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Preface

This book was conceived as a collection of notes to my two-semester lecture on
quantum mechanics for third-year students of physics at the Faculty of Mathematics
and Physics of the Charles University in Prague. It was created in 2011-12.

At first, I just wanted to write down the most important facts, formulas and
derivations in a compact form. The information flew in a succinct, “staccato” style,
organized in larger and smaller bits (the B and » items), rarely interrupted by
wordy explanations. I enjoyed the thick, homogeneous mathematical form of the
notes. Calculations, calculations, calculations...I thought of a horrified historian or
sociologist who finds no oasis of words. This is how we, tough guys, speak!

However, I discovered that the dense form of the notes was hardly digestible even
for tough guys. I had to add some words. To create a “storyteller” who wraps the
bare formulas into some minimal amount of phrases. His voice, though still rather
laconic, may help to provide the proper motivation and clarify the relevant context.
I also formed a system of specific “environments” to facilitate the navigation. In
particular: Among crowds of calculations there appears a hierarchy of highlighted

Sk
formulest* (o

Assumptions or foundational concepts, irreducible to other statements/concepts,
appear in boxes:! Answer to ultimate question of life, universe & everything = 42

Here and there come some historical notes:* <« 2013: Condensed Course issued
Handmade schemes (drawn on a whiteboard) illustrate some basic notions.

In this way, the notes have turned into a more serious thing. They almost became
a textbook! The one distinguished from many others by expanded mathematical
derivations (they are mostly given really step by step) and reduced verbal stuffing
(just necessary comments in between calculations). This makes the book particularly
well suited for conservation purposes—acquired knowledge needs to be stored in a
condensed, dense enough form, having a compact, nearly tabular structure.

However, as follows from what has been said, this book cannot be considered a
standard textbook. It may hardly be read with ease and fluency of some more epic
treatises. One rather needs to proceed cautiously as a detective, who has to precisely
fix all objects on the stage (all symbols, relations etc.) before making any small step
forward. This book can be used as a teaching tool, but preferably together with an

*Such formulas are highly recommended to memorize! Although all students of physics & mathematics seem to
share a deep contempt for any kind of memorization, I have to stress that all results cannot be rederived in reasonable
time limits. There is no escape from saving the key formulas to the memory and using them as quickly reachable
starting points for further calculations.

THowever, these assumptions do not constitute a closed system of axioms in the strict mathematical sense.

T believe that knowledge of history is an important part of understanding. The concepts do not levitate in vacuum
but grow from the roots formed by concrete circumstances of their creation. If overlooking these roots, one may
misunderstand the concepts.
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oral course or a more talkative textbook on quantum mechanics. Below I list some
of my favorite candidates for additional guiding texts [1-8].

I have to stress that the notes cover only some parts of non-relativistic quan-
tum mechanics. The selection of topics is partly fixed by the settled presentation
of the field, and partly results from my personal orientation. The strategy is to
introduce the complete general formalism along with its exemplary applications to
simple systems (this takes approx. one semester) and then (in the second semester)
to proceed to some more specialized problems. Relativistic quantum mechanics is
totally absent here; it is postponed as a prelude for the quantum field theory course.

Quantum mechanics is a complex subject. It obligates one to have the skills of a
mathematician as well as the thinking of a philosopher. Indeed, the mathematical
basis of quantum physics is rather abstract and it is not obvious how to connect it
with the observed “reality”. No physical theory but quantum mechanics needs such
a sophisticated PR department. We will touch the interpretation issues here, but
only very slightly. Those who want to cultivate their opinion (but not to disappear
from the intelligible world) are forwarded to the classic [9]. The life saving trick in
this terra incognita is to tune mind to the joy of thinking rather than to the demand
of final answers. The concluding part of the theory may still be missing.

Before we start I should not forget to thank all the brave testers—the first men,
mostly students, who have been subject to the influence of this book at its various
stages of preparation. They were clever enough to discover a lot of mistakes. Be
sure that the remaining mistakes are due to their generous decision to leave some
fish for the successors.

In Prague, January 2013

Recommended textbooks:

[1] J.J.Sakurai, Modern Quantum Mechanics (Addison-Wesley, 1985, 1994)

A modified edition of the same book:

J.J.Sakurai, J.J. Napolitano, Modern Quantum Mechanics (Addison-Wesley, 2011)

G. Auletta, M. Fortunato, G. Parisi, Quantum Mechanics (Cambridge University Press, 2009)
L.E. Ballantine, Quantum Mechanics. A Modern Development (World Scientific, Singapore, 1998)
A.Peres, Quantum Theory: Concepts and Methods (Kluwer, 1995)

A.Bohm, Quantum Mechanics: Foundations and Applications (Springer, 1979, 1993)

W. Greiner Quantum Mechanics: An Introduction (Springer, 1989),

W. Greiner, Quantum Mechanics: Special Chapters (Springer, 1998)

W. Greiner, B Miiller, Quantum Mechanics: Symmetries (Springer, 1989)

[8] E. Merzbacher, Quantum Mechanics (Wiley, 1998)

NS

Further reading:
[9} J.S. Bell, Speakable and Unspeakable in Quantum Mechanics (Cambridge University Press, 1987)



Rough guide to notation (succinct and incomplete)

symbol meaning
Spaces, state vectors & wavefunctions
H, H, H Gelfand’s hierarchy of spaces (rigged Hilbert space)

%, L*(R?), C
), (@'l; ('])
Y[ = v/ (¥l¥)
al)+B[Y)
‘¢i>7|¢ij>z|¢li>1|¢2j>2
V) 1])o
a), |ai), |a§k)>
|14
ol ljmy)
@D(%) = ¥(7)
V(... &)
Ry(r) = 42
Span{|y1)...|¢n) }

specific separable or finite Hilbert spaces

“ket” & “bra” forms of state vectors; scalar product

vector norm

superposition = linear combination of state vectors («, f€C)
general basis vector in H; separable basis vector in H; ® Ho
general separable vector in H; ® Ho

eigenvector of A with eigenvalue a or a; (degeneracy index k)
energy eigenvectors
1

up & down projection states of spin s=5

states with (2l total) ang. momentum (L, j), projection m,

spin

single-particle wavefunction in single/multicomponent forms

N-particle wavefunction

radial wavefunction
linear space spanned by the given vectors
normalization coefficient & dimension of space H

Observables & operators

operator, its Hermitian conjugate & inverse

identity operator & unitary operator

projectors to discrete & continuous eigenvalue subspaces
operator norm

tensor product of operators acting in H; ® Ho
Hamiltonian, its kinetic & potential terms; perturbation
gradient & Laplace operator (or also an interval, gap...)
coordinate, momentum vectors & spatial parity operator

orbital, spin & total angular momentum, shift operators for Js
the triplet of Pauli matrices

0) — [o4+A0) eigenvector shift operator for general operator O
generator & Casimir operator of a group G

annihilation, creation operators for bosons, fermions, or both
total number of particles & number of particles in k''state
rotation operator in’H & rotation matrix in 3D (Euler angles)
evolution operator for times t N t

time reversal operator & time ordering of operator product
Green operator & propagator




Os, Ox(t), On(t)
A

[A, B|{A, B}
{4, B}

Tr O, T, 0

Det O, Def(O)

Schrodinger, Heisenberg, Dirac representations of operator
tensor coupling of spherical tensor operators flﬁ}, Bﬁ;
commutator & anticommutator of operators

Poisson bracket of classical observables A, B

trace of operator/matrix, partial trace over H; in Hi ® Ho
determinant of matrix/operator, definition domain of operator

Statistics, probabilities & densities

probability to measure value a of observable A in state [¢)
average of A-distribution in [¢), average of a for a parameter ¢
dispersion of A-distribution in [¢)) = squared uncertainty
conditional probability of a given b (depending on parameter c)
probability density & flow at point z, time ¢

density operator/matrix, Wigner distribution function, entropy
density of energy eigenstates

Li(p), Ha(£)
Pin(cost), Vi (1)
D1jn’m<04ﬁ,y>
d(x), de(x); O(x)
Z(B) Z(B,p)
{i* [(fﬂf(’?)]}’ L(Z,T)
V(E), A7)

Sii» Pji, Wi(t)
F, §l, o1(k)
fe(K)=1:(0,0)
%2 (0,0)

Functions

Bessel, Neumann & Hankel functions
ggggf;?igee%} Laguerre polynomials & Hermite polynomials

associated Legendre polynomial, spherical harmonics (sph.angles)

Wigner matrix function=D/ , (R) (Euler angles of rotation R)

Dirac d-function, sequence of functions Lima ) . step function
(grand)canonical partition funcs. (inv.temperature,chem.potential)

classical action (functional & function forms), Lagrangian

scalar & vector potentials

j —1 transition amplitude, probability & rate (time)

partial wave amplitude, S-matrix & phase shift (|wavevector|)
scattering amplitude (direction/angles)

differential cross section (o =integral cross section)

(1,2,3)=(z,y, 2)
o [ (Figity,iis)
m, {(ﬁr»ﬁﬁaﬁw)}
0ij, Eijk
Jm e
Jimaijamsz
h,c, e
M, M; q
k, w, A
€k, Nk
{Xi}iépv{X(C)}CGC
Min,Max,Sup{X;,}

o iff

Miscellaneous
indices of Cartesian components

unit vector, {Sgﬁge;g?} orthonormal coordinate vectors

Kronecker & Levi-Civita symbols

Clebsch-Gordan coefficient = (jyj27m|jim1jams)

Planck constant, speed of light, elementary charge

particle mass & two-particle reduced mass; particle charge
wavevector, frequency, wavelength (or perturbation parameter)
energies & occupation numbers of single-particle states
discrete/continuous set of objects

minimum, maximum, supremum of a set of numbers

blind index denoting objects from a given set; if and only if




INTRODUCTION

Before sailing out, we encourage the crew to get ready for adventures. Quantum
mechanics deals with phenomena, which are rather unusual from our common macro-
scopic experience. Description of these phenomena makes us sacrifice some principles
which we used to consider self-evident.

B Quantum level
Quantum theory describes objects on the atomic and subatomic scales, but also
larger objects if they are observed with an extremely high resolution.

» Planck constant
The domain of applicability of quantum mechanics determined with the aid of

a new constant: h=1.05-10"%J-s = 0.66 &V-fs (units of action)

» Consider 2 classical trajectories qi(t) & qa(t) (in a general multidimensional
configuration space) which (in the given experimental situation) are on the limit
of distinguishability. The difference of actions: AS=|S[q:(t)]—S[qz(t)]|

Classical mechanics
Quantum mechanics

AS > h

} applies if the relevant actions satisfy AS < B

In particular, if the minimum

of action measured with resolution
~ h is wide with respect to
distinguishable trajectories,

.. . . classical
quantum description is unavoidable. <

indisti nguis’na‘a’e
1 1
! s

<« Historical remark

1900: Max Planck introduced A along with the quanta of electromagnetic radiation
to explain the blackbody radiation law

1905: Albert Einstein confirmed elmag. quanta in the explanation of photoeffect
1913: Niels Bohr introduces a quantum model of atoms (“old quantum mechanics”)

B Double slit experiment

According to Richard Feynman & some others, this is the most crucial quantum
experiment that allows one to realize how unusual the quantum world is.

» Arrangement

Emitter E of individual particles, shield with slits A and B, screen S
Both trajectories Z(t) and Zg(t) from g to s minimize the action



Suppose ||[Sa — Sg| S A

Sl@

» Regimes of measurement

(a) Interference setup: particle position measured only at the screen
= interference pattern with individual particle hits

(b) Which-path setup: prior the screen measurement, the particle position
measured immediately after the slits = no interference pattern

Delayed-choice experiment: The choice of setup (a)/(b) is made after the
particle passed the slits. The same outcome as if the decision was made before.

Paradox: The outcome of the interference setup indicates a wave-like behavior
of particles (passage through both slits simultaneously). The outcome of the
which-path setup shows a corpuscular behavior (passage through one slit only).
The outcome of the delayed-choice experiment invalidates the possibility that
the particle “changes clothes” according to the setup selected.

« Historical remark

1805 (approx.): Thomas Young performed double-slit experiment with light
1927: C. Davisson & L. Germer demonstrate interference of electrons on crystals
1961: first double-slit experiment with massive particles (electrons)

1970’s: double-slit experiments with individual electrons

1990’s-present: progress in realizations of which-path setup & delayed-choice exp.

B Wavefunction & superposition principle

To explain the outcome of the interference setup of the double-slit experiment,
one has to assume that particles possess some wave properties.

» Particle attributed by a wavefunction: |1(,t) = \/p(&,t) ¥ TV | € C

Squared modulus |[¢(Z,t)|> = p(Z,t) > 0 is the probability density to

detect the particle at position #. Normalization: / [W(Z,t)|*dz = 1] Vt

Phase ¢(7,t) € R has no “classical” interpretation
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(¥, t) = instantaneous density of the probability amplitude for finding the
particle at various places (particle is inherently a delocalized object!)

» Superposition of wavefunctions

The outcome of the interference setup depends on the fact that waves can be
summed up. Consider 2 wavefunctions 5 (Z,t) & ¥p(Z,t)

[ Wealdz < oo, [ [pldi < 00 = / an+ B i < 00| Va, B € C

= any linear combination of normalizable wavefunctions is a normalizable wave-
function = these functions form a linear vector space £*(IR?)

» Interference phenomenon

Probability density for a superposition of waves is not the sum of densities for
individual waves

a=|ale?Pe 2 ;5 . .
Choose {ﬂ_|ﬁ|e“"ﬁ } such that [ |apa+pSyp|” di =1 (with {Zg} normalized)

2
= ||aa +8yn|" = |aal® + |BYs| + 2leBYats| cos(pa+pa— B —95)
N ~~ = SN—— S—— ~ - 7

PaA+BB la?2pa 16?08 interference terms

» Description of the interference setup in the double slit experiment

1) Initial wavefunction between emission (t=0) and slits (t=tap): ¥ (Z,1)

2) Wi.at t>tap (right after the slits): (Z,ty) & ada(T—2Zs) + BOp(T—TB)
with de(Z—2,) = wf.localized on the respective slit (do=0 away from the slit)
and «, § = coefficients depending on the “experimental details”

3) WH. at tg=tap+At (just before screen): (7, ts) = aa (¥, At)+ Syp (¥, At)
with 1, (Z, At) = the wf. developed from ,(7—7,) in time At

= Distribution on screen: | p(Zs) & |atha(Ts, At) + fvg(Zs, At)|”

» Dirac delta function (mathematical intermezzo)

d(x) = a generalized function (distribution) = limit of a series of ordinary
functions: [0(x) = lim d.(x)| with, e.g.: (56(95)5{% for 2€[~5,+35]
e—0 0 otherwise
[17%,(%)

= | Support [§(z)] ={x=0} & :Lfooé(:lz) dr =1

Other limiting realizations of d-function:

6c(z) = 2 555 (Cauchy or Breit-Wigner form)

T €242

‘/L’Q . T
de(x) = \/217? e 22  (Gaussian form) S0 &



+e

dc(x) = %Sin(f_l) =5 [ e’q””dq (Fourier transformation of unity)

In 3D Space: (;(f—iﬂ) 5(5—@”)

A A
&0 - ~N

O, (21— 1) 00y (22— )0y (w3 — ) =% By —a))8(w—ah) (23— )

Defining property in terms of distribution theory: / f(@)6(Z—2")dz = f(Z)

» Delocalized wavefunctions l4h(t)) |Z")

Any wavefunction can be expressed as: V(& t) = | (@' t)6(Z—7")dT’

'y = 67— 7)

= general state |1)(t)) = superposition of localized states |7
't

|
with coefficients equal to the respective wavefunction values ) (
But note that §(7—2') ¢ L2(R?) <« no sense of |§(7—Z")|?

<« Historical remark

1800-10: Thomas Young formulates the superposition principle for waves

1924: Louis de Broglie introduces the concept of particle wavefunction

1926: Erwin Schrodinger formulates wave mechanics

1926: Max Born provides the probabilistic interpretation of wavefunction

1926-32: John von Neumann formulates QM through linear vector spaces

1927-30: Paul Dirac includes into the formulation the ¢ function

1940’s-60’s: L. Schwarz, .M. Gelfand, N.Y. Vilenkin work out proper mathematical
background for the generalized functions (distribution theory, rigged Hilbert spaces)

B Quantum measurement

To explain the outcome of the which-path setup of the interference experiment,
one has to assume that in quantum mechanics the measurement has a dramatic
effect on the system: “reduction

W

,“collapse” of its wavefunction
» Change of the wavefunction in measurement

Example: position measurement detecting the particle (in time ¢y) within the
box (z] £ 9,25 &+ ¢, 23 £ 2) = the wavefunction changed:

N ducti - - s
¢<$, tO) delocalized m) ¢($7 t0+dt) X 5g(x—$/)77b($, tO) localized

/YJ(X> T‘eduction

—_——

In an ideal (e—0) measurement:

b(@1) = 3@—)] or [B(1) — )] X |
Ldeiecilon mterva/ —%




» Description of the which-path setup in the double slit experiment
1) Initial wavefunction: ¢ (z,t)
2) After the slits: (%, t4g) ~ @A (T — Tp) + BOp(T — Tp)

. . > ,++\ ~ J 0a(F—TA) probability ~|a|?
3) After which-path measurement: (&, 5) = { 0p(Z—Fp) probability ~|A|?

: 7 | ¥a(@At) probability ~|a|?
4) Before screen: ¢ (%, tg) ~ { DAY bronanilty <3P

= Distribution on screen: |p(Zs) = |a|*[va(Zs, At)|? + |8 |vs(Zs, At)|?

The interference pattern destroyed! This is a direct consequence of the wave-
function collapse caused by the which-path measurement.

<« Historical remark

1927: the first explicit note of wavefunction collapse by Werner Heisenberg

1932: inclusion of collapse into the math. formulation of QM by John von Neumann
1930’s-present: discussions about physical meaning of the collapse

B Some general consequences

Already at this initial stage, we can foresee some general features of the “quan-
tum world”, which seem counterintuitive in the classical context.

» Contextuality

Particles show either wave or corpuscular properties, in accord with the specific
experimental arrangement. One may say—in more sweeping manner—that the
observed “reality” emerges during the act of observation. The actual result
depends on a wider “context” of the physical process that is investigated.

» Quantum logic

An attempt to assign the strange properties of the quantum world to a non-
classical underlying logic. In the double slit experiment it can be introduced
via the following “propositions”:

A = passage through slit A

B = passage through slit B } — S = detection at given place of screen

Different outcomes of interference & which-path setups indicate the inequality:

(AVB)ANS #(AANS)V(BAS)| = violation of a common logic axiom
N—_— —— N 7

~
interference setup which—path setup

» Rule for general branching processes with alternative paths A & B:

Probability that the system passed through the branching (real or “logical”)
while its path has not been detected depends on whether the paths can/cannot,
in principle, be distinguished (e.g., by a delayed or more detailed measurement):
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Indistinguishable paths = sum of amplitudes WAVB X YA + Up

Distinguishable paths = sum of probabilities (densities) |pave o< pa + p5|

<« Historical remark

1924-35: Bohr (Copenhagen) versus Einstein debate. Niels Bohr defends a “subjec-
tive” approach (with the observer playing a role in the “creation” of reality)

1936: Garrett Birkhoff and John von Neumann formally introduce quantum logic
1920’s-present: Neverending discussions on the interpretation of quantum physics

1. FORMALISM «~ 2. SIMPLE SYSTEMS

Quantum mechanics has rather deep mathematical foundations. Such that the in-
terpretation of abstract formalism in terms of “common sense” becomes a nontrivial
issue. This may lead some of us to philosophical meditations about the link of phys-
ical theory to reality. Here we focus mostly on mastering the theory on a technical
level. Elements of the abstract formalism are outlined in Chapter 1, while their
simple concrete applications are sketched in Chapter 2. To keep a link between the
Geist and Substanz, we present these chapters in an alternating, entangled way.

1.1 Space of quantum states

Any theory starts from identification of the relevant attributes of the system under
study which are necessary for its unique characterization. In physical theories, these
attributes represent specific mathematical entities which fill in some spaces.

B Hilbert space

The formalism of quantum theory is based on mathematics matured at the be-
ginning of 20th century. The essential idea turned out to be the following: to
capture quantum uncertainty, distinct states of a system cannot be always per-
fectly distinguishable. The states must show some “overlaps”. This is exactly
the property of vectors in linear spaces.

» State of a physical system

State = a “complete” set of parameters characterizing the physical system.
The set does not have to be exhaustive (determining all aspects of the given
system), but it has to be complete in the sense of autonomous determinism:
the knowledge of state at a single time (t=0) suffices to uniquely determine the
state at any time (¢ Z0).

Let [¢) denote a mathematical entity describing an arbitrary physical state 1 of
a given quantum system (shortcut: |¢)) = “a state”). Let H be a system-specific
space of all such entities.
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» Requirement 1: 7H supports the superposition principle

V1), [th2) € Hand o, B € C = |[|ih) = al) + Bly) €H

= H is a complex vector space

Scaling [¢") = «a|v) has no physical consequences: states = rays of vectors

» Requirement 2: #H supports a scalar product (i|¢,) € C

Properties: (11]12) = (Va|1)1)*, (U1]|aha+Brbs) = i |wa) + B(11]abs), (P]P) >0
Norm: [[4|]* = (¥[¢)
= Distance: d*(¢1, 1) = [t — | |P = (W1]h1) + (ha|th2) — 2Re (i [1)o)

= Normalized state vector: (¢|y) =1

Schwarz inequality: |(11]w9)|> < (1]ab1) (1a]tbo)
—— N —

Why we need scalar product: 1 1

Outcomes of measurements on a quantum system are in general indeterminis-
tic (described in the probabilistic way, see Sec. 1.2). A single measurement does
not allow one to uniquely determine the state. Quantum amplitude & prob-
ability to identify state |1)o) with |¢1) or vice versa (for ||¢1||=]||12||=1) in an

“optimal” single measurement: 141/,1(1/)2) = <¢1‘¢22 Py, (1)) = |<¢1|¢2>E

~"

x amplitude probability

Consequence: States |11),[12) are perfectly
distinguishable iff orthogonal
General QM terminology:
amplitude A€ C
probability |A]*>= P € [0,1]
» Requirement 3: 7H is complete (for “security” reasons)
V converging sequence of vectors the limit € H
» 1)+2)+3)= Postulate: space of physical states H = Hilbert space
» 7{ is separable if 3 countable (sometimes finite) basis of vectors
Systems with finite particle numbers, subspaces of selected degrees of freedom
{|¢i)}i; = an orthonormal basis (¢;|¢;) = d;; =
) = Z (9ilY) |¢i)

Each state [1) can be expressed as a complex — N~
i
superposition of an enumerable set of basis states |¢;)

» H is nonseparable if it has no countable basis

Systems with unbounded particle numbers, quantum fields, continuum
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» Any separable H is isomorphic with £2

ai o0
Definition of the £2 space: infinite “columns” |¢)) = <a2> with > |o;* <
: i=1
Mapping H — ¢*: components a; associated with expansion coefficients {¢;|1))
ac+bo’; of [¢) in a given basis
Superpositions a|i)+b[¢)’) mapped onto | @aztba

. a/l
Scalar product represented by: (Y|U') = > alal = (ajas,..) (a/2>
i :

« Historical remark

1900-10: David Hilbert (with E.Schmidt) introduces the co-dimensional space of
square-integrable functions and elaborates the theory of such spaces

1927: John von Neumann (working under Hilbert) introduces abstract Hilbert spaces
into QM (1932: book Mathematische Grundlagen der Quantenmechanik)

B Rigged Hilbert space

Although the standard Hilbert space is sufficient for consistent formulation of
QM, we will see soon (Sec.2.1) that its suitable extension is very helpful.

» Hierarchy of spaces based on H = (2
H = sequences [1h) with > |a;|[%™ < oo for m = 0,1,2,... (dense subset of £?)

H (conjugate space to H) = sequences |¢)) for which (¢/|¢)) < oo V[¢') € H
= > affa; <o = Y |ai*5 < 00 = |a;]* may polynomially diverge

These are linear vector spaces but not Hilbert spaces:
H is not complete

H does not have scalar product 7 M&L/

The smaller is H, the larger is H %
» Gelfand triplet (“sandwich”) 3_6

H CHCH| = “rigged Hilbert space” J

It turns out that solutions of some basic quantum problems ¢ H but € H,
while the definition domain of some quantum operators is not H but H

B Dirac notation

Physicists are proud to master a symbolic technique that makes some involved
mathematical reductions much easier to follow. Although the “bra-ket” formal-
ism is not always fully rigorous, it is extremely efficient especially when dealing
with the action of linear operators in Hilbert spaces.
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» Kets & bras
V vector [¢)), called “ket”, there 3 a linear functional Fy, = (¢, called “bra”,

such that the value assigned to a vector |¢) is: | Fy(¢) = (¥|¢)| (“bra-c-ket”)

Superposition principle for bras: o (¢ |+ 8(s| = (a*ih1+ 5*1s|
The space of bras is isomorphic with the space of kets = H o
() =m

. Matrix form: (| = (at.0z,..
» Linear operators

Linear operators play a very important role in QM. They will be subject to
systematic study from Sec.1.2. Here we just introduce basic notions.

Linear operator O|¢) = [¢)")| = mapping H —>A’H such that:
(04|@/J1>+ﬁ\¢2>) = alyy) +8[s)

= 0 deﬁned through its action on any basis: {]¢;)}%% 9, (@) ¥,

A dy
= Ol = S 0lo) = XIentole) = |5 98
T =R
Each term |¢})(¢;| represents action of O on |b:) -
Expression via |¢;)(¢;| obtained by using the {\¢Z>}i> {|#:)} operator:
d

i n dy
Z |Pi)(@i| = I| = unity operator = O = Z (¢ | ¢Z> |¢] (¢
~—
= . On O . or  =IEl g 6160=0;:
Matrix form: O = <021 O22 >

» Projectors

A

Linear operators satisfying || P> = P|| (repeated projection is redundant)

Let {\gbi>}fol = orthonormal basis of a subspace { 4) >A
5 (¢ildj) = i hCH |
Py = Z |0i)(¢il|| is a projector to Hy: :'
= =0 for ) LH, |
Po|¢> { € 7—[0 otherwise |c|>1> W>
P he whol Py = Mai| =1 |
rojector to the whole H is Py = Z\¢><¢| E‘/(P> i 960
(completeness)

- do
Py, (V) = (| Py|v) | = S [{¢i|1)|* = probability to identify the given state |¢)
=1 with an arbitrary state € Hy (cf. Sec.2.1)

Matrix form: In an orthonormal basis such that {|é;)}% D {|¢;)}%, the pro-
jector expressed as a diagonal matrix: ( _ ) . 0 b
> : oo\ wi
o, ( . 05 L ) = ( )

J— 0 (D)
Po=2 o, =0orl

7
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<« Historical remark

1930: Paul Dirac writes the book The Principles of Quantum Mechanics, which
provides a more intuitive (compared to von Neumann) path to quantum theory,
using non-normalizable vectors and ¢ function (bra-kets in 3rd edition 1947)
1950-60’s: .M. Gelfand & N.Y. Vilenkin introduce rigged Hilbert spaces, putting
Dirac’s approach on more rigorous grounds. Systematic use in QM since 1966 (by
A.Bo6hm et al.) but up to now rather scarce

B Summing Hilbert spaces

One can combine one or more Hilbert spaces in the manner of summation. The
resulting space then contains the summed spaces as ordinary subspaces.

» Direct sum
Let {|¢1;)}™, be an orthonormal basis of #; and {|¢9;)}%2, one of Hs

Direct sum |H = H; @ Hz| is a space with the basis ||®y;) = { ﬁli ig; Zj

Dimension: ||dy = di + d» Orthonormality: (®y;|Prir) = dgrrdiir
dy ds
Any [U) = > agi|Pp;) € His asum [V) = > onildu) + ) asldo;)
ki i=1 J=1

» Projector to the subspace H;, (k = 1,2) [VI=PIPIER L Jyy)=Py| V) eHo

A orthogonality : PP, = PP, = 0
P, = Z D) (D] { g yo b 211

7

completeness : P, + Py = Iy

» Scalar product: <\Ij‘\1},>7{ = <¢1W1>H1 + <¢2|¢é>7-l2 Qi
11 21 af,

» Finite-dim. representation: |¢) = ( : ), [1g) = ( : ) = |U) = a:f
Q1dy Q2dgy .

» Multiple sums: |H = E_Tlgl H; 042:d2

For instance, H; = subspaces with different sharp values of a certain observable

B Multiplying Hilbert spaces

Hilbert spaces can also be combined in the manner of multiplication. This
commonly happens in composite quantum systems which consist of distinct
degrees of freedom. The multiplication is a rather interesting operation since
it allows one to create physical states with no analogue in the classical world.

» Direct (tensor) product
Let {|¢1;)}%, be an orthonormal basis of #; and {\gbgj}}?z:l one of Hs
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Tensor product |H = H; ® Ha| has “dyadic product” basis ||®i;) = |¢1;)|d2;)
Note: non-product bases can also be constructed

Dimension: d’;.[ = d1 X d2 Orthonormality: <(I)ij‘q)i’j’> = 5ii’5jj’

» Factorized states

V pair [11) = > as|¢1) € Hi and |[¢9) = > Bi|pa;) € Ha there 3 product state
i J

di  ds

For factorized states :
\\J & Q; (I)z
B 2 A e

» Entangled states
Almost all states in H; ® Ho = unfactorizable superpositions

di  da

For entangled states :
=22 Ju AN w2 et < Gl

» Multiple products: ||H = él H;
1=

» The use in QM

Hilbert space H of a composite system is the ® product of partial spaces H;

H; = spaces corresponding to different parts of the system (e.g. particles) or
to different dynamical variables (e.g., spatial and spin degrees of freedom)

Entangled state vectors correspond to non-classical situations in which only the
whole system and not its individual parts are attributed by a pure quantum-
mechanical state (the subsystems can, however, be characterized by a mixed
state, see Sec. 1.7). Entanglement represents a purely quantum correlation.

» More & less precise notations: |¢) € H,; is denoted as [1));

;%Hi S [P 1®]a)a. . ®lhn)n = [1)1]th2)2 - - |thn)n = [th1)[02) - . . [Un)

2.1 Examples of quantum Hilbert spaces

In the following, we describe specific state spaces for particles with spin 0 and %, and
the spaces assigned to collections of such particles. We will meet another essentially
quantum phenomenon—indistinguishability of particles.

B Single structureless and spinless particle

Particles with no internal degrees of freedom are described by ordinary scalar
wavefunctions (cf. Introduction).
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» Wavefunctions |[¢) = ¢(Z) € ||H = L2(R?) (Y| = P*()

Scalar product: || (11|1e) = /% Yo (T d$—/¢1 7)o (i ‘Det .. x3))

Vv
Cartesian curvﬂlnear coordinates

dy

Expansion of ¢ (%) in any discrete basis of orthonormal functions ¢;(%)

. . , = isomorphism with ¢2
» Rigged Hilbert space of wavefunctions

Localized states §(7—2"') ¢ £2(R3) and plane waves ei% ¢ £2(R3)
Define a triple X C H C H with (in 1D case)

+00
H = dense subset of functions: [ [¢(x)|*(1+ |z|)™dz < oo for m =0,1,2,...
+00 -
H = functions satisfying f V") dr < oo V' € H (includes also polynomially
dlvergmg functions, plane waves and d-functions)

« Historical remark
1926: Erwin Schrodiger formulates QM in terms of wavefunction and Max Born
develops its probabilistic interpretation

B Single structureless particle with spin %

Electrons, e.g., are particles with spin % Their state space is formed by spinors,
which represent the simplest generalization of scalar wavefunctions.

» Spin = internal angular momentum of a particle. For elementary (point-
like) particles, it is a genuinely quantum property (general description of angu-
lar momentum in QM will be developed in Secs. 2.2, 2.3, and 4)

» The lowest nonzero spin is denoted as % and has only 2 possible projections
(spin states) in any spatial direction (conventionally direction z):

spinup 5. =+3h = | 1) =(}) } _ || general state
spin down s, =—3h = |])=(}) ) =al 1)+ Bl 1) = (3)
Spin Hilbert space |# = C*| with (¢1]th) = (a187) (3) = ofas + 552

» Combining spin with the spatial degrees of freedom:
direct product of “spatial” and “spin” Hilbert spaces: H = L2(R?) ® C?

Expansion of a general state: [¢) = 3 (0i0:(Z)| 1) + Bigi(D)] )]

> aidi(X) =
B o . - o V1(7)
= ; (@) gb@(x) - (Zﬁiéﬁi(f)) o (1/’1(5))

i

V(7)) = (&, my i
(Z) = ¢(Z, ms )| spinor
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Spinor = two-component wavefunction = wavefunction with continuous + dis-
crete 2-valued variables (for transformation properties of spinors under rota-
tions see Sec. 2.4)

» Scalar product: || (1| /(% (@) ¥} (@ ))(iig) df:Z/\P*(f, m) W' (Z, mg)dT

« Historical remark

1922: O. Stern & W. Gerlach observe the first indication of spin

1924: Wolfgang Pauli introduces “two-valued quantum degree of freedom” and for-
mulates the exclusion principle (see below), in 1927 he introduces spinors

1925: R. Kronig and G. Uhlenbeck & S. Goudsmit provide an interpretation of spin
in terms of intrinsic rotation (refused at that time)

B Two or more distinguishable structureless particles with spin %

We are ready to construct state spaces for collections of particles. At first we
assume that the particles are of different types—distinguishable. We assume
particles with Spm , but the same procedure can be applied regardless of spin.

» Hi, Hs, ... Hy= Hilbert spaces of individual particles: H; = £L?(R?) @ C?

‘H(N) =HIQH: Q-+ ® HN‘ Wavefunction W (&1, mq, To, mo, ... Tn, my)
13 '3 13
1 2 N

Scalar product
<¢|¢/> = Z s Z fdfl N fdf]\f \D*(fl,ml, e .’,EN, mN)\IJ’(fl, mq, ... .fN,mN)
ma my

» Probability expressions

The wavefunction W(&; ... &) lives in the multidimensional configuration space
containing all generalized coordinates &, = (¥;, m;) of individual particles. It
contains all mutual correlations between the particles and allows one to extract
two extremal types of probability distributions:

(a) Joint probability density to find particle #1 at &, ... particle #N at &y

p& ... Ex) = V(& ... Ex)?|  (contains all particle correlations)

Normalization: [ ... [ p(&;...&x) d€,...déxy =1
(b) Integrated probability density to find any of particles at €

Z / / (611 & Errro- ) sy 10

Normalization [ p(E) dg =1
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B Two indistinguishable particles

We are coming to the problem of indistinguishable particles. In quantum me-
chanics, if two particles are the same, there exists really no way to distinguish
them. One cannot, for instance, think on virtual numbers associated with them.
We start the analysis with the case of just two indistinguishable particles.

» Two distinguishable particles: W(£,,&,) = |¥) € H?) =H, @ H,

Introduce particle exchange operator: | By, W (£, &) = U(&,, £,) | with Ef:2:f,
i.e., in Dirac notation: |‘11> = Z ozij|gbi>1‘qu>2 = E1:2|\If> = Z&ij|¢j>1|¢i>2

ij ij
» For indistinguishable particles we require that the exchange only affects the

phase: | E1—y| W) = €°| W) |and that two subsequent exchanges yield the original
state: e*¥ =1

bosons =0 V(&) = +V(&,,&) | symmetric
fermions p =7 || V(&,&) = —V(&,, &) || antisymmetric

» Any 2-body wavefunction decomposed into symmetric & antisymmetric parts

W(Elvé?) :\%[@(51752) + \Il<€27€1)l+\% [@(51752) o \11(52751)]1

p+qj(€1,£2) P—q/(€1552)

]5+ and P_ = projectors to the symmetric and antisymmetric subspaces

Po+P=1 = |HO=HPan®? ) &P
2)
£, | &S

Dirac notation: Py|¥) = Zaij%[‘¢i>l‘¢j>2 + |pj)1]¢i)2]
i

» Pauli principle: || P_|1))1]1h)s = 0

= Two/more fermions cannot occur in the same single-particle state. Each
such a state can be occupied at most by one fermion. This has tremendous
consequences for the structure of matter! “Without Pauli principle, the world
would be a boring place” (probably with no bored creature present).

» Interference effects caused by indistinguishability
Two distinguishable particles in a separable state: W(&;,&,) = ¥1(&;)¥2(€,)
Normalized particle density: p(&) = |11(€)|* + [¢2(€)|* = no interference
() ()
P1 P2

For indistinguishable particles: piklf(ﬁl, &) o< Y1(&1)2(&s) £ Y1(€s)12(&1)
(no more separable!)



p(&) o< p1(§) + p2(&) £ 2Re [(Y1[102)1h1(€) ¥2()]
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= interference for (¢ |19) #0

The indistinguishability affects the density p(€) if the states 1;(&;) and ¥5(&,)
of individual particles have a nonzero overlap (= no effect e.g. for very distant
particles or for particles with opposite spins).

B Many indistinguishable particles

It is straightforward (but a bit more laborious) to generalize the above results
to N>2 indistinguishable particles. Particle permutations are decomposed into
pairwise exchanges, the states of identical bosons (fermions) being identified
with symmetric (antisymmetric) subspaces with respect to these exchanges. A
general theory of bosonic & fermionic systems will be elaborated in Chapter 7.

» N distinguishable particles: W(&,,..

) =) e HNY) = o H,

Basis: |¢i1>1|¢i2>2 RN ‘¢iN>N = ‘(1321227N> with ik = 1, 2, 3, Ce

» Particle exchange operators:

Ek‘:rl|(blllklllj\/

) = \‘I’il...z’l...z'k...iN>

Particle permutations: (1,2,...N)— (k7,k7,... k) with m =1,... N!

Permutation operators: éw|¢i1i2...m> =

1D i )
ki “kg = "kqy

5} = products of Ek':l = odd/even number of factors = odd/even permutation

Permutation sign o, = {

» Hilbert space decomposition

+ for even permutation
— for odd permutation

HY = H Y @

)

KO

where the fully symmetric (+) and fully antisymmetric (—) subspaces satisfy:

EW) = +]0) V| B) € HO and

Postulate: Hilbert space .
for N identical particles is +

either HSFN) (for bosons)

or H™) (for fermions)

E ) = o, |0) | V| 0) € HY

projector to HSFN)
P:=P,
projector to ™

P, + P + I: the rest of the space, (f —]5+—]5,)7-[, contains mixed symmetry
subspaces (corresponding e.g. to mixtures of several types of identical particles)

» Expression of a basis in the fermionic space through Slater determinant:

1

P {|¢1)1]2)a - - lon)w :mDet

7

-~

[®12. N)

|p1)1 [P1)2 - |o1)N
|p2)1 [P2)2 ... |d2)N

63)1 |6n)2 - 6NN

An analogous expression
(symmetrized = not the
determinant) can be given
also for bosons (Sec.7.1)
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Slater-determinant states originate from separable states in the space of dis-
tinguishable particles, therefore the determinant states carry just a minimal
unavoidable entanglement caused by indistinguishability of particles. Slater-
determinant states form a basis in H") = general N-body fermionic state
can be expressed as a superposition of such states.

« Historical remark

1924: S.N. Bose derives Planck blackbody law from indistinguishability of photons
1924: Wolfgang Pauli formulates the exclusion principle to explain periodic table
1926: Werner Heisenberg and Paul Dirac relate Pauli principle to antisymmetric
wavefunctions and Bose-Einstein statistics to symmetric wavefunctions. Dirac and
Enrico Fermi derive statistical law for “fermions”

1927: D. Hartree & Vladimir Fock derive approximation for atomic N-electron wave-
functions, in 1929 J. Slater facilitates the description by using the determinant
1939-50: M. Fierz, W.Pauli, J.Schwinger provide proofs (within the relativistic
quantum theory) of the general theorem relating the “type of statistics” to spin

B Systems with unbounded number of particles

At last, we come to the case in which the particle number is not fixed. Indeed,
if special relativity is taken into account, particles can be repeatedly created
and annihilated, conserving the total energy < mass of the system. It turns
out that with no upper bound on the particle number we leave the safe harbor
of separable Hilbert spaces and face the limitless ocean of continuum. This is
a transition to the field theory. Work with the Fock space within the nonrela-
tivistic QM will be practiced in Sec. 6.

» Fock space

Sum of spaces for all particle numbers N =0,1,2,3, ...

<~

vacuum [0) 1 particle

H= HO o HD @ HY ..o HY) @ ......
~~— ~— ~—~—

2 particles N particles

This applies for distinguishable/indistinguishable
particles of the same type:

HiN) indistinguishable bosons
HEN) =<y indistinguishable fermions
HWN) distinguishable particles

» Separability versus non-separability

In non-relativistic QM it is assumed that the
actual number of particles N is unlimited but finite. l
The set of basis vectors subject to this constraint is countable.
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It is therefore usually asserted that the Fock space is separable.

However, the “closure” of the Fock space including Hﬁoo) is non-separable!
Rasoning: basis states |®;,;,.) = |0i)1]¢i,)2..... for N=00 are specified by an
infinite number of integer indices 71, 79, .... identifying basis states of individual
particles. This set is uncountable for the same reason why real numbers (infinite
sequences of digits) are uncountable (see Cantor’s “diagonal slash” argument).

<« Historical remark
1932: V. Fock introduced the space for indefinite particle number
1958: Paul Dirac relates the Fock space to field quantization & continuum problems

1.2 Representation of observables

Our next task is to let observables into the Hilbert space and to predict results of ac-
tual measurements. In classical mechanics, observables were just ordinary functions
on the phase space. In quantum mechanics, the thing is more complicated since—as
we know from experiments—many observables yield discrete values and results of
measurements are generally indeterministic. We need a mathematical tool capable
to cope with these unusual properties.

B Operators associated with observables

Associated with each state vector )€ H there must be a probability distribu-
tion py(a) characterizing all possible measurement outputs {a} of any physical
quantity A. A suitable path to obtain such distributions proceeds via the as-
sociation of each quantity A with an operator /1, which represents a specific
mapping H — H. We first present a plausible (but not unique) motivation for
launching out in this direction and then briefly outline some subtleties of the
operator theory that will be needed for mastering the QM formalism.

» Moments of statistical distribution

Observable A — values a (potential measurement outcomes)
Measurement of A on system in state |1)) — probability distribution py(a)
of outcomes, which is uniquely associated with statistical moments

(Ao (A0 (W) oo (40,2 [apu(a)da

» Calculation of moments via operators

Postulate: Observable A is associated with an operator A acting on ‘H

Alp)=|Ay) |=|¢'YeH  Powers of operator: A"[1)) E@ é ) =|AmMp)e

n times

Moments of py(a) calculated as || (A™), = (| A™p)
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» Requirements upon A (should be considered as a part of the postulate)

(a) Linearity || A(a|v1)+B8[1s)) = aAlip)+BAb)

N A11 A12
= representation by matrices: A = (A21 Ago )

(b) Hermiticity || (¢1|Avs) = (At fiho) || = (o|Avn)” = |(p|A"p) €R
= A= A* for i#7 and A; € R
Hermiticity is sufficient (not necessary) condition for (A"), being real

» Definition domain:  Operator A defined on Def(A) C H

For physics purposes it often suffices if | Def (121) = a dense subset H C H

(cf. rigged Hilbert space)

2 (Ay|Ayp)
» Operator norm: ||A|l Sup{ o }|¢>6Def(21)
I|A|| < oo for bounded operators, ||A|| = oo for unbounded operators

» Hermitian adjoint operator

AT such that: | (1] Ae)= (AT [ve) | = (o] ATty)* {::zzi E ))DDef(A)

) Ay A A
Matrix representation: A = | Afz 4% = AT

» Hermitian vs. selfadjoint operators

Hermitian (symmetric) operator: | Alih) = Af|ep)| V|1)) € Def(A)

Selfadjoint operator: A = At with Def(fl) Def( NCH

» Function of operator

Only functions expressible as Taylor series: f(z) = Y_ f; 2"
(more general def. below) k

A) = Z frA¥l fi € R = f(A) Hermitian
k

» Tensor products of operators
Let us have: A; acting on Hy: Aj|py)=|¢,) & Aj acting on Hy: A2|¢2j>z|gb’2j>

We define | A = 1211 ® 1212 acting on H = H1 ® Ho: ) /)

A o ——
Alp) = A viglon)d2i)] = 20 vy 1) ¢
2,7 2¥)

)

Possible extension of 1211 to H1 & Ho: A(eXt 1211 ® fz (fg = unit. op. in Hs)

ext

The same for extension Ag — A
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B Eigenvalues and eigenvectors of Hermitian operators

The key characteristic of any operator in the Hilbert space is its spectrum
of eigenvalues and the set of the corresponding eigenvectors. Not only these
eigensolutions constitute a subject of an involved mathematical theory, they
also play the most essential role in the formulation of quantum mechanics.

» “Dispersion-free” states

Consider a state [¢) in which the observable A yields a sharp value:
!
((A%)y = (A%)y—(A)}, =0

(W A%)) — (Y| Ap)2=0 = (W|[A—(A)y]]*)=0
= [A~A)I]w) =0 = |Al) = al¥)

= |¢) eigenvector and a = (A), eigenvalue of operator A

For A = Al the eigenvalues a € R

Postulate: { possible measurement outcomes of A } = { eigenvalues of fl}

i.e., each possible value a has its associated dispersion-free state |a)

We will use a “stammering” notation: | A|a) = ala)

» Orthogonality of eigenvectors with different eigenvalues (for Hermitian op.)

1{1‘a>:a\a> ’(a’\ Vs — P
Ald) = dlaty |(a };‘L#E_ZH )= 0= [[ald) =0

= Eigenstates with different eigenvalues are perfectly distinguishable

» Degeneracy

It can happen that a single eigenvalue a has n > 2 linearly independent eigen-
vectors {|a; k) }7_;. Then all linear comblnatlons are eigenvectors with the same
eigenvalue a: A(E arlas k) = a Z auglas k)

k=1
= H, =Span{|a;1),...|la;n)} = degeneracy subspace

with dy, =|d, = npax| maximal number of linearly independent eigenvectors

= 3 an orthonormal basis {\a(k)>}%;1 of H, (a(k)\a(1)> = i

» Eigensolutions for finite dimension

Ala) =ala) = (A—al)la) =0
For dimension dy < oo the last relation represents a finite set (number = dy)
of linear equations with null right-hand side. The solution exists iff:

~ N polynomial equation of order dy in the variable a
Det(A —al) =0 = 3 dy solutions a = a; (with i=1,...dy)
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~ A Allf(l A12 (671
For A= AT there 3 dy lin. independent vectors solving ( Az Apn—a >(a2 ) =0
Degeneracy = equality of n>2 eigenvalues: a;,=:--=a; =a with lin. independent
eigenvectors {|a;,), ...|a; )} forming the degeneracy subspace H, with d,=n
» Completeness for finite dimension

Eigenvectors {\afk)>}7k of any Hermitian operator A form an orthonormal

i enumerates different eigenvalues a; basis of H,
where .
k=1---d; counts basis vectors € degeneracy subspace H,,

For nondegenerate eigenvalues (d;=1) we use the P,

notation |a;) = \a,ﬁ”) ol
Completeness relation then reads as: Z Z ]agk)ﬂagk)\ = Iy
k=1

7

N\

R aq 0 .. R
A= ( 0 as ) matrix representation of A in its own discrete eigenbasis

» Eigensolutions for infinite dimension

For dy=o00, the expression Det(fl—aj ) has no sense. To find solutions of
Ala)=ala) and to determine their properties is much more difficult in this case.
In general, an oo-dimensional operator A may have both discrete and con-
tinuous spectrum of eigenvalues. Moreover, eigenvalues from the continuous
spectrum have no eigenvectors € H. Note that a rigorous analysis of these
issues goes beyond our present level of advancement. We will just indicate two
alternative mathematical treatments: one by von Neumann, who considered
finite intervals of continuous eigenvalues and used a standard Hilbert space,
and one initiated by Dirac, who stepped out towards the rigged Hilbert space.

Example:
01000 . i o Qa=ao0 o 1
(1) 0 (1) 0 8 Q3 Qg OéliOé?,ZGOéQ Qs A )
101 as _ a3 Qot+o4=aqs o3 . a®—
00101 ag | =@ | ay = aztas=aay ar | = | 4204
N : - = 7 V. V. : ' :
i |a) |a)

Eigensolution |a) exists Va, but > |a;]? = ||a||> = 0o Va = |a) ¢ (2

2

A? has eigenvalues a2 € [0, +00) with two-fold degeneracy (except a=0)

Example of a matrix with combined discrete & continuous spectrum:

— A2 0 i
. Ay =
A= e 0
0

X n matrix with eigenvalues {ay,...a,}

S
Il
503

atrix from previous example
= spectrum = {—a2, - —a}} U [0, +00)




In general: || S(A) = D(A) U C(A) a
N~~~ S~ N~~~ A
spectrum discrete part  continuous part C) ( >

Eigenvalues a; € D(A) have eigenvectors \agk)> eH| 0T

Orthonormality: <a§k)|a§l)> = 0i;0k 0@( >

ONeH| >HOH

with & € D, { discrete (k=1,...da) } degeneracy index

contlnuous

B

Eigenvalues a € C(A) have eigenvectors

< |CL/ > = (5(@ a )5kl (k,l discrete) <a(k)|a(l)

Dy =0
< ’ l> ( - )5(k—l) (k,l continuous) v >

“Orthonormality”:

» Alternative approaches to continuous spectrum

(a) Dirac works in the extended space H which accommodates also the
eigenvectors |a¥)) for continuous eigenvalues a

1Y) = |a®)(a®| = projector to [a®)

da
i (k) : > (discrete deg.index)
I, = > I, = projector to deg.subspace, > =< = _ |
k€D keD, J dk (continuous deg.index)

These projectors are defined only in the dense subset X C H C H

(b) Von Neumann works in standard Hilbert space # = 3 eigenvectors
for continuous eigenvalues, but 3 subspaces Hy ) C H corresponding to any
interval (a’,a”): operator A restricted to Hy 4 yields eigenvalues € (a’,a")

a/l

Ii_[(a/’a//) = projector to Hy 4 = in Dirac’s language: ﬂ(a/,a//) ~ [ 11, da
a/

A

H(a/’a///) = ﬂ(a/7a//) + ﬂ(a”7a”’) fOI‘ CL/ S CL/I S a////

A~ A

Il ) = II(d')| = “cummulative” projector to the subspace with a < o'

Projector to an infinitesimal eigenvalue
interval is related to II,:

ﬂ(a’,a’+da) :ﬂ(a/+ dCL) - ﬂ(a/)
= d%fl(aﬂa:a/da ~ T yda

= |II, ~

d%H(a) |a=a’

Schematic illustration: -

n  Cé)
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» Completeness for infinite dimension (Dirac’s approach)

k 2 pajpaj:(si'pai
> Zla w+/ > )] da= Bl | o ot
i keD, N a

aleD(A) ;r ~- ~ Pa,Ha =0
a; 11,

(2

Consistency' unique expansion of [¢) in the “eigenbasis” of A:

V) = Z< W \a )+ fz W ") da, for * substitute the same expr.:
ik

W= 3 (@ al) (@ )| +Zf 05’“ da(a{”|)]al™)+

iJe il oy
5 /6%/
(k) (1) (1) ;. previous
+ a, a da+ a a\"’y dada = p
f§< a")(aO¢)]a ff% D) (@) |a) expression
0 d(a—a’ )(5”/
» Completeness for infinite dimension (von Neumann’s approach)
A R where use is made of Stieltjes method of integration:
/ (@) = Iy | fx) = lim Zf(xk)[A(ﬂfk 1) =0 ()]
) —
S(A) operator

measure

» Spectral decomposition of operator

The above completeness relations lead to the expression of an operator in terms
of its eigenvalues and the projectors to the corresponding eigenspaces.

discrete spectrum: |A = Z a; P, f(A) = Z f(a;)P,

[¥)

d; A di . .
zz< Plylal™y = A= ar > [af) e y) = A'=3(a)" P,
i k=1 ! k=1

?

