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Preface

This manuscript is a textbook for a graduate course in quantum mechanics. I have
taught this course 15-20 times and gradually developed these notes. Orginally, I used as
a text Quantum Mechanics by A.S. Davydov. When that fine book went out of print, I
wrote these notes following a similar syllabus. It contains much new material not found
in older texts.

The beginning chapters follow a traditional syllabus. Topics include solving
Schrédingers equation in one, two, and three dimensions. Approximate techniques are
introduced such as (1) variational, (2) WKB], and (3) perturbation theory. Many examples
are taken from the quantum mechanics of atoms and small molecules. Solid-state ex-
amples include exchange energy, Landau levels, and the quantum Hall effect. Later
chapters discuss scattering theory and relativistic quantum mechanics. The chapter on
optical properties includes both linear and nonlinear optical phenomena. Each chapter
concludes with numerous homework problems.

Preliminary versions of these lectures have been handed to several generations of
graduate students. Their feedback has been invaluable in honing the material.
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-I Introduction

1.1 Introduction

Quantum mechanics is a mathematical description of how elementary particles move
and interact in nature. It is based on the wave—particle dual description formulated by
Bohr, Einstein, Heisenberg, Schrodinger, and others. The basic units of nature are indeed
particles, but the description of their motion involves wave mechanics.

The important parameter in quantum mechanics is Planck’s constant h=6.626x
10 **Js. It is common to divide it by 27, and to put a slash through the symbol: i =
1.054x 10 **Js. Classical physics treated electromagnetic radiation as waves. It is par-
ticles, called photons, whose quantum of energy is Aw where  is the classical angular
frequency. For particles with a mass, such as an electron, the classical momentum
mi = p = hk, where the wave vector k gives the wavelength k =27/ of the particle. Every
particle is actually a wave, and some waves are actually particles.

The wave function ) (r, t) is the fundamental function for a single particle. The position
%, which is the probabil-
ity that the particle is at position r at time t. The probability is normalized to one by

of the particle at any time ¢ is described by the function |y (r, #)

integrating over all positions:
1=/d3r|lp(r, )2 (1.1)

In classical mechanics, it is assumed that one can know exactly where a particle is located.
Classical mechanics takes this probability to be

W (r,0)* =& (r —vi) (1.2)

The three-dimensional delta-function has an argument that includes the particle velocity
v. In quantum mechanics, we never know precisely where to locate a particle. There is
always an uncertainty in the position, the momentum, or both. This uncertainty can be
summarized by the Heisenberg uncertainty principle:

AxAp, 2h (1.3)
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Table 1.1 Fundamental Constants and Derived Quantities

Name Symbol Value
Electron mass m 9.10938215x 10" kg
Electron charge e 1.602176487x 10~ ° C
Planck’s constant h 6.62606896x 107> s
h=h/2n 1.054571628 x 10 **J s
Boltzmann’s constant kg 1.3806504 x 10™2* J/K
Light speed c 299,792,458 m/s
Atomic mass unit AMU 1.660538782 x 10~*" kg
Bohr magneton i 927.400915 x 1072°J/T
Neutron magnetic moment My —0.99623641x107%°]/T
Bohr radius ao 0.52917720859x 10" m
Rydberg energy Egy 13.605691 eV
Fine structure constant o 7.2973525376x 107>
Compton wavelength e 2.463102175x10™"* m
Flux quantum o = h/e 4.13566733x 107" T/m?
Resistance quantum h/e? 25,812.808 Q

Source: Taken from NIST web site http: /physics.nist.gov/

where Ax is the uncertainty in position along one axis, Ap, is the uncertainty in
momentum along the same axis, and h is Planck’s constant h divided by 2n(h =h/2x), and
has the value i = 1.05x 10~** joules-second. Table 1.1 lists some fundamental constants.

1.2 Schrédinger's Equation

The exact form of the wave function Y (r, t) depends on the kind of particle, and its
environment. Schrédinger’s equation is the fundamental nonrelativistic equation used in
quantum mechanics for describing microscopic particle motions. For a system of particles,
Schrodinger’s equation is written as

U

ih= = Hy (1.4)
2

H= JZ 2% + U(t), ) | + ; V(r; —1)) (1.5)
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The particles have positions r;, momentum p;, and spin s;. They interact with a po-
tential U(r;, s;) and with each other through the pair interaction V(r; —r;). The quantity
H is the Hamiltonian, and the wave function for a system of many particles is
V(r1,12,13, - ,IN; S1,52, - - -, SN)-

The specific forms for H depends on the particular problem. The relativistic form of
the Hamiltonian is different than the nonrelativistic one. The relativistic Hamiltonian
is discussed in chapter 11. The Hamiltonian can be used to treat a single particle, a
collection of identical particles, or different kinds of elementary particles. Many-particle
systems are solved in chapter 9.

No effort is made here to justify the correctness of Schrédinger’s equation. It is as-
sumed that the student has had an earlier course in the introduction to modern physics
and quantum mechanics. A fundamental equation such as eqn. (1.4) cannot be derived
from any postulate-free starting point. The only justification for its correctness is that its
predictions agree with experiment. The object of this textbook is to teach the student how
to solve Schrédinger’s equation and to make these predictions. The students will be able
to provide their own comparisons to experiment.

Schrédinger’s equation for a single nonrelativistic particle of mass m, in the absence of
a magnetic field, is

Y _
¢
pZ

H=2—+ V) (1.7)

ih Hy (1.6)

The potential energy of the particle is V(r). This potential is usually independent of
the spin variable for nonrelativistic motions in the absence of a magnetic field. Prob-
lems involving spin are treated in later chapters. When spin is unimportant in solving
Schrédinger’s equation, its presense is usually ignored in the notation: the wave function
is written as y(r).

In quantum mechanics, the particle momentum is replaced by the derivative operator:

p — —ihV (1.8)
W2
=-, -tV (1.9)

Schrédinger’s equation (1.4) is a partial differential equation in the variables (r, t). Solving
Schrodinger’s equation for a single particle is an exercise in ordinary differential equa-
tions. The solutions are not just mathematical exercises, since the initial and boundary
conditions are always related to a physical problem.

Schrédinger’s equation for a single particle is always an artificial problem. An equation
with V (r) does not ever describe an actual physical situation. The potential V(r) must be
provided by some other particles or by a collection of particles. According to Newton’s
third law, there is an equal and opposite force acting on these other particles, which are
also reacting to this mutual force. The only situation in which one particle is by itself has
V=0, which is a dull example. Any potential must be provided by another particle, so
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Schrédinger’s equation is always a many-particle problem. Nevertheless, there are two
reasons why it is useful to solve the one-particle problem using classical potentials. The
first is that one has to learn using simple problems as a stepping stone to solving the
more realistic examples. Secondly, there are cases where the one-particle Schrédinger’s
equation is an accurate solution to a many-particle problem: i.e., it describes the relative
motion of a two-particle system.

1.3 Eigenfunctions

In solving the time-dependent behavior, for the one-particle Schrédinger’s equation (1.8),
an important subsidiary problem is to find the eigenvalues ¢, and eigenfunctions ¢,(r)
of the time-independent Hamiltonian:

Hdy (1) = eny(1) (1.10)

There is a silly convention of treating “eigenfunction” and “eigenvalue” as single words,
while “wave function” is two words. The name wave function is usually reserved for the
time-dependent solution, while eigenfunction are the solutions of the time-independent
equation. The wave function may be a single eigenfunction or a linear combination of
eigenfunctions.

The eigenfunctions have important properties that are a direct result of their being
solutions to an operator equation. Here we list some important results from linear al-
gebra: The Hamiltonian operator is always Hermitian: H' = H.

* Eigenvalues of Hermitian operators are always real.

+ Eigenfunctions with different eigenvalues are orthogonal:

o] / Erél () bolr) =0 (1.11)

which is usually written as
/ e, (1) (1) = Sum (1.12)

These two statements are not actually identical. The confusing case is where there are several
different states with the same eigenvalue. They do not have to obey eqn. (1.12), but they can

be constructed to obey this relation. We assume that is the case.

* The eigenfunctions form a complete set:
D $u () = (r—1) (1.13)

These properties are used often. Orthogonality is important since it implies that each
eigenfunction ¢,(r) is linearly independent of the others. Completeness is important, since
any function f(r) can be uniquely and exactly expanded in terms of these eigenfunctions:
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fO)= " badn(n) (1.14)
b= [ 00,0 (1.15)
The function of most interest is the wave function y(r, t). It can be expanded exactly as
VY= D and,(r)e " (1.16)
R —ie,
mb—‘f: Z neny, (r)e /" = Hys (1.17)

The coefficients a,, depend on the initial conditions. They depend on neither r nor t. One
example is when the system is in thermal equilibrium. If the particles obey Maxwell-
Boltzmann statistics, the coefficients are

|an|* = exp[—Blen — Q)] = kBiT (1.18)

and Q is the grand canonical potential. Another example occurs during an experiment,
where the system is prepared in a particular state, such as an atomic beam. Then the
coefficients a,, are determined by the apparatus, and not by thermodynamics.

The wave function has a simple physical interpretation. The probability P(r, t) that the
particle is at the position r at the time ¢ is given by the square of the absolute magnitude of
the wave function:

P(r, 1) = |y (r, 1) (1.19)

In quantum mechanics, there is no certainty regarding the position of the particle. In-
stead, the particle has a nonzero probability of being many different places in space. The
likelihood of any of these possibilities is given by P(r, t). The particle is at only one place
at a time.

The normalization of the wave function is determined by the interpretation of P(r, t) as
a probability function. The particle must be someplace, so the total probability should be
unity when integrated over all space:

1:/d3rp(r, ) :/d3r|¢(r, 1)) (1.20)

The normalization also applies to the wave function. The eigenfunctions are also ortho-
gonal, so that

1:/d3r|l//(r, > =>_ apame " [drgr g, (1.21)
=D laf (1.22)

The summation of the expansion coefficients |a,|* must be unity. These coefficients

Py=la,’, Y P,=1 (1.23)



6 | Chapter 1

are interpreted as the probability that the particle is in the eigenstate ¢,(r).

The average value of any function f(r) is obtained by taking the integral of this func-
tion over all of space, weighted by the probability P(r, t). The bracket notation denotes the
average of a quantity:

(o= [@rfwren (1.24
For example, the average potential energy (V) and the average position (r) are

(V)= / drv(r)P(r, 1) (1.25)

(r)= / dreP(r, 1) (1.26)

A similar average can be taken for any other function of position.

There is no way to take an average of the particle velocity v=t. Since P(r, t) does not
depend on 1, there is no way to average this quantity. So (f) does not exist. Instead, the
average velocity is found by taking the time derivative of the average of r, such as

%(r) :/d%r%l)(r, t) (1.27)
:/d3rr [l//*% +l//bb¢:} (1.28)

Now use Schrédinger’s equation and its complex conjugate, to find
% = % {f hzzz + V} v (1.29)
% = % {f h;zz + V} v (1.30)

which is used in d3(r)/ dt:

2 ih
50 = Zl—m/d3rr[¢*vzlﬁ—¢vzw*] (1.31)

5 ) . B
= zl—m./d%rv VY=V (1.32)

The terms containing the potential energy V canceled. The equivalence of the last two
expressions is found by just taking the derivative in the last expression. Each term in
brackets generates a factor of (V") - (V), which cancels.

An integration by parts gives

d ih e
$<r>:—;—m/d3r[lﬂ Vy—yVy']- Vr (1.33)

If A is the quantity in brackets, then (A - V)r = A, so the final expression is

2 h L
5= %/dSr[lﬁ*Vl//*l//W*] (1.34)
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The integrand is just the definition of the particle current:
. h * = | %
(8= = V= V] (1.35)

— (1) = /d3rj(r, t) (1.36)

The function j(r, ) is the particle current, which has the units of number of particles per
second per unit area. If it is multiplied by the charge on the particle, it becomes the
electrical current density | =¢j, with units of amperes per area.

In the integral (1.34), integrate by parts on the second term in brackets. It then equals
the first term:

st = o [ (59 )= 2 (1.37)

The momentum operator is p=FhV/i, and the integral is the expectation value of the
momentum. In quantum mechanics, the average value of the velocity is the average value
of the momentum divided by the particle mass.

The expectation value of any derivative operator should be evaluated as is done for the
momentum: the operator is sandwiched between 1/* and y under the integral:

= / Ery(r, ) O(r)(r, 1) (1.38)

Other examples are the Hamiltonian and the z-component of angular momentum:

/d3rlﬁ rt{

D
/ Pry {x— - ybx} W(r,t) (1.40)

Once the wave function is known, it can be used to calculate the average value of many

(r )} () (1.39)

quantities that can be measured.
The last relationship to be proved in this section is the equation of continuity:
d = .
0=, p(r 1)+ V- j(r,) (1.41)
where p(r,t) = P(r, t) is the particle density and j(r, t) is the particle current. The continuity
equation is proved by taking the same steps to evaluate the velocity:
op DU

-k (142

Use the above expressions (1.29, 1.30) for the time derivative of the wave functions. Again
the potential energy terms cancel:

dp lh

2= [l//LVlﬁ lﬁVl//] Sj(r, 8 (1.43)
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which proves the equation of continuity. Schrédinger’s equation has been shown to be
consistent with the equation of continuity as long as the density of particles is interpreted
to be p(r, t) = [¥(r, #)|*, and the current is eqn. (1.35).

1.4 Measurement

Making a measurement on a particle in a quantum system is a major disruption of the
probability distribution. Suppose we have N identical particles, for example, atoms, in a
large box. They will be in a variety of energy states. It is not possible to say which atom is
in which state. If ¢,(r) is an exact eigenstate for an atom in this box, the wave function of
an atom is

Y )= andh,(r) exp|—itE, /h] (1.44)

The amplitudes a,,, when squared (P, = |a,|*), determine the probability of an atom being
in the state with energy E,.

Suppose we do a measurement on a single atom, to determine its energy. One might
drill a small hole in the side of the box, which allows one atom to escape at a time. If one
measures the energy of that particular atom, one will find a definite value E;. The result of
the measurement process is that one state, out of the many possible states, is selected.

Suppose that one measures the energy of the same atom at a later time. Ifits flight path
has been undisturbed, one will again find the same energy E;. After the first measurement
of energy, the particle continues its motion starting from the eigenstate ¢(r), and not
from the distribution of eigenstates in Y (r, t). Of course, the first measurement of energy
may disrupt the flight path a bit, according to the uncertainly relation, so the second
measurement may give a slightly different energy. The important point is that measure-
ment disrupts the statistical distribution, and imposes a new initial condition for the
particle motion.

1.5 Representations

In the early days of quantum mechanics, Schrédinger and Heisenberg each presented
versions that appeared to be different. There was a lively debate on the virtues of each
version, until it was shown by Dirac and Jordan that the two are mathematically identical.
This history is well described by von Neumann. The two theories do not look identical,
at least superficially. The two versions are described here briefly, and an equally brief
explanation is given as to why they are identical.

Schrédinger’s version is the one discussed so far in this chapter, and which is mainly
treated in the early parts of this book. The Heisenberg version, which stresses opera-
tors rather than wave functions, is introduced in later chapters. Both versions are used
extensively in modern physics, and both are important.
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The measurable quantities in physics are always expectation values: they are the
average quantities. If F(r, p) is some function of position r and momentum p, then its
expectation value is

(F)(t) = / drp” (v, §) F(x, —ihV)i(r, t) (1.45)

The bracket on the left is a shorthand notation for taking the average over r, as indicated
on the right-hand side of the equation. The Schrédinger and Heisenberg versions of
quantum mechanics are equivalent because they always give the same expectation values.
The same result is obtained even as a function of time, so the two versions give the same
result for the time derivatives of (F)(t).

1.5.1 Schrédinger Representation
This representation has two important features.

1. Wave functions ¥(r,t) depend on time, and the time development is governed by

Schrodinger’s equation:

ih% = Hy/(r, 1) (1.46)
Y(r, ) =e My (r,t=0) (1.47)

The second equation is a formal solution to eqn. (1.46).

2. Operators do not depend on time. Operators such as r, p, H, L, are time independent.

In the Schrédinger representation, only the wave functions depend on time. The time
derivative of an expectation value, such as (1.45), is

b b *
o (F)(t)= / Pr Kw) E(r, —ihV ) (r, )

+ " (v, H)F(r, —ihV) (WN (1.48)

The derivatives are evaluated using eqn. (1.46), giving

b i * *
5 (EX0 = [P )Fp—y FiE1g) (1.49)

In the first term on the right, the positions of H and y* can be interchanged. Recall that
H=p*/2m+ V. The scalar V can be interchanged. The kinetic energy term is —h*V?2/2m,
which can be interchanged after a double integration by parts on the r variable. Then the
time derivative is written as a commutator:

[H, F]= HF—FH (1.50)

%(Fﬂt): %/ &y’ [H, Fly (1.51)



10 | Chapter 1

The above equation can be summarized as
d i
$<F>(t):<ﬁ[Hv F]> (1.52)

The identical equation is found in the Heisenberg representation, as described below.

1.5.2 Heisenberg Representation
This representation has several important features:

1. Wave functions are independent of time (r).

2. Operators are time-dependent according to the prescription
F(r,p,t) ="/ F(r, pe " (1.53)

3. The expectation values are given by
()= 1" (F(e, p. (154
= [ e e (1.55)
The latter definition is formally identical to (1.45). The time derivative is also identical:
%F(r, pt)= %eiH‘/h[HF—FH]e‘iH‘/h (1.56)
= L (H,Fr,p.1) (1.57)

This equation is the fundamental equation of motion in the Heisenberg version of
quantum mechanics. The focus of attention is on the operators and their development
in time. Once the time development is determined, by either exact or approximate
techniques, the expectation value of the operator may be evaluated using the integral in
eqn. (1.55). The solution to the time development in (1.57) involves the solution of op-
erator expressions. The Heisenberg version of quantum mechanics, with its emphasis
on the manipulation of operators, appears to be very different than the Schrédinger’s
equation (1.29), which is a differential equation in r-space.

Yet the two representations do make identical predictions. For the average of the time
derivative of F, the Heisenberg representaton gives, from (1.57),

OF 1 ; i
<$> N %/ &ry” (r)e™/MH, F(r, p)le "™y (r) (1.58)

This result is identical to the Schrodinger result in (1.51), just as the average value of F is
the same as (1.45) and (1.55). The simularities of the two approaches is more apparent
when using eqn. (1.47). The Hermitian conjugate of this expression is

Wi, ) =y (x, )" (1.59)
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and the expectation value of F in the Schrédinger representation is

(F) = / (O F (e, pin, (1.60)

This Schrédinger result is identical to the Heisenberg result in (1.55). The two repre-
sentations make identical predictions for the average values of operators and for all values
of time. The two versions of quantum mechanics are equivalent in predicting mea-
sureable quantitites.

1.6 Noncommuting Operators

The important variables of classical mechanics usually exist as operators in quantum
mechanics. A partial list of such operators is momentum p, energy H, and angular mo-
mentum L,. An important consideration between pairs of operators is whether they
commute or do not commute.

An example of a pair of noncommuting operators in one dimension is the position x
and momentum p = —ikid/dx. Take some arbitrary function f(x), and operate on it by the
two combinations

xpf:—ihx% (1.61)
d d
pxf = —iha(xf) = —ih(f—i—x%) (1.62)

Subtract these two results:

(xp—px) f =ihf =[x plf (1.63)

The bracket notation for the commutator is used in the second equality: [A, B] = (AB — BA).
This notation was introduced in the prior section. The commutatior [x, p], when operating
on any function of x, gives ifi times the same function of x. This result is usually written
by omitting the function f(x):

[x,p] =ik (1.64)

The presence of such a function is usually implied, even though it is customarily omitted.
The position x and momentum p do not commute. They would be said to commute if
[, pl=0.

A theorem in linear algebra states that if two operators commute, then it is possible to
construct simultaneous eigenfunctions of both operators. For example, if two operators
F and G commute, then it is possible to find eigenstates ¢, such that

Fo,=fudp Ghn=2gud, (1.65)

where (f,, g.) are eigenvalues. The converse is also true, in that if two operators do not
commute, then it is impossible to find simultaneous eigenvalues from the same eigen-
function.
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It is impossible to find simultaneous eigenfunctions of x and p. There is no function ¢,
that has the dual property that x¢,, = x,¢,,, p¢,, = pn¢,. One can find an eigenfunction of
x but it is not an eigenfunction of p, and vice versa. The statement that one cannot define
simultaneous eigenvalues of x and p causes the uncertainly principle that AxAp > k.
A similar uncertainly principle exists between any pair of noncommuting operators.

The most important operator in quantum mechanics is the Hamiltonian H. The
eigenfunctions of H are used extensively in wave functions and elsewhere. It is useful to
ask whether these eigenfunctions are also exact eigenfunctions of other operators, such as
momentum and angular momentum L. The answer depends on whether these other
operators commute with H. Angular momentum often commutes with H, and then one
can construct simultaneous eigenstates of H and L. The momentum p only occasionally
commutes with H. Since p and L never commute, one can never find simultaneous
eigenstates of all three operators.

An example is useful. Consider the Hamiltonian in three dimensions. The potential
V() =0.

2 292
H:L:,hv
2m 2m

(1.66)

One choice of eigenfunction is the plane wave state ¢(k, r) = A", where A is a nor-
malization constant. The eigenvalue of H is

AV W2 k?
Mlme)_%wkm b= (1.67)

Ho(k,1) = —

The plane wave solution is also an eigenfunction of the momentum operator, but not of
the angular momentum:

po(k, 1) =—ihVp(k, 1) =hkep(k, 1) (1.68)

d d
Lok, r)=—ik (xb_y - Yb_x) ¢ = Rh(xk, — yk.)p(k, 1) (1.69)

The plane wave is an example of a simultaneous eigenfunction of H and p.
Another choice of eigenfunction for H is the product of a spherical Bessel function
Je(kr) and spherical harmonic angular function Y}*(0, ¢) in spherical coordinates:

W om () = je(kr) Y;" (0, ¢) (1.70)

Readers unfamiliar with these functions should not worry: they are explained in chapter
5. This function is an exact eigenfunction of H and L,, but not of momentum:

H g, (kr) = &1 4y (K1) (1.71)
Loy gy, (kr) = iy, (kr) (1.72)

Here is an example of simultaneous eigenfunctions of H and L,.
The Hamiltonian of a “free particle,” which is one with no potential (V=0), has a
number of eigenfunctions with the same eigenvalue ¢;. The eigenfunctions in (1.70), for
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different values of (¢, m), where (0 > ¢ < 00, —¢ < m < (), all have the same eigenvalue g.
Any linear combination of eigenstates with the same eigenvalues are still eigenfunctions
of H. The plane wave state exp(ik - r) is a particular linear combination of these states.
Some linear combinations are eigenfunctions of p, while others are eigenfunctions
of L,. Since p and L, do not commute, there are no eigenfunctions for both operators
simultaneously.
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Homework

1. Prove that
Lo ,—L 1 1
e ae =a+[L7a]+§[L7[L,a]]+i[L7[L7[L,a]]]+-~~

where (a, L) are any operators.

2. If Fis any operator that does not explicitly depend on time, show that 3(F)/dt=0in an
eigenstate of H with discrete eigenvalues.



2 One Dimension

It is useful to study one-dimensional problems, since there are many more exact solutions
in one dimension compared to two and three dimensions. The study of exact solutions is
probably the best way to understand wave functions and eigenvalues. This chapter gives
some examples of exact solutions. There are many more exactly solvable examples than
the few cases given here.

A person with a knowledge of quantum mechanics should, if presented with some
potential V(x), be able to give a freehand sketch of the wave function y(x). This sketch
need not be precise, but should oscillate in the right regions, and decay exponentially in
the other regions. A major purpose of the next two chapters is to develop in the student
this level of intuition. The present chapter discusses exact solutions, while the next chapter
gives approximate solutions. One dimension is a good place to sharpen one’s intuitive
understanding of wave functions.

There are other reasons to investigate one-dimensional behavior. Many physical sys-
tems exhibit quasi-one-dimensional properties. Another reason is that the mathematics
of one and three dimensions are very similar. Two dimensions is different.

2.1 Square Well

The easiest solutions of Schrédinger’s equation are those where the potential V(x) has
only constant values V. Several such cases are solved in this section, all under the general
title of square well. They are characterized by having the potential V(x) consist of constant
values V; in all regions of space.

The first case is a particle in a box (figure 2.1). The potential V(x) has a constant value
Vo inside of the box of length L and infinite values everywhere else:

V(x)=Vy 0<x<L (2.1)
V(x)=oo elsewhere (2.2)

Take V, = 0, which defines the energy zero to be the bottom of the box.
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V(x)

N

0 X L ) —

FIGURE 2.1. (a) V(x) for a particle confined to a box 0 < x < L. (b) The lowest two
eigenfunctions.

Inside of the box, where V(x) =0, Schrédinger’s equation is

2 1
(=B =0~ (50 + E vt 23

2m dx?

The first constraint is that E has to be positive. This assertion can be proven using
mathematics, where it can be shown that the differential equation (2.3) has no solution
for E < 0 for the boundary conditions stated below. The physics statement is that Schré-
dinger’s equation has no eigenvalues E, that are lower in value than the smallest value
of V(x). All eigenvalues must be greater than the smallest value of V(x). This constraint
applies to all problems in all dimensions.

Since E > 0, it is used to define the wave vector:

k= Z::—ZE (2.4)

Schrodinger’s equation (2.3) is now a familiar differential equation

a2 )
(W +k )l//(x):o (2.5)
with the solution
Y(x) = Cy sin(kx) 4+ C, cos(kx) (2.6)

The constants C; , are chosen using the boundary and normalization conditions.

The boundaries of the wave function are at the ends of the box: (x =0, L). The divergent
potential at these points (V= oo) forces y/(x) to vanish at x =0 and at x = L. The argument
requiring that (0) = 0=1/(L) has two parts.

1. The energy E should be finite and given by the expression

E= /_ ’ dxciy” () Hip () (2.7)

where the limits of integration span — oo < % < c0. The Hamiltonian H contains the potential
energy V(x). Since V(x) = co forx < 0,and for x > L, theintegral will diverge over these intervals
unless (x)2V(x) # oo, which forces /(x) = 0. So the wave function is zero outside of the box.
2. The wave function is continuous everywhere. This contraint is due to the nature of the

second-order differential equation:
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o If y(x) = 0 for x > L then it is zero at the point x = L: (L) = 0.
e If Y(x) = 0 for x <0 then it is zero at the point x = 0; (0) = 0.

We conclude that the important boundary conditions in the case of a box with infinite
walls is (0) = (L) = 0.

Since Y(x = 0) = 0, then the coefficient C, in (2.6) is zero: The term cos(kx) does not
vanish at x = 0, so its coefficient must be zero. There remains the solution

Y (x) = C; sin(kx) (2.8)

The function sin(kx) does vanish at x = 0. It must be forced to also vanish at x = L. Only
certain selected values of k obey the condition that sin(kL) = 0. These are

kL=nn (2.9)
b — ”Tif (2.10)
W(x) = C1 sin (”—Z") (2.11)

=n’E, E = zh;anz (2.13)

The minimum eigenvalue is E;. The boundary conditions permit only selected values
of k,, and E,. The allowed values are called eigenvalues. The corresponding functions are
eigenfunctions:

W, (%) = C1 sin(k,x) (2.14)

The coefficient C is a normalization constant. It is chosen so |/,,(x)| has unit value when
integrated over the range of values where it is nonzero:

1= /Odew/n(x)\Z:cf/Odesinz(k,,x) (2.15)

Change the integration variable to 0 = k,x and the integral goes over the interval
0<f<nm

L nm
2t 2
1=C2 nn/o d6 sin?(6) (2.16)
The average value of sin*() between zero and nr is one-half, so the integral equals nr/2:

L
1= cfz (2.17)

C - \/% (2.18)
V(%) = \E sin (”—Z") (2.19)

The last equation gives the eigenfunction with proper normalization.
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Another configuration for the same problem is to displace the box and have it span
—L/2 <y< L/2. In the present problem, that can be accomplished by letting y=x — L/2:

b=/ sk (3 3|

sin[kny—i- ?] = sin(kny) cos(?) + cos (kny) sin (%) (2.20)

But cos(nn/2) =0 if n is odd and sin(nn/2) = 0 if n is even. One can write the eigen-
function when the box is —L/2 <y < L/2:

2gin (MY i
\/;sm( i ) n is even
\@cos (?) n is odd (2.21)

The potential is symmetric in the present example: V(—y) = V(y). When the potential is

Yay) =

symmetric, the eigenfunctions are either of even or odd parity.

« Even parity eigenfunctions have y(—y) = ¥(y). Expand this relation in a Taylor series about
y = 0, and find that

da

0= (M) (2.22)
dy Jy—o

This equation is useful for finding the even-parity eigenfunctions of symmetric potentials. In

the present example, they are the cosine functions.

* The odd-parity case has y(—y) = —y/(y). At y = 0 this identity gives ¥(0) = —/(0), which
requires that /(0) = 0. This latter identity is useful for finding odd-parity eigenfunctions. In

the present problem they are the sine functions.

We prefer to write the particle in the box as spanning 0 < x < L since one only has to write
down a single set of eigenfunctions.
A third example is a problem with three different regions of constant V(x):

o0 x<0
Vik)=¢ -Vo 0O<x<a (2.23)
0 a<x

This potential is shown in figure 2.2. The quantity Vj is positive, so the potential energy is
negative for 0 < x < a. The zero of energy is taken as the region where x > a.

* Bound states are defined as having an eigenvalue E < 0. For these states the wave function is lo-
calized near the region where the potential energy has negative values. In making the statement

that E < 0, zero energy is chosen as the value of V(x) far from the region of negative potential.

* Continuum states are defined as those with E > 0. They have an eigenfunction that extends

over all space x > 0.

Bound states are discussed first. There will be a finite number of them for most po-
tentials. This number could be zero—there may not be any bound states if the attractive
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V(x)

_VO

FIGURE 2.2. V() for the second problem.

regions are weak. All bound-state energies are within —V,, < E < 0, where again —Vj is the
minimum value of the potential energy.

The potential V(x) is piecewise continuous. The mathematical procedure is to solve
Schrédinger’s equation first in each region of space. In each region there are two in-
dependent solutions of the second-order differential equation. Each is multiplied by a
constant such as C; or C,. The constants are determined by matching the solution at the
boundaries between the regions.

« If the potential step is infinite, as in the preceding example, the eigenfunction must vanish at
that step.

» If the potential step is finite at a point, the eigenfunction is continuous at that point.

+ The first derivative of the eigenfunction is also continuous at each point, except those points
%o with a delta-function potential [V(x) = Ad(x—xo)]. The derivative at a delta-function point is

derived below.
For the bound state, there are two regions where the eigenfunction is nonzero.

* 0<x<ahas

d? 2
0= (ﬁ +p2) Y(x), p*= FTT(VO +E)>0 (2:24)
Y (x) = Ci sin(px) + C; cos(px) (2.25)

The last equation is the most general solution to the differential equation.

+ a<xis a region where the eigenfunction decays exponentially:

2
= (% —az)lp(x), ocZ:—Zh—TE>0 (2.26)
Y(x) = C3e™™ 4 Che™ (2.27)

These are the two most general solution of the differential equation. The latter solution
can also be written as

Y (x) = Cs sinh(ox) + Ce cosh(ax) (2.28)
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The two forms (2.27) and (2.28) are entirely equivalent. The first one (2.27) is preferable
for the present problem.

The first boundary condition is that y(x = 0) = 0 since the potential becomes infinite
at this point. The boundary condition forces C, = 0 since cos(0) # 0. The second boun-
dary condition is that the eigenfunction must vanish far from the region of negative po-
tential. For x > a, the term exp(xx) diverges at large values of x. This term must be omitted,
so set C4, = 0. Therefore, the eigenfuncion has the functional form

0 x<0
Y(x)=4q Cisin(px) O<x<a (2.29)
Cze™™ a<x

The final step is to match these eigenfunctions at the point x = a. Matching the eigen-
function and its derivative gives two equations:

Cy sin(pa) = C3e™* (2.30)
pCi cos(pa) = —aCse™ ™ (2.31)

The equation for the eigenvalue is found by dividing these two equations, which cancels
the constants Cj 3

tan(pa):_l 2.32)
P x '

V0+E V0+E hz
tan 4 E. =—4/ -y ’EaZZmaz (2.33)

A bound state exists for every value of —V, < E<O0 that satisfies this equation. The

equation has a minus sign. Since the square root is always positive, the minus sign comes
from the tangent function. It has a negative value for arguments larger than n/2. This
contraint gives the minimum eigenvalue:

Vo+E =©
ad 2.34
\"E 2 (2.34)

2
E>7V0+%Ea (2.35)

There are no bound states if the right-hand side of this equation is positive.
Another way to write the eigenfunction equation (2.32) is to define the strength of the
potential:

2. Vo 2mVya?
R

(2.36)

It is a dimensionless quantity. Also define a dimensionless binding energy ¢ using
E=—¢V,. Since —Vy< E<0 then 1 > ¢ > 0. Now the eigenvalue equation is

tany/g?(1—¢) = — ? (2.37)
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The allowed values of ¢ depend only on the single parameter g.

Above we found the minimum binding energy. Now let us find the minimum value of
the potential strength g, to have a bound state. For g < g, there are no bound states, while
for g > g, there are one or more bound states. The critical value of g is found easily by
observing that at critical binding £é—0, so that the right-hand side of (2.37) goes to infinity.
As ¢—0, then

tan(g) =—0, g == (2n+1) (2.38)

YRS

So the minimum value of the potential strength is g.= /2. The minimum value of V, for
the existence of a bound state is

7'52

Vo> E (2.39)
This value applies only to the case that the potential at one end of the box goes to infinity.
For a general value of g > g, one can find the bound states by solving the eigenvalue
equation using graph paper or a computer.

Continuum states are those with positive energy (E > 0). They describe states that are
not bound. Here we find the continuum states for the above potential energy. One still
solves the two equations in (2.24)—(2.26), except now o> = —k* < 0. The quantity p” is still
useful. The general solution in the two regions is

a1 sin(px) + ay cos(px) 0<x<a

Y(x)= { (2.40)

by sin(kx) + b, cos(kx) a<x

2mE

k= 2

(2.41)

Again there are constant coefficients (a4, a5, by, by) that depend on the boundary con-
ditions and on the matching at x =a. Again set a, =0 to satisfy the boundary condition
that the eigenfunction vanishes at the point x=0, where the potential becomes in-
finite. The second equation is expressed in terms of two coefficients (b, b,). Although
it is perfectly correct to express the eigenfunction this way, as a sum of sine and
cosine functions, the conventional way in physics is to express the result in terms of
two other constants. One of these is the amplitude D, while the other is called the phase
shift o(k):

i 0
b = { a1 sin(px) <x<a 0.42)

Dsin(kx+9) a<x
It is emphasized that the two forms for the eigenfunction, for x > 4, are identical:
W (x) = by sin(kx) + b, cos(kx) = Dsin(kx + ) (2.43)

The right-hand expression is expanded using the trigonometric identity for the sine of the
sum of two angles:
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sin(kx + 0) = sin(kx) cos(d) + cos(kx) sin(d) (2.44)
by =Dcos (0), by = Dsin (9) (2.45)

D=/ +b3, tan(é):Z—i (2.46)

These formula establish the equivalence of the two forms for the eigenfunction. There are
always two independent constants in a second-order differential equation. In the preferred
form, they are D and o.

The constants a, and D are normalization coefficients. They are real, as shown below.
So the entire continuum wave function is real. This feature is a consequence of forcing
the eigenfunction to vanish at some point, here at x=0.

If the value of V,=0, then p=Fk and the solution has D=a;, § =0. The presence of
any potential will cause the phase shift 6 to have a value different than zero. The phase
shift gets its name since it causes the phase of the wave function (kx + ) to shift its value.
Of course, if the shift is a multiple of 7 then there is no observable effect on the particle
density |y(x)|>. In chapter 10 we will learn that the phase shift of a potential is all that can
be determined in an elastic scattering measurement.

Now return to solving for the continuum eigenfunction. The two forms for the
eigenfunction, for 0 < x < a and a < x, are matched in value and slope at x = a:

a1 sin(pa) = Dsin(ka + 0) (2.47)
a1p cos(pa) = kD cos(ka + J) (2.48)
Divide these two equations to eliminate (a4, D) and derive the equation for the phase shift:

tan(pa)  tan(ka + 9)
r k

(2.49)
o(k) = —ka + arctan [S tan(pa)} (2.50)

The only quantities remaining to be determined are the amplitudes (a;, D). Together they
provide the normalization of the eigenfunction. This normalization is treated in a later
section.

A numerical example is presented for the potential shown in figure 2.2. Take m to be
the mass of the electron, a=2.0 A, and V,=4.0 eV. The potential strength in (2.36) is
g=2.05, which is above the value for critical binding (g, = n/2). There is one bound state.
Solving eqn. (2.37) gives ¢=0.119. The bound-state energy is E= —0.48 eV, which is
near to the top of the potential well. Figure 2.3 shows the unrenormalized eigenfunc-
tion (C;=1) for the bound state yp(x) as the solid line. Finding the correct normali-
zation coefficient is a homework assignment. The eigenfunction p(x) rises linearly
from the origin, has a single maximum, and then decays to zero outside of the potential
well.

Also shown, as the dashed line, is the continuum-state eigenfunction y;(x) with kine-
tic energy E=1.0 eV. This curve is also normalized arbitrarily (a; =1). For values of x
outside of the potential well, the continuum eigenfunction () oscillates according to
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F1GuRre 2.3. The solid line is the bound-state eigenfunction, while the dashed line is the
continuum-state eigenfunction for E = 1.0 eV.

the simple formula of ;= Dsin(kx+ ). Notice that the continuum eigenfunction
changes sign quickly so that it satisfies the requirement that it be orthogonal to the bound
state:

0= [ syt (251)

All solutions of the Schrédinger’s equation must be orthogonal to all others with the same
potential energy function.

The last example in this section on constant potentials is when a particle reflects at a
barrier. Figure 2.4 shows a potential system V(x) = V©(x), where the Heaviside function
O(x) is zero for x < 0 and is one for x > 0. V, > 0, so the potential is positive. A particle
enters from the left with energy E = h’*k?*/2m > 0 and amplitude I. Upon getting to the
barrier at x=0, some of the wave reflects with amplitude R. The behavior for x > 0
depends on whether E > V, or E < V,. Here it is assumed that E >V, so the there is a
wave on the right with wave vector p and amplitude T:

I ikx R —ikx <0

Wik, x) { TR x (2.52)
Telr> x>0

= 2—”L(J:L\/()), o 2mE (2.53)
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FIGURE 2.4. A particle entering from the left reflects from the barrier at x = 0.

The amplitude I is assumed known, and the values of R and T are found by matching the
eigenfunction and its slope at x=0:

I[+R=T (2.54)

ik(I-R) = ipT (2.55)
k—p

_7 2.56
k+p ( )
2k

T=1— 2.57
k+p (2.57)

The first two equations are from the matching conditions, and the last two are their
solution. The eigenfunction is completely determined.
The current operator in one dimension is given in chapter 1:

[ — h 7':%_ dl/[k
Ji%{w dx dx}

(2.58)

The phrase “current operator” has two possible meanings. One is the flux of particles (), so
it has the units in one dimension of particles per second. The second possible meaning is
the electrical current (J = ¢j), which has the units of amperes. These two definitions differ
only by a prefactor, which is the charge e of the particle. Multiplying the particle current by
the charge gives the electrical current. The above formula is for the particle current.

Let us apply this formula to the three terms in the eigenfunction:

+ The incoming particles have a term I¢** and a particle current

. hk, 2 hk
c= 1P = |1, -~ 2.59
ji= =i, = 259
+ The reflected wave has a term Re ** and a current
. ik
Jr==""|RI’ =-w|R’ (2.60)

« The transmitted wave Te* has the particle current

, hip 2 2
ji=E|TP =,/ (2.61)
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* The outgoing flux equals the incoming flux j;

Y
kp)” + 4hp —%mz (2.62)

ko
= =
Jigr= M k7
The flux of the particles is conserved in the process of having the wave scatter from the
potential step.
Another way to evaluate the current is to calculate the total particle current in the
region x < 0:

je= V_Zk[(I*e—ikx + R (I —Re ) (2.63)
+ (Ieikx + Refikx)(l*efikxiR*eikx)]
=wl| 1"~ |R") =i +jr (2.64)

The current on the left is the sum of the incoming and reflected currents. The cross terms
such as I*R cancel.

Most potential functions, such as V(x) in one dimension or V(r) in three dimensions,
neither create nor absorb particles. For these simple potentials, the current of particles is
conserved. Just as many particles enter the system as leave. This sum rule is a useful
check on the correctness of the eigenfunction.

Consider again the transmission and reflection of a particle from the barrier in figure
2.4. Now have the incident particle from the right, so the eigenfunction when E > Vj
has the form

I'e P 4 ReP* x>0
ik, x)= { coTRe ¥ (2.65)
/gt x<0

and (k, p) have the same meaning as before. The amplitude I’ is assumed known, and the
values of R” and T are found by matching the eigenfunction and its slope at x = 0:

I'+R =T (2.66)
—ip(I'=R') = —ikT’ (2.67)
-
R=r+— 2.68
k+p ( )
2p
T (e 2.69
k+p ( )

It is interesting to compare these reflection and transmission amplitudes with those
coming from the other direction. In both cases set the incident amplitudes to unity
(I =T = 1). Then we find

R=-R T=Pr (2.70)

There is a simple relation between the amplitudes for the two directions.
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(a)
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(b)

F1cURE 2.5. (a) The incident and reflected amplitudes for waves coming from
either direction to an arbitrary barrier, represented as a box. (b) The time-reversed
wave from the left.

The above derivation can be extended to the transmission and reflection of a barrier of
any shape or thickness. Figure 2.5a shows the incident and transmitted waves for a
barrier of any shape, which is represented by a gray box.

1. The first figure shows an incident wave from the left. It has unit amplitude, and reflection

(Ry) and transmission (T;g) amplitudes:

e® L Rie7™*  x<0
7 ={ (2.71)

TLRBipx x>0

2. The second figure shows an incident wave from the right. It has unit amplitude, and

reflection (Rg) and transmission (Tg;) amplitudes:

(2.72)

e % L Rpe”* x>0
Yr= i
Trre ™ x<0

In figure 2.5b, take the complex conjugate of the wave coming from the left. Since
Schrédinger’s equation is invariant under the complex conjugate operation, this should
also be a valid physical eigenfunction. In fact, the complex conjugate is the time-reversal
operation: the complex conjugate of exp(ikx) is exp(—ikx). A wave going to the right has
been changed to a wave going to the left:

X e—ikx + Rzeikx x <0
vi= (2.73)

Type™ P~ x>0

This state has an interesting feature: there is no wave leaving on the right. Both incident
waves in part (a) have a wave going to the right. Although (b) has two incoming waves, none is
leaving to the right. The two contributions must cancel. We can construct the time-reversed
state by multiplying the two eigenfunctions in figure 2.5a by R; and T} respectively:

Wr =R+ Tipig (2.74)

(2.75)

{ R;(é™ + Ree ™) + T, Tree ™ x<0

T;r(€7P* + Rpe*) + R Tige? x>0
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Rie% 1 (IR |? + TF, Trr)e x<0
_{ L (‘ L| LR RL) (2.76)

Tire P+ (RRTjg + Ry Tir)e? x>0
Compare these coefficients with those of the time-reversed state in (2.73) and find

1=|Re|* + T} Tar (2.77)
0=R;Tir + RrTjg (2.78)

Two other identities are found from the conservation of current:

k(1—|Ri|*) = p| Tir|* (2.79)
p(1—|Re|*) = K| Tre[* (2.80)

The only solution to all of these equations is

Tro= %TLR (2.81)
T

Rg=—R; =X (2.82)
TLR

Time-reversal arguments have derived general relations between the reflected and
transmitted wave amplitudes while approaching a barrier from either direction. They also
agree with the simple example in (2.70). The last relationship gives |Rg| = |R;|. The
reflection amplitude is the same for the two sides of the barrier.

2.2 Linear Potentials

In one dimension, the linear potential has the form
V(%) = Fx (2.83)

where F is a constant. There are numerous examples where this potential is applicable.
One is a particle in a gravitational field near the surface of the earth, where F=mg.
Another case is when a particle of charge g is in a constant electric field E, and F = —qE.
Other cases are encountered later.

Schrédinger’s equation is

R

= {— P Fx—E} (%) (2.84)

It is convenient to use dimensionless variables. A unit of length is

hZ 1/3
x—E/F
T (2.86)
X0

The variable z is dimensionless. The form of Schrédinger’s equation depends on the sign

of the field:
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d2
0= <E72)l//(z), F>0 (2.87)
0= (dd—; +z) Y(z), F<0 (2.88)

Schrodinger’s equation in (2.84) is converted into a simple equation (2.87). This latter
equation is called Airy’s equation. There are two forms, depending on whether F is positive
or negative. However, by changing z to —z in the second equation, it becomes identical to
the first. So it is necessary to solve only one case. The other is obtained by changing the
sign of z.

Since Airy’s equation is a second-order differential equation, it has two solutions, called
Ai(z) and Bi(z):

V(2) = C1Ai(z) + G, Bi(2) (2.89)

The constants C;, are again determined by the boundary conditions. A differential
equation such as (2.84) is a mathematical problem that is incompletely specified: the
boundary conditions are needed to completely determine the eigenfunction.

The two Airy functions can be expressed as Bessel’s functions of index one-third.
An alternative and equivalent procedure is to express them as integrals over a vari-

able t:

Ai *l/%dt ﬁ-ﬁ-t 2.90
L(z)—T[0 cos 3 z (2.90)
: L/= —£/3+zt (P

Bi(z) = — dt|e + sin| = +zt (2.91)

T Jo 3
We prove that one of them, say Ai(z), does satisfy the differential equation (2.87):

dZ ) 1 ee] ) t3

EAl(Z) =— ;/0 dtt” cos (? + zt) (2.92)
& Ai —fl/ldtter ﬁth 2.93
i z|Ai(z) = )y ( Z) cos 3 z (2.93)

1(* d_ (P
:_E/o dtﬁsm(g +zt> =0 (2.94)

The last line shows that the integrand is an exact differential, which vanishes at both end
points. The value of the sine function as t — oo is not obvious, since it oscillates. However,
it is taken to be zero anyway.

Figure 2.6 shows a plot of the potential V = Fx on top, and the two Airy functions below.
Given a value of energy E, the turning point b is where V(b) = E, b= E/F. Turning points
separate the regions where V> E from those with V<E. In Airy’s equation, the
turning point separates z < 0 from z > 0. Figure 2.6 shows that Ai(z) decays to zero for
z > 0, while it oscillates for z < 0. Bi(z) grows without limit for z > 0, and also oscillates for
z < 0. Their asymptotic forms are needed later and are listed here. Define the variable

p= @)=



28 | Chapter 2

(a)
V =Fx
---------- E
X
(b) '
1
7
/
T ’
,/ Bi2)
10t
4
7/
v
/__
BN | ,’:/ : .
/,/—5 D, 32 - 0 1 2 7
\ NS
-1.0+

F1GURE 2.6. (a) The solid line is V = Fx and the dashed line is E. They cross at the
point z=0. (b) The solid line is Ai(z) and the dashed line is Bi(z).

Ai(z) =

w57z i)
lim

s 2aheof)]

- Ai(—z)= S /%) :\/’g il {1 + o(%)}

7 Bi(-2) = %\/%/4) {1 ! O(%)}

(2.95)

(2.96)

The interesting feature of Airy functions is that they depend on a single variable z.

There is no other eigenvalue, such as k. Changing the energy E just moves the turning

point, and the eigenfunction just slides over in x-space, without changing shape. Sim-
ilarly, changing the field F just expands or compresses the scale over which the function is

graphed. Changing the sign of F just changes z to —z.

Now consider Schrédinger’s equation to be a physics problem. If the potential
V(x) = Fx exists throughout all space, the solution Bi(z) must be discarded by setting
C, = 0, since it diverges on the positive side of the turning point. Most physics problems

contain just the term Ai(z), since it is well behaved at large value of z.
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F1GURE 2.7. The potential V(x) is linear for x > 0 and o for x <0.

As an example of the use of Airy functions, consider the potential
o x<0

V(x)= { (2.97)
Fx x>0

The potential is linear to the right of the origin x = 0 and diverges to the left, as shown in
figure 2.7. The boundary condition at ¥ = 0 forces the eigenfunction to vanish at that

point:
Y(x) = CLAi (x_:;/ F) (2.98)
Y(0)=0=CiAi CTIIZ;) (2.99)

Figure 2.6 shows that Ai(z) oscillates for negative values of z. Each point at which it
crosses zero (i.e., each node) is a solution to the eigenvalue equation. Some mathematical
tables give values for the zeros z, of Airy functions. The allowed eigenvalues are

E,=—xFz, (2.100)

where z; = —2.3381, z, = —4.0879, z; = —5.5206, etc. Since z, <0, then E, > 0. The
constant C; is a normalization constant that is derived in a later section.

2.3 Harmonic Oscillator

Consider a classical system of a mass m connected to a spring of constant K. The spring
obeys Hooke’s law that the force is F=—Kx, for a displacement x, and the potential
energy is V(x) = Kx*/2. The Hamiltonian for this system is

K
H=f 42y (2.101)

This Hamiltonian is called the harmonic oscillator. It is an important system in quantum
mechanics, since it is applied to many problems in physics.
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FIGURE 2.8. V(x) with a segment having V cc %

At this point in my lecture, I always ask the student to name the polynomial that is the
solution to this Hamiltonian. Many eager students volunteer the answer that it is a
Hermite polynomial. This answer is usually incorrect.

The most general solutions to the differential equation

0=|—>——5 + = x*—E|y(x) (2.102)

are parabolic cylinder functions. There are two of them, since the equation is
second order. They are not given here since we will not use them, but they are given
in books on mathematical physics. Solutions involving parabolic cylinder functions are
required when the potential V(x) oc x* exists only over a finite segment of space. For

example,
V(x)*E 2_a?), — 2.103
—2(x a‘), —a<x<a (2.103)
=0, |x|>a (2.104)

This potential is shown in figure 2.8. The two parabolic cylinder functions are needed for
—a < x<a and plane waves are needed elsewhere.

The harmonic oscillator Hamiltonian has a solution in terms of Hermite polynomials
when the potential V oc x” exists for all space—for all values of x. In this case, it is useful
to define a frequency w and length xy:

2\ /4
w:\/% xo:,/%:<%) (2.105)

It is convenient to rewrite eqn. (2.102) in dimensionless units by defining a dimen-
sionless distance as ¢ = x/xo and a dimensionless energy as ¢ =2E/hw. Multiply eqn.
(2.102) by —2/hw and find
& .
0= |z —E+s W() (2.106)
This equation has only bound states, with discrete eigenvalues. There are no continuum
states. The eigenvalues and eigenvectors are
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en=2n+1, En:hw<n+ %) (2.107)
V(&) = NaHa(8)e </ (2.108)
N, = [Va(n)2"]? (2.109)

where n is a nonnegative integer. Below are given the Hermite polynomials of lowest
order, a recursion relation, and other relations:

Ho(&)=1, Hy=2 H,=4&-2 (2.110)
1
5y = EHy — nHy (2.111)
d .
42 (&) =26 H, = oy = 2nH, (2.112)
H (5):(—1)"352£e—52 (2.113)
n dfn .
2E— 52 - 2"
7 = ZHH,@ (2.114)

n=0

The last equation is called a generating function.
The eigenfunction is normalized according to

5,4/:/:0 A&, () (<) (2.115)

The functions (&) are dimensionless. Sometimes it is useful to have the dimensional
functions of x, which are called ¢,(x). They are normalized acccording to

Pnlx) = \/Lx—ol//n(x/xo) (2.116)
u= [ a0 @117)

This completes the discussion of eigenfunctions and eigenvalues.
Generating functions are useful for evaluating integrals of harmonic oscillator func-
tions. They will be used to prove (2.115):

m:/:ﬁW@W@:MM[ %m@wmf? (2.118)

The integral on the right is evaluated using generating functions. Multiply together the
two generating functions below and then integrate over all d¢:

n

272 _ Z%Hn(é) (2.119)
2V _ Z% (&) (2.120)

14
0 , . _ nyl 0 R
/ dée < 2 ey = Zz Y / dEH,(E)Hy(é)e™* (2.121)

YAl
—nlll |,
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The integral on the left is a simple Gaussian, and is evaluated easily:

-

_ 52 _2 _ 2 £

e ? y/ dée g+2g(z+y):\/_e 22—y +(z+y)? \/—eZZY
—0

0 k
- \/5]; (22’) (2.122)

Compare the two series on the right side of eqns. (2.121) and (2.122). They must be equal.
The series in (2.122) has only terms with identical exponents for z and y. The series in
(2.121) must have the same feature, so the integral vanishes unless n = /. Equating each
term in the two series gives the identity:

i / dEHL (O H(&)e ™ =/ M (2.123)
Canceling the factors of (zy)" we get
/ AEH (O Ho(&)e ¢ = /a2 nld,, = 5—j (2.124)

This derivation shows that I,,,=0,,, in eqn. (2.118), and also derives the value of the
normalization constant N,,. Generating functions are useful for evaluating a variety of in-
tegrals involving Hermite polynomials.

The next quantity to evaluate is the integral of x with two different eigenfunctions:

[ st = (sl (2.125)

This integral is called the matrix element of x. On the right is the Dirac notation for this
matrix element. The two angular brackets indicate the two eigenfunctions. Dirac took the
word “bracket” and divided it into “bra” (n| and “ket” |¢). For example, in this notation the
orthogonality relation (2.117) is

(n]€) = 0me (2.126)

The matrix element (2.125) occurs in many problems, and it is a good exercise to evaluate
it now. The first step is to rewrite the recursion relation (2.111) as

¢Hu(¢) = %Hn+1(€)+an71(c‘f) (2.127)

The Hermite polynomials are converted to eigenfunctions by multiplying the above
equation by the factor N,, exp(—&?/2). This gives &,,(¢) on the left of the equal sign. On
the right, convert N,, to N,,.; by adding the appropriate factors:

) = 5 [V T 20 Vi 18] (2128

é|n>:%[\/n+ 1ln+1) +v/njn—1)] (2.129)
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The two equations are identical, and the second line is in Dirac notation. Now it is simple
to evaluate the matrix element in (2.125):

(nfwl6) =otnl¢]6) = =2 (ol [VEF TN+ 1) + V1)

- % [V/ASn, 11+ v+ 105, 1] (2.130)

The matrix element of x between two harmonic oscillator states n and ¢ has nonzero
values only when n=/¢+1. The matrix element is proportional to the unit of length x,.

