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Preface

This volume contains papers which were presented at a meeting entitled “Mul-
tiscale Methods in Quantum Mechanics: Theory and Experiment,” held at the
Academia dei Lincei in Rome (December 16-20, 2002). The organizing and
scientific committee was composed of Ph. Blanchard (University of Bielefeld),
G.F. Dell’Antonio (University of Rome 1), S. Graffi (University of Bologna),
and Th. Paul (Ecole Normale Supérieure, Paris).

The conference could not have happened without the generous support
of numerous sponsors: the Centro Linceo Interdisciplinare of the Academia
dei Lincei in Rome, the Istituto di Alta Matematica of the CNR through
the National Group of Mathematical Physics and the Mathematical Physics
Sector of the SISSA in Trieste. We are most grateful to all of them.

The central theme of the meeting was the comparison of different tech-
niques and strategies used in mathematical physics to tackle the challenging
problems in quantum mechanics of treating the fast and slow degrees of free-
dom and other multiscale phenomena. In classical mechanics the treatment
of the corresponding problem is based on various versions of the “adiabatic
theorem,” which requires substantial modifications in order to be applicable
to quantum mechanics. The topic of multiscale decomposition has attracted
much attention recently from research groups in mathematical physics, in part
due to the increasing number of significant physical applications, from the re-
finement of the Born—Oppenheimer approximation to the study of the motion
of charged particles in slowly varying electromagnetic fields up to decoherence.
Multiscale methods have also been applied successfully in the analysis of the
propagation of electromagnetic waves in media with slowly varying indexes of
refraction.

Different extensions of adiabatic-like methods motivated by quantum me-
chanics have been proposed. They share on the one hand some common el-
ements but differ on the other hand depending on their different emphases,
mathematical techniques used, and their results. The goal is to provide a
better synthesis and contribute therefore to the development of this very in-
teresting and fast developing field of research. In view of the interdisciplinary
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nature of the subject, each day a lecture was devoted to an experimental
topic. Indeed, the central theme of this book is a very good example of the
way in which mathematics and physics are complementary. Displaying and
encouraging this interaction, one hopes that further insight will arise from
the cross-fertilization of the two cultures, as has already been the case in the
past.

The success of the conference was due first of all to the speakers. Thanks to
their efforts, it was possible to take into account recent developments as well
as open problems and to make the conference an exciting meeting. We hope
that participants and readers will find these articles interesting and useful.

It is a pleasure to express our gratitude to Anna Anastasi for assistance
before and during the meeting and Hanne Litschewsky for help in preparing
the conference and in collecting and editing the manuscripts for publication.

Ph. Blanchard and G.F. Dell’Antonio
Bielefeld, Trieste, November 2003
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Organic Molecules and Decoherence
Experiments in a Molecule Interferometer

M. Arndt, L. Hackermiiller, K. Hornberger, and A. Zeilinger

Institut fiir Experimentalphysik
Universitit Wien
Boltzmanngasse 5

A-1090 Wien, Austria

1.1 Classical behaviour from quantum physics

One of the basic objectives in the foundations of physics is to understand the
detailed circumstances of the transition from pure quantum effects to classical
appearances. This field has gained an even increased attention because of the
fact that quantum phenomena on the mesoscopic or even macroscopic scale
promise to be useful for future technologies, such as in lithography with clus-
ters and molecules, quantum computing or highly sensitive quantum sensors.

In the present work we describe one specific type of quantum effect, namely
the wave-particle duality and the requirements to observe this phenomenon.
The wave-nature of matter has been known for the last 80 years and it finds
daily technological confirmation and application in the material sciences which
use electron diffraction, electron holography or neutron diffraction to investi-
gate surfaces or bulk material.

Here we shall focus on the extension of matter-wave experiments towards
more massive, more complex and larger quanta, ranging from carbon clusters,
over biologically relevant organic molecules to fullerene derivatives.

The non-observability of quantum wave effects in our daily world can be
described by various complementing arguments: The first set of theories as-
sumes an objective reduction of the wavefunction, which may be described by
a non-linear extension of the Schrédinger equation [8, 18]. The second set of
theories takes the unitarity of the Schrédinger equation as the central element
of quantum physics and tries to explain the appearance of classical phenomena
within the well-established linear dynamics.

The simplest argument of this category is that quantum effects are often
simply too small to be observable. For instance, any diffraction pattern of a
human being would take a diffraction experiment larger than the size of the
known universe to separate the interference fringes to a measurable distance.
The de Broglie wavelength of a walking human being is actually below the

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics

© Birkhiuser Boston 2004
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Planck length of 1073® m —and one can currently only speculate about the
meaning of any wave physics with dimensions below that scale.

Fig. 1.1. The fullerene Cr¢ is composed of 70 carbon atoms in an oval shape
(left). Tetraphenylporphyrin C44H3oN4 (TPP, m=614 amu) is composed of four
tilted phenyl rings attached to a planar porphyrin structure (middle). The largest
dimension measures about 2 nm and the aspect ratio (height to width) is roughly
seven. The fluorinated fullerene CgoFag (m=1632 amu) (right) is a deformed bucky-
ball surrounded by a shell of 48 fluorine atoms. This molecule exists in different
isomers and only one structure with D, symmetry is shown here [20].

Now, while this dynamical argument certainly holds, it seems there is
another mechanism which limits the appearance of quantum effects even
for smaller objects under real-world conditions: Decoherence theory, which
started to flourish about two decades ago [21, 22, 14, 9, 2, 23], states that
isolated quantum systems may always maintain their quantum nature—
independent of their size or mass— but that it becomes increasingly difficult
to guarantee this isolation for large objects. The qualitative idea is that any
coupling between the system and the environment will lead to an entangle-
ment of the two. Any coherence in the quantum system will be rapidly diffused
into the complex environment and will therefore no longer be observable. As
soon as the environment can distinguish between different quantum states of
the system, i.e., as soon as which-state information becomes accessible to the
outer world, a superposition of these states is no longer observable.

A simple example is given by the fact that a human being is in perpetual
interaction with its environment through collisions with the surrounding air
molecules. It is very hard to quantitatively follow the loss of coherence in such
a macroscopic body, since about 1027 molecules impinge on a human body per
second. Decoherence is thus expected to occur on time scales well below any
available experimental resolution.

However, as we shall discuss below, macromolecule interferometry allows
us to study the effect of collisions quantitatively as one important origin of
the transition from the quantum to the classical: Molecules in a high-vacuum
environment exhibit pure quantum properties if properly prepared. Since the
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background gas pressure may be well controlled by the experimentalist, quan-
tum effects may be turned gradually and in a controlled way into classical
appearances.

1.2 Coherence experiments

The quantum wave nature of material objects is well established for small
particles. But the conceptual dissonance between the local character of the
‘particle’ and the non-local character of the ‘wave’ seems to strike our common
sense even stronger if we consider objects which can already be clearly seen
as isolated particles under a microscope. This is the case for nanometer sized
molecules and clusters like the fullerenes, porphyrins or fullerene derivatives
which are shown in Fig. 1.1 (left to right).

Fullerenes, named after the geodesic domes created by the architect Buck-
minster Fuller [16], were discovered only in 1985 by Kroto and coworkers [15].
The ‘buckyball’ Cgg and the ‘bucky-rugbyball’ C7o (Fig. 1.1, left) were the first
macromolecules for which wave-particle duality was demonstrated [1] mainly
because they can be easily vaporized, they are very stable, and they can be
efficiently detected using laser ionization [17]. In addition to these practical
reasons they offer many similarities to bulk material: They possess bulk-like
excitations such as phonons, excitons and plasmons. They may be regarded
as their own internal heat bath, and they are known to emit thermal electrons
or thermal photons or even diatomic molecules when they are heated to suffi-
ciently high temperatures. In that sense they are a very good approximation
to a classical body on the nanoscale. They have a mass of 840 amu and a
diameter of roughly 1nm. They are rigid and highly symmetric.

In contrast to the fullerenes the second species used in our experiments,
the porphyrins, are very abundant in nature. The porphyrin structure can
be found in the core of a heme molecule or in chlorophyll and since a metal
atom inside the porphyrin structure gives blood its red color and chlorophyll
its green appearance, porphyrins are often referred to as the ‘colors of life’.
The particles used in our experiments are derivatives of this porphyrin struc-
ture: They are enlarged by four tilted phenyl rings, which lead to the full
name tetraphenylporphyrin (TPP, Fig. 1.1, center). Although even successful
interference experiments with porphyrins are obviously far from proving the
relevance of quantum mechanics in the living world, they are nevertheless an
interesting twist in an experiment on the foundations of quantum physics:
The diameter of the TPP molecule—measured by the core to core distance
of the outermost nuclei—is three times as large as that of Crg, it is flat in-
stead of nearly spherical, it has dangling phenyl rings sticking out and the
polarizability is much more anisotropic than in the case of the fullerenes.

Finally, we have also performed matter wave interferometry with the flu-
orinated fullerene CgoF4s. It has the shape of a deformed buckyball with
48 fluorine atoms covalently bound to the outer shell. The diameter of this
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molecule is in between that of the pure buckyball and the porphyrins, but the
mass of 1632 amu is about twice the mass of Crg. It represents the current
record in mass, complexity and number of atoms contained in a single quan-
tum object in a matter wave experiment.! The fluorinated fullerenes exist
in several isomers of different symmetry which were probably present in all
configurations.

Fig. 1.2. Setup of the Talbot—Lau interferometer: hot, thermal molecules enter a
near-field interferometer, which consists of three identical gold gratings. The first
grating represents an array of slit sources which imprint the required coherence
onto the uncollimated, spatially incoherent molecular beam. The second grating
images this slit source onto the plane of the third grating. The third grating serves
as a mask for the detection of the interference fringes: Only molecules position-
synchronized with the grating will pass the structure and may be observed in the
following detector, composed of laser ionization and ion counting [5].

The best way to prove an assumed wave-like phenomenon is to observe in-
terference. Although in earlier experiments with Cgo molecules far-field diffrac-
tion was an ideal tool for this purpose because of its conceptual simplicity,
all experiments described here were performed in a near-field interferometer
of the Talbot-Lau type which has been proposed by Clauser et al. [7, 6]
and which has only recently been applied to large molecules [5, 4]. There are
two main reasons for this choice: Firstly, the three grating arrangement al-
lows us to work with an uncollimated, spatially incoherent molecule source.
This is essential for the biomolecules and large clusters, since typical source
intensities are much below those of atomic or fullerene beams. Secondly, the

! It is important not to confuse the macroscopically occupied field of a Bose-
Einstein condensate (BEC) with the single many-body wavefunction of a complex
molecule: the de Broglie wavelength of a BEC is always that of a single atom,
while the molecular A\gp is determined by all participating atoms.
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dimension requirements (grating constant, and grating separation) are less
severe in a near-field interferometer compared to far-field diffraction or far-
field interferometry. This is seen by the fact that the grating constant in our
present near-field interferometer is 1um, while it had to be ten times smaller
for the previous far-field experiments [1].

The experimental setup is shown in Fig. 1.2. Molecules are sublimated in
an oven at the maximum allowed temperature before the onset of molecular
decomposition, i.e., at 890K for Crg, 690K for TPP and 560K for CgoF4s.
The molecules fly into the high vacuum chamber and traverse the interfer-
ometer, before they enter the detector. In all C7y experiments the detector
consists of a laser ionization stage and subsequent ion counting. This method
is very efficient (7ion ~ 10%) [17] but highly molecule specific. Most large
organic molecules would rather fragment than ionize. For the porphyrins
and fluorofullerenes we therefore employ electron impact ionization, which
also leads to the formation of positive ions. However, the efficiency is re-
duced to 7ion ~ 107%. Since electron impact is not molecule selective we
add a quadrupole mass selection stage to separate the porphyrins and fluoro-
fullerenes from air molecules and contaminations in the vacuum chamber.

The interferometer itself consists of three gold gratings, with a grating
constant of 990 nm and an open fraction of about f = 0.48, i.e., open gaps of
about 470 nm. The gratings are separated by a distance of L = 38 cm [11].

counts/s

58 59 60 61 46 47 48
position of 3rd grating (mm)  position of 3rd grating (mm)

Fig. 1.3. Left: Interference pattern recorded for porphyrin molecules at 166 m/s.
The interference contrast of 38% is in good agreement with quantum mechanical
expectation and in clear disagreement with the classical value of 13%. The inter-
ferogram was recorded over a few minutes. Right: The same experiment performed
with CeoF4s and recorded over three hours. The picture consists of an average of
13 ‘low-noise’ single scans which were selected by the magnitude of their frequency
noise (not by the value of the frequency). [10].
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The longitudinal, i.e., spectral coherence length I, = A\?/AM inside the
oven is determined by the velocity spread in the source and it is only about
1.5 times larger than the de Broglie wavelength, which lies for all particles and
velocities in the range of 2...5 x 10712 m. Both the de Broglie wavelength
and the coherence length are thus 500...1000 times smaller than the size
of the molecules themselves! The transverse coherence is equally small when
the molecules leave the oven, and in that sense it is fully justified to speak
of well-localized particles in the preparation stage. However, each slit in the
first grating boosts the transverse coherence length of the molecular beam
at the position of the second grating by about six orders of magnitude [3].
The indistinguishable passage through two or more slits leads to quantum
interference behind the second grating, in particular to the formation of a
molecular density pattern with the same period as the diffraction structure
in about the distance of the Talbot length Ly = g?/Agp behind the grating.
Contributions from different slits in the first grating add up incoherently but in
phase. The molecular density distribution can be probed using a third grating
with again the same period, which is shifted transversely to the molecular
beam. Whenever the molecular structure and the gold grating are in phase,
most molecules will pass it and reach the detector. If the grating is slightly
shifted, the count rate is reduced. The interference pattern is thus revealed
by scanning the mask across the molecule beam.

Fig. 1.3 (left) shows typical high-contrast interference fringes of porphyrin.
The contrast of 38% is in good agreement with the theoretically expected
value and it is about a factor of three higher than the classically expected
shadow contrast. Both the classical and the quantum calculation include the
van der Waals interaction between the molecules and the 500 nm thin grating
walls [11]. The quantum mechanical wave nature can further be proved by the
way the interference pattern changes with the de Broglie wavelength: We can
vary the molecule velocity and thus de Broglie wavelength. Since the Talbot
length depends on Agg, also the interference contrast is effected by the varying
velocity and we find very good agreement between theory and experiment for
all velocity classes (see [11]).

For the fluorinated fullerenes the same experiment was repeated. Fig. 1.3
(right) shows the result for CgoF4g. The contrast of 27% is clearly above
the classical expectation of 12% but still below the best possible quantum
interference contrast of 37%. We attribute this difference mainly to vibrations
on the level of a few ten nanometers which affect slow molecules more than fast
ones. CgoF4s had a most probable speed of 100 m/s while the TPP interference
pattern was recorded for a mean molecular velocity of 166 m/s. The vibration
hypothesis is further supported by the fact that slow fullerenes can also show
a decrease in fringe visibility by about 30% and also by dedicated vibration
experiments [19]. The second reason is the large technical background noise
in these experiments in addition to the low count rates and correspondingly
long integration times. Both effects tend to reduce the interference contrast.
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Fig. 1.4. Idea of the decoherence experiment: The originally delocalized molecules
may be well localized through interactions with the environment. Collisions with
background gas molecules start to become relevant at pressures above 10~7 mbar.
The gas pressure representing the environment can be well controlled by the exper-
imentalist.

1.3 Decoherence experiments

Having shown a high level of coherence in experiments with large molecules,
it is now interesting to investigate the limit of matter wave interferometry
due to the coupling between the quantum object and its environment. These
studies have again been performed with C7o to make use of the much higher
count rates and better statics compared to the TPP and CgoF4s experiments.

One can imagine many different couplings between a particle and its envi-
ronment. Collisions and radiative interactions will be the most frequent and
most natural processes in our macroworld, and here we shall focus on colli-
sions in particular. A fullerene molecule in the superposition of two position
eigenstates |Cl*), ] "ght> will get entangled with a gaseous environment,
since the state of an incident gas particle | g> will be changed depending on
the position of the fullerenes:

[v) = 7 (1) + o8] @ le) =% 7 |08l + 1056 et

Any ‘measurement’ on the state of the scattered gas particle, by further inter-
actions with other gas molecules or the walls, can be regarded as an effective
measurement of the fullerene path. If the scattered gas states are distinguish-
able, i.e., (gleft, |gHEht) — 0, interference between |Clgft) and |C7&™*) can no
longer be observed and the superposition state |1/)> has effectively collapsed.
A more detailed description of the collisional decoherence rate in collision
experiments has been given in (13, 12]. The main result with respect to our
investigation is that we expect an exponential loss of the interference contrast

with increasing pressure of the residual gas
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V(p) = Voexp (— 2:;;%) = Vo exp(—p/pv)- (1.1)

In Fig. 1.5 we show the experimental result for fullerenes in interaction
with Argon atoms at base pressures between 1078 ...107% mbar. We find the
predicted single-exponential decay, and the theoretical decay curve fits the
experiment without free parameter, except for the contrast at p = Ombar,
which is also influenced by vibrations or other effects that are independent
of the base pressure. We emphasize that the exponential decay in Fig. 1.5 is
a clear signature of decoherence. In the case of simple absorption it would
be the beam intensity that shows an exponential decrease, while the visibil-
ity would remain constant. Note also that decoherence theory describes the
experiment not only qualitatively but quantitatively. The experiment allowed
even falsification of an incorrect localization rate that differs by a factor of 27
(see the discussion in [12]).

Let us note that there are two equivalent ways of viewing the decoherence
process observed in the experiment. On the one hand one can say that the
change in the state of the scattered gas particle is strong enough to obtain
full information on the position of a fullerene by a single collision. On the
other hand one can view the fullerene in the momentum representation. Then
the recoil during a single collision translates the momentum distribution such
that the final interference pattern is shifted substantially with respect to the
unscattered case. Since the collision angles turn from a quantum superposition
into a broad distribution once the gas particle is ‘measured’ by the environ-
ment, the summation of many randomly shifted single-molecule interference
patterns again washes out the total fringe pattern. It is worth noting that
in our experiment a sizeable number of the collisions between fullerenes and
residual gas particles lead to kicks out of the detection range and therefore
to loss. These events do not contribute to the reduction of the fringe con-
trast. Only small angle collisions, with § ~ 1 mrad, leave the molecules inside
the interferometer while they still dephase the interference fringes. We can
extrapolate the numerical data which we obtained in similar decoherence ex-
periments with different residual gases to predict the feasibility of experiments
with even larger objects than the porphyrins or fluorofullerenes. It turns out
that even for objects with masses around 107 amu the 1/e-decoherence pres-
sure will ‘only’ be ~ 10~ mbar, a value which can still be reached with
standard laboratory equipment [10]. Collisional decoherence — although very
efficient on the macro-scale—is thus still far from being a limit to interfer-
ometry for objects with sizes below 10 nm. However, the influence of radiative
interactions, of quasi-static interactions with fluctuating or strongly disper-
sive potentials for molecules with a large electric polarizability, electric or
magnetic dipole moment still remains to be investigated.

Quantum optics with macromolecules has only begun. We foresee many
important developments and future improvements concerning the sources for
neutral macromolecules, more efficient detection schemes and novel types of
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Fig. 1.5. Interference fringe visibility for Cr¢ fullerenes interacting with Argon
gas at various pressures in the interferometer. A clear single-exponential decay is
observed as expected from decoherence theory.

interferometers. Applications will range from fundamental studies of decoher-
ence to the potential use of molecule lithography and nanotechnology.
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Colored Hofstadter Butterflies

J.E. Avron

Department of Physics
Technion
32000 Haifa, Israel

Summary. I explain the thermodynamic significance, the duality and open prob-
lems associated with the two colored butterflies shown in Figures 2.1 and 2.4.

2.1 Overview

My aim is to explain what is known about the thermodynamic significance
of the two colored butterflies shown in Figures 2.1 and 2.4 and what remains
open. Both diagrams were made by my student, D. Osadchy [14], as part of his
M.Sc. thesis. I shall explain their interpretation as the T = 0 phase diagrams
of a two-dimensional gas of charged, though non-interacting, fermions. Fig. 2.1
is associated with weak magnetic fields (and strong periodic potentials) while
Fig. 2.4 with strong magnetic fields (and weak periodic potentials). The two
cases are related by duality. The duality, which is further discussed below, is
manifest if colors are disregarded.

The horizontal coordinate in both figures is the chemical potential yx and
the vertical coordinate is proportional to the magnetic induction B in Fig. 2.1
and 1/B in Fig. 2.4. The colors represent the quantized values of the Hall
conductance, i.e., represent integers.! Warm colors represent positive multiples
and cold colors represent negative ones: Orange represents 2, red 1, white 0,
blue -1 etc.

Remark: [t is problematic to represent integers by colors with good con-
trast between nearby integers. This is related to the fact that colors are not
ordered on the line but rather are represented by the simplex (r,g,b) with
r+ g+ b= 1. (Pure colors are located on the boundary of the simplex.) The
assignment in the figures becomes problematic for large, positive or negative,
integers: Large positive integers are not represented anymore by warm colors
but rather by yellow and green.

L The quantum unit of conductance, e2 /h, is 1/2m, in natural units where e = A = 1.

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics
© Birkhiuser Boston 2004
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I shall also present an open problem. Namely, how do these diagrams
change if one replaces the magnetic induction B by the magnetic field H as
the thermodynamic coordinate.

2.2 Some history

That the Hall conductance took different signs in different metals was an em-
barrassment to Sommerfeld theory. Since charge is carried by the electrons,
one sign was predicted. The wrong sign was called the anomalous Hall effect
and was explained by R. Peierls [5] who showed that the periodicity of the
electron dispersion ¢(k) plus the Pauli principle allow for either sign, depend-
ing on . This subsequently led to the important concept of holes as charge
carriers—a term not used by Peierls in his original work.

The electron-hole anti-symmetry of the Hall conductance is seen in Fig. 2.1
where cold and warm colors are interchanged upon reflection about the vertical
axis. However, the figure is much more complicated than what Peierls had in
mind.

Fig. 2.1. Colored Hofstadter butterfly for Bloch electrons in weak magnetic field.
The horizontal axis is the chemical potential; the vertical axis is the magnetic flux
through the unit cell. The diagram is periodic in the flux and one period is shown.
It admits a thermodynamic interpretation of a phase diagram. (See color insert
following p. 22.)

Mark Azbel [2] realized that the Schrédinger equation in a periodic po-
tential and magnetic field had tantalizing spectral properties. But it was the
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graphic rendering of the spectrum by D. Hofstadter [9], shown in Fig. 2.2,
(and his scaling rules,) that brought the problem into the limelight. The rich-
ness of spectral properties is a result of competing area scales: One dictated
by the unit cell of the underlying periodic potential and the other by the area
that carries one unit of magnetic flux. When & is rational the two areas are
commensurate, when it is irrational, they are not. At T' = 0 the electron gas
is coherent on large distance scales and commensuration leads to interference
phenomena that affect spectral properties at very small energy scales. The del-
icate spectral properties attracted considerable attention of a community of
spectral analysts. Reference [1] is a pointer to a rich and wonderful literature
on the subject.

Fig. 2.2. The original, monochrome, Hofstadter butterfly, shows the spectrum, on
the horizontal axis, as function of the flux ¢ which is the vertical axis. The spectrum
is the complement of the colored set shown in Fig. 2.1.

In a seminal work, TKNN [18] realized that the Hall conductance of the
Hofstadter model admits a topological characterization in terms of Chern
numbers. This discovery is an interesting piece of lost history. In fact S. Nov-
ikov was apparently the first to realize the topological significance of the spec-
tral gaps for Bloch electrons in magnetic fields [13]. However, he missed their
significance as Hall conductance. TKNN [18] were not aware of the work of
Novikov. Instead, they were motivated by a puzzle that follows from applying
the Laughlin argument for the quantization of the Hall conductance to the
Hofstadter model. By essentially reinventing the proof of integrality of Chern
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numbers in a special case, they showed that whenever the Fermi energy is in
a gap the Hall conductance is quantized.

In the two diagrams, Figs. 2.1 and 2.4, the Hall conductance is quantized
almost everywhere. The set of points where the Hall conductance is not quan-
tized is a set of zero measure and so invisible. This is related to the fact that
the spectrum is a set of measure zero (see e.g., [1] and references therein).

2.3 Thermodynamics considerations

It is interesting to comsider the colored butterflies from the perspective of
thermodynamics.

2.3.1 Gibbs phase rule

The first and second laws of thermodynamics constrain the shape of phase
diagrams. The phase rules depend on the choice of the independent thermody-
namic coordinates X, be they extensive, such as X = (F,V, N), or intensive,
such as (P, T).

Let X = (E,V,N) be the extensive coordinates of a simple thermody-
namic system. X and AX with A > 0 are thermodynamically equivalent sys-
tems, while X and Y # AX are not. Mixing X and Y, in any proportion,
is, in general, an irreversible process. The second law then says that the en-
tropy of the mixed system is not smaller than the sum of the entropies of its
constituents. Namely, for 0 < A < 1,

SOX 4+ NY) > SOX) + SNY) = AS(X) + XNS(Y), N=1-X. (21)

The first law, conservation of energy, (plus conservation of number of particles
and additivity of volumes), was used in the first step and the extensivity of
the entropy, S(AX) = AS(X), in the second. Eq. (2.1) says that the entropy
S(X) is a concave function of its arguments. This embodies the basic laws of
thermodynamics.

Equality in Eq. (2.1) holds if mixing is reversible which is, of course, the
case if a phase is mixed with itself. It is also the case if coexisting phases
are mixed: Clearly one can separate ice from water by mechanical means
alone. The geometric expression of equality in Eq. (2.1) is that S contains a
linear segment: For a pure phase this is the half line S(AX) = AS(X). When
X # AY are in coexistence, S contains a two-dimensional cone: S(A X +
A2Y) = A8(X) + X2S(Y), A1z > 0. (This notion extends to multiple phase
coexistence.)

Positivity of the temperature implies that S is an increasing function
of E. Consequently, S(F,V,N) can be inverted to give the internal energy
E(S,V,N). Since S is a concave function of its arguments, E(S,V,N) is a
convex function of its arguments (which are the extensive state variables). Its
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Fig. 2.3. S(E,V,N) is a concave function shown here for N fixed. The strictly
convex pieces are associated with pure phases. The ruled piece is where two phases
coexist. The boundary of the region of coexistence is shown as a black line.

Legendre transform with respect to all its arguments gives a function of the
intensive variables T, P and p alone which, by scaling, must be identically
zero. This is the Gibbs—Duhamel relation. It determines the pressure P as a
convex function of the remaining intensive coordinates, (T, u):

PV=uN+TS—-E. (2.2)

The pressure is a convenient object to consider because all the terms on the
rhs of Eq. (2.2) admit a simple representation in statistical mechanics. —P is
sometimes called the grand potential, e.g., [12]. Since the pressure is the Leg-
endre transform of the internal energy with respect to S and N, the convexity
of E then implies the convexity of the pressure with respect to T" and u.

Now, it is a consequence of the duality of the Legendre transform that
if F has a linear segment of length AX, then its Legendre transform P has
a corresponding jump in gradient with A(VP) = AX. It follows that pure
phases correspond to points where P(T, 1) has a unique tangent, while two
phases coexist at those points (T, u) where P has two (linearly independent)
tangent planes. (Triple points are similarly defined.)

It is now a fact about convex functions that almost all points have a unique
tangent while the set with multiple tangents has codimension 1 (in the sense of
comparing Hausdorff dimensions). A geometric proof of this fact can be found
in [6]. This gives a weak version of the Gibbs phase rule: If one considers the
pressure P as a function of (T, u), (or alternatively, chemical potential u as a
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function of (P,t)), then pure phases are the typical sets while phases coexist
on exceptional, i.e., small, sets.

2.3.2 Magnetic systems

At T = 0 the entropy term in Eq. (2.2) drops. For a system of non-interacting
Fermions all single particle states below p are occupied, while those above are
empty. This says that for the single particle Hamiltonian H and area A the
pressure is

P= Ali_r}noo —jITr ((u - H)+X(A)>; (2.3)

X is the characteristic function of the area and z = x 6(z) with @ a unit step
function.

Let B denote the magnetic induction (i.e., the macroscopic average of the
local magnetic field [11]). The Hamiltonian is a function of B and so is the

pressure. The density p and the (specific) magnetization M are then given by
[11]

oP oP

=—, M=_—. 2.4
The Hall conductance is thermodynamically defined by
_op _om

= =, 2.5

“H= 3B~ Bu (2:5)
It follows that, in the the wings of the butterflies where the Hall conductance
is quantized, P is given by

P(p, B) = 0gB(1 — g) , (26)

where g is a discrete wing label. The wings represent pure phases since P has
a unique tangent in the gaps.

2.3.3 The order of the transitions

P, p and M are bi-linear in g and B in the gaps. P and p are actually
also continuous functions of p on the spectrum. For rational flux this is a
consequence of Floquet theory. For irrational flux this can be seen by a limiting
argument.

At the same time, the Hall conductance, being integer-valued on a set of
full measure, can not be extended to a continuous function.? (In fact, it is not
even bounded.) The continuity of the first derivative and the discontinuity of
the second derivatives makes the phase transitions in p second order according
to the Ehrenfest classification [3].

2 The magnetization does not extend to a continuous function on the spectrum for
rational fluxes [7].
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2.3.4 Phases and their boundaries

In the colored Hofstadter butterflies, pure phases are open sets. The boundary
of a given phase, say the red wing, is a curve; it is not a smooth curve as at
rational values of B it has distinct tangents, but it is still a curve of Hausdorf
dimension 1 [15]. This is reminiscent of the Gibbs phase rule. Note, however,
that the notion of the boundary of a pure phase, and the notion of phase
coexistence, are distinct. The phase with Hall conductance 1 meets the phase
0 at a single point, at the tip of the butterfly, not on a line, as one might
expect by the Gibbs phase rule. This holds in general: The boundary of the
phases ¢ intersects the boundary of the phase j on a set of codimension 2,
not 1 [15]. Moreover, any small disc that contains two distinct phases of the
butterfly contain infinitely many other phases.

2.3.5 Magnetic domains and phase coexistence

Is the fractal phase diagram of the butterfly in conflict with basic thermody-
namic principles?

The Gibbs phase rule one finds in classical thermodynamics [3] says that
two phases meet on a smooth curve, which is clearly not the case for the
butterfly. However, this strong version of the Gibbs rule involves assumptions
of smoothness of free energies that may or may not hold. Convexity alone
gives a weaker version of the Gibbs phase rule, which we briefly discussed in
section 2.3.1, which allows for all kind of wild behaviors, and does not rule
out fractal phase diagrams like the butterfly.3

More worrisome is the lack of convexity of the pressure, P(u, B) which is
manifest in the periodicity of Fig. 2.1 in B. This raises the question if this
reflects a problem with the Hofstadter model. It does not. A little reflection
shows that rather, it a consequence of choosing B, the magnetic induction,
as the thermodynamic coordinate. In the remaining part of this section I
shall explain why it is actually more natural to choose, for the independent
thermodynamic variable, the magnetic field H and the difficulties in drawing
the butterflies in the . — H plane.

Imagine a two-dimensional system with finite width which is broken to
domains. Assume that the magnetic field in each of the domains is perpendic-
ular to the plane and is constant through the given domain. Since V x H = 0,
the magnetic field H must be the same in adjacent domains. Hence the notion
of constant magnetic field is constant H, while B will not be constant if the
system breaks into domains. The problem with H constant is more difficult
because it is B, not H, that enters in the Hamiltonian [11].

Given the colored butterfly as a function of B, what can one say about the
colored butterfly as a function of H? Recall that B, H and the magnetization

3 Instructive examples are given on p.8 of [17]. I thank Aernout van Enter for
pointing out this example to me and for a clarifying discussion on the Gibbs
phase rule.
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M are related by
B=H+47rM. (2.7)

Since M is a function of B, so is H. However, B may fail to be a (univalued)
function of H. This is the case if —47wdpM > 1; if the magnetic susceptibility
is sufficiently negative. When this happens, the relation H(B) can not be
inverted to a function B(H). Domains with different values of M and B may
then form and coexist [11, 4].

The condition for coexistence is a stability condition: The system will pick
a value of B, consistent with H, that will minimize the entropy. However,
at 7' = 0 the entropy of a gas of Fermions vanishes, so the different solu-
tions B;(H, p) all give the same entropy, zero. This suggests that all the B;
represent phases at coexistence.

There is no reason why this degeneracy will hold if T is not strictly 0. Then,
for most values of H a distinguished solution of Bo(H, ) will be picked. The
simple scenario is that Bg(H,u) will depend, for most H, continuously on
H. In these intervals, the phases of the colored butterfly in (u, H) will be a
deformed version of the phases in (i, B). However, since a value of By(H, u) is
picked by a minimization procedure, there is no guarantee for continuity and
Bo(H, 1) will be, in general, a discontinuous function of its arguments. At the
discontinuities, major qualitative changes in the diagram will take place and
it is interesting to investigate the colored butterfly in the u — H plane.

Another open problem in this context is to analyze the domain structure
for coexisting phases. The quasi-periodic character of the electronic problem
for irrational fluxes suggest that the domain structure could be rich and inter-
esting as well, (e.g., a quasi-periodic domain structure for irrational fluxes).

2.4 Duality

We now turn to the duality relating the two diagrams.

2.4.1 Weak magnetic fields
Counsider the “Bloch band” dispersion relation
e(k) = cos(k - a) + cos(k - b) (2.8)

on the two-dimensional Brillouin zone. a,b are the unit lattice vectors. The
Hamiltonian describing a weak external magnetic field is obtained by imposing
the canonical commutation relation

[k-a,k-bl=iaxb-B =id. (2.9)

This procedure is known as the Peierls substitution [16]. The model is known
as the Harper model, after a student of Peierls. The spectrum, plotted in
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Fig. 2.2, is a set of measure zero and so invisible in Fig. 2.1. Figs. 2.1 and 2.2
describe disjoint and complementary sets, whose union is the plane.

Although there is considerable interest in the Hofstadter model for its own
sake (see e.g., [1] and references therein) its physical significance to the two-
dimensional electron gas is limited. One reason is that the flux @, even for the
strongest available magnetic fields, is tiny and only a horizontal sliver of the
diagram in Fig. 2.1 near zero flux can be realized. Moreover, & of order 1 is
presumably outside the region of weak field for which the model approximates
the Schrodinger equation.

By gauge invariance, time-reversal and electron-hole symmetry, the pres-
sure satisfies [7]

P(u,®) = P(p,—9) = P(p,®+1) = —p+ P(—p,P). (2.10)

This gives Fig. 2.1 its symmetry.

2.4.2 Strong magnetic fields

A classical charged particle in a homogeneous magnetic field moves on a circle.

The center of the circle is, classically,

vX B
B2’

¢ commutes with v, but the components of the center do not commute, rather

they satisfy the canonical commutation relations

c=z+ (2.11)

L% * 2
—iB a* xXb :_i(27r) '

52 % (2.12)

[c-a*,c- b=

(a*,b*) are dual vectors to (a,b).

If the wave function 9 belongs to a given Landau level, then the shifts
et¢?y, for o € R?, span the spectral subspace of that level. This means that
the Hamiltonian

cos(c- a*) + cos(c- b*), (2.13)

acts within Landau levels. For large B it approximates the periodic potential
cos(z - a*) + cos(z - b*), which couples different Landau levels. This is seen
from the fact that in a given Landau level v = O(v/B), hence, by Eq. (2.11),
¢ = z for large B. The Hamiltonian in Eq. (2.12) is the same as that of
Eq. (2.8), except that in the commutator &/27 of Eq. (2.9) is replaced by
27 /® of Eq. (2.12).

Although the spectral problem of the two models is essentially the same,
the phase diagrams are different. This is explained in the next subsection.

Unlike the tight-binding model which is mostly of academic interest, the
model of a split Landau level can be realized in artificial superlattices that
accommodate a unit of quantum flux at attainable fields.
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Fig. 2.4. Colored Hofstadter butterfly for Landau level split by a super-lattice
periodic potential. The horizontal axis is the chemical potential; the vertical axis
is the average number of unit cells associated with a unit of quantum flux. As the
number increases by 1, the pattern repeats but with a different coloring code. (See
color insert following p. 22.)

2.4.3 Thermodynamic duality

The pressure of a split Landau level, P, and split Bloch band Py, for any
temperature 1", are related by (7]

PAT, 1,8/2m) = o Py(T, 1, 27/) . (2.14)
This is a duality transformation: It is symmetric under the interchange
b «—— [. It implies that the thermodynamics of the split Bloch band deter-
mine the thermodynamics of a split Landau level and vice versa. The factor
@ on the right is the reason that P, is not periodic, although P, is.

A check on the factor $/2m comes by considering large y. Then, the tight
binding model has all sites occupied and the electron density is p, — 1. This
implies P, — u. In contrast, a full Landau level has electron density that is
proportional to the flux through unit area: p; — ®/27 so P, — du/27.
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The magnetization and the Hall conductances of the two models are there-
fore related by:

1 o
ml(l"'? T, 27T/¢) = - 57_‘_" Pb(/"‘a T, @/27’(’) - E mb(“v T, @/27‘.)7
1 b
o(n, T, 27 /D) = o oo(1, T, ®/27) — oy op(p, T, ®/27) . (2.15)

When p is large, o, = 0, since a full band is an insulator. At the same time, a
full Landau level has a unit of quantum conductance, o; = 1/2m, in agreement
with the Eq. (2.15).

Acknowledgment: I thank A. van Enter and O. Gat for useful discussions
and criticism. This work is supported by the Technion fund for promotion of
research and EU grant HPRN-CT-2002-00277.

2.5 Appendix: Diophantine equation

Let me finally describe the algorithm of [18] for coloring the gaps in the
butterfly Fig. 2.1. Suppose that the magnetic flux through a unit cell is g. For

p and q relatively prime, define the conjugate pair (m,n) as the solutions of
pm—qn=1. (2.16)

m is determined by this equation modulo ¢ and n modulo p. The algorithm
for solving Eq. (2.16) is the division algorithm of Euclid. (Standard computer
packages for finding the greatest common divisor of p and ¢, yield also m and
n such that pm + gn = ged(p, ¢).) The Hall conductance k;, associated with
the j-th gap, in the tight binding case, is given by [18]

kj = jm mod q, |k;| < q/2. (2.17)

In the case of a split Landau band, Eq. (2.17) again determines k; provided
p and ¢ are interchanged.
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Summary. Given a classical Hamiltonian function having an absolute minimum,
we consider the problem of describing in the semiclassical limit the lowest part of
the spectrum of the corresponding quantum operator. To this end we present an
extension of the classical Birkhoff normal form to the semiclassical context and we
use it to deduce spectral information on the quantum Hamiltonian. The properties of
the spectrum turn out to be strongly dependent on the resonance relations fulfilled
by the frequencies of small oscillations of the classical system. Here we concentrate on
two opposite cases, namely the completely nonresonant and the completely resonant
one and describe the spectrum of the Hamiltonian in these cases.

3.1 Introduction

Consider a Hamiltonian system with Hamiltonian function
no g2 2,2
i + w; T3
H(E,.’l}) = HO + V(.’L‘) ’ HO(gam) = Z é_T_ s (31)
i=1

where V() is a C* function having a zero of at least third order at the origin,
and w; are the frequencies of small oscillation.

In the classical case it is well known that there exists a canonical trans-
formation putting the system in Birkhoff normal form up to small remainder.
Such a normal form can be used to describe the small amplitude solutions of
the system. A corresponding quantum procedure has been recently introduced
in [BV90, GP87, Bam95, Sjo92, BGP99, BCT03] (see also [Pop00a, Pop00b]).
Accordingly one can construct a unitary transformation putting the quantum
system in normal form. Such a normal form can be used to deduce spectral
information on the Hamiltonian operator. Moreover such information remains
valid in the semiclassical limit.

In this article we will present the results of [Bam95, BGP99, BCT03] in
a unified way. First we will introduce at a purely formal level the classical
and the quantum algorithm that put the system in normal form. Then we

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics
© Birkhiuser Boston 2004



24 D. Bambusi

will show how to obtain a unified treatment. Precisely we will construct a
unitary transformation that transforms the quantum Hamiltonian operator
of the system into a normalized one. We will show that, when & — 0 the
symbol of the normalized operator reduces to the classical normal form of the
Hamiltonian (3.1).

Subsequently we will make the theory rigorous by adding estimates of the
remainder. Such estimates are uniform in the semiclassical limit. This will be
done in three steps. Each step will deal with a case that is more realistic,
but technically more difficult, than the previous one. The result is that the
low-lying eigenvalues of the normal form operator and those of the original
Hamiltonian operator are close to each other.

In order to deduce precise spectral information one has to study the spec-
trum of the normal form: We will concentrate on two particular cases, namely
the completely nonresonant and the completely resonant case.

In the nonresonant case the normal form has the structure

Ho+ Zg (3.2)
where
, 2 T3
H() = ——2—A+Xj:Wj‘§ (33)
is the quantization of the harmonic oscillators, and Zg = Zg (Ii,...,I,) is a

function of the operators

.1 R o 3
P L( O 2T
Ay ( 2022 97D

The eigenvalues of (3.2) are given by

hw-(k-l—-;—)+ZQ(h<k1+%),...,h(kn+%), keN'. (3.4)

This will give a quantization formula for the eigenvalues of the original oper-
ator.

We come to the completely resonant case. Here the frequencies are integer
multiples of a single one, say v. The normal form has again the structure (3.2),
but the only available information on the operator Zg is that it commutes
with Ho.

To describe our procedure and results, we remark that in the linear ap-
proximations the spectrum of the system is given by (n + 1/2)vh, n € N.
Moreover the eigenvalues have a multiplicity that grows with n. The first ef-
fect of the nonlinearity is expected to be a splitting of the degeneracy and a
transformation of a single eigenvalue into a small band of eigenvalues close to
each other. We will show that the width of the band can be computed in the
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semiclassical limit (A — 0 with nh — E) using the normal form of the system.
The idea is that the restriction of ZQ to an eigenspace of Hyis a Toeplitz op-
erator whose principal symbol is the restriction of the classical normal form
to a surface of constant harmonic energy. So, using standard properties of
Toeplitz operators one has that the extrema of such a restricted normal form
are essentially the lowest and the highest eigenvalues of the above operator.

