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PREFACE 

This volume contains proceedings from the International School of History 
of Science, Sixty-Two Years of Uncertainty: Historical Philosophical 
and Physical Inquiries into the Foundations of Quantum Mechanics, 
convened at the Ettore Maj orana Centre for Scientific Culture, Erice, Sicily, 5-15 
August 1989. In response to the high state of enth,usiasm from the sixty-one 
participants there were six to eight lectures each day, beginning at 9:00 AM and 
often ending at 7:00 PM. Vigorous discussions took place at every opportunity, 
even including the delightful excursions. 

The papers presented here are by the twelve invited lecturers (in some 
cases with coauthors) with a contribution from Philip Pearle. 

AU of us attending the conference express our appreciation to the 
exemplary staff of the Ettore Majorana Centre, and particularly to the Centre's 
Director, Professor Antonino Zichichi. for superb hospitality which made this 
conference a memorable intellectual and cultural experience. It is a pleasure to 
acknowledge financial support from the North Atlantic Treaty Organization 
(NATO) Scientific Affairs Division. 

Arthur 1. Miller. Director 
International School of History of Science 
Ettore Majorana Centre for Scientific 

Culture 
Erice, Sicily 
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OPENING REMARKS 

Arthur I. Miller 

Department of Physics 
Harvard University 
Cambridge, MA 02138 
USA 

and 

Department of Philosophy 
University of Lowell 
Lowell, MA 01854 
USA 

In these brief 0 pening remarks I should like to convey my principal reason 
for convening this meeting. We read often that in 1927 the formalism and 
interpretation of nonrelativistic quantum mechanics was firmly settled and etched 
in stone under the rubric Copenhagen Interpretation. Most physicists relegate 
the ensuin g Bohr-Einstein debates to heroic tales about the distant past of our 
culture. Yet sixty-two years after publication of Werner Heisenberg's uncertainty 
principle paper there is a not so small group of scholars who rightly consider that 
certain fundamental issues of quantum mechanics remain unsettled. 

So, about two years ago I thought that it would be useful to convene a 
different sort of meeting, one which brings together scholars who would consider 
taking an interdisciplinary approach to fundamental issues in quantum 
mechanics. The issues that remain unsettled are important because they bear 
directly on our scientific and, so too, philosophical understanding of the world in 
which we live. And these issues bear on the problem of the construction of 
knowledge itself. For is it not the case that more than any other theory in the 
history of recent science, quantum mechanics has radically changed our notion of 
what constitutes physical reality? For example, atomic entities can be 
simultaneously wave and particle which defies our modes of mental representation 
of physical objects; the time-dependent Schrodinger equation describes the 
evolution in space and time of a probability function and not the space coordinates 
as in Newtonian physics; the measurement operation links inextricably object and 
measurement apparatus, forever altering the object; and there are long-range 
correlations between particles emitted from a common source. These results, 
among others, are radically counterintuitive to those associated with any other 
physical theory and to the way in which we interpret visually and linguistically 
the world in which we live. How did these nonclassical and therefore nonin tuitive 
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notions enter physical theory? What were the early reactions to them? Are these 
early reactions connected with present interpretational problems? Proper 
treatment of these questions seem just the proper grist for the combined mill of 
historians, philosophers and physicists. As Abner Shimony has noted (1989) 
owing to developments particularly in quantum mechanics, the "twentieth 
century is one of the golden ages of metaphysics." 

During the next few days we will hear much about important technical 
developments toward better understanding the foundations of quantum 
mechanics. But, as we all know, we ought not lose sight of conceptual analysis. 
For has it not been the case throughout the history of science that great advances 
have been made along this route? As Werner Heisenberg wrote in his first 
epistemological study of the quantum mechanics in September (1926), "Let us 
turn ... from the mathematical elaboration of the theory to the physical 
significance of this formalism, that is, to a discussion of statements that can be 
made concerning the reality and the laws of particles." 

So, for example, ought we to accept as axiomatic that there are long-range 
correlations and there are things such as collapse of the wave function with 
apparently superluminal speed, and that is that? As John Bell put it as long as we 
do not understand the "wave packet reduction ... we do not have an exact and 
unambiguous formulation of our most fundamental physical theory"(1987L 

Perhaps we shall have to be content with axiomatics. But curious creatures 
such as we try to "understand" these phenomena better by in some way exploring 
how we can extend our modes of intuition into the subatomic realm. Surely we will 
have to widen our circle of inquiry to include disciplines other than physics such 
as history and philosophy both broadly defined to include cognitive psychology as 
well. 

So, with some sense of alternatives or lack thereof for the present quantum 
mechanics, I look forward to our exploring together over the next few days 
interdisciplinary approaches to the interpretation of our most fundamental 
physical theory. 

REFERENCES 

Bell. j., 1987, Collected Papers on Quantum Philosophy: Speakable and Unspeakable 
in Quantum Mechanics, Cambridge University Press, Cambridge. 

Heisenberg, W., 1926, Die Quantenmechanik, Die Naturwissenschaften, 14,899. 
Shimony, A., 1989, Search for a World View which can Accommodate our 

Knowledge of Microphysics, in Philosophical Consequences of Quantum 
Theory: Reflections on Bell's Theorem f.T. Cushing and E. McMullin eds., 
Notre Dame Press, South Bend IN. 
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IMAGERY, PROBABILITY AND THE ROOTS OF WERNER HEISENBERG'S 

UNCERTAINTY PRINCIPLE PAPER 

Arthur 1. Miller 

Department of Physics 
Harvard University 
Cambridge, MA 02138 
USA 

and 

Department of Philosophy 
University of Lowell 
Lowell. MA 01854 
USA 

I should like to set the stage for this meeting by exploring how the concept of 
probability was transformed by developments in atomic physics during 1913-1927. 
In outline I will proceed as follows: I will begin with a survey of the visual imagery, 
causality and probability of classical physics; then I turn to Niels Bohr's 1913 
theory of the atom and the emergence in 1924 of nonclassical notions of probability; 
the contrast between the quantum and wave mechanics in 1926; Max Born's theory 
of scattering; Werner Heisenberg on fluctuations, discontinuity and probability; 
transformation theory and word meanings; the uncertainty principle paper; and 
then conclude with Niels Bohr's concept of complementarity." 

We will find a connection between physicists' changing conceptions of mental 
imagery of phenomena and concepts of probability that at first were imposed on 
atomic phenomena and then emerged from the new atomic physics. These 
conceptual changes affected the roots and contents of Heisenberg's uncertainty 
principle paper (Heisenberg, 1927). In conclusion we inquire whether we can 
better understand this connection with concepts from theories of mental 
representation of knowledge. 

1. VISUAL IMAGERY, CLASSICAL CAUSALITY AND PROBABILITY 

Prior to and into the first decade of Bohr's 1913 atomic theory, physicists dealt 
with physical systems in which the usual space and time pictures of classical 
physics were assumed trustworthy, for example, electrons that are supposed to move 

'like billiard balls and light that behaves like water waves. In the German scientific 
milieu this visual imagery was accorded a reality status higher than viewing merely 

* The secondary literature on the history of atomic physics is enormous. Here I will 
take the liberty to refer the reader to the bibliographies in Hendry (1984), Jammer 
(1966, 1974) and Miller (1986, 1988). 
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with the senses and was referred to as "customary intuition [gewdhnliche 
Anschauung]." Customary intuition is the visual imagery that is abstracted from 
phenomena that we have actually witnessed in the world of sense perceptions. The 
concept of customary intuition was much debated during 1923-1927 by physicists 
like Bohr, Heisenberg, Pauli and Erwin Schrddinger, all of whom used this term with 
proper Kantian overtones, and all of whom lamented its loss in the new quantum 
mechanics. 

Customary intuition is associated with the strong causality of classical 
mechanics. According to the law of causality since initial conditions can be 
ascertained with in-principle perfect accuracy, then a system's continuous 
development in space and time can be traced with in-principle perfect accuracy. 
Any limitations to the accuracy of meaurements are assumed not to be intrinsic to 
the phenomena, that is, they are assumed to be systematic measurement errors that 
can be made to vanish. Thus, in classical physics we have the connection pictures­
causality- conservation laws. 

In the first decade of the 20th century the consensus among physicists was that 
a method would be found to extend our intuition from classical physics into the 
domain of the atom. They believed that laws governing the behavior of individual 
atoms would not be statistical. For example, Ernest Rutherford's law for how many of 
a large number of atoms undergo radioactive decay in a certain time period is a 
statistical law in the sense of classical physics, where statistics and probability were 
interpreted as reflecting our ignorance of the underlying dynamics of individual 
processes. Rather, some complex form of the causal Newtonian mechanics would in 
time be formulated for Rutherford's model of the atom as a nucleus surrounded by 
electrons. 

How important imagery was (and still is) to physicists is clear from Bohr's 
seminal papers of 1913 (Bohr, 1913). Despite his theory's violation of classical 
mechanics, Bohr emphasized that the mathematical symbols from classical 
mechanics permitted visualization of the atom as a miniscule Copernican sytem. 
Although suitably quantized laws of classical mechanics are used to calculate the 
ele ctron 's allowed orbits, or stationary states, classical mechanics cannot depict or 
describe the electron in transit. So in transit the orbital electron behaves like the 
Cheshire cat, that is, the quantum jump or "essential discontinuity," is 
unvisualizable. In contrast, classical electrodynamics could not at all account for 
the characteristics of radiation emitted in the transition. 

2. THE CORRESPONDENCE PRINCIPLE 

In 1918 Bohr proposed a method to extend classical electrodynamics into the 
realm of the atom by means of what he would call in 1920 the "correspondence 
principle." This principle is based on Einstein's A and B coefficients from his 1916-
1917 quantum theory of radiation. The A and B coefficients are the probabilities for 
an atom to make transitions that are spontaneous or induced by external radiation, 
respectively. Einstein assumed the statistical laws for these processes to be like that 
of" radioactivity." So the A and B coefficients reflected ignorance of the mechanism 
of individual atomic transitions. Consequently, for Bohr, Einstein's A and B 
coefficients were just the prescription for dealing with the unvisualizable "essential 
discontinuities." 

Bohr's procedure goes as follows (Bohr, 1918): Orbits very far from the 
nucleus are very close together. Hence, in transitions between orbits whose 
principal quantum number n » 1 the quantum frequency of the emitted radiation Vq 
is nearly equal to the classical frequency Vc of the electron's revolution in either of 
these orbits, that is 

4 

Vq = Vc = L 'tkVJ<: 
k 

(1) 



where the classical frequency is the sum of higher harmonics and the 'l"k are 
integers. 

For the purpose of studying the response of atoms to radiation, classical 
electrodynamics represents the atom as comprised of harmonically bound electrons. 
The atom's dipole moment is 

p(t) = l:C'l"l"''l"S exp(2ni(wl + ... + ws)) 
'l"i 

(2) 

where wi = Vit are angle variables and the coefficients of the fourier expansion 
C'l"l .. ''l"S are functions of action variables Ji. So, the spectrum of emitted radiation 
from an atom predicted by classical theory differs completely from the one 
measured and the one predicted by Bohr's atomic theory. 

According to classical physics, from Eq.(2) the rate at which radiation is 
emitted is ' 

(2nvc)4 2 
3 I ~l ... 'l"S I 

3c 

Bohr drew upon the correspondence principle (Eq, (1)) to rewrite Eq. (2) as 

P(t) = l: Uq exp(2nivqt} 
q 

where the summation is over all quantum jumps, and then to express the rate at 
which radiation is emitted for a spontaneous transition between stationary states i 
and k as 

dEik (2nvg )4 2 2 
dt = hVik Aik = 3c3 e ICql . 

In this way the magnitude squared of the suitably quantized amplitude for the atom's 
dipole moment became proportional to Einstein's A coefficient with its classical 
meaning. 

3. THE HARMONIC OSCILLATOR REPRESENTATION, DISPERSION AND NON-CLASSICAL 
PROBABILITY 

By 1923 the picture of a planetary atom was beginning to whither away. 
Besides its lack of success in dealing with atoms more complex than hydrogen, the 
problem of dispersion altered dramatically Bohr's theory of the atom because the 
response of atomic electrons to incident light could not always be correlated with 
their simple motion in Keplerian orbits. In 1923 Bohr proposed that "fundamental 
difficulties" facing his theory all had as their common qenominator the problem of 
the interaction of light with atoms (Bohr, 1923). 

The key point was to reconcile essential discontinuities of atomic physics with 
the inherent continuity of classical electrodynamics. One approach that Bohr 
suggested involved the light quantum and maintaining energy and momentum 
conservation in individual processes. But this was an unsatisfactory solution 
because the "picture [Bild) of light quanta precludes explaining interference." This 
had been the principal criticism against the light quantum ever since its invention 
by Einstein in 1905. Yet the undeniable usefulness of the light quantum for 
explaining certain phenomena reinforced Bohr's belief that a contradiction-free 
description of atomic processses could not be arrived at by "use of conceptions 
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borrowed from classical electrodynamics." Since in classical physics the 
conservation laws are linked with a continuous space-time description then, 
continued Bohr, these laws may "not possess unlimited validity." Presently, 
however, he was not prepared to take this step. 

Bohr's guide in the atomic domain would be the correspondence principle, 
upon which he based the "coupling mechanism." According to Bohr's coupling 
mechanism atoms respond to incident light like an ensemble of harmonic oscillators 
each of which emits continuous radiation with the frequency of a possible atomic 
transition. Consequently, according to the coupling mechanism atoms and radiation 
are in stationary states. This method permitted Bohr to renounce the "so-called 
hypothesis of light quanta." Yet to Bohr the coupling mechanism was only a first 
approximation for treating radiation because it ran counter to the accepted dualistic 
picture of light and matter in which there are source particles and spreading 
spherical waves of radiation. 

In 1924 the coupling mechanism provided Bohr, Hendrik Kramers and John C. 
Slater the means to avoid interpreting the Compton effect in terms of light quanta 
(Bohr, Kramers and Slater, 1924). To Bohr the tension between the two conceptions 
of light would have to be resolved on the basis of the wave theory. For although 
there are essential discontinuities in atomic physics, our "customary intuition 
fAnschauungJ" requires that light be a wave phenomenon. In order to exclude light 
quanta Bohr, Kramers and Slater resorted to combining the most exreme 
consequence of the first method of 1923 (renouncing energy conservation) with the 
oscillators in the coupling principle, to which they referred as "virtual oscillators." 
Besides emitting real radiation in spherical waves in response to incident radiation, 
the virtual oscillators were assumed to emit a field carrying only the probability for 
inducing atomic transitions. The virtual radiation field of one atom could induce an 
upward atomic transition in another atom without the source atom undergoing the 
corresponding downward transition, thereby violating energy conservation and 
causality in individual processes. In this way they were able to reconcile 
discontinuous atomic transitions with the continuous radiation field. Bohr 
considered such a radical version of his theory necessary in order to avoid the 
paradoxical circumstance of an entity being both wave and particle simultaneously. 

Bohr, Kramers and Slater interpreted the Compton effect as follows: Each 
illuminated electron in the target crystal emits coherent secondary wavelets that 
can be understood as the usual sort of light scattered from a virtual oscillator. But as 
a consequence of the virtual radiation field the scattered electron has a probability 
of having momenta in any direction. In this way the Compton effect can be 
understand as a continuous process. 

Bohr, Kramers and Slater did not use the term "picture" of the atom to mean 
visualization. The reason is that it is impossible to visualize an electron in a 
stationary state as represented by as many oscillators as there are transitions to and 
from this state. Rather, they meant the term "picture" to refer to the interpretation 
of the mathematical framework. The picture of the Copernican atom had been 
imposed on the 1913-1923 Bohr theory owin g to Bohr's use of the language 
(semantics) of "ordinary mechanics" (Bohr, 1913). The 1924 Bohr, Kramers and 
Slater version of Bohr's theory started the movement toward defining the image of 
atomic theory to be synonymous or given by its mathematical scheme. Another 
advance of Bohr. Kralhers and Slater is that they raised the concept of probability 
from a strictly mathematical entity to one that actually produced physical 
phenomena such as atomic transitions. 

Heisenberg, among others, was much impressed by the "intermediate kinds of 
reality" (AHQP, 13 February 1963)* offered by the virtual oscillator representation 

* Quotations from AHQP (Archive for History of Quantum Physics) are taken from 
interviews of Werner Heisenberg by Thomas S. Kuhn. 

6 



for example, it freed atomic electrons from their planetary orbits and transformed 
the concept of probability into a causative agent. This situation augured to 
Heisenberg that "cheap solutions would not be found" (AHQP, 13 February 1963). 
While subsequent work on dispersion by Born, Heisenberg and Kramers used virtual 
oscillators, neither violations of energy nor momentum conservation were well 
received. 

By interpreting Eq. ( .. 0 as the virtual oscillator representation for a bound 
electron, Kramers set out a program in which Bohr's theory contained only 
measurable quantities, that is, no reference to the bound electron's orbit. The 
intensity of a spectral line is given by the magnitude squared of the amplitude in Eq. 
(4) and the line's measured frequency is Vq. The Kramers-Heisenberg paper 
(Kramers, 1925), completed in December 1924 with their famous dispersion relation, 
turned out to be the high water mark of the Bohr theory. No further progress was 
made. 

In mid-1925 fundamental conceptual problems focused on lack of visualization 
of atomic phenomena: owing to the virtual oscillator representation bound 
electrons had lost their localization and visualizability; owing to Bose-Einstein 
statistics (as it was interpreted in 1926) free ele ctrons had lost their 
distinguishability and individuality too; and then there was the wave-particle 
duality of light and matter. Lack of visualizability entailed linguistic problems as 
well. For example, the defining equation for a light quantum is E = hv. Although 
the quantity E connotes localization, v is a "radiation frequency defined by 
experiments on interference phenomena" (Bohr, Kramers and Slater, 1924). 

4. QUANTUM MECHANICS AND WAVE MECHANICS IN 1926 

Faced in 1925 with experimental refutation of the Bohr- Kramers-S late r version 
of his atomic theory, and the possibility that the light quantum might be real, Bohr 
reluctantly renounced" intuitive pictures" of atomic processes, while accepting the 
conservation laws for individual atomic processes (Bohr, 1925). 

Suffice it to say that the virtual oscillator representation was central to 
Heisenberg's invention of the new quantum mechanics or matrix mechanics in 
June 1925, based "exclusively on relations between quantities which in principle 
are [empirically 1 observable" (Heisenberg, 1925). 

Although renunciation of the picture of a bound electron had been a 
necessary prerequisite to Heisenberg's invention of the new quantum mechanics, 
the lack of an "intuitive" lanschauliche 1 interpretation was of great concern to 
Bohr, Born and Heisenberg. This concern emerges from their scientific papers of 
the period 1925-1927 (see Miller. 1986). 

With publication in early 1926 of Erwin Schrodinger's wave mechanics the 
quest for some sort of visualization of atomic processes intensified and took a 
subjective turn in the published scientific literature. Schrodinger (1926) wrote that 
he formulated the wave mechanics because he "felt discouraged not to say 
repeUed ... by lack of visualizability [Anschaulichkeitl" of the quantum mechanics. 
He offered a visual representation based on the customary intuition of atomic 
processes occurring without discontinuities as wave phenomena. 

To summarize: In mid-1926 there were two seemingly dissimilar atomic 
theories. Heisenberg's quantum mechanics was corpuscular based and yet 
renounced any visualization of the bound corpuscle itself. Its mathematical 
apparatus was unfamiliar to most physicists. Wave mechanics was a continuum 
theory based on matter as waves. Its familiar mathematical apparatus led to a 
calculational breakthrough and its claim to restore customary intuition was 
welcomed by many physicists including Einstein. 
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Heisenberg thought otherwise. On 8 June 1926 he wrote to Wolfgang Pauli 
(1979): "The more I reflect on the physical portion of Schrodinger's theory the 
more disgusting I find it .... What Schrodinger writes on the visualizability of his 
theory .. .! consider trash. The great accomplishment of Schrodinger's theory is the 
calculation of matrix elements." 

5. BORN'S THEORY OF SCATTERING 

The tension between the quantum and wave mechanics increased with the 
appearance of Born's quantum theory of scattering in mid-1926. To Born (1926b) 
neither scattering problems nor transitions in atoms can be understood using 
quantum mechanics which denies "exact representation of processes in space and 
time," or wave mechanics which denies visualization in phenomena with more than 
one particle. Problems concerning scattering and transitions require the 
"construction of new concepts," and for his vehicle Born chose to use wave 
mechanics which allows for at least the possibility of visualization. 

One new concept Born proposed is from unpublished speculations of Einstein, 
namely, that light quanta are guided by a wave field (ghost field) that carries only 
probability, providing the means to account for interference using light quanta. 
Born boldly assumed the "complete analogy" between a light quantum and an 
ele ctron in order to postulate the interpretation that the "de Broglie-Schrodinger 
waves," that is, the wave function in three dimensional space, is the "guiding field" 
for the electron. He attributed physical reality to the magnitude squared of 
Schrodinger's wave function as had Einstein for the intensity of the ghost field. 
Born (1926a) went on to propose that 111'12 is the probability for a scattered electron to 
be found within a differential element doof solid angle. 

6. TOWARD AN INTERPRETATION OF P AND Q 

Pauli (1979) supplied some key observations on Born's results in a letter of 19 
October 1926 to Heisenberg who was in Copenhagen: 

--- Born's probability interpretation for scattering should be generalized to the 
statement that the quantity Iv(q1 ... qf)12dq1 ... dqf is the probability that the 
coordinates qk of a particle will be between qk and qk + dqk. So, "we must look at 
this probability as in principle observable." 

--- Next there is a "dim point": "The p's must be taken as controlled, the q's as 
uncontrolled." He arrived at this conclusion from noting that in Born's scattering 
theory off-diagonal matrix elements are calculated using wave functions related by 
fourier transforms. Consequently, wrote PaUli, "One can see the world with p-eyes 
and one can see it with q-eyes, but if one opens both eyes together one can go 
astray." 

Pauli went on to express the need for systematic means to relate matrix 
elements and wave functions in their various representations. 

Pauli's letter was studied in Copenhagen by Bohr, Heisenberg and P.A.M. Dirac. 
The problem at hand was to relate Born's scattering theory to quantum mechanics 
and then to demonstrate that Schrodinger's theory possesses discontinuities just like 
quantum mechanics. 

On 28 October 1926 Heisenberg wrote to Pauli that concerning the so-called 
"dim point I should like to believe that your p-waves have just as great a physical 
reality as the q-waves. The equation pq-qp = hl2ni thus corresponds always in the 
wave representation to the fact that it is impossible to speak of a monochromatic 
wave at a fixed point in time (or in a very short time interval) .... Analogously, it is 
impossible to talk of the position of a particle of fixed velocity." 
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In summary thus far, by 28 October 1926 Heisenberg and Pauli recognized the 
impossibility to measure q and p exactly in the same experiment. They connected 
this result to the commutation relations (see, too, discussion of these letters in 
Hendry, 1984). 

On 4 November 1926 Heisenberg wrote to Pauli (1979) that "in general every 
scheme that satisfied pq - qp = h/2ru is correct and physically useful. so one has a 
completely free choice as to how to fulfill this equation, with, matrices, operators, or 
anything else." Heisenberg concluded that the "problem of canonical 
transformations in the wave representation is as good as solved." But this would 
have to await Dirac's transformation theory. 

7. HEISENBERG ON FLUcrUATIONS, DISCONTINUITY AND PROBABILITY 

Meanwhile, since June 1926 Heisenberg had been enraged over the successes of 
Schrodinger's wave mechanics and Born's assessment of the quantum mechanics as 
an incomplete theory that required a new hypothesis introduced, no less, with wave 
mechanics. In response Heisenberg wrote, "Fluctuation Phenomena and Quantum 
Mechanics," (completed 6 November 1926), which he recalled as having received 
little attention but "for myself it was a very important paper" (AHQP, 22 February 
1963). It is a paper written by an angry man in which Born's theory of scattering 
is not cited and Schrodinger is sharply criticized. 

Heisenberg (1926a) set ou t show that a probability interpretation for the 
canonical transformation matrix emerges naturally from quantum mechanics; and 
that atomic phenomena cannot be understood without discontinuities. For help in 
demonstrating these points Heisenberg turned to Einstein'S (1909) paper on 
fluctuation phenomena in which Einstein argued that fluctuations implied 
discontinuities which meant corpuscular concepts. Heisenberg reversed Einstein's 
line of reasoning thus: Since corpuscular atomic systems exhibit discontinuities, 
that is the existence of stationary states, and since quantum mechanics provided 
"quantitative description" of such systems, then one should be able to deduce 
flu ctuations from quantum mechanics. Heisenberg studied two identical atoms, one 
in a state n, the other in a state m, coupled by a symmetrical interaction. In earlier 
papers he had demonstrated that this system behaves like two coupled oscillators. As 
Pauli had suggested, Heisenberg assumed that the time mean or average value f of 

the operator f in the state DC. is given by its diagonal matrix elements, and so 

---- I I 
[(Eoc.) = I I Soc1)l 2 f(E,s) =2 [(En) + 2 [(Em) 

S 
and so either atom is one-half of the time in state nor m, where S is a unitary 
transformation matrix. Since 

(7) 

then ISI2 is the probability for occurrence of f(Em) or [(En). Consequently, whereas 
in classical mechanics two coupled oscillators exchange energy continuously, such 
is not the case in quantum mechanics where only two energy states Em and En have 
a "physical meaning." Therefore, concluded Heisenberg, a probability 
interpretation emerges naturally from quantum mechanics and can be understood 
only if there are quantum jumps or discontinuous energy changes. 

8. TRANSFORMATION THEORY AND WORD MEANINGS 

Despite the success of the new quantum mechanics (e.g., calculations of the 
anomalous Zeeman effect and helium atom spectrum), the physical meaning was 
unclear of the intermediate manipUlations that produced results to be compared 
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with experiment. That is, the mathematical symbols of the quantum mechanics 
(syntax) did not yet possess unambiguous meanings (semantics). 

During the latter part of 1926 into the spring of 1927 at Copenhagen, Bohr and 
Heisenberg struggled to find a physical interpretation of the quantum mechanics. 
Heisenberg's review paper of September 1926 "Die Quan tenmechanik" enables us to 
glimpse their struggles. He stressed that our "customary intuition" cannot be 
extrapolated into the atomic realm because the "electron and the atom possess not 
any degree of physical reality as the objects of daily experience. Investigation of 
the type of physical reality which is proper to electrons and atoms is precisely the 
subject of quantum mechanics" (1926b). In Heisenberg's view fundame.ntal 
problems in quantum mechanics had moved into the realm of philosophy. After 
repeated warnings throughout this paper against intuitive interpretations for 
quantum mechanics, Heisenberg concluded that "there has been missing in our 
picture [Bild] of the structure of matter any substantial progress toward a 
contradiction-free intuitive [anschaulich] interpretation of experiments." What 
could he have meant by a "contradiction-free intuitive interpretation"? Any reply 
would have to await Dirac's transformation theory. 

On 23 November 1926 Heisenberg reported to Pauli (1979) that Dirac "has 
managed an extremely broad generalization of my fluctuation paper." This is Dirac's 
transformation theory paper (1926) that provided the mathematical framework 
missing from Heisenberg's and Pauli's attempts to relate measurements of 
canonically conjugate variables. Central to Dirac's paper is that Born's probability 
amplitude is the transformation function between different representations, for 
example, position and energy. Actually Heisenberg had discovered this property of 
the transformation matrix for the discrete case in his fluctuation paper (1926a). 
Heisenberg's thoughts toward a contradiction-free interpretive framework for 
quantum mechanics began to crystallize. Throughout he remained focused on the 
mathematical formalism of the quantum mechanics with its essential discontinuities 
and nonvisualizability. For both Bohr and Heisenberg linguistic (semantic) 
difficulties persisted of the same sort as in mid-192), as Heisenberg described in this 
letter to Pauli: "That the world is continuous I consider more than ever as totally 
unacceptable. But as soon as it is discontinuous, all our words that we apply to the 
description of facts are so many c numbers. What the words 'wave' or 'corpuscle' 
mean we know not any more" (see Miller, 1989a). 

9. THE UNCERTAINTY PRINCIPLE PAPER 

By the end of February 1927 Heisenberg found the connection between 
measurement of kinematical quantities and Bohr's insistence since 1913 on how 
unclear the terminology from classical physics becomes when used in a theory of 
phenomena for a realm beyond sense perceptions. Heisenberg described these 
results in his paper (completed March 1927) "On the Intuitive [anschauliche] 
Contents of the Quantum-Theoretical Kinematics and Mechanics" (1927). How 
important was the concept of intuition to Heisenberg is indicated by its inclusion 
into the title of this classic paper in the history of ideas. This is the paper where he 
found the new "intuitive interpretation of the various phenomena," for which he 
had searched (Heisenberg, 1926b) by redefining the concept of "intuition." 

Heisenberg's line of argumentation is: "The present paper sets up exact 
definitions of the words position, velocity, energy, etc. (of an electron)." How can 
we accomplish this? From our experience with the general theory of relativity we 
know that the means to extend "intuitively based" concepts (in the classical 
meaning of this term) into large space-time regions is "derivable neither from our 
laws of thought nor from experiment." Presently, attempts to obtain an intuitive 
interpretation of quantum mechanics are full of contradictions because of the 
"struggle of opinions concerning discontinuum and continuum theory, particles 
and waves," which implies that "it is not possible to interpret quantum mechanics in 
the customary kinematical terms." The "necessity of revising kinematical and 
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mechanical concepts appears to follow directly from the basic equations of quantum 
mechanics; particularly" 

pq - qp ; h/2ni (8) 

from which we "have good reason to be suspicious about uncritical application of 
the words 'position' and 'momentum'." 

Consequently, may we not say that Heisenberg has redefined the concept of 
intuition [Anschauungl with the equations of quantum mechanics? After all. the 
Kantian notion of intuition entails a visualization that had led physicists astray. 
Heisenberg separated intuition from visualization by basing all deliberations on 
unvisualizable particles and essential discontinuities. The means to extend the 
concept of intuition into small regions of space-time is the mathematics of quantum 
mechanics because it gives restrictions on perception-laden terms such as position 
and momentum. What are these restrictions? They are the uncertainty relations 
which Heisenberg goes on to develop with thought experiments. These experiments 
illustrate his view that concepts such as position of an electron and stationary state 
of an atom derive meaning from experimental measurement. 

Among the well known thought experiments is the r-ray microscope 
experiment which provides a rough derivation of the uncertainty principle for 
position and momentum 

where PI and ql are errors in determination of momentum and position. 
Heisenberg offers as a substantiation of Eq. (9) that "[PI ql - hl is the precise 
expression for the facts which one previously tried to describe by dividing phase 
space into cells of size h." In fact, in a letter to Pauli (5 November 1926), written 
prior to Dirac's transformation theory, Heisenberg had speculated on a relation such 
as Eq. (9) by analogy with statistical mechanics. In this letter Heisenberg also 
related to Pauli discussions with Bohr on the possibility that the essential 
discreteness of quantum mechanics is a glimpse of the discreteness of the space­
time metric, which means the impossibility of measuring jointly or separately 
momentum and position to any arbitrary degree of accuracy. 

Heisenberg provides a more rigorous derivation of Eq. (9) with Dirac's 
transformation theory, to which he gives the following intuitive interpretation in 
terms of principal axis transformations from classical mechanics. A matrix 
associated with an operator is diagonal in a reference system that is along a 
principal axis. The type of experiment performed on a physical system specifies a 
certain direction that mayor may not be along a principal axis. If not, then there is 
a certain probable error or inaccuracy denoted by the transformation formulae to 
principal axes. For example, measuring the energy of a system throws the system 
into a state where the position q has a probability distribution given by the 
transformation matrix which can be interpreted as the cosine of the angle of 
inclination between two principal axes. Consequently, experiments divide physical 
quantities into "known and unknown (alternatively: more or less precisely known 
variables)." The relationship of results from two experiments that effect different 
divisions into known and unknown can only be a statistical one. This was evidently 
a key point in discussions between Bohr and Heisenberg because it concerns puzzles 
that swirl about the definition of a stationary state. 

To pursue this point further Heisenberg analyzes a Stern-Gerlach experiment 
in which a beam of atoms collimated with a single slit passes through two successive 
inhomogeneous magnetic field regions Fl and F2. Before entering Fl the atomic 
beam is prepared in the stationary state n with energy En. The probability for a 
transition into a state f after passing through F2 depends on whether an experiment 
was actually performed between Fl and F2 to determine the stationary state of atoms 
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in this region. If such an experiment was actually performed then the probability 
for a transition from state n to state f is 

(10) 

where Cnm (dmO is the probability for transition between stationary states nand m 
(m and n. If no actual experiment was performed between FI and F2. then the 
transition probability from n to f is 

(11 ) 

which is different from Eq. (10) owing to interference terms. 

With emphasis on particles and discontinuities, Heisenberg preferred not to 
interpret Eq .(1) as an "interference of probabilities," but due to the differen ce 
between experimental setups. He attributes a collapse of the wave function 
interpretation to Eq. (0): '''state m' we select from the abundan ce of various 
possibilities (cnm) a single one," thereby limiting the possibilities for all 
subsequent experiments. The stationary state measurement destroys the phase 
relationships of the cnm as must be the case because the phase and energy of a 
stationary state are canonically conjugate quantities. 

Reverting from Eq.Ol) to Eq.(10) means assuming that the stationary state 
measurement between Fl and F2 has actually been done, introducing unknown 
phases into each term in Eq.O n Phase averaging reduces Eq. (11) to Eq.OO). 
Consequently, phase averaging relates the two experiments statistically through the 

quantity Id mfl 2 and not 12: Cnm dmfl2, in agreement with Heisen berg's intuitive 
m 

interpretation of Dirac's transformation theory. Actually in the end result the 
interference terms would vanish anyway because a third Stern-Gerlach setup is 
required with pole faces along the beam's direction of motion in order to measure 
the stationary states after F2. Heisenberg goes on to give an example of such a 
measurement which, however, needed corrections by Bohr: Heisenberg neglected 
to include the wave-particle duality of matter (see Bohr, 1928 and Heisenberg, 1930). 

What conclusions does Heisenberg draw from these deliberations? 

Sin ce the uncertainty relations placed limits on the accuracy to which initial 
conditions could be determined then invalid is the causal law from classical 
mechanics which required both visualization and the continuous development of 
physical systems. 

The wave function collapse interpretation of the measurement process reveals 
the "deep meaning of the linearity of the Schrodinger equations." Any attempts at 
replacing them with nonlinear equations are "hopeless." Unfortunately, 
Heisenberg did not elaborate on this point here or in any extant correspondence. 

From where does the quantum theoretic statistics emerge? Heisenberg 
preferred an interpretation that he attributes to Dirac, namely, that the "statistic is 
induced by our experiments." However, Heisenberg cautions, we should not 
conclude that quantum mechanics is "an essentially statistical theory in the sense 
that only statistical conclusions can be drawn from specified data." For example, 
exact conclusions can be drawn from the conservation laws of energy and 
momentum. But owing to the uncertainty relations, speculations that there "is a 
'real' world hidden behind the perceived statistical world [are) fruitless and sterile. 
Physics should describe formally only the connection of perceptions." 
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During the month of February 1927 when Heisenberg wrote the uncertainty 
principle paper Bohr was away from Copenhagen on vacation. Upon return Bohr 
was critical over Heisenberg's neglect of the wave-particle duality of matter and 
light which led Heisenberg to conclude that observational uncertainties were rooted 
exclusively on the presence of discontinuities. In this way, for example, Heisenberg 
had reached erroneous conclusions for the [-ray microscope experiment, among 
other Gedanken experiments. In a Note Added in Proof Heisenberg (1927) 
acknowledged comments of this sort, although he made no move to correct them in 
the uncertainty principle paper itself. 

10. COMPLEMENTARITY 

On 16 September 1927 at the International Congress of Physics at Como, Italy, 
Bohr presented his complementarity view, honed in heated discussions with 
Heisenberg (see, too, Holton, 1973: Jammer, 1966). Since our customary intuition 
cannot be extended into the atomic domain, then the "classical mode of description 
must be generalized" (Bohr, 1928). Our usual "causal space-time description" 
depends on the smallness of Planck's constant. But in the atomic domain Planck's 
constant links the measuring apparatus to the system under investigation in a way 
that "is completely foreign to the classical theories." This is how intrinsic statistics 
enter quantum theory. In the atomic domain the notion of an undisturbed system 
developing in space and time is an abstraction and "there can be no question of 
causality in the ordinary sense of the word," that is, strong causality. Instead of 
renouncing the causal law like Heisenberg, Bohr linked causality to the predictive 
powers of the conservation laws of energy and momentum and not to space-time 
pictures which are relegated to the role of restricted metaphors. 

Bohr went on to reason that just as the large value of the velocity of light had 
prevented our realizing the relativity of time, the minuteness of Planck's constant 
rendered paradoxical the wave-particle duality of matter and light. Since Planck's 
constant places restrictions on the use of our language in the atomic domain, then 
so too on our customary intuition or visual imagery, which enables us to describe 
only things that are either continuous or discontinuous but not both. Rather, 
stressed Bohr, the wave and particle modes of light and matter are neither 
contradictory nor paradoxical. but complementary in the extreme, that is, mutually 
exclusive. Yet both modes or sides are required for a complete description of the 
atomic entity. Heisenberg's uncertainty relations turned out to be a particular case 
of complementarity because, for example, the quantities p and x are not mutually 
exclusive. 

Although Heisenberg agreed with the complementarity principle's restrictions on 
metaphors from the world of perceptions, he remained wary of them owing to their 
previous disservices. In a letter of 16 May 1927 to Pauli, Heisenberg wrote that there 
are "presently between Bohr and myself differences of opinion on the word 
"intuitive [anschaulicheJ." This divergence of opinion widened through 
Heisenberg'S subsequent scientific work (see Miller, 1985, 1988). 

CONCLUSION 

Can we not in terpret the results from this historical case study to be indicative 
of a switch of Heisen berg's mental representation of knowledge? This switch went 
beyond merely inverting the Kantian notion of perception in which Anschauung is 
accorded a higher status than Anschaulichkeit. Let me summarize this case study 
using terminology from concepts of mental representation. Until 1924 Bohr and 
Heisenberg focused on the content of a mental representation -- that is, what is 
being represented, which in this case is the Anschauung or the visualization from 
classical physics that was imposed on atomic theory. Starting in 1924, owing to the 
Bohr-Kramers-Slater version of Bohr's atomic theory, Bohr and Heisenberg began 
to shift toward emphasis on the format of a representation by permitting the 

13 



mathematics of the theory to give a purely descriptive representation of the atomic 
domain. (The format of a mental representation is its encoding.) Yet even after 
Heisenberg's invention of the new quantum mechanics physicists lamented over 
loss of visual imagery. In 1927 Heisenberg redefined the concept of intuition by 
separating it from visualization -- that is, "intuition" had no visual content. Rather, 
visualizability or Anschaulichkeit displaced Anschauung. Whereas Anschauung is a 
product of our cognitive apparatus, Anschaulichkeit pertains to intrinsic properties 
of subatomic entities that are. to use Einstein's terminology, "out there" regardless of 
whether we set up experimental apparatus. Bohr continued to advocate the 
usefulness of restricted Anschauungen. 

Suffice it to say that in the course of his scientific research in nuclear physics. 
in 1932 Heisenberg found a clue to the depictive mode of visualizability. a mode that 
would in time enable us to imagine things we have not seen. needless to say. within 
the restrictive framework of our sense perceptions (see Miller. 1985. 1986. 1989a. 
1989b). As Heisenberg recalled of his own research: "The picture changes over and 
over again. its so nice to see how such pictures change" (AHQP. 11 February 1963). 

In conclusion. could not the circle of inquiry in fundamental problems of 
quantum mechanics be widened to include an analysis of "intuition"? Such an 
analysis could elucidate apparently "unintuitive" content of the theory such as long 
range correlations. 
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AGAINST "MEASUREMENT" 

J .S. Bell 

CERN, Geneva 

l.INTRODUCTION 

Surely, after 62 years, we should have an exact formulation of some serious part of 
quantum mechanics? By "exact" I do not of course mean "exactly true". I mean only that the 
theory should be fully formulated in mathematical terms, with nothing left to the discretion 
of the theoretical physicist ... until workable approximations are needed in applications. By 
"serious" I mean that some substantial fragment of physics should be covered. Nonrelativistic 
"particle" quantum mechanics, perhaps with the inclusion of the electromagnetic field and a 
cut-off interaction, is serious enough. For it covers "a large part of physics and the whole of 
chemistry" 1. I mean too, by "serious", that "apparatus" should not be separated off from the 
rest of the world into black boxes, as if it were not made of atoms and not ruled by quantum 
mechanics. 

The question, " .... should we not have an exact formulation .... ?", is often answered by 
one or both of two others. I will try to reply to them: 

Why bother? 

Why not look it up in a good book? 

2.WHY BOTHER? 

Perhaps the most distinguished of "why bother?" 'ers has been Dirac '2. He divided the 
difficulties of quantum mechanics into two classes, those of the first class and those of the 
second, The second class difficulties were essentially the infinities of relativistic quantum field 
t.heory. Dirac was very disturbed by these, and was not impressed by the "renormalization" 
procedures by which they are circumvented. Dirac tried hard to eliminate these second class 
difficulties, and urged others to do likewise. The first class difficulties concerned the role of 
the "observer", "measurement", and so on. Dirac thought that these problems were not ripe 
for solution, and should be left for la.ter. He expected developments in the theory which would 
make these problems look quite different. It would be a waste of effort to worry over much 
about them now, especially since we get along very well in practice without solving them. 

Dirac gives at least this much comfort to those who are troubled by these questions: he 
sees that they exist and are difficult. Many other distinguished physicists do not. It seems to 
me that it is among- the most sure-footed of quantum physicists, those who have it in their 
bones, that one finds the greatest impatience with the idea that the "foundations of quantum 
mechanics" might need some attention. Knowing what is right by instinct, they ca.n become 

Sixty· Two Years 0/ Uncertainty 
Edited by A. I. Miller 
Plenum Press, New York, 1990 
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a little impatient with nitpicking distinctions between theorems and assumptions. When they 
do admit some ambiguity in the usual formulations, they are likely to insist that ordinary 
quantum mechanics is just fine "for all practical purposes". I agree with them about that: 

ORDINARY QUANTUM MECHANICS 

(as far as I know) 

IS JUST FINE 

FOR ALL PRACTICAL PURPOSES. 

Even when I begin by insisting on this myself, and in capital letters, it is likely to be 
insisted on repeatedly in the course ofthe discussion. So it is convenient to have an abreviation 
for the last phrase: 

FOR ALL PRACTICAL PURPOSES = FAPP 

I can imagine a practical geometer, sayan architect, being impatient with Euclid's fifth 
postulate, or Playfair's axiom: .... of course in a plane, through a given point, you can draw 
only one straight line parallel to a given straight line ... at least FAPP. The reasoning of such 
a natural geometer might not aim at pedantic precision, and new assertions, known in the 
bones to be right, even if neither among the originally stated assumptions nor derived from 
them as theorems, might come in at any stage. Perhaps these particular lines in the argument 
should, in a systematic presentation, be distinguished by this label 

................................................. FAPP 

and the conclusions likewise: 

........................................ QED FAPP 

I expect that mathematicians have classified such fuzzy logics. Certainly they have been 
much used by physicists. 

But is there not something to be said for the approach of Euclid? Even now that we 
know that Euclidean geometry is (in some sense) not quite true? Is it not good to know 
what follows from what, even if it is not really necessary FAPP? Suppose for example that 
quantum mechanics were found to resist precise formulation. Suppose that when formulation 
beyond FAPP is attempted, we find an unmovable finger obstinately pointing outside the 
subject .... to the Mind of the Observer, to God, or even only Gravitation? Would not that be 
very very interesting? 

But I must say at once that it is not mathematical precision, but physical, with which I 
will be concerned here. I am not squeamish about delta functions. From the present point of 
view, the approach of von Neumann's book is not preferable to that of Dirac's. 

3.WHY NOT LOOK IT UP IN A GOOD BOOK? 

But which good book? In fact it is seldom that a "no problem" person is, on reflection, 
willing to endorse a treatment already in the literature. Usually the good unproblematic 
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formulation is still in the head of the person in question, who has been too busy with practical 
things to put it on paper. I think that this reserve, as regards the formulations already in 
the good books, is well founded. For the good books known to me are not much concerned 
with physical precision. This is clear already from their vocabulary. 

Here are some words which, however legitimate and necessary in application, have no 
place in a formulation with any pretension to physical precision: 

system 

apparatus 

environment 

microscopic, macroscopic 

reversible, irreversible 

observable 

information 

measurement 

The concepts "system", "apparatus", "environment", immediately imply an artificial 
division of the world, and an intention to neglect, or take only schematic account of, the 
interaction across the split. The notions of "microscopic" and "macroscopic" defy precise 
definition. So also do the notions of "reversible" and "irreversibile". Einstein said that it is 
theory which decides what is "observable". I think he was right .... "observation" is a com­
plicated and theory-laden business. Then that notion should not appear in the formulation 
of fundamental theory. Information? Whose information? Information about what? 

On this list of bad words from good books, the worst of all is "measurement". It must 
have a section to itself. 

4.AGAINST "MEASUREMENT" 

vVhen I say that the word "measurement" is even worse than the others, r do not have 
in mind the use of the word in phrases like "measure the mass and width of the Z boson". 
I do have in mind its use in the fundamental interpretive rules of quantum mechanics. For 
example, here they are as given by Dirac ~: 

" ... any result of a measurement of a real dynamical variable is one of its eigenvalues ... " 

" .... if the measurement of the observable .... is made a large number of times the average 
of all the results obtained will be .... " 

" .... a measurement always causes the system tojump into an eigenstate of the dynamical 
variable that is being measured .... " 

It would seem that the theory is exclusively concerned about "results of measurement", 
and has nothing to say about anything elsE.. What exactly qualifies some physical systems 
to play the role of "measurer"? Was the wavefunction of the world waiting to jump for 
thousands of millions of years until a single-celled living creature appeared? Or did it have 
to wait a a little longer, for some better qualified system ... with a Ph.D.? If the theory is 
to apply to anything but highly idealized laboratory operations, are we not obliged to admit 
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that more or less "measurement-like" processes are going on more or less all the time, more 
or less everywhere? Do we not have jumping then all the time? 

The first charge against "measurement", in the fundamental axioms of quantum mechan­
ics, is that it anchors there the shifty split of the world into "system" and "apparatus". A 
second charge is that the word comes loaded with meaning from everday life, meaning which is 
entirely inappropriate in the quantum context. When it is said that something is "measured" 
it is difficult not to think of the result as referring to some preexisting property of the object 
in question. This is to disregard Bohr's insistence that in quantum phenomena the apparatus 
as well as the system is essentially involved. If it were not so, how could we understand, for 
example, that "measurement" of a component of "angular momentum". ... in an arbitrarily 
chosen direction .... yields one of a discrete set of values? When one forgets the role of the 
apparatus, as the word "measurement" makes all too likely, one despairs of ordinary logic .... 
hence "quantum logic". When one remembers the role of the apparatus, ordinary logic is just 
fine. 

In other contexts, physicists have been able to take words from everyday language and 
use them as technical terms with no great harm done. Take for example the "strangeness", 
"charm", and "beauty" of elementary particle physics. No one is taken in by this "kiddy 
talk" .... as Bruno Touschek called it. Would that it were so with "measurement". But in 
fact the word has had such a damaging effect on the discussion, that I think it should now 
be banned altogether in quantum mechanics. 

5. THE ROLE OF EXPERIMENT 

Even in a lowbrow practical account, I think it would be good to replace the word "mea­
surement" , in the formulation, by the word "experiment". For the latter word is altogether 
less misleading. However the idea that quantum mechanics, our most fundamental physical 
theory, is exclusively even about the results of experiments would remain disapponting. 

In the beginning natural philosophers tried to understand the world around them. Trying 
to do that they hit upon the great idea of contriving artificially simple situations in which 
the number of factors involved is reduced to a minimum. Divide and conquer. Experimental 
science was born. But experiment is a tool. The aim remains: to understand the world. 
To restrict quantum mechanics to be exclusively about piddling laboratory operations is to 
betray the great entreprise. A serious formulation will not exclude the big world outside the 
laboratory. 

6. THE QUANTUM MECHANICS OF LANDAU AND LIFSHITZ 

Let us have a look at the good book "Quantum Mechanics" ,by L.D.Landau and E.M. 
Lifshitz 4. I can offer three reasons for this choice: 

1) It is indeed a good book. 

2) It has a very good pedigree. Landau sat at the feet of Bohr. Bohr himself never wrote 
a systematic account of the theory. Perhaps that of Landau and Lifshitz is the nearest to 
Bohr that we have. 

3) It is the only book on the subject in which I have read every word. 

This last came about because my friend John Sykes enlisted me as technical assistant 
when he did the English translation. My recommendation of this book has nothing to do 
with the fact that one percent of what you pay for it comes to me. 

20 



LL emphasize, following Bohr, that quantum mechanics requires for its formulation" clas­
sical concepts". ... a classical world which intervenes on the quantum system, and in which 
experimental results occur: 

" ... .It is in principle impossible .... to formulate the basic concepts of quantum mechanics 
without using classical mechanics." (LL2) 

" .... The possibility of a quantitative description of the motion of an electron requires 
the presence also of physical objects which obey classical mechanics to a sufficient degree of 
accuracy." (LL2) 

" .... the "classical object" is usually called apparatus and its interaction with the electron 
is spoken of as measurement. However it must be emphasized that we are here not discussing a 
process ... .in which the physicist-observer takes part. By measurement, in quantum mechanics, 
we understand any process of interaction beteween classical and quantum objects, ocurring 
apart from and independently of any observer. The importance of the concept of measurement 
in quantum mechanics was elucidated by N .Bohr." (LL2) 

And with Bohr they insist again on the inhumanity of it all: 

" .... Once again we emphasize that, in speaking of "performing a measurement", we refer 
to the interaction of an electron with a classical "apparatus", which in no way presupposes 
the presence of an external observer." (LL3) 

" .... Thus quantum mechanics occupies a very unusual place among physical theories: it 
contains classical mechanics as a limiting case, yet at the same time it requires this limiting 
case for its own formulation .... " (LL3) 

" .... consider a system consisting of two parts: a classical apparatus and an electron .... The 
states of the apparatus are described by quasiclassical wavefunctions iI>n(e), where the suffix 
n corresponds to the "reading" gn of the apparatus, and e denotes the set of its coordinates. 
The classical nature of the apparatus appears in the fact that, at any given instant, we can 
say with certainty that it is in one of the known states iI>n with some definite value of the 
quantity g; for a quantum system such an assertion would of course be unjustified." (LL21) 

" .... Let iI>0(0 be the wavefunction of the initial state of the apparatus .... andil!(q) of the 
electron .... the initial wave function of the whole system is the product 

.... After the measuring process .... we obtain a sum of the form 

where the An(q) are some functions of q." (LL22) 

"The classical nature of the apparatus, and the double role of classical mechanics as both 
the limiting case and the foundation of quantum mechanics, now make their appearance. As 
has been said above, the classical nature of the apparatus means that, at any instant, the 
quantity g (the "reading of the apparatus") has some definite value. This enables us to say 
that the state of the system apparatus + electron after the measurement will in actual fact 
be described, not by the entire sum .... but by only the one term which corresponds to the 
"reading" gn of the apparatus, 
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It follows from this that An(q) is proportional to the wave function of the electron after 
the measurement .... " (LL22) 

This last is (a generalization of) the Dirac jump, not an assumption here but a theorem. 
Note however that it has become a theorem only in virtue of another jump being assumed .... 
that of a "classical" apparatus into an eigenstate of its "reading". It will be convenient later to 
refer to this last, the spontaneous jump of a macroscopic system into a definite macroscopic 
configuration, as the LL jump. And the forced jump of a quantum system as a result of 
"measurement" ..... an external intervention .... as the Dirac jump. I am not implying that 
these men are the inventors of these concepts. They have used them in references that I can 
give. 

According to LL (LL24), measurement (I think they mean the LL jump) 

" .... brings about a new state .... Thus the very nature of the process of measurement 
involves a far-reaching principle of irreversibility .... causes the two directions of time to be 
physically non-equivalent, i.e. creates a difference between the future and the past." 

The LL formulation, with vaguely defined wave function collapse, when used with good 
taste and discretion, is adequate FAPP. It remains that the theory is ambiguous in principle, 
about exactly when and exactly how the collapse occurs, about what is microscopic and what 
is macroscopic, what quantum and what classical. We are allowed to ask: is such ambiguity 
dictated by experimental facts? Or could theoretical physicists do better if they tried harder? 

7. THE QUANTUM MECHANICS OF K.GOTTFRIED 

The second good book that I will look at here is that of Kurt Gottfried Ii. Again I can 
give three reasons for this choice: 

1) It is indeed a good book. The CERN library had four copies. Two have been stolen ... 
already a good sign. The two that remain are falling apart from much use. 

2) It has a very good pedigree. Kurt Gottfried was inspired by the treatments of Dirac and 
Pauli. His personal teachers were J .D.J ackson, J .Schwinger, V.F .Weisskopf, and J .Goldstone. 
As consultants he had P.Martin, C.Schwartz, W.Furry, and D.Yennie. 

3) I have read some of it more than once. 

This last came about as follows. I have often had the pleasure of discussing these things 
with Viki Weisskopf. Always he would end up with "you should read Kurt Gottfried". Always 
I would say "I have read Kurt Gottfried". But Viki would always say again next time "you 
should read Kurt Gottfried". So finally I read again some parts of K.G., and again, and 
again, and again. 

At the beginning of the book there is a declaration of priorities (KG 1): 

" .... The creation of quantum mechanics in the period 1 924-28 restored logical consIs­
tency to its rightful place in theoretical physics. Of even greater importance, it provided 
us with a theory that appears to be in complete accord with our empirical knowledge of all 
nonrelativistic phenomena .... " 

The first of these two propositions, admittedly the less important, is actually given rather 
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little attention in the book. One can regret this a bit, in the rather narrow context of the 
particular present enquiry .... into the possibility of precision. More generally, KG's priorities 
are those of all right-thinking people. 

The book itself is above all pedagogicaL The student is taken gently by the hand, and 
soon finds himself or herself doing quantum mechanics, without pain, ... and almost without 
thought. The essential division of KG's world into system and apparatus, quantum and 
classical, a notion that might disturb the student, is gently implicit rather than brutally 
explicit. No explicit guidance is then given as to how in practice this shifty division is to be 
made. The student is simply left to pick up good habits by being exposed to good examples. 

KG declares that the task of the theory is (KG 16) 

" .... to predict the results of measurements on the system ... " 

The basic structure of KG's world is then 

W=5+R 

where 5 is the quantum system, and R is the rest of the world ... from which measurements 
on 5 are made. When your only interpretative axioms are about measurement results (or 
findings(KGll» you absolutely need such a base R from which measurements can be made. 
There can be no question then of identifying the quantum system 5 with the whole world W. 
There can be no question ... without changing the axioms ... of getting rid of the shifty split. 
Sometimes some authors of "quantum measurement" theories seem to be trying to do just 
that. It is like a snake trying to swallow itself by the tale. It can be done... up to a point. 
But it becomes uncomfortable for the spectators even before it becomes painful for the snake. 

But there is something which can and must be done... to analyse theoretically not 
removing the split, which can not be done with the usual axioms, but shifting it. This is 
taken up in KG's chapter IV: "The Measurement Process ... ". Surely "apparatus" can be 
seen as made of atoms? And it often happens that we do not know, or not well enough, 
either a priori or by experience, the functioning of some system that we would regard as 
"apparatus". The theory can help us with this only if we take this "apparatus" A out of the 
rest of the world R and treat it together with S as part of an enlarged quantum system 5': 

R= A+R' 

5+A=5' 

W=5'+R' 

The original axioms about "measurement" (whatever they were exactly) are then applied not 
at the SjA interface, but at the AjR' interface ... where for some reason it is regarded as 
more safe to do so. In real life it would not be possible to find any such point of division 
which would be exactly safe. For example, strictly speaking it would not be exactly safe to 
take it between the counters, say, and the computer... slicing neatly through some of the 
atoms of the wires. But with some idealization, which might " ... be highly stylized and not do 
justice to the enormous complexity of an actual laboratory experiment ... " (KG165), it might 
be possible to find more than one not too implausible way of dividing the world up. Clearly 
it is necessary to check that different choices give consistent results (FAPP). A disclaimer 
towards the end of KG's chapter IV suggests that that, and only that, is the modest aim of 
that chapter (KGlS9): 
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" .... we emphasize that our discussion has merely consisted of several demonstrations of 
internal consistency .... ". 

But reading reveals other ambitions. 

Neglecting the interaction of A with R', the joint system 5' = 5 + A is found to end, in 
virtue of the Schrodinger equation, after the "measurement" on 5 by A, in a state 

where the states Wn are supposed each to have a definite apparatus pointer reading gn. The 
corresponding density matrix is 

p = LLCnC;"WnW;" 
n m 

At this point KG insists very much on the fact that A, and so 5', is a macroscopic system. 
For macroscopic systems, he says, (KG186) 

" .... trAp = trAp for all observables A known to occur in nature .... " 

where 

I.e. p is obtained from p by dropping interference terms involving pairs of macroscopically 
different states. Then (KG 188) 

" .... we are free to replace p by P after the measurement, safe in the knowledge that the 
error will never be found .... " 

Now while quite uncomfortable with the concept "all known observables", I am fully 
convinced 1\ of the practical elusiveness, even the absence FAPP, of interference between 
macroscopically different states. So let us go along with KG on this and see where it leads: 

" ... If we take advantage of the indistinguishibility of p and p to say that p is the state 
of the system subsequent to measurement, the intuitive interpretation of Cm as a probability 
amplitude emerges without further ado. This is because Cm enters p only via ICm /2, and 
the latter quantity appears in p in precisely the same manner as probabilities do in classical 
statistical physics ... " 

I am quite puzzled by this. If one were not actually on the lookout for probabilities, I 
think the obvious interpretation of even p would be that the system is in a state in which the 
various w's somehow coexist: 

This is not at all a probability interpretation, In which the different terms are seen not as 
coexisting, but as alternatives: 
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The idea that elimination of coherence, in one way or another, implies the replacement 
of "and" by "or", is a very common one among solvers of the "measurement problem". It has 
always puzzled me. 

It would be difficult to exagerate the importance attached by KG to the replacement of 
p by p: 

" .... To the extent that nonclassical interference terms (such as eme;',.,) are present in the 
mathematical expression for p .... the numbers em are intuitively uninterpretable, and the 
theory is an empty mathematical formalism .... " (KG187). 

But this suggests that the original theory, "an empty mathematical formalism", is not just 
being approximated .... but discarded and replaced. And yet elsewhere KG seem clear that 
it is in the business of approximation that he is engaged, approximation of the sort that 
introduces irreversibility in the passage from classical mechanics to thermodynamics: 

" ... .In this connection one should note that in approximating p by P one introduces 
irreversibility, because the time reversed Schrodinger equation cannot retreive p from p." 
(KG188) 

New light is thrown on KG's ideas by a recent recapitulation 7 , referred to in the following 
as KG R. This is dedicated to the proposition that (KG Rl) 

" .... the laws of quantum mechanics yield the results of measurements ... " 

These laws are taken to be (KGRl): 

"1) a pure state is described by some vector in Hilbert space from which expectation 
values of observables are computed in the standard way; and 

2) the time evolution is a unitary transformation on that vector." (KGRl) 

Not included in the laws is (KGRl) von Neumann's 

" .... infamous postulate: the measurement act "collapses" the state into one in which 
there are no interference terms between different states of the measurement apparatus .... " 

Indeed, (KGRl) 

"the reduction postulate is an ugly scar on what would be a beautiful theory if it could 
be removed .... " 

Perhaps it is useful to recall here just how the infamous postulate is formulated by von 
Neumann 1\. If we look back we find that what vN actually postulates (vN347,418) is that 
"measurement" .... an external intervention by R on S ... causes the state 

n 

to jump, with various probabilities, into 
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ifJl or ifJ2 or ..... 

From the "or' here, replacing the "and", as a result of external intervention, vN infers 
that the resulting density matrix, averaged over the several possibilities, has no interfer­
ence terms between states of the system which correspond to different measurement results 
(vN347). I would emphasize several points here: 

1) Von Neumann presents the disappearance of coherence in the density matrix, not as 
a postulate, but as a consequence of a postulate. The postulate is made at the wavefunction 
level, and is just that already made by Dirac for example. 

2) I can not imagine von Neumann arguing in the opposite direction, that lack of in­
terference in the density matrix implies, without further ado, "or" replacing "and" at the 
wavefunction level. A special po&tulate to that effect would be required. 

3) Von Neumann is concerned here with what happens to the state of the system that has 
suffered the measurement.. .. an external intervention. In application to the extended system 
S'(= S + A) von Neumann's collapse would not occur before external intervention from R'. 
It would be surprising if this consequence of external intervention on S' could be inferred 
from the purely internal Schrodinger equation for S'. Now KG's collapse, although justified 
by reference to "all known observables" at the S' / R' interface, occurs after measurement by 
A on S, but before interaction across S' / R'. Thus the collapse which KG discusses is not 
that which von Neumann infamously postulates. It is the LL collapse rather than that of von 
Neumann and Dirac. 

The explicit assumption that expectation values are to be calculated in the usual way 
throws light on the subsequent falling out of the usual probability interpretation "without 
further ado". For the rules for calculating expectation values, applied to projection operators 
for example, yield the Born probabilities for eigenvalues. The mystery is then: what has 
the author actually derived rather than assumed. And why does he insist that probabilities 
appear only after the butchering of pinto p, the theory remaining an "empty mathematical 
formalism" so long as p is retained? Dirac, von Neumann, and the others, nonchalantly 
assumed the usual rules for expectation values, and so probabilities, in the context of the 
unbutchered theory. Reference to the usual rules for expectation values also makes clear what 
KG's probabilities are probabilities of. They are probabilities of "measurement'~ results, of 
external results of external interventions, from R' on S' in the application. We must not drift 
into thinking of them as probabilities of intrinsic properties of S'. independent of, or before, 
"measurement". Concepts like that have no place in the orthodox theory. 

Having tried hard to understand what KG has written, I will finally permit myself some 
guesses about what he may may have in mind. I think that from the beginning KG tacitly 
assumes the Dirac rules at S' / R'. The Dirac von Neumann jump is included here. It is 
required to get the correlations between results of successive measurements. Then, for "all 
known observables", he sees that the "measurement" results at S' / R' are 

AS IF 

the LL jump had ocurred in S'. This is important, for it shows how, FAPP, we can get away 
with attributing definite classical properties to "apparatus" while believing it to be governed 
by quantum mechanics. But a jump assumption remains. LL derived the Dirac jump from 
the assumed LL jump. KG derives, FAPP, the LL jump from assumptions at the shifted split 
R' IS' which include the Dirac jump there. 

It seems to me that there is then some conceptual drift in the argument. The qualification 
"as if (FAPP)" is dropped, and it is supposed that the LL jump really takes place. The drift is 
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away from the "measurement" ( ... external intervention ... ) orientation of orthodox quantum 
mechanics towards the idea that systems, such as S/ above, have intrinsic properties .... 
independently of and before observation. In particular the readings of experimental apparatus 
are supposed to be really there before they are read. This would explain KG's reluctance to 
interpret the unbutchered density matrix p, for the interference terms there could seem to 
imply the simultaneous existence of different readings. It would explain his need to collapse 
pinto p, in contrast with von Neumann and the others, without external intervention across 
the last split S/ / R'. It would explain why he is anxious to obtain this reduction from the 
internal Schrodinger equation of S/. (It would not explain the curious reference to "all known 
observables" .... at the S/ / R' split. I have not been able to grasp all his ideas in a crystal clear 
way.) The resulting theory would be one in which some "macroscopic" "physical attributes" 
have values at all times, with a dynamics that is related somehow to the butchering of pinto 
p ... which is seen as somehow not incompatible with the internal Schrodinger equation of the 
system. But the retention of the vague word "macroscopic" would reveal limited ambition 
as regards precision. To avoid the vague "microscopic'''' macroscopic" distinction ... another 
shifty split .... I think one would be lead to introduce variables which have values even on the 
smallest scale. If the exactness of the Schrodinger equation is maintained, I see this leading 
towards the picture of de Broglie and Bohm. 

S. THE QUANTUM MECHANICS OF N.G.van KAMPEN 

Let us look at one more good book, namely Physica A153(19SS), and more specifically 
at the contribution: "Ten theorems about quantum mechanical measurements", by N .G.van 
Kampen 9. This paper is distinguished especially by its robust common sense. The author 
has no patience with 

" .... such mind boggling fantasies as the many world interpretation .... " (vK9S) 

He dismisses out of hand the notion of von Neumann, Pauli, vVigner, .... that "measure­
ment" might be complete only in the mind of the observer: 

" ... .1 find it hard to understand that someone who arrives at such a conclusion does not 
seek the error in his argument." (vKIOl) 

For vK 

" .... the mind of the observer is irrelevant.... the quantum mechanical measurement is 
terminated when the outcome has been macroscopicalJy recorded .... " (vKIOl) 

Moreover, for vK, no special dynamics comes in to play at "measurement": 

" .... The measuring act is fully described by the Schrodinger equation for object system 
and apparatus together. The collapse of the wavefunction is a consequence rather than an 
additional postulate ... " (vK97) 

After the measurement the measuring instrument, according to the Schrodinger equation, 
will admittedly be in a superposition of different readings. For example Schrodinger's cat will 
be in a superposition 

Icat >= allife :.> +bldeath > 

And it might seem that we do have to deal with "and" rather than "or" here, because of 
interference: 
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" ... .for instance the temperature of the cat ...... the expectation value of such a quantity 
G .... is not a statistical average of the values Gil and Gu. with probabilities lal2 and Ib12 , but 
contains cross terms between life and death .... " (vK103) 

But vK is not impressed: 

"The answer to this paradox is again that the cat is macroscopic. Life and death are 
macrostates containing an enormous number of eigenstates II > and Id > ..... 

Icat >= L adl > + L bdld > 
I d 

.... the cross terms in the expression for < G >.... as there is such a wealth of terms, 
all with different phases and magnitudes, they mutually cancel and their sum practically 
vanishes. This is the way in which the typical quantum mechanical interference becomes 
inoperative between macrostates .... " (vKI03) 

This argument for no interference is not, it seems to me, by itself immediatly convincing .... 
Surely it would be possible to find a sum of very many terms, with different amplitudes 
and phases, which is not zero? However I am convinced anyway that interference between 
macroscopically different states is very very elusive. Granting this, let me try to say what 
I think the argument to be, for the collapse as a "consequence" rather than an additional 
postulate. 

The world is again divided into "system", "apparatus", and the rest: 

W = 5 + A + R' = 5' + R' 

At first, the usual rules for quantum "measurements" are assumed at the 5'/ R' inter­
face .... including the collapse postulate, which dictates correlations between results of "mea­
surements" made at different times. But the "measurements" at 5'/ R' which can actually be 
done, FAPP, do not show interference between macroscopically different states of 5'. It is as 
if the "and" in the superposition had already, before any such measurements, been replaced 
by "or". So the "and" has already been replaced by "or". It is as if it were so .... so it is so. 

This may be good FAPP logic. If we are more pedantic, it seems to me that we do not 
have here the proof of a theorem, but a change of the theory .... at a strategically well chosen 
point. The change is from a theory which speaks only of the results of external interventions 
on the quantum system, 5' in this discussion, to one in which that system is attributed 
intrinsic properties .... deadness or aliveness in the case of cats. The point is strategically 
well chosen in that the predictions for results of "measurements" across 5' / R' will still be the 
same .... FAPP. 

Whether by theorem or by assumption, we end up with a theory like that of LL, in which 
superpositions of macroscopically different states decay somehow into one of the members. We 
can ask as before just how and how often it happens. If we really had a theorem, the answers 
to these questions would be calculable. But the only possibility of calculation in schemes like 
those of KG and vK, involves shifting further the shifty split .... and the questions with it.' 

For most of the paper, v K 's world seems to be the petty world of the laboratory, even 
one that is not treated very realistically: 

" .... in this connection the measurement is always taken to be instantaneous .... " (vKIOO) 
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But almost at the last moment a startling new vista opens up ... an altogether more vast 
one: 

"Theorem IX: The total system is described throughout by the wave vector 'Ii and has 
therefore zero entropy at all times .... 

This ought to put an end to speculations about measurements being responsible for increasing 
the entropy of the universe. (It won't of course.)" (vKll1) 

So vK, unlike many other very practicle physicists, seems willing to consider the universe 
as a whole. His universe, or at any rate some "total system", has a wavefunction, and that 
wavefuntion satisfies a linear Schrodinger equation. It is clear however that this wavefunction 
cannot be the whole story of vK's totality. For it is clear that he expects the experiments 
in his laboratotries to give definite results, and his cats to be dead or alive. He believes 
then in variables X which identify the realities ... in a way which the wavefunction .... without 
collapse .... can not. His complete kinematics is then of the de Broglie Bohm "hidden variable" 
dual type: 

(\lI(t, q),X(t» 

For the dynamics, he has the Schrodinger equation for 'Ii, but I do not know exactly what 
he has in mind for the X, which for him would be restricted to some "m1'tcroscopic" level. 
Perhaps indeed he would prefer to remain somewhat vague about this, for 

"Theorem IV: lVhoever endows t/J with more meaning than is needed for computing 
observable phenomena is responsible for the consequences .... "(vK99) 

9. TOWARDS A PRECISE QUANTUM MECHANICS 

In the beginning, Schrodinger tried to interpret his wavefunction as giving somehow the 
density of the stuff of which the world is made. He tried to think of an electron as represented 
by a wavepacket ...... a wavefunction appreciably different from zero only over a small region 
in space. The extension of that region he thought of as the actual size of the electron ..... his 
electron was a bit fuzzy. At first he thought that small wavepackets, evolving according to 
the Schrodinger equation, would remain small. But that was wrong. Wavepackets diffuse, 
and with the passage of time become indefinitely extended, according to the Schrodinger 
equation. But however far the wavefuncton has extended, the reaction of a detector to an 
electron remains spotty. So Schrodinger's "realistic" interpretation of his wavefunction did 
not survive. 

Then came the Born interpretation. The wavefunction gives not the density of stuff, 
but gives rather (on squaring its modulus) the density of probability. Probability of what, 
exactly? Not of the electron being there, but of the electron being found there, if its position 
is "mea5ured". 

Why this aversion to "being" and insistence on "finding"? The founding fathers were 
unable to form a clear picture of things on the remote atomic scale. They became very aware 
of the intervening apparatus, and of the need for a "classical" base from which to intervene 
on the quantum system. And so the shifty split. 

The kinematics of the world, in this orthodox picture, is given by a wavefunction (maybe 
more than one?) for the quantum part, and classical variables..... variables which have 
values .... for the classical part: 
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(llI(t, q ..... ), X(t) ............... ) 

The X'S are somehow macroscopic. This is not spelled out very explicitly. The dynamics 
is not very precisely formulated either. It includes a Schrodinger equation for the quantum 
part, and some sort of classical mechanics for the classical part, and "collapse" recipes for 
their interaction. 

It seems to me that the only hope of precision with this dual (lIt, x) kinematics is to 
omit completely the shifty split, and let both III and x refer to the world has a whole. Then 
the x's must not be confined to some vague macroscopic scale, but must extend to all scales. 
In the picture of de Broglie and Bohm, every particle is attributed a position x(t). Then 
instrument pointers ..... assemblies of particles, have positions, and experiments have results. 
The dynamics is given by the world Schrodinger equation plus precise "guiding" equations 
prescribing how the X(t)'S move under the influence of lIt. Particles are not attributed angular 
momenta, energies, etc., but only positions as functionsof time. Peculiar "measurement" 
results for angular momenta, energies, and so on, emerge as pointer positions in appropriate 
experimental setups. Considerations of the KG and vK type, on the absence (FAPP) of 
macroscopic interference, take their place here, and an important one, in showing how usually 
we do not have (FAPP) to pay attention to the whole world, but only to some subsystem, 
and can simplify the wavefunction .... FAPP. 

The Born-type kinematics (lIt, X) has a duality that the original "density of stuff" picture 
of Schrodinger did not. The position of the particle there was just a feature of the wavepacket, 
not something in addition. The Landau Lifshitz approach can be seen as maintaining this 
simple nondual kinematics, but with the wavefunction compact on a macroscopic rather 
than microscopic scale. We know, they seem to say, that macroscopic pointers have definite 
positions. And we think there is nothing but the wavefunction. So the wavefunction must be 
narrow as regards macroscopic variables. The Schrodinger equation does not preserve such 
narrowness (as Schrodinger himself dramatized with his cat). So there must be some kind of 
"collapse" going on in addition, to restore macroscopic narrowness when momentarily it is 
violated In the same way, if we had modified Schrodinger's evolution somehow we might have 
prevented the spreading of his wavepacket-electrons. But actually the idea that an electron 
in a ground-state hydrogen atom is as big as the atom (which is then perfectly spherical) is 
perfectly tolerable .... and maybe even attractive. The idea that a macroscopic pointer can 
point simultaneously in different directions, or that a cat can have several of its nine lives 
at the same time, is harder to swallow. And if we have no extra variables X to express 
macroscopic definiteness, the wavefunction must be narrow in macroscopic directions in the 
configuration space. This the Landau-Lifshitz collapse brings about. It does so in a rather 
vague way, at rather vaguely specified times. 

In the Ghirardi-Rimini-Weber scheme 10 this vagueness is replaced by mathematical 
precision. The Schrodinger wave function even for a single particle, is supposed to be unstable, 
with a prescribed mean life per particle, against spontaneous collapse of a prescribed form. 
The lifetime and collapsed extension are such that departures of the Schrodinger equation 
show up very rarely and very weakly in few-particle systems. But in macroscopic systems,as 
a consequence of the prescribed equations, pointers very rapidly point, and cats are killed or 
spared. 

The orthodox approaches, whether the authors think they have made derivations or 
assumptions, are just fine FAPP ........ when used with the good taste and discretion picked up 
from exposure to good examples. At least two roads are open from there towards a precise 
theory, it seems to me. Both eliminate the shifty split. The deBroglie-Bohm type theories 
retain, exactly, the linear wave equation, and necessarily add complementary variables to 
express the non-waviness of the world on the macroscopic scale. The GRW' type theories have 
nothing in their kinematics but the wavefunction. It gives the density (in a multidimensional 
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configuration space!) of stuff. To account for the narrowness of that stuff in macroscopic 
dimensions, the linear Schriidinger equation has to be modified, in the GRW picture by a 
mathematically prescribed spontaneous collapse mechanism. 

The big question, in my opinion, is which, if either, of these two precise pictures can be 
redeveloped in a Lorentz invariant way. 

" .... All historical experience confir'ms that men might not achieve the possible if they had 
not, time and time again, reached out for the impossible." 

Max Weber 

" .... we do not know where we are stupid until we stick our necks out." 

R.P.Feynman 
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AN EXPOSITION OF BELL'S THEOREM 

Abner Shimony 

Departments of Philosophy and Physics 
Boston University 
Boston, MA . 

The purpose of this lecture is to give a self-contained demonstration 
of a version of Bell's theorem and a discussion of the significance of the 
theorem and the experiments which it inspired. The lecture should be compre­
hensible to people who have had no previous acquaintance with the literature 
on Bell's theorem, but I hope that explicitness about premisses and conse­
quences will make it useful even to those who are familiar with the litera­
ture. 

All versions of Bell's theorem are variations, and usually generaliza­
tions, of the pioneering paper of J.S. Bell of 1964, entitled "On the 
Einstein-Podolsky-Rosen Paradox." All of them consider an ensemble of pairs 
of particles prepared in a uniform manner, so that statistical correlations 
may be expected between outcomes of tests performed on the particles of each 
pair. If each pair in the ensemble is characterized by the same quantum 
state ¢, then the quantum mechanical predictions for correlations of the 
outcomes can in principle be calculated when the tests are specified. On 
the other hand, if it is assumed that the statistical behavior of the pairs 
is governed by a theory which satisfies certain independence conditions (al­
ways similar to the Parameter and Outcome Independence conditions stated be­
low, though the exact details vary from version to version of Bell's theo­
rem), then it is possible to derive a restriction upon the statistical cor­
relations of the outcomes of tests upon the two particles. The restriction 
is stated in the form of an inequality, known by the collective name of 
"Bell's Inequality." Each version of Bell's theorem exhibits a choice of ¢ 
and of the tests upon the two particles such that the quantum mechanical 
predictions of correlations violates one of the Bell's Inequalities. The 
theorem therefore asserts that no physical theory satisfying the specified 
independence conditions can agree in all circumstances with the predictions 
of quantum mechanics. The theorem becomes physically significant when the 
experimental arrangement is such that relativistic locality prima facie re­
quires that the independence conditions be satisfied. Because such arrange­
ments are in principle possible (and, in fact, actually realizable, if cer­
tain reasonable assumptions are made), one can restate Bell's Theorem more 
dramatically as follows: no local physical theory can agree in all circum­
stances with the predictions of quantum mechanics. I shall now present a sche­
matic arrangement which will allow the foregoing sketch to be filled out in 
detail. 

Sixty-Two Years of Uncertainty 
Edited by A. I. Miller 
Plenum Press, New York, 1990 
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Fig. 1. An ensemble of particle pairs 1+2 is emitted 
in a uniform manner from the source. Particle 
1 enters an analyzer with a controllable para­
meter a, and the possible outcomes are s 
(m = 1,2, ••• ). Particle 2 enters an anal~zer 
with controllable parameter b, and the possible 
outcomes are tn (n = 1,2, ••• ). 

Figure 1 shows a source from which particle pairs, labeled 1 and 2, are 
emitted in a uniform manner. The complete state of a pair 1+2 is denoted by 
k, where k belongs to a space K of complete states. No assumption is made 
about the structure of K, except that probability measures can be defined on 
it. Because of the uniform experimental control of emission, it is reason­
able to suppose that there is a definite probability measure w defined over 
K which governs the ensemble of pairs; but the uniformity need not be such 
that w is a delta-function, i.e., that every pair of the ensemble is in the 
same complete state k. Particle 1 enters an analyzer with a controllable pa­
rameter a, which the experimenter can specify, for instance, by turning a 
knob. Likewise, particle 2 enters an analyzer with a controllable parameter 
b. The possible outcomes of the analysis of 1 are sm(m = 1,2, ... ), and for 
mathematical convenience all these values are assumed to lie in the interval 
[-1, 1]. The possible values of the analysis of 2 are tn(n = 1,2 ... ), and 
these values are assumed to lie in the same interval. It will be assumed that 
when the parameters a and b and the complete state k are all specified, then 
the probabilities of the various single and joint outcomes of analysis are 
well~defined. Specifically, 

2 
p (n/k,a,b) 

p(m,n/k,a,b) 

is the probability of the outcome sm of the analysis of 
particle 1, given the complete state k and the parame­
ters a and b; 

is the probability of the outcome tn of the analysis 
of particle 2, given the complete state k and the pa­
rameters a and b; 

is the probability of joint outcomes sm and tn' given the 
complete state k and the parameters a and b; 

pl(m/k,a,b,n) is the probability of the outcome sm of the analysis of 
particle 1, given the complete state k, the parameters 
a and b, and the outcome tn of the analysis of parti­
cle 2; 

2 p (n/k,a,b,m) is the probability of the outcome tn of the analysis 
of particle 2, given the complete state k, the parame­
ters a and b, and the outcome sm of the analysis of 
particle 1. 

The general principles of probability theory, with no further assumptions, im­
pose the following product rule: 

p(m,n/k,a,b) = pl(m/k,a,b)p2/n /k,a,b,m) p2(n/k,a,b)pl(rn/k,a,b,n). 
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We now have sufficient notation to make explicit the independence conditions 
which were mentioned in the sketch above, and which were first made expli­
cit by Jarrett (1984). 

Parameter Independence: 

p1(m/k,a,b) is independent of b, and hence may be written as p1(m/k,a), 

p2(n/k,a,b) is independent of a, and hence may be written as p2(n/k,b). 

Outcome Independence: 

1 p (m/k,a,b,n) 

2 p (n/k,a,b,m) 

p1(m/k,a,b), 

p2(n/k,a,b). 

The conjunction of Parameter Independence and Outcome Independence implies 
the following factorization, which is crucial in the argument ahead: 

p(m,n/k,a,b) = p1(m/k,a)p2(n/k,b). (1) 

Eq. (1) is often called "Bell's locality condition, II but even though I 
have used this nomenclature myself, I now think that it is misleading, 
and a more neutral name is preferable. 

Expectation values can be defined explicitly in terms of the outcomes 
sm and tn and appropriate probabilities: 

E(k;a,b) 

is the expectation value of the outcome of 
analysis of particle 1, given complete state 
k and parameter a; 

is the expectation value of the outcome of 
analysis of particle 2, given complete state 
k and parameter b; 

E p(m,n/k,a,b)s t • m,n m n is the expectation value of the pro­
duct of the outcomes of analysis of 
the two particles, given k, a, and b. 

These definitions, together with Eq. (1), immediately yield the following: 

1 2 E(k,a,b) = E (k,a)E (k,b). (2) 

I shall now state and prove a simple mathematical lemma, which will 
bring us close to one of Bell's Inequalities. 

Lemma: if x', y', x", and y" all belong to the interval [-1, 1], then S 
belongs to the interval [-2, 2], where S X'y' + x'y" + x"y' - x"y". 

The proof I shall now give will not be the inelegant one which I presented 
in Erice, but the···.elegant argument.'.which ~N.David Mermin suggested after the 
lecture. The first step is to note that S is linear in each of its four va­
riables and hence takes on its extreme values at corners of the domain, i.e. 
at (X',y',x",y") = (±1,±1,±1,±1). Clearly, at a corner the value of S must 
be an integer between -4 and 4. But S can also be written as 

S = (x' + x")(y' + y") - 2x"y". 

Since the two quantities in parentheses can only be 0 or ±2, and the last 
term is ±2, S cannot have values ±3 or +4 at the corners. Q. E.D. 
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The lemma is a~plied to our physical problem by identifying x' with 
E1(k,a'), y' with E (k,b'), x" with E1(k,a ll ), and y" with E2(k,b"). Since 
each of the outcomes sm and tn lies in [-1,11, so also do these four expec­
tation values, so that the conditions of the lemma are satisfied. The conclu­
sion of the lemma is then also satisfied, and when Eq. (2) is combined with 
the conclusion, the result is 

-2 .:: E(k,a',b') + E(k,a',b") + E(k,a",b') - E(k,a",b") .:: 2. (3) 

Now integrate Inequality (3) over the space K, using the probability dis­
tribution w throughout as a weighting, and we obtain 

where we have used the normalization condition 

idW = 1, 

and we have defined the ensemble expectation value E (a,b) as 
w 

E (a,b) = (E(k,a,b)dw. 
w )K 

(4) 

(5) 

(6) 

Inequality (4) is Bell's Inequality, or, more accurately, it is the version 
of Bell's Inequalities which emerges in the present exposition. 1 

It is noteworthy that except for the assumption that probability mea­
sures can be defined on K there are no assumptions about the structure of 
the space K of complete states and no characterization of the complete 
states k. Also, no assumptions have been made about the probability measure 
w over K, except that the same w is used in integrating each of the terms in 
Inequality (4). Physically this one assumption would not be justified if the 
choice of the parameters a and b affected the emission of particle pairs by 
the source. That the w governing the ensemble of particle pairs emitted by a 
source is independent of the parameters of the analyzers is an independence 
condition distinct from Parameter Independence and Outcome Independence, 
which were used above, but somewhat similar to Parameter Independence. 

In order to complete the proof of Bell's Theorem it is essential to 
find a realization of the schema of Figure 1 in which the quantum mechanical 
predictions are in conflict with Inequality (4). One realization which is 
easy to analyze takes particles 1 and 2 to be photons propagating respective­
ly in z and -z directions and prepared by the source in the polarization 
state 

(7) 

and takes the analyzers to be linear polarization filters placed perpendicu­
lar to the z-axis in the paths of photons 1 and 2 respectively. The parame­
ter a is the angle from the x-axis to the transmission axis of the first po­
larization filter, and b is similarly defined for the second filter. In 
Eq. (n u (1) is a normalized vector representing quantum state of linear 
polarization along the x-axis for photon 1; and u (1), u (2), and u (2) 
have analogous meanings. 0 is a superposition of aYstate tn which both 1 
and 2 are polarized along the x-axis and another state in which both 1 and 
2 are polarized along the y-axis. Obviously, ¢ is a quantum state in which 
neither photon 1 nor photon 2 has a definite polarization with respect to 
the x-y axes, and yet the results of polarization measurements with res­
pect to these axes is strictly correlated, for if photon 1 passes through 
a filter with transmission axis along x, so also will photon 2; and if 
photon 1 fails to pass through such a filter, photon 2 will likewise fail. 
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The two outcomes of analysis of photon 1 are passage and non-passage 
through the polarization filter, and these outcomes will conventionally be 
assigned the numerical values 1 and -1 respectively (these are the sm of 
Fig. 1). Likewise, passage and non-passage of photon 2 through its filter 
will be assigned 1 and -1 respectively (the tn of Fig. 1). In order to cal­
culate the quantum mechanical expectation value of the product of the out­
comes, which will be the counterpart of the expectation value of Eq. (4), 
it is essential to find an appropriate self-adjoint operator Sa correspond­
ing to analyzing photon 1 with a filter having a transmission axis at the 
angle a, and an analogous self-adjoint operator Tb corresponding to anal­
yzing photon 2. Sa is determined by the requirements that it be linear 
on the two-dimensional space of polarization states of photon 1 and have 
eigenvalues 1 and -1 respectively for states of linear polarization along 
the directions specified by a and a+n/2 respectively: 

(8) 

(9) 

The states ua and ua+n /2 are obtained by rotating ux (1) and uy (1) by the 
angle a: 

ua = cosaux(1) + sinauy (1), (10) 

( 11) 

It is then straightforward to compute the effect of Sa on ux (1) and uy (1) : 

Saux(1) cos2aux(l) + sin2auy (1) , (12) 

SaUy (1) sin2aux (1) cos 2auy ( 1) • (13) 

The operator Tb is constructed in the same way, and 

(14) 

(15) 

The quantum mechanical counterpart of Eq. (6) is obtained by taking the 
expectation value of the operator product SaTb in the quantum mechanical 
state0ofEq. (7): 

E0 (a,b) = <0IsaTbI0> = ~<ux(1)ux(2) + uy (1)uy (2) I 

[cos2aux(1) + sin2auy (1)] [cos2bux(2) + sin2buy (2)] + 

[sin2aux (1) - cos2auy(1)] [sin2bux (2) - cos2buy(2)]> = 

cos2(b - a). (16) 

If we now choose a', b', a", b" to be respectively n/4, n/8, 0, and 3n/8, 
then 

(17) 

and therefore 

in disaccord with Inequality (4) (Bell's Inequality). Q.E.D. 
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More than ten experimental tests of Bell's Inequality have been per­
formed by examining the correlation of linear polarizations of photon pairs, 
as outlined in the preceding paragraph, and several other tests have also 
been carried out. 2 In all these experiments the analyzers are separated by 
distances of the order of a meter or more, so that no obvious mechanism 
would exist whereby Parameter Independence or Outcome Independence would 
be violated. But it is also highly desirable to exclude the possibility of 
a mechanism which is not obvious, and this exclusion can be achieved only 
if the events of analysis have space-like separation and hence cannot be 
directly connected causally according to Relativity Theory. Only the expe­
riment of Aspect, Dalibard, and Roger (1982) has realized this desideratum. 
In their experiment the choice between the values a' and a" of the analyzer 
of photon 1, and between the values b' and b" of the analyzer of photon 2, 
is effected by acousto-optical devices which switch from one value to the 
other in 10 nanoseconds; whereas the switch-analyzer assembly for photon 1 
is separated from that for photon 2 by about 13 meters, which can be tra­
versed by a relativistically permitted signal in no shorter time interval 
than 40 nanoseconds. One would therefore antecedently expect both Parameter 
and Outcome Independence to hold, and moreover the distribution w over the 
space K of complete states to be independent of the parameters. Aspect et al. 
found, however, that their measured expectation values E(a,b) violated In 
eq. (4) by 5 standard deviations, but were in good agreement with the pre­
dictions of quantum mechanics. If one disregards certain loopholes (which 
will be discussed below), then this experiment constitutes a spectacular 
confirmation of quantum mechanics ata point where it seems to be endang­
ered, as well as a spectacular demonstration that there is some nonlocality 
in the physical world. 

Since Bell's Inequality is violated by the results of Aspect et al., 
and the Inequality follows from Parameter and Outcome Independence together 
with the independence of w from the parameter values, one of these three 
premisses must be false, and it is important to locate the false one. The 
natural way to obtain this information is to examine the implications of 
quantum mechanics, which after all was brilliantly confirmed by Aspect 
et al., as well as by most of the other experiments inspired by Bell's The­
orem. 

Outcome Independence is violated by the quantum mechanical predictions 
based upon 0 of Eq. (7). Suppose that the an81es a and b of the two polari­
zation filters are both taken to be 0, i.e., their transmission axes are 
both along the x direction. The conditional probability of photon 2 passing 
through its filter if photon 1 passes through its filter is 1, but it is 
o if photon 1 fails to pass through its filter. Since these two conditional 
probabilities are different from each other, it is impossible for both of 
them to equal the unconditioned probability that photon 2 will pass through 
its filter . (which , in fact, is obviously ~). Thus Outcome Independence, as 
defined above, is violated. It should be noted that a violation of Outcome 
Independence is predicted on the basis of any quantum state which is "en­
tangled" (in SchrBdinger's locution), that is, not expressible as a pro­
duct of a quantum state of particle 1 and a quantum state of particle 2. 
For any entangled state of a two-particle system can be written in the 
form3 

(18) 

where the u.(l) are orthonormal, the v.(2) are orthonormal, the sum of the 
absolute sqaares of the expansion coefficients c. is unity, and the sum con­
tains at least two terms with non-zero coefficients. By constructing self­
adjoint operators Sand T of which the u. and the v. are eigenstates with 
distinct eigenvalues, one obtains a violltion of OuEcome Independence. 
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The quantum mechanical predictions do not violate Parameter Independence 
if the Hamiltonian of the composite system can be written in the form 

Htot = H1 + HZ, (19) 

where H1 is the Hamiltonian of particle 1 alone (in the environment to which 
it is exposed), and HZ is the Hamiltonian of particle Z alone (in the envir­
onment to which it is exposed), with no interaction Hamiltonian, and with no 
influence of particle 1 upon the environment of particle and conversely. If 
the composite system l+Z is prepared at the initial time 0 in the state 0(0), 
then the state 0(t) at a later time t is determined by the Hamiltonian of 
Eq. (19) and also 0(0). It is straightforward to prove4 that the expectation 
value of any self-adjoint operator S on the space of states of particle 1 
is independent of HZ, and the expectation value of any self-adjoint operator 
T on the space of states of particle Z is independent of H1' Now the choice 
of a parameter a of the analyzer of particle 1 is effectively the choice of 
the Hamiltonian of particle 1, and likewise concerning the choice of para­
meter b. Outcome Independence follows. This general argument may be made 
more intuitive by considering the special case of a pair of photons with 0 
of Eq. (7) as the state at time O. At time t photon 1 impinges upon a polar­
ization filter with one of two orientations of its transmission axis: 
(i) a = 0, or (ii) a = ~/4. In either case, the filter upon which photon 
Z will impinges will be taken to have its transmission axis along the x 
direction, i.e., parameter b is O. We calculate the probability that photon 
Z will pass through the filter in each of the two caseS. 