The matrix element of x* can be evaluated by iterating the above process. For example,
if k=2, the matrix element of x* is found from

En) = \7 [Vn+1n+1)+/nn—1)] (2.131)
=3 [\/(n—o— 1)(n+2)|n+2) +/n(n—1)|n-2)
+ 2n+1)|n>] (2.132)
(n]x?|6) = \/ (n—1)0n, 142+ /(B +1)(n+2)dy, 1—2
+ (Zn +1)6] (2.133)

This completes the discussion of the matrix elements of x.
It is equally useful to know the matrix elements of the momentum operator p between
two harmonic oscillator states:

h d
(el = - (v

d_5‘£> (2.134)

The derivative of the harmonic oscillator function involves the derivative of the Hermite

polynomial:
ay, d _en
=N d—€< W(O)e ) (2.135)
=N, 72 (,an + d%H”> (2.136)

Evaluate the two terms in parentheses using eqns. (2.111) and (2.112) and find

d 2 1

dig =N,e ¢/ [an,l(cf)—EHnH(é)] (2.137)
d 1

PE n}-E[\/ﬂn—l)—\/n—Q— 1jn+1)] (2.138)

The derivative in eqn. (2.134) is
B
(n|pll) = ——= [V +105-1—VNdn,0 +1] (2.139)
xoﬁ

The matrix element of p* is found by iterating this process:
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\/(n+1 )(n+2)|n+2) + /n(n—1)|n—2)—(2n+ 1)|n)]

d§2|
(mlpIn) ( )[\/n+1>n+zam
/(1) S 2 — (21 + 1) ] (2.140)

The matrix elements of x* and p”* are needed to evaluate the matrix element of the
Hamiltonian (2.101):

(n|H|f) = (n\zp;\@ + §<n|x2|f> (2.141)

The dimensional prefactors in both terms are identical:

wo_w (@) :lhw (2.142)

2mxl mxo

71<x0 \/ \/7 Lo (2.143)

Using eqns. (2.133) and (2.140) gives
(n|H|0) = he (n—!— %) Ot (2.144)

The terms with n=/¢12 canceled to zero. There remains only the term with n=/. This
answer is expected since |¢) is an eigenstate of the Hamiltonian:

H|f) = ho (£+ %) 16) (2.145)

These results for the harmonic oscillator are used many times in the remainder of the
text.

2.4 Raising and Lowering Operators

The raising and lowering operators for the harmonic oscillator are introduced in this
section. These two operators are defined, and many of the results of the prior section are
expressed in terms of operators. There are two main reasons for introducing them. First,
the Heisenberg approach to quantum mechanics, wherein problems are solved by
manipulating operators, is a valid and important method. Advanced theoretical physics
tends to use the operator formalism, and the student should get used to it. The second
reason for introducing the raising and lowering operators for the harmonic oscillator is
that they are very important in physics. For example, chapter 8 discusses the quantum
approach to the electromagnetic field, where it is shown that photons obey harmonic
oscillator statistics. The operator formalism is important and that of the harmonic
oscillator is the most important of all.
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Raising operators are also called creation operators, and lowering operators are called
destruction operators. The title of this section could have been “Creation and Destruction
Operators.”

Start by recalling two equations from the prior section, (2.129) and (2.138):

) = V1 +VIF T (0] (2146
d
T = = VA VT T @) 2.147)

These two equations are first added and then subtracted to obtain two new equations:

d
iz (cf + d—é) Vo=V, (6 (2.148)
1 d

Define the raising (a') and lowering (a) operators as

al= % (57 d%) (2.150)
a= % <g’+ d%) (2.151)

The dagger () denotes the Hermitian conjugate. The lowering operator a acts on a har-
monic oscillator eigenfunction yr, and produces the eigenfunction with quantum number
with £ — 1. It lowers the value of the integer ¢ by one. Similarly, the raising operator a'
operates on an eigenfunction ¥, and raises the value of ¢ by one. In regular and Dirac

notation
ap (&) =Vlp_1(8), alt)=VI-1) (2.152)
aYy (&) = VE+ TP, 1(E),  all) =VI+1]0+1)

These results are the basis for all operator algebras.
What happens if the lowering operator acts on the ground state (¢ = 0)?

=" (2.153)

Equation (2.152) gives that a|0) = /0| — 1). The square root of zero is zero, and there is no
eigenfunction with ¢ = —1. The correct answer is found from the definition
NO o d ) _ g2 2 NO 22
a0y = 2 [+ = e 2= 2 (E=Het2=0 2.154
0= e+ 7 -9 2154

The result is zero. One cannot lower the ground state.

Further results are obtained by iterating the above operations. The operator (a')" raises
n times the quantum number /4, to the value of £+ n:
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(a")"16) = (@) VEF 10+ 1) (2.155)
=+ O(n+0-1) - (+2)(+ 1) |n+0) (2.156)
= (HZZ)!IH@ (2.157)

In (2.157) for the raising operator, set £=0 and find

()"
Vn!

10) = n) (2.158)

The eigenfunction of quantum number # is obtained by operating n-times by the raising
operator on the ground state |0).
Similar steps with the lowering operator give

a0y = [0(t—1)(l=2) - - - ((—n—1)]/2|t—n) (2.159)
0 l<n
={ ﬁ—w_m ion (2.160)

The operator language is an elegant way to express the eigenfunctions.
The operators can be expressed in terms of the x- and p-notation. Recall that & =x/x,
and hd/dé = ixgp; then

a=

1 i
X4 —
x0V/2 ( mwp)
- (x—L ) (2.161)
xoﬁ ma’p '

Since x and p are Hermitian, then a' is the Hermitian conjugate of a and vice versa. Add

and subtract these identities and find

x:j—%(a—l—a*)

h s

= ——=(a—a 2.162

= \/i( ) (2.162)

The displacement and momentum operators are expressed by raising and lowering
operators.

+

The raising and lowering operators do not commute. The operator aa’ on a function

fl¢) gives a different result than a’a acting on the same function. The difference of these
two operations is just the function f(&):

(aal —ala)f (&) =1 (&) (2.163)

This result is proven using the definitions of the operators:
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e+ 1) (a3 @ -]
1

1
| |
Co 1, d\/(, d , &2f
do@ = (-5 (¢+ g2 )r0 =3 @~ 5]
(aa'—ala) (&) =f(¢) (2.164)
Subtracting the first two lines gives the third line. This relationship is valid for any
function f{¢), and it is usually written without the function:

aa’—ata=1 (2.165)
[a, a'|=aa’—ala=1 (2.166)

The bracket notation is a shorthand for the commutation relation. Later it is written for
other operators, such as

[A, B]=AB— BA (2.167)

An example from section 1.4 is [x, p] = ii. Another proof of [a, a'] = 1 is obtained using
the x and p definitions of the operators in (2.161):

1 ip ip
f1— - 2.1
[a, a'] 22 {x—i— o mw] (2.168)
i
= - =1 2.1
2maond {lp. x]=[x. pl} (2.169)

The Hamiltonian H is also elegantly expressed in terms of raising and lowering oper-
ators. The first step is to write

2

%’ = %(aa—i—acﬁ +ala+alal) (2.170)
FLZ

pr=- 22 (aa—aat—afa—k ataT)

0
These operator relations are used in the Hamiltonian. For the potential energy term,
the prefactor is Kx?/2—Kx}/4=hw/4. for the kinetic energy term, the prefactor is
P /2m——h*/4mxd = —hw /4. Using the expressions in (2.170) gives
ho Py s Pttt
H= T[—(aa—acﬂ—a a+a'a') + (aa+aa' +a' +a'a')]

= %‘"(aaT +ala) (2.171)

All terms canceled that were aa or a'a’. The above result for H is correct, but is usually
written differently. From the commutation relation,

aa' =ala+1 (2.172)

H:hw(a*a—i— %) (2.173)

The combination of a'a operating on an eigenstate gives
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alaln) =a'\/njn—1) =n|n) (2.174)

H|n):hw(n+ %)|n):E,,|n) (2.175)

Thus, H|n) = E,|n), and the eigenvalue is again found to be E, = fiw(n +3). Even for n=0
the eigenvalaue is Eo=hw/2, which is called the zero-point energy. There is always some
motion, even in the lowest energy state. This feature is in accord with the uncertainty
principle that the momentum is not zero when the particle is localized to a region.

The last exercise in this section, using operators, is the evaluation of an important
integral. It is the matrix element of exp(igx) between two eigenstates:

Myu(q) = /_ | V‘ dxe'™ b, (x) o (x) (2.176)

The phrase “matrix element” is the evaluation of an integral that contains any
function plus two eigenstates. It may be evaluated in several different ways. With luck,
it might be found in a table of integrals in the section on Hermite polynomials. Another
approach is using generating functions. Here we give a third approach invented by
Feynman.

The first step is to rewrite this expression in terms of operators, using the bra and ket
notation. In the exponent, the operator x is written using eqn. (2.162):

Mae(2) = (n]e+|) (2.177)
9%o

J=12 2.178
V2 ( )

The matrix element depends on /. If 2 =0 then M,,,(0) = J,,,.The next step is to separate
the exponential into two factors that separately contain exp(ila) and exp(ila'). These
factors contain operators that do not commute, so the separation must be done carefully.
Richard Feynman and Roy Glauber independently proved the same theorem in 1951.
Feynman called it the disentangling of operators. FEYNMAN-GLAUBER THEOREM If A and B are
operators, such that [A, Bl = C, and [A, C] = 0, [B, C] = 0, then

eATE = gAgBeC/2 (2.179)

Usually the theorem is applied to cases where C is a constant, which automatically
commutes with any operator. In our case, select

A=ijat, B=ila, C=(i))*[al,a]=7? (2.180)

The last relation used [a’,a] = —1. With the help of Feynman’s theorem, the matrix
element is now

My = e’;'2/2<n\ei"'“ﬁ )0) (2.181)

The next step is to examine the two factors in the matrix element. Expand the exponents
in a power series and use the result in (2.160) for a"|¢) to evaluate each term in the
series:
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€|y = i(J—' alle) (2.182)
j=0
~ (i4)
ZO: J. T J), =) (2.183)
=

The series is ended after j = ¢ terms, since the lowering operator gives zero when
operating on the state |0).

The left-hand side of the matrix element (2.181) is given by a similar expression. Take
the Hermitian conjugate of eqn. (2.183) and replace ¢ by n, and j by o

(] Z( /n p (n—a (2.184)

The above two results are combined to obtain a double series:

I PR (L5 R YT ,
MulB)=e "D = o\ a1 (2.185)
o]

The orthogonality relation (2.115) requires the factor (n—o|¢—j) to be zero unless
n—o = {—j. At this point it is required to specify whether n or £ is the larger integer. Make
an arbitrary choice of n>¢. Then use the orthogonality relation to eliminate the sum-
mation over a =n—~{+j:

2j
Mie(2) = e~ 12\/nld (i)™ /Zﬁ (2.186)

The series is the same one that defines the associated Laguerre polynomial:
Ly~ ‘) =n! —_— 2.1
(*) HZ (¢ J)'YL E+]) (2.187)

[' cn—f —)? n—
an(l):\/%(m) L P2 (2.188)

This formula is the final result when n > ¢. Harmonic oscillator eigenfunctions are found for
quantized vibrations of atoms, for electrons in magnetic fields, and for electrons in parabolic
potentials. The above matrix element is needed in the discussion of scattering in such
systems. The matrix element is introduced here as an exercise in the manipulation of op-
erators, and as a historic example from Feynman’s paper on the disentangling of operators.

2.5 Exponential Potential

A simple exponential potential
V(x)=Ae ™ (2.189)

can be solved exactly in one dimension. This potential is more realistic than a square well,
since many potentials in nature are approximately an exponential. Two cases are
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V(x)

FIGURE 2.9. Attractive exponential potential.

considered: the bound states of an attractive potential, and the scattering states for a
repulsive potential. A third case, the continuum states of the attractive potential, is treated
in the problem assignment.

2.5.1 Bound State

For the attractive potential, the prefactor A = — V) is negative. The exponent has the factor
o = 2/a, where a is some characteristic length associated with the range of the potential.
It is unphysical to let the potential go to large negative values when x——oo, so the
potential must be terminated at some point. In the present example, an arbitrary choice is
made to terminate it at the origin with an infinite repulsive potential. The potential for the
present example is

o0 x<0
V(x)= (2.190)
—Voe /% x>0

The constant Vj is positive so the potential is negative for x> 0. This potential is shown in
figure 2.9. The infinite potential at the origin again forces the eigenfunctions to have the
property ¢,(x=0)=0.

Schrédinger’s equation is solved by changing the variable to

y=e*/4 (2.191)

Since 0<x< oo, then 1>y>0. Schrodinger’s equation in the variable x must
be changed to an equation in y. The derivative terms are

d _dyd yd

ol i (2.192)
@2 1[,d d
== {Y e +Yd7y} (2.193)
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B d

H=-F, d a2 Ve TRy (2.194)
hZ
a = W (2195)

Define the potential strength g and the dimensionless eigenvalue f:

2 Vo 2mVoa?

&5 = (2.196)
E

2—__

p= I (2.197)
, & d 5

0= d2+yd +g%y— B y(y) (2.198)

For bound states the eigenvalue E < 0 so that f* > 0 and f is assumed to be positive. The
same potential strength was used earlier in a problem for the square well.

The differential equation in (2.198) is recognized as Bessel’s equation, whose solutions
are Bessel functions J(gy). The most general solution, when f is not an integer, is

Y (y) = Ciplgy)+Co-5(gy) (2.199)

If § happens to be an integer, the independent solutions are the Bessel function and the
Neumann function.

Now it is time to apply the boundary conditions. First consider what happens at large
positive values of x > > a. At these values y becomes very small. For small values of their
argument, the Bessel functions become

NN T

lim o) = 1 (2.200)
C

Ve g e e e

The second term contains the factor of exp(fx/a) that diverges as x > > a. Since i(x) must
vanish at large values of x, as required for a bound state, this divergent term must be
eliminated by setting C, =0. The eigenfunction in eqn. (2.199) is now

V(%) = Ciplge ™) (2.202)

The other boundary condition is applied at the point x = 0 where the eigenfunction must
vanish due to the infinite potential. This second boundary condition requires that

0=Js(g) (2.203)

In this expression, the potential strength g is fixed, and the index f is varied until a zero is
found for the Bessel function. For a given value of g, there is a valid eigenvalue for every
different value of f§ that satisfies this equation. This situation is similar to the bound states
of the square well, which is discussed in section 2.1.

There is a critical value of coupling strength, called g, such that no bound states exist
for g < g.. The threshold bound state at g= g, has a zero binding energy (f =0). The value
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FIGURE 2.10. Bound-state eigenvalues E = —f*%/2ma? of the exponential potential as
a function of potential strength g.

of g. is found from the first zero of the Bessel function Jo(g;) =0 of zero index. This
criterion gives g.=2.4048. ...

By using a table of the zeros of Bessel functions, one can produce a graph of the allowed
values of f§ as a function of g. This graph is shown in figure 2.10. The solid lines are the
allowed bound states. The lines are almost straight. For every value of g there are only a
small number of allowed bound states and there are none for g<g..

2.5.2 Continuum State

To provide a bit of variety, and to contrast with the last subsection, Schrédinger’s equation
is now solved for a repulsive exponential potential. The potential function is

V(x) = Voe 2/° (2.204)

The prefactor V; is positive, as is the range a. This potential diverges as x goes to negative
infinity, thereby forcing y/(x) to be zero. It is unnecessary to add additional regions of
infinite potential. The above potential function is assumed for all values of x.

The potential energy has no regions with negative values, so there are no bound states.
All solutions are continuum states with E > 0. Schrédinger’s equation is

2 dz
0= + Voe ®*—E|y(k, x) (2.205)

 2mdx?
Again use the variable transformation y= exp(—x/a), and the coupling strength has the
same definition:

2mE
hZ

2ma*V,
g2: mhaz O, k2:

, K=ka (2.206)
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Also introduce a dimensionless wave vector K. Schrédinger’s equation is again changed
to the variable y:

£ d
_ 1,2 % @ 2.2 2
0=y gz Trg, gy +K vk (2-207)

The last two terms changed sign compared to (2.198). One change is due to the change of
sign of Vo, so g°y* changed sign. The other is the difference between bound and con-
tinuum states, so —/32 became +K°.

Equation (2.207) is still a form of Bessel function. The change of sign of g’y* causes
the solution to be Bessel functions of imaginary argument, which are [,(z) and K,(2).
If v is not an integer, one can use L, instead of K,. The sign change on the energy term
means that the index becomes imaginary: v = +iK. So the most general solution to (2.207) is

W (k, x) = BiLik(gy) + B2l ix(gy) (2.208)

Now apply the boundary conditions to determine the constant coefficients By ,. First take
the limit x —»—o0 so that y »+4c0. The potential energy diverges in this region, so the
eigenfunction must vanish. The asymptotic form for the Bessel function of large
argument is

. & 1
lim I,(z) = Wor {1 + o(;ﬂ (2.209)

The first term in the asymptotic expansion is independent of v and is the same for both
terms in (2.208). The eigenfunction is made to vanish by the condition that B+ B, =0. It
is convenient to redefine B; =iC = —B,, and the eigenfunction is

W(k, x) =iC[Iix (g /") — ik (ge /)] (2.210)

The prefactor in front is inserted to make y/(k, x) a real function, since the square bracket
is obviously imaginary: it is a function minus its complex conjugate. The constant C is for
normalization, and is defined in a later section. The above result is the final formula for
the continuum eigenfunction.

An important property of this eigenfunction is its behavior as x— o0, which is y<<1.
The imaginary Bessel functions are expanded for small argument:

. _ (=)
lim ,(2) = (it (2.211)
lim l//(k, x) —iC (g/z)lK e—in/ai (g/z)iiK ein/u (2.212)

P (1 +iK) T(1—iK)

This expression is a bit formidable at first sight. It simplifies when one notices that most
of the terms are constant phase factors. For example, the first term has the factors
(g /Z)iK _ 671.6

[(1+iK)  |T(1+iK)| (2213)

T(1+ iK)}

d(k) = —K In(g/2)— %111 {miiK) (2.214)
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The quantity (k) is called the phase shift. The eigenfunction at large argument can be
written in terms of the phase shift:

lim y(x) =

2c
Jm [XTERTq] sin(kx-+9) (2.215)

Phase shifts were introduced in section 2.1 in the discussion of continuum states of the
square well. There it is noted that when the potential V(x) is a contant, the solution to
Schrédinter’s equation can be written in terms of sin(kx), cos(kx), or sin(kx+ J). The
same reasoning applies to the present case of the exponential potential, since V(x) goes to
zero at large values of positive x. In this region one can always write the solution in the
form of a constant times sin(kx+d). Our eigenfunction (2.210) behaves correctly in this
limit. The derivation provides the exact formula for the phase shift J(k).

The quantum mechanical problem that is solved above is the behavior of a frictionless
object that is slid along the ground toward a smooth hill. The “hill” is the increasing
potential for negative values of x. Far from the hill (x> >a), where the potential is
negligible, the wave function is a combination of sin(kx) or cos(kx). Alternatively, it can be
written as the summation of two exponentials:

(%) = Ie "4 Re** (2.216)

The two constant coefficients denote the incoming amplitude (I) and the reflected
amplitude (R). The term I exp(—ikx) denotes a wave traveling to the left, toward the hill.
The term R exp(ikx) denotes the wave that has been reflected from the hill. One sends the
object with a certain kinetic energy that is determined by the wave vector k. The intensity I
determines how many particles are sent toward the hill, and R gives the number that
return. The particle current is

1 — h 7':%_ M
J(x)fﬁ{lﬁ I dx} (2.217)
= —w[|[I~[R] (2.218)

where the velocity is v, = hik/m. The current j(x) does not depend on x since all of the
cross terms cancel to zero. The two terms represent the incoming current (—vy/I|*) and
reflected current (v R|). It is assumed that all of the particles sent toward the hill come
back. The hill neither creates nor destroys particles, so |R|* = |I|>. Therefore, the current
j(x)=0.

Since |R| =|I| they have the same magnitude and can differ only by a phase factor:

R=—1I¢* (2.219)
(k. x) = I(e " —e 2 (2.220)
= —2ile” sin (kx + 9) (2.221)

The wave function is sin(kx+ ) times a constant prefactor. This form is required
whenever the potential reflects all of the wave amplitude that is directed toward it. The
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potential can neither absorb nor emit particles, nor can a particle tunnel through it and
come out the other side. Also note that a wave function of the form y(k, x) = C’ sin(kx + 0)
has a zero value of the current.

It is useful to consider an experiment whose objective is to determine the shape of the
hill. The hill is hidden in clouds and is not directly observable. A physicist decides to deter-
mine the shape of the hill by sliding particles at the frictionless hill with different
velocities v, and awaiting their return. In classical physics, the measurement is how long
t(vy) it takes for the particle to return as a function of velocity. In quantum mechanics, the
only measurable quantity is the phase shift d(k). Wave packets are discussed in a later
chapter. Using wave packets, we can also approximately (AtAE > F) measure the time the
object returns.

2.6 Delta-Function Potential

All of the solutions to Schrddinger’s equation encountered so far in these notes, have
made the following two assumptions regarding the eigenfunctions or wave functions:

1. Y(x) is continuous everywhere.

2. dy/dx is continuous everywhere.

These two assumptions are valid as long as several conditions are met. The first is that
Schrodinger’s equation is a second-order differential equation, which is always true in
nonrelativistic physics. The second assumption is conditional on the form of V(x): the
potential has to be continuous except for occasional discontinuities. The wave function
and its first derivative are continuous as long as these two conditions are satisfied. For
example, the potential for the square well has a discontinuity in V(x) at x=a, yet  and
dy [dx are both continuous at x=a and elsewhere.

However, when V(x) contains a potential term with a delta-function d(x—x,), then the
derivative dis /dx is not continuous at x = xy. The wave function is continuous, so it has a
cusp at the point of the delta-function. This feature is derived by writing Schrédinger’s
equation as

2y (x) 2m
e —*F[E*V(x)]lﬁ(x) (2:222)
Integrate this equation, term by term, over the interval from xy—¢ to xo+¢. Here ¢ is
small, and eventually we take ¢ — 0:

/ N N C AN
Xo—¢ xdxz  \dx xo+& dx Xo—¢
2m [rote

= dx[E— V()] (x)

T2
h Xo—¢&
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Examine the integral on the right. There are two possible outcomes when trying to
evaluate this integral.

« If V(x) is a smooth function of x or has only finite discontinuities, then one can use the mean

value theorem over the small interval of the integral:

ay dy\  2m(2e)
(E) X0 +¢& N (E) Xo—¢& T hz [E_V(xo)]l//(XO)

In the limit that ¢ — 0, the right-hand side vanishes. Then we have shown that the deriva-

tive is continuous at the point x.

* Let there be a delta-function potential at the point x,. It has the property that

V(%) = A3(x—xo) (2.223)

/onr‘"' dxé(x—xo) =1 (2.224)
dy dys _2mi

(E) ot (E) ol 2 (2.225)

Equation (2.225) is the fundamental relationship for the change of slope of a wave func-
tion at the point of a delta-function potential. The change of slope is proportional to the

amplitude of the delta-function 4 as well as the wave function ¥/(x) at this point.

The slope of the wave function is continuous at all points except those where the potential
energy has a delta-function.
As an example, find the bound states of the potential:

V(x)=Vo—Wd(x) (2.226)

The constant W > 0 is the strength of the delta-function, which is located at the origin.
There is also a constant V, everywhere. At large distances the potential is V,. So bound
states have E<V, and continuum states have E> V,,.

The way to treat the delta-function is to first solve Schrédinger’s equation at the points
away from the singularity. For x#0 one has the equation

dZ

V) = T (Vo= By = (2.227)
of = %(VO_E) (2.228)
W(x) = Ae* + Be™ (2.229)

Bound-state wave functions must vanish as |x| — oo:

* For x > 0 then B=0 in this region: for x > 0 the solution has the form of exp(—ox).
* For x <0 then A=0 in this region: for x<0 the solution has the form of exp(ox).

* Since the wave function is continuous everywhere, the solution must have the form

(%) = Ae~*¥ (2.230)
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FIGURE 2.11. Bound-state eigenfunction for delta-function potential.

The only possible eigenfunction has a cusp at the origin, figure 2.11. A cusp is possible
only with a delta-function potential. Use eqn. (2.225) to find the change of slope at x=0,
where now the amplitude of the delta-function is W:

(ﬂ) N (d_¢) A (2.231)

dx) ., dx ) _,

fZaAsz”;ZWA (2.232)

n= ";—\ZV (2.233)
2.2

E=Vyp— % — Vo—Ep (2.234)
2

Ep= WZ‘;Z (2.235)

There is only one bound state, whose eigenvalue is given above. The parameter W has the
units of joule-meter, and the eigenvalue has the units of joules.

The normalization of the eigenfunction is easy for this problem. For bound states in one
dimension, the prefactor A is determined by the condition that |i)(x)|* is one when inte-
grated over all space. Since the integral is symmetric, one needs to do only the positive half:

o

1= /OC dx|y (x)|* =242 /w dxe 2 = A (2.236)
—o0 0
A=a, Y(x) = /ae * (2.237)

The eigenfunction for the bound state has been completely determined.
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FIGURE 2.12. Potential functions in one dimension.

2.7 Number of Solutions

It is important to realize the number of independent solutions to Schrédinger’s equation
that are permitted in each range of energy. This section gives some examples of the shapes
of potential functions and the number and kind of solutions permitted in each case. Some
of these examples are from the exact solutions of the prior sections.

1. Constant potential. If the potential has the constant value V, throughout all of space, no
solution exists for E<V,. Two independent continuum solutions exist for all values of
E> V():
2m

W

(x) = Ae™ 4 Be ™ = (A + B) cos(kx) + i(A— B) sin(kx) (2.238)

K (E—V4)

The two solutions can be expressed either as exp(*ikx) or as cos(kx), sin(kx).

2. Constant potential plus attractive region. In the example shown in figure 2.12a, there is a
constant potential everywhere except in a local region where the poential lowers to a value
V1<Vy. For E >V, there are still two continuum solutions for each value of energy E. The
continuum states extend throughout all values of x. They can be given in terms of plane
waves except in the region of the potential minimum. For the energy region V, > E > Vj,
bound states may exist. They are usually of finite number and have discrete energy states. If
the potential is symmetric, as drawn in the figure, the bound and continuum states have
either even or odd parity. The eigenfunctions ,(x) for bound states become small in value
away from the potential minimum.

3. Constant potenial plus local maximum. As shown in figure 2.12b, the potential has a constant
value V; except for a local region with a maximum of height V;. In this case there are no
bound states. There are two continuum states for each value of E >V,

4. Half-space. The term “half-space” is used to describe potentials that diverge to positive
infinity at some point. The wave function is required to vanish at that point. Figure 2.12¢
shows a gradual divergence of V(x). This case was solved for the repulsive exponential
potential. The condition that the eigenfunction vanish is stringent: both real and imaginary

parts must vanish. This requirement eliminates one solution, so that there is only one
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solution for each value of E > V(4o0). There can also be discrete bound states if the
potential has an attractive region where V(x) < V. This possibility is not shown in the figure.
5. Potential step. Here there is one constant value V; as x >0, and a different value V as
x —»—o0. Figure 2.12d shows an example where V,<V;. The step is shown changing
gradually, but it could be a sudden step. For E <V, there are no solutions. For Vo< E < V;

there is only one solution. For E > V; there are two independent solutions.

2.8 Normalization

An eigenfunction is normalized when it has the correct constant coefficient in front. The
coefficient may be a function of energy but depend neither on position nor on spin.
Eigenfunctions are used in a variety of applications, and it is important to always have the
proper normalization. Previously, in this chapter, the normalization has been treated
cavalierly, in that it has been found for easy examples but not for others. Now the topic is
treated systematically. The general method is derived, and then illustrated by examples.
There are several different cases.

2.8.1 Bound States

One dimension is treated first. For bound states, the eigenvalues occur only in discrete
amounts. The indices n or m is used to denote eigenvalues E, or E,, and eigenfunctions
V() or Y,,(x). Then the normalization condition is

O = K ’ ax (X)), (%) (2.239)

The Kronecker delta-function has the discrete values of zero (n # m) or one (n=m). The
integral vanishes if n#m. This orthogonality is a general property of second-order
differential equations, which is useful in quantum mechanics. The case that n=m pro-
provides the normalization coefficient:

1= /jc dx|y, (x)|* (2.240)

The factor in the integrand is written as /> when the eigenfunctions are real. Bound
states in one dimension can always be made real. When the eigenfunctions are complex
the factor of |y,,(x)|” is correct.

The integral in eqn. (2.240) was evaluated for the bound state of the delta-function in
(2.237). Another bound-state eigenfunction is given in (2.202) for the exponential
potential. Its coefficient C; is found from the integral

1=C? / daxc]p(ge/)? (2.241)
0

In this example the integral is over only positive values of x, since iy = 0 for x< 0. The
above integral is hard to evaluate analytically and is usually done on the computer, where it
is easy.
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Another example of the bound state is the square well in section 2.1. The following
integral is obtained for the eigenfunction in (2.29):

a o0
1=} / dx sin? (px) + C* / dxe™ " (2.242)
JO Ja

1=

2 : 2
G {a— sin(2p “)} G 2 (2.243)

2 2p 2

Next use eqn. (2.30) to relate C; to C; and derive an equation in which the only unknown
is Cy:

1=

[« {a— sin(2pa) N sinz(pa)}

(2.244)
2 2p o

This equation provides the value of C;. It depends on the eigenvalue through p and «.
There is a different value of C; for each bound state.

Three-dimensional solutions to Schrédinger’s equation are discussed in chapter 5.
Each bound state is characterized by three different quantum numbers, one for each
dimension. Call these three numbers ¢, m, n. The normalization of the eigenfunction is
given by the three-dimensional integral:

1= /dxdydzhp[mn(x, 2 z)|2 (2.245)

This integral is evaluated in chapter 5 for several examples.

2.8.2 Box Normalization

The eigenfunction is normalized for a particle in a box. This problem is solved at the
beginning of section 2.1. A particle confined to a box 0 < x < L, with potential walls of
infinite height, has the eigenfunction

W, (%)= \@ sin(n—zx> (2.246)

This case is an example of a bound state, and could have been included in the prior
subsection.

The above example is a box with closed ends. An important variation is the periodic
box. There it is assumed that the motion of the particle is around the perimeter of a circle
of circumference L. When a particle has gone a distance L it is back to where it started.
Eigenfunctions have the feature that (x4 nlL) = (x), where n is any integer. The
potential is assumed to be a constant V,. There are no bound states, but only continuum
states with E > V,,. The wave vector is

2m

k=1 /o7 (E=Vo) (2.247)

the eigenfunctions are plane waves. Although it is possible to use sines and cosines, it is
easier to use
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Y(x) = Ae"* + Be ¥ (2.248)

The two terms with exp(+ikx) are independent and are treated separately. For each one
the constraint (x4 nL) = () is valid. This contraint requires that

e — 1 (2.249)
2nm

b= 220 (2.250)

The wave vector k must be an integer multiple of 27/L. The integer m can be positive or
negative: negative values give negative wave vectors, and the particle is going the other
way around the circle. Both terms in eqn. (2.248) are not needed. This result is different
than the particle in the straight box 0 < x < L, where k,, = nm/L but only positive values
of m are allowed.

The general form of the eigenfunction is

eikmx

X) = 2.251
V(%) VL ( )

L L
Bum = / () () = / 2 ot (2.252)

0 Jo L
Here the normalization constant is A=1/+/L. The eigenvalue is

212 2

_ no_ 2 (27h)
E,=Vo+ m Vo+n Iml2 (2253)

The periodic box is a popular model in some branches of physics.

Periodic boundary conditions are also applied to plane waves in two and three di-
mensions. It is hard to visualize the topology of a two- or three-dimensional object that is
connected with periodic boundary conditions. This difficulty is usually ignored, and this
boundary condition is quite popular. Let the box have dimensions (L, Ly, L,) in three
dimensions. The eigenfunction is

_explikyx + kyy + k.2)]

. = 2.254

l//émn (I') LxLyLz ( )
21l 2nm 27n

=T b= k=T (2.255)

A common shorthand is the notation

_exp(ik-1)
- Vo

where Q = L,L,L, is the volume of the box.

Y (k, r) (2.256)

2.8.3 Delta-Function Normalization

Continuum states are defined as those for which the eigenvalue E is continuous. For E to
be continuous, the system must stretch to infinity in at least one direction. Any box of
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finite length has discrete values of energy. In one dimension, assume that V(x) - Vyas x
gets large in either direction. Continuum states are those with E > V.
First consider the case of a potential function that is constant everywhere, V(x) = V,.
For E > V, define the wave vector k by
W2k

E=Vy+ — 2.25
o+ m ( 7)

The plane wave eigenfunctions are of the form

Wk, x) =A™~ (2.258)
/ : )" (K, %) (k, x) = A? / 7 dxeeb) (2.259)
=2nA%5(k—Kk') (2.260)

The integral is one of the definitions of a delta-function:
2k — k) = / e ) (2.261)

Equation (2.260) is the basis of delta-function normalization. Since k is a continuous
variable, we cannot use a Kronecker delta when two functions have different values of
wave vector. Instead, we have to use the continuous delta-function J(k — k).

There are two different conventions in physics:

* Set A = 1 and the right-hand side of (2.260) is 27d(k — k’). This convention is the easiest and

is the one we use.

* Set A = 1/+/27 and the right-hand side of (2.260) is §(k — k’), without any other factors. This
convention makes a neat right-hand side, but one has to write every plane wave eigenfunction
being divided by v/27.

The above result is immediately extended to higher dimensions. In three dimensions,
/ #Ery’ (K, ny(k, 1) = (21)°0° (k—K) (2.262)

The normalization is given by a three-dimensional delta-function.

Examine the delta-function integral in (2.261). Expand the exponent in exp[ix(k — k’)] =
cos[x(k — k)] + i sin[x(k — k’)]. The sine has an argument that is odd in x, so its integral
vanishes. The integral is

2nd(k— k)= /OC dx cos[x(k—k')] (2.263)
2nd(k—k)=2 /oc dx cos[x(k—k')] (2.264)
0

Since the cosine function is even in x, the integral needs to be done only over the
half-space. The last integral is useful for delta-function normalization for half-space
problems.
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The second example for delta-function normalization is the half-space problem. Imag-
ine that there is a barrier to the left, such as the exponential potential discussed earlier.
Far to the right, the eigenfunction is

lim (k, x) = C(k) sin(kx + ) (2.265)

X0

Since k is a continuous wave vector, the eigenfunction is normalized according to delta-
function normalization:

/ ’ dxy (K, %)k, x) = 2n5(k—K) (2.266)

Note that there is no complex conjugate (/%) in the above integral, since for the half-space
problems the eigenfunctions are always real. The normalization in (2.266) requires that
C(k) =2 in (2.265). A crude explanation is to write the right-hand side of eqn. (2.265) as

C 51n(kx+5) = % (eikx+i5_e—ikx—i5) (2267)

The eigenfunction can be viewed as an incoming and reflected plane wave. Each should
have unit amplitude so C=2: the factor of i is kept to keep (k, x) real. Note that the
constant C does not depend on energy or wave vector.

A better derivation of C =2 is provided here. The derivation is done for the repulsive
exponential potential V(x) =V, exp(—2ax) that diverges for negative values of x. We
assume the existence of a point x, such that for x > x, the eigenfunction is accurately
given by the asymptotic form in (2.265). This assumption is not very restrictive since x,
may be taken as far to the right as needed. The normalization integral is written as

2mS(k— k) = / e, UK, %)
+C? / " dxsin (kx + ) sin(k'x + ) (2.268)

where 6(k)=0, 6(k')=¢". Many terms are generated during the evaluation of these
integrals. The delta-function is given by a divergent integral. Here we neglect every
integral that is not divergent. We neglect the first term on the right of the above equation
(2.268). Since the potential function diverges at negative values of x, the eigenfunction
W (k,x) goes to zero, and the first integral gives a finite number. Only the second integral
diverges at k=k". Use the trigometric identity

sin(A) sin(B) = %[cos(A—B)— cos(A+ B)] (2.269)
to write the second integral as
CZ 0
2nd(k— k)= 7/ dx{cos [x(k — k') + 6 — 0'|— cos [x(k + k') + 0 + 0"}

+ finite terms (2.270)
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Since k and k' are both positive, then (k + k') is never zero, and the second integral is not
divergent. Add it to the “finite terms.” The first integral diverges if k = k', and this term
provides the singular contribution in delta-function normalization. Note thatif k = k'’ then
0 = ¢’ and the factor J — ¢’ vanishes. Write

/oc dx{cos[x(k—k')+0— 1= né(k—k) (2.271)

_/ ' dx cos [x(k—k') + 6—0']
0

2nd(k—k') = ? o(k—FK’) + finite terms. (2.272)
The integral over 0 < x < x, is part of the “finite terms.” All of the finite terms must add
up to zero. Proving this feature is rather hard. However, clearly the coefficient of the delta-
function J(k — k') requires that C2=4, C=2.

As an example of this procedure, the continuum eigenfunction is normalized for the
potential in section 2.5. The eigenfunction is given in (2.210) in terms of a coefficient C.
The asymptotic form of this wave function is shown in eqn. (2.215). Since the correct
normalization on sin(kx + 9) is 2, then

2C
C=[I(1+iK)| (2.274)
Wk, x) = iT(1+iK)|[Lic(ge ™) —I_ix (ge /)] (2.275)

The factor of i in front is a constant phase that is included to keep ¥(k,x) a real function.
Constant phase factors are not observable and can be added or discarded to eigenfunc-
tions according to one’s whim. Similarly, the absolute magnitude symbol on I'(1 + iK) is
unnecessary since its phase factor is also unobservable.

2.8.4 The Limit of Infinite Volume

Often it is useful to change from one type of normalization to another. For example, it is
usually easier to manipulate formulas while using box normalization. Then, at the end of
the calculation, it is usually necessary to sum over states. At this point we let the volume Q
become infinity, so that we get continuum states, and the wave vector summations
become continuous integrals. The step of going from box to delta-function normalization
is now explained.

In one dimension, the eigenfunction with periodic boundary conditions is

ikx
k= ZLL” (2.276)

x

Yk, x)=

S

L
/ ey (K, ) (k, X) = O =Gy (2.277)
0
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The Kronecker delta is used since the states are discrete. Now change this result to delta-
function normalization. First, change the variable y = x— L/2 so that the integral is
—L)2<y<L/2

) i L/2 d ) i
k—k)L/2 / Tyely(kfk) — S (2.278)
~L/2

Now take the limit that L — co. This limit is used so that the values of k and k’ are
unchanged: the integers n,n” increase proportional to L. The integral is zero unless k = k’
so the phase factor in front is zero. Multiply the entire equation by L:

L

2o
lim dye? ) = lim [Loyy] = 2nd(k—K') (2.279)
Lo ~L)2 Low

The last identity gives the behavior of the Kronecker delta-function in the limit of an
infinite box. The same limit can be shown another way. Start with the definition of the
delta-function:

fR)=> fk)ow (2.280)
s

fi= [ apia-) (2.281)

These two expressions give equivalent identities for the box and delta-function nor-
malization. The first equation should morph to the second as L — oo. Since k' =2zn'/L,
increasing values of k' have n’ increasing by one integer. Then write An' =1, Ak’ = 2nAn//
L. Rewrite the first equation as

F) =3 MR = 3 ARF(K) [iékk} (2282

Now take the limit as L — co. Then Ak’ — dk’ is a continuous variable, and the delta-
function changes according to eqn. (2.279):

flk)= / dk’f (k)6 (k—FK') (2.283)

These series of steps change (2.280) into (2.281).
The same procedure works in three dimensions:

Jim [, 1] = (2m)*8° (k—K') (2.284)

In three dimensions the wave vectors are k, = 2n//L,, k, = 2nm/L,, k, = 2nn/L, and the
three-dimensional Kronecker delta is

51(, K= 5@1’5mm’6nn’ (2285)

The Kronecker delta is unity only if all three components are the same.
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2.9 Wave Packets

Most experiments are done with pulsed beams. Particles are generated or accelerated in
groups. Then it is useful to think of the experiment in terms of wave packets. The packet
is a local region in space that contains one or more particles. This localization of the
particle is always limited by the uncertainty principle AxAp = k.

The usual plane wave has a solution in one dimension of

2
ok, x, t)= exp{ (kx (lg)t)} g(k) = Z—r’i = hoy, (2.286)

The above applies to nonrelativisitic particles with mass. We wish to localize this particle
into a packet that is confined to a limited region of space. The uncertainty principle
AxAk > 1 reminds us that we will pay a price. The localization in space will introduce a
spread in the values of the wave vector. We use a Gaussian function to localized the
particle, since it makes all integrals easy. Consider the wave packet

(ko, X, t / dke —(k—ko) /2Az ikx—imyt (2287)

The constant A is normalization and is defined below. The constant A determines the
width of the packet in real space and in wave-vector space.

First do the integral. The exponent contains only linear and quadratic powers of k, so it
is of standard Gaussian form:

ith . ko k2
ko, x, t) = / dkexp{ k2<m + m) +k(1x+ E)_Z—AOZ}

272
V21A |:ixk()— X ZA —itu)o:|

_ o :
V1+itu P 1+itu
A2 2 _ 2 A2
A \/zn‘A exp A (x—vot)* + i(kox ;oot)—Q—ttuxA (2.288)
V1+itu 2[1+ (tu)?]
hA2 k2 hik
u=—r, E= Tmo =hwo, Vo= W" (2.289)

The velocity of the packet is vy. The expression for the packet function is complicated. A
more transparent result is obtained for the particle density:

plko, x, 1) =|W[* =

242 2 2
2nA%A o {7A(x vot)} (2.290)

1+ (tu)? 1+ (tw)?

The density has a Gaussian shape, and moves in the positive x-direction with a velocity v.
The constant A has the dimensions of wave vector. It controls the width of the Gaussian
packet: in real space the width is O(1/A).

The normalization constant A is determined by assuming there is only one particle in
the packet, so that
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1:/ dxp(ko, x, t) = 21°/2A A? (2.291)
Am— L1 2.292
= (ZA)1/2n3/4 ( . )

The packet describes a Gaussian envelope moving in the x-direction with a velocity v,.
The packet function oscillates with the usual plane wave factor of expl[i(kox — wot)]. The
spreading of the packet is due to the factor of [1 + (tu)?] that appears various places. The
packet is least spread out at t = 0. Quite often one can neglect this factor. For example, in
the laboratory the packet has to travel a distance L, which takes a time t = L/v,. Then the
factor tu = LA?/ko, which is usually much less than one. Neglecting this factor gives a
simple expression for the packet:

W(ko, x, t) = e*o* ) G (x—vot) (2.293)

G(x) = @exp {f %Azxz} (2.294)

This simple form will be often used for the shape of the packet function.
Next calculate the kinetic energy, and also the particle current. Both require the
derivative of the packet function with respect to x:

;—x\v(ko, x, 1) & ko, x, t)[iko—A% (x—vot)] (2.295)
K WP K[, A
h OV P
J=5 {‘I’(koy x, t) g—‘l’(ko, x, t) T} =wop(ko, x, 1) (2.296)

The packet moves with a velocity vy, which determines the value of the current density.
The kinetic energy has two terms. One is E,, as expected, while the other depends on A”
and is the kinetic energy of the spread in wave vectors.

Homework

1. Derive the numerical value in eV for the bound-state energy of an electron in the one-
dimensional square-well potential:

{ ~Vo  for |x|<b

Vix) =
0 for |x|>b

(2.297)

where b = 1.0 Aand V, = 1.0 eV. What is the critical value of coupling strength g, for
this potential?

2. Make a graph similar to figure 2.8 of the solutions of egn. (2.37) over the range of
0 <g<10. Show that new bound states start at g, = 7 (n+3 ).
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3. A particle in a one-dimensional square well of infinite sides is confined to the interval
0 <x< L. The eigenfunctions are given in eqn. (2.19). Prove the relation

D a0 b () =Co(x—x) (2.298)
n=1
by evaluating the summation, and determine the constant C.

4. For the potential shown in figure 2.1, prove eq. (2.51) by doing the integral. g and
are the bound and continuum eigenfunctions.

5. Consider in one dimension the solutions to Schrédinger’s equation for the half-space
problem (V, > 0):

V= x=0
Vx)=14 Vo O<x<a (2.299)

V=0 x>a

Find an expression for the phase shift d(k) for the two cases (a) 0 <E <V, and
(b) Vo<E.

6. Consider a particle of energy E > V, > 0 approaching a potential step from the left.
The Hamiltonians in the two regions are

P x<0
ZrnL
H=¢ " (2.300)
p— +Vo x>0
sz

where m # mg.

Find the amplitude of the transmitted (T) and reflected wave (R), by matching at
x = 0 the amplitude of the wave function and the derivative

1 /dé 1 (de
m—L(ﬂ_o-m—R(ﬁ)X_m (2.301)

Show that this choice of matching conserves the current of the particles.

7. A particle of mass m moves in a one-dimensional square-well potential with walls of
infinite height: the particle is constrained in the region —L/2 <x < L/2.

a. What are the eigenvalues and eigenfunctions of the lowest two states in energy?

b. What is the expectation value of the energy for a state that is an equal mixture of
these two states?

c. Forthe state in (b), what is the probability, as a function of time, that the particle
is in the right-hand side of the well?
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11.

12.

13.

14.

15.
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. Derive an equation for the eigenvalues of the potential V(x) = F|x|, where F >0 for

values —o0 < x< 0.

. Derive an equation for the bound states of the potential

V(x) = — Ve 2M/ (2.302)

for all —o<x <o and Vy>0.

Find the transmission coefficient of a continuum wave going from left to right for the
potential in the previous problem.

Find the exact eigenvalues for the potential

{oo x<0
Vix) = (2.303)
K> x>0

Hint: With a little thought, the answer may be found by doing no derivation.

Consider the potential in one dimension:

hZ

Vix)=g T2

(2.304)

where g > 0 is a dimensionless parameter and solve for x > 0.

a. Find the solutions to Schrédinger equation.
b. Derive the phase shift by considering the form of the eigenfunction at large
positive x.

Hint: Try a solution of the form /x J,(kx) and use the fact that

Zlmjy(z)z\/%cos{ —g(w%)] (2.305)

Evaluate the following integral for the harmonic oscillator using generating functions:
M= / i ()70 (2.306)
Evaluate the following integral for the harmonic oscillator using generating functions:
R (2.307)

For the harmonic oscillator, evaluate the following (s is constant):

a. [a,H]
b. [a',H]
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16.

17.

18.

19.

20.

21.

c. eHae"

d. efafe—sH

The squeezed state is the operator (4 is a constant)
S(Z)=N(A)e™ (2.308)
This is also called a coherent state.

a. Find the normalization constant N(J) such that (0|S'S|0) = 1.

b. Evaluate the commutator [a,S].

c. Evaluate the commutator [a',5].

d. Show that S|0) is an eigenstate of the lowering operator a and find its eigenvalue.

Find the transmission and reflection coefficients, from left to right, of a particle
scattering off the potential V(x) = Vo®(x) +4d(x), 2> 0 in one dimension, where
E > V. Find the transmission and reflection coefficients from right to left and verify
the relations found from time reversal.

Consider in one dimension the bound states of a particle in the pair of delta-function
potentials (W > 0):

V(x)=—WI[d(x+a)+d(x—a)] (2.309)

Derive the eigenvalue equation for all possible bound states.

Consider the problem of a delta-function potential outside of an infinite barrier at the
origin (a > 0):
oo x<0
V(x) = (2.310)
Wo(x—a) x>0

a. Find an analytical expression for the phase shift as a function of k.
b. Plot this on a piece of graph paper for the range 0 < ka < 2n when g = 2maW/
W =1.

Consider the one-dimensional Schrodinger equation with a delta-function potential
V(x) = Wo(x). For each value of energy E >0 construct two wave functions that
are orthogonal to each other and normalized according to delta-function normal-
ization.

Find the formula for the normalization coefficient C; for the bound-state wave function
in (2.29). Then find the numerical value for the bound state shown in figure 2.2.
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22. A one-dimensional Hamiltonian has a ground-state eigenfunction of

23.

_ A
~ cosh (x/a)

Yo l(x) (2.311)

where (a, A) are constants. Assume that V(x) — 0 as |x|/a > > 1.

a. What is A?
b. What is the exact eigenvalue?
c. What is the exact potential V(x)?

Derive a wave packet for photons (w = ck) using (a) a Gaussian packet, and (b) a
Lorentzian packet.



3 Approximate Methods

The previous chapter has exact solutions to Schrédinger’s equation in one dimension for
some simple potentials. There are only a few potentials V(x) for which Schrédinger’s
equation is exactly solvable. Many other potentials need to be solved besides those with
exact solutions. This chapter presents two approximate methods for solving Schrédin-
ger’s equation: WKBJ and variational. They were both important in the precomputer days
of quantum mechanics, when many problems could be solved only approximately. Now
numerical methods usually permit accurate solutions for most problems. However, the
present methods are often useful even in the computer age. Many computer solutions are
iterative, where one needs to start the process with an approximate answer. The two
approximate methods are often useful inputs for these kinds of computer programs.
A very modern topic is the path integral method [1] for solving problems in quantum
mechanics, and they are based on WKB].

When I began teaching quantum mechanics, I also included in this chapter a section
on numerical methods of solving Schrédinger’s equation. I no longer include this
material for two reasons: (1) my codes use FORTRAN, which is no longer popular with
younger scientists; (2) most universities have entire courses devoted to numerical
methods in physics. Readers are encouraged to learn numerical methods, since they are
very important in the present age of science.

3.1 WKB)

The WKBJ method is named after Wentzel, Kramers, Brillouin, and Jeffreys. British
authors sometimes put Jeffreys first ((WKB) and German authors often omit his name
(WKB). There were other important contributors, whose names are customarily omitted
from the alphabet soup: Green, Liouville, and Rayleigh. Our treatment is brief; further
information is in the references [2, 3].
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In one dimension, Schrédinger’s equation for a single particle is

7{ o

| 2mdx?

+ V(x)—E} V(%) (3.1)

The eigenfunction is assumed to be an exponential function of a phase factor o(x):

V) = exp[%a(x)] 32)

This step involves no approximation. If o(x) is found exactly, then so is y(x). The function
o(x) need not be real, and its imaginary part determines the amplitude of y(x).

A differential equation is derived for g(x). Let prime denote the derivative with respect
to x:

V) = 10 (U () 33)

. N2
CE [; - (‘;)] v 3.4

The second derivative in (3.4) is inserted into eqn. (3.1). Then multiply the result by 2m,
which produces the differential equation

0= (0") —ihc” +2m[ V(x)—E] (3.5)

The equation is nonlinear. It is usually easier to solve a linear equation than one that is
nonlinear. So the present approach is not useful if Schrédinger’s equation can be solved
exactly. Usually it is not useful to turn a linear equation into one that is nonlinear.

The WKB] method is based on the observation that quantum mechanics reduces to
classical mechanics in the limit that #—0. Classical mechanics is usually a good appro-
ximation to the motion of a particle. The main idea behind WKBJ is to treat % as a “small”
parameter, and to expand the eigenfunction in a series in this parameter. Experience has
shown that the natural function to expand is not i(x), but the phase factor a(x):

B W\
o(x) = 0o(x) + S o1(x) + (;) oa(%) + - - (3.6)

The individual terms ¢,(x) are each assumed to be independent of k.

In most perturbation expansions, the small expansion parameter is dimensionless.
Planck’s constant has the dimensions of joule-second, so one is expanding in a dimensional
parameter. Mathematically, this does not make sense, but it seems to work in WKB].

Insert the series (3.6) into eqn. (3.5) and then regroup the series so that all terms are
together that have the same power of (%)™

0=[o6—ihai—h o+ -2 — ih[of—ihay + - - -]+ 2m(V — E)
0={(05)* +2m(V—E)|—ih[204 07+ 0§ |
—h*[(d1)? + 20005+ o] + O(’) (3.7)
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The last equation is a series in which each term has the form (%)"C,(x). The next step is
subtle. We assume that each coefficient C,(x) = 0 separately. The summation of all of the
terms is zero. Each term (%)"C, has all terms with the same power of #i. Therefore, this
term cannot be canceled by any other term, and must vanish by itself. Setting each term
C,, =0 for increasing values of n gives a series of equations:

0= (05)> + 2m[V(x)—E]

0=20401"+ 00"

0=(01)* + 20405 + af (3.8)
Only three equations are listed here, since that is one more than will be used. The

standard WKBJ approximation to the eigenfunction has only the two terms ¢ and o;.
Usually ¢, and higher terms are neglected. Keeping only o and o gives an approximate

eigenfunction:
¥(x) = exp %Go(x) + 01(x) + O(h) (39

These equations are now solved. The first one is

gy =1p(x) (3.10)
p(x) = /2Zm[E—V ()] (3.11)
gp=1% xdx’p(x’) -+ constant (3.12)

There are two solutions, so that (3.9) has two possible terms. Schrédinger’s equation is a
second-order differential equation, which has two independent solutions. In WKB] they
are given by these two values of gy. The symbol p is used since the quantity is actually the
classical momentum.

The second equation from (3.8) is easy to solve, once gy is known:

ag 14d

A= 20~ 2dx 0] G-

o =— %ln [ p(x)] + constant (3-14)
_ A oo A2 e/

Y(x) = o e + o) € (3.15)

The last line gives the general form of the eigenfunction in the WKB] method. The
prefactors have the constant coefficients A; ,, which are fixed by the boundary conditions.
They arise in the derivation from the constants of integration in eqns. (3.12) and (3.14).

The phase factor of ¢, causes the prefactor of 1/,/p in front of each term. In classical
physics the energy at each point is E=p?/2m+ V(x). The classical momentum is
p(x) = \/2m[E — V(x)]. The probability of finding a particle at a point x is proportional to
[¥|>~1/p(x). Fast particles (large p) travel through a region quickly and have a small
probability of being there. Slow particles (small p) move slowly through a region.
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|
|
I
b X

F1GURE 3.1. The turning point x = b is at the point where E = V(b).