-~

general (combined) spectrum: b,
A =3 P+ [ all,da = [ a dII(a)
D@ e ) s(4)
FA) = X f@)Put [ f(@)Tada = | f(a)df(a
D(4) C(4) S(4)

» Definition of irregular operator functions f(A) # 3 f, A*

. 3
S . ith Def[f(A)] = subspace of H
A) = 11 s
F(4) / f(a) dIX{a) spanned by eigenvectors with |f(a)| < oo
S(A)NDef[f(a)]

» Eigenvalue expression of operator norm: ||A[|?> = Sup {|al? }aES ()

Bounded (unbounded) operator A < bounded (unbounded) spectrum S(A)
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B Probability distribution for the outcomes of measurements

The spectral decomposition of an operator associated with observable A and
the postulate on the statistical moments (A"),, enables us to finally deduce the
desired probability distribution py(a). Note that the resulting formula for py(a)
can be used as an alternative (equivalent) postulate instead of that for (A"),.

» Moments of the probability distribution for observable A in state |)):

Z (ai)"pw(ai) + f a"pw(a) da defining formula

(A", = D(A) Ry ) ) o
> (a)"(WIFa) + [ a"(W[llag) da = (PlA™) - SO Gecomp.
D(A) C(A)

» For p,(a) = probability (density) of finding value a of A in |)) we then get:

A di
Discrete case : pyla;) = (W|P,y) = kZ: \(agk)IWQ
—1

Continuous case : py(a)da = (W) da= S a® )2 da = (¢|dII(a)))
keD,

amplitude
probability

(al®)
[{aly)[?

« Historical remark

1900-10: David Hilbert studies spectral properties of integral operators

1924: D. Hilbert and R.Courant publish the book Methoden der mathematischen
Physik containing methods that later became relevant in QM

1925: Werner Heisenberg (and M. Born & P. Jordan) formulate “matrix mechanics”
1926: Erwin Schrodinger in his wave mechanics makes use of operators associated
with observables, he shows the equivalence with matrix mechanics

1926-32: John von Neumann unifies Schrédinger’s and Heisenberg’s approaches us-
ing self-adjoint operators acting on a general Hilbert space, with M. Stone they work
out the theory of such operators

1927-30: Paul Dirac develops “symbolic” formalism transcending ordinary Hilbert
space, this is formalized in the 1950’s in terms of rigged Hilbert spaces

} to measure a on [¢)) < to associate [¢) with |a)

2.2 Examples of quantum operators

The formalism developed in the previous section is now ready to bear fruit. We will
introduce the operators associated with observables characterizing a single particle.

| Spin—% operators

Spin operators are the clearest examples of quantum observables since they
work in the best of all possible Hilbert spaces—that with dimension 2.



» Operators of spin components along z,y, z axes in H = C?

S, =291 S§,=2(07) S.=2(}9%) Pauli matrices
> > .

» Projection to general direction 7 n = (sin ¥ cos p, sin ¥ sin @, cos )

|n|2 ~ ~~ ~~ v

Ty Ny Nz

gﬁ:ﬁ.gzg(ﬁ.é’)zﬁ< nz nw_i”y):§< cos v e‘“"sinﬁ)

Ng+ing —n, et sind —cos?

» Eigenvalues of spin projection Sﬁ
) h

Det [g( ne—A - mpiny )} =0 = XN=1 = |s;= {+721
2

ng+in, —(n,+A)

» Eigenvectors of spin projection S

Eigenequation ( " ”’”_i”y> (5;) ==(3) has oo solutions:

Ng+iny  —Ny
n, # £1 (otherwise solutions known) = ay = —n;_ﬁy B+
. . h ~ cos ¥ 2 I3 —e sing
Normalized solutions: | > = |Sﬁ:—§> = 9
sin 2 cos 5
Orthogonality: (o 82) (37) =0
Projectors to eigenspaces: cos?§ S5 Csind for s+ — I
~ o4 i sing  sin? 2 no2
L * * _ 2 2
Pin_(ﬁi)(aiﬁi)_ 20 e_'“p'ﬂ
sin” 3 —&5—sin for s- — _h
etie 29 no 2
—£5—sind  cos® 5

Nl
X

Nl

_ ng— my
n,—1

M 4 1) | with |z = e ¥ cot =

Unnormalized eigenvector: | |s;=-+2) =

z

= 2z = stereographic projection of vector g onto C
Any superposition [)=a|1)+/5|{) represents a state of spin pointing in a fixed
direction 7, which is obtained from z = «//f by the stereographic projection.
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B Coordinate & momentum

The most important observables in classical mechanics (such that all the other
observables are made of them) are the coordinates and momenta. Unfortu-
nately, these are precisely the observables whose QM operators make troubles.

» Coordinate & momentum eigenfunctions

Hilbert space H = L2(R%) & rigged Hilbert space H C H C H
with H = differentiable functions satisfying |1 ()70 S [Z]™™" for any m>0

Postulate: § function & plane wave = eigenstates of position & momentum

» Operators of coordinate components
T = (z,y,2) = (1, 22, v3)
Action of operator 2; = multiplication by variable x;: (%) = 2 (Z)
N——
Def(2;) .= H [2:4](Z) ¥'(7)
Hermiticity: [ ¢1(2)*[x902(2)]d7 = [[vah1(7)]* 2 (7)dT

Eigenstates: z;0(7—2") = x[0(¥—2)
= continuous spectrum z; € (—oo, +00) with d(Z¥—1") € H

» Operators of momentum components
ﬁ: (pxapyupz) = (p17p27p3)
Action of p; ocderivative by z;: (%) = —ih-Zy(Z)|| = |p= —ihV
——

Def (p;) := H [p:41(7) V!(Z)
Hermiticity: 0

Jor(@) [—ihigpipg(D)dT = [[=ihgm1by (Z)] 4o (D) dT + [h1 () o ()] 13
Eigenstates: —ih%eiﬁ'f/h = pieiﬁ'f/h .
= continuous spectrum p; € (—oo, +00) with e/ ¢ 3

p= hk = @ it| with k = wave vector pointing along unit vector n

We obtain de Broglie relation for the wavelength: [\ = %ﬁ

Il
>
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« Historical remark

1924: Louis de Broglie associates plane waves with moving particles

1926: Erwin Schrodinger applies operators within the wave mechanics

1927: Wolfgang Pauli introduces spin matrices

1930: Paul Dirac introduces explicit momentum and position operators
1940’s-60’s: Rigorous mathematical treatment in terms of the distribution theory
(L. Schwarz et al.) and rigged Hilbert spaces (I. Gelfand et al.)

B Hamiltonian of a structureless particle

The incorrigible enfants terribles coordinate and momentum give birth to a
respected (although not always well-behaved) operator named Hamiltonian. In
the nonrelativistic QM, the Hamiltonian is of central importance as it represents
energy and generates evolution (as we will see in Sec. 1.5).

» Hamiltonian H = operator of energy

Eigenequation ||H|E) = E|E)|| stationary Schrédinger equation

» Free particle of mass M

H= ﬁ (]% ﬁ) = —% <§ . ﬁ) operator of kinetic energy

——’
A
Eigenequation (A+ 2E)¢)(F) =0 .
R (B2 Sol}ltions for £ >0 physi.cal: Y X eii;f € E
Solutions for F <0 nonphysical: 1) o e**% ¢ H

Continuous spectrum E € [0, +00) infinitely degenerate (except E=0)

Eigenstates: |Er) = eiF = |7’ = hk) with eigenvalues E = By = (Zﬁz
» Particle in scalar potential
V(¥) = potential energy in an external field
5 1 (A Q) V(A) K2 A V() Stationary Schrodinger eq.
I — I [—;—MMV(;E)—E b(F) =0
kinAetic potential energy

» Bound vs. unbound states

Eigenstates of the above Schrodinger equation are of two types:

(a) bound states (correspond to finite motion) = discrete spectrum, normaliz-
able wavefunction ¢(%) € H = L?(R?)

(b) unbound states (correspond to infinite motion) = continuous spectrum,
non-normalizable wavefunction 1 (Z) € H
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(deations not presced here): %/%
i

(1) Potential well of a general shape: 1

Define values:

sph.coord.

. . —~
‘/asymp = lim Mln{V( T, 797 ¥ )}19790

r—00

Vinin = Min{V (Z) }z

. E. , .
Eigenvalues of H — { i € (Vinin, Vasymp) discrete spectrum (bound states)

E € (Vasymp, +00) continuous spect. (unbound states)

(2) Periodic potential of any shape:
Vasymp does not exist; the spectrum is continuous and has a band structure;
eigenfunctions are not normalizable (unbound states)

» Nonanalytic potentials: conditions upon eigenfunctions

From the stationary Schrodinger equation it follows that:

v "V . 8_¢ 6nw anJrlq/) 6n+2w .
V. owir oy | continuous <& Y, Dz Onp e 0ar T | L continuous
V(Z)|z=¢ discontinuous (finite jump of the potential) )
= U, 8% continuous
oY (Z) Yili=a
= [Bi(@)|sea = 2| = 2 In () continuous
¢<$) o N~— | =G
z logarithmic
derivative
Example: 1D potential well of a finite range x € [z1, 2]
N =0 forx <z orx>ux
V(x)
<0 forx <z <ux9

4
We assume a finite jump
of V' at both sides 1 & -

Eigenfunctions for bound (F < 0) and unbound (E > 0) states:

T <X 1 <1 <29 T < X
E <0 Ale“m —I-M Bl¢1(x)E+BQ¢2(a:)E M-{- Cge_lm

E > 0| A cos(kz)+ Aysin(kz) | Biyr(x) p+ Boa(x) g | Cy cos(kz)+Cy sin(kx)

{U1(x) g, Y2(x)g} =2 independent eigensolutions inside the well,

k= V224E, {Ay, As, By, By, C1, Cy} = adjustable parameters

E < 0: 2matching conditions at x1 + 2 matching conds.at x9 + 1 norm.condition

= cannot be solved with 4 parameters = discrete E spectrum
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E > 0: 2matching conditions at x1 + 2 matching conditions at x-
= can be solved with 6 parameters = continuous E spectrum

For infinite jump of V(Z)|z—z only ¢ (Z)|z—z must be continuous

B Hamiltonian with a separable potential

We look now at the special case of a separable potential, i.e., potential of the
form |V (%) = Vi(x1) + Va(za) + Va(x3)| with Vi(xp) =arbitrary 1D potential.
There are just a few (two?) practical examples of such potentials, but the
analysis will help us to understand a rather important technique: separation of
variables in differential equations. 1,

Vs

» Let us solve 3 x 1D equation [—%;—% + Vie(zr) | i, (z1) = Ei i, (25)
= solution of the 3D problem can be written as:
[Hl —'_ H2 + H?)] wll (x1)¢12 (xQ)ng (:'U?)) (E’Ll +E12 +E’Lgl&b’tl (xl)wig (x2)¢13 (‘/I’.?)l

~"

H 1/%11213(_‘) Eiyigig Viqigis (%)

» 1D eigenfunctions {@bzk(a:k) = \wzk)} = basis in Hilbert space Hj,
i=1,2,...

{wil(ffl)%(%z)%(%) = |¢¢1>|¢¢2>|¢¢3>} = basis in H = H; @ Ha @ H3
ir=12,...
» Examples of separable potentials

(a) particle in a box V() = 2Of<;1;hil;v€ﬁ(:ek,bk)vk=l,2,3 }

7b2) (y) + ‘/((Ig,bg) (Z)

Y

2

:‘/(albl)( )+V

—

a

N

Viabe) (@) = 1D infinite square well
which has the following solution:

2
!ﬁﬁ+v%mH%0—QéZﬁakwﬁ
N——-—,
H, E, —~ withn,=1,2,3,...

[V, ) = n, (z1) o sin [L (x— ak)} where L, = b, —ay,

AAIEERIRRRRARRRNSY

Solution of the 3D problem:
[+ Hy + Hy (B [¥on ) |¥m,), = Z@ ()7 + ()7 + ()] [¥n) [¥ns) [¥,)

-~

I:I |¢n1n2n3> E

ninamn3g

Equilateral case: Ly = L = Eynn, — En gﬂz( n% +ni+n3)

-
= degeneracy dy =1, 3,6, ... N=3,6,9,11,12,14,...

|¢n1n2n3>

Consequence: the ground state energy Fgy o # grows with volume V' =
“Schrodinger pressure” against any increase of the particle containment
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M/ 22, 22, 2.2
5 (Wir]+wyzs +wsTs)

—

(b) harmonic oscillator V(Z)

1D: | (et + 25580) W) =t (a3 )] | with mi=0,1,23,...
N ~ J/ H_/
i En
. . , \/f
The solution obtained from the diff. form of Sch.eq.:

L+ ()| vie) =0

k

where &, = Mg’kxk and \ = ]?4—%
Eigenstates: [, ) = ¢, (24) oc e 5%/2H,, (&)
H, (&) = C;% s e ln=0 = Hermite polynomials
generating
3D: function
Lﬁl + Hy + ﬁslf%ﬂ |¥0n,) |Vny) = Zi(wﬂh +wans +W3n3+%)1\¢n1>|¢n2>|wn3>1
b2t |G yngns) Enpmyns |G yngns)

Isotropic case: wp=w = By p,n, — En=hw(N+3)

N=0 dyp=1
N=1 d1=3
N =n;+nys+n3 = degeneracy { NZ% dy=6 } dy = (NH)#

B Orbital angular momentum

Before we continue with Hamiltonians and potentials, it is useful to construct
angular momentum operators associated with orbital motions of a particle.

» In analogy with classical physics we introduce angular momentum of orbital
motion:

A

components || L; = €;jrZ;py < vector ||L=& X p=—ih [f X V]

Hermiticity: L;r = 82314;]3;2,@;( = Eijkﬁki’j = Eijkfi’jﬁk = Lz (since j 7& k?)

» Expression in spherical coordinates 194 B
P
Transformation of wavefunctions: ¥ (z,y, z) — ¥(r, ¥, ¢)
e sin cos p sin¥siny cosv Ny ,O-\ ﬁ
My = | cosdcosp cosdsinp —sind Ty r
. 7 —sin cos 0 18
Unit vectors > .° ome v iy
Ty sin 1 cos ¢ cos ¥ cosp —sin g Ty
iy | = | sind¥sing cosd¥sing cosy Ty L
. cos v —sin? 0 Ty
Orthogonal matrix = [inverse=transpose] /
2, Ty X71,.=0
L = —ih|rit, x (A2 +igtd +ii,——2 iy ity =it
\/Z"/ A T or + 590 + 907‘8111198@0/ ﬁrXﬁgp:fffﬁ

x Vv
\Y
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L= —ih ﬁw% — ﬁﬂsiiﬁ%} acts only on the angular part of ¢(r, ¥, )

= we consider factorized wavefunctions || (r, ¥, ¢) = R(r) Q(V, ¢)

» Angular-momentum component along the z-axis

n, =cosvn, —sinvnyg = 1,- L= L, =—ihZ
Eigenvalue equation: L. Q(¥, o) = L.Q(9, ¢)
——

f(0)g(e)
_ih%g(gp) =1.9(p) with condition g(¢+27) = g(p)

= |[l. = mh| with m =0,£1,42,43,... and |g,(¢) = ™

Additional condition [* < L? = ||m| < Muax | (see below and in Sec. 4)

From the symmetry argument, the same must be true for any component.
» Squared orbital momentum

The size of the angular-momentum vector is determined by the square:

o_ 7 7l 2l 0 = 1 0]l [0 = 1 0]_
L”"=L-Lj|=-h {n90819 nﬁsmﬁ&p} [n%@aﬁ nﬁsmﬂ&p}
- Rpgld. g9 g0 7 1 0 S 1 0 29 2 1 0 2 1 9
=—h [Z%aﬁ n‘ﬁ(‘)ﬁj TL‘P 0, nﬁsmﬁ@g ?ﬁsmﬁ&p n9081i+?7951n198g0 nﬁsmﬁaj
P 0 M) 1 o2
o2 cotd o9 sin? 9 0p?

= —h? [aﬁercotﬁ(er 121955;] = ﬁQ:—fﬂ[.l @sinﬁa%Jri%a—Z]

~"

L 0 0
sind 99 MV ay

» Eigenequation L2y, (9, @) = A2 (0, ©)
solved with a factorized function — Qy, (9, @) = fom () ™

. m2 2 subst. m2
[ﬁ%ﬁnﬁ%_m—{_%} f/\m(ﬁ):() m [ag(l 52)3,5 1— 52 ]f/\m(f)

The solution known in the form (for derivation see elsewhere):

Fram(€) = P (€) o< (1 —€2)% j;::z (€2 — 1)! associated Legendre polynomial

[=0,1,2...
. 2 2 . ) 9
Eigenvalues ||\ = [(l + 1)A” with { m = 1, (—141)...0. . (+1—1), +]
Eigenfunctions
Qo (U, ) = Nim, Pin(cos®) ¢™? = Y,,,(9,¢)|| spherical harmonics
normalization
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Relation between [ and m quantum numbers

is represented by the following diagram: ]

Note: The existence of simultaneous *

eigenstates of L? and L. is not ls

accidental. It follows from the fact | 2

that both operators commute (see |,

Sec. 1.3). The selection rules for m . lo

and [ will be derived in Sec. 4.1. Sk 3 -2 -1 0 o 2 +3 4 7

B Hamiltonian with isotropic potential

Equipped with the angular momentum operators, we can return to the Hamilto-

nian of a particle moving in a spherically symmetric potential field | V(%) = V(r)

This is a rather important situation in general since nature likes rotational in-
variance. We will briefly report three well known examples, assuming a certain
degree of the reader’s acquaintance with these elementary results.

» Hamiltonian written in spherical coordinates

T — 12 _ 1 |=r*92,209 —h2 9 00 B2 9

H=—3qA+ V()| =57 | 7057 5+ manvo S0 V55 + mawrgoz | TV ()
7 rjzrjg

can be decomposed into three parts:

H= Lop? 4+ 2 L2 + V(r with ||p, = —ih (£ +1
2M‘ 2M7‘2. ‘t(t)',l Dr : (8r r)
Kinenergy  kineaorgy  energy radial momentum
» Separation of variables
The isotropic form of the Hamiltonian Vnim (1,9, ) = Ry (r) Yim (9, )
enables one to separate radial and angular Ui (7)
variables through the wavefunction ansatz: "

LY} (0, ) = R2L(1 4 1) Y5 (9, @)

The equation for R,; reads: [—%T%d%r?d% + %ﬂ) + V(r)|Ru(r) = EyRy(r)

A L V(T)} () = Buum(r)||  radial Schrédinger eq.

Vo

VR (r)

» Unbound-state asymptotics (eigenfunctions of radial momentum)

For V(r) ==>% 0 we write down an E > 0 asymptotic radial solution for [ = 0:
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Spherical wave (for r > 0): R, (r) = plane wave of u(r)

—ih (% -+ l) M — preiprr/h

r r T

» Bound state close to the origin r=0

Approximate equation % — l(l:gl)u ~ 0 can be solved with u(r) oc 7"

0
k(k_l) - l(l+1) = k= { —f—i_(rllonphysical) = ’U/nl(’l")‘r,\,o ~e TZ_H i> 0
» Example (a): finite spherical square well Viry={ oo 7;;%

2 72

Radial equation: [j—; _ D QM(E_V)] Upy(r) =0 with V = { _3/0

Discrete spectrum F; € (—V;,0), continuous spectrum E € (0, 4+00)

AV 2M(E+Vy) _vomE | >0 for E>0 _ | wr forr <R
= h k=" {:i% for £ <0 roe= kr forr > R

The eigenfunctions in a general case can expressed through Bessel & Neumann
functions, or alternatively through Hankel functions:

( Bessel Ji(p) X0 Pl
Neumann n X —(+1)
Rnl (p) — Unl(ﬂ) — < lgp) pﬁo p . ei(/)_lﬂ'/m
P Hankel h; (p) = Ji(p) +imi(p) <o ip
functions — hi(p) = j51(p) — ini(p) XKoo e_l(’;:w/z)

For bound states (F < 0) the r=0 & r—o0 conditions restrict the solution to:

| Aji(kr) forr <R _
Ru(r) = { BRh (i3er) forr > R (R =Re)
d ; d gy, (1)
dpdi(BR) o Rhy (ixR) . : :
Conditions R = @ o { n;lmerlcal 1detTrlrrz?uqatlorl
K2 4 32 = 2% of energy levels £
» Example (b): isotropic harmonic oscillator (revisited) ||V (r) = MTMQT’Q

From the solution of the separable problem we know:
En = hw(N + %) where N = nj;+ns+ng

Solution in spherical coordinates (for the derivation see elsewhere):

Ry(&) o lLfnLH/? £2 with € = /22 and L% p Ep‘aef’d—ii pitaer
h v dp

= generalized Laguerre polynomaial
Relation between quantum numbers from both solutions:
n,=0,1,2,...
radial quantum number = number of nodes of R,;(r)

N+1=2n,+1+1
1,2,3...




» Example (c): attractive Coulomb field (hydrogen atom) |V (r) = -
For hydrogen o = 42260 and %[7;2 = 13.6eV =
Bound states energies & wavefunctions (for the derivation see elsewhere):
g _Ma*i]| N= 1,2,3,--- = principal quantum number : (n =n, + 1+ 1
" 2h® n*] p,=0,1,2--- = radial q.number = num. of nodes of R,;(r)
=0,1,...(n—1 n-l
Level n degeneracy { fn :O’_l” N (—?il ) = d, = ZZZO(ZZ +1) =n?
Ry(r) oc ple ?PL2Y (p)| with p = 2y where |a = ah—;[ = Bohr radius and

L‘g(p) = %epdd—;i(pie_p) = associated Laguerre polynomials

» Graphical expression of oscillator and hydrogen selection rules for quantum
numbers

A

5
I
3
2

o = N O F
=~ X Z

1

« Historical remark

1926: Erwin Schrodinger presents a series of 4 papers introducing wavefunction
and explaining the quantization of energy in terms of the eigenvalue problem. The
solutions of hydrogen-like atom and harmonic oscillator are given with the aid of
the orbital angular momentum

1928-30: Application to molecules and solids; L. Pauling explains chemical bond,
P.M. Morse describes vibrations of diatomic molecules (Morse potential), F. Bloch
and L. Brillouin analyze eigenstates in periodic potentials

1929: First numerical algorithm for solving the eigenvalue problem

1932-1949: Formation of the shell model of atomic nuclei (D. Ivanenko, M. Goeppert-
Mayer, J.H.D. Jensen)

B Hamiltonian of a spin—% particle in static electromagnetic field

At last, we look at the Hamiltonian of an electron-like particle moving in static
electric and magnetic fields. This is an important example! We will discuss the
invariance of the Schrodinger equation under the gauge transformation—the
concept that becomes essential in the relativistic quantum theory.
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» In analogy with the classical expression, the quantum Hamiltonian reads as:

q = particle charge
7) ‘i(f) = scalar potential
A(Z) = vector potential

B(7 magnetic induction
E(#) = —-VV (%) — 2A(%) = electric intensity } of stationary field
N——

» Operator of the particle magnetic moment ﬁ is proportional to its spin:

) . electron g=2
g = gyromagnetic ratio | proton  g=5.5856
neutron g=-—3.8263
h me
p=ok-={ Bolr orl maoneton, g=e, M={m:}

2M nuclear

f=gpiS =g 30

» Evaluation of the kinetic term [mind that 7’ and A(Z) do not commute]

FogA®) = 52 —q[p-AG)+
[ | =2 |

~—

A(Z) - A} +q2A(Z)2  Hermitian

» Spinor ¥(7) = (ZZ%) = HWU = EV yields Pauli equation:

—,

h> ihg (S ihg( 1 5 B
AW 4 (G A) O M V) A gV — g (G B)W

0 in Lorentz calibration EWw

» Special case: homogeneous magnetic field
B(#)=(0,0,B) <« A(Z) = L(—y,+x,0) satisfies V- A = 0
The term ’hq(f_f 6\11) = ﬁ h [ yax + x4 } ¥ yields orbital ang. momentum

~~

_Lz
the whole 2
. A 4qV —==/5 <L + ¢85, ) QMBTQ(:J:Qerz) U =FEv
Pauli eq. —— S
kin. en. ele&%gg;at' mag. mome?lglnteractlon %M WI%
=Zeeman splitting ~ 5 -
For electron in hydrogen w (Larmor frequency) < worpital for B < 10°T

= the last term can be neglected unless the field is extremely large
» Invariance under gauge transformations

The action of classical elmg. field is invariant under gauge transformations
generated by f(Z): A A =A-Vf Vl—>V’=V+§/J_‘;

=0 in stac.case
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These transformations do not change E and B , but they change Pauli equation.
However, gauge transformation of A in Pauli equation is compensated by a local

phase transformation of the wavefunction: 7.
U (7) — W'(7) = B(z)e /Y

Direct verification: .
(—ihV — qA) - (—ihV — gAY’ = e 0/ (—ihV — ¢A)?®
Therefore:
HUV=FE¥ = HU =F¥ energy & probability density unchanged
[WO(E, my) 2= [0/ (2, my) |2 } (but not all mystery is gone, see Sec. 3.3)

<« Historical remark

1918: Hermann Weyl introduces the local gauge invariance of the metric tensor
1927: Wolfgang Pauli writes down the spinor equation for particle in mag.field
1928: H. Weyl concludes (also based on earlier works of other authors) that gauge
transformation in QM is related to changing the phase of wavefunction

1.3 Compatible and incompatible observables

Operators, in contrast to ordinary numbers and functions used in classical physics,
have one revolutionary property: they may not be commuting. The product AB
does not have to be the same operator as BA. This property turns out to be of
essential importance for physics. For instance, we will see that it is responsible for
the key feature of the quantum world: uncertainty.

We introduce the commutator of operators, [/Al, E] = AB— BA , which is

zero if AB=BA and nonzero if AB#BA and rise a classification of observables

compatible observables with fl, Bl =0
among each other: A A
incompatible observables with |A, B| # 0

B Compatible observables

We first explore the case AB=BA. We show that such operators can be diago-
nalized simultaneously. A maximal set of commuting operators selects a unique
basis in the Hilbert space and in this way create a particular representation.

> [121, B] = (0 = eigenspaces of B invariant under A and vice versa
Bly) = b)) = B (Ajy)) =b(A
) = bl) (Aly)) = b (Aly))
1Y) [¥)
» Commuting operators have a complete set of common eigenvectors

Intuitively, this is obvious from the invariance of the eigenspaces H, of A under
the action of B. The subspace H, can therefore be considered as the Hilbert
space where operator B finds eigenvectors |b).
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A more rigorous proof:
{\agk)>}i’k and {]b;”}}»j,l = orthonormal eigenbases of A and B, respectively

Unique expansion: \agk)> => Z agfl)|b§l)> where: B |¢z(f)> = bngc)>
I
Eigenstate condition reads as: IJfer) ) Iiff ) ~
; mon e ~ Jwhere: BO) = b0 )
(A—CLZ'])’CLZ(. >> =0= z (A a; )’@DU > fromlnvarlanceof?—[bj under A)

Wfﬁ) with different j orthogonal %5 the condition satisfied iff |@fo)> =0Vj
= |¢Z(]k)> is a simultaneous eigenvector of A and B (eigenvalues a; and b;)
The same procedure repeated V \a (k) > = the resulting set {|1; k>>}z ik of simulta-

neous eigenvectors is complete since it allows one to expand the basis {|a >}Zk
= 3 a simultaneous orthonormal eigenbasis {|a;b;®)}; ;x of both A and B,
where () enumerates the states with the same combination of eigenvalues a;, b;
= Observables A, B are “compatible”

» |[A,B]=0 & [P,B]=0 VYij

< follows from spectral decompositions: A = Z azpa and B = Z bjpbj

= follows from ]5%. z > |aiby*) (aby P Pb = Z Z |aib;' ><az‘/bj(l)‘
- j'eSy k iesy
where { 7 s } denotes the set of eigenvalues { 7’ }
“contained in the eigenspace of {b } é Q’E

5 5 oy ) Gty @ty ) sty
i gkl 6”/5”/5/“
= Z |azbj(’“)><albj( ) = ijpai

" Schematically:

» Complete set of commuting operators (of compatible observables)

3 mutually commuting operators 121, B , C' = simultaneous orthonormal eigen-

basis {|a;bjck")}ijx1, and so on for more operators

A set of mutually commuting operators fl, B , C...is complete if eigenvalues
n ———

—TN—
a;,bj, c ... uniquely determine the eiggnstate laibjcr, ... ) (no ¥ needed)

Consider X commuting with all operators A, B : C...ofa complete set
X|aibjck coo)=zl|abick . ..) = v=f(a,b,c...) = X =>_ fla;,bj,cp. .. )Pai’bj,cku_

ai,bj,ck...
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L[X—fABC. )
The number n of operators in a complete set is usually identified with the

number f of quantum degrees of freedom. However, this definition is not
unique since n is fixed only within a certain algebra of pre-selected operators.

» Combining complete sets in a product spaces

Consider a composite system: H = Hi ® Ho
{Ay,B1,C} ...} = complete set in H;  {As, By, Cs ...} = complete set in Ho

N {{(j}h®j)’(g1®j),(él®f)...},{(f@ﬁ),(f@ég),(f@ég)...}}

\ 7
~N"

- — A mtn: - = complete set in H = H1 ® Ho
(X1 ® 1,1 ®Ys]=0|VX1,Ys (the same eigenvalues as the original sets)

= addition of freedom-degree numbers for composite systems: n = ny + no

B Incompatible observables

We turn to the case AE#BA Such observables cannot be simultaneously
diagonalized and exhibit a mutual uncertainty: increasing precision of one ob-
servable reduces precision of the other.

A

» Nonzero commutator expressed as: ||[A, B] = iC

B=Bt

(iC) = (AB—BA) = BIAT- A1 BT = ~[A, B] = ~iC = |C = ('] for { 1=41 }
» Uncertainty relation
(4%, — (3] [(B)y — (B)}] > HWICI)?

N~ ~\~
2 2

{{4%))y ((B2))w

lower bound of the product of
dispersions depends on [i)

Proof:
(42, — (A)2] = (WI[A — {A),I21) = {ele) with [) = [ — {4), ]]}v)
(B?)y — (B)j] = (WI[B — (B)yI]*|¥) = (xIx) with [x) = [B — (B)sI][¢)

(A AB2) = (el = [oh0P = [(IIA = (A 1(B — (B) 11| =
(OIABI) (A0 B) o] = | 012254101+ (01 22554 1) (0B
> Ll

= Non-commuting operators 121, B cannot be
diagonalized simultaneously:

S
N

= Observables A, B are “incompatible”
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B Analogy with Poisson brackets

Although incompatible (“non-commuting”) observables are genuinely quantum
invention, there exists a surprising parallel of this behavior in classical mechan-
ics. It is based on the properties of Poisson brackets.

» Some properties of commutators

( ) [A,const 1]=0

aA+a’A’ Bl=a|A,B]+d'[A",B] | [AA",B|=A[A’,B]+[A,B] A
(b) Sums: AbBab Db A Bl b A5 Products: (A BB =BIA.B|+[A.B| B
(c) Jacobi identity: | [4,[B,C]]+]B,[C,A]|+]C,[4,B]]=0

(d) Tensor product operators: [A; ® Ay, By ® By] = [A1, Bi] ® [As, By

» Poisson bracket for 2 classical observables

- 0A DB _ 0B OA A= A(pl Py q1-- ) b= B( -pnu(h---QH)
{A’ B} = Z (8]% o Opi 8qi>
=1

» Properties of Poisson brackets are analogous to those of commutators:
{A,B}=—{B,A}, {A,const}=0 A

{ {aA+d' A’ B}=a{A,B}+d'{A' B}, {AA' B}=A{A' B}+{A B}A } < [A, B
{A{B,C}}+{B,{C,A}}+{C{A,B}}=0

» (Geometrical meaning of Poisson bracket

{AB}— 0A 9A _0A  _ O0A\ (9B 9B 0B aB
’ T\ Oq1 "7 0gn? Opa Opn Opr """ Opyn? Oq1 """ Ogn
JﬁQn ﬁQn

J=(291) the symplectic matriz with dim. 2n (I = unit matrix in dim. n)

{A,A}=0 &  (JVxA) L (VA
N—— N——

one of the tangent gradient of A
vectors to A=const

B =Co nst

{A,B} £0 & (JV,A) £ (Vo B)

{A,B} =0 = hypersurfaces A= const & B= const locally coincide

= {A,B} #0 = hypersurfaces A= const & B= const locally deviate

Consider a non-local statistical distribution p(py...,q;...) in the phase space
(in the sense of statistical physics). It is clear from the above conclusion that
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in the statistical state described by p quantities with {A, B} # 0 cannot have
sharp values simultaneously. This represents a classical analogue of uncertainty.
All these analogies justify the following requirement:

» Dirac quantization assumption
Postulate: {A,B}=C (classical) = [A, B]=—ihC (quantum)

B Equivalent representations of quantum mechanics

A fascinating feature of physical description is that it can be cast in infinitely
many equivalent ways. In other words, there exists a multitude of mathematical
representations yielding the same observable output. In classical mechanics,
this feature is anchored in the concept of canonical transformations. In quantum
mechanics, the equivalent descriptions follow from the use of various Hilbert-
space bases, which may be generated by alternative complete sets of observables.

» Any complete set of commuting operators {A, B,.. .} with discrete
spectra generates a countable orthonormal basis {|i)}%* of H:

S 6= b () = _—
State vectors: [i)) = Z i) = S () i) < || |[w) = <¢2) (in)finite

14 7
i \r’w columns

Operators: [¢') = Aly) = 32 1i) (i) = S 1i) 3 (i]A j)M = Ui =D Aiji;
. A Z ’ Aij Y; ’

15:1 All A12 1/)1
v | = (A21 Az ) (W) = lin. operators = (in)finite matrices

» For a complete set {fl, B, ... } with continuous spectra there 3 a contin-
uous “orthonormal basis” {|x)}.ep € H

[ le)alde =1y (ale) = d(x — )

x€D
State vectors: )= |z)(z|Y) de= [ (z|¢) |z) dx < |||¢) = ¢(z)|| wavefuncs.
W(x)
Operators: |¢) = AjY)) = [ |2) (x[¢))) de = [ |z) [ (z|Al2') (2/|¢) da' dx
Y'(x) Alz,a’)  o(a)

Y (z) = /A(ZL’, 2')(2") dz'|| = lin. operators = integral kernels

» Complete set {A, B,...} with mixed discrete & continuous spectra =
combined discrete-continuous “orthonormal basis” {|i,x)} iep, € H

€D,
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S [ i x) (i, ] doe = Iy (1, 2|t 2"y = 0;90(x — o)

1€D; D,

v (2) (in)finite
State vectors: [¢) = i,x) (i,z|Y) de & = [ @) wavefunc.
)= £ [ 1) ol do > 1) ( @) wavetune
z Vi () columns

Y1(z) Ap(z,x') Ap(z,a’) ... P1(z') matrix

Operators: va(2) | = / Az (2,8") Az(z,2') va(2) | da’ integral

: E : kernels

« Historical remark

1925-6: M. Born, W. Heisenberg, P.Jordan write commutation relations between
various observables (matrix mechanics) and introduce the concept of compatibility
1927: P. Jordan, P. Dirac attempt to introduce canonical transformations to QM
1927: John von Neumann formulates the concept of complete sets of observables
and associates “canonical transformations” with different choices of this set

1927: Werner Heisenberg writes down the AxzAp uncertainty relation

1928: E.H. Kennard and H. Weyl derive the uncertainty relation from the commu-
tator, generalization V incompatible observables by H.P. Robertson in 1929

1930: P. Dirac relates commutators to Poisson brackets (= canonical quantization)

2.3 Examples of commuting & noncommuting operators

We now apply the results of the previous section to the single-particle operators
introduced in Sec. 2.2. In particular, the algebra of coordinate & momentum opera-
tors and that of angular momentum operators will be investigated. Representations
of the single-particle Hilbert space will be built using these operators.

B Coordinate & momentum

Coordinate & momentum operators jointly form the commonly known commu-
tation relation—twin of the canonical Poisson bracket of classical mechanics. It
leads to the familiar form of the uncertainty principle but also to the problems
of coordinate & momentum in the ordinary Hilbert space (see Sec.2.1).

» Canonical commutation relations

tizwi-  pi=-ibg = ||[@68) = [0i5) =0 (& 5)] = ihdyl

Poisson brackets {z;,z;} = {pi,pj} = 0, {xi,pj} = —di;
These relations define general canonically conjugate quantities

Note: The same commutation relations can also be satisfied with:
T = x; - pi = —ih% + f(Z)
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» Heisenberg uncertainty relation

(@) (07))y = (0| RO 4b)? =6
R,—/\-v—/ ——
(Azi)*  (Apj))? C

= [|Ax;Ap; > g valid for any state [))

» Some general consequences of canonical commutation relations
(a) Operators z; & p; cannot be represented in H of a finite dimension n.
To show this, we introduce an important general quantity:

Trace of operator: TI‘A:ZWHAWO:ZCM _ { sum of

eigenvalues

1

The trace is invariant under the |¢;) —|¢;) transformation = is independent of
the chosen orthonormal basis. It also has the following important property:
Tr(AB)=>_(¢i| AB|¢s)= Z<¢@|fu¢]><¢J|B|¢l>—z<¢1\B\¢Z><¢@-\A\¢j>—Tr(BA>

i irj
For coordinate and momentum operators represented in a finite dimension n,

this relation yields a contradiction: Tr[#;,p;] = 0 # Tr(ikl,) = ihn
However, there d various n=oc discrete representations of z & p. For in-
stance, the one obtained in the basis of 1D harmonic oscillator:

0v10 0 0 .. 0 —iv/1I 0 0 0
V1o Vv2 0 0 v 0 —iv2 0 0
F=./L| 0 v2o v3 0 p= /Mt 0 vz 0 —ivB 0

2Mw | g 0 V30 va 2 0 0 W3 0 —ivi
(b) Eigenstates of #; and p; are “out of” H (more precisely: A within #)
Assume coordinate eigenstate |x;) €M satisfying (z;|z;)=1 = = (z;|[2;, pi]|z:)=1
But (z;|[Z;, pil|x:) = xi{xi|pilzi) — xi{zi|pi|zi) =0 = contradiction
» Canonical & mechanical momentum of particle in elmg. field
H=5p— qA(D)2 4 qV(Z) with 7= canonical momentum

Mechanical momentum 7 defined through velocity: # = %—Ig =+ [p— qA(T)]
N——

Operators |p = —ihV |& |7 = —ihV — gA(Z)| of canonical & mechanical mom.

Commutator [7;, 7;] = [ps, pj] —Q[Az‘w‘i |- Q[Az,pj]+q [AuA | = ihg (CMZ, 2‘2‘?)
N—— ‘ﬁ/—/ /

0 0
€z7kBk
[7ti, ;] = ihq iji B (Z) | = for B0 velocity components incompatible

B Coordinate & momentum representations
Although coordinate and momentum operators are not the nicest ones (the cor-
responding eigenstates dwelling somewhere outside the ordinary Hilbert space),
the most familiar representations of quantum mechanics are based on these op-
erators. For the sake of simplicity, we restrict ourselves to the 1D case.
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» Coordinate representation in 1D

State vector |¢) = [(z|Y)|x)dz = wavefunction |[¢(z)= (x|

Scalar product: (Y|¢") = [(Y|z) (x| )dz = [ (x)
Position operator: Zy(x) = x(x)

Momentum operator: py(z) = —ih-Ly)(x)

¥)

(x) dx

used

expressions

so far

Note: Strictly, all these relations (as well as those below) should be restricted
only to [¢) € H, where completeness [|z)(z|dx=I holds (see Secs. 1.2 & 2.2)

» Momentum representation in 1D

State vector [¢0) = [(p|l)|p)dp = wavefunction ||9(p) = (p|t)

One gets expressions analogous (Complementary) to the x-representation:

Scalar product: (¢Y[¢') = [(Y|p)(p|Y)dp = f¢
Momentum operator: ﬁ@@(p) = (p|p|v) = p(p|v)

'(p) dp

= | p(p)

= p1(p)

Position operator: #4(p) = (p|2[y) = [ (p|@|p’) (p’\@b) dp =

X(p,p')

w(p’)

(p p)T

= [/ p]a: (z|2]) < ') W) deda dp = 2 [f @e

Y(p') da dpf

\/ﬁeﬂpf zd(z—2a') \/#—e"‘ p// Zhdiel%
. (p p)Jo ~ T . 7
b [ [ i)y = ingie) = [#0() = i)
—_—
2whd (p'—p)
» Relation between x- & p-representations: Fourier transformations
Relation between eigenstates: coordinate rep. | momentum rep.
|") d(x — ') e~i@'p/h
py| et i(p— 1)
Relation between generalestateS:
o0
_ pm 7
Gy = ] Bl @) de = | / % (o) do = ()
1~ ()
Varh
+0o0 L~
@M:J‘@W<WM®:¢W T h(p) dp = P(x)
o N~~~ M~~~
et )
In transition to 3D, one applies the following substitutions:
1 1 dr — dr > =
oy 7 T dp—odp PT 7P

» Gaussian wavepackets 2eh (2 P

A family of wavefunctions € H suitable for the description of particles partially
localized in both coordinate & moznentum spaces. They are defined as states
whose probability density p(p) = |[¢(p)|* in momentum space has the Gaussian

form with average py and dispersion Uz%'
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. . g o TR
b(p) = F@ ip normalization: [ |¢(p)|*dp =1
wo2)4 —00

Coordinate representation:
+00 +00 pz: p2— pp0+p0

7 =— 2
— 1 +Hif 1 + 402 _ T =
)= € g d — € d — C — € 4a —
¢( ) /27Th_f ¢(p) p (87‘(’3}?,20'12))% _{O % -~ , p |a|
N———_ 1 2. (20 iz, PO
1 _i +.p0:c C e 40';,2; 20’12) h 40'% = eap2+bp+c
102 TR =
Gropis  © () 2
. . . . h
with o, satistying |0,0, = 5
= Heisenberg relation minimized

.

~N
Xo 7

B Angular momentum operators

Let us analyze commutation relations of angular-momentum operators. In fact,
it is these relations what allows us to recognize that a given set of operators
(like Pauli matrices) represents an angular momentum. In other words: what
commutes like angular momentum s angular momentum.

» Components of spin %

X 2 2 R
190.8,1=L 6.6, )=2i 6. =inS.

h2 .hQA A A A . A A A~ o . A~
[8),5:)="7 [6,.6-1=2i" 6,=ihS, ¢ = |[S;,5)] = iheyuSk| or [0y, 6;] = 2ig;j0%

2 2 ~
19:.8:=L 60,12 5, =in$,

Uncertainty relation (<S2>>¢<<52>>¢ > %2<¢|gz|¢>2

= [(A8,)(AS,)e > E](S.)l (ﬁj

[¥) = al 1)+ 8| {) with [af* + [5]* =1
= (AS,)y(AS,)y > 5 |5 - 18

(AS;)4(ASy)y > 0 for [B]° = 3 L VAR
corresponds to spin € zy plane (see Sec.2.2) 0 3 1
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» Components of orbital angular momentum

{ (L, Ly | = (0D 2= 2Py 2Dw— D= =[0P= 2P|+ 2Dy D= ) =ih(2Py— P ) =i L. }
=

[i/i, [A/j] = ihEijk[A/k

[Ey j/z] = [éﬁx _iﬁz 7:2713@; _gﬁx] = [éﬁx 75213@;] + [iﬁz 7@1376] :ih(gﬁz _éﬁy ) :ihix
[Lz 7Lz] = ['fﬁy _gﬁz 7@232 _2151/] = [i‘ﬁy 7@]32} + [gﬁz véﬁy] :Zh(éﬁl _iﬁz):ZhLy

Poisson brackets {L;, L;} = —&;x Ly

» Components of total angular momentum of a spin—% particle i,
2 2 — .. " e —_—
J;=L;+S; [LZ, S]] =0 = [JZ, Jj] = [LZ, Lj]+[Si, Sj] = ihéijk (Lk + Sk)

» General angular momentum

Components {jz}f’zl satisfying commutation relations [JAZ, ] = ihaijkjk

J; mutually incompatible = uncertainty relations: || (AJ, )y (AJ,) > BTyl

The squared angular momentum J? = Z J? = Aj Aj is compatible with

all components J;: J

iy J3Jj) = Jj [ i i)+ i, Jj) J; = iheije(Jj e 4+ i) = ||0 = [Ji, J7]

Z'hz?iijk ’ih&ijkjk

= J2 can be diagonalized simultaneously with any component J;

» Simultaneous eigenfunctions of J, and J?

L. R(r)Yym(9, ) = mh R(r)Yym(9, )
L2R(r)Yiu(9, ¢) = 1(1 + 1)l R(r)Yi (9, ¢)

I G2 B[ A2 ~2 ~2 71 _ 3827
Spin 3: S—Z@—l— 7, +\0,ZJ_‘IH[
v ~— /
I i i

S S =1G+DR(5) V(e

VR(r)

Orbital momentum:

2

General spin |s = %, 1, %, 2, %, ... | represented in Hgpin = C**! (see Sec. 4):
0 0
R Qg O g g R E :
a_g a_g a_g . .
0 0

So, any vector € C2*! represents an eigenvector of S? with the squared-spin

1 0
0 1 : :
quantum number s, the vectors <: ) : (0) , ... are simultaneously eigenvec-

0
tors of S, with projection quantum numbers m = s, (s — 1),...,(—=s+ 1), —s.
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<« Historical remark

1926: M. Born, W. Heisenberg, P. Jordan give commutation relations for position &
momentum and for the components of angular momentum

1927-8: H. Weyl analyzes algebraic properties of position & momentum operators
1930: Paul Dirac elaborates position & momentum representations and presents an
algebraic derivation of angular momentum eigenvalues

1931: M. Stone & J.von Neumann prove unitary equivalence of representations con-
serving the canonical commutation relation (Stone-von Neumann theorem)

B Complete sets of commuting operators for a structureless particle

Below we give several examples of the complete set of observables character-
izing a single spinless particle in 3D. Such a system has 3 classical degrees of
freedom, and also its quantum state is completely determined by eigenvalues of
3 commuting operators. These operators can be chosen in different ways.

» Coordinates 7 = (21, Zo, &3)

Eigenbasis | ®3(Z) = §(X¥—v) | satisfying (®y|Py) = d(y—y")

General wavefunction: ¢(Z)= [ ¢(y) Pz(Z

Note: dimension of ®5(Z) is [length] > = it represents an amplitude density
in a joint space of Z & ¢ (normal wavefunction is amplitude density only in 7)

» Momenta ﬁE (D1, D2, D3)

— =

pr
Eigenbasis | (%) = Nye' b | with coeffs. Ay given by “normalization”:

(Dp|Dpr) = pr/ e AT = | Ny=(2rh)~

7

[SI[9V)

General wavefunction: T)= f @Z (p) @5() dp (2mh)36(p—p")

Note: dimension of (% ) is [length] ™z [momentum] 2 = it represents an am-
plitude density in a joint space of both Z'& p’

» Radial momentum p, & orbital momentum £2, [A/Z

DeT
Eigenbasis | @), (F) = N, L€' n Y, (0, ¢) | with N, = (wh) 2
——_———

RPT (7")

611’6mm’
< p7lm’q) W'm ’> - ™

27T7T

NNy, f | il [ / / VYo (9, ) sin ¥ d dep | r2dr = 6 (py—p..) 811 Oyt

» Isotropic Hamiltonian Hrot & orbital momentum ﬁ2, f/z
Hyo = —%A + V(r) with V(r) = a potential well
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Eigenbasis | ®,p, (¥) = Ru(r) Yin (9, @) | with w,(r) from rad. Schrodinger eq.
S—— 2

i (r) —%j—;—l—Zﬁ:—U—FV unl:Enlunl

<(I)nlm‘q)n’l’m’> — 5nn’5ll’5mm’

» Infinitely many other choices possible
In all cases, the number of operators = number of degrees of freedom n = 3

» Particle with spin (s = %) = the same sets + spin projection S,
Eigenbases |P®y;. ()|, | Pps. (T) ], | Pp,ims. ()], | Prims, (Z)

Another possibility is to use total angular momentum f = l% + §
= cigenvalues of {J2, J.} = {25 (j+1), hm;}

Commutation relations of the jz, J? operators:

[J2, L] = [J2, 582 =0 = [J., L% = [J., 5% but [J2, L;] # 0 # [J2, S]]

New complete set: Hyor & L2 5% & total ang. momentum J2,.J,

= eigenbasis | @, (¥) | (for exact form see Secs. 4.1 & 5.2)

This remains valid for a particle with any value of spin s: the Hilbert space is
expanded (2s + 1) times compared to H of a spinless particle

1.4 Representation of physical transformations

Representation of observables is not the only role of operators in quantum mechanics.
A specific type of operators, namely the unitary ones, is used to express various kinds
of transformations that lead to equivalent descriptions of the same physics.

B Unitary operators

At first, we explore basic mathematical properties of unitary operators. In a
separable Hilbert space, these operators can be introduced as transformations
between different orthonormal bases.