(i) Photon 1 has probability! of passing through the filter with a = 0, 
in view of Eq. (7), and if it does so the term ux (l)ux (Z) is picked out of 
the superposition, so that the conditional probability that photon Z will 
pass through its filter is 1. Photon 1 also has probability ~ of not pass­
ing, in which case the term uy (l)uy (Z) is picked out, and the conditional 
probability that photon Z will pass its filter is O. The net probability 
of passage of photon Z is ~'1 + ~'O = ~. 

(ii) It is useful to rewrite Eq. (7) in the equivalent form 

(7A) 

where x' is the direction in the x-y plane making an angle ~/4 to both the 
x and y directions, and y' is perpendicular to x' in the x-y plane. (The 
equivalence of Eq. (7A) to Eq. (7) follows from Eqs. (10) and (11) and their 
counterparts for photon Z.) There is probability ~ that photon 1 will pass 
through its filter, picking out the term ux ,(l)ux '(Z), in which case the 
conditional probability that photon Z will pass through its filter is 
cosZ~/4. There is also probability ~ that photon 1 will not pass through 
its filter, in which case the term uy '(l)uy ,(Z) is picked out, and the con­
ditional probability that photon Z will pass through its filter is cos23~/4. 
The net probability of passage of photon 2 is ~.~ + ~.! =~. The equality 
of the net probabilities of passage in cases (i) and (ii) illustrates 
Parameter Independence. 

Since the standard quantum mechanical treatment of polarization corre­
lation assigns the same quantum state to all photon pairs of the ensemble 
of interest (either the 0 of Eq. (7) or an appropriate variant of it), there 
is no question of a quantum mechanical violation of the third premiss util­
ized in deriving Bell's Inequality (i.e., that the distribution over the 
complete states is independent of the parameters a and b). 

It is very interesting now to consider the relation between violations 
of Parameter Independence and Outcome Independence and relativistic locality. 
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Suppose that a violation of Parameter Independence occurred in the situa­
tion schematized by Fig. 1 because for some k and m 

(20) 

Then one binary unit of information can be transmitted from the location 
of the second analyzer to the location of the first analyzer by making the 
choice between b ' and b" at the framer location, in the following way. 
Aspect shows the choice between b ' and b" can be made extremely quickly. 
We can also suppose (as a thought experiment) that a large number of pairs 
of particles 1+2 are prepared in a time which is short compared to the time 
needed to choose between b ' and b", and also that the complete state of each 
of these pairs is k. Then the difference in probability in Inequality (20) 
will with near certainty, by the law of large numbers, produce a clear dif­
ference between the statistics of occurrence of the value s conditional 
upon the two choices of the parameter b. Hence with near ce~tainty an ob­
server of the outcomes s can infer whether the choice made at the other 
analyzer was b ' or b". B~ the hypothetical arrangement, this binary unit of 
information is transmitted at superluminal speed between the two analyzers. 
Hence, in principle a violation of the relativistic upper limit upon the 
speed of a signal can be obtained by exploiting failure of Parameter Inde­
pendence in a situation where the analyses of the two particles are events 
with space-like separation. If there is a violation of Outcome Independence, 
a binary unit of information can also be transmitted, but it is easy to 
see that the transmission is slower than the speed of light. Suppose that 
for some k and m 

p1(m/k,a,b,n ' ) of pl(m/k,a,b,n"). (21) 

Again prepare a large number of pairs 1+2 in the state .k, and for each 
pair analyze particle 2 with the same parameter setting b. While the analy­
sis is being performed, particle 1 is to be placed "on hold," e. g., by 
being kept in a circular light guide. An antecedent agreement is made that 
particle 1 will be released only if the result of analysis of particle 2 is 
t I or t " but not both, and that a uniform decision will be made for all 
tRe pair~ 1+2. An observer of the statistics of s can then infer with 
near certainty whether the choice has been made to~elease particles 1 of 
which the partners are analyzed with result t I or with result t '" since 
the difference in probability in Inequality (~l) will, by the laB of large 
numbers, produce a difference in the statistics with near certainty. The 
tJ-ansmission of a binary unit of information in this way, however, will be 
subluminal, because the analysis of particle 2 must be completed, then the 
result of the analysis must be transmitted to the ring where particle 1 is 
"on hold," then particle 1 must be released, then it mus t propagate towards 
its analyzer, and finally it must be analyzed. Clearly, this complex process 
takes longer than a straight radar signal between the two analyzers. 

In an experimental arrangement like that of Aspect et al. a violation 
of either Parameter Independence or of Outcome Independence produces some 
tension with the relativity Theory. But the violation of Parameter Indepen­
dence seems to be the more serious of the two, because it entails the possi­
bility in principle of superluminal signalling. The fact that quantum mecha­
nics does not violate Parameter Independence but does violate Outcome In­
dependence is most remarkable on two counts: it does show that quantum 
mechanical entanglement can be responsible for a kind of causal relation 
between two events with space-like separation, but also that quantum me­
chanics can "co-exist peacefully" with relativity theory because of the im­
possibility of exploiting entanglement for the purpose of super luminal com­
munication. By using the locution "peaceful coexistence" I do not wish to 
convey the impression that there is nothing problematic in the state of af­
fairs which has been exhibited. A deeper analysis is certainly desirable. 
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It is possible that a deepened. understanding of space-time structure will 
be required in order to clarify quantum mechanical nonlocality. Or it may 
be that the concept of "event," which has been borrowed from pre-quantum 
physics, will have to be radically modified. However, I have not yet seen 
a promising development of ·either of these suggestions. 

Because the implications of Bell's Theorem and of the experiments which 
it inspired are philosophically momentous, it is important to pay attention 
to the loopholes in the experimental reasoning. 

The first loophole is due to the periodicity of the switches which As­
pect et al. employed to choose between a' and a" and between b' and b". The 
switches are not randomly turned off and on, but rather operate periodically 
with a total period of 20 nanoseconds. Even though relativity theory does 
not permit a direct causal connection between contemporaneous settings of 
the switches (where "contemporaneous" must of course be understood relative 
to some definite frame of reference, such as that of the laboratory), the 
periodicity may enable clever demons located in one analyzer to infer the 
contemporaneous setting of the other switch and to regulate the outcome of 
analysis of the particle accordingly. The attribution of such a process of 
inductive reasoning to the demons would not violate relativity theory. In 
order to block this loophole it would be necessary to operate the switches 
stochastically. It has been suggested by Clauser, for example, that each 
should be controlled by the arrival of starlight gathered by a telescope 
pointed to a distant galaxy. Blocking the periodicity loophole seems to be 
experimentally feasible in principle, but it would greatly complicate an 
experiment that is already difficult and delicate. It remains to be seen 
whether any experimenter is sufficiently motivated to make the great ef­
fort that would be required. See also Zeilinger (1986). 

The second loophole is due to the fact that actual particle detectors 
are not 100% efficient. In the foregoing discussion of Fig. 1 it was tacitly 
assumed that that if the outcome of analyzing particle 1 is s (e.g., the 
particle passes into channel m), then this fact can be known ~ith certainty 
because the particle detectors are ideally efficient; and likewise con­
cerning the analysis of particle 2. In the polarization correlation tests 
of Bell's Inequality the photodetectors were less than 20% efficient, and 
therefore fewer than 4% of the photon pairs that jointly pass through their 
respective filters are actually detected. It is not inconceivable that the 
passage rates satisfy Bell's Inequality, but that the counting rates agree 
with the predictions of quantum mechanics (in disaccord with the Inequality) 
because of peculiarities in the way that the complete states k determine 
the probability of detection. There are, in fact, several models S which 
preserve Parameter Independence and Outcome Independence and nevertheless 
yield counting rates in agreement with the predictions of quantum mechanics. 
Inefficiency of the particle detectors is crucial for these models. 

The following argument shows that the detection loophole can be blocked 
in a' polarization correlation experiment if technology improves and photo­
detectors of efficiency greater than 0.841 are constructed. The foregoing 
realization of the schema of Fig. 1 can be modified by taking the analyzers 
not to be polarization filters, which allow photons polarized along the 
transmission axis to pass but absorb those polarized in the perpendicular 
direction, but rather Wollaston prisms, which allow the first set of pho­
tons to emerge in one ray (the "ordinary ray") and the second to emerge in 
another (the "extraordinary ray"). Then three outcomes of analysis of pho­
ton 1 can be distinguished: detection in the ordinary ray, detection in 
the extraordinary ray, and non-detection; and the values of sm assigned 
to these three outcomes can be conventionally taken to be 1, -1, and O. 
The outcomes t of analysis of photon 2 will likewise have three values 

n 
1, -1, and 0, with analogous interpretations. If Parameter and Outcome 
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Independence are satisfied, and the distribution w is independent of the 
parameters, then Bell's Inequality (Inequality (4» follows. The expression 
for the quantum mechanical expectation of the product of sand t is equal 
to the expectation value of the operator product S T , whicW was g~ven by 
Eq. (16), multiplied by the probability of joint d~t~ction of a pair of pho­
tons emerging from the respective Wollaston prisms. If, for simplicity, we 
assume that the four photodetectors intercepting the ordinary and extra­
ordinary rays from the two Wollaston prisms have the same efficiency n, 
then the probability of joint detection is nZ. Hence the expectation value 
of present interest is 

E~et(a,b) = nZcos2(b-a). 

For the choice of angles made before Eq. (17) we have 

E:et(a',b') + E~et(a"b") + E~et(a",b') _ E~et(a",b") 

Disaccord with Bell's Inequality results provided that 

2.828n2 • 

(22) 

(23) 

n> 0.841. (24) 

Mermin and Schwarz (1982) and Garg and Mermin (1987) have shown that the 
detection loophole can be blocked if a less stringent constraint is placed 
upon the efficiency of the photodetectors, namely, 

n> 0.828, (25) 

but their arguments are more complex than the simple one just given and 
depend upon some additional (but empirically testable) symmetry assumptions. 

Finally, I wish to point out that even though I have used polarization 
correlation to discuss Bell's Inequality, there is nothing about the Inequa­
lity that is intrinsically restricted to polarization experiments. That 
should be obvious, in fact, from the generality of Fig. 1 and of the proof 
given of Bell's Inequality. In my lecture on two-particle interferometry I 
shall show how an experiment performed on a pair of photons with entangled 
momentum states can test the Inequality. 

FOOTNOTES 

1This version of Bell's Inequality was first derived by Clauser i Horne, 
Shimony, and Holt (1969) in the special case where p1(m/k,a,b) and p Cn/k,a,b) 
are allowed to have only the values 1 and 0 (so called "deterministic" hid­
den variables theories). A derivation without this restriction was first 
given by Bell (1971) and in another way by Clauser and Horne (1974). The 
procedure in my lecture, making use of the simple mathematical lemma, was 
inspired by Clauser and Horne, although their lemma was different. Alain 
Aspect pointed out to me after the lecture that a proof exactly like mine, 
with the same lemma, is in the unpublished part of his doctoral thesis (1983). 

2Summaries of experiments up to 1978 are given by Clauser and Shimony 
(1978) and later ones by Redhead (1987), pp. 107ff. Two important recent 
tests of Bell's Inequality, using photon pairs produced by parametric down­
conversion are Ou and Mandel (1988) and Shih and Alley (1988). 

3 See, for example, von Neumann (1955), pp. 431-4. 

4Eberhard (1977); Ghirardi, Rimini, and Weber (1980); and Page (1982). 
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5Clauser and Horne (1974), and Marshall, Santos, and Selleri (1983). 
The earlier model of Pearle (1970) achieves agreement with quantum mecha­
nics only if the probability that a pair will be detected once it has 
passed through the pair of filters has a rather special form g(b-a), and 
the constant function (specifically with value n2 , as discussed above) is 
not of his required form; hence his model does not achieve all that those 
of Clauser and Horne and of Marshall et al. have established. 
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1. INTRODUCTION - WAVE PARTICLE DUALITY IN TEXT-BOOKS 

1.1 Gedanken experiment 

Many introductory courses in Quantum Mechanics -whether or not they choose an histor­
ical perspective- begin with an "experiment" exhibiting the wave-particle duality of the 
behaviour of matter [1). This experiment is usually presented as in Fig. La and Fig. Lb. 

The first setup (Fig. 1.a) shows that the rate of detection N (x) is modulated according 
to a sine law, i.e. it exhibits an interference pattern. Such a phenomenon can be interpreted 
by invoking a wave that passes through both holes : it is well known that the resulting 
intensity then depends on the "path difference" 

6. = [S Tl D) - [S T2 D] (1) 

and leads to a modulation depending on the interference order 

6. 
P = .A (2) 

where .A is the wavelength of the considered wave. The "particles" emitted by the source 
thus have a wave-like behaviour. 

The second "experiment" is not always explicitly presented [2]. Its purpose is to 
prove that the source S really emits particles (if it was not the case, the discussion would 
be pointless). The particle-like behaviour is evidenced by the absence of coincidences, 
although the detectors Dl and D2 are fired at the same rate. The natural image for this 
behaviour is that of a particle that passes either through hole Tl or through T2 , but not 
through both holes. 

Sixty-Two Years of Uncertainty 
Edited by A. I. Miller 
Plenum Press, New York, 1990 
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x 
a) 

b) 

Fig. 1 . Ideal wave - particle duality experiment. A source s 
emits indepent particles, one at a time. The particles fall 
on a screen with two holes Tland T 2. In the experiment (a), 
the movable detector D measures the detection rate as a function 
of its position and reveals the existence of an interference 
pattern. In experiment (b), the two detectors Dl and D 2 , just 
after the holes Tl and T2 , feed singles an coincidence counters 
no coincidence is detected. 

The amazing thing is of course that the source and the screen with the holes are the 
same for both experiments. We thus have the same "objects" passing through the screens. 
But in Fig. l.b, we describe this object as a particle passing in only one hole, while in 
Fig. l.a the object is described as a wave split between the two holes. This is the essence 
of wave-particle duality, on which we will comment later. 

Now, a question arises: are the experiments of Fig. l.a and Fig. l.b only gedanken 
experiment, or are there real experiments corresponding to these setups? 

l.2. Experiments with massive particle 

It is well known that interferences have been already observed with electrons [3J and with 
neutrons [4J. We can thus conclude that experiment of Fig. l.a has been realized with 
objects (electrons, or neutrons) that we definitely consider as particles [5J. However, to our 
knowledge, nobody has tried an experiment such as the one of Fig. l.b. Moreover, for most 
of the experiments that we know about, it is likely that the experiment of Fig. lob would 
not have had conclusive results, since the sources (electron gun, or neutron reactor) deliver 
a flux of particles with a certain p~obability of two particles being present simultaneously, 
and thus a non zero rate of coincidences is expected [6J. 
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1.3. Experiments with light 

The concept of wave-particle duality first emerged about light [7], and it is natural to look 
for such experiments in the domain of optics. The wave-like behaviour of light, even with 
extremely feeble sources, has been evidenced as early as 1909, and it has been confirmed 
repeatedly (Table I). 

Table 1 

Feeble light interference experiments. All these experiments have been realized with attenuated light 
from a usual source (atomic discharge). 

Author Date Experiment Detector Photon 
flux (s-1) 

Taylor (a) 1909 Diffraction Photography 106 

Dempster et aI. (b) 1927 (i) Grating Photography 10 2 

(ii) Fabry Perot Photography 105 

Janossy et aI. (c) 1957 Michelson interferometer Photomultiplier 105 

Griffiths (d) 1963 Young slits Image interferometer 2 X 103 

Searl et aI. (e) 1968 Young slits Photomultiplier 
Donstov et aL (f) 1967 Fabry Perot Image intensifier 
Reynolds et aI. (g) 1969 Fabry Perot Image intensifier 
Bozec et aI. (h) 1969 Fabry Perot Photography 
Grishaev et aI. (i) 1969 Jamin interferometer Image intensifier 

(a) G.I. Taylor, Proc. Cambridge Philos. Soc. 15 (1909) 114. 
(b) A.J. Dempster and H.F. Batho, Phys. Rev. 30 (1927) 644. 
(c) L. Janossy and Z. Naray, Acta Phys. Hungaria 7 (1967) 403. 
(d) H.M. Griffiths, Princeton University Senior Thesis (1963). 

2X10 4 

103 

10 2 

102 

103 

Interferences 

Yes 
Yes 
Yes 
Yes 
Yes 
Yes 
No 
Yes 
Yes 
Yes 

(e) G.T. Reynolds et aI., Advances in electronics and electron physics 28 B (Academic Press, London, 
1969). 

(f) Y.P. Dontsov and A.I. Baz, Sov. Phys. JETP 25 (1967) 1. 
(g) G.T. Reynolds, K. SpartaIian and D.B. Searl, Nuovo Cim. B 61 (1969) 355. 
(h) P. Bozec, M. Cagnet and G. Roger, C.R. Acad. Sci. 269 (1969) 883. 
(i) A. Grishaev et aI., Sov. Phys. JETP 32 (1969) 16. 

All these experiments consisted in the observation of interferences, or diffraction, with 
strongly attenuated light emitted by a usual source (thermal source, discharge lamp, laser). 
We can thus conclude that experiments of the type of Fig. La have been realized with light. 

When it comes to the particle-like behaviour of the light, one usually reads that the 
features of the photoelectric effect are a clear evidence of the existence of light quanta, as 
was first argued by Einstein [7J. In fact, a second thought to this question reveals that 
there is another possible interpretation for the photoelectric effect, in which light is not 
quantized [8J. In this interpretation, the light is taken as a classical electromagnetic wave, 
but the detector is quantized. More precisely, the detector is an atom with a stable ground 
state and a continuum of excited ionized states, separated from the ground state by a gap 
Wr (Fig. 2). The atom-light interaction is described by the hamiltonian 
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£.iJ (3.a) 

with 

£ = £0 cos wt (3.b) 

the electric field of the wave, and iJ the electric dipole operator of the detector. All the 
well known features of the photoelectric effect (existence of a threshold, kinetic energy of 
the electron equal to 1iw - WT , ... ) are easily derived from this model. In this point of 
view, they are thus related to the quantization of the detector. This discussion shows that 
the existence of the photoelectric effect is certainly not sufficient to prove the particle like 
character of the light [9]. 

I 
~T 

Eg~~ ____________ __ 

Ie> 

I 9 > 

Fig. 2 . Model of detector for the photoelectric effect. The 
model considers an atom with a ground state and a continuum of 
excited ionized state. The interaction of the detector with a 
classical electromagnetic field (no photons involved) leads to 
all the known features of the photoelectric effect. 

If one is really committed to demonstrating the particle-like character of the light, an 
experiment such as the one of Fig. lob is thus required. But there is no experiment of this 
type corresponding to the wave experiments of Table 1. We can thus conclude that the 
wave-like behaviour of light has been clearly evidenced (even with extremely attenuated 
light), but that the particle-like behaviour is far from having been so unquestionably 
demonstrated. 

2. PARTICLE-LIKE BEHAVIOUR OF LIGHT: POSSIBILITY OF AN EXPERIMENT 

2.1 Anticorrelation on a beam-splitter 

The arrangement of Fig. 3, which is a straight forward modification of the scheme of 
Fig. lob, would be ideal to evidence a particle-like behaviour. 

If light is really made of quanta, a single quantum should either be transmitted or 
be reflected by the beam splitter, but it should not be split. As a consequence, the 
coincidence counter should never register any joint detection. On the opposite, for a 
semi-classical model that describes the light as a classical wave, this wave is split on the 
beam splitter, and there is a non-zero probability of joint detection on both sides of the 
beam-splitter. The observation of an anticorrelation (zero coincidence) would thus be a 
convincing demonstration of the particle-like behaviour. 

What do we expect if we send light on such an apparatus? In fact, it all depends of 
the kind of light which is used. 
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Incident / 

Lighl PMT 

Fig. 3 . Experiment for evidencing a particle - like behaviour. 
The light is detected on both sides of the beamsplitter by two 
photomultiplier tubes : PR and PT are probabilities of single 
photodetection ; Pc is the probability of coincidence. This 
scheme is similar to Fig. l.b. 
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2.2 One photon state versus quasi-classical state of the light 

In order to make predictions on the issue of the experiment of Fig. 3, we resort to the 
Quantum Theory of Light [10) [11). The result crucially depends on the quantum state 
of the light. For a one-photon state 11/1) = In = 1) (that is to sayan eigenstate of the 
operator "number of photons", with the eigenvalue equal to 1) a complete anticorrelation 
is predicted. As a matter of fact, a single photon can only be detected once, and the 
probability of a joint detection is rigourously zero. One photon states would thus entail a 
particle-like behaviour. 

But usual sources do not emit one-photon states. For instance, a pulsed laser emits a 
quasi-classical state (also called a "coherent state") [10) : 

11/1) = 10) 

For such a state, the probability to have n photodetections, Pen), is a Poisson distri­
bution 

Pen) (4) 

This formula allows to interpret I 0 12 as the average number of photons. 

< n > = 1012 (5) 

For such a state, it is clear that the probability of a double detection, P(2), is different 
from zero, so that coincidences will be observed and there is no particle-like behaviour. It 
is remarkable that this property remains true even for very feeble light, where the average 
photon number 101 2 is smaller than 1. 

Now, all the usual sources (thermal lamps, discharge lamps, lasers) emit a mixture of 
quasi-classical states, even when they are strongly attenuated. There is thus no possibility 
to observe a particle-like behaviour with usual sources. It is interesting to notice that 
all the sources used for the experiments quoted in Table I are of this type. Had the 
authors of these experiments tried the experiment of Fig. 3, they would not have observed 
a particle-like behaviour. 

In order to observe a particle-like behaviour, we thus need a special source, producing 
one-photon states. But another question then arises : how will we evidence the particle­
like behaviour ? We need to be able to define the meaning of a zero coincidence rate (in 
experimental Physics, there is no absolute zero j one has to define a threshold under which 
a quantity is taken null). In other words, we need a criterion to discriminate between a 
particle-like behaviour and a behaviour compatible with the semi-classical description. 

2.3 Particle-like behaviour inequality 

When contemplating the possibility of an experiment (even with ideal apparatus), it is 
clear that Fig. 3 is not definite enough. The notion of a coincidence is meaningfull only 
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if we define a gate : there will be a coincidence only if two detections happen during the 
same gate. Since on the other hand the experiment must be repeated in order to be able 
to define probabilities (of single or joint detections) we are led to the scheme of Fig. 4, 
based on a source emitting light pulses well separated in time. Each time a light pulse is 
emitted, 

PM r Nr 

Nc 
/ 

Nt 
/ 

PMt 

Nl 

~ 
Fig. 4 . Scheme of a more realistic experiment to evidence a 
particle - like behaviour of the light. The source s emits light 
pulses. The detections are allowed only during gates 
synchronized with the light pulses. 

a gate generator produces an electronic gate of duration w, which enables the counters to 
monitor a detection during the gate j a coincidence is registered if both detectors are fired 
during the same gate. 

Data are accumulated for a large number of light pulses. At the end of a run, the 
process has been repeated NJ times (number of gates). One has monitored NT counts on 
the transmitted arm, N R counts on the reflected arm, and Nc coincidences. The relevant 
probabilities are immediately derived from these measurable numbers 

PR 
NR 

PT 
NT 

= Nt NJ 
(6.a) 

Pc 
Nc 
NI 

(6.b) 

A semi-classical description of such an experiment predicts some coincidences, since 
the wave packet is split in two parts on the beam splitter. Both detectors may thus be 
fired simultaneously, and it is easy to show [12] that the probability of a joint detection 
obeys the inequality 
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(7) 

In order to demonstrate this inequality, it is enough to make the following assumptions: 
- a wave packet is split on the beam splitter j 

- the probability of a photo detection on a detector depends only on the intensity of 
the light impinging onto this detector: it is proportional to this intensity j 

- the intensity of the light is a positive quantity, so that some Cauchy-Schwarz in­
equalities can be derived. 

From (7) and (6), one can then derive an inequality for the numbers of counts [12] 

f3 = (8) 

This inequality must be satisfied if the experiment under consideration can be described 
by a semi-classical theory of the light. On the other hand, for a one photon state, we 
expect (if the Quantum Theory of the light is correct) no coincidence, that is to say a clear 
violation of this inequality. We thus have a way to characterize the particle-like behaviour 
of the light, namely the violation of inequality (8). 

It is interesting to calculate the prediction of the Quantum Theory of light in the case 
of a quasi-classical state. Taking into account the Poisson distribution (eq. (4)), it is easy 
to show that in this case the inequality (7) (or (8)) is never violated. For a very attenuated 
pulse, with an average photon number smaller than 1, one finds the marginal value, i.e. 

Pc PR.PT or equivalently f3 1 (9) 

(very weak quasi-classical pulse). 

The prediction (9) supports our claim that all the experiments of Table I, realized 
with very attenuated usual sow'ces, would not have shown a particle-like behaviour. In 
order to observe such a behaviour, it has been necessary to use a special source emitting 
light in a state close to a one-photon state. 

3. EXPERIMENTAL OBSERVATION OF A PARTICLE-LIKE BEHAVIOUR [12] 

3.1. Source of one photon pulses 

Suppose that an atom is brought at time to into an excited resonance level, decaying to the 
ground state with a life time T. Because of energy conservation, only one photon is emitted, 
and we get a one-photon pulse starting at time to and decaying with a time constant T. 

In a discharge lamp, a collection of atoms are excited at random times : when taking 
the average over to, one finds [13] that the light is now described by a density matrix 
which corresponds to a mixture of quasi-classical states. The one-photon character has 
disappeared. This is a usual source. 
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In order to keep the one-photon character, it is thus necessary to know the excitation 
time to for each pulse, and to avoid the overlap of several pulses. The second condition 
is clearly achieved by attenuating the source, but the first one, which is essential, was 
overlooked in previous discussions. 

We have been able to meet these requirements by use of a source designed to test Bell's 
inequalities [14]. This source is based on calcium atoms in a moderate density atomic beam 
[15], excited to the upper level of a two photon cascade (Fig. 5). 

4p2 IS 
0 

'VD 
581 lUll 

1 

'VK 
4s4p PI 

4136 nm 

4s2 IS 
0 

Fig. 5 . Radiative cascade in Calcium, used to produce the 
one - photon pulses. The atom is excited to its upper level by a 
two photon excitation with two lasers. It then reemits photons 
VI and V2. 

A first photon VI is then emitted, and the atom in brought into the resonant excited level 
Ir} at the time to of emission of VI : a one-photon pulse, corresponding to the photon V2, 

will then be emitted. This pulse decays with a time constant T ; its starting time to can 
be known by detection of VI. 

3.2. Experiment with one-photon pulses 

In fact, we have exactly followed the scheme of Fig. 4, the detection of VI allowing to 
act the gate generator, and V2 being the one-photon light pulse. The gate duration w is 
taken equal to w = 2 T (T = 4.7 ns) in order to have an almost complete overlap of 
the gate with the corresponding light pulse. If the excitation rate Ne of the cascades is 
kept much smaller than w- l , we are in an almost ideal situation to realize the experiment 
of Fig 4. If NeW is not very small compared to 1, there is some chance that two pulses 
are emitted during the same gate, and the state is no longer a pure one-photon state : 
the probability of having two photons is not exactly zero, and some joint detections are 
expected. However, for NeW small enough, a clear violation of the inequality (7) is still 
predicted [11]. 

The results of the experiment are summarized in Fig. 6, which presents a plot of 
the quantity {3, defined in eq. (8), as a function of the reduced excitation rate NeW. As 
expected, when NeW is small enough, there is a very strong violation of the inequalities 
(7) and (8), that is to say that we observe a clear particle-like behaviour. 
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3.3. Experiment with a usual source 

In order to support the discussion of § 2 on usual sources, and also to check the quite 
sophisticated detection system used in the experiment above, we have replaced the one 
photon source by a pulsed light emitting diode. The driving electric pulse was shaped in 
order to get a light pulse decaying in about 6 ns, and the gate generator of Fig. 4 was 
triggered by this electric pulse. We could then keep all the detection system (including the 
various delays, and gate duration) as it was in the above experiment. By adjustement of the 
pulse generator frequency, and by attenuation of the light pulse with a neutral density, we 
could achieve singles rates of the same order as in the above experiment. The coincidence 
rates have then been found much higher than in the experiment with one-photon states. 

o .5 x = wu( 
Fig. 6 Correlation parameter (3 as a function of the reduced 
excitation rate New. A value of (3 smaller than 1 
(anticorrelation) is the evidence of a particle - like behaviour. 
The solid line is the quantum theory prediction taking into 
account the possibility of two pulses being excited during the 
same gate. For a pure one - photon state, (3 would be exactly zero. 

More precisely, the coefficient (3 has always been found equal to 1, within one standard 
deviation. 

We thus have an experimental confirmation that the light emitted by a usual source 
behaves according to the semi-classical description. In order to fully appreciate the meaning 
of this experimental result, it is interesting to note that in this experiment the average 
energy per pulse impinging on the photodetector is about 10-2 photon per pulse! So, 
even when very attenuated, the light emitted by a usual source doesn't have a particle-like 
behaviour. 
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4. INTERFERENCES WITH A SINGLE PHOTON 

We return now to the source delivering one-photon pulses, that have shown a particle-like 
behaviour (§ 3.2). It is then tempting to check whether these light pulses may also behave 
like a wave, i.e. allow to observe interferences. The quantum theory of light predicts indeed 
that interferences will happen, even with one photon pulses. 

We have thus kept the same source and the same beam splitter as in Fig. 4, but the 
detectors on both sides of the beam splitter have been removed, and the two beams are 
recombined on a second beam splitter (Fig. 7). 

/ 

/ 
PMZl 

SINGLE-PHOTON / 

INPUT / 

Fig. 7 Single photon inter jerence experiment. The source and 
the beam - splitter are like in Fig. 4, but we have now a M ach­
Zehnder inter jerometer. The detectors are gated as in Fig. 4, 
synchroneously with the light pulses. 

We now have a Mach-Zehnder interferometer: the detection rates in the two outputs (1) 
and (2) are expected to be modulated as a function of the path difference in both arms 
of the interferometer. To guarantee that we are still working with one-photon pulses, the 

detectors P Ml and P M2 are gated synchroneously with the pulses, as they were in the 
experiment of § 3.2. 

The interferometer has been carefully designed and built to give high visibility fringes 
with the large etendue beam produced by our source (about 0.5 mm2 ra~). The reflecting 
mirrors and the beam splitters are >../50 flat on a 40 mm diameter aperture. A mechanical 
system driven by Piezzoelectric transducers permits to displace the mirrors while keeping 
their orientation exactly constant: this allows to control the path difference of the inter­
ferometer. Preliminary checks with usual light have then shown a strong modulation of 
the counting rates of PM Zl and PM Z2 when the path difference is modified. For a source 
shaped as the one photon pulses source, the measured visibility is 

v = 98.7 % ± 0.5 % (10) 
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Fig. 8 Number of deteded counts in outputs (1) and (2) as a 
fundi on of the path difference. The four sets of curves 
correspond to different counting times at each path difference. 
This experiment has been realized in a one - photon pulse 
regime ((3 = 0.2). Note that inter f erograms in outputs (1) and 
(2) are complementary. 



which is very close to the ideal value V = 1. We have then run this interferometer with 
the one-photon source. 

Fig. 8 presents the results of such an experiment. The number of counts during a 
given time interval are measured as a function of the path difference. In the first curves, 
the counting time at each position was 0.01 s, while it was 10 s for the last recordings. 
This run was performed with the sources at a regime corresponding to an anticorrelation 
parameter f3 = 0.2 that is to say in the one photon regime. These recordings clearly show 
the interference fringes building up "one-photon at a time" . 
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Fig. g Observed visibility of the fringes as a function of 
the regime of the source. This visibility keeps close to 1 even 
in the almost pure one - photon regime. 

wN 

When data have been accumulated long enough, the signal .to noise ratio is high 
enough to allow a measurement of the visibility of the fringes. We have repeated such 
measurements for various regimes of the source, corresponding to the different values of f3 
shown on Fig. 6. The results, presented on Fig. g, show that the visibility of the fringes 
keeps close to 1 -within the experimental uncertainties-even in a regime where the source 
emits almost pure one-photon pulses. As predicted by the quantum theory of light, single 
photon pulses do interfere. To our knowledge, this is the first experiment of this kind 
perfonned with light. 

5. WAVE-PARTICLE DUALITY 

We now rephrase the usual discussions on wave-particle duality, but we can do it about a 
real experiment instead of a gedanken experiment. 

We first performed the experiment of Fig. 4, showing a clear anticorrelation on both 
sides of the beam splitter, and we claimed that it corresponds to a particle-like behaviour. 
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Indeed, if we want to visualize what happens in this experiment, the only possible image 
is that "something" is either reflected, or transmitted, on the beam-splitter, but it is not 
split: this corresponds to the behaviour of a classical particle. 

The experiment of Fig. 7 showed interferences, and we claimed that it corresponds 
to a wave-like behaviour. Indeed, the detection rate in any output depends on the path 
difference between both arms. The only image [16] that we can find is that "something" 
is split on the first beam splitter, and recombined on the second one: this corresponds to 
the behaviour of a classical wave. 

Now it has to be stressed that both experiments have been performed with the same 
source and the same beam spliter. In both experiments, we have the same light pulses 
impinging on the beam-splitter. But the images that we have to use for these light pulses 
are not compatible, and this is why we are led to say that there is "duality" : the light 
pulses are wave and particle. 

Of course, this is just semantics, and giving a name to this incompatibility doesn't 
solve any problem. At this stage, we can however make a remark in the spirit of Bohr's 
complementarity: for a given experimental arrangement, only one behaviour will appear. 
For instance, with the device of Fig. 4, the light pulses assume a particle-like behaviour ; 
but with the apparatus of Fig. 7, they assume a wave-like behaviour. And the crucial point 
is that both apparatus are mutually incompatible: it is impossible to design an experiment 
in which one could test simultaneously the wave-like and the particle-like character of the 
light pulses. The selected behaviour depends on the selected apparatus. 

This last statement may appear to be an issue to the problem. However, when taken 
litterally, new questions arise immediately: when does the system (the light pulse) "make 
the choice" to behave like a wave or like a particle? Is it on the first beam splitter? If it 
is so, this choice must depend on the kind of arrangement that will be encountered later 
on the path, and that might be changed afterwards ("delayed choice" experiment [17]). 
With such a description, we are immediately facing the problem of non-locality, and the 
image is certainly not very comfortable. 

We do not know any image built from classical physics (and/or from our everyday 
experience) that can logically answer the question of a consistent description of the light 
pulses in these two experiments. On the other hand, we know that the quantum formalism 
describing the light pulses in the same for both experiments ; the mathematics are not 
ambiguous. 

The problem then only arises when we ask the question of what image we must choose 
to describe the light (wave, or particle ?). Is it "a foolish question" [18] ? We do not think 
so, because our experience of Physics is that images are useful for imagining new situations. 
But we have to be extremely careful with images in quantum mechanics ! 
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"NICHT SEIN KANN WAS NICHT SEIN DARP," OR THE PREHISTORY OP EPR, 1909-1935: 

EINSTEIN'S EARLY WORRIES ABOUT THE QUANTUM MECHANICS OF COMPOSITE SYSTEMS* 

1. INTRODUCTION 

Don Howard 

Department of Philosophy 
University of Kentucky 
Lexington, Kentucky 

The story of Einstein's misg1v1ngs about quantum mechanics and about 
his debate with Bohr has been told many times--by the participants them­
selves,1 by their colleagues and contemporaries,2 and by historians and phi­
losophel:'s of science of later generations.3 So the question al:'ises: Why 
tell the story yet again? The answer is that there is more to be said. I 
will argue that the standard histories have overlooked what was from early 
on the principal reason for Einstein's reservations about quantum mechanics, 
namely, the non-separability of the quantum mechanical account of interac­
tions, something ultimately unacceptable to Einstein because it could not be 
reconciled with the field-theoretic manner of describing interactions.4 

Showing the significance of this issue for Einstein is important not only 
for the sake of setting right the historical record, but also because it 
makes Einstein's critique of quantum mechanics far more interesting--from 
the point of view of the physics involved--than if we see it resting mel:'ely 
on a stubborn old man's nostalgic attachment to classical determinism. 

*The quote used in the title is taken from a letter of Wolfgang Pauli 
to Werner Heisenberg, 15 June 1935 (Pauli 1985, p. 402), in which Pauli 
takes issue with the EPR argument. Pauli himself took the quote from a poem 
by Christian Morgenstern, "Die unmOgliche Tatsache," reprinted in the col­
lection. "Al1e Galgenlieder" (Berlin, 1932), p. 163. 

ISee Bohr 1949 and Einstein 1946. 
2See , for example, Ehrenfest to Goudsmit, Uhlenbeck, and Dieke, 3 No­

vember 1927 (quoted in Bohr 1985, p. 38); see also Rosenfeld 1967. 
3The accounts by Harvey Brown (1981), Arthur Pine (1979), Clifford 

Hooker (1972), Max Jammer (1974, 1985), Abraham Pais (1982), and John 
Stachel (1986) are those most highly to be recommended. Though he is not a 
historian, Bernard d'Espagnat has written insightfu1ly about the Bohr­
Einstein controversy, displaying an especially good understanding of the 
technical issues involved in Einstein's critique of the quantum theory and 
his dispute with Bohr; see d'Espagnat 1976, 1981. 

4To my knowledge, Fine (1986) is the only author who has so far hinted 
at the importance of this worry in Einstein's thinking about quantum mechan­
ics prior to 1935. 

Sixty-Two Years 0/ Uncertainty 
Edited by A. I. Miller 
Plenum Press, New York, 1990 
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Acccording to the standard accounts, Einstein's cr1t1que of the quantum 
theory first took the form of doubts about its correctness. More specifi­
cally, he is supposed to have sought through a series of thought experiments 
to exhibit violations of the Heisenberg uncertainty relations. Contemporary 
witnesses and later commentators describe dramatic encounters between Ein­
stein and Bohr at the 1927 and 1930 Solvay meetings, where, one by one, Bohr 
found the flaws in Einstein arguments, culminating in his stunning refuta­
tion of Einstein's "photon box" experiment, a refutation that turned, ironi­
cally, upon Bohr's showing how a relativistic correction overlooked by 
Einstein saves the day for the uncertainty relations. In this version of 
history, it was only after Bohr had beaten down these attacks on the cor­
rectness of the quantum theory that Einstein reformulated his critique in 
terms of doubts about the theory's completeness, the mature version of this 
latter critique being found in the 1935 Einstein-Podolsky-Rosen (EPR) paper. 

There is, of course, some truth to the standard history, even though it 
was written by the victors, for Einstein did at one time have doubts about 
the uncertainty relations. But it is far from being the whole story, and in 
many crucial ways it is just plain wrong. It is not true that Einstein be­
gan to doubt the theory's completeness only after Bohr had parried his at­
tempts to prove it incorrect. Einstein expressed public worries about in­
completeness as early as the spring of 1927, and there are hints of such 
worries earlier still. But more importantly, from a very early date, at 
least 1925, Einstein was pondering the curious failure of classical assump­
tions abouut the independence of interacting systems made vivid in the new 
Bose-Einstein statistics. Earlier still, certainly by 1909, Einstein had 
recognized that the Planck formula for black-body radiation cannot be de­
rived if one assumes that light quanta behave like the independent molecules 
in the gases described by classical statistical mechanics. And by spring 
1927, Einstein had recognized that quantum mechanics {or at least Schro­
dinger's wave mechanics} fails to satisfy the kind of separability principle 
that he regarded as a necessary condition on any adequate physical theory, a 
condition clearly satisfied by field theories like general relativity. 

Einstein did worry as well about the failure of determinism, about the 
peculiar consequences of indeterminacy, and about the curious nature and 
role of measurement in quantum mechanics. But these were not, for Einstein, 
fundamental problems. They were, instead, symptoms corollary to the one 
basic problem of the quantum mechanical denial of the independence of inter­
acting systems. And the main purpose of the famous series of thought exper­
iments devised by Einstein, at least by the time of the 1930 photon-box 
thought experiment, was to show that the non-separable quantum theory neces­
sarily yields an incomplete description of physical events if one seeks to 
apply it to systems assumed to satisfy a strict separability principle. 

There is obvious irony in the circumstance that Einstein could not ac­
cept the non-separability of the quantum theory, because quantum non-sepa­
rability is the almost inevitable issue of a line of development initiated 
by Einstein's recognition that the Planck formula cannot be derived from the 
assumption of mutually independent light quanta and furthered essentially by 
Einstein's elaboration in 1924-1925 of Bose-Einstein statistics, where the 
necessary denial of the independence of interacting systems emerges with 
special clarity. The history of quantum mechanics up to 1926, which is of­
ten described as a search for a way consistently to marry the wave and par­
ticle aspects of light quanta and material particles, is, I think, better 
described as a search for a mathematically consistent and empirically cor­
rect way of denying the mutual independence of interacting quantum systems. 
Particles are naturally imagined as satisfying the separability principle, 
and hence as being mutually independent. So too the waves familiar to us 
from hydrodynamics, acoustics, and electrodynamics, but not the kind of 
"waves" that interfere in the manner necessary to generate the right quantum 
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statistics, the "waves" that Schrodinger discovered must be located in con­
figuration space, "waves" whose chief virtue is that the "wave" function for 
a joint system need not be decomposible into separate "wave" functions for 
the component systems. Einstein opened the line of research that led to 
Schrodinger's "wave" mechanics, but he could not accept the conclusion, for 
it was incompatible with his own deep commitment to the separable manner of 
describing interactions implicit in field theories like general relativity. 

The first hints that something is seriously wrong with· the standard 
histories of Einstein's critique of quantum mechanics emerged from a reexam­
ination of the EPR argument initiated by Arthur Pine and since pursued by 
myself and others. This re-examination revealed that Einstein did not write 
the EPR paper, did not like the argument it contained, and from the summer 
of 1935 on espoused a rather different argument for incompleteness, one that 
turns crucially upon the just-mentioned, characteristically field-theoretic 
assumption about the independence of interacting systems, the assumption 
Einstein himself here dubs the "Trennungsprinzip" [separation principle]. 

Elsewhere I have written at length about Einstein's real argument for 
the incompleteness of quantum mechanics, about some of the systematic ques­
tions raised by the problem of the compatibility of quantum mechanics and 
field theory, and about Einstein's views on this question after the appear­
ance of the EPR paper in 1935. Here I want to fill in the story for the 
period before the EPR paper. I am quite deliberate in seeking to do so with 
the benefit of hindsight, that is to say that, knowing how central the issue 
of the separability or independence of interacting systems became in Ein­
stein's later discussions of quantum mechanics, I use that insight as a heu­
ristic in trying to understand his earlier struggles with the problem, my 
working hypothesis being that the worry was similar from early to late. 

In what follows, I will first review briefly what I have elsewhere 
written about Einstein's post-EPR critique of the quantum theory. Then I 
will turn to a careful retelling of the story of Einstein's worries about 
quantum mechanics from 1905 to 1935. I will start with Einstein's tanta­
lizing remarks about the failure of separability at the time of his papers 
on Bose-Einstein statistics. I will then explore the background to these 
remarks in his earliest papers on the quantum hypothesis, from 1905 to 1909. 
Returning to the 1920s, I will outline Einstein's growing misgivings about 
the new quantum mechanics from 1925 to 1927, culminating in his first ex­
plicit criticism of the failure of separability in wave mechanics in the 
spring of 1927. The paper concludes with a review of the history of Ein­
stein's famous Gedankenexperimente critical of quantum mechanics, my aim be­
ing to show that from the start his principal goal was to demonstrate how a 
non-separable quantum mechanics is necessarily incomplete when applied to 
systems assumed to be separable. 

2. EINSTEIN ON LOCALITY AND SEPARABILITY AFTER EPR 

The Einstein-Podolsky-Rosen (1935) paper is still commonly taken to 
represent the definitive statement of Einstein's mature misgivings about the 
quantum theory. In brief, the argument found there is this. First, a com­
pleteness condition is asserted as a necessary condition that must be satis­
fied by any acceptable scientific theory: "every element of the physical 
reality must have a counterpart in the physical theory" (EPR 1935, p. 777). 
Then a sufficient condition for the existence of elements of physical real­
ity (the famous EPR reality criterion) is laid down: "If, without in any 
way disturbing a system, we can predict with certainty (i.e. with probabil­
ity equal to unity) the value of a physical quantity, then there exists an 
element of physical reality corresponding to this physical quantity" (Ein­
stein, Podolsky, and Rosen 1935, p. 777). And then, finally, by means of a 
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rather complicated argument, it is shown that in an EPR-type thought experi­
ment involving previously interacting systems, elements of physical reality 
exist corresponding to both of two conjugate parameters for one of the two 
interacting systems, since the value of either could have been predicted 
with certainty and without physically disturbing the system on the basis of 
measurements carried out on the other system. But quantum mechanics holds 
that conjugate parameters, like position and linear momentum along a common 
axis, cannot have simultaneously definite values. Quantum mechanics is, 
thus, incomplete, since it fails to satisfy the completeness condition. 

That is the standard account of Einstein's incompleteness argument. 
But that account is seriously wrong. Einstein did think quantum mechanics 
incomplete, but for reasons significantly different from those advanced in 
the EPR paper. He repudiated the EPR argument within weeks of its publica­
tion; and from 1935 on, all of his discussions of incompleteness take a 
quite different form from that found in the EPR paper. He continued to be 
concerned with the peculiar way in which quantum mechanics describes inter­
acting systems; but he never invoked the EPR completeness condition, he 
never invoked the reality criterion, and he never invoked the uncertainty 
relations. Moreover, what he does say makes far clearer than the EPR paper 
the connection between his critique of quantum mechanics, on the one hand, 
and his commitments to field theories and realism, on the other. 

Einstein's own incompleteness argument first appears in correspondence 
with Erwin Schrodinger in June of 1935, barely one month after the publica­
tion of the EPR paper; it was repeated and refined in a series of papers and 
other writings between 1936 and 1949.5 In outline, it is this. A complete 
theory assigns one and only one theoretical state to each real state of a 
physical system.' But in EPR-type experiments involving spatio-temporally 
separated, but previously interacting systems, A and B, quantum mechanics 
assigns different theoretical states, different "psi-functions," to one and 
the same real state of A, say, depending upon the kind of measurement we 
choose to carry out on B. Hence quantum mechanics is incomplete. 

The crucial step in the argument involves the proof that system A pos­
sesses one and only one real state. This is held to follow from the con­
junction of two principles that I (not Einstein himself) call the locality 
and separability principles. Separability says that spatio-temporally sepa­
rated systems possess well-defined real states, such that the joint state of 
the composite system is wholly determined by these two separate states. 
Locality says that such a real state is unaffected by events in regions of 
space-time separated from it by a spacelike interval. 7 Einstein argues that 
both principles apply to the separated systems in the EPR-type experiment 
(if they are allowed to separate sufficiently before we perform a measure­
ment on B). It follows that system A has its own well-defined real state 
from the moment the interaction between A and B ceases, and that this real 
state is unaffected by anything we do in the vicinity of B. But quantum 
mechanics, again, assigns different states to A depending upon the parameter 

5The principal published texts are Einstein 1936, 1946, 1948, and 1949; 
another important source is Born 1969. For detailed references, see Howard 
1985 or 1989. 

'This is a curious conception of completeness, more akin to what is 
called in formal semantics "categoricity." For more on the background to 
the concept of the categoricity or "Eindeutigkeit" of theories in Einstein's 
work prior to the development of general relativity in 1915, see Howard 
1988. A future paper will explore the issue in the years 1915 to 1935. 

7What Einstein calls the "Trennungsprinzip" in his 1935 correspondence 
with Schrodinger combines both separability and locality. Einstein does not 
himself make the distinction clearly until 1946; see Howard 1985. 

64 



chosen for measurement on B. Thus, Einstein claims that the incompleteness 
of quantum mechanics--in the special sense of its assigning different theo­
retical states to one and the same real state--follows inevitably if we in­
sist upon the principles of locality and separability. 

Understanding that this was Einstein's real incompleteness argument is 
crucial to reconstructing the pre-history of the EPR experiment, and this 
for two reasons. First, because I want to argue that as early as 1927 and 
in virtually all of his later thought experiments critical of the quantum 
theory prior to 1935, it was the problem of non-separability that Einstein 
was really trying to articulate. And, second, because once we see that this 
was the real issue, we understand at last why Einstein's commitment to the 
program of field theories forced him to repudiate quantum mechanics. For as 
Einstein himself later explained, both locality and separability, but espe­
cially the latter, are built into the ontological foundations of field theo­
ries. The argument is simple. In a field theory, the fundamental ontology, 
the reality assumed by the theory, consists of the points of the space-time 
manifold and fundamental field structures, such as the metric and stress­
energy tensors, assumed to be well defined at each point of the manifold. 8 

Implicitly, therefore, any field theory assumes (i) that each point of the 
manifold, and by extension any region of the manifold, possesses its own 
real state, say that represented by the metric tensor, and (ii) that all in­
teractions are to be described in terms of changes in these separate real 
states, which is to say that joint states are exhaustively determined by 
combinations of the relevant separate states, just as the separability prin­
ciple demands. If this is correct (and I think it is), and if the quantum 
mechanical account of interactions denies separability, then there can be no 
reconciliation of the two. Moreover, Einstein had not inconsiderable (if 
not ultimately compelling) arguments--methodological, epistemological, and 
metaphysical--for retaining both locality and separability, which helps to 
explain his dogged commitment to the field theory program as an alternative 
to quantum mechanics. 

For what follows, the point about the explanation of interactions in 
accordance with the separabilty principle bears elaboration. In one sense, 
two interacting systems even under a classical description are not indepen­
dent of one another, since various correlations (if only momentum and energy 
conservation) are called into being by the interaction. But if the two sys­
tems are separable, always possessing well-defined separate states that ex­
haustively determine any joint properties--as is the case in classical me­
chanics, electrodynamics, and general relativity--then they are independent 
in the sense that each possesses its own separate "reality," if you will. 
And this independence manifests itself in the fact that all of the correla­
tions between them can be explained in terms of their separate states. In 
the interesting case of statistical correlations of the kind to be consider­
ed below, this means that all joint probabilities for measurement outcomes, 
given the joint state of the two systems, always factorize as the product of 
separate probabilities for the individual measurement outcomes on the two 
systems, given, for each system, its own separate state.' The non-separa­
bility of the quantum mechanical account of interactions manifests itself 
precisely in the fact that joint probabilities do not thus factorize. 

8It is important to note, however, that on Einstein's understanding of 
a field-theoretic ontology (at least that of general relativity), the points 
are not given independently of the structures defined upon them. The legacy 
of his wrangling with the "hole argument" ("Lochbetractung") was his regard­
ing the points of the manifold as being only implicitly defined as the in­
tersections of world lines. For details, see Stachel 1989. 

'For more detail, see Howard 1989, pp. 239-241. 
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3. BOSE-EINSTEIN STATISTICS AND THE BOHR-KRAMERS-SLATER THEORY: 1924-1925 

The full story of Einstein's struggle with the quantum goes back to 
1900, when, as a student, he first read Planck's papers on irreversible ra­
diation processes and began to think about the manner in which light and 
matter interact. And it was in 1909 that Einstein first asserted in print 
that the quantum hypothesis is incompatible with classical assumptions about 
the independence of interacting systems. But I want to start with what was 
happening at the beginning of 1925, when Einstein for all intents and pur­
poses ceased contributing to the development of the quantum theory, and took 
on the role of the theory's chief critic. 

A few months earlier, in June of 1924, Einstein received from the Ben­
gali physicist Satyendra Nath Bose a letter and an accompanying manuscript 
with a strikingly new derivation of the Planck radiation law. What was 
novel in Bose's derivation--Einstein called it "an important advance" (Ein­
stein 1924a, p. l8l}--was that it made no explicit use of the wave-theoret­
ical arguments until then standard, proceeding instead on the assumption 
that a volume filled with light quanta can be treated by methods standard in 
the kinetic theory of gases, except that a new kind of statistics is requir­
ed, statistics fundamentally different from classical Boltzmann statistics. 
Einstein was so impressed that he translated Bose's paper himself and ar­
ranged for its publication in the Zeitschrift fur Physik. Bose's approach 
made it possible for the first time to understand how, in calculating the 
probabilities, W, that enter the Boltzmann equation, S = kelog(W), the quan­
tum approach makes different assumptions about equiprobable cases than are 
made classically. Not that all of this was immediately apparent. For Ein­
stein wrote to Ehrenfest on 12 July about Bose's paper: "Derivation elegant, 
but essence remains obscure" (EA 10-089). But the essence was soon to be­
come clearer when Einstein applied Bose's idea not to a photon gas, but to a 
quantum gas of material particles. 

Einstein went on to write three papers on the subject; they represent 
his last great substantive contribution to quantum mechanics. What is not 
now realized is that what they showed him about quantum mechanics may have 
forever dulled his enthusiasm for the topic. The first of these papers was 
presented to the Prussian Academy on 10 July 1924 (Einstein 1924b), the sec­
ond, containing the prediction of the low-temperature phase transition since 
known as "Bose-Einstein condensation," was presented on 8 January 1925 (Ein­
stein 1925a), and the third on 29 January (Einstein 1925b). The signifi­
cance of all three is limited, for spin was not yet clearly understood, the 
exclusion principle had yet to be articulated by Pauli, and it would take 
two more years before the respective roles of Fermi-Dirac and Bose-Einstein 
statistics were clearly distinguished. But such limitations are not imme­
diately relevant to the story of Einstein's doubts about the quantum theory. 

What is relevant is a question raised by Ehrenfest. Section §7 of the 
second paper is titled: "Comparison of the Gas Theory Developed Here with 
That Which Follows from the Hypothesis of the Mutual Statistical Indepen­
dence of the Gas Molecules." It begins thus: 
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Bose's theory of radiation and my analogous theory of ideal gases 
have been reproved by Mr. Ehrenfest and other colleagues because in 
these theories the quanta or molecules are not treated as structures 
statistically independent of one another, without this circumstance 
being especially pointed out in our papers. This is entirely correct. 
If one treats the quanta as being statistically independent of one an­
other in their localization, then one obtains the Wien radiation law; 
if one treats the gas molecules analogously, then one obtains the clas­
sical equation of state for ideal gases, even if one otherwise proceeds 
exactly as Bose and I have. (Einstein 1925a, p. 5) 



After showing how, following Bose's method, one counts the number of "com­
plexions" corresponding to a given macrostate, that is to say how one dis­
tributes particles over the cells of phase space, Einstein adds: 

It is easy to see that, according to this way of calculating, the dis­
tribution of molecules among the cells is not treated as a statistical­
ly independent one. This is connected with the fact that the cases 
that are here called "complexions" would not be regarded as cases of 
equal probability according to the hypothesis of the independent dis­
tribution of the individual molecules among the cells. Assigning 
different probability to these "complexions" would not then give the 
entropy correctly in the case of an actual statistical independence of 
the molecules. Thus, the formula [for the entropy] indirectly expres­
ses a certain hypothesis about a mutual influence of the molecules--for 
the time being of a quite mysterious kind--which determines precisely 
the equal statistical probability of the cases here defined as "com­
plexions." (Einstein 1925a, p. 6) 

Exactly what Einstein meant by his comment about the connection between 
the failure of statistical independence and "a quite mysterious kind" of 
"mutual influence" of one molecule upon another is spelled out in a letter 
to Schrodinger of 28 February 1925 (evidently written before Schrodinger had 
seen Einstein's second gas theory paper): 

In the Bose statistics employed by me, the quanta or molecules are not 
treated as being independent of one another .•.• A complexion is 
characterized through giving the number of molecules that are present 
in each individual cell. The number of the complexions so defined 
should determine the entropy. According to this procedure, the mole­
cules do not appear as being localized independently of one another, 
but rather they have a preference to sit together with another molecule 
in the same cell. One can easily picture this in the case of small 
numbers. [In particular] 2 quanta, 2 cells: 

Bose-statistics independent molecules 
1st cell 2nd cell 1st cell 2nd cell 

I I 
1st 1st case I II 
case 

2nd case I II 
2nd 
case • • 3rd case II I 

3rd • 4th case I II 
case • 
According to Bose the molecules stack together relatively more often 
than according to the hypothesis of the statistical independence of the 
molecules. (EA 22-002) 

And in a P.S., Einstein adds that the new statistics are really not in con­
flict with those employed in his 1916 papers on transition probabilities, 
where the standard Maxwell-Boltzmann distribution was employed (Einstein 
1916a, 19l6b), because it is really only in relatively dense gases where the 
difference between the statistics of independent particles and the Bose­
Einstein statistics will be noticeable: "There the interaction between the 
molecules makes itself felt,- the interaction which, for the present, is 
accounted for statistically, but whose physical nature remains veiled." 
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In many modern textbooks and histories of the subject, the principal 
innovation embodied in Bose-Einstein statistics is described in terms at 
first glance quite different from those we have just found Einstein using. 
The new statistics are said to be those appropriate to "identical" or "in­
distinguishable" particles. What is meant is clear. In the two-particle, 
two-cell case cited by Einstein we cannot tell which of the two particles is 
which, that is to say, we cannot keep track of their individual identities, 
as we can in classical Boltzmann statistics; hence, cases two and three in 
the classical statistics must be regarded as just one case (case two) in 
Bose-Einstein statistics, weighted equally with the other two remaining 
cases. But the "identical particles" vocabulary is misleading, for in the 
important case two in Bose-Einstein statistics, the two particles are by no 
means identical: they occupy different cells of phase space and so differ in 
position or momentum. They are arguably identical in cases one and three, 
since they occupy the, same cell. But these cases have their counterparts in 
the Boltzmann statistics. The interesting difference appears in just those 
cases where the particles are not identical. What is important is the fact 
that we cannot track the individual identities of Bose-Einstein particles. 
We cannot say, as we could classically, "Here is particle A" at time to, and 
"Here is particle A," at some later time, tl; the particle observed at tl 
might just as well be particle B. Classically, we can track individual 
identities, which possibility leads to Boltzmann statistics. (Notice how 
Einstein uses numerical labels, I and II, to suggest the separate indentifi­
ability of the classical particles, representing the Bose-Einstein particles 
by unlabeled dots.) It is equally misleading to speak here of "indistin­
guishable" particles. For even in Bose-Einstein statistics we know that in 
case two there are different particles, we just cannot tell which is which. 

Another common way of characterizing the novelty of Bose-Einstein sta­
tistics is to say that such statistics are appropriate for material parti­
cles evincing the wave-like aspect shortly before suggested in de Broglie's 
dissertation (1924). As we shall see, it is wrong to credit the idea of 
material particles possessing simultaneously a wave-like aspect wholly to de 
Broglie, since Einstein was well-known even at the time to have toyed with 
such ideas since at least 1921, motivated by considerations of symmetry and 
unity--if massless photons have a dual nature as both waves and particles, 
then massive particles should as well. But otherwise this charactization of 
the innovation represented by Bose-Einstein statistics is not incorrect, in­
asmuch as the novel way of counting complexions in Bose-Einstein statistics 
can be regarded as necessitated by the possibility of interference between 
the particles (the particles interfere precisely because we cannot tell 
which is which), such interference being perhaps most easily visualized with 
wave-theoretical models. Einstein himself pointed to this way of conceiving 
Bose-Einstein statistics in his second gas theory paper (Einstein 1925a, pp. 
9-10); and in an important preliminary to his own development of wave me­
chanics, Schrodinger later elaborated this suggestion in an attempt to find 
a plausible wave-theoretical physical interpretation of the statistics 
(Schrodinger 1926a). Still, it is striking that Einstein himself did not 
emphasize this way of viewing the new statistics. He preferred to emphasize 
the fact that the particles are not treated as statistically independent 
systems and that such a failure of statistical independence is a symptom of 
a physically mysterious interaction between the particles. 

Why did Einstein prefer this way of characterizing what was novel in 
his new statistics? Of course he understood the connection between his work 
and deBroglie's ideas, a connection equally obvious to most of his contem­
poraries. What point was he trying to make by stressing instead the failure 
of statistical independence and the existence of mysterious interactions? 
Might his way of characterizing the situation even tell us something about 
his understanding of the significance of wave-theoretical models? 
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An important clue to Einstein's thinking is provided in a talk entitled 
"On the Ether" that Einstein gave to the Schweizerische Naturforschende 
Gesellschaft in September 1924, after he had received and assimilated Bose's 
paper. At the end of his talk he turned to Bose's work. After explaining 
that Bose had replaced the customary wave-theoretical derivations of the 
Planck radiation law with a derivation employing the methods of statistical 
mechanics, Einstein remarked: "Then the question obtrudes whether or not 
diffraction and interference phenomena can just be connected to the quantum 
theory in such a way that the field-like concepts of the theory merely rep­
resent expressions of the interactions between quanta, in which case the 
field would no longer be ascribed any independent physical reality" (Ein­
stein 1924c, p. 93). What is interesting here, aside from Einstein's scep­
ticism regarding the reality of matter waves (and even the wave nature of 
photons!), is his suggestion that the effects commonly regarded as symptoms 
of a system's having a wave-like nature, that is, diffraction and interfer­
ence, are really better understood as reflecting interactions between quan­
ta. Thus, where others see waves, Einstein sees evidence of the physically 
mysterious interactions between quantum systems that he believed underlie 
classically unexpected statistical correlations between such systems. For 
Einstein, it is quanta, both light quanta and material particles, together 
with their curious interactions, that are real. The device of wave-theo­
retical representations is merely an artifice, a convenient tool, a vivid 
image, for helping us to think clearly about quantum interactions and sta­
tistical correlations. 

One additional idea that will later loom large for Einstein had not yet 
come to the fore in his remarks about Bose-Einstein statistics, which is 
that the kinds of statistical dependence evinced in Bose-Einstein statistics 
can obtain even between spacelike separated systems or events. But there is 
other evidence that this problem too was already on Einstein's mind, as the 
concluding paragraph of the just-quoted talk indicates. For in a seemingly 
abrupt shift, Einstein turns back to the main topic of the talk, the ether, 
by which he meant the space-time manifold plus metric, remarking that even 
if the quantum theory develops into a real theory, "we will not be able to 
dispense with the ether in theoretical physics, that is, with the continuum 
endowed with physical properties; for the general theory of relativity, to 
whose fundamental aspects physicists will indeed always cling, excludes an 
immediate distant action, but every local-action theory assumes continuous 
fields, and thus the existence of an 'ether'" (Einstein 1924c, p. 93). 

Recall how a continuous field theory like general relativity incorpo­
rates the principle of local action. In effect, such a theory treats every 
point in the field, every point of the space-time manifold in the case of 
general relativity, as a sep~rable, independent system, possessing its own 
physical state represented by the fundamental field parameter, which would 
be the metric tensor in general relativity. Within this framework, action 
is explained in terms of a change in the fundamental parameter being propa­
gated from point to point across the field, which is to say that the value 
of the fundamental parameter at any point is always wholly determined by the 
field equations and by the values of that parameter at all immediately adja­
cent points. What is not allowed is for the value of the fundamental param­
eter at one point to be immediately functionally dependent upon values at 
distant points. It is the restriction to local action so conceived that 
Einstein had in mind when he said that all "local-action theories" assume 
continuous fields. General relativity, through its incorporation of the 
first-signal principle, is even more restrictive in this regard than classi­
cal field theories, like Maxwellian electrodynamics, that impose no upper 
bound on signal velocities. For in general relativity, even the admissible 
varieties of local action are constrained to occur only between points of 
the manifold that are timelike separated. 
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It is important to keep in mind Einstein's basic commitment to the sep­
arable field-theoretic ontology and its associated locality constraints, be­
cause it helps to understand why the Bose-Einstein statistics would appear 
puzzling to Einstein. For the field-theoretic way of explaining interac­
tions requires us to assign separate states to spatially separated systems. 
These states would determine separately the probabilities for each system's 
behavior, and it would follow that joint probabilities would have to be de­
termined wholly by these separate probabilities, which is to say that the 
joint probabilities would have to factorize. But that does not happen in 
Bose-Einstein statistics, which is why Einstein found them so mysterious. 

Einstein's gas theory papers were not the first investigations to make 
acute various questions about the statistical correlations that obtain be­
tween interacting systems. In fact, Einstein had been worrying about the 
general problem of probability relations between interacting systems for a 
long time. Such concerns had most recently come to the fore in his reaction 
to the Bohr-Kramers-Slater (BKS) theory (Bohr, Kramers, and Slater 1924). 
The English version of the BKS paper appeared in April 1924, the German ver­
sion on 22 May. We remember it today for its use of virtual fields deter­
mining the probabilities of individual atomic emissions (and absorptions), 
and for its suggestion that, in consequence of the merely probabilistic de­
termination of transition events, energy and momentum are conserved only on 
average, over large numbers of quantum events, and not in individual events. 
Einstein, of course, opposed the BKS theory because of its abandonment of 
strict energy-momentum conservation, but that is far from the whole story. 

As we will see, there is irony here. Einstein turns out eventually to 
repudiate quantum mechanics in part because of its denial of the statistical 
independence of distant systems. But one of the main things that troubled 
him about the BKS theory was precisely its assumption of the statistical in­
dependence of atomic transitions (absorption or emission of energy quanta) 
1n distant systems, or rather its failure to assume correlations sufficient 
to guarantee strict energy-momentum conservation in individual events. 

In the BKS theory, each atom is assumed to be the source of a virtual 
radiation field with components corresponding to all of that atom's possible 
trans1t10ns. The radiation field serves two purposes. First, it determines 
the probabilities for emissions and absorptions by the atom from which the 
field originates, that is to say, the transition probabilities introduced by 
Einstein in his 1916 quantum theory papers (Einstein 1916a, 1916b). Second, 
it serves as the vehicle through which that atom communicates with surround­
ing atoms. It accomplishes this by helping to determine the probabilities 
for absorption and induced emission in these other atoms, depending upon 
whether or not it interferes constructively or destructively with the vir­
tual radiation field emanating from each of the latter. But as BKS them­
selves stress, the correlations engendered by this communication between 
atoms are quite weak: 

In fact, the occurrence of a certain trans1t10n in a given atom will 
depend on the initial stationary state of this atom itself and on the 
states of the atoms with which it is in communication through the vir­
tual radiation field, but not on the occurrence of transition processes 
in the latter atoms •... As regards the occurrence of transitions 
. . . we abandon . • . any attempt at a causal connexion between the 
transitions in distant atoms, and especially a direct application of 
the principles of conservation of energy and momentum, so character­
istic for the classical theories. (Bohr, Kramers, and Slater, p. 165) 

Or again, 
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By interaction between atoms at greater distances from each other, 
where according to the classical theory of radiation there would be no 
question of simultaneous mutual action, we shall assume an independence 
of the individual transition processes, which stands in striking con­
trast to the classical claim of conservation of energy and momentum. 
Thus we assume that an induced transition in an atom is not directly 
caused by a transition in a distant atom for which the energy differ­
ence between the initial and the final stationary state is the same. 
On the contrary, an atom which has contributed to the induction of a 
certain transition in a distant atom through the virtual radiation 
field conjugated with the virtual harmonic oscillator corresponding 
with one of the possible transitions to other stationary states, may 
nevertheless itself ultimately perform another of these transitions. 
(p. 166) 

And, finally, they add, in an interesting comment: "But it may be empha­
sized that the degree of independence of the transition processes assumed 
here would seem the only consistent way of describing the interaction be­
tween radiation and atoms by a theory involving probability considerations" 
(pp. 166-167). But, of course, this is wrong, as the later development of 
quantum mechanics was to show. 

Consider more carefully the kind of coupling that BKS were assuming. 
The probability of a transition in a given atom, A, is determined by its as­
sociated virtual radiation field. This virtual radiation field can be al­
tered by the effects of a radiation field propagating, subluminally, from 
another atom, B, and since the virtual field radiating from B is determined 
by B's current stationary state, the probability of a transition in A can 
depend upon the state (the virtual field) of B, which is to say that the 
probability of a transition at A can depend upon the probabilities of vari­
ous trans1t10ns at B. On the other hand, the probability of a transition at 
A is statistically independent of the actual occurrence of a transition at 
B. The first kind of dependence is wholly consistent with classical, local, 
field-theoretic models of interactions, since the changes in A's state (vir­
tual field) induced by B's state (virtual field) are propagated subluminal­
ly. But dependence of the latter kind threatens classical models of local 
interaction, with prohibitions on "distant action"; it was general relativ­
ity's exclusion of such "Fernwirkungen" that Einstein cited in late 1924 as 
the main reason why general relativity would never be abandoned. 

Einstein's objections to the BKS theory are recorded in at least three 
different places. Einstein gave a colloquium on the BKS theory in Berlin on 
28 or 29 May, within days of the paper's German publication. 10 What may be 
a list of objections to the theory prepared for that occasion survives in 
the Einstein Archive (EA 8-076) under the title "Bedenken inbezug auf Bohr­
Cramers." It begins as follows: "1) Strict validity of the energy princi­
ple in all known elementary processes. Assumption of the invalidity in 
distant actions unnatural." A similar list of objections is contained in a 
letter to Ehrenfest of 31 May 1924 (EA 10-087); it begins in the same vein: 
"1) Nature appears to adhere strictly to the conservation laws (Frank-Hertz, 
Stokes's rule). Why should distant actions be excepted?" 

Perhaps the most interesting record of Einstein's objections, however, 
interesting because of its intended audience, is a letter from Pauli to Bohr 
of 2 October 1924, in which Pauli reports the contents of a conversation 
about the BKS theory that Pauli had with Einstein during the Innsbruck 

lORudolf Ladenburg to Kramers, 8 June 1924, as quoted in Bohr 1984, p. 
27, gives the date as 28 May. But Wigner (1980, p. 461) reports that the 
colloquia took place regularly on Thursdays, which would make the date 29 May. 
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Naturforscherversammlung in late September (it was Pauli's first meeting 
with Einstein). The very first of Einstein's objections, as reported by 
Pauli, is this: "1. By means of fluctuation arguments one can show that, in 
the case of the statistical independence of the occurrence of elementary 
processes at spatially distant atoms, a system can, in the course of time, 
display systematic deviations from the first law, in that, for example, the 
total kinetic energy of a radiation-filled cavity with perfectly reflecting 
walls can, in the course of time, assume arbitrarily large values. He finds 
this degoutant (so he says)" (Pauli 1979, p. 164). What Einstein is point­
ing to in this example, also mentioned in the list of "Bedenken" for his 
Berlin colloquium and in the cited letter to Ehrenfest, is not the failure 
of energy and momentum to be conserved in individual events, which comes in 
objection 2, but rather the existence of systematic deviations from energy 
conservation even on the average; to Ehrenfest he describes this as a matter 
of the "constantly increasing Brownian motion" of a "mirror-box" (EA 10-
087). In fact, the fluctuations turn out to be significant only in certain 
limiting cases (Schrodinger 1924), but that is of no consequence here. What 
is important is the clue that this and the other quoted remarks provide as 
to Einstein's real reservations about the BKS theory. Specifically, Ein­
stein believed that any adequate quantum theory would have to incorporate at 
a basic level some kind of strong statistical dependence of spatially­
separated systems, in order to secure strict energy-momentum conservation. 
And what he was searching for with his "mirror-box" thought experiment was a 
vivid way to show the consequences of the BKS theory's failure to do this. 

Spatially separated systems are statistically independent in the BKS 
theory because it assigns a separate virtual wave field to each (spatially 
separated) atomic system. In this regard, the BKS theory resembles Ein­
stein's own earlier speculations about "ghost fields" ["Gespensterfelder"] 
or "guiding fields" ["Fiihrungsfelder"], which he had introduced to try to 
explain the interference effects between quantum systems, be they light 
quanta or material particles. And his reasons for objecting to the BKS 
theory are similar to the reported reason for his never having published his 
own ideas along this line; in his letter to Ehrenfest of 31 May 1924 he says 
of the BKS theory: "This idea is an old acquaintance of mine, but one whom I 
do not regard as a respectable fellow." 

Here is how Wigner recalls Einstein's reasoning about this matter in 
his University of Berlin physics colloquium: 

Yet Einstein, though he was fond of it [the "Fiihrungsfeld" idea], never 
published it. He realized that it is in conflict with the conservation 
principles: at a collision of a light quantum and an electron for in­
stance, both would follow a guiding field. But these guiding fields 
give only the probabilities of the directions in which the two compo­
nents, the light quantum and the electron, will proceed. Since they 
follow their directions independently, it may happen that in one col­
lision the light quantum is strongly deflected, the electron very lit­
tle. In another collision, it may be the other way around. Hence the 
momentum and the energy conservation laws would be obeyed only statis­
tically--that is, on the average. This Einstein could not accept and 
hence never took his idea of the guiding field quite seriously. (Wigner 
1980, p. 463; emphasis mine) 

The dilemma that Einstein faced here was that some kind of wave aspect had 
to be associated with light quanta and material particles to explain dif­
fraction and interference, wave-like interference even between material par­
ticles being suspected by many at least since the discovery of the Ramsauer 
effect in 1920. And these wave-aspects--call them "ghost fields," "guiding 
fields," "virtual fields," or whatever--can at best determine probabilisti­
cally the motions of individual particles or the transitions in individual 
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atoms. But as long as the "guiding" or "virtual fields" are assigned sepa­
rately, one to each particle or atom, one cannot arrange both for the merely 
probabilistic behavior of individual systems and for correlations between 
interacting systems sufficient to secure strict energy-momentum conservation 
in all individual events. As it turned out, it was only Schrodinger's relo­
cation of the wave fields from physical space to configuration space that 
made possible the assignment of joint wave fields that could give the strong 
correlations needed to secure strict conservation, and the even stronger 
correlations evinced in Bose-Einstein statistics. But as we shall see, the 
price to be paid for Schrodinger's innovation was a degree of non-separa­
bility between interacting systems that Einstein found intolerable because 
inconsistent with the field-theoretic manner of representing interactions. 

Einstein had himself believed for some time that an adequate quantum 
theory would have to incorporate some kind of strong coupling between dis­
tant systems in order to secure strict energy-momentum conservation. Many 
other physicists, were still not sure about this matter as late as fall 
1924, when Pauli wrote to Bohr, in the above-cited letter (2 October 1924): 
"And if you were to ask me what I believe about the statistical dependence 
or independence of quantum processes in spatially distant atoms, then I must 
answer honestly: I do not know. The Geiger experiment, which I hear is al­
ready being started, will indeed quite soon decide this question experi­
mentally. It suits me equally well if it turns out one way or the other" 
(Pauli 1979, p. 165). But the mentioned Bothe-Geiger experiment (Bothe and 
Geiger 1924, 1925a, 1925b) and the Compton-Simon experiment (Compton and 
Simon 1925a, 1925b, 1925c) were soon to persuade most everyone that energy 
and momentum are strictly conserved in individual atomic events. Writing to 
Einstein on 9 January 1925, Ehrenfest put the matter thus: "If Bothe and 
Geiger find a 'statistical independence' of electron and scattered light 
quantum, that proves nothing. But if they find a dependence, that is a 
triumph for Einstein over Bohr. -- This time (by way of exception!) I be­
lieve firmly in you and would thus be pleased if dependence were made eV1-
dent" (quoted from Bohr 1984, p. 77). However, the issue had already been 
decided, as Einstein explained to Lorentz on 16 December 1924: "Geiger and 
Bothe have carried out an experiment that speaks in favor of strict light 
quanta and against the views that Bohr-Cramers-S1ater have recently devel­
oped. They showed that in the Compton effect the deflected radiation and 
the electron thrown out toward the other side are events statistically de­
pendent upon one another. But, nevertheless, the energy-momentum principle 
appears to hold strictly and not only statistically" (EA 16-575). 

Of course the statistical dependence demonstrated by Bothe-Geiger and 
Compton-Simon does not involve the kind of correlation that surfaces in 
Bose-Einstein statistics. One can explain energy-momentum conservation 
quite naturally in terms of a model positing distinguishable particles, sys­
tems whose separate identities can be tracked throughout their interactions, 
which is precisely how Einstein preferred to think of his light quanta and 
material particles. In more modern language, the correlations evinced in 
the Bothe-Geiger and Compton-Simon experiments can be explained in terms of 
common causes; there is here no threat of non-locality or non-separability. 

But while Einstein preferred to think of light quanta and material par­
ticles as independent, distinguishable systems, he really already knew bet­
ter. Por one thing, there was the obvious problem that a simple corpuscular 
model is powerless to explain interference and diffraction, which is part of 
what drove Einstein to the unsuccessful "Piihrungsfeld" idea in the first 
place. And, more importantly, Einstein's own earlier work on the quantum 
hypothesis, in particular, his efforts to understand the relationship be­
tween his light quantum hypothesis and Planck's radiation law, had already 
taught him that light quanta do not, in fact, behave like the independent 
particles of classical statistical mechanics. In other words, already at 
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the time of the BKS theory, Einstein had good reason to expect that an ade­
quate quantum theory would require correlations between interacting systems 
beyond those needed to secure strict energy-momentum conservation. 

4. EINSTEIN'S EARLIEST REMARKS ON THE INDEPENDENCE OF QUANTA: 1905-1914 

Recall that what primarily distinguished Einstein's point of view from 
Planck's in 1905 is that, whereas Planck wanted to quantize only the process 
of a resonator's absorbing or emitting energy, Einstein wanted to introduce 
light quanta or photons as carriers of that energy even between elementary 
events of emission or absorption. That is to say, Einstein wanted to quan­
tize the electromagnetic radiation field itself, arguing that Maxwell's 
equations should be regarded as describing merely the average behavior of a 
large number of light quanta (Einstein 1905, p. 132; 1906, p. 203). But 
these light quanta are not yet the photons or light quanta of the mature 
quantum mechanics of the late 1920s, and this for one crucial reason. Re­
member the following oft-quoted remark from Einstein's 1905 paper: "Mono­
chromatic radiation of low density (within the domain of validity of Wien's 
radiation formula) behaves from a thermodynamic point of view as if it con­
sisted of mutually independent energy quanta of the magnitude RavIN" (Ein­
stein 1905, p. 143; emphasis mine). I have deliberately emphasized the 
words whose import we usually do not appreciate when reading this passage. 

In what sense did Einstein mean these quanta to be independent of one 
another? He was quite explicit on this point. The quanta are independent 
in the sense that the joint probability for two of them occupying specific 
cells in phase space is the product of the separate probabilities. After 
writing the relation, W = Wl·W2 ("W" standing for probability, "Wahrschein­
lichkeit"), Einstein comments: "The last relation says that the states of 
the two systems are mutually independent events" (Einstein 1905, p. 141). 
He had a good reason for postulating such independence. If one defines en­
tropy according to Boltzmann's principle, S = k·log(W), as Einstein thought 
one must, then the factorizability of the probability is a necessary and 
sufficient condition for the additivity of the entropy, itself a necessary 
condition in Einstein's eyes (Einstein 1905, p. 140). 

Einstein never retreated from his belief in the existence of photons, 
but by 1909 it had become clear to him (if it was not already clear in 1905) 
that quanta conceived as independent particles, the quanta of 1905, are not 
the whole story about radiation. An explicit statement of this point first 
found its way into print in March 1909 in Einstein's masterful survey paper, 
"Zum gegenwartigen Stand des Strah1ungsprob1ems" (Einstein 1909a). 

The context was yet another attempt to understand the relationship be­
tween his own light quantum hypothesis, which by itself was found to yield a 
formula for black-body radiation valid only in the Wien regime ( VIT large), 
and the kind of energy quantization implicit in Planck's radiation law. The 
method was that of fluctuation arguments, an approach that had served Ein­
stein well in the past. He first asked what would be the mean-square fluc­
tuations in the energy of a radiation-filled cavity, and, second, what would 
be the mean-square fluctuations in the radiation pressure, as manifested by 
fluctuations in the motion of a mirror suspended in the cavity. Both calcu­
lations led directly from Planck's radiation formula to a similar result, 
namely, an expression for the fluctuations that can be divided into two 
terms, the first of which Einstein interprets as arising from mutually inde­
pendent light quanta, the second from interference effects of the kind to be 
expected were the radiation completely described by Maxwell's electrodynam­
ics. Thus, with regard to the expression for energy fluctuations, Einstein 
says that .this first term, (RINk) vhno, were it alone present, would yield 
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fluctuations "as if the radiation consisted of pointlike quanta of energy hV 
that move independently of one another" (Einstein 1909a, p. 189). And about 
the expression for radiation pressure fluctuations, he says: "According to 
the current theory [Maxwell's electrodynamics], the expression must reduce 
to the second term (fluctuations due to interference). If only the first 
term were present, then the fluctuations in radiation pressure could be com­
pletely explained through the assumption that the radiation consists of 
slightly extended complexes of energy hv that move independently of one an­
other" (Einstein 1909a, p. 190). A complete account of cavity radiation en­
tails, however, the presence of both terms. And so it follows that a com­
plete theory cannot assume only mutually independent light quanta; it must 
allow for some means whereby localized, pointlike quanta can, mysteriously, 
interfere with one another. 

At the time Einstein wrote this survey paper (received 23 January 1909, 
published 15 March), he was still rather sanguine about the prospects for 
finding a theoretical model of radiation embodying both the existence of 
quanta and the possibility of their interfering, this without departing sig­
nificantly from existing theoretical conceptions. Near the end of the paper 
he says that what is apparently needed is "a modification of our current 
theories," not "a complete abandonment;. of them" (Einstein 1909a, p. 192). 
But he was clearly struggling to understand how localized quanta could pos­
sibly interfere with one another. 

This issue came to the fore in an exchange of letters between Einstein 
and Lorentz in May of 1909, shortly after Einstein read Lorentz's influen­
tial lecture on the radiation problem delivered to the 1908 International 
Congress of Mathematicians in Rome (Lorentz 1908a).11 Lorentz had by this 
time reluctantly accepted Planck's radiation formula, instead of his pre­
ferred Rayleigh-Jeans formula (see Lorentz 1908b), but in a letter to Ein­
stein of 6 May 1909 (EA 16-418), he pressed Einstein to explain how local­
ized, mutually independent quanta could explain interference and diffrac­
tion. Einstein replied on 23 May, speaking first to the question of inde­
pendence: "I am not at all of the opinion that one should think of light as 
being composed of mutually independent quanta localized in relativiely small 
spaces. This would be the most convenient explanation of the Wien end of 
the radiation formlula. But already the division of a light ray at the sur­
face of refractive media absolutely prohibits this view. A light ray di­
vides, but a light quantum indeed cannot divide without change of frequency" 
(EA 16-419). Then he goes on to suggest how he really views the situation, 
introducing for the first time (as far as I can determine) the progenitor of 
his later "ghost" or "guiding" field idea: 

As I already said, in my opinion one should not think about construct­
ing light out of discrete, mutually independent points. I imagine the 
situation somewhat as follows: .•. I conceive of the light quantum as 
a point that is surrounded by a greatly extended vector field, that 
somehow diminishes with distance. Whether or not when several light 
quanta are present with mutually overlapping fields one must imagine a 
simple superposition of the vector fields, that I cannot say. In any 
case, for the determination of events, one must have equations of mo­
tion for the singular points in addition to the differential equations 
for the vector field. (EA 16-419) 

The point is, of course, that these vector fields will mediate the interac­
tions among light quanta. 

11See Einstein to Lorentz 13 April 1909 (EA 70-139); Einstein read the 
1909 reprinting in the Revue generale des sciences (Lorentz 1909). 
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Einstein's vector field idea first made its way into print in his sec­
ond great survey paper of 1909, this his lecture "tlber die Entwickelung 
unserer Anschauungen tiber das Wesen und die Konstitution der Strahlung" 
(Einstein 1909b), delivered to the Salzburg Naturforscherversammlung on 21 
September. Einstein first reviews the radiation pressure fluctuation argu­
ment from the previous paper, and the interpretation of the two terms in the 
resulting expression for the fluctuations as quantum and interference terms 
respectively. But his growing realization that the quanta cannot be regard­
ed as independent is reflected in his observation that the view of quanta as 
localized particles moving through space and being reflected independently 
of one another--the model that is the focus of his 1905 light quantum hy­
pothesis paper--is "the crudest visualization of the light quantum hypoth­
esis" (Einstein 1909b, p. 498). Einstein then introduces the vector field 
idea broached in the letter to Lorentz, but with the difference that the 
fields are here portrayed as "force fields" having the character of "plane 
waves." He concludes by noting that in introducing this idea, not yet an 
exact theory, he "only wanted to make it clear ... that the two structural 
characteristics (undulatory structure and quantum structure), both of which 
should belong to radiation according to Planck's formula, are not to be 
viewed as irreconcilable with one another" (Einstein 1909b, p. 500). 

The customary gloss on this last remark is that it is an anticipation 
of the notion of wave-particle duality. That is true, but it puts the em­
phasis in the wrong place. As we have seen, what was really going on here 
was, first, Einstein's coming to grips with the fact that photons or light 
quanta cannot be invested with the kind of independence from one another 
standard1y assumed for the systems of particles to which classical statisti­
cal mechanics applies, and, second, his search for a theoretical model of 
quanta that would accomodate this lack of independence without compromising 
the principle that, at root, radiation has an atomistic structure. 

Between 1909 and 1925, many investigations were inspired by Einstein's 
writings on light quanta, the principal aim being to understand more clearly 
the difference between Einstein's conception of independent light quanta and 
Planck's conception of quantized resonators. Several people theorized that 
the independence assumption had to be modified, and the conviction slowly 
gained force that the classical manner of counting complexions had to be 
modified after the manner of Planck's counting rule, though the theoretical 
foundations of the latter remained obscure. It was really only the papers 
of Bose and Einstein in 1924-1925 that began to clarify these matters. 
There is, however, one individual whose now almost entirely forgotten work 
on light quanta is of special interest because of the unexpected light it 
throws on Einstein's thinking about the independence problem during the 
1910s. This is Mieczystaw Wolfke, a young Polish physicist who took a de­
gree under Otto Lummer at Breslau in 1910 and became a Privatdozent at the 
ETH in 1913. He moved to the University of Zurich, again as Dozent, in 
1914, where he remained until assuming a professorship at the Warsaw Poly­
technic in 1922. He was thus a colleague of Einstein's in Zurich for about 
eighteen months in 1913-1914; that relationship is important for our story. 

Starting in late 1913, Wolfke published a series of papers developing a 
derivation of the Planck radiation formula starting from the. assumption of 
what he termed "light atoms," which were conceived as being in some respects 
similar to Einstein's light quanta (Wolfke 1913a, 1913b, 1914a). Pressed by 
G. Krutkow (1914) to explain the difference between "light atoms" and "light 
quanta," especially to explain why Einstein's mutually independent light 
quanta lead to Wien's law whereas Wolfke's "light atoms" lead to Planck's 
law, Wolfke published in March of 1914 in the Physikalische Zeitschrift a 
short paper elaborating the different independence assumptions made by him 
and by Einstein. The crucial § 3 of his paper, entitled "The Decisive Pre­
suppositions," reads as follows: 
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Mr. Einstein has personally drawn my attention to the difference 
in principle between the Einsteinian light quantum theory and the fore­
going argument [deriving Planck's law from light atoms]. 

The definition of the independence of the light atoms frg.!!!. one 
another that one presupposes in the .probabil.i1Y considerations i.§. alone 
decisive for the derived radiation formulas. 

In J:he above derivation • • • of the_ Planck radiation formula only 
this general assumption is used, namely that the light atoms are mutu­
ally independent with regard to their existence, in other words, it is 
assumed that the probability for the existence of a light atom of a 
specific frequency is independent of how many atoms of the same fre­
quency are simultaneously present in the volume under consideration. 

Nevertheless, in mY derivation no limiting assumptions were estab­
lished regarding the spatial distribution of the light atoms. 

However, in opposition to this, the Einsteinian light quantum the­
ory presupposes the special case that light atoms are alsQ. spatiall..:!. 
in~ependent of one another, i.e, that the probability for a specific 
position of a light atom is independent of the simultaneous position of 
the other light atoms of the same frequency. 

In. consequence of. this, the Einsteinian light quantum theory. leads 
to the Wi en radiation law, which, as is well known, can be regarded as 
~ special ~ase. of the Planck radiation formula. (Wolfke 1914b, p. 309) 

How much of this is Einstein and how much Wolfke is hard to say; such evi­
dence must by handled with care. But certainly nothing in the foregoing 
analysis is inconsistent with what Einstein had earlier said. 

The assumption that Wolfke was accurately reporting Einstein's views is 
strengthened by Wolfke's reply to Krutkow's further demand that he give a 
more formal characterization of the two kinds of independence (Krutkow 
19l4b). For Wolfke adverts precisely to Einstein's 1905 characterization of 
independence, namely, the factorizability of the associated probabilities: 

In fact the Einsteinian light quanta behave like the individual, mutu­
ally independent molecules of a gas •••• However, the spatial inde­
pendence of the Einsteinian light quanta comes out even more clearly 
from Einstein's argument itself. From the Wien radiation formula Ein­
stein calculates the probability li that all .!l light quanta of the same 
frequency enclosed in a volume ~ find themselves at an arbitrary mo­
ment of time in the subvolume y of the volume yo. The expression for 
this probability reads: 

li = (Y/YO)D. 