Consider the half-space problem shown in figure 3.1. The potential function V(x) is
assumed to approach infinity as x - —co. The energy E is marked as the horizontal
dashed line. The turning point is defined as the value of position x =b, where E= V(b).
Turning points have a key role in the WKB] eigenfunctions, since there the classical
momentum vanishes: p(b) =0. The turning point b is where all phase integrals start,
such as

ao(x) = /bxdx'p(x') (3.16)

First consider the eigenfunction for x < b. In this region V(x) > E and p(x) is an imaginary
number. Write it as p = io(x):

a(x) = /2m[V(x)—E] (3.17)
. Ay -1 xb dx’a(x') Ay 1 xbdx’a(x')
V= e J. T J (3.18)

Note that the limits of integration have been reversed, since x < b. As x moves further
to the left, away from the turning point, the first exponent becomes increasingly nega-
tive and this term decays to zero. The second term becomes increasingly positive
and grows without bound. Usually this behavior is not acceptable, so we eliminate
this term by setting A, =0. The eigenfunction in (3.18) has only the first term in most
cases:

b

Y(x) = %exp{f% /x dx’a(x’)} (3.19)
Equation (3.19) is the proper eigenfunction for the potential function V(x) shown in
figure 3.1.

Next consider the eigenfunction for x > b. Here both p(x) and g¢(x) are real functions,
and the exponential factors are phases. The eigenfunction can be written in terms of sines
and cosines of the phase integral. In analogy with our past treatment of half-space
problems, the eigenfunction is written as the sine of a phase integral plus a constant phase
angle f:
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Y(x)=

D (1 [, ,
\/msm {%/b dx’p(x’) + /3} (3.20)
The amplitude D and phase angle f§ are determined by matching this eigenfunction onto
the evanescent wave given in eqn. (3.19). These two expressions are the same eigen-
function, which is being described in two different regions of space. The method for
matching two eigenfunctions is to equate them, and their derivative, at the common point
x=b. This simple procedure is impossible because both eigenfunctions diverge at the
match point since the prefactor has p — 0. In fact, near the turning point, the WKB]
eigenfunction is a poor approximation to the actual eigenfunction.

Matching the two functions in (3.19) and (3.20) gives

(3.21)

These relations are derived in the books by Headings [2] and the Fromans [3].

The coefficient D is determined by examining the eigenfunction in the limit of x — oo.
There the momentum p(x) approaches the limit hk:

K= ZE—T[E—V(OO)] (3.22)
lim () = \/%sin E /b dxp(x) + ﬂ (3.23)

Delta-function normalization is used for this continuous eigenfunction, as described in
chapter 2. Then the prefactor is just two, so

D=2Vhk, A =Vhk (3.24)

The WKBJ eigenfunction is now completely specified.

The asymptotic expression in eqn. (3.23) can be used to obtain the WKB] expression for
the phase shift §(k). Recall that the phase shift is defined as
lim (x) = 2 sin(kx + 0) (3.25)

owxkay (k) :—+ hm{ /dxpx)—kx] (3.26)

The second expression follows from (3.23). Equation (3.26) will be used often to derive
phase shifts from potential functions.

In deriving (3.26), it is assumed that the right-hand side is independent of x. This
assumption is valid for potential functions V(x) that go to zero rapidly with increasing
values of x. There are some cases, such as a Coulomb potential V=g/x, for which the
right-hand side of eqn. (3.26) is not independent of x. In these cases the eigenfunction
does not have the asymptotic form given in (3.25), and the phase shift is not defined.
There is nothing wrong with the WKB] approximation in these situations; it is only
that one cannot use the idea of a phase shift. The asymptotic form of the eigenfunction
can be described by a phase shift only if the right-hand side of eqn. (3.26) is independent
of x.
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The WKBJ phase shift is found for the potential function
V(x) = Ve /% (3.27)

The turning point is found by E= V(b) or

— VO
bf—l <E> (3.28)

The phase integral is

O(x) = —;m /h dx'[E — Ve 2¥/%]1/2 (3.29)

Change the variable of integration to

, dz
_ ,—2x/a d ':_ﬂ_
z=e¢e , dx o (3.30)
exp (—2x/a)
O(x) = — V2 ' Ve (3.31)
2h JE/V, z

The indefinite integral can be done exactly:

dz _ VE—E—Vyz
;\/EofVoz—Z\/EfVonr\/Eln TEr JEVE (3.32)
o Ve 1 VE- VYR
06 = k{ Top x/—ﬁ/E Vix }
owksj (k) = % + lim [O(x)—kx] (3.33)

To find the WKBJ phase shift, it is necessary to evaluate O(x) as x — co. Then V(x) be-
comes very small, and V(x)/Eis a small number. Use this ratio as an expansion parameter:

lim /E-V(x =VE- 7_+o (V%) (3.34)

lim O(x) = fka{l + 7ln{ 4‘?} + o(%) } (3.35)

The argument of the logarithm contains the factor of

In[V(x)] = In[Voe /% = — Z—x + In[Vq] (3.36)

O(x) =kx— ka{1+ lnLE}—FO(E)} (3.37)

Recall that K= ka, g> = 2mV,a’/h*. The WKB] and exact phase shifts are

dwkey ) = 7 —K[1+ In() ] (3.38)

B o i [T(1+iK)
ok ==K 1“(5) —3hn {F(l—iK)}

(3.39)
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F1GURE 3.2. The solid line is the exact phase shift for the repulsive exponential
potential as a function of K = ka when g = 1.0. The dashed line is the WKB] result.

The latter formula is from the previous chapter. Both terms contain the factor of —K1n(g/2)
but otherwise do not look much alike.

Figure 3.2 shows a plot of these two phase-shift formulas for g=1.0. The solid line is the
exact result, and the dashed line is the WKB] result at low energy. At high energy the two
lines merge and only one is shown. The WKB] result is accurate at large values of K= ka. It
is inaccurate at low values of K since it goes to 7/4 rather than zero. This result is typical of
WKB]J, since this theory is always more accurate at large values of particle energy. The
classical approximation is better in this case. The eigenfunction is also more accurate for
larger energies. This feature is in accord with our intuition, in which energetic particles
should behave in a more classical fashion. The WKB]J approximation is an excellent
method of describing the motion of particles except those states with the lowest energy.

Phase shifts are studied more thoroughly in chapter 10 on scattering theory. Phase
shifts are important in physics since they completely determine the elastic scattering of a
particle from a potential or from another particle. An important feature is the behavior of
the phase shift d(k) as the wave vector k goes to zero. Levinson’s theorem states that
0(k=0) = mn, where m is the number of bound states of the potential. There are no
bound states for the repulsive exponential potential, which is why the phase shifts simply
go to zero. Levinson’s theorem further indicates the feature that Coulomb potentials do
not have phase shifts, since they have an infinite number of bound states.

3.2 Bound States by WKB]

The prior section discussed the calculation of continuum eigenfunctions and phase shifts
using the WKBJ approximation. This section shows how to use WKB]J to find eigenvalues
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F1GURE 3.3. The five regions of an eigenfunction for a bound state.

and eigenvectors of bound states in one dimension. The similar problem for three dimen-
sions is treated in chapter 5.

Figure 3.3 shows a potential V(x) that has a single smooth minimum. Multiple minima
usually causes multiple bound states. The case of periodic minima is very important in
solids. Only one minimum is treated here.

For one minimum, an eigenstate of energy E requires two turning points. As
shown in figure 3.3, they are called the left b; and right by turning points. Both obey
E= V(bj) for j= (L, R). The construction of the eigenfunction requires space to be divided
into regions: here there are five regions. Regions II and IV are near the two turning
points. Regions I and V are in the two evanescent regions, where the eigen-
function decays away from the turning point.

Region III is between the turning points. Here E > V(x) and the eigenfunction has
sinusoidal character. Careful construction of the eigenfunction in this region is the key to
obtaining the eigenvalue equation. As one starts to write down the eigenfunction in
region III, it is apparent there are two obvious choices: the phase integral can be started at
either turning point:

W) = ;(Lx) sin [GL(x) + ﬂ (3.40)
Wrlx) = %sm [Or(x) + g] (3.41)
O1(x) = % b;dx'p(x') (3.42)
Or(x) = % dex'p(x') (3.43)

Is the proper eigenfunction y/;(x) or Y (x)? The answer is that they should be the same
eigenfunction, so it should not make any difference. The equality /; =/ is obeyed only
for certain values of energy E. These values are the discrete eigenvalues E,. Bound states
exist only for these energies, since only for these values is the eigenfunction matched
correctly at both turning points.

Define ¢;(x) and ¢r(x) as the two phases factors in eqns. (3.40)—(3.41). Their sum is the
total phase ¢
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¢>R:9R+§, ¢L:6L+§ (3.44)
T 1 [P ,
Gr=d+ Pr= 5T dx’p(x) (3.45)

by

The total phase is independent of x.

The eigenvalue condition for the existence of bound states is obtained from the
constraint that Y (x) =y r(x). In ¥, write ¢ =¢dr— ¢r, and then use the trigometric
identity for the sine of the difference of two angles:

() = —lssinldr g (3.49
= L sin(@r) cos(hg)—sin(g) cos()] (3.47)

C
=g= ﬁsm(m) (3.48)

The last two expressions must be equal. The extra term in (3.47) with cos(¢r) must be
eliminated. Since ¢y r(x) depends on position, and ¢ does not, we can eliminate terms
only by setting the value of ¢ . In this case, it is

pr=mn, m=1,23, ... (3.49)
Then sin(¢1) =0, cos(¢p1) = (—1)", and Y = for all values of x provided:
Cr=—(-1)"C; (3.50)

The two requirements (3.49, 3.50) are sufficient to make y/;(x) =y z(x) for all values of x.
The same eigenfunction is obtained regardless of whether the phase integral is started
from the left or right turning point.

The eigenvalue condition (3.49) is usually manipulated by bringing the n/2 term
acrossed the equal sign and multiplying by A. The integer m is replaced by m=n+1,
where n is any positive integer including zero:

br
dxp(x) =nh <n+ 1) (3.51)
b 2

Equation (3.51) is the final form for the eigenvalue condition in WKB], for the case that
the turning points are smooth functions of V(x).

Students should recognize the above expression as a form of the old Bohr-Sommerfeld
quantization conditions from the early days of quantum mechanics:

fdxp 2nh( ) (3.52)

The circle in the integral symbol means to take the integral through a complete oscillation
from one turning point to the other and back to the first. The Bohr-Sommerfeld equation
(3.52) is just twice the WKB] expression (3.51). In the early history of quantum mechanics,
the Bohr-Sommerfeld condition was proposed as the exact equation for bound states. It is
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not exact, but instead is just the WKB] expression. However, as shown below, this ex-
pression gives the exact eigenvalue equation for several simple potential functions V(x).
That is why it was possible to mistake this formula for the exact eigenvalue equation. How-
ever, for other potential functions V(x) it gives an approximate but accurate eigenvalue
equation. Examples of exact and approximate eigenvalue equations are given below.

3.2.1 Harmonic Oscillator

The potential function for the harmonic oscillator in one dimension is V= Kx?/2. It is
inserted into the eigenvalue equation (3.51):

/dx[m(ZEn—sz)]l/z :nh(rH— %) (3.53)

The turning points are always easy to find, since they are the values of x where the
argument of the square root is zero. For the harmonic oscillator they are at

by =—xy, br=2x0, xt =2E,/K (3.54)

1 x
nh(n+ E) = VMKKdex\/xé —x2 (3.55)

The indefinite integral has an analytic expression. But in the present case,
set x = xg sin(a), dx = doxy cos(x), and the integral is
n/2

nh (n + %) = VmKx? docos? (o) = g\/ﬁ (ZI}?’) (3.56)

—7/2

Enzh\/i(wr %) (3.57)

The above expression for E, is the exact eigenvalue derived in chapter 2. The WKB]

approximation gives the exact eigenvalue for the harmonic oscillator. The poor quality of
the WKB]J eigenfunction at turning points does not affect the quality of the eigenvalue.

3.2.2 Morse Potential
The Morse potential is defined as
V(x) = A[g"2x0)/a_ g~ lx—xa)/a] (3.58)

It is shown in figure 3.4. The potential has a single minimum at x = x, of depth A. The
eigenvalue spectrum contains both bound and continuum states. This potential is a fair
approximation to the real potential between neutral atoms or molecules. There is an at-
tractive well and a repulsive region. Schrédinger’s equation for this potential can be
solved exactly, for both bound and continuum states, using confluent hypergeometric
functions. This technique is discussed in chapter 5.
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FIGURE 3.4. The Morse potential.

In the Morse potential, the trick to solving Schrédinger’s equation exactly, or by WKB],
is to make the variable change y = exp[—(x — xo)/a]. In WKBJ the integral becomes

x=x—aln(y), dx= —a% (3.59)
nh <n+ %) = \2ma / % [E,—AR—2y)]"* (3.60)
The turning points are found by setting to zero the argument of the square root in p(x):
Y—2y—E/A=0, y1,=1%\/1+E,/A (3.61)
nh(n+ %) — VamAa /Y m%[m -y (3.62)

The definite integral is found from standard tables
/ o) = SIF-vE T (3.69)
- n[lf\/Tn/A] (3.64)

1,72

E,= —A{l— 3‘%} (3.65)

Bound states exist only if the expression inside of the square bracket is positive. Bound
states do not exist for large values of the integer n. Even for n =0, there is a minimum
value of A, for which no bound states exist when A < A,. Define the potential strength for
the Morse potential as

2 2ma’A

g=" (3.66)

and bound states exist only if g> 5. The eigenvalue equation found using WKB] is exact.
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(a) (b)

0 X 0 X

FIGURE 3.5. (a) Symmetric ramp. (b) Half-space ramp.

3.2.3 Symmetric Ramp

Next consider the potential function V(x) = F|x|, where F > 0. The potential function is
shown in figure 3.5. The eigenvalue equation in WKBJ is

nh(n+ %) = \/ﬁ/dx«/En—FM (3.67)

The expression |x| is best handled by recognizing that the integral for positive and
negative values of x gives the same contribution. So write the integral as

Ey/F
nh(n—i— %) :ZVZm/ dx+/E,—Fx (3.68)
0

2 E/F
= 2\/2m{7 ﬁ(E,,fo)W} (3.69)
0
42
- 3—Fm 32 (3.70)

The eigenvalue equation from WKBJ is

3n 1\ 173
N
Ep= ( 2m> (3.72)

All of the dimensional factors go into Er, which has the units of energy. The WKB]J
solution is not exact.

The potential V(x)=F|x| is symmetric [V(—x)= V(x)]. The eigenfunctions can be
separated into even and odd parity. In WKBJ, the solutions with even values of integer
n have even parity [V(—x)= V(x)], while those with odd values of n have odd parity
[(—x) = —(x)] . The exact solution to Schrédinger’s equation for this potential function
are given in terms of Airy functions. For x > 0,

W&
0= I + Fx—E|y(x) (3.73)
Y (x) = CAi(¢) (3.74)
2
E=(x—E/F)/x, %3 = . (3.75)

2mF
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Table 3.1  Antisymmetric Eigenvalues E, /Ef for the Exact and WKB] Solutions

n Exact WKB]
1 2.3381 2.3202
3 4.0879 4.0818
5 5.5206 5.5171
7 6.7867 6.7844

» The symmetric solutions have zero slope at the matching point x=0, so the eigenvalue

condition is

S En
0=Ai (— E_p) (3.76)

The prime denotes derivative.

+ The antisymmetric solutions have zero value at the matching point x =0, so the eigenvalue

condition is

[ En
OZAI(— E_F) (3.77)

The eigenvalues can be found from a table of Airy functions.

Table 3.1 compares the eigenvalues for the antisymmetric solutions between the exact
and WKBJ methods. The WKBJ is accurate but not exact. The accuracy increases with
larger values of n. This trend is in accord with the idea that WKBJ is more accurate at
larger energies, where the particle motion is more classical. Similar results are found for
the symmetric solutions.

3.2.4 Discontinuous Potentials

Chapter 2 discussed a number of potentials that had discontinuities, such as a particle in
a box. The treatment of the prior section was valid when the potential function V(x) had a
finite derivative at the turning points. The slope F = dV/dx at x = b; is assumed finite and
well behaved. This subsection considers the opposite case where F is infinite due to
discontinuities in the potential function.

The changes from the prior case are discussed using the prior equations:

T 4
¢R:6R+Z, ¢, =0+ — (3.78)

4
br
br=ditde=5+ 5 | dpl)=nlns) 379
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The phase integral contains the factor of n/4. This factor comes from the integration
through the turning point, in the case that the turning point has a finite slope. When the
turning point has a discontinuity, the factor of n/4 is absent.

The first case is a particle in a box 0 < x < L of infinite walls. The two turning points
both have infinite walls, and the factor of 7/4 is absent from both. The above equations get

changed to
dr=0r, ¢, =061 (3.80)
1 [he
pr=¢L+dp=7p | dpx)=nn+1) (3-81)

by

Inside the box the momentum p =+/2mE, is independent of x. The above phase inte-

gral is
L\/2mE, =nh(n+ 1) (3.82)
W2
En:(n+1)22m722, n=0,1,2, ... (3.83)

This solution is another example where WKB] gives the exact eigenvalue. The eig-
enfunction is also exact. Getting the exact result from WKB] requires knowing when to
use, or when not to use, the phase constant n/4.

Another example is the half-space linear potential. Consider the potential function

V(x)=00, if x<0 (3.84)
=Fx, if x>0 (3.85)
The phase integral on the left starts at a discontinuous potential (b; = 0), so the constant

n/4 is absent. The phase integral on the right goes through a finite slope at the turning
point (bg = E/F), so the factor of n/4 is present

pr=Ort. $=6 (3.86)
1 [ , .,
br=ditdr=gty [ dp)=n(r+1) (3.87)

The phase integral is similar to eqn. (3.69):

-E/F 3
\/ﬁ/ dxv/E—Fx=rnh (n+ Z) (3.88)
JO
@[5,,]3/2 =nh <n+ %) (3.89)
2/3
E,=Er {37” (n+ %)} (3.90)

The eigenvalue equation is similar to that found earlier in (3.71) for the symmetric
potential. The symmetric potential has even- and odd-parity solutions. The odd-parity
solutions had odd values of n in (3.71) and their eigenfunction vanished at the origin
[y(x=0)=0]. If we set n > 2n+1 in (3.71) to generate the odd solutions, then we get
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exactly (3.90). The half-space potential has the same eigenfunctions and eigenvalues as
the odd-parity solutions to the symmetric potential.

3.3 Electron Tunneling

WKB]J is often used to calculate the tunneling rate of particles through potential barriers.
Of course, it is better to use exact eigenfunctions for the evanescent waves, but they are
often unavailable. WKB]J is usually an accurate method of obtaining the tunneling rates.

A potential barrier has V(x) > E. For this case the momentum is an imaginary variable.
The amplitude of the eigenfunction in the barrier has the form

¥(x) = Ty exp[—(x)] (3.91)

a(x) = @ /O xdx'\/V(x’)—E (3.92)

The prefactor is usually taken to be a constant Ty, with no momentum term. The barrier is
considered to be over the interval 0 <x < L, and the phase integral is started at x=0.
There is never a phase constant such as n/4 for the evanescent wave. The tunneling
probability is the absolute magnitude squared of the eigenfunction at x = L:

P=|y(L)* = |To|* exp [—2(L)] (3.93)

The first case is a simple repulsive square well of height V> 0 and width L. The
tunneling probability is

AL)y=7yL, = @\/ Vo—E (3.94)
P=[y(L)]* =|To| exp[-2y1] (3.95)

The same result is found when solving the exact eigenfunction.

The next case is called Fowler-Nordheim tunneling. The usual experimental geometry is
to put a positive voltage on the surface of a metal to assist electrons to exit the surface.
Figure 3.6 shows the surface region. The shaded region on the left shows the occupied
electron states E < p, where u is the chemical potential. The electrons are confined to the
metal by a step potential that has a work function e¢ from the chemical potential. The
external potential is represented by an electric field E that makes F=e¢E. The potential
function is V(x) =e¢ — Fx, where its zero is defined as the chemical potential. The
tunneling exponent is

x)= @/xdx’\/e(j)fo’fE (3.96)
0

The electron exits the triangular barrier at the point x’= L= (e¢p — E)/F. The integral is
similar to those for the linear potential

2\/§n7¢

“D=37%F

EP/? (3.97)
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(a) (b)

FiGURe 3.6. Fowler-Nordheim tunneling. (a) Electrons must tunnel through a
triangular barrier. (b) The addition of the image potential reduces the barrier height.

P=|Tof? exp|-22(L)] (3.98)

The interesting feature is that the tunneling rate has an exponent that is inversely pro-
portional to the applied field F. At large values of the electric field, the exponent becomes
small and the tunneling is very rapid. The factor e¢) — E must be positive or there is no
need to tunnel.

When an electron is outside of the surface of a perfect conductor, it has an image potential
—¢”/4x. A better theory of Fowler-Nordheim tunneling includes this image potential:

2

V(x) =ed — Fx— :—x (3.99)

This potential is shown in figure 3.6b. There are now two turning points by  that are both
positive. They are found as the points where V(b) = E:

62

0=e¢—Fb—E— (3.100)
_z 2 ._ep—E
bj=Ct\/ et /4F, (= —r (3.101)
/ br ’
o= 2mE [ dx (br—x')(x"—br) (3.102)

Sy VX
br=E4 /- and by = ¢—,/~-~. The factor of &* — ¢?/4F must be positive. In figure 3.6b,
this constraint means that E is less than the top of the potential barrier.

The above integral is expressed in terms of complete elliptic integrals:

o= 2\/ 2mFb R

T [2¢E(p)—2biK(p)], p*=

br—b;
br

(3.103)

This expression is usually evaluated on the computer. The image correction to Fowler-
Nordheim tunneling is most important at large values of field F.

3.4 Variational Theory

The variational method is useful for finding the eigenfunction and eigenvalue of the
lowest bound state of a Hamiltonian. The lowest bound state is called the ground state.
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The method cannot be used for continuum states nor for most excited states. The ground
state is the single most important state in a quantum mechanical system, so the varia-
tional method is important. The variational method can also be used to find the ground
state of a collection of particles, and this method is discussed in later chapters.

Assume there is a Hamiltonian H that describes any number of particles in any
number of dimensions. It has a set of eigenfunctions ,, and eigenvalues ¢, that obey the
relationship

Hy, =¢eup, (3.104)

Presumedly they are too hard to find exactly, or else there is no need to use approximate

methods such as variational theory. The ground-state eigenvalue is labeled with n =0, (&,

o). For a system of N-particles, the eigenfunction (11,12, ..., ry) depends on 3N space

variables. There are also spin variables. They are important, and are discussed in chapter 4.
The variational method is based on the following theorem:

THEOREM: If ¢ (11,12, ...,1N) is any function of the 3N space coordinates, then

fHJNd3rj¢>*(r1, ey I'N)H(i)(l‘l, P I'N)
fH}Nd3rj\¢(r1, o))

> ¢ (3.105)

Proof: The eigenfunctions ¢, form a complete set of states and are assumed to be or-
thogonal. The arbitrary function ¢ can be expanded in terms of these functions:

b= an, (3.106)
Uy = / Y&y, ¢ (3.107)

This expansion can be used to evaluate the two integrals in eqn. (3.105). We also use eqn.
(3.104):

Hp=> " anea, (3.108)
/ }/>='=H¢ = |anl’en (3.109)

/¢*¢= >l (3.110)

The expression (3.105) is manipulated by multiplying by the left-hand-side denominator,
and then moving the right-hand side across the inequality sign:

Z|an\28n2802|an|2 (3.111)
> lanl (en—e0) 20 (3.112)

The last equation is correct. The quantity |a,|” is positive or zero, and (¢— &) is positive or
zero: recall that ¢ is the minimum value of ¢,. Therefore, the left-hand side of the last
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equation must be positive or zero. Inverting the steps in the proof, we have shown that
eqn. (3.105) is valid. The equality holds if ¢ = . In that case one has guessed the exact
ground-state eigenfunction. Otherwise, the left-hand side of (3.105) is larger than &.

The variational method is based on the theorem in eqn. (3.105). The left-hand side is a
functional of ¢:

[T dr¢ (1, ..., tn)He(rr, .., )
fHJNd31'j|q5(r1, )

E(P)=" (3.113)
The notation £(¢) means the value of £ depends on the form of ¢. The best eigenvalue is
the lowest value of £(¢). “Lowest value” means smallest positive value or largest negative
value. The theorem states that £(¢) is always greater than or equal to the exact ground-
state eigenvalue ¢y Making £(¢) as small as possible is the closest one can come to the
correct &o.

The function ¢ is called the trial eigenfunction. The variational procedure is a mini-
mization procedure. One constructs a trial function ¢ that depends on m parameters:
a1,0y, ..., 0n. The integrals are all evaluated. The resulting energy functional £(¢)
depends on the parameters: a1,ay, ..., d,. They are independently varied to find the
minimum energy:

0= = (3.114)

0-£ (3.115)
az

0=": (3.116)
£

0= . (3.117)

This set of m equations is sufficient to determine the optimal values of the m parameters
a,,- The functional £(¢) has its minimum value at these parameters, and one has found
the lowest eigenvalue for this trial eigenfunction.
As an example, consider in one dimension the nonrelativistic Hamiltonian for a single
particle:
W &

The potential is assumed to have attractive regions, such that bound states exist. The first
step is to choose a trial eigenfunction in terms of some parameters. Two of many possible
choices are

d(x) = A~ (1+ bx + cx?) (3.119)

_ A
" cosh[o(x—x)]

) (3.120)

The first expression has three variational parameters: a, b, c. The prefactor A is not a
variational parameter since it cancels out between numerator and denominator in eqn.
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(3.105). In this case the energy depends on £(a, b, ¢). The second trial wave function has
two variational parameters o, x.

The variational calculation proceeds in several steps. The first one is to choose the form
of the trial eigenfunction. Some standard choices in one dimension are polynomials
multiplied by exponentials or by Gaussians. In three dimensions, they are polynomials in
r multiplied by exponential or Gaussian functions of r. Increasing the number of var-
iational parameters increases the accuracy of the result, but also increases the algebraic
complexity. Most of our examples have only one variational parameter, since with two or
more one has to minimize on the computer.

3.4.1 Half-Space Potential

The first example is the half-space linear potential [V(x)= Fx] that was solved in a
previous section, both exactly and by WKBJ. The variational result will be compared to
these earlier results.

The first step is to choose the form for the trial eigenfunction. It is important to choose
one that has the right shape in x-space. For example, since V(x) diverges at the point
x=0, the eigenfunction must vanish at x=0. The trial eigenfunction must be mul-
tiplied by a polynomial x°, where s> 0. This polynomial ensures that ¢(x=0)=0.
Secondly, the eigenfunction should not have any cusps except at points where the po-
tential function has delta-functions. Thirdly, for the linear potential, it is expected that the
eigenfunction must vanish as x — oo. With these constraints, consider three possible

choices:
¢ =Ax’e™ (3.121)
¢ =Axe (3.122)
¢ =AxSe (" (3.123)

Each trial eigenfunction has two parameters: s and o.
The first trial eigenfunction is an exponential, the second is a Gaussian, and the third

has an exponent with x*/?

. This latter guess is from the asymptotic limit of the Airy
function. To make the calculation as simple as possible, choose s=1 and the first choice
above, with a simple exponential.

A variational calculation always has at least three integrals to perform: the kinetic

energy KE, the potential energy PE, and the normalization I:

E(p) = @ (3.124)
K . d2 K de|?
PE :/dx V(x)|p|* (3.126)

I:/dx |p|* (3.127)
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Two possible forms are given for the kinetic energy KE. The second is derived from
the first by an integration by parts. We prefer the second form, since one only has to take
a single derivative of the trial eigenfunction. The kinetic energy is always a positive
number. This is guaranteed by the second form, but is also true using the first ex-
pression. Below, when we give trial eignfunctions ¢, we also give d¢/dx for the kinetic
energy.

The three integrals for the half-space linear potential [V = Fx] are

d¢

p=Ave ™, - =Al-ux)e (3.128)
0 AZ
[=A*[ dxx’e?=21— (3.129)
0 (20()
WA [ A1 Ro?
KE=—— /O dix(1—a)e 2 = S %1 (3.130)
* 31FA2  3F
PE:AZF/O dxe™ " = o 2! (3.131)
The energy functional is
Wo?  3F
g =t 20 3.132
€)= T 2 (3-132)

The variational parameter is a. It is varied to find its value o at which E(xg) has its
smallest value:

dé  Way 3F
== 1
0 do  m 203 (3:133)
The value of o, is found by solving the above equation:
3Fm 3Fm\!/?
3
B=2 = (22 3.134
BT S % (th ) ( )
ek 3F (RPN 3 a3
(‘:(OC()) = m -+ T“() = ( m ) (Z) + i (g) (3.135)
5/3
= i3 B =2.476E; (3.136)

The result depends on the dimensional parameter Er defined in section 3.2 for the linear
potential.

The variational result has a minimum eigenvalue (o) = 2.476 Ef. This result is about
6% higher than the exact result 2.338 Ex given in table 3.1. The one-parameter variational
result has produced a result that is reasonably accurate, but not as precise as the WKB]
value for the same potential. The trial eigenfunction is

Y(x) = %GXP[—“OX] (3.137)

The prefactor has the correct normalization.
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3.4.2 Harmonic Oscillator in One Dimension

The second example is the harmonic oscillator potential in one dimension V(x) = Kx?/2.
The trial eigenfunction is

B(x)=Aexp {flazxz} (3.138)
Z—f = —Ao’xexp {— % oczxz} (3.139)

The exact ground-state eigenfunction is a Gaussian, so the above trial eigenfunction
will yield the exact answer. This choice satisfies several criteria. First, it is a symmetric
function in x, which is expected from a symmetric potential [V(—x) = V(x)]. It also
decays to zero at large values of x. Note that we could also try exp[—o|x|], but that has a
cusp at the origin. A cusp is not wanted except for potentials with delta-functions.
Another quite suitable trial eigenfunction is ¢ = A/cosh(xx), but that is harder to
integrate.
Using the Gaussian trial eigenfunction, the three integrals are

I_AZ/ dxe™ A2 (3.140)
hz 4 hZ hZ 2
KE = —Az/ dx xPe 7 = :‘n{ ] (3.141)
K K
PE = —A2 dxxz e _ VK o K (3.142)
4mas 402

The energy functional is

Wo? K
E)=—+— 3.143
)= T+ 42 (.143)
The parameter o has the dimensions of inverse length. Both terms in the above expression
have the units of energy. It is always good to check the dimensions.
The minimum value of energy is found by varying the parameter « to find the value oq

at the minimum of energy:

dg hzot() K
_fe_tn 2 3.144
do 2m 203 ( )
K
ok = ";—2 (3.145)

Wolx) = &exp {—%cxéxz} (3.146)
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= — -

FIGURE 3.7. Plotted as a function of « are the kinetic energy (KE), the potential
energy (PE), and the total energy E. The minimum in the total energy is at o.

The above result is recognized as the exact eigenvalue and exact eigenfunction of the n =0
state of the harmonic oscillator.

The variational method illustrates quite well the competition between kinetic and
potential energies. For large values of «, the eigenfunction has a narrow spread in x-space;
the kinetic energy is quite high and the potential energy is quite low. For small values of «,
the eigenfunction is quite spreadout in x-space; the kinetic energy is quite low but the
potential energy is quite high. The minimization procedure finds just the right balance
between kinetic and potential energy.

Figure 3.7 shows a graph of the kinetic and potential energies as a function of a. Also
shown is the total energy E(x) =KE + PE. The figure illustrates the trade-off between
kinetic and potential energies in the minimization of the total energy. This procedure is
an example of the uncertainty principle AxAp > h, where a confinement in x causes a
spread in momentum, and vice versa.

The variational procedure can be used to find the minimum energy of an excited state
as long as the excited state has a different quantum number than the ground state, such
as different parity or different angular momentum. As an example, consider the following
trial eigenfunction for the one-dimensional harmonic oscillator:

¢ = Axexp {f%azxz] (3.147)

This eigenfunction has odd parity [¢(—x) = —¢(x)], and is orthogonal to the ground
state: the latter has even parity. The variational calculation can be done with this
trial eigenfunction, and one finds the eigenvalue £ = 3hw/2. This eigenvalue is exact for
the n=1 state of the harmonic oscillator. The variational procedure worked for this one
excited state since it has a different parity than the ground state. In three-dimensional
calculations, the variational method can be used to find the lowest eigenvalue for
states of different angular momentum. This procedure is used in finding atomic
eigenfunctions. Some variational calculations in three dimensions are discussed in
chapter 5.
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Homework

1. Use WKBJ to calculate the phase shift of a particle in the one-dimensional potential
V(x) =0, x>0 and V(x) = |Fx|, x<O.

2. Use WKBJ to calculate the phase shift of a particle in the one-dimensional potential
V(x) =0, x > 0 and V(x) = Kx*/2, x< 0.

3. Use WKBJ to derive an equation for the phase shift 5(k) of an electron in the one-
dimensional potential (Vo >0, a > 0):

) x <0
Vix)=¢ —Vo(1—x/a) 0O<x<a (3.148)
0 a<x

4. The phase ¢(x)=0O(x)+f has f=mn/4 for potentials with smooth turning
points, and f=0 for an infinite step potential. Examine the value of (k) for a
finite step potential. Solve exactly, as in chapter 2, the eigenfunctions for the
potential:

Vo x<0

Vix)= 3.149
®) {O x>0 ( )

for 0< E< V. For x> 0 the eigenfunction has the form sin(kx+ ). In this case
0(k) = B (k). For what value of E/Vy is f=m/4?

5. Use WKB] to find the eigenvalue of bound states in the one-dimensional potential:

V(x)=0 for |x|<a (3.150)
:§(|x|—a)2 for |x|>a (3.151)

6. Use WKBJ to find the bound-state energies E, in the symmetric quartic potential
V(x) = Kx*. Hint:

3

/01dy\/1—y4= w =0.8740 (3.152)

Q)
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13.
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15.
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Use the trial eigenfunction ¢ = Ax exp[— (ax)”] to find the lowest eigenvalue for the
half-space linear potential for p=3 and p=2. Which of the three exponents
p=(1, 3, 2) gives the lowest eigenvalue?

. Use the variational method to find the ground-state energy of the following potential
(—o0 <x< 00):
V(x) = —Vo exp[—(x/a)?] (3.153)
2maZVo
g= 7 =3 (3.154)

Choose your own trial wave function, and obtain a numerical answer for the binding
energy as a fraction of V.

. Use the following trial function ¢ (x) = Ax exp(—ax) to find the ground-state energy
variationally for the half-space potential:
o x<0
Vi) =4 g2 (3.155)
*7 O<x

where e and m are the charge and mass of an electron.

Show that the ¢(x) used in problem 9 is an exact eigenstate of the Hamiltonian, and
find its eigenvalue.

For the potential V(x) in problem 9, find all of the bound-state energies by WKB].

For the potential V(x) in problem 9, use WKB| to derive an expression for the con-
tinuum eigenfunction.

Use the variational method to find the eigenvalue of the harmonic oscillator with the
trial eigenfunction ¢ = Ax exp[—ox*/2].

Use the variational method to solve for the ground-state eigenvalue of the quartic
potential [V(x) = Kx*] using a Gaussian trial wavefunction.

At the interface between a metal and a semiconductor, a Schottky barrier is formed

due to a depletion region. The potential function is

V(x)=Axo—x)* for 0<x<xo (3.156)
=0 forx>xp,x<0 (3.157)

where x=0 is the interface; the metal is at x< 0 and the semiconductor at x > 0.
Use WKBJ to calculate the tunneling exponent 2 [dxa (x) of an electron with energy
E, > Ax3 > E>0] going from the metal to the semiconductor.
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16. A potential V(x) is an inverted parabola:

K(@*—x?) |x|<a

V() ={ (3.158)

0 |x|>a

Calculate the WKBJ tunneling exponent o= [ k(x)dx for values of 0 < E < Ka®.



4 Spin and Angular Momentum

Angular momentum is an important entity in quantum mechanics. The two major con-
tributors to the angular momentum are the spin (5) of the particle and the orbital angular
momentum (£) from the rotational motion. In classical mechanics, the total angular
momentum j =/ + 5 is obtained by the vector addition of the two component vectors. In
quantum mechanics, all three forms of angular momentum (5,7, j) are individually
quantized and only selected values are allowed. Then the problem of adding angular
momentum j:Z + 5 is more complicated, since both constituents and final value are
quantized.

In systems of more than one particle, the problem of combining all of the spins and all
of the orbital motions becomes important in constructing the many-particle eigenfunc-
tion. The many-particle aspects are deferred until chapter 9. The present chapter is
concerned with understanding the properties of only one or two separate components of
angular momentum.

The eigenfunctions and eigenvalues for both spin and orbital angular momentum are
derived in this chapter. The discussion is based on the Heisenberg approach to quantum
mechanics. At the start, some operators are defined and their commutation relations
established. Then the eigenfunction and eigenvalues are derived by the manipulation of
operators. The advantage of this method is its generality: the final formulas are valid for

all values of angular momentum. They apply equally well to spin or orbital motion.

4.1 Operators, Eigenvalues, and Eigenfunctions

In this section the symbol for orbital angular momentum is M =1 x p:

M, =yp. — zpy (4.1)
M, =zp, — xp, (4.2)
M, =xpy — ypx (4.3)

)

M? = M2+ M; + M? (4.4
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4.1.1 Commutation Relations
The operators M; do not commute, since r, does not commute with pg when o= f:
[i’a, p[;] = lﬁ(smﬁ (45)

The first example is

[My, My = [yp-—2py, zpx—2xp]| (4.6)
= YP«[p=, 2] + xpy [z, P2 (4.7)
=ih(—ypx +xpy) = ihM, (4.8)

[M,, M,] = ilhiM, (4.9)

[M,, M,]] = iiM, (4.10)

The last two commutators are derived in the same fashion as the first one. The three
commutation relations (4.8)—(4.10), along with the definition of M? in (4.4), provide the
starting point for the derivation of the eigenvalues and eigenfunctions. Although these
equations are derived for orbital angular momentum, the components of spin angular
momentum obey the same commutation relations. In fact, the components of any kind of
angular momentum obey these relationships. The results of this section are quite general.
This generality is the advantage of using the Heisenberg method of solving the operator
equations.

The first step in the derivation is to derive some more commutation relations. These
additional relations are found from the three starting ones in eqns. (4.8)—(4.10). The first
is to show that M* commutes with any component M;. Tt is sufficient to prove it for one of
them, say for M,:

[M?, M) =M + M; + M2, M, ] =? (4.11)

Since M, commutes, with itself, it also commutes with M2. One of the three components
above gives zero:

[M2, M,]=0 (4.12)

Below we consider the case of M,ZC and M}Z,. In each case, we add and subtract a term such
as M, M,M, to evaluate the commutators:

[M2, M,] = M2M,—M,M? (4.13)
= My (MM, — M, M,) + (MM, — M, M,) M,
= —il(MyM, + M, M) (4.14)
[Mg, M,]= M§MZ - MzMg (4.15)
= M,(MyM,—M,M,) + (M,M,—M,M,)M,
= ih(M,M, + M. M,) (4.16)
[MZ + M3, M;]=0 (4.17)

It has been shown that [M?, M,]=0. M, and M, also commute with M*:
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[M?, M,] =0=[M?, M,] (4.18)

Since M® commutes with M,, the eigenstates can be required to be simultaneous
eigenvectors of both operators. Each will have different eigenvalues. Each eigenvalue is
assigned a symbol: j with M* and m with M,. The eigenstates are denoted by |j,m). The
dimensions of angular momentum are those of Planck’s constant %, so the eigenvalues
include this symbol. The dimensionless quantities m and f; are also used:

M_|j, m) =hm|j, m) (4.19)
2 jy m> — FLZ_]S

These definitions do not in any way restrict the possible values of m and j. At the moment

M

jm) (4.20)

they are just symbols.

It would be just as easy to choose the pair of operators (M?, M,) or (M, M,). The choice
of (M?, M;) is conventional but arbitrary. Since (M,, M,, M) do not commute with each
other, only one of them can be paired with M?. The state |j, m) is not an eigenstate of M,
or M,. The choice of M, makes the z-axis the basis for the quantization of angular mo-
mentum. Any other direction can be chosen with equal correctness.

4.1.2. Raising and Lowering Operators
Define two more operators, called the raising operator (LY) and the lowering operator (L):

L' =M, +iM, (4.21)

L=M,—iM, (4.22)
The dagger symbol (f) denotes the Hermitian conjugate. Since the angular momentum
components are Hermitian, the raising and lowering operators are mutual Hermitian
conjugates. Similar raising and lowering operators were introduced in section 2.4 for
the harmonic oscillator. Here they have the same meaning, since they raise or lower the
z-component of angular momentum.

Next explore some of the operator relationships. Since M, and M, commute with M?,
then so do the raising and lowering operators:

[M%,1]=0 (4.23)
[M?, L] =0 (4.24)

However, they do not commute with M, or with each other:

[L, LT] = [My—iM,, My +iM,]

= —i[My, My +i[My, M,| = —2hM, (4.25)
[My, L] = [My, My—iM,] = (M, +iM,) = —hL (4.26)
[M,, L' =hLf (4.27)

The operator M? is expressed in terms of the raising and lowering operators. First use
eqns. (4.21)—(4.22) to get
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. ,
M=o (L+L1), M= %(L—LT) (4.28)
2_1 2 f _1tHh2 2
M? = 2 (L+ L)+ 7 (L=L)” + M (4.29)
1., .
= i(L*L+ LLT) + M? (4.30)

Since L and L' do not commute, the order in which they are written is important. These
commutation relations and definitions complete the first stage of the derivation.

4.1.3 Eigenfunctions and Eigenvalues

The next step is to solve the operator relations to determine the properties of the
eigenfunctions. It is convenient to use the Dirac notation with bras and kets. A ket is any
eigenstate on the right (|j, m)); a bra is the eigenstate on the left ((j, m|). The bra is the
Hermitian conjugate of the ket. They are assumed to be orthogonal:

(o mlj’,m") = Sy Smm (4.31)

The expectation value of an operator is discussed and defined in chapters 1 and 2. For any
function F of angular momentum, its expectation value is obtained by sandwiching the
operator between a ket on the right and a bra on the left:

(F) = (j, m|F|j,m) (4.32)
A matrix element is a similar expression, but the bra and ket may not be the same state:

(E)(Jf', mm’) = (J', m’|F

j,m) (4.33)

Quite often these expectation values and matrix elements can be found using operator
techniques. In the next section the state

Jj, m) is given an explicit representation in terms
of matrices. Then one could do a matrix multiplication to get the expectation values.

The present derivation proceeds by taking matrix elements of commutation relations.
Many properties can be derived by this procedure. The first one uses eqn. (4.24):

0= (', m'|[M%, LT[ m) = {7, m'| ML — L2

j.m) (4.34)
Since the commutator is zero, its matrix element equals zero. Use eqn. (4.20) to evaluate
M?|j, m) = W’f|j, m) or its Hermitian conjugate (j, m'|M*>=h* f/(j, m’|:
0=1*(j", m'|(f-L'—L'f)|j, m) (4.35)
=R (f—f)(J m’|LT|j,m) (4.36)

Note that we took (j’, m/|M*L'[j, m) and operated M? to the left on the bra. It could not be
taken to the right since the operator L' is in the way.

Equation (4.36) is zero. If j=j’ it vanishes because f;=f;. If j #j it must vanish
because the matrix element of LT is zero
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(, m'|L|j,m) =y L] (4.37)

U =jim'm
The matrix element is zero unless j=j'. If j=j’ it can be nonzero and is represented by the
unknown c-number L}. wm Further information regarding this matrix element is found by
evaluating the commutator in (4.27) when j=j"
(J, m'|[Mz, LT]| j, m) = h(j, m’|LT] j, m) (4.38)
(Jo | Mz LT = LM |, m) = h(j, m’|LY|j, m) (4.39)

On the left side of the equal sign, evaluate M,|j, m) = hm|j, m) and (j, m’|M, = hm’(j, m'|.
Also shift the term on the right of the equal sign to the left:

R(j, m/|m’ LT —L'm|j, m) = h(j, w’|L!| ], m) (4.40)
h(m'—m—1)LL , =0 (4.41)

Jym'm
The expression on the left vanishes. If m”=m + 1, the factor in parentheses vanishes. If
m’ # m+ 1, the matrix element vanishes. If m"=m+ 1, the matrix element does not
vanish, but is still unknown:

L};m'm = 5m’:m+1hqj(m) (442)

The function g;(m) is still unknown. The matrix element on the left side of eqn. (4.37) has
been shown to vanish unless j=j, m’=m + 1. The raising operator L' raises the value
of m.

Similar relationships may be established for the lowering operator L. It is possible to
derive the result by going through the same steps. However, a shortcut is possible by
recognizing that L is just the Hermitian conjugate of L. The matrix element of L is just
the Hermitian conjugate of the matrix element for L':

{(7, m|LT|j, m) = 87O, me gy (m)} (4.43)

(o mIL|J's m") = 0y O, 41 hgj(m)* (4.44)
Now m’ is on the right (in the ket), while m is on the left (in the bra). Since m"=m + 1, the
operator L lowers the value of the quantum number m.

Both matrix elements depend on the function g;(m). It is found by examining the
matrix element of another commutator (4.25):

(J, ml[L, LT]j, m) = —2h(j, m| M| j, m) (4.45)
(j,m|LLI=LTL|j, m) = —2K*m (4.46)

This expression is not simple to evaluate, since |j, m) is an eigenstate of neither L nor L',

It is necessary to insert a complete set of states between L and LY. This step employs the
completeness relation in terms of the identity operator I:

1= 1jm)(fm (4.47)
o
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This identity is inserted in the two terms on the left in eqn. (4.46). Inserting the identity
does not change the value:

> _[GmlLlfm )| L)
jom
— Gom|L ) (| L] m)) = —2m (4.48)
The only nonzero matrix elements have j’ =j. The matrix elements of L' raise the value of
m, while those for L lower it. The only nonzero term in the summation is
(j, m|L|j, m+1)(j, m+1|LT|j, m) (4.49)
= (jy mILT|j, m=1)(j, m—1|L|j, m) = —2h*m
B {lg(m)|~|gs(m—1) "} = —2h*m (4.50)
Cancel K* from each side and find
jgi(m) = lg(m—1)|” = —2m (451)

This equation is solved to find |g;(m)|” as a function of m. Expand this function in a power
series in m. The coefficients a,, of this series could be functions of j. In fact, some are and
some are not:

\qi(m)|* = ag + aym + aym® + azm’ + - - (4.52)
lgi(m—1)* = a0 + a1 (m—1) + ay (m—1)> + as(m—1)> + - -- (4.53)
\qi(m) [ —|gi(m—1)|* = a1 + a,(2m—1) + a3 3m*~3m + 1) + - -- (4.54)
—2m=a, +ay(2m—1)+as(3m*—3m+1) + - -- (4.55)

The solution to eqn. (4.55) is

a1 :a2:—1 (456)
a,=0 if n>3 (4.57)
The higher coefficients as, a4, etc. are zero since they multiply higher powers of m and

there are no such terms on the left of the equal sign. No information is obtained regarding
the first term ao, and it is nonzero. So far the solution has the form

g5 (m)|” = ao — m(m+1) (4.58)

An important feature is that |¢;(m)|* cannot be negative, since it is the absolute magnitude
squared of a function. This gives the condition a = m(m+ 1).
The derivation is nearly completed. All the information is in hand to present the final

arguments. So far it has been proved that when L' operates upon an eigenstate |j, m), it

produces the eigenstate

j, m+1) multiplied by a coefficient hgj(m):

LT|j, m) = hgj(m)|j, m + 1) (4.59)
L|j,m) = hgi(m—1)"| j,m — 1) (4.60)
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These two relationships were proven above. When L' operates on |j, m) it creates a
state |j, m") where m’ = m + 1. Similarly, the operation of L on |j, m) creates a pure state of
i, m—1).

Consider the effect of operating on an eigenstate |j, m) by n-successive raising op-
erators. This operation is denoted as (L')". Each operation raises m by unity. After raising

n times, one ends up with the state |j, m +n):

(L)

J.m) =hagi(m)LT[j, m+ 1) = K q(m)gi(m +1)|j, m+2)
(LT)"|j, m) = R'q(m)qj(m + 1) - - - gi(m + n—1)| j, m + n) (4.61)

The final expression contains the product of n-factors of the form gj(m + ¢), where £ is an
integer between zero and n — 1. The value of m can be raised further by operating more
times by L .

Repeated operations with the raising operator eventually creates problems. The value of
(m+ n) becomes large enough that the expression

|gi(m +n)|* = ao—(m+n)(m+n+1) (4.62)

becomes negative on the right-hand side. No matter what value is chosen for a,, we can
find a value of n large enough to make this expression negative. This feature violates the
constraint that it must always be a positive number. This constraint was derived from the
commutation relations and is a fundamental feature of angular momentum.

The problem is resolved by selecting the value of g, to equal

a=N(N+1), N=m+n, (4.63)
|gi(m +n,)|> = ao(N)[1-1] =0 (4.64)

In eqn. (4.61), if one of the gj(m + n,) =0, then further operations by the raising operator
continue to give zero. This choice of a; means that |j, N) has the largest value of N in the
system. One cannot raise the value of m past the value of m = N. Attempts to raise this
state by operating by the raising operator simply give zero.

Repeat this argument for the lowering operator. Each operation by L lowers the value of
m by one. Repeated lowering will make the m value negative:

(L)"|jom) =h" gi(m—1)"g(m—2)" - - q(m—ne) | j, m—ne) (4.65)
Repeated operations by L have the same problem as repeated operations by L'. When
m — n, has large negative values, then

|gj(m — no)|* = ao—(m — ng)(m — ny + 1) (4.66)

=a,—(n —m)(ng —m—1) (4.67)
where n, —m —1 is a positive number or zero. The right-hand side is negative for large
values of n, — m. Again it is necessary to find some way to truncate the series of op-

erations. The series is truncated [see (4.63)] if N=n,—m — 1, where N=m+n,, is the
value used to truncate the upper sequence. Combining these two definitions of N gives
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N=n-m—-1l=m+n, (4.68)
1
m= E(ngflfnu) (4.69)

The same value for N can be used to truncate the upper and lower sequences provided m
satisfies eqn. (4.69). Since n, and n,, are both integers, then m is either an integer or a half-
integer. Two examples are

1. If m=2 and n,=1 then N=3 and a,=(3)(4) =12. A value of n,=6 makes n,—m—1=
3=N.

2. If m=—3and n,=4 then N=3and ay=(3)(}) = £ Then n,=2 and n,—1-m=3 =N.

The fact that m can only be an integer or a half-integer is of fundamental importance.
In quantum mechanics, it is found that all values of angular momentum come in integer
or half-integer values. This fundamental law of nature is a direct consequence of the
commutation relations for angular momentum operators. Note that we started the der-
ivation using classical angular momentum operators M =r x p, which occur only with
integer values. However, the operator algebra also permits a solution with half-integers.
Many fundamental particles such as electrons, protons, neutrons, and neutrinos have
spin-.

The quantity N is the largest allowed value of m since ap= N(N+1). The largest
negative value of m is —N. Trying to lower this value gives

L|j, —N) = hgi(—~N-1)|j, —N—1) (4.70)
|q/(—N—1)|* = ao—(~N—1)(—N) =ao—N(N +1) =0

The number of allowed values of —N < m < Nis 2N+ 1.

The final step in the derivation is to determine the meaning of the quantum number j.
It enters the eigenvalue of M% We are now ready to determine this quantity using eqn.
(4.30). The terms in this equation give

LL'|j, m) = hgi(m) L|j, m + 1) = B*|q;(m)[*| j, m) (4.71)
LTL|j, m) =hgi(m — 1) LT|j, m — 1) = |qj(m—1) *|j, m) (4.72)
MZ|j,m) = W*m?|j,m) (4.73)

Now evaluate M?

j, m):

. n .
M?[j,m) = —{lgj(m)|” + [gi(m—1)|" + 2m?}j, m) (4.74)
2

h
= 7{&0 - m(m + 1) + aof(mfl)m + sz}U, m)

M?|j, m) =R aglj, m) (4.75)
The eigenvalue of M? is just ia,. The result was supposed to be hzﬁ, so that f;= a,. Recall

that ap= N(N+ 1), where N is the largest value of m. Soj is identified as j = N, since that is
the only variable in aq.
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The various results are now collected:

M|}, m) = hm|j, m) (4.76)
M2|j, m) = K*j(j + 1)|j, m) (4.77)

jom)y=h\/j(j+1)—m(m+1)|j,m+1) (4.78)
j.m)=h\/j(j+1)—m(m—1)|j, m—1) (4.79)

These four equations are the basic, important relationships for angular momentum.

It

L

Recall that m and j can both be integers or both be half-integers. The values of m change
in integer steps over the range —j < m< j, for a total of (2j+ 1) values.

It is interesting to compare these results to the operators of the harmonic oscillator.
The latter are discussed in section 2.4. Angular momentum starts with three operators
(M,, M,, M), while the harmonic oscillator has two (x, p). Raising and lowering opera-
tors were constructed for each case. The commutation relations for the two systems had im-
portant differences. For the harmonic oscillator [a, a']= 1, the commutator is a c-number.
For the angular momentum, the commutator is another operator: [L, L'| = 2iM,. The end
result is also different. For the harmonic oscillator, the eigenstates |n) permitted all values
of positive n, even up to very large values. For the angular momentum, the value of j goes to
arbitrarily large positive integers or half-integers but m is bounded by j.

4.2 Representations

The relationships between operators and eigenfunctions in (4.76)—(4.79) are the im-
portant equations of angular momentum. One can get along very well in physics by using
these relationships as they are written. There is really no need to write down a specific
form for the eigenstates |j, m).

A representation is a set of specific functions that describe the operators and eigen-
functions. There are two different kinds of representations that are used most commonly.
One is a matrix form, where the operators are square matrices of dimension (2j+ 1) and
the eigenfunctions are vectors of the same length. The matrix representation can be
applied to an integer or half-integer value of j. Integer values of j also have a representation
in terms of polynomials in (x, y, 2), while the operators have the derivative form shown in
eqns. (4.1)—(4.3). Examples of both types of representations are given below.

