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Chapter 1

Anomalous Jacobians and the Vector Anomaly

J. Alfaro, L. F. Urrutia, and J. D. Vergara

1. INTRODUCTION

Ever since the discovery of current anomalies there have been important
applications of this idea to various problems of physical interest: It led to
a precise calculation of the neutral pion decay (global axial anomaly) and
to an understanding of the U(1) problem: the nonexistence of the ninth
Goldstone boson associated with a broken symmetry of quantum chro-
modynamics [1].

Furthermore, anomalies in gauge currents have been considered for a
long time to be unacceptable because the standard proof of unitarity and
renormalizability of the theory does not hold in this case. It follows that
the only way to make sense of these theories is to cancel the gauge anomalies
by selecting the particles contained in the model. Forcing the cancellation
of gauge anomalies has led to the prediction that quarks and leptons come
in families and to properties of the spectrum of massless fermions in

J. ALFARO ® Pontificia Universidad Catdlica de Chile, Facultad de Fisica, Santiago 22,
Chile. L. F. URRUTIA ® Centro de Estudios Cientificos de Santiago, Santiago 9, Chile.
Permanent addresses: Centro de Estudios Nucleares, Universidad Nacional Auténoma de
Mexico, Circuito Exterior, C.U., 04510 Mexico, D.F.; Departamento de Fisica, Universidad
Auténoma Metropolitana, Iztapalapa, 09340 Mexico, D.F. J. D. VERGARA ® Centro de
Estudios Nucleares, Universidad Nacional Auténoma de Mexico, Circuito Exterior, C.U.,
04510 Mexico, D.F.
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confining theories [2]. Very recently it has been at the center of exciting
developments in string theories [3].

A different mechanism of making sense of anomalous gauge theories
is being studied by several authors, but whether or not it will provide an
alternative to the currently used anomaly cancellation paradigm is not
known yet [4].

For a long time the perturbative treatment of anomalies was dissociated
from a path integral treatment. The work of Fujikawa provided a way to
understand the anomaly phenomenon from a path integral formulation and
led to a deeper understanding of the problem [5].

Fujikawa realized that the path integral measure is not necessarily
invariant under certain transformations even if the classical action is
invariant, thus providing space for quantum anomalies. More precisely, his
calculation of the Jacobian of the axial transformation does give the right
anomaly as it is known from computations of Feynman graphs.

In this chapter we want to call your attention to a complementary
aspect of the anomaly phenomenon: the vector anomaly. It is known from
the original calculation that the essence of the axial-vector anomaly is the
impossibility of the simultaneous conservation of chiral and vector currents.
In other words, it is impossible to find a regulator that forces the conservation
of both currents. In fact the original calculation uses a point splitting
regularization that interpolates continuously between the axial and vector
anomalies.*

We ask the question: How do we see the vector anomaly in the path
integral? According to Fujikawa, the vector anomaly must show up in the
Jacobian of the phase transformation; however, a naive computation of this
Jacobian always gives a null result, and in fact such computations have
been used by some authors to conclude that there is not a vector anomaly,
in obvious contradiction with perturbative calculations. This problem has
recently been considered in Refs. 7-9. We present here an alternative
solution, which makes use of an Hermitian regulator and which can be in
principle generalized to more dimensions, taking properly into account the
renormalization problems that will arise.

In Section 2 we review the concept of a family of anomalies in the
context of the Schwinger model.

In Section 3 we review the method of Fujikawa.

In Section 4 we reexamine the definition of the Jacobian and show
that unless the cyclic property of the trace of products of operators holds,
the normal definition of the Jacobian does not apply. In particular we find
that the Jacobian of the transformation must depend explicitly on the Dirac
operator of the system in order that the integral be the same in any

* See, for example, the first reference in Ref. 1.
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(Fermionic) coordinate system. Such Jacobians are called anomalous in
Ref. 6.

In Section 5 we present a preliminary interpretation of our regulated
Jacobian in terms of “regulated phase transformations.”

Section 6 contains a discussion of our results and some open problems.

2. THE SCHWINGER MODEL

The Euclidean classical action for the Schwinger model is given by
S[A] = J dx yipy (1)

¥ and ¢ are anticommuting variables defined in the space-time point x and
D=4+ieA (2)

is the usual covariant derivative. We assume that A, (x) is a classical external
field. Our conventions to go from Minkowski to Euclidean space are those
of Ref. 5. The metric is g"” = (=1, —1) and our gamma matrices are anti-
Hermitian, satisfying

yYiy" =g +e"ys (3)
with £'* = —i. With these conventions the Dirac operator P is Hermitian.
This theory has two classically conserved currents defined by
Ju= vy @
Ju = yayst

They are Noether currents associated with the invariance of the classical
action under phase and axial phase transformations.

It is well known that when quantum effects are taken into account
there is an axial-vector anomaly that can be parametrized by a parameter
b; it contains the regulator dependence of the anomaly. This is what we
mean by a family of anomalies.

The explicit result in the Schwinger model is

e
ERUMENES - (1-5)3,A,(x)
(5)
. e
8 () = — beduAu(x)
We will consider an anomaly calculation using any regulator R to be

correct if the results are such that they can be reproduced by a specific
choice of b in relations (5).
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3. THE METHOD OF FUJIKAWA [5]

Let us write the generating functional of fermionic Green’s functions
in an external field A, corresponding to the action (1):

ZIA] = [ DYDY epr dx §(x)iPy(x) (6)

o

In order to obtain the Ward identities related to a symmetry of the
classical action (1), we follow the standard steps [5]. Let us consider the
fermionic part of such an infinitesimal symmetry transformation, which we
write as

x =[1+ K(a)ly

X =y[1+ L(a)]
where K and L are operators depending upon infinitesimal local parameters,
which we call @ = a(x) in compact notation. The transformation (7) leaves
invariant the action (1) when the parameters are independent of position.
Now we use the transformation (7) as a linear change of variables in the
generating functional, obtaining

(7)

Z[A] = J(a) J DYDY exp J (dx)¢i(P + DK + LP)y (8)

where we have kept only terms to first order in the parameters in the action
and J(«) stands for the Jacobian of the transformation. The explicit calcula-
tion of the terms in the exponential leads to the identification of the currents
in the form

Z[A] = J(a) [ DYDY eXPU (dx) iy — I (dX)j"(X)aﬂa(X)] 9)

The Ward identities are obtained by functionally differentiating with
respect to a(x) both sides of (9). The result is
1 862 6 1In J(x)
———=0=0"J,(x) + ——
Z sa(x) W)t )
where J, (x) = (j.(x)) is the usual average value of j, (x).
Now we use the standard definition of the Jacobian to compute the

axial-vector and vector anomalies.
i. Axial-Vector Anomaly.In this case we have that

¢’ = ey = (1 + iays)y
= ge s = §(1+iays)
K(a)=ia’ys, L(a)_—'ia')’S

(10)

a=0

(11)

Then J(a) = exp(—2 tr iays).
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Following Fujikawa [5] we introduce a regulator:
tr ioys - tr iays exp(— B/ M?) (12)

The regulator M is taken to infinity at the end of the calculation.

In this case we get the right (perturbative) axial anomaly. (See Ref. 5
for more details.)

ii. Vector Anomaly. In this case we have that

Y= ey =(1+ia)y
J'=ge ™ = (1 - ia)
K(a) = ia(x), L{a) = —ia(x)

(13)

Then J(a) = exp[—(ia — ia)] = 1.
There is no way to get an anomaly. But we know there is one. Moreover,
how do we get the family of anomalies discussed in Section 2?

4. REDEFINITION OF THE JACOBIAN [11}]

In the previous section we have explicitly reviewed the well-known
fact that there is a vector anomaly if one chooses to work with a gauge
variant regulator. However, the naive Jacobian of the transformation (13)
never produces a vector anomaly. We get no anomaly at all no matter what
our regularization procedure is. Clearly something does not work with the
standard definition of the Jacobian. Let us see what it is.

We will use the definition

J DYDY exp J (dx)yPy = det(P) (14)

together with the fact that the Jacobian is precisely the extra factor that
produces a coordinate-independent integral.

Since the integral cannot depend on the coordinate system used to
evaluate it we must have that (8) is equal to (9).

Therefore the Jacobian must satisfy that

det(P)

Ia) = det(P + DK + LP) (15)
which can be rewritten as
J(a) = det[1 - B~ (PK + LP)]
(16)

=1-Ti[ P (PK + LP)]
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where J~' denotes the Green’s function of the operator P and we recall
that K and L are first-order quantities in the infinitesimal parameters. As
usual, the trace in (16) is ill defined and needs to be regularized. This is
usually achieved by considering an arbitrary Hermitian, positive definite
operator S. The regulating operator is subsequently defined by R =
f(—=S/M?), where the limit M — o is taken at the end of the calculation.
The function f(x) satisfies f(0) = 1 and rapidly approaches zero at x = 0.
We define our regulated Jacobian by

Je(@)=1-Ti[P(PK + LB)R]=1-T (17)

which now is a finite quantity.

Equation (17) is the main result of this work and constitutes our
prescription to deal with the Jacobian in anomaly problems. It is appropriate
to emphasize that the above construction is independent of the number of
dimensions and that it provides the right answer for the anomaly calculation
using an arbitrary regulator at least in two dimensions. Before going into
some explicit calculations we make some comments upon (17).

The first thing we notice is that Jz(a) depends explicitly upon the
system (B), the symmetries (K, L), and the regulator (R). In this way Jg(a)
does not coincide in general with the standard calculation where the depen-
dence on Y does not appear. One can recover the currently used expression
for the Jacobian provided a regulator R is chosen such that [R, P] = 0.
Then (17) reduces to

Jr(a) =1—-Ti[(K + L)R] (18)

which can be directly obtained from (16) using first the cyclic property of
the trace and regularizing afterwards. Since we lose information in this way,
we infer that such identity can only be used when everything is already
regulated. A well-known contradiction in quantum mechanics arising from
the naive application of the cyclic property of the trace is obtained when
one takes the trace of the commutator [x, p] = ih.

Our second comment relates to the Abelian vector anomaly, which is
defined by taking K = —L = ia(x). The usual Jacobian (18) produces
always a null result independently of the regulator employed. (See Section
3.) We understand this because (18) is correct only when we use a regulator,
which might be an arbitrary function of 2 and thus preserve gauge invari-
ance. In particular, the expression (18) would be an incorrect starting point
for calculating the vector or axial-vector anomaly using, for example, the
regulator R = exp(—4°/ M?).

Nevertheless, as we will show later, the expression (17) for the Jacobian
gives the right answer. Keep in mind that the null result always obtained
for the vector anomaly [starting from (18)] is in contradiction with the
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operator point splitting calculation; for example, some authors have pro-
posed regulating the Jacobian separately in each of its two pieces corre-
sponding to Dy and Dy, respectively [9]. The result would be

J(a) =1—Tr(KR, + LR,) (19)

which is not identically one for the vector anomaly. Nevertheless, according
to our prescription (17) this result would be wrong in general, unless

R,= PR, D™ (20)

Our last comment is related to expression (20) and has to do with
systems whose Dirac operator 2 is not Hermitian. This is the case in theories
with ys coupling® or in some recent discussions of the vector anomaly in
the usual Schwinger model, which is artificially written as a theory with ;s
coupling. Incidentally, this trick can only be played in two dimensions
owing to relation (3) [8]. The particular choice R, = exp(—P'D/M?) in
our general expression (17) together with R, = P exp(—B'D/M*) P~ =
exp(— PP’/ M?), according to (20), explains the specific choice of regulari-
zation used in those references.

Let us apply our definition of the Jacobian to the vector and axial-vector
anomaly [11].

In order to perform the calculations it is more convenient to rewrite
the corresponding expressions for T in (17) in the following form:

TV = —iTe(P~'B[ Y, R]) (21a)
T = i Tr(2aysR + D™ 'ays[ P, R]) (21b)

Here the superscript V refers to the vector case [K = —L = iB(x)], while
A labels the axial-vector case [K = L = iysa(x)]. Again we see from (21)
that only in the case [, R] =0 are the standard expressions for both
anomalies recovered, including now the axial-vector case too.

The first regulator we will consider is R = exp(—4?/ M?), which was
discussed in Ref. 10. In that work the anomalies were calculated by using
the naive expression (18) for the Jacobian, which amounts to settting (21a)
together with the second term of (21b) equal to zero. A null result was
obtained for both anomalies, in obvious contradiction with the family
defined in (5). We now indicate how the proper calculation of the terms
involving [ B, R] # 0 leads to the b = 1/2 member of family (5). Of course
we use the result Tr(2ay;R) = 0 obtained previously in Ref. 10. The object
of the calculation is

X =Te(P7'Q[P, R]) (22)

* See, for example, the last reference in Ref. 5.
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where Q stands for either 8I or ays. The space-time trace is conveniently
calculated in the plane-wave basis because these vectors are eigenvectors
of the regulator. Moreover, the only contribution to the commutator in (22)
arises from the external field-dependent part of the operator J. Up to this
point the calculation reads

dK d
X = ie [ () (dy) 75 94{G(x, ) Q(y)y*
J )
x A‘u(q)e—ikx ei(k—q)y[ekz/l\/l2 _ e(q—k)z/hlz]} (23)

where we have introduced the Fourier transform of the external field. The
only divergent integral in expression (23) would come out from the first
term in the expansion of G(x, y) in powers of the free Green’s function
Go(x, y). The regulated version of this contribution provides the nonzero
result in the limit M — co. As usual, one rescales the momentum k - Mp,
factors out the regulating term exp(p?), and expands the remaining square
bracket of (23) to leading order in p/M. After taking the spin trace,
performing the p integration, substituting in (21), and using (10) we obtain

e e
é)“]: = ;8“14#, 8"‘]3 = '2';7_‘ 8’“’8“14,, (24)

which corresponds to the choice b = 1/2 in (5).

To conclude we discuss the regulator R = exp(—P%/M) with D, =
D' = P+ ieaA and show that it reproduces the whole family (5). The
calculation here is a little more involved and we just give some brief details.
The first term in (21b) corresponds to a standard Fujikawa calculation with
A, —> aA, and reduces to

2 Tr(aysR) = _%@J (dx)a(x)e*"9,A, (25)

The remaining pieces are incorporated in the expression X previously
introduced in (22). The commutator is now rewritten as

[P, R] = ie(1 — a)[A, R] (26)

and the plane-wave basis is used again. Operating the regulator upon the
corresponding plane wave produces the usual shift B, » B, — ik giving

X = —ie(a—1) I érlf)—z(dx)(dy) e KGx=») oK2/M?
x tr(G(x, y)Q(y)[exp(ilK, B} — B2)/ M*, A(y)]) (27)

Once more the finite contribution to X comes from the free Green’s function
together with the leading power of k/ M in the expansion of the exponential
in the commutator of (27). After rescaling k - Mp and taking the limit
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M - o© we are left with

- —;J (dx) TH7*Q(x)y* 13,4, (%) (28)

from which the vector and axial-vector contributions are easily recovered.
The final answer for the anomalies corresponds to (5) with b = (1 + a)/2.

5. REGULATED PHASE TRANSFORMATIONS

In the previous section we have pointed out that the canonical
expression for the Jacobian of the transformation of variables may not hold
for systems with an infinite number of degrees of freedom. In addition to
this, we were able to find the right generalization of the unregulated Jacobian
in such a way that it could be regularized in a standard way, thus avoiding
the use of complicated non-Hermitian regulators. We tested our form of
the regulated Jacobian by computing the axial-vector and vector anomalies
in the Schwinger model. We get directly the most general family of anomalies
that is known to exist in the model.

In this section we want to understand our regularization of the Jacobian
in terms of more basic concepts. We will discover that our method of
regularization can be understood as regularization of the transformation in
the following sense: In the classical theory the fermionic action is invariant
under constant (i.e., space-time-independent) phase transformations that
belong to the representation of the group generated by the identity matrix
1 and 7ys. If we pass to the quantized theory through the Feynman path
integral we find that the Jacobian of this transformation is ambiguous (owing
to divergences) and needs to be regulated. Instead we propose passing to
quantum theory, preserving the group structure of the classical transforma-
tion but allowing the generator to be a general operator that acts as a
regulator. In other words, passing to quantum theory may change the
classical representation of the group but preserve the group structure. The
bonuses we get from this change of perspective are as follows:

The Jacobian of the regulated transformation is again ‘“naive” and
gives directly the regulated Jacobian we postulated in a previous letter [11].
[See equation (17).]

Imposing that the regulated transformation is still a symmetry of the
classical fermionic action, we derive the right relationship between the
regularization of the  and the ¢ that was also postulated in our previous
letter [11]. [See equation (20).]

We can now impose the group properties of our regulated transforma-
tion. This implies a relationship between the regulators of the axial and
vector transformations that is sufficient to guarantee the existence of the
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family of anomalies. [See equation (33).] We believe this last point is an
important one.

Let us consider the path integral for a Dirac field in an external
electromagnetic potential. The action for such a system is given by

S[A] = J (dx) iy (x)[ 4 + ieA]p(x) (29)

Notice that the action is invariant under the following global (i.e.,
space-time-independent) transformations of the fermionic variables:

g=ety, Y =Py
F=ge §= g

These transformations form a group: U(1)aXU(1)v generated by 1
and ys.

As we mentioned above, the Jacobian of these transformations is
ambiguous because of divergences. The commonly used strategy is to
regulate the Jacobian and from the regulated Jacobian derive the anomalous
Ward identities of the theory. We propose instead to regulate the transforma-
tion (30) in such a way that we keep the same group but permit the generator
of the representation of the group to be an operator that acts as a regulator

of the Jacobian.
That is, we replace (30) by (31):

d// — ei“Rlx,lf, d/r — eiﬂ‘ySdel

1!7' - tﬁei“ﬁ', lF — lz;eiﬁysﬁz

Of course, the action must be invariant under these regulated transfor-
mations as well. This implies the following relation:

R,=PRP™', R,=PRPY™ (32)
Notice that (32) is precisely the relation among the regulators of the
¥ and ¢ transformation that we need to get the right regulated Jacobian.
[See equation (20).]
Since the regulated transformations form the group U(1)a x U(1)v,
we must have that

(30)

(31)

[Ry, ysR:1=1[1,ys]=0 (33)

Our previous calculation (see Ref. 13) provides a check of this relation-
ship in the simplest case R, = R,, but we have also considered a more
general family of regulators:

R, = e (1—Bys)a/ M?
R1 = C*JZ/MZ (34)

We get that the anomaly does not depend on beta.
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This result is quite interesting. It shows that to get a member of the
family of anomalies one can use independent reguiators for the axial and
vector transformations. Provided that the regulators satisfy (33) we are
guaranteed to get a member of the family of anomalies. Notice that (33) is
a sufficient, but not a necessary, condition to have a right anomaly. The
reason for this is that the original theory as described by (29) is only
recovered in the physical limit of the regulators (M — o). Therefore we
should impose (33) in the neighborhood of this limit. Clearly this is a less
restrictive (but more complicated to implement) condition than the actual
form of (33).

We want to stress also that the Jacobian of the transformation (31) is
now finite, and because of this it can be computed in the standard way.

6. CONCLUSIONS AND OPEN PROBLEMS

To summarize, we have constructed in our expression (17) an extension
of the standard definition of the regulated Jacobian in the path integral
calculation of anomalies. In two dimensions, this extension directly solves
the problem of recovering the whole family of vector and axial-vector
anomalies for the Schwinger model in the Fujikawa approach. Notice that
we are able to obtain correct results using the regulator R = exp(— 22/ M?),
thus showing that one is not forced to use non-Hermitian operators as stated
in Ref. 8. We expect that for any sensible regulator the anomaly calculation,
according to expression (17), in the above-mentioned model will produce
a correct member of such families of anomalies. Our prescription is valid
for any number of dimensions and could be directly tested in such cases.
In particular, we conjecture that the same regulator R = exp(—B2/ M?)
will reproduce the standard family of anomalies in four-dimensional QED.

In addition to this, we get an interpretation of the regulated Jacobian
starting from a “regulated transformation.”

There are several open problems. Among them we can mention dis-
cussion of the family of anomalies in four-dimensional QED and an applica-
tion of our regulated Jacobian to chiral theories and non-Abelian anomalies.
Moreover, it is very interesting to see whether we can use the concept of a
“regulated transformation” to extend our knowiedge of the anomaly
phenomenon.
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Chapter 2

String Phenomenology

Thomas Banks

1. INTRODUCTION

The two most common questions people ask me about string theory
are: What is it? and What does it have to do with the real world? Sadly, I
cannot claim to have more than a preliminary and partial understanding
of the answers to these questions. Let me try nonetheless to communicate
what I think I know about this difficult subject.

String theory is supposed to be a generalization of Einstein’s general
theory of relativity. If this is true, there should be an analog of the space-time
metric tensor G,,,., an elegant Lagrangian, and a deep set of principles like
the principle of general covariance, which lie at the base of it all. The analog
of the metric tensor is a two-dimensional quantum field theory. To under-
stand this, write the Lagrangian for a quantum mechanical string propagat-
ing through a space-time with metric G,,(x)

§£:Jd2§a 9

xl—"
Gl
£* is a two-dimensional parameter for the world sheet of the string. In this
Lagrangian the metric G,, plays the role of a set of coupling constants.

x"(£) Guu(x(£)) (1)

THOMAS BANKS ® Santa Cruz Institute for Particle Physics, University of California, Santa
Cruz, California 95064.
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The dynamical variable of string theory is simply the set of all possible
coupling constants that one can write for the variables x*. Clearly, this rule
endows string theory with an infinite number of space-time fields. Remark-
ably, once gauge invariance is properly treated, this infinite set of fields is
in one-to-one correspondence with the states of a single string.

In (1) we have chosen a particular metric (the flat one) and a Cartesian
coordinate system on the world sheet. It seems reasonable to require that
physical quantities be independent of such arbitrary choices. Thus physical
observables in string theory should be independent of the world sheet metric.
The requirement that a quantum field theory not depend on the world sheet
coordinates is easily implemented in the BRST [1] formalism. We choose
conformal coordinates in which the two-dimensional metric has the form
8.p = €%8,5 and introduce Fadeev Popov ghosts.

Independence of the conformal factor e? is achieved only by restrict-
ing the coupling constants G,,, , etc., to be fixed points of the renormalization
group. As first shown by Friedan [2], this leads to differential equations for
the metric that are equivalent to Einstein’s equations (to lowest order in
the o model loop expansion). Friedan and Shenker [3] and Lovelace [4]
conjectured that this remarkable fact was no coincidence. Rather, the
equations of motion of string theory are precisely the requirement of
conformal invariance. It has also been shown that these equations follow
from an action, but the true geometrical significance of this construction is
not yet understood.

A familiar example of a theory in which the equations of motion follow
from an invariance principle is general relativity (GR). In the Arnowitt-
Deser-Misner [5]-Wheeler-deWitt [6] (ADMWDW) formulation of this
theory, coordinate transformations are divided into two classes. Those
transformations that act within a given spacelike surface are easily
implementable and carry no dynamical information. Those that move the
spacelike slice generate the equations of motion. It is tempting to make the
analogy between world sheet metric independence in string theory and
coordinate independence of GR. Conformal invariance would be the analog
of local time translations. One puzzling aspect of this idea is that the
ADMWDW approach to GR is intrinsically Hamiltonian, while conformal
invariance leads directly to the Lagrange equations of motion. From the
two-dimensional point of view it is quite natural to generalize the require-
ments of reparametrization and conformal invariance to those of local
supersymmetry and superconformal invariance. We do not yet have a deep
understanding of what we are doing here. Drawing an analogy with what
happens for supersymmetric particle mechanics, I would conjecture that
string theories with world sheet SUSY have variables that are differential
forms of arbitrary rank on whatever passes here for space-time. By contrast,
bosonic string theories involve only zero forms on this semimythical space.
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While there are many types of local SUSY in two dimensions, it appears
that only strings based on (0, 0), (0,1) [or, equivalently, (1,0)] or (1,1)
local SUSY can live consistently in more than two flat space-time
dimensions. These have come to be called bosonic, heterotic, and superstring
theories (this last category includes both the type 11A and IIB superstrings).
They are all closed string theories. If we allow open strings, there is one
other consistent theory. We will ignore it in hopes that it will soon go away.
It will be a fundamental assumption of this chapter that all closed string
models can be thought of as perturbation expansions around a classical
vacuum state [(p, q) superconformal field theory] of one of these three basic
theories. We will concentrate on the heterotic string. The bosonic string
probably does not have stable vacua, while the superstring has none that
are compatible with low-energy phenomenology [7]. We will be dealing
with classical solutions of heterotic string theory, so this chapter should be
entitled “Phenomenology and (0, 1) Superconformal Field Theory.”

Despite early claims of almost unique predictions of the low-energy
spectrum, heterotic string theory has many perturbatively stable vacua that
have particle spectra compatible with observations. It also has many that
are not. We do not yet have the tools to decide which (if any) of these
myriad candidate vacua the theory prefers to sit in. The best we can hope
to do at present is to find a vacuum that resembles the real world. It seems
that the best way to put some order in this search is to prove general results
like the superstring No-Go theorem of Ref. 7. This is what we will attempt
to describe in this chapter.

We will sketch the proofs of the following results:

(1) A criterion will be formulated for a heterotic vacuum to satisfy the
usual SUs relation between tree-level gauge couplings. Most heterotic vacua
seem to belong to continuously connected families of vacuum states. If the
tree-level value of the Weinberg angle were to vary continuously along these
flat directions in the potential, one could not claim that string theory made
any tree-level prediction at all for this parameter. We will show that for
vacua whose excitation spectra contain chiral space-time fermions this does
not happen: the Weinberg angle is constant along all flat directions.

(2) We will show that the only continuous global symmetries of string
theory are translation symmetries of axionlike fields (under which no particle
carries a charge) and the Lorentz groups of uncompactified flat space-time
directions. In particular, global baryon- or lepton-number symmetries are
nonexistent. Note, however, that a discrete conservation law like “baryon-
number modulo N is not ruled out by our theorem, so we have not shown
that proton decay, neutrino masses or neutron-antineutron oscillations are
inevitable consequences of string theory.

(3) We complete the arguments of Ref. 8 that space-time SUSY is
equivalent to (0,2) global world sheet SUSY in heterotic string theory.
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Furthermore, we show that N = 2 space-time SUSY puts strong restrictions
on the world sheet theory. It must be a minimal (0, 4) theory tensored with
two free (0, 1) superfields [or, equivalently, one free (0, 2) superfield]. N = 4
space-time SUSY can appear only in models based entirely on free (0, 1)
superfields.

(4) We show that classical string theory does not allow small breaking
of space-time SUSY. That is, every vacuum near a supersymmetric one is
supersymmetric. The options for SUSY breaking in string theory thus appear
to be

(a) Classical breaking: Mgysy ~ Mpjanck -

(b) D term breaking: Msysy ~ @Mbpianc

(c) Non-perturbative: Msysy ~ € ¥ Mppanck
A fourth possibility, that SUSY breaking is related to the Kaluza-Klein
scale, which is much less than My, appears to be ruled out within the
semiclassical approximation by experimental bounds on couplings [10].
Since all the material covered either has appeared in the literature [9] or
soon will, I will give only a brief outline of the arguments for points 3
and 4.

2. GAUGE SYMMETRIES AND GLOBAL SYMMETRIES

In Kaluza-Klein theories, gauge bosons in four-dimensional space-time
arise from continuous global symmetries (isometries) of the metric of the
compactified dimensions. In accordance with our analogy between the
metric of GR and the two-dimensional quantum field theory of string theory,
we expect global symmetries of the two-dimensional field theory to lead to
gauge bosons. Let us see how this happens.

A Kaluza-Klein vacuum for the heterotic string consists of four left-
moving free scalars (x7), four right-moving free superfields (x% + 0y%k),
and an “internal” (0, 1) superconformal field theory with Virasoro central
charge (C., Cr) = (22,9). The internal theory has a positive metric Hilbert
space.

Suppose the internal theory has a global symmetry with generator I.
In a local two-dimensional field theory, I will be the line integral of a local
conserved current

I= J az*J,
L (2)
9, J =03 +a3J =0

The second version of the conservation equation is written in complex
coordinates: z = & + if,,Z = & — i&.
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If a symmetry is to map the space of physical states into itself, it must
commute with the BRST charge. This implies that

1 1

T(Z)J(W)"'(Z—_M')—)EJ(W)+ (Z_w)aJ(w)
T(D)J(w) ~ — 1_ s T(w) + — ! —3J(w)

(z-w) (z-w) )

= y(w) 3y (w)

Tr(2)J (W) ~ ( v_v)2+ G-
T ~ o

Z—w)

where ¢ has dimensiorl 1/2. These equations imply that J(z) is a (1,0)
conformal field, while J is the highest component of a (0, 1/2) conformal
superfield. The usual rules of conformal field theory then imply

a4
(z—w)

which implies that the two-point function of 4J is a derivative of a & function.
In a positive metric theory, this means that 3J = 0 as an operator. Similarly
8J = 0. Thus continuous symmetries of a heterotic vacuum state lead to
holomorphically conserved currents and/or antiholomorphically conserved
supercurrents. In either case, we can construct a BRST invariant vertex
operator for the gauge boson associated with the symmetry

V =¢e*(k)J(z) ey, (2) e?
or (5)
V =e*(k)y(z) e™ ax* e ®
K=k e=0
where ¢ is the dimension 1/2 superpartner of J and ¢ the bosonized
superconformal ghost.
This is the proof that there are no global continuous symmetries in
string theory. It is worth pausing for a moment to understand the major

exception to this theorem: the Lorentz symmetry of the uncompactified
dimensions. The currents of this symmetry have the form

J(z, 2)J(w, w)) = (4)

J*” = x* 9x” — x¥ 9x*
Ty o v T (6)
JEY = x* ax¥ — x¥ ax* + Yy’

They satisfy (3) but not (4) and are conserved

aT* + aJ* =0 (7)



18 Thomas Banks

without being holomorphically conserved. There are logarithms in the
correlation functions of these operators, and vertex operators of the form

(@x* + k- gy, ™  etc. (8)

are not BRST invariant. There are no gauge bosons associated with Lorentz
invariance in string theory.

It is clear that the dimension 0 field x* is responsible for all of these
curiosities. In conventional conformal field theory it is easy to prove that
there are no dimension 0 conformal fields beside the identity. One simply
takes the expectation value of the commutator

[L.,,L,]1=2L, 9

in the highest weight state |h) obtained by applying the dimension 0 field
V to the vacuum. Positivity implies L_,|h) = 0 so that |h) is the SL, vacuum
and V = 1. The existence™ of x* in free field theory is really a consequence
of the continuous spectrum of vertex operators ™™ with arbitrarily small
dimensions. Clearly we do not want such an occurrence for the internal
conformal field theory (otherwise a four-dimensional observer would see a
continuum of particle states with arbitrarily small masses). Let us define a
compact conformal field theory to be one with a discrete spectrum of
dimensions. If the internal part of the vacuum state is compact, then all
continuous symmetries will be gauge symmetries.

An important question in heterotic string theory is whether the observed
gauge interactions arise from currents on the world sheet which transform
under the world sheet SUSY or from left-moving, purely ‘“‘bosonic” currents.
The remarkably simple answer to this question is that in phenomenologically.
acceptable vacua, gauge symmetries arise from bosonic currents. I will
briefly outline the argument for this, which first appeared in Ref. 7.

The basic empirical input to the argument is the existence of chiral
fermions in complex representations of the low-energy gauge group. If
“mirror” partners to the quarks and leptons are found, this question will
have to be reexamined. A set of currents belonging to dimension 1/2
superfields form a super Kac-Moody algebra (SKM). The superpartners
of the currents are free fermions, and the whole algebra can be written in
terms of these fermions and a set of currents that commute with them [7, 11].

Space-time fermions come from the Ramond sector of the theory. In
this sector all fermionic components of superfields, and in particular the
free fermions of the SKM have periodic boundary conditions on the cylinder.
This has two simple consequences:

* Actually a truly careful field theorist would claim that x* does not exist.
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(1) It is easy to obtain a lower bound on the dimensions of operators
which shows that all massless space-time fermions are singlets of any
non-Abelian SKM. This result, first proven by Friedan and Shenker [11],
implies that the SU; x SU, algebra of the low-energy world must be associ-
ated with the left-moving, bosonic currents.

(2) The existence of a U(1) SKM in the spectrum does not preclude
the existence of massless fermions. However, since it is simply a free
superfield, the zero mode of its fermionic components enlarges the Dirac
algebra of the four space-time fermions. The GSO projection no longer
projects onto a fixed space-time chirality. Each fermion in a given representa-
tion of SU; x SU, (which as we have seen is generated by left-moving
currents) must come in both chiralities.

We conclude that in a heterotic vacuum with chiral fermions, all gauge
symmetries are associated with left-moving Kac-Moody currents.

Within the semiclassical approximation to string theory, grand
unification, if it can be said to occur at all, occurs only at the Planck scale
(~string scale ~scale of compactification). Generally, Planck scale breaking
of a GUT gives rather different results for the tree-level relation between
the SU(3, 2, 1) gauge couplings from those obtained by Georgi, Quinn, and
Weinberg (GQW) [12]. The Lagrangian can have nonrenormalizable
operators of the form

f®(¢/M,)Fe,F", (10)

Here f*° is a function of the Higgs fields ¢. If (¢) ~ M,, these terms
generically give corrections of O(1) to the GQW relations.

Let us try to understand the magnitude of ratios between gauge coup-
lings in a general heterotic string vacuum. The vertex operators for the
gauge bosons of some simple group (in the zero ghost charge picture) are

Nj*(2)[ax*(2) + k*k - (2)] ™ (11)
where the currents j*(z) form a Kac-Moody algebra

k5 ab l:fahc

G-w)  z—w)

If £ is normalized so that the roots of the algebra have length squared
=2, then k, which is called the level of the algebra, must be an integer. For
a U(1) current k need not be quantized.

The normalization factor N for any one simple gauge group can be
absorbed into the overall string coupling (dilaton expectation value). Let
us choose to do this by setting N = 1 for the SU(3) color group. How then
do we fix the normalization of the other gauge-boson vertex operators?

J(2)i"(w) ~ Ji(w) (12)
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Consider graviton emission from a single gauge-boson

In string theory this process is governed by the coefficient of the graviton
vertex operator in the product of two gauge-boson vertices. It is easy to see
that this is proportional to N?k; for the ith gauge group. So we must choose
N = (k;/k;)"? in order to have universal gauge-boson-graviton couplings.
It is then clear that the ith set of non-Abelian gauge bosons has a self-
coupling (ks/k;)/*f**. For a U(1) boson the situation is somewhat more
subtle. The current has the form iv'k,0¢, where ¢ is a canonically normalized
left-moving free scalar

(e(2)e(w)) = ~In(z — w)
(13)

o, _
¢=plnz+qg+iYy—x
n R

If our internal conformal field theory is compact, p must be quantized

n

= — 14
P=3R (14)

and the allowed charged vertex operators have the form
ei-n'mR‘p ‘7 (15)

where V is ¢ independent. The operator product expansion of the properly
normalized gauge-boson vertex operator with an exponential

27mRy k3 e21rimR¢p(w)

zZ—Ww

iVikap(z) e2mmRe() (16)
tells us that the amplitude for emission of a gauge boson from a charged
particle goes like 2rmR+'ks; so this is the charge of the particle.

In order to have the tree-level GQW relations between the gauge
couplings we must require that k, = k; and that 2rRv’k; = 1. The charges
of known particles are obtained if we assign m values to their U(1) vertex
operators as follows:

qL, m=2

g, m=38

dg, m = —4 (17)
L, m = —3

e, m=—6

There are a number of interesting aspects of these constraints. The
U(1) charges are quantized as they are in Kaluza-Klein theories. More



String Phenomenology 21

surprisingly the ratio of SU, and SU; “fine structure constants” is always
a rational number. This can happen in Kaluza-Klein theory [13], but as
far as I know, it is not guaranteed. Note also that the possibility of a color
singlet hypercharge 1/6 particle is not ruled out at this point. In GUT
containing SU(5), such a particle is not allowed. It may be that world sheet
locality provides the same constraint in string theory, though we know too
little of the structure of quark and lepton vertex operators to prove this. If
not, there may be realistic string vacua that contain such exotic particles.

To obtain the GQW values for tree-level couplings we must “tune” the
rational number k,/ k; and the continuous parameter R. Witten has argued
that it is possible to obtain these values naturally by introducing Wilson
line-breaking in a vacuum with grand unified symmetry. Actually, since k,
and k; are integers, we only have a discrete set of choices. It is “technically
natural” to set them equal. The most attractive choice from the phenomeno-
logical point of view is to set k, = k; = 1 since this automatically rules out
light particles which are not in the fundamental representation of SU(3) x
SU(2).

The possibility of continuous variation of R is more dangerous, even
given Witten’s demonstration of a natural set of vacua with the correct
value. All known superstring vacua have many continuously variable
parameters in them. From the low-energy point of view these are exact flat
direction in the scalar potential. k, and k; cannot vary along these directions
since they are integers. If R does, then string theory does not naturally
explain the GQW relations.

To lowest order in perturbation theory a flat direction is represented
by perturbing the vacuum conformal field theory by a (1, 1) operator V
which is the highest component of a (0, 1) superfield. In order to represent
an exact flat direction, the operator must be “‘truly marginal,” i.e., the
quantum field theory defined by adding A | V to the action must be (0, 1)
superconformally invariant for all A. We will not need to invoke this further
constraint to prove our results.

How, in two-dimensional language, can the gauge coupling change?
The perturbation V does not affect the space-time coordinates, so it can
only affect the U(1) current j(z) = ivkae (¢ is a canonically normalized
holomorphic scalar field). The conformal fields that do not commute with
j(z) are j(z) itself and e* for g = 27rmR. The latter all carry U(1) charge.
If V contains them, it represents a vacuum in which U(1) is spontaneously
broken. We are discussing the possibility of a U(1) preserving vacuum in
which the gauge coupling varies. The only possible form for the operator
V is thus

J(2)j(2) (18)

where j(Z) is a (0, 1) conformal field which is the highest component of a
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superfield. This is the definition of a U(1) super-Kac-Moody algebra. The
fermionic partner of j has a zero mode in the Ramond sector that enables
both space-time chiralities of fermions to survive the GSO projection. As
mentioned previously, the existence of chiral space-time fermions in the
original vacuum precludes the existence of an SKM. We conclude that
vacua with space-time chiral fermions have no perturbations which can
change the gauge coupling. This, combined with Witten’s discovery of vacua
which naturally give the tree-level GQW relations, shows that string theory,
like GUTS, can predict the Weinberg angle.

3. SPACE-TIME SUPERSYMMETRY IN STRING THEORY

The existence of space-time SUSY in string theory, like that of internal
gauge symmetries, is a property of particular vacua. A vacuum will have
SUSY if there exists (0, 1), BRST-invariant operators q,(zZ), g;(Z) such that
§ g, satisfy the SUSY algebra. In the FMS formalism for fermion vertex
operators we must choose a “picture” or ground state for the superconformal
ghosts. We will use the —1/2 picture for fermion vertices and the 0 and —1
pictures for bosons. The OPE for the g, required by the SUSY algebra are

4.(Z)qg(W) ~ nonsingular
(19)

1
Nas(w) ~ ® w —¢
qa(Z)QB(W) »Z — W O-aﬁdjy,( ) €
(¢, are the four-dimensional NSR fermion fields; ¢ is the bosonized
superconformal ghost; and the right-hand side is the —1 picture version of
the momentum density).

In order to have the right ghost number and Lorentz transformation

properties g, must have the form
4o = 2(2)S, e7*"?
gs = 27(2)S; e ?? 20

where S, and S; are dimension 1/4 spin field built from the four ¢,.
and ¥ must have dimension 3/8 and (19) constrains the singular terms in
their OPE

_r
(2 —w)>*

S(2)2(w) ~ (2 - w)**O(w)

S(2)TH(w) ~ +3(2 — w) T (W)

(21)

The dimension of J is 1 and that of O is 3/2. In principle either or both
of them could be zero. The singularity in the X% OPE is there to ensure
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the correct OPE of SUSY generators of opposite chirality. The powers in
the subleading terms differ from this by positive integers. Otherwise the
SUSY generators would not be local. The OPE of the space-time part of
the equal chirality SUSY generators has a singularity 1/(z — w)** and the
>3 OPE must cancel it to protect the SUSY algebra.

The heterotic string has a dimension 3/2 holomorphic field T(z) that
generates (0, 1) SUSY and must exist in any consistent vacuum. Our aim
is to show that Tr combines with the U(1) current J to form an N = 2 SUSY
algebra. We must first show that J exists. This is easy. The singularity
structure of the OPE (21), combined with analyticity, enable us to calculate
the four-point function of =. Expanding it as 2 > 2 we find a nonzero
term with a power of the separation indicating a dimension 1 operator. The
coefficient of this term determines the three-point function

E(20)2(2)J(23)) = 3215° 213 223 (22)

and the two-point function

J(2) I (w)) = (23)

(z—w)
J can then be written as iv3dH (w), with H a canonically normalized free
field, and

3 = MMy (24)

where V commutes with H. Since £ has dimension 3/8, V has dimension
0, and so is equal to 1 [the OPE (21) normalizes X] since V lives in a
compact conformal field theory.

The next crucial point is that the SUSY currents must be BRST
invariant. It is easy to see that there are no poles in any terms in the OPE
of the BRST current with the SUSY generators except perhaps

E(W) e—¢/2(W')Sa }

y(2) Te(2) {
2 creates states in the Ramond sector of the internal superconformal field
theory. Its OPE with T, has only 1/2 integer powers. Thus

Tr= Y P -y T8 (26)
gq=~—0o0
where T% commutes with H. The SUSY charges will be BRST-invariant
only if g = £1. It is now easy to show that T%, T, and J close to form the
N = 2 superconformal algebra. This completes the argument of Ref. 2 that
space-time SUSY is equivalent to N = 2 world sheet SUSY.
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Now assume that we perturb the vacuum along some flat direction.
The perturbation is described by a (1, 1) operator P, which must be the
highest component of an N =1 superfield. This is the zero momentum
vertex operator for some massless scalar particle. It is written in the “picture”
with zero ghost number where it only depends on matter fields. The corre-
sponding vertex operator in the —1 picture is a (1, 1/2) operator. This
operator must be local with respect to the space-time SUSY generator in
the —1/2 picture. Since it commutes with S, and has the form e~ ** it must
be a sum of terms

§ ei(2q+1/J§)HX (27)
q
g=—c
But its antiholomorphic dimension is 1/2, so (2q + 1)?/6 < 1/2, which
means 2g + 1 = *1. This field is obtained by commuting the BRST charge
with &P (¢ is the “fermionized ghost field” [14]). The relevant term in the
BRST operator is again

J. YTk (28)

It carries g = +£1, so P has g = 0. Conformal invariance now restricts P
to be

Py(z,2) + O(z)J(2) (29)

where P, commutes with J. But J is not the lowest component of an N = 1
superfield (its superpartner is the other superstress tensor), so the second
term is absent.

Thus any acceptable perturbation of a space-time supersymmetric
vacuum commutes with the U(1) current of the N =2 algebra and so
preserves the space-time SUSY generators. Clearly, it also preserves the
U(1) charges of all operators in the theory. Thus the vertex operators remain
local with respect to the SUSY charges and scattering amplitudes are
invariant under SUSY. There is no way in heterotic string theory to obtain
a ‘“small” spontaneous breakdown of SUSY at the classical level, and
hierarchical SUSY breaking must be a nonperturbative quantum effect.

The final topic mentioned in my introduction was the constraints on
the world sheet theory that follow from extended space-time SUSY. Briefly,
introduction of N =2 or 4 SUSY generators implies 2 or 4 spin fields Z,.
The same sort of analysis that we performed for N = 1 gives us several
different U(1) currents and some free world sheet fermions. For N = 2 we
get two free superfields (one N = 2 world sheet superfield) direct product
with an SU(2) level 1 current algebra which completes the superstress tensor
into a representation of the world sheet N =4 superconformal algebra.
With N = 4 in space-time we prove that the right-moving part of the theory
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is simply six free superfields. Modular invariance probably implies that we
have a toroidal compactification. The details of these arguments will appear
in Ref. 9.

4. CONCLUSIONS

We have seen an intricate and beautiful interplay between the world
sheet and space-time properties of superstrings. Clearly, the key to these
results was holomorphic symmetries of the world sheet theory. I expect that
most of the nontrivial results that have been obtained about stringy
phenomenology can be recast in this language. It is to be hoped that these
kinds of general constraints will help us to understand the plethora of
ground states with which string theory provides us.
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Chapter 3

Open Gauge Algebra and Ghost Unification

Laurent Baulieu

In this chapter, I will explain how the notion of an antifield allows one to
solve the problem of quantizing the gauge invariant actions of charged
2-forms coupled to a Yang-Mills field in a four-dimensional space-time.
I will also prove on this example that antifields can be geometrically unified
in the same enlarged space as ordinary gauge fields and their ghosts.

The enlarged space in which BRST quantization is harmoniously
described is a double complex € whose vertical direction is determined by
the ghost number and the horizontal one by the usual form degree. In the
BRST scheme a grading exists that is defined as the sum of the ghost number
and of the form degree [1]. As an example, a Yang-Mills field valued in a
given Lie algebra ¥ is a 1-form with ghost number zero; The corresponding
Faddeev-Popov ghost is a ¥-valued 0-form with ghost number one. There-
fore a Yang-Mills field and its Faddeev-Popov ghost are objects of a similar
nature, which are separated only after a choice of coordinates within 4. In
a double complex notation one can write the Yang-Mills field as A} and
the Faddeev-Popov ghost as Ay, and it is consistent to unify A] and A}
into the geometrical object A%+ A}. Similarly, the exterior differential
d = dx*3pu with form degree 1 and ghost number 0 and the BRST operator
s with form degree 0 and ghost number 1 can be unified into the operator
d + s acting in €.

LAURENT BAULIEU ® Université Pierre et Marie Curie, 75252 Paris, Cedex 05, France.
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28 Laurent Baulieu

If one generalizes the usual BRST structure of the Yang-Mills theory
by allowing the introduction of new fields with negative ghost numbers,
one must consider the existence of a %-valued 2-form with ghost number
—1, of a Y-valued 3-form with ghost number —2, and of a %-valued 4-form
with ghost number —3, denoted as A", A3%, and A}, respectively, since
these objects can be consistently unified into the following generalized
%-valued 1-form in €:

A=A+ A%+ A5 + A2+ A (1)

We call the new fields with negative ghost number antifields: Indeed,
they can be identified with the additional fields that Batalin and Vilkoviski
have introduced for quantizing actions invariant under systems of gauge
transformations that close only up to classical equations of motion [2]. The
antifields occurring in (1) will turn out to be useful for building the gauge
symmetry characterizing a charged 2-form.

Consider now a classical %valued 2-form gauge field B, =
3B, dx* dx". The field-strength of B, is

G3 = éGIJ-”P dx“ dx’/dxp = de + [A, Bz] = DBZ (2)

In order to couple B, with the Yang-Mills field A, one introduces the
following action:

B*"F*? + F, ,F*") (3)

I, = J (B,F + F*F) = J‘ d*x (&pupo
where F = dA + AA. In our notation all products are graded by the sum
of the ghost number and of the form degree. The asterisk stands for the
duality operation. I, is invariant under the infinitesimal gauge transforma-
tions:

86A, = D,e

(4)
SB}“, = D[#El,] + [Bp.va 8]

In these equations ¢ is the known %-valued local 1-form parameter for an
infinitesimal Yang-Mills transformation. The quantization of the action (3)
is troublesome because the infinitesimal 1-form parameter g, occurring in
the transformation law of B, is degenerate modulo the field equation of
B,,F=0:

g, ~¢,+ D, (5)
This degeneracy has the following consequence. In the usual BRST scheme
one introduces a 1-form ghost B] in correspondence with the local

infinitesimal 1-form parameter &, and a 0-form ghost of ghost Bj in corre-
spondence with the local infinitesimal 0-form parameter «. Introducing the
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ghost of ghost Bj is a necessity since the primary ghost Bj is itself a gauge
field due to the degeneracy (5). One discovers then that there is no way to
build a BRST operator s acting only on the fields A, ¢, B,, Bi, and B} with
the requirement of nilpotency independently of any restriction on A [2].
As a matter of fact, starting from the condition that the BRST transforma-
tions of A and B, reproduce the gauge transformations (4) up to the changes
e > c and g, > B}, one finds the following expression for the action of s:

SA =-Dc
sc = —4c, c]
sB, = —DBi'_[C, B;] (6)

sBl = —DB%—[¢, Bi]
SB(% = _[Cy BD]

A straightforward computation shows that the nilpotency of s is broken
on BZ:
s’B; = [Bs, F] (7)

Notice that the nilpotency breaking is proportional to the Yang-Mills
curvature F| i.e., to the equation of motion of B, stemming from the action
(3).

The origin of this problem can be recognized as an incompatibility
between the BRST equations (6) and their Bianchi identities: Equation (6)
can be equivalently written as

(s+d)YA+c)+ A+ A+c]=F (8a)
(s+d)(B,+ B+ By)+[A+cB,+ B+ B}]= G, (8b)

The property (d + s)> = s> = 0 amounts to the fulfilment of the Bianchi
identities of (8):

(d+s)F+[A+¢ F]=0 (9a)
(d+5)G;+[A+c G,]=[F, B,+ B} + B3] (9b)

It is in fact obvious by expansion in ghost number that equation (9b) is
true if and only if F = 0.

Having a BRST operator that is nilpotent only up to a field equation
as seen either in (7) or in (9) is geometrically absurd. Moreover, this forbids
the construction of a consistent gauge fixed action.

The root of the problem is the fact that we have considered a set of
fields that is not large enough. We now allow for the existence of geometrical
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objects with negative ghost numbers, i.e., of antifields, and define the
following generalized gauge fields:
A=Al+A%+ A"+ A2+ A
A,=A;'+A;2 (10)
B,=B:+B'+B,
The field strengths are defined as follows:
=(s+d)A+ YA A]
Fo=(s+d)A,+[AA,] (11)
G,=(s+d)B,+[A B,]

The property s> = (d + 5)> = 0 on all the field components of A, A,, and
B, which are displayed in (10) is equivalent to the fulfillment of the Bianchi
identities of F, F;, and Gj:

(d+s)Fs+[A F1=0
(d+s)E;+[A F,]1=[FA,] (12)
(d+5)Gs+[A Gy1=[F B,]

The knowledge of the action of s on the various fields amounts to that
of a set of constraints on the components with different ghost numbers in
F, F3 ,and G3 In order to obtain a BRST operator that is  nilpotent indepen-
dently of any restriction on the field components in A A,, and B, it is
necessary and sufficient that these constraints be compatible with the Bianchi
identities (12). A straightforward inspection determines the following con-
straints on F and é3:

F=0
Gy = G4 67 13
Besides, 1~?3 must be constrained as follows:
Fi= #5+F;" (14)
where F3[ A] is any given gauge covariant quantity, for instance:
F, = 8/8A(F*F) + F;' = D*F + F;! (15)

Notice that Az and }§2 can be further unified into l~32 = i\z + }§2. One
can then define

B,=A>+A;'+ B,+ B} + B}

.. (16)
G;=(s+d)B,+[A B;]

At this level, the unification of fields and antifields has been completed.
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_ The Bianchi identity (12) isnow (d + s)F + [A, Fl=0and(d + $)G; +
[A, G;] = [F, B,]and the BRST equations (13-15) can be thus written under
the following compact form

F=0

~ x . (17)
G, = 8/8A(FB, + F*F) + G;' = G; + D*F + G,

By expanding equations (13)-(15) or (17) in ghost number, one finds the
following expressions for the action of s on the fields:

sA = —Dc
sc = —1[c, c]
sB,=—-DBj—[c, B,]+ [ASY, B3]
sBl = —-DB3 —[c, Bi]
sB3 = —[c, BY]

(18)
sA;' = F —[c, A5']

sA5%> = —DA;' —[¢, A37]
sA7? = —DA;* — A, AT - [6 AL
sA;'= D*F —[¢, Aj"]

sA;>=—DA;' - [¢, A}

The nilpotency of s is obvious by construction from the compatibility of
the Bianchi identities (12) with the BRST equations (13), (15). It can be
also checked from equations (18).

The most interesting equation in (18) is the one defining the action of
s on the classical 2-form gauge field B,. Indeed, the BRST transformation
law of B, contains the term [ A5, B3]. This term is necessary for consistency,
i.e., for ensuring the nilpotency of the BRST operator. However, there is
no classical interpretation for such a term, owing to its nonlinear dependence
on the ghost fields.

Because of the necessary modification of the gauge symmetry, the
original action (3) is not invariant under the BRST symmetry (16). The full
s-invariant action is in fact the following one:

F - J. Tr {B,F + F*F + A;'Dc — 1A [ ¢, ]

— A;Y(DB} +[¢, B,] - 3 A", B3)) (19)
— A;%(DB +[¢, Bi]) — AZ’[¢, B3}



32 Laurent Baulieu

This action is ghost and antifield dependent. # represents the solution
modulo d-exact terms of the equation sA$ = 0, where AJ is a 4-form with
ghost number 0. Therefore, it should be considered as the classical invariant
action for a charged 2-form gauge field B,, although it is ghost dependent.

Since we have at our disposal a nilpotent BRST operator it is straightfor-
ward to compute the quantized version of the classical action (3). By using
the standard BRST technology, i.e., by introducing the relevant Lagrange
multipliers and antighosts, one can easily derive the following BRST
invariant and gauge fixed action:

Ior = J d*x{€,,pe B*"F?" + F,,F*" + a(3"A, )* + ¢3"D,c

X B((8*B;,.y)’ + (6*Bg)*) + Dy, B9, B, + v9"B,'9"B,, (20)
+9*By’D,Bi + ,,,,.Bi[0,B,", 9,8, 1}

nypo

a, B, and vy are arbitrarily chosen real gauge parameters. The interesting
characteristic of the action (20), which is the simplest consistent gauge fixed
version of the action (19), is the presence of a cubic ghost interaction which
forbids the elimination of ghost fields under the form of a determinant in
the partition function. More details on the derivation of the action (20) can
be found in Ref. 3.

To conclude this talk let us stress that more complicated open gauge
algebras than that of the non-Abelian 2-form gauge field can be analyzed
with techniques similar to the ones that I have presented. It is in particular
interesting to apply these techniques to supergravity since this permits one
to bypass the method of auxiliary fields for defining the partition function.
Thereby recent progress has been made in the cases of N = 1 supergravity
in 4 and 11 dimensions [4]. In string field theory, the notion of an antifield
is also important in order to interpret consistently the ghost structure [3, 5].
Finally, trying to include in a geometrical framework these fields with
negative ghost number that permit systematically the closure of open gauge
algebra seems an interesting challenge.
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Chapter 4

Algebras of the Virasoro, Neveu-Schwarz,
and Ramond Types on Genus g
Riemann Surfaces

L. Bonora, M. Rinaldi, and J. Russo

1. INTRODUCTION

During the last few years much work has been devoted to trying to
reconcile the operator formalism in conformal field theory and string theory,
which was originally formulated in the complex plane, with the fact that
in Polyakov string theory Riemann surfaces of arbitrary genus must be
taken into account. Also, independently of any string interpretation, it is
interesting to know the features of a conformal field theory on a Riemann
surface of genus g, and therefore it is important to have a manageable
operator formalism for any genus. In two recent papers [1,2] Krichever
and Novikov have introduced a new general formalism that may prove very
important in this sense. The basic ingredient in their approach is a discrete
basis for the algebra of meromorphic vector fields over a Riemann surface
that are holomorphic outside two distinguished points. The basis elements
form a closed algebra, which is referred to as the Krichever-Novikov (KN)
algebra.

What is new and remarkable in Refs. 1 and 2 is first of all that the
existence of a unique discrete basis suggests immediately what the operator

L. BONORA AND M. RINALDI ® S.I.S.S.A., Trieste and LN.F.N., Sezione di Trieste,
Italy. J. Russo ® S.I1.S.S.A., Trieste, Italy.
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formalism should be. Moreover, the KN algebra has a universal aspect, but
simultaneously preserves the information of the genus in the structure
constants. Thirdly, it permits us to treat diffeomorphisms and deformations
on the same footing.

In this chapter we will review some work done using the Krichever-
Novikov approach [3,4]. In particular we show that one can explicitly
construct in the bosonic string case [3] a BRST charge over any Riemann
surface and show that it is nilpotent in the critical (D = 26) dimension.
Then we show that one can extend the construction of Krichever and
Novikov and of Ref. 3 so as to generalize the Neveu-Schwarz and Ramond
algebras to Riemann surfaces of arbitrary genus, construct a corresponding
BRST charge, and recover the expected (D = 10) critical dimension in the
superstring case.

In more detail, following the procedure of Krichever and Novikov, we
will construct bases of suitably defined mathematical objects over an
arbitrary Riemann surface, as well as natural binary operations among them
that define two types of super-Virasoro algebras. In the same way as in the
genus 0 case the KN algebra boils down to the Virasoro algebra, these
superalgebras reduce either to the Neveu-Schwarz or the Ramond algebras.
For this reason we will call them NS-KN algebras and R-KN algebras,
respectively. Next we will defirie the relevant central extensions. Once this
is done, we will realize the above superalgebras as algebras of the
“momenta” of the energy momentum tensor and of the supercurrent ensuing
from the classical Poisson brackets in a superstring theory. Finally, we will
consider the expansion coefficients as operators acting on suitable Fock
spaces. Such realizations give rise, via normal ordering, to central extensions.
In order to define a nilpotent BRST charge we will need to introduce suitable
ghosts. The matching of the ghost contribution with the ““matter” contribu-
tion to yield a nilpotent charge will be, as usual, the origin of the critical
(D = 10) dimension.

2. THE BASES

Given a Riemann surface = of genus g, let us consider two distinguished
(but generic) points P, and P_ and local coordinates z, and z_ around
them such that z.(P.) = 0. On X there exists a whole family of tensors
}A”‘), parametrized by two real numbers A (the conformal weight) and x.
The label j is discrete (see below). The f}"") are holomorphic everywhere
on X except possibly for poles or branch points in P, and P_ and a branch

cut from P, to P_. The limiting values at the cut satisfy

;/\,x)+ — ez-rrix j(z\,x)— (1)
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Moreover, the expansion of f{** near P, is of the form
0 = a2 TSN+ O(2,)](dzs ) (2)

where S(A) = g/2 — A(g — 1) and a** are constants to be specified below.
In particular [1, 2], for A = —1, x = 0 we obtain meromorphic vector fields

e = ]( L9 holomorphic outside P.. In this case j is integer, j =

—-1,0,1,...;or half integer, j = ..., —%,3, ..., according to whether g
is even or odd.

For later use we recall that forx = 0, A = 0, 1, 2 we obtain meromorphic
functions A; = f{*? differentials w; = f”, and quadratic differentials
Q; =1 (20) respectlvely, which are holomorphic except at P, . The definition
of A; and w; must be slightly modified for |j| < g/2 owing to the Weierstrass
theorem. In all these cases the Riemann-Roch theorem tells us that ¢;, A;, w;,
and (}; are uniquely determined up to an arbitrary constant. So we normalize
them by setting a'*** = 1; a?**~ will then be uniquely determined, as well
as all the coefficients appearing in the tails O(z.. ). These coefficients contain
the dependence on the genus.

The other objects we need are those with half-integer weight A and

=3 or x =0 (the latter characterization will define, respectively, the

Neveu Schwarz and Ramond sector). In particular let us consider the

A=-3 case Let us set g, = @ 59 with « = j integer and g, —f( “) with
a=j + half integer. That is, collectively,
8a(z:) = a5z "1+ O(z.))(dz) (3)

With «a integer g, is holomorphic outside P, (Ramond sector), while when
« is half integer g, has a branch cut from P, to P_ (Neveu-Schwarz sector)
For later use, we define also k, = f3* with a = —j integer and K, f i
with @ = —j — % half integer, and h_, —f(Z with @ = j integer and h
f(2 ? with « = j + 3 half integer.

Let us come now to the binary operations, which will allow us to define
a superalgebra. Let us concentrate on the ¢;’s and the g,’s. As for the first
we take the Lie bracket [1,2] [e;, ¢;], for the latter we have the tensor
product of sections and set {g,, 85} = £.83 + 2s8.- Finally we set [e;, g, ] =
L, g., where L,g =[&(2)dy(z) + Ay(z)de(z)](dz)* in a local patch where
e = £(z)3/dz and g = y(z)(dz)". For integer A, L. reduces to the Lie deriva-
tive along the vector field e. Then from an analysis of the singularities in
P. we obtain

0)
[e;, gl= h C?jei+j—s, 80 = %g (4a)
$=—go
8o s
[eia ga] = Z Hia gi+avs (4b)

S="8o
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g
{gaagﬁ}: ) Bt’;Bea*—B*‘p/Z (4¢c)

p=—8

The coefficients C};, H;,, B%; can be calculated from the constants appear-
ing in the expansion of e; and g, near P.. For example, in the simplest
case, we have C¥ =j— i, H=a —i/2— g+ go/2, Bé; = 2.

Equation (4a) defines the KN algebra, while equations (4) together
define the NS-KN superalgebra or the R-KN superalgebra for
a, B, v, . ..integer or half integer, respectively. We will denote by /s the
algebra generated by the e;’s through equation (4a), and by s the superal-
gebra generated by the ¢;’s and the g,’s through equations (4). The algebra

Ms splits according to
Ms = M5+ M+ M5

where (5 are the subalgebras generated by the e’s with =i = g, — 1, and
generate diffeomorphisms. The complement .#3 generated by the e; with
|i| = go — 2 corresponds to deformations that change the conformal struc-
ture; its complex dimension is 3g — 3 and it is naturally identified with the
tangent space to the moduli space.

Similarly the algebra &/s splits according to

As = Ay + AL+ A3

where 3 are the superalgebras generated by e; with =i =g, —1 and g,
with £« = g — 1. These generate superconformal transformations. The com-
plement /3 generated by e; with |i| = g, — 2 and g, with |a] < g — 3 corre-
spond to deformations that change the superconformal structure. &% is
naturally identified with the tangent space to the supermoduli space. One
can easily see that the complex dimension of &2 is 3g —3 + 2g — 2, the
dimension of the supermoduli space.

3. THE CENTRAL EXTENSIONS

In order to define the central extensions of the KN algebra and of the
GS-KN and R-KN superalgebras, let us introduce the following cocycles:

1
X(eiaej):ﬁ X~(eiaej) (5)
(P(gct’ gB) = 6_17;§ (ﬁ(gaa gB) (6)

where the integral is over a contour surrounding P, and y and ¢ are defined
as follows.



Algebras of Virasoro, Neveu-Schwarz, and Ramond Types 37

Let f and g be meromorphic vector fields which are holomorphic
outside P,, and let f = f(z,)3/9z, and g = g(z,)3/8z, near P, ; then
X(f,g)=0L(f"g—g"f) — R(f'g — fg")] dz, (7
where R is a Schwarzian connection. Likewise let p and o have weight
—~1/2 and be holomorphic on 3 except possibly for poles or branch points
in P, (with associated branch cut), and let p = p(z,)(dz,) "% o=
0(z,)(dz,) V2. Then
¢(p,0) = p'o’dz, (8)
It is immediate to see that they verify the following properties:
i’ X(ei’ ej) = —X(ej’ €; )’ (P(ga, gﬁ ) = ‘P(gﬁs 8a )'
ii. They are independent of the coordinate system [for x(f, g) this

follows from the properties of R].
iii. They satisfy the following cocycle conditions:

x(f,[g h]) + x(g [ f1)+ x(h[f,g]) =0
o(p,[o,f]) — (o, [f,pD) + x(£{p,0}) =0

iv. They are “local,” in the sense that

x(e, )=0 for |i + j| > 3¢ (9a)
©(8.,85) =0  for|a+p|>2g (9b)
as follows from an elementary computation of the zeros and poles

in P..

