sect. 3.2. The e~ ™ system is then charge conjugated into e ™ which has
no bound states. But with the slightest recoil, the muon becomes a part of the
dynamical system and must also be charge conjugated. The static limit has
E5 =my, E = my+ F;. One can charge conjugate a whole atom of electronic
energy Fejectrons, provided one extracts —my in the case of negative E:

Estat = mQSign(E) + Eelectrons~ (4287)

Eigenstates of charge conjugation exist for all (neutral) atoms, but they
are presently needed only for positronium. They are generated by alb}|0),
where b; (3.45) creates the positron which is particle 2. This product is charge
conjugated into bia}|0) = —albl|0), where the minus sign comes from the
anticommutator. The latter sequence is the permutation Pio (3.188) of the

original one, with the eigenvalues
Pryyp = (1)1 Ty, (4.288)

[ and s being the orbital angular momentum and spin of the large components.
The small components have I=1+1, 3 # s, such that ¢ (4.284) gets the
same phase for both values of 3. This phase is —Pj3 = (—1)!%. It is +1 for
the singlet ground state of positronium, which has | = s = 0.

From the definition (3.39) of C, a state of n photons has C = (—1)".
By C-conservation, the above singlet (“para-positronium”) decays into two
photons. The triplet decays into three photons.Energy-momentum conser-
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vation excludes the decay into a single photon, but the virtual one-photon
intermediate state in electron-positron scattering produces an energy shift,

AE, = %51,058’1,ua4n_3, uw=me/2.

Outside QED, one uses differential equations with other potentials, for
example meson-exchange potentials in nucleon-nucleon scattering. There, the
potential of longest range comes from the exchange of a pion, which is spinless
and has negative parity. It requires a factor 47 (pseudoscalar coupling) or
VYR, . (pseudovector coupling) at each vertex i. The resulting matrix M
(4.263) has a nonvanishing coefficient of m ~y°ak’/m, and thus contains
a term with m_/m,. The same is true for the exchange of a scalar meson,
which is often taken as an approximation for two-pion exchange. On the other
hand, the anomalous magnetic moment couplings (Sect.5.7) are again free
from m_ /m,. This shows that in the eight-component formalism, the QED
interaction is privileged.

4.9 Binary Boosts

Here we discuss the transformation of the binary equation from the lab system
to the “cms”, where the total momentum vanishes. It is rarely needed in
practice.

It is helpful to first recall the solution of the nonrelativistic binary
Schrédinger equation in the lab system. The Hamiltonian (3.126) for Vi =
Vie =V (r),

Hyr = pi/2my + p3/2ms + V(1) (4.289)

commutes with the generator of translations

With r = \/ (r1 — r2)?, the following transformation of gradients is appro-
priate:

P1 = Piab + ClP, P2 = —DPiap + CQP, c1+co = 1. (4291)
The corresponding coordinate transformation is
=R+ corpap, To=R—ciTp Tap =71 — T2. (4.292)

The index “lab” is needed for the relativistic case, where 7y, is Lorentz
contracted along P. The transformed Hamiltonian is

Hyp = Piap/2finr + PPy (c1/ma — ez/ma) + 3 (c1/ma + c3 /ma) P? + V (r),
(4.293)
1/‘Ll,n,« = 1/m1 + l/mg, Mnr = mlmg/mlg, mig = M1 + Ma. (4294)
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The coupling operator Ppy,;, is removed by taking
Cc1 = ml/mlg, Cy — mg/mlg. (4295)

H,, = p12ab/2,ufnr + V(’I‘) + P2/2m12. (4296)

H,,, is now the sum of two commuting operators, such that the Schrédinger
equation ih0;Yg = H,, g has factorizing solutions,

Y5 = € " Fopms(r),  Pios = hKs. (4.297)

The cms wave function ©.ns(7) satisfies a Schrodinger equation for a fictitious
particle of mass p,, with a cms energy operator,

(lhat - h2K2/2m12)¢cms = cms¢cmsa Hcms = p12ab/2/1'n7’ + V. (4298)

For an eigenvalue E of (4.298), the eigenvalue of the original energy operator
is
Eap = E+h2K?/2mys. (4.299)

The coordinate transformation (4.292), (4.295) is of course known from clas-
sical nonrelativistic mechanics. It is repeated here on the quantum level be-
cause the corresponding relativistic transformation gives slightly different
coefficients ¢; and co. There is however a shortcut derivation which avoids
the coordinate transformation. One simply assumes translational invariance
in space and time, which implies stationary solutions of the form

Yrap = e~ EnX (), PPy, = RE bap (1), (4.300)

leaving R unspecified. One then solves the binary equation only for K = 0,
which is equivalent to setting p; = —p, = p from the very beginning. This
specifies the “center-of-momentum” system; the “center-of-mass” system is
only known when R is explicitly given. However, one normally ignores this
logical difference and abbreviates both systems as “cms”. In the following, the
index ¢pms Will be omitted whenever possible. Where a distiction is necessary,
the index 15, will be used for the laboratory system. In a final step, one
calculates Finp, from the assumed Lorentz invariance of KHK,, (= s = E2),

Biap = heK® = VE2 + W22 K2, (4.301)

In the derivation of (4.299), a separate assumption of “Galilei invariance”
Wwas unnecessary.

In the relativistic case, one may use the single-time formalism of Sect. 3.3,
which operates with two quantum fields ¥,(r1,t), ¥y(rs,t) at a common
time ¢ (Malvetti and Pilkuhn 1994). Field commutators at different times are
more complicated.

For the verification of Lorentz invariance, the 8-component equation
(3.218) is again convenient. We set

7T0 = K07 T+ =P+ = P101 :l:p20'27 (4302)
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where p; and p, refer to the lab system. The lab interaction I}, is indepen-
dent of R but otherwise unspecified:

(K% —m?2 +p_pimy/m_ — ¥ K°(ps + p-m_/my) — Lab(T1ab) ) ¥1ab = 0.

(4.303)
It will be seen that Ij,;, depends both on K 2 and on 7r1.5 K . The Dirac-Breit
equation (3.112) avoids this complication, but it is not strictly Lorentz in-
variant. This is already evident from the approximation ¢ = 0 in (4.221).
The merit of the DB-equation is that operators for external potentials are
easily added, such that the equation is not restricted to closed systems. For
(4.303), this is not yet the case; Ija, is constructed from the postulate of
Lorentz invariance. Superficially, this looks like a defect of relativistic quan-
tum mechanics as compared with relativistic quantum field theory, but one
should remember that the interaction between quantum fields has also been
constructed using Lorentz invariance among the postulates. In classical me-
chanics, the filling of a cup with coffee in a moving train also assumes Galilei
invariance. Complications arise only when the train brakes.

The verification of Lorentz invariance of the remaining operators in
(4.303) is instructive, but it is rarely needed. As emphasized in Sect.4.5,
the atomic spectrum is always calculated in the atomic rest frame, for which
the coordinate transformation is unnecessary. If one really needs the radia-
tion from a moving atom, one assumes the relation K° = (E? + K%)1/2. In
a second step, one then calculates the Doppler shifted radiation for a “Lorentz
factor” v = K°/E. In a more careful treatment, one may use both v = K°/E
and v = K°/E', where E’ < E is the cms energy of the atomic final state,
as explained in Sect.4.2. In any case, explicit coordinate transformations are
not needed for a calculation of the lab radiation spectrum. It must also be
pointed out that a direct application of (4.303) is excluded for m; = ma.
A more direct approach on the basis of ideas explained in Sect. 4.10 below is
not excluded.

Turning now to the Lorentz invariance of (4.303), one could in a first
step insert K°2 = E? + P?, thus getting in the first two terms of (4.303)
the combination E? — ma_ required by the cms equation (4.229). However, if
c1 and co in (4.291) are to be free from Dirac operators, there is nothing in
(4.303) that could cancel the P2, The only alternative is to let p4p_ contain
a piece m.m_P? and then to combine m2 P with m?%. From (4.302),

p—p+ =pi — 3 = (P1 — P2)P =2p,,, P+ (c1 — c2) P, (4.304)

one sees that ¢; — ¢ must be proportional to mym_ = m3 —m?2. Using now
K° = «FE, the desired cms combination is achieved in the form ?(E? — mf_)
for

c1—cy=—mym_/E> (4.305)

With that choice namely,
m2 — (c1 — c2)P’my /m_ =m?2 (1 + P*/E?) = m% > (4.306)
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The separate values of ¢; and ¢y follow from ¢; + ¢ = 1:
co=2%2—mym_/2E* =E|/E, c¢;=1+4+mym_/2E* =E,/E. (4.307)

For E near mqa, these values are close to the nonrelativistic ones (4.295).

The appearance of E? makes the coordinate transformation (4.292) state

dependent. Already the approximation E? ~ mi, — mymea%/n® requires

different coordinates for different values of n. It is then important to keep E
fixed. In radiative decays F is the total cms energy before decay, see (5.160).
After the coordinate transformation, (4.303) becomes
[KOQ_ m% (1+ P?/E?) + 2Pp,my /m— —y°vE(py +p-m_/my) — Ilab]
X Prab = 0, (4.308)
b+ = (plab - Pm-‘rm—/QEZ)AO. + %PO’,
p— = (Prap, — Pmym_/2E?)o + ;PAo. (4.309)

Next, we use the ansatz (4.300), which reduces the bracket in (4.308) to 2.
It is further simplified by taking the z-axis along K,

Kpy., = Kpz 1ab- (4.310)

To simplify the factors of 4°, one « is divided off. The resulting operator is
called Cpap,,

Kiab¥ab = 0,  Kiab = y(E* — m?) + 2Kp, jabmy /ym— — Y Ep — Lap /7.

(4.311)

- m_ mym._ m_ 1 m_
D :er—l—p,mJr = <plab -K 92 )(Aa+o-m+> + 2K<O'Z+A0'Zm+).
(4.312)

5~ _ .5 m— 1 -2 2 . 2\.5 2 2\ 5 m—
YD =Py, | Ao+0o +,KE™ | (E*—m% )y’ 0.+ (E*—m? )y°Ao, .

my my
(4.313)

Several problems remain: Firstly, one must find a transformation,
Yrab (1) = Ay (K)p(r), (4.314)
which transforms (4.311) into (4.229),

K =0, K=E?-m3 —~"Ep(Ac+om_/my)— Is. (4.315)
Secondly, one must relate p;,;, = —iViap to p = —iV. This relation is antici-
pated here:

Pzlab = VYPz, DPax,lab = Pz, Py,lab = Dy- (4.316)

It is plausible from (4.311), because it simplifies p, 1ab/7 = P2-
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The operator A, may be adopted from a Lorentz transformation of the
free-particle spinor v of 1. It is the direct product of two single-particle
transformations analogous to (2.336), but with the v (2.335) of the particle
boosts replaced by the « for the Lorentz transformation from the cms to the
lab system:

coshnmy =y =K°/E, sinhny=K/E=K, ~*—K?=1. (4.317)
Using 77v = v3v = v,
Ay = (v +7°01K)? (v + 7705, K) /2. (4.318)

In analogy with a single-particle boost from its rest system, it is the boost of
the binary from its own rest system, in which E plays the role of the mass.
Here we shall go in the opposite direction,

b= A W, Ay = (7= oL R) 2y = on RV (4.319)

As always, the inverse boost A, ! has K replaced by — K, or equivalently ~°
by —v°. One may also combine the factors of A, ! under one square root,

At =(1- Kyyo, + LK%02)1/2, (4.320)

using 01,09, = 02/2 — 1. However, K1) = 0 and KA 141, = 0 do not imply
Kiap = KA, L. Finally, one must find another matrix A/ (K) which achieves

Kiap = AL, 1AL (4.321)

In the corresponding single-particle case, the lab operator m,0* (2.94) could
be expressed in terms of the cms operator 7,0# by means of (2.96), 70" =
SHm,o"SH, and it was checked explicitly that the matrix to the left of 7,0*
had to be the same as the one to the right, and not its inverse, for example.
In the case at hand, the choice

A7V = (1 - Kyy®Ao,m_ /my + LK? Ag?)Y/? (4.322)

is successful. With 0,Ac, = 0 and (02 + Ac2)/2=2=1+ (02 + Ac?)/4, it

leads to X
ATTA =y — LKA (0. + Aom_ /my), (4.323)
A;716A51 = ﬂA;ﬂA’le = Bly - %K’YS(UZ — Ao.m_/my)]. (4.324)

It gives

Al Y ER —m2) Ay = (B2 —m2)(v— LKyP0.) — (B> —m? ) L K~P Ao, Z;
(4.325)
The first product of (4.325) leads thus directly to terms of Kj,p. For the
remaining terms, one must observe that A commutes with o, and Ao, while

0;, anticommutes with o;, and o;,. A, and A/, may also be written without
square roots, analogous to the single-particle boost (2.347):
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— 17,5 152 2
Ay =y + 3 Kv’0, — ;K- Ao; /(27 + 2), (4.326)

Ay =+ 3Ky Acam_fmy — JK02/(27 4 2). (4.327)

In checking these expressions by squaring, one uses (Ao.)* = 4(Ao.)?, and
K* = K?(y% — 1). Having checked all this, one may of course try to find
a more elegant derivation of A’ :

A;U = m+Aw/m+, (4328)
A, = (1+IA(775A0Z+§A05)1/2 = (7+75012K)1/2(7—7502ZIA()1/2. (4.329)

A,, is the boost for the free-particle spinor w of x, it differs from A, only by
a change of sign of 4°05., because of Y5w = —y5w. The extra transformation
with m in (4.328) arises from the multiplication of the original equation
(4.228) by m..

The more elegant forms (4.251) and (4.252) of the cms equation may also
be boosted, of course. For (4.251),

Y =C11,  Kiab¥Pab = KiabAv¥ = Kiab 4,C191 = 0, (4.330)
one may write
KiabPlab = KianCrAvt1, Ay = C; 1A,Ch. (4.331)
Multiplication by Cy ! gives
Kiab1¥1abt = 0, Kiabt = C7 ' KiabC1,  Prab1 = Ap1¢1. (4.332)

Thus 1y is boosted with A,;. Here it is useful to combine m, /m_ with °
into a matrix v°’:

7! = s fm_ = (m_ /m) 2y (m fm )2, (4.333)

The last expression is mentioned merely to show that v° is diagonalized by
a similarity transformation V4°V =1 as in (2.170), with V = (m_/m)'/? =
V1. Only the last two terms of K, in (4.311) are changed by C;:

O B0t = 2P0 + S KE2[(E® —mi )y + (B® —m2)y*""| Ao,
(4.334)
which is again hermitian. The inverse boosts are

At = (1 - Ko, + LK) =y — LKYY0, — LK2A0%/(2y + 2),

R R . . (4.335)
Al = (1-Kyy™ Ao, + LK% A0?)Y? = v~ LKy T Ao, — L K?02 /(27 +2),
(4.336)

The bilinear forms (4.323) and (4.324) become
Ay A =y = LK(v o + 77T Aoy, (4.337)

A TIBA = By — 3K (Y 0. — 77T Ad)]. (4.338)
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For the boost of the interaction, we take immediately the basis ;. The
Coulomb part 2EV is the same in Is and Ig;; it is boosted with (4.337). The

resulting Il(;,/;)l/fy of (4.311) is
1Y) Jy= Al " R2EVAL = 2KV — LK (790, + 77T Ac.) /K°). (4.339)

Here we have extracted a factor v from (4.337) because this replaces EV by
E~V = KV appropriate for the lab system. However, also the appearance of
V itself is modified. The transformation (4.316) of the gradient components
requires the coordinate transformation

Zab = 2/, Tlab =T, Ylab = Y- (4.340)

It corresponds to the “Lorentz contraction” along the direction of motion in
classical special relativity. The result is

V= —az(@?+y?+2%) 72 = —agz(a® + 2 +~222,) V2 (4.341)

The factor v in front of z),;, compensates the Lorentz contraction, such that
the Coulomb potential is isotropic in the cms. But the proper lab equation
(4.303) contains Il(avb) and not Ig/b) /7, such that a second factor vy appears in
front of V:

VW = —az[(@® +y?) /v + 2] A (4.342)

Also this expression has an analogy in classical relativity: The field gener-
ated by a moving charge becomes increasingly transverse with increasing ~y.
Its analogy in quantum mechanics is known as the “Weizsécker-Williams”
approximation (Pilkuhn 1979).

When a binary is treated as a single particle, the spin S of that particle
equals the total angular momentum f = [+ s1 + s» in the cms. Setting
S, = f. in the particle boosts (4.183) to (4.185) ignores the binary structure.
Nevertheless, for [, = 0, these boosts do agree with A, (4.318) or (4.320),

A, =1+ KYKo/E* + } (Ko /E)?"/?, (4.343)

after the replacements m — E and kS — Ko /2.

4.10 Klein-Dirac Equation, Hydrogen

Bound states of two spinless and two spinor particles have been discussed
in Sects.4.5 and 4.6, respectively. For the asymmetric combination of one
spinor and one spinless particle, we now derive the “Klein-Dirac” equation.
It reduces to the single-particle Dirac equation in the limit m; < my and to
the single-particle KG equation in the opposite limit m; > ms. An example
with m1 &~ ma is p~ 7" and ™7, but the experimental information on this
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“pi-muonium” (which appears as a by-product in K° — 7uv decays) is still
poor. Precision data are available for muonic helium p~ *He, where the *He
nucleus is the spinless alpha-particle. However, this example is already close
to m; < mg and is normally treated by the Dirac equation with first-order
recoil corrections. Spinless particles are discussed here mainly for a better
understanding of the Todorov equation (4.189), and for checking the disap-
pearance of retardation operators. We shall also mention the approximate
“Grotch-Yennie” equation (which is a Dirac equation with shifted parame-
ters) and the “original” Klein-Dirac equation (Pilkuhn 1984), which should
really be called “Klein-Kramers” equation, because it has no Dirac form.

Two-body equations must contain d;; and 9o in the combination 9y + 02,
which is the total time shifting operator. The KG equation (1.66) for particle 2
is quadratic in 79 = i0s2 — g2 A9. In applications to few-body systems, it must
be linearized in 79. One defines a “secondary field” ¥, = 75¥ and expresses
79?W as mI¥,. The field equation is then a pair of two linear equations, their
Hamiltonian form is (Malvetti and Pilkuhn 1994)

114 . A 1
Dy — < y,/ )  HoWy = i0pWy, Hy = (%{22 q2Ag) L (4344)
S

U, =790, Ky =m3+ 3. (4.345)

A more complicated linearization has been proposed by Feshbach and Villars
(1958), with large and small components as in the parity basis of the Dirac
equation. However, the Dirac analogy does not help, as the KG operator
does not factorize, unlike the Kramers operator (2.80). The scalar product
is taken from the zero-component j° of the conserved vector current j*, as
explained in Sect.2.2. The index 5 is suppressed in the following formulas.
With jO = #T700 + ¥n0* @1 according to (2.27),

§0 =wtw, + wlw = vl goy, g= <(1) (1)> . (4.346)
In this notation, the scalar product of two single-particle states |¢) and |j)
becomes

(i) = [l 9% (4.347)

The matrix g plays the role of a metric in the scalar product; it is necessary
for hermiticity, (i|j)* = (j|¢). Equation (4.347) is identical with the spinless
scalar product that was already derived in (1.198).

The field commutators follow again from (3.88), where Hgcalar is con-
structed such that it leads to the the KG equation in the form (4.344),

Hycalar = ‘/‘d37‘/(lp‘jﬂp‘s + !pTK2W), (4348)

('), 0 (r)] = [#(r), 7 ()] = 6(r — 7). (4.349)
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The bound state wave function for particles 1 and 2 is now assumed as in
(3.82),
Y12 = (0[¥p(r1)¥h(r2)[12) = (01 ¥g(12). (4.350)

Its time derivative gives
(i0; — Hy)Yp2 = (0] — e AV Wy + Wy HoWy |12) = (0¥ HoWg[12), (4.351)

as (0|A° = 0. H; is the Dirac Hamiltonian (3.78). ¥g12 has altogether eight
components, four ¥5 and four ;5. Insertion of (4.344) gives the following
two Dirac spinor equations:

(18,5 — H1)¢12 = <0|!p]_ (Q2Ag!p2 + W23)|12>, (4352)

(10 — H1)s12 = (0|1 (qeASWs, + KoWs,)[12). (4.353)

The operator A° satisfies the Poisson equation (3.68), where the spinless
charge density is part of p.;. The spinless contribution Agcalar is given by
(3.69), with py replaced by —pscalar = —j° (4.346) (the minus sign accounts
for g = —q1 = +e). But as A° commutes with ¥; = ¥pq, one arrives

scalar
again at (0|42, =0, such that A® , is in fact unnecessary here. The rest
is analogous to (3.85)—(3.87). With 7° = i0; — Vip = i0; + az/r12,
(7" — Hy)1o = Pa12,  (7° — Hi)hs12 = Kothro. (4.354)

The 71 in H; and the w2 in K still contain the photon field operator A
which must be included perturbatively, leading to a Breit operator Hg as
in Sect.3.4. One may use 75 = p3 — 2¢op, Ay, as A2 does not contribute.

Comparison with (3.94) shows that one merely has to replace as by

00
QaKG = T2V7KG, TKG = (2 O) . (4'355)

The second equation in (4.354) is thus extended to
(7% — H\)Ys10 = (Ko + Kp)ib12, Kp = —Vig(a1ms + a1,ma,).  (4.356)

Note that the factor J of (3.111) is cancelled by the factor 2 from ykg. The
second spinor 112 is eliminated from (4.356) by use of the first equation
(4.354),

[(7° — Hy)? — Ko — K12 = 0. (4.357)
Insertion of Hy = m13 + p;a = HY ((3.96) with V(ry) = 0, A = 0) gives
HY? =m? + (om)* =K, : (4.358)
[719% — 27%m, 8 — {7°, pya1} + K1 — Ko — Kpth1o = 0. (4.359)
This equation is solved in the following for A* = 0 in the cms, p; =

—P2 = P12
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' =E—Viy, Ky —Ky=mi—-m3, E*>+m]—mj=2EE,: (4.360)

[EE\—EVig+Viy/2—(E=Viz)miBl1a = S ({7°, procs }+Hp) o, (4.361)

At this point, the “quasidistance” transformation (3.214) greatly simplifies
the equation. We define

1 =F —Via+V3/2E=E, -V, V=—ag/r (4.362)

divide by F and drop the index ; of o;. We also insert a; = %0 and
approximate p;, = p everywhere except in {7% p;,a1},

[} — (1= Viz/E)ymiBlihro = 7’01, — {V/2E,0p} + V(op+0,p,) [2E] 1.