N[

J

The usual way of representing j= 3 is using the Pauli spin matrices o;. The angular
momentum operator is M;= (i/2)d;. The Pauli matrices are

/01 0 450

Gx_(l o)’ GY_(i 0) (450
1 0 10

6y = ( ) I— ( ) (4.81)
0 -1 0 1

The identity operator is I. The raising and lowering operators are
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, 0 1
L'=M,+iM,= h( ) (4.82)
0 0
0 0
L:Mx—iMY:h( ) (4.83)
10
M, et o 4.84
2_5(0 —1> (484
MZ—MZ—MZ—R—Z to 4.85
x y z 4 0 1 ( )
3K
MZ:TI (4.86)

The eigenstates are column vectors for kets and row vectors for bras. The elements are
ZEros or ones:

1) B-H-C)

11_(10) 1 1
2720 V70 N2 2

The two states |1, m) are eigenstates of both M, and M? as required by the original

(0,1) (4.88)

assumption in the derivation:

() 2E(] 4.89

Z(o>_5<o> (4.8)
0 /0

Mz(1)7_5<1) (490

The factors g;(m) are all zero or one:

£(2)4()- 2()-
)4 )

A common application for the j = 1 representation is in describing the spins of fermions
1
2
m = — 1 is called “spin-down.” The operators are often represented by the symbol s rather

such as electrons or nucleons. The eigenstate with m = 1 is usually called “spin-up,” while
than by Mor L. (s, s,, s.) are the three spin components, while s and s are the raising
and lowering operators. They are given by Pauli matrices s;= (i/2)a;.

j=1.

Matrices. The j=1 angular momentum state can be represented either by matrices or by
polynomials. The matrix form is usually used when describing the spin of a particle or a
composite particle. The polynomial representation is used for the orbital motion of the
particle. Both representations are given here, beginning with the matrix one.



Spin and Angular Momentum | 97

A matrix representation is constructed by writing down all of the eigenfunctions as
column vectors. They have zeros in all spots except for 1 at one spot. The position of the
“1” is determined by the value of m. For j=1 the three eigenvectors are

1 0 0
Ly=|o|, Loy=|1|, §1,-1)=1]o0 (4.93)
0 0 1

The next step is to construct the raising and lowering matrices L' and L. They are
mutual Hermitian conjugates, so constructing one is sufficient. Since L' raises m by
unity, it only has elements one spot above the diagonal. Similarly, the matrix for L has
nonzero elements only one spot below the diagonal. These elements are higj(m). For j=1
then

gi(m) = /j(j+1)—-m(m+1) (4.94)

q1(1)=0 (4.95)
0 (0)=V2 (4.96)
qa(-1)=Vv2 (4.97)

These values immediately give the raising and lowering matrices:

L' =hv2 (4.98)

L=hV2 (4.99)

S B O O O O
_ O O O O =
S O O o = O

The next step is to construct M, M,, M. The matrix M, is diagonal with elements him.
The matrices M,, M, are found from the raising and lowering matrices:

010
Mfl(LH—L)f " 110 (4.100)
010
0 -1 0
M*i(L—LT)*ﬂ 1 0 -1 (4.101)
Y 2 \/i .
0 1 0
10 0
M,=h| 0 0 © (4.102)
00 -1

The magnitude matrix is M?=2k’I, where I is always the identity matrix. The value of 2
comes from j(j+ 1) when j=1.
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r-Space. For integer values of j, it is easy to construct an r-space representation. The
eigenfunctions are polynomials of (x, y, z). The operators are always the same, regardless
of the integer value of j. They are given at the beginning of this chapter:

) d d
Mx:ypz—zm:—lh( 1y zb—y) (4.103)
Mo — 2pe — (22 2 4104
y=2Px = Xpz=—ih| Z5 o —X (4.104)
) d d
Mz—xpy—ypx——lh(xb—y—yﬂ) (4.105)

The symbol L, is also used for M,. The raising and lowering operators are

L= M, —iM, = —i[z(px—ipy) — (x—iy)p:] (4.1006)
DD D

= h[ (a_iby) (x— ty)bz} (4.107)

L' =i[z(py +ipy) — (x + iy)p;] (4.108)

—alo( 2 i i) 4.109

= |:2($+lb_y)_(x+l)))$:| (4.109)

In spherical coordinates, x = rsin(f)cos(¢), y=rsin(6)sin(¢), z=rcos(6). Then operators

are
L,=ik {sm(q&) 5+ i:rsl((d’)) %} (4.110)
L,=ih {fcos(qb)% + i;r:l((‘g)) %} (4.111)
L= T;(b (4.112)
Lt = he [; 5+ cot(0) ;A (4.113)
L=he ™ {f% + cot(0) A (4.114)
The spherical harmonic functions Y}"(0, ¢) are introduced in chapter 5:
Y7(0, @) = Con P (0)™ (4.115)
Com=(=1)" 2“ ! ((f+||m‘|))' (4.116)

where PLM‘ are associated Legendre polynomials. The angular momentum functions
(j=1) are just r times the spherical harmonics with only part of the factor of Cj,,:

|6, m) = Dy P (6)™0 (4.117)

(£=|m])!

P = (e iy

(4.118)
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The normalization is found from the integration over 4z solid angle:

2m m
/0 do /o sin (0)d0(¢, m|(, m) = 5 ;I - (4.119)
Some examples are
0,0) =1 (4.120)
1 , 1 . ;
11,1) = —\é(x+ iy) = —\/;r sin(0)e' (4.121)
|1,0) =z=rcos (0) (4.122)

11, -1) = \/%(x—iy) = \Er sin(0)e (4.123)

The last three equations are the eigenstates for j=1.

If one knows the Legendre polynomial P,(0) then one can construct the rest
of the basis set using raising and lowering operators (4.107)—(4.109). An example is for
(=2

Py(0) = %[3 cos?(0)—1] (4.124)
2,0) = %[37}—#] = %[2z2—x2—y2} (4.125)

Using the raising operator gives, with g,(0) = /6:

LY2,0) =hv6[2, 1) = —h3z(x + iy) (4.126)
2,1) = —\/EZ(eriy) (4.127)

The first equality in eqn. (4.126) comes from eqn. (4.59), and the second comes by using
the operator in (4.109). In the second line, we solve for |2, 1). Note that this pro-
cedure gives the correct normalization of the eigenfunction. Raising again with g,(1) =2

gives
L'2,1) =h2)2,2) =h\/§(x+iy)2 (4.128)
3 12
|2,2) = g(x+ iy) (4.129)
The application of the lowering operator to (4.125) gives
3 ,
12,-1) = \/;z(xfly) (4.130)
3 2
2,-2) = /g (i) (4.131)

This completes the discussion of the r-space representation.
The operator for M is written out in (x, y, z) coordinates:
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FIGURE 4.1. Bead on wire ring.

R d d d
2 32 SN (. il el
M7 =—h {(x Ytz )(bxz 0 +Dzz) <xbx+yby+zbz)

(22 DY
Y’ Yby 3z

This complicated expression is greatly simplified when writing it in spherical coordinates:

(4.132)

x = rsin(0)cos(¢), y = rsin(6)sin(¢), z = rcos(0). Then it is V> minus the terms involving
radial derivatives:

—R [PV V)—(F- V)] (4.133)
1o 2| L2 1
M*=—h Lin(@)b@ (sm(O)be) + sin? (0) 397 (4.134)
This operator gives an eigenvalue of h*/(¢+1) when operating on the spherical
harmonics:
M2Y™(0, p) = K2 4(L + 1) Y]"(0, d) (4.135)

This result is important when discussing three-dimensional solutions to Schrédinger’s
equation in the next chapter.

4.3 Rigid Rotations

The quantum mechanics of rigid rotors is quite simple. One solves Schrédinger’s
equation while fixing the radial variable r. As an example, consider the problem of a circle
of wire with a radius R. Let a hollow bead of mass M,, slide around the wire. The angle 6
denotes the position of the bead along the wire, as shown in figure 4.1. It is the only
variable that can change. The Hamiltonian contains a kinetic energy term and a potential
energy term. The potential energy confines the bead to the wire. If the ring is horizontal
then gravity is not an issue. Then the potential energy does not depend on the angle 0,
and V can be treated as a constant V,,. The Hamiltonian is

WP
H=— MR I + Vo (4.136)
Hé,(0) = Eng,(0) (4.137)

emH

ox:

$u(0) = (4.138)
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2

En= 2M 2M, R?

+Vo=n’E + Vp (4.139)
The kinetic energy term contains only the derivative with respect to angle. The eigen-
function must have the form exp(inf). The constant n must be an integer to have
G (0 + 27) = ¢,,(0). Note that for the bead the moment of inertia is I = M,R?. The angular
momentum operator is

hd

L=s5 L= hng, (4.140)

The angular momentum is quantized.
A solid object can be characterized by the three moments of inertia about the three axes:
(I, I, I). The kinetic energy term is then

>

1[M2 M M2
—{— } (4.141)

2L I, " L
where M; 2 are the kinetic energy terms about the axis r;. A special case is the rotation of an
object around a fixed axis: say the z-direction. The only variable is the rotation angle 0. All
we need to know about the object is its moment of inertia I, and the analysis is identical
to that of the bead:

ind

9u(0) = (4.142)

E,=n’ T =n’E, (4.143)

Another special case is the rotation of a spherical top, which is a solid with I,=
I,= I, = I. The kinetic energy term is

MZ

T=— (4.144)
21

where M? was introduced in section 4.2. The eigenstates are the spherical harmonics
Y* (0, ¢), and

hZ
=Ul+1)5; (4.145)

Another special case is a diatomic molecule of identical atoms, such as O, or N,. As
shown in figure 4.2, I, =1, = I, # L. In fact, for rotations around the axis connecting the
two atoms, [, < I,. Most of the mass is in the nuclei. For (I, ), the value of is I, =2M
(d/2)%, where d is the separation of the two nuclei. However, I, ~ Mb?, where b is the radius
of the nuclei, which is about 10~ of d. Then the kinetic energy term can be written as

1] M? 1 1\,
=5t M? (4.146)
z

W[
TY!"(0, ¢) = [ (;: 1 +mz<éf%>}n’”(9, ®) (4.147)

>
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N X

FIGURE 4.2. The three axes of a diatomic molecule.

Since I, < I, then 1/I,>>1/I, . At ordinary temperatures it is energetically unfavorable
to have m # 0, so the diatomic molecules has eigenvalues and eigenfunctions:

R0+ 1)

TY0.9) = —

Y7(0, ¢) (4.148)
The difference between this case, and the spherical top, is the degeneracy of each energy
level. For the spherical top it is (2¢+ 1), while for the diatomic molecule it is one.

4.4 The Addition of Angular Momentum

Many problems in quantum mechanics require the addition of two or more angular
momentum variables. One example is for electron states in atoms, where the spin and
orbital motion are separate angular momentum components. In classical mechanics,
angular momentum is a vector, and the addition of angular momentum is just the ad-
dition of vectors. In quantum mechanics, each angular momentum variable has the type
of quantized eigenstates described in the prior two sections. When two angular momenta
J1 and J, are to be combined to get a third one J, this operation can be represented as vector
addition:

T=h+1 (4.149)

The process of “adding” these angular momenta is different than the adding of vec-
tors. The two separate momenta have quantized eigenstates: |j;, mq),

j2, ma). Their
combination has its own set of quantized eigenstates |J, M). For the addition of angular
momentum, it is assumed that the states of |], M) are found from combinations of the
component states |j;, m1), |jo, m,). The process of vector addition in quantum mechanics
means that the eigenstates of |J, M) are linear combinations of the products of the
eigenstates of the constituents. This relationship is written as

|1, M) =" (jujamama| JM)| 1, ma)]| o, m2) (4.150)
mymy
The factor (jij,mim,|JM) is a constant coefficient. Unfortunately, it must contain six
symbols, since it depends on six parameters. There are many other common ways of
writing the same coefficient, with the same six symbols:
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Cip(JMsmimz),  ClL, (4.151)

Jima, ama

They are called Clebsch-Gordon coefficients. The process of adding angular momentum in
quantum mechanics is to find these coefficients. The standard approach in most
textbooks is to prove many theorems involving properties of these coefficients. This
approach tends to obscure the fact that they are actually simple numbers such as 1/+/2 or
1/4/3. The present approach to these coefficients is to derive them for a few simple but
important cases. The simple cases are all that is needed for most applications. The
forbidding formulas are mentioned only at the end.

One rule is worth mentioning first: M = m; + m,. The m-component of the total is the
summation of the m-components of the two constituents. The summation in (4.150) is
not over (m;, m,) separately, but is constrained by m, =M — m.

The first example is the vector addition of two systems, each with spin -3. This addition
is denoted as (3)%(3). To simplify the notation, o; denotes particle j as spin-up, and f;
denotes it as spin-down. Explicit representations for (, ff) are given in the prior section.

The first step is to construct the eigenstate with the maximum component of M for the
combined system. The maximum value of M is achieved when the spins of the two

1

components are both aligned in the up direction. For (3)x (1) the maximum

combination is M =1, which is obtained by adding m; = 1 to m, = 1. This eigenstate is

1,1) = oy, (4.152)

Since M =1, then ] must be an integer that is at least one. In fact, the maximum value of
J=Jji1+Jja2- For the present case that is J=1. The normalization coefficient on the right
side of the above equation is one. Then the normalization is

(1,1

1,1) = (e o) (02| or2) = 1 (4.153)

The state of minimum M is constructed similarly. It has M= —1 and is composed of
adding the two spin-down components:

1, =1) =B, (4.154)

Equations (4.152)—(4.154) give two of the three states |1, M).

In the discussion of the present example, the Pauli exclusion principle is being
ignored. It is assumed that the two angular momenta j; = 1 and j, = ] are from two
distinguishable particles. For distinguishable particles, such as an electron and a neutron,
there is no need to worry about the exclusion principle as to whether two identical
particles occupy the same state. For identical particles, such as two electrons, one has to
keep an eye out for several other restrictions when adding angular momenta. The Pauli
exclusion principle is that no two identical fermions can occupy the same eigenstate at the
same time. If they are in different orbital states, then there is no restriction on whether
the two fermions can be in the same spin state. If two identical fermions are in the same
orbital state, they cannot be also in the same spin state. In this case the exclusion principle
excludes the occupation of the |1, 1) and |1, —1) states. Another restriction is that the total
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wave function of the two fermion systems must be antisymmetric under the exchange of
the coordinates of the two fermions. Clearly, neither |1, 1) nor |1, —1) have this property.
Neither does the state with J=1, M =0. The exclusion principle rules out all three states
with |1, M). The related topics of wave function symmetry, Pauli exclusion principle, and
permitted spin arrangements are treated at length in chapter 9. The present discussion is
only to alert the reader that the addition of angular momentum for identical particles
must be done in agreement with other symmetry rules such as provided by the exclusion
principle.

Now return to finding the states of (3) X (3). Apply the lowering operator to both sides
of eqn. (4.152):

L1, 1) = Loty orz) = (Lo )tz + oy (L) (4.155)

The chain rule has been used on the right. Since the raising and lowering operators contain
derivatives, one can use the chain rule when operating on a product of functions. The
evaluation on the left is L|1, 1) =hv/2|1, 0). On the right it is Lo;;= ;. The final expression
is
hV2(1,0) = k(B2 + 21 5) (4.156)
1,0)= 72(131052+0<1/32) (4.157)
The same result is obtained by the operation of

L1, =1) = L'(B, 8,) (4.158)

The operation L|1, 0) ).
The four orthogonal functions oy, f1, o, f, can be combined into four linearly

independent product functions with different indices:

00102, alﬁla ﬁlaZa ﬁlﬁz

),
with M=1, 0, —1. The degeneracy of the J=1 state is (2] 4+ 1) =3, so all of them have
been found. The remaining product state has (2]'+ 1) =1 so J'=0. The state with J'=0
must have M"=0. It is composed of product states that have m, + m, =0, such as o/,
and o, f;. |0, 0) must also be orthogonal to other states such as |1, 0). Therefore, it can
only be

0,0) = (1f2=Pro2) (4.159)

\/_

The sign in front is arbitrary.
The normalization uses the feature that

(04l B;) =0, (auloy) =6y, (Bl B;) =0y (4.160)
Therefore,



Spin and Angular Momentum | 105

Table 4.1 Vector Addition of (})(}) gives State | J=1, M) J=|0, 0)

1, 1) |1, 0) 10, 0) 1, -1)
o100 1
o1 % —%
Bioz % %
B1Ba 1
(0,000,0) = 2 (1~ y2) 21—y (4.161)
= %[(alltxl)(ﬁz\ﬁﬁ + (a|o) (B1]B1)] = 1 (4.162)
Similarly,
(0,0[1,0) = %((alﬁrﬁlaz)(alﬁz + p102)) (4.163)
= %[(061|d1><ﬁz\ﬁz>*(dz|az><ﬁ1\ﬂlﬂ (4.164)
1
= i[171] =0 (4.165)

These results are summarized in table 4.1. Blank values are zero. The values of 0, 1, and

+1/+/2 are the Clebsch-Gordon coefficients for the present example of (1)x(1). The four-

by-four array has 16 possible values. Ten are zero, two are one, and four are +1/+/2.
Such tables are a convenient way to represent the results. One can read them down as a

column:
1
1,0) = ﬁ(ﬂl‘xl +o1,) (4.166)
1
10,0) = ﬁ(ﬂlaz_‘xlﬂz) (4.167)
One can also read them across horizontal rows:
1
uf,= ﬁ[ll,OHO, 0)] (4.168)
1
Proa = \ﬁ[|1,o> +10,0)] (4.169)

There are several rules for constructing tables of Clebsch-Gordon coefficients. The first is
that for any value of M the terms in the series (4.150) have M = m; + m,. This feature
makes most of the Clebsch-Gordon coefficients be zero.

The second rule concerns the allowed values of J. The maximum ] is j; +j, and the
minimum ] is |j; — j,|- Values of J occur for all integer steps between the minimum and
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maximum value. For example, the multiplication (3)x(1) has values of J=3, 3, 1 For
(4) X (2) the values of J=2, 3, 4, 5, 6. One, and only one, value of ] is allowed for each
permitted value. For example, in (4) x (2) a value such as =3 can occur only once. This
restriction does not apply for the multiplication of three or more angular momenta, but
does apply for two.

These rules give exactly the correct number of new states. One starts with N = (2j; + 1)
(2j2 +1) states in the two component systems. It is easy to check that the combined
system has

it

> @+1)=2h+1)22+1) (4.170)

1=l

The Clebsch-Gordon coefficients obey some orthogonality relationships. For example,
in table 4.1, treat each row of numbers as a column vector. All of these four column
vectors are orthogonal. Similarly, treat each row as a vector and the four row vectors are
orthogonal. This orthogonality is a feature of all such tables of Clebsch-Gordon co-
efficients. The formal statement is

01 Omm = Z(jljZmla M—m| JM)(jij2m1, M —m|J'M)

m

Sy Omamy = Y (rfarmama|[JM) (jujarm my’ | JM) (4.171)
M

These are some of the forbidding formulas mentioned at the beginning of the section.

Homework

1. The harmonic oscillator has

H=ho (afa+ ;) (4.172)
[a,a']=1, [a',a']=0, [a,a]=0 (4.173)

Starting from just these operator relations, derive the eigenvalue spectrum of the
harmonic oscillator. Also find how the raising and lowering operators affect the
eigenstates.

2. Prove the following result, where &= (oy,a,,0,) are Pauli spin matrices, and A=
(A Ay, A;z) and B= (Bx, By, B;) are ordinary vectors:

@A) (G- B)=A-Bl+id - (AxB) (4.174)

where [ is the identity matrix.

3. Construct a matrix representation for the j=3 angular momentum state.
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. Construct an r-space representation for the eigenstates with j=3.

. Calculate the moment of inertia I, for a diatomic molecule when it is rotating on an
axis perpendicular to the line between the two nuclei. Then calculate the value of
E, =K?/21, in temperature units (T; = E /kg) for the three diatomic molecules: H,,
N,, O,. The values for the nuclear separation can be found in the Handbook of Chem-
istry and Physics.

. A molecule consists of four atoms in a perfect square of side a and atomic mass M.
What are the eigenvalues of rigid rotation in three dimensions?

. Derive a table of Clebsch-Gordon coefficients for (1)x(1) and also (3)x(3).

. Derive a table of Clebsch-Gordon coefficients for (1) x (1). List only states with m > 0.

. Write down the angular momentum states obtained by combining three spin-J states.
Treat the particles as distinguishable.



5 Two and Three Dimensions

Most quantum mechanical problems are three dimensional. Nuclei, atoms, solids, and
stars are systems that must be solved in three dimensions. Two-dimensional solutions are
required when a particle is restricted to move on a surface. Examples are when electrons
move on the surface of liquid helium or in a semiconductor quantum well. Many of the
techniques discussed in prior chapters are now applied to two and three dimensions.
Some exact solutions are provided, as well as approximate methods such as WKBJ and
variational. Spin and angular momentum are both utilized.

5.1 Plane Waves in Three Dimensions

The most important solution to Schrédinger’s equation is where the potential vanishes
everywhere. This case is called by a variety of names: plane wave, noninteracting particles,
and free particles.

Schrodinger’s equation, when V = 0, has only the kinetic energy term and the
eigenvalue. It is written below in Cartesian (x, y, 2), polar (p, 6, 2), and spherical (r, 0, ¢)

coordinates:
Y = B 5.1)
(3 5+ )
Vi = %% (p%) + pl 220‘/2/ + %f (5-2)
rlzbr ( bal/r/) o siln (9)% (Sm(@) %) T2 sull o )g;l/;

The choice of coordinate system usually depends on the symmetry of the potential term
V(r), and whether it is given in terms of Cartesian, polar, or spherical coordinates. When
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V = 0 one can use any coordinate system. Cartesian coordinates are similar to solving
the one-dimensional case. Spherical coordinates are used here: x = rsin(f)cos(¢),
y = rsin(0) sin(¢), z = rcos(0).

In spherical coordinates, Schrédinger’s equation (5.1) is separable. The solution can be
written as a product of three functions: one of r, one of 6, and one of ¢:

¥(r) =R(r)f (O)g(¢) (5-3)
g(p)=em? (5.4)

where m is an integer. The integer is required by the condition that g(¢ + 27) = g(¢). The
other angular function is expressed as an associated Legendre polynomial:

f10)=P"0) (5.5)

The product of the two angular functions plus the proper normalization is called a
spherical harmonic:

Y70, ¢) = Nowe™ P (6) (5.6)
2041 (¢ |m))!
Now =&\ [ =4 (05 [m))! 5.7)

where ¢ =1 if m<0, and ¢ = (-1
harmonics are those with small values of (¢, m). Note that ¢ is angular momentum. Itis an

)Wl

if m > 0. The most frequently used spherical

integer and —¢ < m < £:

0 __ i 0 __ i 200y —

Y0 = /4n Y) =\ /16n[3 cos?(0)—1] (5-8)
YO =, /icos(@) Y= x ,/E sin(0) cos(0)e™ (5.9)
1 4n 2 8n .
v — F 4 /isin(ﬂ)fﬁ‘/’ Y& = \/ESiHZ(Q)eﬂi‘ﬁ (5.10)

1 81 2 32n

Multiplying these spherical harmonics by /47/(2¢ + 1)1’ gives the eigenstates |¢, m) of
the angular momentum operator for integer values of j = ¢. The properties of these

functions are discussed in chapter 4.
The normalization of the spherical harmonics is given by the orthogonality relation:

/ anqb / "o sin(0) Y (0, ¢) Y2 (0, ¢) = S¢S (5.11)
0 0

They obey an eigenvalue equation that contains the angular part of the operator V* in
eqn. (5.2):

1 d /. 1 3w m
Lm_(é))@ (Sll’l(e) ﬁ) + mw} Y/ =4l +1)Y, (5.12)

The eigenfunction in (5.2) is written with the angular functions given by the spherical
harmonic:
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Y(r) = R(r)Y;"(0, ¢) (5-13)
me [10 [ ,0R\ (({+1R],,
VZ[RY[]:[r—Za (rzﬁ)f ( rz) }Yﬂ (5.14)

The last equation gives the result for V2[RY}"]. The spherical harmonic can be factored
out of Schrédinger’s equation, which leaves an equation for the unknown radial func-
tion R(r):

Wk
1) (L3R ({+1)R |,
0=, (r br) o TR (5.16)

This differential equation is related to Bessel’s equation of half-integer index. They are
usually combined with a prefactor and called a spherical Bessel function [1]:

jilz) = \/ZEZJM/z(Z) (5.17)

Ye(2) = \/ZEZYM/AZ) (5.18)

where J,(z), Y,(z) are the usual Bessel and Neumann functions. The latter is sometimes
denoted as N,(z). It should not be confused with the spherical harmonic. Note that the
spherical Bessel functions are written with lowercase symbols.

The differential equation (5.16) has the general solution for the radial function:

Ry(kr) = Cy jis(kr) + Cayo(kr) (5.19)

where C;, are constant coefficients to be determined by the boundary and initial
conditions. The radial function has the quantum numbers (¢, k). The functions y,(z)
diverge at the origin z = 0 and this solution is never permitted for vanishing value of r.
When V = 0 for all values of r, then y,(kr) must be eliminated by setting C, = 0. However,
there are many cases where the solution y,(kr) is needed, such as the states outside of a
spherical box. The function y,(kr) is always used when solutions are away from zero.

There are many problems where V = 0 in some regions of space, while V # 0 else-
where. The two plane wave solutions are used whenever V = constant: if V = V,, then
k* = 2m(E — Vp)/h>. Below are given some properties of spherical Bessel functions:

__sin(z

-

_ cos(z)

Jol@)="— Yol@)=—— (5.20)
D)= suzlz(z) _ coi(z) o cozsz(z) _ sn;(z)
ja(2) = (% - %) sin(z)—3 COZSZ(Z L — <% - %) cos(z)—3 Sirzlgz) (5.21)

The behaviors in the limit of small argument, and then for large argument, are

P

1-3.5---(20+1) (5-22)

lim jio(z) =



Two and Three Dimensions | 111

1-3-5--(20—1)

121_1:% ve(2) = I R (5:23)
1 74

lim o) — Ysin 2 24

Zirgﬂ(z) Zsm(z 2) (5.24)

. 1 74

zh—.nalc ye(2) = - cos (z —7) (5.25)

The two spherical Hankel functions are defined:

h (2) =je(z) + iye(2) (5.26)
1 (2) =jio(2)—iye(2) (5.27)

Using the above expressions for the spherical Bessel functions, it is easy to show that

1 iz
hg’:—;e (5.28)
1 i
m_ i
WY = ¢ {; + Zz} (5-29)

The first spherical Hankel function is always exp(iz) times a polynomial in (1/z). The
phase factor indicates an outgoing spherical wave. The second spherical Hankel function
is the complex conjugate of the first one. It has a phase of exp(—iz) for an incoming
spherical wave. These properties of spherical Bessel functions are sufficient information
for most applications.

When V = 0 or a constant, only continuum solutions are allowed for E > V. If Vo = 0,
then E can have any positive value or zero. The most general form of the solution, which
is regular at the origin (r = 0), is

0 4
Yk, )= Z Z Cimjo(kr) Y0, ¢) (5.30)
W2k

The coefficients Cy,,, depend on the boundary and initial conditions. There is an infinite
number of terms in the series, and each has the same eigenvalue E(k). Each solution is
distinguished by having different values for the two quantum numbers (¢, m).

At this point the reader may be confused. The solution (5.30) appears to be different
than the usual one, which is the plane wave solution

Y(k, r)=exp(ik - 1) (5.32)

What is the relationship between the two solutions (5.30) and (5.32)? The plane wave
solution (5.32) can be expanded in a power series in angular momentum:

T =" " 20+ )iy (kr) Py(0)) (5.33)
14

This expansion is the generating function for spherical Bessel functions.
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The angle ¢’ is between the vectors k and r. The angles (6, ¢) are those that r makes with
respect to the (x, y, z) coordinate system. Let (68”7, ¢”) be the angles that k makes with
respect to the same coordinate system. According to the law of cosines, these angles are
related by

cos () = cos(0)cos(0”) + sin(0)sin(0”)cos(p—¢”) (5.34)

The law of cosines is derived by writing 7= r[sin(6)cos(¢), sin(f)sin(¢), cos(6)] and
k=k[sin(68”)cos(¢”), sin(6”)sin(¢”), cos(8”)] in (x, y, z) coordinates, and then

-

k-7=krcos(0') =k.x +kyy+ k.2 (5.35)
= kr[sin(0)sin(0”)(cos(¢p)cos(¢p”) + sin(¢)sin(¢”)) + cos(0)cos(0”)] (5.36)
= kr[sin(0)sin(0”)cos(¢p—¢”) + cos(0)cos(0”)] (5.37)

which completes the proof.
The addition theorem for angular momentum is

l
L+ )P0 =4n > Y0, 9)Y(, ) (5.38)

m=—{

The law of cosines is the ¢ = 1 case of the addition theorem:
3cos(6') = 3[cos(0)cos(0”) + sin(0)sin(0”)cos(¢p — ¢”)] (5.39)
= 471% {cos(@)cos(@”) + %sin(&)sin(@”) 60— 4 ¢7H0=0")] }

The last bracket is 2cos(f — 6”) and the two expressions are identical. The expansion in
eqn. (5.33) becomes

gr = an > Y0, ) julkr) Y0, ) (5:40)
‘m
C[m _ 47”[Y;n(0”, d)”)* (541)

The expansion has exactly the form of eqn. (5.30), with the coefficient C,, shown above.
The plane wave solution (5.32) is obtained by a particular choice for the coefficients Cy,,.
Equation (5.30) is the most general solution, while (5.32) is a particular solution.

5.2 Plane Waves in Two Dimensions

Plane wave solutions are also important in two-dimensional problems. Usually the
variables are Cartesian (x, y) or polar (p, 6) coordinates. In this dimension the Laplacian is

¥ )
— 4+ — ¢
5 (bxz dy?

13/ 1%y
s (r30) o4

In polar coordinates, the general solution for angular momentum # is
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¥, = R(p)e™ (543)

The angular function must have the form shown, since increasing 6 by 2= radians does
not change the eigenfunction. This constraint requires » to be an integer, which could be
positive or negative. The equation for the radial function is

2 14 n*
(G + 5oy 0 o= .

The solutions to this differential equation are Bessel functions J,(kp), Y,(kp). The most
general solution is

Uik, p, 0) =D [Du(t)]u(kp) + Fu(k) Yo (ko)™ (5.45)
k2

where D,(k) and F,(k) are normalization coefficients. Note that the coefficients D, F,
could be complex. One could also write the angular term using cos(n0), sin(nf). The
Bessel J,,(z) and Neumann Y,,(z) functions are the radial solution. The Neumann function
Y,.(z) diverges at the origin (z = 0), so F,, = 0 if the plane wave solution goes to the origin.

Again we can relate the two-dimensional expansion of the plane wave to the above
solution:

o
eikr _ eik/) cos (0—-0") _ Z in]n(kp)ein((-)fﬂ’) (547)
n=-ow
Here 0 is the angle that r makes with the x-axis, and ¢’ is the angle that k makes with the
same axis. The above series is the generating function for the Bessel function.
The behaviors in the limit of small argument, and then for large argument, are

2 n
lim )= &2 (5.48)
. 2
lim Yo(z) ~ ~In @ (5.49)
, (n—1)! (2"
lzliré Ya(2) ~ R (E) , n>0 (5.50)

Zlirg]n(z):q/%cos<zf%nf§> (5.51)
lim Y, (z) :M%sin(zf%nf%) (5.52)
Z—> 0 Tt

The Hankel functions are

HW(2) = Ju(2) +iYa(2) (5.53)

n

HY(2) = J,(2) — iY,(2) (5.54)

n

The first Hankel function is an outgoing wave in two dimensions, while the second one is
an incoming wave. These properties are sufficient information for most applications.
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5.3 Central Potentials

Central potentials have the feature that the potential function V(r) depends on the
magnitude of the vector r, but not on its direction. These potentials in three dimensions
are also called spherically symmetric. Central potentials occur often in atomic and nuclear
physics. The eigenvalue equation is

2
0=(H-E)y = —zh—mVZ—Q—V(r)—E W(r) (5.55)

This equation will be solved in two and three dimensions.

5.3.1 Central Potentials in 3D

Central potentials in three dimensions have the feature that the eigenfunctions can be
separated into a function of R(r) times the angular functions. The latter is a spherical
harmonic:

Y (1) =R(nY;"(0, ¢) (5-56)

This separation is exact for central potentials and makes their solution particularly simple.
However, if the potential function depends also on angle, such as V(r, 0), then such se-
paration is not possible. In eqn. (5.56) only the radial function R(r) is unknown. Its equa-
tion is derived from (5.55) to be, in spherical coordinates,

o 1 d<r2dR>_[£(E+1) +2_T[V(r)—E] R() (5.57)

C r2dr dr r2

This important differential equation is the basis for many atomic and nuclear calcula-
tions.

The above equation is rarely written in this form. Instead, it is modified because of the
equivalence of the following two ways of writing the double-derivative term:

li Zd_R 7ﬂ gd_R 5.58
2ar\" ar) " ar " rar (5-58)
1&2(rR)  d*R  2dR
v @ T rar (5:59)
1d(,dR\ 1R
dr ( E) =i (560

The second expression for the double derivative is substituted into eqn. (5.57), in place of
the first. Then it is natural to define the unknown radial function as

1(r) =71R(7) (5.61)

dyr) [4(6 +1) 2m

0=—n T VO - (5.62)




Two and Three Dimensions | 115

The last equation is found by multiplying every term in (5.57) by r. The final equation
solves for the radial function. After solving for y(r), the radial part of the eigenfunction is
found from R(r) = y(r)/r. Equation (5.62) has a simple form and seems to be a one-
dimensional problem with an effective potential:

2

Vi(r)=V(r)+ 0e+1) (5.63)

2mr?
2

0= -2 -8 ) (5.64
The second term in the potential provides the centrifugal barrier.

Many of our solutions in one dimension can be carried over to three dimensions,
particularly when ¢ = 0. The close connection between the wave equation in one and three
dimensions means that waves behave similarly in these two cases. Schrédinger’s equation in
two dimensions cannot be cast as a type of one-dimensional problem, and waves in two
dimensions have different properties than those in one or three dimensions.

Eigenfunctions are generally well behaved at the origin (r = 0). Even for divergent
potentials, such as the Coulomb V(r) = C/r, R(0) is a finite number. That means that
x(r) = rR(r) goes to zero at r = 0. Generally eqn. (5.62) is solved with one boundary
condition that y(r = 0) = 0. In one dimension, the eigenfunction was sometimes made
to vanish at the origin by inventing potentials that diverged at that point. In
three dimensions, the potential V(r) may not diverge, but y(r = 0) =0.

In one dimension, radial eigenfunctions at large values of distance could be expressed
in terms of phase shifts. The same is true of three dimensions. Two cases must be
distinguished. The first is where there is a net charge Z;e on the atom causing V(r). Then
an electron has a long-ranged Coulomb potential that goes as Z;¢?/r at large values of r.
This potential is sufficiently long-ranged that a particle is never out of its influence, and
the usual phase shifts cannot be defined. The eigenfunctions for Coulomb potentials have
the form of Whittaker functions. They are discussed in a later section.

Any potential that goes to zero as O(1/r%) at large r, or even faster, permits the
asymptotic form of the continuum eigenfunction to be defined in terms of phase shifts
0¢(k). The phase shifts depend on the angular momentum and the wave vector k. If the
scattering potential has a magnetic moment, it could also depend on the azimuthal
quantum number m. If the potential V(r) vanishes everywhere, the eigenfunctions are
plane wave states R(r) = jy(kr). The asymptotic form is given in eqn. (5.24). The phase
shift is defined as the change in the phase of the spherical Bessel function:

(V=0) }Lrg R(r)ﬁgsin (kr— %[) (5.65)
. D . 74
(V+#0) rhglc R(r)— 7 Sin {krf 5T 5((k)} (5.66)

The phase shift is defined only in regions where the potential is a constant or zero. The
notation (V # 0) means that the potential is nonzero in some other region of space.
Usually we solve for the function y(r). Its asymptotic limits are
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(V=0) rlgg x(r)— sin (kr — nl/2) (5.67)
(V#0) yhjr; 7(r)— sinfkr — /2 4 d,(k)) (5.68)

The only difference between one and three dimensions is the extra factor of n¢/2 in the
three-dimensional phase.

Quite often the central potential goes to zero very rapidly with r. Such behavior is found
for exponential potentials V ~ exp(—r/a) or power laws V ~ 1/ for n > 2. Then for
intermediate values of r, the potential V(r) is small, while the centrifugal potential A*¢(£ 4 1)/
2mr* is large. For these intermediate values of r, one is effectively solving the plane wave
equation with a centrifugal potential. Here the most general solution is (5.19)

R(nN=0C {jz(kr) + %w(kr)} (5.69)

The ratio C,/C; can range in value from —oo to +oco. The phase shift is introduced by
setting this ratio equal to —tan(d,):

R(r) = Ci[ jo(kr)— tan(60)ye(kn)] (5.70)

It is permissible to use y,(kr) since the above formula is being applied only at large values
of r. For smaller values of r, where V(r) # 0, the eigenfunction cannot be expressed in
terms of plane waves.

This method of defining the phase shift is consistent with the earlier definition (5.66).
This equivalence is shown by taking the limit of (5.70) as kr > > 1 using (5.24):

i G g nt 74
k1r1>r£11R(r) > {sm(kr— 7) + tan(dy) cos (kr— 7)} 571
G . utd . Tl
N m {cos(ée) sm(kr— 7) + sin(dy) Cos(kr_ 7)}
G . 14
T reos(@) Sm<kr_ B 6‘) (5.72)

The two terms are combined by using the trigonometric formula for the sine of the sum-
mation of two angles. The asymptotic form of (5.70) is exactly the earlier definition (5.66).
The factor of cos(d,) in the prefactor gets absorbed into the normalization constant.

As an example, solve for the continuum states of the three-dimensional attractive
square well shown in figure 5.1a:

—Vy, O<r<a
V(r)= (5.73)
0, a<r

The eigenfunction in the two regions of space is as follows:
« 0<r<ahas p* = 2m(E+ Vo) /h*
Ry(kr) = Ajy(pr) (5.74)

There is no term y,(pr) since R(r) cannot diverge at the origin.
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(a) (b)
V() v,

_V0

F1GURE 5.1 Square well in three dimensions: (a) attractive, (b) repulsive.

« a<rhask* = 2mE/K’
R(r) = B jo(kr)— tan(d¢)ye(kr)] (5.75)

Now there is a term y,(kr) since this solution is valid only away from the origin. The second-

order equation has two unknown constants, which are (B, d;).
Match these two solutions at r = a by equating the eigenfunction and its first derivative:
Aje(pa) = B[ je(ka)— tan(d,)ye (ka)] (5.76)
Apji (pa) = BK[ ji (ka)— tan(d,)yt (k)] (5:77)

where a prime denotes derivative. Divide these two equations: divide the left side by
the left side, and the right side by the right side. This step eliminates the constants (A, B).
One is left with an equation in which the only unknown is the tangent of the phase shift:

jo(pa) _, ji (ka)— tan(d)y (ka)
jepa) k]j/(ka)— tan(0)ye(ka) (5.78)
an(s,) — 2 palie(ka) i (paii (ka) 5o

pit (pa)y: (ka)—kje(pa)y: (ka)
It is an interesting exercise to evaluate this expression for ¢ = 0 and to show that it reduces to

tan (ka +do) _ tan (pa)
ko p

(5.80)
So(k) = —ka + tan™! Etan (pa)] (5.81)

The Hamiltonian of the three-dimensional square well will occur often in later chapters,
as it is used to discuss scattering theory and other topics.

A related problem is the repulsive square well so that V(r) = +V, for 0 < r < a shown in
figure 5.1 b. Let E < V, so the solution inside of the square well is a decaying exponential
rather than sinusodial. For 0 < r < a define a constant:

2m
o = F(VOfE) (5.82)
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R(r) = Aiy(ar) + Bky(ar) (5.83)

ii(2) = \/glHl 12(2), ke(2) = \/2—?214,1 12(2) (5.84)

I.(2) and K,,(2) are Bessel functions of imaginary argument. The functions i,(z), k.(z), are
their spherical form. They are equivalent to the one-dimensional functions sinh(ax),
cosh(ax). Their properties are described in ref. [1]. The function k(z) diverges at the
origin, so this term is discarded by setting B = 0. So the eigenfunction for this problem is

O<r<a R(r)=Aig(ar) (5.85)
a<r R(r) = C[je(kr)— tan(oe)ye(kr)] (5-86)

The final solution is found by matching these two forms at r = a.

5.3.2 Central Potential in 2D

The derivation is quite similar in two dimensions. The angular functions have the form
exp(inf), where n is an integer. The differential equation for the radial function is

dZ d 2
{542 - Bl Ry =0 (5.87)

Outside of the potential region, where V — 0, the most general form for the radial
function for continuum states is

Ru(p) = AlJn (kp) — tan(6,) Y (kp)] (5.88)

where tan[0,(k)] is the phase shift for scattering from that potential. Using the asymptotic
forms for the Bessel functions, then at large argument

k/1)i>rr>11 Ru(p)= %@1 /%[cos(én) cos(®P)— sin(d,) sin(P)] (5.89)
A 2 i
= cos(on) | /%cos@—kén), (I):kp—Z(Zn—o—l) (5.90)

A simple example of a problem that can be solved exactly has a repulsive potential energy
~1/p? with a dimensionless coupling constant g:

hg
V(p)= Tmp? (5.91)
[a  1d nPtg o,

Ru(p) =Julkp),  v=1/n+g (5.93)

In three dimensions, we found it useful to define the function y(r) = rR(r). The similar
function in two dimensions is x(p) = /pR(p). The differential equation for y(p) is

& 2
{d—pz—”—m—z—m[wp)—m}xnm):o (5.94
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This has the form of an equation in one dimension with an effective potential

W n?—1/4

Valo) = Vi) + 3

(5.95)

This formula is sometimes useful.

5.4 Coulomb Potentials

Coulomb potentials of the form V(r) = —Ze*/r in cgs units, or —Ze’/4neor in ST units,
occur often in physics. One example is the hydrogen atom, where Z =1 and e is the unit
of electrical charge. Other atoms have Z > 1. On another energy scale, the gravitational
potential is V = —Gmym,/r.

For Coulomb potentials, Z can be either positive or negative, so the potentials are
attractive or repulsive. Only continuum solutions are allowed for repulsive potentials.
Attractive potentials have both bound and continuum eigenstates. There are an infinite
number of bound states for the attractive Coulomb potential. This case is a notable
exception to the rule of thumb that the number of bound states of a potential is usually
finite.

5.4.1 Bound States

Our first example is the bound states of a simple Coulomb potential V(r) = —Zé%/r,
Z > 0. Usually Zis an integer. The particle is assumed to be an electron, and the source of
the potential is an atomic nucleus. The nucleus is assumed fixed at the origin. It is
convenient to rewrite Schrédinger’s equation in dimensionless form. The unit of length
is the Bohr radius ay and the unit of energy is the Rydberg Eg,:

hZ
a0 = — =0.0529 nm (5.96)
me
W e
Egy=—— =-—=13.60 eV 5.9
Ry 2mat  2aq € (5.97)

Since this problem has a central potential, the steps of the last section are followed to
derive a differential equation for the radial function y(r) = rR(r). This equation is written
below twice: once using the r-variable, and again in dimensionless form using p = r/a,
and ¢ = —E/Egy

@2  0+1) 2mZeé  2mE

0= {ﬁf 3 e } 7) (5.98)
® e+ 2z

N .
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At this point, most books just provide the eigenvalues and eigenfunctions. We will show
the derivation. Our approach takes a bit longer, but the technique can be applied to other

problems.
First examine the differential equation at large values of p, where the terms in p~ ' and
p~ % are neglected:
dZ
[ Z ]/(m (5.100

The solution to this differential equation is y = A exp(£y/ep). The choice Aexp(++/ep)
is discarded since the bound-state eigenfunction must vanish at large values of p.
Similarly, the differential equation at small values of p has the dominant term for
£ #0:

& e+
0= {d—pf < ’}x(p) (5.101)

The solution to this differential equation is ¥ = p~, or p’"’. The choice p* is discarded
since the radial function must vanish as p — 0. Try a general solution that incorporates
these two asymptotic limits. Define an unknown function G(p) as

1(p) = p""' G(p) exp[—/ep] (5.102)

This step involves no approximation. An exact solution for G(p) provides an exact
solution for y(p). Generally, one finds that G(p) is a polynomial in p with a few terms. The

1 and exp[—/ep] provide the correct asymptotic limits for small or large

factors of p
values of p.
The ansatz (5.102) is inserted into the differential eqn. (5.99). Taking the second

derivatives produces a differential equation for G(p):

Y _ o (L+1)p'G—ep G+ pH1 = 4G (5.103)
dp dp
2y i [#G G (141
=0 g ()
+ (W; 1) 2\[(“1)) } (5.104)

1 exp(—+/ep) is canceled from

The second derivative is used in eqn. (5.99). The factor of p
each term. There remains only a differential equation for G(p). The terms in & + £(¢ + 1)/p°

are canceled:
2
O:ZT?JF (“—1—\f)—+—[z Vel +1)]G (5.105)

This equation is multiplied by p and divided by 2+/:

#G  (1+1 \dG [z
L (%— )%-‘r (75—(€+1))G (5.106)

e
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Equation (5.106) is a standard differential equation, which is satisfied by the confluent
hypergeometric function. All eigenfunctions of the Coulomb potential involve these func-
tions, so a discussion is necessary.

5.4.2 Confluent Hypergeometric Functions

The standard notation for the two confluent hypergeometric functions are F(a, b, z) and
U(a, b, z). Each are solutions of the differential equation:

dzw dw
w= ClF(a, b, 2)+ C,U(a, b, 2) (5.108)

The function F(a, b, z) is unity at the origin (z = 0), and is defined by a power series in z:

al@+1)22  a(@+1)(a+2)23
Fla. b, z) = 1+ZF+ bb+1)2! " bb+1)(b+2) 3!

(5.109)

The function U(a, b, 2) diverges at the origin and cannot be defined as a power series in z. It can be

defined as a power series in inverse powers of z:

- (14+a—b
Ula, b, 2) ziz:: n'szr“ ) (5.110)
@), =a(@+1)(@+2)---(a+n-1) (5.111)

Probably the most convenient way to evaluate it is numerically, using an integral defi-
nition such as

U(a, b, 2) / dte #1711 4 )01 (5.112)

where I'(a) is the gamma-function. The asymptotic behavior at large z is

Zh_)rr/lv F(a, b, z)—»%ezz“’b {1 + O(%)} (5.113)
Zlgrr; U(a, b, z)—»l {1—5—0(2)} (5.114)

The asymptotic expression for F is valid as long as a is not a negative integer or zero. If
a = —n, the series in (5.109) has only (n + 1) terms. The asymptotic expression is given by
the last term, which is proportional to z". These properties are the ones needed for the
treatment of Coulomb potentials.

5.4.3 Hydrogen Eigenfunctions

The differential equation (5.106) for G(p) is identical to the one for the confluent
hypergeometric function in (5.107), where the parameters are

a:Z+1—§ (5.115)
&
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b=2((+1) (5.116)
z=2/ep (5.117)
Do not confuse capital Z, the charge on the nucleus, with lower case z. The general
solution to eqn. (5.106) is
G(p) = C1F(l+1—Z/\/e, 20+ 2, 2\/zp)
+ QU +1-Z/ e, 2042, 24/2p) (5.118)

The eigenfunction must be finite at the origin, so set C, = 0 to eliminate the solution U.
The radial function and the radial eigenfunction are

2(p) = Cip" e VRE(U+1-Z /e, 20+ 2, 2v/2p) (5.119)
R(p)=Cip'e VPF(l+1-Z/\/e, 2042, 2:/ep) (5.120)
The next step is to determine the eigenvalues. The eigenfunction is well behaved in the

limit of small p. Examine the solution at large values of p. The asymptotic expansion of
the confluent hypergeometric function is given in (5.113), so

. . I'(20+2)
lim —CypElVEeVir ‘
o5, 1e) = Cap T(0+1-Z/\/6)(2/5) 121V

This expression diverges at large values of p because of the exponential factor exp (v/ep)-
The radial function in (5.119) has an exponent of exp (—/ep). The confluent hypergeo-
metric function contributes exp (2+/¢p), which leads to the divergence.

This behavior is not acceptable for bound states. Some way must be found to curtail the
divergent behavior at large p. The salvation comes by requiring that a in F(a, b, z) be a
negative integer or zero. This choice truncates the series for F after n terms, and its
asymptotic limit is a polynomial p". In that case the eigenfunction goes to zero when
p— 0. The requirement that a be a negative integer or zero is

V4

fn,:a:€+17% (5.121)
This expression is solved for the eigenvalue:
ZZ
e=—, n=n+Ll+1 (5.122)
n
ZZ
Ey=—5Ery (5.123)

where n, is the radial quantum number and n is the principal quantum number. The
angular momentum is ¢. The eigenvalues for the hydrogen atom are obtained by setting
Z=1.

The radial eigenfunction for the Coulomb bound states is written in terms of the
confluent hypergeometric function:

R(p) = Cip'e 2P/"F(—n,, 20+2, 2Zp/n) (5.124)
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This expression is correct, although it must be normalized with the proper choice of C;.
Usually this eigenfunction is written in a different notation. When a = —n, the confluent
hypergeometric function is identical to an associated Laguerre polynomial:

2Zp n,! 2Zp
_ PN _ M ey (24P
F( m 2042, = ) (2£+2)mL”* < n ) (5.125)
20+2),=20+2)20+3)--- (20 +1+n) (5.126)
R(p) = Np'e 2" *V(2Zp/n) (5.127)

The prefactor N is a normalization coefficient that depends on the quantum numbers
(€, n,):

1— /0 pdpR(p)? (5.128)

Bound states in three dimensions have three quantum numbers. For the hydrogen
atom they are ¢, m, n,. They are associated with the three variables 6, ¢, r. Atomic states
are usually described in a notation where the letters s, p, d, fare given instead of £ =0, 1, 2,
3. A subscript on the letter denotes the value of m. For example, 4d, meansn = 4,/ = 2,
m=0; and 3p; means n=3, /=1, m=1. The subscript z is used instead of m = 0.

Some normalized radial functions for R,, are given below. Instead of angular
momentum ¢, we use the alternative notation of s(¢ = 0), p(¢ = 1), d(¢ = 2):

Ris(p) =223/%¢72%° (5.129)
7\ 3/2
Ras(p) = (5) (2—Zp)e #/? (5-130)
Z\*"* 2 2
_ = —Zp/3|1_ %2 & 2
Rs(p) 2(3) e {1 320+ 55 (Zp)} (5.131)
ZS/Z 5
o —Zp/2
Rap(p) = Vrildd (5.132)
27)%2 Zp
Rsp(p) = ( 37)/2 pe Z“/3<1*?) (5.133)
7’12 8
Ra(p) = o\ ep’e 23 5.134
salp) = —g77\/75P°¢ (5.134)

Earlier chapters discussed expectation values of operators. Some results for hydrogen
eigenfunctions (Z = 1) are, in Dirac notation,

(ner|nt) = %[W—K(H 1)] (5.135)
2
(nl]r?|nt) = %nZ[SnZ S 1300+ 1)] (5.136)
1 1
(nt] ~[nt) = oy (5.137)
1 2
(nt] 5 Int) = T (5.138)
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Matrix elements are integrals of operators with two different eigenfunctions. An
important example is

(2pz|z|1s) = / Py, (1)2¢14(r) (5.139)

The notation 2p, means n=2,¢/=1, m=0, and 1sis n= 1, £ = 0. The two eigenfunctions,
including radial and angular parts, are

Ru) 1
- N 5.140
D=l e (5-140)
rcos(0) _, .
Dap. = Raplp) V10, ¢):T"5e 2 (5.141)
nao

Now do the integral, with z = r cos(0) and p = r/ay:

T 2n
(2p.|2|1s) = te30/2 / dfsin(0) cos?(0) [ d¢

0

The d¢ integral gives 2m, the d0 integral gives £, and the dp integral gives 4!(2) > The final
answer is

215/2
(2p.|z|1s) = ag —— 3 =0.745a¢ (5.142)

Other matrix elements are given in the problem sets.

Both nucleons and ions are characterized by having a strong potential in the core
region at small values of r. Outside of the core region, the potential is purely Coulombic.
The eigenvalues of the radial equation are not given by the integers n,, since they are
influenced by the core region. In this case, in the Coulombic region a is no longer an
integer. The function F(a, b, z) cannot be used in this case, since it diverges at large values
of p. Discard this function. Outside the core region, when a is not an integer, use the
other confluent hypergeometric function U(a, b, z). Its asymptotic expansion in (5.113)
converges properly. The radial function outside of the inner core region is expressed in
terms of an effective quantum number n* = Z//¢ that is generally not an integer:

Tuelp) = Cop™ e 2" Ul +1-n", 2042, 2Zp/n) (5.143)

So both forms of the confluent hypergeometric function are useful for describing bound
states of the Coulombic potential. The function F is used when the 1/r potential extends
to the origin. The function U is needed when the Coulombic potential is outside of an ion
core region of an atom.

Whittaker functions are these two forms for the radial function of the Coulombic
potential. They are defined using ¢ =2p+/e, K=Z/\/e=n":

Mg, r31/2(8) = ET e PF(U+1-K, 2042, &) (5.144)
Wi, e12(8) = e PUC+1-K, 2042, &) (5.145)

This completes the discussion of bound states of the Coulombic potential.



Two and Three Dimensions | 125

5.4.4 Continuum States

Continuum states have a positive energy. The only change in the analysis is that the reduced
energy ¢ = — E/Eg, is negative, so /¢ is imaginary. Define a dimensionless wave vector
k=xiv/e, (k* = E/Egy). Only the radial eigenfunction is affected by this change. The para-
meter a = ¢ +1+iZ/kis complex. The two independent solutions for the radial function are

2(0) = pC1eM F(l +1—iZ /k, 20+ 2, —2ikp)
+ Coe M E(U+ 1412 /k, 20+ 2, 2ikp)) (5.146)

The constants C; , are determined by the boundary conditions. The method of choosing
them is now described.

The radial function is examined at large values of kp. Use the asymptotic forms for
F(a, b, z) in (5.113). One term in the above equation is

—2ikp
lim F(0+1-iZ/k, 2042, —2ikp)— -2 L2

o —i—1-iZ/k
R rrizizg 2k

T (264 2)e™4/% A n z
- mexp —ilZkp—3 (€+1) +n, + T In(2kp)] (5.147)
The phase factor 7, is
Tl +1—iZ/k) = |T({+ 1—iZ k)| (5.148)

The phase factor in (5.147) contains the term (Z/k) In(2kp). It is this term that prevents the
radial function from having the simple asymptotic expression of the form sin(kp + 5, —
nl/2). The term with In(2kp) in the asymptotic phase in (5.147) shows that a particle is
never completely away from the reach of a Coulomb potential. We can still include a phase
shift in the eigenfunction, but it is a change of phase beyond all of the terms in (5.147).