So finally we can centrally extend both NS-KN and R-KN superalge-
bras as follows:

Zo
Le, ej] = Z ijeiﬂ'—s + tx(e;, ej) (10a)
$==8go
8o s
[eia ga] = Z Hia gi+a—s (IOb)
$=—8o
g
{ga’ gB} = E Bﬁﬁea+ﬁ—p/2 + t(P(gaa gB) (IOC)
p=—8g
[e, 1] =[ga, t]=0 (10d)

Of course equation (10a) defines the central extension of the KN algebra.
A few final remarks:

® The cocycles y and ¢ are easily calculated in a few cases. For
example, for R = 0,

x(ei, e35-:) = 13[(i = 80)* = (i — go)] (11a)
¢(8as rg-a) = —3a —g)° + 15 (11b)
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® It has been shown by Krichever and Novikov [1] that up to trivial
cocycles there is only one cocycle satisfying the “locality” condition
(9a).

® The above superalgebras reduce to the usual Virasoro, Neveu-
Schwarz, and Ramond superalgebras in the genus 0 case.

4. A STRING REALIZATION

Now we want to realize the above algebras as intrinsic algebras of
(super)string theories, first from a classical and then from a quantum point
of view. In the following the superstring case will be treated explicitly. The
purely bosonic case can be easily recovered by setting to zero the fermionic
variables and the corresponding ghosts. We start from the energy momentum
tensor, which, in local coordinates, is given by T = T*¥ + T&"

T = —3X"3X, — 30¢*¢,, T = ¢ob + 23ch — 3ydB — 29y8 (12)
and the supersymmetric current J = J*¥ + J&"
JX =y, 0X*,  J*=2coB +30cB — yb (13)

X*(Q) and ¢*(Q) are fields of weight 0 and 3, respectively. b(Q) and
c(Q)[B(Q) and y(Q)] are anticommuting (commuting) ghost fields of
weight 2 and —1 (3 and —3), respectively. T and J have weight 2 and 3.

We can use the bases {¢;}, {w;}, etc., {g.}, {h. }, etc., introduced above
in order to expand these fields. The coefficients will be later interpreted as
creation and annihilation operators in suitable Fock spaces:

A=-1 c(Q) =2 ce:(Q), ¢ = 2L§ c(Q)Q:(Q) (14a)
i Tl ol

A=2 BQ)=Tb0(Q), b= ifﬁ b(Q)e(Q) (14b)

A=-—3 Y(Q) =% ¥:84(Q), Yo = %mjgc ¥(Q)ka(Q) (14¢)

A=h M@ =TdhQ),  di=3= pHIQ (140
o Tl C,

>
I
N

B(Q) = LBka(Q),  Bu= ﬁgﬁc B(Q)g.(Q) (14e)

A=1  dX*(Q)+ P*(Q)=v2Y atw(Q)
1 ' (14f)
V2t = 2—§; [dX*(Q) + P*(Q)]A«(Q)
m Jc,



Algebras of Virasoro, Neveu-Schwarz, and Ramond Types 39

where P* is the conjugate momentum of X* and C, are the level curves
of a suitable univalent function 7(Q) over . These level curves can be
interpreted as representing closed string configurations on the Riemann
surface and 7 as a proper time. As 7 tends to oo, C, tends to a circle
around P... Now we introduce the Poisson brackets

[X*(Q), PP(Q)] =2m*"A.(Q,Q), QQ'eC, (15a)

{y*(Q), ¢"(Q)} = 2m1*"8.(Q, Q) (15b)
{c(Q), b(Q")} = 27D.(Q, Q") (15¢)
[7(Q), B(Q"] = 2md.(Q, Q") (15d)

The symbols in the right-hand side play the role of & functions over C. for
smooth tensors of weight 0,3, —1, —3, respectively. For example, for a
generic smooth function f(Q) over C, we have

fQ) = i A.(QQ)f(Q), QQeC

As a consequence of equations (15) we have the following Poisson brackets
for the coefficients of the expansion (14):

[at, a)]= —iy;n"” (16a)
{d¥,d}} = —in*"8,.p (16b)

{bi, ¢;} = —id; (16¢)
[Ya> Bl = —i8ap (16d)

where y; = (1/27i) $A; dA;.
Now let us consider L; = LX¥ + [®" and G, = GX¥ + G&" defined by

T(Q) =zi:LiQi(Q)a J(Q) =§Gaka(Q) (17)
LY =3 g ax+ 2 Y do- dsFlp
W " (18)
L'=Y ¥ Cigbij—s—Y L HizYaBira-s
J $=—8go a $=—go
and

G’ =Y dg- Dy

8i (19)

e

8
Gih = _2 Z Z &7 j+a——sH:;a - %z
B

J s=—go

BzBYBba+B—p/2

il

p=-g
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. 1 . 1
jl'k = § W;Wi€;, LB = X § (hﬂaha - haahB e
C, 2 C,

o 1
DBj = 5—7;1- §CT thjga

Then the Poisson brackets for L; and G, are

Lo
[L;, Lj] =—i ¥ CjiLi+j—s (20a)
s=-go
8
[Lia Ga] = _l Z H?aGiﬁLa—s (20b)
s=—8o
g
{G.. G;;} =—i ) BICJKBLa+B—p/2 (20c)
pP=—8

These are a realization of equations (4), apart from the opposite sign in the
first equation and the —i factor. Of course, equation (20a) alone defines a
realization of the KN algebra.

5. QUANTIZATION

All the classical quantities considered so far are promoted to operators
acting in a Fock space. The Poisson brackets are replaced by quantum
commutators according to the recipe: [, 1pg = —i[ , Jquantam. In order to avoid
ambiguities we have to define normal ordering. As for the «;’s, the normal
ordering prescription is any one given in Ref. 2. For the other relevant
operators it is defined by considering as annihilation operators b; for i > 0
and ¢ for i=0,d, and v, for @ =0, and B, for « > 0, and as creation
operators the complementary ones (choosing another discriminating value
for the normal ordering instead of zero would amount to modifying the
central charges by trivial cocycles). With this prescription we have calculated
the algebra of :L;: and :G,: and we have obtained

&o
[:Li:,:Li:1= Y Cji:Lij_s:+x; (21a)
s=—go
8o
[:Ga:, :Li:] = Z H-;a :Gi+a—s: (21b)
$=—go
g
{:Go:,:Gg:}= Y Blg:Lyip_pai™t @ap (21¢)

p=-8
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This again is a replica of equation (10). Of course the crucial quantities are
the central charges x; and ¢,z. In order to give an idea of the problems
involved without introducing too many technicalities, from now on we will
limit ourselves to the purely bosonic string case. The relevant central charge
can be written as

XAij = DX§}+X~ij (22)
D is the target space dimension, x§ is given in Ref. 2, and x; is equation
(21) of Ref. 3. That this central charge is a cocycle is a rather nontrivial
fact. One can easily prove that it is antisymmetric and satisfies the locality
condition (9a). But the Jacobi identity is more complicated to deal with.
By using an explicit construction of the KN algebra by means of semi-infinite
forms we have been able to prove that both x7 and x; are indeed cocycles
and are proportional to x(e;, ¢;). Therefore it is enough to calculate them
for a particular value of the indices in order to know the proportionality
constant. We have calculated xj for i +j = 3g and found

Xé}g—i = Tli(l - go)3 + (i — go)A(A) (23a)
A’i,}g—i:—%(i_go)?’-l-(i_gO)(é+g%_g0) (23b)

A(A) is a number depending on the normal ordering prescription chosen
for the @ operators. Equation (23) should be compared with equation (11a).
The trivial parts, which depend on the normal ordering or on the Schwarzian
connection, can be taken care of by a suitable redefinition of the generators.
The nontrivial parts allow us to calculate the proportionality constant. Up
to trivial cocycles we have

)?ij = (D -26)x(e;, ej) (24)
Following an analogous procedure, in the superstring case we find

/i"ij = (%D - 15)x(e;, €; )s @aﬁ = _(%D - 15)90(&“ gB) (25)

6. THE BRST OPERATOR

It is now easy to define a BRST operator on 2 corresponding to the
NS-KN and R-KN superalgebras. We define

- iﬂg (T**(Q)e(Q) + I**(Q)(Q) + 1B(Q)IC(Q), C(Q)]
~ B(Q)IC(Q), ¥(Q)] - H¥(Q), ¥(Q)}1b(Q) (26)

The integrand in equation (26) is a global expression and the commutators
are geometrical commutators [in the sense of equation (4)].
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After quantization we have to consider é = Q:. We obtain
sz%{Qa Q} =Z)‘(\i,jzci({i:+ ZB ‘;aaB “YaVp - (27)
L7 a,

From equation (25) we have that, up to trivial cocycles, éz =0 for D = 10.
The BRST operator for the purely bosonic case is obtained from equation
(26) by setting to zero the fermionic fields and relevant ghosts. Because of
equation (25), nilpotence holds for D = 26.
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Chapter 5

Quantum Groups, Integrable Theories,
and Conformal Models

H. J. de Vega

The construction of exact solutions of two-dimensional integrable theories
has made impressive progress in recent years. By integrable theories we
mean models possessing as many commuting and conserved physical magni-
tudes as degrees of freedom. That is an infinite number for field theories
or statistical models.

Integrable theories are interesting since they are usually exactly solvable
to a large extent. One obtains detailed information about the physics of the
models without relying on any approximation. In addition, integrable
models happen to be realistic for different phenomena in condensed matter
physics. In particle physics, two-dimensional QFT are interesting
laboratories to understand four-dimensional physics and they can probably
be used to build string models.

Eigenvalues and eigenvectors of the Hamiltonian, the momentum, and
higher conserved magnitudes are usually explicitly calculable in an
integrable model. In this way exact mass spectra and S matrices for QFT
and the free energy in statistical models are derived. Moreover, form factors
and one-point functions (order parameters) can also be computed explicitly.

These results are obtained through the use of the Bethe Ansatz (BA)
and its different generalizations [1-3]. Actually the BA is not merely an

H.J.DE VEGA ® Laboratoire de Physique Théorique et Hautes Energies (Laboratoire Associé
au CNRS), Université Pierre et Marie Curie, 75252 Paris, Cedex 05, France.
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Ansatz but it provides the exact solution of the models. To be more precise,
the investigations of these last years show that the structure underlying all
integrable theories (both QFT and statistical models) is the so-called Yang-
Baxter-Zamolodchikov-Faddeev algebra (YBZF) (sometimes also called
quantum groups). These structures are new in mathematics and their ulti-
mate mathematical meaning and scope is still under investigation.

Integrable theories in more than two dimensions are known. As classical
field theories one can mention self-dual Yang-Mills in (4 +0) [4] or 3 + 1)
dimensions [5], supersymmetric Yang-Mills in 10 dimensions [6], and
N =3 and 4 extended SUSY Yang-Mills in four dimensions [7]. The
integrability structure of these models seems to be deeply connected with
twistors and supertwistors [8]. In three-dimensional statistical mechanics,
the tetrahedron equations and Zamolodchikov’s solution [9] are three-
dimensional extensions of the two-dimensional YBZF equations.

A YBZF algebra can be defined as follows. Let T,,(®) be a set of
quantum operators for 1 < a, b = g and O € C acting on a quantum space
V. q = 2 is a given number that defines the dimensionality of the auxiliary
space (A) where T, acts as a ¢ X g matrix. 0O is called the spectral parameter
owing to the connection with the spectral problems in the inverse scattering
method. Now the YBZF algebra is defined by the set of relations

R(6-0)[T(0)® T(0)]=[T(0)® T(6)]R(6 — 0 (1)
where the tensor product notation
(A® B)ab,cd = A Bpa
in the auxiliary space is used. More explicitly equation (1) reads
R(O = 0")up oy Tee(0) Ta(0') = Too(®) Tiy (O) Repa (@ — O) (2)

where we sum over repeated indices. Here R, .(® — ') are ¢ numbers in
the quantum space 7. That is, R is a matrix in A ® A. In equations (1) and
(2), it is understood an operational product for the T,,(®) acting on V-
The R,q(0® — ') form the so-called R matrix that defines the YBZF
algebra. They can be thought of as “structure constants” and the T,,(®)
play the role of “generators.”

The link between a YBZF algebra (1) and integrability (in the sense
defined above) is immediate. Multiplying (1) by R(® — ®") " yields

T(®)® T(®')=R(O-0")"'[T(O)® T(B)]R(O — @)
Taking now the trace on A ® A gives
[7(®), 7(0)] =0 (3)
where

(0)= 3 T..(0) )

a=1
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and we used the property
tr(A® B)=trA-tr B

Therefore we have a family of commuting transfer matrixes 7(®) and
an infinite number of operators C, defined by

log (@) =X C,0% [(,, Cu]=0 (%)

These C, are usually conserved charges since the Hamiltonian and the
momentum are connected with the lower C, [1-3] or with log 7(®) at some
special @. In this way, the connection of YBZF with integrable theories is
straightforward. '

The associativity requirement for the product of operators T,,(®) as
defined by equation (1) puts constraints on the “structure constants”
R.;4(® — @'). Taking a product of three operators T(0,)® T(0,)®
T(®;) and reordering it with the help of equation (1) in two inequivalent
ways leads to the triangle relations or Yang-Baxter equations

592(0, - 0,)$"V(0, - 0,)S* (0, - 0;)
= 5(23)(@)2 - ®3)S(13)(®1 - @)3)5(12)(@1 - ®2) (6)

where the matrix $(1 =i <j =3) acts in the tensor product of spaces
A; ® A;j as PR(0; — 0;) and it is the unit matrix in the remaining space. Here

P, ab,cd = 0aaObe (7)

The algebraic equations (6) are a sufficient condition for the associativity
of the YBZF algebra (see Refs. 1-3 for more details). It must be stressed
that the Yang-Baxter equations (6) (or factorization equations) are a heavily
overdetermined set since they contain a priori ¢° equations and only g*
unknowns. Despite this fact, a rich set of solutions is known. All of them
possess at least a discrete symmetry Z, ® Z, that reduces the number of
independent equations and probably permits the very existence of nontrivial
solutions.

The main propery of the YBZF algebras is the following reproduction
property. If the operators T,,(0) acting on ¥ obey equations (1)-(2), so does

T&f)((”), {1, g}) = Z [ng(® - Ml)]aa, ® [ng(® - M2)]a,a2

ag k-

® - ®[gkT(O — px)lag_,b (8)

on Y®Y®---® ¥ (K times) with the same R matrix. Here g; € ¢
(1 =i= K) and the y; are arbitrary parameters. We have

Re-on[T(0, {1, g}) ® T™(@', {u, g})]
= [T<K)(®,’ {[.L, g}) ® T(K)(G)’ {‘I.L, g})R(G)—@') (9)
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Equation (7) follows inserting equation (6) and using equation (1)
repeatedly. So, starting from a given YBZF algebra on 7, it is always
possible to construct other representations on (%)*. One can also construct
still other representations f“af)((@, {u, g}) multiplying the generators

g:T(® — u;) from right to left as
TR0, {mg) = ¥ [&T(O - p1)]aps®@[8T(0 — us)laa,

@t ag -1

® - Q[grT(0 — pi)]aw . (10)

It must be stressed that any solution R(®) of the YB equations (1)-(6)
yields a YBZF algebra. Setting

[15(©)]ca = R2a(O)
one finds from equation (6)
R(®-0)[t(0)® 1(0)] =[1(0")® t(0)]R(O — 6) (11)

As we see, the representation of YBZF algebras sounds like a natural
generalization of Lie Algebras. This assertion is actually correct in the sense
that YBZF algebras are deformations of Lie algebras just as quantum
mechanics is a generalization of classical mechanics [10,11]. It can be
noticed that the reproduction property (8) in the particular case K =2
defines a comultiplication of the generators leading to the structure of a
Hopf algebra.

Let us now consider physical applications of the YBZF algebra concepts
first in two-dimensional statistical mechanics and then in field theory.

The matrix elements of the generators #,,(®) can be defined as statistical
weights of a vertex configuration (Fig. 1). The indices a,b (1=a4,b = q)
label the states of the horizontal bonds and the indices «, B those of the
vertical bonds (1 = @, 8 = dim 7"). For meaningful statistical models one

a

Figure 1. The local statistical weight depends on the states of the four bonds joining at the
vertex.
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needs [1,,]2(®) = 0. However, models with some negative and complex
weights have interesting mathematical structure too [3, 12, 13]. For a rec-
tangular N x L lattice, the partition function follows by the usual definition:

zZ= X I Loy, (@) oer (12)
all whole
configurations lattice

I=i=N,=l=<L

This Z can be written in terms of the transfer matrix 7(®) associated by
equation (4) to the YBZF generator

Tab(®) = Z taa,(@)) ® talaz(®) ® Tt ® ta,f,b(®) (13)

ay-ap—g

One finds
Z = Ti[7(®)"] (14)

where

q
7(0) = ¥ T..(0)
a=1
for periodic boundary conditions in both directions. Therefore, the free
energy in the thermodynamic limit is given by the maximum eigenvalue of
7(0), Amax(0)

. 1 .1
f= —S.I}:oﬁlogz = _II‘EI:ozlog Amax(@) (15)
L

This relation shows that the physical properties of the system are directly
related to the YBZF algebra. The fact that 7(®) is a commuting family
[equation (3)] allows us to diagonalize it. This can be done just using the
YBZF algebra as a tool to build the eigenvectors and eigenvalues [1-3].
Besides two-dimensional vertex models, two-dimensional classical spin
models (IRF models) and solid-on-solid models possess YBZF algebras.
In one dimension, quantum magnetic Hamiltonians like the Heisenberg
model and generalizations can be built from these algebras [1-3, 13, 14].
Implicit and explicit connections between YBZF algebras and two-
dimensional QFT have been known for some time [1-3]. Let us discuss
here the light-cone approach [15, 16]. This approach is the more general
and precise way of constructing integrable QFT and conformal invariant
theories. One starts from integrable lattice models like vertex models (Fig.
1) on a diagonal lattice [16]. This diagonal lattice is a discretization of
Minkowski space-time in light-cone coordinate X. = X £ T. The matrix
elements [1,,(®)]2 are now interpreted as quantum mechanical transition
amplitudes of bare particles, propagating to the right or to the left by the
bonds at the speed of light. In the simplest case dim ¥ = g = 2 and we
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interpret these particles as bare fermions without internal degrees of free-
dom. The allowed microscopical amplitudes assuming a U(1) charge con-
servation are depicted in Fig. 2. This corresponds to the six-vertex model
in the statistical mechanical language of Fig. 1. We have only three indepen-
dent amplitudes because we assumed parity invariance. We can organize
the microscopic amplitudes at a site into a unitary scattering matrix

8 1 0 0 O
o
0 ¢c b 0
R%E., = =
P ><, 0 b c O (16)
a B
0 0 0 w

We can build now the operators describing the evolution by one lattice step
in the diagonal directions

B1 B  Bs Bs  Bn- Bn
Ue= > > '~:>Ki (17)
an a ay as AN_2 aN-1
B B Bs Bs  Bn- B~
U = e
=X >
o, a 0y a5 anN ay
where the numbers 1, ..., 2N label the sites.

A second quantized formalism can be introduced defining fermion
operators

1

2

3

lpR,n and (l/L, n

They are associated with the links stemming upward from each site to the
right and left, respectively (Fig. 3). They fulfill canonical anticommutations
rules:

{'JIA,na ll’B,m} = Oa {l//A,Ba ll,;,m} = 8A36nm
l=n,m=N, AB=RL (18)

¥r, and Y, , can be assembled into a two-component spinor. This provides
a diagonal representation for vs; it is the chiral representation. We avoid

XR XX XX

Figure 2. The six nonzero microscopic amplitudes. They coincide with the statistical weights
of the six-vertex model.
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l'pl. n q}R,n

n

Figure 3. Fermion lattice operators associated with the links stemming upward from each site.

species doubling since our lattice Hamiltonian and momentum defined here
from Ug and U, are nonlocal operators. It is convenient to write

l//R,n = lpZna ¢L,n = lpZn—la 1 =n= N
Now the R matrix (16) can be expressed in second-quantized language
as [16]
Rn,n+1 =1+ bKn,n+1 + (C - 1)I<%l,n+l

+ (w - 1)¢:¢nd/:+1(//n+l (19)

where

Kom = Ynthm + Yt (20)
It is now possible to derive the lattice equations of motion for the fermion
operators . We find using equations (17)-(20) [16]

UrYn-2 Ur = UL, 1 =b*,, + Czl/’zn—l

+ (C/(() - C*)l//;n'ﬁ[’Zn‘/lZn—l - (b/w + b*)lp;n—l¢2n—llp2n
(21)

Uhon1 UL = Ugrtan_y Ug = b*¢puy + c*ihy
+(c/w — C*)ll’;n—len—l(//Zn - (b/w+ b*)lp;—nl//an/Zn—l (22)
We can interpret in equations (21) and (22) the b terms as kinetic energy,
the ¢ terms as mass terms, and the trilinear pieces as interactions. It must
be remarked that the equations of motion are local on the lattice, although
the lattice Hamiltonian is totally nonlocal.
The continuum limit equations (21) and (22) are carefully analyzed in

Ref. 16, where the continuum field Hamiltonian H and momentum P are
derived. We find that as the lattice spacing tends to zero

Ur = eZi“Q[l —%a(Hﬂ:P)+ O(az)] (23)

provided the weights b and ¢ behave for a > 0 as [16]
b = e*[1+ 0(a?)]
0

a—>

) (24)
c = _51 e“moall+ O(a?)]

a—>0
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where u and m, are fixed parameters. We find for H and P those of the
massive Thirring model (MTM).

P= —iJ- dx ™ o, ¢
H= J dx[—ilp*ysaxw + modp + f (tﬁm/f)z] (25)

with

g=—2cotan(u — po), w@=e", Y= (wR>
YL

Equation (25) gives the bare operators and equation (24) defines the
bare scaling limit. This is different from the renormalized scaling limit giving
the physical sector of the Fock space [15, 16]. Both the particle spectrum
and physical S matrices follow rigorously in the renormalized scaling limit
computed in this light-cone approach. The bare limit, (24) and (25), tells
us which model one is actually solving. We use the word “rigorous” since
in this approach we solve a lattice model exactly, then we take the infinite
volume limit and finally the a - 0 (scaling) limit. In other words, here one
solves (exactly) a model with both UV and volume cutoffs and then lets
the cutoffs to infinity. This is clearly better than coordinate Bethe Ansatz
(CBA) where the UV cutoff is introduced after obtaining the solution. For
the MTM and the chiral Gross-Neven model the results of the CBA coincide
with the light-cone approach for on-shell magnitudes. Hence the CBA works
well in these cases. This is not the case of the multiflavor chiral model
treated in Ref. 17 by CBA. As is shown in Ref. 18, the results of Ref. 17
are not correct.

The lattice light-cone approach was extended in Ref. 18 to chiral
fermionic models with any simple Lie group of symmetry and Lagrangian

& = ipoy — gy TY)(Py" Toy) (26)
Here ¢ transforms under an irreducible representation p of G and T, are
the G generators in that representation. The light-cone lattice approach
works here as follows. The lattices H and P are defined as

0
H+P="log Ux(®) (27)
a

where a is the lattice spacing and Ug (@) are given by equation (13) from
the rational R-matrix invariant under G taken in the p representation. For
large ® we have

ImI+a 1
R(©) = P[l + ® + O(—(g;)] (28)

i
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where A is a numerical constant, the exchange operator P was defined in
equation (7), and
dim G

=5 LT (29)

a=1

We then introduce the lattice operator

ntl’_-l:.i'te
T, =1®---®T*®---®1 (30)

Using equations (13), (28), and (29) and the Lie algebra commutators
[T., Tp]= ifup”T.

Y
we can show that T, obey local equation of motion on the lattice [18]

a o a 2i (24 1
URT2n—-2U+ = U, T3, UZ =T+ Ef,B‘yTgn—l wt O (@) (31)

. 2 1
URT‘ZJn—lU; = ULT2an+1UZ = TZn—l - 6foTgn—ngn + O ((_9—2)

The bare scaling limit is now defined as a - 0, ® - 00, x = na fixed. We get
3, J" =0

(32)
doJs — o0, J5 +igfg[J5,T71=0

where

TR = s The Ji) = o T

Therefore we have a lattice version of the G-algebra currents J,(x) associ-
ated to an exactly solvable discretization of the field models.

Let us now discuss the renormalized scaling limit. The operators Ug
and U,, as explained before, are the light-cone evolution operators in a
discretized Minkowski space-time. The Hamiltonian and momentum in the
continuum theory are defined by the a = 0 limit of equation (27). This limit
is to be taken such that the physical masses are finite. We derive the form
of ® = @(a) from the spectrum of Ug(®) and U, (®) on the lattice in order
to obtain such a finite mass spectrum for a > 0.

The light-cone transfer matrices U and U, express in terms of the
row-to-row transfer matrix

(0, {u}) = i, TN®, {1, 1})

a=

that follows from equation (8) when g, = - - - = gx = 1 and pu, = (-1)*"'0.
Then we showed [18] that

UL(@) = (O, {u = (-1)""'0})

(33)
Ur(®) = 7(=0, {u = (-1)*"'0})"
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Then, the spectrum of 7(@,; {®,}) provides that of Ur(0,) and U.(Oy).
The eigenvectors and eigenvalues can be exactly computed by the Bethe
Ansatz and its nested generalizations [3, 14, 19]. The antiferromagnetic
ground state eigenvector provides in the scaling limit the vacuum state of
the QFT. The particle states follow from the lowest-lying excitations of the
lattice vertex model. Since there is a factor a ! in equation (27), only gapless
lattice models may yield finite energy states in this scaling limit.

Let us take the G-invariant fundamental vertex models defined by
equations (28)-(32). The low-lying excitation over the antiferromagnetic
ground state are holes with large rapidity ¢. The large ¢ behavior of the
7(0,, {0, }) eigenvalues is independent of ®; and given by [20]

/\ (d)a ®05 {GK }) iml Fr(p+0,) F2r(p+0,)
) = ree®@a, 10w & o)

¢+ 0y, +00 (34)

Here (¢, Oy, {®k }) is the contribution of a hole inthe lthbranch (1= I =
rank G) to the eigenvalue of 7(@,, {®k }). The dimensionless parameters
x and m; are given in Table 1.

Combining equation (34) with equations (33) and (27) yields the
dispersion relation for @ - +o0

—K®
E(¢) = m; cosh(k¢) + O(e **®)
s (35)
P(¢) = m; sinh(k¢) + O(e *<®)
It is then natural to define the scaling limit according to
e*K@
a->0, 0 - oo, w= " = fixed (36)

4 is the renormalized or physical mass, and the particle mass spectrum of
these integrable QFT is given by

M, = pm (37)

We recognize in equation (35) k¢ as the physical particle rapidity.

This is a very general way of constructing integrable QFTs. The
operators H and P given by equation (27) are well defined on the lattice
as well as all the higher conserved charges. In the continuum limit a - 0,
they provide the energy and momentum of a relativistic invariant QFT, as
long as the spectrum of the original vertex model is gapless. This is usually
the case for statistical weights [,,(®)]¢ that are rational or trigonometric
functions of the spectral parameter ®. In addition to the particle spectrum,
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Table I. Dimensionless Parameters as Defined in Equation (34)

Lie Dynkin’s
algebra diagram K m,
A, 0-0-0-----0 2@/n+1 sin(wk/n+1),1=k=n

1 2 3 n
B, 0-0-0-----0==0 w/2n—1 sin(wk/2n—1),1=k=n-1,
C, 0-0-0-----0=%=0 w/n+1 sin[#k/2(n+ 1)}, 1=k=n

12 3 n—1 "

/O( - ) .

D, 0-0-0- ¢ w/n—1 sin[7k/2(n—1)],1=k=n-2;

12 3 n—2 ~O(+) 1

m, =3
mg V3
E 6 =my=—2=
6 a/ m, = ms 3 2
3+43 3+V3
m,=m, = s My =
2 4 2 2 3 \/i
7
E, 0—0—0—0—0—-0 /9 a
7

Eg 0—0—0—0—0—0—0 7/15
F, 0—0==0—0 /9
G, 0==0 /6 a

“ These values can ‘be (very laboriously) extracted from Ref. 27.

the S matrix is exactly calculable from the BA equation by standard methods
[1-3].

The field theoretic models discussed up to here correspond to finite
values of g, namely, a finite-dimensional vector space for each link in the
light-cone lattice. This is clearly appropriate for fermionic fields. Since there
exist representations of the YB algebra for g = 00, also bosonic QFTs may
be described in this framework.

The S = o representation of the XXX magnet relates to the SU(2)
principal chiral o model (PCM), as was developed in Ref. 21. Let us recall
that the physical particle states of this model transform under the SU(2) X
SU(2)r group. The counting of states in the BA- equations [21] and our
derivation [22] show that only the SU(2), singlet sector of the model is
described by the H and P associated through equation (27) to the infinite
S limit of the R matrix [23]

_T(2S+1+i@)J+1-i0)
Rix(0) = r2S+1-i®)rJ+1-i0) (38)
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Here the operator J is defined by
JU+1)=28(S+1)+2S,-S, (39)

S, and S, are spin-S operators [ST = S3 = S(S + 1)] acting on the horizontal
and vertical spaces, respectively.

In other words, the Hamiltonian of the quantum PCM does not follow
from the vertex constructions (27) and (38), even in the scaling limit. Only
at the classical level can an equivalence be established between the respective
classical analogs [21]. Although (27) and (38) do not provide at S = co the
full PCM Hamiltonian, they correctly reproduce its restriction to the SU(2) .
singlets, and this is enough to calculate all particle masses as well as the
invariant S-matrix amplitudes.

The lattice current construction, equations (30)-(32), also applies to
the PCM. For large O the R matrix (38) admits a semiclassical expansion
of the type (28). Therefore the whole construction holds. It must be noted
that we have once again only one conserved and curvatureless matrix
current: either the one associated with SU(2), or that with SU(2),.

In conclusion, the light-cone transfer matrices Ugx and U, associated
to each integrable gapless vertex model yield integrable and massive QFTs
in the continuum limit. Since the scaling limit can sometimes be performed
in several inequivalent ways, one can construct different QFTs from a single
vertex model.

Besides the scaling limits leading to massive QFT such as equation
(36), there exists the scaling limit

a-0, 0 = fixed (40)

yielding a conformal invariant theory.

The conformal invariant theory describes only the long-range properties
of the integrable lattice model. In this sense integrable models have much
more structure than conformal field theories.

The finite size resolution of Bethe Ansatz equations of the lattice model
following the methods of Ref. 24 gives the values of the central charge C
and of the conformal dimensions (h, i) of operators for a large class of
models [20, 25]. Branching coefficients can be related to one-point func-
tions.*

The large size behavior of the logarithm of the transfer matrix eigen-
values close to the ground state A, takes the form (for periodic boundary
conditions)

. C+_

Son(®) — fu(®) T 27 1
v T Ten TNt <N2> (41)

* For a review, see [26].
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Here f,n = —(RelogA,)/ N and v is the speed of sound. That is, the
dispersion relation for the excitations behave as
E = vp+o(p?) (42)
p~0
where p stands for the momentum.

The values of ¢ and x, follow from the BA equations, and comparison
with conformal field theory tells us that c¢ is the center of Virasoro algebra
and x, = h, + h, (for the ground state x, = 0).

The value of ¢ is known for all fundamental vertex models with YB
algebras associated to simply laced Lie algebras [5, 6] and for the spin-S
SU(2) model [28]. These results indicate the general formula for ¢ [18]:

xdim G
x+ﬁ

= (43)
Here dim G in the dimension of the Lie algebra and h the dual Coxeter
number. The Sugawara construction of Ref. 29 also fulfills equation (43).
We believe that the gapless integrable theories associated to a Lie algebra
G provide through their long-range behavior an alternative realization of
the conformal algebra.

The conformal dimensions for the six-vertex model result [25]

< 1 Y\ - q’
=A+A=—-|1——+ + —
Xp.q 2( W)P 20— y/ 7y p.gez
Sp,q:A_E:Pq

Here S, is the spin of operator A associated with the excitated state (that
is, (¢.]A|0) # 0). The value of S,, can be extracted from the finite size
correction to the momentum

278 1
Py = P+ 00y 0(—)

N? N?
and
Py = —Imlog 7(®)|e—o
For the critical g states Potts model we find [25]
¢c=1-6/[m(m+1)]

where g = 4cos’[w/(m+1)];m=2,3,4,.... The conformal dimension
fulfills Kac’s formula [25]. The conformal dimensions for models with many
states per bond like those considered in Ref. 3,13 indicate the presence
of an extended conformal algebra (in the sense of Ref. 30) for long
distances [31].

More precisely, we have computed exactly the transfer matrix eigen-
values for a general class of g-state vertex models (g possible different
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states per bond, g = 2) from their nested Bethe Ansatz equations at finite
but large size [31].

Comparing with equation (41) gave for the conformal weight of an
excited state

=____1_____qu<B+_J_S>(M—l),(B4:__}’_S’>
A—vy/m) i\ 2w w\ Br =551

and a similar formula for A with B} <> B,. Here Bi are the number of
holes near the end points in the /th branch, S, is the Ith “spin” of the state,
M is the Cartan matrix of the underlying Lie algebra, and v is the anisotropy
parameter (0 < y < 7). Notice that A varies continuously with y. When
y=m/(m+1),m=q+1,q+2,...o0nerecovers the conformal dimension
of theory possessing extended Virasoro invariance [30]. More precisely,
one must consider the RSOS version of the vertex model.
In this way the central charge takes on the values

q(g+1)

=qg+1
m(m+1)]’ m=4q

c=(q-1)[1—

These integrable lattice models provide explicit realizations of the
extended Virasoro algebra through their long-range behavior. They may be
a very useful framework to uncover the physical meaning of the extended
conformal symmetries.
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Chapter 6

Small Handles and Auxiliary Fields

M. Dine, W. Fischler, and N. Seiberg

In the superconformal field theory approach to superstrings, the space-time
supersymmetry is not manifest. In contrast, conventional four-dimensional
N =1 supersymmetric field theories admit a superspace formulation that
easily reveals consequences of supersymmetry for these theories, such as
nonrenormalization theorems. The existence of auxiliary fields is crucial to
this formulation. It would be useful to introduce such space-time auxiliary
fields in the superconformal formulation of strings. However, in string
theory we usually study only very specific correlation functions, i.e., S-matrix
elements. These correlation functions involve BRS invariant vertex operators
which create on-shell physical states. This seems to preclude the description
of the auxiliary field by vertex operators. On the other hand, a set of
candidate auxiliary fields was introduced in Ref. 1. Because they do not
correspond to physical states, these operators are not BRS invariant. The
connection of these operators to contact terms required to maintain two-
dimensional supersymmetry was explained in Ref. 2. In fact, as explained
there and in Ref. 3, these terms are properly taken into account if one works

M. DINE @ Institute for Advanced Study, Princeton, New Jersey 08540 and Physics Depart-
ment, City College of CUNY, New York, New York 10031. W. FISCHLER ® Theory
Group, Physics Department, University of Texas, Austin, Texas 78712. N. SEIBERG ® In-
stitute for Advanced Study, Princeton, New Jersey 08540; on leave of absence from the
Department of Physics, Weizmann Institute of Science, Rehovot 76100, Israel.
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in superspace (or with two-dimensional auxiliary fields) and does not drop
terms which formally vanish by equations of motion. These terms only
contribute for special values of the momenta [2]; correct results can always
be obtained by staying away from these points and then analytically continu-
ing. On the other hand, it is often convenient to use these operators. That
such operators could be used in practical calculations was shown in
Ref. 3. In this short talk we will review this work from a slightly different
viewpoint. In particular, we will show that these space-time auxiliary fields
satisfy the usual four-dimensional equations of motion, including loop
effects.

In the language of two-dimensional field theory the space-time fields
can be thought of as an infinite set of coupling constants. These coupling
constants flow according to the renormalization group [4]. The requirement
of conformal invariance leads to coupled equations for these coupling
constants. These are partial differential equations which are the equations
of motion for the space-time fields.

We are familiar with the fact that Einstein’s equations for gravity
involve not only physical fields, namely, the transverse traceless component
of the metric (in the weak field approximation) but also nonpropagating,
longitudinal modes. In the same way the renormalization group flow involves
such longitudinal degrees of freedom. Let us show how, for example,
integrating out a small handle renormalizes an operator that creates a state
that is not in the physical spectrum [5]. What do we mean by a “small
handle” in a conformally invariant theory? Take a sphere (for simplicity),
attach to it a handle of size a, and place two probes on this surface separated
by a distance |z| » a. These probes can be any operators on the world sheet;
let us take the space-time coordinates X,,(z,) and X, (z,). From the vantage
point of these X’s the effect of a small handle should be represented by a
series of operators on the sphere located at the “center of mass” of the
handle. In other words there is an operator product expansion (O.P.E.) that
mimics the effect of the handle. How do we determine this O.P.E. and
especially the marginal operators in this expansion?

Consider the correlation function (X, (z;)X,(z,)) in the presence of a
handle:

(X;L(Zl )XV(ZZ ))1 handle — (X}L(Zl )XV(Z2 ))no handle + Z a"j;‘l(zl s 225 Z¢ ) (1)

where (X,,(21) X, (22))no handie = Ou» 108|215 and z. is the center of the handle.
What can be said about the f,’s? First they satisfy V2, , f, = Osince V3 log|z| =
87(z). Also since one integrates over the relative orientations of the handle
with respect to the probes, f, has to be isotropic. Therefore up to O(a?)
equation (1) becomes

a2

(21— z.)(2f — 2%)

<X;L(ZI)XV(ZZ)>1handle =log|z;,| + A
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a2

AT - @

where A is a number that can be calculated. It is now straightforward to

determine the marginal operator which appears in the O.P.E. for one handle.
Indeed one has to determine O(z.) such that

Aa’s,, Ad’s,,
(z, — Zc)(Z>2k - Zf) (Z;k - Zf)(zz -z)

The operator that has this property is O(z.) = Aa”:9X 3X: (z.). Since we
have to integrate over locations z. and size a of the handle we obtain

<X1.L(Zl)XV(ZZ)O(ZC)>sphere = (3)

B J- d*z.(da/a*)Aa® :0X 4X: (z.)
A"l

where B is a number, part of the scale invariant measure. Then (1) becomes
<X}L(ZI)XV(Z2)>1 handle = <X[J.(Zl )XV(ZZ)>SZ

+(X,.(21)X,(2,))s,AB I d’z,:0X 0X:log A

Therefore
(X,,L(Zl )X, (221 handie = <X,L(21 )X.(z3)

x exp AB log A J d’z,:0X 80X (z.))s, (4)

So there is a renormalization of the coupling constant associated
to :9X 93X : by afactor 1 — AB log A. This coupling however is not a physical
space-time field.

For the rest of this talk we focus on the auxiliary field for the gauge
supermultiplet, D. Similar considerations apply to the F terms. More
specifically, consider the SO(32)/Z, heterotic string compactified to four
dimensions on an orbifold or Calabi-Yau manifold. The surviving low-
energy gauge group is O(26) x U(1). In such a compactification the X’s
divide into six interacting fields X’ and X', i, i = 1, 2, 3 and four free fields
X* u=0,...,3. The right moving fermions " decompose similarly.*
The left moving fermions A* decompose into six interacting fermions,
A'and A’ and 26 free fermions, A%, a = 1,...,26. The O(26) and U(1)
Kac-Moody currents are, respectively,

jP =A%  ab=1,...,26
and
]:Zgll_)\ll\l_, i’i_:152’3

*In the case of an orbifold, of course, all of the fields are free, but the “internal” fields are
subject to nontrivial projections and boundary conditions [6].
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The U(1) appears to have gravitational and gauge anomalies; these can be
canceled by assigning the space-time axion a transformation law under the
gauge symmetry [7]. By supersymmetry, this gives rise to a Fayet-Iliopoulos
D term [8].

We will illustrate the appearance and the use of the auxiliary D field
by focusing in this chapter on the potential V(A) for the scalars charged
under U(1). More precisely we will calculate 3V/dA using the renormali-
zation group flow. To evaluate § V/dA we will consider an arbitrary S-matrix
element with n vertex operators with nonvanishing background scalars.
The action with the background scalars is obtained from the original one
by adding the scalar vertex operators with momentum-dependent
coefficients, which play the role of coupling constants. To simplify the
writing, we consider the case of compactification on a Z; orbifold, with the
“standard embedding” [6]. In this case, in the untwisted sector, there are
nine scalar fields, A% (i, j = 1,2, 3) in the 26 of O(26); their vertex operators
are given simply by

V, = [ d’zdoe™*A“A'DX’
The vertex operators for their CPT conjugates, A®Y are obtained by complex
conjugating this expression. For states in the twisted sectors, the vertex
operators can be constructed using the methods of Ref. 9. The construction
of the vertex operators for more general cases is described in the papers in
Ref. 1. For this case, the action of the string in the scalar background is

S=8,+ J d’zdoY A (k) e A°A'DX7 + c.c. (5)
k

where
XM= xM 4+ gyp™M  A*=2"+9F?

F* is a two-dimensional auxiliary field, and

Let us first evaluate dV/9A at string tree level. Consider therefore the
following S-matrix element

<J‘ d221 V_i(z1) J‘ dzzzv—l(zz) J' d223Vo(23) T J. dzZnVO(Zn )> (6)
sphere
where the subscripts —1 and 0 refer to the different ghost pictures [10].
Since we are considering the effective potential it is sufficient to calculate
this correlation function retaining only the zero-momentum components of
the charged scalars in equation (5). Therefore assuming weak couplings
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(weak fields):

(6) = <J V.i(zy) J Voi(z) - - J. Vo(z,)

y {1 + Y [(j do d*wA5. o A°A'DX7 + c.c.)"]}> o
p#=0 p! S,
where this correlation function is calculated with the action S,. In general,
the zero-momentum limit is a delicate one. As stressed in Ref. 2, at zero
momentum we must be careful to include § functions arising from contrac-
tions of the two-dimensional auxiliary fields, F. o
The first nontrivial renormalization of the operators A*A'DX’, which
have U(1) charge +1, occurs at order (A;_,)> and comes from the region
of integration where the three vertex operators for the scalar background
fields are close to each other (see Fig. 1). Indeed consider for example the
S-matrix element:

<J V_oi(z1) d221 J‘ V_i(zz) dZZZJ‘ Vo(z3) dzZs v

x J Vo(z,)d’z, J A“TACA'DX7 do d*w,

x J A*PRAP AR DX dg dzwzf APINA’DX? do d2w3> (8)

S,

VA VA VA

Figure 1. Factorization of the amplitude of n vertex operators in the presence of three charged
backgrounds.
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where the operators for the background are in the zero ghost picture and
the sum of their U(1) charges is +1. For simplicity in evaluating this O.P.E.
we will first picture change the vertex operator with U(1) charge +1 from
the 0 ghost picture to the —1 ghost picture.

(8) = <J- Vo(z1) J‘ V_i(2,) [ Volzs) - - - J Vo(z,)

x J ATNNYT dPw e* J A M AP AR DX do d*w,

X J APINAPDX T do d2w3> 9)

Sz

Next, consider the product of the two vertex operators:
J do A’ AFDX ' (w,) I do A°A’DX(w;)

= (APFRy! + FOARy' + A A% X "), (AFPy7 + FAPYT + AAP9XT),,
= 87(wy — w3)[ASPAPYI8> + AP A YTE  (wy) + - - -

The dots here denote other operators which will not be relevant to our
discussion. As discussed in Refs. 1-3, the operators appearing here (if the
indices on the right-moving fields, ¢, are contracted together) are naturally
interpreted as the vertex operators for the auxiliary fields in the gauge
multiplets. In particular, the operator for the D field associated with the
U(1) symmetry is

Vb = ATAfy g

We focus on this term in the following. For the region w, > w,, we can use
the O.P.E. of this operator with the scalar vertex operator:
- s e
e TANY (W) Vp(wy) ~ ANy ———+ - - -
[wy — w,l

to obtain from this integration region

9) = <J Vo(zy) J V_i(z2) J Volzs) - -

X J Vo(z,) J- d>w AP e7? A% Jog A> (10)

S,
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where A™' is a short distance cutoff on the world sheet and A7 =
AP A*T AY | Picture changing once more, we recover

(10) = <J' V_i(zy) I V_i(z2) J- Vo(zs) - - -

X J Vo(z,) J d*wde A APDX A% log A> (11)

Sz

By virtue of equations (7) and (11) we have

(6) = <I V_i(z1) I V.i(z) - J Vo(z,)

X exXp J— d?wdf A°A’DX A% log A>

Thus there is a renormalization of A/, the B function
B =dA/dlog A = AT = AT APIAPI (12)

The right-hand side of equation (12) is a derivative of part of the usual
potential for charged scalars A;:

V(A;) = %(Z eiA;kAi>

where e; are the U(1) charges of the scalar fields A;. Once all the charged
fields are taken into account we indeed recover:

A%
B(A;) = m = e,-A,-(? eA¥ Aj>
We have seen that this term can be thought of as arising from the
“exchange” of a D term at zero momentum. At slightly nonzero momentum,
things would have worked somewhat differently [1-3]. Taking, again, two
scalars in the zero ghost picture and two in the —1 picture, the operator
product of the two —1 picture operators yields

Voi(z, k) Voa(w, kp) = |z — w|~2 e Vp+---
while that of the two in the zero ghost picture gives
Vo(z, ki) Vo(w, k) = ky + kylz — Wl_ZVD +---

Thus the zero ghost picture operators “couple” to the D term with a factor
of k?, while the —1 picture operators couple with no such factor. In other
words, while the operator Vp, in the —2 picture is naturally identified with
the usual auxiliary field, that in the 0 picture is identified with k> times this
field. In the four-point function, after Mdbius gauge fixing, the remaining
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integral yields a factor of 1/ k?, which cancels the k? in the zero ghost picture
coupling. One can think of this as the “propagator” of the D term, which
is k>/k* = 1 in momentum space.* We will see this phenomenon again when
we consider the B functions for the auxiliary fields. Note that had we
performed the computation with all of the fields in the zero ghost number
picture, the calculations would not have resembled the exchange of a D
term. It is straightforward to show, however, that the same result is obtained.

There is also as expected a string loop contribution to first order in
the couplings A to the renormalization of A. This is the contribution to the
equation of motion for the charged scalar coming from the Fayet-Iliopoulos
D term (8). Indeed, consider the following S-matrix element

< [ Vo(zi) - - [ VO(Zn)[l + '[ AVoA(W)]> (13)

evaluated in the free two-dimensional action, where

AVA(w) = A [FA'Y + A°Fiy/ + 1A 70X 1(w)
The renormalization that we are considering comes from the O.P.E. of the
vertex operator V{(w) and a small handle. This region of moduli space is

equivalent to the region of integration where all the Vy(z;) coalesce. Then
by factorization one obtains a contribution from the second term in (13)

<J Volz1) J Volzo) - - - J Vo(z,) J Véz(W)

x log A< [ Vox(wl) [ AV(?(WZ)> > (14)
J J T/ s,
where V2, = e 7??V{ is the vertex operator for the charged scalar in the —2
ghost picture. Also note that

<[ Vo(z1) [ Vo(z2) - J VO(Zn)J V’fz(W)>sz

is the coefficient of Vg in the O.P.E. of Vy(z,)--- Vo(z,). The term
(J V&' (wy) § V§(w,))r, in equation (14) has been calculated in Ref. 1 and
was shown to be equal to

(f\j/\fll'ilf/i_>rz = (ijR>T2 = #2

* One might think that this phenomenon is special to auxiliary fields, but a similar cancellation
occurs when one factorizes an amplitude on a fermion pole. As here, the sum of the ghost
numbers of the two operators is —2. If one of the fermions is in the —1 picture, the other is
in the —2 picture. The correlation function of the latter has a factor of k which cannot be
set to zero. It is canceled by the factor of 1/k? arising from the integral over the modular
parameter associated with the pinched cycle to yield the fermion propagator, k/k> = 1/k.
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By picture changing the vertex operator V2,(w) appearing in (14) back to
the zero ghost picture we obtain

(14) = <[ V~1(Zl)‘[ V—l(zz)'[ Vo(z3) - - J Vo(z,)

X (l +u’A logAJ V{,‘(w)>>
S>

= <J V_i(zy) J- V_i(z,) J. Vo(zz) - -

X J Vo(z,) exp u2Alog A J‘ Vg‘(w)>

S,
This corresponds to a renormalization of the couplings A;:
Ba, = x ejA;'k AjeiAi + MzeiAi
J

I will conclude this talk by showing that the renormalization group
flow for D, indeed agrees with the known four-dimensional equations:

D, = ¥ e Af(K)A(k — k') + u?
ik

Consider

DAYy o™X (15)
where D; are again to be thought of as coupling constants. (As explained
in Refs. 1 and 3, it is only this contraction of indices that leads to an operator

that is marginal in these compactifications.) By normal ordering (15) we
obtain

Dk :AiAij¢feikX: e—k21ogA
which contributes kD, to the p-function associated to D, :Bp, =

k’Dy + - - - . To fill in the ellipsis we will next consider the O.P.E. for two
charged scalars in the zero ghost picture

J de A°A'DX7 e™X(z,) J do A°A DX’ ™% (z,) (16)

This operator product contains a term
AiA i_(/lf(//j ei(kl+k2)X

|z, — z,|> 7k

From the region of integration where z, = z, we obtain an additional
contribution to Bp,:

BDk = ksz + kz z e,—A;kA,-
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Before continuing to the computation on the torus, it is instructive to
see how the scalar potential emerges; this parallels closely our discussion
of the correlation function in equation (8). Working with the scalars in the
—1 picture, these obey (schematically) a renormalization group equation
of the form

¢

=k’¢ + ¢D
o et é

On the other hand, in the 0 ghost picture, the D term obeys
,0D
k~3t— =k¢>+ k*D

Here t = In(A). Integrating this second equation with boundaty condition

D, = —¢2(1,) at t,, some reference scale, gives D(f) = —¢?; substituting
back in the first equation and setting d¢ /9t = 0 gives
Kep+¢>=0

the desired equation of motion. Note that in this analysis it was important
that the auxiliary field operators differed by a factor of k? in the two pictures.
This is, of course, just the renormalization group description of our analysis
of the four-point function above.

The only missing piece is the contribution of small handles to the
renormalization of D,. Consider two probes on a torus, V0 (k,) and V{(ks),
where

VAk) = [FA'p7 + AFy? + AN '9X7 (ik; - )] €%

The small handle contribution can be evaluated by looking at the region
of integration where z, = z,. The O.P.E. of these two operators contains

)\i/\ i_lpjl//j_ ei(k1+k2)X

k,- k
( 1 2) |21 _ Zzlz~—k‘1(2
Therefore the S-matrix element
<j d*z,V§'(k;) j d2z2v<;‘<k2)> (17)
T,

becomes by factorization

< J dod’z, A*A'DX7 e™X [ d9d’z, A°ATDX’ e™X

o

% J dZW/\i)\i_llfjl,[ff e—2<p> (k, + k,)*log A<I d*w )\i)\i—lﬁjl//f>
S,

T,
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which after picture changing and exponentiation leads to an additional
contribution to Bp, (see Fig. 2)

Bp, = K’Dy + k2<z_ eiA?‘A,-) + Iu?

where u? = (V(;‘{V(?)Tz.
At the conformal fixed point we recover

D+ LY eAF(K)A(k—K)+p®=0
i kK -

So the coupling to vertex operators for auxiliary fields does indeed satisfy
the proper equations of motion derived from the renormalization group flow.

There are a number of applications that one can envisage for the ideas
presented here. First, using the auxiliary fields, it may be possible to provide
a simplified proof of the nonrenormalization theorem in string theory. The
subject is complicated, not only by the intricacies of higher-order string
perturbation theory, but also by the need to separate out wave function
renormalizations in each order. Still, it may be possible to make general
statements.

Another possible application arises in theories in which Fayet-
Iliopoulos terms are generated. In these models, it is frequently possible to
find new supersymmetric vacua by giving small expectation values to some
scalar fields [11]. To prove this, one examines the low-energy effective field
theory, and notes that there are usually combinations of fields that are
forbidden by the gauge symmetries to appear in the superpotential, and

VA VA

Figure 2. Factorization of two charged scalars on a torus.
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with appropriate U(1) charges to cancel the D term. At first sight, however,
it might appear difficult to describe these new vacua directly in string theory.
For example, one might imagine that one has to excite Kaluza-Klein or
string modes, and that one has to solve a nontrivial two-dimensional field
theory. This is not the case, however. First, at string tree level, we are
accustomed to the idea that it is only necessary to consider marginal and
relevant operators as perturbations of conformal field theories. This should
be the case in loops as well. Thus it should be necessary to add to the
conformal field theory only the vertex operator for the scalar, with a small
coefficient of order g (where g° counts string loops). Moreover, we only
need to consider this term perturbatively. At order g*’ in the loop expansion,
one needs to expand the path integral on the sphere to order g*, on the
torus to order g%, and so forth. Thus it is entirely straightforward to study
these vacua in string perturbation theory.

The “Fischler-Susskind” program [4] is easily implemented for these
models. For example, at one loop, the equations we have studied for the
scalar field beta functions have two types of solutions, corresponding to
vanishing and nonvanishing expectation values for the scalars. (Nonvanish-
ing scalar field expectation value leads to a nonvanishing dilaton beta
function, but the error is of two-loop order and can be ignored.) It is easy
to show that the various fields have the correct masses in this order as well
[12]. The auxiliary field vertex operators should be very useful in the study
of these vacua. For example, in the field theory analysis, one shows that
the superpotential vanishes in suitable directions by using the gauge sym-
metry. On the world sheet, this argument translates into the statement that
global symmetries yield vanishing correlations between certain combina-
tions of auxiliary field and scalar vertex operators.

Because of the lack of a manifestly supersymmetric formulation of
string theory, many statements about string theory have been proven by
examining low-energy effective actions. Hopefully, the auxiliary field vertex
operators will allow us to short circuit this intermediate step, yielding the
same sorts of simplifications that we are accustomed to in supersymmetric
field theories.
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Chapter 7

Differential Equations in Moduli Space

Tohru Eguchi and Hirosi Ooguri

It is well known that conformal field theories are governed by their tight
algebraic structures. Central charge of a conformal theory and dimension
of its fields are dictated by the representation theory of Virasoro algebra
[1, 2]. Furthermore, irreducibility of a representation, decoupling of null
states, leads to differential equations for correlation functions [1]. These
equations have been used to determine operator-product expansion
coeflicients [3, 4].

In this note we point out that, when conformal field theory is considered
on a Riemann surface, irreducibility of a theory leads to differential
equations in moduli space for its partition function. In the case of a torus
we derive an ordinary differential equation in variable r of order m(m — 1)/2
[m is related to the central charge of degenerate representation of Virasoro
algebra ¢ =1—-6/m(m +1)] for conformal character functions. These
differential equations follow from the existence of a null state at degree
m(m — 1) in the module of highest-weight state h = 0 corresponding to the
identity operator.

Let us first recapitulate basic steps in deriving differential equations
on correlation functions. In the case of a complex plane, conformal Ward

ToHRU EGUCHI AND HIrOSI OOGURI ® Department of Physics, University of Tokyo,
Tokyo, Japan 113.
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identity is given by [1]

h.
— _1 aw,-}<¢1(wl)¢2(w2) )
—w;) zZ—=w
(1)

Here ¢;’s are conformal fields and h;’s are their conformal dimensions.
T(z) is the holomorphic part of the energy-momentum tensor. For the sake
of illustration let us now consider the case of the Ising model which
corresponds to the m = 3, ¢ = 1/2 representation of Virasoro algebra. It is
known in this case that there exists, for instance, a degeneracy at the second
grade in the module of highest-weight state h = 1/2

(T(2):1(w1) (W) - - ) = Zl [(Z

=

[Lo— L)1k =1/2)=0 (2)

and this state must decouple from the rest of states in a unitary irreducible
theory. Making use of the operator product expansion

- aw]¢(w)+---
zZ—Ww

h
T(2)(w) ~ [(Z m—_

[T(z) =% La(w)(z —w) "] (3)

and using the fact that L_,(w)¢(w) = 9,,¢(w) we obtain

3 jLi(d’l(Wl)d’z(Wz) ceey=3 [ i + ! aw,-:l

Z awy i=2 L(w;, — Wi)z Wiy — wW;
X (1 (w)pa(wy) -+ ) (4)

when ¢, is a conformal field with h = 1/2. Equation (4) is a prototype of
the differential equations in conformal field theory. To each null state in
representation space corresponds a linear differential operator whose order
is given by the grade of the null state.

In the case of a Riemann surface Ward identity acquires a new term,
which describes the dependence on correlation functions on the moduli of
Riemann surface. If we consider the case of a torus for simplicity, conformal
Ward identity is given by [5]

(T(2)p1(w))po(wy) - -+ ) = Z {h[P(z — w;) + 2]

+[{(z—w)+ 21w ]aw,-}<¢1(wl)¢z(w2) S

27 3
+Z—(75 H—T{Z(T)<¢1(W1)¢2(W2) D) (5)
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Here Z(7) is the partition function and % and ¢ are Weierstrass % and ¢
functions. n, = {(1/2) = 2#id, log[1/n(7)], where n(7) is the Dedekind 7
function. Local algebraic structure remains the same on the Riemann surface
and (2) becomes an operator identity

{L_s(w) — %[L—l(w)]z}d’h:l/z(w) =0 (6)

Then following the same steps leading to (4) we obtain a partial differential
equation

{231'3?4»‘ i/ 2771W13w,}<¢1(wl)¢2(wz) R
= Ez {R[P(w, — wy) + 20, ]+ [L(w, — w;) + 2w, ]aw,-}

2 9
Z(1) ot

X(pi(wy)do(wy) - - - )+ {Z (7 D1(w)da(wy) - - )}

(7

Now let us discuss differential equations on conformal character func-
tions. We stick to the case of the Ising model and consider null states
generated out of identity operator h = 0. From the Kac formula [6] we
know that there exists a null state at grades 1 and 6,

L (2)1=0 )
{64[L_»(2) + 93[L_3(2)]* — 264L_,(z)L_5(z) — 108L_¢(z)}1 = ®(z) = 0( )

A null state at grade 1 leads to a triviality; however, one at grade 6 gives
nontrivial relations. If we consider the case of complex plane and compute,
for instance, a three-point function involving ®(z), using the Ward identity
(1) we find

const

(@(2)p(wi)$(w,)) = h(h —1/2)(h —1/16)

)2h—6
9)

where ¢ is a conformal field with dimension A. Thus the null state ®(z)
behaves as a conformal field and has vanishing operator-product expansion
coefficients with other fields with dimension h =0,1/2,1/16. These are
precisely the allowed values of highest weights in the Ising model.

Now let us go to the case of a torus and consider a one-point function
of ®(z). We obtain a differential equation on partition function from the
relation

(z - W1)6(Z - Wz)ﬁ(w1 — W

tr[®(z)] =0 (10)

Here tr is taken over any of the highest-weight representations
Vi=os Vi=1/2, Vi=1/16 Of the Ising model. Making use of the Ward identity
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[5] and after some algebra we find

d? d?
2w} ] Z(7) + 127,(7)(2mi)* e Z(7)

+ 277i[ 25 g.(7) + 247,(7) ] d Z(1) - 2 2364 g(nZ(1) = (11)

where g, and g, are coefficients in the expansions of the ? function

P + — gt gt 12
(z2) = 2 20 gzz 28 832 (12)
Equation (10) must be satisfied by each of the character functions
Xn=0, Xn=1/2> Xn=1/16 Of the representations V,_o, Vi—1/2, Vizi/16-

If we make a change of variable from 7 to A given by

ex(7) — ex(7)
e,(7) — es(7)

Alr) = (13)

where e, , e,, e; are related to g,, g; as g, = 2(e] + e3 + €3), g5 = 4e,e,e5 and
obey e, + e, + e; = 0. A is related to the parameters defining the torus as
an elliptic curve, y* = x(x — x,)(x — x;), as A = X,/x;. Then (10) can be
rewritten as
[d_3 222 ~1) d® 391\’ -N)+7 4
d\? (1 —A)A dA? 8% 24(1—A)°A% dx

23 2-0)A+)EA -1 B
—243 (1-—)\)3)\3 :IZ()\)—O

(14)

In this representation (14) is a differential equation of Fuchsian type;
coefficient functions are rational functions of A, and A = 0, 1, ©© are regular
singular points. Solutions of (14) take particularly simple forms in terms
of A and in fact reproduce three character functions of the Ising model,

Xheo = A_1/24(1 _ A)—1/24+ )\—1/24(1 _ )\)1/12
1 -
= const X q_1/48§ H (1 + q"—l/E) + H (1 _ qn~1/2)j|
Ln=1 n=1

Xh=1/2 = /\_1/24(1 — /\)”1/24 — /\—1/24(1 _ /\)1/12

1[
= const X q_l/“s2 H AQ+q¢" " -11 (- "‘1)}

n=1

Xn=t/16 = A1 — 1)V

=const x g"** [ 1+ q") (15)
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In general case null states occur at grade m(m — 1) and the order of
differential equation becomes m(m —1)/2 since each power of L_, is
converted into a derivative d/dr by Ward identity (note that L_, does not
occur since it annihilates the h = 0 state). Then m(m — 1)/2 independent
solutions of the differential equation correspond to each of x;, with1=s <
r=m-1. '

In the case of a general Riemann surface, the partition function of a
conformal theory will obey a set of partial differential equations in 3g — 3
modular parameters (g is the genus of the surface). The number of solutions
to this system of equations must be finite. Thus they must constitute a
holonomic set of partial differential equations. It is a challenging problem
to elucidate their mathematical structure.
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Chapter 8

Consistent Quantum Mechanics of
Chiral p-Forms

Marc Henneaux and Claudio Teitelboim

1. INTRODUCTION

p-form gauge potentials naturally arise in theories of fundamental
extended objects. A p-form potential bears to a (p — 1)-dimensional object
the same relation that the ordinary electromagnetic potential bears to a
charged particle. It couples to the tangent of the object’s history [1].

Of particular interest are p-forms whose field strength, a (p + 1)-form,
is self-dual. Those fields, which will be called chiral p-forms in the sequel,
play a central role in supergravity and in string theory [2].

There has been a difficulty so far in the analysis of the dynamics and
the quantization of chiral p-forms, namely, the fact that the implementation
of the chirality condition in the variational principle and in quantum
mechanics is somewhat subtle and, if improperly handled, yields incorrect
results.

In Ref. 3, a Lorentz and gauge invariant action that consistently
incorporates the self-duality condition was given. This action can be directly
used to pass to quantum mechanics. Furthermore, it leads to energy-
momentum tensor components whose Poisson brackets obey the appropriate

MARC HENNEAUX ® Faculté des Sciences, Université Libre de Bruxelles, B-1050 Brussels,
Belgium and Centro de Estudios Cientificos de Santiago, Santiago 9, Chile. CLAUDIO
TerTeLBoiM ® Centro de Estudios Cientificos de Santiago, Santiago 9, Chile and Center for
Relativity, The University of Texas at Austin, Austin, Texas 78712.
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“surface deformation algebra™ [4, 5], enabling a classically consistent gravi-
tational coupling.

It was this last property that was mainly used in Ref. 3 to establish the
action for chiral p-forms. The purpose of this chapter is to present an
alternative derivation based on more familiar methods, and to investigate
in more detail the properties of the action of Ref. 3.

The alternative route for arriving at the action relies on an orthodox
application of Dirac’s method for constrained systems [6] to the action
principle proposed in Ref. 7. In that action the self-duality condition is
implemented by adding a term of the form A (F — *F)? to the usual action
density which is proportional to the square F> of the field strength F.