(4.363)
Miraculously, the square bracket on the right-hand side is just op, provided
112 is first expressed in terms of the corresponding w2 according to (2.155),

P12 =115 Yy = (r/r12). (4.364)

(This reflects the change of volume element, from d3ris = 72,dri2df2 in
the variable r15 to d®r = r2drdf2 in the variable r.) After the substitution
Y12 = 115y, TPy, is replaced by (3.216)

r120P1aryy = —i0, [0y — (ol +1)(1/r — az/2Er?)]. (4.365)
The remaining terms inside the square bracket of (4.363) add up to
—opV/2E + Vo,p,/2E = io.(ol + 1)az/2Er?, (4.366)

by use of 8,V = V8, — V/r. They just cancel the term in the last bracket
of (4.365). In this way, the retardation (which is part of the Breit operator)
disappears. The result is a Dirac equation for particle 1, with an r-dependent
mass mq(r),

[} —mi(r)8 —y’aply =0, mi(r) = mi(1 4+ az/Ery). (4.367)

From the point of view of the exact quasidistance transformation (3.214),
my(r) is the square root of m%(1 + az/Eri2)?,

mi(r) = m2(1+2az/Er), myi(r) ~mi(1+az/Er—a%/2E*r?). (4.368)

The modified Dirac equation is again solved by the ansatz (2.158), with 73
replaced by 79 & my(r). The 792 — m2(r) in the solution (2.159) may be
written in several ways. With E? —m? = k* = ¢ — py? and E; —m2/E = ¢

702 —mi(r) =k* =2V +Vi= (e~ V)2 — 2, (4.369)

which agrees with the previous two-body equations. The az/r? in the last

term of (2.159) arises from —7% = V' and is now generalized to — (79 +
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m1(r)) = V'(1£my/E). The derivative of the last term in m4 (r) is negligible
here. Thus the complete equations (2.159) become

[(er)Z7,u2+83—KD(HD:tl)/r2:t(b/a)il(lztml/E)az/TZ]u =0. (4.370)
They are equal for
bja = (kp Fe)/az(1 —mi/E), ~.= [k} —a%(1—m?/E?)/2. (4.371)

This may be compared with the Dirac value (2.160) (kp F 7)/az, v =
(k% — a%)/?. In electronic atoms, m?/E? ~ m?2 /m3 is very small, such that
one can expand the square root about ~:

Ve Ry + aZm?)2E%y =~ v + aZm?/m2,(2] + 1). (4.372)
The complete coefficient of r =2 in (4.370) is then
V2 £, &2 £+ adm?/2yE>. (4.373)

To first order in m; /E, the only difference between the E2-levels of leptonium
and KD is the absence of hyperfine splitting in the latter. To second order in
m1/E, one has to replace the §; = j + é — v of (4.281) by

Bii=3j+ 5 —7—(—j)azmi/E)*/y. (4.374)

The change is small but nevertheless significant since it lifts the I-degeneracy
of a given j-level (Barker and Glover 1955). In this way, it contributes to the
“Lamb shift” of such atoms and is in fact the dominant shift in pi-muonium.

A recoil-corrected Dirac equation for the electron is obtained from (4.357)
by defining E = my + E. and by shifting the Vi5 from 7° to H;. To avoid
confusion, the external V(r1) is now called —eA°.

[(ma+ Ee — He)? —mj — w5 — Kplih1o =0, (4.375)
H. = am; + fmq + Vigs — eA°. (4.376)

This is re-arranged into
[Be — He — (w5 + Kp — (B — He)*)/2ma]t1a = 0. (4.377)

The static limit mo > F. yields Hc112 = Fe112. Using this as a zeroth
approximation, one obtains the recoil-corrected Dirac equation of Grotch
and Yennie (1967, 1969),

(Hgy — E)Y1o =0, Hgy = H. + (73 + Kp)/2ms, (4.378)

with Kp of (4.356). Refinements are discussed by Sapirstein and Yennie (Ki-
noshita 1990). The equation was originally derived from the assumption that
the Hamiltonian of a composite system should contain the sum of the Hamil-
tonians of its components. With the magnetic hyperfine interaction added as
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an afterthought, the equation may be used for hydrogen. It has been con-
verted into an equation for a field operator ¥,, which yields all first-order
recoil corrections to arbitrary Feynman graphs of the static limit (Braun
1973). The Vg (4.203) was originally derived by Braun’s method. Further ap-
plications have been given by Pachucki and Grotch (1995). Nuclear size and
structure corrections are collected in the review of Eides et al. (2001).

The Grotch-Yennie solution of (4.370) is obtained by substituting
b/a = (1 — my/E)Y?(1 + my/E)~Y?V /a’, which simplifies the last term
to (b'/a')*tagy/r?, where agy = az(1 —m2/E?)Y/? is a reduced charge.
This charge is then introduced in (4.369) by redefinitions of e and g,
eaz/r = egyagy/r and € — p? = eéY — uéy, but a small discrepancy
remains in V? = ol /r? + aZmi/E*r?.

For atoms with several electrons, one simply assumes additivity of the
kinetic energy operators. An atom with a nonrelativistic nucleus of mass m,,
and momentum operator mw, = p,, = —iV,, has then Hgy = H. + p%/2mn,
with H, given by H (3.203), (3.204), or by H,, (3.126) for two nonrelativistic
electrons. The atomic rest frame has p; + py, + p,, = 0, p2 = p? + p3 +
2p;p,. The squares can be combined with the p?/2m. of H,, into p?/2pu.,
1/pe = 1/me + 1/my. The Hamiltonian of the total “Newtonian” energy
Eny =E—m, —2m., HoyY = En1, assumes the form

Hgy = He(me — pe) + Hyp,  Hpmp = P1P2/ M. (4.379)

H,,, is called the mass polarization operator; its expectation value is fre-
quently negligible. Surprisingly, (4.379) remains valid also for the relativistic
H(3.203) — 2m2.

The Klein-Dirac equation may be extended to atoms with a spinless nu-
cleus and several electrons. For helium, the ansatz (5.75) is generalized to

1/)H123 == <0|’:I/D('I"1)![/D(’I‘2)WH(’I‘3)|123>. (4380)
Using the same procedure as before, (4.357) is replaced by
(oo, — HY — H — Hp)*123 = (K3 + K1 + Kap )23, (4.381)

To = B — Vig — Vag — Via, K3z =m3 + (p; + p5)°, (4.382)

where Hp is again given by (3.111), with » = r; — r5. The squares of HY
and HY are conveniently combined with K3,

K3 — (HY)” — (Hy)* = m3 — 2m + 2p; p,. (4.383)

The “Klein-Kramers” equation is obtained from (2.135) by using the rel-
ativistic two-body kinematics (E replaced by e and k% = €2 — y?) and by
inserting an additional parameter ¢ in front of o, (Pilkuhn 1984):

[(e = V)2 = p? — p* +ico, V'Y, = 0. (4.384)
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As in the Todorov and quarkonium equations, the free parameter is obtained
from the Fourier transform of the one-photon exchange in the cms, 70 =
—Anaz IV g, J% /@, with J¥, = (p2 + ph)” for the spinless particle 2. The
result is

c=(1-m?/E*)Y? =~ (1 —m?/mis)>. (4.385)

For V = —az/r, the eigenvalues of the r~2-operator are 2 4+, as in (4.373),
Ye = (kp — agy)"?,  agy = caz. (4.386)

Contrary to (4.367), the radial equation has now exact solutions. One need
not approximate V? by a%Y /r? as in the GY-equation. And contrary to the
KD equation, the KK does not require V.= —az/r. Remembering that the
leptonium equation with hyperfine interactions has no exact solutions, the
Todorov and the KK equations are the only ones with exact solutions to
order .

From the theoretical point of view, the most important aspect of (4.384)
is its parity transformation. It is formally identical with (2.89),

(') =pi(r), [(e—V)?—p?—p*—ico, V't =0, (4.387)

but a linear relation of the type (2.83) between v, and 1); exists only for
¢ = 1. The situation is analogous to (3.227), where the parity transformation
for ne = 2 brings in the spinor y which is not linearly related to v after the
expected cancellations in the quadratic equation. In the new EZ?-equations,
both P and C become rather special for bound states containing an odd
number of fermions.

4.11 Dirac Structures of Binary Bound States

In Sect. 4.6, the eight-component equation for two free leptons was derived
from the sixteen-component two-particle Dirac equation (4.231). A direct
derivation from two Kramers equations is also possible. For atoms, nothing
is gained by this method, but it could suggest improvements of the quark
model, where the large-distance interaction is still unknown.

For two free leptons, the uncoupled equations are first taken as Pauli
equations (2.58), including external vector potentials. Using again the com-
pact notation 7; = 7;0;, they may be written in forms which also comprise
KG particles,

pgzwas = Kitas, K;i= m? + 7Ti2' (4388)

The first step is to combine the two equations into a single one which
contains only a common time shift in the form p9 +p9 = p°. With p? —p92 =
p°(p§ — pY), the difference of the equations gives

() — P9)P tas = (K1 — K32)tas. (4.389)
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An eigenvalue K° of p® will be assumed. As p§ — p) commutes with K; and
K>, a second application of p{ — pJ gives

(P = P2)*tas = (K°) (K1 — K3)*tas. (4.390)
Next, consider the sum of the two equations (4.388),
(p1? + P> — K1 — Ka2)thas = 0. (4.391)
With pd = JK° + 1 (p) — pY) etc, this leads to
[K92/2 + (K; — K2)?/2K"? — Ky — KsJthas = 0. (4.392)

In terms of the triangle function A (4.76), (K°)72A\(K°% K1, K2)1as = O.
In the “constraint Hamiltonian mechanics” which dates back to Dirac, the
coupling between the two particles is introduced already in equations (4.388),
but practical success has been limited (Crater and Van Alstine 1994).

For particles of equal spins, A may be decomposed symmetrically in the

indices 1 and 2:
A= (K" - K, — K»)? — 4K, K>. (4.393)

With m3 —m{ =mm_,
A= (K2 —m?—-m3)? - 2r} (K" + mym_) — 275 (K* —m m_)
— 4m3m3 4 (77 — 713)%. (4.394)
For A = 0, the transformation (4.291), (4.307) of variables,
P =Pt KB /B, py=-—p,+KE/E, E=(K”-K?)'? (4.39)
yields together with piab,e = Po; Plab,y = Py, Plab,z = Pz,
A= 2[(F2 - m? — md)? — dmmd — AF22 + 2 + pay/2P)). (4.396)

The factor 42 in front of the square bracket corresponds to the separation of
one factor v from (4.308). The square bracket is factorized by means of the
Dirac matrices 3, 75 = 3, and iv°8 = 3, as follows:

/\/’}/2 = (fo + fzﬂ + fmﬂz + fyﬂy)(fo - fzﬁ - fzﬂi - fyﬂy)’ (4397)
fo=E*—mi—-m3, f.=2mms, f.=2Epo,, f,=0. (4.398)

The second factor of (4.398) is precisely that of the leptonium equation
(4.237). More general forms include a rotation by an arbitrary angle wp about
the S-axis in Dirac space (2.103), f; = 2Epo coswp, f, = 2Eposinwp, or
a rotation (4.270) in the Pauli product space. For constant fj, one may also
take f, = 2Epo,sinwp, as 01,01 and (01, coswp +i0g; sinwp) (o1 coswp —
io9; sinwp) are identical in their symmetric tensor components. (In the quark
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model, f, is not excluded a priori even when fy is r-dependent. For small
wp, it would mainly affect the hyperfine structure of quarkonium.)

The inclusion of A is trivial in the 16-component equation (3.186) or
(3.190), whereas (3.218) is still unclear. The first-order relativistic Zeeman
shift JF of the ground state has been calculated by Faustov (1970) and by
Grotch and Hegstrom (1971). Besides the factor (1—a%/3) from Hze. (2.285)
in the Pauli reduction of the GY-equation (4.378), these authors find essen-
tially a factor mio/FE in front of the nonrelativistic recoil corrections of the
;B -terms. It represents the standard §(Ee) = }6E* = ESFE of (4.398), and
excludes additional energy functions such as sin?wp = F;/F in the Pauli
reduction. The complete relativistic recoil correction to the static approxi-
mation of Sect. 2.9 for o1 B is (1+ua2 /2n2my2)ma /m1a, and correspondingly
for particle 2.

Leptonium in a constant magnetic field is translational invariant: All three
components of the “pseudomomenta”

ki=m+q¢BXxr; (4399)

commute with the momentum operators 7; jap = p; — ¢; A(7;), although the
different components of k; don’t commute among themselves. The k; are the
individual displacement operators in a magnetic field. The (o171)? may be
expressed as follows:

(01w1)2=k%—2q13j1, Ji=bL+ ;O’l. (4400)

When the interaction is included, only the total displacer k1 + ks is conserved.
For neutral atoms (g2 = —¢1 =€),

k=p, +p,— jeBx (ry—r3), (4.401)

its components do commute. Eigenfunctions of k with eigenvalue K are, for
pP1 + Py =—iVRg,

Y(K) = B ReieB(rixr2)/2y, (K — (). (4.402)

Despite this constant of motion, no extension of (4.398) has yet been found
which could reproduce the simple §(Fe) mentioned above.

In the presence of external potentials V;, the elimination of p§ — p§ is
complicated. The Kramers equations

() = Kb, ) =p) = Vi (4.403)

may be linearized as in (4.344). With the abbreviation 7° = 79 + 79, this
leads to the following equation for 12 = (0|¥x (r1)Pg(r2)|12):

7TO¢ = wls + ¢287 7T0¢i5 = '()bss + Kﬂpa 7Towss = KleS + K2wls- (4404)
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Elimination of ¢;s = (%) 71 (ss + K1) gives the following two equations:
(792 — K)p = 2tbss, K = K; + Ko, (4.405)
0 0 _ 0y—1 0y—1
(" = K/m")hss = [K1(m7) " Ka + Ka(m7) 7 K1y, (4.406)
Multiplication of (4.405) by m° — K /7° permits the elimination of ,.:
19 —{7% K} + AK(7°) ' AK]p =0, AK = K; — Ko. (4.407)

When the K; are taken from (2.82) appropriate for v, (4.407) applies to
the noninteracting components 1,5, of the two-particle Dirac spinor ¥p2_as
(4.231),

77[}D2,as,rr = wlr(rl)w%" (7'2)- (4408)
This is checked by insertion into (4.407). For vanishing commutators, mul-

tiplication of (4.407) by 7° reproduces (4.397). A “Dirac factorization” of
(4.407) seems excluded.
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5.1 First-Order Magnetic Hyperfine Splitting

Atomic fine and hyperfine structures are normally small and may be treated
as perturbations of the nonrelativistic Schrodinger Hamiltonian. However,
many level splittings are measured so precisely that their calculation wound
require second-order and even third-order perturbation theory. It is then
much easier to take the fine structure from the Dirac equation, and to
calculate the hyperfine structure as a perturbation of the Dirac equation.
The experimental hyperfine splittings of the hydrogen and muonium ground
states are 1420405.751767kHz and 4 463 302.8 kHz, respectively (1kHz =
4.1357 x 10712 eV). For such cases, the first-order hyperfine splitting of the
Dirac equation follows from (5.11) below to all orders in az.

In this section, the first order perturbation theory (Rose 1961) is adapted
to the two-lepton equation (4.278) (Hund and Pilkuhn 2000). Its application
to positronium requires modifications only in some particular states.

In Sect. 5.2, the magnetic hyperfine operator is modified in order to pro-
duce an equation with hyperfine wave functions as exact solutions. These
wave functions may be used not only for the calculation of second-order hy-
perfine shifts, but also for the inclusion of other perturbations. The emission
and re-absorption of another virtual photon produces several small shifts,
of which only the anomalous magnetic moment and the “self-energy” shift
survive in the static limit m; < mo. The latter shift implies that the mass of
a bound particle 1 differs from its unbound value mg; it constitutes the main
part of the socalled Lamb shift, which lifts the degeneracy of the two j-levels.
The emission and re-absorption is a second-order process of the type (2.223),
for which the Dirac-Coulomb Greens function may be used. This function
will be discussed in Appendix B.

The derivation of the familiar first-order perturbation theory result,
E} = (Hper)n requires hermiticity of the unperturbed operator Hp. For the
hyperfine operator of (4.275),

Hper = —’}/SO'TQX/prmlmQ/EQ (5.1)

Hy is the Dirac-Coulomb Hamiltonian H, (4.276), which is Hermitian. The
expectation value of the anti-Hermitian part of Hper contains (i{V,p}/2),
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which vanishes by partial integration. The first-order shift of ¢/u in (4.275)
contains only i[V,, p,]/2 = —azp/2p*:

(e/m)n = [0 Hpertopd®p = (Hper)n = az(1° 0155/ p*)mima /2B (5.2)

The E%? in the denominator of (5.2) are the exact solutions of the Dirac-
Coulomb equation. The extra increase of the hyperfine splitting with decreas-
ing E? is largest for positronium, but it remains small even there. (The effect
is much larger in the quarkonium model of mesons. The pseudoscalar and vec-
tor mesons represent the singlet and triplet quark-antiquark ground states,
respectively. For the lightest members in each group, the pi and rho mesons,
m2/m2 ~ 1/30 excludes a perturbative treatment of the E~2-dependence.)
On the left-hand side of (5.2), one has

(e/pw)) = (E*)L /2mymy = EXEL Jmyma, (5.3)

as (E?)} is the infinitesimal change of E2, §(E?) = 2E,0E, = 2E0E!. The

n
Dirac expectation value gives

(o i9p/r?) = [Vhrsoabvn /0’ = [(iofapts +¢iatspug) /. (5.4)

Insertion of (2.152) leads to
(o12p/p®) = —i] gfdp [ d2(x};o1ohxs; — xLoiapxy)- (5.5)

The first angular integral is minus the second one (see below), such that the
expectation value factorizes as follows:

(oiab/p?) =21 gfdp [ A2 ioopx;. (5.6)

The notation x;; and Xij needs some clarification. The Dirac-Coulomb wave

functions contain the spinor spherical harmonics X{ ™7 (2.124) in their large
components and x> in their small ones, where [ = 27 — 1 is the other
possible value of [ at fixed 7. When the hyperfine operator is added, the only

strictly conserved angular momentum operator is
f=l+loi+los=1l+}o=j+l0. (5.7)

The eigenvalues of f2 and f, are f (f+1) and my, respectively. In first-order
perturbation theory, only the unperturbed states appear, which do contain
the quantum numbers I, [ and j. The quantum number m;, on the other
hand (which was called m in Sects.2.5 and 2.6), cannot be kept fixed any
longer, because the Dirac-Coulomb eigenvalues are degenerate in m;. The
appropriate states x;; and xj; in (5.6) are Clebsch-Gordan combinations of

M5

the x;"7,
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fomyg Jym;

Xij = Tm, (mj,malfyme)x; 7 x2(m2) = xu5, (5.8)

where the x2(m2) are the eigenstates of oo, with eigenvalues 2mgo = +1. The
two arguments suppressed in the CG-coefficients (m;, mq|f,m¢) are ji1 = j,
j2 = 1/2. The relevant coefficients are again given by (2.131), with I & }
replaced by f =j + é The explicit construction below gives

[ A iofopxiy = (f = D81 =) +3) 7" (5.9)

The radial integral is obtained from (A.31) and (A.45), with kp = (I—3)(25+
1) and k/p = az(nj + aZ)1/2,

I = [gfdp = (v/w)*[2(1 + a3 /n3) " ?kp — 1] /[47(y* = 1/4)].  (5.10)

For j = n — }, it is again simplified by ng = v as in (4.282), k/p = az/n,

and by kp = —n:
I = —a/In’y(2y — 1)) (5.11)

In general, one has to order a%
(nf +0a3)"*? =01+ Jaf(n—j - 3)/n( + })]. (5.12)

A factor 4(I — j) may be extracted from the numerator of (5.10) by inserting
2kp = 4(1 — j)(j + }), and by rewriting 1 = 4(I — 5)2. The 4> — 1/4 in the
denominator may be put into the form

VY -1/4=j(G+1) —ay =1+ 11+ 1) —a, (5.13)
with [ = 2j — I. Then (5.10) becomes to order o
_s .
R L N U E I B Co)
BERF RS G+32 0 G+ m2@+1))

(5.14)
Collecting the various factors from (5.2) and (5.6), one obtains

1 _a4mm 2(f_.]) 2 (2
(e/Wny = ZZE217132(f+;)(l+;)(j+é) <1+azc()+...), (5.15)
S _ (3n=i=3) 12 1 412
(2n2<a'+1/2>+<j+;>2 i +1) n2(2i+1)>' (5.16)

For S-states, one has to add to ¢(® a “wave function correction” cfff) , which

can be expressed in terms of (r;*);—o from (2.231),

© _9llog.” Wt g P = T 3=
Cot [og 20 (n+1) — vga on | mu Q%M2m12<rG )i=05
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plus an n-independent correction which is omitted here. Insertion of (5.3),
(e/,u),lzf = E§E}s/mimg includes contributions to 6 Ej,

§Ens = (€/p)ngmima/E = Lazmimj(nmis — agu/2n) 72 ... (5.18)

that had previously to be calculated by NRQED.

In the following, the states Xf g

notation

are given for my = 0. With the compact

xi=x10x0G), =3, x
and with 3(° and 1\ given in (3.130) and (3.131),

W% e = AF =22 ((F — 12 (V0 + Y oa ) + 262V )
f-1,f-1/2 = F—1X1 f—1X1 f—1X1ls

(5.20)
W% e = A +6) 2 ((F 22 (Vd + Y ) — 2F + 22 Y00
F1p41)2 FHX1 T X fJ(r;)X;l)’

W= (A7 +2)72[(F + D2 (<Y + YT — 202V, (5.22)

£0 1 1 1.0 0
Xi% i1 e = (AF +2)72[(H2 (Y7 + YT + (2f +2)2 Y0 (5.23)

Both x? and x§ are normalized, and so are all four states Xl j . The spherical
harmonics Y;™ occur for | = f — 1 in (5.20), for { = f 4+ 1 in (5.21), and for
l=fin (5.22) and (5.23). This guarantees the orthogonality of the xf+1 ; to
each other and also to the two states with [ = f. The latter two states, on the
other hand, are combinations of identical components; they are orthonormal
due to their coefficients. In particular, [ d2(=Y; " xi T+ VP xy ') (=Y 'xd
Yl1 Xfl) = 2 makes the scalar product of the first terms in the square brackets
2f 2 (f+1) ;, which equals minus the scalar product of the last terms.

As j is not conserved by the hyperfine operator, an alternative basis may
be used in which 8% = ¢2/4 is diagonal, with eigenvalues S(S + 1). The
appropriate CG-expansion is

xlfénf = Z(ml,ms\fmfmmlx’;s, (5.24)

my

with j; =l and j, = S'in (2.123). The x¢* are identical with the ones defined
n (5.19). For S = 0, the expansion (5.24) requires | = f, where it reduces to
a single term:

X =Y. (5.25)

Also simple is the expansion for [ = f, S =1, my = 0:

Xjﬁv({ =272 (=Y g + YY) (5.26)

)
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The CG-coefficient of Y?x? vanishes in X}c(l) Comparison with the states x ¢ ;
of (5.22) and (5.23) shows

f f, f, f £,
szjilﬂ = "’Xf,;nf - SXf,glfv szjil/z = SXf,Tf + X0
c=[(f+1)/Cf+ DY s=[f/2f +1)]7 Y2 (5.27)

c? + s = 1 shows that (5.27) is an orthogonal transformation. Such a “re-
coupling of angular momenta” is independent of m¢, see Sect. 5.6. In short,

Xf1 = CXff-1/2 t SXffa1/20  X£0 = —SXff-1/2 T Xy fr1/2-  (5.28)

The CG-coefficients for [ = fF1, S = 1 are more complicated, see Table 2.1.
On the other hand, a look at x}cil FE1/2 shows that these contain only x7"*;

. . 0 . f0
the singlet spin state x;; does not contribute. Consequently, the x FEL 12
are identical with the X;‘C?Fl, 1- Also these relations remain valid for all m:

fmy _ fmyg fmy _ fmyg
Xf—1,f-1/2 = Xf=1,00  Xjpq1,5+172 = Xf4+1,1° (5~29)

The reason is that | = f F 1 requires not only S =1, but also j = f F1/2 =
[ +1/2. The second lower index is unnecessary for the states (5.29) and is
dropped in the following.