Related results were obtained by Zhilinski and coworkers [Zhi89, VSZBO01]
and by San Vi Ngoc in his thesis [Vun98].

3.2 Formal theory

3.2.1 Classical Lie transform

We begin by recalling the classical Lie transform and its use to put systems
in normal form.

To make the discussion clearer we introduce an artificial parameter ¢, and,
instead of the Hamiltonian (3.1) we consider, on R?", the system

H.:=Hy+€V. (3.5)

We fix a large M and look for a canonical transformation putting (3.5) in

normal form up to terms of order M.

Let x be a smooth function defined on R?", and denote by

ox 0
XX = <—é§’ 52(") ) (f,I) € R2n

the corresponding Hamiltonian vector field. Consider the Hamiltonian equa-
tions of x, namely

P=Xy(2), 2= (612) (3.6)
and let @; be the corresponding flow.

Definition 1. The map & = &, = ¢t|t=€ will be called a Lie transform gen-
erated by x. O

Remark 1. @ is a canonical transformation of the form
B(2) = 2+ eX, (2) + O(€?) .

Given a function g one can consider the transformed function g o @. Using
the equality
g;[g 0P| = {x; 9} o P,

it is easy to see that
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0o
goézzelgl )
=0

where the g;’s are defined by

1
gz=7{x;gz_1}, 1>1; go=g. (8.7)

We want to choose a function x such that H,o® is in normal form up to order
€2. By explicit computation one has

H.o® = Hy+ €[V + {x; Ho}] + O(e?),
so x has to fulfill the so-called homological equation:
V+{x;Ho} =2 (3.8)
where Z Poisson commutes with Hy, i.e.,
{Hop;Z}=0.

It is well known that, at least formally equation (3.8) is always solvable,
however the properties of Z strongly depend on the resonance relations fulfilled
by the frequencies. In particular, if the frequencies are nonresonant, then Z
turns out to be a function of the actions I; = (] + w?x?)/2w; only. On the
contrary, in the completely resonant case the only available information on Z
is that it Poisson commutes with Hy. So one can use the function y solving
(3.8) to generate the Lie transform and to put the Hamiltonian in the form

HY = Hy + eZ + VvV (3.9)

with a suitable V(). Then one can iterate the construction and after M steps
one gets a Hamiltonian of the form

HM = Hy + eZ2M) 4 MH1y (M) (3.10)

where the nonnormalized part has been pushed to an arbitrarily high order.

3.2.2 Quantum Lie transform

Let W be a self-adjoint operator on L2(R™), and consider the corresponding
unitary operator X; defined by:
1

X; = =X W .
Definition 2. The unitary operator X = X, = X; will be called the

o=
quantum Lie transform generated by W. ‘
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Given a linear operator G, consider the transformed operator XGX1;
exploiting the equation

d _ ' -
Z(GGXTY) = Xox WG X7

one has that the Taylor expansion of XGX ! in € is given by

XGx7' =) éai,
1=0
where
11
G| = T;E[W, Gl—l] y 1>1 5 GO =G. (311)

Again one can use the quantum Lie transform to put a Hamiltonian of the
form

H.=Hy+ev (3.12)

in normal form. Proceeding as in the classical case one has
XH.X"'=Hy+e (V + % [W; HOD +O(&2)

and therefore, if one is able to solve the quantum homological equation, namely
to determine W and Zg such that

v+ % [W; ﬁo] =7, % [FIO;Z”Q] —0, (3.13)

then one has that the system is in normal form up to terms of order 2.
Iterating the construction, one has that the system can be put in normal form
up to a remainder of order ™.

It is clear that formally the two procedures are very similar. The true

correspondence can be established by the use of Weyl quantization.

3.2.3 Semiclassical Lie transform

Given a function g on the classical phase space, one can define the correspond-
ing quantum operator Op¥(g) by

(0" (9)%)(z) = (2mh)~™ /

R™x

IRng((x +9)/2,8)elTvE/ Ay (y) dy dE . (3.14)

It is possible to show that, under suitable assumptions, Op¥(g) is well defined
and fulfills the standard properties of the quantization by the symmetriza-
tion rule (for a systematic description of this quantization procedure see, e.g.,



28 D. Bambusi

[BS91, Ro87]). Due to formula (3.14) one has a correspondence between a
suitable class of functions and self-adjoint operators in L2. The function cor-
responding to a given operator (when it exists) is called the symbol of the
operator. The main point is that, given two functions g; and g2, there exists a
unique function whose Weyl quantization is £ [Op*(g1); Op®(g2)]. This func-
tion is the so-called Moyal bracket of g; and g2, and is usually denoted by
{91592}, By formally expanding the Moyal bracket in powers of A, one gets

(BS91]
{91592} ar = {91592} + O(H?) . (3.15)

Moreover it can be shown that if one of the functions g; or gs is a polynomial
of degree at most 2, then

{91592} pr = {915 92}

so that, in particular {Hg;g},, = {Ho;g} for any function g. It is possible
to reformulate the quantum normalization procedure of the previous section
in terms of Moyal brackets. Indeed, given two functions x and g, define the
sequence {g; }i>0 by

- 1 -
Goi=g, q=7 G G-}ty (3.16)

and the function
oo
g:=> g . (3.17)

Then (formally) § = g o @ + O(h?), where & is the classical Lie transform
generated by x. Moreover, comparing with the formulae of the previous section
one has

XOp™(9)X ' = 0p“(9) (3.18)

where X is the quantum Lie transform generated by Op™ (x). Repeating the
construction of the previous section in terms of symbols of the operators, one
has the following

Proposition 1. For any M there exists a formal unitary transformation con-
Jjugating the Hamiltonian operator Op™(H.) (with H. given by (3.5)) to an
operator with symbol of the form

Ho + e25" + M+1y )
where Zé?M) = é?M)(x,f, h) fulfills
(M) _ (M) —
(s 1) - (.}, .

and moreover Z<QM) (x,&,0) coincides with the Birkhoff normal form ZM) of
the classical Hamiltonian system (3.5).
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3.3 Rigorous theory

3.3.1 The case of analytic fast decreasing perturbations

Up to now the theory has been developed at a heuristic level, indeed we paid
no attention to the problem of convergence of series or to that of estimating
the remainder V(™) In this subsection we will give some rigorous results on
the spectrum in the technically simplest situation. The main point consists
in introducing a class of functions which behaves well under the operations
involved in the construction of the normal form, namely quantum Lie trans-
form and solution of the homological equation. To obtain the wanted class of
functions, we begin by defining an analytic action ¥ of T™ into R?® through
the flow of Hp:

@ : T" x R — R,

(‘pv (&7 JI)) = (flvw/) = W(p(&v 37),
Ty = & sin @k + Tk cOS Pk,

Wk

&1, = &k COS P, — WiTk SN Py .
Remark that, denoting z := (£, ), the flow ¢%(z) of Xg, is ¢'(2) = Wut(2).
Define the angular Fourier coefficient of order k of a function g by
1 .
= v, “ikY dp, ke Z.
(@)e2) = e [ 9N M g, ke

Remark 2. If g € C!, then

9(Te(2)) = D (r(2)e"™? = g(2) = Y (9)(2) -

keZn kezn

Given p > 0,0 > 0, denote by @(s) the space of Fourier transforms of
(9)x(2) and define

lolloo i= 3 e [ 1@(e)le”’lds. (3.19)
kezn

Definition 3. The space of the analytic functions such that the norm (3.19)
is finite will be denoted by A, .

Remark 3. A function f(&,x) of class A, , in particular is integrable over the
whole of R?".

By standard results on Weyl quantization one has

”Opw(g)”L2—>L2 < ”g”p,a . (320)

The class A, » behaves well under the quantum Lie transform. Indeed one has
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Proposition 2. [BGP99] Let g € A, , and x € A,, be two smooth symbols,
fix § < o and assume that
ellxllpo < 6%

then the series G defined by (3.16), (3.17) converges in the norm of Apo—s,
and one has

XO0p®(9)X ™ =) Op*(d)é
1>0

where X is the quantum Lie transform generated by Op”(x) and the series
on the r.h.s. converges also in the operator norm.

In order to solve the homological equation we have to make some assump-
tions on the frequencies.

H1) There exist v > 0 and 7 € R such that, for any k € Z™, one has

v

either w-k=0 or |w-k]2lle.

(3.21)

Proposition 3. [BGP99] Assume H1, let g € A, . Then the quantum ho-
mological equation

{Ho,x}m+Z=g (3.22)

admits solutions x, Z € Ap_q4,0, where d < p is a positive parameter. Moreover
one has {Hp, Z} = 0 and:

T

12l < Nlprs Il < cp 122 oy e (2)

1
dr e )

v

Combining the above propositions and the iterative algorithm introduced
in the previous section one gets

Theorem 1. Consider the Hamiltonian operator (3.12), assume V € A, .,
fiz 6 < min{p,0}, and assume also that H1 holds. There exist constants C,
Csy, such that, for any integer M > 0, the following holds true: if

etVll,o ,
—]%2—_1!%— < 1/C1M2+ s (323)

then there exists a unitary transformation conjugating the system (3.12) to
Op* (Hp) + eOp“’(Zé?M)) + Ry
where Z(M)(z, €,h) € Ay_5.0-5 is in normal form. ZézM)(z, €,0) coincides with

the classical Birkhoff normal form of Hy+ €V computed up to order M. More-
over, one has

o
|Ballzamre < 555 (CaM>* €|V ,0) (3.24)
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Remark 4. Choosing M = Mypt, ~ e~1/(2+7)  one gets an exponentially small
estimate of the remainder:

Cy
| RMope lL2— 22 < Crexp (—61/(T‘r)> (3.25)

with redefined constants C;, Cs. In the following we will concentrate on this
kind of exponential estimates.

Remark 5. In the nonresonant case where w - k # 0 for k # 0, one has

ZéM) = Zé)M)(Ila SR aI’n’E’ h) ’

i.e., the function ZézM) depends only on the actions.

3.3.2 The case of compactly supported perturbations

The applicability of the above theorem is not clear, since the definition of
the class A, is quite implicit. In the present subsection we will extend the
result to the case of C*® compactly supported perturbations of class Gevrey
(precisely fulfilling the assumption HG below); in the next subsection we will
show how to deal with the general cases. So we assume that V = V(z,£) has
compact support and is of class Gevrey, namely that

(HG) there exist a > 0, K > 0 and 1 < £ < oo such that Vj = (j1,--- ,J2n),

ldl .
sup | ==V (2)| < Ka Fl(|j|)*, 2= (¢2). (3.26)

26R2'n az-’
Theorem 2. Consider the operator (3.12), assume H1 and HG. Then there
exist constants C1,Ca,b > 0 such that the following holds true: if € is small
enough, then there exists a unitary transformation conjugating the system
(3.12) to

Op® (Hp) + €0p™(Zq) + Ropt

where Zg(z,€, k) is in normal form. Zg(z,€,0) coincides with the classical
Birkhoff normal form of Hy+ €V computed up to a suitable € dependent order.
Moreover, one has

|RoptllL2—12 < Che exp(—C’g/eb) . (3.27)
Idea of the proof. For A > 0 and K > 0, approximate V by
VAK(2) = Z / (T/'ﬁ(s)e“s’z> ds (3.28)
k<K 7lsI<4

and apply Theorem 1 (with exponential estimate of the remainder) to Hy +
VAK  keeping track of the dependence of all the constants on A and K. Then
choose A and K in such a way that the estimate (3.25) of the remainder is of
the same order of magnitude as the error due to the approximation of V' by
V4K This gives the result. For details see [BGP99].
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3.8.3 The case of an unbounded potential

Using microlocal analysis it is possible to reduce a quite general case to the
previous one. The idea is to consider a quantum Hamiltonian of the form

Op“(H), H:=Ho+V (3.29)

with a possibly unbounded V' = V(z) having a zero of third order at the
origin and then to substitute the potential V with a different function, say V,
with support contained in a ball of radius 2¢ in the phase space and coinciding
with the original one in a ball of radius €. One expects the lowest parts of the
spectra of

Op“(H)=Op™(Ho+V) and Op“(Ho+ Vo)

to be close to each other. This is exactly the content of the forthcoming results.
The precise relation between the spectra is captured by the following defini-
tion. Let Hi(k), H2(x) be two families of self-adjoint operators depending on
the parameters k € D C R¥, let J. C R be a family of bounded interval, and
set Spec; (Hi2) := Spec(H13) N Jy.

Definition 4. Let g : D — R be a real function vanishing at k. We say that
Spec;_(H:) = Spec; (H2) (mod g) as & — & if

Hi(k)p1(k) = M(k)dr(K) , &1 #0, M€y (3.30)

mply

I[H2(x) = M (w)]d1(s)] < g(x) (3.31)

and, conversely.

Remark 6. If Spec; (H1) = Spec;_(H2) mod g, then for any A\, € Spec;_(H;)
there exists Ay € Spec;_(Haz) such that A1 (k) = A2(x)+Cg(x)) and conversely
with a constant C uniform on J,..

In order to use microlocal analysis we need the following assumptions:

H2) H — 400, |z| — oo0; H(z,£) > 0 for (z,£) # 0.
H3) There exist v € R C; > 0, > 0, K(U) > 0 and 1 < £ < oo such that,
Vi=(1,---,Jn) l7] == |71l + -+ + |jn|, and for any bounded U C R™:

supgeg- |(1+ |2[*)" 12001V (2)| < Cj,

sup,cy |04V (@) < K(U)a~VI(j11)*. (3.32)

We are now ready for the application of the results of the previous sections.
This is obtained in four steps.
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1) We rescale the variables using the unitary transformation
Ue : L*(R™) 3 ¢(x) — (Uc)(z) := " *y(ex) € L*(R™).  (3.33)
The image of Op™(H) under U, is the Weyl quantization of
€H, :=(Hy+€eV), V(z):=e3V(ex), (3.34)

but a Weyl quantization where A is substituted by &’ := h/e2.
2) We make a cutoff of H,, namely, fix R and consider a Gevrey function ¢
such that t(s) =1 for |s| < R, t(s) = 0 for |s| > 2R, and define

ae,r(x,8) =V (z)t(|z])t(€]) - (3.35)

3) We compare the spectrum of the Hamiltonian Op*(H,) with the spectrum
of Op* (H?*) where

H?:=Hy, + €Ge R - (3.36)
This is done by the following

Proposition 4. [BGP99] Assume H2,H3, let J C Ry be bounded and fired.
Then there exist R > 0 and €, > 0 independent of €, R, such that, provided
0 < e < e, one has

Spec , (H.) = Spec,(H*) (mod e~</*"*) .

4) Rescale back the variables, namely apply the transformation U to H®.
Defining V. := V(x)t(|z|/€)t(|¢]/€), one has

SUH'U" = Op® (Ho) + 0p*(Ve) -
It follows that
Spec,2 ;(Op™(Hp + V)) = Spec,z ;(Op™ (Hp + V¢)) (mod e—c(e2/ﬁ)1/f)
5) Now apply Theorem 2 to Hy + V.. One has

Theorem 3. Assume H1,H2,H3. Then there existb > 0, h, > 0,e, > 0, A >
0, B > 0 (independent of h and €) and a smooth function

Z(€&,x;hy€) : R?™ x [0, ] x [0,6,] = R
which commutes with Hy, such that, Ve < €., h < h.€ one has
Specz ;(Op™ (Ho + V') = Spece2 ;(Op™ (Ho + 2))
mod (e‘c<52/h)1/l +e3e_A/eb) .

Moreover Z admits a full asymptotic expansion in h, has support in a ball
of radius 2¢ and Z(&,x,0,€) coincides in a ball of radius € with the classical
Birkhoff normal form truncated at an € dependent order.
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In the nonresonant case one thus gets a complete description of the spec-
trum of the Hamiltonian operator.

Corollary 1. [BGP99] With the same assumptions and notation of Theorem
3, assume also that the frequencies are nonresonant, then the eigenvalues of
Op"¥ (H) in [0, €?] have the representation

((k+1/2),w}h+ Z ((k+1/2)h,h,e) + O (e—(Be2/h)1/£) L0 (e3e_A/‘b)
(3.37)

with k € N™.

3.4 The Resonant Case

In this section we study the case where the linear frequencies are completely
resonant, i.e., there exists v € Ry and integers I; such that w; = vi;. In
this case it is nontrivial to study the spectrum of Hy + Z. A first qualitative
change in the spectrum is induced by the first nonlinear term of Z. Assume
for simplicity that

Z=N'+R

with N? coinciding in a ball of radius € with a polynomial of order 4 and R
having a zero of order 5 at the origin. We will study the spectrum of the Weyl
quantization of

Hy+ Nt (3.38)

Remark that the spectrum of Op* (Hp) is given by
1 1
Sp(Op" (Ho)) = {hw((k, 1) + 31}, k € N"} C wh(N + ]I

Fix E € Sp(Op¥(Hy)), E < €2 and remark that Op® (N*) restricts to a well-
defined operator N} on the eigenspace corresponding to E. The remarkable
fact is that such an operator can be realized as a Toeplitz operator whose
principal symbol coincides with the restriction of N* to the level surface Hy =
E. To come to this result we recall some facts about classical and quantum
reduction.

3.4.1 Bargmann transform

We define the Bargmann transform Ly acting on L2(R") by

n/4
e = () [ B Dy@)
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It can be shown that Ly is an isomorphism between L?(R™) and the Bargmann
space By, of entire holomorphic functions f such that the following integral is
finite,

/ |f2e 12" /hdzdz . (3.39)

Remark 7. The Bargmann space is particularly adapted to harmonic oscilla-
tors. Indeed one has

- o 1
LpOp*(Ho)Ly* = vhY 1; (zja + §> (3.40)
7

J

so that it is immediate to see that, having fixed a positive integer k, the
eigenspace & of Op*(Hy) corresponding to Ey = vh(k + |I|/2) is

Er == Span {2°} i - (3.41)

For any Weyl symbol P(¢,z), one has that L,Op”(P)L;' is the Weyl
quantization of
24+2z z2—2Z
P(z,2):=P| —,—— | .
) =P (S5 57
The main point for our developments is that such an operator is a Toeplitz
operator.

3.4.2 Geometric quantization and Toeplitz operators

Consider a 2n-dimensional symplectic manifold P and assume that it admits
a compatible complex structure. Assume also that it is endowed with a pre-
quantization line bundle L — P, i.e., a Hermitian line bundle fulfilling some
compatibility conditions. To fix ideas one can think of P as C™ endowed by
the coordinates z,Zz and of L as the trivial bundle C x C* — C™. For any k
consider the Hilbert space of the holomorphic sections of L®*,

Hi == {¥:P — L&} .

Here 1/k plays the role of . We assume that Hy is a closed subspace of the
space L?(P, L®%) of the L? sections of P®*, then there exists an orthogonal
projector ITy : Hy — L?(P, L®%).

Definition 5. Given a function f € C*°(P), consider the multiplication op-
erator

My : Hy — L*(P, L®%),
Y fi

where the Toeplitz operator Ty with symbol f is defined by Ty := IT M.
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In the example quoted above where P = C”, one can prove that one has
Hy = By-1, and, given a Weyl symbol P(£), one has

Ly—0p¥(P)L,Y, = Tp (3.42)
where

F(z,% k) = (e%APb) (2, %) (3.43)

and e*4 is the inverse of the semigroup generated by the heat equation (namely
it is the backwards evolution of P for a time ¢ through the heat semigroup).
So, formally one has

F(z,2,k) = Py(2,2) + O(1/k).

3.4.3 Reduction

Consider now the symplectic manifold M obtained by the Marsden—-Wein-
stein reduction procedure from R?" endowed by the group action ¢;, (where
¢i denotes again the flow of the linearized Hamiltonian system Hp; in general
M is a symplectic orbifold). Namely, assume 1 is a regular value Hy; then

Hy'(1)
b

Moreover, the Hamiltonian (3.38) restricts to M, and its restriction is a Hamil-
tonian system field with Hamiltonian function N? ' s+ So the problem of study-
ing the classical dynamics of (3.38) is reduced to the study of the dynamics of
Nt | - For the quantum case fix A = k=1, then we have the following theorem.

M =

Theorem 4. (Guillemin—Sternberg] M is naturally endowed with a complex
integrable structure and a prequantization bundle L. Furthermore, for any k
there exists a canonical isomorphism GSy from & (see (3.41)) onto the space
Hy. of holomorphic sections of L®*.

Remark 8. Here k plays a double role: first it is the inverse of the Planck
constant A and secondly it is the number labelling the unperturbed eigenvalue
we are studying. Due to this, the limit & — oo is actually the semiclassical
limit in which k# is fixed.

So the conclusion is that geometric quantization behaves well under sym-
plectic reduction. We are now interested in the behavior of operators when
one applies symplectic reduction. We present only the case of interest for the
application to resonant systems.

Theorem 5. [Charles [Cha02]] Consider a Toeplitz operator on the space B
with C*°, compactly supported symbol of the form
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f(z,z’ k) ~ Zlk—lfl(z)z) )

where the fi’s have compact support, commute with Hy, and the series is
asymptotic in the topology of C*° functions. Let (Tf)x be the restriction of Ty
to E and f§ be the restriction of fo to M. Then the operator GSi(Ty)xGS;*
is a Toeplitz operator with principal symbol ff.

Corollary 2. The restriction of Op”(N*) to &; is a Toeplitz operator with
principal symbol
t
N, -

3.4.4 The resonant normal form

Remarking that the spectrum of a Toeplitz operator is contained between
the maximum and the minimum of its symbol, one immediately has that the
spectrum of Op™(H) has a band structure. Precisely one has

Proposition 5. [BCT03] Let v > % There exists hy, > 0 such that for h <
P,
Spec(Op¥ (H)) N (—oo, AM) C U B(E, Lwh)
Ee Spec(Op» (Ho))
where B(E, $wh) is the interval [E — Swh, E + twh)]. Furthermore if b < h,,
for every eigenvalue E of Op*(Hy) smaller than k",

#Spec(Op"(H)) N B(E, hwh) = m(E, h)
where m(E, k) is the multiplicity of E.

Then, by the above theory one has that the spectrum in each band can
be (approximatively) computed using the normal form. Denote by Njs the
restriction of N to M, which coincides with the restriction of the classical
normal form of order 4 to M, then one has our main result for the resonant
case:

Theorem 6. [BCTO03] In the considered range of parameters, one has

Spec(Op™ (H)) N B(E, 3wh) = E + €*Spec(Ty,,) mod E? (—Z— + El/z) .
(3.44)
The first information one can deduce from the above theorem pertains to

the extrema of the band and the distribution of the eigenvalues in the band.
By standard properties of Toeplitz operators one has
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Theorem 7. Let 1, 72 be such that 3 < y1 < 72 < 1. Choose h, as in
proposition (5). For k < k. and for every eigenvalue E < R of H, denote by

E+M(E,h) <+ < E+Ang,n)(E,h)

the eigenvalues of Q in B(E, %wh) counted with multiplicity. Then when R7? <
E< ﬁ’h,
A\ (E, k) = InfNy + E*(O(h/E) + O(E?))

and similarly
Am(.)(E; B) = SupNas + E*(O(R/E) + O(E?)) .
Let f be a C™ function on R. Then, when k" < E < k™,

m(E,R)

Z: f ()\i(Ea h)/E%) = (i—h)nd/{}{:E}f (N3(y)/E%)uE(y)

+(2)" otym + owmhy

where pg is the Liouville measure of {H = E}.
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Summary. We review the foundations of the scattering formalism for one-particle
potential scattering and discuss the generalisation to the simplest case of many non-
interacting particles. We point out that the “straight path motion” of the particles,
which is achieved in the scattering regime, is at the heart of the crossing statistics
of surfaces, which should be thought of as detector surfaces. We prove the relevant
version of the many-particle flux across surfaces theorem and discuss what needs to
be proven for the foundations of scattering theory in this context.

4.1 Introduction

Quantum mechanical scattering theory is usually about the S-matrix. The
operator S maps the so-called in-states a to out-states 3. That may seem
sufficiently self explanatory as a basic principle since

An experimentalist generally prepares a state ... att — —oo and then
measures what this state looks like at t — +00. — S. Weinberg in “The
quantum theory of fields” [18], Chapter 3.2: The S-Matrix

and

The S-matriz So g is the probability amplitude for the transition o —
B .... — [18] Chapter 3.4: Rates and Cross Sections

so everything seems settled. However the quote continues

. but what does this have to do with the transition rates and cross
sections measured by experimentalists? . ..

we will give a quick and easy derivation of the main results,

actually more a mnemonic than a derivation, with the excuse that (as

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics
© Birkhiuser Boston 2004
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far as I know) no interesting open problems in physics hinge on getting
the fine points right regarding these matters.... — Chapter 3.4: Rates
and Cross Sections

The mnemonic recalls that the plane waves in the S-matrix formalism are
limits of wave packets, but it does not come to grips with the time-dependent
justification of the scattering formalism, in fact it does not connect to the
empirical cross section.

We remark aside, that apart from not making contact with the empiri-
cal cross section, there is another—though quite related—problem with the
mnemonic, which——as is felt by many—can only be settled by interesting new
physics: When a particle is scattered by a potential its wave will be spread all
over. What accounts then for the fact that a point-particle event is registered
at one and only of the detectors? Where did the particle come from which
is suddenly manifest in that detector event? This is some facet of the mea-
surement problem of orthodox quantum theory [3, 4]. We shall not say more
on that in this paper and refer to [11]. We emphasize however that we shall
use Bohmian mechanics for a theoretical description of the cross section—a
theory free from the conceptual problems of quantum mechanics.

We immediately jump now to the technical heart of foundations of scat-
tering theory by observing that

t — +o0

means the mathematical limit of the formulas capturing the physical situ-
ation (see (4.8) below). Experimentalists prepare and measure states at large
but finite times. They count the number of particles entering the detectors.
The physical meaning of the S-matrix derives from being the limit expression
of the theoretical formula for the number count. It is moreover immediately
clear—once this point of the finiteness of the physical situation has been
recognized—that the times at which particles cross the detector surfaces are
random. The detector clicks when the particle arrives. That time is random
and not fixed by the experimenters. Thus the foundations of quantum mechan-
ical scattering theory become slippery: No observables exist, neither for time
measurements nor for position measurements at random times. The question
is thus: What are the formulas which theoretically describe the empirical cross
section and which result in the appropriate limit in the S-matrix formalism?

In this paper we shall shortly review the simple one-particle potential scat-
tering situation. Apart from discussing the quantum flux we shall introduce
Bohmian mechanics, which allows us to capture the theoretical foundations
of scattering theory in the most straightforward way. We shall then extend
our considerations to multi-particle potential scattering and show why the
multi-time flux (which we shall introduce) determines the statistics in this
case in terms of a generalized flux across surfaces theorem. The first paper
on the flux across surfaces theorem [9] discusses also the multi-particle flux
but restricts the computation of statistics to the marginal statistics of one
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particle only, ignoring thus the most important correlations due to entangled
wave functions. Our multi-time analysis deals specifically with entangled wave
functions.

4.2 The theoretical cross section

We adopt conventional units in which % = 1 and recall that the theoretical
prediction oy, (X) for the cross section as given by S-matrix theory is

Ok (%) = 167r4/dw |T(|ko|w, ko)|? . (4.1)
P

Here T' = S — I, where the identity I subtracts the unscattered particles from
the scattered beam. As to be explained below, (4.1) is based on a model for a
beam of particles. Using heuristic stationary methods, Max Born [7] computed
T in the first paper on quantum mechanical scattering theory. We shall recall
his argument shortly, since it serves on its own as defining a theoretical cross
section.

Consider solutions v of the stationary Schrédinger equation with the
asymptotics

eilkollz]

Y(z) ~ eko® 4 fro(w) for |z| large (4.2)

|z|
and z = w|z|. In naive scattering theory the first term is regarded as repre-
senting an incoming plane wave and the second term as the outgoing scattered
wave with angle-dependent amplitude.

Such wave functions can be obtained as solutions of the Lippmann-—
Schwinger equation

, 1 ikl [zl
vz k) == = [ay e V)b b). (43)

The solutions form a complete set, in the sense that an expansion in terms of
these generalized eigenfunctions, a so-called generalized Fourier transforma-
tion, diagonalizes the continuous spectral part of H. Hence the T-matrix can
be expressed in terms of generalized eigenfunctions and one finds (cf. [16])
that

T(k, k') = (2m)~3 / dre *2V(z)y(z, k). (4.4)

Thus the iterative solution of (4.3) yields a perturbative expansion for T,
called the Born series.

Moreover, comparing (4.2) and (4.3), expanding the right-hand side of
(4.3) in powers of |z|~1, we see from the leading term that
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flow) = @0 [dye s Vi) p(y, ko).

Thus f*o(w) = —47%T(w|ko|, ko)-

We remark that in the so-called naive scattering theory, f*°(w) is called the
scattering amplitude since Born'’s ansatz offers also a heuristic way of defining
a cross section. One simply uses the stationary solutions of Schridinger’s
equation with the asymptotic behavior (4.2) to obtain the cross section from
the quantum probability flux through X' generated by the scattered wave:
The incoming flux has unit density and velocity v = kg. In the outgoing flux

k ell%oll=|
generated by f O(w)—m——
z2dw about an angle w per unit of time is

Kol (|f5 (W) [*/|2[?)|z|*dw .

the number of particles crossing an area of size

Normalizing this with respect to the incoming flux suggests the identification
of the cross section with

oRave( ) = /2 dw [ ¥ (w) 2 (4.5)

in agreement with the above. However, such a heuristic derivation of the
formula (4.5) for the cross section, based solely on the stationary picture of a
one-particle plane wave function, is unconvincing [8].

4.3 The empirical cross section

Consider a scattering experiment of the most naive kind where one particle is
scattered by a potential. In Figure 4.1 we depict a model for such a scattering
experiment, where a beam of identical independent particles (defining the
ensemble) is shot on a target potential.

The scattering cross section for a potential scattering experiment is mea-
sured by the detection rate of particles per solid angle ' divided by the flux
|7| of the incoming beam. AT is the total time of duration of the measure-
ment. With N(AT, RY) denoting the random number of particles crossing
the surface of the detector located within the solid angle X, the empirical
distribution is

N(AT,RX)

AT, X)) = -
p( ) AT [j]

(4.6)

The empirical distribution is a random variable on the space of “initial
conditions”: initial position of the wave packet within the beam, time of cre-
ation of wave packet, and also of the quantum randomness, encoded in the ||
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Fig. 4.1. A beam of particles is created in a source far away (distance L) from
the scattering center. The particles’ waves are all independent from each other. The
detectors are a distance R away from the scattering center. In the simplest such
models, the wave functions are randomly distributed over the area A of the beam.
The particles arrive independently at random times at random positions at the
detector surfaces. o(X) is the cross section, an area which when put in the incident
beam is passed by an equal number of particles which per unit of time cross the
detector surface defined by the solid angle X. The random Bohmian position of
the particle within the support of the wave is also depicted as well as its straight
Bohmian path X (¢) far away from the scattering center.

randomness. It also depends (in fact very much so) on the parameters captur-
ing the physical situation, like the distances L, R and the area A of the beam.
The difficult part of this random variable is the dependence on the gquantum
randomness, which, as we shall show, becomes simple in the limit of large dis-
tances. We wish to stress that the classical randomness (position of the wave
function within the beam, time of creation of the wave function) which arises
from the preparation of the beam and which in classical scattering theory is
all the randomness there is, adds by virtue of the typical dimensions of the
experiment very little to the scattering probabilities in quantum scattering
theory (see [11] for more on that).

The goal of scattering theory is to predict the theoretical value of (4.6).
The value predicted is (4.1) or if one so wishes (4.5).
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What needs to be shown is thus that, in the sense of the law of large
numbers,

Jim 7 lim p(AT, X) = ok, (X)), (4.7)

where the law of large numbers (contained in lim a7, o) will have to be formu-

lated with the measure on the space of the initial conditions. The “lim;_,+oo”

refers to large distance limits and limits which make the expression beam-
model independent:

“ lim ” = lim lim lim lim . (4.8)
t—too |@(k)|2—8(k—ko) L—00 |A]l— 00 R—o0
In particular the limit limg_, o, is taken to obtain the “local plane wave”
structure (see (4.13)) of the scattered wave, which allows for a particular
simple expression for the crossing probability of a particle through the detector
surface. For more explanations of the limits see [11, 10].

4.4 The heuristics of quantum randomness

The random number N(AT, RX) defining (4.6) is the random sum of “in-
dependent” single-particle contributions, i.e. it depends on the “trivial” ran-
domness arising from the beam, which is simply ensuring the independence
of the single detections in the ensemble for the law of large numbers to hold.
Most importantly, however, it depends on the quantum randomness inherent
in a single event. We shall from now on focus on the scattering of one single
particle and forget the beam. One particle is send towards the scattering cen-
ter. The question we must then answer is: Which detector clicks? We must
answer this question for the real situation where the detectors are a finite
distance away from the scattering center. The answer might be complicated
but it is that answer of which one can then take the mathematical limit of
infinite distances to obtain a simpler looking formula.

Once this question is clear one immediately sees that this question is coarse
grained, it already ignores that the time at which the particle is registered is
random too. The fundamental question is: Which detector clicks when? In
other words: What is the distribution for the first exit time and exit position
of the particle from the region defined by the detector surfaces (see Figure 4.2).

P?(X(T.) € dX,T. € dt) = ? (4.9)

Heuristically it is clear that the probability is given by the quantum flux
through the surfaces. The quantum flux is

7% =Imp; Vi,
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Fig. 4.2. Which detector clicks when? The detection time T, and position X. =
X (T.) are random exit time and exit position.

and appears in an identity—the so-called quantum flux equation—that holds
for any ¢; being a solution of Schrédingers equation:

o 2

igti +divj* =0. (4.10)
Consider as in Figure 4.3 the escape of a particle initially localized in G
through a section dS of the boundary G (we can but need not think of a
freely evolving wave). If the surface is far away from the scattering region, it
is very suggestive that the probability should be given by the flux integrated
against the surface

P (X(T.) €dS, T, € dt) ~ | Rllun j¥*(R,t) - dSdt. (4.11)

Based on this heuristic connection the flux across surfaces theorem, which we
formulate here in a lax manner, becomes a basic assertion in the foundations of
scattering theory [2, 17, 15, 13, 11]. By integrating the flux against the surface
integral over all times, we ignore the time at which the particle crosses the
surface and we focus merely on the direction in which the particle moves:

Theorem “FAST”: Let ¢ be a (smooth) scattering state, then
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Fig. 4.3. Escape of the particle from the region G. When the boundary 0G is far
from the initial support of the wave function, the exit statistics are approximated
by the flux through the surface.

lim/ dt/ j¥t-dS = lim/ dt/ [7% - dS]|
R—oo Jg RY R—o0 Jg RE

= [k WP
Cx

(4.12)

The heuristics of the FAST is easy to grasp. If we think of a freely evolving
wave packet, then its long-time asymptotic (which goes hand in hand with a
long-distance asymptotic) is (recall £ = 1)

2

z—

. i t
e~ tHop(z) ~ S @(f) . (4.13)
t2 t

We call this approximation the local plane wave approximation. It corresponds
to a radial outward pointing flux. For scattering states ¢ of (short range)
potential scattering there exists a state @out moving freely, so that

Jim e~ #tp — =iH0l g | = 0

which leads to the wave operator
W, :=s- lim e!fte~iHot
t—o0

with
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W—T—‘P = Pout -

Combining this with (4.13) and computing the flux for this approximation
yields that the left-hand side of (4.12) equals the right-hand side of (4.12).
We note that the first equality in (4.12) asserts that the flux is outgoing,
a condition of vital importance for its interpretation as crossing probability.
We shall discuss its importance below. We remark that the further treatment
of the right-hand side of (4.12) is more or less standard and becomes upon
averaging over the beam statistics essentially (4.1) [1, 11, 10]. That is, given
the FAST, the connection with the S-matrix formalism is standard. The cross
section is justified in the sense of the law of large numbers, once (4.11) is
accepted.

4.5 Bohmian mechanics and the justification of (4.11)

The foregoing discussion is necessarily unprecise since the fundamental objects
erit time and ezit position remain undefined: There is no time-dependent
position of the particle in quantum theory defining these random variables. In
Bohmian mechanics, e.g., [6], when the wave function is ¢, there is a particle,
and the particle moves along a trajectory X (¢) determined by the differential
equation

a‘itX(t) — v2 (X (£)) = Im %

(X(2)). (4.14)
Its position at time t is randomly distributed according to the probability
measure P¥¢ having density p; = |¢¢|?, see [12].

The continuity equation for the probability transport along the vector
field v¥t(x,t) becomes for the particular choice p; = |p¢|? the quantum flux
equation (4.10), which establishes that |¢;|? is an equivariant density.

Hence the trajectories X (t, Xp) are random trajectories, where the ran-
domness comes from the P¥-distributed random initial position X, with ¢
being the “initial” wave function. Having this, the escape time and position
problem (4.9) is readily answered. Define T, = inf{t| X(t) € G°} and put
X. = X(T,), then both variables are random variables on the space of ini-
tial positions of the particle and P?({X|Te(X) € dt, X(Te(X), X) € dS}) is
clearly the exit distribution we are looking for. Note also, that we may now
specify rigorously the probability space on which the empirical distribution
(4.6) is naturally defined, and we furthermore have the measure, with which
the law of large numbers (4.7) can be proven.

We explain now the connection of this exit probability with the flux. Con-
sider some possible exit scenarios of the particle as in Figure 4.4. We introduce
the random variables number of crossings

N(dS, dt) := N4 (dS,dt) + N_(dS, dt)
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Fig. 4.4. Signed number of crossings of possible trajectories through the boundary
of the region G.

and number of signed crossings
N4(dS,dt) := N4 (dS,dt) — N_(dS,dt),

where Ny (dS,dt) are the number of outward, resp. inward, crossings. Their
expectations are readily computed in the usual statistical mechanics manner:
For a crossing of dS in the time interval (¢,t + dt) to occur, the particle has
to be in a cylinder (Boltzmann collision cylinder) of size |v¥t - dS dt| at time
t. Thus

E?(N(dS,dt)) = |p:|? Ju®* - dS|dt = |j¥¢ - dS| dt
and
E¥®(N,(dS,dt)) = j*: - dSdt. (4.15)

Under the condition that the flux is positive for all times through the boundary
of G (a condition which needs to be proven, and which is asserted in the first
equality of (4.12)) every trajectory crosses the boundary of G at most once.
Hence

E¥ (N (dS, dt)) = E®(N,(dS, dt))
=0-P?(T, ¢ dt or X, ¢ dS) + 1-P¥(X. € dS and T, € dt).

In that particular situation the exit probability is thus
P?(X. € dS and T, € dt) = j%* - dSdt. (4.16)

This and (4.12) are at the basis of quantum mechanical scattering theory
for single-particle potential scattering.
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4.6 Multi-time distributions for many particles

We extend the foregoing to the case of many-particle scattering. We shall dis-
cuss some of the main steps, which need to be filled with rigorous mathematics
in future works. For simplicity we consider the free case where the particles
are guided by an entangled wave function, but they do not interact via a
potential term in the Hamiltonian with each other. However, the following
naturally generalizes to interacting particles by replacing the wave function
@ by its free outgoing asymptote @ouy = W} ¢. While Bohmian mechanics
naturally extends to many particles (see (4.19) below), one sees immediately
that our task of getting our hands on the exit statistics for many particles is
nevertheless nontrivial, since every particle has its own exit time and position.
I.e. we need to handle

PP (TN € dtM, XO(TM) e dSD, ..., T € dt™, X N(T™M) € dS™) .
(4.17)

To apply the statistical mechanics argument which we used in the last sec-
tion to compute the crossing probability, the multi-time position distribution
is needed

Po(XD (W) e dz®, ..., XM ™) € dz(™) (4.18)
= p(z®, 1D, 2™ ) dz® | dz™

which in general will not be a simple functional of the wave function. We will
show that in the scattering regime, when the wave approaches the local plane
wave structure, this multi-time position distribution can be computed and the
exit statistics are in fact given by a particular multi-time flux form. To our
best knowledge, this observation is new. The single-time multi-particle flux
has been used in [9] to compute exist statistics, necessarily ignoring particle
correlations.

For ease of notation we consider two particles with positions X,Y and
wave function ¢(z,y,t). The Bohmian law of motion is

X(t) = v (X(8),Y (1) =1 @y ) Jemx), g () (4.19)
y 7] _ \4 Qo(zay,t)

Y (t) = v/ (X(8),Y (1)) = Im W eex@ ey (220
100(x,y,t) = —3(Az + 4y)p(z,y, ). (4.21)

With H = H, + H, = —%(Am + Ay) we can easily produce a two-times
wave function by the appropriate action of the single-particle Hamiltonians
through
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o(z,t,y,8) = (e H=te  Hvo o) (z,y), (4.22)

which reduces to the usual single-time wave function for ¢ = s, because the
Hamiltonians H, and H, commute. Hence one could as well include single-
particle potentials into H, and H,. While the definition of ¢(z,t,y, s) seems
very natural at first sight, note that the physical meaning of |¢(z,t,y,s)|? is
not at all obvious. To get our hands on this question, let

By (z,y) = (B (2,y), B} (z,y)) = (X(t,2,9), Y (t,2,9))

be the Bohmian flow along the vector field given by (4.19) transporting the
initial values x,y along the Bohmian trajectories to values at time ¢ and let

ét,s(m,y) = (Qstw(l‘,y),@g(.'lj,y)) = (X(t,x,y),Y(s,x,y))

be the two-times Bohmian flow. Observe that
OP1s(w,y) = (07 (z,1),0) = (v (@e(=,)),0), (4.23)
8s¢t,s(w7 y) = (Oa 6845381(:1;, y)) = (05 'U.:;l (QS(I7 y))) . (424)

From the definition of the multi-time wave function (4.22) it follows in the
same way as in the single-time case that

Olp(x,t,y, 3)'2 = -V Im(‘P(Ia t,y,s) " Vap(z,t,y, 5))a
83]90(55, i, 9y, 3)|2 = _vy : Im(<p(.7:, L, y, 3)*vy90(93a t,y, 5))5 (425)

which leads us to define a multi-time velocity field:

va:(p(x’ ta Y, S)
vy (z,y) =Im ————2="~ 4.26
t, ( ) go(:r,t,y, S) ( )
if p(x,t,y,8) # 0 and v{ (z,y) = 0 if p(z,t,y,s) = 0 and analogously for

Y
Ut,s ("I" ) y) N

‘We show now, that under certain conditions there exists a two-times conti-
nuity equation for a two-times density p(z, ¢, y, s). We start with the definition,

setting p(z,0,y,0) = p(z,y),
E° (F(X@),Y(5)) = [ dody f (@ue(a9))pla.y)

— / dzdy f(z,y)p(z.t,9,5), (4.27)

where f varies in a suitable class of test functions. Next differentiate the
equation with respect to t, respectively s. This yields in the second equality

) ] dedy f(®1,5(2,9)) p(z, y)
= /dxdy V(l)f(ét,s(w,y)) “ vy (@t(z,y))p(x,y)

— [ dedy £z, m)0(e, t,,9). (4.28)
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and similarly for differentiation with respect to s. Here V(1) denotes the gra-
dient with respect to the first argument. If the following “multi-time indepen-
dence” condition

vf (Be(z,y)) = v (D7 (), PY(z,y)),

(4.29)
v} (B4(,y)) = v, (PF(z,y), DY (w v))

is satisfied, we can replace vf (D¢(z,y)), v} (®:(x,y)) in (4.28) by
)

’Uts(é (l‘ Yy 7¢g(xay)) .