The field A is a Lagrange multiplier and carries no degree of freedom
because of a new gauge invariance which the action acquires when the term
A(F —*F)? is included. It can be eliminated classically. The elimination
of A can also be achieved quantum-mechanically since the new gauge
invariance is anomaly free, as can straightforwardly be seen when the
appropriate commutator dictatéed by the Dirac method is used.

Once A is eliminated and the appropriate commutator defined, one
gets the action that was presented in Ref. 3 and which permits direct passage
to quantum mechanics. In that action, there is no remnant of the new gauge
invariance acting on A, because this gauge invariance leaves the chiral
p-forms invariant.

The case p = 0 is of particular interest since it describes chiral bosons
(left moving) in two space-time dimensions. These are basic elements of
the heterotic string model [8, 9]. For this reason we will devote the next
two sections to a careful analysis of the p =0 case. The formalism is
particularly transparent in this case.

For p > 0, the standard gauge invariance A - A + d¢ of p-form gauge
fields also needs to be handled. The generators of this gauge invariance are
mixed with the self-duality constraint. This requires a special treatment,
which is given in the final section.

2. CHIRAL BOSONS—CLASSICAL ANALYSIS

2.1. Action
The field strength F,, = d,¢ of a 0-form ¢ is self-dual if
*F=F (1a)
i.e.,

8uv

i £, = 3,0 (1b)
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Here, g, is the space-time metric. In flat space Minkowskian coordinates,
(1b) reduces to (with £ = —1)

o= (1)

which explicitly shows that ¢ is left moving. (We take 1y = —n;; = —1.)
The simplest way to incorporate the self-duality condition is to start

from the action for an ordinary massiess scalar field and add to it the term

A(¢ — @')?, where A is a Lagrange multiplier. This yields the action of Ref. 7:

Sle,A]1= J dt dx[3(¢* — ") + (¢ — ¢')’] (2)

If one varies (2) with respect to A, one gets
(¢—¢)=0 = ¢=9¢ (3a)
Taking (3a) into account, one then finds that the ¢-variational equation reads
$=¢" (3b)

and clearly holds as a consequence of (3a). The self-duality condition (3a)
thus completely contains the dynamics of a chiral boson. Furthermore, the
multiplier A is left completely arbitrary by the equations of motion.

2.2. Gauge Invariance

The multiplier A is undetermined because (2) possesses a gauge invari-
ance, given by

d¢ = e(¢ — ") (42)
SA=—Mé+e)+e(X—A)—A(é—¢) (4b)

By choosing appropriately the gauge parameter ¢, the multiplier A can be
made equal to any given function of ¢t and x.

The gauge transformation (4) is somewhat analogous to a particular
two-dimensional diffeomorphism, since (4a) coincides with

Sp =Z.0=¢"p, (4¢)

where the vector field £* is given by ¢ = (¢, —¢). Furthermore, the transfor-
mation (4b) can be interpreted, in a suitable coordinate system explicitly
given in Ref. 7, as the action of that same diffeomorphism on A, provided
that A is interpreted as an appropriate component of the metric.

This similarity has led to the conjecture that (4) becomes anomalous
quantum-mechanically, and that the quantization of chiral bosons is there-
fore generically inconsistent. We will show in this chapter that even though
there is indeed a gravitational anomaly, the gauge transformation (4) is not
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anomalous when proper account is taken of the fact that the field ¢ carries
only half the degree of freedom of a standard Klein-Gordon scalar field.
Hence, the quantization of chiral bosons poses no problem in flat space.
(The gravitational coupling is discussed in Sections 2.14 and 3.3.)

2.3. Counting the Number of Degrees of Freedom

The number of degrees of freedom is equal to half the number of gauge
invariant initial data that must be specified in the Cauchy problem.

Because the multiplier A is pure gauge, it should not be counted. For
instance, one can eliminate it by choosing a gauge such that A = 0. The
residual gauge symmetries are then

M=0 = £+&=0 = e=¢(t+x) (5)

The number of degrees of freedom of the theory are thus all contained
in . Since ¢ obeys a first-order differential equation, one should just specify
¢ at the initial time ¢ = 0 to get a unique solution of the equations of
motion. Besides, the gauge transformations (4)—and in particular, the
residual gauge invariance (5)—have no action on ¢ when ¢ = ¢’, so that
every solution of ¢ = ¢’ is physically distinct from every other. In that sense
the gauge invariance (4) is not really present in the ¢-sector, and as we
will see, for that reason, ¢ cannot make (4) anomalous.

The fact that ¢(z = 0, x) is all there is to specify at the initial time
indicates that ¢ plays simultaneously the role of a coordinate and a momen-
tum, i.e., is somehow self-conjugate. This has the following consequences,
which possess important implications quantum mechanically: (i)
[o(t, x), ¢(t, x")] # 0: The fields ¢ at two different spacelike related points
do not commute. (ii) In the path integral representation of the transition
amplitude, one cannot give ¢(x) at the initial and final times #;, ¢, (contrary
to what is done for a standard scalar field) since this would amount to
specifying simultaneously the g’s and the p’s, which would contradict the
uncertainty principle.

2.4. Hamiltonian Formulation

The safest way known to pass to quantum mechanics when a gauge
invariance is present relies on the Hamiltonian formulation of the theory.
The canonically conjugate momenta derived from (2) read

T, = ¢ +21(¢ — @) (6)

my, =0 (7)
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The Hamiltonian is equal to

H=J(¢W¢+XWA—L)dX

= J. [%(mi + e —1 :u (7 = 90')2] dx ®)

The total Hamiltonian [6] is obtained by adding to (8) the primary constraint
(7) multiplied by a Lagrange multiplier, which we denote by u,

Hr = j [%(Wi +¢7%) -

T3 on (m, — @) + u'rr)‘] dx (9)

The preservation in time of the primary constraint (7) implies
=0 = (m,—¢) =0 (10a)
This equation is clearly equivalent to
T, =¢ =0 (10b)

Following Dirac [6], we will in the sequel replace (10a) by (10b). As analyzed
in the next section, this is a mandatory step for correctly applying the
standard Dirac analysis and, hence, properly building the quantum theory.

The constraint (10b) is preserved in time by the Hamiltonian (9), so
that the consistency algorithm ends here. The theory is thus described by
the Hamiltonian (9) and by the constraints (7), (10b).

2.5. First and Second Class Constraint Surfaces

2.5.1. Intrinsic Definition

The standard definition of first-class and second-class constraints is
usually given in terms of the rank of the matrix of the brackets of the
constraints,

Caﬂ = [Xa’XB] (11)

For instance, if det C,; # 0 on the constraint surface, then the constraints
X = 0 are all second class, while if C,; = 0, the constraints are all first class.

This standard definition, however, is not invariant under arbitrary
redefinitions of the constraints. This appears very strikingly in the second-
class case. If one replaces x, = 0 by ¥, = x% = 0 one gets [ ., Xs]=0.1t
would seem that the same constraint surface can be viewed as either second
class or first class.
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In order to avoid this paradox, Dirac [6] imposed the condition that
the Jacobian matrix of the differentials dy, be of maximal rank. This
condition can be rephrased as saying that the constraint functions y, can
be taken, in the vicinity of y, = 0, as first coordinates of a new, regular
coordinate system [10]. (This condition can be weakened to include the
“reducible case,” but this will not concern us here [11].)

When the constraints y, are chosen in that manner, the rank of the
matrix C,p is invariant under the allowed redefinitions of the constraints
(which are those preserving the rank condition on dy, ). Hence, the standard
definition of first-class and second-class constraint surfaces is applicable
only when the rank of dy, is maximum.

When the condition on rank (dy.) is not fulfilled, one cannot use the
standard definition to determine whether the constraint surface is first class
or second class. One must either replace x, = 0 by equivalent constraints
X4 = 0 that fulfill this condition, or one must use an alternative definition,
invariant under arbitrary redefinitions of the constraint functions and
equivalent to the standard one when the rank of dy,, is maximum. One such
alternative definition is based on the properties of the two-form induced
on the constraint surface by the phase space Poisson bracket.

It is well known that the Poisson bracket structure is equivalent to a
rank-two contravariant antisymmetric tensor which is invertible and which,
in turn, determines a two-form upon inversion. This two-form is closed by
the Jacobi identity and is called the symplectic two-form. Given an arbitrary
surface embedded in phase space, one can study the properties of the
two-form induced on that surface by the symplectic two-form. If the induced
two-form is regular, i.e., invertible, then the surface is second class. If, on
the other hand, the induced two-form is noninvertible, there are first-class
constraints as well. The number of independent first-class constraints is
equal to the number of independent null eigenvectors of the induced
two-form. If this number is maximum, namely, if it is equal to the dimension
of phase space minus the dimension of the surface, the surface is first class.
One also says that it is coisotropic, since the subspace orthogonal (in the
symplectic product) to a first-class surface is tangent to that surface.

These definitions are equivalent to the standard ones when one rep-
resents the constraint surface by equations y, = 0 such that rank dy, is
maximum. However, they possess the advantage of being intrinsic, since
they clearly do not depend on how one represents the constraint surface.
For this reason they will be used here.

2.5.2. Quantization

In the case of a second-class constraint surface, one can define an
induced Poisson bracket structure since the induced symplectic form is
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invertible. Hence the constraint surface possesses the ordinary structure of
a standard phase space. According to Ref. 6, it is this smaller phase space
that must be quantized. Since both the surface and its induced bracket are
intrinsically defined, the quantum theory is formally independent of any
particular representation of the constraint surface.

For the purpose of explicitly evaluating the induced bracket structure,
it is convenient, however, to replace the constraints by ones that obey the
maximum rank condition. After that replacement (and only then!), the
bracket is given by

[A, BI*[A, B] = [A, Xa1lXas X1 [ X, B]

an expression known as the “Dirac bracket.”

When there are first class constraints present, there is no induced
Poisson bracket structure on the constraint surface. However, one can show
that the null directions of the induced two-form are surface-forming, i.e.,
can be integrated to yield well defined ‘““orbits” on the constraint surface.

If it is physically legitimate to identify all points lying on a given orbit,
then, one must pass to the quotient space of the orbits, known as the reduced
phase space. The reduced phase space possesses a well defined Poisson
bracket structure and can thus be a starting point for quantization. The
quantum theory based on the reduced phase space turns out to be equivalent,
at least in simple cases, to the quantum theory in which the full phase space
is quantized and the constraints are imposed as conditions on the physical
states.

If it is not legitimate to identify all points lying on the same orbits,
then, it is not clear how to even start constructing the quantum theory. This
is so because one does not know what the commutation relations should
be, since there is no obvious Poisson bracket on the surface of the classical
physical states.

If one takes the Hamiltonian as the starting point one can always
consistently postulate that all points on a given orbit are to be identified.
However, if one starts from a Lagrangian, the Hamiltonian dynamics thus
obtained may cease to be equivalent to the original Lagrangian one. The
statement that the Hamiltonian and Lagrangian dynamics are equivalent
after identifying points on the same orbit is known as the “Dirac conjecture.”
There are counterexamples to it, although none of them is of known physical
interest. These counterexamples typically occur when the secondary first-
class constraints arise “‘squared” in the constraint algorithm. In that instance,
these first-class constraints restrict the dynamics, but fail to generate gauge
transformations. In the case of chiral bosons, one would get a counter-
example to the Dirac conjecture, and one would not know how to pass to
the quantum theory, if there were first-class constraints present among the
secondary constraints (10b), 7, — ¢’ = 0. These constraints are, however,
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all second class, provided one adopts suitable conditions at the spatial
boundaries. We will therefore adopt in the sequel spatial boundary condi-
tions which make all the constraints 7, — ¢’ = 0 second class. The precise
form of these boundary conditions will be given in Sections 2.10 and 2.11.

2.6. Dirac Bracket—Elimination of Second-Class Constraints

The constraint 7, = 0 is clearly first class. The bracket of the constraints

7, — ¢’ is given by
(7 = @)(x), (7, — @) (x)] = =28'(x — x) (12)
where the Poisson brackets are evaluated at equal times. The spatial bound-
ary conditions alluded to above must thus be such that &’ is invertible, since

only in this case will all the constraints , — ¢’ be second class.
Straightforward calculation yields for the Dirac bracket

[e(x). 7 (x)]* = 38(x — x') (13a)
or

[e(x), ¢'(x")]* = 38(x — x') (13b)
With the boundary conditions given below, equation (13b) is equivalent to

[e(x), p(x")] = —Ze(x — x) (13¢)

with e(x — x') = —1 for x < x" and +1 for x > x'.

An immediate consequence of (13c) is that at spacelike separations the
fields ¢ fail to commute and cannot be diagonalized simultaneously.

We will from now on reduce the dynamics to the constraint surface
7 — ¢’ = 0, as one should since these constraints are second class. This will
be done by eliminating 7 from the theory and using only the Dirac bracket
(13), which permits indeed consistently setting 7 equal to ¢’ throughout.
Since no confusion should arise, we will also drop the * on the Dirac bracket.

When 7 is set equal to ¢, the action becomes

S[gpa)\’ Thrs u]:: J dtdx(¢(P,+);7TA _(Plz—u’n-/\) (143)
and the canonical and total Hamiltonians are, respectively,
H = J o dx, Hr=H+ j um, dx (14b)

The action (14a) is invariant under
S =0 (15a)
oA =g, ém, =0, ou=¢ (15b)
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These gauge transformations are the Hamiltonian expression of the
Lagrangian gauge transformations (4) in the phase space (¢, A, 7, ), which
one arrives at upon elimination of the second-class constraints 7 — ¢’ = 0.
We thus clearly see that once these constraints are properly incorporated,
the gauge transformations do not act on the 0-form ¢.

The canonical generator of (15) on the canonical variables (¢, A, 7,)
is given by

Gle]= j dxem, (16)

and is thus just a combination of the first-class constraint (7).
The pair (A, m,) is pure gauge and can be dropped from the theory.
When one sets 7, = 0 in the action (14a), one finds that it reduces to

Sle]= J drdx (@' — ¢) (17)

which is the action proposed in Ref. 12 for describing a chiral boson. This
action appears therefore to be the action resulting from (2) by application
of the Dirac formalism for constrained systems. The fact that the action of
Ref. 7 reproduces the action (17) when appropriately handled has been
previously pointed out in Ref. 13.

By using the field strength ¢’ = x as new variable, one can rewrite the
action (17) in the nonlocal form of Ref. 12.

2.7. Lorentz Invariance

The action (17) is invariant under Poincaré transformations. These
transformations are obtained by evaluating the Dirac bracket of the scalar
field ¢ with the standard Poincaré generators

P°=%J dx (7 + ¢%) = J dx ¢ (18a)
P'= J dx mo' = J dxo”? = P° (18b)
and
M, = J’ dx (1 + x)e™ (18¢)
One finds

dp = ¢’ (19a)



88 Marc Henneaux and Claudio Teitelboim

for translations, and
So =(t+x)¢’ (19b)

for boosts.

Actually, the Dirac and Poisson brackets of any function with one of
the Poincaré generators are equal, because the Poisson bracket of the
Poincaré generators with the constraints 7= — ¢’ all vanish. This is a con-
sequence of the Poincaré invariance of the self-duality condition. It results
from this observation that the Poincaré generators close in the Dirac bracket
as they do in the Poisson bracket, i.e., according to the Poincaré algebra.

Of particular importance is the fact that the transformations (19) are
linear in the fields. This feature, however, is generically destroyed by the
interactions (see Section 2.13).

2.8. Comparison with Ordinary Klein-Gordon Field

The fact that a chiral scalar field does not commute with itself when
evaluated at two different points even when these are spacelike related can
be understood from a different point of view.

Consider an ordinary Klein-Gordon field ¢ with conjugate
momentum p,

S[y, pl= J dt dx[yp — 3(p*> + ¢'%)] (20)

The field equations imply ¥ = ¢, so that ¢ is a sum of a left-moving (chiral)
and a right-moving (antichiral) scalar field.

It is possible to pass from ¢, p to new variables ¢ and ¢” which are
the right- and left-moving components of ¢. This is done by defining

¢L(X)=% w(x)+J_ p(») dy—%J: p(y) dy (21a)
and
ot =2v- [ pora e[ e (21b)

The field equations for ,p (¢ =p,p=1vy") imply that ¢* and o=
obey the appropriate equations for left- and right-moving bosons
(¢F =o'h ¢" = —0'%).

We assume that , p > 0 as x > 00 and that [~ p(y) dy is finite. The
left- and right-moving components of ¢ are defined up to an arbitrary
constant, since a constant is simultaneously right and left moving. That
constant is taken in (21) such that ¢~ and ¢® commute [see (23c) below].
One then finds ¢®(—0) = —pX(+0) = —p*(~0) = +¢p*(+0).
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Now, a crucial property of the change of variables (21) is that ¢* and
¢® depend on both the scalar field  and its conjugate p. Furthermore, the
transformation (21) is nonlocal in space. It thus comes as no surprise that
left- and right-moving bosons obey, at equal times, the nonvanishing and
nonlocal Poisson bracket relations found previously. From (21) and the
equal time Poisson brackets

[¥(x), ¥(y)]1=0=[p(x), p(y"] (22a)
[¥(x), p(¥)] = 8(x" =y (22b)
one finds
[e"(x), 0" (»)] = 28(x"— ¥ (23a)
[e®(x"), " ()] = —38(x' — y") (23b)
[p"(x), " (»)]1=0 (23c¢)

Relation (23a) coincides with (13b) above.
The relations (21) can be inverted to yield ¢ and p as functions of
ok, o®. One gets

¥ ="+~ (24a)
p=¢" - ¢~ (24b)
If one inserts (24) in the action (20), one finds
S =S+ SRR+ 1(1,, 1) (25a)
with
St = J dtdx (¢t — o) (25b)
t
SR = J dtdx (—¢Re'® — ¢'*?) (25¢)
ty

The action (25b) is again the action for a left-moving boson that we found
previously.
The last term I(t,, t,) is a surface term at t, and t,,

[s o) 12
Ih,1) =3 [ f (¢"¢" ~ ¢"¢") dx] (254)

—c0 f
and its role will be discussed in more detail below. There are no analogous
terms at spatial infinity, x - £00, because of the inclusion of the appropriate
constant in the definition (21) of the right- and left-moving components of
. (It is because of the absence of this term that the kinetic piece in the
action does not mix ¢® and ¢*, and thus, [¢®, ¢*] = 0.) The fields ¢* and
@R are decoupled in the action, except in the boundary term at ¢, and 1.
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2.9. Boundary Conditions at t, and t,

If one varies the action (17) for the left-moving boson ¢, one finds,
keeping all the terms,

8S[e] = —2‘[ dtdx (¢ — ¢')'d¢

+ U dx 8¢ ¢'] : + [ [ dt S¢(¢ — 2¢')]xz (26)

ty X1

where x, and x; are the spatial end points. If S is to be an extremum for
the classical history, i.e., if 8S = 0, then, each term on the right-hand side
of (26) should be zero.

The vanishing of the “volume” term [first term on the right-hand side
of (26)] leads to the field equations,

(¢-9)=0 (27)

As we will show later, these equations imply ¢ — ¢’ = 0.

The vanishing of the second term in (26), which is a surface term at
the time boundaries, dictates what should be fixed at ¢, and ¢, in the
variational principle. The condition under which this term is zero is analyzed
in this section. The vanishing of the third term is discussed afterwards.

As we pointed out already, one cannot specify ¢ independently at ¢,
and t,, since ¢ obeys a first-order equation in time. Hence, one cannot
assume that 8¢ in (26) vanishes at both ¢, and ¢,.

What are the appropriate boundary conditions at the time boundaries
for a self-conjugate field, which obeys a first-order equation? Clearly, one
should have only one datum per space point. Furthermore, the boundary
conditions should involve ¢; and ¢, in a somewhat symmetric manner, since
the surface term in the action should vanish at both t, and ¢,. For instance,
¢(t;, x) = given function of x would not do, since one would not find that
the surface term vanishes at t,. Furthermore, the term at ¢, is not equal to
the variation of something, so it cannot be absorbed in a redefinition of the
action.

Following what has proved successful for self-conjugate fermions [14],
which possess analogous properties, we tentatively impose the conditions

etz x) + @(t, x)] = €(x) (28a)
so that
dp(ty, x) = =8¢ (1, x) (28b)

in the variational principle. We will see that these conditions are classically
permissible, in the sense that given £(x) there is only one classical history
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that fulfills (28a), except maybe for unfortunate choices of t, —t; (see
Section 2.11).
One finds that the surface term at ¢, and ¢, becomes

J dx 8¢ (12, X)[@'(12, X) + @'(1;, x)]

6 J. deD(tz, x)[qol(t?.s x) + qD’(tli x)]

28 J dx [e(t2, x) — (1, X)][¢'(12, X) + ¢'(1,, x)]

Therefore, if one improves the action as
Sle] > S™Ped = S[e] + J (1, 1) (29a)
with

J(t, 1) = %J dx [o(t1, x) = (12, X)][@'(12, x) + ¢'(1,, x)]  (29b)

a modification that has no effect in the equations of motion, there is no
surface term at the time boundaries in 8S™P™"*,

The improved action (29) will be used from now on to describe a chiral
boson. It turns out that the term J(t,, t,) is extremely important in the path
integral, and that if it is not included, one does not get the correct evolution
operator.

In order to establish this result, (in Section 3.2) we will need to compare
(29) with the Klein-Gordon action.

In the Klein-Gordon variational principle one usually assumes that
the Klein-Gordon field ¢, which obeys a second-order equation, is given
at both #; and t,. It is, however, possible, and useful for our purposes, to
consider a different action principle, in which ¢ and its momentum p are
treated in a more symmetric fashion. In this action principle one holds fixed
the sums

Av(te, x) + ¢(t, x)] =¥ (30a)

and

2Ap(t2, x) + p(ty, x)1 = P(x) (30b)
Then, the action is an extremum on the classical history only if one
includes [15] an appropriate term at ¢, and t,, given by

gKG. , SKG. _ J [PJ' — J2. p2 + l/;’z)] dt dx

- %J’ dx [p(ty, x) + p(ty, ) ¢(t2, x) — P(t, x)] (30c)
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Now, the boundary conditions (30) are clearly equivalent to boundary
conditions of the form (28) for the right- and left-moving components of
. Moreover, if one expresses the action (30c) in terms of ¢® and ¢, using
(25) and

@i(t, +00) = — (1, —o0)
one obtains
§K_G_ — Simproved[(pR] + SimPFOVed[(PL] (30d)

i.e., the left- and right-moving components are now completely decoupled,
even in the surface terms at the initial and final times. This will turn out to
be crucial in the method we will adopt for establishing the correct path
integral.

2.10. Boundary Conditions at Spatial Infinity (Real Line)

It remains to discuss the third term in the variation (26) of the action,
which is the surface term at spatial infinity.

In view of our discussion of the Klein-Gordon field and of its right
and left moving components, it appears natural to require that the chiral
field obeys the conditions

lim ¢(x) =a lim ¢(x)=—a (31a)
and
lim ¢'(x) =0= lim ¢'(x) (31b)

at spatial infinity.

That these conditions are legitimate can be seen as follows:

(i) They make all the constraints 7 — ¢’ = 0 second class, as they
should. Indeed, the equation

U A(x)(7(x) — ¢'(x)) dx, w(x') — ¢'(X’)] (32a)
implies
A=0 (32b)
and thus
A=0 (32¢)

since A should belong to the same functional class as ¢. The only constant
contained in that class is zero by virtue of (3.1). There is therefore no
combination of the constraints 7 — ¢’ that is first class.

(ii) As a result, the action obtained by elimination of 7 is equivalent
to the original action. And one finds, indeed, that the variational equation



Consistent Quantum Mechanics of Chiral p-Forms 93

(27) (¢ — ¢")’ = 0 implies by integration ¢ — ¢’ = C, where the constant C
must vanish since C = ¢(4+0) = —¢(—0) = —~C[¢'(£00) = 0]. Without the
elimination of the constant zero mode of ¢, neither (i) nor (ii) would hold,
and the action (27) would not yield equations equivalent to ¢ — ¢’ = 0.

With the boundary conditions (31), the surface terms at x = o0 in
(26) cancel, so that the improved action (29) is fully satisfactory as it stands.

We also note that the classical history is uniquely determined by the
conditions (28a) at the time boundaries. This is because ¢ is a function of
t — x by the field equations, so that (28a) becomes

He(x) + o(x + AD] = &(x) (33)
with ¢(x) = ¢(t;, x) and At = t, — t;. From (33), we infer

o(x) = Y [£(x—nAD+Ex+n Al —AD](—1)"™

+3(-1)V[e(x + NAt) + o(x — N At)] (34a)

When N - o, the second term in the right-hand side of (34a) goes to zero
since @(+00) = —p(—0). Hence, (34a) leads to

o(x) = 3 [£(x—n Af) + £(x + n At —ADJ(=1)™  (34b)

The function £(x) is such that é(x —n At) + é(x+ n At — At) > 0asn >
because it clearly obeys boundary conditions at x - +00 of the type (31).
Furthermore, it must be such that the sum in (34b) converges. The equation
(34b) shows that ¢(x) is completely determined by &(x).

Conversely from the expression (34b), one easily checks that (33) holds.
Indeed, p(x) =Y, _,-n [E(x — n A) + £(x + n At — A)](=1)""" + ap and
e(x+At) =3 _ N[E(x+At—nAt]+ &(x+n AD(=1)""" + by, where,
for large enough N, ay and by are arbitrarily small. Thus, ¢(x)+
o(x +At) —2¢(x) = ay + by + ¢y, where oy = &(x — N AD(-1)V "'+
£(x + N At)(=1)V*'. The right-hand side of this equation is arbitrarily
small for N > 00 and must be independent of N. Therefore, it must be equal
to zero.

As a final comment, we note that there may exist other acceptable
boundary conditions as x - +00. The criterion that these should fulfill is
that they eliminate the constant mode from ¢, so that A’ = 0 implies A =0
as in (32). We will not investigate this question further here.

2.11. Case of a Circle

We now assume that the spatial sections are compact, i.e., are circles.
There is then no spatial surface term to worry about. We take those circles
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to be the interval [0, 7], with 0 and = identified, since we want to compare
our results with the heterotic string theory, for which these are the standard
conventions. For the same reason, we insert 1/# in front of the action (2)
and we call the space variable o instead of x.

It is useful to separate from ¢ (o) and 7 (o) their zero-mode component.
Hence, we write

¢(0) = ¢+ &(0) (35a)
(o) =Q/m)m, + 7(0) (35b)

with
JW ¢(o) do = me,, J'” w(o) do = m, (35¢)

and Poisson brackets

[eo, ] =1, [#(0), 7(c)] = 8(0,0") = 1/m (35d)

(the other brackets vanish).
In terms of ¢, 7, @, and 7, the secondary constraints = — ¢’ = 0 read

o= 10 (36a)
7m—(1/m)¢ =0 (36b)

and one immediately faces the difficulty that only the constraints (36b) are
second class. The zero mode constraint (36a) is clearly first class, but it
does not appear to correspond to any gauge invariance of the theory, since
one cannot shift ¢ by an arbitrary function of time.

In order to avoid this problem—which would not occur if we had not
included a zero mode component in ¢ and 7—we will provisionally drop
the first-class constraint (36a) and keep only the second-class constraints
(36b). This amounts to replacing A(¢ — ¢')>by A (& — @’)” in the Lagrangian
action (2). In the next section, we will complete this step by enlarging the
functional space to which ¢ (o) belongs in such a way that the left-moving
condition on the zero mode can be reinserted.

The second-class constraints can be used to eliminate 7 (o), as we did
above. The final canonical action is then

) 1 A
S[eo, o, (0)] = J di [gomy — 375 + ;J do (¢'¢ — ¢")]

+ surface terms at ¢, and ¢, 37)

The field ¢(o) can be expanded in Fourier modes,

¢(o) =3 Z \/— (a, ™" = a} &™) (38a)

n>0
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and one finds

[an, a?:] = —ian,n (38b)
The equations of motion imply
a,(t) = a, e 2" (39a)

and one sees that a%>—and thus also a,(t)—can be expressed in terms of
2§n = an(to) + an(tl) as

0o __ 2§n

a,= 1+ e~2in(zi-ro) (39b)

The denominator in (39b) is different from zero, except for unfortunate
choices of t; — t, for which 2(t, — t,) is a rational number p/g times m,
with p odd. As to the boundary conditions on the zero modes at ¢, and ¢,
they should be of the standard type [e.g., ¢o(ts) and ¢y(t;) given, or my(t,)
and my(t,)], since the zero modes just form an ordinary canonical pair.

2.12. Winding Number—Heterotic String

When the field ¢ itself takes values on a circle, one can allow for
topological solitons, described by a linear term in o,

o =¢y+ Lo+ = ’EO\/_ (a, e*" — a* e72") (40a)
L should be quantized as
L =2Rn (40b)

where n is an integer, called the winding number. As o is increased by
T, 0 > o+ m, ¢ becomes ¢ + 2nwR, which is identified with ¢.

When the solitonic term is included in (40), one finds that the action
(37) is modified as

ka

S[po, m, ¢(0)] = J dt |:¢07To sme— 37+ 717 j do (¢, ¢ — 95,2)] (41)

0

where @ is still given by (38), i.e., contains only the oscillator variables.
The energy and momentum are given by

H= I Ty do = a2+ 12+ 2N (42a)
p= J T,, do = m,L + 2N (42b)

with
N =Y nala, (42¢)

n>0
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Since L is a topological quantity, it would appear that it should be
treated as a pure number, as was done in (41). However, it turns out that
in the quantum theory, one can have transitions between the different
topological sectors as a result of interactions. It is thus inconsistent to
consider a single topological sector.

The transitions between the various L’s can be described by means of
an operator M which does not commute with L. It is convenient to have
a classical analog of this operator, so we introduce a new variable M, with
bracket

[L,M]=1 (43)

M can be taken to live on a circle of radius 1/2R, so that (40b) is also
implied by the quantization of the pair (L, M). Of course, L = 0 in the free
theory, so M should not appear in the free Hamiltonian.

The introduction of the pair L, M (with a kinetic term ML in the
action) enables one to impose now the left-moving condition on the zero
mode as well. Since (¢, + Lo) = m, and (¢, + Lo)’ = L, this condition is
equivalent to

770"L:0 (443)

The condition (44a) is still first class by itself, but can be completed
by another condition so that the full system is second class. This additional
condition relates M to ¢,, so that M is not an independent variable after
the constraints are eliminated, and becomes part of the already existent
variables. We follow here an approach inspired by Ref. 8. Other equivalent
treatments, which do not introduce M and do not impose (44b), may also
be possible.

If one demands that the condition relating M to ¢, be preserved by
time and space translations, i.e., commute with H and P, one is led to the
only possibility

M+ ¢y=0 (44b)

The elimination of L and M by means of the second-class constraints
(44a) and (44b) yields the canonical action

Sleo, mo, #(0)] = [ dt [2¢07To — ot lj do (¢'¢ — @'2)] (45a)

J ™ Jo
and the energy and momentum
H=m+2N (45b)
P=n;+2N=H (45c¢)
The only bracket that is modified is [¢,, 7, ]; it becomes

[eo, mo]=1/2 (45d)
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It should be stressed that (45a) does not follow from the Siegel
Lagrangian [7] alone. However, the modification concerns only the zero
mode sector and simply consists in a proper incorporation of the winding
number, by adding an extra variable (M) and an extra constraint [(44b)].

The allowed eigenvalues of the momentum 7, are quantized in the
quantum theory, as

so that the wave functions exp [i(27,)¢,] are unchanged as ¢, is shifted
to ¢ + 27 R (recall that it is 27, that is conjugate to ¢,). This condition is
consistent with (40b) and (44a) provided the radius R is restricted appropri-
ately. '

The heterotic construction is obtained by generalizing the above analy-
sis to the case of 16 chiral bosons lying on a self-dual, integral, and even
lattice [8].

2.13. Coupling of Chiral Bosons to a Complex Scalar Field

As discussed in Refs. 16 and 7, a chiral p-form can be coupled to a
complex antisymmetric tensor of rank p/2.
For p = 0, the appropriate action is [7]

S[e, B, B, A] = J dtdx [—-3F,F* —3,B3"B — ipe**3,B5,B + AF* ]
(47)
where the field strength F,, of ¢ is modified by the interaction and reads
F, =d,¢ + 3iBa,B — 3i3,BB (48)

The canonical analysis of the action (47) goes along the same lines as
in the free case. In particular; one finds that the primary first-class constraint
7, = 0 leads to the secondary second-class constraint

7, —F;=0 (49)

which is the canonical transcription of the self-duality condition F_ = 0.
The determinant of the second-class constraints is again given by §'(o — o)
and thus can be inverted.

The major new feature of the interacting models is that the expression
for mr, in terms of the fields is no longer linear, but rather, involves the
quadratic term BB’ — B'B. As a result, the bracket of the momentum conju-
gate to B with ¢ contains B, and furthermore, the Lorentz generators are
no longer quadratic. This suggests difficulties in the quantum theory (reali-
zation of the Dirac bracket, Lorentz anomaly) which, however, will not be

studied here.
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2.14. Gravitational Coupling

The energy momentum tensor components of a chiral boson are
given by

H=gTy=¢" (50a)
= gTy, = 90’2 (50b)
gT, = ¢” (50¢)

The trace is zero, as dictated by Weyl invariance. In addition, the left-moving
condition implies that there is only one independent component of T4,
since T__ also vanishes identically,

T=Y#+3)=¢% T =Xx-%)=0  (50d)

The energy-momentum tensor components obey the appropriate sur-
face-deformation algebra [4, 5],

[¢™(0), ¢”(0")] = [¢"(0) + ¢*(5")18'(0, o) (51)

and accordingly, the system can be consistently coupled to gravity at the
classical level.
If one parametrizes the two-dimensional metric as

__N2+ (NI)Z Nl
8op = 811 N! 1

one finds that the action describing the propagation of a chiral boson in a
given gravitational field reads

(52)

Slel = J (¢’ — N¥ — N'9,) dt dx (53)

The action for the propagation of d chiral bosons ¢* (A =0,...,d — 1)
is simply obtained by adding the actions for each individual chiral boson,

Sle?] = J [6%¢"% — (N + N")o"¢"" 1nap dt do (54)

where 7,5 is the metric in the internal space of the ¢™’s.

One can also treat the gravitational field as a dynamical variable. The
action (54) need not be supplemented by a gravitational action, since the
Einstein action is a topological invariant in two dimensions. The equations
obtained by varying (54) with respect to g,z are

T;=0 & o2 =0 (55)
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In order to get a nonempty theory, the metric 745 in internal space cannot
be of definite sign.

As a final point, we note that there is no relation between gof,qof; NaB
and the metric g,z, since one finds, upon use of the field equations, that
goﬁ,goff;nw identically vanishes. This is in sharp contrast to what happens
when the scalar fields contain both chiralities, where g.5 and ¢4 ¢ 545
are conformally related.

3. CHIRAL BOSONS—QUANTUM THEORY

3.1. Quantization in Minkowski Space

The quantization of a free chiral boson in Minkowski space is straight-
forward. The second-class constraints are eliminated before one goes to the
quantum theory, and the Dirac brackets are turned into i-times commutators.
There is thus no question as to whether-one can impose 7 — ¢’ = 0 quantum-
mechanically.

The only question that one may ask is whether the multiplier A intro-
duced classically can still be eliminated quantum-mechanically, i.e., whether
the corresponding gauge invariance does not become anomalous in the
space where 7 — ¢’ is identified as the zero operator. The answer is clearly
that there is no problem, since the generator (16) of that gauge invariance
is linear in the momentum r,, which guarantees [G[¢], G[n]] = 0 even at
the quantum level.

Finally, we note that the Lorentz generators close without anomaly,
and that the spectrum of the theory just describes left-moving scalar particies.

3.2. Path Integral Quantization in Minkowski Space

The path integral quantization is also straightforward. The symbol
U(¢, t, — t,) of the evolution operator in the Weyl representation is given
by the path integral

Ul - 1]= J D exp iSTmProved (56)
where §™™"*? is the full action (29a) containing the appropriate endpoint
terms at ¢, and t,. The measure in (56) includes the determinant of the
matrix of the Dirac bracket, which is just a c-number. The paths over which
one sums in (56) are those that obey (28a).

That (56) should be correct is a consequence of the general analysis
of [15], which implies that for an ordinary Klein-Gordon field, which obeys
standard (g, p) commutation relations, the symbol U[y, p; t, — t, ], with the
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Weyl correspondence rule, is given by

Ulg,p; tb— 1] = [ DYPp exp S (57)

o

where $¥ is the action (30c) with the additional appropriate end point

term included.
The symbol (57) is also equal to

U[l,[l,p, t, — tl] _ J @¢L@¢R exp i(Simproved[¢R] + Simproved[‘pL])

= J @‘PL exp iSimproved[‘pL] J' @‘PR exp l-Simproved[(pR]
(58)

as it merely follows from the change of integration variables ¢, p > ¢ ", ¢~
This change of variables is linear and one can independently Weyl-order
the right- and left-moving parts of U. Therefore one has U[y, p; t, — t,] =
U[‘PR; t,— t,]ULe"; 1, — 1,] with

Ule®; ,—1]= J D" exp ISPV o] (59a)

Ul -1 = J De" exp iS™POV '] (59b)

Thus, the results of Ref. 15 also apply to a self-conjugate chiral field, as
expressed by equation (56) above.

The integral (56) is Gaussian and easy to evaluate by standard methods.
One finds that at the extremum, ¢ — ¢’, the “volume piece” of the action
is zero, so that $™™"*? reduces to the end-point term at ¢, and ¢,.

If one decomposes £(o) in terms of Fourier modes a(k), normalized
so that

[a(k), a*(k)] = 8(k - k') (60)
one finds that Ula, a*; t, — ,] is given by
Ula,a* t,—t,]= N exp[-zi [w dka*(k)a(k) - f’cloks(:(t— f_‘)t )]
°° in[k(t,—t;)/2
=N exp{—2i J:) dk a*(k)a(k) Z:;[[k((tt _tt ))//2?]}
(61)

Here, N is the determinant of the quadratic part of the action and depends
only on t, — ¢,.

Let us stress again that (61) is not the kernel of the evolution operator
in the holomorphic representation, but rather, it is its Weyl symbol. In order
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to get the kernel in the holomorphic representation, one should give different
boundary conditions at ¢, and ¢,, and add to the action the surface term
appropriate to those boundary conditions [17].

It is easy to check that the expression (61) obeys the appropriate folding
rule of Weyl symbols (given for instance in Ref. 15). Furthermore, when
t, — t, is small, it reduces to

Ula,a*; t,— t,1=1—-iH(t,— t;) (62a)

H= JV dk ka*(k)a(k) (62b)
0
as it should.

Also to be pointed out is the fact that the Weyl symbol of the evolution
operator contains an infinite phase because the Weyl and normal orderings
of the Hamiltonian differ from each other by the infinite zero point energy.

Finally, even in the presence of a finite number of oscillators, the Weyl
symbol is singular when ¢, — ¢, is equal to an odd integer times half a period.
For instance, in the case of a single harmonic oscillator of unit mass and
frequency o, (61) becomes

1
" cos(w/2)(t,— 1,)

exp[—2iH (p, q) tan(w/2)(t, — 1;)]
(63a)

where the determinant N of the quadratic piece has now been explicitly
written down

Ulp,g; t, — t,]

1
N = os@/2)(t— 1)

and where H is given by

(63b)

H =3(p*+ 0’q") (63¢)
The reason why (63a) is singular when t, — t, = (2n + 1)(7/ w) is that the
Weyl reordering of the well-defined operator exp[ iH (t, — ;)] involves an
infinite number of rearrangements which yield, for those values of t, — ¢;,
a singular expression. From the point of view of the path integral, this
fictitious singularity appears because the boundary conditions at ¢, and ¢,
fail to determine a unique classical history.

3.3. Gravitational Anomaly

A condition traditionally viewed as necessary for a quantum-mechani-
cally consistent gravitational coupling is that there should be no gravitational
anomaly. By gravitational anomaly one means a modification of the algebra
of surface deformations, which is the Hamiltonian translation of the algebra
of diffeomorphisms.



102 Marc Henneaux and Claudio Teitelboim

We adopt the point of view of Faddeev where the anomaly appears in
the algebra of the gauge generators [ 18], and we do not shift the gravitational
anomaly into the Weyl anomaly. Thus the quantum theory remains
manifestly Weyl invariant, but may not be invariant under diffeomorphisms.
For a discussion of these matters, see Ref. 19, pp. 144-148. Also, we will
work for definiteness on the circle.

The quantum algebra of the energy-momentum tensor component
T, (o) has already been computed within the context of string theory. The
Fourier modes of T, (o) are indeed just the standard left-moving Virasoro
generators, which obey, in quantum mechanics

(Lo L] = (= W)L+ 35 (= )3, (64)
where d is the number of chiral fields. There is thus an anomaly in (64),
which makes the direct coupling of chiral bosons to gravity a priori incon-
sistent.
The right-moving components L, identically vanish, and thus, clearly
remain anomaly-free.
One may write

[f:ma in] = é:nnir (653)
with any C7,,. In particular one may take
[im, L~n] = (m - n)£m+n (65b)

It is well known that the “physical” fields are not the only ones that
contribute to the anomaly when proper account is taken of the (classical)
gauge invariance in the quantization of a system with a gauge symmetry.
There is also a ghost contribution, given by (26/12)(m> — m)$§,,, in this
case. The action (54) is indeed invariant under diffeomorphisms when the
metric is treated as dynamical, and one thus needs to include the
diffeomorphisms’s ghosts.

So, the total left-moving Virasoro generators, including the ghost contri-
bution, which is obtained by taking the brackets of the ghost momenta with
the BRST charge, satisfy the algebra

d—26
[Ly,Lil=(m—=n)Ly.,+ T (m* = m)§,, -, (66a)
LT =1, + L& (66b)

whereas the total right-moving Virasoro generators, with the choice (65b),
would appear to yield

(LI, LT1=(m-n)Ll,,—(13/6)(m* - m)§,,_,  (incorrect) (67a)
[T =F, + L& (67b)
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For d = 26, the gravitational anomaly in the left-moving sector cancels.
This is equivalent to the nilpotency of the corresponding BRST charge.

On the other hand, it would appear that there is a gravitational anomaly,
due to the ghosts, in the right-moving sector, which is, however, classically
trivial (I:m =0).

The answer to this paradox is that the standard ghost spectrum in the
right-moving sector is not correct when L,, vanishes identically. One needs
to add extra ghosts, of the commuting type (ghosts of ghosts), which take
into account the fact that the constraints L,, are not independent.

Indeed, there are relations among the I:m of the form Z',',,I:,, = (, with
Z,, = 8y. (The Z are in turn mutually independent so there are not
“tertiary” ghosts.) '

Following the general methods for handling ghosts of ghosts [20, 10, 11]
one finds a BRST charge ) for the right-moving sector given by

Q=-18,Cnqg"y" + P,6" — #uCnip'c" (68)
with (7, ) and (6, #) being, respectively, fermionic and bosonic canoni-
cally conjugate ghost pairs. One easily checks that () is classically nilpotent.

The total right-moving generators can be read from Q) as a Poisson
bracket LY, = [Q, —%,,], which gives

ir-lr-z = —@né:‘nrnr + ’ﬁ:né'r;ir&r (69)

One sees that the L7, consist of two contributions of exactly the same
form in the commuting and anticommuting ghost sectors, each of which is
in the adjoint representation of the gauge group. The anomalies of these
two contributions cancel each other exactly. If, for definiteness, one chooses
the C™ according to (65b) one finds that the commuting ghosts add an
extra term +(26/12)(m* — m)3,,, to the right-hand side of (67a), which
leaves no net anomaly in the right-moving sector,

[LL,LT1=(m-n)L"%,, (correct) (70)

The theory (with ghosts included) is thus free from gravitational anomalies
for d = 26.

4. CHIRAL p-FORMS

4.1. Chirality Condition

In order for chiral p-forms to exist it is necessary that F and * F should
have the same number of components. It is also necessary that the square
of the operation of taking the dual should give +1. These two demands
restrict the space-time dimension to be equal to 2 modulo 4. Thus we will
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deal with a form A = (p!)™'A,,.., dx*1 A --- A dx*s and a field strength
F=dA=[(p+ 1)1 'F,..,  dx"1r---adx'»> in a space-time of
dimension d = 2p + 2 where p is even.

Since there is no difficulty in treating the classical coupling to gravity,
we will assume from the outset that we are in a curved space-time. We will
need to split both the field strength and the space-time metric into time and

space. Thus we write

g = [N+ eN'N ngj] (71)
v j
5 g N 8
[—(N9)? NY/(N*Y
mY = . N'N/ (72)
& N'/(N*)? 8~ (NP

Here g” is the inverse of the spatial metric g; and one has det(g,,) =
—(N*)’g with g = det(g;).

An arbitrary vector (or tensor) may also be decomposed into com-
ponents normal and perpendicular to the t = const surfaces, as V¥ =
Vin* + V's/ax". The components of the normal are n, = (—N*,0), n* =
(N5)7'(1, -N").

The field strength is split into “‘electric”” and ‘“magnetic” densities

Biv ol = g2y,

= (N*)7'g"2gh - - - ghn(Fyy, .y — Nkaj.‘v-j,,) (73a)
B = (P " 1)' @i '2‘,+1F}p+l”'i2y+l (73b)

It follows from (73b) that """ is identically transverse, 3; B" " = 0.
The self-duality condition F = *F is then

g — B = 0 (74)

(we take Eo1--2p 4y = +1) and contains the equation d*F = 0 since dF identi-
cally vanishes.

A covariant action which enforces the self-duality condition (74) has
been proposed in Ref. 7 and is obtained by adding to the usual action
density, which is proportional to F? a term of the form

APFOWWEE) L (75a)
with

F7 =F-*F (75b)
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Varying the action with respect to the Lagrange multiplier A**, one
obtains the equation

FO"w%»Fg) ., =0 (75¢c)

1 Yp
whose 0-0 component reads
F§ % Fpgyoooc, = 0 (75d)
Since the spatial metric is positive definite, (75d) implies
FG)., (75¢€)

and therefore, the anti-self-dual part F~ of F vanishes (the spatial com-
ponents of F are related to its temporal ones by *F(7) = —F7),

The action with (75a) included is just the generalization to chiral
p-forms of the action (2) for a chiral boson. It possesses an extra gauge
invariance—besides the standard gauge invariance of p-forms—which per-
mits one to gauge away A°?. This extra gauge invariance is analogous to
(4) and has no true action on the chiral p-forms.

Because chiral p-forms obey first-order differential equations, they are
canonically self-conjugate. Failure to appropriately take this fact into
account may lead to inconsistencies, and our first task, for this reason, is
to derive the canonical formalism for chiral p-forms.

4.2. Canonical Formalism

Since the steps that lead to the canonical formalism are similar to those
followed in the case of chiral bosons, we will simply sketch here the salient
new features.

The dynamical variables are the canonically conjugate pairs
(Ai...;,, ") formed by the spatial components of the p-form potentials
and their momenta.

The momenta 7" are subject to the standard first-class constraints
associated with the gauge invariance

Ay = Ay, F oA, (76a)

'ip—l]
which read
3m =0 (76b)

In addition, the canonical variables are also constrained by the chirality
condition (74), which becomes, in terms of the A’s and the #’s,

v — B =0 (77)
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The major new element compared to chiral bosons is that (77) is no
longer pure second class. Because of the transversality of 8" >, one finds
instead that (77) implies (76b). This shows also that all the constraints are
actually contained in the self-duality condition.

Because the only gauge invariance of the theory is given by (76a), there
should be no other first-class constraint in (77) besides (76b). Under
appropriate conditions to be given below, this is indeed so, and the first-order
action is thus

S = J [wjl"'ijjl...jp —H = Ay (7 — B ] dx dt (78)
where A;..; are Lagrange multipliers enforcing (77), and where ¥ is
given by

H =N, + N'%, (79a)

¥, =g \?R* (79b)

% = *«%kky--kp'%k'mk" (79¢)
with %2 = giljl Tt gipjp%il"'ip%jl"'jp'

The energy and momentum densities ¥, and ¥ are really defined as
functions of the canonical variables up to combinations of the constraints,
but the form (79b) and (79c¢) turns out to be the most convenient.

4.3. Conditions on A

If there were extra first-class constraints besides (76b), the action (78)
would yield equations of motion containing more arbitrary functions than
those implied by the gauge invariance (76a), and hence, it would not be
equivalent to the original Lagrangian action. Therefore, one way to arrive
at the appropriate boundary conditions to be imposed on A (if any) is to
make sure that when those conditions hold, extremizing (78) leads to the
correct equations.

Now, as the Lagrange multiplier method indicates, the variational
principle based on (78) is equivalent to the variational principle in which
the constraints are solved (since the constraints multiplying A;,...;, fulfill the
maximal rank condition). If one eliminates #’*"’» from (78), one gets the
gauge invariant action

S= J dtdx [Ng™'*(&€- B — B?)] (80)
which, although no longer canonical, is still in first-order form.

The electric density € depends on A,...; . However, this depen-
dence drops out from (80), as it should since Agi,.;, does not appear in
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(78). This is because A is identically transverse. Furthermore, for the same
reason, the longitudinal component of A,,...;, does not contribute to (80)

either. Thus the action (80) is really a functional of $"" " only. If one
extremizes (80) with respect to A;,...; one obtains

- 1 e f
ao%"ml” _ ;-‘E)ieulml"k‘mkl’[NJ_g_l/z%kr“kp -+ Nk >F%kk[---kp] (81)

Equation (81) has the same content as (74). Indeed, (74) does not
restrict Ao;,...;,,_, at all and hence leaves the evolution of the longitudinal
part of A; .., arbitrary. Therefore, the spatial curl of (74) which is given
by (81), contains the same information as (74) itself, provided that the
topology of the spatial sections is such that any closed p-form is also exact.
If this is not so, one should restrict A in such a way that 9,4 — *dA belongs
to the trivial cohomological class when it is closed [i.e., d(§,A — ¥*dA) = 0=
3,A — *dA = dA]. Note that in the p = 0 case, it is the second possibility
that arises (the closed 0-forms are the constants, and are not exact), and
thus appropriate behavior at the spatial boundary had to be demanded.

4.4. Alternative Lagrangian Action

The first-order action (80) is the analog of the first-order action (17)
proposed in Ref. 12 in the case of chiral bosons. It appears therefore as a
generalization of that action for arbitrary chiral p-forms. It is not only gauge
invariant, but also Lorentz invariant (see below) and can be used as an
(equivalent) alternative starting point of the theory. [ The canonical reformu-
lation of (80) straightforwardly leads back to (78).]

Just as in the case of chiral bosons, the action (80) should be supple-
mented by an end-point term at the time boundaries. The form of this term
is similar to the one found previously, and for this reason, it will not be
reproduced here.

45. Dirac Bracket

We now come back to the Hamiltonian formulation of the theory. As
we have seen, the canonical variables are the conjugate pairs (4;,...; , i),
which are subject to both first-class and second-class constraints.

In order to develop the quantum theory, it is necessary to eliminate
the second-class constraints and to work with the corresponding Dirac
bracket. As a preliminary, it is therefore necessary to disentangle in (77)
the first-class constraints from the second-class ones.

One possibility for making the split of the constraints is to decompose
the forms into longitudinal and transverse components. This is unfortunately
awkward, and furthermore, it is nonlocal. One can partly bypass this
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difficulty (which we have not been able to solve in a fully satisfactory
manner) by evaluating the Dirac bracket for a complete set of gauge invariant
observables only.

The reason why it is simpler to consider only gauge invariant objects
is that their Dirac brackets do not depend on the particular split of the
constraints that has been made. Moreover, they still yield a complete
description of the physics.

A particular complete set of gauge invariant observables is given by
the magnetic densities 8" (obeying to %' = 0). Their Dirac brackets
are equal to

[ (x), B (x) ] = ﬁ eI IE(x, x') (82)
Note that these brackets are metric independent (the §-function is defined
as a density without use of the metric) and consistent with the transverse
character of 9. They clearly indicate that chiral p-forms are self-conjugate.

4.6. Surface-Deformation Algebra—Lorentz Invariance

With (82), one can evaluate the brackets of the surface deformation
generators (energy and momentum densities) (79). One gets the standard
algebra [4, 5]

[%.(x), %.(x)T* = (87 9(x) + g"(x") %;(x"))8 ;(x, x') (83a)

mgik(x)] =H. (x)8:(x,x")  (83b)
881i(x) »J

[%:(x), H(x")]* = Hi(x")8 ;(x, x') + H;(x)8 (x, x") (83¢)

which guarantees that the evolution from a given initial spacelike surface
to a given final one is independent of the sequence of intermediate surfaces
employed to calculate the evolution. The second term on the left-hand side
of (83b) is present because #, is explicitly dependent on the metric. This
term is necessary to yield the full Lie derivative of 3, . No such term is
present in the other bracket relation (83a) involving #, , because of locality
of #, in g; [5]. This path independence property expressed by (83) is
equivalent to general covariance. It follows therefore that the action (80)
is invariant under changes of the space-time coordinates provided g,, is
transformed in the usual way and provided %" is transformed appropri-
ately.

The transformation law for % is obtained from the generators (79)
themselves. Under an infinitesimal space-time reparametrization ¢ =
£n* + ¢ 9/9x' one finds

[9:(x), #,(x")]* +2 [

i 1 iigeeei ke -
OB = ;ai«? ik k”[ﬁg l/z%k,mk,, + Nk*%kk,~--kp] (84)



Consistent Quantum Mechanics of Chiral p-Forms 109

This equation has of course the same form as the evolution equation (81).
This is so because for a generally covariant system the time evolution may
be regarded as the unfolding in time of a space-time reparametrization.

Equation (84) gives the transformation law of a chiral p-form under a
change of the space-time coordinates. It may be obtained from the ordinary
transformation law 8A, .., =F, ., . ¢ by replacing € by % in it
However, it is to be emphasized that (84) leaves (80) invariant without
using the equations of motion. What happens of course is that §A = F¢
does not leave the action invariant, which just means that it is not the correct
transformation law.

When £* is taken to be a Killing vector of Minkowski space and g,,,
is set equal to 7,, equations, (84) define the action of the Poincaré group
on a chiral p-form. For example, for boost one may take £+ = g7 x’, £ = ¢*'t,
whereas for a rotation £* = 0, £’ = £;x’. The Poincaré algebra closes without
use of the equations of motion, and furthermore is linearly realized on the
fields, as can be seen from (84). In that sense, one may say that Lorentz
invariance is manifest.

4.7. Spectrum (Flat Space)

The facts that the Lorentz transformations act linearly on the magnetic
densities, and that the brackets (82) are c-numbers, imply that the flat space
quantum theory is Poincaré invariant (no danger of anomalies). An explicit
representation of (82) can be easily obtained by Fourier analyzing %B""".

Now, when d = 4q + 2 (q integer, p = 2q) the little group for a particle
of zero mass and fixed momentum is effectively O(4q). The representation
in terms of antisymmetric tensors of rank 2q = p then breaks into two
irreducible components given by self-dual and anti-self-dual tensors in the
4q transverse dimensions. These two representations correspond to dual
and anti-self-dual p-forms. The states in the quantum theory based on the
action (80) are just those of the self-dual representation.

Note that if we were to consider n independent p-forms (n independent
“chiral bosons” if p = 0) the spectrum would just be n times over that of
one form alone. There appears to be nothing that selects a particular
“critical” value for the number of fields n.

4.8. Path Integral

Lastly, we indicate how to go over to quantum mechanics through the
path integral. To do so safely, it is best to use the Hamiltonian form.

The first-class constraints (76b) may be brought into the action with a
Lagrange multiplier Ag;,...;, ,. This reproduces the Hamiltonian form of the
standard action [—2(p + 1)!]7! | F~
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One must also incorporate the piece of (77) that is not longitudinal.
That piece is second class and is what brings in the chirality condition into
the theory.

Now, the second-class constraints appear in the integration measure
through the square root of the determinant (the Pfaffian) of the matrix of
their Poisson brackets. To evaluate that matrix one needs to bring in a
metric to define what one means by transverse. That metric may most
naturally be taken to be the actual metric g;, but an auxiliary metric such
as §; could also be used. Different choices of the metric correspond to
redefining the second-class constraints by adding a term proportional to
the first-class piece (76b). That change would not alter the brackets of the
second-class constraints because the bracket of (76b) with (77) vanishes
identically. Therefore the Pfaffian in question is independent of the metric
and may be absorbed into an overall normalization of the path integral.

Alternatively one may consider the matrix of the brackets of all the
constraints (77) which is proportional to " "»/1"°§ (x, x'), and express
the Pfaffian as a functional integral over real anticommuting form fields
Xi,-i, defined on a (2p + 1)-dimensional spatial section. The corresponding
actlon is then of the Chern-Simons form IX A dy. This action possesses a
gauge invariance y - x + d¢ where £ is a (p — 1) form. That invariance is
present because of the presence of a first-class constraint among (77). To
evaluate the functional integral one must impose a gauge condition, which
is what corresponds to splitting the transverse component of (77) in a
definite way. However, if the quantization of the Chern-Simons term does
not introduce anomalies the functional integral should be independent of
the splitting.

The action to be path integrated is therefore

§= J. [‘”i‘mi"Aiwip —H = iy (7 — B)' ] dx dr (85)

i.e., just (78). The path integral is to be taken over the fields A, 7, and A.
The action (85) is invariant under the gauge transformation

Ay > Aipi) T (dE) (86a)

)\i,---ip - )\i,---i,, - (dg.)il---ip (86b)

This gauge invariance must be handled according to the usual Faddeev-
Popov or BRST methods, including ghosts of ghosts [11, 20, 10]. It will not
be discussed here since the fact that our forms are chiral introduces no new
features.

The action is also Weyl invariant, i.e., invariant under A, .., -

Aoy s v = e**"g, . Thisinvariance would have to be reexammed quan-
tum mechanically, but such considerations are beyond the formal remarks

given here. The Weyl invariance implies that the energy-momentum tensor
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is traceless. This is indeed so. One has g_l/zTi =%.,8"*Ti = %, with
., %, given by (79), while g T} = 2pB™ v=13B;, .,  — 8B
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Chapter 9

First and Second Quantized Point Particles
of Any Spin

Marc Henneaux and Claudio Teitelboim

1. INTRODUCTION

1.1. Spin-Zero Particle—Reparametrization Invariance

String theory has both brought new interest and shed new light, into
the interplay between ‘“‘first” and ‘‘second quantized” theories of many
identical systems. In particular the interplay between the, technically very
different, gauge invariances of both levels of the theory has been extensively
discussed.

This chapter is devoted to analyzing these issues in systems simpler
than the string, but still possessing many of the fascinating features of the
latter. These systems provide a consistent framework for discussing in a
unified manner free particles of arbitrary spin (the problem of interactions
is still largely unstudied).

The treatment herein reviews and generalizes our previous work on
particles of spin zero and one half [1].

MARC HENNEAUX ® Faculté des Sciences, Université Libre de Bruxelles, B-1050 Brussels,
Belgium and Centro de Estudios Cientificos de Santiago, Santiago 9, Chile. CLAUDIO
TeITELBOIM ® Centro de Estudios Cientificos de Santiago, Santiago 9, Chile and Center
for Relativity, The University of Texas at Austin, Austin, Texas 78712.
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If one desires a description of the dynamics of a relativistic particle
that is both complete and also manifestly Lorentz invariant, one is led to
incorporate reparametrization invariance along the world line. We will
regard this gauge symmetry as an essential element.

In the spin-0 case, the canonical action reads

S[x*, p., N1 = J dr (p X" — N) (1a)
% = Xp*+ m?) (1b)
and is invariant under the transformations generated by #,
Sx" = gp* (2a)
sp* =0 (2b)
SN = ¢ (2¢)

The transformations (2a)-(2c) are just the canonical transcriptions of
the standard reparametrizations along the world line (for the explicit corre-
spondence see Ref. 1), and one can thus say that the spinless point particle
offers the simplest example of a diffeomorphism-invariant theory.

In view of this invariance, it is sometimes useful to reformulate the
point particle in the tensor language appropriate to generally covariant
models. In that language, the x*’s are viewed as scalar fields in (1 +
0)-dimensions, whereas the Lagrange multiplier N turns out to be the
component of the einbein describing one-dimensional gravity (which is
trivial). The p*-term in & is the unique component of the energy-momentum
tensor of the scalar fields in one dimension, m” appears as a cosmological
constant, and the equation

pPP+m>=0 3)
enforced by the multiplier N, is just the Einstein equation Gy + Agoo = Ty,
since G, identically vanishes.

The second-order action corresponding to (la) is obtained by
eliminating the momenta p* from (1a) and reads

S[x*, N]= —%J dr V—g(g*® 9.x" dpx, + m?) 4)

(a, B = 0; goo = —N?). If one eliminates N as well, one recovers the action
S = —m [ ds, where s is the length of the world line.

1.2. Spin-1/2 Particle—Square Root of Mass Shell Condition

In order to describe particles of spin 1/2, one extends the Abelian
algebra of the gauge generator

[% ] =0 (5)
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by adding new gauge generators and new variables describing internal
degrees of freedom. The appropriate extension for the case at hand is given
by a single fermionic generator &, which is the square root of # [1,2]:

[F, ] = —is (6a)
[, %] =0 (6b)

Here, [ , ] stands for the graded Poisson bracket. The fermionic generator
¥ explicitly reads [3, 4]

¥ = 6*p, + mo® (6¢)

Upon quantization, the new anticommuting variables § and 6° become
y-matrices and the system describes a Dirac particle.

The fermionic function & generates a local gauge symmetry and, as
such, is constrained to vanish:

F=0 7

When applied to physical states, this constraint yields the Dirac equation.

The gauge transformation generated by & is a local supersymmetry,
since it squares to a diffeomorphism. The Dirac electron is thus N =1
locally supersymmetric along the world line and is the simplest system that
exhibits (local) supersymmetry.

One can again use a language adapted to supersymmetry invariance.
The fields (x*, 6*) form an N =1 matter supermultiplet. The equation
& == 0 results from varying the “‘gravitino” field ,—which is the superpart-
ner of the metric g, and which possesses no dynamics in one dimension—
and expresses (when m = 0) that the “supercurrent’ should be zero. Accord-
ingly, the above system describes N = 1 supergravity coupled to an N =1
scalar multiplet. The action can be written in a manifestly supersymmetric
form [4]. When m # 0, the field ° appears as an extra Goldstone spin-1/2
field, related to the cosmological constant [5].

As shown in Ref. 1, straightforward application to the above model of
canonical path integral methods for constrained systems (see, for example,
Refs. 6 and 7) yields a super-proper-time representation of the symbol of
the Feynman propagator for a Dirac electron. The symbol is a classical
function, and, in its functional representation, the integration over the
“super-proper-times”’—which has a definite measure in the canonical
approach—plays a role analogous to the integral over moduli in string
theory. For this reason the super-proper-times are also called (super)moduli.

1.3. Higher Spins—Other Extensions of the Mass Shell Constraint Algebra

The above incorporation of spin 1/2 by enlarging the algebra of the
mass shell constraint suggests considering further extensions of [, #] = 0.
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We will study in this chapter extensions that constitute a direct gen-
eralization of (6), namely,

[%:, & 1= —ik;, i=1,...,N (8a)
[%, #]=0 (8b)

where k; are constants with the symmetry
ky = —(-1)"1k, (8c)

Here, ¢; is the Grassmann parity of the gauge generators .

We will show that one can easily write down explicit realizations of
the extended algebras (8), by adding extra internal degrees of freedom. The
corresponding models contain particles of spin =1/2. Actually, all spins
can be generated in this way. We will also see that the spin content of the
models is not irreducible in general. Some models even contain an infinite
tower of different spins. If desired, one can truncate the theory to a definite
irreducible representation of the Lorentz group by adding extra constraints.
This is consistent within the free theory; but we will not do so here, because
there are indications that consistent interacting theories of higher spins
require an infinite number of them [8]. Hence, the reducibility of the
multiplets present in the models discussed here may be a virtue rather than
a shortcoming.