» Transformations of orthonormal bases

Basis I {[i)}; = {[1),2),...} (il7) = di
Basis II: {1 ={I11),12),...} (@) =9y
i) = U| ) where U= Z |i')(i] is an unitary operator: Ut = Z i) (i’ =

» 3 equivalent deﬁmtlons of an unitary operator:

(1) Transforms an orthonormal basis {]3)} (% {1}
to any other orthonormal basis: U-!
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(2) Inversion = Hermitian conjugation: [Tt = UT

(3) Conserves scalar products: |(¢[Wh) = (41|hs) |, where 1)) = Ui,

» Eigenvalues & eigenvectors of unitary operators lmuw
Ulu) = ulu) & (u|UT = (] s
= (u|U'U |u) = wu*(u|u) = wur =1 =||u =" $) | Reu
i
TTTT L, / ! 1% /
= (u|U'U |u')y = v'u*(ulu’) ju(u ):1 or (ulu’) =0
ei(¢'—d)=1

= for ¢’ # ¢(mod2n): || (ulu') =0

~~
U;
D ™) (uM|

» Spectral decomposition U= Z s P@ with }5¢i}5¢j = 51-]-]5@.

1

» Any unitary operator = exponential of a Hermitian operator

U= e“i with A = A" and

(6.9]
Z Xk—,k = operator exponential defined
k=0 through the Taylor series

A o - A .2 N
(a) exponential = unitary: Ul = 3 (_;’?)k —e 4=yl
k=0

(b) exponential < unitary: YU=Y" ¢/% P, define AEZ ¢iPy | =At = U —cid

» Example: U = (0])
Eigenvalues u; =1

=e
Eigenvectors |+1) = \%( Jand |—1) = % (1) (orthonormal)
—1| =

% (+1 —1) with (1-1 —%)kZQk_l (t% J—r%) for k>1

—I+Z LD =D - () =) =0
‘,_/ 1(+1—1)

vir e o 2\-1+1
» Combining exponentials of non-commuting operators
eXeV = eVeX = X+ for [)A(,)A/] =0, eXe¥ =+ ¥ X =+ Y| for [X,Y] £ 0

Baker-Campbell-Hausdorff (BCH) formula (one of its forms):

xel, we], kel %.0],
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eXeleX = LK, ¥ |4 [X, (X, V41X, (XK e+ = 3 & (K eF]
o0 ~ A k=0
—eV Y [X,Yl}
k=1 k o -
Special case: [X, [X, f/]] = [Y, [)A(,}A/]] — o= = eXHY = o XY 3 XY]

B Unitary transformations as “quantum canonical transformations”

Unitary operators materialize transitions between alternative QM representa-
tions, defined by distinct bases in the system’s Hilbert space (see Sec.2.3).
They also express transformations between state vectors of the same system as
seen from various reference frames, differing, e.g., by translations, rotations, or
Galilean boosts. Physical descriptions in all these representations or reference
frames must be fully equivalent. In this sense, the unitary transformations are
analogues of classical canonical transformations.

» Diagonalization of an operator:
Transformation {|i)}; (general basis) CR {|a§-k)>}j,k (eigenbasis)

U1 Upp ... Ay A U Uz a 0 .. — —
U21 U22 A21 A22 Uf? U2*2 — 0 as = Adlag — U UT

-~

U A UT Adiag

~ Ui*l
eigenvectors of A: (UZ%)
» Link between equivalent representations :

Postulate: Various representations of quantum state vectors & operators
are equivalent iff they are connected by a unitary transformation

General transformation of bases: {|i)}; UR {14 }i
Transformation of vectors: [V)=> a;|i) — [)=> a4]i')

= |¥) =Uly)
Transformation of operators: A=Y"a,P, — A=Y qUP, Ut

A A A A

= A =UAU|| = UAU!

Interpretation of this relation using the

identity A'|¢)’) = U( A1) )
—~
) O~ o)
A'|Y") defined via the “detour path”; see the
sketch on the right, where the target space of —

U is formally denoted as H' (= H)
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<« Historical remark

1897-1906: Independent derivations of the Baker-Campbell-Hausdorff formula
1900-10: David Hilbert elaborates the theory of (unitary) operators in #H

1927-32: Unitary operators and representation theory appear in the mathematical
formulation of QM (P. Dirac, J.von Neumann)

B Symmetry in quantum mechanics

It is often repeated that symmetry represents the most powerful concept in
physics. The famous Weyl’s definition:% “A thing is symmetrical if there is
something you can do to it so that after you have finished doing it it looks the
same as before.” can be always applied. For us, the thing means either a
given physical system (its most essential attributes) or a general form of its
QM description. To do something to it then means to look at the system from
another reference frame or through a different representation.

» Symmetry in a wider sense (sensu lato)

Frameworks S & S’ = alternative “observer frames” or “ways of description”

(representations) tat ) ) : 1))

. - states = =U

[ f.S—S < O tor Us ,g = U: A A TAT)
ranst. s =" < Uperator Us s {observables A — A =UAUT }

The structure and all predictions of quantum mechanics remain the same:

(Wilws) = (U Uba) = (0| TTT o) = (i [4ha) ..scalar products
A S
(A5 = (G| UTU AUTU |5) = (i|Al5) ..matrix elements
fla = alja iAAATUCL :CLUCL ...eigenvalues
\C> ) &L |‘I>> |‘,>> . genv

AN s aa i a aa,

(A", B1=A'B'—-B'A'=UAUUBUT—UBUUAUt=U[A, BJU' ...commutators
Hence: “|QMg = QMg|” that is: the structure of QM description is the same
for both S & S’

» Symmetry in a narrower sense (sensu stricto)

A system is invariant under the transformation S — S’
iff its Hamiltonian does not change: || H’

I
T

A A A~

H=UHU'=H = UH=HU = |[[HU=0

Rasoning: Hamiltonian H represents the most important physical operator
(describing e.g. the system’s dynamics), the symmetry is therefore associated
with the invariance of H under the unitary transformation S — S’.

SH. Weyl: Symmetry, Princeton Univ. Press, 1952
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Usual consequences of this meaning of symmetry:
(a) degeneracy of energy levels: H|yp)) = Ely)) = |H(UW)) = E(U))

= if UJy)) # |¢), the level E is degenerate
(b) conservation laws (3 integrals of motions, see Sec. 1.5)

B “Flight over” the group theory

Group theory represents a superb example of “the unreasonable effectiveness
of mathematics in the natural sciences”, which was pointed out by Wigner.
Initiated as a purely theoretical discipline, it grew into one of the most com-
monly applied branches of mathematics today. Here we just summarize the
basic concepts of the theory that are of immediate importance for QM.

» Unitary transformations do not typically come alone but in groups!

Group G = set of elements {¢g} closed under a binary operation o (group mul-
tiplication) | g1, 92 € G = (g1 © g2) € G| satisfying the following properties:
N———

9192 (1) (9192)93 = g1(g293) associativity
(2)decG: ge=eg=g Vg€ G unit element
B)VgeGdgtl: g9l=glg=c inverse elements

Note: commutativity not required!
If g190 = 201 ¥V g1, 92 € G, the group is called Abelian

» Unitary representation of group G:

A~

Mapping to unitary operators: |g — Uyl [g10g2 > U, Uy
b= (
(

>

A~ A~

Group properties naturally satisfied: (UoU;)t = Al_ 17 U)~!  closure

A~

(UsU) Uy =
e — [ =

ol

ol

2
) associativity
1

o

2Un
17" unit element

U=¢cd= U= inverse elements
Hilbert space H where U act = carrier space of G

QM works with H = it provides a direct physical “arena” for group theory
Invariant subspace: a subspace HgCH is invariant under G if U lWyeHg

VUe G and V |y)eHg [~ o . \
0 |€ H(gl) 0
' ' . block diagonal
Matrix representation: U = | 0 .0 structure of all U
0 |€ Hg)

\ )

Irreducible representation (irrep) of group G: # invariant subspace Hg C H
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» Finite (discrete) groups

Groups with a finite (or at least discrete) number of elements (describe, e.g.,
spatial symmetries of crystals or reflection transformations): G = {gi }ien

Example: cyclic group |2, = {P,I}| with a generalized parity transfor-

mation P = P~ l= Pf =spatial inversion, 2-particle exchange, particle-
antiparticle or particle-hole transformation. . .

» Continuous (Lie) groups

Groups with elements parametrized by a d-dimensional real vector s = the
group elements (e.g., spatial translations) form a continuum: |G = {g(5) } scpe

9(89%(52 :g_’/?,) = i - ‘i( 52) functions f& h differentiable
9(5) " =9(E") = =N

= G = Lie group
Unitary representation = mapping of a given Lie group to a family of unitary

operators acting in a suitable Hilbert space: | g(5) — U(5)

» dim=1 Lie group G =1{9(5)}ser

. U0)y=1 choice of origin =1
Requirements: { o ~~
U(s+ds)=U(s)U(ds) local additivity <= f(s,ds)=s a—fd

lA](S):IA—I—(@ Os+l(d2—[{)032+...

s A2 s ) (ﬂ) :Zé
G0 =1+ | ()4 s [ po V02
\ . - with |G =
= condition (CflU>S = cgino U(Hd;i*U(s) = U(s) (%)0 —iU(s)G

Uls) = e'®s || is the most general solution, where G = generator of G

= the group is Abelian: U(s1)U(sy) = U(s14s2) = U(s2)U(s1)

» dim>1 Lie group ||G = {¢(5)}sere

a

A VA = iy, Ggs N A - d

U(3) = i€ = ¢ Xz, Crse with G = {Gk = (8%}_5(:)) 0} = set of generators

§=0J) k=1
d . A4
# ] €“***  in the non-Abelian case: |Gy, Gj] # 0
k=1 . . . . .

iy i /12 U(gl)U(gé) # U(51+59) # U(55)U(51)

/A—/\ /_/H
i
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» Closure relation for infinitesimal transformations (dim>1)

TSN (AN T (RN T2 = : —~
U6)'U(e )v Ub)U(E) = @ with | oy ~ ; S €mOn
~ ~ for €, 5 — 0
(I —iGio; — 1GiGudi6y) I +iGoy [y>
x(1 —iGje; — 3GiGrejey) 7 v
X(f + iémk — %éké’k’5k5k’)
\><([A + iélel - %é’lél’elel’z l'lf/m)

-~

) Ri (Aup to 2f1d0fder) ) ) C( g ., />
I +£GmGn — GnGm) Em(sn =]+ Z'SmanZEmén ( ) ,vj

—~ - lp>
(GGl
A A . A closure relation for algebra of generators
= |G, Gy = SmnG
(Gomy G| = Ez: mnl=l S = structure constants

» Invariant (Casimir) operator
An operator Cg = C(G ) associated with group G such that |[Cg, G;] =0| Vi

Eigenspaces of C’g within the space H are invariant under the action of all
generators {G;} = these subspaces often carry irreducible representations of G

« Historical remark

1830 (approx.): dawn of the group theory (the name given by E. Galois)

1873: Sophus Lie introduces continuous groups (later work of W. Killing, E. Cartan)
1928-32: M.H. Stone and J.von Neumann obtain QM-related results on Lie groups
1928: Hermann Weyl: Gruppentheorie und Quantenmechanik—book placing the
group theory to the foundations of QM

1927-37: Eugene Wigner elaborates group techniques in the classification of atomic
and later nuclear spectra; the 1931 book Group Theory and Its Application to the
Quantum Mechanics of Atomic Spectra

1929: Hans Bethe applies point groups in polyatomic molecules

1931: Hendrik Casimir introduces the invariant operator

1940’s-50’s: Giulio Racah refines group methods in the theory of complex spectra

2.4 Fundamental spatio-temporal symmetries

We are going to describe basic spatial and spatio-temporal transformations of non-
relativistic physical systems. We will see that elementary physical operators in
QM can be naturally introduced as generators of the corresponding Lie groups.
Extrapolating this path, one may seek the very origin of the quantum uncertainty
(incompatibility) in the non-Abelian character of some of these groups.
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B Space translation

Translations in the coordinate space form an Abelian group generated by mo-
mentum operators. This is a nice playground to exercise work with generators.

» Coordinate translation operator

Required action of translations on coordinate operators: =r+a

= commutation relations [z;, T3] = —a;T7

= Z%Zf :SCZf = I Ta’f = (x;—a; 5f = Taf = |7—ad
%) = z;|T) (r’j) ( ) ( |>) ) = |Z-ad)

This is consistent as (%) = (Z|)) = (Z|Tz )= <* | p)y=| (T +ad) = Ty b(T)

» Remark: general translation operator for an arbitrary operator O

gl
@l

Assume operator Th, satisfying [O, TAO] — Ao Th,|| with Ao =number

= Olo)=o0lo) = O(Taolo)) = (0+ Ao)(Ta,|0))
= Taolo) = |o+A0)  (operator Ta, shifts eigenstates of O by value Ao)
» Generators of x, y, z translations

Translation @ = an; along j = 1,2,3 axes: [Z;, Taﬁj] = —57;ja,Taﬁj

A A

Infinitesimal translations: T((;a)ﬁj ~ [ +iG;(6a) = |[2;,Gy] = 61

A

= we can set ||Gj = % Pjl| (generators o< momentum components)

[éi,éj] = 0 = Abelian group, [éi,ﬁj] =0= Taﬁfjl = ﬁ

» Finite translations in any direction

. . ~ . = N n ap] . . -
jMPaxis: T, = lim <I + %pj%) =e' = general direction: ||T; = €'

n—oo

Transformation of wavefunction S

(Ta)(Z) = (@|Tal) = (T ' E) = (F+al) = Y(F+a)

(direct verification via the Taylor series)
—
> Translation for N > 1 particle systems &/

~ N -
Zﬁ = Tp= e = ® Tix
= (TeU)(Zy,...,2N) = U(Z1+d, . .., Tn+ad)
Particles with spin: translation does not affect the spin variables
» Translational invariance [Ty, H] =0

For 1 particle this means that H=H (ﬁ, S ) = Hamiltonian must not depend
on spatial coordinates, just on momentum and spin components



o8

A = H ({fi} 43— 3} (S0

For N>1 particles:

= Hamiltonian must de-

pend only on relative coordinates, e.g.:

N A2
HZZQJ\I/[kpk +
k

>V ({& -3}

k>l

» Discrete translations (invariance of a crystal lattice)

Discrete set of translation vectors a; =

[T: , H] =0

General T5. eigenfunctions:

P

R LA
Proof: ¢ uz(

T- eigenvalue
@y

B Space rotation

(npLg,nyLy,n.L.) =1 - L

with n;, =0,1,2,...Vs

= H and Ty, can be diagonalized simultaneously

(Bloch theorem)
(any L-periodic function)

quasimomentum

Generators of rotations are angular momentum operators. The group is there-
fore non-Abelian. If working with scalar wavefunctions, one will manage just

with the orbital angular momentum. However, to

describe rotations of more

complicated types of wavefunction (like spinors or vectors), we need to intro-

duce an additional angular momentum—spin.

» Coordinate transformation

Rotation about axis n by angle ¢ in ordinary space expressed by:

R Ry =1

Radius conserved = orthogonality:

cos¢ sing 0 010 )
Rﬁng:(—s(i)nqb cogcb(l)) = Rﬁ25¢%1+<_()188)6¢
——
i1Gs
cos¢p 0 —sin@ 00 -1
R~:<010> R; ~I( )5
Ty sing 0 cos¢ = y09 + (1)8 8 (b
1Go
R —((1) cogqb Sig¢) = R NI—f—((O) 8 (1))5gb
Tz 0 —sin¢ cos ¢ a0 ™ 0-10
1Gq

Commutators of the 3x3 generator matrices:
[GZ’, GJ] = iéijka

These are the commutators of angular momentum /A
The same can be assumed for the QM generators G

3x3 rotation
matrix

— A—»
Z'= Ry T

= > i TijTik = Ojk

Any finite rotation is
expressed via generators
of infinitesimal rotations:

> Rﬁ¢ = ei(é-ﬁ)¢
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S~

(L +S)
\‘A/—/
J

St

» Quantum rotation operator: Rﬁ¢ — ¢GM2|| with ||G =

Generators for 1 particle oc orbital 4+ spin ang. momentum
Generators for any system o< general operators of total angular momentum

Postulate: Angular momentum operators of an arbitrary quantum system
= hXx generators of rotation (= spin <« transformation properties)

» Transformation of coordinates & momenta
(a) rotation around z:
il = Ry ¢3}iRj1 — \€+i(L3+Ss)¢/7E & g—i(L3+Sg)¢/ii — etilsd/hg p=ilsd/h

Z(b "~ N~
etilad/he+iS3p/h e—1936/ho—ilgd/h

Infinitesimal rotation:
F1—d0dd

T A <f + %£35¢> T (f — %ﬁ35¢) ~ @+ L [Ly, i) 6 = {gsﬁlew

i3
The same for momentum: —ih(8i221—0i1d2)

A A A :a P P1—p20¢
pl~ (1 + %Lg(s(/)) B (1 _ %Lgdqb) ~ pi+ & (L, pi] 06 = {ﬁ2+p15¢
N——— D3

(b) general rotation: +ih(diop1—0i1p2)

S B S5 pH-1 _ -1 = ST 3A—1_ —Q

le —1 j
Py 11 T12 T13 ~1
72 T21 T22 T23 X9
4 731 T32 T'33 23

» Transformation of angular momentum

A " " A J1—Ja8¢
(a) z-rotation: J! & (1+ J35¢) ( ——J35¢) Jit i [Js, Ji] 60 = {j2+;15¢
v J3

7;7:L53ij Jj

(b) general rotation: ||J = Ry ¢JR4¢ = R;w%j S = Rg;g L= R%E

» Action on wavefunctions (coordinate & momentum representation)
T (Rig |7)) = RiipT)(Rig|T)) = Riig|T) = [RiipT)
——

Ragfin (T not) = (Regalo) | _ | Rgtr7) = p(Re}D
(Pl Rast)) = (R 1l) Ragd(7) = $(Ry.17)

» Transformation of scalar wavefunction (%)

Only the argument of ¢(Z) affected by the transformation:

~
—

Ragh(%) = b(R7)%)|| = J=L = spin0

7

X
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Example: @w(f) R {f—l— (:pla%g — xga%l) 5¢} V(T =

eil3d9/h

¥1(7)
» Transformation of vector wavefunction V(7) = 1!1;(:?))
V3

=
@
(@
=
D
o,
on
<
—
@)
&
&
=
@)
=

Besides the argument, also the direction of the vector W ()
Defining transformation property:

~ T (0 .7
Rape(?) = (). (@) ®:1) | — ¢ Houm-ta)
n

731 732 733 7 H,—/ n
. s L
- =21
X
Rig

) [ (5 8) o] e (w;g;)
\/-’ Y3 (T J OVO 0 L Vs(7) :
¢ilS3+L3l56/h (gd) +f¢ 8) %(R‘%Mf)
o0 (%(Rn;aw: )
24824+ 82 =s(s+ )R] = [s=1 Va(Rig507)

hDet(S;— M) =0 =X=+1,0 = |s= {0 = spin 1

= 3-component wavefuctions V(&) with vector transformation properties de-
scribe particles with spin 1. We now look for the link of Cartesian components
¥;(Z) to the probability amplitudes for individual spin projections:

Eigenstates of S5: £, = % <:(}) & = (%) £ = \% (%1)

V1 (7) Y41 (T) Va1 (@) 2 (@) probability density amplitudes
VYo(T) | Yo (%) = V3(%) . ..
@) e () iva(@)] ) || for s3 =R, 0 spin projections

» Transformation of spinor wavefunction V(%) = <ZIEQ) spin %

For spinors we will proceed the opposite way. In this case we know spin matri-
ces. Assuming the standard form of the transformation:

Ry (Z) =[Sy V] (Rg(;f) =Y (Rg;f) we find the unknown matrix Sy,
q//

S ok . S Nk _ )T for k=eve
(o‘ n) = ... with (0 n) _{Em forr k:ovdcri1



3 3
3 3
22 Aa 1 Aoa A 1 Aa A AN 27
(0“2 = 3 mn;6i6; =5 3 min; (6:046;6,) +3 Y min;(6:6=66,) = » il
i,j=1 hj=1 D j=1 =1
251‘]‘1 37'] ~— _ \Z\,_/
0 1
L (i\* 5 NANE AN ¢\ (2
- = o (7> I+ E o <7> (0n) = (cos 5) I+ (sm§) (0 - 1) = Sig
k=0,2,4,... k=1,3,5,
> " spinor transformation
COS§ ’LSIII§
. . o [etierz
Special case: S 4 = < 0 it

» Rotational (+transitional) invariance

H=H <{|ﬁk\}, {1z, — &}, {]§k|}) Hamiltonian must depend only on vector

sizes

<« Historical remark
1913: Elie Cartan discovered complex “tensors” with spinor transform. properties
1927: Wolfgang Pauli introduces spinors to QM

B Space inversion

Spatial inversion (taking mirror images of all 3 spatial axes, therefore replacing
“right” by “left” and vice versa) is just a discrete transformation. Nevertheless,
there exists an observable associated with it—the spatial parity. In contrast to
the above cases, space inversion is not a valid symmetry of this world.

» Coordinate, momentum & angular momentum transformation

~ A~

PPl =7 PP =

Cartesian coordinates: l

v — —w; (i=1,23) l\
Spherical coordinates:

rT—7r
v — (m— )
= (p+m)

» Classification of observables with respect to space inversion:

~
A = A

PVP~! = -V vector PAP~! = + A pseudovector (axial-vector)

AA A

PSP~! =48 scalar POP1'=-0 pseudoscalar

» Invariance of a common Hamiltonian under space inversion: H=PH P '=...

An D oA

= Soip L P+ PV (S) P! = [V (S) = V(i) (S)

A\

(=pi)- (i) V(=2 105 )) potential must be even
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» Physical observable associated with space inversion: parity

A

2=] |P=Pt=P! = cigenvalues |[r = £1

~

p\yeven(f) - +\Ijeven(f) P\Ijodd(f) - _\Ijodd(f)
P[R(r)Yim(9, )] = R(r) Yim(m — 0,0 +7) = (=) (=)"[R(r)Yim (0, ¢)]

Py (— cos ) etmeeimm (—)!

B Time translation

We come to transformations involving time. The most important specimen of
this type represents a shift of the time-axis origin—time translation. The uni-
tary operator expressing the transition between observers with different time
settings is closely related to the evolution operator, which describes the dy-
namics. Motions of quantum systems generated by this operator will be in our

main focus starting from Sec. 1.5. Present
» “Young” & “old” observers (different time origins) .
|young(t')) = state of system as seen by “young” —
|91 (t'+7)) = state of system as seen by “old” J N——
-L—)
t Old. T goung,

Uniqueness requirement: |young(t’)) L |Uo1a(t))
“Generational” transformation: |[¢yeung(t')) = U(t,t)|1bea(t’))

= evolution transformation: tho1a(t)) = U (L, t)|thora(t))
» Properties of U(¢,#) in case the system is invariant under time translation:
T \ N =
N N A~ U = ™XT
(2) U t)=00F—-1) (=
SN T Sy Consistent choice: x = —7H
b) () =0(r) . :
— 2 Ht
(c) ([(0) =1 . . U(r) =e "7 || evolution operator
(d) Uln+mn)=Um)Um) ) |\

Association of generator y with the Hamiltonian H is equivalent to the non-
stationary Schrodinger equation (see Sec. 1.5). Invariance of the system under

time translation means that || / (t) = H (Hamiltonian independent of time)

» Regardless of the time-translation invariance we may assume:

Postulate: Hamiltonian H (t) of the system at time ¢
= hx generator of infinitesimal time translation = evolution from ¢ to t+4dt

B Time reversal

Time reversal means an inversion of the time arrow: going from future to
past. Like the inversion of space, it is just a discrete transformation, but a
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more difficult one. In quantum physics it cannot be represented by a unitary
operator and there is no physical observable (like parity) associated with it.

» We seek for operator 7 satisfying: |U(t)T[4(0)) = TU(=t)[4(0))| V[(0))
This means: forward evolution of time-reversed

state = time reversal of backward-evolved state: I ’L’J(o)>
For infinitesimal time 6t this implies:

( H(St)T T(l _l_ZH(St)
= We require: |(—iH)T = T (iH)

) Wltioy
» For 7 unitary this would mean:

HT +TH = t[H T]t+t =0 T\i_{r/u'('t) ,“P(o)>

= [:[|E>:E‘E> = H(T‘E»:_E(T‘E» ..nonphysical

= T is not a unitary operator (A lower bound of energy)

» Operator 7T is antiunitary: 7T(ad)=oTA = |[H,T]=0

U= a unitary operator (depends on convention)

A A A

7 = UKl where ! K = comp. conjugation operator : KZO@\ ) = Zoz |7)

with respect to basis {|i)}; (ba51s dependent op.)
» Some properties:

(Wr[tha) = (Tah| Tab)* = (Tabo| Ten)

(U |Os) = (Tabo| TOTT Y T4)  (e.g., transition matrix elements)

» Classification of observables with respect to time reversal:

(1) TAT '=+A even observables (H,Z,...) ...T keeps cigenvalues
(2) TAT '=—A odd observables (]%’, i, §, ...) ... 7T inverts eigenvalues

» Invariance of a common Hamiltonian under time inversion: H=7 HT =

=S ar T z%’kz”r—1+ TVHGLASHT ! = || V({# ), (5.) =V ({&), (=5
k e NV

(=Dk)-(— D) Ve (F =Sk )) potential must be real
« Historical remark
1924: O. Laporte introduces spatial parity of electron wavefunctions in atoms
1931: E. Wigner shows that time reversal is represented by an antiunitary operator

B Galilean transformations

Nonrelativistic quantum mechanics must be invariant under transformations
between inertial frames with relative speed v.



64

» Galilean transformation of # & ¢: (¥) (;) =Gy(7)=(777)

3 the corresponding family of unitary operators Gy acting in ‘H

» Quantum operator of the Galilean transformation for a general wavefunc-
tion of single particle in the coordinate representation (the derivation is not

presented here): Gy W (§) = e IMPT—5 M/ (G ()]
\/—/ ————
=W (Z,t) T,gt‘ll(f,t)

« Historical remark

1925: Erwin Schrodinger attempts to create a Lorenz-invariant wave equation, but
because of problems he remains with the non-relativistic formulation

1926: Oskar Klein and Walter Gordon (simultaneously V. Fock et al.) develop a
relativistic wave equation for spinless particles

1927: Paul Dirac initiates quantum field theory (the right unification of relativity
with QM), in 1928 he creates a relativistic wave equation for spin—— particle

B Symmetry & degeneracy

Degeneracy of energy levels is an important signature of symmetry of Hamilto-

nian H under transformations U, = ¢'“¥ € G (since U,| E) remains an eigenstate
with the same energy). However, some symmetries cause no degeneracy, and
some degeneracies are not due to usual geometric symmetries.

» G = Abelian (translations, space inversion) = eigenstates of H are simulta-
neous eigenstates of all G; = ¢/C¥|E) = e?|E) (vector differing just by a phase
factor) = in general no degeneracy

» G = non-Abelian (rotation) = 3 G; which acts nontrivially on the eigen-

states of H = eié'§|E> = |E’) (eigenvector with the same energy E but in
general not collinear with the initial |F)) = degeneracy occurs

Example: for rotationally invariant H , the states with the same angular-
momentum quantum number j and different projections m degenerated

» Some H have symmetries induced by groups G D standard spatio-temporal
groups (e.g., groups employing both coordinates and momenta) = dynamical
symmetry = occurence of “accidental degeneracies” (beyond rotational ones)
Example: harmonic oscillator l i

H = 2}\4ﬁ2+ Mo? 22 _ Ry R\/ﬂggm %p> <\/A§;; %p> +3 I]

H invariant under transformations conserving b'h (classically the norm ]g|2 of
a complex vector depending on ¥ & p) = symmetry group G = U(3) (unitary
group in 3D) D O(3) (orthonormal group in 3D describing rotations)
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<« Historical remark

1926: Wolfgang Pauli associates the accidental degeneracy in the hydrogen atom
with the additional symmetry (using Lenz result from 1924)

1935-6: V. Fock and V. Bargmann analyze the “dynamical symmetry” in hydrogen

1.5 Unitary evolution of quantum systems

After all, we come to the dynamics of quantum systems. There are two types of
quantum evolution: the spontaneous one—motions signifying perpetual flow of time,
and an induced one—changes provoked by quantum measurements. Here we will
focus on the spontaneous type of evolution.

B Nonstationary Schrodinger equation for stationary Hamiltonian

For quantum mechanics, the dynamical Schrodinger equation means the same
as what the Newton equation means for a classical mechanics. We have already
introduced the evolution operator from the time translation (Sec.2.4), so we
need not make a special postulate on the spontaneous dynamics.

» Spontaneous evolution of a quantum system

W) =R pO)|| e |[indlp) = He)

evolution operator nonstationary Schrodinger equation

» Spinless particle in a potential: ih% (Z,t) = {—%A - V(f)] Y(Z,t)

» Stationary states H|E;))=F;|E;) = [¢(0)) = |E)) 5 [4(t)) = =i ¥(0))
Eigenstates of H evolve just by changing the phase factor = “stationary”

= evolution of a general state expressed by expansion into eigenstates of H

i |E) e B[ = [t
¥ ie) 5 ek ie) | = o)
¢ (6% ¢ a;(t

[¥(0))

B Continuity equation & probability flow

If the dynamical Schrodinger equation is applied to the scalar wavefunction
of a particle in external fields, the resulting dependence (%, t) describes how
the probability density p(Z,t) = [¢(Z,t)|* flows in space. This process can be
described in terms of ordinary fluid dynamics.

» Continuity equation

Particle in scalar potential V (Z,t) & vector potential A(Z,¢t):
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o) 2 _ 0« ot _ 1 |1 AV, 12 —

S0P = 2w % = o | (—ihV — gA)? + V] g+ C.C =

8t.‘w‘, o VY T 7" |z ( qA) (G
p from Schrodinger eq.

= 37 Im w*(—#ﬁ-ﬁJrihqﬁ-ﬁjLihqu-ﬁqupr)zp} —_V. [%Im(w*ﬁw)_%w* "

.- 7 .-

L RV vw)ﬂhqv (W Ay) i
+h2(V*)-(Vip)—ihg[(Vip*)- Ap—C.C.|+¢2 A% |y 2

We obtain the familiar continuity equation: || 2p(Z,t) + Vi@t =0

The change of probability in an infinitesimal volume is in balance with the
incoming/outgoing flux of probability. The probability “field” p(&,t) behaves
like a fluid: its substance is locally conserved.

Conservation of total probability: Take a sphere of radius R with volume V5

and surface Sp: 24 [ |i(Z, t)\2dx——ij z t)dx——f] T, t) dSR—>O
VR VR

(since for normalizable wavefunctions j — 0 faster than 1 / S r) = norm (Y|¢) =
[ [4(,1)]?dZ = 1 conserved in time, as is also clear from unitarity of U(t)

» Probability flow
J@t) = Im [0799] —frurdv =y [ F0) + vF0)] =7

——

—sWTVI—IVY) 7 = (—ihV — gA) = mechanical momentum

Parametrization: ||¢(Z,t) = R(Z,t)e @0/ = VS — qff]

~"

—

v

o 2 1
F=E |
p A

This helps to understand the complex character of wavefunctions:
(a) squared absolute value |1)(Z,t)|? = probability density
(b) gradient of phase VS(Z,t)  velocity field

(in absence of A)

In this way, the wavefunction can be visualized by
a mesh of arrows o< ﬁ:%VS , the local density of
the mesh being proportional to the density p=|t|?:

» Flow for simple wavefunctions

(a) Planar wave : P = Nei's BE j |N!2 I
(b) Spherical wave : | =N Le'F =N QA%Qm
(c) Eigenstate of - is, Bz
. = Y (0 _mh_
orbital momentum : ¥ E(Q M J o gty + TSP
|R|etSr(r)/h Py, (cosd)eime
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We obtain

(“), (c)
(a) translational

(b) divergent .

(c) rotational 0
®)

flows
Stationary state: 2|y =0 = V-7=0
This follows from the existence of degenerate solutions { ig } with flows { ja,}

» Vorticity of the probability flow: 0

V x #|| (standard definition)

(a) A=0 = 6=V x (%ﬁS) =0 except points =0, where phase S is
not determined = in absence of mg.field, the probability flow may produce
vortices only in ¢=0 points B

(b) A#0 = b= — (V x A)  flow vortical in all points where B # 0
« Historical remark
1926: Max Born introduces probabilistic interpretation of Sch.eq. & probab. flow
B Conservation laws & symmetries

We are ready now to appreciate the deepest dynamical consequence of symme-
try. According to the famous theorem by Emmy Noether, the symmetry of a
given system under an n-parameter Lie group generates n conserved quantities.
But what the conservation means in the indeterministic environment of QM,
where physical quantities yield just statistical values?

» Conservation laws in QM

Evolution of the probability distribution for measurement outcomes a of quan-
tity A for a system in initial state |1/(0)): pel(a,t) = (P(t)|Pal(t))
Quantity A conserved < |2 py(a,t) = 0| V|y(0)) & Va

Statistical moments:  (W(£)] A|o(t)) = ($(0)[ A4 (0)) = WA = A

() Are [ 0)) = ||[4,H] =0

= probability distribution py(a,t) does not depend on time for quantities that
commute with Hamiltonian

» Equation for the average value ol Aff]w(t»

7 N N\

ihds (W0 Al (1)) = =W (0)]e  H A5 [1(0)) + (w(0)]e F AHe™ ¥ [(0))
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Time-derivative “operator”: ||A = %[121, H] LAYy = (P() Al (t))
Analogy with Poisson bracket: A = Z( o, i +g;}4 Gi ) =—{A H}
R TR 7
"o TA A & —ih{A H)
Example: particle speed “operator” for H= —( — qA) +V
= [x H| = 57 12 (0~ qA)?] :%:%

» Conservation laws generated by Symmetrles

Quantity A « G = Hermitian generator of group G = {eiés }ser

= A conserved <& [eiés, H =0 < @ issymmetry group of H

Generalizing to higher dimensional Lie groups, we obtain the QM version of
the Noether theorem: invariance of H under a Lie group with n generators
implies conservation of quantities associated with all generators

Standard spatio-temporal symmetries of H and related conservation laws:

translational invariance & linear momentum p
rotational invariance < angular momentum J
time translation invariance < energy H
space reflection invariance < parity P

Note: Space reflection is not a continuous transformation; parity conservation
follows from an “accidental” Hermiticity of the reflection operator P

« Historical remark

1915: Emmy Noether proves theorem relating conservation laws with symmetries
1924: N.Bohr, H. Kramers & J. Slater propose that in QM the conservation laws
(energy, momentum) hold only “statistically” (not in every event); this is disproved
in experiments of W. Bothe & H Geiger and A.H. Compton & A.W. Simon

1927: Eugene Wigner writes about symmetry & conservation laws in QM, he relates
parity conservation in elmag. decays with reflection symmetry of interaction

1956: C.N. Yang & T.D. Lee propose that parity is not conserved in weak interac-
tions; this is verified experimentally in 1957 by C.S. Wu et al.

1951-8: Various proofs of the CPT symmetry & conservation

B Energy x time uncertainty relation

In physics, time is not a standard observable—it is just “a parameter” whose
only role is “to fly” (and we all have to fly with it!). There is no QM operator
associated with time. Nevertheless, it is often stated that time and energy form
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a pair of conjugated quantities similar to coordinate and momentum. This can
be valid only in a limited sense, which we explore in the following.

» Survival amplitude & probability
The amplitude/probability to find the system in its initial state |¢(0)) after

time t: || Ao(t) = (¥(0)[:(1)) || Po(t) = |Ao(t)]”

Ag(t)=((0)|e " H4b(0)) = (e H4b (0)[¢(0)) = Aj(—t) = [Py(t) = Po(—1)
[ X |Ek)(EEK|dE =1

To evaluate Ay(t), we use the completeness: ¢ () k€D
(for continuous E & discrete k; other possibilities analogous) <Elk/‘E ]{J> = (S(E — E/)(Sk;k/
Ao(t)=(¥(0 )ITW ol 0)=[f Z \Ek’>ﬁE’k’\e_i%\EkZ§EkI¢(0)ZdEdE’
[ [ (E/ k’/) e_i%d(E—E’)5kk/ w(E,k)
B o Bt B _;Bt - Fourier
o f {Z jw(E, k)| ] eindl = g wails = 2] transformation
- S(H)
Q(E) energy distribution

General property of the Fourier transformation:

ovide 3 energy distribution | AE { 8¢« fmalb A¢| time evolution { Bt

+00
(E?)) ~ AE?* & AP~ 2— [ 2Ry(t)dt
[ Py(t)dt —oo

“uncertainty” relation:

A \ AE - At > h
/ \ 7 X but At # uncertainty

- - in usual sense
S < >

This can be illustrated on the following examples:

(E—Eg)?

» Gaussian energy distribution: [Q(F) = \/2;76_ 202

+00 TRV -
Ao(t):\/zli‘z f 67%*2% dE:e*%tze_’% i / B<t>
e S %/_/
2 ¢ 2 > \e
Py(t) = e—(ﬁ) ?_ e—(ﬂ) B

L
2

|t
Q

|

>
&y
I
>
&y
L

|
>t

5
<N
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1

I
sy . 1 1 1 . = — 2
» Breit-Wigner (Cauchy) energy distribution: |Q(FE) T (E—Eo)it (g)Q

r = finite halfwidth
({(E?)) = 0o infinite energy disperion because of the slow decrease of Q(E)

RIGS

Py(t) = e” 7| with exponential decay (average lifetime T:%)

Inverse proof (from exponential decay to Breit-Wigner distribution):

e_Ft/(Zh)e_iEot/h t>0 Coherent assumption on the
Assume AO (t) = +Tt/(2h) ,—iEot/h for - phase factors. The ¢t>0 exponential
e e 0 t <0 decay is extended also to <0

0 400
+00 .E—E .E—E,
QUE) = 55 [ Aot)et ' dt = ﬁ( / el gy + / e[_z’l;i“fi()]tdt) -
| PO ~ ’
/ BG’) T2V Fi(E—Fo) —(T/2)i(E—Ey)
—_— il —1 /2
I ~T ~r T T (E—Eo)*+(I/2)
AN

N = AFE At = h relation obtained again

_— c % = Low-energy cutoff of Q(F) leads to
small deviations from the exp.law, in

particular, to a smoothening of the t=0 cusp of the extended function Py(t)

» Non-exponential decay

QM always yields | 4 Py(t) ‘t:() = 0| in contrast to exp.law: £ Py(t) ’t:O: 1

T

General derivation for small times:

| Ao(58)]2 = ((0)]e= % 9 (0)) (1 (0) |5 [1h(0)) A expand up to 21 order in ot

~ 1+ ((0)[ H | (0))2 8 — ((0) | H2|0(0)) L = |11 — @ (6t)2 ~ Py(5t)

72
1 S
Pégt) = we again get: AE At =h
° = The QM decay for small times is always quadratic.
St However, this is usually very hard to measure!

« Historical remark
1997: the first exp. detection of short-t corrections to the exponential decay law

» Energy x time uncertainty in real measurements

Let T be a quantity suitable for time determination = “clock” operator T
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For the clock to be functioning there must be |[T, H] # 0| (otherwise the dis-
tribution of T for any initial state [¢)(0)) would be conserved in time)

= standard T x E uncertainty relation in state | (t)) T
h 17
VIED) oy (T2 gy = 5[ (@) [T, H (1))
I fluct.
} v <<T¢>>W) — 2w — At can be identified
@OIT@) @ Tew
\4 with the uncertainty of time ¢ determination

with clock observable 7' for initial state [0(0))

= real uncertainty relation |[|AE - At > %

Time operator in QM? For a certain subset of initial states of the given
system, it is possible to find a suitable clock operator T. However, there exists
no uniwersal time operator T satisfying the canonical commutation relation
[T, H] = —ihI, applicable for all initial states € H. For instance, this would
imply the absence of a lower bound of energy, which is unphysical.

« Historical remark

1926, 1933: W. Pauli shows the difficulty in building a quantum operator of time
1928: N. Bohr proposes the F X t uncertainty principle, 1930’s debate with Einstein
1945: L. Mandelstam & I. Tamm derive E X t uncertainty for “clock observables”
1960’s—present: Discussions on the ways to formulate QM with a time operator

B Hamiltonians depending on time

Let us have a closer look on quantum dynamics generated by a Hamiltonian

which itself changes in time: | H = H(t)|. This means that, for the system un-
der study, the time-translation invariance is violated, as is actually the case if a
variable external field is applied. However, as explained in the following para-
graph, time-dependent Hamiltonians naturally appear also in time-translation
invariant situations—in the so-called Dirac picture of quantum dynamics.

. H(t)5t

» The basic form of evolution operator valid only locally: U(0t,t) = e " &

= Generalized Schrodinger equation |[ih|i(t)) = H(t)|h(t))

A A

L . (a) [H(t),H(t)] =0 Vt,t'| easy but rare
We distinguish 2 cases: () [H(), B({E)] £0 ¢4t | normal & difficult

» Equation for generalized evolution operator U (t,to)
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A~

ih2 Ut to)|e(te)) = H(t) U(t, to) [0 (t))  valid ¥ [4(to))
() ()

= Operator equation ih%f](t,to) — H(t)U(t, to)| with |U(to, to) = I

X ot
» Iterative solution:  U(t,tg) =1 — 4 [ H(t1) U(ty,to) dt; = ...

. N—— to N——
= Dyson series * * = ..
. . Lt L, th K
Ult,to) = I+ (—1) fH(tl)dtl + (=4)" [ [ H(t1)H (t2) dtadts + . ..
0 t() to
tty tn R
+ (=" [ [ f H(t)H(ts) ... H(t,) dt, ... dtodt, + . ..
to to o

In general, the Dyson series can be summed up to a compact form only in
case (a) of the Hamiltonian time dependence. In case (b), which is much more
generic, the evolution operator can only be expressed in the infinite-series form.
» Case (a) (H(t), H (t’)] =0

tt

2
[ [ H(t1)H (ty) dtadt, = foH t1)H (ty) dtodt; = —[fH dt1]

to to to to

t t1 tn—a R n
[ [ [ Ht)H(ty) ... H(t,) dt, ... dtydt; = %[fH(tl)dtl}
to to to tO
A —%fﬁ(tl)dh

Compact expression of the evolution operator: U(t,tg) =e '
» Case (b): [H(t), ﬁ(t')] 240

t t1 tn—
Note that [ [... [ H(t,)H gg)t Hi(t,) dt dtgdtl =

ot to LTf z[H ) H ()] db . dtsdty

to o 1o < _

1

7\

ﬁ( )[:I( ,) ﬁ(tlni time ordering
(tita. . ty) = (L, >ty > - > t)

In each term of Dyson series do the following;:
(1) change the subintegral operator function

to the t-ordered product: [...] — T[...]
(2) extend integ. domain = all upper limits = ¢
L : (3) reduce the integral by factor %

—>

. : : : -
The resulting series looks like exponent. expansion i [ A dy

and can be abbreviated by the symbolic expression: ||U (t,tg) = Te o
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B Alternative descriptions of time evolution

So far we practiced an approach in which the vectors corresponding to physical
states vary in time while the operators associated with observables mostly stay
constant. This is indeed the most common description of time evolution, but
not the only one. All equivalent descriptions can be split into 3 groups.

» 3 equivalent ways to express action of any unitary transformation U

) = Ul) ) = [¥) ) — Uhl)
N R @ 4" 5 o B) 4 — Uy 'Al,
for any factorization U =U,0,
In all cases, matrix elements (¢/|A[¢)) are the same = equivalent descriptions
These possibilities constitute 3 equivalent types of description
of quantum evolution with unitary operator |U(t) = i

» (1) Schrodinger picture

[(0))s = U()[(0))s

Ag = const.

usual time evolution of state vectors

N ing | (t))s = Hsli(t))s

time independent operators

» (2) Heisenberg picture

|| = ) = U (0)s

time dependent operators

time independent state vectors

= Hamiltonian Hy = ﬁs =H

= General observable evolution equation: ||ifi AH() [Au(t), ]

» (3) Dirac picture (intermediate between Schrodinger and Heisenberg)

Hamiltonian splitting H=Hy+H L et

In general, [Hy, H'] # 0 = the factorization |U(t) = Up(t) Uy(t) |is not trivial

A A ~

Operators evolve by Uy(t) = | Ap(t) = Ul (t) As Up(t)| = Hop=Hos=H,

= they satisfy differential eq.: |[ih4Ap(t) = [Ap(t), Hol

State vectors evolve by Ul(t) = ||v(t))p = Ag(t)|¢(t)>s
ih |y (t))p = —Holth(t))p + UJ (¢ )(Zﬁdtllﬁ( ))s)=Ud(t )H/UO( ) [¥(t))p

e

(H0+H’)Uo( )|¥(®))p ) b(t)

iRL|(t))p = HL(H)[4(t))p Schwinger-Tomonaga equation
[Schrodinger eq. with H — H}(t)]
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The evolution according to this equation can be represented by state evolution
operator U (t,to)p, which is expressed via the Dyson series with H (t) =
H{(t). In this case, due to the assumed “smallness” of HY,, the series can be
used in a perturbative way, i.e., neglecting higher-order terms (see Sec. 5.3).

<« Historical remark
1925-6: W. Heisenberg & E. Schrodinger use the two descriptions of QM dynamics
1930: Paul Dirac connects these descriptions in a unified picture

1934: Julian Schwinger (S.-I. Tomonaga in 1940’s) introduce the interaction picture
1949: Freeman Dyson uses the expansion of the evolution operator in QED

B Green operator

We briefly outline an approach to evolution which becomes very useful later,
in the context of relativistic quantum theory. It is based on the old idea of
Green’s function, known from the general theory of differential equations, and
leads to a very enlightening view of quantum dynamics.

» “Retarded” Green operator for nonstationary Schrodinger equation

Defined as evolution oper.for ¢t > t;:  Satisfies Green-like operator equation:
Gt ty) = Ot —ty) Ult,t [hQ—J?t}éut — iho(t—t
(t, t0) (t —to) Ut to) ihg; — H(t)| G(t,to) = ihd(t—to)
:{ 1 for t>tg
0 for t<ty

Note: The meaning of “retarded” should be understood here as evolving the
system from past ¢ to future L. Similarly, “advanced” Green operator is defined
by G_(t,tg) = [1 —O(t —ty)]U(t, ty) and satisfies the same Green-like equation.
» Transition from known to unknown Green operator

Splitting of Hamiltonian into “free” & “interaction” parts: | H(t)=Hy(t)+H'(t)
Assume we know Green operator Gy for the “free” part:

Ph%——ﬁ%@ﬂ(ﬁdut@::im%t—m)

= The full Green operator satisfies the following integral equation:

+00

mm@:Q@m—%/GWh)()&mmm¢

—0

Proof: application of [ing—H,] to the first term and H' ()G (t.to)

inside the integral yields the defining eq. of G: oo N
[%%—Eﬁ”G@%%%M@tg /5tm(mém¢@ﬁ1
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» Iterative solution of the integral equation for G

G(t,to) = Go(t, to) — f Go(t, t)) H' (t1)Go(t1, to) dt1+

+00 +00
”+(__ / /GO t tn Hl( )GO(tnatn 1) GO(t27t1) (tl)GO(tl,to) dt,,..dt;
—— o

This series is gi’ialogous to the Dyson series [except (a) the const. term = éo 41,
(b) all integrals have the same limits, and (c) alternating operators Go& H'
inside the integral]. If H' is “small” compared to H,, the series can again be
used in the perturbative way, i.e., neglecting the terms of higher order. The
meaning of this expansion will become clear in the following.

» Propagator

Coordinate representation of single-particle Green operator

(T (1)) = (TGt to)|w(to)) = [ {FIG(t, t0) o) (Tole (to)) do

-~

G(Zt|Zoto)

G(Tt|Tyty) = propagator
= wavefunction evolved from ideally localized init. state ¥ (¥, tg)=0(Z—2o)=|Zo)

Wavefunction evolved from a general initial state is the convolution:

W(F,1) = / G (Tt |Zoto )t (Fo, to) dTo

Propagator satisfies the following eq.:
i+ d A = V(T 1)] G(@t|Tots) = ihd(1—10)6(T—1To)

Let |V (Z,t)=V,(Z,t)+V'(Z,t) | and Go(Zt|Zoty) be the solution for Vi(7,t)

The iterative solution reads as:

G(FtTots) = GolFtTota) + -+ (—1) //GO (FHE )V (T t) - .

2n><

. GolTato| 111V (1, 11) Go (111 |Foto) dEndty ... dTydt; + . ..

This series has a visual interpretation:

/f with each intermediate interaction
.,->.3 bringing the factor =V’ (&, t))

and the integration over all
%1 space-time points (T, ty)

» Green operator for time-independent Hamiltonian ]:I ( y=H

Expansion in stationary states: G(t,t) = ©(t—t) Z e ]E k)(Eik| =
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- Result from complex analysis (see the sketch
of integration path used in its derivation):
< o0 e iwt 27T (E— ze)t
ﬁw——E—Hsd = @( ) fore >0
—0Q0
m .
= lim ¥ f—“” |Eik)(Eik|=| lim & T e G(t, t)
S0+ iy fw—E;+ie ' e+ T B — H 4+ e 0
—00

« Historical remark
1828: George Green applies math. analysis in electromagnetism = Green function
1949: Richard Feynman applies Green funcs.in QM+QED (later “propagator”)

2.5 Examples of quantum evolution

Having digested all the general approaches to the description of quantum evolution,

we need to see some concrete applications. A few examples discussed below represent

just a personal selection—a multitude of other cases could serve the purpose as well.

B Two-level system

Two-level systems yield periodic evolution. A lot of examples of such behavior
exists in nature: from oscillation phenomena in particle physics to excitation-
deexcitation cycles in quantum optics. Note that any system with Hilbert
space of a finite dimension n > 2 exhibits in general a quasiperiodic evolution:
it can be expressed via a finite number of periodic motions, like the function
f(t) = g(e™t, et ) where wy,ws, ... represent partial frequencies.

» General Hamiltonian

H = (15, %) = el + a161 + a26 + a303 a= /a2 + a3+ a2 = hw
Evolution operator calculated as the spinor transform.
(cos %t)f—i(sin %)(gé’) (See Sec. 24)
~ ~ (@-3)t
Ut) = S Y R

A~

Ut) =e'n {(coswt)[ i(sin wt) (

Q IQl

)]

_jet [ coswt+i% sinwt  — 22T gin ot
= e h a a

ag—iaq

sin wt coswt—i%?’ sin wt
Quasiperiodic evolution with partial frequencies wi=w & we=7, but wy not rel-
evant (just a global phase). The motion is equivalent to a steady rotation
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vt

>Spec1al case.: H—(v e) = U(t)_e g <—isinht cos 4t >

BO)=(5) - lp@)=ei ( 5E,)

Po(t) — COS2 (wt) OSCillationS
= { } period T' = 27”1

0

B Free particle

Although particle moving in empty space (no fields) represents the most trivial
example of evolution expressed in terms of an ordinary wavefunction, the par-
ticular calculation is a bit unpleasant. Nevertheless, it is worth of effort because
of two benefits of general importance: discovery of the wavepacket spreading
phenomenon and quantification of the limits of validity of nonrelativistic QM.