Using definition (4.27) followed by partial integration yields for the second
integral in (4.28)

[ 4y V)£ @us(2,) - o2 (@2 ) o)
— [ dedy V)£ @eaev) 05 (@rs(20))0l:9)
(429) / dzdy Vo f(2,9) - oF(2,9)p(@ £, , 9)
- [ dody @) Va - (07, @ )0 ,,)

From this and (4.28) we may conclude, repeating the same for the s-differen-
tiation, the two-times continuity equation

8tp($7 t,y, 8) =—-Vg- (’Utx,s(x’ y)p(l', t,y, S)) s

asp(xa t,y, 3) = _vy : (’Ugs(xa y)p(x, t,y, S)) . (430)
Comparing this with (4.25) we see that p(z,t,y, s) = |p(z,t,y, s)|? is equiv-
ariant. All this depends crucially on the “multi-time independence” condition
(4.29). It is easy to see that the condition is satisfied if the wave function
is a product wave function. But that is uninteresting. The condition can be
expected to be also approximately satisfied when the wave function attains
the local plane wave structure

2

[¥
o|

el

o

el
t

o(z,t,y,s) ~ @(—j—, ) (4.31)

S

[N
wles|

S

of an outgoing scattering state at large times (see next section). In this case
the trajectories are approximately straight lines and the velocity of parti-
cle X does not change if particle Y is moved along its straight path and
vice versa. We remark that the local plane wave structure is preserved under
multi-time evolution (as it is preserved under single-time evolution). Thus in
the scattering regime condition (4.29) holds true and we conclude that in this
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regime the two-times wave function (4.22) yields the two-times joint distribu-
tion p(z,t,y,s) = |¢(z,t,y,s)|? for the positions of the two particles. Hence,
approximately, we have that

P?(X(t) € AyandY(s) € Ag) = / dx/ dy |¢(z,t,y,s)|?.
Ay Az

Moreover we have in that regime single crossings only. We can thus com-
pute the exit statistics in the scattering regime as before (the Boltzmann col-
lision cylinder argument) but now using the two-times density |¢(z, t,y, s)|?
and the approximate straight path velocities

vis(z,y) = % i (z,y) = % (4.32)
This way one obtains
P*(T% € dt, TY € ds, X(T%) € dS®, Y (TY) € dSY) (4.33)
~ [6(F, 2)1 (3 -ds7) (£ - dsv) dtds

A jsp(x,t’ Y, 3) " (dSz ® dSy) dt ds,

where the two-times “straight paths” flux form j%°(z,t,y, s) is the straight
path approximation to the multi-time flux form

(@ t,y, 8) = lo(z,t,y, 8)|* vi(2,y) ® v} (2, 9) - (4.34)

It is remarkable and relevant for its meaning in the foundations of scatter-
ing theory that this unmeasured Bohmian joint probability is in this particular
situation the same as the measured probability, which is in general not true
for joint probabilities [5]. Measurements lead—in the language of orthodox
quantum theory—to a collapse of the wave function, which in the local plane
wave approximation however does not have any effect on the trajectory of the
other particles. In the two-particles case the collapse (due to the detection of
one particle) picks out simply the rightly correlated pair, which in fact can be
EPR correlated pairs.

The N-particle multi-time flux (4.34) as well as the N-particle single-
time flux have taken alone no significance for the description of scattering (in
contrast to the one-particle situation), while the crossing probabilities (4.33)
of course do. We shall in the next section compute the value of the right-hand
side of (4.33), which is the usual scattering into cones (in momentum space)
formula.

4.7 The exit statistics theorem for IN particles

We abbreviate the joint exit time-exit position distribution for N particles
through a sphere of radius R as
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P?(dty...dtx dS;y ... dSn)
= ]P‘p(Xl(Tle) € dS,,Tie € dty, ..., XN(TNe) € dS1,Tne € dtN) R

where we recall that T, is the first exit time of the nth particle through the
sphere and dS,, an infinitesimal surface element on this sphere. Neglecting the
possibility of clustering, the generalization of the flux-across surfaces theorem
of potential scattering then becomes the following conjecture.

Exit Statistics Theorem: Let ¢ be a (smooth) scattering state of an N-body
Hamiltonian H at time t = 0; then for any —oco < T < o0,

o0 o0
lim/ / / / P*(dt; ...dtx dS; . ..dSN)
R—o0 Jp T JR: REN

o0 o0
lim dtl---/ dtN/
R—oo Jp T Ry

. / j¢°“t’s"(1:1, ceeyIN,L1,. ..,tN)(d51 KRR dSN)
RXN

=/ dk{’---/ dk3; |Bous (K1, - .., kn)|2. (4.35)
Cs, c

N

Recall that pout = W1 and that
Soout(tl, s atN) = eiAxltl T eiAthN Pout

evolves according to the free multi-time evolution.

The theorem provides a precise connection between the joint distribution
of the measured exit positions of N scattered particles (the first expression
in (4.35)) and the empirical formula for this quantity in terms of the Fourier
transform of the outgoing wave (the last expression in (4.35)). A rigorous proof
of this connection seems to involve necessarily a multi-time formulation of the
quantum mechanics in the scattering regime in the sense of the intermediate
expression in (4.35). Notice that the first equality in (4.35) is, as discussed
in the previous section, the highly nontrivial part to prove. More precisely,
one needs to establish (4.33) rigorously and with error estimates which are
integrable in the sense of (4.35). The second equality in (4.35) is an easy
computation, with which we shall conclude the paper. We shall first remind
the reader of the local plane wave structure which approximates the scattering
state and which is presumably crucial for the proof of the theorem.

Since |@out(k)| is invariant under the free time-evolution we can choose
without loss of generality T' > 1. To shorten notation let us introduce the

configuration variables T = (z1,... ,zn) and £ = (¢1,... ,tn). Then
<Pout(-z_7 Z) — (eiAzltl .. eiA“’NtN) ‘Pout(f)
jlzi-wy1? Jen-yn1?
— d .../ dyNe ™ ...e N (p (y )
- U1 RS (21r1t1)% (27r1tN)% out\¥Y1,--- ,YN),
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where here and in the following .yt without a time-argument means always
©out (f = 0). Expanding every factor in the integrand as

Tn —Un Tn Ty _iZTp- < yn 2
et gl e ol e ()
one obtains
inl el
- e e N T TN
T,t . - .. R(Z,t 4.36
(Pout( s ) (Ztl)i (th)E Saout (tl y tN) + ( ) ( )

where every term in the sum R has at least one factor of the form

( ’.‘lnl )
e Ztn —1

in the integrand. Under appropriate assumptions on @yt it is now easy to
get estimates on the remainder term R(Z, %) for large t, by stationary phase
methods. For details we refer to [14]. In particular the remainder term does
not contribute to the time integrals in (4.35).

Neglecting R we obtain from (4.36) for the nth component of the velocity

D. z IN
vngaout (tl"" ’ tN)

o (T) =2+ —Im , (4.37)

" t" (ﬁout ('ﬂ e M)

£ ' IN
of which we only need the first term (the straight path velocity) and for the
density
1 T TN 2
0P = g [ (221,22
“pout( )i t;i; t?\] Pout t tn

Using z,,-dS,, = |z,|R?dw, = R3dw,,, where dw denotes Lebesgue measure
on the unit sphere $2 C R3, we now conclude with the computation of the
second equality of (4.35):

lim dt1 / dtw / / jeowen(2,8) - (45, ® . .. ® dSy)
RXY, RXY

R—00

Rwy
Pout ’

o oo Gou (B, .. B )|
= lim /dt1-~/dtN/---/ g — R
R—oo0 Jp T Rz, JREZN ty- -ty

dwi - --dwn

_ # £ N 2
= Jim /dlk1|~--/d|kN|/ / |Gout (k1 - )|
—o0 Jo 0 RX, RXYN

ka]? - e dwr - - dwy

= [t [ a Gt B0
Cs, c

N
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In the above computation we substituted k, = %=, which, in particular, gives
dt, = —t2R~1d|k,| and R/t, = |ky,|.

4.8 Conclusion

For the first time we formulate the connection between the joint distribution
of the measured exit positions of IV scattered particles and the empirical for-
mula for this quantity in terms of the Fourier transform of the outgoing wave.
While in the case of potential scattering for a single particle the distribu-
tion of the measured exit position can be formulated, at least heuristically,
in terms of the quantum flux, this is no longer true for the joint distribu-
tion of NV particles. In the case of N-particle scattering even the definition
of the relevant distribution is not possible within orthodox quantum mechan-
ics. Therefore we use the Bohmian trajectories of the particles to define the
distribution of exit positions and times. The flux-across-surfaces theorem for
N particles then connects this fundamental joint distribution with the em-
pirical formulas of quantum mechanics. While a completely rigorous proof of
the flux-across-surfaces theorem for N particles seems a challenging task, we
sketched a possible argument and showed that a multi-time formulation of
the quantum mechanics in the scattering regime should play a crucial role in
this program.
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5.1 Introduction

We consider the system of evolution equations

£

O

where ¢ is a small parameter, ¥° = 1)°(t, z) a vector-valued bounded family in
L2(Rd), H = H(t,z,£) a matrix-valued Hamiltonian. The variable z denotes
the position variable and £ the momentum. We use Weyl quantization:

)= [ () T

We are concerned with the description as £ goes to 0 of the Wigner trans-
form We(t, z,£) of the family (¢°),

i€ =op, (H)Y*,

Wyt = ¢) = /,Rd EyE(t e — 2) @yl T+ sg)—(zci:’)d.

More precisely, for all reasonable a, we want to describe the asymptotic be-
havior of

(ope (@ 1900 = [ al@, Wi (b0, € dod.

It is well known that the limit points of W1¢ are positive matrix-valued
measures u (see [17], [11]), called semi-classical measure or Wigner measure
of the family (¢°).

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics

© Birkhiuser Boston 2004
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If H is scalar, p = y; is a scalar measure solution of
Op+{H,u} =0
where
{f,9} =Vef - Vag—Vaf - Veg.

In other words, the measure u propagates along the classical Hamiltonian
trajectories.
If H has N eigenvalues of constant multiplicity F1,--- , En, then

=% p;11;

where II; is the spectral projector associated to E; and u; satisfies
Owpj + {Ej, it = 0.

We want to discuss what happens when H displays eigenvalues crossing.
Of typical interest is the situation where H is a two-by-two matrix of the form

H=kId+( P pz“”:*‘).
D2 —1ip3 —M

The eigenvalues of H are £ = k + |p|. They cross above the codimension 4
subset of the phase space

S={p1=pr=ps=7+k=0} CT*(R; x RY).

Under appropriate assumptions that we shall state below, classical trajectories
of Ey can be continued through S. Then occurs the following problem:

Problem: Assume that the incoming Wigner measure is supported on the
classical trajectories of one mode (say F.) which hit S. How can the splitting
of the outgoing Wigner measure on both modes be described?

Such problems appear in different areas of Mathematical Physics.
a) The crossings in Born—Oppenheimer approximation have been studied by
Hagedorn ([12], [13]) and Hagedorn and Joye ([14], [15]). In their works, the
Hamiltonian H is of the form

2. £) = lel2 9(z) + p1(z) p2(z) +ips(z)
Ht,o, &) = |¢" + (P2(37) —ip3(z) q(x) ‘pl?x) ) '

Ansatz for specific data and linear functions g and p are precisely calculated
and emphasize a transfer of energy between the two modes at leading order
(see also [10] in the case p3 = g =0, p; = &;, p2 = &2 and [5] for generic cases
with Wigner measure approach).
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b) The study of the motion of electrons in a crystal leads to the study of
Hamiltonians of the form

_ q(&) +p1(§) p2(§) +ip3(§)
H(t,2,6) = V(t,z) + <p2(s) —ips(€) a(€) — p1(6) ) '

In the case V = V(x), p1 = &, p2 = &2, ¢ = ps = 0, the crossing has been
studied from a Wigner measures point of view in [7].
c) Another example consists in a Dirac type equation (see [4] and [6])

H(t,z,£) =V(t,z) +P(€ — A(t, x)),

P = ( ™ 772+i773)
N2 — M3 —M

The first model studied is Landau and Zener’s in the decade 1920 to 1930
(see [16] and [18]),

where

. t x1 +izg
£ __ £
edy” = (xl —ixy —t >¢ )

The crossing occurs at t = £; = z2 = 0. Both critical trajectories lie above

the line {; = z2 = 0}. Stretching variables

t = +/es, wz%

leads to a scattering problem for the system

i, = ( s % +iy2) ».

Yy1—1y2 —S

It is possible to calculate explicitly the scattering matrix in terms of y. This
yields in particular the transmission coefficient for the Wigner measure (or
just 1 ® h):

T(y) =™,

_ distance to critical trajectories

This quick analysis of the Landau and Zener problem emphasizes a point
which will be crucial to analyze crossings in more general settings: the energy
transfer depends on a second scale 1/z. In the following, we shall introduce
an enlarged phase space including rescaled coordinates, normal to the set of
critical trajectories. With this generalized phase space, we will associate some
new Wigner measures, more accurate than the usual ones. This analysis will
allow us to prove the existence of a universal (i.e., independent of the data)
transmission coefficient for these measures and compute it in terms of the
geometry of the system.
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In [2] and [3], Y. Colin de Verdiére has proved recently a very refined
normal-form result in the spirit of the work of [1] for symmetric systems. In
view of the invariance of Wigner measures through canonical transforms, it is
likely that his result implies ours.

As a conclusion to this introduction, let us mention that an expanded ver-
sion of this note will appear in [9]. The case of symmetric systems is described
in [8].

Summary:

1. Two-scale Wigner measures.

2. Geometric assumptions on the system.

3. Statement of the result.

4. Main steps of the proof.

5. Concluding remarks.

5.2 Two-scale Wigner measures

We consider a classical phase space T*(IR?) and f = (fi,. .., fm), m smooth
and independent functions on T (RD ) satisfying the commutating relations

{fja.fk}:oa 1 SJakSm

Then, J = {f = 0} is an involutive submanifold of T (IRP).
We define a new class A of testing symbols

a=a(z,¢,n) € C*(RP x R x Ry),

compactly supported in (z,¢) with radial limits at infinity in n,

a(z,¢, Rn) = oo (zcl%l) R— .

Therefore, a extends to a function on RY x B? x Enm where IR is the
compactification of IR™ with a sphere at infinity.

Theorem 1. Let (/°) be any bounded family in L2(IRP,CN). Up to extmcting
a subsequence, there exists a (matriz-valued) positive measure vy on J x IR
such that, for every a € A,

e f(z,€)
./T*(RD)Ww (z,¢)a (z, < VE ) dzdg
_ 10,
e—0 Jxﬁma(z’ C’ n) dyf(z’ C,Tl) + A*(RD)\JG‘OO (Z, C’ If(za C)I /.L(Z, C)

where p is a Wigner measure of ¢°.
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e Notice that the measure 1; p can be recovered from vy through

1J #(z,C):/ﬁm Vf(z7Cad77)'

e Intrinsic definition of v. If g = M - f is another system of commuting
equations of J,

[ acm (e = [ a6 mdve ¢,
JXIR JXIR

Hence one can define a measure v; on N(J), the compactified normal bundle
above J which is the bundle above J with fibres obtained by adding a sphere at
infinity to those of T'(T*(IRP))/T(J). Then, for every system f of commuting
equations of J, we have

[ ato.ds(e)- o) dvs(ol60) = [ aleiComdug(a G
N(J) JxXIR

e Localization and propagation of vj. Assume v¢° is a solution of a scalar
equation

op*(H)y* =0
and J is involutive and contained in the energy surface ¥ = {H = 0}. Then
- vy is supported in the compactification of T'(X)/T(J).

- vy is invariant by the linearization of the Hamiltonian flow of H. Indeed,
if
$s: X=X, ¢s(J) CJ

denotes the Hamiltonian flow, the linearized flow
D¢ : T(Z)/T(J) - T(Z)/T('])a

can be extended to the spherical compactifications.

5.3 Geometric assumptions on the system

Consider the Hamiltonian

H:kId+( Pr P23
P2 +1p3  —p1

The energy surface is
2 ={(r+k)?=1p"} C T*(R x B)((,2),(r))>

and the eigenvalues are
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Ei =k+ ]p]

Assume pj, p2, p3 are independent, and let
S={p1=p2=p3=7+k=0}

Introduce the electric and magnetic fields as vector-valued functions on the
space-time phase space

E = {r +k,p}, B=({ps3,p2},{p1,p3},{p2,p2})-

Remark that if k = V(¢,z) and p = £ — A(t,z), then £ = -V, V — ;4 and
B =V x A.

We need that the Hamiltonian curves of A\ = 7 + E4 are transversal to
S and can be continued through S. This corresponds to one of the following
two situations on S,

(H1) E-B=0, |E]*>|BP,
(H2) E-B#0.

We assume (H1) identically on S, which covers the cases of the Born—
Oppenheimer approximation and of the motion in a crystal, where B = 0.
Then define J™* as the union of (incoming) trajectories for Ay arriving on S
and J*°% the union of (outgoing) trajectories for Ay leaving from S. One can
prove that these four manifolds are involutive, of codimension 3, and that J*»
connects smoothly to JT°“t. We can therefore define the four corresponding
two-scale Wigner measures

Vj+,in, Vjyt,out .

These measures are transported by the linearized Hamiltonian flows of
7+ E., which are transversal to S. Therefore, they have traces on S, denoted
by )

V‘:sl:,m : V;’OUt
which are measures on bundles above S with fibres obtained by compactifica-
tions of the planes T(X%)/T(J%).

5.4 Statement of the result

The planes T(X*)/T(J*) can be identified to the normal plane of the electric
field E through the map

6pl =Y =d(r+k) - 5pB+dp-dp xE .
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Theorem 2. Assume vg™ = 0. Then

—,out __ +,in +,out __ +,in
vg " =Tvg™ , v =(1-T)rg

T , (ExB 2
f=ow [“ (E7 — |BR)? ('Y‘ (57 ) )}

Notice in particular that:
e On the circle at infinity, T' = O : there is total reflection on the + mode.
o If B=0and |E| > 1, then T — 1 on the set |Y| < 4+00. In other words,

the mode conversion is total for high electric fields (in the same spirit, see [6]
for analysis of Dirac equations with high electromagnetic fields).

with

5.5 Main steps of the proof

Step 1. First (rough) normal form and analysis on the circle at infinity.

Near pg € S, there exists a change of canonical coordinates
K (t,[E,T,f) — (S,Z,O', C)

and an invertible matrix A = A(t, z, 7, €) such that, if U is a unitary Fourier
integral operator associated to x, the new unknown

v® = U op, (A)y*

satisfies

o+s  mG+70) .
o) _ — v* ~0
Pe (71C1 +7262 o—s

where v; = 7;(s, 2,0, (), Im(717;) # 0.
Moreover, in these new coordinates,

T={?=s2++},

S={3=0'=C1=C2=0}7
Ji’mz{O’:FS:C1=C2=O’S<O}’
JEOU — o4 5=( =(=0,5>0}.

By pseudodifferential energy estimates, one can prove the reflection of the
energy located at infinity, i.e., for large scales of oscillations with respect to

Ve, {(¢% + ¢3)Y/? > /E} ; in other words,

+,in __  +,out
Vs

vy = on the circle at infinity.



66 C. Fermanian Kammerer and P. Gérard

Step 2. Analysis at finite distance.

Using that |(;| ~ /&, one can refine the normal form and assume that
v; = 7vi(2,¢). We are reduced to the system

. e sI eG\ .
iedsu _(\/EG* —sI)u

where

G = op, ((Vl% +72%> X (RC\I/E’TZ%/E))

and Y is a cutoff function with R large enough. One can then conclude using
the following operator-valued Landau—Zener formula.

Theorem 3. Let G = G be a bounded family of operators on a Hilbert space
H. Let u® € C(IRs,H x H) be a solution of

, e [ sI eG\ .
ie0su -(\/EG* —sI)u

with sup, 4 [u®|x < +oo.

There ezist families of vectors, (a5), (w5), j = 1,2, such that for any cutoff
function x € C§(R), x(GG*)a5, x(G*G)as, x(GG*)wt and x(G*G)w§ are
bounded in 'H and such that up to a small error in H,

L, —iGG* /2
X(GG*)us (s) ~ x(GG*)e~is"/2¢ = of , s<0,
L, —iGG* /2
X(GG*)u5(s) ~ x(GG*)e~ts /% = wi, s>0,
. iG*G/2
(G Ous(s) ~ X(G Q) /2 | 2| T ag s <0,
L, iG*G/2
x(G*Gus(s) ~ x(G*G)ets /% w5 w§,s>0.
Moreover
W\ _ [ a(GG*) —-b(GG*)G\ (of
i) “\5ea)er alera) ) \ag)
with
a(X) = e" ™2,

b(A) = 2ie’™ /AN~ /29mA 2em M (1 + z%) sinh(m/2),
L

a(M)? 4+ Ap(N)|? =
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5.6 Concluding remarks: Advantages and disadvantages
of Wigner measures in the analysis of eigenvalue
crossings

e Wigner measures lead to explicit and geometric formulae for leading order
terms of Wigner transforms, independently of the specific expression of the
initial wave functions. Moreover, they allow a global and fairly simple de-
scription of the leading dynamics (see, e.g., [10] for an example in the Born—
Oppenheimer context).

e On the other hand, this analysis, because of its focusing on quadratic ob-
jects, does not provide information about possible interferences between the
two modes. This information would necessitate a more precise description of
the wave function (as in the last theorem). The corresponding geometric ob-
jects (concentration profiles on the involutive manifolds J7) are still to be
introduced for arbitrary data. Moreover, it would be interesting to have a
more accurate description including lower order terms.
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Stability of Three- and Four-Body Coulomb
Systems

A. Martin

Theoretical Physics Division, CERN
CH - 1211 Geneva 23

and
LAPP - F 74941 ANNECY LE VIEUX

Summary. We discuss the stability of three- and four-particle systems interacting
by pure Coulomb interactions, as a function of the masses and charges of the parti-
cles. We present a certain number of general properties which allow us to answer a
certain number of questions without or with fewer numerical calculations.

6.1 Introduction

In this talk, I would like to speak of the problem of the stability of three-
and four-body non-relativistic purely Coulombic systems. A system will be
said to be stable if its energy is lower than the energy of any subdivision in
subsystems. This is a restrictive definition of stability, because besides that
there are other useful notions: “metastability” and “quasi-stability” on which
we shall say only a few words later. The reason I chose this subject when I
was invited to the conference on multiscale methods in quantum mechanics is
that in the work, scaling is used a lot and in different ways: various scalings of
the masses, scaling of the charges. The works I will present are due, in what
concerns the three-body case, to J.-M. Richard, T.T. Wu and myself. The
four-body work is due to J.-M. Richard in collaboration with various other
persons, including J. Frohlich, a participant in this conference. I shall speak
of:

i) three-body systems with equal absolute value of the charge, i.e., —e+e—+e,
or +e — e — e, since it is clear that +e + e + e is unbound. Then binding
or no binding will depend on the masses;

ii) three-body systems with unequal charges;

iii) four-body systems with charges with equal absolute value. It will be mostly
+e+ e — e — e. However, I shall say a word on +e — e — e — €.

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics

© Birkhiuser Boston 2004
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6.2 Three-body case: Equal |charges|

The problem we discuss now is whether a system of three charged particles
(1,2,3), 1 having charge +e and 2 and 3 charges —e, is stable or will dissociate
into a two-body system and an isolated particle, (1,2)+3 or (1,3)+2. The
system will be stable if the algebraic binding energy of the (1,2,3) system is
strictly less than the binding energy of both (1,2) and (1,3). If, on the other
hand, the infimum of the spectrum of the (1,2,3) system coincides with the
lowest of the (1,2) and (1,3) binding energies the system will be unstable.
This is an old problem which has been treated in many particular cases. For
instance, long ago, Bethe has shown that the hydrogen negative ion (pe~e™)
has one bound state [4], and Hill has shown that there is only one such bound
state with natural parity [12], and Drake has also shown that there exists
an unnatural parity state [6] and finally Grosse and Pittner [11] have shown
also that this unnatural parity state is unique. In what follows we shall treat
only the natural parity states, i.e., states such that P = (~1)%, where L is
the total orbital angular momentum (we neglect spin interactions!). For three
particles there is no problem with the Pauli principle even if two of them
are identical fermions, since we can adjust the spin. Wheeler [24] has also
shown that the system ete~e™ is bound, and, more generally, Hill [12] has
shown that any three-body system in which the two particles with the same
sign of the charge have the same mass is stable. This covers the two previous
cases. As an example of an unstable system (there are many others !), we can
give the proton-electron-negative muon system, for which a heuristic proof
was given by Wightman in his thesis [25] and a rigorous proof was given
by a collaboration including Glaser, Grosse, Thirring and I [10]. Richard,
Wu and I [17] have tried to organise the results on stability, and, by using
simple properties, save numerical calculations. From the reactions we had from
experts on numerical calculations we believe that this was not totally useless.
The three-body Schrodinger equation reads

1 2 e?

1 1 e e?
——Ap— —Agp— —A —— 4 — |y =F 6.1
e b= ey - s A - - S 4 Sly—by ()
and the corresponding two-body equations can be obtained by omitting some
terms. It is obvious that we have scaling properties:

i) the charges can be multiplied by some arbitrary number without changing
the stability problem;

ii) the masses can also be multiplied by an arbitrary number, so that the
stability problem depends only on the ratio of the masses, i.e., of two
parameters.

It will be convenient to introduce some variables:

e the inverse of the masses
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$1=-1— -Tz:—l‘ CE3=-1'—, (6-2)
my ma m3
then the ground state energy of the system will be concave in z1,z3,x3,
and, in particular, concave in z; when z3 and z3 are fixed (and circular
permutations!);
e the constrained inverse of the masses

I

o) = etc. (6.3)

T1+ 22 +x3

such that
a1 t+ax+az=1. (6.4)

With these new variables, any system of three particles can be represented
by a point in a triangle, a1, a2, a3 being the distances to the sides of the
triangle. Figure 6.1 represents such a triangle with a few points representing
some three-body systems.

pue pee- 01=0

Fig. 6.1.

It is of course sufficient, for the time being (i.e., for equal charges of 2 and
3) to consider the left half of the triangle, i.e., to assume ms > ms. Let us
remember that since we have, according to Hill’s theorem, strict stability for
mg = mg, i.e., ag = ag, there will be some neighbourhood of the line as = a3
where we shall have stability. However, not all systems will be stable. We
have already mentioned the pe™ u~ system as unstable. Another point where
instability is obvious is the left summit marked 3, where we have two infinitely
heavy particles with opposite charge producing zero attraction on the third
particle. There is, therefore, an instability region in the left-half triangle. We
have proved three theorems on the instability region in the left-half triangle.
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Theorem 1. The instability region in the left-half triangle is star-shaped with
respect to summit 3.

The proof is based on the Feynman-Hellmann theorem combined with scal-
ing. take a point P (Fig. 6.2) where the system is unstable or at the limit of
stability. First we use the variables i, z2, z3. From the Feynman—-Hellmann
theorem, 1%2—1323—) > 0, if z; and x5 are fixed. The binding energy of the subsys-
tem 12 is fixed. Hence the residual binding can only increase (algebraically).
x3 moves from z3(P) to infinity. The image of this in the rescaled « variable
is the segment, P3, where a;/as = constant. If there is no binding at P there

is no binding on the whole segment.

Fig. 6.2.

Theorem 2. In the left-half triangle, the instability region is convex.

Take two points P’ and P” on the border of the stability domain inside
the triangle with the o variables. At P’ and P” we have Ep/(12) = Ep/(123),
Epn(12) = Epnr(123). It is possible to find a linear rescaling P — M such
that Ep(12) = Ep(12) = Ep(123) = Epg2(123). Then one can interpolate
linearly between M’ and M":

My=M+(1-2)M", 0<A<1 .

For any My, En,(12) = const. and Ejy, (123) is concave in A, and there-
fore Epr, (123) > Eav(123) = Ejpg(123). Returning to the original variables
aiazag and noticing that the scaling is linear we see that, on P’P” we have
E(123) > E(12). Hence we have instability (Fig. 6.2). There is, in fact, a more
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refined theorem, which we found, following a question by the late V.N. Gribov
during a seminar in Budapest in 1996.

Theorem 3. The domain (in the left-half triangle) where

E(123)
< 0
E(12) <l+4e, €>

18 convez.

The meaning of this theorem is that the lines along which the relative
binding is constant have a definite convexity. Note the sign of the inequality
because E(123) and E(12) are both negative. We believe that the proof is
essentially obvious, since, in the previous theorem, one goes through a rescal-
ing, replacing P and P’ by M and M’ where the two-body energies are equal.
Theorem 2 is of course becoming a special case of Theorem 3, with € — 0. Let
us give a very simple application of Theorem 2. We know that, according to
Glaser et al., the system poc A~ e is unstable if my- > 1.57m,~ (poo means
a proton with infinite mass). Similarly, we know, from the work of Armour
and Schrader [1], that the system p.,A* B~ is unstable if m4+/mpg- < 1.51.
This means that po.e~ et is unstable (not because of annihilation that we
neglect, but of dissociation into poe™ and e*). In Fig. 6.3, pooATB~ and
Poc A~ €™ with the limit masses corresponding respectively to X and Y. Any
point to the left of the segment XY corresponds, according to Theorem 2, to
an unstable system. Therefore, pete™, putu~, with the actual mass of the
proton, are unstable, and one can go up to pz~zt which will be unstable if
mp/m, > 2.2.

We obtain too that the system pu~e™, with the actual proton mass is un-
stable, and also (disregarding again annihilation) ppe~, ppu~. One can also
use convexity to get results in the opposite direction, i.e., prove that certain
three-body systems are stable. We know that the systems represented by a
point on the vertical bisector of the triangle are stable. In practice we know
more than that, narmely we have an estimate or more exactly a lower bound of
the absolute value of the binding energy of many systems by using variational
calculations and, in fact, by playing with convexity again it is possible to have
a lower bound of the absolute value of the binding energy at any point on the
bisector which corresponds to as = a3, 0 < a2 < 1. Now we use convexity
along a horizontal line oy = const. The systems a3, as, a3, a3, as, as repre-
sented in Fig. 6.2 by Q and @Q’, are of course completely equivalent. Hence

a2 + a3 a2—|—a3)
b

Eq23(0n, 09, a3) = Eqa3(0, a3, 9) < Ei93 (041, )

by convexity and

as +a3 o+« g + o
Eq23 (011, 2 S 3) = (1+9(01)>E12 (041,_2—2—3—)

2 ’ 2
1-— (5]
= (1 +g(a1)>E12 (061, —T) )
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pre \'( pees @1=0
(off scalet!)

Fig. 6.3.

where g represents the relative excess in binding energy. We are assured of
stability if

1—a
Eiz(a1,a2) > (1 + 9(01)) Ey (al, —2—1)»

i.e., if
2 2

e 1 1 e 2
2 041+(12<< +g(a1))2 1+ao;

In this way, it is possible to prove that the system pdu~—, important for fusion
processes, is stable, though it is off the diagonal. One would like to show also
in this way that #*u~u* and utntw~ are stable, but these considerations
are not sufficient. There is a hint that they are stable because, from explicit
calculations at a; = 0, one sees that this method tends to give a band of
stability which is two times narrower than the real one and this is just what
one needs.

6.3 Three-body case. Unequal charges

On this topic, Richard, Wu and I have published one paper [18]. We have the
right to take ¢; = 1, the charge of the particle which is opposite to the other
two, of the same sign, ¢ and gs.

A) Unequal charges, but g2 = g3

This is the simplest case, very similar to the case of all equal charges. For
fixed g2 = g3 we can again represent a system with the variables a;azas, and,
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on the bisector of summit 1, the energies of the subsystems (12) and (13) are
equal. The fact that the instability regions are star-shaped with respect to 3
for the left-half of the triangle and to 2 for the right-half persists, and as well
the convexity of the instability regions. There are two major differences which
are:

i) thatif go = g3 < 1, all three-body systems are stable, because near summit
3, for instance, the subsystem (12) is very compact and exerts a Coulomb
attraction at long distances on particle 3; it may seem strange that as
g2 — 1 part of the triangle becomes unstable, but this is just due to the
fact that the binding energy, in that region, tends to zero as gz — 1;

ii) that if g3 = g3 is large enough, stability disappears completely.

Figure 6.4 summarizes the situation. For go > 1 but very close to 1, there
is no qualitative difference, but for a certain critical value 1 < g2, < 1.1,
the stability band breaks into two pieces, and from calculations by Hill and
collaborators [2] stability near as = a3z = 1/2, a; = 0 disappears completely
for g > 1.1, and from the calculations of Hogréve it disappears near as =
a3 =0, g =1 for ¢; > 1.24. From convexity, it hence disappears completely
along the segment joining as = a3 = 0 and a; = a3 = 1/2, and from the
star-shaped property, there is no stability at any point in the triangle for
q2 > 1.24.

Fig. 6.4.

B) Unequal charges, but g; # gs fixed

First we continue to use the oy, a2, a3 variables to describe the three-body
system for fixed charges. A fundamental difference is that the bisector of
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summit 1 of the triangle no longer plays a special role. It is, instead, the line
along which Fy5 = Eig3, i.e.,

CI% q% 2 2
= or l—ay ) = l—as3),
a1 +oay o +a3 % ( 2> % ( 3)
which becomes important. This line goes through the point ay = ag = 1,
symmetric to summit 1 with respect to the line oy = 0 (Fig. 6.5). The line

divides the triangle into two subregions. If we decide to take g2 > g3, F12 <
FE13 in the left region which contains the summit 1.

/
Vop=o0g=1

Fig. 6.5.

If g2 and g3 are both less than 1, we have again stability everywhere. If
g2 > 1, part of the triangle becomes unstable. For details, see [15].

C) g2 and g3 variable, fixed masses

Instead of holding charges fixed one can fix the masses and study stability in
the g2, g3 plane.

In the go,qs plane there is again for the general mass case a dividing line
where the binding energies of the two subsystems (12) and (13) are equal:

my 2 ms
my + m3

={q3

2
my + me

In the two sectors thus defined there are two instability regions for which we
have been able to derive a new concavity property:
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Fig. 6.6.

Theorem 4. Define zo = 1/q2,23 = 1/q3, the image of g2 > 0 g3 > 0 is
zo2 >0 23 > 0. Then, in the z variables the two instability regions are convex
(Fig. 6.7). The proof is based on a rescaling such that the binding energy of
the relevant subsystem remains constant on a segment in the zo23 plane.

Fig. 6.7.

D) An illustration: The instability of the systems ape™ or apu™

In the Born-Oppenheimer limit it is known that such systems are unstable
[3]. Spruch and collaborators [5] have given arguments which seem to indicate
that this might remain true for the actual masses of the protons and of the «
particle, but, to our knowledge, a completely rigorous proof does not exist.

STEP 1 Take mgy = mg. Then if g3 = g3 we have instability if go = g3 > 1.24
and my = m3g = 0 and my = m3 = oo, and by concavity for any ms = ms.
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Now consider the segment ¢; = 1.24, 0 < g3 < 1.24. Along this segment
the subsystem with the most negative binding energy is (12) and this energy
is constant. There is no stability for go = g3 = 1.24, and no stability for
g2 = 1.24, g3 very close to zero, because then particle 3 is submitted to a
very weak force and is therefore very far away most of the time while (12)
is overall repulsive for 3. By concavity there is no stability for ¢o = 1.24,
0 < g3 < 1.24. The same kind of argument applies to 1.24 < g3 < oo, because
one has instability for g3 — oo ¢2 > 1, and one can use concavity in the
inverse charge. The conclusion is that if mys = mg, one has no stability if
either g3 > 1.24 or g3 > 1.24.

STEP 2 Assume g2 > g3. Then, in the whole sector, mg > mg, the lowest
two-body threshold is given by the (12) system. Therefore in the o triangle
the region ap < ag, is completely unstable for g2 > 1.24 by use of the star
shaped property. The systems

ape” app,
ade™ ady™,
ate” atp™

satisfy precisely the conditions: g2 > 1.24, ¢3 = 1, mgy > mg, and are
therefore unstable, in the sense we have given to “instability”. Notice that the
proof would fail if the particle with charge 2 was lighter than the particle with
charge 1. However, as pointed out by for instance Gerstein [9], some of the
levels of these systems are “quasi stable” in the Born—Oppenheimer approxi-
mation in the sense that the minimum of the Born—Oppenheimer potential is
below the value it takes for infinite separation between the two nuclei where
one of the limit atomic states is excited and degenerate with the other one.
For instance, in the ap™d system, there exists a quasi-stable state in which,
for large separations, the au™ system is in an N=1 state and the du™ system
is in an N=2 state. Gerstein [8] went as far as estimating the lifetimes of these
quasi-stable states and showed that the lifetime increases drastically when the
proton is replaced by a triton. One should also mention metastability, where
the Born—~Oppenheimer curve has a minimum above zero [15].

6.4 Four-body case: Equal charges

Most of what I will say concerns systems of two positive and two negative
charges of absolute value e. However, let me start with the case
pe e e,

i.e., a doubly negative hydrogen ion. Such a state according to a review by
Hogreve [13] does not seem to exist. In the limit of an infinitely heavy proton,
the Lieb bound on 7, the number of electrons around a charge Z [16], n <



6 Stability of Three- and Four-Body Coulomb Systems 79

2Z + 1, which is a strict inequality, gives n < 3. In fact no doubly negative
atomic ions seem to exist in nature, while singly negative ions may (like H™)
or may not exist (like the case of the rare gases).

We return now to systems with charges —e — e + e + e, and first of all
m-m~M7TMT, ie., two negatively charged particles with equal mass and
two positively charged particles with equal masses. A familiar example is
the hydrogen molecule e e pTp*. A more exotic example is the positronium
molecule e~ e~ete’. It has been realized by Jurg Frohlich that up to very
recently there did not exist any rigorous proof of the stability of the hydro-
gen molecule. It was believed to be stable because of experiment of course,
and of Born—Oppenheimer calculations. Two groups (Fréhlich et al., Richard)
investigated this problem and finally joined their efforts to produce a com-
pletely rigorous proof [7]. The simplest approach, whose idea comes from J.-M.
Richard [20] consists of starting from the work of @re, which is valid by scal-
ing for a system A~ A~ AT AT [14]. QOre used a very simple variational trial
function, of the form

Y = exp—3 (T13 + 714+ 723 + T24>,

cosh [g (7‘13 — T14 — To3 + T24)] .

Notice that the distances between particles with same charge sign do not
appear. All integrals can be carried analytically and it is found that the energy

is less than
2.0168 Eo(ATA™).

The system is therefore stable because it cannot dissociate into ATA~ +
ATAT. It cannot dissociate either in ATA~ AT + A~, because between these
two systems there is a long-distance Coulomb force, producing unavoidably
infinitely many bound states. If we take now

1 1 2

Te+Tp=—+—=—,
Me Mp My

we see that the binding energy of e~ p is the same as that of AT A~. However,

E(ze,Te, Tp, Tp) = E(Tp, Tp, Te, Te)

Tp+ Te Tp+Te Tp+Te Tp+x
E P € y4 e p e P e
< ( 2 b 2 b) 2 b 2 b

by concavity in the inverse masses. So,
E(p*,p*,e,e7) < E(A*,A*,A7 A7) < 2E(ATA™).

Hence, ppee is stable. One can wonder if stability remains if the masses of two
particles of the same charge are different, i.e.,
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ATBtC~C~.
Then there is still a unique possible dissociation threshold:
AYCT +BYC™.

@re has predicted explicitly that the system pete~e™ is stable [19], and this
has been observed experimentally by Schrider and collaborators [21]. It is
also easy, from the upper bound of the energy of e*eTe~ e~ to show that the
systems pde e ,pte e ,dte e arestable. This is implicit in the work
of Richard [20], established in the thesis of Seifert [22] and I present here my
own version. By concavity we have

E(za,zp,xc,xc) < E(xA ; xB, 24 ;mB ) xCaxC)

<E s+ 2B zc ra+2TB zc A+ TR zc .’L‘A-i-xB_’_E
4 2’ 4 2’ 4 2’ 4 2

1 1
4 2

If the inequality

1
—2.0168 —7———— < — | =
PATEE 4 Z0 (-,;1 + 5
is satisfied, the system is stable. If mgy > mp > m¢, one finds that this
condition is certainly satisfied if mp > 5m¢. Using the more refined bound [7]

Egtpta-4- < —2.06392E(ATA™) ,

which uses a more sophisticated trial function and must be “cleaned” from
numerical roundup errors, one gets

mp > 2.45m¢o .