The solution of Schrédinger’s equation outside of a core is discussed in section 2.6.
One pair of independent solutions is the incoming and the outgoing wave. They had the
same intensity, the same |Cj|%, since the core potential neither creates nor destroys
particles. The inward and outward currents have to be equal. The same argument is ap-
plied here. The first term in (5.146) has the asymptotic form of an incoming wave, while
the second term has the asymptotic form of an outgoing wave. The magnitude of their
amplitudes must be the same if they describe the eigenfunction of a continuum state
outside of a central core region. If the core region causes a phase shift d,(k), the difference
in amplitude between the outgoing and incoming waves is

C; = Cy exp[2id))] (5.149)

The asymptotic form for the radial function in (5.146) is

2iC1e% e /2T (24 + 2)
Jm y(p)=— iy .
p>>1 (Zk) |I‘(£+1—IZ/’C)‘

¢z
9:kp—% + £ In(@kp) + 1,49, (5.151)

sin(0) (5.150)
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The phase shift d, is zero if the Coulomb potential extends to the origin. The phase shift
occurs typically in an electron scattering from an ion. Outside of the ion radius, the po-
tential is purely Coulomb’s law, and the eigenfunctions are Whittaker functions. Inside of
the ion core, they have a very different form.

The remaining example of eigenfunctions of the Coulomb potential is when it is
repulsive (V = Ze?/r). Only continuum states exist. The repulsive potential has no bound
states. The continuum eigenfunction is identical to the one above, except change the sign
of Z. Continuum eigenfunctions are also represented as confluent hypergeometric func-
tions or as Whittaker functions.

5.5 WKB])

5.5.1 Three Dimensions

The WKBJ solution in three dimensions is very similar to the that for one dimension.
There are two major changes. The first is that WKB] finds the radial function y(r), since
this quantity has the simple form for the second derivative. The other major change
is using the potential function in (5.63) that contains the centrifugal barrier.
The centrifugal term has to be changed slightly to be suitable for WKBJ. The effective
potential for WKB]J is

2 2
Vi=V(r)+ h (e+1) (5.152)

2mr? 2

There is a factor of (¢ + 1) 2o pe+1)+ 1. Where did the extra factor of ; come from? The
centrifugal potential usually has ¢(¢ + 1).

As described in chapter 3, the WKBJ eigenfunction has different forms for different
regions. In three dimensions, it is the radial function y(r) that has these various forms.
When the energy E < V,, the radial function is evanescent:

W2 1\? e

a(r)—{r—z <£+ E) +2m[V(r)—E]} (5.153)
C1 hd?’/ , Cz 'bdr’ ,

=g el ol g e [

As r— 0 the radial function must vanish as r"*'. The factor of (£+ %)2 gives this
correctly. Set C; = 0 and consider the first exponent. The largest term in «() is the
centrifugal term:

(5.154)

- [ ¥ar=(e+ ) m(}) (5.155)
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1) =Cy Z\/R(%T%)eprH %> In (i)] (5.156)

e G (5.157)

2 /h(+ ) b2

The prefactor 1/y/a(r) is always going to give /r in the radial function at small r. The
£+1/2
r

other power can only come from the phase integral in the exponent. It gives the
correct dependence only if the centrifugal term has the factor (¢+ %)2 This form for
the centrifugal potential should be used only for WKBJ calculations. For all other cal-
culations, use the form £(¢+1).

The centrifugal potential is a term of O(k?). In the derivation of WKB]J in section 3.1,
the phase factor ¢(r) in the exponent was expanded in a power series in O(#"). Only the
first two terms of this series were retained, and terms of O(h?) were neglected. The
centrifugal potential is the order of the neglected terms, so perhaps it should be neglected
also. However, it makes an important contribution to the result, and good answers are
obtained only by including it.

When E > V, the radial function in WKBJ has the sinusodial form

K n "
p(r) = {ZM[V(r)—E}—ﬁ (é+ 5) } (5.158)
z(r)= %sin E/hr ar’p(r') + ﬂ (5.159)

The phase constant /4 is used whenever the turning point b has a smooth potential.
For an abrupt potential, the factor of n/4 is absent. The WKB] formula for the phase
shift is

o(k) = % + lim [O(r)—kr] (5.160)

The Bohr-Sommerfeld equation for bound states is still

%drp(r) =27nh (nr + %) (5.161)

These formulas are very similar to those of one dimension. Wave properties in one and
three dimensions are similar. The only new wrinkle in three dimension is the addition of
the centrifugal potential (5.152).

5.5.2 3D Hydrogen Atom

WKBJ is used to calculate the eigenvalues of the hydrogen atom in three dimensions. The
potential is V(r) = —¢?/r. Use eqn. (5.161) to find the negative values of E that satisfy

2 2 2
/dr[2m<E+ ef)fh—z(EJr 1)
r r 2

1/2

. 5162
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Divide the equation by h, which makes both sides dimensionless. Change variables
to atomic units, where p = r/agand E = — o Egy. Take the factor of p out of the bracket:

2
/d—p [azpz +2p— (€+ 1)
p 2

The factor within the square root is a quadratic expression, which has two roots p; ,. They

1/2 1
:n<n,+ i) (5.163)

are the two turning points, since they are the points where the classical momentum
vanishes:

1 ,(, 1}
2= [1Ey 12 L+ (5.164)

1

P2 d
n(nr+ E) = ;p V(p2=p)p—=p1) (5:165)
P

The integral is given in chapter 3:

P2 d b
?p Vp2=p)(p=p1) = 3 [P1+ p2=2V/P172] (5-166)
P1
1 1 1
n(n,—l—i)fn{&—(é—FE)} (5.167)
%:n,+£+1sn (5.168)
Egy
Fo= (5.169)

The WKB]J method produces the exact eigenvalue for this classic problem. Again, n, is the
radial quantum number and n is the principal quantum number. The angular mo-
mentum is {. The WKB] form for the centrifugal barrier with (/+ 1) is important for
getting the right form for these quantum numbers.

5.5.3 Two Dimensions

The WKBJ approximation in two dimensions starts with Schrédinger’s equation for
central potentials written in polar coordinates:

(1) = R(r)e"’ (5.170)
2
0= {hz (% + %%) +p2(r)} R(7) (5.171)
w202 W22

P =2mE-V()-—, Vi=V()+ (5.172)

2mr?

In two dimensions we use the correct centrifugal potential—it does not need the type of
change required for three dimensions. This feature will be shown after we derive the
formula.
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The 2D (two-dimensional) WKB] formula is found using the same steps for one and
three dimensions. The radial part of the eigenfunction is defined as a complex phase
factor. The latter obeys the differential equation found from eqn. (5.171):

R(r) = exp {% o*(r)} (5.173)
‘Z_}: _ %d(;(:) (5.174)
“575: [—%(Z—Z)Z%%}R (5.175)
0:(%)2+ih{%+%j—ﬂ +P) (5.176)

Equation (5.176) is derived by inserting the derivatives into (5.171). The function a(r) is
expanded in a perturbation expansion in powers of Planck’s constant:

0'(1’)20'0+?O'1(T)+ (5.177)

This expansion is inserted in eqn. (5.176) and terms are collected with the same powers of
fi. One generates a series of equations:

dO’o

0=<dr)2+p2(r) (5.178)

dO’()dO'l dzO'() 1d0'()

0= % Tar T (179)
These equations are simple to solve:

dag I

=, o) :i/ dr'p(r) (5.180)
doy _ [d doy 1

g1 =— %ln [rp(7)] (5.182)

C1 . |:1 /' , , s

R(r)= sin|= [ dr'p(r)+ — 5.183

(r) o, p(r) + 4 ( )

The phase factor has the same constant /4 that is used when the turning point has a
finite value of dV/dr. The above formula is used when the momentum p(r) is real.

The plane wave solution in two dimensions is given exactly when V = 0 in terms of
Bessel functions J,(kr). Their properties at small and large values of (kr) are given in equns.
(5.48, 5.51):

. (/2
121%]/(2) = (5.184)

lim J,(2) = \/%cos <zf %ﬁ - g) (5.185)
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Note that the prefactor at large z = kr has 1/+/z. The WKBJ solution in (5.183) has the
same dependence.

Consider the behavior as z — 0. The exact solution for V=0 has R~ z'. The
evanescent form of WKBJ is

2 1/2
a(r) = {hr—fzfmﬁ} ~ g (5.186)
e [
R(r)—Wexp {fﬁ/r ar’o(r )} (5.187)
_ G LAY G
—zmexp[ﬂn(b)]—r N (5.188)

The correct behavior (~7) is obtained when using the form for the momentum in
(5.172). The centrifugal term is i*¢*/*. This completes the formal derivation of WKB]
in two-dimensional central potentials.

The exact solution for the hydrogen atom in two dimensions is given as a homework
problem. The solution employs confluent hypergeometric functions. It is interesting to
find the WKB]J prediction for the eigenvalues. The eigenvalue equation in 2D is the same
as in 1D or 3D:

nh <n, + %) = /drp(r) (5.189)

where now we use the 2D form for p(r) in eqn. (5.172). In fact, the integral is exactly the
same as the one done above for 3D. The only change is to replace (¢+ 1) by £. From eqn.
(5.167) we find

1 1
n(n,+ i) —n{&—ﬁ} (5.190)
1 11
1. 1,1 191
ne+4+ 7 =15 (5.191)
E
Ep=——2 (5.192)

where n =1, 2,.... The lowest eigenvalue is Ey = —4Eg. The binding energy of the
hydrogen atom in two dimensions is four times that of three dimensions. The WKB]
prediction gives the exact result. In 2D the Rydberg series is based on half-integers rather
than whole integers.

5.6 Hydrogen-like Atoms

There are many examples of atoms or ions where a single electron is trapped in bound states
outside of a closed shell of other electrons. A simple example is lithium, which has three
electrons bound to a nucleus of charge three. Two electrons are bound in the lowest state,
the 1sorbital. They fill this shell and itis “closed”: no more electrons can be bound in it. This
filling is a result of the Pauli exclusion principle, which is discussed in detail in chapter 9.
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The third electron in lithium is bound in a higher energy state. The quantum numbers of
electrons in atoms are (1, £, m) even when the states are not hydrogenic. The largest binding
energy for the third electron in lithium is in the 2s state. The electron outside of the closed
shell is easily excited to other states that lie higher in energy. This outer electron spends part
of the time during its orbit being far from the nucleus and far outside of the inner shell of 1s
electrons. At these far distances the effective potential is —e”/r. The ion core has a charge of
| e]: the nucleus has 3| e| and the two 1selectrons give —2|e|. The net charge (e < 0) of the ion
is —e, so the potential energy on the outer electron is —e?/r. When the outer electron is far
from the ion core, it has the same potential function as the hydrogen atom. In this region,
the eigenfunction is a Whittaker function. During its orbit, the outer electron spends part of
its time inside the ion core, and here its potential is decidedly not hydrogenic.

5.6.1 Quantum Defect

Do the energy levels of the outer electron obey a Rydberg series? They do, but it has a
modified form, due to the core potential. An effective quantum number n* is defined
according to

 ZEy . Egy

E,= 7 C=Ziy | —— 5.193
oy " E, )

where Z; is the charge on the ion; for lithium it is one. The energy levels E, < 0 for the
various atomic states have been measured using optical probes, and are tabulated in
Moore’s volume [2]. These values can be used to calculate the effective quantum number
n* for these states. The results are shown in table 5.1. The Rydberg energy is Er, = 13.60eV.
The effective quantum numbers n* are not integers, but they increase in value by nearly
integer steps. To a good approximation, they can be written as

n=n—Cy(n) (5.194)

where C,(n) is defined as the quantum defect. For lithium, the quantum defects at large n
are C; = 0.40, C, = 0.05. The values are smaller for p-states (= 1) since the electron
orbit is mostly outside of the ion core. For higher angular momentum, the quantum
defect is nearly zero.

Sodium (Na) is below lithium in the periodic table. It has an atomic number of Z=11.
Ten electrons are in the ion core (15)*(2s)*(2p)® and one electron is in an outer shell (Z;=1).
The lowest eigenstate for this outer electron is denoted as (3s). Its quantum defects are
Cs = 1.35, Cp = 0.86. The energy levels for the p-state have a small energy splitting due to
the spin—orbit interaction. We used the series for the p;, state (j=1, ¢=1, s=3). Spin—
orbit interaction is discussed fully in chapter 6.

The alkali series of atoms are lithium (Li), sodium (Na), potassium (K), rubidium (Rb),
cesium (Cs), and francium (Fr). Each has a single electron outside of a closed shell that
forms an ion core. Each of the alkali atoms has a Rydberg-like series for its outer electron.
For each alkali atom, one can make a table of values similar to table 5.1.
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Table 5.1 Atomic Energy Levels E, in Lithium and Sodium and their Effective Quantum Number n*.

State —E,(eV) n* State — E,(eV) n*
L Li

2s 5.390 1.588 2p 3.519 1.97
3s 2.018 2.596 3p 1.556 2.96
4s 1.051 3.598 4p 0.872 3.95
5s 0.643 4.600 5p 0.555 4.95
6s 0.434 5.600 6p 0.384 5.95
Na Na

3s 5.138 1.626 3p(3) 3.037 2.116
4s 1.947 2.643 4p() 1.386 3.133
5s 1.022 3.647 5p() 0.794 4.138
6s 0.629 4.649 6p(3) 0.515 5.140

The alkaline earth atoms are the next column in the periodic table: beryllium (Be),
magnesium (Mg), calcium (Ca), strontium (Sr), and barium (Ba). For this series of
atoms, the neutral atom has two electrons outside of the closed shell. If the atom is singly
ionized by the removal of one outer electron the remaining ion has a single elec-
tron outside of a closed shell with Z; = 2. The energy levels of the single electron outside
of the ion core also has a Rydberg-like behavior that can be described by a quantum
defect.

Trivalent ions with closed shells, such as Al** and Ga®*, also bind an additional
electron with a Rydberg-type series. These different cases are the topic of this section.

5.6.2 WKBJ Derivation

WKB]J theory is used to explain the origin of the quantum defect Cy(n). The eigenvalue
equation for bound states is derived for a potential that is Coulombic outside of a closed
shell. The core region makes an added contribution to the phase, which is the explanation
of the quantum defect.
Figure 5.2 shows the effective potential V,(r) from (5.152) outside of a core region:
Z,'ez hz

Vilr) = - r +2mr2

(¢+ 1y (5.195)
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core

Ficure 5.2 Effective potential of an electron outside of an ion core.

There is an attractive Coulomb interaction with the ion core (—Z;i¢*/r) and a repulsive
centrifugal potential. The centrifugal potential causes the upturn in the potential function
at small values of r. For a bound state of energy E, there are two turning points. They
are drawn as both being outside of the core region, although that may not be true in
all cases.

Recall the reasoning of section 3.3 for finding bound states by WKB]. The left ¢p; and
right ¢r phase integrals are defined and their summation must be an integer multiple

of m:

b ="+ Y [ arp 5.196
=GRl A0 (5196)
po=T 11 R 5.197
R=g by @) (5197)
b1+ bp=n(n+1) (5.198)

The phase factor of /4 in ¢; comes from matching the radial function for r > b; onto
the evanescent wave when r < b;. The eigenfunction for r<b; is changed by the core
region and so is its phase constant. Add an additional phase constant #C, and rewrite
(5.196) as

7 1 /"
¢L = Z + TICK(H) + ﬁ/b; dr’p(r’) (5199)
br
n(m+1)=n[3+C]+ %/ drp(r) (5.200)
by

The integral on the right can be evaluated as long as the interval by < r < by is outside of
the core region. The integral is exactly the same one done for the hydrogen atom in three
dimensions. Using (5.166)—(5.169) with the quantum defect added gives

E_@+g}:m+%—q (5.201)
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1

C=nt 4 1-C=n=C (5.202)
Z?E

E,=— % (5.203)
(n—Cy)

The WKBJ method produces the exact eigenvalue for this example. The principal quan-
tum number n = n,+ £+ 1 is modified by the quantum defect C,. The quantum defect
enters as a change in the phase of the eigenfunction due to the core region. The phase
changes since the potential in eqn. (5.195) does not apply to all regions of space, but is
changed in the core region.

Quite often it is useful to know the eigenfunction for the electron outside of the core

region. The most accurate function is a Whittaker function with the effective quantum
number n* = Z;//e:

1p) = CiWy 112(2Zp/n) (5.204)

This simple expression is quite useful.

5.6.3 Expectation Values

The effective quantum numbers are used to estimate expectation values of various
functions of r. When using hydrogen eigenfunctions, these expectation values depend on
the quantum numbers (n, ¢). For hydrogen-like atoms, assume they have the same func-
tional form with n* substituted for n. If a, is the Bohr radius and Z; = 1, we get

0 P 0= % isn 41300+ ) (>:209)

(n", fr|n”, €)= % [3n?—e(¢ +1)] (5-206)
11« 1

(n 5 Z‘; n, £> = ao(n*)z (5207)

These formulas are approximate but usually quite accurate. The accuracy is better for (%)
since that weighs large r, where the electron is outside of the core. Here the accuracy is
four significant digits. The results are least accurate for (1/r) since then the electron is
closer to the ion cores. The effective quantum numbers can also be used to estimate
matrix elements between two states of the outer electron. Bates and Damgaard [3] coined
the phrase “Coulomb approximation” to describe the use of effective quantum numbers
in the calculation of matrix elements. They show that the method is quite accurate when
compared to either experiment or rigorous calculations.

5.7 Variational Theory

The variational theory for two and three dimensions is similar to the theory for one
dimension, as discussed chapter 3. One still picks a trial eigenfunction ¢(r), but now it
could depend on two or three variables. The three integrals for normalization, kinetic
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energy, and potential energy are done in two or three dimensions. For a single particle
interacting with a potential V(r) in three dimensions:

1= [l (5.208)
KE= %/d%ﬁ(mz (5.209)
PE= [@rv(nlo0) (5.210)
E(¢) = KE+PE (5.211)

I

The trial eigenfunction ¢(r) is expressed in terms of parameters a, b, ¢, which can be
varied to find the minimum energy. In one dimension, ¢(x) = A exp(— «|x|) has a cusp
at the origin, which makes it an unsuitable trial function except for delta-function po-
tentials. In two or three dimensions, the trial function ¢(r) = A exp(— ar) is quite suitable,
since it is not defined for r < 0 and has no cusp.

5.7.1 Hydrogen Atom: n=1

The first example is for the ground state of the hydrogen atom in three dimensions. The
Hamiltonian is
AV

H=— b 5.212
2m r ( )

The ground state has zero angular momentum. Its trial function has no angular
dependence and is only a function of the radial distance r. Possible trial functions are

¢1(r) =Aexp[—ar] (5.213)
$y(r) =Aexp [* %azrz} (5.214)
Vo, =—a*r, (5.215)

The obvious choice for a trial function is (5.213). The exact eigenfunction is an exponen-
tial and this trial function gives the exact eigenvalue, where o = 1/aq.

To provide some variety, we do the variational calculation with the Gaussian (5.214).
Since it is not the exact form of the eigenfunction, we should find a binding energy less
than one Rydberg. The three integrals are

© 3/2\2
1=47A? [ dre=' =T (5.216)
3
0 o
WAL, [ 313/ 21 A2
KE =47 oc4/ et = 2112 (5.217)
2m 0 4ma
'] 2 A2
PE = —4n¢”A? / drre-to? — _2TEA (5.218)
0 o?
30t 262
Elo) = ot 222 (5.219)

T4im Jr
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Find the minimum value of E(«) by varying o:

_dE_ 3 20

0 do 2m =

(5.220)

4 (e¢m 4 5921
tg=——=—5 | =—— .

0 3 ﬁ hz 3\/%&0 ( )
The optimal value o of the variational parameter is proportional to 1/a,, where ay is the
Bohr radius. The energy E(xo) is the minimum value for a Gaussian trial function. Recall
that Ery = ¢€?/2a0 = h* /2maj;:

3/ 4V 4/ 4
E(oto) = Egry {f (ﬁ) NG (Vﬁ)} (5-222)
8
= — - Ery = —0.849E, (5.223)

The exact eigenvalue is —Eg,. The variational calculation found a lower binding energy
by 15%. Obviously, the Gaussian trial function is a poor approximation to the hydrogen
ground-state eigenfunction.

5.7.2 Hydrogen Atom: { = 1

Angular momentum is a good quantum number if the potential V(r) is spherically
symmetric and nonrelativistic. In this case, any eigenfunction can be written as a product
of an angular function and a radial function. The angular function is a spherical
harmonic:

Vi) = Ru(n) Y7 (0, ¢) (5.224)

The variational method can be used to find the lowest eigenvalue for each separate value
of angular momentum ¢. This procedure is illustrated by finding the lowest energy state
with £=1 for the hydrogen atom. The trial eigenfunction must have the correct angular
dependence. For /=1, m=0, it has a prefactor of r cos() = z:

d(r)=Aze™ (5.225)

Vi —ar[y %2

Ve =Ae [z— = r} (5.226)

IVo|* = A%e > [1—ar(2—ar) cos?(6)] (5.227)
Now evaluate the three integrals. Since z* = 7* cos?(0), the angular integral often has the
form

T ) 5 2n 47
/ d0sin(0) cos*(0) [ dp= 5 (5.228)
0 0

This factor is found in all three integrals:
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4mAL [ A2
= “3 / drrte 2 = ”75 (5.229)
0
4 AZ 2 o0 2A2
PE=— " ° / e = - (5.230)
3 0 20(4
4mA? [ 2or  o*r?

KE = drrte ™ [1- - + 5.231
2m /0 me { 3 + 3 } ( )
i’ A2
,‘;LZ 2 2

E(e) = ﬁf%‘x (5.233)

Minimizing E(x) with respect to « gives the optimal value of oy = 1/(24). The eigenvalue is
E(stg) = — -2 (5.234)

The variational result gives the exact eigenvalue for the n =2 state of the hydrogen atom.
In this case n=2 was found using (=1, n,=0, m=0). The exact result was obtained
since the trial function (5.225) is identical to the exact eigenfunction.

The variational method can be applied to eigenstates besides the ground state. It is
necessary that the state have an angular momentum that is different than the ground
state. We could not use variational theory to solve for the n = 2 state that had (¢ =0, n,=1,
m=0), since it gives —Eg,. The angular momentum ¢ must be different in each case.
Since these states are called excited states, the variational method can be used to find
some, but not all, of the excited states.

5.7.3 Helium Atom

The ground state of the helium atom is accurately described by a simple, one-parameter,
variational calculation. The atom has two electrons, and the variational calculation is done
for the two-electron system. The nucleus is regarded as fixed. Most of the modern em-
ployment of the variational technique is in solving many-particle wave functions. The
helium atom, with just two electrons, provides a simple example of a many-particle system.
Some important concepts, such as relaxation energy, are introduced and calculated.

The two electrons are both in the (1s) orbital state. They have antiparallel spins that are
arranged into a spin-singlet state:

1

V2

Many-electron wave functions are discussed in chapter 9. Here we give a brief introduc-

|0, 0) = —=[01 S —02 B ] (5.235)

tion, sufficient to solve the present problem.

The two-electron wave function must change sign when the particle labels are inter-
changed. The spin singlet has this property, since exchanging the (1, 2) subscripts in
(5.235) changes the sign. Two particle wave functions can be written as the product of a
spin term and an orbital term:
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Y(r1, my;1rp, my) = @(r1, 12)x(m1, my) (5.236)

W(ry, ma; 11, m1) = —y(r1, mi;12, My) (5.237)

where m, , are spin labels. The second line give the antisymmetric requirement. Since the
spin part is antisymmetric [y(m,, mq) = —y(m4, m,)], the orbital part must be symmetric:
[d(r2, 1) = P(ry, 12)]. The simple way to make it symmetric, with both electrons in the
same orbital state, is to use

¢(r1, 12) = A exp[—a(r1 +12) /o] (5.238)

—

Vig(n, Vz)Z*a%f’lfﬁ(ﬁ, 1) (5.239)

The (1s) orbital has no angular dependence, so the radial part of the two-particle wave
function is the product of two exponentials. The variational parameter is . It is dimen-
sionless, since the exponent has been normalized by the Bohr radius a,. The same varia-
tional parameter must be used for both electrons to keep the orbital part symmetric. Also
shown is (V1¢), and a similar results holds for (V,¢). They are needed in the evaluation
of the kinetic energy operator.

The Hamiltonian for the two-electron system is

2 2

H= fzh—m(v% +V2)—2e? (% n %) + hsz‘ (5.240)
The first two terms are the kinetic energy. The next two terms are the potential energy for
the interaction between the electrons and the nucleus: the nucleus is an alpha-particle of
charge two. The last term is the repulsive interaction between the two electrons. The last
term is the most interesting, and the hardest to calculate. Electron—electron interactions
are what make many-electron systems difficult to describe.

Without the electron—electron interaction, each electron interacts only with the nucleus.
The Hamiltonian would be

H=H;+H, (5.241)
FLZVZ 262
H=—-—2_L_-— (5.242)
J 2m 1
4Egy
E=——3, F=-8Fy (5.243)

Each electron has the standard solution for a Coulomb potential of charge Z=2. The
ground state of the two-electron system is E,. Without electron—electron interactions,
each electron behaves independently of the others.

Electron—electron interactions make the atomic problem into a true three-body prob-
lem: a nucleus and two electrons. There are no known exact solutions for this problem.
Only approximate solutions are available. The variational method is probably the most
popular method of solving the ground state of two electrons in the helium atom. For
atoms with more electrons, other methods, such as density functional theory, are suc-
cessful. They are discussed in chapter 9.
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The variational calculation for helium has four integrals. The electron—electron inter-
action is evaluated separately as the fourth integral. The spin part is properly normalized
(0,00, 0) = 1 and requires no more discussion. The normalization integral is

© 2
= /aPrl /d3r2\¢(r1,r2)\2:A2 {471 / rzdre_zw/“"} (5.244)
0
2 (79 ’

The kinetic energy integral is

W ' ,
KE= ﬂ/dS”l /d3rz[|V1¢|2+|Vz</’>\2] (5.246)
W [ 3 2 2 2
= i /d " /d rof|¢|” + [§]°] =20 Ery 1 (5.247)
0

There are two terms that provide equal contributions. For a system of N-electrons, the KE
integral has N-terms. All terms are identical. One needs to evaluate only one term and
multiply the result by N. Each term must be identical due to the required symmetry of the
wave function ¢ (ry, 1, 13,..., ry). If it changes sign by interchanging variables (r;, 1)),
then |V;¢|* must give the same result as |§J¢|2 This argument can be extended to all
different pairs of variables, so that all must give the same result.

There is a similar factorization for the potential energy between the electrons and the
nucleus:

11
PE = —2¢? /d3r1 /d3r2\¢(r1, r2)|2<Z + Z) (5.248)

Since ¢(ry, 11) = (11, 15), the two terms 1/r; must give the same result:

PE= / /d3r2|([> (1, )] (5.249)

42 A? 7;“30 {471 /0 rdn e—zm/ﬂo} (5.250)
4
_ ey —~8uEy I (5.251)
ao

The integral over d’r, just gives the normalization integral. Without electron—electron
interactions, we find that « = 2: the kinetic energy is 8 Egy, the potential energy is —16Egy,
and the total energy is —8Eg,. This result agrees with (5.243).

The last integral is for the electron—electron interactions. Here the angular integrals
must be evaluated carefully and are written separately from the radial integrals:

EE—e/ rl/d3 [9(r, r2)|* (5.252)

[11—12

:eZAZ/ rlzdrle’z“’l/“"/ ridrye /% Q(ry, 1)
0

0
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6(7’1, 1’2) = /dQl ‘/sz# (5253)
|11 -1y

The unit of solid angle in spherical coordinates is dQ; = d¢; sin(6;) db;. The last equation
gives the angular part of the integrand. Its evaluation is simple when using one coordinate
system. We can call any direction 2. For doing the integral dQ, call r, = r,Z. Then the

denominator has the factor of [r; —r;| = \/rf +12—2r11, cos (01), wherer; - 1, =11, cos (61).
With this choice of coordinate system, the integrand has no dependence on ¢, ¢,,0, and
these integrals are easy. The integral over df; can also be done exactly:

d01 Sil’l(@l)

O(r, 1 :87:2/ 5.254
(r1, ) 0 /17 +12—2r11, cos(0r) ( )
g i +r=2nn cos(01)] (5.255)
nr ’
0

3 2 4 2

R N = tx) (5.256)
nr

>

The notation r-. denotes the maximum of (ry, ;). Put the largest one in the denominator.
This result comes from |r; — r,|, which equals (r; — ;) if r; > rand equals r, — 1y if 1y <>

This result for O(ry, r,) is inserted into the integral for EE. The integral dr, is divided
into two segments, depending whether r, <ry, (r. = 1) or r, > 1y, (r> = 12):

EE = (47eA)? / dryre /e (5.257)
0

1 r 0
X {—/ drzrge’z““/““ + / dryrye 20 /40
" Jo rn

Some labor is saved by showing that the two terms in backets are equal, so only one needs

(5.258)

to be evaluated. In the second term, interchange dummy variables r; and r,, and then
interchange the order of the two integrals. These steps make the second term identical to
the first:

0 n
EE:2(47t6A)2/ drlrle_z“”/“‘)/ dryrle= 2/ (5.259)
0 0

The double integral is evaluated in dimensionless units, x = 2ary/aq, y = 20r,/d0:

5 o0 X
EE:(enA)Z(@) / xdxe™ / dyyte (5.260)
0 0

o

The two integrals in succession are
x
/ dyy’e Y =2—e (2 4 2x 4 x?)
0

/ xdxe ™ [2—e*(2+ 2x 4 %%)]| = g (5.261)
0

2
L P

g 1= 5 Fl (5.262)
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The energy functional E() is obtained by adding the contributions from kinetic, potential,
and electron—electron interactions, and dividing by I:

E(o) = (zaLSa + %a) Egy (5.263)

_ (2052_27706) Fry (5.264)

The —8aEg, from the potential energy is combined with the (%) o Egy from the electron—
electron interactions to give — (%) Egy. The total energy functional is minimized with
respect to o:

dE 27
0= = (405077) Egy (5.265)
27
27\*
E(ag) =—-2 1 Ery = —5.695ERy (5.267)

The experimental answer is —5.808 Eg,. The variational calculation is too high by 0.113
ERy, which is an error of less than 2%.

The first remark is actually a question to the reader: How is the experimental answer
obtained? The experimental values for the ground-state energy are found by a method
that is conceptually simple; the experiments themselves are a little harder. The ground-
state energy is the summation of the ionization energies of all of the electrons. Measure
the value of energy required to remove the first electron, then the second electron, etc.
These values are added up and that is the total ground-state energy of the experimental
system. For helium there are only two electrons to remove. It is also the classical answer:
The total energy is the work needed to remove all of the particles to infinity.

Electron—electron interactions have a big influence on the answer. Without this
interaction, the ground-state energy is of two independent electrons. Each electron has
energy —4Eg, in a Z = 2 Coulomb potential. The total ground-state energy is —8Eg,.
Electron—electron interactions change the result from —8 to —5.8 Eg,. Consider how
electron—electron interactions affect the motion of a single electron. Its potential energy
comes from the nucleus —2¢?/r and the other electron. As a crude estimate, guess that
one electron spends half of its time inside the orbit of the other and half outside. When it
is outside, the effective Coulomb potential is reduced to a charge of one. When it is inside
the orbit of the other electron, the effective charge is not reduced and stays at two. This
crude estimate predicts the Coulomb potential is —2¢?/r half of the time and —e?/r the
other half, for an average Coulomb potential of —Ze?/r, Z= 3. Then the binding energy
of a single electron is —Z*Eg, = —2.25 Eg,. This value is doubled for two electrons, giving
a crude estimate of —4.5 Eg, for helium. Obviously, this simple model is a poor estimate
compared to —5.8 Egy. It does provide some insight as to why the binding energy is
reduced from —8 Er,: The two electrons take turns screening each other from the
nucleus. The variational calculation has shown that the best value for the effective charge

is not Z = 3, but instead is the variational parameter Z = ag = 2.
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vacuum

00—

FIGURE 5.3 Removing one electron causes the energy of the second one to relax
with a higher binding energy.

The ground-state energy is the summation of the ionization energies of the electrons.
What are they for helium? After removing one electron, the second electron is by itself in
the Coulomb potential with Z = 2. It has a binding energy of —4 Eg,. That is the energy
needed to remove it from the nucleus. Since the total binding energy is —5.81 Egy, the
ionization energy to remove the first electron is 5.81 —4.00 = 1.81 Eg, = 24.6 eV. The
two electrons have quite different ionization energies. The two electrons are identical and
indistinguishable. A more precise statement is that less energy is required to remove the
first electron than the second one.

A popular method of illustrating energy states of many-electron systems is to draw a set
of energy level diagrams. How do you draw the diagram of the two-electron helium atom?
What are the energy levels? These excellent questions have no rigorous answer in a many-
electron system. There are two numbers associated with the two-electron system: the total
binding energy —5.81 Egy, and the ionization energy of the first electron —1.81 Eg,.
We could draw the energy levels of the two electrons at (i) —1.81 Egy, (i) —5.81 Egy, or (iii)
—(5.81/2) Ery = —2.90 Egy. Take your pick.

The most sensible choice is (iii): —2.9 Egy. Introduce the concept of relaxation energy.
When one electron is removed, the remaining electron changes its energy from —2.9 Eg,
to —4.0 Egy. This process is called relaxation, and is illustrated in figure 5.3. The electron
that remains bound has its energy changed by 4.0 —2.9= 1.1 Eg,. The latter is the
relaxation energy. Note that the relaxation energy is given to the departing electron: Its
ionization energy goes from —2.9+4 1.1 = 1.8 Eg,. So when one electron leaves, the
remaining electrons in the atom can increase their binding energy. The total increase is
the relaxation energy. It is transferred to the departing electron, which reduces its
apparent binding energy.

Koopman’s theorem states that the ionization energy equals the negative of the eigen-
value. Because there is relaxation energy in all systems, Koopman’s theorem is never true.

Energy levels usually represent eigenvalues of one-electron Hamiltonians. Here the
Hamiltonian is for two electrons, and has no one-electron eigenvalues. In chapter 9, we
reconsider the many-electron atom and derive an effective and approximate one-electron
Hamiltonian for the atom. Of course, this approximate Hamiltonian has eigenvalues.
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However, they are a computational method of replacing a complex many-electron
problem by an approxmate set of one-electron problems. The eigenvalues of this appro-
ximate Hamiltonian have no physical meaning.

The helium atom is quite well described by the one-parameter variational theory. Of
course, much better calculations have been done. In 1930 Hylleraas achieved an accuracy
of four significant figures, and by 1962 Pekeris found the ground-state energy of helium
to ten significant figures.

5.8 Free Particles in a Magnetic Field

An important experimental arrangement has charged particles in a constant magnetic field.
Classically, the particles make circular orbits perpendicular to the magnetic field at the
cyclotron frequency w. = eB/mec. Similar motion is found from the solution using
quantum mechanics. The charged particles have plane-wave motion parallel to the field.
The motion parallel to the field is well described by the plane-wave theory of earlier sections.

5.8.1 Gauges

In the theory of electricity and magnetism, potentials may be either scalar ¢(r) or vector
A(r). The preceding sections used only the scalar potentials V(r) = e¢(r). Magnetic fields
are introduced into Schrédinger’s equation using vector potentials. The technique is quite
simple: the particle momentum p; is replaced in the kinetic energy by [p; — ¢;A(r:)/c],
where cis the speed of light and g; is the charge of the particle. In nonrelativistic quantum
mechanics, the vector and scalar potentials enter Schrédinger’s equation for one particle
in the form

- ﬁ [pf%A(r)r +V()—fi-B (5.268)

The previous chapters have assumed A = 0. The last term is from the spin of the electron
and this Pauli interaction i - B= Aa,, where o is a Pauli spin matrix. A= |i|| B|. The spin
interaction is initially neglected, but is included in a later discussion.

This form of the Hamiltonian is derived and justified in chapter 8. A key feature of the
derivation is that the momentum is shown to equal

p=mv+ %A (5.269)
where v is the velocity of the particle. The kinetic energy term is mv*/2, which leads to the
above form. Also shown in chapter 8 is that the above form depends on a choice of gauge,
and here we are using the Coulomb gauge.

A vector potential can be used to describe any type of magnetic field B, whether static or
oscillatory, homogeneous or inhomogeneous. The magnetic field is always given by
B = V xA. The present section is concerned with a charged particle in a static, homo-
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geneous, magnetic field. The vector potential must be chosen so that it obeys the
following two equations:

V-A=0 (5.270)
VxA=2B (5.271)

where B is a constant, and the magnetic field is put in the 2 direction. Equation (5.270) is
the Coulomb gauge condition, which is explained in chapter 8. Also specify ¢(r, t) = 0:
there is no scalar potential.

Many vector potentials satisfy the above criteria, and there is no unique choice. Three
different, valid, vector potentials are

A=B(—y, 0, 0) (5.272)
A=B(0, x, 0) (5.273)
A= ?(fy, x, 0) (5.274)

Each different vector potential is a choice of gauge condition. Since the eigenvalues do not
depend on this choice, they are called gauge invariant. The first gauge is chosen, for no
particular reason, and then the Hamiltonian for a particle of charge q and mass m in a
constant magnetic field B is

1 Z Y 2 2
H,= Im (px + EyB) +p, 1 (5.275)

The subscript a denotes the choice of gauge. If the particle has a spin, and a magnetic
moment /i, there is also the Pauli term of —fi- B. The Pauli term is ignored for the
present, since the emphasis here is on the orbital motion.

5.8.2 Eigenfunctions and Eigenvalues

The vector potential term only contains the variable y, and only affects motion in the
y-direction. The eigenfunctions have plane wave motion in both the x- and z-directions.
Both p, and p, commute with the Hamiltonian, and can be assigned eigenvalues k,, k..

The eigenfunction has the form
ei(kxx+kzz)

Y, (r) = Vil

where L,, L, are the lengths of the volume in these two directions. The unknown function

fw (5:276)

fly) is determined by operating on the above eigenfunction by the Hamiltonian:

Hay, = By, (5.277)
el

2
qB 2, 1212
— | [ Bk + — Wk
2myLL [( o Y) th R

Define some symbols such as the z-component of kinetic energy ¢,, the cyclotron fre-

kex +k.2)

Hayp, = fw (5:278)

quency w,, and the unit of magnetic length ¢:
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w2 qB
&z = m ) We = % (5279)
2= h _he (5.280)
mw, qB
Yo=— % — _k? (5.281)

These symbols permit the Hamiltonian to be written in compact form:

Hlﬁ*M 41 5.282
a¥a — \/m m (Y YO) f() ( )

The order of the terms has been inverted. The first term ¢, is known. The last two terms
are those of a simple harmonic oscillator of frequency w,, where the center of the
oscillation is at yo. Using the harmonic oscillator solution from chapter 2, the eigenvalues
and eigenfunctions of (5.282) are

Ey (k) = &, + hoo, (n + %) (5.283)
ei(kxx+kzz)
Valr) = L ®uly —Yo) (5.284)

where ¢, are harmonic oscillator eigenfunctions. The Hamiltonian (5.268) has been
solved exactly. Different values of n are called Landau levels. The ground state has
n=0.

The quantum number k, gives the kinetic energy in the z-direction. The quantum
number k, has no influence on the eigenvalue. The particle has plane-wave motion along
the direction parallel to the magnetic field. It has harmonic oscillator motion in the plane
perpendicular to the magnetic field. The quantum number k, determines the center of
the oscillation since yo= —k./>.

Since the eigenvalue does not depend on k,, the most general eigenfunction with this
eigenvalue is a linear combination of functions with different k,:

W, (r) Ze‘k *Gky) P, (y + ke l?) (5.285)

\/L L,
We are using box normalization, so the values of k, = 2jn/L, are discrete. Any function
G(k,) can be used without affecting the eigenvalue.

The above derivation is valid for the vector potential (5.272). Similar results are found
using (5.273). The difference is the harmonic oscillator is in the x-direction:

2
Hy=>— |p+ (m—?oc) +p2 (5.286)
1
Eu(kz) = 2 + hooe <n+ 5) (5.287)
gi(kyY+kzZ) 2
Yy(r) = D —kyl%) (5.288)

VL
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Note that the eigenvalue is the same. What is the relationship between the two eigen-
functions (5.284) and (5.288)? To answer that question, consider the effect of a phase
factor on H,. Define g(r) according to

Valr) = g(r) (5.289)

Hay = ]'{@x+ yB)+1ﬁ+p4e4wmgu) (5:290)
et /0

1P T+ et (5.291)

= e*”‘Y/‘ Hyg(r) (5.292)

The phase factor changes H, into H,,. The two eigenfunctions must be related in a similar
way:

Walr) = /% (1) (5.293)

This identity is true for a particular choice of G(k,) in (5.285).

The different choices of vector potential give the same eigenvalues. The high degree of
degeneracy for the eigenvalue is related to the center of the classical orbit. The classical
picture has the particle going in circular orbits perpendicular to the magnetic field. The
center of the orbit may be anyplace in the box without changing the eigenvalue. The
arbitrary location of the orbit is the reason the eigenvalue does not depend on G(k,).
Different choices of G(k,) put the orbit at different locations.

5.8.3 Density of States

The density of states N (¢) is defined in three dimensions as the number of particles per
unit volume, per unit energy. The physical idea: given a box of known volume in a fixed
magnetic field, how many particles can be put into the box? How many can be put into the
n =0 Landau level, into the n=1 Landau level, etc.?

We continue to use the Hamiltonian H, and its eigenfunction in (5.284). It has three
quantum numbers (n, k,, k). The density of states is

> O[E—En(kz)] (5.294)

The volume of our box is Q= L,L,L,. The summations over (k,, k) can be changed to
continuous integrals:

_Z / _Z /% (5.295)

Since the eigenvalue depends on k., the integral over this variable eliminates the delta-
function of energy:
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/&5{5—82—7’1(1)5(”4-1)} :\/Z—T !
2r 2 h 21\ E — hax(n+ 3)

The result is nonzero only when the argument of the square root is positive.
Since the energy does not depend on the variable k,, its integral gives the difference of
the two limits:

ku
dk, =k, —k (5.296)
ke
What determines these limits? They are constrained by the requirement that the particle
is in the box. The center of the harmonic oscillator is at y,, and we require that 0 < y, < L,.
Neglecting the minus sign (y, = k,/?), we get the condition that

L
Y (5.297)

L
0<kx<%, k,=0, kuzé—z

1

The factor of L, cancels the same factor in the denominator of (5.294). The final
result is

1 2m & 1
N(E)= it \/;;)\/T(H%) (5.298)
and ng is the integer nearest to E/(hw.). The final result has the units of inverse
joule-meter>.
It is useful to take the limit that the magnetic field goes to zero. Then the cyclotron
energy ¢ = nhw, becomes very small. The summation over n can be changed into a con-
tinuous integral. Neglect the small zero point energy:

i dn 1 [F de
S (5.299)
; \/ E-hoc(n+ 1) hocJo VE—:
_ hi VE (5300)

The prefactor contains the denominator £*iw, = h*/m, so the result is now independent
of magnetic field:

3/2
N(E)= # (%”) VE (5.301)
Pk W’k
- / (2n)’ 5(}5_ Zm) 6302

The final answer is just the density of states of a three-dimensional free particle system.

5.8.4 Quantum Hall Effect

The quantum Hall effect (QHE) is experimentally observed at low temperatures in
semiconductor superlattices or similar microstructures. Molecular beam epitaxy is used
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to grow semiconductors with alternate layers of different materials. The electrons are
confined to move in one layer. The motion is entirely two dimensional. We shall model
this system as if it were an ideal two-dimensional electron gas. The semiconductors have
energy bands with quadratic dispersion. The curvature can be described as an effective
mass m*:
W2 k2
E (k) = E.(0) + —— + O(k*) (5.303)
2m
GaAs is often used for this measurement. The effective mass in the conduction band has
a value about m* = 0.07m,, where m, is the actual mass of the electron. This small value
makes the cyclotron frequency w, = eB/m*c very large compared to most other semi-
conductors. It is easy to make hw,/kgT > > 1 so the Landau levels are well separated
thermodynamically.
In a two-dimensional system, just eliminate the z-variable from the prior discussion.
The magnetic field is perpendicular to the xy plane. The Hamiltonian in one gauge is

1 q 2 -
Hy=-_ {(px + ;YB> +p§} —i-B (5.304)
1
Em = b, (n—i— E) —-mA, m=x=1 (5.305)
eikxx 5
Y(x y) = \/_L—¢n(y+ k() (5-306)
The density of state in two dimensions is
1 LycL,
E)= E—Eunl, = .
N, (E) LxLyn,;f[ ] ; 57t (5.307)
1 1
= WZ O E=horc(n+ = ) +maA (5.308)

Again the summation over k, has been converted to LxLY/Znﬁz. The density of states
is a series of delta-functions at energies given by the Landau levels and the spin
orientation.

What value of magnetic field is required to put all of the electrons into the lowest Landau
level n = 0? The two-dimensional density of electrons ng (units are inverse area) is given by

n():/dENZ(E)nF(Eﬁu) (5-309)
1 1

= 272 %; ePlhor(n+1/2)—mA—p] +1 (5310)

E = ! 5.311

ng( —H)—m (5.311)

The factor of ng(E — p) is the fermion occupation factor, and f=1/kpT. The Pauli term is
—mA, where A = guoB, and p is the electron magnetic moment. Spin-up and spin-down
particles have different energies. It is possible to have all particles with spin-up
in one Landau level. If the chemical potential y is between the first two Landau levels
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(hwy/2 < p < 3k /2) and the temperature is small (kpT << hw,), then all electrons are in
the lowest Landau level of n = 0. The density of particles in that case is

no (5.312)

= 202
Some typical experimental numbers are presented. The factor in the denominator is

he _ ¢o
eB~ B

2ml? = (5.313)

The flux quantum is ¢ = hc/e in cgs units and ¢y = h/e in SI units. It has a numerical
value of ¢y = 4.13567 x 10" ° in units of joules per ampere, which is also tesla square
meters. A typical electron density in a quantum well is ng ~ 10*° per square meters, which
requires a magnetic field of B ~4tesla.

The integer quantum Hall effect is the observation of plateaus in the Hall voltage at
certain values of magnetic field. These plateaus occur when 27¢* n, has integer values,
which occurs when Landau levels are exactly filled. We write eqn. (5.310) as

1
2,
2ntno = Z Pl (172 mA— 1 ]

nm

=v (5.314)

where v is the summation. The summation depends on the chemical potential y, but at
very low temperatures, experiments show a staircase of values as a function of B.
The classical analysis of the Hall effect has the motion of electrons governed by

d - 1, 2] mi

—V=¢|E+ —VxXB|—— 5.315
m dtv e[ + Cv } . ( )
where 7 is the lifetime of the electron for scattering from defects and ion vibrations
(phonons). The velocity V is the average velocity of the distribution of electrons. Assume a

constant magnetic field in the Z-direction and current flowing down a bar in the %

direction:
Bl v
=2 [Ex + VY—} B (5.316)
m [ T
. e B, vy
— ~[F _ _ 5.317
Yy m[ YT, ] . ( )
h= g (5.318)
m T

The measurement is dc, so set all time derivatives to zero. The currents can flow only in the
X-direction, so that v, = v, = 0. There is no electric field in the Z direction. So the equations

are
b= CE, (5.319)
m
B
g (5.320)

%

The bar has dimensions L,, L,, L.. The current I, (in amperes) flowing down the bar is

I, =nevy L, L, = noevy L, (5.321)
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Here the electron density n is the three-dimensional density (number electrons per
volume). The areal density is no=nL, (number electrons per area). The Hall voltage is

B B
V, = EL,= L=I— 5.322
Y Y=y c Y xnoec ( )
The transverse resistance is
V, B
Ro,= Y —=_—"_ 5.323
T meec ( )

The factors on the right are similar to those that go into the integer v = 2¢%n,. In fact, the
relationship is

Ry = %, Oy = gz =25,812.8 ohms (5.324)
We have introduced the quantum of resistance Qo= h/e’. The integer quantum Hall
effect finds this result experimentally. The transverse resistance is given by Q, divided by
integers, where each integer means the full occupation of another Landau level.

Numerous experiments have shown the plateaus are due to a complex phenomenon.
Semiconductors always have impurities and defects. These imperfections cause local
potential fluctuations in the material. They tend to bind the electrons in the quantized
orbits. Most of the electrons are actually localized and are unable to move. The electrons
that conduct electricity are on the edges of the sample, and are in skipping orbits. See Jain
[6] for a discussion of this phenomenon.

5.8.5 Flux Quantization

An interesting phenomenon in superconductors is the quantization of magnetic flux in
the center of hollow cylinders. The phenomenon was first reported simultaneously by
Deaver and Fairbanks [7] and by Doll and Nibauer [8].

Let A denote a finite area, which could be a circle or a rectangle. The scalar dS is an
infinitesimal part of this area, and the total area is obtained by an integral:

A:/ds (5.325)

Let ® denote the total magnetic flux through this finite area, which is obtained by
integrating the normal component of the magnetic field B:

o= /dSﬁ~]§: /dSﬁ.ﬁxA (5.326)

where A is the vector potential. Next use Gauss’s theorem to change the surface integral
into a line integral d¢ around the circumference of the area:

D= 7{3@.2\ (5.327)

The magnetic flux in a region equals the line integral of the vector potential around the
circumference.
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FIGURE 5.4 (a) A hollow cylinder of a superconductor. Dashed line shows path of integration contour.
(b) Experimental data of Goodman and Deaver [9].

Flux quantization can be derived using the Bohr-Sommerfeld quantization condition:

2nﬁ<n+ %) = f&z.ﬁ (5.328)
Use the fact that = mv + (g/c)A to change the above formula to
AN . q-
h(n+ i) = j{d% [mv+ EA] (5.329)
:mfd?-ﬂgcb (5.330)

Figure 5.4a shows a hollow cylinder of a superconductor. The magnetic field is per-
pendicular to the plane of the drawing and goes along the axis of the cylinder. The line
integral § dt is taken in a circle inside of the superconductor. It encloses the magnetic flux
in the hollow part of the cylinder. The flux does not penetrate into the superconductor.
Along this path, the velocity integral ¢ d¢-$=0. In a superconductor, the electrons are
paired, so q = 2e, where e is the charge on an electron. The above equation is

he 1 1

@:%(n—i- E)z%(n—}— E) (5.331)
This equation states that the magnetic flux ® in the hollow cylinder is multiples of half
the flux quantum ¢,. As the magnetic field is increased from zero, the flux inside the
cylinder is not a linear function of field, but is a series of steps, as in a staircase. The
results of Goodman and Deaver [9] are shown in figure 5.4b. The stepwise behavior is
evident.

The observation is an example of a macroscopic quantum state. To see the steps, all of
the electron states in the cylinder must have a coherent phase. Since the dimensions of
the cylinder are millimeters, this phase is coherent over macroscopic dimensions. This
coherence is an important property of the superconducting state.
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Homework

. Verify the addition theorem for ¢ = 2.

. Find the exact eigenvalue equation for any value of angular momentum for a particle

in a spherical square well:

0 O<r<a
V(r)= (5.332)
oo a<r

a. What is the specific result for £ = 0?

b. Look up a table of zeros of spherical Bessel functions (e.g., Handbook of
Mathematical Functions). Use these data to list, in order, the six lowest
eigenvalues considering all possible values of angular momentum.

. A deuteron is a bound state of a neutron and a proton. Fermi calculated the binding

energy assuming the nuclear forces could be approximated by a spherical square well
of depth V(r) = —V, for r<a and V(r) = 0 for r > a. His values were V, = 36 MeV
and g = 2.0 fm. What numerical value did Fermi get for the bound-state energy, in
MeV? Hint: Use the reduced mass in relative coordinates.

. Calculate the s-wave (¢ = 0) phase shift for a repulsive (V, > 0) square-well potential:

Vo O<r<a

V(r)={ (5.333)

0 a<r

Assume that Vo > E > 0 and find the limit of dy(k) in the limit that Vo — oo.

. The hard-sphere potential in 3D has V(r) = oo for r<a and V = 0 for r > a. This

potential forces the radial wave function to vanish at r = a, R(a) = 0. Derive the
formula for the phase shift o,(k) for all angular momentum. Use it to derive simple
expressions for the phase shift for { = 0 and £ = 1.
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11.

12.
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In three dimensions, a spherically symmetric potential has the form of a delta-
function away from the origin: V(r) = —10(r — a), where 1 is a positive constant.

a. Find the eigenvalue equation for an s-wave bound state.
b. Show that /4 has to have a minimum value for bound states to exist. What is that

value?

Does an attractive three-dimensional delta-function potential bind a particle in
three dimensions? Explain your answer. Use atomic units so that the Hamiltonian

is
H=—V2—B5*(r) (5.334)

where > 0 is a constant.

. Find the exact eigenvalue equation for any value of angular momentum for a particle

in a circular square well in two dimensions:

0 O<p<a
V(p)= (5.335)
o a<p
Look up a table of zeros of Bessel functions (e.g., in the Handbook of Mathematical
Functions). Use these data to list, in order, the six lowest eigenvalues considering all

possible values of angular momentum.

. Use the series definition of the confluent hypergeometric function F(g, b, z) to show it

obeys its differential equation:

F(a, b, 2)= Zi @ (@) —a(@+1)-- (@+n—1)

e n (b),’
d*F dF
0=z +(b~2) - —aF (5.336)

Use confluent hypergeometric functions to find the exact solution to the Hamiltonian
of the hydrogen atom in one dimension. Hint: ¢(x = 0) = 0.

Solve the Hamiltonian for the bound states of the hydrogen atom in two dimensions.
Find the eigenvalues. Hint: Use polar coordinates, and the solution for R(p) involves

confluent hypergeometric functions.

Find the exact eigenvalue and eigenfunction of the s-wave ground state of an electron
in the potential
2

vm:-ﬁ (5.337)

where a is a positive constant and e is the charge of the electron.
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13.

14.

15.

16.

17.

18.

19.

20.

Using hydrogen bound-state wave functions, evaluate the following integrals, which
are given using Dirac notation:

a. (1s]2p,) (5.338)
b.  (1s|p.|2p.) (5.339)
c. (1s|z|3p,) (5.340)

Solve for the exact eigenvalues and eigenstates of the three-dimensional harmonic
oscillator using spherical coordinates V(r) = Kr*/2. Hint: Set z = Pma/h and find the
equation for G(z), where

2(r)=2"/2e72/2G(z) (5.341)

For the three-dimensional harmonic oscillator, what is the degeneracy G(N) of each

level? That is, how many different states, as a function of N, have the same energy fiw
(N+2)?

The WKBJ method gave poor results for the hydrogen atom in 1D. In 3D we had to
add a potential term
hZ

8mr?