» Free-particle propagator
Green operator:  G(t,t) = O(t—ty) e~ izh?” t—ty= At

Propagator: G(Zt|Zoto) = (Z|G(t, to)|Zo) T — Ty =AY
. 2
_i At 2 oL o ilpAZ— DA .
=0(An [] @lp)  {Ple "fiﬁﬁglpoz <p0|{io>q dijdpy = G [ eilFar a4
W Dt M5 0) et
_ 9(aY p—)2+b > : ;A _  MAD? o MAZF
= 2nh)3 /ea(p Dy with o= ispir V=198 0= A

\ - e

(_E)B/er for Rea<0 1O get Rea < 0 assume: At — At—ie with ¢ — 0+

a

3
2

i O(AY) 2xhM M@z
_51—1}(?4— (2rh)3 (6+1At) el s = @(At) (2”ThAt)

njee
w|§

i
eh

(35)'5— q(AF, At)

|G(AZ, At)]? = (%Mt) for At >0 = immediate spread of the particle in
the whole space < nonrelativistic theory

» Evolution of Gaussian wavepackets

If the particle localization is imperfect, the spreading rate of its wavefunction

should become finite. ' 7

- o 1 T oy —

¢(9€,t) ~ (27h)3/2 f ¢(p dp — 1t 2. ﬁ—oJr@ .Lﬁ
—~ _ 1 4627 2hM )P T\ 202 h 402 _
e~ (P=P0)" /4op ~ (8m3h202)3/4 f@ ~ v

(2mo)3/4 et(F-D?+b  Rea<0

2 - 2
_ 1 7\3/2 1 200t 1 (o & _ oo Do
= Eronzo2)e (—5) € =402 LHiTar =724 202+Zh b=—aq"— o2

[S][o8)

8rh?o2|al?

Probability density: |[¢(Z,t)|? = <+> e2Reb
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Define o3(t) = 4h*o7|al* = {1 + s tﬂ and evaluate the exponent:

2Reb = — [16h2 2|a|*Re(aq” )+4h2\a\2ﬁo2] = ——(fgﬁfg

()

) 1 B [ff(é(l)t)]z’ To(t)= %t shift
Tt =———mse 20 2
V(@ 1) [2m 0, ()] o, (t)= ax(O)\/lJr[QMUZ(O)Q} t2 spreading

t=0 t>0
5) L— /\

» Validity limit of nonrelativistic QM

Spreading speed of the wavepacket: s = 14, (¢) = \/

2
oz (0) h
x2 |:2ng(0)2} t large\t h

2 " 4Mo.(0)
h 2
1+{2N[Uz(0)2} t

Nonrelativistic QM becomes invalid for s 2 ¢ = |10,(0) S 1= = == 1

= for the initial particle localization ¢,(0) < A¢ e

Ac=Compton wavelength
(for electron A\¢ = 2.4 - 1072 m)

» Phase & group velocities o(R3.0)

Schrodiger equation applicable iff o,(0) > Ac

(a) Monochromatic planar wave (%, t) = €' (k-7 —w(k)1]
Phase velocity v, given by condition of a constant phase:
(;5(]2, ﬁpht, t) =const = Uph = MIEI;)E

—

5 . . D " hEQ — D 1-
7 =in QM: k=2 hwk) =21 = |6, = £ = L

(b) Superposition of planar waves (%, t) = fa(E eilke—w(k)t] gi;

with the amplitude function a(k) having a sharp maximum at k
Group velocity v, represents motion of the (7, ) maximum; it is given by
a stationary point of the phase:
VE qb(k:, Ugrt, t)|];:];0:0 = 77gr:VEw(k)‘E:EO = in QM: Ugr = §4—O = UOclas

z
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B Coherent states in harmonic oscillator

The harmonic oscillator potential has the magic power to prevent Gaussian
wavepackets from spreading. It provides the simplest specimen from the large
family of coherent states. These states generalized to more complex situations
represent an important tool to construct the classical limit of a quantum system
(cf. Chapter 3). For the sake of simplicity we will stay now in 1D space.

» Algebraic solution of harmonic oscillator

1 ~2 _|_ MCUQ ~2

1D oscillator Hamiltonian H = i P 5—1” can be expressed through

ladder operators

N e I

w w — T 1
> [Mw N T i 3 (:)H_hw<bb+2>
b = S (x+zwa) p = 1 5 (0T —0

[,b'] = I| boson commutation relation (see Sec.7.1)

Commutation relations of Z;T,B with H are those of a translation operator
(Sec.2.4) = ladder operators make jumps between individual eigenstates

[f[,lﬂ — +hwb! N b'|E,) = vVn+1|E, 1) N b = raising operator
[f[, 6] — —hwb b|E,) = /1| Ep_1) b = lowering operator

+
(s Buet) = & (BB 1) =

(Ent1]Epy1) = n+1<E | bb |E >: 1

1+bTb
Operators b' / b are thought to create/annihilate quanta of vibrations—effective
particles of bosonic nature, so called phonons

Normalization factors are okay: {

» Coherent states in the energy eigenbasis
A

zeC [

[¥.) =

Poisson energy distribution:

p(En) = e X with A=|z?=(n).=((n?)). // M
(B). = ho (2P +3) ((BY). = (hw)’|2] =

E. E L

> Normalization & scalar products

L2412 +|z _ 2P+ 2% 2!)"
(V:|r) =€ ZZ n;n <E |Ew) = : Z( nv) =
z=|z|e'® - !

z':|z’|ei¢/
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e o feos( —g)+isin(¢ —4)] __ | o~ Z L il | sin(¢/—o = (Y. |1r)

Coherent states {|1.)}.cc form an overcomplete set in H: { <<$:|‘$:/>>;0 for 244!

» Coherent states as eigenstates of lowering operator | b|i.) = z|1.)

2
2|

Proof: b L) = 2 Z;E =ze E,_
o= et S £ e
\F‘En 1> N 4
Note: There exists no eigenstate of b (think!) 4
» Coordinate & momentum averages
Z —|—z
(Welis) = |/t (el B + D)) = | (/2 Rez = (),
(Walpls) = iy ) #52 <¢z\(bT b)|¢:) = | V2MhwImz = (p).
» Coordinate representation V. () = (x],) . ( . )
2 & Mo\ s 122 M 2 V2 Mo
— e 3 E e e e B AL H, T
nZ:O V! < ’ > ( Th ) nzo n! ( h )
() e B () e

1 Mw 2
. (z)]” = (X2)2 e n (#-t22) Gaussian distribution with o2 = /'~
» Time evolution "
A 2 X T
) = § oy 2 ot 3BT
n=1
U(t)|Y0) = €% [1ha) [.1)

2(t) = z(0)e ™!

» Evolution of coordinate & momentum averages j/ h\\
() = /2 [Rez(O) cos(wt) + Imz(0) sin(wt)] j

\ .
~~

(z)o
(p)y = —V2Mhw [Imz(O) cos(wt) — Rez(0) Sin(wt)]

A 7
~"

(P)o




The averages satisfy the following equation of an ellipse:

1

2M

(p)

2
;T

Mw?
2

(@)f = hw|2(0)[°

(E),0)—

Coherent state imitates approximately
the classical trajectory in phase space:

P+

Mw2 2
5 U=

E

Since (E), > % for |z|* > 1,
the approximation gets improved
with increasing |z| <> (E),

Stationary widths:

Op = 20,

« Historical remark
1925: Erwin Schrodinger discovers oscillator coherent states (he wrongly anticipates
that such states will make the notion of pointlike particles irrelevant)

1950-60’s: J. Schwinger and J.Klauder use coherent states in the field-theory context
1963: Roy Glauber shows the key importance of coherent states in quantum optics

B Spin in rotating magnetic field

-
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b

The following example of quantum evolution is based on a time dependent
external field. Although the time dependence of the Hamiltonian is of the
nontrivial type [case (b) of Sec.1.5], the solution can be found analytically—
not in the form of Dyson series. This is rather exceptional! Moreover, the
example captures the physics of so-called nuclear magnetic resonance, which
respresents a rather important tool to “engineer” the evolution of a quantum
system (nuclear spin) with a number of brilliant applications.

» Nuclear magnetic resonance (NMR) situation: a particle with magnetic
moment (operator 1) is placed in a combined stationary (homogeneous) +

variable (rotating) magnetic field. Hamiltonian reads as:  stationary ~ ¥a¥ing
field qd
“ A — T/\h
Magnetic dipole operator: = gux3S H(t) = —f1:Bo —ji- é@
- - ~ Z Buii(t)
H(t) = — guxBy 353 — gunBi <ﬁ(t) : %5>
huwg huoy -
. sin ¥ cos wt . B
n(t) = (sinﬁsinwt) rotating field B (t)
cos v /]

N

X

¢
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In the NMR case, the frequency w of rotating field B, (< By) is tuned to the
Larmor frequency wy of the spin precession in the stationary filed By, and is
applied in the form of pulses of certain duration. These pulses are used to
prepare the spin in a desired state. Most commonly gl(t)Lgo

» Hamiltonians at various time instants do not commute:

[H (), H(E)) = ot (7). () o [8 () [ onen (0):5)
— ity (wnl7i(t) x 7)) - S+ wol(t) x §s = woli(t) x Sy
» Separation of the time dependence

H(t) = —(wp + wi cos ¥)S5 — wy sin 1 [(COS wt)S) — (sin wt)gz}

.

}_
)+

~"

BCH formula: e™4Be 4 = > %[A, (A, .. [A B]...]; et et Gy e hetSs
k
08 & —1e8y 1 & 1 (ip)\21& 234 1 2 _
en 3516 3 Sl-|—1— (%p) [Sg, Sl] -1—5 (%) [Sg, ZhSQ] -|-3— (%) [Sg, h Sl] =
ihSz h25‘1 ZhSSQ
2 ~ 3 A
= (1—%+...)Sl— (%—ng...)Sz
C(;Srgo si?lrgo
~ ~ ~ i N « t t' 79
H(t) = et wtSs [ (wo + wy cos¥)S3 — (wy sin 19)51] e~ 7wt };Zn?ilfcr(l)iian
()

The Hamiltonian time dependence was separated to the overall rotation. This
enables one to solve the dynamics explicitly, using the rotating frame:

» Transformation to rotating frame: |0(t)) — [0/ ()) = e~ 7S |ih(t))
iR (1)) = w8y e KIS [(t)) + e IS H(E)e it e ﬁ“tSSW(t»

() A(0) ()
Schrodinger equation in rotating frame: ih< dt\@b [H + ng} 19 (t))
He = (w—wp—wi cos9) S5 — (wi sind) S, ) A

» The evolution induced by the effective Hamiltonian in the rotating frame
can be written analytically (just sas an appropriate rotation). Finally, to get
solution in the lab. frame, one concludes with inverse of the above transform:

Solution: [¢(t)) =e +hwtSs o~ 7 Het ¥ (0))  (assuming |1(0)) = [¢(0)))

Expression in terms of rotations: . i b e B
p U(t) — €+ﬁwt53e—;—iﬂt(ng-5)

Resonant & [B(t) L By| case:

Q:\/(w—wo)Q—Q(w—wo)wl cos +w?

_ Q=w
W = Wy 1 . 1 —w1 sin ¥
9= 7 Y da=(0 o = g 0

2 Q= 0 W—Wp—w1 cos
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<« Historical remark

1938: I. Rabi proposes NMR as a method to measure nuclear magnetic moments
1946: F.Bloch & E.M. Purcell extends NMR to solids & liquids, F. Bloch provides
theoretical description of NMR and, in general, of evolution of 2-state systems

1.6 Quantum measurement

Besides spontaneous evolution, described by the nonstationary Schrodinger equa-
tion, quantum mechanics assumes also another type of dynamics—a sudden change
of the state vector induced by a measurement performed on the system. In contrast
to classical physics, where measurements just specify states of the system without
essentially disturbing them (in an ideal case, the influence of measurement can be
reduced to zero), quantum physics needs a special treatment of measurements. Their
impact on the system is irreducible and rather dramatic! This “sector” of QM has
quite unusual consequences and is a permanent subject of a vivid debate.

B State vector reduction
The spontaneous quantum evolution is smooth and deterministic (in the sense
of uniqueness of the evolved state vector in H). We may call this motion
“process U” (from its unitary character). In contrast, the evolution induced
by quantum measurement—at least in the form assumed by the present-day
QM—is abrupt and indeterministic. We will call it “process R” (“reduction
of state vector”).Y The real nature of this process is still unknown.

» Why we need process R 7?7
Correlation of repeated measurements on the same system: conditional
probability to measure eigenvalue a; of A at time ¢ = ¢y+ At given the result
of the same measurement at ¢y was a;: |p(a;t|a;ty) = (&]ﬁT(At)PajU(At)\@

where | [¢p) = { state vector immediately T gor Af—() the 2! measurement must yield
after the first measurement

the same outcome as the 1% one: AI}Sm p(ajtlaite) = 6;; < ||¥) = |a;)
of indiyidual o
Example: ;%L:Efceles ‘&,iﬁ'&‘fves) Sketch of the “U” & “R” evolutions:

. rocess

detected
POSLtLons

for 1 part, <<<<
<<:fzﬁﬂ Frocess(l

nondestructive —

Posmt ton detectors (SPheres)

IThis terminology is due to R.Penrose, whose way of thinking on quantum measurement is partly exploited here.
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» Measurement postulate
The instantenous evolution induced by a measurement of observable A
|ay) iff a; measured, prob. = (1)|B, 1))
lag) iff ay measured, prob. = (Y|P, |1)

> [) = Ralyp) =

| ¢> measurement of A

where £ means “conditional equality”: it holds
y
ioff the outcome of measurement is a;

» @i 1
Ralp) = <w|ﬁai|w>P“"

“state vector reduction

collapse of wavefunction
ion” :-) After

Terminology: (a) gentle:
“end of wavefunction

(b) dramatic:
" does not mean the

Note: The “collapse’
the measurement, the wavefunction (instantenously localized in the respective

space) continues its evolution according to ordinary Schrodinger equation

» Example: photon polarization measurement
Polarization = manifestation of photon spin (s = 1)
both 7, L 1, directions L 77, = g

Linear polarization basis: {|z), |y)}
lz') \ __ ( cose sing |z)
< ) ) — (—singp cosgo) < ly) )
1 —i Ix>) \

(||]L{i):\/%(1+i) (|y>

Rotated linear polar. basis:

Circular polarization basis

Spin-1 projection states in the flight direction
( |L) ) _ ( |51,ms+1>>
®) ) = Us=tme=-1) )
does not exist for massless (v=c) particles

o> +|B]*=1

Note: state |[s=1,ms=0)
. ) alz)+Bly) ) a,B
General polarization state: ||¢) = < o/|2)+8y) | with S o8 » € C  |o/]>+[p/*=1
AlL)+p|R) Ap A2 +[p|*=1
Consider measurement of linear polarization realized by passage of photon
through a birefringent crystal (transmission/reflection):
Observable © = 0|z) (x| + Z|y)(y| crystal ‘X\]
= deviation angle on the crystal %
|z) for §=0, prob. =|a/? (._, N @
nona’esfrqutVe
detectors

= Ralv) = 1) o6, o I3
= after the measurement the photon gets loca-
lized along the respective path from the crystal [&> ‘%
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» Properties of “operator” RA

non-deterministic: one knows only probabilities of possible outputs

: . Ralar)=la) > _ ) la) : ;
non-linear: Rj|a;>:|a2> } but RA(a|a1> + B|a2>) = { |a;> } +£aRala)+BRAlaz)
|az)
. =q|aq as R < a 7
non-unitary: |1|;,p>>:a/|‘ a1>>i%|,| a;} RN { <Ia?§ = <¢W> w
arbltrary 0orl

“non-local” “acausal”: (7, t) collapses simultaneously in the whole space ?
(at least in the present unspecified form of the measurement postulate)

<« Historical remark

1927: Werner Heisenberg first explicitly considers the wavefunction collapse

1932: John von Neumann includes the reduction postulate into the mathematical
formulation of QM and discusses its properties

B Consequences for measurement sequences

The reduction postulate has an immediate dynamical consequence for incom-
patible observables: A joint statistical distribution of measurement outcomes
of quantities A and B for a given initial state [1)) depends on whether the
quantities are measured in succession (A, B) or (B, A).

» Measurement sequences (A, B) and (B, A) performed at times tg and top+A
with At — 0 on an initial state |1 (ty)) = [¢)) joint conditional
—

Joint probabilities of results A=a and B=b: py(a,b) = py(bla) py(a)
() i) (a,6) = (DIBD) (@I Py = LUBDELL (1 By = (] 2B Paly)
(i) i (b, a) = (| PP FyJo)

» Compatible vs. incompatible observables

(A, B|=0=[P,, B,] = pw (a b) = A) (b,a)| independent of succession

(A, B]#£0£[P,, B)] = pfbAB)(a, b) # pprA)(b, a)| dependent on succession

» Statistical dependence of results
The reduction postulate = results of subsequent A and B measurements are

in general statistically dependent, correlated pu(alb) # py(a)
(for both compatible & incompatible cases) py(bla) # py(b)
py(a,b) # py(a)py(b)

B Measurements on entangled states: EPR situation

A real puzzle arises when we start thinking about the effects of quantum mea-
surements on coupled systems. If such a system is in an entangled state, any
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local measurement on one of the subsystems can alter the potential outcomes
of local measurements on the second subsystem. This is independent of how
large is the spatial separation of both subsystems. The acronym “EPR” stands
for Einstein, Podolsky, and Rosen, who first noticed the phenomenon in 1935.

» Local measurements on a coupled system

Hilbert space: H = Hi1 ® Hs i
“Local” observables defined on both subsystems: { A

1211®f2
1 ® Bo

[A,B]=0 = compatible observables

In a coupled system, the statistical dependence (see above) of the results of
subsequent local measurements appears only for entangled states. It generates
a possibility to influence subsystem 2 by a local action on 1 and vice versa:

» Effect of { g } measurements in H.: Ry, { f%)z }?Bi Zi;
J— N
(a) Separable state: ||¢) = |1)1)1[t2)2 = Rk|¢>—{ 1)1[b)y k=2

= measurement on subsystem 1 has no consequence on 2 and vice versa
(statistical independence of results)

(N i lah]oy)s
R K k=1
(b) Entangled state: ||1)) = ;’Vij\¢i>1|¢j>2 = Ry |1h)=5 No Y2 |¢i)1b)2

, i

k=2

(
Ny = (i) ™7 Na = (3 i)

i ij’

= measurement changes the state from entangled to separable
= measurement on subsystem 1 generally alters the probabilities of mea-

surement outcomes for 2 and vice versa: sii
N N N e N ~
Before:  pjy)(b) = (V|1 @ Byly) = 4 Z%’j%"j’ (@il @ir)1(95| ol D)2
Jj’ o 1

—~
o ¥V (ala) .
After:  pip g (0) = (B1p [l @ By[Riyp) = 3 e (5[ B[ 90 )2 7 Dy (b)
JJ’ kKL

= local measurement on an entangled state has a non-local effect!

» EPR example

To be specific, we consider an entangled spin state of two spin—% particles.
Essentially the same results can be obtained for analogous entangled states,

like polarization states of two photons...
[Yepr) = J5 (| il L2 — [ D1l 1)2)
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~ ~

Remark: |¢gpr) invariant under rotations f{ﬁqs =U®U with U —( o —f >E Siig
R _ Ia\2+|/a’|2—1
¢|¢EPP1{> —
2 (altyi+8101) (87t 1)) — (8 thrariin) (alo810)2) | = (P +8P) [EPR)

Yppr) may originate from decay of spin-0 object to two spin-1i particles with
g 2
orbital ang. momentum = 0.

Note: in Sec.4.1 we derive that % 9
(Mhlha-101t)2) results from @D «—0O—> @
addition of two s=1 spins to Alice S=o0 =
total s=0 (spin-singlet state).

Outcomes & probabilities of local spin measurements
Due to the invariance of |gpr) under rotations we have:

p(T) =p(t2)=p(1)=p2) =p( 1) =p(1)=p(2) =p(2) =" =1
(A) Alice makes measurement on spin 1 in the basis {| 1)1, | {)1}:

Alice | 1| 4)2 iff T4 measured ...case (a)
[Vern) Riler) = { | 1)1 12 iff |1 measured ...case (b)

(B) Bob makes measurement (after Alice) on spin 2 in the basis {| 1)2,| J)2}:

] e e

= = = probability before Alice’s measurement

DO —

« Historical remark

1935: Albert Einstein, Boris Podolsky, Nathan Rosen publish the EPR paper, ques-
tioning “completeness” of the quantum description

1951: David Bohm reformulates the “EPR paradox” to the spin language

B Interpretation problems

The results of the previous paragraph invoke some questions concerning locality,
which is believed to be an untouchable ingredient of an ultimate physical theory.
Although quantum mechanics—even with entangled states and the reduction
postulate—remains local on the operational level, there is a shadow of doubt:
Do we really understand the nature of the measurement process? Probably not.

» Problem of superluminal communication

Question: Bob’s measurement may be far off 8 R
the light cone of Alice’s measurement. Does / T
QM break the general assumption of finite- A

speed propagation of all physical impulses?

Note: this question seems inappropriate for
non-relativistic QM, but the EPR problem is not —
modified by the crossover to relativistic theory.
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Answer: The EPR correlation does not enable real superluminal communica-
tion. Assume the following scheme for such communication: The state |¢gpr) is
repeatedly produced, particles 1 and 2 being always sent to Alice and Bob, re-
spectively. Alice may encode a binary message for Bob into an altering sequence
of directions of particle-1 spin measurements (direction { Zé? } bit value). The
measurement direction actually used is imprinted in the resulting state of par-
ticle 2. However, the spin state vector of particle 2 cannot be determined by
Bob having only one specimen of this state.
No-cloning theorem: it is not possible to copy the state vector to more car-
riers since the ideal “cloning” transformation [i))1|e)s — [10)1]1))9 V|1)) violates
linearity:

[Ya)1|d)2 = [Ya)1[ta)2 }

[p)1lP)2 = [p)1[tn)2

» Causality problem

= (Ya)14BlUn)1) [9)2 = alPa)1|a)2+Bl1Pn)1[¢e)2

-~ -~

)1 #Y) 1)z

Question: Time order of two events which are off the relative light cone can
be reversed by a Lorentz transformation = in the new frame, Bob makes the
measurement (and the state reduction) first. Which picture is true?

Answer: Both pictures yield the same probabilities of measurable outcomes.
This follows from mutual compatibility of local measurements on subsystems 1
& 2, which implies independence of the joint probabilities on the succession of
measurements (see above).

» What is the nature of process R?
The final answer is still unknown, but so far the following possibilities proposed:

(a) Classical answer: R is an unavoidable and irreducible consequence of inter-
action between a quantum system and a “classical apparatus”. This early-day
answer is not considered satisfactory today: Everything is made of quantum
constituents, so where ends the quantum domain and starts the classical one?

(b) Metaphysical answers: R “happens” on the interface between the quantum
world and (human?) consciousness. The hard form of this idea (consciousness
having an impact on physical reality) seems inadmissible, but a softer form looks
okay: the state vector is not the “reality” itself but just a maximal (ultimate?)
“information on reality”. R captures a sudden change of this information and
thus does not have to conform with “materialistic” forms of causality. Another
answer of this type (not generally accepted) was given by the many-worlds
interpretation (in which consciousness is a part of quantum description).

(¢) Logical answer: R is to be eliminated in the proper formulation of QM.
Example: formulation in terms of the path integral or quantum histories (the
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notion of a state vector, hence also its reduction, is completely avoided from the
formalism; theory considered as a “machinery” to compute observable results)

(d) Physical answers (to be elaborated): R results from a so far unknown,
but completely natural process, which happens spontaneously as soon as the
“amount of matter” involved in unitary quantum evolution becomes “macro-
scopic”. Examples: spontaneous-localization hypothesis, extended decoherence
theory, hypothesis of gravitationally-induced collapse

<« Historical remark

1926-9: N. Bohr & W. Heisenberg put cornerstones of “Copenhagen interpretation”
1930’s: J.von Neumann & E. Wigner consider consciousness-induced collapse

1957: H. Everett proposes the “many-worlds” interpretation

1980’s-90’s: attempts to introduce R as a new process (G.C. Ghirardi-A. Rimini-
T. Weber, R. Penrose) and to explain R from the decoherence theory (W. Zurek)
1990’s: attempts to formulate collapse-free QM (R.B. Griffiths, M. Gell-Mann)

2.6 Implications & applications of quantum measurement

We may hope that the reduction postulate in the present minimal form will be—in
an unspecified future—replaced by a more sophisticated and physically transparent
formulation. Nevertheless, already at the present stage of knowledge we can discuss
several implications. Some of them are rather interesting for the theory itself, some
others have an appreciable potential for practical applications.

B Paradoxes of quantum measurement

What is a paradox? In the following, we adopt the view of paradox as a coun-
terintuitive, surprising, unexpected kind of behavior. Quantum measurement
is responsible for several paradoxes.

» Three polarizers paradox « 1930: noticed by Dirac
2 polarization filters with p=0° & 90°

stop every individual photon. The

insertion of a 3rd filter with p=45°  single ,
between the two enables some photon o pasdran|

hotons t .

photons to pass ‘@» ‘@\yes we canl
» EPR paradox « 1935: formulated by Einstein, Podolsky, Rosen

Process R on entangled states = “spooky action at distance” (see Sec.1.6)
» Schrodinger cat « 1935, 67: discussed by Schrodinger and Wigner

Quantum superpositions can be extended to macroscopic objects.
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For example, consider poor cat whose

life and death depends on a quantum \.
process such that it happens to be in r ' e 7
ition stat B frierd
a superposition state pT—— frie
‘wcat> - CY|¢deaud> + 6|¢alive> .
On which level the process R takes L
place? Or: who kills the cat?
» Quantum logic < 1936: introduced by Birkhoff & von Neumann

Which-path & interference setups of the two-slit experiment indicate that
(AVB)ANS#(ANS)V(BAS) (see Introduction)

» Quantum Zeno paradox « 1977: discovered by Sudarshan & Misra

Repeated measurements slow down or even stop (in the limiting case of infinite
frequency ) the decay process.
Survival probability of a decaying system for evolution without measurement:

Py(t) = [((0)|(£))2 = 1 — (L) (see Sec. 1.5)

Periodic measurement of A = [1(0))(1(0)| with interval At = L0
R = [A O]~ [1- ()]
Lottt et

Note: for exponential decay no effect: Fy(t) = [e A n]" =

(-5 \(1+%)’1’H—°">1

= e M= P0<t)
» “Bomb-testing” paradox « 1993: discovered by Elitzur & Vaidman

General name “interaction-free measurement”: Measurement at one of the
paths in a double-slit-type experiment destroys the interference behavior. De-
tection of the particle in a forbidden direction indicates that the measurement
was done—it verifies functionality of the measuring device without necessarily
locating the particle on the path where the device is placed.
Example: photon in Mach-Zehnder interferometer

with arms I, II. Symbolic expression of the photon /\;ﬁ\l
state evolution before the 2"beam splitter (b.s.):

1) 2 (1) 4[11)) 20 L (1) — 1)) =] )

det
1

det
2

2ndbs
: D=5 (12)+i[1)) 1) | — two exi
e |n>—>nd‘° (1) '2>>} e }:dtifgcgogw
vz ()+

Source

. . ondp g . i [Q_ ofo o
interference is observed: |¢) —= —[1) = |1). é sing/e - photon [ hom

A bomb with single-photon sensitive trigger, placed e.g. in arm II, acts as a

which-path measurement device: \%(\I)H’\H)) A, { ‘I?D g’g ;j . In both cases, the
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photon can exit in states { . Sequence |1) — . N |T) 2bs, |2) (with proba-

bility 25 %) indicates functlonahty of the bomb without causing its explosion!
More sophisticated setups have been described which enable one to increase the
efficiency of the “bomb detection” arbitrarily close to 100 %

B Applications of quantum measurement

Present-day people are no more impressed by mere paradoxes. They seek for
practical applications! So here are some.

» Quantum cryptography

The measurement-induced collapse of wavefuction can, in principle, disclose
any hidden measurement performed on the system. This can be used to de-
tect eavesdropping in secret communications: Alice sends a binary sequence
by individual photons in linear polarization states ;C,))} = 0 and 5’%} =1,
selecting between 2 rotated polarization frames S & S’. Bob measures photon
polarizations using independent selection of the same frames S or S’. The pho-
tons for which Alice’s & Bob’s frames coincide must yield the same initial &
final polarizations. Any violation of this rule (detected on a released sample
of photons) indicates that the photon state was distorted during transmission
(Eve’s measurement). If no eavesdropping detected, the states of the remaining
photons (for which Alice’s & Bob’s frames equal) may be used as a private key.

» Quantum teleportation

Teleportation means transfer of a physical state of a given object to another
carrier. The simplest quantum realization is for a 2-state object, e.g., spin %

AN AN AN AN AN AN AN AN AN

Setup: ————— | Alice { EPR } Bob| ———

1 . .
spin spin 2 source spin 3

spin 3

Unknown state |10) = «| 1)+ 5| J) of spin 1 is reconstructed on spin 3, which is a
part of the entangled pair in state [)gpr )23, using results of Alice’s measurement
on spins 142 communicated to Bob by a classical channel ~»~s~~.

. . 18R = D20 2), 18P) 2= L (D1 D2+l D2)
Alice measures in entang. basis: { 6 1= J5 (D2 = lD2), |¢D>12=g<|¢>1|¢>2+¢>1¢>2>.}
@ D+ B8l h) o5 (| Pl Ds =1 ol 1)) =

o 19A)3 WEPR> 23 15)3 ¥)3 )3

——— ——— ——— ———
7 (162022 0l =BLa) +6)1a T-aa+8103) +16 ) Tall)a+8I0a) +16P)ra (ol a=B11)a) |

Correlated with {|¢*)12, [6®)12, [09) 12, [#)12} (results of Alice’s measurement),
Bob receives states {|v*)s, [¥B)3, [¢9)s, [¢P)3}, each of them allowing specific
unitary transformation U®|1)*)s = |1))3 (e=A,B,.C,orD) to the desired state [¢)).
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» Quantum computation
Quantum generalization of classical bit b = {{}: qubit |[|¢)) = «|0) + |1)

Replacing classical bits by qubits can essentially speed up some computations!

Instantaneous state of an n-bit classical computer = (bg, by, ..., b,_1) encodes
n—1 )
a single number = = > b; 2'. A state of n-qubit quantum computer corre-
i=0
21 a, € C

sponds to a general superposition of numbers: ||U) = Z Qg |T) S a2 =1
=0 x

=0
Quantum computation: controlled sequence of elementary unitary operations
on a system of qubits (only 1- and 2-qubit operations allowed) concluded by a
specific quantum measurement. The same sequence repeated N times to yield
a sufficiently large statistical sample of outputs.

{|x>}2n71 {\bobl . b”_1>}bi:0 = separable basis in H=H(QH1®...0H, 1

) ) ] . bits =
Possible computation task: probing function f(z) = { nqublts = o

m qubits = f(z)
Examples: period determination, distinction of constant/nonconst. functions...
General computation scheme:

Uil 1 Uz 1 Us@I 1
10)5 |0 — S ; |20 |0} — VoD ; [Z)nl f(2))m — o xZ; Uy Y) | f (X))

Measurement of y = output probabilities p(y) contain information on f(x)

superpositions = parallelism

In general, quantum computation uses both { entanglement = link « > f(z)

« Historical remark

1982: R. Feynman comments on potential use of quantum systems for computation
1984: C.H. Bennet & G. Brassard propose a scheme for quantum cryptography
1993: C.H. Bennett et al. discover quantum teleportation

1994: P. Shor formulates an efficient quantum algorithm for factorization problem
till now: multiple experimental attempts in all these areas

B Bell inequalities

Let us return to the EPR situation. Above, we presented the perfect correlation
(anticorrelation) of Alice’s & Bob’s spin measurements as a paradox. But is
it really a paradox? Given that both spins have a common origin and both
observers use the same (pre-agreed!) orientations of measuring devices, who
can be surprised by the correlation of results?!l But what would happen if Alice
& Bob select orientations of their respective spin measurements independently?

IThe correlation is surprising if one insists on the reality of wavefunction. If the wavefunction represents an element

of the world “out there” (and not just our information on it), Alice’s measurement indeed acts out of its light cone!
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Would the correlation of results remain stronger than might be expected from
classical considerations? The positive answer to this question, as elaborated
below, is the real puzzle of quantum theory. Moreover, it has changed the
debate on possible crossover to a “more complete” (hidden-variable) description
from endless discussions to experimental efforts. Today it is an experimental
fact that quantum theory cannot be replaced by a classical-like theory.

» Generalization of the EPR situation
Both observers perform spin measurements in different coordinate frames =
rotation angles ®4 & ®p of Alice’s & Bob’s instruments selected independently

» Description in terms of a hidden-variable theory

Consider a classical-like, but probabilistic description of the EPR situation:
spinup down
Probabilities of Alice’s & Bob’s outputs |a,b € {/-I/—T,/:T} controlled by:

(1) instrument angles ® 4, ®p, (2) so far unknown physical parameters of the
entire system, so-called hidden variables. We sort these variables to 3 groups:
{aj ...}, {B1...} related to individual particles 1 & 2, respectively, and the
corresponding measurements, {~; ... } related to the emitted pair as a whole.

Scheme: angle @4 angle ®p
1} =0 Tl ¢ [BPR souree] ——— Tholl] b= {7}
particle 1 ~ < particle 2
N ~~ d hldden ~ d
hidden variables « variables hidden Varlables I}
» Strict locality required! Py, (alay) Po,(b|57y) ditional
ey, - . condailtiona
Probabilities of outputs & h.variables: | Pp,(a|y) Pas,(8]7)
P(v) apriori

Locality condition: joint probability |Pg,s,(ablafy) = Ps,(alay)Ps,(b]|57)

= for fived v, P4, Pp the average (ab) factorizes: |(ab)s, o5y = (@)d 4~ (0)d 4y

Since variable 7 is out of control, we calculate (ab)g, 0, = [(ab)s a4, P(7)dy

» Define the following 4-angle quantity: B(® A8, 85,8)

7 Y

(ab)o 0, + (ab)o,a,, + (ab)era, — (ab)aray, || =
J [{ab) <I>A<I>m +{ab)a,ay,  +(ab)e,0,,  — (abaye,, | P(y)dy =
J L)ooy + (@) D)oy + (@)ar 1 (B oy — (@) (B)ay,] P(7)dy

e-242) < (a)()el-1+1] € [=2,+2]
Locality conditions restrict the domain of B(® 4, 'y, g, P3) to interval [—2, +-2]

» Bell inequalities
Conditions necessarily satisfied by any classical-like theory (deterministic/non-
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deterministic) describing the EPR situation: || =2 < B(®4, ®/y, P, D) < +2|

» Quantum calculation of (ab)s 4,

Transformation between rotated measuring frames: < I ) = (a _B) <|T> )

DAz — [ 1)) = 2285452 | o Hhay + 525 | D)o, | Day +

o Whosica | 1y, (110, 4+ ~Baseasi| |y
+M| ¢><I> ‘ T>¢B+M ‘ i><1> |¢>©B
< b> A\(/fT) abAifl A\(/j,) abA*Jrl
a0)e, o5 = - -
AP = [ACTDP = [AUDP + AL P F o= T cos 2(V4—Vp)]

simplifying assumption: ae, = costs, e = sinv), (real)
» Quantum inequalities
B = cos [2(¥,—V5)] — cos [2(Va—Vp)] — cos [2(Va—1)] — cos [2(V'y—VB)]

= Bell inequalities violated! —2V2 < B(®y, ¥y, &g, ) < +2V/2

= Predictions of QM differ from those of a general local hidden-variable theory

Conclusion: “Quantum nonlocality” does not exist in the sense of an ezx-
ploitable superluminal communication. Nevertheless, a trace of nonlocality lies
in correlations between Alice’s & Bob’s results in the generalized EPR situa-
tion. These correlations are stronger than possible classical ones if locality is
required in the classical description. = The following soft form of nonlocality is
valid: Quantum mechanics cannot be replaced by any classical-like local theory.

« Historical remark

1964, 70: John Bell derives various versions of his inequalities

1981: A.Aspect et al. provide the first reliable experimental confirmation of the
violation of Bell inequalities, additional tests in 1999

1.7 Quantum statistical physics

Physics would have much less power if there is no statistical physics. This important
branch of physics deals with situations, rather generic for all complex systems, when
the initial state cannot be precisely determined. Instead, one has some knowledge
on the probability distribution characterizing a multitude of possible states in which
the system may occur. In classical statistical physics, a single realization of the given
system at a point (pp, ¢) of a multidimensional phase space is replaced by a statistical
ensemble of replicas of the system at different points. This means that 6(p—po, §— o)
changes into a delocalized distribution p(p,q) (satisfying [[ p(p,q) dpdq = 1). We
are ready now to apply this kind of statistical description to quantum physics.
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B Pure and mixed states: density operator

Statistical description implies statistical uncertainty. However, quantum
physics already contains quantum uncertainty. It is useful to unify both
these types of uncertainty in a generalized notion of quantum state. It is ex-
pressed by a positive-definite Hermitian operator in H, called density operator.

» Quantum statistical ensemble

In analogy to classical statistical ensemble, we want to introduce a quantum
ensemble. Assume that the state vector describing the system is a random selec-

|21) ... probability p (Vr]r) =1 ;pk =1
tion from the set: ¢ [t2) ... probability pa 3 with (We|) # 0 (in general)
: for k£l

Density operator/matrix: ||p = ZPkWQWH (ilplj) = Zk:pk<i|¢k><@/)k\j>
k

Density operator generates probabability distribution in the entire Hilbert
space H:  probability to find [v) in s 5 pi | ([ = [[(@1A10) = pu(p)

k ~~
» Generalization of states in QM: Py (¥r)

pure state p = V)| & |¢) | 3 state vector
mixed state | p = > pplt)(¥r] & x| P state vector
k

» Properties of density operator

A A

(a) Hermiticity || p = p (Welhn)=1

(b) Tf[zk:pklwkﬂwkﬂzij Zp < Wk ¢k Zpkz Wk 1 ="Trp

1k
(c) (WlplY) = py(p) €10,1] V) = elgenvalues p; € [0,1]
(d) Diagonalized density matrix:

P00 .\ Y p;=1 p;...probability to find |¢;)
p=>_pilo(sil| = < )

0 P2 0 i
2P <1
i
Criterion to distinguish pure & mixed states:

0 0 ps3

T =1 pure state (pi=d;)
P <1 mixed state

» Ambiguity in the expansion of p
The same diagonalized form p=>" p;|d;){¢;| (with {|¢;)} orthonormal) can be pro-
i

but otherwise arbitrary

duced by different expressions p="> pi|tx) (V| ( with {|Yy)} normalized )
k

» Statistical properties of observables



96

(A), = average of quantity A in state p = Zpk\wkﬂlbk\
pp( a)

(A)p = faZpk ¢k|Pa|¢k> da = %:m@ﬂfiww = Z%Pk(%ﬁ)(i\fﬂjﬂjWﬁ =
k v

=32 D prlilun)(eli) Gl Alj) = | Te(pA) = Te(A4p) = (4),
] k

7

bl For a pure state: (A), = SGil) (¥IAli) = (VI Al)
((4%)),

Dispersion: ((A2)), = (A%), — (A)2 = || Tr(A%p) — Tr*(Ap)

Probability distribution p,(a) = 3 pr. (| Paltor) = Tr(P, p)
K

« Historical remark
1927: J.von Neumann introduces density operator to describe a general quantum
state (simultaneous work by L. Landau and F. Bloch)

B Entropy and canonical ensemble

The concept of entropy plays an important role in thermodynamics as well as
in mathematical information theory. Statistical physics is a bridge between
both these seemingly distant coasts. States with null entropy are the pure
states of ordinary QM. In contrast, states whose entropy is maximal—within
given constraints upon some physical averages—represent equilibrated systems
in contact with a thermal bath.

» Shannon information entropy
General probability distribution for a finite set of events:

event i € {1,2,...n} < probability {p;} = {p1,p2,...,Pn}

Information entropy is a functional on the space of

probability distributions: SHpit] = sz Inp;
» Properties
Maximum S =Inn for p; = const = % maximal uncertainty

Minimum S=0 for p; = 0 minimal uncertainty

Additivity: 2 sets of independent events { ; o 11;; } = entropy {g;}

Joint distribution (i A j) <> pij=pip; = entropy |Sip = S1+ 59
However, for correlated events: Sjo = 51+ S+ AS with AS 20

» Von Neumann entropy

S, = —k Z pilnp;, = —kTr [ﬁlnﬁ] = thermodynamic entropy
' k=8.6-107%eV/K Boltzmann const.
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S, = 0 for pure state
S, > 0 for mixed state (S, = Smax = Inn for “maximally mixed” state)

» Equilibrium state of a quantum system which exchanges energy with the
surrounding environment (thermal bath):

p diagonal in energy eigenbasis: p = > p;| E;) (E]

Eit Eit

E;)(E;|le™ 7 = p(0)

= stationary state: p(t) => pie
i

Probabilities p; determined from the maximal entropy prinicple:
S,=max. for a fixed energy average (E), = method of Lagrange multipliers
N

f==>pilnp+(a+1)> pi— B3 pE;
a—BE, =

Constants «,  determined from normalization Tr p=1 & fixed average (E),

» Canonical density operator (ensemble)

g = % e P || with f = -+| inverse temperature
(the only parameter of the canon. state)

Z(B) = Z e PE — Ty e PH partition function

i normalization N ZGQE%

» Function Z () contains complete information on thermal energy distribution:

£2(8) = £Tre M = —Te[H ¢ ] = —Z(8) Tr[H py]
Z(B)ps (B)s

(E)s = 7157352 (8) = —f5n Z(B)|| energy average

—4(F)s = kT? 2(E)r specific heat at temperature T

B a7
——
w(T) T fPe ] (E)3
dh 7 N\
_1<E> :ﬁan(ﬁ): 1 d*ZB) 1 |dZ(B) 2:<E2> _<E>2:<<E2>>
ap\= /8= ap? Z(B)  dp? Z@B) | dp A B 2

(E?)) 5 = %Cv(ﬁ) = dd—;Q InZ(5)|| energy dispersion & specific heat

» Function Z () also contains complete information on the whole energy spec-

trum {F;} and, equivalently, on the level density |o(E) = Zé(E — E)

which can be obtained from inverse Laplace transform of Z(8) = [ o(E)e "PdE
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Thermal distribution of energy /—
(probability density for finding \
. 7
a certain value F for a system —
at temperature T') is expressed

via the level density:
ws(E) = gzo(E)e ™"

Usually an increasing X decreasing

function product yields a peak at
some value Fy.x # (F)g

» Useful observation: evolution operator U(t) = e~ for imaginary time

t = —ihB = canonical density operator e ## = Z(B)ps = U(—ihp)

This is used in some advanced calculations of thermal & dynamical properties.

» Similar procedure (using maximal entropy principle) is applicable also for
systems with variable numbers N; of particles (types i = 1,2,...n) but fixed
averages (IV;) (particles exchanged with the bath) = grand-canonical ensemble
characterized by inverse temperature § and chemical potentials y; (see Sec. 7.2).

<« Historical remark

1878: J.W. Gibbs presents the concept of canonical ensemble & entropy formula
1927: J.von Neumann introduces the density operator & entropy in QM

1948: C. Shannon applies entropy in the information theory

B Wigner distribution function

As the density-operator formalism merges statistical and quantal fluctuations
into a unified picture, it may raise hopes of formulating quantum mechanics in
a purely statistical language—via some appropriate statistical distributions in
the classical phase space. Although it turns out that such a formulation is not
possible, the product of this effort is useful by itself.

} representation of density operator: 2 \‘qp >> _5((]? ];:))

Could we get p(, p) = an analog of the classical phase-space distribution?

Coordinate
Momentum

» Any probability distribution p is equivalently expressed through its charac-
teristic function = Fourier transform of p. For the classical distribution in
phase space it reads as:

X&) = [ p(Z, )TN AT df <5 p(Z,7) = g | Xo(&,7)e s TTEPag di
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{ g} n-dim variables in the same units as {f;}, s = constant in units of xp

= characteristic function expressed as the average: Xp(é', 7)= <€§(ﬁ-f—£-ﬁ)>

» The last expression makes it p.os§1b1e to 'ﬁnd ) —»’ 7)=Tr {ei(ﬁ.f_gﬁ)ﬁ}
a quantum analog of characteristic function:

Fourier inverse of C,( f 77) should be the quantum distribution in phase space:

W,(z,p) = %h /C’ 577 7 (7 E=£) d€dijf|l Wigner distribution

» Characteristic function and Wigner distribution in dimension n=1
Col&sm) = [(alper®=P|z)du "= &8 [(a|peineitPa) du = ...
Special BCH formula for [4, B|=C, [A,C]=[B, C]=0: eAtB = eAeBerC
= o [ plpelt i) (e 1) do et = o8 [ alple—g) b e

T ~\~ 7 ———
£ () ol (2'|z=¢) plz,a—¢)

eh
= |Cpl&m) = / pla'+§,a'=5) e da’

W,(x,p) = ﬁ [ [f p(:c'+§,x’—§) erne’ dx’} e~ (1w =Ep) dnd¢ =
= (27r1h)2 Jf pla+5,2—5) [/ e~ =) dn] e TP dy! d¢

277715?;—1;’)
+o0o
| ¢ e\ 4 where
Wiad) =g | p(etha) oal LS L o g
—0o0

This is the desired quantum analog of phase-space distribution. Indeed, this
real : W,(z,p) = W,(x,p)*
normalized : [ W,(z,p)dxdp =1
positive, which indicates that W,(z,p) does not have the meaning of ordinary
probability density. Moral: quantum oddity is unremovable!

function is However, it is not semi-

<« Historical remark

1927: H. Weyl derives a mapping of Hermitian operators to phase-space functions
1932: E. Wigner introduces quasiprobability distribution related to density operators
1940’s-present: developments in the phase-space formulation of QM

B Density operator for open systems
The way we introduced the density operator might invoke a picture of somebody
drawing balls (quantum states) from a wheel of fortune. The states are prepared
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there, one just does not know what he will get. We may think of an accelerator
delivering individual particles in different polarization states. However, there
is another—and probably more important—use of the density-matrix formal-
ism. It deals with coupled (open) systems: the systems that interact with other
systems, environment, or internal degrees of freedom. Such composite objects
generically occur in entangled quantum states and the density operator is the
only entity that allows one to extract states of individual subsystems.

{ 1 = open quantum system

» T'wo coupled systems: |H = Hi ® Ho

another system or
internal degs. of freedom

2 = environment {

General pure state of 1+2: ||¥) = Z g P1i) | P25) {’¢kl>} = basis € H,
ij !

» Reduced density operator
Information on the state of subsystem 1 available only in the form of reduced
density operator obtained by the technique of partial trace:

W) — N[ =p — ([ =Trapa= > (Gulpraldm)
z

For the above state |U): Z > Z i (P2l d2;) |P1i) (D1ir| (Dajr|dar)
ij 'y’ “/_51 5\/'/[

= Z <Z Qo ) |12} (b1 This is an operator on H; which has

(as shown below) the properties of a

v density operator
Priit =Pir;

> Properties of py:

(a) Al me/\cbu (Pl = p1 (b) Tripr = Z |j? =
(c) <¢1‘/01|7/)1> >0 V) = ;5z|¢1z> = elgenvalues>0
Proof: <¢1|ﬁ1\¢1>:%;55751Z;(Z&ijaffj)§¢1l’|¢1iz<¢1z o) 2\25 aij| >0

A

j
(d) Trip? <1 <=(b),(c) ovi o1 o
(e) Average of a local observable A=A @I Tr(A1f1)
<‘I"A|‘I’> > Z Qi <¢1z \A1|¢1z ¢2J |2;) Z Z e TpTe gbh \A1|¢1Z>
ij 'y’

6 i

H,_/
P1ii!

= |(A)y = Tr(Aip)

it is

p1 = density operator
a sy regek !

of subsystem 1
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» Pure states of the subsystem

The subsystem is in a pure state iff the whole system is in a separable state:
p1=Trs P12 is a pure state [V1)=) Bilou) << |V) = |[h1)|¢)9) separable
!

por= Y)W = pur = (Pulpi|dw) = BiB; X |
|‘I’> - |¢1>W2> = Pl = E @U O‘z/y — @ﬂ* Z |,m2 same expressions

BZA/J ﬁ/’Yj
» Schmidt decomposition

Any entangled state of a given coupled system can be expressed in a “canonical
form”, with the aid of eigenvectors of the respective reduced density matrices:

Consider general state |U) = Z ij|d1i)| P25)

Subsystem 1: Subsystem 2:
p1 = Tra pro = Z(Z aij o) | dri) (D17 = Try 12 = 2 (D0 gy ) |dog) (day|

it i

P1ii Z O‘zya i/ Z \//715”14)1 5 pléu/
Suppose | = +/p; 0;: | = diagonal
pp ij Pi Oij Pajst Za”a”, Z\/pj(sm/pjgw, —p;0, g

= both { } diagonalized with the same eigenvalues { pz}

In the eigenbases of p; & po the state reads as: |||¥) = Z Vi Ixai) | x2i)

number of terms = Min{dim?H, dimHs}
Example: Hy basis = {| 1),| 1)} Hs basis = {|1),]2),]3)}

V)= [\ T2+ D22 +] D32 +v2[ DilL)a—J5| P22~ ¢>1|3>2}
=3 [0 G502+ 22+ ) *\/\L% V2~ 20— )

|X11> |X21> > |X22>
(x1i|x107) = 0iir } { p1 = 3lx11){(xui] + 5xaz) (xazl
=9 - 1 1
(X2j]X251) = djy P2 = 5lx21) (xa1] + 51x22) (x| + Ofx L) (x|

<« Historical remark
1907: E. Schmidt formulates the decomposition theorem (in theory of integral egs.)

B Evolution of density operator

The density operator in general depends on time. The form of this dynamics
can be easily deduced from the evolution of individual states in H. However,
we come to an essential point here: There is a fundamental difference between
the evolutions of density operators for closed and open systems! The density
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operator of a closed system undergoes just a continuous unitary transforma-
tion by ordinary evolution operator. This implies a fully reversible picture of
dynamics. In contrast, the evolution of a reduced density operator associated
with an open system is more complicated. Since the environment in general
interacts with the system, one cannot write its dynamical equation in an au-
tonomous way (i.e., just in terms of the system’s degrees of freedom). This is
the place where irreversibility enters the physical description!