This probability may be interpreted as the product of the individ­
ual probabilities Y/YO that an individual one of the light quanta under 
consideration lies in the subvolume y at an arbitrary moment of time. 
From the fact that the total probability li is expressed as the product 
of the individual probabilities yJyO, one recognizes that it is a mat­
ter of individual mutually independent events. Thus we see that, ac­
.cording to Einstein's view., !_lli!_ fact that ~ light quantum lies in ~ 
specific subvolume is independent of the position of the other light 
Buanta. (Wolfke 1914c, pp. 463-464) 

What Einstein is represented as asserting is a more careful analysis of the 
type of independence that must be denied to light quanta in an adequate 
quantum theory. Both Einstein's original 1905 light quanta and the kind of 
quanta that would have to be assumed to derive the Planck radiation law are 
held to be independent from the point of view of their existence, which is 
to say that the probability for the existence of a light quantum of some 
specific frequency is independent of the number of other light quanta of 
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that frequency already in existence. But Einstein's quanta are independent 
of one another also in the spatial sense, which is to say that the joint 
probability for two quanta of the same frequency to occupy specific loca­
tions is factorizable as the product of separate probabilties for each to 
occupy its own location. It is the same kind of spatial independence assum­
ed in classical statistical mechanics, but it must be denied in order to 
derive the Planck formula. 12 

In a later paper, Wolfke interpreted this failure of spatial indepen­
dence as a matter of the quanta of a specific frequency tending to join to­
gether in complexes that he called "light molecules," separate light quanta 
being designated "light atoms" (Wolfke 1921). The analogy is of course 
strained, but it is interesting when one recalls how in 1925 Einstein char­
acterized the novelty of the Bose-Einstein statistics by saying that the 
molecules "have a preference to sit together with another molecule in the 
same cell" of phase space and tend "to stack together" (Einstein to Schro­
dinger, 28 February 1925, EA 22-002). 

Another path back to Einstein's 1924-1925 gas theory papers also leads 
through Einstein's characterization of the independence of light quanta in 
terms of the factorizability of joint probabilities and the associated 
additivity of entropies for composite systems. For all that the additivity 
principle was accorded fundamental importance by most of those who attended 
to the foundations of statistical mechanics, there was a puzzle about addi­
tivity that had been known to physicists since the publication in 1902 of 
Gibbs' s~le.~J!t-'i!.rY r!:.i!l.!!iples .in Statistical Mechanics. In the final para­
graph, Gibbs enunciated the paradox that was to come to be knoWll by his name 
(Gibbs 1902, pp. 206-207). He considered a chamber divided into two halves 
by an impermeable barrier, each half filled by a gas; the entropy of the 
whole system is the sum of the entropies of the two components. When the 
barrier is removed, allowing the gases to mix, the total entropy will in­
crease if the two gases are different in kind, whereas the total entropy 
will stay the same if the two gases are of the same kind. But that should 
not happen if the additivity principle is universally valid, because in both 
cases the previously separated volumes diffuse throughout the whole chamber 
in the same way, which should lead to an increase in the entropy of each 
previously separated component; and then if the entropies of these compo­
nents still add in the normal way, the total entropy after mixing in both 
cases should go up. That it does not when the originally separated volumes 
are identical in kind must be connected in some way to a failure of the ad­
ditivity principle in the case of indistinguishable particles. 

Curiously, Gibbs's own reaction to this paradox is rarely noted. It 
was to infer that the paradox forces us for most purposes to use statistical 
measures of entropy and other thermodynamic quantities calculated on the ba­
sis of what he called the "generic phase," rather than the "specific phase" 
(Gibbs 1902, p. 207). Gibbs's conclusion is pertinent to the later history 
of the paradox in quantum mechanics because of the way he defines "generic 
phase." The "specific phase" is the phase as we normally conceive it in 
classical statistical mechanics--a point in the standardly defined 6n­
dimensional phase space for a system of n particles. The "generic phase" 1S 

defined, in effect, as an equivalence class of specific phases differing 
only through exchanging the positions of otherwise indistinguishible parti-

12Since we are concerned with the probability of a system's occupying a 
given cell of phase space, Einstein must by the same logic be asssuming an 
independence with respect to the instantaneous momenta or velocities of the 
systems in question. Remember Einstein's glossing the necessary indepen­
dence assumption in 1909 as the assumption that the quanta of energy "move 
independently of one another" (Einstein 1909a, p. 189; emphasis mine). 
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cles. This is almost Bose-Einstein statistics, except for the way Gibbs 
weighted the points (cells) in his "generic phase" space, namely, as the sum 
of the weights of the specific phases related to the given generic phase by 
exchange of indistinguishable particles. 1l But that the rules for counting 
phases or cells must be modified in the case of indistinguishable particles 
was clearly recognized by Gibbs. 

Various authors puzzled over the Gibbs paradox in succeeding years. 
The realization that its solution is somehow connected to the curious sta­
tistics of indistinguishable particles began to emerge with an important 
study by Planck (1922). But it was really only in Einstein's gas theory 
papers of 1924 and 1925 that the problem found its definitive solution. At 
the end of the first of these papers, Einstein raises the problem (Einstein 
1924b, p. 267), and then in the second paper he offers this solution: 

These considerations thow light upon the paradox that was pointed 
to at the end of first paper. In order for two wave trains to inter­
fere noticeably, they must agree with regard to y [phase velocity] and 
V [frequency]. Moreover •.• it is necessary that y as well as ill 
nearly agree for both gases. The wavefields associated with two gases 
of noticeably different molecular mass thus cannot noticeably interfere 
with one another. Prom this one can conclude that, according to the 
theory presented here, the entropy of a gas mixture is additively CODI­

posed out of those of the components of the mixture, exactly as in the 
classical theory, at least as long as the molecular weights of the com­
ponents diverge from one another somewhat. (Einstein 1925a, p. 10) 

The solution, in other words, is that the additivity associated with the 
factorizability of probabilities, and hence with the classical conception of 
the independence of interacting systems, fails precisely in those cases 
where interference is possible, interference being the other symptom of the 
failure of independence. 

Einstein's solution of the Gibbs paradox comes at the end of a section 
largely devoted to a calculation of the mean square fluctuation in the num­
ber of particles with energies falling within a given infinitesimal range. 
The resulting expression is a sum of two terms that Einstein interprets in a 
manner analogous to the interpretation he gave in 1909 to the two terms in 
his expression for fluctuations in radiation pressure in black-body radia­
tion, only now, of course, we are talking about massive particles rather 
than massless photons. Thus the first term is said to represent the fluctu­
ations that would arise were the particles composing the gas statistically 
independent of one another. The second is the interference term (Einstein 
1925a, p. 9). So, with regard to their relative independence and their ca­
pacity to interfere, material particles behave just like photons; or in the 
less helpful if more standard gloss on of this result, wave-particle duality 
is extended finally to material particles as well as to photons. 

5. THE TUFl~ING AWAY: 1925-1927 

The publication of Einstein's three gas theory papers marked the end of 
his substantive contributions to the development of quantum theory. Prom 

13Apart from the vocabulary, Gibbs's distinction between generic and 
specific phase is virtually identical to the distinction introduced in 
Planck 1925 between so-called "Quantenzellen" and "Urzellen," except, of 
course, that Planck knew, in effect, how to weight his "quantum cells" 
properly, even if he did not know why this is the proper weighting. See 
Mehra and Rechenberg 1982, p. 616, for further discussion. 
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this time on, with but few exceptions, Einstein's time and energy were de­
voted mainly to the search for a unified field theory that would accomodate 
empirically well-established quantum phenomena within the field-theoretic 
framework, but not by incorporating wholesale the formal apparatus of the 
developing quantum theory, an apparatus that Einstein gradually came to re­
gard as fundamentally inadequate. And my hypothesis is that his reason for 
so regarding the quantum theory, his reason for turning away from active 
work on it and turning back to unified field theory, was his finally coming 
to grips with the fact that the quantum theory's way of describing interact­
ing systems is incompatible with the assumptions of separability, locality, 
and independence that are a necessary part of the field-theoretic approach 
as he understood it. The clear articulation of this insight was to take 
most of the rest of his life; but it was clear enough already in 1925 to 
turn Einstein away from further substantive work on the quantum theory. 

In the history of the development of modern quantum mechanics, events 
began to move rapidly in the spring of 1925. The paper containing Pauli's 
enunciation of the exclusion principle (Pauli 1925) was published in March. 
Two months later the first results of the Bothe-Geiger experiments were an­
nounced (Bothe and Geiger 1925a), a complete account coming in June (Bothe 
and Geiger 1925b). The Bothe-Geiger experiment (and the Compton-Simon 
experiment, the results of which were published in September--Compton and 
Simon 1925c) convinced most physicists that the particle-like light quanta 
Einstein had advocated for years would have to be taken seriously, and that 
Bohr, Kramers, and Slater were wrong in asserting the statistical indepen­
dence of transition processes in distant atoms. But at the same time, Ein­
stein was arguing in his gas theory papers that material particles as well 
as light quanta exhibit wave-like interference effects, of the kind recently 
predicted in de Broglie's thesis (de Broglie 1924), and hence that they can­
not be independent, distinguishable particles of the kind posited in classi­
cal mechanics, though Einstein himself may have wanted them to be that way. 
So Einstein was arguing that both light and matter have wave- and particle­
like properties. How was this situation to be understood? 

What convinced many physicists that a wave-like character of material 
particles would have to be taken just as seriously as the particle-like 
character of light was Walter Elsasser's wave-theoretical interpretation of 
the Ramsauer effect (Ramsauer 1920, 1921a, 1921b) as an interference phenom­
enon (Elsasser 1925). Ramsauer claimed to have demonstrated experimentally 
that the mean-free path of electrons passing through certain noble gases 
goes to infinity (the scattering cross-section goes to zero) as the velocity 
of the electrons declines. In effect, the atoms of the gas become invisible 
to the electrons. Remember, these are material particles that Ramsauer was 
studying. The result was so shocking that many physicists literally did not 
believe it. Born's reaction is typical. In a letter to Einstein of 29 No­
vember 1921 he characterized Ramsauer's claim as "simply insane" (Born 1969, 
p. 93). But in his note published in July of 1925, in which he cites Ein­
stein's gas theory papers and de Broglie's dissertation, Elsasser showed 
that the Ramsauer effect could be interpreted quite straightforwardly as a 
result of interference between the electrons and the atoms in the gas. 

One important figure had himself been thinking independently about the 
Ramsauer effect in much the same way as Elsasser. Here is what Bohr wrote 
to Hans Geiger on 21 April 1925 in response to Geiger's report of a new ex­
periment by Bothe refuting another implication of the BKS theory (Einstein's 
reaction to this experiment is discussed below): 
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I was quite prepared 
about the independence of 
turn out to be wrong •.. 
disquieting; but recently 

to learn that our proposed point of view 
the quantum process in separated atoms would 

Not only were Einstein's objections very 
I have also felt that an explanation of col-



lision phenomena, especially Ramsauer's results on the penetration of 
slow electrons through atoms, presents difficulties to our ordinary 
space-time description of nature similar in kind to the those presented 
by the simultaneous understanding of interference phenomena and a coup­
ling of changes of state of separated atoms by radiation. In general, 
I believe that these difficulties exclude the retention of the ordinary 
space-time description of phenomena to such an extent that, in spite of 
the existence of coupling, conclusions about a possible corpuscular na­
ture of radiation lack a sufficient basis. (Bohr 1984, p. 79) 

On the same day Bohr wrote much the same thing to James Franck (director of 
the institute where Elsasser worked in Gottingen): "It is, in particular, 
the results of Ramsauer concerning the penetration of slow electrons through 
atoms that apparently do not fit in with the assumed viewpoint. In fact, 
these results may pose difficulties for our customary spatio-temporal de­
scription of nature that are similar in kind to a coupling of changes of 
state in separated atoms through radiation. But then there is no more rea­
son to doubt such a coupling and the conservation laws generally" (Bohr 
1984, p. 350). What Bohr means here by "customary space-time description" 
and similar terms is precisely a description like that afforded by classical 
field theories or classical mechanics, where spatially separated systems are 
assumed to be separable. What is important is that the Ramsauer effect was 
seen as evidence for distant correlations between material particles of the 
kind then commonly represented by wave-theoretical interference. 

Many physicists were impressed by Einstein's gas theory papers but puz­
zled about the new statistics, which they struggled to understand and rein­
terpret (see, for example, Planck 1925, Schrodinger 1925). Most puzzling 
was the physical significance of the denial of independence in Bose-Einstein 
statistics. How could spatially localized material particles fail to be in­
dependent? How could they interfere with one another? Encouraged by Elsas­
ser's note and by Einstein's own nod toward de Broglie, several of these 
thinkers, most notably Lande (1925) and Schrodinger (1926a), sought to de­
velop consistent wave-theoretical interpretations of the new statistics, 
thinking this the only way to understand the non-independence of interacting 
systems. Indeed, Elsasser himself, in proposing his interpretation of the 
Ramsauer effect as a wave-like interference phenomenon, wrote of Einstein's 
"detour through statistics" (Elasasser 1925, p. 711). 

Schrodinger's paper is an important first step toward the development 
of wave mechanics. It begins as follows: 

In the new gas theory recently developed by A. Einstein, this 
surely counts, in general, as the essential point, namely, that an 
entirely new kind of statistics, the so-called Bose statistics, are to 
be applied to the movements of gas molecules. One's natural instinct 
rightly resists viewing this new statistics as something primary, in­
capable of further explanation. On the contrary, there seems to be 
disguised within it the assumption of a certain dependence of the gas 
molecules upon one another, or an interaction between them, which nev­
ertheless in this form can only be analyzed with difficulty. 

One may expect that a deeper insight into the real essence of the 
theory would be obtained if we were able to leave as it was the old 
statistical method, which has been tested in experience and is logical­
ly well founded, and were to undertake a change in the foundations in a 
place where it is possible without a sacrificium intellectus. (Schro--­
dinger 1926a, p. 95) 

Schrodinger goes on to observe that what yields Einstein's gas theory is the 
application to molecules of the kind of statistics which, applied to "light 
atoms" (cf. Wolfke 19l4b, 1921), gives the Planck formula. But he notes 
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that we can derive the latter using the "natural" statistics if only we ap­
ply these statistics to the "ether resonators," that is to the degrees of 
freedom of radiation. Schrodinger then suggests that the same trick will 
work with gas molecules, if we simply interchange the concepts, "manifold of 
energy states" and "manifold of carriers of these states." And he comments: 

Thus one must simply fashion our model of the gas after the same model 
of cavity radiation that corresponds to what is ~til~ not the extreme 
light quantum idea; then the natural statistics--basically the conven­
ient Planck method for summing states--will lead to the Einstein gas 
theory. That means nothing else than taking seriously the de Broglie­
Einstein undulation theory of moving corpuscles, according to which the 
latter are nothing more than a kind of "foamy crest" on wave radiation 
that constitutes the underlying basis of everything. (Schrodinger 
1926a, p. 95) 

The idea is, as Einstein himself had suggested, to try to understand the 
failure of independence in Bose-Einstein statistics by means of the wave­
theoretical conception of interference. But what this means is that one of 
the primary motivations behind Schrodinger's development of wave mechanics 
was the desire to explain the curious statistics of interacting systems, and 
in particular the failure of probabilities to factorize, that had come to 
the fore in the Bose-Einstein statistics. 

Einstein followed all of these developments closely, as one can best 
tell from his correspondence with Ehrenfest and Schrodinger. Indeed, the 
collaboration between Einstein and Schrodinger was such that Schrodinger 
tried unsuccessfully to persuade Einstein to be listed as coauthor of a 
paper on degeneracy in a Bose-Einstein gas (Schrodinger 1926b).14 Through 
most of 1925 and into early 1926, Einstein was primarily concerned with such 
investigations of the new Bose-Einstein statistics. He was also following 
the controversy over the Pauli exclusion principle and Fermi-Dirac statis­
tics for spin-t particles like the electron, being at first quite sceptical. 

Late in 1925, however, Einstein also turned his attention to the new 
matrix formalism. The fundamental papers of Heisenberg, Born, and Jordan 
appeared in the Zeitschrift fur Physik between 18 September 1925 and 4 Feb­
ruary 1926. From the start, Einstein was critical of this approach. Thus, 
in a letter to Michele Besso of 25 December 1925, he wrote: "The most in­
teresting thing that theory has yielded recently is the Heisenberg-Born­
Jordan theory of quantum states. A real multiplication sorcery in which 1n­
finite determinants (matrices) take the place of cartesian coordinates. 
Most ingenious and so greatly complicated as sufficiently to protect it 
against a proof of incorrectness" (Speziali 1972, pp. 215-216). In a letter 
to Ehrenfest of 12 February 1926, he wrote: "I have still busied myself 
much with Heisenberg-Born. Though with all manner of admiration for the 
idea, I incline more and more to the view that it is incorrect" (EA 10-
130). On 13 March he said much the same in a letter to Lorentz: "Though 
with all manner of admiration for the spirit that resides in these works, my 
instinct struggles against this way of conceiving things" (EA 16-594). One 
month later, on 12 April, he offered this more detailed criticism in a let­
ter to Ehrenfest and praises Schrodinger's wave mechanics by comparison: 

The Born-Heisenberg thing will certainly not be right. It appears not 
to be possible to arrange uniquely the correspondence of a matrix 

14See Schrodinger to Einstein, 5 November 1925 (EA 22-005); Einstein to 
Schrodinger, 14 November (EA 22-009); and Schrodinger to Einstein, 4 Decem­
ber (EA 22-010). Einstein did present the paper at the 7 January meeting of 
the Berlin Academy, in whose proceedings it was published. 
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function to an ordinary one. Nevertheless, a mechanical problem is 
supposed to correspond uniquely to a matrix problem. On the other 
hand, Schrodinger has constructed a highly ingenious theory of quantum 
states of an entirely different kind, in which he lets the De Broglie 
waves play in phase space. The things appear in the Annalen. No such 
infernal machine, but a clear idea and -- "compelling" in its applica­
tion. (EA 10-135) 

And the initial enthusiasm for Schrodinger is echoed in a letter to Lorentz 
on the same day: "Schrodinger has, in press, a theory of quantum states, a 
truly ingenious carrying out of de Broglie's idea" (EA 16-600). 

Schrodinger's first wave-mechanics paper had appeared in the ~nnalen on 
13 March. Given the background to it explored above, namely, Schrodinger's 
employment of Einstein's own ideas on the wave nature of material particles 
in an attempt to understand the physical meaning of Einstein's new statis­
tics, it is not surprising that Einstein was initially favorably inclined 
toward wave mechanics. But Einstein's enthusiasm was short lived. Schro­
dinger's proof of the equivalence of wave and matrix mechanics was published 
on 4 May. It may be coincidence, but the first hint of doubt about wave me­
chanics on Einstein's part appears at just this time. Thus, a few days 
earlier, on 1 May, he wrote to Lorentz: "Schrodinger's conception of the 
quantum rules makes a great impression on me; it seems to me to be a bit of 
reality, however unclear the sense of waves in n-dimensional q-space re­
mains" (EA 16-604). By 18 June, the doubts about Schrodinger's approach be­
gan to crystallize, as Einstein explained in another letter to Ehrenfest: 
"Schrodinger's works are wonderful--but even so one nevertheless hardly 
comes closer to a real understanding. The field in a many-dimensional 
coordinate space does not smell like something real" (EA 10-138). And four 
days later he voiced similar doubts to Lorentz: "The method of Schrodinger 
seems indeed more correctly conceived than that of Heisenberg, and yet it is 
hard to place a function in coordinate space and view it as an equivalent 
for a motion. But if one could succeed in doing something similar in four­
dimensional space, then it would be more satisfying" (EA 16-607). 

Throughout the summer and fall of 1926, Einstein continued to worry 
about the significance of waves in coordinate space. On 21 August he wrote 
to Sommerfeld: "Of the new attempts to obtain a deeper formulation of the 
quantum laws, that by Schrodinger pleases me most. If only the undulatory 
fields introduced there could be transplanted from the n-dimensional coor­
dinate space to the 3 or 4 dimensional! The Heisenberg-Dirac theories com­
pel my admiriation, but to me they don't smell like reality" (Hermann 1968, 
p. 108). On 28 August he wrote to Ehrenfest: 

Admiring1y--mistrustfully I stand opposed to quantum mechanics. I do 
not understand Dirac at all in points of detail (Compton effect) •.. 
Schrodinger is, in the beginning, very captivating. But the waves in 
n-dimensional coordinate space are indigestible, as well as the absence 
of any understanding of the frequency of the emitted light. I have al­
ready written to you that the canal ray experiments have turned out en­
tirely in the sense of the undulatory theory. Hic waves, hic quanta! 
both realities stand rock solid. Aber der Teufel macht einen Vers da­
rauf (der sich wirk1ich reimt). (EA 10-144)15 

And as late as 29 November the same combination of admiration and growing 
distrust is still evident in a letter to Sommerfeld: "The successes of 

15This last remark is untranslatable without loss of meaning. Literal­
ly, it means: "But the devil makes a poem about this (that really rhymes). 
Figuratively it means something like, "only the devil can make sense of it." 
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Schrodinger's theory make a great impression, and yet I do not know whether 
it is question of anything more than the old quantum rules, i.e., a question 
of something corresponding to an aspect of the real events. Has one really 
come closer to a solution of the riddle?" (EA 21-356). But surely Ein­
stein's most famous remark from this period is the one found in his letter 
to Born of 4 December: "Quantum mechanics very much commands attention. 
But an inner voice says that that is still not the real thing. The theory 
delivers much, but it hardly brings us closer to the secret of the old one. 
In any case, I am convinced that He does not play dice. Waves in 3n-dimen­
sional space, whose velocities are regulated by potential energy (e.g., rub­
ber bands) •.• " (Born 1969, pp. 129-130). Remember that it was Born him­
self who earlier in the summer of 1926 had first introduced the probabilis­
tic interepretation of the Schrodinger wave function (Born 1926a, 1926b). 

After the turn of the year, the doubts about wave mechanics finally 
hardened into conviction. Thus Einstein wrote on 11 January 1927 to Ehren­
fest: "My heart is not warmed by the Schrodinger business--it is noncausal 
and altogether too primitive" (EA 10-152). And the same hardening of Ein­
stein's op1n10n is clear from a letter to Lorentz of 16 February 1927: "The 
quantum theory has been completely Schrodingerized and has much practical 
success from that. But this can nevertheless not be the description of a 
real process. It is a mystery" (EA 16-611). Within two months this con­
viction was to evolve into a sharp and penetrating critique. 

What was Einstein doing during this period that might help to explain 
his growing disenchantment with the new quantum mechanics of Heisenberg, 
Dirac, Born, Jordan, and Schrodinger, a theory whose development owed so 
much to the stimulus of Einstein's own investigations, including most re­
cently his gas theory papers? On the one hand, Einstein--always the good 
empiricist--was paying careful attention to new experimental developments 
that might shed light on the quantum puzzles, especially those probing dis­
tant correlations and wave-like interference phenomena. Thus, for example, 
in the above-cited 13 March letter to Lorentz he reports with delight the 
results of an experiment by Bothe (Bothe 1926) yielding another refutation 
of the BKS theory and a vindication of his own light quantum hypothesis. 

In Bothe's experiment, a piece of copper foil is weakly irradiated with 
x-rays, producing flouresence radiation (approximately 2 events per second), 
nearly all of which is captured in two oppositely situated Geiger counters 
perpendicular to the incident x-rays. According to the BKS theory, the ra­
diation emitted from an atom is represented by a nearly spherical wave ema­
nating from the atom; the wave determines the probability of subsequent ab­
sorptions in all parts of space reached by the wave. There would therefore 
be a nonvanishing probability that radiation will be absorbed simultaneously 
in each chamber, that is to say a small but significant probability that co­
incidences will be detected. But according to Einstein's light quantum hy­
pothesis, emission is a directed process; if the emitted quantum is absorbed 
in one chamber, there is no chance of a simultaneous absorption in the other 
chamber. Thus, no coincidences should be detected, except those few arising 
accidentally from nearly simultaneous emissions. What Bothe found was a co­
incidence rate far lower than would be expected on the BKS theory, a rate 
very close to that predicted by the light quantum hypothesis. Einstein re­
ported the results to Lorentz as Bothe described them: "He found complete 
statistical independence of the absorption events" (EA 16-594). But as Ein­
stein was surely aware, the result could as well be described as showing a 
strong statistical dependence between events in the two chambers, a perfect 
correlation between detection in one chamber and non-detection in the other. 

On 16 March, three days after reporting to Lorentz the results of the 
Bothe experiment, and three days after Schrodinger's first wave mechanics 
paper (Schrodinger 1926c) appeared in the Annalen, Einstein submitted a note 
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to »~~ ~tur~issensch~ften (Einstein 1926a) in which he himself proposed an­
other experiment. Something about the old quantum theory that had long 
troubled Einstein was the fact that the frequency of radiation emitted from 
an atom is not related to any intrinsic periodicity of the atom itself, such 
as periodic mechanical motions of charge carriers (electrons) within the 
atom, as it should be according to classical Maxwellian electrodynamics. 
Instead, the frequency is related only to the difference in energy between 
two stationary states. But then, so Einstein seems to have reasoned, radia­
tion of identical frequency emitted by different atoms should not cohere. 
Einstein's experiment was designed to exhibit such coherence, if it existed, 
in the transverse radiation emitted by separate atoms in an atomic beam (ca­
nal ray). There was controversy about whether the experimental design was 
sufficient to yield an unambiguous decision,I6 but when the findings were 
finally reported (Rupp 1926), Einstein at least took them as confirming co­
herence, even if he was not entirely happy with that result, preferring, as 
he did, a world of independent light quanta and particles. 17 Here then we 
have another experiment, this one initiated by Einstein himself, which in­
terested Einstein primarily for the light it shed on the peculiarities of 
the quantum mechanical account of interacting systems. In this case it was 
a matter of the peculiar interference exhibited by systems that would have 
to be regarded, from a classical point of view, as wholly independent. 
Ironically, Einstein was yet again contributing to showing that the world 
may not be the way he wanted it to be. ls 

There is other evidence that Einstein was brooding about the strange 
quantum mechanics of composite systems in the spring of 1926, and this 
specifically in connection with Schrodinger's wave mechanics. One month 
after his proposal for the canal ray interference experiment, on 16 April, 
Einstein wrote to Schrodinger that the new theory showed "true genius," but 
that he was troubled by one feature of it: 

With justified enthusiasm, Herr Planck has shown me your theory, 
which I too have then studied with the greatest interest. In the 
course of this study, one doubt has occurred to me, which you can 
hopefully banish for me. If I have two systems that are not at all 
coupled with one another, and El is a possible value of the energy of 
the first according to quantum mechanics, with E2 such a value for the 
second system, then E1 + E2 = E must be such a value for the total 
system composed of the two. But I do not see how your equation 

E2 
div grad ~ + h2 (E _ t) ~ ~ 0 

should express this property. 
So that you will see what I mean, I set down another equation that 

would satisfy this requirement: 

div grad ~ + E - t ~ = 0 
h2 

16See , for example, Schrodinger to Einstein, 23 April 1926 (EA 22-014), 
and Einstein to Schrodinger, 26 April (EA 22-018); see also Joos 1926, and 
Bohr to Einstein, 13 April 1927 (Bohr 1985, pp. 418-421). 

17See Einstein 1926b; see also Einstein to Ehrenfest, 18 June 1926 (EA 
10-138), and 28 August (EA 10-144), as well as Einstein to Lorentz, 22 June 
1926 (EA 16-607). 

18In his letter to Ehrenfest of 24 November 1926 (EA 10-148), Einstein 
alludes to yet another experiment that must have been concerned with the 
same cluster of problems: "Our experiment on the Compton effect is still not 
ready, but it will certainly succeed." I have been able to determine nei­
ther the details of the experiment, nor who Einstein's collaborator was. 
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Then the two equations 

El - ih "'1 di v grad fill + h2 '" = o (valid for the phase space of the 1st system) 

E2 - 42 = di v grad fil2 + h2 fil2 o ( " " 2nd ) 

have as a consequence 

One requires for the proof only to multiply the equations with fill or fil2 
and then add. 9llfll2 would thus be a solution to the equation for the 
combined system belonging to the energy value EI + E2 • 

I have tried in vain to establish a relation of this kind for your 
equation. (EA 22-012) 

In fact, Einstein had misremembered the Schrodinger equation, which was pre­
cisely the one Einstein proposed as possessing the desired additivity prop­
erty. Einstein noted the error himself in a postcard to Schrodinger of 22 
April (EA 22-013), which must have crossed in the mail Schrodinger's letter 
of 23 April (EA 22-014) pointing out the same thing. But as slips of memory 
go, this one is interesting for what it reveals about Einstein's concerns. 
And that the description of composite systems was his concern is made evi­
dent in his next postcard to Schrodinger, dated 26 April, after receipt of 
Schrodinger's letter of the 23rd. After again apologizing for his error, 
Einstein writes: "I am convinced that you have found a decisive advance 
with your formulation of the quantum condition, just as I am convinced that 
the Heisenberg-Born path is off the track. There the same condition of 
system-additivity is not fulfilled" (EA 22-018). Clearly, Einstein had not 
yet seen Schrodinger's proof of the equivalence of wave and matrix mechanics 
(Schrodinger 1926e). 

It would take Einstein another year to pinpoint the difficulty with 
wave mechanics that he was just beginning to sniff out. Here in the spring 
of 1926 he was arguing that if there exist two solutions of the Schrodinger 
equation, jill and fIl2, for two different systems, then jill 'jil2 should also be a 
solution for the joint system, as it indeed is. What he was to argue in the 
spring of 1927 was that if jil is any solution of the Schrodinger equation for 
a joint system, then it ought to be equivalent to a product, fill'9l2, of sepa­
rate solutions for the separate subsystems, which is generally not the case. 

His growing doubts about quantum mechanics are apparently what led Ein­
stein in late summer 1926 to turn his attention back to a problem connected 
with general relativity that he had neglected since 1916. The problem was 
that of deriving the equations of motion for a test particle from the gener­
al relativistic field equations. l ' Einstein himself had dealt with the 
issue in an approximate way in 1916, showing that particles follow geodesic 
paths (at least if the particle's own gravitational field is neglected), and 
it had in the meantime been investigated by a number of others, including 
Hermann Weyl and Arthur Eddington, who established exact results. Curious­
ly, however, Einstein seems to have been largely unaware of this work when 

UThe first mention of the problem of motion that I can find in Ein­
stein's correspondence from this period is in a letter to Besso of 11 August 
1927, apparently written while Einstein was visiting in Zurich. It may thus 
be the case that his interest in returning to the problem was stimulated by 
conversations with Schrodinger, who was himself then teaching at the Univer­
sity of Zurich. 
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he tackled the problem in 1926 as if it were still an open matter. He even­
tually submitted two papers on the subject to the Berlin Academy--in January 
(Einstein and Grommer 1927) and November (Einstein 1927d) 1927--which large­
ly reproduce the results of the earlier work. 2o 

Exactly what Einstein hoped to achieve is not clear, though he seems to 
have hoped that deriving the equations of motion for elementary particles 
from general relativity would lead to progress in the quantum theory, an 
earlier attempt to tie gravitation to quantum mechanics by means of an over­
determined set of field equations having failed (Einstein 1923). Thus, in 
summarizing the results of the first paper, Einstein and Grommer write: 
"The progress achieved here lies in the fact that it is shown for the first 
time that a field theory can include a theory of the mechanical behavior of 
discontinuities. This can be of significance for the theory of matter, or 
the quantum theory" (Einstein and Grommer 1927, p. 13). And in a letter to 
Weyl of 26 April 1927 (this in reply to Weyl's letter of 3 February com­
plaining about Einstein's neglect of Weyl's own earlier work on the sub­
ject), Einstein writes: 

I attach so much importance to the whole issue because it would be 
very important to know whether or not the field equations are to be 
seen as refuted by the facts of the quanta. One is indeed naturally 
inclined to believe this and most do believe it. But until now still 
nothing appears to me to have been proved about this. 

The new results in the quantum domain are really impressive. But 
in the depths of my soul I cannot reconcile myself to this head-in-the­
sand conception of the half-causal and half-geometrical. I still be­
lieve in a synthesis of the quantum and wave conceptions, which I feel 
is the only thing that can bring about a definitive solution. (EA 24-
088) 

More specifically, Einstein seems from the start to have hoped that 
some of the characteristically non-classical features of the quantum theory 
might result; at least so it seems from slightly despairing negative re­
marks, like this in his letter to Ehrenfest of 24 November 1926: "The equa­
tions of motion of singularities can really be derived relativistically. 
But it appears that absolutely nothing 'unclassical' is to be obtained 
thereby" (EA 10-148). The despair changed to hope early in 1927, after the 
publication of the first paper on the equations of motion. Thus, on 11 Jan­
uary 1927, he writes to Ehrenfest: "The problem of motion has become pret­
ty, even if there is still a slight snag in it. In any case, it is inter­
esting that the field equations can determine the motion of singularities. 
I even think that this will once again determine the development of quantum 
mechanics, but the way there is still not to be perceived" (EA 10-152). And 
on 5 May he writes, again to Ehrenfest: "I published the paper on the rela­
tivistic dynamics of the singular point indeed a long time ago. But the dy­
namical case still has not been taken care of correctly. I have now come to 
the point where I believe that results emerge here that deviate from the 
classical laws of motion. The method has also become clear and certain. If 
only I would calculate better! . . . It would be wonderful if the accustomed 
differential equations would lead to quantum mechanics; and I do not regard 
it as being at all out of the question" (EA 10-162). The hope was not real­
ized, but as late as November 1927, when he published his second note on the 
problem of motion, Einstein continued to regard the question as an open one. 

Einstein was looking to general relativity to provide equations of mo­
tion for elementary particles, because he thought it one of the principal 

20Por the history of this problem, see Havas 1989, upon which I have 
relied extensively. 
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shortcomings of Schrodinger's wave mechanics that it failed to do so. In 
effect, what was lacking in the new quantum mechanics, as was soon made viv­
id by Heisenberg's enunciation of the uncertainty relations (Heisenberg 
1927), was the concept of a world-line or a trajectory, establishing which 
is the aim of the problem of motion. Thus, the criticism of Schrodinger in 
the above-quoted letter of 11 January 1927 to Ehrenfest concludes: "I do not 
believe that kinematics must be discarded." Moreover, given his preference 
for a view of nature in which the separability of interacting systems is as­
sumed, Einstein would naturally look to field theories, like general rela­
tivity, to supply the want in quantum mechanics. 

Exactly how a field theory might accomplish the end of saving the no­
tion of independent systems while reproducing the empirically established 
quantum facts was a question Einstein did not prejudge. He seems ready to 
consider a number of alternatives, but all within the larger framework of 
the field-theoretic way of individuating systems. So it is no accident, for 
example, that in mid-1926 and early 1927 he begins to show renewed interest 
in, and later genuine enthusiasm for five-dimensional Kaluza-Klein theories, 
a subject he had touched upon four years before (Einstein and Grommer 1923), 
and which had been revived by Oskar Klein in April 1926 as a way of trying 
to unify quantum mechanics and general relativity (Klein 1926). In a letter 
to Ehrenfest of 18 June 1926, for example, Einstein concludes a paragraph 
criticizing Schrodinger, with the remark: "I am curious about what Herr 
Klein has found; give him my best" (EA 10-138); and on 3 September, after 
the July publication of Klein's paper, he remarks to Ehrenfest: "Klein's pa­
per is beautiful and impressive" (Pais 1982, p. 333). On 16 February 1927, 
at about the time of two short notes of his own on the Kaluza-Klein theory 
(Einstein 1927a), he commented in a letter to Lorentz: "It turns out that 
the unification of gravitation and Maxwell's theory by means of the five­
dimensional theory (Kaluza-Klein-Fock) is accomplished in a completely sat­
isfactory way" (EA 16-611). And on 5 May he writes Ehrenfest: "The last 
paper by o. Klein pleased me very much; he really appears to be a level­
headed fellow" (EA 10-162). By early the following year, Einstein had given 
up entirely the hope that equations of motion derived from general relativi­
ty would solve the quantum problem, looking now exclusively to Kaluza-Klein 
theories, as he explained to Ehrenfest on 21 January 1928: "I think I told 
you that the derivation of the law of motion according to the reI. theory 
has finally succeeded. But it simply comes out classically. I think that 
Kaluza-Klein have correctly indicated the way to advance further. Long live 
the 5th dimension" (EA 10-173; as quoted in Havas 1989, p. 249). 

On 23 February 1927, shortly after the presentation of his first paper 
on Kaluza-Klein theories, Einstein gave a talk at the University of Berlin 
under the title, "Theoretisches und Experimentelles zur Frage der Lichtent­
stehung" (Einstein 1927b). The only significance of the talk is that it 
gives us yet another clue to the issues that were claiming Einstein's atten­
tion in the spring of 1927. He singles out for attention a recent experi­
ment of Bothe's that is, in a way, a progenitor of the two-slit diffraction 
experiment (Bothe 1927). Bothe arranged for radiation from a single x-ray 
source to be divided into two beams, each of which impinges on a paraffin 
block, Pl and P2, respectively. Part of the scattered radiation from each 
block is then allowed to scatter a second time from a third paraffin block, 
S, placed midway between the other two, and one then measures the magnitude 
of the Compton effect in the resulting twice-scattered radiation. Bothe's 
declared aim was to use the experiment to decide between two different ways 
in which light quanta may be associated with a wave field. In the first, 
the entire energy and momentum of the field is taken to be concentrated in a 
single "super" light quantum. In the second, each quantum has its normal 
energy, h V, and momentum, h V / c, the individual quanta being associated with 
partial waves, the total wave field being regarded as a product of the ac­
tivity of many quanta. Bothe argued that the first conception would lead to 
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an anomalous Compton effect, whereas the second, because of constructive in­
terference between the two coherent partial waves incident upon S, would 
yield the same Compton effect as if S were irradiated by only a single beam. 
The results decisively favored the second point of view. 

Einstein's report of these results is interesting because of how it 
differs from Bothe's. Einstein says merely that the results support the 
view that "light has a particle-like character, and is thus corpuscular" 
(Einstein 1927b, p. 546). This is true, inasmuch as Bothe claimed to have 
demostrated that energy and momentum are associated with light quanta after 
the fashion of Einstein's own corpuscular conception of the quanta. But 
Bothe went on to point out that the interference crucial to the experiment's 
outcome is incompatible with a radically corpuscularian conception of light: 
"It thus turns out that the spatio-temporal localization of the quanta does 
not go so far as to permit one to speak, generally, of a continuous 'mo­
tion.' In this we glimpse the principal result of the investigation" (Bothe 
1927, p. 342). And in order to make this point even more vividly, Bothe 
published a schematic diagram of the experiment, to help show that a simple 
conception of light quanta as strictly localized particles cannot explain 
the alternating light and dark bands in a typical interference pattern. Of 
course, Einstein too understood that interference phenomena ruled out a rad­
ical corpuscularian conception of light. Indeed, he immediately follows his 
characterization of the Bothe experiment with the remark: "But other charac­
teristics of light, the geometrical characteristics and the interference 
phenomena, cannot be explained by the quantum conception" (Einstein 1927b, 
p. 546), and he ended his talk thus: "What nature demands of us is not a 
quantum theory or a wave theory, instead nature demands of us a synthesis of 
both conceptions, which, to be sure, until now still exceeds the powers of 
thought of the physicists" (Einstein 1927b, p. 546). But Einstein's not 
mentioning that Bothe's experiment itself dramatically revealed this very 
duality suggests that his instinctive sympathies still lay with the radical 
corpuscularian view. 

It is against this background that we must assess what is assuredly 
Einstein's most interesting critical comment on the quantum theory from this 
period. At the meeting of the Berlin Academy on 5 May 1927, Einstein pre­
sented a paper entitled "Does Schrodinger's Wave Mechanics Determine the 
Motion of a System Completely or Only in the Statistical Sense?" ["Bestimmt 
Schrodinger's Wel1enmechanik die Bewegung eines Systems vol1standig oder nur 
im Sinne der Statistik?"}. As word of the talk spread, it evidently aroused 
considerable interest, as witness Heisenberg's letter to Einstein of 19 May, 
where he writes: "In a roundabout way, through Born, Jordan, I learned that 
you had written a paper in which you put forward the same points that you 
advanced in the recent discussion, namely, that it would still be possible 
to know the paths of corpuscles more exactly than I would like. Now I natu­
rally have a burning interest in this •••• I do not know whether you would 
find it very immodest if I might ask you for any proofs of this work?" (EA 
12-173). And, at least initially, Einstein thought he had established a se­
cure result, writing to Ehrenfest on 5 May: "I have also now carried out a 
little investigation concerning the Schrodinger business, in which I show 
that, in a completely unambiguous way, one can associate definite movements 
with the solutions, something which makes any statistical interpretation un­
necessay" (EA 10-162). For reasons that we will explore shortly, the work 
was never published, but a manuscript version survives in the Einstein Ar­
chive (EA 2-100). 

Einstein's idea for associating definite movements with any solution of 
the SchrOdinger equation was the following. Given any solution, ~ , for def­
inite total energy E and potential energy t, it is possible to express div 
grad' as a sum of n terms ~.b, to each of which we can associate a definite 
"direction" in n-dimensional configuration space; the n "directions" will be 
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defined separately for the value of ~ at each point in configuration space. 
Following Schrodinger, Einstein styled div grad ~ a "metric" in configura­
tion space, calling the ~ ab the "tensor of ,±,-curvature" and div grad ~ the 
scalar of this tensor. He then showed that the total kinetic energy of the 
system can also be expressed as a sum of terms, one corresponding to each of 
the "directions" in configuration space, and that, having thus decomposed 
the kinetic energy, one can associate with each term in the expression for 
the total kinetic energy a "velocity" in the corresponding "direction." 
Whether one can make physical sense out of these "velocities" is not clear; 
but an answer to the question is not essential to our story. 

What is essential is the reason Einstein himself gave for abandoning 
this effort. The copy in the Archive has attached to it an extra sheet 
headed "Nachtrag zur Korrektur" ["Added in Proof"]. Pais reports "that the 
paper was in print when Einstein requested by telephone that it be with­
drawn" (Pais 1982,p. 444). One might guess that the addition helps to ex­
plain the withdrawal: 

Added in proof. Herr Bothe has in the meantime calculated the example 
of the anisotropic, two-dimensional resonator according to the schema 
indicated here and thereby found results that are surely to be rejected 
from a physical standpoint. Stimulated by this, I have found that the 
schema does not satisfy a general requirement that must be imposed on a 
general law of motion for systems. 

Consider, in particular, a system E that consists of two energet­
ically independent subsystems, El and E2; this means that the potential 
energy as well as the kinetic energy is additively composed of two 
parts, the first of which contains quantities referring only to El, the 
second quantities referring only to E2. It is then well known that 

where ~l depends only on the coordinates of El, ~2 only on the coordi­
nates of E2. In this case we must demand that the motions of the com­
posite system be combinations of possible motions of the subsystems. 

The indicated scheme does not satisfy this requirement. In par­
ticular, let ~ be an index belonging to a coordinate of El, Van index 
belonging to a coordinate of E2. Then ':II~v does not vanish •••• 

Herr Grommer has pointed out that this objection could be taken 
care of by means of a modification of the stated schema, in which we 
employ not the scalar ':II itself, but rather the scalar 19 If' for the 
definition of the principal directions. The elaboration of this idea 
should occasion no difficulty, but it will only be presented when it 
has been shown to work in specific examples. (EA 2-100) 

My guess is that the article was withdrawn when Einstein realized that Grom­
mer's suggested route around the non-separability problem failed to work. 

This is a crucial text for my argument that the separability problem 
was all along at the forefront of Einstein's worries about the shortcomings 
of quantum mechanics. He says here, simply, that separability is a neces­
sary condition on any theory aiming to describe the motions of physical sys­
tems. And while the specific instance of non-separability discussed in the 
"Nachtrag" concerns Einstein's own refinement of Schrodinger's wave mechan­
ics, he surely realized that exactly the same problem infects Schrodinger's 
original theory. Remember that just one year earlier he had wrongly criti­
cized that theory for failing to satisfy the converse condition (that the 
product, 1111 e9f2, of any two solutions for the separate systems. _1 and 1112, 
should also be a solution for the joint system). Now he has found what is, 
for him, the right criticism. Por SchrOdinger's theory fails to satisfy the 
requirement that any solution of the SchrOdinger equation for the composite 
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system be expressible as a product of solutions for the separate subsystems. 
Quantum mechanics implies interference effects between the two subsystems 
that make no sense from the point of view of the classical model of indepen­
dent particles. This is the same problem that first presented itself to 
Einstein in his 1909 papers on radiation and surfaced again in the curious 
quantum statistics for material particles in Einstein's 1924-1925 gas theory 
papers. And it is the same problem that lay behind Einstein's own argument 
for the incompleteness of quantum mechanics first elaborated in his corre­
spondence with Schrodinger in the summer of 1935, right after the publica­
tion of the EPR paper, where the separability problem had been obscured. 

6. THE 1927 SOLVAY MEETING 

Most of us know about the sequence of thought experiments by which Ein­
stein sought to convince Bohr and others of the inadequacies of quantum me­
chanics through ~ohr's account of his dispute with Einstein (Bohr 1949). On 
the whole, it is an accurate account, confirmed in some points of detail by 
other contemporary evidence. But it is not the whole story, and on at least 
one crucial point--the aim of Einstein's famous "photon-box" thought experi­
ment, it is seriously in error, as are other standard accounts deriving in 
part from it, such as Jammer's history of Einstein's objections to quantum 
mechanics (Jammer 1974, 1985). And, even more importantly, most readers of 
Bohr's review article are unlikely to realize that non-separability was the 
main issue over which Bohr and Einstein were really arguing. Einstein, of 
course, understood perfectly well what the issue was (the "problem" is EPR): 

Of the "orthodox" quantum theoreticians whose position I know, Niels 
Bohr's seems to me to come nearest to doing justice to the problem. 
Translated into my own way of putting it, he argues as follows: 

If the partial systems A and B form a total system which is de­
scribed by its t/I-function 1jI (AB), there is no reason why any mutually 
independent existence (state of reality) should be ascribed to the par­
tial systems A and B viewed separately, not even if the partial systems 
are spatially separated from each other at the particular time under 
consideration. The assertion that, in this latter case, the real situ­
ation of B could not be (directly) influenced by any measurement taken 
on A is, therefore, within the framework of quantum theory, unfounded 
and (as the paradox shows) unacceptable. (Einstein 1949, pp. 681-682) 

What I want now to do is to review the history of Einstein's GedankeQ~~~~ri­
mente with the explicit aim of showing how, through it all, non-separability 
was the real issue that Einstein was trying to bring to the fore. 

The first of the famous Gedankenexperimente dates from the 1927 Solvay 
meeting, held in Brussels from 24 through 29 October. As reported by Bohr 
(1949, pp. 211-218), Ehrenfest (letter to Goudsmit, Uhlenbeck, and Dieke, 3 
November 1927, reprinted in Bohr 1985, pp. 415-418), and others (for exam­
ple, Heisenberg 1967, pp. 107-108), most of the interesting discussion be­
tween Bohr and Einstein took place outside of the organized conference ses­
sions, at breakfast and during walks between the hotel and the meeting. 
What exactly Bohr and Einstein discussed is not as clear as it might be, be­
cause the records left by them differ in crucial ways. They agree in plac­
ing at the center of those discussions the precursor of what we now call the 
single-slit diffraction experiment. But what that experiment was supposed 
to show, and what else the dicussion touched upon is not clear. 

Consider first the published version of Einstein's contribution to the 
general discussion, which seems to have taken place on Friday, 28 October, 
just before the close of the conference (Einstein 1927c). Since the discus­
sion took place near the end of the conference, and since Einstein submitted 
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the written version of his remarks a month later,21 and thus with ample time 
for reflection, it seems safe to assume that this version represents in some 
sense the culmination of Einstein's thinking on that occasion. 

After sketching the single-slit experiment, Einstein remarks that there 
are two ways of interpreting the quantum theory in such a context. What he 
calls "Interpretation I" is essentially the ensemble interpretation that he 
insisted in later years is the only tenable way of understanding the quantum 
theory. On this view, the wave function is associated with a large collec­
tion of similar systems; in the present case Einstein says it refers to an 
"electron cloud" corresponding to "an infinity of elementary processes" (p. 
101). "Interpretation II," presumably that favored by defenders of the the­
ory like Heisenberg and Schrodinger, regards the quantum theory as "a com­
plete theory of the individual processes" (p. 101), meaning that a wave 
function is associated with each individual electron, providing a maximally 
complete description of its behavior. Having remarked that it is only "In­
terpretation II" that permits us to explain energy-momentum conservation in 
individual events and thus results such as those found in the Bothe-Geiger 
experiment, Einstein says that he nevertheless wants to make some criticisms 
of this interpretation: 

The scattered wave moving towards P does not present any preferred di­
rection. If 11/1 j2 was simply considered as the probability that a def­
inite particle is situated at a certain place at a definite instant, it 
might happen that one and the same elementary process would act at two 
or more places of the screen. But the interpretation according to 
which 1 1/1 12 expresses the probability that this particle is situated at 
a certain place presupposes a very particular mechanism of action at a 
distance which would prevent the wave continuously distributed in space 
from acting at two places of the screen. In my opinion one can only 
counter this objection in the way that one does not only describe the 
process by the Schrodinger wave, but at the same time one localizes the 
particle during the propagation. I think that de Broglie is right in 
searching in this direction. If one works exclusively with the Schro­
dinger waves, int.~rpretation II of 11/1 12 in my opinion implies a con­
tradiction with the relativity postulate. 

I would still like briefly to indicate two arguments which seem to 
me to speak against viewpoint II. One is essentially connected with a 
multidimensional representation (configuration space) because only this 
representation makes possible the interpretation of 11/112 belonging to 
interpretation II. Now, it seems to me that there are objections of 
principle against this multidimensional representation. In fact, in 
this representation two configurations of a system which only differ by 
the permutation of two particles of the same kind are represented by 
two different points (of configuration space), which is not in agree­
ment with the new statistical results. Secondly, the peculiarity of 
the forces of acting only at small spatial distances finds a less nat­
ural expression in the configuration space than in the space of three 
or four dimensions. (Einstein 1927c, pp. 102-103) 

This text should be better known, if only for Einstein's having here raised, 
for the first time that I know, the problem of the non-relativistic charac­
ter of wave-packet collapse. (This criticism echoes the problem of distant 

21The German manuscript of a fragment of Einstein's remarks (EA 16-
617), included in a letter of Einstein to Lorentz (the conference organizer) 
of 21 November 1927 (EA 16-615), carries a notation in an unknown hand in 
the upper left-hand corner: "AUg. Disk Freitag" ("Gen[eral] Disc[ussion] 
Friday") . 
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correlations between events of detection and non-detection explored in 
Bothe's 1926 experiment, the one whose results Einstein excitedly reported 
to Lorentz. And on at least one earlier occasion, Einstein had worried that 
matrix mechanics might not be generally covariant, though for entirely dif­
ferent reasons; see Einstein to Ehrenfest, 12 February 1926, EA 10-130). 
But what interests me more is his next criticism, the one having to do with 
the new statistics. 

Recall Einstein's letter to Schrodinger of 28 February 1925, written 
right after publication of his second and third gas theory papers, where he 
so clearly explained to Schrodinger both the structure of the two-particle 
state space presupposed by Bose-Einstein statistics and how this structure 
is related to the failure of statistical independence between two Bose­
Einstein particles. Though he did not say so explicitly--there was no need 
for one master of statistics to remark on such a triviality to another mas­
ter--one could have made the point about the failure of independence by not­
ing that the two-particle state space is not simply a product of the two 
one-particle state spaces, as would be the case with classical, two-particle 
Boltzmann statistics. What Einstein is now saying is that something is fun­
damentally wrong with Schrodinger's employment of configuration space, be­
cause the two-particle configuration space is the product of the two one­
particle configuration spaces, contrary to what must be the case in order to 
derive Bose-Einstein statistics. Of course Einstein is mistaken here, but 
not about the structure of the two-particle configuration space. His error 
is his not understanding that the state space of Schrodinger's (and Heisen­
berg's) quantum mechanics is not configuration space, but instead a rather 
differently structured Hilbert space (in the now-standard representation), 
and that in the two-particle Hilbert space, only a single ray (vector), and 
hence a single quantum state, is associated with the two mentioned configur­
ations, so that the derivation of the novel statistics proceeds without dif­
ficulty. But the fact that Einstein was thus mistaken is less important for 
our purposes than the fact that he was still brooding about the quantum me­
chanics of composite systems. 

One thing puzzles me about Einstein's thinking at this time. Earlier 
1n 1927, in May, he had identified non-separability as a principal failing, 
from his point of view, of Schrodinger's wave mechanics. But now, in Octo­
ber, he is still committed, apparently, to the new statistics he had helped 
to introduce, and clearly aware that the novelty of these statistics is con­
nected to the failure of traditional assumptions about the statistical inde­
pendence of systems, which is to say the failure of the probabilities to 
factorize. From Born's statistical interpretation of the wave function, 
with which Einstein was well-acquainted, it is but a short step to making 
the connection between the non-factorizability of the probabilities in Bose­
Einstein and Fermi-Dirac statistics and the non-separability of two-particle 
wave functions. Why Einstein seems not yet to have made that connection is 
a mystery to me, all the more so since the derivation of the new statistics 
from wave-mechanical fundamentals had already been accomplished by Dirac 
(1926). 

Surprisingly, virtually none of Einstein's published objections to the 
quantum theory at the 1927 Solvay meeting are reported in Bohr's well-known 
account (Bohr 1949), and this in spite of the fact that Bohr footnotes that 
publication (Bohr 1949, p. 212). Bohr does allude to the wave-packet col­
lapse problem: "The apparent difficulty, in this description, which Ein­
stein felt so acutely, is the fact that, if in the experiment the electron 
is recorded at one point A of the plate, then it is out of the question of 
ever observing an effect of this electron at another point (B), although the 
laws of ordinary wave propagation offer no room for a correlation between 
two such events" (Bohr 1949, pp. 212-213). But he quickly moves on to em­
phasize a different cluster of issues: 
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Einstein's attitude gave rise to ardent discussions within a small 
circle, in which Ehrenfest ... took part in a most active and helpful 
way •••• The discussions ••• centered on the question of whether 
the quantum-mechanical description exhausted the possibilities of ac­
counting for observable phenomena or, as Einstein maintained, the 
analysis could be carried further and, especially, of whether a fuller 
description of the phenomena could be obtained by bringing into consid­
eration the detailed balance of energy and momentum in individual pro­
cesses. (Bohr 1949, p. 213) 

And then, while claiming to "explain the trend of Einstein's arguments," 
Bohr goes on to introduce the familiar refinements--a movable diaphragm and 
the addition of a second diaphragm with two slits--all by way of elaborating 
his own complementarity interpretation that precludes measurements more ac­
curate than those permitted by the uncertainty relations on the grounds that 
the requisite experimental arrangements would be mutually exclusive. 

We have no detailed independent record of the 1927 discussions between 
Einstein and Bohr, so for all we know this may well be an accurate account. 
It is true that Einstein had doubts about the uncertainty relations, and it 
is true that he held out hope for a more complete fundamental theory. More­
over, the only piece of contemporary evidence of which I know, namely, 
Ehrenfest's letter to Goudsmit, Uhlenbeck, and Dieke of 3 November 1927, 
largely confirms Bohr's account: 

It was delightful for me to be present during the conversations between 
Bohr and Einstein. Like a game of chess. Einstein all the time with 
new examples. In a certain sense a sort of Perpetuum Mobile of the 
second kind to break the UNCERTAINTY RELATIONS. Bohr from out of the 
philosophical smoke clouds constantly searching for the tools to crush 
one example after another. Einstein like a jack-in-the-box: jumping 
out fresh every morning. Oh, that was priceless. But I am almost 
without reservation pro Bohr and contra Einstein. (Quoted in Bohr 1985, 
p. 38) 

Still, my instincts tell me that something is not right about the Bohr (and 
Ehrenfest) account of the Bohr-Einstein discussion; at the very least they 
put the emphasis in the wrong place. 

There is no reason to doubt that Einstein offered Gedankenexperimente 
a1m1ng (at least in part) to exhibit violations of the uncertainty rela­
tions; it would have been the kind of intellectual game that Einstein so en­
joyed. Moreover, he had a special reason to dispute the uncertainty rela­
tions with Bohr in particular, because six months earlier, in a letter to 
Einstein of 13 April, Bohr had deployed the uncertainty relations in disput­
ing Einstein's interpretation of the Rupp experiment as favoring, unambigu­
ously, a wave-like conception of radiation (see Bohr 1985, pp. 418-421). 
But if the uncertainly relations really were the main sticking point for 
Einstein, why did Einstein not say so in the published version of his re­
marks, or anywhere else for that matter in correspondence or in print in the 
weeks and months following the Solvay meeting? My guess is that it is be­
cause any doubts Einstein had about the validity of the uncertainty rela­
tions were secondary to his deeper worries about the way quantum mechanics 
describes composite (intl~racting) systems.22 

22Harvey Brown has also noted that Einstein's published remarks at the 
1927 Solvay meeting are not directed toward questioning the uncertainty re­
lations, as Bohr claims, and that these remarks instead anticipate the 1935 
EPR argument; see Brown 1981, p. 61. 
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One clue that supports my interpretation is provided by Bohr's own ac­
count of the discussion. As Bohr tells it, the general drift of the discus­
sion between himself and Einstein during the week of the 1927 Solvay meeting 
was toward an ever more careful consideration of the "detailed balance of 
energy and momentum in individual processes," meaning, as he explains, an 
ever more careful consideration of the interaction between the electron and 
the diaphragm. Einstein evidently argued that by measuring the recoil mo­
mentum of the diaphragm, one could predict accurately the lateral component 
of the electron's momentum, and that when this information was combined with 
the particle's position, as defined by the aperture in the diaphragm, one 
could thus predict the precise position at which the electron would hit the 
screen, whereas the quantum theory yields just probabilities for its hitting 
various points of the screen. Bohr replied with the standard complementari­
ty argument, namely, that in order to measure the diaphragm's recoil momen­
tum one would have to detach it from its mount so that it could move freely 
in the lateral direction, but that in doing so one thereby loses all precise 
knowledge of the particle's position when it passes through the slit, since 
the slit's location is now indefinite. 

What this means is that as the discussion between Bohr and Einstein 
progressed, what may have begun as doubts about the implications of the un­
certainty relation for the description of the individual electron evolved 
into a discussion of the quantum mechanical two-body problem, the two bodies 
being the electron and the diaphragm. In Bohr's own words: "As regards the 
quantum-mechanical description, we have to deal here with a two-body system 
consisting of the diaphragm as well as of the particle" (Bohr 1949, p. 216). 
And later on, after describing how the situation is made even more vivid by 
consideration the two-slit diffraction experiment, Bohr remarks, in words 
reminiscent of his reply to EPR: "We .•. are just faced with the impossi­
bility, in the analysis of quantum effects, of drawing any sharp separation 
between an independent behaviour of atomic objects and their interaction 
with the measuring instruments which serve to define the conditions under 
which the phenomena occur" (Bohr 1949, p. 218). There is a very good reason 
why the discussion may have taken these turns: first from a consideration of 
the adequacy of the wave function as a description of an individual electron 
to the validity of the uncertainty relations, and then from the uncertainty 
relations to the quantum mechanical two-body problem and non-separability. 

Remember that Einstein had been worrying since at least the early 1920s 
about how to reconcile a probabilistic description of individual systems 
with the conservation laws. Einstein's 1916 papers on radiative transforma­
tions had shown him that an element of chance would likely have to enter an 
adequate future quantum theory; and Einstein knew as well that some kind of 
wave-like character had to be associated with both light quanta and material 
particles to explain interference effects. Einstein's "ghost fields" or 
"guiding fields" accomplished both ends. But recall Wigner's report of Ein­
stein's own reasons for never having pushed the idea of "ghost fields" or 
"guiding fields". It was that if each of two interacting systems is guided 
independently (in the statistical sense) by a separate "guiding field" one 
cannot guarantee energy-momentum conservation, and it was his insistence on 
strict energy-momentum conservation in individual events that determined his 
opposition to the BKS theory. This problem was solved by Schrodinger's 
shifting the wave function from physical space to configuration space, but 
at the price of non-separability, a failure of independence that Einstein 
knew from his gas theory papers had to be part of the quantum theory but 
that he still found too bitter a pill to swallow when confronted by it in 
wave mechanics. Another expression of Einstein's desire that the behavior 
of systems such as electrons be determined independently by their own states 
is his insistence that these systems be represented as localized, particle­
like systems. As we saw above, the desire for localization was strengthened 
by Einstein's worry that a non-relativistic action-at-a-distance would be 

95 



implied by our taking the wave function itself as real. And remember that, 
as early as 1924, Einstein was arguing that the wave-like aspects of quantum 
systems should be seen not as something real, but merely as a convenient de­
V1ce for representing interactions between systems. 

So what Einstein wanted was an ontology of (1) independently control­
led, localized systems, but also (2) systems that satisfy strict energy­
momentum conservation. Classical mechanics and classical field theories, 
including general relativity, manage to reconcile these two desiderata. 
Quantum mechanics does not. 

One can imagine Bohr responding to Einstein's published 1927 Solvay 
discussion remarks by emphasizing just this point. Einstein said that "In­
terpretation II," which associates the wave function with individual systems 
rather than ensembles, is the only acceptable interpretation because it is 
necessary in order to secure strict energy-momentum conservation. But then 
he insists that we understand the system to which the wave function is asso­
ciated to be strictly localized. Bohr would have pointed out that, .accord­
ing to quantum mechanics, one cannot have both. He had already argued this 
very point forcefully in his address at the Volta Congress in Como one month 
earlier: "The very nature of the quantum theory thus forces us to regard 
the space-time co-ordination and the claim of causality, the union of which 
characterizes the classical theories, as complementary but exclusive fea­
tures of the description" (Bohr 1927, p. 580).23 And: "According to the 
quantum theory a general reciprocal relation exists between the maximum 
sharpness of definition of the space-time and energy-momentum vectors asso­
ciated with the individuals. This circumstance may be regarded as a simple 
symbolical expression for the complementary nature of the space-time de­
scription and the claims of causality" (Bohr 1927, p. 582). The key to 
understanding passages like this is realizing that when Bohr talks about 
"space-time coordination" or "space-time description," he means the kind of 
description in which quantum systems such as electrons are regarded as lo­
calized, the kind of description Einstein preferred, the kind of description 
that strongly suggests, if it does not actually entail, the separability of 
such localized systems. And when Bohr talks about the "claims of causali­
ty," he means--as he explains himself--strict conservation of sharply defin­
ed energy and momentum. 

The discussion would have turned from the uncertainty relations to the 
quantum mechanics of interacting systems, focussing on the interaction be­
tween the electron and the diaphragm, because uncertainty intrudes only when 
one severs conceptually the physical link between the two interacting sys­
tems, that is to say, only when one pretends that two really non-separable 
systems are separable. Consider the position-momentum uncertainty relation­
ship for, say, the x-axis in connection with two interacting systems, the 
case made famous in the EPR paper. The total linear momentum after the in­
teraction, PI + P2, and the relative separation, Xl - X2, are compatible 
observables; both can be defined with arbitrary sharpness. It is only the 
individual momenta and positions, PI,XI and P2,X2, that are incompatible, 
subject to the uncertainty relations. It is only the pure case, non-fac­
torizable joint state that contains all of the correlations necessary to 
preserve the link between the positions and momenta of the two systems. If 

23This is quoted from the version published in Nature in April of 1928, 
but the progenitor of this specific remark can be found in a manuscript dat­
ed as early as 12-13 October, and it is otherwise wholly consistent with the 
argument of even the earlierst suriving IMtluscripts of the Como talk. For 
more on the history of the various manuscripts, see Bohr 1985. 
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one pretends that the two systems are separable, that means employing a m1x­
ture over factorized joint states, not a pure case. Such a mixture can pre-

'serve the momentum correlations or the position correlations, but not both. 
If you choose the former, you get strict momentum conservation, but no spa­
tial localizability; if you choose the latter, you get localizability, but 
no momentum conservation. 

Thus, the reason Einstein cannot get both localizability and energy­
momentum conservation is because of the non-separability of interacting sys­
tems in quantum mechanics. The point deserves emphasis. Non-separability 
is the basic phenomenon that distinguishes quantum physics from classical 
physics; uncertainty is merely a symptom. Uncertainty intrudes only when 
one pretends to describe the properties of an independent system, there be­
ing no really independent systems. As Bohr himself was wont to say, "iso­
lated material particles are abstractions, their properties on the quantum 
theory being definable and observable only through their interaction with 
other systems" (Bohr 1927, p. 581). In a separable universe, there need be 
no uncertainty. So even where uncertainty seems to be the issue, quantum 
nonseparability is the real heart of the matter. 

Whether or not the discussion between Einstein and Bohr actually pro­
ceeded in this fashion is impossible to say. I offer this scenario as a 
reconstruction that at least reconciles the otherwise rather different seem­
ing records published by Einstein and Bohr. But I do think it a plausible 
scenario, one that helps us to make better sense of the later history of 
Einstein's objections to the quantum theory. And one further piece of docu­
mentary evidence strengthens my conviction that worries about non-separa­
bility really lay behind the October 1927 controversy with Bohr. Remember 
that, for Einstein, it is field theories that provide the clearest embodi­
ment of a separable ontology, each point of the underlying manifold being 
regarded as endowed with its own, separate, well-defined state, say in the 
form of a metric tensor. Just one month after the Solvay meeting, in late 
November, Einstein returned again to the problem of motion in general rela­
tivity, the problem he had begun exploring with Grommer late in 1926, taking 
up now specifically the equation of motion for elementary particles like the 
electron. His second note on this subject was presented to the Berlin acad­
emy on 24 November. In the introduction, he says the following about the 
results of his investigations: 

This result is of interest from the point of view of the general ques­
tion whether or not field theory stands in contradiction with the pos­
tulates of the quantum theory. The majority of physicists are indeed 
today convinced that the facts of the quanta rule out the validity of a 
field theory in the customary sense of the word. But this conviction 
is not grounded in a sufficient knowledge of the consequences of the 
field theory. For that reason, the further tracing of the consequences 
of the field theory with regard to the motion of singularities seems to 
me, for the time being, still to be imperative, this in spite of the 
fact that a thorough command of the numerical relationships has been 
accomplished, in another way, by quantum mechanics. (Einstein 1927d, p. 
235) 

The whole point of trying to derive the equation of motion from field-theo­
retic first principles is to show that the motion of a particle is wholly 
determined by the values of the fundamental field parameters, such as the 
metric tensor, at points of the manifold immediately adjacent to the parti­
cle's trajectory. That is to say that successfully deriving such an equa­
tion of motion for elementary particles would rule out any non-separability 
between interacting particles, since the field would mediate the interaction 
in a purely local fashion. 
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7. THE PHOTON-BOX AND BEYOND: 1930-1935 

After the 1927 Solvay meeting, Einstein's interest in quantum mechanics 
dropped off markedly. He devoted himself ever more single-mindedly to de­
veloping a unified field theory, hoping, but always in vain, to find thereby 
a deeper field-theoretic foundation for quantum mechanics. Characteristic 
of his resigned attitude during this time is a remark in a letter to Ehren­
fest of 23 August 1928: "I believe less than ever in the essentially sta­
tistical nature of events and have resolved to apply the tiny capacity for 
work that is still given to me according to my own taste, in a manner inde­
pendent of the contemporary goings on" (EA 10-186). What little he had to 
say about quantum mechanics was confined to attempts to articulate yet more 
clearly why he did not think it to be the final word in fundamental physics. 

His next major contribution along these lines, the famous "photon-box" 
Gedankenexperiment, came at the 1930 Solvay meeting, held in Brussels the 
week of 20-25 October. Our only record is found in Bohr's later recollec­
tion (Bohr 1949) and in manuscript notes for a talk Bohr gave at the Uni­
versity of Bristol a year later, on 5 October 1931 (Bohr 1931). Einstein's 
only recorded comment in the proceedings of the conference, an inconsequen­
tial remark after a talk by Pierre Weiss (Solvay 1930, p. 360), has nothing 
to do with foundational problems. 

The details are well-known. A radiation-filled cavity has in its side 
a shutter controlled by a clock. The shutter opens for an instant at a def­
inite time, allowing the escape of one photon. Weighing the box before and 
after the release, we can determine the energy of the emitted photon with 
arbitrary accuracy, and when we combine this result with the known time of 
emission, we supposedly have a violation of the energy-time uncertainty re­
lation. Bohr's ironic refutation of the experiment 1S also well known. He 
pointed out that the weighing requires that the box be accelerated in a 
gravitational field, and that this affects the rate of the clock just enough 
to secure agreement with the uncertainty relations. The irony, of course, 
1S that relativity is here invoked to save quantum mechanics. 

On the face of it, this is merely another attempt to find a violation 
of the uncertainty relations, which is indeed all it might be. But there is 
evidence that, here again, Einstein's real aim may well have been to bring 
out the peculiariities, from a classical point of view, of the quantum me­
chanical account of interactions. The evidence is a letter from Ehrenfest 
to Bohr of 9 July 1931, written immediately after Ehrenfest had visited Ein­
stein in Berlin. According to Jammer (Jammer 1974, pp. 171-172; 1985, pp. 
134-135), from whom most of us have learned about the letter, EhreQfest re­
ported that Einstein no longer wanted to use the photon-box thought experi­
ment to disprove the uncertainty relations, but "for a totally different 
purpose" (Jammer 1985, p. 134), the implication being that disproving the 
uncertainty relations had been the original intention behind the photon-box 
thought experiment. But Jammer has misread the letter. What Ehrenfest 
really wrote to Bohr is this: "He said to me that, for a very long time al­
ready, he absolutely no longer doubted the uncertainty relations, and that 
he thus, e.g., had BY NO MEANS invented the 'weighable light-flash box' (let 
us call it simply L-F-box) 'contra uncertainty relation,' but for a totally 
different purpose" (BSC-AHQP).H Einstein may have wanted to dispute the 

24"Er sagte mir, dass er schon sehr lange absolut nicht mehr an die 
Unsicherheitsrelation zweifelt und dass er also z.B. den 'waegbaren Licht­
blitz-Kasten' (lass ihn kurz L-W-Kasten heissen) DURCHAUS nicht 'contra 
Unsicherheits-Relation' ausgedacht hat, sondern fuer einen ganz anderen 
Zweck. " 
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uncertainty relations in 1927, but as we see by his own testimony to Ehren­
fest, that was not his purpose at the time of the 1930 Solvay meeting. 

Ehrenfest goes on to explain Einstein's real intention. What Einstein 
wanted, says Ehrenfest, is a "machine" that emits a projectile in such a way 
that, after the projectile has been emitted, an inspection of the machine 
will enable the experimenter to predict either the value of the projectile's 
magnitude A or the value of its magnitude B, these values then being measur­
able when the projectile returns after a relatively long time, it having 
been reflected at some location sufficiently distant (1 light-year) to in­
sure that there will be a spacelike separation between the projectile and 
the machine at the time we inspect the machine. According to Ehrenfest: 
"It is thus, for Einstein, beyond discussion and beyond doubt, that, because 
of the uncertainty relation, one must naturally choose between the either 
and the or. But the [experimentor] can choose between them AFTER the pro­
jectile is already finally under way" (BSC-AHQP).H And: "It is interest­
ing to get clear about the fact that the projectile, which is already flying 
around isolated 'for itself,' must be prepared to satsify very different 
'non-commutative' predictions, 'without knowing as yet' which of these pre­
dictions one will make (and test)" (BSC-AHQP).26 The photon-box turns out 
to satisfy all of the requirements for such a "machine," the two quantities, 
A and B, being respectively, the time of the photon's return and its energy 
or color (wavelength). 

Jammer is quite right that we see here all of the ingredients of Ein­
stein's later incompleteness arguments, but Jammer's interpretation is skew­
ed by his taking the published EPR argument as a correct guide to Einstein's 
views, rather than the quite different version first presented in Einstein's 
correspondence with Schrodinger from the summer of 1935, the version featur­
ing the separation principle. Since we know that separability was the main 
issue in 1935, we should look for it here in 1931. It's not hard to find. 

In fact, the logic of the 1931 version of the photon-box Gedankenex­
periment is almost exactly that of Einstein's own 1935 incompleteness ar­
gument. The whole point of placing the reflector t light-year away is to 
assure a spacelike separation between the inspection of the photon-box and 
the projectile. The argument works as a cr~t~c~sm of the quantum theory 
only if one assumes that the projectile, when thus separated from the box, 
is, in virtue of that separation and its therefore possessing its own in­
dependent reality, wholly unaffected by what we do to the box when we in­
spect it. But quantum mechanics makes a different assumption. It says 
that, if we weigh the box, We can predict the color of the returning photon 
exactly, but that its time of return will be indefinite, whereas if we check 
the clock, we can predict the time of the photon's return exactly, its color 
now being indefinite. In other words, quantum mechanics says that the state 
we ascribe to the photon depends crucially on what we do to the box. What 
Einstein is thus arguing is that classical assumptions about the separabil­
ity of previously interacting systems lead to different results than the 
quantum mechanical account of interactions, and that, if we adhere to these 

25"Es steht also fuer Einstein ausser Discussion und ausser Zweifel, 
dass man, wegen der Unsicherheitsrelation natuer1ich zwischen dem entweder 
und oder waeh1en muss. Aber der Frager kann dazwischen waehlen, NACHDEM das 
Projectil endgueltig schon unterwegs ist." 

26"Es ist interessant sich deutlich zu machen, dass das Projectil, das 
da schon isoliert 'fuer sich seIber' herumfliegt darauf vorbereitet sein 
muss sehr verschiedenen 'nichtcornrnutativen' Prophezeihungen zu genuegen, 
'ohne noch zu wissen' welche dieser Prophezeihungen man machen (und pruefen) 
wird. " 
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assumptions of separability, as Einstein, the champion of field theories, 
clearly thought we must, then the quantum theory must be judged incomplete. 

Essentially the same ~edankenexperiment reported to Bohr by Ehrenfest 
was presented by Einstein himself at a colloquium in Berlin on 4 November 
1931 (Einstein 1931). The published report leaves the aim of the experiment 
unclear, but it is interesting because Einstein is said to have stressed, 
himself, that the two measurements on the box--the weighing or the reading 
of the clock--cannot both be performed, just as Ehrenfest had reported to 
Bohr, indicating again that disputing the uncertainty relation is not Ein­
stein's aim. In Bohr's account of his controversy with Einstein, the demon­
stration that the two parameters cannot be measured simultaneously was pre­
cisely his (Bohr's) triumph over Einstein at the 1930 Solvay meeting. But 
how could Einstein so easily accomodate this point, if it were really such a 
devasting critique of his original idea. The answer is that Einstein never 
intended to assert that both measurements could be performed simultaneously 
on the box, or at least that such a possibility was never a crucial part of 
the experiment. Bohr, Jammer, and others have taken it to be crucial only 
because they wrongly believed that the uncertainty relations, rather than 
non-separability, was Einstein's real target. 

That Bohr was still not clear about the real point of Einstein's argu­
ment is evident from the fact that in his 5 October 1931 talk at the Univer­
sity of Bristol (Bohr 1931), three months after Ehrenfest's 9 July letter 
informing him of how Einstein wanted to use the photon-box experiment, Bohr 
gave a quite different account of the experiment, essentially the same as in 
his later recollections (Bohr 1949), presenting it as an objection to the 
uncertainty relations. If Bohr misunderstood Einstein in this way in 1931, 
how do we know that he was not guilty of exactly the same misunderstanding 
in October 1930 and in his later recollections?27 

Einstein spent three months (11 December to 4 March) in the United 
States in late 1930 and early 1931, mostly at Cal Tech. He evidently spent 
some of this time talking with his Cal Tech colleagues Richard C. Tolman and 
Boris Podolsky about his objections to quantum mechanics. On 26 February 
1931 they submitted to the Physical Review a note entitled "Knowledge of 
Past and Future in Quantum Mechanics" (Einstein, Tolman, and Podolsky 1931), 
which Einstein himself apparently credited primarily to Tolman (see Einstein 
1931, p. 23). The stated aim is to show that, contrary to what some had 
claimed (see, for example, Heisenberg 1930, p. 20), the past behavior of a 
particle cannot be known any more precisely than its future behavior; but 
the ETP Gedankenexperiment (to coin a designation) is of interest for our 
story because it involves a modification of the photon-box arrangement that 
permits the study of correlations not between the box and the emitted pho­
ton, but between two particles both emitted from the box. 

The box is now fitted with two holes opened by the same shutter. One 
of the two emitted particles travels directly to an observer at 0; the other 
follows a different trajectory, reflected toward 0 at a great distance from 
the box. Weighing the box before and after the release of the particles al­
lows us to determine their total energy. ETP argue that measuring the time 

27Several other authors have questioned the cogency of Jammer's account 
of the photon-box thought experiment, arguing as I do (but without having 
examined Ehrenfest's letter to Bohr of 9 July 1931) that a proof of incom­
pleteness was the real aim. See Hooker 1972, p. 78; Hoffmann 1979, pp. 187, 
190; Fine 1979, p. 157; and Brown 1981, pp. 67-69. I highly recommend 
Harvey Brown's account of the matter for its careful consideration of tech­
nical matters, and I thank Brown for drawing my attention to the Hooker and 
Hoffmann references. 
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of arrival of the first particle at 0, along with its momentum, would ena,bl:a 
one to calculate the time when the shutter opened and thus to predict both 
the time of arrival and the energy of the second particle, contrary to the 
limitations of the uncertainty relation. That being ruled out by the quan­
tum theory, ETP conclude that it must not be possible to measure both the 
time of the first particle's arrival and its pre-arrival momentum. This may 
have been how Tolman meant to use the arrangement. But it obviously lends 
itself to other uses that may have been of more interest to Einstein. Thus, 
if the particles are once again taken to be photons (whose velocity is a 
known constant), then one has the option of measuring either the time of ar­
rival of the first photon or its energy and thus predicting either the time 
of arrival of the second photon, or its energy (color). But the geometry of 
the experiment (the great distance of the reflector from 0) insures that 
measurements performed on the first photon cannot affect the second, if we 
assume separability and locality, and thus that both the time of the second 
photon's arrival at 0 and its energy correspond to independently real prop­
erties of the photon. Once again, the assumption of separability leads to 
results in conflict with the quantum theory. 

The only direct account that'Einstein himself ever gave of the history 
of these Gedankenexperimente was in an exchange of letters with the Cal Tech 
physicist, Paul S. Epstein in the latter part of 1945, following the publi­
cation of an article by Epstein, "The Reality Problem in Quantum Mechanics," 
in the June issue of the American Journal of Physics (Epstein 1945). 
Epstein had introduced his own thought experiment--a variation on the two­
slit diffraction experiment--to illustrate the central point of the EPR ar­
gument. A beam of light, S, is spli t by a half-silvered mirror N-N', and 
each resulting beam, S1 and S2, is then reflected again by a perfect mirror, 
MI and M2, respectively, after which the beams are recombined at a second 
half-silvered mirror 0-0' producing two final beams, S3 and S4, each of 
which enters a detector. Consider a beam S of such low intensity that just 
one photon at a time passes through the apparatus. Epstein says that if the 
mirrors Ml and 11'4 are fixed, preventing us from determining, by the mirrors' 
recoil, which path a given photon travels, the reflected beams S1 and S2 are 
coherent and interfere at the second half-silvered mirror 0-0', so that by 
suitably adjusting the geometry of the arrangement we can make all of the 
emerging photons go into one detector, say that corresponding to S3. But if 
mirrors Ml and Mz are movable, so that we can tell which path each photon 
travels, the beams, SI and S2, are incoherent, there is no interference at 
0-0', and equal numbers of photons show up, on average, in each detector. 

Epstein's analysis of the experiment is somewhat confused. In his 
first, undated letter, Einstein points out that Epstein had spoken glibly of 
the 1/J-function of one of the photons, ignoring its interaction with the 
mirror. Einstein explains that Epstein has ignored the non-separability of 
the joint photon-mirror system: "Now I do not understand the following in 
your treatment of the mirror example with a light quantum. If a mirror is 
movable (laterally), then the total system is a system with two types of co­
ordinates (e.g. Q for the mirror, q for the quantum). There is then no 
1/J (q,t) at all, as long as no 'complete' observation of the mirror is at 
hand. Then, in terms of the theory, one cannot at all ask how 1/J (q,t) is 
constituted as a function of the time t" (EA 10-581). But then, instead of 
continuing with an analysis of Epstein's experiment, Einstein sketchs his· 
own preferred way of viewing the matter. 

He considers two previously interacting particles "described as com­
pletely as possible in the sense of the quantum theory by 1/J (Q,q,t)" (EA 10-
581). After a sufficiently long time, the particles have separated, and now 
we ask "in what sense each individual particle corresponds to a real state 
of affairs" (EA 10-581). To learn something about q, we perform a measure­
ment on Q, and we can arrange the measurement so that "the 1/1 (q,t) resulting 
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from this measurement and from the $ (Q,q,t) has either a sharp position 
(for a given value of the time), or a sharp momentum" (EA 10-581). In order 
to decide what the "real state of affairs" is with regard to the second par­
ticle, we ask whether the measurement on the first particle has a real, 
physical influence on the second particle. If there were such an influence 
(and Einstein thinks Epstein prefers this view), it would mean the existence 
of superliminal effects, against which Einstein's "physical instinct" strug­
gles, and it would be difficult to see how such effects could be incorporat­
ed in the quantum theory. But if the measurement on the first particle has 
no physical influence on the second particle, "then all of the determina­
tions for the second particle that result from the possible measurements on 
the first particle must be true of the second particle, if no measurement at 
all were performed on the first particle" (10-581). It follows that quantum 
mechanics is incomplete. We recognize here yet another statement of Ein­
stein's own (non-EPR) post-1935 incompleteness argument. In this there is 
nothing new. What is significant is what follows in the next letter. 

Epstein responded on 5 November 1945 (EA 10-582), confessing that he 
never really understood the EPR paper, that he had in the meantime restudied 
it, but was still confused by some of the calculations in it. Einstein an­
swered on 10 November (EA 10-583). He begins by declining to discuss the 
mathematical questions, saying that Schrodinger had settled them in a thor­
ough treatment shortly after the publication of the EPR paper (Schrodinger 
1935, 1936). He says, then, that it may be better if he shows Epstein how 
he himself first arrived at the incompleteness argument: "I myself first 
came upon the argument starting from a simple thought experiment. I think 
it would be best for us if I exhibited this to you" (EA 10-583). The ar­
rangement is the following. 

A photon-box can move freely in the x-direction. An observer rides 
with the box and has at his or her disposal various instruments, including a 
clock for timing the opening of the shutter and tools with which to measure 
the box's position. Before starting the experiment, the observer allows the 
box to come to rest, something that can be determined by means of light 
emitted from the box being reflected from a distant wall. Of course, know­
ing that the box is at rest, that is, that it has zero momentum in the x­
direction means that its position is unknown. Now the experimenter opens 
and closes the shutter at a definite time, allowing one photon to emerge. 
At this point, the experimenter has an option to measure one of two things. 
He or she can either anchor the box to the reference frame, permitting a 
precise measurement of the box's position, and thus a prediction of the ex­
act time when the emitted photon will be received at some distant location 
S, which means, says Einstein, a "sharp determination of the position of the 
photon." Or the experimenter can make a new measurement of the box's recoil 
momentum, in which case he or she can predict exactly the energy or color of 
the emitted photon. What does the experiment show? Einstein says: 
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As soon as it has left the box B, the light quantum represents a 
certain "real state of affairs," about whose nature we must seek to 
construct an interpretation, which is naturally in a certain sense 
arbitrary. 

This interpretation depends essentially upon the question: should 
we assume that the subsequent measurement we ma~e on B physically in­
fluences the fleeing light quantum, that is to say, the "real state of 
affairs" characterized by the light quantum? 

Were that kind of a physical effect from B on the fleeing light 
quantum to occur, it would be an action at a distance, that propagates 
with superluminal velocity. Such an assumption is of course logically 
possible, but it is so very repugnant to my physical instinct, that I 
am not in a position to take it seriously--entirely apart from the fact 
that we cannot form any clear idea of the structure of such a process. 



Thus I feel mYself forced to the view that the real state of af­
fairs corresponding to the light quantum is independent of what is sub­
sequently measured on B. But from that it follows: ~very character­
istic of the light quantum that can be obtained from a subsequent 
measurement on B exists even if this measurement is not performed. Ac­
cordingly, the light quantum has a definite localization and a definite 
color. 

Naturally one cannot do justice to this by means of a wave func­
tion. Thus I incline to the opinion that the wave function does not 
(completely) describe what is real, but only a to us empirically acces­
sible maximal knowledge regarding that which really exists •••. This 
is what I mean when I advance the view that quantum mechanics gives an 
incomplete description of the real state of affairs ..•. 

If one is of the view that a theory of the character of quantum 
mechanics is definitive for physics, then one must either completely 
renounce the spatio-temporal localization of the real, or replace the 
idea of a real state of affairs with the notion of the probabilities 
for the results of all conceivable measurements. I think that this is 
the view that most physicists currently have in mind. But I do not 
believe that this will prove to be the correct path for the long run. 
(EA 10-583) 

Here we have all of the ingredients of Einstein's own post-1935 incomplete­
ness argument, including, most importantly, the separability principle in 
the form of the assumption that an independent real state of affairs 1S as­
sociated with the light quantum from the moment it leaves the box. 

By Einstein's own account, this Gedankenexperiment and, presumably, the 
indicated interpretation of it, was the starting point from which the incom­
pleteness argument developed. However, Einstein does not say exactly when 
the experiment first occurred to him, so we cannot insert it at a definite 
place in our chronology of Einstein Gedankenexperimente on the basis of any 
direct evidence. Can indirect arguments be brought to bear? If the Bohr­
Jammer account is correct, according to which sometime in the summer of 1931 
Einstein changed his mind about how to deploy the photon-box thought experi­
ment, then the "Epstein" experiment had to come later. But Ehrenfest's 9 
July 1931 letter to Bohr shows that Einstein did not change his mind about 
the use to which the experiment was to be put, that he intended it from the 
start as showing the incompleteness of the quantum theory. If that is the 
case, then the "Epstein" version of the photon-box arguably came first, as 
Einstein says. And from one point of view, the 1930 Solvay photon-box is 
sufficiently simpler than the "Epstein" photon-box that it may be regarded 
as a refinement of the latter; for simply weighing the box is a lot easier 
than performing the complicated series of momentum measurements sketched in 
the letter to Epstein. 

If the "Epstein" photon-box Gedankenexperiment goes first in the chro­
nology then, we must revise our understanding of how the 1930 Solvay photon­
box was to be deployed in line with the analysis given in Ehrenfest's letter 
to Bohr. The logic of the argument would have been the same as that in the 
"Epstein" photon-box. After the photon is emitted, the experimenter can 
measure either the energy of the box, by a second weighing, or the time of 
emission, and depending upon which measurement he or she makes, a different 
prediction can be made about the photon. All that Bohr's famous critique 
concerns is the question, inessential from Einstein's point of view, whether 
or not the two measurements on the box can be carried out simultaneously. 

From this point on, the tendency of Einstein's thinking is clear. He 
wanted to show the quantum theory to be incomplete, and he wanted to do this 
by showing that the assumption of separability (plus the assumption of lo­
cality), is incompatible with the claim that the theory gives a complete de-
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scription of individual systems. All that changes are the details of the 
Gedankenexperimente intended to demonstrate this. 

The first of these new experiments dates from April of 1932. When Ein­
stein returned from his third annual visit to the United States, his ship 
layover for three days in Rotterdam, where Ehrenfest came from Leyden to 
visit him on 4 April (see Jammer 1985, pp. 135-136). The next day, Einstein 
wrote to Ehrenfest: "Yesterday you nudged me into modifying the 'box­
experiment' in such a way that it would employ concepts less foreign to the 
wave theorists. I do this in the following, where I employ only such ideal­
izations that I know will appear unobjectionable to you" (EA 10-231). The 
experiment is a modified Compton scattering experiment, in which the scat­
tered photon is assumed to move along the same axis that the scattering mass 
m is free to move along, the photon being reflected at a distant mirror back 
to an experimenter who sits near the mass m. Einstein assumes that the mass 
m is initially at rest (zero momentum) which means that its location is in­
determinate. He then argues that when the scattered photon returns to the 
experimenter, he or she can measure either the photon's momentum, enabling 
the experimenter to deduce the momentum of the mass m, or the photon's time 
of arrival, enabling the experimentor to deduce the time when the initial 
scattering occurred and thus the precise position of m right after the scat­
tering. (There is an obvious error here.) The important point is that we 
can thus deduce either the position or the momentum of m, without in any way 
disturbing m itself. Einstein's conclusion comes as no surprise: "Thus, 
without any experiment on m, it is possible to predict, according to a free 
choice, either the momentum or the position of m with in principle arbitrary 
accuracy. This is the reason why I feel myself motivated to attribute ob­
jective reality to both. It is to be sure not logically necessary, that I 
concede" (EA 10-231). 

The last documented stage in the development of Einstein's Gedankenex­
perimente can be dated to sometime during the spring or summer of 1933, when 
Einstein was staying in Le Coq sur Mer, Belgium after his return to Europe, 
in late March, in the wake of Hitler's Machtergreifung, and before his final 
departure for the United States in early September. Leon Rosenfeld was then 
a lecturer at the University of Liege, and had just finished his famous 
joint paper with Bohr on the measurability of field quantities in quantum 
electrodynamics (Bohr and Rosenfeld 1933). He gave a lecture on the topic 
in Brussels, which Einstein attended. After the talk, Einstein approached 
Rosenfeld wanting to discuss not the topic of the lecture but the general 
problem of completeness, about which he said he still felt a certain "un­
easiness" ["Unbehagen"]. Rosenfeld quotes Einstein as follows: 

What would you say of the following situation? Suppose two particles 
are set in motion towards each other with the same, very large, momen­
tum, and that they interact with each other for a very short time when 
they pass at known positions. Consider now an observer who gets hold 
of one of the particles, far away from the region of interaction, and 
measures its momentum; then, from the conditions of the experiment, he 
will obviously be able to deduce the momentum of the other particle. 
If, however, he chooses to measure the position of the first particle, 
he will be able to tell where the other particle is. This is a per­
fectly correct and straightforward deduction from the principles of 
quantum mechanics; but is it not very paradoxical? How can the final 
state of the second particle be influenced by a measurement performed 
on the first, after all physical interaction has ceased between them? 
(Rosenfeld 1967, pp. 127-128) 

Through the haze of Rosenfeld's again not unbiased recollection we can re­
cognize here the same logic that is by now quite familiar, but elaborated 
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against a Gedankenexperiment that 1S growing ever more refined, toward the 
conceptual purity of the EPR-type experiment. 