1% (5.342)

to get a good answer. Try the same thing in 1D. Add the above potential (with x instead
of r) to the potential of the 1D hydrogen atom. Show that (a) this gives the proper form
of the WKBJ wave function at small x, and (b) it gives the correct eigenvalue using
WKBJ.

Kratzer's molecular potential has a minimum at V(r = a) = — D and simulates the
binding of two atoms:

V(r)zo[(‘:)z—z(‘:ﬂ (5.343)

Find the exact eigenvalue spectrum for bound states in three dimensions.
Use WKBJ to find the eigenvalues of the potential of the previous problem.

Use the three-dimensional form of WKBJ to obtain the eigenvalues of the three-
dimensional harmonic oscillator. What is the lowest eigenvalue?

Construct a table of effective quantum numbers n* for the ns series of KI and Call.
Call means one electron outside of the closed shell in calcium. The data can be found
on the physics library reference shelf in C.E. Moore, Atomic Energy Levels
(QC453.M58, Vol. 1).
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22.

23.

24.

25.
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Use the variational method to determine the eigenvalue of the ground state of the
hydrogen atom in two dimensions. Choose your own trial eigenfunction.

Use the variational theory to solve for the ground-state energy of two 1s electrons in a
Coulomb potential of charge Z. The result for Z = 2 should reproduce the helium
result in section 5.7.

a. Z = 1: Does H™ exist?. What do you predict for its binding energy?
b. Z = 3: Compare with the Li" ion, whose experimental ionization energies are 75.3
and 121.8 eV for the two electrons.

Use the variational method to find the ground-state energy of two particles in one
dimension bound to a delta-function potential, and which interact with a delta-
function potential:

2 2 2

_ _+_
2m [O0x?  Ox3

Use the variational method to solve for the ground-state energy of a hydrogen atom in
a constant electric field F along the 2-direction. The Hamiltonian is

W, é
H:—EV —7—eFrcos((9) (5.344)

Use a trial wave function of the form

o(r, 0)=Ac/ [1 —igcos(())} (5.345)

where g is the Bohr radius and 1 is the variational parameter.

a. Find the value of 1 that minimizes the energy.

b. Express the energy as a function of F.

c. Expand (b) in a power series in F about F = 0. If o is the polarizability, the correct
answer has the form

E(F) :ERY—%FZ +O(F* (5.346)

What value for o is predicted by the variational procedure?

Consider the Hamiltonian of an electron of charge e bound in a three-dimensional
harmonic oscillator potential, which is also subject to a static electric field F. The
potential energy is

K .
V(r)= Er2 —eF-7 (5.347)
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26.

27.

28.

Find the exact eigenvalue spectrum. What is the polarizability « of a charged particle
bound in a harmonic oscillator potential?

Find the eigenfunctions and eigenstates of an electron confined to two dimensions
that is subject to an electric and magnetic field (F L B). The Hamiltonian is

2
H= 21[ (p—ef’(>]—eFx (5.348)

Consider the Hamiltonian of an electron confined to move only in the (xy)-plane.
There is a magnetic field in the z-direction and a quadratic potential in the plane.
Show that in the symmetric gauge the Hamiltonian can be written as

1 eBy 2 eBx\* K,5 5
H‘%K’”X*E) +<"v‘%> 1*5“ )

Solve this Hamiltonian exactly using polar coordinates. This problem originally solved
by V. Fock.

Consider the Hamiltonian of an electron confined to move only in the (xy)-plane.
There is a magnetic field in the z-direction. Consider the Hamiltonian in the
symmetric gauge. Show that the wave function |n)

2
H= Zln{[px eBY} +[py—%:| } (5.349)
|n) =A(x—iy)" exp[—(x* +y?) /4¢*] (5.350)

is an exact eigenstate of this Hamiltonian and of the z-component of angular
momentum. What is the eigenvalue?



6 Matrix Methods and Perturbation Theory

6.1 Hand H,

When solving any Hamiltonian, the first step is to try to solve it exactly. Finding an exact
solution is always a bit of luck. Usually an exact solution is impossible, and then one is
faced with a variety of choices. WKB], variational, and numerical methods are all available
as possible approaches. However, probably the most important approximation is per-
turbation theory.

The discussion of perturbation theory is divided into two categories. The first is the
effect of static perturbations: those that are independent of time. They are treated in this
chapter. The second category is perturbations that depend on time, which are discussed
in the next two chapters. Matrix methods of solving Hamiltonians are also discussed
since they share a common formalism with perturbation theory.

The first step in either the matrix method or perturbation theory is to find another
Hamiltonian H, that can be solved exactly. The step of choosing H, should be done to
optimize the following desirable characteristics:

1. Its eigenstates and eigenvalues should resemble those of the exact problem as much as
possible.

2. Its eigenfunctions should be simple functions that are easy to generate and integrate.

The first requirement is needed because Hy is used as the basis for solving the full
Hamiltonian H. This process converges faster whenever the solutions to H, resemble
those of H. For example, if

pZ
H=—+U() (6.1)

and U(r) is a potential of short range that has a few bound states, then choose

pZ
Ho= 1+ Uolt) (6.2)
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where Uy(r) is also of short range with a few bound states. For example, U, could be a
spherical square well.

The second criterion, that the eigenfunctions are simple, just makes life easier when it
is time to evaluate the integrals for matrix elements. The evaluation of matrix elements is
an essential feature of this chapter and we want to make it as painless as possible.

The eigenvalues of H, are denoted with a superscript (0), and the eigenstates are ¢,
The eigenvalues of H are denoted without the superscript, and its eigenfunctions are ,,:

Hoo, = E) ¢, (6-3)

n

Hy, =Eu, (6.4)

The goal of the theory is to derive the eigenfunctions ¥, and eigenvalues E, of H by
starting from the known values ¢,, and EY of Ho,.
Since H and H, are different, define V(r) as their difference:

H=Hy+V (6.5)

The notation suggests that Vis a type of potential energy. This identification is customary
but not essential. In the usual application of perturbation theory, V= U —U,. However,
there are rare occasions where the kinetic energy has a term that contributes to V.

6.2 Matrix Methods

The equations for the matrix method are derived in this section. The method is quite
general and can be applied to any Hamiltonian: relativisitic, nonrelativisitic, one-particle,
many-particle, etc. Every Hamiltonian discussed in this chapter has the feature that it
cannot be solved analytically. Otherwise, there is no need to bother with approximate
techniques.

The eigenfunctions ¢, are a complete set of states, so any function of position can be
expanded in these functions. Each exact eigenfunction ¥, is expanded in the set ¢, in
terms of coefficients C,,, that need to be determined:

Vu=_ Comdy (6.6)

Operate on the above equation by H= Hy+ V. On the left one gets (6.4) while on the
right-side of the equal sign use (6.3):

HY = Ey=E Y Com (6.7)

Hiy= 3" ConlHo+ VIdw =Y ConlES + Vid,, (6.8)

m

Subtract these two equations and find

0="> ComlEQ—Ey+ V()b (6.9)
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Multiply this equation on the left by ¢, and then integrate over dr, which represents all
space and spin variables:

> ComlEn—E)] / &t dp=>  Cum / dtd, Vb, (6.10)

The states are assumed to be orthogonal and normalized:

/ AT By = Otm (6.11)

/drqﬁf Vo, = (| VIm)=Viy, (6.12)
Equation (6.10) is simplified to

[Ev—E"1Cu = Coum Vi (6.13)

Equation (6.13) is the fundamental equation of the matrix method. The known quantities
in this expression are the eigenvalues Eéo) and matrix elements V,,,. The latter are just
integrals which involve the known functions V(r) and ¢,(r).

Equation (6.13) can be solved by a variety of techniques. The first is the matrix method.
It is formally exact but numerically cumbersome. Equation (6.13) is exactly equivalent to
finding the eigenvalues and eigenvectors of a matrix using the method of determinants.
The determinantal equation is

0 = det|[E” — 2104m + Vim| (6.14)

It gives a set of eigenvalues 4, that are just the desired values of E,. The coefficients
Cum are found from the eigenvectors of the matrix for each eigenvalue. The matrix/
determinant method is formally exact. The name “matrix element” for V,,, arises since
they are the elements of the Hamiltonian matrix. They obey Vi,=V,, since the
Hamiltonian is Hermitian. The diagonal elements V,,,,, are real.

The problem with using the matrix method is the matrix has a dimensionality that is
infinite. The number of eigenstates ¢,, is infinite. Usually it includes a summation over
all bound and continuum states, and the latter are continuous and infinite in number.
Potentials without continuum states, such as the harmonic oscillator, have an infinite
number of bound states. So the above determinant has an infinite number of rows and
columns.

In practice, an accurate solution can be obtained for the states lowest in energy by using
a finite matrix. The matrix is just truncated after N terms, and the determinant is evaluated
for Nx N. Convergence is tested by increasing the value of N. Modern computers make
this calculation easy in many cases.

States are called degenerate when they have the same eigenvalue. If a perturbation
acts on degenerate states, the matrix method is useful for determining how the degen-
eracy is altered or lifted by the potential V. Examples are provided for systems where N is
small.
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6.2.1 2X2

The most important case has N = 2, so the determinant is 2 x2:

Ey 4+ Vi1—4 Viz
0= det (6.15)
which has the solution
1
A= 2 {El +E+ Vi + szi\/(El + Vii—E—Vp)? +4|V12‘2 (6.16)

If the perturbation is small [V1,<<(E; — E;)], the argument of the square root can be
expanded to give the approximate result

1

+ El+v11—52—v22+% (6.17)
Ei+Viu—E-Vn
|Via|®
M=E V e 6.18
=R E1+Vu—-E—-Vn (6.18)
Vi |2
la=E + Vn— [Vaz| (6.19)

Ei+Vii—E—Vp
A frequent use of the 2 X 2 is where two states ¢, ¢, have the same eigenvalue so E; = E,,
Vi1 = V5. Then the eigenvalues in (6.16) are

Jx=E1 + Vi1 1| V1| (6.20)

In this case the change in the eigenvalue is first order in Vj,, while in (6.17) it is second
order O(|Vy,|*). The linear dependence on the off-diagonal matrix elements is possible only
when the diagonal elements are degenerate. It is shown below, in the section on per-
turbation theory, that the dependence on O(|Viu|?) is the usual dependence. Only in
degenerate perturbation theory is the eigenvalue linearly dependent on the matrix element.
For degenerate states, the above matrix becomes
E1+Vii—4 Viz

0= det X (6.21)
Vi, Ei+Vi—2

Je=FE1+ Vi1  |Vi, (6.22)

In this case, E; = E; and V,; = Vj;. The two energy levels (1,,4_) are split by the in-
teraction term £|Vy,|.

6.2.2 Coupled Spins

Another example of matrix methods is the coupling of two spins by the Hamiltonian:
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where 51,5, are both spin-J operators. The prefactor 2A is a constant. There are several
ways to diagonalize this Hamiltonian. The matrix method is straightforward, and is done
below. There is also a trick method that is worth remembering.

The trick method uses the feature that the total spin is S=%+5. Then the
Hamiltonian can be written in simple form:

S-S=F+5)72=5 -51+5% 5+25 5 (6.24)
H=A[S-5-5 -5-% - %] (6.25)
= AR[S(S+ 1)—s1 (51 + 1) —s2(s2 + 1] (6.26)

The last formulas used the results of chapter 4 that S - S=Hh?S(S+ 1) for all spins. If s;
and s, are both spin—1 then the addition of two spin-] states gives two possible states,
S=0o0rS=1

Es = AR {5(5 +1)— ﬂ (6.27)
3 42

Ey=—> Al for =0 (6.28)

ElzéAhz for S=1 (6.29)

The last two formulas give the two possible eigenstates. S = 0 is the spin singlet, and there
is one of these (M = 0). S = 1is the spin triplet, and there are three of these (M =—1, 0, 1).
The eigenstates are found using Clebsch-Gordon coefficients, as discussed in chapter 4.
The Hamiltonian (6.23) has been solved exactly.

The same Hamiltonian (6.23) can be solved using the matrix method. Sometimes the
above trick is not obvious. The matrix method always works and is straightforward.
Denote o, ff; as spin-up and spin-down for spin j=1, 2.

There are four possible states in the coupled system of two spin-J particles:

Pr=mn, ¢=uf, (6.30)

b3 =Proa,  Py=P1p, (6.31)

The Hamiltonian (6.23) is written in terms of raising and lowering operators:
H=ARs1.50, + .78 + s (6.32)

The operators are

SVZ:E 10 oen 0 1 . 00

72\0 41 0 0 10
1 0

a_< ) [3_< ) (6.33)
0 1

sDp=ha, sa=hp, szoczgoc, s,p=—=p (6.34)
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The matrix elements are evaluated using the formulas from chapter 4. The 4 x4 matrix
has 16 elements. Fortunately, most are zero. The diagonal matrix elements are

Vin = (n|2As1,55.|n) (6.35)
1,52
Vi = S AR = Vi (6.36)
1,2
Vo == AR = V33 (6.37)
Vo3 = (2]Ast sl |3) = AR? (6.38)

The raising and lowering operators give zero contribution to the diagonal elements. The
only off-diagonal elements are V,3= V3, = Ah*. The Hamiltonian matrix gives a deter-
minant (A = AK?):

1A—2 0 0 0
0 -1A-) A 0
0= det ) _ (6.39)
0 A ~1A-2 0
0 0 0 1A—)

The reader should take some time to understand how the above matrix is derived. For
example, can you show why only two of the off-diagonal elements are nonzero? The
Hamiltonian in (6.32) does not change the value of the magnetic quantum number
M =m; + m, when it operates on any state. A combination such as s(1+)s(f) maintains the
total value of M, since it lowers one spin and raises another. This operator gives zero when
operating on either ¢ = o0, or ¢, = 15,. Both of these states are the only ones with that
value of M, which is M =1 for ¢»; and M= —1 for ¢,. The Hamiltonian operating on either
of these states cannot change it to another state, so they have no off-diagonal elements. The
nonzero entries are the same as appear in a table of Clebsch-Gordon coefficients.

It is often necessary to evaluate matrix elements in quantum mechanics. Many of them
vanish because of similar arguments about the preservation of quantum numbers. It is im-
portant to become familiar with such arguments and to use them, to spare the tedium of
evaluating matrix elements that are going to vanish for simple reasons. Other quantum
numbers that are useful for evaluting matrix elements are parity and angular momentum.

The determinant in (6.39) has Block diagonal form. There are three separate blocks that
are diagonalized separately. The first and last block have no matrix elements connecting
them to other rows or columns. They are easily solved to get, in both cases,

Ai=-A (6.40)

N =

These two eigenvalues are two of the three triplet states. The middle block is 2x 2 and is

—1A-2 A
0=det| °_ ) (6.41)
A —1A-
PRy Py Sy { L (6.42)
2 2 2



Matrix Methods and Perturbation Theory | 163

There are three eigenvalues with E; = A/2 and one with E, = —34/2. The same result
was found by the trick method. The direct diagonalization of the Hamiltonian matrix can
always be relied on to give the correct answer.

6.2.3 Tight-Binding Model

The tight-binding model is useful for describing electron eigenstates in solids and mo-
lecules. In chemistry it is called the Hiickel model, and in solid-state physics it is the tight-
binding model.

Here we consider only the simplest version of the model. Assume that the system has a
collection of N identical atoms and each has an single electron in an s-state outside of a
closed shell. Assume that the separation of adjacent atoms is always at the same distance.
Denote the atomic orbital as ¢(r — R;) when the atom is at R;. Also assume that these
orbitals are orthogonal when located on different sites:

/ & r(r—R)p(r—Rp) = O (6.43)

A method of arranging this orthogonality was invented by Léwdin. A possible wave
function, widely used in chemistry, is called LCAO (linear combination of atomic
orbitals):

N
Y(r)=> ap(r—R) (6.44)
=
The coefficients a; are determined by solving for the eigenfunctions. Schrédinger’s
equation for stationary states is

Hy =Ey (6.45)

Multiply the above equation from the left by [d’r¢"(r — R,,) and do the integral on both
sides of the equation:

Ea, = Z aj(m|H|j) (6.46)

J

The tight-binding model assumes that the matrix element has a simple structure:

1. If m = j, then (m|H|m) = E,.
2. If m and j are nearest neighbors, then (m|H|j) = V.

3. If m and j are distant neighbors, the matrix element is zero.

The Hamiltonian matrix has the dimensions of Nx N. It has E, for all diagonal elements.
The off-diagonal elements are V for nearest neighbors, and zero otherwise.

As an example, consider a linear chain of N equally spaced atoms. Figure 6.1a shows an
example, where the atoms are at the corners, and the lines indicate bonds. Equation (6.46)
has the structure (j =1, 2,..., N)
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(a) (b)

NN

FIGURE 6.1. (a) A linear chain of atoms. (b) The carbon atoms in benzene.

Ea1 = anl + Vaz (647)
Ea] = anj + V(aj+1 + aj,l),j #1,N (6.48)
E(IN = EoﬂN + Van_1 (649)

The atoms at the two ends (j=1, N) have only one neighbor, while the others have two.
The Hamiltonian matrix is tridiagonal. It has E, for all diagonal elements, and V above
and below the diagonal

Eb V 0O - 0
V E V - 0

H-|lo v B v .. (6.50)
0 0 - V K

Since the Hamiltonian is a matrix, the eigenfunctions are a column vector:
v=1 (6.51)

The components of the eigenvector are the coefficients in (6.44). Try a solution of the
form

aj = sin(j0 + 0) (6.52)
For all except the end atoms, the eigenvalue equation (6.48) gives
[E—Eo)sin(j0 + 6) = V{ sin[(j+ 1)0 + 6] + sin[(j — 1)0 + 5]}
=2V cos (0) sin(j0 + 6) (6.53)
E = Ey+ 2V cos(0) (6.54)

The constant § and the constraints on values of 0 are determined by the two equations at
the ends. For j=1, we have from (6.47)

0= (Ey—E) sin(0 + ) + Vsin(20 4 6) (6.55)
0= V[—2cos(0) sin(0 + 6) + sin(20 + 9)] (6.56)

The last equation was derived using E — Ey = 2V cos(f). The first term is manipulated
using
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2 cos(a) sin(b) = sin(b+ a) + sin(b—a) (6.57)
0= V[—sin(20 + 6)— sin(d) + sin(20 + 6)] (6.58)

The last equation has the solution that 6 = 0. In this case there is no need for the constant
phase 0 in eqn. (6.52). It is nonzero for other cases, so one should always include it until
proven to be zero.

The permissible values of 6 are determined by the last eqn. (6.49):

0 = (E—Eo) sin(N6) + V sin[(N—1)0] (6.59)
= V{—2cos(0) sin(N0) + sin[(N—1)0]} (6.60)
= V{— sin[(N + 1)0]— sin[(N—1)0] + sin[(N—1)0]} (6.61)

0= sin[(N+1)0] (6.62)

The last equation determines the eigenvalues. Permissibile values of 6 are given by

(N+1)0 = an, where o is a positive integer:

_ 104
T N+1

(6.63)

o

In practice, the allowed values of « = 1, 2,..., N— 1,N. Setting « = (N + 1) makes a; = 0.
For o > N+ 1, the eigenfunctions are the same as the ones for 1 < o< N. The eigenvalues
for an electron hopping along the chain are

o
E,=Ey+2V 6.64
»=Eo+ COSL\HJ (6.64)
This completes the discussion of electron motion on a linear chain.

Another geometry has the N atoms arranged in a circle. An example from chemistry is
the p, orbitals of carbon in the benzene molecule (N = 6).

The Hamiltonian matrix is now

Eb V 0O -V
V E V - 0

H=|O0O V B VvV .. (6.65)
Vv 0 -+ V E

The matrix has tridiagonal form, except the far corners have elements V to connect the
states j=1 with j= N. They are neighbors in the ring.
This problem is identical to periodic boundary conditions for plane waves. Now take

a; =’ (6.66)
The constraint that a;, y = a; requires that

2
0:%, 2=0,+1,42,- - (6.67)
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2
E, = Eo + 2V cos {%] (6.68)
One needs n values of «. If N is an even integer, the values of o are 0, 1, £2,..., £N/2,

where £N/2 give the same solution. If N is an odd integer, the values of v are 0, £ 1,.. .,
(N —1)/2. Negative values of o have the wave traveling counterclockwise around the
ring. Note that this solution is quite different than the linear chain. Further examples are
given in the homework assignments.

6.3 The Stark Effect

The Stark effect is the linear splitting of some energy levels in a constant electric field F in
atomic hydrogen. The phrase “linear splitting” means that the change in energy levels
occurs to the first power of the electric field: AEoc F. This behavior is quite unusual and
seems to occur only in hydrogen. The reason is that the hydrogen atom has many different
states with the same energy but with different angular momentum. For example, for n =2
there are four degenerate orbital states: one s and three p. For n= 3 there is one s, three p,
and five d for a total of nine orbital states. As explained above, if the perturbation is

U=—¢F -7 (6.69)
a change in energy proportional to |U| oc F happens only if there are several degenerate
states. Atomic hydrogen is the only atom with this high degree of degeneracy.

In atoms besides hydrogen, states with different angular momentum have different
energies. The degeneracy does not occur and changes in energy go as |U|* oc F>. Only
atomic hydrogen has the Stark effect.

The hydrogen atom is solved relativistically in chapter 11. The energy levels are changed
slightly by relativistic corrections. States with the same principle quantum number no
longer all have the same energy. These small corrections are neglected in the present
discussion. Here we use the nonrelativistic theory, and states have energy E, = —Eg,/n?.

The interaction is given in (6.69), where the constant field is F. Since the ground state
of the hydrogen atom is isotropic, we can choose any direction as Z. Choose it in the
direction of F so the interaction becomes

U= —eFz=—eFrcos(0) (6.70)

In this problem, Hy is the hydrogen atom, whose solutions were given in the previous
chapter.

The n=1 state of atomic hydrogen does not have a Stark effect. There is only one
orbital state and no orbital degeneracy. In a later section we show that the lowest energy
correction for the 1s state goes as O(F?) for small values of F.

The Stark effect is found in hydrogen for all values of n>2. The simplest case is n =2,
which is solved here. The case n =3 is given as a problem assignment.

Atomic hydrogen has four orbital states with n = 2. They are labeled as 2s, 2p,, 2p, 1,
2p_1. The 2p states have £ = 1: m = 0 for 2p, and m = =1 for 2p,;. These four states are
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used as the basis for the diagonalization of a 4 x4 matrix. When F =0, these four states
have the same energy. The electric field causes nonzero matrix elements between two of
these states, and these two have a change in energy proportional to F. The other two states
are changed only to O(F?%). The theory reduces to diagonalization of a 2 x 2 matrix, as was
done in (6.15).

The 4 x 4 matrix has sixteen possible matrix elements to evaluate for U(r) in (6.70). All
diagonal elements are zero, because of parity arguments. Only one pair of off-diagonal
elements are nonzero:

M= (25]U|2p.) = —F / &1, (1)1 08 (0) by (1) (6.71)

Recall the eigenfunctions from the prior chapter, where a, is the Bohr radius:

1

by = N [1—r/2a0)e”"/?% (6.72)
0
Pape = 15O y-ram (6.73)

32na)

The integral in (6.71) has two parts. There is an angular integral with the integrand of
cos’(0), which gives 47/3. There is a radial integral

“ 5!
/0 rtdre /% (17 2—;()) =a, <4!f 5) = —36a; (6.74)

Combining both integrals gives

41\ 3643
M=eF(— 9 =3eagF 6.75
e(3)16nag eo (6.75)
This matrix element is the only one that is nonzero. Why the others vanish is discussed
below.
The matrix to diagonalize is

E-. M 0 0
M E-i 0 0
0= (6.76)
0 0 E—. 0
0 0 0 E—i

The order of states is 2s, 2p,, 2p. 1, 2p_;. The matrix has block-diagonal form with a 2 x2
part in the upper left corner and two blocks with single elements. The four eigenvalues are

A:Ez,Ez,Ez‘i‘M,Ez—M (677)
The four eigenstates are

1. One 4 = E, has ¢y,
2. One 1 = E; has ¢,,_.
3. A = E;+ M has eigenfunction
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FIGURE 6.2. (a) Energy levels in nonrelativistic theory. (b) Levels including relativistic
corrections.

¢ += % [d)Zs + ¢2pz] (678)

4. . = E, — M has eigenfunction

.= %[%;%1 (6.79)

Figure 6.2a shows a graph of the energy levels vs. field F. The numbers in parentheses are
the degeneracy of the level. For a nonzero value of F, the fourfold degeneracy of the n =2
state is changed to three different energy levels. Two are independent of the field. Two
have a linear dependence on the value of field F. Such a linear splitting is possible only
when matrix elements exist between degenerate states.

A relativistic solution of the hydrogen atom using the Dirac equation is presented in
chapter 11. The relativistic solution shows the four states of the n=2 level are not
degenerate. These energy levels in an electric field are shown in figure 6.2b. Now there are
four levels at nonzero electric field. The p-orbitals (¢ =1), combined with the electron
spin, produce angular momentum states of j=3 and j =3 . The 2ps, states are higher in
energy than 2p,,, and 2s; ;. This difference is caused by the spin—orbit interaction, which
is treated later in this chapter. The Dirac equation predicts that 2s;/, and 2p,,, are
degenerate. However, experimentally, they also have a small splitting called the Lamb
shift. These energy shifts are small. For v=10 GHz, then hv=4x10"> eV.

Now consider the matrix shown in (6.76). Why are most of the elements zero? Several
quantum numbers are used to show that most elements vanish. The first is parity.

The concept of parity is based on whether an eigenfunction or wave function changes
sign or does not change sign when the coordinate frame is inverted. Eigenfunctions have
a definite parity only if the potential function that generates the eigenfunctions also has it:



Matrix Methods and Perturbation Theory | 169

V(—1) = V(1). If the potential lacks parity, so do the eigenfunctions—they are of mixed
parity. This potential function is different than the one U(r) below in the matrix elements.
For example, in the hydrogen atom V = —e?/|t| has even parity, while the perturbation
U(r) = —¢F - 7 has odd parity.

1. Functions f.(r) with even parity obey f.(r) = fo(—r). Atomic orbitals with even values of
angular momentum have even parity. s- and d-states have even parity.

2. Functions f,(r) with odd parity obey f,(—t) = —f,(r). Atomic orbitals with odd values of
angular momentum have odd parity. p- and f- states have odd parity.

The concept of parity is useful for showing that matrix elements sometimes vanish.
The argument is that if M=—M, then M=0:

My= [ Eron U (6:80)

Now, make a variable change ' = —r. Then d* = d’r. Depending on the parity of the
different functions, one has ¢;(—1)* = £¢;(r)*, ¢j(—1) = t¢;(r), U(—1) = £ U(r). The var-
iable change gives the following:

1. If M;; = +M;, the matrix element may be nonzero.

2. If M;; = —Mj;, the matrix element is zero.

i
In the present case, U(—r) = —U(r) and the potential function has odd parity. If both ¢;
and ¢; have the same parity—both are even or both are odd—the matrix element vanishes.
For the Stark effect, matrix elements of U(r) between different p-states all vanish. Also, all
diagonal matrix elements vanish. This feature eliminates many of the matrix elements in
(6.76).

The magnetic quantum number m is also important in evaluating matrix elements. In
the Stark effect, the interaction U(r) has m =0, as do the states 2s and 2p,. The value of
m is one for 2p, 1, and is minus one for 2p_;. The integral over azimuthal angle gives zero
unless the summation of all m components is zero:

2n
dpe™? =213, g (6.81)
0

Since U has no dependence on m, the matrix element is zero unless m’ = m;—m; = 0. This
requirement makes the matrix element be zero between 2s and 2p,, and 2s and 2p_;.
Combining parity on one hand and m on the other, we have shown that all matrix elements
in (6.76) are zero except M between 2s and 2p,. They are shown to vanish without doing
any cumbersome integrals.

The Stark effect for n =3 is assigned as a homework problem. There are nine degenerate
orbital states, so the Hamiltonian matrix is 9x 9. Using parity and m; = m; immediately
sets to zero most of the matrix elements. There are nonzero matrix elements among the
three states with m =0 (3s, 3p., 3d,), between two with m =1 (3p. 1, 3d 1), and between two
with m=—1 (3p_1, 3d_4). The states 3d,. and 3d,_ have no nonzero matrix elements with
other states. The 9 X 9 matrix has been reduced to one 3 x 3 block, two 2 x 2 blocks, and two

1x1 blocks. Considering parity eliminates some matrix elements within these blocks.
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6.4 Perturbation Theory

6.4.1 General Formulas

Perturbation theory is another method of solving eqn. (6.13), which is rewritten here:

(Ea—E")Cu=">_ CamVim (6.82)

The method provides results for the eigenvalues E, and also for the coefficients C,,,, of the
eigenfunction. These quantities are not obtained exactly in perturbation theory. Instead,
the idea is to identify a smallness parameter A, which is taken as dimensionless. All
unknown quantities are expanded as a power series in A". The method is most successful
when only one or two terms in the series are sufficient for an accurate answer. Rapid
convergence is achieved by making A as small as possible.

A simple estimate of the smallness parameter is the ratio of the matrix elements to
energy differences:

VVI m

The crudeness of this definition is apparent when it is realized that there are many
different states and many different combinations of matrix elements and energy deno-
minators. Perhaps 4 is some weighted average of these ratios.

Perturbation theory is derived by expanding all unknown quantities in a power series
in the dimensionless parameter &:

0

E,=> &EY (6.84)
(=0
o0
Cam= Y _&'CH (6.85)
(=0

Each successive term is regarded as being smaller than the prior ones. Eventually the
parameter ¢ is set equal to unity, so the terms (E%), C%L) are the quantities that are be-
coming smaller. The nth order term is roughly proportional to 1", where / is the smallness
parameter in eqn. (6.83). The parameter ¢ is not the smallness parameter A. The
parameter ¢ is used to keep track of the degree or power of smallness. Equation (6.82) is
recast as a power series in ¢.

The potential term on the right in (6.82) is multiplied by a single power of £. The matrix
elements V,,, are supposed to be small, and ¢ is included to remind us of that smallness.
No harm is done by inserting &, since eventually we set {=1. Equation (6.82) now
appears as

J

1

o] Sech-s v e (556)
m k
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There is some confusion in the notation. The eigenvalue of H is called E,(f)), but the same
term appears as the first term in the series in (6.84). This confusion will soon disappear,
since we will soon show that the two quantities are identical.

The terms in (6.86) with like powers of ¢ are collected:

0= &D, (6.87)
P
Do = (E0-E")cl) (6.88)
D, = (ELOLE}"’) c 4 g Z Vi C (6.89)
D, = (B0 ) i + BN C) + EPCY) — > VinCll) (6.90)
m

Each coefficient of & is separately set to zero (D, =0). This procedure generates a set of
equations that can be solved to obtain the eigenvalues and eigenfunctions. There is no
deep reason or deep mystery to setting each coefficient to zero. It is just a method of
defining the terms in the perturbation series. Each order of perturbation theory provides
successive approximations to the eigenvalues and eigenfunctions.

The first equation is

0= Do = (EV)—E")C{] (6.91)

There are two possible circumstances:

1. n={. Then the expression is zero since the two energy terms are identical and cancel. This
is the point where the eigenvalues of Hj are set equal to the first term in the expansion in
eqn. (6.84).

2. n#/{. Equation (6.91) can be satisfied only when

Cly =0, if EY #E (6.92)

States with different n can have the same eigenvalue E\. An example is the hydrogen
atom where different orbital states with the same principle quantum number are
degenerate. The coefficient C!) is zero between states with different energies.

Some care must be taken when treating degenerate states. The smallness parameter in
(6.83) diverges in this case. Degenerate states are best handled using the matrix method
of the prior section. The first step in perturbation theory should be to treat degenerate
states. Use the matrix method to find the new eigenvalues and eigenfunctions caused by
the perturbation. Then use these states in treating the other states using perturbation
theory. For example, if two states are degenerate, call them ¢, and ¢,. The Hamiltonian
matrix was given earlier:

E + Vi Vi
H= . (6.93)
Vi Ei+ Vi
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The eigenvalues and eigenfunctions are

Ey=E; + V11i|V12| (694)
1 ,

= —[¢xe™ 6.95

bs ﬁ[d’l ;] (6.95)

Vi =€"| V| (6.96)

Then use the new functions ¢.(r) with eigenvalues E; for doing perturbation theory on
the other states.

Another set of equations besides (6.87)—(6.90) are needed for perturbation theory. The
additional equations come from the normalization of the eigenfunctions. Using the
initial equation (6.6) gives

1= / Eriy, @ =" CCu / Pret b, (6.97)

1= [Coml’ (6.98)
The coefficients C,,, are expanded using (6.85), and again the terms are collected in like
powers of ¢:

= Z{é‘) |CO > 4 2&R[CO" )

+ERRCOCR +|Cl 1+ o)} (6.100)

where R denotes the real part of the complex function. Again each power of ¢" is assumed
to obey this equation separately:

1= |chr (6.101)
0= Z RICO*c) (6.102)
0= Zﬁ[zc‘)) c? +|ch ) (6.103)

Equation (6.101) has a “1” on the left of the equal sign, which comes from the “1” in
(6.100). Tt goes with the first equation since £°=1. Earlier we showed that Cg? is zero
unless n=/. Equation (6.101) shows that

9 =6, (6.104)

This result completes zeroth-order perturbation theory. The first term in the expansion
of E, is the eigenvalue of H,, which is EY). The first term in the expansion of the
eigenfunction is ¥, = ¢,,. So zeroth-order perturbation theory says that the eigenvalues
and eigenfunctions of H are those of H,.

First-order perturbation theory is based on two equations (6.89) and (6.102) derived
above:
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0=Dy = (EO—E)C) + EOCH = > Vi C) (6.105)

nm
m

Z RICO*CO) (6.106)
Two quantities need to be determined: EY and C{}),. The eigenvalue is found by setting
n=/{ and remembering that Cnm =0 to find

=" " VinOum = Vin (6.107)
m

The first-order correction to the eigenvalue is the diagonal matrix element V,,,.. This result
is obvious by inspecting the Hamiltonian matrix in (6.14). The diagonal elements are
obvious corrections to the eigenvalue.

The first-order corrections to the eigenfunctions are found from the above equations.
From eqn. (6.102) and CY) = d,,,, we find that

0=R{c)y (6.108)

Since the coefficients are real, this asserts that the diagonal contribution C,(fyf =0. The off-
diagonal term is found from (6.105), which is solved for n# ¢:

=(EO—Ecl)-v,, (6.109)
Vin

Fay (6.110)

Cul =
The above expression is valid only when EY —Eéo) #0. For degenerate states, one should
not use this formula, but should just diagonalize the Hamiltonian matrix that contains all
of the degenerate states.

Equation (6.110) is recognized as the expansion parameter A defined earlier in (6.83).
Rapid convergence of perturbation theory is obtained when this parameter is small.
Comparing zeroth- and first-order perturbation theory gives for the eigenfunctions

yO =4, (6.111)

YW =¢, + Z ¢m (6.112)
m;én

Perturbation theory is useful if successive terms become smaller. They need not be smaller
at each r-point, but at a majority of such points. A more quantitative statement of con-
vergence is obtained by examining the eigenvalue contributions. The ratio of successive
contributions EJ” /E\" " should be smaller than 4/m. There is no simple prescription that
tells whether perturbation theory is converging. One does the calculation to several orders
and examines whether the eigenvalues and eigenfunctions are converging.

Second-order perturbation theory is derived from the two equations (6.90) and (6.103):

0=D, = (EV—E)CY) + ENC) + EACH - Vi CO),
m

0="Y RRCO ) +|ch
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The second-order energy is found from the top equation for n = ¢ and remembering the
results for CL% and C%:

Vam Vi
2) 1) _ nm V' mn
E;)f Z Vnmqwl;* Z FO_ O (6.113)
m m#n &n m
B B 4Vt S Wl (6.114)
n— Ly nn : E;O)—E;S) .
m#*n

The last equation summarizes the first three orders of perturbation theory. More terms can
be derived as needed. Second-order perturbation theory is sufficient for many problems in
physics. The derivation of the second-order eigenfunction coefficient C{2), is assigned as a
homework problem. This completes the formal discussion of perturbation theory.

6.4.2 Harmonic Oscillator in Electric Field

An important problem in quantum mechanics is the Hamiltonian for a charged particle
that has two potential terms—a harmonic oscillator and a fixed electric field:
pZ

K
H==+=x>+F 6.115
om T2 T (6-115)

where F=—¢E if E is the electric field. The classical problem is a charged particle of
mass m connected to a harmonic spring with constant K. The electric field causes a force
F= —¢E. The classical equation of motion is

mx = —Kx—F=—K(x+ F/K) (6.116)
The harmonic oscillation is centered at xz = —F/K

x(t) = Asin(owt+ 8)—F/K (6.117)

o= % (6.118)

The quantum mechanical problem may also be solved exactly and the physics is identical
to the classical solution. In (6.115) the x-terms are collected together by completing the

square:
gV K( L EY_F 6.119
C2m 2 K) 2K (6-119)
The center of the quantum oscillation is at xr = —F/K. The new variable x” = x + F/Khas

the commutation relation [x, p] = ifi. The eigenfunctions and eigenvalues are

V(%) = ¢u(x+ F/K) (6.120)
En:hw(n+1/2)—§—;<, wzzg (6.121)

where ¢,(x) are the usual harmonic oscillator eigenfunctions. The exact solution is easy.
The classical and quantum solutions describe similar behavior.
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Now solve the same problem as an example of perturbation theory. The perturbation is
V= Fx. The unperturbed Hamiltonian is

=2 K, 6.122
= om 2 (6122
:hw(n—i-%), OV =, (x) (6.123)

The first step in perturbation theory is to evaluate the matrix elements. Recall from section
2.3 that the matrix elements of x are nonzero only between adjacent energy levels:

FXo\/n m=n—1
Vam=F(nlxlm)=¢ FXopv/n+1 m=n+1 (6.124)
0 otherwise
h
Xo=1{\/— 6.125
0 2mm ( )

This feature makes perturbation theory easy, since there are only one or two terms in the
expansion:

« Zeroth-order perturbation theory has EY = ho(n+ 1).
« First-order perturbation theory has E{ = V,,, =0.

« Second-order perturbation theory has only two nonzero terms in the summation:

O — Z | Vi _ F’h n+1 N n
n = Z EO_EO " 2mow |ho(n—n-1)  hon-n+1)
F? F?
T ame? T 2K (6.126)

Collecting these results gives the exact eigenvalue. Second-order perturbation theory has
produced the exact result. It can be shown that all higher-order terms give zero con-
tribution to the energy. One should not think this happens often. This simple problem is
one of the very few cases that second-order perturbation theory gives the exact eigenvalue.

The exact eigenfunction is not produced by the result of low-order perturbation theory.
The terms to first order are

D) = B0+ Ty, ()T T, 1]+ OF)

The nth order of perturbation theory gives a contribution to the eigenfunction of O(F").
Examine the exact eigenfunction in (6.120) for n=0:

1 +F2
T \"TK

Expanding this expression in a power series in F will produce a series with all powers of

(6.127)

Do) =g (3 + ) =Noexp

F". It has an infinite number of terms. All orders of perturbation theory are needed to give
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the exact eigenfunction. It is curious that the eigenvalue is given exactly in second order,
but not the eigenfunction.

6.4.3 Continuum States

So far the discussion of matrix methods and of perturbation theory has assumed that all
of the eigenstates are discrete. For continuum states, the eigenstates are continuous fun-
ctions of energy. These cases require a slight change in the procedures that is described in
this subsection.

Summation over states shown in (6.112) for the eigenfunction and (6.114) for the
eigenvalue are taken over all states: both discrete and continuous. As an example, a particle
in a short-range attractive potential has both bound and continuum states. When sum-
ming over states, the continuum states provide a significant portion of the answer, so
their contribution cannot be neglected.

Our treatment of continuum states uses box normalization. Eventually the volume of
the box Q is allowed to go to infinity. The plane wave states then become continuous. This
method is discussed in chapter 2 as part of the normalization of eigenfunctions.

As the volume Q goes to infinity, eigenstates can be classified as either bound or con-
tinuum. The continuum states have a normalization prefactor of 1/+/€. Such factors are
denoted explicitly in the discussion of perturbation theory:

ok, 1)

=21  continuum
lim ¢, (r)— (6.128)

¢;(r)  bound

The exact form of ¢(k, r) depends on the Hamiltonian. Free particles have ¢(k, r) =
exp[ik-1]. If V(r) has a central potential at small r and is constant at large r, then ¢(k, r) has
plane wave behavior only at large r. Continuum eigenfunctions extend over all parts of the
box. The bound states ¢,(r) are localized to the region of the attractive potential, and
VQ¢, diverges at large volume.

How do the matrix elements depend on QP Each matrix element contain two
eigenstates and either or both may be bound or continuum states. There are three
possible circumstances: both are bound states (V,,, ~ Q%), both are continuum states
Vium ~ 1/, or one of each (Vy,, ~ 1/v/Q):

Vi = [@r;m)V(r)¢,(r)
Jim Voo V) 3 f g (k1) VD b,
VA s @ e Vg (6.129)

In each case the integral over d’r is assumed to converge to a value that is independent of
the volume. This convergence is automatically satisfied for the two integrals involving
bound states. The integral for V(k, k') will converge if V(r) is a central potential that
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vanishes at large r. The one case where the continuum integals are independent of volume
is when the potential is also a plane wave, say

V(r) = vel” (6.130)
V(k’k’) _ v 3 . ’
a - ﬁ/d rexp [ir - (k" +q—k)]
= Vék:kurq (6.131)

The integral gives a Kronecker delta multiplied by the volume of the box, and V,,, is
independent of volume.

Once the matrix elements are understood, the perturbation theory of continuum states
is rather easy. First consider the eigenvalue of bound states. In second-order perturbation
theory, the summation over states m # n in (6.114) is divided into sums over bound and
continuum states:

IVMI [Vilk)|*
E,=EQ) + vy + Z £ QZ o (6.132)
/#/

In the limit of infinite volume, the summation over continuum states is changed to an
integral over continuum states (this procedure is discussed in chapter 2):

. &k
éﬂgz / (6.133)

Then the second-order eigenvalue for a bound state is

v, Pl VK
i=E0+Vu+ Y 5 | ”| +/ . (L) d )0| (6.134)
ZEO—ED ) @)’ EO-EOo (k)

There are two terms in the second-order contribution: one is a summation over bound
states and the other is an integral over continuum states. Both terms usually make im-
portant contributions to the eigenvalue.

The bound-state eigenfunction has a similar summation in first-order perturbation
theory. The summation over continuum states is also expressed as a continuum integral:

Vi #k V(K o(k,1)
0 ,; E(O 0 /(271)3 ng))_E(O)(k) (6.135)

For bound states, neither the eigenvalue (6.134) nor the eigenfunction (6.135) depends on
the volume of the box Q.

Consider the same expressions for continuum states. The eigenvalue expression up to
second-order of perturbation theory is

E(k):E(O)(k)+${ kk+ZE(O E

>k [V (k, k)
(2n)’ " EO(k)—EO(K)

(6.136)



178 | Chapter 6

The symbol P denotes the principal part of the denominator. Every correction term to the
energy is proportional to 1/Q. They all vanish in the limit that Q — co. For continuum
states one has

E(k) = EO(k) (6.137)

There are no corrections to the particle energy when V(r) is a local potential.

This result is expected and should not be surprising. In the prior chapters, the
eigenfunctions and eigenvalues have been solved for a number of central potentials. For
continuum states, the presence of the central potential changes the eigenfunctions by in-
troducing additional curvature in the regions of potentials. However, the central poten-
tial does not alter the eigenvalue of the continuum states. For plane waves it is always
E(k) = h%k? /2m. The central potential changes the eigenfunction but not this eigenvalue.
It is reassuring that the same result is found in perturbation theory.

The eigenfunction of the continuum state is certainly affected by perurbation theory.
For continuum states, the two terms in (6.112) give

1
Yk 1) = f{ Z E(k (0)
Bk _V(kK)p(K, 1)
+/ (27r)3p E(k)—E(K) } (6.138)

The expression in curly brackets is independent of Q. The perturbed eigenfunction ¥ (k, r)
is proportional to 1/v/Q when Q— co. The continuum eigenfunction is affected by the
perturbation V, although the eigenvalue is not.

As an example, let H, describe plane waves so there are no bound states. Then ¢(k, 1)
exp(ik-r). The perturbation is a Yukawa potential:

—ksr

V() =g (6.139)
where g and k; are constants. The first step, always, is to calculate the matrix elements. For
plane wave eigenfunctions, the matrix element is just the Fourier transform of the
potential. An overbar notation is used to denote the transform:

—ksr

V(k—k)= / Preirld)gl (6.140)

r

The Yukawa potential occurs often in physics, and its Fourier transform is often needed.
The integral is evaluated by first doing the angular integrals. Define v = cosf, where 0 is
the angle between r and Q = k—k":

el 1
V(Q)=2ng / rdre%" / dve " (6.141)
0 -1

/ deirer — - (lgr —th):%rQr) (6.142)
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4ng

— oL B (6.143)

V(Q) = %/0% dre™*" sin(Qr)

The remaining integral is the Laplace transform of the sine function, which is found in
standard tables:

gkt _ 4r
g v(Q) g

= TR

(6.144)

The Coulomb potential is a special case of Yukawa with k; = 0 and g = Z¢%. The
Fourier transform of the Coulomb potential is

Ze? = 4AnZe?
Vin=S- Q=5

This completes the discussion of the matrix element.

(6.145)

The eigenvalue is unaffected by the potential. The changes of the eigenfunction are
found from perturbation theory. There are no bound states, so we start with

_ L ikr Br V(k_k’)eik’-r}
Yk, 1) = \/ﬁ{e +/ (271)37) E(O—E(K) (6146

Change the integration variable in the last term to Q =k —k’. Then the integrand has a

factor of exp(ik - r) that is brought outside of the bracket:

B eikr g dSQ V(Q)eiQT
Yk, )= \/_Q{l-l— / (2n)3pE(k)*E(k+Q)} (6.147)

The last term, with the integral, is now just a local function of r that has a nonzero value

near the origin. It gives the change in the eigenfunction in first-order perturbation theory.
The integral is hard to evaluate for arbitrary values of k and r. A considerable simpli-
fication is achieved by picking the special value of k=0:

7L B d3Q eiQ~r
von="g {1 e | 2 (Q2+k§)E(Q)} (6.148)

_ L [, A4mg [*dQsin(Qr)
m{l ey QQ2+k§} (6.199)

The angular integral was done according to (6.142). The remaining integral is evaluated
by contour integration or by looking up the result in tables:

[ S mt) o
1 2mg —kr
W(0,r) = 7 {1— hzkgr(l_e k )} (6.151)

This equation is sketched in figure 6.3 as a function of k,r with the potential strength 2mg/
(k) = 0.5. The solid line is v/Q(0,7) and the dashed line is the result of zero-order
perturbation theory. The result is interesting since the perturbed eigenfunction varies
according to 1/r at long distance. One might think that a short-ranged Yukawa potential
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FIGURE 6.3. A plot of vVO(0,r) as a function of k.

would change the eigenfunction only at short-range. The present example shows that idea
is incorrect.

6.4.4 Green's Function

The first-order change in the eigenfunction for continuum states can be evaluated by an
alternative procedure that uses classical Green’s functions. In the present section we
define this Green’s function as

p 1
G(k,1) / —Ep) (6.152)

where E(k) = h’k?/2m and P denotes principal part. The Green’s function enters the first-

order change in the eigenfunction. It is written as

#rV(k=K)kT
Mk 1) —
V' k, 1) = / (2n)3p E)_E(K) (6.153)

V(k—K)= / #ret Ky () (6.154)
These two integrals are nested and their order is reversed:
" BE ey 1
k d3 ’, lkI / ik’ (r—r)
9= [ L [
= / #Prv(r)ekT Gk, r—r)) (6.155)

Equation (6.155) is an efficient way to evaluate the first-order change in the eigenfunction.
The Green’s function is the same for all problems and needs to be evaluated only once.
The angular integral in the Green’s function is evaluated as in (6.142):

Glkyr) =~ / Kdk'P Sm(k r (6.156)
This integal can be found in tables or evaluated by contour integration. The final result is

Glk,r)=— cos(kr) (6.157)

m
nhr
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The form of the answer very much depends on taking the principal part of the energy
denominator. In chapter 10 on scattering theory, we evaluate the same Green’s function
without the principal part and get a different result.

The first-order change in the eigenfunction is

/d3 /V lkr cos k‘l‘ I“ (6158)
S

\/_l// k,r)=

hZ

We evaluate this for the Yukawa potential. Again the integral is hard to evaluate for
general values of k and r. One simple result can be shown: the behavior at large r. In the
limit that r >> ¥’ then

[t—t'|=Vr2 +r¥—2r- r:r\/1+ (r/r)?—2r-v'/r

rr—t-r (6-159)
1 1 r
S — 1
=] r + O(rz) (6.160)
G(k,1—1") = — ——cos(kr — k-r), k=ki (6.161)
nh'r

The first-order eigenfunction for large r is

Vo k1) = — / Prv(r)esr [eikr-ﬂ}-r' + e—ikr+i1}-r']

Anhtr

_ k7 (11, —ikry7 1,

T [e Vik—k) + e MV (k+ k)} (6.162)
The symbol V denotes the Fourier transform of the potential. This result applies for any
potential. It shows that the first-order change in the eigenfunction always goes as O(1/r)

at large distance.

6.5 The Polarizability

The electrical polarizability of an object has the same definition in classical and quantum
mechanics. The definition of polarizability is easily applied to objects that have no
permanent dipole moment. Every object will develop an induced dipole moment when
subjected to a uniform electric field F. The polarizability o,y is the constant ratio between
induced moment P and applied field:

Pu: Zaw/FI/ (6163)

where = (x, y, z) are coordinates. The polarization P, may not point in the same
direction as the field F,, so «,,, is a tensor quantity. The electric field has the units of charge
over area. The polarization is charge times length and the polarizability has the units of
volume. The units give the correct magnitude, since the polarizability of an atom or
molecule is usually proportional to its volume.
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6.5.1 Quantum Definition

An equivalent way to define polarizability uses the ground-state energy of the object in the
external field. The change in energy from a change in field is

=Y Pu(AF,) (6.164)
n

Using (6.163) for P,, and doing the integral gives

5 o 1
AE:_/P.dF:—EZ Fuo,,F, (6.165)
g
For spherically symmetric systems the polarizability is isotropic, «,, = 2d,,, and the
energy change simplifies:

AE:f%FZf;—iF‘LO(F(’) (6.166)

For isotropic objects, the change in energy is a power series in F*, and the first term is /2.
The next term has a constant y defined as the hyperpolarizability. It arises from nonlinear
terms in (6.163):

B=Flu+yF + O(FY)] (6.167)

This discussion is entirely classical, but the results in quantum mechanics are identical.
Quantum mechanics provides formulas to calculate the coefficients such as o and y.

In quantum mechanics, the electric field is introduced through the perturbation
V = —¢F - 1. Perturbation theory is used to calculate how the eigenvalues change with
field. The nth order of perturbation theory gives energy terms depending on V"oc F*. The
polarizability is the coefficient of the term F? and is given by second-order perturbation
theory:

Eq(F) = E,(0)—¢F{nlzln) + €F* Y [¢nllm)* (6.168)

iz En—Enm

Dirac notation is used for the matrix elements. The first-order perturbation result con-
tains the matrix element (n|z|n). It vanishes in systems with inversion symmetry [V(—r1) =
V(r)]. However, many molecules lack inversion symmetry and have a fixed dipole
moment—H,0 is an example. In these systems the matrix element (n|z|n) # 0 and there
is a first-order term in the energy. This result agrees with classical physics, since an object
with a fixed dipole moment p has an energy —p - F in a static field.

The term of O(F?) in (6.168) is the quantum mechanical definition of the polarizability
of a particle in the state n:

52 5 Knlzlm)
g T _E (6.169)

There is no approximation in this definition. It is the exact definition of polarizabillity.
Perturbation theory has been used to identify the energy term proportional to F*, and that
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expression is the exact polarizability. This formula is valid for any eigenstate n. Usually it
is applied to a particle in the ground-state configuration. For the ground state E,, > E,, the
energy denominator is negative and the polarizability is always positive. However, the
polarizability could be negative for particles in excited states.

For an anisotropic system it is

gy trimim 6170

Olp, Suv — T
m#n

Equation (6.169) for the polarizabﬂtiy is valid for noninteracting particles. The formula
has to be modified in systems with many particles, due to the screening from particle—
particle interactions.

Another useful expression is the polarizability as a function of frequency. The formula
is derived in chapter 8 and is

() =26 ”"ZW—E%}?) (6.171)
m;én

Table 6.1 shows some polarizabilities of spherical atoms. Units are cubic angstroms. Both
the rare gases in the first column and the alkali ions in the last column are closed shells.
The middle column is the neutral alkali atoms, and the outer ns electron makes a very
large contribution to the polarizability.

6.5.2 Polarizability of Hydrogen

The simplest atom is hydrogen. This subsection discusses the polarizability of an electron
in the ground state of the hydrogen atom. The exact answer is derived later, but is

9
a=a} (6.172)

Table 6.1 Dipole Polarizabilities in Units of A3

Atom?® o Atom?® o Ton o

He 0.21 Li 17.4 Lit 0.03
Ne 0.40 Na 16.7 Na* 0.15
Ar 1.64 K 37.3 K* 0.81
Kr 2.48 RD 34.4 Rb* 1.35
Xe 4.04 Cs 46.2 Cs* 2.42

*R.R. Teachout and R.T. Pack, Atomic Data, 3, 195 (1971).
G.D. Mahan, J. Chem. Phys. 76, 493 (1982).
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where a, is the Bohr radius. Our discussion begins by considering some approximate

methods of finding the polarizability. The approximate methods are easy and can be applied

to other atoms and molecules. The exact derivation is given at the end of the subsection.
We need to evaluate the summation in (6.169):

(6.173)

where n is the 1s state of hydrogen, and the summation 4 is over other eigenstates,
including continuum states. Here 1 means all quantum numbers: (n, ¢, m) for bound
states and (k, ¢, m) for continuum states. The ground state is (n=1, =0, m=0).

Examine the matrix element in (6.173). The 1s state is isotropic and has no angular
dependence. Since z = r cos(f)), the only nonzero matrix elements are to those states
whose angular dependence is also cos(f) ~ P;(6), m = 0. The summation in (6.173) is
confined to states A with ¢ = 1, m = 0. One still must sum over all n > 1 and all k.

