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Preface

The multidisciplinary science education has been prompted by the rapid
advancement and utilization of IT/BT/NT, and the quantum mechanics is the
basic science supporting the technologies. It further provides the platform on
which to bridge different disciplines in science and engineering. This introduc-
tory textbook is intended for the undergraduate seniors and beginning graduate
students and is focused on the application and multidisciplinary aspects of the
quantum mechanics.

The applications have been chosen primarily from the semiconductor and
optoelectronic devices to make the discussion practical. The p-n junction diode
is first singled out for the discussion as the simplest solid state switch and also as
photodiode, light-emitting and laser diodes and solar cells. Moreover, the field
effect transistors are treated in some detail. The well-known theory of MOSFET
is first compactly presented to serve as the general background for considering
other kinds of novel FETs such as nanowire and spin field-effect transistors. The
working principles of these devices are treated from a unified standpoint of the
equilibrium and nonequilibrium statistics and device physics in conjunction with
the quantum mechanical concepts. Additionally, these FETs as the nonvolatile
memory cells, biosensor, and solar cells are highlighted. As an extension of the
discussion of the spin FET the quantum computing is briefly touched upon.

The organization of the book is as follows. The classical and statistical
mechanics and the electromagnetic fields are compactly summarized as a
general background. After a short visit to the milestones leading to quantum
mechanics, the Schrodinger equation is applied immediately to problems of
practical interests, involving the quantum wells and subbands, 1D, 2D, and 3D
densities of states. In particular, the tunneling and its applications are highlighted.
Two key bound systems are treated in some detail. Specifically, the harmonic
oscillator is analyzed based on the quantum mechanical and operator treatments.
In addition, the hydrogen atom is considered as the simplest atomic system and
as an essential ingredient for analyzing the atomic spectroscopy, multielectron
atoms, paramagnetic electron resonance and molecules.

The chemical bond for the molecular formation is included in the discussion list.
In particular, the molecular spectroscopy is treated as an extension of the atomic
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Preface

spectroscopy by utilizing the time-independent perturbation theory and focused
on the rotational and vibrational motions of diatomic molecules. The nuclear spin,
hyperfine structure, and nuclear magnetic resonance for molecular imaging are
briefly introduced. Moreover, the interaction of light with matter is highlighted,
based on the time-dependent perturbation theory, and the operation principle
of the laser is elucidated. Finally, the semiconductor statistics and the transport
of the charge carriers are discussed as an essential background for modeling the
semiconductor devices. An effort has been expended to make the presentation
and discussion brief and clear by simplifying the mathematics and by making use
of the analogies existing between different dynamic systems.

The contents of this book have evolved from the courses offered in the
Department of Electrical and Computer engineering, Rice University, Houston,
TX., USA; POSTECH, Pohang, Korea; and the College of Engineering, Seoul
National University, Seoul, Korea. The active and enthusiastic participation of the
attending students made it a joyful experience to teach the courses. My thanks
are due to those students. I would also like to express my sincere thanks to Miss
You-Na Hwang for her tireless cooperation in preparing the figures for the book.
Finally, it is my pleasure and honor to express my heartfelt gratitude to Professor
Willis E. Lamb, whose courses on quantum mechanics and laser physics were
most inspiring.

Seoul, Korea Dae Mann Kim



1
Review of Classical Theories

A compact review of classical theories is presented, including the classical and
statistical mechanics and electromagnetism. These theories are inherently inter-
twined with quantum mechanics and provide the general background from which
to understand the quantum mechanics in a proper perspective.

1.1
Harmonic Oscillator

The harmonic oscillator (HO) is one of the simplest, yet ubiquitous dynamical sys-
tems appearing in a variety of physical and chemical systems such as electromag-
netic waves and molecules. The HO is a particle attached to a spring, executing
oscillatory motion. When the spring is compressed or stretched, the spring pro-
vides a restoring force for putting the particle back to the equilibrium position
(Figure 1.1). In the process, an oscillatory motion ensues, and the motion repre-
sents a variety of important natural phenomena such as molecular vibrations and
electromagnetic waves.
Newton’s equation of motion of the HO reads as

mk = —kx (1.1)

where m is the mass of the oscillator, x the displacement from the equilibrium
position, and k the spring constant. The double dots denote the second-order dif-
ferentiation with respect to time, and —kx is Hook’s restoring force. The equation
can be put into a form

2 _ k

P+a’x=0, o*=— (1.2)
m

where o is the characteristic frequency. Trigonometric functions, for example,
sin wt, cos wt are well-known solutions of Eq. (1.2). When the oscillator is pulled
by x, and gently released, for instance, the displacement x(¢) and the velocity v(£)
are given by

x(t) =xycoswt, v(t)=x(t) = —wx,sinwt (1.3)

and x(¢), v(¢) oscillate in time in quadrature (Figure 1.2) with the period T' = 2z /w.

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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Figure 1.1 The harmonic oscillator, a particle of mass m attached to a spring with the
spring constant k (a); the potential energy of HO (b); a diatomic molecule as represented by
two atoms coupled via an effective spring constant (c).
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Figure 1.2 The displacement x, velocity v, and kinetic K and potential V energies versus
wt, all scaled with respective maximum values. The total energy K + V is constant in time,
and HO is a conservative system.

The potential energy of the HO is obtained by integrating the work done for
displacing the HO from the equilibrium position to x against the restoring force:

V(x) = —/x dx (—kx) = %kx2 (1.4)
0

The total energy is often denoted by Hamiltonian H and is expressed in terms of
the linear momentum p, and the displacement x as
P

H=k+v=20 p1pe (1.5)
2m 2

Given H, Hamilton’s equations of motion read as

. _OH _Px . _ OH
X = — =

_ oH __OH _ _, 1.6
op, m Px 0x * (16)

The pair of equations in (Eq. (1.6)), when combined, reduces to Newton’s equation
of motion, and the variables x, p, are known as canonically conjugate variables.
The essence of classical mechanics is to solve the equation of motion and to pre-
cisely specify the position and momentum of a particle or a system of particles.



1.2 Boltzmann Distribution Function

1.2
Boltzmann Distribution Function

The properties of macroscopic quantities are derived from the dynamics of an
ensemble of microscopic objects such as electrons, holes, atoms, and molecules.
Statistical mechanics describes such an ensemble of particles by means of the dis-
tribution function, f (r, v, t). The function represents the probability of finding the
particles in the phase space volume element drdv at r, v, and ¢. Thus, when multi-
plied by density # of the particle f (r, v, t) drdv represents the number of particles
in the volume element at ¢.
The change in time of f (r, v, £) is given from the chain rule by

df (r.v.t)  of  of o of v, of
- = = _—— . = M V + . V 1,7
dt ot " ox o o, ot o TV +a-V.f (173
where the operators
~ 0 +5 6 () ~ 0 +5 Jd  ~0
V=R— 45— , V,=R— +)— +2— 1.7b
Yox Py e T P T (1.7b)

are the gradient operators with respect to r, v, and a is the acceleration. The dis-
tribution function also changes in time due to collisions by which the particles are
pushed out of or pulled into the volume element. Hence, the transport equation
is given by

o

F
— +vyv-VfF+=-V =
e VitV f

with F denoting the force.

¥

s (1.8)
ot coll

N !

Equilibrium

In the thermodynamic equilibrium, the distribution function f, is independent
of time, that is, (d/0¢) f; = 0, and the collision term should also be put to zero.
This is because every process is balanced by its inverse process in equilibrium
(detailed balancing). Consequently, the number of particles pushed out of and
pulled into the phase space volume element due to collision is the same. Thus,
the one-dimensional transport equation in equilibrium is given from Eq. (1.8) by

v .__———=0, F =—— (1'9)

where the force has been expressed in terms of the potential ¢.
We may look for the solution in the form
2

Jo (wve) = NeTH Bt E@) = 505

+ @ (%) (1.10)

where N is the constant of integration and k the Boltzmann constant having the
value 1.381 x 1072 JK~! or 8.617 x 107> eV K™, and E(x) is the total energy at x,
consisting of kinetic and potential energies. By inserting Eq. (1.10) into Eq. (1.9)

3
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(W) nax

(b)

Figure 1.3 The distribution function of an ensemble of free particles in equilibrium (a) and
under an electric field in the z-direction (b), all scaled with the maximum values; f(v) is
symmetric in v, while f(v) is not in the z-direction.

and carrying out the differentiation with respect to x and v,, we find that Eq. (1.10)
is indeed the solution. Also N can be used for normalizing f,(x, v,). For a system
of free particles in which ¢ = 0, the normalized equilibrium distribution function
is given by

m

1/2

where N has been found from the normalization condition,

o0 1/2
N / dv,emm Ml = N<—2”k3T> =1

s m

Naturally, f,,(v,) can be generalized to three dimensions as

3/2
m -
0= (gg) o Rt (112)

The function f ) is the celebrated Boltzmann distribution function for a system of
free particles, and the exponential factor appearing therein is called the Boltzmann
probability factor. Clearly, f,(v) is symmetric in v and represents the fact that there
is no preferred direction, a well-known property of the equilibrium (Figure 1.3).

Equipartition Theorem
In equilibrium, the probability of a particle moving from left to right is the same

as that of moving from right to left (Eq. (1.11)). Therefore, the average velocity is
zero, but the average value of v2 is not zero and can be found as

m 3/2 (5] N [Se] 2 [s9) N
(vﬁ) = ( _) / deVfc o~ V2/2ksT / d v, oM 2%k T / dv,e™": /2ky T
271'/(3 T —o0 —0 -

kT
B m

(1.13)



1.2 Boltzmann Distribution Function

By inspection, we can write

N sy gy ke T
<Vx> - <Vy> = <Vz> - (1.14)
Hence, the total average kinetic equation is given by
S () = 2 () + (2) + (12)) = ST (115)

which represents the equipartition theorem, namely, that the average kinetic
energy of a free particle is equally divided into x-, y-, and z-directions, respectively,
in equilibrium.

Nonequilibrium Distribution Function

Let us next consider an ensemble of electrons uniformly distributed in space and
subjected to an electric field in the z-direction, ZE,. In this case, f is independent
of r and at the steady state df /0t = 0; hence, Eq. (1.8) reads in relaxation approach
as

(ko) of _ f~h. o] _ [k

; (1.16)
m

a, T 8t leon T

n z

where —gE is the force acting on an electron with charge —g and mass m,,. The
collision term used describes the system relaxing back to the equilibrium in a time
scale determined by 7 called the longitudinal relaxation time, and f, and f are
the equilibrium and nonequilibrium distribution functions, respectively. Let us
assume for simplicity that / does not depart very much from f;, that is, f — f; <
f.Jfo- In this case, we can find f iteratively by putting f = f; on the left-hand side,
obtaining

qE T afo qEqtv,
pagr T (1- D) 117)

where Eq. (1.12) has been used for f|,. Clearly, f is asymmetric in v, due to the

electric field applied, while symmetric in v,, v, as shown in Figure 1.3.

Mobility and Conductivity

Once f is found, the physical quantities of interest can be specified explicitly. For
example, consider the average velocity of electrons. As f is still symmetric with
respect to v,, v,, <vx> = <Vy> = 0 but (vz> is not zero and is given by

qur(v)v
/ dv/ dv/ dv,y e )

(v.) = = —qm—E: (z,) (1.18a)

/ dv / dv / dv, f0 "Eof‘”“)

5
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where

mn (o) 0 (o] 2
(z,) = T dv, dv, dv,vit (v f (1.18b)
B —00 —00 —00

denotes the effective relaxation time. Note in Eq. (1.18) that the first integral in
the numerator and the second integral in the denominator vanish because the
integrands therein are odd functions of v,. This renders the denominator equal to
unity because f, is a normalized distribution function (Eq. (1.12)). The relaxation
time depends in general on the velocity v and has been averaged over.

The average velocity <VZ> derived in Eq. (1.18) represents the drift velocity with
which all electrons move uniformly on top of their random thermal motion. The
drift velocity is driven by E; exerting force on the electrons and can be viewed as
the output of E:

qE, (T q T,
_%E—ﬂnEo, M, = ;<an> (1.19)

Vdn = <Vz> =
n

The response function y,, connecting the input field and the output drift velocity is
called the mobility. The current density of electrons due to drift is therefore given
from Eq. (1.19) by

Ip = —qZ(Zﬂh +v,)=-0,E, o0,=qu,n (1.20)
j=1

where 7 is the electron density, and the random thermal velocities v;;, sum up
to zero. The quantity ¢, connecting E; to /, is known as the conductivity. The
mobility 4, and conductivity o, are the key transport coefficients.

1.3
Maxwell’s Equations and EM Waves

Maxwell’s equations are the foundations of the electromagnetism and are sum-
marized as follows. When the charge and current density p and J are spatially
distributed and vary in time, the electric E(r,t) and magnetic B(r,t) fields are gen-
erated and coupled to each other according to Maxwell’s equations:

0B
VXE=-— (1.21)
oD
VxH=]+— (1.22)
V-E= f (1.23)
V-B=0 (1.24)

The displacement vectors D and B are correlated to E and the magnetic field inten-
sity H via the permittivity € and the permeability u of the medium as

D=¢E, B=uH (1.25)



1.3 Maxwell’s Equations and EM Waves

The addition of the continuity or charge conservation equation renders Maxwell’s
equations self-contained:

dp
E+V-[—O (1.26)
As well known, Eq. (1.21) is Faraday’s law of induction, specifying B(r,t) as the
source of generating E, while Eq. (1.22) is Ampere’s circuital law describing J as
the source for generating B. Also Eq. (1.23) represents Coulomb’s law and Eq.
(1.24) is the theoretical statement of the fact that no magnetic monopole has been
observed. Ampere’s circuital law, Eq. (1.22), was complemented by Maxwell, who
introduced 0D/ dt, called the displacement current. The modification was neces-
sitated by the fact that the curl of any vector, V X 4, should be solenoidal, that is,
V-V XA =0, as can be readily verified. With D thus introduced, the requirement
that H in Eq. (1.22) is solenoidal is satisfied, because the divergence operation on
the right-hand side of Eq. (1.22) reduces the equation to the continuity equation
to become zero. Maxwell’s equations are rooted in the observed laws of nature and
have successfully undergone the test of time and have been the source of unceasing
applications.

Wave Equation

The electric and magnetic fields E and H coupled inherently via the two laws
Egs. (1.21) and (1.22) can be decoupled and examined separately. Thus, consider
a medium free of charge p and J. Then, the curl operations on both sides of Eq.
(1.21) lead to

VXVXE=|[VV.--V’|E=-V’E; V-Exp=0 (1.27a)
0B ) ] P

vx (-Z)=_ _< + _E>=_ g J=0 1.27b

< at> Ho\LTegt)=negpt ] (1.27b)

where a vector identity and Ampere’s law have been used in Eqs. (1.27a) and
(1.27b), respectively. Hence, by equating Eqgs. (1.27a) and (1.27b), there results
the wave equation:

2
VZE—iaE 0, 1/1—25;4.9:;4050;4,5,=

—E= 1.28
= v2orr— (1.28)

1
(c/n)?
Here, v is the velocity of light in the medium in which u, =1 and is specified in
terms of the velocity of light in the vacuum 1/4,¢,, and the index of refraction n
via g, = n2,with €, denoting the dielectric constant. Clearly, D is indispensable in
bringing out the wave nature of the electromagnetic field. We can likewise derive
the identical wave equation for H.

Plane Waves and Wave Packets

A typical solution of the wave equation (1.28) is the plane wave

k

e

E(z,t) = RE e 1@k o = (1.29)

7



8| 1 Review of Classical Theories

Figure 1.4 Spatial profiles of electric and magnetic fields traveling in the z-direction. Also
shown is the Poynting vector, accompanying the propagation with the power.

propagating in the z-direction, for example, with the wave vector k =2z /A
obeying the dispersion relation as given in Eq. (1.29). The amplitude E, has to be
taken perpendicular to k, say in the x-direction so that V- E « Z - X¥ = 0 in accor-
dance with Coulomb’s law. In this case, the H-field is obtained from Egs. (1.21)
and (1.29) as

~

H =5\e/uEe % 5=2x3 (1.30)

Therefore, E, H, and k are mutually perpendicular, and the complex Pointing vec-
tor E X H* represents the power flow in the z-direction, as shown in Figure 1.4.

Wave Packets

The wave equation (1.28) is linear, so that the linear superposition of plane waves
is also the solution:

E(zt) = Rez gne-l‘(wnf—knz) =Re / dkE (k) e~ @~ (1.31)
The wave packet can be put into a compact form by Taylor expanding w at k:
ow (k
k) =w (ko) +v, (k - ko) + a(k - k0)2 +oy v = 0(1(0) (1.32)

In a linear medium a = 0, v, = ¢/n, and by using Eq. (1.32), we can express Eq.
(1.31) as

E (2, t) = Ree {(@t%2) / dKE (k) e/ ) (k=) (1.33)
and represent the wave packet in terms of two components: (i) the mode func-

tion oscillating with the carrier frequency w, and propagating with the phase
velocity w,/k, and (ii) the envelope contributed by superposed plane waves



1.3 Maxwell’s Equations and EM Waves
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Figure 1.5 Spatial profile of the field intensity in the z-direction (a) and power spectrum
versus the wave vector (b).

and propagating with the group velocity v,. For the Gaussian spectral density
centered at &,

E (k=K' /20
=

E(k) = (1.34)
\V2ro
the integration of Eq. (1.33) yields
E(z ¢t = ReEOe_i(“’ot—koz)e[_"z(z_vg‘)z/2] (1.35)

The wave packet in this case consists of a Gaussian envelope propagating with the
group velocity v,, while the mode function rapidly oscillates within the envelope
and propagates with the phase velocity w,/k,.

Shown in Figure 1.5 are the spatial profile of the wave packet Eq. (1.35) at £ = 0
and the power spectrum. The bandwidth of the power spectrum Ak is often
defined by the width between two 1/e points from its peak, that is, Ak = 2. The
spatial extent of the intensity envelope is likewise specified by Az = 2 /6 = 4/Ak.
Given Ak, the frequency band width is given from the dispersion relation by
Aw =v,Ak = 2v,0. Finally, the time duration of the wave packet is given by
At = Az/v, = 4/Aw. Therefore, the wave packet is characterized by the basic
relation

1 1
A —, Atx— 1.36
““ar Y% he (136)
where the proportionality constants are of the order of unity and depends on the
dispersion relation occurring in the power spectrum. The relationship (Eq. (1.36))
is of fundamental importance in quantum mechanics and is followed up in due

course.
The Interference

The interference effect is a signature of the wave and was demonstrated by Young
with his classic double-slit experiment as shown in Figure 1.6. In this experiment,
two plane waves emanating from a distant source are passed through two slits.
The two beams are detected on a screen L distance away from the slits. At a point

9
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Eq(ry.t)

(b)

Figure 1.6 (a) Young's double-slit experimental scheme and (b) the observed fringe
pattern.

P on the screen, the total field registered consists of the two plane waves:
2 .
E(re) = 3 Rek,e () (1.37)
j=1

The detected time-averaged intensity is thus given by

I= <(El +E,) - (E] +EZ)>1‘ =[E "+ |Ez| +(E, -E;+E,-E]) (139
and consists of two background and interference terms, respectively. Naturally,
the latter two terms depend on the difference in optical paths the two beams have
traversed before reaching P. The resulting phase difference is given in the far-field
approximation by kd sin 6 (Figure 1.6), and therefore I reads as

1=2fg| (1 +cose), p=kisino~(Z)a(2) (1.39)

where d and y are the space between two slits and the height of P on the screen,
respectively. For L > y,sin 6 ~ tan  ~ y/L. Obviously, the interference term adds
to or subtracts from the background, depending on the relative phase between the
two beams. The maximum and minimum intensities are attained for ¢ = 2nx and
@ =2z (n + 1/2), respectively, with # denoting an integer. Therefore, bright and
dark strips appear at y, = (AL/d)n and y,, = (AL/d) (n + 1/2), respectively.

Problems

1.1 The H, molecule consists of two protons coupled via an effective spring with

the spring constant k. The 1D Hamiltonian is given by (Figure 1.7)
1 . 1 . 1 2
H= Emlx% + Emzx% + Ek(x1 —x,)

k Figure 1.7 Two particles coupled via a spring with spring

.

X




1.2

1.3

1.4

1.5

1.6

Suggested Readings | 11

(a) Introduce the center of mass and relative coordinates as
X=x +x,, x=x —%x

and express the Hamiltonian in terms of X and x and interpret the result.

(b) Write down the equations of motion for the center of mass X and relative
displacement x and interpret the equations of motion.

Find the thermal velocity of (a) electron, (b) proton, (c) H, molecule, and (d)

particle of mass 1 g at 7 = 10, 300, and 1000K.

(a) Show that the electric field given in Eq. (1.29) is the solution of the wave
equation, provided w, k satisfy the dispersion relation, w? = v*k? with k
denoting the wave vector.

(b) Show that the magnetic field intensity H given in Eq. (1.30) and E in Eq.
(1.29) satisfy Faraday’s law of induction and Ampere’s circuital law in a
medium free of charge and current.

(c) Derive the wave equation of H.

Given the wave packet Eq. (1.35), find variance of |E (z, t)|2 att=0

B2P = (- (2)?); (@)= /mdzuIE(z, o)

o0

By using the relations

2-2=9-5=22=1 2-§=9-2=2-2=0,
Ex)=2Jx2=2 Ex&=)

show that all vectors are solenoidal, thatis, V-V xA = 0.
By combining Egs. (1.23), (1.25), and (1.26), show that H in Eq. (1.22) is
solenoidal.

Suggested Readings

1.

D. M. Kim, Introductory Quantum 3. D. Halliday, R. Resnick, and J. Walker,
Mechanics for Semiconductor Nan- Fundamentals of Physics Extended, Eighth
otechnology, Wiley-VCH, 2010. edn, John Wiley & Sons, 2007.

R. A. Serway, C. J. Moses, and C. A. 4. L. C. Shen and J. A. Kong, Applied
Moyer, Modern Physics, Third Edition, Electromagnetism, Second edn, PWS

Brooks Cole, 2004. Publishing Company, 1987.






2
Milestones Leading to Quantum Mechanics

The milestone discoveries leading to the advent of quantum mechanics are dis-
cussed in conjunction with the concepts of the quantized energy level, photon,
matter wave, and spectroscopy.

2.1
Blackbody Radiation and Quantum of Energy

The puzzling data confronting the classical theory was the spectral energy density
p observed from a blackbody. A blackbody is a material that absorbs all radiations
incident on its surface. A cavity with a small hole is a good implementation. Once
the light passes through the hole into the cavity, it undergoes multiple reflections
until it is absorbed by atoms on the surface of the wall. The equilibrium is estab-
lished, and the atoms constantly absorb and emit the same amount of radiation.
Figure 2.1 shows the observed p(v), which rises and falls with increasing frequency
v at a given temperature 7.

Rayleigh and Jeans partially explained the data by multiplying the number of
standing-wave modes in the cavity in the frequency interval from v to v 4+ dv and
the average field energy k; T therein:

p(v) = (87v? [k T (2.1)

The theory agrees with the data for small v, but at high v, the data exponentially
fall down, while the theoretical curve increases without any upper bound. The
disagreement between the theory and the experiment is known as the ultraviolet
catastrophe.

To resolve the problem, Planck introduced the novel concept of the quantum
of energy. He postulated that a system oscillating with frequency v is inherently
associated with the quantum of energy € = /v that cannot be divided. The con-
stant % is called the universal Planck constant and has the value 6.626 x 1073*J s or
4.136 x 107 eV s. By using the postulate, we can now find the average energy as

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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T = 2500K
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The spectral intensity of the blackbody radiation versus frequency at different

Figure 2.1
temperatures. Also shown are the Rayleigh-Jeans'’s theoretical curves (broken lines).

(o]

Z e, e .
= n=0 —_ — —p n = L
() =—F0——= aﬂane €, 'B_kBT (2.22)
Z e Pen =0
n=0
where exp—(f¢,,) is the Boltzmann probability factor, as discussed. As the energy
€ varies digitally in units of hv, that is, €, = nhv, we can sum up the probability
factors as
L (22b)

—Pe, —
e e R —
Thus, by inserting Eq. (2.2b) in Eq. (2.2a) and multiplying the resulting average

energy by the mode density, which will be further detailed later on, we obtain
812 8xv? hv
o) = =) = S T (23)

Equation (2.3) is the celebrated Planck theory and quantitatively accounts for the
data. For small v, hv < kT and Eq. (2.3) reduces to Eq. (2.1) and for large v, p(v)
decreases exponentially with increasing v in agreement with the data. The corner-

stone of the theory is the quantum of energy.

2.2
Photoelectric Effect and Photon

The cathode-ray tube has been instrumental in bringing out key discoveries and
concepts in the history of physics, and the photoelectric effect is one of such



2.2 Photoelectric Effect and Photon

Photo current
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Figure 2.2 A vacuum tube with the cath- versus the anode voltage (b). Also shown is

ode and the anode. The cathode modeled the stopping power eV versus frequency of
by a sea of electrons confined by potential ~ the incident light.
barrier at the surface (a). The photocurrent

examples. The tube is made of glass, filled with a rarefied gas, and the anode and
cathode inserted therein (Figure 2.2). The photoelectric effect consists of the input
light on the cathode producing the output photocurrent, /. A striking feature of
I, is that it flows only when the light frequency v is greater than a critical value
for given cathode. Also, I, terminates at a negative bias at the anode —Vg, and
the stopping power eV increases linearly with v. Naturally, /, is contributed by
electrons, emitted from the cathode and pulled toward the anode by the positive
bias. In the classical theory, the energy gained by the electrons from the light is
proportional to the light intensity. This suggests that eV ¢ should increase with the
intensity of light in contrast with the observed data.

Einstein resolved the puzzling features of I, by invoking Planck’s concept of the
quantum of energy. Specifically, the light of frequency v was taken to consist of
photons, with each photon carrying the undividable quantum of energy /v and
traveling with the velocity of light. In this corpuscular picture of the light, the
intensity I is given by the flux of photons I/hv crossing unit area per unit time.
As the energy hv cannot be divided, a photon interacts digitally with an electron
and is either absorbed completely, imparting all of its energy to the electron, or
not absorbed at all. Hence, the energy of the photon absorbed is used in part for
the electron to overcome the surface barrier potential, while the remainder is con-
verted to the kinetic energy of the emitted electron,

2
hv =ep+ % (2.4)

where the surface barrier of the cathode e is called the work function (Figure 2.2).

Equation (2.4) explains the observed behavior of the I, data. The higher light
intensity or the greater photon flux should emit more electrons from the cath-
ode, increasing . Also, with increasing bias V' at the anode, the electrons are
guided more efficiently, and I, should increase with V. But the current saturates
when the guiding efficiency reaches unity. Also electrons are emitted only when
hv > ep, which accounts for the critical frequency required for /. Finally, eV is
determined by the kinetic energy given by Eq. (2.4) and therefore depends only on
v, in agreement with the data.

15
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2.3
Compton Scattering

The photon picture of light was also demonstrated by Compton, who performed
the X-ray scattering experiments as sketched in Figure 2.3. An X-ray beam irra-
diating an electron is scattered off at an angle 6, while the target electron recoils
back. The wavelength of the scattered X-ray is shifted by an amount depending on
0. This is in contradiction with the classical theory, which predicts that the shift is
caused by the intensity and illumination time of the radiation.

Compton interpreted the data by modeling the X-ray to consist of photons,
streaming with the velocity of light ¢ with the quantum of energy /v and zero
rest mass. Hence, the energy and momentum of the photon are specified from the
special theory of relativity as

1/2

hv = [mihc‘* + P2 = ¢p, mpy, =0 (2.5)

During the collision, both the energy and momentum are conserved:

pic+mc = prc+ (m*c* + pic®)'? (2.6)
p=p,+p, 2.7)

where p;, py are the photon momenta before and after the scattering, p, the
momentum of the electron after the scattering due to recoil, and m, mc? the rest
mass and rest energy of electron. Hence, by finding p? from Eq. (2.7) as

2 _ _ _ 2, .2
Pe _&'ﬂ_(ﬁi_ﬁf)'(ﬂ_’if)_pt +pf—2pipr089

I
. I 6=0°
; Rotating crystal
Graphite target g cry ! Primary beam
> |
I
! >
@ /
X-ray source lonization chamber
1\ 6=90°
I I I
I I I
I I I
I I I
I I I
1 t 1
(a) (b) Ai Af A Aj Af )

Figure 2.3 The experimental setup of the X-ray scattering (a) and the measured shifts of
the wavelengths versus the scattering angle (b).



2.4 de Broglie Wavelength and Duality of Matter

and equating it to p2 as it appears in Eq. (2.6), we find after a straightforward
algebra

pr b me 2

Hence, the shift in wavelength due to scattering can be found by expressing pj,
p; in terms of the corresponding wavelength via the relation p = hv/c = h/ 2 (see
Eq. (2.5)):

_n

A/ls,af—,li=4maesin2(§); do==2, EE% (2.9)
The constant 4, is the Compton wavelength having the value 4 x 10~*nm, and
Eq. (2.9) is in agreement with the data, confirming thereby the photon picture of
light. As 4, is independent of the wavelength, the relative shift, A41/4,, is more
readily observed in the X-ray wavelength region. The binding energy of the elec-
tron bound to an atom is small compared with the energies involved in the scat-
tering and has been neglected in Eq. (2.6).

24
de Broglie Wavelength and Duality of Matter

The wave nature of light has been firmly built into the classical optics as evidenced,
for example, by Young’s interference experiment, but the corpuscular nature of
light has also been demonstrated experimentally. The two different tracks point to
the duality of light, namely, that the light exhibits both the wave-like and particle-
like natures.

On the material side, the particle nature of electrons, atoms, molecules, and so
on, has been taken for granted. But de Broglie introduced a daring concept of the
matter wave and postulated that a particle also behaves as a wave with wavelength
A given by

h h v

— . E="— 2.10
p  [2mE]\/? 2m (2.10)

where %, p, and E denote Planck constant, the linear momentum, and kinetic
energy of the particle, respectively. The wavelength A thus introduced is called
the de Broglie wavelength. The matter wave was experimentally confirmed by
Davisson and Germer, who obtained the diffraction pattern of electrons just like
that of the X-ray (Figure 2.4).

Thus, the duality of matter was also established, and a particle has to be taken
to exhibit both the particle-like and wave-like natures. Although abstract in con-
cept, the matter wave has become an integral part of everyday life. The electron
microscope, for example, utilizes the wave nature of electrons just as the optical
microscope uses visible light for imaging the object. In the electron microscope,
the wavelength A can be tuned by varying p via the kinetic energy. Specifically, the

17
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(a) (b) ©

Figure 2.4 The graphical representation of de Broglie matter wave (a) and the diffraction
pattern of 50 keV electrons from CusAu film (b). (Courtesy of the late Dr. L. H. Germer.)

electron accelerated by the voltage V' possesses the de Broglie wavelength given
in nanometers by

A= ﬂnm (2.11)

VE(eV)

2.5
Hydrogen Atom and Spectroscopy

Bohr’s theory of the hydrogen atom is a landmark achievement, and it culmi-
nates the old quantum theory. Bohr modeled the H-atom to consist of an electron
revolving in the circular orbit around the proton. The model is derived from the
a particle scattering experiment by Rutherford, which pointed to the existence of
a nucleus at the center of an atom. The atomic model brought out the issue of the
stability of matter. An electron in a circular orbit is subjected to acceleration and
should therefore emit the radiation, according to the electrodynamics. Therefore,
the electron should lose energy constantly while circling around the nucleus and
spiral into the nucleus.

Additionally, the radiation emitted from the H-atom was observed to consist
of several sets of infinite number of discrete lines instead of the continuous spec-
tra, as predicted by the electrodynamics. The observed spectral lines were shown
empirically fitted by the Ritz combination rule:

1:13(%—#), n<m (2.12)
where A is the wavelength, #, m positive integers, and R the Rydberg constant with
the value R = 0.010973732 per nm. Each infinite series of discrete lines can be
fitted by fixing # while varying m: Lyman series, n = 1 and m > 2; Balmer series,
n =2 and m > 3; Paschen series, n = 3 and m > 4; Brackett series, n = 4 and
m > 5; Pfund series, » = 5and m > 6.
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Figure 2.5 (a,b) The circular orbit of the electron around the proton formed by the bal-
ance between the centripetal and centrifugal forces. Also shown is the graphical description
of the centrifugal force.

Bohr introduced a few basic postulates in his theory of the H-atom.

1) Quantized orbits: The electron resides in stable, non-radiating circular orbits
whose angular momentum L with respect to proton has a discrete set of
values:

_ _ h
L,=mv,r,=nh, h=—, n=1273, .. (2.13)
2r

2) Quantum transition: The electron can make transitions between two orbits,
emitting or absorbing the radiation to conserve the energy.

The circular orbit is maintained in general by the balance of two forces, that s,

2 2
ey mv, , €
— = s ey = (214)
e r, dre,

where €, is the vacuum permittivity. The left-hand side is the centripetal force
resulting from the attractive Coulomb force between the proton and the elec-
tron. The right-hand side is the centrifugal force associated with a circular motion
(Figure 2.5). We can combine Egs. (2.13) and (2.14) and eliminate v,,, obtaining
2
2

meM

r,=rpn’ rp = (2.15)

where rg is known as the Bohr radius and has the value r; = 0.053 nm.
We can also combine Egs. (2.14) and (2.15) and find the kinetic energy K, and
the total energy E, of the electron in the nth orbit as

e e
MLy oy oM (2.16)
r}‘l

(2.17)
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Figure 2.6 The quantized energy level and the corresponding electron orbits of the
H-atom (a). The Balmer series of the emission spectral lines (b).

and E, = 13.6¢eV is called the ionization energy of the H-atom, and the integer # is
known as the principal quantum number.

As mentioned, the electron can make the transition from higher (#,) to lower
(n) orbits, emitting a photon of frequency v or wavelength 4 to conserve energy:

h 1 1

By comparing Eq. (2.18) with Ritz’s combination rule Eq. (2.12), the Rydberg con-
stant is theoretically specified as

_E _ e*m

= = 2.19
he  4n(4mey)*hic 2.19)

The agreement of the empirical constant with its theoretical expression is an out-
standing highlight of the theoretical physics. The lowest energy level for n =1 is
called the ground state, and E,, is the energy required to ionize the atom by knock-
ing out the electron from the ground state to the vacuum level, hence the name
ionization energy. The discrete orbits, energy levels, and the quantum transitions
are shown in Figure 2.6.

Atomic Orbits and Standing Waves

The key point of Bohr’s theory is to quantize the angular momentum and intro-
duce the electron orbits. The electron in these orbits has the de Broglie wavelength
given by

h h

A, = = , o n=1,2, ... (2.20)
p, my




Problems

When v, is replaced by r, by using the quantization condition (Eq. (2.13)),
Eq. (2.20) reduces to

2zr, = ni, (2.21)

and states that the circumference of the quantized orbit is an integer multiple of de
Broglie wavelength of the electron therein. This means that the optical path of the
orbit satisfies the standing-wave condition. If the condition is not met, the wave
interferes with itself destructively, and the electron cannot reside in the orbit.

Problems

2.1 (a) Calculate the energy of a photon in electron volt units with the
wavelengths 10 m (radiowave), 1 m (microwave), 10000 nm (infrared),
600 nm (visible), 200 nm (ultraviolet), 50 nm (EUV), and 1 nm (X-ray).

(b) Find the corresponding wave numbers 1/ per centimeter.

2.2 Find the de Broglie wavelengths of
(a) the electron, proton, and H-atom moving at room temperature.

(b) The electron with kinetic energy 200 eV, 100 keV, and 1 MeV.

(c) The electron in the ground state of the H-atom.

2.3 (a) Show that the Planck theory (Eq. (2.3)) reduces to R—] theory (Eq. (2.1))

for hv < kT

(b) Fillin the algebra and derive the theoretical description of the X-ray scat-
tering (Eq. (2.9)) from Egs. (2.6) and (2.7).

(c) Combine Egs. (2.13) and (2.14) and derive the Bohr radius (Eq. (2.15)).

2.4 (a) Lithium, beryllium, and mercury have the work functions of 2.3, 3.9, and

4.5 eV, respectively. Which metal will exhibit the photoelectric effect and
find the stopping power therein when the light of wavelength 300 nm is
incident.

(b) The stopping powers of photoelectrons from aluminum are —2.3 and
—0.9V when emitted by light of wave length of 194 and 248 nm, respec-
tively. Find from these data Planck’s constant and the work function of
the aluminum.

2.5 The ionized helium atom He" is a hydrogen-like atom consisting of two pro-
tons in the nucleus and one electron revolving around the nucleus. Find the
ionization energy in electron volt unit, the atomic radius of the ground state
with # = 1, and the shortest and longest wavelengths of Balmer series.

2.6 The X-ray with energy 200keV is scattered off an electron at rest. If the scat-
tered beam is detected at 90° with respect to the incident direction, find
(a) the shift in wavelength and energy of the scattered X-ray and
(b) the kinetic energy of the recoiling electron.

2.7 (a) Find the radius, kinetic, potential, and total energies of an electron in the

ground (n = 1) and first excited (n = 2) states of the H-atom.
Find the transition wavelength between the first excited state and the
ground state.
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3
Schrodinger Wave Equation

The Schrodinger wave equation is to the quantum mechanics what Newton’s
equation of motion is to the classical mechanics. Both equations represent the
basic postulates, the validity of which can be proven solely by the agreement
between the theoretical results derived from it and experimental data. The
Schrédinger equation of a particle reads as

op(r,t) h

=H = — 1
p” w(r.t), h (3.1a)

ih
2w

where the Hamiltonian / is the total energy consisting of the kinetic K and poten-
tial V energies and ¥ the wavefunction of the particle.

3.1
Operator Algebra and Basic Postulates

In quantum mechanics, a physical quantity is inherently associated with an oper-
ator. For instance, the momentum and energy are represented by the operators

p— —ihV, E— m% (3.1b)
so that the Hamiltonian operator reads as
2 2 2 2 2
~ D /) 2 0 0 0
H=F yv=-2V1vp);, V=(Z+Z +25 3.1
2m 2m © (dx2 0y? 022) (310

The wave equation is a linear, second-order partial differential equation. The
essence of quantum mechanics is to find ¥ and extract the dynamical information
from it based on a few postulates as summarized below.

Postulates

(i) A dynamical system is associated with a wavefunction w(r, ¢) that contains
all possible information of the system, (ii) y evolves in time according to the
Schrodinger equation, and (iii) the quantity yw*y dr represents the probability
of finding the system in the volume element dr at r and at time ¢ Hence, the

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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3 Schrédinger Wave Equation

expectation or average value of a physical quantity as represented by an operator
A is theoretically described by

/ oodgw"‘(f, DA (r,t)
@ == &2
/ dry(r, W (1, 1)

(8]

Thus, y*y plays the role of a distribution function except that the operator is
inserted in between the wavefunctions.

Bra and Ket Vectors

The spatial integration involving a product of two functions f* and g is called the
inner product and is compactly expressed as

/dlf*(z)g(r) ={flg); f* - {fl.g—lg) (33)

Here f* ((f|) and g (|2)) are called the bra and ket vectors, and the expectation value
of A is also compactly expressed as
_ (PIAY)

="y (34)

3.2
Eigenequation, Eigenfuntion and Eigenvalue

Energy Eigenfunction

The time-dependent Schrédinger equation (3.1) is analyzed in general by looking
for the solution in the form

w(r, ) = Tu(r) = e F/Mu(r) (35)

where E is the total energy of the system. Upon inserting Eq. (3.5) into Eq. (3.1)
and canceling the exponential factor from both sides, there results

Hu(r) = Eu(r) (3.6)

The time-independent equation (3.6) is called an eigenequation, in which an
operator, for example, H, acting on u reproduces the same function, multiplied
by a constant E. In this case, # and E are called the energy eigenfunction and eigen-
value, respectively. The eigenequation generates a set of eigenfunctions {x,} and
eigenvalues {E,}, and the wavefunction can be generally expanded in terms of the
eigenfunctions as

. E
t) = i, , =2 3.7
w(r, 1) Zn]ane u,1), @, = (3.7)

where a, is the expansion coefficient.



3.3 Properties of Eigenfunctions

Momentum Eigenfunction

Let us consider a free particle moving in the x-direction. The momentum
eigenequation reads then from Eq. (3.1b) as

—ihiu(x) =pux), p,= —ihi (3.8)
ox ox
By dividing both sides with the eigenfunction u(x), Eq. (3.8) is rearranged as
ulx) =ikox, k,= Px
u(x) x n

Thus, by integrating both sides with respect to x u(x) is readily found as
u(x) = Nell, p, = hk, (3.9)

where N is the constant of integration, 71k, the momentum eigenvalue, and &, the
wave vector, which plays essentially the same role as the optical wave vector.

The wave vector k, is determined by the boundary conditions imposed. For
example, when a periodic boundary condition is imposed in the interval from 0
to L, that is, #(0) = u(L), then k, is found from Eq. (3.9) by kL = 2zn with n
denoting an integer.

Also, the constant N can be used for normalizing u(x):

L
1= / dxu*u = N°L
0
Therefore, the normalized eigenfunction of the momentum is given by

1\'/2 in(2r /L)
un(x):<z> e . on=+1,42, . (3.10)

The 1D momentum eigenequation (Eq. (3.8)) is straightforwardly extended to
3D as

~0 ~0 A0
—ihVu(r) = Cov= 22 459 432 3.11
ihVu(r) = pu(r) [x x5 tE dz] (3.11)
and the eigenfunction can likewise be found in analogy with Eq. (3.10) as
3 1 " ol i~ A
M(Z) = Welfr, /_( = xkx +yky + Zkz (312)

33
Properties of Eigenfunctions

A few basic properties of the eigenfunction are presented as follows:
Hermitian Operator

An operator Aofa physical quantity should satisfy the Hermitian condition
given by
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/ drf*(nAg(r) = / drlAf(O1'g();  (fIAg) = (Aflg) (3.13)

where f and g are arbitrary well-behaving functions, differentiable and vanishing
at infinity. The condition has also been expressed in terms of the bra—ket notation.
The Hemiticity of thelD momentum operator, for example, can be shown with the
use of integration by parts as follows:

[00 dxf (—zha)g = —ih [f g1>, [00 dxg 3

AT
]‘/_wdx( in2frg

*
X
Orthogonality of Eigenfunctions
The eigenfunctions of a Hermitian operator are orthogonal to each other, and the
eigenvalues are real. To prove the theorem, let us consider the eigenequation

Au,(r) = a,u,(r); Aln)=a,ln), |u,r)=|n) (3.14)

where # is an integer called the quantum number. By performing the inner product
on both sides, we obtain

/ d{ufnﬁun = an/ druyu,; (u,, |ﬁun) =a,(u,lu,) (3.15)
Upon interchanging u,, and u,,,, Eq. (3.15) reads as
druAu, = am/ drictu,, (u,|Au,) =a, u,|u,) (3.16)

As A is Hermitian, Eq. (3.16) can also be expressed as

/ dr(Au,)*u,, = am/ dritu,;; (Au,lu,) =a, (u,|u,) (3.17)

(oo} —0o0

and its complex conjugate is given by

/ dfu;(ﬁu”) = a;/ dru,,u,; (umlﬁun) =a, (u,lu,) (3.18)

00

By subtracting Eq. (3.18) from Eq. (3.15), there results

(a, — afn)/ druyu, =0, (a,—a,)u,lu,) =0 (3.19)

(58
For n =m, uju, is positive definite, and the inner product does not vanish,
hence a, = a4, that is, the eigenvalue is real. For n # m, the eigenvalues are not
the same, that is, 4,, # 4,,,, in the nondegenerate system. Hence, the eigenfunctions
should be orthogonal, that is,

/ druju, =0; (u,lu,)=0, n#m (3.20)

For the degenerate case in which the eigenvalues can be the same even if # # m,
the present proof does not apply. However, the degenerate eigenfunctions
can be made orthogonal by devising appropriate linear combinations of the
eigenfunctions.



3.4 Commutation Relation and Conjugate Variables

The Completeness of Eigenfunctions

The wavefunction can be expanded in terms of a set of eigenfunctions that are
orthogonal and normalized or orthonormal for short:

lo() = Y ¢, lu, () = Y c,ln) (3.21)
n=0 n=0

where the expansion coefficient ¢, is specified by means of the inner product as

(Klpr)) = Y\ e, (kln) = Y c,6, = ¢ (3.22a)
n=0 n=0
where 6,,, is called the Kronecker delta function and is defined as
1 k=
5, = = (3.22b)
0 k#n
Hence, by inserting Eq. (3.22) into Eq. (3.21), the eigenfunction is represented by
lo(r)) = Y (nlo)lny = Y In)(nle(r) (3.23)
n=0 n=0

In Eq. (3.23), the constant ¢, has been slipped past the ket vector. Hence, it is clear
that

Din)(n| =1 (3.24)
n=0

The identity Eq. (3.24) is known as the closure property and represents the com-
pleteness of the eigenfunctions of the Hermitian operators.

It is interesting to note the similarity existing between the expansion scheme of
Eq. (3.21) and the representation of a 3D vector:

A=RA, +5A, +74A,

In this representation, the unit vectors are orthonormal, that is, ¥ - ¥ =1,% -y =
0, and so on, and the three components are extracted by performing the scalar
productx-A=A,y-A= Ay andZ- A = A,. In a similar context, |@(r)) is to be
viewed as a vector in 1nﬁmte orthogonal Hllbert space and can be expanded in
terms of {u,} with the set of expansion coefficient {c,} specified by means of the
inner product.

34
Commutation Relation and Conjugate Variables

The motion of a particle can be described precisely in classical mechanics, as dis-
cussed. The theory presupposes that the act of measurement does not disturb
the dynamical system under investigation. In contrast, the quantum mechanical
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description is based on the premise that measurement process itself disturbs and
modifies the system. The modifications are pronounced in microsystems such as
atoms, molecules, and electrons.

Commutation Relation

A thought experiment for measuring the size of the H-atom makes the point clear.
To resolve its diameter, the probing light should have wavelength A <0.1 nm (see
Eq. (2.15)) or the frequency v (= ¢/ 4) greater than 3 x 10'® Hz. Thus, the probing
photons should have the energy /v greater than ~1.23 x 10* eV, a value larger than
the binding energy of the H-atom ~13.6 eV by orders of magnitude. Hence, the
measurement would end up by ionizing the H-atom.

The thought experiment implies that the consecutive measurements of two
physical quantities, or operators, A, B do not necessarily yield the same results,
when performed in reverse order. That is to say, the respective theoretical values
are not necessarily the same:

(w|ABly) # (w|BAly) (3.25)
Equivalently, the commutator of two operators is not necessarily zero:

[A,Bl=AB-BA#0 (3.26)
Conjugate Variables

The typical examples of the noncommuting operators are the canonically con-
jugate variables appearing in pairs in Hamilton’s equation of motion (Eq. (1.6)).
Specifically, the conjugate pairs obey the relation

[x.p,] =y.p)) =lz.p,] = ih (3.27)
The relation (Eq. (3.27)) can be proven for x and p,, for example, as
. 0 .. 0 .
2, @) = 5 (=ih=- ) f0) = (=in < ) [ ) = imf(x) - ged.

where f(x) is an arbitrary function. The combinations of the position and momen-
tum operators other than those in Eq. (3.27) commute, however.

Commuting Operators and Common Eigenfunction

It is important to point out that the commutation relation carries important con-
sequences. For example, if the two operators commute, they can share a common
eigenfunction. To prove it, let us consider the eigenfunction of B:

Blu,) = b,|u,) (3.28)
As AB = BA in this case, it follows from Eq. (3.28) that
ABlu,) = b,Alu,) = BA|u,) (3.29)



3.5 Uncertainty Relation

Therefore, the new function |v,) = A|u,) is also an eigenfunction of B. As an
eigenfunction is determined to within a constant, one can put

v,) = Alu,)  |u,) = a,|u,) (3.30)

proving thereby that |u,,) is also the eigenfunction of A. Also, if A, B share a com-
mon eigenfunction, we can write by definition

(unlﬁgmn) =a,b,(u,|u,) =a,b,, (unlﬁﬁmn) =a,b, (3.31)

Hence, A and B are shown to commute. An additional implication of Eq. (3.31) is
that it is possible to measure two commuting observables simultaneously.

35
Uncertainty Relation

Uncertainty in Position and Momentum

The fact that x and p, do not commute carries an important consequence, namely,
that it is not possible to precisely measure x and p, simultaneously. Rather the
uncertainty in r and p is specified by

AxAp,~h, AyAp,~h, AzAp,~h (3.32)

The relations (Eq. (3.32)) constitute the crux of Heisenberg’s uncertainty principle,
and the principle is rooted in the wave nature of particles. The uncertainty in x,
P, for instance, can be shown explicitly by considering the wavefunction of a free
particle as represented by a Gaussian wave packet:

E
n
The spatial profile of the probability density then reads as

w(x, t) o e @ot=kox) g=(r=v,1)?/20% = w,, % = ko (3.33)
[w(x,t = 0)]? e @/ (3.34)

and the uncertainty or variance Ax is obtained by evaluating the average values
(Ax)” = ((x = (1))*) = (¥ = 2x(x) + (x)*) = (&%) — (x)? (3.35a)

As the probability density is an even function of x, (x) = 0 and (x?) is evaluated as

/°° dxxte~ /")
(= =7 (3.35b)

/°° dxe= /" 2

Hence, the uncertainty in position is given by

S}

Ax = — (3.36)

V2
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Figure 3.1 The spatial profile of the intensity of a Gaussian wave packet (a) and the distri-
bution of the momentum expansion coefficients associated (b).

Also, at x = 0, for example, the temporal profile of ¥ is given from Eq. (3.33) by
2

lw(t,x = 0)]* o e/, ol = 0—2 (3.37)
Ve
The variance in time At can likewise be calculated as
A= A% (3.38)

\/Evg Ve
The result indicates that the uncertainty in time of detecting the wave packet is
determined by its transit time Ax/v,.

Now, the wave packet Eq. (3.34) can be expanded in terms of a complete set of
the momentum eigenfunctions of a free particle derived in Eq. (3.12):

ll/(x, t= 0) — e[ikox_(x2/2o'2)] — / dp(ppel’kx’ k = % (3.39)
with the expansion coefficient given by
®, = / dxe k5 ghoxg=/20% — (eikx|u/(x, t=0)) x e (k=ko)*/2 (3.40)

(see Eq. (3.22)). Thus, @, is centered at p, and Gaussian distributed as shown in
Figure 3.1. Therefore, the variance in momentum can likewise be calculated as

Ap, = hAk, = —— (3.41)
\/5 o

and by combining Egs. (3.36) and (3.41), we find
AxAp, ~ h (3.42)

It is thus clear that the smaller Ax, the larger Ap, or vice versa.
Uncertainty in Energy and Time

The uncertainty in energy and time can also be shown as follows. Given a free
particle with kinetic energy E = p?/2m, we can differentiate both sides, obtaining

AE = % Py = V,Ap, (3.43)



Suggested Readings

Therefore, by combining Eqs. (3.38), (3.41), and (3.43), we also find the relation

AEAt =~ Ap Ax = h (3.44)

Clearly, Eq. (3.44) states that it is not possible to precisely measure both E and ¢
simultaneously. Rather the accuracy of measuring E depends on the measurement
time At. Moreover, in view of AE ~ hAw, Eq. (3.44) is consistent with the basic
relationship between the time duration and the frequency bandwidth in electro-
magnetic pulses (Eq. (1.36)).

Problems

3.1

3.2

3.3

3.4

3.5

3.6

Given the 3D momentum eigenequation (3.11), derive the normalized eigen-
function as given in Eq. (3.12).
Hint: Look for the eigenfunction in the form

u(r) = £, ), (2) (A)

and insert (A) into Eq. (3.11). By dividing both sides with (A), reduce the
equation to three 1D momentum eigenequations with respect to p,, Dy
and p,.
The laser pulses have been continually compressed from nano (10~%s), pico
(10712s), and femto (1071°s) seconds. Find the corresponding frequency band
widths.
The diameter of the nucleus is ~1 x 10~ nm. Use the uncertainty relation
to estimate the minimum kinetic energy for the electron and the proton to
have within the nucleus. The binding energy per nucleon is ~5 x 10° eV. Can
the proton reside in the nucleus? Can the electron reside in the nucleus?
Estimate the minimum energy in eV unit of an electron and proton, which
are spatially confined in a cube with the edge lengths of 1, 0.5, 0.05 nm, and
compare the results with the thermal energy at room temperature.
When the electron in the H-atom is promoted from the ground state with
n =1 to the first excited state with n = 2, the electron stays in the excited
state typically 10 ns before returning to the ground state. Find the center
wavelength and spread of wavelengths resulting from the finite lifetime of
the electron when the electron makes the transition from n = 2 stateton = 1
state.
Show by using the integration by parts that the Hamiltonian

A~ n2

H=-—V*+V(r)
2m

is a Hermitian operator.
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4
Bound States in Quantum Well and Wire

A particle in a simple potential well is an interesting dynamic system and pro-
vides valuable insights for the bound states. In particular, the energy quantization
of a particle is naturally brought out from the self-evident fact of the wavefunc-
tion physically well behaving. Moreover, the results obtained are pertinent to the
problems of practical interest and provide useful backgrounds for designing and
analyzing the semiconductor devices. The quantum well and wire are discussed
together with the density of states in one, two, and three dimensions.

4.1
Electrons in Solids

An electron in solids is often modeled as a free particle in a box, which in turn is
taken as the 3D infinite square well potential. To analyze the motion of the electron
therein, let us first consider a particle in 1D infinite square well potential of width
L (Figure 4.1). The potential is then given by

0 0<Lx<L
Vix) = , (4.1)
co otherwise

The electron therein is a free particle, and the energy eigenequation is given by

R 92 p2 h? 92
—_ = F ; —_—= —— 4.2
2m 0x> u(x) u(x) 2m 2m 0x2 (4.22)
or equivalently by
2
WA Ru=0, K= zhif - ‘Z—Z (4.2b)

Equation (4.2b) is identical to that of the harmonic oscillator, when ¢ is replaced
by x, and we can thus take sinusoidal functions sin kx or cos kx as the solution.
As the probability of finding the particle outside the infinite potential well has to
be zero, u(x) should vanish at the two edges of the well. Moreover, the probability
density should sum up to unity. Hence, the normalized eigenfunctions are given by

2\'/%
u,(x) = (Z) sink,x;  k, = I n=12, ... (4.3)

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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(a) (b) ()

Figure 4.1 The infinite square well potential with width L (a) and typical eigenfunctions (b)
and the probability densities (c) and the subbands.

and satisfy the required boundary conditions u,,(x = 0) = u,(x = L) = 0. The con-
dition is identical to the standing-wave condition. The associated eigenenergies
are therefore naturally quantized and given by

pZ : thﬁ 3 hzﬂ_z

= =——n’, n=1,23, .. (4.4)
2m 2m 2mL?

The integer # is known as the quantum number, and the quantized energy levels
are called the sublevels or subbands. Typical probability densities and subbands are
shown in Figure 4.1. It is interesting to note that the ground state energy E, is not
zero but is finite. Classically, a particle can be completely at rest in the potential
well at a position precisely known so that Ap, = 0 and Ax = 0, in contradiction
with the uncertainty principle. Herein lies a fundamental difference between the
classical and quantum theories.

n

Particle in 3D Box

Let us consider a particle in 3D box and model the potential as
0 0<xy,zZL
V() = =% (4.5)
- o otherwise

The energy eigenequation of the particle inside the box then reads as

i s lia
- (6_x2 + e + a_z2> u(x,y,z) = Eu(x,y,z) (4.6)

We may use the separation of variable technique and look for the solution in the
form

u(x,y,z) = X(x)Y () Z(2) (4.7)



4.2 1D, 2D, and 3D Densities of States

and insert Eq. (4.7) into Eq. (4.6) and divide both sides with Eq. (4.7), obtaining

hz X/l Y/I Z//
—ﬁ <Y+7+7>—E (48)
The double primes denote the second-order differentiations with respect to x, y,
and z, respectively.

Each term on the left-hand side depends solely on x, y, and z, so that we can put
each term to a constant, and let the three constants add up to the total energy E. In
this manner, Eq. (4.8) is reduced to three independent 1D equations with each one
identical to Eq. (4.2). Therefore, we can express the eigenfunction and eigenenergy
by extending Egs. (4.3) and (4.4) as

2\3/2 n.m n,m n,m
u,(x,y,2) = <Z) sin <Tx> sin Ty) sin <TZ) (4.9a)
n2r?
= P (nﬁ + nﬁ + nf) (4.9b)

Evidently, the ground state corresponds to n, = n,=n,= 1, while the first
excited state is associated with 7, =2, n,=n, = 1, n, = 2, n,=mn,=1,
n, =2, n,=n,=1 The three quantum states share a common eigenvalue;
hence, there is the threefold degeneracy in the first exited state. The degree of
degeneracy increases in higher-lying energy levels.

4.2
1D, 2D, and 3D Densities of States

The electron in solids is to be modeled as a free particle in 3D box with its wave-
function satisfying the stationary boundary condition, namely, that the wavefunc-
tion vanishes at the edges of the box. The boundary condition ensures that the
electron is well confined in the solid. In addition, the periodic boundary condi-
tion is also utilized to describe the electron freely propagating in the bulk solid.
Such propagation is represented by the traveling wavefunction given in Egs. (3.10)
and (3.12) by
272

#e“(“’t_&), E=ho= % (4.10)
where u(r) satisfies the 3D energy eigenequation of a free particle Eq. (4.6). When
u(r) is combined with the exponential time factor, it provides a mode function of
a free particle traveling in the k-direction as a matter wave.

The periodic boundary condition states that a particle exiting at x + L, for
example, reenters at x and is thus specified by

W(r,t) = e “u(r) =

ulx,y,2) =ulx+L,y,z) =ulx,y+L,z) = ulx,y,z+ L) (4.11)
(see Figure 4.2). The condition forces the wave vector k in Eq. (4.10) to satisfy
kL =2nn,, kL =2xn, kL=2n, (4.12)
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ﬂ‘ A

A=15L u(x.y) = u(x,y+L)

Wyl u(x,y) = u(x+Ly)
A=L
L
1oL u(x.y) | ——p| u(x+Ly)
L
1

—_L/2 0 L/2

(a) (b)

Figure 4.2 Stationary (a) and periodic (b) boundary conditions.

where the quantum numbers, 1, n,, 1, are positive or negative integers, describing

y
the particle traveling in k- or —k-directions. The eigenenergy is then given by
h? h? (27\?
E,= o2+ +K) = ﬁ(f) (4 12+ ) (4.13)

It is therefore clear that there is the one-to-one correspondence between k (k,;, k,,
k,) and n (n,, n,, n,), and each k represents a single quantum state.

A key quantity of interest is the number of quantum states in the interval from
k to k+dk or equivalently from E to E+dE in 1D, 2D, and 3D environments.
Such number of states is readily found by considering 1D, 2D, and 3D k-spaces,
which are scaled with the unit length 2z /L (Figure 4.3). The respective unit cell
containing a single dot, that is, a single quantum state is given by

j
(2—”) j=321
I

and the differential volume elements between k and k + dk are given, respectively,
by

drk*dk, 2rkdk, 2dk

(c)

Figure 4.3 3D (a), 2D (b), and 1D (c) volume elements in the k-space with each dot repre-
senting a quantum state.



4.2 1D, 2D, and 3D Densities of States

3D Density of States

The number of quantum states in 3D space can be found by dividing the differen-
tial volume element with the unit cell. However, for each quantum state for given
k, there are two independent quantum states, corresponding to the spin-up and
spin-down states of the electron. Therefore, the number of the states per unit vol-
ume is given by

arkidk | 1 Kedk

ggD(k)dk =2X m X E = ? (4143)
yielding thereby the 3D density of states in k-space
k2
gp(k) = = (4.14b)

We can transcribe Eq. (4.14b) in the E-space via the dispersion relation

E = n?k?/2m as

\/§m3/2 £1/2
72h3

Therefore, the 3D density of states is given in terms of E by

2m3/2E1/2
V2 e L p
T

gp(k)dk = gy (E)dE = dE (4.15a)

&p(E) = (4.15b)

2D and 1D Densities of States

We can likewise divide the 2D volume element by the 2D unit cell, obtaining

2rkdk 1 _ kdk
Ndk=2"—"—=— = — 4.16
ok =2 5 == (+162)
The resulting k-space density of states g,,(k) = k/x is likewise transcribed into E
as

p(E) = h o E° (4.16b)
The 1D counterpart of Egs. (4.14a) and (4.16a) is given by
2dk 1 2
k) =2——— = =dk 4.17
a® =201 = 2% (.172)

and is transcribed into E as

\/_””1/2 « E-1/?
xh  E\2

The 3D density of states g;,(E) is a key factor for analyzing the bulk semiconductor

devices such as the metal oxide semiconductor field-effect transistor (MOSFET),

while g,,(E) and g;,(E) are essential for modeling nanoelectronic devices, such

as FInFET and nanowire field-effect transistors (FETSs). Figure 4.4 shows g, gop»

and g, versus energy.

gip(E) = (4.17b)
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Figure 4.4 The E-space density of states: 3D (a), 2D (b), and 1D (c).

4.3
Particle in Quantum Well

The potential well with a finite barrier height V' is called the quantum well and has
become an essential part of semiconductor and optoelectronic device structures,
for example, laser diodes, bipolar junction transistors, FinFETs, and nanowire
FETs. Thus, consider a particle in the quantum well of height V and width W, as
shown in Figure 4.5:

0 <w/2
Vix) = Il < W/ (4.18)
Vo|x| > W/2
Inside the well, V = 0 and the eigenequation of a free particle is given as usual by
WA Ru=0; 1= 221—2]5 x| < % (4.192)

The analysis is confined to the bound state, that is, E < V; hence, the eigenequa-
tion outside the well reads as

2m(V — E) W

" 2. _0N. 2 —

u —Ku= 0, K™ = T, le > 7 (419]3)
Obviously, u(x) should assume the sinusoidal (sin kx, cos kx) and exponential

(exp +kw) functions inside and outside the well, respectively. We can therefore

construct the even and odd eigenfunctions to expedite the analysis as

oo oo
A A A A

) R "

u u

L N Jud]

Uz lual?

Uy | — |usf? | —
e W— — W—

(b) (©

Figure 4.5 The quantum well with a finite  for comparison are the eigenfunctions, prob-
potential depth V and width W (a). Typical ability densities, and subbands in the infinite
eigenfunctions (b) and corresponding proba- square well potential (thin lines).

bility densities (c) and subbands. Also shown
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A x<=W/2 —Ae™;, x<=-W/2
u,(x) =Nqcoskx |x| <W/2; u,(x)=Nqsinkx |x| < W/2 (4.20)
Ae™ x> W/2 Ae™ x> W/2

where the exponential functions chosen vanish for x — +oo as it should, and the
constants of integration A and N are used for satisfying the boundary and nor-
malization conditions.

Boundary Conditions

The conditions for the eigenfunctions to satisfy are that u(x) and its derivative
Ou(x)/0x must be continuous everywhere. These two conditions are required to
render the probability density u*(x)u(x) and the momentum « du(x)/dx contin-
uous everywhere. Clearly, these conditions are automatically satisfied inside and
outside the well as u(x) is described by analytical functions in the two regions.
Therefore, the conditions need to be applied only at the two edges of the well
where two different solutions meet. However, as u(x) is even or odd in x, when
the condition is satisfied at one edge, it is also satisfied at the other edge.
For u,(x), the two boundary conditions at W/2 are specified by

kw kW

=Ae™" = — = — 4.21
cos & e, & 5 n ) ( a)

—ksiné = —xAe™" (4.21b)

The two equations can be combined into one by multiplying both sides of
Eq. (4.21b) by W/2 and dividing it with Eq. (4.21a):

Etané =p (4.22)
The boundary conditions for u,(x) are likewise compacted as
—Ecoté=pq (4.23)

Also the parameters ¢ and # introduced in Eq. (4.21a) are constrained by
Eqgs. (4.19a) and (4.19b) as

s o KW\ (kW2 mV W2
e (2 +(2) -2

Therefore, the problem is reduced to finding k and «, such that the pair of
boundary conditions (Eq. (4.22)) for u,(x) and (Eq. (4.23)) for u,(x) are satisfied.
The unknown values k and x can be found by numerical or graphical means,
and let us resort to the latter means. For this purpose,  in Egs. (4.22) and (4.23)
is plotted versus ¢ in Figure 4.6. Also plotted in the figure is a family of circles
(Eq. (4.24)) corresponding to different potential depths, V, and widths, W. Thus,
finding the values of £ and # or k and « consists of reading off the coordinates
of the cross points of the two curves Egs. (4.22) and (4.24) for u,(x) and Egs.
(4.23) and (4.24) for u,(x). Once k and « are thus determined, we can find the
eigenfunctions and energy eigenvalues from Eq. (4.19).
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Figure 4.6 The graphical scheme for finding k and k. Plotted are the two sets of curves
Eq. (4.22) (thick lines) and Eq. (4.23) (thin lines) and a family of circles Eq. (4.24). Also shown
are the intersection points for finding u, (filled circles) and for finding u, (open circles).

The typical eigenfunctions thus found and its probability densities are plotted in
Figure 4.5 together with those corresponding to the infinite square well potential,
for comparison. The sublevels in the latter are consistently lower than those in
the former, indicating the tighter binding of the particle. Also the eigenfunctions
in the quantum well are shown to penetrate into the classically forbidden region
outside the well, the significance of which will become clear soon. We can also
observe a few additional features of the bound states from Figure 4.6. When the
radius of the circle becomes large with deeper well depth V for given W, more
bound states exist in the well. Also, the lowest ground state is always associated
with u,(x), and higher-lying states alternate between u,(x) and u,(x), and at
least one bound state exists, regardless of the well depth. Finally, in the limit of
infinite V, there are two sets of infinite number of cross points for u,(x) and u, (x),
respectively, determined by

_knW_ﬂ2+1 _
& = 5 —E(Vl ), &, =

k,W

2

=nr, n=0,1,2, ...

When combined, these two conditions lead to the energy eigenvalues derived in
Eq. (4.4), as it should.

4.4
Quantum Well and Wire
Quantum Well

It has become possible to grow atomic layers of varying thicknesses by using the
molecular beam epitaxy or metal organic chemical vapor deposition techniques.



4.4 Quantum Well and Wire

As a result, superlattice structures containing multiple quantum wells are rou-
tinely fabricated. Figure 4.7 shows a typical example consisting of AlGaAs and
GaAs layers. An electron in the semiconductor moves freely in certain energy
ranges, called the conduction and valence bands. These two bands are separated
by the energy gap called bandgap, and the electrons are forbidden to propagate
in such a bandgap. Hence, the quantum wells are formed by two semiconducting
materials with different bandgaps in equilibrium contact with the larger bandgap
providing the potential barrier.

Let us consider a quantum well in which electrons are confined, say in the z-
direction, while propagating freely in the x-, y-directions, forming thereby the 2D
electron gas. The energy eigenequation then reads as

—— e —— — — — 4+ V(2)| u(x,y,2) = Eu(x,y,2) (4.25a)

where the potential is given by

0 <wW/2
V(z) = Il < W/ (4.25b)
V |zl > W/2
and m,, m,, and m, denote the effective masses of the electron with which it

moves in x-, y-, and z-directions, respectively. The effective mass of the electron
in solids is different from its rest mass and depends on the crystallographic
directions.

We can as usual use the separation of variable technique and decompose
(Eq. (4.252)) into three separate equations involving x, y, z variables and obtain
the sublevels as

272
_ hk? N h ky 22

E 2 n=1,2, .. (4.26)

n
2m,  2m, 2m,W?

3 V7% H— Sy
le— 2m, Th?
J 2mn
Th?
im,
nh?

(b)

Figure 4.7 The quantum well of electrons and holes, the respective subbands, and disper-
sion curves (a). The 2D density of states versus energy (b).

a1



42

4 Bound States in Quantum Well and Wire

The total eigenenergy thus consists of the kinetic energies in the x-, y-directions,
and the sublevels resulting from the confinement in the quantum well of width W/
For simplicity, the well depth has been taken as infinity in Eq. (4.26). Plotted in
Figure 4.7 are the subbands and the density of states. As the 2D density of states
is constant, independent of energy (Eq. (4.16b)), the number of quantum states
increases stepwise whenever E crosses the discrete subband with the energy E,,.
Also, each E,, is associated with the kinetic energy associated with the free prop-
agations in x-, y-directions.

Quantum Wire

The quantum wires with nanoscale cross-sections are fast becoming essential
elements of the nanoelectronic devices. Thus, consider the electrons in such
nanowires. A particle therein is confined in, for example, y-, z-directions while
free to move in the x-direction (Figure 4.8). The energy spectrum therefore
consists of two sets of sublevels resulting from the confinement in y-, z-directions
and the kinetic energy with which the particle freely moves in the x-direction:

3 th’% 2z R2 2 5

E n+ m°, nm=1,2, ... (4.27)
2m,  2m W} 2m, W2

nm

Again, for simplicity, the well depth has been taken infinite in Eq. (4.27). Shown in
Figure 4.8 are the subbands and the density of states. As the 1D density of states
follows the power law, E-'/2 (Eq. (4.17b)), the density of states exhibits a sawtooth-
like characteristics versus E.

The quantum wells and wires have become essential elements of various
semiconductor devices. For example, in high-efficiency laser diodes, electrons
and holes are injected into the respective quantum wells and are allowed to have
longer radiative recombination time while confined in the well. Additionally, the
operation of MOSFET is based on injecting 2D electrons or holes into the gate
voltage-induced quantum well. Moreover, nanowire FETs enjoy the prospect of
becoming one of the mainstream drivers of nanoelectronics.

N(E)
2

E,

my

(b)

Figure 4.8 The quantum wire, subbands, and dispersion curves of the electron (a) and 1D
density of states versus energy (b).



Suggested Readings

Problems

4.1

4.2

4.3

4.4

4.5

(a) Show that the traveling wave eigenfunction given in Eq. (4.10) satisfies
the energy eigenequation of a free particle with eigenvalue (Eq. (4.13))
under the periodic boundary condition.

(b) Fill in the algebra and obtain the 3D, 2D, and 1D densities of states in
the E-space from those in the k-space (Egs. (4.14b), (4.16a), and (4.17a))
by using the dispersion relation E versus k.

(a) Derive the 3D density of states in the cubic box of width W by using the
stationary boundary conditions, that is, the energy eigenfunctions van-
ish at the edges of the box and show that the result is same as Eq. (4.14b).

(b) Express the density of states in terms of the frequency v and show that
it reduces precisely to the number of standing-wave modes in the cavity
that was used in Rayleigh—Jeans theory (Eq. (2.1)).

An electron is contained in two cubic quantum dots of dimension 0.1 and
1.0 nm, respectively.

(a) Find the lowest three energy levels in eV units corresponding to n =
1,2, 3 and the degeneracy of each level.

(b) Calculate the wavelengths of photons emitted when the electron cas-
cades down the energy levels from 3 to 2 and 2 to 1.

(c) Compare the ground state energies of the two quantum dots with the
thermal energy at room temperature k7.

An electron in silicon bounded by two SiO, layers is to be taken confined in
the quantum well given by

Voo {31 S-W2zz W
Z) =
0eV —-W/2<z<W/2

(a) Calculate numerically the bound state energy in electron volt unit by
taking W = 2 nm and the effective mass of electron m, = 0.1m, with
m, denoting the rest mass.

(b) Write a short program enabling the analysis of bound states for vary-
ing well width W and plot the energy eigenfunction and eigenvalue
versus W.

(a) Starting from the energy eigenequation of a particle in a quantum well,
fill in the algebra and find the energy eigenfunction and eigenvalue in
Eq. (4.26).

(b) Repeat the analysis and find the eigenfunction and eigenvalue
Eq. (4.27) in a quantum wire. Take the barrier height to be infinite for
simplicity.

Suggested Readings

1. D. M. Kim, Introductory Quantum 2. R. W. Robinett, Quantum
Mechanics for Semiconductor Nan- Mechanics, Classical results, Modern
otechnology, Wiley-VCH, 2010. Systems and Visualized
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Examples, Oxford University Press,
2006.

. R. L. Liboff, Introductory Quantum

Mechanics, Fourth Edition, Addison Wes-
ley Publishing Company, Reading, MA,
2002.

. J. Singh, Quantum Mechanics, Funda-

mentals and Applications to Technology,
John Wiley & Sons, 1996.

. H. Kroemer, Quantum Mechanics for

Engineering, Materials Science, and
Applied Physics, International Edition,
Prentice Hall, 1994.
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5
Scattering and Tunneling of 1D Particle

The scattering of the 1D particle from the potential barrier or well is discussed
in terms of reflection, transmission, and resonant transmission. Additionally, the
tunneling of a particle through the potential barrier, a feature unique in quantum
mechanics, is highlighted, and its applications in memory, display, nanometrology,
and single-electron transistor (SET) are discussed.

5.1
Scattering at the Step Potential

Consider a particle incident on a step potential with height V' (Figure 5.1). Clas-
sically, if the incident particle has a kinetic energy E greater than V, it flies over
the barrier with diminished velocity. If E is less than V/, it bounces back from the
barrier. Quantum mechanically, however, both transmission and reflection occur
with probabilities depending on E and V.

Let us first consider the case in which E > V. Since the step potential is given by

0 %<0
Vix) = {V >0 (5.1)

the energy eigenequation reads as
u(x)” + a’u(x) =0 (5.2a)

with the wave vector given by

2 2 _ 2mE
o = {kg o=y 70 (5.2b)
k k% = —m x>0

The eigenequation (Eq. (5.2)) has been dealt with, and let us use the solution given
by

u(x)  e”H@F) gy = % (5.3)

—iwt

w(x,t) xe

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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Re{u(x)}

Re{u(x)}

(@) (b)

Figure 5.1 A particle incident on a step potential with height V, undergoing both reflec-
tion or transmission for £ > V (a) and total reflection for E < V (b). Also shown is the pene-
tration of the particle into the potential barrier before total reflection.

(see Egs. (4.2) and (4.10)). Evidently, Eq. (5.3) describes a particle propagating in
+x-directions, and u(x) is given by

ijetkor 4 pe~ikox <0
u@x)=< ° i (5.4)
te™™, x>0

In Eq. (5.4), the terms associated with i, r, and ¢ account for the incident and
reflected beams in the region » < 0 and the transmitted beam in the region x > 0,
respectively. Once the particle is transmitted, there is no barrier to reflect it back;
hence, only the forward component needs to be retained for x > 0.The constants
of integration, i, r, and ¢ can be used for satisfying the boundary conditions. The
boundary conditions, namely, #(x) and its derivate should be continuous need to
be applied at x = 0, where the two solutions meet. The two conditions read as

iy+r=t, kyi,z—r) =kt (5.5)
We can find r and ¢ from two conditions in Eq. (5.5) with i, taken as the input
parameter:

r ky—k ¢ 2k,

= - = 5.6
iy ko+k' iy ky+k (5.6)

The Probability Current Density

To proceed further, it is necessary to introduce the probability current density.
Thus, consider the change in time of the probability density

%(w*w) = (%w*)w+w* (%w) (5.7)

Upon using the time-dependent Schrodinger equation

oy(r,t 2
B w (1, £) h

a  2m

Vay(r,t) + V(iOw(r, t)
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and its complex conjugate and the well-known vector identity,
wiViy — Vi = V.- (y*Vy —c.c.)

in Eq. (5.7), we can recast Eq. (5.7) in a straightforward manner as

0

—yry =-V-§ 5.8

4 N (5.8a)
=" v — = (o e —

S= 3 i(y/ Vy —c.c) = St (u %) axu(x) C.C.) (5.8b)

The quantity § is called the probability current density, and c.c. denotes the com-
plex conjugate. Equation (5.8) represents the conservation of matter and is analo-
gous to the charge conservation equation.

Reflection and Transmission

With #(x) in Eq. (5.4) used in Eq. (5.8b), there results

hk hk

S0 = 2 a2 = =2 |r2, x<0 (5.9a)
m m

S, (x) = %’ﬂnz, x>0 (5.9b)

The first term in S; represents the incident flux specified in terms of the probability
density |iy|> and the velocity of propagation ik,/m. Likewise, the two terms o
|r|? and o |¢|? describe the reflected and transmitted fluxes propagating with the
velocities hiky,/m and hk/m, respectively. Thus, the reflection R and transmission
T coefficients are given by

(hko/m)|r)> (kg — k) - (hk/m)|t]>  4kk,

R= = s =
(hky/m)ig|> (ko + k)2 (hky/m)ig|> (ko + k)2

(5.10)

Therefore, the incoming particle with E > V is either reflected or transmitted with
the probabilities given by Eq. (5.10). This is in apparent contrast with the classi-
cal description. It also follows from Eq. (5.10) that R and 7 add up to unity, as it
should,

R+T=1 (5.11)
Evidently, the quantum treatment is analogous with the reflection and transmis-
sion of a light beam, incident on a dielectric interface.

The Total Reflection

For E < V, the analysis can be done in a similar manner. In this case, k? < 0 for
x > 0 (see Eq. (5.2b)), and & is turned into an imaginary wave vector
2m(V — E)

: 2
k—ix, k°= w (5.12)
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Therefore, the reflection coefficient is obtained from Eq. (5.10) by replacing k by

ik as

(hko/m)Ir> ko —ix ko +ix
(hky/m)|t|? ko +ix ko — ik

R= =1 (5.13)

Equation (5.13) states that the particle is bound to be reflected back. Also, because
u(x) is real for x > 0, in this case (see Eq. (5.4)), Sy;(«) is zero, and there is no trans-
mission. The result is in agreement with the classical description, which predicts
100% reflection for E < V. However, there is an important difference, namely, that
the particle penetrates into the classically forbidden barrier region by an amount,
d ~ 1/(2k) before undergoing the total reflection (Figure 5.1).