At fixed eigenvalue f(f + 1) of f? and for all values of m £, the operators
12, o1l, o5l and 0%l are 4 x 4 matrices. The upper indices f and my are
now suppressed. A special symbol for the eigenvalues f(f + 1) of £2 will also
be useful,

Px=1f+0x=Fx F=Vf(f+1). (5-30)
For example,

Pxper =0+ Dxper = (F+H D + 2501 = (F2 +2f + 2)xp01. (531)

In the triplet-singlet basis, one thus gets

Xf+1 F212f+2 0 00
| xgen 2 0 F2_-2f 0 0
X1,s = X7 ) I© = 0 0 F2 0 ) (532)
X£,0 0 0 0 f2
—-f—=2 0 0 O
o1l = 0 f=10 0 (5.33)

0 0 —-1=£F
0 0 £F 0

Note the sum check

ol +ol=ol=f*—1>-0%/4 (5.34)
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The matrix ol has 0 = i}(1 + 0103) Ao according to (4.234), and as

Aol = 0 in the states with [ = f £ 1, we quote only its nonvanishing 2 x 2
submatrix in the lower right-hand corner of the 4 x 4 matrix, with an addi-
tional factor ¢ which will be needed later:

) 1+o0,09 10 0 2F 0 F
X
ioc*l = 5 Ao‘l(o 1)<2F0>2<F0>' (5.35)

In the j =1+ ;-basis for I = f, one has by inversion of (5.27)

Xtz _ (s c -1 +F s c
X <Xz1/2>’ 1,2l (c—s) (iF 0 c—s)’ (5.36)

_(t 0 1 [(—l@20+3) —2(1+1)
o= (50wt b (SR8 2D Y e

The eigenvalues of o1l agree with (2.121). o2l is diagonal in the js-basis
(Jo =1+ 02/2), with the same eigenvalues.

At large distances, hydrogenic atoms behave like particles of spin f. Their
magnetic hyperfine interaction causes a quadrupole moment, which may be
calculated from the Dirac equation (Baryshevsky and Kuten 1978).

5.2 Nonrelativistic Magnetic Hyperfine Operators

To the order a%, convenient magnetic hyperfine operators are obtained by
elimination of the small components of the leptonium equation. We rewrite
(4.268) as

(e—=V —pf —y°o1m)p =0, (5.38)

w=p+eAps, eApy=—iVoyxp/E. (5.39)
By copying the steps of Sect. 2.8, one finds
(e~ V = )y = (e — V + ) lorymis,. (5.40)
Expansion of the denominator in V/(e + u) gives (2.256),
(= V)? = 1 — (o1m)? + [y, [y, V]]/4ulthy = 0. (5.41)

The double commutator is a relativistic correction; to order a%, it may be
evaluated in the limit A,y = 0. Consequently, also (2.271) applies again, in
the form

[(e—=V)? = p® = (o1m)* = azolV' /L?Jpy =0, L*>=1(l+1). (5.42)

To the order a4, the hyperfine operator arises exclusively from (o17)?. In-
sertion of o1 = o1p — iVpo* /E (o = 77;) gives

(017)2 = p* — i{o1p, Vpo*} [E — (Vpo™ /E)?. (5.43)
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The nonrelativistic hyperfine operator arises from the terms linear in V:
{o1p,Vpo™} = o1[p,V]po™ + V{o1p,po™}. (5.44)

The last anticommutator vanishes. Inserting —i[p, V] = —[V,V] = =V'r/r,
one obtains the complete nonrelativistic hyperfine operator from (o;7)?/2pu,

—i{o1p, Vpo*}/2uE = —(V'/r)(o1r)o1(o2 X p)/2mima. (5.45)
By (2.53),
(o1r)o1(oy x p) =1r(02 X p) + o1(r X (62 X V)). (5.46)
The hyperfine operator is then decomposed into two terms,
—i{o1p,Vpo™}/2uE = Viy + Hy. (5.47)
Vo1 arises from the first operator in (5.46), it is independent of o7,
Viar = V'oal /2mymar. (5.48)

As V31 (4.283) is still called the spin-orbit potential, the part Vio; of the
nonrelativistic hyperfine operator is called the “other” spin-orbit potential.
It is always smaller than Viy;. For m; = ma, it is half as large. Both potentials
Vi are symmetric in m; and mo and must not be attributed to particles ¢
(Pilkuhn 2001). The sum of their expectation values agrees with (3.164).

The remaining Hj,; of (5.47) requires a somewhat tricky decomposition
of r X (62 X V): The rule a x (b x ¢) = b(ac) — (ab)c implies r x (o3 x V) =
o2(rV) — (ro2)V, thus giving

—(V'/r)o1r x (62 x V)] = (V' /r)[-o102(rV) + (o27)(01V)].  (5.49)

The last operator can be decomposed into the product of a spin operator
and a tensor t in coordinate space, provided the summation indices which
are hidden in the scalar products are written explicitly:

(0’27")(0’1V) = Zogioljti]‘, tij = Tiaj. (550)
,J
A tensor ¢t has 3 x 3 components; it may be decomposed into three “irre-
ducible” tensors which do not mix under rotations,
t =t 4+t 4@ (5.51)

t® transforms under rotations like an operator of angular momentum [; ¢(%)
like a scalar, t(!) like a vector:

£ = 6,; Situn/3. (5.52)
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0;; are the elements of the unit matrix 1, which remains the unit matrix after
a rotation. With trace(1) = 3, the remaining matrix (1) 4 ¢(2) is traceless;
t™M is its antisymmetric part:

£ = L(tiy — ). (5.53)

It vanishes for ¢ = j and has only three independent components. The remain-
ing tensor ¢(?) is now automatically symmetric and traceless and contains the
remaining five independent components,
2
tz('j) = ;(tij + tji) — 5ij2ktkk/3- (5.54)
One easily checks t;; = tE?)HE;)thZ(»?). One writes symbolically 3x3 = 14-3+5.
A general tensor is decomposed into its irreducible pieces by means of the

“Clebsch-Gordan series”. More about tensors in Sect.5.6. The complicated
decomposition of ¢;; is not necessary, but it helps. In (5.50), ¢;; = r;0; gives

t9 = 8,7V /3 = 6,70, /3, (5.55)
£ = 1(ri0; —r;0) = L(r x V)i = Ll (5.56)
The decomposition of Hy, of (5.47) into irreducible pieces is
0)

Hyp = —(V'[r)eu[r x (o2 x V)|/2myms = Hyp + Hy) + HYY,  (5.57)

where H }(f}) includes the first term of (5.49):

H/S(}) = —(V'/r)e102(rV)/3mims, (5.58)
Hf(z? = (V'/r)io*1/4mims = Vi, (5.59)

HY = (V' [r)[o2re1V /2 + 01702V /2 — 0105(rV) /3] /2mims.  (5.60)

H }(L}) is an anti-Hermitian spin-orbit potential. Its expectation value vanishes,
such that it is needed in E(a%} ) only in the case of degeneracy (see below). The
other two operators contribute only with their Hermitian parts. For s-states,
these parts are formally too singular, as in the case of the Darwin term dis-
cussed at the end of Sect.2.8. Also here, one can simply ignore the s-state
operators and instead extrapolate the energy shifts in the orbital angular mo-
mentum [ down to [ = 0. In the following, the traditional method is presented,
in which any operator containing I is taken to vanish for s-states. To illustrate
the problem, set rV = r0, in H ,S(}). For V = —ayz/r, the Hermitian part of
V'8, = —az/r?0, is az[0.,772]/2 = —azr—3, with (r~3),—9 = oo accord-
ing to (2.259). To obtain the correct result, one must return to the Hermitian
part of the original operator (5.44), which means the re-substitution

(V' [r)rV = [V, V]V. (5.61)
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As [V,V] and V are Hermitian and anti-Hermitian, respectively, the Hermi-
tian part of (5.61) is

5[V VIV = AV[V, V] == [V[V,V]] = =, AV = 2razé(r). (5.62)

The last expression follows from (2.262). The Hermitian part of H f(gc) is called
the Fermi contact term,

Veon = J(H\ + H)Y) = 21a,8(r) 0102 /myms. (5.63)

With o105 = 1 for triplet states and —3 for singlet states, the Fermi splitting
of s-states, Er = E(triplet) — E(singlet) is

Er = go/},u3/n3m1m2 = ga%pﬂ/n?’mlg. (5.64)

The expectation value of H. }(12) vanishes for s-states by rotational invari-
ance. And as (§(r)) vanishes for all other states, the operator o102(rV)/3
can be omitted from H }(jc) The Hermitian parts of [9;, V]9; and [0;, V]|0; are

both —3[9;,[0;, V]] = Saz[3rir; /r5 — 6;;/r%]. Consequently,

H,(jc) = azat/4m1m27"3 = V' /Amimar =V, 0y = 301,09, — O103.
(5.65)

This is the “tensor potential”. In ordinary atoms, particle 2 is a nucleus with
spin operator se and g-factor gs,. There, o2/ms is replaced by gonsa2/my,
where m,, arises from the use of the nuclear magneton u,, as in the Zeeman
operator (4.149).

To calculate oy, one observes that the pseudoscalar ¢;,. = o7 /r change [
by one unit. In the triplet-singlet basis (5.32), one has

0 Gir . (s c . [(s—c
(85 () ()

The matrix 61, is the same as in (5.36); it arises from the transformation
(5.27). The product 01,09, changes I by 0 or 2 units:

~12F 0 0 100 0
1 [2Fr1 0 0 010 0

G =ori1l o 02f+1 0 |0 7927 (o010 |- (5.67)
00 0 -2f—1 000-3

The anti-Hermitian V19 contributes to the o/} level splitting only in
I-degenerate states at fixed f, for example in P states where it mixes 3P with
1P for f = 1. The nonvanishing submatrix of io*l is given in (5.35). It is
conveniently combined with the submatrices of o; and o3l:

— (X (29, ViV v = (20) TV (ses
X (Xf,0)7 [of (00)7 t+ s2l+ s121 FO Tm1m2' ( )
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Writing moreover 1/mimsy = u/Eu?, this may be combined with the ordinary
spin-orbit potential V;y; into the total spin potential,

-1 F) Vv’

F(1—4u/E) 0 (5.69)

VsVquth+V521+Vs121( drp?”

For its use in first-order perturbation theory, the matrix must be diagonalized;

(),

its eigenvalues will be denoted by —2a;™’I(l + 1) for later purposes:

—2a!P1(1 +1) = L[-1+ /1 + 411+ 1)(1 — 4u/E)). (5.70)

Here we have inserted F2 = [(l + 1). To first order in u/FE, this produces
the ordinary fine and hyperfine splitting. Note in particular that u/E = 0
reduces the square bracket to

sEU+) =3+ =N+ 3) (5.71)

where j = [ + é as in (2.121). Positronium, on the other hand, has u/F = 4,

2a P11 +1) =1, 24/ =0. (5.72)
By charge conjugation, the factor 1 — 4u/E must in fact be replaced by
a factor that vanishes exactly for m; = my. Such a factor is m? /E? for
B =1, namely ém?/E? = §m?, with ém = my — my:

V, = Agm V' /4rp?,  Agm = ( FE%Q lg ) ) (5.73)

In the CBG-reduction of the 16-component formalism, a corresponding ma-
trix A“BC arises from VGBCE + VSPCG + VEBEG (see (3.164). As V; (5.65) is
both Hermitian and symmetric in (m1,ms), one has V,°B¢ = V;). The iden-
tical eigenvalues of Agy, and ACBG imply a similarity transformation as in
(2.170):

o CBG r/—1 CBG __ —1 Fom - 51’?7,71/2 0
Asim = MAZZEM, - A —(F5m o )0 M={"0 smir):

(5.74)
The Hermitian form simplifies higher order perturbation theory.

Expansion of the square root of (5.70) to order (u/E)? produces energy
shifts that are classified as quadratic hyperfine shifts. For the calculation
of other second-order effects, one must either use second-order perturbation
theory, or one must include the operators non-perturbatively. The latter pos-
sibility exists for the “generalized Todorov” equation (4.213), which is the
two-body version of the generalized KG equation (2.273). One merely has to
use the appropriate generalization of I, (I, + 1) (2.272),

L2 =17 -a% —a%A, L[*=I1(1+1), (5.75)
Ay = 210+ V)] Hoil + 203l + 2i0 ™1 + 0;)p/maz), (5.76)
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which is then diagonalized at fixed [. The eigenvalues are al(i), or ajf in
the case of f = [ 4 1. This form is only possible because V'/r = az/r® is
equivalent to r~2aZu/L?, or better V) /p ~ p~2a% /L2 according to (A.43),
with €/ = 1. It is essential that the equivalence is independent of n, such
that it remains valid also for the continuum states.

Note that {o¢);,0 = 0, and that

(o) -1 =3/(2l+3)—1=—1/(1+3/2), (5.77)
such that a;;¢ remains finite for [ = 0:
apir1=—(20+2)" = (1 +3/2) " u/myo. (5.78)

The part —(2/3)p/m12 of ag 1 /2,1 is the triplet part of the Fermi splitting Er,
which in the nonrelativistic reduction arises from the contact term (5.63).
Clearly, the extrapolation of the relativistic equation is simpler than the
nonrelativistic reduction. Higher orders in oz may contain operators which
cannot be extrapolated to | = 0. However, whenever the extrapolation is
finite, it is also correct. The relativistic equation is a regular function of [,
with no singularity at [ = 0.

Defining the quantum defect 3, = I — I, as in (1.126), one obtains the
solutions of the nonrelativistic Schrédinger version (4.212) in the form of the
quantum defect formula,

e/u—1=-laz(n—B) *~—taz(n ?+26m 3 +36/n""), (5.79)

Br=141/2— /(1 +1/2)? — a3 (1 +ayp) ~ 0} (1 +ayp) /(2 +1). (5.80)

which differs from the original form (1.37) only by the substitutions Ey —
€ — p and m, — p. The nonrelativistic appearance of the hyperfine operator
is not new: In the Pauli Hamiltonian (2.237), its static limit emerges from
(w101)?/2mq, with w1 = p; + (e/c)Apy and with Apf from (4.153).
Generalizations of V; for large g-factors will be given in Sect. 5.7.

5.3 Vacuum Polarization, Dispersion Relations

The Poisson equation (1.58) was solved in (1.60) for a nuclear point charge,
pel = Zed(r), giving A° = Ze/r and the familiar point Coulomb potential,
V = —eA® = —az/r in the equation of motion of a particle of charge —e.
The quantum field version of that equation,

—V2AQ = ax[Zed(r) — WL Wp + pl] (5.81)

gave the additional Coulomb potential V;; = e2/r;; between a pair (i,;) of
electrons. But even for hydrogen-like, one-electron atoms the operator elI/;)WD
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makes a small contribution which is illustrated by the picture of “vacuum po-
larization”: d"gLPD creates “virtual” electron-positron pairs, with a vanishing
charge density in the absence of external charges. This “cloud” of virtual
pairs gets polarized in the nuclear vicinity, which entails a partial screening
of the nuclear charge. A bound electron is moving mainly outside the po-
larized cloud, where it sees the screened charge which is smaller than the
“naked” charge of the nucleus inside. The cloud has a radius of about 1/2m.,
which is much smaller than the electron Bohr radius (1.39), ag = 1/am.. The
naked nuclear charge appears only near r = 0, where the additional operator
is well approximated by a function §(r). For muonic, mesic or antiprotonic
atoms, on the other hand, one must compare the cloud radius 1/2m,. with
the extension of the wave function e™"" /r,

Kt =nlazu, (5.82)

where p > m, is the reduced mass. These two radii are of the same order
of magnitude, and the vacuum polarization produces a special potential Vi,
(Uehling 1935), which has been evaluated in great detail mainly for muonic
atoms (Borie and Rinker 1982). A convenient form of Vi is a superposition
of “Yukawa potentials” e~ *" /r,

Vo = gqlqgaﬂI(Zmer)/r, (5.83)
I= [ age et b tye - 1), (5.84)
1
with a; = a/n. Hydrogenlike atoms have q1qo = —Ze? = —ayz, but the

Uehling potential operates also in proton-nucleus scattering, where it in-
creases the Coulomb repulsion. For hydrogenlike atoms, the total potential is

V=Ve+VWVy, Vo= —az/r. (5.85)

This V is sometimes called the “electric” potential. It appears also in the
hyperfine operator (4.235).

If one wants to derive Viy by the nonperturbative method of Chap. 3, one
must modify the ansatz (3.69) for the bound state. Despite the above inter-
pretation of the phenomenon, it is best calculated from the QED Born series.
The calculation is complicated and entails a redefinition (“renormalization”)
of the electric charge, not only for nuclei, but for all particles.

In the higher orders of the QED Born series, one must really use the
equations of motion for field operators ¥, not for wave functions 1. The
“causality principle” of time-dependent perturbation theory postulates that
a perturbation at time 3° modifies the initial field ¥, (z) = Wi, (2, ) only
at times y° > 20. The iterative solution of the equation for ¥ is again of the
form (4.10), but now the propagator S(z — y) must be taken as the retarded
one,

U(z) = U(z) — e [ dySr(z — y)y " A.()¥(y), Sr(y® <z°)=0. (5.86)
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According to (4.8),
Sp = —(i0"y, + me)Ar, Agr(x) = (2r)"* [d'pe P Pr(p"), (5.87)

where @, is the retarded propagator (4.19). The current operator j (3.60) is
expanded in powers of e,

Ju =300,y =0 + 50+ (5.88)

G0 = S i), (5.89)

—ej) = [d*a' 1T, (z — o)A, (5.90)

,, = se{[#, 7, Sr(@ — ')y (2)] + [ (2')7, Sk (= — o), m'/ir(l]}. |
5.91

Sk = (10"y, —me)Ag. (5.92)

This expression can be used directly in the S-matrix of two-body scattering,

for example by replacing in (4.57) the g,.j5 = j2,,. by j,(}):

S\P = —amie? [ d*yd'zD(y — )5t ()i (). (5.93)

The AY to be used in jﬁl) is again of the form (4.55), but with jo replaced
by the current Zejs of the other particle:

AY(z') = [d*2D(x' — 2)dwZejy(2). (5.94)

In this manner, the final form of SZ.(?) is again symmetric in j; and jo. When
neither j; nor jo contain electrons or positrons

Si(]%) = il6nay [ dyd*zit (y)j5 (2) [ d*zd*a’ D(y — z)D(z' — Z)Hﬁoy)(m — '),

(5.95)
where the “vacuum polarization tensor” IT fb?,) is the expectation value of II,,,
with respect to the electron-positron vacuum:

[

I3) = (0|11, [0). (5.96)

The symmetry of (5.95) shows that vacuum polarization is not a property of
one of the two particles. It modifies both charges, ¢ = —e and ¢ = Ze. It
is visualized by the Feynman graph of Fig.4.3. For the details, one Fourier
transforms D according to (4.56) and also IT, ff,),):

) (z — ') = (2m)~* [ d*qe™ 1=V 1T, (q). (5.97)

The integrations over y, z, z and z’ are then performed explicitly. Each in-
tegration produces a d4-function of some combination of 4-momenta. Three
of these d4-functions are cancelled by the integrals over p, p’ and ¢ of the
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Fig. 5.1. The vacuum polarization graph

Fourier transforms. The remaining d4-function expresses energy-momentum
conservation as in (4.63). The total T-matrix T = T 4 T(?) is then

Tip = dmaz I8 (guu [t + 0 (q) /) s (5.98)

Current conservation requires 011, ffl),) =o"1] ﬁoy) = 0. For I1,,,,(q), this entails
the tensorial form

T,,(9) = (quqv — gut)II(t), t=q"%—q> (5.99)

For ¢° > 0, a dependence of IT on the sign of ¢° would be compatible with
Lorentz invariance. But this is ruled out by CPT, which says that the inverse
antiparticle scattering f — ¢ is related to T;; simply by the reversal of all
4-momenta (see the end of Sect. 3.2):

T; (", ...) =Tig(=q",—...). (5.100)

The additional 4-momenta are suppressed because they do not enter II. If
T;s for the particle scattering is evaluated in its cms q = 0, @ >0T i
of the corresponding antiparticle scattering is identical to T; at cms energy
—q°. Therefore, Lorentz invariance plus CPT implies

1(q°) = I (—q°). (5.101)

On the other side, J}},q, = 0 and J%,,q, = 0 eliminate a possible contribution

of ¢,qu:
Tif = AnazJ, gudse (1 — II(t))/t. (5.102)

When the potential V() is calculated as the Fourier transform of T, its long-
range limit V(r — oo) depends only on T'(¢ — 0), V(r — o0) = —az(1 —
I1(0))/r. If one wants to keep the notation V' = —az/r, one must identify
the e in T;¢ with the “naked” charge ey:

Vo =—2Ze*r, é?/hc=a, e*=¢e2(1—I(0)). (5.103)

Alternatively, one may keep the symbol e for the naked charge, in which case
the charge e in the Coulomb potential must be specified as “renormalized
charge” e,., with €2/hc = a. This is less elegant because it turns out that the
naked charge has no physical significance, to all orders in perturbative QED.
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Although IT has been assumed to be small, it is in fact infinite. For small
I1(0), the combination €2 (1 — II(t)) in (5.102) may be rewritten as

e2[1 — II(t)] = e*[1 — I (t) + I1(0)], (5.104)

neglecting terms of order IT2. These terms are taken care of by higher or-
der perturbation theory, and their measurable parts are tiny. The difference
II(t)—II(0) is small and produces the Uehling potential, which has been ver-
ified experimentally with good precision. In summary, T;7 (5.98) is expressed
in terms of the measured charge e by means of (5.104),

Tip = AnZe* J1 g ISt 1 + II(0) — I (1)]. (5.105)

A standard way of calculating higher-order radiative corrections is by
means of “Feynman rules” in momentum space. The “loop integrals” [ d*k
diverge and need a momentum cutoff A = ky,.,. Unfortunately, this proce-
dure destroys gauge invariance. The contribution of g,¢, in (5.99) does not
vanish and makes the integral diverge quadratically, i.e. as A2. It has been
customary to first postulate gauge invariance to get the form (5.102), and
to introduce the cutoff afterwards. This inconsistent procedure was later re-
placed by t’ Hooft and Veltman (1972) by the gauge invariant “dimensional
regularization”. It replaces the [ d*k by a [ d%k, where d < 4 is an artificially
lowered dimension of space-time. This is technically simple in the Feynman
parametrisation of Feynman integrals (see for example Ryder 1985, Itzykson
and Zuber 1990, Brown 1992, Weinberg 1995). In the following, a different
“dispersion relation” method is presented which uses unitarity and analytic-
ity of the S-matrix. It is independent of the convergence of the Born series,
and it is also more “physical” in that only the experimentally measured mass
spectrum appears in the unitarity equation. Moreover, for vacuum polariza-
tion, it is by far the simplest procedure.