However, Varga and collaborators [23], using trial functions leading to in-
tegrals which can be expressed analytically, and adjusting parameters, have
found that one has stability for any m4 and mp, including the case where
one or two of them are less than m¢. By a tedious but feasible exercise, one
could, using concavity, transform this calculation, which is unavoidably done
for discrete values of the masses, into a very inelegant proof. Let us hope that
someone, in the future, will find & still more clever trial function and avoid
this.
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Summary. In the first part the general framework of almost invariant subspaces
for quantum evolutions (which can be viewed as a far-reaching generalization of the
standard reduction theory [Ka] which lies at the core of Rellich-Kato theory of ana-
lytic perturbations) is reviewed. As examples, in the second part, (non-convergent)
expansions leading to almost invariant subspaces are presented in more detail for
time-dependent perturbations, as well as for the semi-classical limit.

7.1 Introduction

Let U.(t,%0) be the unitary evolution as given by the Schrédinger equation

i%Ue(t,tO) = He(t)Ue(t, to); Ue(to,to) = ]_; e>0 (71)

in the limit £ — 0. Since the direct integration of (7.1) is a difficult task we
consider here the problem of obtaining information about U.(t,ty) without
actually solving (7.1) in full generality.

The simplest case of such a program is the Rellich—-Kato reduction theory
when H.(t) does not depend on time and is of the form H, = Hg + ¢V, with
V relatively bounded with respect to Hp. As is well known [Kal], in this case
if o¢ is a bounded isolated part of the spectrum of Hy, then for sufficiently
small g, H, still has an isolated bounded part of the spectrum, o, coinciding
with op in the limit ¢ — 0 and moreover the corresponding Riesz projection
has, for sufficiently small €, a norm convergent expansion:

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics
© Birkhiuser Boston 2004
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Pezieij; By~ (<1Y ¢ o= § (Ho=2) (V(H —2)Pds (72)

and I' is a contour enclosing oyp.

By Stone’s theorem, U, (t,ty) = e~*(!=t0)He has a block-diagonal structure
with respect to the decomposition given by P.: (1 — P.)Uc(t,t0)P: = 0 or
alternatively P. = U.(t,t0)P:U:(¢,¢0)* i.e., P.H is an invariant subspace for
the evolution U, (t,to). Moreover, if N, is the Sz-Nagy matrix intertwining P
and P(),

N.=(1—(P. - P)}) YV3(P.P,+ (1 - P.)(1 - BR)), (7.3)

then N*U.(t,t0)N, is block-diagonal with respect to the e-independent de-
composition given by Py: [Py, NXU.(t,t0)N:] = 0 and the reduced evolution in
PyH,

Uest,e = PoNSU:(t,t9) N Py, (7.4)
satisfies the equation
.d *
lzlzueff,s = heﬁ',eueff,e; heﬁ,s = PONE H.N.F,. (75)

Also, the spectrum of H, enclosed by I" coincides with the spectrum of heg e
(as an operator in PyH). The point of the reduction process [Ka| outlined
above, is that it allows us to replace part of the evolution problem (as well
as spectral analysis of H.) in H with a reduced one (which is easier and
more suited to analytical and numerical studies; e.g., in the one-dimensional
case the integration of (7.5) is trivial) in the smaller Hilbert space (in many
instances finite-dimensional) Py’H. Clearly, the crucial condition for such a
reduction theory is the existence of an invariant subspace.

Unfortunately, the Rellich—-Kato perturbation theory covers only a small
part of the “perturbation” like problems of quantum mechanics, so an exten-
sion of the above reduction theory was needed. Gradually it become clear that
the adiabatic theorem of quantum mechanics, the theory of spectral concen-
tration, the theory of adiabatic invariants for linear Hamiltonian systems, the
theory of simplifications and diagonalization of differential evolution equations
and more recently singular perturbations as well as the semi-classical limit in
quantum mechanics can be viewed as particular instances of a far reaching
extension of the Rellich-Kato reduction theory. The price to be paid for such
a generality is that one has to replace invariant subspaces by almost invariant
subspaces and accordingly one of the central issues is to estimate the error.

The aim of this article is to present the basic facts, as well as some ap-
plications of this extension. Due to the space limitations we cannot cover,
even partially, the very ramified topic of “singular perturbations” (adiabatic
theorem and semi-classical limit included) in quantum mechanics and we apol-
ogize for not mentioning some other related important developments (for ex-
ample, nothing will be said about Berry’s phase, Landau—Zener formulae and
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magnetic perturbation theory). Also due to the very extended bibliography
we would need, we shall give, whenever possible, mainly review papers from
which additional bibliography can be traced.

The content of this article is as follows. In Section 7.2, we present the gen-
eral setting and show that the existence of almost invariant subspaces leads,
up to some controlled errors, to the same kind of results about evolutions as
the existence of invariant subspaces. Also, the construction of almost invariant
subspaces (more precisely the orthogonal projection onto those subspaces) out
of some almost idempotents, T, (t), is written down. The core of the theory
is exemplified in Section 7.3 and consists in the “perturbative” construction
of T.(t) in various cases. The difficulty stems from the fact that the expan-
sion in (7.2) can be at most asymptotic and the formula (7.2) does not hold.
Accordingly, one has to find in each particular case an alternative formula
for Ej.

7.2 Almost invariant subspaces: Generalities

A family, £.(t), of (closed) subspaces given by a family of orthogonal projec-
tions, L. (t) = P.(t)H; P.(t) = P.(t)* = P.(t)? is said to be almost invariant
under the evolution U.(¢,t0) given by (7.1) if

| (@ — P.(#))Uc(¢,t0) Pe(to) ||< w(e;t, o) —em0 0. (7.6)

In each particular case one has to find the time scales for which (7.6) holds
true; the most usual are [t — to| ~ £ P; e~/ ¢. At the heuristic level the
differential form of (7.6) is

|2 P(t) — [He(0), B-(0)] 1< 6(e38) —e0 0. (7.7)

We take (7.7) as the definition of almost invariant subspaces and indeed one
can show (see below) that (7.6) implies (7.7) with w(e;t,tp) < fti) 0(e; u)du.
Some remarks are in order here.

i. We would like to stress once again that P.(t) have to be constructed
from H.(t) without any reference to U, (¢, tg)-

ii. Our presentation here is at a heuristic level but at the technical level,
since in general H,(t) are unbounded self-adjoint operators, one has to make
precise the domain questions, existence of U.(t, p), etc; in particular, in order
(7.7) to make sense one needs a dense subspace Dy C D(H.(t)) such that
P.(t)Do C D(H.(t)). These matters have to be settled for each particular
case at hand.

iii. Although true in some cases, in general it is not required that H.(t)
and/or Pe(t) have limits as ¢ — 0.
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The next object we introduce is the approzimate evolution Ua.(t,to)
(called sometimes superadiabatic evolution), which is the generalization [Ne0,
Ne4, Ne5, JP1] to the present setting of Kato’s adiabatic evolution. More
precisely Ua ¢(t,t0) is given as the solution of

i%UA,e(t,tO) = (Hs(t) - Bs(t))UA,s(t, tO); UA’E(tQ,tO) = 1, (7 8)
B:(t)=—-(1- 2Ps(t))(i%P€(t) — [H.(t), P(2))).

The point is that on one hand P.(¢) is invariant under Uy (¢, to), i.e.,
P.(t) = Ua(t,t0)Pe(to)Uae(t, t0)* (7.9)

and on the other hand Ua ((t,to) is close to Uc(t,%o) :

t
Uc(t,to) = Une(t, t0)2a,(tt0); || £26,4(t,t0) =1 || [ 6(e,u)du. (7.10)

to

Notice that (7.9), (7.10) imply (7.6) with w(e;t, o) < fti) d(e,u)du. The
equality (7.9) means that the time-dependent family P.(t) is invariant un-
der U4 .(t, to). In most cases it is possible to do better and to define a related
evolution which leaves invariant a fized subspace called reference subspace.
More precisely suppose that one can find W, (t)* = W (t)~!; Py = P} = P}
such that:

P.(t) =W (t)PaW ()" .

Then one can write the analog of (7.5). Indeed, set (the “interaction” picture)
Ue,a(t, to) = We(t)*Ue, a(t, to) We(to)

and verify by a simple computation that [U’E,A(t, to), Po] =0, i.e., ﬁg,A(t,to)
is block diagonal with respect to the decomposition given by P,. Further, if
one defines ues (t,t0) = PoUe, a(t,t0)Po, then

i%ueﬂ,s(t,tO) = heﬁ',s(t)ueﬂ',s (t,to), uef‘f,a(tO,tO) =1 (711)
with
hogr o (t) = PoWe(t)* (Ho(t) — Be(t) — i(%Ws(t))We(t)*)Wg(t)Po. (712)

hett e (t) and ueg (t,t0) are called effective hamiltonian and effective evolu-
tion respectively in the reference subspace PyH. Putting the things together
one can write Ug(t,t0)P:(to) in terms of ueg (t,t0) up to errors less than
/, to §(e, u)du:

t

Us(t, to)PE (t()) = WE (t)ueﬂ"s (t, to)Po + ’I"(t, to) (713)
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with
t
I (¢, to) [|< / 5(e,u) du. (7.14)
to

With this our generalized reduction theory is complete. Of course all that is
nothing but soft “general nonsense” since we are left with the construction of
P.(t) and W,(t). While in most case one can find P, such that for sufficiently
small €, sup;cg || P:(t) — Pp ||< 1 and then W,(t) can be taken to be the
Sz-Nagy matrix intertwining P.(t) and Py, the construction of P.(t) is, as
already said, the hard core of the whole theory and we shall deal with this
problem in the next section. Actually what will be constructed is not a family
of orthogonal projections but a family of almost (self-adjoint) idempotents
T.(t) satisfying

I T(6)? - T.(t) 1< n(e, ) < 3/16, (7.15)
|42 7.(6) — [He(0), ()] 1< 85 (7.16)

Then the needed P:(t) is given by the following Lemma [Ne4], [Ne5].

Lemma 1. Suppose that T.(t) is self-adjoint and satisfy (7.15) and (7.16).
Then P.(t) given by

i

P(t) = }{z—u:uz(TE(t) 2 ldz

2m (7.17)
= T.(t) + (Te(t) — 1/2)[(1 + 4(T(t)* - T.(1))) /% — 1]
satisfies
| Te(t) = Pe(2) [I< 40n(e, ) (7.18)
and
142 Put) ~ [He (1), P.(0)] 1< 85(e31). (7.19)

We end this section with a remark concerning the time-independent case,
i.e., H.(t) = H.. In this case P.(t) = P., W.(t) = W, and (7.7) becomes

| [He, Pe] ||[< 6() —e—0 0. (7.20)

Actually, by Howland’s trick (known by physicists as the Floquet theory) one
can consider only the time-independent case (at least as far as the construction
of P.(t)) is considered). Indeed defining the hamiltonian

d
H, = i + He(t), (7.21)
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and the almost invariant subspace
3
P, =/ P.(t)dt (7.22)
R

in the Hilbert space K = fRGB H dt, one observes that —i-& P, (t) + [H.(t), P.(t)]
can be rewritten as [H, P.].

7.3 Examples

In this section we give examples of “perturbative” construction of T.. The
heuristic is as follows. We seek P.(t) of the form

o0

P.(t) ~ > _ & E;(t) (7.23)

=0

and try to determine E;(t) from the condition that the formal series in the
r.h.s. of (7.23) solves (at the formal series level)

. d "

rtd_tlae(t) — [He(t), Pe(t)] ~ 0, Pe(t) ~ Pe(t)" ~ Ps(t)2 . (7.24)
As already said, since we are dealing with singular perturbations the series in
the r. h. s. of (7.23) is not convergent (or even worse, only a finite number of
E; exist) so one has to truncate the series and define

Ne
T.(t) = > _ & E;(t) (7.25)
j=0

where N, has to be chosen for each problem at hand. From the physical point
of view the most useful is to choose N, = N independent of £. This choice
gives for the error é(g,t) the form

8(e,t) = Cn(t)eNtL. (7.26)

In view of physical applications, it is an important feature of the theory that
the constants Cn can be computed explicitly (at least for low values of N). An
example of such an estimation is given in [ANe] (see also [Te] for a discussion
of this point). In many cases one can make a better choice, namely to take an
e-dependent truncation according to an optimal reminder estimate rule and
this leads (under appropriate technical conditions on H.) to exponentially
small errors

d(e,t) = Ce %%, C <0, ¢ >0, a>0. (7.27)

However in this case the constants are much more difficult (if not impossible)
to control.
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7.3.1 Asymptotic perturbation theory for quantum mechanics

We send the interested reader to [Ne6, Ne2] for a detailed discussion and
additional bibliography and to [NeO, Ne3, Ne5| for proofs. Here we only re-
call that the results cover practically all singular perturbations interesting
from the physical point of view (e.g., Stark and Zeeman effects in atoms and
molecules and the Stark—Wannier ladder problem in solids) and that the per-
turbed subspaces are almost invariant up to exponentially long times, which
in the present setting is the analog of the fact that the imaginary part of the
corresponding resonances (in the cases when they can be defined) are expo-
nentially small. Let us mention also that the idea of almost invariant subspaces
has been used recently in a nonlinear context [GMS].

7.3.2 Adiabatic expansions

Most of the theory of almost invariant subspaces has been developed in con-
nection with this subject and the reader is sent to [Nel]-[Ne5], [MN2, ASY,
AE, JP2] for reviews, further references and related results. Here we only
mention that adiabatic expansion has been recently used [AES, ES]| in the
beautiful rigorous proof of the Kubo formula in the context of QHE and the
fact that by Howland’s trick mentioned above, the adiabatic expansions can
be considered as particular cases of semi-classical expansions (see [Sj, MaNe]
as well as the extended discussion in [Te]).

7.3.3 Time Dependent Perturbations
In this case [MN1]
H.(t)=Hp+eV(t) (7.28)

where for simplicity we assume that V'(¢) is uniformly bounded, || V(t) ||< v <
oo. The most common examples of (7.28) are atoms or molecules subjected
to external electromagnetic fields or spin systems in time variable magnetic
fields. The “atomic” time-independent hamiltonian, Hp, is supposed to have a
group, 0p, of discrete almost degenerate eigenvalues, well separated from the
rest of the spectrum. For a long time the basis for a perturbative computation
of (7.1) was (Volterra—)Dyson series in the interaction picture. While the
Dyson series is convergent for all times, the first nontrivial term gives a good
approximation only for |t — to| < 1/ev. On the other hand, for the particular
case, V(t) = cos(wt)V, if the distance between og and the rest of the spectrum
is of order A > w, it is known that resonant transitions between subspaces
corresponding to o9 and o(Hp) \ 09, respectively, become important only on
time scales |t — to| ~ 1/Al4/%l and this suggests the existence of an almost
invariant subspace up to this time scale. This phenomenon of breakdown of
the usual perturbation theory on time scales much shorter than the time scale
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of the onset of resonant transitions was known as the appearance of “secular
divergences” in quantum mechanics (for a detailed discussion as well as for
a solution of the secular divergences problem in the particular case when oy
consists in a single nondegenerate eigenvalue see [LEK]). The existence of
the almost invariant subspace below provides the solution to the problem of
secular divergences in the general case i.e., when o( consists of a group of
discrete almost degenerate eigenvalues of total multiplicity V. In this case the
effective hamiltonian is called the “dressed” N-level hamiltonian system. So
much for the physical motivation and let us describe more precisely the result.
Let O'(Ho) =og Yoy,

Vo) = [ dwV@e, [do+ o) | V) <o,
oj(u) ={E+ulE€o;}; w" = (w1,... ,wr)) € 2" (7.29)

n J
Ziw™) =] 05(D_wa)Uoy; dn= gufdist(zo(w<n>), 1 (w™).

m=1 k=m

While the above (complicated!) definition of d,, is the one needed in the proof
of the result below, there is an alternative expression which is much more
transparent from the physical point of view:

m
dy, = inf{|E; — By — > wyl, | Ei — By} (7.30)
=1
where the infimum is taken over E; € 09, Ef €01, w; €82, m=1,2,...,n.

From (7.30) one sees that d,, decreases with n. Moreover (7.30) makes clear the
physical meaning of Ny defined as the smallest integer for which dn,4+1 = 0:
one needs at least Ny + 1 “photons” for a resonant transition between ¢ and
o1. The explicit formula for Ej;(t) is contained in:

Lemma 2. Let Ny be the smallest integer for which dNo+1—- 0 and for w9 €
27, 5 < Ny, let (W) be a contour enclosing Xo(w) but no points of
Zl(w(ﬂ)) Then for 1 < j < Ny,

E;(t) = 5 ]{F o dz{ H (Ro(z + }: wp)V(wm))}Ro(z (7.31)

p=m
satisfy

E;(t) = ZEJ k() Er(t); E(t)—[H (t), Bj_1(t)]
=0

with Eog = Py (the spectral projection of Hy corresponding to og).

Working out the procedure outlined in Section 7.2 one obtains almost
invariant subspaces on time scale |t —to| < 1/AN°. The result is optimal in the
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sense that on larger time scales, resonant transition sets in giving, in general,
nonzero transition rates. Notice that in this case lim._o || P-(t) — Py ||= 0
and the procedure outlined in Section 7.2 leads to effective dynamics in the
reference subspace PyH. For estimations as well as for the explicit computation
of a few terms of the expansion in X of the effective hamiltonian, we send the
reader to [MN1]

7.3.4 The Semi-classical Limit

We shall consider here only the time-independent case. We take H, to be the
Weyl quantization of a matrix or even operator-valued symbol on the phase
space R?", h(q,p;¢):

(He)(q) = (Op¥(R)9) (a)

(7.32)
/ Ha- ")”/Eh(q+u,p; €)¢(u) du dp.

B 1
T (2me)n

We seek almost invariant subspaces corresponding to isolated parts of the
spectrum of h(g, p;0). We shall first outline [NS], at the heuristic level, the
main points of the construction of almost invariant subspaces. We start by
recalling (see, e.g., for details [Ma]) that if A, = Op¥(a), B. = Op¥(b), then
AcB: = Op (&) where ¢ is given by the Weyl symbol product:

~ — 1 t((p—m)(v— — —v 5
C(q,p;s)E(a#b)(q,p;€)=(——72;/6((” ne=a+E=0a=w)/e,
q+u

a(——

Further if & is a semi-classical symbol, i.e., it has an asymptotic expansion
a(q,p;€) ~ 3520 ai(g,p)€’, we say that a(q,p;e) = 3.72,a;(q,p) e’ is the
formal symbol of A, (or equivalently a(q,p;¢)). Recall that the formal sym-
bol does not define uniquely the symbol. The formal Moyal-Weyl product is
defined by (here D = i0)

, M€ )b(— 0;e)dudvdnds .

1
@@p= Y oD, noDgha.p)
|a|+18l+k+I=3

The formal symbol of the Weyl product equals the Moyal-Weyl product of the
corresponding formal products. The vector space of formal symbols equipped
with the # product is called the Moyal algebra. The very important feature
of the formal product, #, is that it is local in phase space, i.e., for each
7, (a#b); depends only on a finite number of ag, by and a finite number of
their derivatives. The basic idea of finding almost invariant subspaces in semi-
classical context is to construct first Moyal projections in the Moyal algebra,
i.e., formal symbols
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{L' b; ‘E) Z 7rJ (q7p7 ‘E) ‘EJ (733)

satisfying (at a formal series level)
o~ ~ T, TR — h#tT ~ 0 (7.34)

(here by 7*(g,p;€) we mean the adjoint of the matrix m(q,p;e)). The lemma
below says that one can always construct Moyal projections corresponding to
isolated parts of the spectrum of the principal symbol hg(q,p) of h(g,p;e) :
h(q,p;€) = ho(z,p)+O(e). Let o(q, p) be the spectrum of hg(x, p) and suppose
that, for some (go,po) € R*™, (g0, po) = 01(go, Po) U 02(go, Po),

dist (01(go,Po), 02(q0,P0)) := d(qo,po) > 0. (7.35)

Then by perturbation theory there exists a neighborhood U(qo, po) of (g0, Po)
such that, for (q,p) € U(qo, po) the spectrum of ho(q, p) is well separated, i.e.,
(7.35) is satisfied on U(qo, po) with d(q,p) > d{(qgo,po)/2, and there exists a
contour Iy, ,, (not depending upon (g,p) € U(qo,po)) enclosing o1(g,p) and
satisfying

dist (I'ye,py,0(q,2)) > d(qo,P0)/2 - (7.36)

Lemma 3. Suppose (7.35) holds true. Then, for (q,p) € U{qo, po), there exist
unique mi(q,p) , § = 0,1,..., such that mo(q,p) is the spectral projection of
oo

ho(q,p) corresponding to o1(q,p) and the formal symbol Z 7;(q,p) €7 satisfies

j=0
(7.34).

Lemma 3 appeared many times in the literature (see: [HS, EW, BN] and
[Sj] where the earlier construction [Nel, JP1] of adiabatic projections corre-
sponding to the case h(q, p;¢) = p+ H-(q) was obtained in the framework of
the theory of pseudo-differential operators). There are essentially two meth-
ods of proof. The first one [Nel], [EW, BN], is a recurrent construction for «;
solving the equations coming from (7.34). The second one [HS],[Sj] is close in
spirit to Rellich-Kato perturbation theory outlined in the introduction: due

0 (7.36), for all z € I, ,,, one can construct (see, e.g., [Ma]) the parametrix

r(gpie,2) ~ Y 75(¢,p;2) €
=0
satisfying (at a formal series level)
r#(h—2)~(h—2)#r~1 (7.37)

and then obtain 7;(g, p) from the Riesz formula for spectral projection
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1

7;(q,p) = o

/ ri(q, p; 2) dz. (7.38)

q0,PQ

In [NS] the second method has been used since, on the one hand, it gives
explicit formulae for 7; and, on the other hand, allows a much easier control
on 7;(g,p) and their derivatives than the recurrent construction. Provided
7;(¢,p) can be globally defined (i.e., o1(qo, po) is isolated for all (¢,p) € R™)
and are uniformly bounded together with their derivatives, by the Calderon—
Vaillancourt theorem, one can define

B, = Op(m). (7.39)

Notice that in this case E; themselves depend on . As an example we con-
sider two-component Klein—Gordon systems [NS]. For further applications,
extensions and extensive bibliography on older and more recent developments
see [Te] (also the article by S. Teufel in this volume). The two-component
Klein—Gordon hamiltonian is

H, = a(e Dy)12 + V(q) = Op¢'(a(p)12 + V(q)) (7.40)

acting on H = L2(R")®2 = L2(R")® L?(R"). Here a(p) = (v/p2 +1—1), 15 is
the 2 x 2 identity matrix and V(g) is a 2 x 2 hermitian matrix-valued function
that admits an analytic extension in some strip I, = {¢g € C™ ; |Img| < a},
a > 0. Since we have in mind applications to scattering theory we assume that

V(q) to be “short range”, i.e., there exists Voo = <)\1(’)°° )\O ) such that
2,00
sup (4)°V(q) — Vool < 005 {g) = V1 +¢? (7.41)

g€l

with § > 1. Concerning the spectrum of V(g), we assume that the two eigen-
values A1(q) > A2(q), satisfy

1é11f [A1(q) — A2(g)| = 2d > 0. (7.42)
q<liq

It follows that on I,

V(9) = M(@)mo(q) + A2(g) (1 — mo(q))

where 7 (g) is a bounded projection in C2, analytic in I, and self-adjoint for
g € R™. Moreover, we suppose that V;;(q) = V;;(q). In what follows, for an
operator A and n > 0 we shall denote

I Ally= sup || (z)"" Adz)*=57 || .
t€[0,1]

Under the above conditions one can prove [NS] that H. has an almost in-
variant subspace and is unitarily equivalent with an almost diagonal effective
hamiltonian.
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Theorem 1. H,. is unitarily equivalent with

_ (a(eDg) + M(q) 0
Heﬂ,e - ( 0 a(EDq) _|_ A2(q) + EBE (743)
where B ;;; 4,5 = 1,2 are bounded operators satisfying
I Be,iills = O1); [|Bealls = Oe) (7.44)

uniformly with respect to sufficiently small €.

We turn now to applications to spectral and scattering theory for H..
Consider the scattering matrix, S, corresponding to the pair H. and

H.o = a(eDy)15 + (’\16°° AZO ) . (7.45)

Theorem 2. Let, for j =1,2:
Hege,j = a(eDy) + X;(q) + €Beii; Hoej = a(eDg) + Xj oo (7.46)

acting in L2(R™) and S; the scattering operator corresponding to the pair
Heg e j, Hoe j. Then, there exists ¢ > 0-independent of €, such that, for any
(here $ denotes the Fourier transform) ¢x € H, ¢r, € C°(R™\{0})®2,k = 1,2
and € € (0, eg] sufficiently small, we have

02 (5= (5 5,)) o0l < Clon o) (7.47)

for some constant C(¢1,P2) > 0 depending on ¢y, P2 but not on e.

Since S commutes with H, o, one can define the scattering matrix at fixed
energy S(E). Let us stress that Theorem 2 does not imply the correspond-
ing result for S(F); when shrinking the supports of ¢ and ¢ the constant
C(¢1, d2) may blow up. At the heuristic level the reason for this blow up is
clear: Theorem 1 (via the Duhamel formula) implies that the transitions per
unit time between the two levels is exponentially small, but if, at the given
energy, there is a resonance very (exponentially) close to the real axis, it has
an exponentially long life time and during this time considerable transitions
can take place. Accordingly, one expects exponentially block diagonalization
of S(Ep) only if there are no resonances around Fjy or in other words if S(F)
is smooth in a neighborhood of Ej.

We turn now to some direct applications of Theorem 1 to spectral theory.
We shall discuss Heg but all the results apply to H. also, since they are
unitarily equivalent. If inf,cgn Ag(z) := ma < Ag,00, then Heg . has discrete
spectrum in the interval (mg, A2 o) Which, up to exponentially small errors,
equals the union of the (discrete) spectra of H in this interval (see [Ne5] for
details). Suppose now inf,ecgn A\1(x) := m1 < A1,00- Then Heg 1 has bound
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states in the interval (mi, A1 o0) and as a consequence the diagonal part of
H,.g ¢ has bounded states embedded in the continuum spectrum in the interval
(max{mi, A2,00}, A1,00)- The small off-diagonal term turns (generically) these
bound (stable) states into metastable states. Let ¥ be an eigenfunction of
such a bound state, i.e.,

Heff,s,lw =E¥, E¢c (ma*x{mla ’\2,00}’ ’\1700)‘
Then from Theorem 1
|(Hegt e — E)¥|| < Ce™/<,

i.e., ¥, E are pseudo-eigenvectors and pseudo-eigenvalues (see [Ka]) of expo-
nential order for Heg o (the name quasi-modes is also used). A more physical
picture is given by Duhamel’s formula which together with Theorem 1 gives

Corollary 3
|(@, e tHette )| > 1 — Clt|e /<. (7.48)

As it stands Corollary 3 gives the ezistence and the control on the (ex-
ponentially long) life time of metastable states (quasi-modes) in the semi-
classical limit. However in many instances one can make the connection with
the resonances (defined as poles of the resolvent). In the cases when this
connection can be made, Corollary 3 says that the imaginary part of the
resonances is exponentially small.

We end this subsection by once again calling the reader’s attention to the
recent review [Te] where the semi-classical limit together with applications
not covered here is extensively discussed. In particular applications to the
dynamics of Bloch and Dirac electrons subjected to slowly varying external
potentials are considered. Our remark here is that, while in order to deal with
nice classes of symbols one has to assume that the external potentials have to
be bounded, a closer look at the particular structure of the symbols involved
allows us to treat ( without any additional technicalities) the case when only
the fields (i.e., the derivatives of the potentials) have to be uniformly bounded
(a condition with a clear physical meaning).
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8.1 Introduction

8.1.1 The problem

Although the mathematical analysis can be extended to other models, our
main motivation is the understanding of the nonlinear dynamics of 1D quan-
tum electronic devices like resonant tunneling diodes and superlattices. The
final aim is the development of reduced models and algorithms in order to
compute and predict the behavior of such devices. Experiments (reported a.e.
in {3]) show rather complex nonlinear phenomena, with hysteresis and steadily
oscillating currents, which have been only partially elucidated up to now.

We are interested in the nonlinear dynamics of a beam of particles ex-
perimenting a localized nonlinear interaction in a potential structure like the
one in Fig. 8.1. Before writing the complete system, here is the mathematical
program that can be followed for such a nonlinear problem:

1) Functional framework: existence, uniqueness and stability under perturba-
tion (done in [1][2][12]).

2) Determination of steady states (studied in [8] [13] and present work).

3) Large time asymptotics, nonlinear stability and instability of steady states,
attractors (studied in [8] [13]).

4) Control theory (unstable steady states might be the most interesting from
a technological point of view).

The initial problem is modelled by an infinite-dimensional dynamical sys-
tem and in order to develop the above program as accurately as possible one
can try to reduce it to some finite-dimensional one. Here we are led by the
intuition of physicists who claim that the nonlinear dynamics of such systems
is governed by a finite number of quantum resonant states. The model should,

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics
© Birkhiuser Boston 2004
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Fig. 8.1. Potential: Linear part V& + B.

at least in some asymptotic meaning, follow this intuition and the more ad-
vanced work in this direction up to now is the one by Jona-Lasinio, Presilla
and Sjostrand in [8] and [13]. Here we will be slightly more specific about the
asymptotics in order to develop a full mathematical asymptotic analysis of
the nonlinear problem.

8.1.2 The model

Here are the characteristics of the model:

1) Electronic repulsion is described in a Hartree approximation valid for 1D
systems and also called a Schrédinger—Poisson system.

2) Out of equilibrium steady states in 1D, can be described as functions of the
asymptotic momentum f(P-) = s-lims_,_oo €% f(£)e " and involve
scattering quantities whereas equilibrium states are function of the energy
(see [12] for a more general presentation).

3) In order to have a finite of number of quantum resonant states asymptot-
ically split from the rest of the continuous spectrum (that is very close
to the real axis), one can consider the situation of quantum wells in a
semiclassical istand.

The small parameter h > 0 can be introduced after a rescaling under
the assumption that the potential barriers are wide or high. The quantum
hamiltonian for a single electron has the form

H"(2,hDy) = (hDy)? + B(z) + Vi (z) + Vi, (z), Da= %am, (8.1)

with a nonlinear potential V%, (x) (which is nonnegative). The first potential
term B(x) simply includes the bias voltage applied to the device. It is piecewise
affine
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B(z) = -B [az — al[a,b](ﬁc) + 1b,400) (95)} .

b—a

The second term describes the barriers and the quantum wells,

N
r—cCy
Vi(a) = Votgua@) + W5 (52,

Jj=1

with the constants V5 > 0, a < ¢; < ¢z < --- < ¢y < b and the compactly
supported potentials W; € L>*(R), W; < 0, fixed. When the potentials —Wj,
j€{1,...,N}, are bounded from above by Vj, the hamiltonian H k has only
absolute continuous spectrum and a function of the asymptotic momentum
can be written in terms of generalized eigenfunctions:

FER) ) = [ O 2 R 9) g (2)

In our specific one-dimensional situation, the incoming generalized eigenfunc-
tions ¥_(k, z) are given for k > 0 by

H"(z,hD,)y" (k,z) = k*¢_(k,z) for z € R, (8.3)
PP (k,z) = e**/* 4+ R(k)e ™" for x < a (8.4)
and for k < 0, k%2 # B, by
H"(x,hD,)y" (k,z) = (k* — B)y_(k,z) for z € R, (8.5)
Yh (k,z) = e**/* + R(k)e~**/* for & > b. (8.6)

The shape of the incoming beam of electrons is contained in the given func-
tion f. A beam coming from the left-hand side is described by a function f
supported in k > 0 and we assume the form

flk) = g(k2)1R+(k), with 0 < g < gmax < +00.

The density n* of particle associated with f(P_) is then defined as a
positive measure by duality:

b
Ve (@), [ ple) dnt(@) = Te [o((PHDIR; (PRp(@)] . (87

It equals

+oo
wh@) = [ o0 oo 5o

Finally the nonlinear potential V%, is obtained as the solution of the
Poisson equation

_8£Vh (IL') — nh(x), in (d,b)
{ V]GL(‘%L: Vi (b) = 0. (8.8)
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8.2 Mathematical asymptotic analysis

The existence of steady states for the system (8.1)(8.7)(8.8) for a fixed h > 0
was proved in [1] [2] and [12]. We consider the asymptotics h — 0 in order
to derive an easily solvable model involving only the real part of resonances
which are in a finite number.

8.2.1 Assumptions, notation

The assumptions are:

Hypothesis 8.2.1
a) The number of quantum wells N 1is finite, a < ¢; < --- < ¢y < b and
the potentials W, j € {1,... ,N} are bounded compactly supported with

0<W; <V, Vo>0.

b) The quantity A = Vy — B is positive.

c) The function g is nonnegative and belongs to C2((0, A)), the space of com-
pactly supported continuous functions in (0, A).

d) For some small constant 0 < ¢4 =% 1, ¢4 determined by g, the distance
between the wells satisfies cy — ¢1 < ¢gmin {(c1 — a), (b — cn)}.1

For technical reasons, we assume in c¢) that the energy support of the
incoming beam avoids the energy threshold 0. The situation where g is a
decaying function on (0, +00) is recovered afterwards by considering the limit
g — 0 for a family of functions g¢(\) = x(e~*X)g()) with supp x C (0, +00),
x=1lforA>1.

For j € {1,...,N}, we introduce the finite set {E;x, 1 <k < K(j)} of
negative eigenvalues of the one-well quantum hamiltonian —82 + W;(z), la-
belled in the increasing order. (In dimension d = 1 these eigenvalues are
simple.) The set of all these energy levels is £ = U;.Vzl {1,...,K(j)} For
l=(j,k) C L, we set j(I) = j, k(!) = k and the quantity

A=Vo+ B(Cj(l)) + E; (8.9)

! Such an assumption ensures that the resonances of H"(x, hD,) involved in the
nonlinear problem are simple and can be treated individually even if there is
some interaction between the wells according to the universal lower bound of the
splitting for 1-dimensional hamiltonians given in [9]. Without this assumption
one encounters the problem of possible multiple or accumulating resonances as in
[5] with Jordan blocks or ill-conditioned diagonalization. Although this difficulty
should be solved or bypassed in the present problem, we were not able to do it
right now.
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denotes the energy level shifted along the energy axis due to the classical linear
potential Vol p)(z) + B(x). The density n” will lie in the space M,((a, b)) of
bounded measures on (a,b) and the nonlinear potential V; in

BV (la,b]) = {V € C°([a,8]), V" € My((a,b)), V(a) =V (b) = 0}.

This space is continuously embedded in the space of Lipschitz functions
W1 ([a,b]) and compactly embedded in the Holder space C%%([a, b]) for any
a < 1. We will prove that the possible asymptotic potentials stand in the
finite-dimensional subspace

Plc] = {V € C%([a,b]), V(a) =V (b) =0,V

affine for j € {0, ... ,N}},
lejrei41]

with ¢ = {¢p = a,c1,... ,cN,cNy1 = b}
For a nonnegative potential V € BV ([a,b]), V > 0, and an energy X € (0, A),
we introduce the Agmon distance associated with V*(z) = Vi (z) + B(z) +
V(z),

Y
Va<z<y<h daglonAV)= [ O+ B0+ V- X
: (8.10)

The possible asymptotics of the potential V; will be discussed according to
the quantities 6_ (1, V'), 6;+(l, V) defined below for [ € £, V € BV¥([a,b]). We
set first

M) =max {7(I'), M +V(cjan) =N+Vicp), ' €L} (8.11)
and jm(l) = min {(I'), A +V(cjan) =M +V(c;w), ' € L} . (8.12)
Then 6_(1,V) and 6,(l,V) are respectively defined for A; + V(c;(1)) € (0, A)
by:
d_(1,V) = dag(a, cj,qy; ¥) — dag(Cjm@)> b5 *) (8.13)
and 64 (1, V) = dag(cjyq), b; ¥) — dag(a, ¢jp, 1), %), (8.14)
where * stands here for (A + V(c;()), V). We have
6+ (LV) < —6_(L,V)
with equality only when j,(I) = jas(l), which means
{ e L, +V(cjwy) =N+ Vet = {1}
We end this set of notation with

Definition 1. The set of nonnegative potentials Pg[c]+ = {V € P{[c], V > 0}
1s partitioned into two subsets

C={V eB[c]+, VL€ £,(0 < X\ + V(c;qy) < A)
= (0-(L,V)>00rsi(L,V) >0},
Q =Pyl \ C.
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8.2.2 Main results

Here are the main mathematical results.

Theorem 8.2.2 The solutions V&, h € (0,1], describe a bounded set of
BVi([a,b])+ = {V € BV*([a,}]),V >0,V (a) = V(b) =0}

and thus is relatively compact in C%*([a,b]) for any o < 1. The set of A of
its limit points as h — 0 is included in P}([a, b])+. More precisely, anyV € A
solves

—87V =Y tig (N +V(c0)) ey V(@) =V(0) =0, (8.15)
lel

where the coefficients t;,1 € L, satisfy
0<t; <1, (6-(L,V)>0)= (t;=1) and (6+(,V) <0) = (t; =0). (8.16)

The possible limits lying in C can be given by a variational formulation
using

+o0
GO = — /A o(s) ds.

Theorem 8.2.3 The set ANC is given by the collection of critical points in
Pi([a,b])+ for the functionals

b
Jc(V) = % / 0.V (@)]* dz - Y G+ V(cp)), KcL, (817
@ lex

which satisfy the compatibility condition
K={leLl, 0<N+V(cu)<Aands_(l,V)>0}.

Included in some bootstrap process, the strategy of the proof is the fol-
lowing;:
a) One first obtains uniform estimates for the density n® € My((a,b)) with
two monotonicity principles:

First monotony principle: Any bounded function of the asymptotic
momentum f(P") can be estimated by a decaying function of the energy

f(PL) < x(H"(2,hDy)) if f(k) < x(E(k)),

with £(k) = k2 for k > 0 and £(k) = k? — B for k < 0. Hence the particle
density n” is estimated by the density (8.7) 7 defined by

b
Vo e C(@b), [ pla) dit(@) = Tr [x(H" (@, hD)p(a)].
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Second monotonicity principle: If one calls iy the density defined
above for a Hamiltonian Hy = Hy + V(z) for a decaying function yx, one
has the convexity inequality (see a.e. [11] and [10})

b
/ [y, — i) [Va — V3] dz < 0.
a

b) Linear analysis: Adapt Helffer-Sjostrand’s theory of resonances (see [7]) to

the case of a Lipschitz potential in 1D with a systematic use of Grushin’s
problem (generalized and more flexible version of the Feshbach method)
and Agmon distance (action) in order to describe accurately the effect
of resonances close to the real axis on the quantities #” and n”. A polar
expansion of the local density of states which can be adapted from [4]
leads to an accurate approximation of #". The derivation of a similar
asymptotic formula for n® requires a similar development for functions of
the asymptotic momentum as for function of the energy. The discussion
about the comparison between Agmon distance to x = a and to x = b
enters at this last point.

8.3 Applications

8.3.1 Comments

One may question the validity of this asymptotic modelling compared to real
situations. Indeed in actual electronic devices the widths of the wells and of
the barrier have the same order of magnitude. Here are the answer that we
give to justify such an analysis.

a)

b)

Indeed the introduction of the small parameter is not motivated by an
exact geometrical scaling but should try to fit the important physically
relevant quantities which are the positions of the real part of resonances.
Here is the way to adjust the scaling to the physically realistic case: 1)
Compute the resonances for the real potential with B = 0 and Vi, = 0. 2)
Replace the real hamiltonian by an h-dependent hamiltonian (8.1) chosen
so that the real part of resonances coincide for B = 0 and Vi = 0 and so
that the ¢;’s equal the middle position of the wells. 3) Solve the asymptotic
nonlinear problem (8.15).

The previous method is not exact but implements the idea that the non-
linear phenomena are governed by a finite number of resonances. The in-
tuition of physicists is certainly correct, because the parameter A does not
need to be very small (or in more physically realistic interpretation, the
barriers do not need to be very wide or high) so that the resonances are
very close to the real axis (remember that the imaginary part of resonances
are of order e~2%/% for some Agmon distance S.).
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¢) As will be explained below for one or two wells, the number of nonlinear
steady states rely on topological and geometrical arguments which should
be robust under the modification proposed in a).

d) It is certainly hard for two reasons to find all the nonlinear steady states by
numerical computations after discretisation of the full quantum problem:
1) The discretisation of the continuous spectrum may miss the narrow
energy window of order e~2%¢/% were the quasiresonances lie. 2) As shown
in the simple 2-wells case below, the number of nonlinear solutions may be
quite high (up to 7) and any efficient nonlinear algorithm has to start close
enough to a solution to find it. Hence if one wants accurate and realistic
numerical results, the strategy could be the following: 1) Compute all the
possible nonlinear solutions of the asymptotic model (8.15) according to
the algorithm below; 2) use these solutions as initial guesses in a numerical
simulation of the full quantum problem.

e) The variational formulation (8.17) suggests a way to analyze the nonlinear
stability of C-steady states. When the energies A + V'(c;)) lie in a region
where ¢ is decreasing, the functional Jx in (8.17) is convex. The convexity
inequality should play a role in the stability analysis.

f) Finally, as explained in the last paragraph, a more refined analysis provides
a guess for possible sudden transitions from steady currents to oscillating
ones as observed in experiments.

8.3.2 Algorithms

A more detailed analysis shows that the coefficients ¢; are different from 0O or
1 when there are equalities of Agmon distance or equalities of energy levels.
They can be thought as Lagrange multipliers, the number of undefined pa-
rameters t; corresponding to the number of equations given by the constraint.
Hence the problem of finding all the possible asymptotic steady states is well
posed.

It is more natural to work with a function g which decays on [0, +00).
As mentioned above this situation can be recovered after introducing another
parameter £ and considering the limit & — 0 for the family of problems as-
sociated with g()) = x(e~*X)g()) with suppx C (0,+o00), x =1 for A > 1.
One gets the same kind of asymptotic equation as in Theorem 8.2.2 but with
an undetermined ¢; € [0,1] when A\; + V(¢;) = 0. If one forgets the constraints
on the Agmon distance, the variational formulation says that there is one
unique solution for every one of the 3V cases sorted by all the possible choices
AL+ V(Cl) <0, A+ V(Cl) =0and )\ + V(Cl) > 0.