1.4. Extended Supersymmetry along the World Line

Some particular extensions of [, 7] = 0 are of special interest. If all
the square roots &; are fermionic, k; in (8a) is symmetric and may therefore
be assumed to be diagonal. If k; = §;;, the model possesses a further manifest
global SO(N) invariance and all the square roots are on an equal footing.
The algebra (8) of the gauge generators is then recognized as the algebra
of N-extended supersymmetries in one dimension.

The models that realize (8) for k; = §; are straightforward extensions
of the N =1 model and are obtained by adding extra anticommuting
degrees of freedom. They can be viewed as supersymmetric o models
in one dimension with a target manifold (the space of the x*) which is
Minkowskian.

As we have seen, N = 1 corresponds to a spin-1/2 particle. The case
N = 2 turns out to describe a system of p-form gauge fields while for N = 3,
fields of mixed symmetries arise.

Incidentally, this reformulation of some higher spin models as extended
supersymmetric nonlinear o-models in one dimension sheds new light on
the problem of consistent gravitational coupling of fields with spin =2.
Indeed, the space-time metric appears in this view as the metric of the target
manifold, and it is known that when the number of supersymmetries
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increases, one gets strong constraints on the target manifold metric [9].
These constraints arise only for N > 2 in one dimension, since there is no
problem in coupling a system of p-forms (N =2 case) to an arbitrary
gravitational background.

1.5. Contraction of Virasoro Algebra

Another extension of interest is given by an infinite number of purely
bosonic square roots L,, (with m an arbitrary positive or negative integer),
obeying

[Lms Ln] = —2im6n,—mLO (93)
Ly=5%,  L.,=Lj (9b)

If one starts from the classical Virasoro algebra of string theory (see,
e.g., Ref, 10)

[Ema L~n] = l(n - m)in-i—m (9C)
and redefines
Ly=L7 L, - =1 (9d)
0~ a, 0> m \/'? m

one finds, in the limit a’ -» oo (with L,, L,, kept finite) that L, and L,, obey
the algebra (9). Hence, the infinite bosonic extension (9) of the mass shell
constraint turns out to be a contraction of the Virasoro algebra.* Similar
considerations apply to the super-Virasoro algebra.

The system (9) possesses a global SO(c0) invariance, which can be
made explicit by redefining L,, > J |m| L,,, since the structure constants are
then seen to be an invariant tensor (8,,,) of the rotation group (here L,,
and L% are regarded as components of two different vectors). The limit
a’ - o, in which the Planck mass is set to zero [11], turns out to describe
an infinite number of massless gauge fields, of increasing spins. It is
somewhat analogous to the “strong coupling limit™ of gravity [1, 12]. The
string model, with «' finite, is related to the model (9) by a low-energy
symmetry breaking of the SO(o0) invariance which lifts the mass degeneracy,
since now there is no rescaling that would bring the structure constants into
rotationally invariant tensors.

* We will not investigate here whether there is a two-dimensional geometry associated with
the aigebra (9), in the same way that the two-dimensional conformal geometry is associated
with the Virasoro algebra.
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It appears from these examples that the extensions (8) of the mass
shell constraint algebra open the door to interesting structures.

1.6. Space-Time Supersymmetry

The models considered in this chapter possess manifest Lorentz invari-
ance. We will not try to incorporate space-time supersymmetry in them,
although this leads to interesting possibilities (“superparticle™ [13], “spin-
ning superparticle” [14]). The reason why we will not discuss here space-
time supersymmetric models is that no covariant quantum formulation of
the single-particle system which permits a direct passage to a satisfactory
second-quantized formalism exists so far. Hence, our considerations will
shed some light on the bosonic and “old” fermionic string field theories,
but not on the “new” superstring formalism of Green and Schwarz [15].

1.7. Contents of the Chapter

The chapter is organized as follows. In the next section, we discuss in
more detail the possible extensions of the mass shell algebra. We show that
in the pure fermionic case, the extension (8) covers actually the most general
nontrivial situation. In the bosonic case, there exist many other extensions,
but we restrict ourselves to those that have the same form as in the fermionic
case.

We then turn to explicit realizations of the extended algebra (8). The
models that we consider contain “internal” extra harmonic oscillator
coordinates besides the space-time variables x*, p,,.

The analysis of the spectrum is given next, first in the light cone gauge,
and then along Dirac and BRST lines. A “no ghost” theorem is proven
which establishes complete equivalence between these approaches.

The second quantized, non-gauge-fixed theory is then considered along
the lines of string field theory. We find that the BRST symmetry associated
with one-dimensional world-line gauge invariances generates space-time
gauge symmetries at the second quantized level, as in the case of the string.
The following points are stressed: (i) there is no need to restrict the ghost
number of the second quantized field in the gauge invariant approach; (ii)
it is necessary to impose an analog of the string G-parity truncation in the
case of fermionic extensions; (iii) because of the first quantized BRST
decoupling theorem, one can also go to the light-cone gauge in the second
quantized models.

Although we treat only the free theory in Minkowski space, a few
remarks are given at the end concerning possible interactions.

Some of the ideas presented here have already been put forward
independently by other authors [16], along different lines. Our approach,
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based on an extension of the diffeomorphism gauge algebra, and the results
on the BRST cohomology, appear, however, to be new.

2. MORE ON THE EXTENSIONS OF THE MASS SHELL ALGEBRA

2.1. Fermionic Case: Algebra

When the square roots ¥; are fermionic, it is easy to work out the most
general algebraic extension of the mass shell algebra:

[%, #]1=0 (10a)

}

By “algebraic extension,” we mean that the &; form, together with #, a
graded algebra with true structure constants, which do not involve the
dynamical variables.

It may be of interest to consider more general extensions, in which ;
and % do not form a true algebra and refer explicitly to a definite realization
with structure functions involving the fields. In any case the restriction to
the algebraic case turns out to be sufficient for dealing with free theories.

The graded commutator of two &;’s must close on  and ¥,

Since [¥;, ¥;] is bosonic, Cf} must be anticommuting. However, the only
anticommuting constant is zero, so that C'§ must vanish. This leads to

(%, %] = Byd (10b)

The matrix By is symmetric and can be diagonalized. Its diagonal
elements can be normalized to +i, 0 (i arises because we take &; to be real,
so that [, &;] is pure imaginary). We will restrict ourselves to the case
where the eigenvalues are either 0 or —i. This makes iB; positive semidefinite
and leads—as will be seen below (Sections 4 and 5)—to a physical subspace
without negative norms. The presumption is strong, although we have not
done a full analysis, that a negative sign in iB; would lead to negative
norms for physical states and thus to inconsistency.

The same argument leading to (10b) yields

[, #] = al¥, (10c)
with a! constant and obeying (from the Jacobi identity applied to three &’s),
ai'By. +a'By, +aiB; =0 (10d)

Now, if at least one diagonal element of By is different from zero, say
B,,, then one finds from (10d) that a* = 0. Indeed, (10d) withi =j =k =1
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implies ai’ = 0, while if i = j = 1, k # 1, one gets a;y = 0. In that case, the
general extension of (10a) reads

[%, %]=0 (11a)
(%, &, ] = —iky % (11b)
(¥, #]1=0 (11¢)

k; = diag(1, 0) (11d)

If B; vanishes, (10d) is automatically fulfilled, there is no condition
on a;", and one has

[%, %] =0 (12a)
[#, F1=0 (12b)
[, ] = al¥, (12¢)

This second possibility is not of direct interest to us, for it does not
correspond to a square root of . The new generators do not reproduce #
upon anticommutation, and the connection between &; and  is not as tight
asin (11). The algebra (12) possesses actually a semidirect product structure.
We will exclude the possibility (12) from now on. Actually we will not only
assume that B; # 0 but will allow no vanishing eigenvalue. There is no real
loss of generality in this, since the generators &; associated with the eigen-
value zero form a direct product with the other generators, and can be
studied separately, if desired.

2.2. Alternative Form of the Algebra
Having disposed of the eigenvalue zero we are left with

The algebra possesses then a manifest global O(N) symmetry, which rotates
the square roots among themselves,

[%, #]1=0 (14a)
[, &) = —is; % (14b)
[, %] =0 (14c)
Hr=%  SF=9, (14d)
S > &= RIS, (14e)

For the explicit construction of the models, as well as for straightfor-
ward comparison with the bosonic case, it is convenient to redefine the
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generators in a way that breaks this manifest O(N) invariance. This is done
by combining the generators &; (i = 1,..., N) in pairs.
If N is even, N = 2n, we define

Pt =P+ i%oa (15a)
Sy =Poar— i%sn (15b)

(A=1,...,n). One finds
[F2, PE] = —2i6%Bd, % (15¢)
I =d, P, a=1,2 (15d)

with
0 1

dy, = (1 0) (15¢)

If N is odd, N =2n + 1, we perform the same redefinitions for the
first 2n generators, and set in addition

F =% (16a)
F*r=g (16b)
so that
[£,F] =ik (16c¢)
[¥,F2]=0 (16d)

The gauge algebras (15) and (16) are the algebras of 2n or (2n +
1)-extended supersymmetry, respectively. In the form (15) and (16), only
a global O(n) invariance is manifest.

2.3. Bosonic Case

As mentioned in the Introduction, in the bosonic case, there are many
more possible extensions of the mass shell condition than in the fermionic
one. Indeed, from just the point of view of the algebra—but without
inquiring about specific realizations—any algebra can be regarded as an
extension of the Abelian subalgebra which consists of any one of its
generators. We will not consider here the general case, but will restrict
ourselves to the same algebra as in the fermionic case, namely,

[% #]=0 (17a)
(S, %] = k; 9 (17b)
(S, H]=0 (17¢)

k; = —k; (17d)



122 Marc Henneaux and Claudio Teitelboim

The form (17b) may be justified by demanding that for a proper “square
root,” the commutator of two &’s should include only 7, but not the &’s
themselves—a possibility automatically excluded in the fermionic case,
since it would need an anticommuting structure constant. However, this
would still leave open a possible extra term on the right-hand side of (17¢).

To avoid a direct product structure, we assume, as before, that
det k; # 0. This implies that the number N of square roots is even, i.e.,
N = 2n (the determinant of an odd-dimensional skew matrix is zero). By
redefinitions similar to (15), one can thus rewrite (17) as

L9, ] =0 (18a)
(P2, PE] = —2i6%Pe, (18b)
[Fa,%#]=0 (18¢c)
A=1,...,n; a=1,2 (18d)
€ab = —Eba, =1 (18e)
=%, ST =duTy (18f)

2.4. Mixed Case

It results from our previous discussion that the basic building blocks
of the relevant extensions can be of three different types:

1. A single real fermionic square root,

2. A pair of two complex conjugate fermionic square roots, as in (15¢)
and (15d).

3. A pair of two complex conjugate bosonic square roots, as in (18).

The general systems studied here are a combination of these.

3. EXPLICIT REALIZATIONS

3.1. N =1 Supersymmetry along the World Line

We first treat the massless case. The massive case will be considered
in Section 3.4.

The simplest system is a single real fermionic square root which corre-
sponds to N = 1 supersymmetry along the world line. It can be realized by
introducing d real fermionic variables 6* obeying

[0% 6] = —3n"" (19a)
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Here, d is the space-time dimension, and 7,, = (—, +, ..., +). The square
root & is given by

& = 6"p, (19b)
and is real,

Fr=9 (19¢)

3.2. N =2 Supersymmetry Along the World Line

The next case corresponds to N = 2 supersymmetry and contains a
pair of complex conjugate fermionic square roots.

It can be obtained by introducing two sets of real fermionic variables
6‘;"’ 65,

i

[0%, 041 = =3 8upn** (20a)

or, what is the same, a set of Fermi oscillators,
[a*, a**] = —in"” (20b)
[a* a’]=[a"* a"*]=0 (20c)
a* = 0y +ioy, at* = 0% — iy (20d)

In analogy with (19b), the complex generator & is given by
& =p,a* (20e)
and obeys

[&, FE] = —2iK (20f)
[ F]=[F*F*]1=0 (20g)

3.3. Bosonic Square Roots

The fermionic formulas also apply to the bosonic case. If b*, b** are
bosonic harmonic oscillator variables,

[b*, b"*] = —in*” (21a)
one defines
¥ = p,b* (21b)
and finds
[, F*] = =2i% (21¢)
[, F1=[F* F*]=0 (21d)

as above.
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In analogy with the string case, we will call the space-time pairs (x*, p,, )
and the real fermionic variables 8" associated with the singled-out real
fermionic constraint (16a) (if any) the “zero mode variables.” At the same
time, the constraints p> =0 and p- 6 = 0 will be referred to as the “zero
mode constraints.”

3.4. Mass

From the point of view of gravity along the world line, the square of
the rest mass corresponds to a cosmological constant. Furthermore, the
mass can be easily incorporated ““a la Kaluza-Klein,” by considering a
massless model in d + 1 dimensions, and by restricting the last component
of the momentum to take the definite value m. This is consistent because
p" has vanishing brackets with all constraints. The massive models contain
therefore d + 1 additional (pairs of) internal degrees of freedom, instead
of just d. Because their analysis is carried out along the same lines as in
the massless case, we will set the mass equal to zero from now on.

3.5. Gauge Invariance
The constraints

are first-class and generate gauge invariance. Displacements generated by
H are given by

ox* = [x*, n(7) ]
= np* (23a)
sp* =0, 86* = Sa* = 6b* = da** = sb** =0 (23b)

The new gauge transformations are generated by the square roots &,
and explicitly read

5x* = [x*, ieSL] = ie" (24a)
p, =0 (24b)
560" = [0, ic¥]
= —3ep* (24c¢)
(N=1),or
ox* =[x, i(e*F + eF¥)] = i(e*a” + ea™¥) (25a)
op,. =0 (25b)

da" = —ep*, dal* = —g*p* (25¢)
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(N = 2 fermionic), or

oxt = [x*, e*F + eF*] = £*b* + eb** (26a)
8p, =0 (26b)
Sb* = —igp”, 8b** = ig*p* (26¢)

(N = 2 bosonic).
In (24), £ is an arbitrary time-dependent fermionic, real function, while
in (25) and (26), ¢ is an arbitrary fermionic or bosonic complex function.
The important property of the new gauge symmetries is that if one
repeats them twice, one gets a time reparametrization (23). This is a charac-
teristic feature of local supersymmetry, but it also holds for the bosonic
square roots.

3.6. Lorentz Invariance

The models considered are Lorentz invariant. The Poincaré
generators are

PH = p"" (273)
M* = 3(p*x” — p"x*) + i6*0" (27b)
(N =1),
M* = Y(p*x¥ — p"x*) + é(q*“a” —a*’a") (27¢)
(N = 2 fermionic), or
M¥ = H(p*x® = p*x*) + 5 (b*b” — b*'b) (27d)

(N = 2 bosonic).

The new variables transform as vectors under Lorentz transformations.
The constraints & and &; are Lorentz scalars.

Finally, we note that the Lorentz-invariant ‘“occupation numbers”

Na= a}*an, (28)

(one for each type of oscillator) also define global symmetries since they
(weakly) commute with the constraints.

4. LIGHT-CONE GAUGE QUANTIZATION

The quickest way to work out the physical spectrum is to impose the
light-cone gauge.
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Because the gauge symmetries are noninternal, the problem of the
imposition of a good gauge condition in the path integral is not straightfor-
ward: there may exist ““‘moduli” [1]. It appears, however, that these subtleties
are not relevant when discussing the spectrum. For this reason, we will not
address them in this chapter. We will in the sequel develop the theory for
an arbitrary number of oscillators. In order to simplify the notations, we
will drop the indices which label the oscillators and the square roots, so
that, for instance, a* stands for all the fermionic oscillators a’.

4.1. Light-Cone Gauge Conditions

The light-cone gauge is a good gauge condition for motions with
p"#0, and we therefore assume p~ # 0 throughout. Here, p* =
(" +p*™N/2,p7 =@~ p*/2=—p..

By an appropriate reparametrization, one can set x' equal to an
arbitrary function of 7. In particular, one can take

xt=ptr (29)

This condition completely fixes the parametrizations, because 0 = 6x™ =
np" implies n =0 (p* # 0).

Similarly, one can use the gauge freedom generated by the square roots
& to set the + component of all the internal degrees of freedom 6*, a”, or
b* equal to zero,

6" =0 (30a)
at=0, a*t=0 (30b)
bt =0, b** =0 (30¢)

Again, these conditions completely freeze the new gauge invariances
(24), (25), or (26) because p* # 0.

4.2. Light-Cone Gauge Action

The light-cone gauge action is obtained by solving for the gauge
conditions and the constraints inside the canonical action

S[x#, pu’ 0#, a“a a*y'a b‘u, b*l»’-’ M M']
= J dr(%*p, — i6*6, + ia**d, + ib**b, — N¥ — M'¥;) (31)

Here, M' are the Lagrange multipliers for the constraints &; = 0. The action
(31) should be supplemented by appropriate end-point terms at 7, and 7,
(Ref. 17; and Ref. 3 third reference), but we will not write them explicitly
here.
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One finds

S[x_’ p+’ xl) pi’ gi’ ai’ a*i, bi’ b*l]
= J dr (X'p, — x"p* — 60, + ia*'a, + ib*'b, ~ H — p*p~7) (32)

where i is now a (d — 2)-dimensional transverse index, while p~ and the
light-cone gauge Hamiltonian H are given by

p=55H (33a)

1
14
H =13 (p') (33b)

By the redefinition
X >u =x —prT

and the elimination of a total time derivative in the action, one can get rid
of the last term in (32) [10], and thereby obtain a Lagrangian that does not
explicitly depend on time,

S[u", p+3 xi, pia ef, ai’ a*i’ bia b*l]
= J dr (X'p; —u"p* — i0'0' + ia*'a’ + ib*'b' — H) (34)

The Dirac brackets can be read off from the kinetic term of (34) and are

[x',p;]* = 6] (35a)
[u’,pT*=-1 (35b)
[6' 67]* = —5’ 50 (35¢)
(@), a¥]* = —is¥ (35d)
[b), b¥T* = —i5Y (35¢)

All other basic brackets vanish.

43. Light-Cone Gauge Lorentz Generators
The light-cone gauge Lorentz generators are simply obtained by

eliminating x™, p~, 6%, a*, a**, b*, and b** from (27), using the constraints
and the gauge conditions. They now act through the Dirac bracket.
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Because 87, a~, or b~ are linear in the independent internal variables,

1

6 = o p:o’ (36a)
_ 1 ;
a = Fpia’ (36b)
b™ = —lzpibi (36¢)
p

the Lorentz generators are still quadratic in the oscillators.

4.4. Spectrum

The physical space must yield a representation of the independent
degrees of freedom. These obey commutation-anticommutation relations,
which follow from the Dirac bracket according to the quantization rule

graded commutator = i x (Dirac bracket) 37)

Hence, one gets from (35)

[x',p;]1= i8], [u-,pt]1=—i (38a)
[6°67]= 36" (38b)
[a' a*]=6Y (38¢)
[b, b*] = 6% (38d)

where [ , ] now denotes the graded commutator, i.e., it is the commutator
unless the two arguments are odd in the classical theory, in which case it
is the anticommutator.

Let us first consider the case when there are no 6°. Then, the appropriate
Hilbert space is given by the direct product of the space of functions of x'
and u~ and the Fock space generated from the vacuum |0) by the creation
operators a*' or b*',

a’lloy=0, bil0y=0 (39)

In the fermionic case, the states are antisymmetric in the SO(d — 2) indices
carried by the oscillators, while they are symmetric in the bosonic case.

When the @' are present, one needs in addition to represent the anticom-
mutation relations

0'6’ + 676" = 187 (40)
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which yields a Clifford algebra in d —2 dimensions. The corresponding
representation space is 2 *?-dimensional (assuming d to be even).* The
vacuum (39) is therefore degenerate and carries a (d — 2)-dimensional
spinorial index.

A general physical state can thus be characterized by its momentum
(p',p"), by its oscillator occupation numbers and, in the presence of the
6*’s, by its spin in '-space. Note that for p* > 0, one gets particles, while
for p* <0, one has antiparticles since p* < 0 corresponds to p°® < 0. Of
course, these states should be identified if the particles are their own
antiparticles.

The Hilbert space is manifestly positive definite, since the oscillators
obey the standard creation and destruction operator algebra, whereas the
y-matrices of (40) are Hermitian in the inner product u* u. Note that if one
had a minus sign in the right-hand side of (38b) or (38c), the fermionic
variables would create negative norm states. This is what forces a definite
sign for k; in the algebra (11b) of the (real) fermionic generators for the
models at hand.

The above construction of the Hilbert space closely parallels what is
done in string theory [10].

45. Lorentz Transformation Properties of the States

Because the light-cone gauge Lorentz generators are still bilinear in
the oscillators, there is no ordering problem and no Lorentz anomaly in
the gquantum mechanics. The states therefore yield representations of the
Poincaré group.

The mass shell condition p® = 0 implies that the states are all massless.
The relevant little group which completes the characterization of the rep-
resentation is thus effectively SO(d — 2).

How the states transform under SO(d — 2) is easily determined from
the little group generators M7 (with p’ = 0). The oscillators carry a SO(d —
2) vector index, so that the transformation properties of an arbitrary state
are given by (symmetrized or antisymmetrized) tensor products of the vector
representation times the representation of the vacuum in the case of a single
set of oscillators. To get representations with tensors of mixed symmetry
[18], one simply needs to introduce many different oscillators.

If the number of square roots of the mass-shell condition is even, the
ground state is a scalar and one generates only integer-spin states. With an

i

* The fermionic oscillators a’, a*' need to include “y,.,” in order to anticommute with 6,
More explicitly, starting from the oscillators a, a* acting on a Fock space and commuting
with the 6’s—which act on a different space—one fulfills a6 + 6a = 0, a*6 + 6a™ = 0 by
redefining a > y,4,a With vy = Yo " Ya_; -
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odd number of square roots, the ground state is a spinor and one gets
half-integer spin representations.

In particular, the N =2 supersymmetric theory, with two fermionic
square roots, contains one set of fermionic oscillators, which generate
antisymmetrized states a*! - - - a*%30), p = 0, ..., d — 2. This corresponds
to a set of massless p-form gauge fields (0= p =d —2).

It is perhaps worthwhile to emphasize that the quantum mechanical
models obtained by adding extra internal degrees of freedom yield a reduc-
ible representation of the Poincaré group. In the free theory, one may
truncate the spectrum to a definite irreducible representation without run-
ning into inconsistencies. This is done by imposing extra conditions which
select an irreducible subspace. But, as stated in the Introduction, the
reducibility of the representation may be an advantage when it comes to
discussing interacting models.

4.6. Absence of Critical Dimension

The massless models analyzed above are quantum-mechanically con-
sistent and Lorentz invariant in any number of dimensions. This is also true
for the massive models, with extra oscillators corresponding to one extra
dimension, which can be treated along entirely similar lines.

The situation is in sharp contrast with what happens in string theory,
where one finds critical dimensions. There is no problem with Lorentz
invariance in the models studied here because one has always enough states
to fill in representations of the little group. This property does not hold in
the case of the string [10], where the states form manifest SO(d — 2)
multiplets, which must, for the massive levels, combine to form representa-
tions of the larger little group SO(d — 1).

This indicates that the introduction of mass in the present massless
models by breaking the rotational symmetry among the oscillators rather
than by adding extra oscillators in the manner of Kaluza-Klein is likely to
be a very subtle and interesting question.

5. DIRAC QUANTIZATION

5.1. Representation Space

Instead of eliminating redundant degrees of freedom by fixing the
gauge, one can carry all the dynamical variables into the quantum theory.
This approach maintains manifest Lorentz invariance. Because gauge
degrees of freedom are now included, the space of states contains unphysical
states. Physical states are selected by appropriately enforcing the constraints.
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Since every dynamical variable is realized as an independent operator,
the space of states is the direct product of the space of functions of x*, of
the Fock space generated from the vacuum |0)

abl0y=0, b*|0)=0 (41)

by the creation operators a**, b**, and of the representation space of the
Clifford algebra

[6%, 6"] = 3n*" (42)

Relation (42) identifies the 0’s as the Dirac matrices.

This space contains negative norm states, which arise because 7*” in
(42) is not positive definite and because the temporal destruction-creation
operators do not obey the standard commutation relations. Instead, one has

a’a** + a*°a®= -1,  b°b** - p*°p° = -1 (43)

2

with a minus sign on the right-hand side.

5.2. Physical States

Straightforward application of the Dirac method would say that the
physical states should be annihilated by all the constraints, namely,

ply) =0 (44a)
p-0ly)=0 (44b)
p-alyy=p-blg)=0 (44c)
pra*ly)=p-b*|y)=0 (44d)

These conditions are, however, much too strong, and even inconsistent if
there is at least one bosonic oscillator. This is because there is no Fock
space state annihilated by the creation operator p - b*, except the uninterest-
ing zero state itself.

Hence, even though there is no anomaly in the gauge algebra [the
quantum gauge operators still close according to (11) and (17), without
central charge], one is forced to weaken the conditions (44) simply because
one has chosen a Fock representation space. The weakened conditions are
obtained by dropping the creation part (44d) of the constraints, and read

Plyy=0, p-olgy=0 (45a)
pralg)=0, p-blg)=0 (45b)

Now, the replacement of (44) by (45) is an important conceptual step.
Indeed, it is not a priori clear that by imposing only half of the constraints
one is still guaranteeing full gauge invariance of the physical states. It is
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true that the constraints are fulfilled in the mean, (i,| constraints |¢,) = 0
if |4, and |4,) are physical, but, as examples taken from string theory below
the critical dimension indicate [10], this may not be enough to ensure
decoupling of the “longitudinal modes” from the physical spectrum, i.e.,
to enforce full gauge invariance.

What is needed is that not all the solutions of the weaker conditions
(45) be physically relevant. It turns out that this is what happens for the
models at hand: the states created from the vacuum by p: a* or p- b* are
physical, i.e., obey (45), but decouple from all other physical states including
themselves (““null spurious states”). For this reason, they can—and should—
be factored out. Once this is done, one gets a physical space with only
“transverse states,” and the second half of the gauge invariance is recovered.

One thus sees that gauge invariance is enforced in two steps in the
Fock representation. First, one imposes half of the constraints, p- al¢) =0
and p- by = 0. Second, one removes the physical states created by the
other half of the constraints p- a* and p- b*. This is possible because those
states decouple, as we explicitly show in the next section.

5.3. No Negative Norm States Theorem

In order to prove that the unwanted states created by p- a* and p- b*
drop out from physical amplitudes, we will closely parallel the steps followed
in string theory [10].

Since p* commutes with the constraints, it can be diagonalized, and
one can then work with states of definite momentum. For these to be
physical, the momentum should obey the mass shell condition p* = 0, which
will therefore be assumed from now on.

Similarly, we will assume that the other zero mode constraint p - 8|¢) =
0 is fulfilled. Acting with the oscillators on a state that obeys p- 6|¢) = 0,
one still gets a state that obeys that condition, since the oscillators commute
or anticommute with 6*. It is therefore consistent to freely act with the
oscillators and, at the same time, to assume p- 6|¢) = 0 throughout.

We introduce a null vector k* such that

k.p* = -1, k=0 (46)

"

[We take p* # 0 so that (46) possesses a solution.]
The transverse states | T) are defined by

k-a|T)=0, p-aT)=0 (47a)
k-b|Ty)=0, p-b|T)=0 (47b)

These states are clearly physical. Furthermore, the subspace which they
span has a positive definite inner product. Indeed, the general solution of
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(47a) and (47b) is a linear combination of states of the form

(af)™(b})"[0) (47¢)
where
af = elal, b¥ = et b% (47d)
ek=¢-p=0 (47¢)
The vectors ef are spacelike and can be chosen to be orthonormal,
e-¢ =205 (471)

so that the transverse oscillators a¥ and b¥ obey the standard commutation
relations and accordingly create positive norm states only.

Theorem 1. The most general physical state is given by
|y = |T) + |ns) (48)

where |T) is a transverse state, and where |ns) is a “null spurious state,”
i.e., a physical state orthogonal to all physical states (including itself).

Proof. The states (k-a*)™(p-a*)"(k- b*) (p- b*)'|T), where |T)
ranges over the transverse states, span the full space of states, because
k-a*,p-a* e-a* k-b* p-b* and e-b* form a basis of creation
operators.

Now, one has

[k-a,p-a*l=-1=[p-a, k- a*] (49a)
[k-b,p-b*]=—-1=[p- b, k- b*] (49b)
[p-a,p-a*]=[p bp b*]1=0 (49¢)

Therefore, a linear combination of states of the form
(k- a*)"(p- a*)"(k- b*)"(p- b*)"|T), where |T) is any transverse state, is
physical if and only if it does not involve the oscillators k- a* or k- b* (m =
r = 0), i.e., if it consists only of terms
(p-a*)"(p- b*)|T) (50)
Next set
|y = | To) + |ns) (51a)

where |T,) is the transverse state appearing in |¢) for n = t = 0, and |ns)
contains all the other terms with n or ¢ # 0. The state |ns) contains at least
one oscillator p - a* or p- b* and accordingly, is not transverse. In addition,
its scalar product with any physical state |¢") is zero,

(¢'[ns) = 0 (51b)
since p- a* or p- b* annihilates (¢'| by the physical state condition.
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The decomposition (51a) of a general physical state yields therefore
the decomposition claimed in the theorem, since | Tp) and |ns) possess the
required properties.

5.4. Scalar Products

The above theorem shows that the Dirac quantization is equivalent to
the light-cone gauge one, since one gets exactly the same spectrum in both
cases, once the null spurious states are discarded.

Now, the scalar product of a general state of the Dirac quantum space
formally involves an integral over x*. It also involves the scalar product in
the Clifford algebra representation space of the 6’s, as well as the Fock
space scalar product.

The Fock space scalar product is clearly well defined and positive
definite in the physical subspace (45), since physical states contain only
transverse oscillators.

This is not so for the part of the scalar product involving x* and 6*.
Because physical states are on the mass shell, one finds that the integral
over x* is infinite, even if one considers wave packets with different spatial
momenta. This is because the “extra” integral over x° (or p°) gives infinity.
At the same time, the 6" component of the scalar product yields zero.

(4’1!%”2) = <¢1| —2[k-6,p- 6]]‘/f2>
=0

if both |¢,;) and |4,) are annihilated by the real zero mode constraint p - 6.

This means that the scalar product defined in the space of all physical
and unphysical states cannot directly be used to determine physical ampli-
tudes. Actually, things are even worse because physical states are not
normalizable and thus, strictly speaking, they do not live in the space of
states under consideration.

The same difficulties arise in the case of string models, where again,
the oscillator modes allow for a definition of a scalar product that is sensible
even for physical states, but where the zero modes (x* and 6*) lead to
ill-defined expressions not amenable to direct interpretation.

One way to solve this problem, which perhaps is not the most elegant,
is to enlarge the space of states that are allowed to begin with, so as to
include states that obey the mass shell condition. For instance, one may
simply impose an appropriate fall-off at spatial infinity only, without restric-
tion at timelike infinity (x° - +00).

In what concerns the zero modes, one does not define a scalar product
to begin with. A scalar product is defined only for on-the-mass-shell states
(obeying also the Dirac equation if there are zero mode fermionic variables).
This is done by using the isomorphism with the states in the light-cone
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gauge, for which a well-defined scalar product exists. This procedure is
analogous to the usual treatment of the Klein-Gordon particle where a
scalar product is defined only for solutions of the equations of motion.

The scalar product defined in this manner for on-the-mass-shell states
can be related to the original scalar product involving an integral over x°
by a formal factorization of §(0) [1]. When the anticommuting zero mode
variables 6* are present, one should also factor out zero.

Although the above solution to the scalar product problem enables one
to compute any physical scattering amplitude, it is not fully satisfactory
from a conceptual point of view. Indeed, since no distinction is made
a priori between pure gauge and “physical” operators in the “big” linear
space in which these operators act, it would have been more in the line of
the Dirac quantization to define a scalar product in the big space which
would have kept all states (physical and unphysical) on the same footing.
While the Fock representation with negative norms makes this possible for
the oscillator variables, we have not found a way to implement this feature
in the space of the zero modes.

6. BRST QUANTIZATION

6.1. BRST Charge-Ghost Number

By following the general BRST method, one finds that the BRST charge
is given by

Q=13p’n+(p-0)g+Q - iPg> —29M (52a)

where we have set
O =(a-p)c*+(a* p)c+(b-p)d*+ (b* - p)d (52b)
M = c*c+ d*d (52¢)

Here, (1, ?) and (g, I1) are the fermionic and bosonic ghost pairs associated
with the mass shell condition and the fermionic zero mode constraint
0 - p = 0, respectively. The remaining ghosts, associated with the oscillator
constraints, are (¢, ¢*, 7, #*) (bosonic) and (d, d*, ¥, ¥*) (fermionic).

We have adopted the following conventions:

n*=n, P*=2P, [9,P]=1 (53a)
g*=gq,  [*=1, [g0]=i (53b)
[c, 7*] =1, [7c*]1=1 (53¢)

[d 7" 1=1, [%d*]=1 (53d)
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where the bracket stands again for the quantum-mechanical graded commu-
tator.
Straightforward computations yield

207 =0, Q]
=-2p°M + [, O] (54a)
and
[Q,0]=2p’M (54b)

so that () is quantum mechanically nilpotent,
Q=0 (54c¢)

for any space-time dimension.

The separation (52a) of Q into ) and pieces involving the zero mode
ghosts will prove useful when we study the BRST cohomology.

The ghost number operator is given by

% = 4(nP ~ Pn) + 5 (qll +11g)

+ c*7 - 7¥c+ d*y — ¥*d (55a)
and is such that
[4,A]l=(ghA)A (55b)

for any operator A of definite ghost number.
While the BRST charge is Hermitian, the ghost number operator is
anti-Hermitian,

Q¥ =0 (56a)
Gt = -9 (56b)

Because the eigenvalues of ¥ are real, this implies that the eigenstates of
% with nonzero eigenvalue possess zero norm. Actually, the statements
about hermiticity must be taken with a grain of salt since the norms may
not be well defined (recall Section 5.4, and see discussion in Section 6.2
below).

6.2. Representation Space

Because the BRST formalism involves new variables, one must enlarge
the Hilbert space to accommodate the (graded) commutator relations (53).
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We will represent the zero mode commutation relations (53a) and (53b)
in the space of polynomials in 7 and g, with
F=2, Tfi= l,i (57)
am idq
Since »* = 0, the expansion of the states in powers of 7 terminates at first
order. Such a feature does not hold for g, which is commuting, and any
power ¢" (n =0) can arise. We will, in the sequel, consider polynomials
of arbitrary but finite degree in gq.

We choose to work with polynomials in g because this allows one to
interpret the ghosts as exterior 1-forms along the gauge orbits and because
this leads to a sensible BRST cohomology. The monomials ¢” are n-forms
and, furthermore, they possess definite real ghost number n.

It is clear that monomials in g" are not normalizable in the positive
definite scalar product, which makes g and its momentum Hermitian
operators. However, in the space of square integrable functions of g, one
cannot find eigenvectors of the ghost number operators with real eigenvalues.
Moreover, although we have not investigated the question in detail, it is
not completely clear that the BRST cohomology in this space reproduces
the expected results. It appears therefore more appropriate to consider
instead the space of polynomials in g, as here.

Accordingly, the naive scalar product jdq f*(q)g(q) cannot be used
and must be modified. However, to our knowledge, no fully satisfactory
answer exists in the “‘big” space of all the variables. But again, just as in
the Dirac method of quantization, one can bypass this difficulty by defining
a scalar product only after the cohomology has been computed (see next
section). This scalar product is defined for physical states only and does
not treat all operators of the BRST formalism (physical and unphysical)
on an equal footing.

The representation of the remaining commutation relations (53c) and
(53d) will be achieved by assuming that the vacuum is annihilated by ¢, 7, d,
and ¥,

c|0) = 7|0) = d|0) = ¥|0) = 0 (58)

and by regarding c*, 7%, d*, and ¥* as creation operators. Because of the
noncanonical form of the commutation relations, the subspace generated
by the ghost creation operators contains negative norm states.

6.3. BRST Cohomology

Because the BRST charge is nilpotent, one can discuss its cohomology.
Physical states in the BRST formalism are defined by

Qly) =0 (59a)
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and two physical states which differ by a “BRST null” (or simply, “null”)
state, i.e., by a term of the form Q|y) should be identified,

) ~ [¢) + Qlx) (59b)

[19,7].

The BRST theory is satisfactory if the BRST cohomological classes
defined by (59) coincide with the transverse states. We explicitly show here
that this is indeed the case for the above models, and that (59) appropriately
selects the physical subspace without needing any further condition. The
demonstration is again modeled on what is done for strings [20, 21].

Our first step in computing the BRST cohomology consists in getting
rid of the zero mode ghosts. This is done as follows. \

Theorem 2. In any BRST cghomological class, one can find a rep-
resentative that is annihilated by 2, i.e., that does not involve the zero mode

ghost n associated with the mass shell condition.

Proof. By making explicit the n dependence of |i),

l4) = |a) +|b)n
one finds that |b) transforms as
|b) > [b) + Olfc)

when one adds to |i/) the exact state |c), with |¢) independent of 7. By
choosing |¢) such that (J|¢) = —|b), one arrives at the desired result.

It should be pointed out here that the state |¢) solution of O|c) = —|b)
may blow up as x° - +00. This would occur when |b) is a solution of the
equation [1]b) = 0 since then the equation [|¢) = —|b) describes an infinite
number of forced harmonic oscillators at the resonance frequency. Hence,
in order for the above considerations to make sense, the space of states
should contain wave functions with no restriction at timelike infinity, and
in particular, functions that are not necessarily square integrable. The
necessity to allow a more flexible behavior of the states as x° > 00 was
already encountered in Section 5.3, where scalar product questions were
analyzed.

If the space of states did not contain any of the solutions of O|c) = —|b)
when |b) is at the resonance frequency, then one could not remove |b). The
state |b)n would then not be pure gauge and the BRST cohomology would
give twice as many physical states as one would expect. This doubling of
states has found so far no physical interpretation and hence, does not appear
to be reasonable. To remove it, one should either impose a truncation (which
is not implied by the formalism itself) or one should enlarge, as here, the
space of states so that |b)n becomes pure gauge. This second possibility
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will receive another justification below, when we turn to the second quanti-
zation. As we will see, |b) contains no dynamical field and is indeed pure
gauge in the field theory.

Once 7 is eliminated, it is easy to see that the physical states should
be on the mass-shell, since Q|) = 0 implies, with P|¢) = 0,

Qly) =0

Plyy =0
If |¢) possesses definite spatial momentum, then it must also possess definite
p° by (60), and we can thus assume p* to be diagonal: physical states can
be Fourier-transformed (while |x) above does not necessarily possess a
well-defined Fourier transform in time).

Thus we work in a subspace where p* is diagonal, with p* = 0. In this
subspace, () is nilpotent by (54b).

If the model describes half-integer spin particles, there is a zero mode
fermionic constraint (6 - p = 0), and one must as a next step show that one
can get rid of the corresponding (commuting) ghost as well. This is the
content of the following

} = {(0-pg+QYyy=0, Dl =0 (60)

Theorem 3. In any BRST cohomological class, one can find a rep-
resentative that does not depend on q.

Proof. The states can be expanded as

N
W)= la,)g)" (61a)
with N arbitrary but finite by assumption. One has
N N
Qly) = Zoﬂlaﬁ(q)" + 20(0'10)|an>(q)"+1 (61b)
From (61b), it follows that |ay ) is annihilated by (8- p). This implies
IaN> =(0- P)|bN—1> (61c)
with
|bn-1) = —2(k- 0)lan) (61d)
since
[6-pk-0]=-1/2 (61e)

Therefore, by adding the exact state Q(—|by_,)g" ') to |¢), one can
eliminate the |ay g~ component of |i).

By going on in the same fashion for the powers of order N —1,
N —2,...,one can assume that |) does not involve g,

) = lao) (62a)
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with
6 - play) =0lag) =0, Qlay) =0 (62b)

by the BRST condition.
To conclude the computation of the BRST cohomology, one defines
the counting operator N by

N = c*7+ 7*c+ d*y + y*d — (k- a)*(p- a)
= (k- b)*(p-b) —(p-a)*(k-a) —(p- b)*(k- a) (63a)

The operator N counts the number of ghost modes, as well as the number
of gauge modes created by the operators k- a*, p- a*, k- b*, or'p- b*. Its
eigenvalues are positive integers, and the transverse states are completely
characterized by

NIT)=0 (63b)
A central property of N is that it is a BRST null operator,
N=[K 0] (64a)
with
K=—(k-a*7+a*k-a~+ k- b*y+ y*k- b) (64b)

From (64a), it follows that [N, (] =0, so that one can work out the
cohomology of ) at a fixed elgenvalue n of N. One then arrives at the
following theorem.

Theorem 4. Physical states with n # 0 are exact.

Proof. If (a,) =0 and N|ao) = n|a,), n # 0, then, one finds from
(64a)

with [x) = (1/n)K a,).

The operator K plays the role of a contracting homotopy, and the
mechanism by which the ghost and gauge modes disappear is known as
the ‘““‘quartet mechanism” [19].

The results that we have established in this section can be collected in
the following theorem.
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Theorem 5. The most general BRST invariant state is given by
) = )0} + Qlx) (65)

where |T) is a transverse state and where |0) is the vacuum of the ghosts
and of the oscillators k- a*, p- a*, k- b*, p- b*, with no 5 or g dependence.

We have therefore demonstrated that the BRST theory reproduces the
results of other quantization methods. To arrive at this conclusion, there
was no need to add an extra condition on the ghost number of the physical
states: the BRST condition by itself, together with the factorization by the
BRST exact states, was enough to establish (65) in the space of states
considered here.

Another point worth mentioning is that the presence of null states in
the physical subspace does not appear as an accident in the BRST formalism.
It rests instead on a conceptually sounder basis since it simply follows from
the nilpotency and hermiticity of the BRST charge. In addition, even though
the conditions a - p|¢) = b- p|¢) = 0 are not directly imposed on the phy-
sical states, they emerge after one has suitably fixed the BRST gauge freedom
of adding BRST exact states. In that sense, one can view the Dirac method
as resulting from a partial gauge fixing of the BRST one, which still admits
a nontrivial residual gauge invariance.

Finally, we note that by using the isomorphism between physical states
and states of the light cone gauge, expressed in Theorem 5, one can define
a scalar product in the space Ker Q/Im Q of BRST cohomological classes.
In what concerns the oscillator variables, the scalar product so defined is
the restriction to physical states of the Fock space inner product, but this
is not so for the zero modes, since for them there is no satisfactory scalar
product in the big space to begin with. [The physical states possess an
ill-defined norm for the naive scalar product in the big space involving an
integration over x° and g (which yields infinity) and over 6% and the zero
mode ghost % (which yields zero).]

6.4. Lagrange Multipliers

In order to discuss the path integral, it is necessary to include the
Lagrange multipliers associated with the constraints as canonical variables.
Hence, for each constraint, we introduce one canonical pair of new variables
with same Grassmann parity, according to the scheme

p*=0-(N,pn) (662)
0-p=0->(M,py) (66b)
p'a=0,p'a*IOQ(A*,PA),(A,PT) (66C)

p-b=0,p-b*=0->(un*p,), (u,p¥) (66d)



142 Marc Henneaux and Claudio Teitelboim

The new variables are pure gauge, and thus do not change the physical
content of the theory. This is because the new momenta vanish

n=0, pu=0 p=0 - pi=0, p,=0, pi=0 (67a)

These new first class constraints contribute an additional piece to the
BRST generator,

Q=0°"+qQ (67b)
with Q°'¢ given by the former expression (52) and ' equal to
Q' = pn®? + pull+ 7¥py + pX7 + y*p, + piiy (67¢)

The ghost pairs (7, @), (1), (¢, =), (&%, =), (d, y*), and (d*, y) are
usually referred to as the antighost canonical pairs.

The simple bilinear form (67¢) of the new term ()’ added to the original
BRST operator is a consequence of the Abelian nature of the constraints
(67a). One clearly gets

(2, Q1=0, [Q,07=0 (67d)

and thus, nilpotency of the complete BRST charge (67b) still holds.

Because of the Abelian nature of €)', the new variables can easily be
shown to disappear from the BRST cohomology (see, e.g., Ref. 22). There-
fore, the physical subspace associated with (67b) is still spanned by the
(on-shell) transverse states.

7. SECOND QUANTIZED THEORY

7.1. Free Field Action

The above models can be in different spin states. Each of these states
is characterized by a wave function ¢, ..., (x) of the space-time coordinates
x", which after the freedom |¢) > |¢) + Q|x) has been suitable fixed, obeys
the Klein~Gordon or Dirac equation

O¢pu, =0 or y*a, é, ... =0 (68a)
as well as the transversality conditions
0"y, =0 (68b)

expressing the Dirac constraint a- pl¢) = 0 or b p|y) = 0.

As we have shown, these equations result from a partial gauge fixing
of the BRST formalism, and admit the residual gauge invariance ¢,,...,, =
Duros T 0 Ay, Where A obeys (68a).

M2tttk
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In order to develop a many-particle theory, one regards the wave
function ¢,,...,, as a field operator creating or destroying particles in the
corresponding spin state. In the gauge (68b), the space-time development
of the field operators is still given by (68a).

For the purpose of constructing the second quantized formalism, it
appears necessary to derive the field equations (68a) from an action prin-
ciple. This action principle should be local in space-time and Lorentz
invariant.

Now, it is well known that the local formulation of gauge theories is
most transparent when gauge invariance is fully maintained, so that one
would like to find an action principle that leads to equations equivalent to
(68), but without the gauge condition (68b).

It should be clear from our previous analysis that the way to achieve
this goal is not to start from the Dirac quantum formalism, since this one
appears to be already partially gauge fixed. Rather, one should adopt the
first quantized BRST theory as a starting point, since in it, the transversality
condition (68b) arises only after the freedom |¢) > |¢) + Q|x) has been
partly frozen.

So, our aim is to find an action principle that implies the equation

Qlypy=0 (69a)
and which is gauge invariant under
) > [¢) + Qlx) (69b)

From the analysis of the BRST cohomology;, it results that the true degrees
of freedom are automatically those associated with the light cone gauge
spectrum. The other components of |} are either pure gauge or auxiliary.

Because the field equations (69a) are linear in |¢) (free field theory),
the action should be quadratic in |¢). The simplest possibility is, in the case
of a complex field

S =-(¢, Qy) (70)

where ( , ) is a nondegenerate bilinear form obeying the conditions
(1) (s Qx2) = (Qxi, x2) (71a)
(i) (¢, Q¢) = (¢, Qy)* (71b)

The requirement (71a) ensures that one can consistently treat  and ¢* as
independent fields in the action principle. The condition (71b) guarantees
that the action is real. The gauge invariance (69b) is manifestly enforced
in (70) since £} is nilpotent.

If the field ¢ itself obeys some reality conditions, i.e., if * is completely
determined by ¢ as

y*=Ry, RR*=1 (72a)
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and if these reality conditions are such that

(X1, Qx2) = (Qx2, x1) (72b)

for any pairs of fields that obey (72a), then the action (70) should be
replaced by

S = -3¢, Q) (73)

In that case, ¢™* should not be regarded as an independent field in the
variational principle, but rather, should be related to ¢ by (72a).

7.2. Bilinear Form

The problem of formulating the second quantized variational principle
is thus equivalent to the problem of finding an appropriate nondegenerate
bilinear form obeying (71a) and (71b) and, in the real case, (72b) as well.

It is clear that the searched-for bilinear form is far from being uniquely
determined by the above demands. For instance, if (x;, x») is a solution of
(71a) and (71b) such that (x1, x2)* = (x2, x1), then (x1, x2)' = (x1, Ax2) is
also a solution if the operator A commutes with {} and is Hermitian for
( , ). To select the bilinear form, further considerations are thus needed.

The situation is exactly the same as in string theory, and the analysis
leads to exactly the same conclusions: while a natural bilinear form can be
chosen when the system describes integer spin particles (bosonic or Neveu-
Schwarz strings) [ 23], the same choice meets difficulties if applied to models
with half-integer spin particles (Ramond string). The origin of the problem
can be traced to the zero mode fermionic constraint: one would like the
action (¢, Q¢) to yield the first-order kinetic term [ ao,0- pa, d*x =
] ay pa, d*x for the physical fermions (¢ = a, + Qx), but the straightforward
attempts yield [ a,(Ja, d*x instead.

For this reason, we will from now on restrict our study to models with
integer spin particles only, and will not discuss further the interesting
suggestions that have been put forward to overcome the difficulty present
in the models containing half-integer spin fields [24].

This means that we will assume the zero-mode fermionic constraint
8- p = 0 to be absent: the fermionic internal degrees of freedom come by
pairs, and the constraints are

%

p’=0, a-p=0, a*-p=0, b-p=0, b*-p=0 (74)
with BRST charge
Q=ipn+{-29M (75a)
Q= (a p)c*+(a*-p)c+ (b*-p)d +d*(p- b) (75b)

M = c*c+ d*d (75¢)
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The bilinear form which gives an acceptable second quantized action
is just the first quantized scalar product

(Y1, ¥2) :<(//1|(//2> (76a)
(l/f1|¢’2> = ‘[ d*x dn(¥(x, ) | a(x, 1)) (76b)

where (¢,(x, n) | ¥.(x, 7)) denotes the Fock space inner product associated
with the oscillators. This scalar product makes all real operators self-adjoint
and therefore Q = Q% so that the conditions (71) clearly hold.

The objections raised against (76) in the discussion of the first quantized
theory, namely, the fact that (76b) is ill defined and of the form 0 - 5(0)
for physical states, are not applicable here. This is because we no longer
interpret (76) as a probability amplitude. Furthermore, the action S[¢] =
(|| ) is well defined when evaluated between two spacelike hypersurfaces
(say, x° = x?, and x° = x3), provided the field ¢ appropriately falls off at
space-like infinity, a condition that does not rule out the solutions of the
equations Q¢ = 0. The fact that the action may be infinite for an infinite
time interval is no longer a problem.

7.3. Ghost Number —1/2 Gauge

With the definition (55a) of the ghost number operator, the only
nontrivial cohomology of the BRST charge is at ghost number —1/2, as
theorem (65) indicates. This means that in the expansion of |) according
to ghost number,

+00

)= % |¥n-s/2) (77)

n=-c

the physical fields should be found at n = 0, while the fields contained in
|,—1/2) With n # 0 do not carry physical information and are either auxiliary
or pure gauge.

Now, let |a) and |b) be two states of respective ghost numbers g, and
8, With g, # 0, g, # 0. One has

1 a
(alb) = (a] — 9b) = —5(alb) (78)
& 8
because g, and g, are real, but ¥ is antihermitian. From (78), it follows
that (a|b) vanishes, unless g, = —g,.
This implies that the action (¢|Q|¢) reads
S[ll’] = _<¢’|Q|¢’> = Z - <(//n—1/2|9|(//n—1/2> (79)

n

The only term that involves the physical fields is that with n = 0,
_<¢’71/2|Q|¢’—1/2>
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The auxiliary and pure gauge fields contained in |¢,_;,,), n # 0, do not
couple to the physical fields and can therefore be consistently set equal to
zero in the action (“before variation’). This defines the “ghost number
—1/2 gauge,”

Gy)=—3l) © |¥)=P_2)
|‘/’n—1/2> =0, n#0 (80)

which, as our analysis of the BRST cohomology has shown, can always be
reached by the addition of an appropriate exact state.
In the gauge (80), the action reads

S[Y1 = —(go1/2|Qp-1/2) (81)

and the residual gauge invariance is given by
4-1/2) = [4-1/2) + Qles5) (82a)
Yle_a2) = —3le_3/2) (82b)

It thus appears that there is no need to restrict the ghost number of |¢) in
the gauge invariant formalism. This restriction arises only as a partial gauge
choice. Since this gauge choice is particularly convenient, however, it will
be assumed from now on.

A complete gauge choice, which removes the freedom (82a), would be
obtained by imposing further that |§_,,,) contains (light cone) transverse
excitations only. This additional requirement is permissible as our analysis
of the BRST cohomology indicates. However, this complete gauge fixing
breaks manifest Lorentz invariance, and will therefore not be imposed in
the sequel [only (80) will be assumed].

7.4. Component Expansion

In the holomorphic representation [17], the field |¢_,,,) and the gauge
parameter |e_s,,) become functions of x, 5, and of the oscillator variables
a* b* C* d* ﬁ'* 7*:

ll/j—l/2> d w(xa , a*a b*a C*, d*a ﬁ-*a 7*)|0> (833)
|£—3/2> - S(X, n, a*, b*a C*’ d*a ﬁ*a 7*)|0> (83b)

In (83a) and (83b), |0) stands for the Fock vacuum annihilated by & and
p". It carries ghost number —1/2, so that s and & possess ghost numbers
0 and —1, respectively. In the sequel, we will often drop the symbol |0),
and the functions ¢ and & should be thought of as multiplied by the Fock
vacuum annihilated by # and p,. even if this is not explicitly indicated.
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It is convenient to isolate the n dependence of the states as

¢ =A+nB (84a)
eE=A+nu (84b)
with
ghA=0, ghB=-1 (84c)
ghi =-1, ghp =-2 (844d)

Here A, B, A, and u involve only the space-time coordinate x* and the
oscillators.
Direct evaluation of the action yields

Syl = %J d*x (A'(x)|DAX))E + 2 J d*x (A'(x)|QB(x))r

- %J d*x (B'(x)|QA(x))r + I d*x (B'(x)| MB(x))r
(85a)
where we have set
A=A, - A, B'= B,— B, (85b)

with  &(Ay) =e(By) =0,e(A,)=¢e(B,)=1, A=A+ A,,B=B,+ B,.
The flip of sign for the Grassmann parity +1 component of A and B in
(85a) results from an anticommutation with .

The action is invariant under the gauge transformations (82a), which
read explicitly

A->A+Q0r—2Mu (86a)

B->B-1i0x-0u (86b)

To further analyze the action (85a), we introduce the level operator N,
N =N+ N; (87a)

= a**a, + b*b, + c*7 + 7¥c + d*y + ¥*d (87b)

which is BRST invariant,
[N,Q]=0 (87¢c)

The operator N counts the occupation number for all the modes (physical
and unphysical). Contrary to N, which counts only unphysical modes, the
level operator N is Lorentz invariant and not BRST exact. The eigenvalues
of N are positive integers, and states with different occupation numbers
are orthogonal.
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Therefore, we expand A and B as

A=Y A, gh(A,) =0, NA, = nA, (88a)
n=0

B= 3% B, gh(B,) = —1, NB, = nB, (88b)
n=0

and find that the action becomes

Stl= 3 S,
5,24 [ ' a@IDa, +3 [ caconamons

-3 j d*x (B(x)|QA,(x)r + _[ d*x (B;,(x)| MB,(x))r (89a)

The gauge transformations reads

A, = A, + O, —2Mu, (89b)
B,~ B, — {0, — Qu, (89¢)
with
A=Y A, gh(A,)=-1, NA,=nh\, (89d)
n=0
Mm = Z Mon, gh(:u'n) = _23 N,LL,, = N, (896)
n=0

75. p-Form Gauge Fields

The analysis of the field theoretical models at this point goes along the
same lines independently of the number of oscillators. In order to unclutter
the formulas, we will therefore treat only a specific example, which shows
already all the features of the general case. That specific example is described
by a single set of fermionic oscillators, i.e., it is the N = 2 supersymmetric
model studied above. We chose the oscillators to be fermionic because an
extra interesting feature arises: it is necessary to truncate the field theory
to a definite parity sector. That truncation is the same as the G-parity
truncation encountered in string models [ 10]. No similar restriction appears
to be required in the pure bosonic case.

The physical requirement that makes the truncation necessary is positiv-
ity of the energy. As we have shown, the physical fields are the transverse
components of A,(x). Therefore, the term in (89a) that determines the sign
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of the energy is

%J d*x (A, (x)|OAL(x)r

= —:‘;J dx (*A,"(x)]9,An (%))

= -E0 [ @rareola,AT0o (50)
where we have used the fact that A](x), which contains n fermionic
oscillators a;*(x), possesses Grassmann parity (—1)". [It is assumed that
the coefficients of the oscillators in the expansion of A, are commuting
functions of x*, since the fields describe integer-spin particles. Otherwise,
one would violate the spin-statistics relation.]

It is clear from (90) that the sign of the kinetic term will be positive
or negative according to whether n is even or odd. Accordingly, in order
to get a definite sign, it is necessary to truncate the theory to a definite
parity of the occupation number n. This guarantees at the same time that
the field ¢ possesses definite Grassmann parity.*

The fact that the field theory based on fermionic oscillators forces a
truncation to a definite parity sector was recognized for the first time in the
case of the fermionic string models [24].

Once appropriately truncated, the second quantized theory describes
a collection of free massless p-form gauge fields, with p either even or odd.
At each level there is a physical gauge in which the only remaining fields
are those corresponding to the (,7,) physical helicities.

To see explicitly how this happens, let us analyze in detail the second
level of the theory. One gets from (88)

A, = A, (x)a ¥ a** + A(x)c*7* (91a)
B, = iB, (x)a**#* (91b)

where we take A,,, A, and B, to be real (so that the action is real). The
action at the second level reads

S = %I d*x A, A + ij d*x ADA

+2 J' d’x A*s,B, + J- d*x As"B, — J d*x B,B* (92)

*In order to accommodate both parities, one may try to change the bilinear form (70), but
this appears unnatural.
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and is invariant under

A-> A+dtp, — 4D (93a)
B, » B, — 0@, +23,® (93b)
A/\,L - AA,L + %(a/\‘P,L — 9.\ ) (93¢)
with
Ay = ip a** ¥, po = OFFE* (93d)

By redefining ® as ® = @'+ 3¢, /4, one can rewrite (93a)-(93c) in
the equivalent form

A-> A— 49’ (94a)
B, » B, + %ap(a)\‘)op = 3,@ )+ 20,9 (94b)
AAM. - AA,L + %(a)\%; - a,L‘PA) (94c¢)

This new form shows explicitly that A is pure gauge and can be set equal
to zero by an appropriate choice of ®'. The residual gauge invariance is
characterized by ®' = 0, ¢, arbitrary. The partially gauge fixed action is
given by

S[A,., B, 1= %J d*x A, OA™ -2 J d*x 3,A* B, — j d*xB,B*  (95)

The field B, is auxiliary and can be eliminated by means of its own
equations of motion. This does not break the gauge invariance of the theory
under arbitrary ¢, in (94). After this is done, one finds the standard action

S[A,\. 1= —éAJ‘ d*x G,,, G (96a)

G = 02A,, T3,A,0 T3,A, (96b)
describing a physical 2-form A,, . This action is invariant under (94c), as
it should be.

We thus see that the BRST second quantized formalism yields an
appropriate local action possessing the required gauge invariances. What
is true for the second level also holds at the other levels, as can straightfor-
wardly be checked along the same lines. We can thus conclude that the
BRST formalism gives reasonable answers, but in a more powerful way.

7.6. Remarks on Interactions

The problem of introducing interactions in the models constructed here
is clearly an important and challenging one. We will not investigate it in
this chapter, but rather, we will merely report here some possible lines of
approach.

As a first step, one may try to couple the models to a given electromag-
netic or gravitational background. This question is part of the difficult
problem of defining consistent electromagnetic or gravitational couplings
for higher spin fields. The interest of the approach based on the present
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models is that it sheds a new light on this question, since the analysis can
be carried out in terms of the “first quantized™ degrees of freedom, which
are in finite number, rather than in terms of the second-quantized field
components themselves.

A model interacting with a given background is consistent if, after the
interactions have been incorporated, the algebra of the constraints # and
& is still first class. In that case, one can construct again the BRST
charge and the associated second quantized theory with gauge invariance
-+ Qy.

In order to preserve the first-class property of the constraints & and
¥;, it may turn out to be necessary to add extra internal degrees of freedom
[25, 26]. These new variables generate new fields at the second quantized
level, which thus appear necessary for a consistent description of the
coupling of higher spin fields to a given gravitational or electromagnetic
background.

A more ambitious line of research is to investigate self-interacting
models. Few encouraging results have been obtained so far. Nevertheless,
this question should be studied further since it would enlighten the problem
of interacting string field theory. It is hoped to return to it in the future.

Note added in proof. After this work was completed, we received two
preprints [27, 28] in which the first quantized description of higher spin
particles was discussed along the lines of the gauged N = 2 supersymmetric
model of Ref. 29. The main difference between our approach and these
very interesting works is that we do not gauge the global O(N) symmetry
mentioned in Section 2.2 by constraining the corresponding generator to
vanish.
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Chapter 10

Strings in Space

Leonard Susskind, Marek Karliner, and Igor Klebanov

String theory was originally invented to describe hadrons.* Ultimately this
idealized mathematical theory of hadrons failed, owing in part to the
inability to couple strings to the external local fields, such as the electromag-
netic field. The reason for this failure is the infinity of normal mode zero
point fluctuations spreading the string over all space [2]. In this chapter
we will examine in detail the spatial properties of fundamental strings. We
will also speculate on how they compare with the strings of large- N oo,
gauge theory.t We will be particularly interested in the following characteris-
tics of the ground state of the fundamental string:

What is the average size of the spatial region occupied by the string?

. What is the average length of the string?

3. Is the string smooth on small scales or does it exhibit rough or
fractal-like behavior?

4. How densely is space filled with string?

N

* For a review see [1]. T For a review see [3].
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In order to answer these questions and to provide some intuition we
have constructed a numerical method for generating “‘snapshots” of the
ground state of the string. For that purpose we use the exact wave function
of free string in the light cone gauge to generate a statistical ensemble of
strings. In fact we find that the overwhelming majority of the ensemble
have similar qualitative features. In the first part.of the chapter we show
the “snapshots” and discuss their important features. In particular we find
that both the average length of string and the average size of the region
occupied by the string are infinite. The relationship between the two diver-
gences is such that string actually packs the space densely. We also find
that the string is microscopically very smooth, with no tendency to form
fractal structure on small scales. In the next part of the chapter we provide
quantitative meaning to the above statements and substantiate them with
analytic derivations. We conclude by explaining the physical meaning and
measurability of the divergence in the size of the string. We also speculate
on the possible qualitative differences between the fundamental strings and
the strings of large- N ., QCD.

In the light-cone gauge, the transverse coordinates of the string are
free fields with mode expansions

X'(o)=Xin+ ¥ [X} cos(no)+ X! sin(no)] (1)
n>0
The wave function for each transverse coordinate in the ground state of the
string has the product form (dropping the superscript i)

1/2
V(X(o)) =11 {(%) exp[—w, (X7 + Xﬁ)/ﬂ} (2)

with w, = n. Squaring this gives a probability distribution for the transverse
position of the string. To carry this out in practice it is necessary to truncate
the mode expansion at some maximum wave number N. This is one of the
ways of introducing a cutoff in the parameter space of the string. Passage
to the continuum limit is achieved as N - oo.

Another cutoff procedure can be defined where string is replaced by
2N + 1 discrete mass points connected by identical springs. The normal
modes are such that the positions of the mass points are given by equation
(1) evaluated at discrete values of the parameter o = 27m/(2N + 1), where
m labels the mass points. Then the string wave function is equation (2)

with N frequencies
2N +1 ( 7n ) 3)
w, = sin
T 2N +1

With both cutoff prescriptions a string configuration is determined by
asequence of valuesof X, and X, withn=1,..., Nandi=1,...,D —2,
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sampled with probability

1/2

Pxt) = (22) " expl-wn(X0)/2) @
aw

and similarly for X?.