We begin with the Fourier inversion of (5.97) and take ¢° explicitly com-
plex, ¢° = Re ¢ +iIm ¢°. We also abbreviate 2° — 2% = At, and x — ' = Ar:

. oo .
I1,,(q) = /d%Are‘“’Ar ({ dAteZAtReqoe_AtIquHW(At,Ar). (5.106)

The retarded Greens function Sg in (5.91) guarantees I1,,(z° — 2%) = 0
for 29 < 29, such that the [ dAt... vanishes. Consequently, IT,,(q) falls
exponentially for Im ¢ > 0, which is the upper half of the complex ¢° plane.
Calling ¢° = z and I1,,,,(¢°) = f(z) for a moment, one can evaluate f(z) by
means of a Cauchy integral as in (4.15), which in the present case encloses
the upper half z-plane counterclockwise:

£(2) = (2mi) ! /_ " dnf(@) (@ — 2) 1. (5.107)

Equation (5.107) is the origin of the factor 7= in the a, = a/n defined
in (1.114).
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A direct use of the CPT symmetry (5.101) is not possible because it
changes the sign of Im¢°. An analytic function f(z) is decomposed into its
“real-analytic” and “imaginary-analytic” parts as follows:

f(2) = h(z) +9(2), h*(z) = h(z"), g"(2) = —g(2"). (5.108)

For real 2z, h and g are real and imaginary, respectively. We shall find be-
low from unitarity that Im IT vanishes on a part of the real ¢°-axis, namely
0 < ¢° < 2m,, 2m, being the threshold for production of electron-positron
pairs. By analytic continuation, a function which vanishes on a line vanishes
everywhere. Thus g = 0; II is real-analytic, f(z*) = f*(z). f may be con-
tinued across this line from the upper half plane into the lower one, and the
Cauchy integral may enclose the entire complex ¢° plane, except for the cut
2m. < ¢° < oo of the particle process and the cut —oo < ¢° < —2m, of its
antiparticle process. As the integration contour goes clockwise in the upper
half plane, it goes counterclockwise in the lower half plane. Close to the real
q%-axis, this leads to the conbination f(zy)— f(z_) = 2Im f(z), where

T4 = T * i€, (5.109)

and = = ¢* is now real. The Cauchy integral becomes

(g)) = (/:m +/2:) i f‘”qg Tm 17 (z). (5.110)

Equations of this type were first found by Kramers and Kronig for the index
of refraction in optics; they are called dispersion relations. They result from
the use of retarded propagators, which obey the causality postulate (see also
Stone 2000). The case at hand is simplified as follows:

o d d e 2xd
wfl/ ( xo + xO)ImH(az)—wl/ 9 x02:1; . Im 1 (x).
2 rT—qy T+go oam, L% — Q7% — 1€

’ (5.111)
In terms of the variable ¢’ = 22 with 2zdx = dt’,
[ dt / 2
H(t+) =T , ImH(t), tth :4me. (5112)
ttn t— t+

With IT = Re IT 4+ iIm II, the imaginary part of the dispersion relation is an
identity. To see this, call t' — ¢t — ¢ = = — ie. In the integrand,

(z—ie) P =x(z® + &) +ie(a® + )t = P/x +imd(z). (5.113)

P is the “principal value”, which says that an infinitesimal interval ¢ on either
side of = 0 is omitted from the integral. For any function f(z) which is
regular at z = 0,

) é/e é/e
wdz f (x) / ydy f(ey) / ydy
= — f(0 =0. 5.114
/75 .Z'2+€2 —d/e y2+1 f( ) —d/e y2+1 ( )
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The imaginary part of (5.113) follows from

/m edz f(z) _ tan-! (x)iz B /Iz tan—1 (:L“) ;lJ; =7 f(0), (5.115)

T2 + €2 € ) €

as tan~1(x/e) is either +7/2 or —7/2 in the limit ¢ — 0, depending on the
sign of . The useful part of (5.112) is thus

oo dt/

-1
Rell(t)=n""P o

Im IT(t"). (5.116)

ten
A last difficulty is the divergence of the integral for ¢ — co. It is removed
by subtracting from (5.112) the relation for IT at a given point ¢ = t,. With

(t' =)™t = (' —t) 7t = (t—t) /(' = )(t' —ts),

(1) — IT(t) = 7Pt — ) /too " _t;l(i; )

The extra power of ¢ in the denominator makes the integral convergent.
Insertion of ¢t = t, in (5.117) shows that II(ts) remains undetermined. The
particular value of the subtraction point ¢s is a matter of convenience. For
atomic bound state calculations, it is advisable to set t; = 0 in view of the
asymptotic form (5.103) with its known value, o = 137.036"1: ImII (¢ <
4m?) = 0 implies that the principal value prescription is unnecessary for
t < 4m?2,

mII(¢).  (5.117)

tHII(t) — IT(0)]4<t,, =7 * /too dt' Tm IT(t") /t'(t' —t). (5.118)

For possible bound states deep inside the vacuum polarization cloud, a value
ts < 0 could be chosen in order to subtract a constant value of the vacuum
polarization. In that case

az(t) = az[l+ I(0) - II(t,)] (5.119)

is larger than az. In the quarkonium model of mesons, the absence of the
asymptotic region V(r — oco) = 0 makes t; = 0 useless. There, the coupling
constant a(ts) is a decreasing function of ts (a “running coupling constant”).

The t-dependence of the left-hand side of (5.118) is precisely the com-
bination occurring in T;f (5.105); its Fourier transform gives the Uehling
potential Vi;. The Fourier transformation can be carried out explicitly under
the t'-integral for arbitrary Im I1(¢'). Calling t = —q?, the transformation
assumes a form that has been calculated already in (4.50),

fd?’reiqre_r‘/t//r =4m(g® +t)" (5.120)

Apart from the product of coupling constants, the function e VY /r is called
a Yukawa potential. It corresponds to the exchange of a photon of “mass”
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Vt' = z. The Uehling potential is thus an integral over Yukawa potentials.
The explicit form (5.83) includes only the ee (= e~ e™)-contribution, which
is by far the largest one.

Im I1(t') is now obtained from the imaginary part of (5.102) on one side,
and from the unitarity equation (4.99) on the other. In the rest frame of the
virtual photon, one has J° = 0,

Imnf = 47TO{ZJ1)1/J2’2/25_1 ImH(t)
=3 Z /dLips(t)T*(f — ee)T(i — ee). (5.121)
A

The equation applies at fixed value of the total magnetic quantum number
m;, and one may restrict oneself to m; = 0 as in (4.108). With ey = e,

T(i — ee,0) = eqrJi 1t "T(0), T(f — ee,0) =enrJ5 5t~ 'T(0). (5.122)

Here we have abbreviated v4me = eqr, mainly in order to shorten the ex-
pressions, but also to illustrate the advantage of the Heaviside-Lorentz units
which are otherwise avoided in this book. Comparison between the two sides
of (5.121) shows, with (4.115) and €? = o, E = V/#/,

ImII(t') = EI(y = e e") = 2a(1 + 2m2/t")k/VT. (5.123)
k is the t-channel cms momentum at total energy vt/ = ,
k= \/t'/4—m2=/22/4—m2. (5.124)

The ee-continuum begins at the threshold zy, = 2m,, which is conveniently
extracted from k:

VI =2 =2mel, k=me/E —1. (5.125)

The final integral over £ in (5.118) is now performed using (C.18); its Fourier
transform produces Vi as given by (5.83). In ordinary electronic atoms, z =
2mer is > 1,

I(2mer > 1) = 3(n/mer)t/2e=2me" [2rm,. (5.126)

In many muonic, mesic and antiprotonic atoms, 2m.r < 1 dominates (see
Sect. 5.6). The 7v/t' in the exponent of (5.120) becomes 2m,£r, such that the
form (5.83) of the Uehling potential results.

In one-electron atoms, 2m.r > 1 domimates. There, (Vi) may be calcu-
lated as a power series in az. With (C.19) and (C.23),

(Vir)nr = —darazyi®8,0/15n°m?2 = —araz6;0/1n(0)?/156m2,  (5.127)

with [1(0)[? = 4(azp/n)38;,0. This forms a minor part of the Lamb shift. Its
first-order relativistic correction is derived in (C.25).
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As the relativistic [1,(0)|? diverges, the wave function correction (2.232)
appears at the order a$. The complete correction is derived in (C.46),

1+ o log(nme/20zp) — ¥ (n+1) +¥(2) +2/n—2/n* —1/28n2 4 326/105).

(5.128)
The log(nm./2azpu) = log(me/2k) is derived in (C.30). The term 2/n may
be viewed as the sum of 1/2n which appears in (r;*), and 3/2n which arises
from the product of two quantum defects in the expansion (2.147). Keeping
only the 8-dependent terms, one has

En/mc* = —azn 3(Ba +383/2n...), Ba=p;+Ou. (5.129)

Here [y is the quantum defect caused by the short-range Uehling potential.
Bo = a%/2 and By are both positive. The term linear in 3 produces the main
energy shift (5.127), while the product a3y in 32 gives the above —3/2n.

Higher-order corrections to the vacuum polarization have either two or
more ee loops, or at least two more photon couplings (“vertices”) on the
electron loop of Fig.5.1. Loops with an odd number of vertices vanish by
charge conjugation invariance (“Furry’s theorem”. Each photon in the initial
or final state brings a factor —1 to charge conjugation, see also the end
of Sect. 4.7). The simplest correction has one additional photon emitted and
reabsorbed by the loop (“Ké&llén-Sabry potential”), which gives an additional
factor of e = a. Next come two-photon corrections, either with one photon
from the loop to the upper line, the other to the lower line (factor aayz),
or with both photons to the upper line (factor a?), or with both photons
to the lower line (factor a% = Z2a?). The last graph gives the potential of
Wichman and Kroll (1956). It becomes the dominant correction for Z2a > 1.
Our introductory picture of “vacuum polarization by the nucleus” is then at
least partly correct. Results for such higher-order corrections are reviewed by
Eides et al. (2001).

5.4 Atomic Radiation

With the exception of the ground states, atomic states are unstable.
Some states above the ionization limit decay by electron emission (“auto-
ionization”), all others decay by photon emission. By far the largest decay
rates arise from electric dipole radiation, in which the orbital angular mo-
mentum of the atom changes by one unit, without a change of spin. The
radiation has an indirect effect also on the ground state, in that its “dis-
persive” part shifts its energy (Lamb shift). The finite lifetimes of excited
states cause a “natural line width”, which is largest for states decaying by
electric dipole radiation. The lifetime of the 2p state is 1.6 ns, its width is
41 x 1078 eV (the lifetime is the inverse of the decay rate I', the width in
eV is 6.582 x 10716 times the lifetime). The 2s state decays by two-photon
emission to the 1s ground state, with a rate of 8.22s71.
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The decay rate is calculated by time-dependent perturbation theory
(Dirac 1926, 1927),

(ih0y — HO)p(r1, 7o, t) = Hper (11, 79, )0(11, 70, 1). (5.130)

The units 7 and ¢ are carried along for a while, because the atomic radiation
is a basically new phenomenon. The notation is for two particles with posi-
tion operators 1 and 7 as in Sect.3.4; HY is typically the Dirac-Coulomb
Hamiltonian (3.96),

HY = Zi(aymi o +mifs) +V, (5.131)

and
Hper(r1,72,t) = —q1A(r1,t)a1 — @2 A(r2, t)axn (5.132)
is the “perturbing” time-dependent operator. The perturbative solution of
(5.130) requires knowledge of the solutions zZJT(LO) of the unperturbed problem,
HOYY = By, ) = upe™ ™, w, = En/h. (5.133)

The complete solution is expanded in terms of the v, with time-dependent
coeflicients, '
Y(ry, o, t) = Xpcn () un(ry, r2)e” “nt. (5.134)

The unperturbed Z[J»SLO) cancel out on the left-hand side of (5.130), and with
0:Crn = Cm, one finds

Dmihemume “mt = 5, cp Hpertipe "t (5.135)

A single ¢ (f for “final”) is picked out of the sum by means of the orthogo-
nality relations (uf|um) = Om, f,

ihép = Znen () (f|Hper|n)e™ !, wpy = wp — wy. (5.136)

Next, the ¢, are classified according to the power N of Hpe, on which they
depend:
en(t) = IneM (1),  O(t) = 6,0t — to). (5.137)

The last equation specifies the atom to be in its “initial state” |i) at t = ¢o.
As a rule, one can assume that this state is suddenly created at to = 0, but
in second order pertubation theory the details of the preparation of |¢) may
become relevant. With the classification (5.137), (5.136) becomes a recurrence
relation in the order N of the perturbation,

t . ’
() = —ih ™ [t Dol NV () (F| Hper(t') et (5.138)

To perform the integral, one must specify the time dependence of H,.,. Here it
is convenient to decompose the vector potential A of Hye, into modes of given
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frequencies w;, a; A;(r)e~ ™ and al A} (r)et™it according to (3.7). However,
the index ; is suppressed in the following. In first-order perturbation theory
for decay, we could also contend ourselves with the “negative frequency” part
which is proportional to e™™?* because only the operator a' can create the
outgoing photon. It is nevertheless instructive to keep the e~**-part, which
would describe the further excitation by an incident photon. We therefore
decompose

Hyer = HiH ™ + HD et V) = V) V), (5.139)

The solution of (5.138) for N =1 is then

(14) (FIHENR) [ iwpmtw)t  ifwrmtw)to
- n - n . .14
Cy — h(wfn £ w) € € }6’” (5.140)

In decay, the initial energy FE; is larger than the final one Ey, and wy; is
negative. For this situation, we define

Av=w+wp =w—wiy =w— (E; — Ey)/h. (5.141)
We also abbreviate At =t — ¢ty and obtain
) = —(FIHD |i)elAwto (1 AA _ 1) /7 Aw. (5.142)

The probability to find the atom in the state | f) after a time At is |cf|?, and
the decay rate is
Iy = |cs?/At. (5.143)

To compute |cf|?, one extracts a phase e?4“4*/2 from the bracket in (5.142),
eHAWAL _ | — g1AWAL/2 9 gin(AwAt/2), (5.144)

and takes the limit At — oo:
4sin®(AwAt/2)/(Aw)? At — m6(Aw/2) = 215 (Aw). (5.145)

The decay rate is then independent of At.

Expression (5.143) refers to a single mode of the electromagnetic field.
Examples are provided by an atom in a perfect cavity with non-degenerate
modes, and by a single-mode laser beam where (n)'/? in (3.37) may assume
very large values. In the latter case, the decay into mode 1 is called “induced”
and may be much larger that the “spontaneous” decays into all other degen-
erate modes (which have n; = 0, n} = 1). In the following, only spontaneous
decays are considered. In the continuum limit, the differential decay rate into
photons within a solid angle element df2;, of wavenumber k and helicity A is

Ly = (d®k/87%)[(k, A, FIH i) P2m6(w — wig) /B2, (5.146)
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with d®k = k?dkd(2;,. One may use dk = dw/c to cancel dw against §(w —
wir), which then fixes the variable w at the value w;; as required by energy
conservation:

dTip = k2dQ|(k, A, fIH ) [3)|? /4 ch?. (5.147)

This is “Fermi’s golden rule”. One normally extracts from H(*) the additional
normalization factors and the n}/ ? from the Fock matrix element of a (3.36),

H = c(hng/w)/{k, A, fIHO), (5.148)

where HH) = —%,q, A #(ri)ay still contains the desired radiation mode, for
example a plane wave (3.11). The relations

a; =i[Hec,ri], (flHori—riHcli) = (Ey — Ei)(f|rili), (5.149)
display dI; in terms of the dipole operators:
dTip = (Win(k)/2mc®)d| (f|€s (k) Die™ *igr;|i) 2. (5.150)

The same formula results if one or both particles are spinless, relativistic or
not. In the latter case one starts from H(H) = —XiqiAy(r;)m;/m;c, where

Thus Fermi’s golden rule is more general than one might have expected.
It contains two powers of w from parity conservation and one power from
momentum space (the necessity of parity change was already mentioned in
(1.110) for the nonrelativistic limit).

The total decay rate into the channel f follows after integration over d{2
as in (4.107). The atomic disappearance rate is of special interest, which also
sums over different decay channels. In hydrogen for example, a 2p state can
only decay into the 1s state, but a 3p state has the choice between 1s and
2s, which are called different “channels” in this context. The disappearance
rate is defined as I; = ) f I'is. Like dI';y and Iy, it is time-independent
according to (5.145). Denoting the surviving probability by N;(t), one has
dN;/dt = I;, which by integration leads to the exponential decay law,

Ni(t) = Ni(to)e Fit=to), (5.152)

At finite ¢ — to, this contradicts (5.137) which puts ¢; = 1 for all times.
A better ansatz is c&o)(t) = 0,,,,0(t — to)e Tit=1)/2 a5 it includes already
the exponentially falling survival probability. It is equivalent to shifting the
unperturbed energies E,, by an amount —ifil},/2 into the lower complex
plane,

On =wp — il /2= (E, —ihl,/2)/h. (5.153)
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The resulting C;H_) is
04 (FIH D) |:€i(wfi+w)te—1"it/2 _ ei(wfi+w)toe—il"ito/2:| )
hwpi +w —il3/2)
(5.154)
Setting to = 0 and ¢t = oo simplifies this to
i (00) = WM FIHD i) (wys + w — il3/2) 7 (5.155)

The corresponding transition probability is dW;y = |c f|2 as a function of w:
dWis/dw = (Iy/2m)(Aw® + T2 /4) L. (5.156)

This is conveniently expressed in terms of the “Lorentz curve”,
L(w) = (I)27)(Aw? + T2 /4)~,  dW;s/dw = L(w) i/ T (5.157)

In the limit I; — 0, L is normalized to §(Aw). I;;/I5; is the “branching
ration” for channel f, and X'y I5¢/I; = 1.

L has its maximum of 2(7[};)~! at Aw = 0, and half that value at
Aw = £I"/2. In the finite time interval At = I'; granted by (5.152), E; = hw
is unsharp with AE ~ hAw =~ hI;/2, such that AEAt ~ h/2, in agree-
ment with the “uncertainty relation” mentioned at the end of Sect.1.8. The
Lorentz curve is verified by precise measurements of the frequency distribu-
tion of the decay photon. Doppler shifts (2.24) from the thermal motion of
the excited atoms superimpose a Boltzmann factor Ne~Frin/k8T on dW/; ¢/dw,
with Ey, = ;Ev2 and N = (E/ 27rkBT)3/ 2 in the nonrelativistic limit. The
resulting curve is known as “Voigt profile”.

For the inclusion of atomic recoil, the stationary binary equation (4.276)
is extended to a time-dependent equation (Pilkuhn 2004). The unperturbed
“chiral hamiltonian” is denoted by hA° in the following (with A = ¢ = 1):

(i0r = POV = Ppex () n, 7= pit, RO = (e/p)npplY.  (5.158)

The exponent —iw,t in (5.133) becomes —i(e/u), 7, which implies that each
state |n) has its individual time ¢,, (the proper time). Consequently, the factor
(wi — wy)t of the decay according to (5.141) is replaced by

[(e/w)i = (/) f)r = 37(E} — EF)/mims, (5.159)

as the constants in e/u = (E? — m2 — m3)/2mymy are canceled. The §(Aw)
in (5.145) is replaced by 0(Eiw — E7 /2 + E7/2), giving

Aw =w — (E} — E})/2E;, (5.160)

as anticipated in (4.102). The Lorentz curve has its maximum shifted from
w=E —E;tow=(E? - EJ%)/2EZ = k, as required by (4.102). Instead
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of (5.153), the unperturbed E2 are shifted by an amount —ihE, I, into the
lower complex plane. The combination E,, I, does not depend on the sign of
E,, such that atoms and antiatoms have identical decay rates.

Unless one wants to measure the polarization of the emitted light (for
example in connection with Zeeman splitting), one has to sum (5.150) over
the helicity A. This can be done with explicit expressions such as (3.13), but
there is again a more elegant way based on (3.104): In cartesian components
ex = (exi), o

Z’,\ef\ie,\j = 5ij — kik‘j. (5.161)

The integration over the photon angles (2 is then trivial. One has [ df2 =
4’]’(’7 szkjdgk = 51’]’ fdgkk,? = 6ij47r/3,

fdﬂkz)\eiie)\j = (5”87'('/3 (5162)

Radiative transitions in atoms are classified into electric and magnetic
multipoles (Lifshitz and Pitaevskii 1973). (f|r|¢) cannot be much larger
than the atomic radius, which for hydrogenic atoms is the Bohr radius
ag = h?/Ze*p. In k = Aw/c = AE/hc on the other hand, AFE is certainly
smaller than the ground state binding energy, —FE1 = a%uc?/2 = azhc/2ag.
The order of magnitude of (f|kr|i) is thus az/2, which is small for mod-
erate Z. For dipole radiation one approximates e’*” = 1, for quadrupole
radiation e’*" = 1 + ikr. With ¢ = —e, ¢o = Ze and 7y = R+ rE,/E,
ro = R —rE;/FE from (4.292) and (4.307), the sum in (5.150) simplifies in
the dipole approxmation to

Yie *Tigr, = e "B (R+rEy/E)e + (R —rE,/E)Ze]. (5.163)

The R in the square bracket does not induce dipole transitions. The
only other R-dependence in dIj; is a factor e KR from (f|, yielding
[P Re KR kR _ 8m36(k + K). It expresses momentum conservation
as anticipated in (4.102).

The remaining terms in (5.163) are combined into

—edip”;s €dip = €[l +(Z —1)E1/E], Ei/E =~ mq/mia, (5.164)

where eqip is the effective “dipole radiation charge”. In single-fermion ions,
eqip reaches its maximum for the nucleus *°Ca, with (Z—1)/mgy ~ 19/40m,, =
0.475m,. The decay rate of the above-mentioned 2s-states contains a fac-
tor eﬁip. Z = 1 gives eqip = e, but even there it may be useful to keep
the distinction between e and egip, in view of a coherence classification
(Sect. 5.5).

For binary atoms, the commutator (5.149) is replaced by a = i[h?, p],
and

(fIn°p — ph°li) = [(e/u) s — (¢/m)i)(f|pli) = —w(fIrli),
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where hw ~ AE(1 — AE/2mj2c?) is again the actual outgoing photon en-
ergy. Thus Fermi’s golden rule for dipole emission from a relativistic binary
becomes

Fi.aip = (4w0° /3¢ aaip | (fIr[0)]?,  aaip = €dip/Tc. (5.165)

Obviously, the factor w? is independent of the detailed structure of H or h.
For an arbitrary atom, the kinematically correct vaule of w requires the h° in
(5.158) to have eigenvalues }(E2 — const)/mims, E,, being the total atomic
mass of the state |n). This simple E?-dependence is more restrictive than
the requirement of invariance under £ — —F of the eigenvalue equation
itself.

5.5 Soft Photons, Lamb Shift

So far in this book, the interaction operator in the equations for binary
atoms has been the Fourier transform of the one-photon exchange ampli-
tude T (4.64). Without form factors, the resulting interaction in the cms
is the Coulomb potential, V' = —ayz/r, possibly with additional hyperfine
operators as in (4.268). Phenomenological form factors are particularly im-
portant for the atomic nucleus, giving rise to modified Coulomb potentials
of the type (4.44), to phenomenological hyperfine operators (4.153) etc. For-
tunately, these effects are supressed by large denominators. When particle 1
is an electron, the situation is qualitatively different. The form factors F}
and F, ar small but do shift the energy by an amount AE() (the upper
index ! is a reminder of the one-photon exchange) which is of the order of
meayar (ar = a/7). It is part of the “Lamb shift”, which is larger than the
a$, effects included in the Dirac etc. equations.