The first term in the summation over bound states is 2p,. A popular approximation is to
replace the summation over states by just the first term in the summation 1= 2p,. The
matrix element was derived in chapter 5:

15/2

(1sl2]2pz) = a0 —5~ (6.174)
The energy denominator is E,—E; = () Ery, where E, = —Eg /n*. Using Eg, = €*/(2a0),
the first term in the summation is

N 5 a(2)215/310 3 219

=gl =2.964] 1
3¢2/(3a0) % 311 964, (6.175)

The result is about 343, to be compared with the exact result of 4.5a3. The first excited
state gives two-thirds of the answer. One might think that taking the next states 3p,, 4p.,
etc., would converge to the proper answer. That does not happen since the continuum
states make a significant contribution.

The most successful methods of approximating the summation in (6.173) are those
that include all states, bound and continuum. One approximate way is to replace the
energy denominator E; — E; by a constant E— E;. It is the energy denominator that
makes the summation difficult. Removing the denominator from the summation leaves
only the factors in the numerator, which are easy to sum.

The completeness relation is given by a summation over all states. The summation over
states in the polarizability excludes the term A = 1s. It is easy to add this term back to the
summation:

2¢?
E-E

]

> (1slzlm) (mlz|1s) (6.176)

1 m#1

2¢?

FE {(1S|Z(Zm: [m) {ml)z|1s)—|(1s[z|15) "} (6-177)

2

2! (15]22| 1) (6.178)
E-F '

2
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FIGURE 6.4. Potential energy V(z) for an electron in the potential of the nucleus
and an electric field.

The matrix element (1s|z|1s) = 0, due to parity arguments, so the final answer has only
the expectation of z%

(1s]2%|15) = (r*)(cos?(0)) = af (6.179)

where (r?) = 3a2 and (cos’(6)) = 1. The last step is to choose the average energy E. Since
the summation runs over bound (E; < 0) and continuum (E(k) > 0) states, choose E=0.
Then the approximate polarizability is

2¢%a?
o 0 —4a;
€%/ (2a)

(6.180)

The result of 4a; is getting closer to the exact answer of 4.543. Usually the approximation
of an average energy denominator is superior to taking just the first term in the sum-
mation over states.

The remaining part of this section provides an exact derivation of the polarizability of
atomic hydrogen. Hydrogen is the only atom for which the polarizability can be derived
exactly. Very accurate numerical values are known for many atoms and ions. The exact
result for hydrogen has been known since 1926. The original solution used the feature that
Schrédinger’s equation for the atom in an electric field is separable in parabolic coordinates.
This fancy coordinate system can be used to obtain the dependence of the eigenvalues on
the electric field. Similar coordinate systems can be used for related problems such as an
electron bound to two protons separated by a distance d—the problem of Hj .

An important physical point is that there are no rigorous bound states for an atom in an
electric field. Figure 6.4 shows a graph of the potential energy along the z-direction (x =0,
y=0) for the potential energy

32

V(z) :—E—er (6.181)
when e <0, F > 0. The proton is at the origin, where the potential is very attractive. If the
bound state of the atom has an energy A, the electron can tunnel through the barrier to
the point B and escape the nucleus. The rate of tunneling can be calculated using WKBJ.
For small fields, the tunneling rate is infinitesimally small, but for larger fields it becomes
an important process. A strong dc electric field can strip electrons from atoms. Our
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interest is small electric fields, where we wish to find the change in energy levels due to
the electric field F.

An exact result for the polarizability is obtained using the formula for the first-order
change in the eigenfunction:

(1) Z |m)(m er \15) (6.182)
m#1

Earlier we showed how the summation over states |m) can be evaluated by approximate
methods. Now we give an exact method of doing the summation.

Operate on both sides of eqn. (6.182) by (Hp — E;), where H, is the Hamiltonian of the
hydrogen atom without the applied field F. Since Ho|m) = E,,|m), we find

(Ho—E0)yty (r) Z(E “E)im) VZ' (CeFa)its) (6.183)
m#1
== |m)(m|(—eFz)|1s) (6.184)
m#1
(Ho—En) (r) = eFzeby(r) (6.185)

Equation (6.185) is an inhomogeneous differential equation for the unknown function
W (r). It can be solved. It is going to be proportional to eF because of the source term on
the right. Define

(1) = eFgil) (r) (6.186)
hz 2 2
{ v §+;—%} oL =241,(0) (6.187)

The induced polarization in the atom is

P, = / Pri(r)?(e2) (6.188)
) / Brz]py, + eFPl) + O(F?)] (6.189)
=26’F / B (r)zo (1) + O(F?) (6.190)
=Ty /d3r¢ 126" (1) (6.191)

The derivation first solves eqn. (6.187) for ¢! and then uses this function in the integral
(6.191) for the polarizability.

The right-hand side of (6.187) is proportional to z = r cos(f)). This makes (ﬁ(lls) also be
proportional to cos(f), which is P;(6). It has angular momentum ¢ = 1. This feature should
not be surprising. In the earlier, approximate, method of doing ths summation, we
concluded that only states with ¢ = 1, m = 0 are needed. We are finding the same angular
momentum states in the exact solution. The next step is to go to atomic units, where the
dimensionless variable is p = r/a,. Then define an unknown radial function G(p) accord-
ing to
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cos (0)

(1) —
by ()= ERy\/n—aOG(P) (6.192)
and the differential equation (6.187) is
@ 2d £ 2 pcos() _
— A+t =+ -=1|pV=- p 6.193
{d/ﬂ pdp  p* p ]d) Eg,\/Tag ¢ ( )

L cos(0) =—£(£+ 1) cos(0) = —2 cos(0)

2 2d 2 2
- = — _pe P
{dpz L R 1} G(p) = —pe (6.194)

where L is the angular derivatives in V. Since G(p) is determined by the right-hand side,
one can guess that it must be a polynomial in p times exp(—p):

Glp)=e"> anp" (6.195)
n=0

This guess does not limit the form of G(p) as long as the coefficients a,, are found exactly.
Insert the above form for G(p) into (6.194) and evaluate the first and second derivatives.
Then collect together all terms with the same power of p™:

dG — n n—1
T p;[—anp +na,p" ) (6.196)

—e* Z P (n+ D)y 1—ay)] (6.197)
The term with p"~" was relabeled ' =n—1 and became (#’ + 1)a, ,1p” and then we
dropped the primes. The second derivative is

dZG n n—1
szzeo E[fp +np" (1 + 1)ani1—an]

=e Y p"[(n+2)(n+ 1)an2—2(n+ 1)an 1+ an (6.198)
and eqn. (6.194) is

e’ Z Pt (n+1)[(n+4)an2—2a41]=—pe” (6.199)

The above result is rather simple, since many terms canceled. If this equation is valid for
all values of p, then each term p" must be satisfied separately. Cancel the factor of exp(—p)

from both sides, and then evaluate the left-hand side for increasing values of n = -2, —1,
0,1,...:
n=-2  2a,=0 (6.200)
n=-—1 0-[3a1—2a0]=0 (6.201)
n=0 4a,—2a, =0 (6.202)
n=1 2(5a3—2a7) = —1 (6.203)
n=2 3(6a4—2a3) =0 (6.204)
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The solution to these equations is

0, a= 2, a—1 6.205
ap=0, a1= i, a); = Z ( . )
a,=0, for (>3 (6.206)

_r P\er
Glp) =2 (1+ 2)6 (6.207)

Now that G(p) is known, use (6.192) to find

1 - COS(@) B -
6.0 = 25 m—aop(l +2)e (6.208)

An exact analytical result has been derived for the first-order change in the eigenfunction
due to the external electric field. Insert this result into the integral (6.191) for the polar-
izability. The radial integral is put into dimensionless form:

2¢%a;
o=—0
2(62/2a0)\/m*ag Jo

The angular integral is the average of cos®(6), which is 47/3. The radial integral is

*© 4! 5 27
4 p —2p
/0 dpp (1 + —z)e =% (1 + —) = _16 (6.209)

9
o= Eug (6.210)

dpp* <1 + g) e /dQ cos*(0)

The various factors are collected to give the final result for a.

The trick to obtaining the exact result is to avoid evaluating the direct summation over
states in (6.169). Instead, the first-order change in the eigenfunction is defined by an in-
homogeneous differential equation (6.185). The exact solution to this equation gives an
exact result for the polarizability. Similar methods are applied to other atoms, but the
equations must be solved numerically.

6.6 van der Waals Potential

The van der Waals potential energy between two objects i and j has the form

Ce,ij

VU(R) = RS

(6.211)

The constant C j; is different for each pair of objects. It is an important force between
neutral molecules and atoms, and contributes to the binding energy in ionic, rare-gas,
and molecular solids. The force is generally rather weak. Almost any other interaction is
larger. If the atoms or molecules are charged or if they have a fixed dipole or quadrupole
moment, then there are Coulomb forces, dipole-dipole forces, etc. The van der Waals
potential also exists between ions and charged molecules, but is usually ignored since it
is much weaker than the forces from Coulomb’s law. For neutral objects, that have no
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long-range Coulomb interaction, the van der Waals interaction provides the longest-range
force.

A quantum mechanical expression is derived for Cgj, where (ij) are two neutral,
spherically symmetric objects. Prototype systems are atoms with only closed shells, or
s-shells. The centers of the two atoms are separated by the distance R, which is assumed to
be large enough that bound electron orbitals do not overlap. Electron densities outside of
atoms decline according to exp(—o,r), and the overlap energy between two atoms goes as
exp[—R(x; + ;)]. This latter term is assumed to be small compared to (6.211). The van der
Waals force exists beyond the range of chemical bonding.

The two objects, or atoms, are denoted A and B. The total Hamiltonian of the system is
denoted as

H=Hy+ Hp+ Hap (6.212)

where H 4 is the total Hamiltonian of object A if it were completely isolated in space. Hpis
the Hamiltonian of object B in the same circumstance. The term Hg4p is the interaction
between A and B when they are nearby, but sufficiently separated that overlap of orbitals
is neglected. When the objects are atoms or molecules in space, the only long-range forces
are Coulombic. Since it is assumed they are neutral, then A has Z, electrons and a
nuclear charge of Z,. B has Zp electrons and nuclear charge Z. Let 1j, and r;5 denote the
electron positions for the two atoms, with respect to their individual nuclei. The inter-
action Hap = Vis the Coulomb potential between the two nuclei, between the nucleus of
one and the electrons of the other, and between the two sets of electrons:

ZaZp 1 1
Hpp=€?{ 227 -z
v {R DN RN =

+
Z |R+rJA—rLB| (6.213)

The interactions within a single atom are part of Hy and Hp. The average value of H,p is
zero, since it is the Coulomb interaction between two neutral objects. The instantaneous
value of H,p need not be zero, and these fluctuations cause the van der Waals interaction.
The ratios 1j4/R and 1;5/R are less than one and are both expanded in a Taylor series
about their respective origins. We carry the expansion to second-order and denote the
dipole—dipole interaction by ¢,,(R):
dw R
R3 RS

ZaZ 871 14-R 1
2 ALB A
Hpp=e¢ {T—ZB % {ﬁ—T—szrﬁ-fm}

r, 1
*ZAZ{ B EriB - riB}

b (R) = (6-214)

+ZF‘M‘1(TJF”B) - (rjA_riB)} (6.215)
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Both series are convergent as long as R is large compared with the size of the atom or
object. The terms in the series are the multipole expansion. All of the terms in the above
expansion that are shown cancel, except for one:

HAB:e2<erA) - H(R) - (Zr,-g) +OR™) (6.216)
j i

The first term on the right becomes the interaction term in the perturbation series to

derive the van der Waals formula. It is possible to retain additional terms in this series,

and they lead to additional interaction terms that go as R™", n=38, 10, etc. The above

interaction is the first nonzero term in the Coulomb expansion and gives the van der

Waals interaction, which is the leading term in the long-range potential energy.
Perturbation theory uses

Ho = Hy + Hjp (6.217)

V= ez(zrjA) HR) - (Zrm) (6.218)
j i
First, find the eigenfunctions and eigenvalues of H,, which are the separate problems of
H, and Hp. Generally, finding these functions for atoms of large atomic number is very
complicated. Here we are making a formal derivation, so assume that such functions exist
and form a complete set:

Hylm, A) = Eya|m, A) (6.219)
Hp|n, B) = E,g|n, B) (6.220)
Ho|m, A)|n, B) = (Eya + Eyp)|m, A)|n, B) (6.221)

The ground state of each atom is denoted as |g, A) and |g, B), |g) = |g, A)|g B), and the

ground-state energy is Eéo) = Ega + Egp.

The use of a product eigenfunction, such as |m, A)|n, B), is seldom valid in quantum
mechanics. Usually the many-particle eigenfunction must be antisymmetric under
exchange of any two electrons. This requirement is discussed in chapter 9. The product
eigenfunction is a valid representation whenever the orbitals are separated in space and
do not overlap. These conditions are assumed in the present example.

It is further assumed that the atom or molecule is spherically symmetric. It has no

permanent dipole moment. In that case the expectation value of the dipole operator

is zero:
(g Al ( Z rjA) g, A) =0 (6.222)
J
(g BI( D _rin)lg. B) =0 (6.223)

1

In the perturbation series for the ground-state energy,

EO) = Ega + Egp (6.224)
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E) = (g, B|(g, A|V|g, A)lg. B)

= (g, Al> Tjalg, A) - ¢ (g, B| > riplg, B)=0 (6.225)
j i

The first-order energy is zero. The van der Waals potential energy is derived from second-
order perturbation theory:

2
FR — _ |(m, Al(n, BIVIg)|” __ Ce,an
£ n,m EmA + EnB_EéO) R6

(6.226)

Each matrix element contains the dipole—dipole interaction ¢ ~ R >. The net factor of R °
can be extracted from the summation. The remaining terms determine the coefficient:

M,
Co,ap =€* Z (Mo T
m,n mA + EnB_E

My = (m, Al 11 )0 —3RuR,/R?)(n, B> rip,lg, B) (6.227)
j i

This expression is called the London equation [1]. Although it was derived using per-
turbation theory, it is the exact coefficient of R~ and the exact expression for C,. Higher-
order terms in perturbation theory give interaction potentials ~R™ " with powers of
n larger than six. Van der Waals is not the exact potential between atoms or molecules. It
is the leading term in the perturbation series and the largest term at large R.

The units of Cg are joules (length)®. The values for atoms are usually expressed in units
of ¢ ag, where e is the unit of charge and 4, is the Bohr radius. For example, Cs = 6.47¢? a(s)
for the van der Waals potential between two hydrogen atoms. The coefficient 6.47 is
obtained from numerical solution.

A simple formula is obtained from (6.227) if the two atoms are spherically symmetric.
The dipole-dipole interaction in the matrix element M,,, has the spatial variables

T I'j*?)ZiZj =XiXj + Yin*ZZizj (6.228)

When the matrix element is squared, the cross-terms vanish. The matrix element
of x; = x;p is nonzero only if (m, B| is a state with x-symmetry. The matrix element of
y; = y;pis nonzero only if (m, B| has y-symmetry. The cross-terms require that (m, B| have
both x- and y-symmetry (but not xy). The double requirement cannot be satisfied. So the
square of the matrix element is

|(max, Alxilg, A)*|{ )I* + [(my, Alyilg, A)[*|(ny, Blyjlg, B)I’
+4|(mz, Alzilg, A)’|(nz, Blzlg, B)|* (6.229)

If the atom or molecule is spherically symmetric, all of the matrix elements for each atom
are alike. In this case (6.227) can be replaced by

Alzilg, B
o — i 3 Al AP Bl Y 6230
m,n EmA+EnB Eg

This formula is obviously easier to work with.
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Equation (6.230) is rather complicated to evaluate. A good approximation exists if the
electrons in one atom are much more bound than those in the other [3]. For example, if
Ejna — Ega<<E,p— Egp, then neglect the energy difference E, 4 — Ega and find

Ce,8 =€ MaMjp (6.231)

Ma=3(g, Alzi Y  (Im, A)(m, A|) Zilg, A) (6.232)

=3(g, Alz|g, A) = (g, Alr’[g, A) (6.233)
|(nz, Blzi|g, B) |

=2¢’ ! =0 6.234

Z nB EgB B ( )

Co,ap =¢"up(g, Alr’|g, A) (6.235)

where a3 is the polarizability of atom B. This approximate formula can be quite useful.

The best approximation was introduced by London. It is simple and gives good results.
The method starts with introducing the concept of imaginary frequency. It cannot be
achieved experimentally, but is useful theoretically. Start from the formula (6.171) for the
polarizability as a function of frequency, and replace fiw by iu, where u is the imaginary
frequency times Planck’s constant:

2 |g|z| En — Ey)

where g denotes ground state. In the ground state, E,, — E, is always positive, so o(iu) is
always a positive function. Next consider the integral

/°° du 1 /wdu 11

o (W2+AY)u2+BY) A2 B ), w+B w4 A
__ v om0 w2
 A2-B22\B A) AB(A+B)

This integral allows us to multiply two functions like (6.236) for atoms A and B and then
do the integral over u. The energy denominators and matrix elements come out just like

A A nz, B B
/ duoa (iu)op (in) Zne“Z‘ mz, Alzilg, A)'|(nz, (o!Zj|g i
mA+EnB_Eg

The right-hand side of this expression is identical to eqn. (6.230) for the van der Waals
coefficient, except the prefactor is wrong. Multiplying the above integral by 3/7 gives

CG,AB: i/ duozA(Lu)aB(m) (6237)
TJo

The van der Waals coefficient between two atoms or molecules equals the convolution of
the polarizabilities when integrated over complex energy.
London proposed a simple approximation for the polarizability:

;(0)

W= T
1

(6.238)



Matrix Methods and Perturbation Theory | 193

The numerator contains the static polarizability «;(0)=w;. The u-dependence of the
polarizability can be approximated by a simple characteristic energy E; that is different for
each atom, molecule, or ion. Using this approximation in the integral in (6.237) gives the
London formula:

(6.239)
3 2
CG,AA = ZEAOCA (6240)

The characteristic energy E; can be found from the last equation. Both Cs and « can be
measured, so the values for E; are found experimentally:

_ 4C6,AA

E,—
A3oci

(6.241)

We have tested the London formula extensively and found that it is accurate to within 1%
for all cases, even between very dissimilar atoms. Table 6.2 shows experimental values for
the rare gas atoms.

The physics of the the van der Waals potential can be understood in a simple way. First
consider an atom in an electric field. In the section on polarizability it was shown that the
eigenfunctions of the atom distort since the electrons gain energy by being able to adjust
to the attraction of the field. Next consider a neutral atom outside of a perfectly conducting
mirror. The atom exerts no force on itself as long as it remains perfectly spherical. How-
ever, a small distortion in the charge distribution sets up a local electric field. Through the
perfect mirror, the field can act back on the atom. The atom finds it is energetically
favorable to distort slightly, which lowers the energy by the self-energy of interaction
through the mirror. The result is an attractive potential between the atom and the mirror.
A similar attraction exists between all atoms and metal surfaces and is also a form of van
der Waals interaction.

The third example is between an atom and a nearby metal sphere. If the atom has a
slight distortion in its charge density, the resulting fields induce multipoles on the metal
sphere. These multipoles on the sphere create their own fields that act back on the atom,

Table 6.2 Dipole Polarizabilies in Units of a3, van der Waals Coefficient
Ce,i in Units of eaj, and London Energy E; in Rydberg Units ¢*/2a,.

Atom o CG,ii Ei

He 1.38 1.47 2.05
Ne 2.70 6.4 2.34
Ar 11.07 65 1.41

Kr 16.74 131 1.25
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inducing a self-interaction. The longest-range potential between the atom and the perfect
sphere is just the van der Waals potential, with Cg given:

Co = as(g, Alr*|g, A) (6.242)

where o is the polarizability of the sphere. Compare with eqn. (6.235). The van der Waals
interaction between two atoms is caused by the same type of self-energies. A charge
fluctuation on one atom causes an electric field at the other atom. This field induces a
dipole moment at the other atom that acts back on the first atom. These mutual polar-
izations on the two atoms can lower the energy of the system, which is the van der Waals
potential energy.

6.7 Spin—Orbit Interaction

Relativistic quantum mechanics is discussed in chapter 11. Most relativistic phenomena
are important only when particles have velocities approaching the speed of light. However,
there are several phenomena that are relativistic in origin, yet are quite observable for
particles going ordinary velocities. Particles with spin will have a magnetic moment. For
electrons, the moment is expressed in terms of the Bohr magneton:
lelh -27 30
=—=0.927-10 =0.927-107" = 6.243

Fo=5 ergs /gauss T ( )
where m is the electron mass and cis the speed of light. The actual magnetic moment ji of
the electron is aligned with particle spin § = (%/2)d"

o Blo. _ 8Ho .
i==05=215 (6.244)
V=[i-B g=2.00232 (6.245)

The g-factor would be two except for field theoretical corrections. They are often ignored,
except where great accuracy is required, and then fi &~ uyé. The interaction between the
magnetic field B and the electron spin in (6.245) is called the Pauli term. In our notation,
angular momenta with vector arrows above have the dimensions of Planck’s constant,
where the same quantities without vector symbols are dimensionless. For example,
§-5=h’s(s+1).

The spin—orbit interaction is another relativistic term. It provides a correction to the
energy of particles that have both a spin and orbital motion. The form of the interaction is

=

1

A thorough derivation of (6.245) and (6.246) is provided in chapter 11. A very unrigorous
derivation of Vg, is given here, to make the result plausible.

A particle with charge e moving with velocity ¥ in a magnetic field B experiences a
Lorentz force of e x B/c. The force is an effective electric field generated by the motion
in a magnetic field. In a symmetric way, motion in an electric field E generates an
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equivalent magnetic field of ¥ xE/c. A possible physical model is to visualize an
electron in orbit around an atom. Transform coordinates to the rest frame of the
electron so the atom revolves around it. The swirling charge generates magnetic fields
that interact with the magnetic moment of the stationary electron. Using g = 2 and eqn.
(6.245) then

IR el . . =
u-(vxE):Ws-(vxE) (6.247)

Vs,o = l
4
The electric field is related to the gradient of the potential energy ¢E=—VV, and the
velocity is replaced by the momentum ¥=p/m. The factors of p and VV are

interchanged so = —ihV does not operate on V:
’ 1 2
Vi ==—755-(VVxP) (6.248)

The result is similar to (6.246). They differ by — 1. The relativistic derivation provides this
factor.

6.7.1 Spin—Orbit in Atoms

The spin-orbit interaction is important in the description of electron states in atoms.
There the potential energy V(r) is usually well approximated as a central potential, even
when the electronic shells are partially filled. For spherically symmetric potentials, the
gradient of V(r) has only a radial derivative,

V() =7 %‘: (6.249)

.14V

VVxp= ;E(rxp) (6.250)
14V~ -

Vso ={(1) sh_e (6.252)
W o1dv

For spherically symmetric potentials, the spin-orbit interaction can be written as a
coupling between the spin and orbital angular momentum of the electron. The interaction
is nonzero only for states with nonzero orbital angular momentum: there is no spin—orbit
interaction for atomic s-states.

For an orbital state ¢;(r) = |i), first-order perturbation theory gives

(i Vol i) = =5 (5 - G3) (6.254)

{= / 1,00 (6.255)
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{; has the units of energy. For atoms with large atomic number, then (; is as large as an
electron-volt, even for electrons in the outer shell of the atom. Generally, {; is a positive
number. Although V(r) <0, it becomes less negative at large distance, so its radial
derivative is positive.

Equation (6.254) also contains the factor of (5j - 7;). This factor is easy to evaluate if there
is only one electron in the atomic shell. This simple case is assumed here. For example, it
could be the 3p electron in sodium, or the 4p electron in potassium.

Section 6.1 discussed the coupling of two spins. The same technique is used here for
the coupling of spin and angular momentum. Since s =%/2 for electron spins, the pro-
blem is the coupling of two angular momentum: one of £ and one of . The summation of
these two contributions is the total angular momentum j;:

Ji=b+5 (6.256)

Joji= 0 +3) - (Gi+5) (6.257)

W2 i + 1) = K240+ 1) + Blsi(s+ 1) + 25, - £) (6.258)
I

(i ti) = 5 (i + D)=Ll + 1) =si(s; + 1)] (6.259)

For electrons in atoms, s; = 3 and j; = ¢;+3. Equation (6.254) gives

(il Viali) = % G+ D=t + 1)—% (6.260)

The two possible states are
. 1 1.
Ji=bi+ < (il Vsoli) = 5 (it (6.261)
2 2
, 1 A 1,
Ji=ti—5 <1|Vso\l>:—iéi(€i+1) (6.262)

As an example, p-states have ¢; = 1 and j; = 3, 1. The eigenvalues of the spin—orbit inter-
action for these states are

i/2 j=3
(i Violi) = {C/ o (6.263)
=G j=3

Figure 6.5 shows how the energy state E,,, is split into two levels by the spin—orbit inter-
action. The original p-states are sixfold degenerate, with a threefold degeneracy from the
orbital motion (m = —1, 0, 1) and a twofold degeneracy from the spin. The combined
system also has six states: four for j = 3 and two for j = 1.

The center of gravity is defined as the summation of all of the energy levels, multiplied
by their degeneracy. It is the sum of all eigenvalues of all states. For this example,
multiply the j = 3 energy ({;/2) by four and add it to the j = ] energy (—{;) by two to get

CG = {4 G) + 2(—1)] =0 (6.264)
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F1GURE 6.5. Spin—orbit splitting of an atomic p-state.

The result is zero. The same zero is obtained for any value of ¢;. In (6.261) the state with
Ji = £+ has a degeneracy of (2j;+ 1) = 2({;+ 1), and in (6.262) the state with j; = ¢;—1
has a degeneracy of (2j;+ 1) = 2¢;. The center of gravity is

CG = E[2(6; + 1) + 24;(—4;—1)] =0 (6.265)

The center of gravity, as calculated in first-order perturbation theory, is not changed by
the spin—orbit interaction. Higher orders of perturbation theory can usually be neglected
since {; is small.

The eigenfunctions of the atomic states, that are split by the spin—orbit interaction, are
easily found from table 4.1 of Clebsch-Gordon coefficients. They are just the states with
1, m) denote orbital

J = {£1 For p-states, let (o, ff) denote spin-up and spin-down, and
angular momentum.

1. The eigenstates for j = 3 are
)
22
1 2
> 5 1,1>ﬂ+\/;1,0>a
1 2
> 5 1,—1>oc+\/;1,0>ﬁ
>='1,71>/3 (6.266)

2. The eigenstates for j = 1/2 are
1,1 =\ﬁ1,1 ﬁf\/iLo o
2°2 3 3
11 \F \ﬁ
—,—=)=1/=|1,-1)a—/=
'2 2> 3 3

These states are usually denoted as ps,, p1,2. Chapter 5 described states p, p., p_. Later
we used py, p,, p.. Now we have the set ps)5, p1/,. These different representations are all

1,o>/3 (6.267)

linear combinations of each other. Each combination is useful for a specific problem.
Table 6.3 shows values of the spin—orbit parameter {; for outer p-shell of the rare gas
atoms. Since the energy difference in (6.263) is 3;/2, the values in table 6.3 are (%) of the
energy difference between the ionization energies for the p;,, and p,, states.
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Table 6.3 Spin—Orbit Splittings between Lowest p,,, and p,, States
in Singly lonized Rare Gas Atoms and Neutral Alkali Atoms.

Ion (i Atom G

Nell 782 Na 17.2
Arll 1432 K 57.7
KrlI 5371 Rb 237.6
Xell 10537 Cs 554.1

Note. Units are cm ™. Data from C.E. Moore Atomic Energy Levels (NBS).

Another way to determine the influence of the spin—orbit interaction is to diagonalize the
matrix. The matrix method produces the same eigenvalues and eigenvectors as the above
method of vector addition. The technique is similar to the solution of the coupled spin
problem following (6.32). The matrix method is required when the spin—orbit interaction is
solved along with another interaction such as an electric field or a magnetic field.

The /-5 term is written in terms of raising and lowering operators:

. 1
T-3= s, + S [A950) 1 (0509)] (6.268)

We solve the spin—orbit interaction for the six p-states using the gj(m) factors from chapter
4. Some sample results are

7.3 _p2|_ 1 1

£-351,1)p=h —2|1,1>ﬁ+\/§|1,0>a (6.269)
S h?

£-351,0)0= 72\1, 1)p (6.270)
S W

All the matrix elements can be found for the 6x 6 pairs of states. The states are arranged
in decreasing value of their total value of magnetic quantum number M = m,+ my:

S0 0 0 0 oOf, -
1,1)a
= £

0 3 35 0 0 0 1y
0 ﬁ 0 0 0 0| |1,0)
00 0 0 5 0 [LO)p
00 0 &5 —50 1 ~1)a
I4 |17—1>ﬁ_

00 0 0 0 } (6.272)
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The matrix has block form. There are two blocks of 2 x 2 in the center, and two blocks of
1x1 at the ends. The latter have eigenvalue 2 = (/2. The 2x2 blocks need to be dia-
gonalized. They are identical, so just one needs to be done:

-5 %
0=det| : (6.273)
5 A
S
0=A2+ 51—5 (6.274)
L
i=s, (6.275)

In total, there are four states with eigenvalue 2 = {/2, and two states with 1=—{. The
same eigenvalues were found in (6.263). The degeneracy is also correct for the j=3 and
Jj =14 states. The matrix method provides the correct result.

6.7.2 Alkali Valence Electron in Electric Field

A static electric field acting on an atom causes a variety of phenomena. If the field is
strong enough, the atom can be ionized: an electron is pulled directly off the atom. Very
large fields are required for this stripping process. An estimate from dimensional analysis
is that eFd = Ejp, where d = (r) is the radius of the orbit, and Ep is the binding energy.
The formula predicts a required field of 10'° volts per meter. Experimental fields are
seldom that large, and field ionization is a rare occurance.

Usually, the influence of the external static electric field is to change the energy levels
of the atom. Several discussions of the phenomena have been given in this chapter: The
Stark effect for hydrogen is treated in section 6.2, and the polarizability is discussed in
section 6.5. The present section presents a more complicated and realistic example of the
role of electric fields. There is no linear term in electric field at small fields for most atoms
since none of the energy levels are degenerate. The spin—orbit interaction also changes
the response to the field.

The competition between the electric field and the spin—orbit interaction is ped-
agogically interesting. It is not obvious which is the best basis set for calculating the
matrix elements. A good choice of basis set usually reduces the effort in the calculation.
The matrix has fewer off-diagonal elements and is easier to diagonalize. The spin—orbit
interaction is diagonal in a basis using the eigenstates of

Jj» m;), such as ps ), and py 5. The
electric field is easy to diagonalize in a basis set using |/,m,)y, where y is a or f§ for the spin
states. The states |¢, m,) are eigenstates of the parity operator and render most matrix
elements zero. Whichever basis is selected, one has to find all the matrix elements and
diagonalize the matrix.

Here we discuss the application of an electric field for the outer electron in an alkali
atom. There is only one electron, since we assume the closed shell is harmless. We include
in our basis set eight states: the ground state (ns) with spin-up and spin-down, and the
first excited (np) state with all six spin and orbital possibilities.
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We select the states |j, m;) as the basis set for the matrix. This choice makes the spin—
orbit interaction diagonal. The states have mixed parity, so that quantum number cannot
be used set to zero some of the matrix elements. But the magnetic quantum number
m; = ms+my is a valid quantum number. It can be used to set to zero many matrix
elements. Since the interaction term Vy= —eFz has no spin dependence,

Uyl Vel my) = DU )y (6.276)

Let H, be the Hamiltonian of the atom without spin—orbit or electric field. The (ns) and
(np) states |s), |1, m,) have eigenvalue E; or E, for the eight states in our basis. Introduce
the following matrix elements:

A=eF(s|z|1,0)
0=eF(s|z|1,£1)
0=eF(1,m|z|1,m’) (6.277)

The second one vanishes due to the conservation of magnetic quantum number. The
third one vanishes due to parity.

When evaluating the matrix elements of Vi using the basis set | j, m;), we need to pick
out the factors in (6.277). Also, the spins have to be in alignment. The j = 1 states from

1, 43), while those from s-orbitals are |s, o),

p-orbitals are denoted as s, B). Some typical

matrix elements are

<S,O(
(salerzl3, 3) =er Mwm eI, 1) + 2l

33
eFz| 2 §> =eF{alo)(s|z

1,1)=0 (6.278)

1,0)} =\/§A

<s, o er|§, —%> =¢F [\/g@cﬁ) (s|z|1, 0) + \/%(oda) (s|z|1, —1)] =0
<s,oc|er|§, —%> =0 (6.279)

Orthogonal spin combinations («|f) = 0. Writing out the 8 x8 matrix gives, using the
notation A} = \/%A, Ay = /3A:

E,+5 0 0 0 0 0 0 O0[[ 33
0 E+5 0 0 0 0 A 0] |3
0 0 E+5 0 0 0 0 A3,
0 0 0 E+5 o 0o o of|l3—d
0 0 0 0 E—{ 0 —A 0] |32
0 0 0 0 0 E—C 0 Alllz-2
0 Ay 0 0 A 0 E o] s
0 0 Ay 0 0 A 0 E|LIsh
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Nonzero matrix elements exist only between eigenstates with the same value of magnetic
quantum number m;. Most of the matrix elments are zero since they exist only between
the two s-states and the six p-states.

Now that we have derived the matrix, the next step is to change the order of the
eigenfunctions, to reduce the matrix to block-diagonal form. Rather than write it all out,
3, £3) has no nonzero matrix elements with any other state. So these two
states have the eigenvalue 1 = E,+ (/2. The three states with m; = { mutual interact. The
3% 3 block is

we note that

> (6.280)
Is, o)

Find the eigenvalues of this block using

E,+5-2 0 Ay
0=det| 0 E,~(—4 - (6.281)
Ay -Ar E—J

After some algebra, the cubic eigenvalue equation is

& L, { { :
0=1-)? (2151,, + E,— E) +4 {E (ZEP + E) +E, (Ep— 5) - 7}

—Ey(E,~() <Ep + g) + A? (Epf§> (6.282)

The other 3 x 3 block, for m; = — %, has exactly the same matrix and the same eigenvalue
equation. Each of these states is doubly degenerate.

Any cubic equation has an analytical solution. The present one is too messy to present
here. The important physics is obtained by first setting to zero the spin—orbit interaction
(({=0). Then the cubic equation factors into a simple root (2= E,) times a quadratic

equation:
0= (A—Ep)[A*—A(E, + E,) + E,E,—A?] (6.283)
i=E, (6.284)
1
A= SE+ Bt (Es—Ep)? +4A%) (6.285)

The results are plotted in figure 6.6a. The parameter A is proportional to the electric field.
The sixfold degenerate p-states are split into two that depend on electric field and four that
are unaffected.

The s-states decrease in energy. At low electric field the change in energy goes as O(F?).
The coefficient of the F* term defines the polarizability:

2A?

1
A=~ |E+E,—(E,—E)[1+ ————
2 s+ Ep—(Ep—Es)[1+ (Ep_Es)z

¥ (6.286)
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F1GURE 6.6. (a) How eigenvalues depend on electric field Aoc F when neglecting the spin—
orbit interaction. (b) The dependence when including the spin—orbit interaction.

AZ

)~ E;———— + O(F") (6.287)
* E,—E
1,0zfs)?
=2 2 1, Olz5) 6.288
“ T E-F (6.288)

The polarizability contains the square of the a single matrix element between the s- and
p-state, divided by their energy difference. That is exactly the correct result for o when the
basis set contains only one pair of s- and p-states.

At large values of field, when A > E, — E,, the energy change asymptotically becomes
linear with the field. The dashed line is the Stark effect for a set of degnerate levels
(E; = E,). The energy levels change quadratically with electric field at small fields and
linearly at high fields.

Including the spin—orbit interaction causes little change in these results. At zero electric
field (A = 0), the spin—orbit interaction splits the sixfold degenerate p-state into the four
Jj = 3 states and the two j = 1 states. Figure 6.6b shows the behavior at nonzero electric
fields, including the spin—orbit interaction, obtained by solving eqn. (6.282). The fourfold
p3/2 state is split by the electric field. Two states increase with field: they come from the
components with m; = £1. Two are unaffected: they come from the m; = +3 components.
The two states in p; , are are slightly affected: the spin—orbit splitting gradually vanishes at
very large field. The s-state has the same variation with field as in figure 6.6a.

This example of an alkali atom in an electric field is typical of many atomic physics
experiments that measure the response of eigenvalues to external perturbations such as
electric or/and magnetic fields.

6.8 Bound Particles in Magnetic Fields

The behavior of free particles in magnetic fields is discussed in the last chapter. There the
quantum of magnetic energy was found to be hiw, = |e|hiB/mc. This energy is very small for
magnetic fields (B ~ 1T) typical of most laboratory experiments. If m is the electron mass,
the energy fiw, is less than one millielectron volt. This energy is very small compared to the
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energies that bind electrons to atoms. So the magnetic field has only a small influence on
the energy states, which can be accurately evaluated in perturbation theory.

For the discussion of electron states in atoms, a static magnetic field may be treated as a
constant over the space of the atom. The magnetic field enters the Hamiltonian as a vector
potential, exactly as in chapter 5. We also include the Pauli term:

H= % j [pijA(rj)]z + (;ﬁj) B+V (6.289)

VoYL gy

7 Ty

The potential V is the electron-nucleus and electron—electron interaction. In atoms, we
divide these terms as

H=Hy+ Vs (6.290)
1 2
Hy= ﬂijj +V (6.291)
_ le] ¢ 2 =
Vg= JZ {%A(rj) Bt A + (JZ ﬂj) ‘B (6.292)

The Hamiltonian H, is that of the atom and generates all of the atomic eigenfunctions
and eigenvalues. The potential energy V3 has all the terms generated by the applied
magnetic field. This section discusses how Vjp changes the eigenvalues of electron
states in atoms. The first term in (6.292) is called “p-dot-A” and the second term is called
“A-squared.”

The vector potential A, commutes with p, when u=v. Although A,(r) is a function of
position, it does not contain r,. So it does not matter in what order we write A - p or (p - A)
in (6.292). We use the symmetric gauge for the vector potential:

1 B
A= _Bxr, B=VxA (6.293)

The vector identity A-(BxC)=(AxB)-C is used to rearrange the terms in the p-dot-A
interaction. Also remember that the orbital angular momentum is £ = rxp, and the
magnetic moment is ii; = gisj/h:

1 1 1 -
A-p= (B><r) p= 2B-(r><p):EB~€ (6.294)
|e| ¢ 2
B Z -+ gs) + = Z (BxT)) (6.295)
j
A sign change occurred in the first term since the electron charge is negative e = —|e|.

The magnetic moment y, is also positive. The summation over all orbital angular
momentum is L, and over all spins is S:

Ho
Va="B" (L+g3)+ ZZ(erj (6.296)
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Three different terms depend on the magnetic field. They have standard names:

Pauli term %gg -B
Landau term ”—; L-B
) ) 62 BZ 5
Diamagnetic term 3ma 2. (ryy) (6.297)

The notation r, denotes the component perpendicular to the magnetic field. The Landau
term is also called the paramagnetic term. These three potential terms contain the influence
of the magnetic field on the electron states in the atom. They are the starting point for
perturbation theory.

6.8.1 Magnetic Susceptibility

Let y denote the magnetic susceptibility of the atom. It plays the role for the magnetic
field that is analogous to the electronic polarizability o for electric fields. The change in
energy AE from the field and the magnetic moment M are both determined by y:

1
AE=—2 1B (6.298)

M=yB (6.299)

Both formulas assume the atom has no intrinsic magnetic moment in the absence of the
magnetic field B. Of course, there are many atoms that do have magnetic moments: those
with partially filled d- and f-shells. The present theory does not apply to them. Materials
are called paramagnetic if y > 0, and diamagnetic if y < 0. The names for the interaction
terms (6.297) derive from these definitions.

In perturbation theory, the diamagnetic term in (6.297) gives an energy shift that can
be found from first-order perturbation theory:

2 p2
m_ €8 LRGN
TN LIRS T (6.300)
2
_ € 2
= gt S (6301

The diamagnetic potential in (6.297) gives a diamagnetic susceptibility. Atoms with all
electron shells closed have L= 0, S=0. Then the Landau and Pauli interactions are zero
and there is only the diamagnetic term. Atoms with all closed shells, such as the rare
gases helium, neon, and argon, all have diamagnetic susceptibilities. y <0 means M
points in the opposite direction of B. The atom sets up eddy currents that oppose the
external magnetic field.

Similarly, the paramagnetic (Landau) term is so-named because it gives a susceptibility
that is positive. Usually the contribution from first-order perturbation theory is zero. If
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the magnetic field is in the 2 direction, the interaction depends on L,B and the
eigenvalues of L, are im,B. But my, is equally likely to have plus or minus values, and its
average is zero. The first-order term is zero, and the paramagnetic susceptibility comes
from second-order perturbation theory. Define the direction of magnetic field as Z,
X = Jd+ 1p and then

2p2 2
@) _ 1B |(m|(L: + g5:)|g)|
Eg 2 Em E,—E, (6.302)
[(m|(L- +gSZ)|g>|2
—t 2 § o E (6.303)

Since E,, > E,, the energy denominator is positive in the formula for y,, as is the entire
expression. For electron states that are partially filled, the susceptibility has contributions
from both diamagnetic and paramagnetic terms. Paramagnetic terms are usually larger
than diamagnetic ones, so usually y > 0.

6.8.2 Alkali Atom in Magnetic Field

A simple example of magnetic phenomena is provided by the alkali atoms. The neutral
atoms have a single electron outside of a closed shell. For the low-energy perturbations
from magnetic fields, one can ignore the closed shell and consider only the response of
the single outer electron.

We examine how p-states are perturbed by the magnetic field, along with the spin—orbit
interaction. Each is solved easily alone, but together they are complicated. Again, the
technique is to construct a matrix and find its eigenvalues. Both the magnetic energy and
the spin—orbit interaction are small, and the mixing of states from different atomic shells
can usually be neglected. The two energies are of similar size in moderate magnetic
fields.

For moderate magnetic fields the diamagnetic interaction is quite small and may be
neglected compared to the other interactions. In this section we neglect terms of O(B?).
The three interactions under consideration are spin—orbit, Pauli, and Landau. Set g = 2
in the Pauli term:

Hint = %Z S+ %(ﬁ %) -B (6.304)
The total magnetic moment is defined as iy = o(f + 25)/h. It includes both spin and
orbital motion. There are two energy scales in this problem: the spin-orbit energy {; is
fixed by the choice of atom, while the magnetic energy A = uoB can be controlled
experimentally.

Only the factor of g =2 prevents exact diagonalizing of the perturbation in eqn. (6.304).
If this factor were absent (g=1), then the magnetic interaction contains J /45 and
fi = pgj. The interaction energy is simply m;A. The basis set of total angular momen-
tum

J, m;) diagonalizes both terms in (6.304), and the entire problem is solved easily. The
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factor of g=2 prevents this simple solution. When g # 1 the vector of total magnetic
moment is not parallel to the vector of angular momentum. Then the solution is com-
plicated.

The spin—orbit interaction is diagonalized in the basis set of angular momentum |j, m;).
It vanishes for an s-shell. For a p-shell, it has eigenvalues of {;/2 and —(; for j=3 and j=1.
The magnetic interaction is not diagonal in this basis set. Its natural basis set are the

orbital-spin products |¢, my)a,

). Then the eigenvalue is A(m, + 2m,). Again there is
a problem of two perturbations, where each is naturally solved in a different basis set. To
solve the combined problem, pick one of the basis sets and calculate the matrix elements.
Here we chose the latter basis set. Then the spin-orbit interaction generates off-diagonal
matrix elements, which are the same as in (6.272):

2A0+5 0 0 0 0 0 _ B}
ik 1,1
=t
L Y
0 = A 0 o0 0 1.0V
vz ) IL.0) (6.305)
0 0 0 -A & 0 [1,0)p
¢ ¢ 1, -1
o 0 0o & -5 o0 L, -1)
1,—-1
0 0O 0 0 0 —-2A+ i LI, ~1)
The matrix has block-diagonal form. There are two 1x1 blocks for the states Ve,
1, —1)p with eigenvalues:
Q’L 5 éi
i=2a4 3, d=-2at S (6.306)

The other four rows and columns divide into two 2 x 2 blocks. For the first one, the states
|1, 1), |1,0)o both have m = +1. Its eigenvalues are found from

—={/2 V2
0= det (6.307)
V2 —i+A
The eigenvalues are
P 1 C+ . N2 2
=3 A5/ a2+ 2 (6.308)

The other 2x2 block in (6.305) has the same structure, but the sign of A is changed. Its
eigenvalues are

i=—3 [A + g (A-C/2)" + zgz} (6.309)
The six eigenvalues in (6.306, 6.308, 6.309) provide the energy levels of the p-state as a
function of the applied magnetic field. Figure 6.7 shows the energy splitting in a magnetic
field for the 6p state of '°’Hg, according to Kaul and Latshaw [4]. At zero field the splitting
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H (Kilogauss)

Energy (GHz)

Ficure G.7. p-state energy splittings of Hg in a magnetic field. From Kaul and
Latshaw [4].

is due to the spin—orbit interaction. At high values of magnetic field the splitting is due to
the magnetic energy.

6.8.3 Zeeman Effect

The weak field response is called the Zeeman effect. At low values of B the magnetic
energy is very small compared to the spin-orbit interaction {; > >A. The spin-orbit
interaction is the “unperturbed” Hamiltonian Hy, and the magnetic interaction is the
perturbation. The basis set that diagonalizes the spin—orbit interaction is |j, m;).

In (6.304) write £+ 2§':f+§’. The expectation value of this interaction is

o

. . . = ., D o
(J, mj| Hint j, 1) = myA + ﬁu myl€ -5 j, my) + N (J, mj[s - Blj, my)

. h?
(Jmle-5|j,m) = 7[}'(}'+ )=l +1)=s(s+1)] (6.310)

The latter identity was derived earlier in this chapter. We need to evaluate the factor of
(j.mis- B

J»mj). One’s first impulse is to write it as miB. That is improper since m; is
not a valid quantum number in the

J» m;) basis set. The only valid magnetic quantum
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number is m;. The vectors $and j point in different directions. Evaluate the average value
of § by its projection on j:

g

SIOAL) (6.311)
JjJ
o )
%(J%\S-BIJ, mj) = mjA <~.J~.>
(J-J
We evaluate <§']> by writing 2 :j;g o)
Cl=(G-92=R[j(j+1)+s(s+1)]—25-] (6.313)
2
5j)= ;%[j(jJr 1) +s(s+ 1) =40+ 1)) (6.314)

All of the magnetic terms are now proportional to m;A. The constant of proportionality is
called the Landé g-factor:
[s(s+1)—£(¢+1)] (6.315)

_3,_ 1
E= 272y

. . {0,
(Jo mj| Hing| j, ) = gm;A + S L+ )=+ 1) =s(s+1)]

The first term is the magnetic energy, and the second term is the spin—orbit energy. The
Landé g-factor has the same symbol g as the moment enhancement of the electron spin,
but they are different quantities. Some values are given in table 6.4, assuming that s=1.
The Landé g-factor gives the splitting of energy levels in a small magnetic field. This
behavior is evident from the low-field region of figure 6.7.

The exact diagonalization of the matrix is given in eqns.(6.306), (6.308), and (6.309).

Expanding these solutions for { > > A gives

Table 6.4 Landé g-Factors for Atomic Orbitals

State l j g
s 0 % 2
p 1 2 3
p 1 2 3
d 2 : :
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2A _1
E ¢ 3 M=3
2550 L 1
3 M="3
“2A =3 (6.316)
A 1
. 3 M=
El/z—g+{ A 1
—4 =1 (6.317)

The coefficients of the magnetic term agree perfectly with those predicted using Landé g-
factors.

6.8.4 Paschen-Back Effect

The limit of very large magnetic field produces the Paschen-Back effect. By “large”
magnetic field is meant the limit that A > > {. Here one treats the magnetic interaction as
the dominant term and uses the basis set |, m,)«/f that diagonalizes this interaction. The
spin—orbit interaction is evaluated in this basis set using perturbation theory. It is exactly
the mirror reverse of the procedure for the Zeeman effect.

Given an atomic orbital (¢) and the electron spin (s), the two quantum numbers are my,
ms. The interaction Hamiltonian (6.304) is evaluated as

S

- (£-3) (6.318)

(€, my, mg| Hipy |0, my, mg) = A(my + 2my) +

The spin—orbit interaction is found using first-order perturbation theory

, 1

F 5= use 4 2 [958 400054 (6.319)
(€, mg, mg|€- 510, my, ms) = Ko mgm, (6.320)
E0 (my, mg) = A(my + 2my) + (mym, (6.321)

The only contribution from the spin—orbit interaction is the diagonal term from /,s,.
Table 6.5 shows the Paschen-Back energies for an atomic p-shell. They would give the
high-field limit in figure 6.7. The magnetic field in this figure is not large enough to attain
this limit of A > > (. Finally, if one expands the eigenvalues in eqns. (6.306)—(6.308) for
A > >(, they give the results of table 6.5.
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Table 6.5 Paschen-Back Energy Levels for an Atomic p-Shell

my my EM
—1 —-1/2 2A+¢)2
0 —1/2 A
-1 1/2 ={/2
1 -1/2 (/2
0 1/2 —A
1 1/2 —2A+(/2

Homework

1. Find the eigenvalues of a 3x3 matrix for which all matrix elements are identical:
EQ=A,Vim=V.

2. Evaluate (6.23) for the case that 5 has spin-1 and s, has spin-J. Do the problem two
ways: (i) using the trick method, and (ii) using the matrix method.

3. Find the eigenvalues of the Hamiltonian of three interacting spin- particles:

H=A[ - $+5 -5 +5 - 5] (6.322)

4. A benzene molecule (CgHg) has a ring of six carbon atoms. The 2p, orbitals of carbon
are perpendicular to the plane. They form a periodic system of 6 identical states for an
electron. Use the first-neighbor tight binding model.

a. What are the six different eigenvalues and eigenvectors of this system?
b. Six electrons occupy these states in the neutral molecule. Including spin
degeneracy, which states are occupied, assuming V > 0?

5. Assume a hypothetical molecule composed of six carbon atoms in a line. Use the
same matrix elements as in the prior problem. What are the energies of the six orbital
states for the 2p, system. What is the total energy of six electrons in these states. Is it
higher or lower than for the ring?

6. A tetrahedron is a polygon with 4 vertices equidistant from each other (e.g., CH,). An
electron on a vertex has a site energy Ey and a matrix element V for hopping to any
other vertex.
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a. Write down the Hamiltonian matrix for this problem.
b. Give its eigenvalues and eigenvectors.

7. Work out the first-order Stark effect for the n=3 shell of atomic hydrogen.

8. In the perturbation theory solution, derive the second-order correction ng to the

wave function.

9. In the perturbation theory solution, derive the third-order energy EY). Verify that it
gives zero for the perturbation V = Fx on the harmonic oscillator.

10. The exact eigenvalue spectrum in one dimension for the potential
_ Mo 022
Vi) = S op+ Q7 (6.323)
is
202
En=hy/0}+ Q7 (n+ 2 (6.324)

Divide the Hamiltonian acccording to

H=Ho+V (6.325)
2
p M M 2
H0=m+?a)éxz, V= ?Q X2 (6326)

Treat V as a perturbation to Ho. Find the contribution to the energy in first- and
second-order perturbation theory. Successive terms should correspond to expanding
the exact result:

1 1 0?
— 2 2 _ = _ 4.
E,=hy/ 0§+ (n+2) hwo(n+2) [1+2w3+ }

11. For the helium atom, write

2
101
Ho=—— [V?+ V2] —2¢*|— + — 6.327
0 2m [v1 2] ¢ n r ( )
2
v=_%_ (6.328)
i =1

Estimate the ground-state energy from first-order perturbation theory.

12. Consider a hydrogen atom that has an added delta-function potential V(r) = 25(r)/r".
If A is small, how does this perturb the energy levels of the atom? Are states with
different angular momenta affected differently?

13. Consider the change in the continuum wave function using first-order perturbation

—

theory for the case that V(r) is a repulsive square well (V(r) = V, for r < a). Find V(Q).
Evaluate (6.147) when k=0.



212 | Chapter 6

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

A small charge Q(Q <<e) is placed a long distance R(R > > ag) from a hydrogen
atom. What is the leading term, in powers of 1/R, of the energy change in the system?
Compare it to the classical result.

Calculate the exact polarizability o of an electron bound to an alpha-particle.
How much does the 3p, state contribute to the polarizability of hydrogen?

Estimate Cg between two hydrogen atoms by the two approximate methods: (i)
Replacing the summation over states by just the lowest nonzero matrix element, and
(i) summing over all states using the constant energy denominator approximation.
The numerical answer is 6.47¢%aj.

Use the data from table 6.2 and London’s approximation to estimate the van der
Waals interaction between an argon and a krypton atom.

Estimate the van der Waals coefficient between a neutral potassium atom and the
potassium ion (K*).

What is the diamagnetic susceptibility of a helium atom? Use the variational eigen-
function to evaluate any integrals over coordinates. Give the answer in terms of fun-
damental constants.

Consider a spinless (s=0) particle in the n =2 state of a hydrogen atom. Assume that
a magnetic and electric field both perturb the eigenstates:

V=pol - Ho+e|F -7 (6.329)

Find the energy levels for the two cases that (i) Ho || F and (ii) Ho L F.

Consider an atom with a closed shell plus one d-electron (¢ =2). The d-electron state
is perturbed by a magnetic field and the spin—orbit interaction. Discuss only how the
two states m= (3, 3) behave as a function of magnetic fields in the two limits of
Zeeman and Paschen-Back.

A lithium atom has three electrons: two are tightly bound in (1s) orbitals, while the
third one is confined to the 2s or 2p states. The outer electron is perturbed by (i) the
spin—orbit interaction, (ii) an electric field, and (iii) a magnetic field:

o L o S -
V=F€'5+\8|F'f+ﬂo(f+2§)""o (6.330)

Derive the Hamiltonian matrix for this set of perturbations. Which matrix elements are
nonzero? Assume F || Ho.



7 Time-Dependent Perturbations

7.1 Time-Dependent Hamiltonians?

Many perturbations depend on time. This dependence is expressed as a perturbation
V(r, t) that has explicit time dependence. This chapter is devoted to solving Hamiltonians
that can be written in the form

H=H, + V(r, 1) (7.1)
ih%l//(r, t) = Hy(r, t) (7.2)

Of course, this approach is actually nonsense. From a rigorous viewpoint, Hamiltonians
cannot depend on time.