» Evolution of a closed system

Consider density operator in the form given by an initial set of state vectors.

Evolution of the density operator determined by evolution of individual vectors:
initial state evolved state

. t . ~ NP

p(0) = %:m\%ﬂ%\ — ) = zk:]?kU(tﬂ%M%\U(t) '

General evolution:

~ 1]l < operator differential — ~ .
(1) = U()p0)0(1) L i p(t) = [H, p(1)]

» Analogy with the classical Liouville equation for distribution p(p,q,t) in

cod (2 dp dp7 3p dg; | Op __ dp _
phase space: 2p(p,q,t) = Z o i o U4 —0 = |%=—{Hp}
~—
5 om
_8% +5p¢

» Evolution of a closed system does not change traces and entropy

nitar nsfor ion A =T s(0VU (1)L = T , 7T (1
Unitary transformation p(t)=U(t)p(0)U(t) Zk:pz U(t)|#:) (9iU(¢)

(¢ (¢
Trp(t) =Trp(0) = normalization conserved ) )

Trp(t)?> = Trp(0)?> = pHre } remains { PHTe

mixed mixed

Eigenvalues p; conserved = entropy |S,(t)=—k Z piInp;=95,(0)| =const

» Evolution of open systems: non-interacting case

Consider first the case when the system under study and its environment do
not interact with each other. Below we verify that this effectively coincides
with the isolated case, as may be immediately anticipated.

A~ A A A A

H=H L+ 1 ® H = separable evolution

: pt) = GO OT(0 ™ inpa(t) = [, pu(2)
Y Ny pa(t) = Us(t)pa(0 zUQ(t) ! ’m%ﬁz(ﬁ) = [Ha, pa(t)]
(t) =™ (1) = > vor Ua(t) as) Da(t) )

. \Xn(t)) \Xzi(t»

)
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Both entropies equal & conserved: | S1(t)=52(t)=—Fk Z p;iIn p; | = const

Separable states remain separable

» Evolution of open systems: interacting case

If the system-environment interaction is turned on, the system’s evolution be-
comes qualitatively different.

I — ]111 Q j2 4 jl R ﬁQ n ‘712 where ‘712 acts irreducibly on H=HQH-
= non-separable evolution of the whole system

U(t) # Ui() @ Ua(t) = [U(t) = 3 aij(t)|én) | d2) Z\/pz ) Ixai(8)) x2i(t))

Eigenvalues p;(t) vary = entropy | S1(t)=952(t)=—k Z pi(t) In p;(t) | # const

= non-unitary evolution
of partial density operators p1(t) & po(t) corresponding to both subsystems

» Decoherence

Let the [system ® environment] evolve from a separable [pure ® general| initial

state at t=0: R 5:(0) = p1a(0)  —=  pio(t) £ pi() @ ot
W) (¥l p2(0) ,012(~ )~ 02t) # 1) ® palt)
p1(0) may be a pure state |1} (1|5 unfactorizable

For the non-separable evolution, p;(t) = Try p12(t) for £ > 0 is most probably a
mixed state = loss of the system’s initial coherence (purity):

pure state p(0) — py(t) mixed state

Entropy relations:

=0 >0 =0 >0 >0 #0 . .
o~~~ A A~ A~ —~ ,——_ where the correlation-induced
51(0) +55(0) + AS(0) = 51(f) + 52(t) + AS(¢) term AS(t) compensates
12(0) Sia(t) the change of S (t)+Ss(t)

The decoherence process results from the system’s entanglement with environ-
ment, which takes place due to their mutual interaction. An increase of the
system’s entropy can be interpreted as spreading of information (quantum cor-
relations) from the system alone to the composite system + environment. Since
mixed states often carry semiclassical properties, decoherence usually induces
loss of quantum features and emergence of classical behavior (cf. Chap. 3).

Note: The canonical (micro-canonical, grand-canonical) density operators rep-
resent equilibrium states resulting from a “generic” and “long-enough” interac-
tion of the system with a “large-enough” environment. The reason why nature
prefers these states is their maximal (under given constraints) entropy.

« Historical remark
1970: H.Dieter Zeh introduces the concept of environmentally-induced decoherence
1980’s-present: intense research of various aspects of decoherence (W. Zurek et al.)
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2.7 Examples of statistical description

We will briefly present a few applications of the above-described ideas. It is worth
emphasizing here that the density operator is not just a superfluous appendix of the
quantum formalism, suitable only in some more or less exotic situations. Strictly
speaking, no system of ordinary quantum theory is perfectly isolated. Therefore,
the density operator represents the most fundamental language of QM.

B Harmonic oscillator at nonzero temperature

Let us start with the most familiar system, harmonic oscillator. It will be
immersed now into a heat bath with temperature 7' > 0. This example has
a great historical importance as it indicates the correct quantum solution of a
so-called specific-heat paradox—the fact (classically inexplicable) that the
specific heat of solids gradually vanishes with the temperature going down to
absolute zero. The same calculation, just in slightly different clothes, applies
also to the well-known problem of thermal blackbody radiation.

» Partition functiogl of a 3D oscillator
Energies:  E, nn, = Y hw; (nZ - %) n; =0,1,2,...
i=1

OO 3 r“"i > 3 ,BM
2= 5 e = % Y mon] < 1
{21} i=1 = =1
? hw; hw; ( _
1—e—Phw; 1=1"" ' R ~
w5 w; Bhw; \ ™
an Zln +ﬁh 7 . _Bh z) (QSIIlh )
coth%
» Specific heat — —~
P J 3. €T e
Energy average: (E)p = —%ln Z(B) = Z 5 o —;

2
Molar specific heat: — c°l(3) = NAkﬁzddﬂQ InZ(B) = Nak Z < o Pl hwi)

+8 —_e B3t

High-T' = g <K (hwi)_l
AT ~ 3Nk = const
classical behavior

Low-T = > (hwz-)_1

4\

\4

hwl
mOI ~ Nk E Z’ e T —— ()
T—0

quantum behavior
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<« Historical remark
1907: A. Einstein derives the specific heat formula for a quantized oscillator

B Coherent superposition vs. statistical mixture

The following example attempts to clarify the difference between a coherent
superposition, which is a pure state composed of some components with the re-
spective amplitudes, and a statistical mixture, which is a mixed state containing
the same components but just with the corresponding probabilities.

» Density operator of a pure state given by wavefunction ¢ (%) = (Z|y)

p = )| = coordinate representation ||(Z|p|Z") = p(Z,Z') = (Z)Y* (T

» Coherent superposition of two wavefunctions

[¥) o |¢n) + [¢m) | = i(Z) + Y (Z)
p(Z,2") oc [1(T) + Yu(D)] W7 (Z7) + Y ()]

Probability distribution: p(Z,7) o< [Pr(D)]* + [ (T)]* + 2Re [¢hi(7 )zpﬂ(f)l
» Statistical mixture of the same wavefunctions interference

p = slvn) (Wil + 31m) (¥l p(Z,7") = 31 @) (T) + 3¢u(@)Yp (T7)
Probability distribution: p(Z,7) = L1(D))? + |[¢n(Z)]* = no interference

» 1D example
(a) Superposition: |9(x) o« d.(z+a) + 6.(x—a) | with §.(z) = —L—Fe 32 (—0)

(27’(’62)%
p(x,2') x d(x+a)d(24a) + 0 (x—a)dc (v—a) + 0c (2+a)dc (r—a) + b (r—a)d. (x +a)
p(z,x) o< & (x+a) + 6 (r—a) + dc(x+a)d(x—a) + d(v—a)d (v+a)

—0 fgg e—0

oo i €E—
Wy(z,p) o< [ pla+5,5—5)ertPde ~ §(z+a) + 2cos (32) §(x) + 6(z—a)

# probability density (W E 0)

(b) Mixture with the same spatial
distribution:
p(z, ') = L6 (z+a)dc(z"+a)
+3 0. (x—a)d (z'—a)

W,(z,p) o [562(56+a) + 53(;{;-@)] o 30207 %

= classical-like probability density J\ <
(W > 0) , |
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B Density operator and decoherence for a two-state system

The rest of this section is devoted to the familiar spin—% system—a qubit. The
density operator and its evolution can be clearly visualized in this system,
yielding an understandable picture of the spin coherence & decoherence.

» Parametrization of 2D density matrix

b= (b1, bg, b3) is a vector of parameters

s 17 7 2] 1 14k bi—ib
P=3 [I +b- 0} 2 (b1+i§z 1—12732) = Normalization Tr p = 1 satisfied
oA 2 [=1 b|=1 pure state
Tr P2 =1Tr|142(b-7)+(b-&)* — LtbP for =
P [ (b-)+ ~ ) 2 |1 |b|]<1 mixed state
b1 o .
. o (5-5)*=1 S 0ib, (6705 + 00;)=[b1
» Spin polarization 0 ~
ij
The average values of the 3 spin components: 26,
2 A A R A —
S=l¢ = (5),=Tr(Sp) =2Tr [07; + (b- 0)02-] = %‘ij Tr(6;6;) = 2 b,
Geometric interpretation with the aid ’ ( §> _np
of the Bloch sphere of the vector S
b ox (S) (cf. the visualization of polarization vector

spin pure states in Sec. 2.2)

» Thermal ensemble

Hamiltonian parametrization: |H =

€
. 00 N ~ L oA
= B (50) = | TSI 3 S (529)
k

k=0

Tre PH =|2¢ 7 cosh(Ba) = Z(B)| = s = %e‘ﬁﬁ = %[f— tanh(Ba) 7. 3’]

ggz—tanh(ﬁa)g = <§>ﬂ:—§ tanh(Ba)

The average spin polarization is oriented in y
the direction % and increases with 7" — 0 a_ >

» Qubit coupled to environment Ha {"H;
€; p

;

———
Bases in the spin & environment Hilbert spaces: {IM.1Hte

|t . where |e;1(t)), |e; (t)) = some states € Hy
Assume [ T)lea) ? [ Dleir (1)) This defines a special evolution which
| Dlei) = [ Hlei(®) does not affect the z component of spin.
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Separable initial

state: p12(0) = [} (] ®(Z wile;) 620 vy = al 1) tﬁ!w
p1(0) N ~ - p1(0) = (|0fo’i|ﬁ (Ilﬁﬂz>

p2(0)

pr2(t) = sz“@\ lea (E)] DT [Ceir ()] + aB*|eq(t))] 1)L [{ei (£)]|+
NP 0 aBlen ()] DT e ()] + 18P e ()] 1) (e (1)]]
p1(t) = Trapia(t) =

P 10 1St @) el ]wﬂw S wnteslen () eatdles)

1  Swileg®len®)= D)
-%a*ﬁ|¢><T|{EEIU%<6H€u(tD<€m(tﬂej{k%wﬂ2\¢><¢\ ji:un<eﬂeu(t»<ew(tﬂej>

N 7 \ 7

Evolution:

~N"~ ~N"

2o wileir (t)]eiy(t))= D(t)* 1
o af*D() -
« af*D(t - & ~
01(t) = where || D(t)| < w; |{e; (t)]eqr ()] < 1
0= ey o) D] < 3wl lean

» Spin decoherence

A al*+a1BAD@)? (Jaf? o
Tefu(1)? = To ( [LEEEIPIPOR PR DO) ot 4 2jaf|8f D) + 41"
=1 for [D(t)|=1 or af=0

:\(‘O‘P t’ﬁp)?}_\[l _ |D(t)’2lg|@’j|ﬁ|2z{ <1 for |D(t)|<1 and af#0

1 e?OTl] €0,1]

For a large environment, |D(t)| is usually a very quickly decreasing function =

tat ixed state, for ¢t — oo : :
pure state } t { mixed state, 1ot o0 qubit’s decoherence

() =al 1) +51 1) pr=|al?| T [+IB1P L) { |

Parametrization: D(t) = |D(t)|ex® ,_fg ,/’;
Spin initially along direction 7i: ) = |si=+L) = e ¥cos2| 1) +sin?||)

Evolution of polarization vector:
| D(t)] sin  cos[p—x(t)]
b(t) = [ 1D(t)]sin9sinfp—x(¢)
cos 1}

= b(0) = (n1,n2,n3) = (0,0,n3) = b(c0)

= dephasing of the xy-projection of polarization
(e.g., due to multiple Larmor freqs. in mag. field B x¢€,)
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3. QUANTUM-CLASSICAL CORRESPONDENCE

We may say that rough construction of the QM formalism (Sec. 1) and demonstration
of its basic applications (Sec. 2) have been completed now. Before proceeding to more
complex applications, we wish to explore the land on the border between quantum
and classical physics. Quite surprisingly, one often finds here a rather inaccessible
and hardly passable terrain. This is also the reason why the quantum-classical
correspondence belongs to the most interesting topics in physics.

3.1 Classical limit of quantum mechanics

Once a new theory is formulated, an immediate task is to specify the circumstances
under which the old theory is reproduced.

B The singular limit 2 — 0

Physical theories—Ilike various objects in the mathematical world—may be sub-
ject to a limiting procedure: variation of an essential constant of the theory to
the limit in which another theory takes the reins. A well-known example is
the limit ¢ — oo (or £ — 0), in which special relativity changes to classical
mechanics, or N — oo, when statistical physics becomes thermodynamics. We
are now interested in the limit A — 0 (or % — 00). In this limit, quantum
mechanics should peacefully crossover to classical mechanics. However, this
process turns out to be rather tricky. The reason for difficulties is that quan-
tum mechanics is apparently richer than classical mechanics, so a number of

emergent phenomena appears on the quantum side of the border line.**
» Example I: harmonic-oscillator eigenstates
Classical motion () = Tpax(E) sinwt  with period T = 2
——
Vir?
Probability to find the oscillator at position x in

: 2 | dt 1 1
random time: % —| dr = = —————
T ldzx T Tmax(F)| cos wt
. , (£)] |

1/|z
L —

= ;—xmx(E)Q_IQ = pclas(x)E

What is the link to |1, (7)]* = pguant(7)5, | ?

For h — 0 & E,, = const we get n—o00

\\m‘“‘\‘“\“\‘\‘\“m

= infinitely dense oscillations of ¢, (z) <

**This paragraph is formulated in the spirit of some of the writings by Michael Berry.
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It turns out that A R
the smoothened distribution pquant() e, = di f |9, (2')|?da’ LmEN Pelas(T) E

dz
=3

Therefore, the limit i — 0 reproduces the classical case only if the smoothening
of |1y, (x )|2 is performed along with the limiting procedure.

» Example II: coefficient of transmission through a potential barrier

Square barrier of width a and height Vj: parameter v = av/2MVy/h
Transmission coefficient for particle with energy | E = €V}

i\

1

1
1+4€( smh (vV1—¢) e<l
Tquant(ﬁ) - 1 e>1
1—|—m sin?(yy/1—¢) —

0 e<1
1 e>1

> What is the link to Tdas(e):{

>

1

For h—0 (= y—00)

we get infinitely-dense oscillations of Tyuant(€)e>1 € m, 1]
e—|—$
h—0

Only a smoothened coefficient Tyyani(€) = di [ Tonant(€)de’ == Teas(e)

6oie

« Historical remark

1913: N. Bohr discusses the quantum-classical correspondence within the “old QM”
1920’s-present: research of various aspects of quasiclassical quantum mechanics
1980’s-90’s: M. Berry points out the singularity of the A — 0 limit

B Ehrenfest theorem

The question of quantum-classical correspondence was in the main focus of
quantum theorists already in the early days of QM. An important result by
Ehrenfest is often presented as the final answer to this question, although in

reality it represents just a beginning of a still-unknown answer.
» Derivation
Consider a single spinless particle with Hamiltonian: H = 5 Mp2 - V(:;?)

Time evolution of operators in Heisenberg representation:

i = Hlp H] = 15s V(D) = 845 } N { 45 = —VV ()
T

a0 = il H] = gl gypf] = 7 it = P
j;i:- 4 (Lp))=—=9 (Z) = M%a% —VV(Z)|| “quantum Newton law”
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» Consequences

Consider an arbitrary state |ig) = |1)3(t=0)), e.g., a narrow wavepacket.
Coordinate averages (x;(t))y = (V¥s(t)|Tis|s(t)) = (Yul|Zi(t)u|ym) evolve in ac-
cord with an averaged Newton law. In particular: Mj—;(f(t)W — —(VV(Z))y

= semiclassical behavior can be obtained for convenient initial states
(cf. coherent states in harmonic oscillator)

« Historical remark
1927: P. Ehrenfest formulates the relation between quantum and classical dynamics

» Limits of applicability

Spreading of wavepacket (in almost all potentials) = The semiclassical
behavior terminated at a sufficiently long time ¢ 2 7q when the variation of the

force across the wavepacket spread = the force average: |/ {({(F?))y = (F})y

(D Max{ % >¢ij
<Fi>¢ ~ < 3% >
»

“Quantum time” 7q can be estimated from: Max; <‘%‘> 0.,(Tq) ~ <

= where Ax; = 0, (t) is spreading width along x;

)

Phase-space criterion for 7q: Consider =0 state represented by Wigner func-
tion W (&, p,0) in the form of a classical distribution p(Z, p, 0) with the support
S,(0) being a simple compact phase-space domain of volume |S,(0)|. Semi-
classical approximation holds if W (&, p,t) evolved by the quantum dynamical
equation coincides with p(Z, p,t) evolved by the classical Liouville equation.

The classical volume |S,(t)|=|S,(0)] is conserved but the shape of S,(t) usually
becomes more and more complicated [its maximal linear size grows typically
as L,(t) = Lp(O)et/ Tehaos - where Tenaos Characterizes sensitivity of the system’s
evolution to initial conditions]. Semiclassical behavior is terminated when the
fine structures of S,(t) become of the size of “elementary cells” ~ h?
(d=dimension) deduced from the uncertainty principle. At about this time
scale, W (Z, p,t) becomes partly negative = non-classical.

oV
(“)xz-

Schematic illustration:

The classical phase-space 0 A

domain S,(t) becomes —_—

complicated and starts to

interfere with cells ~ h? i 0O
> —

B Role of decoherence

The process in which a quantum system loses its coherence due to an interac-
tion with some “environment” is a hot candidate for the ultimate answer to
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the question of quantum-classical correspondence. Indeed, even if the system
of interest is well isolated from the surrounding objects, its interaction with
omnipresent matter (relict radiation, solar photons, dark matter etc.) or with
some internal degrees of freedom is most likely out of control. Such interactions
often make the system behave in accord with classical physics.

» Classical behavior emerging due to interaction with environment

The reduced density operator of the system interacting with “environment”
evolves in a non-unitary way. In generic case, for t 2 tqecon, a pure state p(0)
becomes a mixed state p(t). This usually has the following consequences for
the Wigner phase-space distribution function:
>
(a) non-classical W (Z, p,0) § () [ldeeohy W(Z,p,t) 2 0 classical-like
. . - o 0, N . .

(b) classical-like W (Z,p,0) >0 1elee), W(z,p,t) 2 0 classical-like
For classical-like initial states the permanent decoherence is likely to preserve
the classical-quantum correspondence for ¢ — 0o (= no problem with 7q).
» Quantum measurement as decoherence? (tentative interpretation)

The decoherence process may be essential for a physical explanation of quantum

measurement. Consider the following scheme based on the coupling:
a)o/:araius

: system
system :

y. . < ‘“interface” <— apparatus
spin 5

quantum mesoscopic  macroscopic E

interface

(a) A “pre-measurement” = system-interface interaction

1) o)1) 11+)

Interface, initially in state |Iy), responds to the spin states as follows: DIy 1)

where |I+) and |I}) are interface states that are almost orthogonal (because of
the interface’s high sensitivity to the system’s spin states and a large dimension
of the interface’s Hilbert space): | (I+|I}) =€~ 0

Unitary evolution of a general [system ® interface] state:

_ (a) _
(W) = (a] 1)+6] 1) @ |To) — (o 1) @ |I}) + 6] 1) @ |1})) = [¥y)
Suppose that the evolution of the apparatus depends only on the interface, not
on the spin itself, hence evaluate piny; = Treys| ;) (V5]:

N (a) N
pinto = |Lo) (To| — |a* [T (L] + [BPIT)L1] = piun
Pint1 18 the interface’s mixed state, which effectively describes its collapsed wave-

function before reading out the result |I;) or |I}) (with a precision determined
by a residual overlap € of the two interface states).
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(b) The actual measurement = interface-apparatus interaction
The apparatus, initially in a mixed state pupp0, responds to the relevant inter-

|IT> <IT|®ﬁapp0’_>|]T> <IT‘®ﬁappT
|I¢> <I¢|®Papp0'—>|1¢> <Ii|®papp¢

scopic “pointer states” which are classical-like (/W 20) and almost perfectly
distinguishable: Tr pappPappt = 0 (to the extent in which (I4|I}) ~ 0).
Unitary evolution of the [interface ® apparatus| state from step (a):

. (b) A .
(P (I + [BPINL]) @ pappo — 1P [IN(T] @ pappt + B (1] @ Papp
The final reduced density operator of the apparatus| papp1 ~ ]a\Qﬁapm + |5 |2ﬁapp 1

This mixed state (mixture of two mixed states) describes two alternative dis-
tinguishable classical-like pointer states & their respective probabilities.

face states as follows: where pappr and papp; are macro-

(¢) The role of observer is to select the single alternative which “actually hap-
pens”. This final reduction might be beyond the reach of physical description.

« Historical remark

1970-80’s: H.D. Zeh and W. Zurek consider environmentally-induced decoherence as
an effective mechanism for the wavefunction collapse

1990’s-present: Examples of decoherence-based quantum-to-classical transitions

3.2 WKB approximation

Not only that the quantum-classical correspondence represents a problem of funda-
mental importance, its investigation also yields an effective approximation method.
The acronym WKB associated with this method stands for Wentzel, Kramers, and
Brillouin, who were among its first independent inventors.

B Classical Hamilton-Jacobi theory

Classical mechanics can also be formulated in a wave form. The appearance of
classical trajectories in this formulation is quite analogous to the way in which
rays of light arise from wave optics. Before we derive the WKB approximation
of QM, we have to outline this classical theory.

» Action as a function of coordinates and time

Action for a structureless particle = functional on the space of trajectories Z(¢):

ty
S[E@®); = / LZ(t), Z(t))dt L(Z,7) = Y32 — V(i) = Lagrangian
to

For a fixed initial point Z(ty) = #y and a fixed final point Z(t;) = & the clas-
sical equations of motion select the trajectory Z.(t) satisfying the variational
principle §S[Z.(t)];} = 0
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Consider a bunch of classical trajectories {Z.(t)} (satisfying S = 0) leading
from a fized initial point (Zo,ty) to variable final point (¥'1,t1).

Action along these trajectories: 4 I

3] —>

(T ) = / 7). ()] dt

to

A\

» Equations for the action

(a) Space variation (¥1,t1) — (¥14+071,t1) :> S — (S+69)
ty
5 = (8o i Vo = [260])" + J (B0, — (422)50] i
N——— ~

K d (oL d oL 0 -~
@t (55 0:) — (G 53 )0wi ey v
9S(71,t1)  OL(Z,T)
. oL = |V S(Z1.t1) =71
855171 aajZ T=Z.(t1) 1 ( 1, 1) D1
. T=Te(t1)

(b) Time variation (Z,t1) — (&1, t1+dt1)

. 85(71, 1)
ds __ 0S8 oS . as _ = = ) _ = =
i o o T T o T {E _p'x]t LT e - THEL A

. N o gt 2
Lty P Tl H )

(c¢) Both equations together = Hamilton-Jacobi equation

Z5(&1, 1) + H[#), V5, S(@1,11),t1] =0 or shortly: || 25 + H(#, VS, t) =

This is a partial differential equation for S(Z,1)

Example: particle in scalar potential: 25+ ﬁ(ﬁS)Q +V(Z) =

» Time-independent Hamiltonian = energy conserved: H = E = const

IS=—FE = |S@t=W(@) -Et|] = HE@FVW)=

The generating function W (Z) can be determined as follows:

—

VIW=p = W(@) =

_ ._,| contour integral along a classical trajectory
p-dx" | from arbitrary initial point Z

gl\&

» Interpretation

S(Z,t) = solution Hamilton-Jacobi equation = (5 = V.S) L surfaces S(Z, t)=const

= classical trajectories are like the rays associated with a “wave” S(Z,t)
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<« Historical remark
1827-37: W.R. Hamilton, C.G. Jacobi introduce ray formulation of class. mechanics

B WKB equations, classical limit, pilot wave

We now jump into the derivation of the WKB equations. Soon, a link to
the Hamilton-Jacobi theory will become apparent. We will then come to a
branching point: one of the paths leads to an alternative formulation of QM
in terms of some non-classical trajectories, the other (postponed to the next
paragraph) to the quasiclassical approximation of standard QM.

» Derivation of WKB equations for single particle in a potential

Rewrite the Shrodinger equation {—5—2(6)2 + V(a?)] (T, 1) = ihZy(Z,t)

with substitution |¢(Z,t) = \/p(Z, t)G%S(x,t)

_% {A\/ﬁ—l— 2—,;(6\/,5)(65)—!—% PAS—#W(?S)Q] egsf_v\/ﬁeég }
=ih f—i—h paS eiid

ot
: — __/p98
Separate Re part ; QMA\/_ * QM[( V= 8\/5 4
Im part : M(V\/_) (VS) — 3 /pAS = hE

2/p % Impart = %+ 4 [pAS + (Vp) - (V)| =

(VS S v

ot M
Re part = —
J=pv
R 1 oS
_W7 \/_+_(VS) +V+ FT 0 continuity equation
Hamilton-Jacobi equation
- + quantum correction * o< A2

» Classical limit

Limit A — 0 = the quantum correction term = we obtain a coupled
pair of classical equations:

(a) Hamilton-Jacobi equation for S(&,t) = velocity field v(Z,t) = ﬁﬁS(f, t)
(b) continuity equation for p(Z,t), given ¥(Z,t) determined in step (a)

These equations describe an ensemble of classical particles with initial space
density p(7,0) evolving in agreement with classical equations of motion.

» “Pilot-wave” picture of QM
In a general case (h #0) the quantum correction term * 2 0 may be considered
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as an addition to potential V(¥) = WKB equations interpreted in terms of
classical-like motions of an ensemble of particles in total potential

Vit (T,1) = V(&) = gy 55 AVp
N——

Vaq (:Cﬂf)

“Quantum potential” Vi (7, t) depends on [¢)(Z, t)|?
= force acting at places with no classical field

= (Z,t) plays the role of a “pilot wave” which
“navigates” individual particle trajectories

= interference patterns appear without abandoning the concept of trajectories

However, V is a strange field (not an interaction with other particles of the
ensemble < acts even for 1 particle) which turns out to have explicitly non-

local character (= non-local hidden-variable theory equivalent to QM).
[w—a (t)]?
Example: Gaussian wavepacket of free particle: p(x,t) = ——L—e¢" 20a1)?

270, (t)2
2 T—T 2
= Vole,t) = g {1 - Bt |

Force increasing with the wavepacket localization
= consistent with the spreading process

«— «— _

« Historical remark

1837, 1915, 1923: General foundations of the method (theory of dif. equations) elab-
orated by J. Liouville, G. Green, lord Rayleigh, H. Jeffreys et al.

1926: G. Wentzel, H.A. Kramers, L. Brillouin develop WKB for Schrodinger eq.
1927: Louis de Broglie formulates the basis of the pilot wave theory

1952: David Bohm uses the idea to formulate a hidden-variable alternative to QM

B Quasiclassical approximation

Now we follow the path leading to quasiclassical QM. This will give us practical
approximate expressions of quantum energies and wavefunctions, as well as
some more insight into the quantum-classical correspondence.

» Conditions for use

The quasiclassical approximation follows from the neglect of the quantum
term in the WKB equation:

. ) . 5 ? O(h°

To derive the conditions, under which this step is justified, we proceed by
o 0(%7 Q)2

analogy, comparing: (a) h’(VS) }terms from {iz} parts of 1D WKB equns.

(b) RIAS
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S(a,t) = + / JIMIE = V(@) — Et -
ZTo v
d%S av h
L= M OM[E—V (z)] A | AV]seorn 2 / \
—= — dx N B << 1
(2_5)2 2M[E—V (z)] 47[E—V (z)] 47 T

This condition is usually satisfied for sufficiently high energy E except:
(a) “wild” potentials V(z) (with |92| very large)

(b) regions near return points (where Z—Z%O and T—0)
dV/dx
T

. . . . dv
(c) regions near generic stationary points (where -, T—0, —00)

» Stationary states in 1D
0 0 as S
% +2 (p%) =0 = p(x)—aff) = const

0

= ||p(x) x \/QM[;_V( == |Uda1(x)| in the classical domain V(z) < F

Quasiclassical wavefunction on both sides of class. turning point zy with V(xq)=FE:

L1 [ \/AME—V (&)|da'— i Et
Yi(z,t) = L i71€ a0 " for V(z) < E (region I)
(2M(E-V ()
+1 [\ /2M|V(2')—Elda'— L Et .
Yn(r,t) = N e ! Vg for V(z) > E (region II)
(20[V(2)-E))

How to connect these solutions at xy where ©» — oo? Bypassing x( from II to
I in the complex plane z € C along a half-circle with radius ¢

starting in region II... ...arriving to region I
following Az =—ee'? from ¢=0... iIN T .to p=m Ax =—ce"=+¢
xr—x0 xr—x0

|| e — — €™ e |4

T lxg T 1Tq
—— (3 ——
~V(—e)—E _ K ~E—V (+¢)

- 7

= the wavefunction prefactor, exponent and whole v change as follows:
3\ (

a 1| ~ it 1/4 A i~ e TN /4
xo ~ xrote
[ V2MV@) =Bl ~0 ( ) 0~ [ 2M[E - V(@)]d
Tro—€ ) o
wﬂ(m, t) ‘xo—s ) e—m/4 1/)1 (I‘, t>|

\ Tot+e
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—ir /4

= 1z, t) given above receives an additional |phase factor e

» Bound states in a 1D potential well

2 classical return points inside the well: | ———————— ® N
forbidden T allowed T forbidden

Wavefunction in the allowed region can be connected to the left or right for-
bidden region II or II’:

using left return point xg;

wI(SC) _ N CM[E-V(z)])” e 1

St
CY.
[\
=
T
=
8
=
8
+
Ll

LN @M=V (@) e {7
Consistency condition:

using right return point xgs

+1 [ \2M[E = V(@)da' — %] - [—% 1 2M[E = V(@)Jda’ + | = 4nm

- o n=0,1,2,3,...

Bohr —Sommerfeld

2/ V2M[E — V(2)]dz' = (n+1) 2R energy quantization
h (derived in old QM

7

Vv . l
§pdz without the 5 term)

» Examples (in which the WKB energies reproduce the exact QM results)

(a) 1D harmonic oscillator
2Mp ;ML o ellipse (5)2 % 2—1Wlth area S =mab= § pdx

_WVEQ OME = (n+1) h @ )
= E=(ntj)hw 1/;::::t?\ s
(b) 1D infinite well k

No access to region II

x T2
= consistency condition reads as: ++ [ V2MEdz’ + 5 f V2MEdx' = kn

To1

with k =1,2,3,... = §mm—%/ EL=kh = E={0p

» Transmission through a 1D barrier N

I /\/\_\ I‘
2 return points on both barrier sides: I
N N S r

allowed T forbidden T allowed ° ° —>

&

Procedure: Assume single exponential in region I’ propagating to the right (flow
jr—). Calculate solutions in regions II and I, determine the incoming flow ji_,.
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WKB approximation 202
of the transmission coeflicient:

« Historical remark

1913: Niels Bohr proposed a model of hydrogen based on semiclassical quantization
1919: Arnold Sommerfeld elaborates the semiclassical quantization = old QM
1924: George Gamow uses the WKB transmission coeff. to explain nuclear a-decay

3.3 Feynman integral

The method of path integration, called after its inventor Richard Feynman, repre-
sents an original reformulation of quantum theory which is tightly connected with
the classical theory. The method elucidates the link between quantum and classical,
but it also serves as a powerful computational tool for some more advanced problems
of quantum theory. Here we just take a taste of this brilliant approach.

B Formulation of quantum mechanics in terms of trajectories

When the classical trajectories of particles were replaced by quantum wave-
functions, we might believe that trajectories became irretrievably outmoded.
Now they return with all their glory.

» Infinitesimal single-particle propagator —_—

3
Free-particle propagator: Go[(Z+AT)(t+At)|7t] = (—%%At)Q

e
Infinitesimal At — O propagator of particle in potential V'
£(EA) =4 (8 V@ i —
3 ip(p AZ
Gl@+AZ)(E+A)|FH] = (52)F en L (T 27) At
3 M (AT)?

= Gol(T+AT)(t+A)| 7] e 17O & (LA V2eh2 & [1— 1V(3)Ad]

It must be so smce the At — 0 limit of evolution operator factorizes:
7 7

U(At) = e_ﬁ[ mv i )}At Q_ﬁ[ —V ]Aie fLV( z)At (from [TAt,VAt]-0)

Uo(At)
» Finite single-particle propagator

Heisenberg representation: |G[Zt|Zoto] = (Zt|Toto)|  |Zt) = eigenvector of Xy (t)

Glat|# ] G[a?lt}ifoto]

G[fﬂfoto] = fzfﬂfltlyz{f t1|I0t0> dxl

f f G |l’n n] R G[$k+1tk+1|$ktk] ce G[fltl‘fot()] dfn R dfk R dfl
~ S————

3 i 3 . 3 L AZ
IR O YRR SRR ARy
2imhAtn, 2imhALy, 2imhAtg
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Assume At = At = Eh :
" = g / £ (##)dt = S[(t)
Y / DI#(t)] - -~ ~
$(nt1) i Z £ (:fk’ M> A
2
k=
= G|7t|Toto) = / / dy. .. _inh(A_t)} e M (@) =(Tn41,tnt1)
Path integral: y

G[Zt|Zoto] = / DIZ(t)] e S [ ’
= functional integral over the space | “‘I

of all possible trajectories 7 (t)
satisfying Z(tg) =2y — ¥=2(t)

» Classical correspondence

The contribution to the functional integral is most significant for trajectories
in a vicinity of the classical trajectory Z.(t¢), for which [0S = 0| (these tra-
jectories contribute “in phase” while the others tend to cancel each other)
Example: free particle SolZe(®)]
8§ M (Z—i))?
2

2 9
=, = 2 £ . . .
Gozt|Zoto] = [W%] eh 2 t-ty = non-classical trajectories canceled out!

For i — 0, this is true for any potential: G[&t|Zyto] o e # ()]

<« Historical remark
1948: Richard Feynman derives the path-integral formulation of QM

B Application I: Double-slit interference

To illustrate the method of path integration, we return to the double-slit exper-
iment (see Introduction). A bonus of the present treatment will be an elegant
explanation of the so-called Aharonov-Bohm effect—the fact that magnetic field
confined in a compact domain between the slits causes a shift of the interference
pattern irrespective of the particle absence in the field domain. Let us stress
that the calculations in this paragraph are rather schematic.

» Path-integral formulation of the double-slit interference

_ . _ Za = (0,+9)
Emitter #y = (_—s ,0) — Slits o (0’ gl> — Screen ¥ = (1, y)
Vv B = y 9

——00
Assume the initial state (t——o00) a Gaussian wavepacket with average momen-
tum p = (Mv,0) and width /6, = Ap < p = on the slit plane we get a
~ planar wave with ~ sharp wavelength \g = %



120
Trajectories divided to disjunct subsets {Za(t)} & {Zp(t)} passing slits A & B
Glatlats] = [ DIEa(®)] e #5H0) 4 [ Dlag(t)] e R0

Only the classical trajectories contribute to the (almost) free propagation:
i Mv? i Mv? ] i Mv?ta+tp [ i Mv?ta—tp i Mv?ta—tp
B 6+h

G[Zt|Zotg] o< |[eh 2 ™ 4 eh 2 2 2 +eh 2 2

’U(tB—tA) ~Y
T =

i Pscreen(Y) X COS (27T or 4ly) = Ay=12 ZAp interval between
<~

“wo minima/maxima
Classical limit = Ay — 0

(local averaging needed)

1/As

» Aharonov-Bohm effect

Consider an ideal electric coil placed in between both slits A & B. The coil is
oriented perpendicularly to the plane defined by emitter & both slits, with the
section area S. Magnetic flux ® = B S is confined inside the coil. The area S
can be made arbitrarily small and the coil can be shielded against the passage
of particles—in this case the particles have no chance to experience the field
B . In spite of this, the field has an influence on the interference pattern:

In general, vector potential A(Z)#£0 even where the field induction B(Z)=0.

) | sBré,  r<R (region of B#0)
For a cylindrical coil of radius R:  A(Z) = { UBR1, 12 R (region of B0)

Lagrangian of a charged particle: | £(Z, %) — L(Z,7) + ¢% - A(Z)

—, | = %<M2v2 tA+QfﬁAgAdt> %(MQUQ tB+qf6BA'Bdt>
G[Zt|Zoto] ox |e A +e ?

[Tn-A dt—va Agdt = §E-df:<1>
A

-

B M 2tA tp [ i [ M 21‘,A—tB )
o |erE (AT | (250 +%)]

i | r’
= pscreen(y) o cos? <§—7BT4% Y+ %) I

Interference pattern shifted although the
particle may never enter the region B # 0

« Historical remark
1959: Yakir Aharonov & David Bohm discover the effect of elmg. potentials in QM

B Application II: Quasiclassical approximation of quantum state density

This application concerns the evaluation of the density of discrete energy eigen-
states for bound quantum systems. While the quantization of energy represents
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a genuinely quantum attribute of such systems, a density of levels in the quan-
tized spectra turns out to be determined solely by classical properties.

h smoot hened

» Density of energy eigenstates ~functions \
/N~

E). = discrete energy eigenvalues of a system

Density of states || o(F) = Z (FE — Ey)

Es
It is indeed a density in the energy variable since [ o(E)dE = Nig, g,
By
= number of energy levels in the interval [Ey, Fs)

Exact state density contains complete information on the spectrum
= also on the evolution operator of the system

» Relation of state density to propagator

Expression |§(z) = 51—1>%1+ 1= = oF)= 51—i>%1+ < ; TTEEE
= g | Y | = Ll [ @)
1 L +foo (Z|G(t)|T)etiBt/hdt
Tr e h 0
E—H+ie
Green operator | G(t )—ngﬂ J m —iBt/h dE= lim G(t)e

00 Propagator
o(E) = L Re / / G(Zt|T0) ™+ dt d7 (7G(1)|7o) = Gt 70)
= Feynman integral

» Expression through classical orbits

Level densities are usually determined in more or less smoothened forms. Such
dependences contain components of different energy scales. In general, the
exact level density can be decomposed into two basic parts which are evaluated
separately:

— / 00o(F) = smooth part
o(E) = oo(B) + g(E) | where { o (FE) = oscillatory part

The smooth part (with a slow energy dependence) will be computed below.
The oscillatory part (a fast energy dependence) is given in the form of so-called

Gutzwiller formula (not derived here), which is a sum over periodic orbits:

o= identifier of periodic orbit

00 r= number of repetitions of o
T,= basic time period of o

( ) + ¢0] where |M,|= a stability measure of o

r=1 So(E)= action along o

¢o= a phase connected with o
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For a C&Vlty: l,= geometric length of orbit o

1 1 > 7= 1 9 To(E)= its time period at energy F
ﬁSo(E) =% fdeU: % 2ME lo =7 TO(E) E A,(F)= variable wavelength of the energy
——

3 LA __mh
N oscillation: AO(E)—TO(]E)

Téﬁgli ((looi B Siffgt} oscillations
of o(F). Very long orbits, yielding A, < (E;11— F;), can be cut off. The
summed o' (F) results from an interference of terms corresponding to several
relevant (stable) orbits (= beating patterns).

} periodic orbits (L= cavity lin. size) cause {

» Smooth part of the state density gy(F)

Derived from the contribution GG;—( of zero-length orbits to the path-integral
expression of G(z't|Z0), i.e. “orbits” corresponding to the particle at rest
(for nonzero potential these are not classical orbits)

: o : M \3 ; %ATJEQ_V@W]
We will compute ) Gi—o(Zt|70) = AI%IEO (327)
00(E) = % Re {f [ Gieo(Zt|T0) eti®t dtdf} =
| MO 3 T s %{%Aﬂ E-V(@)
:?AI%IEORG{(mwh) f{i 26\*, ehn dtd }:
; % %[”Af% t} . ) )
Trick x = (5=7)° [ e dp (Gaussian integral)

@o(E)=%//5 [E—%—V(f)} didp)| o(p)= [[e [E—%—V(f)} d7 dp

Q(E) = phase-space volume available
for particle with energy < F

» Analogous result for general systems (with 2n-dimensional phase space),
e.g. for N-particle systems (with 6/NV-dimensional phase space)

~Number of states (E)dE _ idQ(E) dE Phase—space volume for interval [E,E4+dE)]
in interval [E,F+dE] Qo o h  dE in units of elementary quantum cell

1 ... infinite square well

» “Cavities” of general dimension n = {g - billiard
... cavity
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iQ FE)= ) E—ﬁ dx dp = Vn ) E_p_2 n—1g4 0 d@zx/nﬂsﬂ n—1
iESUE) ff [ ZM] T ap ?g&:ff [ zM}p pf(0) 1o 2P0

" polar /spher. sphere
volume 20 5(p—po)

angle(s) surface

E—1/2 " — 1 \/
00(F) x E% ={ E° n =
E*12 n=3 \

>

<« Historical remark

1912: Hermann Weyl derives a formula for the density of resonances in a cavity
1927-30’s: Development of semiclassical methods in the level-density evaluation
1970: Martin Gutzwiller derives the “periodic-orbit” formula

4. ANGULAR MOMENTUM

In Chapters 1 & 2, orbital and spin angular momenta of a single particle were
discussed many times. We saw that angular momentum operators play an important
general role in quantum theory, being generators of the 3D rotation group. However,
the development of a complete formalism for angular momentum, including the
theory of its coupling, has been postponed till now. In this chapter we are going to
discover the importance as well as elegance of the “rotational segment” of QM.

4.1 General features of angular momentum

Employing just basic algebraic features of general angular-momentum operators (i.e.,
the well-known commutation relations between the components), one can derive a
great majority of the relevant physical properties.

B Eigenvalues of angular momentum projection & square

The debt of Chaps. 1 & 2 is now ready to be paid back: The familiar, frequently
exploited properties of angular momentum eigensolutions will be finally derived!

» Angular-momentum ladder operators

General angular momentum operators J = (jl, j2, jg) satisfying:

~ - - . 3 3
[Ji, JJ] = ihsijkjk = [JZ, Zl Jf] =0 where Z
J:

j
7 - _ hz a 1 .
Simultaneous eigenvectors parametrized as { "7 m) J (‘7+ Jim)
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Introduce operators ji = jl + z'jg

[J2 Ji] =0 = JAi do not affect j A )
[Jg, J ] [J3, Jl] +3 [Jg, JQ] = Zh(JQ F ZJl) +h (Jl + iJQ)
—— = ————

ihes1aJa iheso Ji Y

[Js, Ju] = £hJs| =general relation [0, Tao] = Ao T, for ladder operators

JaJe|jm) = Ju Js|jm) £hJi|jm) = h(m=+1)Je|jm)  shift by

hm|jm)

» Possible values of quantum numbers
j12 + j22 = J? - j?? = positively definite operator
(J+ J3)jm) = BP[i(j+1) —m?ljm) = —/i(G+1) <m < +/5(+1)

>0

= 3 values my;i, and mpy. such that j_\ JMpin) = 0 = j+| JMumax)

To determine my,;, and Mimax, We proceed as follows:
A A L <]—|—A ‘]mmln> =0= J J+‘]mmax> A L
(JE+ J3 +i [Jodi— JJo]) | mumm) = 0= (J} + J3 +i [J1Jy— JoJ1])| j70max)
J2—J§ ih6213J3 JZ—J32 ’ih€123J3
+mmin(_mmin+1) mmax(mmax+1)

N\ N\

(j +1) mmln + Mmin = O - ](]+1> rnax — Mmax

Mmin = _j Mmax = +]

the other solutions ¢ [—+/j(j41),4/7(5+1)]

Therefore, the action of Jy on |7m) proceeds according to the scheme:

X i, g, j. i
0 i ¥ ‘mm.in,> = |j (Mmint+1)) f ------ i |J (Mmax—1)) i |j ,mm.aX,> ?0
—J —j+1 +5—1 +J

This chain is closed uff 7 =0,

» Eigenstate normalization condition

We determine the normalization coefficients ./\/']jfn for the vectors obtained by
the action of the ladder operators:

Jeljmy = N |j(m=1)) Jo-Jzendy
L= ((mED)]i(m+1)) = g (im] = T2 [jm) = h [J<J+|J1\)G%lrg<m:ﬂ)]

Jilim) = hn/j(j+1)—m(m=£1) [j(m=*1)) ensures Jy|j(£5)) = 0
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B Addition of two angular momenta

Consider an angular momentum vector which is a sum of two partial angular
momenta (like the total angular momentum obtained from spin and orbital
momenta of a particle). The system can be characterized by eigenvectors of
the total angular momentum as well as by eigenvectors of both partial angular
momenta. The relation between both bases is just a unitary transformation.
» Separable angular-momentum basis

Lo HW .
H=HY@H?P with 2@ } = Hilbert space of { 72)

[T T = ihe b ™ | with m,n = 1,2

¢ J

{j(m, jél), J@2 j:g?)} = complete set I = {|j1m1>|j2m2>} = basis 1

» Coupled angular-momentum basis

Total angular-momentum operators J = JV4 @

me”kﬂ” e I i Ji=JYe @4 jOg j@
=TT 5L 0 T N
iy 0] = [T, 00 4+ (02, 0P = iheyi (JV+JP)  standard commut. rel.
~ ~ [ 1)2]:[J37J(1)2] [Jg J 1)]
= [JQ, J3] = U= { [ 2)2] [jg’j(2)2] but [Jz 322)] 7é 0

{j(1)2’ j(2)2’ j2’ j3} = complete set II = {|J1]2]m>} = basis II

» Possible values of total angular momentum

Allowed values of j obtained partly from
dimension considerations

Basis I has dimension |d = (2j;+1)(272+1)

= the same dimension required for basis II

This helps to determine the bounds of square states

q. nums. of total ang. momentum j € [Jin, jmax)

( ) J3 Jg +<]3( = Mpax = Mmaxl T Mmax2 = j1+j2 = jmax — jl +]2

(b) The determination of minimal j from the dimension criterion:
Number of states for j = { ;)1 """" Jmax 1S ds = QM—I— Jmaxtl = (Jmaxt1)?

.......

The surplus: ds —d = (j1+7ja+1)>—(251+1)(252+1) = (j1—7j2)?

Number of states for j = jumin...Jmax 15 d = (Jmax + 1)2— 725, = || Jmin = [J1 — 72|
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» Unitary transformation between bases I and 11
Clebsch— Gordan

+71 + 72
' coefficients
gm) = 0 D0 Chnmlimilama) |
mi=—7j1 Ma=—Jo jimiiomsg =(jimijama|jm)
=(j1majamaljijzim)

= cim =0

Jimijama

m # mi+mso Or }
J & [lj1—2Jal, j1+7o
» Some properties of Clebsch-Gordan coefficients

(a) |CI™ € R| (by convention)

Jimayjame

(b) From reality we get: (jimijamal|jijeim) = (j1jajm|jimijoms)

JitJ2

= ||[j1ma)|jama) = 5 E s jyms [ T1723112) inverse relation
J=lj1—j2| m=—Jy

(¢) Multiply udagm)y =3 Cosmldima) | jama)

-/ !/
] m my,m2

(J1jeg'm’|= Z C ot o, T [ (2|

m17m2

= Z ijﬂ“ iamaChimyjgms = 0jj0mmy | orthogonality relation I

mi,m2

(d) Multiply N i) | jame) =30 CI L Lngagm)
Grma[Gamb = 32 CF i im (125 | o

J'm

jm . . .
= Z C’Jlmmm2 jlmm% = Opmym;Omym;, | Orthogonality relation II

The followmg relations we give here without the proofs:

(e) C]]ﬁmgmrz— (=) o C]J:;mlml exchange of indices I
N——
+ Special case: ijf’fnulml— 0 for (j—2j;)=o0dd
(f) C’jmmm— (—)—m w/;j;rllC 175113( 2) ) exchange of indices II
+
(8) Cjﬁm&mz_( )) le< m)lm( ma) sign inversion
+ Special case: C/° 2 0j,0= 0 for (j—j1—Jj2)=0dd

» 3j symbols

SN J1 J2 J3 ) = (=)y1izmms 3,.3(_713)
Deﬁnlthn. (ml mo mS) — 2]3_'_1 C]1m1j2m2

These coefficients represent just a more symmetric form of CG coefficients:



i s e i d : +1
(77]111731227%%3) =€ (ﬂ%ijfu?]?%) with e = {
( Ji J2 Js ) — (_)j1+j2+j3 ( J1 J2 J3 )
my1 Mmoo s —mi —1Mmo —Ms3
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for even permutation

» Construction of Clebsch-Gordan coefficients
The way how the CG coefficients can be calculated

(—)71132%33 for odd permutation

Jeljjegmy = [JP IO+ 10 JP] T i jima)jams)
h/j(G+1)—m(m=E1)|jijeg(m=E1)) = o
hoY VAl D) —mi(m£)C o i (my 1)) | jamy)
+ S VG D) —ma(maE )OI fima) | ja(ma 1)

Multiply by (j1m/]|{jams]

mi,m2

=

Vi(G+1)—m mil)C’jlm i m_Z\/Jl j1+1)—m1(m1il)CﬂzQOQ(sm’l(mlﬂﬁm’zmz
mi,ma
J;L%\/h j2+1)_m2(m2j:1)szln1]2m25m’lm15m’2(m2ﬂ:l)
1,162
After ;nl }»—>{ my we get the following recursive relation
g (med) \/]1(]1+1)_m1 (mﬂﬂl J2(jrtl) 7772 mﬁl
Jjimijoma (jH)=m(metl) J1 mPFl J2m2 J (L )—m(meL J1m1J2(m2:F1)
jm _ \/jl(j1+1)%1(m1¢1 j(meFl) \/Jz ]THFWQ mm j (i)
Jimijomae J (L )=m(mFl) J1(mFl) ]2m2 (HHL)-m Jimaja(moFl)

This relation enables one to construct the CG coefﬁments using the fact that

S . . . . . i (i
|]1]2]max (j:]max)> = ‘]1 (i]1)>’]2 (i]2)> = j&(i;d);z(i)jz) =
» Example: coupling two spins %
h=h=3 = Juax=L jun=0  vallt0)  BCHH =1
1 11 TN T ETRNTE 11\ (7211
3311)=l33hl33)2 = J-l3311) = (27 05300) [a302 + 15201 (V27 153)2)
The state |351(—1)) known and |5300) obtained from orthogonality to |53510).
In summary:
-
3310 = [5(+)hl5(+3)):
11 11|T>E|?>211 11/ 1y [L1/_1
2310) = FLREINEGD+a EGINEE L
o o |%>1|T>i 1)1l
531(=1)) = [z3(=2)hl5(=3))2
[1114)2 ,
100) = LD~ BEDhk(D), | singlet
1112 1142
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B Addition of three angular momenta

Coupling of k>2 angular momenta is trickier than the k=2 coupling. In general,
the summed momentum operators J2 and J3 must be supplemented by (2k—2)
additional commuting operators to form a complete set. For k=2, as seen above,
the two additional operators are just the JW2 and J22 squares. However, for
k>2 one has to find more than k£ additional operators; hence the squares of
partial momenta do not suffice. The choice of the extra operators is not unique.