5.2
Scattering from a Quantum Well

When a particle is incident on a quantum well (Figure 5.2), the particle undergoes
both reflection and transmission with the nonzero probabilities, again in contra-
diction with the classical description. The energy eigenequation is split in this case
into two regimes, inside and outside the well, and is identical to Eq. (5.2) but with
the wave vectors given by

2 2 _ 2mE K

ﬁ:{%’%_}@wﬂzz . (5.14)
2 2 _ z2m < Z
k2, k et

Re{u(x)}
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Figure 5.2 A particle incident on a quantum well with depth V and width W, undergoing
both reflection or transmission (a) and the total resonant transmission (b). The reflection (R)
and transmission (T) coefficients versus the incident energy (c).



5.2 Scattering from a Quantum Well

We can thus express u(x) in analogy with Eq. (5.4) as

igetho® + re=ho*  x < —W /2
u(x) =3 Ae*™ + Be™**  |x] < W/2 (5.15)
tetko* x> W/2

and account for the incident and reflected beams to the left of the well and the
transmitted beam to the right of the well. Inside the well, two counter-running
beams should be used as the solution.

The constants of integration are again determined from the boundary condi-
tions, namely, u(x), and its derivatives be continuous at the two edges of the well,
x=FW/2:

ioe—ik(,v(//z + relkoW /2 — ppmikW/2 4 pikW/2 (5.16a)
AW /2 4 BemikW /2 — ¢k W /2 (5.16b)
iokoe_"k‘)‘)(//2 - 1"/<()e”k0W/2 = Ake W12 _ BelkW /2 (5.16¢)
Ake*W/2 — Bke= W12 = tk ek W /2 (5.16d)

There are five constants with which to satisfy four conditions, and we can again
take i, as an input parameter and determine the rest in a straightforward manner,
obtaining

t e’ikOWZkOk
~ = A (5.17a)
iy 2kyk cos(kW) — l(kg + k2) sin kW
ie~% W (k? — k2) sin(kW)
r 0 (5.17b)

i 2kgkcos(kW) — i(K2 + K2) sin kW

Hence Rand T are specified with the use of Eq. (5.17) and in analogy with Eq. (5.10)
as

T—— 1  po AEVW (5.182)
1+ A(E, V, W) 1+ A(E, V, W)

= —V2 in2 2_m
AE,V, W)= IEE V) sin lW‘/ 2 (E+ V)] (5.18b)

and R and T thus found add up to unity, as they should.
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Resonant Transmission

As clear from Eq. (5.18), R and T are again nonzero, in contrast with the classical
theory. However, for E > V, A - 0, and T = 1, in agreement with the classical
theory. Moreover, even for E comparable with V, Eq. (5.18) indicates that 100%
transmission ensues, that is, R = 0 and 7 = 1, when the incident energy satisfies

[2
Wk, =W h—r;l(En+V)=nﬂ, n=1,2, ... (5.19)

Equation (5.19) can be interpreted in light of de Broglie wavelength A. As
k, =2r /A, Eq. (5.19) is equivalent to 2W = #h,,, which indicates that the round-
trip distance of the quantum well is an integer multiple of de Broglie wavelength
of the particle. This is precisely the condition for 100% transmission of light in
Fabry—Perot etalon or Bragg diffraction. The total transmission of a particle is
known as the resonant transmission. The R and T are plotted in Figure 5.2 versus
the energy of the incident particle. The resonant condition lends to an alternative
interpretation, when expressed as

E, +V = %nz, n=12, .. (5.20)
Equation (5.20) indicates that if the incident energy of the particle as viewed from
the bottom of the quantum well corresponds to one of the possible energy eigen-
values of the infinite square well potential, there ensues the total transmission (see
Eq. (4.4)). This carries an important bearing in the band theory of solids, as will
be discussed.

53
Tunneling

A particle incident on a potential barrier with height V' greater than its kinetic
energy E has a finite probability of transmitting through the barrier. Such trans-
mission, a feature unique in quantum mechanics, is called the tunneling. Thus,
consider a particle incident on a potential barrier with height V' and thickness d
(Figure 5.3). The tunneling can be analyzed in parallel with the transmission of a
particle through a quantum well (see Egs. (5.14)—(5.18)). The only modification
required is to change k in Eq. (5.14) as

kzy/w, E>V: k=ix, « %;E) E<V (521)

Thus, for E>V, the expressions of R and T in Eq. (5.18) can be used directly,
provided W is replaced by d and the new &k is used as defined in Eq. (5.21). For
E < V, we can again use Egs. (5.17) and (5.18), with k replaced by ik as defined in
Eq. (5.21). The algebra is lengthy but simple and straightforward, and we can find
_— 1 _ A(E,V,d)
1+A(E,V,d) T 14+ A(E,V,d)

(5.22a)
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Figure 5.3 A particle incident on a poten- E < V (B). The transmission coefficient versus
tial barrier with height V and thickness d, the incident energy E/V for E >V and tun-
undergoing both reflection and transmission neling probability versus £/V for E < V (C).
for E > V (A), reflection and tunneling for

A(E,V,d) = ﬁ sinh? ldy / 271—’;’ V- E)] (5.22b)

In deriving Eq. (5.22), the trigonometric identities have been used, that is,
sinix = isinhx, cosix = coshx, cosh?x =1+ sinh?x

Figure 5.3 shows the typical eigenfunctions of the incident, reflected, and trans-
mitted beams for E > V and E < V. For the latter case, T decreases exponentially
with decreasing incident energy for given V. For the former case, there is a clear
trace of resonant transmissions occurring for potential barrier as well. The tunnel-
ing can be understood in light of the finite penetration the particle makes before
undergoing the total reflection off the step potential (Figure 5.1). The total reflec-
tion occurs at the step potential because of the infinite width of the barrier. When
the barrier width is cut to a finite value d, there is a finite probability density for
x > d as clear from the figure. This means that the particle has a finite probability
of penetrating beyond d, that is, tunneling through the barrier.

The penetration depth is analogous to the skin depth of the light at the metallic
surface, and the tunneling has the optical analog as well. The light propagates in the
waveguide or optical fiber by means of the total internal reflection. But if another
waveguide or optical fiber is placed nearby as in a directional coupler (Figure 5.4),
the light leaks into the other, thereby modulating and switching the light. The cou-
pling of power between the waveguides is due to the guided electromagnetic waves
tailing out of the waveguide. Likewise, tunneling is due to the finite penetration of
the wavefunction into the classically forbidden region.

The tunneling analysis can be extended to an arbitrary-shaped potential bar-
rier V(x). Given V (x), it can be decomposed into a juxtaposition of square barrier
elements with infinitesimal thickness Ax and height V (nAx) (Figure 5.5). We can
then take the tunneling through each barrier element as statistically independent
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Figure 5.4 The index of refraction profiles ~ waveguide, inducing the coupling between
of a directional coupler (a) and the observed the two waveguides (c). (Taken from Opti-
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Figure 5.5 The tunneling of a particle through an arbitrary-shaped potential barrier (a) and
the direct tunneling through the trapezoidal and the F-N tunneling through the triangular
potential barriers (b).

and multiply the differential tunneling probabilities 7} to obtain the net tunneling
probability:
=[] 7~ - 2222 [ asivin - B2 (5.23)
= ,» i R exp /. x[(V(x .

1

where for T}, the dominant exponential factor derived in Eq. (5.22) has been used
and the two limits x; and x, are determined by the condition V' (x) = E (Figure 5.5).

5.3.1
Direct and Fowler—Nordheim Tunneling

We next apply the tunneling probability Eq. (5.23) to a trapezoidal potential bar-
rier, as shown in Figure 5.5. This kind of potential barrier is encountered by an
electron or a hole incident on a dielectric layer in the presence of an external
electric field E. In this case, V() is given by



5.3 Tunneling
Vx)=V — gEx (5.24)

where V' is the barrier height at the dielectric interface, g the magnitude of the
electron charge, and E the applied electric field. Upon using Eq. (5.24) in Eq. (5.23),
we find

42m)'"? 32 5
T=exp—{ ———— [(V - E)*>— (V- E—qEdy’? 5.25
Xp{nghk P qEd)""] (5.25)
where d is the width of the barrier. The tunneling through the trapezoidal barrier
is known as direct tunneling and accounts for one of the limiting processes hin-
dering the downscaling of the metal oxide semiconductor field-effect transistor
(MOSFETs). When the potential barrier is of a triangular shape, the second term
in Eq. (5.25) drops out, and the tunneling probability reduces to
4(2m)'/? 3/
T = ——(V-F 5.26
exp 3qEh ( ) (5.26)
and is known as the Fowler—Nordheim (F-N) tunneling. The F—N tunneling is
utilized extensively for various semiconductor device operations. Figure 5.6 shows
the direct and F-N tunneling probabilities versus the incident electron energy E
for a different electric field E. The two parameters critically affect the tunneling
probabilities as clear from the figure.

53.2
Resonant Tunneling

The superlattice structure is composed of a series of quantum wells with each well
formed by two potential barriers and is an important element in optoelectronic
devices. The electrons in such structures undergo resonant tunneling. To exam-
ine it, let us consider an electron incident on two potential barriers with height V,
thickness d, and distance W apart as shown in Figure 5.7. An electron incident on

10° 100
1074 1074
108 108 |E|=500(MV/m
£ g IS
— 102 [E|-500 (MV/im) | = 102|200 e ——
felv v}
—
10—16 300 10*16
200
10720 \ 10720
1 15 1 15
(@) (V-E)eV) (b) (V-E)(eV)

Figure 5.6 The F-N (a) and direct (b) tunneling probabilities of an electron versus the
effective barrier height V — E for a different electric field E.
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Figure 5.7 A particle incident on two potential barriers of height V and thickness d and
distance W apart (a). A particle incident on the two potential barriers with different height
and thickness (b) and corresponding tunneling probability versus incident energy (c).

the input plane at z; with E' < V' may exit at the output plane at z;, ; after undergo-
ing two successive tunneling through the two barriers. The eigenfunctions in the
regions j and j + 1 are given in analogy with Eq. (5.4) by

<z (5.27a)

2mENY?
)" e

— ik: —ikz. —
M](Z) = Ajel o +B}e : Z, k= (7
2w (V - E)

1/2
= ] s 4 fz<zy, (5.27b)

U2 =A e+ B, k= [

Naturally, uj(z) consists of the incident and reflected beams, while u; 41(2) is

composed of two exponential terms, exp +kx, because the width of the barrier
is finite. The boundary conditions at z;

u(z) = uy,(z), u]’,(zj) = u]’,rl(zj) (5.28)

yields coupled equations relating A;, B; to A, , B;,; as in Eq. (5.16), however, with
ko and k replaced by k and i, respectively. Thus, by expressing A, B; in terms of

Ajyy, Bjyy, we can write
A A,
< B ) = M(z, ix, k) < B’“) (5.292)
J j+1
where the 2 X 2 transfer matrix elements are given by
ik ) gilix=k)z; _ K ) —ilic+k)z
(1) embn (1t ) erionsis

M(Zj;il(, k)= =

2 (1 _ % ) Plix+k)z <1 n %) oilix—hz,

(5.29b)
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We can likewise express A, B, in terms of A;,,, B;,, by imposing the usual
boundary conditions at z; + d as

A, A,
( 1+1) = M(z;+d. k, ix)( /+2> (5.30)
B By,
In fact, the transfer matrix in Eq. (5.30) is obtained from Eq. (5.29b) by simply

interchanging k and « and replacing z; by z; + d. In this manner, A, B; are coupled
to Ay, By as

A, A
j =M(z-,z‘+d)< ,+2) (5.31a)
(B;‘> 7 B,y

where the net transfer matrix is obtained by multiplying the matrices in Egs. (5.29)
and (5.30):

M(z;; d) = M(z;, ik, k)M(zj +d,k,ix)

[ my (D) mu(zj,d)> 5 31b
= (i " (o310

with the matrix elements given by

. k2 _ K2
my(d) = ekd (COSh Kkd — i sinh Kd) (5.31¢)
K

myy(z;, d) = je~kCy+d) K 2-;; smh xd (5.31d)

The matrix Eq. (5.31) is the unit transfer matrix by which to describe the multiple
tunneling.

Let us revisit the tunneling through a single barrier by using Eq. (5.31). In this
case, constants, A;, B;, and A;,, in Eq. (5.30) represent the incident, reflected,
and transmitted beams, respectively. Once the particle is transmitted, there is no
reflection, hence B,,, = 0, and the tunneling probability can be found in analogy
with Egs. (5.17a) and (5.18a) as

A 2

2
j+2 _

”’”11

4;

When k, k are expressed in terms of E by using Eq. (5.27), Eq. (5.32) leads to the
same results as obtained in Eq. (5.22).

We next treat the tunneling through two successive barriers. The extension of
a single-barrier tunneling Eq. (5.32) to tunneling through two barriers in succes-
sion is straightforward and can be done by coupling A;,,, B;,, to A4, B, via
the transfer matrix Eq. (5.31) with appropriate changes of z;'s. The transfer matrix
connecting A}, B; to A;, 4, B;,, is then obtained by multiplying the two unit transfer
matrices:

T (5.32)

A,
<B],> = M(z;, d)M(z;,5, d) < 1+4> s Za =%+ W+d, B, =0 (533)
]
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Thus, after performing the matrix multiplication, we find

bt _ 1
A; my(dymy(d) + myy(z, dmi,y (2, d)
e 2ikd g2,
[k — x2)sinh kd + 2ikk cosh kd]? — KW (k2 + k2)? sinh 2ikcd

(5.34)

The ratio (Eq. (5.34)) can be put into a simple mathematical form by noting that
the first bracket in the denominator gives the tunneling probability for a single
barrier T,z when combined with the numerator (see Egs. (5.31) and (5.32)). Thus,
we can rewrite Eq. (5.34) as

A, _ —Zikd—ZiBT
j+4 e 1B

— =————=, Rp=1-Ty, (5.35a)
4 1 — e2kW-0R .

tan g — —2kxcoshxd (5.35b)

(k% — k2)sinh kd

Therefore, the probability of tunneling the two successive barriers is obtained as
kg /m)lA P 1

B (ko /mAT T 1+ 4R/ T?,) sin2(kW — 0)

(5.36)

In deriving Eq. (5.36), use has been made of the identities
[1-fexpiy|>=1+f>—2fcosy,cosx =1—2sin> (g)

It is thus clear from Eq. (5.36) that the resonant tunneling can occur when kW =~
nz. The condition can be expressed in terms of E via the relation E = (71k)2/2m as

h z2n?

" 2mw?’
and points clearly to the fact that the resonant tunneling occurs when the energy of
the incident electron coincides with the bound state energies of the quantum well
formed in between the two barriers (see Eq. (4.4)). This fact carries an important
bearing on the band theory of solids, as will be discussed. Plotted in Figure 5.7 is
the tunneling probability through two successive barriers T’ versus the incident
energy for various barrier heights and widths. Indeed, T, is drastically reduced
with increasing V and d, but the general features of the resonant tunneling are
preserved.

n=1,2, ... (5.37)

5.4
The Applications of Tunneling

The tunneling is utilized extensively in semiconductor and optoelectronic devices,
and the list of applications is fast increasing. Some of the applications are briefly
discussed.
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5.4.1
Metrology and Display

Figure 5.8 shows the schematics of the scanning tunneling microscope (STM). In
this scheme, the high sensitivity of the F-N tunneling probability on the thick-
ness of the barrier potential is utilized for probing the surface morphology with
atomic-scale resolution. The probing is done by fixing the tunnel current /- flow-
ing between the probe tip and the surface atoms. Keeping I fixed necessitates the
adjustment of the height of the probe tip so that the distance between the tip and
surface atoms is kept constant. The required adjustment of the height of the tip
versus the x—y scan reveals the surface morphology with about 0.1 nm in accu-
racy. Alternatively, the height of the tip is fixed at a constant level while scanning.
In this case, I should vary depending on the varying distance between the tip and
atoms, which can be translated into the surface morphology.

Field Emission Display
The schematics for the display are shown in Figure 5.9. The image information

is transmitted by the driver circuitry via the strings of voltages applied to the
array of metallic tips, forming the pixels. The signal voltages then induce the field

Scan
——

Scan

R —

Constant / Varying /

Figure 5.8 The schematics of the scanning (a) and fixing the probe tip height and mon-
tunneling microscopy: adjusting the probe itoring the tunnel current while scanning the
tip distance from the sample surface at a surface (b).

fixed current level while scanning the surface
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< S >
338 3
‘-9% S Figure 5.9 The schematics of the flat panel display; the
C 1 Screen . . . . .
4 electrons emitted from pixel tips via the field crowding

ooo oo assisted tunneling and transferring the image information to
SANSAAAAAAN Emitter tips . 9 9 9
| the display screen.

crowding at the metallic tip, enhancing the electric field amplitude and enabling
F—N tunneling to occur at the tip. The electrons thus tunneled out from each pixel
transmit the image information to the screen for display.

5.4.2
Single-Electron Transistor

The SET is based on the tunneling of a single electron and utilizes a quantum dot
as the channel island. The dot is made of a metal or semiconductor and insulated
from the two electrodes, called the source and drain (Figure 5.10). With shrinking
size of the dot, the electron potential energy therein varies significantly depending
on the presence or absence of a single electron. This effect is used for the controlled
tunneling of a single electron for the transistor action.

The size effect can be discussed by taking the junction between the electrodes
and quantum dot as the parallel-plate capacitor for simplicity. The capacitance is
then given by the area A and thickness d of the junction as

_ed

7 (5.38)

C

/

Energy
° |
—
<

A

(0]

N

(9]

G

(a) Distance

Figure 5.10 The single-electron transistor diagrams operative for a single electron tun-
consisting of a quantum dot as the chan- neling (a); the blocked tunneling for the

nel insulated from the source and drain drain bias V or eV less than the charging
electrodes (b). The static /-V behavior and energy E. (b) and the tunneling with suffi-
the Coulomb blockade (c). The energy-level  cient V to compensate for E..
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where ¢ is the permittivity of the junction. Now, the charging energy of a single
electron in the quantum dot is given from the well-known electromagnetic theory
by

62

E,=— 5.39
¢ 2C (5.39)

and E, can dictate the tunneling, provided it far exceeds the thermal energy, that
is,

62

°C > kT (5.40)
Otherwise, E, is simply buried in the thermal fluctuations. For SiO, and for A =~
10nm x 10nm and d ~ 2nm, E_ is ~15meV and is comparable with the thermal
energy at room temperature 25 meV'. It is therefore possible to satisfy the condi-
tion of Eq. (5.40) by further downsizing the quantum dot.

Additionally, E, should exceed the uncertainty AE in the energy of the single
electron, which is inherently associated with its finite lifetime in the dot. The life-
time can be estimated by 7 = RC, where R is the tunneling resistance inversely
proportional to its probability. Thus, 7 is analogous to the RC time constant of a
capacitor connected to a series resistance, in this case, the tunneling resistance.
The condition that E, is much greater than AE can be expressed by using the
uncertainty relation as
h h e

AErx — = — < — 5.41
t  R,C S 2C (5.41a)

Or equivalently,

LA 25.8kQ (5.41b)

Ry < Rp, Ry = 2=

The resistance Ry is called the quantum resistance, and the Eq. (5.41) ensures that
the electron is localized in the dot in a quantum state therein.

Once Egs. (5.40) and (5.41) are satisfied, E, plays the critical role for the SET
operation. A single electron when tunneling into the quantum dot from the source
electrode raises the electron energy level therein by E,, which should hinder the
tunneling event. This is because the tunneling is an elastic process, and the energy
level of the dot after the tunneling should not exceed the initial energy level of
the tunneling electron. However, when the drain voltage V, in excess of e/2C is
applied, the electron potential energy in the dot is lowered by E, or more via the
capacitive coupling between the drain electrode and the quantum dot. Hence, the
electron can now tunnel from the source into the quantum dot, contributing to the
drain current /. Note that a positive V applied to the drain lowers the electron
potential energy by —gV. By the same token, if a negative V, is applied below
—e/2C to the drain, the electron energy level in the dot is lowered by more than E,
compared with that of the drain electrode. Therefore, an electron can tunnel into
the channel from the drain and contribute to I, flowing in the opposite direction.
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It is therefore clear that tunneling of a single electron is prohibited in the range
of V,

e e
- < — 42
5c <V <3¢ (5-42)

This is known as the Coulomb blockade. Outside of this V[, range, however,
the drain current flows contributed by the tunneling events of a single electron.
Figure 5.10 shows the resulting current—voltage characteristics. In summary,
the operation of SET is based on the Coulomb blockade caused by the charging
energy in the quantum dot, but the blockade is overcome by means of the
capacitive coupling of V', to the channel island.

Problems

5.1 (a) A particle of mass m is incident on a two-step potential barrier with E
greater than V, and in the direction normal to the barrier. Find (i) the
energy eigenfunctions in the regionsx < 0,0 < x < d,and x > d, (ii) R
and T by imposing the boundary conditions at x = 0, d;, and (iii) V; and
d; at which 100% transmission occurs.

(b) A particle is incident on a potential barrier V, from the region V, at
an angle ¢; with respect to the z-direction. Write down the incident,
reflected, and transmitted wavefunctions and find the angle of reflec-
tion and transmission by using the boundary conditions at the potential
boundary. Interpret the result in light of the reflection and refraction of
light at a dielectric interface (Figure 5.11).

5.2 (a) Startingfrom Eq. (5.7), fill in the algebra and derive the expression of the
probability current density S (Eq. (5.8)).

(b) Use the eigenfunction Eq. (5.4) in Eq. (5.8) and derive Eq. (5.9).

5.3 (a) Starting from four coupled equations (Eq. (5.16)), find the ratios ¢/i,,
r/iy (Eq. (5.17)), and T, R given (Eq. (5.18)).

(b) Carry out a parallel analysis and derive the tunneling probability 7" (Eq.

(5.22)) with the use of Eq. (5.21).

Xy
v, Vs

<—d1—>

-~ <-
—=—
o

0 X
(a) (b) (c)

Figure 5.11 A particle incident on a two-step potential barrier with E > V, (a) and inci-
dent on V, (b) with V; < E <V, from the region V,. The incident, reflected, and transmit-
ted angles (c).
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a b

Figure 5.12 An electron in the ground state of a quantum well formed by two square bar-
rier potential (a) and with one barrier subjected to an electric field (b).

5.4 Consider a quantum well formed in between two potential barriers of height
V, thicknesses d; and dj, and distance W apart with d; > d,,.

(a) Estimate the ground state energy of an electron in electron volt unit by
assuming infinite barrier height, for widths of 1, 10 nm.

(b) Find the lifetime of the electron in the ground state.
Hint: The lifetime is defined by 77 = 1, where T is the tunneling proba-
bility while # = 2W /v is the number for the electron to encounter the
barrier, with v, denoting the thermal velocity of the electron.

5.5 Consider the quantum well shown in Figure 5.12. When subjected to an elec-
tric field E, the barrier potential is transformed to the trapezoidal shape as
shown in Figure 5.12.

(a) Express the trapezoidal shape in terms of E and find the electron lifetime
versus E.

(b) Find E necessary to shorten the lifetime to 1 ps. (Take the infinite barrier
height for estimating the ground state energy for simplicity.)

5.6 The metal tip of the STM has the work function of 4.5 eV.

(a) Find the electric field at which the electron tunneling probability is 107
if the distance between the tip and the sample is 5 nm.

(b) If 5V is applied between the tip and the sample, estimate the distance
between them to attain the same tunneling probability of 107%.
Hint: Use a triangular barrier with the height given by the work function.

5.7 (a) Starting from the wavefunction given in Eq. (5.27), fill in the algebra and

derive the results (Egs. (5.29), (5.31), and (5.32)).
(b) Extend the analysis and derive Eq. (5.36).
Hint: Use the matrix algebra.

a;, ap)\ (A _ apA+an,B
Ay Ay B ay A+ ayB

<ﬂ11 ¢12> (bu b12> _ <“11b11 +apby  apby, +“12b22>
dy Ay ) \by by Ay byy + ayby  dy by + ayby,
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6
Energy Bands in Solids

The energy band is a natural consequence of the wave nature of the particle and
provides the basic foundation for analyzing the condensed matters and the semi-
conductor devices. The energy band is discussed based on the Kronig—Penney
(K-P) potential, Bloch wavefunction, and the resonant tunneling. Additionally,
the motion of electrons in solids is discussed with the use of the dispersion relation
operative in conduction and valence bands.

6.1
Bloch Wavefunction in Kronig-Penney Potential

The 1D crystal is often modeled as a linear array of positive ions, located period-
ically (Figure 6.1). An electron in the crystal interacts with ions via the attractive
Coulomb force, and the periodic Coulomb potential can be approximated by a
string of square barrier potentials, separated by identical quantum wells. This sim-
plified version of the 1D potential is known as Kronig—Penney potential, and it
brings out the concept of the energy band in a simple manner.

The unit cell of the K—P potential consists of the quantum well of width & and
the barrier potential of thickness b, so that the length d of the unit cell is the sum of
aand b. A focal point of the discussion is the electron wavefunction in the periodic
potential given by

Vix)=V(x+d), d=a+b (6.1)
For such potential, the Hamiltonian is also periodic

A~ hz ()2 ~
H(x)=—ﬁ@+v(x)=H(x+d) (6.2)

In this case, the Bloch theorem states that the energy eigenfunction is specified by
the modulated plain wave

@e(x) = e®u(x) (6.32)

with the modulating envelop satisfying the periodic boundary condition

ulx) = ulx + d) (6.3b)

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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(a) —» d —

Vv A
“d—

— b || e

(b) —> a = X

Figure 6.1 The Coulomb potential of an electron in 1D crystal (a) and the Kronig—Penney
potential mimicking it via a string of unit cells composed of a quantum well and barrier
potential (b).

The wavefunction Eq. (6.3) is known as the Bloch wavefunction.
To prove the Bloch theorem, let us introduce the displacement operator

Df(x) = f(x +d) (6.4)
where f(x) is an arbitrary function. When D operates on Eq. (6.3), there results
B(pk(x) = De*y(x) = "D y(x + d) = e* g, (x) (6.5)

Therefore, @, (x) is the eigenfunction of D with the eigenvalue exp(ikd). Moreover,
because H is periodic, we can write

DH)f(x) = H(x + d)f (x + d) = Hx)Df (x)

where f(x) is an arbitrary function and therefore D and A commute. Since the
commuting operators can share a common eigenfunction (see Eq. (3.30)) and since
@,(x) is an eigenfunction of ﬁ, @,(x) is also an eigenfunction of A, thus proving
the Bloch theorem. The probability density of ¢, () is given by

l@(x + nd)|? = % Dy(x + nd)|* = | (0)* = lp@)I%, n=1,2, ...
(6.6)

and is consistent with the premise of a periodic system, namely, that the electron
is found in all unit cells with equal probability.

We next specify the Bloch wavefunction in the K—P potential by using the ring
boundary condition (Figure 6.2). The ring consists in this case of a large number N
of unit cells, and the periodic boundary condition is equivalent to stating that the
electron leaving the last cell in the ring reenters into the first one. The condition is
conveniently used for describing the motion of electrons in the bulk crystal, free
of edge effects. The wave vector k in Eq. (6.3a) should then satisfy the condition

AN == =12, .. (6.7)
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#(X)= p(x+ Nd)

R\ Y 4

X

Y p Figure 6.2 The ring boundary condition
000000000009 - in 1D crystal.

and therefore should be specified by
2an _ 2
AN L’
where L is the length of the crystal. Thus, k becomes quasi-continuous in the limit
of large N, and the momentum associated 7k, is called crystal momentum. In the
limit of infinite well width, the envelope function u(x) in Eq. (6.3) should be put
to unity, in which case @, (x) reduces to the wavefunction of a free particle, as it
should. For a finite well width, however, ¢, (x) is modulated by u(x), which should
be an identical function in each unit cell. With this general fact in mind, we can
represent the energy eigenfunction in a unit cell in the usual manner as

k, = n=1,2, ... (6.8)

) , 1/2
Aethx 4 Bemitkhix k= 2mE , 0<«x<a
12 (6.9)

@rx) = oV —E
Ce™ * 4 De**, K=[M] , a<x<d

Here, the analysis is confined to the bound state, in which E < V.

Boundary Conditions

As noted, u(x) should be periodic and therefore should satisfy the conditions
u(0") = u(d™) and u/(0*) = /(d™). Or in terms of ¢, (x), the conditions read as

P(0%) = e *p(d") (6.10a)

@07 =e g/ (d") (6.10b)

In Eq. (6.10b), use has been made of /(x) = ¢'(x)[exp —(ikx)] — iku(x) and the
condition to be satisfied by the second term iku(x) has already taken into account
in Eq. (6.10a). Upon inserting Eq. (6.9) into Eq. (6.10), there result

A+ B =e % (Ce* 4 De?) (6.11a)

ik, (A — B) = —xe *d(C~*4 — Dex?) (6.11b)

Additionally, the usual boundary condition, namely, that ¢(x), ¢’(x) be continu-
ous everywhere should be applied at x = a where V(x) is discontinuous. These
conditions read as

Aei 4 Bemhi® = Ce™*@ 4 Der® (6.12a)
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ik (Ae® 1% — Be7h1®) = _(C™*% — De*) (6.12b)

Thus, finding the Bloch wavefunction has been reduced to determining the con-
stants of integration A, B, C, and D from the four boundary conditions Egs. (6.11)
and (6.12). For this purpose, let us first find A, B in terms of C, D from Eq. (6.11)
as

A= %e‘ikd(ae_’“dC +a'eD), a=1+ ;(_K (6.132)
1
B= %efikd(a*e—xdc + ae"D) (6.13b)
We can likewise express A, B in terms of C, D from Eq. (6.12) as
A= %e_ikla((le_)mc + a*e)mD) (6143)
B= %e”‘l“(a*e_’m(f + aeKaD) (614b)

Hence, we can eliminate A, B by equating the right-hand sides of Eqs. (6.13a),
(6.14a) and (6.13b), (6.14b), respectively, and write the coupled equation for C, D

as
a;;,C+a,D=0 or (“11 “12) <C> = (6.15a)
ﬂ21C + a22D =0 ay Ay D

where the matrix elements are given by

—ikd—xd __ e—iklu—lm)’ —ikd+xd __ e—ik1u+lm)

a, =a"(e

ayy = a(e—ikd+l(d _ eik1a+l(a) (615b)

a;, = ae
x —ikd—kd ik a—

ﬂ21=(l(€l xd _ ikia K&Z)’

Secular Equation and Dispersion Relation

Since the coupled equation (6.15) is homogeneous, that is, the right-hand side is
zero, C, D will be zero, unless the secular equation is satisfied, that is, the deter-
minant of the coupling matrix is zero

a, a
W2l =0, or ay,ay —a;,a, =0 (6.16)

dy 4y

If Eq. (6.16) is not met, it can be readily shown that C = D = 0, in which case
A = B =0, as clearly follows from Eq. (6.13) and Eq. (6.14). Therefore, the Bloch
wavefunction becomes trivial. Thus, the secular equation (6.16) is a critical con-
dition to be satisfied for obtaining the nontrivial wavefunction. We can spell out
the determinant Eq. (6.16) explicitly by using Eq. (6.15b) and obtain after a lengthy
but straightforward algebra

2 2

cos kya cosh kb — sin kya sinh kb = cos kd (6.17)

1K
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As k, and k are given functions of E (see Eq. (6.9)), Eq. (6.17) implicitly relates
E with the wave vector k. Once E is found as an explicit function of k and the
dispersion relation is obtained, the Bloch wavefunction ¢,(x) given in Eq. (6.3) is
completely specified.

6.2
E-k Dispersion and Energy Bands

To find the dispersion relation specifying E explicitly in terms of k from the tran-
scendental equation (6.17), we can resort to a graphical means. For this purpose,
the left-hand side of Eq. (6.17) is plotted versus E/V in Figure 6.3. The resulting
curve is clearly shown to oscillate with diminishing amplitudes with increasing
E/V. Also shown in the figure are the values of cos kd appearing on the right-
hand side of Eq. (6.17). From these plots, it is possible to find E as a function of k
and to bring out the key features of the energy band.

Allowed Bands and Forbidden Gaps

As |cos kd| < 1, it is clear from Figure 6.3 that only for those ranges of E for which
the left-hand side of Eq. (6.17) falls within the bounds of cos kd, we can find the
relationship between real k and real E. In these energy regimes, the electron can
propagate in the crystal with a real propagation vector k, and these ranges are
called energy bands. On the other hand, for E values in which the magnitude of
the left-hand side of Eq. (6.17) is greater than unity, k therein should be a com-
plex quantity. In this case, the electrons cannot propagate, and such energy ranges
are called forbidden gaps. In summary, the spectrum of the electron energy in 1D
crystal consists of a series of allowed bands, separated by forbidden gaps. Also the
allowed band broadens with increasing E, while it decreases with increasing V and
tighter binding of electrons.

A

coskd Forbidden bands
i — /\ I 1
H r 1 I 1

" foo 7T I, ey

-1.0
P NS T,
Energy bands

Figure 6.3 The graphical analysis of the dispersion relation: the left-hand side of Eq. (6.17)
is plotted versus E/V, and values of cos kd on the right-hand side are indicated. Also shown
are the allowed energy bands and forbidden gaps.
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Bloch Wavefunction in Allowed Bands

We next specify the Bloch wavefunction in the allowed energy bands. For this pur-
pose, let us choose from the plot a pair of E, k values in the energy band and insert
the pair in the coupled equation (6.15). In this case, the secular equation (6.17) is
automatically satisfied by the pair, and therefore the two equations become redun-
dant. That is, C and D are coupled with each other via either C = —(a,,/a,,)D
or C = —(ay,/a,,)D. Once C is expressed in terms of D, for instance, A and B
can also be found in terms of D (see Eq. (6.13) or (6.14)). In this way, @, (x) is
specified in terms of E, k and other crystal parameters with D serving as the nor-
malization constant. In Figure 6.4 are plotted typical wavefunctions thus found,
together with probability densities. The wavefunctions are similar in shape to the
bound state wavefunctions in the quantum well and are periodic over the unit
cells.

Characteristics of E-k Relationship

It is clear from Eq. (6.17) and Figure 6.3 that a given E can be matched by a string
of k values k + 27n/d with n denoting an integer. Also, a given k is matched by
multiple E values. However, we can set the one-to-one correspondence between
E and k by allowing k to increase continually in steps of 2z /d. The resulting E—k
curves are shown in Figure 6.5 in which E is shown as an even function of kd. This
is expected because cos kd is even in kd, so that a given E can be matched by both

AR
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Figure 6.4 Typical Bloch wavefunctions and probability densities for different E, k pairs: E
chosen from within the band (1), at the top of given band (2), and at the bottom of next
higher lying band (3).



6.2 E-k Dispersion and Energy Bands
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Figure 6.5 The dispersion curves: E versus k +2zn/d, n=0,1,2, ... (a) and in reduced

Brillouin zone (b). Also shown for comparison is the dispersion curve for a free particle E =
(h?/2m)k? (broken line).

kd and —kd. For comparison, the equivalent free particle dispersion relation

[k + 27n/d))?
2m

E=

is plotted by varying continuously the momentum equivalent to i(k + 2zn/d).
Clearly, the two curves look alike, but differ considerably near the band edges.

Moreover, because k is determined to within an integer multiple of 2z /d, it suf-
fices to collect all of the E—k curves in the entire energy bands in a single interval,
—n < kd < &, called the first Brillouin zone. This can be done by sliding the E—k
curves in other Brillouin zones by +2zn/d, and the resulting dispersion curves
in the reduced zone are shown in Figure 6.4. From the figure, we can note a few
revealing features of the E—k characteristics. Near the band edges, E is flat with
respect to k, that is, dE(k)/0k = 0. This can be seen on a general ground by dif-
ferentiating both sides of Eq. (6.17) with k and find that 0E(k)/0k « sin kd. At the
band edges, kd = nz, hence sin kd = 0. This clearly suggests that near the band
edges, E « k? and the kinetic energy E of the electron is well represented by that
of a free particle. Therefore, the electron is shown to behave as a free particle near
the band edges.

Also, at the edges of the forbidden gap, cos kd = +1, so that kd = 2z /\Nd = nx
or equivalently 2d = n. The relationship indicates that the round-trip distance of
the unit cell is an integer multiple of the de Broglie wavelength of the electron at
band edges. This condition is precisely the 1D Bragg reflection condition, repre-
senting the constructive interference of reflected waves. Hence, the wave cannot
penetrate into the next cell and propagate but becomes evanescent. In this case,
the wavefunction degenerates into a standing wave, consisting of both forward
and backward components with equal amplitudes. Naturally, there are two ways
of forming standing waves, even and odd parity waves or wavefunctions with two
different energy eigenvalues. The resulting splitting of energy levels accounts for
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the top and bottom of the energy gap at the band edge. This can be clearly seen
from Figure 6.4, in which ¢, (x) at the top of an energy band and that at the bot-
tom of the next higher-lying energy band are plotted. The main difference between
the two wavefunctions consists of high- and low-probability amplitudes near the
potential barrier, as clearly shown in Figure 6.4. The resulting difference in average
energy of the electron in the unit cell accounts for the energy gap.

Number of Quantum States per Band

We next consider the total number of quantum states in a band by using the ring
boundary condition Eq. (6.8). Clearly, the number of k values or equivalently the
number of wavefunctions in the range from k to k + dk is given from Eq. (6.8) by
dn = L ak (6.18)
27
But we have to multiply Eq. (6.18) by 2 to account for the two electron spin states,
spin-up and -down, for each k and integrate Eq. (6.18) over the Brillouin zone,
obtaining
n/d
n=2L [ ak=2L 0N (6.19)
2717 -z /d d
where N is the total number of unit cells in the crystal. Hence, the total number
of the quantum states per band is given by the number of unit cells constituting
the 1D crystal multiplied by factor 2.

6.3
The Motion of Electrons in Energy Bands

The dispersion relation shown in Figure 6.5 provides the basis by which to describe
the motion of electrons in 1D crystal. Thus, let us revisit the E — k dispersion of a
free particle

212
E="K =y 6.20)
m
The velocity of the particle is given in this case by
1dE _hk _p
= —-— = — = — .21
"= dk m m (6.21)
and is identical to the group velocity of the wave packet (Eq. (1.32)):
v, = Z—(;; = % (6.22)

Since E « k? near the band edge, the propagation velocity of the electron can also
be represented by the slope of the E—k curve.

When an external electric field E is applied, the energy gained by an electron in
6t from the field is given by

0E = —eLv,ot (6.23)



6.4 Energy Bands and Resonant Tunneling

where —eE is the force acting on the electron and v,6¢ the displacement the elec-
tron makes in time 6¢. The energy gain can also be expressed from Egs. (6.20) and
(6.21) as

_dE _
OF = 2ok = hv,ok (6.24)

Hence, by equating the right-hand sides of Eqs. (6.23) and (6.24), we obtain the
equation of motion of the electron as
h_gk = d_p —
st dt
Also the acceleration of the electron can be expressed from Eq. (6.22) as

—e¢E (6.25)

gz Mo _1d (0E() _ 1PEK ok (6.26)
T dt  hdt\ ok ) h ok ot ‘
Hence, by equating 0k /ot in Egs. (6.25) and (6.26), there results
1 PEKR)]
— = —¢E 2
ok a e (6.27)

Clearly, Eq. (6.27) is the well-known equation of motion, relating the force to the
acceleration and the mass. The effective mass of the electron in the crystal can
therefore be represented by

PEK)\™
m, = <%Tg)> (6.28)

In this manner, the dynamic parameters of the electron in the crystal are specified
with the use of the dispersion relation in the energy bands.

6.4
Energy Bands and Resonant Tunneling

The energy band in solids has been discussed thus far in conjunction with the
Bloch wavefunction and the dispersion relation. It can also be understood from
an alternative standpoint of the resonant tunneling of electrons in the periodic
potential. Thus, consider the limiting case in which the barrier height V is infinite.
In this case, the parameters k, sinh kb, and cosh kb in Eq. (6.17) all diverge (see Eq.
(6.9)), and the second term on the left-hand side of Eq. (6.17) becomes dominant,
and other terms can be put to zero. Hence, the condition for Eq. (6.17) to hold true
is given by

1/2
sinkja =0, or ka= [%] a=nr (6.29)
Consequently, the energy levels associated are given by

w2
= n2, n=12, ...
2ma?

n
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and are identical to those in an infinite square well potential of width a (see Eq.
(4.4)). This is expected because the electron in this case is strictly confined to one
unit cell independent of other cells.

Another limiting case to consider is the infinite potential barrier width b, and in
this limit, sinh kb = cosh kb — 0. Thus, when both sides of Eq. (6.17) are divided
by cosh kb and cos k; a, it reduces to

261
tan2& = m, kia=2¢, ka=2 (6.30)
Or equivalently, with the use of a well-known trigonometric identity,
fan2¢ = — 28NS
(1 —tan2¢)

Equation (6.30) is further reduced to a quadratic equation for tan &

& —n?

tan%& + tané—1=0 (6.31)

Hence, we can solve for tan &, obtaining
Etané =1y, Ecoté=-—pn (6.32)

as the positive and negative branches of the solution. Clearly, Eq. (6.32) is the
reduced version of the dispersion relation (6.17) and is identical to the quanti-
zation condition of the bound state energy for even and odd parity eigenfunctions
in the quantum well (see Egs. (4.22) and (4.23)).

In light of these two limiting cases, it is clear that the energy bands originate
from the same energy quantization conditions as those discrete energy levels in
isolated quantum wells. The only difference between the two cases consists of the
discrete energy levels of the quantum well being broadened into bands due to the
coupling between unit cells via the overlap of the wavefunctions in adjacent cells
(see Figure 6.4). Therefore, an electron behaving as a free particle in allowed bands
can be understood in light of the resonant tunneling. That is, an electron in allowed
bands automatically satisfies the condition of the resonant tunneling by residing in
energy eigenstates of the quantum well. Therefore, the electron can tunnel through

.

0.9 nm
. —3eV iy h—
\ / N\
\\ // \\ "V
U/ 0
OeV
(@) (b) 0.3 nm

Figure 6.6 The discrete bound state energy levels in individual quantum well being broad-
ened into energy bands (b) and the equivalent energy bands resulting from the dispersion
relation (a).



Problems

the string of potential barriers with 100% probability. In this context, the potential
barriers become transparent, and the electron moves as a free particle.

Problems

6.1

6.2

6.3

(a)

(@)
(b)

(a)

Given the coupled equation
apx+apy =06
anx+dxyy =C)

show that the solution can be expressed by Kramer’s rule:

ST a5 G
G dp C1ay9 — Cylqy )y G Cydy; — €18y
X = = N y = =
Ay, Aoy — Ayl U110y — Ay
ay;  dp 1% 12421 ay;  dp 11%22 12921
dy Ay dy Ay

Given the characteristic matrix equation

COE) ) = {Lmms w
2 1) \x, %o 2%, +(1 - ADx, =0

Show that the solution of the coupled equation is trivial unless the sec-
ular equation is satisfied,

1-41 2

_ 24—
9 1—1_0 or (1-4A)"-4=0

Show that the two characteristic roots A, when inserted into (A) yields
the infinite number of solutions as long as x; and x, are related by x, =
+x,.

Show that the condition x, = +x; can be found from any one of two
equations in (A).

Show that if the normalization condition is imposed 2 + x5 = 1, the
solution is given by

()5 0) 5 50)

Starting from boundary conditions Eqgs. (6.11) and (6.12), eliminate A, B
and derive Eq. (6.15).

Starting from the secular equation (6.16), derive the dispersion relation
(6.17).

Hint: Use the identity e~ + 1 = 2¢7*4 cos kd.

The superlattice structure consists of a series of quantum wells and barrier
potentials for both electrons and holes, as shown.

Take the barrier height to be infinite and design the well width a such
that the first two subbands of the electrons are separated by 40 meV. Use
the effective electron mass of m,, ~ 0.07 m, with m, denoting the rest
mass.
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Figure 6.7 A superlattice structure consisting of a string of the quantum wells.

Ey

(b) Repeat the analysis numerically or by graphical means using the
potential barrier of 0.1V and estimate the widths of the two subbands
(Figure 6.7).
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7
The Quantum Treatment of Harmonic Oscillator

The harmonic oscillator (HO) is treated quantum mechanically. The HO is a key
component in various kinds of dynamical systems, and it is thus essential to com-
prehend the physics of the HO. For instance, the dynamics of HO provides the
general background for the quantum treatment of electromagnetic (EM) field, the
molecular vibrations, chemical bonds, atomic oscillations in condensed matter,
and so on. Moreover, the quantization of EM field is carried out in analogy with
the operator treatment of HO.

7.1
Energy Eigenfunction and Energy Quantization

Consider a particle of mass m attached to a spring with spring constant k as shown
in Figure 7.1. The energy eigenequation of the HO is given by

[___2 + lkxz:l u(x) = Eu(x), ; = 0)2 (71)

where the Hamiltonian consists of the kinetic and potential energies and w is the
characteristic frequency. In treating the differential equation, it is convenient to
introduce the dimensionless displacement & and the energy parameter 4 as

1/4
_ [ mk _(mw\Y% . _2F
&=ax, a=<ﬁ> —(7) ; /1=% (7.2)
and recast Eq. (7.1) by multiplying both sides with 2(m/k)'/?/h = 2/hw as
42
S HE + (A —EuE) =0 (7.3)

dée?
In the asymptotic limit £ — oo, 4 can be neglected, and the solution is given by
u(€) ~ exp —&2/2, as can be easily verified. Thus, we may try the solution in the
form

u@) = e PHE) (74)
and insert it into Eq. (7.3), obtaining
H"—2¢H' +(A-1)H=0 (7.5)

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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K \ //n’+1

m ho(n;+ 1/2) E n;

e

X .
0 S5hw/2 l 2
. hw
3hw/2 - T 1

fiw/2 ; 0 R
(a) (b) 0 X

Figure 7.1 (a,b) A harmonic oscillator and its quantized energy spectrum consisting of the
discrete levels separated by the quantum of energy hw. Also indicated is the continuous
energy spectrum of the classical harmonic oscillator.

where the primes denote the differentiation with respect to &.
Series Solution
We can use the method of the series solution and expand H(&) as
H) = fsi at", a,#0 (7.6)
n=0

By inserting Eq. (7.6) into Eq. (7.5) and carrying out the differentiations involved,
we can write

s(s — 1)6104’5_2 +(s+ 1)55114‘8_l

+Z{[(s +n+2)s+n+Da,,, —[2(s+n)+1-2a,}&" =0 (7.7)
n=0
In Eq. (7.7), the first two terms resulting from H(&)” have been taken out of the
summation, while all other terms are combined into two groups by appropriate
adjustments of dummy index 7. Thus, solving Eq. (7.5) is reduced to satisfying Eq.
(7.7) for arbitrary powers and values of &, which can be done by putting,

ss=1)ay, =0, (s+1)sa; =0 (7.8a)

s+n+2)(s+n+a,,=[26+n+1-Ala (7.8b)

n

The two conditions in Eq. (7.8a) are known as the indicial equations, while Eq.
(7.8b) is the recurrence relation specifying higher-order coefficients recursively
in terms of ay, a;.

As a, is taken nonzero (see Eq. (7.6)), the indicial equations are satisfied with
the choice of s = 0 regardless of whether or not 4, is zero. Hence, H(&) is obtained
in terms of two infinite order polynomials, with a,, a; specifying higher-order
coefficients:

a a,a a

H(&) = a, <1 422y 22 ) +aé (1 + 224 > (7.9)
Z0) ay gy a;

Thus, the eigenfunction u(x) is found with the insertion of Eq. (7.9) into Eq. (7.4).



7.1 Energy Eigenfunction and Energy Quantization

Energy Quantization

Naturally, #(¢) should be physically well behaving, in particular for large & To
examine the asymptotic behavior, let us consider the Taylor expansion of the expo-
nential function, namely,

(9] ., 1
expf =Y b,E" b=
n=0 :

In this series, the ratio between two successive expansion coefficients is given by
b,../b, = 1/n for large n and is identical to the corresponding ratio as appears
in Eq. (7.8b). This indicates that H(&) diverges as H(&) ~ exp &2, so that u(£) also
diverges as u(x) ~ exp(£2/2) (see Eq. (7.4)). Therefore, the appropriate modifica-
tions of H(&) are in order to make the eigenfunction physically well behaving.

The modification can be made by terminating the a,-series in Eq. (7.9) at a finite
order while eliminating the other series by putting @, = 0. The termination at the
nth order can be made by constraining 4 in Eq. (7.8b) by the condition

0=a,.,= Man, s=0 (7.10a)
m+1)(n+2)

The requirement of Eq. (7.10a), when combined with Eq. (7.2), provides the natural
ground for the quantization of energy:

2,
A= —2=21+1, n=0,2.4, ... (7.10b)
hw
In this case, the polynomial H (&) consists of the even powers of & which renders
u(€) an even function of & (see Eq. (7.4)).
For s = 1, we can again satisfy Eq. (7.8a) by putting 4; = 0 and obtain the finite-
order polynomial H(£) with the use of the recurrence relation (7.8b):

_ _2n+3-14 4
T m+2)(m+3) "
Thus, the energy is naturally quantized from Eq. (7.11a) as

2E,
=2n+3, n=0,2,4, ... (7.11b)
ho

0=a s=1 (7.11a)

A=

n

Moreover, H(¢) consists in this case of odd powers of & so that u(¢) is an odd
function of & The two energy quantization equations (7.10b) and (7.11b) can be
combined into one as

Enzhw(n+%>; A, =2n+1, n=0123, .. (7.12)

(see Figure 7.1). In this manner, the energy eigenvalues are naturally quantized by
the obvious requirement that the eigenfunctions should be physically well behav-
ing. The quantized energy level of HO is in distinct contrast with that of the classi-
cal HO, for which E varies continuously by any infinitesimal amount, as discussed
in Chapter 1. The discrete energy levels are equally spaced and separated by A,
and the integer # in Eq. (7.12) is the quantum number specifying the discrete
energy levels.
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Ground State

The ground state energy for n = 0 is given from Eq. (7.12) by

_ho
2

and is not zero but has a finite value, called zero-point energy. This is again in
contrast with the classical oscillator whose total energy at rest in the equilibrium
position has zero value. The zero-point energy originates from to the wave-like
behavior of the particle and the uncertainty principle just like the finite ground
state energy in the quantum well.

E, (7.13)

7.2
The Properties of Eigenfunctions

Hermite Polynomials

The nth order polynomial H, (&) thus found is the well-known Hermite polyno-
mial, obeying the differential equation

H!! —2¢H), + 2nH, =0 (7.14)

The Hermite differential equation is identical to Eq. (7.5), when A is replaced by
A, in Eq. (7.11b). The properties of H, (&) can be conveniently discussed by using
its generating function

G(&,s) = P G R Z M (7.15)
~ nl

The generating function yields various useful recurrence relations. For instance,
by differentiating both sides of Eq. (7.15) with respect to &, there results
0

I AL i H,(©)s"

65 n=0 n ' n=0

(7.16)

n!

with the primes denoting the differentiation with respect to £&. We can thus single
out the coefficients of the equal powers of s from both sides of Eq. (7.16), obtaining

H' =2nH, , (7.17)
Also by differentiating Eq. (7.15) with respect to s, we can similarly find

1
¢H, = o H,

n+l

+nH, | (7.18)

In addition, we can obtain H, (¢) by differentiating the generating function G(&,s)
with respect to s # times and putting s = 0. In this case, the terms with powers in s
less than 7 vanish while getting differentiated # times, while the terms with powers
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in s greater than # also vanish in the limit s — 0. In this manner, H,(x) is singled
out from the summation to be given by

H, (&) = 652 (s-¢)”

s=0
& 67| Lyt 92
=€ (-)'— =(-)"e
6 s=0 aén

The operational representation of H, (&) is known as Rodrigues’s formula and is
useful for generating H,(£). For example, we can easily obtain by mere differenti-
ations

(7.19)

Hy=1, H,=2¢ H,=4&-
The Orthogonality of Eigenfunctions
The energy eigenfunction of HO is given from Eq. (7.4) by

u,(&) = N,e¥72H,(&) (7.20)

where N, is the normalization constant. To find N, and also to examine the
orthogonality of u,(x), let us integrate the product of two generating functions:

/ dées +2s§e—:2+2t5 —&2 Z n’ Z / de (f)H (f)e—ﬁ (7.21)

We can perform the integration on the left-hand side by using the table, obtaining

0 o ngn on
e—sl—tz/ dfe_§262(5+t)§ — \/;eZts — \/;Z 2 t'S (7.22)
n.

In Eq. (7.22), the exponential function exp(2ts) has been Taylor expanded.

Hence, the double sum on the right-hand side of Eq. (7.21) has to be reduced
to the single sum. Therefore, the coefficients of the terms proportional to s"#” on
the right-hand side of Eq. (7.21) should satisfy the relation

/ deH H, e = \/z2"n'5,, (7.23a)
where 6, is the Kronecker delta function defined as
1 forn=
5 =4 =M (7.23b)
0 forn#m

In this manner, the orthogonality of {u,(£)} is shown explicitly. At the same time,
the normalization constant N, can also be found from Egs. (7.2), (7.20), and
(7.23) as

© NZ 0 ) N2
1= / dxlu,(x)* = = / dee S H? = —+\/z2"n! (7.24)
—oo a J_o a
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The normalized eigenfunctions of HO are thus given by

1/2
() en _ _ [meo]'?
1, (x) = (\/7_[2””!> cEPH (&), E=ax, a= [ : ] (7.25)

Typical eigenfunctions and probability densities are plotted in Figure 7.2. Note
that there is a small but finite probability of finding the HO in the classically for-
bidden region. Also the penetration depth increases with increasing n, that is, with
increasing energy. Moreover, the peak of the probability densities shifts from the
center at x ~ 0 for small # to the edges at x & x,, for large n. Classically, the proba-
bility P of finding the HO in the interval from x to x + dx is inversely proportional
to its dwell time therein. Therefore, P attains the minimum value near the ori-
gin x = 0, where the velocity of the HO is at its maximum. On the other hand, P
attains the maximum value at x = x,, where the HO is momentarily at rest before
reversing its direction. The classical probability P is also plotted in Figure 7.2,
for comparison. Clearly, the profile of P is in general agreement with the trace
of the sub-peaks of the probability density |u,(x)|? for large n. The agreement of
the probability profile for large # is referred to as the correspondence principle.

A

0 5

(©

Figure 7.2 (a-d) Typical eigenfunctions and probability densities of the HO. Also shown
are the classical turning points (broken lines) and the classical analog of the probability
density (thin lines).



7.3 HO in Linearly Superposed State

The Uncertainty Relation

We next examine the uncertainties in x and p, in the nth eigenstate. The eval-
uation of Ax, Ap, can be done conveniently by using the recurrence relations
given in Eqs. (7.17) and (7.18). Obviously, the average value of x is zero because
u(x)u,(x) is even in x regardless of whether u,,(x) is even or odd, so that the parity
of u (x)xu, (x) is odd. But the average value of x? is not zero and given by

(%) = (u,|6*|u,,)
oo 2 (e
_ / dxu;‘;xzun=% / dee P H O PH,E), & = ax
- - (7.262)

At this point, we can make use of the recurrence relation Eq. (7.18) and the
orthonormality of the eigenfunctions in performing the integration, obtaining

() = % (n+ %) (7.26b)

Once {x), (x?) are known, the variance Ax is obtained as
A% = ((x — (1)) = (& — 25(x) + (1)2) = () — ()2 = (n+ 1) (7.27)
mw 2

We can likewise obtain the variance of p, by using the recurrence relation
Eq. (7.17) as

AP = (0, = 0 )P) = () = (0 = moh (n+ 3 ). p,=—ins (7.28)

Therefore, the uncertainty relation between x and p, in the nth eigenstate is given
by

AxAp, =h <n + %) (7.29)

and is shown to increase with increasing energy level. It is also clear from Eq. (7.29)
that the ground state for # = 0 has the minimum uncertainty limit 7/2.

7.3
HO in Linearly Superposed State

Useful Matrix Elements

As mentioned, the HO is a key element in a number of important dynamical
systems, and a few matrix elements involving the eigenfunctions are extensively
utilized. These matrix elements can be simply evaluated with the use of recurrence
relations Egs. (7.17) and (7.18). For instance, the matrix element

(bl ) = N’;ﬁ[’” / et PH @02 P 0 (7.30)

[oe]
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plays an essential role for describing the interaction of light and matter. We can
again use the recurrence relation Eq. (7.18) and the orthonormality of eigenfunc-
tions and obtain

I+ DV )@mo/m)?, I'=1+1
(uylx|luy )y = 4 12 ) 2meao /R)V2, '=1-1 (7.31)

0, otherwise

We can also evaluate the matrix elements involving the momentum by using the
recurrence relation Eq. (7.17) and obtain

(mw /202 1+ DV, I'=1+1
B.) & (|2 ) = ~Gmof2m) 222, =11 (7.32)
0, otherwise

When the HO is in a superposed state, consisting of the ground and first excited
states with equal probability, for example, the wavefunction is given by

w(x,t) = L (e—icot/2u0 + e—i3a)t/2ul) . w= % (7.33)
2
In Eq. (7.33), the oscillatory time components exp —iEt/h have been added to each
eigenstate, and the factor 1/ \/E is introduced for normalizing the wavefunction.
Then, the probability density

*

vy = %(ué + u% + 2uyu, cos wt) (7.34)

consists of the time-independent background terms ug, uf and an oscillatory

term, as shown in Figure 7.3. The oscillatory behavior of the HO can be seen
lw|? 4 v |24 w4

wt=0 bis

/4 3n/4

n/2

0 0 0 X

Figure 7.3 The probability density at different times of the superposed state consisting of
the ground and first excited states with equal probability. Also shown is the oscillation in
time of the probability density profile.
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more clearly by considering the expectation values of x and p,:
(x) = % <e—iwt/2u0 + e—i3wt/2u1|x ‘e—iwt/Zuo + e—i3wt/2u1>

1
=X, COSt, Xy = (Uplxluy) = W (7.35)

<px> — % <e—iwt/2uo + e—i3wt/2u1| _ lh% |e—iwt/2uo + e—i3wt/2ul>

d mawh \/?
= —pysinot, py, = hug) - =(—> 7.36
P1p SINWL, Py (uo ox |uy) 5 ( )
In deriving Egs. (7.35) and (7.36), the amplitudes of oscillation x;,, p;, have been
obtained by using the matrix elements derived in Egs. (7.31) and (7.32). Indeed,

these average quantities oscillate in time in a manner similar to the classical HO.

7.4
The Operator Treatment of HO

The operator treatment of the HO is important by itself, but it also paves the way
for the quantum treatment of EM fields and molecular vibrations. Moreover, the
concept of phonons is naturally brought out. Thus, consider the operators defined

as
a 1 .1 1 d
(f) Y e = V2 (“ a:) 73

where ¢ is the dimensionless variable specified in Eq. (7.2), and a and a* are
called the lowering and raising operators, respectively. We can find the com-
mutation relation of @ and at by using the commutation relations [x, p] = ih,
[x,x] = [p, p] = 0, obtaining
[a,a+]:%(#)[x,px]+%(%)[px,x]=1 (7.38)
Also, we can invert Eq. (7.37) and find x and p in terms of a, a* as

1
x = (a+a") (7.39a)
V2a
= e _ g (7.39b)

ps
V2

and express the Hamiltonian of HO in terms of a and a™ as

~ PR 1, L1

H—ﬁ+§kx —an)<a &Z+§> (740)
In obtaining Eq. (7.40), Eq. (7.38) has been used, that is, aa® = a®a + 1 together
with the identities k/a? = (ha)?>/m = how (see Eq. (7.2)). The operator a*a is
known as the number operator, and it commutes with H, as clear from Eq. (7.40).
Since two commuting operators share a common eigenfunction, the energy

eigenfunction u,(x) can also be used as the eigenfunction of the number operator.
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Raising, Lowering, and Number Operators

The operators a, a*, and a*a yield interesting results when they operate on u,,(x).
Thus, consider a operating on u,,(x):

1 7} —£2/2
au, = — <§+ —> [Nane &/ ]
V2 oo
2
= izz\an,;e—fz/2 = ianan,,_le—éz/z = \/nu,_, (7.41)

In obtaining Eq. (7.41), Eq. (7.25) was used for u,,(x), and the recurrence relation
Eq. (7.17) was used for converting H), to H,_,. It is therefore clear that the opera-
tor a lowers the eigenstate from # to n — 1 and is called the lowering operator. On
the other hand, a™ raises the eigenstate from 7 to n+ 1 and is known as the rais-
ing operator. The raising operation can be shown with the use of two recurrence
relations (7.17) and (7.18) as

a‘u, = N, (f - i) H,e¥? = %(KHH —H)e ' =\/n+1u,,, (742)

2

VAN

Therefore, the two consecutive operations of 2 and a* on u,,(x) yield

atau, = a*[\/nu, 1= \/n\n =1+ Du,_,,, =nu, (7.43)

and indeed u,,(x) is also the eigenfunction of a*a with # as the eigenvalue.

74.1
Creation and Annihilation Operators and Phonons

In view of the roles of a, at, and a'ta, the eigenenergy E, of the HO can be
interpreted as consisting of the #» number of the quantum of energy /v called
the phonon. In this context, the operator a destroys a phonon and lowers u, to
u,_; and is also called the annihilation operator. By the same token, a* creates a
phonon and raises u, to u,,, and is called the creation operator.

It is also possible to generate the set of eigenfunctions {1, (x)} by creating a series
of phonons in succession from the ground state in which # = 0. The starting point
of this operational approach for finding #,(x) is the fact that when a operates on
the ground state, it pushes the state out of the Hilbert space of the eigenfunction,
that is,

auy = \/6140_1 =0 (7.44)

The operation (Eq. (7.44)) can be cast into a differential equation by using
Eq. (7.37) as

(5 + %) Uy =0 (7.45)



Problems

The solution of this simple differential equation can be easily obtained as

1/2
Uy e = Noe_fz/z, N, = (L> (7.46)
N

where the constant of integration N, has been used as the normalization constant.
Once , is found, the higher-lying eigenstates can be systematically generated by
creating a single phonon in succession, that is, by applying a* on 1, repeatedly. For
instance, the first excited state is obtained by creating one phonon in the ground
state:

1 .11 < a>
u = —a‘uy=——\&- = ) uy®
NS AN
1/2
— o e Py ) (7.47)
(\/71'2!) '

Here again, recurrence relations (7.17) and (7.18) have been used together with
Eq. (7.25) for u,(x) and Eq. (7.42) for the operation a*u,,. The eigenfunction u,,(x)
is obtained in general by performing the operation

1 1 J
u, (&) = —=@""'uy(é), a*=— (5 - —) (7.48)
\n! ’ \/5 9
Problems

7.1 (a) Starting with the energy eigenequation (Eq. (7.1)), fill in the algebraic
steps, and derive the eigenequation given in Eq. (7.3) in terms of &.
(b) By looking for the solution of the eigenfunction in the form given in Eq.
(7.4), reduce the eigenequation to (7.5).
7.2 Consider the 3D HO with the Hamiltonian
N 2
H= —h—WIV2 + %kxx2 + %kyy2 + %kzz2
(a) Set up the energy eigenequation and look for the eigenfunction in the

form

u(x,y,z) = ux(x)uy(y)uz(z)

and reduce the 3D eigenequation to three 1D eigenequations.

(b) Find the eigenfunction and the eigenvalue of the 3D oscillator.
For k, = k, = k, = k, discuss the energy spectrum and find the degener-
acy of the first, second, and third excited states.

7.3 (a) Derive therecurrence relations (7.17) and (7.18) by filling in the algebraic

steps described.

(b) By using the recurrence relations and the normalized eigenfunction
(Eq. (7.25)), evaluate the variances Ax*> and Ap? and derive the
uncertainty relation between x and p,, given in Eq. (7.29).
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7.4

7.5

7.6

(c) By using the same recurrence relations, derive the matrix element
(Eq. (7.31)).

Consider a classical oscillator with mass 7 and spring constant k and oscil-

lating with an amplitude x;,.

(a) Find the kinetic and potential energies averaged over one period of oscil-
lation and compare the results with the total energy.

(b) Find the average kinetic and potential energies in the # th eigenstate of
the quantum oscillator and compare the results with the total energy of
the eigenstate.

(c) Discuss the similarities or differences between the classical and quantum
descriptions.

The vibrational spectra of molecules can be observed by the infrared spec-

troscopy. The carbon monoxide (CO) molecule can be modeled as C and O

atoms coupled via a spring with an effective spring constant k. The energy

spacing between the two energy eigenstates is observed to be given by the
wavenumber 1/4 = 2170 cm™!.

(a) By taking the masses of C and O to be 12 and 16 atomic units, determine
k, which is a measure of the bond stiffness.

(b) Find the zero-point energy.

By using the representation of x, p in terms of raising and lowering opera-

tors, a™ and a (see Eq. (7.39)), derive the Hamiltonian given in terms of the

number operator (Eq. (7.40)).

Suggested Readings
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Applications of Quantum Mechanics, Edition, John Wiley & Sons, 2003.
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8
Schrodinger Treatment of Hydrogen Atom

The quantum treatment of the H-atom is presented. The H-atom is the simplest
atomic system, but the theory of H-atom contains the central core of quantum
mechanics. Bohr’s H-atom theory was the culmination of the old quantum theory,
and the Schrodinger treatment of the H-atom demonstrated the versatility of his
wave equation. Moreover, the theory is used as the general background for treating
the multi-electron atoms and molecules. The topics included for discussion are
angular momentum, spatial quantization, atomic orbital, quantized energy level
and atomic spectroscopy, Doppler broadening, and so on.

8.1
Angular Momentum Operators

The angular momentum is a key ingredient of quantum mechanics. Bohr’s H-atom
theory, for instance, starts with quantizing the angular momentum. Understand-
ably, it also plays a central role in the quantum treatment of the H-atom. Moreover,
the eigenfunction of the angular momentum offers the tool for treating the atomic
orbital, multi-electron atomic system, chemical bonding, molecular structures,
and so on.

Thus, consider a particle with mass 7 and moving in a circular orbit with the
linear momentum, mv at r distance from a fixed center (Figure 8.1). The angular
momentum operator z is defined as the vector product of r and p, and in Cartesian
coordinate frame, it reads as

5 0 0 0
[= p = —inV), V=i—4+jy—+2— 8.1
[=rxp=rx(=ihV) xax”ay”az (8.1)

The three components are then given by

A ~ A

Ly=yp,—2py, l,=zp,—xp, I, =xp,—)yp, (8.2)

where the cyclic property of the vector products of unit vectors A X y = 2,y X Z2 =
X,Z X & = ¥ has been used.

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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I~
Svy

Figure 8.1 The angular momentum as the vector
product of r and p.

It is convenient to treat the angular momentum in the spherical coordinate
frame, in which case the angular momentum operator reads as

I=rxiny), v=(pL44r 4oL 9
- - or r 00 rs1n6’()<p

5 Jd s 1 0
= —ihf (0, @), 0, -0—— 8.3
inf(0,9), fO.0)= ( 3 SIHM(p) (8.3)
where 7, 8, ¢ are the unit vectors in the frame (Figure 8.2), and the cyclic property
of the vector products of the three unit vectors has also been used. We can single
out x, ¥, and z components of the angular momentum by projecting Eq. (8.3) into
the x, y, z axes:

2 =z 2:( cos @ — a,sin0) - 7=—ihi (8.4a)

Il =%-1=in(sin i+c0t9cos 9 (8.4b)

x =L KT, ? o0 :

1 =%-1=in(—cos i+cot051n 9 (8.4¢)

y=V0iT *50 ™ ‘
Z A

L. rsin
r cosf NN
. =Xrdd
0 AN
- 7
Za
L1 rsinglsing
e >y
Q ISR
& wer
R ~N .
%\(\Q """ (bbb Y0 rsing/de
<

(a) (b)

Figure 8.2 The spherical coordinate frame with variables r, 8, and ¢ (a) and two sets of
unit vectors 7,6, and %, 9, 2 (b).



8.1 Angular Momentum Operators

where %, J, 2 have been expressed in terms of @,, 4, @, respectively.
Additionally, the operator expression of /2 can be obtained by using the defini-
tion (Eq. (8.3)) and the vector identity.

P=-r*(rxV)-(rxV)=—h*-[VX(FrxV)] (8.5)
In Eq. (8.5), we can again use Eq. (8.3) for replacing r X V by f(8. @), obtaining
P =—n*-Vxf@. )

o 1 0 ( . .0 > 1 0
= - — (sinf— ) + —
sin 6 00 00 sin 20 0gp?

(8.6)

where use has been made of

. 1 0, . 1 9
VX[, 9)], = —— 2 (sin6f) + o
V[0 0, = 253 SN+ g 00

A A

Also the commutation relations involving /,, /,, and 1, can be derived from those

of r and p given in Eq. (3.27). For example,

[1,.1,1 = [0b, — 2b,). (2D, — 5P,)] = P, 2D, + (2D, %P,]

= yp,[p,. 2] + p,xlz. p,] = ih(xp, — yp,) = ihl, (8.7a)
Likewise, we can obtain

(0,11 =inl,. [1,.1,]=inl, (8.7b)
and these cyclic relations are compactly summarized as

Ix1=inl (8.8)
Finally, let us consider the commutator

(2L =@+ +1),1,]

The first term can be calculated by using Eq. (8.7b) as

(L1 =111 - LL1,
=101, —inl) - (11, +inl ),
= Lh(lxly + lylx) (8.9a)
Likewise, we can obtain
(2,1, = ih(,1, + 11, (8.9b)
Hence, it follows from Eq. (8.9) that
2, 1) =[21)+ 1)+ [21)=0 (8.10a)
where the last commutator is by definition zero. We can likewise obtain
(2 11=121]1=0 (8.10b)
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8.2

Spherical Harmonics and Spatial Quantization

We next consider the eigenequation of ZZ that is given from Eq. (8.4) by

)
0

= lzu((p) (8.11)

where u(@) and [, are the eigenfunction and eigenvalue, respectively. By rear-
ranging the equation as du(p)/u(@) = i(l,/h)de, and integrating both sides, there
results

. 1 .
u(@)  ell-/Me = eill-/M)e (8.12)
Varn

In Eq. (8.12), the constant of integration has been used for normalizing u(¢p) over
the interval from 0 to 2z. Naturally, the eigenfunction u(¢) should be single valued,
that is,

u(p) = u(e + 2x) (8.13)

Hence /, should satisfy the condition (/,/h)2z = 2xm with m as an integer, that
is,

[, =mh, m=0,1,%2, ... (8.14)

Therefore, the normalized eigenfunction of 7, reads as

u, (p) = 1 eme. m=0,+1,42, ... (8.15)

V2r

Next the eigenequation of /% is given from Eq. (8.6) by

|9 (sinei) f L2y 0.g) = pry,0.0)  (816)
sin@ 00 90/ " sin20 dg?| "/ /

where Y;(0, @), ph? are the eigenfunction and eigenvalue, respectively. As /2 and

ZZ commute, the two operators share a common eigenfunction. We can therefore

put

Yy,,(0, 9) x u,, (@) = u, ()P, (0) (8.17)

It thus follows from Egs. (8.15) and (8.17) that 9*Y;,, /dp* = —m>Y,,, so that the
eigenequation (8.16) involves only one variable 6 and reduces to

dp,, 2
diw(l - wz)ﬁ +|p- 1’_”—W2] Py, =0, w=cosf (8.18)

The differential equation (8.18) can again be solved by the series method, but
the series solutions diverge and are physically unacceptable unless f and m are
constrained by

p=Il+1), m=—-l,—I+1,..,-1,0,1,2, ... ,[—1,1 (8.19)



8.2 Spherical Harmonics and Spatial Quantization

When the Eq. (8.19) is put into Eq. (8.18), the equation becomes identical to the
well-known Legendre differential equation. The solutions are known as the Legen-
dre and associated Legendre polynomials, and denoted bfo(E P)) and P, respec-
tively. The detailed analysis of Eq. (8.18) is found in the reference books listed at
the end of this chapter. Suffice it to say here that the Legendre polynomials belong
to the list of well-known special functions in mathematical physics and can be
generated by the Rodrigues’s formula:

l
P(w) = —(%) W -1, 1=0,1,2,..., w=cosf (8.20)

Once P, is found, P}" is obtained by the operation
11 _ m 2\m /2 dm — 1 _ m pm
Prw) = (=" (L= w2 P L Pw), P (w) = (=) P (w) (8:21)
awm
Also the Legendre polynomials are orthogonal

1
2 (I +|m])
prwypn = 2 LHIm) 22
/_1 P P = S T 1 o (822)

so that the normalized eigenfunction of both 22 and 2 is given by

20411~ |ml])!

1/2
P(6)e™? 2
ax (l+|m|)!] /(e (8:23)

W@wzew[
The eigenfunction (8.23a) is the celebrated spherical harmonics and is related to
its complex conjugate as

YO, ) = (=)0, 9)" (8.23b)
The Spatial Quantization

The spherical harmonics are often denoted by Dirac’s ket vector, and the
eigenequations are then compactly expressed as (see Eqs.(8.11), (8.16))

Plimy = R+ D|lm), |lmy=Y"=Y,,, [=012, .. (8.24a)
Lllmy = hm|lm)y, m=—-L,—-l+1,...,1-1,1 (8.24b)

Here, the integer [ is called the angular momentum quantum number and m the
magnetic quantum number. The eigenfunctions (8.24) clearly indicate that the
angular momentum is specified by a discrete set of the quantum numbers, /, m in
units of 7, as illustrated in Figure 8.3. Given /, the angular momentum precesses
around the z-axis in discrete orientations such that its projection onto the z-axis
varies in units of /1. The resulting spatial quantization of ZZ is a feature again unique
in quantum mechanics.

When the angular momentum is in the state |/m), it follows from Egs. (8.4b),
(8.4¢), and (8.24b) that

(Im|l|lm) = hm (8.25a)
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Figure 8.3 The spatial quantization of the z-component of / for [ = 2.

(|l |im) = (Im|in <sin<pi + cotecosqai) lim) = 0 (8.25b)
30 P

(lmlzyllm) = (lm|in (— cos qoi + cot 8 sin qoi> |lm) =0 (8.25¢)
00 0@

It is clear from Eq. (8.25) that the information of /,, ly is lost, when /, is known
precisely. This is expected because ,, %,, and I, do not commute. Typical polar
plots of the spherical harmonics are shown in Figure 8.4, and Table 8.1 lists ¥},,’s
as a function of ¢ and 6.

z z N
z yoo y1o z z Y, 1 Y1‘1 z
x ; A S
X y X y XX
1

z
Y22, Y2—2

c @

Figure 8.4 The 3D and projected polar plots of Y3, Y9, v¥', v0, y¥!, y£2,




8.3 The H-Atom and Electron-Proton Interaction

Table 8.1 Typical spherical harmonics.

l m Y"(0.9) =Y,,,0.9)
1

O 0 YOO = m

1 0 Yyo = 3(3/m'/? cos 6

+1 Yy, = F5(3/2m)1/2 sin ge*ie

2 0 Yy = 3(5/m1?(3cos20 - 1)
+1 Yy, = i%(lS/Zﬂ')l/z cos 0 sin fe*i®
+2 Yy, = 3(15/2m)1/2 sin 20¢*%@

8.3
The H-Atom and Electron-Proton Interaction

The H-atom consists of a proton and an electron bound together via the attractive
Coulomb potential, and it is a two-body central force system. The equations of
motion of the electron and proton read as

me'f_e =f(r), m,i, = —]:(r), r=Er,=r, (8.26)

wherer,, r, are the coordinates of the electron and proton, and m1,, m,, the respec-
tive masses. The central force depends only on the distance between the two and
acts on each other in the opposite directions (Figure 8.5). When the two equations
are added together, there results

mi, + m,i, =0 (8.27)

We can recast Eq. (8.27) into the equation of motion of the center of mass as

) mer, + mpr,
MR=0; R= T, M=m,+m, (8.28a)
where R is the center of mass coordinate and M the total mass. When the two

equations in Eq. (8.26) are divided by m,, m,, respectively, and the latter equation

Z a Figure 8.5 Two particles bound by a central
\ force: r;, r,, R, and r are the coordinates of
particle 1, 2, the center of mass, and the dis-
my flrl)

>\\ placement of particle 1 with respect to 2.
r,

2 R my

ﬂ

\] y
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is subtracted from the former, there results

F=uf(r), r=r —r,—=—+— 8.28b
_ﬂfj()__e_pu m, T, (8.28b)
where u is called the reduced mass. The motions of the two particles are thus par-
titioned into (i) the motion of the center of mass, moving as a free particle and
(ii) the motion of a fictitious particle with the reduced mass u with respect to the
fixed force center. Since m, < m,, u ~ m,, and the relative motion is essentially

the motion of the electron with respect to the proton.
The Hydrogenic Atom

Energy Eigenequation and Eigenfunction
The Hamiltonian of the H-atom reads as

N h?

2
AH=-—V2 - e ze ’
R

Z V24 V@), Vi)=-—2 ¢ =
2u r

(8.29)

where the first two terms represent the kinetic energies of the center of mass and
relative motions expressed via the Laplacian operators with respect to R and r.
The term V/(r) is the attractive Coulomb potential in MKS units and ¢, the vacuum
permittivity. The atomic number Z denotes the number of protons in the nucleus
and Z = 1 in this case. The Schrodinger equation thus reads as
., 0 ., h_,
ih—yR,r,t)= |[-—V; = —V "+ V(r R,r,t 8.30
SYRLD=|—guVi- o M| vRr.0) (8.30)
We can partition the solution into the center of mass and relative motions as
w(R.r,t) = e Ean/Miy (R - e EMly ) (8.31)

Upon inserting Eq. (8.31) into Eq. (8.30) and carrying out the differentiations
involved and dividing both sides with Eq. (8.31), there results

2
—;‘inum(g) = Epu(R) (8.32a)
7 2
l—%vz - %] u(r) = Eu(r) (8.32b)

where the total energy is the sum of the kinetic energy of the center of mass and
the internal energy associated with the relative motion

E,=Ey+E (8.32¢)
The wavefunction of the center of mass moving as a free particle is given from Eq.