For the first cutoff procedure each such configuration defines a
parametrized curve in (D — 2)-dimensional space. By necessity we show
projection of string onto two transverse dimensions. In practice each run
consists of choosing 100 x (D — 2) random numbers from their respective
probability distributions. For each run we compute curves with N =
10, 20, 30, 40, 50. For convenience, let us adopt the following method: as
we proceed, for example, from N = 10 to N = 20, the coefficients of the
normal modes with the first 10 wave numbers are kept the same as for the
N =10 “snapshot.” Similarly, we proceed from N = 20 to 30 to 40 to 50,
always retaining the previous set of coefficients. Therefore, for each run,
increasing N corresponds to observing the same string with improved
resolution. The “‘snapshots’ generated by two such runs are shown in Figs.
1 and 2. For one of the runs we also show graphs of total transverse length
(Fig. 3) and average transverse line curvature (Fig. 4) as a function of N.
In Fig. 5 we show curvature as a function of length along the string for
cases with N = 10, 20. We find the following qualitative features:

1. Slow growth of the occupied region with N. We will show that the
rms radius of the region ~ (log N)/2.

2. The plots of total string length versus N appear to be linear. We
will provide an analytic derivation of this effect.

3. The transverse curvature averaged over the string appears to be
approximately independent of the cutoff. We will show analytically that
the expectation value of curvature is completely cutoff independent.

4. The growth in length with increasing N is achieved by repetition
of similar smooth structures. In fact, a piece of string of given length at
N =20 looks similar to a piece of the same length at N = 10 (cf. Fig. 5).

5. The slow growth of the occupied volume together with the linear
growth of length means that there is a strong tendency for the string to pass
through the same small region many times. It is obvious that, as the cutoff
is removed, the string fills space densely: there is a point on the string
arbitrarily close to any point in space.

In order to elaborate on point (4) and show that no “accidents” occur
as we proceed to high values of the cutoff, we have plotted the section of
the string confined between o = 0 and 477/ N for N = 20 and N = 500 (Fig.
6). The remarkable similarity between the two can be qualitatively regarded
as a statement of conformal invariance in our approach.

All the above features, except for (3), can also be observed with the
discrete regularization of the string. In Fig. 7 we show a typical picture at
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Figure 1. (a)-(e): Projection of string onto two transverse dimensions with mode cutoff
N =10, 20, 30, 40, 50, respectively.
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Figure 2. Another run, analogous to Fig. 1.



158 L. Susskind et al.

total length

Figure 3. Total transverse length versus mode cutoff for one run in D = 26. Broken line
shows the analytic result for the expectation value, equation (16).

N = 50. It is important to note that, as more and more discrete points crowd
the o axis, the string never becomes continuous in space. We will show
analytically that, as N - o0, the average distance in space between each
pair of neighboring points approaches a constant. This, of course, is respon-
sible for the linear growth of the total length. Thus, all the important
information about the spatial properties of string can be obtained in the

Average curvature

Figure 4. Transverse extrinsic curvature averaged over the string versus mode cutoff for one
run in D = 26. Broken line shows the analytic result for the expectation value, equation (27).
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Figure 5. Transverse extrinsic curvature as a function of length along the string, D = 24, for
(a) N =10 and (b) N =20.

regularization where the string never becomes continuous in space. This
fact is essential for treatment of strings in discretized space [4].

Let us now give analytic derivations of some qualitative conclusions
reached above. We begin with the growth of the volume occupied by the
string with the cutoff N. Define r to be the rms distance of a point on the
string to its center of mass:

r ={(X(0) = Xem)?) (5)

Since there is no preferred point on the closed string, we can arbitrarily set
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Figure 6. Section of string confined between o = 0 and 47/ N for N = 20 (solid line) and
N = 500 (dashed line).

Figure 7. A typical configuration of the ground state of 101 mass points connected by springs,
Niax = 50.
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ewoa(50))

~(D-) L XD=(D-D % 5 ©)

o=0:

The rms radius of the tachyon grows with the mode cutoff as (log N)'/2.
It follows that the rms volume of the transverse region occupied by string ~
(log N)P~272,

To find the dependence of average length on the cutoff, we start with

<m:juww )

0

()"

By translation invariance in o

where

(L) =27 (v(o = 0)) %)
For each transverse direction
dx’ N
—(c=0)= Y nX, (10)
dO' n=1

Using the fact that each X', is Gaussian distributed, it is easy to show that
dX'/do(o = 0) is Gaussian distributed with variance

N :N(N+1)

3= 11
T2 o
Therefore, v = dX/do is distributed according to
v2
P(v) ~ ——)dP? 12
o) 4 "
As a result, the distribution for the length of v is
v’ _
P(v) ~ exp(—z—zg) vPdo (13)
It follows that
© a2 222 D-2 d
(o = o xRN0 Py (14)

¥ exp(—0v¥/233)0° 7 do

The slope of the linear growth determined by above expression depends
on dimensionality. For example, if the number of transverse dimensions is
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an even number (D — 2 = 2k) then (14) yields

(k-2
(D= e~ IV + 1/2+ 01/ N)] (15)
In particular, in D = 26 we find
(L)=21.54(N +1/2) (16)

As shown in Fig. 3, the data for any given run agree well with this linear
dependence. This shows that the standard deviation is small compared with
the average length.

It is also interesting to study equation (15) in the limit of a large number
of dimensions. Using the Stirling formula for the factorial we find that the
slope of growth of transverse length with N is given by

(LY N = (2D - 4)'*+ 0(1/(D - 2)"% (17)

as D becomes large. In D = 26 this predicts the slope of 21.76, which is
very close to the exact number (16).

Similar analytic results can be derived in the regularization where string
is replaced by a collection of mass points connected by springs. For example,
the length is

Ly =Y | Xms1) = Xim)| (18)

where the subscript labels the mass points. Using translation invariance,
we obtain

(Ly)= (2N +1){X) — X)) (19)

After a few steps analogous to the ones for the continuous regularization
we find

2k —1)!(8m7)"?
47 (k= D17

Note that, with the definition of length (18), the slope of linear growth in
the discrete regularization differs slightly from (15) found in the continuous
regularization. However, the linearity of growth and other properties impor-
tant for our physical conclusions are unaffected.

Let us now investigate the extrinsic line curvature of the string in
the regularization where the string is kept continuous. It is conveniently
expressed as

(Ly) = [N+1/2+ O(1/N)] (20)

K='—al7| 21
v

where a, is the component of a = d°X/do” normal to v = dX/do. Since

X e=0)=-7 n’X} (22)

2
dO’ n=1
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equation (10) implies that a and v are uncorrelated. Therefore,
1
(k) =(a[) e (23)

From the distribution (13) we find
1 1
)= 24
<v2> 2(k - 1)3? (24)

It is important to note that this diverges in D = 4. Since a and v are not
correlated, (|a, |) is effectively the average length of the vector (22) in D — 3
dimensions. Denoting |a, | = a we find the probability distribution

a* _
P(a) ~ exp(-—;i—i) a®*da (25)
with
~ N
=Y n*=[EN(N+1)P=3* (26)

1

It follows that (k) ~ i/ >? is independent of the cutoff! On the other hand,
as shown in Fig. 5, the overwhelming majority of the ensemble of strings
has curvature oscillating along the string. The number of oscillations is
proportional to N. The oscillatory behavior is characteristic of all other
observables: for example, length per unit o. Oscillations occur because the
volume occupied by string grows only as a power of log N while the length
of string grows as N: on the average the string has to “turn around” O(N)
times. Therefore, position X’(o) and all functions of position and its
derivatives oscillate O(N) times along the string.
After a short calculation we find

< ) 3 [(k _ 2)!]222k—3
T Tk -3)W2n
which in D = 26 yields (k) = 0.216. This is in good agreement with Fig. 4,

which shows the data for a sample run. In the limit of large dimensionality
(27) reduces to

(27)

1

“D-2" )

K

This confirms the intuitive expectation that increasing dimensionality makes
the string smoother.

On the lower end of the range of dimensionalities the average curvature

diverges in D = 4, [cf. equation (24)]. We believe there is a simple intuitive

reason for this, which we proceed to explain. There are two kinds of singular
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points that can occur on a string: a kink, where the tangent vector dX/do
is discontinuous, and a cusp, where it vanishes. In other werds, at a cusp
string turns back onto itself. From equation (21) we see that at a kink the
curvature has an integrable (8-function) singularity, while at a cusp it has
a nonintegrable singularity. Our study of projections of strings onto two
transverse dimensions indicates that cusps are fairly likely to occur there.
We find that most of these cusps are projections of smooth configurations
in higher dimensions. Therefore, we conjecture that the relatively high
likelihood of cusps in D = 4 is responsible for the divergence in the average
curvature.

Let us also discuss briefly another important observable characterizing
string geometry: correlation of unit tangent vectors

(t(o) - t(a")) (29)
where
t(o) = X'/v(o) (30)
To estimate (29) we replace it by

(X'(0) - X'(o)N) 7 ~ - (31)

N¥(o —o')?
It follows that the correlation of unit tangents falls off quadratically with
the length of string between the two points. As the cutoff is removed, the
unit tangents are uncorrelated at any finite o separations because then the
length separations are infinite.

One may wonder whether any of the strange effects we have discussed
are observable. In particular, the infinite rms radius of all “‘stringy” particles
seems very unphysical. However, it does lead to an observable effect.
Consider scattering of a high-energy string from a string at rest. The
interaction is mediated by string exchange. In the light-cone frame of the
fast string of energy E the lifetime of the interaction is of order r = 1/ E.
Oscillations with frequency >1/ 1 average to zero. Thus, we retain a number
of modes ~ E. This introduces mode cutoff and gives an observable particle
radius ~(log E)"2 As the resolution is improved, the string “expands.”
This phenomenon leads to the well-known Regge behavior of scattering
cross sections satisfied by the dual amplitudes [2]. Thus the effect is indeed
observable and presents no obvious difficulty for scattering of strings by
strings.

On the other hand, imagine that the string is being scattered by a local
external field. This situation is analogous to the electromagnetic probing
of hadrons. In this case the interaction is instantaneous and therefore the
string must appear infinite. It is precisely for this reason that the fundamental
strings cannot be consistently coupled to arbitrary external fields. That is
why they are a theory either of everything or of nothing.
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Let us speculate now on how the fundamental strings might differ from
the large- N,y QCD strings. Our results indicate that the fundamental
strings are smooth. This should be contrasted with the expected behavior
of QCD strings. In the limit N, - © Migdal and Makeenko derived an
exact lattice string equation [3]. If QCD had an ultraviolet fixed point then
the string would be microscopically self-similar. QCD being asymptotically
free is likely to make strings even rougher.

Another difference between the QCD and fundamental strings involves
the spatial distribution of the longitudinal momentum p*. For a hadron,
this could be measured by interaction with external gravitational field. The
result is a form factor F(q®). For a fundamental string an analogous form
factor can be obtained by observing that the distribution of p™ is measured
by the vertex operator 3,X 39X " exp(ig- X), where « is the world-sheet
index. In the light-cone gauge X* = r and the form factor reduces to

F(g®) = <J do expliq - X(cr)]> ~ exp(—q°log N) (32)

In the limit N - oo the form factor is nonvanishing only at g = 0. It follows
that p” is smeared uniformly all over space. This peculiar property applies
not only to the ground state of the string but also to any finitely excited
state. For any such state the change in the wave function relative to the
ground state concerns only a finite number of normal modes and becomes
negligible in the limit N - 00. The strange behavior of the gravitational
form factors is possibly connected with the existence of the graviton: at
least for the massless spin-2 state it could be foreseen on the basis of general
principles. A theorem by Weinberg and Witten [5] states that in a Lorentz
invariant theory with a Lorentz invariant energy-momentum tensor the
gravitational form factor of a massless spin-2 particle must satisfy F(gq* #
0) = 0. It seems that string theory uses its infinite zero-point fluctuations to
allow the existence of gravitons.
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Chapter 11

Covariantized Light-Cone String Field Theory

Taichiro Kugo

1. MOTIVATION

String field theory (SFT) is certainly a powerful and basic framework
in which to reveal the nonperturbative dynamics as well as the underlying
symmetry principles of string. Many active investigations have actually been
done and are being done in that direction, and the corresponding develop-
ments have been achieved. Nevertheless we still have severe difficulties in
constructing SFTs in a satisfactory manner.

There are two major approaches to covariant SFTs; one is the approach
based on the joining-splitting-type interaction vertex, which was first sug-
gested by Siegel [1] and fully developed by Hata, Itoh, Kugo, Kunitomo,
and Ogawa (HIKKO) [2-5] and partly by Neveu and West [6]. Another is
the one based on the midpoint interaction vertex, which was presented by
Witten [7-9]. We call these HIKKO’s and Witten’s theories, respectively.

HIKKO’s theory gives quite a consistent SFT as a classical field theory
(i.e., at tree level) for both cases of open and closed string, although it
contains an additional unphysical parameter « called “string length.” At
the loop levels, however, the presence of this parameter a causes trouble
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in yielding an infinity factor in the amplitude [4]:

© N
Im TN°Poc [J da 1:'

In addition, the amplitudes obtained after renormalizing this factor [ da 1]
into the loop expansion parameter # or g, still contain infinite multiple
overcounting concerning the modular invariance. The latter difficulty is
suspected to come from the former since the factorization of the oo factor
[f da]™ is very subtle and dangerous.

Witten’s theory is, on the other hand, free from this a-problem.
However, Witten’s theory works only for open string and seems very difficult
to extend to closed string [ 10, 11] and, hence, to heterotic string in particular.

We should thus solve the a-problem in HIKKO’s approach. Either in
HIKKO or Witten, the nonzero modes are treated perfectly well. Namely,
the extra unphysical modes aj = (a) + a2’)/+v/2, which have to appear to
achieve the manifest covariance, are associated with the Faddeev-Popov
ghost modes c¢,, ¢, to form a quartet (= a pair of BRS doublets) as [12, 13]

foe a
_ 1 2 24 + —_
an_(anaan,~--,an Ian a, I
| |
physical I lo‘* TQBI (1)
| |
G G
L |
quartet

Just as in the Yang-Mills case, these quartet modes are sufficiently well
controlled not to appear in physical subspace by the “quartet” decoupling
mechanism [14]. The zero modes, on the other hand, appear as follows in
HIKKO’s case:

p* (or x*) Co
physical l
(2)
gauge-fixing
2=0
missing!

Namely, the center-of-mass momentum p* is physical and okay, and the
unique ghost zero mode ¢, is unphysical but can be eliminated as a gauge-
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fixing condition &, = 0. The string length parameter « is, however, unphy-
sical but nevertheless appears alone and does not decouple accordingly.
This is the source of the a problem. One way out of it is therefore to
introduce additionally three unphysical variables, one bosonic E plus two
fermionic 7 and 7,4, to complete the “quartet” together with « as indicated
in (2). Then we can expect that the contribution of a will be canceled by
the “quartet” (or Parisi-Sourlas [15]) mechanism. This is exactly what
happens in the ‘“covariantized light-cone” SFT, which we shall discuss in
this chapter.

2. COVARIANTIZED LIGHT-CONE SFTs: INTRODUCTION

The first covariantized light-cone SFT was given in 1984 by Siegel in
the first [16] of his series of three papers [1], entitled “Covariantly Second-
Quantized String.” That paper gave a gauge-fixed (and hence BRS-invariant)
version of the covariantized light-cone SFT, which we refer to as Siegel’s
ortho-symplectic-group, OSp(d, 2/2), invariant theory. Later, in the end of
1986, Neveu and West [17, 18] succeeded in finding the gauge-invariant
version [see also Uehara [19]] and discussed the gauge-fixing procedure
leading to the original Siegel’s theory.

As we shall explain shortly, once the light-cone gauge SFT is known,
Siegel’s original gauge-fixed version, OSp(d, 2/2) invariant theory, follows
immediately through a clear prescription given by himself. On the other
hand, Neveu and West constructed the gauge-invariant action in a very
heuristic manner and the procedure how to obtain it was left unclear. One
of the main purposes of this chapter is to present a general procedure to
obtain gauge-invariant action directly from the light-cone gauge SFT.* We
shall state this procedure as clearly and generally as possible so that its
extension to the superstring may not be difficult.

The basic ingredients of our procedure are the following two, as we
will see in Section 4 in detail: First is the important proposal made by Siegel
and Zwiebach [24] that the BRS transformation Qg should be identified
with an OSp extended Lorentz transformation M~ in the — and c¢(ghost)
plane. Second is the introduction of an additional Grassmann coordinate
0 as a BRS partner of the proper time 7, which was first done by Uehara
[19] explicitly and noted also by Siegel and Zwiebach [25]. This 6, or its
conjugate 7, will play the role of one of the missing zero-mode ghosts
in (2).

* The approach that has recently been pursued by Siegel and Zwiebach [20] is slightly different
from ours; they demand the local gauge invariance under the full OSp(1, 1/2) group, while
we require the invariance only under one generator of that group as a gauge symmetry. Yet
other approaches to covariantized light-cone SFTs can be found in Refs. 21-23.
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2.1. Siegel's OSp(d, 2/2) Invariant Theory [16]

Siegel’s procedure for covariantizing the light-cone gauge SFT is very
simple. One has just to replace any (transverse) O(d — 2) vector X' with
metric 8; by OSp(d — 1, 1/2) vector XM = (X*, ¢, ¢), consisting of bosonic
Lorentz coordinate X* = (X', X, X~) and Grassmann ghost coordinates
¢ and ¢, with OSp metric nyn [given in (23) below]. Namely,

Light-cone SFT Siegel’s OSp SFT
Coordinates xT=nx" > 7x
X'(o) » XM(0)=(X*(0), c(0), &(a))
II::/Iqourilvearif:rtn P =E2p"=a > Ea 3)
P(0) » PM(0)=(P*(0),~m(d), #(a))
Metric O(d-2)é; - OSp(d—-1,1/2) nun

Once this replacement is performed in the light-cone SFT, the resultant
theory is Siegel’s OSp theory. Since the starting light-cone SFT has Lorentz
symmetry O(d —1,1) in which O(d —2) is a manifest linear symmetry
realized by the transverse vector X', the resultant Siegel theory is clearly
invariant under the extended Lorentz transformation OSp(d,2/2) and the
OSp(d — 1, 1/2) subgroup is a manifest linear symmetry realized by X™:

Linear symmetry S-matrix symmetry
Light-cone SFT O(d —-2) O(d-1,1) (4)
Siegel’s OSp SFT OSp(d —1,1/2) OSp(d,2/2)

Because of this linear OSp(d — 1, 1/2) symmetry, the effects of the
added two bosonic coordinates X* and two fermionic coordinates ¢ and ¢
in going from X' to X™ = (X', X*, X7, ¢, ¢) cancel with each other in any
loop integrations. This is the Parisi-Sourlas mechanism [15], as a result of
which the Green’s functions in the light-cone gauge SFT and in Siegel’s
OSp SFT become the same functions; that is, suppose that a certain Green’s
function is given by

G(a, E,p°), p=(p") (5)

in the light-cone gauge SFT, where p’ is understood to be a generic notation
. . . d-2 |

representing the O(d —2) invariants p,-p, =), , p,p; and p, &, of

arbitrary external momenta p, and polarization vectors €,, then the corre-

sponding Green’s function in Siegel’s OSp SFT is given by

G(a, E,p*+2imw), p’=p*p,=p"—2p"p” (6)
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with the same function G as in (5). Further, if we consider the S-matrix
elements S, which we know are invariant under the larger group O(d — 1, 1)
or OSp(d, 2/2) in the two theories, respectively, we immediately see that
the Green’s function relation, (5) <> (6), implies the following S-matrix
relation:

Light-cone SFT Siegel’s OSp SFT (7)
S(—aE +p*) e S(—aE + p* + 2imi)

Namely, the function S is common to the two theories. Therefore if we put
E =0, Tm=a=0 (8)

in Siegel’s OSp SFT, we obtain the amplitudes S(p?), which coincide with
the correct light-cone gauge’s amplitudes S(—aE + p°) provided that we
identify p* = (2p*, p~, p') in Siegel’s theory with (a, E, p) in light-cone
gauge SFT. Note that in Siegel’s theory the Lorentz transformation is thus
identified with the O(d — 1, 1) rotating p* and hence is a manifest symmetry.

The constraint (8) is, however, merely a condition put by hand by
Siegel. Dissatisfied with this point, probably, Siegel himself left this theory
and pursued another approach in his later papers in the above-mentioned
series [1].

2.2. Neveu and West’'s Work and a Severe Criticism

One of the important contributions of Neveu and West [17, 18] is,
besides the construction of gauge-invariant action, the suggestion that the
Siegel’s by-hand condition (8) may come out automatically from a more
natural physical state condition; that is, they imposed

Q™™ =0 9)

for physical states taking Qp = M~ °, an OSp Lorentz generator, as proposed
by Siegel and Zwiebach [24], and argued that the physical on-shell states
@P™* satisfying both (9) and the on-shell condition (ia 3, — L)¢P™* = 0,
realize

E=m=4%=0, a-independent, L¢P =0 (10)

aside from a trivial state of the form Qgy. Uehara [19] also analyzed the
BRS cohomology for (9) more neatly and obtained a similar result.

There arises, however, a serious question about their claim: “Does
physical state really realize (10)?” If so, then, from 7 = 7 = 0, the physical
state ¢P"* is proportional to 7 and 7, ¢*"* = w7, and hence must have
zero norm:

(pP™°| pPMs) = J dm dit| P o j dm d7 wiwi = 07! (11)
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[Or equivalently, in the coordinate (¢ and ¢ conjugate to # and =) rep-
resentation, 7 = # = 0 implies that ¢”™* is independent of ¢ and ¢ and
($P"*| Py o [ dec dE 1 = 0* follows.] This is indeed a severe criticism, since
the zero-norm property means that, if we substitute a physical state, for
instance, Yang-Mills state

|P™) = 77A, (x) i 1,]0)

into the Neveu-West action S[¢], then we obtain a vanishing S(A, ) = 0!

On the other hand, however, they also claim that the physical state is
a-independent and realizes E = 0. This implies ¢P™*oc §(E) as for the
(a, E) dependence and hence the contribution of («, E) sector to the norm
diverges:

I da dE|S(E)|* = 6(0) - J da 1 = o0? (12)

Thus we actually have an indefinite expression (0 x c©)” for the physical
state norm. Can we avoid such an indefinite expression? Are their physical
states really correct? We shall give a complete answer to these questions,
which is another main purpose of this chapter.

3. LIGHT-CONE GAUGE STRING FIELD THEORY

Let us recapitulate here the light-cone gauge SFT [26-28] very briefly
for the purpose of later use.
The action of the light-cone gauge SFT is given by [27-29]

Sic= f dr{¢'(ia, — L/ a)d + 3g¢° + 38°¢"]

L

Ly N

P" = J dl---dntp(1, 7)| - - ($n, 7)|| VIR, ..., n) (n=3,4)

where r and dr denote the zero-mode variables of string r and their
integrations,
r=( =(pr,..-, P, @), dr=(Q2n) P d¥pa,da, (14)

and Lg is the n = 0 component of the Virasoro operator

Li: Z %:an+m Ty —Bn,Oa Oy =P (15)

m=—co
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with a - b generally denoting the summation over the transverse directions
Y7 a’b’. The three-string vertex | Vi) is given as

3

ivfg>=w”(al,az,as)exp{% 5y zv;s,,,af,z-afzn}lm

r,s=1nm=0

X (1/ ayaza3)(27) 8% <§r] p,) ) (Z a,) (16)

r

3 3
o3 D) w3 el
r=1 0 r=1
in terms of the Fourier components N, of the Neumann function defined
on the corresponding three-string diagram. The four-string vertex | Vi) is
also given by a similar expression [28, 29].

The Lorentz transformation property of this system has been studied
by many authors [24, 22, 19] since Goddard, Goldstone, Rebbi, and Thorn
(GGRT) [30] and Mandelstam [26]. The full expression for the nontrivial
Lorentz transformation 8;¢ = [iej_Mj“, ¢] has been given only recently
[31,32]:

S.1¢) = i [M'7|¢) — gX (0in)|p*d) — ° X (din)| P o o $)] (17)
x) i (af;,,,L; - Lima{n)
m

(18a)

X (o) | %9 (3)) = J d1d2(¢(1, )($(2, )| X7 ()| VEL(1, 2,3)) (18b)
X (i) | @0 b o $(4))
= f d1d2d3(¢(1, I)(H(2, KSG3, )X (i) VIA(L, ..., 4))  (18¢)

Based on the a-symmetry [4] and BRS-invariance [3] proved by HIKKO
in their covariant SFT, the present author [31] has shown the invariance
of the light-cone gauge action (13) under the Lorentz transformation (17),

8.51c=0 (19)
as well as the closure of the Lorentz transformation algebra:

[6.(€),8.(eN]=0 or M, M/"]1=0 (20)

4. FROM LIGHT-CONE TO COVARIANT SFT: GENERAL PROCEDURE

Once we know the light-cone SFT, we can immediately construct a
covariant (gauge-invariant) SFT. Let us explain this procedure in a general
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manner so that its extension may be easy to the other SFTs than the present
bosonic 26-dimensional one.

In this procedure, we “extend” the light-cone gauge string field ¢ to
the covariant one ®:

d[X'(0),a, 7]> P[XM(0), a, T, 0] (21)

Here two extensions are performed: (1) OSp extension X'(o) > X (o)
and (2) superextension of proper time 7 - (7, ), which we now explain
separately.

4.1. OSp extension

This part of extension is the same as Siegel’s original one [16] explained
in Section 2.1. The O(d — 2) vector X '(o) is replaced by the OSp(d — 1, 1/2)
vector X (o) by adding two (one positive-metric and one negative-metric)
bosonic coordinates and two fermionic coordinates

X'(0) > XM (0) = (X*(0), c(0), &(0)) (22)

so that the original O(d — 2) symmetry with metric §; is extended to the
OSp(d —1,1/2) symmetry with metric nyn :

v c C
I VI 0
8y > maan =" [~ —=7| = """ (23)
0 |
c i 0

In terms of the zero-mode coordinate x (or momentum p) and nonzero
mode oscillators «,,, this extension (22) is written as

xt > xM = (x* ¢, C)
p'=as—>p™ = (p* —m, ) = ag’
ap=>an =(ak, =V, ) (24)
and the commutation relations become
[x',p/1=i8" > [x™, p™} = in™™ (25)
[an, al]=n8"8,mo>[an', am}=nn""8,,mo

where the graded commutator [ A, B} denotes anticommutator when A and
B are both fermionic quantities and commutator otherwise. Equation (25)
means, in particular, that

{c()s 7?0} = {EO:v 7’"0} = 1’ {‘YH’ ?m} = in5n+m,0 (26)
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The Virasoro operators L; (15) are accordingly replaced by

©
Ln = Z %:a:imnMNaﬁlm:_sn,O
- 1
= Z :(fan+m A, t i7n+m7~m):_8n,0 (27)

Comparing these commutation relations (25) and the Virasoro
operators (27) with those in HIKKO’s covariant SFT, we see that the
oscillators a' here are just identical with (a*, v, = inac,, ¥, = a '¢,) in
HIKKO’s theory. This correspondence, however, breaks down in the zero-
mode sector ay’ = (p*, —m,, 7o); although p* and 7, here still have their
counterparts p* and ¥, = a '¢o **? in HIKKO’s theory, the ghost zero
mode 7, has no counterpart since y, vanishes by definition vy, = inac, in
HIKKO’s case. Therefore , is the extra ghost zero-mode necessary for the
OSp symmetry, which was missing in HIKKO’s theory.

The BRS operator Qg is identified with the OSp-extended Lorentz
transformation operator M, rotation on the c(ghost) and — plane, as first
pointed out by Siegel and Zwiebach [24]. Here M ‘™ is obtained by making
the OSp extension to the original O(d — 1, 1) Lorentz generator M’ given
in (18a), and by taking the ghost direction N = ¢ in the OSp(d,2/2)
extended Lorentz generator M"~. Thus, clearly from (18a) with x° =
¢y, p° = —mp and a;, = —y,, we have [22]

—M¢ = QB —— Lo + lwoi — i Z (‘Y__M) (283)
da a n=1 n
where the Virasoro operators L, are of course the OSp extended ones (27).
Separating the terms containing the extra ghost zero mode vy, = 7, out of
L, and L,, we easily see that the rest part just coincides with the Kato-Ogawa
BRS operator Q5° [12]:

Qs = Q50+ ™ (NFP + "‘aa * 1) (28b)

where the Kato-Ogawa ghost variables c5°(n 5 0), ¢X° have been identified
with the present ones as

d a
. KO KO
. = Inac, forn #0, Cp=""—"=a——xg = ac
Y 7 9w,  acke 0 (29)
Y, = o 'gke for all n
and Ngp is the ghost number operator given by
4 9 S 1 _ -
Nep=7 — 7o +iY "(’)’Z'Yn'*")’:’}’n) (30)

6 o 6770 n=1 N
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The full nonlinear BRS transformation 8z is thus identified with the
full OSp-extended Lorentz transformation M~ accordingly; hence, from
(17) we obtain

550 = Qp® + gd *x @ + g2DoDod (31)

where we have absorbed the prefactor X (i, ) = ¢(0i,) into the definition
of the vertex so that we have, from (18) with (16),

|+ W(3)) = exey J d1d2(®(1)K¥Q2)||VY(1,2,3))

@
IVe(1,2,3)) = £ C(Uim)eXp[ 2 Z NoaGa®) - al) + iy 5%, ]
o (4

18203 rs=1nm=0

x|0)8(a, p) (32)
8(a,p) = (2m)*'8(L )87 (Z pr) (Z '(')) 8 (Z 778”)

dr= 2n) ", do,d*p, dnl d#§"

and similar expression for ® o ¥ o A using the four-string vertex. Directly
from the algebra (20), it follows that the OSp-extended full Lorentz transfor-
mation M "~ satisfies

MY, MM} =0 (33)
hence the full BRS transformation (31) 85 = 8y~ being nilpotent:
(85)°®@ =0 (34)

This nilpotency (85 )> = 0 in fact holds in a stronger form; namely, we
have

0(g%): Q5 =0 (35a)
0(g"): Qp(® * V) = Qp® * ¥ + (~1)°® * Qp¥ (35b)
O(g%): (®* W) * A — D * (¥ *A)
= (~1)*TATQp(® oW A) — QpPoWo A
—(—1)*®° Q¥ oA~ (1) DoWoQsA]  (35¢)

and so on, which are just the same identities as those in HIKKO [3, 5].
These identities in our case result immediately from the corresponding
identities in the light-cone gauge SFT [(53), (55), and (56) in Ref. 31].
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4.2. Introduction of 7, 6

Note that the extra ghost zero-mode 7, appears in the BRS operator
Qz (28) essentially in the form

. 0
g ——
Oaa

This implies that 7, is playing the role of BRS partner of the string length
parameter «. This is good since a should be an unphysical parameter in
our approach.

We have yet another unphysical parameter, proper time 7, which we
have not touched upon in the above Section 4.1. To make 7 really unphysical,
we have to introduce a new Grassmann coordinate 6 to make up a BRS
doublet (7, 6).

To add the variables (7, 6) as a BRS doublet, we now replace the above
BRS operator Qp in (28) by [19]

0 0
Qs> Qs —i0— [01' Qs — E__—] (36)
oT dg
and simultaneously we change the 8 function 8(e, p) and the zero-mode
integration dr in the vertex (32) as

8(a, p) > 8(a, p)é(7T, — 73)8(1, — 73)8(0, — 05)8(6, — 65)

[or 8(a, p)2mwd <2 E,)é (z frﬁ;))] (37)
dr > Q2m) 2a, da, d*p, dnl’ d7” dE, d7$’ (38)

Note that (37) means that we have taken interactions ‘“‘instantaneous’ with
respect to the time variables 7 and 6. Here, in (36)-(37), E and 7, are
momentum variables conjugate to 7 and 6, respectively, and the quantities
given in the bracket stand for the expression in the “momentum” rep-
resentation.

Even with these changes, all the previous identities (35), and hence
the nilpotency (34), (85)* =0, in particular, still remain to hold: First
Q% =0 is trivial since the original Qz and the added term i63/dr are
commutative with each other and nilpotent separately. Second the distribu-
tive law (35b), or equivalently Zle Q%'|V®) = 0, remains valid since

(Z 9,(%)8(71 - 73)3(72 - 73)5(01 —05)6(0,~6;)=0 (39)

All the other associative laws (or Jacobi identity in the closed string case)
clearly remain valid since the additional variables 7 and 6 appear only in
the & functions, indicating simply that the interactions are instantaneous.
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4.3. Gauge-Invariant Action

We have thus constructed the covariantized BRS operator Qj,
x-product and (c°)-product which satisfy the same identities (35) as in
HIKKO. Therefore, the gauge-invariant action S is constructed such that
8S/6® is proportional to the full BRS transformation 8z®, just as in
HIKKO’s case [2, 3]:

S=® QP+ 2gd - (®P*d)+ 387D - (Dodod) (40)
The gauge transformation is given by
8P =QpA+g(P*xA—A*DP)+ g*>(DoDPoA—PoAoD+AcDod)
(41)
The invariance of (40) under (41) is a result of only the nilpotency (85)* = 0,
cyclic symmetry of the vertices, and partial integrability [3].

The action (40) turns out to coincide with that given by Neveu and

West [18] if we write ® = y + 8y and express the action in terms of y and

X by integrating away the 8 variable,* although they gave the gauge transfor-
mation and the gauge invariance proof only up to O(g").

5. GAUGE-FIXED BRS-INVARIANT ACTION AND PHYSICAL STATES

The gauge-invariant action (40) takes quite the same form as HIKKO’s,
and hence we can find the gauge-fixed one by the same procedure [33, 34].

5.1. BRS-Invariant Action for 7,|®) = 0 Gauge

We now consider the case of imposing a gauge-fixing condition
7| ®) = 0 (42)
Corresponding to this, we write Qp [in (36) with (28)] and ® as follows,
making explicit the dependence on 7, and ¢, = 9/d7:

C . T ~
Qs = —;0 Lo+ (M — 15077'0):0"' Qs (43)
o ~ i d d
QB=Q§0+'1@< Fpt+ a—) - E— (44a)
o da 07Ty
® 2
M=% =%,V (44b)
n=11

* The author was informed first by B. Zwiebach of the fact that the Neveu- West gauge invariant
action may be cast into the standard @ - Qz® form if one uses the additional variable 6.
This is commented on also in Ref. 25.
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where (j’,;‘o is the Kato-Ogawa Q~B containing no ghost zero-modes, and
the prime on Ly and N¢p means the omission of the ghost zero mode parts.
Following HIKKO, the guage-fixed BRS-invariant action corresponding to
the gauge (42) is simply given by the same action as the gauge-invariant
one (40) provided that we set the ¢ component in (45) equal to zero and
abandon the ghost number constraint on ¢; namely, putting ® = —7,¢ and
integrating away the 7, variable in (40), we obtain

Ll
b+ igh’ +igte’ (46)

Sgauge-ﬁxed = [S]llx=0 = ¢ :

The BRS-transformation éaﬁb under which this action (46) is invariant is
also given by setting ¢ = 0 in the original BRS transformation (41):

Spp = Opdp + gw * ¢ + gludodpo ¢ (47)

Again (46) and (47) are formally the same as HIKKO, but the vertices
|v™) (n = 3, 4), factors w and u, and the zero-mode integral dr differ from
HIKKO’s at the parts containing 7, E, and 7, modes:

o) =

exp(i £ 7 T N33 ottt (£ 5.)5 (270

(L, a,)

1 2 _
. 2 4
w" = wiliko + i(7o/ @D, u” = ullko + — > N 7§ (48)
A, s=1

dr = a,(dr)uxxo (277)_1 dE, dﬁ'g)

In perturbation theory, the physical on-shell states ¢y, are specified
by the linearized versions of BRS transformation (47) and equation of
motion 8S;ayge-fixea/ 8¢ = 0:

Q~B¢phys = O (49)
L6¢phys =0 (50)

5.2. Analysis of Oz, =0

First note that 9/d« in Q~B (44a) is the derivative (3/9a)., with y,, ¥,
kept fixed. We regard henceforth the Kato-Ogawa oscillators cx© and
¢X9 (n # 0) in (29) instead of vy, and ¥, as a independent, and then the «
derivative (9/0a). becomes [35]

(2)-() 20 5+ () )
dae/ . da/ . dy da /.0y da/ . \da/,

1 9 9 ] 1 8
=—{y—-9—=)+|—) ==Npp+|{— 51
a (787 767) (6a>y a F (Ga)y (51)
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So the BRS operator Qp now takes the simple form
Qs = 0% + QY
- 0
QY = Q%°, QP =imy—— E-2 (52)
Ja 6779

QY and Q% contain mutually independent variables and are nilpotent
separately:

(Q¥)?=2MLy=0  (on-shell), (Q%)*=0 (53)
Generally in such a case, one can show that [36]
(QF + QF) bonys = 0=> bpnys = bpime’ + (QF + QF)x
with (54)
OWeRE = QP o2 -
That is, the physical states are annihilated by Q(B” and Q% simultaneously,
aside from a “null” state (trivial cohomology) part of the form (Q%’ +

(2))
X-
Thus it is sufficient to analyze the physical states satisfying

(i i - E ) ¢phys = (553)
%o

l; ¢phys = 0 (55b)

As we show in Appendix A, equation (55a) implies that ¢,,,s can depend
on the 2 + 2 variables («, E; 7, 7,) only through the OSp(1, 1/2) invariant
aF — imy7,, again aside from the “null” state Q% x. Since plane waves e
span a complete set in the function space of single variable x =
—i(aE — imy,), the solutions of (55) now take the form

Bonys = *ETNTWGKC (QE = 0) (56)

where ¢*© is the Kato-Ogawa physical states containing no unphysical
zero modes. Note that e*“f7"07) is a Gaussian wave function (by Wick
rotation).

Important remarks are in order on the physical state (56). First the
states with different values of a differ from one another only by null states
Q% x; indeed,

a

ea(aE'i’To’?D) _ eb(aE—i'anre) — J‘ dx(aE 177_077_9) et(aE iy y)
b

= Q(,f)(aﬁgj dx e™*E~ ”’0”9)> (57)

b
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Therefore there exists only one genuine physical state in the function space

of (a, E, my, 7). Second, in a_cc_ordance with this observation also, the norm
of the physical states e“*£~"™07) s 1 independently of a:

a(aE—iﬂ-Dﬁe) —

N d'ﬁ'eid’TToe —a=1! (58)
27 a

J da dE 1

Note here that the bosonic Gaussian integration has yielded the factor 1/ a,
which is canceled by the factor a coming from fermionic Gaussian integra-
tion. Owing to the a independence, one may of course choose the a = 0
(or a = o0) state as a representative of physical state. But then one would
encounter the indefinite expression o0 X 0, which was just the difficulty of
Neveu and West’s physical state as explained in Section 2. It is therefore
now clear that this difficulty simply resulted from the inadequacy of their
particular choice a = 0 (or a = ) for the physical state. There appears no
difficulty if we use the physical state (56) with finite a.

This gauge is interesting because it resembles the original HIKKO
theory very much.

In this gauge-fixed theory, all the tree level on-shell physical amplitudes
are easily seen to coincide correctly with those of light-cone gauge SFT as
follows: First one can directly check that the * product of two string functions
of the particular OSp(1, 1/2) Gaussian form e**¥~"™% is again of such a
form, provided that a is proportional to any conserved quantity (like a
component of momentum p*). So, if we put all the external lines to be
physical states of the form (56), with a set equal to a conserved quantity
p, we see in the case of tree level diagrams that all the internal lines also
take the form e®*f7"%) Thus the extra four zero-mode variables
(e, E, 7y, 779) can be integrated away explicitly and the resultant amplitudes
turn out to be the same as those of HIKKO’s theory with «a set equal to
p.* The latter is known to reproduce the dual amplitude at the tree level.

At the loop order levels, however, this gauge encounters the difficulty
of 00 x 0: Since, in this gauge, the propagator 1/L; contains none of the
zero-mode variables a, E, 7y, and 77, and, in particular, E and 7, appear
in the vertices (48) only in the & functions (3, E,)8 (3, 7$7), the integra-

tions over the loop momenta E,; and 7 are factored out to yield

ﬁ U dE, 1] . U dwd 1] = (00 x 0)F

Thus this gauge is singular. We therefore examine another gauge next.

* It is also known that the @ = p* HIKKO model (i.e., HIKKO’s theory with « set equal to
p”) itself reproduces the same amplitudes as light-cone gauge SFT at any loop order level.
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6. ANOTHER GAUGE-FIXED ACTION: SIEGEL'S ORIGINAL ONE

The gauge that leads to Siegel’s original OSp(d, 2/2) invariant action
[16] as a gauge-fixed action is

(7_70 - ﬁe)"b) =0 (59)

This is essentially the gauge discussed by Neveu and West [18], although
their arguments were much less transparent because of the lack of the 6
variable.

For convenience, to discuss the gauge (59), let us make a change of
variables (g, 7y) into

0 = o= Ty
(60a)
Mo = g
or equivalently, in “coordinate” variables,
new = a/a oty = 6/677‘0 = Cy
(60b)

0" = 9/3wy™ = 8/3me +3/d7o = 0 + ¢

Then the BRS operator (43) with (44) is rewritten in terms of these new
variables as

Qs = (aE — L§) + (M — icimo) —+ Q™ (61)
LE% = L) + imywi™ (62a)
new KO -neW 9 . 9
:QB +M —E—F timo— (62b)
o 0mg da

where 9/da is again the a derivative with ¢X° and ¢X° (n # 0) ﬁxed
Hereafter we use only new variables and omit the superscripts “new’ on
the new variables accordingly.

As before, writing ® = —7,¢ + ¢, setting ¢ = 0, relaxing the ghost
number constraint on ¢, and integrating away the 7, variable in the gauge-
invariant action (40), we obtain the gauge-fixed action in this gauge (59) as

1
Sgauge—ﬁxed =¢- (E - Z L(())Sp)¢ + %g¢3 + %g2¢4 (63)
which is invariant under the BRS transformation
Spb = Q5" +gw™ p x ¢+ gu" o po ¢ (64)

obtained from (31) by setting & equal to zero. (We omit the detailed
expressions for w™", u"®"  etc., here.)
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By construction, it is clear that this gauge-fixed action (63) is just
identical with Siegel’s original OSp action, which results directly from the
light-cone gauge SFT action (13) by the following replacement of the
O(d — 2) vectors by OSp(d —1,1/2) ones:

Pi - (pli, —To, ﬁ@)

ail d (aﬁ,‘, ~Yns 77:)
So the action (63) has actually a very large symmetry, OSp(d, 2/2) extended
Lorentz invariance, in which only the OSp(d — 1, 1/2) subgroup is linearly
realized. Our BRS transformation (64) obtained above is, however, not
identical with the Lorentz transformation M~ in the (-, ¢) plane. It
coincides with the latter only on the mass shell (i.e., if the equation of
motion is used). (Actually &5 is nilpotent only on the mass shell, while M™¢
is nilpotent off-shell.)

Again we specify the physical on-shell external states by the linearized
versions of BRS transformation 63 (64) and equation of motion:

~’;‘?ev‘,d)phys =0 (653)
(aE - L()Osp)d)phys =0 (65b)

This case, the form (62b) of (}’}f"’, is a bit more complicated than before
and so the analysis of equation (65a) becomes harder than the previous
gauge. It is, however, clear that the state

Bonys = €2 F 7M7) - §(p? — aE +imeiry + M?)pPPF (66)

satisfies (65) and hence is a representative of physical state, where ¢°°F is

a state constructed by DDF modes alone and M? is the mass square operator
or eigenvalue. This state (66) has a well-defined norm as far as a # 0, #©,
again.

Finally we now show that the S matrix for the physical on-shell states
in this gauge agrees with that in the light-cone gauge SFT. As explained in
Section 2, the S matrix for the external states possessing definite momenta
P.=(p*, a,, E,, w”, #%’) is given by the same function as in the light-cone
gauge SFT:

This SFT Same fn.S Light-cone SFT

—s 67
S(P* = p.p* — «E + ifgmy) S(p*= —aE +p?) (67)

where P? (p?) are generic notations denoting OSp(d,2/2)[O(d —1,1)]
invariants P,- P, (p,- p,) and P,- € (p,- €) for momenta P, (p,) and
polarization €, (e,). Our physical states take the form (66) and do not realize
E = my= 7, =0, unlike Siegel’s case. Nevertheless, equation (67) is
sufficient for concluding the desired result. Indeed, we fortunately have the
following generalized Parisi-Sourlas formula which holds for arbitrary
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invariant function f of n OSp(1,1/2) vectors (k;,k;,k,K,) (r=
1,2,...,n):

n(d*kE
J I ( 5 dr,i dx,)f(kjk; + k7 kT — ikk, + ik,k,) = f(0)  (68)

r=1 ’7Tl

This is proved in Appendix B. The S matrix for our physical on-shell states
(66) is given by

" | da,dE,  _,.
[ 11 [ 42 mipr amtp 925, )

r=1 7Tl
x 8(p>— a,E, + in#0 + m?) e“(“rEr"'"é”"*(e”)] S(P?)  (69)

Here the integrand is an invariant function under OSp(1, 1/2) rotating the
vectors (a, E, o, 7 ) since S(P?) is so under the larger group OSp(d, 2/2)
and the other factors depend only on the invariants o E — im7e. SO we can
apply the formula (68) to (69) with (k}, ,, &) = (a,, E,, #§”, #3’), and
the result of integrations in (69) become equivalent to simply setting a, =
E, = #{" = #7 = 0. (In this argument, important is also the condition of
physical polarization that the polarization vector £, have no nonzero com-
ponents in the (e, E, ,, 77,) directions.) Thus we again obtain the same S
matrix S(p“p,) as in the light-cone gauge SFT.

APPENDIX A: SOLUTIONS TO EQUATION (55a)

Let us show in this appendix that any solution to the equation
d
Qd(a, E,m,7w)=0 with Q = iwa—-—E—— (A.1)
7T

is given by an OSp(1, 1/2) invariant function f aside from a trivial null
state of the form Qy:

¢ = f(aE — imw) + Qx(e, E, w, ) (A.2)
We see first that

¢ = F(aE — iwr#, E, w) + (null state) (A.3)

is the most general solution of (A.1). However, considering the Taylor
expansion of F with respect to E and = around E = 7 =0, we easily
understand that F can be rewritten into the form

F(aE - in7,0,0) + #G(aE — im#, E) + EH(aE — i, E) (A.4)
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But the first term is the desired OSp(1,1/2) invariant function and the
second and third terms can be written as a null state as follows:

Q[—-iaG(aE — imi, E) — #H(aE — imwi, E)] (A.5)

Therefore (A.2) is proved.
APPENDIX B: PROOF OF THE GENERALIZED PARISI-SOURLAS
FORMULA (68)

The original Parisi-Sourlas formula [15] is the one for the case of one
OSp(1,1/2) vector (k*, k™, k, k), which is derived as follows:

Zki
J- d2 di dr f(k"k™ — ikk)

T

= J dzki diide[ f(KTk™) — ikkf'(kK"k™)]

Tri

dzki L= ° 2 d 2y
=J37—;f(k k )_L dk d(_kz)f(—k)—f(o) (B.1)

where we have assumed f(—0)=0. and used k¥=kyzk, =
ik, + k;, dk* dk~ = 2i dk, dk, = 2i dk*. [ The equation (58) is just a special
example of this formula.]

Now we prove the generalized formula (68) for the case of n OSp(1, 1/2)
vectors K, = (k] , k;, k,, k) (r =1,2,..., n). The proof goes by induction.
The n =1 case holds by (B.1). We prove that (68) holds for arbitrary n,
assuming that it holds for the n — 1 case. For that purpose let us first perform
the integration over the nth momentum K, = K = (k™, k™, k, &), which
generally looks like

J dK f(K?, P- K, Q%)
(B.2)
K?=k*k™ — ikR, dK = d’k*dgi dx /2
P-K =p'k™ +p k' - imk + ifk
where P = (p™,p~, m, ) is an OSp(1, 1/2) momentum given by a certain

linear combination of K,, K, ..., K,_;, and Q° denote generically the
invariants made of K;, ..., K,_; alone.
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The integral (B.2) is evaluated by separating the P- K dependent and
independent pieces in the integrand:

(B.Z) = J dKf(Kzs 07 QZ) + J dK[f(Kza P- K’ Qz) _f(Kzs 07 Qz)]
(B.3)

The results of integrals yield, of course, OSp(1, 1/2) invariant functions of
the rest of the n — 1 variables K, K,, - * -, K,,_;. The second term of (B.3)
is, however, seen to give a vanishing contribution when the integrations
fd" 'K over K,,K,,...,K,_, are performed. This is seen as follows.
Since the integrand of the second term contains at least a factor P- K, the
result of the | dK integration contains at least a factor P> by the OSp(1, 1/2)
invariance, and hence takes the form P?>g(Q?) with a certain function g of
generic invariants Q° of K, K,, ..., K,_,. But the integral | d" ' KP?g(Q?)
gives [P’g(Q%)]k,=...=x,_,=o by the induction assumption for the n — 1 case
and vanishes owing to the explicit factor P>. Thus, keeping only the first
term in (B.3) and using (B.1) again, we find

(B.2) = J. dK f(K?, 00, Q%) = (0,0, Q?) (B.4)

implying that the effect of the integration over the nth momentum K is
equivalent to settting K = 0. Repeating this procedure we obtain the desired
formula (68).
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Chapter 12

Topology, Superspace, and Anomalies

Burt A. Ovrut

In the first part of this chapter, I would like to discuss a topological approach
to heterotic superdiffeomorphic and Lorentz anomalies developed in col-
laboration with J. Louis and R. Garreis [1]. This work is carried out using
the superfield formulation of (1,0) supergravity [2] and, hence, world-
sheet supersymmetry is manifest. Although topology, and in particular
cohomology, have been successfully applied [3] to the study of anomalies
involving component fields, previous attempts to apply cohomology to
superspace [4] were beset with difficulties. These difficulties arose, primarily,
from the lack of a Stokes theorem for superspace. However, it was shown
in Ref. 1 that for (1,0) superspace there is a modified notion of Stokes
theorem which enables topological techniques to be employed. Using these
techniques, a satisfactory superspace theory of gauge and gravitational
anomalies can be developed. It is interesting to note that this modified
notion of Stokes theorem is intimately related to the choice of torsion
constraints [2] in (1, 0) superspace.

We begin by briefly reviewing the formalism of (1, 0) supermanifolds.
A point in superspace is written as -

M= (x",x7,6"") (1)

BURT A. OVRUT ® Department of Physics, University of Pennsylvania, Philadelphia,
Pennsylvania 19104-6396.
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The geometry is determined by the supervielbeins Ey*, E,™ and the Lorentz
connection ¢,4°. The associated gauge groups are as follows:

1. Superdiffeomorphisms—parameters £

2. Lorentz transformations—parameter L and generator

1 i
APl (2)
l'1/2
Under superdiffeomorphisms
8pEn" = —£"9, Epn* — (0mE") EL*
8pEsM = —£"9, E,™ + ExM(0,£™) (3)
Spbm = =50 b — (OmED) d1
Under Lorentz transformations
8 En* = LEyPA 5"
aLEAM = _LAABEBM (4)
S dn = —dpL

It is clear from (3) and (4) that, thus far, the supergravity multiplet is highly
reducible. The torsion superfields, Tzc*, and the Lorentz curvature
superfields Rcpa® (= RepAa®) can be constructed from the vielbein and
connection. The supergravity multiplet can be rendered irreducible by
imposing the following constraints:

Tii" = —2i87°
Tpe® = Tiysy ' =0 (5)
T ."=0
The Bianchi identities then imply

T,e.;'=T.11"=0
Riyi=Ris =0
R_,, = —=2iT,_*!
R._=29,,T,_ "'

(6)

Some of the consequences of (5) and (6) are
1. ¢u are determined from E,*, E ™
2. E.™ are determined from E_™, E, ™.
Define H,? by

SEMA = EMBH BA (7)
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Then constraints (5) are left invariant for independent H,,”, H_* as long as
H"' = 2 (D,H." ~ 9_H.,")

H++ = —i(@+1H+1+ - 2iI'I+1+1) (8)
H,”=-i%, H,,~

Super-Weyl transformations are defined as those transformations that leave
the torsion constraints invariant and that satisfy

6wEMa = IEMq (9)
Under super-Weyl transformations
BWEMH = IEMa
1
5wEM+1 = E EMﬂ‘-l - iEM+(3+1l)

SwE.,M = —IE.M +i(6411)84+ E+,™ (10)

l
3wE+1M = —‘2‘ E+1M

Swdrm = NLEN(341) + Eng ' (8:411)
The density superfield is
E.y ' =[det(E,") "Il E+"" — E™(EJ") ' E. ] (11)
Under the above transformations

8pETI = —(—1)"ap (EMET))

- L__

8 E7 = 3 E% (12)
3

SwE:1 = 5E+}

Denote dx* dx™ d*' by dz. Then the superspace integration measure is
dz E7}. The (1, 0) supergravity Einstein action is given by

SSG = J dz E:}2T+_+1

J. dz E:ii(@—¢+l - D1¢-) (13)

0
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Having reviewed the formalism of (1, 0) superspace we can now construct
the sigma model for the heterotic superstring [5]. The matter superfields are
1. X¥-pu=0,...,D-1
2. ¢, -I=1,...,N
Note that —1 is equivalent to — +1. Under the above transformations

X" = —¢"9.X, Spyl, = —¢rary’,

L
S X% =0, Syl = 5 ¥l (14)

l
Sy X* = 0, 5W‘[/£1 = "5 ll’il

The most general action that is superdiffeomorphic, Lorentz, and super-Weyl
invariant is

where

Sx = J dz EXi[~i(2, X*)(2-X,.)]
(16)
Sy = J‘ dz E;}[_‘llil(@+llp{-1)]

We have taken G,,, = 1,,, B,, =0, g, = 85, and A, ,x’ = 0 in (16).

We now discuss the superdiffeomorphic anomaly associated with the
heterotic string. Prior to gauge fixing the effective action, W[E,™], is
given by

eV =N J [dX*][dyl,] e"x+S (17)
The superdiffeomorphic variation of W can be written as
SpW = J dz E; A Gpoym” (18)
where
AY = ape™ (19)

Note that 8, W vanishes if and only if Gp_,,," vanishes. Therefore, Gp_ "
is the superdiffeomorphic anomaly. What is the functional structure of
Gp_1p" ? Remarkably, this can be determined topologically. This is done
in three steps.
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1. BRST Transformations. Let £ be a constant, anticommuting param-
eter and define superdiffeomorphic ghost superfields by £ = £C™. Note
that C* and C*' are anticommuting and commuting superfields, respec-
tively. The BRST transformations of E,", X*, and ', are obtained from
superdiffeomorphisms by replacing ¢ with £C™. Define BRST generator,
3p, by

dp¢: = £Xpd; (20)
Note that 3, is an anticommuting operator. Hence,
33 = (21

It follows from the 8, variations above that
SpEM = —CR B + (—1)°Es"(5,.C™)
IpX* =—Cla, x* (22)
Spyl,=-Chayl,

Define
CoM = (—-1)P9C™ (23)
Then
SpCM = —-Ch, . M — (-1)PH Ll eM (24)
Also
SpET = -0, (CTET) (25)

2. Wess-Zumino Consistency Condition. Replacing ¢™ by ¢éC™ in p,W
implies

SpW = —J dz E;iCPMGD—lMP (26)
Operating with X, yields
J dz ZD(E;iCPMGD—lMP) =0 (27)
Can X, be brought through E;;? Decompose 2, = =, + 2., where
ZIEAM = ——CLGLEAM + (“‘1)0EAL(3LCM), EgEAM = 0
SX*=-Clo X", 2 X*=0

Syli=-Claply,  2yl,=0
2ICPM = '_CLaLCPM, ZgCPM = ‘“(—1)p+lCPLCLM

(28)
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Note that
S.E7 = -3.(CYELY), 3,E;1=0 (29)

It can be shown that Zz = 0. Assume that Gp_;,," behaves like a Lie algebra
valued scalar superfield. That is,

EIGD<1MP = “CLaLGD~1MP (30)
Then
J dz EI(E-:%CPMGD—IMP) = _I dz aP(CPE;}CMLGD—lLM)
=0 (31)
Therefore
J dz E-:}Zg(CPMGD~1MP) =0 (32)

This is the Wess-Zumino consistency condition for the superdifieomorphic
anomaly. Note that (32) is linear in the ghost fields and Gp_; ;" has Lorentz
charge — +1.

3. Topological Solution of the Consistency Condition. Let Ty~ be the
superfield Christoffel connection. Define 'y, = dy T yy~. Differential dy™
is chosen so that I'y,® has the same statistics as Cy~. Under BRST transfor-
mations take

SIS =dy™N(=1)"(CPa. T ™ + CN' T ia’)

3, Laf = dCy® + (-1) " Cy' T R + T CL5) =
The curvature two-form is defined by
Rp% = dTp° + (1) "P7TRTR° (34)
Consider the three-form
w3(0) = (=1)To"Rp? + 3(=1) "7 T T T (35)
It can be shown that
(~1)7RQ"R2 = dw(I) (36)

Now define fMR =T'\R — Cp~ Furthermore, let Ap = d + 2,. Note that
A% = 0. The associated curvature two-form is

IiP = ADf‘PQ + (”‘1)1+p+r fPRfRQ (37)
Since the algebra of Ap, f'pQ is the same as d, I',° implies

(—l)qﬁQPﬁPQ = ADw3(f) (38)
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where
w3(f) = (—1)quPI€PQ + %(”1)r+p+quPfPRfRQ (39)
However, one can show that Iip = Rp° Therefore
dw3(T) = Apws(T) (40)

Now w;(I') can be expanded as w;(I) = wd+ wi+ w?+ wl, where, for
example

Comparing the left- and right-hand sides of (40) and equating terms of

identical form and ghost number yields the descent equations. The equation
of interest is

Zgw% = —dw? (42)

One cannot integrate superforms over superspace. Therefore, consider the
component form of (42)

ng;AB = @Aw%B - (_l)ab@Bw%A + TABDw%D (43)
Integrating over superspace yields

szE:izgw;AB = [ dz E31Tap"0ip (44)

o

Note that the torsions T5" are an obstruction to Stokes’ theorem. However,
recall that Gp_,5" has Lorentz charges — +1 and that T_,,” = 0 for any
D. Therefore

J dzEi {303 4, =0 (45)
and, hence, w}_., is a nontrivial solution of the Wess-Zumino consistency
condition. The — +1 component of ) is

w;—+1 = (_1)1+pCQPE—1NMaMFNPQ (46)

where E_,\"™ = (-1)"E_YE,, — E.,"E_™. Comparing (45) with (32)
implies

Gp_im® o (=1)"E_ "8, T nat” (47)

The constant of proportionality can be found by a one-loop supergraph
calculation. The result is

1
Gp_im® = 1687 (D~ N)Y(=1)"E_ "8, T xas” (48)

The Lorentz anomaly also has a topological solution. We find that
GL—IBA S8 (_l)bE—lNM8M¢NBA (49)
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The superdifieomorphic and Lorentz anomalies are closely related. To see
this define superfields 9,," by
(e™)n" = En™84" (50)
and let
T, = (e"™)(e™) — (e*)d(e™) (51)

where 0 < ¢ < 1. Then the Wess-Zumino term for the superdiffeomorphic
anomaly is

1
S[E,T'] = J dt J dz E7}94"Gp [T, 152 (52)
0
where
1
GD—I[Ft]PQ =T e (D - N)('"l)mE—lNLaLFzNMP (53)
168

Decompose 85, = &, + T, where Ay~ = 9pé™. It follows that
Ll o™ = =0T inn™ = (OnENTune™ 5
T\, =[T,,A,]—dA,
where
Ay = (e7™)A(e™) + (e7™) Tx(e™) (55)

Alsonote that I', =T, Ay = A, and A, = 0. Consider §,S[ E, I']. After a long
calculation we find

6pS[E,T'] = _j dz EI}AQPGD—l[F]PQ (56)

It follows that
Sp(W+ S[E,T]) =0 (57)

Hence, by adding Wess-Zumino term (52) to. the action the superdiffeo-
morphic anomaly can be made to vanish. However, there is now a Lorentz
anomaly, as we now show. The relation between the Christoffel and Lorentz
connections is

T = —(=1)"“"(E*onEs™ — E,*¢na"Es™) (58)
Defining
¢, = (e7)p(e™) — (e7™)d(e™) (59)
where 7 =t — 1. Then
T2 = 8,"65°¢,4" (60)
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The superdiffeomorphic Wess-Zumino term can now be written as

S[E,I'] = —IO dff dz E3195" G [ ,14" (61)
-1
One can now calculate §;S[E, I']. We find that
8. (W + S[E,T]) = J dz EL ¥, "G 615" (62)
where the Lorentz anomaly is given by
Gu 91" = —— (D = NY(=1)"E, ™ 3, o (63

Since there is no longer a superdiffeomorphic anomaly we can now fix this
gauge, thus introducing ghost superfields into the action. The contribution
of these ghosts to the Lorentz anomaly can be calculated with supergraphs.
We find that the entire Lorentz anomaly is

Gron’ =—— (D+ N+ ) D'E-Mosns®  (64)
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Finally, the super-Weyl anomaly can also be calculated topologically.
Setting D — N + 22 =0, we find that the condition that the super-Weyl
anomaly vanish is D — 10 = 0. Hence, we find the well-known result that
the heterotic string has no superdiffeomorphic, Lorentz, or super-Weyl
anomalies as long as D = 10 and N = 32.

In the second part of this chapter I would like to discuss a formalism
that allows a calculation of the Schwinger term in the conformal Virasoro
algebra, and the associated seagulls; directly from the Weyl anomaly. This
can be done for both the bosonic string [6] and the superstring [7], but,
for simplicity, I will emphasize the former. This work was done in collabo-
ration with J. Louis, R. Garreis, and J. Wess.