» Total and paired angular momenta

(1) (1) N N N
H=HYDHDxHC ;fg } o { §(2> = [Ji(”), Jf”] = ihsijkéan,E")
H J®

Total angular momentum: J J J —I—f 3) A ) )
Paired angular momenta: J(”l) J( )-I—J() = f(12)’ j(l?’), J(23)

N N A(nl) A(nl) —ih 2(nl)
Commutation relations: [Ji, J;] = iheijp ), { [{Z(m){j(n/,% Hesik e
1 o1 [J;", " 7140 for ni#n'l

Compatibility: P

[Jz J(1)2] [Js J(1)2] [Jz J(23)2] [JS J(23)2] [jQ j(l)] [jz’j§23)]
[j2 jg] [Jz Jj@ ] [J je@ 2] [Jz j(3) ] [J J(13)2] [Jz s ] £ 0 # [j27j?()13)]

JQ J(3)2 J. J(3)2 J2 J(12)2 J(12)2 2 3(3) 79 7(12)

2702 = [, T2 = J=[s 022 [0 [72757]

» Different coupling schemes
Several complete sets of commuting operators & associated bases:

JO2 0, JO2 G2 JO2 D =i jamo) jams) .. basis T
J(1)27 J( )27 J(g) , J(23)2’ J2’ J3 = ‘j1j2j3j23jm> ... basis II
JW2 g2z @2 Ju32 g2 J. = |jijajzsizim) ... basis III
J(1)27 J(2)27 J(3)27 J(12>2’ J2’ J3 = ‘j1j2j3j12jm> ... basis IV
Generation of the coupled bases (ILIII,IV) from the uncoupled one (I):
rgadsiasim) = X Ol livmn) X CIRUR,, |iama) jams)

my,ma3 ma,m3

. N . I
= 2 lemljzsmzscjjinzjgms‘]1m1>‘]2m2>‘j3m3>
my,m2,ms3
ma3

.. similarly IIT & IV
Relation between coupled bases:

1dagajasim) = (=) ST /(2as+1) (212 +1) { 27292 1|y jagsnagm)

J12

6j symbol

<« Historical remark

1866: A. Clebsch & P. Gordan introduce CG coefficients for spherical harmonics
1930: P. Dirac presents the algebraic treatment of angular-momentum operators
1940, 1942: E. Wigner & G. Racah analyze coupling of >2 angular momenta
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4.2 Irreducible tensor operators

Transformations of the quantum Hilbert space induced by spatial rotations motivates
the introduction of operators with a privileged form of transformation. These are
spherical tensor operators of various ranks. The knowledge of the tensor calculus
enables one to build up operators with required transformation properties (e.g.,
scalars) and substantially simplifies some calculations.

B Irreducible representations of the rotation group

Any rotation, expressed by a 3D matrix R, can be equivalently characterized
either by axis n and angle ¢, or by 3 Euler angles «, 3,~. Associated with R is
a transformation operator EREéﬁ¢Eé(&67) in H. The action of this operator
in angular-momentum eigenspaces spanned by vectors |[jm) is described by
a hierarchy of Wigner matrices, which for each fixed 7 form an irreducible
representation of the rotation group. QM therefore provides a fundamental
platform for the realization of this group.

» Factorization of rotation operators

Rotation around 7 by ¢: operator | Rg = R~¢ = e“('] n)¢ =+ }A%Z}?yﬁ?m
Expression of a general rotation via Euler angles: 3 successive rotations
(1) around 7, by «
(2) around 7, = Ry 47, by 8 =
(3) around 7, = R 1. by v

Aﬁ Yy
R(apy)  R.(y) R, (B) R:(a)

Using identities
R.(1)=Ry (B)R.(7)R, (B)
R,/ (B)=R.()Ry(B) R ()
ie, eg., Ry(B)R.(a)=R.(a)R,(B),
as shown on the right:
we obtain a factorized formula
in fixed coordinate system xyz:

R(aBy) = R.(a)Ry(B)R.(v)

z= z

» Wigner functions
Action of rotation operators in the space spanned by angular-momentum eigen-
vectors |jm) = for each fixed j we get a representation of the rotation group

Rlafy)ljm) = > Gm/|R(ay)ljm) li'm'y = 3, D Dhvm(0B7) 1i'm)

jlml

d; /Din (aB) i Wigner funct1ons
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D’ (afy) =matrix of |dimension 2j + 1 d ., (B)

m'm
7\

N\

D% i0) = D (R)=(jm/ [ R () Ry (B) Re ()| jrm)=e et (! | R, (8) | jm)

=

Matrices of Wigner functions form irreps
of the rotational group for individual values

(d) group multiplication = matrix multipl.:

J = 07 %7173727 273
(a) identity ¢=0, (b) inverse p=—a,
D!, (ReRy)=3"D/, (Ro)D’,. (Ry) ‘

» Clebsch-Gordan series for Wigner functions
Action of rotation operators in the Hilbert space of coupled angular momenta:
H=Hi ® H = R =R R
LN (aBv) = Ra(aBy) @ Ri(afy)
irrep 71 irrep jo
Separable basis |j1m1)|jame) = |jim1jams) and coupled basis |jj27m)
(jimajama| Rl jim) jamb) =
( . ~ . . ~ .
{Gima| Ryl jimy) (Gama| Reljams)

J1 Dj2
m1 ml mo m2

> Z <Jlm1j2m2\]1]2jm> <J1]2]m|R|J132] 'm') (J1j25'm’|jim jams)

jm j'm’ - & e
cIm d; /Dinm, crm

\ jimygoma jim/ joml

JitJ2
=4 D#L m1 (R) DiYQL mQ(R) - Z Z C0177”01]2m2 ]1m1]2m2 DJ <R)

J=li=gal N =—j

This relation between Wigner functions determines the decomposition of the
product rotation-group representation (coupling of irreps corresponding to 7
& 7o) into a direct sum of irreps: D' @ D7 = Dkl g ... @ DULt72)

B Spherical tensors

We are ready now to understand and appreciate the introduction of spherical
tensors, i.e., objects (in our case operators) which transform according to a
single irreducible representation of the rotation group. Spherical tensors have
some favorable properties that make them mathematically more convenient
than the familiar Cartesian tensors.

» Cartesian tensors < Cartesian transformations under rotations
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th .
n'rank tensor: T > ij E R“/RN/RW Tz”j’k’...
n indices V'K Cartesian rot matrices

ijk=1,2.3
Representation of the rotation group on Cartesian tensors is reducible
Example: 2nd rank tensor:

_ 1 LT 11 - each part
1 Ter” T Z[TU ”] Q[TW + T — 3T 5”/ = { constitutes irrep

Vv
bcalar antmymmetrlc tensor  traceless symmetric tensor

» Irreducible (spherical) tensors < transformations by Wigner functions
A rank spherical tensor A rank spherical tensor operator

A A A D A p—1 A A
T)y=> _ Dy,R)T) ReT) Rg'=> D) R)T,
W W

Infinitesimal rotation: N
5}% SR! l)ﬂ, (51{)

4+ (w68 T I — (- 7)66] = X Ol |[F + £(7 - )36l

A 5 . w
= (T )T = SOwIT ) A T
W
= An alternative (more useful) definition of the spherical tensor:

A~

A
w

{J},,Tﬂ = fL,uTﬁ [ji,Tﬂ = h\/>\()\+1)_ﬂ(ﬂil)Tuil

» Example: Cartesian &: spherical vector

Cartesian vector operator V = (V1,Va,V3) = RpViRZ' = Z RUV

j=
Infinitesimal rotation around k' axis leads to the identity:

Vi + %6¢[jk, V] =Vi—060 X eri;V; = |[J, Vi] = iheri;V; | alternative definition
' of Cartesian vector

j
Spherical components of the vector operator:

‘A/jrll = - \/Lé (‘71 + iV ) saiciszyl spheriAcal Atelznsor commut. relations
o= T Jg,V}:[Ji,V ]:o
Vi = +5(Vi—ilh) TV } Nolnis [ji,f/ol} — V2RV,

The same relations hold between Cartesian components of a vector wavefunc-
tion (spin-1 particle) and amplitudes of the ms=0, £1 projections (see Sec. 2.4).

» Coupling of spherical tensors

Let flﬁ} and Bﬁg be spherical tensors of ranks Ay and Ay

= Ti — Z Ci\fm,\mAAlB)\? = [AAl X B’A?]ﬁ = spherical tensor of rank A
M1, 42
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A A~

- A D —1__ Ap D A\ > )\2 1_ AL )\1 Ao A D2
R uR _ZC/\ml)\zuz R A R R B i , =2 /ZC/\I,Ul)\ZMZ ululDuguzAulBug
HH2 ;r A V H17M2M17M2 i 1,11
1 AM 1 N b\ Az
Z/l pym ey Z/ "2”2 “2 %,: Z,,C 1l Mgy " ArraAome ! ul!
_ Ap "’ ! N AN RA2
Z/ZH /Z ZC)\1M1/\2NQ >\1/~L1/\2M2C)\1M1>\2M2D "AMBM R
AW fo. i Tlf,
6M7§uu” 74 A DA
_ H 1 2 A A
ED e AMBY = S DA

Avpy Aoy Ty T - wp
M17M2 a

Conclusion: coupling of spherical tensors leads to other spherical tensors with
ranks determined from the usual angular-momentum coupling relations.

Special case: scalar coupling

AL lar product
A x BM)= o ANBA = yayB,
[ ]0 Z /\uA W \/2/\4— Z of tensor operators
(A n L 4
V22+1 (A*B)‘)

B Wigner-Eckart theorem

If spherical tensor operators are written in the angular-momentum eigenbasis,
the corresponding matrix elements exhibit interesting properties: a large part of
elements vanishes, the remaining ones satisfy certain relations. The rules behind
this behavior come from the coupling of angular momenta. This is rather useful
for instance if the amplitudes for a given multipolarity transition (represented
by a tensorial transition operator of the respective rank) are computed.

» Properties of matrix elements of spherical tensors
ajm)} = angular-momentum basis with a denoting remaining q. numbers
J g g g
a'§'m’| T ajm) = matrix elements of a general spherical tensor
J ol g
Application of the definition properties of spherical tensors:
(@) ol [, T,) e Jagm) = h (' —m) — )] o' (T ajm)

_0 —0 ;6

= m+pu=m'

(b) <a’j’m’lifi,Tﬁ]—h\/A(AH)— (ut1) T} w1 |ajm) =0 =
%
VI 1) —m! (m'F1)(a "’(m’Trl)ITAIajm>
—/j(G+ 1) —m(m=E1){d'j'm'|T}|aj(m=1))
= \/A(Ml)—u(uil)(a’j’m\ illa]m>

<afjf(m':p1)|T;\ajm> =
VAL | T aj (1) + ) AT (| T ajm)

J' (G )=m! (m/F) (G )=m’ (m51)
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» The last relation can be compared with the recursive relation for the

Clebsch-Gordan coeffs. (Sec. 4.1) with substitutions 71 } { Jim
J2,ma2 — .7\7/1/
J,m J,m
g (mFl) j(ﬁ—l)—m j'm’ (M) 3'm’
Cimw = \/ Aoy Comaty \/ e ey £ F

With replacement | {a’j'm/|T :]ajm> & 4™ |both relations are the same

jm)\u

= matrix elements (a'j'm/ \Tmajm) for fixed 7, A\, j' can be constructed from

the same recursive relations as the corresponding Clebsch-Gordan coeffs. C‘;Wﬁ u
= <a’j’m’\T/f‘|ajm> C]mw

» Wigner-Eckart theorem <a'j’m/|le\|ajm> \ﬁ (a/]'||T/\Ha]> jjn’g\u

reduced
matrix element

This means the following;:
(a) The dependence on projection ¢. numbers is just that of the CG coefficient
(b) The dependence on 7, 7', A is involved in the so-called reduced matrix ele-
ments = (a'j'||T*||aj). Their values (independent of m, y, m') cannot be deter-
mined just from the algebraic properties of angular-momentum operators but
need to be evaluated for each particular case.

J—A <7 <@G+N

Selection rules for {a'j’m/|T3|ajm> # 0] are: m+pu=m

« Historical remark

1927: E. Wigner introduces D-matrices and applies the rotation group in QM
1930: C. Eckart publishes and applies his formulation of the W.-E. theorem
1942: G. Racah further extends the use of spherical tensors in spectroscopy

5. APPROXIMATION TECHNIQUES

As in any other branch of physics, realistic calculations can be seldom performed
exactly. Various approximation techniques are of primary importance.

5.1 Variational method

In classical physics, variational principles represent an autonomous formulation of
the fundamental laws of nature. The role of these principles in nonrelativistic quan-
tum mechanics is not as important. Nevertheless, they constitute a very useful
approximation method.

B Dynamical variational principle

Let us start with a variational formulation of the dynamical Schrodinger equa-
tion. Trying to keep the formalism parallel—as much as possible—to that of
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classical mechanics, we employ the notion of independent bra and ket varia-
tions, which may seem a bit counterintuitive.

» We search a quantum analog of classical variational principle

to . I
6 [ L[Z(t), Z(t)] dt =0 with boundary conditions { 0z(t1) = 0 = 2(ts)

i 0L(tr) # 0 # 62(to)
( ket variation |§1)(t))
ts A 09(81)) = 0 = [0(t2))
6/<¢(t) ’ih% — H’¢(t)> dt =0 with ¢
7 bra variation (§v/(t)|
t - i L[ (09 (t1)] # 0 # (09'(t2)]
I Lovoling—Ato)+ ) ling~ Ao )] de

We consider the variations of kets and bras
independently, distinguishing 4 different entities:

Op()] < [09(1)) & (09'()] < [09'(1))
The only correlation between [0 (t)) and (d¢'(t)|
is through the conserved normalization (¢|¢) = 1

= 6(|v) = [ {(0¢' ()| ()) + ((8)](1)) =0

» Proof of the variational principle (we show that it implies Schrédinger eq.):

Fl(6uolimg - oy + ing - fsotw) |

tl \ 7

~"

(00 (t)|ih-%—H|1p(t))*+ih L (1b|0v) 0

. f [<5w'<t>\m% ~H0) + (s(0)ind — fffw(t»*] dt + i T(Iov)

L0 V(60 (t)| & (89 (t)| (with the above constraints) | = (m% - H) (t)) =0

» Note: If (6¢/(t)|=(01(t)| (kets & bras varied in the same way), we would
only get Re(dv(t)|ihs — H|(t)) = 0, which would not imply Schrodinger eq.

An alternative treatment of the variational principle (without independent bra
& ket variations) is possible if the variation is performed only in kets (or bras):

0(plihg — H|v) = (Vlilg — H|6v)
B Stationary variational procedure

The dynamical variational principle for nonrelativistic QM, derived in the pre-
vious paragraph, is not very impressive. Indeed, the Schrodinger equation can
be recognized in it already before its formal derivation. On the other hand, the
variational techniques are rather useful for stationary problems—in approxi-
mating the lowest eigenstates of complicated Hamiltonians.
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» Transition to stationary problems
Assume [1(t)) = e~ wE|y)) = [B(e))=e 7" |3)

to

f [<5¢'<t>|¢h%—ﬁw<t>> COlint — Ao d

tq

- | @1 ti) + (iE—ow)) it = (1) StulE—Hl) =0
(| E—H|y) #0 1o

» Variational principle for stationary problems

SWIH-El) =0f & @AW =0 & @)=
with a Lagrange multiplier with explicit normalization constraint
6 [{wlf10) - Bwlv)| =0

If the above variational conditions are applied in the whole space H, they yield
the ground state. To obtain the first excited state, the conditions must be
applied only within the orthogonal complement in H of the ground-state energy

subspace. Increasing restrictions are needed to get higher excited states.

» More practical formulation

Define || F(¢) = M = functional on H j

(¥[¢)

= ground-state energy || Ey = Min {F(¢)}yen

Proof: [)=> a;|E;) = F()=>_ loi|2E; > Ey

Define H") = orthogonal complement of #, (= ground-state energy subspace)

= 1% excited-state energy || E1 = Min {F ()} ) cno

Proof: [)=>"ay|E;) = F(W)=> |a|?E; > Fy

i>1 i>1

Et cetera for higher states...
» Ritz variational method

Choose a suitable (for the given H) subset of test vectors |¢)(a)) controlled by
continuous real parameters a = {ay, as, ... a,} forming a domain D, C R".

(¥(a)|H|¢(a))
(W(a)ly(a))

Functional F (i) — Function | F(a) = on D,
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The search for an approximate ground state, and eventually also for approxi-
mate excited states, is performed within this set of vectors:

Ground state

Min{F(a)}acp, = Ey > Ej ...estimate of the g.s. energy, and the corresp.

an)) = ) ~ ...estimate of the g.s. eigenvector
Excited states [¥(@o)) = |¢0) ~ [o) & &

If the set of test vectors is sufficiently rich, select a subdomain Dgl) C D, X
such that (1(a)|¥(ag)) =0 Va € DY

Min{F(a)}, . m = E, > E, ...estimate of the 1% exc. energy, and the corresp.

lih(ay)) = [01) ~ [1h1) ... estimate of the respective eigenvector
Et cetera for higher states...

« Historical remark

1909: W. Ritz publishes a method for solving variational problems

1926: E. Schrodinger uses variational arguments in derivation of stationary Sch. eq.
1930’s: P. Dirac, J. Frenkel et al. formulate dynamical variational principle of QM

5.2 Stationary perturbation method

The stationary perturbation method is very useful if the actual Hamiltonian H is
just a small modification of a simpler Hamiltonian H,, whose eigensolutions are
known. The difference between both Hamiltonians represents a perturbation which
is quantified by a dimensionless parameter \. If expressing the eigensolutions of H
as power series in A, one may believe that high-power terms will naturally die out.

B General setup & equations

The perturbation method is entirely based on a few general equations that can
be easily derived.

. unperturbed
» Formulation of the problem part perturbation

. e ”
We search for eigensolutions of Hamiltonian ||H = Hy + MNH'

Dimensionless parameter || A < 1|| = we deal with a “small perturbation”

We assume that the scaling of H by parameter \ was performed in such a way
that its matrix elements in the unperturbed eigenbasis are of the same average

size as matrix elements of Hy: <<¢0i\ﬁ’\¢0j>> ~ <E07;>
Y]

2

In general: |[Hy, H'] # 0| = incompatible terms = nontrivial effect of H’

For each level i we know the unperturbed energy Ey; and eigenvector |¢g;)

Task: to express the effect of perturbation in the form of power-law series
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Ei(N) = XNEy+)ME;+ )\2E22- + N Es; +
E’(/\)
[1hi(N)) = AOehos) + /\ |1p1i) + A2 |,¢21> + X3Jas;) + - - || unnormalized

vector
|4 ( )

» Orthogonality condition for the eigenvector correction || {thg;|1i(A)) =0

This is a natural requirement since the changes
in the unperturbed vector component |t;) \

can be taken into account by normalization

» Term o A" = ntPorder correction

The sum of terms up to norder
B ™ (V)
SR -
EMO) =B+ Y N Ewi [ () = o) + Y N i)

n'=1 n'=1

Since A < 1, we may hope in sufficiently E,(\) = EZ.(n“p)()\)

fast convergence to exact solution : [Pi(A)) =~ Wi(nup)()‘»

N

» Normalization in ntorder: [1)™ (\))=- . [ i)+ ]

WZ ( )> \/1+<w§n)/ M) n)/ |¢0 > |¢ ( )>

» The n''order correction to eigenvectors expressed via expansion in the un-

perturbed eigenbasis: || |¢,;) = Z ik |Vok) anii = 0 following from the
ki orthogonality condition

» Equations for corrections of increasing order
Schrodinger equation: {ﬁo + A f[’} (WOZ-)+)\\wli>+)\2|w2i>—|—)\3|¢3i>+. .. )
= [E()z' + AEy; + N2 Ey; + N E3; + - - ] (’7/’0¢>+>\W1i>+)\2|¢2¢>+)\3|¢3i>+' : )

Comparison of different orders oc A":

A ]_A{O|¢Oi> = Eoi|vo:) o
Ho|lv) + H |Ye) = Eoilvu) + Evlvo) n—1

ﬁo|¢2¢> + H'lyy) = Eoilwei) + Eril1) + Eailvos) n =2

Holtni) + H' W 1) = > Ewilmnyi) general n
n'=0




138

» Two possibilities: (a) non— degenerate

|1g;) unique
(b) degenerate

|77b01> = {‘¢Oi;1>7 |¢0i;2>7 e |¢0i§di>}

the unperturbed level Ey, =

B Nondegenerate case
The nondegenerate case is easier to start with.
» Zeroth-order solution

The n=0 eq. = the 0™order solutions = unperturbed energy & eigenvector
This yields unique solution only in the nondegenerate case!

» First-order correction to energy
Multiply the n=1 eq. by (| 1

N R —
= (Yoi| Holvi) +{oi| H' |Y0i) = Eoi(oi|ni) + Evi (oiloi)
N ——

Eoi (Voi| 1 |
0i {Yoil i) = E1; = (oi| H'|voi)

» First-order correction to eigenvector

Then-teq. = [fo— B (Saunliu)) = [l 1) - 7] 1o

ki
Multiply by (t;| for j # i S 0
— e N ~
= g;(on Eoi) axir (ogltor) = (oil H' |05} (Wojvhor) — (s H'[v0i)
0j H' Yo <¢0|f{/|¢01>
= ey =g o ) = N T )
! i EO’L EO]

Multiplication by (1;| yields just identity 0=0
= ay;; undetermined and we can assume aj; = 0 (up to normalization)

» Second-order correction to energy
Multiply the n=2 eq. by (1| 0 1

- — —
= Epi(Yoi|V2i) + (Yoi| H' Y1) = Eoi{oi|ai) + Evi (Yoi V1) +Eai (oiltboi)

. B
= By = (Yoi|H'|Yu) = Z | wEOJO‘ MEDS ?
i j

» General-order correction to energy

Multiply the general-n eq. by (1]
Eo; (Y0 ¥ni) +(@oi| H' [Y(-1yi) = 3 Eri (Woi|Yin—nryi
0i (Y0i|¥ni) +{Woi H |t (-1)i) Z_:O {0il Y n—nyi)

0 - S = By = <¢0i\ﬁ/\¢(n—1)i>
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The n'order correction to energy determined from (n—1)"order correction to
the eigenvector

» General-order correction to eigenvector

The general-n eq. = [ﬁo — EOZ} <Z anik\¢0k>> T H (Z a(nl)ik\@b%})

kot kot
o) 1))
Z Enz <Z Q(n— n’)ik|¢0k>)
ki
Multiply by (v;| for j # i | d)(n:/m
= [Eoj — Eoi] anij + 3 @oj | H'[Yor) am-1yir = > Ewti@n—nyi
k#i n'=1
S . [ S Bty — 3 (g i) Uk]
EOJ EO@ n'=1 ki

The n'order correction to the eigenvector determined from the corrections to
energy & eigenvector of all lower orders 1,2, ..., (n—1)

If ap;; =0Vn' < (n—1), the multiplication by (i,;| yields just identity 0=0
= a,;; undetermined and assumed = 0 (up to normalization)

B Degenerate case

In the above-derived corrections for a nondegenerate level we noticed the de-
nominators containing the differences of unperturbed energies. These imply
that if levels of the unperturbed system come close together, the size of cor-
rections quickly increases. In other words, a generic perturbation gets more
efficient in denser parts of the spectrum. But what about if a particular level
becomes exactly degenerate? In that case, the derivation presented above fails
and must be redone from the scratch.

» £ has degeneracy subspace {|1i1), [Y0i2), - - - [%Y0ia,) } With (Voii|toin) =0k
dimension d; = The n=0 eq. does not determine which of the eigenvectors
|90i.) represents the zeroth-order solution. Assume

d;
o) = ) agltboin)
k=1

o = unknown coeffs.

» First-order solution
d;

N d; A
The n=1 eq.: Holvni) + >0 arH'|Yoik) = Eoiltu) + Eu Y axlvoir)
' k=1 k=1
Multlply by <¢Oi;l‘: Okl
d;

d; R PESNINSN
Eoi(oia| 1) +k2 i (Voit| H' [Voik) = Eoi(oia| i) + B Y o (Yoia|oie) =
1

k=1
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d; A
> (Woia| H'|[Yoik) o, = Erjoq = matrix form of this equation:

k=1 <¢0i;1|1::’1|¢0i;1> <¢0i;1|17:[/|1/}0i;2> a1 ™
(Yoi2l H' [Y0i:1) (Poie|H'|0i2) - (0‘2> = FEy; (o‘Q)

= diagonalization of the perturbation matrix in the degeneracy subspace

Note: the degeneracy subspace is not in general invariant under H (since
[Hy, H'] # 0), but the above formula implicitly projects the action of H' to
the degeneracy subspace prior the diagonalization.

» Zeroth-order eigenstates & first-order energies

Hi,—Ey  Hi,
In general, d; energy solutions of polynomial eq.  Det | Hzn  Hn—Eu . =0

= |Ey+— Eux| k=1,2,...d; degeneracy lifting in 1**order correction

o m N this eq. selects the eigenvector

11 212 - 1;k 09> . . .

<Hél Hyy ... ) <O‘2;k) = Fiix (0‘2;k> associated with the correction Ej;.,
. . ' 0i) = [Yoik)

Eigenfunction in 0™order: Energy up to 1%%order:

di
[Doizk) = > culton) || & BN = Ey + ANEyy| k=1,2,...d
-1

» Special case d=2 —

Hiy Hiy ary (™ Hi;—Ey  Hi, _
<H§1 H§2 (€5) o Eh (&%) e Det H§1 Héz_Eli o 0 D

7 Y

2
. H!,+H! H{,—H!
= 2 solutions: Ey;y = Tt 4 \/ (M) 4 iy,

Hil Hi? Q14 . ' 14
<H§1 Hj, ot ) Bt Qo

Lowest-order eigenfunctions & energies: {

Woi+) = 1t [Poin) + o [oin)
B\ () = By + AEys
» Higher-order corrections

Diagonalize the perturbation H' in the degeneracy subspace of every level

_ d; L
= orthonormal basis {{]@DOi;k}}k } = (Yoig| H' [toir)=0 for I#£k
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= the procedure used in non-degenerate case can be reiterated without prob-
lems with zero energy denominators

- A d; T AT T |2
Eie(N) = Eoi+ Moil B i) + X 3 3 Mol ol | 5 33)
i) =1

e (N) = |dhoix) + A %E o Bl 5y + O(X2)

<« Historical remark

1860’s: Ch.-E. Delaunay introduces a perturb. analysis of Earth-Moon-Sun problem
1894: Lord Rayleigh studies harmonic vibrations in presence of small inhomogenities
1926: E. Schrodinger introduces the perturbation theory to QM

B Application in atomic physics

The primary domain of application of the perturbation theory in the old-day
quantum theory was atomic physics. Indeed, the plain hydrogen Hamiltonian
needs to be corrected for some subtle internal effects as well as in presence of
external electric or magnetic fields. The Hamiltonian of multielectron atoms
(starting from helium) must contain (besides the electron-nucleus interactions)
also all the electron-electron interactions. All these corrections are naturally
treated in terms of the perturbation theory.

» Alternative eigensolutions of the hydrogen atom

Plain hydrogen Hamiltonian: | Hy = Q@A — 476:60% ~ M
ap = 0 = 053.10"m  Bohr radius E,=-1f-1:h @123
[Li, Ho) = 0 = [S;, Ho) = [Li+5S;, Hy] =0

for i=1,2,3 J; VYnim, (7) 1) or [{)

~ ~ =
Uncoupled eigenstates: ||¢nimm,) | = Rui(r)Yim, (9, ) [3ms)
Level sequence: nlm = 1SN7 28N7 2pN, 38N7 3pN, 3dN7 43N7 4pN, 4dN7 4fN

E1 Ey By Ey
Coupled eigenstates (total angular momentum):

|\I]nljmj> - C;(Trrrlzjjfl)%(jté) nl(m;—3 (7?) ‘ T> ijj +Di(=D) wnl(mj-l-%)(F) | \L>

A\ 2 g 2J v
T RutYyn, 1 (0) Y Rt 4 1 (1)
j =[]+ % + 20+1 20+1

_ 1 ViEmity Y, 1)0.9) : . .
= R (r) NeTEST < SRy BN spinor spherical functions

A 7

yljnlj (19799)
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Nomenclature: nl; = 1s1,2s1,2p1,2ps, 3s1 3p1 3p3 3d3 Sdo,
2 N 2 V2 21 N
El EQ E3

» Stark effect

Hydrogen atom in an external electric field of intensity 6_';\ = \n. (we in-
troduce a dimensionless factor A to scale the intensity):

H = Hy+ \H' H =e&z|= Tol component of spherical vector

Unperturbed hydrogen solutions expressed in the uncoupled basis |tm,m. )

Selection ruleAS for matrix elements: | | evenﬁ -
(a) (Unimm, H’\@/Jnlmlmb} =0 <« parity conservation ([ [tnim,(7)|° z dF = 0)

( ) <¢n’l’ml

|Unimm,) = 0 for m; # my or ml, #mgor [l =1U'| > 1
< Wigner-Eckart theorem

We disregard spin quantum number my as the interaction does not affect it

Ground-state: the 15%order term vanishes
oo n—1 +I

2
Correction up to 2"order: E? = Ej + (e£,)23. 3 3 w"lgi |_Z|g:°0>| < B
n=2 =0 my=—1 L

Reasoning: any state with a good parity has null electric dipole moment = no
linear effect of an electric field

Excited-states: the 15torder term contributes

Reasoning: “accidental” degeneracy
in the H atom involves states with ——— >

different parity = a superposition \
—

of such states (as obtained in the
degenerate-case perturb. expression)
can yield electric dipole moment # 0 —

Example: n = 2 shell:
According to the selection rules, the only nonzero matrix element is the follow-
ing one (its calculation is not presented here):

&g
<¢210|H |1200) = (200 H'|10210) = —3ape& o) £
a200 04200 1_ _________________
—3ageé&y El)) § é § 0%1 — AE 04(211 N 5 ([200)+[210)) = E2—3ageéy
210 210 1
0000 Q21(+1) Q21 (41) f(\¢200> [¥210)) =  E2+3apeéa
[P21(-1)) = E,
[V21(41)) = Fs

< Historical remark

1913: J.Stark & A.Lo Surdo discover the effect of electric field on atomic levels
1916: P. Epstein & K. Schwarzschild calculate the effect using the old QM

1926: E. Schrodinger provides a QM calculation based on the perturbation method
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» Zeeman effect

Hydrogen atom in magnetic field of intensity Hy, = AH 1, where we again
introduce a dimensionless field scaling factor A:

H=Hy+ H with |H =—3%B(L,+25.)| =—54DBi(J. +5.)

The above formula takes into account both orbital and spin gyromagnetic ratios.
Perturbation diagonalized in uncoupled basis:
(Unimm, | H' [ Unimym,) = — % By(my + 2my) exact solution

KB
The 15%order effect in the coupled basis (just an exercise):

(Wt | H'[Wnijm;) = —pp B [my‘ + %(C;(nnzjj—%)%(+%))2 - l(ijj: 1)1(—§))2}

{ bt =1+
- 1

uBBllem] for j =1— 3

« Historical remark
1897: P.Zeeman discovers the splitting of atomic lines in magnetic field
1925: So-called anomalous Zeeman effect contributes to the discovery of spin

» Spin-orbital coupling

Correction caused by an interaction of the spin magnetic moment of electron
with the magnetic field generated by its orbital motion. In the electron’s rest
frame, this can be seen as an interaction of its magnetic moment with the mag-
netic field produced by a “moving” nucleus (then a relativistic effect, so-called
Thomas precession, must be taken into account). The resulting perturbation
of the hydrogen Hamiltonian reads as follows:

15torder effect in the coupled basis: }°| R (P2 r2dr={r—),0

.

2 7

(oijom, [ H' | Wnijm,) = 15 727 [1(+1) —l(l+1) - %} (Untjm, 75| Wntjom, )

_ 47reo 4Mc >nll for j =1 + %
4;604M62< D (1+1) forjzl—%

» Relativistic correction

) 2
Rel. kinetic energy: T' = \/(Mc2)2 + (pc)2 —Mc* ~ £ — L (p—) +...

2M 2Mc? \ 2M

~N"

Mec?\ /14+(47)?

The effect of this correction can be treated within the non-relativistic QM,

A - 2\ 2 5 A
adding to Hy a perturbation term: H =—5— (%) = —5—(Hy — V)
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st : L 2
1%*order effect in the coupled basis: % — <4io> (=)

<\Ilnljmj|ﬁ/|\llnljmj> — 2M 2 E2 2En <\Ijnljmj|‘7|anljmj> + <\Ilnljmj|‘72|\llnljmj>]

» Comparison of atomic corrections

After evaluation of the radial integrals (r=%),; oc ag® it turns out that the
following effects are of the same order of magnitude: (a) the spin-orbit coupling,
(b) relativistic correction, (¢) Zeeman splitting for B € (1,10) T

(a) + (b) = fine structure of atomic levels: AFEps ~ —%gi# (ji—”; — %)

« Historical remark

1916: A.Sommerfeld introduces the fine-structure constant; he calculates the rela-
tivistic splitting of hydrogen levels within the old QM

1925-6: Electron spin & mag. moment taken into account; L. Thomas computes
atomic LS-interaction including the relativistic effect of inter-frame transformation

» Helium atom

Besides the kinetic terms & Coulomb interaction of both electrons with the

nucleus one has to consider also Coulomb interaction between the 2 electrons:
I:IO H'

. r ) — " —

H=-— (Al + Ag) 47T60 (ﬁ + m%)

e? 1
The calculation can be performed in the coupled spin basis of both electrons:

47’(’60 |fl —il_"g|
| S. M > o |0,0) singlet (antisymmetric under exchange)
S/ = \ 1,Ms) triplet (symmetric under exchange)

2-electron Hamiltonian

As the total 2-electron wavefunction must be antisymmetriuc under the ex-
change (fermions), the orbital part associated with spin singlet /triplet is
symmetric/antisymmetric: () ¥a (i) ¥a (i) G

Vs

Wor (3717 x2 \[ [{pnlllml 5(_7’15 wnglgmg (523 + gpnzlzﬁm (fljr n1l1m1( ﬂ

Deﬁne E1A2 — 471—60 f,(/)l b3 (22 )|x1 x2| V1(Z1)2(22) d1dTs e
471'60 S5 (21)¢7 (72 )|$1 x2|¢2( 1)1 (%) dEdTs L
L 2 g5 - ortho
and E% — V3 (22) |:131 ) ;1;2‘ Yo (Z1)1(Ze) dF1dZs
47760 f¢2 Y1 (7o )|x1 xz‘ﬂ)l( 1) (%) dF1dTs para

9\ L

1torder energy correction:
Singlet & triplet spin states are degenerate, but H’ is
diagonal in these states = the non-degenerate expression para

applicable: /

(Uoi|H'|Woy) = %(Eg +EL+ BB+ ER)) = EN+ BY
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singlet
triplet

EA + ER
For spin { 12 12

By — EY
The splitting of singlet & triplet (“parahelium” & “orthohelium”) states is
a direct consequence of indistinguishability!

/
} states the correction E;l) = {

« Historical remark
1892: F.Paschen & C. Runge discover the splitting of He spectrum
1926: W. Heisenberg provides interpretation through (anti)symmetric wavefunctions

B Application to level dynamics

So far it was assumed that the parameter A\, weighting the perturbation term in
the Hamiltonian, has a fixed (small) value. However, one may think of Hamilto-
nians H(\) for which X is a variable control parameter. There is a huge class of
such Hamiltonians, we just require their linear dependence on the parameter.
The energy spectrum FE;(\) changes (nonlinearly) with running A and one may
use the perturbation theory to write down a set of differential equations govern-
ing these changes. In this way, the spectral variations are treated as if \ were
time and level energies F;(\) positions of moving 1D particles. This provides
an interesting interpretation of the parameter-induced “level dynamics”.

» Hamiltonian with a linear parametric dependence
H(\) = Hy+ \H' A € (—0o0,+00) H()\)

. — .
Perturbative treatment at any \: H(A+0\) = Hy+ X\ H +(6\) H'

Level dynamics:

evolving energy levels |E;(A\) <+— x;(t)| “particle trajectories” in 1D

» Local equations obtained from the perturbation theory

%EM) = <¢i(>\)‘ﬁ/\¢i(/\)> = ||E; = H, velocity

. , > — acceleration « repulsive
LB () =2 3 LBl 11 — 93 1o || Coulomb (2D) —like
J(#) () force between levels

A (Vi (V) = (o (Vi (N) + (8 (V|- (V) =
> SO (g ) ai(N) + 3 (15 ()| oA LU )

- |[|H. = Zﬂl‘k}g@i Z}kfgi : eVOlUtCiiOIlgf pll“O;luct Charge/ |2H’..|2
7! gk i b ut no individual charges : |H'. 0,

Known H;;(0) & E;(0) (Vi,j) = we can calculate H;(\) & Ei()) for any A
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» “Integrals of motion” (in the sense A=time) For instance:
P=TrH =Y H, = ZE =const
W = %Tr(]f[’)2 = %ZH’ H, = %ZEZQ + 1 ; |Hj;|* =const

1,] (3

There exist many more, in fact, as many that the above system of differential
equations is integrable!

» Global properties of spectrum
for finite dimension n

“Center of mass”: )
B =LY E(\) = 1A ()
— [4meiny| + x| L]

PN = [ATIEN) - EWP
= T EQp - B0 =

\/ LT H3—5 T o |\ [ 2 Te(Ho HY -3 T Hg Te 1| 4+02 [ AT (72— T2 |

D(\) minimal at certain Ay (maximal compression of the spectrum)
For A — +o00 the spectrum freely expands: D(A) o< A

» No-crossing rule

The equation for E; corresponds to a repulsive “force” between levels, which
is analogous to the Coulomb force in 2D (Fyp oc r~1). This force prevents
crossings of levels. For an actual crossing of two levels at a certain Ay one
needs to simultaneously satisfy 2 equations: | E;(Ax)=E;(A)| (levels coalesce)

& | Hj;(Ax)=0| (force vanishes). This is not achievable with just a single control

parameter \ to vary (except of some accidental, extremely rare cases).
Instead of real crossings there exist numerous

so-called avoided crossings of energy levels.

At such places, the corresponding eigenfunctions \—/

change very rapidly, as can be seen from the /\
—>

“survival probability” given by overlap formula:

Bi(X,00) = [(i(A40A) (A )>\2

~ 1 — (6))? z L

| 2
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Proof of the overlap formula: ! ]Z:J;/fj( N (M)
~ (6

AN [ ) P=( A+ OO GO (A+0N)) }
= 1= O+

7\

)2 (w0 ) |5 ()12
[E;()—E; ()2

On the other hand, real crossings are abundant if the perturbation matrix
element H ]’Z vanishes identically (e.g., for some symmetry reasons, like in case
of levels with different total angular momenta in rotationally invariant field).

« Historical remark

1929: J.von Neumann & E. Wigner formulate the no-crossing rule

1932: L. Landau & C. Zener calculate transition rate for a 2-level avoided crossing
1980’s: P.Pechukas & T. Yukawa elaborate the Coulomb analogy for level dynamics

B Driven systems and adiabatic approximation

We will now briefly deal with problems combining parameter-dependent and
time-dependent descriptions. The aim will be to analyze the dynamics of sys-
tems whose Hamiltonian parameters are driven (i.e., varied with a given, exter-
nally controlled time dependence). This can be done with the aid of methods
which are closely related to the stationary perturbation theory.

» Time-dependent Hamiltonian

Consider Hamiltonian H (@) depending on a set of parameters G = (G1,Ga, ... ).
Choose a curve é(g) in the parameter space described by a single parameter
g € R, whose value varies with time according to g(t) = ¢t (with ¢ = constant).
This turns the original parameter-dependent

Hamiltonian into a nonstationary Hamiltonian:

H(G) — H(g) = H(gt)
Task: to describe evolution induced by H(gt)

» Equations for instantaneous eigenvectors Nalg
Stationary Schr.eq.:  H(g)|¢i(9))=Ei(9)[¢i(9)) /
= %(,’”I%(Q)Hﬁ(g)l%(g»=d€+§”|¢i(g)>+E¢(g)lﬂﬁ”(9)>
Multiply by (v,(g)| for j#i: 0
(53115} + F{l ) = 2 Tg5190) + Bt )
= [ wito) gy = COEID | gy

For j=i we use: (i) = (G|wi) + (il G) = 2Re(wi| G) = 0

= || (Wi9)|%(9)) = id(g)| with ¢(g) € R
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With substitutions|g — gt| & |+ — =< |the above formulas become t-dependent

» Time evolution by the driven Hamiltonian
Expansion in the instantaneous eigenbasis: W(t)) = Z a;(t)|v;(at))
J

Nonstationary Schr. eq.: ih%\@(t)) = H(gt)|¥(t))
= ih 3> (6 (t)|v;(gt)) +a;(t) Gl (gt)) = 3 () Es(gt)|v;(gt))

Multiply by (¢i(g1)|: ihéi(t) +ih 3y (t) (gt g5(9)) = cult) Ei(gt)

(W50 (@)l)) |
_ jEi(gd)g_Ej(g) igp(g)
= a system of coupled linear for i for i—j
differential equations:

. P g . (1;(9)| 2 (9) v (9))
Gi(t) = [~ 5E(gt) +ig6(9)] aalt) + ¢ Y i a1
J(F#i)

» Adiabatic approximation

Take the initial state ||W(t=0))=|1;(¢=0))| (instantaneous eigenstate at g=0),

so aj(0)=d;;, and assume |g very small — 0| (adiabatic limit). It can be shown
that the off-diagonal (j#i) terms o ¢

in the above equation can be neglected s f Bi(gt)dt i fg (¢')dg’
(but not the diagonal ones!). The ai(t) = ¢ e &
solution is obtained (using gdt = dg) dynam;fise  Seometrical
in the form given on the right:

» Conclusions
(1) In the limit g—0 the system remains in the instantaneous eigenstate |¢;(g))
This is known as the adiabatic theorem
Remark: For ¢ small but #0 this remains a good approx. iff the levels
do not come too close to each other (see neglected term in the above eq.)
(2) The adiabatic evolution leads to the occurrence of two phase factors:

(a) dynamical phase derived from the standard evolution of energy eigen-
states (taking into account variations of energy with the parameter),

(b) the geometrical phase (also called Berry phase) depends only on the

geometrical path in the space of parameters G. It can yield a nonzero
value even if the path returns back to the initial point.

<« Historical remark
1928: M. Born & V. Fock formulate the adiabatic theorem
1956, 1984: S. Pancharatnam & M. Berry discover the geometrical phase factor
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5.3 Nonstationary perturbation method

Having digested a bit of nonstationary QM from the end of the previous section,
we now devote ourselves fully to deriving a suitable perturbative approximation of
quantum dynamical problems. Our task will be to calculate the rates of transitions
between various eigenstates of the principal Hamiltonian f]o induced by a small sup-
plement H'(t) (nonstationary, in general). Note that the nonstationary perturbation
technique, which we are going to outline in the following, represents the prevailing
treatment of nonstationary problems in quantum theory.

B General formalism

The nonstationary perturbation method can describe a vast variety of quantum
processes, which are running with a characteristic time scale placed somewhere
in between two limiting time scales: The long time scale, 7%, is derived from
the total energy width of the initial eigenstate of the unperturbed Hamiltonian
Hy. The short time scale, T'-, is more difficult to specify. For problems with a
discrete spectrum of initial states (and we implicitly deal with this type of prob-
lems in the following), T corresponds to the average energy spacing between
the eigenstates of H, around the initial state.

Here we focus mainly on the general formulation of the method, postponing
the treatment of concrete applications to more specialized courses of QM. In-
deed, realistic calculations are often hindered by a difficult structure of the
corresponding Hilbert spaces. This is so particularly in decay and scattering
processes, in which one typically deals with composite objects and intricate
mixtures of discrete & continuous energy spectra.

» Setup

Total Hamiltonian assumed in the form |H(t) = Hy+ AH'(t)| where:
f[o = free stationary Hamiltonian matrix elements of Ffo
H'(t) = generally time dependent perturbation and H'(t) are of about
A = dimensionless parameter the same size, A < 1

Task: to evaluate probabilities of transitions between eigenstates of Hy as a
function of time in the form of a power-law series in A

» Typology of applications

Example I (stimulated transition): [4 <> A*| Hamiltonian H, describes
a bound system with discrete spectrum {Egg, Fo1, ...} and AH'(t) is a non-
stationary external field inducing transitions between unperturbed eigenstates.

Example IT (spontaneous decay): [A* — A + ~| Hamiltonian Hy=H,+H,,
describes a bound system (atom, nucleus) with discrete spectrum { Fog, Eor, - - - }
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and free elmag. field (photons) with continuous spectrum E, € [0, +00). The
perturbation AH’ represents the atom-photon interaction. In1t1al state |1g;) =
|Evi)a ® |0),. Final state |1y;) = |Epj)a @ |l<;1/> with j < ¢ and |l~61/>7 = single-
photon plane wave with given polarization.

Example 11T (scattering): Process |a + A — B +b|. Free Hamiltonian H
describes a system of non-interacting particles a, A, B, b with indefinite particle
numbers and continuous spectrum (bases created from |p;,1;)s = plane waves
times relevant internal freedom degrees of individual particles). The term AH’
stands for interactions of all particles involved. Initial state |¢g;) = |p;, 0i)q ®
| = Di, )4 ®|0)p @ [0)p. Final state |1hg;) = [0)a ® [0)4 ® [B], Bj) B © [ = 1), 7).
» Dyson series in the interaction (Dirac) picture

It is favorable now to move to the Dirac picture of time evolution, identifying
the free Hamiltonian with Hy. This immediately yields the desired power-law

series in the perturbation. iR

. . .
Operators: AD(t):Ug(t) Ag Up(t) = {

[:[OD — }A[OS = }AIO
) Hj(t) = ( ) "(t)
Vectors:  [0())p = Us)|w(t))s = ilik[y(t))p = Hp(t) |y

Dyson series for evolution operator'

) Uo(t)
(0)p

A A t to
Up(t,to) = I+ (=)’ fH’ t) dty + (=20 [ [ Hp (o) Hp(t) dtrdty + ..

to to

+ (_%A) f f ’ f H]/D(tn)H],D(tn—l) o ﬁ{)(tl) dty...dt,_1dt, + ...

to to  to

» Estimate of the upper time scale
Fast convergence of the above series is expected if the time difference (t—ty) is
much smaller than a characteristic time scale of the exact state evolution:

The scale T. given by total energy width of the initial state
1/2
1(0)

Example: for a decay process, T~ ~ Tyt = aver. lifetime of the decaying state

(t—to) < T

in the eigenbasis of the full Hamiltonian: ~ h <<E2>>

Note: For nonstationary perturbation, one should evaluate 7% from a maximal
energy width acquired during the evolution: 7. ~ Min {h <<E2>>¢(1t{)2 }

t'€[to,t]
» Dyson series for transition amplitudes
We rewrite the above Dyson series for || wavefunction |thoi) — |10;)
the evolution operator to evaluate unperturbed energy  Eo; — Eo;
transition amplitudes (initial time ¢ transition frequency w;; = Eoj—Eo;
— final time ¢) between individual i

eigenstates of the unperturbed Hamiltonian Hy:
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t ~
Sﬂ(t tO) <¢OJ‘UD(t tO)W01> - 5@] + ( )1 fgwﬂ.j’Hﬁ(tl)WOiz dt1+

to
/ Wit ! Wt it
Hi(t ) J H,i(ty)e™ kit H (¢ )e Jitl

tt2 7 -

+(=% ) ffZ (oj| HD (t2) [thor) <¢Ok|HD(t1)‘@/}0i; dtidty + . ..

to to

tn Wy _1ky_otn—1
H' t 6 7kn 1 H' t,_1)e n—1Ffn-—2
Jknfl( ) knflkn72(n 1)
AN A

~

N ] S S5 T o () on ) ol (e ) om ) --

vl e R o Bt v dta - dbdt

» Perturbation series H ,(th)e R
Sji(t,t0) = i [n=0]
. t .
[n=1] T (_%A)l f Hl‘i(tl)emﬁtldh
t to _
[n=2] + (=7 ) ffZH_;k Jet st H () e™wh diy di
i

[general n] —|—( ) ff f Sy Z (n) Wik, tn

to to  to kn_1kno
! w Up— / it
Hkn—lkn—Q(tn_l)e =2 s Hk ’L( ) Zwkl 1dt1 : dtn—ldtn

» Estimate of the lower time scale

The transition amplitudes Sj;(¢,%y) depend in general on both initial & final
times ty & t. To make the perturbative expressions simpler and more universal,
one usually assumes that the time difference (¢t —ty) is much larger than a
characteristic time scale of the system’s internal or single-particle dynamics:

For systems with discrete spectra, the short time scale is
determined by the average density of unperturbed energy

eigenstates, po=(|Ey(+1) — Eg;|™1);, around the initial state: || T« ~ h 0o( Ep;)

Examples: For decay processes of composite objects, T~ represents a charac-
teristic period of motions of internal particles. For scattering of particles with
a short-range interaction, 7. associated with the time spent
by the colliding particles within the interaction distance.

Consequence: In case of discrete spectrum, time window
(T-,T-) for application of t-dependent perturb. technique
exists iff the total energy width of the initial state is (much)

less than the spacing of unperturbed levels:
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» S-matrix
The dependence of Sj;(t, ) on times ¢y & t can be removed by considering an
asymptotic time limit with respect to the short time scale T.. The resulting
so-called scattering matrix (S-matrix) includes asymptotic-time amplitudes of
the ¢ — j transitions:

t—o0

lim Sji(—l—t, —t) (Wlth tyg = —OO) (b)

t—o0

lim Sj(+4,0) (withto=0) ()
Sji(t,to) —> Sji = { ’

Case (a) applied if the interaction is “homogeneous” in time (decay processes)
Case (b) applied if interaction H[,(t) can be “centered” at ¢ = 0 (scattering)

B Step perturbation

Consider first the case in which the perturbation is switched on abruptly, in a
step-like fashion, at time ¢ = 0. This is, in fact, the same as if we describe the
t > 0 effects of a stationary perturbation H on a system, which was prepared
at t = 0 in the initial eigenstate |1g;) of H,.