Finally, it is not easy to understand the geometry of the constraints on
the Agmon distances for N > 1. A simple way to handle it numerically is by
using a penalization method. If one looks first for situations where there is no
interaction between the wells, the penalization method reduces to
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1

4 = ,
l d(ag)(a,c;%)) — dag(c, b *))

1+exp( ”

where v > 0 is a small parameter. This parameter has to be adjusted manually:
Accurate results require a small value for v while a very small v affects the
convergence of the Newton algorithm.

8.3.3 One-well case

Here we compare our results with the results obtained by Jona-Lasinio, Pre-
silla and Sjostrand in [8][13] where they explain the hysteresis phenomenon
without developing completely the asymptotic analysis 2. By taking the un-
known V(¢1) or equivalently £ = Ay + V(c1) where A\; depends linearly on B,
they derive the equation

E=M(B)+Cg(€), byassuming c; —a—<<b-—cy, (8.18)

where C' = C(a, b, c;) is a positive constant determined by the positions a, ¢;
and b. The number of possible steady states is 1, 2 or 3 depending on the
relative position of the curves y = z — A\1(B) and y = Cg(z) as shown below.

1 solution 3 solutions 1 solution

Fig. 8.2. Intersection of y = z — \1(B) and y = Cg(z).

Meanwhile, the equation (8.15) leads in this case to
€ =M(B)+tCyg(&), (8.19)

with t1 = 1 when dag(a,;E,V) < dag(e,b;E,V), t1 = 0 when dag(a,c;
E,V) > dagl(c,b;E,V) and ¢ € [0,1] when dag(a,c;E,V) = dag(e,b;E,V). In

2 Such a result was also rigorously derived by G. Perelman in unpublished notes
for a simplified nonlinearity.
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the Agmon distance comparison, the potential V is completely determined by
€ and B and it is rather easy to analyze the one-variable equation in &,

dag(a,c;E,V) = dag(c,b;E,V)  with B given. (8.20)

For b — ¢ < ¢ — a: Equation (8.20) admits no solution for any B > 0 and
one must take t; = 0. For b — ¢ > ¢ — a: Equation (8.20) admits a unique
solution Fgy > 0 and one must take t1 = 1 for £ < Eg, t; = 0for &€ > Ep
and t; € 0,1} for £ = Epg.

The difference between the first and the second result can be viewed graph-
ically: For b—c > c—a with § = =2 close to 1/2, the graph y = g(z) has to be
replaced by the truncated one along z = Ep. Hence a hysteresis phenomenon
(which occurs in the presence of three possible solutions) can appear when
0=¢=2<1 /2 while it is impossible for § = = >1 /2. The transition from
one case to the other one can be understood after checking that E'p decreases
as 0 (and B) increases.

The second picture shows how the treatment of the constraint on the
Agmon distance via a penalization process affects the numerical results.

Charge

L L L 1 1 1 .
0 0.5 1 1.5 2 25 3 35
Applied bias

S
4.5 5

L
4

Fig. 8.3. Vanishing of the hysteresis phenomenon as ¢ = 8 approaches 1/2

8.3.4 Situation with two wells

Even when the constraints on the Agmon distances are not active, that is in
cases where the wells are closer to a than b, the bifurcation diagram can be
quite complicated. The next numerical results obtained for two resonances in
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O  Exact constraint
+_Penalization

3+ -

4 T T T T T T T

3.5

Charge

25 3 35 4 45 5
Applied bias

Fig. 8.4. Numerical results: Penalization versus exact constraint.

two wells (with artificial data) show the possible existence of seven steady
states. Four of them are presumably stable and three 4df them unstable:

06

041

0.2

1st Energy Level
o
T

0.2 1

04Fr q
06 4
08 b
1 L L _t L I L 1 3 L

0 05 1 15 2 25 3 35 4 45 5

Applied bias

Fig. 8.5. Two wells 6; = 0.3 and 02 = 0.45: The energy level in the first well.

Finally let us mention the case where the first well is closer to a than b
and the second well closer to b than a:
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Fig. 8.6. Two wells §; = 0.3 and 62 = 0.45: The charge in the first well.

i —a C2—a
<1/2 d >1/2.
p_a <1/2 an — Y

When the energies & = A1 + V(e1) and & = Ay 4+ V(cz) are different the
only possible coefficients due to the Agmon distance comparison are t; = 1
and t; = 0 and the problem reduces to the one well case. However when
&1 = &, there is a possibility of having any (¢1,%2) € [0,1]%2. A bifurcation
to this case can occur quite rapidly when the applied bias B varies. Here
the question is whether this new steady state is stable or if some nonlinear
beating effect between the two wells occurs. This might explain experimental
sudden transitions from steady currents to oscillating ones. It requires, in
this framework involving quantum resonances instead of bound states, an
adaptation of the recent article [6] of Grecchi, Martinez and Sacchetti about
the stability of the nonlinear beating effect for ammoniac molecules coupled
to a mean electromagnetic field.
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9.1 Introduction

In recent years decoherence has been widely discussed and accepted as a mech-
anism responsible for the emergence of classicality in quantum measurements
and the absence in the real world of Schrédinger-cat-like states [2,6,7,11,12].
Let me start with recalling the Schrodinger cat paradox. It was a hypothetical
experiment proposed by Schrédinger in 1935 which can be briefly described
as follows.

A cat is penned up in a steel chamber, along with the following device:
in a Geiger counter there is a tiny amount of radioactive substance,
so small, that perhaps in the course of one hour one of the atoms
decays, but also, with equal probability, perhaps none. If it happens,
the counter tube discharges and through a relay releases a hammer
which shatters a small flask of hydrocyanic acid. If one has left the
entire system to itself for an hour, one would say that the cat still
lives if meanwhile no atom has decayed. The first atomic decay would
have poisoned it.

Therefore, after one hour, the system should be described by a quantum state
which is a linear superposition over live and dead states of the cat. It is not
a surprise that such an experiment caused some confusion among physicists.
The standard interpretation of quantum mechanics, the so-called Copenhagen
interpretation, which says that the recognition that interaction between the
measuring tools and the physical system under investigation constitute an
integral part of quantum phenomena, was not convincing for some physicists.
They simply could not accept that quantum mechanics requires us to regard
any question concerning the status of the cat as meaningless until we establish
an observational relationship with it. For example in a letter to Schrodinger
in 1950 Einstein wrote:

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics

© Birkhiuser Boston 2004



114 R. Olkiewicz

You are the only contemporary physicist, besides Laue, who sees that
one cannot get around the assumption of reality — if only one is honest.
Most of them simply do not see what sort of risky game they are play-
ing with reality — reality as something independent of what is exper-
imentally established. Their interpretation is, however, refuted most
elegantly by your system of radioactive atom + amplifier + charge of
gun powder + cat in a box, in which the 1¥-function of the system
contains the cat both alive and blown to bits. Nobody really doubts
that the presence or absence of the cat is something independent of
the act of observation.

Our intuition tells us that after one hour the state of the cat should be a sta-
tistical mixture of live and dead states of it, the so-called classical states, with
equal probabilities. The main idea of decoherence was to get rid of such para-
doxes. It claims that classicality is an emergent property induced in quantum
open systems by their environment. Quantum interference effects for macro-
scopic systems are practically unobservable because superpositions of their
quantum states are effectively destroyed by the surrounding environment.
However, when people speak of classical properties induced in a quantum
system by its environment they usually mean superselection rules or pointer
states. In this talk I will try to show that new perspectives arise when we pass
from quantum systems with a finite number of degrees of freedom to quantum
systems in the thermodynamic limit.

9.2 Algebraic framework

Everybody agrees that concepts of classical and quantum physics are oppo-
site in many aspects. Therefore, in order to demonstrate how quanta become
classical we express them in one algebraic framework. In this approach ob-
servables of any physical system are represented by self-adjoint elements of
some operator algebra M acting in a Hilbert space associated with the sys-
tem. Genuine quantum systems are represented by factors, i.e., algebras with
a trivial center Z(M) = C -1, 1 stands for the identity operator, whereas
classical systems are represented by commutative algebras. Since a classical
observable by definition commutes with all other observables, it belongs to the
center of algebra M. Hence the appearance of classical properties of a quan-
tum system results in the emergence of an algebra with a nontrivial center,
while transition from a noncommutative to commutative algebra corresponds
to the passage from quantum to classical description of the system.

In order to study decoherence, analysis of the evolution of the reduced
density matrices obtained by tracing out the environmental variables is the
most convenient strategy. More precisely, the joint system composed of a
quantum system and its environment evolves unitarily with the Hamiltonian
H consisting of three parts:
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H =Hs®1g + 1s® Hg + Hy. (9.1)

The time evolution of the reduced density matrix is then given by
pr = Trp(e™#H (py @ wg)ertH), (9.2)

where Trg denotes the partial trace with respect to the environmental vari-
ables, and wg is a reference state of the environment. Alternatively, one may
define the time evolution in the Heisenberg picture by

T,(A) = Pg(e**H(A® 1g)e™ #tH), (9.3)

where A € M is an observable of the system and Pg denotes the condi-
tional expectation onto the algebra M with respect to the reference state wg.
Superoperators T; being defined as the composition of a *-automorphism and
conditional expectation satisfy in general a complicated integro-differential
equation. However, for a large class of models, this evolution can be approx-
imated by a dynamical semigroup T; = !, whose generator L is given by a
Markovian master equation, see [1,8].

We are now in a position to discuss rigorously the dynamical emergence
of classical observables. As was shown in [9] for each (up to some technical
assumptions) Markov semigroup T; on M one may associate a decomposition

M =MD M,y (9.4)

such that both M; and Mj are T;-invariant and the following properties hold:

(i) M is a subalgebra of M and the evolution T; when restricted to M, is
reversible, given by a one-parameter group of *-automorphisms of M;.
(ii) M2 is a linear space (closed in the norm topology) such that for any

observable B = B* € M, and any statistical state p of the system there is

where (A), stands for the expectation value of an observable A in state p.

The above result means that any observable A of the system may be
written as asum A = A;+ Ag, A; € M;, i =1, 2, and all expectation values of
the second term A are beyond experimental resolution after the decoherence
time. Hence all possible outcomes of the process of decoherence can be directly
expressed by the description of subalgebra M; and its reversible evolution.
Therefore they can be classified in the following way.

e M, is noncommutative and Z(M;) # C - 1. Such a case corresponds
to environment induced superselection rules [4].

e M, is commutative and Ti|rq, is trivial. In such a case we speak of
environment induced pointer states [4,5].
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e M, is commutative and Ti|ar, is given by a nontrivial flow on the con-
figuration space of M;. In such a case we speak of environment induced
continuous dynamics [4,9,10].

e M, is still a factor but with significantly different properties. In such a
case we say that environment changes the properties of a given system, for
example it may reduce the number of degrees of freedom [3].

It is worth noting that the above classification is complete. Clearly, in dis-
cussion on emergence of classical properties the case when M is commutative
is the most interesting one.

9.3 Examples

Continuous pointer states [5]. The apparatus is a semi-infinite linear array
of spin-% particles, fixed at positions n = 1, 2,... at infinite temperature.
The algebra M of its (bounded) observables is given by the o-weak closure
of m(®5°May2), where 7 is a (faithful) GNS representation with respect to a
tracial state tr on the Glimm algebra. Since there is no free evolution of the
apparatus, H4 = 0.

The reservoir is chosen to consist of noninteracting phonons of an in-
finitely extended one-dimensional harmonic crystal at the inverse temperature
0= ﬁ Since the phonons are noninteracting, their dynamics is completely
determined by the energy operator

Hgp = HyI — I®H0,

Ho = dl(w) = / w(k)aj(k)ap (k)dk,

where w(k) = |k|, a} (ar) are creation (annihilation) operators in the Fock
representation, and A =1, ¢ = 1. The reference state of the reservoir is taken
to be a gauge-invariant quasi-free thermal state given by

we(a*(falg)) = / p(k)g(k) £ (k) d,

where
1

p(k) = eBw(k) —_ 1

is the thermal equilibrium distribution. Clearly, wg is invariant with respect to
the free dynamics of the environment. The Hamiltonian H of the joint system
consists of the reservoir term Hg and an interacting part H;. We assume that
the coupling is linear (as in the spin-boson model), i.e., Hr = AQ ® ¢(g),

where
Q= (Z 5;0n> »

n=1
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o2 is the third Pauli matrix in the n-th site, and A > 0 is a coupling con-
stant. Using the so-called singular coupling limit one gets the following master
equation for dynamics of the apparatus,

L(X) = [X, Q%] + Xa(Q@XQ - 3{Q% X}).

It can be easily checked that for the semigroup T, = el the decomposition
(9.4) holds.

Theorem 1. M, is a continuous commutative subalgebra of functions on the
configuration space of the one-dimensional Ising model. Moreover, Ti|p, is
trivial.

Continuous classical dynamics [10]. Again, the system is a semi-infinite linear
array of spin—— particles, fixed at positions n = 1, 2,... at infinite temper-
ature. The free evolution of the system is given by a a—weakly continuous
one-parameter group of automorphisms «; : M — M constructed in the fol-
lowing way. Suppose U(%), k=0,1,...,2"—1, is a representation of a cyclic
group {#£}, with addition modulo 1, in the space C?", such that

1
U(2—n)(zla'--7z2") = (22n, Z1,...,29n-1) .

Since it is a restriction of the standard unitary representation of the permu-
tation group Sa-, the U (2%) are unitary matrices in Man «on. Because there is
an embedding of Man «on into M, so they induce a discrete group of unitary
automorphisms of M,
k k...
ag (X) = n(UG)Xn(U ()

This homomorphism extends to the whole set of real numbers, yielding a
group of unitary automorphisms

at(X) — eitHXe——'itH .

It is clear from the construction that a,, =id, for any integer m. Suppose
now that dynamics of the system is given by the master equation

d
dt
where the dissipative part Lp is constructed in the following way. On a sub-

algebra Man «on we put Lp(A) = L, o A, where o stands for the Hadamard
(entrywise) product and L, is a 2" x 2™ matrix given by

= L(X) = i[H, X] + Lp(X),

0 1 |
1 |1 0 co2n 2
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It is clear that operator Lp can be extended to a bounded and dissipative
operator on the whole algebra M and so the operator L generates a quantum
dynamical semigroup T; on M. Again one can check that the decomposition
(9.4) holds for the semigroup 7.

Theorem 2. (M, Ti) is isomorphic with the classical dynamical system
(S, Uy), where Uy is a uniform rotation of the circle S*.
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Summary. In a previous paper we proposed a model to describe a gas of pyra-
midal molecules interacting via dipole-dipole interactions. The interaction modifies
the tunneling properties between the classical equilibrium configurations of the sin-
gle molecule and, for sufficiently high pressure, the molecules become localized in
these classical configurations. The model explains quantitatively the shift to zero-
frequency of the inversion line observed upon increase of the pressure in a gas of
ammonia or deuterated ammonia. Here we analyze further the model especially with
respect to stability questions.

10.1 Introduction

The behavior of gases of pyramidal molecules, i.e., molecules of the kind XY3
like ammonia N Hjs, has been the object of investigations since the early de-
velopments of quantum mechanics {11]. In recent times the problem has been
discussed again in several papers [4, 12, 17, 7, 13, 14] from a stationary point
of view while in [8, 9, 10] a dynamical approach has been attempted. For a
short historical sketch of the issues involved we refer to [4, 17, 13].

In [13] we have constructed a simplified mean-field model of a gas of pyra-
midal molecules which allows a direct comparison with experimental data. Our
model predicts, for sufficiently high inter-molecular interactions, the presence
of two degenerate ground states corresponding to the different localizations
of the molecules. This transition to localized states gives a reasonable expla-
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nation of the experimental results [1, 2, 3]. In particular, it describes quanti-
tatively, without free parameters, the shift to zero-frequency of the inversion
line of NH3 and N D3 on increasing the pressure.

In the present paper we first reconsider our model from the standpoint of
stationary many-body theory, clarifying the meaning of the mean-field energy
levels. We then analyze the mean field states with respect to the energetic sta-
bility. The conclusions agree with those found in [10] via a dynamical analysis
of the same type of model to which dissipation is added.

10.2 The model

We model the gas as a set of two-level quantum systems, that mimic the
inversion degree of freedom of an isolated molecule, mutually interacting via
the dipole-dipole electric force.

The Hamiltonian for the single isolated molecule is assumed of the form
——%ﬁaz, where ¢% is the Pauli matrix with symmetric and antisymmetric

delocalized tunneling eigenstates ¢4 and ¢_,

en() () emm(l)

Since the rotational degrees of freedom of the single pyramidal molecule are
faster than the inversion ones, on the time scales of the inversion dynamics set
by AE the molecules feel an effective attraction arising from the angle averag-
ing of the dipole-dipole interaction at the temperature of the experiment [15].
The localizing effect of the dipole-dipole interaction between two molecules ¢
and j can be represented by an interaction term of the form —g;;070%, with
gi; > 0, where o7 is the Pauli matrix with left and right localized eigenstates

¢r, and pr,
10 1 0

The Hamiltonian for N interacting molecules then reads

N
AFE
H = — 1 1 TR---®1
5 izgl 1 Q12 ® Koy ® ® 1y

N N
> > 4;1®Q0f® Qi@ --®ly.  (10.3)
i=1 j=¢+1

For a gas of moderate density, we approximate the behavior of the N > 1
molecules with the mean-field Hamiltonian

vl = ~2F 07 — Gy, oo, (10.4)
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where 1 is the single-molecule state ((1,%) = 1) to be determined self-
consistently by solving the nonlinear eigenvalue problem associated to (10.4).
The parameter G represents the dipole interaction energy of a single molecule
with the rest of the gas. This must be identified with a sum over all possible
molecular distances and all possible dipole orientations calculated with the
Boltzmann factor at temperature T. Assuming that the equation of state for
an ideal gas applies, we find [13]

4an (T s
o=t (2) e, 105

where Ty = p?/(4nepe,d%kp), €0 and &, being the vacuum and relative dielec-
tric constants, d the molecular collision diameter and p the molecular electric
dipole moment. Note that, at fixed temperature, the mean-field interaction
constant G increases linearly with the gas pressure P.

10.3 Molecular states
The nonlinear eigenvalue problem associated to (10.4), namely

h[%]% = py <¢u, "/Ju> =1, (10.6)

has different solutions depending on the value of the ratio G/AE. If G/AE <
%, we have only two solutions corresponding to the delocalized eigenstates of
an isolated molecule

¢M1 = ¥+ H1 = —AE/2’ (107)

Vus = P p2 = +AE/2. (10.8)

If G/AE > %, there appear also two new solutions,

1 AFE 1

=Vata@grtVs g =G (10.9)
1 AFE 1 E

=V3t g ¥ V2 1¢ ¥ pe = —G, (10.10)

which in the limit G > AFE approach the localized states ¢y and g, re-
spectively. Solutions (10.9) and (10.10) are termed chiral in the sense that
1/]#4 = a.w'(plia )

The states ¢, determined above, are the stationary solutions ¥ (t) =
exp(ipt/h)i, of the time-dependent nonlinear Schrédinger equation

l>
|

l>

0
tha ¥(t) = hlYY(t) - (10.11)
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The generic state t(¢) solution of this equation has an associated conserved
energy given by

AE

£l9] =~ 5, 0%9) - o (.07 (10.12)

The value of this functional calculated at the stationary solutions (10.7-10.10)
provides the corresponding single-molecule energies e; = E[y,,],

e = —AE/2,

ez = +AE/2, (10.13)
AE 1 /AFE 2

es=es=—5— (5 - 6)

These energies are plotted in Fig. 10.1 as a function of the ratio G/AE. The
state effectively assumed by the molecules in the gas will be that with the
minimal energy, namely the symmetric delocalized state v,, for G/AE < %
or one of the two degenerate chiral states for G/AE > %

Fig. 10.1. Single-molecule energies e; (solid lines) of the four stationary states 1,,,
i=1,2,3,4, as a function of the ratio G/AE. The dashed lines are the eigenvalues,
divided by N, of the Hamiltonian (10.3) with g;; = G/N and N = 12.

The above results imply a bifurcation of the mean-field ground state at a
critical interaction strength G = AE/2. According to Eq. (10.5), this tran-
sition can be obtained for a given molecular species by increasing the gas
pressure above the critical value

9

-Pcr:87r

PO(TZO)z’ (10.14)

where Py = AE/d3. In Table 10.1 we report the values of Ty and Py calculated
for different pyramidal molecules.
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AE (cm™!) p (Debye) d (A) To (Kelvin) P, (atm)

NH; 0.81 1.47 4.32 193.4 1.97
NDs 0.053 1.47 4.32 193.4 0.13

PHs 334x10"% 057 - 29.1 8.11x 107
AsHz 265x107'%  0.22 - 43  6.44x 10718

Table 10.1. Measured energy splitting AE, collision diameter d, and electric dipole
moment u, for different pyramidal molecules as taken from [16, 5]. In the fourth
and fifth columns we report the temperature Ty and the pressure P, evaluated as
described in the text. In the case of PH3 and AsH3 the collision diameter, not
available, is assumed equal to that measured for NH3 and ND3. We used &, = 1.

10.4 Inversion line

When a gas of pyramidal molecules which are in the delocalized ground state
is exposed to an electromagnetic radiation of angular frequency wg ~ AE/A,
some molecules can be excited from the state ¢4 to the state ¢_. For a non-
interacting gas this would imply the presence in the absorption or emission
spectrum of an inversion line of frequency 7 = AE/h. Due to the attractive
dipole-dipole interaction, the value of h evaluated as the energy gap between
the many-body first excited level and the ground state is decreased with re-
spect to the noninteracting case by an amount of the order of G. As shown
in Fig. (10.2), the value of the inversion line frequency is actually a function
of the number N of molecules and in the limit N > 1 approaches the mean
field value [13]

1
AE 2G\?
== (1 ZE‘) . (10.15)
According to (10.15), the inversion line is obtained only in the range 0 < G <
AFE/2 and its frequency vanishes at G = AE/2.

In [13] we have compared the mean field theoretical prediction for the
inversion line with the spectroscopic data available for ammonia [1, 2] and
deuterated ammonia [3]. In these experiments the absorption coefficient of
a cell containing NH3 or ND3 gas at room temperature was measured at
different pressures, i.e., according to (10.5) at different values of the interaction
strength G. The measured frequency U decreases by increasing P and vanishes
for pressures greater than a critical value. This behavior is very well accounted
for by the the mean field prediction (10.15). In particular, the critical pressure
evaluated according to Eq. (10.14) with no free parameters, at T = 300 K
is Pr = 1.695 atm for NH3 and P,, = 0.111 atm for ND3 in very good
agreement with the experimental data.



124 C. Presilla, G. Jona-Lasinio, and C. Toninelli

1 T T T T T T T v T T
N
N
O
NS
= S -
0.8 N
NN
NS
XN
N
NN
0.6 NN _
Ky AR
L NN ~
d NN ~
E SN \\\
< 0.4 AN S~ 1
AN S~
AN ~.__N=4
N N
0.2 \\\ \\\ =8 \\\\\\\ —‘
AN S i
H N=12"
0 L Bl Sy vouls ot S
0 0.5 1.5
G/AE

Fig. 10.2. Inversion line frequency as a function of the ratio G/AE in the mean
field model (solid line) and obtained from the Hamiltonian (10.3) with g;; = G/N
and N =4, 8, and 12.

10.5 Energetic stability of the molecular states

In order to discuss the energetic stability of the mean field molecular states
found in Section 10.3 we introduce the free energy F[i] = E[¢] — u(v, ). The
stationary solutions of Eq. (10.11) then can be viewed as the critical points
of the Hamiltonian dynamical system

. 8(¢ )_( 01)(‘5—?"’—]>
th— . ] = . 10.16
at \ ¢ —10) | s7lu (10.16)
Under the effect of a perturbation which dissipates energy, a stationary state
1, will remain stable only if F[¢,] is a minimum. Therefore we are inter-
ested in exploring the nature of the extremal values F[¢,] of the free energy
functional. In general, this can be done in terms of the eigenvalues and the
eigenvectors of the linearization matrix associated to the dynamical system
(10.16) as explained in [6] for a Gross-Pitaevskii equation. Here, due to the
simplicity of the model, we can provide a more direct analysis.
For a variation of the stationary solution 1),, — %, + d¢, up to the second
order in d¢, we have

Fltpu + 6¢] = Flypu] + 8°Fltpy, 64, (10.17)

where

5 Fltr 58] = (59, 0%09) — (66, 50)

e (m, ) (56, 756) + (b, 0760) (56, 57}

+= (Y, 0%5¢)? + %(&p, azw;L)?) . (10.18)

N =
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The variation d¢ can be taken in the most general form
8¢ = aefap, + bep_, (10.19)

where ¢4 are the delocalized tunneling eigenstates (10.1) and a, b, 6,, and
6y arbitrary real parameters with the constraint that (¢, + 0¢,v, + 0¢) =
1+ O(6¢?). By writing

Y = appy +bup_, (10.20)

with the real coefficients a, and b, deduced by Egs. (10.7-10.10), the above
constraint implies

ayacosfy + bybcosfy = 0. (10.21)

The second variation of the free energy evaluated at the four stationary solu-
tions v, ¢ = 1,2, 3,4, with the condition (10.21) gives

EFYu,] = G 2b2(§g — cos’ Gb), (10.22)
82 Fltpus] = G 20 (—%g— — cos” Oa), (10.23)

AFE AFE
2r — 2 2 2(1 _ 2
O Flbu) = G [2(1 (1+ 2G)cos 0, +2b (1 2G’)COS Oy

2
+ (a,/l - %sin&a Toy/1+ %sinf)b) ] (10.24)

where k£ = 3,4 and the signs F refer respectively to K = 3 and k£ = 4. We
see that, for the state v,,, the variation §2F is always positive for G < %
and can be negative for G > %. The variation 62F is always negative in the
case of 1),,. For the states v,, and 1,,, which exist only for G > %, the
variation 62.F is always positive. We conclude that the free energy has a single
minimum in correspondence of the delocalized state 1, when G < %, and
two degenerate minima in correspondence of the chiral states 1), and v,
when G > A—;”:. The energetic stability analysis is summarized in Table 10.2.
Note that our results coincide with those reported in [10] where a standard
linear stability analysis is performed for the same model considered here to
which an explicit norm-conserving dissipation is added.

10.6 Conclusions

The specific prediction of our model for the critical pressure P, in terms of
the electric dipole p of the molecule, its size d, the splitting AE and the
temperature 7" of the gas, successfully verified in the case of ammonia, could
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Yy Yua Yus Yua
2 2
F¥ul -AE +AE  F[1-(58)7] §1-(58)]
G<48E #F>0 F<0
minimum maximum
G>4E §#Fz0 F#F<0  PF>0 82F >0
saddle point maximum = minimum minimum

Table 10.2. Value of the free energy F[¢,] and sign of its second variation at the
four extrema v¥,,,i=1,2,3,4.

be experimentally tested also for other pyramidal gases for which Eqs. (10.14)
and (10.15) predict the scaling law

I7XY3(P) _ 17X'Y3’('7P)
Uxv;(0) Uxry;(0)

(10.25)

where v = Pch’Ya’ / Per xvs-

Our model applies not only to molecules X Y3 but also to their substituted
derivatives XYW Z. An important difference between the two cases is that for
XYj; the localized states can be obtained one from the other either by rotation
or by space inversion, while for XYW Z they can be connected only by space
inversion. This implies that XY W Z molecules at a pressure greater than the
critical value are chiral and therefore optically active. The measurement of the
optical activity of pyramidal gases for P > P, would allow a direct verification
of this prediction.
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b

Summary. In this contribution I describe the problem of deriving a Boltzmann
equation for a system of N interacting quantum particles under suitable scaling
limits. From a rigorous viewpoint, the problem is still open and only partial results
are available, even for short times. The present report is based on a systematic
collaboration with D. Benedetto, F. Castella and R. Esposito: possible mistakes and
inconsistencies are however the responsibility of the author.

11.1 The problem

A large quantum system of identical interacting particles can be often con-
veniently described in terms of a Boltzmann equation. This description is
physically meaningful only in suitable regimes, namely when the number of
particles is large and the interaction is moderate (weak-coupling limit), or
when the particle gas is rarefied (low-density limit).

In this contribution I try to establish the problem of a logically well
founded and mathematically rigorous transition from the usual description
of quantum mechanics in terms of the Schrédinger equation and the more
manageable kinetic picture as given by the nonlinear Boltzmann equation
associated to the system at hand. This is done by means of an appropriate
scaling limit referring to the physical situation we are dealing with.

It is probably useful to note that such a transition is delicate and techni-
cally difficult because it treats time-reversible systems as irreversible ones, as
largely argued for classical systems where a rigorous derivation of the classi~
cal Boltzmann equation in the low-density regime was obtained by Lanford in
1975 for short times (see [L]) and in Ref. [IP] globally in time, but for special
situations (see also [CIP] for additional comments).

We finally remark that, in contrast with the quantum case, classical sys-
tems in the weak-coupling limit are described by a diffusive (in velocity) ki-
netic equation, the so-called Landau-Fokker—Planck equation (see [S1]). Thus
the applicability of the Boltzmann equation is larger for quantum systems

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics
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(where kinetic descriptions, besides those for dilute gases, including dense
weakly interacting systems, as for example the electron gas in semiconduc-
tors) than for classical ones.

One pragmatic way to introduce the quantum Boltzmann equation (see
e.g., [CC] and [UU]) is to solve the scattering problem in quantum mechanics
and then to replace, in the classical Boltzmann equation, the classical cross
section with the quantum one, taking into account the statistics when it is
the case.

A more logically founded approach is to derive an evolution equation for
the Wigner transform of a quantum state associated to the particle system.
Working on this equation, one can hope to recover, at the quantum level,
the same physical arguments as those used at the classical level to obtain
propagation of chaos and a suitable kinetic description for the one-particle
distribution function. This is the strategy we illustrate here.

We consider an N-particle quantum system in R® and assume the mass of
the particles, as well as £, to be 1. The interaction is described by a two-body
potential ¢ so that the potential energy is:

Uzy...an) =Y ¢z — ). (11.1)

i<

The Schrédinger equation reads:
1
’I:atW(XN,t) = _Z—ANW(XN’t) +U(XN)W(XN,t) (112)

where Ay = vazl A;, A; is the Laplacian with respect to the z; variables,
and Xy is a shorthand notation for x; ...z .
We rescale the equation according to the hyperbolic space-time scaling

r— ez, t—et (11.3)

and simultaneously we rescale also the potential ¢ — /e¢. Hence the resulting
equation is

e W (XN, t) = %ANWE(XN,t) + U (Xn)P (XN, 1), (11.4)
where
Uczy...zN) =Z¢€(mi — ;) (11.5)
i<j
and
P = x/E¢(§)- (11.6)

Note that ¥¢(Xp,t) is fully determined by Eq.(1.4) and the initial datum
which will be specified later on.
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We want to analyze the limit € — 0 in the above equations, while keeping
N=¢3. (11.7)

This kind of limit is usually called a weak-coupling limit. Another possible
scaling to be considered is the low-density limit. In this case ¢ is unscaled but
N = O(e7?). In the classical context this is nothing but the Boltzmann-Grad
limit (see for example [CIP]). We refer the interested reader to [S2], which
discusses and makes clear the two scaling limits and the expected kinetic
equations.

We now introduce the Wigner function:

3N
WN XN, VN) = (%) /dYN YNNG (X y + gyN)we(XN — gyN).
(11.8)
A standard computation yields:
1
B+ Vi - VWY (XN, V) = —=(TRWV) (XN, V) (11.9)

NG

where Vy - Vn = Efvzl v; - Vg, and (0; + Vy - Vi) is the usual free-stream
operator. Also, we have introduced

(TEWN) (XN, V)= Y TEWVV)(Xn, Vi), (11.10)
O0<k<t<N

with
1.1 . ’
(T2 W) (X, Vi) = 5 (500 [ v / dv§ N N TEW N (X, Vi)
T — X 1 T — T 1
X [¢ (is—e—§(yk—y8)> —45( kg £ +§(yk—y£))] . (11.11)

In other words,

(TE W) X Vi) = =i 3 o [ s dmerten—=o
ohil (11.12)
g g
XWN($1,U1,...,$k,Uk—?,...,xe,vg‘i-—é—‘, .,$N,7)N)-

The operator Ty , describes the “collision” of particle k with particle ¢, and
the total operator T, takes all possible “collisions” into account. Here and

below, f = (Fs{)({) denotes the Fourier transform of f.

We now introduce the Wigner transform of the partial traces according to
the formula, for j =1,...,N — 1:
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N .
xW (Xj,.’l,'j+1 ... TNj; Vj,vj_,_l . .’UN) .

Obviously, we set f = W.

From now on we shall suppose that, due to the fact that the particles are
identical, the objects which we have introduced (&€, W¥, f) are all symmet-
ric in the exchange of particles.

Proceeding as in the derivation of the BBKGY hierarchy for classical sys-
tems (see e.g., [CIP]), we readily arrive at the following hierarchy of equations
(for 1 <j< N):

N —

J
(0 + E () Vk)f Taf =2 N 11.14
t 2 \/— J \/- 1541 ( )
The operator C%,, is defined as
Cip = E Ck,]-}-l , (11.15)

and

Crj+1firi(zi . x50

—1 Z / B /dxj_,_l/dv]ﬂ d(h (11.16)

o=%1

Xe i3 (@k—j4) f +1(.Z‘1,.Z‘2, ey Tj1, Vg ooy Uk — O'g,...,’llj+1 +0’g) .

The operator Cf, ;. ; describes the “collision” of particle k, belonging to
the j-particle subsystem, with a particle outside the subsystem, conventionally
denoted by the number j + 1 (this numbering uses the fact that all particles
are identical). The total operator C%,; takes into account all such collisions.
As usual (see e.g., [CIP]), Eq. (11.14) shows that the dynamics of the j-
particle subsystem is governed by three effects: the free-stream operator, the
collisions “inside” the subsystem (the T term), and the collisions with particles
“outside” the subsystem (the C term).

We ﬁnally fix the initial value {f O}N ; of the solution {f}Y(t)}}] assuming
that { fO i is factorized, that is, for all j =1, V,

= £, (11.17)

where fy is a one-particle Wigner function which we assume also to be a prob-
ability distribution. We recall that a quantum state, whose Wigner transform
is a general positive fy, is not in general a wave function but rather a density
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matrix. As a consequence the evolution equation we have to use is not the
Schrodinger equation (1.4) but rather the Heisenberg equation for the density
matrix. In both cases the corresponding Wigner equation is Eq. (11.9) or,
equivalently, Eq. (11.14).

We expect that in the limit ¢ — 0 the one-particle distribution function
fI¥ converges to the solution of a suitable Boltzmann equation f which we
are going to introduce.

Let f(t), t € [0,%9) be the solution of the “classical” Boltzmann equation

B +v-Vo)f =Q(f, f) (11.18)

where

Q. 1)(@y0) = [ don / dwB(w, v — v1)
X (f (@0 f (@, %}) ~ £z, 0) f (@)

and v’ and v; are the outgoing velocities after a collision with impact param-
eter w € S? and incoming velocities v and v;. Explicitly,

(11.19)

V=v—(v-v)w w,

vi=v—v—v)w w.

Finally B is the cross-section and depends on the interaction potential. In
the weak-coupling limit the collisions take place with a small energy and in
a scale distance of order €. Therefore the cross section must be computed via
the quantum rules and at low energy. In other words it is expected to be the
Born approximation, namely:

B(w,w) = g 5lw - 0] 1w (@ - w). (11.20)

What we have illustrated so far, called Problem 1 in the sequel, is the
weak-coupling limit for particles without statistics or obeying the Maxwell—
Boltzmann (M-B) statistics.

A more interesting problem (Problem 2 in the sequel) is however to con-
sider particles obeying the Fermi-Dirac (F-D) or Bose—Einstein (B-E) statis-
tics. In this case, although the dynamics is that introduced above, we cannot
assume the independence property (1.17), because the statistics yields cor-
relations even at time zero. The most uncorrelated state one can introduce
not violating the F-D or B-E statistics, are called quasi-free. The program
of showing the Boltzmann equation for such system should pass through the
characterization of the quasi-free states in terms of the Wigner function and
hence replacing condition (1.17) by a more appropriate independence prop-
erty taking into account the statistics. The one-particle distribution function
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is then expected to converge to the solution of the Boltzmann equation (1.18)
with:

QUf, f)(z,v) //dvldeg(w, v — w1]) x (11.21)
[f(.’l]',’l)/)f(.fl,',’l)i)(l - Hf(a:’ U)f(mavl)) - f($7v)f($7vl)(1 - Hf(:v,v')f(x, ’Ui))]

where § = +1 and 8 = —1 according to the B-E and F-D statistics respec-
tively and By is the symmetrized or antisymmetrized cross-section.

Finally Problems 3 is concerned with the low-density limit. In this case,
due to the rarefaction limit, we expect that all the statistics asymptotically co-
incides. The expected Boltzmann equation is still Eq.(1.18), with the collision
term given by Eq.(1.19). Indeed the particles are too rare to make effective
the statistical correlations . However the collision takes place at large energies
so that the cross-section should be the full one and not that at first order in
the Born expansion.

In the next section I will briefly discuss the very few results concerning
the above three problems.

11.2 Detecting the leading terms

As regards Problem 1, one can try to handle the hierarchy (1.14) as for the
Boltzmann—Grad limit for classical systems, namely to study the asymptotic
behavior of the solution expressed in terms of the series expansion for 1 < j <
N, obtained by iterating the Duhamel formula,

N_ tn—1
t) = Z ( J / dtl / dt Smt tl)C]+1

n=0

X Shae(t1 —t2)C5iq .. Shat(tn-1 = £0)C5 4y, Sint(tn) J(')+n- (11.22)

Here S5, (t)f; is the j-particle interacting flow, namely the solution to the
initial value problem:

(0 + V- V)8 ()i = 215 S () s,
(11.23)
S5 (0)f5 = fj-
If we expand Sg,(t) as a perturbation of the free flow S(¢) defined as
(SO (X5, V3) = 15X, = Vit, V), (11.24)

we find

Siae(t)f; = S(0) fJ+Z f)m / dry / dry: - / drm S(t — 1) T5
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S(m1 = 12)T5 ... 8(Tm—1 — Tm)T; S(Tm) f- (11.25)

Inserting (2.4) into (2.1), the resulting series contains a huge number of terms.
However, we expect that many of these contributions are negligible in the
limit. For instance if we analyze up to the second order terms (in the potential)
the full expansion, we find the following four terms:

To=S®)f), (11.26)
N—] ¢ € 0
I, = 7/, diy S(t — £1)C5,1S(t1) 41 (11.27)
I .
Iz = %‘/0 dT1 S(t - 7'1)’1—} S(T])f;) s (1128)
t 1
Ig = d’T1 dtl S(t'—Tl)’I;-gS(Tl —t1)0;+15(t1) ‘?_’_1 , (1129)
0 0
t 11
dt, dry S(t —t1)C51S(ty — 1) T 1 8(11) F4s
0
J
=y > It (11.30)
r=11<s<f<j+1
where
£,s N_J ¢ “ € £ 0
IZ = —\/?— A dtl A dT1 S(t e tl)Cr,j+1S(t1 — TI)TZ,SS(Tl)fj+1'

(11.31)

It is possible to show (see [BCEP]) that Z;, i = 1,2,3 are negligible in the
limit € — 0 for oscillation or cancellations. Also, all the contributions to Z4
except those for r = £ and s = j + 1, corresponding to a collision/recollision
event, are equally vanishing. As matter of fact, the only O(1) term is Iﬁ’l’j +1
which corresponds to a creation-recollision event. Let us compute this term
for=5=1.Tt is:

1,1,2 _
I4

e [ [ [ [ | i [

cr’ +1

XqAﬁ(h)¢(k)e'? (ml-—m2—v1 (t—tl)) ei%- (zl—mz——(vl—vz)(t—tl)—(vl—v2—01 h)(tl_Tl))

h 'k h 'k
ng (.’131 —ut+ %tl + 22—7'1,.’1,'2 — vgt — -0-2—751 — %Tl; (1132)
v __a*h_ic’_k . +0h+a’k)
Ty T ey T

Making the following change of variables:
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th—711 =¢€s81, (i.e. 7'1=t1—681),
E=(h+k)/e. (11.33)
we arrive at
M2 = (11.34)
¢ ti/e d¢ dk
—(N — j)&d aa'/dt/ ds /dz /dvz —
(W)t 3 oo [ du | do [ dm @m? /| Gy

X(,ZAS(—k + Egl)és(k)ei&(11—x2—v1(t-t1)) e—i81k~(v1—vz—a(—k+E§))f](,)+1(' ).

In the limit £ — 0 we recover the asymptotics,

t +
1-1,1,2N . Z o_o_l dt oods d’U dk |¢3(k)|2e—-z’slk~(v1—v2+ak)
4 0 ' 0 ' ? (2m)3

o,0'=%1
Nk — o)k
ng (:El - ’Ult — (i—éitl,flfz — ’U2t + S%tl; (1135)
(o0 — o)k (c —0o')k
nt e )

which can be justified from a rigorous viewpoint (see [BCEP]). Moreover
Re/ ds; e—i81k~(’01—’(12+0'k) — _7r5(k . ('Ul — vy + o'k)) . (11.36)
0

Using formula (2.15) we realize that the contribution ¢ = —¢’ gives rise to
the gain term:

/Ot dt1/dv2/d‘*’B(wv|v1 — va|) (11.37)

fg(.’L'l — ’Ul(t — tl) — ’Uitl,iEQ — ’Uz(t — tl) — ’Uétl; vi,vé) .

Notice that k is the momentum transferred in the collision and that the &
in (2.15) expresses nothing else than the conservation of the energy in the
collision. The momentum conservation is automatically satisfied.

The term o = ¢’ yields the loss part:

/Otdtl/dvg/de(w, lv1 — va) (11.38)

X fd(x1 — nit, zp — va(t — t);v1,v9).

We finally remark that the imaginary part of the time integral in the left hand
side of (2.15) does not give any contribution because of cancellations.