The anomalous part of the one-loop effective action of the bosonic
string can be shown to be

1 1
W[g] = —-—(D -26) J d’x (—g)"?R® 5 R® (65)
967 v
Recalling that the stress-energy tensor T,,, is defined by
W
Ton =2 —5m (66)
og

it is nnot hard to show that the superdiffeomorphic and Weyl anomalies are
given by
GD = Vmen

(67)
GW = Tmm
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respectively. Since (65) is invariant under diffeomorphisms, G, must vanish.
What about a Weyl anomaly? It follows from (65), (66), and (67) that

1
Gw = —5,— (D~ 26)R? (68)

and, hence, there is in general a nonzero Weyl anomaly. This anomaly
vanishes if and only if

D =26 (69)

which is the critical dimension for the bosonic string. What is the relationship
between the Weyl anomaly and the anomalous Schwinger term in the
conformal algebra? Recall that

e'Vie) = J [db][dc][dX *] &5+ Ser) (70)

where
Wigl = W9g]l+ w¥[g] (71)

W[ g] is nonanomalous and can be ignored, whereas W[ g] is given by
(65). Let £™ be a vector field satisfying

VmET + V™ = Ag™ (72)

Such vector fields are called conformal Killing vectors (CKVs). The confor-
mal currents are given by

T = Ton€” (73)

Start with equation (70). Functionally differentiate with respect to g*(y),
multiply by CKV ¢9(y), operate with V§, functionally differentiate with
respect to g"(z), and multiply by CKV £°(z). Then, to lowest order in h,,,,
we find that

_lA(y) s 5Gw()’) _ "
0D ) 2900 _ oy [ [abyracatax+a| 402
s 8J,(y) i(S+Sgp) ,—iWig]
i£(z2) _———Bg"(z)] e e (74)

Define

(T*(, (0T (2)) = J [db][de][dX *1J,(y)T.(2) €7 Fer) e~ MIED (75)
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where T* is the covariant T-star product and the caret notation identifies
quantum operators. Also, let

2 ()E ()80~ 2) = | (b de][dX*] 2 ':fy) ¢S+ Sar) g~ WEl  (76)
)

Recall that
(T*J,(») . (2)) = (TT,NI(2)) + E1 ()€ (2) Tpgrs(3, 2) (77)

where T is the time-ordered product and the 7,,,; functions are “seagull”
terms. In the Bjorken-Johnson-Low limit one can show

veTU, ()7, (2)) = 87°(0)8(° = 20[J,(»), J.(2)] (78)
Define

pqrs(y’ Z) pqrs(y, Z) l‘—‘pq,rs(y)ﬁ(y - Z) (79)
Then, using (75)-(79), equatlon (74) becomes

2,8 (e () 2D 3Gw () _ 5,0 — (), LD

TS( )
+ 070, [E9(1)E°(2)Thars(y, 2] (80)
For the closed string a complete set of CKVs is

1 -
é_xm(xd:) — m ezm2J2x (81)

where m is any integer. Define the associated conformal currents and
conformal generators by

(82)

respectively. Henceforth, we consider the (+) terms only. The most general
form for the first term on the right-hand side of (80) [with index r in (80)
set equal to zero] is

5% = 22T (myo(3), TP (myo(2)D)
= £ ()€ . (2) z S“”'(y)( )6(y—z) (83)

Equation (80) can now be written as

GW(}’)
5 o+( )

=&, ()€ .(2) Z s +)’(y)( )a(y—z)

+ npta}’t[g m()’)§ n(Z)T p+,0+(ya Z)] (84)

[«9y+§ m(MET(2) o
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Gyw is the Weyl anomaly given in (68). Hence 6Gy (y)/6g°"(z) can be
evaluated and is found to be

6Gw(y) _ _Q

5g0+(z) = 187 (D —26)(808; — 3%)|y5(y —z) (85)

Putting (85) into (84) and comparing left- and right-hand sides yields the
following results: Seagulls

-1i
T,0+,0+(J’s z)=— (D - 26)3i18(y - z)

48
, (86)
—i
T’1+,0+(y, z)=—(D —26)(309; + 28%)'_‘)6(.}; - z)
487
Schwinger terms:
S () = —= (D - 26
)= )
. (87)
SHI(y) =0, r#3
Equation (83) now becomes
5(}’0 - Zo)([j(+)(m)o(y), j(+)(n)o(2)]>
—i
=22, P~ 26)€" ()€ n(2)05,8(y — 2) (88)
Integrating (88) over | o dz° {7 dz' dy' and using (82) implies
A A D - 26
<[L(+)m > L(+)n]> = (_—-—2 m35m+n 0 (89)
247 ’
It follows that
A A A D - 26 A
(£, 29,1 = (m = m L+ 22D 35,00 (90)

244

The second term on the right-hand side is the anomalous Schwinger term.
(Note that the m* can be turned into the more standard expression m* — m
by a trivial redefinition of E(+)0.) A similar result holds for the f(')m
generators. We see, therefore, that there is a direct relationship between the
Weyl anomaly and the anomalous Schwinger term in the conformal algebra.
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Chapter 13

Field and String Quantization
in Curved Space-Times

Norma Sanchez

1. CONTEXTUAL BACKGROUND

Perhaps the main challenge in theoretical physics today is unification
of all interactions including gravity. At present, string theories appear as
the best candidates to achieve such a unification. However, many technical
and conceptual problems remain and a quantum theory of gravity is still
not available. Continuous effort over the last quarter of a century has
demonstrated the many difficulties encountered in repeated attempts to
construct such a theory and has also indicated some of the particular
properties that an eventual complete theory will have to possess. The amount
of work in that direction can be by now presented in two different sets,
which have mainly evolved (and remain) separated: (1) conceptual unifica-
tion (introduction of the uncertainty principle in general relativity, the
interpretation problem, quantum field theory (QFT) in curved space-time
and by accelerated observers, Hawking radiation and its consequences,
“wave function of the universe”,...); (2) grand unification (the unification
of all interactions including gravity from the particle physics point of view.
Gravity is considered as a massless spin-2 particle (the graviton, super-
gravities, Kaluza-Klein theories, and the more successful superstrings).

NORMA SANCHEz @ Observatoire de Paris, Section de Meudon, 92195 Meudon Principal
Cedex, France.
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Whatever the final theory of the world will be, if it is to be a theory of
everything, we would like to know what new understanding it will give us
about the singularities of classical general relativity. If string theory is to
provide a theory of quantum gravity, it should give us a proper theory (not
yet existent) for describing the ultimate state of quantum black holes and
the initial (say, very early) state of the universe, that is, a theory describing
the physics (and the geometry) at Planck energies and lengths. Till now
gravity has not completely been incorporated in string theory: strings are
most frequently formulated in a flat space-time. Gravity appears through
massless spin-2 particles (graviton). One disposes only of partial results for
strings in curved backgrounds; these mainly concern the problem of con-
sistency (validity of quantum conformal invariance) through the vanishing
of the beta functions. The nonlinear quantum string dynamics in curved
space-time has only been studied in the slowly varying approximation for
the geometry (background field method) where the field propagator is
essentially taken as the flat space Feynman propagator. Clearly, such
approximations are useless for the study of strings in sfrong curvature
regimes where quantum gravity effects are important. Qur aim is to properly
understand strings in the context of quantum gravity. As a first step in this
program we propose studying QST (quantum string theory) in curved space-
times. (Of course the main goal should be to extract the particle spectrum
and the space-time itself from string theory, but, as is known, one is very
far from doing that explicitly.) There are different kinds of effects to be
considered here: ground state and thermal effects (associated with the fact
that in general relativity there are no preferred reference frames, and with
the possibility of having different choices of time), and curvature effects,
which will modify the mass formula, critical dimension, and scattering
amplitudes of strings.

2. FIELDS IN CURVED SPACE

The formulation of quantum field theory in nontrivial (curved or flat)
space-times has given new fundamental features with respect to the usual
understanding of QFT in trivial (Minkowski flat) space-time, viz., (1) the
possibility for a given field theory to have different alternative well-defined
Fock spaces (different “sectors” of the theory); (2) the presence of
“intrinsic” statistical features (temperature, entropy) arising from the non-
trivial structure (geometry, topology) of the space-time and not from a
superimposed statistical description of the quantum matter fields. Relevant
examples are QFT on the Rindler manifold and its analytic mapping
extensions [1,2], black holes and cosmological (de Sitter) space-times.
Quantum field theory that has been developed for curvilinear (accelerated)
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coordinates in flat space in a way that can be directly generalized to curved
space-time is a useful step for a physical and mathematical discussion of
the full theory. The genuine coordinate independence, which is so familiar
in the classical theory of general relativity, is not a particular property of
gravity but a fundamental principle prevalent in all descriptions of physical
laws. On the other hand, the apparent difference that results from the
treatment of a quantum field theory in a variety of coordinate systems (in
either curved or flat space-time) is not a coordinate effect at all, but is a
consequence of the fact that physically different quantum states are correctly
described by the quantum theory as being physically distinct. ‘“Canonical”
states for different coordinate systems are physically different (each timelike
vector field leads to a separate indication of what constitutes a definition
of positive frequency).

Some time ago the present author [2] proposed a new approach to
QFT in curved space-times based on analytic (holomorphic) mappings. The
mappings relating some manifold to its global analytic extension are an
essential ingredient in the discussion of QFT on curved manifolds and its
thermal properties. This approach allows (1) studying the vacuum and
thermal properties of the quantum theory entirely in terms of the properties
of holomorphic functions; (2) classifying the vacuum spectra (particle
production rates and their associated temperature and entropy) according
to the singularities of the mappings (the singularities here describing the
asymptotic regions of the space-time). Consider a two-dimensional space-
time as embedded in a higher four-dimensional one with metric tensor g.
If g has removable singularities (event horizons), the coordinates (without
horizons) in which the manifold has its maximal analytic extension can be
found from mappings of the form

Xt b =f(r*+1t)

where (xi, t,) are Kruskal (maximal) type coordinates and (r*, t) are of
Schwarzschild type. For the most important metrics in general relativity,
the presence of isometry groups allows us to perform the maximal analytic
extension of the four-dimensional manifold M through the extension of a
relevant two-dimensional manifold containing the time axis and a suitable
spatial coordinate. This two-dimensional manifold can be taken as the fiber
of the manifold M considered as an appropriate fiber bundle. Examples
of this situation are the Taub-NUT (T-NUT) and Kerr-Newman (KN)
metrics, which can be also generalized to be solutions of the Einstein
equations with nonzero cosmological term, i.e., the Taub-NUT-de Sitter
and Kerr-Newman-de Sitter families. After analytic continuation f, =
im, (t = ir), the mapping

w = f(u')
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(up = Xy % im, ' = r* £ it) is holomorphic (or antiholomorphic). These
mappings should satisfy the boundary conditions

Uy = f(£0)

u,. are the images of the event horizons in u'. Thus, in Schwarzschild
space-time r*=r+r,In(r/r,—1)=—00, (i.e., r=r,= Schwarzschild
radius) corresponds to .. =0 (i.e., x, = £#). For the Kerr-Newman or
Taub-NUT families, f is the exponential mapping, i.e.,

flwy = &
where
8w[M + M*(M*+ I+ Q*17*] (KN)

M(M +1)+2[L* - M(M?*+ L*"?]
m L(M? + [A)"?

B

(T-NUT)

The temperature ( T) of these solutions is a topological invariant: It is given
by the differential winding number of the mapping f, i.e.,

1
2

T = —a—Imlogf(r*+i7)

aT

If f is the exponential mapping, 7 is periodic (0 =7=8)and T = B lis
the Hawking temperature. In the Euclidean regime, these solutions exist as
gravitational instantons (i.e., complete solutions of the Einstein equations
with ++++ signature). The Euclidean action I = /16 is finite, inter-
preted as the intrinsic entropy of the solutions and related to its Euler
number. [The presence of event horizons is a necessary condition to have
nonzero entropy and a true (global) thermal equilibrium over the whole
space-time, but they are not necessary to have finite temperature and
asymptotic thermal equilibrium.]

3. STRINGS IN RINDLER SPACE

Much of the present interest in string theories comes from the hope
that they may provide a finite theory of quantum gravity. It seems natural
in this context to investigate the quantization of strings in a curved space-
time. As a first step in this program we study the quantization of a string
in a uniformly accelerated space (D-dimensional Rindler space). Although
this is a flat space-time, it possesses a space-time structure including an
event horizon, similar to a black-hole manifold. In order to quantize the
string properly in this manifold, a horizon regularization is needed. This
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regularization can be introduced through the definition of the Rindler
coordinates as follows:

X, % X+ & = e¥X'#XY

x' =X i=2,...,D (1)

where (x', x°) and (X', X°) are, respectively, Minkowskian (Kruskak-like)
and Rindler (Schwarzschild-like) coordinates. @ is a constant defining the
proper acceleration of the Rindler observers (a is equal to the surface
gravity in the black-hole case) and ¢ is an infinitesimal parameter of the
order of the Planck length. The horizon is now at a finite distance | X' +
X° ~ (1/a)In(1/¢). This regularization reflects the fact that a classical
description of the geometry is no longer valid at distances of the order of
the Planck length.

We quantize the string in a light-cone gauge where the light-cone
variables are (x! + x°) and (X' + X°). This choice is particularly convenient
here since the acceleration points in the x' direction. We recall that for
QFT in accelerated frames (in flat and curved space-times), different timelike
vector fields lead to inequivalent positive frequency modes [1-3]. In the
light-cone gauge, positive frequency modes with respect to the timelike
variable (7) on the string world sheet are physical states when 7 is identified
with the appropriate time variable in the physical space-time. We associate
inertial and accelerated particle states of the string to positive frequency
modes with respect to x° and X°, respectively. We find that the accelerated
frequencies of the accelerated modes differ in a large factor

2mra

Ao = —————
T InQw/e + 1)

(2)
from the inertial ones. Physically this factor reflects the indefinite increasing
of the string length when it approaches the event horizon (Fig. 1). We
develop the string dynamics in Rindler space and write the corresponding
constraints. The longitudinal coordinates X° and X' obey nonlinear
equations of motion but, as in the inertial case, they can be eliminated in
terms of the transverse coordinates which are the independent dynamical
variables. Two possible situations appear depending on whether the center
of mass has a uniform speed or a uniform acceleration. The mass formulas
are derived in each case. The Poincaré invariance of the flat Minkowski
space-time has a nonlinear realization in terms of the Rindler coordinates.
We prove that the passage from the inertial to accelerated modes of the
string is a canonical transformation both at the classical and quantum levels.
We also check that an explicit realization of the Poincaré algebra can be
constructed in terms of the accelerated modes, provided (at the quantum
level) one sets D = 26 and uses symmetric ordering of the operators. The
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Figure 1. World-sheet of the inertial string in Minkowski coordinates. u = 0 and v = 0 are
the horizons of Rindler space.

explicit expression of the Bogoliubov coefficients relating the inertial and
Rindler modes of the string is found. The expectation value of the Rindler
number mode operator in the ground state (tachyon) of the string is com-
puted. This follows a thermal distribution [equation (62)] with temperature

T, =—— (3)

This is the same Hawking-Unruh value that appears in the field-theoretical
context. However, if one measures the frequency in dimensionless units
(1,2,...) instead of multiples of A, [equation (2)], the temperature of the
ground state is a (very large) pure number

T, 1 2ar
To=—=-—In(=+1 4
0 /\0 4’)T2 n(e ) ()
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We find the expectation value of the accelerated mass M’ operator in the
(tachyon) ground state; it turns out to be a large positive number

M' =27T, (5)

The major features of the string quantization in Rindler space also
hold for a string in a Schwarzschild space-time. An appropriate light-cone
gauge can be introduced for left or right movers in the null Kruskal and
Schwarzschild coordinates. Now, equation (2) for A, gives the relation
between the Kruskal and Schwarzschild frequencies and T, and T,
[equations (3)-(4)] give the temperatures characterizing the ground state
of the string in the black hole manifold with

MP]) (D-2)/(D-3) (Mpl) (D~-2)/(D-3)
~|— and =K ~(—
€ ( M « M

Here Mp, and M stand for the Planck mass and the black-hole mass,
respectively. It can be noticed that the Hagedorn temperature in this context
(1/vVa' ~ Mp) is always =T, ~ Mp(Mp;/ M)"°~ since a basic require-
ment for the present semiclassical treatment is M = Mp,. The investigations
presented here can also be extended to the case of fermionic strings and
to more general (nonuniform) accelerations described by analytic (holo-
morphic) mappings as in the approach of Ref. 2.

4. HORIZON REGULARIZATION IN RINDLER SPACE—INTRODUCTION
OF THE ¢ PARAMETER

Let us discuss now some features of Rindler space that are important
for our study of strings in this space. The Rindler transformation maps the
right-hand wedge x' = |x° of Minkowski space onto the whole Rindler
space —0 < X', X° = +o0 (the whole Minkowski space can be covered
using four different Rindler patches). As is known, a quantum field in
Rindler space is in a thermal state with temperature T = a/(2). In addi-
tion, ultraviolet divergences arise in the free energy and entropy of quantum
fields from the existence of a horizon at x' = |x° (i.e., X' = —o0) in the
space-time. The same problem appears in the case of a four-dimensional
black hole. Let us illustrate this phenomenon by considering a free massive
scalar field ¥. In D-dimensional Rindler space, the positive frequency
modes are

1

- (2m) @22 !X (XY, A>0 k'eR

2

where ¢(X"') satisfies
d2 : 1
[——-———12 + A% = (m* + k?)a? ¥ :|(I>(X’) =0
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The total number (&) of wave modes with frequency less than A can be
computed in the semiclassical approximation for A = a. This is enough to
study the ultraviolet behavior of the quantities interesting us. In the WKB
approximation &), is given by

a) D2 dk' i2 1

WNA:J. dxlj H ___[/\2__(m2+k|)a2e2ax ]1/2 (7)
—-H i=1 2m

The integration is taken over the values of k' and X ! for which the argument

of the square root is positive. Here a(A) is the classical turning point

A

eaa(}t) -
mao

and H is a large cutoff (H = 1/a) on the negative Rindler coordinate X L
This shifts the horizon by replacing the light-cone x' = |x,| as a boundary
of Rindler space-time by the hyperbola

(xl)z _ (xO)Z = e—ZaH (8)

This regularization takes into account the fact that a classical description
of the geometry is no longer valid at distances of order of the Planck length.
Thus

e—ZOzH ~ lp
Evaluating ¥, for large H it yields

_1 A/ a)?!
4 (47) P~ D -2)

Ny e“H P21 + O(e™2*M)] 9)

Then the free energy and the entropy at temperature 7

® dr oF
F=—| No—7 S=-——
L M(eMT -1y oT
are equal to
I'(D)¢(D)T

F—_-

RTSICETEy e P14+ 0(eM)]  (10)

D
S=—-—F>0
T

In Rindler space, T = a/2% and so

_ (D)D) a «H(D-2)
F= @™ 0-2° (an
S = I'(D)¢(D) 27D e*H(D=2) (12)

~ (4m)PV24P (D -2)
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We explicitly see that F and S need the ultraviolet cutoff H to be finite.
This is equivalent to considering the following mapping defining the acceler-
ated coordinates:

x' = x0+ g = X' X
(13)

1 0
x'+x%+ g = XD

where ¢ = e *H¥ —H < X' < +o0.

5. ANALYTIC MAPPINGS AND THE HAWKING-UNRUH EFFECT IN
STRING THEORY

As itis known, the string action in a D-dimensional (generically curved)
space-time is given by

1
=5 I do dr Vgg®* Gap(X)a.X9X"? (14)
T

G4p(X) and g,z(0, ) stand for the space-time and the world-sheet metrics,
respectively, namely,

dS®> = G.p(X)dX*dX® 0=<AB<D-1

) (15)
dF? = gop(x) dx™ dxP, 0=sa,B=1
(27a’) ™" is the string tension (we will take here o’ = 1).
The equations of motion and the constraints are
XA+ T5c(X)3.X"0,Xg® =0 (16)
Tos = GapdoaX 95X " — 38,p9,X"9°X2 =0 (17)

I'4c(X) stand for the Christoffel connections of the metric G, 5. As is well
known, the action (14) is invariant under reparametrizations of the world-
sheet coordinates

8X" = %(£)3.X"(§), ¢*=(o,7)
under which the two-dimensional metric g,z goes to
88ap(€) = €70,8up + (3aE%)8ap + (9p€7) 8up
This reparametrization invariance allows us to choose g,z in the conformal
form (so-called “conformal gauge”), namely,
8ap = A(¢) Nap

(18)
d¥? = A(o, 7)(do? — dr?)
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The choice of the conformal gauge still allows the reparametrizations

x,+e=f(x+1)
(19)
x_t+te=gkx_+1)

(where x. = 0 = 7, x, = ¢’ + 7" and we have introduced the constants ¢,
whose meaning will be clear in the sequel). In this way, we can choose the
light-cone gauge:

V=X,+X,=p.x, (20)

where the proportionality constant p, > 0 is the momentum of the center
of mass of the string.

An important step in field as well as string quantization is the definition
of positive frequency states and its associated ground state. It is by now
well known, in QFT (in either flat or curved space-times) that “canonical
states” for different coordinate systems are physically different (each time-
like vector field leads to a separate indication of what constitutes a positive
frequency) [1, 2]. There are different ways (and there is thus an ambiguity)
by choosing such a basis. This makes it possible for a given field theory to
have different alternative well-defined Fock spaces (different “sectors™ of
the theory). To illustrate this feature in string theory, let us consider the
simplest case Gag = Nap, 1.€.,

ds? = —dX%+ dX"+ - + dXP7" (21)

which means both that the space-time is flat and that the string is described
in an inertial frame. Usually the string is described in this frame where

9,40, X*=0, A=0,1,...,D—-1 (22)

and then positive frequency modes are defined with respect to the inertial
time X°. In the light-cone gauge, X° is proportional to 7 and therefore the
modes

1 —inx - 1 inx
Pn=oime P me
2(w|n])*’? 2(a|n))'"?

-

(23)

define the (inertial) particle states of the string.
Obviously, if we consider the (o', ) parametrization of the string
world sheet [equation (19)], i.e.,

o'+1=3Gloc+71+e)+ F(oc—7+¢)], F=f" (24)
4
r=HG(c+7+¢)— Flo—1+¢)], G=g!
for which we have

3y 05 XA =10 (25)
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positive frequency modes with respect to 7', namely,

- 1

— oA = —
)2 T )

- 1

b, = e (26)

do not define positive frequency modes with respect to X°, i.e., are not
inertial particle states of the string. However, they are positive frequency

modes with respect to another (accelerated) time X* defined by
Xi—Xo=p - f(X1—- X0
(27)
X+ X, =p+g(X1+ Xo)

where f is the same as in equation (19). This corresponds to the description
of the string in an accelerated reference frame {X{, X},..., Xp_;}, with
acceleration

a= (f, ,)1/2 aX [ln(f’gl)]

and metric
ds’? = p.p-f'(X| = Xo)g' (X1 + X)(—dX§* + dX )
+dX7+ - +dX3 (28)
where, for simplicity, we have taken
Xi=X (i=2,...,D=-1)
For the description of the string in this frame we can always choose
V=Xi+Xo=x,+1 (29)

as it follows from equations (19), (20), and (27). Thus, equation (25) defines
the accelerated particle states of the string. [The choice (29) is particularly
useful here because of the acceleration points in the X' direction.] In this
frame, the equations of motion of the string are

bude U+l o, Uaw U+ (L 5) 80, U'dy V' =0
f S
" " ”w (30)
800 V' +E 5, Vg, v - (f g ) 3., U'dy V' =0
g fog
ax;axr_X”' =0 (31)

The equations of motion of the physical (transverse degrees) of freedom
are the same in both frames. The equations of motion of the longitudinal
coordinates (U’, V') are different, but it can be shown [3] that, as in the
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inertial case [4], they can be eliminated in terms of the transverse coordinates
by using the constraints

T..=f' (U (V)L U'9. V' +3.X3.X =0

(32)
T, =0

The Poincaré invariance of flat space-time has a nonlinear realization in
terms of the accelerated coordinates, but an explicit realization of the
Poincaré algebra can be constructed in terms of the accelerated modes
provided (at the quantum level) one sets D =26 and uses symmetric
ordering of the operators [3]. u

The manifold (o', 7) defined by equation (24) is the convenient world-
sheet parametrization for an accelerated string or a string in an accelerated
space-time. This is true in either flat or curved space-time [although in the
last case, equation (25) can only be valid asymptotically for x. - +o0].

Let us describe the string in the reference frames (21) and (28) referred
to in the sequel as (I) and (A) respectively. We consider here a closed
string and take for simplicity f = g. The boundary conditions are

X*(0,7) = X*(m, 1)

X*(0,7") = X*(L,, ") (33)
Notice that
0<o <, —00 < X% < 400
—00 < 7 < +0© (34)
In order to have
0<o' <L, -0 < X" < 400
—00 < 7' < 400 (35)

appropriate boundary conditions on the mappings must be imposed. Condi-
tion (33) is automatically satisfied from equations (19) with

L.=F(e+2m)— F(e), F=f

36
1= F(e) (36)

Condition (35) on 7" and X' is not particular to strings. It is required to
get a consistent quantization (of fields or strings) in accelerated manifolds
and to have a complete in (out) basis [2]. On the other hand, the manifold
A can cover only a (bounded) region (namely, | X'| > |X°|) of the original
(I) one. Similarly, the manifold (¢’, 7) can cover only a domain (|o| > 7)
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of the inertial or global world sheet. All these considerations are satisfied
by taking mappings such that

u, = f(=0) (37)

where u, (u_) are constants that can take independently finite or infinite
values and u, > u_. This means that the inverse mapping F = f~' has
singularities at u = u., i.e.,

F(u,) = £ (38)

Singularities of these mappings describe the asymptotic regions of the
space-time. Critical points of f, i.e.,

J'(£0) =0 (39)

describe event horizons at ¥ = u_ and u = u. . In this case u_ (u,) are finite
and the manifold A cover the region u_ < | X' = X° < u_ of the global (I)
space-time. If u, = 00, there are no horizons. In this approach, the well-
known Rindler’s space corresponds to the mapping

f=eY, a = const (40)

In this case, u_ =0 and u, = +00; u = u_ = 0 is an event horizon and the
manifold covers the right-hand wedge |U| > 0. (In order to cover the whole
plane, four Rindler’s patches are needed.) For the string world sheet we have

X, + g =e "D (41)

and we see how the presence of the constant ¢ is necessary in order to have
a finite string period in the manifold (o', 7). For the Rindler’s mapping
(41) we have

1
=—loge
a

1 2
L =— log<—7—r+ 1) (42)
@ €

For € - 0, there is a stretching effect of the string due to the presence of
an event horizon in the world sheet.

Let us now consider the string quantization in the frames (I) and (A).
The string coordinates can be split into left and right movers as

XA(&) = X&)+ XAE) (43)
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where £, stands for o £ 7 or ¢’ = 7'. As usual, left and right modes of the
closed string decouple both in the classical and quantum theories. We
consider first the left movers. The wave modes are periodic functions of x.
and x_ with period 2. The left modes which are only functions of x, will
be periodic functions of x, = ¢’ + 7’ with period L.. In the inertial frame
(I) we have

g, p_ 1. a,
—t—x,+ —_—
2277 2,5%0|n|

—inx

X‘—éx+) = e
(44)

- i,
Usxp=q-+p-xe+5 L —e ™
2n#0n

p- = uo/2

The independent dynamical variables d,, (n € z), ¢, 4+, and p. obey the
canonical commutation relations

[&l, @l]= nd,.md?, Gl = —i«/ﬁsgn at n#0
[qa&f)=i8", ao=p' (45)
[q-,p-]1=i

Then

ij

[X/Ce), 51 = 5 6(x = )

The energy-momentum tensor, the conformal generators and the mass
operator are

Ln —inx
T (x)= Y e T

nee 2
L,=3Y Gmlymt peil, (46)
Lo=3Y al,a’,, +2p.p_
and
2 2 nooiv i i i+
M :P+P—_Pi =25(an an+anan )
(47)

(D-2)

=Y na'a), -
Zn:na )
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In the accelerated frame (A) we have

Qi Pi

Xixh)=<+=xi+ ¥ Cida(x)
2 2 n#0
P n
U(x+)——u0+~——x++ Y, Y poinx,
2 2n#O n
with
. . P!
X(xt+L)—-X(x})=-—L.
2
. . P
U(xi+ L) - U(x}) =—2—Le
and
. 2 27
P'=—npi P =—p_
L p, L p
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(43)

(49)

The left modes provide the T, . component of the energy-momentum tensor.
The accelerated conformal generators (L) follow from the Fourier trans-

form of T/ ,:
- L;l —iA x!
Ti(xi)=Y T e e

—co Lo

L,=L}+L'=~0

1 S50 50
Lg%BmBn
Ci=isgnBi/Vinl,  Bi=BL.,  Bo=0,

We find the following Fock representation

[élma é‘ln] = Bnm 8ija [E:n ‘_{n] = n6n+m,0 6'1

(7 0l = ~(37) is?

[ps,uol = —

which implies

(X&), PN =5 56— £) "

(50)

Yo = P-

(51)

(52)
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For a string whose center of mass follows an accelerated world line in the
longitudinal direction X, of the type
x'xx’+a, = A, e, a.,A. = const
it is convenient to use the expansion [3]
U= U0+L[ﬁ_+—" » r,,e_i’\"x'“‘] (53)
Sf(x%) 2 70

for which the mass formula is given by
M? = (aL)’p.j-— p} =53 (Ci' Ch+ CiCY)
1

(D=-2)
24

The operators M? and M'? [equations (47) and (54)] are different but both
have the same eigenvalues.

The same treatment applies to the right movers X* in a gauge
defined by

=Y nCiCi - (54)
1

U=px_
and with

U =x_+1
ie.,

x_+e=f(x_+1)
The (I) and (A) Fock representations are related by a Bogoliubov transfor-
mation
Ch=p0,+ El (Apnah+ Bppai), m#0 (55)

with Bogoliubov coefficients

1 n 1/2 2= ) i
Amn = <¢Am s ‘pn> =3 ("") J. elna’—u\mF(o-+g) do
29 \m

0

1 n 1/2 2T ) .
Boun = {brm» ¢7) = Py (;) J enTTAmE@Te) go (56)

0

and zero-mode contribution

1 27
Om = <_2‘ (x+ - EE— x'+), ¢Am>
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The ground state of the string is defined by

alloy=0, Vn>1
) (57)
p'lo) =

We also have
C,.l0Y =0, VYm>1
Pil0)y =0

but C,|0) # 0. The expectation value of the accelerated number operator
in the ground state |0) is equal to (not sum over i)

(58)

N'(xm) = (0|CHC310) = N(Am) = 3. |B,,.] (59

which is i-independent. The expectation value of the accelerated M’
operator is equal to

M’2=24§nN(n)—l (60)

where N(n) is given by equation (59) with A, = Qw/L)n If f(x + 1) =
e*>%*D then

—iAm/a b 1
B, (n»1) = €(Am) ——— n o< )

Vn f
i e—ﬂ-)\m/2a )\m)
€¢=——r——1 |1+i— 61
2m Im ( e (61)
b 3 l (zw)xAm/a
27r vm
and
N(m) = ! =
T (e¥™™— 1) 2mAm
(62)
o n
M?=24| Y —F——+To| -1
[,E‘l (e"To—1) 0]
2
M2, =1 2T (63)
27 £

[Recall that in field theory, By, (k> 1) = €(A)(k/vk)™™ %, with A € R]
N(A,) [equation (62)] is equal to a Planckian spectrum at the Hawking-
Unruh temperature

T, = (64)
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In N(n), the temperature is

L a 1 2
To=(2) T, == = —5In|= 65
0 (277') 27 e« 27)? n< £ ) (65)

The expectation value of M’ in the ground state |0) is positive. The tachyon
level of this state is filled up with accelerated modes following a thermal
distribution. For any other mapping f different from the exponential one
[equation (41)], B,,, (n » 1) > ™" and N(A,) and N(n) are nonthermal.

It can be noted that the acceleration as well as the temperature T,
appearing in N(n) are rescaled by the factor (L,/2), i.e., the ratio of the
string period in the inertial and in the accelerated frame. Thus, the
dimensionless temperature T, does not depend on the acceleration param-
eter o of Rindler’s space, but on the parameter

=<L€)a:Lln<2—w+1) o (66)

sx1 2

We see that the parameter ¢ [I = I(¢)] introduced in the mappings on the
world sheet, plays a fundamental role in the string context. £ acts as a
regulator or cutoff to avoid the presence of an event horizon in the world
sheet and to get a finite string period. Its magnitude is of the order of the
Planck length.

6. TRANSFORMATION BETWEEN THE STATES. DERIVATION OF THE
PARAMETER £« FROM THE CONSTRAINT EQUATIONS

We see that the transformations (19) are not without consequences but
change the ground state and in general, the quantum states, except for
mappings belonging to the O(2, 1) group. Such invariance mappings are
the Mobius or bilinear transformations. Under the transformations (19) and
(27), the states transform as

[)=17=e9) (67)
where a,| Y)=0,C,|")=0,V, and
G =3 6,(C.C, - CiC7)
[This is an operatorial representation for the Bogoliubov transformation,

equation (55), with Bogoliubov coefficients cosh 6, and sinh 6,,.]
The vacuum expectation value of T,, transforms as

(T) ={T,.)+0,,+P, (68)
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P,, is any conserved traceless tensor taking into account the dependence
of (T,,) on the quantum state. It represents the nonlocal part of T,,,. 9,
depends on the mapping and represents the local part. In the conformal
gauge we have

P__=%U_(x1), P =AU (x}), P._=P . =0 (69)
o L (L)
T 12« = \VF
0, = ——— g d (—]—> (70)
T 124 & ax Vg’ A
0, =0_,=0

AU_ and U, are arbitrary functions of the indicated variables. Equations
(69) derive from the conditions VP, = 0 and P} = 0. Therefore, the con-
straints

(T.)=0, (TL)=0

yield to the equations [5]

1
Vitdi (\/—_f) —1279U_(x.) = 0
(71)
1
Vg'dy, (ﬁ) - 127U, (x4) =0
These are zero-energy Schrodinger equations
2
g — lzw%t(x/i)'l’:t =0 (72)

dx!,
for the mappings f and g. By giving the potentials U, equations (72)
determine the wave functions

b=V,  .=1/Vg (73)

Because 9. are arbitrary functions [compatible with the boundary condi-

tions (37)], equations (72) do not yield additional constraints on the map-

pings f and g, but a way of connecting the mapping to a potential problem.
The first term of equation (71) is the Schwarzian derivative of f:

_f 3y
pi1-5-3(5) (74)

which is invariant under the Mo6bius or bilinear transformations. Under
these transformations, f becomes a new function but D[f] is invariant



222 Norma Sanchez

determining the same ground state of the string. In particular, %, = U_ =0
determine f(g) as

_ax'+B

/= yx' + 8’

(a8 - By) =1 (75)
The ground state defined by this mapping can be considered as a reference
or “minimal” state at zero temperature with respect to which other ground
states corresponding to nonzero potentials % appear as excited or thermal
ones. If U, = AU_ = AU, = const > 0, then

1
aA? ¢

Yo=Ae ™, f= e —g (76)
where A is a normalizing constant (we choose A”> = ¢ *//a) and K is the
zero-energy transmission coefficient

K =a/2=(127%)">

For € - 0, the mapping (76) defines an event horizon at x, = 0 (x, = —o0)
and carries an intrinsic temperature T, = a /2, as can be seen by putting
t=ir(x, =x+ir) and then 0= 7' <27/a. The temperature appears
related to the height of the potential, namely,

T, = (12%/ m) '

and the parameter ¢ arises naturally as an integration constant. This tem-
perature T, characterizes the spectrum N(A,) [equation (62)].

Similar equations to (71) also appear in the so-called “back reaction
problem” in two dimensions [6] [as a consequence of the (+ +) components
of the semiclassical Einstein equations, the (+ —) component giving rise to
the Liouville equation for the geometry because of the conformal anomaly].
Equations (71) can also be derived in the context of conformal field theories
on higher genus Riemann surfaces (the potential playing the role of the
zero-point energy) in connection with the approach of Ref. 7.

We have shown that with appropriate boundary conditions, the
holomorphic mappings of reparametrization invariance of string theory can
be interpreted as a change of coordinate frame in the space-time in which
strings are embedded. These mappings change the ground state in the
quantized theory except for transformations belonging to the O(2, 1) group.
This allowed us to discuss in a systematic way the Hawking-Unruh effect
in string theory. The transformations describing the world sheet of an
accelerated string need the introduction of an additional parameter £ with
respect to those describing the trajectories of accelerated point particles.

The results found here apply also to curved space-time. For the most
important metrics in general relativity, the presence of isometry groups
allows the maximal analytic extension of the (D-dimensional) manifold to
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be performed through the extension of a relevant two-dimensional manifold
containing the time axis and a suitable spatial coordinate. This maximal
analytic extension is performed by mappings like equation (27), where
X, X, are Kruskal (maximal) type coordinates and X}, X are of the
Schwarzschild type. (For the role played by these mappings in the context
of QFT, see Refs. 8 and 9.)

7. STRINGS NEAR BLACK HOLES

Our investigation of strings in Rindler space-time can be applied to
the case of strings in a black-hole background. Black-hole solutions of
Einstein equations exist in D-space-time dimensions (D = 4) [10]. These
solutions are asymptotically flat and generalize the Schwarzschild space-time
of four dimensions; they have the metric

C dR?
i8' = ~(1- o) 4T Ty R dhs O

R is the radial coordinate, dQ% is the line element on the unit D-sphere,
and the constant C is >0. The surface
R=C"P7?=Rs

is an event horizon (there are both past and future event horizons) and
R =0 is a spacelike singularity. The horizon radius Ry is related to the
black-hole mass M by

C=167nG——7—
(D - 2)AD~2
where
2,”_(D*1)/2
Ap ==
I'(D-1)/2)

is the area of a unit (D — 2) sphere and G has dimensions of (length®?).
The mass and the surface gravity K of the black hole are related by

K = (D - 3> _(D-3) [(D — 2)AD_2]”(D3)
"\ 2Rs /] 2 167GM

For D = 4 this yields the standard relations Rg = 2GM and K = 1/(4GM).
The Kruskal extension of this Schwarzschild manifold is given by the

mapping

(78)

rx * ty = eXR=ED (79)
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where
dR
(R®™ - R$™)

—00 < R¥*, T =< +00

R*=R+R§’_3J

This is the same exponential mapping as the Rindler transform with
K instead of «. The Rindler coordinates are similar to the Schwarzschild
(R*, T) ones and the Minkowskian coordinates are similar to the Kruskal
(global) coordinates (rg, tx). The event horizon R = Rg corresponds to
R* = —00. As discussed above, a large cutoff (H = 1/K) is needed in the
negative Schwarzschild coordinate R*. This shifting of the horizon is
equivalent to considering a shifting & in the mapping

rg £t + & = eXR™=ED (80)
with
e=e KM
and thus
—H < R* =+

reflecting the fact that a classical description of the geometry is no longer
valid at distances of order of the Planck length. We will take

Ac
£ ="
Rs
where
AC = I/M

is the Compton length of the black hole (here # = ¢ = 1). Thus the shifting
of the horizon is H = (1/K) In ¢, with

D-2 1/(D-3) M. (D-2)/(D-3)
B

8T(D —1)/2) M
and
- 712 (D-2) ] My 1/(D-3)
K= 0=d [SF((D SmlGE) @

Following on the same lines of argument discussed above, for the
choice of gauge and parametrizations of the string world sheet and consider-
ing only left movers, we have

b= Fx + Iy = P+X4 (83)

1
VER"‘4—T=x;+Elogp+ (84)



Field and String Quantization in Curved Space-Times 225

and
)
X, +¢e= e

(Here the longitudinal direction of the string is in the radial direction.)

Positive frequency modes, ¢, with respect to the Kruskal time tx and
$,, with respect to the Schwarzschild time T can be defined. The
Schwarzschild frequency is equal to

2ar
An =—n, =1,2,... 85
n Lsn n (85)

where

1 2@
L,=—In|l—+
K n(e 1)

For & « 1, the frequency spacing tends to zero reflecting the stretching effect
of the string near the horizon as seen by a Schwarzschild external observer.
Associated to the modes ¢,, and (Z,, we will have Kruskal and Schwarzschild
operators a,, and C,, respectively, and a vacuum state defined by

a"|0K>:03 Vn>1

On the other hand, in order to have a smooth Euclidean manifold from a
black hole space-time with topology R”x S”72, the Schwarzschild
imaginary time iT must be identified with a period

B=2w/K
Then the same periodicity in the imaginary time appears in the correlation

functions of string coordinates, indicating that the string is in equilibrium
with a heat bath at the Hawking temperature

Ts = K/2% (86)
The same temperature T is recovered in the function N(A,,), i.e.,
N(/\n) = <OK|Can/\nIOK>

which gives a Planckian distribution for the Schwarzschild modes but with
a “filter”” [g(A,)” equal to the absorption cross section of the black hole.
In the spectrum N(n) in which frequency is measured in dimensionless
units 1,2, ..., the temperature of the Planckian distribution is equal to

1 27
To=—-—In|l—) »1
0= 47 n( " ) (87)

One can consider different higher-dimensional black-hole space-times,
namely, a 26-dimensional or a four-dimensional black hole with the extra
22 dimensions compactified in a torus [11]. Intermediary situations can also
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be envisaged, but it must be noticed that the qualitative properties of the
string quantization will be the same since they depend upon the horizon
structure in the two variables R, T (or X°, X, for Rindler space). We hope
to come back to this problem elsewhere.
It can be noticed that the Hagedorn temperature (T,,) in this context is
1

T, ZWNMPI

Then,

Ts _ (Me) /"7
2 (%)

and we have

since the basic requirement of the present semiclassical treatment is M =
MP].

8. NEW APPROACH TO STRING QUANTIZATION IN CURVED
SPACE-TIMES

The main feature of strings propagating in a curved space-time is that
the equations of motion [equation (16)] are nonlinear in X, so right and
left movers interact with each other and also with themselves. It must be
noticed that purely left modes (or right modes) are exact solutions of
equation (16), namely,

Xa=qgalo+71) or X,=qga(o—7) (88)

When G,jp is the metric of a symmetric space, the equations of motion
possess an associated linear system and exact solutions can be constructed,
by using the inverse scattering method. In Ref. 12, we propose a general
perturbative scheme to solve the equations of motion and constraints both
classically and quantum mechanically. We start from an exact given solution
of equations (16) and develop in perturbations around. A possible starting
point is a solution for the center-of-mass motion of the string g,(7) where

(1) +T5c(q)§%(1)g (1) = 0 (89)

The world-sheet time variable 7 is identified here with the proper time of
the center-of-mass trajectory. Another possibility is to take pure left (right)
mover solutions. Then we set

Xa(o, 7) = qalo, 7) + nalo, 7) + €a(o, 1) + - - - (90)
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Here g4(o, 7) is an exact solution of equation (16) and 7, is a solution of
the linearized perturbation around gq,4. That is,

P +Tac(q)(0-q%0, + 8.4 )0  + 3T ap(9)a.q%_g"n< =0 (91)
&4(o, 7) fulfill the second-order perturbation equation around g,4:
&% + T5c0:m%9-m + 3n"n" (9bel'5c)d+9"0 9
+ 0”3 5c)(3+9%0-+5_9"3.)1°
+T5c(3.9%0- +9-9%0,) £ + (3pT5c)d.q%0-q°¢° =0 (92)

One can consider the higher-order perturbations, but in this chapter we will
restrict ourselves to first and second orders.

It must be noticed that we are treating the space-time metric exactly
and taking the string oscillations around its center of mass g4(7) as perturba-
tion. So, our expansion corresponds to low excitations of the string as
compared with the energy scales of the metric G45. For example, this
method is exact in flat space-time. In the Schwarzschild geometry, it will
correspond to an expansion in w/M where o is the frequency mode and
M the black-hole mass. Thus, our approximation applies to black-hole
masses larger than the string energy. In other words, this corresponds to a
strong gravitational field expansion. This can be equivalently considered as
an expansion in powers of va’. Actually, since o’ = I3, (ly is the Planck
length), the expansion parameter turns out to be the dimensionless constant

_ L, 1 w
g_‘/;Rc M~ M

where the length R, characterizes the curvature radius of the space-time
under consideration and M its associated mass (the black-hole mass in the
Schwarzschild geometry, the mass of the universe in a cosmological model).
In most of the interesting situations, one clearly has g « 1.

It must be noticed that even for small g, the metric and its derivatives
may be very large in some regions of the space-time. This shows that our
method has a larger domain of applicability than the background field method
where one must have everywhere

|\/?E)CGAB(X)] < l

The first-order equation describes the interaction between the string modes
and the curved space-time geometry. The interactions between the string
modes themselves start to appear from the second-order perturbation (£*)
equation.
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The constraint equations must also be expanded in perturbations. We
find up to terms higher than the second order:

T.. = Gap(9)0:90.9" +2Gapd.q"9.7n"
+1°9cGap(9)3:9%0-9" + 300 9cpGan(q)3:q"%.4"
+21°0cGap(9)9:9"0.m% + £€8cGan(q)0.9"0. 4"

+ 2GAB(q)aiqAad:§B + GAB(q)at"'lAat"?B =0

See Ref. 12, where we have applied our method to the case in which the
exact solution g, describes the center-of-mass motion, i.e., it fulfills

m® = GAB(Q)‘]'A(T)(I"B(T)

This defines the (mass)” of the string. We have computed the mass spectrum
and vertex operator in the de Sitter space. The lower mass states are the
same as in flat space up to corrections of order g [here g = (wa')"/?/R],
whereas heavy states deviate significantly from the linear Regge trajectories.
We find a maximum (very large) value of order 1/g> for the quantum
number N and spin J of particles. Application of this method to general
cosmological models and to the Schwarzschild geometry will be reported
elsewhere [13].

The critical dimension for bosonic strings is found to be 25 in de Sitter
space time and 9 for the supersymmetric string.

The results obtained here for the de Sitter metric show that our perturba-
tive method is well suited to investigate the quantum dynamics of strings
in curved space-time fully taking into account strong curvature effects.
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Chapter 14

Symmetries and Anomalies in
Fermionic Theories

Fidel A. Schaposnik

1. INTRODUCTION

The path-integral approach to quantum field theory presents many
advantages for the analysis and resolution of relevant questions in which
symmetries (gauge and chiral symmetries, conformal symmetry, BRST sym-
metry) play a central role.*

Concerning chiral symmetry, after Fujikawa’s [2] observation on the
noninvariance of the fermionic measure under vys rotations (whenever gauge
invariance of the measure is imposed) many relevant two-dimensional
models (like QCD,, chiral Gross-Neveu, etc.) were solved using a kind of
path-integral approach to bosonization.t This aspect will be discussed in
the second part of this chapter, where I analyze the conformal invariant
behavior of the chiral Gross-Neveu model at a particular value of the
coupling constant.

I will begin by discussing another question, also connected to chiral
symmetry, in which the path-integral approach has been shown to lead to

* For a review of the issues of symmetries in the path-integral framework, see, for example,
Ref. 1.
T For a review on bosonization in the path-integral approach, see Ref. 3.

FIDEL A. SCHAPOSNIK ® Departamento de Fisica, Universidad Nacional de La Plata, 1900
La Plata, Argentina.
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interesting issues: the quantization of potentially anomalous gauge
theories.*

2. QUANTIZATION OF GAUGE THEORIES WITH WEYL FERMIONS (OR:
ARE ANOMALIES ANOMALOUS?)

In the quantization of theories with Weyl fermions (say left-handed
for definiteness) coupled to gauge fields A, (in the Lie algebra of some
gauge group G), it turns out that the main issue is the definition of the
fermionic effective action S,z A].

Since the fermionic Lagrangian Lg

Ly = g(ig+ p) L1 "’5)"’— JD[A]Y (1)

is quadratic in the Fermi fields, one expects S.[A] to be related to the
Dirac operator D[ A] determinant in the usual way:

S.a[A] =—log det D[A] 2)

This expression suffers from two problems. First, D[ A] maps negative
chirality spinors into positive chirality spinors and hence it does not have
a well-defined eigenvalue problem. Second, D[ A] is an unbounded operator,
and some regularization prescription has to be adopted in order to get a
finite answer for det D[ A].

One usually rectifies the chirality flip problem by considering, instead
of (1), the Lagrangian [5, 6]

LF»LF—w[ g+ A1) 75)]«»51515[A]¢ 3)

(i.e., one adds right-handed free fermions hoping that this amounts just to
a normalization change in the generating functional).
Then, one adopts the definition

det D[A] = det D[A]|,e, (4)

where D acts on Dirac fermions and then does define an eigenvalue problem,;
“reg” means that some regularization has to be adopted in order to make
sense from the product of eigenvalues defining the determinant.

The solution of this problem has created a new one: under a gauge
transformation A, > A%

A% =g 'Ag—ig 9,8, g€G (5)

* For a review on anomalous theories, see Ref. 4.
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ﬁ[A] does not transform like a covariant derivative:
D[A®] # g"'D[Alg (6)
and, hence, one has in general
det D[ A] # det D[ A%] )

i.e., the Weyl fermion determinant is gauge dependent and so it is the
effective action if defined as in (2). Consequently, the gauge current

6Seff[A]
Jo(x)=—7"— 8
L) = S ®)
is in general anomalous:
D J"* = A[A] # 0 )

Nevertheless, there are several proposals of consistently quantizing these
anomalous theories [7, 8]. In fact, it has been recently shown [9] within the
path-integral approach that it is possible to define an effective action that
is gauge-invariant and leads to a nonanomalous theory. This can be done
as follows: consider the generating functional defined as an integral over
all fields:

Z = J- DA, D{Dy exp[—(i tr J F2, dx + SF>]

= J DA, DyDy exp(—S[A, ¥, ¥1) (10)

If fermions are Dirac fermions, there is no harm in looking at Z as an
integral over orbit space. Indeed, using the standard Fadeev-Popov pro-
cedure [10, 11] (see Ref. 12 for a geometrical framework), one ends with a
Dirac fermion generating functional of the form

Zpirac = N J DA[LA[A]6(F[A])D(/7DD¢ID exp(—S[A, 1/7, ¥]) (11)

Here F[A*] =0 is the gauge condition selecting one representative over
each orbit (a section choice) and A[ A*] is the corresponding Fadeev-Popov
determinant, related to the natural metric over orbit space I' and the scale
of the orbit p[ A*] through the formula [12]

A[A*] = p[A*](det T[A*])"? (12)

An integration over the volume element on the group of gauge transfor-
mations has been factored out and absorbed in the normalization constant
N using gauge invariance of DA, DypDiyp, A, and S.
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When Weyl fermions are present, this factorization does not take place.
In fact, as is evident from (7), the fermionic determinant (i.e., the fermionic
path integral) recognizes different points of any orbit (see Fig. 1).
Indeed, instead of (11) one has in the Weyl fermionic case

Zwey1 = J DA, A[A]8(F[A]) DgDyDys exp(—S[A®, 4, ¢])  (13)
If one eliminates the g dependence from S by performing a fermionic
change of variables,
Yo u =g
b0 =g
one has to take into account the Fujikawa Jacobian J(g, A):
J(g, A) exp(=S[A, §', y'1) D' Dy’ = exp(—SLA%, §, ) DIDy  (15)

where, owing to (7),

(14)

_ det D[A?]

J(g, A) =
&4 =4 Dla] .,

# 1 (16)
We then see that now the Dg integration does not factor out:

Zwey = J DA, A[A]S(F[A])J (g, A)DgDyDys exp(—S[A, §, ¢1) (17)

F[A*]1=0

Figure 1. The fermionic path integral recognizes different points of any orbit when Weyl
fermions are present.
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Note that this expression makes contact with the proposal of Faddeev and
Shatashvili [8]. These authors suggested the addition of a group-valued
field, with a Wess-Zumino action in order to cure the anomalous behavior
of the theory. In the present formulation the group-valued field was already
present [it is the gauge-group field g(x)!] and the Wess-Zumino term is
created by the Jacobian J(g, A):

1

J(g A) = exp[—trJ dt dx A[ A6 (18)

0

with g(t) such that g(0) = 1 and (1) = exp[if].
It is then natural to define the effective action in the form

Seal Al = J DgDyDyJ (g, A) exp(*J dx t/7D[A]d/> (19)
or, owing to (16),
S.aslA] = J Dg det D[ A%] (20)

Obviously, S.q[ A] is gauge invariant:
S A"] = SalAl, heG (21)
and leads to a conserved current through (8).
It is interesting to note that in two-dimensional models this approach
leads to a consistent, unitary, Lorentz invariant theory [13]. For example,

in the case of chiral QCD, one has for the effective action:
2

e
167

S.alA] = J Dg exp[—(l +a) I d’x tr A?

- ;f—trj d’x J dt (ySM,A,

w 0
] (22)
with [3, 13]
A, = < exp(-ys)d explrs) (3)

Here a is a parameter related to regularization ambiguities [7].

From the analysis of (22), one concludes that the theory corresponds
to N?—1 massive scalars ¢° (with mass m” = (e*/167)[a’/(a — 1)] X
(N +1)"%) and the same number of massless excitations. One can also
study current commutators which are nonanomalous. In summary, the
model is consistent provided that a > 1.
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Of course, a confirmation of this and other results using the Hamiltonian
formalism would be welcomed (some results have in fact been presented
by different authors [14]). Another approach that can be used to quantize
chiral models is the stochastic quantization method.* It has been recently
shown [16] within this framework that a very simple treatment of the chirality
flip problem of D[A] can be implemented.

Indeed, the Langevin equations governing the (fictitious time 7) evo-
lution of fermion fields in the presence of a Gaussian noise 6

éﬂ(x, T) = —J dy K(x,y) + 0(x, 1)
oT

5
8¢ (y, 1) o4

S _
a—T(x, T) = —J dym K(x,y) + O(X, 7)

allow the presence of a Hermitian kernel K, which can be precisely used
to solve the problem posed by Weyl fermions.
The natural choice for K when Dirac fermions are present is

K = P[A]8(x — y)

_ . (25)
K = D[A]é(x —y)
Now, if Weyl fermions are present, one can instead use [16]
(1+vs)
Kyey = Ba=———-8(x ~y) (26)

where the subscript a indicates the possibility of arbitrary regularization
parameters in the operator P,. Now, the right-handed projector in (26)
ensures that the Langevin equations are consistent [in the sense that all
terms in (24) have the same chirality]. The only requirement in M, is that
it has to ensure convergence as 7 - . In Ref. 16 we have shown how this
proposal leads to a consistent theory discussing a two-dimensional example.
It is interesting to note that the present solution of the chirality-flip problem
is related to the one presented by Singer [17].

I will finally mention a recent proposal [18] for defining chiral deter-
minants using the {-function method. It also makes use of an auxiliary
operator D, and it is given by the following definition:

det D[A]D,
detp, D[A]l=—7T— 27
etp, D[A] == 21 27)
with ““det” in the right-hand side taken as
d¢(L
logdet L = _#(Ls) (28)
ds 5s=0

* For a review, see Ref. 15.
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where {(L, s) is the meromorphic continuation of ), A;* with A; the eigen-
values of L:

L(L, s) :trJ dx K_,(L; x, x) (29)

with K_(L; x, x) the continuation of the evaluation of the Kernel of L™°
on the diagonal x = y. Of course, if det DD, = det D, then the det D,
expression (27) coincides with the usual {-function definition. However, it
has been shown [18] that for chiral fermions this is no more the case and
then definition (27) provides a more general way of regularizing deter-
minants, allowing, in particular, the introduction of arbitrary regularization
parameters. In this way, the Schwinger model determinant can be easily
reobtained in the form [7, 18]

2

detD 3.0,

det id 877'

f d’x A [ yF (8,0 + it ] A, (30)

by choosing

D, = D[A]+% A(HVS) (31)

3. CONFORMAL INVARIANCE OF THE CHIRAL GROSS-NEVEU MODEL
This model has a Lagrangian (in two-dimensional Minkowski space-

time) given by
L=y'idy' +385j.7" — gni*ii. (32)

with g2 = g%/2N [if this relation does not hold it is known as the SU(N)
Thirring model]. Here j and j* are U(1) and SU(N) currents:

L =P, L=y, =12, N (33)
with fermions in the fundamental representation of SU(N) and

[ta, tb] - if~abctc

ab

tr 19% = (34)

fabCfdbc — C(G)5ad

The model is invariant under global U(1) x U(1) and global SU(N)
rotations {the non-Abelian interaction breaks chiral SU(N) invariance of
the free model].
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Using trivial identities of the form

2 .
exp(—igTNJ‘ dxj""jﬁ) = J DA, exp[éj dx (AL A" — 2gNAij""):|
(35)

with A, = A%t” a vector field and a similar identity for the U(1) current-
current interaction, one obtains, within the path-integral approach to quanti-
zation, an effective Lagrangian of the form

L= §(id — gnA— g, B)¢ + 3B, B* + 3A} A* (36)

with B* the Abelian vector field associated to the U(1) current. Now, with
an appropriate chiral rotation, the Abelian vector field can be factorized:

¥y =exp(ys¢p +in)x
¥ = % exp(ys¢p — in) (37)

i v
B, = —g— (£,,0"¢ —9,.7m)

We skip details and simply write the answer one easily obtains, due to this
factorization, for the two-point function (see Ref. 21 for details):

WEFO) = ] PR ODsuin) (38)
with
g 1 1 _
B L FE )

1+ ag?/x

We then see that in the infrared region an almost long-range order
in the manner of Kosterlitz-Thouless occurs, as conjectured by Witten using
the 1/ N expansion [22].

Now, it has been shown [19] within the 1/ N expansion that fermions
have a dynamically generated mass. This seems somehow contradictory
with the result of Ref. 20 concerning conformal invariance of the model
for a particular value of the SU(N) coupling constant gn. Of course, both
results occur for different regions, but it is interesting to see how conformal
invariance appears for a certain value of gu, g%, using the path-integral
approach.

One begins by evaluating the fermion determinant associated to
Lagrangian (36) once the U(1) sector has been decoupled. The answeris [24]

det(id — gnA) = expli—iW(gh“l) — i J g 'o.gh ta_h dx] (40)
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where W(g) is the Wess-Zumino Witten action in Minkowski space. We
have written

-
A, =—g 3,8
&N

(41)

A =—hla_h
N

with g, h € SU(N). The a-dependent term reflects again the regularization
ambiguities that we have discussed before.

Now, it remains to express DA,DA_ in terms of DgDh in order to
have an effective bosonic theory. We use the identity [24-26]

J. = det D}¥ = [det D}*"?]@ (42)
for the Jacobians defined through the relation
DA,DA_=J,J_DgDh (43)
with
DY =4, - gn[A., ]
(44)
Dl;und = 0. — gnAL

and C(G) the Casimir in the adjoint representation, C(G) = N.
Then, we have for the SU(N) sector

1
ZSU(N) =N J' DgDh exp{—l(N-i- l)W(ghrl) ~ i [‘gT"‘ a(l + N)]

N

X tr [ dx g_18+gh‘la_h} detig (45)

For arbitrary « we now have a global SU(N) x (SU(N) invariance, g > Qg,
h - Ah, and Q, A € SU(N). Moreover, if for fixed @ we choose
gnv =g%
et S
a(1+ N)

(46)
gh =

we see that Zg;, ), becomes

ZSU(N) =N [ DgDh exp[—-l(l + N) W(gh_l)] det 15

o

=N j Dg exp[—i(1+ N)W(g)]detid (47)
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and then for this particular value of the SU(N) coupling constant one has
a local invariance under the transformation

g > Qx)gA(x-) (48)

i.e., for a particular value of g5 one has an associated Kac-Moody algebra
with level k= N +1 (not a free one). Conformal invariance is then an
invariance of the resulting bosonized Lagrangian (47) for gn = g% [W(g)
is the Wess-Zumino-Witten action at the infrared stable fixed point]. When
a = —1/47 (the regularization choice which leads to the usual boson-
fermion equivalence in the free theory), relation (46) coincides with the
result of Ref. 20. (But, as we stressed, we have gotten a k = N + 1 theory
and not a k = 1 one as in that work.)

In summary, the original model had a current-current interaction term
which breaks SU(N) x SU(N) symmetry of the free fermionic Lagrangian.
There is, however, a value g% # 0 of the coupling constant at which chiral
symmetry is exhibited and a Kac-Moody algebra emerges.

We end by noting that recently it has been shown [28] in two-
dimensional models that there exists a function ¢(g) related to the B-function
which, at fixed points g* [B(g*) = 0], coincides with the central charge of
the Virasoro algebra of the corresponding conformal field theory. The chiral
Gross-Neveu model exhibits, as we have seen, such a behavior and it is
important to stress that at the fixed point g% it is not a free model (k # 1).
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Chapter 15

Differential Algebras in Field Theory

R. Stora

1. INTRODUCTION

Differential algebras have been known for a long time to be mathe-
matical tools appropriate to field theory (cf., e.g., Ref. 1). Classically, the
de Rham algebra of differential forms on the space-time manifold is favored.
More exotic differential algebras made their appearance some fifteen years
ago, in the context of perturbatively quantized gauge theories and by now
belong to the standard equipment of field theorists as either necessary or
only convenient tools, to deal with gauge theories of rather general types.
It is easier to talk about these things now than ten or fifteen years ago
because many people are not so allergic anymore to the mathematics of the
1950s as they used to be. Preparing these notes served as an opportunity
to recollect some memories and dig out some documents that were not
widely circulated. I have not attempted any completeness, not only because
it is very difficult, possibly impossible, given the abundance of literature
on the subject, but also because of personal prejudices, which I shall try
to justify.

The exotic example at the start of this industry has to do with the
Slavnov [3] symmetry of the Faddeev-Popov [2] gauge fixed Yang-Milis

R. STORA ® LAPP, F-74019 Annecy-le-Vieux, France and Theory Division, CERN, CH-1211
Geneva 23, Switzerland.
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theory, whose main property is to manifestly maintain locality throughout
the renormalization procedure. This example has served as a prototype for
a number of extensions. Among the best developed and most remarkable
is the analysis of constrained Hamiltonian systems developed by the Lebedev
group [4]. I will not touch this body of knowledge, because, in spite of its
recent popularity in string theory, it fails to accommodate simultaneously
the locality of field theory and geometry, which the original Lagrangian
version allows. It has, however, the advantage of allowing for a Hilbert
space framework. Actually the operator Q, as well as Q, popular in string
theory [5] and related to the conformal structure of the theory, and which
bear some formal similarity to that of the Lebedev construction [4] in the
particular case where the constraints generate a Lie algebra, is nothing else
than the coboundary operator for the cohomology of the Virasoro algebra
via a formula due to J. L. Koszul [6]. At the Lagrangian level, solving
specific examples shows that a general solution is missing for what may be
called the auxiliary field problem.* Unfortunately most known examples
result in more or less trivial extensions of the cohomology algebra of some
(gauge) Lie algebra. Even there, the auxiliary field problem has been solved
only in particular cases, e.g., in N = 1 supergravities where the solution is
not unique [28]. The standard way out [10, 14, 29] is to introduce external
fields, but the correct definition of physical observables is even more
conjectural. Apart from these classes of examples two others are instructing
by themselves: the Torino group manifold approach [7], which grounds the
construction of geometrical theories (e.g., supergravities) on generalized
Weyl algebras; the other prototype example is that of quantized p-differential
forms [8]. Much of the present activity is concerned with applications to
string theory, first and second quantized. This area is covered elsewhere. 1
will therefore limit myself to a discussion of the principles that may be
abstracted from the examples I know best.

Section 2 recalls the situation in the Yang-Mills theories and expounds
a parallel treatment of the first-quantized bosonic string.

Section 3 is devoted to a sketchy account of a nice by-product: the
algebraic description of anomalies.

Section 4 poses a general class of problems suggested by the examples
of Section 2.

2. YANG-MILLS THEORIES AND FIRST QUANTIZED STRINGS

2.1. Yang-Mills Theories

Let us recall that the Faddeev-Popov gauge fixed action, in a Feynman-

* That is, can a nonintegrable situation be viewed as a restriction of an integrable one?
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like gauge, reads
S(a,0,6) = Su(@) + Sy, Sy = J (e, g} +{&, Mo} d*x (1)
M4

where a is the Yang-Mills field

a= a,(x) dx*e, 2)
wn=0..3
e, is a basis of Lie G, the Lie algebra of the compact group G, with
commutation relations
[en’ eB] =fZBe'y
F(a) =da+i[a,al=3Y F,, dx* adx”
MY

1
=3 ), F,, dx" andx"e,

o
F&, =d,a5 —d,a;+ fg,abal 3)
Simv(a) = —3 J' d*x (F,,, F*") (4)

where ( , ) is a G invariant bilinear form on Lie G, g is a Lie G-valued®
local function of a (and its derivatives), { , } another quadratic form on
Lie G [e.g., g°(x) = d,a**(x)+- -]

w=Y w’, (5)
is the Faddeev-Popov geometrical ghost which serves as a generator of the
Grassmann algebra of the dual of Lie ¥, the Lie algebra of the gauge
group ¥:

% = {Maps M, > G} (6)-

with the obvious pointwise composition rules. If A € Lie 9 is represented by
Alx) = Y A% (x)e, (7)

(@%(x), A) = A%(x) (®)

Mo is the variation of g under an operation of Lie ¥, of parameter w,
induced by

dpa=dA+[a, A] (9)

@, the Faddeev-Popov antighost, also a Grassmann-type field is a Lagrange
multiplier which, in the present instance generates another copy of A Lie

* This is a convenient labeling of the set of gauge functions whose number is dim G, but it is
also misleading: the geometrical nature of g need not in principle have anything to do with
Lie G. This will become apparent, e.g., in the string case (Section 2).



246 R. Stora

%.* This is a peculiarity of this example, as we shall see that, in general @
has geometrical properties that depend on those of the gauge function.