» Perturbation Hamiltonian Z
~ 0 fort<O :
H'(t)=1 - :
*) { H' fort>0
Initial state [ig;) prepared at any ¢y, < 0. i —>

All cases between t,=0 and ty,— —o0 are equivalent.
The case ty=0 describes the effect of a constant perturbation H'(t)=H'.
We consider transitions | |1y;) — |¢g;) for j#i

» Transition amplitude & probability up to 1%torder contribution

A
i/ (6) = —RAHG [ ettty = M, § 450
1 1 1—cos wjt)?+sin® wj;t Z2
PR0) = |8 (0 = ol M2 (e A
LN » sin” () 4sin2V%t) = %// ZZ
= | | AH | (“’%)2 —r B
2 Z >

» The right way of treating this expression:

(a) Consider long time ¢ >> <% (see above) = =

+0oo
. 9 ) 22
T sin“(az) sin”(ax) | « for =0 sin“(ax .
using: O}l_{lolo # =mi(x) <« a;z ) — { 0 for z== ... i %dm =
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(b) Instead of transition probability calculate the transition rate

Wiit) = LP.t)|| = W;;) = 2 \NH,|>6(Ey;— Eq)

— dt

(c) Sum over all final states at energy Ey=FE), making use of averaging with
respect to an e-smoothened density of final states p;(Ey). = > 0(Er— Ey;)

. ) . ~——
Remark: The density of final states at energy FEy; differs o8-
in general from the density of initial states at the same
energy. This is so because initial and final states can often be treated as vectors
in different Hilbert spaces. Consider, e.g., elmg. decay A* — A+~ of an excited
system A* (see Example II above): General states are described within the
product space H = H, ®H,, of the decying system times the elmg. field. While,
the initial state |¢;) = |Eoi)a ® |0), can be directly reduced only to the space
H,, the final state |¢ho;) = | Eo;)a® |k, belongs to Ha®7-l%1), where 7—[(71) stands
for a single-photon subspace of H,. Therefore, the density of final states at
energy Fy = Ly + E, = Ey must be calculated in the larger space.

€

1
™ (B —Egj)?

The summation over final states leads to the following general expression:
_ 27 2 _ 27 2 -
Wiit) = Wyi(t) | = 55 Y MG 6(Eoj— i) = 55 (A7) g pr (B = Eoi)e

J = 6e(Eoj—Eoi) average with ~ tobereplaced
h ~~ o respectto ps(Es)e by pr(Ef)

. %<|>\H;z|2>f Z‘se(EOj*EOz')
» Fermi golden rule j

The above derivation is summarized in a very useful and famous formula, whose
validity turns out to be much wider than in the presently studied case:
(INH};[?)y = squared matrix element
averaged over available final states
ps(Eoi) = density of final states
at final energy Ey = Ey;

2
Wf(i)— T <|)\ |2> ps(Eoi) || where
f

» 2%dorder correction 4,
Wit Wkt 2 (Eoj —Hoi)t 1
Soji(t)=(—7 ) ZH'ka@ // 2™ dEy dEy =A ZH/ka[ Ef: E;)(EOJ ~Fo?)

~— _ eh(EOJ Bog)t_q
Writwjk=wj; = |:eiw--t eiwjkt_1:| "~ (Eoj—Eox)(Eox—Eo;)

Jr—1
Wki%ji WikYki

Assuming Fy; # Eor # Eoi (so Hj Hy,; ~ 0 for equal energies) we may neglect
the 2" time-dependent term (otherw1se special treatment needed). The 1%
term yields the same dependence on (Ey; — Ey;) as the 1%t-order correction =

2
(2) 27 / 2 Hy Hy,
Wz - h <|/\H +A Eo;i—Eop,
k

> pr(Eoi)| “direct”+“virtual” transitions
f
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« Historical remark

1927-30: Paul Dirac derives the 1% and 2™order perturbative expressions. He applies
the theory to calculation of electromagnetic transition rates in atoms and nuclei
1950: Enrico Fermi coins the name “golden rule” for the general 1%*order expression

B Exponential perturbation

Another perturbation type, for which the Dyson series can be calculated explic-
itly, is the one with an exponential dependence on time. In this case, we move
the initial time to —oo and look at the effect of a slowly rising term H'(t).

» Perturbation Hamiltonian

H(t)=e"H'| 1n>0

Initial state [¢y;) prepared at tg — —o0
Final state |1)y;) with j # ¢ measured at any ¢

» Transition rate up to 1%%order contribution

.. . . (1) . / + Ot / (ntiw;;)t
Transition amplitude: Sj;’(t)= — FAH; f elntiwiity gt D) ’ enﬂwﬂ
Transition probability: ﬂ ( ) = \ ( )!2 | AH; 277612

Transition rate:
dP()() W(l)(t):%—g‘)\ ‘2 % 172 e277t

dt ji ji > +w;

OBV = Breit—Wigner

energy distribution (Sec. 1.5)
hOBY (Eq;—Eo,) with the width |I' = 2hn

» Adiabatic limit (n,I" — 0)
. . 1 T
lim QY (Eoj— Eoi) = 6(Eoj— Eoi) = ,175% I/VJ(Z') = 2L\ \H/,|*6(Eo;— Eo)

This is consistent with the previous result on constant H = golden rule

B Periodic perturbation

Expressions similar to those derived above come out also for T— periodic
perturbations. In this case, however, the perturbation induces tran81t10ns up
and down to final energies E;+hw or E;—hw.
» Perturbation Hamiltonian

[:[/(t) _ Ve—l-z'wt + VTe—iwt _ {
+1

(V+VT)COS( t)
(V=V1) sin(wt) —

Initial state [iy;) at tg =0

» Up/down transition rates to 15°order

!
1 i i(wjitw)ty * wji—w)t
Transition amplitude S]('i)(t) = -2 {ng [ eltstelh g + Vi fe )t dt1]
to |¢0j>(j 7’é Z) : {V 1— ez(wﬂw)t V*l ez(wji—w)t:|

Wy tw Wi —w



Transition probability:
]zJF‘*’ jwt Coswt—cos wWig

—2¢" e =0

sin (Lt> t2

pWy
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(1) vﬁw Vil

Jt

S foRe (Vv e

It gilwji—w)t

-~

wjitw Wi —w

2
The first 2 terms yield: 27td(w;i+w) & 27t d(wji—w)
Behavior of the last term of P-(-l)( t) for wj; = fw € ;
. coswt cos(tw+e)t €0 ¢ sinwt 0 —0
2—(fwHe)? ’ 2w
relative to the previous terms

Nll

COS Wt—COoS Wj;
(wAtwji) (w—wji)

» Transition rates

£

<« Historical remark

1916: A. Einstein theoretically discovers stimulated emission and discusses the
tailed balance between absorption and emission processes

1950’s: Application of these ideas in the construction of laser

<|)\Vﬂ|2>f pf(Ep—hw) stimulated emission

i _
(|AV;; 2 >f ps(Epi+hw) absorption

2r
h
{ 2r
h

B Application to stimulated electromagnetic transitions

—

]

de-

Results of the periodic-field perturbation theory can be directly applied to
atoms or nuclei interacting with external electromagnetic waves of appropriate
wavelengths. We outline these issues, leaving the description of the spontaneous
elmg. emissions to Chapter 6 (after the quantization of elmg. field).

» Hamiltonian of particles in external field

Ensemble of N charged particles in an external classical elmg. field
A N N A 2 N .
=3 o [ph-aAlion] + 2 V(1

Neglecting qkA(xk, t)? and assuming Coulomb gauge condition V- A(:Af t)=0 =

N N
A sl g+ V(@) - ) & [A(:Ek, ) ﬁk]
iC:l S k=1 /
Hy ~ JA@1)§(Z)dT = H'(1)
» Planar elmg. wave . %‘» 22
A(Z,t) = Ag& cos (27~ 7 — wt) ith [£-7 = 0 Mﬂﬂ
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Averaged energy density: (w) = 1[eg(E*(T,1)) + pp (B(T,1))] = SepA2w?
Averaged energy flow:  (P) = (w)c = 3e9Adw?c

» Periodic perturbation Hamiltonian

N
H(t) = %) w[ IR fi) et MR i e

-~ -~

xV ¢ stimul. emission V1 < absorption

Emission: hw = Ey — Ey; Absorption: fiw = FEy; — Ey;
» Absorption cross section
In the following, we focus on the absorption processes (the procedure for stimu-
lated emission is analogous). We define the absorption cross section, which can

be seen as an area on the plane perpendicular to the incident wave propagation
direction. The elmg. energy passing through this area is being continuously

transferred to the system: s €nergy absorbed in unit time  fuww W

Jt incoming energy flow B eoAOw c
Perturbation theory prediction (IStorder)
O’?PS ~ 607;0 <¢0j Z et !L‘k:( )

¢Oz>
» Dipole approximation

Assume that the atom /nucleus size | R < \| radiation wavelength

~ n
= etiEHT = 1+Zn,< Hf) ~ 1
N

2
(EOi"‘hOJ —E()j)

N .w_,:, N z

<w0j S IR ) wm>z<w0j ey g ¢Oi> _
k=1 k=1

Trick: pj, = —L M [Z, Ho| = .o =1 (Ey; — Ey) Z [ Yo
P = — Mg |Ty, Hol 7 (Eoj — Eo <¢03 ZQk k¢0>

where we introduced the operator of electric dipole moment D

2 | (toj|€ D|¢0@> d(Eoi+hw— Ejp;)

- O.abb ~ W

71'(,«)

For &€= 1,: abs dw =

» Multipole expansion

To go beyond the dipole approximation, it is appropriate to expand the incom-
ing planar wave into spherical waves with increasing multipolarities. This is
not quite trivial as one needs to correctly treat the wave polarization, which on
the quantum level results from the photon spin (s=1).
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. oo B}
One has: ¥ = Z S it qi(kr) Y, ( )YZm(%) (cf. Sec.6.3)
=0m=-1
To include the polarlzatlon, we introduce circular & linear polarization
- L — - =
bases in a general coordinate system: { eef_;tﬂ (a £ity)
0=T"lz

Arbitrary lin. polarization vector &= (e, 4+, +e.7.) = /& > Y7,(8) &
v=0,%+1

Note: the circular polarization vector €, is present because the evaluation is
done in a general system unrelated to k.

Introduce a “vector spherical function” with total angular momentum (multi-

larity) A: S (F = z :
potari Y) yl)x#(%) ZC]%\IZWL m(i) And 6” lm( ) chl/lmyp‘ﬂ(i)

v,m
- 3 i
- ikd _ (4m)2 A ; L
FMT = TN N Y i Ol Yi(E) Yin (1) gulkr) Vi (5)
Ap bm v spatial dependence

For each multipolarity A it is possible to separate terms with both parities:
electric (E) & magnetic (M) components. From the resulting expansion one
can construct transition probabilities for EX & M transitions. The above
dipole approximation is identified as El.

« Historical remark
1900’s-10’s: Multipole expansion of elmg. field elaborated within the classical theory
1940’s-50’s: Multipole expansion applied in QM (M.E. Rose et al.)

6. SCATTERING THEORY

Description of the processes induced by scattering of particles belongs to the most
important application domains of quantum theory. Knowing the interaction Hamil-
tonian between the particles and the initial state, can one predict all outcomes &
probabilities? And inversely: knowing the initial & final states, can one determine
the interaction? This may resemble a task to analyze an internal structure of a
watch by detecting tiny parts shot out when the thing is smashed on an anvil. In
the quantum world, this is often the only research method available.

The scattering theory is a rather wide area, of which we are going to taste only
a little bit. Here is a general typology of scattering processes:

(1) a+A—>A+a elastic scattering (total kinetic energy conserved)
(2) a+A— A" +a* inelastic scattering (intrinsic excitations of particles
involved, total kinetic energy not conserved)
(3) a+A— B+b+V +... | more complex reaction (reconfiguration of the

interacting particles, appearance of new objects)
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6.1 Elementary description of elastic scattering

In a large part of this chapter we will deal with elastic scattering—the simplest scat-
tering process which does not change the nature or internal structure of the scattered
objects. First we focus on some basic concepts. The description of elastic scattering
requires to solve the stationary Schrodinger equation with the specific interaction
potential and an appropriate asymptotic behavior imposed on the wavefunction.

B Scattering by fixed potential

Consider a spinless projectile particle moving in a fixed finite-range field. This
corresponds to elastic scattering of the projectile on an infinite-mass target
particle, the target-projectile interaction being assumed to have a limited reach.

» Formulation
Infinite-mass scattering center with finite-range potential, i.e., V(Z) ~ 0 for
|Z| > R. Particle with scalar wavefunction scattered by the potential.

Initial state = momentum eigenstate of the scattered particle (assume p’ o 7i,)

_(hk)?
E=5r

= plane wave ¢’ with k =  [p], energy

For the solution of the scattering problem, we solve the stationary Schrodinger
equation with the same energy E, which is in the continuous spectrum of

ST, 2 - o (BR)? o
the full Hamiltonian: [—f—MA + V(a;‘)} »(Z) = (2—]\} (2)

» Required asymptotic form of the wavefunction for |Z| > R

ezkr

Yk(T) oo e fild,0)—

— incoming + outgoing
— \ plane wave spherical wave

The function f(¥,¢) = scattering amplitude
contains all relevant information on the scattering

of the incoming plane wave to various angles

» Cross section

Incoming flux: j’in = %kﬁz Outgoing flux: fout(r, V) = ‘f’“(f—gwp % ki,

So-called differential cross section is the flux to a an infinitesimal space angle
d) around direction (1, ¢) normalized by the incoming flux: as

- 2
d0(19 ) __ outgoing flux to space angle dQ _ |jout(r,0,0)| T df
)= incoming flux - |7l

Differential cross section: (j—g)k (9, ¢) = | fu(D, ©)|? (units of area)
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B Two-body problem & center-of-mass system

Elastic scattering of a projectile particle on a finite-mass target particle repre-
sents a genuine two-body problem. The familiar way of solving this problem
proceeds via separating the relative target-projectile degree of freedom from
that related the system’s center of mass.

» Canonical transformation to relative & center-of-mass coordinates

2 particles with masses (%; ) Position & momentum operators (?) & (gl)
2 2
New pair of canonically conjugate coordinates & momenta:

5 M o M, o 5 5 5
TC = 35 1 T an a2 N Dc = DP1 + P2 center of mass
5 5 5 o M, > M, 5 :

IR = T1 — To PR = 319591 — T nP? relative

Commutators: [Z¢;, Poj] = [Tri, Prj] = hdij,  [Tci, Prj] = [FRris Poj] = 0
= corresponding Poisson brackets = the transformation is canonical

» Transformation of Hamiltonian

~ 2, 2 2 2 A 2 A 2
et o _ D pr P p

Kinetic energy of both particles: |T = T on = 2(M10+M2) —|—2 T
M, M. e

Define reduced mass: || M = ﬁ e i

1 2 ~ N
2 2 a2 -
Potential depending on 7 —#; = Hamiltonian || H = pe PR V(i)

— 2Mioy  2M
TR

This represents the separation of center-of-mass and relative motions. Solution
of the Schrodinger eq. with H¢ is a plane wave in center-of-mass coordinates.
We need to solve the equation with Hy in relative coordinates. This represents

just the | M — M| change with respect to the fixed-potential problem.

» Transformation of scattering angles & cross section

Once the two-body problem is solved in the the center-of-mass (CM) system (as
described above), one has to return back to the laboratory (LAB) system, in
which the scattering angles and cross sections are measured.

Notation: particle 1 = projectile, particle 2 = target
U1, U2, P1,P2, ¥, p = velocities & momenta & scattering angles in LAB
vct, Uc2, Pct, Po2, Yo, oo = velocities & momenta & scattering angles in ¢M

Center-of-mass speed in LAB: LAB ) CM \

—

M - M
M0 VL M0 2 +
= constant (along z2) ‘ K

U=
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Por= M, (T — @) = M(T) — 0) = +pc o= My (s — 1) = M(th— ) = —

assume ¢ =0 = p;sind =pesinde  pycos? — Myu = pe cos V¢
_ pcsin Vg _ p1 sind

= |tand = pc cosVo+Miu tan 19(3 " prcost¥—-Miu

Outgoing fluxes in both LAB & CM systems must be the same!

" o > . d€d;, = sin? dv dy
(@) d% = (@)% = (@)= (@)@ 400 — sme dic doo

()19 9) = (7)) (Vo po) S5 G

This is the desired relation between LAB and CM differential cross sections (the

derivative djf can be evaluated from the above relation J¢ <> 99).

From now on we will work in CM, skipping the indices “C” and “R”.

B Effect of particle indistinguishability in cross section

As the last pre-requisite of the scattering theory, let us discuss a rather impor-
tant effect connected with quantum indistinguishability of identical particles.
Depending on whether the scattered particles are identical bosons or fermions,
the elastic cross section must be substantially modified with respect to the one
for distinguishable particles.

» Asymptotic wavefunction in CM: w(ﬂ) x e 4+ f (0, )< ikr

r

Exchange of particles in CM: i
T

o -7 = {ﬂHw—ﬁ %//////” :>
p=T+p

» Symmetrized wavefunction (for example jHe+3He scattering):

v {ek +em] + [fk( ) + fr(m—0 w+90)] -

Cross section:

(%), = 3@, )+ (w9, 7o) P+ 2Re[ i (9, ) i (7—0, 7+0)]}

where % comes from the normalization of incoming flux

The same expression applies for 2 fermions in antisymmetric spin state
(for example e + e in spin singlet)

» Antisymmetrized wavefunction (for example e + e in spin triplet):

w(f)“lem— ‘””] [fk( o) — fulm—t, m+p)| 2

Cross section:

(%) = a{Ife(® Q)P +| fo(m—0, ) | = 2Re[ fi (9, ) fi (70, m+)] }
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» Example: unpolarized e+e scattering

Probabilities for finding spin singlet & triplet states are }1 & % =
o o\t g\
(%) = 3 (@) + 1 (@),
= 3 {1fx (0, ) > + | fu(m—Ir, m+or)[* = Re[fu(V, ) fi(m =09, 7+p)] }

« Historical remark
1926: M. Born applies QM to scattering processes (probabilistic interpretation)
1930: N. Mott describes the effects of indistinguishability in Coulomb scattering

6.2 Perturbative approach to the scattering problem

There is a strong link of scattering theory to the nonstationary perturbation theory.
Indeed, if the interaction between scattered particles is much smaller than the cor-
responding free Hamiltonian (energy), the scattering problem can be reformulated
in terms of an equation which allows for iterative solutions.

B Lippmann-Schwinger equation

The L.-S. equation is a clone of stationary Schrodinger equation tailored for
general scattering problems. It results from the nonstationary formulation and
leads to a suitable perturbative expansion.

» Green operator defining equation: <ih% — ﬁ) G(t—ty) = ihd(t—1p)

Green operator of free particle: Go(t—ty). Green op.for H(t)= Hy(t) + H'(t)
+00

satisfies the equation: G(t—to) = Go(t—to) — [ Go(t—t1)H'(t1)G(t1—to) dty

+00

B(1) = () — i / Golt—t) H' (t1) () dty

where 'W»} = states evolved from the same t=t, initial state by {mt)
|6(t)) Ho(t)

Equivalent expression:

» Free and interaction Hamiltonians
2

Ho = pR + Hmt = free Hamiltonian, with Hmt intrinsic Hamiltonian
of both scattering objects

H' = interaction Hamiltonian, including potential term V (Z; — &) as well as
other terms affecting internal degrees of freedom of the objects

» Transition from time-dependent to time-independent description

A~

Trick: Instead of H = Hy + H' we use || H(t) = Hy+ ¢"H'|| with || > 0
Later we will apply the limit |n — 0. H(t)
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The initial state is prepared at |tp — —oo| as an eigenstate |¢;) of H, with

pr=Hhk. Since H(t=—o00) = Hy, the initial state is an eigenstate of the full

Hamiltonian at that time. Due to the adiabatic onset of perturbation we may
assume that the system at any time is in the eigenstate of H (t) with the same
energy I (cf. the adiabatic theorem for discrete spectrum). This allows us to
integrate over the time variable and obtain a time-independent equation.

|95 (1)) H,
Denote | be(®) } = state evolved to a finite time ¢ from |¢;) by { (2)
(1)) = Go(t—t1) H'(t) [¢p(t1)) dty subst. 7 =1, —t
Wk( ) = \% f o(t—t1) H'(t1) Wk( 1)) dt =t
e FE ) Et\¢k> oy b0 B ey )

7\
7 N\

0

6—%Et|¢ ) =e" hEt‘gb ) — i ent—ikt / efé(E*ﬁo+ihn)7f[’|¢E> dr
g = lép) + mH'Wﬁ

» Lippmann-Schwinger equation the n — 0 limit of the above eq.

(the limit in the denominator cannot 1 -

be performed by plain substitution) [¥z) = |éz) + — H'|yp)
E — Hy+ ihn

Comments:

(a) The L.-S.eq.in the above form is general, valid for all types of processes
(b) The state |1);) represents the eigenstate of H = Hy+ H' which is the result
of infinite-time evolution (by H) from |¢) = eigenstate of H =

tli)rg()(d),g,ﬂy(—i—t, —t)|op) = (¢ [¢p) | = the |¢p)—|dp,) element of S-matrix

(¢) The L.-S. equation | |[¢)) = |¢) + trivially holds for any states

~ Hol$)=E|g) }
(Ho+H')[)=El))

The above derivation shows, in addition, that the L.-S.eq. (with +ie sign and
|), |1) related in the above-described way) represents the correct transforma-
tion of a time-dependent problem to the corresponding stationary problem.

E—- H +ie ‘¢>

|), [1) satisfying a pair of ordinary Schrodinger equations {

(d) Expression — éi,g — [(E £ ie)I — Hy|~" stands for the operator inverse
—41o=x?

defined on the whole Hilbert space H (because of the +ic term). This expression

represents the Fourier transform of the Green operator of the stationary

Hamiltonian H 0

+00 i

— L A

R ) r A i
Go(t) = &= lim f - Ho—i-zedE & |Gy(ER) E—ﬁ/Go(t)eJrﬁEtdt—ll_I)%E —

e—0
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» Evaluation of Lippmann-Schwinger equation for elastic scattering
by a general local potential V(%)

L.-S. eq. in x-representation: 1z(7) = ¢:(7)+ [(Z ’m|5'><f’\ﬁ’\%> dz’
(a) (Z'[H'|[¢p) = V(&) (z)
(b) <f‘m‘f’> _ff fﬁ < ‘E H+Zhn‘—'//> <ﬁ//|f/> dﬁ/ >

hd 1

+ﬁ 1

3¢ _ 7 3¢
(27 h>2 E—Wﬁ’2+ihn6(p ") a3
hl{; 2 — — . — . — — —
E= (2/\/)1 QT" =¢ p'=hi polar coordlnates of ¢ with 7, oc (Z—2")
il g =)
. 1 er? (Z-2") — 2M zq (-2 ) - 2M zq|:v z |cosﬂ 9
T (27h)3 fE—QLﬁ’Q—i—ihn dp T R2(27)3 k2 q?+ie d — h2(2n)3 fff k2—q?+ie q Slnﬁdgpdﬁdq
o0 J=m R R —
_2M . zq|x Z/| cos® 1 ) . e+zq|a;—x |_e—zq\x—x |
T (27h)? g‘ [ 2q|x | }190 k2—q2—|—i5q dq - 27rh i|7— x’| f q>—k%—ic qdq

Poles at ¢ = £=Vk? +ic ~ £ (k + Z%) = use the residuum theorem
o0

0 + ik|Z—2|
— __2M 11 etiale-T| _ e~#9l7-7] 0 | _am1 &
= T @rh)Zii-172 [/ 2oz 14q o 44q } A | F 7]

zk|z /|
k

cik|Z—Z/|
2k k

—2mg £ ——2m ok

The solution = Green function satisfying:
(A + KGRz, 2)=6( —7')

= L.-S. eq. with local potential in x-representation:

(Z) = () — 2M L MV‘" (2" dZ’
wk(gj) _ ¢k(x) h2 Arx |.’f—3_3”‘ (l’ )lbk(x ) L

» Asymptotic wavefunction for a finite-range potential

Now we show that the L.-S.equation in z-representation yields automatically
the wavefunction of the asymptotic form required in the elastic scattering
ansatz. Assume V(&) &~ 0 for |Z]> R and consider vz() for ||Z| > R 2 |Z|

N N z Iy ikr
Z— 2| =r2+r2—2rr'cosa~r—r'cosa = G e ikricosa ¢

3
Ris (2m)-4 e G elVive )
f . ,./\:'\ P . ez r
A = o) = 5D+ [ [ F @ e | <
scattering J — l,
direction L.-S. equation (2m) % fi(F1)

= explicit expression of the scattering amplitude from the exact solution ¥;(7):
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fr(0,0) = || fa(k") = —22M (6, |V |h7)

« Historical remark

1937-40’s:  J.A. Wheeler & W. Heisenberg introduce & investigate the scattering
matrix (elaborate the asymptotic-time formulation of scattering)

1950: B.A. Lippmann & J.Schwinger derive the equation known by their names

B Iterative expression of the scattering amplitude

The form of the Lippmann-Schwinger equation incites us to try an iterative
solution. This leads to the Born series for the cross section. Individual terms
of this series are closely related to expressions for transition amplitudes with
increasing order, as obtained in the nonstationary perturbation theory.

» Iterations in L.-S. equation
) = lop) + m H'|4)

/ 1 / 1 /
‘gbk) E— H+h?7 ‘¢k> E—Hy+iln _E- H0+Zh’l7 ‘¢k>

/ 1 ! 1 /
‘¢k> E— H—i—zhn ‘¢k> E—Hy+ihn~~ E—Hy+ihn ‘¢k>
:(I+—H’ RN - U W S ..-)|¢,;>

» T-operator E—Hy+ihn E—Hy+ihn~~ E—Hy+ihn

The above iterative expression can be rewritten in terms of operator

T (“transition matrix”) defined via the equation: ||7 |¢z) = H "lebz)

-

2 : . . 3 ! ! !
H' x Lippmann-Schwinger eq.: H'\;) = H'|op) + H — H T U7)

= T Hl + Hlm T T|¢E> T|¢E>

I 2 ! ! / 7! 1 r!
I'=H1 +H E- H0—|—zh H +H E- H0—|—zh77H E—ﬁo+ihnH -

» Born series
The above iterative expressions yield an expansion of the scattering amplitude:

S 2
filk') = =222 (60| V) = f(k )+fﬂ (k") + £ (k") + -
(op|Top)
Interpretation through /! _/ _/\/f
sequences of free evolutions o 7 : <% 40
& point interactions ® ® Y
f,—gl)(gl —473;/\/1 <¢,g/|m¢,;> 15 Born approx.
D 2 ~ ~ |
f,;(; )(k/) = <¢g/|vmv|¢g> 224 Born approx.
3) /7 72 ~ ~ ~ .
f,—i* )(k/) = = th <¢,;;/|VE_ﬁt+mnVE_ﬁi+ith|¢E> 3" Born approx.
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» Relation to non-stationary perturbation theory

Comparison of the 1% Born approximation with the Fermi golden rule
Transition rate WE%E’ = 2% ‘<¢E’|V|¢E>‘2 pf(E) = ‘jin| (g—g)]z(k/) dQ

|p) = L "7 is a plane wave in a box of linear size L

z

= k= an1thn— (25) and ng,n,,n, =0,1,2,...

—

~ 2

(2) (@ |VIdp) 2 = 2= | [ € FF07'V (7") di”
L) k2 dk dS2 3 _ B2
(0) pp() = = L (L)) g iy 1 = 28

—

= () (R = (M) gt f Py @ ar | = 10

The 1% order of nonstationary perturbatlon theory yields the 1% Born approx.

» Convergence criteria
The Born series for scattering amplitude converges for finite-range potentials.
For infinite-range potentials, the series may converge if the potential decreases
“fast enough”. For a given potential V (Z) there 3 a function of energy Apax(F)
(convergence radius) such that the Born series of potential V(%) = AV (Z)
converges for A < Apax(E).

» 15! Born approximation for spherically symmetric potentials

For potentials depending just on r=|Z| the integration in each term of the Born
series is reduced. For the first term, in particular, we proceed as follows:

f;)(;;’/) — 47T2M i(k—k")& 'V(|z'|)dz’ Fourier transform of V

Transferred momentum ||i§ = A(k'—k)

q:]/;’—la:\/k’2+k2—2k’k:cosf} r\
= /2k2(1 — cos?)) = 2ksin &

Introduce local coord. system (2,4, z’) with 2’ along ¢ and then spherical co-
ordinates (7’ 0, ¢):

oo m 2T
FE = = T et oty st ' =
—2f { lql :,9 rV(r’) r2dr’ = || £ )(E )= L 'V (r') sin (2kr'sin ) dr’
0 _Jo & h2k sin ¥
— 29

qr’

Scattering amplitude depends only on angle ¥ (not on ). This is valid for all
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terms of the Born series. This can be seen directly from the axial symmetry of
the problem with an isotropic potential around the incoming-particle direction.

» Yukawa scattering -
—
Scattering by Yukawa potential ||V (r) = K with a > 0
r
()(Fn— KM [ 2
[z (k") h%‘sm%‘ofe sm (21-{31 st)/d?"' |
\ \—;//2—/ % [e+iqr’_e—iqr’] 7(;542{52
A . 7 s s ~N
= 2125\4 %iq[/e(_O‘J’iq)Tdr’—/e(_O‘_iQ)Td?“] = ngM a2+4k£ sin?
0 0
= | ()0 = () =
(2 + 4k? sin® 4]
0
. . (d _ (M QY 1
The av — 0 limit = Rutherford formula: (ﬁ)p (¥) = <7 47T60> e
This formula can be obtained classically (it does not contain k). However,

Coulomb scattering cannot be described by the spherical-wave asymptotics
used here, as this asymptotics is applicable only for finite-range or quickly
decreasing potentials (cf. Sec.6.3).

« Historical remark

1911: E. Rutherford derives classically the cross-section formula for Coulomb scat-
tering to describe the 1909 experiment by H. Geiger & E. Marsden

1926: M. Born describes the scattering processes within QM; he derives explicitly
the 1%*approximation of a general scattering amplitude

1935: H. Yukawa introduces the potential for meson-mediated interaction of nucle-
ons; this potential is now used to describe screened Coulomb interactions

6.3 Method of partial waves

We turn now to another method of analyzing scattering processes. It strictly relies
on the assumption of spherical symmetry. The cross section is again expressed as
an infinite series, but of a different type than in the perturbative approach.

B Expression of elastic scattering in terms of spherical waves

The basic idea of the method is to express the scattered particle wavefunction
in terms of states with good orbital angular momenta. This is always possible
for spherically symmetric potentials.

'Lk:'r

~~
~

Ry [lk”—fk( )5

» Asymptotic wavefunction (%) )3
)2
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for a general isotropic potential is expanded in orbital-momentum basis:

|klm) o< Ry ()Y (¥, @) | with [, m = conserved quantum numbers.

Since z is associated with the direction of the incoming-particle linear momen-

tum, the angular-momentum projection to z is 0 = only |[|m = 0|| components

Yio(9, ) ox P/(cos®) contribute to the expansion:

» Asymptotic expansion of the incoming plane wave into spherical waves:
o0 o0
eJrikr_efi(krfhr)

e =37 (20 + 1)i'Gi(kr) Pi(cos ) = > (21 + 1) 2ikr Py(cos )

1=0 1=0
where we used asymptotics of Bessel functions for r > % = % = %:
. sin( kr—I1Z pti(kr=15) _ —i(kr—1%)
]l(k’?“) ~ (kr 2) = 2ikr o
» Expansion of scattering amplitude: || fz(9) = Z(2l + 1) Fy (k) P(cos )
where Fj(k) = partial-wave amplitude —0

» Entire wavefunction (general expression of any function of ¥J)

~ . > ) ' etikr e—i(kr—lﬂ')
@Dg(x)%(%)% 120:(25+1)ﬂ{l1+2ﬁﬂ(k)]/ — }Pg(cosf})
- Si(k)

S;(k) = (+kl0|S|+kl0) | is the diagonal S-matrix element in basis |+klm)

of outgoing (sign +) spherical waves with given [ & k. This can be seen from

the evolution: e™** = 3" (21 +1)e+ikr_2‘;;(m*lﬂ)]3;(cos J)
l:0 o0 1kr —i(kr—In
X (@) = 3 (2041) MR T b (cos )
=0

» Continuity equation = incoming flux =outgoing flux

= coefficients for each [ at e+;"“’ and e_:w differ just by a phase = |S;(k)|=1
‘ k)—1 : in 9;(k
1+ 2ikE(k) = Si(k) = ¥V & | F(k) = —SZ(Q?k — g 200 kf( )
l

0;(k) =relative phase shift of outgoing partial wave [ ;.

n
The above relation defines alternative X
parametrizations (but just parametrizations!)

of the scattering amplitude & elastic cross section

1
2

"1/2 0 +1Iz 7
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» Expression of scattering amplitude through S-matrix & phase shifts

1 1
:—Z (20141)[S;(k)—1]P(cos V) =—
1=0

k

7 ZZlJrl 0uk) sin 6, (k) P, (cos 9)
1=0

This allows one to express the differential cross section (42),(9) = | fi(¥)|?

» Integral cross section of elastic scattering
Integrating the differential cross section over the full space angle we obtain the

integral cross section: 5
2

2 2[+1
ff|fk )% sind dyp dvy T A
0 (24 1) (21 V) Fy (k) Fy (k) / Py(cos #) Py (cos ) sin 0 dif
LY 0 d(cos )
U ) =S (A F(R)E == S (2+1)|S)(k) =112 = 25 S(2041) sin?6, (k
o'(k) lz:(;(-i-‘l k2+|5l |k§—|—sml()
— S 0%(k) oS (k)=0 for [ Fy(k)=0 & sing(k)=0 < S(k)=1]

(=0

» Classical calculation using impact factor

The above expressions for integral cross sections can be easily interpreted in a
classical language, making use of the so-called impact factor b, which is defined

as the transverse projectile-target distance for z — —o0

Orbital momentum L =0 p
RA(I4+1) Dk
= for given [ we have: b(k) =~ l(]i+1)

Estimated cross section of [ part. wave:

In the quantum calculation we obtained: 6[0’4]

e ‘
ofl(k) = 5(21+1) 4sin” §,(k)
= possibility of constructive/destructive interference for each term

» Estimate of maximal angular momentum

The classical impact-factor considerations make it possible to estimate the up-
per value of [ where the cross-section series can be cut off. This is obtained
from the maximal angular momentum for which the particle still hits the finite
spatial region of nonzero potential:

We expect alel(k)%() for [>1,.c | where ||lhax &~ ER|| with R =range of V
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lmax

o0
In this way, all infinite sums become effectively finite sums: Z —

lnlax . — —
For instance: fi(9) ~ % ST (20 + 1) €®) gin §(k) Py(cos ) 1=0 1=0
1=0

» Comparison with the asymptotics of a real solution

If we happen to know the actual unbound solution of the Schrédinger equation
for the given potential (with the given energy in the continuous spectrum),
we can directly calculate the required phase shifts & amplitudes of individual
partial waves:

Radial Schrodinger equation Pup(r) _ [% V(r)+ Z(ZH)} upy (1) + kKug (r) =0

. | 2

Solution | Ry (r) = wir) | outside the range of the potential (for 7>R):

r

= a; ji(kr) + byng(kr) = ¢ b (kr) + ¢; hy (kr)

ji(kr), ny(kr) = Bessel, Neumann | h;(kr) = ji(kr) & iny(kr) = Hankel
functions with asymptotics: functions with asymptotics:
gi(kr) ~ L sin (kr—I(%) :
= L cos [kr—(1+1)Z] bt (kr) ~ Letilkr=0+13]
ny(kr) = —% cos (kr—l%) h (kr) ~ kLe—i[/ﬂ"—(lH)%]
= Lsin [kr—(1+1)%] =
The general form of 7>R wavefunction yielding vy (Z)=s=5€™** for V (r)=0:

Ria(r) (27)3/2

7\

bu(F) = —L5 (24 1) Terhit (kr) + ¢ hy (kr)] P(cos )

(27)% =0 00 . .
~ 3 1)3 S (2041) L [ et — ¢ e iR =IM] P(cos o))
™% =0

This is compared with the required asymptotics:

W(f) _ (21)% Z(2l+1)ﬁ [eQi(Sl(k)e—H'kr _ e—i(kr—lw)} PI(COS 19)
T 1=0

= 1 > R solution of radial Schrédinger eq. expressed in terms of §;(k):

L e2isk) _ 26 (k)

=5, ¢ :% = Ry(r) = [j;(k:r)erl(kr)]+%[jl(/<:r)—z'nl(k:r)]

Ry(r) = ) [cos 8i(k) ji(kr) — sin &(k) ny(kr)]

Note: Bessel functions j;(kr) are present in the incoming wave, while the Neu-
mann functions n;(kr) are only in the outgoing wave (they disappear for §; — 0).

Conclusion: If one writes the actual asymptotic solution of the radial Schrodinger

eq.in the above form, the phase shifts §;(k) for all partial waves are read out
from that expression.

» Determination of phase shifts for a sharp potential
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The above general method yields explicit results for potentials that vanish iden-
tically outside the range R: V) #0 forr <R (inside)
=0 forr >R (outside)

We require continuous connection of “inside-outside” logarithmic derivative

Bru(R) = 10ngz()| _RRkl O g VIi=0,1,2...
dji .
cos 6 (k) ZL (kR)—sin &,(k) 1 (kR) _ kRG(ER)—Br(R) ji(kR)
O (R) =R Gy Fem = ki), < tanél(k)_kR%(kR)—ﬁkz(R) w(kR)

Values of fj;(R) calculated from the inside solution = we determine 6;(k)

» Hard-sphere scattering /
<
V<T)_{ooforfr’_R I

0 forr>R 7
sk : - B _ Ji(kR)
Ry (R) = e™ [cos 01(k) ji(kR) — sin 0;(k) nl(k;R)] =0 =|tand;(k)= (k)
l
1=0: jo(kR)=31EE =y (kR)=—C %kt — 15,(k) = —kR

kR > kR

(a) High-energy case (kR > 1)
| <kR = ji(kR)~ ssin(kR—1%), m(kR)~ —75cos(kR — %)
= tan §y(k) = — tan (kR — l—) = the I'" and (I+1)™ phase shifts differ by 7

= their contrib. to 0% is 45 [(20+1) sin® & (k) + (20+3) cos? §; (k)] ~ 5 (20+2)

4 2142
k2

= each [-term of the series contributes by ~

I>kR = ji(kR)= _(kR)" m(kR) ~ RN

CESE ER)H
= tand;(k) ~ —% = tand;1(k) = (kQ—]l%)Ztan 9;(k) = decrease with [
Assume |l .« ~ kR /E(j: <!
o°l(k) ~ 4 llma;(2z+1) sin® (k) ~ 423" 242 ~ {97 R? & o 2% TR
= 1=0

(b) Low-energy case (kR < 1)
Only the [=0 term works: do(k) = —kR =~ sin dy(k)

o°l(k) ~ 15 sin? 6y (k) ~ [ArR* ~ o° 4 x TR?

In no case the classical geometrical cross section |o¢.s = mR?| was obtained.

The reason for low energy is a quantum interference phenomenon, but why is
it so for high energy, when one would expect the classical behavior?
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» Shadow scattering

Answer to the above question concerning the geometric cross section in high-F
case: For 0®=0 the wavefunction would be (Z) oce?**, which is #0 everywhere,
including the region behind the sphere. Just to generate ¥ (Z) vanishing in the
region behind the sphere, the cross section must be ¢® ~ 7R?. The reflected
part of ¥ (Z) produces another contribution 0® ~ 7R%. Together: 0 ~ 27 R?

“Reflected” & “shadow” parts identified in:

o0

F) =20+ 1) €271 P(cos ) =
=0 R/—/
frea(@) T (k) fshad(ﬂ) . shadow
22k2 (20+1)e2%M)Py(cos ) —Lkz (2041) Py(cos V)
1=0 1=0 reflecte

Orett = [[ | fren(9)]? sin ddpdd) =

= ﬁ%;(2l+1)(2l’+1)ei[ k) =ov(W A5, = I lzo(ng) ~ 7R

Oshad — ff |fshad(7.9) ‘2 sin ﬁdg@dﬁ: ......... ~ 7TR2
Zmax

Ointert = [ [ 2Re|freft(?) f3,0q(D)] sin ¥dpd) = - - - = i—g ZO(2l+1) cos[26;(k)] ~ 0

» Coulomb scattering

Coulomb potential is a long-range one = special treatment needed. Here
we just outline the method of solution without performing all calculations.
Consider the repulsive case:

PA+ Q2L U ly@)=0 @ [A+k:2 QW}wk(f):O

dreg r 20

/ 2

= ¢ g [j—;-l—kQ—M—l(Hl)]ukl(r):O
N

dregh?k 4eq(he) T r2

o= (2)
Schrodinger eq. is solved analytically in terms of hypergeometric functions. This

yields the following asymptotic solution:
r—0o0 kr—~1n2kr)

¢k(f) X ei[lfz—'ylnk(r—z)]_|_fk(19)€i(T
e S50+ 1) P ) 20

i(kr—’yln 2kr) e—i(k’r—’yln 2kr—lm) :|

r r

o ['y ln(sm2 129) 260(k)]

2k sin? g

with known amplitude fi(¢) = —v and phase shifts 0;(k)

I B o R B SN (o S R hk _ hy 1) = =90 Rk =
Jin X 7 T(T—z)nm m Ty + n, — n,
2l

e 9|2
Jout X _lfk£2)| (M i

woon
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Cross section: ,

(48), () = )12 = [} (20 + Ve sinbi(k) Plcos )| = 0222 ()°

Superposition Coulomb potentlal plus a finite-range potential = the same
asymptotics is used, in which §;(k) must be determined numerically

w\qg

B Inclusion of inelastic scattering

The method of partial waves makes it easy to include into the description the
presence of inelastic scattering. More precisely, the inelastic scattering is in-
cluded only through its influence on elastic scattering, the method providing
nothing more but just a convenient phenomenological parametrization. A mi-
croscopic description requires to keep under control all the segments of the full
Hilbert space where products of various inelastic channels appear, which is a
hard problem. Nevertheless, even with these limitations, the parametrization
provided by the partial-wave method has rather important consequences.

» Elastic scattering in presence of inelastic channels

The S-matrix is no more a complex unity but satisfies: |S;(k)| € [0, 1]:

(k) = 5=
Si(k) = mi(k) 2 ®) || = Z
(k) %6 = i{m(k‘) sin 20;(k) + i [1—m (k) cosZ&(k)]}
e[o,

fr(¥) = S"(214+1)Fj(k)P(cosd) = the same expressions for 0% (k) as before:
1=0

EZ 21+1) |Si(k :kiz (21+1) [Hm (k)—2m(k) 008251(1«)]
1=0 =0

k2

» Integral cross section of inelastic processes

The integral (but not differential!) inelastic cross section can be calculated
through the balance of the overall incoming & outgoing flows derived from

} Py(cos?)

asymp. wavefunction: wg(f) ~ 5 1)§ Z(Ql‘i‘l)ﬁ {Sl(k) e+;'kr  gmilkr=tm
)2 1=0

Radial flow: ;r(f) = % Re <¢ () [ zh— _ zh} (3 )) 7=

TV
pr rad. momentum

= G Z(2l+1)(2l/+1)Pz(COS V) Py(cos ) x
L
x Re < { 87 (k) 5 — <= L LG (k) <2 4 0
%L Z(2l+1)(2l/+1)PZ(COS ) Py (cos 19)4k > [1Si(k) | — 1]
L
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JNE) = [[ jr(r, 0, p)r? sinddpdy = —#Z—Zl_o(%Jrl) [1—|Si(k)|*] <0

This is the total incoming flow which is not compensated by the outgoing flow
because of inelastic processes. The integral cross section of inelastic process:

ine inel (. —JNk S i >
oMUk = Ty = Trw = ||ek) = 55 D@D [1-ISi(R)F]
T H 1—0

» Total cross section

(k) = 0"(k) + 0™ k) = & (20 1) {[Si06) -1 + 1~ Sk ]

U
tot _
(k) = 75 DI+ D[1 ~ ReSi(k) ]
=0 ni (k) cos 20;(k)

» Relation between elastic and inelastic cross sections

inel

" (k o
(k) = 25 = 1—n?(k) e [0,1]

Define F k) )
(k) = exr i 1407 (k) —2n,(k) cos 20;(k) € [0,4]

= |y(k) =2 —x1(k) — 2+/1 — x;(k) cos 26;(k)

Considering —1 < cos 20;(k) < +1 we obtain:
2—x1(k)—2+/1—x(k)
< yi(k) <
2~ (k) +2\/T=i(F)
This represents an important constraint upon
the possible values of elastic & inelastic integral
cross sections for a given partial wave.

» Optical theorem

Statement: Imaginary part of the elastic forward scattering amplitude

x total cross section including all processes: ||Im ff'(9=0) = £o'!(k)

Proof for isotropic potentials: )

0 —— 0
Imf(9=0) =S (20+1) Im Fj(k) P(1) = 2= Y (214+1) [1—n(k) cos 20;(k
r (V=0 lgo( ) Im Fi(k) Fi(1) 2’%:20( ) [L—=m(k) ()]
= %gtOt(k) o (1= (k) cos 26, (k)]

This relation is valid in the most general case, i.e., also for anisotropic po-
tentials (beyond the method of partial waves).
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For the elastic scattering, it can be proven from the L.-S. equation that:

— il Tio) = & (%) [ 1on Flonl s —%E ) kParaey

7

~

Imfk( ) O-el(k)

A close analogue of the optical theorem can be formulated within the (non)sta-
tionary perturbation theory: The amplitude of the initial unperturbed state
in the final state, obtained through the perturbation, is determined just from
the normalization condition. This depends on the total admixture of all other
unperturbed states in the final state.

B Low-energy & resonance scattering

We conclude this section by sketching two additional topics: The low-energy
scattering, which is a tool to determine basic properties of interaction, and
resonance scattering, which indicates the existence of metastable states. Both
these topic became much expanded in more advanced courses of QM.

» Low-energy limit of scattering amplitude
For k—0, only the [=0 partial wave active = if no inelastic scattering present,

.

there is just 1 real parameter determining this limit:

scattering length |a = lim

k—0 k
lim o (k) = hm 2 sin? 6y(k) =|4ma® = o (E~0)
k—0 —0
The visual meaning of scattering length is derived from the wavefunction form
at r>R: sin kr coskr
. —— ol
Ry =o(r) = ™) [cos 8y (k) Jo(kr) —sin 6 (k) no(kr)] = S sin [kr+0y (k)]
A 1
~ uz)(k) sin[k(r —a)] = ukT(r) 2
= uk(r)|k_>0 x (r—a) for r>R
= the tangent at r= R crosses zero += —+— S —>

at r=a

The value of a indicates some basic properties of the potential, although the
information it gives is usually not unique:

O<a<R ) ( repulsive potential (convex — concave wf.)
a <R strong repulsive potential(a = R for hard sphere)
—o0 < a<—+o0 p <& ¢ attractive potential
a <0 shallow attractive potential
R<a ) | attractive potential with weakly bound state £ < 0
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» Isolated resonance

Assume that the S-matrix extended to complex plane k € C has

a simple pole at £ = kg with % = Fy — zg =F

k— K

=
2uFEqy _ s, I 2qu_
=1/ /1 12E \/ \/SHQE for I'< Ey SR(k)|=1 for k € R

For energy E € C the evolution is not unitary = (g (t)|¥r(t)) \2—‘6 A (EO ‘ )t}

r
—e h tEPO(t)E survival probability = quasistationary state, lifetime |7 = %

Only the outgoing wave is present at k=kg since SP(kr)=

= scattering wavefunction: R(r) o eH:RT R e+;kor etrr
452
Approximation of the cross section for £— Ej << Ey: (k—kg)Z+r2
- 2 k k T oin |
oR(k) = H(20+1)|SR(k)—1|” = & (20+1) | =ka | & = (2041) ‘W —
in %(%)2 (F)Q
(2041 A2 >~ 5 (2041 EREXTY
e T e D T oA
with (VE-vE; )* ~ E 2k e
Breit-Wigner resonance
A h? Ly
oB (k) ~ ———(21+1) ) ;
Apis (E— Eo)?+ (3)

« Historical remark

1870-90’s: Lord Rayleigh develops the scattering theory for elmg. and sound waves
(he derives the “optical theorem” and elaborates the partial-wave expansion)

1927: H. Faxen & J. Holtsmark apply the partial-wave expansion in QM

1929: G. Breit & E. Wigner describe resonant states via the B.-W. distribution
1939: N. Bohr, R. Peierls, G. Placzek apply the Rayleigh optical relation in QM

7. MANY-BODY SYSTEMS

It this Chapter, we will deal with systems consisting of a number (fixed or variable)
of mutually interacting particles. In the main focus will be the systems of indistin-
guishable particles, either bosons or fermions. The concept of indistinguishability
and its various consequences were already discussed at several places of this course,
starting from Chapter 1. Now we intend to formulate a general language describing
all non-relativistic many-particle systems like atoms, nuclei, molecules, condensates
etc. As a by product, we will learn how to quantize the electromagnetic field.
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7.1 Formalism of particle creation/annihilation operators

We introduce the principal mathematical gear of many-body physics: the opera-
tors that can create or annihilate particles in a given state. These operators make it
possible to generate a basis of the whole Fock space and to express any physical oper-
ator in this space. Moreover, basic algebraic properties of the creation/annihilation
operators capture elegantly the difference between bosons and fermions.

B Hilbert space of bosons & fermions

Let us first recall the relevant properties of bosonic and fermionic subspaces of
a general many-particle Hilbert space. We introduce a so-called representation
of occupation numbers in these subspaces, which is a natural starting point for
creation/annihilation operators.