(5.3) by

2172
(R, t) e~ i(Ecm /M)t iR _th

M
where K is the wave vector. This leaves the bulk of analysis to solving Eq. (8.32b).

P =Ecy (8.33)



8.3 The H-Atom and Electron-Proton Interaction

The Bound States
We next treat Eq. (8.32b) in the spherical coordinate frame and express the Lapla-
cian as

v2ol0,0 1|1 0. .0 1 az]

—_— —_— +__
r2or or r? |sin 00 00 sin20 dp>

(8.34)

in which the bracket containing the angular variables is identical to —/2/h? (see
Eq. (8.6)). Hence, Eq. (8.32b) can be expressed as

210 ,0 1 14\ 26
l_ﬂ <ﬁa_rrza_r_r_2ﬁlz)_TM u(r, 0, @) = Eu(r, 0, 9) (8.35)

It is thus clear from Eq. (8.35) that A and /> commute, and therefore the two oper-
ators can share the common eigenfunction, in this case the spherical harmonics:

u(r,0.9) o« Y"(0.9) = Y"(0, 9)R(r) (8.36)

Upon inserting Eq. (8.36) into Eq. (8.35), using Eq. (8.24a) and dividing both sides
by Eq. (8.36), there results

h*10 (,0
[_ﬂ S (Po)+ Veﬂ(r)] R(") = ER() (8:37a)
where the effective potential
Ze?
Vo) = == 4 L g4y (8.37b)
r 2ur?

consists of an attractive Coulomb potential and the repulsive centrifugal potential
arising from the rotational motion of the electron. For large r, the attractive term
dominates, while for small 7, the repulsive term is prevalent. These two potentials
combine to form a potential well, as shown in Figure 8.6. It is in this potential
well that the bound states of the H-atom are formed. For / = 0, however, only the
attractive Coulomb force binds the electron to the proton.

Radial Wavefunction

For analyzing Eq. (8.37), we can take E to be at the zero level when the electron is
at a large distance from the proton and not bound by it. The bound state energy
should then be taken negative. Let us introduce the dimensionless variable

8ulE|

p=ar, a’= = (8.38)

and express Eq. (8.37a) as
/2
1d,d A 1 LU+D) zey [ ou \

Ll 2 TR =0; i= M 8.39

pdp’ dp T, TaT g R n \20E| (8:39)
In the asymptotic limit, in which p — oo, Eq. (8.39) reduces to

Ri{l _ 1R/1[ -0 (8.40)

4
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V A
R2I(1+1)
0 1>
— r
Vei(r)
2
Ze Iy

Figure 8.6 The effective potential energy resulting from the attractive Coulomb force and
repulsive centrifugal force.

with primes denoting the differentiation with respect to p. The solution is then
given by R;; « exp(+p/2), but the positive branch of the exponent has to be dis-
carded to prevent R;; from diverging at large p. We thus look for the solution of
Eq. (8.39) in the form

Ry(p) = p'L(p)e™*? (8.41)
and insert it into Eq. (8.39), obtaining
L + 120+ D)= pll' +(A—1=DL =0 (842)

Equation (8.42) can again be solved by means of the series method, but the
solution diverges as usual unless the parameters A and [ are constrained by the
condition

A=n=m+I1+1, m=0,1,2, ... (8.43a)
where 7 is an integer greater than the angular momentum quantum number /:

n>1+1 (8.43Db)
When the conditions (8.43) are inserted into Eq. (8.42), the resulting differential
equation

pL + 20+ 1) —plL), +(n—1-1)L,, =0 (8.444)
reduces to the well-known Laguerre differential equation

pn pr P _
oL +p+1—-plL  +(q—p)L;=0 (8.44b)

with the identification p = 2/ + 1, ¢ = n + [. Therefore, the Laguerre polynomial
can be used as the solution

R, (p)=N,p'e "L, (p); L, (p)=L" (p) (8.45)

n+l

with N, denoting the normalization constant.



8.3 The H-Atom and Electron-Proton Interaction

Energy Quantization
Let us revisit the condition (8.43) and examine the bound state energy. The con-
straint imposed on 4 reads with the use of Eq. (8.39) as

762 1/2
A, —M< a > =n n=12, .. (8.462)
h \2E,|

Therefore, the bound state energy is naturally quantized as

1 uzey,  Ze,
Fn= bl = ~Fogs o= = 5,
where E;, (= 13.6 eV) for Z = 1 is called the ionization energy that is required to
ionize the H-atom from its ground state (# = 1) and the parameter

2 2 m m
aozh—zzzh—<1+ e>:a3<1+ e> (8.46¢)
uey, e, My My

represents the Bohr radius a; scaling the atomic radius (see Eq. (2.15)). As the
mass of the proton is much greater than m,, u is practically identical to m,, and
the result is in agreement with Bohr’s H-atom theory. However, the information
contained in the wavefunction is much richer.

n=12, .. (8.46b)

8.3.1
Atomic Radius and the Energy Eigenfunction

When the energy eigenvalue in Eq. (8.46b) is inserted into Eq. (8.38), the parameter
a is specified as

8y 8u 2% 1 27\’
2
S 8k 1_(2 8.47
% n? il h? 2a, n? agn (8472)
Hence, the dimensionless radial variable
pEQa,r= <£> r (8.47b)
agn

naturally scales the atomic radius in terms of the Bohr radius 4z, atomic number
Z, and the energy level n. Moreover, the normalization constant N,; in Eq. (8.45)
is found from

1= NIZM/O rzaz'r[Rnl(r)]2 =N? — | dpp? [ple_”ﬂLil:ll (p)]

Im 3
ay

2 1 2n[(n+ DIPP

me3 (n—1-1)!
where the well-known integral involving Laguerre polynomials has been used.
Therefore, by finding N,,,, from Eq. (8.48), we obtain the normalized radial wave-
function as

5 1/2
R, (r) = [(E) M] e_”/zplLﬁfll(p), p= <£> r (8.49)
ayn

(8.48)

nay ) 2nl(n+ D13 0
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and the energy eigenfunction of the H-atom is given by
Uiy (1,6, 0) = R, /(1) Y]"(0, @) (8.50)
The typical examples of u,,,, are listed in Table 8.2.

8.3.2
Eigenfunction and Atomic Orbital

The eigenfunction u,,,,(r,0,¢) carries a wealth of information and is discussed
next. The function u,,,, is characterized by three sets of quantum numbers: (i) the
principal quantum number, n = 1,2, ... (See Eq. (8.43a)); (ii) the angular momen-
tum quantum number / ranging from 0 to n — 1 for given n (Eq. (8.43b)); and (iii)
the magnetic quantum number m varying from —/ to +/ in steps of unity Eq.
(8.19).The quantum states with / having the values 0, 1, 2, and 3 are designated
by s, p, d, and f states in spectroscopy.

Degenerate States

The eigenenergy associated with #,,,,, depends at this stage solely on the principal
quantum number # as clear from Eq. (8.46). This suggests that the multiple quan-
tum states with different quantum numbers /, m for given # all share a common
energy E,. The number of such states can be found by summing over / from 0 to
n — 1, with each [ associated with 2/ + 1 different m values. Furthermore, for given
I, m, there are two possible spin states of the electron, spin-up and spin-down.

Table 8.2 Hydrogenic energy eigenfunctions.

_n me)_ ( me) =<2z)
ao_ﬂeﬁd—ezme(l+mN =dg 1+mN , pP= o r

M
orbital Uy
3/2
1s U100 = —(Ziﬁ[}; e~#r/%
= Qe (o 7r -7r)2a
2s Uy00 = “Gan) /2 w )€ 0
2 Yo = (Z/ag)*? Zr =Zr[2ay cos 0
P 210 32m)1/2 ay
_ (Z/ﬂo)s/2 Zr ~7r[2aq +ip
2p Unlal = “Gea /T 2 € 0 sin fe
3s Uy = L (07 _18Z 4 9220 ) o=2r/3a0
300 7 g1(37)1/2 ay ag
21/2(z/ag)3/ zr\ zr ,~7r/3a
= —t L A 0
3p Uspp 81012 ( P ) p e cos 0
= @l (o Zr\ Zr o zrf3ay gip geti
3p U3141 = oI 6 o) @t 0 sin fe
_ @) 722 _7e/3 2
3d Uspy = 81(62)1/2 ?e 71390 (3 cos 20 — 1)
a2 73 i
3d U324l = G012 2 e~%"/30 sin § cos fe*'¢
3d _ (Z[aP? 222 e=2r/3a9 gin 20ex2ie

u =
3122 7 162(m)12 a2




8.3 The H-Atom and Electron-Proton Interaction

Thus, the total number of degenerate states for given # is given by

n—1
g =2)Ql+1)=2 { [2@] + n} =22 (8.51)
=0

The energy spectrum is shown in Figure 8.7 together with spectroscopic notations.

Reduced Probability Density

The probability density «”, u,,, depends on three variables r, §, and ¢, and there-
fore represents the joint probability density of finding the electron in the volume
element sin §r2drdfdg at r, 8, and ¢ (Figure 8.2). One can therefore introduce the
reduced probability density of finding the electron between r and r + dr regardless
of 0, by integrating u”, u,,,, over the angular variables:

2 T
P(r)dr = / de / sin0dor’dr|Y,"|*|R2 | = r*|R? |dr (8.52)
0 0

where the normalization property of the spherical harmonics has been used. In
Figure 8.8 are plotted the reduced radial probability densities P(r) = rZR:anl ver-
sus 7. Clearly, P(r) vanishes at r = 0, as it should, as electrons do not reside in the
nucleus. Moreover, the profiles of P(r) exhibit the gross features of the electron
clouds around the nucleus, with its peak values roughly corresponding to Bohr’s
electron orbits. Also, for given 7, the value of r at which P(r) is peaked increases
with increasing quantum number /, that is, with increasing centrifugal force.

Atomic Orbitals
The s-orbitals for / = 0 are spherically symmetric, while others for / # 0 are non-
symmetric and depend sensitively on the orientation. For instance, the p-orbitals

A
Continum
2 E=0 = — — — >
E,/16 4s ——4p —— 4d ——4f
E/9 3s 3p 3d
E/4 2s 2p
-13.6 eV
- E1 1s
/=0 =1 /=2 1=3

Figure 8.7 The energy spectrum of the H-atom as denoted by the spectroscopic notations.
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Figure 8.8 Typical reduced radial probability densities versus r for different n, .

with / = 1 for given n are characterized by m = 0, +£1. The wavefunctions associ-
ated are denoted by

3 1/2
lnp,) =R, Y, = (E> R, cos0 (8.53a)
3 1/2 X
lnp,) =R, Y} = ‘(g) R, sin B¢ (8.53b)
3 1/2 X
lnp ) =R, Y ' = (§> R, sin e~ (8.53¢)

The two complex eigenfunctions (8.53b) and (8.53c) are often combined into two
real orthonormal eigenfunctions as

1 3 1/2
|np,) = —Z(Ip_) —lpy) = ( ) R, cos B cos @ (8.54a)

V2 i
i 3N,
lnp,) = —(p_) +Ips) = <—> R, sinfsin @ (8.54b)
\/5 47
The three p-orbitals Egs. (8.53a), (8.54a), and (8.54b) are used for describing
atomic and molecular structures. The transformation of three p-orbitals Eq. (8.53)
into a new set Eqgs. (8.53a), (8.54a), and (8.54b) is equivalent to transforming
one set of basis vectors into another via rotation. The boundary surfaces of the
p-orbitals are shown in Figure 8.9.

8.3.3
Doppler Shift

An atom in an excited state #; emits radiation when the electron makes the tran-
sition to a lower-lying state #; to conserve energy. The frequency of the emitted
radiation undergoes shift due to the motion of the center of mass. Such shift in
frequency is known as Doppler shift, and the schematic is shown in Figure 8.10.



8.3 The H-Atom and Electron-Proton Interaction

2p, m =—1 r4 2p, m=0 2p, m=1
X y
3p, m=-1 z 3p,m=0 3p, m=1
‘ X y X y
2py z 2py z 2p5
X t y X y X

Figure 8.9 The boundary surfaces and side projections of the p-orbitals for n = 2, 3 and of
Py Py: P, States.

Figure 8.10 The Doppler shift of the radiation emitted from a moving atom. A photon is
emitted when the electron makes the transition from upper to lower states.

The Doppler shift can be analyzed based on the conservation principles. During
the emission of radiation, the energy and momentum are conserved
272 2712
n°K +E = n°K

L "= oar +E, + ho (8.55)

hK = hK' + hk (8.56)

where K, K’ are the wave vectors of CM representing its kinetic energy, E,, E,,
the internal eigenenergies before and after the emission, and k, @ the wave vector
and frequency of the emitted photon. The frequency of the photon w is therefore
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found from Eq. (8.55) as
h 2 _
®=w,+ m(1<2 -K'%); hw,=E,—E, (8.57)

and consists of the atomic transition frequency @, and the difference of the kinetic
energies before and after the emission. As one can write from Eq. (8.56)

K-k K~-k=K"
the difference between two kinetic energies is given by
K% — K'* = 2Kk cos a — k2; K -k =Kkcosa (8.58)

where «a is the angle between K and k. Hence, by substituting Eq. (8.58) into
Eq. (8.57) and identifying the momentum of the photon 7k = p = hw/c, and the
atomic velocity 71K /M = v, we find

4 ha
w—a)o=w<zcosa—m> (8.59)

Since |0 — wy| < w, w,, we may replace @ on the right-hand side by @, to the
first order of approximation and obtain the shift in frequency as

v haw,
W — Wy =, <Zcosa—m> (8.60)
The first and second terms on the right-hand side are called the Doppler shift of
the first and second kinds, respectively. The first term increases or decreases the
frequency, depending on whether the atom is moving toward +v or away —v from
the detector. The second term accounts for the small shift of frequency caused by
atomic recoil.

The atoms in the thermal equilibrium undergo the random thermal motion.
Hence, the frequency of radiation emanating from an ensemble of atoms and
detected on the y—z plane should exhibit a Gaussian spectral profile due to atoms
moving in the x-direction

(0 — a)o)2

E(w) «x exp — A?

(8.61)

Here the variance Aw resulting from the thermal motion in the x-direction is
obtained by using the Boltzmann distribution function (Eq. (1.11)) as

1/2 0 2
M 2 12 M
A 2 ~ d —ﬁvx< _x) R = —
(@) <27rkBT> /_ S 4 2k, T

(5]

k,T
- a? <A5_02> (8.62)

where the atomic recoil term is neglected. This kind of broadening of the emitted
radiation is called the inhomogeneous line broadening.



Problems

Problems

8.1

8.2

8.3

8.4

8.5

8.6

8.7

The angular momentum of a particle is defined as the vector product of r
and p :

I=rxp=Gx+jy+22) x (Gp, +3p, +2p,)

(a) By using the cyclic properties of the vector product X Xy =2,y X 2 = %,
Z X % =y, derive Eq. (8.2).

(b) By using the commutation relations between (x, p,), (%, p,), and (z, p,),
derive the cyclic commutation relations of the angular momentum oper-
ators (Eq. (8.7)) and commutation relation (Eq. (8.10b)).

Consider two particles with the mass m1,, m, bound by a central force. Show

that the total kinetic energy of the two particle system can be expressed in

terms of kinetic energies of center of mass and relative motion

po,.p_P P
oy omy  2M 2

where P is the momentum of the center of mass and p that of a fictitious

particle with reduced mass u (see Eq. (8.26)—(8.28)).

Find the effective Bohr radius for

(i) the singly ionized helium atom He* consisting of two protons and two
neutrons at the nucleus and a single electron revolving around it.

(ii) Positronium consisting of a positron and an electron bound together by
attractive Coulomb force (the positron has the same mass as electron
but a positive charge +e).

Calculate the average values of the radius r and 7? and the variance (Ar)? in

1,2, and 3 s states in H-atom and ionized He™ -atom.

Show that the average kinetic and potential energies of the ground state of

the H-atom are related by

2 2
p 1 €

<2_> =2Vt V=7
H [ 100 r

(a) Find the wavelengths resulting from the electron making the transition
from n = 2 to n = 1 states in H-atom, deuterium atom (one proton and
one neutron and one electron ), and ionized He-atom (two protons, two
neutrons, and one electron).

(b) If the H-atom is to be optically excited from n = 1 to n = 3 states, what
frequencies will be required?

The phosphorus atom, when incorporated into the silicon, can be modeled
as a hydrogen-like atom, consisting of an outermost electron in n = 3 state
and bound by a single proton in the nucleus. The dielectric constant of the
medium is €, = 11.9, and the effective mass of the electron is m, ~ 0.2m,
with m, denoting the rest mass of electron. Calculate the ionization energy,
the effective Bohr radius, and the de Broglie wavelength of the electron in
the ground state.
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9
The Perturbation Theory

Rigorous analytical treatments of dynamical systems are generally difficult, and
various perturbation or iteration schemes have been devised to deal with such
systems. The perturbation theories are capable of shedding an overall insight of
the problem at hand and provide the general background information by which
to access the accuracy of numerical computations as well. Moreover, the time-
dependent perturbation scheme can describe the coupling of dynamical systems
such as light and matter. The time-independent and time-dependent perturbation
theories are presented and applied for analyzing the Stark effects, atomic polariz-
ability, and Fermi’s golden rule.

9.1
Time-Independent Perturbation Theory

Given a system with the Hamiltonian H, we have to solve the energy eigenequa-
tion

Ho=We (9.1)
The crux of the perturbation scheme is to divide H into two parts as
H=H,+iH', |Hy| > |H'| (9.2)

where 1’-\10 can be treated analytically, while A’ is the remainder to be treated as
the perturbing term. Obviously, the accuracy of the scheme depends on relative
magnitudes of the two terms. The smallness parameter A is introduced to keep
track of the order of iterations.

Nondegenerate Theory

We first introduce a set of orthonormal eigenfunctions satisfying the eigenequa-
tion

ﬁo”n =E,u

n-—n

(9.3)

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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9 The Perturbation Theory
and expand @ and W in Eq. (9.1) in powers of A:

(ﬁo + /Ufl’)((p0 +Ap, + A2, +- )
=(Wy+ AW, + 22W, + - Y@y + A, + oy +--2) (9.4)

We can then set up a hierarchy of equations by equating the coefficients of equal
powers of A from both sides of Eq. (9.4). Up to the second order, one can write

HO(PO = Wy, (9.5a)
H' )+ Hypy = Wy, + W0, (9.5b)
H' @) + Hypy = Wy, + Wi, + Wy, (9.5¢)

Thus, given ¢, and W, the true eigenfunction and eigenvalue ¢ and W in Eq.
(9.1) can be obtained iteratively by incorporating the effect of H' to an arbitrary
order of accuracy. Let us choose u,,, E,, as ¢, W, and examine the modifications
due to A’:

Po = um’ WO = Em (96)
First-Order Analysis
We can expand ¢, in terms of {u,} as

o= au, 9.7)

n

and insert Egs. (9.6) and (9.7) into Eq. (9.5b) and rewrite it as

H'u, + Hoz alu, = Emz aPu, + Wu,, (9.8)

n n

The problem is then reduced to determining {a"} and W,. To this end, we take
the inner product on both sides of Eq. (9.8) with respect to i, obtaining

]/-\Ilim + Z ai,l)(ukllf-\lown) = Emz afql)(uklun) + Wy (uilu,,,) (9.9)
where
]/-\Ilim = (ukll/-\1’|um) = /dfu,f(z)l/-\l'um(f) (9.10)

is the matrix element of the perturbing Hamiltonian. As {x,} is an orthonormal
set, Eq. (9.9) reduces to

A, +aVE =E,al + W5, (9.11)

with &, denoting the Kronecker delta function. It is important to note that & is
the dummy quantum number, while m represents a particular state chosen for
investigation.



9.1 Time-Independent Perturbation Theory

In the nondegenerate system, E, # E,, if k # m, hence the first-order expansion
coefficients are found from Eq. (9.11) as

]/_‘1/
(1) km
a’' ' =———, k#m (9.12)
k Em - Ek
For k = m, the shift in energy of the mth state is also found from Eq. (9.11) as
Wi = H = (| H |1,) (9.13)

Hence u,,, E,, are modified up to the first-order correction as

EV=E, +H, . H,b =u,lHu,) (9.14a)
A/
1 1 A~ _ A~
oY =u (1 +a')) + Z _Ekuk; H, = (u|H'|u,) (9.14b)

k#m —~m

Although 4!} still remains unknown, it can be determined from the normalization
condition imposed up to the first order

1= (o0 = (u,, (1 + Aa,)|u,, (1 + Aai,))
=1+ [a),]" + [a},)] + O(4?)
Since the terms proportional to A? are relegated to the second-order analysis, we

can put a( )= 0.

Second-Order Analysis
We again expand ¢, in terms of {u,}as

@, =Y ayu, (9.15)
By inserting Eqs. (9.15) and (9.14b) into Eq. (9.5¢), performing the inner product
of both sides with respect to u, and using the orthonormality of {x,}, we find

Y aPH, +aPE, =E,a> + Wia + W,é,,, (9.16)
Therefore, we can obtain W, by putting k = m and using al =0
W7y ol o o
W, =Y alH, =Y —"— H, ==, (9.17)

where Eq. (9.12) has been used. We can likewise find in the second-order mod-
ification of u,, by considering the case k # m. The energy eigenvalue up to the
second order of perturbation analysis is given from Egs. (9.17), (9.14a) by

H! 2

E) =E,+H,, + 3 - |

n#m m

(9.18)
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The Stark Shift in Harmonic Oscillator
Stark shift refers to the shift in energy level when the system is subjected to the
electric field. Thus, consider the harmonic oscillator with charge g and placed in
an electric field E. The oscillator is then subjected to the force gE or the potential
—gEx. The Hamiltonian is therefore given by

A=fy+ i, By=-129 Lo o —gex 9.19)

0T 0T dmoga? T 27

Let us choose the /th eigenstate u,(x) of the HO for examination. As the parity of
u; (x)uy(x) is even regardless of whether u,(x) is even or odd in x while that of 2i
is odd, there is no first-order level shift, and the result applies to all other states as
well:

[se]

W, = —qE{u|x|u;) = —qE/ uyjxu; =0 (9.20)
Also, the x-matrix elements of the eigenfunctions of the HO connect two nearest
neighbor states (see Eq. (7.31)). Hence, for given /, it follows from Egs. (7.31) and
(9.14b) that

1 1 E |/ n
=u+A (l+1)zul+1—(l)zul_1]; A=Z—w e E —E,, =Fho
(9.21)

Similarly, the second-order level shift is contributed by two nearest neighbor states
(see Eq. (7.31)); hence, W, is obtained from Egs. (7.31) and (9.18) as

AL PP pp 2E?
_ Ty bt g h [—(l+1)+l]=—q

W, = + — (922
> E-E, E-E., ho2mo 2mw? (6.22)

and is shown the same for all eigenstates.

The Polarizability of H-Atom
When an electric field E is applied in the z-direction, for instance, the interaction
Hamiltonian of the H-atom is given by

z
H = —/ (—eE)dz = eEz (9.23)
0
The dipole moment of the H-atom is then given to the first order of approximation
by
(u) = —e(z) = —e(uyg + Auygglzltggy + Attggg) (9.24a)
with the first-order correction in u,,, given from Eq. (9.14b) by

(uy00lzloey)
—u

(9.24b)
Eyo0 = Ex

Ay, = eE
k#100
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Hence, by inserting Eq. (9.24b) into Eq. (9.24a) and retaining the first-order cor-
rections, we obtain the atomic polarizability « as

|<14100|Z|”k)|2

(9.25)
Ey = Eigo

(u)y =€yaE, a= 2&
€0 k100
where g, is the vacuum permittivity.
The summation over the z-matrix elements in Eq. (9.25) can be carried out with
the use of the closure property of {1, }as given in Eq. (3.24), that is,

Z |<M100|Z|uk>|2 =Z<M1oolzluk><uk|z|u100> = (M100|22|M100) (9.26a)
k#100 k

In Eq. (9.26a), the ground state i, has been included in the summation over &,
as its z-matrix element is zero. The expectation value of z? can be calculated as

2 4 <)
(u100|22|u100) :#/ d(p/ sin 6d0/ rzdre_(zr/“o)(r2 cos20) = a%,
070 0 0
z=rcosf (9.26b)

where 4, is the Bohr radius (see Eq. (8.46¢)), and Table 8.2 has been used for ;.
Hence, upon inserting Eq. (9.26b) into Eq. (9.25) and putting E; — E; ;o & Eyop —
E, for all eigenstates k, we find the upper limit of « as
3
64ra,
3

The polarizability of the atom is an important parameter affecting its optical and
electrical properties.

a< (9.27)

Degenerate Perturbation Theory

The nondegenerate perturbation theory discussed thus far cannot be applied to
the degenerate system. This is because in the degenerate system, some of the
denominators E; — E,, appearing in Eq. (9.14b) are bound to be zero, which
disrupts the completion of the first-order corrections. A possible way out of this
impasse is to exploit the coupling of degenerate states induced by the perturbing
Hamiltonian and to find a new set of eigenfunctions with different eigenvalues.
Hence, the degenerate perturbation theory is primarily focused on lifting the
degeneracy.

Thus, consider two degenerate states u;, #; sharing a common eigenvalue E,, and
look for the new eigenfunction in the form

Ve =cu;+cu;, E=E =E, (9.28)

When the state «,, chosen for examination in Eq. (9.8) is replaced by v, instead,
there results

(H' = W), + cju)) = Z a (E, —E)u, (9.29)
n
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Hence, by performing the inner products with respect to #; and #; on both sides of
Eq. (9.29) and by using the orthonormality of {i,}, we find after a straightforward
algebra

! !
Hi = Wi A, “) =0, H,=(u|H|u,) (9.30)
H,  Hy=w, J\g) 7 e T

The coupled equation (9.30) is homogeneous. Hence c;, ¢; become trivial, ren-
dering the eigenfunction v, trivial, unless the secular equation is satisfied (see
Eq. (6.16)):

H -W, H
ii ij

H — H -W,
Jt J]

=0 (9.31)

We can readily solve the quadratic equation for W, and obtain

1 1 2

1\2 i i
W= 5(he£h A3 ) b =HjxH, A=1+ " 9.32)
Clearly, the two branches of W, represent the splitting of the degenerate energy
level E,, caused by the perturbing Hamiltonian. When W, are inserted back into
Eq. (9.30), the two equations become redundant, as has been discussed already.

Consequently, we can specify ¢; in terms of ¢; and use ¢; for normalizing v, :

-1
2
W,, - H l W, - Hf,]
.= ———¢. c. =<1+ S (933)
g i i
Hi’j Hl,'j

In this manner, the degeneracy of two states u;, u; has been lifted, and the two
new eigenfunctions v 4, v,, have been found. The theory can be straightforwardly
extended to the general case of the n-fold degeneracy.

9.1.1
Stark Effect in H-Atom

We next apply the degenerate perturbation theory for analyzing the Stark effect
in H-atom. When an electric field is applied in the z-direction, there ensues the
perturbation Hamiltonian given by

H' = eEz = eErcos (9.34)

Let us examine the effect of A’ on the first excited state of the H-atom, which
has the fourfold degeneracy, i, 4y, 45,1, and u,,7. The corresponding secular
equation reads as

-W,  —3eEa, 0 0
—3eEa, -W, 0 0
0 0 -w, 0

0 0 0 -w

=0 (9.35)
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z z

(@) -1= (Ungo— Upso) N2 (b)  Vur= (Ugpo+ Upi)2

Figure 9.1 Planar view of the probability densities of v,, v, states in the H-atom subjected
to the electric field in the z-direction. The probability is commensurate with the number of
contours per unit length.

In this case, all off-diagonal matrix elements vanish except for those connecting
Uygo and uy; . This means that u,y, and u,,, states are coupled via the perturbation,
while other states u,,,, u,,7 still remain uncoupled. Hence, v; = u,,, v, = u,7
but uy, 4, are combined to yield new eigenstates v,, v, having different energy
eigenvalues.

We can find such shift in the energy level by expanding the determinant Eq.
(9.35), obtaining

-W, —3eEa,
—3eEa, -W,

2

: -0 (9.36)

Clearly, the reduced secular equation is identical in form to Eq. (9.31). Hence, we
can write in strict analogy with Egs. (9.28), (9.32), and (9.33)

1
= —(Uyg F Upyp)s Wo = £3eEq (9.37)

F1

V2
The probability densities of v, and v_ are plotted in Figure 9.1. Clearly, the dis-
tributions of the electron cloud exhibit the dipole moments of the atom, aligned
in parallel and antiparallel directions with respect to the electric field. The dipole
moments thus induced in the parallel and antiparallel directions are responsible
for the splitting of the degenerate energy level E,/m.

V.

9.2
Time-Dependent Perturbation Theory

As mentioned, the time-dependent perturbation theory provides the general
framework by which to describe the interactions between two dynamical systems.
Thus, consider a system with the Hamiltonian

H=Hy+ H () (9.38)
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where H’ (¢) is the interaction Hamiltonian and A again denotes the smallness
parameter. The Schrodinger equation then reads as

ih%w(g, t) = [Hy + AH' (Ol (1, t) (9.39)

We can treat Eq. (9.39) by expanding the wavefunction as usual in terms of the
complete set of orthonormal eigenfunctions of the unperturbed Hamiltonian as

w(rt) = Z an(t)e_i(E"/h)tun(Z); I"\Ioun =E,u, (9.40)

Here the expansion coefficient a,(¢) has been taken time dependent to account for
the electron making transitions from one state to another driven by the interaction
Hamiltonian.

By inserting Eq. (9.40) into Eq. (9.39), there results

ih D (e N, + Y E,a, e E D,
= Z a, (t)Ene—i(En/h)tun + A]/—\[,(t)z ﬂn(t)e_i(E”/h)tun (9'41)

Apparently, the second term on the left-hand side and the first term on the right-
hand side of Eq. (9.41) cancel each other out, leaving only two terms to consider.
Upon performing the inner product on both sides of Eq. (9.41) with respect to 1,
there results

; ~ ) -E
. i , = n —
a, = ——hi E H, a,”"; @, = P Hy, = (w|H' ®Olu,)  (9:42)
n

where w,, denotes the transition frequency between u, and u, states, and the
orthonormality of {x,} has been used.

The problem of solving the Schrodinger equation (9.39) has thus been reduced
to obtaining the expansion coefficients as the function of time. For this purpose,
let us expand as usual a,(¢) in powers of 4

ap=a® +a® + Pa® 4 - 9.43)

and insert Eq. (9.43) into Eq. (9.42), obtaining
a¥ +2al + 2aP + = /1(__;)2 A eoot@® + 2aL + 2a? + ) (9.44)

Hence, by equating the coefficients of equal powers of A from both sides of
Eq. (9.44), we can write

i G E -E
a? = —%ZH]’me‘“’k"tag V. @, =X . =123 . (9.45)
n

In this manner, a,(¢) can be found iteratively to an arbitrary order in 4, given the
initial condition {afqo)}. To be specific, let us consider the system initially in the
mth eigenstate

ad9=1, a%=0 n#m (9.46)
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Then, Eq. (9.45) simply reduces to
i

e (9.47)

21 _
a, =
Harmonic Perturbation

The interaction of the practical interest is the harmonic interaction between two
systems. Thus, consider the perturbation oscillating with frequency @

H'(t) = H'e™ + H'e*! (9.48)

When Eq. (9.48) is inserted in Eq. (9.47) and the integration in time is carried out,
there results

. t
al(t) = %‘ / dtH' (t)e ™"
0
—i ~, ei(w,(mfa))t -1 ~
- [
We next consider the resonant interaction in which |w,,,| & . In this case, one of
the two terms is dominant and we may disregard the other term and write

re ei(wkm+a))t -1

- 9.49
kem i(wy,, — o) km i(wy,,, + o) ( )

()= Fifl] ei’i(wg—w)t -1 _ Tl 0O Gl — @)t /2]’
n i(w, — w) n (0, —w)/2
E,—-E,
h
where w,, is the magnitude of the atomic transition frequency, and the trigonomet-
ric identity sinx = [exp(ix) — exp —(ix)]/2i has been used. Hence, the probability
of the atomic system being in the state k at time ¢ is given by

©, = (9.50)

|1r/‘\[,/(m|2 sin?[(w, — w)t/2]

(€8] 2 _
O = = T, —w))2P

(9.51)

9.2.1
Fermi’s Golden Rule

In the long time limit, the probability can be expressed in terms of the §-function.
One of the representations of the 6-function is given by
02
8w, — w) = lim,_, % % (9.52)
so that in the long time limit, Eq. (9.51) can be expressed as
|]/_\[I 2
la () = %2;;;:5(% - ) (9.53)

Therefore, the transition rate from the initial 7 to the final k state is given from
Eq. (9.53) by

~

d. .0 2x |, |2 27|H;, I°
W= Sl OF = "5, - ) = —=8(E, - E,| - ho) (954)
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where use has been made of the identity 6(x) = aé(ax). Equation (9.54) is
the celebrated Fermi’s golden rule and is extensively utilized for describ-
ing the transitions in a variety of physical processes. When the final state
consists of quasi-continuous states as sketched in Figure 9.2, the transition
rate is given by
27|H! |2 peo
k
Wm—»k = Z ka = Tm/ 5(a)a - w)p(wa)dwa
k —0o0
B 27r|1/:[]£m 2
72
where the density of states p has been introduced for summing over the final states.
Fermi’s golden rule Eq. (9.54) has been derived in the long time limit in which

27” < Aw, (9.56)

p(w) (9.55)

where Aw, is the atomic line width (see Figure 9.2). Otherwise, the probability
(Eq. (9.51)) cannot be approximated by the §-function. In addition, the transition
rate has been derived by using the first-order solution of the expansion coeffi-
cients. Therefore, in order for the transition rate to be valid, the condition should
hold, namely, |a§(])| < 1, which can be specified from Eq. (9.50) by

% sinl(w, —w)t/2] _H t
o (w,-w)/2  h

la" ()] ~ <1 (9.57)

Therefore, the limits of validity of Fermi’s golden rule is given from Eq. (9.56) and
(9.57) by

i, 1
< n < Av,, Aw,=2rAv, (9.58)

Sin?[1/2(w—w)t]
[1/2(ygo)l

Eko

v

0 2n/t Wy ®

(a) (b)

Figure 9.2 The transition from the initial m to final quasi-continuous k states (a). The den-
sity of states p(w) of the final k-states and the frequency profile of the expansion coefficient
|al((1>(1‘)|2 at different times (b).



Problems
Problems

9.1 The Hamiltonian of an anharmonic oscillator is given by

P 1
H=- 2m02+ kx +kyx® + kgxty k> ko, kg
Find the first-order corrections in the eigenenergy and eigenfunction.
9.2 Consider an isotropic 2D harmonic oscillator, coupled via a perturbing

Hamiltonian:

~ 1 6 1 0 1 =

(a) Find the energy eigenfunction and eigenvalue without H.

(b) Find the shift in energy level of the ground and first excited states up to
the second-order perturbation analysis.

(c) Introduce new coordinates & = x +y, # =x —y and express the total
Hamiltonian in terms of &, n.

(d) Find energy eigenfunction and eigenvalues in terms of &, # and compare
the result with those obtained in (b).

9.3 (a) Derive the coupled equation (9.30) from Eq. (9.29) by performing

appropriate inner products.

(b) Derive the coupled equation (9.42) from Eq. (9.41) by performing the
inner product with respect to ;.

9.4 Consider an electron in a nanowire in the z-direction with the cross-
sectional area on the x—y plane given by W X W. An electric field E is
applied in the x-direction.

(a) Find the interaction Hamiltonian and set up the energy eigenequation
inside the nanowire.

(b) Find the first-order corrections in the eigenfunction and eigenvalue in
the ground state.

9.5 The H-atom is placed in a linearly polarized and circularly polarized electric
field varying harmonically in time, so that the perturbing Hamiltonians are
given by

H = —(—eE)r = ezE,coswt; E =ZE, cos wt

H = eE-r = exE, coswt + exEysinwt; E = Ey(% cos wt + J sin wt)
where r is the displacement of the electron from the nucleus.
Given an eigenfunction u,,, find the final states #,,,,, to which the electron
can make the transition. The condition imposed on #/, I’, m' is called the
selection rule.
Hint: Consider the matrix element in Fermi’s golden rule.

9.6 Consider a charged 1D harmonic oscillator with the charge-to-mass ratio
q/m. The HO is in the nth eigenstate at ¢ = 0. A harmonic electric field

E(t) = Ej coswt

is applied.
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9 The Perturbation Theory

(a) Write down the perturbing Hamiltonian and evaluate the matrix ele-
ment (u,, vad u,, ) and specify the final states to which the transition can
occur.

(b) Find the probability that the oscillator makes the transition to those
connected final states at £ = 7 /w,,.
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10
System of Identical Particles and Electron Spin

The spin is one of the defining characteristics of the electron and is discussed
in conjunction with the system of identical particles. The helium atom is cho-
sen for discussion as a prototypical example of the two spin 1/2 system. Also, the
multi-electron atoms are briefly considered by using the H-atom theory, exclusion
principle, and the periodic table. Additionally, the fine structure in atomic spec-
tral lines is analyzed in correlation with the spin—orbit coupling, Zeeman splitting,
and electron paramagnetic resonance.

10.1
Electron Spin

It has been shown experimentally that the electron possesses two spin states, spin-
up and spin-down. The spin critically affects the physical and chemical properties
of the atoms and molecules and is also responsible for the fine structures observed
in spectral lines. We can treat the spin operators and spin states in analogy with
the angular momentum operators and its eigenfunctions. We thus introduce

. 1
S, X = <i§h) ' (10.1)
N 1/1 3

52;(i=§(§+1)hz;(i=Ehz;(i (10.2)

wheres,,s?, and y, correspond to?z,/l), and Y}" (see Eq. (8.24)).

Figure 10.1 shows the two spin states: spin-up and spin-down. We can also intro-
duce the spin flip operators s, ,s_, which flip the spin-down state to spin-up state
and vice versa

~ n ~ 1 ~ ~

S =S X s+E§(s\x+zsy), .2, =0 (10.3a)
Sr=ly. 52 6 -5) 54 =0 (10.3b)
—X+_2/Y—’ ——2 X y /o —X—_ M

where the operators s, and §y correspond to [, and /,, respectively. The spin func-
tions are orthonormal as the spherical harmonics, that is,

(Halxe) =1, {xplro) =(x_lxy) =0 (10.4)

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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10  System of Identical Particles and Electron Spin

z

2 Figure 10.1 The spin-up and spin-down states of the elec-
tron.
and the commutation relations involving/s\x,’s\y, and’, are the same as those involv-

ing7 1 and/l\z and can thus be summarized with the use of Eq. (8.8) as

x by
x5 = i%? (10.5)

10.1.1
Pauli Spin Matrices

The basic properties of the spin are conveniently described by the 2 x 2 Pauli
spin matrices. In this matrix representation, the spin-up and spin-down states are
denoted by the column vectors

= (1) 2= () 0

and the spin operators are represented by

_h _ (0 1 _ (0 —i ({1 0
=2g, Gx—<1 0>, O'y—<l, 0), O'Z—<O _1> (10.7)

The spin flip operators then read as

~ _hJl . n(o 1 ~ _hJl . nfo 0
=53] =5 (0 o)+ =53] =5 (0 o)

(10.8)

1)

These spin matrices describe the properties of the spin given in Egs. (10.1)-(10.5)
by the simple matrix algebra.

10.2
Two-Electron System

Let us consider a system of two electrons bound to a common nucleus. Classi-
cally, it is possible to distinguish identical particles, but in quantum mechanics, it
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is not possible to distinguish configurations of identical particles by exchange of
particles. This is evident from the fact that an electron is essentially a charge cloud,
and it is not possible to disentangle the overlapped charge cloud and to identify
each electron.
The Hamiltonian of a system with two noninteracting electrons is given by
H1,2)=H1)+HQ), j= r, j=12 (10.9)

where each electron is in an eigenstate of the hydrogenic subsystem
HGyu, () = E,u, (). v =a.p (10.10)

with a, f denoting the quantum numbers #, [, m. Then, the product of wavefunc-
tions

Puplin)) = t(Duy(),  ij=1,2 (10.11a)
satisfy the eigenequation

A1, 2)9,5(0.)) = (E, + Eg)p,pi.j) (10.11b)
Also the symmetric and antisymmetric combinations
- L
V2

qualify as the eigenfunctions with the same eigenvalue.

?, [@0p(1,2) £ 9,52, D], v =s,a (10.12)

Fermions and Bosons: Electrons belong to the group of particles called fermions,
having half odd integer spins /2,37 /2,5h/2, and so on. Protons and neu-
trons are also well-known fermions. The fermions are constrained by the
Pauli exclusion principle, which prohibits two fermions to occupy simul-
taneously a common quantum state. Bosons constitute another group of
particles with integer spins 7, 27, 37, and so on, and are free of the exclusion
principle. Photons, deuterons, and alpha particles are typical examples.

Slater determinant: The fermions are described by antisymmetric wave-
function, which is conveniently represented by the Slater determinant.
For the two-electron system, the eigenfunction is represented by 2 x 2
determinant as

1 |u, (1) u,(2)

(1) uy(2)

0,(1,2) = —— - L'[uau)uﬂ(z) — u,(2u,(1)] (10.13)
2l

V2! vV
Likewise, the wavefunction of N noninteracting fermions is described by
N X N determinant. In this representation, if two quantum numbers are
identical, that is, a = f, the determinant vanishes by definition and is con-
sistent with the exclusion principle.
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10.2.1
Helium Atom

The He-atom consists of two electrons bound to the common nucleus with two
protons Z = 2 (Figure 10.2). The Hamiltonian is thus given by

A=Y (-=v?-=2 |+, H,=2 z=2 (10.14)

where the terms in the parenthesis account for two electrons bound to the com-
mon nucleus with two protons (Z = 2), and the second term represents the repul-
sive Coulomb interaction between the two electrons.

Singlet and Triplet States

The two electrons as two Fermions should be described by the antisymmetric
wavefunction. To construct such wavefunctions, it is convenient to symmetrize
and antisymmetrize the two spin states (Figure 10.3):

Figure 10.2 The helium atom with two protons
in the nucleus (Z = 2) and two electrons outside
ﬂ the nucleus. The volume elements of the two-

’ electron charge cloud are also shown.
12
Iy

o 9

ra

¢ e
ce

Figure 10.3 The triplet state with m = —1,0,1 and the singlet state with m = 0.
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Xy (D) x,(2)

R AL RO AP (10.15)
x-Wx_(2)

Yo = L[;{+(1))(_(2) —x-(Wx(2)] (10.15b)
V2

so that
S, Xs = (S, + 800, =mhy, m=10,-1 (10.16a)
S, X0 = (S 81 )0, =mhy,, m=0 (10.16b)

Clearly, y, has three projections onto the z-axis, while y, has a single projection,
and it is for this reason that y, y, are called the triplet and singlet states, respec-
tively.

Ground State
The ground state of the He-atom consists of two electrons in the respective ground
state of two hydrogenic subsystems, and the wavefunction is thus given by

©0(1,2) = uy00(r Jth100(1) X (10.17)

Since u,o(ry)uy90(r,) is symmetric, the singlet state y, has to be combined to
make the total wavefunction antisymmetric. The ground state energy is then given
to the first order of approximation by

2
Ey) = (p(1,2)| ) H; + Hy,l00(1,2)) = Ey + AE, (10.182)
j=1

where the first term

2 2 2.2
) h2 Ze . Zze
E,= Z(MIOO(])I <—EV}.2 - r—}M) [1000)) =2 X <— 2aM> (10.18b)

j=1 0

is the total energy of two electrons in their respective ground states, while AE,
accounts for the first-order level shift due to H,, (see Eq. (9.13)).

2
e

AE, = <¢0(1,2>|r—M|¢0(1, 2)) (10.18¢)
12

The evaluation of Eq. (10.18c¢) is facilitated by the fact that 1/r,, is the generating
function of the Legendre polynomial:

2
r r
1 _1 1+w—<+1(3w2—1)<—<> +---], w=cosh
1 |K1_£2 rs rs 2 S

(10.19)

where r_, r_ denote the greater and lesser of r, r, and the expansion coefficient
of (r_/r.)" is the nth order Legendre polynomial P,(w) and 0 the angle between
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ry, ry. Let us take r; parallel to the z-axis when carrying out the r,-integration in
Eq. (10.18c) by using Eq. (10.19). Then, 6 becomes the polar angle, in which case
only the first term in Eq. (10.19) « Py(w) contributes to the §-integration. This is
because the Legendre polynomials are orthonormal (see Eq. (8.22)), and P,(w) is a
constant. Therefore, the angular integration yields (47)?, and we can perform the
radial integration, obtaining

62 6 _2zr oo _22r,
AE) = —A;[ (£> (47r)2 drl [ / drze o + / rydrye ”02]
T ﬂo 0 I3

1
57¢>
=M (10.20)

8a,

where the r,-integration was carried out in two regions r, < r; and r, > r,.

lonization Energy
The ground state energy of the He-atom is obtained by combining Eqs. (10.18b)
and (10.20):

Z%e? 5Z¢2 Ze?
Ey=2x[-=2M )+ M:——M<Z—§), Z=2 (10.21)
2a, 8a, a,

Without the repulsive interaction between the two electrons, E, consists of two
ground state energies of the hydrogenic atom. Then, the first and second ionization
energies IP;, IP, responsible for He — He* + e, He* — He*™ + e should be the
same and is given from Eq. (8.46) by

2
IP, =P, = —2—222 =13.6 x 2% eV = 54.4eV (10.22)

However, the measured data of IP, is 24.6 eV while that of IP, is 54.4 eV. It is there-
fore clear that there is a good agreement between theory and experiment with
regard to IP,. This is expected because with one electron left alone after the first
ionization, He* becomes identical to the H-atom with Z = 2, and IP, can therefore
be precisely quantified by the H-atom theory Eq. (8.46).

The fact that the IP;-data is smaller than 54.4.€V is explained as follows. The
first ionization involves two processes, namely, one electron is removed from the
ground state to the vacuum level, while the other forms a hydrogenic atom with
Z = 2. Therefore, IP, is by definition the energy required to boost the ground state
energy of the He-atom to that of hydrogenic atom Het, that is,

Z%e? Ze? Z* el
Ip, = =M _ l__M(Z_§>] = DM _Z(z—-) (10.23)

2a, a, 8 2a,

With Z = 2, IP; amounts to about 20.46 eV, in better agreement with the data. It
is therefore clear that the smaller IP, compared with IP, is due to the screening
of the nuclear charge by one electron to the other, which is being removed for the
first ionization. Consequently, Z 4 is less than Z. The screening is brought about
by the repulsive Coulomb interaction between the two electrons.
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The First Excited State

The first excited state of the He-atom consists of one electron in the ground state,
while the other in the first excited state of the hydrogenic atom. The wavefunctions
are thus given by

@, = L[uls(l)uZS(Z) + uy (2)u, (Dl y, (10.24a)
V2

0, = 2Ty, (D, (2) — 1,y (D g, (10.24b)
V2

The symmetric and antisymmetric energy eigenfunctions have to be combined
with the singlet and triplet states Eq. (10.15) to make the total wavefunction anti-
symmetric.

Overlap and Exchange Integrals
For ¢, the energy of the first excited state is given to the first order of approxima-
tion by

VAT P AT

M _Z Ml Ap

24, 2a, 4 s

Ey) = (o |H, + H, + H)lo,) = - (10.25)

where the inner product of y, with itself yields unity, and the first two terms cor-
respond to the ground and first excited states of the hydrogenic subsystem. The
third term AE_ accounts for the repulsive electron—electron interaction and is
given by

AE, = %(”15(1)”25(2) + ulS(Z)uzs(l)lﬁlz|uls(1)u25(2) + 1, (2)u, (1))
=J+K (10.26)

with J and K denoting the integrals

2
e
J= / / drydr,u? (D)1 (2) > 0 (10.27)
T2
62
K= / / drldfzuls(l)uzs(Z)r—Muls(2)u2s(1) >0 (10.28)
12

The four integrals in Eq. (10.26) are reduced to /- and K -integrals upon interchang-
ing the variables of integration ry, r,.

The J-integral is known as the overlap integral and represents the repulsive
Coulomb interaction between the two electrons in 1s and 2s states, respectively.
The integrand of the K-integral consists of two products of &, u, in which the two
electrons are exchanged. The integrand results from symmetrizing or antisym-
metrizing the wavefunctions, and the K-integral is called the exchange integral.
We can carry out a similar analysis for the triplet state. Hence, the energy eigen-
values of the singlet and triplet states are given by

EV—E+]+K; EV=E +]-K (10.29)
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,v—h Eo+J+K
Eo+d ’
_— <

- 2K

Figure 10.4 The splitting of the energy Also shown are the electron charge clouds
level of the first excited state of the He-atom. of symmetrized (a) and antisymmetrized (b)
The higher and lower levels correspond to states. The probability density is commensu-
the symmetrized and singlet state and anti-  rate with the degree of brightness.
symmetrized and triplet state, respectively.

It is therefore clear that the energy of the first excited state associated with the
triplet state is lower than that of the singlet state by the amount 2 K as shown in
Figure 10.4. This is due to the fact that in the singlet state, the symmetric combi-
nation of u,, u,, renders the probability densities high when the two electrons are
close to each other (Figure 10.4). But the corresponding probability density is min-
imal for the triplet state, in which u,, u,, are combined antisymmetrically. Thus,
the repulsive interaction between two electrons is accounted for more effectively
in the singlet state, hence higher energy level. In this way, the spin states critically
affect the energy level, although the spin functions do not enter in the evaluation
of the energy level.

10.2.2
Multi-Electron Atoms and Periodic Table

The Electron Configuration
We next discuss the periodic table based on the H-atom theory and the exclusion
principle. The atomic structures are systematically organized in the periodic table.
The general features of the table are as follows: (i) it consists of rows, called periods,
which are comprised of 2, 8, 8, 18, 32, 32 elements from top to down and (ii) the
elements in the same column or group exhibit similar properties, including IP; and
other parameters. The quantum states in the multi-electron atoms are labeled by
the quantum numbers #, [, and s. Also, the number of quantum states in one sub-
shell for given [ is specified by the combination of two spin states and magnetic
quantum numbers varying from —/ to [ in steps of unity.

The energy level of a quantum state is determined primarily by the principal
quantum number #, but for given #, the level further splits into the sublevels,
depending on /. The sub-shell energy is raised with increasing / or equivalently
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centrifugal force. The electrons in the multi-electron atom fill the quantum states,
one by one according to the exclusion principle, starting from the lowest energy
level. For given n electrons fill the sub-shells with / ranging 1, 2, 3 and so on. These
states are denoted by s, p, d and so forth. The process goes on until all electrons
are assigned to the quantum states available.

The electronic and chemical properties of atoms are mainly determined by
valence electrons in the outermost atomic orbital. Also the separation between
the highest occupied energy level and lowest unoccupied level on top of it
is an important parameter. The specification of electrons with the use of the
quantum numbers #, [ is called the electron configuration. For instance, the
electron in the ground state of the H-atom is specified by n =1, [ =0, or 1s'.
Likewise, the two electrons in He-atom are denoted by 1s2, which also indicates
that the s sub-shell is filled up by two electrons with spin-up and -down states,
respectively.

The atoms in the second row of the table starts from Li and ends with Ne and the
ground state electron configurations are [He]2s, [He]2s?, [He]2s*2p, [He]2s*2p?,
[He]2s22p3, [He]2s?2p*, [He]2s?2p°, [He]2s>2p° for Li, Be, B, C, N, O, F, Ne, respec-
tively. Understandably, the configuration 1s? is often denoted by [He]. A similar
electron configuration follows for the third period starting with Na and ending
with Ar with Ne serving as the main core (Table 10.1).

First lonization Energy IP, and Electron Affinity

IP, is an important parameter of the atom. For H-atom, IP, is the energy necessary
to release a single electron from the ground state to the vacuum level. For He-
atom with two electrons, two ionization energies IP,, IP, are involved as discussed.
Given an atom, IP is responsible for the process A — A* + e. The inverse process
A +e — A™ is associated with the energy called electron affinity (EA). The EA is
the energy released by a free electron at rest when it is captured by a neutral atom
into a bound state.

Typical data of IP; are shown in Table 10.1. The data clearly indicate that IP,
increases across a given period, but it drops sharply, as the next period begins. For
example, IP; 0of 5.39 eV for Liis much smaller than IP; of 24.58 eV for He, although
the Li atom has one more proton in the nucleus than the He atom. The behavior

Table 10.1 The first two periods in periodic table, showing the ground state configurations
and the first ionization potentials.
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H
1s!
IP,13.595

He
1s
24.580

Li Be B © N 0 F
2s’ 2s? 2s22p’ 252 2p? 2s22p° 2s22p* 2s%2p°
5.390 9.320 8.296 11.264 14.54 13.614 17.42

Ne
2s22pb
21.559
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of IP; can be interpreted, based on the ionization energy of the hydrogenic atom
and the screening of the nuclear charge:

vz i1
Py = Zigot s
For Li atom, the valence electron in the outermost atomic orbital is in 2s state, and
the measured IP; of 5.39 eV indicates efficient screening of the nuclear charge of
three protons by two inner-lying 1s electrons. With increasing Z and increasing
number of protons in the same period, all electrons added reside in the same sub-
shell in the outer orbital. Consequently, the efficiency of screening by these added
electrons is low for one of the valence electrons released for the first ionization.
Hence, IP, increases steadily until the closed shell atom of Ne is reached. With the
beginning of new period, starting with Na atom, however, the valence electron is
in 3s state alone, while the rest of the electrons fill up the inner lying sub-shells,
screening efficiently the nuclear charge. As a result, IP; again drops sharply and
becomes comparable with that of Li.

10.3
Interaction of Electron Spin with Magnetic Field

It has been found experimentally that in a magnetic field B, the frequency of radi-
ation emitted by the H-atom is shifted from the frequency emitted without B.
Moreover, the magnetic field causes some of the spectral lines to split. The effect
is known as Zeeman splitting, and these phenomena are discussed semiclassically.

Orbital Magnetic Moments

Thus, consider an electron moving in the circular orbit around the nucleus in the
presence of a time-varying magnetic field. The work done on the electron by an
electric field E entailed in such a motion is given by

W, = —e/E cds = —e/(V X E) - fida = e2 B(t) - ida (10.30)

c s - ot s~

where W_ is the work done per revolution, 7 the unit vector normal to the orbit
plane, and ds the differential line vector along the contour C. The line integral is
converted to the surface integral via Stokes theorem in the first equality, and the
second one simply reiterates Faraday’s law of induction (Eq. (1.21)).

An electron moving with the linear momentum p completes the revolution in
the circular orbit of radius 7 in the time period T' = 2zr/(p/m). Hence, for a spa-
tially homogeneous B(t), the work dW done on the electron in d¢ is given by W/,
times the number of revolutions made during dt:

dt 0B, (1)

dw=w,x % =Ly 1), W,=enr?
T 2m

(10.31)
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where B,, is the normal component of B. Hence, a simple time integration yields
~ e~ ~

In this way, the orbital angular momentum [ of the electron naturally enters in the

interaction Hamiltonian and singles out B, by means of the scalar product with B.

The Hamiltonian can also be expressed in terms of the orbital magnetic moment

H; as

~ ~ l

Hj =-p B j= —g;il = —QHpys M= % g=1 (1033)
The magnitude of y; is by definition equal to the product of the orbit area 772
and the current —e/7’, and y; and [ are directed in opposite directions due to the
negative electron charge. The constant g; connecting I and y; is called the gyro-
magnetic ratio and is equal to unity for /, and the Bohr magnetron y has the
value 9.272 x 1072 (J m?) Wb}, with Wb denoting the Weber.

The coupling of the electron spin with B can likewise be expressed in strict anal-

ogy with Eq. (10.33) as

7y PN ~ N
Hiy =i -B. B =—gmyy &=2 (10.34)

where the gyromagnetic ratio g, is experimentally found twice as large as g;. The
discrepancy between g and g, is referred to as the magnetic spin anomaly. Let us
take B in the z-direction and express the total interaction Hamiltonian as

[add /l\z gz
H,, = By | 5 +2 (10.35)

10.3.1
Spin-Orbit Coupling and Fine Structure

An electron moving in a circular orbit around the nucleus generates its own mag-
netic field B at its site. The B-field in turn induces the spin—orbit coupling as
follows. Thus, consider an electron moving in circular orbit with a velocity v at r
displacement from the nucleus. The electron motion is equivalent to the nucleus
moving around the electron at —r with charge Ze in the reference frame in which

(@ (b) \ i3

Figure 10.5 The circular motion of an electron around the proton (a). The equivalent circu-
lar motion of the proton around the electron (b).
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the electron is at rest as shown in Figure 10.5. The magnetic field B generated at
the site of the electron can in turn be transformed back to the center of mass frame
in which the nucleus is practically at rest:

Zep, B Zej, _
B3 { o ux (1) | = ot 1= p3my (1036)

Equation (10.36) is the well-known Biot— Savart law and y, m,, [ are the vacuum
permeability, the rest mass, and angular momentum of the electron, respectively.
The factor 1/2 entering in the back transformation is called the Thomas factor.

The B-field thus generated interacts in turn with the electron spin magnetic
moment p, and yields the interaction Hamiltonian given from Egs. (10.34) and
(10.36) by

2
ey

2,3
mgr

(10.37a)

=B, = Zuf (OG- D. fr)= 3
Or with the use of the vector identity involving the total angular momentum j
FEl+s) (U+9)=P+s*+2s-1
the spin orbit coupling (Eq. (10.37a)) can be expressed in terms of j as
i = f—;l ugf DG - -3 (10.37b)

Naturally, the radius r of the circular orbit has to be treated by its expectation
value. The total interaction Hamiltonian of the H-atom under B is given from Egs.
(10.35) and (10.37) by

o /l\z /S\z &s : ~
Hiy = Bgug (g + 2%) + ﬁ/‘ﬂf(’”)(? - %) (10.38)

Fine Structure of Spectral Lines

We next consider the effects of the spin—orbit coupling in the absence of B. In
this case, we can introduce the eigenfunction of j in analogy with that of / (see Eq.
(8.24)):

Plismyy = WG+ Dljomy),  ljom) =Y, (10.39a)

Tlimy = mliom), mi=—j—j+1, ... =1 (10.39b)

The detailed derivation of Eq. (10.39) is given in the reference books listed at the
end of this chapter. The eigenfunction can also be used as the eigenfunction of /,

3, as the three angular momentum operators commute.

Therefore, the shift in the energy level due to the spin—orbit coupling can be
found by using Eqs. (10.38) and (10.39) as

&s MB

OE, = (j,m; | |],m )= NG+ 1) —Il+1)—s(s+1)] (10.40)

where the expectation value of f ( r) has to be evaluated to the first order of approxi-
mation by using the radial part of the wavefunction (Eq. (8.49)). The allowed values
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Figure 10.6 The spin-orbit coupling-
) induced splitting of the energy level of the
(=0=————==—=———— /=0 ope-electron atom.

of jfor given/and sarej = I + 5, and the associated 1, varies from —j to j in steps of
unity. For a single electron, s = 1/2, hence j = [ + 1/2. The energy level for given /
then splits into two according to Eq. (10.40), one raised while the other lowered by
amounts proportional to / and [+ 1, respectively. For [ = 0, however,j =s =1/2,
and there is no splitting. Figure 10.6 shows the energy levels corresponding to
[=0,1,2.

10.3.2
Zeeman Effect

When a strong magnetic field B is applied, the spin—orbit coupling can be
neglected. In this case, the splitting of the energy level due to B is found precisely
by using Eq. (10.38) and the unperturbed eigenfunction as

eB >
AEm = ﬁ<unlm}(i|lz + Zg\zlunlm}(i>
e
= SIZ’ (my + m,) (10.41)

e

where m1;, m are the magnetic and spin quantum numbers, respectively (see Egs.
(8.50), (10.1)). For [ = 1, the possible values of m1; are +1 and 0, while those of
my are +1/2. Hence, the state with given / and s splits into (2/+ 1)(2s + 1) equally
spaced levels. In addition, the spin—orbit coupling can be incorporated as a per-
turbing term via the perturbation theory. Thus, with the use of Eq. (10.37a), the
first-order level shift is given from Eq. (9.13) by

& 7
6E50 = E”B(unlm}(i lf(r)(é '/‘2\)|unlm)(i>

=%
)

where use has been made of (/l\x) = (’l\y) = (8,) = (5,) = 0 (see Egs. (8.25), (10.7)).

Hpf (9) gy 1101 (10.42)

Weak Magnetic Field

The weak-field Zeeman effect refers to the case in which ]/-\1;,1 < 1/-\15’0 We can
assume in this case that the eigenfunction |j,7;) remains unchanged in the
presence of a weak magnetic field. The energy level associated with given /
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Figure 10.7 The orbital /, spin s, and total j
angular momenta and the magnetic moments
associated. Due to the magnetic spin anomaly,
the sum of y; and u, is not parallel to Hji but its
tip stays on the corn surface around Hj-

and s then splits into 2j+ 1 sublevels due to m; varying from j to —j in steps of
unity. However, finding the split energy levels is somewhat complicated, because
the magnetic moment y; is not parallel to j due to the magnetic spin anomaly
(Figure 10.7). But the tip of p; lies on the surface of the cone with its axis parallel
to j, and the value of p; projected onto the j-axis is given from Eqs. (10.31),

(10.37b) by

e
2m

e

2m (+29=

weue(100): =g RAL

; 2242
=%g2+j.§):21 <1+’—,S>; jes=1-s+s* (10.43)

e

Therefore, by taking B in the z-direction without any loss of generality, we can
quantify the Zeeman splitting of the energy level in terms of m; as

e . Ayl
oE,, = T Gomj|lu-ZBlj, m;) = g upm;B (10.44)
m, —

where the gyromagnetic ratio

JG+1D) —Ill+1)+s(s+1)

— (10.45)
2+ 1)

g]-=1+

is called the Lande g-factor. Note that for s = 0,j = /,and g; = 1, as it should, since
g =1Forl=0,j=s and g =2 as it should, since g, = 2 (see Eqgs. (10.33) and
(10.34)).
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10.4
Electron Paramagnetic Resonance

The electron paramagnetic resonance is concerned with transitions of the electron
between the magnetically split energy levels, and it is used for determining the
magnetic moments, structural and dynamical information of liquids and solids,
and so on. The transitions are induced by the microwave field B (¢) applied in the
direction perpendicular to the static field B,,. Let us consider the electron in the
ground state of H-atom subjected to such a magnetic field

B=%B, +3B,(t), B,(t)=B, %(ei‘"t +eio) (10.46)
The interaction Hamiltonian then reads from Eq. (10.34) as
~ 2ug A
H'=—p -B= =B, +B,(tF) (10.47)
In the presence of B, the ground state energy splits and is given by
~ 2up
(0044 [Hoy + 730%”‘100)&) = Ejgo % HpBy (10.48)

When the driving frequency satisfies the condition hw ~ 2uzB,, the resonant
transition ensues between the two split levels, provided the transition matrix is
not zero. The Fermi’s golden rule for such a transition is given from Eq. (9.54) by

2w H ~ 2
W= = (] 57BS. 20| 62uyB, — hao)

2

U
= 5, Bi6QuBy — ho) (10.492)
where the matrix element
N ~ 1
(el8elas) = (|G +50) ) = 3h (10.49b)

has been evaluated with the use of Eq. (10.3). Also the harmonic components,
exp +i(w + w,)t, oscillating rapidly in time have been neglected.

In Figure 10.8 are plotted split energy levels versus B,,. The resonant transition
is induced in practice by tuning B, at a fixed driving frequency w. Moreover, B,
is not uniform over the volume of the sample due to imperfections of the mag-
net or the local variations caused by neighboring atoms with different magnetic

g.x P8
E\IZ
Eolys> x> Eyp-
B=0
~1/2 té;

Figure 10.8 The B-field induced splitting of the electron spin up and spin down states:
p = en/l2m,.
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moments. Consequently, atoms in different parts of the sample undergo transi-
tions at different resonant frequencies. The effect is accounted for by introducing
the lineshape factor g, which represents the probability of the atom being in mag-
netic field between B and B + dB. The power absorption is thus given by

P=(N_-NXW)hoV (10.50a)

where N, N_ are the number of electrons per unit volume in the upper and lower
spin states, respectively, iw the transition energy, and V' the sample volume, and
the transition rate is given from Fermi’s golden rule by

2 o
37
(W) = Z—hBBf / deg(e — 2upBy)8(e — hw), & = 2uzB
2

U
= 2—;B’;’g(2u330 - hw) (10.50b)

The Spin Flip

We next discuss the dynamics of the spin flip between the spin-up and spin-down
states. The electron spin state can generally be represented in analogy with Eq.
(9.40) by

) ) hw,
x(@) = C+(t)€_’(“’°/2)t)(+ + o (D)@t . TO = ppB, (10.51)

where +h®, /2 are the energy eigenvalues of v, y_ and ¢, (¢), c_(¢) the expansion
coefficients. The Schrodinger equation is then given from Eq. (10.47) by

iha% 1) = hzi: [i (%) c.(t)+ éi(t)] eFit/D )

. 2 R .
=y =7 [iﬂBBO + %Bl (®) sx]ci(t)e+(’“"’t/2) x. (10.52)
+
Obviously, the first terms on both sides are identical and are canceled. Thus,
by performing the inner product with respect to y, with the remaining terms
on both sides and making use of the orthonormality of y, Eq. (10.4), we obtain
straightforwardly

ihe, = ugBie e, A=w- o, (10.53a)

ihe_ = ppB,ec, (10.53b)

Here haw, is the difference in energy between the spin-up and spin-down states
and A the frequency detuning between the driving and transition frequencies. In
deriving Eq. (10.53), the terms oscillating fast with the frequency w + w,, have been
discarded in rotating wave approximation. Alsos, has been replaced by’s_, and the
raising and lowering properties of’sl_r have been used (see Eq. (10.3)). For the reso-
nant interaction, A = 0, and we can decouple c;, ¢, by differentiating (10.53a) with
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respect to time and using Eq. (10.53b), obtaining thereby the differential equation

of the HO:
1By \*
i +Q%, =0, Q= (%) (10.54)

Hence, given the initial condition c,(0) = 1,c_(0) = 0, for example, we obtain
from Egs. (10.54) and (10.53)

c, =cosQt, c¢_=—isinQt (10.55)
and the spin wavefunction (Eq. (10.51)) is then given by

2(t) = cos Qte™ /2y — isin Qte /%y (10.56)

The evolution in time of the electron spin prepared initially at the state y, and
driven by the harmonic field is specified by using Eqs. (10.1)—(10.3) as

$) = (OB, @) = g[cosz(Qt) —sin2(Qt)] = gcos 20t (10.57a)
G =@ x®) = gsin(2Qt) sin(wpt); S, = (8, +7%) (10.57Db)

(fs}) = (;((t)|§y|)((t)) = —g sin(2Q¢) cos(wyt); Ey = %('S\Jr -35) (10.57¢)
Indeed, the z-component s,(¢) flips from the spin-up to -down states or vice versa
with the frequency 2Q, as expected. Concomitantly, s,(¢) and s, (¢) precess around
the z-axis with the frequency w, called the Lamar frequency. Concomitantly,
the precessing envelope executes sinusoidal oscillation with the frequency 2Q
(Figure 10.9). This behavior can be viewed in terms of the spinning charge as
follows. The initial spin state y, evolves into a linear superposition of y, and y_
driven by the harmonic field B, (£), and s,(z), sy(t) execute oscillations such that
the tip of the spin precesses around the z-axis with the frequency w,. Moreover,
the radius of the precession is modulated in time in quadrature with s,(¢). An
oscillating charge emits or absorbs radiation just as the oscillating atom dipole,
flipping thereby the spin. The amplitude of the oscillation of s, (¢) and s, (t) reaches
the maximum level when the tip of the spin lies on the x—y plane.

z 4 Figure 10.9 The flipping of the electron spin
from the spin-up to spin-down states while pre-
cessing around the static magnetic field.
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/2 and x Pulses

The degree of the spin flip of s, (£) depends on the duration of B (¢). If the duration
7, is such that T, = (7/2)/2Q « 1/B,, s,(¢) is flipped by /2 and lies on the x~y
plane. At the same time, the amplitudes of s,(t), sy(t) attain the maximum value.
The microwave pulse inducing such rotation is called 7 /2 pulse. If T, = 7/2Q, on
the other hand, s,(t) is flipped by 7, completing thereby the flipping of the spin
from the spin-up to -down states. Such a pulse is called the 7 pulse.

Problems

10.1 (a) By using the Pauli spin matrices and column vectors given in Egs.
(10.6) and (10.7), verify the basic properties of the spin operators Egs.
(10.1)-(10.4).

(b) Verify the commutation relation (10.5) by showing that

5.51=i05, B8l =is5, [.51=i55,

10.2 By using the ground state wavefunction of the Helium atom given in Eq.
(10.17), evaluate the expectation values of total spin operators §2,§Z with
S = fs_\1 +/§\2‘

10.3 The first excited singlet and triplet states of the He-atom are given in
Eq. (10.24).

(a) Show that the wavefunctions are orthonormal.

(b) Find the expectation values of the total spin operators $2 and §z for
each state.

10.4 The Li-atom consists of three protons in the nucleus (Z = 3) and three elec-
trons revolving around it. The ground state electron configuration is 1s?2s,
that is, two electrons in u,, state with spin-up and -down and the third one
inu,, state with spin-up or spin-down. Write down the wavefunction using
the Slater determinant and find the energy and the total spin in the ground
state.

10.5 The sodium atom has 11 protons in the nucleus (Z = 11) and 11 electrons
revolving around the nucleus.

(a) Assign each electron the quantum numbers, including the spin.

(b) The observed ionization energy and orbital radius of the atom are
5.14¢eV and 0.17 nm, respectively. Explain the data in terms of the
screening of the nuclear charge.

10.6  (a) Find the splitting of the energy levels of the H-atom due to the spin

orbit coupling for n = 1,2, 3. Also derive Eq. (10.53) from (10.52).

(b) Find the modification of the largest wavelength of the Balmer series

incorporating the fine structure in the energy level.
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1
Molecules and Chemical Bonds

Atoms combine to form molecules by means of the chemical bond. The successful
elucidation of the chemical bonds is again one of the highlights of the quantum
mechanics. There are two kinds of bonds, heteropolar and homopolar. In the
former, an electron is transferred from one neutral atom to the other, and the
resulting two ions of opposite polarity are bound together via the attractive
Coulomb potential. In the latter, two neutral atoms are bound by means of
various other mechanisms. The principles of bonding are discussed, using
simple examples, together with hybridization, an essential element in the organic
molecules.

11.1
lonized Hydrogen Molecule

Let us consider the chemical bonding in the ionized hydrogen molecule H,*,
which consists of one electron interacting with two protons (Figure 11.1). In
this structure, the two protons repel each other, while the electron and the
two protons attract each other via repulsive and attractive Coulomb forces,
respectively. The problem is then to clarify why the two protons do not to break
away from each other and form instead a stable molecule.

For simplicity of analysis, let us first take the two protons fixed in space. Then,
the Hamiltonian is given by

hz

H(a,b) = -

2
V2-é, <l+l>, . (11.1)

r, T, dre,

and partitions into the Hamiltonian of the hydrogenic subsystem formed by one
of two protons, say proton a and the electron with the perturbing term ei/l /7
or vice versa. The wavefunctions u,, u, of two hydrogenic subsystems represent
two identical degenerate states, and we can treat the problem by means of the
degenerate perturbation theory. Thus, we look for the solution in the form

2m Ty

a=a,b

R o
@(r,.r,)= Z Cully’ -—V?— = \u, =Eyu, (11.2)

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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Figure 11.1 The H2+ molecule, consisting of two protons and a single electron (a). The
H, molecule, consisting of two protons and two electrons (b). The electron—proton and
electron-electron interactions are distributed over the electron charge cloud.

where E is the ground state energy of the H-atom. In this approach, a single
electron is taken to form the hydrogenic subsystems with the two nuclei simul-
taneously or equivalently to be shared by the two nuclei.
The eigenequation reads as
H(a, b) Z c by =E Z Culhy (11.3)
a=a-b a=a-b

After rearranging the terms with the use of Egs. (11.1) and (11.2), we can rewrite
Eq. (11.3) as

62 62
c, (AE—ﬂ>ua+cb (AE—ﬂ>ub=o, AE=E,—E (11.4)
p Ty

Hence, finding the wavefunction is reduced to determining c, and c,,. For this pur-
pose, we can carry out the inner products with respect to u,, u;, on both sides of
Eq. (11.4), using the orthonormality of u, 1, and obtain the coupled equation

(AE + C)c, + (AES + D)c, = 0

(AES +D)c, + (AE+ C)c, =0 (11.5)
where S, C, and D denote the integrals
S= /dZ”Z(Zu)uh(Zb) = (u,lu,) = (uwylu,) (11.6a)
e2 e
C = (uyl — 2u,) = (uyl — Lu,) <0 (11.6b)
Ty Ty
T o
D= (u,| - —|uy) = (u,| — —lu,) <0 (11.6¢)
Ty Ty

Overlap, Coulomb, and Exchange Integrals

Three kinds of integrals are involved in the coupled equations (Figure 11.2): S is
called the overlap integral and specifies the degree of overlap between u, and u;, at
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[
(b) | (©)

Figure 11.2 The overlapped electron charge point charge in the C-integral (b). The inter-
cloud with each cloud centered at protons action between the overlapped electron

a and b in the S-integral (a). The Coulomb charge cloud with proton a or b in the D-
interaction between the electron cloud integral (c).

centered at proton a and proton b as a

a given separation of two protons; C is the Coulomb interaction integral, account-
ing for the interaction between proton b for instance and the electron that forms
the hydrogenic subsystem with proton a or vice versa; D is the exchange integral
describing the interaction between the exchange probability density 1, and pro-
ton a or b and represents the interaction between the overlapped electron cloud
and proton a or b.

The coupled equation (11.5) is again homogeneous, and therefore c,, c;, hence
@(r,, rp), become trivial, unless the secular equation is satisfied, as discussed:

AE+C AES+D|

AES+D AE+C =0 (11.7)

By solving the quadratic equation for AE, we obtain
+D-C

1FS
When Eq. (11.8) is put into Eq. (11.5), the two equations become redundant, and
we find

¢, = Fc, (11.9)

AE,=E,—E= (11.8)

Therefore, by expressing ¢, in terms of ¢, and using ¢, to normalize the eigenfunc-
tion (Eq. (11.2)), we obtain

1
@ (r,.r)=—W, Fu,) (11.10a)
V2
with the eigenenergies E given from Eq. (11.8) by
CxD
E_=E 11.10b
+ 0 + 1 1 S ( )

Thus, the eigenfunction is specified by symmetrical and antisymmetrical combi-
nations of u, and u,, and the degeneracy has been lifted.
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Bonding and Antibonding

We next consider the binding energy of H,*. For this purpose, it is important to
note that E) is the energy of the electron bound to one proton, while the other is
at infinity, and therefore the bonding energy is by definition given by

62 C_D 62
E =E. —E,+-M=->+*2, M 11.11
b * 0 Rab 115 ab ( )

Let us note at this point that the repulsive Coulomb interaction between the two
protons R, distance apart should be brought in. The distance R, also critically
affects the repulsive Coulomb interaction and the integrals, S, C, and D Eq. (11.6).
Naturally, a stable molecule is formed when E, < 0, and such condition has to
be examined. As u,, u;, are normalized eigenfunctions, the overlap integral S Eq.
(11.6a) is by definition less than unity if R ,, does not collapse to zero. Hence, 1 ¥ S
is positive, leaving C and D as the determining factor for the polarity of E,,.

In the limit R, — 0, the repulsive Coulomb interaction between the two pro-
tons diverges. Concomitantly, r, — r,, and C and D simply represent in this case
the finite average potential energy of the ground state of the H-atom. Hence, for
small R ,, E, should diverge. On the other hand, in the limit R , — o0, S — 0 and
C represents the attractive Coulomb interaction between proton b and the elec-
tron charge cloud attached to proton a or vice versa. Therefore, C is practically
identical to and cancels out €, /R,,. This leaves D as the sole integral dictating
the polarity of E,. Now since D < 0 by definition, it is clear from Egs. (11.10) and
(11.8) that E, < 0 for the symmetric combination of u,, u,, namely, for ¢ (r,,r},).

Figure 11.3 shows E, versus R, for both ¢_(r,r,) and ¢_(r,r;). Indeed, E,
is negative for a range of R, for ¢_(r,,r;), and it is in this range of R, that the
ionized H,* is formed. For ¢_(r,,r,), E, is positive in the entire range of R ;, so
that ¢_(r,,r,) represents the antibonding mode. The fact that ¢_ (r,,r;,) represents
the bonding mode can be attributed to a large probability density of electrons in
between the two protons as shown in Figure 11.4. In this case, the attractive forces

E@ev) 4 Eev) T

8
6
4 Antibonding
2

Rap(au)

o

(a) (b)

Figure 11.3 The bonding and antibonding curves versus the internuclear distance R in the
jonized H2+ (a) and neutral H, molecules (b).
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X

(b) o

Figure 11.4 The symmetrized (a) and the antisymmetrized (b) eigenfunctions and the
probability densities associated. Also shown are the top views and the degree of overlap of
the two electron charge clouds.

between the electron cloud and the two protons more than compensate the repul-
sive force between the two protons.