Whereas the modified Dirac equation with Fb & K,y is still (nearly) con-
sistent, a direct inclusion of F' (4.160) is ruled out by its infrared divergence
log A. This problem is solved by adding to the elastic cross section the “nearly
elastic” cross section ogof; for the emission of an additional “soft” photon of
energy smaller than a certain wpyayx. With A < wpax, the infrared divergence
disappears, at the expense of the new parameter wpyax. The result can be
expressed in terms of an effective form factor Feg(wmax), which is then used
for the calculation of AEM).

It may be surprising that the high-energy approximation T;; ~ Ti(f1 ) pro-
vides such a good potential for bound state equations. At the order aj o,
this is only true for AE(!). There is a low-energy piece AE. which must
be calculated perturbatively for the solutions of the binary equation. To the
order a} oy, the Schrodinger equation is sufficient here, and the dipole ap-
proximation may also be used. It is the whole atom which emits and reab-
sorbes the “virtual” photon by means of the dipole operator eqipr (5.164),
including emission by one particle and absorption by the other one (compare
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Fig. 3.3b, in the presence of the Coulomb potential). To order %, such terms
are included in the relativistic binary equation, but to order aay, they are
not. In most books, the Lamb shift is discussed in the static limit, where
those exchange terms vanish. In the following, we also begin with this limit,
in which particle 2 is unable to interact with photons. The T-matrix for the
emission of a soft photon factorizes,

Tsoft = T’istoft- (5166)

Msos, can be calculated classically as the soft dipole radiation emitted from
accelerated charges, but it also follows from the Feynman rules. Restricting
ourselves to the radiation from particle 1 (the electron), the in- and outgoing
4-momenta of that particle will be called p* and p*’, while k* will denote the
4-momentum of the soft photon. When the electron emits the photon from
the initial state before the proper scattering, its propagator to the scattering
is

[mi — (p = k)u(p — k)" = (2pk) 7, (5.167)
according to (4.12) and with p,p* = m?, k,k* = A\* = 0. For emission of the
same photon after the scattering, the electron propagates with a 4-momentum
(p' + k)*, leading to

m? — (0 + k) (0 + k)" = —(2p'k) 7 (5.168)

The Feynman graph corresponding to this emission amplitude is shown in
Fig.5.2. There are altogether four emission amplitudes, one for each incoming
and outgoing particle.

In the following, only the nonrelativistic limit is needed, p* = p'# =~
(m1,0,0,0). The matrix elements for the photon emission are —ee*p and
—ee*p’, respectively, such that the complete matrix element for the additional
emission of one soft photon from particle 1 is

Tty = Tire€*(p/pk —p'/p'k) /2 = T;pe€’ q/myw. (5.169)

The cross section for the emission of an extra photon is given by (4.90), where
dLips (4.86) contains a factor d®k/16m3w for the photon, but the normaliza-

/

Fig. 5.2. Soft photon emission



5.5 Soft Photons, Lamb Shift 227

tion factor (h/w)'/? = (47wh/2w)'/? brings an extra 4. As k* is neglected in
the d4-function of (4.86), one obtains the simple relation

dosors = daifaﬂ(e*q/mlw)2d3k/4ﬂ'w. (5.170)

This is integrated up to a value wyax which is small enough but nevertheless
much larger than \. With [ df2(qk)? = 4w¢*k?/3,

Wmax k2 k2dk
dso :dz 772 72/ 1- 5.171
Osoft UfOé q ml o |: 3(]{,‘2 +>\2):| (k2 +)\2)3/27 ( )
dOsore = daifawq2(log(2wmax/)\) — g)gmfz. (5.172)

For sufficiently small wyax, dosors Will be counted as part of the elastic scat-
tering cross section do;s, such that only the sum of the two quantities has
a physical meaning. In do;¢, one must at this order of precision also include
the form factor F' (4.160), do;y = de?F 2. The cross section including linear
terms in F'is
1 _

dosot, + doip = dogf) 1- §m1 2aﬂq2m% (log(m1/2wmax) + g)] (5.173)
dcrl(}) is the first Born cross section, it has F} = 1 and F5 = 0. The log A
terms have disappeared as expected. The result can be viewed as the Born
cross section with a modified, “effective” form factor,

Fog — 1 = —imi 2arq®m?(log(mi /2wmax) + 5). (5.174)

The exchanged photon contributes a factor 1/q?, the Fourier transform
of ¢°/g> = 1 introduces a factor d3(r), and with (d3) = [¢(0)> =
4610(azmy /n)? (compare (5.127)), the energy shift due to Fog is

AE(I) = a%aﬂ-gmln73(log(ml/2wmax) + (53) (5]‘75)

Turning now to the soft photon emission by particle 2, one simply replaces
—e by Ze, p by —p (in the cms), and my by ma, of course. The factor ep/m;
becomes Zep/ms. The total soft photon emission matrix element contains
the combination

e/mi+ Ze/mg =e/p+ (Z — 1)e/mqo = eqip/ i, (5.176)

where egip, is the dipole radiation charge (5.164) as expected. The square of
(5.176) appears in dosof,

Qaip/p? = a/m3 + Z%a/m3 + 2Za/myma. (5.177)

The first term agrees with (5.170) and cancels the infrared singularity of F? as
before. The second term is the analogous expression for particle 2, as its form
factor F(2) has €2/m? replaced by (Ze)?/m3. The third term in (5.15) has
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no partner among the form factors. Insisting on the cancellations of infrared
singularities, one must add an “interference function” to the product of form
factors in do;y,

doip = do P [F(1)*F(2) + 2Fu, (5.178)
Fint = — 2ax(Zq? /mims)[log((mima)'/2/2)) — . (5.179)

A finite function 2 remains open. The log(mimy)'/? is not necessary either,
but it will be useful in connection with (5.195) below. This then leads to the
very compact expression,

ABEY = Soagipu(3mn®) " log(n/2wmm) + 3. (5.180)

In the standard QED calculation with Feynman rules, the cancellation of in-
frared divergences appears automatically. Fi, is then hidden in a two-photon
exchange amplitude (that amplitude is normally calculated in a covariant
gauge, in which A° contains also a field operator). Such calculations, which
provide the complete “Salpeter shift” mentioned below, are more compli-
cated.

In (5.180), wmax must be small enough to allow for the soft photon ap-
proximation, but it must be much larger than a2y where Coulomb distortion
is important:

alp < Wnax < - (5.181)

Fortunately, it turns out that both conditions are satisfied, but the ques-
tion arises how to calculate the residual energy shift AE_ from the region
E < wmax. Two procedures are possible here. In the first one, one solves
the Schrodinger, KG of Dirac equation with w = p 4+ eA to second order
in the field operator A in the Schrédinger picture (3.118) in the dipole ap-
proximation Ages, = A(0, 0). The result has the form (2.223), cut off at
Wmax- From this one has to subtract the corresponding energy shifts of the
free (!) particles. The difference contains a term logwmax which cancels the
—log wmax of (5.180). It implies a renormalization of particle masses, which
is quite complicated in the relativistic case. It may be replaced by the more
elegant dimensional renormalization, but even this is not at all trivial. For
binary atoms, the renormalization must also be applied to particle 2, which
is not really possible for composite particles such as protons.

The second method is based on unitarity and analyticity, as explained
for the vacuum polarization. The complex energy &, (5.153) is calculated
by first-order perturbation theory, where F, still has its unperturbed value.
Quite generally, one has for not too large I7,,

On = wp + Aw,, = wp, + AE, — il /2. (5.182)
Dropping again % and ¢, (5.146) may be continued as follows:

AE; — il /2 = —(87%) 7L [ d®k|(k, \, FIHD|i) > (w — wip —ie)™L,  (5.183)
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by reading (5.113) backwards, iné(z) + P/x = (z —ie)~*. The resulting AFE;
agrees with (2.223), it is in the dipole approximation

= fdgk(Swgw)flﬂfw?fadiﬂ(f|re\i>|2(wif —w) L (5.184)

The ¥ extends over all excited levels, including the ionization continuum.
The ground state has w;y < 0, its AE; is negative, as always in second-
order perturbation theory (compare also (2.223)). The k-integral diverges
again. In the language of Feynman, such “ultraviolet” divergences arise in
loop diagrams. The dispersion relation technique offers an attractive alterna-
tive. A diverging dispersion integral is simply replaced by its once subtracted
form as explained in Sect.5.3. The technique is quite general; it can be ap-
plied to the form factors F; and Fy (Lifshitz and Pitaevskii 1973, Pilkuhn
1979). The proof of analyticity requires some theory of complex functions,
however.

Unitarity and analyticity apply not only to scattering processes as in
(4.99), but also to the decays of unstable particles or narrow resonances that
are described by a complex energy as in (5.182). The §-function limit (5.146)
gives w = w;y and thus

AE_ :/0 dw/d(zk(zawi”)*lwafadip|<f|re|i>|2(wif —w)™t (5.185)
f

After the usual helicity summation and photon angular integration, one ob-
tains, with w;f = —wy;,

- |r 2 2ad
AE_. = if P rigl? log
= [ g Dty 1 = P S e

7

(5.186)
The X'y without the log(wmax/wyi) is simple:

Syublril? = —(AV) /212 = 20y /. (5.187)

It follows from the Schrédinger equation wy;r;¢r = (f|[r, H||¢) = i(f|p/p|i)
as in (5.151), and

Sywriflp?li) = —(illp, H]pli) = (plp, H])i = — 3 ([P, [p, H]])i = —3(AV)s.
(5.188)
The logarithm may be decomposed as follows:

IOg(wmaX/Wfi) = log(2wmax/p) + IOg(ﬂ/wai)> (5.189)

dougip procs 200
AE. = 3711_3”3 7 log(2wmax /1) + 37rp > whilrig|*log(u/2wys). (5.190)
f
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The total self-energy shift AE = AE. + AEM from all frequencies
0 < w < oo is thus free of log(2wmax /i)

AE = Jpagipaz(mn®) Mg +nd(pag) 7 30 swhilrig|? log(p/2wys)].
(5.191)
The matrix elements ;¢ are proportional to az/u, and

wg; = Bf — By = agjpl(n;® + 2E; /agp) (5.192)

is proportional to a%pu, even for the unbound states. The /flﬂf ... is there-
fore independent of p, and its az-dependence is given by log(n/2wy;) =
log a,? + log(ua /2wy;):

AE = §pagipa (mn®) Mg +log az? — log kol, (5.193)

log ko = — 4n® (uad) ™ g Irig  log(am/2wy:)- (5.194)
log ko is the Bethe logarithm. Numerical values of log ko for n; = 1, 2, 3, 4,
and oo are 2.984, 2.812, 2.768, 2.750 and 2.721, respectively. The largest
contribution to the Lamb shift comes from the term log(Z~2a~2) in (5.193);
for the hydrogenic ground state it gives an upward shift of 1330 MHz out
of 1040 MHz. It can be attributed to the electron mean square radius that
was estimated already in (4.162). The Bethe logarithm is the net effect of
second-order perturbation theory; it gives a downward shift as expected.

In most textbooks, one finds the vacuum polarization (5.127) added in
AE, which gives 5/6 — 1/5 = 19/30. However, (Vi) is proportional to «, not
to auip, and contains a factor p?/m?.

The calculations so far are entirely nonrelativistic and remain valid for
particles of arbitrary spins 0, 1/2, 1, 3/2... which may appear when parti-
cle 2 is a nucleus. In contrast, the a}-contribution of Sect.4.9 applies only
for a binary of a Dirac particle (electron or muon) and a spinless nucleus.

A further correction to AE arises from the numerators of the logs in
(5.174), in the corresponding expression for particle 2, and in (5.179). These
are combined by a common factor a[1+(Z—1)m1/mi2] = eegip. The resulting
“AEint” is
4,uo/é mo mo mq

3 €€dip log +Z log
3mn mig mig mia mia

mi

AFEy = — (5.195)
The factor eq;p indicates the soft photon origin of (5.195). Whereas a factor
eﬁip shows that the photon is emitted and absorbed coherently by the whole
atom, a factor eeqip implies that the photon is either emitted or absorbed
coherently. Note also that (5.195) vanishes at both static limits.

The energy shift due to two-photon exchange was originally calculated by
Salpeter (1952). With AE{, | = AFEgy — AEjy,

2 7 azu\3 (7 N m? + m3 mo
AEI I aZ/ﬂ- =3\ _ ( ) 1 _ 1 2 1
Sal mims |3 {ra™) n 3 08 mia mym_ 8 my /)|’
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where 7” is the operator (2.229). Also this shift vanishes at both static limits.
It was recalculated by Gupta et al. (1989) from a potential V(2 obtained
from the two-photon exchange graphs 72 (Fig. 5.3) of the Born series. Ve
is the Fourier transform of that part of 73 which does not arise from the
iteration of the first Born graph. The method extends the calculation of
V(r) as the Fourier transform of the one-photon exchange T™. The direct
iteration of T(™) gives the imaginary part of T®), see (4.99). In the differential
(or integral) equations of quantum mechanics, it is automatically reproduced
by V. Moreover, the static limit of T is also reproduced by V. In T,
¢« = 0 explains the absence of “retardation”. In T®)| the energy transfers
q) and ¢9 of the exchanged photons are integration variables, subject to the
condition (¢ + ¢3)ems = 0. But in the static limit, the treatment of Sect. 4.1
applies, where the energy of particle 1 is always conserved, ¢¢ = ¢§ = 0.
Consequently, the correction potential V(?) has no static limit.

The emission and reabsorption of n soft photons with n > 1 gives small
corrections to the Lamb shift. In leading order, these graphs produce energy
shifts proportional to log™ aEZ, which may be calculated by special “renor-
malization group” equations (Manohar and Stewart 2000). This important
aspect exists also in nonrelativistic quantum mechanics.

We conclude this section with some comments on Feynman graphs with
more than one photon on a scattering particle. The number and shape of
such graphs is the same in the KG and Kramers formalisms, while the Dirac
formalism has fewer graphs. The operator m#m, of KG and Kramers implies
“contact graphs”, where two photons originate from a single point on the
particle line. In the Dirac linearization of the coupling, these graphs disap-
pear. For example, the “Compton” scattering of a photon on a free electron
has two Dirac graphs and three Kramers graphs (Brown 1958, Tonin 1959,
Chalmers and Siegel 1999). Its contact graph is called “seagull” here, the two
photons forming the wings (Fig.5.4). In the nonrelativistic “Thomson” limit
of Compton scattering, only this graph survives, which is somewhat unprac-
tical for Dirac graphs where the seagull is eliminated by linearization. The
Thomson scattering cross section is independent of the particle spin. The
contact graphs for the soft photon emission of Fig. 5.2 have the photon emit-
ted right at the main scattering, neither before nor after (remember that the
description of the exchanged “photon” depends also on the choice of gauge).

a b
Fig. 5.3a,b. (a) Direct two-photon exchange and (b) Crossed two-photon exchange
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Fig. 5.4. The seagull graph

Fig. 5.3 has three contact terms, “V” where the two exchanged photons meet
at the lower line, “A” where they meet at the upper line, and “O” where they
meet at both lines. The amplitudes are normally different for particles of dif-
ferent spins. The results for spinless particles are expected to be particularly
simple, but they have not yet been calculated for the two-photon exchange.

5.6 Antiprotonic Atoms, Quadrupole Potential

Whenever an antiproton (p) hits a proton or a neutron in an s- or p-wave, it
is immediately annihilated. The precision spectroscopy of antiprotonic atoms
uses states of sufficiently large orbital angular momentum [, where the cen-
trifugal barrier (I +1)/r? prevents any contact between the p and the atomic
nucleus, even for Z = 90.

The p is normally slowed down before it is captured on a neutral atom.
It gets caught by ejection of a loosely bound electron (“Auger” electron).
For an order-of-magnitude estimate, one assumes capture into a p Bohr orbit
with principal quantum number n. The binding energy of that orbit must
be comparable with that of the electron before ejection, which means n =
(myp/me)'/? ~ 40. For atoms heavier than helium, the further de-excitation
occurs in two phases. In phase 1, all remaining electrons are Auger-ejected.
In phase 2, the p de-excites in a cascade of successive E1 transitions. Due to
the very small Bohr radii of hydrogen-like p atoms, the emitted quanta are
X-rays.

Protonium (pp) is electrically neutral and gets de-excited by Stark mix-
ing collisions with other hydrogen atoms. Antiprotonic helium (p*He or p*He)
may end up in high-lying metastable states in which the last electron is pro-
tected against Auger emission by selection rules (Yamazaki et al., 2002). In
such cases, the p must de-excite by the emission of optical photons, thus
allowing for laser spectroscopy. These longlived pe”He bound states (“atom-
cules”) are disregarded in the following because they require complicated
molecular calculations.

The X-ray cascade puts the p preferentially into the “circular” orbits with
n, = 0, n = [+ 1. The quantum defect 5; = [ — [, remains small in states
with I > 1: ng = n — §; (1.126) is close to n, such that the relevant states
are not highly relativistic. The first-order relativistic correction is frequently
sufficient,
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By ~ —itnr (03 n2)(1 = 303/4n3),  jiar = mumafmua. (5.197)

The largest corrections arise from vacuum polarization and “recoil”. The only
spin-independent recoil correction in addition to p,, may be taken from the
relativistic p (4.196) of the Todorov equation, the vacuum polarization can
be summarised by a term a,(n, (), and the spin structure (which is hidden in
the ;) can be summarized by terms a;; as in (5.75):

a’ ar [ u 3 n
En =1 Zl1+ 2 1 ; . (5.198
N 2hinr 2 [ + n2 <4m12 4+l+1/2( +av+al]f)>] ( )

Because of the antiproton’s large g-factor, any form of Dirac equation re-
quires essential modifications (see below), such that the generalized Todorov
equation (4.212) is more convenient. The first term in the round bracket of
(5.198) arises from (4.207). As a rule, a, can be calculated perturbatively
from the Uehling potential, but that potential may be large enough to mod-
ify the spin structure (Bohnert et al., 1985). At fixed integration variable ¢,
the r-dependence of Vi (5.83) is that of a Yukawa potential, e =27<"¢ /r. Tts
hydrogenic expectation value is expressed in (C.1) in terms of the standard
integral Jy1, but with k = €/azng including recoil. As y = k/m.£ is relatively
large, the form (C.7) of Jy; is appropriate here:

—xT 62 F b+n7“ —2n —2n
ey =2y Ry 1 ) (b )  T
(5.199)

Il = (n+DI(1+1/y) 2"y 2" F(—np, —n.;20+2; y%) /(21 +1)In,!, (5.200)

with F' = hypergeometric function. Special cases of I/, are
I'(n=14+1)=1+y 1), (5.201)

I(1=0)=nl+1/y) 2y " 2F(—n+1, —n +1;2; y?). (5.202)

Generalizations of V5 (5.203) for large g-factors and for spins # 1/2, in partic-
ular so = 0, 1 and 3/2 have been given by Waldenstrém and Olsen (1971). To
order a7}, the spin-dependent potential in the Schrodinger equation with re-
duced mass follows from the CBG-reduction (Sect. 3.6) of the 16-component
equation,

VEBG = cils, V' /1i2r + calso V' /e + Vi + Vg, (5.203)

ci = (9i/28; — p/mi)p/2m;, (5.204)

Vi = ¢iS12V' /uPr,  c; = g1gop/16my2s 89, (5.205)

Vo = —QS5220255(2s3 — 1)1, Sij = 3sipsjr — 8182, (5.206)

V; is the generalization of the tensor potential (5.65). The g-factors are here
defined as g; = 2(k; + 1) as in (2.76), corresponding to particles satisfying
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the Pauli equation. They are related to the nuclear g-factors g2 by (4.151).
For s; = 0;/2 and g; = 2, the two spin-orbit potentials agree with (3.163):

c1= (1 —mi/mby), ca=L(1—m3/my). (5.207)

Q is the electric quadrupole moment of (4.178). Possible octupole moments
of s3 = 3/2 do not contribute at the order a}. The a, of (5.200) is

ay = (3n2%) 2020 + 1) T dELL(O)(E ~1)'2(€ + 4 (5.208)
1

according to (5.83). This integral is best performed numerically. For example,
the f-states of p*He have a,(l = 3, n — oo0) ~ 20.

The a;; of (5.198) follow from (5.203) by removal of the common factor
V' /u?r and insertion of a factor —2(azL?)~! (azL? from the conversion of
r=3 to r~2, a factor 2 from the replacement of a; by s;):

ajr = —2(c1lsy + calsy + c1S12 — S22 Z 7' Q)5 /1(1 + 1). (5.209)

In the presence of hyperfine mixing, one must diagonalize either the 2 x 2
matrix (j'|ajf|j) for j = j1 = £}, or the 2 x 2 matrix (5'|a;s|S) for
S =sy% ; The “stretched” configurations, f =1+ é +sgand f=1— é — So
have no mixing, the values of j, jo and S are then fixed at their maximal
and minimal values. Both spin-orbit operators ls; are automatically diagonal

here:
Isi= 537 — 1P —8%) =3[ + 1) — 11 + 1) — si(s; + 1)) (5.210)

The maximal value j; = [ + s; gives ls; = [s;. Similarly, the minimal value
Jji = 1l — s; gives ls; = —(l + 1)s;. In the first case, the factor I of the
denominator in (5.209) is cancelled (as required for [ = 0), in the other one
the factor [ + 1. Writing the sign as 2(j — [), one obtains for the spin-orbit
operators,

ai, fmies =20 — DG+ 1) 7 er + 2s202). (5.211)

The tensor operator (5.206), Si2 = 381,82, — S182 has been constructed
in (5.67) for s, = 1/2. For s3 = 1, the three matrices sgl) have the form

of the i(l) of (1.262), from which s, is constructed as in (2.114). Its matrix
elements for fixed j are known from (5.210). For example, jo = [+s5—1 gives
lsy = 1(s3—1)—s9. Whereas the operator is now easily constructed in the basis
|72, s1, f,my), it is actually needed in the basis |1, s2, f,m¢), because the fine
structure is diagonal there. A “recoupling of angular momenta” is needed. To
minimize the confusion of indices, we first consider the transformation to the
basis |S, 1, f,my), where S(S+1) is the eigenvalue of S = s1+s2 (for s, = 1/2,
this is the basis shown in (5.32)). For the first basis, we write f = s1 + jo,
for the second one f = S + I. The states |f,my) are thus constructed by
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means of CG-coeflicients in two different ways. Using the compact notation
of Sect. 2.5,

[fmg) = i, (mamga|fmg)|sima)|jamgz) = Zpg (msmulfmy)|Sms)|lm).