» Indistinguishable particles

N identical distinguishable particles: Hilbert space HN) = H1 @ Ha®@- - - @ Hn,
where all single-particle spaces H;, are the same

o : . N :
Projection to bosonic/fermionic spaces Hi ) expressed via sums over

particle permutations (1,2,...,N) +— (m,m,...,7y) = {r}
. NI . N .
bosons: P, = % > & fermions: P_ = % Y 0 Em
{r}=1 {Tr}:l\ifl'/
permutation sign

(factor % = projector property P2 = ﬁi)
» Bases in the bosonic & fermionic spaces

Separable (non-entangled) basis in H®): 1D iy in) = |Gi)1]Piy)2 - - [Pin )N
where |¢;), = i basis state in the k'™ single-particle space

Slmphﬁed notation: ‘(pilig...i]\]> — ‘(1)12...N> = ‘¢1>1‘¢2>2 e ‘¢N>N
= |¢p)r is any (not the k™) basis state of the kparticle

with
|Pr) k= @i )k

Action of permutation operators: EA{W}|<I>12,,,N> = |Gn)1|Omn)2 - - |Prn )N

Projections of the separable basis to H(iN) =

R N
(a) basis in boson space: N+P+|<I>12,,,N>:% I (o200 B [ X0 P 1 S Yt
{r}=1

N
(b) basis in fermion space: ./\/_]5_\(1)12',.N> :% Za{ﬂ}\gbmmgbm)g o |Prn )N

{r}=1
. . 601 [61)s - [01)
due to antisymmetry of the determinant . \cb;)i |¢;>z |¢;>x Slater
under an exchange of columns (rows) o : determinant

|¢1;/>1 lon)2 - |¢]\}>N
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Normalization coefficients Ny=/-—+2X— N =VN!

’I’Ll!ng!n3!

nir =number of repetitions of the state |¢x) in the ensemble, i.e., number of
particles in the state |¢x) (bosons: n;=0,1,2,3..., fermions: n;=0,1)

Reasoning;: = |ni+n+n3+---=N
NPy |y N) = Ni [ sum of N! states, partly 1dentlcal}
= Ny M X [sum of # orthogonal terms]
% = Ny= ATk Fiaes

» Representation of occupation numbers

N:tpj:‘q)12...N> = |n1,n2,M3, 00 Mgy )k
. occupation number of the 0,1,2,3... for bosons
with n, = ) _ = )
basis state |¢y) (with k=1,2,3, ... 00) 0,1 for fermions

These vectors form a basis in the space of indistinguishable particles (bosons
or fermions) = representation of occupation numbers

B Bosonic & fermionic creation/annihilation operators

Creation and annihilation operators, respectively, increase and decrease the
number of particles in a given single-particle state by one, forming a system
of “ladder” operators in the Fock space. Their repeated application enables
one to generate any basis state in the occupation-number representation from
a unique state called vacuum. Mutual permutations of these operators obey
simple commutation or anticommutation rules, depending on the bosonic or
fermionic nature of the particles involved.

» Fock space (Hilbert space with indefinite number of particles V)
He=HY U aHP o HY VouD enuMY. ..

Particle creation operators: ”Hi > 7—[ (N+D)

Particle annihilation operators: Hi — Hi 2 (for N=0: ”HE_LN) —0)

» Creation operators

Bosons : bl [ny, ., .Yy = VgL |ng, - (neL), ) 4
1

—
Fermions : &L\nl, My ) = { vng+l |ng, ..(np+1),...)— for ny =0
0 for n, =1

Square-root coefficients included into these definitions ensure simple algebraic
properties; see below (cf. the harmonic-oscillator ladder operators, Sec. 2.5).
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» Annihilation operators

Bosons :  bg|n1, .ng, Vg = /g |, - (ne=1), )4
Fermions : ag|nq,..nk,..)— = /ng |ny, ..(ng—1), ...) _

Definition:

Defined in this way, the annihilation operators are Hermitian conjugates of

creation operators: +(ny, .ng, bgna, g, ) = (g bl |ns, ok, L
Vv TV
\/ﬁ §n/1n15n2(nk—1) A /n%.i_l 671177./1“.671]6(71;64-1)“'
nl, ol aging, g, ) - = (ng, g, b g, g, L)

» Commutation relations for boson operators

[ZA),Z, l;;r] — 0 = [by, by (order of creation /annihilation of 2 bosons is irrelevant)

Proof for k=l trivial, for k%l below:
OLOT|. ngmg )y = b0t g s = /(e D) (1) | (g4 1) . (g 4-1)..0) ¢

(the relation for annihilation operators obtained by the Hermitian conjugation)

[Bk, IA)ZT] = 0x;|| (do not commute for k=)

1

Proof for k=l: (ZA);JA)L — ZA)LZA%) gy = (V (g +1)? = y/nd ) L)
For ]{75[ I;kl;”nknl>+ = Bgl;k|nknl>+
= nk(m+1) |(nk—1)(nl+1)>+

» Anticommutation relations for fermion operators

All relations for fermions are expressed through the anticommutator:
S N o A,B}EAB+BA
Pauli principle = aza“.nk...)_ = 0 = agag|..ng...)— {

= alal =0=aar = |{a,al} = 0= {az, az}

o 0 for my=1 At ) for ny=
OIS S il = { - ot
= (asa) + afag) [ = L) = Hagaly =1
{dk’&L}
We require more general relations: {&L, &}L} =0={ar,a;}| |{ax, &;r} = O

Their validity for k=l was just proven. For k#l these relations represent some

: - 0 0 0 0
satisfiable requirements &T&T‘ ~ - > __atat - >
upon the phases, namely: k ZT o Mk B = lT ke les POk e TV e/ =

apQ; |.. Mg .. Ny ) =—0; Q) |.. N .. Ny ...)_
kQy | e ) LAk |- e )

1 0 1 0
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In this way, the fermionic creation/annihilation operators are fully analogous to
the bosonic ones except that the commutators are replaced by anticommutators

» Particle number operators

Number of particles in the single-particle state |¢y):

bosons Nk = BLZA)k fermions Nk = dzdk
Dibg |ng )y = /02 [y alag o) = y/n2 |ong..) -

—~— —~—

ng nk:(),l

= total number of particles:

bosons || N = ZIA)LIA);C fermions || N = Zdld;ﬂ
k

Ni, b | = dub} | Ny, Bl] = b
We identify standard commutation N) jﬂ _ _H;g“ N} j)l] _ _gl
relations of ladder operators (Sec.2.4): ¢ r . I N PN X
Nkaag} = OpQ Nk;al} = —0py
N,a}] +af N,al] — g,

\ L L

» Creation of basis states from the vacuum

Consecutive creation of individual particles into the occupied single-particle
states:

Iny, ng, ns...)s = { W(bb 4 ;) 2(b ‘];,) --10) for bosons

(G D Ha ;) 2(a QT),) -+10) for fermions

|0) =vacuum state (€ #”. no particle present) satisfying: by,|0) = 0 = a;|0)
» Relation between spin and statistics

Theorem: elementary particles belong to the families of bosons and fermions
according to their spins:

Particles with s = half-integer are fermions: electron, muon, tauon, all neu-
trinos, all quarks (leptons & hadrons = matter particles)

Particles with s = integer are bosons: photon, W, Z, gluon, graviton?, Higgs
(interaction mediators & an “auxiliary” particle)

» Bifermions vs. bosons

Bifermion = a pair of fermions. Example: meson (quark-antiquark). Any
bifermion must have an integer spin. Question: is it a real boson?

Exchange of 2 bifermions = 2x change of sign = boson-like behavior

However, consider the creation/annihilation operators of a general bifermion:
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Z CYszLkCLZ A= apaar Antisymmetry : ap = —ay
A ki Normalization : > |ay|® = 3
Creatlon annihilation Kl

Normalization: 1 = (0|AAT|0) =3 Ozk,l,ozkl<0|al/ak/akal |0) =2 Z v |2
Commutator: kol K

(A, AT = 33 agpaplivin, afa]] = 3 3 ajy | —0wajar + 6ua i
kKl kK
+5gk/akal/ - 5ll/akak/ + 5]%/5”/ — 5kl’5lk’> = [ 4 E ( E al/kakzl) a;ral/

Ll k
~ NG -~ 7

A = correction to the boson-type of commutator: A

Its impact depends on a concrete state |U) of the many-body system. In gen-
eral, (U|A|¥) ~ 0 for many-body states |¥) in which the single-fermion states
present in the bifermion operator A' are “far enough” from the states occupied
by the rest of the system. Example: a pair of mesons far from each other.
(U|A|W) # 0 for states |¥) in which the states contained in Af are partly
occupied by the rest of the system. Example: a pair of nucleons in the nucleus.

» Transformations of creation/annihilation operators

Consider 2 single-particle bases: {|qb]>}‘7 g {|q52>}2 & i) = Z (b di) | )

’L'LI

U represents a unitary operator relating the two bases, which also constitutes
the transformation between boson & fermion creation/annihilation operators:

A

= "(¢u|di)b} gj52<¢;jl¢j'>3j' al=> oulgal| |62 (6il65)a;
4 7'

i’ J
Surs 8t
[2]-,83}=%<éj\¢jf><¢if\&i> 0,0} =0y {a.al} Jz;<¢3|¢j><¢z|¢z>{a .l }=

= commutation/anticommutation relations remain the same

» “Second quantization”

A transformation of creation/annihilation operators for general particles to the
coordinate & spin eigenbasis {\(bf’mg}

o7 (Z;ms) &7 (Z,ms
g /—(i%AT ot - /—(/%)
bx me w—i—( ) - Z <¢i‘¢f,ms> bz Az m, = ¢_( ) - Z <¢7|¢xmé>
Bf,ms = Qﬂ—k (f, ms) - Z <Q~Sf,m5 j> 6j éf,ms = Zﬂ— (SU, ms) = Z <§5:i’,ms ¢]> d]
’ ¢ (Z,ms) ! ¢ (Z,ms)

The new single-particle basis is not discrete (countable) = commutation/ an-
ticommutation relations will contain the d-function instead of Kronecker o:
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Commutation relations (bosons) Anticommutation relations (fermions)
PL(&, m,), PL(7’ m’s) =0= oL (T, my), L (3, m))
¢+(f7m5)7¢+<fl7 /5 =0= &*(famb‘%r&*(f/)m;)

m)
_wf,ms),ﬂ(f',m) = 0(Z—T )0 = U (T, my), " (Z',ml)

Proof of the last line: dij 5(5—525%7”;

fa o 5 y /-’\-]L\ ~
%(fcams):%(af';mé)} = 2 {Pzm,|0j)(Di| Dz my ) [bj, b;] = (b | Dz )
B 7.7
{¢—(fams)7wi(f,7m )} Z<¢a@ms ¢]><¢z|¢m m! >{aj7 } - <¢srmé ¢f’m’>
ij \W—" ~~

0ij O(Z=T")0,, i,

Particle number operator: Ny = Z PL(E, m )y (Z, my) dT
Ms fog (Z,ms) p;;cicle density

The above procedure is often referred to as the “second quantization” (in anal-
ogy to the “first quantization”, in which physical quantities became operators)

since it induces the transition: | wavefunction v (ms) } — {wi( M)
Y(&ms) Y1 (Zms)

operator

B Operators in bosonic & fermionic IN-particle spaces

Creation/annihilation operators enable one to express any operator acting in
the whole Fock space! In particular, the operators that conserve the total num-
ber of particles (those keeping the subspaces 7—[9) invariant) can be written
through products containing the same number of creation and annihilation op-
erators. This results in an important classification of such operators according
to the number of particles (n = 1,2,3...) they influence in a single “action”.
We talk about n-body operators.

» General operator expressed via creation/annihilation operators

Creation/annihilation operators of bosons or fermions { Cp = bT or a};

unified notation: ¢ = by or G

Consider operator O conserving the particle number = [O, N =0

O acts within any N-particle subspace H®), where it can be expressed as:

O=>" 3 ($i,--0ix|Olbir- 01 )| iy --Pin ) i - |

PN il

Assume that the operator (observable) O is physical for indistinguishable par-

ticles = it acts inside H") = [0,P.]=0
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OPy = P.OPL =" 2 (P B[Ol . 1,) Pi\% PDin) <¢i§--¢i§v\pi

i Yty
n1'n2 ‘nth’ nl?n% ‘ /n
Z Z <¢'Ll ¢2N‘O‘¢Zl ¢ZN> Ajl AIQ AT |O> <0‘ CZ Ci/gci/l

21, AN 217 ’LN

within the space HN)... P© _ can be removed

N' Z Z gb“ <b”\f|()|¢’1 gb’N> A’L1 ig" é C"N CZ/CH

11,00 21, N

This is the most general expression in the N-particle subspace of an operator re-
specting particle indistinguishability and conserving particle number. However,
as shown below, for some classes of operators this can be further simplified.

» One-body operators
Operator defined in the N=1 subspace through: |T|¢); = Z<¢ik|T|¢> i )k

The action of 7' is extended to all N>1 U
subspaces via summation over all particles:

N - N o A - A A
O(l):Z(T)k EZ(]1®...[k_l® T ®[k+1“‘®IN)

k=1 k=1 kthplace

= defining property of 1-body operator:

VBilgr -0 ZZ @i TI6x) Peldr - 6 - o)
1 ottt 10) k=1 i ihodt gl 10)
VNI 1 k N \/ﬁ 1 iy N

We consider an operator defined as OM = S(¢;|T | d) é}éi/ and show that it
satisfies the above property: & Syel
(1) At Ay A A SR
Note that: [OW ¢l] = Z/<gbi|T|qf>i/> i, ¢] = Z((bi]T\gbk}ci

A~

OWel ol 6 0:{ O<>eT eh el 4 .. +éT el oW ¢l el
LG 0)=1 (| 1]2N) (el | k] )

At N A()
+-+ (e, [0 ])}\0> le<¢zk\T\¢k> L-el10)
23

The above def. property is verified, so any 1-body operator can be expressed as:

O = S (i Plgw) e

1,1’

Graphical representation of this expression:
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» Two-body operators

Operator defined in the N=2 ~ "
V - { Z‘l v ik ’il
subspace through: (V)walt)m Z<¢ Birl V[V k| i i )

With respect to the exchange symmetry: (¢;;|V|dud;) = (9;0i|V by

The action of V is extended to all N>2 subspaces via summation over all
particle pairs:

N N N
OP=2 > (M Z} L@ T @1 @ L1 @ L1 @ In @ (V)i
1

= defining property of a general 2- body operator:
OV e i) = & S (endulVIonen) &2 2410)

k Tyl
Z>k} 1

We consider an operator defined as O Z Z(gblqﬁﬂvwz 1) € ) él cjzczx and
show that it satisfies the above property bit g7’

0; /kc c (ES Y /kczcjcl/

/—/ﬁ
First note that: [O® G =5 Z Z(gbng]]kaz bjr) [C C;CjrCi ,Ck] =

ZZ j,]
=5 2 (0isVIgnop)eleier+5 3 (050ilVIgnoi)eleler = 3 (0iVIgnan)eleséy
0,55 H,J i,7,1
Oél.cl.ef.el |0y = q (0P, él] eb.ely) + -+ (el..el_ 0P, ] .éf
1-“k~ N‘> ([ 1] 2 N) (1 k— 1[ )
' Z <¢11 i1 Vg1, el jlczl > <¢zk¢gk\V\¢k¢zk)clk &5, G,
171 Tl
AT At A A
Fot (@A, [0, }\o> S S (6n6aViowon .él .l joy
(1 N—-1 N) . } 1%][ U 1 N
Y (GinGiy|Viendiy)el el by 1>k

INGINGIN
The last equality results from the fact that ¢;, in the commutator expressions
can only annihilate a state already created (otherwise the result=0) =

lk=(k+1)or (k—|—2) or... N. The pair éT .Gy, commutes to the right to the posi-

tion of the ¢ Cz and the whole Comblnatlon cT clkc}L is replaced by ¢ c . The last
expression verifies the above property of 2- body operators =

General 2-body operator reads as:

ZZ ¢Z¢J|V|¢Z¢J> IA CjrCyr

Wi’ 5.5

Graphical representation of this expression:



184

» Higher-order operators

An analogous procedure can be applied (though with increasing intricacy) to

any n-body operator.
Z Z Z (W) ki

Example, three-body: =1l=k+1m=l+1
= 3 Z Z Z<¢z¢g¢k\w\¢z d)j ¢k’> C; C Ck/Cj/ Cyy
1,1 7,9 kK’
Graphical representation p "
of 3- & n-body operators: — 2 2
s 7 3 K)
m > m

» Normal ordering of the products of creation/annihilation operators

Matrix elements of an n-body operator in the N-body space are expressed in
terms of the following vacuum expectation values:

S P S
<O‘ gjl ce CJJ\L\Ckl ce Ckmgll ce Cl@\CiN ce Cl'lj ’O>
Nx ;; nx J\;:<
The product inside is standardly rewritten in the normal-ordered form:
R P A A A A
ll le.‘-Cik.‘.cjl.‘.C]m-.‘ci’,}'_ O' gil.-.cik‘.-ci’,}\cjl‘.-C]l.‘.cjnb
~ = N M
unsorted product of n X el and m x é n x é m X Co
+1 for bosons
o= . L L
o(m = £1 for fermions : {7} = (i1..51. k- J1--Jm--in) = 010k 001 J1--Jm)
:bibl - = blb, a;al = —ala,
TSI P SR Su U e SO
Examples: ;00 1 = Izinﬁlzj L a; a0, 0 = —aTZ. Tkaj
- bkbz J = +a,a;a;

» Wick theorem

There exists a systematic way how a product of creation/annihilation operators
can be transformed into the normal-ordered form. It makes use of so-called
contraction, which for an operator product AB is defined as the vacuum

expectation value (AB)O = <0\AE!O> (lA)-lA)UO:dj _ <5L'&t>o
/\Z /\‘7 7 (3 i
Examples: (b}bﬁo =0= (d}dﬁo
0=

Statement:

Product of creation & annihilation operators =
S o (normal ordered product with k pairs removed) =: e, :
(1o =~ x (product of k contractions of the removed pairs) = ¢,
,L,2,... +
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The proof not given here, instead we give some examples

Examples : bosons| |fermions
bibl = 1 bib! : + (bibl)q Qi = 4+ (G50
—— = —— =
bib; 0ij —ata, 0ij

bib;by BT—bTbTb DrA-0uibl 0+ 0,bib,  alaanal =alalajag+0wala;— 050l
General product

ABCD=: ABCD : + (ABYy: CD: ABCD=: ABCD -+ (ABYy: CD
+(AC)o: BD : + (AD)y: BC': —(AC)y: BD : + (AD)y: BC':
+(BC)y: AD : + (BD)y: AC : +(BC)y: AD : — (BD)q: AC :
+(CD)o: AB : + (AB)o(CD)q +(CD)y: AB : + (AB)o(C'D)q
HAC)(BDY + (AD)(BCY  —(AC){BDY + (ADY(BC)y

If the vacuum expectation value of an operator product is to be evaluated,
one makes use of the obvious fact that [(0]: e, :|0) =0| Only the terms
composed solely of contractions (if #0) may contribute to the result.

» Two-state correlations

The N-body state |¥) contains complete information on the system, including
information on statistical properties of all occupation numbers n; associated
with individual single-particle states |¢;). For any particular |¥), these prop-
erties can be described by means of the following general quantities:

(a) Average: (ni)y = (B|ele;| )
(b) Dispersion:  ((n2))y = (n2)g — (n;)2 = (\If|éTéZéTcZ|\I!> —(W|ele;|w)?

-~
7\

7 Y

(c) Correlation between occupation (W[B]b]b:bi| W) +-([b]B:| )~ (bosons)
numbers of states |¢;), |¢;) (for i # j): (¥|ala;|w) (fermions)

((ning))w = (ninj)e — (ni)w(ng)w ZS‘If\éT@éT@\‘m —(Wlele; | w)(wlele; | w)

Vo

((ni=(n3)a) (0 —(n)w)) Wielelesev)

{((ninj))w

Normalized correlation coefficient: |Cj;(V) = € [—1,+1]

VD)o (02

+1 for perfect correlation
Ci; (V) = 0 for null correlation of (n;—(n;)w) and (n;—(n;)w)
—1 for perfect anticorrelation

» Many-body Hamiltonian

General expression of a Hamiltonian with 1-body terms (kinetic energies of
individual particles + potential energies in an external potential field) and
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2-particle interactions:

H = Z € €] ity Z Viji'' Cz CJ’Cz

JJ

where g5 = (¢5|T|¢;) and vijiy = ($i0;|V|dw;) are matrix elements in the
space of distinguishable particles. The 3-particle and higher interactions can
also be included by the respective n-body expressions.

» Coordinate form of Hamiltonian

If the many-body Hamiltonian is expressed in terms of coordinates 7, and
spin projections §,; of individual particles (k=1,...IV), it is useful to utilize the
coordinate form of creation & annihilation operators.

N () (U )k (V)kl §
=3 (-4 ) §jU:ck,szk 3 Vo)
k=1
& - - o k=
kinetic term Ol(m)1 external potential Opot ~ N~ -

interaction Ofit)

Ojin+ Ot = A&l (T+D)l6s) el
=3 {Z J 6 (Fmy) |~ 4 A + U@ m,) | 603, ms)df} el

YL (@ ms) Do (F,ms)
A2 A a
Oi(nt) - Z <¢Z¢jlv‘¢l ]’> ;rC 1Cjyr = %X
227],]
{fo¢* T, ms) o5 (T, mi)V (T, ms; T, mi) g (T, ms) by (', m )dxdx'}éTcch/cl
JJ’ s . . ) A
= S L ML )V (@ 7 ) (7, m AT

The final expression is of the field-theory type:

H=Y" [ QL@ ms) [~ LA + U(Z, ms) |9e(F,ms) dF
+ 32 [[ L@ m)PL@, M)V (T, m; T, ml) e (F, ml ) (F, ms) dE dE

/
mS

B Quantization of electromagnetic field

The formalism built up in the above paragraphs will now be applied in a con-
crete task to quantize the electromagnetic field. We know that elmg. quanta,
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the photons, have spin s=1, so they are bosons. The quantized field enables one
to describe all processes connected with elmg. interaction of matter, including,
e.g., spontaneous elmg. decays of many-body systems (photon emissions).

» Photon creation/annihilation operators

The general solution of the wave equation V2A — c%%g = 0 for the elmg. vector

1

potential A(Z, ) in vacuum (c= ) is a superposition of planar waves:

VEeoHo
A(Z,t) = E /./\/'Vk{ ag, elgyeﬂ(k Towt) 4 oz;—;»y e]—;f R x_w’“t)} dk
v==+
) o
= O, sy

with wy, = c|k| and:
(a) Ny =a scaling factor for each mode which will be determined later

(b)|e€z,. = :F\% [5,;96 + i@gy} = cireular polarigation vee‘.cors.compo.sed. of
unit vectors of linear polarization satisfying the
Coulomb gauge condition 5Ez'k:0:€;;’y'k

(c) ap, =arbitrary coefficients

Field quantization: X N
— Q —
function A(x t) € R — operator A(a: t)=Al(Z,t) < { oz]:l/ |_> [;]Tw
kv kv

Operators bt and b~ respectively, create and annihilate

nt _
photons Wlth momentum p.,= hk and spin pro Jectlon ZBEV‘OM = |
sp=vh==%h to the flight direction k/k: | bl

» Energy of elmg. field ~od VxA
—

k k
vakggy ) IWwes
+i(k-F—wit I j(k-Z—wyt 7
T . —% _ T
[VXA Z fNVk{zosz ckxe,w] Filk-Twt) _ o [ckx e |e kT )} dk

For V—>oo the spatial integration yields: [ R RER TN Vo i

The resulting expression for energy: &£ = VGOZf(Nkak)2(aEVaEV+aEVaiV) dk
h

Vecor” leads to:

This after the quantization, with the choice of Ny} =

E = § / Ficoy, ((;JL 813 4+ l) dk| Interpretation: This expression is equiva-
kv RV 2 . .

lent to an ensemble of harmonic oscillators,

each one associated with a single field mode
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Note: The term associated with zero-point motion yields diverging contribu-
tion and must be artificially removed in the field theory

» Photon emission & absorption

In Sec. 5.3, we outlined the theory of transitions stimulated by classical elmg.
waves in systems of charged particles. Now this theory can be extended to
describe interactions of matter with general, also non-classical field states.

Example: Any field state |¥,) with a definite photon number N, is non-

classical as it yields vanishing averages of field intensities: OI@]E (@, 1)|¥,)=0=

(W7|§(f, t)|¥,) (the terms of E & B contain either I;JLV or BEV = change N;
however, the dispersions of field intensities are nonzero).

In particular, such general theory applies to the processes of single-photon
absorption and spontaneous single-photon emission.

Consider a system composed of NV particles with charges ¢, and masses Mj.
The matter-field interaction Hamiltonian (cf. Sec. 5.3):

X N o X where A(Z,t) is taken from the above general
H'(t) =) LEI1AZ D) : : — L
*) ; My [ (Zh,t) - P k] expression with the Z’j”: Z’;“ substitutions
7 VR

Transition probabilities for single-photon absorptions & emissions are calcu-
lated with the aid of the Fermi golden rule:

Process | Initial state |t)g;) Final state |1g;) | Active term in H'(t)
emission | Eoi)al0) — \E0j>a\lgy>7 one with ngy
absorption \E0i>a\gy>7 — |E0j)al0)~ one with I;EV

From this point on, the calculation of transition amplitudes is rather analogous
to that presented in Sec. 5.3 (using either the dipole approximation or the com-
plete multipole expansion). For spontaneous emissions one needs to include
into the density of final states also the emitted-photon state density p.(E,)
(calculated as the number of modes per unit energy in a finite box of volume
V; for details see elsewhere).

« Historical remark

1927: Paul Dirac shows the equivalence of an ensemble of non-interacting bosons
with indefinite particle number (elmg. field) with a system of harmonic oscillators
(the use of occupation number representation & creation/annihilation operators)
1928: Pascual Jordan & Eugene Wigner generalize Dirac’s results to fermions (the
use of anticommutators) & ensembles of interacting particles

1932: Vladimir Fock introduces the Hilbert space for q.fields/ many-body systems
1939,40: Markus Fierz and Wolfgang Pauli formulate the spin-statistics theorem
1950: G.-C. Wick provides a method for evaluating products of creat./annih. opers.
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7.2 Many-body techniques

We are ready now to apply the above-derived general formalism in some sophis-
ticated approximation methods, which are extremely useful for the description of
various quantum many-body systems—atoms, molecules, nuclei, clusters etc.

B Fermionic mean field & Hartree-Fock method

Atoms & nuclei represent genuine many-body systems since all their constituent
particles (fermions) interact with each other. Nevertheless, it turns out—at
least as far as the ground-state properties are considered—that one can trans-
form this difficult problem into a much simpler problem of individual particles
moving in a single-particle mean field. This field can be seen as a kind of
averaged influence of all other particles on any selected particle.

» Hartree-Fock ansatz for the ground-state wavefunction

Fermionic Hamiltonian with - E :Ekk’ dldk’ + % E :Vklk,l,&Lle&l, G
one + two body terms written Tk Y
in arbitrary basis: LU

The ground state of an N-particle system 4
is searched as a Slater-determinant

wavefunction || [@gp) = al, - - abal|0)
where d}v, cee d;, &I create some ortho-

normal single-particle states interpreted
as the lowest eigenstates of an unknown
one-body Hamiltonian = mean field
= the ground state = “Fermi sea”

(N lowest levels of the mean-field Hamiltonian occupied, higher levels empty)

» Variation of the HF state

The unknown mean-field states |¢;) = a!|0) entering into |¥yp) will be deter-
mined by the stationary variational method:

Infinitesimal unitary variation |¢;) — |@;) + |dd;)

[00) = Y wiglog) ~ (6 +i D _eyley) = |al e al+iy egall e =€
j

elei) |6¢:) da!
War) = al,---afaljo) > (al+aaly) - (ab+dal) (af+da]) (o)
~ |y + ( dak ---abal)o) +---- - +(aly -+ dal al)|o) + (al,---al sal )0
[Wnr) + (day ---ayay)|0) (ay 5 a1)[0) + (ay ---ay day )[0)

Z'ZENJ'CAL;{ Z‘Z€2j&;( ’L'Z€1jd;
J J
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Ket variation: Bra variation (independ. coeffs. €j,=¢€',):
N oo
‘\IJHF> = ‘\IJHF>+ZZ ZEUCAL;CALZ“I]HF> < F| — \IJHF’—ZZ Z €i \IJHF’CL a;
i=1j=N+1 i=1j=N+l
50 (30l

» Variational condition

The condition for |WUyp) reads as follows:

(00 H W W |00 e) =i 55 57 (Warles; Halai ) ala; (] We) =0 v {7
1I<Nj>N

NI ! i

Assuming that H is written in terms of the single-particle states involved in

the HF state we get:
NI st o \atn _ 1< N
<\IJHF (Z 5kk/akak/ + QZyklk/l/akalal/ak/) CLjCLZ' ‘IJHF> =0 V{ ] > N

ke k! k!
L

Evaluation of both terms: anticommutation of d} or a; to the leftmost position

(the resulting matrix element =0 since j>N and i<N)

(a) One—body term: Z Ekk/<\IfHF‘CALLCALk/&de|\I/HF> =

o
= %;ekkf <<‘PHF|6L akak’az‘\PHF> +dj S\PHF‘&Ldzl\PHF>4> = %Ekk@jk'@k = &jj

0 <\IJHF|did]];|\I/HF>+§ik<\I]HF|\IIHF>

A

(b) Two-body term: % > yklk/l/<\IJHF|ak&;rdl/ak/a a;|Vyp) =

ko
Ll
5O Vi [5]k’5zk <‘PHF|6LZ ay ‘I’HF> +0,1 041 <‘PHF|CLkak' ‘I’HF>
2w
L by for <N Sy for k<N O/ for k<N Sy for ISN

Oforl,//>N 0for k&' >N 0 for k,k'>N Oforl,l'>N

— 800 (Wp|al ay | Vup) — 05005 (Ve lal ap| Up) | =

= %[ > SVikjk‘{‘Vkikj)_ > (Vikkj_l/kijkl] = > (Vkikj — Vikkj)
k<N

~~ 7 k<N ~~ k<N
2sz'kj 2Vikk:j
1 < N
Together: €ij + kiN(VkZ'kj — Vikkj) =0 \V/{ ] > N

This represents a coupled set of conditions for the Hamiltonian matrix elements
in the HF basis which must be satisfied to minimize the energy functional
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» Mean-field equation

We know that g;; = (¢i|T|¢;). The above set of equations can be formally
solved by introducing another one-body operator Vir, which is defined through

its matrix elements in the HF basis as follows: (@\VHF\%) = Z(Vkikj—yikkj)
k<N

It represents the Hartree-Fock mean field

= the above variational condition reads (| (T + VHF)\@) =0 for {;E%
This is satisfied if (T + Vigp) is diagonal in the basis {|¢,)}, i.e., if

(T + VHF) |bn) = €n|n) one-body eigenvalue equation

= Many-body ground state approximated with the aid of eigensolutions of a
one-body problem. However, the HF mean field is expressed via the eigensolu-
tions that we want to determine:

Vitel6a) = 2 {0m| Vi |60} 6m) = 2 [ S ((610mlVI6160) - <¢m¢k|v|¢k¢n>)]¢m>

m | k<N
= selfconsistent problem |
0

Solution searched in an iterative procedure: basis {\¢£,0))} = mean field \A/éF
= basis {|¢7(11)>} = mean field ‘A/I%) = basis {\@(12)}} = mean field Vé? = ...
We may hope in a fast convergence.

» Coordinate representation of the mean field

Meaning of the above-defined mean field operator becomes more intuitive in the
coordinate representation. The action of Vir on the HF single-particle basis
read as: Vg ¢, (7, 1) =

SIS S S 0n (@, ) 05 (o, p2) V(1 To) b (F1, p1) o (T2, pi2) A1 dTo| i (T, 1)

m k<Npip2

=3[ 22 oS b5 (E1, ) b5 (Lo, o)V (E1, Ba) a1, 1) (L2, pr2) dE 1A | (T, 1)

m k<N pp2
Using Zgb* (Zo, o) P (T, pt) = 0(Zo—Z)6,,,, (With e=1,2) we obtain:

VHF¢n T, p)= {/ZZW T, f11) ‘ V(1 )dfﬁ] DT, 1)+

k<N 1

e

~"

Viir(Z) local potential nonlocal potential fZWHF(f Lo, 1h2) O (To, 2 ) Ao
1o

b > il )V o m] ol o)

J7p) k<N

~
Whr (Z,p,%2,p2) transformation kernel

The local potential contains averaging of the value V(#1,Z) from all the
remaining particles in occupied states weighted by the respective probability
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densities |¢y(#1, 11)|?>. The nonlocal potential (also called exchange term)
results from the antisymmetrization of 2-body wavefunctions.

» Ground-state energy

Estimate of the g.s. energy from the HF wavefunction:

By ~ (Uyp|H|Uyp) = -+ - - = > ewt3 2 > (Vi — Vikk)
k<N k<N I<N

Sum of single-particle energies of the occupied mean-field states:

YoEk= Y, <¢k’(T + VHF)\¢k> = > e+ D Y (Vb — Vikk)

k<N k<N k<N k<N I<N
Comparison of the above expressions: By~ E {af — % E (Vi — z/lkkl)]
k<N I<N
N ?r J/
(k| Var|or)

The correction Agj, = %(@WHFW!J of energy ¢, present in the last formula,
compensates the double counting of particle interaction energies (e.g., the sum
€1+ €9 contains all interaction between particles 1 <+ k and 2 <> k, so that the
1 <> 2 interaction is counted twice)

« Historical remark

1927: D.R. Hartree introduces a self-consistent method to solve many-body Sch. eq.
1930: V.Fock and J.C. Slater modify the Hartree method to respect antisymmetry
1935: D.R. Hartree reformulates the method in a way suitable for computations

B Bosonic condensates & Hartree-Bose method

The Hartree-Fock method has its bosonic counterpart, called after Hartree and
Bose. It relies on the same principle, but is much simpler technically since
bosons do not obey the Pauli exclusion law.

» Bosonic condensate A PN e -

T H =2 eubibe+5 ) viwrbibjbub
Bosonic Hamiltonian with Tk Y
one + two body terms: LI

Ground state of the N-particle system searched in the form of the condensate

type of wavefunction: |||WUgg) = ﬁ(BT)N\())

with | Bf = Z B;J;L creating the boson into
k

~—
N

a general single-particle state |¥g) = > Bi|dk)
k

with unknown coefficients subject to normalization: > [8]? = 1
K
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» Energy functional

To perform the variational procedure, we need to express the energy functional
(Uyp|H|Vyp) as a function of coefficients {fy }. First we evaluate commutators:

[ékaéw:/gk ) A R R

S o >:,{[b,\@u%*)jﬂfv H(BHY-

123 (?T)N] = [bkaﬁBT](BT)N_lJrBT 122 @T)N_l] [(B)Y, 5] :N@;(B)N
Cn k Cn-1 J

From these relations we calculate the following averageS'
(Wrp by by [Wim) = 37 (0] (B) N bbye (BN N|0) = 57 81 A7 (01(B)N (BN |0)
= NB*E.,
(W B W) = (01(B) 6Bl b (51 ) O
= BB A (01 (B)N 0y (BN)N1[0) = N(N=1) ;57 B
The energy average (energy functional) in the space of condensate states:
(V| H|Vap) = N Y ewwBiBr + 252 ™ v B85 B Br = E({Bi})

k k' ke k'
Ll

To find parameters {0} of the condensate state, the function £({5x}) must be
minimized, respecting the normalization condition >_ |3|* = 1.

Alternatively, one can skip the normalization . (Uys| ﬁ|\pHB>
constraint and minimize the expression: E{B}) = (Uip [ Trs)

« Historical remark

1924-5: A.Einsten & S.N.Bose predict that systems of bosons at T— 0 form a
condensate state with unusual properties (the first laboratory preparation in 1995)
1938: F. London relates boson condensation to superfluidity & superconductivity

B Pairing & BCS method

The Hartree-Fock method does not work well for the fermionic systems whose
valence shell (or valence band) of single-particle states is filled up approximately
to the middle. Indeed, the existence of a number of partly occupied valence
orbits with nearly degenerate spectrum makes the HF method unstable (it has
many almost equivalent solutions). In this situation, an attractive short-range
type of interaction produces a new effect beyond the mean field—pairing of
particles in conjugate states related by the time reversal. It turns out that
at low temperatures, the systems with pairing exhibit superconductivity,
a phenomenon partly analogous to the superfluidity of some Bose systems.
The basic many-body theory which takes the fermionic pairing into account is
abbreviated after its inventors Bardeen, Cooper, and Schrieffer.
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» Pairing interaction
Consider an approx. contact interaction given by: |V (&} —2)~—V §(7) — )
Matrix element (¢Z¢J|V]¢Z D) R
Vo 2o [J 05 (&1, ) @5 (T, )6 (F1 —To) Gy (T, pu1) Do (T2, pto) dT1dTo
= f[z OFE, 1)1 (T, )] [ 65T, 12) 0 (7, 2) A
7 )= T¢j(x W et <¢Z¢J‘V‘¢Z Cfﬂ o
(T, u)zqﬁ}?(f, —p) =T ¢j0(Z, ) V0 f\%ﬁ ¢; (%, 1) (T, )| dz

(a particularly strong interaction element)

We may approximate this situation by assuming that V acts only between

couples of states | |¢p) <> |pz) =T |or)| related by the time reversal

—~ = transformation 7~
ak|0> ak|0>
For instance: |+, 1)« |-D,d) electron states in metals
" In, L5, +m;) < |n,l,j,—m;) nucleon states in nuclei

» Simplified Hamiltonian

The above approximation is represented by

so-called monopole pairing interaction: ~—G Z £ ajag
(G = pairing interaction strength
> = sum over the states close to the Fermi energy cp: lex—er| < S

(with ep taken now as the energy of the highest occupied orbital in |Yyp))

This interaction can be expressed with the ~ ~: A
b Vpair ~ —Gn PTP

aid of the following bifermion operators:

pt= 1N Vaf a; P=LSN"qa where n = number of levels ¢ in the

v p lex—ep| < .S interval around ep

If the k, k states correspond to |n,l, j, £m;), the P! operator creates a pair with
zero total angular momentum (hence the term “monopole”)

Boson-like commutator: [f’, f)T] =1- %Zk:’ \(dL&k + &2&@)} € [—-1,+1]

-~

The full Hamiltonian: 7 €[0,2]
H=> ep(afar+ala;) -G alalaa; =Y epiy — Gn PTP
_k ) k.l k
T+VHF V;;r

» The BCS approach

Splitting of the full Hamiltonian into o (the rest)

pair

{ Hy = T—|—VHF—|—VIfalr (the main part)
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Ho
H= Ey+) exlafar+alap) —AY ' (atal + aray)
T—;‘C/HF Vllr Vp/,air
A,5] =0 g RIS ot
) A i) ~ G i B
k k,l

Here, A is a so far undetermined parameter called pairing gap (see below). It
is believed that V.

pair

1!
interaction Vpair, while the rest Vpalr

included in Hy represents “a larger part” of the full pairing
is “small”.

The subsequent procedure consists of 2 steps:

(1) The ground state of Hy found analytically = wavefunction |Upcs(A))

(2) [WUpes(A)) is used as the ansatz wavefunction for the variational procedure

using the full Hamiltonian = minimization of £(A) = (Upeg(A)|H|WUpcs(A))
determines the value of parameter A.

The idea behind:
pPtp

small contlgéution — 0 the main Ifirt - Vp/alr const.Jk—> Ey
= TP —(PY] [P— (P)u] + (P)y P+ (PN P — (P)y(P)y

GVn(PT)y = GVn(P)y ~

» Bogoljubov transformation (a toy form)

The gap can be identified with:

quadraticHamiltonian

|T _CE

Spin states
{ =d]

ho=¢co+e ( TCLT + CLI%) +0ayay +5a

Eigenproblem of hg in the 3D Hilbert space (spanned by states |N,) with par-
ticle numbers N,=0,1,2) can be solved analytically via Bogoljubov transform.:

particles

quasiparticles

aT,aE . @Tzu&T—Fv&l a&:ua%vm u,v € R
ay, a &, =wuay —val & =ua] —vay  uHvi=1

Quasiparticles are fermions (the transformation is “canonical”):

{an, OA‘T} {&T’ I} {ay,a}= {ay ¢} {as, O‘i} {QT: A¢} 0

{CYTﬂ ¢} {Qia {O‘% T} {0%7 ¢} w v’ =1

Coeffsicients u, v are determined by the required form of Hamiltonian after the
ho — hly = eg + e\((ﬁéq + &Idi)/

transformation, which is:

~N"

N
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This Hamiltonian is solvable: eigensolutions identified with the states having
fixed numbers of quasiparticles:  |N,) = 1(04), [1a), [24)
The ground state is the quasiparticle vacuum:  |1g) = [04)

Amplitudes u, v & constants e, e (together 4 real variables) obtained from the

condition h = ho, yielding together with the normalization constraint 4 real

equations: 0 ?f —6 =

hl = ¢y + 2e0” -I—e( 2)( TaT—I—a iy) + Euv Gy + U0

» Solving the main part of the pairing Hamiltonian

tat i

The part H, of the total pairing Hamiltonian is quadratic = solvable

Bogoljubov transformation (the full form):

= UuRQp+v &}L—C OAzL: kd,i—l—vk&,; &k:uk&k—vko?£ &zzukdlt_vk‘@l?:
Qg =ugay, deL &]E:ukai — VLA d,;:ukéz;;-l—vkdz &£:uk&£+vko§k
P i
U, Vg c R {Cfl_mffl_}:o:{ff/;a%r} {Ojlfafﬁ}:ékl
U2+U2_1 {akval}_o_{a/’aa[} {akval’}_ékl
ETVRT {an.a1}=0={af.a]}  {an.a]}=0={az.6]}
Remarks:

(a) We assume (ug, vg) = (1,0) for levels “far from” the Fermi level: |e—ep|>.S
(b) Instead of H, we consider Hy = Hy — ,uN , where p will become a Lagrange
multiplier for fixing the average particle number (= chemical potential)

The transformed ﬂg reads as:

Hy =2 " [(er—p)vi— Augoy] + (Z [2(ex—p)uror — Alug—27)] L

k ~~

\ 7
v~ €L
A

EO ~ -
—|—H.c.> S e =) 1 280 (Al + alag)
k
Solution of the diagonalization condition:

2Eer—pupvr — Alui—vd) =0 = 2@E—pupy/1 —u2 = AQui—1) =

>$

A[A*+ (ep—p)? uf —4 [ A%+ (e, — p)? Ui+ A% =
u2 - l 1 + Ex—HM
I A2t (ex—p)?
= ||ex = \/A2 + (5k - :u)Q = L . Ex—p
ko2 A2+ (ep—p)?

» Ground-state wavefunction

The ground state of I:I{) = vacuum of quasiparticles (= n; = 0). Written
in terms of creation/annihilation operators of the original particles and their

vacuum, this state has the following form: At
|Upcs) = H (uk + UW,;%) 0)

k
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Proof: al éﬁ
G| ¥pes) = < wa;+vKay > <uk + delE&JL) 0) = {[@l, Hﬁﬂ + (H Bk)&l}‘m =
3 K
w [, ala T} I1 atal alal 4 a5) Yo
(o |Gy, gy uk—HJka D)+ 1T (e +vrad ray ) wtvaga) ) wa+uva; ) ¢10)
\—\/T—/k;«él k#l R .
4 +ugval|0)

= é‘l|‘I’BCS> =0 similarly: 64[|‘Ifgcs> =0

The solution |¥pcg) approximates the superconducting state at 7' =0
» Interpretation

(a) |WUpes) is a state with undetermined particle number

(b) The average <N>BCS = Z<\IIBCS‘ (akak + £ ) |\Ichs> ; N | fixed by o
k NG
ng

(c) The dispersion ((N?))pcs = (N?)pcs — (N)jqg is beyond the control (for
small systems like nuclei this is a drawback

(d) uy and vy represent probability
amplitudes for the pair of states
|6k), |¢7) being empty and occupied:

,___?——

empty

»; lug|*>  and prt= |vg |2

(e) The occupation probability |vy|?
as a function of ¢ is smeared
around the value p. The smearing

width ~ A. For A=0 we get:
jorP=1=unf? = { § for 2=t ]
- H BCS

(f) Excited states (with n; > 1)
have energies | Fex. > Min{e;} > A

s

T

= energy gap above the ground state in the
spectrum is a typical signature of pairing and
and one of the origins of the superconducting
behavior (the friction is suppressed due to the
difficulty to excite the system) T FTTTIIIT

» Determination of the gap
(a) Variational approach: &'(A) = (Upeg(A)|(H —pN)|[Upes(A)) =



198

(Upes/HY [ Upes)+AY (Upes|(alaf+arag) [ Ppes) —G (Upes| Y ' alafaa Upes)
k ol

NS 7

25 (ex—p)ur(D)?

\ 7
-~

[;uk(mvk(mr

Minimization of £'(A): %{22}; (ex — p)vp(A)? — G[Zk:’uk(A)vk(A)}Q} =0

(b) Derivation from expectation values of pair operators P or PT:
A = Gy/n(Tpes(A)|P|Upcs(A)) =

Zlvl (1*ﬁl) H (uk—l-vkaT aT) G~/ (El,#)Q
1 \ﬂlf—/k;é b 2 Zz: 1_A2+(6r#)2

. . . . . . Q /% —
Both derivations equivalent = gap equation: A <1 5 ; A2+(sk—u)2> 0

= da critical value G, of pairing strength: Gl = Z’ L
k

= Solutions:

(1) G <G, : A =0 (normal solution)

2)G>G.: Z= ;’m = A # 0 (superconducting solution)

« Historical remark

1947: N. Bogolyubov introduces the transformation to quasiparticles
1957: J. Bardeen, L.N. Cooper & J.R. Schrieffer formulate the BCS method

B Quantum gases

At last we turn to systems of non-interacting indistinguishable particles at
a nonzero temperature. Generalizing the concept of a canonical ensemble (see
Sec. 1.7), we will point out some crucial differences in thermodynamic properties
of bosons and fermions. The respective grand-canonical partition functions
will be evaluated and shown to carry universal (not only thermodynamical)
information on many-body systems.

» Grand-canonical ensemble

Consider a gas of indistinguishable particles at temperature T=(k3)~! (with
k= Boltzmann const., = inverse temperature) in a finite volume V. Assuming
an exchange of both energy & particles between the system and a bath, we
fix neither the total energy E, nor the actual number of particles N in the sys-
tem, but only the averages (F) and (N). The most likely choice of the system’s
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density operator follows from the maximum entropy principle. The re-
sulting grand-canonical ensemble generalizes the canonical ensemble (Sec. 1.7)
by taking into account also the effects of particle exchange.

Hamiltonian H commutes with the particle-number operator N. For each par-
ticle number N, the system has a discrete energy spectrum {Ey;}. The equi-
librium density operator p is diagonal in the common eigenbasis of H N =
diagonal matrix elements (probabilities) |p(N, Eni) = pni

Constraints induced by the normalization and fixed averages:

Zzpmzl ZZPM = (N) éémEm:<E>

N=01= N=01=

Entropy S = —k ) pniIn pn; to be maximized with the above constraints:
N,i

— > pnilnpni + (a+1) > pvi — B pnviEi(N) + 43 pviN
N N N N

;;{W:—lnpNi—l—i—(Oa—l-l)—ﬁEi(N)-I-’YN:0 = Inpyi=a—BE(N)+7N

This leads to the grand-canonical form of the density operator, which de-
scribes an equilibrium state of a many-particle system exchanging energy &

particles with the environment:
= chemical potential

=R

ILL:

1 _ ( _ )

B(Eni—uN
PN;i = e where 7 _ —B(Eni—uN)
N Z(B, 1) (B, 1) Ze

Ni  partition function

» Quantities derived from the partition function

(a) Energy & particle number averages:
07
(E) 5.1 ZPNZENz Z Ep; e PEnimiN)—— 0000 — B 1n 7(8, 1)

_ 0Z (3,
(N)s zpmN— ZNMEM ) = st = e Z (8, p)

(b) Energy & particle number dispersions (cf. Sec.1.7):
(E)op =+ Z(B,1)  (N?)gu =+pamInZ(5, p)

(c) Density of states for a fixed particle number: |o(N, E) = Z (FE—Eyi)

Density with a continuous variable N=N
is defined by:

=Y SNy (B ) RS
N i S . oo

N+e _ _ ® . .
= [ o(N,E)dN = o(N,E) et
N—e¢




200

Z(B, 1) = %JZG‘B(EM_”M = [[o(N,E)e " E-rNdN dE

partition function 2D Laplace transform. of state density
_ —I—Zoo B
oNB) = ()" I 26w e g dpds
= _ In Z(B,u)+B(E—uN) dud
= (s5) ff e Bdudp
state density inverse 2D Laplace transform. of partition function

Evaluating the grand-canonical partition function of the many-particle system,
one can determine the density of energy eigenstates for each particle number

» Partition function of the Bose gas

Bose gas = ensemble of non-interacting bosons

= total energy = sum of single-particle energies: E;(N) = Z NikEL
total number of particles: | N = Z o
n;r=0,1,2,3,... | occup. numbers
= partition function: N
—B (Z NikEk—H Y nzk _ )
26,00 = Sy e L s S ) g5 ol
N {nic} nip=0
* the sum > goes over all sets of occup. numbers %
{nir} tmen TR

In Z(8, 1) Zln [ Blen= M}
For Bose gas in volume V' we can change the sum £ >
into an integral over the single-particle phase space, M

using substitutions:

» Partition function of the Fermi gas

Fermi gas = ensemble of non-interacting fermions
0.} 0.}

= FE;(N)=> nger N => ny with occup. numbers |n;; =0, 1
=1 k=1

= partition function:

( ) 226_5 Eni—uN) Z 6—5(%”%%-#2}5%1@) _ H Z e—ﬁ(mkfk—/mik)
{n} k

7

1 Z 5 = + 1 |:1 + _/B(Sk_,u)i| 1+€_5(€k_“)
n A ) ; ! ‘ the sum can be replaced by the same

phase-space integral as for bosons
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» Distributions of occupation numbers
e Pleg—n) 1
2 TG = Ekl FAE oo Dose gas

<N>ﬁvﬂzz<nk>ﬁ#:laﬁ In Z(ﬁa :u): y —B(ep—w) .
g o ;ﬁeﬁ—m:z];m Fermi gas

Average total particle number:

Average occupation numbers:

1 . . o A
(i) g, = 7,07 DBose—Einstein statistics
o —ewg,}_”) — Fermi—Dirac statistics

Chemical potential u is
determined from a fixed A
average (N)g,, of the

total number of paricles.

For bosons we require:
p < e1| (the lowest 3

single-particle energy) 2

For fermions we identify:

(Fermi energy)

<« Historical remark

1878: J.W. Gibbs introduces the notion of statistical ensembles

1924-5: S.Bose & A. Einstein derive the statistical distribution for bosons
1926: E. Fermi and P. Dirac derive the statistical distribution for fermions
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