11.2
H, Molecule and Heitler-London Theory

The H, molecule consists of two protons and two electrons (Figure 11.1). The
Hamiltonian is thus given by

A=H+H,+V (11.122)
where
Ry G p Py %
H=-—V-M f=--v:_ M (11.12b)
2m T 2m )

are the Hamiltonians of the hydrogenic subsystem formed by proton a with elec-
tron 1 and proton b with electron 2, and the potential

2 2 2 2
e e € € 2

-~ e

V=-H_ M, MU 2= (11.12¢)
T T R T dreg

lumps together the rest of the interaction terms.
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Variational Principle

The H, molecule as a four-body central force problem cannot be dealt with ana-
lytically, and therefore an approximate treatment is in order. In this context, the
variational principle provides a convenient criterion by which to assess the accu-
racy of the approximate analysis and is discussed first. Given a dynamic system,
we have to solve the energy eigenequation

Ho=Egp (11.13)

and find the average values of the dynamic quantities such as energy

~ dre*He
_ {elHlp) _ [oo B

(ol®) / dre'

If the eigenfunction ¢ is the exact solution of Eq. (11.13), E in Eq. (11.14) rep-
resents the true eigenvalue. However, if ¢ is an approximate solution, E does not
represent the true value. In such a case, the variational principle states that the val-
ues of E obtained from Eq. (11.14) are always greater than the true value. Therefore,
the degree of accuracy of the approximate schemes can be assessed by comparing
the resulting E values.

(11.14)

Heitler-London Theory

With this fact in mind, let us consider the Heitler—London theory of the H,
molecule. The theory introduces the antisymmetrized ground state wavefunctions
of the two electrons in the form

0(1,2) =, (1.2, @.(1,2) = [u,(Duy(2) £ u,(Du,(2)], 1,2=r,1,
(11.15)
where u,, u, are the ground state eigenfunctions of the hydrogenic subsystems
with the energy E, and y, the triplet (s) and singlet (a) spin states, respectively
(see(10.15)).
The ground state energy of the H, molecule is then given by
(e, lHlp.)
= {o.le,)
The spin functions do not affect the integrals in Eq. (11.16) and have been deleted.
However, ¢, ¢_ have to be associated specifically with y_ and y_, respectively. As
u,(i) and u,(j) are normalized eigenfunctions, the denominator is given in terms
of the overlapped integral by

(polo.) =20+ 8%;  S=(u,Dluy()), i #j (11.17)

The numerator

(11.16)

N A e e e
N=(p |H +Hy,— = - =+ "2+ =|p,) (11.18)
T T Ry T
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consists of 24 integrals, 6 Hamiltonian terms paired with 4 different combinations
of u,(i)u,(j). However, H is invariant under the interchange of r, and r,, so that
the four combinations of u,(i)u,(j) reduce to two. Thus, N is given by

N =2(H), +2(H), (11.19)
where the first term
(H); = (u,(Du,(Q)|H, + Hy — — — = + == + —=|u,(Du,(2))
o Te Ry
2
=2, + -2 +2C+Ey (11.20a)
ab

is specified in terms of the Coulomb interaction integral C, and the repulsive
Coulomb interaction between two electrons Ep;:

—e? 2
C = (ut, (D] — lu, (1) = ((2) (11.20b)
bl
2
Epy = (u, (1)ub(2)|—lu (Duy(2)) (11.20¢)
The second term
e, e e?
(HY, = (u,(Du,2)|H, + H, - 2 — —M + 24 Iu (D, (2))
" R,
2
=2E,S* + ;—MSZ +2DS + Ep (11.21a)

ab
is likewise specified in terms of S, D, and the repulsive interaction computed with
the use of exchange densities E; as
&, &,

= (u (D] —1 (1) = (o @) () (11.21b)

2

Ecp = <ub(1>ua<2>|f—M i, (1)1, (2)) (11.210)
12

Bonding Energy

By inserting Eqs. (11.17)—(11.21) into Eq. (11.16), we can write

2C+Ey 2DS+Eq; €y

1+8 & 1+£8 R,
and obtain the bonding energy from Eq. (11.22). As 0 < S < 1 and D < 0 (see Eq.
(11.6)), E, < E_. Also, when the two protons are taken far apart from each other,
with each carrying an electron, the total energy is the sum of the ground state ener-
gies of two noninteracting hydrogen atoms, that is, 2E,,. Therefore, the bonding
energy is given by

E, =2E,+ (11.22)

2C+E 2DS + E e
E,=E, —2E, = RI CE M

ae e TR, (11.23)
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(a) (b)

Figure 11.5 The top views of the probability densities of the symmetrized (a) and anti-
symmetrized (b) eigenfunctions of the H, molecule. The degree of overlap of the electron
charge clouds is commensurate with the degree of brightness.

Plotted also in Figure 11.3 is E,, versus R, curve, which clearly indicates that the
symmetric combination of #, and u,, paired with the singlet spin state constitutes
the bonding state. The bonding versus antibonding can again be understood in
terms of the degree of the overlap of the electron charge clouds. For ¢_, the over-
lap is large so that the attractive interaction between the electron charge cloud and
the two protons more than compensate the repulsive interaction between the two
protons (Figure 11.5). The bonding energy of 3.14-eV as obtained from the mini-
mum value of E;, versus R , curve is smaller than the measured dissociation energy
of 4.48 V. This indicates that the Heitler—London theory yields the ground state
energy higher than the true value, which is consistent with the variational prin-
ciple. Nevertheless, the theory provides the basis for describing the homopolar
bonding.

11.3
lonic Bond

When atom A transfers an electron to atom B, the resulting two ions A* and B~
form a molecule via the ionic bonding. In the sodium chloride, NaCl, for example,
the ionization Na — Na*+e requires IP; of 5.14€V, while the electron capture
Cl+ e — CI™ releases the energy of 3.65 €V, called the affinity factor. Hence, the
difference in energy AE of 1.49 eV constitutes the bonding energy of NaCl.
When the two ions approach toward each other, they interact via the attrac-
tive Coulomb potential. When R is further decreased, the two electron charge
clouds overlap. As the two ions have spherically symmetric closed shell config-
urations, they can be viewed as point charges. Moreover, the exclusion principle
requires an additional electron associated with overlapped charge cloud near each
ion to behave as though they occupy next higher-lying quantum states. Hence, the
energy of the ion pair increases with increasing interpenetration of the electron
cloud, adding thereby the repulsive energy term. Thus, AE as a function of R for



11.3  lonic Bond
NaCl is to be modeled as

2
e
AE(R) = Ae R — 7’” + AE(0), AE(c0)=1.49eV (11.24)

where the first term is the empirical representation of the repulsive potential aris-
ing from the exclusion principle, while the second term is the attractive Coulomb
potential between the two ions.

In Figure 11.6 is plotted AE versus R curve. The curve follows the attractive
Coulomb potential at large R but is dominated by the repulsive potential for
small R. At the minimum point R,, the attractive and repulsive forces balance
each other out, yielding thereby the zero slope of the potential curve. The ionic
bond is thus represented by D,, which denotes the absolute magnitude of the
difference between AE(R,) and AE(0). Furthermore, the Taylor expansion of AE
at R, yields the expression

_ PAER,)

e (11.25)

AE(R) ~ AERR,) + %k(R SR 4, k

where the first expansion term is zero because the Taylor expansion is done at
the minimum point of the curve. Then, the AE-R curve near R, is reduced to the
potential energy of the harmonic oscillator and therefore indicates that the two
nuclei vibrate at the frequency o (=(k/u)'/?) with i denoting the reduced mass

1/u=1/my +1/mg.

A
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Figure 11.6 The ionic bonding energy AE versus the internuclear distance R.
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11.4
van der Waals Attraction

The chemical bond underlying the H, molecule is called the covalent bond and
involves the interaction between two open shell neutral atoms, in this case two H-
atoms, whose ground states are partially filled by a single electron. The interaction
between two closed shell atoms also provides the chemical bond called the van der
Waals attraction. The resulting attractive interaction occurs in nearly all atoms,
and the underlying force is known as the London dispersion force. Such chemical
bond can be modeled by taking two atoms as two 1D charged harmonic oscillators
bound to positive charge centers (Figure 11.7).
The Hamiltonian of two coupled HO is given by
c 2 @

H= Zﬁoj + V(R %1, %,); ]’—}Oj = =+

- kx? 11.26
2m dsz * ( 2)

1
=1 2
where the potential energy

1 1 1 1 e
Vv=e (=- + - , e, = 11.26b
eM(R R—x; R+x,—x R+x2> M 4re, ( )

represents the Coulomb interactions involving two force centers and two charged
oscillators. For R > x,, x,, V can be simplified by expanding the potential terms
in powers of x;/R. For example, we can expand the second term as

o0 R) =R R ()
R—x RV R Rl TRT\R

After carrying out similar expansions and adding the terms together, we find

e x,x,
V- MR3 (11.26¢)
Therefore, the Hamiltonian is simplified to read as
~ R ® 1,, R P 1 e3,%,%,
H=-21% 42— L 4 ki - 11.27
2mod 20 amoa2 T2 R (1127)

We can further compact the Hamiltonian by introducing the new variables

E=x,+%, nN=x,—%

- —

+ +
AO—W—0 € BO—\WA—0¢,”
le N
I R q

Figure 11.7 Two charged harmonic oscillators coupled via the Coulomb interaction.
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and recast Eq. (11.27) into a form

e 1 e 1 k_ ey
H=—-——+2k&-——+-kn* k=52 11.28
poe Tk T gp TRk K <2 TR (11.28)

with y denoting the reduced mass 1/u = (1/m) + (1/m) = 2/m. In this manner,
the Hamiltonian of two coupled oscillators is transformed into that of two inde-
pendent oscillators, oscillating at two different frequencies. The total energy level
is therefore given from Eq. (7.12) by

1 1
E, n, =ho, (”1 + 5) + ho_ <n2 + E) (11.29a)
where 7,, n, are the quantum numbers, and oscillation frequencies w_, w, are
given by

k. 2¢2
2 — 2 —_ M . 2 —
w+=i=wc<1+m>), w, =

and are smaller or greater than the characteristic frequency ..

The two frequencies w,, w_ can be shown correlated with the polarizability of
the oscillator as follows. When an electric field E is applied, the oscillator charged
with —e is subjected to the force —eE and pushed away from its equilibrium posi-
tion, while it is simultaneously subjected to the restoring force of the spring —kx.
These two forces balance at x, given by x, = —eE/k. The resulting dipole moment
induced is given by

(11.29Db)

3>

e’ e’
Hing = —€X, = ?E =dregaE; o= P
0

(11.30)

where a is the polarizability connecting E and the induced dipole moment. When
the spring constant k is replaced by a in Eq. (11.29b), w.. are expressed in terms
of a as

a)iE—i=w2<112—a>; wfzk (11.31)
U m
We can thus expand the dressed frequencies as
o |1l (22)_1(2a 2
ox=o. 173 (%) - 5(%) +-

and obtain the ground state energy as

[ hoa®\ 1
E, = E(a}_ +w,)=ho,— ( 5 > % (11.32)
Since the first term is the zero-point energy of the two oscillators in the limit R —
oo, the second term o 1/R® should represent the bonding energy and is known
as the van der Waals attraction. Obviously, the bonding energy is due to the net
potential V(x) providing a net attractive potential Eq. (11.26c). This simple model
used for illustrating the dispersion force can also be applied to the two coupled
neutral atoms. In this case, the power law dependence of 1/R® is preserved, but
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the polarizability and binding parameter k of the harmonic oscillator are replaced
by the atomic polarizability and the first ionization potential IP,, respectively.

115
Polyatomic Molecules and Hybridized Orbitals

The chemical bonding in polyatomic molecules involves many electrons dis-
tributed over several nuclei and is complicated. However, the bonding can be
understood based on the bonds operative in diatomic molecules. This is because
most of the chemical bonds are localized in which two nuclei are bonded via two
electrons as in the case of the H, molecule. These bonds are illustrated with the
use of a few specific examples.

Methane and sp Hybridization

The methane (CH,) consists of a carbon atom (1s22s22px2py) bonded to four H-
atoms by four tetrahedral bonds with H-C—H bond angle of 109°28" as shown
in Figure 11.8. In the process, one of the two electrons in 2s state is booted to 2p
state, forming thereby the valence state (1522s2px2py2pz) (see Eqgs.(8.53), (8.54) for
Py Py ;) The bonds are formed by placing the four valence electrons into four
hybridized orbitals, given in terms of the single electron eigenfuctions as

1

X = 5(2s +2p,+2p,+2p,)
1

Xy = 5(25 —2p,—2p,+2p,)
1

X3 = 5(25 +2p,—2p, - 2p,)

1
A= 5(2s —2p,+2p,—2p,) (11.33)

These functions are orthonormal, and the probability distribution is maximum
along(1,1,1),(1,-1,-1),(-1,-1,1),and (-1, 1, —1) directions, respectively. Thus,
the molecular orbitals consisting of the four linear combinations of the atomic
orbitals compensate the energy required for an electron to be booted up from 2s to
2p states and stabilize the methane molecule via the attractive Coulomb potential.

Ethane and Directionality of Molecular Orbitals

The spatial directionality of the hybridized molecular wavefunctions is one of
the main modes of bonding, as exemplified by the ethane (C,H,). As also shown
in Figure 11.8, the two carbon atoms are in the configuration similar to that of
methane aside from the fact that two of the hybridized molecular orbitals are
aligned to the C—C bond. The rest of the orbitals of each carbon atom form the
tetrahedral bonds with 2s state of three H-atoms.
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Figure 11.8 The methane molecule consisting of a carbon atom bonded to four H-atoms
(a). The ethane molecule formed by two hybridized molecular orbitals aligned to the C-C
bond (b).

Problems

11.1  (a) Starting from the eigenequation (11.3), derive the coupled equation
(11.5) for the expansion coefficients c,, ¢, in terms of the overlap S-,
Coulomb C-, and exchange D-integrals.
(b) Verify the results obtained for the symmetrized and antisymmetrized
eigenfunctions and corresponding energy eigenvalues.

11.2 The analysis of the chemical bonding requires the evaluation of various
matrix elements, as exemplified by the Heitler—London theory. Starting
with the wavefunction given in Eq. (11.15), fill in the detailed algebraic steps
and verify the results of the bonding energy Eq. (11.23).

11.3 The interionic distance of NaCl is 0.24nm, and the vibrational fre-
quency is v, = w,/2z = 1.1 x 10"*s71. Determine the parameters A and
a in Eq. (11.24) and estimate the bonding energy by using A, @, and
AE(0) =1.49eV.

11.4 The H-atom is placed in a uniform electric field E in the z-direction. The
Hamiltonian is given by

"2 e? 5 &2

H:——Vz——M+Eercose; e, =
2m r M

4re,

(a) Look for the eigenfunction in the form ¢ = c;|u,qy) + ¢,|u5;,) and
derive the coupled equation for ¢; and ¢, in analogy with Eq. (11.5).
(b) Findc,, ¢,,and ¢, E,.
(c) Evaluate the atom dipole
((pi |f|(P¢>
(o, lo.)
and find the atomic polarizability @ connecting the input field to the
induced atom dipole as y;,,; = —aE.
11.5 Starting with the Hamiltonian of two coupled HO Eq. (11.26), fill in the
algebra and derive the decoupled Hamiltonian (Eq. (11.28)) in terms of the
new variables &, n.

Hing = —€(r),(r) =
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12
Molecular Spectra

The spectroscopy is an essential element of quantum mechanics. The observed
atomic spectra provided a major impetus for developing the quantum theory. Also
the molecular spectra constitute a key component of the quantum and molecular
chemistry. Moreover, the laser device is the product of an innovative application
of atomic and molecular spectroscopy. This chapter is addressed to the molecular
spectra. The spectral lines are complicated because of the complexity of electronic
structures and the rotational and vibrational motions of the nuclei. But the data
carry a wealth of information and are analyzed focused on the diatomic molecules
and as a short introduction to the vast area of the molecular chemistry and physics.
Included in the discussion are the hyperfine structure, Zeeman splitting, nuclear
magnetic resonance, and molecular imaging.

121
Theoretical Background

The electromagnetic spectrum encompasses the wavelengths ranging from
radiowave to X-ray regions. In the radiowave regime, the wavelength A spans
from 3 km to about 3 m, and the nuclear magnetic resonance (NMR) frequencies
are involved therein. In the microwave and far-infrared regions, A ranges from
about 30 cm to 0.03 mm and covers the molecular rotation and the electron spin
resonance frequencies. In infrared (IR), visible, and vacuum ultraviolet regions, A
varies from 0.03 mm to 3 nm, and the frequencies of the molecular vibration and
the transitions of outer electrons of the atom are involved. Finally, in the X-ray
region, A is shorter than 3nm and includes the transition frequencies of inner
electrons.

Diatomic Molecule

Let us revisit the H, molecule as a prototypical example and consider the motion
of the two protons. The general features of the spectra are shown in Figure 12.1
in which the potential energy of the ground and first excited states of the elec-
tron is plotted versus the internuclear distance R. Also included in the figure are

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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Figure 12.1 The electron potential energy of the ground and first excited states of the H,
molecule versus the internuclear distance R. Shown also are the sublevels resulting from the
vibrational and rotational motions of the nucleus.

the nuclear sublevels due to rotational and vibrational motions. The spectral lines
are analyzed in two steps. First the electron energy levels are treated by fixing R
and then the nuclear sublevels are incorporated by using the time-independent
perturbation theory. The procedure is known as the Born—Oppenheimer approx-
imation.

The Hamiltonian of the H, molecule is given in this case by

2, oo
2u R zm; [+ V(nR)| 9. R = E@(r,R) (12.1)

where r represents the set of coordinates {r;} of the two electrons. The motions of
the two protons interacting via the Coulomb potential can be partitioned into the
motion of the center of mass and the internal motion, as discussed in the H-atom
theory (see Egs. (8.27) and (8.28)). The first term on the left-hand side of Eq. (12.1)
is the kinetic energy of the internal motion, and the rest of the terms constitute
the usual Hamiltonian of a diatomic molecule Eq. (11.12).

The motion of the center of mass as a free particle has been dealt with already,
and only the internal motion is considered. We thus look for the solution of Eq.
(12.1) in the form

o1, R) = @, (r, R) (R) (12.2)



12.1 Theoretical Background

where @, is the energy eigenfunction of the electron, satisfying the energy
eigenequation of the H, molecule with the two protons R distance apart

l‘% VitV (LR)] @o(r.R) = ER)@,(r. R) (12.3)
i=1

Note in Eq. (12.3) that the eigenenergy E(R) should now be taken to depend para-
metrically on R, and E(R) is also called the electron potential energy. By inserting
Egs. (12.2) and (12.3) into Eq. (12.1) and rearranging the terms, there results

2
[‘;_mvi +E<R>] @r Rz (R) = Ep (1 B (R) (12.4)

At this point, we resort to the Born—Oppenheimer approximation and put
Vilp (. R xR ~ ¢ (. AV (R) (12.5)

Upon inserting Eq. (12.5) into Eq. (12.4), dividing both sides by ¢, (r, R) and
expressing VIZ3 in spherical coordinate frame, we can write

h? 0 (50 1~ B
T2uR { R (R ﬁ) —mlt E(R)} x(B®) = Ex(R) (12.6)

Evidently, Eq. (12.6) is identical in form to the energy eigenequation of the H-atom
Eq. (8.35). Therefore, we can carry out a parallel analysis, making use of the results
obtained already. Thus, let us look for the solution in the form

*(R,0,9) = p(R)Y}' (6, p) (12.7)

where the spherical harmonics Y]f"[ is the eigenfunction of 12 with the eigenvalue
R2L(L + 1) (see Eq. (8.24)). By inserting Eq. (12.7) into Eq. (12.6) and canceling out
Yz‘/[ from both sides, we obtain the radial equation for p(R) as

R 9 PR N h*L(L + 1)
2uR? 0R OR 2uR?

P(R) + E(R)p(R) = Ep(R) (12.8)

Note in Eq. (12.8) that E appearing on the right-hand side of Eq. (12.8) consists of
the eigenenergy of the electron and the rotational as well as vibrational energies
of the two nuclei:

E=E,+E +E, (12.9a)

We next expand E(R) at the equilibrium distance R, between two protons (see
Figure 12.1):

ER) =ER,)+£,R), ¢&,R) = %E"(O)g2 + %15"'(0)53 +.-, E=R-R,

(12.9b)

where the primes denote the differentiation with respect to R. The first expan-
sion term o E’(R,) is zero, as R, is at the minimum point of the E versus R curve.
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Evidently, E(R,) represents E,, and therefore E, is canceled from both sides of Eq.
(12.8), and the eigenequation reduces to

n 0 (Rzap(R)> N [h2L(L+ 1)

" 2uR? R oR 2UR?

+e,(®)| p(R) = (E, + E,)p(R) (12.10)

Equation (12.10) provides the starting point of analyzing the molecular spectra.

12.2
Rotational and Vibrational Spectra of Diatomic Molecule

Rotational Spectra

For examining the rotational motion, let us fix R at R, for simplicity of discussion.
In this case, there is no vibrational motion, that is, E, = ¢,(R) = 0, and the first
term on the left-hand side of Eq. (12.10) also vanishes. As a result, the rotational
energy naturally follows from Eq. (12.10) as

2
£ =hL(L+1)

. , L=0,1,2, ... (12.11a
2uR? )

with L denoting the angular momentum quantum number. Evidently, Eq. (12.11a)
is the quantized version of the rotational energy of a classical rigid rotator
(Figure 12.2). This can be shown by considering the angular momentum of the
rotator

IL| = uR,v = uR,(R,w) = Lw; I, = uR* (12.11b)

where v is the velocity of the fictitious particle with reduced mass y at R, distance
from the fixed center and I, the moment of inertia. Then, the energy of the rotator
E, reads as

1, 10w?* ILP

E,zluvzz—IwZ_

- 12.11
2 2T T R (12110

and is identical to Eq. (12.11a) except for the quantization of the angular
momentum.

Figure 12.2 The rotational (a) and vibrational (b) motions of the two nuclei in the diatomic
molecule.



12.2 Rotational and Vibrational Spectra of Diatomic Molecule

Selection Rule

The transition from the initial Z; to final L, rotational states is allowed if the tran-
sition matrix element is not zero (see Eqgs. (9.42) and (9.55)). The integral involved
in the matrix element is not zero, provided the molecule has the permanent dipole
and L;, Ly satisfy the selection rule

AL=L —L; =+l (12.12)

This is because the product of two nearest spherical harmonics Y z"[ 0, )" x
Yz‘il(é’, @) and the dipole moment x W (= cos 0) are the odd functions of w in the
interval from —1 to 1. Hence, the matrix element is contributed by the integrand
with an even parity in w and does not vanish.

The resulting spectral lines are obtained as follows. For the absorption, AL = +1
and the frequency involved is given by sv, = E (L;,,) — E.(L;). The corresponding
frequency and wave number are thus given from Egs. (12.11a) and (12.12) by

- ) R = n? ( 1 )
= —=—=p2(L.+1), = — — 12.13
wEL = =R, f (ZMR5> ~ (12.13)
For emission, on the other hand, AL = —1, and the wave number is likewise

obtained as
U, =BI(L; = VL, — L(L; + 1)| = 2fL, (12.14)

Therefore, the absorption and emission spectra are shown to consist of uniformly
spaced lines with the spacing 2. By measuring f, it is possible to extract the prop-
erties of the diatomic molecule, for example, the size, shape, and mass.

Vibrational Spectra

To consider the vibrational motion (see Figure 12.2), the assumption of the fixed R
should be relaxed, and R should be taken to vary centered at R,. Also, as E, is much
smaller than E, by at least an order of magnitude, we may put R ~ R, in the second
term on the left-hand side of Eq. (12.10), in which case it is identical to E,. Under
this approximation, E, is canceled from both sides, and Eq. (12.10) is reduced to
describing the vibrational motion only. We further simplify the equation by retain-
ing only the first term in € (R) in Eq. (12.9b), in which case, Eq. (12.10) reads as

n 0 (PR 1 N _ [ PE(R,)
2uR? 0R (R R >+2ke(R R)*p(R)=E 1 p(R), k, = 7o

(12.15)

We may look for the solution of Eq. (12.15) in the form

P(R) = %r/(R) (12.16)
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and reduce Eq. (12.15) to the energy eigenequation of the HO (see Eq. (7.1)):

n? d?

~2n 02Ot 3 TkENE = Egn(®). E=R-R, (12.17)

Therefore, we can use all the results obtained in treating HO. The vibrational
energy is then given from Eq. (7.12) by

1 k 1/2
Ep =hvyp(+1), v=0.12 ... sy = o (i) (1218

Selection Rule

The transition from the initial v; to final v, vibrational states is induced by the
oscillating dipole of the molecule. Hence, the transition matrix is proportional to
the dipole moment

27
<ﬂv> _/ d(P/ sm@d@/ deR|YM|2 Vf ) [u(R — R,)]~-— nvt(R)

0

~ / My Oun, (&dé; E=R—R,, u(é) x & (12.19)

where the integration over 0, @ yields unity because of the orthonormality of the
spherical harmonics. It then follows from Eq. (12.19) that the dipole moment does
not vanish if v;, v, satisfy the selection rule

Av=v, —v,==+1 (12.20)

This is due to the fact that the product #,(£) X 7,,,(§) is odd in & (see Egs. (7.10)

and (7.11)), and the dipole moment y « ¢ is also odd in £&. The moment integral is

thus contributed by the integrand having the even parity in £ and does not vanish.

The wave number of absorption or emission is then given from Eq. (12.18) by
Yyib (ke/ﬂ)l/2

- 1
Vib = 1T- 5o Vb = Ton (12.21)

and consists of a single line of frequency v,;,.
Rotation-Vibration

Each vibrational line is accompanied by a number of finely spaced rotational spec-
tral lines as shown in Figure 12.3. This is due to the fact that both transitions occur
concurrently. We have analyzed the two transitions, using the rigid rotator and
harmonic oscillator models, respectively. The combined energy levels are given
from Eqs. (12.11) and (12.18) by

hZ
2uR?

E,, =E,+E =hv, (v + %) +LL+1)p, p= (12.22)

with the combined selection rules given from Egs. (12.12) and (12.20) by
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Figure 12.3 The fine structure of a single
vibrational spectral line superposed by the
P and R branches of the rotational spec-
tral lines (A). The rotational energy-level

and R branches of a diatomic molecule (B).
(Reproduced from Atoms and Molecules,
M. Karplus and R. N. Porter, W. A. Benjamin,
1970.)

diagram and the transitions involved in P

a) Av=1,
b) Av=-1,

AL = +1
AL = +1

Clearly, (a) and (b) represent the vibrational absorption and emission with each
process accompanied by the rotational absorption and emission.

As noted, the vibrational energy is greater than that of rotation by one or two
orders of magnitudes, so that a single vibrational emission or absorption line is
accompanied by two groups of lines, called branches (Figure 12.3). The P branch
results from the rotational emission corresponding to AL = —1. In this case, the
wave number decreases with increasing L; and is given from Eqs. (12.14) and
(12.21) by

1 . -
- =Vp ="V, —28L,
P

L,=123, ... (12.23)
The R branch results from the rotational absorption corresponding to AL = +1.
In this case, the wave number increases with L; and is given from Egs. (12.14) and
(12.22) by

1

g

Figure 12.3 also shows the intensity profiles of P and R branches, which vary
appreciably with L,. The variation is due to Boltzmann probability factor. The
intensity of the spectral line is proportional to the number of molecules present

Ve = Vy +26(L; + 1), L, =1,2,3, ... (12.24)
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in the initial state, and the number is dictated in equilibrium by the Boltzmann
probability factor:

EvL

L 12.25

T > (12.25)
where g is the degeneracy factor of the initial state. The vibrational states are
free of degeneracy. Hence, g, ; is due solely to the rotational states, resulting from
the quantum number M, varying from —L; to +L; in steps of unity. Thus, N is
given from Egs. (1.10) and (12.22) by

Ni X g1 €Xp — <

2
Ni x (2L, + 1)6_&eLr(Lz+1)/kBT, €, = h
2uR?

and varies as a function of L,. We can therefore find the initial state having the

largest number of molecules by differentiating N, with respect to L; and putting
the result to zero, obtaining

2y T\ M?
L. =2 l( 5 > -1 (12.26b)
2 £

e

(12.26a)

The result given in Eq. (12.26) is in general agreement with the observed intensity
profiles of P and R branches.

12.3
Nuclear Spin and Hyperfine Interaction

A nucleus possesses the intrinsic spin angular momentum I and the magnetic
moment g, just like the electron. The nuclear spin can therefore be treated in
strict analogy with the electron spin. We can thus introduce the eigenfunction
and the commutation relations as

PILm)y =14+ DR*|Lmy);  |Lm)=Y," (12.27a)
LILmy)y =mh|Lm), my=-L-1+1,..,1-11 (12.27b)
PO N

IxI= 151 (12.28)

(see Egs. (10.1)—(10.5)). The quantum number I has half integer or integer values
depending on odd or even atomic number, that is, the number of protons in the
nucleus. The proton and neutron have the spin /2.

We can also specify y,, in analogy with the electron magnetic moment Egs.
(10.33) and (10.34) as

A

~ e A 1 _
Hn =8N e 1 =gN:uBNE’ Hpn =
N

where m,, is the mass of the nucleus, and the nuclear magnetron pg,, is parallel to
I in this case because the nuclear charge is positive. For proton, ug, has the value
5.049 x 1072’ Tm? Wb, and the gyromagnetic ratio g,, of 2 X 2.79268 has been
determined experimentally.

eh
2my

(12.29)



12.3  Nuclear Spin and Hyperfine Interaction

Hyperfine Interaction

The hyperfine interaction is caused by the nuclear magnetic moment y, interact-
ing with the magnetic field, which is induced inherently by the electron circulating
the nucleus. The mechanism responsible for the interaction is therefore similar to
that of the electron spin—orbit coupling. We can therefore introduce the interac-
tion Hamiltonian in analogy with Eq. (10.37) as

2
Mo 8N P € Ho
H],\I =-p, §] = 7‘1,1}_[;1\,_](]\[(;")(1 ]_), fN(r)4ﬂr3m (12.30a)
In this case, By is induced by the electron spinning and circulating the nucleus at

the radius r and can thus be specified via the Biot—Savart law as

ety

B, = , j=1+ 12.30b
= 475r3m]- [=27s ( )

Also there is no back-transformation and no Thomas 1/2 factor, as the nucleus can
be taken fixed in the laboratory frame. The negative sign in Eq.(12.30a) disappears
since j and B, are anti-parallel. We can introduce the total angular momentum F
and express Eq. (12.30a) in analogy with Eq. (10.37b):

8N ) S A5
A, = o N OE> =P =), F=j+1 (12.30¢)

Interaction with Magnetic Field

When the external magnetic field is applied in the z-direction, the interaction
Hamiltonian is given again in strict analogy with Eq. (10.38) by

Hy o a
—gl - Lg, - gNFNBIZ (12.31)

The magnetic moment p,, is parallel to I, hence the negative sign in the second
term, and g; is the Lande g-factor Eq. (10.45). Therefore, the total hyperfine inter-
action Hamiltonian is given by the sum of Egs. (12.30) and (12.31):

8iMp~  guH g
a _B< ’h J, - NhNI ) + ZZMBNfN(r)(F -P-P (12.32)

Hyperfine Splitting of Energy Level

The spectral lines resulting from the hyperfine interaction can be analyzed in par-
allel with those resulting from the spin—orbit coupling. In the absence of B, the
eigenfunction of F can be introduced in analogy with the eigenfunction of / given
by Eq.(8.34).

E2|F, mp) = R*F(F + 1)|F, mg) (12.33a)

E|F.mp) = hmg|F.mg), mz=—F,—F+1, ..., F—1F (12.33b)
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The detailed derivation of the eigenfunctions is presented in the first two reference
books listed at the end of this chapter. Suffice to say here that the eigenfunction
can be used as the common eigenfunction for j2 and I* as well, since the three
operators all commute. The shift in the energy level due to the hyperfine interac-
tion can therefore be evaluated precisely in analogy with Eq. (10.40) and by using
Eq.(12.32) without the magnetic field:

. h
SEy; = (F, my|H}|F.my) = %«N(mww +D)—j+1) - I +1)] (12.34)

and the allowed values of F for given j and I are specified by the sum rule F = j + .
Zeeman Splitting

When a strong magnetic field is applied, we may take the hyperfine interaction
term in Eq. (12.32) as a perturbing Hamiltonian, in which case j and I are
decoupled. Therefore, the Zeeman splitting can be specified precisely by using
the unperturbed eigenfunction as

%B/'\ _ 8NHpN
n e T h

= giupgBm; — gy upnBm; (12.35)

AE,, = (I,my,j,m)| sz|1,m1,j,mj)

Additionally, the effect of the hyperfine interaction can be incorporated by means
of the time-independent perturbation theory. The resulting shift in energy is then
given to the first order of approximation by

& . 5 A .
AEy = =gy (L, jmy ) - DIy fomy)
= Aymm;, Ay = gy () (12.36)

where use has been made of Eq. (9.13) and Gx) = @) =(1)= (fy) =0 (see Eq.
(8.25)). Also the function f(r) was treated in the same manner as f(r) in the
spin—orbit coupling. Hence, the total shift in energy due to the hyperfine interac-
tion in the presence of B is obtained by summing Eqgs. (12.35) and (12.36):

AE = giupBm; — g pgnBrmy + Aymym; (12.37)

The hyperfine splitting Eq. (12.37) bears a significant effect on the ground state
Uy Of the H-atom in which / = 0,j = s = 1/2. For B = 0 F, m are good quantum
numbers, and the allowed values of F (= j + I) are 1 and 0. Hence, the ground state
energy E,, splits into two according to Eq. (12.34) as

EQ1,mp) = %, E(0,0) = —% (12.38)

Also the state with F = 1 has threefold degeneracy with m1, ranging from —1 to 1
in steps of unity, while for F = 0, there is no degeneracy.

Figure 12.4 shows the ground state energy E,, versus B. For B = 0, E,, splits

into two in accordance with Eq. (12.38). In the presence of strong B, on the other

hand, m; and m1; are good quantum numbers (see Eq. (12.35)), and therefore the
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Figure 12.4 The splitting of the ground applied. The zero field splitting amounts to v

state energy of the H-atom versus the mag-  equaling 1.420405 GHz. (Reproduced from A.
netic field. The splitting is caused by hyper-  Yariv, Theory and Applications of Quantum
fine interaction and the magnetic field Mechanics, Wiley & Sons, 1982.)

Zeeman splitting consists of four levels as determined by four combinations of
(mj, m;), that is, (1/2, —1/2), (1/2, 1/2), (-1/2, —1/2), and (—1/2, 1/2) in Eq. 12.31.
These energy levels are raised or lowered by B depending on the polarity of m;
and m,, but the dependence on B is primarily dictated by 1 since pz > ppy. The
four levels in the strong B-field region are joined smoothly by the four levels in
the weak-field region, as it should. In the latter region, the upper level for B=0
splits into three due to B and provides four levels when combined with the single
lower level. In the region of weak magnetic field F, m are good quantum numbers
(see Eq. (12.33)), and the E—B curves are therefore dictated by m1, as evidenced by
the near-zero slope in E—B curves for m, = 0. The wavelength associated with the
transition between two split levels due to the hyperfine interaction in the absence
of B amounts to

—_— C —
A= [_(A/h)] 21.12cm

and is the well-known wavelength emitted by the interstellar hydrogen atom.

12.4
Nuclear Magnetic Resonance (NMR)

NMR is concerned with the transitions between magnetically split nuclear
sublevels, driven by the radio-frequency magnetic field. The physical processes
involved are essentially same as those operative in the electron paramagnetic
resonance and can again be treated in parallel. Thus, consider a nucleus with the
magnetic moment 4, and subjected to a constant static field B in the z-direction.
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A\

Inductive coil
4R producing rf
magnetic field

B 4— / Magnet
le forces
Zx

T/,

N
7

f y

Sample

Figure 12.5 The experimental setup of the radio-frequency magnetic field, which trig-
nuclear magnetic resonance. The static mag- gers the transition. (Reproduced from A.
netic field is provided by the magnetic pole  Yariv, Theory and Applications of Quantum
for inducing the splitting of the energy level. Mechanics.)

The inductive coil is used to generate the

The energy level is then shifted according to Eq. (12.35) as

ENHMBN
<15 m]l -

BIL m;) = —g\ gy B, (12.39)

and splits into 2/ + 1 sublevels separated by the uniform spacing g uz\B due to
m; ranging from —I to [ in steps of unity. Hence, the resonance transition occurs
when the driving frequency satisfies the condition

hvp = gy bpnB (12.40)

For proton, ugy = 5.049 x 107 Jm?Wb~! and gy, = 2 X 2.79268, so that v, has
the value 42.58 MHz for B = 1 Wbm™2.

The NMR experiment is carried out by placing the sample between two pole
faces of electromagnets, subjecting it to a static B-field, inducing thereby the Zee-
man splitting of the energy level. Concurrently, the radio-frequency field is applied
in the direction perpendicular to B to trigger the transition (Figure 12.5). The
absorption of power can be treated in a way similar to that of the electron para-
magnetic resonance. The NMR has become an important tool in chemistry and
condensed matter physics. The high detection sensitivity of the resonant absorp-
tion lines enables the sensing of minute variations of the magnetic field as seen
by the nucleus. The variations of such fields are caused by the shielding of B by
the electrons in the molecule, and the resulting shift of v is called the chemical
shift. The field also varies depending on the nature and symmetry of environs of
the nucleus. This is illustrated in Figure 12.6, in which three resonant lines from
ethyl alcohol are shown. The areas under these lines differ because of the vary-
ing number of protons participating in the transition. The largest, medium, and
smallest lines shown are due to three protons in CH;, two protons in CH,, and a
single proton in CH, respectively.
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Figure 12.6 Nuclear paramagnetic reso- to three, two, and one protons in CH3, CH,,
nance spectral lines resulting from the H- and OH, respectively. (Reproduced from N.F.
atoms in ethyl alcohol (CH;CH,OH) inter- Ramsey, Nuclear Moments, J. Wiley & Sons,

acting with the B-field. The peaks are due 1953.)

12.4.1
Molecular Imaging

In recent years, NMR has become an efficient tool by which to image the spa-
tial distribution of atomic nuclei inside the body. Furthermore, the capability of
measuring the spatial variations of the nuclear spin relaxation times has opened a
novel field of the diagnostic medicine and the in vivo NMR in biological systems.

The imaging scheme is based on the resonant matching between v, and B as
given by Eq. (12.40). If B is uniform in space, the measured v, is constant and con-
tains no spatial information. However, when the spatial gradient of B is introduced
as shown in Figure 12.7, v, also varies tracing the gradient. In this manner, NMR
signals contain the spatial information in coded form. Thus, by measuring the dis-
tribution of v; and the NMR signal magnitude, and by transcribing the data, it is
possible to image the distributed configuration of the nuclei.

Figure 12.7 specifically illustrates the scheme for such imaging. Given a spa-
tial distribution of protons in the z-direction, for example, a static magnetic field
with linear gradient is applied, distributing the B-field in space. Then, with the use
of radio-frequency B-field, a series of resonant frequencies v, is measured. The
measured data of v, and the signal strength can be transcribed into the spatial con-
figuration of nuclei. In practice, it is expedient to use the pulsed radio-frequency
field. In this case, the resonant frequencies are used concurrently instead of sweep-
ing them, and the flipping of nuclear spin is enhanced as in the case of the 7 /2
pulse experiment. The resulting pulsed NMR signal /() can be converted to con-
structing the image via the Fourier transformation

I(w) = / B dtl(t)e™ " (12.41)

The frequency spectrum I(w) extracted from the () data provides the same image
information.

Problems

12.1 The radial energy eigenequation (12.10) provides the basis for treating the
vibrational and rotational nuclear motions.
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Figure 12.7 The schematics of the molecular imaging via the NMR technique. The spatial
distribution of protons to be probed (a). The local resonant frequencies matched with spa-
tially distributed B-field (b). The measured intensity and resonance frequency (c).

(©)

(a) Starting from Eq. (12.4), fill in the algebra and derive Eq. (12.6) by
using the Born approximation Eq. (12.5).
(b) Starting from Eq. (12.6), fill in the algebra and derive Eq. (12.10) by
using Eq. (12.7).
12.2 Consider a diatomic molecule of mass m1;, m, and separated by the bond
length R.
(a) Show that the moment of inertia of the molecule is given by I = uR?
with u denoting the reduced mass 1/u = 1/m, + 1/m,.
(b) Calculate the moment of inertia of the diatomic molecules
H,, for which R=74 pm, and HCIl, for which R =126 pm
(1 pm=10~% nm).
(c) Estimate the driving frequencies for inducing the rotational transi-
tions.
12.3 Consider the same diatomic molecules H, and HCI.
(a) Find the reduced mass of vibration in each molecule.
(b) If the wave numbers of the vibrational spectrum are 4400.39 and
4138.32 cm™!, respectively, find the effective spring constants and the
bonding force.
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12.5

12.6

12.7

Suggested Readings

Consider a 2D oscillator oscillating in x-, y-directions with the spring con-
stants k,, k,, respectively.
Find the energy eigenfunction and eigenvalue for the cases k, # k, k, = k,
and discuss the results.
The observed wave number corresponding to the transition between
the vibrational ground and the first excited states of diatomic molecules
are 2990.3cm™! for D,, 2143.3cm™for CO, 1556.3cm™! for O,, and
378.0cm™! for NaClL

(a) Find the reduced mass of each molecule.

(b) Find the effective spring constant in newton per meter (Nm~') and

binding force.

(c) Find the zero-point energy.
The diatomic molecule HCI has the following structural data: bond length
of 127.5 pm, force constant of the bond 516.3 N m™!, atomic masses of
1.67 x 107 for H, and 58.066 x 102" kg for Cl, respectively.

(a) Find the vibrational frequency and zero-point energy and

(b) the frequencies of the innermost three P and R lines.
Describe the flipping of the nuclear spin in the NMR experiment by carry-
ing out a parallel analysis of the electron paramagnetic resonance, that is,
by setting up the coupled equation of the two spin states and solving the
equation.

Suggested Readings

1. A. Yariv, An Introduction to Theory and 4. H. Haken and H. C. Wolf, Molecular
Applications of Quantum Mechanics, John Physics and Elements of Quantum Chem-
Wiley & Sons, 1982. istry, Second Edition, Springer, 2004.

2. A. I M. Rae, Quantum Mechanics, Fourth 5. M. Karplus and R. N. Porter, Atoms and

Edition, Taylor & Francis, 2002.

Molecules: An Introduction for Students

3. H. Haken and H. C. Wolf, The Physics of Physical Chemistry, Addison Wesley
of Atoms and Quanta: Introduction to Publishing Company, 1970.
Experiments and Theory, Fifth Edition,

Springer, 2004.
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13
Atom-Field Interaction

The interaction between the atom and the electromagnetic (EM) field is one of the
most important phenomena and is discussed in this chapter. Both semiclassical
and quantum mechanical treatments of the interaction are presented in conjunc-
tion with the quantized EM field. Also, the stimulated and spontaneous emissions
of radiation are highlighted together with the dynamics of a two-level atom driven
by the EM field.

13.1
Atom-Field Interaction: Semiclassical Treatment

In the semiclassical description, the field is treated classically, while the atom
is treated quantum mechanically. Thus, consider a single atom in resonant
interaction with the EM field. If the driving frequency matches closely with the
atomic transition frequency between two given levels, the coupling of the field
with other levels can be neglected, and we can model the atom as the two-level
atom (Figure 13.1).

The atom interacting with the EM field with frequency w, amplitude E,, and the
polarization vector e, is described by the dipole interaction Hamiltonian

]/-\l/——eE'r——AE iot —iwty. = (7. . 13.1
=—eE-r= M2(€ +e); u=ele-r) (13.1)

where —¢E is the force acting on the electron r displacement from the nucleus.
The wavelength of the field is much larger than the atomic dimension; hence, the
field amplitude E, can be taken constant. When the interaction Hamiltonian in Eq.
(13.1) is inserted into Fermi’s golden rule (Eq. (9.54)), the transition rate between
two atomic states u;, u, is given by

2w PE;
~ ~ o - .
W, = 7|H{2|25(E2 - E, —hw), |H,|*= . HEe(u e - rlu,) (13.2)

4

where Ji is the atomic dipole moment. In practice, the energy levels E,, E, are
not sharply defined but broadened due to the finite lifetime 7 of the electron in
each level. The level broadening is generally specified via the uncertainty relation
AE = h/7, and 7 is generally short because of the collisions the atom encounters.

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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Figure 13.1 The classical (a) and quantum (b) descriptions of the two-level atom driven by
classical and quantized fields, respectively. In the quantum treatment, the atom is coupled
in essence to a harmonic oscillator.

We can therefore treat E, — E; as a random variable and introduce the lineshape
factor g(E, — E;) in integrating Eq. (13.2) over the broadened energy level

ﬂﬁQEg ©
W, = o / deg(e)o(e — hw), €=E,—E;
~ 12 2E2
T EO H 0
_ _T ™ 13.

where the densities of states in v- and E-spaces represent the identical number of
quantum states, that is, g(E)dE = g(hw)d(hw) = g(v)dv.

Stimulated and Spontaneous Transitions

We next consider an ensemble of atoms interacting with the EM field in thermo-
dynamic equilibrium. The number of atoms in each level is then determined by
the Boltzmann probability factor as discussed, so that the ratio is given by

Ny (E-E)kT —E/ksT

—= =g TR N e BB ]:1’2 (134)
N j

1

Also every process is balanced by its inverse process in equilibrium, and therefore
the number of atoms making the transition from upper to lower level must be
equal to that of its inverse transition, that is, N, W; = N; W,. But, this equality is
in fundamental contradiction with the Boltzmann probability factor, which states
that N} > N,.

Einstein A Coefficient

The apparent inconsistency was resolved by Einstein, who introduced an addi-
tional mode of transition from upper to lower level

W,_, = Bp(W) +A; Bp(v) « W; x i*E2 (13.5)
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where the first term proportional to the field energy density p(v) (see Eq. (2.3))
represents the stimulated emission. The second term A accounts for additional
transition occurring free of the field intensity. As mentioned, the transition
rate from the lower to upper level is the same as the first term W, _, = Bp(v) in
Eq. (13.5). Hence, the balance N, W,_; = N; W, between two opposing transitions
is given by

N, Bp(v)

Ny b)) (13.6)
N, [Bp(v) +A]
By inserting Eqs. (13.4) and (2.3) into Eq. (13.6), we can write
1 1 1
= = . E,—E, =hv
eVhT 1+ (A/Bp(v) 1+ (A/BYC/8amhd) (/T 1) P
(13.7)

where v is the frequency of emission or absorption /v = E, — E, and n the index
of refraction accounting for the velocity of light in the medium. It is therefore clear
from Eq. (13.7) that the detailed balancing holds true, provided

A e -
B <87m3hv3> (13.8)

The constant A is called the Einstein A coefficient and represents the spontaneous
emission of radiation that occurs irrespective of the presence or absence of the
field.

The role of A is best seen by considering an ensemble of atoms prepared in the
upper state u,(r) in the absence of the field. Then, the decay rated of N, is governed
by

Mo _ _an (13.9)
ot > '
so that the electron lifetime and the number of atoms in the upper state at ¢ are
given by
/ dttN,(t)
T,= = 1 N,(t) = N,(0)e™ (13.10)

e A ’
/ dtNy(2)
0

Moreover, as A is commensurate with B or the dipole matrix element i (see Egs.
(13.8) and (13.5)), the spontaneous transition rate is a property inherent in each
atomic species.

13.2
Driven Two-Level Atom and Atom Dipole

We next consider the atom —field interaction. There are two regimes of interaction,
namely, the collisionless and the collision-dominated regimes. In the former, the
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field-induced transition time is shorter than the mean collision time, while in the
latter, the collision time is much shorter instead.

The Schrodinger equation of the driven two-level atom is given from Eq. (13.1)
by

ih%y/(f, 1) = [Hy+ H )y (r. t) (13.11)

where ﬁ[o is the unperturbed Hamiltonian and A’ the interaction Hamiltonian
equation (13.1). The wavefunction of the two-level atom can be generally repre-
sented in terms of the two eigenfunctions and is given by

2
v = a0e M) Holu) = Ejlu), j=1.2 (13.12)
j=1
By inserting Eq. (13.12) into Eq. (13.11) and carrying out the usual inner product
with respect to u,, u, on both sides, we obtain the coupled equation in analogy
with Eq. (10.53) as
HE(?)
h

—iwot — EZ — El ~_ 7
a,e 0", Wy = T, H= €<1|€f . £|2> (13.133)

a =i

ay = imzh(t)aleiwot (13.13b)

where @, is the atomic transition frequency and /i the dipole moment. In deriving
Eq. (13.13), u;(r) and u,(r) have been taken even and odd in r or vice versa, so that
the diagonal matrix element (lef - r|j) is zero, while (u, |Ef rluy) #0.

We next consider the resonant interaction in the collisionless regime in which
the driving frequency w is equal to the transition frequency w,. We can then
employ the rotating wave approximation and neglect the rapidly oscillating terms
x exp +(w + w,) and obtain straightforwardly from Eq. (13.13)

m3 E, .
4, = iQa,, Q= %; E() = (e + ) (13.14a)

iy = iQa, (13.14b)

where Q is the transition frequency. The coupled equation (13.14) is identical to
Eq. (10.53), and we can use the results obtained already. For 4,(0) = 1, a,(0) = 0,
the solution is given by

a,(t) = cosQt;  a,(t) = isinQt (13.15)

and is known as Rabi flopping formula, describing the electron swinging between
two states with the transition frequency Q. Also the total probability is conserved,
namely, |a,(£)|* + |a,()|? = 1, as it should (see Figure 13.2).

In the collision-dominated regime, on the other hand, a, (¢), a,(t) decay rapidly
in time, and the oscillation is damped. If the decay time is much shorter than
the flipping period, the change in time of a,(¢), a,(t) is small. In this case, the
atom—field interaction simply yields the probability of a photon being absorbed
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/|a1(t)|2 /laz(l‘)l2
1.0 I<¥ Y ]
08 )
0.6 1
04r A2 ]
0.2 =z=0.0
“1 4Q ] Figure 13.2 The Rabi flopping curve versus
0 s time Qt, describing the evolution in time of
0 2 7 the expansion coefficients of the two-level
Qt atom, driven by a resonant harmonic field.

or emitted. For example, for the initial condition under consideration, the prob-
ability of the photon being absorbed is given by |a,(7)|? ~ Q272 with 7 denoting
the mean interaction time.

Atom Dipole

We next consider the evolution in time of the atom dipole by using the Rabi flop-
ping formulae Eq. (13.15). When the atom is prepared in upper or lower state, the
wavefunction is given by

lw) = e lur)); j=1 or 2 (13.16)
and the atom does not possess the dipole moment, that is,
(w;lilu;) = 0; /’iEeEf-f, j=1or 2 (13.17)

regardless of whether u; is even or odd in r. However, when the atom is driven
by the field, a, (¢), a,(¢) change in time according to Eq. (13.15). Consequently, the
wavefunction evolves into a linear superposition of #; and u, (see Eq. (13.12)).
Moreover, the atom dipole moment

iy = (wlitly) = —jila;(O)ay(t)e™" + a,(t)a}(t)e "] (13.18)

oscillates with the atomic transition frequency @, (Figure 13.3). An oscillating
electric dipole is well known to emit or absorb the radiation, and therefore a pho-
ton is emitted or absorbed by the oscillating atom dipole.

133
Atom-Field Interaction: Quantum Treatment

13.3.1
Field Quantization

In the quantum treatment of the interaction, both field and atom are treated
quantum mechanically (Figure 13.1). Thus, consider the field quantization,
using the resonator, consisting of two parallel metallic plates, L distance apart,
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i o2
! U100 Lo ol

i '
@ 'I(ﬂ|2

Figure 13.3 The linear superposition of the ground (u,,) and first excited (u,,,) states of
the H-atom with equal probability. The resulting atom dipole oscillates in time between two
limits (u; o0 + Usq0) @nd (Uygg = Uyqo)-

say in the z-direction. The standing-wave EM fields therein can generally be
represented by

El=%/vipl(t)sink,z, KL=z, 1=1.2, .. (13.199)
E

~ [ 2
H =% V—#q,(t)a)l cosk;z (13.19b)

where V is the volume of the resonator, and the wave vector k should satisfy the
standing-wave boundary condition, so that E, vanishes at z = 0, L.

Naturally E;, H, thus represented should satisfy the wave equation or equiv-
alently Maxwell’s equations. Specifically, when Faraday’s law of induction (Eq.
(1.21)) and Ampere’s circuital law (Eq. (1.22)) are applied to Egs. (13.19a) and
(13.19b) in the medium free of charge and current, there results

V XJE,; = %4/ %k,pl(t) coskjz = —%xp/ Vlﬂwlql cos kjz (13.20a)

V X H = 5(—k)) Viﬂwlql(t) sink;z = j/\e\ / %pl(t) sin k;z (13.20b)

As the dispersion relation k = w+/ue of the EM wave has to hold, Egs. (13.20a)
and (13.20b) are satisfied, provided

p0) =g @), pt) = —w]qt) (13.21)
We can decouple p,, g, by differentiating Eq. (13.21) with respect to ¢, obtaining
Q) = p = ~w}q,(t) (13.22a)

Bit) = —w}q; = —w]p(t) (13.22b)
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Obviously, Eq. (13.22) is precisely the differential equation of the HO. In addition,
the energy residing in the /th-mode standing wave can be obtained by integrating
field energy density over the cavity volume and is given from Eq. (13.19) by

~ L SEI.EI HHI ];Il )
le/oAdz< 2 T2 ) ‘Pz(f>+ w,q,(t) (13.23)

and is identical to the Hamiltonian of the HO with unit mass and frequency ;.
In performing the integration, use has been made of the condition kL = [z and
the identities cos 2x = (1 + cos 2x)/2, sin2x = (1 — cos 2x)/2, and A is the cross-
sectional area. Evidently, p,(£), g,(¢) are conjugate variables obeying Hamilton’s
equation of motion (1.6).

The field quantization consists in essence of taking g,, p; as operators obeying
the commutation relation of the canonically conjugate variables

[q[’plr] = ihéll’ (1324)

(see Eq. (3.27)). With the commutation relation thus imposed, the roles of g, p,
in the /th standing wave have become identical to those of x and p, of the HO.
Therefore, the quantum treatment of the EM field can be done in strict analogy
with the operator treatment of the HO. Thus, we can introduce the annihilation
and creation operators in analogy with Eq. (7.37) as

a 1 12
l _ .
<a;r> = (_Zha),> (w9, + ip)) (13.25)

in which case the commutation relation is given from Eq. (13.24) by
[ﬂl, a;—] = 6”/ (13.26)

Moreover, by using Eqs. (13.25) and (13.26), the Hamiltonian in Eq. (13.23) can
be expressed in strict analogy with Eq. (7.40) as

Ay = hoy (afa,+ %) (13.27)

Finally, the eigenfunctions {z, } of the HO can be used as the eigenfunctions of the
[th standing wave, and we can write again in strict analogy with Egs. (7.41) —(7.43)

ajlmy = \nln, = 1) |n) = |u) (13.28a)

afln) = Vn+1n+1) (13.28b)
so that

ala)\n) = \/;aflnl —1) =nln)) (13.28¢)

and

Ain) = ho, (a"a,+ ) ) = heo, (n + 1) In,) (13.284)
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The quantum number # in this case represents the number of photons carrying
the quantum of energy fw,. Also the operators u;', a, raise and lower the eigenstate
|n;) by creating and annihilating a photon.

The single-mode treatment can be extended straightforwardly, and the total
Hamiltonian in the resonator is given by

(o]

=1

~

with the eigenfunction represented by the product of single-mode eigenfunctions
qlf:Hul: |ny,my, ... ,1y, ... (13.30a)
I

and the eigenvalues given by

DM

Hlny,ny, ... omyy ..y =Y hay <n1+ %) Iny, 1y, ... 1y, ) (13.30b)

~
Il

1

Thus, the field energy in the resonator is represented by the sum of eigenenergies
of a denumerable infinite set of harmonic oscillators.

EM Field as Operators

The operator representation of EM field can be made by considering the time rate
of change of ; and a;’ with the use of Egs. (13.22) and (13.25):

i 1\
1\ _ . ..
("’7) B (27160;) =)

1/2
, . . a
= $l<2ha)l> w(w,q, + ip)) = Fiw, <a1i> (13.31)

Hence, a simple time integration of Eq. (13.31) yields
a)(t) = )0, af(t) = a; (0)e™" (13.32)

and upon expressing g, p; in terms of a;, a4, by using Eq. (13.25), the Ith standing-
wave mode Eq. (13.19) can be represented in terms of ,(¢) and a;’(t) as

A [hoy )

E =i\ .1/ () — a,®)]sin kz (13.33a)
~ [hoy

H =% V—M[ul )+ a,(t)] coskz (13.33b)

We can also express Eq. (3.33) in terms of the EM field traveling in the k-direction
by combining Eqgs. (13.32) and (13.33). Specifically, the standing-wave modes
sin k;z, cos k;z can be transformed into the traveling modes exp +i(wt — k - r), and
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at the same time, E, H, and k can be made mutually perpendicular as required by
Maxwell’s equations:

E =i ho D £) —ik-r _ t tkr] (1334)

Ly = We [ﬂk,l( e a(t)e= .34a
/—( hwk —ik-r ik - r

Hy, =\ e X7 )\ gy a0 ™ " +ag00et (13.34b)

where e, is the polarization vector.
Quantum Treatment of Spontaneous Emission

The interaction Hamiltonian Eq. (13.1) can therefore be expressed in terms of the
quantized EM field as

B = —¢E-r=—ie@, - r) @( + ek — g, (H)ekT) (13.35)
= —eE 1= —ie(@, - D\| 5, (@™ —a;,(0)e .

and it couples in effect a two-level atom and a harmonic oscillator with frequency
w; as illustrated in Figure 13.1. The transition rate Eq. (13.2) is then given from Eq.
(13.35) by

27ra)l
W=

Z|(u1,n,+1|e(eu rat,(Oe% — ag, (e ) uy, n))|*6(E, — E, — how)

W, ~ N
WZ” (n;+ 1)6(E, — E; — hw) = +W3p, n, = e(ule, - rluy)

A=1

md

(13.36)

where the orthonormality of the set of eigenfunctions {u;} has been used and the
two polarizations of the wave have been summed over. Thus, W consists of the
matrix element connecting the two states, that is, the atom in the lower level and
the field in the (# + 1) photon state and atom in the upper level with the field in
the # photon state. The total energy before and after the transition is then same,
namely, E, + nhw = E; + (n + 1)ho.

In this manner, the transition rate W is shown to consist of two terms in the
quantum treatment of the field. The first term W, , is proportional to the number
of photons, n,;, or the light intensity and represents the stimulated emission of
radiation. The second term W, is independent of 7, and should correspond to
the spontaneous emission. As the latter term does not rely on 7;, we have to sum
over the entire standing-wave modes to obtain the total spontaneous emission
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rate:
o " 8zvin’
va = /0 dlesp pf(vl)vs pf(vl) = 3
2> [
= v | dvla)lpf(l/l)V5(E2 —-E, —hy)
1673 i*vin® s(v)
= T, hl/o = E2 - El’ 6(hl/) = T (1337)

where pf(v 1) is the density of standing wave modes (Eq. (2.1)).

To identify W, to Einstein A coefficient, let us formally equate W, to A in
Eq. (13.8) and find B = ji?/2¢eh>. In this case, the induced transition rate in Eq.
(13.5) should read as

_ >
Wing = Bp(¥) = 5 p(v)

and should by definition be identical to the transition rate W, (Eq. (13.3)) as given
by Fermi’s golden rule. This necessitates the correspondence
ES
— 8W) < p)

and obviously the left-hand side is the field energy density at the driving frequency,
while the right-hand side denotes the energy density of the radiation field at the
same frequency. Obviously, these two quantities are identical. Therefore, the spon-
taneous emission of radiation is shown an inherent property of the quantized EM
field.

Problems

13.1  (a) Starting from the wave equation (13.11), derive the coupled equations
involving the expansion coefficients a, (¢), a,(¢) in Eq. (13.13) by using
the wavefunction 13.12 and performing the appropriate inner prod-
ucts.

(b) By using the solution given in Eq. (13.15), find the evolution in time
of the atom dipole moment (Eq. (13.18)) and interpret the result.

13.2  (a) Given the interaction Hamiltonian of a two-level atom driven by a
harmonic field (Eq. (13.1)), use the wavefunction in the Schrodinger

picture
2
y(r,t) = Z ajs(t)|uj>; H0|uj> = E]'|uj>s j=12 (A)
j=1
and show that the coupled equation of a,¢(£) and a,(¢) is given by
a;, = —iwa, + i@az ;oW = 5
S S h S h
. HE®) _ B
Qyy = —lWyay, + i——ay; W, = —

h
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13.4

(b)
(©
(d)
(a)

(b)
(a)

(b)

(c)

Suggested Readings

Compare the result with Eq. (13.13) in light of ajs(t) = a,(t)
exp —(iE;t/h).

Solve the equation by using the initial condition a,¢(0) = 1, ,5(0) = 0
and the resonant condition @ = @,

Obtain the expression of the atom dipole moment and compare the
result with Eq. (13.18).

Derive the expression of the field energy in the resonator (Eq. (13.23))
by using E;, H, given in Eq. (13.19) and the boundary condition of the
standing waves.

By using the commutation relation (13.24), verify the commutation
relation of the creation and annihilation operators (Eq. (13.26)).

By using Eq. (13.25) and the commutation relation (13.26), obtain the
Hamiltonian equation (13.27) given in terms of the creation and anni-
hilation operators.

Starting from the standing wave representation E;, H, given in Eq.
(13.33), obtain the traveling wave representation Eq. (13.34) by com-
bining Egs. (13.32) and (13.33) and the trigonometric identities exist-
ing between sin x, cos x and exp(zix).

Using the roles of the creation and annihilation operators given in
Eq. (13.28), reproduce the expression of the transition rate W (Eq.
(13.36)).

Suggested Readings

1. A. Yariv, An Introduction to Theory and 3. M. L. Sargent, M. O. Scully, and W. E.
Applications of Quantum Mechanics, John Jr.,, Lamb, Laser Physics, Westview Press,
Wiley & Sons, 1982. 1978.

2. D. M. Kim, Introductory Quantum
Mechanics for Semiconductor Nanotech-
nology, Wiley-VCH, 2010.
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14
The Interaction of EM Waves with an Optical Media

The atom-—field interaction is extended to the EM waves interacting with an
ensemble of atoms in the optical medium. In particular, the absorption, gain,
and dispersion of the wave as it propagates in the medium are discussed. Also
the operation principles of laser devices are presented in conjunction with the
population inversion and controlled emission of radiation.

14.1
Attenuation, Amplification, and Dispersion of Waves

Attenuation and Amplification

In the collision-dominated regime, the atom-field interaction time is much
shorter than the transition time period. Hence, the electron simply ends up
making a transition from one level to another with a certain probability rather
than executing a full Rabi flopping. Thus, given an ensemble of two-level atoms
with N, N, atoms per unit volume, the number of induced transitions is given
by

N, =N\W,;, N, ,, =N, W, (14.1a)

where the transition rate is given from Eq. (13.3) in terms of the light intensity 7,
and index of refraction # as

o FHEO g, Ho

! 4h? 2h2ce VY 2 n (14.1b)

The light incident on a slab at z with unit cross-sectional area and thickness dz
(Figure 14.1) is absorbed due to the net upward transition:

I(z+dz) —1,(2) = —(N; — N,)W,hvdz (14.2)
We can recast Eq. (14.2) into a differential form by Taylor expanding I, (z + dz) at
z as

di, #ng(v)

dz —oh, @ =N =) 2h%ce

hv (14.3)

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.

179



180 | 14 The Interaction of EM Waves with an Optical Media

Optical medium

(a) (b) 0O o

Figure 14.1 The input light intensity at z and the output light intensity at z+ dz (a). The
light is absorbed or amplified depending on whether N, <N, or N, > N, (b).

The constant « thus introduced with the use of Eq. (14.1b) is called the linear
attenuation coefficient, and its dependence on the atom dipole moment renders it
one of the inherent properties of atomic species. We can easily integrate Eq. (14.3)
and obtain

I,(2) = 1,(0)e™** (14.4)

In an absorbing medium, N; > N, and the light is attenuated, while in the
population-inverted medium, N; < N, and light is amplified with the gain
coefficient y given by

1) =10, y=—a (14.5)

Dispersion

EM waves also undergo the dispersion while attenuated or amplified. The disper-
sion comes about because (i) the incident light induces the atom dipole, (ii) an
ensemble of such atom dipoles gives rise to the macroscopic polarization vector
P, and (iii) P in turn acts as the source of the input field:

E= (u)— D (u)>P—E
j
To analyze the feedback process, let us consider P, which is generally represented
by
P =ReP e = Rele, z,E "] (14.62)

where y, connecting E to P is called the atomic susceptibility and is a complex
quantity

Xa = X0 —ixy (14.6b)



14.2  Atomic Susceptibility

Hence, with the use of Eq. (14.6b), we can reexpress Eq. (14.6a) as

P = Ree[(y, — ix) )E €] = €4 1,E, cos ot + £, x)E, sinwt (14.6¢)

The polarization vector is an integral component of the displacement vector
D=eE=¢E+P (14.7)
so that D can also be expressed as the output of E as
D=¢eE+eyy,E=€E (14.8)

The permittivity € thus defined consists of the background and resonant compo-
nents, that is, € = y(1+ y) = £,(1 + x, + x,), and we can reexpress € as

EoXa (w)

] , g,=6,1+x) (14.9)
€p

E=¢g, [1 +
Therefore, the wave vector of the field is characterized by a complex dispersion
relation

L@ - izl@] ]
kzw—zw{ﬂgb lHM]}

Yo (@)] Ky (@) _ )
o ]—l PO k, = w\/pue,, n == (14.10)

0

=k, [1+

where an approximation has been made, namely, (1+ y,)"/?~1+ y,/2, as
| x,] < 1. Thus, the input field is attenuated or amplified and dispersed at the
same time:

E(z,t) = ReE, @~

i{wtfk,,z[u—l‘,‘(m)] } _ kil @

= ReEqe 2 20 (14.11)

It follows from Eq. (14.11) that the real part of the susceptibility characterizes the
dispersion, while the imaginary part accounts for the attenuation or amplification.

14.2
Atomic Susceptibility

Density Matrix and Ensemble Averaging

We next analyze microscopically the absorption, amplification, and dispersion of
the EM waves. Thus consider the two-level atom driven by an external electric
field. We can represent the wavefunction of the two-level atom as

[W(r, ) = a,(8)]uy (1) + ay,Oluy(M); @ (0) = aje &M (14.12)

(see Eq. (13.12)). Note in Eq. (14.12) that the time dependence of the two states
is entirely relegated to 4y, a,,, and the representation is known as Schrodinger
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picture. Then, the atomic dipole is given by

() = (‘P|3(/e\f"")|q‘> = play)aj () +ccl, H= <u1|/e\f'£|u2>

=ppyy +py)i py=agay, j=1.2 (14.13)

where p;; thus defined is the off-diagonal element of the density matrix defined as
_[Pu Plz> — <ulsﬂ>{5 als”&) . _

= = S P =p (14.14)
<P21 P22 Ayl Ayl nore

Obviously, the diagonal element p;; represents the probability of finding the atom
in the jth state, while the oftf-diagonal elements describe the atom dipole.

The equations of motion of the density matrix elements can be derived by using
the coupled equation of the expansion coefficients Eq. (13.13) but with 4, therein
replaced by a;; (see Eq. (14.12)). After a straightforward algebra, we obtain

d ﬁE( £) P E,-E

o= —iwypy; +i——=(p1; — Poy) — T2 Wy = —— (14.15a)
d 2l;4E(t) N (p11 = Pan) — (.0(101) - P2 )

a(ﬂu —Py) = ———(py — .021) - z (14.15b)

where w, is the atomic transition frequency. Note in particular that the last term
in each equation has been added to incorporate the relaxation processes involved.
For instance,

(D) =+

[ n1* e i (Ezi - Eli)t
N 9

@ = - (14.15¢)

2

|Mz

represents the ensemble-averaged off-diagonal element. When two atoms collide,
for example, each atom provides a burst of perturbing Hamiltonian to the other,
thereby inducing the shift in energy level or the change in the phase ¢;. The col-
lision is a random process so that ¢; is a random variable. Moreover, expansion
coefficients are complex quantities and bring in additional differences in ¢;. As a
result, the ensemble-averaged atomic dipole decays in a few T’ called the trans-
verse relaxation time. Likewise, the quantity p,; —p,, represents the difference in
the number of atoms distributed between the two states, and it also relaxes back
to its equilibrium value p(lol) - p(zoz) in time scale 7 called the longitudinal relaxation
time.

The roles of the relaxation terms are best seen by turning off the electric field in
Eq. (14.15), in which case we can easily find the solutions of Eq. (14.15) as

[p11(8) = P ()] = [p11(0) = Py (O)]e™" + [PV = pIT (1 —e7/7)  (14.162)

Pa1(t) = pyy (0)e ot~/ T2 (14.16b)
21 21

It is therefore clear that that the population difference p;; — p,, relaxes back to its
equilibrium value in a few 7’s irrespective of the initial value. Also p,; relaxes to
its zero equilibrium level in a few T',’s, and T, is generally much shorter than 7.
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The fast decay of p,, () is due to the rapid dephasing of the atom dipoles caused
by collisions or other nonradiative decay (Figure 14.2).

We next consider a harmonic field driving the ensemble of atoms with the res-
onant frequency

E,
E@) = ( Oy e, w~ o, (14.17)

To facilitate the analysis, we decompose the variation in time of p,, into the com-
ponent oscillating rapidly with the driving field and the slowly varying matrix
element o, as

Py = Oy eXp—(iwt), 0y =05 +icy) (14.18)

When Egs. (14.17) and (14.18) are inserted into Eq. (14.15a), it can be reexpressed
after rearranging the terms as

d i , i HEy i oy
<dt0'21) e = i(w — wy)oy e + zﬁ(e“‘” +e ) (p1; — Pap) — —T2
(14.19)

Also as the variations in time of 6;; and p;; are slow compared with the oscillation
frequency of the field, we may retain only the synchronous terms from both sides
in the rotating-wave approximation. We can thus write

d HE, c
P (0 — wy)oy, + i— (p11 Pas) — % (14.20a)
2

We can likewise single out the d.c. components from both sides of Eq. (14.15b),
obtaining

m3 (p11 = p32) = (P}] = P3)
ﬂho(am ol — P11 — P2) — (b .02 (14.20b)
T

d
%(Pu = Pyp) =

[P11(t/7)=poo(ti7)]

t/T,

T (0 - P16

e I _p11(0) - P22(0)]e™"
B » t/1

(a) (b)

Por (O)e*("‘”ot +t/T,)

Figure 14.2 The evolution in time of the population difference p,; — p,, (a) and the off-
diagonal density matrix element p,, (b). The two quantities relax back to the equilibrium
level in the time scale 7, T
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Steady-State Analysis

At steady state, the time derivatives in Eq. (14.20) vanish, and therefore by
equating the real and imaginary parts from both sides of Eq. (14.20), we obtain
three equations involving three unknowns 0';1) , 621, and (p;; — py,). These three

unknowns can be readily found in a straightforward manner and are given by

14 (0 — wy)*T? IE,
Py = P = (P — P3) Y2 0=20 (14219)

1+ (0 — )Ty +4Q2 Tyt 2h

2
(r) =( p<o> (0)) —(@ — @) T, (14.21b)
1+ (0 — 0y’ Ty +4Q2Tyt
7,Q

(z) —( p<0> /’(20)) 2 (14.21¢)

214 (0 — )2 T2 + 42Tz
Atomic Susceptibility
We can now specify the ensemble-averaged atomic dipole by combining
Eqgs. (14.13), (14.18), and (14.21) as
(i) = H(py + p1y) = 2Re/4(0'(r) + lo'(l))e_lwt
= 2/7[6 coswt + 6(’) sin wt] (14.22)

Therefore, the susceptibility is specified by combining Eqs. (14.6¢), (14.21), and
(14.22) as

P(t) = ReN(u(t)) = g, x,E, cos wt + £, ) E  sin wt

with the identifications

0 0
, . RPT,(N )~ N —( — wy)T,
() = > (14.23a)
he, 1+ (wy — 03Ty +4Q2 Tyt
~2 (0) (0)
uTH(N;” =N, ")
A (@)= —— 2 L (14.23b)
he, 1+ (0y — 0Ty +4QT,t

Here N = Np? is the density of atoms in each level in equilibrium. Also the
phase velocity v, = w/k and the attenuation coefficient of the light intensity
a(w) « 2y can be specified from Eq. (14.11) and (14.23) as

0} c/n

= = 14.24

WO = U Az (L Z @) 2 (14.24)
(0) (0)

Al _ s =N

a(w) = ") = e g(v) (14.25a)
where the lineshape function g(v) is given in this case by a Lorentzian function
2T. 2T.

gw) = 2 2 (14.25b)

1+ (@ - 0 T2+ 42Tyt 1+ (@ — wy)* T2



14.3 Laser Device

In equilibrium, N; > N, so that @ > 0 and the light is attenuated, but with the
population inversion, that is, N; < N, a < 0 and the light is amplified.

14.3
Laser Device

The laser device is based on the Bose Einstein statistics and the feedback mecha-
nism, whereby the input wave is regenerated in cascade via the stimulated emis-
sion of radiation. The c¢w operation of the device produces the monochromatic
light sources for use in spectroscopic studies. The pulsed-mode operation yields
ultra-short light pulses by which to explore fast chemical and physical processes
down to attosecond time regimes or shorter. Moreover, the laser diodes are uti-
lized in the optoelectronic applications as well as the fiber communication, and
its operation principles are briefly discussed.

Thus, consider a cavity consisting of two parallel mirrors L distance apart
(Figure 14.3). The wavelengths of standing-wave modes satisfy therein the
boundary condition (4,/2) =L, [=1,2, ..., so that the axial frequencies

oo, 1
! A 2L/(c/nm)
are separated uniformly by Av, which corresponds to the inverse cavity round-trip
time:

(14.26a)

1
Av=1v? - = — 14.26b
V=V —Y ZL/(C/}'Z) ( )

When the population inversion is achieved above the threshold value, the cavity
acts as a self-sustaining oscillator. An incident wave is amplified as it traverses the
cavity, but it also suffers the loss due to imperfect reflectivity and transmittance
of the mirrors and the scattering. The output wave then consists of a string of
transmitted beams, with each succeeding beam having undergone one more cavity
round-trip and is given by

tt e—ikL
12 E.

. n s=rre dk (14.27)
—S
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Figure 14.3 The longitudinal standing-wave modes in a Fabry—Perot-type laser cavity (a).
The laser oscillator with the input beam yielding a string of output beams with each suc-
ceeding one having undergone one more cavity round-trip (b).
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where #;, r; are the transmission and reflection coefficients of the mirror, and s is
the net gain in one cavity round-trip. The infinite geometric series can be summed
up if s < 1. Also, the amplification and dispersion of the wave are specified by the
wave vector as

1L (w)

1 X (@)
k =k, + Ak + 57 Ak = khz_n?’ y = —k, 24—

> (14.28)
n
where ki, is the background term, Ak, y represent the dispersion and gain, respec-

tively as discussed (see Eqs. (14.10) and (14.23)).

14.3.1
Population Inversion

As mentioned, the gain prevails over the loss when N, is greater than N, and the
population inversion is attained by pumping the atoms. Figure 14.4 shows a two-
level atom, pumped, driven, and damped at the same time. The rate equation is
given by

. 1 1
Py =hy =\ —+ — )P = Wilpp = p11) (14.292)
) Tsp
. 1 1
P11 = A= —pu+ —py + Wilpy — p11) (14.29b)
7 Tsp

where 4; is the pumping rate, 1/7; the decay rate due to the finite electron lifetime
7; in each level, and 7, the spontaneous emission lifetime. As 7,, 7, < 7, the
spontaneous emission rate can be neglected. At steady state, the time derivatives

vanish, and therefore the population inversion is simply given by
Nty = A7) (1 + 1))
1+Lgw/I, ~ ° 2h2cne,
where N is the density of atoms, and Eq. (14.1b) has been used for W;. Clearly,
the population inversion necessitates a strong pumping rate to the upper level and
long lifetime therein in order to meet the condition 4,7, > A, ;. Note in particular

that the population inversion is saturated with light intensity /,, and I, is called the
saturation intensity.

N, —N; =N(py, — p11) = (14.30)

Figure 14.4 A pumped, driven, and damped
two-level atom accompanied by stimulated
and spontaneous emission of radiation.