(5.212)

The states |jam;2) and |Smg) are now also CG-composed,
|j2mj2> = ng (mgml|j2mj2>|52m2>|lml>, (5.213)
[Smg) = X, (mima|Smg)|simy)|same). (5.214)

|fmy¢) is thus a double sum over |s1my)|same)|lmy) in two different ways,
namely firstly with coefficients (mimjs|fmy)(mami|jam;z), and secondly
with (mgmy|fmy)(mimg|Smg). By using the CG orthogonality relations,
one may then express a state of the second form of |fmy) in terms of states
of the first form. In a shorthand notation,

|(8182)Sl, fmf> = Ejz |81(821)j2, fmf><81(821)j2, f|(8182)Sl, f> (5215)

Other notations are

<81(82l)]2, f|(8182)5l f> (2]2 + 1)1/2(25 + 1)1/2W(8182fl S]Q) (5216)

W (sysafl; Sja) = (—1)51Hs2H14f { Sll sz Z } (5.217)
W is called a Racah coefficient, and {...... } is Wigner’s 6j-symbol. It is

symmetric under the exchange of columns as well as interchange of upper
and lower indices in any two columns. Tabulations are found e.g. in the book
of Weissbluth (1978).

The s1s2 of the tensor operator is diagonal in the |S,mg)-basis, with
elements so/2 and —(sg + 1)/2 according to (4.273).

The Dirac equation for one electron produces effects such as the modifica-
tion of the spin-orbit interaction by the electric quadrupole potential, which
for Z > 1 may exceed the nuclear recoil effects implied by (5.203). It is then
better to include the nuclear spin operator sy (normally denoted by I) in
the static approximation. There, the electric multipole interaction is derived
from a nuclear wave function ¥(rp1,Tp2 ... Tp1Tn2 - - .), in which r,; and r,;
denote the positions of pointlike protons and neutrons. The Coulomb energy
of a test particle of charge —e at position r is V(r,7p;) = —a/|r —7p;|, which
is expanded as in (3.140) (the second step function is negligible as the an-
tiproton must not enter the nucleus). The Y;*(£2;) (3.141) in the expansion
is conveniently rewritten as Y;”"(f21); the summation indices | and m are
replaced by k and my:

V(r,rp) = —4maXpegr "1 X2 ek SV ()Y (2). (5.218)

The term with k¥ = 0 is independent of rp;; with 4rYQ($1)YP(2(pi) = 1
it gives Z identical terms, Vy = —Za/r as expected. The term with £ = 1
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changes the parity of the nuclear state. In the nonrelativistic limit, this fol-
lows essentially from (1.110). If the two lowest nuclear states would form
a nearly degenerate parity doublet, the antiproton could in principle dipole
excite the nucleus to its parity partner. In all other cases, the k = 1-term of
(5.218) vanishes by parity conservation. The k = 2-term contains the inter-
action between the antiproton and the nuclear quadrupole moment, which
is important for highly deformed nuclei. Nuclear quadrupole excitation may
then be possible. However, the normal case is the quadrupole potential Vg
(5.206), where the nucleus is not excited.

Any operator ¢;; of a closed system may be decomposed into irreducible
tensor operators t;'*, which transform under rotations like an angular mo-
mentum state |k, my). In atomic theory these quantum numbers are integer.
Both r and the Pauli matrices o are vector operators, these have k = 1 and
myg = £1,0. They are the Cartan components, z and x4 (Table1.1) in the
case of r, and o, (2.51) and o1 (2.62) in the case of o (for oy, the factor
1/2 must be replaced by 2-'/2 as in Table1.1).

When t]"* operates on a state |j;m;)n) (the n comprises all addi-
tional quantum numbers), the resulting states transform under rotations as
|k, mi )| jimi)In) (Wigner-Eckart theorem). The product can be decomposed

into states that transform like |j’m’). The matrix elements of t;'* are then

([ (G mi e [ima) |n) = (mamy|j'm5) (n'5[[]]5im), (5.219)

where (m;mg|j'm}) = (j1jamima|j’'m}) is the appropriate Clebsch-Gordan
coefficient. The remaining “reduced” matrix element (n’j’||t||7;n) is indepen-
dent of m;, mj and m}. It may be calculated for any convenient combination
of these magnetic quantum numbers, for example my = 0, m} = m,;. For
the electric dipole interaction, this implies that only the matrix elements of
z = 2 is needed; the rest follows from CG’s. By (5.219) and parity con-
servation, the electric dipole interaction changes the atomic orbital angular
momentum by exactly one unit.

The electric quadrupole interaction is the product of the two operators

with k = 2 in (5.218),

Vo(r rpi) = —aXim, t; ™ Q3™ (5.220)
ty ™ = (4/5)Y2r 3y, ™R (), (5.221)
Q5 = (4/5) 257 Y™ (i) (5.222)

The Y, ™* can change the atomic orbital momentum by 0 or 2; Al = 1 is
excluded by parity conservation. In this case, one may insert between ¢, ™"
and Q5" in (5.220) two different complete sets of angular momentum states.
For the application of (5.219), one needs the set |j'm’;)(j'm/| of atomic states.
For the corresponding Wigner-Eckart theorem for Q5% one needs the nuclear
spin states, |s5m5)(shms|. For fixed total angular momentum f, the second
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basis is related to the first one by the recoupling coefficients (5.215), but now
other quantum numbers are relevant. The resulting expectation value is

(Zmty ™ Q5™ )sajpm, = (~1)TF7F {52 ’ f} (s2l|@alls2) (il [t2]15)-

j S92 2

(5.223)
If one is not interested in nuclear structure, one may employ a more ele-
gant formalism. In analogy with the magnetic hyperfine operator, the inner
nuclear degrees of freedom are averaged out. As long as nuclear excitation
is neglected, the only remaining operator for the atom is the total nuclear
angular momentum s, = I in this context. After the nuclear averageing, the
W+ of (5.222) must be proportional to the only irreducible tensor of rank 2
that can be constructed from I. In cartesian coordinates, it is given by (5.54)

(Landau and Lifshitz 1977)

Qij = sC(LIL + LI, — 26;;1%), I*=1I(I+1). (5.224)
The constant C' is chosen such that (Q,,)r,—1 = @,
C=3Q2r*-1n" (5.225)

We have already seen in Sect.4.4 that the minimal value of so = I is 1,
which gives C' = 3Q. The QY of (5.222) becomes (5/16)*/2Q33 according to
Table 1.1, and (Q9)r,—1 = Q/2.

The corresponding tensor operator t;; is similarly constructed from the
only atomic operator which remains conserved after inclusion of the fine struc-
ture, namely from j =1+ s;:

2j(2j —1)
Q; is the atomic quadrupole moment, as seen from outside the atom. The

hyperfine interaction needs the corresponding form inside the atom, which
has j replaced by I and [;l by (l;l);:

b = 3Q
* o121 — 1)

tik (i + dudi — 20m3°), 32 =30 +1). (5.226)

[(lilk)s + (Wli); — 3], B =101+1), (5.227)

where @; is the orbital angular momentum, which may differ from @;. The
(Lilk); is defined as (X; rjilslijn); = ((31)%) = (j1)?, because jl = ;[j(j+1)—
[(I4+1)—s(s+1)] is a number. The second operator in (5.227) is (X rjilklijk)

which can be rearranged using [I;,lx] = ieill, [4i, U] = i€umlm. In this
manner, one obtains
Q; = Qu35L(251 — 1) — 25°1][(j + 1)(25 + 3)I(21 — 1)] . (5.228)

For s; = ;, 7 assumes the values [ + é:

Qij=1+D=Q, Qi=1-Y=0-1@+3)/1(2+1). (5229)
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Now back to antiprotonic atoms. When the hyperfine structure is negli-
gible, VCBG reduces to the antiprotonic spin-orbit coupling c11s, V' /u?r. Tt
is then useful to construct a relativistic equation of motion for the p which
can be solved nonperturbatively. Its static limit has already been given in
(4.145). For magnetic field B = 0, it reads, with 7 = E; — V(r),

(7Y —m1), = (po — ikanea E/2m; )y, (5.230)

(7 +m1)Y; = (PO + ikanea E/2my ), (5.231)
And with eE = VYV, the electric field F is eliminated by the substitution

ES ealﬁV/QzZ;, a1 = Kan/m1. (5.232)

The equation for ¥ is
(m) = m1)e™V g = pady, (n) +mi)e Vs =poy.  (5.233)
The transformation

7% = 719 cosh(a1 V) — my sinh(a1V), 1y = my cosh(a; V) — 7¥sinh(a; V)
(5.234)
produces an ordinary Dirac equation,

(7} — 1B —7°po) = 0. (5.235)

As 792 —m?2 = 792 —m2, it is in fact only the spin structure which is modified

by Kan. To first order in a;V = k., V/m1, one approximates cosh(a;V) = 1,
sinh(a1V) = a1V and obtains for V = —az/r

7?? =FE1 4+ (az/r)(1+ Kan), ™1 =my + (E1 4+ az/r)azkan/mir. (5.236)

With these approximations, (5.235) has the form of the Klein-Dirac equation
(4.367); its solution can practically be adopted from (4.371),

Yan = [(7 + 3)* — aZ (1 + 2k40)]"/2 (5.237)

This is the static limit mq /my = 0. The recoil effects follow from (4.371) and
from the adaption of a; to ¢1 (5.204), a1 yec = a1m2/ma2. The recoil-corrected
Klein-Dirac equation becomes (in its Kramers form)

[(e = V)? — u? — p* +icioo1, V' [th, = 0, (5.238)

c10 = (2, —m2/m3)Y2 can = (1 + 2Kanma/miz) /2. (5.239)

Tts solutions follow from (4.370), with ~,, replaced by the more general ex-
pression
Yo = [(G + 3)% — aZ(chy — mi/mby)]2. (5.240)
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A perturbative treatment of vacuum polarization will now automatically in-
clude its influence on the spin-orbit coupling.

For normal electronic atoms, recoil corrections beyond the reduced mass
are normally negligible. This applies particularly to the “Barker—Glover cor-
rection aZm?/m?, in 7.. The new term —2a%kanma/miz = — 2ozZoz7T (4.137)
is much larger. It can influence relativistic polarizabilities and other pertur-
bations.

5.7 The Magnetic Moment Interaction

The anomalous magnetic moments of fermions cause extra spin potentials.
They will be derived by the method of Sect. 4.7, with T(f1 ) given by (4.64) as
before, but now with the general form (4.133) of Jl"f, in the approximation
Flzl, nglﬁl andw1thq:k1—k/1 :klz—kg

Tz‘(fl) = dnaz 1 G T [t = dmaz (T I3y — J1vd22) /(6% — @%), (5.241)

Tf = ui (0 + o1 qura /2ma )us. (5.242)

In the cms one has ¢° = 0, and with 0% = %07, 09% =iy (jki cyclic),

T2 = u T (142 rqo k1 /2ma)uy, T = T (401 —iBigxoik1/2my )y,
(5.243)
where 4} = u/t3; has been used. The corresponding J3 has g, = —q:

J = ub (1=~ aqoakia/2ma)us,  Jao = uhl (Y300 +ifBoq X oaka/2ms)us,

(5.244)
This produces four terms in TZ.(f1 ),
T V) = Tp + k1 T1 + 62Tz + k162T1 2 (5.245)

Tp denotes our previous “Dirac” Tz(fl) (4.256). We first evaluate the matrix
element T}.q .2:

Teine = _47T0‘ZU/1TUI1T[_71573(q01)(qo'z)_(q><0'1)(q><0'2)]5ulu2/4m1m2q2-

(5.246)
The decomposition of T} .2 gives again Ty, = Ty, = 0. In Ty, one uses
Vy3Bv = Byy3v = Bu, while T, has w495 = —w't. The matrix el-

ement M, .2 is again constructed by expressing w = m_i__l(E > Aak)v
and v'f = w'T(E — v°ok)m ", but this time we contend ourselves with the
approximations w = m +1Ev, o' = wTEm;? 7. The sign change caused by
735 makes the factor of (go;)(go,) vanish. And with (g x o1)(q x 03) =
q’o105 — (qoq)(qoy),

M1 2 = —8mazE|[(qo,)(goy) — q2a'10'2]/4m1m2q2. (5.247)
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The procedure of Sect. 4.7 was to construct the Fourier transform Ig(r) of M
and then to use either Ig; = C’l_lfgCl as the interaction for v¢; (4.251), or
Igo = C{lfgCg for ¥, (4.252), in order to demonstrate the equivalence of the
two equations. In the following, only the equation for i1 will be considered.
The indices g; will be dropped, and the C;-transformation will be applied
before the Fourier transformation,

MY =C'MCy, I(r) = EH;(r) = (2m) 3} [dPqe " T"M©.  (5.248)

As My, xo contains no Dirac matrices and as Cl_l(aliagj + 01j09,)C =
01i025 + 0102, one finds Mgl w2 = M1 k2. For the Fourier transform, one
notes from (4.51)

(2m) 73 [ dqe " qiq;(—4may /q7) = —8;0;V (r). (5.249)

In the irreducible tensor part of I(r) or H;(r), one subtracts 6;;07/3 from
0;0; as in (5.54), getting

H(Q)

k1,62 — Utvl/4m1m2T7 0y = 301,02, — 0102, (5250)

Hf(gq),w = 3“0425(7‘)0'102/m1m2 = Hcon (5.251)

as in (5.65) and in (5.63).
The matrix elements 7T,; and Ty contain only one factor §; and require
a different elimination. Consider first
Tro = —4mazu)ubTq(—Sos + ivP o) Baurus /2maq?. (5.252)
With fow = v, v'T8s = w'T, one finds this time T, = Ty = 0,
Two = Ty = —4mazy’q(os + ic™)/2maq?, (5.253)

M,p = —4razy’m_q(os +ic™)/mag?. (5.254)

The C;-transformation replaces m_o 5 by
m_j(omy/m_ — Ao) = j(omy — Aom_) = oamy + foymy,  (5.255)
which leads to
MS, = —dnazy’qlos +ic* + B(or —io™)mi/ms]/q>. (5.256)
As there is no explicit factor E in MS,, we quote I(r) instead of H(r). Using
(2m) 73 [ d*qe " q(—4raz /¢?) = iVV = irV'/r, (5.257)

210 = (V' /r)YPrlicy — 6 + Blioy + o )my /ms)]. (5.258)

For comparison with the static hyperfine operator (4.271), we neglect the
terms proportional to m/ms and add k2l.o to the previous Ig of leptonium,
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Is+r2les = EV437° (0" (1462) [V, V]—0"{V, V}+iko2[V, V]). (5.259)

The factor (1 + k2) = gno/2 in the Hermitian part of the hyperfine operator
produces the expected nuclear g-factor.

Next, we construct the four nonrelativistic hyperfine operators implied by
(5.258), by eliminating the small components ¢ as in (5.40). We immediately
restrict ourselves to the terms linear in V,

Viz = {o1p, (V' /r)r(igy — o)} /4uE + [o1p, (V' /r)r(ioy + o)) /4m3.
(5.260)
commutator arises from the extra factor 3, because of Svg = 14, BY; = —1)y.
The operator containing o *rV’ /r in the anticommutator is the Hermitian
part of the Dirac hyperfine operator, and we simply adopt the results (5.48),
(5.65):

Voo = Vs = V'ool [2Epr, Vi = Vi = j0,V' [2Epr. (5.261)
In the commutator, the part containing io; is also Hermitian, giving
Vaiiwe = Vo1l /2mir. (5.262)

For comparison, the CBG reduction finds only one potential for xo from cy
(5.204),
VSBC (s2 = 1) = ol V' /2umar. (5.263)

Again, there is agreement in the expectation values,
(Vaarwa + Vaiina) = (VGES), (5.264)

but this time a discrepancy will appear in off-diagonal elements at the order
(H,lmg — Iigml)Q.
The part containing o in the commutator is anti-Hermitian and leads
to
Vitaiwe = —iV'a*l/4m3r. (5.265)

The operator io 27 in the anticommutator is more complicated. With io1p =
017(0p—0o1l/r) = (0. +0o1l/7)0o1,, one obtains, neglecting an operator ~ AV
and with 01,09, from (5.67):

’ /
_(xma\ oy, g Vo OFY Vs 066
X <Xf,0> ) ah,k2 [0-17'0-2“0'1 ]4E,LL7" _F O 2EM7"’ ( . )

where the index ., stands for “anti-Hermitian”.

The calculation of Ty; and I, is formally different, but the result follows
from I,;o simply by exchange of m; and msy. The (s in (5.252) is replaced by
(1 = Bf2; the C-transformation replaces m_o 10 by

m_3(omy/m_ + Ac)B = (o1ms + Boami)B = oamy + Boims, (5.267)
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which follows from (5.255) by the exchange of m; and ms. As a result, the
total operator proportional to k; and kg is

Vi = {(o1l = Jio“D)i + (o2l + Jou — L[o1,02,, 011))6}V' [2Epr, (5.268)

R = kima/my + Kemy/ma, K= K1+ Ka. (5.269)

Collecting the matrices, one obtains

mo — My

—K 0 V/ .
Vi = <2F(;%—f<;) 0> 2Eur’ k— K= (K1mg — Kamy) mymy (5.270)

To this one has to add the tensor interaction rqr2H, ;(31),52 (5.250) and the
Dirac spin matrix Vs (5.69),

—1-2y F |4 .
VSytOt = ( Fl‘ Y 0) 4/127", Yy = (KJ — HlKJZ)l’L/E7 (5271)

r=1-4(1—i+r)u/E = (mg—mq)(mg—my +4r1ma —4kemy ) /E?. (5.272)

The eigenvalues of the matrix will again be called —2a§i)F 2 with F?2 =
I(14+1) as in (5.70):

—2a PP =1 _y+ \/(§ +y)2 + F2z. (5.273)

They may be compared with those of the CBG spin matrix. As the off-
diagonal elements of a real 2 x 2 Hermitian matrix are equal, the correspond-
ing B must be a square:

2CBG = (mg — my + 2k1ma — 2/12m1)2/E2 =z +4(kymg — mzml)Q/EQ.

(5.274)
The extra square is reminiscent of the V2 in the form (E—V)? containing the
Coulomb interaction. For leptonium, it may be canceled by higher-order ver-
tex graphs. For hydrogen and for antiprotonic atoms, however, these graphs
cannot be calculated. The factor m?/E? in front of k3 shows that this part
of £©BG is a second-order hyperfine interaction.

Note that the indices of the spin matrices o1 and o5 remain disconnected
from the particle indices. Whereas the original Born amplitude contains the
combinations o1k1/m; and o3k3/me, the function multiplying o1l is ob-
tained from (5.262) as

Ve = (V' /2r) o1l (ke /m3 + k1 /m3). (5.275)

The my < mg symmetry noted earlier in (5.48) is thus extended to
a (K1, my > K2, my) Symmetry.



5.8 SUsg, SUs, Quarks 243
5.8 SU,, SU3, Quarks

A short historical of the quark model may be in order. It all began with the
“isospin” invariance of nuclear physics, which is based on the near equal-
ity of proton and neutron masses, m, = 938.28 MeV, m, = 939.57 MeV.
Proton and neutron may be regarded as two isospin states of the “nucle-
on” N, with I = 1/2 and I3 = +1/2 and —1/2, respectively. Strong inter-
actions are invariant under unitary transformations SU; between p and n,
which form an “isospin” doublet like the states xt and x_ (2.49) of or-
dinary fermion spin. When the pions 7+, 7°, 7~ were found with nearly
equal masses (m,+ = 139.57MeV, m,o = 134.96 MeV), they were taken
as an isotriplet. They have spin and parity 0~, which allows one to for-
mally treat them as NN bound states (Fermi and Yang 1949), with quantum
numbers 11Sy. (The parity of a fermion-antifermion pair of orbital angular
momentum [ is —(—1)!, the extra sign coming from the field anticommu-
tator as for charge conjugation (4.288). Like the singlet state of positro-
nium, the 7° decays into 7). The Clebsch-Gordan series for NN gives
2 x 2 = 3+ 1. The components of the pion triplet may be adopted from
(3.128) and (3.130), although modern textbooks normally use an extra mi-
nus sign for 7~. The predicted isosinglet state was found later in the form
of the n meson (also 07, m,, = 547.45 MeV). The Fermi-Yang model also re-
sulted in the “Goldberger-Treiman” relation for axial beta-decay, which has
remained correct for different reasons.

Next found were the kaons K = (K+, K~) and the isoscalar and isovector
“hyperons” A and X = (XF, X% ¥7) which decay weakly to nucleons.
Strong interactions conserve a new “strangeness” quantum number which is
+1 for K, —1 for K and —1 for the hyperons. Although m —m,, = 176 MeV
is not particularly small, the group of unitary transformations is sometimes
extended from SU; to SUs;.

The group SU,, has n? — 1 generators of transformations. For SUs,, these
are the three Pauli matrices o which act on the fundamental spinors x4
(2.49). SU3 has eight 3 x 3 traceless generators A\¥, which act on the funda-
mental triplet, now called u (for isospin “up”), d (for isospin “down”), and s
(for “strange”):

1 0 0
u= (X0+> —lo]|, d= (Xo_) =(1], s=[0]. (5276
0 0 1

The first three A may be identified witht the ¢ which act only on v and d
(compare (2.75)):

8 o123
SUs =expq —3i 3 a5, ALZS( 0 0). (5.277)

k=1
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In analogy with ¢! and o2 which exchange u with d, one defines A\ = u! and
A7 = u? as thoses matrices which exchange d with s and leave u invariant:

000 000
MN=(001]=u, XN=[00—i| =0 (5.278)
010 0i 0

The corresponding two matrices “v?, v?

numbers 4 and 5:

”

which leave d invariant get the

001 00 —i
M=1000]=v!, X=[000 | =02 (5.279)
100 i0 0

One could now identify the remaining A® with u® or v® or with any linear

combination of these two diagonal matrices. As SUjs is much more broken
than SU,, one takes that combination which commutes with all three SU,
generators A', A2, \3:

100
M =3"12{010 |. (5.280)
00 -2

The —2 in the last row follows from traceA® = 0, the normalization factor
371/2 follows from traceA*\’ = 2§°%.

The generators of SU,, form the “regular” representation, of dimension
n? — 1. It is a triplet (isospin 1) in SUs, an octet in SUs. For a while, one
speculated that the baryons p, n and A could make the fundamental triplet.
The triplet of X' hyperons was taken as Am bound states. Another isodoublet
Z = (29, =7) of strangeness —2 at higher mass (Table5.1) was taken as AK
bound states. However, the identical spins and parities (§+) of all these eight
baryons pointed to the regular representation. In the limit of unbroken SUs
symmetry, all eight baryons should have the same mass.

In analogy with the Clebsch-Gordan decomposition, one can use the u-
spin lowering operator u_ = ul —u? to generate from the neutron state n
the complete “U-spin” triplet |U, Us) for U =1,

1L, Dy =n, [1,0p=13""24+5%, [1, -1)y=2Z2" (5.281)

Gell-Mann and Okubo proposed that the SUs-breaking “semistrong” inter-
action should also arise from one of the generators, in which case it must be
A8 in order not to spoil SU,. First-order perturbation theory predicts equal
spacing between the masses of the U-spin triplet,

[m(Z7) = 1 B3m(4) +m(Z))]/[3(3m(A) + m(2?)) = m(n)] = 1. (5.282)

The experimental value of this ratio is 0.92. The E2-theorem replaces the
masses by their squares, in which case the ratio becomes 1.08. Similarly, the
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Table 5.1. Masses and magnetic moments of baryons, from Review of Particle
Physics (2004). The first column gives the (mass)?. The last column gives the
magnetic moment in the quark model.

baryon m? [GeV]? m[GeV] i [pen] 1 (quark model)
p = (uud) .880369 1938280 2.79285 (4w — pa)/3
n = (ddu) 882797 1939573 —1.91304 (4pa — pu)/3
A = (uds) 1.24475 1.11568 —.613 s

I+ = (uus) 1.41460 1.18937 2.46 (At — p1s)/3
X0 = (uds) 1.42239 1.19264

X~ = (dds) 1.43389 1.19745 ~1.16 (Apa — ps)/3
5% = (ssu) 1.72879 1.31483 —-1.25 (4ps — pru) /3
57 = (ssd) 1.74586 1.32131 —0.65 (4ps — pa)/3

pions form a pseudoscalar (i.e. spin-parity 0~) octet together with n° and the
kaon and antikaon doublets, KT = us, K° = ds, K~ = su, K° = sd. The
corresponding GMO mass relation is

m3 + 3m? = 4mi. (5.283)

The pseudoscalar SUjz singlet is called 7'; the experimental mass of
950 MeV includes some SUs-breaking n — n/-mixing.