8. CONCLUSION 

After 1935, Einstein's reasons for thinking quantum mechanics incom­
plete were intimately connected to his firm belief in the separability prin­
ciple. It is the separability principle that licenses the crucial inference 
that the undisturbed system in EPR-type Gedankenexperimente has its own 
unique separate state independently of any measurements we might carry out 
on the other system. And if, according to the quantum theory, measurements 
on the other system lead us to ascribe different states (different psi­
functions) to the undisturbed system depending upon the kind of measurement 
we perform on the first system, then it follows that quantum mechanics does 
not yield a complete description of undisturbed system. But, of course, as 
Bohr pointed out, quantum mechanics denies the separability of previously 
interacting systems. Einstein understood quite well that it was this dis­
agreement over separability that stood between him and Bohr, as evidenced by 
his remark to Schrodinger in the summer of 1935: "One cannot get at the tal­
mudist [Bohr] if one does not make use of a supplementary principle: the 
'separation principle'" (Einstein to Schrodinger, 19 June 1935, EA 22-047). 
But Einstein was committed to separability because of his deeper commitment 
to field theories, and their associated way of describing interactions in 
purely local terms, a description that rests fundamentally on the assumption 
that every system, indeed, every point of the space-time manifold, has its 
own separate state in the form of well-defined values of the fundamental 
field parameters like the metric tensor. 

In this paper I have been arguing that Einstein's worries over the way 
quantum mechanics describes interacting systems did not begin in 1935. On 
the contrary, I have shown that the puzzling behavior of interacting quantum 
systems had been at the forefront of Einstein's concern from at least 1909 
and that these worries began to crystallize in the mid-1920s into the belief 
that, because it regards interacting systems as non-separable, quantum me­
chanics would be fundamental inadequate. And I have argued, finally, that 
the real aim of the famous series of Gedankenexperimente starting at the 
1927 Solvay meeting was to bring out precisely this feature of the quantuml 
theory and to exhibit the, to Einstein, unacceptable consequences to which 
it leads. That is to say, I argued that Einstein's concern over the uncer­
tainty relations and the breakdown of strict causality in quantum mechanics 
was secondary to his deeper concern over the quantum mechanical account of 
interactions. 

One important test of this reconstruction of Einstein's views would be 
to determine whether or not Einstein's contemporaries understood his reser­
vations about the quantum theory in this manner. Let me show that this was 
the case by quoting from just two letters written right after the publica­
tion of the EPR paper. 

The first is a letter from Pauli to Heisenberg of 15 June 1935, in 
which Pauli prodded Heisenberg into composing a "pedagogical" reply to EPR, 
a reply that, unfortunately, was never published.28 Pauli writes: 

28Por the text of Heisenberg's reply, "1st eine deterministische Ergan­
zung der Quantenmechanik moglich?", see Pauli 1985, pp. 409-418; Heisenberg 
enclosed a copy with his letter to Pauli of 2 Juli 1935. Another copy, in 
typescript, is in the Einstein Archive, EA 5-207. 
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Einstein has again expressed himself publicly on quantum mechan­
ics, indeed in the 15 May issue of Physical Review (together with Po­
dolsky and Rosen--no good company, by the way). As is well known, 
every time that happens it is a catastrophe. "Weil, so schliel3t er 
messerscharf--nicht sein kann was nicht sein darf" (Morgenstern) .. 

He now understands this much, that one cannot simultaneously mea­
sure two quantities corresponding to non-commuting operators and that 
one cannot simultaneously ascribe numerical values to them. But where 
he runs into trouble in this connection is the way in which, in quantum 
mechanics, two systems are joined to form a composite system •... 

A pedagogical reply to [this] train of thought must, I believe, 
clarify the following concepts. The difference between the following 
statements: 

a) Two systems 1 and 2 are not in interaction with one another 
(= absence of any interaction energy) ..•• 

b) The composite system is in a state where the subsystems 1 and 2 
are independent. (Decomposition of the eigenfunction into a product.) 

Quite independently of Einstein, it appears to me that, in provid­
ing a systematic foundation for quantum mechanics, one should start 
more from the composition and separation of systems than has until now 
(with Dirac, e.g.) been the case. -- This is indeed--as Einstein has 
correctly felt--a very fundamental point in quantum mechanics, which 
has, moreover, a direct connection with your reflections about the cut 
and the possibility of its being shifted to an arbitrary place. 

NB Perhaps I have devoted so much effort to these matters, which 
are trivialities for us, because a short time ago I received an invita­
tion to Princeton for the next winter semester. It would be fun to go. 
I will by all means make the Morgenstern motto popular there. (Pauli 
1985, pp. 402-404) 

Notice that Pauli uses the past perfect tense: "as Einstein has correctly. 
felt" ["wie Einstein richtig gefiihlt hat"]. What he is characterizing here 
is not what he has just learned from the EPR paper, in which the issue of 
separability is anyway almost totally obscured (see Einstein to SchrOdinger, 
19 June 1935, EA 22-047); instead, he is describing the view that he has 
long associated with Einstein. 

The second letter is from Schrodinger to Pauli, sometime between 1 July 
and 9 July 1935. It was prompted by Arnold Berliner's having asked Schro­
dinger to write a reply to EPR for Die Naturwissenschaften and Berliner's 
having told Schrodinger that Pauli was quite agitated about the matter. 
Schrodinger portrays Einstein's fundamental view of the nature of reality, 
the view lying behind the incompleteness argument, as follows: "He has a 
model of that which is real consisting of a map with little flags. To every 
real thing there must correspond on the map a little flag, and vice versa" 
(Pauli 1985, p. 406). This is Schrodinger's marvelously vivid way of char­
acterizing Einstein's view of the fundamental ontology of field theories, 
the ontology which gives the most radical possible expression to the separa­
bility principle. Schrodinger has rightly discerned that it is this funda­
mental commitment that animated Einstein's opposition to quantum mechanics. 
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Ordinary interferometry employs beams of particles -- photons, elect­
rons, neutrons, and possible other particles -- but the phenomena which it 
studies arise when two amplitudes associated with a single particle combine 
at a locus. When the single particle is characterized by a quantum state, 
the two amplitudes have a definite phase relation. The variation of the re­
lative phase as one or more parameters vary gives rise to the familiar inter­
ferometric "fringe" pattern, which characteristically is sinusoidal. 

The phenomena of two-particle interferometry also arise from the com­
bination of two amplitudes with a definite phase relation. The radical in­
novation is the employment of beams of two-particle systems, with each pair 
in an "entangled" state, that is, a state which cannot be expressed as a 
simple product of quantum states of the two particles separately. That 
quantum mechanics permits in principle the existence of pairs of spatially 
separated particles in entangled states has been known at least since the 
classical paper of Einstein, Podolsky, and Rosen (1935), and the actual 
existence of such pairs has been known since the analysis by Bohm and Aha­
ronov (1957) of the experiment of Wu and Shaknov (1950). It is only in the 
last five years, however, that beams of entangled two-particle systems 
have been subjected to the traditional interferometric techniques of split­
ting, directing, and combination. 

In this lecture we shall analyze a schematic arrangement (Fig. 1) to 
show that when the particle pairs are appropriately prepared, then quantum 
mechanics predicts two-particle interference fringes and predicts at the 
same time the non-occurrence of single-particle fringes. We shall then 
illustrate the experimental potentialities of two-particle interferometry 
by showing how this arrangement makes possible a test of Bell's Inequality 
without polarization analysis. 

Sixty-Two Years oj Uncertainty 
Edited by A. I. Miller 
Plenum Press, New York, 1990 
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Fig. 1. An arrangement for two-particle in­
terferometry with variable phase shif­
ters. 

In the arrangement of Fig. 1 an ensemble of particle pairs is emitted 
from the source S into the beams A,B,e,D, each pair in the ensemble being in 
the entangled quantum state 

(1) 

This state describes a coherent superposition of two distinct pairs of cor­
related paths for particles 1 and 2. In one of these, particle 1 enters beam 
A and is reflected from mirror M! to phase shifter 0 1 en route to beam split­
ter HI' from which it proceeds elther into the upper channel U1 or the lower 
channel Ll; while particle 2 enters beam e and is reflected from mirror Me 
to beam splitter H2 , from which it proceeds either into the upper channel 
U2 or the lower channel L2. In the other pair of correlated paths particle 
1 enters beam D and proceeds to U1 or Ll via mirror ~ and HI' while particle 
2 enters beam B and proceeds to U2 or L2 via mirror M , phase shifter O2, 
and H2 • The beams A,B,e,D are assumed to be in a sing~e plane, and their 
directions ensure momentum conservation (i.e., the sum of the momenta of 
particles 1 and 2 in A and e respectively equals the sum of the momenta of 
particles 1 and 2 in D and B respectively). We wish to calculate the proba­
bilities that the two particles will jointly enter each of the four possible 
pairs of exit channels: (U 1,U2), (Ul'L2), (L1,U2), and (Ll'L 2). Quantur.! me­
chanically each of these probaEilities is expressed as the absolute square 
of a total probability amplitude, for instance, 

(2) 

where the dependence of this probability upon the initial quantum state 
and upon the variable phase shifters 01 and 02 has been indicated explicitly. 
There are two contributions to the probability amplitude AW: one comes from 
particle 1 entering beam A and eventually being reflected from HI, while par­
ticle 2 enters beam e and eventually is transmitted through H2; whereas the 
other comes from particle 1 entering beam D and eventually being transmitted 
through HI, while particle 2 enters beam B and is reflected from H2. In the 
first contribution particle 1 encounters the phase shifter 01, and in the 
second particle 2 encounters the phase shifter 02. We need to calculate the 
relative phase of these two contributions. 

A necessary preliminary to this calculation is the derivation of an eq­
uation governing the phase relations of reflected and transmitted rays from 
a loss less beam-splitter, when two rays are incident symmetrically upon its 
two faces, as indicated in Fig. 2. The rays correspond to quantum states 
of definite linear momentum and are denoted by II> and IJ> respectively. If 
the beam-splitter is symmetric, the moduli of the reflected and the trans­
mitted output from each incident ray are equal. Let II'> denote the total 
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Fig. Z. Incident rays II>, and IJ'> reflected and 
transmitted from a symmetric, lossless 
beam-splitter. 

output state from incident II>, and IJ'> denote the total output state from 
incident IJ>. Following Zeilinger (1981) we use losslessness to connect out­
put to input by a unitary operator U and use the symmetries to write 

II'> 

IJ'> uIJ>, 

(3a) 

(3b) 

where the real numbers rand r' are the phase shifts due to reflection, and 
the real numbers t and t' are the phase shifts due to transmission through 
the beam-splitter. Because of the orthogonality of II> and IJ> and unitar­
ity, II'> and IJ'> are orthogonal, and hence 

o = <I' IJ'> = ![ei(r'-t) + ei(t' - r)] (4) 

so that 

r' - t = t' - r + n(mod Zn). (5 ) 

We now return to Fig. 1 in order to calculate the probability amplitude 
Ao/(Ul,U2101,02). Let rl and tl be the phase shifts of Eq. (3a) associated 
with reflection and transmission of the ray incident upon beam-splitter HI 
from below, and rl' and tl' be the phase shifts of Eq. (3b) associated with 
reflection and transmission of the ray incident upon HI from above. Let 
r2,tZ,rZ' ,tz' have analogous meanings for beam-splitter HZ. Let sl be the 
phase change associated with the upper path of particle 1 from S to HI, 
omitting 01, and sl' be the phase change associated with the lower path, via 
beam D; likewise, let sz be the phase change associated with the upper path 
of particle Z from S to HZ, omitting 0z, and sz' the phase change associated 
with the lower path, via beam C. Finally we use the letters 01 and 02 not 
only to designate the apparatus used for variable phase shifting, but also 
for the amounts of these phase shifts -- an ambiguity of notation which will 
cause no confusion. Using Eqs. (3a) and (3b) and collecting all these 
phases we obtain 

Hence, 

~-![eXPi(sl+01+rl+sZ'+tz') + 

expi(sl'+t l '+sZ+0Z+r Z)]· 

where w is a total fixed phase shift, independent of the variable phase 
shifts 01 and 0Z' specifically, 

(6) 

(7) 

(8) 
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Likewise, 

*[1 + cos(01 - 02 + w')], (9) 

where 

(10) 

and expressions similar to Eqs. (7) and (9) can be given for PW(Ll,U2101,02) 
PW(Ll,L2101,02)' In short, the probability of joint entrance of particles 
1 and 2 into any of the four possible pairs of channels depends sinusoidally 
upon the difference 01-02 of the variable phase shifts. Thus quantum mechan­
ics predicts two-particle interference fringes in the experimental arrange­
ment that has been described. What is extraordinary is that there are no 
one-particle interference fringes in this arrangement, as one can see by 
adding Eqs. (7) and (9) to obtain the probability that particle 1 will enter 
channel Ul' regardless of the behavior of particle 2: 

+ cos(01 - 02 + w) + cos(01 - 02 + w') = !, (11) 

because by Eqs. (8), (10), and (5), 

w' w + (r2'-t2-t2'r2) = w + ~(mod 2~). (12) 

In fact, no matter what the values are of the variable phase shifts 01 and 
02' the single-particle probabilities are the same, namely~. This result is 
at first very surprising, not only because of the sinusoidal behavior of 
the two-particle probabilities but also because in the arrangement of Fig. 1 
each of the particles 1 and 2 seems to be subjected separately to a Mach­
Zehnder interferometric experiment. 

The quantum mechanical explanation for the absence of single-particle 
interference fringes is obtained by returning to the entangled state of Eq. 
(1) and inquiring what it implies about the state of particle 1 by itself 
and the state of particle 2 by itself. Neither 1 nor 2 is in a pure quantum 
state, but both can be described by statistical or density operators WI and 
W2' as discussed, for example, by Beltrametti and Cassinelli (1981),66, where 

!(IA><AI + In><nl), (13) 

W2 + ~(IB><BI + Ic><cl). (14) 

All predictions concerning particle 1 alone, neglecting correlations with 
particle 2, can be obtained from Eq. (13) and will be in exact agreement 
with those obtained from Eq. (1); and all predictions concerning particle 
2 alone can be obtained from Eq. (14) and will agree with Eq. (1). Now WI 
is the statistical operator that would correctly describe an ensemble, of 
which half of the members are in quantum state IA> and half are in quantum 
state In>, though infinitely many other ensembles (so-called "mixtures") 
are correctly described by WI' And likewise, W2 is the statistical operator 
that would correctly describe the ensemble of which half are in state 
IB> and half are in state Ic>. Of course, neither of these ensembles would 
exhibit interference fringes, since each particle in each ensemble travels 
from source to output channel by only one path. Hence, neither ensemble 
takes advantage of the Mach-Zehnder interferometer to bring together con­
tributions by two different paths, with definite phase relations, as required 
for single-particle interference fringes. Another way to put the matter 
is to say that the entangled state of Eq. (1) shows a definite phase relation 
between two two-particle states, namely IA>llc>2 and In>l IB>2' 
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but no definite phase relations between single-particle states. 

An obvious question is how one can know that the quantum state of a 
pair of particles emerging from the source has the form of Eq. (1). There 
are two ways to answer this question, one hard and one easy. The hard way 
is to describe quantum mechanically the process which gives birth to the 
two-particle pair and show that the sresulting quantum state of !+2 has the 
desired form. The (relatively) easy way is to do two-particle interferome­
try, in order to see whether two-particle interference fringes are exhibited, 
for it is straightforward to show that if the quantum state of each pair 
emerging from the source is a product of single-particle states, then the 
two-particle fringe behavior of Eqs. (7) and (9) will not be exhibited. So 
far, the only realizations of two-particle interferometry have used pairs 
of photons lroduced by the interaction of single photons with an appropri­
ate crystal , and in these experiments the observation of two-particle in­
terference fringes provides decisive evidence for the entangled state of 
the emerging two-photon system. 

At the conclusion of the lecture "An Exposition of Bell's Theorem" in 
this volume it was noted that there is no intrinsic reason why a polariza­
tion experiment is necessary for the purpose of testing Bell's Inequality. 
Indeed, the arrangement of Fig. 1 of the present lecture is a special case 
of the schematic arrangement of Fig. 1 of that lecture and can be used to 
test an Inequality, when the following identifications are made: the out­
comes of analysis of particle 1 are passage into channels Ul and Ll' and 
the conventional values sm assigned to these two outcomes are 1 and -1 res­
pectively; likewise the outcomes of analysis of particle 2 are passage into 
channels U2 and L2' and the values tn assigned to these are 1 and -1 res­
pectively; and the variable parameters a and b are taken to be the variable 
phase shifts 01 and 02. Then Inequality (4) of "An Exposition of Bell's 
Theorem" can be rewritten as 

(15) 

The quantum mechanical expectation value of the products of outcomes, when 
the variable phase shifts are 01 and 02, is 

E~(01,02) = P~(Ul,U2101,02)·1 + P~(Ul,L2101,02)·(-1) + 

P~(Ll,U2101,02)·(-1) + P~(Ll,L2101,02)·1 

~[1 + cos(0 1 - O2 + w)]·l + i[l - cos(0 1 - O2 + w)]·(-l) 

+ ~[1 - cos(0 1 - O2 + w)]·(-l) + ~[1 + cos(0 1 - O2 + w)]·l 

(16) 

Now choose the variable phase shifts as follows: 

0i = !n, O2 = in+W, 01 = 0, O2 = (3n/4)+w. (16) 

Then, 

= 0.707, ( 17) 

and 

2.828, (18) 
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in disaccord with Inequality (15). The quantity w which enters into the 
choice of the variable phase shifts in Eq. (16) is determinable experiment­
ally, by varying one or the other of 0 and 0 until the joint probability 
for photon 1 to enter U 1 and photon 2 1 to ent~r' U 2 becomes' 0, and then using 
Eq. (7). 

As discussed in "An Exposition of Bell's Theorem," the detection loop­
hole can be blocked if sufficiently efficient photodetectors are developed. 
It may be easier to block this loophole in the experimental arrangement of 
Fig. 1, which is based upon the linear momentum correlation of the two pho­
tons, than in a polarization correlation experiment, because in the latter 
there are two competing demands on the efficiency of the apparatus: both the 
polarization analyzers and the photodetectors must be sufficiently efficient, 
and these demands are best fulfilled in different energy ranges of the 
photons. 

In order to achieve a test of Bell's Inequality as decisive as that of 
Aspect et al. (1982), it would be necessary to vary the phase shifts ~ 
and ¢ very rapidly, in time intervals of the order of 10 nanoseconds. l 
It is~ of course, very difficult to satisfy this desideratum experimentally, 
but in principle it is possible, either by using acousto-optical switches, 
like those of Aspect et al., or by electro-optical devices. 

Quite apart from the potentiality of our propoaal for achieving im­
provements over previous tests of Bell's Inequalities, it may be pedagogi­
cally valuable. The proposed arrangement is simpler than that of the polari­
zation correlation experiments, and opens the possibility of performing a 
test of Bell's Inequality as a demonstration in an undergraduate class. Fur­
thermore, the demonstration of two-photon interference fringes in the ab­
s€nce of one-photon fringes would be a vivid illustration of quantum mecha­
nical nonlocality. 

FOOTNOTES 

ITwo-particle interferometry using pairs of photons produced by para­
metric down-conversion was reported by Ghosh and Mandel (1987), Hong, Ou, 
and Mandel (1987), Ou and Mandel (1988a) and (1988b), Alley and Shih (1986), 
and Shih and Alley (1988). The last three of these references report tests 
of Bell's Inequality, but in these tests quarter wave plates are introduced 
into the beams for the purpose of transforming momentum correlation into po­
larization correlation. In the proposal of the present lecture, which was 
briefly mentioned in Horne, Shimony, and Zeilinger (1989) and will be deve­
loped in more detail in a later paper by us, polarization correlation is 
completely avoided. Two-particle interferometry using pairs of photons pro­
duced in positronium annihilation was proposed by Horne and Zeilinger (1985), 
(1986), and (1988), but there are great obstacles in the way of realizing 
their proposal. Rarity and Tapster (1989) have also proposed a test of Bell's 
Inequality without polarization analysis, using the momentum correlation 
of photon pairs produced by parametric down-conversion,and had already ob­
tained preliminary results by July, 1989. 
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Summary 

Upon close examination Heisenberg's microscope argument is found to depend on a 
relation between two quite distinct concepts of uncertainty. The first is an uncertainty 
in what can be predicted. The second is related to the notion of resolving power and 
is an uncertainty in what can be inferred (retrodiction). Quantitative measures of 
both kinds of uncertainties are introduced and discussed. The standard deviation is 
criticized as a measure of uncertainty. The usual uncertainty relations connect two un­
certainties of the first kind. Uncertainties of the first and second kinds are also related 
by an uncertainty relation; this relation provides a general basis for the microscope ar­
gument. This new kind of uncertainty relation also allows for an adequate formulation 
of the uncertainty principle for line width and lifetime. 

Bohr's argument with respect to the double slit problem, which is based on the un­
certainty principle, is analysed and is found to depend on two uncertainties of the 
second kind. No corresponding uncertainty relation is known to exist; nevertheless, 
the validity of Bohr's conclusion can be established in a direct way. 

Introduction 

The uncertainty principle (UP) occupies a peculiar position in physics. On the one 
hand, it is often regarded as the hallmark of quantum mechanics. On the other hand, 
there is still a great deal of discussion about what it actually says. A physicist will 
have much more difficulty in giving a precise formulation of the UP then in stating e.g. 
the principle of relativity. Moreover, the formulations given by various physicists will 
differ greatly not only in their wording but also in their meaning. This peculiar state of 
affairs concerning the most famous principle of quantum mechanics reflects the general 
ambiguity of the interpretation of quantum mechanics, and one's favourite formulation 
of the UP will be closely related to one's favourite interpretation of quantum theory. 
This close link between the UP and the interpretation of quantum mechanics makes 
it difficult to discuss the UP in its own right. Nevertheless, one can say a number of 
interesting things about the UP without going deeply into the interpretational problems 
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of quantum mechanics. In the following, we shall need only the barest minimum of 
interpretational postulates. In fact the only interpretational rule that will be used is 
the following: If"p and tP are normalized states, then the number 

(1) 

is the probability of finding the system in the state tP if it was prepared in the state "p. 
By this rule alone a very substantial part of our subject can be discussed. The rule, 
of course, presupposes that it is possible to prepare a system in a state "p and find it 
in a state tP. We shall just assume that these possibilities exist. We also assume that 
in practice it is known what is involved in preparing or finding a system in a certain 
state. For example, if a photon or an electron produces a black spot on a photographic 
plate we take this to mean that the particle has been found in a narrowly localized 
state. Of course, we are fully aware of the problems that are connected with such 
simple statements in quantum mechanics, but we will separate these problems from 
the discussion of the UP proper. By so doing we are thinking along the same lines, we 
believe, as Heisenberg in 1927, the year when he published his first paper on the UP. 
Indeed, firstly, Heisenberg considered the matrix elements as the essential ingredients 
of quantum theory. And, secondly, in trying to understand the physical meaning of 
the new theory, Heisenberg took as his starting point Einstein's remark that it is the 
theory which decides what can be observed. Thus, his famous discussion of thought 
experiments presupposes the validity of quantum mechanics. The thought experiments 
serve to illustrate the workings of the theory and to show its internal consistency. They 
do not provide a basis for the theory or lend support to its validity. Likewise, we shall 
base our discussion on the theory, and in particular on the interpretational rule, and 
investigate what follows from simply that. 

In the following we shall trace some of the early history of the UP. But, at the 
same time, we shall develop a completely new view on the UP which, however, is al­
ready implicit in Heisenberg's original argument. The new view and the corresponding 
uncertainty relation provide a stronger formulation of the UP than the usual one. In 
addition, some of the persistent problems associated with the usual formulation are 
avoided. 

The microscope argument 

The UP was put forward by Heisenberg in 1927 in an article entitled "Uber den an­
schaulichen Inhalt der quantentheoretischen Kinematik und Mechanik" [1]. The title of 
the English translation of this article reads "The physical content of quantum kinemat­
ics and mechanics" [2]. "Anschaulich" has been translated by "physical" which loses 
the visual element contained in the word "anschaulich". In his article Heisenberg did 
indeed want to make 'visible' the meaning of the quantum mechanical commutation 
relation 

qp - pq = in. (2) 

Dirac, in a paper published in 1927 [3], had already remarked that this formula implies 
that "One cannot answer any question on the quantum theory which refers to numerical 
values for both q and p". This is a consequence of the fact that (2) precludes the 
simultaneous diagonalization of the matrices q and p. Thus in quantum mechanics it is 
somehow impossible to assign numerical values to both p and q. Heisenberg wanted to 
show how this comes about by analysing experiments designed to produce such values. 

The starting point of his analysis was the demand that in order to give meaning 
to expressions like "the position of an object" one should indicate an experiment in 
which this position can be measured. For example, one may measure the position of 
an electron by a light microscope. Heisenberg observed that the precision with which 
the position of the electron can be determined in this way, depends on the wavelength 
of the light. In order to enhance the precisio!l I-rays should be used. But then the 
Compton effect becomes important. The photon that is scattered from the electron 
will change the momentum of the electron, and this change will be greater the shorter 
the wavelength of the photon. Thus, the more accurately the position of the electron 
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Figure 1. Heisenberg's microscope with point spread function 

is determined, the less accurately is its momentum known afterwards. If qi and PI are 
the said inaccuracies, then, using the de Broglie relations, one easily finds 

(3) 

Concerning this argument of Heisenberg's the paper has an interesting 'Addition in 
Proof' that mentions critical remarks of Bohr, who saw the paper only after it had 
been sent to the publisher. Bohr remarks that in the microscope experiment it is not 
the change of the momentum of the electron itself that is important. The essential 
point is that this change cannot be precisely determined in the same experiment. In 
fact one may also note that Heisenberg's conclusion is somewhat rash, in view of his 
starting point, since he did not indicate what meaning should be given to the notion 
of momentum in this context. 

An improved version of the microscope experiment was presented by Heisenberg 
in his Chicago lectures of 1929 [4]. Here Heisenberg assumes that the momentum of 
the electron is well determined, for example by a previous precise measurement of 
momentum. Next the electron is illuminated by light of wavelength A. The light enters 
a microscope (fig.l). Suppose a photon that is scattered from the electron is detected 
at a point x of a photographic plate in the image plane of the microscope. What can be 
inferred from this about the position q of the electron? Because of the wave character 
of the light, and because of the finite aperture of the microscope, the image of a point 
source is a small blob which is a diffraction pattern. As a consequence, the microscope 
has a limited resolving power. The accuracy of the determination of the position of 
the electron is of the order of this resolving power, which, according to optics, is given 
by A/sin f.. Hence, 

A 
Sq'" -. -. (4) 

SIllt 

On the other hand, the direction of the scattered photon is unknown within the angle tj 
hence, its momentum is uncertain by an amount ~ sin t. The electron then experiences 
a recoil which is likewise uncertain by the same amount. Hence, the momentum after 
the observation has become uncertain by Sp '" ~ sin f., and we have 

SpSq'" h. (5) 

Heisenberg, in his lectures of 1929, called relation (5) an "Indeterminacy" relation 
(Unbestimmtheitsrelation). This contrasts with the term "inaccuracy" which he had 
used in his first paper. We are probably seeing here the influence of Bohr's remarks. 
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e x 
Figure 2. The point spread function I~B( x) 12 

(It is interesting to note that in the English translation of Heisenberg's 1927 paper[4] 
the word "Ungenauigkeit", in the abstract, has been translated by "indeterminacy" 
which, of course, has quite a different meaning. It seems that the translator has not 
been able to suppress his own views on the matter.) It would be interesting to trace 
the first occurrence of the various terms that are used in the literature to refer to the 
UP. The term "uncertainty" was in use already by 1929 (e.g. Condon & Morse [5]). 
In the sequel we shall use the term "uncertainty" throughout as a neutral term the 
meaning of which will be specified in each particular case. 

Let us see what the uncertainties in the case of Heisenberg's microscope actually mean. 
Heisenberg identified the uncertainty in the position measurement of the object, the 
electron, with the resolving power of the microscope. The resolving power is connected 
with the width of the image of a point source, the so-called point spread function. The 
shape of this diffraction pattern is shown in fig. 2. The position of the pattern in the 
image plane depends on the position of the object in a linear way, i.e. if q is the position 
of the object in the object plane and 0 is the coordinate of the diffraction maximum, 
then 0 is a linear function of q. (For simplicity we shall consider one dimension only, 
i.e. the object "plane" is a line.) If a photon is detected on the photographic plate 
in the image plane, i.e. if a black spot is formed, the question that arises is to which 
diffraction pattern the photon belongs. Our best guess, of course, is to assign a photon 
detected at a point with coordinate x to the pattern that has its maximum at this 
same point, i.e. our best guess is O(q) = x. From this the position q of the electron 
follows. However, we are not certain about the assignment. The photon could also 
belong to a slightly shifted diffraction pattern. This induces an uncertainty in the 
position q of the electron from which the photon was scattered. This uncertainty is 
called the resolving power of the instrument. It is usually quantified by Rayleigh's 
well-known criterion. According to this criterion two diffraction patterns which are 
shifted with respect to each other, become distinguishable when the maximum of the 
one coincides with the first minimum of the other. In our case this shift is of the order 
of the width of the central peak of the pattern, and this was taken by Heisenberg as 
the inaccuracy in the position determination of the electron by the microscope. For 
obvious reasons we shall call a width of the above kind a translation width. As another 
example, consider the diffraction pattern of a grating (fig. 3); it consists of a number 
of widely separated narrow peaks. The resolving power, in this case, is the width of 
the narrow peaks: if we translate the pattern by an amount of this order of magnitude 
it becomes distinguishable from the original pattern. 

The problem with which we are confronted here can be stated as follows. We are 
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Figure 3. The diffraction pattern of a grating 

given a set of probability distributions; in our case this is the set of shifted diffrac­
tion patterns characterized by the parameter (). These probability distributions assign 
probabilities to the outcomes of certain experiments; in our case these outcomes are 
the positions of black spots on the photographic plate. Next, we are given an outcome. 
The problem then is to infer the probability distribution to which this outcome belongs 
or, equivalently, to estimate the parameter (). Stated in quantum mechanical terms the 
problem is: given the outcome of an experiment, what can we say about the state of 
the system before the measurement? 

The problem of inferring a probability distribution from a set of outcomes is a 
central problem of classical statistics, and we shall return to it presently. But let us 
first continue with Heisenberg's microscope. According to quantum theory the spread 
in the diffraction pattern is connected with a spread in the momentum distribution 
of the photon. (The momentum distribution is the absolute square of the Fourier 
transform of the wave function in x-space.) Because momentum is conserved in the 
scattering process, the momentum distribution of the electrons, after the experiment, 
has this same spread. Thus, by doing an experiment from which one may infer the 
position of the electron with an uncertainty oq, one can predict the momentum with 
which the electron will be found in a subsequent momentum determination, with an 
uncertainty op, where oq and op are related by relation (5). Here we encounter a 
second, and in physics more common, aspect of probability theory. This time we are 
given a probability distribution, the momentum distribution of the electrons, and we 
ask what can be predicted from this about the outcome of an experiment. 

The above formulation of the microscope experiment conforms Closely to the original 
formulation of Heisenberg. Note that only one measurement is actually performed: 
the determination of the photon's position. From the result of this measurement a 
prediction can be made about the outcome of a subsequent measurement of the photon's 
(or electron's) momentum. No simultaneous measurements are involved! Neither are 
joint probabilities, nor is the projection postulate. 

Two kinds of uncertainty 

The structure of the microscope argument, then, is as follows. From the detection of a 
spot on the photographic plate one draws an inference about the previous state of the 
system. This can be done with an uncertainty that is related to the translation width 
of the system. Let us call this an uncertainty of the second kind. Next, from this state, 
one deduces what can be predicted about the outcome of a subsequent momentum 
measurement. Let us call the uncertainty in this prediction an uncertainty of the first 
kind. The UP now says that the two uncertainties are related and cannot both be 
arbitrarily small. 
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From the point of view of general quantum mechanics the uncertainties of the first 
and second kind correspond to two ways in which one can look at the quantity 

1< 4>1t/! > 12, 

namely, (1) suppose the system is prepared in a given state t/!i to what extent can we 
predict the state 4> in which it will be found? And, (2) suppose the system is found in 
some given state 4>i to what extent can we infer the state in which it was prepared? 

Let us elaborate somewhat on this distinction. 

1. Assume that a system is prepared in a state t/!. Consider a measurement performed 
on the system and let {4>i} denote the orthonormal set of eigenstates of this measure­
ment. To what extent can we predict in which of the states 4>i the system will be 
found? The answer is determined by the probability distribution Pi = I < 4>dt/! > 12. 
Intuitively one would say that the uncertainty in this prediction depends on the shape 
of this probability distribution. If the probability is largely concentrated in a small 
subset of the possible values i the uncertainty is smalli if the probability is uniformly 
distributed the uncertainty in this prediction is large. Thus, as a measure of uncer­
tainty of this kind one is led to adopt a mathematical expression that measures the 
width or spread of the probability distribution Pi over the values of i. 

2. Suppose the system is found in the state 4>i. What can one then infer about the 
state in which the system has been prepared if that state is known to belong to a given 
set of candidate states {t/!o}? Let us for simplicity assume that this set consists of 
two states t/!(l) and t/!(2). The answer to our question is determined by the probabil­

ities pP) = I < 4>dt/!(l) > 12 and pi2 ) = I < 4>ilt/!(2) > 12. For example, if only one of 
these probabilities is non-zero, then the measurement result allows us to rule out one 
possibility. On the other hand, if both probabilities are equal the measurement result 
gives equal support to both candidate states. In general, for arbitrary i, one would say 
that the measurement allows a certain inference if pP)p~2) = 0, for all i, whereas the 
inference is completely uncertain if pP) = pI2), for all i. Thus one is led to consider 
as a measure of the uncertainty in inference which is connected with the considered 
measurement and set of candidate states, some mathematical expression that measures 
the overlap of the two probability distributions pP) and pi2 ) 

This idea can be extended to the case where the set of candidate states depends on 
some parameter e. Then we may say that the measurement allows an accurate infer­
ence about the value of 8 if the overlap between Po and P0+58 already vanishes for small 
displacements ~e. In fact we may adopt a typical value of ~8, for which the overlap 
between Po and P0+50 has diminished appreciably, as a measure of the uncertainty in 
8 by obvious analogy with the notion of resolving power. The problem of defining a 
quantitative measure of uncertainty of the second kind will be considered again later 
on. 

The key question now is whether uncertainty relations of a general kind exist between 
the two kinds of uncertainty. It is very gratifying that the answer turns out to be 
affirmative. We shall return to this subject later on, but we would like to emphasize 
already now that, since the two uncertainties are conceptually quite different, the quan­
titative measures of these uncertainties must be defined quite differently. Heisenberg, 
not being aware of the distinction, took the resolving power (which, as we have seen, 
is a translation width) as a width of the first kind, i.e. as the length of an interval on 
which a large portion of the total probability is situated (viz. the central diffraction 
peak). But generally a translation width does not have this character, as is shown 
by the diffraction pattern of a grating (fig. 3). For the simple pattern of fig. 2 the 
two kinds of width are numerically of the same order of magnitude and can be easily 
confused. Thus, Heisenberg, in the sequel of his paper, formulated the UP as a math­
ematical relation between two uncertainties of the first kind. And the same held, until 
quite recently, for all subsequent discussions of the UP. This historical fact has had a 
considerable influence on the further development of the subject. 
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The standard uncertainty relation and its problems 

Let us continue with the chronological development. As a first step to a quantita­
tive formulation of the UP Heisenberg, in his 1927 paper, considered a Gaussian wave 
packet in position-space. The wave packet in momentum-space, being the Fourier 
transform of the wave function in position-space, is itself a Gaussian also. The widths 
of the corresponding probability distributions are inversely proportional. This, ac­
cording to Heisenberg, is a simple mathematical expression of the UP. Note that the 
resolving power aspect of uncertainty, which was implicit in the microscope argument, 
has disappeared completely. 

In the same year, this result was generalized by Kennard [6] who proved the well­
known relation 

(6) 

where tl denotes the standard deviation: 

(7) 

and 
1 J . ¢(p) = - e-·pqtf;(q)dq 
~ 

(8) 

Relation (6) holds for any normalized wave function; the equality sign corresponds to 
Gaussians. 

The Kennard relation uses the standard deviation as a measure of quantum uncer­
tainty. At the time, this may have seemed a natural thing to do. The uncertainties 
of quantum mechanics seemed to be connected with measurements. In his paper of 
1927, Heisenberg himself referred to ql as the "mean error" (mittlerer Fehler). The 
term "error" also appears in many later formulations of the UP. Condon & Morse in 
1929 write l 

- All measurements of position are affected by an error tlx and the simultaneous 
measurement of momentum is affected by an error tlp. 

And Bohm in his book2 of 1951 says: 

- If a measurement of position is made with accuracy tlq, and if a measurement 
of momentum is made simultaneously with accuracy tlp, then the product of the 
two errors can never be smaller that '" h. 

Note, that besides using the word "error" for quantum uncertainties, these authors 
also refer quite explicitly to simultaneous measurements. 

The use of the term "measurement error" to indicate the quantum uncertainties 
wrongly suggests that the latter are related to ordinary classical measurement errors. 
Classical measurement errors are usually distributed according to a Gaussian distribu­
tion ("law of errors") and the standard deviation is, of course, an appropriate measure 
of the width of a Gaussian. But quantum uncertainties refer to the outcomes of ideal 
measurements, they are not related to classical measurement errors. This is borne 
out by the fact that they are described by arbitrary probability distributions, not just 
Gaussians. Therefore, the use of the standard deviation as a measure of quantum un­
certainty is not as natural as it might have seemed; actually it is not very appropriate 

Iref 5, p 21 
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at all. As an example, consider the diffraction pattern of fig. 2. It is given by (putting 
{} = 0) 

(9) 

Here 1r / a is the width of the central diffraction peak which, in this case, Heisenberg 
took as a measure of uncertainty. The standard deviation 6.x in (9) diverges. Hence, 
relation (6) is useless already for Heisenberg's first example! Exactly the same happens 
in Heisenberg's second example, in which he uses a narrow slit to fix the position of 
the particles [4]. The diffraction pattern of the slit is again given by (9). The standard 
deviation diverges in many other physical applications as well; another well-known ex­
ample is the Breit-Wigner form of spectral lines. The divergence is caused by the heavy 
weight the standard deviation places on the far away parts of the probability distribu­
tion. As a consequence, it is possible to concentrate almost all of the probability on a 
very narrow interval and still have a very big standard deviation. This is illustrated, 
again, by the distribution (9). If the parameter a increases, the distribution (9) ap­
proaches a a-function. Nevertheless, the standard deviation is infinite for all values of 
a. The standard deviation, therefore, is not a good measure of the extent to which 
the bulk of a probability distribution is concentrated: even if 99% or more of the total 
probability is concentrated on an arbitrarily small interval the standard deviation may 
be arbitrarily large. The remarkable consequence is that from relation (6) it does not 
follow that the p and q distributions cannot be simultaneously arbitrarily narrow. In 
fact, they could both approach a a-function without violating relation (6). 

Re.mark 

Our criticism of the standard deviation as a measure of quantum uncertainty does 
not rule out its usefulness for special purposes. The main example is provided by the 
harmonic oscillator the Hamiltonian of which is also basic to quantum optics. In the 
energy eigenstates the quantities 6.q and 6.p are directly related to the potential and 
kinetic energy of the oscillator, respectively. In the ground state 6.q = 6.p = Ifh, 
corresponding to the minimum in (6). In quantum optics q and p become related to 
the photon creation and annihilation operators and acquire a more abstract mean­
ing. An important class of special states are the coherent states characterized by 

6.q = 6.p = Ifh. Quite recently, still another class of states, the squeezed states, 

characterized by 6.q6.p = tli j 6.q =f 6.p has attracted attention. In a squeezed state 
6.q (or 6.p) may be much smaller than its ground state value. The physical mean­
ing of this fact can only be appreciated, however, by expressing it in terms of photon 
numbers. 

Thus, the quantities 6.q,6.p and relation (6) may be relevant and interesting in 
special states of special Hamiltonians, but this does not alter their shortcomings as 
general expressions of the UP. 

The Landau-Pollak relation 

Clearly, then, the standard deviation, for a general probability distribution, does not 
express what we intuitively mean when we say that a probability distribution is narrow. 
By saying this we mean that the main part of the probability is concentrated on only a 
small subset of the set of possible outcomes. In that case we can predict the outcome 
with only a small uncertainty. A direct measure of this kind of uncertainty is given by 
the magnitude of this set. So, in our case, we may define the uncertainty connected 
with the probability distribution 11jJ(q)12 , as the length Wq of the smallest interval on 
which a large fraction Q (90% say) of the total probability is situated. Wp may be 
defined in a similar manner for the distribution 1<,6(p)12. In 1961 Landau and Pollak [8] 
of the Bell Telephone Company, proved that these uncertainties satisfy the relation 

Wp Wq ~ c( Q) if Q ~ ~ (10) 
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(c(o:) is of order 1). It is this relation, rather than (6), which expresses the fact that 
it is not possible to concentrate a large part of the probability distribution in both 
q- and p-space on an arbitrarily small interval. This intuitive content of the UP for 
uncertainties of the first kind, therefore, was not proven until 1961! 

The inequality (10) provides a conceptually stronger formulation of the UP than 
(6) because it connects more stringent measures of uncertainty. Indeed, with the help 
of the Bienayme-Chebyshev inequality, one can show that 

Hence, the Landau-Pollak relation already implies the existence of a lower bound to 
the product D..pD..q. . 

Relation (10) no longer suggests a connection with measurement errors. It has 
a much clearer interpretation than relation (6). The width W may be taken as an 
uncertainty of the first kind. Then, according to our simple minimal interpretation, 
relation (10) says that in a given state of the system it is not possible to predict the 

. outcomes of both q- and p-measurements with arbitrary precision. These measurements 
need not be performed simultaneously. Uncertainty· relations between uncertainties of 
the first kind express what can be simultaneously predicted. 

This interpretation of the UP has been put forward and strongly defended by Karl 
Popper (1934) [9]. We have seen, however, that uncertainties of the first kind cannot 
tell the whole story about the UP. 

In recent times other relations between uncertainties of the first kind have been 
derived, e.g. the so-called entropic uncertainty relation (d. [10]), but we shall not 
discuss them here. 

The Robertson relation 

Before going on we will comment briefly on a generalization of relation (6) that was 
derived by Robertson in 1929[11]: 

1 
D..AD..B ~ 21 < AB - BA > 1 (11) 

Here, A and B are arbitrary Hermitian operators. This relation has played a very 
important, though not very fortunate, role in the further development of the subject, 
for it has been considered by most physicists as the supreme expression of the UP, on 
which all uncertainty relations should be modelled. However, it also uses the standard 
deviation as a measure of uncertainty and, in this respect, it fares no better than 
relation (6). But as compared to relation (6) it has an additional defect, namely that 
its right-hand side depends on the state of the system. If the state is an eigenstate of 
A the right hand side of (11) vanishes, as does D..A, and no restriction at all follows 
for D..B. However, what's really bad about (11) is that it directs attention to the 
wrong direction. The relation suggests that one must have Hermitian operators for 
every pair of quantities that obey the uncertainty principle. This demand has led 
to a fruitless search for an operator of time in quantum mechanics with the help of 
which one could express the uncertainty principle for energy and time [12]. In the 
early literature, notably already in Heisenberg's 1927 paper, the uncertainty relation 
between energy and time was seen as closely analogous to the one between position and 
momentum. By contrast, the Robertson relation (11) introduces a sharp distinction 
between the position-momentum and energy-time uncertainty relations. Actually, 
relation (11) also leads to difficulty with regard to the position-momentum relation. 
In relativistic quantum mechanics the status of position as an operator is problematical, 
and a position operator for the photon does not exist at all. This renders the Robertson 
relation incapable of dealing with Heisenberg's microscope experiment! 
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Figure 4. (a). The double slit experiment, (b). The double slit interference pattern 
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The double slit argument 

The double slit experiment is another favourite illustration of the workings of the UP. 
The problem differs in an essential way from the microscope problem. The question 
now is: Is it possible to determine through which slit the particles pass and still observe 
interference? Bohr denied that this possibility exists on account of the UP. He argued as 
follows3 • Suppose a particle passes through the screen and is detected on a photographic 
plate behind the screen (fig. 4). In order to locate the slit through which the particle 
passed, the screen is suspended from a spring so that the recoil of the screen caused by 
the passage of the particle can be detected. If the initial momentum of the particle is 
p, the recoil difference due to the passage through the one slit or the other is Sp", = ~. 
For, this difference to be distinguishable the initial momentum P of the screen along 
the x-direction must be known with an uncertainty SP < ~. Then, by the UP, the 
position of the screen in this direction is uncertain by an amount SQ > ;;d· But 2';d is 
precisely the width of the interference bands. Hence, Bohr concludes, the interference 
pattern does not appear. 

It is clear from the above that the relevant width in this argument is numerically 
equal to the width of the interference bands. This implies that the argument cannot 
be based on the uncertainty relations (6) or (10) because the measures ~ and Ware 
insensitive to the fine structure of the interference pattern (the standard deviation even 
diverges). On the other hand, the translation width of the pattern clearly is sensitive 
to the width of the interference bands and has the same order of magnitude. This 
suggests that it is, once again, an uncertainty of the second kind which is relevant to 
this problem. That this is indeed the case becomes clear if one notes that in the above 
argument it is the distinguishability of two different momentum states of the screen 
that is crucial. We shall return to the double slit argument in the final section. 

A measure of uncertainty of the second kind 

The distinction between two kinds of questions that can be asked in probability theory, 
which led us to distinguish between two kinds of uncertainty, is not at all typical for 
quantum mechanics. In particular, the problem of deciding between possible probabil­
ity distributions on the basis of outcomes is the central problem of classical statistics 
and it was studied quite intensively at about the same time as Heisenberg invented 
quantum mechanics. Recently, the physicist W.K. Wootters(13] developed a concept 
of "statistical distance" between two probability distributions. This concept is meant 
to characterize the ease with which two probability distributions can be distinguished 
on the basis of outcomes. The larger the statistical distance, the easier it is to distin­
guish the two distributions. According to Wootters' criterion, the statistical distance 
between two probability distributions pll) and pl2) is found to be 

d(p(I),p(2)) = arccos I: pP)pl2). 
i 

(12) 

We note the occurrence of the overlap of the two probability distributions, in accordance 
with our heuristic considerations, but even more striking is the occurrence in this 
expression of the square root of the probabilities, reminiscent of quantum mechanics, 
although it has nothing to do with that subject. In quantum mechanics the probability 
distributions arise as follows. Let 1/;(1) and 1/;(2) be the states between which one must 
decide on the basis of a measurement whose possible outcomes are characterized by the 
complete orthonormal set of states <l>i. The corresponding probabilities are 1< <l>d1/;(I) > 
12 and 1< <l>d1/;(2) >12, (i = 1, ... , n), and the corresponding statistical distance is 

3ref 2, p 25 

arccos L I < </>;11/;(1) > II < <l>il1/;(I) > I· 
i 
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Now, Wootters remarks, the quantum mechanical case differs from the classical case 
in the following respect. In order to distinguish between 1jJ(1) and 1jJ(2) many different 
experiments are available some of which suit the purpose better than others. For 
example, the two spin ! states parallel to the z-axis are more easily distinguished by 
measuring the spin in the z-direction than by measuring it in any other direction. Thus, 
we are led to define the "absolute" statistical distance between two quantum states as 
the distance with respect to the most discriminating experiment. As is easily seen, the 
most discriminating experiments are the ones that have either 1jJ(I) or 1jJ(2) among the 
I/>i, and we find 

(13) 

We may then adopt as a criterion for the distinguishability of two states, 1jJ(I) and 1jJ(2), 
the condition 

(14) 
or 

(15) 

where (3 is some conveniently chosen positive number smaller than 1. 
Condition (15) may be seen as a natural generalization of Rayleigh's criterion to 

arbitrary states. If the states belong to a set of states which are translated copies of 
each other, like the states 1jJo in the microscope problem, we shall define these states 
as having translation width w if w is the smallest number for which 

(16) 

(By this definition the states become distinguishable for the first time if they are 
translated with respect to each other by the translation width. By a further translation 
they may become indistinguishable again.) In the case of the microscope, w is of 
the order of the width of the central peak of the diffraction pattern and coincides, 
numerically, with the width W of this pattern. But in the case of the double slit pattern, 
the two widths are numerically very different. Whereas W is inversely proportional to 
the slit width, w is inversely proportional to the distance between the slits. In fact one 
can show [15] that for a general pattern w ::; W if 0'2 + (32 ~ 1. 

A new uncertainty relation 

We now come to the question of the existence of uncertainty relations for uncertainties 
of the second kind. To this end we first give a more general definition of the concept of 
translation width [14]. Suppose the system is symmetric with respect to translations 
in space. We shall consider only one spatial dimension and denote the coordinate of 
the spatial reference frame by x. Then in the Hilbert space of the system there exist 
a one-parameter group of unitary operators, representing translations of the system in 
space: 

U(a) = e-iaP , a EIR. (17) 
The Hermitian operator P, the generator of the translation group, is by definition the 
operator of the total momentum of the system .. We assume that P has as (improper) 
eigenvalues the real numbers. The eigenvectors Ip > form a complete orthonormal set: 

< pip' >= ~(p - p'); J Ip >< pldp = ] (18) 

The set of translated states generated by a state Il! is given by U( a) Ill! > for all values 
of a. By analogy with (13), the translation width of Ill! > is defined as the smallest 
number Wx satisfying 

1< Il!IU(wx)11l! > 1=(3 (19) 

Inserting the complete set of states Ip> in < Il!IU(a)11l! > we have 

< Il!IU(a)11l! >= J e-iapi < pill! > 12dp = J e-iap ll/>(p)1 2dp, (20) 
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where </>(p) =< pll]i > is the wave function of the state in p-space. Using this relation 
one can prove [15] the following relation between the translation width of I]i and the 
width of its momentum distribution: 

WxWp~C(o,,8), if ,85,20-1. 

Here Wx is defined by (19), Wp is the width of 1</>(p)12 as defined above (10) and, 

1+,8-0 
C( 0,,8) = 2 arccos . 

o 

(21) 

(22) 

In practice C is a number of order 1. Relation (21) connects the translation width of 
I]i with respect to spatial translations (a width of the second kind) with the width Wp 
of the momentum spectrum of I]i (a width of the first kind). This is exactly the kind of 
uncertainty relation that is needed for Heisenberg's microscope argument. It connects 
the distinguishability of translated states (-t the resolving power of the instrument) 
with the predictability of the momentum of these states (-t the predictability of the 
momentum of the object (electron) after the measurement). 

Note that it has not been necessary to introduce a position operator for the system. 
This makes the relation applicable to photons! On the other hand, the momentum 
appears as the fundamental operator generating translations in Hilbert space. 

The uncertainty relation between lifetime and line width 

The foregoing immediately suggests that the same formalism can be applied to trans­
lations in time. The corresponding operator in Hilbert space is 

U(r) = eirH (23) 

where H is the Hamilton operator representing the total energy of the system. In 
contrast with the spectrum of P, the spectrum of H is assumed to be bounded from 
below; also, it may contain discrete eigenvalues. The matrix element < I]iIU(r)11]i > is 
called the "survival amplitude" of I]i. The temporal translation width Wt , defined by 

(24) 

is related to the lifetime of the state: e.g. taking,82 = ~, Wt is the half life of the state. 
Using the completeness of the eigenstates IE> of H, one has 

(25) 

From this relation the uncertainty relation 

(26) 

can be derived analogously to the derivation of (21). The width WE is a measure of the 
"line width" of the state. Thus, relation (26) is a general uncertainty relation between 
the lifetime and the line width of a state. Note that in this derivation we needed neither 
the existence of an operator of time, nor the exponential approximation to the survival 
amplitude that is necessary for the usual derivation of an uncertainty relation between 
lifetime and line width of an unstable state. (Note also that the standard deviation of 
the resulting Breit-Wigner line diverges.) 

Thus, the Heisenberg microscope, and the closely related single slit experiment, as 
well as the relation between lifetime and line width, are all essentially illustrations of 
uncertainty relations of type (21) and (26) which relate uncertainties of the first and 
second kind. Also, an uncertainty relation between angular momentum J and angle 
</> can be derived along the same lines [14]. P, Hand J appear as operators, while, 
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Figure 5. The spectral interferometer 

x, t, and ¢> are simply parameters parametrizing the set of "translated" states. As 
a consequence, the corresponding uncertainty relations, unlike relations (6) and (11), 
are not symmetric in the variables. The reason, of course, is that the new uncertainty 
relations relate conceptually distinct kinds of uncertainty. From our point of view, 
relations (6) and (11) relate uncertainties of the first kind. One may ask whether 
relations also exist relating two uncertainties of the second kind. As far as we know, 
this is not the case. 

Uncertainty and interference 

Finally, we must discuss the double slit experiment. The problem here is slightly 
different from the preceding problems because the phenomenon of interference itself 
is explicitly addressed. The Michelson spectral interferometer provides a more simple 
situation than the double slit experiment, so let us discuss this first. In its modern 
form, due to Twynman and Green, it works as follows (fig. 5). Light from a source is 
collimated by a mirror. The resulting beam is divided by a beamsplitter B. The partial 
beams are reflected by mirrors Ml and M2 and again meet the beamsplitter. The light 
from the resulting overlapping beams is collimated again and detected at a detector D. 
The intensity of the light at D depends on the relative phase of the overlapping beams. 
By moving one of the mirrors this phase may be changed. As a result, the intensity at 
the detector changes rapidly with a period of the order of the average wave-length of 
the light. The "visibility" of this interference phenomenon is defined as 

V _ lmax - lmin - , 
Imax + lmin 

(27) 
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where fmax and froin are the intensities of adjacent maxima and minima. One studies 
the variation of Vasa function of the displacement a of the mirror. If the light 
consists of coherent pulses of length I, it is clear that Veal drops to zero if the mirror 
is displaced over this distance because the coherent wave packets in the two beams no 
longer overlap. In general, Veal clearly depends on the overlap of these coherent wave 
packets. In fact, V( a) turns out to be proportional to the overlap integral 

Veal ()( 1< \lf1U(a)I\If > I, (28) 

where \If denotes the wave packet. If the phase of the matrix element in (28) can 
also be determined, then the wave number spectrum of \If can be obtained from (20). 
That's why this instrument is called a "spectral" interferometer (the wave number is 
u = p/h). 

It is immediately clear that this experiment measures the translation width of the wave 
packets. Indeed, a = w'" is the distance by which the mirror should be displaced so 
that V( a) drops to the value (3 for the first time. Also, by (21), a lower bound W" on 
the width of the wave number spectrum of the wave packet can be obtained. 

Essentially the same situation as is realized in the Michelson interferometer for light has 
been realized for neutrons in a beautiful instrument called a neutron interferometer[16]. 
It has been claimed in the literature that, by measuring the visibility Veal as a function 
of a, the standard deviation of the neutron wave packet in position space has been 
obtained and the validity of relation (6) has been established. On closer inspection, 
however, it is found that what has actually been measured in this experiment is the 
translation width of the neutron wave packet [17]. 

From the above discussion it will be clear that the translation width is closely 
connected with the interference phenomenon and that it is directly measured in well­
known experiments. 

The double slit revisited 

In a number of ways the situation here is more involved. We have seen that Bohr 
applied the UP to the screen with the slits, and that he considered this screen to be 
in such a state \If that a change of momentum of order CP '" ~ can be discerned. 
Hence, we are dealing with the discrimination between states which are translated in 
momentum space rather than in position space. Up to now we did not need to assume 
the existence of a position operator for our system, but if we want to apply the same 
formalism as before we need to assume this now. Let Q be the position operator of the 
screen. (Compare also [14].) Its eigenfunctions are denoted by Iq >, where q E IR are 
the eigenvalues of Q, and 

< qlq' >= c(q - q'); J Iq >< qldq = 11. (29) 

From 
QP-PQ = in (30) 

and (17) follows 
U(a)lq> = Iq+a> (31) 

Because of the complete symmetry between Q and P the unitary operator 

(32) 

is the translation operator in momentum space: 

V(b)lp >= Ip + b > . (33) 
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Also, 

< wlV(b)lw > = J eibql < qlW > 12dq 

= J eibq l1/J(q)1 2dq (34) 

where 1/J(q) =< qlw > is the wave function of the screen in position-space. Again, it 
follows that 

(35) 

with WI' defined by 
(36) 

For the two momentum states of the screen which occur in Bohr's argument to be 
distinguishable, it is necessary that WI' < ~. It follows from (35) that Wq ~ ;P~. 
This means that the position of the screen can only be predicted with an uncertainty 
which is larger than the width of the interference bands of the interference pattern. 
According to Bohr, the interference pattern will not occur under these circumstances. 

Bohr's argument has an intuitive appeal: it suggests a fuzziness of the position of 
the screen which causes a blurring of the interference pattern. Let us see if we can 
substantiate this argument with the help of the uncertainty relation (35). Suppose the 
interference pattern did show up. We would then be able to infer the position of the 
screen with an uncertainty of the order of 21i;d' the resolving power. This would mean 
that the translation width Wq of the state of the screen in q-space cannot be greater 
than 21i;d. But this does not contradict the condition Wq ~ 2~d! The width Wq is 
defined as the length of the interval in q-space on which a large fradion a of the total 
probability is situated. Inside this interval the probability distribution is arbitrary: 
it could be concentrated, for example, in two narrow peaks at the boundaries of the 
interval. These peaks may themselves be much narrower than 2~d' and we would have 

Wq < ;;d. Hence, the condition Wq ~ 2~d does not rule out the simultaneous validity of 

the condition Wq < 21i;d for the occurrence of the interference pattern. (In this example 
two interference patterns, separated by a distance Wq with respect to each other, would 
occur.) 

Thus, on closer inspection, Bohr's argument is found to be inconclusive. It cannot 
be based on any of the known uncertainty relations. For the relations (6) and (10) 
this is obvious because the widths appearing in these relations have incorrect orders of 
magnitude. With regard to relation (35) the inconclusiveness of the argument follows 
from a closer scrutiny of the meaning of the uncertainties. Nevertheless, though Bohr's 
reasoning is not correct, his conclusion still is! A direct calculation of the interfer­
ence pattern of a movable screen shows that it is the visibility (27) of the interference 
pattern, rather than the width of the interference bands, which is related to the dis­
tinguishability of the two momentum states. In fact, this visibility turns out to be 
proportional to the matrix element 

I < wlV(b)lw > I (37) 

wherew is the state of the screen and b = ~. The same matrix element (37) is 
also a direct measure of the distinguishability of the two momentum states. Thus, 
whenever these states can be completely distinguished, that is, if the slit through which 
the particles pass can be determined with certainty, the visibility of the interference 
pattern also vanishes [18]. 
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On 18 September 1931 Werner Heisenberg wrote to Niels Bohr that "my work 
seems to be somewhat gray on gray." The bright future for quantum physics that 
seemed to be just over the horizon in Fall of 1927 darkened with the formulation of 
relativistic quantum mechanics. The principal problems were: P.A. M. Dirac's 1928 
electron theory predicted negative energy states that resisted interpretation; in 
1928. Heisenberg and Wolfgang Pauli found that in quantum electrodynamics the 
electron's self energy is divergent; and the continuous energy spectrum of ~­
particles in the su pposedly two- body final state of nuclear ~-de cay implied that 
energy was not conserved in nuclear reactions and that perhaps quantum 
mechanics was not valid within the nucleus. 

At the 20-2'5 October 1930 Solvay Conference Bohr, Dirac, Heisenberg and Pauli 
concurred that fundamental difficulties in quantum electrodynamics might be 
clarified through investigating measurability of electromagnetic field quantities. 
Upon return to Copenhagen from Brussels. Bohr continued discussing field 
measurements with Lev Landau who happened to be visiting. In December 1930 
Landau went on to Zorich where he interested Pauli's assistant Rudolf Peierls in 
field measurements. Their deliberations led to a joint 1931 publication entitled, 
"Extension of the Uncertainty Principle to Relativistic Quantum Theory" (Landau 
and Peierls, 1930. They concluded that electromagnetic field quantities could not 
be measured in the quantum domain and assumed the root of the difficulty to be the 
negative energy states in Dirac's theory of the electron. Consequently, they wrote, 
"it would be surprising if the formulation of quantum electrodynamics bore any 
resemblance to reality." Landau and Peierls' results bore not only on the validity of 
quantum electrodynamics, but more generally on how a theory of submicroscopic 
phenomena ought to be structured. Fundamental problems that everyone assumed 
to h ave been settled in 1927 surfaced again. 

The situation became severe enough that, in 1932. Bohr reanalyzed the field 
measurement problem with his assistant Leon Rosenfeld. Their results are in the 
1933 paper "On the Question of the Measurability of Electromagnetic Field 
Quantities" (Bohr and Rosenfeld, 1933). Besides demonstrating inadequacies and 
errors in Landau and Peierls' conclusions, they deduced new complementarities in 
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quantum field theory that further elucidated the measurement situation in 
nonrelativistic quantum mechanics. The Bohr-Rosenfeld opus can be rightly 
considered to be the sequel to Bohr's (1928) complementarity paper. It is typically 
cited without any further discussion as the place where field measurements are 
carefully examined. The style is vintage Bohr. Every long sentence is a gem in its 
construction: omit a single word and the sentence loses its meaning. The 
mechanical contrivances for field measurements rival James Clerk Maxwell's 
models of the ether. 

I will use published papers and correspondence to explore this fascinating and 
often forgotten episode in the history of physics which bears on physics today. I 
will proceed as follows: 

(1) To set the stage I begin with Heisenberg's discussion of field measurability 
in 1929 which was the first attempt at this problem; 

(2) The paper of Landau and Peieris; 
(3) Reactions by Bohr, Heisenberg and Pauli; 
(4) The Bohr-Rosenfeld paper; 
(5) I will conclude with some affects of their analysis on physics in the 1930's 

and the relevance of their work to physics today. 

1. HEISENBERG'S DISCUSSION OF FIELD MEASURABILITY IN 1929 

In the chapter entitled "Critique of Wave Theory" in his 1929 University of 
Chicago lectures Heisenberg argues that since there are restrictions on the particle 
view of matter, and since in quantum physics there is a wave-particle duality, then 
there must be restrictions on the wave picture (Heisenberg, 1930). 

Even in classical electromagnetic theory there are limits to the measurement 
accuracy of field quantities because only the averaged value of wave amplitudes 
over finite regions of space and time can be measured. But whereas in classical 
physics one can consider ideally shrinking a measurement volume to zero, what is 
the situation in quantum electrodynamics? 

Consider a region of space of side 51 and volume Sv = (50 3 filled with light of 
wavelength A > 51. Light of wavelength A < 51 is not interesting because its wave 
effects average out to zero. The energy and momentum of light in this spatial 
region is 

Sv 
G =-(E x H) 

4nc 

(1) 

(2) 

If E and H were known exactly there would be an inconsistency with particle 
theory because 5v could be reduced enough so that the usual inequalities for light 
quanta 

E>hv 

hv 
G>­

c 

would be violated. Eqs.( l) - (4) lead to uncertainties in E and H of 

hc 
(6Ex ) (6Hy) > (504' (5) 

which refers to simultaneous knowledge of Ex and Hy in the same spatial volume. 
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Without proof Heisenberg states that in different volume elements Ex and Hy 
can be measured to any degree of accuracy. which is rather bold because he has not 
yet even described a method to measure fields. Heisenberg next moves to correct 
this deficiency because as had been de rigueur in fundamental investigations for 
Bohr and Heisenberg since 1927. "it must be possible to trace the origin of the 
uncertainty in a measurement of the electromagnetic field to its experimental 
source." 

Heisenberg suggests a measurement of Ex and Hy with two collimated beams of 
electrons passing through a volume element t.v. The uncertainty relation in Eq.(S) 
can be obtained by taking into account two inaccuracies: (1) the angular 
deflection of each beam must be greater than its dispersion at the collimating slit; 
and (2) the field produced by one electron (as a particle) influences the field 
measured by another electron in an intrinsically uncontrollable manner owing to 
the uncertainty of each electron's position. 

To complete the analysis Heisenberg derives the uncertainty relation in Eq.(S) 
from the equal time commutation relation for Ex and Hy. that is. from the 
formalism of quantum electrodynamics. 

In summary thus far: Heisenberg'S notion that there are uncertainty 
relations for the electromagnetic field is correct and so is his idea to take into 
account effects of the test charge on the field to be measured. But his detailed 
analysis turned out to be incorrect. This was made forcefully clear by Bohr and 
Rosenfeld in 1933. in their response to results of Landau and Peierls, to which we 
turn next. 

2. THE PAPER OF LANDAU AND PEIERLS 

Landau and Peierls begin by claiming the necessity to extend the uncertainty 
relations for energy and time, and momentum and position. into relativistic 
situations. Consider a system with energy (momentum) E (P) before measurement 
and E' (P') after measurement. Assume that the energy and momentum of the 
measuring apparatus are known. Since conservation of momentum applies exactly, 
the momentum uncertainties in the initial and final states are equal 

6P =.oP'. (6) 

According to time-dependent perturbation theory the most favorable situation for 
conservation of energy is 

.0 IE - E'I > .!i . 
.ot 

(7) 

Over a long time .ot those final states are given preference for which energy is 
conserved. Eq.(7) is also the uncertainty relation for energy and time which is 
rooted in the unknown interaction energy between measuring instrument and 
system being measured. Since .o(E - E') = (v - v').oP. where v (v') is the system's 
initial (final) velocity. then 

Iv - v'l .oP > .!i . 
.ot 

The upper limit on lv' - vi from relativity is c. Therefore . 

.Ii 
6P .ot >­

C 

(8) 

(9) 
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and so, except for a long time measurement, "introduction of the concept of 
momentum [into relativistic quantum mechanics] is meaningless." 

In measuring the change of momentum of a charged body an additional 
inaccuracy enters due to the radiation emitted. Assuming now that velocities 
before and after measurement are much less than c, the emitted radiation energy is 

e2 (v' - v)2 
Eradiation = c3 t.t (10) 

which has to be taken into account in the energy balance and so yields another 
inaccuracy 

(11) 

Their key point is that whereas Eq.( 11) gives no new information for 
electrons, it yields a new result for macroscopic charged bodies where the charge e 
is a very large integral multiple of the elementary charge. The new result is 
obtained by multiplication of Eqs. (8) and (11) which gives 

h'~2 t.P t.t > - -. c Hc 
(12) 

Since here e2 »Hc then this uncertainty relation is more stringent than the one 
for momentum and position from nonrelativistic quantum mechanics 

Eq.(12) is central to their derivation of uncertainties in field measurements, to 
which they turn next. 

Landau and Peierls propose to measure an electric field by measuring the 
change in momentum of a heavy charged test particle placed in the field. They use 
a heavy test body in order to exclude interference by the body's own magnetic field. 
After a time t.t the body's momentum is measured to within an accuracy t.P. Then 
the magnitUde of the electric field strength can be known with an accuracy 

e t.E t.t > t.P. ( 14) 

Multiplication of Eqs. (12) and (14) gives 

E Wc t. > 
(c t.t)2 

with a similar result for the uncertainty of the magnetic field strength t.H 

H Wc t. > 
(c t.t)2 

(16) 

Eqs.(15) and (16) are for separate field measurements. 

For simultaneous measurement of E and H Landau and Peierls include the 
effect of the magnetic field of the charged probe 

v' e 
t.H b ----pro e - c (t.0 2 

(17) 
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where 61 is the distance between the test charge and the magnetic needle that is set 
up to measure H. which yields 

(18) 

According to Eqs.(15), (16) and (18) there are no measurement uncertainties 
for static fields where 6t = 00. But in the quantum range, write Landau and Peierls, 
"field strengths are not measurable quantities," that is, not exactly measurable 
quantities and, in no small part, this is due to the uncertainty relation in Eq.(11). 
As further support they recall that the vacuum expectation value of the square of 
the electric field strength is infinite. This catastrophe they relate to the 6t = 0 limit 
of Eq.(15) which gives "an infinite indeterminancy of the field strength." 

Glaringly absent in these calculations is any connection between the 
commutation relations for the electromagnetic fields and the uncertainty relation 
in Eq.(18), and there is no discussion of averaged values of fields. Landau and 
Peierls place the field measurability problem among the other woes of quantum 
electrodynamics that include lack of meaning of momentum in the theory. But in 
their view the most insidious problem in quantum electrodynamics is the 
unmeasurability of the electron's position which is an inherent part of the theory 
owing to negative energy states. Consequently, they conclude, "it would be 
surprising if the formulation of [quantum electrodynamics] bore any resemblance 
to reality. And so, in the "correct relativistic quantum theory ... there will therefore 
be no physical quantities and no measurements in the sense of wave mechanics." 
As yet further support for their radical view of overthrow of foundations they 
offer the continuous energy spectrum of p-rays in nuclear p-decay. 

3. REACTIONS BY BOHR. HEISENBERG AND PAULI 

Landau and Peierls wrote their paper in December to early January of 1930-
1931. Heisenberg received a preprint and reacted immediately in a letter to Bohr of 
23 January 1931 (Pauli, 1985): "Landau and Peierls totally misunderstand the limits 
of the uncertainty relations in quantum electrodynamics." Heisenberg elaborated 
in a letter to Peierls of 26 January 1931: 

"It is very clear to me -- and beautifully put in your work -- that in the 
present quantum mechanics of relativity effects there are many too many 
unobservables inserted into the theory ... .! have a criticism against your work that I 
have also often maintained against Bohr: I have always believed that existing 
concepts collectively fail. But what interests me are those few relations that do not 
fail. e.g., in 1924 the Burger-Dorgelo sum rules ... .! shall study your work closely, 
whether actually all concepts fail, as you maintain. And I hope to learn from it" 
(emphasis in original). 

Heisenberg goes on to criticize their assertion that there is no uncertainty 
relation for static fields as trivial because the time averaged values of any operators 
over long time intervals always commute. 

Concludes Heisenberg, "Hopefully before long you will write a paper on 
concepts that do not fail." 

On 12 March 1931 Heisenberg wrote to Pauli that Bohr agreed with Landau and 
Peierls' uncertainty relations, bu t found their derivations sloppy. Bohr's principal 
criticism was that their uncertainty relations "in no way mean that the relativistic 
quantum mechanics is too narrow and must give way to a more general formalism. 
[Also] in non relativistic wave mechanics only a small portion of all operators are 
measurable." Heisenberg agreed with Bohr and emphasized that "The 
nonmeasurability of operators is not a good criterium for the non-closedness of a 
theory." Heisenberg has clearly come a long way from his apparently positivistic 
stance in the 1925 matrix mechanics paper. 
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Pauli was pungently direct in a letter to Peierls of 3 July 1931 written from 
Ann Arbor Michigan, where he had lectured on the Landau-Peierls paper. Like 
Bohr, Pauli believed that: 

"[The) foundation for the inequalities of the field strengths is not correct.. .. 1t 
is obviously incorrect that the radiated energy (e2 (v - v')2)/(c 3at) is an 
undetermined energy variation. (On account of that result you regard that all 
considerations are in question only for macroscopic probe bodies with charge e, for 
which e2/11c > I,) It may be that the radiated energy also contains an 
indeterminancy on account of the uncertainty in its time duration, but in first 
approximation the radiated energy is certainly a determined variation. Also the 
equation 

(v - v') aP > (e2 (v - v')2)/(c 3at) 

is surely not correct as an uncertainty relation. This, indeed, follows from the fact 
that it does not contain h. If it is correct then an indeterminancy principle for the 
momentum of charged particles would have to be postulated in classical 
theory"(emphasis in original). 

With the following caveat Pauli encouraged Peierls to publish his results: 
"You must publish (with Landau) either an improved derivation of the inequalities 
for the field strengths, or you must publically own up to it that these inequalities 
(for charged macroscopic probe bodies) are presently not substantiated." 

In a letter of 18 January 1933 to Heisenberg, Pauli expresses doubts over 
Landau and Peierls' uncertainty relations because he had thought of a possible way 
to measure with arbitrary accuracy the momentum change or recoil of the probe 
body due to its own field. Consider placing the probe body inside of a very large 
chest that is permeable to light. The recoil of the chest resulting from absorption 
of the energy radiated from the momentum change of the probe body can be 
measured accurately at least for highly-charged macroscopic bodies, thereby 
avoiding the uncertainty relation Eq.O 1), But Pauli had a "feeling" that this was 
not the case. 

Unknown to everyone, Bohr had already acted to correct the situation, as he 
writes to Pauli on 25 January 1933: 

"[W)e surely all agree that we stand before a new developmental phase, which 
requires new methods. What to me stands at the heart of the situation is that we 
should not anticipate this development through misuse of apparently logical 
arguments. The necessary caution to the danger of the Landau and Peierls 
men tality has indeed led to a closer investigation of the limits of the quantum 
electrodynamical formalism. Even if I could not find an error in Landau and 
Peierls' arguments on the measurement of electromagnetic field quantities, their 
criticism of the formalism's foundation always made me uncomfortable [since I the 
particle problem does not enter explicitly. Together with Rosenfeld I have in the 
autumn undertaken the task and we have arrived at the result that full agreement 
stands between the principal limits of the measurements of the electromagnetic 
force and the exchange relations of the field components in the formalism. We 
show that the measurement disturbance caused, according to Landau and Peierls, by 
the emitted radiation of the probe particle can be totally eliminated .... It is 
demonstrated, e.g., that the average value of all electric and magnetic field 
components, taken on the same space-time region, are fully commutable, and that 
consequently the ones cited in the example in Heise~berg's book on the exactness 
proof of the formalism are not at all suitable." 

Pauli's letter to Peierls of 22 May 1933 relays Bohr's opinions and results with 
Rosenfeld on field measurements which Pauli had read and found no errors. Pauli 
goes right to the heart of the matter: 
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"If a measurement inaccuracy-inequality exists that does not emerge directly 
from the theoretical formalism as an exchange relation. then one must have 
assignable physical grounds for one such relation. For the relations in your work 
these grounds are the factual errors due to the negative energy states .... But for the 
field measurement the negative energy states play no role [because the exchange 
relations] do not contain the charge. mass. or dimensions of the probe body." 

4. THE BOHR-ROSENFELD PAPER 

This being the case. Bohr and Rosenfeld (1933) use the unequal time 
commutation relations for free fields: 

[ Ex(U . E y(JI) ] = [ Hx(I) . Hy(II) ;= i...rv;;. ( Axy(I. II) - AYXOI. 1) ) (20) 

[ Ex(U. H x( 1) ]= 0 (21) 

where I and II refer .to different space-time regions. bars over field quantities 
designate averaged values. e.g .. 

ExO) = VI\I Idv JExdt (23) 

where the volume I is of extent LI and of duration TI and 

Axx(I. II) = - 1 Jdq Jdt2~dV1 JdV2(~- 12 1I:1211t2)(-'tir
l (t2-q-VIVIITITII. lIx1 11x2 c 

I [II I VII 

£) (24) 
c 

They emphasize that the appearance of S-functions in the nonaveraged 
commutation relations mean that the "quantum field theoretical quantities are not 
true pont functions [and] unambiguous meaning can be given only to" averaged 
values. 

Bohr and Rosenfeld go on to remind everyone that a consequence of 
noncommutability of operators are uncertainty relations: 

6. "'Ex""O) 6. E;""OI) -iii Axx(I. II) - Axx0I. 1) I (27) 

(28) 
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(29) 

(30) 

Several results follow immediately from symmetry properties of the A's and 
B's, for example, when TI = TIl and VI = VII, then all commutators vanish. So the 
averages of all field quantities are exactly measurable when two space-time regions 
coincide. This contradicts Heisenberg's 1929 result in Eq.c;n. 

Field fluctuations must be considered: 

"The fluctuations in question are intimately related to the impossibility, which 
is characteristic of the quantum theory of fields, of visualizing the concept of 
light quanta in terms of classical concepts." 

In fact, it will emerge from the analysis to follow that the more exact is the 
measurement of the average value of the electric field strength, the less exact can 
we know the photon composition of the field being measured. A new 
complementarity emerges in quantum field theory. 

In order to assess the affect of fluctuations on field measurements, Bohr and 
Rosenfeld define a critical field strength S to be the square root of the order of 
magnitude of the averaged value of the vacuum fluctuation. For field strengths 
greater than S fluctuations can be neglected. They define the order of magnitude 
of a second critical field U to be the square root of the product of uncertainties in 
field strengths, for example. the square root of the terms in Eq. (27). 

The space-time region that Bohr and Rosenfeld investigate is the one where L 
> cT. The region where L < cT is uninteresting because wave properties are 
averaged out in the time integration. The quantities Sand U are: for L < cT 

S-U-~ 
LcT 

and for L > cT 

~ ~ S- --andU- -
L2 L3T' 

Consequently. for L > cT 

U __ /L 
S '1Cf 

(31) 

(32) 

and so for L » cT fluctuations can be neglected. Having estimated these critical 
field strengths, Bohr and Rosenfeld turn to the assumptions required for physical 
field measurements. 

Like Landau and Peierls, Bohr and Rosenfeld define measurement of the 
electric field strength through the change in momentum of a suitable test body 

Px' - Px = P Ex VI. (34) 

But unlike Landau and Peierls. Bohr and Rosenfeld define all terms in the 
operational manner that, in Bohr's opinion, is necessary for quantum mechanics: p 
is the uniform charge density distribution over the test body that fills the volume V 
(Bohr and Rosenfeld go on to show that optimum measurement conditions, that is, 
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minimum t:. Ex ' for L > cT require a large number of elementary charges on the test 

probe, thereby permitting the idealization of a continuous volume charge density. 
This is opposite to classical electromagnetic theory in which the idealization is that 
field measurements can be made with point charges at each space-time point.); the 
time interval 6t over which the change of momentum occurs is much less than the 
temporal extent T of the volume V; and the average field is being measured. 
Although increasing the test body's mass reduces its acceleration during the 
momentum measurement, quantum mechanics gives an intrinsic uncertainty in 
position of amount 

where 6Px is the accuracy of the momentum measurement. However, continued 
Bohr and Rosenfeld, this state of affairs does not restrict the field measurement 
because another quantity is available, namely, the charge density p. From Eqs.(34) 
and <3~» they obtain for an order of magnitude accuracy 

11: 
t:.Ex =-VT' pt:.x 

So even a small measurement error 6x can be offset by a sufficiently large p which 

can reduce the measurement error t:. Ex . 

What about the field generated by acceleration of the test body which is 
superposed on the field to be measured? Landau and Peierls had concluded that it 
was just this additional field that prevented any accurate measurement of 
electromagnetic field quantities because it brought in restrictions that went 

. beyond the uncertainty relation t:.x t:.px - J:i. But they were wrong ab initio for the 
following reasons: they used formulae for essentially point charges as test probes; 
they did not use averaged field values; the only way that Bohr and Rosenfeld could 
reproduce their results was not to distinguish between unaveraged and averaged 
field quantities, or between the time interval t:.t during which the test body 
undergoes a change in momentum and the characteristic duration T of the space­
time measurement region. 

Rather than Landau and Peierls' method for calculating effects of the 
electromagnetic reaction force on a point probe, Bohr and Rosenfeld use a test body 
with a uniform volume charge distribution. They estimate the momentum transfer 
to be 

and not the one obtainable from Landau and Peierls' Eq.( 10). So no matter what the 
values are of p, t:.px, or U, for t:.t « T, effects of the electromagnetic reaction force 
can be lessened. But, needless to say, t:.t can never be zero and, at first sight, effects 
of the radiation reaction force cannot be separated from the field to be measured. 
Bohr and Rosenfeld will demonstrate that this is not the case for a single field 
measurement in one spatial region. 

But first they deal with Pauli's suggestion to exactly measure the momentum 
change in Eq.O 0, thereby avoiding any field uncertainties. Since from Eq.(37) the 
radiation reaction force is always mixed with the field to be measured, then any 
attempt to disentangle the radiation fields produced in the momentum 
measurements by investigating the composition of the test probe's field would 
impair the measurement in question. 
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Next Bohr and Rosenfeld deal with an assumption implicit throughout their 
analysis: the test body behaves like a rigid body. The momentum transfer 
measurement can be performed either by collision of the test body with another 
suitable heavy body, or by means of the Doppler effect. It will turn out that in 
either case the test body must be brought to rest and then returned to its original 
position. They prove that in both cases the measurement can be analyzed 
classically and without use of relativity. Since to optimize measurement accuracy a 
macroscopic test body must be chosen, then atomic considerations against a rigid 
body can also be neglected 

With these preliminaries settled, Bohr and Rosenfeld turn to calculating the 
electromagnetic reaction force on the test body, for which they use classical 
electrodynamics. Consider two space-time regions I and II with volumes VI and VII 
and time extent TI and TIl. What is the electromagnetic field produced in II due to a 
field measurement in I? Assume that VI is filled with two charge distributions PI 
and - pI . They are attached to a fixed frame that serves also as a coordinate system. 
During an interval Atl « T the test body with charge density PI is removed from the 
frame and experiences a displacement through a distance DxO) and is then brought 
to rest and remains so for a time At2 « T; during a time interval At3 «T the test body 
is moved back to its initial position where it coincides with the neutralizing body 
and is reattached to the rigid frame. For infinitesimal At'S the test body's field is 
produced by an electric dipole of extent Dx0), whose average value in region II is 

ExO, II) = Dx(I) PI VI TI AxxO, II) (38) 

Ey(I. II) = Dx(I) pI VI TI Axy(I. II) (39) 

RxO, II) =0 (40) 

Ry(I. II) = Dx(I) pI VI TI Bxy(I. II) . (41) 

These equations are from classical electrodynamics. What about quantum­
mechanical restrictions? The field intensity produced by the momentum 
measurement of the test probe is P AX. SO the field energy in the measurement 
volume V is p2 (Ax)2 V. Consequently. the number of light quanta n in the test 
body's field is 

p2(AX)2VL p2cAx)2L 
n- hc - cTU2 (42 ) 

The maximum accuracy for the quantum domain is obtained by making P as large as 
possible and U as small as possible. Since they consider L > cT, then the number of 
light quanta in the field produced by the probe body is huge and so the more 
accurate are the classically calculated fields. 

There are now two cases to be considered: measurement of the average of a 
single field in one spatial region and measurement of the average of a single field 
component over two spatial regions. 

Consider measurement of Ex in a space-time region I. Then, by definition, 
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Ex(I) is the averaged value of E; if no field measurement were made. Ex(I,I) is 

the field in I produced by the test body in I. which is calculated from classical 
electrodynamics. As before 

where the displacement is predictable within t.xI. The larger the value of PI. the 

greater will be the contribution from Ex(U) . For minimal value of t. Ex (with 

respect to t.x), Bohr and Rosenfeld obtain 

which is the critical field value U in Eq. (32). Although this value can be less than 
the one of Landau and Peieds, nevertheless it could exclude any measurement of 
fields in the quantum domain. 

Can we get rid of the probe's field? Yes, claim Bohr and Rosenfeld. Field 
effects of the test body can be completely compensated because the electromagnetic 
field quantities of the test probe are mathematically analogous to spring forces. For 

example, setting regions I and II equal in Eq. (38) yields that Ex(U) is 

proportional to the charge's displacement Dx(I) from equilibrium. Bohr and 
Rosenfeld consider a contrivance where the test body is attached to a fixed frame 
with a spring whose force constant K is 

(46 ) 

and which provides a force counter to the forces arising from the test body's own 
fields in Eq. (38). Similar considerations hold for the fields in Eqs. (39) - (41). 

Consequently, the reaction force of the probe body can be eliminated and the 
accuracy of a single field measurement "is restricted solely by the limit set for the 
classical description of the field effects of the test body." 

Here Bohr and Rosenfeld draw a far-reaching comparison between 
measurements in nonrelativistic quantum mechanics and quantum field theory, 
which clarifies Bohr's often repeated statement that ultimately all measurements 
are accomplished with classical concepts. In nonrelativistic quantum mechanics 
and quantum field theory there is an essential nonseparability between object and 
measurement system. But there is an important difference in the role of classical 
physics in these two theories. In nonrelativistic quantum mechanics the accuracy 
of classical mechanics in the measurement process is impaired owing to the 
uncontrollable interaction between object and measuring system that gives rise to 
statistical expectations. In quantum field theory optimal accuracy in 
measurement requires ever more well defined classical field concepts. This result 
is rooted in the complementarity between the photon constitution of the field to be 
measured and the field effects of the macroscopic test body. 

What about measurement of a single field, for example, Ex, in two different 

space-time regions? 

The relevant equations are: 

(47) 
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(48) 

where £;Of ( Ex( II) ) is the field to be measured when it is averaged over region I 

(II); Ex(U) (Ex(II.II» is the field due to the test body's acceleration in I (II); and 

Ex(l,II) (ExOI,I) ) is the field produced by the test body's acceleration in II (I) 
-"7:-:,..-::-:07"" 

that affects the field measurement in I (II). The contributions ExO ,I) and Ex(I UI) 

can eliminated with springs attached to the test bodies. What about the 

contributions from Ex(l,II) and Ex(IU) ? 

Analogous to the case of a single field measurement Bohr and Rosenfeld obtain 

(49) 

(50) 

Increasing either of the charge densities increases the error in the other field 
measurement. 

The minimal product of the uncertainties is clearly 

(50 

which differs from the uncertainty relation in Eq.(27) owing to the plus sign. In 
general, Eq.(51) agrees with Eq.(27) when one of the 5-functions in Eq. (27) 
vanishes. But, mor.e importantly, Eq.(51) contradicts what one expects for the 
measurement of two field averages over the same space-time domain. 

Consequently, "demonstration of the agreement between measurability and 
quantum electromagnetic formalism requires a more refined measuring 
arrangement." They accomplish agreement through further mechanical 
"contrivances" that include insertion of a third test body that is neutral and 
connected to test bodies with springs and which can communicate with test body II 
with light signals. These "contrivances" yield the minimum product of the 
uncertainties in Eq.(27). Therefore the quantum electrodynamical formalism 
agrees with the concepts of classical electrodynamics and with thought 
experiments that take account of quantum mechanical restrictions. Contrary to 
Landau and Peierls, the field of the probe body does not impair field measurement, 
but is "an essential feature of the ultimate adaptation of quantum field theory to the 
measurability problem." (For discussion of sequel investigations by Bohr and 
Rosenfeld see Corinaldisi (1953).) 

CONCLUSION 

What was the affect of the Bohr-Rosenfeld paper? 

The paper made an enormous impact on Bohr. As he wrote to Pauli (1985) on 
15 February 1934, "eliminating electrons with their divergent self energy from 
measurements of the electromagnetic field ... was for me a great liberation." That 
the "field concept" must be applied with caution could well reside in the fact that 
"all field actions can be observed only through their effects on matter." Bohr 
began to look at fundamental problems differently. For example, continued Bohr, 
since we can consider electron theory to be an idealization valid for actions greater 
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than h, then why not consider quantum electrodynamics to be an idealization 
whose concepts are valid for charges much larger than the fundamental charge. 
Then there ought to be a correspondence principle argument for taking quantum 
electrodynamics down into smaller space-time regions. Evidence for such a 
correspondence principle is "Einstein's 1916 derivation from essentially 
correspondence principle arguments [from the old Bohr atomic theory] of the 
radiation law that has as one of its consequences fluctuation phenomena." Bohr 
suggested that further investigations of field quantization and measurement theory 
could be the route to a consistent theory of matter free of divergences. And this 
path "would make research purely illusory toward further construction of hole 
theory." As a start Bohr suggested (with no details given) applying a version of 
quantum electrodynamics and measurement theory to atomic physics problems. 

On 23 February 1934 Pauli wrote to Heisenberg that Bohr's statements on the 
application of field theory and measurement theory to atomic physics are "ganz 
konfus." 

Pauli's comments notwithstandin g, in 1935 Heisenberg proposed a 
reformulation of quantum electrodynamics somewhat analogous to Bohr's. In 1935 
the situation in quantum electrodynamics was desperate (see Miller, 1991). 
Attempts by Heisenberg, Pauli. and Victor Weisskopf at a quantized density matrix 
formalism in which the electron's self energy is finite had failed. Heisenberg 
wrote to Pauli on 25 April 1935 that the situation was similar to the one in 1922, "W ir 
wissen dass alles falsch ist." In a subsequent letter Heisenberg wrote to Pauli that 
with regard "to the discussion of these difficulties we should remember Bohr and 
Rosenfeld's analysis from which emerged that only for the average values of field 
strengths over a definite space-time region stand simple indeterminancy 
relations." Heisenberg proposed a formulation of the quantized density matrix 
theory where aUo-functions that give rise to light cone singularities are replaced 
with a nonsingular function t,. that has a finite width, thereby smearing out 
singularities. Heisenberg emphasized that in this new quantum electrodynamics 
analysis of measurement interferences will be as important as in quantum 
mechanics. Suffice it to say that Heisenberg abandoned this line of research. 

This paper explores an episode in the history of quantum measurement theory 
in which confusions of the late 1920's surfaced again, in particular, the 
relationship between commutativity of operators and their uncertainty relations, 
and vice versa for Landau and Peierls. We learn from the Bohr-Rosenfeld paper 
that in certain cases this relationship is a deep-rooted complementary one. A spin 
off from Bohr and Rosenfeld's analysis were attempts by Bohr and then Heisenberg 
to reformulate quantum field theory with methods of measurement theory, a 
unique turn that may be worth bearing in mind today. 
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ON THE COLLAPSE OF THE WAVE-FUNCTION 

I-INTRODUCTION 

David Z. Albert 

Dept. of Philosophy 
Columbia University 
New York City 

There is a conventional wisdom about what a workable theory of the 

collapse of the wave-function ought to be able to do, which runs like 

this: 

(i) 
I It ought to guarantee that measurements always have outcomes 

(that is: it ought to guarantee that there can never by any such thing in 

the world as a superposition of 'measuring that A is true' and 'measuring 

that B is true'). 

(ii) It ought to preserve the familiar statistical connections 

between the outcomes of those measurements and the wave-functions of the 

measured systems just prior to those measurements (that is: it ought to 

guarantee that a measurement of non-degenerate observable 0 on a system 

in the state I~> yields the result 0' with probability 1<~1~>12, where 

o I ~>=o' I ~» . 
(iii) It ought to be consistent with everything which is 

experimentally known to be true of the dynamics of physical systems (for 

example: it ought to be consistent with the fact that isolated 

microscopic physical systems have never yet been observed not to behave 

in accordance with linear quantum-mechanical equations of motion; that 

such systems, in other words, have never yet been observed to undergo 

collapses). 
2 Bell has recently suggested that an interesting theory of the 

collapse of the wave-function due to Ghirardi, Rimini and Weber 3 looks as 

if it may be able to do all that; b~t the present note will show how, on 

closer examination, it begins to look much less so. 