14.3 Laser Device

Oscillation Condition

The gain coefficient is therefore given by combining Egs. (14.25) and (14.30) as
o= 70 . 7 (N, — Ny
1+1gwy/L An?he,

where y, is the gain factor resulting purely from the pumping rate in the absence of
the laser intensity. When y balances the loss, the factor s appearing in the transfer
function Eq. (14.27) becomes unity. Consequently, the denominator of Eq. (14.27)
vanishes, and the transmitted field amplitude E, diverges. The divergence indicates
that an infinitesimal input E; yields finite E,, that is, the onset of oscillation. The
oscillation condition is thus specified explicitly from Eqgs. (14.27) and (14.31) as

Yy=- g(v) (14.31)

s = ryrye HhHAOL =)l — 1 = =2l =7 9 (14.32)

where the loss consists of both the scattering loss a, and the imperfect mirror
reflectivity. Clearly, Eq. (14.32) is satisfied, provided

ek =1 (14.33a)
2(k;, + Ak)L = 2xl (14.33b)
Threshold Pumping

The amplitude equation (14.33a) determines the threshold pumping level for the
onset of oscillation before the laser intensity starts to build up. The level is there-
fore obtained from Eqs. (14.31) and (14.33a) by putting /, = 0 as

nfi*(Ny = N gy
An?he

Once the pumping level exceeds the threshold value, so that N, —N; >

(N, — N7) g the oscillation sets in. However, the net gain should still be balanced

exactly by the total loss a; so that the steady-state oscillation condition is

preserved. Otherwise, the string of transmitted field amplitudes grows without
any upper bound.

gW=ap; ap=a,— %ln(rlrz) (14.34)

Laser Intensity

It is at this point that the physical significance of the saturated population inver-
sion Eq. (14.30) becomes apparent. At the onset of oscillation, the laser intensity
is at the zero level. However, when the population inversion exceeds the thresh-
old value, the light intensity builds up, so that the gain coefficient y saturates to
balance the total loss, that is,

7> (N, — N;)
An?he (1 +1,gw) /1)

Clearly, Eq. (14.35) describes the steady-state oscillation condition at a finite laser
intensity.

gW) = ar (14.35)
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The intensity can therefore be found from Eqs. (14.34), (14.35) as

I N, =N,
IL=|—||——-1 (14.36)
EW] [ (Ny=Ny) oy
and it increases with increasing pumping level, as it should. Moreover, the inten-

sity depends on the inherent properties of the active medium as entailed in the sat-
urated intensity I, such as the atomic dipole moment i and the electron lifetimes.

Frequency of Operation

When Egs. (14.28) and (14.23) are inserted into Eq. (14.33b) for 4k and y/(w),
respectively together with the identity k, = 2zv,/(c/n), the phase part of the oscil-
lation condition reads as

2zv,L g
1 1+ Xa (w)
c/n 2n?

=iz, [=1,2,... (14.37)
Therefore, the frequency of operation is specified from Eq. (14.37) as

© 1 o _ l
- Y N 14.38
= 1+ yl(w)/2n? Vi 2L/(c/n) ( )

EO) is the bare longitudinal cavity mode given in Eq. (14.26). It is there-

fore clear that the dispersion occurring with the amplification shifts the lasing
(0)
e

where v
frequency from its bare standing wave frequency v
Modes of Operation

The frequency of the laser ranges from the microwave to X-ray regimes, and the
lasing medium consists of various kinds of materials such as helium neon, argon,
carbon dioxide, dye, ruby, and GaAs. The single-mode cw operation generates near
ideal monochromatic optical beams. When the longitudinal modes within the
broad gain profile are excited simultaneously, powerful free-running light sources
are generated. Moreover, when the phases of these waves are locked together, light
pulses ensue with the time duration shortened down to attosecond time regime.

Problems

14.1  (a) Show that the coupled equation of the expansion coefficients a, a,,
introduced in Eq. (14.12) is given in strict analogy with Eq. (13.13) by

. HE®) . HE(®)
= —lwa + 1 Ayg, Aoy = —lWyay; + 1

a a,, (14.39)

S

(b) Use 14.39 and verify the equation of motion of the density matrix
Eq. (14.15) without the two relaxation terms.



Suggested Readings

14.2  (a) Show that in the absence of the E-field, the differential equation
(14.15) can be recast as

d d (P = Pa)
s [Py /%] =0, s [(p11 = pn) /7] = f‘ft/f
(14.40)

(b) Obtain the solution given in Eq. (14.16) by performing the simple inte-
gration of (14.40).

14.3  (a) Single out the real and imaginary parts from both sides of Eq. (14.20a)
and combine the resulting two equations with Eq. (14.20b) and obtain
the solutions given in Eq. (14.21) at steady state.

(b) Using the solution Eq. (14.21) thus obtained, find the real and imagi-
nary parts of the atomic susceptibility Eq. (14.23).

14.4 Find the saturated population inversion Eq. (14.30) from the rate

equation (14.29) at steady state.

14.5 Consider a passive Fabry—Perot-type cavity in whichy = a = 0.

(a) Find the standing-wave modes in frequency and wavelength units for
the cavity lengths 1 m, 1 c¢m, and 100 pm, respectively.

(b) To generate a picosecond optical pulse with the carrier frequency
v =¢/500nm, how many standing-wave modes should be locked
together?

Suggested Readings

1. A. Yariv, An Introduction to Theory and 3. D. M. Kim, Introductory Quantum
Applications of Quantum Mechanics, Mechanics for Semiconductor Nan-
John Wiley & Sons, 1982. otechnology, Wiley-VCH, 2014.

2. M. L Sargent, M. O. Scully, and W. E.

Lamb, Jr, Laser Physics, Westview Press,
1978.
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15
Semiconductor Statistics

The transistors constitute a central element of the digital information technology
and are firmly rooted in the concepts inherent in quantum mechanics. The main-
stream transistors have thus far been based on the charge control. A factor crucial
for the control is the carrier density. The concentrations of electrons and holes
are specified in terms of doping level, temperature, and other parameters of the
semiconductor material.

15.1
Quantum Statistics

Conductors, Insulators, and Semiconductors

A condensed matter is classified into three groups, namely, conductor, insulator,
and semiconductor. The classification results from differing configurations of the
valence and conduction bands. In conductors, the valence electrons constitute
sea of free electrons, and the valence and conduction bands overlap. Hence, the
valence electrons can move up to the conduction band upon acquiring kinetic
energy and contribute to the current under bias (Figure 15.1).

In an insulator such as silicon dioxide, the widths of conduction and valence
bands are narrow, and the two bands are separated by a large bandgap, typically
10eV or more. This is because the valence electrons form strong bonds with
neighboring atoms, and these bonds are difficult to break. As a consequence,
practically no electrons reside in the conduction band to contribute to the
current.

The configuration of the conduction and valence bands in semiconductors
lies in between those of metals and insulators. The two bands are separated by
the bandgap, ranging from about 0.5 to a few electronvolts. The bonds between
neighboring atoms are moderately strong and are relatively easy to be broken at
room temperature. As a result, an appreciable number of electrons are promoted
into the conduction band via the band-to-band thermal excitation to conduct the
current. The holes left behind the valence band are also capable of conducting
current.

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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A
AEC AEC
| by
v AEy,
AE, Conductor
Semiconductor
Insulator

Figure 15.1 The conduction and valence bands and the energy gap in the conductors,
insulators, and semiconductors.

15.1.1
Bosons and Fermions

The microscopic world of electrons, atoms, and molecules is manifested in the
macroscopic world via the cumulative effects of a large number of such particles.
The statistics of the ensemble of such particles are generally different, depend-
ing on the kinds of particles. As mentioned, there are three kinds of particles: (i)
identical but distinguishable, for example, atoms and molecules; (ii) bosons with
integer spins such as photons, phonons, and a particles; and (iii) fermions with half
odd integer spins, such as electrons, holes, protons, and neutrons. The fermions
are constrained by the Pauli exclusion principle and are prohibited to share a
common quantum state between two or more. The distinguishable particles are
described by the Boltzmann distribution function in equilibrium, as discussed in
Chapter 1.

Bosons
The bosons obey the Bose—Einstein statistics, and the equilibrium distribution
function of photons, for example, is given by

1
Sfley) = Tkl 1 £, = hy, (15.1)

where ¢, is the energy of the photon with frequency v,. When f(¢,) is multiplied
by the number of modes 871312 /c? (see Eq. (2.1)), it merges with the celebrated
Planck’s energy density (Eq. (2.3)), as it should. The distribution function is plotted
versus energy in Figure 15.2 at different temperatures, together with the Boltz-
mann distribution function, for comparison. The photon distribution function
clearly exhibits the Bose condensation at low temperature 7. As clear from the
figure, the Boltzmann distribution function itself decreases exponentially follow-
ing the power law, 1 /T but it is practically constant in the temperature range from
0 to 0.001 °K. On the other hand, the photon distribution function decreases in
the same temperature range by two orders of magnitude or more.
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Figure 15.2 The Boltzmann (a), Bose-Einstein (b), and Fermi (c) distribution functions ver-
sus energy at different temperatures. Also shown in the inset is the comparison between
the Boltzmann and Bose-Einstein distribution functions at the extremely low temperature.

Fermions
The fermions such as electrons and holes are described in equilibrium by the cel-
ebrated Fermi function given by

1

1+ e(E—Ep)/kgT (152)

FE) =
where E is the Fermi energy or level. The function is often called the Fermi occu-
pation factor and is derived from the fundamental postulate of the exclusion prin-
ciple. Figure 15.2 also shows the Fermi function versus 7. At T = 0, f(E) is a step
function and is equal to unity for E < E, representing 100% probability of occu-
pation, while it is zero for E > E, indicating zero probability. For 7" # 0, the shape
of f(E) is generally preserved except that the curve is rounded off near E. Specif-
ically, f(E) is less than unity a few kT below E and tails out exponentially a few
kg T above Ep, thereby transferring the occupation probability from below E to
above E. The occupation probability beyond E is called the Boltzmann tail. With
increasing T, the Boltzmann tail is progressively pronounced.

The Fermi distribution function carries far-reaching consequences. For
instance, let us consider the 3D concentration of electrons given by

1 + eE- T 1 JE—Ep)/isT gE) = 2h3

Y3 /22
n—/ aE— 2D ___ _ NomhE (15.3)
where g(E) is the 3D density of states (Eq. (4.15)). The electrons fill up the quantum
states one by one in each state from the lowest energy level. For 7' — 0, the upper
limit of the integration is given by E(0). We can thus integrate g(E) in the interval
0 < E < E(0) by using the step Fermi function (Figure 15.2) and specify E(0) in

terms of the electron density as
h2 2/3
E0) = (—n) (15.4)
8m\x
It is therefore clear that the Fermi level increases with increasing density. For n

equaling Avogadro’s number, n = 10%° m3, for example, E;(0) = 7.9 eV, and the
Fermi velocity of the electrons on top of E.(0)
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2
mv
= =EO

is as large as ~ 1.7 x 10° ms~! at 7 = 0. This is in drastic contrast with distin-
guishable particles, which should be completely at rest for 7' = 0.

15.2
Carrier Concentration in Intrinsic Semiconductor

When the electrons in the filled valence band are excited into the conduction
band in the intrinsic semiconductor, they leave behind the holes with charge +e as
illustrated in Figure 15.1. The holes can be treated as the positive charge carriers
with the effective mass m, just as electrons are the negative charge carriers with
the effective mass m1,. In intrinsic semiconductors in which no dopant atoms are
present, the concentrations of electrons and holes are the same by definition, that
is,n=p=mn,

Thermal Equilibrium

At the outset, we examine the equilibrium from a few different standpoints. The
thermodynamic equilibrium is characterized by a few basic facts: (i) the physical
quantities are time invariant, as every process is balanced by its inverse process
(detailed balancing); (ii) # and p are quantified by a single Fermi level E; (iii) Ep
is spatially flat and also lines up in composite semiconductors; and (iv) the law of
mass action holds, namely np = 17, with n; denoting the intrinsic concentration.

Electron Concentration

The equilibrium concentration of electrons in the conduction band is specified in
terms of the Fermi occupation factor f,(E) given in Eq. (15.2) and 3D density of
states g, (E) as

72\ h?

Ec+AE, 1 /2m 3/2
n= / dEg,(E)f,(E); g,(E)= 2—< ”) (E-Ex)Y*  (155)
EC

Here, AE is the conduction band width and g, (E) the 3D density of states of the
electrons in the conduction band (Eq. (4.15)). The bottom of the conduction band
E serves as the reference level from which to define the kinetic energy of electrons
moving with the effective mass m,. As discussed g,(E)dE, represents the number
of quantum states per unit volume, and when multiplied by f, (E), it represents the
density of state occupied by electrons in the range from E to E + dE.

The integration representing 7 can be reexpressed by introducing a dimension-
less variable n = (E — E.)/kT and making the approximation AE./k;T = oo as

9 E,—E 2wm, ky T\ >/
n=—=NF () Np, = F—T Ng = 2<TB (15.6a)
T

\/_ kg
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where N - is called the effective density of states at the conduction band and

o 1/2d
_ n'=dn
Fyy(np) = /0 T (15.6b)

is called the Fermi 1/2-integral. The approximation AE./k;T = oo is well taken,
since AE is typically few electronvolts, whereas k;T ~ 25 meV at room tem-
perature. Moreover, the Fermi occupation factor cuts off the contribution from
those states a few kT above E, as illustrated in Figure 15.3. In the nondegenerate
regime, £ ranges in the energy gap below E by a few k5T, so that exp —5 > 1.
In this case, the Fermi integral yields

(15.7)

Eyyy(p,) = em/ dne™nt/? = e 2
0

Hence, by combining Egs. (15.7) and (15.6a), n can be expressed analytically as
n = Ne Ec-Er)/ksT (15.8)

and Eq. (15.8) indicates explicitly that # increases exponentially with temperature
and is equal to N~ when E} coincides with E..
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Figure 15.3 The graphical representations of n and p in terms of the 3D density of states,
respective occupation factor, and the location of E; in n-type (a), intrinsic (b), and p-type (c)
semiconductors.
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Hole Concentration

The hole concentration p is likewise specified by

Ey, L /2m, 3/2
p= / dEg,(E)f,(E);  g,(E) = 352 <—2> (E, —E)2  (15.92)
E,—AE, 4 h

where AE,, is the valence band width and & (E) the hole density of states in the
valence band. The top of the valence band E, serves as the reference level for defin-
ing the kinetic energy of holes, moving with the effective mass m,. With increasing
kinetic energy, electrons move up the conduction band from E, while holes move
down the valence band from E, as will become clear in due course. The occupa-
tion factor for holes in the quantum state is by definition the probability that the
state is not occupied by the electron, that is,

_ 1 _ 1
SB)=1- 1+ eE-E/lgT — 1 4 oEr—E)/ksT (15.9b)

and ];(E)gp(E)dE represents the total number of states occupied by holes per unit
volume between E and E — dE.

Again by inserting Eq. (15.9b) into Eq. (15.9a), and introducing the variable of
integration n = (E,, — E)/kz T and putting, AE, /k;T =~ co we can write

v —Ep 2wm, kg T

E 3/2
NyFyp(ng,);  ng, = T N, = 2<T> (15.10)
B

-2
N

where N, is the effective density of states at the valence band. For the nonde-
generate case in which E, stays a few k;T above E,, in the bandgap, the Fermi
1/2-integral can likewise be evaluated in analogy with Eq. (15.7), and p can be
expressed analytically as

p

p=Nye EE/kT (15.11)

and the hole concentration also increases exponentially with temperature.
Intrinsic Concentration

In intrinsic semiconductors in which there are no impurity atoms present, the
electrons excited from valence to conduction bands leave behind the same number
of holes in the valence band. Hence, # and p are identical, that is, n = p = n;.The
intrinsic concentration is therefore given from Egs. (15.8) and (15.11) by

n; = /np = \/NCNVe_EG/ZkBT; Ec=E--E, (15.12)

where E; is the bandgap. Figure 15.4 shows #; in silicon, germanium, and gallium
arsenide versus the inverse temperature 1/7. Evidently, #; varies exponentially
with 1/7T, and the variation is accentuated with increasing E.. Moreover, n;
exponentially increases with decreasing E at given T, as more electron—hole
pairs are thermally excited across the narrower bandgap. For instance, in Si

with Eg of, 1.12 eV n, = 1.45% 10'° cm™ at the room temperature, while
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Figure 15.4 The intrinsic carrier concentration
versus 1000/T in germanium, silicon, and gal-

0.5 15 2.5 3.5
1000/T lium arsenide.

n; =179 x 10° c¢cm™3 in GaAs with E; of 1.424 eV at the same temperature. Thus,
the variation of n; caused by the difference in E by 0.3 eV amounts to nearly four
orders of magnitude.

Intrinsic Fermi Level

The location of E is determined from the charge neutrality condition. In intrinsic
semiconductors n = p, so that one can write from Egs. (15.8) and (15.11)

Nce_(EC_EFi)/kBT — Nve_(EFz_EV)/kBT (15]_3)

and find E; as

1 3k T = my Ny, 3. m,
E. ==(E E In—; In—==In— 15.14
Fi 2(C+ v)+ nme nNc 2nmn ( )

Clearly, Ey; is located near the midgap, and the departure from it is due to the
difference between m,, and m, and amounts to a fraction of the thermal energy
kpT.

15.3
Carrier Densities in Extrinsic Semiconductors

The control of the carrier concentration is a key factor for charge control, and n
and p are controlled primarily by means of the impurity doping. Let us thus con-
sider 7 and p in extrinsic semiconductors, which are doped with donor or acceptor
atoms. To discuss the physics of the impurity doping in silicon, for example, let us
revisit the electron configuration of Si [Ne]3s?3p2. There are four valence electrons
outside the closed neon core. The Si atoms are thus covalently bonded with its four
neighbors by sharing one valence electron with each other, so that the sub-shell is
filled up, as sketched in Figure 15.5. Doping consists of incorporating donors or
acceptors at substitutional sites.
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Figure 15.5 The tetrahedrally bonded silicon (a). A donor atom replacing a Si-atom forms
a loosely bound hydrogenic atom with a valence electron (b). An acceptor atom in place of
Si-atom forms a loosely bound hydrogenic atom with a hole (c).

The donor atoms are from Column V in periodic table, for example, phosphorus
([Ne]3s?3p?) or arsenic ([Ar]4s?4p3), which have five valence electrons. Four of
them are used up in the tetrahedral bonding, and the remaining fifth electron
forms a hydrogenic atom with P* or As* ion core (Figure 15.5). On the other
hand, the acceptor atoms are from Column III, for instance, boron ([He]2s%2p)
with three valence electrons, so that it cannot complete the tetrahedral bonding.
But it can accept an electron from other Si—Si bonds, to complete bonding. In the
process, a hole is generated in the valence band. Thus, the boron as a negative ion
and hole again form a hydrogenic atom. The effective radius of hydrogenic donor
atom 4, and the ionization energy E;, of its valence electron can be estimated
by using the H-atom theory. In this case, E, is the energy required to release a
valence electron to the conduction band. Specifically, we can specify a, and E,,
from Eq. (8.46) as

h24ne n*4re m £ m £
2s _ < 20> <_0> <_S> =0.05 <_°> <—S> nm (15.15a)
m,e mye m, £ m, €o

Eoo_Sm __emy (m\ () m) () gy
DT on2(4neg)? T 2n2(4mey)? \ my, £g ' m £g

(15.15b)

Z0)

In the estimation, the electron rest mass m, and vacuum permittivity ¢, have
been replaced by the effective mass m,, and the permittivity €4 of Si, respectively.
In this manner, 4, and E}, can be evaluated simply in terms of the Bohr radius
0.05 nm and the ionization energy 13.64 eV of the H-atom.

With the ratio m,,/m, ~ 0.98, 0.2, depending on the crystallographic direc-
tions and €5 /¢, ~ 12, a,, ranges from about 0.5 to 2.9 nm, while Ej, is in the range
20-100meV, a few kzT’s at room temperature. Thus, the fifth valence electron
in the donor atom is loosely bound to the donor ion and therefore is readily pro-
moted to the conduction band to become a free charge carrier, hence the name
the donor (Figure 15.6).The similar estimations can be made for acceptor atoms,
and the ionization energy of the hole can also be shown to be about the same as
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Ec ———— £,
E Figure 15.6 The donor and acceptor energy levels. The
solid lines represent the extended nature of the conduc-
________________ tion and valence bands, while the broken lines denote the
Ey Exn  localized energy levels of donor and acceptor states.

that of electrons in donor atoms. The ionization energy in this case is the energy
required for the acceptor atom to accept an electron from the valence band, excit-
ing a hole therein. As E , lies above E, by a few electron volts, the acceptor atoms
can readily accept electrons from the valence band, hence the name the acceptor.

15.3.1
Fermi Level in Extrinsic Semiconductors

In the presence of donor and acceptor atoms, E is again found from the charge
neutrality condition, namely, the electron and ionized acceptor concentrations are
equal to the hole and ionized donor concentrations:

2 NF N - 2 N,F No 15.16
WA 121 + —— g = A 2t ¥ T (15:16)
z 1+gqe 7 T D

Here Eqs. (15.6) and (15.10) have been used for # and p, and Ng and N have
been specified in terms of Ej, Ej,, E,, and doping levels N, N, and degeneracy
factors g, g4 of the ground states. For Si, g, = 2 and g, = 4, respectively. Shown
in Figure 15.7 is E found numerically from Eq. (15.16) as a function of 7' in n- and
p-type silicon for different doping levels. In n-type silicon, in which N, = 0, E is
monotonously raised above the midgap with increasing N, as it should. Also for
given N, E- is lowered with increasing T to approach the intrinsic Fermi level E;
at the midgap. This is because at high 7', # is primarily dictated by the thermally
excited electrons regardless of the doping level. In p-type silicon in which N}, = 0,
the behavior of E versus N, and T essentially mirrors that of E. in n-type silicon.
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0 g 1o 10
-0.6 N,=10'® m i,
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(a) T(K) (b) 1000/T(K™)

Figure 15.7 The Fermi level versus T in silicon for different N, N, (a), and electron con-
centration versus 1000/T for different doping levels (b).
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Also shown in Figure 15.7 are the electron concentrations in the n-type Si ver-
sus 1000/ T for different doping levels. In the region of high T called the intrinsic
regime, n is mainly determined by T, as more electrons are thermally generated
via the band-to-band excitation. With decreasing T, the intrinsic region merges
with the saturation regime, in which # is contributed mainly by the donor atoms.
In this region, donor atoms are practically all ionized as Ej, is still well above Ey. It
is in this regime that the charge is controlled via doping N j,. With further decrease
in temperature, the freeze-out regime follows in which # is decreased exponen-
tially with decreasing 7. This is due to the fact that there is practically no thermal
excitation of electrons, and even those electrons donated by the dopant atoms are
captured back by the ionized donor atoms as E is raised above Ej,. The behav-
ior of the hole Fermi level and the hole concentration p versus 7" and N, can be
interpreted in a similar context.

Fermi Potentials

In the nondegenerate and saturation regime, 7 is practically equal to N, and can
be specified in terms of the intrinsic carrier concentration #; via Eq. (15.8) as

Ny=n= Nce_(EC_EFi+EFz_EF)/kBT = nie(EF_EFt)/kBT (15.17)
The Fermi potential ¢, of the electron is defined as
q@p, =Ep —Ep ~E. —E; (15.18)

and is therefore specified in terms of N, from Eq. (15.17) as

Py = <kB—T> In <&> (15.19)
q n;

In the p-type semiconductor, the Fermi potential ¢, of the hole is defined as
q%g, = E; — Ep and is likewise given in terms of N, via Eq. (15.11) by

o= ()0 (%)

It is therefore clear that the Fermilevel E in n-type semiconductor is raised above
E. in p type by the sum of these two Fermi potentials, as can be clearly seen from
Figure 15.8.

A EF
q(pFn
E,' ' Ei
99,
Ey Ev i

Figure 15.8 The Fermi potentials in the n- and p-type semiconductors.



Suggested Readings

Problems

15.1

15.2

15.3

15.4

15.5

(a) Use the representation of # given in Egs. (15.6) and (15.8) and plot n
versus E in the range —0.15eV < E- — Ep < 0.15€V by evaluating the
Fermi 1/2-integral numerically.

(b) Use the nondegenerate expression of n given in Eq. (15.8) and plot
versus E in the same range as in (a) and compare and discuss the two
results.

(c) Starting from the representation of p given in Eq. (15.9), derive the
expression of p given in Egs. (5.10) and (5.11).

Consider the hole concentrations of 102, 10°, and 108 cm™2 in Si.

(a) Find the corresponding electron concentrations as the majority car-
rier at temperatures of 100, 300, and 500 K.

(b) Calculate the corresponding doping level N,

(c) Discuss whether or not the analytical expression of # can be taken
valid for all concentration ranges considered.

In the limit T — 0K, E is raised above E,, and approaches E regardless
of the value of N, in n-type silicon. Likewise, E, is lowered below E, and
approaches E,, in p-type silicon regardless of N, (Figure 15.7). Interpret
the behavior.

The fabrication of the laser diode requires heavily doped n- and p-
type GaAs.

(a) The Ep in n-type GaAs is located above E- by 0.1 eV. Find # and the
doping level required.

(b) Repeat the analysis as in (a) in the p-type GaAs in which E is below
E\, by0.15 eV.Thebandgap in GaAsis 1.424 eV atroom temperature
and m,,/m, = 0.068 and m, /m, = 0.54, respectively.

(a) Consider a quantum wire consisting of intrinsic silicon of cross-
sectional area W2 for W =10 nm. The quantum wire is surrounded
by silicon dioxide. Find the subband spectra and specify the 1D
electron concentration #,,, by using 1D density of states and Fermi
occupation factor. For simplicity, approximate the quantum well by
an infinite square well potential and take m, /m, = 0.9.

(b) Consider a quantum well of width W having the same values as in (a).
Find the subband spectra and 2D electron concentration in analogy
with (a).

Suggested Readings

1. J. S. Blakemore, Semiconductor Statistics, 3. J. P. McKelvey, Solid State and Semi-

Dover Publications, 2002. conductor Physics, Krieger Publishing
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otechnology, Wiley-VCH, 2010.
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Third Sub Edition, John Wiley & Sons,
2002.



16
Carrier Transport in Semiconductors

The transport of charge carriers is another key element for operating the charge-
based semiconductor devices and is discussed in conjunction with the drift
and diffusion currents and the mobility and diffusion coefficient. The former
current is driven by the electric field, while the latter by the concentration
gradient. Equally important are the generation and recombination currents,
and these currents are discussed based on the generation and recombination
of electron—hole pairs, band-to-band as well as trap-assisted. Additionally, the
thermodynamic equilibrium and nonequilibrium are highlighted in correlation
with the Fermi and quasi-Fermi levels.

16.1
Quantum Description of Transport Coefficients

The drift velocity of charge carriers is driven by the electric field and character-
ized by the mobility, as discussed. The quantum description of the mobility can
be done by using the transport equation in strict analogy with the classical theory.
Thus, consider an ensemble of free electrons uniformly distributed in space in the
presence of the electric field E in the z-direction. In this case, we can again adopt
the relaxation approach and specify f in strict analogy with Eq. (1.17) as

g€ 9y . _ 1 1,
m, " av,’ Jo= 1 + eE—Ex)/ksT’ E= 5 MV (16.1)

n

f=h+

where 7, is the longitudinal relaxation time. The only difference between Egs.
(1.17) and (16.1) is that f, in Eq. (1.17) is the Boltzmann distribution function,
while f, in Eq. (16.1) is the Fermi distribution function.

The differentiation of f, in Eq. (16.1) with respect to v, yields

% _ 9% oE e EEN/kT v,
v, OEdv,  (1+eEE/kT) kT

mVIVZ 1
a kBTfO( —fo)

and the distribution function f is obtained to the first order of approximation as

qEv,t,
f=f- T ol = fy) = fo — qEv,7,6(E — E) (16.2a)
B

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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where the product f; X (1 — f;) is peaked sharply at the Fermi level E, as shown in
Figure 16.1 and has been approximated by a delta function

JSoU = fo) = kyTS(E — Ey) (16.2b)

16.1.1
Mobility

We can find the average velocity of electrons driven by the E-field in the z-direction
by using the distribution function f thus found as

2 1 oo
/ dw,f —qE / do / du / 7,(Wv*dvv2S(E — Ep)
0 -1 0
= 2 1 o
/ dv f / de / dp / Vv,
0 -1 0

where the first integral in the numerator and the second integral in the denomi-

, u=cosb

(v,) =

(16.3)

nator vanish due to the odd parity of the integrands involved just as in the case of
Eq. (1.18). The remaining v-integrals have been expressed in terms of the spheri-
cal coordinates, and 7,, has been taken depending on the magnitude of v. In this
case, the angular integrations in the numerator and the denominator cancel out.
Furthermore, the integration in the denominator can be done to a good approxi-
mation by taking the Fermi function f, as a step function, that s, f, = 1 for E < Ep,
while f, = 0 for E > E (Figure 15.2). Hence, Eq. (16.3) can be expressed in terms
of energy as

E

Figure 16.1 The Fermi distribution function f(E) and the product f(E) X (1 — f,(E)) versus
energy for different temperatures.
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[ / ) dEE®*z, (E) 8(E - EF)]
0

2gE m, v
<Vz> == 1 ; E= z
3m,, Ep 2
/ dEE'?
0
_ qEECn B gnEp) E (16.4)
3m,, (2/3)EX? I '

The resulting mobility

2
qr,(vp) M,V Ve _
H, = 5 B a

mn
is identical to Eq. (1.19), but the mean collision or relaxation time as a function of
v is specified explicitly by the Fermi velocity v, in the quantum description.

(16.5)

16.1.2
Diffusion Coefficient

We next consider the spatially nonuniform electron concentration and introduce
the mean free path of electrons [, on both sides of x as shown in Figure 16.2. The
electrons can then be treated free of scattering in the volume elements from x — [,
toxand from x tox + /,,. The net number of electrons crossing x per unit area from
left to right is then given by

N = %n(x -, - 1n(x +1)0,

12{[ ()_an(x) ] [()+ on) | ]}:_ng (16.6)
ox o0x

where 1/2 factor accounts for the fact that due to the random thermal motion
in equilibrium, only one half of the electrons are moving from left to right or
vice versa. Also, as [, is generally much less than the spatial range over which #
changes appreciably, n(x + /,) has been Taylor expanded and truncated after the
first expansion.

The flux of electrons from left to right is thus given by dividing N by the mean
collision time 7,:

(16.7a)

Figure 16.2 The spatially nonuniform con-
centration profile of electrons and a differen-
tial volume element at x, consisting of two
parallel planes at x + /, with |, denoting the
electron diffusion length.
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The constant D,, is known as the diffusion coefficient, and it connects the input
concentration gradient to the output electron flux. Now the mean free path /,, is
by definition the average distance the electron traverses during the mean collision
time 7,:

myy kT
2 2

[, =vrT,; (16.7b)

where v is the thermal speed in the x-direction specified via the equipartition
theorem (Eq. (1.14)). It is therefore clear from Egs. (16.5), (16.7a), and (16.7b) that
ratio of two transport coefficients is given by

D, L/t, kT

— = (16.82a)
Hu o dTu/M, 4
We can carry out a similar analysis for the holes and obtain
D 2/t Jeo T
L= P B (16.8b)

u, qr,/m, q

Equations (16.8a) and (16.8b) are known as the Einstein relation for electrons and
holes, respectively.

The total current densities of electrons and holes consist of the drift and diffusion
components and are given by

(16.9)

dn dp
= E+gD,=; ], = E-gD,—
Ju = qnu,E+4qD, T J, = qpu,E — gD, I

16.2
Equilibrium and Nonequilibrium

Single-Semiconductor System

A basic property of the equilibrium is that the carrier densities , p are quantified
by a single Fermi level E, as discussed. Also J,, ], are inextricably related to Ep,
which is shown as follows. Thus, consider the 1D current density of electrons given
by Eq. (16.9). The electric field E driving the drift is specified in terms of the electric
potential as, E = —dg/dx and g in turn represents the electron potential energy
when multiplied by —g. Hence, we can treat —qg just like E, E,, or the midgap E;
and express E in terms of E; as

E=- =
ox qox q ox

(16.10)
where E, E\, and E; vary in x in parallel with —g¢(x).

Additionally, in the nondegenerate regime, n, p are analytically specified in
terms of E;, E in equilibrium (see Egs. (15.8) and (15.11)). Hence, with the use of
the Einstein relation (16.8) and the expressions of # and p given in Egs. (15.8) and
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(15.11), J, can be is expressed as

dE; kyT\ d (Er—E; dE;
%y a = un—k 16.11
Ju = Hat dx 1 < q > dx < kg T '™ 0 ( 2
We can likewise express the hole current density as
dE, ksT\ d (E —Eg dE;
— 2T 2 (= = — 16.11b
Ty = Hpp [dx q( q > dx ( kg T ol g ( )
In equilibrium, no current flows, and therefore
dE
ZF_o (16.12)
dx

and E in a single-semiconductor system should be flat in equilibrium.
Composite Semiconductor System

We next consider a composite system of two semiconductors in equilibrium con-
tact as shown in Figure 16.3. In equilibrium, the flux of electrons from left to right
F, r is balanced by the reverse flux from right to left Fy;. These fluxes are dictated
by two factors, namely, the density of states g;, g, and Fermi occupation factors
f1,Jz on both sides at the energy level E. Specifically, F,  is given by

;= Mlg, (E)AEf, (E)] - [go(E)AE(L — fo(E))] (16.13a)

where M is the transfer matrix element. The first bracket is the number of occu-
pied quantum states at E, that is, the electron density on the left-hand side, while
the second bracket represents the vacant state density on the right-hand side for
electrons to hop in. The flux from right to left is likewise given by

Fyy = Migg(E)AEfo(E)] - [g,(E)YAE(1 — f,(E))] (16.13b)

As F; = Fp, inequilibrium, it follows from equating (16.13a) and (16.13b)) that,
J1(E) = fp(E) that is,
1 1

= 16.14
1+ eE-E)/ksT — 1 4 oE-Ep)/ksT (16.14a)
Therefore, the two Fermi levels on both sides should be the same
Ep, = Egg (16.14b)

Equivalently, the Fermi level should line up. This fact together with Eq. (16.12)
leads to the general conclusion, namely, that E in equilibrium should line up and
be flat. The conclusion holds true for any number of semiconductor layers in equi-
librium contact.

Figure 16.3 A composite semiconductor system,
S/C, S/Cp consisting of two semiconductors in equilibrium con-
tact. The electron flux from left to right is balanced
by its reverse flux from right to left in equilibrium.

FiR(E) Fr.(E)
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16.2.1
Nonequilibrium and Quasi-Fermi Level

A system, when subjected to irradiation or bias, is driven away from the equilib-
rium to nonequilibrium conditions. In nonequilibrium, # and p cannot be quan-
tified by a single Fermi level. Rather, two quasi-Fermi levels, one for electrons and
the other for holes, are required. This can be seen by considering a slab of the
intrinsic semiconductor under irradiation (Figure 16.4). Under illumination, the
electron hole pairs are generated via band-to-band excitation and also subjected
to recombination. Hence, the rate equations of # and p read as

o _al _n W _al _p

o0  hv t, ot hv 7,

(16.15)

where 7, and 7, are the recombination times of electrons and holes, respectively,
and the generation rate is given in terms of the absorption coefficient a« and the
flux of photons I /hv.

At steady state, the derivatives of # and p with respect to time vanish, and the
photo-generated n, p are proportional to Iz, /hv, It,/hv respectively. Therefore,
the total electron and hole concentrations consist of intrinsic and photo-generated
components:

alt,

n=mn;+ny, =0+ < 7 ) (16.16a)
v
alt,

p=n+ph=n+ < ™ > (16.16b)

When the light intensity is high, 7, and p,, can be much greater than n,
that is, n,, > n;, p,;, > p;. The former inequality in Eq. (16.16a) requires that Er
should be higher than the intrinsic Fermi level E;; ~ E; just as in the n-type semi-
conductor (Figure 15.8). Likewise, the latter inequality in Eq. (16.16b) requires
that E, should be lower than E; as in the p-type semiconductor. Obviously, these
two requirements cannot be met with a single E, simultaneously. The only way
to come out of this inconsistency is to introduce two quasi-Fermi levels, one
for electrons Ep, and the other for holes Ep, and quantify # and p separately

hv A Ec

| o

() (b)

Figure 16.4 A semiconductor sample under uniform irradiation (a) and the photo-
generation of the electron-hole pair via band-to-bend excitation (b).
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Ec
Er 7Y
" kgT In [1 + g""]
n.
E; 3 !
! g Figure 16.5 Quasi-Fermi level of electron
£ kgT In {1 + .p} and of hole in the irradiated sample. The
FP 3 ! splitting of two imrefs increases with increas-
Ey ing illumination intensity.

in strict analogy with E; in equilibrium. Thus, Eq. (16.16) can be expressed
as

n=nelrE)kT = e EEr)/ksT (16.17)

The quasi-Fermi levels are also called imrefs.
Moreover, two imrefs split under irradiation by the amount that is given by
inserting Eq. (16.17) into Eq. (16.16) and inverting Ep,, Ep,:

T
EF,,—EFp=kBT1n[<1+&> <1+gn—f’>], g=% (16.18)

n; i

Clearly, the splitting increases with increasing light intensity and/or the genera-
tion rate, as shown in Figure 16.5. Without illumination, ¢ = 0, and the two imrefs
collapse into a common Fermi level, that is, Er,, = Ep, = Ep as the system relaxes
back to equilibrium. Moreover, just as Ep, and Ep, quantify #and p in exact analogy
with E in equilibrium, the current densities contributed by drift and diffusion are
described in nonequilibrium by the slope of E,, E, again in strict analogy with
Eq. (16.11)

d d
Jo=an o Epye Ty = tpb - Epy (16.19)

Unlike the flat £ in equilibrium representing the zero current, Ey,, Ep, generally
vary as functions of position and account for the current.

16.3
Generation and Recombination Currents

The drift and diffusion currents are due to the motion of electrons and holes in the
conduction and valence bands, respectively. There also exist the generation and
recombination currents resulting from the law of mass action np = n? in equilib-
rium being broken. If np > n?, the recombination current I, ensues driven by the
reactive force pushing the system back to the equilibrium. By the same token, if
np < nf, the generation current /; ensues again to drive the system back to equi-

librium.
Band-to-Band Excitation or Recombination

As noted, some of the electrons in the valence band are promoted to the con-
duction band via the band-to-band thermal excitation, leaving behind the same
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Figure 16.6 The generation of the e-h
pairs via thermal and optical band-to-band
excitations and the reverse process of radia-
tive and non-radiative recombination of the

e-h pairs (A). The single-level trap-assisted
emission and capture of electrons and holes
(B): (a) electron capture, (b) electron emis-
sion, (c) hole capture, and (d) hole emission.

number of holes in the valence band (Figure 16.6). The e—h pairs are also gen-
erated by incident photons with energy greater than the bandgap. The inverse
process of the recombination of electrons in the conduction band and holes in
the valence band also occurs. In carrying out the recombination, the electron has
to lose energy amounting to the bandgap. The energy is converted into radiation
or consumed via the heat dissipated.

In the n-type semiconductor, for example, the recombination of electrons and
holes is proportional to 7 and p in nonequilibrium and #,, and p,,, in equilibrium

R=an,p, R,=an,yp,, (16.20)

where « is the proportionality constant, 7, and #,, the equilibrium and nonequi-
librium electron concentrations as the majority carrier, and p,, and p, the
respective hole concentrations as the minority carrier. In equilibrium in which
the detailed balancing holds true between recombination and generation of e-h
pairs, the thermal excitation G, should be equal to R,. Therefore, in the presence
of excess carriers, there ensues a net recombination with the rate given by

U=R-Gy,
1 1
=a(n,p, = N,P,0) =~ — @, —P) — =an, (16.21)
TP TP

where we have taken n,, = 1,,, for the low-level injection of charge carriers, and 7,
is the hole recombination lifetime as the minority carrier.

16.3.1
Trap-Assisted Recombination and Generation

The recombination (r) and generation (g) rates are drastically enhanced when trap
sites are present in the bandgap, and let us thus consider the trap-assisted r, g pro-
cesses using the theories of Shockley and Read and also of Hall. For simplicity, a
single trap level is considered as sketched in Figure 16.6. There are four possible
processes: (i) the capture of an electron from the conduction band by an empty
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trap site, (ii) the inverse process of electron emission from the trap to the conduc-
tion band, or (iii) the trapped electron capturing a hole in the valence band, and
(iv) the inverse process of an electron in valence band captured in the trap site,
inducing a hole emission.

Evidently, in view of the exclusion principle, the electron capture rate is pro-
portional to 7 in the conduction band and the empty trap sites, while the electron
emission rate is proportional to the filled trap sites. Hence, we can write

oo = (p,0,) - - [NA =) 1., =¢, - (NS) (16.22)

where the proportionality constant of the recombination is given by the thermal
velocity v, and the electron capture cross-section, ¢, of the trap, = 107 cm?,
and the proportionality constant e, for emission is called the electron emission
probability. It is important to note that the distribution function f introduced to
account for the filled and empty trap sites away from the equilibrium is not the
same as the Fermi distribution function f, in equilibrium.

The capture and emission rates of holes can be described in a similar manner.
The capture is done by the trapped electron recombining with a hole in the valence
band, and the rate is proportional to p and the number of trapped electrons. The
hole emission is proportional to the number of empty traps into which electrons
in the valence band are captured, hence is proportional to the empty trap density.
Thus, we can write

The = ViO,PNSfs 1y = €,N,(1 = f) (16.23)

where the proportionality constant of capture is given by the product of v4, and
the hole capture cross-section, while that of emission is called the hole emission
probability.

Steady State and Equilibrium

The difference between the equilibrium and steady state is best illustrated by con-
sidering a semiconductor under uniform irradiation. The rate equations of # and
p are given by the photo-generation rate and the net recombination rates of elec-

trons and holes, that is, r,, — r,, and r,, — 1,

on _ al dp _ al
E = ﬁ - (rec - ree)’ E = R - (rhc - rhe) (16.24)

At steady state in which #, p are independent of time, it follows from Eq. (16.24)
that the net recombination of electrons is the same as that of holes. In equilibrium,
on the other hand, the respective rates of capture and emission should be balanced.
Therefore, we can write

Tee =Vee = The = Thes  Tec = Veer The = The (1625)

and show that the equilibrium condition is more stringent in that it satisfies auto-
matically the steady-state condition as well.
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Steady-State Distribution Function

The equilibrium condition for electrons in Eq. (16.25) is explicitly specified with
the use of Eq. (16.22) as

1

VTO'nI’th[l _ﬁ)(Et)] = enNtfb(Et); f(')(Et) = m (1626)

where f in Eq. (16.22) should be replaced by the Fermi function in equilibrium.
Therefore, the electron emission probability e, is specified explicitly from Eq.
(16.26) as

e, = vTannie(Et_Ef)/kBT (16.27a)
Likewise, the hole emission probability is given by

e, = vy e BT (16.27b)

Upon inserting e,, e, into Egs. (16.22) and (16.23), the steady-state condition in
Eq. (16.25) reads as

VTO'nﬂNt(l —f) — VTo'nnl,e(Et_Ei)/ksTNtf
= vro,PN,f = VTO'p”ie(Ei_E‘)/kBTNt(l -f) (16.28)

The distribution function f in nonequilibrium is therefore obtained by regroup-
ing the terms in Eq. (16.28). For simplicity, let us take in 6, = 0,, = o in which case
f is given by
f= n + neEiE)/ksT

n+p+2n;cosh(E, — E)/kgT

In Figure 16.7, f is plotted as a function of (E, — E;) /k, T for the different doping
level Nj,. Also shown in the figure are the corresponding Fermi functions f|, for
comparison. Although different in mathematical expressions, the two curves of f
and f, do not depart very much from each other. But the minute departure of f

from f, accounts for the different recombination and generation rates under bias
or irradiation.

(16.29)

Recombination Rate

Now that f has been found, the recombination rate of electron r,. —r,, can be
specified by combining Egs. (16.22), (16.27a), and (16.29) and rearranging the
terms as

1 (pn —n) 1
Tn+p+2ncosh(E, —E)/kzT =
where 7 represents the recombination lifetime. We can likewise obtain the same
result starting from the net recombination rate of holes. The recombination rate U/
accounts for the generation rate as well. At equilibrium in which, np = n?, u=o0

and there is no net recombination, as it should. However for np > niz, U > 0,and
the recombination of e~ h pairs ensues. Likewise for, np < n?, L < 0 and e—h pairs

= ov,N, (16.30)
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are in this case generated. The 1, g processes are mediated by the traps playing the
role of stepping sites.

It is clear from Eq. (16.30) that the recombination rate U depends sensitively
on E, — E,. Specifically, U attains the maximum value for E; = E,, which suggests
that the 7, g processes are maximally enhanced when E- — E,, E, — E, are approx-
imately the same. Shown in Figure 16.8 are r, g rates for different doping levels.
In an n-type semiconductor, where n, > p,, n; U is mainly dictated by #n, and

10 T T T T T
- ND= 1017(:”1_3 -
0.8 -
0.6 -
04
021 __ Equilibrium
— Non-equilibrium
00 L L L L L
0 4 8 12 16 20

(E;— E)/kgT

Figure 16.7 The equilibrium Fermi function and the nonequilibrium distribution functions
versus (E, — E;)/kgT for different Np,.

A
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Recpmbination
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(Et_Ei)/kBT

Figure 16.8 The recombination and generation rates versus (E, — E;)/kgT for different Np,.
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is pinned at its maximum level over a range in which 7, > n; cosh(E, — E,) /k;T.
On the other hand, for np < n?, the generation rate falls off exponentially as
a function of E, — E; from its maximum value for E, = E;. Also in the presence
of shallow traps located near E., the electrons are easily captured from the
conduction band into the trap sites or vice versa. However, the large difference
between E, and E,, slows down the hole emission or capture processes. Conse-
quently, the overall efficiency of the trap-assisted generation or recombination
of electron hole pairs is low. Rather, the electron capture is more likely to be
accompanied by the inverse process of electron emission. Similarly, for traps near
the valence band edge, the hole capture and emission constitute the dominant
processes.

Minority Carrier Lifetime

We next consider an n-type semiconductor in which z,, > p,, n;. In this case, we
may put n,, & n,, and simplify the numerator of U as

pn— n;’z ~ nnO(pnO +pn _pnO) - nl2 = nno(pn _pnO); nyoPro = n;’2 (1631)

Thus, by inserting Eq. (16.31) into Eq. (16.30) and using the fact thatn, > p,, n
we can write

i

u=t"bo 1 _,, N, (16.32a)
™ ™

where 7, is called the lifetime of hole as the minority carrier. The recombination
rate of electrons in the p-type semiconductor and the lifetime 7, are likewise given

by

> ol N, (16.32b)
TV[

Problems

16.1 (a) Fill in the algebra and reproduce the Einstein relation for electrons
and holes by using the transport coefficients given in Egs. (16.5) and
(16.7).
(b) Starting from the expressions of n, p given in Eq. (16.16), derive
Eq. (16.18) specifying the split between Ef, and Ep, under irradiation.
16.2 The conductivity o and resistivity p of the electron are specified in terms of
g nand p, as o = gnp, = 1/p. An n-type Si with resistivity 10 Qcm is uni-
formly illuminated, and 10! e—h pairs are generated per cubic centimeter
second.
(a) Calculate the dark and photoconductivity.
(b) Calculate the contribution made by electrons and holes to the total
conductivity. Use u, =800 cm®V~'s™!, y, =400 cm®>V~'s7!, and
take the lifetime of the electron and hole to be 1 ps.
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EC Ec
Dss
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" Dss
Ey Ey Figure 16.9 The trap levels uniformly and
Gaussian distributed.

16.3 An n-type semiconductor is illuminated uniformly with light intensity

10 Wcem™2. The wavelength and absorption coefficient are given by
A=500nmand « = 10 cm™'.
(a) Find the photon flux (the number of photons crossing per unit area
and per second).
(b) Calculate the number of e—h pairs generated per second.

16.4 The rate equation for p, as the minority carrier is given by

P, _ Pu=Pw. _al

ot =& 7, >l Ty

Find p, (¢) during the illumination and also after the light is turned off.

16.5 Consider the tap centers uniformly and Gaussian distributed across the

energy gap, as sketched in Figure 16.9.
(a) Derive the recombination rates by generalizing the single-level trap
model and assuming that ¢, = ¢, = o, for simplicity.
(b) Derive the expression for minority carrier lifetime.
(c) Repeat the analysis of (a) and (b) for the case of traps Gaussian
distributed N, exp —(E, — E,.)?/20? centered at E,, half-way between
midgap and E..
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Prentice Hall, 2002.

. D. M. Kim, Introductory Quantum

Mechanics for Semiconductor Nanotech-
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17
P-N Junction Diode: /- V Behavior and Device Physics

The p—n junction diode is one of the simplest solid-state switches but is a key
hardware element of nanotechnology. The technological platform of the diode
is multidisciplinary in nature and covers the central core of the device physics.
Hence, the understanding of the diode is essential for comprehending other active
devices. Moreover, the diode provides convenient platforms on which to devise
the photodiode, light-emitting and laser diodes, solar cells, and so on. Also the
p—n junction itself is an essential element of MOSFET. The diode I-V behavior
is modeled with an emphasis on the physical principles involved.

171
The p-n Junction in Equilibrium

The p—n junction consists of n- and p-type semiconductors in equilibrium con-
tact, as shown in Figure 17.1. When a positive voltage V- called the forward voltage
is applied to the p side, a large forward current I flows from p to n regions. When
a negative voltage V called the reverse voltage is applied, the minimal level of the
reverse current I flows from n to p regions. Hence, the diode works as an electri-
cal switch. When the magnitude of V} is increased beyond a certain value called
the breakdown voltage, I, increases exponentially. The explosive growth of I is
known as the junction breakdown.

Junction Band Bending

There are two kinds of junctions: homo and hetero. In the former, the bandgaps
in p and n regions are the same, while in the latter, bandgaps are different. We
discuss the former junction, but most of the results derived are also applicable in
the latter junction. Before contact, the Fermi level E, in the n bulk region is higher
than E in the p region by an amount equal to the sum of the Fermi potentials
q®g, + 99, (Figure 17.1). However, when the n and p regions are brought into
the equilibrium contact, E; should line up and be flat, as detailed. Clearly, the
condition necessitates the band bending by the amount g, + q¢y, as clear from
Figure 17.1. Also, E- — Ep and E; — E, in n and p bulk regions should remain the

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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Figure 17.1 The cross-sectional view of the p-n junction diode and the /-V curve, con-
sisting of the forward, reverse, and breakdown currents (a). The band diagram of the p-n
junction before and after the equilibrium contact (b).

same to preserve the equilibrium carrier concentrations therein before and after
the contact.

Space Charge, Field, and Potential

A question then naturally arises as to what physical processes are responsible
for such a band bending. The answer to this question lies in the simple electro-
statics entailed in the equilibrium contact. Specifically, the electrons diffuse from
the higher-concentration n region to the lower-concentration p region. Likewise,
holes diffuse from p to n regions. The diffusion of electrons and holes leaves behind
the uncompensated donor and acceptor ions near the interface, which induces the
dipolar space charge p as shown in Figure 17.2. The space charge p in turn gives
rise to the space charge field E and the potential ¢ and ultimately the potential
energy of the electron —g@. The potential energy bridges the misaligned E, E,,
on both sides. In short, the diffusion of electrons and holes triggers the junction
band bending.
The space charge p induces E according to Coulomb’s law:

N, 0<
2E=£; p={q

x<x
ox £ —qN,; —x, <

n
(17.1)
x<0
Here, &, is the permittivity of the semiconductor, and p(x) is taken as a step func-
tion, with heights given by the doping levels gN,, and —gN, in the completely
depleted approximation, a nonessential approximation. Also x,, —x, demarcate

»
the junction depletion region W from the n and p bulk regions. We can readily
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Figure 17.2 The space charge (p), field (E), potential (¢), and electron potential energy in
equilibrium (b) under forward (a) and reverse (c) biases, in comparison with the equilibrium
values.

carry out the integration, obtaining

E(x) = (aNp/es) (6 =,); 0<x<x, (17.2)
—(gNy/e)x+x,); —x, <x <0

The boundary conditions used are E(x,) = E(—x,) = 0, since E(x) does not pene-
trate into the neutral bulk regions. Also E(x) is continuous everywhere; hence, the
condition applied at x = 0 yields the maximum E and the relationship between x,,
and x, as well

_ qNDxn _ qNAxP

maxl - £ £g ’

|E gNpx, = qNx, (17.3)

Evidently, Eq. (17.3) shows that the number of electrons spilled over from n to p
regions and the number of holes spilled from p to n regions are the same. Once
the space charge field, E is set up, electrons and holes are driven by E, electrons

to the n region and holes to the p region, compensating thereby the electron and
hole diffusion in opposite directions, as it should in equilibrium.
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Depletion Depth and Built-In Potential

The depletion depth denotes the total width of the junction region and is given
from Eq. (17.3) by

W=x,+x,
=x,(1+Np/Ny) =x,(1+N,/Np) (17.4)

Also, the built-in potential ¢, is the difference in ¢(x) between =X, and x, and is
obtained simply by finding the triangular area under E(x) curve

NN,
0, = SE Ww=124 T4%D (17.5a)
2 264N, + N,
where E__ in Eq. (17.3) was expressed in terms of W by using Eq. (17.4). Also ¢,

as given by the sum of Fermi potentials is specified in terms of the doping level by
using Egs. (15.19) and (15.20) as

kT N, N,
Ppi = Gy + #py = 37 In (—AZ D) (17.5b)

n:
i

In this manner, the parameters W, |E
and N,,.

max|» and @,; are all specified in terms of N,

Equilibrium Carrier Profiles in W

The ratio between #,, and 1,,, as the majority and minority carrier concentrations
in n and p regions, respectively, is given by

npo nie—lﬂﬂfp/kBT

Lo = eavnlkeT, = 17.6a
My Vlieq(/’n’/kBT Poi = Pen T Prp ( )

By the same token, the ratio between p,, and p,, in p and n regions, respectively,
reads as

Puo _ 1%/ ks T (17.6b)
ppO

Also, in the depletion depth W, # and p should depend on x and are given by
rz(x) — Nce_(EC(x)_EF)/kBT, p(x) = Nve_(E;‘_Ev(x))/kBT (17.73)

However, as E-(x) — E\/(x) = E for all x, the law of mass action also holds true in
W in equilibrium.

n(x)p(x) = NcNye Fe/tsT = (17.7b)
17.2
The p-n Junction under Bias

Under a bias, the junction is pushed away from the equilibrium to nonequilibrium,
and n(x) and p(x) depart from the equilibrium values. When the forward (+V)



17.2  The p—n Junction under Bias

or reverse (—V) voltage is applied to the p side, the band therein is lowered or
raised by —qV with respect to the n bulk region. Therefore, the junction band
bending decreases or increases from the equilibrium value according to g(¢,; — V)
(Figure 17.2). However, E~ — E; and E; — E, should remain the same in n and p
regions. This is because the equilibrium carrier densities are preserved in n and p
bulk regions.

Obviously, the two requirements cannot be met with a single E. Instead two
quasi-Fermi levels, one for electrons Ep, and the other for holes Ep, are required
as clearly shown in Figure 17.2. Furthermore, Ep,, Ep, should split in W by an
amount

EF - EFp

=qV (17.8)
In the quasi-equilibrium approximation, Ej, and Ej, are taken flat in W at the
level given in Eq. (17.8), but Ej, and Ep, should merge into a single E in n and p
regions, where the equilibrium bulk properties are preserved. The merging occurs
in the quasi-neutral regions. Naturally, the decrease or increase in the band bend-
ing under the bias should be accompanied by the concomitant decrease or increase
in W and E_,, as dictated by Eq. (17.5a) with ¢, replaced by ¢,;, — V. Thus, we

can write from Egs. (17.5a), (17.3), and (17.4)

1/2
2e (N, + N,
W(V) = M((p,ﬂ —V) (17.9)
gNNp
qNpN,
Emax(v)l =———W() (1710)
I e¢(Ny + Np)

Charge Injection and Extraction

The voltage-controlled # and p are the key to the diode operation. Under the bias
and in nonequilibrium, # and p are specified in the usual manner by replacing E,
by Ep, and Ep, respectively:

n(x) = Nce_[EC(x)_EP”]/kBT, px) = Nve_[EFp_EV(x)]/kBT (17.11)

Therefore, the law of mass action is broken in W, and the charge is injected into
or extracted out of W under the forward or reverse bias, that is,

n(x)p(x) — NCNVe—[Ec(x)—EFn(x)]/kBTe—[EFp(x)—Ev(x)]/kgT — niZqu/kBT (1712)

where Eqs. (17.8) and (15.12) have been used. Also at x = —%,, Ep, lies above or
below E by gV depending on the polarity of V' (see Figure 17.3).

Therefore, as shown in Figure 17.3, n at —x,, is greater or less than its equilibrium
value 7,,, by the amount

n,(—x,) = Nce_(EC_EF_qV)/kBT = npoeqv/kBT (17.13a)
Similarly, p,, at x,, is increased or decreased according to

Pulx,) = Nye™ EBvmaIGT = p V16T (17.13b)
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Figure 17.3 The junction band bending under forward (a) and reverse (b) biases and in
equilibrium (c). Two quasi-Fermi levels £;, and EFp split in the depletion depth and merge
in the quasi-neutral regions on both sides of the junction.

The resulting spatial profiles of # and p are shown in Figure 17.4.

The bias-controlled injection or extraction of the minority carriers constitutes
the driving force of the diode operation. Once the junction is pushed away from
the equilibrium, and the charge is injected or extracted, there ensues the reactive
process for bringing the junction back into equilibrium. These reactive processes
are responsible for inducing the diode current.
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17.3
Ideal Diode |-V Behavior

In equilibrium, the diffusion flux of electrons from n to p regions is balanced
by the drift flux from p to n regions. For diffusion, the electrons have to overcome
the potential barrier g¢,,; (Figure 17.1). For drift, the electrons simply roll down
the potential hill in the opposite direction propelled by the built-in space charge
field. Under the forward bias V., however, the potential barrier is lowered, and the
electric field in the junction is decreased. Hence, the diffusion is enhanced, while
the drift is reduced. Similarly, the diffusion of the holes becomes greater than the
drift. Consequently, the detailed balancing between the drift and the diffusion is
broken.

We next describe the diode current by using the theory of Shockley. In his
model, Shockley introduced a few nonessential simplifications: (i) the completely
depleted approximation for describing the space charge; (ii) the low-level injec-
tion of minority carriers, that is, np(—xp) < n,, and p,(x,) < Ppos and finally
(iii) the nondegenerate majority carrier concentrations p,, and 7,,. In the I-V
analysis, the junction diode is divided into three regions, as shown in Figure 17.3:
(i) the depletion W, (ii) the quasi-neutral near x, and =X, and (iii) the n and p
bulk regions.

The Forward Current

As noted, under a forward bias, the diffusion fluxes of electrons and holes become
dominant, and excess electrons and holes spill in from n and p regions into the
depletion and quasi-neutral regions (Figure 17.4). The change in time of the excess
hole concentration p,, injected into the quasi-neutral region on the n side is then
governed by

o TP, = <pnu,,E -D @> (17.14)

dt T, P dx

where the recombination term has been added to the usual well-known continuity
equation.

In the steady state, p,, is time invariant, that is, dp, /0t = 0, and the electric field,
E in the quasi-neutral region is negligible. Hence, the rate equation reduces to the
diffusion equation:

&py b= Puo
dx? LI%

=0, L,=(D,7,)"? (17.15)

where L, thus defined is the hole diffusion length. Obviously, the solution is given
by exp +x/L,, but in the region under consideration in which x > x,, the positive
branch diverges for large x and should be discarded. Also, the boundary conditions
are

pn(xn) =pnOqu/kBT! pn(x - 00) =Pno
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The first condition accounts for the injection of holes at x,, under bias Eq. (17.13b),
while the second condition represents the equilibrium hole concentration in the
bulk n region. When the boundary conditions are incorporated, the solution reads
as

Pu(x) = polV /5T — 1)e==/ly 4 p o (17.16a)

Likewise, the excess electron concentration in the quasi-neutral region on the p
side is given by

n,®) = ny(e"/*sT — e 0 L, = (D,x,)"? (17.16b)

with L, denoting the electron diffusion length.
The diffusion current is therefore obtained by differentiating p,(x) and np(x)
with respect to x:

dx L

d, qD,p
J,(%) = gD, <— p”) = TP VT _ (e em /L, s x, (17.17a)
14

dn D,n
dp) = v i _ ety <~y (17.17D)
X

L}’l
The total diffusion current, called the forward current, is contributed by the sum
of J, and ]p evaluated at x, and =X, respectively:

J,(x) = —qD, <—

I=1,(-x,)+1,(x,) = I(e"""" — 1) (17.18a)
where the saturation current
qD,n,,  qD,p D D
L= —2 4+ 224, =g | =+ —2 )4, (17.18b)
L, L, LN,  L,N,

is given in terms of the doping level, diffusion length, and the diode cross-section
Aj, and use has been made of the identities 1,y = n7 /N, andp,, = n?/Np,. Clearly,
the forward current increases exponentially with V. Also, electrons and holes dif-
fuse in opposite directions, but because of the opposite polarity of the charge, the
electron and hole currents add up and flow from p to n regions.

A few comments are due at this point. The two diffusion currents J,(x) and I, (%)
depend sensitively on x. However, the drift currents contributed by the major-
ity carriers also vary in such a manner that the total current is constant every-
where at a level given by Eq. (17.18), as illustrated in Figure 17.5. If the current is
not constant throughout the entire current path, it is not possible to maintain a
steady-state current. Also, due to large majority carrier concentrations, the volt-
age required to induce the respective drift currents takes up a minute fraction of
the total junction voltage applied.

The Reverse Current I,

Under areverse bias, V} p, and ,, are depleted in respective quasi-neutral regions,
as shown in Figure 17.4. In this case, electrons diffuse from p to n regions, while
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profiles in the quasi-neutral regions (a) under regions (c) under a reverse bias. The accom-
a forward bias. The accompanying minority ~ panying minority carrier diffusion currents
carrier diffusion and majority carrier drift cur- and the total current (b) and accompanying
rents and the total current (b). The extracted diffusion current and the total current (d).

holes diffuse from n to p regions. Once diffused into the depletion region W, the
electrons and holes are swept across W driven by the strong electric field inherent
in the junction and further reinforced by Vj. The resulting reverse current is nat-
urally built into the /- V expression (17.18). For V > 0, I exponentially increases
with V, while V' < 01 flows in the reverse direction and saturates at the level /; at
small Vy, typically a few thermal voltages k;T/q.

Diffusion Length

The average distance an excess hole, for example, diffuses in the quasi-neutral
region on the n side can be found by

[Se]

dxp,,(x)(x — x,,)

/ " dxp,,(x)

n

xn

<x—x, >=

=L, p,x) xe /b (17.19)

Therefore, it is clear from Eq. (17.19) that the diffusion length L, represents the
average distance an excess minority carrier diffuses before recombination. Hence,
electrons and holes within L, and L,, respectively, can be taken to diffuse into W
and contribute to the reverse current.
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174
Nonideal I-V Behavior

Generation and Recombination Currents

The nonideal 7—V model takes into account the recombination (r) and the gen-
eration (g) processes occurring in the depletion region W. The r and g rates are
primarily attributed to the trap-assisted r and g processes, and therefore the gen-
eration and recombination currents /; and I, can be specified by using the recom-
bination rate U derived in Eq. (16.30):

) (VBT — 1)

_ — 2,9V /kgT
== , =n’e 17.20
Tn+p+2n;,cosh(E, — E)/kyT "= ( )

For V' > 0, U attains the maximum level when (i) the trap level lies at the midgap,
E, = E; so that the third term in the denominator is minimized and (ii) # = p, in
which case n = p = n; exp(qV /2kzT) and n + p attains the minimum value under
the constraint given in (17.11).
Hence, the maximum recombination rate U, reads as
1me?’/fT —1)

N —— ~ —p. qV [2ksT
RY 5@Vt 1 1) 20 1° (17.21)

and I can be estimated by multiplying U with the recombination volume
q
Iy~ qU WA, ~ 2—Tnieqv/2kBTWAl (17.22)

where Asis the cross-sectional area of the diode. Likewise, for V < 0, n, p < n,,
exp(qV /kgT) =~ 0, so that the maximum generation rate is given from Eq. (17.20)
by n,/27, and I; is therefore given by

n

Ig = qUgWA; Ug = ﬂ (17.23)

Thus, the total nonideal current is obtained by adding I and I to the ideal diode
current:

I = [ideal + ]R’ V>0 (17 24)
Ly +1g: V<0

1

—» | ¢—— Figure 17.6 The cyclic trap-assisted recom-
/ / bination (a) and generation (b) of the
- _— = — - electron-hole pairs in the depletion depth,
I closing the recombination and generation
o J— current loops.
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(b)

(a)



17.4  Nonideal |-V Behavior

The physical mechanism responsible for I is illustrated in Figure 17.6. Under V/,
the excess electrons and holes are constantly injected into W and are recombined
in two steps, the electron capture followed by the hole capture, completing thereby
the I, loop. When the process is repeated in cyclic manner, I flows in the forward
direction. Likewise, under V}, the electron—hole pairs are generated by alternat-
ing emissions of holes and electrons in succession. The electrons and holes thus
generated are swept out of W by the space charge field therein and contribute to
I flowing in the reverse direction. The nonideal I-V expression in Eq. (17.24) can
be compacted as

qvV D D, qan;
1= [exp <kaT> - 1] , Iy~ Agn? (L ]:’[A + L—ND> +A,2—T’W (17.25)
n P

In this expression, /; naturally adds to I raising thereby the effective saturation
current level. On the other hand, I is embedded into the forward current via
the ideality factor m, which ranges from 1 to 2. The ideality factor is used as
the fitting parameter, and I is contributed by both diffusion and recombination
currents.

Junction Breakdown

Finally, the reverse current grows explosively beyond Vi, called the breakdown
voltage. The breakdown is caused by the avalanche multiplication of electrons and
holes in W, as illustrated in Figure 17.7. The e—h pairs when generated via the
band-to-band or trap-assisted excitations are subjected to the strong electric field
in the reverse-biased junction region. In this case, the electrons and holes therein
can gain in between collisions kinetic energies sufficient to trigger the impact ion-
ization of the host atoms. The ionization process occurring in cascade gives rise
to explosive growth of electron—hole pairs, which are swept out of W, triggering
the avalanche breakdown current.

The tunneling is also responsible for the breakdown. For the electrons in the
valence band, the energy gap provides the potential barrier, which under a reverse
bias typically assumes a triangular shape with height E, and the width narrowed
by strong electric field as shown in Figure 17.7. In this case, the electrons in

(a) \ (b) ~—

Figure 17.7 The diode breakdown: the avalanche multiplication of the e-h pairs resulting
from the ionization occurring in cascade (a) and the Zener breakdown resulting from the
F-N tunneling of the electrons from the valence band to the conduction band (b).
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the valence band in the p region can tunnel into the conduction band in the »
region and contribute to I, via the FN tunneling, whose probability is given from
Eq. (5.26) by

1/2
4(27’1—”) 3/ 21 (17.26)

T x exp — l SqEh J

where V —E in Eq. (5.26) has been replaced by E. It is therefore clear that
T increases exponentially with the electric field E or the reverse bias V}, and
induces the explosive growth of I. The resulting junction breakdown is known
as the Zener breakdown.

Problems

17.1 Consider the p* —n step junctions in silicon in which N, = 2 x 10'® cm™
and N, varies from 1 X 10'° to 2 x 10" cm™3.

(a) Find the junction parameters x,, Xy E
Np,.

(b) At which reverse biases will these p—n junctions undergo breakdown
if the maximum field for breakdown is 3 X 10° Vcm™'?

17.2  (a) Is it possible to achieve the junction band bending by the amount
greater than the junction bandgap?

(b) Estimate N, and N, at which qg,; ~ E in silicon with the bandgap
1.12 eV and germanium with the bandgap 0.66 eV.

17.3 'The space charge p was modeled by Eq. (17.1) in completely depleted
approximation. Check the validity of this approximation by estimating
the width Ax in which 7 and p are not vanishingly small near x, and —x,,,
respectively, and by comparing Ax with typical x, and —x, values.

17.4  (a) Obtain p,(x) Eq. (17.16a) by solving the diffusion equation (17.15)
with the use of the boundary condition under forward bias given in
the text.

(b) The maximum recombination rate U in Eq. (17.20) was obtained
by minimizing #n+p in the denominator. Show that it attains
the minimum value if #» =p under the forward bias in which
np = n? explqV [kgT].

17.5 'The quasi-Fermi levels Ej, and Ey, in W under forward and reverse biases
are taken flat in quasi-equilibrium approximation. Check the accuracy of
this approximation by (i) taking N, = 10'®cm™3, N, = 5 x 107 cm~ and
estimating the electron and hole fluxes under forward and reverse biases
and (i) equating these fluxes to the gradient of E,, and Ep, (Eq. (16.19)).

17.6 In which semiconductor is the Zener breakdown more likely to occur
among silicon, germanium. Estimate the reverse biases at which the
breakdown occurs in these semiconductors. The bandgap of Si, and Ge, is
1.12, 0.66 eV, respectively.

ma W, and @, as a function of
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18
P-N Junction Diode: Applications

The p—n junction diode has been utilized extensively as the platform on which to
devise novel semiconductor devices such as photodiode, solar cell, light-emitting
diode (LED), and laser diode (LD). This chapter is focused on discussing these
devices. The diode applications are mostly based on its interaction with light,
and therefore the light absorption and emission in semiconductors are considered
first.

18.1
Optical Absorption

Figure 18.1 shows the conduction and valence bands in a direct bandgap semicon-
ductor. Also shown in the figure are the dispersion curves of electrons and holes
in the conduction and valence bands, respectively. In the direct bandgap material,
the minimum and maximum points in the two dispersion curves coincide in the
k-space. Also, the electrons and holes behave as free particles near the band edges
as discussed, and the dispersion relations are thus given by
E= ﬁ hk=p, j=n p (18.1)
2m;

where m; is the effective mass of the electron or hole.
Absorption Coefficient

Let us consider the band-to-band excitation of an electron by absorbing a pho-
ton, as shown in Figure 18.1. The interaction Hamiltonian involving the extended
Bloch wavefunction of the electron and the propagating EM wave is given from
Eq. (13.1) by

A E, , .
~ (wt—k 1) —i(wt—k -r)q. A~ _ A~
H = —[47[61 Ol=KopeD) | iR x 1, i= q(ef . Z) (182)
where Ef is the polarization vector, &, the optical wave vector, and E,, the ampli-
tude of the light oscillating with angular frequency @ . Also r is the displacement
of the electron from the nucleus and i the atom dipole moment. The transition

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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E

(kY _x

Figure 18.1 The electron and hole dis- absorption of a photon. The electron moving
persion curves in conduction and valence from ¢ to a to capture a hole and gain the

bands, respectively, in a direct bandgap kinetic energy is equivalent to a hole moving
semiconductor. Also shown is the band- from a to ¢ gaining the same kinetic energy.

to-band excitation of an e-h pair via the

rate of an electron from the valence to conduction bands is given by Fermi’s golden
rule (Eq. (9.54)) as

2 W2E2
W,e= S P6(E, — E, = ho);  |[H'P = == (18.32)
where the atom dipole is now specified via the Bloch wavefunction as
i=q / dru: (Nu,(r)(@, - rye” &AL (18.3b)

In Eq. (18.3b), u,.(r) and u,(r) are the modulation functions in conduction and
valence bands, respectively, and k, and k, the corresponding crystal wave vectors
(see Eq. (6.3)).

As the Bloch wavefunction is extended over the entire crystal volume, the inte-
gration (Eq. (18.3b)) should be performed over the same extended volume. In
this case, the variation of the phase factor in the integrand renders the transition
matrix vanishingly small unless the phase-matching condition prevails, that is,

k—k+tk  ~k -k =0 (18.3¢)

In the optical wavelength regime, k ~ 27/~ 10° cm™! at A =500 nm, for
example, while k, ~ k, ~ 27 /d ~ 10® cm™ for the lattice spacing d ~ 0.5 nm.
Hence, k,, can be neglected, and we may put kK, = k, = k. It thus follows from
Eq. (18.3¢) that the optical transitions should occur vertically in the k space
(Figure 18.1). In this case, the integral of the transition matrix (Eq. (18.3b))
reduces to the expression of dipole moment with respect to u (r), u,(r). Also, the
difference in energy between the initial and final states consists of the energy gap
E and the kinetic energies of electrons and holes in the conduction and valence
bands, #>k>/2m,, and h*k* /2m,,, respectively. We can therefore write

(18.3d)



18.2 Photodiode

With the transition rate W, explicitly specified, the number of transitions N per
volume V is obtained by multiplying W, by the density of states g(k) (Eq. (4.14b))
and carrying out the integration over k:

2E2
2 KRV k> _ K
N=m—] / 8 <2Meﬂ +E; hco) gydk,  g(k) = — (18.4)

An assumption implicitly present in Eq. (18.4) is that the quantum states of
electrons in the valence band are all occupied, while empty in conduction band.
The condition holds true for 7' = 0 and is also a good approximation unless 7" is
extremely high. We can carry out the integration by introducing a new variable &:

N _ 12 76, & _ n*k*
LN / BEE + ho - Eg)de; &= 5-C

+E; — ho

3/2
ke

\/57:714

Therefore, the attenuation coefficient a(w) of the light intensity is obtained by
dividing the optical power absorbed per unit volume @ X (N /V) by the incident
power crossing the unit area, that is, the Pointing vector ceEj:

= G(ho - E;)'?, G= (18.5)

3/2
o)

\/57‘[71306

where ¢ and ¢ are the velocity of light and permittivity of the medium, respec-
tively. It is thus clear from Eq. (18.6) that for the absorption to occur, the photon
energy should be larger than the bandgap. Moreover, a(®) increases with increas-
ing photon energy as more electron states « k? are available in the absorption
process.

a(w) = A*(ho — Eg)'/?, A* = (18.6)

18.2
Photodiode

The photodiode is the p—n junction diode used for detecting the optical signal and
operates in the reverse bias mode. Thus, consider a p—n junction, reverse biased
and irradiated by light, as sketched in Figure 18.2. The e—h pair when generated in
W is separated immediately from each other, electrons rolling down the potential
hill in the conduction band to the n region, while holes rolling up the hill in the
valence band to the p region. An electron in the valence band moving down to
capture the hole while gaining the kinetic energy is equivalent to the hole moving
up the same trajectory, gaining the same kinetic energy as shown in Figure 18.2.

Photocurrent

The photocurrent is due to the generation and subsequent separation of e—h pairs
via the drift in opposite directions. The generation rate of the e—h pairs at the
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hv>Eg,

Figure 18.2 The cross-sectional view of the photodiode (a), the photocurrent versus V,
(b), and reverse-biased energy band diagram (c). Electron rolling down the potential hill is
equivalent to hole rolling up the same trajectory, gaining the identical kinetic energy.

depth y from the surface is given by

M] (18.7)

= —®y. =

g0 =ge™; g =a [ "
where «a is the absorption coefficient (see Eq. (18.6)), R the reflection coefficient,
and /,/hv the photon flux given in terms of the light intensity I,. The photocur-
rent [, is then obtained by integrating g(y) over the illuminated volume within the

depletion depth W

T
Ip,dr = _qWW,/O d)’g()’)

(1 - e‘“T/)

aT;

=—qAWg,, & =8 l
j

] . Ay =wT, (18.8)
where T), w, and A, are the thickness, width, and the cross-sectional area of the
diode.

The light is also absorbed in the two quasi-neutral regions, and the e—h pairs
generated therein also contribute to [,. Thus, for example, consider the e—h pair
generated in the quasi-neutral region on the n side. The electrons drift to the n
region driven by the junction field, while the holes diffuse into W. This is because
the holes are depleted in W under the reverse bias (see Figure 17.5). Upon reaching
the junction edge x,, holes roll up the junction potential and are swept out of W
to the p region, propelled by the electric field in the junction. The resulting /, is
obtained by solving the diffusion equation in the quasi-neutral region, given by

" pn_pn0+§_0

-
L D,

=0 (18.9)

In Eq. (18.9), the photo-generation term has been added to the usual diffusion
equation (17.15). The boundary conditions involved are (i) p,,(x = x,,) = 0 under
the reverse bias and (ii) p,(x — ) = p,, + g7, with gz, denoting the photo-
generated hole concentration in the n bulk. Thus, the solution reads as

Pa®) = 00 + Gz, )1 — e /b (18.10)



18.3  Solar Cell

The resulting photocurrent is therefore given by

_ op,(x = x,)
Ip,dﬂ = —qADpT
Puo + &7 -
= —gAD,———L ~ —qAgL,. D7, =1} (18.11a)
14

The first term on the right hand is the reverse current of the diode (Eq. (17.17)),
representing in this case the background noise and has been discarded, as it is
much less than the photocurrent. Likewise, the photocurrent due to the electron
diffusion in the quasi-neutral region on the p side is obtained as

n

n
In,diff = _qA < pLO +§0Ln> ~ _qAEOLm DnTn = L}21 (1811b)

n

Note in Eq. (18.11) that those electrons and holes generated within the respec-
tive diffusion lengths from the junction edges reach on the average the depletion
region and are swept across W to contribute to the photocurrent. This is consis-
tent with the definition of the diffusion length, as discussed. The total /, therefore
consists of the three components (Egs. (18.8), (18.11a), and (18.11b)):

Iy =~I, I, = gAZ(W + L, +L,) (18.12)

and flows in the reverse direction from n to p regions. The I — V, curves are
shown in Figure 18.2. Naturally, the reverse current of the diode constitutes the
background noise, and the output photocurrent increases linearly with the input
light intensity, as it should. Also the photocurrent is flat and insensitive to the
reverse voltage V. This is because the electrons and holes are swept across W by
the built-in electric field regardless of V.

18.3
Solar Cell

Photovoltaic Effect

The solar cell is based on the photovoltaic effect. The effect refers to the physi-
cal processes whereby an incident light generates a voltage across a certain por-
tion of the illuminated region of the medium. The p—n junction is a prototypical
example exhibiting such effect and carries a most important application, namely,
the solar cell.