In weak decays, the strangeness changes by at most one unit, such that
the = baryons cannot decay directly to nucleons. Instead, they decay in a
“cascade” via the A and X hyperons, which earned them the name “cas-
cade particles”. As the “charm” quantum number below is also conserved in
strong interactions, many of the “charmed baryons” have even longer decay
sequences.

The Quark Model

One may distinguish between two periods of the quark model, one from the
“eightfold way” of Gell-Mann (1964) and Zweig (1964) to the discovery of the
J/1¢ meson in 1974, and the post-1974 period which is dominated by quantum
chromodynamics (QCD), a field theory analogous to QED. Its breakthrough
came already in 1973 with papers by t’Hooft (unpublished), Politzer (1973)
and by Gross and Wilczek (1973), who showed that the effective coupling con-
stant between quarks vanishes at short distances (contrary to QED, where it
is enhanced by vacuum polarization, see Sect. 5.3). Before the J/v discovery,
all known mesons and meson resonances (such as the p resonance which de-
cays immediately to two pions) could be identified with bound states of one
of the three quarks ¢ = (u, d, s) (with electric charges 2/3, —1/3 and —1/3)
and one of the three antiquarks ¢ = (u,d, s).
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Direct products of SUs multiplets are decomposed by the Clebsch-Gordan
series, 3 x 3 = 8 + 1 (SU; has 2 = —2, see (3.95). In SUs, no lin-
ear relation between 3 and 3 exists). Gell-Mann and Zweig interpreted
baryons as bound states of three quarks gqq, with the SUs-decomposition
3x3x3 =3x(6+3) =8+ 10+ 8+ 1. The states 3 x 3 are ab-
sent. The baryon octet has spin 1/2, while the decuplet of resonances
A= (ATF, AT, A% A7), 2 = (Xt 20 3*) = = (20, Z*7) and
£2~ has spin 3/2 (the 2~ has strangeness —3 and is in fact stable against
strong decay). Attemps to ignore the “hyperfine” splitting led to an even
larger symmetry group SUg, which is not used any more.

After the J/1 discovery, the quark model became much richer and more
precise. Bound states of three heavy quarks ¢ (charm), b (bottom), and ¢
(top) (with charges 2/3, —1/3 and 2/3, respectively) were found. Today, one
says that quarks come with the six “flavors” wu,d, s, c, b,t. The heavy quark
masses are so large that the extension of SUs to SUns (Ny = number of
flavours > 3) is useless. The above SUs is also called SUs fayor, to distinguish
it from the SUs color below. The J/¢ itself is 13Sice. It is formed directly
as a sharp resonance in e~e™ collisions at 3.098 GeV. The corresponding 25
and 3S states, ¢’ = 1(25)(3.6861) and ¢" = 1(35)(3.770) are also formed
(the ¢ decays strongly into DD, where D stands for the charmed isodoublet
D = cu, DT = cd). The similarity with the positronium spectrum becomes
even more spectacular for the bb resonances 7°(15)(9.460) — 7°(45)(10.580);
thence the name “quarkonium”.

With so many striking parallels, it is natural to look again for an un-
derlying field theory of mesons and baryons (“hadrons”) as a rigorous basis.
This field theory is called QCD, the “C” will be explained below. Its short-
range interaction is sufficiently weak for a perturbative treatment in terms
of Feynman graphs for high-energy processes (see for example the book by
Yndurain 1999). As in QED, the Fourier transform of the Born series also
provides the potential for bound states, but now only at short distances. At
large distances, the interaction becomes too strong; presumably it diverges for
r — 00. One defines a phenomenological “QCD parameter” Aqcp = 200 MeV
and the “confinement radius” R, = /1(510137 beyond which the treatment as
an effective two- or three-body problem breaks down. As the Bohr radius apg
decreases with the reduced mass of the system, a sufficiently large reduced
mass gives a ground state as well as a few excited states with wave func-
tions essentially inside R.. This explains the succes of QCD for charmonium
and bottonium. Other systems such as D = ¢l (I = u or d) have too large
Bohr radii, but relations between the hyperfine operators (which are of short
range) do persist (see for example Grozin 2004).

On the other hand, all pre-1974 hadrons would extend far beyond R,
according to QCD. One benefit of QCD remains, namely the “spontaneously
broken” “chiral symmetry” of massless u, d, and perhaps even s quarks (see
for example Donoghue et al. 1992). The pseudoscalar mesons w, K, n are
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treated as Goldstone bosons, a concept which seems incompatible with the
qq model. In the spontaneously broken symmetry, E? would be linear in
the quark masses, E? ~ B(mj + ma), with B of the order of 1GeV. The
impressive “constituent quark” model of Gell-Mann and Zweig for all the
mesons, nucleons, hyperons etc. before 1974 is not supported by QCD.

Connected with QCD is a hidden quantum number called “color”, which
is needed not only for the form of the interaction (its gauge transformations
are nonabelian), but also for the Pauli principle of bound states. Consider
the quark representation of A™*, which is 1Suuus/o. The spin 3/2 state is
totally symmetric under the exchange of the quark spins, and so is uuu.
To avoid a breakdown of the spin-statistics theorem, each quark is endowed
with a “color” which can assume three different values and which make each
q a triplet in a new symmetry group SUs.. Multiplication of 1Suuug,, by the
totally antisymmetric combination of three colours saves the Pauli principle
of bound states and the Fermi-Dirac statistics of the quark fields of QCD.
SUscolor 18 assumed to be strictly conserved, such that color singlets remain
“colorless” forever.

However, the color of quarks must be well hidden such that it never shows
up. In principle, the cc bound state could auto-ionize into ¢ + ¢, where even
the widely separated quarks would still be in a color singlet. An analogy is
known from the decay 7 — v, where the two photons remain in a state of
zero helicity, no matter how far they are apart (such states were called “ver-
schrankt” (entangled) by Schrodinger and are considered for future quantum
computation). The way out in QCD is that the ¢ and ¢ at distances r > R
“hadronize” into (cl) and (cl), such that they appear as D and D in mea-
surements.

The conclusion of QCD for the quark potential model of hadrons is thus
gloomy. As no quark will ever be seen, its mass cannot be measured. Instead,
quark masses must be estimated from the unprecise theory of bound states.
Best suited are states with small relativistic effects. For example m s/, ~ 2m..
A presently acceptable range is 1.15 GeV < m, < 1.35 GeV. The masses of
light quarks remain largely arbitrary. Nevertheless, the quarkonium model
of the “old” hadrons is qualitatively and sometimes even quantitatively suc-
cessful. The magnetic moment predictions of Table5.1 will be discussed in
Sect. 5.9. Here we discuss the decay width, which strongly support the binary
bound state hypothesis.

Table 5.2 collects the masses, decay channels and widths of the nonet
of the old “vector mesons” and the J/i. The p, w and K* are broad “reso-
nances”. The width of w is comparatively small because the decay w — 7~ 7"
is forbidden by a combination of charge conjugation and isospin invariance,
whereas the allowed decay w — 7~ 7% is supressed by a small phase space.
The ¢ meson and the J/¢ have the same quantum numbers as the w, but
their three-pion decays have much larger phase spaces available. One would
then expect widths of 100 MeV or more. The opposite is true. Before the
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Table 5.2. The (masses)® and widths of the old vector meson resonances and of
the J/v.

meson IS m? [GeV] main decay I' [MeV]
p=(p",0%p7) 10 0.587 Tt 150
w 00 0.613 LK 8.5
K* = (K*T, K*°) 1/21 0.796 K 50
K" = (K", K" 1/2 -1 n Kr "
0] 00 1.0393 KK 4.3
J/ 00 9.591 hadrons 0.091

discovery of the .J/1, the relative stability of ¢ was explained by the OZI
(Okubo-Zweig-Tizuka) rule, saying that the quark and antiquark in the ini-
tial state are unwilling to annihilate. The ¢ is ss and thus forced to decay
into a pair of kaons. The J/t is cc. Here the charmonium model says that
the cc annihilation rate is proportional to the square of the bound state wave
function at the origin, which is small (at least in the nonrelativistic approx-
imation). The success of the OZI rule shows that this argument applies also
to the old vector mesons.

In quark loops, the color degree of freedom provides a factor 3, which is
necessary both in the decay 7° — v and in the reaction eTe~ — hadrons
(Close 1979, Donoghue et al 1992). Outside loops, the (strong) hyperfine
interaction in gq states is attractive as in positronium. Without color, it
remains attractive there but turns repulsive in the gg subsystems of gqq,
thus predicting spin 3/2 for the ground states of baryons (Close 1979). Here,
however, the anti-Hermitian parts of the hyperfine operators o; x o;Vp,;
should be included. It might also be worth while to elaborate other possible
Dirac structures such as f, = 2Epo,sinwp in (4.397). The gqq states have
not yet been analyzed from this point of view.

Perhaps it is possible to extend QCD to large distances. A new version
might somehow restrict the separate fields for quarks and their “gluons”
(which provide the interaction in QCD). At its extreme, it could return to the
early theory of strong interactions, where mesons were “elementary” particles,
created and absorbed by local fields. The new fields would have to be bilocal
for mesons and trilocal for baryons. It is known that composite particles may
be represented by fields in the local limit; an example has been given in (3.93)
for 14N. In the equations for the inner structure of these fields, one could keep
the Dirac kinetic energy operators v7p,0;, but add new operators or omit
old ones.

As an example, consider the Dirac equation (2.100) for quark 1 with
right- and left-handed masses my, and my;, respectively. Its Dirac version is
(2.101), even if in my 51 sim (2.102) the 47 replaced by y?v5, because v3 does
not operate in the Dirac space of quark 1:

m1B1sim = 351 [mar +mu + (my, — mu)¥ivs), (5.284)
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and correspondingly for quark 2. On the other hand, one now has
M1 01sim® = M1,Y, M1B1simX = MmuX. In the binary equation (3.217), one
thus gets mi replaced by

Mg My = (Mo +0my)(mor+pmy,) = m%+m§+m1m2(x+1/x)/8, (5.285)
T = mami,/mima,. (5.286)

Note that 4 1/x > 2. The effect arises because the sum of the two similarity
transformed operators is not a similarity transform of the original sum. This
might be helpful for quarkonium models.

The standard QCD Lagrangian has little room for new operators. The
three positively charged quark fields may be combined into a single spinor
field ¥, the three negatively charged ones into another spinor field ¥_, the
masses into 3 x 3 diagonal matrices:

Wu wd
v, =¥ |, Y=Y, |, (5.287)
v, v,
my = 0me0 |, m_= 0 mg O . (5.288)
0 0 my 0 0 my
The six mass terms of the Lagrangian (3.91) appear then as
Lm = Lm+ + me, Lm+ = W+m+![/+, me =¥_m_V_. (5289)

Each ¥V is !7: v + WZTSPT. We shall see below that the ¥; are linear combina-
tions of fields ¥/ that occur in the quark current of beta decay, ¥4 ; = SLJ/QEJ.
Admitting for completeness also similar transformations for righthanded
fields, ¥y , = SLrW,ﬁ, one gets

Loy =0 ! W, + 0, tm! T, (5.290)

m!, =Symy 8L, m_ =S m_St . (5.291)

With det(S) = 1, my and m/, have identical eigenvalues; the m/, are similar-
ity transforms of m_. The non-unitary matrix V of (2.170) is now replaced

by two unitary matrices. This is convenient for the construction of m4 from
m/y. One first considers the product m’m’! which is Hermitian:

m'm'T = SmSIS,miST = Sm?ST, (5.292)

as S1S, = 1 and mm' = m?. After the diagonalization of Sm2ST, one then
obtains m = (m?)/2.

The matrix Si S_ (with Sy = S ;) enters the Lagrangian for beta decay.
The decays n — pe~ v and A — pe v were originally attributed to two
different currents jf, and Jhn in (2.323), with G, replaced by two different
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coupling constants G,, and G 4. Cabibbo (1963) noted a kind of universality,
G, = GucosO¢, G4 = G, sinO¢. In terms of the quark model, Cabibbo’s
expression is

GH = vl

u,l

0} (cos Oc¥q; + sin Oc¥s ;). (5.293)

Already before the discovery of charm, this expression was generalized by
Glashow, Iliopoulos and Maiani (1970) to

Jem = ijr,zTUfSiS—‘p—,l, (5.294)

where the index [ of +,1 is again suppressed. The product of the two unitary
matrices Sj_ and S_ is again unitary and can be kept real by a suitable choice
of phases between the fields:

i _( cosO¢ sinBO¢
538~ = (sin O¢ cos (90> ’ (5.295)

With the discovery of the b (“beauty”) quark, a corresponding ¢ quark of
charge +2/3 was postulated, such that (5.295 could be generalized to a 3 x 3
unitary matrix (Kobayashi and Maskawa 1973). This KM matrix may be
taken as SUs, which fixes the relative phase between ¥, and ¥_. Of its
remaining 8 real parameters, two are eliminated by the relative phases in ¥,
and two by the relative phases in ¥_. This leaves 4 parameters, of which 3
may be taken as angles @1, Oy, O3, and the last one as a complex phase €.
It introduces complex coupling constants into beta decay, which violate CP
invariance. This topic is treated in special books (Jarlskog 1989, Bigi and
Sanda 2000). It was first discovered in decays of the long-lived neutral kaon
K? which is close to a CP eigenstate |KJ) = 2-1/2| K0+ K°), and is presently
under investigation for the B? states which are linear combinations of |db)
and |db).

5.9 Baryon Magnetic Moments

With the possible exception of “pentaquarks”, all baryons are described as
three-quark bound states. Being color-singlets, they belong to the singlet rep-
resentation “1” of 3 x 3 x 3 color, which is totally antisymmetric in all three
indices. As it is the same for all baryons, it may simply be ignored. Moreover,
all three quarks in the baryon octet and decuplet are in the (1s)® state which
is totally symmetric and which may be factored out as well. The remain-
ing problem is then to find the (flavor, spin)-states of baryons. In the limit
of SUs symmetry, it is analogous to finding totally antisymmetric (orbital,
spin)-states for three electrons, which was discussed in Sect.3.9. The states
uuu, ddd, and sss contain three identical quarks. As their complete states
including color must be antisymmetric, their spin states x (S, ms) must be to-
tally symmetric. These are the states x(3/2, ms) mentioned in Sect. 3.9. They
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are now rewritten in the most compact notation x(+1/2) = “spin up” = 1,
x(—1/2) = “spin down” = |:
X(5:5) =11 x(5,3) =372UM + N+ ). (5.206)

In Sect. 3.9, they were rejected for the orbital combinations |00v) (two elec-
trons in the ground state, one electron in a valence state). Now they are
welcome for the orbital state |000) of three identical quarks, in particular for
the A™T which is wuu. In perfect SUs symmetry, u and d are identical par-
ticles, which allows one to generate the other members A1, A® A~ of this
isospin quartet by quark lowering operators. For example, the state |§, g) of
Atis 371 2(duu + udu + uud) 111, where the bracket results from the quark

lowering operator, precisely as with spin. The spin state |g, %} of AT is then

|AT 1) = }(duu + udu + uud) (U1 + T+ ). (5.297)

Our aim now is to construct the corresponding proton state |p 1), which has
S = 1/2, but which should nevertheless be totally symmetric in the limit of
perfect isospin invariance.

There are two totally symmetric states in addition to (5.297), namely one
which contains only those products in which d has | and each u has 1,

Yeor = 372 (udu 111 +uud M) +duu 111), (5.298)

and the rest, which contains the mixed products:

Pmix = 672 [dun(tLt + 111) + udu(I11 + M) + wud(J11 + 1)), (5.299)

Both states are normalized to 1. The desired proton state is that combi-
nation which is orthogonal to (5.297),

<A+ T ‘aqpcor + bwmix> - 07 (5300)

with the normalization a? + b®> = 1. The result is b = —271/2q, ie. a =
(2/3)Y2, b =371/2, which gives explicitly

Ip 1) = (18)*[2(duw 11 +udu 11T +uud 1) — uud (T4t + 411
—udu(tt) + 111) — duu(trl + 141)]- (5.301)

To check the spin 1/2 of this state, one combines the terms such that two of
the three spin always appear as singlets, for example

udu(2 1T — P14 — 1) = udult (1 — 1) + (M — I (5.302)

In the nonrelativistic Zeeman operator (4.150), the magnetic moment is
expressed by (4.152), p; = giftnSi = [0, iy = ehi/2myc being the nuclear
magneton. In Table 5.1, ¢;/2 is quoted, which would be 1 for a Dirac proton.
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The last column gives the quark model values, poctet = X5_;pi0 4. For the
proton and neutron, these are calculated from (5.301) and from the corre-
sponding expression for |n 1), which has u and d exchanged. The first three
terms of (5.301) have 0,1, + oy2, = 2, with a weight 4/18, giving a total of
23 x4/18 = 4/3. The remaining six terms have oy1, + 0y2, = 0. Similarly,
the first three terms contribute —pug with a weight 4/18 each, while the re-
maining six terms contribute +pg with a weight 1/18 each, giving a total of
—14(12 — 6)/18 = —p4/3. For the up and down quarks, one obtains in this
way

ty = 185y, pg = —.972u,. (5.303)

As the masses of u and d quarks are not known, these values cannot be related
to the g = 2 expected for Dirac quarks. From the quark charges +2/3 and
—1/3, SU; symmetry predicts p, = —2p4, ftp/pn = —3/2. The experimental
value —1.53 is slightly larger, which seems related to the presence of virtual
pions in the nucleons. Using the CG-coefficients (2.131) with [; =1, I, = 1/2
instead of j3 = 1, jo = 1/2, one finds for the virtual emission of pions by
nucleons,

p—(2/3) Y 2xtn = 371220, n— —(2/3)" Y2 p+ 37220, (5.304)

Consequently, the charged pions appear with weight 2/3 in both cases. If they
were the only source of magnetic moments, one would have u, /g, = —1. The
early theory of strong interactions assumed that each baryon was surrounded
by a cloud of virtual mesons, in which the pions dominate because of their
small mass.

The virtual pion effect is particularly strong in X'~ which due to m(X~)—
my = 82 MeV is relatively close to the dissociation limit X' — 7w A. The quark
model prediction pu(XT) — u(X~) = 3.89u, must be compared with the
experimental value 3.62,,.

The A-hyperon is a singlet in isospace, which is antisymmetric. The sym-
metry of the complete wave function requires that also the corresponding
spins appear in the antisymmetric combination,

A1) = (12)7*[(ud — du)(t} = I1)s T+ 1 (ud — du) (1] — 41)
+(usd — dsu)(H14 — J11)]. (5.305)
In this combination, the magnetic moments of u and d disappear, the result
being simply pa = us. If one approximates the kinetic energies of quarks in

baryons by (wa)?/2m;, one can calculate their “constituent” masses from
Wq = Zq/2mg, obtaining (Donoghue et al. 1992)

my, = mg ~ 320 MeV, m, ~ 510MeV. (5.306)
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The orthonormality relations (1.197) for two solutions v; and ¢; of the KG
equation are

[r2drR;Ri(E; /2 + E; /2 — V) = mc?5;;. (A1)
The resulting normalization for ¢ = j, R; = R; = R is
[r?drR*(1 — V/E) = mc?/E. (A.2)
1
In the following we set V = —Ze?/r = —azhe/r, and I = [(I+3)*—a%]2 —3:

R = Nxge #/%2«F, z=2kr, F=F(-n;,b,z), b=2,+2 (A.3)

The value of Nk¢ follows from insertion into (A.3):
NI%G(QH)_3/ dze *2°(1 + 2azher/2E)F? = mc®/E. (A.4)
0

This and similar integrals for (r—*) follow from the formula
Jo = [dze ? 2" F*(—n,,b,2) = n T (b +n,) T (D) (b+ 1 —s)[1 + X],

(A.5)
(8—2)1)(8—1) { (s—4)(s—|—1)>}’

32(b + 2)

(s —3)s

X =
fr 22(b + 1)

1+ (n,—1) (1+(nr—2)

where X is complete for —3 < s < 6. Using I'(b+ 1) = bI'(b) and b/2+ n, =
lo +1+n, = ng, both Jy and J; contain the following combination of gamma
functions:

Ip =T?b)/T(b+n,). (A7)

The nonrelativistic limit of I is
Ir o, =21+ 1)!}2/(l +n)l. (A.8)
The first three values of J, are

J() = RTIQHBHF, J1 = nr!Hp, JQ = nr'Hp/(b - 1) (Ag)
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Insertion of Jy and J; into (A.4) gives
Niéme®/E = (26) n,12(ng + azhek/E) . (A.10)

The general definition of & is hr = (m?c? — E?/c?)'/2. For bound states, i
is quantized according to (1.129),

hek = azE/ng, (A.11)

such that the second term in the bracket is aQZ/ng. By means of (1.129),
1+ a}/n% = m2c*/E?, Nig gets simplified:

Nig = 46°n:Ing T2 (b)) 1 0(b+ n,.)E/mc*. (A.12)
The nonrelativistic limit has
Ngg = N? = 46> (n + D)1/[(2L 4+ 1)?nn, ). (A.13)

The following expectation values are defined as in (1.206), (r—*) =
[ r=syd3r. For s = 1, 2, 3, 4, and with I, (I, + 1) = L2, they are

(r ') = k?ap = K*/azm, (A.14)

(r7?) = Kap/(la + 3) = &°fazm(la + 3), (A.15)

(r=%) = nprtap/(la + 3) L3 = azE(r™?) /L7, (A.16)

(r~*) = r"ap[3nj — L2 — 1]/L2 (12 — 1/4)(la + 3/2). (A.17)

The last expression in each line sets & = ¢ = 1. The nonrelativistic approxi-
mations of (r~*) are given in Sect.2.8. (r=3);_o and (r—*);—¢ are only to be
used in connection with an additional factor [,,. Note however that the first-
order energy shift E' is not necessarily (r~*): The KG perturbation theory
is a special case of the Kramers perturbation theory of Sect. 2.9, where E' is
given by (2.292). If the Coulomb potential is modified by a small Vi, then
the 2792 of (2.287) is generalized to

A2 = (B~ V+E' - Vyo)? = (E° = V)2 + 2(E' — Voor)(E° — V). (A.18)
In this case, the Kpe, of (2.288) is Vper(E? — V), and (2.292) becomes

E' = (Vour(1 = V/E®)) = [ R*r?drVyer (E° — V) /mc®. (A.19)

For V. = —ayz/r, this integral diverges for Vper &~ r~2. Physically relevant

modifications of the point Coulomb potential have the Yukawa form, see
Appendix C.
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The Dirac-Coulomb equation has two types of solutions which are equiva-
lent only for j =n — }. According to the orthogonality relations (2.207), the
normalization constants Ny of the solutions (2.145) equal the Klein-Gordon
constant Nkg, taken at the appropriate value of b in II (A.7):

Ni = Ngg(bs), by =2lgs+2, by=2y+2, b_ =2y. (A.20)

The radial wave function components (g, f) of the parity eigenstates are
normalized according to (2.196), [(g* + f?)r?dr = 1. A normalization con-
stant V., has been defined in (2.195). However, it is customary to remove the
square roots z+ such that F~ = F(1 — n,,bp, z) occurs with a factor —n,
(n, =0,1,2...) in the square bracket:

g,f) = Np(1+ E/m)?e*/227" [+ (mg — kp)F(—n., bp, 2) — n.F_].
B
(A.21)
The resulting N3, is, with mg = azm/k according to (2.184), and bp = 2vy+1,
N3 = 4k3[n I (bp,n,)[(ms — kp)? + ne(2y +n,)]] L. (A.22)
2

Rewriting n, as ng — v, one finds n,(2y+n,) = n% -7 = m% — K7, using

n/% = m% —a? according to (2.184). This allows one to simplify N3 as follows:

N3 = 2x&3[n, I (bp,n.)mg(mg — kp)] 71,

o Y (A.23)
K= k[l + 507/n(1/(5 + 3) = 1/n)].