Sixty-Two Years 0/ Uncertainty 
Edited by A. I. Miller 
Plenum Press, New York, 1990 
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II-THE PROPOSAL OF GHIRARDI, RIMINI AND WEBER 

Ghirardi, Rimini and Weber's idea (which is formulated for non-

relativistic Schrodinger Quantum mechanics) goes like this: 

function of an N-particle system 

The wave-

(1) 

usually envolves in accordance with the Schrodinger equation; but every 

now and then (once in something like ~. 101Ssec.), at random, but with 

fixed probability per unit time, the wave-function is suddenly mUltiplied 

by a normalized Gaussian (and the product of those two separately 

normalized functions is multiplied, at that same instant, by an overall 

normalizing constant). The form of the mUltiplying Gaussian is 

- - 2 2 
K exp( - [x-rkl /2/:::. ) (2) 

-where is chosen random from the and the width of the r k at arguments r n' 
-S Gaussian, /:::., is of the order of 10 cm. The probability of this 

-Gaussian's being centered at any particular point x is stipulated to be 

proportional to the absolute square of the inner product of (1) 

(evaluated at the instant just prior to this 'jump' ) with (2). Then, 

until the next such 'multiplication' or 'jump' or 'collapse' (as these 

sudden events have variously been called), everything proceeds, as 

before, in accordance with the Schrodinger equation. The probability of 

such jumps per particle per second (which is taken to be something like 
-lS 

10 ,as we mentioned above), and the width of the multiplying Gaussians 

(which is taken to be something like 10-Scm.) are new constants of 

nature. 

That's the whole theory. No attempt is made, and no attempt need be 

made, to 'explain' the occurrence of these 'jumps'; that such jumps 

occur, and occur in precisely the ways stipulated above, can be thought 

of as a new fundamental law; a beautifully straightforward and absolutely 

physicalist law of collapse, wherein (at last!) there is no talk at a 

fundamental level of 'measurements' or 'amplifications' or 'recordings' 

or 'observers' or 'minds'. 

Given what is experimentally known to be true at present, this 

theory can very probably do (iii). Here's why: for isolated microscopic 

systems (i. e. , systems consisting of small numbers of particles) 'jumps' 

will be so rare as to be completely unobservable in practice; and /:::. has 

been chosen large enough so that the violations of conservation of energy 

which those jumps must necessarily produce will be very very small (over 
4 

reasonable time-intervals), even in macroscopic systems. 
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Ghirardi, Rimini, and Weber and Bell think that this theory can very 

probably do (i) and (ii) too. Here is what they seem to have in mind: 

they suppose (if we read them correctly) that every measuring instrument 

must necessarily include some sort of pointer, which indicates the 

outcome of the measurement, and that the pointer (if this instrument 

really deserves to be called a measuring instrument) must necessarily be 

a macroscopic physical object, and (this is what will turn out to be 

problematic) that the pointer must necessarily assume macroscopically 

different spatial positions in order to indicate different such outcomes; 

and it turns out that if all of that is the case, then the GRW theory can 

do (i) and (ii). 

It works like this: suppose that the GRW theory is true. Then, for 

measuring instruments such as were just described, superpositions like 

alA>IMeasuring Instrument Indicates That 'A'> 

+~IB>IMeasuring Instrument Indicated That 'B'> (3) 

(which will invariably be superpositions of macroscopically different 

localized states of some macroscopic physical object) are just the sorts 

of superpositions that don't last long. In a very short time, in only as 

long as it takes for the pointer wave-function to get mUltiplied by one 
I 15 

of the GRW Gaussians (which will be something on the order of N . 10 

seconds, where N is the number of elementary particles in the pointer) 

one of the terms in (3)· will disappear, and only the other will 

propagate, and the measurement will have an outcome. Moreover, in 

accordance with (ii), 'the probability that one term rather than another 

survives is proportional to the fraction of the norm which it carries'. 

the details are spelled out quite nicely in Ref. 2. 

The question, of course, is whether all measuring instruments (or, 

rather, whether all reasonably imaginable measuring instruments) really 

do work like the ones described above. 

III-STERN-GERLACH EXPERIMENTS 

Here is a standard sort of Stern-Gerlach arrangement for measuring 

the z-spin of a sPin-t particle: the measured particle, to begin with, is 

passed through a magnetic field which is non-uniform in z direction. 

That field splits the wave-function of the particle into spatially 
I 1 5 separate a Z= + 2 and a Z= 2 components. Those two components move 

(freely, perhaps, or perhaps under the influence of additional fields) 

towards two different points (call one A and the other B) on a florescent 

screen. The screen works like this: a particle striking the screen at, 

say, point B, knocks atomic electrons in the screen in the vicinity of B 
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into excited orbitals. A short time later, those electrons return to 

their ground states, and (in the process) emit photons, and thus the 

vicinity of B becomes a luminous dot, which can be observed directly by 

an experimenter. 

We want to inquire whether or not the GRW theory entails that a 

measurement such as this has an outcome. That will depend on whether or 

not there ever necessarily comes a time, in the course of such a 

measurement, when the position of a macroscopic object, or the positions 

of some gigantic collection of microscopic objects, is correlated to the 

measured z-spin. With all this in mind, let's rehearse the stages of the 

measuring-process again: 

First the wave-function of the particle is magnetically separated 
I I 

into Gz=+ 2 and Gz= -2 components. No outcome of the z-spin measurement 

(no collapse, that is) will be precipitated by that, since, as yet, 

nothing in the world save the position of that particle6 (nothing, that 

is, save a single microscopic degree of freedom) is correlated to the z­

spin. Let's keep looking. 

Next, the particle hits the screen, and at that stage the florescent 

electrons get involved. Consider however, whether those florescent 

electrons get involved in such a way as to precipitate (via GRW) an 

outcome of the z-spin measurement. Here is the crucial point: the GRW 

'collapses' are invariably collapses onto eigenstates of position (or, 

more precisely, onto narrow Gaussians in position-space); but it is the 

energies of those florescent electrons, and not their positions, that get 

correlated, here, to the z-spin to be measured! The GRW collapses aren't 

the right sorts of collapses to precipitate an outome of the measurement 

here. 

Let's make this point somewhat more precise. Suppose that the 

initial state of the measured particle is an eigenstate of x-spin. Then, 

just after the impact of the particle on the screen, the state of. the 

particle and of the various florescent electrons in the vicinities of A 

and B will look (approximately; ideally) like this: 

I I + 1 - A> 
~ G Z= 2' x= MP 

(4) 

where 'MP' is the measured particle, e l ... eN are florescent electrons 

in the vicinity of A, eN+I ... e 2N are florescent electrons in the 

vicinity of B, It> represents an excited electronic state, and I~> is a 
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ground state. Suppose, now that a GRW 'collapse' (that is: a 

multiplication of (4) by a Gaussian of the form (2), where rn is the 

position-coordinate of one of the florescent electrons) occurs. Consider 

whether this sort of collapse will make one of the terms in (4) go away, 

and allow only the other to propagate. The problem, once again, is that 

these aren't the right sorts of collapses for that job; because It> can't 

be distinguished from I~> in terms of the position of anything. (Here's 

a somewhat more precise way to put it: the position differences between 

It> and I~>, which do, in fact, exist, are far smaller than the I05cm 

widths of the multiplying Gaussians). Indeed, such a collapse will leave 

(4) almost entirely unchanged (except, perhaps, in the wave-function of 

some single one of the many many fluorescent electrons). 

We have left aside the whole question of the probability of such a 

collapse here, but it ought to be noted in passing that that probability 

might well be extremely low. It's well known, after all, that the 

unaided human eye is capable of detecting very small numbers of photons; 

so perhaps only very small numbers of florescent electrons need, in 

principle, be involved here! It would be interesting to calculate those 

numbers; but however that calculation comes out, it appears (for the 

reasons described in the previous paragraph) that the GRW theory won't 

entail that an outcome of the z-spin measurement emerges at this stage, 

either. 

We shall have to look still elsewhere. The next stage of the 

measuring-process involves the decay of the excited electronic orbitals, 

and (in the process) the emission of photons. If the first term in (4) 

obtained, the photons would be emitted at A; if the second term obtained, 

the photons would be emitted at B. Those two states, then, can be 

distinguished, at least at the moment of emission, in terms of the 

positions of the photons. Now, so far, GRW's theory has been applied by 

them only to nonrelativistic systems of particles. Photons, on the other 

hand, are purely relativistic particles, and it isn't completely clear 

how GRW might treat them. If photons can't experience GRW collapses, 

then of course no outcome can possibly emerge at this stage. But let's 

suppose that photons can experience GRW collapses. The problem at this 

stage of the measurement will be that that distinguishability in terms of 

positions will be extremely short-lived. In almost no time, in too 

little a time for a GRW collapse to be likely to occur (supposing that A 

and B are, say, a few centimeters apart, on a flat screen) the two photon 

wave-functions described above will almost entirely overlap in position­

space, and the distinguishability in terms of positions will go away, and 

we shall be in just such a predicament as we found ourselves at the 
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previous stage of the measurement. No outcome, it seems, will emerge 

here, either. 

But now we're running out of stages. The measurement (according to 

the conventional wisdom above measurements) is already over! By now, 

after all, 

(that is: 

which are 

we have a recording; by now genuinely macroscopic changes 

changes which are thermodynamically irreversible, changes 

directly visible to the unaided human eye) have already taken 

place in the measuring apparatus. The technical details of real Stern­

Gerlach experiments have of course been oversimplified or idealized or 

just left out of the present account, but those details are beside the 

point (any number of other experimental arrangements, which, like this 

one, are free of macroscopic moving parts, would have served our purposes 

here equally well); the point is simply that genuine recordings need not 

entail macroscopic changes in the position of anything. Changes in the 

internal states of large numbers of microsystems (changes, say, in atomic 

energy levels) can be recordings too. 

That's what's overlooked in the GRW proposal. What the GRW theory 

requires in order to produce a collapse isn't merely that the recording 

in the measuring apparatus be macroscopic (in any or all of the senses of 

'macroscopic' just described), but rather that the recording-process 

involve macroscopic changes in the position of something. The problem is 

that no changes of that latter sort are involved in the kinds of 

measurements we have considered here. 

IV- INSIDE HIS HEAD 

Suppose, after all this, that we wanted to stick with the GRW theory 

anyway. What would that entail? 

Well, we would have to deny that the measurement described above is 

over even once a recording exists. We would have to insist (and 

certainly this is an ineluctable fact, when you come right down to it) 

that no measurement is absolutely over, no measurement absolutely 

requires an outcome, until there is a sentiment observer who is actually 

aware of that outcome. 

So, if we wanted to try to stick with this theory in spite of 

everything, the thing to do would be to insist that as a matter of fact 

we haven't run completely out of stages yet, and to go on looking, in 

those latter stages, for an outcome of this experiment (even though we've 

already looked right up to the retina of the observer and not found one); 

and of course the only place left to look at this point is going to be on 

the inside of the nervous system of the observer. 

This is going to be an uncomfortable position to be in; it's going 
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to feel as queer as hell to tell oneself that the possibility of 

entertaining some particular fundamental theory of the whole physical 

world now hinges on the answers to certain detailed questions about the 

physiology of human beings; but; let's try to press on and see how it 

might work. Here's one idea: Consider the two different physical states 

of the observer's retina (call them RA and RB) which arise in consequence 

of it's being struck by light from one or the other of the two luminous 

spots on the fluorescent screen. Perhaps the retinal states RA and RB 

macroscopically differ from one another in (among other things) the 

positions of some gigantic collection of microscopic physical objects 

(the positions of some collection of ions, say). Whether or not that 

turns out to be so is of course a question for neurophysiology (and I 

presume it is a question for the future of that subject), but the idea 

would be that if it does turn out like that, then the observer's retina 

itself can play the role of GRW's macroscopic pointer in this experiment: 

it (the retina) can bring about the collapse, it can suffice to finally 

precipitate an outcome. 

Now of course it might turn out that RA and RB do not differ from 

one another in the positions of any sufficiently gigantic collection of 

physical objects, it might turn out, say, that the retina works more or 

less like a florescent screen, and (consequently) that no outcome of this 

experiment can emerge at the stage of the retina, either; and in that 

case we would presumably turn our attention next to the optic nerve; and 

then, finally (if things go badly with the optic nerve too) to the 

observer's brain itself. 

If things were ever to get to that point, then the possibility of 

continuing to entertain the GRW theory would hinge directly on whether or 

not the brain state associated with seeing a luminous dot on the 

florescent screen at point A (call that BA) differs from the brain state 

associated with seeing a luminous dot on the florescent screen at point B 

(call that BB) in terms of the positions of any gigantic collection of 

physical components of the observer's visual cortex. If those two brain­

states do differ in that way (and that, once again, will be a question 

for neurophysiology), then the GRW theory could continue to be 

entertained. 

But consider how things would stand if it were to emerge, after all 

this, that BA and BB do not differ in precisely that way, if it were to 

emerge that they differ only in other physical ways than that. Then I 

think the game would finally genuinely be over; then we would really be 

out of stages. 

This needs to be said with some care. Suppose that a wiseguy were 

to suggest that the spin-measurement is not yet completely finished even 
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at the stage we're at now, that it isn't really finished until, say, the 

observer writes the outcome down on a piece of paper. It's easy to see 

that at that point, when the observer actually writes that down, the 

right sort of a collapse, the sort of a collapse we've been waiting for, 

would, finally, certainly, occur; because the state of the ink in the 

written words "ltuninous dot at A" clearly differs from the state of the 

ink in the written words "luminous dot at B" in the terms of the 

positions of a gigantic collection of ink-molecules. The problem is 

going to be that this collapse has come really absolutely too late to do 

it's job. 

Here's the point: what we know by pure introspection, what it's 

hard even to imagine what it would be like to be in doubt about, is that 

all the Stern-Gerlach experiments we ever do have outcomes, if nowhere 

else, at least in our minds; and that they have outcomes there before we 

ever come to write those outcomes down; and if the collapse has any job 

to do at all, it's job is to underwrite at least precisely that. If this 

wiseguy really supposes that that somehow fails to be so, if he supposes 

that we can somehow be mistaken even in thinking that we think we see a 

spot at some definite position on the screen, then it gets hard to see 

what he takes to be the evidence that there are such things as collapses 

in the first place, and it gets hard to imagine precisely what jQQ he 

wants the collapse to do!. 

Suppose, on the other hand that the human neurophysiology works out 

O.K.; suppose it turns out that the human brain states BA and BB which I 

described above (the states which correspond to seeing a luminous dot at 

point A and seeing a luminous dot at point B) differ by, among other 

things, the positions of some gigantic number of ions. How would things 

stand then? 

Well, that would certainly be a big relief. That would mean that 

the GRW theory entails that at the point when the visual cortex of the 

experimenter gets into the game, then (and only then) an outcome of this 

experiment does finally emerge. Of course this outcome comes 

astonishingly late, but (if we're willing to entertain the possibility 

that our senses often radically deceive us even about what's right out 

there in the macroscopic external world, before we actually look at it) 

it would have to be admitted that this outcome does come technically on 

time. But what if we were to begin to worry at that point that there may 

be other sorts of sentient observers in the universe (dolphins, say, or 

androids, or martians) whose neurophysiologies might, for all we know, be 

very different? If there really are other genuinely sentient observers 

who do such experiments somewhere, or if there could be any in the 

future, then the possibility of entertaining the GRW theory is presumably 
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going to hinge on the answers to detailed questions about their 

physiologies too; and of course worries like that could never finally be 

put to rest unless it be by means of some sort of general principle. 

Here's the sort of question we're going to have to ask ourselves: 

is there anything about what it means to be a sentient observer, or 

anything about what it ~ for such an observer to have a belief, which 

entails, as a matter of principle, that the physical brain states of such 

an observer which correspond to different such beliefs (beliefs about the 

outcome of some experiment, say) differ from one another in terms of the 

positions of any gigantic collection of physical objects? 

But it seems to me that when you put the question this way (and 

here, at last, is the single absolutely fatal fundamental trouble with 

this particular way of attempting to cook up a collapse), it gets pretty 

clear that the answer is going to have to be no. 

V-GENERAL CONSIDERATIONS ON THE POSSIBILITY OF ANY THEORY OF THE COLLAPSE 

SATISFACTORILLY DOING IT'S JOB 

Let's see if there's a possibility of doing better. Suppose we were 

able to improve on this theory. Suppose that we were able to cook up 

some absolutely ultimate and unsurpassable sort of a collapse-theory, 

some theory which is patently as good as any theory of the collapse can 

ever possibly be. Suppose, that is, that we were able to cook up a 

theory which is consistent with everything we know to be true of the 

behaviors of isolated microscopic systems, and which entails (somehow) 

that superpositions of states which differ from one another in terms of 

anything macroscopic whatever7 (not just in terms of the positions of any 

gigantic number of particles) don't last long. And suppose that it were 

clear that this theory can indeed guarantee that an experiment carried 

out by an ordinary human observer invariably has an outcome. And suppose 

that 'we were to begin to wonder whether even this ultimate theory 

(whether, that is, guy theory of the collapse) can guarantee that guy 

experiment carried out by any possible sentient observer invariably has 

an outome too. 

Here's the sort of question we'd have to ask ourselves then: is 

there anything about what it means to be a sentient observer, or anything 

about what it means for a sentient observer to measure something, to 

ascertain something, which entails, as a matter of principle, that the 

states of the world which correspond to different outcomes of a 

measurement need to differ from one another, physically, in any 

macroscopic way at all? 

Well, I can't see how. I think not. 
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Let's work through an example. Let me tell you a science fiction 

story about a man with something like a microscope eye. 

First we'll need to set things up. The story involves a device for 

producing a correlation between the position of a certain microscopic 

particle P and the z-spin of an electron; a sort of measuring-device for 

z-spin in which the "pointer" is this particle called P. Here's how the 

device works: (See fig. 1) if P starts out in it's middle position, and 

if an electron whose z-spin is up is fed through the device, then the z­

spin of that electron is unaffected by it's passage through the device, 

and the device is unaffected too, except that P ends up, once the 

electron has passed all the way through, in its upper position; and if P 

starts in its middle position, and if an electron whose z-spin is down is 

fed through the device, then the z-spin of that electron is unaffected by 

it's passage through the device, and the device is unaffected too, except 

that P ends up in its lower position. 

Here's how the story goes: Suppose that sometime in the distant 

future somebody named John undergoes a technically astonishing 

neurosurgical procedure which leaves him looking like this (see fig. 2): 

John has a little door on either side of his head, and a device like the 

one I just described is now sitting in the middle of his brain, and (here 

comes the crucial point) the particular way in which that device is now 

hooked up to the rest of John's nervous system makes John behave as if 

his occurrent beliefs about the spins of electrons which happen to pass 

through that device are determined directly by the position of P. 

Here's what I mean. Suppose that John is presented with an electron 

in an eigenstate of z-spin, with z-spin up, and that John is requested to 

ascertain what the value of the z-spin of that electron is. What he does 

is to take the electron into his head through his right door, and pass it 

through his surgically implanted device (with P initially in its middle 

position), and then expel it from his head through his left door. And 

when that's all done (when P is in it's upper position, but when, as yet, 

the value of the z-spin of the electron isn't recorded anywhere in John's 

brain other than in that position of P), John announces that he is, at 

present, consciously aware (as vividly and as completely as he is now 

aware of anything, or has ever been aware of anything in his life, he 

swears) of what the value of the z-spin of the electron is, and that he 

would be delighted to tell us that value is, if we would like to know. 

Let's think about that for a minute. There's going to be a 

temptation here to suppose that John must somehow be mistaken. There 

will be a temptation to say: "Look, how can it be that John is now 

consciously aware of what the value of the z-spin of the electron is? 
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Figure 1. The z-spin measuring-device. 

Figure 2. John. 
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Nothing in John's brain, other than the position of P, is correlated to 

the spin of the electron now; and P isn't a natural part of John's brain 

at a11; P is just a surgical implant, P is (after all) just a particle!" 

And imagine that John will say "Look; whether or not P happens to be one 

of the components of my brain that I was born with is completely beside 

the point; I tell you now, from my own introspective experience, that if 

(as you tell me) nothing is now correlated to the z-spin of that electron 

other that the position of P, then things must now be wired up in such a 

way that the position of P itself directly determines my present 

occurrent conscious beliefs about the value of the z-spin of that 

electron!" 

And John is now indeed in a position to announce, correctly, what 

the value of the z-spin of that electron is, if he's asked to; and it's 

pretty clear that John can in principle be wired up so as to reproduce, 

in his present state, illY of the behaviors of a genuine "knower" of that 

z-spin whatsoever; and John will claim (and who will we be to argue with 

him?) that, after all, noone is better qualified than he himself to judge 

whether his own psychological experiences are really "genuine" ones or 

not! 

Anyway, here's what's certain: the possibility of entertaining illY 

theory of the collapse whatsoever is now going to hinge on whether or nor 

we decide to believe what John says. The point is that nothing 

macroscopic has happened in this story yet; and so if John now actually 

has an ocurrent belief about the z-spin of the electron, as he says he 

does, and as all of his behavior testifies he does, then John can indeed 

come to have such beliefs without anything macroscopic happening; and so 

there cannot possibly be a theory of the collapse of the wave-function 

which precludes the development of superpositions of states corresponding 

to different such beliefs (which, once again, is what a theory of the 

collapse of the wave-function is supposed to be for) , and the reason that 

there can't be any such theory is that any such theory would now (in the 

light of John's experience) be required to insert that collapse at a 

level (the level of isolated microscopic systems) at which we know, by 

experiment, that no collapses ever occur. 

Any theory whatsoever of the collapse of the wave-function, then, is 

going to have to entail that everybody like John is radically mistaken 

even about what his own psychological experiences are. 

fundamental trouble, the necessary trouble, with them all. 
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1.1 Textbook interpretation of the wave function 

The conceptually simplest interpretation of the quantum-mechanical wave function is 
that adopted by most textbooks. In the celebrated book by Dirac' one reads - each state of 
a dynamical system at a particular time corresponds to a ket vector . .. if the ket vector corre­
sponding to a state is multiplied by any complex number, not zero, the resulting ket vector will 
correspond to the same state (pages 16, 17). And later - a measurement always causes the 
system to jump into an eigenstate of the dynamical variable that is being measured (page36). 
Similar sentences can be found, e. g., in the book by Messiah2 (pages 249 and 251). In the 
above statements the term state refers to a single system, not to a statistical ensemble of sys­
tems. This emerges clearly from the second statement, concerning reduction, which is quite 
incomprehensible in this form if the ket vector is not referred to a single system. In most 
textbooks the wave function up to a factor is interpreted just in this way - as the state of the 
single considered system. 

A few remarks are appropriate about the above interpretation. First, it is strictly related to 
the acceptance of the existence of stochastic transitions in correspondence with measurements. 
Second, it does not imply that any system always is in a definite state (Le. has a wave function). 
In fact, the contrary may very well happen, even for an isolated system. Finally, such an 
interpretation allows to regard the wave function as an objective property of the system. 

The textbook interpretation of the wave function, as it is common experience of all physi­
cists, works perfectly well in ordinary conditions, even though it presents some problematic 
aspects with systems consisting of distant microscopic parts. But, as we shall see, it breaks 
down when one tries to make the theory of quantum measurement. 

Sixty· Two Years of Uncertainty 
Edited by A. I. Miller 
Plenum Press, New York, 1990 
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1.2. Macroscopic objects and quantum mechanics 

Macroscopic objects obey classical mechanics to an extremely high degree of accuracy. 
What does it happen when we apply quantum mechanics to them? When this question is 
posed, one first notes that Ehrenfest's theorem assures us that quantum mean values evolve 
according to classical laws. This fact is comforting. One then notes that the principles of 
quantum mechanics consider the existence of macroscopically extended wave functions, of 
the type 

( 1.1) 

and that, on the other hand, our experience of the behaviour of macroscopic particles never 
reveals anything corresponding to such wave functions. To reconcile, by means of a suitable 
interpretation of the quantum-mechanical wave function, the existence of /,pstrange) with our 
rooted conviction that macroscopic objects really are somewhere is a difficult task. One can 
observe that quantum effects like diffraction, tunnelling, spreading, which could give rise to 
extended wave functions, are found to be negligible for macroscopic particles. Again, this is a 
comforting fact. But this is a practical, dynamical result. No principle of quantum mechanics 
forbids /,pstrange), and in fact wave functions of a similar type are met with in the theory of 
quantum measurement where peculiar dynamical conditions take place. 

The above considerations take the attribution of some local character. to macroscopic 
objects for granted. Is this fully legitimate? Somewhat joking, we shall explain our point 
of view by discussing some statements about macroscopic objects. Committing ourselves 
completely to classical ideas we are tempted to make the following assertion: macroscopic 
objects have reaL properties including a definite position. One can object that predicating real 
properties to anything is hazardous. Then we retire to a weaker assertion: the behaviour of 
macroscopic objects allows to think that they have reaL properties including a definite position. 
However, one can still object that what we are claiming is not a merit of the behaviour of 
macroscopic objects, but of the way we describe them. So we retire again to the third form 
of the statement: the description of macroscopic objects allows to think that they have. reaL 
properties including a definite position. A further possible objection is that the description to 
which the latter statement makes reference is not necessarily unique. In this way we arrive at 
the last and weakest form of the statement: there exists a description of macroscopic objects 
which allows to think that they have reaL properties including a definite position. This form 
should be accepted by almost everybody and still expresses, we think, a significant nontrivial 
feature of macroscopic objects. Following the ideas of Bell,3 we designate such a feature as 
the definite and local character of the macroscopic world. . 

Unless we decide that quantum mechanics shall not be applied to macroscopic objects 
(but also this choice would be problematic, in the absence of a precise criterion for recognizing 
the macroscopic character), we would like that their definite and local character should follow 
from the principles of the theory. 

This work deals with an attempt at (i) incorporating the definite and local character of 
macroscopic objects in the principles of quantum mechanics and (ii) describing reduction as 
a real physical process thereby recovering the textbook interpretation of the wave function. 

1.3. Some principles of quantum mechanics 

We recall here some principles of quantum mechanics which will be used in the follow­
ing discussions. The first principle is of course the Schr6dinger equation 

( 1.2) 
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which rules the time evolution of the wave function when the system is left undisturbed. The 
second principle is the reduction postulate with the associated probability rule 

( 1.3) 
I1/;} -+ l1/;a} = IcPa}/I/cPa/l, 
Pr(a) = IIcPaW. 

The reduction postulate has to be applied when a measurement is performed. Finally, we 
recall the tensor product rule, according to which the space of state vectors of a composite 
system is the tensor product of the spaces of state vectors of the constituent systems (with 
some inessential complications when identical particles are there), i. e. 

( 1.4) 

We point out that two radically different principles of evolution are there - the 
Schr6dinger equation which is deterministic and linear and the reduction postulate which is 
stochastic and nonlinear. The decision whether to use one or the other rests upon the distinc­
tion between proper quantum systems and measuring apparatuses. Such a distinction appears 
to be easy in practice, but it is not clear in principle. 

The tensor product rule is responsible for the fact that systems having interacted with 
other systems usually are not associated to a wave function. We meet here that characteristic 
trait of quantum mechanics called entanglement of the state vectors or non separability. Quan­
tum entanglement raises problems when the entangled systems are distant and when one of 
the entangled systems is macroscopic. Also the suspicion that the whole Universe might be 
entangled is cause of worry. 

2. Theory of quantum measurement 

2.1. The program 

The reduction postulate and the probability rule deal with the measured system Salone. 
The measuring apparatus A is supposed to be there, of course, but it remains outside the dy­
namical description. The theory of measurement consists in applying the quantum rules to the 
composite system S + A and in deducing from such a description the usual postulate dealing 
with S alone or, less ambitiously, in showing that the two descriptions are not contradictory. 

The theory of measurement, besides being a natural exigence within quantum theory, 
owes its interest to the fact that it has heavy implications on the concept of state and on the 
interpretation of the wave function. A characteristic fact is that there is not one theory of 
measurement, there are several. Moreover, there are conceptual frames according to which no 
theory of measurement should be made. 

We shall make reference to an ideal description of the dynamics of measurement. It can 
be shown4 that resorting to more realistic descriptions does not change the conclusions. 

The elements of the description of measurement are very simple. Let v, with eigenvalue 
equation 

(2.1) 

be the dynamical variable of the system S which is being measured. We exclude the inessential 
complications related to the possible degeneracy of v. Let G, with eigenvalue equation 

(2.2) 
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be the dynamical variable of the apparatus A which serves as a pointer. Then, if I'¢m) is the 
state vector of S at the beginning of the measurement, it must happen that 

(2.3) 

where lAo) is a suitable initial state vector of A and the arrow indicates the time evolution 
during the measurement as given by the SchrOdinger equation applied to the system S + A. 
Eq. (2.3) expresses simply the conditions that the apparatus ascribe to S the state vector I'¢m) 
and that the state vector of S be left unchanged. The time evolution is requested to be ruled 
by the Schr6dinger equation because S + A is left undisturbed during the measurement. 

2.2. The difficulty 

If I'¢) = Lm aml'¢m) is the state vector of S at the beginning of the measurement, then, 
according to the reduction postulate and the probability rule, the system S + A undergoes 
during the measurement the process 

(2.4) 1,¢)IAo) 

with obvious meaning of symbols. Since the output is not uniquely determined one says that 
the final situation is a mixture, represented by the statistical ensemble made up with the various 
outputs with their proper weights. 

On the other hand, the same state vector of S + A at the beginning of the measurement 
evolves, by the Schr6dinger equation, according to 

(2.5) 

This result follows unescapably from eq. (2.3) and the linear character of the Schr6dinger 
equation. The final state vector is now unique, one says it is a pure state, and it can be attributed 
either to a single system or to an ensemble according to one's choice about the interpretation 
of state vectors. 

The problem of the theory of quantum measurement is that the result (2.5) implied by the 
Schr6dinger equation seems to contradict both the result (2.4) given by the reduction postulate 
and common sense, which is unable to give a meaning to a superposition of macroscopically 
distinguishable states. 

2.3. A model for the dynamics of measurement 

Models of the system S + A having the characteristic dynamical property (2.3) can 
easily be constructed. If one is not particularly interested in describing the amplification pro­
cess which is always present in a quantum measurement, it is an acceptable schematization 
to consider the measuring apparatus A as consisting of the only pointer, taken to be a single 
macroscopic object moving in one dimension. The following model belongs to a well known 
type.5 

Let v be the variable of S to be measured and Q, P be the position and momentum 
variables of the pointer. The Hamiltonian of S + A is assumed to be 

H = Hs + HA + Hint, 

(2.6) 
Hs= 0, 

HA = P2/ 2M, 

Hint = (d{3ldt)l(v)P, 
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where f3( t) is zero for t S to , is one for t ~ to and is a rounded step in between, so that df3 / dt 
is a bell-shaped function contained in the interval (to, tl ). The length l( v) is a function of 
v such that the distances Il( vn ) - l( vm)l are all macroscopic. The fonn of Hs is irrelevant 
for our purposes. Then, if lAo} is a state vector of A such that I (Q lAo W is centered around 
Q = 0 with spread much smaller than the distances Il( vn ) - l( vm ) I and I {PIAo} 12 is centerd 
around P = 0 with reasonable spread, one finds5 in the time interval (to, tl) the evolution 
(2.3) where 

(2.7) 

are well separated state vectors lying around the positions l( vm ). The model works, but of 
course it induces the evolution (2.5), not the reduction (2.4). 

3. Review of possible solutions 

We expound here concisely the most significant, iIi our opinion, solutions proposed to 
the problem raised in sect. 2.2. Of course the review is far from being complete. 

Before going through the various points of view, it is necessary to consider and give an 
answer to a crucial question - is it possible, by means of suitable experiments on the system 
S + A, to distinguish between the statistical ensemble corresponding to the mixture and the one 
corresponding to the pure state? The answer is yes, it is,4 provided no limitation is accepted 
on the measurements to be perfonned on S + A or, if S + A interacts with some other system 
E,onS+ A+ E. 

3.1. No theory of measurement 

Logically classical instruments. According to Bohr, one must include among the princi­
ples of quantum mechanics the following proposition: the working of measuring instruments 
must be accounted for in purely classical tenns.4 According to this principle, the pretension of 
applying quantum mechanics to A is logically wrong, so that the problem is solved radically. 

If taken as a criticism to quantum mechanics the position of Bohr can be shared. It is 
true that the classical character of instruments is necessary for fonnulating certain principles 
of quantum mechanics. It is also true that such a classical character cannot be deduced from 
quantum mechanics as it stands. What is difficult to understand is how one can be satisfied 
with such a situation. Furthennore, to be consistent, this point of view would require an exact 
criterion to distinguish between systems to be described classically and systems to be described 
quantistically. 

Hidden variables. Hidden variables transform quantum mechanics into a theory of a 
classical type. As a consequence, no theory of measurement is necessary or, if it is done, it is 
trivial. 

We note however that, if we refer to theories which reproduce exactly quantum mechan­
ics when the supplementary variables are properly averaged, the problem of making compat­
ible the description (2.4) obtained by applying the reduction postulate with the description 
(2.5) obtained by applying dynamics to the system S + A is still there and probably it cannot 
be solved without invoking the practical impossibility of revealing interference when macro­
scopic objects are involved.6 

3.2. Limitations on measurability 

Limitations on measurability of S + A. Several authors, like Daneri, Loinger and 
Prosperi7 or Jauch,8 use the argument that measuring apparatuses are classical in the sense 
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that only a set of commuting observables can be measured on them. It is then possible to show 
that the ensemble corresponding to the mixture and the one corresponding to the pure state 
cannot be distinguished by further experiments on S + A. A different limitation is considered 
by Hepp,9 according to whom the system S + A is infinite or nearly, while actual observ­
abIes are local in a suitable sense. Again the two ensembles cannot be distinguished by further 
experiments on S + A. 

An objection raised against theories based on limitations on measurability of S + A is that 
such a limitation has a practical nature and should not be used to solve problems of principle. 

Limitations on measurability of S + A + E. A deeply different type of limitation has 
been considered by Joos and Zeh.l0 These authors observe that S + A necessarily interacts 
with its environment E. Then eq. (2.3) must be replaced by 

(3.1) 

l1fim)IAo)IEo) -7 

-7 l1fim) lAm) lEo) -7 

-7 l1fim) lAm) IEm). 

A convincing discussion shows that the states IEm) are practically orthogonal. Then the en­
semble corresponding to the mixture and the one corresponding to the pure state cannot be 
distinguished by measurements which do not involve also E, a system which could be as large 
as the rest of the world. 

It is difficult to maintain the objection that the limitation considered by Jaos and Zeh is 
only of a practical nature. For this reason, we regard the point of view based on the consider­
ation of environment as conceptually superior to other approaches resorting to limitations on 
measurability. 

We note however that, in all theories considered in this subsection, the solution of the 
problem is achieved at the level of the statistical ensemble. For all these theories, therefore, 
the interpretation of the wave function as the state of the single physical system is lost. 

3.3. Wave function of the Universe 

This point of view, originally due to Everett,l1 is most commonly indicated by the mis­
leading name many-world interpretation or, more rarely, by the name many-mind interpreta­
tion. The theory says that the Universe has a wave function which describes its state (in some 
sense) and which evolves according to a Schrooinger equation. When a measurement takes 
place, no reduction occurs. The time evolution is of the type (2.5) and is conveniently written 

(3.2) 
11fi)IAo)IO~)·· 'IO~)IRo) 

-7 Lm aml1fim)IAm)IO~)·· 'IO~)IRm), 

where 0 1 , .•• , Ok are observers and R indicates the rest of the world. Let, e. g., the observer 
0 1 be ME. Then - I am only aware of one outcome of a measurement because the ME that 
makes this statement is the ME associated with one particular outcome. There are other MEs, 
which are associated with different terms in the wave function, and which are aware of different 
outcomes.6 

We agree that no convincing logical argument allows to reject this theory. However 
we prefer to refuse it, because it seems to us that it destroys the separation between physical 
systems and observers. As for the question in which we are interested, whether or not the 
theory allows to interpret the wave function as the state of the single considered physical 
system, the answer is that no physical system, except the Universe, has a wave function. 
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3.4. Actual reduction 

Special role of the observer. One can observe that the measurement process never ter­
minates as indicated in eq. (2.3). In reality, the apparatus A is always measured by another 
apparatus B, which is measured ... , etc. Therefore eq. (2.3) must be replaced the so called 
von Neumann chain 

\1/Jm)\Ao)\Bo)·· ·\Ko) ---+ 

---+ \1/Jm)\Am)\Bo)·· ·\Ko) ---+ 

(3.3) ---+ \1/Jm)\Am)\Bm)·· ·\Ko) ---+ 

..................... 
---+ \1/Jm)\Am)\Bm)·· .\Km), 

where A, B, ... are apparatuses and K is the observer's mind or consciousness. If we decide 
to apply the reduction postulate, thereby violating the Schrodinger equation, it is completely 
irrelevant at which stage this is done. According to Wigner,12 to ascribe the violation to the 
last and most peculiar element of the chain appears as the least unreasonable choice. Then the 
evolution (2.5) is replaced by the transition 

(3.4) 

Lm \1/Jm)\Ao)\Bo)·· ·\Ko) ---+ 

---+ L)1/Jm)IAm)IBo)·· ·IKo) ---+ 

---+ Lm l1/Jm)IAm)I Bm)·· ·IKo) ---+ 

which contains reduction. 

Like many people, we refuse this type of solution of the problem. However, it must be 
admitted that it is simple and effective. Reduction actually takes place - the interpretation of 
the wave function as the state of the single physical system is recovered. 

Real physical process. One can try to describe reduction as a real physical process. 
Unlike the theory ascribing reduction to observer's consciousness, this point of view requires 
a definite modification of the Schrodinger equation. Such a modification must have practically 
unobservable consequences in all ordinary situations and must become effective only in those 
special conditions in which superpositions of macroscopically distinguishable stites emerge. 

Again, reduction actually takes place and the interpretation of the wave function as the 
state of the single physical system is recovered. 

4. Spontaneous localization 

4.1. Preliminary remarks 

The reduction process (1.3) is stochastic and nonlinear. This suggests that any mod­
ification of the SchrOdinger equation aiming at incorporating reduction shall have the same 
features. Spontaneous localization is a working proposal for such a modification. The idea of 
a stochastic modification of the Schrodinger equation is not new. Previous attempts, however, 
have left unsolved two problems: 
i) the preferred basis problem - which are the states to which the stochastic process leads? 
ii) the system dependence problem - how can the process become ineffective in going from 

macroscopic to microscopic systems? 
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Quantum mechanics with spontaneous localization gives a definite answer to the first question 
and shows that the answer to the second one follows. 

There are two main frameworks in which the idea of spontaneous localization can be 
accomodated. The earliest and most elementary framework (QMSL) is characterized by the 
taking place of instantaneous jumps of the state vector. In the more refined continuous ap­
proach (CSL) jumps are replaced by a diffusion process in the Hilbert space. The CSL theory 
is more elegant and powerful. Still we first expound QMSL because of its much more intuitive 
character. For the same reason we limit ourselves, within QMSL, to the case of systems of 
distinguishable particles. 

4.2. Assumptions 

Quantum mechanics with spontaneous localization makes the following assump­
tions. 13,14,15 

1) Each particle of a system of n distinguishable particles labelled by index i experiences, 
with mean frequency>. i, a sudden spontaneous process. 
2) In the time intervals between two successive sudden spontaneous processes the system 
evolves according to the Schr6dinger equation. 
3) The sudden spontaneous process is a localization described by 

(4.1) 
11/1) ~ 11/I!) = 14>!) /114>~11 , 
14>~) = L~11/I), 

where L~ is a norm-reducing, positive, selfadjoint, linear operator in the n-particle Hilbert 
space, representing the localization of particle i around the point x. The probability density 
for the occurrence of x is assumed to be 

(4.2) Pi(X) = 114>~W· 

This requires that 

(4.3) 

4) The localization operator L~ is chosen to be 

(4.4) . 3/4 (1 . 2) L~ = (O/j7r) exp -20/ (q' - x) . 

The length 1 j va which characterizes the process is small on a macroscopic scale but large 
with respect to atomic distances, say 

(4.5) 

It measures the accuracy of the localization process. 

Note the similarity between eqs. (4.1) and (4.2) on the one side and the reduction rule 
(1.3) on the other. 

4.3. Localization as a whole 

We discuss here the characteristic property which makes spontaneous localization an 
acceptable candidate for being responsible for reduction.14 Let us consider a macroscopic 
object, consisting of N distinguishable particles; in general, it will have many macroscopic 
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degrees of freedom. If it can be considered as macroscopically rigid, it will be described by 
the centre-of-mass position and the space orientation. If it is deformable, it will possess a 
field of position variables. If the considered system is actually a macroscopic object, it has a 
definite macroscopic state and a definite microscopic internal structure. Its wave function is 
the product of a macroscopic wave function and a structural (i. e. referring to the microscopic 
internal degrees of freedom) wave function. We assume that the structural wave function is 
sharply peaked (with respect to 1/ ..,;a). 

Let us write 

(4.6) q; = Q + ij;(r) , 

where Q is the centre-of-mass position and r represents a set of 3 N - 3 independent vari­
ables. The set r, as defined here, includes orientation and possible other macroscopic variables, 
besides the structural degrees of freedom. For the sake of simplicity, we feign that the set r 
doesn't contain macroscopic variables. Then the wave function has the structure 

(4.7) 1/J(q,s) ='¥(Q)x(r,s), 

where the structural wave function X is peaked around the value ro of r. We have indicated 
by s the spin variables. The action of the localization operator for the i-th particle is 

L~ ['¥ (Q)x( r, s)] 

= (0I./1r)3/4 exp (-01. (q; - X)2 /2) '¥ (Q)x( r, s) 

(4.8) = (0I./1r)3/4 exp (-OI.(Q +ij;(r) _X)2 /2)'¥(Q)x(r,s) 

~ (0I./1r)3/4 exp (-01. (Q + iji(ro) - x)2 /2) '¥(Q)x(r,s) 

= [L;;m''¥(Q)]x(r,s), 

where the localization operator for the centre of mass L;;m. is defined by 

(4.9) 

and localizes around the position 

(4.10) 

According to eq. (4.8), in the considered conditions, the localization process does not 
affect the internal structure of the system and each localization of a single component particle 
is equivalent to the localization of the centre of mass, so that 

(4.11) 

In suitable conditions a similar conclusion can be drawn also in cases in which the wave 
function has not the form (4.6). Let us consider a product wave function of the type 

(4.12) 

where the spin variables have been omitted for a quick notation. The wave function (4.12), 
with a suitable time dependence in each factor, could describe, e. g., a beam of particles. In 
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correspondence with each single particle wave function 1/1i, consider the same wave function 
displaced by D as defined by 

(4.13) 

and construct the N -particle wave functions 

(4.14) 

and 

(4.15) 

A wave function like (4.14), with a suitable time dependence in each factor, could be produced, 
e. g., in a neutron interference experiment. A wave function of the type (4.15) is not easily 
produced in ordinary conditions. However, consider a particle detector and suppose that the 
second term in (4.15) represents the electrons and ions involved in the discharge when this has 
taken place and the first term represents the same particles when the discharge has not taken 
place. Then a wave function of the type (4.15), suitably completed in each term with factors 
referring to other parts of the systeJ11 S + A, could just be the realization of the superposition 
appearing in eq. (2.5). A little reflection shows that nothing special happens to the independent 
particle wave function (4.14). Simply, a fraction of particles given by the single particle rate 
Amicro times the time of flight along separated paths is affected by the process so that, in the 
example of neutrons, it does not contribute to the interference pattern. On the contrary, the 
wave function (4.15), similarly to (4.7), is reduced to one of its terms with frequency Li Ai 
(provided D ~ 1/ va, of course). 

With the aim of getting a very small single particle frequency and an appreciable rate 
for macroscopic N, we tentatively assume 

(4.16) 
Ai ~ 1O-16 sec-1 ~ 1/(10 7 -;- 10 8 years) 

A(1 g) ~ 10 7 sec-I. 

roughly equivalent to 

Eq. (4.5) for Q! and eq. (4.16) define the orders of magnitude of the constants appearing in the 
model. 

5. Application of spontaneous localization 

5.1. Microscopic systems 

According to our tentative choice for the parameters of the localization process, a mi­
croscopic particle is practically never localized, so that nothing changes in its dynamics even 
in the case in which it has an extended wave function. Nothing is expected to change in ex­
periments like, e.g., neutron interferometry. 

5.2. Structure of macroscopic objects 

The structure of systems having a sharply localized internal wave function is not 
changed.14 It seems very unlikely that some effect can be revealed in the cases in which some 
constituents have an extended wave function, like in superconducting devices.16 
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5.3. Macroscopic particles 

If an extended wave function of a macroscopic particle is created by some kind of 
SchrOdinger dynamics, the spontaneous localization process transforms it into one of its lo­
calized components in times of the order of 1/). in the average. If the creation of an extended 
wave function is slow, the spontaneous localization process, without otherwise interfering with 
the SchrOdinger dynamics, constrains the system from the outset into a way leading to one of 
the localized components.5 

The question is whether the squeeze of the wave packet, caused by a localization fol­
lowed by a SchrOdinger evolution and a further localization and so on, gives rise to a rele­
vant stochastic behaviour contradicting classical determinism. A quantitative answer can be 
given. 13 ,14 For a dynamical variable V let us define 

(V) = (1/JIVI1/J), 
(5.1) 

((V» = ( (V - (V») 2 ) , 

where the line represents the average over the statistical ensemble generated by the localization 
process. For a free particle, one can prove that 

(5.2) 

(ql) = (ql)S' 

(PI) = (Pl)s' 

((ql» = ((ql»S + (01). h2/ 6 m2) t3, 

((PI» = ((Pl»s + (01). h2/ 2) t, 

where the suffix S indicates the value corresponding to the pure SchrOdinger evolution from 
the same initial condition. For a macroscopic particle and for any reasonable choice of the 
initial wave packet, ((ql»s is practically constant for enormous times. The time T for which 
the two terms in ((ql» are equal is given by 

(5.3) 

For m = Ig and ((ql»~/2 = 1O-5 cm , using the orders of magnitude (4.5), (4.16) forthe 
parameters, one finds T ~ 100 years. This is a long time for keeping something isolated from 
uncontrollable influences. Some effect of the type discussed here could perhaps be detectable 
for a mesoscopic particle. 

5.4. Measurement 

The model. Let us apply QMSL to the system S + A, where A is the model apparatus 
presented in section 2.3.5 We recall that, in the absence of localizations, the evolution 

(5.4) 

takes place in the time interval (to, t1). The state vectors lAm, ... ) are well separated, i. e. their 
position spreads are much smaller than the distances between two pointer positions Il (vn ) -

l (vm ) I. Note that, since S is microscopic, its localizations can be disregarded and that, since 
A has a well localized internal wave function, its localizations as a whole, only, have to be 
considered. 
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Suppose first that the time 1/)" is larger than tl - to, so that we can think that, first, 
the above evolution is completed and, then, a localization of A takes place. The result of the 
localization is 

(5.5) 

Each L~IAm.sm) is nonzero only for X belonging toone interval 1m ofa set of nonoverlap ping 
intervals. For X E 1m the surviving term is 

(5.6) 

The probability of X E 1m is 

(5.7) 
Pr (Im) = lamf r dX (Am ..... I (L~)2IAm.sm) JIm 

2 J ( A)2 2 = laml dX (Am ..... I Lx IAm.sm) = I ami . 

The model can be solved exactly.5 It is found that the above conclusions hold whatever 
the relation between 1/)" and tl - to is. 

The general case. In any measurement process 

(5.8) 
l1/Jm)IAo) ---41<1>m), 

Lm aml1/Jm)IAo) ---4 Lm aml<1>m) = 1<1», 

where the state vectors l<1>m) are macroscopically distinguishable. We suggest that this im­
plies that a macroscopic number N of microscopic "pointer" constituents of A are confined in 
different macroscopically distant spatial regions in the different state vctors l<1>m). Then 1<1» 
has a structure of the type (4.15) and a single localization of a single "pointer" constituent is 
sufficient to reduce 1<1» to one of its terms l<1>m). The reduction rate is N).. micro . 

The question arises whether N is in all cases large enough. 

EPR situation. Let us consider an EPR-Bohm set-up where the system wave function 
is 

(5.9) 
1/J = X1/JL(l)1/JR(2), 

X = ~(u+(l)tL(2) - u_(l)u+(2»), 

with obvious meaning of symbols. Describing the apparatuses according to the previously 
discussed model, the wave function of S + A before any measurement is 

(5.10) 

where QL and QR are the pointer coordinates of the left and right apparatuses, respectively. 
When the first measurement, say on the left, takes place, the dynamical evolution is, in our 
schematization, 

(5.11) 
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where A+ and A_ lie in the macroscopically separated intervals 1+ and L, respectively. Defin­
ing '¥ such that 

(5.12) 

a trivial repetition of the argument given at the beginning of the present subsection shows that 
for X E 1+ 

(5.13) 

and similarly for X E L. It is seen that nothing changes with respect to the application of the 
reduction postulate. 

6. Diffusion processes in Hilbert space 

As discussed in sections 1-3, it is interesting to try to describe reduction as a real physical 
process. In sections 4 and 5 a conceptual framework of this type, QMSL, has been discussed. 
Among the inconveniences of QMSL there is the fact that the stochastic part of its principle of 
evolution, though perfectly definite, is not expressed through a compact mathematical equa­
tion. In the present section we shall present a general framework, based on the consideration 
of continuous Markov processes in the Hilbert space, which overcomes this difficulty and, 
furthermore, will allow to give a simple treatment of the case of systems containing identical 
constituents. 

We consider17 , 18 the Ito stochastic equation for the state vector 

(6.1) 

where C , A == {Ai} are operators on the Hilbert space of the system and B == {Bi} is a real 
Wiener process satisfying 

(6.2) 

In what follows we shall consider also the case in which i is a continuous index; correspond­
ingly a Dirac delta function has to replace the Kronecker symbol. Equation (6.1) will be 
referred to as the raw equation; it has to be noted that it does not preserve, in general the norm 
of the state vector. In fact, using stochastic calculus one gets 

(6.3) 
dll¢W = (¢Id¢) + (d¢I¢) + (d¢ld¢) 

= (¢I (A +At) 1¢)·dB + (¢I (C+ ct) I¢)dt+ (¢IAt.AI¢)rydt. 

Given an initial state vector I¢( 0)), the evolution equation transforms it, with a given 
probability, into the state I¢B (t)) according to the particular realization B (t) of the Wiener 
process. We have now to give a physical meaning to the states I ¢ B (t) ), taking into account that 
they have different norms for different sample functions B(t). One could simply prescribe 
that the state has to be normalized and that the probability of occurrence of such a state is just 
the probability of the specific process leading to it. We make another choice, which is the 
analogue of assumption (4.2) of QMSL and of the postulate of standard quantum mechanics 
about the probability of finding a result in a measurement. Precisely, we assume that the 
physical probabilities for the occurrence of the normalized vectors are obtained from the raw 
ones by weighting them by the squared norms of the states I¢B (t)). Thus, the states which 
acquire a larger norm by the raw process weigh more in the ensemble. 
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The proposed cooking procedure is consistent only if the average of the weight factors 
equals 1, which amounts to require that the raw process conserve the stochastic average of the 
norm: 

(6.4) 

This condition, as easily verified, implies 

(6.5) 

If we denote by - k H the skew-Hermitian part of the operator C, the raw equation becomes 

(6.6) 

One has now to perform the cooking procedure according to the prescriptions indicated above. 
The cooking, due to the linearity of the raw equation and to the Markov nature of the stochas­
tic process, can be performed whenever one wants. The result is expressed concisely in the 
physical equation 

dl1/;) = {[-k H 

(6.7) -try (A t - A",) ·A + try (A - A",) -A",] dt + (A - A",) .dB} 11/;), 

A", = t(1/;1 (A + At) 11/;), 

which is the fundamental equation of the theory. It is important to remark that this equation is 
nonlinear and stochastic. 

7. Reduction properties 

The most important feature of eq. (6.7), from the point of view which interests us here, 
consists in the fact that, when the operators A are appropriately chosen, it induces a continuous 
dynamical reduction of the state vector. 

We assume that the operators A are selfadjoint and commute among themselves. To 
discuss the dynamical reduction, let us disregard the Hamiltonian term in eq. (6.7). We have 
then the norm conserving physical nonlinear stochastic equation for the state vector 

(7.1) 
dl1/;) = [-try (A _A",)2 dt + (A -A",).dB] 11/;), 

A", = (1/;IA 11/;). 

Since we have assumed that the operators A commute among themselves we can introduce 
the projection operators Fu on their common eigenmanifolds and write 

(7.2) 

where au f aT for afT. Defining 

(7.3) 

we get for the random variables Z(J the stochastic equations 

(7.4) 
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It is immediate to prove18 that, in the limit for large t, the variables Za attain either the value 
o or the value 1, and that the probability of Za taking the value 1 is equal to the squared norm 
of the a component of 11/J (0) ). 

Concluding, the above considered dynamics is such that, in the long run, any given initial 
state is driven (or, equivalently, the homogeneous ensemble decomposes into pure subensem­
bles associated to states lying) into one of the common eigenmanifolds of the operators A, with 
the appropriate probabilities. Obviously the specific time rate of the reduction process, as well 
as the competition of this process with the evolution induced by the Hamiltonian, depend on 
the specific details of the operators and parameters appearing in eq. (6.7). 

It is important to remark that, after we have guaranteed the reduction to take place, 
we can resort to the use of the statistical operator formalism to investigate specific physical 
consequences of the theory, such as mean values of dynamical variables, etc. The derivation 
of the evolution equation for the statistical operator is a trivial task. We define 

(7.5) p = 11/J)(1/JI· 

With reference to the general form (6.7) of the dynamical equation, we get immediately 

(7.6) 

It is worth noticing that this equation defines the infinitesimal generator of a quantum dynam­
ical semigroup.19,20 If one considers dynamical equations for the statistical operator derived 
from the assumption of the occurrence of hitting processes, one can only derive a particular 
case of this equation, i.e. the one in which A t·A = 1. We refer the reader to ref. 18 for a 
detailed discussion of this point and of the relations between the continuous and discontinuous 
cases. 

8. Objective and subjective reductions 

Recently, H. Stapp21 in an interesting paper has stressed the importance of distinguish­
ing between different reduction mechanisms which have a quite different conceptual status. 
We call objective a reduction process when it derives from a dynamical equation which ac­
tually drives the state vector in one of a set of orthogonal subspaces whose direct sum is the 
whole Hilbert space. Stapp uses a somewhat richer and more sophisticated language calling 
Heisenberg's objective reductions these processes which describe in a mathematically exact 
way the transition/rom the possible to the actual. As we have proved in the previous section 
the stochastic nonlinear equation (6.7) actually exhibits such a property, when the operators 
A are selfadjoint and commuting. Note that when this happens the matrix elements of the 
statistical operator between state vectors belonging to different subspaces tend to zero. 

The simplest example of a dynamics inducing objective reductions is obtained by con­
sidering the case of 1 particle and by choosing for the operators A appearing in eq. (6.7) the 
form 

(8.1) 

The statistical operator equation is then 

(8.2) 
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Taking). = "t, (8.2) is the same equation for the statistical operator as given by QMSL in the 
case of a single particle (in spite of the fact that the two processes are different). 

Let us now consider subjective reduction mechanisms. By this expression (or, to be 
precise, by the expression subjective von Neumann's reductions) Stapp denotes a mechanism 
leading to the suppression of the off-diagonal matrix elements of the statistical operator in a 
given preferred basis. To analyze this case and to compare it with the objective process, let 
us consider the case of 1 particle and assume that it is subjected to the action of a Hermitian 
stochastic white noise potential. If we disregard for simplicity the free Hamiltonian, we have, 
in the coordinate representation, the evolution equation for the state vector 

(8.3) . h a1/J( q , t) ( .1. ) 
l at = v q,t)'P(q,t , 

with 

V(q,t) =0, 
(8.4) 

V(q,t)V(q',t') =). h2 exp [-to! (q - q'/] 8 (t -t'). 

For a given potential, the solution of eq. (8.3) is 

(8.5) 1/J(q,t) = exp [-t ltdTV(q,T)] 1/J(q,O). 

The coordinate representation of the statistical operator is then correctly defined through the 
stochastic average of 1/J(q, t)1/J* (q', t). We have 

(8.6) 
p (q, q', t) = exp [-f l tdT [V (q, T) - V (q', T)]] p (q,q', 0) 

= exp [ - ). (1 - exp [-to! (q - q'/] )t] p (q, q', 0) . 

By taking the time derivative we get 

(8.7) ap(q,q',t) \(1 [1 ( ,)2]) ( ') at = -A -exp -"4O! q -q P q,q ,t , 

which is simply the coordinate representation of the non-Hamiltonian terms of eq. (8.2). The 
stochastic dynamics (8.3) leads therefore to the same equation for the statistical operator as 
QMSL and as the process defined by eqs. (6.7) and (8.1) and causes the damping of the off­
diagonal elements in the coordinate representation. However if one considers the wave func­
tion (8.5) corresponding to a specific sample function V( q, t), one has 

(8.8) 

We note that, in particular, if the initial state vector is a linear superposition of two states which 
are localized in two well separated spatial regions Land R, then, for any given realization of 
the stochastic potential the probability that, at any time t, the particle be at L or at R remains 
constant. ln other words no state vector is driven, contrary to what happens in QMSL and 
in the process (6.7), (8.1), within one of the two spatially separated regions. The suppres­
sion of the off-diagonal elements of the statistical operator represents simply the fact that the 
components of the state vector acquire, due to the stochastic nature of the potential, random 
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phases in different spatial regions. It is important to stress the completely different conceptual 
significance of the two considered mechanisms. 

With reference to the problem we are discussing in this paper, Stapp asserts that, since 
Heisenberg's objective reductions require fundamental changes in the laws of nature (changing 
Schrodinger's dynamics, introducing new constants of nature, etc) the principle of economy 
suggests to make resort to von Neumann's subjective reductions induced by the stochastic 
quantum noise associated to the 2 .7°K cosmic background radiation. We do not think ap­
propriate to enter here into a debate on this point. In our opinion, however, such a type of 
solution is not fully satisfactory. Actually the author feels the necessity, in order to give a 
firm background to his position, to make resort to a model describing how our perceptions are 
committed to our memory. We consider the author's arguments quite interesting, but we are 
inclined to stick to theories yielding objective reductions. 

9. Systems containing identical constituents 

The general formalism CSL introduced in section 6, as already stated, allows to obtain 
a simple treatment of the case of systems containing identical constituents. To this purpose 
let us consider the creation and annihilation operators at (q, s), a( q, s) of a particle at point 
q with spin component s, satisfying canonical commutation or anticommutation relations. In 
terms of these operators we define a locally averaged number density operator 

(9.1) N(x) = (0//21f) (3/2) ~.f d3q exp [-to/(q _X)2] at(q,s)a(q,s). 

The operators N(x), for different values of the parameter x, commute among themselves. 
Denoting by 

(9.2) 

the symmetrized (antisymmetrized) improper state containing n particles at the indicated po­
sitions, we have 

(9.3) N(x) Iq, s) = nxlq, s), 

with 

N 

(9.4) nx = (0//21f) (3j2) ~; exp [-to/ex - q;)2] . 
I 

With reference to our general stochastic dynamical equation (7.6) we identify now the discrete 
index i with the continuous index x and the operators A; with N(x). In this way we get the 
physical stochastic nonlinear differential equation for the state vector 

(9.5) 
d11J1) = [-fHdt - h' f d3x (N(x) - N",(X»)2 dt 

+ f d3x (N(x) - N",(x») dB(X)] 11J1), 

where 

(9.6) N",(x) = (1J1IN(x) 11J1) 
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and the Wiener process B(x) satisfies 

(9.7) 
CIlf[Xf = 0, 

dB(x)dB(y) = '183 (x - y) dt. 

It is understood that in the case in which the system contains various types of identical particles 
(e.g. electrons and nucleons) a sum over all different constituents which enter into play has to 
appear in eq. (9.5). 

It is evident that equation (9.5) respects the symmetry character of the state vector. More­
over, since the operators N (x) are selfadjoint and commuting, the non-Hamiltonian part of the 
dynamical equation induces a continuous objective reduction onto the "common subspaces" 
of these operators. Actually, due to the fact that the operators have a continuous spectrum and 
to the presence of the Hamiltonian term in the evolution equation the dynamics leads to "well 
localized state vectors", similarly to what happens in QMSL in the case of distinguishable 
particles. 

As usual, we can immediately derive from (9.5) the equation for the statistical operator 

(9.8) 

It is immediately checked that, in the case of a single particle, eq. (9.8) reduces to the corre­
sponding equation for QMSL provided one makes the choice 

(9.9) ( ) 3/2 
). = '1 Ot/41r . 

We could study in detail the relevant physical implications of the introduced theory. 
This however has been done elsewherel8 and we will limit ourselves here to discuss a sim­
plified model which allows to derive in a straightforward way the main consequences which 
are of interest for the subsequent discussion. The simplifications consist in disregarding the 
Hamiltonian term and discretizing the space. 

We divide the space into cells of volume (Ot/ 41r r 3 /2 and denote by Nj the number 
operator counting the particles in the i -th cell. As follows from the discussion of the preceeding 
section in the considered case the dynamical evolution drives the state vector into a manifold 
such that the number of particles present in any cell is definite. The simplified equation for the 
statistical operator reads 

(9.10) dp 1 ( )3/2 ~ 
dt = -'2'1 Ot/41r L_.)NdNj,p]] . 

If we denote by I nl , n2 , ... , n;, ... ) the state with the indicated occupation numbers for the 
various cells, the solution of eq. (9.10) reads, in the considered basis 

(nl, n2, .. ·lp(t)I~,~,···) = 
(9.11) 

exp [-t'1 (Ot/41r)3/2 L j (n; - ~) 2 t] (nl' n2, ... lp(O) I~, ~, ... }. 

Equation (9.11) shows that linear superpositions of states containing different number of par­
ticles in the various cells are dynamically reduced to one of the superposed states with an 

exponential time rate depending on the expression t'1 (Ot/41r) 3/2 Lj (11; _~) 2. 
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10. Choice of the parameters 

The theory presented in the previous section contains two parameters which, if the dy­
namical equation is considered as describing fundamental physical processes, acquire the sta­
tus of new constants of nature. The parameter "f, whose dimensions are those of a volume 
divided by a time, expresses the strength of the non-Hamiltonian terms in the equation, the 
other parameter O!, having the dimensions of 1 divided a squared length, is related to the lo­
calization accuracy of the process. We will try to get now some indications about the possible 
values of these parameters. 

We note that stringent physical requirements determine the order of magnitude of an 
upper bound for O!: the localization accuracy must in fact be appreciably larger than the spreads 
around the lattice equilibrium positions in solids. In fact, when one considers a body whose 
internal state is such that the spreads of the relative coordinates are of order 1/11, then, by 
going through an argument completely analogous to the one used for QMSL one can prove 
that, if and only if 

(10 .1) 

the centre of mass and internal motions decouple and the internal motion is governed, to a very 
high degree of accuracy, by the standard quantum dynamics. In accordance with this argument 
we shall take 

(10 .2) 

Note that the choice 1/ va ~ 10 -5 cm adopted within QMSL largely satisfies this constraint. 

Given for granted that condition (10.2) is satisfied we discuss now various physical con­
sequences of the theory which have to be taken into account in fixing the parameter values. 

Excitations and dissociations of atomic and nuclear bound states. The evaluation of the 
probability of occurrence of such processes can be made by using the CSL equations but the 
effect can be more intuitively understood by making reference to the QMSL model. Consider 
a harmonic oscillator potential such that its ground state has an extension 1/11. Suppose that 
a system in such a state suffers a hitting process with a localization accuracy 1/ va. One can 
then easily evaluate22 the probability PN D that after the hitting the system be again found in 
the ground state. One gets 

(10 .3) 

Since the extension of our system is of atomic or nuclear dimension, eq. (10.2) holds and 
therefore the probability PD+ E that the system be dissociated or excited by the hitting turns 
out to be 

( 10 .4) 

We recall now that the hitting frequency has the expression (9.9) in terms of the parameters 
"f and O!. There follows that the probability of dissociation or excitation per unit time of our 
systems QD+E turns out to be 

(10.5) 
3/2 O! 

QD+E = "f (0!/41f) 811 2 ' 

which for an atom (1/11 ~ 10 -8 cm) becomes 

(10 .6) 
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Increase of the mean energy value. The occurrence of the spontaneous localization pro­
cesses induces a steady increase of the mean value of the energy of the physical system. This 
can be easily evaluated by the dynamical equation for the statistical operator. In the case of a 
single particle one has 

(10 .7) 

The total energy increase for N particles turns out to be simply N times the above energy 
increase for a single particle. If we take for m the nucleon mass we then have a total energy 
increase per unit time for a system of N nucleons 

(10.8) 
llEN/t R:J 10-30 Nry (0I./4n)3/2 01. erg cm2 

R:J 10 -7 ry (0I./4n) 3/2 01. erg cm2 , 

where in the last expression we have assumed N of the order of the Avogadro's number. 

Associated to the energy increase there is a temperature increase. With reference to an 
ideal monoatomic gas the increase in temperature per unit time turns out to be 

(10.9) 

Reduction Rates. It is important to evaluate the reduction rates which are characteristic 
of the considered theory. In fact since practical measurements, yielding definite values of 
macroscopic dynamical variables, are often accomplished in time intervals of the order of 
nanoseconds, the suppression of the linear superpositions must occur with a rate which is 
consistent with these times. Again one can deal with this problem with complete rigour18 but 
for the present pUIpose of estimating the order of magnitude, the discretized model that has 
been considered above is sufficient. Referring for simplicity to a homogeneous macroscopic 
body of density D, we consider two states corresponding to a rigid displacement of the body 
in a certain direction. Let us denote by V the volume of the body in one position which is not 
covered by the body in the other position. With reference to eq. (9.11), the number of cells 

contributing to the sum in the exponential is now given by 2 V (0I./4n) 3/2 , and for each of 

them (n; -7\) 2 = (D (0I./4nr3/2r. The exponential damping factor becomes then 

(10 .10) 

where 

(10 .11) 

exp [-ry (0I./4n)3/2 V (0I./4n) 3/2 (0I./4n)-3 D2t] 
= exp [-ryD2 Vt] = exp [ - ryD11outt] , 

'11out = DV. 

Obviously, for low densities (smaller than 1 particle per cell) the expression (n; - 7\) 2 takes 
only the value 0 or 1 and the damping factor is simply 

(10 .12) 

N being the number of cells which are occupied in one state and not in the other. 

With reference to eq. (10.10), we note that the reducing effect is more subtle'in the 
present case than in QMSL. However the physical meaning of the effect is transparent: the 

186 



appearence of '/'lout expresses the fact that, while in QMSL all displaced particles contribute to 
the reduction rate, here, due to identity of particles, those which lie in the same region do not 
contribute. 

We can now put together all the above results to identify acceptable ranges of values for 
the parameters of the theory. In the table we list, in the first column the quantities which are 
of interest for us, i.e. the probability of dissociation or excitation per unit time of an atom, 
the total energy increase per unit time of a system containing N ~ 10 23 particles, the corre­
sponding temperature increase per unit time, the life time for the suppression of the coherence 
between states localized in spatial regions separated by distances larger than 1 I Va in the case 
of one particle and the corresponding life time in the case of a macroscopic object with den­
sity 10 24 cm-3. In the second column we give the expressions for the indicated quantities in 
terms of the parameters. In the third column we express the same quantities in terms of the 
parameter 1 when the choice 10 -5 cm is made for 1 I Va. Finally in the last column we give 
the numerical values for the considered quantities when the choice 1O-30 cm3sec-1 is made 
for 1. Note that the indicated choice for 1 is of the order of the one resulting from the relation 
(9.9) when one makes the original choices (4.5) and (4.16) of QMSL for a and ).. 

TABLE 1 

Quantity Expression l/Va = 1O-5cm 1 = 10 -30 cm3 sec-1 

Qatom 
D+E 

10 -17 1 U"1f) 3/2 acm2 1071cm-3 1O-23 sec-1 

llEN/t 10-71 U'1f)3/2 aergcm2 10 171 erg cm-3 10 -13 erg sec-1 

II Tit 10-71 U"1f) 3/2 aOKcm2secy-l 10 171 °Kcm-3 sec y-l 1O-13 °Ky-l 

7"1 part 2 (1 U"1f) 3/2) -1 10 -14 1 -1 cm3 10 16 sec 

'Tmacro 10 -24 1 -1 n~~t cm3 1O-241-1n~~t cm3 106n~~t sec 

From the last column of the table one can remark: 
a) In the case of a macroscopic object for a displacement of 10 -5 cm one has 'I1out ~ 

10 19 so that the life time for suppressing the coherence turns out to be 10 -13 sec, a quite short 
value. 

b) The most significant data of the table seem to be those giving the dissociation prob­
ability per unit time for an atom and the temperature increase per year. In particular with our 
choice of the parameters~ when one takes into account that the age of the universe is 10 10 y, 
one gets a total temperature increase from the beginning of the universe of 10 -3 OK, a value 
to be compared with the background radiation of 2 .7°K. 

We can summarize the analysis performed in this and in the preceeding sections by say­
ing that the continuous spontaneous localization process based on eq. (9.5), i. e. CSL, gives a 
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unified description of physical phenomena at all levels. In fact, when applied to a microscopic 
system it agrees with the standard quantum description of such systems, when used to study the 
interaction of a microscopic system with a macroscopic one in measurement-like situations it 
gives wave packet reduction with definite pointer positions and when applied to the descrip­
tion of a macroscopic object it gives classical mechanics (essentially to the same accuracy as 
standard quantum mechanics) but it forbids the occurrence of the disturbing superpositions of 
macroscopically different states. 

The theory seems to yield a consistent solution to the problem of the quantum theory 
of measurement and of the quantum description of macroscopic objects. The agreement with 
quantum predictions for microscopic objects seems to be out of experimentally feasible tests. 
Difficulties might be encountered in the following cases: 

a) If the persistence of macroscopic quantum coherence for times larger than those al­
lowed by the theory would be proved. 

b) If one would find processes in which macroscopic superpositions occur but they in­
volve the displacement of a number of particles so small that reduction does not take place in 
sufficiently short times. 

Obviously we are not claiming that one should necessarily adhere to the point of view 
we have presented here. Actually we are aware that to accept or refuse it is, to a large extent, 
a matter of taste. In any case we think that it is interesting to have shown that this way exists. 
For people willing to adopt this attitude there are still some problems which arise naturally 
within CLS. The first one is that of trying to get a relativistic generalization of the theory, a 
problem which looks highly difficult.23 Another problem of interest could be that of ascribing 
the stochastic terms in the evolution equation to some other specified physical mechanism. It 
has been repeatedly suggested in the literature that gravity could be the cause of the phenom­
enon of wave packet reduction. We consider therefore useful to present in the next section 
some recent investigations in this direction which fit within the general framework presented 
in section 6. 

11. A reduction model involving gravity 

Recently an interesting spontaneous reduction model has been presented24 which ex­
hibits some nice features. In particular in it reduction is related to gravity and no parameters 
appear besides the gravitational constant. 

The starting point consists in the introduction of a stochastic evolution equation for the 
state vector of a macroscopic homogeneous object which induces for the statistical operator 
the equation 

( 11.1) 

where fer) is the mass density operator at rand G is Newton's gravitational constant. In the 
case of a sphere of mass M, volume V and radius R 

(11.2) fer) = CM/V)()(R -Iq - r/), 

q being the centre-of-mass position operator. Obviuosly, this is not the whole story; a dy­
namical reduction model is physically interesting only if it can be derived from a microscopic 
dinamics. In the considered case, since the reducing mechanism is related to the mass density, 
one cannot deal with point- like particles. Therefore the natural choice is that of making ref­
erence to an extended model for all microconstituents. In ref. 24 it is suggested that the mass 
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density operator for a composite system is simply given by the sum over all nucleons of the 
mass density operators fi(r)for extended nucleons themselves: 

( 11.3) fi(r) = (m/v)()(Rn -Iq, - rl), 

where m, v, Rn are the nucleon mass, volume and radius, respectively, and qi is the position 
operator of the i-th nucleon. The contribution from electrons and other light particles are 
disregarded. 

The idea is fascinating since, as remarked above, it relates reduction to gravity and gets 
rid of all constants. However, one can prove25 that the physical implications of the model 
when the choice (11.3) is made are very similar to those deriving from a strengthened CSL 
in which 1/ va ~ 10 -13 cm. The preceeding discussion should have made clear that such a 
choice has the following unpleasant physical implications. 
i) The decoupling of the centre-of-mass and relative motions is no more correct and remark­

able changes with respect to standard quantum mechanics occur in the internal dynamics 
of solids. 

ii) The dynamical equation (11.1) for a macroscopic object cannot be derived consistently 
from its microscopic analogue. 

iii) The dissociation probability for atoms and nuclei becomes unacceptably high. 
iv) The total energy increase is extremely high: 

( 11.4) for 

The model cannot therefore be considered, as it stands, as an acceptable reduction model. 
However, the idea on which it is based is very interesting and, with a modification, it can be 
adapted to avoid the above mentioned troubles and to describe point like particles, keeping the 
connection of the reduction mechanism with gravitational effects. There is a price to pay for 
this, and it consists in the fact that one parameter besides G appears in the model. 

The idea is quite simple:25 the mass density operator fer) appearing in eq. (11.1) is 
assumed to have the expression 

( 11.5) fer) = L::i miNi(r) , 

where the sum is extended to all types of massive elementary particles of the theory and Ni(r) 
is the average number density operator (9.1) of CSL, in which the choice 10 -5 cm has been kept 
for the parameter 1/ va. The resulting model still exhibits all appealing features of CSL and 
has the property of involving only one new parameter and of relating reduction to gravitational 
effects. 

12. Conclusions 

According to common opinion the crucial conceptual points of quantum mechanics are 
i) indeterminism, 
ii) nonlocality, strictly related to nonseparability, 
iii) measurement theory, 
iv) the description of macroscopic objects, 
v) the objectiv meaning of the wave function. 

QMSL and CSL make plausible that one can find a consistent solution of a realistic type for 
the last three, by making resort to a nonlinear and stochastic modification of the quantum 
dynamics. What about the other puzzling features? 
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Nonlocal behaviours mediated by entangled and extended wave functions of micro­
scopic systems, like (5.9), remain present in QMSL and CSL as in standard quantum me­
chanics. In a sense, the nonlocal effects become more dramatic, as it is always the case when 
a realistic interpretation is imposed on quantum theory. We note that the same formal feature, 
nonseparability, of the quantum-mechanical state space is at the origin both of the nonlocal 
behaviours and of the cumulative effects which allow to spontaneous localization to be effec­
tive at the macroscopic level and ineffective for few particles. In fact, cumulativity depends 
essentially on the fact that wave functions like (4.7) or (4.15) are, in a suitable sense, N times 
entangled. 

As for indeterminism, theories like QMSL and CSL plainly incorporate it in the uni­
fied principle of evolution. The combined effect of localization and Schr6dinger evolution 
gives rise to the additional spreads present in eqs. (5.2), but these terms are so small that, 
to our knowledge, they do not contradict experimental facts. The only effect of stochastic 
spontaneous localization is suppression of the embarassing, even though undetectable, linear 
superpositions of macroscopically distinguishable states. 
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TOWARD A RELATIVISTIC THEORY OF STATEVECTOR REDUCTION 

Philip Pearle 

Hamilton College 
Clinton, New York 13323 

1. INTRODUCTION 

"For each measurement, one is required to ascribe to the 'V-function a quite 
sudden change .... The abrupt change by measurement ... is the most interesting 
point of the entire theory .... For this reason one can not put the 'If-function 
directly in place of the physical thing ... because from the realism point of view 
observation is a natural process like any other and cannot per se bring about an 
interruption of the orderly flow of events." 

This remark of Schrodinger (from his famous "Cat Paradox" paper 1 of 1935) 
motivates the following research program. Take as a fundamental postulate the 
"realism point of view" that the 'If-function directly represents "the physical 
thing". Then modify Schrodinger's own equation so that it reduces the state­
vector, that is to say, it describes the "orderly flow" of the 'If-function during a 
measurement from a superposition of possible outcomes to a single actual 
outcome. 

It wasn't until 1966, when Bohm and Bub2 suggested a term to add to 
Schrodinger's equation, that this research program was actually initiated. Their 
term, nonlinear in 'If, also depends upon certain fixed "hidden variables" whose 
values determine what the measurement outcome will actually be. 

A decade later I suggested a class of terms, nonlinear in 'If, anyone of which, 
when added to ~chrodinger's equation, performs the requisite task of state­
vector reduction . In the initial proposal, randomly distributed phase factors in 
the statevector determine the measurement outcome. I soon thereafter4 intro­
duced a different determining mechanism, a randomly' fluctuating source. This 
has remained the mechanism for subsequent work. (However, no convincing 
physical identification of the source has yet been made, although it has been 
suggested that it is related to fluctuations of the metricS,6,?) In section 2, I 
will review some high points of this program between the years 1976 and 1986. 

What guidance is there in the development of such theories? In the absence 
of a conflict between experiment and ordinary quantum theory that might point 
the way, the Hope has been that only one theory would recommend itself on 
physical and aesthetic grounds. There are strong physical constraints to be 
satisfied: agreement with the predictions of quantum theory for all presently 
known experiments and a satisfactory evolution that reduces the statevector. 
At present, I believe there is a reasonably attractive theory8,9,1 0, 11, the 

Sixty-Two Years of Uncertainty 
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Plenum Press, New York, 1990 
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Continuous Spontaneous Localization (CSL) theory. It was made possible by the 
introduction of important physical ideas in 1986 by Ghirardi, Rimim and 
Weber12.13 (GRW). Section 3 contains a brief introduction to the CSL theory. For, 
one of the main points of this paper is to show (in Section 4) that the CSL theory 
is Galilean invariant, even though the Schrodinger equation depends explicitly 
upon time. 

Most exciting is the possibility of constructing a Lorentz invariant general­
ization of the CSL theory. What the Bell inequality arQument14 shows is that a 
realist who also holds fast to the ideas of special relativity will have to give up 
some old notions and adopt soma new ones. When asked what notions might have 
to be abandoned, Bell remarked15: "For me its a dilemma. I think its a deep 
dilemma. and the resolution of it will not be trivial: it will require a substantial 
change in the way we look at things." In the rest of this paper I wish to present 
some tentative steps that have been made toward a CSL relativistic quantum field 
theory. Based upon this, I will try to indicate what a few of these notions appear 
to me to be. 

2. HIGH POINTS OF THE EARLY PROGRAM 

I want to focus on five points. 

2.1 Equations Can Be Found 

A number of equations that reduce the statevector were introduced by 
Diosi16, Gisin17 and myself4.18. They perform as follows. Consider a measure­
ment with two possible outcomes a1 and a2. As a result of normal hamiltonian 
evolution during kO, the statevector 1 'I',t> evolves into the superposition 

(2.1 ) 

where 1 a1> and 1 a2> are macroscopically distinguishable states. Stochastic 
differential equations (i.e. equations that depend upon white noise) were con­
structed which govern the further evolution of a. (t). They have the property that 
Io.n(t) 12-71 , lo.ion (t)12-70 for large t, for a fraction ro.n(0)12 of the sample white noise 
functions driVing the time evolution. Thus the experimental results are predicted 
to occur with the frequencies given by ordinary quantum theory. 

2.2 Martingale Property 

How is this achieved? The crucial element is a simple principle4. Suppose 
the equation~ are m~de to Rreserve Lnlo. (t)l2=1. Furthermore, let t.he ~iffusion 
equation (which can Immediately be con~ructed from the stochastiC differen-
tial equation) for each lo.n(t)12 in the interval 0 t01 have absorbin!;l boundaries at 0 
and 1. These two properties ensure that reduction takes place, I.e. precisely one 
lo.n(t)l2-71 for each white noise sample function. Then, agreement with quantum 
theory is assured if the diffusion is such that the Martingale property 

d<lo.n(t)12>/dt = 0 (2.2) 

is satisfied (c.> denotes the avera!;le over all white noise functions). This is 
because Eq. (2.2) implies lo.n(O)12= <10.0(00)12> and reduction implies 
<lo.n(oo)l2> = O·Prob(lo.n(oo) 2=0) + 1·Proo(lo.n(oo)l2=1), so lo.n(0)12 = Prob(lo.n(00)12=1). 

2.3 Experimental Tests: Interrupt and Interfere 

Since a reduction theory has different statevector dynamics than quantum 
theory, it is to be expected that predictions of the two will differ for certain 
kinds of experiments. A reduction theory is constructed to agree with the 
predictions of quantum theory when the reduction dynamics IS allowed to go to 
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completion. But suppose the reduction initiated by one measurement is inter­
rupted and another measurement is quickly interposed. Then the lan(t)1 2 are 
"caught out", possessing neither their quantum theory values nor their reduced 
values at the start of the second measurement, so it might be expected that the 
predictions for the experiment consisting of the two measurements would differ 
from quantum theory's. 

However, it turns out, because of the Martingale property, that the predic­
tions are different from quantum theory's only if the second measurement 
involves interference between the first measurement's reducing states 19. An 
example of such an experiment is two-slit neutron interference, and was per­
formed by Zeilinger et a120. The two equal-amplitude wavepackets of a neutron 
exiting the macroscopically separated slits are presumed to subsequently engage 
in reduction dynamics. When the packets overlap at the detector they do not any 
more have equal amplitudes, and so the interference pattern's contrast ought to 
be diminished compared to the case of no reduction. There was no observed dim­
unition of contrast, to one percent accuracy, which was translated to mean that 
the presumed characteristic reduction time has to be larger than 8 sec. For com- . 
parison, GRW12 proposed a characteristic time·of 1016 sec. 

2.4 Violation of Conservation Laws 

For experiments where the predicted results differ from quantum theory's, it 
is possible to have violation of conservation laws21 . For example, consider a 
double Stern-Gerlach apparatus designed to take a beam of spin 1/2 particles, 
split it in the z-direction, and then recombine it. Suppose a single particle with 
spin initially pointing in the +x-direction enters the apparatus. The two macro­
scopically separated wave packets with spins ±1/2 in the z-direction are expected 
to undergo reduction dynamics, so that when they are recombined their ampli­
tudes are no longer equal. Thus the particle no longer with certainty has the 
x-angular momentum + 1/2 it started with: its x-angular momentum is not 
conserved. Where has it gone? Perhaps into the fluctuating medium that causes 
the reduction, but so far this back-reaction has received no formulation. 

2.5 Superluminal Communication 

It has been pointed out by Gisin22,23.24 that the density matrix evolution 
equation has to be of the Lindblad25 type (i.e. dp/dt depends only upon p) if the 
reduction theory is to avoid superluminal communication. This places a severe 
constraint26 upon the kinds of admissable reduction theories. 

2.6 The SL Theory 

In spite of the good deal of progress, outlined above, made toward construc­
ting and understanding reduction theories, it was recognized18 that there were 
two outstanding problems which stalled further development. The preferred basis 
problem was that the ~~croscopically distinguishable states I an> which compete 
In the reduction "game" were put in by hand. One would hope that what is meant 
by macroscopically distinguishable would be completely determined by the theory. 
The trigger problem was that the turning on and off of the reducing terms also 
had to be done by hand. It was expected that these terms would depend upon 
some parameter like separation or energy density distribution or complexity in 
such a way as to grow large and dominate the dynamiCS only when the states I an> 
differ macroscopically, but no formulation of this wfs found. Then along came 
the Spontaneous Localization (SL) theory of GRW 2. 

The SL theory does not follow the prowam outlined above entailing a modifi­
cation of Schrodinger's equation. Instead It invokes an abrupt change of the 
statevector (which I shall call a "hit")s the multiplication of a particle's wave­
function by a gaussian of width ",10- cm. However, this is not quite the "abrupt 
change by measurement" to which Schrodinger objected because the hitting is 
conceived of as a natural process that is always taking place, but infrequently 
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(once every 1016 sec. per particle on average). This scarcely affects the quantum 
dynamics of a microscopic particle. However, when a macroscopic object, 
composed of many particles, is in a superposition of spatially separated states, 
the hit of anyone particle reduces the statevector to representing the object 
surrounding the localized particle. This will occur at a rapid rate equal to the 
number of particles multiplied by the single particle rate. Thus, GRW resolve the 
preferred basis problem, roughly speaking, In favor of the position basis. The 
hitting process, which does not need to be turned on or off, triggers the reduction 
and resolves the trigger problem. 

3. THE CSL THEORY 

With the advent of the ideas of GRW it became possible to construct a modi­
fied Schrodinger equation that incorporates them8. Remarkably, the equation is, 
like quantum theory, linear in the statevector. This linearity makes it possible to 
utilize in the CSL theory the extensive formalism already developed for quantum 
theory. For example, the path integral formalism can be applied to the CSL 
theory9. More importantly for this paper, the infinitesimal generators of relativ­
istic transformations can be constructed. The CSL theory bears another resem­
blance to ordinary quantum theory in that its rule for predicting probabilities is 
quadratic in the statevector. 

I will first discuss the simplest example that illustrates the behavior of the 
CSL theory. Then I will briefly present the nonrelativistic CSL theory of a single 
particle moving in one dimension (see reference 11 in this volume for a more 
extensive discussion). 

3.1 Simplest Example 

Consider the equation for the statevector 

dl ""b/dt = [Aw(t)-AA211 ""l> (3.1 ) 

with initial condition given by Eq. (2.1). In Eq. (3.1), the Hermitian operator A's 
two eigenvect~rs are I a1> and I a2>' with eigenvalues a1 and a2· w(t) is a white 
noise function 8, a gaussian random process characterized by expectation values 

<w(t» = 0, <w(t)w(t'» = AO(t-t'), 

which may also be written as w(t) = d8(t)/dt, where 8(t) is a brownian motion 
function with probability density 

(3.2) 

(3.3) 

The first thing to notice is that there is no factor i in Eq. (3.1): the 
"hamiltonian" is anti-hermitian. This means that the statevector's norm will not 
remain constant. For this reason I ""b is called the "raw" statevector, and 
Eq. (3.1) is called the raw equation. 

Eq. (3.1) can be rewritten in the basis <an I. and its solution found: 

d<an I ""b/dt = [anw(t)-Aan2]<an I ""l> (3.4) 

<an I ""l> = Ctn(O)exp[anB(t)-Atan 2] 

= Ctn(O){ exp82/4At} exp-[8(t)-2Atan]2/(4At) (3.5) 

The "physical" statevector I ""l>p is simply the normalized raw statevector: 
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<an 1 'I',bp = un(O)exp-[8(t)-2Atan]2/(4At) (3.6) 

fEmlum(O)l2 exp-[8(t)-2A.tam]2/(2A.t)} 1/2 

The second thing to observe is that the solution (3.6) for 1 'I',b depends upon 
the brownian motion 8(t) that drives it. However, we do not know what is the 
actual 8(t) we encounter, so a rule must be given which assigns a probability to 
each 8(t) and its associated 1 'I',b. Usually in the case of stochastic differential 
equations like (3.1) or (3.4) one assigns the probability p(8)d8, where p(8) is 
given by Eq. (3.3). However, here we shall declare the following probability rule, 
the physical postulate that the probability is 

<'I',t 1 'I',bp(8)d8 = (21tAtt1/2d8Lnlun(O)12 exp-[8-2Atan]2/(2At) (3.7) 

(clearly the integral of this probability is 1). 

What 8(t)'s are most probable? From Eq. (3.7) we see that these are such that 

18(t)-2Atanl < C(At)1/2, n=1,2 (3.8) 

where we may choose the number of standard deviations c so that the remaining 
probability is as small as we like. Now consider a time satisfying At(aZ-a1)2»c2, 
which is large enough so that the two ranges of 8(t) given by Eq. (3.tl) do not 
overlap. When this no-overlap condition is reached, the physical statevector is 
essentially reduced! For example, if 8(t)=2Ata1 then, according to Eq. (3.6), , 

<a1 I 'I',bp = u1 (0)/{1<X1 (0)12 + 1~(O)12exp-2At[a2-a1J2}1/2 = 1 

<a21 'I',bp = ~(O)/{lu1 (O)12exp+2At[a2-a1]2 + IU2(0)12} 1/2", 0 

(3.9a) 

(3.9b) 

Moreover, by integrating Eq. ~3. 7~ over those values of 8 (given by Eq. (3.8) for 
n=1) which lead to the result 3.9 , we see that the probability associ~ed with 
all these solutions is essentia Iy t e quantum theory prediction IU1 (0)1 . 

To summarize, the evolution equation (3.1) and the probability rule (3.7) are 
the mathematical basis of the theory. They work by giving a hi~h probability to 
large norm raw statevectors, with values of 8(t) that create a disparity in the 
relative magnitudes of the amplitudes <an 1 'I',b. 

To conclude this discussion, I want to briefly mention the density matrix, the 
evolution equation for the physical statevector, and the generalization of this 
simple example. The density matrix is 

Dnm(t) = i<an 1 'I',bpp< 'I',t 1 am><'I',t 1 'I',bp(8)d8 = < <an 1 'I',b< 'I',t 1 am> > 

= un(0)um(0)*exp-(A.tI2)[an-am]2 (3.10) 

the last expression being obtained by performing the integral using Eqs. (3.3), 
(3.5). Thus the density matrix satisfies the differential equation 

dDnm(t)/dt = -(A.l2)[an-am]2Dnm(t) (3.11) 

From Either Eq. (3.10) or (3.11) the decay of the off-diagonal element associated 
with reduction can readilx be seen. The evolution equation of the density operator 
D, that follows from Eq. (3.11), has the Lindblad form 

dD(t)/dt = A{AD(t)A - (1 /2)(A2D(t)+D(t)A2)} 

It is possible to write down the nonlinear equation of evolution24,10 for 
the physical statevector 1 'I',bp 

(3.12) 
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(3.13) 

where the probability weighting associated with I 'I',bp is the usual one, Eq. (3.3). 

The simple example discussed above is generalized by introducing a family of 
commuting operators Aj and associated independent white noise functions Wj' as 
well as a hamiltonian H. 