The solar cell operation is essentially the same as that of the photo-detector, but
the bias regime used is different. The photovoltaic effect is again triggered by inci-
dent photons, generating e—h pairs in W. The electrons and holes thus generated
are separated by the space charge field in the junction. That is, electrons roll down
the junction potential hill to the n region, while the holes roll up the hill to the
p region. Consequently, the photocurrent flows from n to p regions just as in the
photo-detector (Figure 18.3). Simultaneously, the excess electrons and holes pile
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Figure 18.3 The cross-sectional view of the junction solar cell and equivalent circuit (a).
The energy band diagram under illumination (b). The photo-generated e-h pairs are sepa-
rated and contribute to /; while setting up the forward voltage to induce /..

up in the n and p regions, respectively, setting up the forward voltage V and driv-
ing the forward current I from p to n regions. The total current is therefore given

by
I=1—1, I =Iye?"/%T —1) (18.13)

where I is taken ideal for simplicity of discussion, and ; is given by Eq. (18.8) as
the physical mechanisms for producing /; in W are the same in both devices. The
open circuit photo-voltage V,_ and short circuit current /, are found by putting
I =0and V = 0, respectively, and are given by
kT < I, > kgT = I,
V=2 In(L+1)~r2md, 1,=-j (18.14)
q I q Is
where I is in general much greater than I, and I, and V,_ are also indicated in
Figure 18.4.
When a load resistor is connected to the junction as shown in Figure 18.3, the
load voltage V; is set up by the space charge resulting from excess electrons and

A

40 l / 4
0 1 > ]
| |
| |
< Maximum! . '
£ —40 s:",\';l:ml Maximum |
= rectangle | power !
: rectangle |
-80 | :
|
— |
|
-120 ' >
-0. 0 04 08 12 Vi Ve v
(a) (V) (b)

Figure 18.4 The solar cell /-V in the fourth quadrant (a) and /, versus V with the direction
of |, taken positive (b). Also shown are the short circuit current /, and open circuit voltage
vV

oc*



18.3  Solar Cell

holes drifting to n and p regions, respectively. Additionally, the photocurrent /;
flowing against the forward voltage V in the direction from n to p drives the load
current /; across the load resistor. Therefore, IV < 0, and the power is extracted.
In this manner, the solar cell plays the role of a battery supplying the load current
with the voltage charged by the solar radiation. As a consequence, the solar energy
is converted into the electrical power.

Clearly, two key processes are involved in the operation of the solar cell: (i) the
light absorption and generation of e—h pairs and (ii) the subsequent separation of
electrons and holes via the junction band bending. Specifically, electrons roll down
the conduction band in W to the n region, while holes roll up the valence band
to the p region. The electrons and holes thus separated are recombined through
the external circuit to complete the current loop. As shown in Figure 18.4, the
I-V curve is located in the fourth quadrant and represents the power extraction
I XV < 0. The curve is often plotted by taking J; positive in which case it intersects
with the voltage and current axes at V. and I;, respectively. The shaded region
represents the maximum power rectangle.

We next consider the equivalent circuit as also shown in Figure 18.3. In the
figure, Rg and R; are the series and load resistances, respectively. In the presence
of Ry, V; is smaller than the junction voltage V as provided by V,, but R is small
so that we can put

c?

V, =V LR~V (18.15)
Also I; is specified from Egs. (18.13) and (18.15) as

I = I, — [(e7"t /5T — 1) (18.16)
where the direction of I is taken positive. Hence, the power extracted reads as

P=V,I, = VI, - L(e"/5T - 1)] (18.17)

We can then find the load voltage V,,, at which the extracted power attains the
maximum value by imposing the condition, dP/0V, = 0, obtaining

AVl — L+ A/T) (18.18)
1+qV,,,/ksT)
We can also express V;,, in terms of V, by using Eq. (18.14) in Eq. (18.18) as
kgT V
VLm = Voc - = In |1+ o (18.19)
q (ksT/q)
Once V,,, is found, I;,, is obtained by combining Eqs. (18.16) and (18.18) as
kgT
I, =1, — Ie?m/sT — 1)~ ) <1 - ﬁ/—/q> (18.20)
Lm

where use has been made of [, /I >> V;, /(kyT /q) >> 1.Clearly, I;,, is commen-
surate with I, which suggests that the cell efficiency depends primarily on the
efficient absorption of the solar radiation, as expected.
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It is therefore clear that the primary factor for the high-efficiency solar cell is
its capability to efficiently absorb the radiation. Ideally, the cell should absorb the
entire spectrum of the solar radiation. However, this requires a small bandgap, so
that a larger fraction of the solar spectrum is absorbed, as clear from the absorp-
tion coefficient (Eq. (18.6)). On the other hand, a larger bandgap induces larger
V.. and V; via reduced I as clearly follows from Egs. (18.18) and (17.18b). There-
fore, devising a high-efficiency solar cell requires an innovative engineering by
which to attain simultaneously (i) efficient absorption of the solar radiation. (ii)
efficient separation of the photo-generated electrons and holes for generating the
high photocurrent and (iii) a large V/

18.4
LED and LD

The optical fiber communication is endowed with several advantages; (i) the low
signal loss, (ii) the wide bandwidth, and (iii) the small diameter of silica fibers.
The light source suitable for the fiber communication is the LED and LD. These
diode-based light sources are driven by the forward current of the diode and can be
incorporated readily into optoelectronic circuits. Moreover, LEDs are fast becom-
ing the mainstream light source with a long lifetime and low power consumption.
The p—n junction again provides the platform for LEDs and LDs, and these pho-
tonic devices are discussed.

Thus, consider a heavily doped p* —n* junction in a direct bandgap semiconduc-
tor such as GaAs. In this case, the carrier concentrations in n and p bulk regions are
degenerate, and E - at equilibrium penetrates deep into the conduction and valence
bands as shown in Figure 18.5. Under a forward bias, the junction band bending
is reduced, and 7 and p are specified separately by Ep, and Ep,. Also the splitting
of Ey, and Ey, that is, Ef, — Ep, represents the measure of excess electrons and
holes injected into the junction region.

To consider the optical gain or loss at an arbitrary 7, the transition rate of an
electron between (a) and (b) in Figure 18.1 should include the probability fac-
tors associated. This is because the final state should be empty for an electron to
enter into it from the initial state, according to the exclusion principle. Thus, the

Active region

p region n region
R — o
Eg I
v ‘

Figure 18.5 The band diagram of the p*-n* junction in equilibrium (a) and under the for-
ward bias (b). The injected electrons and holes recombine and emit the radiation.

(a) (b)



184 LED and LD

transition rate (Eq. (18.4)) should be modified to account for the net absorption
froma to b as

~E2
2z HEGV h2k? kK2dk
Ny =Ny = - — B 2 +Eg —ho | P(E,, E)—= (18.21a)

Here, N, and N, represent the number of the upward and downward transitions
between two states with the energy E, and E,, respectively. The probability factor

P(E,. Ey) = f(E)(Q — f(E}) — f(E,)A — f,(E)

=/(E,) —f(Ep) (18.21b)
when expressed in terms of the Fermi function
SE) = ! s y=abj=cv (18.21c)

1+ o EEn)/ksT

accounts for the probabilities of upward and downward transitions. Specifically,
the first term represents the probability that an electron occupies the state at E,,
in the valence band and makes the transition to the empty state at E;, in the con-
duction band. Similarly, the second term represents the probability for the inverse
transition. Under a bias, the distribution function departs from ];(Ey), but it is still
a good approximation to use the Fermi distribution function.

Attenuation and Gain

As the probability factor P(E,, E,) does not depend on k, it can be taken out of the
integral in Eq. (18.21a), in which case the integral is identical to Eq. (18.4). Hence,
we can use the result obtained in Eq. (18.6) and write

a(w) = a(w)[f,(E,) — f.(E)] (18.22)

where a(w) is the absorption coefficient valid for 7' = 0. It is therefore clear that
the absorption or emission occurs if

FAE) > f(Ey, or f(E,)<f(E,) (18.23)

When the Fermi function is used in Eq. (18.23) with the identification E, — E, =
hw, the condition for absorption or emission can also be expressed as

hw > Ep, —Ep, or hw<Ey,—Ep, (18.24)
and the gain coeflicient is likewise given by
7(@) = ~3w) = a@)f.(E,) — f,(E,)] (18.25)

The first of two inequalities in Eq. (18.23) or (18.24) states that the probability
of electrons being at 4 in the valence band is greater than that of being at b in the
conduction band. In this case, there should be more upward transitions, causing
the light to be attenuated. By the same token, the light is amplified when more
electrons are in the state at b in the conduction band compared with the number
of electrons at the state a in the valence band. The gain condition in Eq. (18.24)
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can be attained by applying a large forward voltage V- to such an extent that the
splitting of two quasi-Fermi levels E;, — Ep, (= qV;) exceeds the photon energy
hw (see Figure 18.5). More specifically, with V. large enough, the sufficient num-
ber of electrons and holes are injected into W for realizing the optical gain. The
condition for gain is attained with a modest value of V. in the p* — n* junction,
where there is a considerable overlap between the conduction and valence bands
to begin with.

Additionally, a high luminescence efficiency is required for the efficient conver-
sion of the input current to the output light. There are two kinds of recombination
processes, namely, radiative and dissipative. The luminescence efficiency is spec-
ified by the fraction of the radiative recombination

1z, (18.26)

= 1/7,+1/7,,

where 1/7, and 1/7,, are the radiative and non-radiative recombination rates with
7, and 7,, denoting the respective lifetimes. The high efficiency is attained in the
direct bandgap material in which the optical transitions are the first-order process.
In indirect bandgap material, the optical transitions are the second-order process;
hence, the efficiency is low.

Light-Emitting Diode (LED)

LED is a prototype device utilizing the optical conversion of the diode forward
current. LEDs have been fabricated by using various kinds of semiconductors. As
aresult, the emitted radiation spans a wide range of wavelengths from the infrared
to visible. Moreover, LEDs are utilized extensively in fiber communications, dis-
plays, energy saving lamps, and so on. The junction structure for LED is sketched
in Figure 18.6.

Al Ga, ,As GaAsAl,Ga,_ As
I Tt =
- Ohmic contact -
o—p 1o D
V. / ]
] n 77
+0 ‘_"3___/___9 ______ S/
ny—<X 4
n, - '\' - ;7 """ W Active region
p p- nt J_ Cleaved facet
(a) Active region (b) -
Figure 18.6 The cross-sectional view of of LD showing the lasing layer and optical
LED showing electrons and holes injected index profile for confining the laser beam
into the junction region for the radiative within the active medium in Fabry-Perot-

recombination (a). The cross-sectional view type cavity (b).
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Laser Diode (LD)

With further increase in V/, the gain reaches the critical level to turn the diode
into the laser oscillator. Also shown in Figure 18.6 is the cross-sectional view
of the LD. The cavity used is the Fabry—Perot type, which consists of a pair
of parallel, cleaved planes perpendicular to the lasing layer in the junction
region.

Once the gain exceeds the threshold value, the LD operates in strict analogy
with laser devices discussed already. A critical factor in this case is the level of the
pumping current I, at which the onset of threshold condition is realized, that is,
the gain offsets the loss in the cavity a;. With I increased beyond I, the laser
intensity starts to grow in the cavity, and the gain is saturated. The steady-state
operation requires that the saturated gain be equal to the cavity loss. We can thus
write from Eq. (14.35)

y(w)
1+1/Ig

where a is the total loss in the cavity due to the scattering loss, the imperfect

=ap, y(o) < (18.27)

mirror reflectivity, and so on. The condition (18.27) in the absence of the laser
intensity represents the threshold condition for the onset of the optical gain at
the pumping current I, With I increased beyond I, the laser intensity starts to
grow, but the condition (18.27) should still prevail via the saturated gain for the
steady-state operation. Hence, [ is obtained from the condition as
I ) Iy

I=1I <170 - 1) L Iy = L I > Iy (18.28)
Therefore, the operating laser intensity I is determined by the pumping current /.
and the saturated intensity /5 of the lasing medium.

It is thus clear that the lasing process in LD is triggered by the electrical pump-
ing, that is, by injecting electrons and holes into the junction region. Hence, the
pumping mechanism is relatively simple and consists of applying the forward volt-
age to the LD. This in turn points to the fact that the laser intensity can be modu-
lated at high frequencies. A factor essential for lowering a; and I, is an optimal
wave guiding by which to confine efficiently the laser intensity within the active
lasing medium. Otherwise, a substantial fraction of the intensity would tail out
of the lasing medium to be dissipated, increasing thereby a;. For this purpose, a
single or double heterostructures are used for implementing the optimal profile
of the refractive index (Figure 18.6).

In addition, LDs are often fabricated in the superlattice heterostructures with
built-in quantum wells, as shown in Figure 18.7. In this case, electrons and holes
are injected into the respective quantum wells in the junction region and reside
in the subbands therein. An advantage of this kind of the LDs is the reduced
threshold current density. A primary reason for this is that the electron—hole pairs
now recombine while residing in respective subbands, well confined in narrow
spatial region for relatively long time duration. This is in contrast with conven-
tional LDs in which the injected electrons and holes are swept fast out of the

241



242

18 P-N Junction Diode: Applications

E
A
V4 —_|
—+=
= E,
L— GaAs ¢ T
AlGaAs AlGaAs GaAs
n P o Substrate Ey —
L S
x L A
n
»Z

(a) (b)

Figure 18.7 The cross-sectional view of a quantum well LD (a). The band diagram of the
heterostructure consisting of the multiple quantum wells of electrons and holes (b).

junction region, shortening thereby the time for recombination. Clearly, the super-
lattice heterostructures are the typical example of the innovative application of the
bandgap engineering.

Problems

18.1 The steady-state diffusion of minority carriers under illumination is a key
process for the operation of photodiodes and solar cells.
(a) Verify that p,(x) given in Eq. (18.10) is the solution of the diffusion
equation (18.9).
(b) Repeat similar analysis for the diffusion of electrons and find n(x).
18.2 In analyzing the power extraction from the solar cell, the series resistance
R has been neglected. Examine the effect of Ry in the power extraction
either qualitatively or quantitatively.
18.3  (a) What are the key characteristics of the p—n junction that enables the
junction to be used as the solar cell?
(b) Describe two key processes involved in the operation of the solar cell.
(c) The efficiency of the solar cell depends on various parameters. Dis-
cuss the roles of these parameters and suggest the viable means of
enhancing the efficiency of the junction solar cell.
18.4 For fabricating laser diode p and n regions are degenerately doped.
(a) Estimate the donor and acceptor doping levels, for which the conduc-
tion and valence bands are overlapped by an amount 0.2 €V in Si and
GaAS with the bandgaps 1.12 and 1.424 eV, respectively.
(b) Estimate electron and hole fluxes under forward bias in the two junc-
tions considered in (a).
18.5 'The criteria for the attenuation or amplification of light in the LD are given
in Eq. (18.23).



Suggested Readings

(a) Show that the conditions can be recast into the simpler form given in

Eq. (18.24).

(b) Discuss the condition (18.25) in specific comparison with the popu-

lation inversion of laser devices.
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Field-Effect Transistors

The idea of field-effect transistors (FETs) was conceived as early as 1930s and suc-
cessfully implemented in 1960s. The advantages of FET as exemplified by MOS-
FET consist of the simplicity of structure, low-cost processing, and scalability for
use in multifunctional integrated circuits. The well-known theory of MOSFET
is first discussed as the general background for modeling the /- V behavior in
other kinds of FETs, for example, silicon nanowire (N'W), ballistic, and tunneling
FETs. An emphasis is placed on highlighting the underlying quantum mechanical
concepts.

19.1
The Modeling of MOSFET /-V

MOSEET is a three-terminal, normally off, and unipolar device, and its central
role consists of electrical switching for the digital logic functions. The device is
also extensively utilized as the platform for memory, sensor, and green energy
applications and has been downscaled deep into the nanoregime.

1-V Characteristics

Thus, consider NMOS consisting of the n* source and drain on p-type substrate
and the n* polysilicon gate electrode, which is insulated from the substrate via
SiO, (Figure 19.1). The source and drain electrodes form with the p substrate
n"—pand p—n" junctions back to back. Hence, with the gate voltage off (V; = 0)
and the drain voltage on (V, > 0), the p—n* junction at the drain end is reverse
biased, cutting off the current (off state). But with V; on greater than the thresh-
old voltage V7, the junction barrier at the source end is lowered, and electrons are
injected from the source into the channel and contribute to the drain current I,
Also shown in the figure are the transistor I, — V}, and transfer /,,— V; curves.
Each transistor curve consists of triode and saturation regions. In the former, I,
increases linearly or sublinearly with V), and saturates at a nearly constant level in
the latter. The ON to OFF current ratio typically of 10° is a parameter gauging the
device as an electrical switch.
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Figure 19.1 The cross-sectional view of NMOS, consisting of the p substrate, n* source,
drain and gate electrodes (a). The transistor /-V curves (b), and the transfer characteristics
(c).
The MOSFET I-V behavior is well summarized by the SPICE model (level 1):
W 1

Ip = Tcoxﬂn <VG - Vr= EVD) Vo Vb < Vpsar =Ve = Vr (19.1)
Here u,, is the electron mobility, V. the threshold voltage, and the ratio between
the width and length of the channel W/L is called the aspect ratio. The oxide capac-
itance per unit area is given by the permittivity £,y and thickness ¢y of the oxide
as Cox =¢€ox/tox- The I increases with V), until Vg, is reached, and beyond
Vpsar it remains pinned at the level attained at Vg, The I,— V), model (Eq.
(19.1)) can also be expressed as

I =Quvp (19.2a)
- 1 Vb
Q, = WCpy (vGS V- EVD) cvp = (£ (19.2b)
where Q; is the line charge induced via the capacitive coupling between the gate
electrode and substrate, and v/, the drift velocity driven by the longitudinal chan-
nel field Vj,/L. Thus, I, is contributed by Q,, which is constantly injected from
the source into the channel and drifts with v, to the drain to be drained out. The
V. demarcates the channel inversion and the ON state.

19.1.1

Channel Inversion in NMOS

Consider next the n* polysilicon gate electrode, SiO,, and p-type silicon substrate
as shown in Figure 19.2. The affinity factors gy denote the energy required to



19.1 The Modeling of MOSFET |-V | 247
Vacuum ., ¢ .,
level T qy=0.95 eV T
Ec
gy=4.05eV qgr=4.05eV
EF ; i - -l- --
Eg=9eV  —— E,..-1126V
n* poly-Si p-Si
Ey

Si0,

Figure 19.2 The energy bands of the n* poly-Si, SiO,, and p-type Si. The Fermi levels £,
and the affinity factors gy associated are also shown.

excite an electron from E to the vacuum level. When the three elements are
brought together into the equilibrium contact, E; should line up and be flat, as dis-
cussed. Obviously, the requirement necessitates the band bending, which occurs
via the exchange of electrons between the gate electrode and substrate. As E in
the n* gate electrode Ep, is higher than Ep, in the P substrate, electrons are trans-
ferred from the gate electrode to the substrate, leaving behind the positive charge
sheet at the surface. The charge sheet in turn pushes holes in the substrate away
from the interface, exposing thereby acceptor ions uncompensated. Consequently,
the space charge is induced, and the band bends downward (Figure 19.3). The total
band bending is determined by the difference between Fermi levels Ej, — Ep, and
occurs in both the gate oxide and the substrate.
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Figure 19.3 The space charge-induced

equilibrium band bending of the composite
system of the n* poly-Si, SiO,, and p-type Si
in equilibrium contact (a) and the flattening

of the band via the application of the flat

band voltage (b). The detailed version of the
substrate band bending is with ¢(x), ¢, and
@gp denoting the space charge, surface, and
Fermi potentials, respectively (c).
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Surface Charge and Flat Band Voltage

The band bending is flattened out with the application of V; given by qVp; =
Ep, — Ep,, and Vpy is called the flat band voltage. Since Ep, > Ep,, Vi <0, and the
positive charge sheet in the gate electrode is canceled, and the space charge dis-
appears and the band bending flattens out (Figure 19.3). Hence, the charging gate

voltage
Vi = Vg — Vg = Vox + g (19.3)

induces the band bending in the oxide V5 and in the substrate ¢ from the zero
base. For positive V., the band bends down, and the potential supporting the band
bending in the substrate develops in the depletion region W according to the Pois-
son equation:

Pox) _ p)

dx> g

where the space charge p consists of the hole, ionized acceptor, and elec-

tron charges. In the bulk p substrate, the charge neutrality prevails, so that

Ppo =N, +n,. In W, however, # increases while p decreases exponentially as
can be clearly seen from Figure 19.3:

— p(®) =4qlp,(%) =Ny —n,x)] (19.4a)

4

19.4b
kT ( )

Pp(x) - ppoe—ﬁw(x)’ np(x) = npoeﬁq’(x),ﬁ =

Hence, when Eq. (19.4b) is inserted into Eq. (19.4a) with N replaced by Ppo and
there results

d’ex) _ _p&x)
dx? g

Equation (19.4¢) is strongly nonlinear and is difficult to solve. However, it is
possible to carry out the first integration by multiplying both sides by de:

@ 2 do/dx
/dwd—‘”z/ dq’ <d(”) / (E)A(E) = ——/ p(@)dg, E=-22
0 dx? 0 ox

(19.5)

o)

—, p®) = qlp,e? = 1) = n,y(€f? - 1)] (19.4¢)

Because the space field does not penetrate into the bulk substrate E = ¢ =0, at
x = W. By performing the integrations in W, we obtain straightforwardly

ky T n kyTeg "’
0 &
ES = \/__B —F ﬂ(pS’ Z 5 LD = 32 S s ppO = NA (1963)
q D ppO q ppo

where Eg and ¢ are surface field and potential at x = 0, and L, is known as the
Debye length. Also the F-function is obtained by integrating p given in Eq. (19.4¢):

Iipo
ppO
(19.6b)

F(Bops) = [(e77% + P — 1) + e 0 (eP?s — ppg — 1)]'/?, e*Pom =
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where ¢y, is the hole Fermi potential in the p substrate (see Eq. (15.20)). Therefore,
we can find the surface charge from the well-known boundary condition as

kT 1
s = —e5Es(@,) = —e5V2———F(pop,) (19.7)
q Lp

Figure 19.4 shows Qg as a function of @4 together with the profiles of the fixed
ionic and mobile electron charges in each ¢, region. At flat band voltage, there
is no band bending; hence, Q¢ = 0. For ¢4 < 0, the band bends up, and the hole
concentration p,, is exponentially accumulated near the surface above p,,,. The
range of @g from a to b covers the depletion and weak inversion regimes, and Qg
therein consists mainly of the uncompensated acceptor charge. However, with ¢
attaining the value 2¢,, the surface concentration of the electron

ng = n,, expqes); @5 =2¢p, (19.8)

reaches the level of the majority carrier concentration p,, in the substrate (see Eq.
(19.6b)). Therefore, any further increase in g¢ beyond 2¢;, increases n, exponen-
tially above p,,, and the increase in Qg is then primarily contributed by n,, that i,
the channel is inverted. Also, the electrons thus induced near the oxide reside prac-
tically at the surface according to the Boltzmann probability factor, and therefore
the band bending is nearly pinned after the channel inversion.
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Figure 19.4 The surface charge versus the surface potential in the accumulation, deple-
tion, and inversion regions. Also shown are the fixed ionic and mobile electron charge pro-
files in each regime.
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19.1.2
Threshold Voltage and ON Current

The surface charge Qg terminating the gate field lines emanating from the gate
electrode for V; > 0 consists of the mobile electron (Q,) and fixed acceptor ionic

charges (Qppp):
Qs = —CoxVox = Q, + Qpgp (19.9)

where V,y is the fraction of V; dropped in the gate oxide. The key to modeling
I, is therefore to untangle the mobile charge Q, from the fixed charge Qpp. Now
the depletion charge can be approximated by

1
Qpep = —qN,W = —Qe5qN, 09" @5 = %qNA w (19.10)
s
where W has been specified in terms of ¢ in analogy with Eq. (17.5a) for the
step junction in which N, > N,. Hence, upon inserting Eq. (19.3) for V|, and Eq.
(19.10) for Qpp in Eq. (19.9), we obtain

_ (2e5gN)'?

Q= —Cox(Vg = Vg — 05 = 705"»); 71, (19.11)

Cox

The constant y,, is called the body effect coefficient. Thus, Q, beyond the onset
of the strong inversion is obtained from Eq. (19.11) by setting @5 = 2¢p, (see Eq.
(19.8)):

Q,=—Cox(Vg= V)i Vi = Vg + 205, +1,20:)"? (19.12)
In this manner, the channel is inverted, and Q, is induced by the gate overdrive
Vo=V

Next, when the drain voltage V), is turned on, it is distributed in the channel
from the source to the drain. The primary effect of the distributed channel voltage
V is to reduce the effective gate voltage by V at the channel position y and to
decrease Q,, as

Q) =—Cox(Vg =V =Vyp) (19.13)

The ON current can then be obtained in terms of V}, and V; by considering the
differential voltage drop dV in the channel element from y to y + dy, that is,

dy dy dy

dV =1,dR;, dR=p = - ,
b Wt, oWt, Wu,lQ,|

1Q, | = qnt,, (19.14)

where the resistivity p has been expressed in terms of the conductivity ¢ = qu,n
(see Eq. (1.20)), and the channel cross-sectional area is given by the product of W
and the channel thickness £,

Naturally, we can recast Eq. (19.14) into two integrals, involving y and V as

L Vi
/ Idy= | av u,W1Q, (19.15)
0 0
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and integrate both sides by using Eq. (19.13) for Q, and the fact that I, is constant
throughout the channel, obtaining

W 1
Iy = = #,Cox (VGS V- EVD) v, (19.16a)

Equation (19.16a) is in agreement with Eq. (19.1). Moreover, Vg, in Eq. (19.1) is
shown to originate from the channel pinch-off at the drain end, that is, Vg, =
Vi — Vr as clear from Eq. (19.13). The [, increases with Vj, until V — V;, at
which point the channel pinches off at the drain. Any further increase in V, has
therefore to be dropped near the drain to keep I, constant. Consequently, I}, is
pinned approximately at the level given by

W
Ipsar = E/’lnCOX(VGS Vi, Vopsar=Ve=Vr (19.16b)

19.13
Subthreshold Current /g,

The Iy and I are bridged by g in the range 0 < Vg < Vi or 0 < @5 < 29,
In this region, the second term fgg of the F-function Eq. (19.6b) is dominant.
Thus, when F is expanded around fgg, Qg is given from Eq. (19.7) by

1 eﬂ(¢s_2¢Pﬂ) >

q
s = — (19.17
2 Pos b ( )

Qs=Qppp+Q, = _(251NA55(P5)1/2 (1 + T
B

Evidently, the two terms on the right-hand side represent Qpp and Q,, respec-
tively, and Q,, is indeed shown to increase exponentially with ¢g. When V, is
turned on, ¢g near the drain decreases due to the reduced gate bias, that is, V; —
Vp, (see Eq. (19.3)). Consequently, Q, therein becomes much smaller than the Q,
at the source end. Hence, I3 is driven by the diffusion, that is,

Q,(0)—Q,([L)

g5l *WD, 7
12 kyTe 2
zKanNALD< 1 ) s = 2S5 (19.18)
L 2pps q4*Ppo

and increases exponentially with V;, as g increases with V,; (see Eq. (19.3)).

To sum it up, the MOSFET operation is based on inverting the channel via the
capacitive coupling of the gate electrode with the substrate. Above V. electrons
are injected from the source into the channel to sustain Q, and transported to
the drain via drift and diffusion, contributing to I,. With V; off, I is limited
by the reverse-biased p—n* junction at the drain. The I, and I are bridged by
Ig; 5, which increases exponentially with V;. The PMOS operation can likewise
be modeled in strict analogy with NMOS with the roles of electrons replaced by
those of holes.
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19.2
Silicon Nanowire Field-Effect Transistor

The advantage of MOSEFET is its scalability. With the scaling, its performance is
improved and, with it, the functionality of ICs. However, the scaling is limited
by various physical processes such as the V7. roll-down and roll-up, the punch-
through effect, and the leakage current. Most of these adverse effects originate
from the extended bulk substrate. Consequently, a variety of novel FET structures
has been devised to circumvent the bulk substrate, for example, silicon on oxide,
double gate, FInFET, and the gate all around NW FET. The last structure is dis-
cussed in this section, focused on the intrinsic silicon NW (see Figure 19.5).

The n-Channel SNWFET

The band diagrams of the n-type NWFET and NMOS before the contact are
essentially same. The only difference between the two is the p substrate in
NMOS replaced by intrinsic silicon (Figure 19.2). Nevertheless, E, is higher
than Ej;, so that electrons are also transferred from the gate electrode to the NW.
Once transferred into the NW, the electrons reside in the subbands and are not
necessarily concentrated near the oxide interface as in NMOS. This is because
the electron wavefunction is extended over the entire NW cross-section (Figure
4.5).

Subband Spectra

The electrons in NW move freely in the direction of the wire, say in the x-direction,
while confined in the y, z plane as discussed (Figure 4.8). For simplicity of dis-
cussion, let us consider the NW with the rectangular cross-section and infinite
potential depth. The sublevels are then given from Eq. (4.27) by

h2r?
E,= Y En, E=—"— =12, .. (19.19)
j 2 j
J=. z 2mnWj
where W is the width of the rectangle in the y-, z-directions. Figure 19.6 shows
the typical subband spectra of the intrinsic silicon NW, obtained numerically
by using the finite oxide barrier height of 3.1 eV. We can observe a few general

n*poly-Si
- Oxide —

n*poly-Si Intrinsic NW n*poly-Si

—_— Oxide —

n*poly-Si

Figure 19.5 The cross-sectional view of the n-type silicon nanowire FET consisting of the
intrinsic NW and the n* source, drain, and gate electrodes.
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Figure 19.6 The subbands in intrinsic silicon NW surrounded by SiO, for different shapes
and sizes of the cross-sections. (Figure reproduced from Nanowire Field Effect Transistors;
Principles and Applications, Springer 2013.)

features of the spectra. Given the same area, an appreciable difference exists
between the rectangular and square cross-sections, but the square and circular
cross-sections share the similar spectrum. More important, a noticeable differ-
ence exits between the small- and large-area cross-sections. The subbands in the
latter are more densely distributed at the levels lower than those in the former.
These features are entirely consistent with Eq. (19.19).

Surface Charge

To obtain the surface charge of electron Q,, it is necessary to find first the 1D
density of electrons n,p,, which is given by

N Ec+AE. ( /2mn/7rh)
mp(@) = de gip(e)E, (), gple) = ——2——  (19.20a)
n=1Y Ec+E, el

Here, g, is the 1D density of states Eq. (4.17), N the total number of subbands
in the wire, and AE- the conduction band width. The Fermi occupation factor of
electrons in the nth sublevel with eigenenergy E, reads as

1
1+ expl(E — Eg — q@)/kT1

F,(E) = E=¢+E.+E, (19.20b)

where ¢ ranges from E + E,, to E- + AE, and the difference E — E; is reduced
by the bulk band bending g¢.
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Once n, () is found, the surface charge is obtained in analogy with Eq. (19.7)
by

1/2
Q,.(p) = —£5E(9); E((p)=\/§<§> [N(g)]'/? (19.21a)
S

where N(g) is given by

”1D(§0)

" (19.21b)

®
N(p) = / [nsD((P) - I’ZBD(O)]d(p, 713D((P) =
0

with A denoting the cross-sectional area of NW. In NMOS, the surface field Eg
was obtained by integrating the space charge density that is induced by the band
bending Eq. (19.4). Likewise, in NWFET, Eg can be found by integrating the 3D
space charge density gnyn (@) induced by gg. Thus, by combining Egs. (19.20) and
(19.21), Q,, (@) can be specified as a function of g¢ and the properties of NW, for
example, the shape and size of the cross-section.

Channel Inversion

The channel inversion can be analyzed as in NMOS by using Q,,. Thus, introduce
the charging gate voltage in analogy with Eqs. (19.3) and (19.9) as

1Q, (@)l
Ve=Ve—V=Vox+e, Vox=

(19.22)
COX

where the flat band voltage Vi is given by ¢V = Ej; — Ep,. In the intrinsic NW,
there is no ionic charge; hence, Qg consists solely of Q,,, so that Q,, is simply spec-
ified by V; by combining Eqs. (19.21) and (19.22).

Figure 19.7 shows Q,, versus V curves for various NW cross-sections. Also
shown is a typical Q, - V{; curve of an NMOS, for comparison. Clearly, the Q,— V
curves in the intrinsic NW do not exhibit the distinct transition region as appears
in NMOS demarcating the channel inversion. Rather, Q, in NW exponentially
increases for small V. In this region, nsy, is still low, so that it requires large g¢
for inducing enough electrons to terminate the gate field lines as in the case of the
subthreshold region of NMOS. However, when V; exceeds a certain value, 7,
has attained such a level that the gate field lines resulting from the increasing V
can be terminated by electrons that are induced by small changes in g¢. In this
V regime, g is approximately pinned while supplying sufficient excess electrons
to terminate the gate field lines. Therefore, Q, increases in rough proportion with
V¢ just as in the case of NMOS above V. We can thus define V as the value of
Vi, at which a specified level of I, flows for given V), a procedure often used in
the I-V characterization. We can thus notice that higher Q, with smaller V. is
induced in NW with larger cross-sectional area, as expected.
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Figure 19.7 The surface charge density of
electrons versus V. in silicon NW with rect-
angular (3nm x 12 nm) and square (3nm x
3 nm, 12nm X 12 nm) cross-sections.

surface charge in NMOS with the substrate
doping of N, =107 cm~3. (Figure repro-
duced from Nanowire Field Effect Transistors;
Principles and Applications, Springer 2013.)

Also plotted for comparison is the electron

Long Channel -V Behavior

The surface charge Q, can therefore be expressed in strict analogy with Eq. (19.13)
as

Q,0) = —CywlVg— Vg, — V] (19.23a)

where V' is the channel voltage at the channel position y, and Cy, the effective
capacitance per unit area. Since Eq. (19.23) is identical to Eq. (19.13), we can use
directly the /- V expression derived in Eq. (19.16) for the long channel NWFET.
However, there are a few differences existing between the two I}, expressions. For
instance, Q,, and V. in NWFET depend on the shape and size of the cross-section,
while in NMOS, the two parameters are determined by the doping level and the
substrate bandgap. Moreover, for a cylindrical NW, the gate field lines are uni-
formly distributed on the oxide surface, and the capacitance per unit area is well
known from the basic electromagnetic theory and is given by

€ox

_ _ tox/T
r In(1+ ¢ /1) 4

Cox7s = —
ox/ In(1 + toy/7)

&
Crhw = Cox = tix (19.23b)

ox

where £,y and ¢,y are the permittivity and thickness of the gate oxide, respectively,
and r the radius of NW. As y > 1 for all values of t,y/r, Cyy, is greater than Cpy
in NMOS, which indicates the tighter capacitive coupling between the NW and
the gate electrode. Moreover, V- in NWFET is generally less than that of NMOS,
further supporting the efficient coupling (Figure 19.7).
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19.2.1
Short-Channel |-V Behavior in NWFET

The downscaling of FETs has pushed the channel length L into the mesoscopic
regime. In such a short channel, the mean free path of charge carriers cannot be
taken much shorter than L, and the ballistic transport has to be taken into account.
Figure 19.8 shows the typical band profile of the channel under V),. Naturally, the
maximum point of the profile occurs near the source end, the height of which is
determined by the band bending in the n* —i source junction and is controlled by
Vg and Vi,

By way of introducing a convenient background for discussing the /- V' behavior
in short-channel NWFETs, we first consider I, as derived from the one-flux
scattering theory by Lundstrom:

Ipsar = QursVesrs Quis = Caw Waw (Ve — Vi) (19.242)

Here, Q,;¢ is the line charge induced at the source end at which V' = 0, and the
expression is similar to that of MOSFET I, Eq. (19.2). However, the effective veloc-
ity v with which electrons are transported down the channel is given by

V=V . N, N= L7 v, >y (19.24b)
off = Vi M- M= 1+r,) inj = VT .

where the injection velocity v,,; is approximated by the thermal velocity v, of
the electron, and 5 denotes the modulation factor. The modulation is specified

in terms of the backscattering coefficient r,, which is in turn given by

-
T+
where 4 is the mean free path and [ the critical length over which the electron
gains the kinetic energy equal to the thermal energy k; 7. Naturally, A and / can be
specified as

r (19.25)

q
where E, is the longitudinal electric field induced by V), at the source end and
7, the mean collision time. When subjected to the force —gE, the electron gains

mn”n
qEl=kgT, A=vpr, =vy < > (19.26)

Potential energy
A
Ers

— 4

0 Xmax Xmin X

Figure 19.8 A typical band bending in the n-type FETs under the biases of V; and V.
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kg T while traversing the critical length / by definition. Also 4 is the distance the
electron traverses in the mean collision time 7, moving with the thermal velocity
vy, and finally 7, is related to the small signal mobility by u, = gz,,/m,, (see Eq.
(1.19)).

By combining Eqs. (19.24), (19.25), and (19.26), we can recast the expression of

Ipsar as

1 .
A vr) + A fvp)’
In this representation of Iyg, 1, the drift —diffusion and ballistic transport naturally
fuse in and contribute to I, with the weighing factors dictated by the channel
length L. For instance, in the short channel v, < y,E¢ since E; « 1/L, so that
the ballistic transport is prevalent with v taken as the saturation velocity. On the
other hand, in the long channel, y,E¢ < v, so that the electrons are driven instead
by the usual drift velocity in general agreement with Eq. (19.1).

Ingar = Q vp = H,Eg (19.27)

19.2.2
Ballistic NWFET

We next discuss the ballistic NWFET by using the Landauer formulation. In this
theory, I, is specified via the net flux of electrons from the source to the drain
given by

5:%2/“

E
dE[F(E, Erg) — F(E, Egp)IT(E); E,=E-+ AE. (19.28a)

i JEA+E
Here the two F-functions are the Fermi occupation factors at the source and drain
ends, T; the transport coefficient of electrons in the ith subband with the energy
E,, and E, the upper limit of the integration. When a subband is multiplied by
F, it represents electrons residing therein. Hence, the two terms in the bracket
account for net flux of electrons from the source to the drain in each subband.
Also because the band bending in the channel is generally gradual, we may neglect
the backscattering and put T;(E) ~ 1.

Now the Fermi functions near the source and drain are given in terms of Eg,
E.pas
1

, j=S8 D 19.28b
1+ explE - Eg/kyT1 ( )

F(E. Ey) =

Under V), the two quasi-Fermi levels split as Ep;, — E¢ = —qV/},, as discussed.

Hence, for small V},, we can Taylor expand F(E,E,) and retain only the first expan-

sion term, obtaining

OF(E, Eg)
P

where the derivative of the F-function near E, is well approximated by the delta

function. Thus, by inserting Eq. (19.29) into Eq. (19.28a), we obtain

F(E, Epg) —F(E, Epg—qVp) = Vp & 8(E — Er)qVy, (19.29)

_ 27
Ip = ngiVDS’ G= T (19.30)
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and specify I, in terms of the fundamental quantum conductance G and the sum
of the contributions from all subbands, including the degeneracy g; therein.
We can also treat the general case of arbitrary V, by introducing the variable of
integration n = E/kzT and compact the expression of I, in Eq. (19.28a) as
kg T

I,=G <T> M (19.31a)

where the form factor M reads as

n
~ u 1 1 Erg
M = d - s = — (19.31b

Z —/r/c+’1,' ! [1 +eli—ns) 1+ e(1=nps+aVps/ksT) TEs kgT ( )

where Epg is the Fermi level at the source end and #u, =E;/k;T, n, =
(Ec + AE-)/kyT. To evaluate M, E.—Egs has to be specified as a function
of V. Figure 19.9 shows the band diagram of the n* gate, SiO,, and intrinsic NW
both in equilibrium and under the gate bias. In equilibrium, the band bending
occurs primarily in SiO, by the amount E,, —E; to render E flat. But under V,
the band in the n* —gate electrode is lowered by —qV,; and induces the band
bending in both SiO, and NW. As a result, E-—E; in NW is reduced by the bulk
band bending and is given by

Ec—Epg=Ec—Ef—qo (19.32)

and gg is in turn specified in terms of V via Eq. (19.22). Therefore, modeling
I, in Landauer formulation consists essentially of solving the coupled equations
(19.22), (19.31), and (19.32).
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Figure 19.9 The energy band diagram of denotes the bulk band bending, and a few
the n* poly-gate, SiO,, and intrinsic silicon subbands of electrons above E- and of holes
NW in equilibrium (a) and under a positive below E, are indicated.

V;; applied at the gate electrode (b). The g¢



19.3  Tunneling NWFET as Low-Power Device

In this manner, I, is specified as an implicit function of V; and V),, but the char-
acteristics of I, can be seen on a general ground with the aid of Eq. (19.22) and
Figure 19.7. For small V; or ¢, most of V; has to drop in NW and be taken up
by ¢, so that enough Q,, is induced in the NW to terminate the gate field lines. As
a consequence, E~ — E shrinks rapidly, and I}, increases exponentially with V.
Obviously, this range of V; corresponds to the subthreshold regime of NMOS.
Once @ surpasses a certain value, the excess gate field lines originating from fur-
ther increase in V; can be terminated with a small increase in @. At the same
time, the Fermi function at the drain end decreases with increasing V}, (see Eq.
(19.28b)), decreasing thereby the reverse flux from the drain to the source. In this
case, the /- V behavior should be similar to that of NMOS in the triode region.
With further increase in V}, for given V, the flux of electrons from the drain to
source becomes negligible, and I, becomes free of V},, and the saturation region
sets in.

19.3
Tunneling NWFET as Low-Power Device

The power consumed in the FET operations is a major issue, and the tunneling
can offer a viable means of reducing the power. Two kinds of power consumptions
are involved, namely, charging and discharging during the switching and the -
induced leakage loss and are specified by

Pswitching :fCVéD’ Pleakage = VDDIOFF (1933)

Here C is the parasitic capacitance of the output node at the drain, V},, the power
supply voltage, and f the clock frequency. During the switching from high to low
and vice versa, the charging and discharging consume the same amount of power.
Also with I not fully eliminated, the power loss due to the leakage is always
present during the switching as well as the standby times.

To reduce P, it is therefore desirable to decrease V,,, but it requires the con-
comitant reduction of Vi, in which case the leakage current increases. This is
because the subthreshold V{; regime is narrowed with the V. reduction, and 7,
at V; = 0 tends to be boosted up. Therefore, it is difficult to reduce the two kinds
power consumptions at the same time. A possible way out of this impasse is to
decrease the subthreshold swing SS. The SS is defined as the inverse of the slope
oflog(,,) -V curve and quantifies AV, over which I}, is increased by one decade.
The typical value of the SS in MOSFET at room temperature ranges from 70 to
90 mV per decade.

SS and Thermionic Emission
In conventional FETs, the lowest value of the SS achievable at room temperature

is limited to about 60 mV. The limitation originates from the fact that in con-
ventional FETs, the electrons are thermally injected into the channel from the
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19  Field-Effect Transistors

source electrode by overcoming the potential barrier in the gated source junction
(Figure 19.8). The barrier therein is lowered with the application of V; in which
case the electrons are injected into the channel and contribute to I,:

Iy ~ Ke 1V Val/ksT (19.34)

where V), is the junction built-in potential for V; = 0. The exponential factor in
Eq. (19.34) accounts for the thermionic emission in accordance with the Boltz-
mann probability factor. Thus, by taking the logarithms on both sides of Eq. (19.34)
and performing the differentiation, we obtain

dVg kgT
S = =
d(log I,) qloge

(19.35)

The SS given in Eq. (19.35) represents the lowest limit of 60 mV per decade, since
V has been taken to drop entirely in the gate oxide.

Tunneling NWFET

The tunneling provides a viable means to improve SS as limited by the thermionic
emission. Figure 19.10 shows the band profile of the FET made up of the p*-n-i-
n* NW. In equilibrium, E is flat, and the band bends in each junction dictated
by respective built-in voltages. Thus, the bending in the source junction is more
pronounced because @,,; therein is greater than those of other junctions. Never-
theless, the bending is not yet sufficient enough to line up the valence band in
the source electrode and the conduction band in the n-type NW. This means that
there are no final states the electrons can tunnel into, and therefore the tunneling
is prohibited. Likewise, the tunneling in the drain junction is also prohibited.

When the positive V; is turned on, however, the p*~njunction is reverse-biased,
and the conduction band in the channel in the n-region is further lowered. Con-
sequently, the electrons in the valence band of the source electrode can tunnel
into the conduction band in the channel. The resulting I}, is dictated by the F-N
tunneling probability and is given from Eq. (5.26) by

1/2 3/2
a(2m,)"°E [2aN (@, + V.,
Iy =K exp _(S)TG . Ex M (19.36)
q £s

Uep)n) i )m)

Figure 19.10 The band profile of the p*-n-i-n* tunneling NWFET in equilibrium and under
the bias.



Problems

where m,, is the effective mass of the electron and ¢ the permittivity of the N'W.
The barrier potential in this case is the bandgap E; of the NW/, and the space charge
field E in the p* —n step junction has been specified in terms of V; by combining
Egs. (17.9) and (17.10) for N, > Nj,. Therefore, it is evident from Eq. (19.36) that
the SS can be improved below 60 mV via the gate bias-induced tunneling.

Although the SS can be improved by utilizing the tunneling, I, in the TNWFET
is lower than the typical I, in MOSFET by more than an order of magnitude.
Therefore, it behooves to devise the viable means of improving I,. The clues
for such schemes are clearly contained in Eq. (19.36). Naturally, it is desirable
to increase E in the junction, which can be done by increasing the N}, doping
level, so that ¢, also becomes greater. Then, the valence band of the source
electrode can be readily raised above the conduction band in the channel, making
it possible to operate the TFET with the relatively small V; and to increase
I, efficiently. More important, the use of NW with a small bandgap offers an
attractive approach. In this case, the barrier height AE is reduced, increasing
exponentially /. However, the narrow bandgap could cause the unwanted F-N
tunneling in the drain, giving rise to the high leakage current. Thus, if E; can be
tailored such that E is narrow in the source end and gradually widen toward
the drain end, it could be an ideal means of enhancing I, and overcoming the
high power consumption. The ultimate aim of this brief discussion is to illustrate
the intricate coupling of the process issues and design guidelines offered by the
quantum mechanical insights.

Problems

19.1  (a) Sketch the band diagrams of the p* polysilicon, SiO,, and the n sub-
strate in the equilibrium contact.
(b) Find the flat band voltage of the p™ —n junction when the doping level
of Np, is 10%6, 10'7 cm~3.
19.2 Carry out the modeling of /- V behavior in PMOS in strict analogy with
the NMOS I-V modeling:
(a) Set up the Poisson equation in the n-type substrate and derive the
surface charge Qg of the hole versus the surface potential ¢ for a given

N, doping.

(b) Discuss the accumulation, depletion, weak, and strong inversion
regions of the PMOS.

(c) Derive and discuss the -V behavior, in comparison with that of
NMOS.

19.3 The drain current in NMOS is given in linear region by Eq. (19.1). The drain
current can be formally expressed in terms of the channel voltage V at y
from the source with the replacement V;; — V(y)and L — y

I, = %Coxﬂn (Va=Ve=2v () Vo) (A)
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(a) Find the profile of the channel voltage by finding V(y) from (A) by
taking I, constant and specified as usual in terms of V}, and V;; Eq.

(19.1).

(b) Find the channel field E(y) = -0V (y)/9y.
(c) Using the result of (b), find the transit time of the electron from the

source to drain.

dy

/L dy /L
T, = —_ =
" Jo v Jo mE®)

19.4 Combine Egs. (19.24)—(19.26) and obtain Iy for the short-channel

NWEET given in Eq. (19.27).

19.5 Consider the p*-n-i-n* tunneling NWFET shown in Figure 19.10.
(a) Find the built-in voltages in the three junctions when the donor dop-

ing level in the n region ranges from 10'° to 1017 cm

-3

(b) Estimate V}, at which the electrons can be injected from the p* source
electrode into the channel via the tunneling for the N, doping con-
sidered and the voltage drop across the p*-n, n-i, and i-n* junctions

under the same V.
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20
The Application and Novel Kinds of FETs

Since the concept of the field-effect transistor (FET) was successfully imple-
mented, the FETs have emerged and remained as the mainstream device for
performing the digital logic functions. Additionally, FETs have been extensively
utilized as the platform for a variety of innovative applications. Some of the
prototypical examples are discussed, including the memory and solar cells, and
biosensors. Additionally, an introductory exposition of spintronics is presented
in the general context of the novel kinds of FETs, and the quantum computing is
briefly discussed.

20.1
Nonvolatile Flash EEPROM Cell

The electrically erasable and programmable read-only memory cell, also called
flash EEPROM cell, utilizes the MOS structure itself with the floating gate incor-
porated as the storage site (Figure 20.1). The floating gate electrode lies in between
two dielectric layers, thus forming a quantum well. The programming and erase
are done by charging and discharging the floating gate. There are two kinds of
flash memory cells, namely, NAND and NOR, and the discussion is focused on
the former. The dielectric layer deposited on top of the floating gate consists of
the oxide/nitride/oxide layers, thick enough to electrically isolate the control and
floating gates. Thus, the charging or discharging is carried out through the tunnel
oxide layer in between the floating gate and the channel.

Memory Operation

For the programming or erase, electrons are transported across the tunnel oxide
from the channel to the floating gate or vice versa via the F— N tunneling. The F-N
tunneling is induced in this case by the gate voltage V. applied at the control gate.
The equivalent capacitance of the floating gate is also shown in Figure 20.1. When
V¢ is applied to the control gate while grounding all other terminals, a part of it is
transferred to the floating gate voltage V; according to the well-known relation
in the electrostatics

ConoWVeg = Vig) = (Cgs + Cap + Cop) Vi (20.1)

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.
© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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Figure 20.1 The cross-sectional view of the flash EEPROM cell consisting of the MOSFET
structure with a floating gate inserted in between the control gate and the tunnel oxide.
Also shown is the equivalent capacitance circuit.

Thus, V is transferred in part to V. according to

_ Cono _ Cono (202)
Cas + Css + Cop + Cono Cr

Vi = accVeer  %ce
where a is the coupling coefficient and C; the total capacitance consisting of all
the capacitances connected in parallel. We can likewise introduce other coupling
coefficients by applying the bias at each terminal, while grounding the rest. Thus,
Vg is generally represented by

V.. = \% Qs _ &

e = cgVeg +agVs+agV +apVy + , o = (20.3)
Cr 7 Cp

where j denotes the source, bulk, and the drain terminals, and the last term is the

charging voltage of the excess electrons stored in the floating gate.

The programming is done by opening the channel with a positive V5 and by
injecting electrons from the channel into the floating gate via F—N tunneling (see
Figure 20.2). The triangular potential barrier is formed via V; during the program-
ming as shown in Figure 20.2 and enhances exponentially the tunneling probability
(see Eq. (5.26)). Once injected into the floating gate, electrons reside in the quan-
tum well electrically well isolated. Hence, there is no need to refresh, and the

VG >0 4/@ E,
v
? v Control gate G 7

____________ Er
Vg ONO E

/ c

J_ | FG A | VD >0 CG ( |

= Tunnel oxide ? ____

S(n*) S D(n™) 15 I §O
p - substrate /v 2
(a) (b) poly

Figure 20.2 The flash EEPROM cell under a positive bias at the control gate for program-
ming (a). The band diagram formed during the programming (b). Electrons are injected into
the floating gate from the channel via the F-N tunneling.



20.1  Nonvolatile Flash EEPROM Cell

device works as the nonvolatile memory cell. The erase is done by applying the
negative V. In this case, the triangular barrier potential is again formed, and
the stored electrons tunnel out of the floating gate into the channel via the F-N
tunneling, and the channel remains closed (Figure 20.3).

The reading is carried out by utilizing the different threshold voltages existing
between the programmed and erased cells (Figure 20.4). The threshold voltage
Vrce at the control gate is taken operationally as the value of V. at which the
given specification of I, is attained, for instance, 1 pA at V}, of 0.1 V. In the erased
cell, there is no excess electron charge, that is, Qy; = 0 and the threshold volt-
age Vicqp therein is the voltage by which to induce Vi according to Eq. (20.2)
and invert the channel and satisfy the specified Ij,. In the presence of the excess
electron charge Qp in the floating gate of the programmed cell, an additional con-
trol gate voltage is required to compensate for Qg¢, namely, AV = |Qgs |/ Cono
(Figure 20.4). Therefore, the threshold voltage in the programmed cell is greater
than that of the erased cell by the amount.

| Qg

(20.4)
CONO

Vicer = Vrcar +

Therefore, the reading can be done by probing the cell with the use of V- in
between Vg and Vipp and monitoring /. In this case, I}, is equal to or greater
than 1 pA in the erased cell while I, ~ 0 in programmed cell. The distributions of
the threshold voltages Vcqp and Vpcgp should therefore be tight and well sep-
arated for the unambiguous reading. To sum it up, the key element of the flash
memory cell is the quantum well introduced for the storage site. The electrons are
stored therein well isolated electrically, so that the memory cell is nonvolatile. The
electrons are injected into or extracted out of the quantum well by means of the
F—N tunneling, the transport process unique in quantum mechanics.

o5 Control gat @
ontrol gate —
? gate FG
ONO
] (00660 % | keire
- Tupnelloxide ? /| i
Y ¥V Y VYV VY ONO i
S(n®) . D(n*) |
FN tunneling > kY Ec
[ SiOo\ [---------- Er
Vg>0 2\[— Ey
(a) (b) p - substrate

Figure 20.3 The flash EEPROM cell under a negative bias at the control gate for erase (a).
The band diagram formed during the erase. The stored electrons are extracted out of the
floating gate via the F-N tunneling (b).
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Figure 20.4 The threshold charge configurations in the erased (a) and programmed (b)
cells. Also shown are the distributions of V; in erased and programmed cells (c).

20.2
Semiconductor Solar Cells

The conversion of the solar radiation into the electrical power is a major issue of
the nanotechnology. The efficiency of the solar cell is, as discussed, dictated by two
factors, namely, the generation and separation of the e—h pairs. A few schemes
devised for improving the efficiency are discussed.

Planar Solar Cell

In order to increase the generation of e—h pairs, it is desirable to increase the cell
thickness, so that more photons are absorbed therein. However, a thicker absorb-
ing layer is accompanied by the degraded collection efficiency of the e—h pairs
generated. Such a tradeoff is illustrated in the n*-p-p* planar solar cell shown
in Figure 20.5. Naturally, the e—h pairs generated within the junction depletion

n* InGaP (1.8 eV)

w """""""""" GaAs (1.4 eV)

GE (0.67 eV)

Figure 20.5 The cross-sectional view of the and holes to the p region (b). The multi-
planar solar cell and the band diagram in junction solar cell consisting of the stacked
equilibrium (a). The photo-generated e-h heterojunction semiconductor layers (c).
pairs are separated, electrons to the n region



20.2  Semiconductor Solar Cells

region are instantly separated and swept out of the region, electrons rolling down
the potential hill to the n region, while holes rolling up to the p region just as in
the p—n junction solar cell. But those e—h pairs generated outside the depletion
region are less likely to reach the destined bulk regions. In this case, the e—h pairs
have to traverse the longer distance driven by weaker space charge field as clear
from the band profile shown. Moreover, the electrons generated in the p region
as the minority carrier are liable to be captured by the holes therein. Also the
trap-assisted recombination of e—h pairs further reduces the collection efficiency.
Hence, it is generally difficult to attain the efficient generation and collection of
e—h pairs at the same time.

Multi-Junction Solar Cell

The multi-junction solar cell also offers a viable means to enhance the cell effi-
ciency as exemplified by the three layers of InGaP, GaAs, and Ge stacked together
(Figure 20.5). In this structure, each layer has its own bandgap and the p—n junc-
tion built in. Thus, the two-junction solar cells are connected in series, so that the
total open circuit voltage V, consists of the sum of the two Vs connected in
series. More important, the optical absorption occurs over a wider range of solar
spectrum, for example, photons with energy greater than 1.8, 1.4, and 0.67 eV can
be absorbed in InGaP, GaAs, and Ge layers, respectively. This is clearly seen from
the optical absorption coefficient in the semiconductor (Eq. (18.6)). The collection
efficiency is again high for e—h pairs generated within each depletion region, but
in between the depletion regions, the efficiency is low for the same reasons as dis-
cussed in the planar cell. From the process point of view, the stacked layers should
have nearly the same lattice constant in order to reduce the trap density, but the
combination of such materials is limited.

Nanowire Solar Cell

The N'W (nanowire) solar cell has distinct advantages over traditional wafer-
based planar solar cells with regard to the optical absorption and the carrier
collection. When a flux of photons is incident on the vertical array of NWs, the
photons generally undergo multiple reflections and tend to be trapped therein
(Figure 20.6). Consequently, the number of encounters between the photons
and N'Ws is increased prompting more optical absorption. To further increase
the absorption, the scattering centers can be inserted in between the NWs to
randomize the direction of the photon for more reflections and absorption,
irrespective of the incident angle. Moreover, the optical paths of those photons
incident along the direction of NW do not lend to the multiple reflections. But the
photons can be confined in the NW instead and undergo the resonant interaction
with N'W, which provides an excellent condition for absorption (Figure 20.6).
The confinement of the photons in NW via the resonant interaction is akin to
the confinement of light in an optical fiber (see Figure 5.4) and is due to the
constructive interference of the waves reflected from the inner surface of the NW.
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Figure 20.6 The solar radiation incident on  undergoing multiple reflections or transmis-
the vertically grown NWs: (a) incident in the  sions (a). Enhanced multiple reflections aided
direction of the NW and undergoing the res- by the scattering centers (b).

onant interaction or incident at an angle and

Collection Efficiency of e-h Pairs

In addition to the enhanced light absorption, the efficient collection of e—h pairs
can also be attained in NW, as exemplified by the vertical core—shell NW struc-
tures (Figure 20.7). In this p-n-p structure, the absorption volume increases with
increasing length of NW without the need for the increased footprint. Concomi-
tantly, the entire e—h pairs generated are readily swept out of the narrow junction
region in the radial direction regardless of the absorption depth. Therefore, the
e—h pairs can be generated and collected simultaneously in an optimal manner. It
should be mentioned however that there are various hidden variables hindering
the real-life applications of the attractive features and novel ideas, but it behooves
to point out such features and concepts.

20.3
Biosensor

The biosensors have become a center piece of nanotechnology by which to
carry out the real-time and label-free detection of biochemical species in the
sample. The scope of sensing applications is extensive, encompassing the clinical

Figure 20.7 The e-h pairs photo-generated in the junction
depletion region of the vertically grown core-shell NW and

separated efficiently, holes to the p region and electrons to

the n region.
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20.3 Biosensor

diagnostics, molecular medicine, health care, environmental monitoring, and so
on. Moreover, the biosensor is the essential element of the lab-on-a-chip, which
has been devised for fast and efficient detection and analyses of the biological
samples on a chip level. The operation principles of FET-based biosensors are
briefly discussed.

The Bio-FET is known as the ion-sensitive field-effect transistor called ISFET for
short, and the device capitalizes on the affinity-based binding of target molecules
by probe molecules. For such sensing, the NWFETs are well suited because of
the high surface-to-volume ratio and 1D structure of the channel with nanoscale
cross-sections. A typical Bio-FET is made up of the usual NWFET as shown is
Figure 20.8, but the conventional gate electrode is replaced by the electrolyte and
reference gate electrode. In this composite gate structure, the gate dielectric is
immersed in the electrolyte and surrounds the channel, providing the sensing
surface. The probe or receptor molecules are chosen a priori and attached to the
dielectric surface for capturing the target molecules. It is therefore essential that
the capture molecules bind the analyte with high affinity and remain stable under
varying conditions.

The role of the binding events is to induce the charge exchange between the
probe molecules on the sensing surface and the electrolyte containing the sample.
The sensing relies on detecting the resulting changes of the channel conductivity.
For given Vi at the reference electrode, the gate field lines emanating from it
are screened or reinforced by the ionic charge in the electrolyte, depending on
its polarity. Moreover, the receptor molecules are protonated or deprotonated on
the dielectric surface while capturing the target molecules and form the surface
charge sheet. Consequently, the channel conductivity is modified, and the sensing
is done by monitoring the changes of the drain current AI},. In this context, there
is a parallelism existing between reading in the flash memory cell and sensing in

@ Other molecule
O Target molecule
ﬁ Probe molecule

f ) RG
T
P
Figure 20.8 The cross-sectional view of molecules deposited on the gate dielectric
the bio-FET consisting of multiple NW chan-  for capturing the target molecules and the

nels with the reference gate electrode in effective gate capacitance.
the electrolyte. Also shown are the receptor
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the Bio-FET. In both cases, the threshold voltage shift AV is induced and utilized
for reading or sensing.

Thus, consider the total capacitance C; of the composite gate electrode, which
consists of the gate oxide Cyy;, and electrolyte Cy; capacitances connected in series
(Figure 20.8). The change in I, caused by the charge exchange AQ on the oxide
surface is then given from Eq. (19.1) by

W,
Al = %CNWKAVGVD; AVg=Vg—AVy, 0< V< Vpguyr (2052)

where W), is the effective channel width of the NW. The change in the gate over-
drive AV is due to the shift in the threshold voltage AV, which in turn is caused

by AQ:

AQ 1 1 1

= == 20.5b
c, (20.5b)

AV, = = —_—
! Cr Cww  Cg

Evidently, the relative importance of Cy;, and C; depends on the geometry of
ISFET. Also the expression of I, in long-channel NWFET has been used for the
simplicity of discussion, and AV’ was taken much smaller than V7, a nonessential
approximation. In this manner, the presence of the analyte can be quantitatively
sensed via Al},.

When the sensing is done in the triode or saturation region of ISFET, the
detected signal is proportional to V), and V. But because of the low I, available
in NWFETs and the linear dependence of A, on AV, the sensitivity of detection
may not be sufficient to sense a minute amount of the sample. To enhance the
sensitivity, the detection can be shifted to the subthreshold regime. In this V
region, the subthreshold current Ig,; depends exponentially on V (see Eq.
(19.18)). Therefore, the effect of the threshold voltage shift AV, caused by 4Q is
exponentially amplified via Al ;. The resulting improvement of the sensitivity
can be estimated with the use of the subthreshold slope (see Eq. (19.35)). Accord-
ing to Eq. (19.35), the minimum shift of V{; for inducing the change of I, by one
decade is

kT
= ~ 60mV
qloge

G

Therefore, the level of the analyte as minute as causing AV{; in the range of
60 mV or more can induce the change of I;, by one decade, and the sensitivity is
greatly enhanced. Additionally, the drain current level of ISFET can be increased
by connecting the multiple NW channels in parallel. In this case, I, can be
increased, but the nonuniformity of each NW channel characteristics gives rise
to appreciable variances of I, and the subthreshold slope, degrading thereby the
effective sensitivity.
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204
Spin Field-Effect Transistor

The “charge” and “spin” are the defining characteristics of the electron together
with the “mass.” The FETs we have considered thus far are based on the charge
control. The binary bits 1 and 0 in such FETs are incorporated via the ON and
OFF states, that is, the ON and OFF currents. In the generation of the ON current
in the conventional FETs, the electron spins point at random directions and do
not play any role. However, the spin-based devices, called the spintronic devices,
rely exclusively on the electron spin, in particular the difference in transport of the
spin-up and spin-down states. The operation principle of the spin FETs is briefly
discussed.

A variety of possible schemes for implementing the spintronic devices is under
intensive exploration such as the magnetic bipolar diodes and transistors and mag-
netic tunneling transistors. The device chosen for discussion in this chapter is the
Datta—Das spin field-effect transistor (SFET), shown in Figure 20.9. As clear from
the figure, the SFET is a three-terminal device, consisting of the source and drain
and the gate on top of the channel. Thus, the structure of SFET closely resembles
that of the conventional charge-based FETs. Additionally, the role of the gate ter-
minal is also the same in both FETs in that it controls the channel conductivity by
means of the gate voltage applied.

However, there also exist the differences between the two FETs. In SFET, the
source and drain are made of the ferromagnetic material and possess the parallel
magnetic moments. Also the channel consists of a quantum well that is formed
by the heterojunction semiconductors in parallel with the gate plate. More impor-
tant, the operation of SFET is based on an entirely new kind of physical processes,
namely, the spin injection and detection by the ferromagnetic source and drain,
respectively. In this scheme, only those electrons possessing the spin parallel to
the magnetic moment of the source are filtered and injected into the channel. By
the same token, only those electrons preserving the input spin while traversing
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Figure 20.9 The cross-sectional view of moment of the source electrode can either
Datta—Das spin FET consisting of the source  exit through the drain terminal by preserving
and drain electrodes and the gate on top of its initial spin free of V. or is blocked at the
the channel. The electron injected into the drain terminal with its spin flipped via the
channel with its spin parallel to the magnetic V-driven precession (bottom).
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the channel are filtered and transmitted through the drain terminal, contributing
to I,

Thus, the transistor action in SFET consists of (i) turning on V; to flip the spin
from the spin-up to -down state, blocking the transmission of electrons at the
drain terminal and cutting off I, or (ii) turning off V; to preserve the input spin
and enable the injected electrons to contribute to I, by passing through the drain
terminal. In the conventional FETs, Iy and I 5 are likewise controlled by turning
on V and opening the channel or turning off V; to close the channel. In this
context, the schemes for the transistor action in both FETs are similar, although
the underlying physical processes are different.

Let us next consider an electron that is injected into the channel by passing
through the source terminal with its spin parallel to the magnetic moment of the
source electrode. With V; turned on, the spin of the injected electron is driven to
precess around the precession vector Q. The orientation of Q is specified by the
vector product of # and k, where k is the propagation vector of the wavefunction
of the electron traversing the channel and # is the unit vector normal to the gate
plate (Figure 20.9). Naturally, the Datta—Das SFET has an important advantage
in that the transistor action is carried out electrically with the use V instead of
resorting to the external magnetic field. The binary bits 1 and 0 are represented
in SFET by the spin-up state passing through the drain and the spin-down state
being blocked by the drain.

We next consider the dynamics of the electron spin precession driven by V.. The
spin of the injected electron can be decomposed into two components, parallel
s, and normal s, with respect to the wave vector k. These two components are
coupled and evolve in time according to

dsn dsp
v 2agrks,,, v —2apzks, (20.6a)

where agp, is the Bychkov—Rashbar structure inversion asymmetry coefficient and
is controlled by V;. We can decouple the Eq. (20.6a) by differentiating with respect
to time one of the paired equations in Eq. (20.6a) and using the other, obtaining

dzsj 2 2 2 .
T = s o = Qagh), j=n.p (20.6b)

It is therefore clear that the two spin components s, and s, process around with
the frequency w, which depends on k and ag, hence V. Let us consider the
simple case in which the electrons are injected in the direction parallel with the
channel. Then, with V; turned on the electron executes the precession around the
precession axis, and by the time it reaches the drain terminal, the initial parallel
component s, has rotated by an angle 6 with respect to k amounting to

2opymL
0 =wr, = %; T, = % = ;—’Z (20.7)
Here, 7,, is the transit time of the electron across the channel and m the electron
mass. Naturally, the output current I}, is commensurate with the number of elec-
trons passing through the spin filter at the drain terminal. The number is specified
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by the ensemble-averaged component of s, projected onto the magnetic moment
of the drain, and we can write

=1, [1 — sin? (g)] (20.8)

It is therefore clear from Egs. (20.7) and (20.8) that with V¢ turned off, there
is no precession, that is, & = 0, so that the injected electrons all pass through the
drain, and the ON state ensues. On the other hand, with V turned on and the
spin precession triggered, the average angle of precession 6 can be matched to 7
by adjusting 7,, and agy or V. In this case, all of the spin-up state can be flipped
to the spin-down state. Consequently, the injected electrons are all blocked by the
drain electrode, and the OFF state ensues with I, =~ 0.

In summary, there is a strong similarity in the operation of the conventional and
spin FETs. In both devices, the ON and OFF states or equivalently the binary bit
1 to 0 are controlled by V. In the former FET, the two states are implemented
by opening or closing the channel. In SFET, the two states are attained simply
by flipping or preserving the input spin in the course of the electron transiting
across the channel. In this context, SFET has important advantages in that the flip-
ping of the electron spin requires much less power and can be done much faster.
This is in distinct contrast with the conventional charge-based FETs in which
the power consumption and the speed of charging or discharging are the major
issues.

It is pointed out however that the Datta—Das SFET has yet to be implemented
for real-life applications. Some of the major technical difficulties involved are (i)
efficient injection of the spin-polarized electrons from the ferromagnetic source
into the channel, (ii) tight control of ap via V; and uniformity of ayy, for the relia-
bility of device performance, and (iii) the ballistic spin-polarized transport rather
than the drift—diffusion transport. These technological obstacles are investigated
intensively, and for overcoming the technological barriers, the quantum mechan-
ical insights will no doubt be a crucial factor.

20.5
Spin Qubits and Quantum Computing

The spintronics is endowed with an additional advantage in that the two-level
nature of the electron spin could possibly be utilized for implementing the quan-
tum computer. Several other approaches have also been proposed for the pur-
pose based on, for example, the ions in magnetic trap, frozen light, the ultracold
quantum gases known as Bose—Einstein condensates, and the nuclear magnetic
resonance of molecules in liquids. However, as an extension of the discussion on
spintronics, the two spin states are singled out for highlighting the essential fea-
tures of the quantum computing.

The basic unit in the quantum computing is the quantum bit called qubit, which
is the quantum analog of the binary bits 1 or 0 in the conventional digital com-
puters. The qubit is in essence a controllable two-level system such as the spin

273



274

20 The Application and Novel Kinds of FETs

1/2 system, two-level atom in a resonant interaction with the EM field. Given
an ensemble of 7 electrons, its Hilbert space dimension of 2” is the same as the
number of configurations of the corresponding classical system. But the advan-
tage of the quantum computer lies in that the computing can be carried out in the
superposed state of all basis states. That is, many classical computations can be
done simultaneously in parallel via the unitary evolution of the qubits. The uni-
tary evolution is one of the basic premises of the quantum mechanics, namely, that
a quantum system evolves in time according to the time-dependent Schréodinger
equation.

The Entanglement

The entanglement is closely tied with the quantum computing and is briefly dis-
cussed at the outset. It refers to a quantum state involving two or more particles.
Given a system of two particles, for example, the essential feature of the entan-
glement is the fact that the probability of the outcome of the measurement of one
particle depends on the state of the other particle although there is no interaction
between the two.

Let us consider a specific example of two-spin one-half system. Then, the spin
wavefunction of the two Fermions is given from Eq. (10.15) by

@(1, 2) =27 [a,(VB,(2) - (D, )], a= g, f= 1 (20.9)

where the spin-up and -down states have been denoted by « and g (see Eq. (10.1)).
The information carried by the entangled state Eq. (20.9) is that the spins of the
two particles are oriented in the opposite direction, but it does not tell the abso-
lute direction of the spin. In fact, the form of the singlet ¢ Eq. (20.9) is preserved
regardless of the direction of quantization.

To prove it, let us consider, for example, the entangled state in the x-direction.
The eigenfunction of the spin-up and spin-down states in that direction can be
expressed in terms of the linear combinations of the usual spin-up and -down
states along the z-direction as

a, = %(% +p,) = é [(é) + (?)] = % G) (20.10a)

b, = %(az —-B)= % [(é) - (2)] = % <_11> (20.10b)

where the spin states are represented by the Pauli spin matrices (see Egs. (10.1)
and (10.7). The states a, and g, thus combined can indeed be shown to represent
the spin-up and -down states by applying the spin operator S:

S =t(0 WYL (\_h —5p R(0 N1 (1)__h
xx_2 1 0 \/51 _2x’ xx_2 1 0 5 -1 - 2x

(20.10¢)
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Moreover, when the states a, and i, are expressed in terms of &, and g, from Egs.
(20.10a) and (20.10b) and inserted into Eq. (20.9), the singlet state is transformed
into

@1, 2) = =27 [a (1B,2) - B, (Da,(2)] (20.11)

Clearly, Eq. (20.11) is identical in content and form to Eq. (20.9) aside from the
irrelevant negative sign.

Let us next consider the effect of performing a measurement of the z-component
of the particle 1, for example, when the system is in the entangled state Eq. (20.9)
or (20.11). As clear from Eq. (20.9), the measurement should yield the spin-up or -
down state at random with equal probability. But suppose the spin 1 was measured
to be in the spin-up state. As a result of this first measurement, the system must
disentangle and collapse into the spin eigenstate given by

(1, 2) = a,(1)f,(2) (20.12)

This is in accordance with the postulate of the quantum mechanics, namely, that
the wavefunction of the system is identical to the eigenfunction associated with
the eigenvalue obtained as a result of the measurement. As a consequence, the two
particles are in specific eigenstates, and the measurement of the z-component of
spin 2 is assured to yield the spin-down state. Thus, the essential feature of the
entanglement is that the probabilities of obtaining particular values of the spin of
one of the two particles is dependent on what measurement has been carried out
on the other.

Quantum Computing

As the first step to understanding the operation of the quantum computing, let us
consider the simplest logic gate, NOT. The NOT gate yields an output that is the
logic opposite or complement to the input. If the input is a logic 0, the output of
the NOT gate is logic 1 or vice versa.

We can devise a unitary operation that will carry out the NOT gate operation.
Specifically, we pass the spin through an oscillating magnetic field applied in the z-
direction. The wavefunction of the spin 1/2 system is to be represented in general
in matrix notation by

v =c,(Da, + ¢, (P, = <212((tt))> (20.13a)

while the interaction Hamiltonian is given from Eq. (10.33) by

s - ¢hB [1 0] (20.13b)

~N_ e
H=—BS, =
m, ° 2m,|0 -1

where the states a and f and the spin operators have been represented by Pauli

spin matrices (see Egs. (10.6) and (10.7)) and c¢; and c, are the expansion coeffi-
cients of the spin-up and -down states. The Schrodinger equation then reads in
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matrix notation as

. 0 (¢ (D) ehB |1 O ¢, (t)

n— (71 = ! 20.14

g (20) =m0 5 (56) 2019
By performing the matrix multiplication, we can recast Eq. (20.14) as

icl =—iQc;; Q= eB

ot 2m,

%CZ - iQc, (20.15)

and obtain the solution as
¢, (&) = ¢;(0) exp(—iQt), c,(t) = c,(0) exp(i€t) (20.16)

Thus, if the spin is initially in the a, state, ¢;(0) =1, ¢,(0) =0, so that c,
always remains zero, while the phase factor of ¢; oscillates in time as
¢1(t) = ¢;(0) exp(—iQt). By the same token, if the spin is initially in the g,
state, c; always remains zero, while the phase factor of ¢, oscillates similarly in
time. Thus, the spin state will remain in the same state as initially given.

On the other hand, if the initial state is either in &, or g, state, ¢;(0) = 1,¢,(0) = 1
or ¢;(0) =1, ¢,(0) = —1 (see (Eq. 20.10)). Then, the spin states will undergo the
change in time as

1 [exp(—if) 1 [exp(—if)
% ( exp(iQt) )’ ot % (—exp(iQt)) (20.17)

Therefore, the spin-up state is flipped to spin-down state or vice versa at Qt =
(2n + 1)(n/2). For n = 0, for example, the flipping is done according to

a, —» —if, or f.— —ia; e = cos(Qt) + isin(Qt) (20.18)

For other times, each state in Eq. (2.17) always remains as the spin-up or -down
state following the direction of the spin matrix given by

S0 & _ E 0 exp (—i¢p)
S¢ —chos¢+5ysm¢)— (exp(id)) 0

2
An important consequence of Eq. (2.17) is that the linearly superposed state can
undergo the logic NOT operation as

) , p=Qt (20.19)

Aa +Bf — —i(Ap + Ba) (20.20)

where A and B are arbitrary constants. Clearly, Eq. (20.20) points to the fact that if
we run the program once using the left-hand side wavefunction as the input, the
output wavefunction is the linear combination of the outcomes of the logic NOT
gate. This carries an enormous advantage and possibility of the parallel quantum
computing especially in view of the fact that the number of qubits involved can be
readily increased.

It should be pointed out however that in order to have the access to the infor-
mation, we have to make a measurement, which involves the collapse. In this case,
we can determine only one component of the spin, so that there are no practical
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advantages in quantum computing. However, there exist certain computations
that can exploit the advantage via the appropriate interplay of the unitary evo-
lution and collapse. The prime example of such calculation is to determine the
period x of a periodic function f(x), which carries a critical bearing in solving the
factorization of large numbers into its prime number components. An additional
comment is due at this point. As has become clear by now, the quantum computers
are inherently associated with the entanglement of a large number of qubits. Such
entangled states are extremely sensitive to decoherence and noise, the overcoming
of which evidently requires a new technology.

Problems

20.1

20.2

20.3

20.4

3.1eV

(a) The floating gate in the flash memory cell is a quantum well that is
formed by the n™ polysilicon and two dielectric layers. The typical
structure of the well is shown in Figure 20.1.

(b) Find the kinetic energy of the electron in the ground state as a func-
tion of gate thickness W ranging from 10 to 100 nm. (Use the infinite
barrier height for simplicity.)

(c) Find W at which the ground state energy is equal to the thermal
energy of the electron.

(d) Find the tunneling probability of the electron across the two barriers.
Consider the same floating gate as shown in Figure 20.1 with the tunnel
oxide thickness of 50 nm.

(a) Estimate the lifetime 7 of an electron therein for W = 10 nm moving

in the well with the thermal velocity at room temperature.

Hint: 7 can be defined by TN = 1 where T is the tunneling probability
and N the total number the electron encounters the barrier during
the lifetime.

(b) Calculate the voltage applied at the floating gate at which the life-
time of the electron therein is reduced to 1 ps via inducing the F-N
tunneling.