All these steps have been rigorously proved in [BCEP] and this shows, in
a sense, that our quantum system agrees with the Boltzmann evolution up to
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the second order. This is far from conclusive since there are examples (see e.g.
the pathologies of the Broadwell model in [CIP]) in which the agreement fails
at the fourth order. However it is possible to show that the subseries formed by
all the contributions’ creation-recollision terms is indeed convergent, for short
times, and approaching, in the limit £ — 0, the corresponding series obtained
by solving the Boltzmann equation. We note also that a rigorous proof of
the term-by-term convergence is still missing. Even more difficult is to find
a bound of the full series, thus a mathematical justification of the quantum
Boltzmann equation is a still open, challenging and difficult problem.

The situation is more complicated when considering the case of bosons
and Fermions (Problem 2). The statistics involves the structure of the states
and a complete factorization is not compatible with B-E or F-D statistics.
Indeed systems of independent particles are called quasi-free and have reduced
density matrices satisfying the property

J
pi(x1...Tj5v1...95) = Z Hp(mi;yw(i)) (11.39)

TEP; i=1

where p(z,y) is the kernel of a one-particle density matrix and P; is the group
of the permutations of j elements.

Writing down the explicit expression of the Wigner transforms of quasi-
free states, we can investigate the asymptotics of the series expansion of the
solution up to the second order in the same sense explained above for the
M-B statistics. We actually recover Eq. (11.21) for a suitable By. This work
is in progress.

We mention that a similar analysis, using commutator expansion in the
framework of the second quantization formalism, has been performed in [HL]
(following [H]) in the case of the Van Hove limit for lattice systems (that is the
same as for the weak-coupling limit without rescaling the distances). For more
recent formal results in this direction, but in the context of the weak-coupling
limit, see [ESY].

We finally observe that in the low-density regime (Problem 3) the num-
ber of vanishing terms is much less. Indeed while for the weak-coupling the
only O(1) terms are those of the form CT, for the low-density also the terms
CT...T are O(1). Actually they must be resummed to recover the full cross-
section, making convergent (under suitable smallness assumptions on the po-
tential) the Born series. Also this is work in progress.
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Summary. It has been well known from the beginning of quantum theory that
there exist deep connections between the time evolution of a classical Hamiltonian
system and the bound states for the Schrodinger equation, in particular in the
semiclassical régime. These connections are well understood for integrable systems
(Bohr—Sommerfeld quantization rules). But for more intricate systems (like classi-
cally chaotic Hamiltonian) the mathematical analysis of the bound states is much
more difficult and there are few rigorous mathematical results. In this paper our
goal is to revisit some of these results and to show that they can be proven, and
sometimes improved, by using essentially two technics: the Wigner—Weyl calculus
and the propagation of observables on one side, the propagation of coherent states
on the other side. We want to emphasize that in our approach we get rather explicit
estimates in terms of classical dynamics.

The main ideas explained here, in particular the use of coherent states, are the
results of several years of collaboration with Monique Combescure.

12.1 Introduction

One of the most important problems in quantum mechanics is to compute
matrix elements A;1 (%) = (Ap;, o) (transition amplitudes), where A is an
observable and {¢;} is an orthonormal system of normalized bound states of
a given quantum Hamiltonian H His supposed to be a self-adjoint operator
in the Hilbert space in L?(R?) for a system with d degrees of freedom.

In the semiclassical régime considered here, H is obtained as the h~-Weyl
quantization of a classical Hamiltonian H. We have H w; = E;p;, where Ej
is the eigenenergy of ¢;.

The diagonal matrix elements A;;(k) are clearly related with trace for-
mulas. Assume for simplicity in a first step that H = —%Z—A + V where V is
a smooth confining electric potential, i.e., [ |lim+ V(q) = +oco (like a polyno-

gl—+oco
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mial). A(g, p) can be any smooth classical observable on the phase space with
polynomial behaviour in (g,p) at oc.
Let {¢;};>0 be an orthonormal basis of bounded states. So we have

Tr(Af(H)) = f(E;)Aj;(h).
j=0

Consider, for example, the Gibbs states at temperature T = 371, G’(ﬂ) =
e BH /Tr(ePH). By standard application of Weyl-Wigner calculus, it is easily
proved that

Tr(‘[le_ﬂﬂ) < (2rh)~*) " gp ;A% with ggo = / A(z)e PHPdz (12.1)
>0 R2d
and

20 A(2)e PH) gz
fRZd e"BH(z)dz

lim, Tr(AG(B)) = (A)s where (A)g = Ju (12.2)

and H(z) = & +V(q), z = (¢,p)-

These two asymptotics give a rough average behaviour for the energies
E; and the matrix elements Ajj(h). To get more accurate information, as it
is well known, we need to work in a small window in the energy spectrum,
E; € [E — 6,FE + 6] where E is a fixed classical energy and § > 0 is as
small as possible. But doing that, time-dependent phenomena occur, as it
is expected from the time-energy uncertainty principle. More precisely, the
classical dynamics of the Hamiltonian H enter the game when ¢ is of the
same order as k. This is transparent with the Gutzwiller trace formula which
displays a semiclassical asymptotic for

Zpat) = Xop (B52) 4 (123)

j=0

where the Fourier transform p of p is a smooth function with bounded support.
Only periodic trajectories of energy E of the classical Hamiltonian contribute
in the asymptotic expansion of =, 4(%). This is also true for the average of
an observable in the Gibbs state if the temperature is low, of the same order
of the Planck constant % (see [6]).

A closely related problem is to estimate the counting function of the
eigenenergies in a fixed real interval I = [E’, E]. Let us denote by Nj(h)
the number of bound states of H in I. Under generic assumptions (E', E are
not critical for V') we have the Weyl law

Ni(h) = (2rh)~¢ /H er dz + O(R*~%).
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As we shall see later, a more difficult problem is to find a second term and
to estimate the error. Some properties of the classical flow at large time are
also needed because periodic trajectories give oscillatory contributions. This
is already obvious for the harmonic oscillator (V(q) = ¢?).

When the classical dynamics is chaotic (ergodic) on the energy shell X' :=
H~1(E) (E noncritical), we shall also discuss the quantum ergodic theorem,
whose meaning is the following. Let be Iy, = [E' — 6x, E + d5] shrinking to E
in a suitable way. Then, except for a negligible set of eigenenergies in Iy, we
have

Ajj( )—/ A(2)dvg(2) (12.4)

lim
F—0, E; (h)eI

where dvg is the normalized Liouville measure on Y.

The links between time-dependent and time-independent phenomena ap-
pear also clearly in the following question. It is conjectured that the behaviour
of Ajx(h) resembles a random matrix model. (see for example[28, 29]) For clas-
sically chaotic systems, Wilkinson [28] conjectures that the matrix elements
Ajr(h) are independent, Gaussian, with mean zero when j # k. The last
statement is supported by results proved in ([4]). The variance introduced by
Wilkinson is

Viso) (R E,T) =

S AuB) P fr (B - 3(Bi(R) + Ex(R) .9 (t —wie())  (12:5)
[E;(R),Ex(R)EIn)

where E is inside the interval Iy, w;x(h) = Ej(—ﬁ)—}EJ—"(—h, f, g are Gaussian
regularizations of the Dirac § distribution. fr(u) := #f(%) with f(u) =

2 2 /202
oy 27 and g(u) = e/, 04,02 > 0

This variance has a nice semiclassical limit. If the Fourier transform f of
f has a small support around zero, then

lim (2rR) 4V ) (5, E,7) = f(0) / (8)etTCA(E, t)dt

where f (Fourier transform of f ) has a small support around zero and C4(E, t)
is the classical autocorrelation function

Ca(E, 1) = /2 A(2) A (2))dv(2).

If the support of f contains some nonzero periods of the classical flow, we
have oscillatory terms, as in the Gutzwiller trace formula as we shall see later.

It seems much more difficult to prove a similar result for Gaussian test
functions. The main difficulty comes from f: we need some control of the large
periods of the classical flow which are not well known up to now. Concerning g
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one can use recent results obtained in [1] where accurate estimates for longtime
propagation of observables are proved.

Our main goal in this paper is to revisit some already known connections
between time-dependent and time-independent properties for Schrodinger
equations by adding when possible explicit estimates. We will give some ideas
about proofs, showing that they can be deduced essentially from two basic
long-time dependent accurate results: propagation of observables and propa-
gation of coherent states. This last technique will be used instead of the BKW
method to avoid the well-known caustic problem. Moreover this way we can
get time-dependent estimates up to the Ehrenfest time (of order |log A/ in the
chaotic case, A™", Vx < 1/8, in the integrable case). These time-dependent
estimates are useful, for example, to improve the remainder estimate in the
Weyl formula with two terms or to control the speed of convergence in the
quantum ergodic theorem.

The content of the paper is the following.

We first recall from [1] the results concerning propagation of observables.
Then we recall from [6, 25] the main facts concerning coherent states and their
propagation by the time-dependent Schrodinger equation.

We will explain how to apply these tools to different spectral problems. We
discuss the trace Gutzwiller formula and the main steps to prove it according
to the method used in [3]. Then we apply this to the Weyl law with two
terms and remainder estimate. We also discuss the proof of the semiclassical
expansion for the Wilkinson variance.

In the last section we explain some results concerning diagonal and non-
diagonal matrix elements A;x(R), in particular the quantum ergodic theorem
and related topics.

12.2 Propagation of observables

Let us denote by X = R¢ the configuration space of a classical mechanical sys-
tem with d degrees of freedom. The corresponding phase space Z is identified
with R2¢ equipped with the symplectic form o defined by

0(z,2)=Jz- 2 (12.6)

where - is the Euclidean scalar product and J is the 2d x 2d matrix

J= (_(]’Id 115) . (12.7)

A generic point in Z is denoted by z and its coordinates by (g,p) where
q,p € R%.

A classical Hamiltonian is a smooth real function H : Z — R. Our basic
example will be H{q,p) = '71)7!,7 + V(q) (m > 0), where |p|* =p-p.
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The motion of the classical system is determined by the system of Hamil-
ton’s equations

dt ap (Qt’pt)a gt —8—q(¢1t,pt) ,(QO,PO) = (q,p). (12.8)

The equations (12.8) generate a flow &% on the phase space Z, defined by
&% (q,p) = (gt,pt)- Let us consider a classical observable A, i.e., A a smooth
real-valued function defined on Z. The time evolution of A is given by

4 A@ () = (H, 4} (2)), (12.9)

where {H, A} is the Poisson bracket defined by
{H,A} = 04H - 0,A — OpH - 94A. (12.10)

Here we have used the notation 0, = c%. By Weyl quantization of H and A,
we get quantum observables H and A in L2(X) with H self-adjoint. So we can

define the one-parameter group of unitary operators U (t) = exp (— %f[ ) The

quantum time evolution of the observable A is given by A(t) = U(—t)AU(t)
which satisfies the Heisenberg—von Neumann equation:

dA(t) i .. a
& ~RA

where [K, B] = K B— BK is the commutator of K, B. Let us recall the i-Weyl
quantization formula, for A € S(Z) (the space of Schwartz functions) and for
¥ € §(X), we have:

(12.11)

Opi () = Awe) = o [ [ 4 (T3 Ep ) ety

(12.12)

This definition can be extended to the following classes of observables.

Definition 1.
(i) A weight function on the phase space Z is a positive continuous function
u on Z such that there exist C > 0, M > 0 such that for every z,2' € Z,

w(z) SO+ |z =2 NMu() .

(i) A € O(u), where p is a weight, if and only if Z A4 CisC® in Z and for
every multi-index v € N2¢ there ezists C, > 0 such that

107 A(2)| < C,u(2), Vz € Z.
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(ii1) We say that A is a semiclassical observable of weight p if there exist
ho > 0 and a sequence A; € O(p), j € N, such that for every N € N and
every v € N2¢ there exists Cy > 0 such that for all h €]0, fig[ we have

sup p ~(2)

A(h, 2) — WA;(2))| < OnANHL (12.13)
2 PRZRO)]

0<j<N

Ag is called the principal symbol, Ay the sub-principal symbol of A. The set
of semiclassical observables of weight p is denoted by Og.(1). Its range by the
hi- Weyl quantization is denoted Oge(p).

If p(2) = pm(2) = A+ |2|)™, m € R, we say that the observable is of
weight m.

Notation : For any A and A; satisfying (12.13), we will write : A(R) =
Z]>0h Aj in Osc(p)-

Let us now recall from [1] a statement for the propagation of observables
which will be useful for applications to bound states.

Assume that H € Og.(u). Let §2 be a bounded open set in the phase space
Z. We assume that the closure 2 of {2 is invariant by the flow ' := &%
(vt € R) and that there exists an increasing function s from ]0, co[ in [1, +00[
satisfying s(T") > T and such that the following estimates are satisfied:

sup  |879%(2)| < C,s(T)M (12.14)
z€02,[t|<T

where C., depends only on v € N24, Then we have:

Theorem 1. For every smooth observable A, with compact support in 2, K(t)
is a semiclassical observable of weight —oo, with semiclassical symbol sup-
ported in §2, such that

A(t,h) < ) A;(t)R

j20

where
Ao(t, z) = A(P*(2)), Al(t,Z)=/O {A(7), H1}($""(2))dr  (12.15)

and for j > 2, by induction,

Aitz)= Y. C@p) /[(3“3"Hk)(5°‘5"Ae)(T)}(¢t 7(2))dr

|(ex, 5)I+k+3—1+1
<ji-1

(12.16)

. (=IAl — (—1)l ' —1—|(a,B
with C(a,8) = G2l 1Al ()1, (12.17)
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Furthermore we have the following estimates in L? operator-norm of the re-
mainder term:

IA@®) = D WA;(0)llz2 < ONRVHH L+ )N HEs(t) BNl (12.18)
0<j<N

where C is independent of t and R, €4 is a universal constant (eg4 = 5d-+10).

Remark 1. Using a classical result on ODE (Gronwall inequality), we always
have estimates with exponential time: s(T) = e4T for some A > 0. If the
classical system is integrable, nonsingular in {2, then we can choose s(T) =
14T ([1]). In particular the semiclassical régime is still valid in time intervals
[—Th,Tr] where T, = %5 |log A| for the general case and T, = A°1/2 in the
integrable case, for arbitrary € > 0.

Remark 2. If the expansion of H in 7 is even (in particular if H is “classical” :
H = H,) then the h-expansion of A(t) is even and in the remainder estimate
(12.18) the term 2N in the exponent becomes 3N/2. This kind of improvement
may be useful for some applications, as one can see in [9].

12.3 Propagation of (Gaussian coherent states

Let us consider in this section the time-dependent Schrédinger equation

. 0 z 7
n 202t = By Yoo =, (1219)

where H is a semiclassical self-adjoint Hamiltonian of weight m € R and 4,
is a coherent state maximized at z € Z. So we have

Vet = U(t),, with U(t) = e"#/MH (12.20)

A well-known method to construct asymptotic solutions of (12.19) is the WKB
expansion. One of the main difficulties of WKB methods comes from the oc-
curring of caustics so that the shape of WKB approximations changes dra-
matically when time increases (caustics may appear at times of order 1 in
the Planck scale A, as we can see, for example for the harmonic oscillator
propagator). To get rid of the caustics we can replace the real phase of the
WKB method by complex-valued phases. Here we shall report on a related
but more explicit approach using elementary properties of coherent states.
Coherent states have been used in partial differential equations for a long
time, starting with Schrédinger himself and following by many authors (see
[14, 6, 3, 20, 25, 19] for applications and historical comments).

We shall follow the presentation given in [25]. Let us now recall some basic
definitions concerning coherent states. We start with the ground state of the
harmonic oscillator,
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go(z) = 1~ Y% exp (—|z|?/2) . (12.21)

For z = (q,p) € R?? the Weyl-Heisenberg operator of translation by z in
phase space is

1

T —q- th)) . (12.22)

Tn(2) = exp(
Let us define the dilation operator Az (z) = h~%44y (xh~1/2). So the coherent
state picked on z is defined by %, = 75(2)go. A more explicit expression for

P, is
Vo (z) = en TPy (z — q) . (12.23)

For /i = 1 we shall denote ¢, = g, and Tx(2) = 7 (2).
It is well known that {1, },cg24 is an “overcomplete basis” in L?(R?). So
for every trace-class observable B in L?(R9) we have

Tr(B) = (2xh) ¢ /Z (B, ¥,)dz (12.24)

where (-, -) is the scalar product in L?(R9).

Under rather general assumptions, an asymptotic expansion for the quan-
tum evolution of coherent states, U(t)t,, was obtained in [6], with an error
term of order O(h™), with some control for large time of order O(log(h—1))
(Ehrenfest time).

Recall that 2; = (g¢,p:) is the solution of (12.8) starting from z = (g, p).
For simplicity it is assumed that z € {2, where (2 is as in Section 12.1 and the
flow satisfies (12.14). Let us define

—_ - t
01(z) = S(t, z) — %_q_p where S(t,z) = / Ds - gsds — tHy(z)
0
(12.25)

is the classical action. The Jacobi stability matrix, Fi, is the linearized
flow associated with (12.8) at the point z; of the classical trajectory. Fy is
also the Hamiltonian flow defined by the quadratic Hamiltonian K3(t,{) =
302 (H(z)( ¢ for ¢ € R?¢, where 8%  H is the Hessian matrix of H(2) in the
variables z. We have Fy = [ and F; is a symplectic, 2d x 2d matrix. It can be
written as four d x d blocks :

_ (A B
Re(f B). 1230

We also need to introduce the quantization of F; which can be defined as the
quantum propagator M[Fy], with Planck constant equal to 1, for the quadratic
Hamiltonian OpY [K»(t)]. In particular we have the useful formulas
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M([Fgo(x) = m~ %4 (det(A, +iBy)) Y2 eilx®/2, (12.27)
M[F]) 7 OpY [LIMIF;] = OpY[L o F], (12.28)

where Iy = (Cy+1D;)(A:+iB;) ™! and L is any classical (smooth) observable
defined on Z. I} is a complex symmetric, d X d matrix, with positive definite
imaginary part given as

ImI; = (AA' 4+ BB')™! (12.29)

where A’ denotes the transposed matrix of A.
Let us now state the following result [6, 25].

Theorem 2. Under the above assumptions, there exists a family of polyno-

mials {b;(t,z)}jen in d real variables ¢ = (z1,--- ,xq), with time-dependent
coefficients, such that for every |t| < T, h €]0,1], N € N, we have
id¢(2) /2
[y — exo T (2) AnMIF)] 1/2b(t)go
( h ) (ogs:N ) L2(®R4) (12.30)

< CNS(T)(3N+€d)(1 4 T)N+1h(N+1)/2

where s(T) can be chosen as in Section 12.2, formula (12.14), and the constant
Cy is independent of T' and h.

Remark 3.
1) This result is proved in [6]. Theorem 2 is applied at finite time to give a
proof of the Gutzwiller trace formula.

In [25] Gevrey type estimates for Cy, N large, have been computed.
2) The polynomials b;(t, z) can be explicitly computed by induction along the
classical trajectories z(t). In particular bo(t, ) = exp(—i fot Hy(z5)ds).
3) As for evolution of observables, we get a critical time T} for the validity
of semiclassical approximation. In the general case o(T) = €T and T} =
1=¢|log hi|. In the integrable case we can choose Tj = k¢ —1/8 These validity
times are smaller than those found for propagation of observables.

12.4 Semiclassical trace asymptotics

All Hamiltonians considered here satisfy the following general technical as-
sumptions:

(TA1) po(z) ;= 1+ |Ho(2)| is a weight function on Z and H is a semiclas-
sical observable with weight pg and principal symbol Hy.

(TA2) E is a fixed energy such that there exists a < E < b and Hj '[a, b]
is a bounded closed set in the phase space Z. Moreover E is noncritical for
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Hy, i.e., VHy(z) # 0 for every z € X' where g = Ho_l(E'). So the Liouville
measure is well defined on Xg,
dXp(z)
dvg(2) = ———,
25 = V()
where d3/g is the canonical measure on the hypersurface Xg.
Our main goal in this section is to revisit the following spectral distribu-
tion:

EoaB ) = Y o(BE) 4, (12.31)

320

where the Fourier transform g of p has a compact support. The ideal p should
be the Dirac delta function, which needs too much information. So we will
try to control large support for g. To do that we take pr(t) = Tpy(¢tT) with
T > 1, where p; is a nonnegative, even, smooth real function, fR p1(t)dt =1,
supp{g:} C [-1,1], p1(t) = 1 for || < 1/2.

By applying the propagation theorem for coherent states stated in Sec-
tion 12.3, we can write =, 4(F,h) as a Fourier integral with an explicit
complex phase. The classical dynamics enter the game in a second step, to
analyse the critical points of the phase. Let us describe the steps (see [3] for
the details).

(i) Modulo a negligible error, we can replace A by Ax = x(H)Ax(H) where
X is smooth with support in a small neighborhood of E like |E — 8y, E + 05|
such that flll_r)% 6r =0.

(ii) Using an inverse Fourier formula we have the following time-dependent
representation:

Epr (B, ) = % /}Rﬁl(%)”ﬂr (Axe%‘(E—fI)) dt. (12.32)

(iii) If B is a symbol, then we have B, = B(2)1), + - - - where the - - - are
correction terms in half powers of £ which depend on the Taylor expansion of
B at z.

(iv) Putting all things together, after some computations, we get for every
N2>1:

Zp a(E, B) = (2rh) / 5 (%)a(N )(t, 2, K)e*¥EGD dtdz + Ry 1 p.

R, X]Rgd
(12.33)

The phase ¥g is given by

Up(t,z) =t(E — Ho(2)) + % /t o0(zs — 2, 25)ds
0

F M- W~ 2)- (B 5), (1230
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with ¥ = g+ip if z = (¢,p) and W; = Z,Y; ! where Y; = C; — B; +i(A; + D),
Zt = At - Dt + Z(Bt + Ct)
The amplitude a(™) has the property

aM(t,z,h)= Y a;t,2)W, (12.35)
0<j<N

where each a;(t,2) is smooth, with support in variable z included in the
neighborhood 2 = H;'[E — g, E + 0g| of Zg, and estimated in ¢ as

laj(t,2)| < C;s(T)¥(1+T)%. (12.36)

In particular for j = 0 we have

ao(t, z) = 142 [det(Yt])_l/ ’ exp(——i / t Hl(zs)ds) . (12.37)
0

The remainder term satisfies
RN,1n < Cns(T)8NTea(1 4+ T)2N RN+, (12.38)

From the above computations we can easily see that the main contributions
as b — 0in =, 4(E, k) come from the periods of the classical flow as it is
expected. Let us first remark that we have

2imPp(t, 2) > (Im L (Fy +4) 71 (2 — %), [ +49) 7 (F - %)) .

Here (,) is the Hermitian product on C. Because of positivity of Im I'; we
get the following lower bound: there exists cg > 0 such that for every 7" and
|t| < T we have

Im¥g(t, 2) + |0:¥&(t, 2)|* > co (|Ho(2) — EP> +s(T) 4|z — z|?) . (12.39)

The stationary phase theorem with complex phase [17], vol.1, gives easily the
contribution of the 0-period.

Theorem 3. If Ty is chosen small enough, such that Ty < sup{t > 0, Vz €
Xg, ®%(2) # z}, then we have the following asymptotic expansion:

Epry A B) < (21R) ™4 " aa ;(E)WH (12.40)
j20

where the coefficients aa,; do not depend on p. In particular

oao(E) = /2 A(2)dvi(2), ani(E)= /E Hy(2)A(2)dvs(z) . (12.41)
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By using a Tauberian argument [24], a Weyl formula with an error term
O(h'~4) can be obtained from (12.40).

The contributions of periodic trajectories can be computed if we have
some specific assumptions on the classical dynamics. However Petkov-Popov
[22] succeed in giving a very general trace formula modulo an error o(A!~%)
using Hérmander’s Fourier integral operator theory. With our coherent states
analysis it is possible to recover their result. Let us recall that in [3] this
coherent states analysis is used to give a proof of the Gutzwiller trace formula.
Let us recall now the rigorous statement.

The main assumption is the following. Let Pg r be the set of all periodic
orbits on X'g with periods T, 0 < |T,| < T (including repetitions and change
of orientation). T is the primitive period of . Assume that all v in Pgr
are nondegenerate, i.e., 1 is not an eigenvalue for the corresponding “Poincaré
map”, P,. It is the same to say that 1 is an eigenvalue of Fr, with algebraic
multiplicity 2. In particular, this implies that Pg r is a finite union of closed
path with periods T,,, -T < T, <---<T,, <T.

Theorem 4 (Trace Gutzwiller Formula). Under the above assumptions,
for every smooth test function p such that supp{g} C]| — T, T, the following
asymptotic expansion holds true, modulo O(h*),

Ep,A (Ev h) = (27rh)—dﬁ(0) Z CA,j (ﬁ)hj+1

320
+ Z (2m) %2 Lexp (z(% + %)) | det(l — Py)| /2 (12.42)
Y&€Pe,T
(>, em)

Jj=20

where 0 is the Maslov index of v (o4 € Z ), Sy = fvpdq is the classical
action along v, ca j(p) are distributions in p supported in {0}, in particular

ca0(p) = p(0)aao(E), cai(p) = p(0)aa(E).

d)(p) are distributions in p with support {T}. In particular

43(7) = A(Ty) exp( i /0 ;Hl(zu)du) /0 " A(za)ds. (12.43)

Remark 4. By the same method it is possible as well to consider integrable
systems to get the Berry—Tabor formula or more generally systems satisfying
the clean intersection property [3].

For larger time we can use the time-dependent estimates given above to
improve the remainder estimate in the Weyl asymptotic formula, as Volovoy
did for elliptic operators on compact manifolds [27]. For that, let us introduce
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some control on the measure of the set of periodic path. We call this property
condition (NPC). Let Jg =]E — §, E + 4] be a small neighborhood of energy
E and sg(T) an increasing function as in (12.14) for the open set 2 =
Hy 1(J ). We assume for simplicity here that sg is either an exponential
(se(T) = exp(AT®), A > 0,b > 0) or a polynomial (sg(T) = (1+T)%, a > 1).
The condition is the following:

(NPC) VT > 0, there exist positive constants c,ca, k1, k2 such that for all
A € Jg we have

U {Z S 2)\, Et, Ty < |t| < T, |d5t(z) — Zl < Cls(T)_Kl} < CQ.S(T‘)_"'iz .
(12.44)

The following result, proved by using stationary phase arguments, estimates
the contribution of the “almost periodic points ”:

Proposition 1. For all 0 < Ty < T, let us denote pr,r(t) = (1—pr1, ) (t) pr(¢),
where 0 < Ty < T. Then we have

Epryr,a(E,h) < C3s(T)™"h! ™ + Cys(T) " h>~¢ (12.45)
for some positive constants Cs, Cy, K3, K4.

Let us now introduce the integrated spectral density

oar(h) =Y Aj;(h) (12.46)

E;el

where I = [E’, E] is such that for some X < E' < E < \, Hy'[N,)] is a
bounded closed set in Z and E’, E are regular for Hy. We have the following
two-term Weyl asymptotics with a remainder estimate.

Theorem 5. Assume that there exist open intervals Jg and Jg: satisfying the
condition (NPC). Then we have

JA,IV(h) = (27rh)”d/ A(z)dz — (2m) "3RI~

Hy (D)

X A(2)Hy(2)dv(z) — A(2)Hy(2)dv(2)) + O (R ~n(h))
e b5

E/!

(12.47)

where n(h) = |log(k|~Y/® if sg(T) = exp(AT®) and n(h) = ke, for some
e >0, if sg(T) = (1 + T)°. Furthermore if Ig s, 5,(R) = [E + 61h, E + 62h]
with 6, < &y, then we have

S Ay = @) 46~ 6) [ A()dus + O (W 4n(R)) .
E+6,h<E;<E+8k 22
(12.48)
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Remark 5. (i) Formula 12.48 was first proved in [2], without remainder esti-
mate.

(ii) Theorem 5 is deduced from Proposition 1 by a Tauberian argument as
in [23, 27, 2)

As was done in [5], by the same technique used above it is possible to give
a semiclassical asymptotic expansion for the Wilkinson variance introduced
before. Let us first write the time-dependent representation formula

Bt s
Vioug,a) (B B, T) = 71— / / AO)F(u = t/2) (12.49)

><Tr(A Aexp—-}—i(H E+ h;))eiu"dtdu.

We know from Section 12.2 that A, := U(—u)AU(u) is a semiclassical ob-
servable, with uniform estimates for |7| < C'log(h™!). So for p as in (12.42)
(smooth with compact support) we can choose g Gaussian. It is enough to
assume that g is a smooth function such that |§(r)] < Ce~!"l/¢, for ¢ > 0
small enough (depending only on s(7T")). Then under the same conditions as
for the Gutzwiller trace formula we have

Theorem 6 (Wilkinson Trace Formula).

V(Pvg,A)(h> E7 T) = (27rh‘)_dzcx4,j (T7 ﬁa g)h'7 + Z (271.)11/2—1

i>0 YE€PE,T

(12.50)
< exp (i( 32 4+ 2T ) det(t — P2 (X (7, 5,909 o
j=20

where ca,;(T, p, g) are distributions in p supported in {0}, in particular

canlr,5.9) = 50 [ 3O CalB, )it (12.51)
where C4(E, t) is the classical autocorrelation function

Ca(B,t) = / A(2)A(B (2)dvi(2) . (12.52)

Py ]

Moreover, d;’ (1,p,9) are distributions in p with support {T.,}. In particular

a3 (r,5,9) = p(Ty) exp(—i /0 () + 7/2)du)

. (12.53)
./H{Cz(u)g(-—él - u)e“”’du.

where C}(u) = fOT: A(zytt)A(2:)dt is the autocorrelation function along 7.
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Remark 6. In [7] a similar result was found in the theory of linear response.
As a distribution in g, dJ (4, g) can be conveniently written with the Fourier
coefficient of the T¥-periodic function C (u). So we get

/H;C‘Z(u)g(u - %)ei’”du

(12.54)
_ ;_:: ;ZCX,kg(%gf + T) exp(i(zjgk + 7') %)

9
with the Fourier decomposition C (u) = L Z Clr exp( z7rk'u,).
T; k€Z ’ T;
This shows, in particular, that dj(7, 3, g) is a distribution in g supported
in the discrete set {(27k/T}) + 7, k € Z}.

12.5 Quantum ergodicity and mixing

This section revisits some results first proved by Sunada [26] and Zelditch
[29] for compact manifolds. Our presentation is somehow different and some
estimates are improved. Let us begin with a rough estimate concerning the
matrix elements A;x(h) and wj x(h). Let I = [E’, E] be an energy interval, an
observable A € O(u) for some weight p. Assume that for some M < B/ < E <
A, Hy '[N, )] is compact. Let us choose x, a smooth cutoff supported in |\, [,
such that x = 1 on I. Let us introduce the new observable A, = x(H)Ax(H).
Then starting from the equality
7 N N

7 (A Hlpj, o) = wie(R) A (R),

by induction, we get for every N > 1, |w; x(B)|V|A4;x(R)| < Cn where Cy is
independent of .

The following result, proved in [5] and following Helton’s trick, show that
a single nonperiodical trajectory disturbs very much the energy spectrum.

Theorem 7. Suppose that on X'g there exists at least one periodical classical
trajectory. Let 0 < h,, such that lir% hn = 0. Then for everye > 0 and c > 0,
n—

the set
{wjk(hn), n €N, E;,Ey € [E — chy, ¢, E + ch},¢|}

is dense in R.
Sketch of proof: For every observable A, B € O(0) and every integrable
function f, let us introduce Ay = [, f(t)Asdt where Ay = U(—t)AU(t). An

easy formal computation, assuming for simplicity that ¢; is an orthonormal
basis in L?(R?), gives
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Te(ArB) = > Az (B)Bij () F(w)k(R) - (12.55)
7.k

Assume that f(wj,k(hn)) = 0 for all 7, k, n. Taking the limit n — 400, we get
Jz A(®*(2)B(z) f(t)dtdz = 0. Using existence of one nonperiodical trajectory

we construct suitable observables such that for every smooth function k(t),
with compact support, we can get [, k(t)f(t)dt = 0, hence f = 0. O

We shall now consider some specific dynamical properties for the flow on
the energy shell X'g, equipped with the flow invariant Liouville measure. For
A € L'(Xg), let us denote its average (A)r = [;_ A(2)dg(2).

Definition 2.
(i) B¢ is ergodic on X'g if for every measurable function A on Y we have
{vVt e R,Ao®"' = A} <= {A = constant a.e on Xg}. (12.56)

(ii) @' is weakly mizing on Xg if for every A € L?(Xg) we have

Jim / Ca(E, t)dt = (A)% (12.57)

Let us introduce the unitary group in L?(Xg) defined as (U(t)A)(z)

A(®D%(2)). A consequence of spectral theory is existence, for every A € L2(Xg),
of a finite Borel measure y14 on the real axis R such that

UE)AA) g = /R ¢y, (6).

Then we have the following spectral characterizations:

{®" ergodic} <= {supp{pa} = {0} = A = constant} (12.58)
{®" weakly mixing} <= {A € L*(ZE),(A)g =0
= 14 is continuous} . (12.59)

Let us consider a small slice of energy, If = [E—ch'~¢, E—ch!~¢], where ¢ > 0.
The quantum analogue of the Liouville measure and the spectral measures for
a flow can be defined as follows.

We have SpeclH|NI; = {E1 < Ey <--- < ENE} with multiplicities and
we introduce the spectral projectors II§ of H on If so that Tr(IIf) = Ni.
Using Weyl asymptotics, it is not difficult to prove, for every € > 0,

1 ; _
i S Te(TA) = | A)dop (). (12.60)
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It is well known that we can modify the quantization A with an error
O(h) such that A — A;; is a positive Radon measure. This is done by
taking Aj; = (OpE¥Ayj,p;), where Opg® is the anti-Wick quantization,
easily defined using coherent states analysis of Section 12.1: Opi¥n(q) =
(2mh)~¢ [, A(2)(n,¥.)1:(q)dz. So we can write A;;(h) = [, Adv;(z) where
dv; is a probability measure on Z. Then, for every € > 0, we have for the
weak convergence of measures

lim — Y dv; =dvg. (12.61)

We can also define, modulo O(h°°), the Borel measures dmg 5,

[10aman®) =5z ¥ fea®aa®r. (262

h E; EveIt

We also have
1 ~ o
Taking the classical limit we have the weak convergence of dma s to dpa,

timy [ 1@)dman® = [ F©)dnao). (12.64)

The ergodic quantum theorem can be stated as follows:

Theorem 8. Let us assume here € = 0 and denote Np = Ny, Ip = I). If the
classical system is ergodz‘c on X, then we have

lim — /Ava A)E =0. (12.65)
{E;€ln}
Furthermore, we have some estimate on the rate of classical ergodicity, and if

the (NPC) condition is fulfilled, then we get a control of the quantum ergod-
icity. So let us assume that for some 0 < a <1 we have

T 2
/ ]i / A (2))dt — (A) 5| dvs(z) = OT~); (12.66)
Ye 2r -T
then there exists C > 0 such that
+~ | / Adv; — (A)] * < Cllog(R)|° . (12.67)
{E eln}

The inverse problem was discussed by Supada [26] and Zelditch [29]. It is
still open. But a partial result can be proved by considering contribution of
nearby nondiagonal matrix elements.
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Theorem 9. Let us assume that the condition (NPC) 1is satisfied. Then
the classical flow is ergodic on Xg if and only if for every A € O(0)
such that (A)g = 0 and every a :|0,1] —]0,+oo[ such that }iir%a(h) =0,

fl_lin}) a(h)|log(h)| = +o0, we have

lim — Y |A;(B)* =0. (12.68)
{E €Iy,
lwjk(R)|<e(R)}

We can also get a similar result for weak-mixing systems.

Theorem 10. Let us assume that the condition (NPC) is satisfied. Then
the classical flow is weakly-mizing on Xg if and only if for every A € R,
every A € O(0) such that (A)g = 0 and every « :]0,1] —]0,+oo[ such that
%il% a(h) =0, rl_Ll_I'I%) a(h)|log(h)| = +o0, we have

lim — > lAp®mP =o0. (12.69)

{Ej€ly,
lwjk (B =AISa(h)}

The starting points to prove these results are the following trace formulae.
For the ergodic case we use

— 2 . 2
> lAjk(ﬁ)MT(wjk(ﬁ))‘ =Tr (AMT) (12.70)
{E;,Ex€ln}
with Mr(u) = 55I_7,7) and for the weak-mixing case,

Y MAnmPMP @) - ) = Te( [ ¢ Aedyg (0dt) (1270
{E;,Br€ln} R

with MT(?) = Myt x M7 (% denotes the convolution product). Then the two
theorems are proved by computing the semiclassical limits of the right-hand
side carefully. O

Remark 7. The definition of quantum ergodicity or quantum weak mixing pro-
posed by Sunada and Zelditch is property (12.65) or (12.69) with a(k) = 0.
It is not known if these definitions are equivalent to the classical ones.

Acknowledgment. The author thanks M. Combescure for her comments on
this paper.
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Nonlinear Time-dependent Schrodinger
Equations with Double-Well Potential
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1-41100 Modena, Italy

Summary. We consider a class of Schrédinger equations with a symmetric double-
well potential and a nonlinear perturbation. We show that, under certain conditions,
the reduction of the time-dependent equation to a two-mode equation gives the
dominant term of the solution with a precise estimate of the error.

13.1 Introduction

Recently the nonlinear time-dependent Schrédinger equation (hereafter NLS)

hSY = [—-R2A+ V] Y +efy), eeR
{Z 5 = | Joterp, e c€R™, n>1,  (13.1)

Y(t, x)|e=0 = YO(z)

where V = V(z) is a given potential and ef (|1, z) is a nonlinear perturbation
with strength €, has received an increasing interest. Indeed, applications of
such an equation can be found in many fields: laser physics, optical fibers,
dynamics of chemical reactions and bosonic matters, to name some of them.
More precisely, the nonlinear Schrodinger equation arises in various physical
contexts concerning nonlinear waves, such as propagation of a laser beam
in a medium whose index of reflection is sensitive to the wave amplitude,
water waves at the free surface and plasma waves [13]. NLS also appears in
the description of the Bose—Einstein condensates, a context where (13.1) is
often called the Gross-Pitaevskii equation [1], and in the description of the
localization effect in a pyramidal molecule like ammonia N Hj [8], [15].

The last few years have witnessed a rapid development in research on
NLS-related applications, and this has created an enormous number of new
mathematical problems for mathematicians. Despite such a large interest the
theoretical treatment of these equations is very far from complete, in fact
it practically begins with the seminal work by Ginibre and Velo [4], and,
when the potential V' is not zero, very few rigorous results for the study

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics
© Birkhiuser Boston 2004
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of the solution of the time-dependent equation (13.1) exist. In fact, these
results concern the existence of solutions asymptotically given by solitary
wave functions when the discrete spectrum of the linear Schréodinger operator
has only one nondegenerate eigenvalue [14], [17].

In this paper 1 summarize some recent results [6], [11], [12] where we
consider the NLS equation of the form (13.1) with a symmetric double-well
potential, that is,

Viz', —z,) =V(z',zn), o= (2 ,2,), ¥ € R, 2z, €R. (13.2)

In particular, we prove that the beating motion, usually observed in the
linear Schrédinger equation with a double-well potential, disappears when
the strength of the nonlinear term is larger than a critical value. In order to
be more precise let us briefly recall the basic notion of beating motion for a
double-well Schrédinger equation. Let E, < E_ be the two lowest eigenvalues
of H, where H is the linear operator formally defined on L?(R",dz) as

— 2 _E

j=1

with associated normalized eigenvectors ¢ and ¢_. By means of a suitable
choice of gauge we can always choose the eigenvectors such that they are
real-valued and

pi(a’, £20) = £ (2, zn).
If the state v is initially prepared on the first two states, i.e.,
Iy° =0

where II. denotes the projector operator defined as

Ho=1-1_ -1, = {px, )P+, (13.3)
then equation (13.1) has a solution given by

W(t,z) = cre i Bt/hy 4o emiB-t/R,
and the center of mass of the wavefunction v, defined as

(9) = (¥(t,-), (Yo (2, ),

is a periodic function with period

E_—-FE
7" =Pt
w 2
Here, g € L?(R",dz) is any bounded function such that g(z’,-z,) =
—g(z’, z,,), that locally it behaves like =,,. In particular, the center of mass
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periodically assumes positive and negative values, that is we observe the so-
called beating motion of the wavefunction.

The question we discuss in this work is the following one: is such a beat-
ing motion still present when we restore the nonlinear term? This problem,
as we’ll see later, plays a basic role in understanding the localization effect
for some relevant physical systems, e.g., existence of chiral configurations in
symmetrical molecules like ammonia.

We emphasize that the unit time, for our purposes, is the beating period
T. Hence, we will introduce a slow time defined as

tw
= (13.4)

In this paper we will show that, under certain circumstances, when the
nonlinear parameter € is larger than a critical value, then the beating motion
disappears and the wavefunction 1) remains essentially localized within one of
the two wells. This result follows from the asymptotic behavior of the solution
of equation (13.1) in the semiclassical limit, with a precise estimate of the error
uniformly in the interval 7 € [0, 7'] for any fixed 7'.

13.2 Description of the model

Here, we essentially study the NLS equation (13.1) having in mind two appli-
cations: the description of the inversion motion of pyramidal molecules and
the dynamics of Bose—Einstein condensate states trapped in a double-well
potential.

13.2.1 Inversion motion of pyramidal molecules

The existence of a well-defined molecular structure for a symmetric molecule is
an old and ongoing problem in chemistry [15]. It was clear from the beginning
that the action of the environment would be the basic cause of this effect, since
from a quantum mechanics point of view an isolated symmetric molecule has
no structure.

As a particularly interesting example, we have pyramidal molecules such
as ammonia, N Hz. Such molecules should have a pyramidal structure with the
nuclei H in a triangular basis and the nucleus N in a vertex; the chirality will
depend on the choice of the vertex. Quantum mechanics predicts symmetrical
molecules with the nucleus N delocalized in both vertices. Indeed, in the
Bohr-Oppenheimer approximation the nucleus N is affected by a double-well
potential, and we have even and odd stationary states and beating states. In
fact, physically we always observe the structure of a pyramidal molecule for
pressure large enough.