(3.14) 

3.2 Single Particle 

The CSL equation of evolution of the statevector describing a single particle 
moving in one dimension is 

dl 'I',b/dt = {-iH + Jdzf(X-z)w(z,t)-A}I 'I',b (3.15) 

Here H is the usual hamilt~nian. Following GRW, f(X-z) is taken to be a gaussian 
function of width 0.-1/2",10- cm., depending upon the position operator X 

f(X-z) = (o.ht) 1/4exp-(a/2)(X-z)2 

and the characteristic reduction rate per particle is taken to be 1..",10-16 sec-1 . 
w(z,t) is a white noise field 

<w(z,t» = 0, <w(z,t)w(z',t'» = A~(Z-Z')~(t-t') 

It will prove useful to write w(z,t)=aB(z,t)/at, where the stochastic field B(z,t) 
is brownian in t but white in z, with probability density given in the functional 
integral form 

p(B(z,t)) = Cexp-JdzB(z,t)2/2A.t 

(3.16) 

(3.17) 

(3.18) 

Eq. (3.15) has the form of Eq. (3.14)~ except re continuous index z replaces the 
discrete index j (Aj ~ f(X-z), 'LjAj2 ~ Jdzf(X-z) =1). 

Consider a particle in the initial state (2.1), where I a > now is taken to de­
scribe a well-localized (to a dist~nce much less than o.-1/2} wavepacket centered 
at position a ,and la2-a11 » 0.- 12: I shall call this the "canonical two-packet 
state". Eq. ('3.15) works as follows. Suppose the white noise fluctuations average 
out to nearly zero or to negativ~ values at the sit~s ~n of both packets. Then the 
norm of each packet exponentially decreases With time constant 1..-1 so, although 
the statevector remains In a superposition of packets with comparable ampli­
tudes, the statevector eventually becomes improbable. When the fluctuations are 
much more positive than negative at only one site, that packet grows while the 
other diminishes, and this situation occurs with overwhelming probability. 

This reduction behavior can be seen from the solution of Eq. (3.15). Neglect­
ing the hamiltonian motion of the packets, the solution can be written analogous­
ly to Eq. (3.5) as 

<x I 'I',b = <x 1'I',O>exp[Jdzf(x-z)B(z,t)-At] 

= <x I 'I',0>{expJdzB(z,t)2/4At} exp-Jdz[B(z,t)-2Atf(x_z)]2/(4At) (3.19) 

Also similarly to Eqs. (3.6), (3.7), the physical statevector's components and the 
probability associated witn this solution can be written respectively as 
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<an 1 \jI,bp '" an(O) exp-Jdz[8(z,t)-2Atf(an-z)]2J(4At) 

{~mlam(0)12 exp-Jdz[8(z,t)-2A.tf(am-z)]2J(2At) } 1/2 

<\jI,t 1 \jI,bp(8)08 '" 
C08~nlan(0)12 exp-Jdz[8(z,t)-2Atf(an-z)]2J(2At) 

(3.20) 

(3.21 ) 

with the usual functional integral notation that 08=ll.zd8(z). In these equations, 
the approximation has been made that x can be replaced by an in f(x-z) (because of 
the narrowness of the wavepacket). The no-overlap condition can now be applied. 
The most probable 8(z,t)'s occur when either or both ex~onents in Eq. (3.21) are 
small, a condition I will write analogously to Eq. (3.8) as 9 

(3.22) 

However, when t is sufficiently large (At»C2), there is no overlap: a 8(z,t) that 
makes one exponent small makes the other large. Thus a probable 8(z,t) makes 
only one of the exponentials in Eq. (3.20) large, of magnitude>exp-c2, while the 
other decays with time constant A-1. This results in reduction precisely as in 
Eqs. (3.9) of the simple example. 

Of course, the reduction may also be seen in the behavior of the density 
matrix. The density operator evolution equation for a single particle turns out to 
be identical to that of GRW8 

dO(t)Jdt = -i[H,O] + A{Jdzf(X-z)O(t)f(X-z) - O(t)} 

with solution (neglecting the hamiltonian H) 

<x 10(t)1 x'> = {exp-At[1-<l>(x-x')]}<x 10(0)1 x'> 

(3.23) 

(3.24) 

where <l>(x-x')=Jdzf(x-z)f(x'-z)=exp-a(x-x')2J4. When x",x'",a are in the same 
packet, then <l>(x-x') '" 1 and there is little change in <x 10(tfi x'>, but when x and x' 
are in different packets, then <l>(x-x') '" 0 and <x 10(t)1 x'> decays as exp-At. 

To close this discussion I will display the evolution equation of the state­
vector, and of the density operator, in the nonrelativistic CSL theory for many 
identical particles8,1 0: 

dl \jI,bJdt = {-iH + Jdxdzn(x)f(x-z)w(z,t) 
-AJdxdx'n(x)n(x')<l>(x-x')}1 \jI,b (3.25) 

dO(t)Jdt = -i[H,O] + AJdxdx'dz<l>(x-x')' 
{n(x)On(x')-(1 J2)[n(x)n(x') O+On(x) n(x')]} (3.26) 

where n(x)= <I>*(x)<I>(x) is the particle number density operator and <I>*(x), ~(x) are 
respectively the creation and annihilation operators of a particle at position x. In 
the next section it will be shown that the CSL non hermitian and time-dependent 
"hamiltonian" in Eq. (3.25) is an appropriate generator of time translations for a 
Galilean invariant theory. 

4. GALILEAN INVARIANCE 

What is meant by time translation invariance? In classical physics it means 
that if you perform a measurement now and get a certain result, then if you 
perform the identical measurement at a later time you must get identically the 
same result, within experimental error. But that is frequently not what happens 
in nature, which is not classical. We can get quite different results when we 
repeat measurements. What is meant by time translation invariance is that when 
we perform an experiment consisting of many identical measurements (either 
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taken simultaneously or sequentially), and then repeat that multi-measurement 
experiment, the statIstics of the results must be identical. This can be called 
stochastic time translational in variance . 

Thus it is quite reasonable to construct a theory which is stochastic 
relativistic invariant, meaning that the theory predicts identical statistical 
results for such multi-measurement experiments in all inertial coordinate 
systems. One might expect the evolution equation of that theory to depend upon 
time in a stochastiC manner. Indeed, from this point of view, it is remarkable 
that ordinary quantum theory, which is stochastic time translational invariant, 
doesn't have any explicit time dependence in its hamiltonian! Let us now 
consider what is sufficient for a stochastic Galilean invariant theory. 

4.1 Galilean Group Requirement 

Pick an arbitrary fiducial reference frame, and go to any other reference 
frame by first performing a boost to the velocity v, followed by a time trans­
lation through the interval t and by a space translation through a (for simplicity 
only two spacetime dimensions will be considered throughout this paper). The 
statevector in such a reference frame will be called I ""a,t,v>. 

Call the infinitesimal generators of the boost, time translation and space 
translation K-iL, H-iV, P-iR respectively, where K, H, P are the usual generators. 
These are the mathematical tools necessary to transform the statevector in a 
frame characterized by parameters (a,t,v) to the statevector in another frame 
whose parameters are infinitesimally close. In ordinary quantum theory these 
generators are independent of the frame they act upon, i.e. they do not depend 
upon a, t and v. In a stochastic relativistic theory, where events occur due to a 
fluctuating spacetime field, the generators could depend upon a, t and v, and we 
will suppose that L, V and R may have this dependence. 

In order to have a stochastic Galilean invariant theory, both a Galilean group 
requirement and stochastic requirements must be fulfilled. The Galilean group 
requirement is that when one transforms the statevector from one reference 
frame to another, regardless of the route taken (e.g. first boost and then time 
translate, or first time translate and then boost) one must end up with the same 
statevector. Let us impose this first. Of course, when this has been accom­
plished, all that we will have is the rule to tell us what the universe looks like 
from different coordinate systems: there will as yet be no guarantee that the 
universe looks the same, in the sense of stochastic relativity. 

The action of the generators is 

{1 + da[iP+R(a,t,v)]}1 ""a,t,v> = I ""a+da,t,v> 

{1 - dt[iH+V(a,t,v)]}1 ""a,t,v> = I ""a,t+dt,v> 

{1 + dv[iK+L(a,t,v) -t(iP+R(a,t,v)) +ima]}l ""a,t,v> = I ""a,t,v+dv> 

(4.1 a) 

(4.1b) 

(4.1 c) 

Note that in Eq. (4.1 c) the generator of velocity translations has been used. 
For the purposes of this article I want to make a distinction between a "reference 
frame", characterized by fixed values of a, t and v, and a "coordinate system" 
characterized by fixed values of a and v, but with variable t: a reference frame is 
an instantaneous photograph of a coordinate system. Now, the pure boost 
generator K takes I ""a,t,v> into I ""a-tdv,t,v+dv>, and the parameter a-tdv 
characterizes a sequence of different coordinate systems as t increases. It is 
necessary to use a velocity translation if one wishes to transform from one 
coordinate system to another. 

By equating the results of two successive different transformations (4.1) in 
either order one obtains 
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[iP+R,iH+V) = aaV + aIR 

[iP+R,iK+L) = aaL + avR - taaR +im 

[iK+L,iH+V) = aIL + taa v - avv - (iP+R) 

(4.2a) 

(4.2b) 

(4.2c) 

If we define p'=p+iaa, H'=H-ial , K'=K+itaa-iav' Eqs. (4.2) can be written in a form 
similar to the usual commutation relations 

[iP'+R,iH'+V) = 0, [iP'+R,iK'+'L) = im, [iK'+L,iH'+V] = - (iP+R) (4.3a,b,c) 

By utilizing the usual commutation relations of the generators P,H,K we obtain 

i[P',V]-i[H',R)=[V,R), i[P',L)-i[K',R)=[L,R), i[K',V)-i[H',L)+R=[V,L) (4.4a,b,c) 

For the CSL theory, V is hermitian. If I choose Rand L to be hermitian too 
(although a more general class of theories could be eXp'lored), then the left sides 
of Eqs. (4.4) are hermitian while the right sides are antlhermitian, so both sides 
must vanish. I will choose R=L=O and the right sides will vanish. The remaining 
restrictions on V 

i[P',V) = 0, i[K',V) = ° (4.Sa,b) 

have nontrivial solutions. With an eye toward the CSL theory, assume that V has 
the form 

V(a,t,v) = idx<I>*(x)<I>(x)G(x,a,t,v) + 
fdxdx'<I>* (x)<I>(x)<I>* (x')<I>(x')G'(x,x' ,a, t, v) (4.6) 

where G and G' are so far arbitrary functions of their arguments. From Eq.(4.Sa), 
using i[P,<I>(x))=-a <I>(x), we obtain the conditions a G-aaG=o, a G'+a .G'-aaG'=o, so 
G=G(x+a,t,v) andG'=G'(x-x',X+a,t,v). From Eq.(lSb), using i/'K,<!>(x~)=O we obtain 
the conditions taaG-avG=o, taaG'-avG'=o, so G=G(x+a+vt,t), d;';'G'(x-x',X+a+vt,t). 

This Galilean group requirement can be fulfilled by taking 

G=-idzf(x+a+vt-z)w(z,t)=-idzf(x-z)w(z+a+vt,t), G'=A<l>(X-X') (4.7a,b) 

With these choices, the space translation and boost generators are the usual 
ones, while the time translation equation is 

dl 'V,a,t,v>/dt = {-·iH + idxdz<l>*{x)<I>(x)f(x-z)w(z+a+vt,t) 
-Aidxdx'<I> (x)q,(x)q,*(x')q,(x')<l>(x-x')}1 'I',a,t, v> (4.8) 

Suppose we are given the particular hamiltonian of our universe, depending 
upon the white noise function w(Zt,tf). in the fiducial coordinate system (para­
meters a=v=O and coordinates zf, f). Eq. (4.8) tells us that the hamiltonian in an­
other coordinate system (parameters a,v and coordinates z=zra-vtf,t=1t) depends 
upon the sample function w v(z,t)=w(zf,1t). Eq. (4.8) differs from the quoted non­
relativistic CSL equation (3.g) only in Hie dependence of the white noise function 
on its spatial argument. We will now see that this is an inessential difference. 

4.2 Stochastic Requirements 

A stochastic relativistic invariant theory requires the ensemble of 
hamiltonians to be identical in all inertial frames, and requires the probability 
rule to be applicable under a change of inertial frame. 

But, as seen from a particular coordinate system, The History of Our Universe 
(THOU) is unique, with a hamiltonian dependent upon a unique white noise function 
w(z,t). Why then do we need to talk about an ensemble of hamiltonians with an 
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ensemble of white noise functions (w(z,t)} (by the ensemble (w(z,t)} is meant 
both the functions and their associated probabilities) and an associated 
probability rule? 

Consider the single statevector, as defined in some coordinate system at 
some time in THOU. The ensemble of histories that evolves out of this 
statevector is driven by the ensemble of white noise functions, and weighted by 
the probability rule. We hypothesize that THOU chosen from among these 
histories is not an improbable one. 

Suppose that during THOU a succession of identical measurements is per­
formed in a coordinate system. This gives an ensemble of results whose 
statistical distribution is the same as would be obtained if one considered a 
single measurement performed in that coordinate system in the ensemble of 
universes driven by (w(z,t)}. (The elements behind this observation are that 
white noise is a stationary process and that the rule associating the probability 
<'I',a,t,v I \jI,a,t,v>P(w) (P(w) is the probability of w(z,t)) with the response of the 
system to the measurement is a stationary rule.) the successive measurements 
during THOU in effect sample the ensemble of hamiltonians and the ensemble of 
system responses, so the ensemble tells us what happens in each of its members, 
of which THOU is typical. 

According to Eq. (4.8), the ensemble of hamiltonians will be identical in all 
inertial frames provided (w(z+a+vt,t)}={w(z,t)}. But, using Eq. (3.17), 

<w(z+a+vt,t» = 0, <w(z+a+vt,t)w(z'+a+vt',t'» = A.o(z-z')o(t-t') (4.9) 

and these two moments of the gaussian process completely determine the ensem­
ble. Since (4.9) shows that the moments are identical in all inertial frames, so 
also the ensemble of white noise functions and their associated hamiltonians 
must be identical in all inertial frames. Then the probability rule works in all 
coordinate systems as its functioning depends upon the ensemble of hamiltonians 
being of CSL form. This ensures stochastic relativistic invariance from the 
active point of view (i.e. a succession of measurements performed in any 
coordinate system will yield the same statistical results) for the ensemble and 
thus for THOU. 

The passive point of view for THOU and for the ensemble must be examined 
separately. The passive point of view for THOU requires that a measurement 
evolution in one coordinate system be viewed from another coordinate system as 
a possible evolution. This is guaranteed by the form invariance of the equation of 
evolution (4.8) under coordinate transformations. The passive point of view also 
requires the result of the measurement in the two coordinate systems to be 
identical (up to a Lorentz transform Of meter readings). This will be so because, 
sufficiently long after a measurement has been completed, the large component of 
the statevector corresponding to the actual outcome and the smalr tail corres­
ponding to the nonoccurring outcomes do not have their relative disproportionate 
magnitudes reversed by the coordinate transformation operation. 

The passive point of view for the ensemble describing a single measurement 
in one coordinate system requiresthat it be viewed from another coordinate 
system as a feasible ensemble, with the same probabilities associated to the 
outcomes of the measurement. Sufficient conditions for this, in addition to the 
identity of the ensemble of hamiltonians in both coordinate systems, are that the 
probability associated to each measurement evolution be invariant under change 
of coordinate system: 

da<'I',a,t,v I \jI,a,t,v>P(w)=O, dv<'I',a,t,v I \jI,a,t,v>P(w)=O, (4.10a,b) 

(This is sufficient but not necessary: it is only necessary that all of the meas­
urement evolutions leading to the same result have the same total probability in 
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each coordinate system.} However <'I',a,t,v I 'V,a,t,v> is invariant under trans­
lations and boosts because they are generated by unitary transformations. Also, 

P(w(z,t)) = CDwexp-fJdzdtw(z,t)/2A., Dw = ilzil,dw(z,t) (4.11 ) 

is unchanged when w undergoes a translation of its spatial argument from z to 
z+awt. Therefore <'I',a,t,v I 'I',a,t,v>P(w) is unchanged. 

This concludes the demonstration that the CSL theory is Galilean invariant. 
As is to be expected, the density matrix evolution equation (3.26) that the theory 
produces is (manifestly) Galilean invariant. 

4.3 On Tails. Localization and Retrodiction 

This is as good a place as any to call particular attention to the fact that in 
the SL and CSL theories, the statevectors are never completely reduced. There is 
always a little bit of "what might have been" present along with "what is". In 
complete reversal of the position I previously took30, I am going to argue that, 
rather than an embarassment to be eventually overcome in a better theory, tails 
are an absolute necessity. 

First, however, note that tails already exist in ordinary quantum theory: for 
example, the tails of atomic wavefunctions spread out over all space. Although 
the SL and CSL theories are realist theories, they are only committed to 
representing reality by the statevector, they are not committed to a realist 
interpretation of the components of the statevector in a particular basis. 
Nevertheless, because the position representation is more important in these 
theories than any other representation, it is tempting to explore the spacetime 
picture given by taking the one-particle position density 

(4.12) 

(I am ignoring here the issues involved with identical particles) and regarding it 
as "really" representing the spatial extension of the particle. I will here succumb 
to this temptation. 

The picture we get is Schrodinger's original picture, before Bohr talked him 
out of it. An individual p,article can be "mostly localized" as in an at~mic bound 
state, in the sense that fvp(x)dx is almost 1 when V is "small" «10- cm., say). 
However, an individual particle may be "very spread out" in space, as in a 
scattering state. The "only mystery" of quantum theory referred to by Feynman, 
the two-slit interference pattern of a single particle, is simply explained by the 
particle really being in both slits at the same time. 

The new feature of the SL and CSL theories, compared to quantum theory, is 
that they make a distinction between microscopic and macroscopic. Unlike an 
individual uncorrelated particle, the center of mass of a macroscopic object is 
always "mostly localized", it is never "very spread out" in space. This latter 
state is prevented by the reduction dynamics which rapidly turns a would-be 
superposition of distinctly spatially separated macroscopic states of comparable 
amplitude (allowable by quantum theory) into one state plus a tail, before such a 
superposition can appreciably develop. As I will later argue, this has the 
corollary in the context of a possible relativistic CSL theory, that the spacetime 
localization region of a macroscopic .object is an absolute concept (i.e. agreed 
upon by all inertial observers), but the spacetime localization region of a 
microscopic object is a relative concept. 

Now I come to the necessity for tails. First, they are necessary for retro­
diction. If one knows the white noise function w(z,t} and the present statevector, 
tail and all, one can use the hamiltonian to correctly run the time evolution 
(3.25) backwards. When running the statevector of a completed measurement 
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backwards, the insignificantly sized tail will grow and the portion of the 
statevector describing the correct outcome will diminish in amplitude until both 
are comparably sized. If one had cut off the tail, the result of this calculation 
could be spectacularly wrong. Because of the time direction built into the CSL 
equation (the term proportional to A. in (3.25) makes the evolution equation not 
time-reversal invariant), a tail that has a negligible effect on future evolution 
will have an enormous effect on evolution into the past. 

However, their utility for retrodiction does not make tails absolutely 
necessary because retrodiction is not an absolutely necessary capability that a 
theory must provide. But, if we want to have a Lorentz invariant theory, the boost 
operation requires a transformation, to a new hyperplane, that is partly a sweep 
backwards in time. Just as in the above paragraph, a boost to a new frame can 
dramatically enhance the size of the tail. One gets the wrong statevector in the 
new reference frame without having the tail in the original frame. I believe the 
tail is absolutely necessary because I cannot see how to make a Lorentz invariant 
theory of statevector reduction without it. 

5. LORENTZ INVARIANT CSL THEORY? 

It is natural to try to construct a Lorentz invariant theory by following the 
procedures presented in the previous section that resulted in a Galilean invariant 
theory. I will show that it is possible to fulfill the Poincare group requirements 
and construct the generators in terms of local quantum fields. The new feature is 
that not only the hamiltonian but also the boost generator depend upon the white 
noise function. Furthermore, active Lorentz invariance is satisfactory as the 
ensemble of hamiltonians is the same in all inertial frames, and passive Lorentz 
invariance for THOU is likewise satisfactory. What fails is the statistical 
requirement leading to passive Lorentz invariance for the ensemble. I shall argue 
that this is to be expected. However, if one relaxes the demand of passive 
Lorentz invariance on hyperplanes in favor of spacelike surfaces which do not 
extend arbitrarily far into the past, one can recover passive Lorentz invariance in 
the framework of the Tomonaga-Schwinger formalism. So, it appears that a 
reasonably satisfactory framework for a relativistic quantum field CSL theory 
exists. 

The problem then becomes to choose a hamiltonian that will give a satis­
factory dynamical theory. I will consider the simplest possible nonhermitian 
hamiltonian, and suggest a mechanism that reduces the statevector. With each 
fermion there is associated a scalar "meson" field. When the fermion is in the 
canonical two-packet state, the statevector is reduced to one of the two meson 
configurations, bringing along with it the attached fermion. However, this model 
has a grave difficulty: there is an infinite meson production rate per unit volume! 
So there is not yet a satisfactory relativistic CSL theory. However, I will close 
with a discussion of a few examples of how I think such a theory wi" behave, and 
the pictures it might give of the evolution of particles in spacetime during the 
reduction process. 

5.1 Poincare Group Requirement 

Exactly parallel to the discussion in section 3, the action of the infinitesimal 
generators is 
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Cli 'II,a,t,v>/Cla = [iP+R(a,t,v)ll 'II,a,t,v> 

Cli 'II,a,t,v>/Clt = -[iH+V(a,t,v)]1 'II,a,t,v> 

Cli 'II,a,t,v>/Clv = -[iK+L(a,t,v) -t(iP+R(a,t,v)) 
+a(iH+V(a,t,v))]I'II,a,t,v> 

(5.1 a) 

(5.1 b) 

(5.1 c) 



(The velocity of the boosted frame with respect to the fiducial frame is tanhv). 
By equating the second derivatives of I ,!"a,t,v> in either order one obtains the 
conditions 

[iP+R,iH+V] = aaV + atR 

[iP+R,iK+L] = aaL + avR - taaR - aatR + iH+V 

[iK+L,iH+V] = atL + taaV + aatV - avv - (iP+R) 

(S.2a) 

(S.2b) 

(S.2c) 

If we define p':=p+iaa, H':=H-iat, K':=K+itaa+iaariav' Eqs. (S.2) can be written in a 
form similar to the usual commutation relations 

[iP'+R,iH'+V] = 0, [iP'+R,iK'+L] = iH+V, [iK'+L,iH'+V] = - (iP+R) (S.3a,b,c) 

By utilizing the usual commutation relations of the generators P,H,K we obtain 

i[P', V]-i[H' ,R]=[V,R], i[P' ,L]-i[K' ,R]=[L,R]+V, ilK' ,V]-i[H' ,L]=[V,L]-R (S.4a,b,c) 

The new feature is that we cannot choose R=L=O because, from Eq. (S.4b), 
this means that V will vanish. So we will take R=O and look for a solution where 
both V and L are nonvanishing. We conclude from the hermitian nature of the left 
side of (S.4c) and the non hermitian nature of the right side that [V,Ll=O. This can 
be achieved if V and L are functions of commuting operators. ~or definiteness, I 
will take the operators to be a scalar field <l>(x) at different points x, 

<l>(x) := (4n:)"(1I2)Jdk{a(k)expikx + a*(k)exp-ikx}/kO 

[a(k) ,a* (k')]=koo(k-k') 

(S.Sa) 