The approximate value of x comes from (2.164). Insertion of the definition
(2.184), mg = azm/k, gives

N3 = 2x*[azmn, ' T%(bp)(mg — kp)| "' I'(bp + n..). (A.24)

For | = 0, approximate expressions both for N2 and NI%G will be given in
Appendix C. The Dirac expectation values of r~* are, with kp = (I—7)(2j+1)
and v = \/k3 — a2,

(r~1p = K} (KD +ney) [razm? = (1+ ay/ng)(r™1), (A.25)

(r3p =2°kp(2p E/m — 1)[y(47? — Dagzm]| ' E/m, (A.26)
s 2sP . kpE/m—1

<T >D = 7(472 . 1) 3 DE m(72 _ 1) 1. (A27)

S

The first-order energy shift caused by a perturbative potential V! ~ r~% is
proportional to (r~*)p. The corresponding energy shift in the KG equation
is proportional to (r~*(14+ayz/Er)), according to (A.19). For s = 1, one finds
from (A.14) and (A.15), 6E(s = 1) = (r 1)[1 + o /ng(la + })], which is in
fact close to the Dirac expression (A.25).

Nondiagonal matrix elements are given by Shabaev (1991), and by
Martinez-y-Romero et al. (2001).
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The expectation values of other operators follow from the “virial theorem”
and its generalizations (Friar and Negele 1976, Goldman and Drake (1982),
Shabaev, Martinez-y-Romero). Some relations are trivial, for example

(H)y=E, H=V+pa+mp. (A.28)
Others follow from an operator O as
([H,0]) = (EO — OE) = 0. (A.29)

In particular, with 0= rp and 7p = p,, one obtains

(pa) = V'), V' =1[0,,V], (A.30)
(r=Hap — arp,)) = (V'), (A.31)

The point Coulomb potential Vo = —az/r has 1V}, = =V,
(pa) = (Vo). (A.32)

This is the virial theorem. Insertion into (A.28) cancels V¢,
B)y=E/m: [(g°~f*)=E/m. (A.33)

Taking for O any local function f(r), one finds
([aV, f(r)]) = 0. (A.34)

Expectation values involving p? follow most easily from the Kramers equa-
tion (2.135), as the expectation value of the anti-Hermitian operator [op, V]
vanishes:

(p?) = B> —m? - 2EB(V) + (V?). (A.35)

This applies again for any shape of V. Its nonrelativistic limit is obtained
by setting E — E/c = mc + En/c and neglecting both E% /c? and (V?),
(p?/2m) = En — (V). It is identical with the expectation value of the non-
relativistic Schrodinger operator (1.49) and has nothing to do with the non-
relativistic virial theorem (p*/2m) ~ —(V/2), which uses the Schrédinger
expectation value of 0= rp.

For V. = —ayz/r, the orthogonality relations (A.1) are simplified by the
transformation (1.143) of the distance variable, r. = Eazr.

r. = Fagr, / r?dreRj (re/Ej)Ri(re/ E;) = 035 (A.36)
0

The Dirac wave functions are normalized according to (2.203), [ w;fq/zi = §;5,
which is already as simple as possible. Introduction of r. leaves fm/FE as the
only energy-dependent operator. The resulting orthogonality relations are

[ &P repl(re/E;)Bi(re/Ei) =0 for j # . (A.37)
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The orthogonality relations of the solutions of the n.-electron Dirac-Coulomb
equation are in the standard Dirac form

[drid®ry . iy, ma . (e, ma ) = 6y (A.38)

The form analogous to (A.37) contains the total electronic energies E; and
E; and has (§ replaced by X' 3.. The method can be extended to the solutions
of the Dirac-Breit equation, but the Breit operator of Sect.3.4 can only be
used as a first-order perturbation, of course.

The Kramers orthogonality relations have already been presented in
(2.207). They have the same form as the KG orthogonality relations, except
that ¢; must be specified as the lefthanded wlT j if ¢; is taken as a righthanded
Kramers spinor ;. ;:

[} (B + By — 2V, = 2E6;;. (A.39)

The "g[);r is necessary because the Kramers operator K° is not Hermitian.

As long as hyperfine operators are treated perturbatively, the most con-
venient form of binary equations uses the variable p = ur, because the or-
thogonality relations (4.211)

I PPdpR;(p)Ri(p)(ei/ i + €/ p; — 2V,) = 205€; /. (A.40)

of the Todorov equation and (4.277) [ d3p¢;¢i = 0;; of the leptonium equa-
tion are then form-identical with those of the single-particle equation, all
differences being concentrated in the physical meaning of the single parame-
ter u. Equations (A.11, A.14, A.15) and (A.16) are generalized as follows:

K=age/p, (p7) =r/azu’® = az(e/ngu)?, (A.41)
(072 = Kozt (o + 1/2) = ab(efnon) (e + 1/2),  (A42)
(p7%) = az(e/w)(p~2) /L. (A.43)
In the Dirac case, (A.25) and (A.26) read
(p"p = (8/p)* (kD + ny) [yey, (A.44)
(p)p = 2(k/pw)*kp 26D (1 + aF /nf) /2 = 1] /(47 = 1), (A.45)

with k/pu = az(n% + a%)~1/? independent of .

The full leptonium equation (4.275) contains E?, E° and E~2. The E~?2
in the hyperfine operator makes p = ur inappropriate for orthogonality rela-
tions. Dividing the equation by E? and introducing r. as a new independent
variable, one obtains

[5(1=m3/E?) + o [re — azy’peoy +ilag [ro)y o 0zp ] = 0. (A46)
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The resulting orthogonality relations are
[ d*rexi(re/ Ejym2ai(re/E;) =0 for j #1i. (A.47)

X are the eight components defined in (3.173); as in the Kramers equation,
they appear because one of the operators (in this case the hyperfine operator)
is not Hermitian. The m% = m? + m3 + 2mym,/3 is the generalization of the
0 of the Dirac equation.

Without hyperfine interaction, the Kramers form of the leptonium equa-
tion has the following standard form in the variable r.:

K =2/rc+az/r? 4+ [o1p,,az/r] —p2, K, = ’REQ’(/JT. (A.48)

One of the early arguments against the KG equation was that the inte-
grand of its normalization integral (A.1) can be negative at small 7, whereas
that of the Dirac equation is always positive, which is necessary for a prob-
ability interpretation. It is amusing to see that the opposite is true for the
corresponding integrals (A.36) and (A.37).
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In nonrelativistic quantum mechanics, the higher-order effects of a perturba-
tion H' (2.208)

(H + Hper)p = (E° + E* + E® . )y (B.1)

may be calculated by means of a Greens function G which is defined by the
following inhomogenenous differential equation

(E—H(r,p))G(r,v',E) =6(r — 7). (B.2)

In atomic theory, H = —V?2/2m — az/r leads to the Coulomb Greens func-
tion. Its radial component is normally sufficient:

(E— H)G(r,v",E)=6(r—71"), V?=0>+(2/r)d, —1(1+1)/r% (B.3)

The use of these equations rests on the completeness (1.250) of the solutions
¥, of the unperturbed equation H, = E,, (the upper index ° is now
suppressed)

(r —r') = Zpbi (r)i (r'). (B.4)

Using this expression in (B.2), one can for example calculate E(?) (2.223).
Remember that the Coulomb spectrum includes a continuum of unbound
electrons, which adds an [ d®k to the ), in (B.4). For G, on the other hand,
one can construct forms in which the whole expression is reduced to a sum.
The first such form was found by Schwinger, see the review by Maquet (1977).
We shall consider the form of Hostler (1970),

Gi(r,r', B) = 372 Rup () Rup (') (1 — £p/kn) 7, (B.5)

with &, = azm/n and kg = (—2mE)~'/2. R, is the nonrelativistic limit
of (A.3), but with x,, replaced by kg:

Rup(r) = N(E)e 2" (2kpr)F(1+1 —n, 21+ 2, 2kpr). (B.6)

F is a polynomial of degree n,..
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The Dirac-Coulomb Greens function has also the nonrelativistic form,
see (2.213) with Hy = H¢ and (2.223). Its completeness relation has 1} (')

replaced by 1/);2 (r") to account for spin:
S(r, 7', E) = Supp(r )l (r)(E — Ep) . (B.7)

However, the price of this formal simplicity is a 4 x 4 matrix. It seems easier
to work with a 2 x 2 matrix G in spin space (Zon et al. 1972, Sapirstein and
Yennie, in the book edited by Kinoshita (1990)). Instead of (B.1), one then
has an implicit eigenvalue equation, (K + Kper)t) = 0, where K is the KG or
Kramers operator, and K, is a perturbation. The Kramers operator is

K =E? —m? +2Eay/r + V? + (a% +iagzo,)/r?, (B.8)
and the relativistic Coulomb Greens function G is defined by
KG(r, 7', E)=46(r —7'). (B.9)
The Dirac-Coulomb Greens function S follows from G as
S(r, 7', E)=(E -V +iy°aV +mp)G(r, v', E). (B.10)

The more complicated E-dependence of K in (B.9) prevents simple solutions
of the type (B.7). G satisfies the following integral equation:

G =Gg — [ dB2Gs(r, x)(a% +iagod)/z* Gz, '), (B.11)

where G g satisfies (B.9) without the last two terms in K. Gg is a Schrédinger-
Coulomb Greens function with relativistic kinematics. The method yields
a closed expression for most of the Bethe logarithm.

The difficulties of relativistic Coulomb Greens functions should disappear
with the use of the KG and Dirac equations in the dimensionless form (1.144).
The interval 0 < r. < oo need not be expressed in terms of r. The perturbative
expansion for K may be taken in the form

(Ko + Kper)m = [(K2/E?)© + (s2/E))D + . Jyp. (B.12)
The corresponding Greens function satisfies (B.3) in the form

(K*/E? —p2 10 — 2VE + V3)GE(re, rl) = 8(re — 1), (B.13)

€

where p?; , has (I +1) /72 replaced by lo(lo +1) /7. Tt has a Hostler solution
(B.5) with new parameters, l, and k. = k/E = az/ng,

Ruimp = N(m2/E*)e " (267¢) ' F(—ny, 2o + 2, 267¢). (B.14)

However, this formalism remains to be applied.
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Yukawa expectation values (e~®"/r) are needed for the Uehling potential
(5.83). More generally, they are useful for all interactions that can be written
as dispersion integrals. For fermions, this includes the electric and magnetic
form factor potentials. x is the integration variable of the dispersion rela-
tion, x = x¢L&; with the threshold value zy, = 2m. both for the Uehling
potential and for the electron’s form factor potentials. First-order relativistic
corrections are obtained by the Pauli reduction of Sect. 2.8, with the electric
potential Vo +Vyy (Pachucki 1996). Beyond the first order, one needs the fully
relativistic expectation values. For the KG equation, the energy shift E! of
first-order perturbation theory is obtained from (A.19)

EY¢) = [ R’ *"(r + az/E)dr(E/m)
= (26)72 [ R%e™**/?" (3 + 2kay /E)E /mdz. (C.1)

With R from (A.3), the total exponential becomes e~ 7,
A=1+mé/k=1+1/y, (C.2)
E'(¢) = (26) *Nga(Ja + J2)E/m (C.3)

Iy = [e M2 2 (—n, b, 2)dz,
Jne = (2kaz/E) [ e **2°72F%(—n,, b, 2)dz. (C4)

The integral Jy; is evaluated in closed form (Landau and Lifshitz 1977, Grad-
shteyn and Ryzhik 1980),

I =LA (N = 12 F(—np, —np, by (A — 1)72), (C.5)
where F' is the hypergeometric function,
F(a,d’,b;y) =1 +ad'y/b+ala+1)d'(a’ +1)y%/2b(b+1)+... (C.6)
In (C.5), F is a polynomial of degree n,.. Insertion of A =1+ 1/y gives
Ja = D(b)(1+1/y) =2y~ F(—n,, —n,, b,y?). (C.7)

With b = 2l, + 2, b+ 2n, gives 2ng. The integral Jy2 is more complicated.
The two-body case has k = aze/ng; when € is of the order of me, m.&/x



262 C Yukawa Expectation Values

is much larger than 1. It is then useful to express Jy; and Jy2 in powers
of y,

F? =1-2zn,/b+ 2*n.[n,./b+ (n, —1)/(b+1)]/b+..., (C.8)
and then use the basic integral
JeYdz =T+ 1AVt (C.9)

ni = PO — 2ngy + v @nd + ng)| (L +n2y?/b). (C.10)

The extra factor 2kaz/m = 2a2Z/n in Jyo is sufficient to make the y?-terms
negligible:
Jro = 2(kag /E)[T(b— 1)yt — 2n,4°(b)/b]. (C.11)

The last term is conveniently combined with the 3? of Jy; into
Ji = L(b)y°[1 — 4a%n,/nb — 2ny + y*(2n% + n + n2/b)], (C.12)

where we have also approximated ng by n in the higher powers of y. In
the remainder Ji, of Jxg, use of I'(b — 1) = I'(b)/(b— 1) = I'(b)/(21 + 1)
gives

Jho = 2a5n ' L(b)y* /(204 1). (C.13)

The I'(b) is combined with the (2x) 2Nz of (C.3) into
(26)2NEg = (E/m)knng| T (b +n,)/T(b). (C.14)

The KG energy shift of the Yukawa potential e~2™<¢" /r is thus

El(é)_H(E) rio+mn,) , 2

n 2«
1—4a% " -2 -t z 20
m nr!ngf(b)y { 2 g K n(2l +1) +yl-)
(C.15)
The energy shift of the Uehling potential is given by (5.83),

Bl = 30 (28) *Nig [ 53 + 1) (€2~ 12672+ 4€7). (C16)

The nonrelativistic limit of this integral has been calculated for the ground
state (n, = 0, b = 2), and recurrence relations have been constructed
for other, not too large values of n, and b (Pustovalov 1957). The cor-
responding Dirac ground state integral has been calculated by Karshen-
boim (1999). A convenient transformation of variable for this purpose
is

E=(1—v?)"V2  de(€? —1)Y2¢72 = 202do. (C.17)

Approximate expressions for all j = n — é are given in the limit of large

k/me. Such integrals are needed for antiprotonic and other exotic atoms
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(Sect. 5.6). The ¢-integration in (C.16) results in integrals (Gradshtein and
Ryzhik 1980),

[dE(€® =)V = B(3, 5 — 1) = 3T ()I(5 ~ D/T(5 +5).  (C18)
In (C.16), the &-integrals appear as

Ty, = [dE(E2 —1)V2e (14 Le72) = Zui (BG.v-1.  (C19)

Neglecting the y?-terms of (C.12),

"r(b+n,) m 1 m
By = —2a.x " ") |\ Tupes — 2 Tupts — °T :
v 3@ ngnrlngf'(b) [ Ub+2 @z (me Ub+3 204+1m U’b+1>]
(C.20)
Insertion of b+ 2 = 2(1 + 2 — 3) leads to
Iri+1- 3 1+2-
Iypre = I'(3/2) ( f) p (C.21)

rl+5/2—-p8)4l+5/2—-03"

The index ; of (; is suppressed here, to facilitate the comparison with the
Dirac case below. For [ = 0, (C.21) becomes

ra-p) 3 2-p
Ir'3/2-p)4(3/2-6)(5/2-8)

The expansion of I" in powers of 3 introduces the function ¥ = I’ /I"; use of
U(3/2) = —ygu — 2l0g2 + 2 and ¥ (1) = —yg, lead to

Iva_p =T(3/2) (C.22)

Iy im0 ~ 2[1+B(—2log2 +2 — 1 + 2 + 2)]. (C.23)

For v = b+ 3 and b+ 1, we only consider [ = 0 and take the limit
a2Z =0,

IU’b+3 = i . EFQ(S)/F(:)D) == 65471', IU,bJrl == éiﬂ' (024)
with I'(3/2) = 5+/m. Its contribution to E} is

E(lj = 3OL,TOzZZ(,‘<o/me)3me7r(654 — éimz/nﬂ). (C.25)

The presence of an extra 7 leads to the combination a,ma3, = aaj, which
shows that one-loop graphs do produce some terms without 7—!. Next, we
expand the factors in front of the Iy in (C.20). For [ = 0, n, = n — 1, and
to first order in a%, b=2—283, ng=n— 3

I'b+n,.)=IT(n+1-26)=nll-26¥(n+1)], (C.26)

(4s*)'D(0)NEq =1 —2B[F(n + 1) — ¥(2) — 1/2n] — o} /2%, B = o},
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with U(n + 1) — ¥(2) = X" ,i~1, see (2.228). The factor (k/m.)" of (C.15)
is expanded as follows:

/ﬁ(/{/me)b = me(/@/me)zHg(m/me)*Q’@, (C.28)

(k/me) 28 = e72Bloglknr/me) o 1 — 2310g(Kpy/me), (C.29)

with Ky = azin,/n (here and in the following, the one-body parameters E
and m are replaced by the two-body quantities e and ). We can now check
the correction 1 — 281log(2az/n), which has been guessed in Sect. 2.7 from
the divergence of R2/N? at r = 0. The —23log 2 which is missing in (C.29)
is provided by (C.23),

[1 - 2Blog(k/me) o = 2{1 + B[2log(m./2x) + 3 + 2+ 2]}.  (C.30)

The logarithmic correction is now complete, including the recoil factor
Me/ .

The calculation of the Dirac expectation values (e *"/r)p of the Yukawa
potential is more complicated, yet the results are similar:

(e Ir)p = [(g* + f2)e " rdr = (26) 72 [(g® + f2)e*”/2”zdz. (C.31)

When Vi; has a short range, one needs g2 + f2 only at small z. An expansion
of F = F(—n,,bp,z) and F_ = F(1—n,,bp, 2) to order 22 is then sufficient:

(mg — kp)2F? + n2F? —2n,.(mg — kp)(e/u)FF_ = co+ 12+ ca2?. (C.32)
In ¢y, one approximates €/u by 1 — a% /2n?,
co = (mp — kp —ny)* +n.(mg — kp)ag/n’. (C.33)

In ¢; and cg, one may take e/p = 1:

1 = —2(mg — kp —n,)(mg — kp — np + 1), (C.34)
2= mﬁi’; ) Ums = Fp)(mp —kp = 20y +2) + 17— ]
x[n,(2bp + 1) — bp][n.(2bp + 1) — bp] — np(n, — 1)(2bp + 1)}

(C.35)
States with [ :j—i—é have kp :j—i—é ~ fy+a22/2~y, mg — Kp = Ny —
agn./n(2j +1),

col=j+3)=azni/n®, a(l=j+1)=2a%n,/n(2j+1). (C.36)

In comparison with the S-states, ¢; and cy are suppressed by a factor a.

This is in fact true for all P-states.
States with I = j — } have kp = —j — § and mg — kp =~ (n,
a% /2n~], where a% /7 serves merely as an abbreviation for a2 /(j+

+2y)[1+
1

2

ping the argument [ = j — % of ¢;, one obtains from (C.33)—(C.35)

). Drop-
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co =47+ a%(3+3y/n—1/n—v/n?), ¢ = —4n,y, (C.37)

e = [nn(2bp — 1) — bp + 1n, /bp = ne[2n, — (ny + 27)/(2y +1)]. (C.38)

The index bp = 2y + 1 = 25 + 2 = 2] + 3 is then approximately one unit
larger than the b = 2], + 2 of the KG equation. To establish the contact with
the nonrelativistic limit, the arguments of the gamma functions in H;l =
I'(bp+n,)/T?(bp) in (A.24) must be lowered by one, using I'(2y+1+n,.) =
2y 4+ n )2y +n.):

1KT2N} ~ K202y + ny)[azun 492 T2 (27) (1 + o /2ny)] (C.39)
The integrand of (C.31) contains the combination
e 2dz(g? + f2) = 22 Ydze M (co + 12 + c22?)NB /252, (C.40)

Using now the basic integral (C.9) with v = bp —2 = 2y — 1, v = 2 and
v = 27+ 1, one arrives at

(€7 /r)p = K2y + ny)lazun,T(27) (1 + o /207)] " 'y* [y, (CA41)

[ly = co/4r® —y(co —c1)/2y + 4> (L +1/27)(co/2 —e1 + ¢2).  (C.42)

Rewriting the 2y in (C.41) as 2j + 1 — 28; = 21 + 2 — 23;, one sees that the
only difference from b = 21 4+ 2 — 23; in (C.15) is the replacement of 3; by
B; ~ a%/(2j+1) (2.146), except for the y>-terms. In the following, we restrict
ourselves again to S-states, where v =1 —a%/2,n, + 1 =n and n, + 1 = n:

(141/27)(co/2 — c1 + e2) = 3 (5n* +1). (C.43)

L2y + ny)[ne! T (29)n(1 + a/2ny)] 7' =1 — aZ[(n+ 1) —(2) +1/2n].
(C.44)
The n~!-term of (C.44) cancels that of ¢y (C.37). The only remaining n~1-
term arises from the k% of N3,

k*(1=0) =kt [l +2a%(1/n—1/n%)] = ki, [L + 2a%n, /n?]. (C.45)

Including a contribution from Iy = 6/35, the total a%-correction to (Vi)
is a factor

NMe 1 n, 326 3
S W+ 1) 4+ W(2) — 2
(D) +P@) = o+ 2 0+ 05+ 140

4
2z , (C.46)

1+ a% |log
with 326/105 = 3/2+1/3+1/5+15/14. The linear az-correction is given by
the first term in the bracket of (C.25), as the corresponding integrals differ
only at the order .
The relativistic recoil correction in the Uehling energy shift Ey is small.
With r = p/u, the dimensionless variable z = 2kr becomes z = 2pk/u, and
the Yukawa exponent —2m,.ré becomes —2p€m./u. In summary, the use of
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p replaces k by x/u, and m. by m./u. The dimensionless (Viy/u) depends
only on x/m, (see (C.28)) and remains unchanged. The only recoil correction
for Eyy comes from (5.3),

mim a2m m
B = e/ = o) = " (1 P ) (i) (Cam
12
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