Davies [2] suggested a nonlinear Stark-type model in order to consider the
interaction of a single molecule with the other molecules of a given gas. In
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the mean field approximation this term could be described by means of the
effective potential depending on the wavefunction itself [5], [8], [9]:

f= f(l'l»b‘) = €<g)g, <g) = <¢7g¢>, € €R, (135)

where g is a bounded odd function, g(z’, —z,) = —g(z’,z,), (g) measures
the dipole of the molecule and € measures the strength of the dipole-dipole
interaction. Hence, the inversion motion of the atom N is described by means
of an NLS equation of the form

ih%ﬁ—) = [-R2A+V(z) + (v, g¥)g(z)] ¥ (13.6)

Here, we prove that the beating motion of the center of mass, defined by (g},
disappears when the nonlinear strength is larger than a critical value, giving
so the chiral configuration of the ammonia molecule.

13.2.2 Bose-Einstein condensate states in a double-well trap

Bose-Einstein condensation (BEC), predicted more than 70 years ago, obeys
an NLS equation, known in the literature as the Gross—Pitaevskii equation
[1], of the form

%%/’ = [-R2A+ V(z) + el]?] . (13.7)

In the case of two Bose—Einstein condensates, under the effect of a double-well
trap with a barrier between the two condensates, an interesting application is
the possible occurrence of Josephson-type effects [10]. Usually, the description
of the dynamics for a Bose-Einstein condensate in a double-well trap is re-
duced to a nonlinear two-mode equation for the time-dependent amplitudes,
which admits explicit solution. Here, we put on a full rigorous basis the re-
sults obtained by [10] in the two-level approximation giving the proof of the
stability of such a reduction.

ih

13.3 Assumptions and parameters

We assume that the double-well potential V (z) is a function regular enough
satisfying the condition (13.2) and with two (nondegenerate) minima at z4 =
(0, £d), d > 0, such that V(z) > V(z+), Yz # x4; moreover, we assume also
that V(z) has the following behavior at infinity:

liminf V(z) > V(z4).

|| —o0

Hence, the discrete spectrum of the linear Schrédinger operator H is not
empty if i is small enough.
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In this paper we consider the semiclassical limit of the NLS equation (13.1)
where the actual semiclassical parameter is the splitting w <« 1 between the
two wells. More precisely, we consider the simultaneous limit of small splitting

w—0 (13.8)
and small nonlinear perturbation strength
e—0
such that the effective nonlinearity parameter defined as
n= gf = 0(1) (13.9)

goes to a constant, where ¢ will be defined later in equation (13.24).

The condition (13.8) could be obtained in different ways: we take the limit
of ki that goes to zero and fixed double-well potential [6], [12], or we fix i =1
and we consider the limit of a large barrier between the two wells [11]. In
fact, it is well known that the splitting w satisfies the asymptotic behavior
w = O(e~?/") where p is the Agmon distance between the two wells.

13.4 Main result

Our main result is the following one.

Proposition. Let ¢¥° be such that
I ° =0 (13.10)

where II. is the projection operator defined in (13.3). In the semiclassical
limit (18.9) the destruction of the beating motion follows for any value of the
effective nonlinearity parameter n larger than a critical value.

Remark. From this fact and since the nonlinear strength is directly related
to the pressure of the ammonia gas [8], it follows that this model is able
to describe the appearance of chiral configuration for the ammonia molecule
when the gas pressure is larger than a critical value.

Remark. In the semiclassical limit of small # and fixed double-well potential
the above proposition holds for any dimension d > 1 if the nonlinear per-
turbation is given by (13.5) [6]. In contrast, in the case of a BEC-type NLS
equation (13.7) the above proposition holds for dimension d = 1 [12].
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Remark. In the case of fixed A and in the limit of a large barrier between the
two wells we have to introduce some further assumptions [11]; more precisely,
we assume that the discrete spectrum of the linear operator consists of only
two nondegenerate eigenvalues and that the dissipative estimate of the type

e~ ]|, < CT1 + 11~ C 3 gl (13.11)

for any p and p’, i— + 2L =1and 2 < p < oo, and where C is a positive
constant, uniformly hofds. For such a reason we have to assume that the
dimension should be d =1 or d = 3.

13.5 Idea of the proof

Here, for the sake of definiteness, we restrict ourselves to the one-dimensional
semiclassical limit of the BEC-type NLS equation

iR = R 5% + V(2)p(2) + el
{’(ﬁ(?fﬂ?)]t:o =6¢0(a:), T =0 , z€R, i1, (13.12)

where the actual semiclassical parameter is the splitting w and the effective
nonlinearity parameter is given by 7: where

—cf = — —p/h
n=c- O(1) and w O(e ), as h—0,

for some p > 0. We refer to [12] for details.

The proof is organized in three different steps. In the first step we give the
global existence of the solution of the time-dependent Schrédinger equation
and we prove some useful conservation laws and a priori estimates of the
solution. In the second step we give the explicit solution of the two-level
approximation obtained by means of the restriction of the complete equation
to a bi-dimensional space. Finally, in the third step, we prove the stability
of the two-level approximation. Let us emphasize that the first two steps
make use of some standard techniques of nonlinear operator theory and of
nonlinear dynamical system theory. In contrast, the third step makes use of
some particular Gronwall-type estimates on the evolution operator applied to
the nonlinear term.

13.5.1 Global existence of the solution and conservation laws

Here, we prove that the Cauchy problem (13.12) admits a solution for all time
provided that the strength e of the nonlinear perturbation is small enough.
Moreover, we prove an a priori estimate of the solution 1.

The following results hold.

Theorem 1. There exist i* > 0 and ¢g > 0 such that for any h € (0, *]
and € € [—ep, €], then the Cauchy problem (15.12) admits a unique solution
P(t,x) € H' for any t € R. Moreover, we have conservation of the norm
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() = 1° Ol =1, (13.13)

conservation of the energy

E(yp) =1 + (Ve ) + zel ¥2)* = E(¥), (13.14)

and the following estimates
_ 1
[¢l, < Ch™ %, Vp € [2,+0c0], and Hg—i’” <Ch2  (13.15)

for some positive constant C independent of t and k.

Proof. The first part of the theorem is an immediate consequence of the as-
sumption on ¥° where

,‘/JO = C1¥1 + Ca2 € Hl? C1,2 = <¢0a()01,2>7

since the two eigenvectors (7 2 € H'. Therefore, existence of the global solu-
tion 9 € C(R, H') and the conservation laws (13.13) and (13.14) follow from
known results (see, e.g., [14] and the references therein) for any € > 0 (repulsive
nonlinear perturbation) and for any € € (—ep,0) for some ¢g > 0 (attractive
nonlinear perturbation). The proof of the estimate (13.15) is a consequence of
the conservation of the energy functional and from the Gagliardo—Nirenberg
inequality. Indeed, the conservation of the energy functional gives that

2

x|+ dsign(alll 22 < 40°
where
X=p¥, p= Id;/z <1, k= % A= ———E(wo)k; Vi, =1,
from which it follows that
H@_X < P21+ 3112 = %141 + 3 lIxll3- (13.16)
oz|| — 2 24l

Now, we make use of the Gagliardo-Nirenberg inequality (see, for instance,

[16])

ox||?
Ixl352 < Cllz| IxI**e, Vo >0, (13.17)
which gives, for o = 1, the estimate
Ox dx
4 < YX 3 oX 3
s < ¢ |1 < o |3 o




166 A. Sacchetti

since ||x|| = p||¥| = p and [[¢|| = 1. By inserting this inequality in (13.16) it
follows that gf satisfies

for any ¢ € R. From (13.18) immediately follows that

<p 4] + Cp®

9x “ (13.18)

“ X < Vidloa o), as p—o.

Hence, ”%ﬁ” < C+/|4| and, from (13.17), we have that

o/p
el < © Hg_j < C|A|-D /4

where we choose now o = 2;—2-, ie., p=20+2. O

13.5.2 Two-level approximation

Let us make the substitution ¢ — e~#?*/%), and let us introduce the slow time
defined in (13.4}, hence equation (13.12) takes the form (let us still denote,
with abuse of notation, the solution by )

i = (H — Q)¢ + |y, ¢(z,0) = ¢°(z), (13.19)

where / denotes the derivative with respect to the slow time 7. Let us write
the solution of this equation in the form

¥(7,2) = ar(T)¢r(x) + ar(T)er(z) + Ye(T, 7), (13.20)

where ag(7) and ar(7) are unknown complex-valued functions depending on
the slow time 7 and . = Il 1, II. is the projection onto the space orthogonal
to the two-dimensional space spanned by the two ”single-well” states ¢z and

$r, ie.,

<1/JC’ 90R> = <"/Jc, $0L> = 0.

By substituting ¢ by (13.20) in equation (13.19) we obtain that ag, ar and
1. must satisfy the system of differential equations

iah = fr (13.21)
iwpy = (H — 2)pe + el ||,

where
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fr = —ar+ —(¢r,[W*Y) = —ar +nlarl’ar + “rr,  (13.22)
fo=—an+ “(en W) = —ap +nloPar + Srr (13.23)

and
¢ = [l9Rl® = P11 = O(h™), (13.24)
and where rp and rp are given by

©r, [V[*¥) — laklar(or, lor[*0R)

TR = (
= (pr, [V%0L) + ar{ler|?, |9L]* + arYROL + GRPROL),
= (
= (

rL = (e, [¥|*¥) — lai lar{pL, loLeL)
oL, [V12¢r) +ar(leLl® |6r]> + aLeLdr + ALPLOR),
where
¢r =arpr +Y. and ¢r=arpr+ Y-

We denote by two-level approximation the solutions bgr and b, of the sys-
tem of ordinary differential equations

ibl, = —br + 1|br|*br ec
’ b 0)=a 0 , =, 13.25

obtained by neglecting the remainder terms rg and 7, in (13.22) and (13.23).
It is easy to see that the solution of this system satisfies the conservation law

br(7)? + b (7)| = [bR(O)I? + |bL(0)]*

— lar(O)? + Jaz(0)? = 1, (13.26)

and, moreover, it is also possible to explicitly compute the solution of (13.25)
by means of elliptic functions. In particular, let us introduce the imbalance
function and the relative phase, respectively defined as

2(1) = |br(T)* — |br(7)|?
0(r) = arglbr(7)] — arglbr(7)] -

Then it follows that these two functions have to satisfy the system of ordinary
differential equations

(13.27)

2’ =2v/1 — 22sin6

0 = —% cosf — nz,
-z

which admits the conservation law
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I=+/1-22cos6 — Ln2?. (13.28)
Hence, z(7) satisfies the differential equation of the first order
()% = 4(1 - 2%) — 4 (I + 1nz?)?,

solution of which is given by means of the elliptic Jacobian functions (see
§7.10 [3]):

( Acn [An(T — 10)/2k, k], ifk <1,
7 Adn[An(r —70)/2,1/K], k> 1,

where 79 depends on the initial condition,

2./2 1/2
A=—:7£ [\/%n2+1+177—(1+%1n)] ,

and

1
1 1tafn
2
Vit +1+1In

We emphasize that z(7) periodically assumes positive and negative values if,
and only if, k < 1.

k2 = (13.29)

13.5.3 Stability of the two-level approximation

Our main result consists in proving the stability of the two-level approximation
when we restore the remainder terms rg and 7z, in equation (13.25).
We prove that:

Theorem 2. Let ¢, = II.¢, ar(r) = (¢, pr) and ar (1) = (Y, L), where ¢
is the solution of equation (13.19), let br(T) and br(7) be the solution of the
system of ordinary differential equations (13.25). Let € satisfy the condition
(13.9). Then, for any 7' > 0 there exists a positive constant C' independent of
€, h and T such that:

br.L(T) — arL(T) < Ce """ and ||¢(-,7)|| < Ce C* " (13.30)
for any h € (0, k*] and for any 7 € [0,7'].

Proof. For the sake of simplicity, hereafter, let us drop the parameters where
this does not cause misunderstanding. The equations (13.21) and (13.25) can
be written as

A'=F(A)+ R and B =F(B), A(0)= B(0)=a(0), (13.31)
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where A, B € S%, 5% = {(21,22) € C? : |21]|? + |22)? < 1}, are defined as

a=(ar) m=(r) =5 (00).
ar br w\TL

[ —ar +nlar|*ar
F(A) = —i ar .
(4) (—aR+7I|aLI2aL
By definition it immediately follows that the function F' : S — C? satisfies
the Lipschitz condition:

|F(A) — F(B)| < LIA—B|, L=1+3n. (13.32)

We give now the following estimate of the norm of the remainder term ..
Let

B = max]ce,w] = wmax[l,n] ~ e P/"

where 7 is the nonlinearity parameter defined in (13.9). Let ¢, = II.¢) where
1) is the solution of equation (13.19); it satisfies the following uniform estimate

el < CAR=3/2 [explCTh /% +1], VreR, (13.33)

for some positive constant C independent of &, € and ¢.

We emphasize that here we actually make use of the essential assumption
on the dimension d = 1; for the proof of this result we refer to [12].

From this inequality, by the definition of the remainder terms rg ; and
from the fact that any vector g and ¢y, is practically localized on just one
well, it immediately follows that for any fixed 7/ > 0 there exists C > 0 such
that

max [|rg|, [rr]] < CBR2eC" 7 vre [0,7'].

In fact, let us only consider the term |rg|, the other term [rz| could be treated
in the same way. By definition and since max|[|ag|,|ar|] < 1, it follows that

Irrl < + |[(er®L, [¥%)] (13.34)
+ [(prlV )| (13.35)
+ [{lerl?, 1L* + arprOL + GRPROL)| (13.36)

and we estimate separately each term. Indeed, one has that (for the details
see [12] again)

[{orer 1Y) < llerdLllc - 197l < Cw,
_ —1/2
Kerl®l?, ve)| < llerlloo - 1971 - lltbell < CBR™2e"

and
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Klorl? [9L)? + arprdL + @r@réL)|
< C [lererllo + 19 lcolltell? + llereLlloolltel]] < Cw.

Collecting all these results we finally obtain the estimate of the remainder
term rg.

The proof of the theorem is almost done. Indeed, equations (13.31) can be
rewritten in the integral form:

A(r) = A(0) + /OT F[A(s)]ds + /OT Rds
and
B(r) = B(0) +/0 F[B(s)]ds,

from which it follows that for any 7 € [0, 7],

|A(r) - B(r)| < / " |FIA(s)] - FIB(s)]| ds + / " |Rlds
—1/2

T —-2,Ch
Sa/ |A(s) — B(s)|ds + br, a =L, bzcﬂ%__
0

from the previous estimates. From this inequality and by means of Gronwall’s
lemma [7] we finally obtain that
C eﬁh‘zec’i_”2
A(r)—-B(r)| < =22 =
A(r) - B < 2

proving (13.30), since

w+te€ w+e€
<L=1+3n<C ,
Cw — tons w
for some C’ > 0, which implies that E@J < C for some C > 0. |

13.6 Destruction of the beating motion for large
nonlinearity

Let us consider the motion of the center of mass defined here as
(o) = o) = [ o(@)vir,)da

where g € C(R)NL?(R) is a given bounded function such that g(—z) = —g(z).
We have that
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Fig. 13.1. Destruction of the beating motion of the center of mass for nonlinearity
larger than a critical value. Here, we plot the imbalance function z(7) for different
values of the nonlinearity parameter 7. For = 0 (point line) and = 3.8 (broken
line) we still have a beating motion; in contrast for n larger than the critical value
4, e.g., n = 6.5 (full line), the beating motion is forbidden.

(9)" = gollar(r)? = lar (D] +7, g0 = (¢r,9¢R),

where the remainder term r satisfies the uniform estimate

Ir| = 2|R [araL(X¢r, pr) + (X9, ¥c)]|
< 2[llereLllso + I Xloo 19 lltel]
< Ce~", vrelo,r].

If we denote by z(7) the imbalance function defined in (13.29), then in the
semiclassical limit it follows that

|aR(T)'2 - IaL(T)|2 ~ Z(T)> Vre [Oa Tl]a
hence
(g>T ~ gOz(T)7 VT € [O’T,]’

Then we have that:
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Theorem 3. Let k? be defined as in (13.29), which depends on the initial
wavefunction ¥°. For any 7 > 0 fized and in the semiclassical limit, the
function (X)™ is, up to a small remainder term, a periodic function for any
7 € [0,7']. In particular, if:

i) k% < 1, then (g)" periodically assumes positive and negative values (i.e.,
the beating motion still persists);
i) k% > 1, then (g9)7 has a definite sign (i.e., the beating motion is forbidden).

Remark. Let us close by emphsizing that when the wavefunction is initially
prepared on just one well, e.g., ¥° = ¢g, then

I:—%n and kz——:%n?

Therefore, from the theorem above it follows that for |n| larger than the crit-
ical value 4, the beating motion is forbidden (see, for instance, Fig. 13.1, for
different values of n: n = 0, 3.8 and 6.5) proving thereby the proposition.
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Summary. This paper presents two unconventional links between quantum and
classical physics. The first link appears in the study of quantum cryptography. In the
presence of a spy, the quantum correlations shared by Alice and Bob are imperfect.
One can either process the quantum information, recover perfect correlations and
finally measure the quantum systems; or, one can perform the measurements first
and then process the classical information. These two procedures tolerate exactly the
same error rate for a wide class of attacks by the spy. The second link is drawn be-
tween the quantum notions of “no-cloning theorem” and “weak-measurements with
post-selection”, and simple experiments using classical polarized light and ordinary
telecom devices.

14.1 Introduction

The boundary between classical and quantum physics is a fascinating region,
that in my opinion, in spite of several important explorations, has not delivered
its deepest treasures. I will try to motivate this optimistic view on the future of
research in physics by presenting some remarkable links between “quantum”
and “classical” physics.

We have often read in old textbooks or popular books that quantum
physics is the physics of the “infinitely small”, while the “everyday world”
is governed by classical physics. This might be considered, and probably is, a
very naive view. Bohr maintained that the distinction between the classical
measurement device and the quantum measured system is arbitrary but is
necessary for our understanding. The current view of the physicists working
in the field, is that everything is quantum, the classicality emerging through
interactions (the “everyday world” appears then to be classical because of the
huge amount of interacting particles involved). This last view, the emergence
of classical behavior simply because of interaction, is nowadays unchallenged
by observation: no phenomenon can be produced as an evidence of its false-

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics
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ness. Thus, it is a satisfactory description for any practical purpose, although
one may question its validity as a Weltanschauung.

The links between “classical” and “quantum” that am I going to present
here are of a different nature: they do not seem to arise simply from many
interacting quantum objects that together exhibit classical behavior. The first
link (Section 14.2) deals with quantum cryptography'. The second link (Sec-
tion 14.3) shows how typical “quantum” notions (namely, the no-cloning the-
orem and the idea of weak measurements with post-selection) manifest them-
selves in phenomena that can be described using an entirely classical theory
of light, and that can be revealed using the devices of ordinary telecommuni-
cation networks.

14.2 Classical bounds in quantum cryptography

Quantum cryptography is nowadays the most developed application of quan-
tum information theory [9]. A more exact name for quantum cryptography
would be quantum key distribution (QKD): the goal of the quantum processing
is to establish a secret key between two distant partners, Alice and Bob, avoid-
ing the attacks of a possible eavesdropper Eve. Once a common secret key is
established, Alice and Bob will encode the message using classical secret-key
protocols, known to be unbreakable even if the message is sent on a public
authenticated channel.

Fig. 14.1. The scheme of the QKD implementation with entangled states. Alice
prepares a maximally entangled state |®). She measures one particle (here, a two-
level system) and forwards the other one to Bob. The spy Eve accesses the quantum
channel and tries to obtain some information by interacting with the flying particle.

We describe (Fig. 14.1) an implementation of QKD that uses a source of
entangled states, and for clarity we speak of two-dimensional quantum systems
(qubits). Alice has a source that produces a pair of qubits in the maximally
entangled state

! This was the topic of my talk during the Workshop Multiscale Methods in Quan-
tum Mechanics, Rome, 16-20 December, 2002.
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B ap = = (1+2)®|+2)+] -2 ®|—2)

V2

= Z(+08l+a) - |- 8|-m). (14.1)
She keeps one qubit and forwards the other one to Bob. In the absence of Eve:
(i) if Alice and Bob measure the same observable, either o, or o,, they obtain
the same result, the same random bit; (ii) if one of the partners measures
o, and the other o, they obtain completely uncorrelated random bits. This
protocol is repeated a large number of times. At the end, the items in which
Alice and Bob have performed different measurements are discarded later by
public communication on the classical channel, leaving Alice and Bob with a
list of perfectly correlated random bits: the secret key. This is what happens
in the absence of the spy.

Eve can in principle do whatever she wants on the quantum channel. The
security of QKD comes from the fact that, since any measurement or interac-
tion perturbs the state, Eve’s intervention cannot pass unnoticed: Alice and
Bob know that someone is spying. Two situations are then possible. (I) Eve
has got a “small” amount of information; in this case, Alice and Bob can
process their data in order to obtain a shorter but completely secret key. Such
classical protocols are the object of important studies in classical information
theory. (II) Eve has got “too much” information; then Alice and Bob discard
the whole key. This may seem a failure, but it is not: it simply means that
the spy has no other alternative than cutting the channel and forbid any com-
munication; and this achieves the goal of cryptography, because no encrypted
message is ever sent that the spy could decode.

It is then important to quantify the words “small” and “too much” in the
previous discussion: what is the amount of Eve’s information that Alice and
Bob can tolerate, that is, at what critical value are they obliged to discard
the whole key? Here is where remarkable links appear between classical and
quantum information.

¥(A,B,E) —> ®(A,B)y(E)

!

P(A,B,E) ——» P’(A,B)P(E)

Fig. 14.2. Possible ways for the extraction of a secret key. One starts from a global
quantum state ¥(A, B, F) of Alice, Bob and Eve, and wants to end up with a clas-
sical secret key P’(A, B)P(E) with P'(A = B) = 1. Horizontal arrows: distillation,
quantum or classical; vertical arrows: measurement of the quantum system, leading
to a classical probability distribution.
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We refer to Fig. 14.2. Because of Eve’s intervention, before any measure-
ment the quantum system is in a three-party entangled state of Alice-Bob-Eve,
¥ 4pg. Alice and Bob on their own share the mixed state pap, obtained from
Vg by partial trace on Eve’s system. Two procedures are then possible:

(a) The one that we described above: all the partners make a measure-
ment, ending in a classical probability distribution P(A, B, E). Then, Alice
and Bob apply classical protocols (advantage distillation) in order to extract a
shorter secret key, that is, a shorter list of bits distributed according to a new
distribution P’(A, B)P’(E) in which Eve is uncorrelated and P'(A = B) = 1.

(b) If the state p g is entangled, Alice and Bob can delay any measurement
and process many copies of pap, to obtain a smaller number of copies of
|®) 45 —and in this case, automatically Eve is uncorrelated. This procedure
is known as entanglement distillation, and is one of the fundamental processes
of quantum information. Once Alice and Bob have |®) 4,5, the measurement
provides them immediately with the secret key.

Having understood this, we can state the main results that have been
obtained:

e Classical advantage distillation of P(A, B, E) is possible for bits if and only
if quantum entanglement distillation is possible for the state pap (which
is equivalent to asking that pap be entangled in the case of qubits). This
was demonstrated by Gisin and Wolf when Eve uses the so-called optimal
individual attack [10], and has been recently extended to all individual
attacks [1].

e The same holds for dits (d-valued random variables) and qudits (d-
dimensional quantum systems), under Eve’s individual attack that is sup-
posed to be the optimal one [2, 6]. The demonstration is more involved
because not all entangled states of two qudits are distillable.

e If psap is entangled enough to violate a Bell inequality, then a secret key
can be extracted from P(A, B, E) in an efficient way, that is, using only
one-way communication. This was first proved in Ref. [8]; for the state-of-
the-question, see [2]. A similar result holds for a multi-partite scheme of
key distribution known as “quantum secret sharing” [11].

Mainly because Eve’s optimal attack is not generally known, there are
still several open questions. The most important ones are reviewed in the last
section of Ref. [2].

This concludes my first “unconventional” link between the classical and
the quantum worlds: at the level of information processing, specifically of the
extraction of a secret key from an initially noisy distribution/state, the critical
parameters are exactly the same, irrespective whether the purification of the
correlations is performed at the quantum or at the classical level. Moreover, a
typically quantum feature such as the violation of Bell’s inequalities is related
to the efficiency of the classical key-extraction procedure.
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14.3 Quantum physicists meet telecom engineers

This section is devoted to another kind of unconventional link between the
classical and the quantum world. I prefer to let the examples speak first and
draw my conclusions later.

14.3.1 No-cloning theorem

The first example concerns the no-cloning theorem, a well-known primitive
concept of quantum information [14]. In its basic form, it states that no evo-
lution (or more generally, no trace-preserving completely positive map) can
bring |¢) ® |0) onto |¥) ® |¢) for an unknown state |1)).

This no-go theorem has motivated the search for an optimal quantum
cloner: given that perfect cloning is impossible, what is the best one can do?
Optimal cloners have indeed been found and widely studied; all the meaning-
ful references can be found in any basic text on quantum information, e.g.,
[4]. In the course of these investigations, a sharp link has been found between
optimal cloning and the well-known phenomenon of amplification of light [12]:
stimulated emission of light in a given mode (perfect amplification, or cloning)
cannot be done without spontaneous emission (random amplification). Sup-
pose that N photons enter an amplifier, and at the output one selects the cases
in which exactly M > N photons are found: it turns out that this process
realizes the optimal quantum cloning from N to M copies. The fidelity of the
amplification is the ratio between the mean number of photons found in the
initial mode (i.e., the mean number of correct copies) and the total number
of copies, M here. The optimal fidelity is found to be

pt _ MN+M+N
We realized an experimental demonstration of optimal cloning using the prin-
ciple just described to clone the polarization of light [7]. Polarized light of
intensity p;n is sent into a conventional fiber amplifier (exactly as those that
are used in telecommunications); at the output, we have an intensity fioy:; we
separate the input polarization mode from its orthogonal, and measure the
fidelity. The theoretical prediction for this experiment is

N Qliout Min + Hout + Hin
Frlrin—tions = 14.3
Min—Hout Q,ufout/"/i'n, + z;u'out ( )

where @@ € [0,1] is a parameter related to the quality of the amplification
process. The experimental results are in excellent agreement (Fig. 14.3).

It is striking to notice that for @ = 1, formula (14.3) is exactly the same
as (14.2). Its meaning is however rather different. In our experiment, every-
thing 1s classical: the laser light is in a coherent state, therefore it can be
described by a classical field; the amplifier is “classical” in the sense that it
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transforms coherent states into coherent states. The quantities p;, and pout
that appear in eq.(14.3) are not photon numbers as the N and M of eq. (14.2),
but mean values, that have been measured using an intensity detector. As 1

said above, all the devices (source, fibers, amplifier, detectors) are typical of
telecom engineering.
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Fig. 14.3. Inset: piou: as a function of y;y; the linear fit shows that we are far from
the saturation of the amplifier. Main figure: fidelity as a function of pin. Solid line:
Q = 0.8, best fit with eq. (14.3). Dotted lines: upper: @ = 1 (optimal cloning); lower:
Q = 0 (no cloning). From Ref. [7].

14.3.2 Weak measurements with post-selection

The second example is related to the meaning and physics of the measurement
process, a widely debated topic of the foundations of quantum mechanics. In
this context, Aharonov, Vaidman and others introduced the notion of weak
measurement with post-selection [3], sometimes called the “two-state formal-
ism” of quantum mechanics. The authors’ intention in studying this formalism
is strongly motivated by interpretational issues; that is why most physicists
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tend to look at these concepts as artificial ones, introduced on purpose, and
that do not add anything to physics itself. To date, apart from some exper-
iments that were designed on purpose, only some complex tunnelling phe-
nomena and a puzzling result of a cavity-QED experiment [13] had received
clarification through this formalism.

We have found however [5] that this formalism does apply to something
that exists and is extremely widespread: once again, the optical telecommu-
nication network. Telecom engineers are performing weak measurements with
post-selection in basically all that they do! A modern optical network is com-
posed of different devices connected through optical fibers. With respect to po-
larization, two main physical effects are present. The first one is polarization-
mode dispersion (PMD): due to birefringency, different polarization modes
propagate with different velocities; in particular, the fastest and the slowest
polarization modes are orthogonal. PMD is the most important polarization
effect in the fibers. The second effect is polarization-dependent loss (PDL),
that is, different polarization modes are differently attenuated. PDL is negli-
gible in fibers, but is important in devices like amplifiers, wavelength-division
multiplexing couplers, isolators, circulators etc.

‘ ot
‘ PMD fiber ﬂ.& TOA

Fig. 14.4. When a polarized pulse passes through a PMD fiber, the polarization
mode H (parallel to the birefringency axis in the Poincaré sphere) and its orthog-
onal V are separated in time. A measurement of the time-of-arrival (TOA) is a
measurement, strong or weak, of the polarization.

The first piece of the connection we want to point out is the following: a
PMD element performs a measurement of polarization on light pulses (Fig.
14.4). In fact, PMD leads to a separation §7 of two orthogonal polarization
modes in time. If 67 is larger than the pulse width t., the measurement of the
time of arrival is equivalent to the measurement of polarization —PMD acts
then as a “temporal polarizing beam-splitter”. However, in the usual telecom
regime §7 is much smaller than t.. In this case, the time of arrival does not
achieve a complete discrimination between two orthogonal polarization modes
anymore; but still, some information about the polarization of the input pulse
is encoded in the modified temporal shape of the output pulse. We are in
a regime of weak measurement of the polarization. The formulae introduced
by Aharonov and co-workers are recovered by measuring the mean time of
arrival, that is, the “center of mass” of the output pulse.

The second piece of the connection defines the role of PDL: a PDL ele-
ment performs a post-selection of some polarization modes. Far from being an
artificial ingredient, post-selection of some modes is the most natural situa-
tion in the presence of losses: one does always post-select those photons that
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have not been lost! This would be trivial physics if the losses were indepen-
dent of any degree of freedom, just like random scattering; but in the case
of PDL, the amount of losses depends on the meaningful degree of freedom,
polarization. An infinite PDL would correspond to the post-selection of a pre-
cise polarization mode (a pure state, in the quantum language); a finite PDL
corresponds to post-selecting different modes with different probabilities (a
mixed quantum state).

In summary: by tuning the PMD, we can move from weak to strong mea-
surements of polarization; the PDL performs the post-selection of a pure or
of a mixed state of polarization. Any telecom network, devices connected by
fibers, is performing “weak measurements with post-selection”. Just as in the
example of quantum cloning discussed above, all this can be (and is actually)
described by the classical theory of light.

14.3.3 The fundamental role of entanglement

We have shown that two results thought to be “typically quantum”, namely
the no-cloning theorem and the theory of weak measurements, can be demon-
strated with classical light and standard telecom devices. The key for a deep
understanding is the conceptual distinction between two superposition princi-
ples: the classical one, which is dynamical (fields superpose because Maxwell’s
equations are linear); and the quantum one, which is kinematical: states are
superposed. These two superposition principles, at the level of interpretation,
have a completely different meaning. However, it may difficult to tell which is
acting in a real situation.

I would like to extend this observation to stress the fundamental role of en-
tanglement. In the traditional textbooks of quantum mechanics, entanglement
has been considered a kind of a side-issue, and in any case a derived notion:
if a composed quantum system is described by a tensor product of Hilbert
spaces, and if the superposition principle has to hold in this total space, then
non-factorizable states must appear. In other words, traditionally one starts
with the quantum physics of the single system, states the superposition prin-
ciple in this context, and derives the existence of entanglement a posteriori.
While this may be an unavoidable approach for a didactic course, I don’t
think that the view so conveyed is really the whole story. Students meeting
the Stern—Gerlach experiment in their “quantum physics” course fail to realize
that they have studied its analog with light polarization some months before,
in their lectures on “classical electrodynamics”. But what does it mean? Is a
spin % classical? Or is polarization a quantum intruder in the classical theory
of light?

The solution comes by noticing that the Stern—Gerlach experiment is not
the only experimental result involving the spin! The spins of the electrons
explain the Mendeleev table via the Pauli exclusion principle, a principle that
has no classical analogue; different cross-sections have been observed in scat-
tering experiments, according to whether the full spin was in a symmetric or
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in the anti-symmetric state; spins couple coherently to one another in nuclear
magnetic resonance, or to the polarization of photons in atomic physics, etc.
The list may rapidly become very large. But if we give a second glance to this
list, we notice that it contains only phenomena in which two or more quan-
tum systems are involved. And if we finally notice that “coherent interaction”
means “entanglement”, we have the solution: we know that a single spin % is a
quantum object because we observe the consequences of its entanglement with
other spins or other degrees of freedom. The same can be said for polarization.
The difference between the “classical superposition principle of waves” and
the “quantum superposition principle of states” lies in the fact that only the
second gives rise to entanglement. If we had only the quantum physics of
the single particle (the Stern—Gerlach experiment, Young’s double-slit, etc.),
the most economic solution would be to adopt once for all the de Broglie—
Bohm view of a real particle guided by a hidden wave — and we’d lose all the
fascinating view of the world that is inspired by quantum physics.

14.4 Conclusion

The main message I wanted to convey is that “classical” and “quantum”
physics — or information — are tightly connected. Specifically, I have discussed
how in the analysis of the security of quantum cryptography, we discover
numbers that come from the analysis of the security of classical cryptography
(Section 14.2); and how experiment with classical light and standard tele-
com devices can provide demonstrations of the no-cloning theorem and of the
theory of weak measurements with post-selection (Section 14.3).

In this text, I reported on results obtained at the University of Geneva
under the direction of Prof. Nicolas Gisin, together with Antonio Acin, Nicolas
Brunner, Daniel Collins, Sylvain Fasel, Grégoire Ribordy and Hugo Zbinden.
I also benefited from several discussions with Francois Reuse and Antoine
Suarez.
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15.1 Introduction: Leaving stationarity

In recent years there has been considerable progress concerning mathemat-
ically rigorous results on the phenomenon of localization. We refer to the
bibliography where we chose some classics, some recent articles as well as
books on the subject. However, all these results provide only one part of the
picture that is accepted since the groundbreaking work [4, 79] by Anderson,
Mott and Twose: one expects a metal insulator transition. This effect is sup-
posed to depend upon the dimension and the general picture is as follows:
Once translated into the language of spectral theory there is a transition from

Localized Extended
States States

Fig. 15.1. Metal insulator transition.

a localized phase that exhibits pure point spectrum (= only bound states =
no transport) to a delocalized phase with absolutely continuous spectrum
(= scattering states = transport). What has been proven so far is the occur-
rence of the former phase, well known under the name of localization. The
missing part, delocalization, has not been settled for genuine random models.

There is need for an immediate disclaimer or, put differently, for an expla-
nation of what I mean by “genuine”.

An instance where a metal insulator transition has been verified rigorously
is supplied by the aliost Mathieu operator, a model with modest disorder
for which the parameter that triggers the transition is the strength of the
coupling. As references let us mention [6, 40, 57, 58, 59, 73] where the reader
can find more about the literature on this true evergreen. Quite recently it

P. Blanchard et al. (eds.), Multiscale Methods in Quantum Mechanics
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has attracted a lot of interest especially among harmonic analysts; see [7, 8,
9, 10, 11, 12, 13, 14, 15, 44, 82

The underlying Hilbert space is I?(Z). Consider parameters «;, A,§ € R
and define the self-adjoint, bounded operator hq ¢ by

(harou)(n) =u(n+ 1) + u(n — 1) + Acos(2m(an + 0))u(n),

for u = (u(n))nez € 1%(Z).

Note that this operator is a discrete Schrodinger operator with a potential
term with the coupling constant A in front and the discrete analog of the
Laplacian. For irrational o the potential term is an almost periodic function
on Z.

Basically, there is a metal insulator transition at the critical value 2 for the
coupling constant A. Since these operators are very close to being periodic,
one can fairly label them as poorly disordered. Moreover, the proof of delo-
calization boils down to the proof of localization for a “dual operator” that
happens to have the same form. In this sense, the almost Mathieu operator is
not a genuine random model.

A second instance, where a delocalized phase is proven to exist is the Bethe
lattice. See Klein’s paper [61].

Quite recently, an order parameter has been introduced by Germinet and
Klein to characterize the range of energies where a multiscale scenario provides
a proof of a localized regime, [42]. In their work the important parameter is
the energy.

However, as we already pointed out above, for genuine random models,
there is no rigorous proof of the existence of a transition or even of the ap-
pearance of spectral components other than pure point, so far. This is a
quite strange situation: the unperturbed problem exhibits extended states
and purely a.c. spectrum but for the perturbed problem one can prove the
opposite spectral behavior only.

In this survey we are dealing with models that are not transitive in the
sense that the influence of the random potential is not uniform in space. The
precise meaning of this admittedly vague description differs from case to case
but will be clear for each of them.

15.2 Sparse random potentials

The term sparse potentials is mostly known for potentials that have been
introduced in the 1970s by Pearson [81] to construct Schrédinger operators on
the line with singular continuous spectrum. To use similar geometries to obtain
a metal insulator transition can be traced back to Molchanov, Molchanov and
Vainberg [77, 78] and Krishna [70, 71], see also [63, 64, 72]. We have been
strongly influenced by the paper [49] from which we take the random operator
in L2(R9), Model I:
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H(w) =~A+V,, where V,(z) = Y &(w)f(z—k),
kezZ™

f < 0is a compactly supported single site potential and the £ are independent
Bernoulli variables with ps := P{{; = 1}.

To understand the appearance of a metallic regime, we recall the following
facts from scattering theory:

We write —A = Hy so that the operators we are interested in can be
written as H = Hy + V. By 04.(H) we denote the absolutely continuous
spectrum, related to delocalized states.

Theorem 1 (Cooks criterion) If for some Tp > 0 and all ¢ in a dense set

w .
f Ve itHog|ldt < 0o, (x)

To
then 2_ = limi_ e e Ho erists and, consequently, [0,00) C 0ac(H),
i.e., there are scattering states for H and any nonnegative energy.

The typical application rests on the fact that (*) is satisfied if
V(@) < C(L+[2))~F9, (%)

a condition that obviously fails to hold for almost every V,, provided the py
are not summable. However, the following nice result holds; see Hundertmark
and Kirsch [49] who also provided the absolutely correct name:

Theorem 2 (Almost surely free lunch theorem) Assume that

!
W(z) = (E(Va())? < O +|a)=0+9.
Then V,, satisfies Cook’s criterion for a.e. w.

The proof is so elegant and short that we can not resist to reproduce it

here.
E ( / ||vwe—“H°¢||dt)
To

Proof.
= /OOIE (/ Vw(x)2|e_itH°¢(x)|2dx) ’ dt
To

e Voo ()% |e~ o () |2d %dt
To

< /T:o (/]E(Vw(w)2)|e‘“H"¢(w)l2dﬂﬁ]) ; dt

= /00 ||W(:v)e_itH°¢||dt O

To
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One can apply this result if the p; decay fast enough to guarantee sufficient
decay of W(z). On the other hand one wants to have that ), px = oo, since
otherwise V,, has compact support a.s. by the Borel-Cantelli Lemma.

For fixed d > 3 and g + % < o < d and pr ~ k™% one can moreover
control the essential spectrum below 0 as done in [49]: the negative essential
spectrum consists of a sequence of energies that can at most accumulate at
0. Therefore, the negative spectrum is pure point. This can be summarized in
the following picture:

Localized States Extended States

—o—o—o—o-o— NN —

..............

Fig. 15.2. The spectral picture for the sparse model I

We refer the reader to [49] for more on sparse random potentials, especially
for models for which the negative spectrum has a richer structure and contains
intervals.

Remarks 3 In [17] we prove absence of an (absolutely) continuous spectrum
outside the spectrum of the unperturbed operator for certain random sparse
models reminiscent of Model I above and Model II from [49] but considerably
more general. We use the techniques from [52, 90, 91].

15.3 Random surface models

Consider the following self-adjoint random operator in L2(R%) or £2(Z%), R¢ =
R™ x R4—™:

H(w)=—-A+V,, where V,(z) = > qr(w)f(z - (k,0)),
keZ™

the ¢ are i.i.d. random variables and f > 0 is a single site potential that
satisfies certain technical assumptions. This leads to the following geometry
characterizing random surface models. Sometimes the upper half-plane is con-
sidered only.

There is a lot of literature, mostly on the discrete case, using a decompo-
sition into a bulk and a surface term see; [5, 18, 21, 46, 50, 51, 54, 53, 55, 56].

The moral of the story is the appearance of a metal insulator transition
at the edges of the unperturbed operator. We now concentrate on the contin-
uum case, where we only know of [16, 49] as references. The existence of an
a.c. component is proven in [49]. In the following, we present the result from
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[16], giving strong dynamical localization. Similar but somewhat different re-
sults have been announced in [49]. As discussed there, an additional Dirichlet
boundary condition “stabilizes” the spectrum so that the appearance of a
negative spectrum requires a certain strength of the random perturbation.
Therefore, proving localization at negative energies is easier (compared to the
case without Dirichlet boundary conditions) since one is automatically dealing
with a “large coupling” regime.

In [16], no use is made of an additional Dirichlet b.c. and we have the
following picture:

Fig. 15.3. A typical realization of a continuum random surface potential.

It is not hard to see that
o(H(w)) = [Ep, 00) where Eg = inf 0(—A + quin - fP%),
and

P =" flz - (k,0)

kez™

denotes the periodic continuation of f along the surface. Near the bottom of
the spectrum Fy one expects localization, i.e., suppression of transport as is
typical for insulators. For nonnegative energies one expects extended states.
To stress the existence of a metallic phase let us cite Theorem 4.3 of [49] t

Theorem 4 Let H(w) be as below. Then we have, for every w € £2: [0,00) C
Tac(H(w)).

The idea of the proof is that a wave packet with velocity pointing away
from the surface will escape the influence of the surface potential and is asymp-
totically free. The rigorous implementation of this idea uses Enss’ technique
from scattering theory.