Consider the ONO dielectric layer with the equivalent thickness of 15 nm
of SiO,. The V1, in the programmed cell is greater than V1 in the erased
cell by 3V. Find the number of electrons stored in the programmed cell.
(The dielectric constant of SiO, is 11.9.)

Consider the stacked multi-junction solar cell shown in Figure 20.5.

(a) Draw the equilibrium energy band diagram of the n* InGaP — p GaAs
— p* Ge without the p—n junction in each cell.

T Figure 20.10 Typical quantum well representing the
floating gate.

Channel

i Control gate

15 nm ‘« W%‘B nm‘:
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(b) Draw the band diagram under the solar cell operation condition and
qualitatively discuss the cell operation.
20.5  (a) Draw the energy band diagram of the vertical core—shell NW across
the cross-section of the NW.
(b) Describe the solar cell operation.

Suggested Readings
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Nanowire Field Effect Transistors: Princi- Mechanics for Semiconductor Nan-
ples and Applications, Springer, 2014. otechnology, Wiley-VCH, 2010.

2. A. L M. Rae, Quantum Mechanics, Fourth
Edition, Taylor & Francis, 2002.



Solutions

1.1. (a) The center of mass X and relative x coordinates are defined as
(my + my)X = mx; + myxy, X =%y —%

By finding x,, x, in terms of X, x one can write
"y "
=X+ ——x x=X-—=x
my + m, my + m,

The Hamiltonian then reads in terms of X, x as

1 . 1 1 1, 1 . 1
H= 5””1’“12 + imzxf + Ek(xl —x,)* = EMXZ + E,uxz + Ekx2
where the center of mass and reduced mass are given by
e U
M=m +m,, p=-——
my + m,

Equivalently H can also be expressed in terms of the momentum as

P2 pro1,, , .
=—+"—+—kx*; P=MX, =
oM T T p=#x
(b) The Hamilton’s equation of motion is then given from Eq. (1.6) by

G_OH _P ,_ OH_

=—== =-—=0
o M oX
so that
MX=P=0
Similarly one can write
. _O0H _p oH
X= — = — = - =—-kx

w u P77
and

ux =p=—kx

Introductory Quantum Mechanics for Applied Nanotechnology, First Edition. Dae Mann Kim.

(1.1)

(1.2)

(1.3a)

(1.3b)

(1.4)

(1.5a)

(1.5b)

(1.6a)

(1.6b)

© 2015 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2015 by Wiley-VCH Verlag GmbH & Co. KGaA.
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(c) The equation of motion (1.5b) indicates that the center of mass of the H,
molecule moves as a free particle, while the relative motion between the two
H-atoms is represented by the motion of the harmonic oscillator.

1.2. The thermal velocity of an electron at 300 K is found from (1.15) as

- <?>/<BT)1/2 _ [3 x 1.381 x 1072 JK-! x 300 K|
9.09 x 1073 kg

=1.17 x 10° ms™!

=1.17x 10" cms™!

m,

The v of the particle with mass m at T is given in terms of v, as

m,\1/2 T \1/2
VT=VT0<Z> ) VT=VTO(%>

300 10 1000 (cms™!)
electron 1.17x107  2.14x 10° 2.24 x 107
proton  2.73x10°  4.98 x 10* 5.10 x 10°
H, 1.93x10° 3.52x10*  3.52x10°
g 3.53x 1077 6.44x107%  6.44x 1077

1.3. (a) Upon inserting the plane wave E(z, t) = XE e~““*~*) into the wave equation
there results

» 10 —i(wi—k2) 2, 1 o —i(wt—k2)
0= V —;E Eoe =<—k +§CO>E0€

Therefore the plane wave can be made a solution by constraining k and w to satisfy
the dispersion relation, that is,

-k + lzw2 =0 or w®=Kk»*
%
(b) The E and H fields,

E(Z, t) — &Eoe—i(a)t—kz)’ H = j/\\/EEOe—i(a)t—kZ)
= H

satisfy the Faraday’s law of induction which is shown as follows. One can insert E
on the left hand side of Faraday’s law (Eq. (1.21)), obtaining

VXE= <5Zi + yi +Aﬂ> X RE e i@k
- z

~ ~ 0 _i(ot— A~ —i(wt—
— <_ %_l_ya_Z) E.e i(wt—kz) =ylkEOe i(wt—kz)
AXR=)XT=2xZ=0;
Ax§=2 JxE=R ExE=)
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Likewise one can also obtain from the right hand side of the Faraday’s law

0B oH 0/ I
- = = = S e iwt—kz) E —i(wt—kz)
A yﬂdt(\/7 = Jio/euEoe

Hence both sides are equal to each other, provided

k 1
k=wy/ey or w= —=vk, v=—
(ep)? (ew)'/?

The condition is identical to the dispersion relation and therefore the given fields
E, H satisfy the Faraday’s law of induction.
One may insert H into the left hand side of the Ampere’s law, obtaining

VXH= <§5£ +3,\£ +/Z\i> ><y E o it—kz)
- ox ay 0z u
A (3 A~ 6 & i - ~ £ . _: _
— (Za _xa_z) \/EEoe i(wt—kz) _ —x\/gEozke (wt—kz)

In a medium free of charge / = 0 and upon inserting E into the right hand side of
the Ampere’s law there results
a—l_) = ie[xE e
ot ot
Again the both hand sides are identical because of the dispersion relation, and
fields E, H satisfy the Ampere’s circuital law.

—L(wt—kz)] —i(wt—kz)

= —XiewEye

(c) For the medium free of the charge the curl operation performed on both sides
of Eq. (1.22) yields

VXVXH=[VV--V*JH=-V’H; V-BxV-H=0 (1.7)
v 2 Y% i @ b 1.8
X—==eVX—== — .
o~ N T T e (18)

In Eq. (1.7) a vector identity was used as in the text and also Eq. (1.24) was used in
Eq. (1.8). Therefore by equating Eqgs. (1.7) and (1.8) one derives the wave equation

1 0 1
Vz];[ - Vjﬁli =0, 5 = HE = HoEoH € =

1

(c/ny?

1.4. To find the variance, the spatial profile of the wave packet given in Eq. (1.35)
has to be normalized and one can thus represent the profile as

f(@) x |E@z,0)]> = -2 exp —(62)* (1.9)
Nz

and find the associated variance as
(A2’ =((z = (2))") = (" = 22(2) + (2)*): (a) = /oo dzaf(z)
=(2%) - (2)* = (&%)
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where (z) = 0, since f(z) is even in z. Hence the variance can be evaluated as

(Az)* = /oo dzzzf(z) = %

and is approximately same as Az as defined by the width of z between 1/e points

1.5. Given a vector A one may perform the operation

~ ~ ~ ~0 A0 A0 ~ ~ N
VX (xA, +YA, +zA,) = (xa +y@ +Za_z> X (XA, +YA, +ZA)

. [0A, OA, ~[0A, O0A,
dy 0z 0z

ox
N aAy 0A,
+Z( — -

ox oy

0A, 04,
ox dy

o (04, OA, 0 [0A, O0A,
T ox 6y_6_z +@ 0z ox

Therefore any vector A is shown solenoidal.

1.6. If the scalar product is performed on both sides of Eq. (1.22) there results with
the use of Egs. (1.23) and (1.25)

H oD OF % _,
= 5 [Heg, !

ot
where the well known continuity equation 1.25 has been used.

Chapter 2
2.1. The photon energy is given by

8 o1
hv = hE = 4136 x 1075 (evs)2 X0 MS _ 1 54510766y
A 1m
for the wavelength of 1 m and the wave number is defined as

v

=
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Thus the energy and wave number of the photons considered are:

A(nm) energy(eV) wavenumber(cm™!)

101 1.24x 1077 1073
10°  1.24x10°° 1071
10*  1.24x 107! 10*
600 2.1 1.67 x 10°
200 6.2 5% 10°
50 25 2% 10°
1 1.25 x 10° 1.0x 108

2.2. (a) The de Broglie wavelength of the electron at room temperature is given in
terms of the thermal speed v, by

h ho Wle"ZTe _ 3kgT

P, My’ 22
B 6.626 X 107 (Js)
9.109 x 103! (kg)1.17 X 10°(ms~1)
=62x10%m = 62nm

For proton we can find 4 in terms of 4, and the mass ratio

A = ﬁ _ h _ h meVTe
» = = =
pp mpVTp myvr, mvap

Since in equilibrium the thermal kinetic energy same, that is,

2 2
meVTe _ mPVTp

2 2

ip can be evaluated as

1/2 172
m m
Ay = h — =62x| =% nm = 1.45 nm
myvp, \ m, m,

(b) The de Broglie wavelength of the electron having the energy 1€V is given by
_h_ R h 1
“p o @mB [(2m)1/2] [ED1/2
6.624 X 107**Js _0.123nm
[2 % 9.109 x 10~ kg|'/2[E(eV)/6.2 X 10112 | /E(eV)

Hence the de Broglie wavelengths of the electron are evaluated as

energy (eV) 1 200 100K 1M
A(nm) 1.23x 1071 87x107% 39x10™* 1.23x10™*
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(c) The kinetic energy of the electron in the ground state of the H-atom is given
from Eqgs. 2.16 and 2.17 by

K, = —%Vl, E=K, +V, =-E,

sothatK; = E; = 13.6 eV. Therefore the de Broglie wavelength can be found from
(b) as

A=0.123 =3.3%x102nm

EeV) 136

2.3. (a) Consider the Planck’s expression of the blackbody radiation,

W) = 8xv? (€) = 8xv? hv
4 3 T B (kT Z1)

(2.1)

In the limit of the low frequency iv <« kT and one can expand the exponential
function as

miT g VLV Y
¢ kT 2 \kyT Ky T
When this approximation is inserted into Eq. (2.1) the equation is reduced to
8zv?
p(v) = kT

in agreement w1th Rayleigh—Jean’s theory.
(b) We can find the electron momentum from Egs. 2.6 and 2.7 as
Pe=W;—pr+ me): — m?*c* = (p, —pf)2 + 2mc(p; — py)
2—pp=(p —p)-w —p)=p>+p>—2p,
Pe =P, P, (Ei ‘sz) (Ei ‘l_of) pi +py 2p;py cos®
Hence by equating the right hand sides of the two equations we find
0
2Ap, - = 2p,p(1 = cos 0) = dppysin® (5 )
(p; — pp)me = 2pps(1 — cos 0) = 4ppssin 5

where 6 is the angle between p; and pj, that is, the scattering angle and the well
known trigonometric identity has been used. Hence by multiplying both sides with
h, while dividing by p; p; there results.

L Yy %sm< )Elhrzlesinz(g); A=l a=h
pr P mc 2 2 mc 2r

(c) From Eq. (2.13) one can express v, in terms of r,, as

nh
(mr,)

v, =
and when inserted into Eq. (2.14), replacing v, by r, one obtains Eq. (2.15).

2.4. (a) We can use the results obtained in Eq. (2.1) and write
hy = h% =124x10%eVm™ = 1.24 x 10°eV/nm
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so that the light of wavelength 300 nm has the energy 4.13 eV. Since the photon
energy should be larger than the work function the photoelectric effect can occur
only in lithium and beryllium and the stopping powers are given by

—(4.13-23)=-183V, —(4.13-39)=-0.23V

(b) The energy conservation equation (2.4) reads in unit of electron volt as

he

Dax100 4t 22
hc

asx 100 007 >

By subtracting Eq. (2.3) from Eq. (2.2) one can write

< ¢ - ¢ ) =14

194%x107° 248 x107°

and by inserting ¢ = 3 X 10® ms~! / is found as
h=4.17%x10"" eVs

Also by using the value of / thus found in either Eq. (2.2) or (2.3) one finds the
work function of the aluminum as

ep =4.15eV

2.5. With two protons the atomic number of the He* atom is 2, and the energy
spectrum can be found from that of the H-atom, with the modification, e — Ze.
We can thus find the ionization energy in terms of the ionization energy of the
H-atom as

Fe Z%eym

2h?
One can likewise find the radius of the ground state from Eq. (2.15) with the same
modifications as given by
h2
T omey2Z

=13.6 X Z*eV = 54.4¢€V, €}, « (Ze)’e>

rB'% ~ O'Zﬂnm=0.025nm, n=1

The shortest and longest wavelengths A in Balmer series are given by

he

— 544 (i - i) v = 24 oy
A 22 4
he 1 1 1 1
o= 54.4(§ - i) eV = 54.4<§ - §) eV

Hence
—15 8 -1
A= hc _ 4136 x10""eVsx3Xx10°ms ~0.91 %10~ m = 91 nm,
(54.4/4) (54.4/4)eV
Ay =91x% 1 nm = 163.8nm
[1-(4/9)]
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2.6. One can use Eq. (2.9) and find the shift in 4 as

AJ = 47 sin’ (g) =25%107nm, 4, =4x107nm, 0=7
The wavelength of X-ray with 200 KeV is given by

hv=2x105e\/=h/1£

i

so that 4; = 6.2 X 10~ nm. Hence the wavelength and energy of the scattered radi-
ation are given from Eq. (2.9) by

A = A;+ A4 =87x10"°nm

E = h< =1.43x10%eV
Ay

Also the electron recoil energy is found from the energy conservation by

E

recoil

| = E; — E; = (20— 1.43) x 10" eV = 1.86 X 10° eV

2.7. (a) The radius of the ground state is given from Eq. (2.15) by r; = 0.053 nm and
that of the first excited state is found as r, = r; X 4 = 0.106 nm. The associated
energies of the two states are given from Eq. (2.17) by E; = —13.6eV and E, =
—(13.6/4)eV = —3.4¢eV.

(b) The transition wavelength between the two levels are then given by

he _ E,—E, =10.2¢eV
A
so that
A=l 122%107m=122nm
10.2eV
Chapter 3

3.1. The 3D eigenequation of the momentum is given from Eq. (3.11) by

Qi +A2 +20
J’ay

—ih 9
ox 0z

u(r) = (p, +Jp, +2zp,)u(r)
One may look for the solution in the form
u(r) & f(x)g(h(z)

and insert it into the eigenequation and divide both sides with #(r), obtaining

LY ®/0x +y0g(y)/0y L@/ i
S gw) h(z) h

(p, +9p, +2p,)



Solutions

Hence by singling out the x, y, z components from both sides one obtains three
1D eigenequations,

.. 0
_lh%u(§)=p§; §=x’y’z7 u=f,g,h

as given in Eq. (3.8). Therefore we can use the 1D eigenfunction given in Eq. (3.10)
and multiply the three to obtain Eq. (3.12).

3.2. Given a wave packet the time duration and frequency bandwidth are con-
strained by

At X Av 1

One may thus take At as the pulse duration and estimate the frequency band width
as

Av~ L =10°,1012, 105 Hy,
At

for nano, pico, and femto second pulses.

3.3. Given the diameter of a nucleus D the minimum kinetic energy of the electron
therein is to be estimated with the use of the uncertainty principle as

_A 1
" 2m, 2m,D?’

~61x101]7=38x10%eV, D=10""m

AE

e

ApD ~ h

We can likewise estimate the minimum energy of a proton as
2 2 m m
AE~ L L) 5 g 108V 8 = 2,06 10%eV
2m, D?>  2m, D2 \ m, m,

Since AL, is greater than the binding energy E, of a nucleon, while AE,, is less than
E, only the proton can reside in the nucleus.

3.4. By using the uncertainty relation,

AxAp, ~h, AyAp,~h, AzAp,~h
the minimum kinetic energy of the electron and proton in a cubic box of length L
can be estimated as

h2
2 2 2y _
(Apx + Ap}/ + Apz) = 2_]/;/16 (

1

2m,

2 2 m
AEp ~ ﬂiz = <&i2> _¢
2mpL 2m, L m,

2
AE, = 1 1 1>_3h 1

- 4+ — ¢+ — ===
Ax?2 - Ay2 o AZ? 2m, L?
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Thus AE,, AE, can be evaluated versus given L as:

L(nm) AE,(eV)  AE,(eV)
1 1.1x107" 6.0x107°
0.1 1.1x10' 6.0x1073
0.01 1.1x10° 6.0x107!

3.5. The transition frequency from E, to E; is given by
1
hv=E,~E =136 (1- Z) v

Hence v and A are evaluated as
10 2 eV 10.2eV
ho T 4136x 10 5eVs
4=5=121x10"m=121nm
v

~ 247 x 10571,

The spread in v and 4 due to the finite lifetime 7 can be estimated by using the
uncertainty relation as

Av = e 108Hz; AEr =(hAv)r =~ h
AJ = c c ~ <Av )
v—(Av/2) v+ (Av/2) v
3.6. The Hamiltonian reads as
~ n_, . s P PP
H=-—V°+V({), V=V, V' =—+—+—
2m Vo ) ) 0x? * 0y? * 0z?

where the potential is real. Hence given the two well behaving functions, f, g one
can show that V' is Hermitian, that is,

/ drf*Vg = / dr(Vf)'g

The x-component of the Laplacian can also be shown Hermitian by repeated use
of the integration by parts:
2 ag oo af
d =f"= -/d
/-faxZ L I /r<0x)<dx>
o 02f* a2f*
e o5

af *
where use has been made of f(+00) = g(+00) = 0 and the y and z components can
likewise be proven hermitian. Therefore the Hamiltonian is Hermitian.




Solutions

Chapter 4
4.1 (a) The traveling wave representation of the wavefunction,
) 1 .. E
— piwt — —i(wt—ik + ) I
Y(r,t) = e " u(r) = L3/ze , W= .

satisfies the Schrodinger equation of a free particle, since

ih%\{l(g t) = hwe ™ @kD  F = ho

W Greiokon 2 PR ioien gy (I g
2m 2m 2m

and the total energy of a free particle consists solely of the kinetic energy given by

P _ (hk)

- 2m 2m

(b) The number of particles between k and k + dk for the cases of 3D, 2D, and 1D
is given by

Kdk kdk 2
&Kk = —=.  gpkidk=—=.  gpkydk = —dk

The dispersion relation between E and k of a 3D free particle is given by

_ (nky

2m

E , or k=%(2mE)1/2

so that
2 1/2
kdk:i(ZmE> l(ﬂ) JE
2 w2 \ h? n\2E
\/§m3/2E1/2
3

= gypdE;  gp(E) = T

Similarly one finds

_kdk _ 1 @mE}Y? [1/ m \1/2
&)k = T =z h h( E) aE

= g,ndE, E) =2
&b &p(E) e

2dk 2 |1/ m\1/?
et =25 = 2|2 (2) "

Vo' 1

zh El2

=gpdE, gpE) =

4.2. (a) The energy eigenfunction is given from Eq. (4.9) by

2\32  /n.7m (T Lo n,m n,m
u,(x,9,z) = <—> sm<Lx> sin Ly sm(Lz>; =k, a=x7,z2
" L L L L L *
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The total number of states between k and k + dk is given by

[(4nkdk)/8]
(m/L)}

where k,, k,, k, values should be confined to positive values to avoid the eigenfunc-
tion to be redundant, so that the spherical shell in the k-space should be divided
by 8. Hence one can write

dnk®dk 1 _ k*dk

Epk)dk = 28(71'/L)3 JER)

in agreement with the expression of g, obtained with the use of the traveling
wave representation of the eigenfunction.

(b) The wave vector k is related to the frequency by

_2_2r

k

A c

so that the density of states in v space is given by

K2dk _ Qmv/c)*(2r/c)dv <87[V2>
= = dv

2 2 c3

in precise agreement with the density of states used in Eq. (2.1).

4.3. (a) The energy eigenvalue of the electron in a cubic box of length L is given
from Eq. (4.9b) by

n2n?

" 2mL?

2 2 2
(m; + n, + n;), H,n

o, =123 ..

NowforL=1 m

n2r? (1055 x 10734’

= =6.0x 1073 /m?) = 0.4(eV /nm?
2mL? 2% 9.106 x 1073112 (/m" (eV/nm?)

Hence the lowest three energy levels with lengths 1, 0.1 nm are:

n, n, n, E(L =1 nm)(eV) E(L =0.1 nm)(eV)
E, 1 1 1 1.2 120
E, 2 1 1 2.4 720

1 2 1 2.4 720

1 1 2 2.4 720
E, 2 2 1 3.6 1080

2 1 2 3.6 1080

1 2 2 3.6 1080

with the degeneracy of 1, 3, 3 respectively.
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(b) The respective ground state energies are larger than the room temperature
thermal energy of 25 meV by the factors of 48, 4800.

4.4. (a) The problem can be solved by repeating the analysis discussed in 4.3 and
inserting the height and width of the quantum well given

(b) The algorithm can be written based on the graphical method presented in the
text.

4.5. (a) The energy eigenequation of a particle in a quantum well is given from
Eq. (4.25) by

R
"o o2 am o amoz TV .2) = Eu(x, .
[ 2m, x> 2m, 2 2m, 0z (Z)] u(x,y,z) u(x, y.2)

One can look for the solution in the form
u(x,y,z) = X(x)Y (y)Z(2)

and insert it into the eigen equation and divide both side by u(x, y, z), obtaining

2 " 2 " 2 "
[_ L l_h_Y_] + [_h_z_+v(z)] =E

2m, X Zmy Y 2m, Z

where the double primes denote the second order differentiations with respect to
X9, 2.

Since each bracket on the left hand side depends solely on «, y, z respectively, the
only way to satisfy the equation is to put each bracket to a constant. In this case
there ensues three independent ID equations,

2 " 2m E 2
<_2Z>Y=E" or X" +k2X =0, kﬁf—h§x=% (1)
X
2
—n2\ v v . 2mE, p,
(ﬁ)?ﬂfy orYTHEY =0, K= =5 =5 4
y
n2 z" h?
—— =+ V@|=E, or—-—Z2'"+ V(@) Z=EZ 4.3
[ 2m, Z (Z)] < 2m, @ ’ .

with the total energy given by the sum of the three kinetic energies,
E.+E+E =E

Evidently Eqgs. (4.1) and (4.2) are the eigenequations of a free particle (see Eq. (4.2)),
while Eq. (4.3) is that of a particle in a quantum well (see Eq. (4.19)). Therefore Z
can be represented by Eq. (4.20) with x replaced by z while X, Y are specified in
terms of the trigonometric functions, for example,

X(x) «x exp(ik,x), Y(y) « exp(iikyy)
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The total energy E then consists of the kinetic energies E,, E, and the sublevel E,
in the quantum well of width W

272
_ h*k? . h ky w22

E 1
2my 2m,W

n

2 n=1,2, ..

2m,

For simplicity the well depth has been taken infinite and Eq. (4.4) has been used.
(b) For the case of the quantum wire one can likewise write
X(x) «x exp(ik,x)

and express Y, Z by transcribing Eq. (4.20). The resulting total energy is then given
by

h2i2 2.2 2.2
E =—2= L R m?, nm=1,2, ...

n°+
T 2my 2m WP 2m, W2

Chapter 5
5.1. (a) The energy eigenequation reads as
n? 9
—_— = E
[ P + V(x)] u(x) u(x)

with V(x) given by 0, V', V, in the interval x < 0,0 < x < d;, d; < x respectively.
Since E > V, > V| the energy eigenequations correspond to those of the free par-
ticle. Thus one can write

'+ a’u = 0;

with
(. h2k2 [2m = E
a =1k, n’k?/2m =E -V,
k,, W2 [2m =E -V,

L

The corresponding eigenfunctions are given in analogy with Eq. (5.4) by

ioeikox + re—ik(,x
u=>3: Aeiklx +Be—ik1x
teikzx

where i, r, t represent the incident, reflected and transmitted beams. These con-
stants are used to satisfy the usual boundary conditions applied at 0, d:

iy+r=A+B (5.1a)

iky(iy — r) = iky(A — B) (5.1b)



Solutions

A 4 Bemthdr = teikodh (5.1¢)

ik (Aeih — Bemthdry = jk, tekoh (5.1d)

The unknown constants r, A, B, t can be found in terms of i. For this purpose one
can perform the operation, (5.1a) + (5.1b)/ik, and obtain

) . k
A= %e—tkldlﬂkzdl <1 " k_2> ¢ (5.2a)
1

_ 1. ko ko
B—E [lo <1—k—1>+7‘<1+k—1>] (5.21))

The constants A, B can also be found in a similar manner from Egs. (5.1c) and

(5.1d):

1 _ikd+ikyd ( kz)
A== Mahmihh (] 4 t (5.3a)
2 ky
) ) k
B= %elkldl"'lkzdl <1 — k_2> t (5.3b)
1

Therefore by equating A, B as obtained in Egs. (5.2) and (5.3) one can write

o k k k
e thditikydy <1+k—2>t— (1— k—0>r= <1+k—°>i0 (5.4a)
1 1 1
o k k, k
elkidiiksdy (1 - k—2> <1 + k—1> = (1 - k—") i (5.4b)
1 1

and find r, ¢ in terms of i, as

L _ g Zolky

5.5
i D (5.52)
ko—ks Koky
p e cosk;d; +l< 7 )smkl
ig D
ko + k kok.
D=-""2coskyd, —i| 1+ -2 |sink,d, (5.5¢)
kl /(12
Hence the transmission and reflection coefficients are given from Eq. (5.10) in the
text by
_ hky/m 1 (ko —k, )2 K+k Kk
= = +|1- + ——= | sin*(k,d,)
= hkyJm |D|2 k k2 k* !
(5.6a)
_ hk 4k, k, /K>
/el Hoka/ky (5.6b)
= nky/m i, |D|?
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and R+ T = 1, as it should. In this case no adjustment of k, k;, k, can be made
for the 100% transmission.

(b) The traveling wave representation of the particle incident on the potential bar-
rier V,, on the x—z plane is given by

‘F(E’ t) ~ e*(iwt—K- r) — e*iwtu(z)

The wave vectors associated with the incident, reflected and transmitted beams
are characterized by

\2m(E = V)

u;(x,z) ~ expi(k; sinfx + k, cos0,z), k, = 7 (5.7a)
) ) \2m(E - V)

u,(x,z) ~ expi(k;sin@.x — k; cos0,z), k; = — (5.7b)
\2m(E - V,)

u,(x,z) ~ expi(k,sinfx + k, cos 0,z), k, = — (5.7¢)

where 6, 0,, 0, are the incident, reflected and transmitted angles, respectively.
Since the boundary condition requires that u,(x,0) = u,(x,0) = u,(x, 0) it follows
from Eq. (5.7) that

6, =6, (5.8a)

k; sin@; = k, sin 0, (5.8b)

Evidently Eqgs. (5.8a) and (5.8b) represent the law of reflection and reflection of
light with the wave vector &, k, associated with different index of reflection #;,
n, appearing in the Snell’s law.

5.2. (a) The change in time of the probability density can be accounted for by using
the Schrodinger equation as

vy (2) (2w
a? VTV Y a? Y

« 1 _hZ 2
v [%V w(r.t) + V(Z)W(Z,t)]

1 —h?

(=) [ﬁvzv’* (rt) + VW' (. t)]

— *L 2 _ 2, %
= [1// 2miv v (f, t) YVt (r, t)] (5.9)

One can then use the vector identity,

Vi —y Vit =V (y* Vy —yVy")
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and recast Eq. (5.9) into a form

0 h
—y*y =-V-S;, S= — W' Vy —yVy*
a4 S 8= 5 iV —wVyT)
in which case S represents the probability current density.

(b) With the use of the eigenfunction in Eq. (5.4) one can specify the probability
current densities as

h . ; 0, i
S, = o [(zoe thox re‘kOx) a(toe’kl”‘ —r %y _cc

n . —ikyx ikox + . ikgx —ikyx hk() .12 hk() 2
= ——[(iye” ™" + re™®)ik,(i,e"™* — r ¥y — c.c] = —|i | — —|r
2mi[(0 Dikq (g ) ] mlol 7|
n i 0 . hk
S =— <te’kx—te’kx - c.c) = —|¢?
= 2mi ox mll

5.3. (a) One can find A, B from Egs. (5.16a) and (5.16b) and also from Egs. (5.16c)
and (5.16d):

e~ (iye™ % + rei%) — tel®ote) ko [—e7 (ige™% — rei®)] + te@*®

A=— — ; A= —
2isin 2« k 2isin 2«

_tei(ao—a) _ eia(ioe—iao + reiao) e /& tei(ao—a) _ eia(ioe—iao + reiao)

2isin 2a T Tk 2i sin 2«

By equating the two expressions of A and B there result two coupled equations
involving r, £ and these parameters can be found in terms of i, in agreement with
Eq. (5.17). Since the velocity of the particle « k; is the same in the regions outside
the quantum well, R, T as given by

2 2
t

)

r

)

R =

s

lead to Eq. (5.18) in the text.

(b) When a particle is incident on a potential barrier of height V and thickness
d, the reflection and the transmission coefficients can be found in strict analogy
with the corresponding R and T operative for the quantum well. Specifically the
eigenfunction is given in this case by

io exp (ikyx) + rexp —(ikyx) x < —d/2
u(x) = 4 A exp(—kwx) + Bexp(kx) |x] <2/d
t exp ikyx x>d/2

where the only modification required is to replace k by « defined as

K= Mfor E<V
V n2
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One can then transcribe Eq. (5.17) in the text by replacing k by k and obtain

t . 2kyx
— = exp(—ikyd) — -
i 2kyk cosh(xd) — i(ki — x2) sinh kd

K+ kg) sinh(2xa)

’
=—i —ikyd
i iexp(—iky )zkorc cosh(xd) — i(’ﬂ% — «?)sinhxd

with the use of the trigonometric identities
sinik = isinhk, cosikx = coshk, cosh’x = 1 + sinh®x

Since the velocity of the particle outside the potential barrier is the same the tun-

neling probability T and the reflection coefficient as given by
2 2
t

)

r

Iy

T = =

)

lead to Eq. (5.22) in the text.

5.4. (a) For infinite barrier height the ground state energy is given from Eq. (4.9)
by
g o P _ (055X 10734)2(J s)?n2
YT 2mW? T 2%9.109 x 103 kg (m2)
3.7x 1072V /(m?) = 3.7 x 1072 eV /(nm?)

=6x10"%]/(m?)

Hence for W =1, 10nm the ground state energies are 0.037 and 3.7 x 10™% eV,
respectively.

(b) The lifetime 7 can be estimated by
t=t1,Xn Th=1

where 7,, is the round trip time of the electron in the quantum well, 7' the tun-
neling probability and 7 the number of the electron encountering the barrier.
Obviously the lifetime is dictated by the thinner barrier, since 7' is greater. The
tunneling probability is given in this case by

2
T=—L A=YV G/ 2 -E
T+A AE(V —E) \ 72

(see Eq. (5.18)). Also 7,, is specified by the roundtrip distance 2W and the thermal
velocity of the electron, provided the thermal energy is greater than the ground
state energy E, of the quantum well.

2W m o
Ty = ?, EVT:kBT



Solutions

If E, is greater than k3 T 7,, is determined by

In this manner one can estimate the lifetime by using the parameters given.

5.5. When the electric field is applied, the square potential barrier depends on x
as

V(x)=V —gql|E|x

where ¢g|E| is the force acting on the electron. Hence the barrier is transformed
into either trapezoidal or triangular shape, depending on the kinetic energy of the
electron incident on the barrier and thickness of the barrier. The triangular shape
ensues if the barrier height at the outer edge is less than the ground state energy
E,, thatis,

h2r?

V_qlEldSEl, EIZW

where d is the thickness of the barrier. The electric field required to transform
the square barrier into the triangular shape can be estimated for V' = 3.1 eV and
d =10 nm by

Y 3L eV-1.6x107" Jev!

N — =31%x10" Vm' =31 mVnm™!
qg-d 16x107°C-10x10° m

where E; has been taken zero. If E is greater than the value thus estimated the F-N
tunneling ensues with the probability given from Eq. (5.26) by

2m
" 2q|E|n

(V=E¥? Ex~0 (5.10)

In this expression E denotes either E; or k3 T depending on the relative magnitude
but both quantities are small and have been discarded. One can find the lifetime
based on the F-N tunneling by assuming that E applied is greater than the esti-
mated value. For the well width of 50 nm the ground state energy is less than
the thermal energy as can be readily estimated. Hence one can find the lifetime
based on

TS (5.11)
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with T given by Eq. (5.10). (b) One can calculate the strength of E which is required
to shorten the lifetime to 1 ps combining Eqgs. (5.10) and (5.11):

-9

0o 2W 1 2:50x107°m) 4y
ve T 116x10°(ms™!)  3q|Eln

and obtain |E| ~ 1.78 x 10°Vm™! = 1.78 Vnm™!.

5.6. (a) The electric field by which to induce the given tunneling probability can be

found by putting

44/2m 3/2

where V in this case represents the work function, thatis, V = 4.5 V. Hence upon
inserting V' one finds

|E| 27.05%10°Vm™" =7.05Vnm!

When the field amplitude is multiplied by the distance between the tip and the
sample surface one finds

|E| X 1nm =75V

and is greater than the work function forming the barrier. Therefore the use of the
E-N tunneling for estimating E is proven correct.

(b) Hence the distance d is given by 50 V/d (nm) =7.5 V/nm, that is , d = 6.7 nm.
To use FN tunneling the voltage between the sample and probe tip should be
equal to the work function.

% =7.5V/nm, d =6.7nm

5.7. The boundary condition
Uj(Z) = U14,(z)
a%”i(zi) = (%MHI(Z/‘)
when applied to the eigenfunction given in Eq. (5.27) yields
A e B, ke — A€ + B, e
Ae* — B = %[Ame—”f —Bj,,€] (5.12)

One can thus find A, B; in terms of 4, ,, B, as

—ikz; . .
A= eT/ [Aj+le_u' (1 + %) + B, € <1 - %)]
ek _xz, iK . iK
8= [ (1= )+ B (14 )| (5.13)
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Equation (5.13) can be put into a matrix notation as
)= 7))
/) = j+ (5.14a)
(Bj > <(x* B B j+1

1 ( K\ ik,
a==(14+—)e 7
t)

2
f= % (1 - %) £llix (5.14b)
The constants A;,,, B;,; can be connected to 4;,,, B;,, by applying the boundary
condition at z; + d to the eigenfunctions u;, u;,,:

)= G5 G)
) = . j+2 (5.15a)
(B].H) (5 5*) \ B,

y = (1 + ﬁ) ei(k—irc)(zj+d)

K

§= (1 + (_/;K)> ei(k+ik)(z/+d) (515b)

Therefore by combining Eqs. (5.14) and (5.15) one obtains

(3)-( 2G5 G)
B; af  pr)\6 6%) \Bj,

- (””21(2;’ d)  my(d) B, (5.16a)

with

my,(d) = my, = ay + 6

ikd .k2 - K'2 .
=¢ coshkd —i 3 sinh kd (5.16b)
K
myy (2, d) = my = ay” + f5*
2 2
= ie_ik(zzfm)l% sinh kd (5.16¢)
K

In this manner A, B; are connected to A4;,,, B;,,. One can then find T, R for the
single barrier by putting B, , to zero, since there is no reflected component once
the particle is transmitted across the single barrier:

<Aj> _ ( my (d) Mz, d)> <Ai+2>
B]- 7’721(21" d)  my(d) 0

One can therefore specify the tunneling probability as

A2

J+2

4;

1

T = = —_
|m11(d)|2
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where
2 2\2
|W‘11(d)|2 = cosh®kd + <k % K > sinh?xd
K
2 2\2
=1+ sinh®kd + <k K ) sinh®xd

K
(K462 Vi [2m
:1+Wsmh K'd=1+m$lnh d F(V—E)

in agreement with the result Eq. (5.22).

(b) To analyze the tunneling through the two barriers W distance apart in succes-
sion one can likewise connect A, B; to A, 4, B;,, and put B;,, to zero:

(Aj> _ < my, (d) mu(zj’d)) < my (d) m12(2j+2’d)> <A1+4)
Bj m’i‘z(zj,d) my,(d) m}*z(zjﬂ,d) my, (d) 0

where the distance between the input and output plane is given by

Zp=z+W+d

Then one can find the ratio specifying the tunneling through two barriers T, as

A;’+4 3 —e2ikd . 42,2

A; B [D; — e2kW (k2 + k2) sinh kd]?

D, = [(k* — x*) sinh xd + 2ikk cosh kd]*
= [(k* — k?)’sinh®kd + 4k*k*cosh®kd]e*?
= [4k%k? + (K + k?)%sinh®kd]e*?
where

2kk cosh kd
(k? — k%) sinh kd

and D, has been expressed in the phasor notation,

tanf =

x+iy =@+ )%, tang = A
x
and a trigonometric relation has been used
2 02
cosh™x = 1+ sinh“x

Since the input and output velocities are the same T',; can be expressed as

2

o Ajyg (4k2K2)?
27 |74 | T ) 2
A/ |D1|2’1 — p2i(kW-0) . W

1D
2
Tty

= T A R (5.17)
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where Tz, R, represent the corresponding quantities for the single barrier

_ 4k%k? (k? + x2)*sinh’kd

1B = 1B
D] 1D, |

One can further compact 7', as follows.

(5.18)

|1 —€7R,p]* = [(1 — cos ¥R, p)* + sin® ¥R, ,*1e**
=[1+4R,3* —2cos yR,zle* " = [(1 —Ry) + 4RlBsin2§ e’
with
tan(p='—, x =2kW —6)

In this expression use has been made of
cosy=1- 251n2§

Hence by combining Egs. (5.17) and (5.18) one finds
1

1+ 42u6in2(kw - 0)
TIB

Top = s Tip=1-Ry

Chapter 6

6.1. (a) One can solve the coupled equation,
apx+apny=c (6.1a)
Ay X+ dyy =C (6.1b)

by performing the operation, [(6.1a)/a;,] — [(6.1b)/a,,], [(6.1a)/a;;] — [(6.1b)/
a,,], obtaining x,y as

[(@11/a15) = (a1 /az)lx = (¢1/ay,) — (¢3/ay)

[(a12/a11) = (ay/ax)ly = (c;/ay) — (¢y/ay)

The %, y can also be found in terms of the determinants as

SERRD)
v G ap _ G — Gap (6.22)
ay;  dp ay1G9y — d1pdy
a1 Ay
an 4
ay & Cyllyy — C1dy,

y = = (6.2b)

aA11099) — A4
a;, agy 11722 1221

dy Ay
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The method using the determinants is known as the Kramer’s rule.
(b) Given the characteristic equation,
1=A)x+2x,=0
2%+ (1 — A, =0 (6.3)

one can find x;, %, by using the Kramer’s rule as

'O a,
0 ay 0Xay —0xXa,
X, = = = (6.4)
Y hoao 2 1-1)2-4
2 1-21

Likewise x, = 0, hence the solutions of the homogeneous coupled equation 6.3
are trivial. The only way to get the non-trivial solution is to put the denominator
of Eq. (6.4) to zero, that is

1-41 2

_ 24—
9 1_/1—0 or (1-4)"—-4=0 (6.5)

(c) The resulting two roots of this secular equation are given by 4 = —1, 3 and
when inserted in either of the two coupled equation (6.3), one finds

Xy =% A=3, xy=—x; A=-1 (6.6)

Therefore an infinite number of non-trivial solutions have been found for any
value of x; as long as x, is related to x; as given by Eq. (6.6).

(d) With the solution thus found the normalization condition reads as
Bty =xl+D)=22>=1

Hencex; = x, = \/5, X=Xy = \/Eand
1 (1 _ 1 (1
n=g ) 255 ()

6.2. (a) One can perform the operations,

(6.11a) + (6.11b) /ik,, (6.12a) + (6.12b)/ik,

and obtain
A= %e_”‘d(ae_’(dC + a*e**D), B = %e‘ikd(a*e_’(dC + ae*D) (6.7)
A= %e‘ikl"(ae_”C + a*e"*D), B= %eikl"(a*e_"“(? + ae**D) (6.8)
with
a=1+%
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By equation A and B appearing in Egs. (6.7) and (6.8) one readily finds with the
use of, say the Kramer’s rule the results in Eq. (6.15).

(b) Specifying the resulting secular equation (6.16) into the dispersion relation
consists simply of rearranging the terms and is therefore a straightforward alge-
bra. But the algebra is rather lengthy and it is a challenge to derive the dispersion
relation.

6.3. (a) The sub-band energy of the infinite potential barrier is given from Eq. (4.4)
by
h2r?

E = n?
" 2m,a?

so that one can write

h’r?
AE=E,—-E = ﬁx3=40mev
m,a

and therefore a is found as

1/2
3
a=hn| ———
< 2m, 40 (meV) >

=1.055%x 10734(Js)

1/2
X 3.14 3
2% 9.109 x 107210.07 (kg) X [(40 X 1073) X 1.60 x 107"°())]

=2x%x10"°m = 2nm

(b) The numerical analysis will yield approximately the same AE.

Chapter 7
7.1 (a) The eigenequation,

2 2
[—Zh—m aa_xZ + %kxz] u(x) = Eu(x)

can be compacted by introducing the dimensionless variable,
_(mo\V2 (MJT N
&=ax a=<7> » @)= <ML2/T> ~ \length

0 _00 _ 9 P _ 0

Then

=Z=q=, —=a
ox  0& ox o0&’ ox? 0E2
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so that
A (@) @ _ 1, &
2m 0x? 2m \ h / o0& 2 0%
2
lkx2 = 1maﬂé— = lmaﬂiéz = 1hco.fz
2 2 a2 mw 2
Therefore the eigenequation reads as
2E 0
"+A-EHu=0, ri==, y=— 7.1
u' +(A=E&u o Y=o (7.1)

(b) When the eigenfunction u(x) is sought in the form,
_ (1l
u(@) = HE exp - (3€2)
the derivatives of u read as
W = (H' - EH)e s/
W =[H'—H—-EH —EH' — EH)]e < /? = [H" — 26H' + (82 — 1)H]e™¢'/?

When these derivatives are inserted into Eq. (7.1) it is reduced to Eq. (7.5) in
the text.

7.2 (a) Given the 3D eigenequation

h? 1 1 1
[—%Vz + Ekxx2 + Ekyy2 + Ek222] u(x,y,z) = E(x,9,2) (7.2)

one can look for the solution in the form, u(x, y,z) = ux(x)uy(y)uz(z), insert it into
Eq. (7.2) and divide both side with u(x, y, z), obtaining

(_h_2> Pu(x) (_ﬁ) Pu(y) (_h_z) Pu(z)

2m ox2 1 2m dy? 1 2 2m 022 1

— k|| ———— + |+ | —— + =
2 u(y) 2 u(z) 2

2| _
o kz|=E

Since each bracket depends solely on «, 3, and z, the only way to satisfy the equation
is to put each tem to a constant. In this case three independent 1D harmonic oscil-
lator eigenequations ensue

h? " 1 2
—ﬁu ) + §kxx u(x) = E u(x)
n 1, 2
—%u )+ Ek"x u(x) = E u(x)
h2 " lk 2 =F
where the primes denote differentiation with respect to x, y, z and

E +E +E =E
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(b) One can therefore use the eigenfunctions and eigenvalues given in Egs. (7.12)
and (7.25) and write

1/2 o\ 172
ux,y,z) = e_TH («f) 5 =q ,a = <—]>
ni) h
1
Enx,ny,nz = Z ho; (nj+§), n;=0,1,2, ...

j=xy.2

(c) For k, = k, = k, = k the total energy is given by

1/2
n’nzzhw(nx+ny+nz+%), w=<£>

x'ty m

E

n

The energy level and degeneracy of the three lowest eigenstates are given as fol-
lows:

n, n, n, E/hw degeneracy
0O 0 0 3/2 none
1 0 0 5/2
0 1 0 5/2 3
0 0 1 5/2
1 1 0 7/2
1 0 1 772
0 1 1 7/2 6
2 0 0 7/2
0 2 0 7/2
0 0 2 7/2

7.3. (a) Differentiating the generating function given in Eq. (7.15) with respect to
£ one obtains

n+1 it ! n
—G(é’ ) = 2se~S 2 = 22 H (é)s = Z H”}(j)s
n=0 :

0¢

One can thus single out the coefficients of equal power of # from both sides and
obtain

2H, , H, )
W = —' or H = ZI’IH (73)
n—1): n:

Also the differentiation of G with respect to s leads to

9.6, 5) = (=25 + 28)e
ds

_ZHS” ! =iHn+1s”
(n-1! & nl
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Hence by singling out the coefficients of equal power of # one finds

1
an = EHn+1 + an—l (74)

(b) The variance Ax is defined as

(Ax)? = (u,|(x— < x >)2|un(x)) = (unlx2 —2x<x>+< x>2|un(x))

= (u, %7 — < x>, (%)) = (u,,|%°|u,,(x))

Since u,,(x) X u,(x) is even in x regardless of 7, the average value of x is zero. There-
fore one can write

(Ax)? = / dxun(x)xzun(x) = (\/_0; ’> %/ d‘fe_‘ﬁ2 'anZHn
—0c0 n2"n! —00

where Eq. (7.25) was used for u,(x). Now by using the recurrence relation 7.4 one
can write

1
(EH,)* = 1H5+1 +nHy + H,H,
so that the variance can be evaluated by using the orthonormality of u,, given in
Eq. (7.23):

n+1 |
(Ax? = L ( a > l\/;z 4(n+ 1! + \/;2”_1712]

a? \/7_12”71!
1 (n+1 n) h ( 1> (mw>1/2

= — — = —_— =, = _— 7.
a2< 2 )T e \"ta) =\ (7.5)

One can likewise evaluate the variance of p, by following similar steps. One can
write

(Apx)2 = <un|(px - <px>)2|un> = <un|px2 - 2px<px> + <px>2|l'tn>
= (u,|p}lu,)

where the average value of p, « d/0dx is zero, since the integrand involved is odd
in x. To find the variance one has to carry out the integral

2 — _p2 @ Ty % -£2/2
(u,|pilu,) = —h af dee ) H ~—(He /%)
\/;2”1’1! —00 062

2 oo o
_/dé

\/;Z"n! 0_§
2
[t}

co 2
=h? o / dé [i <e‘52/2H >]
\/;2’17!' —0 ()5 "
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where the integration in parts has been carried out. Now by using the recurrence

relations (7.3) and (7.4) one can write

J, _ _ 1 _
(6 52/21_[;«1) = (_an +H;)e 52/2 = <_§Hn+1 - an—l + ann—l) € 52/2

1 ey
= <_§Hn+1 + an—l) e &/

Hence the integrations can be carried out simply with the use of the orthonormal-
ity of the eigenfunctions and the variance is to be evaluated as

2 _ g2 Py 1 2
Ap P =m—2 | gee . <——H,,+1 + an_1>
V2! J-w 2
2
-2 \/_“ [iﬁz”” 1+ D!+ 1>\ /72" (1 — 1)!]
72"n!

—h2a2<n+l>—hwm(n+l) o2 =22 (7.6)
B 2) " 2/’ T oh '

It therefore follows from Egs. (7.5) and (7.6) that

h 1 1\1Y2 1
AxAp, = [% <n+§) hmw<n+i>] —h<n+§>

(c) The matrix element of x can also be evaluated as

NN, [*® .
<ul|xlul’> = ézl / dge_éz/z 'HléHl/e_éz/z, f = ax

(8]

NN, [®
- #/ dee™® - H, (%Hzm + l/Hl’—1>

a?
1 4
. 5\/;2;1/, I'=1-1
S VRl =141
otherwise

1/2
_ a a
\/z2 \/m2! D!
where the recurrence relation (7.3) has been used.
7.4. (a) The HO oscillating with the amplitude x,, is described by

k

x(t) = xycoswt, @ =
m

The kinetic energy averaged over a period of oscillation is then given by

T mxlw? [T
<K>= l/ olxmv(t)2 = 0 / dx sin®>(wt); T = 2z
T 0 2 2T 0 w
2 02 mxgw’
(7.7)

mxgew® [T
= / dx(1 — coswt)) =
AT J,
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Also the average potential energy can be evaluated as

kx> T
<V>= —/ dx— x(t)2 2 dxcosz(a)t); T = 2z
2T [0}
Ky d 1 2 i k 2 7.8
=T ; x(1 + cosRwt)) = YR = mw (7.8)

The total energy can be specified by the potential energy at x = x,, at which point
there is no kinetic energy, that is,

kx}  mox?

=5 =7

It follows from Egs. (7.7) and (7.8) that the total energy is equally partitioned into
V, K over a period of oscillation:

E=<K>+<V>

(b) The average kinetic and potential energies in the nth eigenstate are given by
2
p 1 1
<K >= (uﬂﬁlun) = %hwm <l4 + E) = 2En

k n 1 hw 1 1
<V>= =2 (n+2) =2 (n+5)=3E, k=
(u|x|u) e n+2 5 n+2 En me?
Here the integrals involved have been carried out in the previous problem. There-
fore

E,=<K>+<V>

in agreement with the classical results.
(c) The total energy is equally partitioned into <K> and <V> in both descriptions.

7.5. (a) The Hamiltonian of the internal motion of the diatomic molecules is gen-
erally modeled by that of the harmonic oscillator

~ n? 1 1 1 1
H=——V2+—kx2, —_= — 4+ —
2u 2 u o mc  mg
where m ., m, represent in this case the mass of the carbon and oxygen molecules.
The energy spacing between two nearest vibrational states is therefore given by

hw = hv = hev, Vzl
A

where the inverse wavelength denotes the wave number. Hence v can be found
from the measured wave number as

V= c% =3x10%(ms™)-2170cm™
=3x10%(ms™1)-217000m™! = 6.51 x 10*3s7!
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The equivalent spring constant
k= pw® = uQrv)?
specified in terms of the reduced mass

mem 12-16(1.673 x 107%7)2
p=—0 = ( ) =1.15x10"*°kg
me+my (12 +16)(1.673 x 107%)

is thus found as

k=1.15x 107 (kg)(27 X 6.51 x 1013)%*(s)™ = 1.92 x 10*(Nm™)
=192(Ncm™)

(b) The zero point energy is then given by

E,= %hv = %4.136 x107%eVs 6.51 x 10857 = 1.35x 10 eV

7.6 By using Eq. (7.39) the Hamiltonian can be expressed in terms of a and a* as

~ D 1, ,
H=—+ -k
2
2 1/2
=—h2 %({l —a)(a* —a)+§ﬁ(a +a)at +a), a=<$)
Now
n’e*  RPmo 1 k mw® h 1
= = —-hw, _—= — = -hw
4m 4mh 4 42 4 mw 4

so that A reads as

~

H= —“’[—W —a)at —a)+ (@ +a)a" +a)

—%O 2a*a+ aa )=h7w(a+a+1), aat =ata+1

Chapter 8
8.1. (a) Given the representation of the angular momentum
= (X + 5y +22) X X, + 5D, +2p,)

one can use the cyclic properties of %, %, Z,

A A A

Xy=%, JX

A~ A

Z=% ZXx=Y

and single out the x, y, and z components as

l _(ypz Zpy ly=(zﬁx_xﬁz)? lz=(xi)\y_yﬁx)
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(b) The commutation relation between the x, y components can be derived as
= )PP, 21 + Dyxlz.p,] = ih(xp, — yp,) =,

One can likewise derive

A~

(1,1, = inl,, [1,,1,]=inl,

(c) The commutation relation between P and /l\z has been proven in Eq. (8.10).
Thus, condiser

(PI1=1E+P+D). 01 =1 +P).1,)
Now

AN ~

(271=100,~111, =111, inl) ~ 01, +inl)l, = —in(,1, +1,1,)

<

AN ~ AN AN

(210 =100~ 1,10, = ,0,1, + inl)) — (1, - inl )l = in(L,1, +1,1)

z°Z°x xX°Z°z z

where use has been made of commutation relations between /,, ly, 1,. Therefore

[’l\z,,l\x] = 0. One can likewise prove [’1\2,/1;] =0.

8.2. The center of mass and relative coordinates are specified in terms of r,, r, as
R—i(m 1y myry), r=r;—r
=T oML TR =Tl 2

Upon inverting the relation r;, r, can be expressed as

so that the total kinetic energy is given by

2m,  2m, 2 'L 2 22
1 2 My N2,  2m, .
= omy |+ (22) P+ =2R
2m1[ M) E Tt
2 2m, .
2 1 .9 1
+=m, |R +(—) 2R
2" M)t T M Z]
1 1 2P
.2 —
= EM]_? + F(m1m§+m%m2)r2 = — +_/4

where

P=MR, M =m; +m,
my - m, 1 1 1

P=HI p= ——— Of —=— +—
- - my + m, Mmoo m,
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8.3. (a) One can use Eq. (8.46) by incorporating the number of protons in the
nucleus, Z:

2 e
M

m
= %aB <1+ e) o 0'(;49 nm = 0.025nm, Z =2

P

m
=az| 14+ —= )~0.049x2nm =0.1nm, m, = m
m,,

8.4. The wavefunction of 1s state is given from Table 8.2 as

(Z/‘lo)g/2 e~ Zr/a

u =
100 7[1/2

Thus one can find the average values of r and r? and the variance as follows:
2 T o 7Z/la 3/2
<1 >= (Uygolrlttgg) = N2/ d(p/ sin Bdﬂ/ Pdrre™ % N = (/—0)
0 0 0 \/;

= N? x 47 X 6 - _ Lo
(ZZ/aO) Z

2 2
<17 > = Uy |7 [1100)

27 T oo Z/la 3/2
:Nz/ d(p/ sin 0dn9/ rrdrrte 22r/% N = (/—0)
0 0 0 \/;

4!

2
3a,

@Zjay ~ 7

=N? x4 X

<(r—<r>?>=<rP-2r<r>4+<r>?>

[}]\7 | o&m

=<r2>—<r>2=0.75(

)
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with g, denoting the Bohr radius. For H-atom Z =1, while for He™ Z =2. One can
likewise find the corresponding quantities u,, 4.

8.5. The average kinetic energy is found as

h2
<K >=-— <_2 ) (00| V¥ th100)> 1 = m,
)]

Now with the use of Eq. (8.35) in the text one can write

2 _ 1 () 20 1 1’\2 _ 1 6 2() r
V”loo—<r_25’"a_r_r_zﬁl>M100—N100‘ V_za’" EGXP _“_o

= NIOO . ie—’/“o — le—"/ﬂo
a(z) agr

where N, is the normalization constant and use has been made of the fact that
U, does not carry the angular momentum. Hence one can evaluate the average
value of K as

52 2r b4 <3
<1<>=3L<—h>/ d(p/ sin@d@/ rar( L - L )era
ay,m 2u 0 0 0 a, A’
2

2
_hz_hz eM_eM h2 . ezzez
- 2 2 2 T ’ 2 0 M =

2uay  pey 2a; 24, pey,

dre

We can therefore state that the average kinetic energy is equal to the magnitude
of the ground state energy (see (8.46)),

<K >= |E||

One can likewise evaluate the average potential energy as

1 2 y 4 0 32
(V)ioo = T/ d(p/ sin0d9/ Pdr| =2L ) e/
61071' 0 0 0 /%
o 2
__Ar / dr re-2rla0 — _M
asﬂ' M 0 ao
Therefore

(K100 = — % VM1

One can show in general that

<[<>nlm = _%(v>nlm

8.6. The energy levels are generally given from Eq. (8.46) by
1 uZz’es, VAL

EE_E_, E. = = . }’121,2,...;
02 0 2n? 2a5(1 + m,[/my)

n

ay=ag(l+m,/my)
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For the H-atom the nuclear mass is given by the mass of the proton and we can
write

Z2%e? 1+m,/m
M A=136eVXA, A= i

E=— ™M P
0 2ap(1 +m,/m,) 14+m,/my

The wavelength corresponding to the transition between n = 2 and n = 1 state
_ he _
A

can therefore be found in H-atom as

_ he  4.136Xx107(eVs)x 3x10°m
E,—-E 13.6(1 — 1/4)eV
=122%x10*m=122nm, A =1

hv E,-E

A

One can likewise find A for the case of deuterium and ionized He atom by evalu-
ating A and using the Z values, respectively.

(b) The frequency corresponding to the transition between n = 1 and n = 3 states
is given by
Ey—E, 13.6eVx(1-1/9)

= =292x10Ys7!
h 4.136 x 107'>(eV's)

vV =

8.7. The ionization energy and atomic radius of the phosphorus atom in Si can
be specified in terms of the corresponding values of the H-atom with appropriate
scaling of the parameters involved. We can find the parameters with the use of Eq.
(8.46):

€0 2 m 1 \?
Eipp = 13.6eV 70) ~136x (—) X 2eV = 0.1 eV
£0E, m 11.9

n

h? n4re e,

m,
ag = ~0.05¢, { — ) nm ~ 1.19nm
m

2 2
m, e, m,e n

To find the de Broglie wavelength one can start from the relation, A = #/p and
find the linear momentum of the electron in the ground state of P-atom in Si. As
discussed in the problem of 8.5 one can put

2
< ' >= IE,| = 0.2eV
2m,,

and evaluate p as

p=(2m,0.2eV)/?
=[2%x9.1x1073(kg) - 0.2 x 1.6 x 10717J]*/2
=24x10%kg - ms™!
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Therefore 4 is given by
h 6.626x107*] s

P 24x10%kg-ms!
=28x107"m = 2.8nm

Chapter 9

9.1. To find the first order corrections in eigenenergy and eigenfuction due to the
first term of the perturbating Hamiltonian one has to evaluate the matrix element
(see Eq. (9.14)).

Wi = (um|k2x3|um>

(1) _Lt + Z (ukIH |M )

k#m - Ek

For performing the integration the recurrence relation (7.18) is handy to be
applied repeatedly:

1
¢H, = EHmH +mH,,_,
2 171 1
£H, =3 [EHM +(m+ 1)Hm] +m [EHm +(m— 1)Hm_2]
= iHm+2 + (Wl + %) H,, +m(m-1H,_, (9.1a)
171 1\ 1
&H, = 2 [2Hm+3 +(m+2) m+1] + (m + = ) [EH”’“ + mHm_l]
+m(m—1)[ o1+ (m—2)H ]
1 3m+3 3m?
= gHm+3 THm+l THm—l + Wl(ﬂ’l - 1)(}’}’1 - 2)]—[m 3
(9.1b)

It is clear from Eq. (9.1) that there is no first order level shift caused by k, term
because the eigfenfunctions are orthogonal and the output of Eq. (9.1b) does not
contain the term o #,,.

[+ NZ k. co 1/2
3 2 _g2 3 _ maw
Wi =/ dxu’ kyx’u,, = %/ dée " H, &H, a= (7>
—00 —0o0
=0

To find the first order correction in eigenfunction one has to examine the matrix
element

AL T

It is clear from Eq. (9.1b) that there are two non-zero matrix elements correspond-
ing to
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k=m+1,m=+2

The evaluation of the matrix element for such k can be carried out with the use of
Eq. (7.31).
One can treat the k, term in a similar manner.

9.2. (a) Without the perturbation term one can look for the solution in the form

P, y) = u,(xX)u,(y)
and put it into the energy eigenequation and divide both sides with ¢(x, ¥), obtain-

ing

2m 0dy*
u,(x) uy(y)

Since each term appearing on the left hand side depends solely on x and y respec-
tively, the only way to satisfy the equation is to put each term to a constant. As
a result two 1D eigenequations of HO ensue and one can write from Egs. (7.12),
(7.25) as

_ 2

(&) = Nye P50 H, (6, &, =,
_ 2

(&) =N, e 5 H, (), & =ay

[_ﬁ%z + %kxx ] U, (%) . [__ + 2kyy ] y()/)

)s =012, .. (9.2a)

(b) The first order level shift
Wy = (1, (E ), EH (1, (E ), (&), H' = Cay

is zero, that is, W; = 0, since the integrand of the matrix element is odd. How-
ever there is the second order level shift contributed by two non-vanishing matrix
elements as clear from Eq. (7.31):

NS Vi

— ;o . I
(it ) = (2mwx/h)1/2’ e =+ 1; (2ma)x/h)1/2’ ne=mn,—1
n,+1 \/1

) ’ y ’
u u,y=—>, n=n+1, ——, n,=n,—-1
( nylyl ny ) (2mwy/h)1/2 Y y (mey/h)1/2 y y

Thus one can write the second order level shift of the ground state as

2
AE(Z) _ Z |<Mnx’uny’|cxylunx,ny>l . r_

s me=moxl, my=n+1, n,=n,=0
nx' #nx [Em‘»”y - Eﬂx’m’]
ny #ny
C?n
= W, w, = a)y =w (92b)
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where use has been made of Eq. (9.18) and the recurrence relation,

1
S = _an+1 + annx—l

X~ THxX 2

(c) Given two new variables
=+, n=kx-y)
one can invert it and obtain
1 1
x=sE+m, y=E-n
Hence one can express the potential energy as
Loy Lo oo 1 2 — /2P + CEE -
Sk + Skt + Cay = Sk € +n)/2P + K, [(E = /2P + CL(E =)
1 1
= S@ 4k + k) + 2 CE )

where an assumption was made, namely k, ~ ky so that 2&n(k, — ky) ~0
The Hamiltonian then reads in terms of 7, £ as

2 3 2
h” o 1k 2 h—£+%kyy2+ny

Aol Lo
oma " 2 T 2may?
2 30 2 3
=_h_0_+1+2_h_0_ lk_ﬂz, l=l+l
2u 082 2 2uon? 2 u m m
with
171
ktzi[i(kx—l_ky)ic]

(d) The coupled Hamiltonian has thus been decoupled with the use of new vari-
ables and the energy eigenvalues are given from Eq. (7.12) by

Eey = ho, <n§+ %) + ho_ (n,,+ %)

where
k+ 1/2 1 1/2 (kx +ky) /2 c 1/2
o= (Z) = (3lkrk) 2} = | SRS LE

B ) ) C 1/2 B m
_[—(a)x+coy)ia] s /4—3

To compare the result one may expand w, as

1/2 @2 + »?

o, = a)[l + %] s w? = — L4
= maw 2

=w|l+x= -
a)[ T 2mw? 4 mlPwt

2
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Therefore the ground state for instance is given by

nC? 1

Eyy = ho — —— —
00 4m? w3

(9.3)

9.3. (a) Given the eigenequation,

H = Wy)eu, +cu) = Y ay(E, - E,u,

n

one can perform the inner product with respect to #; by multiplying both sides
with 7 and carrying out the integrations, obtaining

¢(H, — W) + c/-ﬁij =0, ﬁ;ﬂ = / dfujﬁ’uﬁ (9.4)

where the orthonormality of the eigenfunctions have been used and E; = E; = E,,
in this case.
One can likewise perform the inner product with respect to u;, obtaining

A~

¢ty + ¢i(Hy; — W) =0 (9.5)

Equations 9.4 and 9.5 when put into the matrix notation, are in agreement with
Eq. (9.30).

(b) Given the Schrodinger equation
iRy a,He My, + N Ea, () E My,
n n

= Y a,(OE,e BNy, + JH () a,(t)e E My,
n n

one can carry out the inner product on both sides with respect to i, obtaining

ihdke_iwkt +Ekﬂke—iwkt — Ekake—iwkt + /12 H]Imane—iwﬂt’ E —w
n

Obviously the second term on the left hand side and the first term on the right
hand side cancel each other out so that one can write

, il ~ ,
o —iopt ! — iy, t _ _
aze "k __<E) EHknane bWy, = 0 — @,
n

9.4. (a) The interaction Hamiltonian is given by
H' = —(—eE)x = eEx

where —eE represents the force acting on the electron.
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(b) The unperturbed eigenfunction of the nanowire is given from Eq. (4.9) by

sy ()an (572)] [(5) s (35

and represents the particle traveling along the z-direction as a free particle, while
confined in the x, y directions. The ground and first excited states therefore read

2) ()] [(2) sn ()] mamm=
)|

<
wsree () an(59) [(2)" o0 (30)

n, =

as

u(x,y,z) x ek [

Hence the first order level shift of the ground state is given by

w
(u(x, y,z)|eEx|u(x, y,2)) = eEVlV/O dxx sin® <E—Wx) eE2W

Since the eigenfunction is normalized the y, z integrations automatically yield
unity.
9.5. Given the eigenfunction u,,,, the transition to other state occurs, provided the
matrix element is not zero, that is,

(s, | H t4,p,0) #0, H' = ezEycoswt, z=rcosf

The evaluation of this matrix element requires both the angular and radial inte-
grations but the angular integration dictates whether or not it becomes zero. Thus
one has to consider

2 T 2 1
/ dqo/ sin0d0Y, cos@Y,,, = / dgo/ awy; wYy,., w=cosf
0 0 0 -1

Since Y),, « exp ime, m, m’' should be constrained by m = m’ for the p-integral
not to yield zero Also since w is proportional to the first order Legendre polyno-
mial P, the product P,P, should be odd, so that the total product PP, P, is even
in w to make the w-integral not to vanish. This requires / — /' = +1 and therefore
the conditions imposed on //m’ called the selection rule are given by

Am=m—-m' =0
Al=1-1=%+1
For the perturbing Hamiltonian
H' = exE, cos ot
= ersin 0 cos @E, cos wt

the transition matrix reads as

2 1
(W VH iy ) o / d(p/ dwY] sin@cos @Yy,
0 -1



Solutions

Now the integrand of the ¢-integral is given by
ei(m’—m)qz . (ei<p + e—i(p)/z & ei(m’—m+1)<p + ei(m’—m—l)(p
so that in order of the ¢g-integration not to vanish 1, m’ should be constrained by

Am=m'—m=+1

Alsosincesin @ = /1 — cos20 = \/1 — w2 the w-integral does not vanish when the
product P}"P" is even in w, so that the constraints on / are given by

Al=1-1=0,2, ...
The selection rule for the Hamiltonian
H' = eyE, cos wt
= ersin 0 sin gE, cos wt

can likewise be analyzed and the selection rule is the same as considered.

9.6. (a) Given the harmonic field
E =E;coswt
the interaction Hamiltonian reads as

~ ¥ Eyx . .
H' = —/ dx(qE) = —qEx = T 20 (e + &)
0

The HO initially prepared in the state #,, can make the transitions to other state
' via H’, the rate of which is from Eq. (9.42) by

a,=—LH e@m: @,y = %(En, —E), ]/-};,n = (un,lﬁ’|un> (9.6)

n h nn

Now the transition matrix element can be evaluated with the use of Eq. (7.31) as
~ E, . . o
(| H' |u,,) = —%(6“‘” +e') / dxu,xu,,

(n+ D2 /@mew, /W)V?, W =n+1

E, . .
= _%(elwt + e—zwt) n1/2/(2mwc/h)1/2’ W =n—1
0, otherwise
9.7)

Thus by inserting Eq. (9.7) into Eq. (9.6) one can write

qE n’ 172 ¢ . .
an,(t) = 0 <—> / dt/[el(m+a),,/”)t + e—l(a)—(u,,/,,)t], W=n+1
0

" on 2mw,[h
where
® =l(£ _E)=l[ha) <n’+l))—hw <n+—>]=w(n’—n)
ntn = h n n n c 2 ¢ ¢
= i(,()c, a)z = k
m
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depending on n’ = n + 1. Hence the transition occurs between two nearest eigen-
states.

(b) Consider the resonant interaction in which w ~ w, and n=0. The integrand
consists of a fast oscillating term exp +[i(w+ w,)] and the resonant term,
exp x[i(w — ®,)]. Because the fast oscillating term averages out to be zero one
may disregard it and evaluate the time-integration, obtaining

1/2
a,(t) = _q_EO n . 1 [ei(w—wc)t -1]
" i(w — w,)

2 \2mw,/h
4, < " >1/ % oo sin(@ — o)t I
= Lo _m e — A=
2 \2ma, /h (0—-w,)

The probability of the HO making the resonant transition to 1’ state at t = 7 /w is
therefore given by

7*E}(n | w)*
2mow/h
where use has been made of

sinf(@ — w)|(7/w) _ { sin [(0 - o) (7/w)

la, (B> = W=1 t=

(0w —-w,) (0 —w,)(r/w)

} X (7w /w),w = w,,

sinx
—— =1 for x—>0
X

Chapter 10

10.1. (a) With the matrix representation of the spin operators and spin states

(01 (0 —i (1 0\,
Z%=\1 0)T\i o) %o 1)’

(300 (0)-4()
w2 (5 ) 0)--4 )
-<§ D0 D D626 0]
210946 -6 9O-20)
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Similarly

2, _302 (0
=73 1

Also the raising and lowering operators flip the spin states as

se=beea (=340 5+ (0 3 0)
=352 6 o)l ()-50)

sr=ye-5(0)=28]C - D)
=350 OI6)-5C)

The orthonormality of spin states can also be shown as

ey = 0)(§) =1 = 1(]) =1
(-lry=(0 1) <(1)> =0, (xylx)=(1 0) <(1)> =0

Thus the spin matrices are capable of describing the properties of the spin opera-
tors.

(b) One can prove the commutation relation between the x and y components as
follows.

B ?]—h—z 0 1 0 -\ (0 =i\ /0 1
e \\1 oJ\i o i 0)\1 0
R ((i O\ _ (=i ©
T4 \\0 - 0 i
_B2 (2 0N _ihh (2 0 _in(1 0 _in,
T4 \0 -2i/  22\0 -2/ 2\0 -1/ 27
The remaining cyclic commutation relations can be similarly proven.

10.2. The ground state eigenfunction is given from Egs. (10.15) and (10.17) by

©(1,2) = Mloo(fl)umo(fz))(a = ’4100(11)14100(1"2)L[)(+(1))(_(2) = x- (D y, (2)]

V2
In evaluating the expectation values of spin operators one needs to use y,, v, only,
since the inner product of u,,, automatically yields unity. Thus one can write

~ 1
Sxa) = —=G, +3)xr D2 — Dy, (2)
\/_

N

h h h, n
3= 3) W @) = (=3 +3) - z,@)| = 0lx)

Lyt
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Slr) = \/Lz(gl +5) - 8 5 (Dx_(2) — -V x,(2))

= \/LE(S? +/S\f +2- /5\1/5\2|)(+(1)}(*(2) — 2-W7.(2)

=L (L3 _13) gl 1 -
=" (55-33) -2 (5 - 3)| 1102 @ - 2 Wz,@)
V2
= %01 1,)
and therefore

(XalS)2) =0, (1IS%12,) =0

10.3. (a) Since both #,,,, and y, constitute the orthonormal set of eigenfunctions,
one can write

WD, D ) =1, (_Dx @Iy My (2) =1,
(D Qlr- Wy, (2)) =0

so that

Hslx) =) =1 {xlx,) =0
Also,

%(”100(1) U0 (2) & 1100(2) Ugo ()| 1109(1) 00 (2) % 24169(2) (1)) = 1
%(”100(1)”200(2) + 1100(2) thao (D)]24109(1) 0 (2) — t109(2) (1)) = 0
Therefore

(pilog) =(p.le.) =1, (@le,) =0

(b) The expectation values of 32, :9\2 of the singlet state have already been evaluated
in the previous problem. Thus one needs to evaluate the expectation values of the
triplet states. The triplet state consists of the three symmetrized states:

8.0 = Gr 56 (D2 2) = 20+ DIr(D7,2)) = Al (D£,2)

8.1 = Gr + 50— 12 Wr- @) + 2. D)7, (2))
V2

[(I-D+(C1+ 1)]L|)(+(1))(_(2) + -y, (2)
V2

SN S

= §0|z+(1))(_(2) + -y, (2)

8.0 = Gu 45l (7. 2) =2 (-2) L VL) = —hlr-(7.@)
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Also

s1521s) = (161 +55) - Gy +80)s) = (162 +52) + 28, -5, 1y,
= (LI G +30) + 26, 5, +5_, - 5,,lx,)

3n%  3h2 n o n? )
= — ) +2( =+ — =2h
<xsl[< 2t >+ <4+4>]Ixs>

where use has been made of
AN A A A . ~
8, =5, 45, §,=—i(5, =5.)

and the orthonormality of the spin states (see Eq. (10.8)).

10.4. The quantum numbers associated with the ground and first excited states
denoted by

Uyl = UiooX4s Ugr = Urp0X—s Ugz = Upgo Xy OF Uy X -

so that the three electron wave function is described by

Mal (1) Mal(z) Mal(g)
?(1,2,3) = — |upp(D)  uy(2)  1,5(3)
3 ues (1) ug3(2) 14,5(3)

The Hamiltonian of the Li-atom reads as

2
Ap=-tveeM e (L1, 1) o _ €
v r’ M\ g m3) 7 M dweg

where j_\[o,‘ is the unperturbed hydrogenic component and H' accounts for the

repulsive interactions among the three electrons. Since H acting on the eigen-
function yields

3
<Z ]/'\10;' + H’> 1100(1) 2100(2) tg00(3)

=1
= (2 E1g9 + Eygp) t100(1) t109(2) tp0(3) + 2 U00(1) U100(2) Ug0(3)
the total energy is given by
3
Eqorar = (t100(1) #100(2) t0(3)] (Zﬁo;' + ﬁ/) |2100(1) 24100(2) U0(3))
=1
= (2E,yp + Eygp) + E;,
Ey = (uy00(1) t4100(2) ”200(3)”/"\[ |24100(1) 100(2) tp0(3))

with E; denoting the first order correction due to the perturbing Hamiltonian.
Also the z-component of the spin for example can be evaluated by using the spin
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functions as

Gra 450+ 520 2,7 @13) = 371 =12 1) 7, (Dx-2)£,3)
=227 1 (DL,

PPN 1
(W r_ @y BNG, +5,, + 53, (D x_2)x,.(3) = +5h
The expectation value is determined by the spin states in .

10.5. (a) The 11 electrons in Na-atom are assigned the following quantum num-
bers:

100a, 1008; 200a, 2008
211a, 2118, 210a, 2108
21 — la, 21 — 15, 300a or §

with a, f denoting the spin up and spin.

(b) The charge associated with 11 protons in the nucleus is screened in part, hence
one has to introduce the effective atomic number Z . Then the ionization energy
required to knock out the valence electron in the outer orbit u, is specified in
terms of the ionization energy of the H-atom by

uz> et z>
=ML j36ey ;ff =5.14eV

2n% 3?2

Therefore Z,; ~ 1.84 and the atomic orbital can likewise be found in terms of the
Bohr radius and Z 4 as

ayn 3
— ~ — X 0.05nm ~ 0.08 nm

(r) ~ =
Zg 184

10.6. (a) The shift in the energy level due to the spin orbit coupling is given from
Eq. (10.40) by

. . hg up .
8L, = (o my Hi, s my) = == )G+ 1) = U+ 1) = s(s + D,
Ze*p,
f= 8xwm,r?

The average value of f(r) can be found with the use of the radial wavefunction
but < r > can also be approximated by the Bohr radius associated with each
state.
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Since the sum rule is given by j = [ + s there is no shift for s = 0 while for / # 0 the
shift follows the rule

[((+1/2(+1/2+ D] =0 +1) - (1/2)3/2) =1
=1/ =1/2+ D] = Il +1)— (1/2)3/2) = =+ 1)

Therefore the initial single level is split into two, one raised and the other
lowered:

h Ze*
SE, = (A/r)l; —(A/r)(I+1), A= % x Z&Ho

r, =na
3°'n 0
8nm,r;,

(b) The longest wavelength of the Balmer series corresponds to the transition
between n =3 to n=2. Hence the modification of the wavelength is given by

h% =06E,, = [E; — (A/r2_)(I + D] = [Ey + (A/r2 )]

Chapter 11

11.1. (a) The energy eigenequation

n? 11
[—%W —e <r_ + E)] (c u, +c,u,) = E(c,u, + c,uy);

2
h? ey
——v:_A u, =Eju,,a =a,b
2m 7,
can be rearranged as

ey e
¢, | Eg— - u, +c, | Ey— - u, = E(c,u, + c,u,)
b

a

62 62
ca(AE—r—M u, +c, AE—r—M u,=0, AE=E,—E
b

a

or

Hence by carrying out the inner product on both sides with respect to u,, u;, one
obtains the coupled equation (11.5):

(AE + C)c, + (AES + D)c, = 0
(AES + D)c, + (AE + C)c, = 0
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(b) Since the equation is homogeneous, the solution of the expansion coefficients
¢, ¢, will be trivial unless the secular equation is satisfied,

AE+C AES+D

_ 2 _ 2 _
AES+ D ARsc|=0 (BE+CP—(AES+D) =0

and AE can be found from the resulting quadratic equation and the eigenenergies
(Eq. (11.10b)) are specified as

Cx¥D

1FS§

When these two roots are inserted into either one of the coupled equations c,,
¢, get related with each other and one can therefore obtain the corresponding
wavefunctions as

E.=E,+

F

1
(P¢(I’ ’Eb) =—(Uu, Fu,; c¢,=%FC,

V2

with the eigenvalues E_.

11.2. Given the eigenfunction
) = Loty (r)uy(ry) £y (ry )i, (ry))
one has to evaluate the integral
e? (—e2) (—€%) e

2
(@ | Hlp, ) H=H1+H2+RM M My M

ab Tp1 Ta2 T2

Since H is invariant under the exchange of r, and r, the four combinations of u,,

Up
u,(Duy(Qu, (D, (2), j =1, (A)
+u, (1) (2)u, (D, (2) (B)
*uy, (D, (2, (1) (2) ©
1y, (D)1, (2)u, (1), (2) D)

reduce to two, since A = D, B = C under the exchange of r, , and therefore one
needs to perform the integrations involving only A and B:
2

(i, () ()| H |1, (1)1 (2)) = 2E + ;—M +2C + Ep, (11.1)
ab
where
—e2 —e2
C = (u, (D=2, (1)) = (11, (2)| —2L |1, (2))
Ty T
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e
Ep = (Ma(l)ub(2)|—|ua(1)ub(2)>
12
Also,
2
(0, (D (2)| H (D, (2)) = + [2E,S* + ;—MSZ +2DS +ECE] (11.2)
ab
where
S = (u,(Duy (L)) = (u,(D)]uy(2))
2 2
IM (1)) = (u, (2)I Iub(2))

(ub(1)|
e,
Ecp = (uy (D, (2)] = a1, (D (2))
12
Hence by adding Egs. (11.1) and 11.2 therefore results
2
oAl 2 [215 1) + 24(1£ 87+ 2C + Ery £2DS £ Eqy

= (pule.) 21+ S
oy +i+2C+ER1 2DS + E¢p
"R, 1+8 T 1x8?
and one thus obtains
e2, 2C+E 2DS + E,
E,=E, —2E, =2 + X £
® R, 1+8? 1+8?