The full action S is found to be invariant under the Slavnov sym-
metry [3]:

sa =—dw —[a, w]
sw = =3[0, w] (10)
s = —g

This was derived in two steps: using a beautiful trickT due to A. A. Slavnov
[3] one first derives the Slavnov identity for, say, the connected Green’s
functional [9]%; then one recognizes that the Slavnov identity expresses the
invariance of the action under the Slavnov symmetry equation (10).§

In the initial version, the transformation contained an anticommuting
infinitesimal parameter that was soon gotten rid of [11], as above, consider-
ing s as a graded derivation on the algebra of functionals of a, w, @—the
total grading being given by #w—#o (+ form degree, if one anticipates
Section 3).

Also note that in the form given in equation (10) one does not have
s> = 0 because

26 = —Mw (11)

i.e., it is only nilpotent modulo the ghost equation of motion. This
phenomenon, which creates mathematical inconveniences, will be
repeatedly met. Here it is easily eliminated by the introduction of a multiplier
field b, turning S,¢ into

Ser(a, w, @b) = J b.(x)g*(x) dx + I @.Mgw® dx + F(b) (1)

invariant under
swy, = —b,, sb,=0, =0 (12)

* See, however, the remark in the previous footnote.

T Write the Ward identity that characterizes the breaking of gauge invariance of the total
action, only gauge transforming the gauge field, and use as an infinitesimal gauge parameter
A=M"'w

I The computational appendix on pp. 61-63 of Ref. 9 acknowledges C. Itzykson for generous
help. This memory goes with another one: the classical paper of I. A. Batalin and G. A.
Vilkovisky refers to my “advice to verify the supersymmetry of the theory.” Actually, when
the first paper by E. S. Fradkin and G. A. Vilkovisky came out, Claude Itzykson and I
conjectured over the telephone that their action was invariant under a Slavnov symmetry.
The next day, Claude Itzykson called me back to give the formula, which I immediately forgot.

§ This remark was made by C. Becchi and A. Rouet in January 1974. The hard work of pushing
the Slavnov symmetry through renormalization, proving gauge independence and unitarity,
resulted in the works in Ref. 10. The symmetry was found independently by I. V. Tyutin,
Lebedev Institute preprint No. 39 (1975), who did not publish it because some of our work
was already published.
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so that %(b) can be chosen as a quadratic functional reproducing the initial
action upon elimination of the b-field—whereby nilpotency of s is lost. I
have always called b the Stueckelberg multiplier because it was very similar
to the ghost field introduced by Stueckelberg to remedy the nonrenormaliz-
ability of massive QED by passing to the Stueckelberg gauge [12], but this
multiplier field is commonly called the Nakanishi-Lautrup field.

This algorithm can be generalized to allow the metric { , } in equation
(1) to be field-a-dependent at the expense of introducing an extra ghost [13].

In order to write down properly the Slavnov identity, it is convenient
to add to the action a source term

Seource = J Asa + Qsw (13)

so that
Stot = Sinv + ng+ Ssource (14)

fulfills

(15)

J‘ (65t0l BSIOI + SSKOI 6‘S[()[ _ b Bst_ot) = O
oA da 80 bw 8w

which ‘‘easily” passes through renormalization—modulo anomalies, cf.
section 3—by substituting the vertex functional I' against S,,.

Legendre transforming with respect to b* and calling Q) the Legendre
transform yields for the Legendre transform S of S the more symmetrical
identity [14]*

+ =
od da 6Q dw 80 di (16)

[ 255, 8808 o8 as
Whereas b has to be considered as a quantum field, O has to be considered
as a classical field serving as a source of the gauge function (S, now gets
a term 3(g — Q, g — Q) + ®Mw). The Slavnov identity encodes two sym-
metries of the action:

so =0

_ (17)
sQ) = Mw = sg

* Another way to construct S is to argue that the symmetry of S, + S, + Siouree is best

inv

expressed by adding a term | Qg, so that the resulting action, I fulfills

Jaz 55 83 8% _ 83 0?2
5 da 80 sw b3

then §=3——
2
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which is nilpotent,
so =—(g = Q)

- (18)
s =0
which is not.
The Slavnov operator is defined as

+— +——F——+——= (19)
54 6a ba dd 60 fw Sw 8Q 80 b S 8O

J’3§5 5§ 5 85 56 85 86 85 85 85 8
== —t = -

and ¥? = 0 follows from equation (16). This is the important operator in
perturbation theory. The discussion of anomalies, i.e., the appearance of a
right-hand side in equation (16), when S is replaced by I" goes through the
discussion of local functionals |, which fulfill the Wess-Zumino [15]
consistency condition—actually a generalization thereof:

& J a=0 (20)

M4

modulo trivial anomalies of the form
J' a = $Ir'ee (21)

where I'°° is a local functional.
The nice thing® is that the only nontrivial part of this cohomology
involves a’s which are local in a, @ and fulfill

s J a(ow,a) =0 J a defined modulo sT"*(a, ) (22)

which takes us back to the conventional Wess-Zumino consistency condi-
tions [15]. Given the Slavnov identity, one can prove gauge independence
and unitarity whenever an asymptotic theory exists [10]. The definition of
asymptotic physical states has been nicely algebraized by T. Kugo and I.
Ojima [17], using the b-field. This goes through the construction of the
Noether current associated with the Slavnov symmetry and the definition
of the corresponding asymptotic charge Q which is nilpotent, and commutes
with the S operator if there is no anomaly. Physical states are then defined
by the cohomology of Q for zero ghost number. The Noether current algebra

* See Refs. 11 and 16. The preprint corresponding to Ref. 16 is dated 1975; we finally decided
to publish it because of the theorem in Appendix D.
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isinteresting in itself [ 18], although it is not unique because of the occurrence
of derivatives in the transformation laws.

2.2. The Free Bosonic String

The free bosonic string can be treated in a way parallel to Yang-Mills
theories with a few distinctions. The invariant action is

S = J d’xgPVg 8, X 95X (23)
3

x = (o, 7) € = parametrizing a world sheet, X € R”, . the Euclidean metric
in R®* g a metric on X.

One may take two attitudes. Either one has S;,, depend on g [19].
Then S,,, is invariant under Diff £ x Weyl, where Weyl transformations
locally scale g. One has to pick three gauge functions which one may choose
as the three components of g and the full Slavnov symmetry results as a
current algebra Ward identity for the stress energy tensor coupled to g, the
multiplier field being trivially eliminated in a Landau-type gauge [F(b) =0
in equation (1')].

Or one may have S;,, dependent only on the conformal class of g [20]
and choose the gauge fixing in such a way that the conformal structure of
the theory is manifestly exhibited [5].

Now, there is a nice parametrization of conformal classes of metrics,
in terms of Beltrami differentials: Picking a reference complex structure
with local complex analytic coordinates z, Z, the conformal class is character-
ized by

ds* o« |dz + w dz|*, lul <1 (24)

Then, in terms of u, w, Si,, reads

d dz 1
Siny = f A (5, - 30:X,9; — 1d,X) (25)
2i 1—pp

C. Becchi has found that the unique choice of gauge functions, which
exhibits the theory as a conformal theory, is the pair u — p° @ — g°1

* We'use the Euclidean version throughout, although locality does not care.

T The easiest way is to proceed via the elimination of the b field as well as of the Weyl ghost
and antighost. One may also start directly with conformal classes of metrics, eliminate the
b field in the manner of Kato Ogawa [20, 5], introduce a source u, g coupled to the s
variation of the antighost, and recover a Slavnov identity in the manner of Zinn Justin
(C. Becchi, private communication).
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Eliminating the multiplier field yields the gauge fixed action:

S = Syt Sur
S = Siny + Ser
*
Ser = J iz—z/\l_—dzjbzz(af — ud, +a,u)C* + c.c. 20
Here the ghost C~ is related to the diffeomorphism ghost £ = (£7, £7) through
C*=¢&+ut &cec. (27)
and the Slavnov symmetry associated with diffeomorphisms reads
sX = (£ 9)X = (£9.+ £3:)X
sC? = C?3,C* & c.c.
or € = (£ )¢ 29
s =98:C*+ C%9,u — ua,C*
sb,, =0

The corresponding Slavnov identity defines the current algebra for the two
components 0., @ of the stress energy tensor, whose correlation functions
are obtained through functional differentiation with respect to u, g.

The conformal properties of the system are furthermore characterized
by a set of Ward identities which assign conformal weights 0, —1, +2 to X,
C?, b,,, namely, the action is invariant under the following action of
diffeomorphismst:

X =(A-9)X
6/\/"’ = azA + Aazl"' - :u‘azA

def -
(A =27+ uAr?) (29)
8,C*=(A-9)C* — (8,07 + ud,A>)C*?
8xb.. = (X 9)b,, +2(3,A% + na.A*)C*

The action defines Feynman rules which entails factorization of the Green’s
functions into factors involving z indices alone, and factors involving %

* Note that the geometrical nature of the antighosts b,,, b_, is related to that of the gauge
function as mentioned in Section 2.1.

T L. Baulieu and M. Bellon [20, 21] have found another action of diffeomorphisms which
leaves S invariant but does not apply to more general conformal models involving Thirring-
like couplings.
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indices alone. The anomalies are easily computed and of course found to
be proportional to D — 26.*

As a side remark, transformations (29) apply to any conformal model,
i.e., Lagrangian model, which one can couple to a conformal class of
metrics—or complex structure—represented by w: For a field ¢,; with
conformal weights g, § one finds

5/\§qu = [(A ’ 6) + q(azl\z + :u’az/\z) + q(af)\z + /laiAz)]‘pqq (30)

which checks with equation (29) for (g, §) = (0, 0), (-1, 0), (+2,0), + c.c.
for X, C* b,,.

The whole scheme can be extended to include the Noether current
algebra of the Slavnov symmetry [21]. Just as in the Yang-Mills case, the
anomaly is rigidly tied up with the “holomorphy anomaly” (ocD-26) and
yields a local analog of the Kato-Ogawa nilpotency anomaly for the charge.

Another similarity with the Yang-Mills case is the form of the Slavnov
identity: Introducing

Ssource = J' IsX + €sC* + c.c. (31)

we have for
Stot = Sinv + ng + Ssource

Jd“dz-<5s 5S &S 8S &S &S )
==+ = —— —+4cc.| =0
2i 8F 8X 6% 8C* &b, du

(32)

The last term may be interpreted in two ways: the invariance of S under
(28), which is nilpotent, or under

s'u=0
5s (33)
s'h,,=—=0_, &c.c.
o
which is only nilpotent modulo the ghost equations of motion [5]. The
existence of the Slavnov identity can, however, be most simply obtained
via the existence of the nilpotent transformation (28).

* Their algebraic form reads

dzndz_ 3 . .

% [Ao7p — pazA®* + R(A%9, 0 — nd,A%)] + cc.
i

where R is a projective connection [30]. I thank L. Bonora and C. Reina for suggesting the

use of a projective connection in order to get a form of the anomaly valid on an arbitrary

Riemann surface.
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A last remark is in order: The conformal structure of the model is
obtained at the expense of having chosen a gauge function that is not in
general a good gauge function—unless there is only one orbit of u’s under
diffeomorphisms. For instance, if £ is a compact Riemann surface of genus
g > 1, there are 3g — g zero modes for b,, to be gauge fixed (the analog of
the Gribov horizon in the YM case). We shall return to this problem in
Section 3.

3. THE ALGEBRAIC STRUCTURE OF LOCAL ANOMALIES

We have mentioned in Section 2 the possible occurrence at the quantum
level of local anomalies fulfilling the proper Wess-Zumino consistency
condition, and mentioned that only the dual Lie algebra part of the Slavnov
symmetry was involved. In the Yang-Mills case, the & operation when
restricted to a and o reduces [22] to the coboundary operator defining the
local cohomology of the gauge Lie algebra with values in the algebra of
local functionals of a.

This makes it possible to give compact formulas for the Adler-Bardeen
anomalies derived, e.g., in Ref. 16, and this turned into a small industry a
few years ago [23]. This is a subject of its own for which we have indicated
[23] a few references that allow one to trace back most of the literature.
The temperature has now decreased on this topic, but there is still one
interesting mathematical problem to be settled.

There are in fact two theories of anomalies. There is an algebraic one,
the “local” theory sketched out here, which reduces the problem in each
model to computing a set of numerical coefficients, but in particular does
not explain the rationality of various coefficients at the one-loop level, a
property that is stable thanks to the nonrenormalizability theorems in the
manner of Bardeen. Nor does it give any clue as to why it occurs only when
chiral fields are involved. But this explains 7° > 2y.

On the other hand, there is the topological theory [23, 24] due to
Atiyah, Bott, Singer, Quillen, and others, which is purely Euclidean as it
deals with the Index of families of elliptic operators and relates anomalies
to de Rham cohomology classes of, e.g., gauge groups. The puzzle is that
the local anomaly responsible for 7° - 2y corresponds to a trivial de Rham
cohomology class, a fact which was known to physicists [25]. This
phenomenon presumably also happens in the case of gravitational
anomalies. This situation raises an interesting mathematical problem: can
one construct an Index theory in terms of local cohomology classes “on
the fibers”?

Besides, on the local side, there is still much to be done. Work is still
in progress [26] and progress is definitely needed.
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4. LESSONS TO BE DRAWN

The examples of Section 2 pose the problem of quantizing a degenerate
classical action. This means that S(¢), ¢ = {¢'}, is invariant under some
transformations

8.0 = P(p, ) (34)
where P(¢, w) is linear in w = {w®}. We are mostly concerned with local
actions and local transformations. Note that any action is invariant under
uninteresting transformations
88
dp’

dp' = M"Y (33)
where M7 is a (graded) symmetric kernel. If the transformations (34) are
integrable, i.e., express differentiation along the leaves of a foliation in field
space, they give rise to a nilpotent Slavnov symmetry s, which is nothing
but differentiation along the leaves. By a formal Frobenius property, if the
operations 8, are in involution, namely,

oo [ael] =] 2 (36)
“’lgo (SQD, “’290 590 - f(w,,m2,¢)§o 6§D

with f antisymmetric in o, w,, there will be a foliation, locally, and therefore
an s operation™:
sp = P(g, )
1 (37)
so = —3 f(w, o, @)
s* =0 is a consequence of the Jacobi identity.

This situation occurs not only when a Lie algebra is involved but for
instance genuinely to define o models [27] where one has to express that
splitting the field into a background and fluctuations is invariant under an
infinitesimal change of the background and an adequately corresponding
change of the fluctuating part.

A more general situation, which occurs frequently, and which we have
already met, is when closure of the algebra—i.e., nilpotency of the s
operation—is fulfilled only modulo the equations of motion, i.e., the ““unin-
teresting” operations of equation (35). This occurs in supergravity where
closure can be achieved in a variety of ways via the introduction of either
of several possible sets of auxiliary fields [28]. Once closure is achieved
gauge fixing can be performed by introducing multiplier fields and anti-
ghosts, after choosing a gauge function.

* By abuse of notation we denote by w the ¢ ghost corresponding to the infinitesimal
transformations parametrized by .
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A large amount of work has been performed on the general problem
[29].

My present understanding is limited and not quite in agreement with
the published literature (mostly the articles by I. A. Batalin and G. A.
Vilkovisky). It relies on unpublished work by M. Tonin, and generalizes
the Yang-Mills case treated a la Zinn Justin [14] [equation (16)] and the
case of the string as treated by C. Becchi [20] [equation (32)]. One assumes
s given by equation (37) with s> = 0 only modulo the irrelevant transforma-
tions equation (35). One introduces sources @, () coupled to s¢, sw. One
may first look for an action S(¢, w; ®, Q) fulfilling

8S 6S 8S 8S
1 S Sl= J —_———— = 38
215, 51 S¢ 8P  Sw 5O (38)
Or one may directly look for S(¢, w, w; ®QQ) such that
8S 6S &8S 8S &8S &S
) sl ——+——=+—=—=0 9
LS, 5] [ S¢ 8  Sw 50 8Q & (39)

S has zero ghost number ( = #w—#w—#d-2#). The notation [S, S]
refers to the graded Lie bracket of the vector fields
J’as 8 855 858 8535 858 853
Sp 6@ 6D S w80 Q6w 80 86 bw 80
One solves equation (39) for local functionals with the boundary
conditions imposed by the data S(¢), s¢, sw. This fixes the Feynman rules
for the quantum fields ¢, w, @, in presence of the classical fields @, Q, .
One then has to study the quantum extensions I' fulfilling (39), or the
occurrence of anomalies. Note that the defining equation for S is invariant
under the restricted canonical transformations—which do not alter the
quantized fields—

(40)

(¢, 0, @) > (o, 0, @) @)

_ 5 Sy ~ 6
(@,Q,Q)»(¢+——X,Q+———X,Q+—~’Y)
op dw L)

where y is an odd generating function which depends only on (¢, w, @).
This reflects the freedom in the choice of gauge functions. Besides locality,
power counting restricts this construction. Since the b-field is absent from
this scheme, there does not appear to be a transparent algebraization of the
asymptotic theory, when it exists, but one may try to construct the current
algebra for a Noether current. Observables may be defined in the zero ghost
number sector either by the local cohomology of & or by the local
cohomology of & modulo d (d being the exterior derivative). In the
Yang-Mills case, the first local cohomology is nonempty and defines ‘““gauge
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invariant operators.” In the string case—presumably in all cases where
diffeomorphisms are involved—the physics is presumably concentrated in
the local cohomology of ¥ mod d, which yields integrated observables. This
has to be studied in each case and is really the most important point.

There is one last amusing example with which this section will be
concluded: in the treatment of the bosonic string in the conformal gauge,
I mentioned the global zero mode problem which occurs because of the
bad choice of the gauge function. The ghost action

dz A dZ dz A dZ
Sun = [—Z—“—Z beesu = J bo(9,6° + o — poet) o (42)
J 2i 2i
is invariant under
3g-3 .
bzz -> bzz + abzza 6bzz = Z ci¢! (43)
i=1
where the ¢"’s are solutions of
(=0:+ pa. +20.u)p" =0 (44)

i.e., the ¢"s correspond to holomorphic quadratic differentials for the
complex structure defined by u. The question is to extend the s operation
equation (28) in order to take these zero modes into account. One may try

szz = Z cid)i (45)

but ¢’ depends on w and there is no way to achieve s°b,, = 0. A nilpotent
s operation can be constructed by noticing that there are also fermionic
zero modes s¢'. The following s operation is nilpotent:

szz = 2 Cid)i + dis¢i

(46)
sd; = —c¢;, sc¢; = 0!

It is not quite clear whether it is reasonable to use (46) as a basis for gauge
fixing.

To conclude, I would say that not much is known about situations
where a noninvolutive distribution is involved, e.g., can it be viewed as the
restriction of an involutive one? (The auxiliary field problem.) Further
knowledge is clearly needed!
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Chapter 16

Supermembranes, Superstrings, and
Supergravity

P. van Nieuwenhuizen

1. INTRODUCTION

A fundamental problem in particle physics concerns the structure of
elementary particles: whether they are pointlike or extended objects. Lorentz
[1] already considered relativistic models for an extended electron, but his
description was not Lorentz invariant, and contrary to what is done in
modern string theory, the boundaries of his objects did not propagate with
the speed of light. Dirac [2] considered a shell-like electron with a surface
charge whose action is the sum of the Maxwell action outside the shell,
plus a Nambu-Goto area term for the shell. The repulsive electric forces
counterbalance the attractive surface tension, and one can compute the
quantum mechanical energy levels, choosing the strength of the surface
tension such that the lowest state is the electron mass. Of course, the size
of this electron is far too large. His action was Lorentz invariant, but it did
not contain the notion of spin (it did, however, predict a muon as an excited
state of the electron, with a mass of 53m.,).

At the conference, the author presented two talks, one on the questions of massless modes
for supermembranes and one on nonlinear o models with nonvanishing Nijenhuis tensors.
See the “Note to the reader” at the end of this chapter.

P. vAN NIEUWENHUIZEN ® Institute for Theoretical Physics, State University of New
York at Stony Brook, Stony Brook, New York 11794.
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Strings are the first really successful relativistic models for extended
objects. Membranes are the next in the series

Points, strings, membranes, . . .

More generally, one can consider p-dimensional objects called “p-branes”
propagating in a (flat or curved) d-dimensional space-time. It is widely
believed that supersymmetry is necessary for the consistency of strings.
Indeed, the bosonic string, which is obviously not supersymmetric, has a
tachyon (negative mass-squared) and the O(16) x O(16) heterotic string
[3] which has no massless gravitinos in its spectrum and thus leads to a
nonsupersymmetric theory in space-time, generates at the one-loop level
an unwanted cosmological constant and is therefore presumably not finite.
Supersymmetry seems necessary for quantum-finiteness, and we shall extend
this belief in supersymmetry to p-branes and consider only super p-branes.
Super p-branes were discovered in the beginning of 1987 by Bergshoef,
Sezgin, and Townsend [4], building on the work of Polchinsky et al. [5].

Superstrings correspond to the case p =1 and d = 10, while, as we
shall see, supermembranes correspond to p =2 and d = 11. In d = 10 one
has also objects with p = 5. From the mathematical point of view, a necessary
condition for a super p-brane to exist in flat d-dimensional space-time is
that the Dirac matrices satisfy the identity [6]

(le)(aﬁ(rm\...mp)‘ys) = 0 (1)

where (B, y8) means totally symmetric in afy8. The relation (1) is satisfied
for the cases shown in Fig. 1.* In all cases, super p-branes indeed exist. As
is well known, the d = 10 string case is consistent while the d = 11 mem-
brane case may be consistent as well, but the other models are believed to
be inconsistent [7].

Supergravity models exist in dimensions up to d = 11. The d =10
supergravity models are the 2a, 2b, 1a, and 1b models. The 2a and 2b models
have two local supersymmetries and two gravitinos (spin-3/2 particles) with
opposite or equal chiralities, respectively, and are the low-energy limit of
the ITA and IIB closed string, whereas the 1a supergravity model (the model
with an antisymmetric tensor A,,) corresponds to the closed type I string.
There is also the 1b model, obtained by dualizing the curl 9., A,,; into a
curl dp,, A,,,.....,; of a six-index antisymmetric tensor. Finally in d = 10 there
is also the super Yang-Mills model, which is the low-energy limit of the
open string.

It was until a year ago an open question whether the n =1 d = 11 and
n = 1b d = 10 supergravities did correspond to an extended object. The

* In certain cases one has symplectic Majorana spinors or Majorana-Weyl spinors instead of
ordinary Majorana spinors. In these cases, (1) is slightly modified.
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o <
10 supergravity

super -Yang — Mills
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,/<'\ supermatter

p=1 p=2 p=3 p=4 p=5

Figure 1. p branes in d-dimensional Minkowski space-time.

answer is now known: they correspondtothep =2d = 1l1andthep =5d =
10 superbrane, respectively.

To be more precise, in the d = 11 p = 2 case it has been shown that if
one couples the supermembrane to external supergravity superfields, then
these superfields must satisfy the d = 11 superspace supergravity constraints
(and hence the d — 11 supergravity field equations) in order that there be
world-volume supersymmetry (induced by local k symmetry; see below) [4].

[One remaining mystery concerns a possible n = 1b d = 11 supergravity
theory. So far attempts to construct it have failed (because the action
contains also bare A, fields and hence obvious dualization is not possible).
Also there is no super p-brane in Fig. 1 to which it could correspond. Yet,
less obvious dualization methods have been useful in constructing new
models (new d = 7 supergravity models), and some physicists, including
the author, keep wondering about a possible n = 1b d = 11 model. We will
not pursue this subject any further.]

For the lower three branches in Fig. 1, the p-brane theories seem
inconsistent according to the following argument due to Bars, Pope, and
Sezgin. Coupling the p-brane to background supergravity fields, one expects
that for consistency the massless modes of the free completely collapsed
p-brane must be the same as the massless modes of the supergravity
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background model. However, the lower three sequences have no super-
gravity massless modes in their spectrum, and hence they seem inconsistent.
Thus, finally n = 1 d = 11 supergravity has found its niche.

In what follows we shall discuss the following aspects:

(1) The Green-Schwarz actions for the super p-branes as the sum of
a volume and a Wess-Zumino-Witten term. We will see the need for the
d = 11 Dirac matrix identity for the d = 11 membrane [6]

(déT™ do)(6T,, d6) + (AT ™ de)(déT,, do) = 0 (2)

where d6 is a commuting fermionic 1-form. [ Taking the exterior derivative
of (2) reproduces (1).] We will consider a flat ordinary spacetime rather
than putting the string in a background of superspace supergravity fields
because this is much simpler and brings out the basics in a more trans-
parent way.

(2) The need for the local fermionic x-symmetry of Siegel [8]. The
supermembranes have a rigid space-time supersymmetry which is nonlinearly
realized (66 = ¢) and a local k-symmetry which is also nonlinearly realized
[660 = (1 +T)k] where 1 + T is a projection operator. In a suitable gauge,
they combine into a rigid world-sheet supersymmetry, which is linearly
realized {so that §(boson) = fermion, §(fermion) = boson [9]}. Hence super
p-branes with k symmetry must have an equal number of bosonic and
fermionic modes on the world volume. Indeed, they all do. The question
arises whether there are super p-branes without local k-symmetry where
the number of bosons and fermions is not equal. This question has recently
been considered, and the answer is negative. For example, for the string in
d =10 one has 8 X-modes (10 coordinates X* minus two world-sheet
general coordinate transformations; choose for example the gauge X° =
and X° = o) and also 8 6-modes (because there are two Majorana-Weyl
spinors 8” for the superstring, having 2 x 16 components, but local -
symmetry cancels half of them, while the Dirac equation in two dimensions
tells one that the modes are either left- or right-moving). For the membrane
one has 11 —3 =8 bosonic modes, but now one has only one (32-
component) spinor 6°. The k-symmetry leaves 16 fermionic modes, while
half of the 6’s are conjugate momenta and the other half coordinates, so
that there are again 8 fermionic modes.

(3) Forthed = 10 string the massless modes in its spectrum correspond
in one-to-one fashion to the massless background fields to which one can
couple the string (these are the d = 10 supergravity fields). Consistency
presumably requires that the same be true for the d = 11 supermembrane.
The n = 11 supergravity fields are the graviton g,, (44 states), the antisym-
metric tensor A,,,, (84 states), and the gravitino ¢, (128 states). The question
thus poses itself: are there massless modes in the spectrum of the supermem-

brane, and if so, do they correspond to g,., A,,,, and ¥, ?
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We shall begin, however, in Section 2 with two properties of membranes
that are potentially disastrous. Perhaps, however, a certain benevolence
towards membranes is temporarily justified.

Comment 1. Each of the four series in Fig. 1 can be obtained from the
model with highest d by ‘“double-dimensional reduction” (torus-
compactification): putting £#7' = X”*! and letting all (d — 1)-dimensional
fields become independent of £”*'. The Nambu-Goto action goes then over
into the action for one dimension lower [15].

Comment 2. There are indications that all super p-branes except the
d = 10 string and d = 11 membranes in the light-cone gauge seem to have
Lorentz anomalies. As to local « anomalies, a classification of possible
anomalies (cohomologies) has been given for the string, but whether these
anomalies are really present is not known.

Comment 3. For the superstring, a candidate counterterm containing
extrinsic curvature [starting with ((J X)?] has recently been given [10]. One
could try to do the same for the supermembrane.

2. NONLINEARITY, ABSENCE OF WEYL INVARIANCE, AND
NONRENORMALIZABILITY

There are two fundamental differences between (super)membranes
and superstrings. In the so-called light-cone gauge, (super)strings in a flat
background (linear o-models) are described by two-dimensional free field
theories, and, consequently, one can exactly solve their spectrum. The reason
that this is possible is that a graviton has three field components in two
dimensions, while the action has also three local symmetries: two general
coordinate invariances and local Weyl invariance. (Under local Weyl invari-
ance, 8X* =0, 6A* = —3AA* or 80 =0 and 8g,, = Ag,,. For a particle
this works, too: The one-component metric can be removed by the one-
degree general coordinate invariance.) For membranes the metric of the
three-dimensional world volume has six components, but there are only
three general coordinate invariances and no local Weyl symmetry. Con-
sequently, (super) membranes are not described by three-dimensional free
field theories in any gauge, and thus it seems from the outset a hopeless
task to try to repeat all impressive accomplishments of string theory. This,
of course, is not a defect of membranes but rather of our present abilities,
but it may well prevent real progress in membrane theory.*

The second defect of (super)membranes is their nonrenormalizability.
Let us compare the situation with strings. On the two-dimensional world

* One can write down a membrane model with Weyl invariance. It starts with dx dx dx dx, but
the model is still not free.
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sheet of strings, the gravitational coupling constant « is dimensionless. One
can consider two kinds of nonlinear o-models.

(I) Those in which the scalar (and spin-3) fields couple only to external
massless fields, namely, to the graviton, antisymmetric tensor A,,, and
dilaton ¢. (One can also consider a massless external gravitino. That is best
studied by using external superfields with the Green-Schwarz formalism.)
These models are renormalizable in a generalized sense.

(IT) Models in which one couples to all, massless and massive, external
fields. (Each external field corresponds one-to-one to a mode of the string.)
One can require that 8-functions for these models vanish, which fixes some
of the coefficients in front of these extra terms but not all, so that the theory
is not finite. The action by itself is not conformally invariant, but (or, rather,
because) “the theory” (Green’s functions) are. The fact that the models in
I are a consistent truncation of the models in Il may not be so important.
Perhaps we should be doing string theory only with the more general class
of models in II, even though they are nonrenormalizable. (Note that the
coupling constants for the higher-derivative terms in the action have the
wrong dimension.)

For membranes, the gravitational coupling constant is dimensionful
and it has the wrong kind of dimension. (To see this, note that the metric
g can be decomposed as 1, + «h,,, where h,, has the standard type of
action I = [ d“x(ah)*. Hencein d = 3, the dimension of h,,equals[h,,] =3,
and thus [k]=—3. In d =4,[h,,] =1 and [«] = —1.) Hence, the linear
o-model in three dimensions is not a free theory, and hence membranes
are not renormalizable. One might wonder why one bothers to study d = 3
models, instead of directly tackling the d = 4 models, since both classes of
models have the same disease. One reason might be that anomalies cancel
only in the d =3 case. Another (rather weak) argument might be that
divergences in d = 3 are less severe than in d = 4. If one adopts the point
of view, however, that supermembranes should be treated like the type II
o models in two dimensions, membranes are not worse than strings. In
both cases one is dealing with a nonrenormalizable quantum field theory
on the world sheet or world volume.

It is not ruled out that for particular (AdS) backgrounds in a particular
gauge (X’ =17, X' = p, X* = 0,T" 0 = 0) the models become free in a par-
ticular limit (radius R - 00) [11]. This is the best we can say about this
problematic situation.

3. CLASSICAL GS SUPERSTRINGS AND CLASSICAL GS
SUPERMEMBRANES

A supersymmetric string can be formulated either as a Ramond-Neveu-
Schwarz (RNS) string or as a Green-Schwarz string. In the first case,
world-sheet spinors are space-time vectors (written as A* with u =
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0,...,d — 1), while in the latter case they are space-time spinors. In the
RNS formulation one has a supergravity theory in two dimensions. There
is N =1 local worldsheet SUSY. (The N =2 and N =4 models have
critical dimension 2 and —2, respectively, and seem not useful.) To obtain
a supersymmetric spectrum one needs Gliozzi-Scherk-Olive (GSO) projec-
tion operators. The critical dimension of space-time (the dimension where
the quantum theory is consistent because Weyl anomalies cancel) is d = 10,
although classically the RNS strings can exist in any d. An action for the
classical GS string can only be written down in d = 10, 6, 4, 3. It has (one
or two) rigid space-time supersymmetries and a new local fermionic sym-
metry, called x-symmetry, due to Siegel [8]. At the quantum level, one has
only been able to quantize the GS string in the light-cone gauge, and then
Lorentz invariance is only preserved in the d = 10 model.

For the supermembrane, also a RNS membrane and a GS membrane
exist. The RNS membrane is now a supergravity theory in three dimensions.
More precisely: it is a scalar multiplet coupled to supergravity fields. There
seems no way to write this action only in terms of the scalar and spinor
fields X* and A" because one needs for that purpose a cosmological
constant, and in supergravity theories a cosmological constant requires the
presence of the Einstein action, so that the graviton field equation becomes
propagating. This excludes the possibility to eliminate the metric from its
own nonpropagating field equation. [A recent possible alternative is to
consider instead of the Polyakov-type action (9,X )? an action like (3.X)*
in which case no cosmological constant is needed to recover the Nambu-
Goto forms. A propagator could only arise by expansion around a back-
ground.] In addition, the GSO projection operators, if existing, are
unknown. Given these problems, it is not clear how to define the critical
dimension for a RNS membrane, but note that the membrane action is not
conformally invariant to begin with, so that conformal anomalies cannot
even occur. One might perhaps get global gravitational anomalies (“modular
anomalies”).

The GS membrane, on the other hand, fares better: it exists classically
in d =11,7,5,4, has one (N = 1) rigid space-time SUSY, and local «
supersymmetry. It is not clear whether any of these models are consistent
at the quantum level, although in analogy with the string one might conjec-
ture that only the d = 11 model is consistent, if at all.

These properties of the RNS/GS models for string/membranes are
summarized in Fig. 1. We now give details of the construction of actions.

The action for a bosonic p-brane is

I= -—TI dPg(—det 9, X" 95X,,)"?, a,B=1,....p+1 (3)

For the bosonic membrane this action was written down in 1962 by Dirac,
while it was proposed as the starting point for Lagrangian string theory by
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Nambu and Goto in 1969. It is proportional to the world volume, and the
constant T is the p-brane tension with dimension

[T]=[ml""[e]7" (4)

The action can be obtained from a first-order action with cosmological
constant

L =T(-3(—g)"?g® 9. X" 35X, + 3(p — 1)(—g)""?) (5)

by eliminating the independent (p + 1)-dimensional metric g,g from its
algebraic field equation. One finds then that g, is the induced metric

8ap = 0.X" 35X, (6)

In what follows we shall use the Nambu-Goto formulation of the action.
For the string, p = 1, and the cosmological constant is absent; as a result
the string, and only the string, has an extra local symmetry, namely, local
Weyl invariance.

The simplest way to supersymmetrize the action of the bosonic p-brane
is to replace it by the coupling of a scalar multiplet (whose bosonic com-
ponents include X*) to (p + 1)-dimensional supergravity. In this case one
must start from the first term in (5). However, in order still to obtain (3),
one has to also get a cosmological constant in the action [the second term
in (5)], and in supergravity models this means that one must add a super-
cosmological constant, proportional to

S(=2)'"* + gy . (-2)"? (7)
In order to eliminate the field S while keeping the cosmological constant,
one adds the supergravity gauge action, which itself contains not only the
Einstein action but also a term (—g)'/2S°, and by eliminating S one indeed
gets the cosmological constant (—g)"/?. However, owing to the presence of
the Einstein action, one can no longer solve for g,, algebraically. Hence
as supersymmetric extensions of the Nambu-Goto action, spinning p-branes
are excluded. Instead, one must use GS p-branes. [Replacing (6X)* by a
(8X)* type of action does not require S; see remarks before.]

Let us remark that for the string with p = 1, one has no cosmological
constant and one can use a spinning string as well as a superstring formula-
tion. In the light-cone gauge, the spinors in the former case are SO(8)
vectors, while in the latter case they are SO(8) spinors. One can then prove
the equivalence of both formulations by using *triality.” [One uses A* =
x“(T*)4aA% where x® is a commuting nowhere vanishing spinor. Such
spinors globally exist on any two-dimensional surface, see Ref. 12.]

The complete spectrum of the spinning string coincides with that of
the superstring if one takes both periodic and antiperiodic solutions in both
cases [13]. In that case, both formulations have a tachyon. One can also
prove that the GSO-projected spectrum of the spinning string coincides
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with the spectrum of the superstring with periodic boundary conditions. In
that case neither has a tachyon.

To construct a super p-brane, we first of all replace dX* by its supersym-
metric-invariant extension

a* = dX"* + 0T* do (8)

(It is supersymmetric under 80 ~ ¢ provided 8X* is such that d#* = 0.)
Next one adds a Wess-Zumino-Witten term. The general procedure is to
first find a closed (p + 2)-form w,,, and then to show that w,., = dw,.,.
In other words w,., is exact. Since cohomology in superspace is usually
trivial, one can start with a closed p + 2 form and expect that dw,,, =0
implies that w,,, = dw,.,. This is how we shall construct w,,,. The WZW
term is then the (p + 1)-dimensional integral of w,.,. (The corresponding
cohomology in local superspace is also trivial. This may be related to the
fact that the bosonic topological charges, such as the Euler number, do not
seem to get fermionic corrections.)

d = 10 GS superstrings. (See also Ref. 14.) A closed 3-form is in this
case

w;=(d6'T™de' — d6>T™ do>)m,, 9)
The fermionic 1-forms do* = d¢’,0" are commuting (because both 6* and
d¢? are anticommuting) and 7™ is the bosonic supersymmetric 1-form

7" =dX™+6'T"de' + 6°T™ do’ (10)
The closure of w; follows from the identity
(d6T™ de)(déT,, de) =0 ind=10 (11)

We claim that the 2-form w, is given by (we will fix a presently)
w,=(0'T"do" — 6°T™ d6*)m,, + «(0'T™ d6*)(6°T,, d6%) (12)

To show that dw, = w; we will use the identity

"dodor, do =0 ind=10 (13)

which is equivalent to (11). Then dw, indeed equals w; provided a = —1.
The GS superstring action is thus (we will fix a presently)

string __
IGS - Ibos + IWZW

byos = —T J d?¢[—det(Il% I1,,)]"

Iyzw=a J d*¢e“P[(0'T,,0,0" — 0°T,,0,0°)17

_ _ (14)
—(0'T"5,0")(6°T ,,0567)]
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In order that this action be supersymmetric under

2 p—
56% = &%, 8X* =Y 6°T™86*  (hence 7" = 0) (15)

A=1

we rewrite Iyzw in a simpler form, using ('™ d6")(8'T,, d6") =0

IWZW =a J [(0_1Fm d01 - o_zrm doz) de

_ _ (16)
+(0'T™de")(6°T,, d6?)]

The variation 8Iyzw due to 88" = ¢' contains terms involving only 6’,
cross-terms involving both ' and 6* and terms with dX ™. The last type of
terms cancels, being a total derivative. This is the lesson to be learned from
the WZW term: A Lagrangian built from geometrical objects need not be
invariant, but may still transform into a total derivative (a well-known fact
from general relativity and supersymmetry, but relatively late realized for
nonlinear o-models). The cross-terms cancel at once, and the terms involving
only 6' cancel using (13). [These terms read (6'T,,d6")(d6'T™s) and are
totally symmetric in 6', d8', and d@® if one is allowed partial integration.]

The constant a in front of Lyzw is still left free by rigid SUSY, but
local k symmetry will fix it. Under local k symmetry 80 = (1 + ')k, 6X* =
—0T* 86, with I'> = +1 (see below), and I, will give a variation proportional
to (1 + ')k while Lyzw will give —a(1 + I')x. Together one obtains

8I(total) = (1 +T')(1 — al)k(---) (17)

and hence for local k invariance one needs a = 1.

For the IIB string, 8" and 6 have the same chirality, while for the IIA
string they have opposite chirality. For the open string, boundary terms in
the SUSY (and «-symmetry) variations cancel provided 6'(o) = 6*(o) at
o = 0 and o = 7, so this action has only N =1 SUSY. One can drop 6, in
the discussion above, but then the action becomes inconsistent at the
quantum level. (Anomalies do not cancel.) To make it consistent one must
add heterotic fermions and consider closed strings. To obtain the N =1
closed string one must put (o) = (7 — o).

d = 11 GS supermembranes. The actionis now I, + _[ w5, where dw; =
w, and w, is a closed 4-form. Since we are in d = 11, there are only Majorana
spinors, and, as discussed before, we need one spinor 0° (a =1,32) in
order to get equal numbers of bosons and fermions. (The equality 11 — 3 =
3). In order that w, be supersymmetrically invariant, it must be constructed
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from =™ and d#@, and it must be a 4-form. This uniquely leads to

wy=doT™ do o, (18)
This 4-form is closed due to the d = 11 identity [6]
doT™ dodorT,, do =0 (19)
To find w; with dw; = w, we make the ansatz
w; = 00™ do[ 7,,m, + afT,, d0 m, + BOT,, dO6T , do] (20)

with @ and B arbitrary constants. Using the Dirac matrix identity

(dOT™ de)(0T ,, do) + (6T ™ d6)(dOT,,d6) =0 ind =11 |{(21)

which is equivalent to (19) we see that dw; = w, provided a = —1 and
B = —%. Hence the supermembrane action reads

a ... -
I=-T J d’E[(—det wtm)m,,)]1Y> - 3 e (0T ,,0:0)

_ - (22)
x [8, X"y — 3(6T* 3,0)(0T” 5,0)1}

(Our way of writing the action is simpler than other forms in the literature
because it contains one term less.) The action is supersymmetric under

56 = ¢, 8X* = gT*e (hence 67" = 0 with 7* = dX* + 6T'* d6)
(23)
For example, the variations with 9,X™ give
ag" (2T ,,,0,0)(3,X "0T"3,8) + ac™ 0T ,,,0.0(3,0T "9, X") =0 (24)
which cancels due to (21). [To see this, note that they are equal to
— 3T ,n(0:6)(6T"3,0) + 3T,,,9,0(6T"3,0) + 1T ,,,00,6T"3,0
—3(I'"3,8)(0T ,,,9;0) + 379,007 ,,,3,0 + 3"09,0T,,,3,0

which vanishes due to the identity in (21).] The variations without X ™ but
with only five 6’s vanish too because they combine again into the identity
(21).

(25)

4. LOCAL ¥ SYMMETRY
The action for the d = 11 supermembrane reads, as we have seen,
a .., —
I=-T J d’&{(—det mwhar,)"? — 5 e’(0T,,8:0)

_ _ (26)
X [(9;X*)my — 3(0T*5,0)(6T75,0)1}
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and is supersymmetric, even though it still contains the free parameter a.
Local k-symmetry will fix a to the value
a=1 (27)
as we now show.
Any variation of the action can be written as

8l = —TJ d*¢(B,8X*" + 86F) (28)

We therefore first obtain the field equations. For the field equation of X*
we find directly

B* = —3,[(-g)’g"nl + g (0T 9;0)(m, + 3 X,)]1=0  (29)

where g¥ is the inverse of g; = i m;, . (The variation of 9,X* gives the my,
term and the variation of the X in = gives the 9,X, term.) By using the
identity

£7(3,0T"9,0)(0T ,5,0) = £™(81*"9,0)(8.0T ,8,60) = 0 (30)

[which is the same identity as (21) if one replaces ¢’ by dx’  dx’ a dx*],
we can rewrite the bosonic field equation as

B* = _ai[(_g)l/zgij'ﬂ'f] - agyk(aié-ruyajg)”ku =0 (31)

In this form it is manifestly supersymmetric.

The field equation for @ is obtained by varying the explicit ’s as well
as the 6’s contained in the #’s. One obtains after a straightforward but
tedious computation

F=2(-g)"’g"w#T 9,06 — B*T 0 — ae"([,,9.0)wlm;y =0 (32)
Using that
eT,, mtmy =2(—g) "/ IT ="
uvilj I (33)

= 1_ijk u_v_p
I'= 5"l 7o 7}

one can (I thank Dr. Sezgin for pointing this out to me) rewrite the fermionic
field equation as

F =2(-g)"*(1 — al)(7w™*T,)(3:6) — B“T,6 = 0 (34)
This follows easily from the identity
W;nﬂ;'ﬂﬂﬂ?rmnprq = 377';”77_;‘gklrmn (35)

which is due to the fact that i, j, k and ! run only over three values, so that
total antisymmetrization in all four of them yields zero (the Schouten
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“theorem” of the early days of supergravity). Notice that F is supersym-
metric, except for the term — B6, which varies into —Be. The origin of the
terms in F is clear: The variation of the 8’s in the Nambu-Goto action gives

S[(8T*3,0)(- - )] = 280T*(8,0)(- - ) + (66T*0)3,(- - -) + a total derivative
(36)

where (- - ) = (—g)"?’g"#% and ,(- - -) is completed to —B*. The variation
of both 6’s in 6T'*"9;0 gives twice as much as varying only 6, except for
terms with one or no = factor. These terms cancel separately, as one might
either directly demonstate, or indirectly prove by showing that the action
is supersymmetric with this F.

To show that the action is supersymmetric by using (32), we evaluate
81, using

8X* = 0T*50, 80 =¢ (37

These are the correct rules (in particular the correct signs) since they leave
7% invariant
St = 9,0T e + 19,0 = 0 (38)

We thus obtain for the supersymmetry variation
8(e)I = J [6Be + 2&(—g)"’g" 70,0 — EBO

— ag"™(eT,,0,0) ) mi] d*¢ (39)
Partially integrating the second term, we obtain
—2(&T,.0)3,[(—g)"*g" m}'] (40)
which cancels —2£B0 except for a term
2a(&T,0)e7(8,0T+"3,0)m, (41)
The last term in §(£)I can also be partially integrated, and it yields
2ae" (T, 0)(@m)my (42)

Both terms are now totally antisymmetric in the spinors 6, 6,6, and 9,6, and
their sum cancels according to the identity in (21).
To prove the local x-invariance of the action, we begin with

8X* = —AI'*86 (note —sign) (43)

Owing to the minus sign, the B terms in 8 in (28) cancel straightaway.
(This fixes 6X*.) We are left with

8(k)I = —TJ d*£86{2(—g)"*(1 — al")g" 73,6} (44)
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The basic reason for k-supersymmetry is now the observation that, as we
shall show in a moment,

=1 (45)
Therefore, if we take

80 =(1+ D)k (46)

then we are left with
8(x)I = —TI d*eR(1+T)(1 — al)[2(—g)" g7 7.6,6] (47)

and taking a = 1, we find 8(x)I = 0. Thus, local k-invariance is due to two
reasons: (i) the B-terms in the varied action cancel by taking the sign in
8(k)X™* opposite to that in 8(g)X*; (ii) the F-terms in the varied action
are proportional to

kK1+I) x (1 -=all) X (--)=0
/L N (49
from 66 from Z(bos) from £(WZW)

The proof that I'? =1 is straightforward. In the contractions of the
product of I',,,, with T',,.,-,- we only need the terms with no Dirac matrices,
because the terms with 6 and 4 Dirac matrices vanish since i, j, . .. run only
over three values, while the terms with two Dirac matrices can only give a

n i

result proportional to I',,w"7jg”’, which also vanishes. There are six
contractions of the I'-matrices. In this way one finds

2 1 k€ ’
=36 g™ T OMu )
1 ijk i'j'k’ 1 ijk
= 62 €€ " 888k = E eV gigig =1 (49)

5. RIGID WORLD-SHEET SUSY [9]

As we have seen, the actions of GS super p-branes are invariant under
two distinct fermionic symmetries:

(1) Rigid space-time supersymmetry: Since this symmetry is nonlinearly
realized (60 = &), we cannot conclude on the basis of this symmetry alone
that the number of bosonic and fermionic modes on the world volume must
be equal.

(2) Local k-symmetry. This is also a nonlinearly realized space-time
symmetry: 80 = (1+T)x (where « is a space-time spinor), instead of
80 ~ kX.
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Yet, in a particular gauge, called “the physical gauge” by its inventors
[9], both fermionic symmetries fuse into:

A linearly-realized rigid supersymmetry on the world sheet, which maps
bosons onto fermions and vice versa. World-sheet SUSY is desirable,
because it is probably needed to get massless fermions in the space-time
spectrum.

Since the number of modes should not depend on the gauge chosen,
it follows that local k-symmetry leads to equal numbers of bosonic and
fermionic modes. For the string one could have reversed the argument as
follows. From the fact that the spinning string has a linearly realized (local
world-sheet) SUSY, it must have equal numbers of bosons and fermions,
and from the equivalence of the spinning and GS string in the light-cone
gauge, it follows that the GS string must have equal numbers of bosons
and fermions in any gauge. This then, explains to some extent why the GS
string has local k-symmetry, although one cannot rule out the possibility
of achieving world-sheet SUSY by other means than local k-symmetry.

Models with rigid space-time SUSY and local k-symmetry need not
always have equal numbers of bosonic and fermionic modes. For example,
if one drops one of the two spinors 6 in the closed GS superstring, the
model has still N = 1 rigid SUSY and local x-symmetry, yet there are eight
bosonic modes and four fermionic modes [10]. All one can say is that this
model is not equivalent to a spinning string model, while it is also not a
consistent model (anomalies do not cancel). It seems that consistent GS
models always need local x-symmetry.

The physical gauge is defined by the gauge condition

Xi=¢  (i=9,10,0)
1+*T)*=0 (a=1,32), *'=T'---T% (50)

Since (*T')*> = +1, the operator (1 + *I') is a projection operator, and the
condition (1 + *I')8 = 0 is expected to eliminate 16 components of 6, just
as many as the number of x components which are effectively present in
86 = (1 + T')k. Indeed, also (1 + I') is a projection operator and also « has
32 components. So, that gauge (1+*I')6 = 0 seems at first sight a good
gauge to fix the local k symmetry. The reason the gauge (1+ *T')8 = 0 is
chosen, rather than (1 + I')# = 0, is that one can very easily solve the former
whereas the latter cannot be solved in closed form at all.
As we shall explicitly show,

I' = *T + field-dependent terms (51)

Hence, if we put all fields to zero, the condition (1 + *T")8“ = 0 fixes the
gauge completely, because then 86° = 0 [since in this limit §(1 + *I')§°
equals (1+ *I')x and hence fixes all effective gauge parameters (1 + ')k
for vanishing fields]. The usual kind of argument can then suggest that also
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in the presence of fields the gauge condition (1 + *I")8 = 0 completely fixes
the gauge:

Claim: If (1+*I')6 =0, then 60 = 0.

[Note that « is not fixed, only its effective part (1 + I') x.] It may be instructive
to see how this happens, and for this reason we will explicitly show that
the above claim is valid to second order in X-fields. Since we will need for
this purpose details of Dirac matrices, we postpone this demonstration to
the end of this subsection.

We return to the issue of rigid world-sheet SUSY. The set of all
transformations of the fields X* (p, 0, 7) with w =0, 1, ..., 10 reads

8X* = n'a. X" + L*X" + a* + 0T — 0T*(1 + Tk (52)

Hence, in order that X' = 0 for i =9, 10, and 0, we must accompany any
space-time Poincaré transformation or any fermionic symmetry transfor-
mation by a compensating general world volume coordinate transformation,
whose parameter 7' is given by

n'=-ILX"—a —fle +0T'(1+ )k (53)

The remaining eight transversal fields X' (I =1,8) then transform as
follows:

8X' = —(L¢a X" — (51X 7)aX" — a9, X" — T'ea, X'

+ oA+ Dka X"+ X7+ 116+ a" + 6T — 0T (1 + D)k
(54)

The first term on the right-hand side shows that X' has become a world-
volume scalar under rigid world-volume Lorentz transformations because
ascalar field S transforms under rigid Lorentz transformations with precisely
this orbital term. The I} term corresponds to the SO(8) subgroup of
SO(10, 1), of which the X' form a linear representation.

In Kaluza-Klein theory one has a similar but not exactly the same
situation: There one starts with a fixed X* depending on all 11 coordinates,
and by reduction on the 8-torus, one gets in d = 3 Minkowski space-time
a theory with a linearly realized group SO(2,1) x SO(8), whereas the
off-diagonal part of the original symmetry group SO(10,1) is fixed by
putting the off-diagonal part of the vielbein equal to zero: el = 0. The
original d = 11 general coordinate invariance is left unfixed, but by requiring
that all fields depend only on p, o, 7, we getin d = 3 dimensions the following
local and global symmetries: general coordinate invariance [with n( p, o, 7)],
Yang-Mills invariance [with ' ( p, &, )], and global SO(8) invariance (with
n' = M}y’). Here we fix the d =3 general coordinate invariance (by
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X' = ¢' and leave Lorentz invariance unfixed (because it is a rigid sym-
metry). Consequently, we still have a rigid symmetry with Lorentz parameter
I', but it is nonlinearly realized:

6XI — lilé:i _ l;XJaiXI (55)

In the language of the theory of nonlinear realizations, the X" form a
“spectator-representation” and the ;' are the constant parameters of the
generators of broken symmetry, which correspond in one-to-one fashion to
the Nambu-Goldstone fields (which are not present in this model).

Let us repeat the analysis of general coordinate invariance and Lorentz
symmetry, but now for the case of x and & symmetry. The fields 6°(p, 7, 7)
transform before any gauge fixing as follows:

80 = n'9,0 + z1"'T,,0 + e+ (1+T)k (56)

We already know that ' = —T"e + 6T"(1 + I')«, and hence it produces in
860 a term quadratic in fields, which we disregard since we work only to
second order in X-fields. We now use the following facts, derived later:

1
*T = - . ., T=*T+*(MV+MP+--) (57)
-1
0 * 0 *
MY =Ti3X"TI, = Z'S :; 2 (58)
0 * 0

Thus the constraint (1 + *I')@ = 0leadsto 67 = (0, 6, , 0, 6;), where 6, and
0, are eight-component spinors, and the compensating «-transformation,
which must accompany a rigid SUSY transformation in order that
(1+*I)86 =0, is given by

A+*De+ A +*Tk +* TMPx +---1=0 (59)

Since 66, and 86, must vanish, this will lead to a relation for k in terms
of &.
The vanishing of 80, and 80, requires
2e, + 4y + 2(MPKk) +- - =0 (60)
26, + 4x; +2(MPk);+ - =0
For the transformation rules of 6, and 6,, we then find from

80 =e+(1+*T+*TMV+- )«
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the following results:
00, = g, — (M(l))24'<1 - (M(l))23K3 +oe

(61)

804 = &, — (M(l))4l'<1 - (M(”)43K3 +e-
Thus, the parameters (&,, ;) and (&3, k3) fuse into a rigid linearly realized
supersymmetry [with parameter ¢, and &5, since k,, k3 are expressed in
terms of ¢,, &3; see (60)]. The &,, &, correspond to remaining rigid nonlinear
symmetries. For the bosons the transformation rule contains already a linear
piece

SX'=0T"e -0 +*Dk + - -+ (62)
Using that
0 I o\fo m! 0 m'|
1-‘01-\1 — O I nl — r;"ll 0 !
-I 0 m! 0 —m!
0 |
0 -1 m' 0 l—m' 0

(63)

where m' are real 8 x 8 matrices (see below) and ““ ~ * denotes transposi-
tion, we find

8X'=0lm'se, — 0T m'e; — 0T M 26, + 0T 2K5 + - - - (64)

As we have seen, ¢; + 2k, and &5 + 2k5 vanishes to zeroth order in fields
[see (60)], hence one finally obtains

8X' =260]rm'e, — 207 1h'e, + non linear terms
86, = J(MV)) e, + J(M™)3e, + nonlinear terms (65)
80, = MM ie, + A M®)3e; + nonlinear terms

These are the linear world-volume SUSY transformations with eight two-
component SUSY spinors. (The original two eight-component spinors &,
and &3 of space-time have become eight two-component spinors on the
world volume.)

Let us finally study how 6 transforms under Y transformations. Since
T'; and T';; commute with (1 + *T'), the I” transformations do not break the
gauge (1 + *T')0 = 0. Hence there are no compensating «-transformations
but only compensating 7' transformations [see (53)]:

80 = (—1;¢")8,0 + 31T ;0 + 31"T 1,0 (66)
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Now I'; acts like the unit matrix on the eight-component spinors 6,, 6,,
and I'; acts like (—ir,, —7;, 73) on the eight doublets (6,, 6,). The matrices
I';;, on the other hand, are diagonal in (6,, 6,, 05, 8,) space:

[y = diag([m,, m,], [m;, my], [my, i, ], [y, my]) (67)

So we see that the 8’s have become world-volume spinors, as well as SO(8)
spinors, in the same SO(8) representations. Hence, the spinors are in

(2,8) of SO(2,1) + SO(8) (68)

The nonlinearly realized symmetry with I”, on the other hand, interchanges
0, and 6, as well as reshuffles their components.

Finally we come back to our promise to explicitly demonstrate to first
nontrivial order in fields that (1 + *I')# = 0 indeed fixes local x-symmetry,
and exhibit explicit Dirac matrix representation used above. Under a local
k-symmetry the gauge condition transforms into

(1+*T)(1+ )k = 0
[ =le*(—g) V%9, X"*3.X 3, X"T ., + 6-terms (69)
j uvp

The field-independent terms are due to taking X* only equal to X" This
yields

T = 5100, T, Ty = T°T'°T° = *T (70)
taking ¢>>'° = —1 and 'y = I'” but T’y = —TI'"°. We choose

1 0
= (0 "1) X Ty, I = Ligxis X i7, [ = 146006 X 73
16x16 ’

IM={(oaxy)x1 or (o,X1lge) X7} withi=1,7 (71)
In this representation
1 m'
m
*T = , ' = ; (72)

-1 '
The y' are the 8 x 8 Dirac matrics for d = 7 Euclidean space and are
completely antisymmetric and purely Hermitian satisfying y'y*- - - y®y" =
i. Hence m' = {—iy', I} are real. The terms in I that are linear in the fields
X" are given by

*D(Te. X =*T(I%, + %, + %)X’

E 0 |a,+a, O
0 ~3 0 3,—9, .
= rx 73
3,—d, O —34 0 ! (73)
0 3, +9, 0 +0o

which is of the form (58).
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Let us now work out the consequences of (1 + *T")(1 +T')«x = 0 for «,
and then verify whether 60 = (1 + I')x indeed vanishes.
From (1 4+ *I)(1 + '« = 0 we find

2Kk, + (ap + BT)XI(m,KZ) + 3aXl(m1K4) +.0.=0

(74)
2k;+ (_amXI)(lez) + (ap - 87)Xl(m]K4) +--=0

Clearly, taking x> and «* as arbitrary functions of p, o, 7, we can determine
k; and k; iteratively such that the gauge conditions are satisfied. We have
then still a two-function freedom in «.

For the variation of 8, we need to consider only 86, and 86,. The two
X' terms in I' come not only from expanding 3:;X*9;X"9, X" but also from
expanding (—g) /2. One finds

I =*T + *T[[ (3, X )T, = 3T/ (3,X )T* (0. X )T,
—inYaX"o X8, + - - (75)
In this way we find, combining (74) and (75),
86, = (9, —3,) X 'm,[— (5, +3,) X "my, — 3,X "myy - - - V2
— (0, X"y, [0,X Tmypc, — (9, — 3,) X Tmycy - - - 12
+3(Ta,X ") (T*3,X )Ty 1k
+3mY9.X" 0, X K + - - (76)

In the last two terms only «, and «, appear, because "I only interchanges
the components k, and k, but never maps them into the range of k, and
k3. In fact, direct evaluation reveals that indeed 86, = 0. Similarly one finds
that 66, = 0. Thus, the gauge condition (1 + *I')8 = 0 indeed fixes 66 = 0
to second order in X,

Comment. In the superstring, the mechanism by which the 6 become
world-sheet spinors is somewhat different in the light-cone gauge. There
one divides 8 by (p+)"? and since (p+)"? transforms as a world-sheet
spinor, one finds that §°/(p+)"/?>= S* is a world-sheet spinor.

Note to the reader. This article presents a pedagogical introduction to
the theory of extended objects, in particular, supersymmetric membranes.
At the conference, the author presented a complete and exhausting calcula-
tion based on path-integrals done with L. Mezincescu and R. Nepomechie,
according to which there are no massless states in the spectrum of the
supermembrane. This would mean that supermembranes are not consistent.
Since then Gandour, Pope, and Stelle have analyzed the role of zero modes
in the path-integral quantization. Although these authors have not perfor-
med a complete calculation, and some questions remain, they believe that
there are massless particles in the spectrum, and that supermembranes are
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consistent. On the other hand, recent work by de Wit and Nicolai claims
that there is a continuous spectrum and, hence, supermembranes would not
make sense at the quantum level. Since the question is unsettled at this
moment, I decided not to include the details of my work. They are published
in Nucl. Phys. B 309, 317 (1988).

At the conference, the author also presented a talk on a new class of
rigidly N =4 supersymmetric nonlinear ¢ models with nonvanishing
Nijenhuis tensor, and the action and transformation roles of the N =4
locally supersymmetric nonlinear o model with torsion. These results were
obtained with de Wit and can be found in Nucl. Phys. B 312, 58 (1989).
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Chapter 17

Thirring Strings: Use of Generalized
Nonabelian Bosonization Techniques

Elcio Abdalla

1. INTRODUCTION: CONFORMAL INVARIANT STRING THEORIES IN
A COMPACTIFIED SPACE

In the last few years strings have been proved to be extremely important
objects for describing fundamental interactions." However, there are many
technical difficulties in the description of string dynamics, and, perhaps,
one of the most relevant aspects to be fully understood is compactification.
It is my aim to relate the string defined on a compactified space time to a
fermionic model in such a way that, in the latter, complicated and important
operators, such as the vertices,'” turn out to be elementary fields. Therefore,
correlators involving vertices, which are nonlinear in the string field vari-
ables, will turn out to be linear in terms of fermionic variables.

The action describing a string on a compactified manifold is given by

1
ZE_J dUdT aaXaaBXb(naBgab(x)+ saBBab(X)) (1)
o

where the first term is the usual Polyakov string action, and the latter is the
Wess-Zumino term, which is needed to maintain conformal invariance in
the compactified space,>* because the first action describes a nonlinear
sigma model that, in general, is asymptotically free.’

ELCIO ABDALLA ® Instituto de Fisica, Universidade de Sao Paulo, 20516 Sio Paulo, Brazil.
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The separation between left and right movers is rather subtle in this
theory. To substantiate this statement, we elaborate. In conformal theory,
left and right movers are equivalent to holomorphic and antiholomorphic
fields in the euclidian version of the theory.®

We have

X% =Xg:t Poox.+ Z A e (2)

n#0

where the position variable is simply the sum of left and right movers
X(x) = X5(xy) + X2(x) (3)
We also define the dual field X° given by
X(x) = X4(x,) = X4(x2) + B (x)(X5(x,) + X(x)) (4)
motivated by the algebra-valued fields of WZW theory,
J'(x)=g'o"g (%)
J(x) =87 (6)

where X “ is the Lie-algebra-valued field corresponding to the group-valued
g-field described by the action

1 5 _ 1 (! e e et~
S = . J' d’xtra,g 'a%g + EJ dr J d’xtre*’g7'9,86 9,88 '9,& (7)
0
We can formally identify
1
T (x.) = FP(xs) = . XS (8)

If the symmetry group is abelian, such as the torus [U(1)]{ we may
assume that all X“’s are independent. Their commutation relations are
easily derived from J’s Kac-Moody algebra and are given by’

[X5(e), XA(r)] = = m6%e(x, — 1) (92)
[PSCx), X1 = =5 8%8(2, — »2) (9b)
[50x0), 72001 =5 55 e, = 72) (9¢)

which is an abelian Kac-Moody algebra. We will elaborate the abelian
theory later. Now we discuss the (nonabelian) WZW theory in more detail.
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Starting from (7), we can formally integrate over the r variable and
obtain an effective action with an unknown expression A(g)%:

1 1 2
=— J d*xtro,g latg +— f d’x tr A(g)dog (10)
8 4qr

For canonical quantization, A(g) is not needed. All necessary information
is provided by the derivative

8A,~ BAkI
Fyu(g)=—"-— (11)
s 0gx 08
where .
Fju=0180'81 — 82'0:815 (12)
The momentum conjugate to g is
1 -
ij :;T‘(aogjil“'Aji(g)) (13)
We also define
R 1
Ty = Ty~ Aji (14)

Canonical commutation relations have been discussed in the literature;
they are®:

[m(x), ma(¥)1=0 (15a)
[gij(x)n ma(y)] = i5ik5jz5(xl - yl) (15b)
[gij(x), gu(y)]=0 (15¢)

at equal time; it follows that the current, which can be written in terms of
the elementary field as

—i ,‘ i
Ji=—1trg o gr® = tr(i'n'g -—g Ialg) ¢ (16)
417 47
(there is also an expression for J2), has well-defined commutation relations.
Actually since equation (16) is purely left moving, equation (17) is valid
for any time:

26, 2001 = ™ TS0060e = ) 45678 —y)  (17)

The energy momentum tensor may be readily computed, being of the
Sugawara form*

0.(x,) = ——:(J%(x,))*: (18)

e, +k°
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We define the field operator

x

X“(x)=I J(y) dy (19)

—o0

which, in view of (17), obeys the algebra

[X%(3), XP(0)] = 3 F(X () = X ()ex = )

-1 8% (x — y) (20)
4

Our problem is to implement compactification, that is, to realize the
identifications

X=X+ 27E%n* (21)

where n* are integers and E|, generate a lattice A in such a way that RY/A
is the target manifold of our sigma model described by the action (1).
A string theory defined on a compact manifold has a further symmetry’
associated with the dual field X defined in (4). This symmetry is related to
the dual lattice A generated by E2 and defined as

ESE™ =6, (22)
In the one-dimensional case E = R, and the symmetry is
X=X+2aR (23)
In order to understand the second symmetry, consider the mode
expansion of the closed string field on a compact space

M
X(x)=X,+ =7 2LRo + oscillators (24)

Both zero modes are quantized—the former (P, = M/ R) because the string
is in a compact space of radius 1/R and P, must be quantized (M is an
integer); the other (P, = 2LR, L an integer) because o is defined up to
multiples of r, in which case X can change only by multiples of 27 [equation
(23)1.