The model (1) 0 < m < d and points in R? = R™ x R%~™ are written as
pairs, if convenient;

(2) The single site potential f > 0, f € LP(R?) where p > 2 if d < 3 and
p>d/2ifd>3, and f > o > 0 on some open set U # @ for some o > 0.
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(8) The gy, are i.i.d. random variables distributed with respect to a proba-
bility measure p on R, such that supp pt = [@min, 0] With gmin < 0.

We will sometimes need further assumptions on the single site distribution
w:

(4) v is Holder continuous, i.e., there are constants C,a > 0 such that
pla, bl < C(b— a)® for gmin < a <b<0.
(5) Disorder assumption: there ezxist C,7 > 0 such that

H[@min, Gmin +€] < C - € fore > 0.

Localized States Extended States

—l——

..............

Fig. 15.4. Conclusion and open problems for the continuum surface model.

What follows is the main result of [16].

Theorem 5 Let H(w) be as above with 7 > d/2 and assume that Ey < 0.
(a) There ezists an € > 0 such that in [Eg, Eg + €] the spectrum of H(w) is
pure point for almost every w € §2, with exponentially decaying eigenfunctions.
(b) Assume that p < 2(21 — m). Then there ezists an € > 0 such that in
[Fo, Eg + €] = I we have strong dynamical localization in the sense that for
every compact set K C R%:

E{sup 1 X [Pe=*H () Pr(H (w))xx |} < o0

A consequence is a pure point spectrum in the interval [Eq, Eg + €] = I.
Together with the previous result on extended states we get the picture from
Figure 15.4 that still leaves open some important questions.

Remarks 6 (1) That we have to assume Ey < 0 was pointed out to us by J.
Voigt. Since we allow arbitrary m and d — m, a negative perturbation will not
automatically create a negative spectrum.

(2) In [17] we will present results that cover the negative spectrum for the
model above using techniques from [52, 90, 91]. So far this works only for
m =1 but the proofs allow quite arbitrary background perturbations.
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On a Rigorous Proof of the Joos—Zeh Formula
for Decoherence in a Two-body Problem

A. Teta

Dipartimento di Matematica Pura e Applicata
Universita di I’Aquila,
1-67100 I’Aquila, Italy

Summary. We consider a simple one-dimensional system consisting of two particles
interacting with a d-potential and we discuss a rigorous derivation of the asymptotic
wave function of the system in the limit of small mass ratio. We apply the result for
the explicit computation of the decoherence effect induced on the heavy particle in
a concrete example of quantum evolution.

In this note we shall briefly discuss the asymptotic form of the wave function
of a two-particle system in the limit of small mass ratio.

The interest in this problem is motivated by the analysis initiated by Joos
and Zeh ([JZ]) of the mechanism of decoherence induced on a heavy particle
by the scattering of light particles (see also [GF],[T],[BGJKS],[GIKKSZ],[D]).

The basic idea for the analysis of the process is that the small mass ra-
tio produces a separation of two characteristic time scales, one slow for the
dynamics of the heavy particle and the other fast for the light ones.

Following this line, in [JZ] the elementary scattering event between a light
and a heavy particle is described by the instantaneous transition

(R)x(r) — (R)(Srx)(r) (16.1)

where ¢ and x are the initial wave functions of the heavy and the light particle
respectively and Sg is the scattering operator of the light particle when the
heavy particle is considered fixed in its initial position R.

In (16.1) the initial state is chosen in the form of a product state, i.e., no
correlation is assumed at time zero; moreover the final state is computed in a
zero-th order adiabatic approximation for small values of the mass ratio.

Formula (16.1) gives a simple and clear description of the scattering event;
nevertheless the approximation chosen is rather crude in the sense that time
zero of the heavy particle corresponds to infinite time of the light one and the
evolution in time of the system is completely neglected.

In order to restore the time evolution, in [JZ] the formula is modified
introducing by hand the internal dynamics of the heavy particle.
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Our aim in this note is to discuss how the complete Joos and Zeh formula,
i.e., modified taking into account the internal motion of the heavy particle, can
be rigorously derived from the Schrédinger equation of the whole two-particle
system.

In particular, using the result proved in [DFT], we shall write the asymp-
totic form of the wave function of the system approximating the true wave
function in a specific scaling limit (involving the mass ratio and the strength
of the interaction) with an explicit control of the error.

Furthermore we shall apply the result for the analysis of decoherence in a
concrete example of quantum evolution.

More precisely, we shall consider an initial state with the heavy particle
in a coherent superposition of two spatially separated wave packets with op-
posite momentum and the light one localized far on the left with a positive
momentum.

Under precise assumptions on the relevant physical parameters (spreading
and momentum of the light particle, effective range of the interaction, spread-
ing and separation of the wave packets of the heavy particle) we shall derive
an approximated form of the wave function of the system, describing the typ-
ical entangled state with the wave of the light particle split into a reflected
and a transmitted part by each wave packet of the heavy particle.

As a consequence, the reduced density matrix for the heavy particle will
show unperturbed diagonal terms and off-diagonal terms reduced by a factor
A less than 1, which gives a measure of the decoherence effect induced on the
heavy particle.

Due to a phase shift, the waves reflected by the two wave packets are shown
to be approximately orthogonal if the separation of the two wave packets is
sufficiently large and then the factor A can be explicitly computed in terms
of the transmission probability for the light particle subject to a §-potential
placed at a fixed position.

We want to emphasize that, at each step, the approximate formulas are
obtained through rather elementary estimates with explicit control of the
error. In this sense the model may be considered of pedagogical relevance for
the analysis of the mechanism of decoherence.

Let us introduce the model. The hamiltonian of the two-particle system is
given by

h? h?
H=—-——Ap— —A, +apé(r — R) (16.2)
2m

where M and m denote the masses of the heavy and the light particle respec-
tively and ag > 0 is the strength of the interaction.

The hamiltonian (16.2) is a well-defined self-adjoint and positive operator
in L?(R?) (see e.g., [AGH-KH]) and moreover it is a solvable model, in the
sense that the corresponding generalized eigenfunctions and the unitary group
can be explicitly computed ([S]).
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We consider an initial state given in a product form

Yo(r, R) = ¢(R)x(r),  ¢,x € S(R) (16.3)

where S(R) is the Schwartz space, and we denote by € = 77 the mass ratio
which is the small parameter of the model.

We are interested in the asymptotic form of the solution of the correspond-
ing Schrédinger equation

. 0Yf
A = Hy 16.4
¢ ot Yy ( )
when € — 0 and A, M and the parameter

maog
are kept fixed. Notice that o~ ! is a length with the physical meaning of an
effective range of the interaction.
Rescaling the time according to

I3

= —t 16.6
r= (16.6)
the Schrédinger equation can be more conveniently written as
Oy 1 . 1 1 .
i 8; = —§AR Y+ - (—§AT + ad(r — R))zﬁ, (16.7)

From (16.7) it is clear that for € — 0 the kinetic energy of the heavy particle
can be considered as a small perturbation.

The situation is similar to the Born—Oppenheimer approximation, with
the relevant difference that here the light particle is not in a bound state and
so it cannot produce any effective potential for the heavy particle.

Then, for ¢ — 0, one should expect a scattering regime for the light particle
in presence of the heavy one in a fixed position and a free motion for the heavy
particle.

In fact, the asymptotics for € — 0 of 9¢ is characterized in the following
proposition ([DFT]).

Theorem 1. For any initial state (16.8) and any T > 0 one has

s - el < (£ +58) (16.8
where
¢“(7‘ R) _ 1 ei%rz/dme—irHo(R_x)qS(x) [(Qz)—l ]~( r )
T\"» \/F; + X 6_17_

(16.9)
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and Hy = —%A, the symbol ~ denotes the Fourier transform, 25 is the
wave operator associated to the one-particle hamiltonion H, = —%A + ad(- —
x), for any z € R; moreover A, B are positive, time-independent constants
whose dependence on the strength of the interaction and on the initial state
are explicitly given.

We want to apply the result stated in Theorem 1 to the analysis of deco-
herence in a concrete example of quantum evolution. In particular we consider
an initial state ¥o(R,r) = ¢(R)x(r) of the form

1

¢(R) = 73

(fH(R) + f5(R)), (16.10)

1 ,/R+ .
iR = ﬁf <_}_@) etk 5 Ry, Py > 0, Ry > 20, (16.11)

r—7To

1 4
x(r) =gs(r) = 757 (T) e §,go > 0,79 < —Rg —0 — 4, (16.12)

[9eCeP(-1,1), |fll=1gll=1. (16.13)

From (16.10),(16.11) one sees that the heavy particle is in a superposition
state of two spatially separated wave packets, one localized in R = — Ry with
mean value of the momentum P, and the other localized in R = Rg with
mean value of the momentum —F,.

From (16.12), the light particle is assumed localized around rg, on the left
of the wave packet f,F, with positive mean momentum go.

Moreover, to simplify the computation, f}, f,, gs are chosen compactly
supported and with disjoint supports.

We expect that in the time evolution of the above initial state, for € — 0,
the light particle will be partly reflected and partly transmitted by the two
wave packets f}, f, which approximately act as fixed scattering centers.

We shall make precise this statement introducing suitable assumptions on
the physical parameters of the system.

In order to formulate the result, we introduce the reflection and trans-

mission coefficient associated to the one-particle hamiltonian H, (see e.g.,
[AGH-KH])

e i|k|

Ra(k) = _m, %(k) = —m (16.14)

and define the transmitted and reflected part of the wave function of the light
particle
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gr(e—lr,r)=7;( I ) i 3 (=) (16.15)

eir) Vieir P\t

- |\ —2iz—s
gR(e 7', 1) =Ry (€|_1|7_) e ET

i T2
[ 2¢— 11

r
gs (———) . (16.1
g5 ( 6_1’7'> ( 6)
Moreover, we shall assume
1 1
qo > -, a >o0. (16.17)

The first assumption in (16.17) simply means that the wave function of the
light particle is well concentrated in momentum space around gg (notice that
67! is the order of magnitude of the spreading of the momentum).

The second assumption in (16.17) requires that the effective range of the
interaction is much larger than the spreading in position of each wave packet
of the heavy particle and this means that the interaction cannot “distinguish”
two different points in the supports of f;} and f, .

Then

Proposition 2. For the initial state (16.10), (16.11), (16.12), (16.13) and
any T > 0 one has

2 — gl < ¢ [(6g0) ™" + o] (16.18)

for any n € N, where ¢ is a numerical constant depending on g and
e _ L —iTHo g+ -1 —Ro( —1
Y5 B) = —= (7 fF) (B) [or (7 rom) + 95" (7]
1 —iTHg p— -1 Ro/_—1
~i—\/§ (e 7)) (R) [gq—(e 7,7) + g (€717, r)] . (16.19)

Proof. Exploiting the explicit expression of the generalized eigenfunctions of
H, (see e.g., [AGH-KH]), for € supp f£, one has

(2) 0T () = = [ dugs(w) (&7 + Ro()e~ kel
= Ta (k)35 (k)0+ (k) + [Jo(K) + e~ 2 *Rq (k)5 (—k)] 6_ (k) (16.20)

where we have used the fact that |z —y| = z—y for z € supp f£, y € suppgs,
the identity 1 + R, = 7, and we have denoted by 6, 6_ the characteristic
functions of the positive and negative semi-axis respectively.

From (16.9),(16.10),(16.11),(16.12),(16.19) we can write
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Y(r, R) —2(r, )
1 is=r? —iTH, + - r
= =TT [ dee TR - 2) (S (@) + f7 (@)Ra (o)

e~1r
x [§5 (e_rlr) 6-(r) = e g5 (_ e 1t 0+(T)]

~ )
+% /dxe—iTHo(R_ z)f(x) (g;”2 (E_ZT) _g7—2R0 (G_ZT))
s [ gt (o () - ok (7))

=+ +G)(nR). (16.21)
Noticing that gs(k) = e*(@~F)0\/§5(5k — §qo), one has

r

1612 = 5 [ dalfi @)+ 55 @ [ dk Ra (6) s ()0t
—e™2 g (k) 04 (k)

< / dk (155 (k) 0_(K)? + |35 (k) 61 (k)[?)

= 2/00 dz|g(2)|? (16.22)

dqo0

which is O ((6go)~™) for any n € N. Concerning (; we have
IGaI* = § [ dol i @)? [ ablRa (0715 06) e — eoibmol?

<2 swp jo+ Rof? / dkk? | R (k) 2[5 (k)]
x€(—Ro—0,—Ro+0)

< 20%a? (16.23)

where we have used the inequality k%|R,(k)|> < o2. The estimate for (3
proceeds exactly in the same way, concluding the proof. O

Proposition 2 shows that, under the assumptions (16.17), the wave function
(16.19) of the whole system takes the form of the typical entangled state
emerging from an interaction of von Neumann type between a system and an
apparatus. Here the role of the apparatus is played by the light particle which
is partly transmitted and partly reflected by each wave packet of the heavy
particle.

In this process the light particle keeps the information about the position
of the heavy particle, which is encoded in g{éRO and gg", i.e., in the reflected
waves by fF and f; respectively.

As it should be expected in a one-dimensional scattering process, such
reflected waves have an identical spatial localization and they only differ for
a phase factor.
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In order to discuss the decoherence effect induced on the heavy particle
one has to consider the density matrix of the whole system p&(r, R, 7', R’) and
then one should compute the reduced density matrix for the heavy particle

PR = [dnpin R R) = [aresn R R)  (16.29)

which defines a positive, trace-class operator in L2(R?) with Tr p¢ = 1.
We also introduce the approximate reduced density matrix

p2(R,R) = / drp(r, Ry, R') = / drye (r, R)E(r, R)

_ % (e—irHof;-) (R) (eiTHOEC) (R') + % (e—irHofa—) (R) (eiTHof?) (R')

+§ (e—irHof;r) (R) (eirHo}-aT) (R') + g (e—iTHofa—) (R) (eiTHof?) (R")

(16.25)

where, in the last equality, we took into account that

/drlgf(e'lr, r) + gz (e )] = /drlgf(e“ﬂ )+ g (et )P =1
(16.26)

and we defined

A= /dr (97(6—17', r)+ g;iR" (G r)) (y?(e'l'r, r) + g_g—"(e_lT, r)) .
(16.27)

Notice that |A] < 1 and the case A =1 can only occur if @ = 0, i.e., when the
interaction is absent.

Since L2-convergence of the wave function implies convergence of the cor-
responding density matrix in the trace-class norm, we conclude that p¢ is a
good approximation in the trace-class norm of p¢ under the assumptions of
Theorem 1 and Proposition 2.

For a = 0 we see from (16.25), (16.27) that ¢ reduces to the pure state
describing the coherent superposition of the two wave packets evolving in time
according to the free hamiltonian.

Notice that the last two terms in (16.25), usually called nondiagonal terms,
are responsible for the interference effects observed when the two wave packets
have a nonempty overlapping.

The occurrence of the interference makes the state highly nonclassical and
it is the distinctive character of a quantum system with respect to a classical
one.
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If we switch on the interaction, i.e., for @ > 0, the effect of the light particle
is to reduce the nondiagonal terms by the factor A and this means that the
interference effects for the heavy particle are correspondingly reduced.

In this sense one can say that there is a (partial) decoherence effect induced
on the heavy particle which is completely characterized by the parameter A.

In the limit A — 0, i.e., for @ — o0, the nondiagonal terms and the
interference effects are completely cancelled and then the state becomes a
classical statistical mixture of the two pure states e ~#7Ho f+ e—imHo f—

We conclude this note showing that the parameter A can be approximated
by a simpler expression under further conditions on the parameters.

First we notice that using the first assumption in (16.17) one easily gets

A= /dr|gq—(e_17', )%+ /drg;zRO(e—lr, r)§7’§_°(e‘lr, )+ O((8gp) ™).
(16.28)

Moreover we can show that for a large separation of the two wave packets the
second integral in (16.28) becomes negligible due to the rapid oscillations of
the integrand. More precisely we assume

1
d> =, d=>é, d=2Ry. (16.29)

From (16.16), (16.14) we have
E/drg;zRo(e T, r)gR (e71r,7)

=/Mm4w%meﬁ“

2
— o ~ 2 2id(6 *z—qo) 16
/dza2 e . (16.30)

Integrating by parts in (16.30) one obtains

7= [ e A 706 S WS
a2+ (6-tz—q)? 2zd5 ldz
) d a2
< — — -~ 2
) 025 U6 1z —qol .
<8 [a dﬂdd?
(02 + (512 — go)?]
b a? e N1t
+3/wﬁ i )

1
=+ ||~'|| (16.31)

where, in the last line, we have used the trivial estimates
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2¢—1 2 -1 -1
o6Mgl . o* s7el _ o7l _ 1

16.32
(a2 +¢€2)2 ~ a?2+82a%2+€2 ~ a2+ 82 ~ da ( )
and the Schwartz inequality.
Using the estimate (16.31) in (16.28) we conclude that
1 6. n
4= [artor( | < gz + S +OG@)™. (163

This means that, under the assumptions (16.17),(16.29), the decoherence
effect is measured by the transmission probability of the light particle which
is explicitly given by

/drlgfr(e‘lm)l2 = /dk|7:x(k)|2|§6(k)|2 (16.34)

The previous analysis of decoherence induced by scattering is clearly lim-
ited by the consideration of a two-body system.

For a more satisfactory treatment one should consider a model with NV
light particles scattered by the heavy one. The expected result is that the
effect of the scattering events is cumulative and then the decoherence effect
is increased at each step ([JZ]).

‘We observe that a rigorous proof of this fact would require good estimates
for the wave operator in a case of many-body scattering problem and it is a
nontrivial open question.
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Propagation of Wigner Functions for the
Schrodinger Equation with a Perturbed
Periodic Potential
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Summary. Let Vr be a lattice periodic potential and A and ¢ external electro-
magnetic potentials which vary slowly on the scale set by the lattice spacing. It
is shown that the Wigner function of a solution of the Schrédinger equation with
Hamiltonian operator H = 1(—iV, — A(ex))? + Vr(z) + ¢(cz) propagates along the
flow of the semiclassical model of solid states physics up to an error of order e. If
e-dependent corrections to the flow are taken into account, the error is improved to
order £2. We also discuss the propagation of the Wigner measure. The results are
obtained as corollaries of an Egorov type theorem proved in [PSTs].

17.1 Introduction

One of the central questions of solid state physics is to understand the motion
of electrons in the periodic potential which is generated by the ionic cores.
While this problem is quantum mechanical, many electronic properties of
solids can be understood already in the semiclassical approximation [AsMe,
Ko, Za]. One argues that for suitable wave packets, which are spread over
many lattice spacings, the main effect of a periodic potential V- on the electron
dynamics corresponds to changing the dispersion relation from the free kinetic
energy Efee(p) = 3 p? to the modified kinetic energy E,(p) given by the nt®
Bloch function. Otherwise the electron responds to slowly varying external
potentials A, ¢ as in the case of a vanishing periodic potential. Thus the
semiclassical equations of motion are

7 =VE,(x), k= —=Vo¢(r)+7 x B(r), (17.1)

where k£ = k — A(r) is the kinetic momentum and B = curl 4 is the magnetic
field. (We choose units in which the Planck constant #, the speed c of light,
and the mass m of the electron are equal to 1, and absorb the charge e into the
potentials.) The corresponding equations of motion for the canonical variables
(r, k) are generated by the Hamiltonian
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Hy(r,k) = En,(k — A(r)) + ¢(r), (17.2)

where r is the position and k the quasi-momentum of the electron. Note that
there is a semiclassical evolution for each Bloch band separately. The distinc-
tion between the canonical variable k, the Bloch- or quasi-momentum, and
the kinetic momentum & = k — A(r) is often not made explicit in the physics
literature. It is, however, crucial for the formulation of the precise connec-
tion between the semiclassical equations of motion (17.1) and the underlying
Schrédinger equation (17.4).

In [PST3] we use adiabatic perturbation theory in order to understand
on a mathematical level how these semiclassical equations emerge from the
underlying Schrodinger equation

i0,0(y, 5) = (3(~1Vy — A(ew))” + Vr(y) + b(ev)) ¥l,s)  (173)

in the limit ¢ — 0 at leading order. In addition, the order € corrections to
(17.1) are established, see Equation (17.7).

In (17.3) the potential V : R — R is periodic with respect to some
regular lattice I" generated through the basis {v1,...,74}, 7 € R4, i.e.,

= {a: ERY: = 2?:1041' 7, for some a € Zd}

and Vi(-+v) = Vr(-) for all v € I'. The lattice spacing defines the microscopic
spatial scale. The external potentials A(ey) and ¢(ey), with A : R? — R? and
¢ : R? — R, are slowly varying on the scale of the lattice, as expressed through
the dimensionless scale parameter ¢, € < 1. In particular, this means that the
external fields are weak compared to the fields generated by the ionic cores,
a condition which is satisfied for real metals even for the strongest external
electrostatic fields available and for a wide range of magnetic fields, cf. [AsMe],
Chapter 12.

Note that the external forces due to A and ¢ are of order ¢ and therefore
have to act over a time of order £~ ! to produce finite changes, which is taken
as the definition of the macroscopic time scale. Hence, one is interested in
solutions of (17.3) for macroscopic times. The macroscopic space-time scale
(z,t) is defined through z = ey and t = £s. With this change of variables
Equation (17.3) reads

ie 8, ¢t (z,t) = (%( —ieV, — A@))’ + Vr(z/e) + ¢>(x)) Wiz, t)  (17.4)

with initial conditions ¢°(z) = e~%?¢(z/e). If Vr = 0, then the limit £ — 0
in Equation (17.4) is the usual semiclassical limit with ¢ replacing A.

The problem of deriving (17.1) from the Schrédinger equation (17.3) in
the limit ¢ — 0 has been attacked along several routes. In the physics lit-
erature (17.1) is usually accounted for by constructing suitable semiclassical
wave packets. We refer to [Lu, Ko, Za]. The few mathematical approaches to
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the time-dependent problem (17.4) extend techniques from semiclassical anal-
ysis, as the Gaussian beam construction [GRT, DGR], or Wigner measures
[GMMP, BFPR, BMP].

In this article we explain and elaborate on recent results from [PST3]. In
[PST3] we derived (17.1) from (17.4) for quite general external potentials A
and ¢. The construction is based on the space-adiabatic perturbation theory
developed in [PST;, PST, Te], see also [NeSo] and the contribution of G. Nen-
ciu in the present volume. The crucial observation is that the step from (17.3)
to (17.1) involves actually two approximations. Semiclassical behavior can
only emerge if a Bloch band is separated by a gap from the other bands and
thus the corresponding subspace decouples adiabatically from its orthogonal
complement. The dynamics inside this adiabatic subspace is governed by an
effective Hamiltonian htg, which is explicitly given as an e-pseudo-differential
operator. Eventually, the semiclassical limit of Tzzﬁ leads to (17.1).

Hence (17.3) needs to be reformulated as a space-adiabatic problem. This
has been done first in [HST] for the case of zero magnetic field and then
in [PSTs] for general electric and magnetic fields. The results obtained in
this way constitute not only the derivation of the semiclassical model (17.1)
in this generality, but they allow us to compute systematically higher order
corrections in the small parameter . It turns out that the electron acquires a
k-dependent electric moment .4, (k) and magnetic moment M, (k). If the n*®
band is nondegenerate (and isolated) with Bloch eigenfunctions vy, (k, z), the
electric dipole moment is given by the Berry connection

An (k) = i (Yn(K), Vo (k) (17.5)
and the magnetic moment by the Rammal-Wilkinson phase
Mu(k) = & (Vbu(k), x(Hper(k) — E(R))VYu(R)).  (17.6)

Here (-,-) is the inner product in L2(R?/I") and Hpe (k) is H of (17.3) with
¢ = 0 = A for fixed Bloch momentum k. Note that E,, A, and M, are
I'*-periodic functions of k, where I'™* is the lattice dual to I". Hence one can
as well think of them as functions on the domain M* = R%/I'*, the first
Brillouin zone.

The semiclassical equations of motion including first order corrections read

=V, (En(n) —eB(r)- M,,(n)) — ek X Qn(k),
k= —V, (¢(r) —eB(r) -Mn(n)> 47 x B(r)

with 2,(k) = V x A, (k) the curvature of the Berry connection.

In order to state the precise connection between the semiclassical equations
of motion (17.1) resp. their refined version (17.7) and the underlying Schré-
dinger equation (17.4), we need some more notation. Let



210 S. Teufel and G. Panati

HE = 1(—1eV, — A(z))? + Vr(z/e) + 6(2) (17.7)

be the Hamiltonian of (17.4). Under the following assumption on the poten-
tials, which will be imposed throughout, H¢ is self-adjoint on H?%(R%). Here
Cge (R%) denotes the space of smooth functions which are bounded together
with all their derivatives.

Assumption 1 Let Vr be infinitesimally bounded with respect to —A and
assume that ¢ € C°(R4,R) and A; € CP(RY,R) for any j € {1,...,d}.

To each isolated Bloch band FE, there corresponds an associated almost
invariant band-subspace I1¢L?(R?). The orthogonal projector IIZ onto this
subspace is constructed in [PST3]. Only for states which start in this sub-
space and thus, by construction, remain there up to small errors, can the
semiclassical equations of motion (17.7) have any significance.

The flow of the dynamical system (17.7) is denoted by &% : R?¢ — R?? or
in canonical coordinates (r,k) = (r,k + A(r)) by

& (r k) = (qng(r, k— A(r)), 8%, (r,k — A(r)) + A(r)) .

The existence of the smooth family of diffeomorphisms ®? is not completely
obvious from (17.7) alone, but follows from the Hamiltonian formulation of
(17.7) presented in the next section.

Notation 1 Throughout this paper we will use the Fréchet space
¢ = o3 (R?),
equipped with the metric de induced by the standard family of semi-norms
lalla = 10%allos, o€ N3?,
and the subspace of I'*-periodic observables
Coer ={a€C:a(r,k+~")=a(r,k) V¥ € I'"}.
We abbreviate de¢{a) := dc(a, 0). O

The main result of [PST3] on the semiclassical limit of (17.4) is the fol-
lowing Egorov type theorem.

Theorem 1. Let E,, be an isolated, nondegenerate Bloch band. For each finite
time-interval I C R there is a constant C' < oo, such that for all a € Cper with
Weyl quantization @ = a(z, —1eV ;) one has

—
SIrey /o _ipre =

' (exH t/z—:ae iH®t/e —aod50> U’rEL
and

H H::L (eiHst/sae—iHst/s _ aOEZ) HZ

< £Cde(a) (17.8)
B(L2(R%))

<e?Cde(a). (17.9)
B(L?(R%))
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Remark 1. The corresponding statement in [PST3] does not make explicit the
dependence of the error on the observable a. However, the more precise ver-
sion formulated here is a standard consequence of the Calderon—Vaillancourt
theorem and the fact that composition with 52 is a continuous map from C
into itself. 0

Remark 2. On an abstract level the distinction between the functions &% and
52 is immaterial, since both functions express the same dynamical flow in
two systems of coordinates. However, the distinction between the systems
of coordinates becomes important when the quantization is considered. The
Weyl quantization appearing in (17.8) and (17.9) must be understood with
respect to the system of coordinates (7, k). Analogous considerations hold true
for formulas involving a Wigner transform, as in Corollary 1. O

The main objective of this article is to elaborate on Theorem 1 in order
to make contact to alternative approaches and results on the semiclassical
limit of (17.4). These are, as mentioned above, Wigner functions [GMMP,
BFPR, BMP], semiclassical wave packets [Lu, Ko, Za, SuNi] and WKB-type
solutions of (17.4) [Bu, GRT, DGR]. We focus on the semiclassical transport
of Wigner functions and Wigner measures in the following. Before we do so,
it is worthwhile to first examine the equations of motion (17.7) in some more
detail.

17.2 The refined semiclassical equations of motion

The dynamical equations (17.7), which define the e-corrected semiclassical
model, can be written as

7 = VeHgse(r,k) — €k X 2,(k),
(17.10)
k= —V,.Hs(r,k) +7 x B(r)

with
Hyo(r, k) := Ep(k) + ¢(r) —e My(k) - B(r) . (17.11)

We shall show that (17.10) are the Hamiltonian equations of motion for (17.11)
with respect to a suitable e-dependent symplectic form @p .. The semiclassical
equations of motion (17.7) are defined for arbitrary dimension d. However, to
simplify presentation, we use a notation motivated by the vector product and
the-duality between 1-forms and 2-forms for d = 3, which we briefly explain.

Notation 2 Ifd # 3, then B, 2, and M,, are 2-forms with components

Bij(r) = 8;A;(r) — 9;Ai(r), 12:5(k) = 0;A;j(k) — 9;Ai(k)
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and
M;j(k) = Re £ (Bipn(k), (Hper — E) (k) 0j9n(k)) -

For d = 3. a 2-form B;;(r) is naturally associated with the vector By(r) =
€kij Bij(r). We use the convention that summation over repeated indices is
implicit. Then in (17.7) the inner product B - M, refers to the product of
the associated vectors and we generalize the notation to arbitrary dimension
d using the inner product of 2-forms defined through

d d
B - M:= *—1(B AN *M) = ZZB”M” )
j=11i=1

where x denotes the Hodge duality induced by the euclidean metric. In the same
spirit for a vector field w and a 2-form F, the generalized “vector product” is

d
(w x F); == ("YwA*F)); = ZwiFij ,
=1

where the duality between 1-forms and vector fields is used implicitly. O

We keep fixed the system of coordinates z = (r,x) in R?? for the
following. The standard symplectic form @y = Gy(2)in dzm A dz;, where
I,m € {1,...,2d}, has coefficients given by the constant matrix

0-I
Oo(2) = (]1 0 ) ’
where I is the identity matrix in Mat(d, R). The symplectic form, which turns

(17.10) into Hamilton’s equation of motion for Hy, is given by the 2-form
OB, = OB, (2)im dzm A dz with coefficients

O5,:(r,K) = (BI([T) . (2?(@) . (17.12)

For € = 0 the 2-form ©pg, . coincides with the magnetic symplectic form Og
usually employed to describe in a gauge-invariant way the motion of a particle
in a magnetic field ([MaRa], Section 6.6). For £ small enough, the matrix
(17.12) defines a symplectic form, i.e., a closed nondegenerate 2-form.

With these definitions the corresponding Hamiltonian equations are

OB, (z) 2 =dHs(z2),

(7 a) (1) = (F5G3)

or equivalently



17 Propagation of Wigner Functions for the Schrodinger Equation 213

which agrees with (17.10). We notice that this discussion remains valid if {2,
admits a potential only locally, as it happens generically for magnetic Bloch
bands.

The symplectic structure is therefore determined by the magnetic field
B(r) and by the curvature of the Berry connection £2(k), which encodes rele-
vant information about the geometry of the Bloch bundle ¥, (k,-) — k € M*.
One can show that, whenever the Hamiltonian Hper has time-reversal sym-
metry one has that £2,(—k) = —§2,(k). Moreover, if the lattice I" has a center
of inversion, then £2,,(—k) = 2,,(k). Thus, the two symmetries together imply
that £2,,(k) vanishes pointwise. But there are many crystals which do not have
a center of inversion and, more important, in the presence of a strong uniform
magnetic field the time-reversal symmetry is broken. The latter is the typical
setup to describe the Quantum Hall Effect, a situation in which the curva-
ture of the Berry connection plays a prominent role. Indeed, the equations
of motion (17.7) provide a simple semiclassical explanation of the Quantum
Hall Effect. Let us specialize (17.7) to two dimensions and take B(r) = 0,
¢(r) = =& -r, i.e., a weak driving electric field and a strong uniform magnetic
field with rational flux. Then, since k = k, the equations of motion become
= Vi En (k) + EL02,(k), k = £, where £2,, is now scalar, and £1 is £ rotated
by 7/2. We assume initially k(0) = k£ and a completely filled band, which
means to integrate with respect to k over the first Brillouin zone M*. Then
the average current for band n is given by

In = / dk (k) = / dk (ViEn(k) — EX02,(k)) = —E* / dk 2, (k) .
* Mt *
Jos- dk 2, (k) is the Chern number of the magnetic Bloch bundle and as such
an integer, cf. [TKNN]. Further applications related to the semiclassical first
order corrections are the anomalous Hall effect [JNM] and the thermodynam-
ics of the Hofstadter model [GaAv].

17.3 Semiclassical transport of Wigner functions

Theorem 1 provides a semiclassical description of the evolution of observables.
The most direct way to turn it into a description for the semiclassical evolution
of states is via duality, i.e., via the Wigner function. Recall that according to
the Calderon—Vaillancourt theorem there is a constant C' < oo depending only
on the dimension d such that for a € C one has

| (b, @Y) r2may | < Cde(a) 912 (17.13)

Hence, the map C 3 a — (3, avy) € C is continuous and thus defines an
element w¥ of the dual space C’, the Wigner function of . Writing

(W, @) =t (W, a)er ¢ = /de dgdp a(q,p) w¥(q,p) (17.14)
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and inserting into (17.14) the definition of the Weyl quantization for a €
S(R*?),

(@) (x) = (—2-7—11_73 /]RM dédya(3(z + y),e€) e @V y(y),

one arrives at the formula

1 i£- *
W) = Gog [ ATV e/ ua-ce/2)  (T9)
7T) R4
for the Wigner function. Direct computation yields
lw? llL2@eay = e (2m) ™2 (|9 |13 2 ey -

Therefore, w? € L2(R??) for all € > 0, which explains the notion of Wigner
function. Although w¥ is obviously real-valued, it attains also negative values
in general. Hence, it does not define a probability distribution on phase space.
However, it correctly produces quantum mechanical distributions via (17.14).

With this preparation we obtain the following corollary of Theorem 1,
which says that the Wigner function of the solution of the Schrédinger equa-
tion (17.4) is approximately transported along the classical flow of (17.1) resp.
(17.7).

Corollary 1. Let E,, be an isolated, nondegenerate Bloch band. Then for each
finite time-interval I C R there is a constant C < oo such that for t € I,
a € Cper and for 1o € IEL*(R?) one has

(= w2 o) a),, | < < Cdet@) o
and

< &® Cde(a) [|%oll”-

K(w;ft 0B ") a)

Here vy = e 1H /eq) is the solution of the Schrédinger equation (17.4).

Remark 3. When proving results for the transport of Wigner functions or
Wigner measures it is common, e.g., [GMMP, MMP, BMP], to write down
the transport equation for w,(t) := w¥° o @, * instead of using the flow 58.
Clearly our results can be reformulated in this way, cf. Corollary 2, but the
resulting transport equation looks complicated compared to the simple dy-
namical system (17.1) governing its characteristics. O

Proof (Proof of Corollary 1). The result is rather a reformulation of Theo-
rem 1 than a real corollary. According to the Definition (17.14) and Theorem 1
one has
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(W&, a)crc = (r, TYy) L2 (re)
<,¢} 1H t/s/\ —1H€t/6 ¢O>L2(Rd)
<,¢) Hs iH® t/sA —-iH®t/e Hs "/)0>L2(]Rd)
= (3o, TS a0 @, ITS o) r2re) + O(?)
= (o, a0 B. Po) L2(rey + O(€?) .

Since the map C 2 a— ao 52 € C is continuous, the duality relation (17.14)
can be applied again and yields

(o, (1045 Vo) L2 (Re) = <'w ,ao® > < Yoo, >c’,c :

Since the functions E,,, M, and (2,, appearing in the equations of motion
(17.7) are all I'* periodic, the natural phase space for the flow (17.7) is R% x T*
rather than R2?, Here T¢ := R?/I'* is the first Brillouin zone M* equipped
with periodic boundary conditions. Hence one can fold the Wigner transform
onto the first Brillouin zone and define

wla(r k)= 3 wl(rk+v") for (rk)€R?x T, (17.16)
’Y*EF*

Then for periodic observables a it follows that

drdk a(r,k)w? (r, k) = ) / drdk a(r,k +v*) w? (r, k + %)
R2d

’Y*EF*RdxM*

=Y /drdka(r E)w? (r, k+~%)
’Y*EF*RdxM*

= /drdk a(r, k) wsred(r, k).
R4 x T4

Thus the statement of Corollary 1 in terms of the reduced Wigner function
becomes

(Y, GYr) L2(re) = /

drdk a(r, k) (
R4 xTd

0B, )(r, k) + O(e2).

W, red

Note that the reduced Wigner function wg’red coincides with the “band-Wigner
function” of [MMP] and the “Wigner series” of [BMP], both defined as

ss(r’k) }M*} Z e17k¢(r+57/2)¢' (T_6’7/2)

yer

This follows by a simple computation on the dense set ¥ € S(R?):
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wered(r k) Z w}f(r,k +’Y*)

yrel'*

(W > / dg e &R y(r +£/2) §7 (r — ££/2)

yrelr

- WLI/ d€ 6r(£) e* P(r + £€/2) " (r — €/2)
> TEY(r +ev/2) ¢t (r —ev/2),
|M*| by

where 6r(§) = 3" cr 6(§ — 7). We used the Poisson formula

(27rd Z = *| )

17.4 Classical transport of the Wigner measure

We now turn to the Wigner measure. Recall that the Wigner function w¥ (g, p)
can be negative and, as a consequence, does not define a probability distribu-
tion on phase space. In the limit ¢ — 0 however, w? weakly converges to a
positive finite Radon measure p¥ € M (R2?) on phase space R2¢, the Wigner
measure of 1. For surveys on Wigner measures see e.g., {LiPa, GMMP].

Proposition 1. Let ¢; T2 0 and {¢;}jen C L2(RY) be bounded, then
{w;pjj }ien C C' is weak-+ compact and every limit point u € C' defines a
bounded positive Radon measure, called a Wigner measure of {¢;};en.

Proof. The Calderon—Vaillancourt theorem (17.13) implies that {w itcCis
bounded. Hence, it is weak-* compact. By (17.14) and the semlclassmal sharp
Gérding inequality, e.g., Theorem 7.12 in [DiSj], it follows that for each a > 0
there is some C < oo such that

(w?, ayerc > —Ce|y|?>  for allyy € L2(RY).

This implies the positivity of all limit points in C’, which therefore define
measures.

Let u E C’ be such a limit point with, after possible extraction of a subse-
quence, wWe; S p. From (17.14) it follows that

(¢, Vere = ¥l gey  for ally € L*(RY),
and thus,
w(R%4) = sup{u(K) : K ¢ R?*® compact}
<{p Dere = jli{go (Wi, Ver e = jliglo 191172 ga) -

Hence, yp is bounded.
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However, not all limit points are physically sensible. For example the
bounded sequence ¥;(z) := ¢o(z — j) € L?(R) has a limit point in C’, some
Banach-limit type functional, but the corresponding measure is zero. More
generally, there are many continuous linear functionals on C which are zero
on the (nondense) subset C§°(R24).

Definition 1. A sequence {1;};jen remains localized in phase space (with
respect to {€;};en), if it is compact at infinity, i.e.,

lim lim sup dz |;(z)* =0,

0 j—oo Jiz|>n

and e-oscillatory, i.e.,

lim hmsup—d/ dp |¢](p/€])|
|p|>n

n—00  j oo €
a

Proposition 2. Let wwJ 5 opoin C" with {¢;}jen € L2(R?) bounded and
localized in phase space, then p has total mass

(R = lim ;172 ga) (17.17)

and its marginals are given through the weak limits (in My ) of the quantum
mechanical distributions, i.e., for all a € C2(R?) one has

[ g d)a@) = 1m [ gl @Poa), (7.18)
/ w(dg,dp)a(p) = lim 5 / dp [1; (p/2;5)|* a(p) -
Proof. We start with the position marginal (17.18). Let a € C°(R?) and

let {an}nen C CP(R?) and {xn}nen C C§(RY) satisfy a,(q) = a(q) and
xn(p) =1 for |g| < n resp. |p| < n. Then, by dominated convergence,

/ u(dg,dp) a(q) = lim / 1(dg, dp) an(g)xn(p)

= hm (,u, anXn)c,c = lim lim (w'/’J anXn)c',c

n-—00 j—00
= lim /dq [¥;(a)* a(g) + R,
J—o0

where
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IR| < lim lim [(w?, (a = anXn))crcl

< lim lim (|(¢5, @— @xa) Y| + (5, (@xn — anxn) ¥3)])

Jim lim, ({05, (@ — @xn) ¥i)| + [{5, (@Xn — GnXn) ¥5)])

Hm lim (|[@y; ]| [1(1 = Xa)¥5ll + 1@ — @)t [1Xn 5 1)
n—00 j—00
= 0.

INA

For the last equality we used that {t;} is localized in phase space. In order
to prove (17.18) also for a € C{, note that we just proved that the right-
hand side of (17.18) defines a measure. Hence, the result follows again by
dominated convergence. The statements about the momentum marginal and
the total mass follow analogously.

We now turn to the propagation of Wigner measures. As remarked in
the introduction, a popular approach to the semiclassical limit of (17.4) is to
determine the resulting transport equation for the Wigner measure associated
with an e-dependent initial condition

Corollary 2. Let E,, be an isolated, nondegenerate Bloch band. Let ug be the
Wigner measure of a bounded sequence {19 ,;} with ¥ ; € II;’ L2(R?), i.e.,

’w:;pjo’j A o € C.
Then the Wigner function wZ-/)jt’j of the the time-evolved sequence

_iHSit/e.
e j o= e H T g

has the weak-* limit s € Cl,o, given through

e = fio © By * . (17.19)

In particular, y; is a positive bounded measure and solves the transport equa-
tion

i+ VEn(k — A(r)) - Vo — (V¢(r) — BB (k — A(r))VAl(r)) Vip =0
in the distributional sense.

Similar results were proved in [MMP, GMMP, BFPR] for the case of van-
ishing external potentials A and ¢. For vanishing magnetic potential A but
nonzero electric potential ¢ they follow from the results in [HST] or [BMP].

Proof (Proof of Corollary 2). According to Corollary 1 we have for a € Cper

that
)‘ -— 1. t
‘<(w5; ’ we:’o 7 0% ) ’ a>cf c

)

] < &; Cde(a) g0,



17 Propagation of Wigner Functions for the Schrédinger Equation 219

Taking the limit j — co on both sides yields the existence of the limit gy
and at the same time (17.19). The transport equation for u; follows by taking

a time-derivative in (17.19) and recalling that 56 is the Hamiltonian flow of

(17.2).
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