(S.Sb) 

~~~~~~~ focc~f¥11~~~~nations of other fields could be used. Assume that V and L 

(S.6a,b) 

where Qn' GJ.!! and Hn are so far arbitrary functions of their arguments. The 
constraints t~.4) 

i[P',V] = 0, i[P',L] = V, i[K',V] = i[H',L] (S.7a,b,c) 

together with the commutation relations of the usual generators with the field 
. . 

i[P,<I>(x)] = -a<l>(x)/ax, i[H,<I>(x)] = <I>(x), i[K,t»(x)] = <I>(x)x (S.8a,b,c) 

imply the following restrictions on Eqs. (S.6). Applying (S.7a) to the form (S.6a) 
for V, and integrating by parts to throw the derivatives of g..n onto G(l' we obtain 
the conditions a Gn-a Gn = 0, so G = G (x+a,t,v). From t:q. (S.7b) comes the con­
ditions a.xH -aa14n = a:" which can Be sa~sfied with H = xGn. Finally, from (S.7c) 
we .obtaln t~e .constralnt taaGn+(x+a)atGn-avGn = 0, w~ich is fulfilled If Gn is an 
arbitrary function of the two arguments 

xf:= (x+a)coshv + tsinhv, tf := tcoshv + (x+a)sinhv (S.9a,b) 

These restrictions allow the fulfillment of the Poincare group requirements 
where the time translation generator has a CSL form, by replacing G1 by the white 
noise function -w(xf,tf) and G2 by A: 

al 'I',a,t,v>/aa = iPI 'I',a,t,v> (S.10a) 

al 'I',a,t,v>/at = {-iH + Jdxg[t»(x)]w(Xt,tt) - AJdxg2[<I>(x)]}1 'I',a,t,v> (S.10b) 
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a/ 'I',a,t,v>/av = {-iK + IXdxg[<l>(X)]W(X{,tf) - Afxdx,g2[<l>(x)] + tiP 
+ a(-iH + Jdxgl<l>(x)]w(Xf, f) - A Idxg""l<l>(x)])}1 'I',a,t,v> (5.10c) 

5.2 Stochastic reQuirements 

Active Lorentz invariance of this theory immediately follows using the 
argument given in section 4.2: in particular, according to Eq. (3.17), the moments 
of the white noise ensemble are invariant under the Lorentz transformation (5.9) 

(5.11 ) 

Passive Lorentz invariance of THOU likewise follows according to the argument in 
section (4.2). 

However, passive Lorentz invariance for the ensemble cannot be obtained 
because the total ensemble probability is not conserved under boosts. To see 
this, we use Eq. (5.10c) to calculate the change of total probability associated 
with the transformation of a single statevector in the fiducial frame into an 
ensemble under an infinitesimal boost: 

o 
a«'I',o,o,v / 'I',O,O,v»/av/v=o = -4A.<'I',0,0,0 /fxdxg2[<l>(x)]/ '1',0,0,0> (5.12) 

It is clear from Eq. (5.12) that the problem comes from the region x<O, the part of 
the reference frame that goes backwards in time during the boost. Why is this? 

First, let me return to the subject of retrodiction. Suppose one has an 
ensemble at time t, and one wishes to run it backwards to a time <0. What this 
means is that one looks for an ensemble at the time <0 that will evolve into the 
ensemble at time t. It can be found if the ensemble at the time <0 actually 
evolved out of an ensemble prepared at an earlier time yet. But suppose the 
ensemble at time t evolved out of a single statevector at time O. There is no way 
that an ensemble at a time earlier than a can evolve into the single statevector at 
time 0, so it is not reasonable to ask the theory to construct such an ensemble. 
(A precisely analogous situation occurs in ordinary diffusion, where the 
probability distribution for an ensemble of brownian motions cannot be run 
backwards in time indefinitely without eventually encountering an obstacle, a 
distribution that no earlier distribution could have evolved into.) 

But an unreasonable request just like this is what we are making if we ask 
the theory to produce an ensemble of statevectors in a boosted frame that 
corresponds to an ensemble in the fiducial coordinate system that arose from a 
single statevector given at fiducial time O. The preparation of a state in the 
fiducial coordinate system at, or earlier than, some instant of fiducial time is 
an operation that interferes with the autonomous evolution of the statevector, 
and this operation takes forever from the point of view of any boosted coordinate 
system. Thus it is quite reasonable that the theory balks, as expressed in Eq. 
(5.12), at producing a probability measure for the ensemble in a boosted frame. 

5.3 Tomonaga-Schwinger EQuation 

We do not have to give up passive Lorentz invariance for the ensemble if we 
are willing to utilize a relativistic formalism that permits transformations to 
spacelike hypersurfaces that are arbitrary except for the following imposed 
restriction. No hypersurface is to cross backwards in time beyond the 
"preparation hypersurface", earlier than which the system was prepared and the 
statevector js unknown. The evolution equation is the Tomonaga-Schwinger 
equation32,33 adapted to the CSL formalism 

d/ 'I',s>/ds=fIdtdx8( o(x, t)-s Hg[<l>int(x, t) ]w(x, t)-Ag2[<l>int(X, t)]}I 'V,s> (5.13) 

Here o(x,t)=s describes a family of appropriate hypersurfaces, and <l>inl(x,t) is the 
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scalar field in the interaction picture. The use of this formalism is explored 
elsewhere34, where it is shown that d«'I',s I 'I',s»/ds=O, so probability is con­
served under a transformation of such spacelike hypersurfaces. 

6. REDUCING ON VIRTUAL MESONS 

It looks so far that there is no formal barrier to constructing a relativistic 
CSL theory, so the next step is to choose a hamiltonian. In this section I will 
investigate (approximations to) the model with evolution equation 

dl 'I',t>/dt = {-iHF -iHM + iTl(41t) 1 12JdzlJl* (z)IJI(z)<»(z) 
+ Jdz<»(z)w(z,t) - AJdz<»2(z)}1 'I',t> (6.1 ) 

In Eq. (6.1), HF and HM are the hamiltonians forfermion ('I'(z)) and meson fields, Tl 
is the coupling constant for these two fields, and the simplest choice g[<»(z)]=<»(z) 
has been made. 

6.1 Unmoving Model 

We take the non relativistic limit in which the fermion has infinite mass, and 
IJI*(x) is just the creation operator for the fermion at point x (i.e. IJI*(x)IO>=1 x». 
All I will consider is a one-fermion state, for which the evolution equation is 

d<x I 'I',t>/dt = {-iJdka*(k)a(k) + iTl(41t)1/2 <»(x) + 
Jdz<»(z)w(z,t) - AJdz<»2(z)}<x 1'I',t> (6.2) 

As is well known33 , the meson field in this model "dresses" the fermion, and the 
renormalized mesons uncouple from the fermion. Upon defining the renormalized 
meson annihilation operator b(k)=a(k)-(Tl/ko)exp-ikx, Eq. (6.2) becomes 

d<x I 'I',t>/dt = {-iJdkb*(k)b(k) + Jdz<»(z)w(z,t) - AJdz<»2(z)}<x 1'I',t> (6.3) 

(where the constant energy of the dressed fermion has been omitted). Finally, I 
shall omit the hermitian part of the hamiltonian in Eq. (6.3) entirely, obtaining 
the easily treated evolution equation 

dl 'I',t>/dt = {fdz<»(z)w(z,t) - AJdZ<»2(z)}I 'I',t> (6.4) 

This means that mesons which are created will not move away from the site of 
their creation. 

The ground state of the hermitian part of the hamiltonian in (6.3) is the state 
of the virtual mesons surrounding the fermion located at x. This state Im,x> 
satisfies b(k)lm,x>=O, and can be written as a coherent state 

J -2 21 -3 
Tl kodka*(k)exp-ikx -Tl kodkl2 

I m,x> = e I O>e (6.5) 

where I 0> is the virtual meson vacuum state, a(k)1 0>=0. 

Consider the fermion in an initial canonical two-packet state where the 
packets are centered at a1 and a2 and no free renormalized mesons are present. 
This state can be written approximately as 

(6.6) 

where <x I alJ> is a narrow wave packet of the fermion centered at an' I un> is the 
state consisting of this fermion packet and its associated meson field, and the 
approximation consists in replacing I m,x> by I m,an> for x in the neighborhood of 
the packet centered on an-

207 



The solution of (6.4) subject to the initial condition (6.6) is 

I \jI,t> = exp[fdzq,(z)B(z,t) - Atfdzq,2(z)]1 \jI,0> 

= {expJdzB(z,t)2/4At}Lna (0)1 an> 
·exp-fdz[8(z,t)-2A.tq,(z)]2/(4At)1 m,an> 

6.2 Crude Model of Meson Field 

(6.7) 

Before continuing with this problem, I want to solve an even easier problem, 
with a very crude model of the meson field, to indicate how the reduction 
mechanism could be expected to work. The expectation value of the meson field 
strength in the state I m,x> is readily evaluated with the help of Eqs. (5.5), (6.5): 

<m,x 1q,(z)1 m,x> = (TFt 1/2/m)exp-mlx-zl == f(x-z) (6.8) 

Now suppose that, instead of the expression (6.5) for I m,x>, we model the state 
I m,x> as an eigenstate of the meson field at each point of space, with eigenvalue 
f(x-z) : 

q,(z) I m,x> = f(x-z)1 m,x> (6.9) 

Of course this neglect of the dispersion of q,(z) in the state I m,x> is a gross 
simplification. However, the solution (6.7), with I m,x> defined as in Eq. (6.9), 

<ani \jI,t>= {expJdzB(z,t)2/4At}an(0) 
·exp-Jdz[B(z, t)-2Atf(an-z)]2/( 4At) (6.10) 

is a solution we have encountered before. It is precisely the solution given in 
Eqs. (3.19) to the single particle nonrelativistic problem (except there f(x-z) was 
the Qaussian (3.16), while here it is the exponential (6.8)). As was shown in 
section (3.2), this solution describes statevector reduction. What is the physical 
mechanism here that brings reduction about? 

Since the two fermion packets are centered at different locations, the meson 
field at each point z of space is in a superposition of two differing amplitudes, 
=f(at-z) or =f(a2-z). Just as in the simple example of section 3.1, the reduction 
mechanism chooses one of these two amplitudes. The overwhelmingly probable 
statevectors in the ensemble are those for which the field amplitudes chosen at 
all z are either f(a1-z) or f(a2-z). The reduction of this meson field "brings 
along" the fermion packet to which it is correlated. 

The density matrix can be found from the solution (6.10) using the 
prescription D = < I \jI,t>< \jI,t I > given in Eq. (3.10): 

<ani D(t)lam> = an(O)am *(0)exp-(A.tI2)Jdz[f(an-z)-f(am-z) ]2 (6.11) 

from which the reduction behavior can also be surmised. 

6.3 Solution of the Unmoving Model 

Returning now to the solution (6.7) with the meson field given by Eq. (6.5), it 
is useful to introduce the eigenbasis I q>(z» of the meson field q,(z) at each pomt z: 

q,(z) I q>(z» = q>(z)1 q>(z» , JDq>(z)I q>(z»<q>(z) I = 1 (6.12) 

The meson state expressed in this basis, <q>(z) I m,x>, is a Gaussian in q>(z) and so 
it is completely characterized by the mean f(x-z) given by (6.8) and covariance 

<m,x Hq,(z)-f(x-z)][q,(z')-f(x-z')]1 m,x> =(47tt 1 Jdkk6 cosk(z-z') (6.13) 
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whose inverse - fdkkocosk(z-z') appears in the gaussian's exponent: 

«p(z) I m,x> = 
Cexp-(4n;)" 1 ffdzdz'[<j>(z)-f(x-z)][<j>(z')-f(x-z')]fdkko cosk(z-z') (6.14) 

It is now possible to calculate the probability <'V,t I 'V,bp(B)OB associated 
with a particular solution I 'V,b from (6.7) and (6.14): 

<'V,t I 'V,bp(B)OB = p(B)OB fOCP~)Ln<'V,t I <p(z»1 an><anl<<p(z)I'V.t> 
= COBLnlan(O)1 

·exp-ffdzdz'[B(z, t)-2A.tf(an-z) ]g(z-z' ,t) [B(z', t)-2Atf(an -z')]/(2A.t) 

g(z-z',t) == (2n;)-1fdkko(ko+2At)-1cosk(z-z') 

(6.15a) 

(6.15b) 

For At less than the meson mass, we can approximate (ko+2At) in (6.15b) by 
ko, and g(z-z' ,t)""o(an-z). The expression (6.15a) then becomes identical to the 
expression (3.21), and the reduction description is identical to that in the non­
relativistic model of section (3.2) and in the crude model of section 6.2. 

For large t, g(an-z,t)-(At)" 1, making the variance of the Gaussian in 
Eq. (6.15a) no longer proportional to At, but instead proportional to (At)2. This has 
the consequence that the non-overlap of two B(z,t)'s leading to two different 
outcomes ceases to improve with time as it did in the previous two examples. 
Instead, each outcome contains a tail of constant (not continually reducing) size. 
This is because there is a small probability that any meson field configuration 
surrounding one packet will also be possessed by a distant packet, and the 
reduction mechanism has no way to distinguish them. 

These considerations indicate that the meson field reduction mechanism may 
work for the relativistically invariant model. 

6.4 Meson Production 

The meson energy production rate can be directly calculated for the 
relativistic model (6.1), with no approximations. The density matrix evolution 
equation is 

dO(t)/dt = -i[H,O] + Afdz{<j>(z)O<j>(z) - 0<j>2(z)/2 - <j>2(z)0/2} 

We use this to calculate <H>= TrHO(t): 

(6.16) 

d<H>/dt = -(IJ2)fdz[<j>(z),[<j>(z),H]]0 (6.17) 

Since [<j>(z),H]=id<j>(z,t)/dtlt=o and [<j>(z),d<j>(z,t)/dtlt=o]=io(O), we obtain for the rate 
of energy production per unit volume 

d«H>/fdz)/dt = (A./2)O(O) (6.18) 

What can be done about this infinite result? It is independent of the state of 
the system, which might be construed as indicating that it may be removed by 
some renormalization procedure. It would not be infinite if the interaction is 
nonlocal, i.e. if Eq. (6.1) was replaced by 

dl 'V,b/dt = f-iHF -iHM + iTJ(4n;) 1/2fdz'P*(z)'P(z)<j>(z) 
+ fdzfdz'<j>(z}T(z-z')w(z',t) - A fdzldz'<j>(z)<I>(z-z')<j>(z')}I 'V,b (6.19) 

but then the theory would not be relativistically invariant: can we make a 
nonlocal relativistic theory? It would not be infinite if the white noise function 
w(z,t) was more realistic In that it did not have arbitrarily short wavelengths 
and high frequencies. These suggest avenues of exploration in the search for a 
satisfactory relativistic theory of statevector reduction, which is still elusive. 
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7. Speculations 

I want to comment on two aspects of the incompleted program for a 
relativistic theory of statevector reduction outlined above. The first comment 
argues that, if the meson field reduction mechanism is to be pursued, the 
"mesons" ought to be "gravitons." The second comment examines some aspects oj 
the spacetime picture of individual particle behavior that I expect the completed 
theory would provide. 

7.1 Reduction on the Gravitational Field 

What properties ought to be possessed by the meson field responsible for 
reduction? 

If we follow the suggestion of GRW, the characteristic reduction length is 
10-5 cm. In the meson theory, this is the Compton wavelength of the meson, 
which translates to a meson mass of about 1 eV. 

In order for the reduction rate to increase as the number of particles 
contained in an apparatus increases, the meson field strength must increase as 
particles are brought together. If there were opposite signs of the fermion 
charge, as in electromagnetism, it would be possible to make an object 
possessing negligible meson field strength out of a macroscopic collection of 
such fermions. A negligible reduction rate would result for a superposition of 
states of this object separated by a macroscopic distance. To prevent this, the 
meson should be associated with only one sign of charge. 

The coupling T\ between the meson and the fermion fields modeled in Eq. (6.1) 
should be either extremely weak or already known or both. This is because the 
meson field is not only responsible for reduction. The meson coupling to the 
fermions results in interaction between the fermions. For example, it should play 
a role in fermion-fermion scattering. Either the coupling is so weak that no 
anomaly has yet been detected in predicted scattering amplitudes based upon the 
known Interactions, or the interaction is one of the known interactions. 

The coupling of the meson field to other particles should be universal: it 
ought not be just a coupling to fermions, but a coupling to every other form of 
matter. For, suppose someone figures out how to make an apparatus out of 
bosons. It is reasonable to expect that the statevector would reduce for a 
measurement made by such an apparatus. 

So, we need a candidate for a meson field with a mass about 1 eV., coupled to 
particles with only one sign of charge, with a universal coupling that is either 
weak or already known or both. What else could this be but the gravitational 
field? 

7.2 Spacetime Pictures 

I want to consider a few'simple measurement situations, as viewed (Le., 
calculated, not necessarily observed) from different Lorentz frames. 

In the first example, a particle is emitted from a site at x=O, at time t=O. It 
has equal likelihood of traveling to left or right, so it is described by 
wavepackets 'l'L(x,t) and 'l'R(x,t). An apparatus capable of detecting the particle 
sits to the left at x=-a. Suppose that the white noise function is such that the 
particle is actually detected by the apparatus. What is the spacetime picture 
from the point of view of the x-coordinate system, and how would this be viewed 
from a boosted x'-coordinate system? 

In the x-system, the two packets trace world lines to left and right from the 
initial event (0,0), until the left-packet hits the apparatus and is detected, say at 
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time t1. The reduction mechanism immediately commences, and within the 
characteristic reduction time 't of the apparatus, the wavefunction consists 
largely of a piece describing the detected particle: 

'V(t1) = AL U{(1/...j2)'Vdx,t1) + (1/...j2)'VR(x,t1)} ~ 

'V(t1 +'t) = C(t1 +'t) AL D'Vdx,t1 +'t) + C(t1 +'t) AL U'VR(x,t1 +'t) 

(7.1 a) 

(7.1 b) 

where AL U, AL 0 refer to the apparatus states of undetection and detection 
respectively, and C is a big number and c is a small number. The corresponding 
spacetime picture (using p(x,t), the single particle probability density defined in 
Eq. (4.12» is that the right-packet fades away substantially during the time 
interval t1 to t1 +'t. 

Two further points are worth mentioning here. 

The first is that the reduction process once started never stops, so the 
amplitude c of the right-packet continues to exponentially decline for time >t1+'t. 
Thus, although the dramatic difference in the amplitudes C and c occurs in the 
time interval t1 to t1+'t, there is every 't seconds an equally dramatic proportion­
ate decline in the amplitude c. 

The second is that, along with the fading away of the right-packet~p(x,t) for 
any particle in the apparatus's undetected state likewise fades away. The 
difference between an apparatus particle and the measured particle is that, 
although the former are also in a superposed state Aust before reduction, their 
wavefunctions are localized in a small (of order 10- cm.) connected region of 
space, whereas before reduction the measured particle occupies two widely 
separated regions of space. 

Now consider this experiment as viewed from the x'-coordinate system. The 
history is qualitatively exactly the same: the collision of the left-packet with the 
apparatus triggers the reduction process, which dramatically reduces the 
amplitude of the right-packet dUring a short time interval, say t1' to t1'+'t'. 
However, since the hyperplane t1 is not the same as the hyperplane t1" the 
observers from the two systems will differ as to the part of the right-packet 
worldline where the rapid reduction in amplitude commenced. 

In both coordinate systems, the particle occupies the same region of space­
time before, during and after the measurement, in the sense that p(x,t) has 
"bumps" along the whole length of the right and left worldlines. However, when 
the time occurs in one's coordinate system that the amplitude for the particle's 
being in one region is much larger than the amplitude for its being in another re­
gion, one may legitimately make the distinction of section 4.3, that the particle is 
thereafter "mostly localized" in the region of overwhelmingly greater amplitude. 

So, to all the other things that used to be thought of as absolute, but which 
relativity has taught us are reference frame dependent, a relativistic CSL theory 
adds the region of spacetime in which a particle is "mostly localized." 

As a second example, consider a different experimental setup with the same 
particle, that of an interference experiment. Suppose the packets sent to left and 
right encounter reflectors so that they are returned to the origin x=o where sits a 
detector. The point I wish to make here is that this measurement looks the same 
from all coordinate systems. In each system the particle is mostly localized along 
both worldlines. So, there does not have to be an ambiguity due to the relativity 
of localization, even for an uncorrelated particle. 

For the last example, consider again the setup of the first example, except 
that an additional apparatus is placed to the right at x=b, where b is slightly 
larger than a. 
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From the point of view of the x-system, the left-packet hits the left­
apparatus first and so triggers the reduction. Let us suppose as before that the 
particle is actually detected by the left-apparatus at time t,. The right-packet's 
amplitude is rapidly diminished during the interval t, to t1H. Although it is not 
particularly important from the point of view of the x-system, the right-packet's 
amplitude continues to diminish with characteristic time 't until time t2, when 
the right-packet hits the right-apparatus and puts it into a superposition. 
Thereafter, because there is now an even larger discrepancy in the two macro­
scopic states, the right-packet continues to diminish in amplitude even faster, 
with characteristic time t/2. (The probability of a reversal of the result is the 
same as that predicted by ordinary quantum theory, Ic12, and is negligibly small.) 
The sequence of wavefunctions describing this history is 

'I'(t,) = AL UARU{(1/-v2)'I'L(X,t,) + (1/-v2)'I'R(x,t,)} ~ 

'I'(t,H,) = ARU{C(t,H,)AL D'I'L + c(t, +t, )AL U'I'R} ~ 

'I'(t2H2) = C(t2H2)ARUAL D'I'L + c(t2H2)ARDAL U'I'R 

(7.2a) 

(7.2b) 

(7.2c) 

8y proper choices of the numerical values of the parameters in this example 
(a, b, t" t~ and the relative velocity of the two coordinate systems), the view 
from the x system will be one in which the right-packet is seen to first hit the 
right-apparatus at time t,', and thereby trigger the reduction. From this point of 
view the amplitude of the right-packet diminishes rapidly during the time 
interval t,' to t, 'H'. It continues to diminish at the same rate until the 
left-packet (which is now known to be the "mostly" location of the particle) hits 
the left-detector, and then the reduction process proceeds even more rapidly. The 
sequence of wavefunctions here is 

'I'(t,') = AL UARU{(1/-V2)'I'L(x,t,) + (1/-V2)'I'R(x,t,)} ~ 

'I'(t, '+'t, ') = AL U{C'(t, '+t, ')ARU'I'L + c'(t, '+t, ')ARD'I'R}~ 

'I'(t2'H2')=C'(t2'H2')ARUAL D'I'L +C'(t2'H2')ARD AL U'I'R 

(7.3a) 

(7.3b) 

(7.3c) 

Th~ outcome of the measurement (7.2c) or (7.3c) is independent of coordinate 
system 6. Also, both observers agree that, upon each collision of a wavepacket 
with an apparatus, there is an enhanced reduction rate. However, the observers 
disagree as to the cause of the "important" reduction, where the onset of the 
dramatic difference between the amplitudes is first triggered. One says the 
cause is the collision of the left-packet with the left-apparatus (see Eq. (7.2b)). 
The other says it is the collision of the right-packet with the right-apparatus 
(see Eq. (7.3b)). So, we have a relativity of causation. This occurs because the 
theory is nonlocal. However, the equation of motion is local. The nonlocality 
resides in the probability rule, which says that the white noise tends to fluctuate 
in such a way as to enhance the norm of the statevector. The norm of the 
statevector is a nonlocal quantity. 

Tails, the associated concept of "mostly localized" and the idea that a 
particle (but not a particle in an apparatus) can in some sense be truly in two or 
more places at the same time, the relativity of localization and the relativity of 
causation are some of the realistic notions I believe one may think of as entailed 
by a relativistic theory of statevect6r reduction. 
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THE BREAKDOWN OF THE SUPERPOSITION PRINCIPLE 

F. Karolyhazy 

R. Eotvos University 
Budapest 

I. INTRODUCTION 

First of all, let me express my sincere gratitude to Prof. Arthur I. Miller for his kind 
invitation to this course. I am happy to have the opportunity to present an approach to the 
problem of the reduction of the wave function which I have long since cherished but also 
kept feeling coy about. 

There are other men to whom I am grateful. I started to work on what will be the sub­
ject of my lecture during my stay in Chapel Hill with Bryce S. DeWitt. I had completed my 
analysis in 1972 but I published the main results only in Hungarian (Karolyhazy, 1974). The 
fact that in spite of that the content of this work leaked through to a wider circle of inter­
ested people lowe completely to the efforts of A. Frenkel, who is a Hungarian physicist and 
to Prof. A. Shirnony, who, incidentally, has a Hungarian name. They kept encouraging me 
and gave help in every respect. It is my pleasant duty to say thanks to them. 

In that early work I arrived at and exploited the idea that in the behaviour of the wave 
function of any system (simple or composite) the deterministic (Schrodinger equation) and 
the stochastic (reduction) aspects are both inherent and reveal themselves hand in hand, 
essentially simultaneously, with no cause to distinguish between "ordinary" and "measure­
ment" processes and that the time evolution of the wave function can be best visualized as 
going through expansion-reduction cycles. During the period of expansion the wave func­
tion of the system, written somewhat symbolically if; (x, t), obeys the Schrodinger equation, 
whereas at the end of each expansion period it will undergo a stochastic reduction if; .... if; i 
with if;i = Niif;(x, t)fi(x) where Ni takes care of the norm and fj(x) is a "projection function" 
of the type 

(X-X·)2 
fi(x) = C • exp (- R 2 I ), 

chosen stochastically by Nature itself, with the proper probability, out of a set fn (x), 
n = 1,2, ... of similar functions. As a consequence, superpositions of the type I cat dead) 
+ I cat alive) cannot develop and the wave function always remains in a close connection 
with the actual, physically real state of the single system it describes. Thus my results have 
much in common with the GRW theory (Ghirardi, Rimini and Weber, 1986). 

However, by no means do I claim to have worked out the beautiful formalism of the 
GRW theory to obtain the exact details of the effect of the perpetual reductions on the wave 
function in special cases. My interest lay elsewhere. I didn't want to use arbitrary parameters 
to prescribe how often and how drastically the positions of the various parts of the system 
have to be localized, instead, I sought to establish the generally valid nature and "intensity" 
of the reduction that can be expected to occur spontaneously in nature without injecting 
any new parameter. 

This seems a very presumptuous program and I am ready to confess that what I have 
constructed is merely a heuristic model, falling short definitely of being a complete theory. 
Still I hope that it is worth looking into. Beside offering a generally applicable picture about 
how the stochastic aspect of the evolution of the wave function depends on the structure of 
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the system under investigation (giving insight e.g., among other things, into the principal dif­
ference of the motion of an electron and a macroscopic body) the calculations based on this 
heuristic model suggest a new type of experiments with numerically (!) fairly definite pre­
dictions concerning tiny anomalies in the motion of macroscopic bodies. Moreover, the 
numerical values are such that it seems possible to confirm or to reject the existence of such 
anomalies with present day tools. 

One should get eager about such experimental possibilities. Still, in order to get numeri­
cal estimates, I had to rely upon a model comprising admittedly speculative ideas. It was for 
fear that they appear less than half-baked that I was so timid to "come out into the open" 
with my theory. 

2. THE PROBLEM OF THE SUPERPOSITION PRINCIPLE 

I. After several enjoyable introductory talks at this course it seems perfectly super­
fluous to give a background to the problem. But one has to start his speech somehow so 
please let me give my version in telegram style. 

The average "working view" can be stated as follows. 
For an electron, 

'1'1 + '1'2 yes 

- because, if 1/1 refers to the surrounding and \}I refers to the total system surrounding 
+ electron, we can have \}I = 1/1 • ('1'1 + '1'2)' Interference between '1'1 and '1'2 can be pursued 
and it turns out that the state '1'1 + '1'2 is very definitely different from either the state '1'1 or 
the state '1'2, or, by the same token, from the state '1'1 - '1'2. 

For a macroscopic body, 

'1'1 + '1'2 no 

- because then (I) 

The simple superposition '1'1 + '1'2 cannot develop, due to the inevitable interactions 
with the surrounding, only the entangled superposition (1) can emerge from the Schr6dinger 
equation. But then we can have no interference between '1'1 and '1'2, so we can regard "the 
state of the body" as a mixture of the states '1'1 and '1'2, that is, we can safely assume that 
either'l'l or'l'7 -with the proper probability - corresponds to reality. The content of the 
superposition (1) wouldn't change a bit if we wrote a minus sign between its two members: 
the superposition principle breaks down FAPP. 

This "indolent" attitude finds support in the everyday experience that a pointer of an 
apparatus or any other macroscopic body has a practically definite position. (There are views 
that deny that to be a fact.) 

2. However, I think that there hides something important, namely a subconscious urge 
of psychological rather than logical nature behind our readiness to acquiesce to the above 
reasoning. To wit, when we abandon the sum in (I) in favor of one of its members, we have 
the illusion that we tum from a situation where a body in itself doesn't possess a state at all 
to a situation where it has a state (either '1'1 or '1'2). And that makes us feel better for we 
abhor the idea that an entangled superposition can objectively correspond to an actual, physi­
cally real state much more than the idea that a simple superposition like e.g. '1'1 + '1'2 for an 
electron in a two slit interferometer can do so. One might wonder why this is so when an 
electron that "doesn't know its own position" is just as far from a classical picture as can be. 

I risk a thought as a possible answer, a thought which, incidentally, I sometimes find 
useful while teaching QM to my students. 

There is an analogy between the state of the electron right behind the two slits and the 
mental state of some young Harry who is being attracted both by Mary and Judy but could 
not yet make up his mind. 

It is very enlightening to discover that the "uncertain (sometimes painful) state" of 
Harry is as objective as any of the two possible "eigenstates'.' with definite commitments 
to either Mary or Judy. Analogies like that (even if not stated explicitely) help us to get 
friendly to the objective uncertainty in the electron state '1'1 + '1'2 (and strengthens, by the 
way, my personal conviction that the wave function should always stand in a one to one 
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Figure 1. Mental state of Harry 

correspondence with the single system it describes). (It makes fun to speculate about a 
"measurement" on Harry's state. A huge inheritance, subject to the condition of a prompt 
marriage, probably would do.) 

As to entangled superpositions, it would be much more difficult to think up a similarly 
convincing every day analogy. 

However, the illusion that "killing the monster structure (1)" yields a remnant of the 
form of a simple product (either'" 1 <PI or'" 2<P2) and thus enables the body (e.g. pointer) to 
possess a state and by that to come close to reality is absolutely misleading. 

First: entangled superpositions are-especially nowadays, after the advent (for an early 
review, see 1. F. Clauser and A. Shimony, 1978) of two particle correlation experiments­
and have been quite common in microscopic systems, where the particles don't possess sepa­
rate states of their own yet the superposition principle has proven valid. There is, therefore, 
no a priori reason to object to the form (I). 

Second: Superpositions of this type must in fact exist (= describe actuality) whenever 
two macroscopic systems, say A and B come in contact, if QM has to have any validity at all. 
A state", A • '" B wouldn't survive for any time whatsoever, it would immediately go over, 
because of single microscopic interactions, into a mess 

Only, the components", AI, '" A2, etc. wouldn't then represent "very" different states. 
It remains true that we never observe such monsters involving macroscopic bodies with 

a "truly large" difference between its component states to stand in a one to one corre­
spondence to reality. The conclusion seems inevitable: Nature prevents it in some specific 
way not to be seen immediately from the form of the wave function. The wave function, 
obeying solely the Schrodinger equation, detours only gradually from reality. I went to all 
this agony to expose the fallacy of our a priori aversion to superpositions of the form (I) to 
let it dawn upon ourselves that the absence of certain situations that should occur if the 
Schrodinger equation had unlimited validity has to be due to some definite trait in nature, 
not just to the intricate look of a wave function. The stochastic outcome of the typical 
measurements in microphysics, combined with the fact that the position of a macroscopic 
body always remains "classical", suggest that nature curtails the validity of the Schr5dinger 
equation by a more or less continuous series of stochastic reductions. 

But how? Along what lines? What is it that matters? Distance? Complexity? Mass? None 
of them in itself, to be sure. 

We have Michelson interferometers with arms many meters long. Successful experiments 
show that the distant parts of a spatially extended wave function for an elementary particle 
do remain coherent (if undisturbed): large distance in itself is no sign for the breakdown of 
the superposition principle. 

Superconductivity and superf]uidity can be interpreted in terms of superpositions of 
very complicated components. 

Finally, the "classical" motion of a body with however large mass does not only suggest 
that there are limitations to the superposition principle, it also proves that the superposition 
principle remains valid at least to the extent to enable the wave packet for the center of mass 
of the body to build up. (In the early days of QM the thought eventually came up that the 
motion of a body with a large enough mass M is "perfectly classical", even to the extent that 
the uncertainties II x and II v in the position and velocity fail to satisfy the relation 
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but it was prompty shown that such idea would be incompatible with the two slit inter­
ference experiments.) 

In short, even though the stochastic influence on the time evolution of the wave func­
tion shows drastically in the final outcome of some processes (Schr6dinger's cat etc.), it seems 
to be too weak to make an easy guess at how it works. 

3. To find a clue I looked around for another unsolved problem in contemporary 
physics and tried to find a connection. My candidate was quantum gravity. During so many 
years everybody came off second best when tackling this problem. In the following specula­
tion I shall- possibly quite erroneously -adopt the view that this failure indicates that the 
gravitational field should not be quantized according to the usual pattern of quantum field 
theories, in other words, that general relativity is essentially valid in its original classical form 
invented by Einstein. 

The possible fertility of this assumption lies in the fact that classical GR cannot be 
exactly valid. It could claim unlimited validity only if one ignored QM completely. In classi­
cal GR spacetime is curved, yet it has an absolutely sharp structure because the curvature 
depends on the mass distribution and classically there is nothing uncertain about the position 
or motion of the various bodies. But we don't want to ignore QM. Then we must concede 
at least a slight uncertainty, some sort of a smear in the structure of spacetime, to "absorb" 
the consequences of the inevitable quantum mechanical uncertainty in the state of the 
various bodies. 

On the other hand, a spacetime with a slightly blurred structure-whatever that means­
is apt to be generally responsible for the curtailment of the validity of the Schr6dinger 
equation. 

Of course, to say that spacetime structure is classical for all practical purposes is, in a 
sense, not an assumption, it is a fact. We know that it is the large masses that contribute 
perceptibly to the curvature of spacetime and we also know from experience that it is the 
large masses that "move classically", i.e. that refuse to develop appreciable uncertainties in 
position and velocity. Our assumption is that it couldn't be otherwise, that nature, in some 
(not yet fully understood) way tries to reconcile the classical Einstein equations with QM as 
much as possible. 

How can a hazy spacetime contribute to the reduction problem? 
To see this imagine an isolated body, once an electron, once a rifle bullet, moving in 

space and time. (A bullet, completely isolated? Ridiculous! True, but it is also true that there 
is nothing in the present formalism of QM that forbids us to visualize an ideal isolation for 
any - however complex -system. If spacetime haziness is a decisive factor, that should show 
up in this simple comparison.) 

There is no difference in the form of the wave equation for the electron and the center 
of mass coordinate of the bullet. The wave function spreads out in both cases, the bullet 
"wants to behave" the same way as the electron. In a spacetime with a slight smear in its 
structure one can imagine (and will be seen explicitly in our model) at least that much that 
the relative phase between the distant parts of the wave function gradually (with increasing 
distance) becomes indefinite. To use a short term to characterize this situation we shall say 
that the coherence between the distant parts of the wave function gets destroyed. (What we 
have in mind is an "objective uncertainty" of the relative phase, not just some rapid, erratic 
variation of it, which would, non at the less, give a definite value every moment.) 

This decay of the coherence between the parts of the extended wave function can then 
be interpreted as a signal for a stochastic reduction of the extended wave function to one of 
its smaller (coherent) parts, executed by nature itself, Le. without reference to any observer. 

Now the density of the periods of the phase of the wave function along the time axis 
increases with increasing mass (the time dependence of the wave function is something like 
exp (-iMc2 till)), therefore it is plausible that the greater the mass the more sensitive the 
wave function to the imprecision in the spacetime structure. The spatial domain within which 
the wave function can be regarded coherent gets smaller and smaller. We may expect that for 
large enough masses a "classical world line" will be imitated by the propagation of the wave 
function for the center of mass. It will try again and again to spread out to large spatial 
domains but by successive reductions it will be forced to remain small. The bullet should 
certainly fall into this cathegory, for an electron it may turn out that the impairment of 
the coherence is altogether negligible. If we are able to estimate somehow the "extent of 
haziness" in spacetime structure, we can investigate the "transition region" between micro­
scopic (unlimited validity of the Schr6dinger equation) and macroscopic (classical world 
lines) motion. 
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However, we can investigate the uncertainty in the relative phase of the wave amplitude 
at two different points due to the blurred spacetime quite generally, also when the wave func­
tion of the system extends in the configuration space of its constituent particles rather than 
in ordinary space, i.e. also in the case of arbitrarily composite systems. (In fact, a bullet is a 
composite system but it turns out that its center of mass can be treated separately.) The idea 
that a staccato of reductions in configuration space should parallel the Schrodinger equation 
in the time evolution of the wave function to prevent it from spreading out in configuration 
space so much as to develop strongly incoherent parts, is generally applicable. This is im­
portant because there are situations, e.g. the blackening of a photographic plate at a tiny spot 
either here or there, due to a single photon, where no obviously macroscopic difference in the 
position of some "pointer" is involved, and one may wonder, whether or not the superposi­
tion survives until someone looks at the plate. (I got reassuring results in my model.) 

The idea (without elaboration) that a smear of some sort in the spacetime structure can 
eventually wash away the phase relations between distant parts of a wave function occurred 
to Feynman (1962). But if we really want to capitalize on that idea we need a specific model 
for our spacetime. 

Decay of the coherence (complete uncertainty of the relative phase) between distant 
parts of the wave function is not exactly the same thing, to be sure, as a stochastic reduction. 
It would be miraculous to have an understanding of the relation of wave propagation and 
spacetime as deep as to see something about the perpetual dying away of parts of the wave 
function in a stochastic manner. The spacetime model I have constructed can't in itself afford 
that. The decay of the coherence does only indicate that the situation is ripe for a reduction. 
We have to put it in the theory as a postulate: stochastic reductions have to occur to keep the 
wave function fairly coherent. However, we at least know when (how often and with what 
vigor) the reductions have to take place. The tendency of the wave function to spread out 
more and more in configuration space is practically always present, therefore we can safely 
say that the stochastic aspect of the time evolution is as inherent in nature as the deter­
ministic aspect, expressed by the Scluodinger equation. Because spacetime imprecision kills 
only the coherence and not (stochastically) the supertluous members of the superposition, I 
used to be inclined to say that God sends Saint Peter to do the job. But I admit that "spon­
taneous localization" is a much better expression. 

Accepting the decay of coherence as a guide we see that it is the large masses that are 
not permitted to develop appreciable uncertainties in the position. As a consequence, they 
don't seem to be able to add more uncertainty to the spacetime structure than was already 
in it. This is very satisfactory from the point of view of the hypothesis that nature, by a slight 
mutual restriction a/validity. tries to reconcile QM and classical GR as much as possible. 

Our task is then 
a) to find a model for a spacetime with the proper amount of haziness in it, 
b) to investigate the wave propaga tion on the smeared spacetime. 

3. HAZY SPACETIME 

I. When imagining a full theory of quantum gravity, one visualizes the metric tensor (the 
gravitational field) as a quantum mechanical dynamical variable, just like electromagnetic 
field in quantum electrodynamics. There would be probability amplitudes (complex numbers) 
for every conceivable configuration of spacetime metric + source with complicate but prin­
cipally definite phase differences. That would mean an extension of the realm of the 
Schrodinger equation, not a restriction of it. Nothing in the formalism would, presumably, 
prevent large bodies from developing large uncertainties in position, accompanied by accord­
ingly large uncertainties in the spacetime structure. If we were provided such a complete 
theory, then there would be no immediate justification for seeking the origin of stochasticity 
in uncertain metric (but at least we could calculate the extent of that uncertainty in any given 
situation). 

But suppose nature wants to keep the metric unique, opposing somehow a free response 
of spacetime uncertainty to the quantum mechanical "play" in the distribution of matter. 
We shall make use of this idea by simply neglecting completely the quantum dynamical 
response of spacetime to the actual processes occurring in it. Instead, we shall put, once for 
all, sort of a "rigid" amount of uncertainty into it. 

(This procedure is, in all probability, an over simplification. It is quite conceivable that 
some "extra fringes" with quantum mechanical probability amplitudes can be superimposed 
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Figure 2. Pointer confined to interval a 

on our spacetime with stable haziness, due to material processes. Gravitons may turn out as 
real as photons, but they wouldn't be expected to do much harm to our cause.) 

Now, what amount of uncertainty? The only way to avoid unnecessary arbitrariness is 
to look for some kind of a minimum. 

Let us ask the following simple question. Suppose we wish to talk about a world-line 
segment of length s = cT, say, along the Xo axis of our coordinate system, in some flat space­
time. With what accuracy can we implement ("realize") such a world-line segment by some­
thing "graspable"? 

We are, of course, not interested at all in the practical possibilities. Though we are 
talking about "realization", what we have in mind is rather a "conceptual probe" into the 
principal limits. Therefore we deliberately disregard any restriction on our "devices" other 
than those posed by the very basic features of QM and classical GR. If we can get an estimate 
of the imprecision D.s that we can be convinced is an irrefutable minimum, then we can also 
say that any spacetime that has an even sharper structure than expressed by D.s (e.g. is com­
pletely classical) is an idealization that has been pushed too far. Naturally, the thought can­
not be excluded that the imprecision in the spacetime structure is greater than the minimum 
obtained by thought experiment stressed to the limit. In that case, however, the conse­
quences to be expected would be even more pronounced. 

The most straightforward way to "build up" the desired world-line segment is to use a 
"clock", consisting of two bodies ("pointer" and "dial") that oscillate against each other and 
produce there by distinguishable configurations. Let the pointer have the mass M and be con­
fined to an interval a. In order to oscillate to and fro its quantum mechanical state must be a 
superposition of the, say, "ground state" and "first excited state" (thinking in one dimension 
at this detail). The energy E = p2 /2M of the pointer is uncertain (p = h/2a in the ground 
state and twice as large in the other state), we have hv = AE ~ h2 /a2 M, v being the frequency 
of the tick-tacking of the pointer. 

The smallest measurable time interval is T = I /v "" a2 M/h and so 

a2 Mc 
D.s= CT =---

h 
This is also the maximal dimension Q of the pointer (the time for action in making the pointer 
oscillate is T, it would be unreasonable to regard "distant" parts that can in no way be reacted 
within this time to belong to the pointer. From the above equation AE "" hc/D.s, therefore 
the mass uncertainty of the pointer is AM ~ h/cD.s. 

The mass M acts on spacetime structure. If the length of the world-line segment is s = cT 
when projected via light signals on a fictitious distant world-line, its length s' in the immediate 
vicinity of (and within) the clock is 

, ( rs ) s ~ 1-- cT 
2r ' 

where r ~ Q "" D.s and rs = 2GM/ c2 is the Schwarzschild radius of the clock. The uncertainty 
of M produces an uncertainty D.S' in s': 

D.S' ~ Q AM 1 cT ~ ~ s. 
c2 1( c3 D.S2 

The optimum is reached when D.S' "" D.s. Then 

Gh 
D. S3 "" -3 s = ./\2s, 

c 

where we use the symbol./\ for the Planck length. 
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The relation (2) expresses the ultimate precision with which a world-line segment can be 
.physically implemented. Note how small this limitation in the precision of s is. For T = sl c = 
I second, e.T"" 10- 29 second! But it seems to be absolute, with no alternative: e.s cannot be 
reduced by increasing the uncertainty of some complementary quantity. Note also that (2) is 
a nonlinear relation between e.s and s and that the coefficient contains only the universal 
constants characterizing the two theories involved. Of course, (2) loses its meaning when the 
value of s approaches that of the Planck length, but we shall be concerned with much larger 
values of s, in fact, it turns out that when dealing with the problem of reduction we need not 
invade the "province of high energy particle physics" (which we couldn't do anyway), i.e. the 
region cT < 10- 13 cm or T < 10- 23 s. 

One might state that the concentration of matter in our "clocks" is of unreasonable 
degree, even for the purpose of a conceptual analysis. It is indeed possible to take the view 
that using "material parts" is not the only permissible way to "build up" our world-line seg­
ment, that, instead, while discussing the cOllcep t of space time, we may accept the" concep tual 
reality" of a wave function. We may wish to realize the world-line segment of length s simply 
by the corresponding segment of the center of mass wave function of a large body. This cer­
tainly means a much more liberal attitude toward the question of what constitutes a "realiza­
tion", because the width of the body can be much larger than the width of the wave function 
for its center of mass. In fact, we shall want to increase both the dimension and the mass of 
the body in order to diminish the rate of the spreading out of its wave function and to reduce 
the increase of its gravitational influence on the structure of spacetime. Interestingly enough, 
when we combine the various factors to get an optimum, we again obtain the relation (2). 

Now we contend that the "rigid amount" of haziness in spacetime structure we have 
been talking of should be such as to reflect the imprecision expressed by (2). 

2. We set up the following simple mathematical model for a physical, matter-free space­
time domain of (essentially) Minkowskian metric. 

We introduce a set or family {(gik){l} of metric tensors, each (gik){l representing a matter­
free spacetime, slightly deviating from the Minkowskian spacetime: 

The index {3 labels the various members of the family. No physical meaning will be attached 
to any single member of the family, only to the whole set. Only (-yoo){l == "t {l will be needed. 

We choose arbitrarily a large box of volume V in three-space and develop "t{l into the 
Fourier series 

with 

k = :}l~3 n, (nx , ny, nz integers) and w = ck, 

the latter equation corresponding to the assumption that our spacetime is matter-free. 

(3) 

We identify the index {3 with the set of specific values for every complex coefficient Ck. 
To make the definition of the family of metrics complete, we shall assign a weight function 
to every Ck· We shall assume that when moving through the family, the Ck'S will vary 
around the average value zero and will take on their values independently from each other. In 
short, we make the simple assumption that 

Ck = 0 (also II Ck = 0), CkC~' = 0 for k* k', and ~-;:-r = F(k), (4) 
k 

F(k) yet to be determined, and the bar denoting average over the whole family. 

'1 
Figure 3. World-line segment 
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The "physical" world-line segment between the time coordinates tl and t2 = tl + T along 
the Xo axis is represented by the set {sil} with 

(5) 

Obviously, S; = cT. We define the uncertainty in the length s == S; by LlS2 == (s - sil)2. Using 
(4) we have 

(6) 

and it is easily shown that (2) is reproduced if we make the choice 

4 5 
F(k) = A3 k -3. (7) 

Our derivation of the relation between sand LlS remains valid if the world-line segment corre­
spond to a slow motion (v« c) in our coordinate system. This is not a Lorentz-invariant 
restriction (neither is the condition that the deviation of the components of the metric tensor 
from the Minkowskian values should be small). There is a nonrelativistic aspect smuggled in 
into our model. But it doesn't seem preposterous to assume that the haziness of spacetime is 
somehow connected with the matter distribution of the universe. We shall assume that we are 
in a coordinate system in which all macroscopic bodies move slowly. 

Thus, a single phYSical spacetime domain, with a rigid amount of smear in its structure, 
is represented in our mathematical model by a bundle of spacetimes, all of them having a 
sharp structure but differing slightly from each other. We repeat that no physical significance 
should be attached to the single "leaves" of the bundle. They have no "dynamical status" at 
all. The only justification for their introduction is that they invite a very easy treatment of 
the wave propagation. (Perhaps a last remark here: one may be tempted to regard the Ck'S 

as stochastic variables, representing some stochastic disturbance on the spacetime structure of 
as yet unknown origin. Though such view is harmless "practically" -averages have to be cal­
culated anyway-it would be a misinterpretation in our case. What we have in mind is not a 
complicate, but an uncertain spacetime.) For the weight function P(Ck) for the coefficients 
Ck we shall make the simplest possible choice: 

(8) 

with a cutoff Ck = 0 if k» 10 13 cm - 1 , the details of which are unimportant. 

4. WAVE PROP AGA nON 

The most natural way to treat wave propagation on our hazy spacetime is to introduce a 
family { '" /1} of wave functions, '" /1 corresponding to the metric (gik )/1' We want to deal with 
many particle Schr6dinger equations and it is not immediately clear how to generalize them 
for non-Minkowskian metrics, but we can strike out the following roundabout way. For a 
single (say, scalar) elementary particle with mass m we have the general relativistic wave 
equation 

_1_ v=! "ik _ (mc)2 _ H (-go <!"j)'k h <!' - O. 

This gives in the case of slow motion and nearly Minkowskian metric, after factorizing out 
exp (- imc2 t/h), the nonrelativistic approximation 

. . h2 ] 
Ih"'/1(x, t) = [- 2m Ll + V/1 "'/1(x, t), 

where the small "perturbation" V/1 is given by 

(9) 

(10) 

222 



Now the generalization into an N particle nonrelativistic Schr6dinger equation is straightfor­
ward. We shall have for every ~ the equation 

(11 ) 

with, for example, 

(12) 

and 

N 

U~(Xi' t) == c2 .Z mi'Y~(xi, t). 
1= 1 

(13) 

The particles may be the nucleons and electrons of a body, or the molecules of a gas, depend­
ing on the nature of the system and on the approximation used. The Vik are ordinary inter­
action energies between pairs of particles (and are supposed to be, naturally, much smaller 
than the energies belonging to the rest mass of the constituent particles). The effect of the 
slight deviation from the Minkowskian metric is the appearance of the small perturbation U(i 
in the wave equation. From eqn (3) we see that U~ oscillates rapidly in time. 

Now comes the decisive step. Although it would be very difficult to find the solution 
qr(Xj, t) of an "ordinary" N particle Schr6dinger equation (Le. without the perturbation U{J) 
explicitly, we can tell how such a solution will be modified by the perturbation U (J. As a 
solution for eqn (11) we shall simply write 

(14) 

with 
t 

¢~(Xj, t) == - * J UJl(Xj, 1') dt'. (15) 

(The perturbation (13) is switched on adiabatically.) 
Though the smallness and the rapidly oscillating character of UJl is not in itself sufficient 

to make (14) a necessarily good approximation, it can be shown that we are entitled to use 
the solution (14) for our purposes in all cases of practical interest. (In writing down (14) we 
have dropped a small phase term which doesn't depend appreciably on the coordinates Xj, 
and, furthermore, we have made use of the mild assumption that qr(Xj, t) doesn't change un­
reasonably wildly with Xj.) 

Using (3) and (13) in (I5) we can write down ¢~(Xj, t) explicitly: 

N * '" ( t)- I...... ? ...... 1 (ck i(kxi - Wi) ck -j(kxi - WI») 'l'P Xj, - - - L.; mjc- L.; -= -.-e + -;-- e 
h i= 1 k )1 V - lW lW 

(16) 

(Excuse me that i == Y-f also appears in the equation, but I hope it cannot be confused with 
the summation index.) 

At this stage we can even redefine the Ck'S at every moment t so as to absorb the 
factor i exp (- iw t) and use the time independent phase function 

The family (¢~(Xi)} is identical with the family {¢p(Xi, t)}, therefore, from now on, we shall 
drop the apostrophes in (17) and use it in place of (16). 

Thus, "solving the Schrodinger equation on our hazy spacetime" simply means that the 
"ordinary" solution W (Xj, t) goes over into the bundle {w ~(Xj, t)} of the functions W p(Xj, t) == 
qr(Xj, t) exp [i¢p(xj)], differing from each other only in a phase factor. If the additional phase 
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4J(l(Xi) wouldn't depend on Xi (only on (3), this change wouldn't mean a thing, the bundle 
would correspond to a single ray in Hilbert space. But because 4J(l depends on Xj, we can say 
that the bundle is the mathematical model of a ,,single physical wave function" with a smaller 
or larger uncertainty of the relative phase between two points (Xi) and (xi) of the configura­
tion space. (We don't attach any physical meaning to a single member of the mathematical set 
{>It(l}.) 

The average of the excess phase 4J/l(Xi) over (3 (i.e. over the Ck'S) is obviously zero in 
every point of the configuration space. Therefore, the relevant quantity is 

(18) 

This quantity suggests the notion of coherence distance in configuration space. The postulate 
of the successive reductions, whatever specific form we choose for it, should "follow the 
lead" of this expression: it has to have the tendency to trim the wave function >It(Xi, t) in 
such a way as to prevent it from developing parts with an unreasonably large coherence 
distance between them. 

However, before turning to the question of how to formulate the postulate for the re­
duction reasonably, let us orient ourselves about the general nature of the difference between 
two situations giving rise to a large uncertainty in the relative phase. 

Let us introduce the quantities 

for every k. These quantities are essentially the Fourier coefficients of the mass distribution 
of the system in the configuration given by Xi. From (17) we can express the phase 4J/l by 
these quantities: 

(19) 

If the two configurations to be compared correspond to mass distributions described by the 
Fourier coefficients qk and qk + ak, then, using (4) and (7), we see that 

2 I v lak 12 
l4J/l(qk) - 4J(l(qk + ak») = V L.J ---;2 (20) 

k "k 

with 
h 2 11 

Ak=c A- 3k6. 

In other words: it is just the difference in the mass distribution, corresponding to the 
configuration (Xi) and (xi) that matters in the question of the uncertainty in the relative 
phase between the two points (Xi) and (xi) of the configuration space. tl4J~ is a simple quad­
ratic expression of the difference in the Fourier coefficients of the density, containing no free 
parameter. (This feature of the uncertainty of the relative phase is very convenient when 
discussing the behaviour of gases or systems which consist partly of gases.) 

Thus we see the general nature of the "decay of the coherence" between the "distant 
parts" of the wave function, to use our earlier expression. However, the special case of the 
(nearly) free motion of a single body is of more interest from the point of view that it offers 
experimental possibilities. It is also the easiest case to see the stochastic aspect enter the wave 
propagation. We look at first at this issue. 

5. FREE MOTION 

1. We investigate the free motion of a macroscopic body, for example a solid ball of 
mass M, radius R, volume Q and density p. 

At first we shall assume that the ball is completely isolated, in spite of the fact that this 
is a practical impossibility. The results will provide an a posteriori justification for this 
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assumption. It will turn out that the smear in the spacetime structure has, if M is large 
enough, a bigger effect on the motion of the ball, than, say, some gas arollnd it under custom­
ary circumstances. 

When dealing with the free motion of a massive body as a whole, one usually doesn't 
hesitate to separate the center of mass coordinate from the other degrees of freedom and 
associate the whole mass with the former. This cannot be done without circumspection in our 
case because the small "gravitational perturbation" resulting in the extra phase (17) is picked 
up individually by the, say, N atoms of the body. Strictly speaking, one should investigate the 
phase in the whole configuration space. However, if the wave function 'It (Xi, t) describes a 
state of the ball that is compatible with the assumption that the ball is in thermal equilibrium, 
then for all configurations (Xi) that deviate appreciably from a regular arrangement of the Xi 

(corresponding to the crystal structure) around the center of mass coordinate X, the value of 
'It (and, of course, all 'It (3) is zero because of the binding forces. That means that we need 
1/J(3(Xi) only for that regular arrangements of Xi. Then the sum in (17) can be converted into 
an integral over a volume n around X, with the result 

1/J(3(X) = - ~c y'~ .f d(k)k- 1 [Ck exp (ikx) + Ck exp (- ikx)], (21 ) 

where 

d(k) = 3(- cos kR + sin kR) 
(kR)2 (kR)3· 

(22) 

Now we are entitled to separate the center of mass coordinate X from the internal degrees of 
freedom, because 1/J(3 depends-apart from /3, i.e. the set of Ck'S -only on x, and discuss the 
"physical" wave function 

{ 1/1 flex, t)} = {I/J(x, t) exp (il/Jfl(x))} (23) 

of the center of mass. 1/1 (x, t) will spread out in space and the set of the I/Jfl's will provide 
the uncertainty in the relative phase between the points X and x'. From (21) and (22) we see 
that, on the one hand, the mass has a prominent role, as expected, on the other hand, the 
effect of the spacetime uncertainty has a tendency (mirrored by the factor d(k)) to average 
out over extended bodies. 

If we want to trace the decay of the coherence of the physical wave function we have to 
calculate the spread of the relative phase between the points X and x' = x + a. We use (4) and 
(7), then we set 

~ -t = (2~)3 f d3 k 

and integrate over the directions of k to get 

(It has been written out to see the irrelevance of the cutoff in Ck.) 
The uncertainty in the relative phase between x' and x increases with increasing a. At a 

critical value ac the relative phase uncertainty will reach the value 11 • Until the spatial exten­
sion of the wave function remains smaller or equal to ac , the bundle {I/I fl} may be thought of 
as representing, at least approximately, a single ray in Hilbert space. We may call ac coherence 
length and a domain in space of the linear dimension ac a coherence domain. The simplest 
and most straightforward way to introduce the postulate for reductions in this type of wave 
motion is the following prescription of expansion-reduction cycles. Let us start with a 
moment when the wave function is confined to only one coherence domain. Let {I/I fl} obey 
the SchrOdinger equation until it develops incoherent parts with comparable weight, i.e. until 
it spreads out to cover two (thinking in one dimension) neighboring coherence domains. Then 
let us perform a stochastic reduction (with the corresponding weight) to one of the coherent 
parts so that {I/I fl} will again be confined to a single coherence domain. 

Apart from the "breathing" between the values ac and 2ac , the width of the wave func­
tion always remains close to ac . If ac is very small, then, as time passes, the wave function 
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Figure 4. Cactus-like world-line 

draws a "world-line" on spacetime. The time Tc necessary for the wave function to spread 
from the width ac to 2ac is easily seen to be of the approximate value 

Ma~ 
Tc"" -h-· (25) 

This is the duration of a cycle. The uncertainty in the momentum remains practically the 
same through out, but the mean value of the momentum makes a little stochastic jump at the 
end of each cycle of the order 

(26) 

(The fore part of a spreading wave function "contains" a little more momentum than the 
hind part.) Because of the small kicks (26), the world tube for the wave function will show a 
cactus-like shape in spacetime. 

If we put 7T 2 on the left hand side of equation (24), we can solve it for ac . The formula 
for ac depends on whether ac turns out to be larger or smaller than the radius of the ball. We 
find 

(27a) 

2 1 1. 

a "" (~)3 ~ = (lC)3 R3 l·f R 
c A Mc G M ac «· (27b) 

It is not without some solemnity that we take a closer look at these relations. We see 
that if the body is some tiny grain so that the wave function of its center of mass is permitted 
to spread out to much larger dimensions than the dimension of the body itself -a typical 
habit of atomic particles- then the extension R of the body doesn't enter the expression for 
its coherence length at all, only its mass and the coherence length increases very rapidly with 
decreasing mass. Incidentally, we may ask what (27a) would give for an elementary particle. 
For an electron, using also (25), we obtain 

(28) 

for a proton, the corresponding values would be"" 10 25 cm and"" lO 53 s. That suggests that 
for systems consisting of only one or a few microparticles spacetime haziness remains un­
noticed, the superposition principle is not endangered and there is no hope to observe its 
breakdown in split beams interference experiments, or in two-particle correlation experi­
ments involving large spatial separation between the particles. Needless to say, such experi­
ments become the more important. The beautiful results showing that Bell's inequality is 
violated in such experiments (Aspect et aI, 1982) corroborates our view that "distance in it­
self is not enough". 

For an "ordinary" ball of R "" I cm and normal density it turns out that ac « Rand 
(27b) yields 

ac "" 10- 16 cm, with Tc"" 10- 4 8, (29) 

the value of T c coming again from (25). 
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Hazy spacetime doesn't allow the center of mass of the ball to develop an uncertainty 
larger than"" 10- 16 cm. For all practical purposes, the center of mass seems to be a classical 
point as expected. However, let me point out right away that the interference of the 
stochastic aspect with the causal evolution induced by the Schrodinger equation is very mild 
even in this case. Remember that the wave length of the wave function of the center of mass 
of our ball would be only"" 10- 20 cm even "at rest", i.e. when moving only with the 
evanescent velocity of its thermal agitation! (29) means that the wave function can more or 
less freely spread out over a domain accommodating 104 wave lengths, which is probably 
more than was ever drawn in any text book on QM. (Also the number of "unperturbed" time 
oscillations of the wave function during the time interval T c, as estimated with the help of the 
term exp (- iEt/li) is reassuringly large.) Stochasticity is very magnanimous to the Schrodin­
ger equation indeed. Still, spacetime imprecision seems to be mounted properly to prevent 
situations where a really drastical col/apse of the wave function would be needed. The term 
collapse becomes an exaggeration, the series of little stochastic jumps should be regarded as a 
model to follow the suggestion made by the decay of the coherence of the physical wave 
function. The jumps can even be replaced by a continuous stochastic process as we have 
learned from Gisin (1984), Caves and Milburn (1987), Di6si (1989), Ghirardi, Pearle and 
Rimini (1989), Ghirardi, Grassi and Rimini (1989). 

It is tempting to see in (27) a natural division of the various grains and balls into three 
categories. We may say that for ac » R microbehaviour dominates, for ac « R macro­
behaviour prevails. ac "" R corresponds to the "transition region" between the microscopic 
and macroscopic behaviour. (These relation correspond to 

(30) 

as was pointed out to me by B. Lukacs (see Karolyhazy and aI., 1982)). We find (assuming 
customary densities) for the transition region the values 

ac "" R "" 10- 5 cm, Tc"" 10 3 s, M"" 1O- 14 g. (31 ) 

This value of radius and mass corresponds to a colloidal grain, containing about 10 9 mole­
cules. 

While of theoretical interest, the actual significance of this division is lessened by the 
circumstance that the effect of the surrounding - especially for masses in the transition 
region - can't very well be neglected. 

6. EXPERIMENTAL POSSIBILITIES 

That brings us to the question of experimental possibilities. That was my main motiva­
tion all along but now I shall confine myself to a few remarks. (For a more detailed discus­
sion of one of the several types of experiments that suggest themselves, see the former refer­
ence.) 

The little stochastic changes given by (26) in the mean value of the momentum occur­
ring once in every time interval T c causes the kinetic energy to creep up slowly, by an amount 
of lIEc "" 1i2 /Ma~ per cycle. Such violation of the conservation laws is not appalling in itself 
in a hazy spacetime and also its extent is harmless from the pOint of view of everyday obser­
vation. Our ball of R "" 1 cm would, for example, collect only the tiny amount"" 10 - 3 erg 
of energy from spacetime even if it remained completely isolated during the whole life of the 
universe. Practically, there is always a damping force F = - K X (e.g. the ball moves in some 
gas). The motion of the ball will be "pumped up" to an average velocity Va at which the gain 
lIEc in time T c equals the dissipation FXT c' Then 

(32) 

The velocity Va has to be compared with the thermal velocity VI, satisfying 

Mvr "" kT. (33) 
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It turns out that in ordinary air of room temperature, for a ball with density p "" Ig/ cm 3 

and radius Rerit "" 0,1 cm, 

(34) 

For smaller R, Vt (= normal Brownian motion) dominates over Va· For R > Rcrit , Vy > Vb i.e. 
the anomalous Brownian motion is larger. With increasing mass the anomalous Brownian 
motion predicted by our theory will surpass the normal one by many orders of magnitude. 
(This supplies the a posteriori justification for first neglecting the effect of the surrounding 
gas on the heavy ball.) In a given surrounding Vt decreases rapidly, Va increases slowly with 
the mass M. However, it would be of no advantage to increase the mass of a body too much 
in order to detect the tiny anomaly in its motion. It takes time for the anomalies to build up, 
the longer time the larger the mass. One has to wait long between observations and one has to 
keep the body during all these times practically under the sale influence of, say, the sur­
rounding gas. Therefore, bodies with a radius of"" I cm seem to be the best candidates. The 
ball might be suspended somehow (if by a thin thread, then microfriction is forbidden within 
the thread) or put aboard a spacecraft. In a pendulum-type experiment anomalous elonga­
tions of the order of 10 - 5 cm can readily be expected (using balls of a few cm-s of diameter). 
Microseizmic disturbances have to be excluded for several hours but this doesn't seem too dif­
ficult. There are other sources of unwanted perturbations but all in all the experimental check 
of our theory looks feasible. 

I have coined the term "anomalous Brownian motion" for this phenomenon in my early 
paper, because I wanted to emphasize that complete isolation from the surrounding is neither 
possible nor necessary. 

Anomalous Brownian motion manages to be a good candidate to expose the breakdown 
of the superposition principle because for a sufficiently isolated solid body 

a) the tiny energy-increasing effect of the perpetual stochastic "pinching" of the wave 
function concentrates on a single coordinate that "can be seen" (we couldn't do much with 
a similarly small oscillation of the center of mass of a certain amount of gas in a container), 

b) the tiny gains in energy can accumulate, for the damping force acting on a body in a 
gas is proportional to the velocity of the body and can therefore be very small indeed. 

One may come across the idea that some similar effects might be expected in various 
types of extended systems other than just nearly free solid bodies. But in all situations I 
could think up (ensemble of superconducting electrons or superfluid He atoms, phase transi­
tions, etc.) either the wave function doesn't have the tendency to develop parts correspond­
ing to appreciably different mass distributions at all (like in the case of superconducting 
electrons) or the eventual effects of the successive reductions are superseded by far by a mess 
of interactions between the various parts of the system. 

7 . DECAY OF SUBMACROSCOPIC SUPERPOSITIONS 

The procedure described in Chapter 5 to "take the hint" of the decaying coherence and 
set the rule for the stochastic reductions is somewhat crude. We can make it a little more 
formal, without, of course, changing the basic idea. 

I go into this shortly because I want to say a few words about what we can term "the 
breakdown of the superposition principle on a submacroscopic level." 

We saw that uncertainty in the relative phase is connected with the difference in the 
density distribution, generally, and that, specifically, a very small ambiguity in the position of 
a big body already represents a large enough difference in the density distribution for a re­
duction to take effect. But what about superpositions involving only very slight differences in 
the mass distribution? 

Originally, I investigated the hypothetical situation in which we have a gas in a container 
and a very small droplet of water (consisting eventually of a few hundred molecules only) 
that doesn't know its own position. That is, I assumed that the initial wave function of the 
total system gas + droplet is a distinct superposition I droplet here) and I droplet there), the 
difference between "here" and "there" being"" I cm. This distance is much smaller than ae 
for the droplet, because of the very small mass of the latter, therefore, if the droplet were 
alone, the superposition would survive indefinitely. (Its components would overlap, though.) 
I was able to show that the thermal noise in the surrounding gas is sufficient to kill the super­
position (of the total system!) within"" Is. This is so because the gas keeps developing 
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"intolerably" large differences in its density distribution and that triggers reductions in the 
mass distribution of the total system, affecting slowly (and stochastically) the relative weight 
of the states I droplet here) and I droplet there) in the surviving wave function. After a long 
enough time we have either the one or the other definite situation and the probability for 
either outcome could be shown to equal the initial weight of the corresponding state in the 
superposition. (See in this context the beautiful presentation of the "gambler's ruin" by 
Pearle, 1984). 

Here I shall take a glimpse at the following "didactical" situation. 
Let us have a tiny grain (and nothing else) in the state 

(35) 

where <PI and <P2 are narrow states, separated, say, by a few millimetres, this distance being 
much smaller than the coherence length for the grain. (I am thinking in one dimensional 
motion and, moreover, try to drop the habit of referring to the "correct" wave function {<PIl} 
as much as possible.) Now suppose we put a massive ball (say, R ~ 1 cm) in the close vicinity 
of the grain. (There should be no tangible interaction between them.) Will the ball "teach the 
grain its own position"? 

As an introduction to this problem, let us first return to Chapter 5 and resume talking 
about a single isolated body, placed near the origin of the coordinate system. We shall sup­
press two out of the three coordinates of the center of mass. Because ac « R, we can regard 
¢/l(x) as being linear in x in the small domain", (x, t) occupies. We can drop ¢0(0) and replace 
the coefficient of x, containing the set of the Ck'S by a single real variable cll so that in place 
of (2 I ) and (23) we can simply write 

¢1l(X) = cJl x and '" flex, t) = '" (x, t) exp (jcJl x). (36) 

Inspection of (2 I) shows that cJl has a Gaussian weight function with cJl = 0 and (read­
justing slightly the definition of the coherence length ac by a numerical factor) 

(37) 

To assess the "quality of the coherence" of the "physical wave function" {'" Jl(x, t)}, we 
introduce the time dependent matrix 

( , 2 
p(x, x', t) = 1/I(x, t)", *(x', t) exp [ic/l(x - x')] = '" (x, t) '" * (x', t) exp [- x - ~) ] (38) 

2ac 

(which I could say is the average of (x 11/1 Jl ) ('" JlI x'), but I don't want to go into questions of 
definition), and form the trace of its square 

OCt) == Tr p2 = .r dx dx' 11/I(x, t) 12 11/I(x', t) 12 exp [- (x - t)2 ]. (39) 
ac 

It's no use trying to call p anything else than density matrix, even though that name is rather 
misleading in our case. For permanently isolated systems the equation Tr p2 < 1, in everyday 
thinking, is connected with something we don't know, in our case, Tr p2 < I reflects some­
thing nature doesn't know (namely, the exact relative phases between various points). Be­
cause of the hazy spacetime the "quality of coherence" of a wave function is never perfect, 
not even when the extension of the wave function is being tolerated by nature. 

When'" (x, t) is spreading out, the coherence of {1/1 Jl} deteriorates, OCt) decreases. 
Let I/J evolve obeying the ordinary Schrodinger equation for a short, but otherwise 

arbitrary time interval T and let ~det denote the change of OCt) during this time. We write 
simply I/J (x) for'" (x, t + T). 

We may try to counteract this deterioration by prescribing a stochastic reduction at the 
moment t + T, relying on a series of "pinching functions" 

(x - x.)2] 
fi(x) = Cexp [- ex 21 , 

ac 
(40) 

i.e., relying on functions that contain some small parameter ex but are, apart from that, sensi­
tive to configurations (x, x') exactly in the same proportion as the latter are damaging to the 
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coherence. The parameter a must be small if T is small, otherwise the "deterministic aspect" 
in the wave propagation would get wiped out. (The requirements concerning the set Xj of 
centers and the value of C are rather trivial, the point being that the equation 

+~ 

",,' ? . ~ fj (x) = I for all x 
1=-00 

should be satisfied.) The question is just what value of a is reasonable. 
Now the "degree of interference" with the deterministic time evolution at the moment 

of the occurrence of the reduction 

(41 ) 

to a 1/1 j(x) with a particular value of i is best estimated with the help of the "auxiliary quan­
tity" 

by forming the expression 

Paux = :z; I 1/1 (x)fj(x» (I/! (x)fj(x) I 
j 

(42) 

(43) 

This is a tricky thing and it should be properly understood. Through the actual transi­
tion 1/1 4 some definite 1/1 j the coherence of {1/1 (l} improves, D(t + T + 0) is closer to unity 
than D(t + T). But the unpredictability of the outcome of the reduction - and that is meant 
by interference with the deterministic evolution -is expressed by (43). 

Asto depends on a. The only sound partner a for any choice of T is that that makes 
Adet"" Asto . That is the most reasonable way to accept the hint of the decaying coherence to 
take steps to prevent it. I Asto' < IAclet! would mean "negligence" in saving the coherence, 
I Astol > IAdetl would mean that we do more harm than good to the "ideal" time evolution. 

Pursuing this line further in the case of a single body, incidentally, we would reproduce 
the results of Chapters 5 and 6. Instead, we return to our grain and ball. 

We go through exactly the same steps as with the single ball, only, in place of 1/1 (x, t) we 
shall have 

The crucial point is that ¢(l(Xb, xg ) turns out, as is readily seen from (21), to depend, to 
a good approximation, only on the center of mass coordinate X of the total system. The 
factor responsible for the deterioration of the coherence (c.f. equation (39» will be, as a con­
sequence, of the form"" exp [- (X - X')2 /a~ 1 and the same expression will appear in the 
localization functions fj . In other words, the reductions will go via the center of mass of the 
total system. The reductions will be triggered by the quick spreading out of the massive ball, 
but they will affect also the grain. For a grain with a mass of'" 10- 17 g the superposition of 
the said kind survives only for"" I s (instead of'" 10 6 s) in this didactical example. 

8. CONCLUDING REMARKS 

It is a widely accepted view that if the breakdown of the superposition principle is 
bound somehow to macroscopic systems, then the search for its exact whereabouts is hope­
less because of the irreproducibility and complexity of the wave functions involved. In the 
foregoing I wanted to argue that the opposite may be true. 

The intriguing paradoxon of the overwhelming successes of QM on the one hand and the 
thing on the other hand that "it makes absolutely no sense" (Penrose, 1986) chases us to 
look for liberators under the face of reduction postulates. However, without something to 
connect them with, they playa role somewhat similar to that of the Newtonian absolute 
space. 

Hazy spacetime did look attractive to me as a candidate for a connection. There is no 
doubt that if in the future our present day spacetime picture turns out to be some sort of a 
phenomenological approximation, to day we are far from a real insight into that. 
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What, then, can be the excuse for a model as crude as the one just presented? Well, the 
bonus, perhaps, of its naivety is that while seeking estimates, it deviates as little as possible 
from well-established relations. 
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1. INTRODUCTION 

It is a curious fact that our popular text books and most discussions of conceptual 
and philosophical problems of quantum mechanics are still based on the very first 
attempts to formalize this theory which have been worked out more than 50 years ago. 
These formulations of nonrelativistic quantum theory do, however, not represent the 
state of the art. 

On the basis of the historical codifications of quantum mechanics one may be 
tempted to presume that it makes no sense to speak of individual quantum objects and 
that a realistic interpretation of quantum mechanics amounts to the introduction of 
hidden variables. Fortunately, such a conclusion is premature, no changes in the 
original ideas of the pioneers of quantum theory are necessary. All we have to do is to 
work out the mathematical formalization properly, to give up our preconceptions about 
the localizability of matter, of the separability of the objects of scientific inquiry, and the 
associated ontology of classical physics. 

We know today that the historical Hilbert-space formalism (as codified by von 
Neumann [28]) is of rather limited validity and not appropriate for the discussion of 
foundational problems of quantum theory. It refers to strictly closed systems with only 
finitely many degrees of freedom. Such systems do not exist in nature. In the generic 
case, the approximation of a real physical system by a strictly closed finite system 
gives qualitatively inadequate results. That is, we are not allowed to ignore the effects 
of the environment of a physical system. The mathematical tools which avoid the 
limitations of the historical Hilbert-space formalism of quantum mechanics and which 
allow an efficient discussion of open quantum systems - both in their individual and 
statistical descriptions - have been available for many years and will be discussed here 
from the viewpoint of algebraic quantum theory. At present, I do not see good reasons 
to consider a program of "completing" quantum mechanics by some so-called «hidden 
variables» that should more comprehensively specify the state of the system, or any 
other ad hoc modification of quantum mechanics. In any case, I never will consider so­
called «hidden variables» or ad hoc modifications of the first principles of quantum 
mechanics. Quantum mechanics is a much richer theory than initially expected, and at 
present there is no indication that quantum theory could be inadequate for the 
description and the explanation of the behavior of matter. But quantum mechanics is 
also an intrinsically holistic theory which goes far beyond the initial ideas of its 
creators. Furthermore, the modem conception of quantum theory is much broader than 
our narrow-minded and old-fashioned textbooks may suggest. 

Sixty-Two Years of Uncertointy 
Edited by A. I. Miller 
Plenum Press, New York, 1990 
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I will therefore adopt the working hypothesis that in a proper codification quantum 
mechanics has universal and unlimited validity at the level of atoms, molecules and 
non-cosmological macroscopic bodies. Subatomic, genuinely Lorentz-relativistic phe­
nomena, and problems related to men's free will and consciousness will, however, be 
excluded. While I take the first principles of quantum mechanics for granted, I will 
refuse obstinately to accept uncritically any of the additional working rules of the 
physicist's trade. Likewise I do not feel to be bound by any regulations philosophers 
may require. To refuse to submit myself to any authority does not mean that I will try to 
be smarter than the experimenters or wiser than the philosophers but only that I would 
like to avoid hidden rules and preconceptions. We have to distinguish carefully between 
physics as a trade, and physics as a fundamental theory. While the first principles of 
quantum mechanics can be codified, it is hard to characterize the art of physical 
research. The working physicist certainly uses first principles but in addition also 
well-established working rules borrowed largely from everyday experience. As empha­
sized by Michael Polanyi [34, chaptA], there are rules which are not known as such to 
the person following them, hence we are able to do things without necessarily knowing 
what we are doing thereby. If such rules are not codified as tentative working 
hypotheses, the working scientist feels he is doing just the natural thing. Even the 
most convincing visions of scientific truth may contain elements of basic error. We 
cannot avoid that but intellectual honesty requires that we at least try to include in full 
statement those premisses logically prior to the first principles of the theory we 
consider as basic. 

Habitually physics deals with simple systems or with simple aspects of complex 
systems. In their experimental work physicists try hard to create almost isolated 
systems. However, strictly isolated systems do not exist and certainly a fundamental 
theory has to be more than a theory of isolated systems. If we claim that quantum 
mechanics plays a fundamental role for our understanding of nature, we cannot restrict 
its basic concepts to esoteric systems which have little relevance for the other natural 
sciences. 

In the development of physics, the status of a law may change because "deeper" 
levels of physical reality are disclosed. What was once considered to be a fundamental 
law may later lose this status and become more or less a phenomenological law with a 
restricted range of validity. For example, thermodynamics has been put forward as one 
of the fundamental theories of physics (e.g. for some time by Planck and Einstein, more 
recently also by Stueckelberg, von Weizsacker and Prigogine). However, we regard 
thermodynamics as a description with a rather limited range of validity - in fact, it is 
impossible even to define its basic concepts temperature and entropy for arbitrary 
states of matter. All known first principles refer to situations with high intrinsic 
symmetry. We may adopt the point of view that the invariance principles and the 
associated symmetries are the really fundamental laws of nature. But it is necessary to 
break fundamental symmetries, as clearly recognized by Pierre Curie [7]: "C'est la 
dissymhrie qui cree Ie phenomene" . 

Measurements belong to the everyday domain with its many broken symmetries. 
For that reason the foundation of a fundamental theory should not be built on 
measurements. In order to understand measuring processes we have to understand first 
the spontaneous symmetry breaking of the time-inversion symmetry, the reasons for 
preferring the retarded solutions, the existence of classical phenomena, the emergence 
of irreversibility, and the causality principle of the engineers (<<response comes after 
the stimulus»). The operational approach presupposes that all these problems are 
already solved. I prefer to think that the crowning of the development of quantum theory 
will be an understanding of the measuring process in terms of first principles which 
represent the undivided wholeness of the material reality. The most interesting 
phenomenon of fundamental physics is the spontaneous breaking of symmetries which, 
however, cannot be described in a rational manner in terms of the usual Hilbert-space 
formalism of quantum mechanics. 

Algebraic quantum mechanics gives us the tools to come to grips with the 
measurement problem. Furthermore one can define rigorously an object as an open 
quantum system which is characterized by a complete set of intrinsic potential 
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properties and which is distinguished from arbitrary open quantum systems by its 
individuality. This concept paves the way for an individual and ontic interpretation of 
quantum theory. Such a move is crucial for a general theory of matter. In the molecular 
domain there is an essentially continuous transition from atoms to small molecules, to 
macromolecules, to grains, crystals and macroscopic bodies, so that the distinction 
between microscopic and macroscopic becomes obsolete. It would be altogether 
unreasonable to require that different languages and ontologies should be used for 
describing small and large molecules since in general there is no qualitative difference 
between these systems. Everyone believes in some kind of realism. In the macroscopic 
domain even the most hard-boiled positivists take on a metaphysical ontological 
commitment, they certainly believe in the reality of measuring instruments and in the 
reality of observations. No scientist adopts the view that single macroscopic crystals 
are not real until observed. Similarly, all molecular biologists claim that single DNA­
molecules really exist and that these molecules have at every instant a well-defined 
tertiary structure, quite independently from the question whether we know it or not. A 
scientist likes to find out what reality is and how he possibly can grasp it. Or in the 
words of Alfred Tarski [55]: "the search of truth is the essence of scientific activities". 

A working scientist never will accept the idea that theories are just tools for 
expressing empirical regularities, and that interpretations that go beyond the level of 
observation are idle baggage. Fundamental science is concerned to explain what 
happens in nature, so a scientist can hardly avoid to adopt Albert Einstein's [11] 
ontological thesis: "Es gibt so etwas wie den 'realen Zustand' eines physikalischen 
Systems, was unabhiingig von jeder Beobachtung oder Messung objektiv existiert und 
mit den Ausdrucksmitteln der Physik im Prinzip beschrieben werden kann" 1. If we 
posit that algebraic quantum mechanics is valid for the atomic, the molecular and the 
macroscopic domain, then we should choose an interpretation which essentially agrees 
with the usual realistic view of our everyday life. Such an ontological commitment is 
permissible provided we restrict our discussion to objects which are not entangled with 
their environments (to be discussed in section 5), and if we adopt an appropriate ontic 
interpretation of quantum mechanics (compare section 6). 

If we adopt the working hypothesis that quantum mechanics is universally valid, 
we have to cut a Gordian knot. All universal first principles we know refer to strictly 
closed systems. But by definition, closed systems have no operational meaning. Never­
theless, an external observer seems to be an indispensable element for a complete 
description of physical reality. Clearly this situation poses conceptual problems which 
cannot be 'solved in a trivial manner (compare sections 7 and 8). 

2. THE LIMITATIONS OF VON NEUMANN'S CODIFICATION 

Von Neumann's [28] formalization of quantum mechanics is of rather limited 
validity, so that it would be premature to draw philosophical conclusions from this 
codification. For example, the so-called measurement problem and the "reduction of the 
wave packet" are not philosophical enigmas but technical questions which simply go 
beyond von Neumann's codification. 

Von Neumann's codification of quantum mechanics is based on the following 
uniqueness theorem [52,27,25,26]: 

Every representation of Weyl's canonical commutation relations over a 
locally compact phase space is up to unitary equivalence a direct sum of 
Schrodinger representations. 

Von Neumann's restriction to locally compact phase spaces excludes the description of 
irreversible processes,of dissipative processes, of classical systems, of spontaneous 

English translation : There is such a thing as the "real state" of a physical system that exists 
objectively, independently of any observation or measurement, and which, in principle, can be described 
by the concepts of physics. 

235 



breakdown of symmetries, and of Hamiltonian systems having infinitely many degrees 
of freedom (like the electromagnetic field). 

From our experience we know that there are many physical systems which allow 
(at least in an excellent approximation) a description in terms of nonlinear classical 
physics. If we assume that quantum mechanics is a universally valid theory we have to 
face the following questions: How is it possible that in a quantum world there can be 
domains admitting classical descriptions? How can we describe the interactions 
between purely quantal systems and classical systems? How can we describe the 
dynamical behavior of classical measurement devices quantum-mechanically? 

Closely related with these questions is the impossibility of a correct description of 
the measuring tools within von Neumann's codification. The very possibility of 
confronting a scientific theory with experience presupposes a domain where we have a 
language based on the classical two-valued predicate logic, and where in addition there 
exist irreversible processes which lead to facts which can be stored in memories. In von 
Neumann's codification there are no such systems. Detection and registration 
processes are necessarily irreversible, terminating in a record which can be understood 
in terms of two-valued Boolean logic. Such genuinely irreversible processes can be 
described rigorously in quantum mechanics but every non-phenomenological Hamil­
tonian description of a truly irreversible process requires noncompact local observables 
which are banned in von Neumann's codification. 

That is, already on the basis of formal considerations, von Neumann's Hi/bert­
space codification of quantum mechanics is too narrow and not qualified as a univer­
sally valid theory. Fortunately, many of these difficulties fade away in a more recent 
formalization of quantum mechanics: algebraic quantum mechanics. The algebraic 
codification is a straightforward generalization of traditional quantum mechanics, 
classical point mechanics and statistical mechanics, it is valid for systems with finitely 
or infinitely many degrees of freedom. In the case of purely quantal finite systems it is 
physically equivalent to von Neumann's codification of quantum theory. Yet, algebraic 
quantum mechanics allows in a natural way the description of superselection rules and 
the emergence of classical observables. 

3. THE VARIOUS STATE CONCEPTS IN PHYSICAL THEORIES 

There are many conceptually different state concepts which all playa crucial role in 
physical theories and which must not be confused. We distinguish between ontic states 
(which refer to intrinsic properties individual objects have), epistemic states (which 
express the state of our knowledge concerning an individual object), statistical states 
(which refer to the results of statistical experiments), and system-theoretic states 
(which describe the past of a system). The fact that the mathematicians have borrowed 
the term state from algebraic statistical quantum mechanics as a synonym for the purely 
mathematical concept of a «normalized positive linear functional>} adds fuel to the fire. 
This unfortunate terminology has become so common in the theory of *-algebras that 
we are forced to accept it. 

The various state concepts of physics and mathematical system theory all go back 
to classical point mechanics. In the Newtonian formulation, the equations of motion for 
a system of N point particles are expressed by a system of 3N second-order differential 
equations in terms of the spatial coordinates of the particles. In the system-theoretical 
version of Lagrange these equations are rewritten as a system of 6N first-order 
differential equations for the 3N coordinates and the 3N velocities. In the Hamiltonian 
reformulation the 6N variables are taken as the 3N coordinates 

q(t) = (qI(t), ... ,q3N(t)} , 

and the 3N canonically conjugated momenta 

p(t) = (PI (t), ... ,P3N(t)) 

If we know all the forces acting on the particles, and if we know the initial conditions 
q(O) and p(O), then by solving the equations of motion we can predict the values of q(t) 
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and p(t) for all future (t > 0), and retrodict these values for the past (t < 0). In classical 
point mechanics, the 6N-tuple ro(t) = (p(t),q(t)} is called the individual state of the 
N-particle system at time t. 

The phase space Q of classical mechancis is the set of all feasible individual 
states and is uncountable. The family of all subsets of the phase space is an atomic 
Boolean algebra which is much too large as to qualify for a Boolean algebra of experi­
mentally distinguishable events. There is a one-to-one correspondence between the 
atoms and the individual states, but these do not correspond to experimentally 
decidable questions. The only reasonable choice for the finest Boolean algebra 'B of 
experimentally decidable events is isomorphic to the a-algera }; / L1 , where }; is the 
a-algebra of Borel sets of Q and L1 is the a-ideal of Borel sets of Lebesgue measure 
zero (compare [29]). This choice is closely related to Kolmogorov's [20] foundation of 
mathematical probability theory. A countably additive probability measure J1 on the 
measurable space (Q, 'B) is called a statistical state of the mechanical system with the 
phase space n. 

The individual state and the statistical state of classical mechanics are in the first 
place mathematical concepts, they may be associated to various physical interpre­
tations. There are ontic interpretations which relate the state to actual being, there are 
epistemic interpretations which refer to our knowledge, there are system-theoretical 
interpretations which characterize the state by the history of the system, and there are 
operational interpretations which identify a state by a preparation procedure. The 
following variants are frequently used in classical physics: 

(i) antic interpretation of individual states 
The individual state ro(t) describes in an exhaustive manner all the properties the 
N-particle system has at time t. 

(ii) System-theoretical interpretation of individual states 
The individual state ro(t) specifies the equivalence class of all histories (for t < 0) 
of the system which give rise to the same predictions for all conceivable future 
experiments on the system. 

(iv) Epistemic interpretation of statistical states 
The probability measure J1 refers to our knowledge. We do not know the indi­
vidual state ro but we know that it is more likely to be in some Borel-subsets of 
n than others. That is, J1(B) is interpreted as the probability that the individual 
state (0 is in the Borel set B E 'B . 

(v) System-theoretical interpretation of statistical states 
The statistical state J1 specifies the equivalence class of all histories of the 
system which give rise to the same statistical predictions for all conceivable 
future experiments on the system. 

(vi) Operational interpretation of statistical states 
The statistical state J1 refers to a statistical ensemble representing an equiva­
lence class of preparation procedures leading to the same statistical predictions. 

Note that from a formal point of view, using only the formalism of classical mechanics, 
there is no argument against further interpretations which replace the concept of 
"prediction" by "retrodiction". 

In classical mechanics there are clear-cut interrelations between these state 
concepts. However this situation is not generic; in general these notions are very 
different both from a conceptual and from a mathematical point of view and one should 
be very careful not to confuse them. For example, in classical point mechanics, every 
individual system-theoretical state admits an ontic interpretation while in general it 
makes no sense to assign an ontological meaning to a system-theoretical state. 

It is generally accepted that quantum mechanical predictions are intrinsically of 
statistical character. This circumstance, however, neither implies that an individual 
interpretation of quantum mechanics is impossible, nor that a purely statistical 
interpretation is unproblematic. In contradistinction to classical statistical mechanics, a 
statistical quantum state does not specify an ensemble in the sense of a mixture of 
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individual systems in pure states. Moreover, the statistical interpretation presupposes 
the existence of classical domains, the existence of irreversible events, and a preferred 
direction of time such that the concept of prediction makes sense. If we do not want to 
include these presuppositions into our list of postulated first principles, we cannot start 
with a statistical interpretation but we have to derive the statistical description from 
the individual description. 

If we do not specify clearly the kind of state we are discussing we cannot 
communicate. For example, the following statements: "it is very unlikely that a given 
complicated system will have a definite wave function" and "a pure case is all too 
easily converted into a mixture by any small erratic disturbance" by Willis E. Lamb Jr. 
[24], tacitly presume an operationalistic view, namely that to say «a system is in a 
certain state» can only mean «that an experimentalist has prepared the system to be in 
that state». Lamb's objectivistic way of speaking is very misleading since his 
statement refers to our knowledge, and not to an objective statement about nature. Of 
course, one can never get the information necessary for the specification of a pure state 
of a macroscopic object. However, this question has nothing to do with the question 
whether or not a macroscopic object can have an ontic state, a problem which by 
definition is independent of our information about this state. Even if the dynamics 
depends sensitively on the initial conditions, the ontic state always is decribed by a 
pure state while for an epistemic description one may be forced to use mixed states. If 
an individual description is available, one always can go to a statistical description by 
forming an ensemble of uncorrelated replicas of individual systems. 

4. ALGEBRAIC QUANTUM MECHANICS 

INmINSIC AND CONTEXTUAL DESCRIPTIONS 

Algebraic quantum mechanics is nothing else but a precise and complete 
codification of the heuristic ideas of quantum mechanics of the pioneer days. Moreover 
it is a straightforward generalization both of classical point mechanics and traditional 
quantum mechanics. In the domains proper of these theories, nothing is changed. 
Nevertheless, both theories are treated in the same framework. In contradistinction to 
von Neumann's codification, the algebraic formulation avoids the limitations of the 
Stone-von Neumann uniqueness theorem and rejects the unfounded irreducibility 
postulate. 

Algebraic quantum mechanics provides a mathematically rigorous basis for the 
study of finite and infinite systems, which may be either purely quantal, purely classical 
or mixed quantallclassicai. In this formulation, the bounded observables correspond to 
the selfadjoint elements of an abstract *-algebra of observables. A *-algebra is just a 
collection of mathematical objects A, B, ... that can be combined linearly, multiplied in a 
bilinear and associative way, and mapped by the conjugate linear *-operation A ~ A* 
which satisfies A** = A and (AB)* = B*A*. These operations correspond to the 
familiar operations performed with linear operators acting on a Hilbert space. If 
a *-algebra Jl is endowed with a Banach-space norm II II with the properties 
IIABII s:; IIAII·IIBII and IIA*AII = IIAII2, then 51 is called a C*-algebra. If a C*-algebra 
is the dual of a Banach space, then it is called a W*-algebra 1. 

Depending on the circumstances, the algebra of observables can be chosen as a 
C* -algebra Jl of intrinsic observables, or as a W* -algebra M of contextual observables. 
It turns out that the individual states of an isolated system are in a one-to-one 
correspondence with the extremal normalized positive elements of the C* -algebra Jl of 
intrinsic observables. The statistical states of an epistemic description correspond to 
the positive normalized elements of the predual of the W* -algebra M of contextual 
observables. 

The C*- and W*-algebraic formalism is a bit technical put there are excellent texts. For all 
mathematical questions we refer to Sakai [47], Dixmier [9], Pedersen [31], Bratteli and Robinson [4,5], 
Kadison and Ringrose [18,19]. 
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Algebraic quantum mechanics has a descriptive part and a constructive part. For a 
given universe of discourse, the C* -algebra j[ and the associated time-evolution group 
is intrinsically given, while the W* -algebra !M depends on the observer's context. 
Provided the observer is able to describe precisely what he considers as relevant and 
what as irrelevant, then he can specify a particular topology on the dual of the algebra 
j[ of intrinsic observables which allows by the so-called GNS-construction to constitute 
the appropriate W* -algebra of contextual observables. However, from a practical point 
of view such a procedure can be exceedingly difficult. Nevertheless, one can continue in 
a purely descriptive phenomenological way and describe the context-dependent 
W*-algebra in terms of algebraic structures. For example, classical systems are 
characterized by commutative algebras, thermodynamic systems are characterized by 
W*-algebras of type III, and so on. 

From a purely formal point of view we characterize quantum systems according to 
the structure of their algebra of observables. The most important algebraic character­
ization of an algebra refers to its center. The center Z(!M) of an algebra !M is defined as 
the set of all operators in !M which commute with every operator in !M, 

Z(9vl) := {ZIZe !M,ZM=MZforeveryMe!M} . 

The center of a W*-algebra is a commutative W*-algebra. The corresponding sub­
system with Z(!M) as algebra of observables is called the classical part of the whole 
system with !M as algebra of observables. The selfadjoint elements of the center Z(!M) 
are called classical observables. If the algebra of observables is commutative, then it 
equals its center, !M = Z(!M), so -that all observables are classical, and accordingly the 
corresponding system is called classical. If the center is trivial (i.e. if the center 
consists at most of the scalar multiples of the identity), the corresponding system has 
no genuine classical observables, hence no classical part, and is therefore called purely 
quantal. 

Our use of the word «classical» has nothing to do with Planck's constant. In fact, 
important features of classical quantum systems depend crucially on the value of 
Planck's constant. Moreover, quantum mechanics does not reduce to classical mechan­
ics as a special case, say in the limit of macroscopic systems. From a theoretical view­
point, the distinction between microphysics and macrophysics has become obsolete for 
a long time. There is a practically continuous transition between microphysics and 
macrophysics; there are microsystems with classical properties, and there are 
macrosystems without classical properties. 

Paradigmatic examples for the algebraic classification of physical theories are the 
well known extreme cases of traditional quantum mechanics and of classical 
Hamiltonian point mechanics. 

FIRST EXAMPLE: TRADITIONAL QUANTUM MECHANICS 

The irreducible Hilbert-space representation of traditional quantum mechanics is a 
statistical description and starts with a separable Hilbert space :;(, the associated 
algebra '13(9-f) of all bounded linear operators acting on :;( plays the role of the algebra 
!M of bounded contextual observables. The algebra 'B(1i) is a factorial W*-algebra of 
type I; it has a trivial center, so that traditional quantum mechanics describes purely 
quantal systems. Traditional quantum mechanics uses the concept of statistical states 
which refer to the outcome of statistical experiments; they enjoy the property of 
a-additivity and are described by normal normalized positive linear functionals on 
'B(:;{) , that is by normalized positive elements of the predual 1 ('B(:;{»* of the algebra 
'B(:;{) of contextual observables. The predual ('B(:;{»* is isomorphic to the Banach 
space '131 (:;{) of all nuclear operators, so that the statistical states of traditional 

The predual ~ of a W*-algebra JiI is characterized by the fact that the dual (~)* of the predual ~ of JiI 
equals JiI. 
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quantum mechanics can be represented by density operators and pure statistical states 
by idempotent density operators. 

The less known individual description of traditional quantum mechanics is based 
on the C*-algebra 5f. of bounded intrinsic observables which is the algebra '13~(91) of all 
compact operators 1 in '13(91). It is a separable2 nuclear C*-algebra which is exceptional 
in the sense that all its irreducible *-representations are equivalent. Furthermore, the 
converse is also true: if 5l is a separable C*-algebra which has only one equivalence 
class of irreducible *-representations, then 5l is C*-isomorphic to '13~(!J{) with an 
appropriate Hilbert space !J{ [44]. This fact corresponds to the uniqueness theorem for 
the canonical commutation relations by Stone [52] and von Neumann [27]. The 
conjugate space '13~(!J{)* of the C*-algebra '13~(!J{) of intrinsic observables is 
isomorphic to the Banach space '131 (91) of all nuclear operators. 

From the perspective of algebraic quantum mechanics the formal status of 
traditional quantum mechanics is exceptional in so far as the dual '13~(!J{)* of the 
algebra '13~(!J{) of intrinsic observables is isomorphic to the predual '13(!J{)* of the 
algebra '13(!J{) of contextual operators. In abstract terms: in traditional quantum 
mechanics the bidual 5f.** of the C*-algebra 5f. of intrinsic observables equals the W*­
algebra M of contextual operators, 5l** = M. In general, however, we have 5f.**;;;;? M. 
Except in the case of traditional quantum mechanics the bidual 5f.** of the algebra 5f. of 
intrinsic observables is always much larger than the algebra M of contextual 
observables. In the algebraic language, the Stone-Neumann uniqueness theorem is 
expressed by the exceptional relation 5l** = M. That is, in traditional quantum 
mechanics the intrinsic observables determine uniquely the contextual observables. 

To summarize: The algebra J[ of intrinsic observables of traditional quantum 
mechanics in its individual description is given by a C*-algebra of compact operators, a 
separable and noncommutative algebra. The individual states are represented by the 
normalized extremal positive elements of the dual J[*. The statistical description of the 
same system is based on the noncommutative W*-algebra M of contextual observ­
ables, a factor of type I with separable predual M*, M = (M*)*. The statistical states 
are represented by the normalized positive elements of the predual M*. Traditional 
quantum mechanics is characterized by the exceptional fact that the bidual of the 
algebra of intrinsic observables is the algebra of contextual observables, J[** = M. As a 
consequence, there is an unusual one-to-one correspondence between individual states 
and extremal statistical states (the so-called pure states). 

SECOND EXAMPLE: CLASSICAL MECHANICS 

Classical point mechanics with finitely many degrees of freedom can be char­
acterized in the Hamiltonian formalism by a locally compact phase space Q, a smooth 
symplectic manifold like ]R2n. In the usual individual description of classical point 
mechanics the points (0 of the phase space Q represent the individual states of the 
system. The algebra 5f. of bounded intrinsic observables of the corresponding algebraic 
description is the separable, nuclear and commutative C*-algebra C~(Q), the algebra of 
all complex-valued continuous functions on Q which vanish at infinity, endowed with 
the supremum norm. On the other hand, by the Gelfand representation theorem every 
commutative C*-algebra 5f. can be canonically represented as an algebra C~(Q) on a 
suitable locally compact space Q; if 5l is separable then the space Q is second 
countable and metrizable as a separable complete metric space. 

The statistical description of classical mechanics uses a different formalism. A 
statistical ensemble can be specified by a normalized positive distribution function on 
the phase space Q, 

Recall that a compact operator is a norm limit of finite rank operators. The linear set of all compact 
operators on a Hilbert space :J{ where the bound of an operator is considered as its norm, furnishes a 
Banach space 'B~(:Jf) . 

2 The C*-algebra of all compact operators acting in a Hilbert space :J{ is separable if and only if :J{ is 
separable. 
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J /(00) doo = 1 , 

Q 

which defines a probability measure J1 

J1(B) = J /(00) doo , BEL, 

B 

where L is the a-algebra of Borel sets of the phase space Q. Classical statistical 
mechanics is based on the Kolmogorov probability space (Q,L,J1), and the Gibbsian 
ensemble interpretation, whereby the members of the ensemble are individual objects 
in individual states. Note that this statistical ensemble interpretation presupposes the 
individual interpretation of classical mechanics. The shortcut to introduce statistical 
ensembles by specifying a distribution function is admissible in classical mechanics, 
since in classical theories the set of all statistical states is a simplex so that every 
mixed state (Le. probability measure) has a unique decomposition into pure states (i.e. 
Dirac measures on Q). That is, a classical distribution function in fact specifies a 
unique ensemble 1. In classical statistical mechanics, an observable is defined as a 
Borel-measurable real-valued function on the phase space Q. The space of equivalence 
classes of complex-valued J1-essentially bounded Borel-measurable functions on Q is a 
Banach space under the norm II/II = J1-ess sup 1/1, and is denoted by L~(Q,L,J1). It is 
a commutative W*-algebra and represents the algebra 9t{ of contextual observables. 
Since its elements are equivalence classes of functions (and not point functions), the 
W*-algebra L""(Q,L,J1) does not contain enough information to reconstruct the phase 
space Q. In the terminology of algebraic quantum mechanics, the W*-algebra 
L ""(Q,L,J1) is the algebra 9t{ of contextual observables, while the experimentally 
accessible statistical states are represented by the normalized positive elements of the 
Banach space L 1(Q,L,J1) which is the predual of L~(Q,L,J1). It is remarkable that 
there are no ~ure states in L 1(Q,L,J1), all pure states are in the dual (L"")* and not in 
the predual L = (L~)* c (L"")*. The dual (L"")* is a monster which contains myriads of 
unphysical states. This W*-formulation of classical statistical mechanics has a 
canonical Hilbert-space representation which is generally known under the name 
Koopman formalism [22]. 

To summarize: In its individual description classical point mechanics is 
characterized by a separable and commutative C*-algebra .5l of intrinsic observables. 
The individual states are represented by the normalized extremal positive elements of 
the dual .5l*. The statistical description of the same system is based on a nonseparable 
commutative W*-algebra 9t{ of contextual observables. The statistical states are 
represented by the normalized positive elements of the separable predual 9t{* of the 
algebra of contextual observables, 9t{ = (9t{*) * . In classical statistical mechanics there 
are no pure statistical states. This implies that the individual states 0/ classical 
mechanics are experimentally inaccessible [36, chapt. 3.5 and 4.6, 37, chapt. 5.4]. In 
contradistinction to traditional quantum mechanics, the bidual of the algebra of intrinsic 
observables is much larger than the algebra of contextual observables, .5l** :J %. 

GENERAL QUANTUM SYSTEMS 

The basic entity in the algebraic codification of quantum theory is an abstract 
C*-algebra Jl which has to be chosen "as small as possible". This means in more 
technical terms, the algebra Jl is chosen as a separable nuclear2 C* -algebra. The 

In nonclassical theories every nonpure state has infinitely many decompositions into pure states so that 
in this case a so-called mixed state does not characterize the mixture. 

2 A C*-algebra is called nuclear if there is a unique way of forming its tensor product with any other 
C*-algebra. This property is important for the unique composition of quantum systems. A C*-algebra Jt 
is nuclear if and only if the enveloping W*-algebra Jt** is injective. A W*-algebra 9.{ acting on a Hilbert 
space J{ is said to be injective if there is a retraction of norm one from fJ3(Jf) onto 9.l. 
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selfadjoint elements of this algebra represent the so-called intrinsic observables which 
are in one-to-one correspondence to the intrinsic potential properties of the system. 
Those intrinsic potential properties which are actualized at time t characterize the 
intrinsic individual state of the system at time t. It can be shown that these individual 
states are in one-to-one correspondence with the so-called pure states on the algebra 
5l of intrinsic observables [42]. It is very important to note that the concept of a "pure 
state" is a strictly mathematical one, it just means an extremal normalized positive 
linear functional on the C*-algebra 5l. It follows that a property is actualized at time t if 
and only if the corresponding observable has a dispersionfree value with respect to the 
individual state. That is, if Pt E 5l* represents the individual state at time t, and if 
A E 5l is the observable corresponding to the property under discussion, then A is 
dispersionfree with respect to Pt if 

In this case we adopt Dirac's [8] regulative principle l and say that the observable has 
the value pt(A). If a property is not actual, we do not attribute any value to the 
corresponding observable. 

The perfect isolation of a quantum system is reflected in the bidirectional 
deterministic character of its time evolution. In the simplest cases2, the dynamics in 
algebraic quantum mechanics is given directly by a one-parameter group {ar : t E lR} of 
automorphisms at of the C* -algebra 5l of intrinsic observables. The time evolution 
Po ~ Pt of the indIvidual state is then given by 

pt(A) := Po { at (A)} for all A E 5l and all t E lR. 

This reversible dynamics is the mechanism which actualizes potentialities. From our 
viewpoint, the idea that "the only processes ... in which potentialities are actualized are 
measurements" [50], is not acceptable. While in the usual interpretation of classical 
physics all potential properties are taken to be always actualized, in quantum physics 
such a premise would be contradictory. But we are allowed to posit (as we do in 
classical physics) that always the potential properties of a maximal subset of the set of 
all potential properties are actualized. If by the time evolution some potential properties 
become actual some other ones must necessarily disappear into potentiality, a principle 
which Piron [33] attributes to Aristotle. 

With the only exception of traditional quantum mechanics, a general C*-algebraic 
quantum system has always infinitely many physically inequivalent W*-represen­
tations. This is not a pathology but a most important feature which has to be expected 
on physical grounds. However, the "correct" choice of the representation is a non­
trivial problem. A particular representation can be fixed mathematically by specifying a 
privileged state on the intrinsic C*-algebra Yl. Such a privileged state can be used as 
reference state in the so-called GNS-construction (according to Gelfand, Naimark and 
Segal), giving a unique faithful W*-representation. 

Every state P (in the mathematical sense of a normalized positive linear func­
tional) on a C*-algebra 5l gives rise to a cyclic representation (1Cp '!If", '¥p) with a 
complex Hilbert space !If" and a normalized vector '¥p E !If" , and the properties 

(i) p(A) = ('¥p l1Cp(A) I '¥p} for every A E 5l , 

(ii) the closed subspace of ~ spanned by 1C/5l) '¥p equals :Hp . 

Compare the first edition of Dirac's "The Principles of Quantum Mechanics" of 1930, § 11. In the later 
editions Dirac adopts the nowadays more popular operational interpretation. 

2 In general the dynamics is not well defined for all observables in ~ . In this case, the time evolution is 
defined by a one-parameter group acting only on a dense set of observables. 
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The triple (1tp'~' o/p) is called the GNS-representation of ~ induced by p. Every cyclic 
representation arises this way. The GNS-representation is unique in the sense that 
every cyclic representation (1t,11, 'l') such that 

p(A) = ('l'in(A) I 'l') for all A E ~ , 

is unitarily equivalent to the GNS-representation (1tp'~' o/p). The weak closure of 
1tp<~) in the algebra 'l3(~) of all boundend operators acting in the Hilbert space ~ is 
a von Neumann algebra '.M which conceptually corresponds to the W*-algebra of 
contextual observables whefeby the context is characterized by the reference state p 
on the algebra ~ of intrinsic observables. 

A standard choice in many exactly soluble models (say for superfluidity, 
superconductivity, ferromagnet, phase transitions, laser models, spontaneous sym­
metry breakings and so on 1 ) are either the ground state or the thermal equilibrium 
states (the so-called f3-KMS states). However, these are exceptional cases - in 
general physically interesting systems are not in stationary states, and in the absence 
of such overly idealized situations we do not have a workable recipe to find the 
appropriate W*-representation. This may be disappointing but is inevitable. It just 
means that no comprehensive universal operational description for the whole material 
reality can be found. The reason is that nothing can be said about nature unless some 
abstractions are made. There is no science without abstractions but abstractions are 
context-dependent, they do not falsify our description of the material reality but they 
create the patterns of reality. All concepts of empirical science refer to observations 
obtained by some pattern recognition methods which distinguish between relevant and 
irrelevant features. What has to be considered as relevant, and what as irrelevant, is 
not written down in the universally valid C*-algebraic description of material reality but 
has to be introduced into quantum theory by making the very same abstractions as the 
pattern recognition methods of empirical science do. In algebraic quantum mechanics 
these abstractions can be introduced by specifying an appropriate new topology on the 
state space of the intrinsic C*-algebraic formalism, or, equivalently, by specifying a 
privileged state which can be used as reference vector for the relevant GNS-repre­
sentation. 

5. QUANTUM OBJECTS 

QUANTUM MECHANICS IS A HOLISTIC THEORY 

A fundamental preconception of all science is the idea that one has not to consider 
the whole universe at once but that one can advance by compartmentalization. 
Classical science defends in addition the idea that the analysis of nature in terms of 
interacting but independently existing objects is in accordance with the empirical facts. 
On the other hand, if we take our most fundamental theory of matter seriously, an 
entirely different view emerges. If we consider quantum mechanics not only as a bunch 
of highly successful pragmatic working rules, but as our best candidate for a really 
fundamental theory of the material world, then we are compelled to admit that individual 
objects cannot exist in an absolute sense (with the possible but uninteresting excep­
tion of the whole universe). Quantum mechanics predicts that nature is nonseparable. 
This prediction has been verified in recent years in a series of beautiful experiments 
beyond any reasonable doubt. The empirists' claim that objects are given in an absolute 
sense has proved to be inadequate - objects do not exist in perfect isolation. 

To be sure, even in classical science the environment of an object system cannot 
be left out of consideration but in classical physics it is tacitly assumed that one can 
describe the influence of the environment by appropriate forces or interactions. From 
our everyday experience we believe to know that certain things are quite independent 

A discussion of such phenomena from the viewpoint of algebraic quantum mechanics can be found in the 
monographs by Dubin [10], Strocchi [53] and Sewell [48]. 
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of others, notably those distant in time or space. We are so accustomed to accept this 
separability of nature as something self-evident that we easily forget how artificial this 
doctrine really is. 

It is a mathematical property of classical mechanics that the individual states of 
subsystems determine the state of the whole system. This property is called 
separability. A system is called holistic if it does not possess the property of 
separability. Quantum mechanics is the first - and up to day the only - logically 
consistent and empirically well-confirmed mathematically formalized holistic theory. 
The non separability of nature is described by the so-called Einstein-Podolsky-Rosen 
correlations which exist even in absence of any interactions. According to quantum 
mechanics, all subsystems of the world are inextricably entangled so that it is 
impossible to describe them by pure states. Quantum mechanics describes the material 
world as a whole, in fact as a whole which is not made out of parts. 

The world view of classical physics was in the main reductionistic and mecha­
nistic. The fundamental theory was about basic objects and their interactions, its aim 
was to explain complex phenomena in terms of a few elementary objects. Even today 
we often say that nuclei can be understood as composed of protons and neutrons, and 
that molecules can be understood to be composed of nuclei and electrons. What we 
actually mean is that we can break molecules into protons, neutrons and electrons, and 
that free protons, free neutrons and free electrons behave elementary under the actions 
of the appropriate kinematical group. However, if we take quantum mechanics 
seriously, atomism is dead. In the terminology of quantwn theory atomism assumed 
that there is a God-given tensor-product decomposition of material reality. That seems 
not to be so. At least quantum mechanics portrays the material world as a whole. The 
fact that we can disintegrate nuclei, atoms and molecules into elementary systems 
does not imply that nuclei, atoms and molecules are made out of elementary systems. 
According to quantum mechanics, a molecule can be described as an entangled system 
of neutrons, protons and electrons. Yet these three kinds of elementary quantum 
systems are not only interacting but Einstein-Podolsky-Rosen-correlated so that it is 
impossible to attribute to them any kind of individual existence. Matter, as described by 
the first principles of quantum mechanics, resembles matter in the Aristotelian sense: it 
is not a substance, but the capacity to receive patterns. 

THE CONCEPT OF AN OBJECT IN QUANTUM THEORY 

Do physical objects have a real, objective existence? This discussion has been 
plagued by some deeply ingrained but invalid modes of thought. In order to have a 
precise language, we will distinguish between the concepts "system" and "object". By 
a system we just mean the referent of a theoretical discussion, without any ontological 
commitment whatsoever. On the other hand, we choose the term object as the most 
general ontological expression for something that persists when not perceived, for 
something having individuality and properties. We do not restrict the notion of an 
"object" to concrete things or to entities which are localized in space. Objects may be 
quite abstract individuals which not necessarily can be isolated from the rest of the 
world. Objects are entities which retain their identity in the course of time. They may 
change their actualized properties but they keep their identity. They stand on their own, 
we have names for them and talk about them. That is, objects are the referents of 
genuine names. 

If we single out an object system, we have divided the world into two parts. All 
we have not singled out will be called the environment of the system. We adopt the 
following characterization [36, 37, 38, 39]: 

Definition 

An object is defined to be an open quantum system, interacting with its 
environment, but which is not £instein-Podolsky-Rosen-correlated with the 
environment. 

It follows that objects are exactly those quantum systems for which at every instant a 
maximal description in terms of pure states is possible. This fact is of conceptual 
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importance since one can interprete a quantum state as an on tic state only if it is pure. 
Here the notion of an "ontic state" refers to a mode of being, describing intrinsic 
characteristics existing independently of any observation, while the notion of a "pure 
state" refers to a merely mathematical concept, meaning an extremal positive linear 
functional on the algebra of observables. 

If a quantum system is not an object it does in general not possess a maximal 
description in terms of pure states, so that no ontic or individual description is possible. 
However, an epistemic statistical description may be feasible since the reduced 
statistical state (e.g. given by reduced density operators) can be a system-theoretical 
state allowing statistical predictions. The root of many troubles in the interpretation of 
quantum mechanics lies in the failure to distinguish clearly between objects and more 
general systems. 

A realistic interpretation of individual quantum systems is possible if and only if 
there are no Einstein-Podolsky-Rosen correlations between the object system and its 
environment. Adopting the primacy of quantum mechanics, we have not only the burden 
but also the chance to derive the conditions for the existence of objects, the classical 
behavior of their environments, and of patterns and phenomena in our world. We say a 
mathematical model of an object system is robust if the inclusion of the effects of the 
environment does not change the description in a qualitative way. Unfortunately, most 
Hamiltonian models with finitely many degrees of freedom are not robust. Therefore the 
environment of an object system should never be left out of consideration. Yet, the 
environment of every material system always includes the electromagnetic radiation 
field, a system having infinitely many degrees of freedom. Accordingly, a proper 
discussion of the existence of quantum objects is not possible in terms of traditional 
Hilbert-space quantum mechanics. 

QUANTUM OBJECTS IN ALGEBRAIC QUANTUM MECHANICS 

It is a theorem of algebraic quantum mechanics that interaction does not neces­
sarily imply entanglement, and that objects are either classical or must have classical 
environments: 

Theorem (Raggio [42]) 

Every classical system is an object. A nonclassical open system is an object 
if and only if its environment is classical. 

That is, quantum objects exist if and only if classical environments exist. This theorem 
explains why the problem of reality did not arise in classical physics. 

Often it has been claimed that the adherence to classical concepts in the sense of 
Bohr is not required by the formalism of quantum mechanics. In algebraic quantum 
mechanics Raggio's theorem proves the contrary: In order to be able to speak about 
'quantum objects, it is necessary to abstract from the EPR-correlations between the 
object and its environment (which may contain a measuring instrument). Hence it 
follows that the environment has to admit a classical description (in the sense of 
Boolean logical structure). 

All objects we discuss in natural science are contextual objects, their existence 
depends both on the' environment, and on the abstractions we are forced to make in 
every scientific discussion. In algebraic quantum mechanics this is reflected by the fact 
that the environment of a quantum object has to be classical. The meaning of the notion 
«classical» depends, however, on our abstractions and is therefore context-dependent. 
That is, all objects in a quantum world are contextual objects. Contextual objects are 
abstraction-dependent but they are not free inventions. They represent patterns of 
reality, yet they are not building stones of reality. For example, photons, electrons, 
atoms, molecules, crystals, objects of common experience are contextual objects, not 
absolute entities. In algebraic quantum mechanics, a context can be specified by an 
appropriate topology on the state space of the C*-algebra of intrinsic observables. 
Usually this will be realized in a rather indirect way, say by selecting a reference state 
for the GNS-construction of the algebra of contextual observables. 
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~ INTERPRETATIONS 

WHAT IS AN INTERPRETATION? 

An interpretation of a physical theory refers to a logically consistent and em­
pirically well-confirmed theoretical formalism. That is, we assume that we have a 
mathematically rigorous codification of the theory and a minimal interpretation which 
allows an operationalization of the theoretical propositions. Without such a minimal 
instrumentalist interpretation the mathematical formalism alone cannot be considered 
as a physical theory but would be just a physically meaningless game with symbols. On 
the other hand, working only with the minimal interpretation, we cannot understand 
"how the world ticks". Interpretations which are richer than the minimal interpretation 
have nothing to do with experimental facts but are ways of thinking. They can neither 
be extracted from the formalism nor from experience, they have to be freely created. 
Therefore we adopt the following characterization: 

Definition 

An interpretation of a physical theory is characterized by a set of normative 
regulative principles which can neither be deduced nor be refused on the 
basis of the mathematical codification and the minimal interpretation. 

Epistemic interpretations refer to our knowledge of the properties or modes of reac­
tions of systems. Ontic interpretations refer to the properties of the object system 
itself, regardless of whether we know them or not, and without regard to perturbations 
by observing acts. The operationalistic view uses always an epistemic and statistical 
interpretation, while a realistic world view refers to an ontic and individual inter­
pretation. To sum up it can be said that epistemic interpretations describe und predict, 
while ontic interpretations explain. 

EXAMPLE FOR A MINIMAL INTERPRETATION 

As a pertinent codification of traditional quantum mechanics we can take the 
mathematical formalism summarized in von Neumann's [28] book but without the 
projection postulate. In this framework, the minimal instrumentalist interpretation is 
given by the expectation-value postulate: 

Von Neumann's expectation-value postulate 

Let A be a selfadjoint observable with spectrum A, let I be the a-algebra of 
Borel sets of A and E be the spectral measure of A. The probability that a 
predictive measurement of the first kind of the observable A gives a value 
lying in the Borel set BE I is given by the Kolmogorov probability measure 
Jl : I ~ JR., defined by 

Jl(B) = (o/IE(B) 10/) , 

where 0/ is the normalized state vector immediately before the measure­
ment. 

Conditioned by a measurement of the first kind, this postulate implies that the 
observable A can be considered as a random observable on the Kolmogorov probability 
space (A ,I,Jl). The expectation value 'E(A) of this random variable is given by 

'E(A) = J)., Jl(d).,) = ('l'1 A I 'l') 

A 

The expectation-value postulate assigns an empirical meaning to the abstract 
mathematical formalism. An understanding of this postulate relies on our previous 
intuitive notions about physical measurements. From a conceptual point of view much 
more needs to be said, for example about the nature of time (e.g. the earlier-later 
relationship), about the status of facts (does quantum mechanics admit factual 
descriptions?), or about the feasibility of making experiments (does a theory with an 
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automorphic time evolution allow observers having free will?). If the world external to 
the quantum object is taken to be given phenomenologically, this vague intuitive 
formulation of the expectation-value postulate is sufficient to compare quantum­
mechanical predictions with experimental results. In this sense, the expectation-value 
postulate allows a minimal operational assessment of quantum theory which is of 
crucial importance for all engineering applications of quantum mechanics. In spite of the 
associated unrealistic idealizations l , the expectation-value postulate is a well­
confirmed working rule whose success has to be explained by a fullfledged inter­
pretation of quantum mechanics. 

AN EXAMPLE FOR AN ONTIC INTERPRETATION: CLASSICAL POINT MECHANICS 

The Hamiltonian formalism of classical point mechanics alone is not yet a physical 
theory since every scientific theory also needs a referent and an ontology. The historical 
development of classical mechanics illustrates the fact that every interpretation is of 
metaphysical nature. In the early days of the development of classical mechanics, a 
guideline given to the readers of Copernicus' De Revolutionibus pointed out that the 
heliocentric theory was merely a mathematical representation of the observed facts of 
planetary motion without claiming it to be true. Later Kepler discovered that this 
preface was not written by Copernicus but by the editor Osiander, and that Copernicus 
himself advocated just the opposite view and had convinced himself of the reality of the 
Earth's motion around the Sun. Since that time the Copernican revolution was the 
paradigm for a realistic interpretation of a physical theory, strongly endorsed by Kepler, 
Galilei and Newton. Scientific realism is the thesis that the objects of scientific inquiry 
exist and act independently of the knowledge of them. This thesis cannot be decided 
empirically and has the status of a metaphysical regulative principle. 

In a realistic interpretation of classical mechanics the referents of the theory are 
material objects in the external reality which are posited to exist and to have 
properties not depending on being observed. In this interpretation, the individual state 
wt E Q characterizes the mode of being of the object at time t. Whether we know this 
state or not, is considered as entirely irrelevant for the realistic interpretation of the 
theory. In this usual objectivistic and realistic interpretation of classical Hamiltonian 
point mechanics we say the ontic state of the physical system at time t is represented 
by a point wJ of the phase space Q. Note that such ontic states are not accessible 
experimentally, since in classical statistical mechanics there are no normal pure states. 
Moreover, from the Hamiltonian formalism it does not follow that the physical object 
described by the theory always is in a definite ontic state. Such a predication is of 
purely metaphysical nature but it is compatible with experience and the formalism. 
Since it can neither be proved nor disproved by experiments or by the formalism, we are 
free to accept (or to reject) it as a regulative principle. 

AN ONTIC INTERPRETATION OF ALGEBRAIC QUANTUM MECHANICS 

The main problem of a realistic individual interpretation of quantum mechanics is 
that according to this theory there are no noncontextual individual objects at all. If we 
assume that quantum mechanics is universally valid, then every subsystem of the 
material world is Einstein-Podolsky-Rosen-correlated with everything else. Open 
quantum systems which are entangled with their environments cannot be in pure 
states. No progress can be made unless we carefully distinguish between arbitrary 
quantum systems and quantum objects. A necessary and sufficient condition for the 
feasibility of an individual interpretation of algebraic quantum mechanics is that its 
referents are objects. Quantum systems which are not objects have no individuality and 
allow only an incomplete description in terms of statistical states. 

1 It is doubtful whether measurements of the first kind can be realized experimentally. But this 
idealization is not necessarily pointless since one can develop a theory of realistic measurements on the 
basis of the expectation-value postulate which is not restricted to repeatable measurement. The 
engineering theory of quantum measurements and quantum communication channels (compare e.g. the 
work of Holevo [17]) is highly developed and in a much better shape than the rather naive discussion by 
operationally oriented philosophers. 
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The referents of a theory in an on tic interpretation are individual objects. In alge­
braic quantum mechanics the potential properties of an object are represented by the 
selfadjoint elements of an appropriate C*-algebra Jl of intrinsic observables. Intrinsic 
observables describe independently of any observation what is physically real. The 
ontic state of an object at time t is characterized by the set of all potential properties 
which are actualized at time t. That is: the potential properties characterize the object 
while the actualized properties characterize the state of the object. This delineation 
fixes the ontology of algebraic quantum theory. It is not radically different from the 
ontology traditionally accepted for classical physical theories. The restriction of this 
interpretation to the classical part of the system corresponds to the generally adopted 
realistic individual interpretation of the traditional classical physical theories while for 
the quantal part we just have to distinguish carefully between potential and actualized 
properties. Quantum mechanics does not force us to give up realism but it forces us to 
change the classical conception of reality. The preconception that all properties have to 
be actualized properties may come from classical physical theories where all potential 
properties are always actualized. The distinction between potential and actualized 
properties is, however, not at all mysterious but well known from everyday life. Bohr's 
example of goodness and justice as complementary properties shows that both 
goodness and justice may be potential ways of behavior of a father which cannot be 
actualized at the same time. 

U sing this characterization and the general framework of algebraic quantum 
mechanics one can prove the following theorems relevant for the ontic interpretation of 
quantum theory: 

Theorem 1 

There is a one-to-one correspondence between the intrinsic ontic states and 
the extremal, normalized positive linear functionals on the C*-algebra Jl of 
intrinsic observables. 

Theorem 2 

A property represented by an intrinsic observable A E Jl is actualized at 
~im~ t.if an~ only if plA 2) = {Pt(A)} 2 where Pt E Jl * represents the 
zntrznslc ontlc state at tIme t. 

Theorem 3 

There is a one-to-one correspondence between the contextual ontic states 
and the normal extremal, normalized positive linear functionals on the 
W*-algebra M of contextual observables. 

Theorem 4 

A property represented by a contextual observable M E M is actualized at 
time t if and only if Cf't(M 2) = {Cf't(M)} 2 where Cf't E %* represents the 
contextual ontic state at time t. 

TheoremS 

Classical observables are defined to be selfadjoint elements of the centre 
Z1...M) of the algebra M of contextual observables. At every instant, every 
classical observable Z E Z is actualized and has the dispersion free value 
Cf't(Z). 

Of course, we do not claim that quantum mechanics will not be superseded 
sometime, so our reference to an independent reality makes only sense as a theoretical 
construct. The intrinsic ontic interpretation is based on the C*-algebra of intrinsic 
observables. It is a strongly objective theory in the sense of d'Espagnat [12, 13] since 
in the first place it makes no reference to observers or probabilities. It may describe 
reality in itself but not the phenomena we observe. A theory which describes 
observable phenomena cannot keep the human means of data processing out of 
consideration but these means are not described by the C*-algebra of intrinsic 
observables. The observables which describe the outcomes of measurements are 
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context-dependent, they are represented by the selfadjoint elements - or more 
generally by the positive operator-valued measures - of the W*-algebra :M of 
contextual observables. This algebra is not intrinsically given but it can be consnucted 
by the GNS-construction from the context-independent C*-algebra Jl by specifying an 
appropriate reference state in Jl*. The W*-algebraic formalism describes the empirical 
reality, it is context-dependent hence only weakly objective in the sense that given a 
context, there is intersubjective agreement. In the words of Wolfgang Pauli [30]: "Once 
the observer has chosen his experimental setup, he has no influence anymore on the 