Therefore, left and right movers are

1M .
X = Xor + & +2LR | (7 + o) + oscillators (25)

1/M
XR=X0R+5(_

R 2LR) (7 — o) + oscillators (26)
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implying that
~ ~ M .
X =X,+ R o + 2LRt + oscillators (27)

which has a momentum P, = 2LR, quantized in units of 2R; thus the
identification

X=X+n/R (28)

is valid.
2. BOSONIZATION AND FERMIONIZATION IN CONFORMALLY
INVARIANT TWO-DIMENSIONAL FIELD THEORIES

The principal nonlinear o model with a Wess-Zumino term written as
a functional of a group-valued field g(x) is described by the action

1
S = e trJ. d’xa,g 'o"g

k el feel. el o~
+8—g'“’ trJerd'xg '¢879,88 9.8 (29)
ar

This is conformally invariant only if the coupling constant is*
A\ =dr/k (30)

The constant k is quantized (integer) since the topological term is defined
up to redefinitions of the extension g(x) - g(r, x). Different choices of
boundaries differ by multiples of 2#. This system has been related to free
fermions by several authors, when k = 1. This so-called nonabelian bosoni-
zation prescription is realized by the identification

gs(x) = p” N[T,(x)¥5;(x)] (31)

where N is a normal product prescription and u is an arbitrary mass
parameter. The resulting theory is a multiplet of free fermions.>*°

Aiming at general values of the central charge k, we study the G-
invariant Thirring model (we will specialize G = SU(n), when writing
explicit formulas). The lagrangian is'’

E = iy — 38" by Py — Sgdy Ty, (32)
with [7%, 7°] = if 7",
The formal field equation is

i3y = gjuy 't + gyt (33)
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where the currents are formally defined by the expressions
Ju =9yt (34a)
Ju =0V (34b)

According to the symmetries of the model, we have three fundamental
conservation laws:

", =0 (35a)
it =0 (35b)
£"9,j, =0 ‘ (35¢)

The curl of j;, is nonzero, however, thus obeying a ‘““nonconservation” law
gp.vapjtlzl — ggy.yfabcjp.ijc (36)

Dashen and Frishman'® studied the conditions under which the quan-
tum model displays conformal invariance. They considered the equal time
commutators

Lis(, %), jo(t, )1 = if ", x)8(x = y) (372)
ik
Lig(t,x), 3(1, )] = if “*ji(t, x)8(x = y) + 2’—W 8'(x—y)  (37b)

LS (s, %), 3306 )] = if (L, x)8(x — y) (37¢)

If the theory is scale-invariant, it follows that jj, has scale dimension 1. We
can prove now that j;, is divergenceless and curl-free. Consider the vector
J,,(x) with dimension 1, and the two-point function

C

O (x4, x )y, y-)|0) = =yt i)

(38a)

The right side is fixed because under a Lorentz transform J, = J,+J;
becomes 1/x, .
We may consider analogously

C

O (X4, X )T (s, y)IO) = ————— (38b)
(x_ —y_+ie)
From these expressions it follows that
*J,(x)=0 (39a)

and

"9, J,(x)=0 (39b)
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Therefore the nonconservation law (36) transforms, due to quantum fluctu-
ations, to a conservation law in quantum theory. We will verify which
conditions are left by the imposition of conformal invariance.

Let us set up the commutation relations:

(i) Singlet currents obey an (abelian) Kac-Moody algebra:
[j:t(xﬂ:)’j:t(y:t)] = 2ic061(x - )’) (403)
[j+(x4),j-(y-)]=0 (40b)

(ii) Singlet currents act on fermions in the same way as the abelian
Thirring model does.

[j:t(x:t)a (rb(y)] = —(a + 5‘)’5)¢(y)5(x¢ - y:t) (41)

(iii) Nonabelian currents satisfy a Kac-Moody algebra
[750ea), 72 ()] = 20 **5(x4) 8(x. = y)
+ %‘ 88" (x, = y4) (42a)
[2(0x2), j2(y )] = 2if ¢ (x ) 8(x_ — y.)
-+§§5“b5(x_—-y,) (42b)
[i%(x),j2(y-)1=0 (420)
(iv) Nonsinglet currents act on fermions as

[J8(x2), U] = =0 (1 % 8ys)3A “Pyy8(xs — y) (43)
where the Jacobi identity requires
o=1 %=1 (44)

The energy momentum tensor is of Sugawara form; fixing the constants
so that currents and the energy momentum tensor satisfy the usual form of
the Virasoro Kac-Moody algebra, we have

ks

0.(x) = 5o GCe)): + —— (2 ) (45)

o c, +k

The constant C, defined in (40) is arbitrary and will depend, as we
shall see, on the dimension and spin of the fermionic field. The Casimir ¢,
is given by the relation

fabtfdbc = cuaad (46)
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For SU(n) we have
¢, =n 47)

and k is the central charge of the Kac-Moody algebra; thus it is an integer.
The energy momentum tensor satisfies the Virasoro algebra

[Oi(xi), Gi(yi)] = 2i(0:t(xi) + oi(y:t))al(x:t - y:t)

i
- Slll(xi - yi) (48)
6

where the central charge is"'

_kdim G k(n*-1)
€= cw+k  n+k (49)

Equation (49) has been specialized for G = SU(n).

Using (41) and (43), we may compute the action of the energy momen-
tum tensor (45) on the fermionic field. On the other hand, we know that it
generates translations. Therefore, we may compute equations of motion.
They are

ia‘¢1=%{2wc:‘z%)ﬁ’:ji¢1;+“c_od:j,4/1:} (50)
9", Z%{z";i DAy ac_oﬁijﬂlfz:} (51)
iaﬁpl=%{2w;:i%)ﬁ’;jz¢1:+a;:ﬁ:j+¢1:} (52)
i6"¢2=%{27rclv::i%)tb:jl_’_lllz:+a:;d:j_1//2:} (53)

Comparing these to the formal field equations, we write

g = (54)

1-6
¢, +k

g=27 (55)

Notice that 8 = 1 corresponds to the abelian Thirring model (g = 0).
The point 6 = —1, or

4qr
c, + k

g= (56)
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corresponds to a nontrivial zero of the B-function, which has not been seen
in other treatments (there have recently been some hints in this direction
through the path integral procedure'?).

Notice also that there is a doubling of the field equations. This is
necessary because the formal expression (34) can no longer be used in view
of (39), which replaced the formal equation (36). Thus (52) and (53) are
interpreted as definitions of j§ by Ref. 10. Moreover, if j£, j. are free fields,
as predicted by conformal invariance (see (35), (36)), the equations obeyed
by ¢, and ¢, decouple and the system may be solved. Finally, at the
nontrivial coupling (8 = —1) we may adjust the constants a and d such
that (52) and (53) will be holomorphic (antiholomorphic) conditions to be
obeyed by ¢, and ¢, in the euclidianized version.

From this point we specialize to the case G = SU(n) and compute the
two- and four-point functions. Conformal invariance is enough to compute
the two-point functions

Oy ()T (I0) = [i(xs — y+) + €] [—(x — y)* + ie(xo = y)]*7"  (57)

where vy is the dimension and s is the spin.
The spin and dimension may be computed in terms of the previously
defined parameters a, a, c,, c,, and k:

_1[@__ nz—l] 58
s——2 mc, n(k+ n) (58)

_L[a2+62+2 n*—1 :’ (59)
YT an o 77-n(n-i-k)

To compute functions of ¢,, change x,, y, into x_, y_.

To compute the four-point function, we need the field equations (50)-
(53). The last piece of information comes from the normal product of the
current and the elementary field . We use the commutation relations

e 1+61 1
U7, i1 = —— - A (y) —————— (60)
27 2 i(xy —y)—e¢
and others arising from (41), (43), and separation from the creation and
annihilation operators

Ji(xs) = I dp (ai(p) e ™ + al*(p) ™) (61)
0
Therefore, taking the derivative of the correlator
Fiv (%, X', 3, ¥') = (G ()i () ()77 () (62)

with respect to x.., we get correlators involving the product 3A *y} (x)j2 7 (x);
at this point we use the commutator of j*’ with the remaining fields to
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obtain a differential equation for the correlator %. Since this is a technically
straightforward but long computation, we refer to Refs. 13 and 14 for details,
and simply write down the results. To compare to known results of conformal
theory, we write the results for euclidian theory. In terms of the z, Z variables,
which correspond to ™", the field equations become

1-96
i0:1(z, 2) = gc—-k_k A® :J'i(z)dfj(z, Z):
+2 222 @z 2 (@)
Co
1+6 -
idzi(2,2) = 7 ——— A" T (2 (3 2);
+2 28 T @z 2): (64)
2 ¢

Formulas for i, are analogous. The foregoing equations mean that i,
(analogously ) is a representation of the simplest Verma module'® of
nonabelian theory'® in terms of fermions, since the constraint is

<Jf’_1'r"+i(n +k)Lw1>(// =0 (65)
2

The ansatz for the four-point function is now'®!?

Wi ()P ()95 (23) 95 ()
= [(z1 — za)(zo — 23) ] ?2{8%8 A, (x) + 6767 A,(x)} (66)
where

. (21 — 25)(z5 — z4)

a (21 - 24)(23 - 24)

(67)

is invariant under modular transformations (generated by L,, L.,). As a
result of the fermionic field equations together with (65) [specialized to
G = SU(n)], the functions A, ,(x) obey

dA, _ 1/n—n X o 1
x("_l)E—[(" D3m+n 2n(n+k)]Af =D A
(68a)
dA; 1/n—n o x—1 B X
xr =1 _[x2(n+k)+2n(n+k)} 2 i) (68b)
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The solution is given in terms of hypergeometric functions

A(x) = FO>x) + hF P (x) (69a)
Ax(x) = F(x) + hF$(x) (69b)
where
FOx) =x"*1 - x)Al_ZAF(—l 1 1+ 2 x) (70a)
1 A’ /\9 A’
1-2A
FO(x) = —= O PRI L P ) 70b
‘/PZ (x) /\_*_n(l x) (1 /\,1 A’ A,x ( )
-1 +1
FO(x) = x*74(1 - x)Al‘zAF( St S x) (70¢)
A A A
-1 +1
FP(x) = —nxh2(1 - x)A"“F(ﬂ——" = x) (704)
A A A
A=c,tk=n+k (71a)
n*—1
= — 71b
2n(n + k) (71b)
n
= 71
" n+k (71¢)
and F is the hypergeometric function
ab a(a+1)bb+1) ,
F(a,be;x)=1+—x+
(a,b, ¢ x) 1™ 2e(c + 1) (714)
At last, crossing symmetry (replacing x by 1 — x) fixes h to be
-1 +1 k \)°
() G ()
1 n+k n+k n+k
h=— (71e)

n k+1 k-1 n 2
r M——NT
(n+k) (n+k){ (n+k)}
These results are worth comparing to correlators of the WZW’s g-field

obtained by Knizhnik and Zamolodchikov,'® using g(x) as a primary field
obeying

a a 1
(J_I‘T +é—ﬂ_-(n+k)L_1)g=0 (72)

with a current J(z) (and also J(Z)). The results are as follows. For the
two-point function

(85(z, 2)gi (w, W)) = 8udu(z — w)>2(z — w) ™2 (73)
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a result following only from conformal invariance, which, comparing with
(66)-(71), implies

(gij(za E)gEII(W, W) = ('J’;(Z)'/ka(W»(‘/’zj(z_)llf;z(w» (74)
A sufficient condition for (74) to be valid is
g5(z, 2) = ¥1:(2)(2) (75)

We now check this relation for four-point functions. It is enough to borrow
k z formulas:

(8ir(21, 2185 (22, 22) (23, Z3) 8 2, Za))
= 1 (214223 F14Z2) I F O (%) FO(%) + hFD(X) FLV(X)]18808: 81w
+ [FO(x)FO(x) + h%‘)(x)%”(f)]agsk,a,.,k,aj,,,
+ [FO(x) F (%) + hF5 (x) F1(X)188:8: S
+ [FO(x) FO (%) + hFD (x) F5(£)]85818:18;1} (76)

We compare (76) with previous results and verify that it corresponds
to the replacement g; ~ u~'¢:¢,;, with crossing obeyed by the composite
field, a requirement that fixes the value of h as given by (71e).

3. THE THIRRING MODEL AND STRINGS

3.1. Abelian Symmetry

As a preliminary we consider a one-dimensional compactification.
Suppose that one coordinate field operator X(z, Z) is compactified on a
circle of radius R. The mode expansion is

X(z,2) = X(z) + X(2) (77a)
. ] 1
X(z)= x(°)+—lplnz+—l Y —a_z" (77b)
2 2 n=o N
P SN I U
XZ)=xY—=zplnz+=- Y —a_,z (77¢)
2 2 n=o N
and we define, as before,
X(z,2) = X(z) - X(2) (77d)
with currents
D ¢
J(z) = == (77¢)

v az
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- —-i3X
J(2) = Neo (77f)
The energy momentum tensor is
T(z) =27:J(z)* (78a)
T(z) =27:J(2)* (78b)

The associated fermionic field theory is defined by the field operator

Uo p(z, Z) = 1€/ X DTBXED, o gl XA XV 2HBX=X0/2, (79)

We have the following operator product expansions (OPEs):

T (06, ) = 27 T (D0 9): = 3 i )
(80a)
P IO i
T(2) o p(w, w) = ___wIJ(Z)¢mB(WGM02—-ZC;jngzwma(W,W) (80b)

Since T(z) — T(Z) generates Lorentz transformations, we readily compute
the Lorentz spin of the field ¢, 5:

(81)

The constant 8 corresponds to g/+/#r in the Thirring model with coupling
constant g.

We now use the identifications (23) and (28) in (79) to obtain the
transformations of the field ¢, 5:

Yap > Yap emR@Th) (82)

under (23), and
Vap > Yap €7 P2 (83)

These transformations correspond in string language to modular transforma-
tions. Modular invariance of the theory requires that well-defined operators
be invariant under the foregoing transformations. Therefore, in general, we
are required to study products of those operators. If we have a bound state
of F ¢’s, we require, at the same time that the following equations be
satisfied:

FR(a +B) =2n (84a)

FEB_, 84b
SR m (84b)
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where n and m are integers and the spin
o’ = B> mn
8 F?

(85)

is a rational number, unless we take an infinite number of ¢’s to build
bound states.

Two simple examples are (1) the free field case 8 = 0, s = a*/8, where
s = 1 and the compactification radius R = +/2 ensure invariance of ¢ itself,
and (2) s =3, R =1 require bound states of two ¢’s.

These results are readily generalized to a symmetry [U(1)]%7 In this
case we come back to Minkowski space, recalling expressions (9) and
(21)-(28), which imply the quantization of momentum

P =M, E™ (86)
Pg=2L"E% (87)

where M,, and L* are integers.
The corresponding fermionic model is described by the action

1 i+a— i it ot i i+ i o
=;Jd0'd7'[i‘lfll O g+ iy 0 ¢2+Hij§[/2 Yot ] (88)

where

and the spinor is
()
¥
The formal field equations are
9y = —2miFuJ ¢ (89a)

3¢ = —2miKJ 2y (89b)

and the commutation relations are given by

TS, d2(9)] = —3AM ()8 (X, — p2) (90a)
[J2(x), ¥2(3)] = =3B 3(y)8(x- — y_) (90b)
[J5(x), $1(»)] = =3D“Yi(»)8(x, — y.) (90c)
[T20x), ¢1(»)] = =3C“¢i(y)8(x_ — y-) (90d)

(for free fields, or critical Thirring coupling, B = D = 0).
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We assume the energy momentum tensor has Sugawara form. Therefore,

by the foregoing equations we may compute the Lorentz spin as in (80)
and (81):

A 1 aiN2 aiy2
s=3-s(punr-za)

1 . .

=§(Z(C‘")Z—Z(D‘")2) (91)

A possible solution may be expressed in terms of a matrix Z “ together

with its inverse (Z7')* = Z% and an antisymmetric matrix Y* = -Y"
(other solutions exist):’

Aai — \/‘X(zai + Zai . Yabei) (923)

Bai — \/_A‘(Zai _ Z"ai + Yabei) (92b)

C" =VX(Z+ Z“ + Y™Z") (92¢)

Dai — \/‘X‘(Zai _ Zai _ Yabei) (92d)

The bosonized realization of the [U(1)]¢ spinor fields is

P = 1’ IXIxIIDIX R, (93a)
Pl = 1T ATXI)HBIX ), (93b)
Thus, under shifts
AX§ =27E;, (94a)
AXE = mE" (94b)

we have the transformations

i i ; > ai abrbi__pab»bi a
o>l ezﬂzﬁ(z +Yebzbl—pabzbiyga

(95a)
QIIIZ - l1’12 e_zﬂi\/-,{‘(z-ai._Yﬂbzbi+Babzbi)E: (95b)
i, > i, e BN (95¢)

As in the previous case, bound states must be considered.

3.2. Nonabelian Symmetry

In the nonabelian Thirring model, a complete operator solution is not
known, but there are some helpful expressions that may be computed and
used to bound state calculations and to fix the spin of the field.
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For the product spinor-antispinor we have'®

PP (y) = Clxy — y2) A (x_ —y_) 7B

x exp{{;" [(a + a) rmm +(a - a)

y_
X I Jj-(w2) dw]} (96)
x_ M(x, y)
where M satisfies
M =0
-1 1
M =——{=A%j'M:
9 n+k {2 J
1 1 2(n*-1)
e b b __
4 i(x_—y )+e ,:)\ Ma n Mjl} ©7)
with the condition
M(x,x)=1 (98)

Thus
y
M(x, y) ~ exp{iC' J Aby? dw} ~ exp{iCA®(X (o — X0, (99)

Again, we have nonabelian fermionization and abelian bosonization for-
mulas, which are the same as the usual (75).

Comparing abelian and nonabelian cases defined on the same com-
pactification torus, we have the identifications

Hy < (79)a(7%); (100a)
or
E,; o 1] K, o 18 (100b)
Also
A o (19" (100c)
CY% e ()" (1004)

for an even self-dual lattice,'”” ¢ is modular invariant, and there are no
further constraints in the nonabelian piece. Only abelian pieces are arbitrary.
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4. VERTICES AND STRING THEORY

Vertices in compactified string theory have been discussed in detail by
Gepner and Witten.'® As it turns out, a vertice is a product of the Minkowski
space vertex and the compactified piece. We discuss the simplest case of
the tachyon. The product

= X
V(Z, Z) d’comp IP“ ( )

where X, (z), o =0,..., D —1 are the uncompactified variables, P, is the
momentum, and ¢fomp, is a representation of the group acting on the
compactified manifold. The latter is also an element of the Verma module
corresponding to the Kac-Moody algebra. Thus it may be represented by
the WZW field gy, or, since it has the form exp{iK“X"“(z, Z)}, it may be
well described by (99), namely a bound state of the previously defined
fermion or simply by an expression such as (93), which is the fermion. The
only requirement is that of modular invariance, as we discussed previously.
Correlators are a product of the Minkowski piece and the compactified
part. Consider as an example a bound state

J*&) = N[y (&9 ()] (101)
We have an explicit formula for
W&+ )" (YT () (& + &) (102)
given by (66). We compute (102) for ¢, &' - 0, using
11 X
Fl -4, =1+ x)=1-—2— 103
( X' X X x) x(n+x) (103)

where y =n+k
In the limit we have

(WE+ )P (OPT(ENW (& + )

A —2A
] (aabscd _ né"cébd)

'

(é-¢)

- abgcd k- _ acabd (88’)1—2A R
(3 0 ————-———nk( e k68 )——~—(§-§')2 + (104)

The first contribution is trivial and should be subtracted. For k # 1, the
second contribution is the only one remaining after renormalization is
performed. We have

(NWYPHEONWT(EN)
h~8A

Wm(6abacd 6a66bd) (105)

Babacd(sgr) 2A+ h[
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Therefore we have for j° = N(¢*¢"") an anomalous dimension

1

LT 109

For k = 1, we have h = 0, and the dimension j of v is canonical: y; = 1.
In this case

—8A

. . M ab’ 1_ n ac o bd

G &N = , (6 — 8“8 ) (107)
7R - ¢)P\° nn+1)

Therefore the problem is nontrivial for k # 1. The case k = 1 has the values

of free field theory for the dimensions.

5. CONCLUSIONS

We analyzed the issue of equivalence between bosons and fermions at
the level of Green functions, concluding that the nonabelian Thirring model
at critical coupling presents as a defining field a representation of the
conformal algebra, whose bound state is the bosonic WZW field, the level
of both representatives being the same (k).

Therefore, using this result, we may study vertex operators of com-
pactified bosonic string theories, which turns out to be the elementary field
operator in the fermionic language. Thus, a fermion operator ¢ ~ e of
spin a”/4 corresponds to a vertex operator of momentum «. Bound states
of ¢ obeying modular invariance can be computed and, for k # 1,
anomalous dimensions arise naturally, as discussed in the last section.

At last, in nonabelian theory, the number of free parameters is very
much reduced, contrary to the abelian case, where compactification radii
are completely uncorrelated. The nonabelian symmetry group, being con-
nected, correlates all radii, and the only freedom left is in the abelian piece.
This property can have some nontrivial role in further developments.
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coupling to complex scalar field, 97
coupling to gravity, 102
quantization, 8182, 99
on self-dual lattice, 98
Chiral fermions, 18, 50, 232
Chiral fields, 92, 252
Chiral Gross—Neveu model, 50, 240
conformal invariance of, 231
Chiral multiflavor model, 50
Chiral p-forms, 97, 103, 105
canonical formalism, 105
self-conjugate, 108
Chiral
QCD,, 235
representation, 48
rotation, 238
space-time fermions, 15, 21
symmetry, 231, 240
Chirality, 260, 268
Chirality condition, 79, 103, 105, 110
in variational principle, 79
in quantum mechanics, 79
Chiral flip problem, 232, 236
Chiral spinors, 232
Clifford algebra
in d—2 dimensions, 129
representation space, 134
Closed string field in compact space, 284
Closed string theories, 15
Closure of algebra, 253
Coalescense, 66
Coboundary operator, 244, 252; see also
Cohomology
Cocycle, 36-38
Cohomology, 189, 248, 263
algebra of gauge Lie algebra, 244
applied to superspace, 189
BRST, 119; see also BRST cohomology
de Rham class, 252
local
coboundary operator, 252
of gauge Lie Algebra, 244
in superspace, 267
of Virasoro algebra, 244
Coisotropic, 84
Commuting transfer matrix, 45
Compactification, 67, 281, 284
toroidal, 16
on a Z; orbifold, 62
Compactification radius, 294, 298
Compactification torus, 296
Complex analytic local coordinates, 249
Complex dimension, 36
Composite field, 292
Comultiplication of generators, 46
Confining theories, 2
Conformal anomalies, 265
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Conformal character functions, 73, 75
Conformal classes of metrics, 249, 251
Conformal coordinates, 14
Conformal currents, 198-199
Conformal differential equation prototype,
74
Conformal dimensions, 54-56, 74
Conformal extended symmetries, 55, 56
Conformal field theories, 16, 18, 20-21, 23,
33, 43, 54-55, 73-74, 222, 240, 251
on Riemann surface, 73, 22
vacuum perturbated, 21
Conformal fixed points, 69
Conformal gauge, 211, 255
Conformal invariance, 14, 24, 54, 60, 238,
240, 285-287, 289, 292
in compactified space, 281
Conformal Killing vectors (CKV), 198
Conformal superfield, 17
Conformal two-dimensional geometry, 117
Conformal Ward identity, 73-74
Conformal weight, 34, 55, 250-251
of an excited state, 56
Conformally invariant coupling constant, 285
Conservation equation in complex coordinates,
16
Conserved charges, 15, 43, 45
Conserved currents, 17, 235
for conformally invariant field theory, 286,
287, 292
Constrained Hamiltonian systems, 244
path integral method, 115
Constraint, 84, 85, 115, 124, 127
first class, 83, 85, 87, 105, 109, 110, 124
primary, 83
secondary, 94
second class, 83, 92, 94, 96, 99
determinant, 97
elimination, 86
surface, 83, 84-86, 107
zero mode, 94
Continuum field Hamiltonian, 49, 51
Coordinate independence of general relativity,
14
Correlation functions, 18, 59, 60, 62-63, 66—
67, 70, 73-74
on moduli of Riemann surface, 74
in presence of handle, 60
of string coordinates, 225
of unit tangent vectors, 164
Correlators, 281, 297
differential equation for, 289-290
of the Wess—Zumino—Witten g-field,
291
Cosmological constant, 115, 124, 260, 265-
" 266
Coupling
to classical gravity, 103
to (p+1)-dimensional supergravity, 266
Coupling constants, 14, 62, 67
for higher derivative terms, 264
Covariant derivative, 3
Creation operator basis, 133
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Critical dimension

for membranes, 265

for strings, 34
Curvature 2 and 3-forms, 194
Cusp, 164

Dedekind m function, 75
Degeneracy, 28
Degrees of freedom, 82
anticommuting, 116
counting, 82
infinite number, 9
internal, 48, 115, 124
Deformations, 34, 36
Density superfield, 191
De Rham algebra of differential forms, 243
De Rahm cohomology class, 252
De Sitter spacetime, 204, 228
Determinant of second class constraint, 97
Diffeomorphism, 34, 36, 115
ghost, 102, 250
invariant theory, 114
two-dimensional, 81
Differential algebras, 243
Differential equations
of Fuchsian type, 76
on partition functions, 75
Differential forms
of arbitrary rank, 14; see also p-form
quantized, 244
Dilaton expectation value, 19; see also String
coupling
Dilaton betha function, 70
Dirac algebra, 19
Dirac bracket, 85, 88, 97, 99, 106-108, 127—
128
Dirac condition, 84
Dirac conjecture, 85
Dirac electron, 115
Dirac equation, 115, 142
constraint, 142
in two dimensions, 262
Dirac fermions, 232-233, 236
Dirac matrices, 260, 272, 274, 277
for d = 7 Euclidean space, 277
identity for d = 11 membrane, 262, 269
Dirac method for constrained systems, 80—86
Dirac operator, 2, 3, 7, 232
Dirac particle, 115
Dirac quantization, 134, 143
Discrete conservation law, 15
Discrete spectrum of dimensions, 18
Discrete symmetry, 45
Discretization
of field theories, 51
of Minkowski space-time, 47, 51
Dispersion relations, 52, 55
Double complex, 27
Double dimensional reduction, 263; see also
Torus compactification
Dual amplitudes, 164
Dual Coxeter number, 55
Dual field for 2D conformal theory, 282, 284
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Dual lattice, 284

Duality operation, 28
Dualization, 261

Dynamical mass generation, 238

Einstein action, 265-266
Einstein equations, 13, 14, 60, 205

in one dimension, 114
Electromagnetic potential, 10, 79
Electron relativistic extended models, 259
Elliptic operator families index, 252
Embedding, 62
End point term at time boundaries, 107
Euler number, 267
Extended fundamental objects, 79, 259

Faddeev-Popov determinant, 233

Faddeev—Popov gauge fixed action, 244

Faddeev~-Popov ghost, 14, 27, 168, 245

Faddeev-Popov method, 233

Faddeev and Shatashvili proposal, 235

Fayet~Iliopoulos D term, 62, 66, 69

Fermi fields, 42, 53, 232, 236

Fermi oscillators, 123

Fermion operators, 48, 49

Fermionic change of variables, 234

Fermionic determinants, 234, 238

Fermionic gauge transformations, 48, 49

Fermionic Lagrangian, 232

Fermionic measure, 3-5, 231

Fermionic path integral, 234

Fermionic strings, 209

Fermionic variables, 122—124

Fermionization formula, 296

Feynman path integral, 99, 115, 233; see also
Path integral

Feynman propagator symbol super proper time
representation, 115

Feynman rules, 250, 254

Fictitious time, 236

Fischler—Susskind program, 70

Friedan, Martinec, and Shenker (FMS)
formalism, 22

Fock space, 34, 38, 40, 50, 128, 134, 141,
145, 146, 204, 212, 217

Foliation in field space, 253

Forced harmonic oscillators, 138

Form degree, 27-28, 246

Form factors, 43, 165

Fourier analysis, 8, 94, 100, 102, 109, 139

Four point function, 23, 68

for 2D Thirring model, 290, 292

Free energy, 43, 47, 210

Free particles of arbitrary spin, 113

Frobenius property, 253

Fujikawa method, 2-5, 231

y-matrices, 115; see also Dirac matrices
vs coupling, 7
vs rotation noninvariance of fermionic
measure, 4, 231
Gauge bosons, 20
emission amplitude, 20

Index

Gauge bosons (cont.)
graviton universal coupling, 20
non-Abelian, 20
vertex operators, 19-20
Gauge condition, 110, 126, 274, 277-278
Gauge couplings, 15, 21
Gauge effective action, 192, 235
Gauge fields, 27-31, 232, 235, 246
generalized, 30
p-forms, 105
2-form, 31
Gauge fixing condition, 65, 165, 253
Gauge function, 253
Gauge generators, 115
Gauge invariance, 14, 8082, 94, 99, 110,
113, 124, 233
under OSp(1,1/2), 169
preservation, 6
Gauge-invariant initial data, 82
Gauge-invariant observables, 108
Gauge fixing (Mébius), 65
Gauge parameter, 32, 81
Gauge symmetries, 16, 18, 22, 31, 69, 70,
82, 102, 114
Gauge theory perturbatively quantized, 243
Gauge transformations, 28, 29, 62, 81-82,
115, 124, 232
for p-forms, 105
General coordinate invariance, 263, 275
General covariance, 13, 108, 114
General relativity, 204, 268
Generating functional, 233
of fermionic Green functions, 4
Genus, 33, 77
Georgi, Quinn, and Weinberg (GQW)
relations, 19-21
Ghost, 27, 194
cubic interaction, 32
equation of motion, 246, 251
Faddeev—-Popov, 14, 27, 168, 245
fields, 194
commuting and anticommuting, 38, 103
of ghost, 29, 103, 110
Grassmann coordinates, 170
momenta brackets, 102
number, 22, 27-28, 66, 118, 195
expansion in, 29
negative, 28, 30; see also Antifields
pictures, 62
plane, 169
primary, 29
superconformal, 22
superdiffeomorphic superfield, 193
superfields, 197
tertiary, 103
Global symmetries, 15-17, 70; see also
Isometries
baryon or lepton number, 15
of two-dimentional field theory, 16
Global world-sheet supersymmetry, 15
Goldstone boson, 1
spin-1/2 field, 115
Graded algebra, 119
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Graded commutator, 119, 128
Graded Lie brackets, 254
Graded products, 28
Graded symmetric kernel, 253
Grading, 27
Grand unification theories (GUTS), 19-21
Grassmann, Lie algebra dual of gauge group,
245
Grassmann parity, 141, 147, 149
of gauge generators, 116
Grassmann ghost coordinates, 169—-170
Gravitation in one dimension, 114
Gravitational anomalies, 81, 101, 103, 252
Gravitational coupling, 82, 98
classically consistent, 80
consistency for spin = 2, 116
quantum mechanically consistent, 101
for membranes, 264
Gravitational form factor of massless spin-2
particle, 165
Gravitino, 115, 260, 263
Graviton, 165, 204, 263-264
emission from gauge boson, 20
field equation, 265
vertex in string theory, 20
Green function, 6; see also Generating
functional
Green functional, 8, 246
Green—Schwarz action
for super p-branes, 262, 272
for superstrings, 267
Green—Schwarz
d = 11 supermembrane, 268
formalism, 264
p-branes, 266
string in light-cone gauge, 265, 273
Gribov horizon, 252
Group
of gauge transformations, 233
Lorentz, 15
SU(3) color, 19
U(laxU(lyv, 10
Group-valued field, 234
GSO (Gliozzi—Scherk—Olive) projection, 19,
21, 265, 266
GUTS, 19-21

Hadrons, 153
electromagnetic probing of, 164
Hagedorn temperature, 209, 226
Hamiltonian, 45, 83
canonical, 86
dynamics, 85
formalism, 14, 82, 83, 85, 86, 107, 236
orderings
normal, 101
Weyl, 101
total, 86
translation of algebra of diffeomorphism, 101
Harmonic oscillator, 101
coordinates, 118
forced, 138
Hawking temperature, 206, 225
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Hawking—Unruh effect in string theory, 211
Hawking—Unruh temperature, 219
Planckian spectrum, 219
Heisenberg model, 47
Hermitian operator, 6
Hermitian kernel, 236
Heterotic (super) string theory, 15, 24, 94-95,
168
classical solutions of, 15
compactified to four dimensions, 61
fermionic states, 268
gauge interactions, 18
global world sheet SUSY, 15
model, 80
0(16)X0(16), 260
sigma model, 192
vacuum, 15
general, 19
with chiral fermions, 19
continuous symmetries, 17
Higgs fields, 19
Highest weight state, 18, 73
HIKKO (Hata, Itoh, Kugo, Kunitomo, and
Ogawa) approach, 167-186
Hilbert space, 128, 129
positive metric, 16
Holomorphic (except poles), 3435, 37
conserved currents, 17
quadratic differentials, 255
representation, 100
kernel, 101
scalar field, 21
Holomorphic and antiholomorphic fields in
conformal theory, 282
Holomorphy anomaly in Yang—Mills case, 251
Holonomic set of partial differential equations,
77
Hopf algebra, 46
Horizontal bonds, 46
Hypercharge color singlet, 21

Index theory, 252
Infinitesimal gauge transformations, 28
Infrared stable fixed point, 240
Integrable theories, 43, 44
in two dimensions, 43, 44
for realistic condensed matter physics, 43
Interactions
of lattice fermions, 49
lifetime of, 164
of strings with an external field, 164
Internal fields, 61
Internal space, 99
Inverse scattering method, 44
Involution, 253, 255
Irreducible representation, 50, 73
of Lorentz group, 116
Ising model, 74, 75, 76
Isometries of compactified dimensions, 16

Jacobian, 235, 239
anomalous, 3, 6
of axial transformation, 2, 4
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Jacobian (cont.)
in Fujikawa’s method, 2, 4-6
matrix, 8
regulated, 6, 4-10

Jacobi identity, 41, 119, 253

k-transformaiton, 275
Kac’s formula, 55, 75
Kac-Moody algebra, 240, 287-288, 297

abelian, 282, 287

central charge of, 288

currents, 19, 61
Kaluza—Klein

excitation modes, 70

mass, 124

scale, 16

theories, 16, 20-21, 204, 274

vacuum for heterotic string, 16
Kato—-Ogawa BRST operator, 175
Kato—Ogawa nilpotency anomaly, 251
Kerr—Newman—de Sitter families, 205
Killing vector of Minkowski space, 109
Kink, 164
Klein—Gordon

field, 82, 88, 91-92, 99, 142

variational principle, 91, 142
Kosterlitz-Thouless long-range order, 238
Koszul formula, 244
Krichever—Novikov (KN) algebra, 33-34, 36—

37, 39-40

Kruskal

frequencies, 209

operators, 225

time, 225

(maximal) type coordinates, 205, 223
Kugo and Ojima method, 248

quartet mechanism, 140, 168

Lagrange multipliers, 32, 80, 83, 105-106,
114, 126, 245
Lagrangian dynamics, 85
Lagrangian gauge transformations in phase
space, 87
Lagrangian for quantum mechanical string, 13
Lagrangian string theory, 265
Lagrangian with nonrenormalizable operators,
19
Langevin equations, 236
Large dimensionality limit, 163
Lattice
current, 54
equations of motion, 49, 51
Hamiltonian, 49
integrable model, 54
momentum, 49
scaling, 50
self-dual, integral and even, 98
spectrum, 51
string equation, 165
vertex models, 52
Legendre transforms, 247

Index

Leptons, 1
‘“mirror’’ partners, 18
vertex operators, 21
Level curves, 39
Lie algebra, 27, 46, 56, 231, 243, 253
commutators, 51
of compact group, 245
deformations, 46; see also Yang-Baxter—
Zamolodchikov—-Faddeev algebra
simply-laced, 55
Lie algebra-valued scalar superfield, 194
Lie bracket, 35
Lie derivative, 35, 108
Light cone
gauge, 118, 154, 209, 211, 278
action, 126
Hamiltonian, 127
Lorentz generators, 127
quantization, 125
in second quantized models, 118
string field theory, 170, 172
Light-cone lattice, 50, 52
transfer matrices, 51, 54
Linear sigma model, 263, 264
Liouville equation, 222
Little group for zero mass particle and fixed
momentum, 109
Local algebraic structure, 75
Local cohomological classes, 252
Local conserved current, 16
Local functionals, 248
Local -supersymmetry, 265
Locak k-symmetry, 262, 268, 271-272,
277
Local time translations, 14
Local transformations, 253
Local supersymmetry, 14, 15, 115, 125, 260
N = 1 along the worldline, 115
in two dimensions, 15
Locality condition, 41; see also Cocycles
Longitudinal modes, 60, 106
spatial distribution of momentum, 165
Loop, 60, 66
Loop expansion, 70
Lorentz anomalies, 97, 196, 197, 263
Lorentz bosonic coordinate, 170
Lorentz charges, 195
Lorentz connection, 190
Lorentz curvature superfields, 190
Lorentz generators, 99, 128
Lorentz invariance, 87, 107, 108, 125, 165,
235, 265
of energy-momentum tensor, 165
manifest, 109, 114, 118
of occupation number, 125
Lorentz spin of 2D spinor field, 293, 295
Lorentz symmetry, 275
of uncompactified dimensions, 15, 17, 18
Lorentz transformations, 22, 109, 190, 274
Low energy
field theory, 69
gauge group, 61
phenomenology, 15, 18, 19
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Magnetic densities, 108—109
Majorana spinors, 268
Majorana—Weyl spinors, 260
for superstring, 262
Mass incorporated ‘‘a la Kaluza-Klein,”” 124
Mass degeneracy lifting, 117
Mass generation for fermions, 238
Mass points connected by springs, 154
Massless excitations, 235
Massless fermions, 19, 273
Massless modes
in d = 10 string spectrum, 262
of supergravity background model, 261-262
Massless scalar field, 24, 81
Massless spin-2 particle, 165
Mass shell, 139
algebra, 118
bosonic case, 121
extensions, 119
fermionic case, 119
mixed case, 122
condition, 138
.constraints, 115, 117, 118
algebra, 115, 118
Mass terms, 49
Matrix current, 54
Matter fields, 24
Matter superfields, 115, 192
Maxwell action, 259
Membranes, 259
action, 265
bosonic modes, 262
d = 11 in light-cone gauge, 263
fermionic modes, 262
GS (Green—Schwarz), 265
model with Weyl invariance, 263
RNS (Tamond-Neveu-Schwarz), 265
Meromorphic continuation, 237
Meromorphic functions, 35
Meromorphic vector fields, 33, 35, 37
Metric
(p+1)-dimensional, 266
two-dimensional, 14
Minimal O(4) theory, 16
Minkowskian coordinates, 81
Minkowski space-time, 116
two-dimensional, 237
Mode cutoffs, 164
Mode expansions, 154
Modular invariance, 168, 290, 293, 296—298
Modular parameter, 66
Modular transformations, 293
Moduli space, 36, 66
partition function, 73
Mobius transformations, 221
Mobius gauge fixing, 65

Nakanishi-Lautrup field, 247
Nambu-Goldstone fields, 275
Nambu-Goto action, 265-266, 271
supersymmetric extension, 266
Nambu-Goto area term for shell-like electron,
259
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Negative ghost number, 29, 30
Neutral pion decay, 1
Neutrino masses, 15
Neutron-antineutron oscillations, 15
Neveu—Schwarz
algebra, 34
sector, 35
. See also String theory
Nilpotency, 29, 31, 34, 42, 251
of BRST charge, 34, 103
Nilpotent transformation, 251
Noether current, 248, 251, 254
algebra of Slavnov symmetry, 251
No ghost theorem, 118
Non-Abelian anomalies, 11
Non-Abelian interactions :
breaking of chiral SU(N) invariance, 237
Non-Abelian 2-form gauge field, 32
““‘Nonconservation’’ law for 2D Thirring
model, 286
Noninvolutive distribution, 255
Nonlinear string dynamics in curved space-
time, 204
Nonlinear realizations theory, 275
Nonlinear sigma model, 264, 281, 285
extended supersymmetric, 116
Nonrenormalizability
of massive QED, 247
of supermembranes, 263
Nonrenormalible quantum field theory
on world sheet or world volume, 264
Nonrenormalization theorems, 59
in the manner of Bardeen, 252
in string theory, 69
Nonrescaling, 117
Normalization of vertex operator, 19-20
Normal ordering, 41, 67, 101
discriminating value, 40
Null eigenvectors, 84
Null Kruskal coordinates, 209
Null Schwarzschild coordinates, 209
Null state, 73, 74, 75, 77, 132, 133, 134, 138

O(N) invariance
breaking, 121
global, 121
manifest global symmetry, 120
1/N expansion, 238
One-point function, 43
On-shell
magnitudes, 50
physical states, 59
Operator
annihilation, 38, 40
creation, 38, 40
point splitting calculation, 7
Operator product expansion (OPE), 20, 22,
23, 60, 66-68, 73-75, 293
of BRST current, 23
marginal operators in, 60
of supersymmetric generators, 22
of vertex, 66
Orbifold, 61
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Orbit, 234
quotient space, 85
space, 233
Order
of linear differential operator, 74
parameters, 43

Ordering
normal, 101
Weyl, 101

Oscillators, 101

Oscillator variables, 95

OSp extended Lorentz transformation, 169,
176

OSp (d, 2/2) local gauge invariance, 169, 170

OSp Lorentz generators, 171

Parisi—Sourlas generalized formula, 183
Parisi—Sourlas mechanism, 169-170, 185; see
also Quartet decoupling mechanism
Parity invariance, 48
Partial differential equation
holonomic set of, 77
in modular parameters, 73, 75, 77
Particle
with higher spin, 115
spectrum, 50, 52
Partition function, 32, 47, 75, 77
Path independence property, 108
Path integral
and anomalies, 231-238
gauge-invariant effective action, 233
canonical method for constrained systems,
115
for Dirac field, 10
for p-forms, 99109
representation of transition amplitudes, 82
p-branes, 260, 261
spinning, 266
super, 260
tension, 266
Perturbation expansions around classical states,
15
Perturbation theory, 247
Perturbatively stable vacua, 15
Pfaffian, 110
p-form, 14
chiral fields, 79-80, 97
closed, 107
gauge fields, 79, 116
phase space, 85
Physical gauge, 273
Physical invariance of self-duality condition, 88
Physical mass, 52
Physical observables, 244
Physical spectrum, 60, 125
Physical states, 115
Physical transformations, 87
Planck scale, 16, 19, 204, 209, 210, 224, 227
set to zero, 117
Planckian distribution
for Schwarzschild modes, 225
temperature, 225
Plane wave basis, 8

Index

Poincaré algebra, 87, 109, 125
closure in Dirac and Poisson brackets, 88
for chiral p-form, 109
Point particles of arbitrary spin, 113
Poisson brackets, 39-40, 79, 84, 85, 88, 94,
103, 110
graded, 115
Polarization vectors, 170
Poles, 34
Polyakov string theory, 33, 211, 281
Positive definitive operator, 6
Pott’s model, 55
Principal chiral o model (PCM), 53
Hamiltonian, 54
SUQ2), 53
Projection operator for physical gauge, 273
Projective connection, 251
Proton decay, 15
Proper time, 39
BRST partner of, 169

QCD», 231
Quadratic differentials, 35
Quadratic form on Lie compact group, 245
Quantization
anomalous theories consistent, 233
of chiral models, 236
of degenerate classical action, 253
of many identical systems, 113
of momentum, 294
Quantization of gauge theories with Weyl
fermions, 232
Quantization rule, 128; see also Graded
commutator
Quantum conformal invariance, 204
Quantum chromodynamics (QCD), 1
Quantum groups, 43—-44
Quantum field theory, 14, 20
bosonic, 52
in the continuum limit, 54
integrable, 52
massive, 54
on Rindler manifold, 204
S matrices, 43
two-dimensional, 13, 43
for string, 16
Quantum magnetic Hamiltonians, 47
Quantum matter fields, 204
Quantum mechanics, 6
Quantum operators set, 44
Quantum space V'
C numbers in, 44
‘‘generators,”” 44
‘“‘structure constants,‘‘ 44
Quantum string theory in curved backgrounds,
204
Quantum gravity effects for strings, 204, 206,
211, 218-220
Quarks, 1
‘“mirror’’ partners, 18
vertex operators, 21
Quartet decoupling mechanism, 140, 168; see
also Parisi—Sourlas mechanism
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Ramond algebra, 34
Ramond sector, 18, 24, 35
Rank maximal condition, 85, 106
Regge behavior of dual amplitudes, 164
Regge trajectories, 228
Regularization, 2, 5, 6-9
ambiguities, 235
continuous, 162
discrete, 162
parameters, 236
point splitting, 2
prescription, 232
Regularizing determinant, 237
Regular singular points, 76
Regulated Jacobian, 6
Regulated phase transformations, 9
Regulator, 5-7
eigenvectors of, 8
family of, 10
gauge variant, 5
Hermitian, 2
non-Hermitian, 9
Relativistic particle dynamics, 114
Renormalization, 1, 2, 65, 66
contribution of small handles, 68
of coupling constant, 61, 67
trivial, 63
Renormalization group, 14, 60
description, 68
equation, 68
flow, 60, 62, 67, 69
Renormalized mass, 52
Renormalized scaling limit, 50, 51
Reparametrization
infinitesimal space-time, 108
invariance, 14
along the worldline, 113, 114
of world sheet coordinates, 211
Rescaling of momentum, 8
Resonnance frequency, 138
Riemann—Roch theorem, 35
Riemann surfaces, 39, 75, 77
of arbitrary genus, 33-34, 252
compace of genus g > 1, 252
holomorphic outside distinguished points, 33
Rindler space, 204, 207, 209, 210, 215, 220,
224, 226
Rindler
coordinates, 224
in D dimensions, 209
modes of string, 207
string quantization, 209
R matrix, 4445, 49, 50, 54
infinite S limit, 53
rational, 50
RNS/GS (Ramond-Neveu—Schwarz/Green—
Schwarz) model for string/membranes,
265
Rotation group, 109
invariant tensor, 117

Scalar field, 65, 69, 265
antichiral, 88
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Scalar field (cont.)
chiral, 88
containing chiralities, 99
betha function, 70
free massive, 209
Scalar
N = 1 multiplet, 115
potential, 68
superfield Lie algebra valued, 194
vertex operator, 70
Scale
of compactification, 19
invariant measure, 61
of orbit, 233
Scaling limit, 54
Scattering amplitudes invariant under super-
symmetry, 24
of high-energy strings, 164
Schouten ‘‘theorem’” of early supergravity,
270-271
Schwarzschild
frequencies, 209, 225
geometry, 227-228
space-time string quantization, 209
time, 225
Schwarzian connection, 37, 41
Schwinger model, 3
determinant, 237
Schwinger term for conformal algebra, 197,
200
Seagulls, 197, 199, 200
Second quantization, 139
Second quantized
formalism, 48, 118
non-gauge-fixed theory, 118
Self-conjugate, 82
fields, 90
Self-duality condition, 79-81, 104, 106
canonical transcription, 97
Self-dual lattice, 296
Self-dual representation, 109
Self-dual Yang-Mills field theory, 44
Semiclassical approximation, 209
Siegel Lagrangian, 97
Siegel’s OSp(d, 2/2) invariant theory, 169—
170
gauge fixing procedure, 169
Neveu—West gauge invariant version,

Uhehara gauge invariant version, 169
Siegel and Zwiebach proposal, 169
o model, 253

for heterotic superstring, 192

loop expansion, 14

nonlinear, 281, 285; see also Nonlinear o

model
target manifold, 284

type II in two dimensions, 264
Simple Lie group, 50
Singularities, 22, 35

of classical general relativity, 204
Slavnov identity, 246-248

in the manner of Zinn-Justin, 249
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Slavnov symmetry, 246, 248
associated with diffeomorphism, 250
dual Lie algebra part of, 252
of the Faddeev—Popov gauged fixed Yang—

Mills theory, 243

S matrix, 50, 54, 62, 63, 66, 68
elements, 59, 62—-63, 66, 68
invariant amplitudes, 54
physical, 50

SO(d—2) representations for massless states, 129

SO(8)
global invariance, 274
representations, 266, 277
spinors, 266, 277
as subgroup of SO(10,1), 274

SO() global invariance, 117
low-energy symmetry-breaking, 117

SO(n) global invariance, 116

SO(10,1) symmetry group, 274

Space
of moduli, 36

tangent space of, 36
supermoduli, 36

Spacelike surface, 14
initial and final, 108

Space of physical states, 17

Space of states, 138

Space-time fields, 14, 60, 62

Space-time gauge symmetries, 118

Space-time
metric tensor, 13
Poincaré transformations, 274
spinors, 265
supersymmetric models, 118
supersymmetry (SUSY), 15, 59, 118; see

also Supersymmetry
vectors, 264

Spatial momentum, 139

Spectator-representation, 275

Spectral parameter, 44, 52

Spectral problem, 44

Spectrum, 109, 118, 128
of massless fermions, 1

Speed of sound, 55

Spin field, 22
classical two-dimensional model, 47
trace, 8

Spin-§ SU(2) model, 55

Spin-1/2 particle, 114, 116, 139

Spinning string, 266, 273
spectrum for different boundary conditions,

266
superparticle, 118

Spinor
Majorana—Weyl, 260
symplectic Majorana, 260
two-component, 48

Spinor—antispinor product, 296

Springs connecting mass points, 162

Square root
complex conjugate bosonic, 122
complex conjugate fermionic, 122—123
real fermionic, 122

Index

Square root (cont.)
of determinant of matrix, 110; see also
Pfaffian
of gauge generator, 115, 120
of mass shell condition for spin-1/2 particle,
114
purely bosonic, 117
of rest mass, 124
Statistical
ensemble of strings, 154
models, 46
two-dimensional mechanics, 46
weights of vertex configuration, 46, 54
Stirling formula, 162
Stochastic quantization method, 236
Stokes theorem, 195
for superspace, 189
Stress-energy tensor, 197
String, 259; see also String theory
action in D-dimensional curved space-time,
211
average length of, 153
average size of spatial region, 153
bosonic, 14, 15, 197, 249
closed, 15, 39
I type, 260
IIA and IIB types, 15, 260, 268
on a compactified manifold, 281
coupling as dilaton expectation value, 19
coupling to external local fields, 153
covariantly second quantized, 169
curvature oscillation; 163
in curved backgrounds, 204
cutoff in parameter space, 154
density of space filled with, 153
d = 10 in light-cone gauge, 263
discrete regularization, 154, 155
ensemble, 154, 164
extrinsic line curvature, 162
field theory (SFT), 32, 167
bosonic and ‘‘old’’ fermionic, 118
covariant, 167
covariantized light-cone, 168
gauge fixed (BRST invariant) version, 169
joining—splitting-type interaction vertex
approach, 167
light cone gauge, 154, 170
first and second quantized, 244
formulated in flat space-time, 204
free bosonic, 249
Green—Schwarz, 264
ground state, 153, 154
heterotic, 15, 24, 80, 94-95, 168
classical solutions of, 15
compactified to four dimensions, 61
gauge interactions, 18
global world sheet SUSY in, 15
0(16)x0(16), 260
o model, 192
vacuum, 15
general, 19
with chiral fermions, 19
continuous symmetries, 17
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String (cont.)
instantaneous interactions, 164
large-N color gauge theory, 153, 154
length, 167, 169
loops, 70
low-energy limit of closed and open strings,

measurability divergence in size, 154
models, 43
mode excitations, 70
nonperturbative dynamics, 167
normal modes, 154
open, 15
perturbation theory, 69, 70
physical meaning of divergence in size, 154
QCD, 154, 165
quantization, 212
in curved space-times, 204, 226
in quantum gravity context, 204
quantum mechanical, 13
Ramond—Neveu—Schwarz (RNS), 264
realistic vacua, 21
scale, 19
statistical ensemble, 158
super, 197
in superspace supergravity fields
background, 262
supersymmetry breaking, 16
symmetry principles, 167
tension, 211
theory, 2, 13, 33, 59, 79, 102, 113, 153,
203
classical, 16
equations of motion, 14
graviton vertex operator coefficient, 20
transverse coordinates, 154
transverse curvature, 155
transverse dimensions, 152—164
transverse directions, 161
transverse length growth, 155, 162
transverse position probability, 154
tree level, 62, 70
wave function, 154
String field theory
Green’s functions, 170
midpoint interaction vertex approach, 167
Siegel’s OSp, 170
String theory
integral over moduli analogy, 115
lack of manifest SUSY formulation, 70
of Polyakov, 33
semiclassical approximation, 19
space-time supersymmetry, 22
super, 15
Strong coupling limit of gravity, 117
Structure constants, 117, 119
anticommuting, 122
constraints on, 45
in KN algebra, 34
Structure functions, 119
Stuckelberg fields, 247
Subalgebras, 36
Sugawara construction, 55
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Sugawara form of energy-momentum tensor,
283, 287, 295
SU(N)
chiral invariance breaking, 237
coupling constant, 238, 240
currents, 237
fundamental representation of, 237
global rotations, 237, 239
Thirring model, 237, 288
SU(N)XSU(N)
global invariance, 239
symmetry, 240
SU(2) and SU(3) fine structure constants, 21
SUB)YXSUQ2)
algebra, 18
fundamental representation, 21
Super p-branes, 260-261, 267
Green—Schwarz action, 272
with Lorentz and local k anomalies, 263
Super proper time representation for
propagator, 115
Superalgebra, 34-35
Kac-Moody, 18
u, 19, 22
Neveu—Schwarz; Krichever—Novikov (NS—
KN), 36-38, 41
Ramond; Krichever—Novikov (R—-KN), 36—
38, 41
Virasoro, 34, 38
Superconformal
field theory, 15, 16, 24, 59
formulation of strings, 59
ghost, 22
bosonized, 17, 22
invariance, 14, 21
transformations, 36
structure, 36
Supercosmological constant, 266
Supercurrent, 18, 34, 38, 115
Superdiffeomorphic
ghost superfields, 193
variation, 192
Wess—Zumino term, 197
Superdiffeomorphisms, 190
Superfield, 16, 19, 22, 24, 261
belonging to dimension 1/2, 18
Christoffel connection, 194
commuting and anticommuting, 193
free, 16, 19, 24
(0,1) and (0,2), 16
superdiffeomorphic ghost, 193
Superforms, 195
Supergraph, 197
Supergravity, 32, 79, 253, 260-261
Einstein action, 190
N =1, 115,244
N=1,d=11,262
(p+1)-dimensional, 266
reducible multiplet, 290
superfield formulation of (0,1), 189
in two dimensions, 265
Super Kac—Moody algebra (SKM), 18
Supermanifolds, 189
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Supermatter, 261
Supermembranes, 260, 264
action, 269
classical Green—Schwarz (GS), 264, 265
coupled to external supergravity superfields,
260
ind =11, 262
field equations, 269
bosonic, 270
fermionic, 270
massless modes in spectrum, 261, 262
Supermoduli space, 36; see also Super proper
time
Superparticle, 118
Superpotential, 69-70
Superspace, 59, 60, 195
integration measure, 191
theory of gauge and gravitational anomalies,
189
Superstress tensor, 24
Superstring, 15, 34, 38, 59, 204, 260, 266,
278
classical Green—Schwarz (GS), 264
critical dimension, 34
formalism of Green and Schwarz, 118
*“No-Go’’ theorems, 15
spectrum for periodic boundary conditions,
267
IIA type, 15
IIB type, 15
Supersymmetric
current, 38
field theories, 59, 70
bosonic one-forms, 267
o models in one dimension, 116
string, 264; see also Spinning string;
Superstring
vacua, 69
Supersymmetry (SUSY), 59, 62, 115, 260,
268

algebra, 23
breaking
classical, 16
D term, 16
hierarchical, 24
nonperturbative, 16, 24
in string theory, 16
charges, 24
currents, 23
generator, 23, 24, 115
invariant scattering amplitudes, 24
local, 14, 115, 125, 260
N = 1 along worldline, 122
massive case, 124
massless case, 122
N = 2 along worldline, 123
rigid transformation, 275
space-times and global world sheet, 16
two-dimensional, 59
Supertwistors, 44
Supervielbeins, 190
Super-Virasoro algebra, 34, 38
Super-Weyl invariant action, 192

Index

Super-Weyl transformations, 191
Super-Yang—Mills model, 260
Surface deformation algebra, 80, 98, 108
generators, 108
embedded in phase space, 84
Surface term, 89, 90
SU(3) color group, 19
SU(2) current algebra, 24
SU2), XSU(2)g group, 53
Symplectic Majorana spinors, 260
Symplectic product, 84
Symplectic two-form, 84

Tachyon, 260, 267
ground state, 209
rms radius, 159-161
vertex, 297
Tangent space, 36
Target manifold, 116, 117
Taub~NUT (T-NUT) metric, 205
Tetrahedron equations, 44
Thirring model, 285, 288, 292, 293
critical coupling, 294
massive, 50
SU(N), 237
Time-ordered product, 199
Time reparametrization, 125
Timelike infinity, 138
Topological invariant, 98
Topological solitons, 95
Topology, 189
of spatial sections, 107
Toroidal compactifications, 16
Torsion, 195
constraints, 189
superfields, 190
Torus, 68, 70, 73-74
compactification for membranes, 263
elliptic curve parametrization, 76
Trace, 44
of commutator, 6
of spin, 8
Transfer matrix associated with YBZF gener-
ator, 47
eigenvalues, 54, 55
Transformation
axial, 9
global space-time independent, 10
regulated, 11
vector, 9
Transition amplitudes of bare particles, 47
Translation invariance, 15, 162
Transversal fields, 274
Transversality, 106
Transverse
components, 107, 110
dimensions, 109
oscillators, 133-134
states, 132, 133, 138
traceless components of metric, 60
Tree-level gauge couplings
GQW relations, 20, 22; see also Georgi,
Quinn, and Weinberg relations
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Tree-level gauge couplings (cont.)
relation between SU(2,3,1) and GQW, 19
SU(5) relation between, 15
Triality, 266
Triangle relations, 45; see also Yang—Baxter
equations
Twistors, 44
Two-dimensional conformal geometry, 117
Two-dimensional field theory, 60
Two-dimensional metric, 98
Two-dimensional statistical mechanics, 46
Two-point function for conformal field theory,
17, 23
Two-point function for 2D Thirring model,
291

Ultraviolet cutoff, 211
Ultraviolet fixed point, 165
Uncertainty principle, 82
Unification of all interactions challenge, 203
Unitarity, 1
U(1)XU(1) global rotations, 238
U()axU(1)v group, 10
U(1) boson, 20
U(1) charges, 20-21, 24, 63-64
to cancel D term, 70
U(1) charge conservation, 48
U(1) current, 19, 21, 24, 237
U(1) current—current interaction, 238
U(1) preserving vacuum, 21
U(1) problem, 1
[U(1)}4 spinor fields, 294, 295
U(1) symmetry, 64
spontaneously broken, 21
U(1) vertex operators, 20
vertex operators, 20

Vacuum
heterotic, 15
phenomenologically acceptable, 15, 18
realistic string, 21
states through scaling limit, 52
unstable, 15
Variational equation, 81
Verma module, 290, 297
Vertex
configuration statistical weights, 46
functional, 247
Vertex model, 48
fundamental, 55
gapless, 52
integrable gapless, 54
RSOS version of, 56
two-dimensional, 47
Vertex operator, 18, 24, 62-64, 66—67, 165
BRST invariant, 59
for auxiliary fields, 69
charged, 20
of compactified string theories, 297, 298
continuous spectrum, 18
for CPT conjugates, 62
for gauge bosons, 19, 20
lepton, 20
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Vertex operator (cont.)
quark, 21
for scalars, 62, 64, 70
uq), 20
Virasoro algebra, 34, 102, 197, 288
center of, 55
contraction of, 117
central charge, 16
extended algebra, 56
generators, 102
representation theory, 73
superalgebra, 38
Virasoro Kac—Moody algebra, 287
Virasoro operator, 173
Volume cutoffs, 50

Ward identities, 4, 9, 75, 77, 246
anomalous, 10
conformal, 73-74
current algebra for stress energy tensor, 249
in Riemann surface, 74
Wave-function renormalizations, 69
Weak couplings, 62
Weak field approximation, 60, 63
Weinberg angle, 22
tree-level values of, 15
Weierstrass function, 75
Weierstrass theorem, 35
Wess—Zumino
action, 235
consistency condition, 193—195, 248, 252
term, 196, 235, 281, 285
Wess—Zumino—Witten
action, 240, 268
in Minkowski space, 239
field, 282, 282, 297
correlator, 291
term, 262, 267—-268
Weyl anomaly cancellation, 265
Weyl correspondence rule, 100, 101
Weyl fermions, 232-233, 236
determinant, 233
Weyl folding rule of, 101
Weyl ghost and antighost, 249
Weyl invariance, 98, 110
absence, 263
local, 263, 266
Weyl order, 100, 101
Weyl symbol for evolution operator, 101
folding rule of, 101
Weyl transformations, 249
Wilson line breaking, 21
Winding number, 95
World line, 114
World sheet, 60, 70
coordinates on, 13, 14, 211
general coordinate transformations, 262
index, 165
metric independence of string theory, 14
rigid supersymmetry, 272
short distance cutoff on, 65
of string, 13, 264
spinors, 264, 278
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World sheet (cont.)
superfield, 24
supersymmetry, 14, 15, 18

local, 265
manifest, 189
rigid, 274

World volume
bosonic and fermionic modes, 272
scalars, 274
spinors, 276-277
supersymmetry, 261, 276

Yang-Baxter equations, 45, 46
Yang-Baxter—Zamolodchikov—Faddeev
(YBZF) algebra, 44, 46-47, 53
Yang-Mills, 27-32, 44, 168, 245, 249
BRST structure, 28

as integrable systems in four dimensions, 44

low energy symmetry, 274

Index

Zamolodchikov’s solution, 44

Zero forms, 14

Zero ghost number, 24, 248, 254

Zero ghost picture, 64—68
Zero mode
component, 94
constraint, 94, 124
ghosts, 138, 169
problem, 255
variables, 124
Zero momentum
components, 62
limit, 63
vertex operator, 24
Zero-point fluctuations, 153
in Ramond sector, 21
function, 75, 237
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