11.3. Given R, = 0.24 nm, v, = 1.1 X 10"*s7! and also the value of the reduced

mass
1_1 . i, u=233x10""kg

Ho Mya Mg
the parameters A, « and the bonding energy can be found as follows. One can start

with Eq. (11.24)
e

2
e

M

r + AE(c0), AE(0)=1.49eV, ey = e,

AE(R) = Ae™® —
Since Re represents the intermolecular distance at which AE(R) is at its minimum

value one can write
2
0AE (R €
B o= _AgecR 4 M (11.3)
oR g R2
Also the effective spring constant is specified by definition as
k= ya)g = /4(27[\/3)2
PAE (R e
- B~ gg2eo® — oM (11.4)
R |, R
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Hence by combining Egs. (11.3) and (11.4) one can write

e e
M M 2

a— —2— = uw (11.5)
R R ¢

and find « by using given values of R, = 0.24nm, v, = ©,/27 = 1.1 X 103 as
2 | HoiR
>

a=—+ ~36x10°m™!

R, ey

With « thus found A can in turn be determined from Eq. (11.3) as

2

e
A= LM ar L 608y 10716] =3.92 x 10%eV
a R?

e

With A, @ thus determined one can obtain the bonding energy by evaluating AE
atR,:

2
e
AE(R,) = Ae™Re — R—M +1.496V ~ —3.82eV

e

11.4. (a) Given the Hamiltonian

h_2V2_@

ﬁ:ﬁ0+Eerc050, ﬁo =-3
m r

and the wavefunction consisting of the eigenfunctions of ﬁo
@ = ¢1luyg0) + € lUy10)
the energy eigenequation reads as

He = Eyc;|uy00) + Eercos 0c, |u100) + Eycylityo) + Eer cos 0cy|uy,,)

= Ecylu100) + €31t410))
or
(E; —E 4+ Eercos0)c; |uygy) + (Ey — E + Eercos 0)c, |115,,) =0

One can take the inner product on both sides with respect to u,, u#,;, by mak-
ing use of the orthonomality of the two eigenfunctions, and obtain the coupled
equations

(E; —E)e; + mygcy =0, myy = (up9|Eer cos 0]uy,)

My ¢y + (Ey —E)e, =0, myy" = (uyp9|Eer cos 0]uyy)
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(b) The coupled equations are homogeneous, that is, the right hand sides are zero.
Thus to avoid the trivial solution the secular equation has to be satisfied:

E —-E my

myt  Ey—F =0, E>—(E,+E)E+EE,—|m,|*=0

The roots of the quadratic equation constitutes the eigenenergy, which can be
found as

E, = %{(E1 +Ey) £ [(E, + Ey)? — A(E,Ey — myy|)]V?)
1

= 5{(E1 +E,)) + [(Ey — E;)* + 4|my, 112}
1
= E{(El +E,) + [AE? + 4|m,|*1Y?}, AE=E,—E,

With E_, E_ inserted in either one of the coupled equations ¢, ¢, are interrelated
as

2m’*

€ "p _ 12

¢ E,—E.  [AE—(AE+4|mp, |12

o, =

*
&) 12

¢, [AE + (AE? + 4lmp, )12

2m

Hence one can write the wavefunction as
@, = 1 (ltgg0) + altyyg)), @ =a, =a_
where ¢; can be used for normalizing the eigenfunction.
(c) With ¢, determined from the normalization, that is,
1= (@l@) = ey [*(uy00 + @ttyyolttg + @tinge) = |y |*(1 + |a]?)
one can specify the atom dipole as

(ry = (@lrle) = le)|*(uyg0 + @tagq|rluggo + aity)
= [auygolrltng) + .1/ + |al®), (uyglrltiyge) = (tgiolrlieg) =0
x E

Clearly the atomic dipole is driven by and is proportional to the electric field and
the proportionality constant is the atomic susceptibility.

11.5. Given the Hamiltonian

e 1, , R * 1, , 2exx%
+—kx2 —T

H=-"— "4 “ka? - ——
2mox> 20 2mox,2 2

one may introduce new variables

E=x+%y), =0y —%
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By inverting one can write

5= 2 = 2E )
Thus the Hamiltonian can be expressed in terms of new variables as follows.
0 _00% o0 _0 0
ox, 0fox, onodx, 0 Oy
6_2:z<z_z>&+z<z_z)0_n:a_2_2a_z+a_2
ox,2 06 \oE on) o0& onp \oE on) ox, O ocon  on?
Similarly
0> o 9 o 0

— =+ +
ax,2 022 “ogon  on?

Hence one can write

2 2 2 2 2 2
_h_ (3_ + a_ = _h_ .2 0_ + a_
2m \ 0x;2  Ox,? 2m 0E2  on?

The potential energy is also expressed as

1, 2 o _ 1,71, o 1 2] 1, .0, o
Sk +x2)—2k[4(§ M 2+ 2| = THE + )
2¢% 2¢% &2

-y = =L - mE ) = — (@ =)

Therefore by summing the kinetic and potential energy terms one obtains

~ h? 9% h? 0% 1 1
H=—-—— - — — + -k &+ -k n?
28 apop T2t Tk
where
2
1 1 1 m 1, €y
—_——= — -, = —, l_:—k_—
pomtwm FT o ST R
Chapter 12

12.1. Given the energy eigenequation (12.4) one can use the Born approximation
(Eq. (12.5)) and divide both sides by ¢,, obtaining

2
[—Zh—mv; +E (R)] Z(R) = E4(R)

where E(R) is the eigenenergy of electrons in the molecule and should now be
treated as a function of R since the nuclei are not fixed but undergo the motion.
Also, one can look for the solution in the form

2R, 0,0) = p(R)Y (0, p)
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and insert into the equation and divide both sides with the spherical harmonics,
obtaining

2 R 2Ll + 1
o (RZ” ( )> L PLEHD) ) Ry 4 ER)p(R) = Ep®)

" 2uR? OR oR 2UR?

Here use has been made of the fact that (i) the angular momentum operator
naturally enters into the Laplacian when it is expressed in spherical coordinates
(see (Egs. (8.16) and (8.34)), (ii) the spherical harmonics are the eigenfunctions
of the angular momentum operator and is cancelled from both sides, and (iii) the
reduced mass of the two nuclei enters naturally in describing the internal motion
of the two nuclei (see Egs. (8.28) and (8.29)).

The total energy consists of the energy eigenvalue of the electrons attached to
the nuclei and the vibrational and rotational energies of the two nuclei (see Eq.
(12.9a)). Now the minimum value E(R,) represents the eigenenergy of the elec-
trons with R, denoting the equilibrium distance between the two nuclei. Conse-
quently the radial equation (12.10) ensues.

12.2. (a) The moment of inertia of the two particle system with mass m,, m, and
displacement x; and x, from the fixed center is given by

- 2 2
I = myx] + myx;
By introducing the center of mass and relative coordinates as
MX =mx; +myxy, x =% —%,, M=m +m,

and inverting the relation one finds

X+ myx X
X = —, Xy =X - —
! M’ M
Hence the moment of inertia can be specified in terms of X and x as
) ) (X m2x>2 (X m1x>2
WXy + myxs = m +—) +m - =
1% 2% 1 M 2 M
mym
=MX? 4 —L 2 i
my + m,
1 1 1
=MX*+ px*;, == —+ —
o my m,

with ¢ denoting the reduced mass. The first term accounts for the two nuclei mov-
ing together as a free particle while the second term represents the moment of
inertia.

(b) To find the moments of inertia of H,, HCI the respective reduced mass has to
be found first:

_ 2 - -28
= My, = 8.4x 107 kg

b
L _ 1 108 o = 1.62 x 1077 kg
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Here the mass of the atom was taken as the proton mass 2, times the mass num-
ber. Hence, I(H,) = 4.6 x 10~%® kgm?2, [(HCL) = 2.6 X 10~ kgm?
(c) The rotational energy is given from Eq. (12.11a) by
R*L(L+1
EV = ﬁ;
21
with I denoting the moment of inertia. The difference in energy involved in the

transition from L =2 to L =1 is given by

n? 2n?
E.=—[22+1)-10+1)] ==
r =722+ D -1+ Dl ==

I=uR*, L=0,12, ...

The transition frequency is therefore found via the relation hv = 2 X h%/2uR?,
that is,

Ly 2 (h
T o2\

Hence upon inserting the moment of inertia found in (b) one finds

6.626 X 1073 (J s)
2 X 72 X 4.6 X 1078 (kgm?2)

Likewise one finds

Vv(HC]) = 1.31 x 10"?Hz

v(H,) = =7.3%x10"2Hz

12.3. (a) The reduced mass of each molecule has been found in the previous prob-
lem.
(b) The effective spring constants k can therefore be found as follows. By definition
one can write from Eq. (7.1)

2
K = w® = 27v)* = 47’ X (%) =47’ xV;, V=
u

Thus k can be specified in terms of the reduced mass y, the velocity of light ¢ and
the wave number V. By inserting all the values given and converting them into the
MKS unit one finds

kg(H,) = 580Nm™, kg(HCI) = 990Nm™

12.4. The energy eigenequation of the 2D HO reads read as
Ho(x,y) = Eg(x,y)

with the Hamiltonian given by

~ A n* o> 1

~ 2 32
H=H0 +0, = —+§kxx2]+[ Y

R 1,
may 2

T 2moow?

As usual one can look for the solution in the form

@(x,y) = ux)uy)
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and insert into the eigenequation and divide both sides by ¢(x, y), obtaining

ALu) . Huy)
u(x) uly)

Since each term on the left hand side depends solely on x, y the only way to sat-
isfy the equation is to put each term to a constant. In this case one obtains two
independent ID harmonic oscillator eigenequations:

Hu(x) = Eau(x), Hu(y)=Eu(y), E,+E =E

Hence one can transcribe all of the results obtained for analyzing the 1D HO in
Chapter 7. Specifically the eigenenergy is given by

. ) 2
E(nx,ny)=ha)x(nx+E)+hwy<ny+5); wa=<i> . a=xy

and the corresponding eigenfunctions are given in Eq. (7.25). If k, = k, = k the
total energy reads as

X 1/2
E(n,, ny) = ho(n, + n, + 1); w= <—>
m

and is degenerate aside from the ground state, in which n, = n, = 0. For the first

excited state there is two-fold degeneracy corresponding to #, = 1 and n, = 0 and
vice versa. The degree of degeneracy increases in higher lying states.

12.5. (a) One can find the effective masses required by following the steps pre-
sented in 12.2. The reduced masses thus found are listed below:

Hpy = 1.67 x 1077 kg, pco = 1.15% 10 kg
Ho, = 133X 107°kg,  piy,c) = 2.3 X 10 kg

(b) With the use of the reduced mass and the wave number the effective spring
constant given by

2
LY = @? = 272v)? = 47% x (%) =472 XV V=

can be evaluated as

Ketpz = 5.96 x 10! Nm™, k,gco = 2.08x 10*°Nm™

keito, = 1.27 X 1 Nm™, ky,q =1.29x 10'Nm™

(S

(c) Now that y and k.4 have been found the respective zero point energy

1, 1, |y (ke
By = 5hv =3 l(a) (%)
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can also be evaluated as

Eypy =9.9%x1072 ] =6.14%x 107%eV, Eyco =7.08 X 10721 ] = 4.4 x 102 eV
Eop, =515x1072']=3.19x107%eV, Ejy,q =1.77 X107 = 1.1x 10 eV

12.6 (a

=

One has to find the reduced mass first, which is given in this case by

1 1
= +
1.67x 107 kg~ 58.066 X 107*" kg

x|~

Thus one finds 4 = 1.62 x 102" kg. The vibrational frequency can then be evalu-
ated as

1/2 N 12
Yy = 0 = i<5> = i<—516'3Nmz7> = 8.9x 10 Hz
2r 2r \ u 27\ 1.62 % 10~

(b) The P and R branches are given from Egs. (12.23) and (12.24) by

Vo=V —26L, 0 Vo=V +20L;+1), L;=1,23, ...

with
17_( > ) ( 1 )_ 1 6.626 X 10~*']s
2uR? ) \ch 1672 1.62 x 107%kg X (1.27 X 1071% m?2 x 3 x 108 ms~!
=54x102m™!

Therefore the associated frequencies are given by
v, =XV, = vy — 2¢hL; = (8.9 x 10" = 3.2x 10''L,) Hz
Vg = X Vg = vy + 2¢B(L; + 1) = (8.9 x 10*® + 3.2 x 10'(Z, + 1))Hz

The frequencies of the three innermost P and R lines can be found by putting L, =
1,2, 3. Indeed the rotational frequencies are lower than the vibrational frequencies
by about 2 orders of magnitudes. The zero point energy can be obtained in the
usual manner.

12.7. One can treat the flipping of the proton spin in a manner identical to the

paramagnetic electron spin resonance. Thus the spin function can be represented

in analogy with Eq. (10.51) in terms of the nuclear spin up and spin down states:
—i(wy/2)t i(w,/2)t ha,

In@) = c (e "y + e (D" x T = upnBy (12.1)
where B, is the static magnetic field applied and the nuclear magnetic moment
is smaller than that of electron by three orders of magnitudes. The Hamiltonian
of the proton interacting with the magnetic field is given by (see Eq. (10.47))

ENHp
n

N _ 2 ~ ~ B, . )
H=Hy+H = (BoS,y + By (@)s,),  Bi(8) = ?l(e”"t + eTiot
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Thus the Schrodinger equation reads as
n? 1s F(iw,
lha_){N(t) = hzi:[i‘(a)o/Q,)ci(t) + lCi(t)]e+( 0t/2>}{i

EnHp B,(t5,y c,(t) eFi@t/2) 1

= (Hy+ 20 = Y, [2gunsBo +

(12.2)

where g\ is the gyromagnetic ratio of the proton and the eigenequation of y, is
given by

A

1
Hoyy = £gnumpBis, gumpB = Eh‘”

Evidently the first terms of the both sides of Eq. (12.2) cancel out, so that Eq. (12.2)
reduces to

inY &, (O™ @Dy & (t) =
=

Ny . i

Nh £ By (£ e.(£)e™ D g, (12.3)
=+

Hence by taking inner products on both sides of Eq. (12.3) with respect to y, and

x_ and making use of the orthonormality of the spin functions one obtains the

coupled equations

ihé, = gN#Ble”mc_, A=w-aw,

ihe_ = gNZBN Bietic,

where hiw,, is the difference in energy between the spin up and down states, Delta
the frequency detuning between the driving frequency w and w,,. Also the coupling
is caused by the spin flip operators

" 1 . 1
(i lsonla) = <;(+IEG+N +5_Vlro) = 2

(see Egs. (10.1)—(10.3)). The coupled equation can be treated in a manner identical
to the treatment of the electron paramagnetic resonance. Therefore the results
obtained in Egs. (10.55)—(10.57) can be directly used.

Chapter 13

13.1. (a) When the wavefunction (13.12) is inserted into the wave equation (13.11)
there results

2
ihZ[—iwjaj(t) +ay(6)]e BN u)
j=1

2 2
= Y Ea0e &M ) + H'(6) ). ay©)e ™5/ ), o; = E;/h
j=1 j=1
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Obviously the first terms on both sides are identical and cancel each other out and
equation reduces to

2 2
i) a0 @M ) = H'(0) Y aj0)e” 5 ), H'(6) = ~eE@0)@ - 1)
j=1 j=1

One can perform the inner product on both sides with respect to u;, u,, obtaining

iha,()e™ " = —pE(t)ay (e, i = e(1[e; - r|2), hw, = E;
iha,(t)e™ ! = —E(t)a, (t)e" 1"

where the orthonormality of u,, u, has been used and also the fact that
(u;|H'|u;) = 0. The coupled equations can be rearranged as

JEO e _E—E
Ay, Wy = —

a e ! (13.1)

a =i

HE(D)

a, =i

(b) The solutions of Eq. (13.1) has been obtained in the text and one can use
Eq. (13.15) and write

a,(t) = cos Qt; a,(t) =isinQt
and describe the evolution in time of the atom dipole moment as

(1) = (w|AIP); P(r,t) = cos(Qt)e ™y (r) + i sin(Qt)e™ > uy(r)
= Jii{sin(Qt) cos(Qt)[e " — ], 1 = e(1[e - r|2)
= Ji sin(2Q¢) sin w,t

where the dipole moment is specified by the integration

(wlitly) E/ dr(y*iy)

0

Thus the atom dipole moment oscillates with the atomic transition frequency
®, while the magnitude of the moment evolves in time with the transition
frequency Q.

13.2. (a) With the wavefunction
2
w(r.t) = Y a,®Olu): Hylw)=Elu). j=1.2 (13.1)
=1
used in the wave equation (13.11), it reads as

2 2 2
ih Y, ay(Olw) = Y Ea@lw) +H'0) ) a0l
j=1 j=1 j=1
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By performing the inner product on both sides with respect to u;, u,, one obtains

iha, (t) = Eya,, — HE(f)a,(t), | = e(l[e; - r[2)
ihay(t) = Eyay, — RE(®)ay () (13.2)

Here the orthonormality of the two eigenfunctions has been used together with
the fact that the diagonal matrix elements of H’ vanish due to the odd parity of
the integrand involved.

(b) Since a;(t) = a(t) exp —(iw;t), one can write

. d —iw;t . _—iwt . —iwit
VS ﬁaje ’=ae + (—zwj)aje v, j=1,2

so that when ajs(t) is replaced by aj(t) the coupled equations (13.2) are reduced to
Eq. (13.13) in the text.

(c) Now that the two sets of the coupled equations are shown identical, one can

use the solution obtained for aj(t) under the same initial condition and write

a,(t) = a,(t)e”" = cos Qe

a, (1) = a,(t)e™ ™" = isin Qte " (13.3)

When Eq. (13.3) is used in the representation of the wavefunction (13.1), it

becomes identical to the wavefunction expressed in terms of aj(t) and therefore

the description of the atom dipole moment should be the same (see Eq. (13.8)).

13.3 (a) With the electric and magnetic field given in Eq. (13.19)

~ [ 2 . ~ | 2
E =y %pl(t) sink;z, H, =%,/ V—ﬂql(t)a)l cosk;z

one can express the field energy residing in the /th mode as

L 2 2
~ E H
H,=/Adz[£| Iyl ']
o 2 2

L
1 1

= Adz | —sin? (kz) p*(t) + — w*cos®(k;z)q*(t)

/0 [AL (kiz) pi(®)+ F7@icos’ kg, ]

L 1 — cos (2k;z 1+ 2k
= l/ dz l—( ! )plz(t) +w12—cos( ) qf(t)]
0

L 2 2

1 1
= 3PHO) + 50 0)
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where A, L denote the cross-sectional area and length of the cavity. In performing
the integral a well known trigonometric identity has been used together with the
boundary condition of the standing wave.

(b) The commutation relation of the creation and annihilation operators reads
from Eq. (13.25) as

1 . ,
la,,a]]= %[(wm +ip). (@q; — ipp)]
1

= ——{lwq,, ,q,] - iwlq;, p] + iolp; q] + p;, p1}
271601
1 , .
= Ta)l{_lwl[ql’pl] +iw[p; q;1}
= Zhwl{—iw, X il + iw, X (—ih)} = 1

where use has been made of the commutation relation

lg,p]] =ih, 1q,91=0, lq,p)]=0

13.4. (a) One can invert the relation given in Eq. (13.25) and express g, p; in terms
of the creation and annihilation operators:

1/2 1/2
h [ hw,
0= (o) @rap m=-i("5) @-ap

Now g, p, corresponds to x, p, of the harmonic oscillator, so that one can write
the Hamiltonian as

Lo 15 _
H_Ekql+§pl, m =

1 h 1 hw
= 5k X <2_0)1> (a,+af)a; +a)) - 3 X T(a, —a)a; —a))

how
= L@ +ah@ +ah) - @ -aha-a)l, k=of

haw haw
= T’[2a,a7 +2afa)) = TI2[alal+ +afa]

1
= hao, [a;'al + E] , ala;’ = a;“al +1
(b) The standing wave mode representation of the electric field given in Eq.

(13.33a) can be recast into the traveling wave mode as follows:

~. ha)z + .
E =i W[ﬂ, () — a,(t)] sink;z

N hwl . i (eik,z _ e—ikIZ)
= yl\/ W[aT(O)el it — a,(0)e lt]T

Since any combination of the product exp(+imt) X exp(+ikz) is the solution of the
wave equation of E one can choose those combination describing the propagation
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in a desired direction. Thus one can utilize the representation given in Eq. (13.33a):

. ha —tk r ik-r
Ek = lgki 2We [(l]d(t) - = ﬂ(t)kje ]

where % can be replaced by the polarization vector. One can likewise construct the
traveling H field.

(c) The transition rate in Eq. (13.36) involves the transition matrix element given by
W o [{uy, n,+ 1le(e, - Z)(a;(’/l(t)e_”fr — a, (XY u,, my)|?
Now the interaction Hamiltonian operating on the state [u,, ;) yields

(@, — (D™D uy, n)) = e L0y + 1)V ug, my + 1) — n' X0 |uy, my - 1)

Obviously the first term can be connected to the state |u,, 7, + 1) accounting for
the electron making the transition from the upper to lower state, while emitting a
photon. Hence the resulting transition rate

Woan +1

naturally incorporates both the induced and spontaneous emission of radiation.

Chapter 14

14.1. (a) The coupled equations

. . ME(D) . HE(L)
a,,(t) = —iw a;, + i——ay, ay(t) = —iwyay, +i—— 7

h
have been derived already in Eq. (13.2).

ay, (14.1)

(b) By using Eq. (14.1) one can obtain
d

* e *
E(ﬂlsals) - alsals + dlsdls

. RO L FE(®)
= | ioyay; —i—=—ay | ays +ay | —ioay it —ay

LEEO L EO

A i,y l_h Ayl

d * .k % .
%(ﬂZSQZS) = uZSaZS + d25a2s
. HE@®) HE (1)
= | lwya,, — i— 7 (l Ay + azS szaZS + lels
ﬂE(t) HE®)

= h 1s 2S+l h 6125(115
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Therefore by subtracting the latter equation from the former one obtains

d 2inE(t) N
%(Pn - Pzz) ” (P21 /721)

(see Eq. (14.14)). One can likewise derive Eq. (14.15a), that is,

d d E(t E,-E,

—p —a,dl = —iwyp +tﬂ()(p — Pyy)s @y =
2P T g%t 021 11 22)> @o h

14.2. (a) In the absence of the electric field Eq. (14.15b) in the text is reduced to

0
(Pu - Pzz) - (P(u) - P2 )

T

d
E(Pn = Pyp) =—

or equivalently

(0) (0)
d(pyy = py) + (p1y — 1’22) (11 = Pyy) (14.2)
dt T T
Now one may introduce a function
X = (p11 — poy) exp(t/7)
in which case the left hand side of Eq. (14.2) can be expressed as
d(ﬂu - Pzz) (.011 - Pzz) e d
+ =e /"= 14.3
dt c T at (14.3)
Therefore by equating Eqs. (14.2) and (14.3) one can write
ped A =)
et —y= —=
dt T
that is,
(0)
d d o Py — /’2 ) .
Eﬂ( = %[(Pn - Pzz)et/ 1= f e/ (14.4)
One can likewise introduce the function
x = eliont+t/T
and obtain
d d iwgt+t/T,
L, =2 =0 14.5
dt)( pT (e P21) ( )

A straightforward integration of Eqs. (14.4) and (14.5) leads to Eq. (14.16) in
the text.
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14.3. (a) The complex equations (14.20a) and (14.20b) read in the steady state as

(O_(r) + Lo_(t))
= i(w — a)o)(a(r) + ta(l)) + l (Pu Pr) — _T
2
iHE, 0 (P11 — Px) — (p(lol) - /’2 )
0= —(2 )~
T

Thus by singling out the real and imaginary parts from both sides of these two
equations one can write

(r)
(l)
® — )0, =0
( 0) Tz
(l)

-2y (0 — wgy)o,,

NEo
T2 % (/’11 - pzz) =0

0 _ (0)
_2/7130 @ _ (= /’22) (/’ 2)

n 2 T T

and find the three unknowns from the three equations and obtain Eq. (14.21).

(b) With agl), 0;1), and (p;; — py,) thus found one can specify the atomic suscepti-

bility by relating the polarization vector P to the atom dipole as

P(t) = ReN(u(t)) = £ x,E, cos wt + £, ) E,, sin ot

= NJi(py; + pyy) = 2Relfi(cy; "

)

+ la(’>)e_“‘”] = 2Ji[o,, cos wt + 6(’ sin wt]

and the results agree with Eq. (14.23).

14.4. At the steady state in which p,, p,, are independent of time the rate equation
(14.29) reduces to

1
0=4,- T_Pzz = Wilpy — p11)
2

1
0=4 - T_ll’u + Wilpy — p11)

where the spontaneous emission lifetime 7, is in general much longer than 7, 7,
and discarded. One can rewrite the equations as

My Py + Mynpyy = Ay, myy = Wi+ 1/, my, = =W,

i

My 1y + My pyy = Ay, My = =W,

My = W;+1/7,
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and find p,;, p,, via the Kramer’s rule as

Ay myy my A
Ay My My Ay
P11 = s P =
myy My myy My
My My My My

The explicit expansion of the determinants leads to the results given in Eq. (14.30).

14.5. (a) The wavelength, frequency and the frequency spacing of the standing
wave modes in a cavity with length L are given from Eq. (14.26) as
Al
M=% = f A =S =123 ..
2 I A, 2L 2L
where the optical index of refraction has been taken unity. Thus the fundamental
wavelength and frequency versus L are:

L(m)  A(m) v(Hz)

1 2 1.5 x 108
1072 2x1072 1.5x10%
107* 2x10™* 1.5x102

(b) The frequency at 500 nm wavelength is 0.6 x 10'® Hz. The frequency spacing of
the standing wave modes for L = 0.5 mis 3 X 10% Hz. The bandwidth of a picosec-
ond pulse is roughly given by Av ~ 1/At = 10'* Hz and the carrier frequency
of the pulse centered at 500 nm wavelength is 6 X 10'* Hz. Thus the number of
standing waves mode-locked is about 2 X 10° centered around the carrier fre-
quency.

Chapter 15

15.1. (a) The degenerate and the non-degenerate representation of

n= iNcFl/Z(nFn)’ n= Nce—(EC—EF)/kBT

\/;

can be explicitly compared by considering

V4
Fl/z(npn), ellen )

(see Eq. (15.6—15.8)). As clear from the plot shown, the two quantities are
essentially identical when the Fermi level E, is a few kT below the conduction
band. This indicates the range of the validity of the non-degenerate and analytical
expression of . But when E approaches the conduction band edge E - or is raised
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above E, the analytical expression progressively over-estimates the actual value,
hence should not be used.

102 T T T T T T
R
| | | I | |
i i i i i i
Ll R L Lo L L N
10 1 T r T T
L Fp=e YT
= } } I 1
S ] P N N S 7~ <l
— | ! !
v i i < x'2dx
; | | | o 1+eX7
107" - S A B I
| | | I | |
| | I | |
| | | I | |
| | | I | |
-4 -3 -2 -1 0 1 2 3
n

(b) The hole concentration is generally represented by

Ey 1 (2m, 3/2
p= / dEg,(E)f,(E), g,(E) = ~— <—2> (E, — E)'/? (15.1)
E,—AE, 2z h

where the density of states g, is strictly analogous with g, except that the hole effec-
tive mass m, replaces m,, and (E — E) is replaced by (E|, — E) which is equivalent
to (E — E.). The electrons move up the conduction band with increasing energy,
while holes move down the valence band with increasing energy.

The hole occupation factor is by definition the probability that the state is not
occupied by the electron:

_ 1 B 1
'};(E) =1- 1+ g(E_EF)/kBT - 1+ g(EF_E)/kBT (152)

By inserting Eq. (15.2) into Eq. (15.1) and precisely following the steps used for n
one finds
2 _ _(Ey—Ep) [ 2am kT 3/2
p = ﬁNvFl/z(i’]Fp), an = kB—T’ v = 2 T
For Ep lying above E|, a few thermal energy k; T or more the same approximation
can be made as in the case of n and one can obtain

\/;

2

[os]
Fyjp(np,) = €' / dne™"n'/* = e
0

and the analytical expression for p in the non-degenerate regime

p= Nve—(EF—Ev)/kBT
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15.2. (a) In the thermal equilibrium the law of mass action holds and in Si the
intrinsic concentration is given at the room temperature by

np = nf, n; = 1.45 X 10%cm=3
Thus one can find # for given p as

pem™ 10 10? 10° 108
nem™>  21x10Y 2.1x10™® 2.1x10” 2.1x10%

One can also find # as a function of 7' from #, given in Eq. (15.12) as a function 7.

(b) To find N, one has to find the location of E; in the band gap. Confining to the
case of non-degenerate 7, p one can find E; by using

E. —E

— 1. !
n=n;exp T

with E; denoting the midgap corresponding to E. of n;,.

ncm™3 21x10° 21x10® 21x10"® 2.1x10"2
E; — E/(eV) 0.53 0.47 0.30 0.12

(c) Since E- — E; = 0.56 €V, and the non-degenerate statistics holds true for E —
Ep > 2kzT and kg T = 0.025 eV, the non-degenerate statistics can be used for all
cases considered except for the case of 0.53 eV.

15.3. With T' — 0 the freeze out effect is operative and all electrons in the donor
level £, as well as in the valence band cannot be thermally excited into the conduc-
tion band in the n-type semiconductor. Thus the donor state should be occupied
by the electron, which is ensured by E, raised above E,,. By the same token E,
should be lowered below E, level in the p-type semiconductor, so that no electron
can be in the acceptor state. Then the holes cannot be generated in the valence
band by electrons being promoted to the acceptor level £, from the valence band.

15.4. (a) With Ep — E- = 0.1 eV nis in a strongly non-degenerate regime, so that
one has to use Eq. (15.6) and write

n=NCiP1/2< 0.1 ) kyT = 0.025eV at T = 300K

\/; 0.025

Since
Ne=28x10"cm™, F,,(4) =65115at T = 300K

one finds n = 1.82 x 10 cm ™. The N, level should be higher than 7, since Ef in
this case is near or above Ej, and not all of the electrons in the donor state are
promoted to the conduction band.
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(b) Similarly one has to use Eq. (15.10) for p and write
2

\/;

p=N, F1/2(0'15 ) kyT = 0.025eV at T = 300K

0.025
Since
Ny =1.04x10"em™, F,,(6) = 11.447

one finds p = 1.2 X 10%° /cm?®. Again N, should be larger than p since E; in this
case is near or below E 4, so that not all of the acceptor atoms can accept the elec-
tron and generate hole in the valence band. The quantitative analysis requires the
donor and acceptor statistics.

15.5. (a) The electrons in the quantum wire are confined in say y, z directions
while moving freely along the x-direction. One can therefore utilize the quantized
energy level from Eq. (4.27) as

n2k? h2r2

x 2 2
+ E,(n°+m*); E, = ;o nom=1,2, ...
of ) B 2mW?

nm 2 .
Hence the ground and first excited state levels are
E,, =2E,~15meV, E, =E,; =5E;,~37.5meVat W = 10nm, m, = 0.9m,

The 1D electron density is given by
mp = Z Annm
n,m

where A#n,,, can be evaluated in several steps as

® [(v/2m'/?)/zh]
Annm = dEgl])f;,(E)a ng(E) = s E Z Enm
£ E1/2
Vom)? [ 1 1
~ ah /E E 7 T3 detm s &= E~Em

~

1/2 —(E—
\/Emn A Em-Ep T /oo dE e~ E-Euwd/ksT - e EmED/kT 55 ]
h E, (E - Enm)1/2

nm

To perform the integration one can introduce a new variable

£ (E=Em Yz
kg T
and put the integral in the form and evaluate it as

b —(E-E,,)/ kT o 2
[ kT et = VT
E, 0

(E—E,)?

nm
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Therefore n,, is given by

1/2
nyp = (%) %e—(EC—EF)/kBTZgnm e Eo?+m*) [kyT

nm

where g, denotes the degeneracy of the #, m state.

(b) One can quote the result obtained in Eq. (4.26) and write the subband energy
as

2.2
her 2

=—mn", n=123, ...
" 2m,W?

and specify the 2D electron density as

o0
nyp = Z Ans
s=1

where

m%=/ dEgonfiE). gy = my [ 7h®
E

s

" [ GE-Ey— L EsE
- zh? E, E-E) 14 eE-Ep/keT™ = ="
m, [* 1
= de ————— e =E—-E
zh? J, 1 + ele+E,~Ep)/kyT n
[s9)
o M B, -Ep) [T dee</kT, EHEEN/T 5
ﬂ'hz E
m}’l
_ ~E,~E)/ka Ty T
= e k
nh? B

and 7, is represented by

m, —(E,—~Ep)/ksT
nZD = Z An}’l = ﬁkBTZe (E, F)/ B
n n

Chapter 16

16.1. (a) The mobility and diffusion coefficient of electrons for example are given
from Eqs. (16.5)) and (16.7) by

2
qr, Ly
=In p=2
Ho m, "o,

where 7, [, are the mean collision time and the mean diffusion length, respec-
tively. Now [, is specified by the distance covered by the electron moving with the
thermal speed v; in the mean collision time, that is,

ksT\'? — myy kT
h=vit=\5~) W 5 T

n
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Here v; has been found from the thermal energy via the equipartition theorem
(see Eq. (1.15)). Hence one can derive the Einstein relation by

ksT\ 2
D, B, () gt

My o dqT. /M, qT,/m, q
(b) Under the illumination #, p are given from Eq. (16.16) by

n=mn;+n, =n;+(alr,/hv)
n; + (alrp/hv) (16.1)

p=n; +pph

where the second term in each expression denotes the photo-generated electron
and hole concentrations. Under the illumination #, p are specified by the quasi-
Fermi levels and are given by

(EPn_Ei)/kBT’ p= nie(Ei_EFp)/kBT (16.2)

n=ne
Hence by combining Egs. (16.1) and (16.2) one can write

BT = 1 4 (alz,/n;hv)]
eFE T = [1 4 (alt, /n;hv)]

and by taking the logarithms on both sides one obtains

E, - E,
FIZBT = In[1 + (alz,/n;hv)]
E-E
T =% = In[1 + (alz,/mhv)]

Therefore by adding the two equations one finds the splitting of Ey,, and E, as

Ep, — Eg, = In[1 + (alz,/n;hv)] + In[1 + (al7,/n;hv)]
= In{[1 + (al7,/n;hv)] X [1 + (alz,/n;hv)]}

16.2. (a) The resistivity is the inverse conductivity and is given by

1 1

gu,n 1.6 x 107°C - 800(cm2 (Vs)~!) - n(cm=3)
1

1.6 X 107C - 800 - (cm2(Vs)~)n(cm=3)

Zi
=

=10Qcm

One can thus find # as

1

= =78x10%cm™
1.6 x 107" - 800 - 10

n
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Once 7, is known p,, is to be found from the law of mass action at the room tem-
perature as

n2 (145 x 1010y
Pn=— ="

=279%10°cm™
n, 7.8 x 10!

Also the photogenerated density of e—h pairs is given by

My =Py, = 8T = 10?2 - 107 = 10" c¢m™

The total conductivity o = 6, + 6, is contributed by the dark and photo con-
ductivities. The former component is given by

Op = qu N+ qU,p = qu,n
=1.6x10"°C - 800cm?(Vs)™! - 7.8 x10%cm™2 =1.0x 10! Ucm™!

Likewise the photoconductivity is specified as

O-ph = q(”nnph + Mppph)
=1.6x107" - 10® cm™ - (800 + 400)cm? (Vs)™!
=1.92x10'0cm™

(b) Since the total conductivity is mainly contributed by the photoconductivity the
ratio is given by

16.3 (a) The light intensity is specified by the density 7, energy and the velocity
of photon as

c c
I=lf1ph~h;~c=hz~th, Fy,=n,- c

where F,, is the flux of photons. For / = 10 W, one finds the flux as

_10(J/scm?) - 500 X 107 m

F,= o — =252x10"em 5!
6.626 X 1073*Js - 3x 10°m

p

(b) The generation rate is specified in terms of I and the attenuation coefficient a
as

g=a(l/hv)=252%x10"cm3s!
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16.4. The rate equation

agtn =g _pn_pn()
™

can be rearranged as

op, P Puo 0, 4/ Prno -
n+_n=gL+TL°r E(@t/”l’n)= gL"’é el

Upon integrating both sides there results
e/, (8) = p,(0) = (&7, + Poo)e/ T — 1)
Or more specifically at ¢
() =P,/ + (@7, + o)1 — /)

Thus for ¢ > 7, the initial value decays away and the steady state value is attained
given by

Pn= (gLTp +pn0)

The first term of p,, is the photo-generated hole density while the second term is
the equilibrium concentration. When the light is turned off at £ = T then the rate
equation reads for ¢t > T as

i(el/fpp )= @et/fp
ot " T,

and by integrating both sides one finds
Pu®) = p, (D) + po(1— /%)

Thus p, (T) decays away while p,,(¢) attains the equilibrium value in the long time
limit.

16.5. (a) For 0, = 0, = o the recombination rate due to a single trap is given from

)2
Eq. (16.30) by

_ ovpN(pn-— n?)

n+p+2nicosh%
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For multilevel traps one can generalize U as

u=2u=%

E.—E.;
. i—Ei
j n+p+2nicosh<kBT>

UVTNt(E,-)(”P - ”lz)

with j denoting jth trap level. One can further introduce the trap profile
N(E) = f,(E)
and recast U in terms of the distributed traps:
Eg/2 fAE)
E-E
£6/2 p + p + 2n; cosh (kB—T)

U=ovy(np— niz)/

where E is taken centered at the midgap. For a flat distribution

JiE) = Dy

U is obtained as

u= l(;'zp—nl.z)/
T _

One can carry out the integration incorporating the various cases in the denomi-
nator.

o dE 1_ ovyD
Eg/2 EEN o T
/2 n+p+2m;cosh { —

B

(b) For the Gaussian distributed trap profile

(E-E,)?
f(E) = N, exp T 002
U reads as
Eg/2 —(E-E,.)? /26>
u= %(np - nf)/ ¢ dE , 1_ ovyN,

Eg/2 n+p+2nicosh<%> ’
B

In the n-type semiconductor for instance # is dominant so that I/ can be expressed
in terms of the error function as

2
L[N(np_ni)\/id//\e_fzdf §=E_Etc A=EG/2_ELC
Tn 0 ' ’

V2o V2o

n

= l@ \/50"| \/T;erf/\

Here the traps in the lower half of the bandgap has been discarded and the well
known error function has been used,

2 A 52
A= — ' d
! \/;/o e
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Chapter 17

17.1. (a) The junction parameters, for example, the built-in potential, depletion
depth, the maximum electric field, and so on at given doping level can be specified
explicitly by combining Egs. (17.3)-17.5):

kyT (NN, NN,
(Pb’:B—ln( 4 D)— 4. T .y lp

g w2 ]2, N+N, 2™

w W

W: + s = s =
T T YN, /N P T A+ N, /Np)

Hence one can evaluate those parameters with the use of the formulae given above.

(b) Under the reverse bias W, E
and (17.10)) to

max all increase and one can write from Egs. (17.9))

1/2
2, (N, +Np) /
W(Ve) = W((Pbi + Vil s @ = Oyt |V
2@y + | ViD) 2y + VD2
max 1/2 - 172
2e (N4 +N)p) 26s(NA+ND)]
[ q* NyNp ((pbi + |VR|)] [ q -+ NyNp

and find the breakdown voltage Vy, for given breakdown field and dop-
ing level. For example for Epp=3%10°Vem™, N, =2x10"¥ cm™ and
Np = 10" cm™3, @, ~ 0.78 V and Vj, ~ 17 V. For the same N, but for different
Np of 2x 107 cm™ @,; ~ 0.9V, and Vpp ~ 1.2 V, and is reduced by a factor of
about 10. This points to Vg, depending sensitively on the doping level.

17.2. The junction band bending is specified by the built-in barrier potential via

Ppi = Ppy T qup

where the electron and hole Fermi potentials depend on doping level N, and N ,,
respectively. Thus, for sufficiently high doping level it is possible for E. to be raised
above E in the n bulk and E to be lowered below E;, in the p bulk regions, thereby
making it possible to induce the band bending larger than the bandgap.

(b) To analyze the junction band bending larger than E, the statistics of the donor
and acceptor atoms are essential. For the degenerate doping level E; can be raised
above E}, in the n-bulk. By the same token E, can be lowered below E, in the p-
bulk regions. Therefore all of the electrons in the donor atoms are not necessarily
donated to the conduction band. Likewise all of the acceptor atoms can accept the
electrons to create the holes in the valence band. Consequently the ionized donor
and acceptor atoms constitute a fraction of Nj, N,.
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To estimate such N, N, one may choose for instance N, N, such that E, coin-
cides with E, E,, in n and p bulk regions, respectively and write

_ 2 o N, B
" ﬁNCFl/Z(O) =N = T et Fe = Er (17.1a)

=N, = Ny _ 2NF o E. —E 171
pP= A_W_ﬁ Vl/Z()v v = Lf .

Here, N}, N represent the ionized donor and acceptor atoms by donating elec-
trons to the conduction band and holes to the valence band, respectively and
constitute a fraction of Ny, N,. Also g, and g, are the degeneracy factors for
E,, and E, states. By using the values of N, Ny, in silicon and germanium into
Egs. (17.1) and (17.2) one can estimate the required levels of Nj,, N ;.

17.3. In the completely depleted approximation the space charge p is taken con-
stant at the level Nj,, N, in n and p regions, respectively. Consequently the E-field
is linear in x. In this case the built in potential ¢,, is obtained by finding the tri-
angular area under the E—x curve, as discussed. The area is in turn decomposed
into two triangular areas and one can write

qNp

2 2
xo+—x;, W=x +x
14 2£S n’ n 14

qN,

1
Ppi = §EmaxW = %
s

(see Eq. 17.5a) and Figure 17.2). At Ax distance inside W from the edge x,,, that

is,
Ax=x,—x
the space charge potential is less than ¢,; by an amount given by

N N
K D Ax x %Ax = qZ—Dsz

S gS

P(x) = @y — Ap(x), Ap(x) =

Here Ag(x) was approximated by the triangular area of height and base all speci-
fied in terms of Ax. Therefore n at Ax decreases and is given by

3 G*NpAx? o _{ ©°Np 12
M) =P\ o ) S hee T S=\ g ) A
s™“B s“B

since E-(x) — Ep increases at Ax because of the band bending (see Figure 17.3)).
Consequently one can estimate Ax at which 7 reduces to a negligible level, say 2%
of N, at x,, that is, £ = 2. Therefore one can assess Ax from & as

2 1/2
q°Np -
2=¢= A
§ <2£skBT> i
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For N, = 10" cm™ and N;, = 10'°® cm™3 for example one finds

< 4*N, ) 3 (1.6 10—19)2c—2 10166 (m3) x 47 % 8.988 X 10°(Nm2C~2) |
2e ks T ) 2% 11.9%1.381 x 10722JK-1.300K
~1.71 x10’m™ ~ 1.71 x 10pm™*

where the Coulomb constant has been used:

=11.9 % 8.988 x 10° m?>C2

Eg=¢€
r 80
Therefore
A%, = — 2 o1 pm
( quD )1/2
2e.kg T

and one can likewise find

AF = — 2

P N, \ V2
2ekyT

For the same given doping level one can find the depletion depth W as

1/2
2¢, (N, + Np) /
W= ———m—mFo, ~ 11 pm

~ 0.04 pm

qN,4Np,

Therefore the sum of AX, and AX, is a mere fraction of W and the completely
depleted approximation is shown a good approximation to make.

17.4. (a) Given the diffusion equation

d2 n —Pno
ST g x> (17.2)
2 2 n
dx L,

one should first treat the homogeneous part, namely

d’p, Py

Fn _ g
dx? LI%

The solutions of the homogeneous equation are given by p,, o exp +[(x — x,)/L, .
Obviously the solution with the positive exponent should be discarded since it
diverges at large x and one can write the solution of Eq. (17.2) as

@) = Ae™ T 4 p
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Now the constant of integration A should be used to satisfy the boundary condi-
tions, namely

pn(xn) = pnOqu/kBTatx = xn’ pn(x - 00) = pnO
Obviously these conditions are satisfied with the choice of A such that

P, %) = o€V} — 1)e~=lly 4 p o

(b) Given the recombination rate given from Eq. (17.20) by

20,0V [ksT _
U= 1 n; (e?V /"5 1) np = 2otV kT
T n+p+2n;cosh(E, — E)/kzT’ !

the maximum U ensues with the minimum value of # + p, which can be found by
putting the first derivative equal to zero, that is,

dn+p)=0
subject to the condition

pn = nle?’ kT

One can thus write

n2edV /T n2edV/ksT
dn=—dp=—-d| — = - dn=<@>dn=1—9dn
n n? n? n

and therefore

n=p= niqu/ZkBT

17.5. The current flowing under a bias is generally specified in terms of the gradient
of the quasi-Fermi level

d d
Ju = b = Jy = Hyp Epy (17.3)

(see Eq. (16.19)). Also the forward current is given from Eq. (17.17) by

gD, 1,
n DY paViksT = atx =x,
L, It L,

~ %qu/kBT

Ty = (17.4)
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Thus by combining Egs. (17.3) and (17.4) one can write

dEp, _ (@D, my/L,) etV /T dEp, _ @D,Pyo/ Lp)eqv/ kT

dx Hu Mo ’ dx prpo

Once injected into the depletion region, J,, /, are maintained at the injection level.
For N, = 107 cm™ and Nj, = 10" cm™ for example the slope at the injection
plane can be re-expressed by using the Einstein relation as

V/ksT 2
dEy, _ kpT p,, € [ks _ kBTLqu/kBT D, kg T
dx Lnﬂn o Ln Ppo”’no Hy q
Also with the use of y, ~ 800 cm?(Vs)~™! and 7, ~ 0.1 ps the diffusion length is
estimated as

kgTu,z,\"?
L,=D,7)"*= <—B i ”)
q
~ <1.381>< 107 - 300K - 8 x 10—4m2‘10_7s>1/2
1.6x107°C

~1.46 x107°m = 14.6 pm

Hence by using of L, thus found one can estimate the slope of E, for the given
doping level

dEp,  1.381x1072JK~!-300K (1.45 % 10'%)*cm™° VT

dx 1.46 X 10> m 107 x 10 cm—6

~6X 10—29 qu/kBT]m—l

=37x1071e?V/5T ey ym™!

Thus for the forward voltage of 0.6 V for example one finds

dE,
B~ 48x%x1076 eVpum™
dx

Therefore for W ~ 11pm and for given doping level the total change of E, is
~ 5x 107° eV and can therefore be neglected and Ej;, can be taken flat in W. One
can likewise show that Ep, can be taken flat.

For the case of the reverse bias

; gD, 1, 3 kgT p,n,,
"L, L

n n

and therefore Ey,, Ep, can also be shown to be nearly flat. However for a large
forward voltage the approximation ceases to be valid.
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17.6. The Zener breakdown is caused by the Fowler-Nordheim tunneling given
from Eq. (5.26) by

1/2
4(2mn) £3/2
3gEh G

T ~ exp l—

where V — E = E. Under a reverse bias V the junction electric field E is given
from Eq. 17.10) by

N 2((Pbi + |VR|)1/2
max I:ZES(NA‘FND):II/Z
q* N4yNp

The critical field for the onset of the Zener breakdown is determined by the con-
dition
AEinax - W~ Eg — oy,

max

The condition states that the band bending induced by V}, plus the intrinsic band
bending exceeds E so that the valence band on the p side lines up with the con-
duction band on the n side. In this case the electrons in the valence band can tunnel
through the triangular barrier into the conduction band on the n side, giving rise
to the breakdown current.

Clearly this points to the fact that the small E; enhances the F—N tunneling prob-
ability and also requires a smaller V}, for lining up the valence band to the conduc-
tion, causing the breakdown. Since W is determined by the doping level regardless
of E the breakdown is more likely to occur in a smaller bandgap material for given
doping level. The V} responsible for the breakdown can be easily estimated with
the use of the equations given above.

Chapter 18

18.1. The steady state diffusion equation

LP p LP LP p

with the boundary conditions

pn(‘xn) = O’ pn(x - OO) =Pno +§Drp
can be solved by first considering the homogeneous equation

Py

"
pn——2=0
Lp
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The solution of the homogeneous equation is given by p,, ~ exp £(x — x,,)/L, and
the positive branch should be discarded since it diverges at x — oo0. Also the par-
ticular solution is obtained by inspection as

Pn=Pu+&7% Ly/D, =7,
Therefore the solution of the diffusion equation is given by
) = Ae™ M 4 p, + 2y,

where A can be used for satisfying the boundary condition, namely p,(x,) = 0.
Thus the solution reads as

pn(x) = (pno +§DTp)(1 = e_(’“"‘n)/Lp)

(b) The diffusion equation of the electron in the p sides is given by

n,—Mn, g n Moy §
I B ey e (T )
L, D, L2 1> D,

The solution of the homogeneous equation is given by 1, ~ exp +(x +x,)/L,. In
this case the negative branch has to be discarded, since 7, diverges at x - —oo.
Therefore by accounting for the boundary condition, #,(—x,) = 0 one finds

1y(®) = (1, + EpT,)(1 = 479/Er)

18.2. The effect of R, is to reduce the load voltage provided by the junction forward
voltage. Therefore the power extracted is reduced as

P, =V, I, =(V = LR), — L (! HiRI/AT _ 1))

with V' denoting the open circuit voltage (see Eq. (18.17)). Thus the series resis-
tance degrades the power extraction.

18.3. (a) The basic role of the solar cell is the power production
P=V,xI

and the junction solar cell is based on the band bending as occurs in the junction
depletion depth W. The solar radiation is absorbed in W, generating the electron
hole pairs therein. The e—h pairs thus generated should be separated and con-
tribute to the load current /;. The separation is naturally assisted by the junction
band bending. Specifically the electrons roll down the junction potential hill while
holes roll up the hill. Simultaneously the built in potential of the junction provides
the load voltage V. Thus, the junction band bending is the main driving force for
the operation of the solar cell.
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(b) There are a few key factors involved in the efficiency of the solar cell. To opti-
mize the power extraction /; should me made as large as possible. In addition V{,
should be large, which is given from Eq. (18.14) by

kB ( I, )
Voe = In{ —
oc = q I

where I denotes the saturated current of the junction (see Eq. (17.18)). Thus the
large I; also increases V5. Now /; is commensurate with the linear attenuation
coefficient given by

[ xgxa, a=A*(ho—Ey)"?

Therefore to increase a the bandgap of the material should be small so that the
absorption could occur over a broader range of the solar spectrum. However small
E increases I via the increased intrinsic carrier concentration

I nl2 x exp—Eg/kyT

and decreases V). It is therefore clear that to attain large V- wider bandgap is
desirable.

In view of the merits and demerits of the wider and narrower bandgap an optimal
compromise is in order. More important the optimal combination of materials to
achieve large I, and V|, is an important issue.

18.4. (a) The overlap of E, E|, by 0.2 eV can be achieved by raising E above E- by
say 0.1V in the n bulk, while lowering E below E|, by 0.1 eV in the p bulk. In this
strongly degenerate regime the degenerate statistics has to be used:

E.—E
NF1/2< £ C)

N
1+ gpeEEn/kT’

2
n=
\/_
¥ _
D~

Ep—E.=0.1eV

9 E, - E,
== -=_N/F,, | +t—=£
p \/— 1/2( kT

=N, = Ny E,—E.=0.1eV
TA T 1+gAe(EA_EF)/kBT’ v F=ULe

By inserting the values of N, N, of Si and GaAa and evaluating the Fermi 1/2
integral at given argument one can find the required N, N,.
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(b) The flux of electrons under a forward bias is given from Eq. (17.17) by
Bo=tn 2 DO v (’(BT_”> 1 (1 vt
q Ln q Ln ppO

2 0.1
vz [kBT(e\/)

Likewise one can specify F), as

. 2
o _ Dol vpr _ <M> 1. <”_> AV /T

- q Lp q Lp My

with

ppO =

By using the respective values of N, Ny, and the mobilities involved one can
evaluate the electron and hole fluxes.

18.5. (a) The condition
FAEL) > f(Ey)

is specified explicitly as

1 1
1 + eEaErm/ksT = 1 4 eEp=Erc)/ksT

and is equivalent to
eEaEr)/ksT < oEv=Erc)/ksT op E,—E,, <E, —Ep
That is
Epe —Ep, <E,—E,=hw
Similarly the condition
SAEL) < J(Ep)
leads to

Epc —Ep, > E,—E, = ho

(b) The gain coefficient as given by
r(@) = a(@)[f(E,) — f,(E)]

represents the probability of electron being in the conduction band at E; level
greater than that of being in the valence band at E, level. In view of the fact that
electrons are excited from the valence band to conduction band, the condition is
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analogous to the population inversion in laser devices by exciting the electrons
from the ground state to the upper lasing level.

Chapter 19

19.1. (a) Before the contact E- in the p* poly gate is lower than E in the n substrate.
To keep E flat in equilibrium contact the band bending ensues. Since E in the
n-substrate is higher than E in the electrode the electrons are injected into the p*
gate electrode from the substrate. Consequently a negative charge sheet is formed
at the surface of the gate electrode. The electric field emanating from the surface
charge pushes the electrons from near the interface into the bulk, leaving donor
atoms uncompensated. As a result the space charge is formed out of uncompen-
sated donor ions and band bends up as the surface is approached from the bulk
and the channel is inverted with further increase of band bending by applying the
negative gate voltage. These discussions are compactly summarized in the figure
shown below.

N
Vacuum I + /L
level "’ _ "’
T £ 0.95 eV T
qr=4.05eV qr=4.05eV
R { R
E. ---
E, Eg=96eV - 112ev Fr
_ }_- —
p* poly-Si n-Si
Ey
Sio,
Qs
_ I
- I
Qg - I Vacuum level
G _ Qx | qND
- o X T T
U | "X
;! ! > gy=3.1eV 3.1eV
J | -
TH Loy
! > B £
@ “/:‘/i E,_-p qV Fn
) |
E A i | T
c N : p*- poly n-Si
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)
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(b) The flat band voltage is defined as the difference of E; between the substrate
bulk and the gate electrode and is given in this case by

EFn _EFp = Ei t+4q99, — (Ei - q(pp) =49, + q%,
Np

kg T
~ 0.56eV + — In
q n

E
> , =S = 0.56eV
2

i

where g¢,,, qp,, denote respectively the Fermi potential of the electron and hole,
respectively (see Egs. (15.19) and (15.20)). Since Ep,in the p* polysilicon gate prac-
tically coincides with E, g, was taken as E; /2. For Nj, = 10'%cm—3

kg T N 16
@5, = = xIn <—D> =0.025(eV) x In <L> = 0.336eV
q 1.45 x 10%°

i

Similarly one finds @5, = 0.39 eV for Nj, = 10'” cm~>. Hence the value Vj is 0.9
and 0.95V respectively.

19.2. One can carry out the modeling of PMOS I-V in strict analogy with the
NMOS -V modeling by interchanging the roles of electrons and holes. When the
p* poly-gate, SiO, and n substrate are in the equilibrium contact there is again the
band bending to keep E, flat. Since E in the n-substrate is higher than E; of the
gate electrode as clear from the band diagram shown the electrons are injected
into the p* poly gate, forming thereby the negative charge sheet on the surface.
Consequently the band bends up and the hole concentration is enhanced near the
oxide interface. One can quantify the band bending by starting from the Poisson
equation, which in this case is given in strict analogy with Eq. (19.4) by

dz
d(i(zx) = _@’ p(x) = qINJ — n,(x) + p,(¥)] (19.1a)
s

Also the charge neutrality in the n bulk region prevails, that is
NY +p,0 =, (19.1b)

Because the band bends up in this case, that is, ¢ < 0 as clear from the band
diagram shown in the previous problem p, increases near the surface, while 7,
decreases according to

p,(x) = pnoe_ﬂ“’(">, n,(x) = nnoeﬂq’(’“), p=q/kgT (19.1¢)
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Thus by inserting Eqgs. (19.1b) and (19.1c) in Eq. (19.1a) one can write

a4 _4 o _ 1 —be _ 1
qu(x) - g[”no(e - ) _Pno(e - )]
= @ [(eﬁ‘ﬂ -1)- ?(e—ﬁ(ﬂ -~ 1)] . =Ny (19.2)
N n0

Since Eq. (19.2) is identical in form to Eq. (19.4) in the text one can repeat the same
algebraic step and obtain the surface field E; and surface potential Q, as

kgT Pno kgT & 12
= —gE. = 22 F — ), Ly=| —— 19.3
Qs css i\/_‘ILD (ﬂ(ﬂs Mo P 4 Ny (1932
where
» » 1/2
F (ﬁ(ps, L") = [(ef’w —Bp—1)+ 2" + pop - 1)] (19.3b)
nnO nnO

Equation (19.3) is the PMOS counterpart of Eq. (19.7) in the text. The difference
between the two consists of

Ps & —Qsy Ppo < Myos Mo < Pro

With the use of Eq. (19.3) one can quantify the electron accumulation for ¢, >
0, the hole depletion for 0 > ¢, > —2¢,, and the strong inversion for ¢, < —2¢,.
These different regimes are the mirror images of the n-type MOSFET on the axis
of the surface potential ¢,. By using the expression thus obtained one can again
repeat the algebraic steps used in NMOS and obtain

w 1
I, = TﬂpCOX (lVG\ -1Vl = §|VD|> [Vl

Here all of the biases are negative, so that the I, expression is the mirror image of
the NMOS I}, expression, as expected.

19.3. (a) The drain current is given in terms of the drain voltage V', and channel
length L as

w 1
ID = TCOX/"VI (VG - VT - EVD) VD’ VDSAT = VG — VT (19.4)

By taking y as the channel length instead of L and the voltage therein V'(y) as the
terminal voltage instead of V}, the same I, can be expressed as

w 1
Ip =~ Coxt, [Va-Vi-3v ()] v (19.5)



Solutions
By equating Eqs. 19.4 and 19.5 one can write

1 1 1 1
I3 <Vc/;_ EVD> Vp = y [Vé_ EV(y)] Vo), Vg=Ve—Vr

and find V(y) from the resulting quadratic equation in terms of Vi, V}, as

9 1 1/2
Vo) = Vi + [Vg -2 (Ve-3w) VD]

Since by definition the source voltage is zero, that is, V(y = 0) = 0 the positive
branch of the solution should be discarded.

(b) With the channel voltage V/(y) thus found one can specify the channel field by

1
V() (V6=3%) Vs Vo 1
E(y)E— = — _— -
ay 12 2y vl lv V, 12 L Y 1/2
L[ve = (ve-3vo) Vo) (r=43)
(19.6)
where
Vb Ve
a=2 1 V= 3
Vo3V (Ve-1v)

At the device saturation Vg, = V; — V- and therefore & = y = 4. Consequently
the channel field at the drain terminal y = L is diverges, as expected.

(c) The transit time of the electron across the channel is given with the use of
Eq. (19.6) by

. =/Ldy=/L dy _ L /Ldy(y_az>1/2

v 0o Vi o H.lEQWI .V Jo L
__L o(=2Lyo Z>1/2L 2L s
~ v, (30:)(7/ ‘T = =a™]

o 3u,Vpa
By inserting the values of a, y in device saturation one obtains

LZ
Ty =

4 L7
" 3 U, Vpsar
in general agreement with the representation of z,, that is,

_L L _ L
Tovyy m,(Vp/L) ow,Vp

7

363



364

19  Solutions

19.4. The backscattering coefficient is given from Eqs. (19.25) and (19.26) by

l 1 1 kgT _
Te = = = = > Vp = /’tnEs
I+A 1+A/1 Y+4+vpmpEJkgT  kgT +vpm,vy
where v, is the drift velocity. Then one can write
o l-r Vpm,Vp _ Ve, vy
T T, T 2k T +vpm,vy (ks T, + vyvp)
VrVp _ V1o 1 ",y

= = = kT = —L
(kg T /vem,) +vpl vy +vpl  (fvp)+ (1 vy) 8 2
The insertion of 7 into Eq. (19.24a) leads to Eq. (19.27) in the text.

19.5. (a) The built-in voltage of the three junctions can be found with the use of
the Fermi potentials as follows:The Fermi potentials in the n-bulk is given by

E,—E kT . [Np N,
Op= =2 In (=2 ) = 0025V xIn [ ————2-—— ) at 300K
q q 1.45%x 10" cm=3

n;
so that
@p, =024V at Ny = 10"°cm™, @5, =0.39V at N = 107 cm™

The built-in voltages for the three junctions are summarized as follows:

V,; atNp =10"%cm= V), atN, = 10" cm™3

pt—n 0.56 + 0.24eV 0.56 + 0.39eV
n-—i 0.24eV 0.39eV
i—n* 0.56eV 0.56eV

(b) The tunneling ensues and the tunnel current starts to flow when the conduc-
tion band in the n-region in p*-n junction is lowered and lines up with the valence
band in the p* region. Thus the minimum V), required to induce the tunneling is
found by the difference between the band gap of 1.12 eV for Si for instance and
the V,, therein, One therefore finds V,, = 0.32 V, V, = 0.17 V for N, = 10" cm 3,
N, = 107 cm™3, respectively. It is pointed out that when V;, is applied, it should
be dropped in the three junctions. The exact partitioning of V, among the three
junctions is difficult to analyze. However since the p*-n junction should take up a
large fraction of it because it has the largest V,,,.
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Chapter 20

20.1. (a) If the barrier height of the quantum well is taken infinite for simplicity
and also without sacrificing too much accuracy one can write from Eq. (4.4)

_ hzﬂ'z 2
"

s n=12, ...

Thus for electrons with rest mass m1, the ground state energy can be evaluated as
_ (1055 x 107°H)%(J 5)*(3.14)*

2:9.1x 1073 kg - (107)2 w2(nm)?
= (0.603/w?) x 107[J] = (0.603/w?) x 107'? x 6.23 x 10'¥[eV]
= (0.376/w*)[eV]

1 n2[J], 1m = 1°nm

where W has been scaled in nm unit by putting

wW=10"w

(b) The W at which E| is equal to the thermal energy is thus determined by

O'SZ6 eV = kT = 25 meV
w
That is,
w= 0.376 = 3.88 nm
0.025

(c) W can be found by putting
E, =kgT
(d) See Eq. (5.22) in the text.

20.2. (a) The electron lifetime in the well is determined by the condition
NT ~ 1 (20.1)

where T is the tunneling probability and N the average number the electron
encounters the barrier before tunneling out. Since the barrier on the left of the
well is thicker than the barrier on the right the lifetime is dictated by the latter
barrier. The tunneling probability is given in this case from Eq. (5.22) by

2
T=— A=—Y"  ink?ay/ 22V -E) (20.2)
T+A AE(V—F) 72

where the parameters involved are V = 3.1 eV, d = 8 nm. The kinetic energy E
of the electron is dictated by the ground state energy E; or the thermal energy
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depending on whether E| is greater or less than k; T'. Since W given is larger than
3.88 nm as was found in the previous problem one has to use the thermal energy
of 0.025 eV at 300 K. In this case E = k3T << V. Therefore one can evaluate A in
Eq. (20.2) as

1/2
A vV lexp 2d<2—mV)
2%, T 4 n?
__ 31eV
2x0.025eV

1/2
2x9.1x 1073 kgx3.1x 1.6 x107"] /
(1.055 x 1074)*(] 5)2

Xé—iexp 2 - 8><10‘9ml

=5.2 x 10%?

Consequently the number of encountering the barrier N is given by
N2 ~52x10% T=A"

Since the thermal velocity at room temperature is given by
kBT 1/2 ~
vy = (7> ~6.8x10'ms™, mvi./2 = k;T/2

the lifetime can be estimated by the round trip time of the electron in the quantum
well times N,

2% 10 x 10~%(m)
T=

6.8 x 10%me) T 52X 10 ~ 2.94x 105
.8 X ms)-

and is shown nearly infinite.

(b) Controlling the lifetime of the electron via the gate bias is the working prin-
ciple of the flash EEPROM cell. Reducing 7 to 1 ps requires the application of the
electric field, so that the barrier potential is transformed into the triangular shape,
thereby enabling the utilization of the F~N tunneling. Since the F-N tunneling
probability is given from Eq. (5.26) by

44/2m

4\/2m

T ~ exp — V-EP? ~exp————V32  ExV=31leV
xpgpn Y TR ey €
7 is specified by
f—%l_<w>ex 4/2mV*/> (M>_2x10x109(m)
vy T vy 3q|E|n 128 6.8 X 10* (ms™1)

=29x%x10713g
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Therefore for 7 = 1 ps the required E field is given by

V2V x In <%) ,V=31x16x10""J
3qh vy

_44(2:9.1x107°HY2(3.1 X 1.6 X 10719)%/2

T 3x1.6x1079 x 1.055 x 1073 x In(v,7/2W)

=7x10*Vm™!

=0.7Vnm™*

|E|l =

20.3. The shift in V' due to programming reads from Eq. (20.4) as
|Qpgl

CON O

AVy = Vicgp = Vicge =

Since the capacitance per unit area of the ONO dielectric layer is approximately
given by
Eox _ & X& _ 3.9 1

=2 = X
tox tox 15% 107%(m) 4z -8.988 x 10° C-!
=23x107°CV'im™

Cono =

one can find the number N of excess electrons for AV, of 5V as

5X Cono = 1Qrgl =g XN
That is,

N = 5%23%1073(CV-1m™2)

X105 =7.6x10"m™> =7.6x10"”cm™>
o X

For the floating gate with the cross-sectional area 100 X 100nm

N =~ 760
20.4.
InGap GaAs Ge InGap GaAs Ge
P +
P \
nt Ec y
Er E, Ec
[ =

(a) Shown are the band diagrams of the stacked multi-junction solar cell in equilib-
rium (left) and under the illumination (right). In the former case the two junctions
bend as usual to keep E; flat. Naturally E - in the p-region is highest, followed by
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Einthe p* and n" regions. This is because the difference E- — E- should be pre-
served in respective bulk regions. Under the illumination the e—h pairs generated
in the n* —p junction are efficiently separated to contribute to the current. Also
both junctions are forward biased due to the resulting space charge. The holes in
the n* —p junction naturally climb up the potential hill but have to diffuse into p*
region by overcoming the junction barrier which is lowered by the forward bias
developed. Likewise electrons generated in the p—p* junction region diffuse into
the p-region by overcoming the barrier therein and roll down the potential hill in
the n* —p junction together with the electrons generated therein to contribute to
the current.

20.5.
p n p p n p
Eor— | Eg X T
EF — — EFp —4 B Eg,
’ Ev ™0 5

(b) Shown are the band diagrams of the vertical core—shell nanowire solar cell in
equilibrium (left) and under illumination (right). In equilibrium the band bend-
ing reflects the two p—n junctions connected centered around the n-bulk. When
the light is incident on the junction depletion depth, the e—h pairs are generated
therein. Because of the junction band bending the generated e—h pairs are effi-
ciently separated. Specifically holes roll up the potential hill into the p-region after
traversing a short distance, while the electrons roll down the potential barrier into
the region near the core of the wire. The resulting space charge, positive charge
in the p- region and negative charge in the n-region induce the forward bias, thus
providing the driving voltage of the cell. At the same time the junction band bend-
ing is reduced. Concurrently the separated electrons and holes drive the output
current of the cell.
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i
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123-124,138-139

167-176

179-188

— resonant 113,132,167, 170, 267, 268, 274

interface
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— dielectric 47, 53, 60

— junction 218
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inversion
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254-255
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— interaction Hamiltonian 115, 317
— perturbing Hamiltonians 115, 318

373



374

Index

perturbation theory (contd.)

— time-dependent 111

— time-independent 105

phase velocity 8,9, 184

phonons and photons 83, 84, 192

photoelectric effect 15

pinch-off voltage 251

Planck constant 13, 17

P-N junction diode 217, 231

— charge injection and extraction 221

— depleted approximation 228, 352

— donor and acceptor doping levels 242,
358

in equilibrium 217

— — band bending 217

— — built-in potential 220

— — carrier profiles 220

— — depletion depth 220

— — potential energy 218

— — space charge field 218

— forward and reverse biases 228, 355

— ideal diode I-V behavior 223

— — diffusion length 225

— — forward current 223

— — reverse current 224

— — Shockley theory 223

— junction band bending 228, 351

— junction parameters 228, 351

light attenuation/amplification 242,
359

non-ideal I-V behavior

— — generation and recombination currents

226

— junction breakdown 227

optical absorption 231

— — attenuation coefficient 233

— — Bloch wavefunction 231, 232

— — conduction and valence bands 231

— — Fermi’s golden rule 232

— optical fiber communication

— — advantages 238

— — attenuation and gain 239

— — laser diodes 241

- - LED 240

— photocurrent 234

— photodiode 233

— photovoltaic effect 235

— Rg effect 242, 357

— solar cell 242,357

— steady state diffusion 242, 356

— Zener breakdown 228, 356

Poisson equation 248

Polysilicon 245, 246

positronium 103

Poynting vector 8

probability

— Boltzmann factor
249, 260

— Density 29, 33, 39, 46, 47, 51, 64, 80, 82,
99, 124, 139, 140

— current density 6, 46—48, 60

— tunneling 51-57,59-61, 260, 264

4, 14, 157, 158, 168,

q

quantization

— angular momentum/momentum 91, 96,

98

— atomic orbits 20-21

— energy 33,72,75-78,97

— field 171-175

— spatial  87,90-93

quantum computing 273-277

— quantum entanglement 274, 275, 277

quantum mechanics milestones 13

— Balmer series 285

— blackbody radiation 13

— Compton scattering 16

— de Broglie wavelength 17, 21, 283

— duality of matter 17

— ground and excited state 21, 286

— hydrogen atom, Bohr’s theory 18

— — electron orbits and standing waves 20

— — quantized orbits 19

— — Ritz combination rule 18

— photoelectric effect 15, 21, 285

— photon energy calculation 21, 282

— Planck’s theory 21, 284

— quantum of energy 13

— scattered radiation 21, 286

— Schrodinger wave equation 23

quantum numbers, n, [, m 91, 98, 119, 124,
125

quantum well and wire

— bound states (see also bound states)

— — energy eigenfunction 43, 290, 291

— — ground state energy 43, 291

— scattering of the 1D particle 48

quasi equilibrium approximation 221

quasi-Fermi level, electron and hole 209,
221

quasi neutral region 221-225, 234, 235

r

Rabi flopping formula 170

recombination, e-h pairs

— band to band 191, 200, 203, 208-210,
227,231

— radiative/nonradiative 210



— recombination current 203, 209-214,
226-227

— recombination lifetime 210, 212

— trap-assisted 203, 210-211, 214, 226,
227,267

reduced probability density 99

reduced mass 94, 145, 147, 154, 164

relaxation time, longitudinal 5, 6, 163, 182,

203, 205
resonant transmission 50
resonant tunneling 53, 71

S

scattering of the 1D particle 45

— F-N tunneling 61, 298

— probability current density 46

— quantum well 48

— reflection and transmission 47

— resonant transmission 50

— Schrodinger equation 60,
294

— square potential barrier 61, 297

— step potential 45

— total reflection 48

— transmission and reflection coefficients
60, 293

— traveling wave representation 60,
294

— tunneling 50

— — direct 53

— — field emission display 57

— — F-N tunneling 53

— — nanometrology 57

— —resonant 53

- —SET 58

— tunneling probability 61, 299

Schrodinger treatment, H-atom 87

— angular momentum operator 87

— electron-proton interaction 93

— spatial quantization 91

— spherical hormonics 90

Schrodinger wave equation 23

— eigenfunction and eigenvalues

— — time-dependent equation 24

— — time-independent equation 24

— Hamiltonian operator 23

— — bra and ket vectors 24

— — postulates 23

— Hermitian operator 31, 288

semiconductor statistics 191

— 1D electron density 201, 345

— 2D electron density 201, 346

— extrinsic semiconductors 197

— — Fermilevel 199

Index

— — Fermi potentials 200

— hole occupation factor 201, 343

— intrinsic semiconductors 194

— — electron concentration 194

— — Fermilevel 197

— — hole concentration 196

— — intrinsic concentration 196

— — thermal equilibrium 194

— non-degenerate statistics 201, 344

— n-type and p-type GaAs 201, 344

— quantum statistics

— — bosons 192

— — fermions 193

— — insulators 191

— — metals/conductors 191

— — semiconductors 191

silicon nanowire field effect transistor

(NWEET) 252

— ballistic NWFET 257

— channel inversion 254

— long channel I-V behavior 255

— n-channel 252

— short channel I-V behavior 256

— SS and thermionic emission 260

— subband spectra 252

— surface charge 253

— tunneling NWFET 260

single electron transistor (SET) 58

solar cell

— p-njunction 217-228,231-242, 245,
251, 267

— planar/multi-junction/nanowire
266—268

spin FETs (SFET) 271

— Datta-Das SFET 272

— ON and OFF states 273

— operation principle 271

— technical difficulties 273

— transistor action 272

spin - orbit coupling 117, 127-129, 159,

160

— fine structure of spectral lines
128-129

steady state

— steady state and equilibrium 211

— steady state distribution function 212

subbands and sublevels

— quantum well 38, 40-42

— quantum wire 42

symmetrized wavefunctions

— anti-symmetrized wavefunctions 120,
123, 124, 141, 142, 144, 149

— singlet and triplet spin states 120—124

375



376

Index

t
thermodynamic equilibrium 3, 168, 194,
203

— blackbody radiation 13-14

time-dependent perturbation theory

— Fermi’s golden rule 113

— harmonic interaction 113

— interaction Hamiltonian 111

time-independent perturbation theory 105

— degenerate theory 109

— non-degenerate theory 105

— — first order analysis 106

— — H-atom polarizability 108

— — second order analysis 107

— — Stark shift 108

transfer characteristics

— MOSEFET I-V behavior 246

transistors

— ballistic and short channel

— field effect transistor

— — MOSFET 245-251

— — NWFET 252-259

— — tunnel FET 260-261

— NMOS and PMOS 245, 246, 251, 252,

254, 255

— single electron 45, 58—-60

— spin FET 271-273

transition

— induced and spontaneous 168—169

— radiative and non-radiative 210, 240

— transition rate

— — Fermi’s golden rule
132,167,176, 232

transmission

— transmission coefficient 51

— resonant transmission 45, 48, 50, 51

transport equation

— Boltzmann 3-6, 14, 102, 157, 158, 168,

192, 193, 203, 249, 260

— Quantum 19-20

tunneling

— applications 56-61, 268

— — field emission display 57-58

— — nanometrology 45

— — single electron transistor 45, 58—60

— — non-volatile EEPROM cell 263-266

— Fowler-Norheim tunneling 52-53

256-257

105,113-114, 131,

— direct tunneling 52,53

— tunneling probability 51-57, 60, 61, 260,
264

two-electron system 118

— fermions and bosons 119

— He-atom 120

— — first excited state 123

— — ground states 121

— — ionization energy 122

— — overlap and exchange integrals 123

— — singlet and triplet states 120

— multi-electron atoms and periodic table

— — electron affinity 125

— — electron configuration 124

— — ionization energy 125

— Slater determinant 119

u

ultraviolet catastrophe 13

uncertainty relation

— canonically conjugate variable 2, 28,
173

— in position and momentum 29-30

— in energy and time 30-31

v

Van der Waals attraction 146
variational principle 142

velocity

— drift velocity 6,203, 246, 257
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Important Physical Numbers and Quantities

lem=10*pm =108 A =107 nm

Electron volt: 1 eV =1.602 x 1071?]

Electron charge: ¢=1.602x 107 C

Coulomb constant: 1/(4ne,) = 8.988 X 10° N-m? C~2

PlancKk’s constant: /7 = 6.626 X 10734Js =4.136 x 107'° eV's
h=h/2rn=1.055%1073*]s = 6.582 x 1071%V's

Boltzmann constant: ky =1.381x 1072 JK~1 =8.617x 10 eV K}

Bohr radius: a =0.529 A =0.0529 nm

Avogadro’s number: N = 6.022 x 10?3 particles per mol

Electron mass in free space: m, =9.109 x 10~ kg

Proton mass in free space: m, = 1.673x 107> kg

Permeability of free space: y, =1.256 X 107 Hcm™

Permittivity of free space: £, =8.854x 10™1* Fcm™

Speed of light in free space: ¢ =2.998 x 108 ms™*

Thermal voltage at room temperature (300 K): k5 T/g =0.0259 V

Wavelength of 1 eV photons: 1.24 pm

1

Important Electronic Properties of Semiconductors at Room Temperature

Ge Si GaAs
Atoms (cm?) 442 x 1022 5.0 x 1022 442 x 1022
Breakdown field (V cm™1) ~10° ~3x10° ~4 % 10°
Dielectric constant 16.0 11.9 13.1
Effective density of states (cm™2)
Conduction band N 1.04x 10" 2.8 x 101 4.7 x 10"
Valance band N, 6.0 x 1018 1.04x 10 7.0x 1018
Electron affinity, y (V) 4.0 4.05 4.07
Energy gap (eV) 0.66 1.12 1.424
Intrinsic carrier concentration (cm™3) 2.4x1013 1.45x 1010 1.79 x 106
Intrinsic Debye length (pm) 0.68 24 2250
Lattice constant (A) 5.646 5.430 5.653
Lattice (intrinsic) mobility (cm? V-~
Electrons 3900 1500 8500
Holes 1900 450 400
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