result of the measurement, which, objectively registered, is available to everybody". In 
all science we have to make abstractions, yet typically we have no scruples to restrict 
scientific concepts to contextual ones without explicitly mentioning the associated 
abstractions. So we may be allowed to speak in a manner «as if» the contextual objects 
(like electrons, atoms or molecules) would really exist. In this sense we call the 
individual states of contextual objects contextual ontic states. 

7. ENDO- AND EXOPHYSICAL DESCRIPTIONS 

All the so-called first principles of fundamental physical theories refer to strictly 
closed systems whose dynamics are given by one-parameter groups of automorphisms 1. 
Since strictly closed systems cannot be observed from outside, such descriptions are 
not operational. Abner Shimony [49] distinguishes between intrinsic and operational 
theories. An intrinsic theory characterizes the properties and the states of a physical 
system without explicit reference to other physical systems. By contrast, an 
operational theory makes explicit reference to other physical systems than the one 
singled out for special study. It typically characterizes the properties of the object 
system in terms of test procedures which must be described in terms of external 
systems. According to Shimony, "the choice between an intrinsic and an operational 
formulation ... is not ipso facto a philosophical commitment, concerning either 
epistemology or the ontological status of physical entities. Each choice, to be sure, is 
accompanied by proclivities. An intrinsic theory is attractive to a physical realist, who 
maintains that there are physical entities with existence independent of human 
knowledge and who wishes not to conflate statements about these entities themselves 
with statements about knowledge of them. An operational theory is attractive to 
someone who is skeptical of the meaningfulness of a thesis like physical realism or who 
doubts that it can be endowed with meaning unless it is explicitly linked with 
procedures for obtaining knowledge." 

A related distinction has been made by David Finkelstein [14] and Otto Rossler 
[45] by introducing the notions of endophysics and exophysics . 

Definition 

A physical system without an external observer is called an endosystem. If 
the observer is external, we speak of an exophysical description of the 
system under investigation. The world of the observer with his communi­
cation tools is called the exosystem. 

Both endo- and exophysical descriptions have a proper and important place in science 
but they must not be confused. The first principles of a universally valid theory refer to 
endophysics but they are not sufficient for a characterization of an exosystem. 
Therefore, as stressed by Rossler, endophysics is different from exophysics. It is an 
imperative and nontrivial task to exhibit their interdependence. In quantum theory, even 
the mathematical formalism for quantum endophysics is different from the formalism for 
quantum exophysics. Many of the conceptual difficulties and alleged paradoxes of 
quantum mechanics are due to the failure to distinguish properly between endophysical 

We consider thermostatics and irreversible thermodynamics as phenomenological and not as 
theoretically fundamental theories. All the well-known difficulties to specify a dynamics for such 
theories are due to the fact that they are not given by automorphisms. If a dynamics is not given by a one­
parameter group, we have no first principles to specify it. All we can hope for is that we are able to 
derive it from a more basic theory using some additional assumptions. 
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and exophysical descriptions. The first principles of a universally valid theory refer to 
strictly closed systems, they describe endophysics but they are not sufficient for a 
characterization of exosystems. 

Endophysics is the domain where one can hope to find universally valid first 
principles. «Universally valid» does not mean that in its domain of validity the theory 
can describe everything at the same instant, but only that it can describe any selected 
partial object. This state of affairs has nothing to do with quantum mechanics but is a 
logical necessity. 

Every logically consistent closed physical system which is rich enough to admit 
internal observers is incomplete similar to the incompleteness which GOdel [16] 
demonstrated for all sufficiently rich axiomatic systems in mathematics 1. Using the 
precise language of symbolic logic, GOdel proved the existence of meaningful but 
undecidable mathematical propositions in every rich logical system. Trying to fix up this 
logical system by choosing the undecidable propositions as an axiom and thereby 
declaring them to be true, new undecidable propositions will crop up. If a whole infinite 
sequence of sentences were to be obtained by successive applications of Godel's 
method, and added to the original logical system, the same process could still be 
applied to find another true sentence still unprovable. Hence all consistent axiomatic 
formulations of number theory include meaningful but undecidable propositions. That is, 
Godel's incompleteness theorem implies that mathematics is open-ended. 

The key feature of both GOdelian and endophysical systems is self-reference. 
Endophysical propositions are by observers within the system but which are also about 
the system. Any system of internal representation shares the self-referential properties 
of GOdelian systems. Godel's first theorem can be rephrased as a semantic incomplete­
ness theorem [23, chapt.1.7] so that it makes sense for every formalized endosystem. 
In every sufficiently rich and logically consistent endophysical system there are 
meaningful and conceptually correct propositions which cannot be verified by an 
observer belonging to this system. A verification of such propositions has to use 
methods which are not available within the endosystem. That is, we can assign an 
operational interpretation only to systems which do not include the observer [46]. 

A comprehensive description would include also the observer and his experimen­
tal set-up. Assuming the universal validity of the basic theory, the dynamics of an 
observer would be governed by the strictly bidirectional deterministic time evolution of 
fundamental endophysics, so that the observer had no freedom of choosing the 
experimental set-up. Hence an endophysical observer cannot make experiments. On 
account of self-reference problems, he also cannot have a complete knowledge of the 
endophysical ontic state (which is theoretically characterized by those potential 
properties which are actualized at some instant), since it is logically impossible for an 
observer to know his own ontic state. This is true in classical mechanics as well as in 
quantum mechanics. 

An operationally acceptable definition of truth (in the sense of Tarski) for an 
endosystem must be formulated in another language, the so-called metalanguage. This 
metalanguage has to be essentially richer than the language of the endosystem. If the 
two languages would be identical (or translatable into each other) we would have a 
semantically closed language with self-referential sentences2 [54, 55]. Semantically 
closed systems engender antinomies like the paradox of the liar : "Enimenides, the 
Cretan, says that Cretans always lie". Such semantical paradoxes arise because one 
identifies the concept of the truth of the endo-Ianguage with that of an external 
metalanguage. 

1 GOdel [16] has explicitly constructed a proposition about natural numbers which mathematicians could 
recognize as being true under the intended interpretation of the symbolism of Principia Mathematica 
by Russel and Whitehead, but which is undecidable (i.e. which can neither be proved or disproved) from 
the axioms by the rules of inference of this system. GOdel's proof applies as well to any other not too 
limited finite axiom system of mathematics. In a somewhat vague formulation: in any formal system 
adequate for number theory there exists an undecidable formula. 

2 A sentence S is called self-referential if S asserts the fact that S itself is true or that it is false. 
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8. How CAN ONE MOVE BEYOND A SYSTEM FROM WITHIN THAT 

SYSTEM? 

The crucial problem with quantum endophysics is the necessity that endosystems 
have to be strictly closed. But systems we can investigate experimentally cannot be 
closed systems. In order to get an endophysical description of an experimental set-up, 
the world has to be divided into "a part which sees, and a part which is seen" [51]. 
However, the endoworld does not present itself already divided. We have to divide it. 
Such a division of the holistic endoworld inevitably implies that every exophysical 
description can be at most a partial description. In a holistic theory like quantum 
mechanics, the notions "patterns" and "phenomena" have no a priori meaning. Every 
exophysical pattern recognition is a projection of the non-Boolean endoworld onto a 
Boolean exosystem. This projection is neither arbitrary nor unique. It is not arbitrary 
since we have to respect normative restrictions. It is not unique since every description 
of reality is just a projection of the non-Boolean structure of reality on a Boolean 
context. To encompass the whole material reality we have to adopt many 
complementary viewpoints [35]. None of them is more authentic than the others, none 
can replace the others, all are necessary, none is sufficient. 

We may presume that the quantum endoworld represents the material aspects of 
reality, we may further presume that the first principles of quantum endophysics have 
the maximal symmetry and that there are no God-given classical observables. The 
world we experience is, however, full of broken symmetries and classically describable 
phenomena. How can we reconcile the first principles of endophysics with the 
observable phenomena in the exoworld? 

The usual but ad hoc postulates for the evaluation of expectation values and for an 
operational description of the measuring process (the so-called "collapse of the wave 
packet", or the projection postulate) are pragmatic working rules belonging to 
exophysics and not to endophysics. It will be an important problem to discuss the 
interplay of endophysics and exophysics, and to develop procedures which enable us to 
relate experimentally accessible epistemic states with internal ontic states. 
Experimentally inaccessible ontic states are not meaningless but play a particularly 
interesting role in classical mechanics [36, sect. 3.6], they lead to the phenomenon of 
the so-called deterministic chaos 1, that is a dynamical process which ontically is 
bidirectionally deterministic and epistemically completely nondeterministic. 

In order to make quantum endophysics operational, Johann von Neumann [28, 
chapt. V.I] added to his endophysical codification the notorious projection postulate 
which formalized the so-called reduction of the wave packet. The projection postulate 
describes a stochastic time evolution, an instantaneously acting, discontinuous and 
non-causal change generated by an experimental intervention. This recipe works, but to 
use two fundamentally different types of time evolution is theoretically unacceptable. 
The idea that the stochastic time evolution might be derived from the bidirectional 
deterministic automorphic dynamics of endophysics is the starting point of von 
Neumann's [28, chapt.VI] theory of measurements. However, von Neumann's attempt 
to discuss measurements from the inside in terms of the deterministic endodynamics is 
self-referential and leads to an infinite regress of observing observers. Compared with 
classical endophysics, in quantum endophysics the situation is aggravated since an 
endophysical observer is entangled with the observed system by Einstein-Podolsky­
Rosen correlations. That is, the reduced state of an endophysical observer is not pure, 
hence he can have no individuality, and we should actually not use the concept of an 
«observer». 

The analogy with endomathematical systems with undecidable true propositions is striking and seems 
to imply a conceptually deep relationship between chaos and semantically undecidable propositions 
(compare Agnes and Rasetti, (1)). 
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It has become popular to conjecture that the impossibility to solve von Neumann's 
measurement problem is due to the limited validity of von Neumann's codification of 
quantum mechanics. It is certainly true that Hilbert-space quantum mechanics is 
inappropriate for the description of macroscopic measurement instruments but this 
remark does not hit the crux of the problem. The endo-physical self-reference problem 
exists owing to purely logical reasons and remains also in codifications which can deal 
with systems having infinitely many degrees of freedom and classical observables. 
Arthur Komar [21] has shown that there is in general no effective procedure for 
determining whether or not two arbitrary given states of a quantum endosystem having 
an infinite number of degrees of freedom are disjoint. That is, there is in general no 
effective endophysical procedure for determining whether two arbitrarily given states 
show quantum-mechanical interference effects or not. The corresponding purely 
mathematical decision problem is known to be recursively unsolvable. Hence there are 
true physical statements which are endophysically inaccessible. 

The impossibility of a complete endophysical description of the measuring process 
is not a flaw of the theory but a logical necessity in any theory which is self-referential, 
as it attempts to describe its own means of verification [32]. Every apparatus which 
realizes the reduction of the wave packet is necessarily a metatheoretical object and 
has to be discussed exophysically. That is, for a detailed physical description of the 
measuring process we need an at least two-leveled theory where the second level 
represents the metatheory [6, 15, 56]. 

How can one move beyond a system from within that system? Using only 
arguments from endophysics, this is impossible. But we may assume that the 
endosystem is very large and includes everything which can be described with the tools 
of physics. Then we can rephrase the initial question: How can one divide the 
endoworld into an object system and an observing system? Thereby we have to give 
thought to the fact that the division of an endoworld into an object system and an 
observing system is neither arbitrary nor unique. While it is at least logically consistent 
to posit that quantum endophysics (in an appropriate codification) is universally valid, 
an exophysical operationalization never can exhaustively describe the whole world. 
Something must remain unanalyzed. The need for contingent elements is the price we 
have to pay for making the world visible. 

In a quantum endosystem a division into a part "which sees" and a part "which is 
seen" is possible if and only if between the two parts there are at every instant no 
Einstein-Podolsky-Rosen correlations [38, 39]. This is possible if and only if one of the 
parts is a purely classical system, characterized by a commutative algebra of 
observables. Such a situation can arise only if the basic endophysical system is very 
rich, that is, if the C*-algebra of the endophysical intrinsic observables is essentially 
larger than the C*-algebra of compact operators (e.g. an anti-liminary C*-algebra). In 
general, classical observables are not intrinsic but do not emerge till a GNS-W* -
representation of the algebra of intrinsic observables has been constructed. The 
important point is that - with the only exception of the C*-algebra of compact operators 
- there are infinitely many physically inequivalent W*-representations of the basic 
C*-algebra of intrinsic observables of endophysics. These inequivalent W*-represen­
tations correspond to different exophysical descriptions of one and the same endo­
system. 

It is a pleasant surprise that we have in fact the tools in order to step out of the 
endoworld, namely the GNS-construction. Perhaps less surprising is the fact that such 
a construction of quantum exophysics from quantum endophysics is highly non unique. 
Since the external observing system has to be classical, we will select those GNS­
representations whose W*-algebras have a nontrivial center but this does not yet make 
the problem unique. Every GNS-representation, hence every exophysical description, is 
related to a particular abstraction and idealization. An exophysical representation is 
possible only by a deliberate lack of interest, a decision of what we consider as relevant 
and what as irrelevant. Such a choice is not written down in the endophysical first 
principles of the basic theory but has to be introduced by some appropriate and well­
chosen abstractions. Abstractions from not directly relevant aspects break the holistic 
unity of nature and are prerequisite to create a perceptible reality. 
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To summarize, if we have a sufficiently rich quantum endosystem, we can 
construct many partial exophysical descriptions of it, where the respective observers 
live in classical worlds so that they are quantum-mechanically disentangled from the 
object systems. While quantum endophysics is governed by first principles and has no 
(or very few) classical observables and broken symmetries, every exophysical 
description is context-dependent, has no univeral first principles and displays many 
classical observables and broken symmetries. A priori all exophysical descriptions are 
equally legitimate but they are as a rule mutually exclusive. In order to select one of 
these complementary descriptions we need in addition to the first principles of 
endophysics some regulative principles for the description of the classical exoworld in 
which the observer lives. These additional principles may for example reflect the 
cognitive viewpoints of the external observer, observer or thinker, that is, they 
represent a particular set of presuppositions and attitudes associated with some 
notions of ability, interest and value. If it turns out that these regulative principles can 
be implemented by physical descriptions, they in general involve breakings of 
symmetries of the basic endophysical description. 

9. BACONIAN NORMATIVE PRINCIPLES 

In any experiment there is a division of the universe of discourse into an object 
system and an external world (including the experimenter). It is a tacit assumption of 
all engineering sciences that nature can be manipulated and that the initial conditions 
required by experiments can be brought about by interventions of the world external to 
the object under investigation. That is, we assume that the experimenter has a certain 
freedom of action which is not accounted for by the first principles of physics. Without 
this freedom of choice experiments would be impossible. Man's free will implies the 
ability to carry out actions, it constitutes his essence as an actor. We act under the idea 
of freedom but the present topic under discussion is neither man's sense of personal 
freedom as a subjective experience, nor the question whether this idea could be an 
illusion or not, nor any questions of moral philosophy, but that the framework of 
experimental natural science requires the freedom of action as a constitutive though 
tacit presupposition. If we would like to derive a theoretical framework for experimental 
science from an endophysical basic theory, we have to make the very same 
preassumptions and abstractions as the experimenter makes in his work in the 
laboratory. 

The methodology of traditional scientific research is essentially determined by 
Francis Bacons's motto dissecare naturam (to dissect nature), and has developed a 
preferred way of dividing the world into objects and observing systems. The regulative 
principles of Baconian science stress the facticity of the past, the probabilistic 
predictability of the future, and the idea that we can learn from the past for the future. 
These regulative principles can be realized by choosing a particular GNS­
representation, generating a spontaneous breakdown of the time-reflection symmetry of 
basic endophysics and realizing backward deterministic and forward nondeterministic 
processes in the classical part of the exosystem. Till today, all well-confirmed 
applications of quantum mechanics belong to such a Baconian science. That is, the 
human actions are performed via an intermediate engineering level. All the tools of this 
engineering level have a valid description in terms of classical physics and the 
associated engineering sciences. Since human free will is prerequisite for experimental 
research, it cannot be directly a subject matter of Baconian science. In the experimental 
sciences we have therefore to distinguish between at least three hierarchical levels: (i) 
a first level, governed by the first principles of the basic theory, (ii) a second level, 
governed by classical physics and engineering science, (iii) a third level which includes 
the phenomena of man's free will and consciousness. 

From our present point of view, the main regulative principles of Baconian exo­
physics are the following: 
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(i) It is possible to dissect nature in such a way that the second level of its 
exophysical description is not Einstein-Podolsky-Rosen-correlated with the first 
level of quantum objects. That is, the second level represents a domain with a 
Boolean logical structure. 

(ii) On the second level there are mechanistic but no teleological processes. That is, 
all processes turning up on the second level are backward deterministic, and there 
are some processes which are forward purely nondeterministic. 

(iii) On the second level, all hardware is realizable by non-anticipatory input-output 
systems, i.e. by systems whose present states are determined by the past 
history (the cause must be prior to the effect, a property named "causality" by 
the engineers). 

(iv) There exists a third level which can influence the lower levels without being 
influenced by them, and which is not subject matter of the basic physical theory. 

The first condition refers to the (approximate) separability of the external world from 
the quantum object, it is the prerequisite for the existence of all exophysical 
descriptions. The second requirement pertains to time-inversion symmetry. It is not 
enough to break the time-inversion invariance, one must also select a particular 
solution. If the Baconian regulative principles are justifiable at all for an exophysical 
description of a bidirectional deterministic endophysical reality, then with the very same 
arguments the corresponding teleological regulative principles are also compatible with 
the first principles of endophysics. From this perspective, the admissability of final 
descriptions depends in a crucial way on the logical coherence of the Baconian scientific 
world view. The tacit assumptions about the third level are highly problematic. 
Nevertheless, there is no direct logical contradiction since determinism refers to 
endophysics while free will and consciousness refer to a higher level necessary for 
exophysics only. Considering the present state of the art, we may accept the 
assumptions for the third level at least as a tentative working hypothesis. 

If we adopt quantum theory as basic, the first level can be described by a 
phenomenological quantum theory of open systems. This theory is different from 
fundamental quantum endophysics, but if we have enough information about the 
presupposed structure of the higher levels, we can hope to be able to derive the 
appropriate exophysical theory of open quantum system from the endophysical first 
principles. In Baconian science the intermediate level depends on the existence of 
classical hardware, described mechanistically (i.e. non-teleologically) by classical 
physics and engineering science, both being based on a Boolean logical structure l . This 
second classical level can be generated by an appropriate GNS-representation of the 
endophysical reality, but it cannot be considered as "the macrophysicallimiting case of 
quantum physics". The dynamical behavior of the tools of this engineering level is 
affected by influences determined by human actions in the past which are described at 
the second level by time-dependent external parameters. The temporal asymmetry of 
the behavior of the open quantum system rests on the asymmetric time evolution of the 
second level. The Baconian endophysical quantum-theoretical description at the first 
level is then no longer deterministic but probabilistic, where the probabilities are 
primary and refer to possibilities in the future. Probabilities appear in quantum 
mechanics exclusively in connection with state changes induced by external classical 
influences. In the phenomenological description of the measuring process in historical 
quantum mechanics this breakdown of the time-reflection symmetry of basic 
endophysics is usually summarized by the phrase "collapse of the wave packet". In a 
full theoretical description, the coupling between the object system and the classical 
measuring tools leads in the exophysical description in general to a non-automorphic 
time evolution of the combined W*-system. The corresponding reduced description of 
the open object system is then given by a nonlinear semigroup (e.g. by a nonlinear 
SchrOdinger equation for the state vector [40]). 

1 This requirement corresponds to Bohr's [3] postulate that the external conditions of a quantum­
mechanical experiment have to be described in the language of classical physics. 
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The predictions of quantum mechanics are context-dependent but in no way more 
observer-dependent than in classical physics. It is a simple fact of experimental physics 
that all physical experiments which have been performed so far are in their last stages 
describable in terms of classical physics and classical engineering science. In principle, 
all physical experiments can be automated to the extent that the role of the human 
observer is reduced to simple acts of cognition of the numeric displays of classical 
measuring instruments. Hence the free will and the awareness of the observing 
scientist play exactly the same role they have in classical physics and engineering 
science. 

The Baconian world view is compatible with but not implied by the fIrst principles 
of quantum theory. It is supported by its scientific fertility and the achievements of 
engineering science, and is widely though not universally accepted. But its support is 
not so strong that we could say that another choice of the regulative principles of 
endophysics is inconceivable. If the basic theory is time-inversion invariant and if the 
algebra of observables contains noncompact intrinsic observables, then there exist 
symmetry-broken GNS-representations representing purely anticipating or purely non­
anticipating processes. But starting with fIrst principles, there is no logical route to 
select a particular symmetry-broken realization. There are good reasons for believing 
that both realizations are legitimate in appropriate contexts, yet contexts are not given 
by first principles. That is, «the arrow of time» is part of an epistemic description and 
should neither be fixed universally by decree nor be transferred to strongly objective 
ontic interpretations. Francis Bacon restricted science to the investigation of material 
and efficient causes and attacked in particular the use of fInal causes. Since almost any 
effect could be regarded as useful for some purpose, he ridiculed any teleologically 
oriented research method: "like a virgin consecrated to God it produces nothing" [2]. 
Still, the dissipativity and the backward determinism of Baconian science are posited, 
not derived. They are derivable from the basic endophysical laws only if we add 
appropriate boundary conditions. The Baconian method not always works but this mode 
of explication sets its own well established normative standards of judgement we often 
tacitly adopt for our research [43]. However, we have to note that fInal causes are not 
forbidden by the first principles of quantum physics. A quantum system can manifest 
itself in a variety of classical modes of appearance. It would be contrary to reason to 
eliminate one of these in favor of another. It is quite conceivable that backward causal 
and final descriptions, the structure-function duality, and the paradox of determinism 
and free will are just examples of complementary classical descriptions of a non­
Boolean reality [41]. 

In summary, let us draw some conclusions. I hope I have made clear that von 
Neumann's codifIcation is simply not appropriate for discussing philosophical inquiries 
into the foudation of quantum theory. Yet, a straightforward generalization - algebraic 
quantum mechanics - can explain rigorously and without any ad hoc assumptions the 
existence of spontaneous symmetry breakings and the emergence of superselection 
rules and classical observables. It must be emphasized, however, that the first 
principles of endophysics cannot explain exophysical normative principles like the 
Baconian rejection of the existence of final processes, our presupposed freedom to 
create initial conditions, or the feasibility of «detached observers». The proper choice of 
normative principles is context-dependent. Accepting Baconian normative principles 
one can prove the necessity of a Boolean description of the exosystem, and explain how 
probability arises in quantum theory. Whether someone will succeed in extending this 
substantiation to non-Baconian exophysical descriptions, only the future will tell. 
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1. A THEORY OF OPEN SYSTEMS SHOUW BE BASED ON AN 

INDIVIDUAL DESCRIPTION 

In the first part [42] I have emphasized the fact that there is a logically consistent 
formulation of quantum mechanics of individual systems which is compatible with all 
empirical data. A necessary and sufficient condition for the feasibility of such an 
individual interpretation is that the referents of the theory are objects. We recall that 
we distinguish between the concepts «system» and «object». By a system we mean 
nothing but the referent of a theoretical discussion (specified, for example, by a 
Hamiltonian), without any ontological commitment. An object is defined to be an open 
quantum system which is interacting with its environment but which is not Einstein­
Podolsky-Rosen-correlated with the environment. Quantum systems which are not 
objects are entangled with their environments, they have no individuality and allow only 
an incomplete description in terms of statistical states. Since in quantum theories the 
set of all statistical states is not a simplex, statistical states have no unique decom­
position into extremal states. This fact leads to grave problems for a purely statistical 
interpretation of quantum mechanics. 

Sometimes it has been claimed that macroscopic objects cannot be assumed to be 
in definite pure states [60,61]. It is certainly true that macroscopic systems never can 
be considered as isolated and that we cannot get an exhaustive knowledge of their 
states, but the conclusion that this implies the necessity of a description in terms of 
density operators is due to a confusion of on tic and epistemic descriptions. Ontic 
interpretations refer to the properties of the object itself, a feature of the world. 
Epistemic interpretations refer to our knowledge of the properties or the modes of 
reactions of the object; an epistemic state provides merely a "state of knowledge" and 
not an objective description of some aspects of independent physical reality. 
Nevertheless, every object, microscopic or macroscopic, strongly or weakly interacting 
with its environment, has always a description in terms of pure states. The distinction 
between epistemic and on tic states is important since the on tic states - and not our 
knowledge of them - determine the effects of the interactions with the environment. It 
would be a bold undertaking to use quantum mechanics in its epistemic statistical 
ensemble interpretation to develop a fundamental theory of open systems. 

Sixty· Two Years of Uncertainty 
Edited by A. I. Miller 
Plenum Press, New York, 1990 
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It is dangerous to switch thoughtlessly between an ontological and an opera­
tionalistic way of speaking. As a first example for difficulties which may arise from such 
an confusion, we may ponder about the meaning of the usual wording «the environment 
is in a thermal state». A thermal state may indeed represent the best information we 
can get. But according to the individual interpretation, the combined system of the 
object system and its environment always is in a pure state. We know from 
mathematically exactly soluble models that these two ways of description may give 
qualitatively different results. Another example refers to the time-inversion symmetry. 
In engineering physics, only retarded solutions which fulfill the causality requirement 
«no response before the stimulus» are relevant. However, this does not imply that the 
actual interactions are of this kind. Without an object-environment separation the 
physically relevant interactions are time-inversion-invariant. 

Besides the greater explanatory power, the individual formulation of quantum 
mechanics has important technical advantages. For the present problems it concerns 
the question how to characterize states of composed quantum systems which do not 
show Einstein-Podolsky-Rosen-correlations (EPR-correlations, for short). For pure 
states the solution is trivial: a pure state is free from EP R -correlations if and only if it 
is a product state. A nonpure state is defined to be free from EPR-correlations if there 
exists a decomposition into a sum (or integral) of pure states without EPR­
correlations. However, till today no applicable criteria are known for the distinction 
between EPR-correlations and classical statistical correlations also present in an 
ensemble description. 

2. NONLINEAR SCHRODINGER EQUATIONS 

STATISTICAL TIME EVOLUTIONS ARE LINEAR 

In the literature there is some confusion about the meaning of the concept of 
linearity of the equations of motion1. In the traditional irreducible Hilbert-space 
formulation of quantum mechanics this confusion is due to the fact that the individual 
states and the statistical states are elements of the very same Banach space2, 

nevertheless their equations of motion may be different. If we accept Mackey's axiom 
IX [32, p.8I], which postulates the commutativity of the operation of mixing with the 
time evolution semi group for a statistical ensemble, then it can be shown that under 
weak technical conditions the dynamics can be uniquely extended to a one-parameter 
semigroup of linear operators acting in the predual of the algebra of global observables 
[16]. That is, the equations of motion for statistical states are necessarily linear. This 
result has nothing to do with the quantum-mechanical superposition principle, it is also 
true for classical statistical theories. Well-known examples are Koopman's [28] 
Hilbert-space formalism for classical statistical mechanics, and the equivalence of 
nonlinear stochastic differential equations in the sense of Ito (which provide an 
individual description) with the linear Fokker-Planck equations (which give a statistical 
ensemble description)[ 1]. The rash argument "that linear equations are usually an 
approximation to a more adequate theory" [56] certainly does not apply to the linear 

1 For a recent example, compare the discussion between Peres and Weinberg [peres, 40]. 
2 Given the Hilbert space '}{, the individual states are elements of the dual ('Boo)* of the C*-algebra 'Boo of 

compact operators acting in '}{. The statistical states are elements of the predual ('B)* of the algebra 'B of 
all bounded operators acting in '}{. A possibility for confusion arises from the generically exceptional 
relation ('Boo)* = ('B)* • 
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Fokker-Plack equations, for the same reason it does not apply to the time-dependent 
Schrooinger equation in the statistical ensemble interpretation 1. 

THE TIME EVOLUTION OF AN INDIVIDUAL OBJECT MAYBE NONLINEAR 

An object is at every instant in a pure state, so that the time evolution for an 
object necessarily transforms pure states into pure states. If the object is a system with 
only finitely many degrees of freedom (the environment of the system may be an infinite 
system), then there exists an irreducible Hilbert-space representation for the object, so 
that the state of the object can be represented in the familiar way by a state vector. The 
time evolution then transforms state vectors into state vectors. If the time evolution is 
a semigroup, then there exists an analogue to the time-dependent Schrooinger equation 
but this evolution equation is neither necessarily linear nor deterministic. Quite 
generally, the reduced dynamics for the state vector of an object is given by a nonlinear 
non-autonomous Schrodinger-Langevin functional-differential equation. Thereby the 
dissipative environmental effects are represented by classical fluctuating forces and 
damping terms. Furthermore, polarizations and reaction fields can lead to feedback 
effects which give rise to nonlinear dynamical equations. The usefulness of such 
nonlinear Schrodinger equations is well documented in the literature, but a clear 
appreciation of the nature and the validity of the description by nonlinear Schrooinger 
equations seem to be lacking. Nevertheless, it may be useful to review some of the 
physically well-motivated phenomenological approaches 2• 

NONLINEAR FEEDBACK EFFECTS 

The first conceptually sound discussion of feedback effects via the environment of 
molecular systems is due to Onsager [36]. He observed that the severe disagreement 
of Debye's dipole theory with the experiment is due to the neglect of the reaction field 
in Debye's theory. Rephrasing Onsager's physical ideas in a phenomenological 
quantum-mechanical language [59], one may write the effective molecular Hamiltonian 
H in the form H = Ho + V, where Ho represents the molecular Hamiltonian in the 
vacuum, and V denotes the interaction energy between the molecular system and its 
environment. This effective interaction V can be approximated by the interaction energy 
between the molecular dipole moment and the reaction field due to the polarization of 
the surrounding medium, 

V = -J.l.ER , 

where J.l. denotes the electric dipole moment operator of the molecular system, and ER 
is the electric field strength of the reaction field which may be represented by On sager's 
formula 

where A. can be regarded as a parameter representing the degree of the polarizability of 
the environment. In this way one gets the following phenomenological nonlinear 
SchrOdinger equation 

1 As pointed out first by Carleman [6], any nonlinear differential equation can be converted (in numerous 
ways) into a linear differential equation of infinite order. Quite generally, with any system of nonlinear 
ordinary differential equations there is associated a linear first -order Liouville equation [46]. 

2 In the literature there are numerous papers on ad hoc modifications of the SchrOdinger equations with 
the sole purpose of achieving reductions of wave packets, spontaneous localizations, or damping 
phenomena. These approaches may be heuristically interesting but we will not discuss them here, just as 
little as purely mathematically inspired investigations. 
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a'¥, 
iii - = {Ho - A # ("'¥, I # I '¥,) } '¥, , at 

whereby the nonlinearity is due to the feedback term ('¥, I # I '¥,) which itself depends 
on the state of the molecular system. 

THE SCHRODINGER-MAXWELL EQUATIONS 

A similar problem has been discussed by Ulmer and Hartmann [55]. They start 
with the usual time-dependent Schrooinger equation of a particle of mass m, charge e, 
and spin zero, 

. a'¥ 1 
Iii - = - {P - eA(Q)}2 '1'+ eV(Q) '1' , at 2m 

where the potentials V and A obey Maxwell's equations 

eDV = -p , DA = -j1J 

If the potentials are considered as classical fields, their sources are given by the 
expectation values of the charge and the current density operators, 

lie 
p = e,¥,¥* , J = -2. {'¥*V''¥- '¥V''¥*} . 

1m 

Solving Maxwell's equations and eliminating the potentials, one gets a non-local 
integro-differential equation for the state vector '1'. In a nonrelativistic approximation 
one expects that the dominant contribution comes from the electrostatic field, 

e6V = -p . 

In this case the corresponding nonlinear Schrooinger equation is given by 

if! a'¥(q,t) 

at 
1 _ p2 ,¥(q,t) + 

2m 

'1'( r,t) '¥*(r ,t) ,¥(q,t) 
Iq-rl dr 

A related approach - using the coupled Dirac-Maxwell equations - has been 
applied by Barut et al. [2,3] to discuss the radiative processes in quantum electro­
dynamics, in particular to compute the Lamb shift, spontaneous emission, and the 
Casimir-Polder van der Waals forces without field quantization. I do not necessarily 
agree with the basic philosophy of these authors, but their results are remarkable: from 
our present viewpoint they show that nonlinear feedback effects from a classical 
environment can account for phenomena usually considered as purely quantal. 

3. THE DYNAMICS OF OBJECTS 

A FACTORIZATION THEOREM FOR INDIVIDUAL STATES 

The concept of an endophysical description by a C*-algebra of intrinsic observ­
abIes and contextual exophysical descriptions by W*-algebras of global observables 
leads to important questions regarding the practical application of the formalism of 
algebraic quantum mechanics. If we are able to specify an appropriate topology on the 
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endophysical state space, then we can rigorously derive the dynamics relevant for the 
corresponding exophysical description. As discussed in the first part 1 , an explicit 
construction of an algebra of contextual observables via the GNS-representation with 
respect to an appropriate reference state is in general unworkable. Nevertheless, we 
are in the position to write down the general structure for the equations of motion of a 
quantum object interacting with its classical environment. Thus we can get important 
structural information about the nonlinear Schrodinger equations which govern the 
motion of objects. 

Raggio's Theorem2 says that the environment of a quantum object necessarily is 
represented by a commutative *-algebra. In an exophysical description, the algebra M 
of contextual observables of the object and environment is therefore given by a 
W*-tensor product, 

M = Mobj ® ~nv ' 

where Mob· is the W*-algebra of contextual observables of the object, and Menv the W*­
algebra or contextual observables of the environment. While these W*-algebras 
characterize the statistical description, they do not yet contain all information 
necessary for an individual description. In the following, we will assume that the object 
is a finite and purely quantal system so that Mobj is a factor of type I, which can be 
represented by the algebra '13(!J-f) of all bounded operators acting in some separable 
Hilbert space !Jl, 

Mobj == '13(!Jl) . 

The contextual statistical states of the object are elements of the predual '13(!Jl)* of 
'13(!Jl), which is isomorphic to the Banach space '131 (!Jl) of all nuclear operators acting 
on !Jl, which in tum is isomorphic to the dual of the C*-algebra '13~(!Jl) of all compact 
operators, 

There is a one-to-one correspondence between the pure statistical states (i.e. extremal 
elements of '131) and extremal states in the dual of the C*-algebra '13~. That is, the 
corresponding algebra of contextual intrinsic object-observables is uniquely given by 
the C*-algebra '13~(!Jl) of compact operators acting in !Jl. 

However, for an individual description we need additional information about the 
structure of the environment. Here we assume that the commutative W*-algebra is 
given by the Lebesgue space L ~(.Q ,L,J1), where .Q is a separable symplectic phase 
space, L is the a-algebra of Borel sets of .Q, and J1 is the Lebesgue measure. In this 
case, the algebra of intrinsic observables is given by the separable C*-algebra C~(.Q) 
of all complex-valued continuous functions on .Q which vanish at infinity. Under these 
premises, the algebra of contextual observables appropriate for an individual 
description is given by the separable C*-algebra .91:, 

.91: = '13~(!Jl) ® C~(.Q) , 

where the C*-tensor product is uniquely given3 and can be understood as the injective 
tensor product. The individual states of the combined system «object and environment» 
are given by the extremal normalized positive linear functionals on .91:. 

1 Compare [42, sect. 4]. 
2 Raggio [44], compare also [42, sect. 5]. 
3 The reason is that one of the C*-a1gebras is commutative, compare e.g. Sakai [50], prop. 1.22.5 on pg. 62. 
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The crucial concept for the description of the individual behavior of quantal objects 
is based on the following proposition: 

Theorem (Takesaki [54] p.21l) 

Let fJ3 be a C*-algebra with unity, and let C be a commutative C*-algebra. 
Every pure state cP on the C*-tensor product ~ = fJ3 ® C is of product form, 

cP = p®~ 
for some pure state p on fJ3, and some pure state ~ on C. 

The time evolution of the combined system can be characterized by the map cP +- CPt ' 
t E JR., where the pure state CPt characterizes the individual state at time t. Takesaki's 
theorem implies that at every instant t the individual state is a product state, i.e 

CPt = Pt ® ~t • 

This result has the important consequence that in an individual description of an object 
interacting with its environment all expectation values of product observables factorize: 

for all B E fJ3 and all C E C. 

STATISTICAL STATES 00 NOT FACTORIZE 

In a statistical description of the same system a corresponding factorization 
property does not hold. There are two reasons why a statistical description of an object 
may be desirable. First of all, for a classical system with an uncountable phase space 
the individual states are experimentally not accessible, so that every operational 
description has to be in terms of statistical states. Secondly, in order to integrate the 
equations of motion for the individual description one has to know the initial state (say 
at time t = 0). For a realistic environment, detailed information about the individual 
initial state X of the environment certainly is not available. These facts force us to tum 
to a statistical description in the classical sense. That is, we specify the statistical 
state of the environment at time t = 0 by a probability distribution function f on the 
probability space (n,I,J1), where 

J f(ro) J1(dro) , B E I , 

B 

gives the probability that the individual state characterized by ro E n lies in the Borel 
set B. The pure states of the C*-algebra C~(.Q) are in a one-to-one correspondence 
with the points ro of n , i.e. for every pure state ~ on C~(n ) there is a point roo E n 
such that 

In this statistical ensemble the inititial state of the environment is characterized 
episternically by a statistical state Eo E C~(.Q)*, defined by the relation 

Eo(C) = J f(ro) C(ro) J1(dro) for all C E C~(n) . 

n 
For classical systems there are no pure statistical states, but for finite and purely 

quantal systems there is a one-to-one correspondence between individual states and 
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pure statistical states, so there is no compelling reason to average the initial conditions 
of the object system. If the initial state of the object system is given by p E '13 • .,(H) * , 
the very same state can also be considered as a pure statistical state, p E '13(H)*, 
so that the statistical initial state of the combined system is the product state cP E 90(*, 

cP = p®5 

where 5 denotes the extension of 50 to V(D,L,Jl). The time evolution cp ...... CPt for the 
statistical states is defined in terms of the time evolution of the individual states, cp ...... 
CPt • Since this time evolution (in general) develops classical correlations between the 
object and its environment, the statistical state CP, for t > ° will no longer be a product 
state. Since at present we do not have the technical means to distinguish between such 
classical statistical correlations and EPR-correlations, a direct evaluation of the 
dynamics of an object interacting with its environment will be very difficult. However, a 
later statistical averaging over the individual classical trajectories is always possible, 
and is in fact not only technically but also conceptually preferable since it leads 
automatically to a well-defined statistical ensemble. 

FACTORIZATION OF HEISENBERG'S EQUATION OF MOTION 

Let .5l = '13 ® C be the separable C*-algebra of the just discussed contextual 
individual description of an object interacting with its environment, where '13 = '13~(H) 
and C= C~(D). Assume we know Heisenberg's equation of motion for a suitable set 
{Bi' B2 , .•• } of observables B. E '13 of the object system, and a suitable set {Cl' C2, ... } 

of observables Cm E C of th/ environment. In the Heisenberg picture the time evolution 
can be written as 

B/O) ...... BP) 

Cm(O) ...... Cm(t) 

where B/O) = B j ® 1 and Cm(O) = 1 ® Cm. In many important examples, Heisenberg's 
equations of motIon are of the following general form: 

dBP)/dt = L ajkBk(t) + L f3jn Cn(t) + L XjknBk(t) Cn(t) , 
k n kn 

dCm(t)/dt = L '~k(t) + L llmn Cn(t) + L AmknBk(t) Cn(t) 
k n kn 

a jk ' f3jn , Xjkn ' ~k ' llmn ' Amkn E C 

For an arbitrary initial state cP E .5l* we define the expectation values 

and the correlation functions 

q(t) t/J{B/t)} 

cm(t) == t/J{ Cm(t)} 

Heisenberg's equations of motion are then transformed into a system of ordinary 
differential equations: 
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dbP)/dt 

dcm(t)/dt = L (""A(t) + L lImn cn(t) + L Amknbk(t)cn(t) + L Amknhn(t) . 
k n kn kn 

These equations are exact but not closed since we have not written down the equations 
of motion for the correlation functions t .... fkn(t). In principle, there is no difficulty to set 
up differential equations for hn in terms of higher correlation functions. Iterating this 
procedure, one gets in general an infinite system of first order differential equations. 
However, if the initial state q, is a pure state, then the factorization theorem implies 
that the correlation functions fkn vanish, so that we get the following closed system of 
first order differential equations for the real-valued expectation values q and cm : 

dbP)/dt = L (ljkbk(t) + L f3jn cn(t) + L Xjkn bk(t) cn(t) , 
k n kn 

dcm(t)/dt = L (/n/A(t) + L lImn cn(t) + L Amknbk(t) cn(t) . 
k n kn 

If the environment can be modeled by an infinite linear system (e.g. by infinitely many 
harmonic oscillators coupled linearly to the object system), then the equations for the 
variables t .... cm(t) can be explicitly solved, so that the equations of motion for the 
object variables t .... bit) become a system of non-autonomous nonlinear integro­
differential equations. 

For a large class of simple but important models 1 the reduced dynamics of 
quantum objects can be represented by nonlinear stochastic differential equations in 
the sense of Ito. The corresponding statistical ensemble description is then given by 
the associated, mathematically equivalent linear Fokker-Planck equation. Such reduced 
description can be rigorously derived by choosing an appropriate GNS-representation of 
the C*-algebra of intrinsic observables for an object system interacting linearly with an 
infinite harmonic environment. 

4. CLASSICAL DESCRIPTIONS OF QUANTUM SYSTEMS IN THE 

FRAMEWORK OF THE TRADITIONAL HILBERT-SPACE FORMALISM 

HOW CAN WE GET THE EQUATIONS OF MOTION FOR AN OBJECT? 

In the preceding section, we derived rigorously the general structure for the 
reduced dynamics of an object under the assumption that we know the relevant 
Heisenberg equations of motion. How can we get these equations? It would be naive to 
assume that these equations of motion are given by a one-parameter group of 
automorphisms of the C*-algebra 

51 = 13",,(J{) ® C",,(Q) 

of contextual observables of the individual description. In such a case the environment 
could influence the object, but the object could not influence the environment1• That is, 

1 Compare also section 5. 
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there could be no polarization effects of the environment, hence no feedback effects 
giving rise to a nonlinear evolution equation for the object. The time evolution can be 
expected to have a simple structure only on the level of an endophysical description. 
The exophysical dynamics has to be derived from the endophysical one by an 
appropriate GNS-construction2 which accounts for the abstractions we are willing to 
accept. As I have already stressed, as a rule we cannot expect to be able to follow this 
route. However, we may have a good idea how the exosystem should look like. 

If the object system is "small", i.e. if for the object system without environment 
the uniqueness theorem of Stone and von Neumann ist valid3, then the appropriate 
equivalence class of reference states for a GNS-construction is determined by the 
characteristics of the environment only. Since quantum objects exist if and only if 
classical environments exist [45], the challenge to guess a suitable reference state is 
related to the problem of how to describe classical phenomena in the framework of 
traditional quantum theory. 

HISTORICAL REMARKS 

The idea that the formalism of quantum theory should contain classical mechanics 
as a limiting case was expressed by Max Planck as early as 1906: "The classical 
theory can simply be characterized by the fact that the quantum of action becomes 
infinitesimally small" [41, p.143]. Planck's correspondence principle and the later 
amplifications by Niels Bohr have played an outstanding role in the development of 
quantum mechanics. There is a widely held but mistaken belief that classical 
Hamiltonian mechanics is in some sense a limiting case of Galilean quantum 
mechanics. Many conceptually very different limiting procedures have been discussed 
extensively in the last 60 years, so for example: 

(i) the limit of high quantum numbers, 

(ii) the macroscopic limit of very many degrees of freedom, 

(iii) the high temperature limit, 

(iv) the limit of vanishing Planck's constant. 

However, none of these limiting procedures is sufficient to reduce quantum mechanics 
to classical mechanics. All text-book treatments are incomplete, often misleading and 
not too seldom plainly erroneous. For example, high quantum numbers usually refer to 
energy eigenstates - but with the only exception of ground states, energy eigenstates 
never show a classical behavior. The limit of infinitely many degrees of freedom is 
ill-defined - there are uncountably infinitely many physically inequivalent repre­
sentations. The high-temperature limit is legitimate provided there are no phase 
transitions - but the absence of phase transitions is in general extremely difficult to 
prove. There are a few modern mathematically rigorous expansions in powers of 
Planck's constant but from a conceptual point of view such merely mathematical 
investigations also leave much to be desired - Planck's constant Ii is not a 

This statement follows from the trivial fact that the restriction of an automorphism of an algebra to its 
center is again an automorphism. 

2 Note that even in the case that the endophysical time evolution is given by a one-parameter group of 
automorphisms. the time evolution of a W*-GNS-representation is in general not given by 
automorphisms. 

3 Compare [42. sect. 2]. 
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dimensionless parameter but a fundamental physical constant and cannot go to zero. 
What we need is a classical description which can be embedded in quantum theory 
while fz retains its physical value. 

All modern investigations show that only for very special initial states and in 
general only for limited time intervals quantum systems may behave quasiclassically. 
This conclusion can be found already in Pauli's «New Testament»: "Man erhiilt 
vielmehr nur dann Ubereinstimmung mit den aus den klassisch mechanischen Bahnen 
abgeleiteten Eigenschaften des Systems, wenn man Pakete bauen kann, innerhalb 
deren die klassische Kraft wenig variiert und sie nur innerhalb solcher Zeiten zu 
betrachten braucht, wiihrend deren die Dimensionen des Paketes sich nur wenig 
veriindern." [37, Ziff.12, p.166]. Moreover, if a classical description of an individual 
quantum system exists, it is not given by a determinististic but by a stochastic classical 
dynamical system. 

COHERENT STATES AS EXAMPLES FOR CLASSICAL QUANTUM STATES 

Examples of purely quantal systems which behave exactly like classical systems 
are known since the first days of the inception of quantum mechanics. In 1926, 
Schrooinger [51] constructed a family of Gaussian wave packets which under the time 
evolution of the one-dimensional harmonic oscillator do not spread and follow the 
classical trajectory of the harmonic oscillator. These pure states are now called the 
coherent states associated with the harmonic oscillator. Schrooinger speculated that 
states with similar properties also should exist for the hydrogen atom but he was not 
able to construct them 1. The completeness of Schrooinger's family of coherent states 
has been shown by von Neumann [35], the associated decomposition of unity by 
Klauder [19]. Schrodinger's coherent states are group-theoretically related to the 
Heisenberg-Weyl group, for arbitrary Lie groups coherent states were introduced for 
the first time by Perelomov [39]. The various families of coherent states2 are the best­
known and most useful examples for classical quantum states. 

FAMILIES OF CLASSICAL QUANTUM STATES 

Let 1: be a quantum system with a Hilbert space 91 of state vectors 'f:' e 91, a 
time evolution 'f:' +- ~ e 91 for all t ~ O. Let further 1" be a symplectic manifold of 
state vectors, 1" c 91, such that 1" is total with respect to 91. 

Definition 

1" is called a family of classical states for L, 

if 'P e 1" implies 'Pt e 1" for all t ~ 0 . 

The time evolution of a quantum system with a classical family 1" of states and an initial 
state 'P e1" is isomorphic to the time evolution of a classical Hamiltonian system with 
the phase space 1". The algebra of observables of this classical Hamiltonian system is 
given by the commutative W*-algebra L ~(1). 

1 Compare the letter of H. A. Lorentz to SchrOdinger on June 19. 1926. reprinted in [43]. 
2 An elementary but decent crash-introduction to the theory of boson-coherent states can be found in 

chapter 7 of the book by Klauder and Sudarshan [27]. The reprint volumes edited by Mandel and Wolf 
[33], and by Klauder and Skagerstam [26] collect many important papers on coherent states. A nice 
summary of the group-theoretical approach to coherent states has been given by Perelomov [38]. 
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As an example for a classical description of a quantum system, we consider a 
quantum system L with a Hilbert space !J{ of state vectors '¥ E !J{, a connected Lie 
group g, a fixed cyclic vector Q E !J{, a family 

:T = {T(g) Q I g E g} C J-{ 

of Perelomov coherent states, where T : g +- '13(:H) is an irreducible representation of (j 
on !J{. If the Hamiltonian of the time evolution 'f' +- 'l't is generated by the elements of 
the Lie algebra of g, then :T is a family of classical states for L. The corresponding 
classical phase space is given by gigo' where go is the stability subgroup of Q. 

QUASICLASSICAL DESCRIPTION OF QUANTUM SYSTEMS 

If the time evolution is not generated by some Lie algebra, it may be difficult to 
find a family of classical quantum states. Sometimes it is, however, quite easy to find 
families of quantum states which behave in a very good approximation like classical 
quantum states. 

Definition 

:Tis called a Jamily oJ (c.,T)-quasiclassical statesJor L, ilJor every '¥ E :T 

there is a vector <I> E :T, such that lI'¥t - cP II < e for all t E [O,T] . 

The time evolution of a quantum system with a family :Tof (e,T)-quasiclassical states 
and an initial state 'f' E :T is approximatively given by the time evolution of a classical 
Hamiltonian system with the phase space :T and a commutative W*-algebra L ~(1) of 
observables. 

Many (but by no means all!) macroscopic systems have at least one family :T of 
(e, T)-quasiclassical states such that e is so small and T so large that the quantum 
mechanical and the classical descriptions are indistinguishable within the domain 
validity of both theories. 

As an example for a quasiclassical description of a macroscopic quantum system, 
we consider a purely quantum-mechanical description of the astronomical Kepler 
problem with the Hamiltonian 

H = _1_p2 
2m IQI 

, 1(> 0 , 

where (P,Q) is a canonical SchrMinger pair with the Cartesian components PI ,P2 ,P3 
and Q1 ,Q2 ,Q3. If we choose as familiy :T of quasiclassical states the coherent states of 
the Lie group SU(2)®SU(2) under the Kustaanheimo-Stiefel constraint l , then :T is a 
family of (e,T)-quasiclassical states for the quantum mechanical Kepler problem. As an 
illustration, consider the motion of the earth in the gravitational field of the sun. There is 
a one-to-one correspondence between the classical Kepler orbits and the motions of 
initial state vectors 'l' E :T such that both solutions coincide with an accuracy 

with respect to position: .1Q 10-26 m 

with respect to velocity: .1(dQ/dt) 10-33 mls , 
36 

for all t E [O,T] with T 10 years. 

I Compare Boiteux [5], Kibbler and Negadi [17, 18], Gerry [10, 11], Bhaumik eta!. [4]. 
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Nobody will claim that either classical point mechanics or quantum mechanics is 
accurate to this degree, so we may say that for the astronomical Kepler problem and/or 
appropriate initital states, quantum mechanics gives the same results as classical 
mechanics. 

5. A VARIATIONAL PRINCIPLE FOR THE DYNAMICS OF OBJECTS 

A STRATEGY FOR FINDING TIlE DYNAMICS OF OBJECTS 

The environment of an object is never an intrinsically classical system in an 
absolute sense but a quantum system which allows - under the abstractions necessary 
for the scientific investigation at hand - a classical description. In spite of the fact that 
the environment is an infinite system, we can get useful information if we approximate 
it by a finite system, and try to get an appropriate description in terms of traditional 
Hilbert-space quantum mechanics. This can suggest ways for a rigorous algebraic 
approach. A feasible strategy could be as follows: First we have to select a family of 
classical or quasiclassical pure states, describing the classical features of the 
environment without interactions with the object. In the next step we choose in the 
usual (heuristic!) way a Hamiltonian, describing the object system, the finite 
environment, and their interactions. Then we can use the time-dependent variational 
principle of traditional quantum mechanics. Since we already know that the exact 
description is by product states, we restrict the admissible states for the variational 
principle to pure product states. If our approximations are well chosen we may hope that 
in the limit of infinite systems the exact solution is approached. It seems not to be 
attractive to give a rigorous proof that this or similar procedures are legitimate. The 
idea is, to get a good guess of the solution, to use this (or a slightly modified) solution 
to conjecture the appropriate GNS-reference state, and then to use the tools of 
algebraic quantum mechanics to construct an exact solution. 

THE TIME-DEPENDENT VARIATIONAL PRINCIPLE FOR THE SCHRODINGER EQUATION 

The variational principle for the time-dependent Schr6dinger equation has been 
known since long and is discussed in the text books by Frenkel [8] and by Morse and 
Feshbach [34, YoU, §3.3]. It stems from the action functional 

t2 

f L/ dt , 
t 1 

where the Lagrangian L/ is a functional of ~ E S and 'Pi E S, and S is an appropriate 
subset of the Hilbert space J{ of state vectors, 

where H is the Hamiltonian of the system. The equations of motion are determined by 
requiring the stationarity of the action 
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with respect to fixed end points and variations of ~ and 'f't . They are given by 

a~ 
ill -at 

The choice S = :J-{ leads to the time-dependent SchrOdinger equation illalf',/at = H If',. If 
S c :J-{ is not an invariant subspace, then one gets a well-defined constrained dynamics 
if and only if ~ is a phase space (i.e. a symplectic manifold), in this case the constrained 
dynamics is Hamiltonian1• If this symplectic manifold S is taken to be the manifold of 
coherent states, one recovers Klauder's variational and correspondence principle [20, 
23, 24, 25] which is based on his continuous representation theory [21, 22]. 

If we have some ideas for choosing an overcomplete continuously parametrized 
family ~ c ~nv of state vectors for the environment, say a family of appropriate 
generalized coherent states over some phase space D, then we can constrain the trial 
vectors to remain in product form, so that the manifold S c ~bj ® J-f.,nv is given by 

where object state vector lfIt lies in the unconstrained Hilbert space ~bj • 

6. A SIMPLE EXAMPLE 

SPECIFICATION OF THE MODEL 

It may be helpful to illustrate these general considerations by a transparent 
example. The simplest model for a quantal object is a two-level quantum system (called 
«spin» in the following), interacting with a harmonic environment. In the first instance, 
we restrict our discussion to an environment with only finitely many mechanical 
degrees of freedom. In a strictly quantum mechanical treatment, we start with the 
Hamiltonian 

H = H obj ® 1 + 1 ® H env + V , 

where H obj is the Hamiltonian of the object system, H env is the Hamiltonian of the 
environment, and V represents the interaction. The most general spin-t Hamiltonian is 
given by 

3 

Hobj = - til L DyO"y , 
y=1 

where fly E JR., and 0"1' U 2' U 3 are the Pauli matrices with the commutation relations 

3 

[O"JL ,O"yl = 2i L EJLya O"a 
a=1 

More precisely, l' has to be a submanifold of the projective Hilbert space, this manifold is Kahler, i.e. it 
has both Riemannian and symplectic metrics. For further details compare [29,47,48,49]. 
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Without restricting the generality, we may assume that the harmonic oscillators of the 
free environment are in normal form, so that 

where rok > 0, and akv are boson operators fulfilling the commutation relations 

If the interaction operator V is linear in the boson operators, we get a soluble model, 
therefore we put 

v=! 

EQUATIONS OF MOTION 

In the spirit of the time-dependent variational principle we evaluate the 
constrained dynamics with respect to product state vectors 

The assumed linear coupling implies that the structure of the family ~ is uniquely 
determined by the Hamiltonian as the manifold of the usual boson-coherent states I z), 
defined by 

(zlz) = 1 . 

Using the manifold 

for the time-dependent variational principle, we get for the expectation values 

M(t) - <'I', 10'1 '1',) , 

ZjJL (t) - <xtlajJL Ixt ) , 

a(t) - (xtIAlxt ) 

the following Hamiltonian equations of motion: 

. 
M(t) = M(t) x!2 + M(t) x a(t) 
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The last equation represents the motion of the environment under the polarizing 
influence of the object, and can be integrated easily. Choosing the retarded solution -
thereby selecting a preferred direction of time - we get 

av(t) = L (Atvzkit) + Akvztv(t)} 

k 

t 

f Kv(s)Mv(t-s)ds , t~O 
o 

where we introduced an external force function t ~ g(t) depending only on the initial 
state of the environment 

gv(t) = L (Atve-iCOytzkV(O) + Akve+iCOytztv(O)} 
k 

and a memory kernel Kv ' 

The function t ~ K (t) depends only on the parameters occurring in the 
Hamiltonian and represents the relaxation properties of the combined system. For 
finitely many degrees of freedom t ~ K(t) is an almost periodic function, so that 

lim sup IKv(t) I = 1 . 
I-~ 

This example shows that no genuine relaxation can be expected for only finitely many 
degrees of freedom. If the condition KiO) < 00 is fulfilled, then our derivation can be 
rigorously justified also in the case of infinitely many degrees of freedom. In this case 
the function t ~ Kv(t)/Kv(O) is the characteristic function of a probability distribution 
function. According' to Lebesgue's decomposition theorem, there exists a unique 
decomposition of characteristic functions into a part coming from a purely discrete 
distribution, a part coming from an absolutely continuous distribution, and a part coming 
from a singular distribution (compare e,g. [31]). A physically reasonable relaxation 
behavior can be expected only in the case of an absolutely continuous distribution, in 
this case the Riemann-Lebesgue lemma implies that 

lim Kit) = 0 . 
I-~ 

The simplest physically reasonable example (which can be justified as the first Pade­
approximation to the memory kernel) ist the Cauchy distribution, whose characteristic 
function is an exponential, so that 

With this choice of a Cauchy-type environment we get a closed system of integro­
diffential equations for the motion t ~ M(t). It is always possible - and indeed very 
advantageous - to dilate such equations to a system-theoretical form. The Cauchy 
environment is the simplest one in the sense that a system-theoretical dilation requires 
only one dummy state variable, which we call R. It is defined by 
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t 
1 1 f . Rv(t) = - K/t) M v(O) - - Kv(s) M v(t - s) ds , 

Yv Yv 0 

and fulfills the differential equation 

With this we get a non-autonomous system of six ordinary first-order differential 
equations: 

. 
M(t) M(t) x (.Q + r M(t) - r R(t) + g(t)} 

R(t) = - T-1R(t) + M(t) 

where rand T are diagonal tensors with the eigenvalues Y l' Y2' Y3 and '1"1' 't"z, '1"3 ' 

respecti vel y. 

The external force t +- g(t) depends on the initial state of the environment. Our 
requirement that the relaxation function is related to a distribution function with an 
absolutely continous spectrum implies that every mechanical description of the 
environment necessarily requires infinitely many degrees of freedom. Certainly we 
never can know the initial values for every single mechanical degree of freedom. It is 
therefore appropriate to use a statistical approach and to specify only the statistical 
invariants of the initial state of the environment. If in the mean the environment does 
not exert a force, then we can assume that the ensemble expectation values for all 
initial states of every degree of freedom vanishes 

e{Zkv(O)} = 0 

If the initial state of the free environment is stationary, then the covariance tensor Eis 
given by 

~l4kJL := e (ZjJL(O) ztv(O)} = ~kOVJL E ~ . 

Usually it is practically impossible to obtain any information about the higher order 
moment, so the information-theoretical optimal choice is to assume that the initial 
states have a Gaussian probability distribution. With this it follows that 

. e{g/t)} 

e{g/t)g/s)} 

o , 
= DJ1v.E~ exp(-It-sllt"v) 

That is, the components of the external force t +- g(t) are three stochastically 
independent Ornstein-Uhlenbeck processes, 

where the normalized dimensionless Ornstein-Uhlenbeck process t +- Uv(t) is defined 
as solution of the Ito differential equation 
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The diffusion constant Dy is given by 

Dy = 't"y 1:~ ~ 0 . 

The one-dimensional standard Wiener process (W(t) It> 0 ) fulfills the relations 

Collecting all results, denoting the diagonal tensor of the diffusion constants by D, we 
get the following system of nonlinear stochastic differential equations in the sense of 
Ito: 

. 
M(t) . 
R(t) 

dU(t) 

= 

= 

M(t) x (.Q + r M(t) - r R(t) + T-1U(t)) 

- T-1R(t) + M(t) 

- rdU(t)dt + {W dW(t) 

The three diagonal tensors r, T and D represent nine independent non-negative param­
eters. While rand T are determined by the Hamiltonian alone, the diffusion tensor D 
also depends on the initial conditions of the free environment. This system of nonlinear 
stochastic differential equations describes the behavior of a two-level quantum object in 
a Cauchy-environment with Gaussian initial conditions l . They can be rewritten as a 
nonlinear stochastic Schrodinger equation describing the individual state, or as linear 
Fokker-Planck equations, describing the time evolution of the statistical state. 

SIMPLIFICATIONS FOR THE WHITE-NOISE LIMIT 

In many applications the correlation times 't"l' 't"2 , 't"3 are very short in comparison to 
the other dynamical times, so that one may approximate the Omstein-Uhlenbeck 
processes by the Wiener processes. With the approximations 

R(t)dt TdM(t) , 

dU(t)dt TED dW(t) 

the evolution equation for M reduces to the following simple nonlinear stochastic 
differential equation in the sense of Stratonovich2 

dM(t) = M(t) x (.Q dt + r M(t) dt - H dM(t) + {WdW(t)) 

where H is the diagonal tensor with the eigenvalues Th, 1/2,1/3 with 

1/y := Yy't"y ~ 0 . 

The symbol 0 denotes the Stratonovich multiplication which satisfies all formal rules of 
ordinary calculus, including integration by parts, the chain rule of differentiation and the 

1 These equations can also be derived with the help of the factorization theorem, discussed in section 2. 
2 A theorem by Wong and Zakai [57, 58] implies that the white-noise limit of a smooth (i.e. essentially 

band-limited) noise problem is described by stochastic differential equations in the sense of 
S tratonovich. 
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ordinary rules of variable substitution. Of course, one can easily transform any 
Stratonovich equation into a mathematically more convenient Ito-equation, but we 
prefer to keep the equation in its Stratonovich form because only this formulation has a 
direct physical meaning. Evidently this Stratonovich equation is equivalent to the 
following nonlinear Schrooinger equation 

ifi dllt, = - til 0' lit, 0 (,Q dt + r M(t) dt - H dM(t) + {WdW(t)} 

M(t) = (lfI1 I all/'r) . 

This nonlinear SchrOdinger-Langevin equation has a simple intuitive physical meaning. 
If we imagine that the two-level object is an elementary system with spin t and 
gyromagnetic ratio y, then we can write 

and interpret B(t) as the magnetic field which acts at time t on the object system. In the 
spirit of the Stratonovich calculus we assume that dW(t)/dt exists in the ordinary sense 
as "almost white noise", so that we can write (at least heuristically) 

yB(t) = ,Q + r M(t) - H M(t) + {W W(t) . 

This decomposition of the effective field B(t) can be interpreted as follows: 

(i) y-l,Q is an external static magnet field, say applied by the experimenter, 

(ii) y-l rM(t) is a magnetic Onsager-type reaction field, due to the instantaneous 
polarization of the environment and an instantaneous feedback mechanism, 

(iii) y-l HM(t) is a magnetic Onsager-type reaction field due to a dynamical 
polarization and a dynamical feedback mechanism (e.g. the Faraday induction 
law), 

(iv) y-l..J2ij W(t) is a classical fluctuating magnetic field, a direct influence of the 
environment on the object system. 

This nonlinear Schrodinger-Langevin equation exhibits a fantastically rich range of 
phenomena. We mention here only two rather special simplifications. 

NONLINEAR LANDAU-LIFSHITZ RELAXATION 

As first example we discuss the Landau-Lifshitz relaxation. For the isotropic 
case, Yl = Y2 = 13 ; 111 = 112 = 113 = 11 the instantaneous reaction field vanishes, and 
one gets the following equations1 

dM(t) = ~ M(t) .;( (,Q dt - 11 M(t) X ,Q dt + {W dW(t) - 11 --.J 2D M(t) .;( dW(t)} 

1 
~.- --2 ' 

1+11 

which correspond to the Langevin extension of the classical Landau-Lifshitz [30] 
equations for ferromagnetic spin relaxation. The equivalent nonlinear stochastic 

1 For more details and further discussions, compare Funck [9]. 
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Schrooinger equation for 1I't is remarkable insofar, as it is linearizable in the sense of 
Gisin [12,13,14,15], that is, 1I't can be obtained from the solution 41t of the following 
linear stochastic differential equation 

d4lt = -.g( T/+i) a 41t 0 {.Cl dt + -{W dW(t)} 

by the simple nonlinear procedure of normalization 

THE DYNAMICS OF MEASUREMENT-TYPE PROCESSES 

In the special case of a pure Landau-Lifshitz relaxation, the static polarization 
term is ineffective. We now consider an example where just this term is dominant. We 
choose the following set of parameters: 

.Cl = (.Q,O,O) , 
H= (O,O,T/) , 
r = (O,O,y) , 
D = (O,O,D) , 

The resulting equations of motion for M are then given by 

dMl (t) 

dM2 (t) 

dM3(t) 

= - T/.QM~(t)dt + yM3(t)M 2(t)dt + {2ij M2(t)odW(t) , 

= - flM3(t)dt + T/.QMl (t)M2(t)dt - yM3(t)M 1(t)dt - {2ij Ml (t)odW(t) , 

+ .QM2(t)dt . 

Clearly, M2 = M(t)M(t) is a constant of motion, so that these equations in fact 
transform pure states into pure states. The corresponding nonlinear Schrodinger­
Langevin equation 

cannot be linerarized in the sense of Gisin, it describes genuinely nonlinear processes. 

For a proper choice of models of this kind (our simple example is restricted by the 
fact that there are only four disponible parameters, .Q, T/, Y and D), such genuinely 
nonlinear stochastic Schrodinger equations can describe the main features of the 
quantum-mechanical measurement process. If the initial state vector for t = ° is given 
by ljI= ca I a) + cp I f3), then the time evolution ljI+- V't transforms state vectors into 
state vectors, but the long-time behavior depends in an extremely sensitive way on the 
initial conditions of the environment. After a short initial time, the trajectory ljI+- ljIt is 
attracted by either I a) or 1f3). Later the probability that the trajectory switches from a 
neighborhood of I a) to a neighborhood of I f3) becomes increasingly small. For a 
"good" measuring instrument (i.e. for a proper choice of the parameters .Q, y, T/ and 
D), the probability that after a long time the state is in a neighborhood of I a) becomes 
approximately ICaF. By an appropriate choice of the parameters, one can approximate 
the result predicted by the projection postulate to any degree of accuracy, but one 
cannot reach it precisely. This seems to be a general feature since the projection 
postulate implies the existence of a constant of motion which freezes the measuring 
dynamics. 

Where are the irreducible probabilities of exophysical descriptions of quantum 
systems coming from? Even if the initial data are perfectly known, the motion ljI+- ljIt is 
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unpredictable for times much longer than the correlation time. In this respect, the 
trajectory {'I't I t E lR } of an individual state shows a chaotic character. The chaotic 
nature is due to the fact that under the model assumptions, the environment behaves 
like a classical K-flow-type dynamical system. The probabilities of quantum mechanics 
do not appear in quantum endophysics, they belong to exophysics and emerge by strong 
enough interaction of a quantum object with the K-flow type classical exosystem, they 
are contextual but irreducible. 

7. SOLVED AND UNSOLVED PROBLEMS 

If objects exist all all, and provided quantum mechanics is the proper theory for the 
description of the properties of individual objects, then it follows without any ad hoc 
modifications of the first principles of quantum mechanics that the individual 
description of finite objects is given by a nonlinear, non-autonomous functional-differ­
ential Schrodinger equation. In important special cases, this equation reduces to a 
nonlinear stochastic Schrodinger equation. A nonlinear stochastic Schrodinger­
Langevin equation in the sense of Ito has a dilation to a one-parameter group dynamics 
which is deterministic, but not empirically determinable. The Kolmogorov structure of 
this stochastic Schrodinger equation implies a deterministic chaotic instability, so that 
the associated stochastic process is neither predictable nor controllable. In this frame, 
the measurement problem of quantum mechanics, including the enigma of the «reduction 
of the wave packet», does not meet with unsurmountable obstacles. There is no 
"problem of the actualization of potentialities", at every instant a maximal set of 
potential properties is actualized, but the time evolution may change actualized to 
potential, and potential to actualized properties. In a measurement situation this 
change appears to the observer chaotic, but from an ontic viewpoint the so-called 
«reduction of the wave packet» is a continuous and strictly deterministic process 
whose epistemic description inevitably is probabilistic (in the sense of the classical 
"deterministic chaos"). In every concrete situation there remain difficult mathematical 
problems, but I claim that the problem of the nature of the measurement process can be 
considered as solved in principle. This is, however, not the case with the problem of 
localization. Mathematically this may be a similar problem, but I do not expect that the 
problem of localization is conceptually of the same nature as the measurement problem. 

There are many open questions. The first concerns the existence of intrinsically 
classical domains. There are indications that the infrared part of the quantized 
electromagnetic radiation field could be intrinsically classical [52,53]. This question 
certainly deserves a more penetrating analysis. If it should tum out that indeed the 
electromagnetic field has an intrinsic classical part, then already the C*-algebra of 
intrinsic observables has a large center, so that objects could exist not only in a 
contextual but even in an absolute sense. The same type of problems applies also to 
the gravitational field. 

Questions regarding the role of gravitation in noncosmological quantum mechanics 
I must leave unanswered. If one could formulate a reasonable dynamical Galilei­
relativistic quantum theory of gravitation, then one could include the gravitational field 
in the environment of objects. This should not pose grave technical difficulties since in 
the molecular and the mesoscopic domain, gravitation manifests itself in a purely 
classical manner. The nonlinear stochastic Schrodinger equation we expect looks like a 
parameter-free Ito-type SchrOdinger equation recently proposed by Di6si [7], but is not 
identical with it. Nevertheless, one may speculate that the inclusion of gravitation in 
the environments of quantum objects could be responsible for spontaneous position 
localizations. 
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1. INTRODUCTION 

The use of the name" quantum logic" is rather broad in the literature: it points at 

a variety of different mathematical objects, of different approaches to the foundations 

of quantum mechanics, and of different versions of a nonclassical logic. 

Whatever exact meaning we give to "quantum logic", its first origin can be drawn 

back to the 1936 paper of G.Birkhoff and J.von Neumannl . There, the peculiar 

ordered structure of the projectors of a Hilbert space was examined, along with 

its departures from the classical counterpart formed by the Boolean algebra of the 

subsets of a phase space, and the question was raised of what logical calculus has 

that ordered structure as an algebraic model. 

Quantum mechanics is in any case on the background of quantum logic; more 

specifically it is the nonrelativistic quantum mechanics that is called into play, with its 

limitations in the description of natural phenomena and with its reference to the usual 

notions of physical system, of its states, of its physical quantities (or observables). 

2. REMARKS ON HILBERT-SPACE QUANTUM MECHANICS 

In the usual Hilbert-space formulation of quantum mechanics, to each physical 

system is attached a separable Hilbert-space H (generally infinite dimensional) over 

the complex field. The states of the system are represented by density operators, i.e., 

linear, bounded, self-adjoint, positive, trace-class operators on H of trace one. The 

physical quantities are represented by linear, self-adjoint (not necessarily bounded) 
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operators on H. If we deal with a strictly quantum system then the correspondence 

between states and density operators as well as the correspondence between physical 

quantities and self-adjoint operators is one-to-one. If however the behaviour of the 

physical system retains some classical features, so that superselection rules are op­

erating, then it is no longer true that every density operator represents a state nor 

that every self-adjoint operator represents a physical quantity. In the sequel we shall 

however refer to the strictly quantum case. 

The so-called spectral theorem ensures that a self-adjoint operator A determines, 

for every Borel set E of the real line R, a projection operator P A (E) such that 

PA(4)) = 0 , PA(R) = I (the identity operator), and PA(UiEi) = 'EiPA(Ei) for 

every disjoint sequence < Ei > in the family B(R) of Borel subsets of R. Then, if 

the physical system is in the state (represented by the density operator) D then the 

probability that the value of the physical quantity (represented by the self-adjoint 

operator) A lies in the Borel set E is given by tr(DPA(E)). Notice that the function 

E -+ tr(DPA(E)) has indeed the properties of a probability measure on R. 

The set of density operators in a Hilbert-space is a u-convex set. This means that 

if < Di > is a countable sequence of density operators and < Wi > is a corresponding 

sequence of positive numbers such that 'Ei Wi = 1 then the convex combination 

'Ei WiDi (or its uniform limit when the sum is infinite) is still a density operator. 

Notice that if 'Ei WiDi is the state of the system then the probability that the physical 

quantity A takes a value in E E B(R) becomes 'Eiwitr(DiPA(E)). 

It may happen that a state cannot be written as a convex combination of other 

states: in this case it is called a pure state, or an extreme element of the convex set 

of states. In the other case it is called nonpure or a mixture. We have that2 

(i) a state is pure if and only if it is (represented by) a projector onto a one­

dimensional subspace; 

(ii) a nonpure state can always be written as a convex combination of pure states. 

Item (i) says that the pure states correspond to the vectors of H up to a factor. 

A projector onto a one-dimensional subspace will be written as p[,pl where 1/; is any 

vector in that subspace. Notice that for pure states the probability distribution 

tr(p[,plPA(E)) of a physical quantity A takes the form (1/;,PA(E)1/;) provided 1/; is a 

unit vector (we denote (. , .) the inner product of H). 

The linearity of the Hilbert space generates infinitely many new pure states 

out of any family of them: if 1/;1, 1/;2 are unit vectors then ),1 1/;1 + 
),2 1/;2, ),t,),2 E C, 1),112 + 1),212 = 1, is another pure state, a superposition of the 

states 1/;1,1/12. 

With reference to nonpure states it is worth remarking that their convex decom­

position is never unique. This fact is intertwined with the superposition principle 
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of quantum theory. Indeed, if the sequence < tPi > of pure states carries a convex 

decomposition of a nonpure state 

then any other sequence < 'Pi > that spans the same subspace as < tPi > carnes 

another decomposition 

A mixture has therefore infinitely many decompositions into pure states (as 

well as into nonpure ones). This fact represents a peculiar feature of the quantum 

behaviour, and a basic departure from the classical case. 

3. MATHEMATICAL STRUCTURES EMERGING FROM THE HILBERT SPACE 

DESCRIPTION OF QUANTUM MECHANICS 

We can isolate several mathematical substructures in the edifice of quantum 

theory. It is typical of the literature on the foundations of quantum theory - also 

of the literature on quantum logic - to focus attention on them, on their mutual 

relations, on the extent each of them, assumed as a primitive object, contribute to 

shape the quantum theory. 

A significant structure was alluded to just at the end of the previous section: 

the convex set of states. The nonunique decomposition of mixtures implies that it 

cannot be a simplex (contrary to the classical case); the shape of its boundary - which 

inherits a high degree of "smoothness" from the superposition principle - embodies 

many features of the physical system, as one can visualize, e.g., from the Poincare 

sphere representing the states of polarization of a photon or of a spin-! particle. 

Other significant mathematical structures might be the closure space formed by 

the set of pure states under the superposition operation, and the transition probability 

space generated by the set of pure states under the modulus squared of the scalar 

product that maps the pairs of them into the real segment [0, 1]. 

Another relevant structure is the involutive algebra generated by the bounded 

physical quantities, with the states behaving as complex-valued, normalized, positive 

linear functions on that algebra. This structure has played an important role in the 

so called algebraic approach to quantum mechanics. 

We shall however restrict, here on, to the ordered structure of projectors of a 

Hilbert space, for this structure has played an emblematic role in the studies referring 

to quantum logic. Actually that ordered structure is often by its own referred to as 

quantum logic. 
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The projectors of a Hilbert space represent a special class of physical quantities: 

those that can take just two values, 0 and 1. The notion of dichotomic physical 

quantities is of special importance. Several terms are commonly used to refer to 

them: propositions, properties, events, tests, questions, filters, yes-no experiments, 

all alluding to particular ways of picturing the same idea of dichotomy (a proposition 

is either true or false, a property either possessed or not, an event either occurring 

or not, etc.). The set P(H) of projectors on H has a natural ordered structure. If 

pM, pN E P(H), M, N being the closed subspaces onto which pM, pN project, we 

have that the ~ relation defined by 

pM ~ pN iff pMpN = pNpM = pM 

(or, equivalently, iff M ~ N), is transitive, reflexive and antisymmetric thus being 

on order relation. 

Actually, P(H) is a partially ordered set (poset) of a highly structured kind. 

i) Given the elements pM, pN there exists in P(H) their meet (or greatest lower 

bound) pM 1\ pN = pMnN and the join (or least upper bound) pM V pN = pMUN, 

where M U N denotes the closure of M U N, i.e., the smallest closed subspace of H 

containing M and N. The same is true for every family of elements so that P(H) 
qualifies as a complete lattice. The least element of P(H) is the null projector 0 

while the greatest element is the identity 1. 

ii) P(H) contains "atoms", i.e. elements that majorize no other element than 0: 

they are the projectors onto one-dimensional subspaces. Thus the existence of atoms 

of P(H) merely reflects the existence of pure states. Moreover, P(H) is atomic, i.e., 

every non-zero element majorizes at least one atom, and even atomistic, i.e., every 

nonzero element is the join of (all) the atoms it contains. 

iii) P(H) satisfies the Birkhoff covering property, namely the join of an element 

pM with an atom not contained in it "covers" pM, i.e., is a minimal majorization 

of it (there is no element in between). 

iv) The unary relation pM f-----? (pM)-L defined by (pM)-L = pM.l. with M-L = 
{r.p E H : (t/;, r.p) = 0 'TIt/; E M} satisfies the properties 
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and it is thus an "orthocomplementation". P(H) is therefore an orthocomplemented 

lattice. 

v) P(H) satisfies the law of orthomodularity expressed by 

if pM::; pN then pN = pM V (pN 1\ (pM).!.) 

This law can be viewed as a weakening of the law of distributivity of the join 

(meet) with respect to the meet (join). Indeed it amounts to say that the distribu­

tivity is ensured only for the triples of the form (pM,pN,(pM).!.) when pM < pN. 

Let us recall that the distributivity for all triples of elements holds for the lattice 

(Boolean algebra) of all subsets of a set: such a lattice is the counterpart of P(H) 

for a classical physical system whose "propositions" are indeed in one-to-one corre­

spondence with the subsets of the phase-space of the physical system. 

If D is a density operator on H, then the function from P(H) into the real 

interval [0,1) defined by 

P f-----+ tr(DP) 

satisfies the properties of a probability measure on P(H). In fact it maps the least and 

greatest elements of P(H) into the numbers 0 and 1, and is additive on orthogonal 

sequences (if {Pd is such that Pi ::; p/' or equivalently PiPj = 0, when i f= j, 

then tr«Li Pi)D) = Li trPiD). Moreover, due to Gleason's theorem, we have that 

every probability measure on P(H) comes from a density operator (if dim H ~ 3), 

so that the set of all states can be identified with the set of all probability measures 

abstractely defined on P(H). 

P(H) carries also all informations on the physical quantities of the physical 

system. In fact, due to the spectral theorem, every self-adjoint operator on H is com­

pletely determined by its spectral measure E 1----+ PA(E), (E E B(R), PA(E) E P(H)): 

thus the physical quantities can be viewed as measures on the real line R taking values 

in P(H). 

4. SOME ISSUES OF QUANTUM LOGIC 

In this section we shall briefly mention some factual issues that have been con­

sidered within the research area referable to quantum logic2 • They are intended as 

mere examples, without any claim of exhaustivity. 

4.1 The Coordinatization Problem 

Here the problem is the one of reconstructing the Hilbert-space formulation of 

quantum mechanics out of a much less structured structure formed by the proposi-
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tions (or yes-no experiments) of the physical system, thought of as primitive, unde­

fined entities. Take the set L of "propositions" and endow it with an order relation 

and with some of the properties of P(H), but without any notion of Hilbert space 

on the ground. Consider the set S of all probability measures on L looking at them 

as the states of the physical system. Consider the set 0 of all functions from B(R) 

into L that have the formal properties of spectral measures, and look at them as the 

physical quantities of the system. Then the question: is it possible to determine a 

Hilbert space H such that L is identified with P(H), S with the set of all density 

operators on H, and 0 with the set of all self-adjoint operators on H? In other words: 

to what extent is the Hilbert-space description of quantum mechanics, with its highly 

structured mathematical edifice, coded into the ordered structure of propositions? 

More specifically the starting point is the assumption that the propositions form 

a complete lattice L that is orthomodular, atomic and has the covering property. 

A structure like this is often called, by its own, a "quantum logic". It is useful 

to add the condition that L is irreducible* though, when this is not the case, one 

could refer to its irreducible addends. The first step is whether L can be viewed as 

(is isomorphic to) some lattice of subspaces of a vector space, or, in other words, 

whether L admits a "vector-space coordinatization". Before stating the answer let 

us recall some terminology. 

An involution of a field K is a mapping>. I---t >'* of K into itself such that, for 

every>., I-'- E K, 

If V is a vector space over K we say that a mapping f from V X V into K is an 

hermitean form on V if, for every V,W,VilWi E V and >',1-'- E K, 

f(v,w) = f*(w,v) , 

f(v,v)=O iff v=O 

* In an orthomodular lattice (or poset) we say that a, b, E L commute if there are 

pairwise orthogonal elements aI, bl ,c E L such that a = al V c, b = bl V c. The center 

of L is the set of elements which commute with every element of L. We say that L 

is irreducible if its center contains only the least and greatest elements 0, I of L. 
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Given a subspace M of V we define 

M O = {v E V : I(v,w) = 0 V wE M} 

and we say that M if I-closed if M = MOO (notice that the mapping M f----+ MOO is 

a closure relation). 

Now we can state the answer to the question raised above2 - s. If L is a complete, 

irreducible, orthocomplemented (orthomodularity is not needed at this stage), atomic 

lattice with the covering property and with length * 2:: 4, then there exists a field K 

with an involution A f----+ ,X* and a vector space over K endowed with a hermitean 

form I, having the additional property I(w,w) = 1 for some wE V, such that Lis 

isomorphic to the lattice L ,(V) of all I-closed subspaces of V ordered by set-theoretic 

inclusion, and the isomorphism preserves the orthocomplementation. 

This result ensures the existence of the field K on which the vector space V is 

defined but the nature of K is not specified. Notice that the orthomodularity of L 

has not been used, nor other possible regularity conditions like the separability of L 

(which means that every pairwise orthogonal subset of L is at most contable). Thus 

we can ask how the orthomodularity and the separability can restrict the choice of 

K. This is a problem that has not been completely solved. It is known that there 

are number fields to be ruled out, like Galois fields6 ,7 and p-adic fields8 • It is known 

that "standard" fields like R, e, or the quaternion field Q are all right; sufficient 

conditions to force the number field into one of these have been studied. It has been 

discovered in the last years9 that there are inner product spaces over nonstandard 

division rings (well far apart from R, e, Q) whose projection lattices have all the 

standard properties like completeness, orthomodularity, atomicity, covering property, 

and irreducibility mentioned before. Thus we definitely know that, despite some 

conjectures on the contrary, the identification of the number field with R, e or Q is 

not a consequence of the usual lattice theoretic structure of propositions but it needs 

some extra assumption whose nature is not yet clear. 

Anyhow, if we restrict to R,e or Q and if we assume that the involution of K 

is continuous then we have another step in the coordinatization problem: L is made 

isomorphic to the lattice L,(V) of all I-closed subspaces of a pre-Hilbert space V, in 

which the hermitean form 1(.,.) is the scalar product. 

To reach the Hilbert-space coordinatization one property has still to be achieved: 

the completeness. This property is however implied by the orthomodularity of L 

thanks to a theorem (Amemiya and ArakilO) which states: if V is a pre-Hilbert 

* The length of an atomistic lattice with the covering property is the number of 

elements of a maximal chain from 0 to 1. 
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space with respect to the scalar product f(.,.) then Lf(V) is orthomodular if and 

only if V is Hilbert. 

Once the proposition lattice L is made isomorphic to the lattice of closed sub­

spaces of a Hilbert space H, hence isomorphic to P(H), then all other ingredients 

of the description of a physical system, like states and physical quantities, can be 

defined and dressed with their standard properties, thus recovering the whole edifice 

of Hilbert-space quantum mechanics. 

4.2 Proposition-State Structure and Idealized Measurements 

There is a deep connection between orthomodular lattices and a special class of 

involutive semigroups, the so-called Baer * -semigroups2,1l . 

A semigroup T is called involutive if there is a mapping * : T ---+ T such that, for 

x, yET , (x· y)* = y* . x* (where the dot stands for the semigroup operation) and 

(x*)* = x. An element e of a *-semigroup T is called a projection if e = e· e = e*. 

The projections form a poset under the order relation 

e5.f e·f = e 

A * -semigroup T is called Baer if it has a two-sided zero element 0 (i.e. X· 0 = 

o . x = 0 V x E T) and for each x E T there exists a projection e such that 

{y E T : x· y = O} = e . T 

i.e., the right annihilator of x equals the right ideal of e. Since e is uniquely deter­

mined by x, it will be denoted x' and we refer to x 1----+ x' as the prime operation. 

Now we have: if T is a Baer *-semigroup then the set P'(T) of the projections 

that have the property e = e" (closed projections) is an orthomodular lattice with 

orthocomplementation e 1----+ e'. 

Conversely, let L be an orthomodular lattice, with orthocomplementation 

a 1----+ a.L and to each a E L let us associate a mapping CPo. (the "Sasaki projection") 

of L into L defined by 

cpa.(b)=(bVa.L)/\a , bEL; 

we have that these mappings form a Baer * -semigroup with prime operation given 

by CPa. 1----+ cP~ = CP",.(I).L where I is the greatest element of L. 

Thus we have that every Baer * -semigroup determines an orthomodular lattice 

and, conversely, every orthomodular lattice comes from a Baer * -semigroup. 
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In order to see the physical content of this mathematical fact, when L is the 

set of propositions of a physical system, let us first assume some proposition-state 

structure. 

More specifically let us assume: 

(i) L is a separable orthomodular poset, 

(ii) S is a u-convex set of probability measures on L, 

(iii) the set sP of pure elements of S is sufficient on L, i.e. for every a E L, a i= 0, 

there exists a E sP such that a( a) = 1, 

(iv) if for some a E S and some a,b E L , a(a) = a(b) = 1, then there exists 

c E L such that c :::; a, c:::; b, and a(c) = 1 (of course, c = a 1\ b if the latter exists). 

A proposition-state structure of this sort is sometimes called a "quantum logic". 

These requirements, though rather weak, ensure a richer structure2 : 

I) L is an atomic complete orthomodular lattice, 

II) the statements: a:::; b j a(a):::; a(b) V a E S j {a E S: a(a) = I} ~ 

{a E S : a(b) = I} are equivalent (i.e., S is both ordering and strongly ordering on 

L), 
III) every nonzero element of L is the support of some a E S (a E L is the 

support of a E S if a(b) = 1 entails b ~ a), and every a E S has support in L, 

IV) the support function s defines a bijection between sP and the set A(L) of 

the atoms of L. 

If, in this context, we add the hypothesis that L has the covering property, or, 

equivalently, that cPo, maps A(L) into itself, then we are enabled to build for every 

a E L a mapping Go. of sP into itself that mirrors the action of cPo, on A(L): more 

precisely, Go. is defined through the commutative diagram 

Go. 

sP ~ sP 

. j [.-' 
A(L) > A(L) 

cPo, 

The interesting point is that Go. is a (pure) state transformation that fulfils the 

properties of the 50-called ideal first-kind measurements2 ,12-15. Indeed we have that 

1) a(a) = 1 implies Gea = a, 
2) (Go.a)(a) = 1, 
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3) if a and b commute and o:(b) = 1 then (Gao:)(b) = 1. 

Viewing 0: as the initial state of the physical system and GaO: as the state of the 

system after a measurement with yes outcome of the proposition a, the property 1) 

says that whenever the yes outcome of a is certain then the state is left unchanged by 

the measurement of a, while 2) says that after a measurement of a with yes outcome 

the physical system is left in a state that assigns probability 1 to the yes outcome of 

a. Summing up, 1) and 2) imply that the repetition of the measurement procedure 

does not further modify the state of the system: in other words Ga is idempotent. 

This corresponds to the familiar notion of first-kind measurement given by Pauli. 

The property 3) says that if a state assigns probability 1 to b and if a commutes with 

b, then the state emerging from the measurement of a assigns probability 1 to b: this 

is just the commonly accepted notion of ideal measurement. 

Thus we see that, given the proposition-state structure (L, S), the Baer *­

semigroup canonically associated with L is naturally interpreted as formed by those 

mappings of pure states into pure states that accompany, according to the usual pre­

scriptions of quantum theory of measurement, the measurement of the propositions. 

This relationship in the very general framework sketched above, without any 

reference to the rich Hilbert-space structure of quantum mechanics, seems to be 

worth of mention. 

The connection between the (L, S) structure and the ideal first-kind measure­

ments can also be worked out from the other side. Propositions and states can be 

taken as primitive notions without any ordered structure for L and, hence, without 

any structure of probability measures for S: the states being just assumed as func­

tions from L into [0,1] with o:(a) interpreted as the probability of the yes outcome 

of a. On the other hand one can assume a Bear * -semigroup structure for a set of 

mappings of SF into itself which are interpreted as state transformations caused by 

the measurements. If we require for these mappings also the properties of ideal first­

kind measurements (and some further technical property) we can recover the (L, S) 
structure said above2 • 

4.3 On the Hidden-Variables Issue 

In quantum mechanics even the pure states have dispersion (though, of course, 

they can be dispersion-free for particular physical quantities), so that probability 

enters into the theory at a very fundamental level. The basic idea of the so-called 

hidden-variable theories is to conjecture the existence of variables, that escape the 

present possibilities of detection, which would complete the information embodied 

by the quantum pure states thus making the information on the physical system so 
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exhaustive to avoid dispersion and to recover determinism. The states so conjectured 

are often called "completed states". 

Hidden-variable theories have been widely explored in the context of the Hilbert­

space structure but a number of studies and results have been carried out at the more 

general level ofthe (L, S) structures quoted in the previous sections. 

A way of formalizig the problems goes as follows2 • To the pair (L, S) we add 

a space fl whose elements are understood as the hidden-variables. Since we need 

averagings over these variables, we request for fl the structure of a classical probability 

space, i.e., a triple (fl, 1:,1') where 1: is a family (a Boolean u-algebra) of measurable 

subsets of fl and I' is a probability measure on 1:. A completion of a quantum pure 

state 0: E SF is then a pair (o:,w), with W E fl, assumed to be dispersion free on L, 

i.e., a function from L into the pair of numbers 0, 1. To recover the consistency with 

the prediction of quantum theory we need that the probability distributions assigned 

to propositions (hence to physical quantities) by the state 0: be the average over fl 

of the values assigned by the completed state (o:,w): 

o:(a) = j(o:,w)(a)J.L(dw)) a E L , 0: E SF . 

o 

If this pattern occurs, we say that the pair (L, S) admits an underlying non­

contextual hidden-variable theory, where the word "noncontextual" outlines that a 

single space fl is used to generate dispersion-free states on the whole L. 

This is not however the only idea of hidden-variable theory that has been con­

sidered in the literature. One might imagine that the choice of the hidden-variable 

space depends upon, or is contextual to, the physical quantity to be dealt with. Since 

it is natural to associate to each physical quantity a Boolean sub-u-algebra of L, we 

say that the pair (L, S) admits an underlying contextual hidden-variable theory if 

there is a family {flB, 1:B, ILB} of probability spaces labelled by the (maximal) sub­

u-algebras of L such that, for every B and every quantum state 0:, the pair (o:,WB), 

with WB f. flB, is a dispersion-free probability measure on B (not necessarily on the 

whole L), and the function WB 1---+ (o:,wB)(a) from flB into {O, I} is measurable and 

satisfies the consistency condition 

o:(a) = J (a,wB)(a) J.LB(dwB) . 
OB 

Noncontextual hidden-variable theories are ruled out under standard assump­

tions for the pair (L, S) implemented by some regularity conditions for the com­

pleted states: this is the result of no-go theorems proved under slightly different 

hypotheses16 ,17. When the premises are weakened enough to escape these theorems 
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it becomes a serious problem to decide whether the noncontextual hidden variable 

theories that become available18 - 20 have any physical interest. The no-go theorems 

alluded to do not apply to contextual hidden variable theories and several explicit 

examples of such theories have been built up. These models, while restoring some 

classical deterministic aspects, have to pay, on other sides, in quite radical departures 

from properties of classical states. In the last decades it became clear that certain 

contextual hidden variable theories (like the "local"ones) lead to discrepancies with 

the prediction of quantum theory, and that there is place for experimental testing. 

We refer to Bell's inequalities that had the great merit of bringing the discussion on 

hidden variables theories from the controversies of go and no-go theorems onto the 

ground of experiments. 

4.4. Quantum Logic as a Logical Calculus 

We just mention in this section a whole branch of studies, typically referred to as 

quantum logic, that falls in the territory of logicians and philosophers. Roughly, the 

starting question is whether an ordered structure like the lattice P(H) of projections 

of a Hilbert space can be associated with a propositional calculus and which rules 

this propositional calculus inherits from the structure of the lattice P(H). 
We have already called " propositions" the two-valued physical quantities -

renting a word of logic - because we can associate to them elements of a language 

(the language pertaining to the description of the physical system under discussion). 

For the sake of definiteness we label by "yes" and "no" the two possible outcomes 

of a two-valued physical quantity. A possible (though not unique) way of associating 

to each dycotomic physical quantity a logical proposition can then be the one of 

constructing the sentence "the measurement of a, when the physical system is the 

(pure) state a, gives the yes outcome". We denote a", such a sentence. 

A crucial difference between the classical and the quantum case already emerges 

when we consider the truth values of these logical propositions. 

In the classical case there is no ambiguity about the semantical values of a",: it 

is either true or false. In the quantum case, however, the factual occurrence of the 

yes outcome of a (when the system is in the state a) is not sufficient to state that 

a", is true, because in a replica of the same measurement (with the system in the 

same state) the yes outcome is not ensured. Indeed, it is peculiar of the quantum 

phenomena that every (two-valued) physical quantity admits (pure) states that assign 

a probability for the yes outcome which is neither 0 nor 1, but a value in between 0 

and 1. 

We might define the truth of a", as that situation in which the yes outcome 

of a is certain but, in this case, how to define the falsehood of a",? We could for 
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instance say that a", is false whenever it is not true, namely when in the state a the 

yes outcome of a is not certain. In this case we would still have just two semantical 

values, true and false, but they would no longer be in symmetric relation, as they are 

in the classical case. Indeed, by assuming that a", is false, we cannot ensure that the 

no outcome of a is certain: we can just say that the yes outcome is not certain but 

nevertheless possible. 

An~ther attitude could be the one of saying that a", is false when the no outcome 

of a is certain. In this case truth and falsehood would recover a symmetric position, 

but departures from the classical case would emerge on other sides. Indeed we would 

no longer be allowed to say that a", is either true or false, for a quantum systems 

always admits states such that neither the yes nor the no outcome of a are certain. 

Thus, truth and falsehood would not exhaust all the possibilities. We would be faced 

with a many-valued logic. Should we collapse all cases in which a", is neither true 

nor false into a unique semantical value of "indeterminacy" we would deal with a 

three-valued logic, as in the well known Reichenbach suggestion21 • 

The ordered and orthocomplemented structure generated by the dycothomic 

physical quantities (propositions) - should it be the Boolean algebra of the classical 

case of the orthomodular lattice P(H) of the quantum case - contains algebraic 

operations such as the orthocomplementation, the meet, the join that are the natural 

candidates to represent, in the associated language, the elementary logical connectives 

of the negation, of the conjunction "and", of the disjunction " or" , respectively. The 

propositional calculus or, in loose sense, the logic determined in this way reflects 

in a natural way the properties of the corresponding ordered orthocomplemented 

structure. By taking into account that Boolean algebras are the algebraic models 

of the classical logic, the question arises of which logic has the orthomodular lattice 

P(H) as its algebraic model. "Quantum logic" is the name that designates the 

answer, though there are several views about the precise content of this name. 

Let us remark that in P(H) the meet and the join are given by 

pM 1\ pN = pMnN pMVpN =pMUN 

where M U N denotes the smallest closed subspace of H containing M and N. From 

this we see that while the truth table of the sentence" a", and b"," is the usual one, 

the truth table of "a", or b"," is not as in the classical case, for we can have states that 

make true "a", or ba" without making true neither aa nor ba . Another departure 

from the classical case emerges when we come to the conditional connective "if aa 

then ba ". The usual Whitehead-Russel rule that identifies this conditional with the 

form "not aa or ba" is untenable in any quantum logic, because it misses the most 
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basic requirements a conditional must fulfil (for instance we might have a", true, b", 

false and "not a", or ba " true). 

Without any further insistence on the structure of a propositional calculus gener­

ated by an orthomodular lattice like P(H), let us only remark that not all tautologies 

of classical logic can survive in a quantum logic. For instance, if we take into account 

that the distributivity of the meet with respect to the join (and viceversa) does not 

hold in an orthomodular, non distributive, lattice, we see that in a quantum logic 

there is no place for the law of distributivity of the disjunction with respect to the 

conjunction (and viceversa) which holds in classical logic. 

As we have seen, quantum mechanics, with its lattice of projections of a Hilbert 

space, suggests a new propositional calculus, the quantum logic. This outlines first 

of all the problem of the unicity or plurality of logics. It is factually unavoidable 

the historical fact of a pluralistic situations, in the sense that various logics have 

been mathematically formalized: not only classical and quantum logic but even in­

tuitionistic logic, minimal logic, etc. The thesis of unicity of logic, that had and is 

having advocates on the grounds of philosophical reasons, must thus take the way of 

asserting that the various logics which have been formalized are mere mathematical 

structures with just one exception that should be the "true" logic. 

Referring to the role of quantum logic other questions naturally' arise. In which 

sense can a physical theory, like quantum mechanics, bring to a new logic? Is logic 

empirical or a priori? 

In the literature there is a line of thought accepting a dependence of the logic 

from the experience and accepting the idea that quantum mechanics forces to adopt 

a nonclassical logic, in the sense that quantum phenomena admit a coherent rational 

explanation only if one abandons classical logic in favour of quantum logic. So, for 

instance, it is argued that the two-slit interference phenomenon of light is rationally 

explained in terms of corpuscular nature of light only if we give up the classical law 

of distributivity of the disjunction with respect to the conjuction. 

On the basis of the fact that classical logic has its algebraic model in the lattice 

of subsets of the phase space of classical mechanics, and on the basis of the fact 

that quantum mechanics is more fundamental a theory than classical mechanics, 

it has also been argued that quantum logic should supersede classical logic, as a 

more fundamental logic. This thesis is faced with non obvious problems such as 

the one of justifying our way of thinking and deducing, the use of mathematics and 

the use of quantum mechanics itself wedded as they are to classical logic. How can 

quantum theory, which is formulated in terms of classical logic, give rise to a new 

nonclassical logic? What is the relationship between quantum logic and classical 

logic? Consistency reasons would require that the metalogic of quantum logic be 

classical logic: can this be proved? It has been argued that quantum logic becomes 
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equivalent to classical logic when we restrict to the sentences and concepts that form 

the common language and the body of mathematics. 

Quantum phenomena, like, e.g., the quoted two-slit interference oflight, admit a 

coherent description even in the framework of classical logic provided one gives up the 

idea of assigning to the notion of physical object, or particle, all properties possessed 

in classical mechanics. Thus it has been given to quantum logic even a weaker 

role: quantum logic should not be necessary to quantum mechanics, nor it should 

supersede classical logic, but it constitutes an algebraic structure, included into the 

formalism of quantum mechanics, whose operations can be interpreted as logical 

operations. In this way, quantum logic would not have the role of "solving" certain 

conceptual difficulties (often emphatically called paradoxes) of quantum theory, but 

at most the role of putting them in a peculiar language. 

If logic is thought to be a priori, it becomes natural to ask whether quantum logic 

can be approached without reading it out of quantum mechanics: the answer appears 

to be affirmative since quantum logic can be generated within various theoretical 

situations of indeterministic nature. 
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INTRODUCTION 

The measurability of a physical quantity implies the existence of a corresponding 

experimental macroscopic device, or measuring apparatus, M - equipped with a 

reading scale and with instructions on how to couple it with the physical system 

S under consideration - which has to fulfil a number of necessary requirements to be 

considered in the sequel. 

Obvious needs of completeness of quantum theory suggest considering the mea­

suring instrument itself as a physical system belonging to the domain of the theory. 

But here it becomes unavoidable to recognize that a measuring apparatus is not a 

purely quantum system: if we agree, as it is natural, that different positions of the 

pointer label different states of M, we have to agree that we cannot give any physi­

cal meaning to the superposition of two states that correspond to different positions 

of the pointer. Thus, the measuring instruments can be included into the domain 

of quantum theory at the price of allowing for them the existence of superselection 

rules. As a matter of fact, the inclusion of superselection rules into the formalism of 

quantum mechanics makes the theory so flexible and general that no physical system 

is known to irrecoverably escape from it. 

In our case we shall thus assume that the states of the measuring apparatus la­

belled by different pointer positions are separated by superselection rules. Of course, 

the acknowledgement of these superselection rules leaves open the problem of their 
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origin, in particular the problem of whether the description of a macroscopic ob­

ject as made of purely quantum systems (its atoms and molecules) can generate its 

superselection rules as a very consequence of aggregating all these subsystems. 

In the sequel we shall adhere to the familiar idealization of measuring apparata 

that are nondestructive: by this we mean that the physical system S and the measur­

ing apparatus M, initially separated, will form a compound system preserving their 

own identities during the mutual interaction, and then become again separated so 

that it is meaningful to speak of final state of S and of M after the measurement. 

We shall write D~) and D<J) for the initial and final state of S, and, similarly, D<;j, 

D~) for the initial and final state of M. It should be clear that the nondestruc­

tiveness of M is not a logical necessity of quantum theory, nor it corresponds to the 

common factual situation (think e.g. of the measurement of the energy of a photon 

by a spectrometer that absorbs the photon). 

Though the above idealization allows to speak of final state of S, it is not strong 

enough to make this final state unambiguously defined: indeed a physical quantity 

can admit many nondestructive measuring instruments that affect the state of S in 

different ways. A further idealization, able to induce, or even to eliminate, such an 

ambiguity, is often called into play: it is the so-called von Neumann's or Liiders's 

projection postulate1,2. 

It says, in the von Neumann's version, that if a physical quantity is measured 

twice in succession, then the same result is obtained each time. In case the physical 

quantity A to be measured is discrete, this idealization amounts to say that if .Ai is an 

eigenvalue of A and if the measurement gives the value .Ai then the final state of S has 

to belong to the .Ai-eigenspace of A. If.Ai is nondegenerate then the final state of S 

is uniquely determined as the corresponding eigenvector, but when .Ai is degenerate 

some undeterminacy survives for that state. It is removed by the more stringent 

idealization embodied by Liiders projection postulate which adds the requirement 

that if the initial state of S is the pure state cp then the final state of S is the 

projection of cp onto the eigenspace of the measured value .Ai. If the initial state of S 

is not pure then the Liiders's rule can be written as 

where E --+ PA(E), E being any element of the family B(R) of the Borel sets of R, 

is the spectral measure of A. 

Von Neumann's and Liiders's projection postulates, despite the emphatic (for 

historical reasons) name of "postulates", do not appear necessary "a priori" for the 

internal coherence of quantum theory: they rather define a special class of measuring 
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instruments. Instruments of this sort are usually not used in laboratories, but there 

is no definite example of a physical quantity that cannot admit a measurement of 

this kind. 

Let us remark that a prescription like Liiders's, which uniquely specifies the state 

of S after the measurement of some physical quantity, is crucial to give meaning to the 

notion of probability distribution of a physical quantity given the result of a previous 

measurement of another physical quantity. In other words it is only through such a 

prescription, corresponding to the idea of ideal first-kind measurements, that we can 

go to the notion of conditional probabilities within quantum theory. 

A PROBABILISTIC REQUIREMENT 

Since both the physical system S under discussion, and the measuring apparatus 

M will be described within a quantum theoretical framework, we associate to Sits 

Hilbert space Hs and to M its Hilbert space HM. When we think of S + M as a 

compound system, the corresponding Hilbert space will become the tensor product 

Hs ® HM according to the prescription of quantum theory for the composition of 

nonidentical subsystems (and indeed we obviously assume that S and M are not 

identical). Let As be the self-adjoint operator of Hs that represents the physical 

quantity to be measured (in the previous section we have just written A for this 

operator). The counterpart in HM of As will be what we may call the pointer 

observable (since M is planned to measure As) that we shall denote, when necessary, 

by AM. 

The very notion of measuring instrument of As demands that, for any initial 

state D~) of S, the probability that the interaction of M with S will cause the pointer 

of M to fall into the reading scale interval E E B(R) is precisely the probability that 

the value of As lies in E. This is expressed by the equality 

(1) 

whose role and implications will be overviewed in this section. 

We shall restrict to discrete physical quantities so as to achieve a number of 

significant implications that allow some general results about the role of eq.(I). Let 

Ai be the eigenvalues of As and ni the degeneracy of Ai; let {If'ii}, for given i and j = 

I, ... , ni, be an orthonormal basis of the Ai-eigenspace so that {If'ii I i = 1,2, ... ;j = 
I, ... , ni} is an orthonormal basis for Hs, and we have 
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Of course, the eigenvalues of AM have to coincide with the Ai'S and we take for 

AM the simple self-adjoint operator of HM which has the Ai's as non degenerate 

eigenvalues. Let <Pi be the eigenvector of AM corresponding to Ai: it represents the 

state of M in which the pointer is in the Ai position. 

The compound system S + M will undergo, by the measuring procedure, a state 

transformation, say: 

(2) 

Assuming that the mapping W preserves the convex structure of the density operators 

in Hs ® H M , and taking into account the linearity and continuity of the theory as 

well as the fact that every density operator can be written as a convex combinations 

of vector states (projectors onto one-dimensional subspaces), we can restrict without 

loss of generality to initial states of Sand M that are vector (pure) states, say 

n<;/ = pIT] 

so that the initial state of S + M is 

We can now state the following result3 • The requirement (1) implies and is 

implied by the fact that the mapping (2) has the form 

with U a continuous linear extension on Hs ® HM of a map of the form 

!Pi; ® <P -+ .,pi; ® <Pi i = 1,2, ... j j = 1, ... ni (3) 

where {.,pij} is any set of unit vectors (in H s) that are orthogonal with respect to 

the second index. Moreover, U can always be chosen as a unitary (or antiunitary) 

operator. 

This result, which characterizes every measurement of a discrete physical quan­

tity that satisfies the requirement (1), is physically natural. If the physical system 

S is initially in an eigenstate !Pi; of Ai then, with certainty, the pointer of M has 

to jump into the Ai-position so that M goes from the initial state <P into the final 

state <Pi, while S moves from !Pij into a new vector state .,pij whose nature might 

depend upon the particular measuring instrument M. Notice that these vectors are 

not requested, at this stage, to be orthogonal with respect to the index i. Should the 

Ai's be non degenerate, the index j would drop out, together with the orthogonality 
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requirement of the .,pij'S with respect to second index. Notice also that a particular 

choice for {.,pij} might be {<pij} in which case we would be considering a measuring 

device that obeys von Neumann-Liiders projection postulate. 

If the initial state of S is represented by some vector <P then, writing 

<P = L Cij<Pij , 
ij 

we have that S + M evolves from the initial state p['P®~l into the final state 

(4) 

Though this state has the form of a projector into a one-dimensional subspace 

of Hs ® HM we cannot be sure that it represents a pure state of S + M in view of 

the superselection rules that we can expect to hold in Hs ® HM, as we shall see in 

the sequel. 

Anyhow, no matter whether (4) represents a pure or a nonpure state, we can 

derive from it the final states of the subsystems Sand M. Putting 

we get 

ni 

Ii = N i- i L Cij.,pij 
i=1 

ni 

ni 

Nl = L iciil2 

i=1 

D~) = L L NiNIe < Ii 111e > 1q.1e >< q.il 
i i=1 

(where in the last formula we have used Dirac's bras and kets). 

(5) 

(6) 

From this we see that the final state of S is a mixture which has a natural convex 

decomposition into the pure states pbil (notice that in absence of degeneracy the 

1i's reduce to the .,pi). Also the final state of M is a mixture which, however, has not 

an i=ediate form of convex combination of pure states, owing to the fact that the 

1i's are not requested to be orthogonal, as a result of the fact that the .,pii are not 

requested, at this stage, to be orthogonal with respect to the first index. 

In the particular case of a von Neumann-Liiders measurement, the .,pij would 

become the <Pii, the Ii'S would become orthogonal, and the final state of M would 

be the familiar mixture 

(7) 
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CORRELATIONS 

It fits with the pattern of the measurement process the existence of a correlation 

between a possible final state of S of the form p[-y;] (or p[t/I;] in absence of degeneracy 

of the >'i's) and a final state of M of the form p[~;]. 

Let us first recall that for any projection operator Ps in Hs and any projection 

PM in HM we can define their correlation coefficient, given a state DS+M of the 

compound system S + M, as 

where Ds and DM are the reduced states of DS+M. 

The numerical values of p range from -1 to +1: we speak of strong correlation 

when p = ±1 while we say that there is no correlation when p = o. 
We can now go back to the correlation between a final state of S of the form 

ph';] and a final state of M of the form p[~;] given the final state D<j~M of S + M 

as expressed by eq.(4). We have indeed the following result3 : if the probabilistic 

requirement (I) is met then the property 

p{P[-y;] p[~;]. DU) ) - 1 , , S+M - (8) 

is equivalent to the statement that frPij I i = 1,2, ... j j = 1, ... , nil is an orthonormal 

system. 

Recall that the orthogonality of the 'l/Jij'S with respect to the second index was 

already achieved by the condition (1): what the correlation condition (8) adds is the 

orthogonality of the 'l/Jij'S with respect to the first index. 

The fulfilment of (8), which is by its own physically relevant, entails (and is 

entailed by) the fact that the final state of M takes the physically natural form (7). 

Indeed, the orthogonality of the 'l/Jii'S induces the orthogonality of the -yi's and hence 

(6) collapses into (7). 

FINAL STATES OF THE OBSERVED SYSTEM 

AND OF THE MEASURING APPARATUS 

Having seen in the previous sections the conditions that make the final states of 

S and M of the form 

(9) 

we come now to the physical interpretation of them. 
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The first point we want to stress is that the superselection rules holding in H M 

allow for the mixture D~) the usual "ignorance interpretation". To see this, let us 

remind a few facts. 

In the Hilbert-space description of a strictly quantum system every nonpure 

state can be written as a convex combination of pure states but this decomposition 

is never unique4 • If {'I/1i} is a family of vectors of H that spans a subspace K ~ H 

and carries a convex decomposition of a density operator D in the sense that 

then any other family {If'i} of vectors that spans the same subspace K carries another 

decomposition of D, i.e., 

Thus we see that, due to the linear vector-space structure of H, or in other words, 

due to the possibility of superposing pure states to get new pure states, a nonpure 

state has infinitely many decompositions into pure states. This fact marks a crucial 

difference between quantum and classical systems. In the latter case a nonpure state 

has always a unique decomposition into pure states and this justifies the "ignorance 

interpretation" of mixtures. According to this interpretation, when we write, e.g., 

D = wp[,p,1 + (1 - w )p[,p,l, we mean that the physical system is, in reality, either 

in the pure state '1/11 or in the pure state '1/12, but our ignorance prevents our saying 

in which one of them the system actually is: our knowledge is limited to saying that 

the sytem is in the state '1/11 with probability w, and in the state '1/12 with probability 

1-w. 

When the decomposition of a mixture into pure states is not unique, as it is for 

quantum systems, the ignorance interpretation becomes untenable. Think, e.g., of the 

nonpure state describing an unpolarized beam of photons: it admits a decomposition, 

with equal weights, into two (pure) states of linear polarization along two orthogonal 

directions but this fact does not justify saying that a photon has actually one of 

these linear polarizations for the unpolarized state could equally well be thought of, 

for instance, as a convex combination, with equal weights, of circularly right and 

circularly left polarization states. 

The pattern of nonunique decomposition of mixtures, with the associated failure 

of the ignorance interpretation, can however be modified by the presence of superse­

lection rules4 • 

When a physical system has a limited quantum behaviour, the correspondence 
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between physical quantities and self-adjoint operators, as well as the one between 

states and density operators, or the one between pure states and one-dimensional 

projectors, is no longer bijective. The set {Ai} of self-adjoint operators associated 

to the physical quantities generates a von Neumann algebra A = {Ai}" (the double 

commutant of {Ai}) that is a proper subset of B(H), the algebra of all bounded 

operators on H. Therefore there are nontrivial operators, that is, operators that 

are not multiples of the identity, that commute with every element of A. They 

are called superselection operators, and they can also be viewed as the nontrivial 

bounded operators that commute with every physical quantity. If, for simplicity, we 

assume that the superselection operators have pure point spectrum, then there will 

exist a contable set of pairwise orthogonal projectors {Q,.}, with L:,. Q,. = I, such 

that every superselection operator will take the form L:,. e,.Q,. with eigenvalues e,.. 
Let K,. be the closed subspace of H onto which Q,. projects. Any two distinct 

subspaces K,.,K,., are orthogonal and the direct sum ffiK,. is the whole H. Every 

element of A leaves each K,. invariant. The K,.'s are called the coherent subspaces 

ofH. 

Every density operator in H assigns a probability distribution to each physical 

quantity, but there are density operators that are different as operators on H but 

are equivalent with regard to the probability distributions they assign to the phys­

ical quantities. In other words, when superselection rules are present, the physical 

quantities are not numerous enough to separate the set of all density operators on H. 

Only in case we restrict to those density operators that belong to A can the bijective 

correspondence with the states of the physical system be recovered. 

In particular, it turns out that a vector of H represents a pure state if and only 

if it belongs to a coherent subspace. Thus the superposition principle of quantum 

mechanics applies only within each coherent subspace. When a vector has compo­

nents in different coherent supspaces it cannot represent a pure state for it is fully 

equivalent to a density operator (in the von Neumann algebra A) that represents a 

mixture. 

After these remarks we can go back to our measuring instrument M and to its 

final state. We have already noticed that the only vectors of HM that are interpreted 

as pure states of M are the 41i'S (the states labelled by pointer positions on the 

reading scale of M that corresponds to the possible values of the physical quantity 

to be measured). In other words the very nature of M as a measuring instrument 

requires that the coherent subspaces of HM are one-dimensional and can be identified 

with the 41i'S. But this means that the expression of D<fr) given in (9) is the only 

decomposition of the nonpure state n<fr) into the pure states of M. As such, this 

mixture admits the classical "ignorance interpretation": the actual state of M is just 

one of the 41i'S, with probability N;. 

304 



But now, thanks to the correlation (8), also the final state D<f) of S as given in 

(9) inherits from M an ignorance interpretation: we can say that S is actually in one 

of the states '"ti, with probability NI· 
Of course, the expression (9) gives the states of Sand M after their mutual 

interaction but before one records the actual position of the pointer of M. Once 

the position is recorded, M collapses into one of the indicator states and S into the 

state determined by the correlation with M. But, in view of what we said before, 

this collapse has a purely classical nature: it is nothing else than the reduction of 

ignorance caused by the new information about the pointer position. 

A CONSISTENCY CONDITION 

The boundary between the physical system S on which the measurement is 

performed and the measuring instrument M is, to a good extent, a matter of taste. 

To outline this fact let us remark that, instead of acting by M on S, we might consider 

a measuring instrument M' acting on S' == S + M, or a M" acting on S" == S' + M', 

and so on, always achieving the same information about S. Thus we have a chain, 

each step of which corresponds to a different positioning of the boundary between 

what is observed and the measuring instrument. Since the choice of a step in the chain 

is just a matter of convention, the description of the measurement has to be neutral 

with respect to this choice. As we shall see, this amounts to a natural prescription 

on how the superselection rules of the measuring instrument do propagate into the 

Hilbert space of the compound system formed by the instrument and the observed 

system4 • 

For simplicity, let us compare the first two steps of the chain: M as a measuring 

instrument acting on S, and M' as a measuring instrument on S' == S + M. We 

shall assume all the requirements discussed in the previous sections: the probability 

requirement (1), the correlation condition (8), and the fact that the indicator states 

of a measuring instrument have to be separated by superselection rules. 

The step" M acting on S" has been already discussed. Summarizing: the initial 

state of S is If' = L:i Cijlf'ij and that of Mis «P, so that S + M evolves from the pure 

state 
D ( i) _ pI"'. co; '1';; 0'f?] 

S+M - /-J. 

into the final state 
D (f) _ p[L: .. c;j,p;j0+;] 

S+M - 'J (4) 

from which we deduce the nonpure final states of Sand M 

D<f> = :E N[ ph;] D~) = :E NI p['f?i] (9) 
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We go now to the step" M' acting on S' == S + M". Since M' has to "read" the 

reading scale of M, to each position Ai of the pointer of M there must correspond a 

position of the pointer of M' which labels an indicator state cpi of M'. Then we have 

the following scheme: the initial state of S' is D~~M as given before and that of M' 

is some cP' so that S' + M' evolves from the pure state 

D(i). _ p[L.· c';<P.;®~®~'l 
S'+M' - J 

into the final state 

from which we deduce the nonpure final state of M' 

D~~ = L N; p[~il 
i 

and the nonpure final state of S' 

DU) - "N2P[-Y·®~·1 
5' - L...J i , (10) 

which, in turn, determine the same nonpure final states of Sand M as given by (9). 

Comparing the two schemes, we see that their coherence simply amounts to the 

equivalence of the density operators given by (4) and (10). This means that the 

superselection rules acting in H S+M must be such as to keep the one-dimensional 

projector (4) outside any coherent subspace of HS+M, thus making it representative 

of a nonpure state. More precisely, it can be seen that the equivalence of (4) and (10) 

implies and is implied by the fact that the coherent subspaces Mks+M) of HS+M = 

Hs ® HM take the form 

(11) 

where ~A: denotes the one-dimensional subspace of HM spanned by CPA: (i.e., the k­

th coherent subspace of M). Since we have all along tacitly assumed that S is a 

purely quantum system (free of superselection rules), we read the condition (11) by 

saying that the coherent subspaces of the compound system S + M must be products 

of the coherent s~bspaces of the subsystems Sand M. Therefore we see that, in 

order to qualify M as a measuring instrument, it is necessary, besides the conditions 

(1) and (8), and besides the occurrence of its own superselection rules, to assume 

that, coupling it with S, we get a compound system that inherits superselection 

rules according to the product rule (11). As a bibliographic remark, let us quote 

Landau and Lifshitz's texbook on quantum mechanics5 where this propagation of 

superselection rules from M to S + M is in some way accounted for. 
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Of course, the remarks dealt with in this paper do not have the status of a 

"theory" of the measurement process. Only in case we should be able to deduce 

the classical behaviour of M, namely its supers election rules, out of its nature of a 

nonisolated physical system composed of a large number of (quantum) subsystems, 

would we reach that status. There have been in the literature several models, of 

various nature, that try to approach explicitely the classical behaviour of a measuring 

instrument: they seem to agree on the various features examined in this paper. 
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SOME COMMENTS AND REFLECTIONS 

Abner Shimony 

Departments of Philosophy and Physics 
Boston University 
Boston, MA 

1. With the failure of the program of local hidden variables theories, 
it is reasonable to return to the naive view that the pure quantum state of 
a system gives a complete description of the (non-relational) properties of 
the system. If so, then this complete description is characterized by objec­
tive indefiniteness in certain respects and objective probability of the out­
comes in case -- somehow -- the indefinite properties are actualized. Hence, 
the state of a physical system is not just a catalogue of actualities, as 
in classical physics, but is also a network of potentialities (to use Hei­
senberg's word). 

2. The concept of potentiality, vague though it may be, may help the 
intuition. For instance, it helps us to understand why symmetry is more 
important in quantum than in classical physics. (When a vacation is still 
potential, there may be a high rotational symmetry of directions in which 
it may be taken, but when one buys a ticket to a destination the symmmetry 
is broken!) Quantum nonlocality is also illuminated to some extent by the 
concept of potentiality. Thus, in the singlet state of a pair of fermions, 
the spin of particle 1 and the spin of particle 2 are strictly correlated 
with respect to all axes, but that fact is inseparable from the fact that 
all components of spin are merely potential. 

3. I am not convinced by Michael Redhead's discussion of robustness. 
He formulated this concept and drew consequences from it for the probabili­
ties of outcomes without attention to (a) the typical physical arrangement 
of a correlation experiment, and (b) the possibility of forming subensembles 
of the ensemble of interest. Hence, he seems to overlook the fact that wnen 
outcome independence fails -- as it does in the quantum mechanics of entan­
gled systems -- one can indeed capitalize upon this failure to send a mes­
sage from one analyzer-detector assembly to the other. But this possibility 
of communication is innocuous from the standpoint of relativity theory, 
because it is slower than light. I do not see how either the possibility 
of communication because of the failure of outcome independence or the in­
nocuousness of this communication is illuminated by robustness. 

4. The term "passion at a distance" has no explanatory power. I merely 
used the contrast between the Latin words "actio" and "passio" to underline 
that we have a kind of causality whereby no control of an event may be ach­
ieved by operating upon an event with space-like separation from the first. 
There must be more to say than this. Deeper understanding is needed of one 
or more of the following: (i) causality, (ii) event, (iii)space-time struc-

Sixty-Two Years of Uncertainty 
Edited by A. J. Miller 
Plenum Press, New York, 1990 
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ture. Regarding (iii) I once suggested to Wheeler that his idea of wormholes 
might be used to explain quantum mechanical nonlocality, for the path be­
tween two events through a wormhole might be time-like, whereas the path 
around the wormhole might be space-like. He was not encouraging. In fact, he 
said, "1 am skeptical as hell." 

5. The nonlocality involved in geometric phases (e.g., the interference 
fringes predicted by Ehrenberg and Siday and by Aharonov and Bohm when an 
electron wave function is split about an infinite solenoid, outside of which 
the magnetic field vanishes) is somehow related to' nonlocality of entangled 
spatially separated systems. But there hAs been no good clarification of the 
relation between these two kinds of nonlocality. Ne'eman has suggested that 
both involve parallel transport of vectors, but I don't see this in the case 
of entangled spatially separated systems. It is a historical accident that 
polarizations were analyzed in the tests of Bell's Inequality so far. Other 
multi-outcome variables can be correlated, and these need not have a vec­
torial character. 

6. In many ways this is a terrible time in history, but intellectually 
it is glorious, and we are fortunate to be invited to a feast of ideas. 
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