As an example, consider the problem of a very fast alpha-particle that whizzes by an
atom. The proper Hamiltoniian for this problem would contain the complete Hamil-
tonian for the atom, the kinetic energy of the alpha-particle, and the Coulomb interaction
between the alpha-particle, the nucleus, and the electrons in the atoms. We omit the
nuclear forces that bind the nucleons into the alpha-particle. This complete Hamiltonian
is hard to solve. However, suppose that your interest is in how the atom is affected by the
passage of the alpha-particle. Are some electrons in the atom excited out of the ground-
state configuration? For a very fast alpha-particle, it is a good approximation to replace it
in the Hamiltonian of the atom by just a time-dependent potential:

2e

where r are the positions of electrons, and R(t) is the classical trajectory of the alpha-
particle. One makes, at the outset, the approximation that the alpha-particle follows a
classical path, and then solves the atomic problem of how the electrons react to this time-
dependent potential. Obviously, this approach does not provide information about the
quantum corrections to the motion of the alpha-particle. But it may provide a satisfactory
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way of solving the atomic problem of the motion of the electrons. Using a Hamiltonian
that has a time-dependent potential is always an approximation, but often one that is use-
ful and satisfactory.

Another example of a popular, time-dependent Hamiltonian is the interaction of char-
ged particles with an electromagnetic field. It is common to treat the electromagnetic field
classically. The electric field is written as

E(r, t) = Epeld™ " (7.4)

The oscillating electric field can be introduced into the Hamiltonian as a vector potential,
which produces a Hamiltonian of the form (7.2). Again, this procedure is an approxima-
tion. The electric field is generated by photons, and the correct Hamiltonian contains
terms that describe the photons, the charged particles, and their mutual interaction. This
complete Hamiltonian is difficult to solve. The complete Hamiltonian is required for a
discussion of how lasers operate. Treating the electric field classically is a good approxi-
mation for linear optics: how the charged particles absorb radiation. The full Hamiltonian
must be used for nonlinear optics, such as light scattering. The full discussion of the
electromagnetic fields is given in chapter 8.

Equation (7.2) is hard to solve whenever the potential V(r, t) is arbitrary and never
ending. In many physics problems, the form of V(r, ) is simple and the Hamiltonian is
easier to solve. One case is when the potential only exists for a time interval. An example
is when the alpha-particle whizzes by the atom: the potential is “on” only while the alpha-
particle is near the atom. For a potential of finite temporal duration, two separate
limits are

1. The time is short.
2. The time is long.

The characteristic time t, for an atom is given by the uncertainty principle that relates it

to the energy interval between atomic states:

h
E.—E,

t (7.5)

“Short” time is t << t,, and “long” time is t > t.. Another typical situation, which is easy to
solve, is the case that the perturbation is weak but steady: it lasts a long time. An example
is the constant illumination by an electric field. Some of these situations have standard
names:

* Adiabatic limit is when the perturbation is very long (slow) compared to t.. An example is when
the alpha-particle goes by the atom very slowly. The important feature of the adiabatic limit is
that the system evolves very slowly in time. The atom can slowly polarize, and depolarize, as

the alpha goes by, but the electrons never change their atomic states.

* Sudden approximation is when the perturbation is very short compared to t.. An example is
when the alpha-particle goes rapidly by the atom. Then it is very likely that some electrons in

the atom are excited to other orbital states.
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* Golden Rule is when the perturbation is weak but steady. The perturbation can cause the atom
or particle to change its state. The rate of change is such a useful formula that Fermi called it
the “Golden Rule.”

These three cases are each discussed in detail.

7.2 Sudden Approximation

The sudden approximation applies when the potential changes rapidly compared to the
characteristic time of the system. A simple example that is easy to solve mathematically is
the case where the perturbation is a step function in time:

o 1 t>0 76
6= 0 t<O0 7.6)

Of course, it is never possible to switch on (or off ) a potential infinitely fast. Here the step

function has the meaning implied in the first sentence of this paragraph: the potential is

switched during a time interval much shorter than the response time of the system.
An important example is the Hamiltonian of the form

H=H;+ 0OV (7.7)

This Hamiltonian is easy to solve when it is viewed as two problems. The first is when
t< 0. Then the Hamiltonian is H;, where the subscript i denotes the initial state. This
Hamiltonian has a set of eigenstates ¢ and eigenvalues EY that obey

H;¢) = ED ) (7.8)

Fort < 0 each eigenstates has an amplitude a,,. The method of choosing or determining these
amplitudes is discussed briefly in section 1.2. For now it is only necessary to know they exist.
Their values are assumed known, perhaps because the state has been prepared by an expe-
rimentalist. Then the most general form of the wave function for t < 0 is given in chapter 1:

Vil = > anel) exp [—itED) /1] (7.9)

This wave function is an exact solution to Schrédinger’s equation (7.2) for t < 0. The a,
are independent of time.
For t > 0 the new Hamiltonian is

Hf=Hi+V (7.10)

It also has an exact solution in terms of eigenfunctions ¢! and eigenvalues EY). These
are usually different than the initial set. In analogy with (7.9), the final-state wave function
must have the form

Ur(t)= "> buol)) exp[—itEY /] (7.11)

This equation is also a solution to (7.2) with constant coefficients b,,.
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At time t = 0 the Hamiltonian switches from H; to Hg The wave function /;(t) applies
when t <0, and y/¢(t) applies for t > 0. At t = 0 they must be the same wave function. Set
them equal at this one point in time:

> and? =" bug?) (7.12)

The eigenfunctions ¢ are orthogonal. An expression for b,, is obtained by multiplying
the above equation by [ drqsg)* and doing the integral for each term, where dr signifies
the relevant phase space. All terms vanish on the right except the one with m = ¢. An
expression is obtained for b,

br="Y " an(lln) (7.13)
(U= [l gl (7.14)

The overbar denotes final state. All of the quantities on the right-hand side of (7.13) are
known. This equation determines the coefficients b, of the final state in terms of those of
the initial state a,, and the overlap matrix elements (¢|n). Since ¢!’ and qﬁ;f ) are eigenstates
of different Hamiltonians, they are not orthogonal, and many overlap matrix elements
(€|n) are nonzero.

The sudden approximation is an exact solution to the Hamiltonian (7.7). The derivation
applies to any kind of system with any number of particles. The Hamiltonian could be for
a one-particle system or for a many-particle system. For many particles, the overlap matrix
element (£|n) has multidimensional integrals.

7.2.1 Shake-up and Shake-off

As an example of the sudden approximation, consider the evolution of atomic states during
nuclear beta-decay. When a nucleus undergoes beta-decay, both an electron and a neutrino
are emitted. The nucleus changes its charge state from Z to Z+ 1 as a result of losing one
electron. In effect, a neutron has been converted to a proton. If the nucleus is part of an
atom, the electrons in the atomic orbitals have their nuclear potential changed from —Ze*/r
to —(Z + 1)é’/r. The initial Hamiltonian H; describes an atom with nuclear charge Z, while
the final-state Hamiltonian Hydescribes the atom with a nuclear charge of Z+ 1.
Usually the electrons in the atomic orbitals are in the ground state: the states with the
lowest energy, consistent with the Pauli principle. The most probable final configuration
after the beta-decay is that the electrons are still in the ground state of the “new” atom. They
are more tightly bound because of the increase in nuclear charge. The ground-state to
ground-state transition is indicated schematically in figure 7.1a. There is a small probability
that one or more of the electrons end up in excited states of the final atom. This process is
called shake-up, and is shown in figure 7.1b. Another possibility is that an electron, initially
bound, is excited to a final continuum state and leaves the atom. This process is called
shake-off, and is shown in Figure 7.1c. Overall energy is conserved, since the kinetic
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FIGURE 7.1. (a) Ground-state to ground-state transition during nuclear beta-decay. (b) A shake-
up process. (c) A shake-off process.

energies of the departing particles, electron and neutrino, make small adjustments to
account for the change in energy of the bound electrons.

The sudden approximation can usually be used to calculate the rate of shake-up and
shake-off. In a typical beta-decay the electron has a kinetic energy of 5 MeV. Since this is
10 rest-mass energies, it departs the nucleus with a velocity close to the speed of light
v ~ 10®m/s. The length scale of the atom is @y ~ 0.1 nm. The time scale for the change in
nuclear potential is t ~ ao/v ~ 10 ® seconds. The outer electrons are usually involved in
shake-up, and their energy spacing is typically AE ~1eV ~ 10~ '?joule. The characteristic
time for the bound electrons is t, ~ fi/AE ~ 10~ "> seconds. The potential switches in a
time (10~ '®s) much faster than the response time (10~ '°s) of the atom. Then it is ap-
propriate to use the sudden approximation.

For most atoms, the wave functions for the many-electron eigenstates are quite com-
plicated and usually computer generated. They must have the proper symmetry, as dis-
cussed in chapter 9. The overlap matrix element (£|n) between initial and final wave
functions in (7.13) is evaluated on the computer.

A simple example is for an atom with only one electron. Then one can use hydrogen
eigenfunctions. The change in potential is spherically symmetric and has no angular
dependence. So the angular quantum numbers (¢, m) cannot change during the shake-
up: s-states go to s-states and p-states go to p-states. Only radial integrals need to be
evaluated.

The 1s radial eigenfunction for nuclear charge Z is

AN z
I15) :2(@—0) exp (—a—:) (7.15)

The probability that the atomic electron remains in the 1s state in going from Z — Z+ 1 is

3/2 3/2 poo
(1s|1s) =2* (E> <Z+ 1) / r*drexp {— —(224—1)1
ag ao 0 ao

Mz 1 1
T ez+1) ’{_(2Z+1)2}

(7.16)

_ 1 3
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For Z=1itis (%)3, and for Z = 2itis (%)3. So the ground-state to ground-state transition
becomes very probable at larger values of Z.

7.2.2 Spin Precession

Another example of the sudden approximation is provided by the precession of a spin in a
magnetic field. Assume that the magnetic field is initially in the z-direction for t <0, and
the Hamiltonian contains only the Pauli term:

gtoB

Hi=-50"%.% (7.18)

The g-factor is approximately two, and the electron spin operator is given in terms of the
Pauli spin matrices:

dé (7.19)
H;=—pyBo, (7.20)

The exact eigenstates have spin-up or spin-down in relation to the z-axis. They are called
a(t) and b(t), respectively. They are represented by a two-component spinor:

a(t)
wi(t) = <b(t)> (7.21)

As a simple example, assume that initially (t < 0) the electron has spin-up (a =1, b=0), so
the eigenstates of the Hamiltonian are

Vil = <(1)>e‘i‘”"‘ (7.22)

& =hw; =—u,B (7.23)

This completes the description of the initial state.

At t = 0 it is assumed that the magnetic field is suddenly rotated by 90°, say to the
x-direction. For ¢t > 0 the final-state Hamiltonian is taken to have the form of (7.20), except
o is replaced by o, because of the rotation of the magnetic field:

Hf = —pyBoy (7.24)

The problem is to find the quantum mechanical solution for the motion of the spin for
t>0.

The classical solution is quite simple. As shown in figure 7.2, a classical spin perpen-
dicular to a magnetic field will precess in a circle in the plane perpendicular to the field
direction. The same behavior is found in quantum mechanics.

The final-state Hamiltonian (7.24) may be solved by assuming that the x-axis is the new
direction for defining spin-up and spin-down. However, this basis is inconvenient for
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F1GURE 7.2. Classical spin precession.

expressing the initial conditions. The easiest way to solve the problem is to retain the
z-axis as the basis for spin-up and spin-down. In this basis, the time-dependent Schré-
dinger’s equation becomes

d
01 ar(t) D [ (®)
“"B(l 0) (bfm) " (bf<t)> 72
ho=p,B (7.27)

The precession frequency w is defined in the last line. The matrix equation provides a pair
of coupled equations for the two components:

l% af = 7wa (7.28)
.0
tﬁbf:—waf (7.29)

This pair of equations is easily solved. Take a second time derivative of ay (£):

2

9 9

1Y) . 2

i ﬁaf:flwabf:(fw) ar (7.30)
DZ

Sg% +oa=0 (7.31)

The second-order differential equation has solutions in terms of sines and cosines:

ag = Cy cos (wt) + C; sin(wt) (7.32)
i e .
bp = — Pyl iCy sin(wt) — iC; cos(wt) (7.33)

The initial conditions are applied at t = 0. At that moment, y¢(t = 0) = ;(t = 0). The
initial conditions are af(0) = 1, br(0) = 0. Then the constant coefficients above are
C; =1, C; = 0. The exact wave function for the spin precession is
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cos(wt)
Yr(t)= (7.34)

isin(wt)

The wave function is not an exact eigenstate of Hy. Instead, it is a linear combination of
two eigenfunctions, with spin parallel or antiparallel to the x-axis. They have eigenvalues
+hw. There are two terms in eqn. (7.11).

The wave function is properly normalized. At any time (6 = wt) one has that

cos 0

(W} Is) = (cos 0, —isin 9)( ) = cos? 0+ sin?0=1 (7.35)

isinf

The solution is complete.

The classical picture has the spin precessing in a circle in the yz plane. The quantum
mechanical picture is the same, which is shown by evaluating the three components of
spin angular momentum:

B
() =5 WHlajluy) (7.36)

The three components give

(5) i 0 ising 0 1 cos 0 o 737
sy) = = (cos 0, —isin = .

2 ) 1 0/ \isin6 v-37)

(s) i 0 _icing 0 —i cos 0 738
s,) = = (cos 6, —isin .

=5l Wi o) isino v-38)

=hcos0Osinl= gsin(Z(J) (7.39)

(s) B 0 icing 1 0 cos 0 7 40
s,) = =(cos 0, —isin .

2( ) 0 -1 isin @ ( )

= g[cosz 0— sin® 0] = gcos(ZE)) (7.41)

The expectation value of s, is zero. The results for (s,) = (h/2) sin(2wt), (s;) = (h/2)
cos(2wt), show the spin does precess in a circle in the yz plane. The quantum solution
agrees with the classical one.

Why is the frequency 2w? Since the energy of spin-up is fiw and spin-down is —hw, the
change in energy during the spin flip is 2/iw. The characteristic time for spin precession is
t. & 2n/w. The sudden approximation is valid as long as the field is rotated by 90° during
a time short compared to t..

7.3 Adiabatic Approximation

The adiabatic approximation is where the perturbation is turned on very slowly compared
to the response time of the system. In this case the most likely outcome is that the system
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F1GURE 7.3. Time dependence of electric field.

stays in its ground state. The ground state evolves slowly as the pertubation is initiated.
The system stays in the ground state as this state evolves in time.

Consider the example of an atom in an electric field. The initial ground state has no
applied electric field. Apply an electric field V(r, t) = —¢E (t) - 7, which is increased very
slowly. The new ground state of the electrons is that of the atom in the electric field. In the
adiabatic approximation, all electrons remain in this ground state.

Consider the hydrogen atom as a simple example. The electric field has the time

dependence
E(t) = Eo2f (t/70) (7.42)
R Rl (7.43)

The theta-function ®(t) ensures that the perturbation starts at t = 0. Its maximum value
is f{1) = 1/e regardless of 74. The constant 7, regulates whether the electric field is turned
on rapidly or slowly. This function is graphed in figure 7.3. The constant 7, determines
the time scale over which the field is turned on.

The time-dependent Schrédinger’s equation is

ih%lp(r, t) = Hi(r, t) (7.44)
H=H, + V(r, 1) (7.45)
Y(r, )= an(t),(r) exp [—itE,/h] (7.46)
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If Hy is the Hamiltonian of the hydrogen atom, then its eigenfunctions ¢,(r) and
eigenvalues E, = —FEg,/n’ are well known. Initially, for t <0, before the electric field is
turned on, the atom is in its ground state:

ms(t)=1, t<0 (7.47)
an(t)=0, t<0, n#ls (7.48)
Multiply eqn. (7.44) by —i/h. Then multiply by ¢,,.(r)* and integrate over all space.

Because the eigenfunctions are orthogonal, this step eliminates all terms in y(r, t) except
the 2p,(n=2, {=1, m=0) hydrogenic state:

R . EZ —imy . EZ —imy
{& azpz(t)—t% azpz} gl = —l?p Agpre " (7.49)
.€ —iw,
—lﬁEof(t/‘L'o) zﬂ: a, (2p,|z|n)e "t
@peleln) = [@rete) 2,00 (7.50

where w,, = E,/h. On the right-hand side of the above equation, the largest term in the
series is @, = aq,. In the adiabatic approximation, this amplitude changes little. So keep
only this term. Define w = w, —

h) ,€ ic
aazpz(t) =-iz Eof (t/70)a15(2p2|2|15)e'™ (7.51)
. € * it
azpz(oo):—zﬁ E0<2pz|z|ls)/o dtf (t/7o0)e (7.52)
., € To
= —i—Ey(2p,|z|1s) ————— .53
i Bol2pelts) 753
[eEo(2)* 1
Paye = |agpe|* = —— 0 7.54
2z = |02pz| (1t o) (7.54)

The adiabatic limit is when wto >> 1, so the perturbation is turned on slowly with respect
to the response time of the system. In this limit, the probability of being excited to the
2p, state is

_ [eEo(2))’ 1
2T (o) 0?1d

(7.55)

The 2p, state is the one most likely to be excited in a shake-up process. Its probability is
very small. When the electric field is turned on over a long time scale, then the system
stays in its ground state. This is the adiabatic limit.

7.4 Transition Rates: The Golden Rule

The most general time dependence is to have a potential function V{r, t), where the time
variation is on the same scale as the response time of the particles that experience the
potential. A common experimental arrangement is to have the potential V(r, t) start at
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some time ;. The potential may be switched on either suddenly or gradually. In either
case, assume V(r, t) = 0 for t < t;. Since time is relative, set t; = 0. The Hamiltonian is

H=H;+ 0@ V(r, 1) (7.56)

The Hamiltonian H; is assumed to be independent of time: all time dependence is put
into V(r, t). The Hamiltonian H; has eigenstates ¢,(r) and eigenvalues E,. For ¢t <0 the
exact solution to Schrédinger’s equation is given by eqn. (7.11):

mmmn:mimmn 7.57)
(r, 1) = Z‘W giont (7.58)
hiw,=E, (7.59)

This solution is standard. How does it change for t > 0 when the potential is turned on?

The eigenfunctions ¢, are a complete set and can be used to define any function
of r. The exact wave function Y (r, t) for ¢ > 0 is expanded in this same set of eigen-
functions:

[m+vmnwm0:m3wmn (7.60

Z ba(t) ¢, (r)e~ " (7.61)

The coefficients b,(t) depend on time, due to the time dependence of the potential
function.

The present procedure is different than in the sudden approximation. There the basis
for expansion for t > 0 was the eigenfunctions ¢) of Hy. In the present case, with V(r, 1)
some arbitrary function of ¢, it is assumed that there is no natural Hyin the problem. If
there is no Hj, there is no ¢ to serve as the basis set for the wave function. In some cases
it might happen at very large times that the potential function becomes V(r, o), and then
Hy= H;+V(r, o). Then it is useful to solve Hfor its basis set. Here we are assuming
that this is not the case.

One may use any basis set for expanding y(r, t). Using ¢,, usually reduces the amount
of work and increases the insight into the behavior of the system. The wave function
(7.61) is put into Schrédinger’s equation: (7.60)

ih> " [by — inbyl e Zb; E;+ V(r, t)]¢e " (7.62)

Each side contains the factor of E,b,, which cancels:

ih baue ™ =S b V(r, e (7.63)
n ¢

A formal solution to the last equation is obtained by multiplying each term by ¢% and
then integrating over all r. Since the eigenfunctions are orthogonal, the terms on the left
are zero unless n=m:
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ihby = " Vipe(t)bge™ " (7.64)
l

Vine(t) = (m| V(x, ))[£) (7.65)

ha)gm = Eg - Em (7.66)

A factor of exp(—iw,,t) was transferred across the equal sign. Equation (7.64) is the basis
of all transition rate theory.

Att = 0 the system can usually be described by having a small set of initial amplitudes
b, different from zero in (7.58). At t = 0, when the potential function V(r, t) is started,
then b,(t = 0) = b,,. This result is true because the same basis set ¢,, is used for t <0 and
t > 0. Equation (7.64) describes how each amplitude b,,(t) evolves in time. One has a set
of coupled differential equations between all of the amplitudes in the basis set. There
are an infinite number of amplitudes b,,. If all are coupled together by the matrix ele-
ments V,,, then formidable efforts are required to solve the simple equation (7.64).

There are several situations where approximations can be employed to simplify the
calculation. One case is where the potential is only “on” for a finite duration in time, after
which it returns to zero. Furthermore, it is assumed that the potential is weak, in that
most of the amplitudes b, change little. Then the initial set of nonzero b,(0) can be
assumed to retain their initial value, while the other set of b,,,, m # n remain small. In this
case the values of b,,(t) are

b (t) = hZ b (0) Vin ()~ " (7.67)
This equation is derived from (7.64) by assuming the only values of ¢ with nonnegligible

values of b,(t) are the set b,,.
Equation (7.67) is solved by doing the time integral, with the initial condition b,,(0) =0

b (t) = —% > ba(0) /0 t At Vi (1) (7.68)

The probability P,, = |b,,|* of finding the particle in the state m is

1 ' .
> b, (0) / A Vi (1) O
- 0

Pm:ﬁ

2
(7.69)

This formula is valid only when the probability P,, is very small. If P,, is found to be close
to one, then the initial assumptions are wrong and one has to solve the more accurate
eqn. (7.64).

Another standard situation is when the perturbation, after it is started, is small and
oscillatory. The discussion is simplified by assuming that the potential oscillates with a
single frequency. The integral in (7.69) contains the total frequency Q = v+ w,, — ®,

V() = Ve ™" (7.70)
2

Pp(t) = % Zanbn(O)é(e’im—l) (7.71)



Time-Dependent Perturbations | 225

For most values of Q, the expression on the right oscillates with time, and the terms
average to zero. In this case there is no steady occupation of the state m. The exception is
provided whenever Q =0, since there is a term of O(t?). Since Q= w + ®, — ®,,, then
Q=0means w,,= o + w,. Usually, no sets or only one set of frequencies (w,, ®,,) satisfy
this identity. In the above series, say it is obeyed by only one value of n = £. Then the above
expression is

sin(t))

by (t) = 12 +2tVebs(0) Y bu(0) Ve
n#£l

2

Ve (0)*
i

(e7—1) (7.72)

+% > b(0)

n#l

2l =

This formula predicts that P,,(t) is proportional to t* whenever w,, = + w,.

The t* behavior is unphysical and its prediction must be discarded. Our intuition is that
P,.(t) should increase linearly with t, not quadratically. The relation E,,= E,+ hw is
interpreted as implying that the particle has made a transition from ¢ to m. The energy
difference E,, — E,is provided by the quantum of energy fiw from the oscillating potential.
The probability per unit time is the quantity that is constant in time. After the potential
V(r, t) is started, the system should quickly lose memory of the start-up transients. The
transition between the states ¢ and m will be equally likely to occur in any time interval.
The longer one waits, the more likely the transition. In the limit of long time, one
postulates that P,,(t) should be proportional to t and not t*. A dependence on t* requires
the probability per unit time increases with time, which is unphysical.

Define w,,, as the transition rate per unit time, in the limit that t— oo, between states ¢
and m. The strict definition is

2

o @ Vi i
Wiy = tlirr}o% ) (e7-1) (7.73)
[ Vine|*d [sin(@t/2)]?
|k dt{ Q/2 (7.74)
. o 2
Jim P (1 —tzn:wmn\bn(oﬂ (7.75)

The expression for wy,, is the time derivative of a single term in (7.71). The cross-terms
are omitted since they oscillate and average to zero. The relative frequency Q is zero only
for one term in the series, so only this one term is important. If there are two or more
states with the same values of (w,, — @), their matrix elements should be added before
taking the magnitude squared.

The time derivative in (7.74) gives

d {sin (Qt/Z)} )

i 02 | "o sin(Qt/2) cos(Qt/2) = ésin(ﬂt) (7.76)

dt

The important functional dependence is sin(Qt)/Q. This expression is plotted in figure
7.4 as a function of Q. It is evaluated in the limit that t ->co. At Q = 0 it equals ¢, and
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FIGURE 77.4. A plot of sin (Qt)/Q for large t and small Q.

its half-width is given by n/t. As t - co the peak becomes higher and narrower. It is a
delta-function [~d(Q)] in the limit that t > oco. The area under the peak is independent
of t and equals 7. In the limit of large times, the probability per time contains a delta-

function:
tlim [é sin(Qt)} =2710(Q) = 2nhd (En—E—hw) (7.77)

2
Wy = # | Vit |3 (Ey—Ei—hoo) (7.78)

This extremely important expression is called the Golden Rule. Technically, it is the Born
approximation to the Golden Rule. The delta-function has the feature that energy con-
servation is automatically built into the transition rate. Only transitions that conserve
energy occur. The frequency dependence of the potential function V(r, t) provides
the quantum of energy hw that permits transitions between states of different energy.
There are also cases where w =0 and the Golden Rule gives the scattering between two
states of the same energy.

Equation (7.78) is an approximate expression for the transition rate. The exact expres-
sion has the same form, but with a different matrix element:

Wy = %“ | Tyt |0 (Epy— E—hico) (7.79)

The T-matrix T, is defined in chapter 10.

7.5 Atomic Excitation by a Charged Particle

Charged particles are slowed down by passage through matter, such as a gas, solid, or
liquid. The particle can collide with a nucleus and recoil at large angle. Since the mass of
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nuclei are large compared to most particles, the recoil is nearly elastic. Such collisions are
unlikely if the particle is neutral, since nuclei are small. If the particle is charged, it can
scatter from the nucleus, but again the scattering is nearly elastic.

A charged particle can lose energy by exciting the electronic states of the atom, which is
the important mechanism of energy loss. The passage of a fast particle causes a potential
V(r, t) at the atom that varies rapidly with time. This potential can cause some of the
electrons in the atom to be excited: to change their state to one of higher energy. The
energy to make this electronic excitation comes from the charged particle, so it is slowed
down by the energy transfer. A fast, charged particle going through matter leaves a wake
of excited and ionized atoms, which causes it to slow down.

The calculation is done for one atom assuming that the charged particle goes by with a
straight trajectory of constant velocity. This model is appropriate if the particle is very
energetic. Then, by the uncertainty principle, its trajectory can be defined closely. Also,
the energy loss is a small fraction of the energy of the particle, which does not cause a
significant deflection of its path. In a typical experiment, the particle might be a proton or
an alpha-particle with a kinetic energy of kilovolts, while the electronic excitations are
of the order of electron-volts.

The geometry is shown in figure 7.5. The particle has charge Q, mass m, and velocity 7.
The atom A is at rest, and D is the closest point between the atom and the trajectory of the
particle. D is called the impact parameter. The angular momentum is mvD. An x—y
coordinate system is shown in the figure. The particle has a trajectory given by
R(t) = (vt, —D), where t = 0 is the closest point. The atom is at the origin, with nuclear
charge Z and N electrons: the ion charge is Z—N. The Coulomb potential between the
particle and the atom is

Zm r

V(R)= eQ (7.80)

The recoil of the atom is neglected. For excitations between the electronic states n and m,
the matrix element is

V() = (n|V(R(t))[m) = —€Q / d3r7¢‘”lir()t)¢_mr(|r) (7.81)

Constant terms such as Z/R have a zero matrix element if n#m. The discussion is
simplified by assuming that the distance D is large compared with the dimensions of the
atom. The Coulomb interaction is expanded in a multipole expansion. Only the first non-
zero term is retained, which is the dipole interaction:

1 1 r-R
- = .82
wo=wt w ow) 782
XpmVE—Ynm D
[(v)” + D22
%um = (n|x[m), yom = (nlylm) (7.84)

Vm(t) x —€Q (7.83)
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F1curek 7.5. The circle is the atom A, while the straight line is the trajectory of the charged
particle.

In the dipole approximation, the matrix element V,,,(¢) is given in terms of x,,,,,, Y. The
probability of an electronic excitation between the states m and » at time ¢ is given by eqn.

(7.69):

()

The integral is evaluated by defining two dimensionless quantities: the integration

2

’ . t'—Yam D
/ dtre—m)nmt XnmV Ynm (785)

© [(v¥)* + D22

variable T =1t'v/D, and the parameter S = Dw,,,/v. Then the exponent has w,,,t' = (t'v/D)
(Dwym/v) = 78S. The probability of excitation is rewritten in these new variables:

2 tv/D 2
6Q _ist Ynm—XumT
Pon(t) = | — dreiSt i Tnm .86
" (EVD) /ﬂo * [ +1)/? (7.86)
The fine-structure constant is dimensionless and small:
¢ 1
he 137.04 (7.:87)

The prefactor in (7.86) has a pair of such constants: e*/iv and Q?/hv. Since Q~e, these
factors are small as long as v > ¢/10. The other dimensionless factors are x,,,,,/D and y,,,,/
D. The are also small if D is larger than the size of the atom. The probability P,,, () is
small as long as v is large and the integral is well behaved.

Now evaluate the t-integral in (7.86). First examine the case where S >> 1. The ratio D/

v is the typical time associated with the passage of the charged particle by the atom. The

-1

. 1s the time associated with the response of the atom. The inequality

quantity o
S= Dw,,,/v > 1 means that the time of passage is long compared with the response time
of the atom. This case is defined in section, 7.1 as the adiabatic limit. When S is very large,
the factor of exp(—iSt) oscillates rapidly with t and the integral averages to a small
number. The denominator is hard to integrate in a simple way. However, the exponent 3

is midway between 1 and 2, and both of these cases can be integrated:
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* d‘C —iSt —

/7wme S =Te s (788)
T S

Lyt T20 0 (7.89)

These integrals suggest that in the limit of S >> 1 the excitation probability P,,, is ap-
proximately

eQ : 2 2 \,-S
an(oo)zn(%> (Ynm+xnm)e (790)

The factor of exp(—S) is negligibly small when S > 1. This conclusion is correct in the
adiabatic limit. When the charged particle goes by the atom slowly, it is unlikely that any
of the electrons alter their electronic state. Instead, all states evolve slowly in time. The
atom remains in the ground state. The ground state is altered by the temporary presence
of the charged particle, but so slowly that excitations are exceedingly unlikely. As an
absurd example, consider moving the charged particle at the velocity of one millimeter
per year. This speed is unlikely to excite anything.

The other limit is when S is very small. Then the factor of exp(—itS) is neglected in the
integrand of (7.86). Here the charged particle goes by the atom rapidly compared with the
response time of the atom. The sudden approximation could be used if the potential were
turned on rapidly and stayed on. However, here it is rapidly turned on and then turned
off. In the limit t — co the term involving x,,, averages to zero because of the linear factor

2

of 7. The final probability of a transition for a fast passage by the particle is
2
er"’”) (7.91)

@ dt
an(OO):< WD ./773 [1+‘62]3/2

The integral equals two. The final result for the probability of excitation of a single atom

from state n to m is

C(eQYm
1o 25)

This probability is for a particle of charge Q and velocity v that passes a single atom at a

(7.92)

distance D from the nucleus. The atomic properties are contained in the dipole matrix
element. The probability is a dimensionless number less than unity. After the charged
particle has gone, the probability P,,,(c0) gives the likelyhood that the atom is excited.

A typical experiment involves a charged particle going through matter. The particle
interacts with a number of atoms during its passage. The rate of energy loss is found by
computing the average energy loss for each atom, multiplied by the rate that atoms are
encountered by the particle.

As an example, the rate of energy loss is found for a gas. The gas has a density ns of
atoms per unit volume. They are assumed to be randomly located in space. Since the
charged particle is fast, one can neglect the motion of the atoms. The product n,v has the
dimensions of particle flux: number of atoms/(m” sec). In the rest frame of the charged
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FIGURE 77.6. Particle Q encounters atoms at a variety of impact distances D;.

particle, the flux is the number of atoms going by it per second per unit area. When the
atoms are fixed and the particle is moving, it is still the rate at which the charged particle
encounters the atoms.

Figure 7.6 shows the particle Q going through a random array of atoms, which are
denoted by the symbol x. Each atom has a different impact parameter D;. The unit of area
dA at a distance D is dA=2nDdD. The product of nsvdA is the number of atoms per
second encountered at a distance D. Multiply this by P,,,, in (7.92), which is the excitation
probability as a function of D. Integrating over all D gives the number of transitions, n to
m, in the gas per second, which is the transition probability:

Wom :ZnnAv/ DdDP,,,(D) (7.93)

The term P,,,,(D)oc O(1/D?). The other factors can be brought out of the integral.

What are the limits of the D-integral? The lower limit is taken to be the dimension of
the atom, which is called a. The present theory is inadequate if the particle bashes directly
into the atom. It applies only for external passage, so a is a reasonable cutoff. The upper
limit on D is given by the condition that S < 1, which is D < v/w,,,. For larger values of D,
the particle passes the atom so far away that the adiabatic limit applies and there is
negligible chance of excitation. The integral in (7.93) is now evaluated:

87‘(62 2.2 v/ Opm dD
nm = %VM/ ) (7.94)
8¢’ Q’ya v
= - na ln(uwnm) (7.95)

Equation (7.95) is Bethe’s formula for the number of excitations per second.
Multiplying this formula by hw,,, gives the rate of energy loss (joules/second) by the
charged particle. Divide by v to get the energy loss per distance (joule/meter):

dE  hwpmWem
o= (7.96)
There are now two factors of v in the denominator that can be converted to the kinetic
energy of the particle v> = 2E/M. The experimental data are usually presented by dividing

by n,4, which is the stopping power per atom (joules meter?):
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FIGURE 7.7. Stopping power of protons, from W. Whaling in Handbuch der Physik 34,
201 (1958), edited by S. Flugge.

(7.97)

LdE _ 4ne Q*My2, 0 | <./2E/M)

H_A dx h hE AWpnm

Figure 7.7 shows the experimental data for the stopping power (eV-cm?) of protons in H,,
He, and Li. The steady falloff for E > 0.1 MeV is due to the 1/F dependence. The data in
this region of energy are well described by the above formula.

7.6 Born Approximation to Scattering

When a particle approaches a scattering center, such as an atom or nuclei, there is a
mutual force between the particle and the center. The force may cause the particle to
change its direction of motion: it is deflected from its original path. This process is called
“scattering.” The term elastic scattering is used whenever the particle does not alter its
total energy, but only alters the direction of motion. Inelastic scattering occurs when the
kinetic energy of the particle is changed by giving or gaining energy from the scattering
center. An example of inelastic scattering is presented in the previous section. Now the
rate of elastic scattering is calculated.

The physical system under consideration has a scattering center fixed at the origin. It
exerts a potential V(r) on the particle being scattered. The scattering center is assumed not
to recoil, or else the scattering is not elastic in the laboratory frame. For a particle scattering
from a free atom or nuclei, one should go into center-of-mass coordinates. For central
forces between the particle and the atom [V(r) = V(r)], the center-of-mass momentum does
not change. Then the scattering is elastic in relative coordinates, but not in the laboratory
frame.
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Ficure 7.8. (a) A particle with impact distance D scatters through an angle 0.
(b) The wave description of scattering. (c) The product vo gives the volume swept
out per second.

The particle approaches the scattering center at an impact distance D. Figure 7.8a
shows that the potential V(r) causes a deflection of the particle through an angle 6.
A classical description of the scattering derives a formula 6(D) for the angle as a function
of D. The angle also depends on the initial particle velocity v and the potential V(r).

The quantum mechanical formulation is different. The impact parameter is ill defined
by the uncertainly principle, since distances cannot be determined precisely. The classical
idea of impact distance is replaced in quantum mechanics by the angular momentum.
The classical momentum is £ = mvD. In quantum mechanics, the classical £ is replaced
by i, where / is a dimensionless integer. Angular momentum is quantized.

7.6.1 Cross Section

In classical mechanics, the particle trajectory and the final direction after scattering are
known as accurately as one can determine the initial values of m, v, D. In quantum
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mechanics, events are not predicted precisely, but are described in terms of probabilities.
The rate of scattering is determined by a quantity called the cross section, which is denoted
as o and has the units of area. The particle has a velocity v and is going through a density
na of scattering centers. The quantity ve has the units of volume per second and re-
presents the volume swept out by the particle each second. This is shown in figure7.8c.
The cross section gives the area being swept out for that type of scattering center. The
figure shows atoms at the points X, where scattering occurs. Multiplying vo by n,, to get
vaon,, gives the average number of scattering events per second. This quantity is also
given by Fermi’s Golden Rule:

W=von, (7.98)

Quantum mechanics is used to compute the cross section from the Golden Rule. It can
also be measured and the theory compared with experiment.

According to wave—particle duality, particle motion can be viewed as waves. This
viewpoint provides additional insight into the scattering process, as shown in figure 7.8b.
The particle enters the scattering region at point A, as a plane wave with wave vector k.
The parallel vertical lines represent wave crests separated by the wavelength. The scat-
tering center causes part of the wave to be transformed into a spherical outgoing wave,
although most of the wave proceeds undisturbed. A detector at B measures only the
spherical component of the scattered wave. It is assumed that the potential is weak and
only a small fraction of the wave amplitude is scattered. The same amount of scattering
occurs in any unit of time. The important physical quantity must be the scattering rate
per unit time, which is the Golden Rule of (7.74).

The Golden Rule is used to calculate the rate of scattering w(k, k) from an initial state k
to a final state k’. The result is summed over all final states k” and muliplied by the number
of scattering centers N, to find the rate of scattering out of state k:

w(k)=Na »_wik, k) =vo(k)na (7.99)
=
Since ny = N4/Q for volume Q, we obtain a formula for the cross section:
Q , 27mQ) , ,
a(k)= ;Zw(k, K)= TZ | T(k, K)[*5[E(k)—E(k)] (7.100)
k Vk

Equation (7.100) is the basic result, although the right-hand side benefits from some
manipulations. We have used the exact Golden Rule using the T-matrix in eqn. (7.79). In
the present example, the Golden Rule from (7.78) is used, where the matrix element
is the Fourier transform of the potential. Since the plane wave eigenfunctions are
Y(k, ) = exp (ik - 1)/V/Q, the approximate matrix element is

T(k k)~ 1 V(k—K) (7.101)

Q
V(k—k)= / Frem )y (r) (7.102)
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This approximation is called the first Born approximation or just the Born approximation.
In this approximation the cross section is

2 5
o(k) = W’Zk; |V(k—K')|*0[E(k)—E(K)] (7.103)

The next step is to let the volume Q of the box go to infinity. The summation over k’
become a continuous integral, as discussed in chapter 2:

.1 43
nhfrlgﬁ; - /(zn)S (7.104)
a(k)= ! / #K |V (k—K)[*S[E(k)—E(K)] (7.105)
(2m)%hy

Equation (7.105) is the final formula for the cross section of elastic scattering in the Born
approximation. It depends on neither the volume Q nor the atom density n4. It depends
on the form of the potential V(r) and the particle wave vector k, where v, = hk/m. The
integral on the right is well defined for any potential function V(r) based on physics.

The quantity g (k) is the total cross section for a particle in the state k, for scattering to all
possible final states k’. The d’k’ integral is expressed as d°k’= (k')’dk’dQ’, where
dQY =sin(0)dfd¢ is the unit of solid angle. Here 6 is the angle between the two vectors
k -k = cos(0). The delta-function of energy d[E(k) — E(k')] serves to eliminate the integral
over dk’. Tt forces |k| =|K|:

/dk’(k’)zé[ﬂk)—E(k'n = ’;—f = % (7.106)
2 5

alk) = (F”;z) / 4OV (k=L (7.107)

k—Kk'| = 2k| sin(0/2)| (7.108)

Equation (7.107) for the cross section is very simple. The cross section is the square of the
Fourier transform of the potential integrated over all solid angles and multiplied by a
constant prefactor. The dimensions of V are joule meter® so the dimensions of

n;_l/ ~meter (7.109)
The cross section does have the dimensions of area. Given a simple potential, there is
little work in finding the Fourier transform, so the formula for the cross section is rather
easy to use. Equation (7.107) is only the Born approximation to scattering. The exact
formula is given in chapter 10.

The quantity ¢(k) is the total cross section for all elastic scattering events. Quite often
the experiment measures the scattering as a function of angle, or energy, or both. These
measurements are of the differential cross section, for which there are several options. In
the experiment shown in figure 7.8b, the detector at B measures only the scattered par-
ticles at a small solid angle AQ. If the detector has an area A at a distance L from the
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target, then AQ = A/L* The differential cross section as a function of solid angle is ob-
tained from (7.107) by not integrating over solid angle:

do m - . 2

5= '2nh2 V[2ksin (0/2)] (7.110)
f/ a0 7.111

o= 10 (7. )

The differential cross section is found by measuring the scattering as a function of an-
gle. In the Born approximation, this measurement provides direct information about the
Fourier transform of the scattering potential. In the experimental arrangement shown in
figure 7.8b, the average number of particles per second measured at B would be

d
VN, (d—g) AQ (7.112)
where vn; is the flux of incoming particles.

Another possibility is that the experiment measures the energy of the scattered
particles. The differential cross section as a function of energy is found from (7.105)
by not integrating over energy. Write d’k’ = mk’dE’'dQ’/i* and move dE to the left, to

obtain
do_(m N\ sp g /dQ’W k—K)|* 7.113
75 = 5z ) 9EE) (k—K) (7.113)
= /dE'@ 7.114
7= dE (7.114)

For elastic scattering, the energy measurement finds all particles in the final state at the
same energy as the initial-state kinetic energy. The result is a delta-function, which would
be broadened by the instrumental resolution.

Another possibility is that the experiment measures simultaneously the energy and
angular dependence of the scattering. The double differential cross section is

ﬁ_ l{/ 2ksi Q 25 E—F 7.115

dEAQ |27k S 2 ( ) (7.115)
, ., d*c

a:./dEQ FTTY) (7.116)

This completes the general definition of cross section.

7.6.2 Rutherford Scattering

Asan example, consider the differential cross section for a proton scattering from a nucleus
of charge Z. The Fourier transform of the Coulomb potential is

Zer - 4nZe?
Vir)=—, V(g) =
(r) - (q) 7

(7.117)
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do _ (m>2< 4nZe’ >2 (7.118)
dQ \2nh?) \4k?sin*(0/2)
Zad
~ Rk s 027 7419
where the Bohr radius is a,=h*/me’. This formula is recognized as the Rutherford
formula for the scattering from a Coulomb potential. He derived it for the scattering of
alpha-particles from nuclei rather than protons, which changes the prefactor by four.
Otherwise, it is the same expression. At small angle, the differential cross section goes
like O(1,/0%). The total cross section in (7.111) diverges due to the behavior at small angle.
This divergence is due to the long range of the Coulomb potential. The Coulomb potential
is actually screened by the electrons in the atom. When they are included, the cross section
no longer diverges.

7.6.3 Electron Scattering from Hydrogen

The screening by the electrons in the atom are well illustrated by considering the scat-
tering of an electron from a hydrogen atom. The electron scatters from the nucleus,
as well as from the bound electron. We will calculate the scattering in the Born approxi-
mation using the above formulas.

There is an important process we are ignoring in this calculation. The two electrons are
identical and indistinguishable. In processes called exchange scattering they trade places
during the scattering event. The incoming electron becomes bound and the initially bound
electron gets knocked out and appears as the scattered electron. These exchange scatter-
ing events are discussed in chapter 10. An alternative is to have the incoming particle be
a proton, but then it has exchange processes with the nucleus of the hydrogen atom.

The incoming electron has a potential V(r) given by

1 1
\%4 = — 7.120
(r,r)=e [ +|r re\} ( )
The nucleus is the origin. The incoming electron is at r and the bound electron is at r..
The first term in Vis the interaction with the proton and the second term is interaction with
the bound electron. The latter is usually averaged over its allowed positions:

——+/d3 Psl1e) ] (7.121)

Vr —=¢*
) [=x

The scattering cross section depends on the Fourier transform of this potential:

- 47e?
Vig)=~— q—z[l—F(Q)l (7.122)
F(q) = / Progi(re) €™ (7.123)
1 3. —2r/ag ,iqr,
= — [dPre¥/mear (7.124)

nay



Time-Dependent Perturbations | 237

where F(q) is the Fourier transform of the bound electron charge distribution and
is called the “form factor.” Evaluate the integral in spherical coordinates: d*r, =r?dr,
sin(0)dOd¢, where g - 7. = cos(8):

1

[1+(qa0/2)*) 742

F :—/ rdre *"/% gin(qr) =
(a) EPA (ar)
Note that F(q=0) =1, so V(q = 0) does not diverge in (7.122). The matrix element goes to
a constant in this limit. The differential cross section does not diverge at small angle and
the total cross section is integrated to a finite number. These results are altered by the in-
clusion of exchange scattering.

7.7 Particle Decay

A radioactive nucleus can decay by emitting alpha-, beta-, or gamma-particles. Often the
nucleus will decay into several fragments. A measurement of the energy distribution of
the fragments can reveal information about the nature of the decay process.

Consider a radioactive nucleus A that decays into two fragments B and C. Solve
the kinematics in the rest frame of A, so its initial momentum is p, =0. Let Ej, be the
energy at rest of particle j. For a simple mass it would be mc’, while for a composite
particle there is additional binding energy. The calculation is kept simple by assuming
nonrelativisitic kinematics. The conservation of momentum and the conservation of

energy are
0=ps+Pc (7.126)
17py | PE
Exo=E E —|=+ — 12
A0 8o+ Eco + 2 l:MB + Mq (7.127)

The momentum pp is equal in magnitude and opposite in direction to pc. Use this fact in
the energy equation, and the kinetic energy depends on the reduced mass:

%: Mis n MLC (7.128)

’2’—%: % = Eno—Epo—Eco (7.129)
Py _ K

KEp = MG E(EA(,*EB()*ECO) (7.130)
e _ H

KEc = 50 = 3 (Eao—Epo—FEco) (7.131)

Each final particle has a unique value of kinetic energy that is determined by the con-
servation of momentum and energy. The excess rest energy (Eso — Epo — Eco) is converted
into kinetic energy, and the conservation of momentum dictates the fraction of that
kinetic energy assigned to each fragment. The conclusion is the same when using rel-
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FIGURE 7.9. Conservation of momentum in beta-decay.

ativisitic kinematics. If the experiment was conducted so that all of the A particles were
at rest, then all of the B particles would be found to have the same kinetic energy. The
A nuclei would be all at rest if they were part of atoms in a solid or liquid.

The experiments on beta-decay showed that the electrons are emitted with a continuous
distribution of kinetic energies. This was puzzling, since only two decay fragments were
observed, electron and nucleus, which implied that all of the electrons should have the
same kinetic energy.

Pauli conjectured that a third particle must be emitted as part of the decay process.
Besides the electron and the nucleus, he suggested a chargeless, massless particle. He
was right, and the particle is called the neutrino. Fermi did the first calculation of the
energy distribution of the fragments. Since the electron is the easiest particle to observe in
the laboratory, its energy distribution is calculated below. Fermi assumed the neutrino
has zero mass, and we will describe his derivation using that same assumption. Now it is
known that the neutrino has a very small mass.

An initial nucleus A decays into a final nucleus B plus an electron and a neutrino. Solve
the problem in the rest frame of A(py=0). Figure 7.9 shows the final three particles
leaving the origin. The electron must be treated relativistically, but the much heavier
nucleus can be treated nonrelativistically:

E, =/ m2c* + p2c? (7.132)

Ep=Ep+ Pi_ (7.133)
2Mp

E,=p.,c (7.134)
Assuming the neutrino is massless, it has momentum p, and energy p,c. The conservation
of energy and momentum gives

p2

EA():EBOJr—B+\/m§c4+pgcz+p,,c (7135)

2Mp

0=pp+P.+Pv (7.136)

Now there are four equations and six unknowns (since the three vectors are in the same
plane), so there is not a unique solution for the momentum and kinetic energy of each
fragment. Each fragment is emitted with a distribution of kinetic energies.
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These energy distributions are calculated using the Golden Rule. The total decay rate w
in (7.99) is given by the product of the total number of initial A particles N4 times the
summation over all final states f:

w=Ny S wy (7.137)
7

The summation over final variables means, in this case, the integrals over the three mo-
menta pg, P P,- There are two ways of writing the summation over final states. The first
way has integrals over all three sets of final momenta, plus the delta-function for con-
servation of momentum:

dspB d3pe dsp,, 343
w=N 27)°0 +p,t+ W > Per
A/ (2 )3 / (2 )3 (2 )3 ( ) (pB pe p)/) (pB pe pu)

The second way of writing this expression is to use the delta-function to eliminate one set
of momentum integrals, say d’pg:

#p. [ dp,
=N W(—p,— 1
w A/ (zn)3/(2n)3 (=P.— P, Pe P,) (7.138)

The second method (7.138) is preferred since it involves less writing. The first method
has the advantage that all three momentum variables are treated equally, while (7.138)
seems to discriminate against pg. The complete expression, including energy conserva-

tion, is
w= ZTENA/ d3p33/ dgp,,} M|
o) @)}/ (@2n)
X 6[Eao—Ep(—P,—P,)— Ee(P.)— Ev(P,)] (7.139)

This formula is the basis of the discussion of beta-decay. It includes the matrix element
M, which plays a key role in the theory of beta-decay.

Our treatment follows Fermi and takes |M|* to be a constant. However, considerable
effort has been expended over the years to show that it is not a constant. It contains, for
example, angular variables so the probability of beta-decay is weighted according to the
angles between the three momenta. These matrix elements require a relativistic descri-
ption and are discussed in chapter 11.

The kinetic energy of the B-particle becomes negligible as its mass Mp becomes large.
It is convenient to neglect this term. Setting p%/2Mp = 0 reduces the algebraic complexity
tenfold. So the expression in (7.139) is simplified to

Na|M[?
w= E?Z‘TE)L /d3pe/d3p1/5|:EA07EBof\/mipuci|

Each momentum integral is written as d’p = p’dpdQ. Each angular integral [dQ = 4nr,

since the integrand does not depend on angles. The dp, and dp, momentum variables are
changed to energy variables:

E,
pldp. = C—f E2—m2c*dE, (7.140)
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EZ
pldp, = dE, (7.141)

AE = Exo—Ego (7.142)

NA\M| . 2
= i | Eey/E-mictdE, | EJE,6(AE~E.~E,)
NA‘M| ) 24
= 2hes ), E \/ E2—m2c*dE,(AE—E,)* (7.143)

The integral over dE, eliminates the delta-function and sets E, = AE — E,. There remains

the integral over dE,. Evaluating this integral gives the decay rate (number of events per
second) for all electron final energies. The distribution of final electron energies is found
by not doing this integral over dE,. Technically, one is taking a functional derivative

aw _ N'A|M|2
dE,  2m3hct

E2—m2c*(AE—E,)* (7.144)

where the range of E, is m,c* < E, < AE. The quantity dw/dE, is the number of decay
events per second per unit of electron energy. The minimum value of E, is its rest energy
m,.c”. When an electron has this energy, the neutrino is carrying away the excess kinetic
energy. The maximum value of E, is AE. When an electron has this energy, the neutrino
has none, since we assume zero mass. Between these limits the electron and neutrino
each leave with some kinetic energy.

Equation (7.144) is plotted in figure 7.10. The shape of this curve has two interesting
characteristics. At the lower end, it rises from zero with a shape dominated by the square
root /E2—mZc*. This square-root dependence is typical of particles with a nonzero
rest mass. At the upper end of the curve, the shape is dominated by the quadratic form
(AE — E,)%. This quadratic shape occurs because we assumed the neutrino has no rest mass.
Since the neutrino has a small mass, this end will also have a square-root shape. The
shape of the energy spectrum provides information about the masses of the particles
involved in the decay process. These results are slightly altered by the energy dependence
of the matrix element |M|%.

Sometimes the experimentalists express their results in terms of the momentum of the
electron, rather than the energy. The number of electrons emitted per second per unit of
momentum is

dw  Na M
dp, 21303

P (AE—E,)? (7.145)

A common way to express the experimental result is to divide both sides of this equation
by p? and then take the square root:

1 dw]!
dpe

The right-hand side becomes a linear function of AE — E, as long as the neutrino has no

NA|M|2
2m3hcd

(AE—E,) (7.146)

mass. The linearity of the experimental plot is a test of this hypothesis. Such a curve is
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dw/dE
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F1GURE 7.10. Electron energy distribution in beta-decay.

called a Fermi plot. The small mass of the neutrino will not show up on this large energy
scale.

Figure 7.11 shows a Fermi plot of the beta-decay of trittum (*H) into *He. The vertical
axis is the factor

{ 1 dW} 12 (7.147)

p2F dp.

where F is a simple function, part of [M|%, that corrects for the Coulomb potential between
the electron and the nucleus. The plot is indeed linear as a function of energy as it
approaches zero at the high-energy end. The two kinetic energy scales show E=E,
—m,c® in keV, as well as W= Ee/(mecz).

Equation (7.144) and figure 7.10 are the result of a phase-space calculation. The phase
space available to a decay product is d*p.d°p,. The assumption of a constant value for |M|? is
equivalent to the assumption that every part of phase space has equal probability. Of course,
the available space is limited by the conservation of energy. Often a phase-space calculation
gives a good answer, since typically matrix elements do not vary much with energy.

Homework

1. In the sudden approximation, the probability that a system changes from initial state i
to final state n is defined P;,. Prove that

S Py = (7.148)

2. Calculate analytically and numerically for 1 £ Z <5 the probability of an electron
staying in the 1s state of a one-electron ion during beta-decay.
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F1GURE 7.11. Fermi plot of the beta-decay of tritium. From Langer and Moffat, Phys.
Rev. 88, 689-694 (1952).

3. Forthe beta-decay (Z=1) —» (Z=2), what is the probability that an electron initially in
the 1s state ends up in the 2s state or the 3s state? What is the total probability for the
three events:

(i) 1s = 1s, (ii) 1s > 2s, (iii) 1s —> 3s when Z=1?

4. A particle in one dimension is confined to a box 0 <x< L. At t=0, in the sudden
approximation, the length of the box is doubled to 0 <x<2L. If n is the quantum
number of the initial state, and m is the quantum number of the final state, derive the
probability P,,,. Give numerical values for the case that n=1 and m=1,2,3.

5. A particle with mass m is bound to a delta-function potential [V(x) = —10(x)]. The
strength is suddenly doubled (1 — 21).

a. What is the probability that the particle remains bound?
b. What is the probability that the particle becomes unbound?

6. A mass m is connected to two springs in a linear array, where the other ends of the
two springs are connected to rigid walls. For t < 0 the system is in the ground state of
the one-dimensional harmonic oscillator. At t=0 one spring is cut. What is the
probability that the particle remains in ground state?



7-

10.

1.

12.

13.

14.

Time-Dependent Perturbations | 243

A harmonic oscillator in one dimension has an electric field suddenly switched on:

2 2
&
H= o+~ +emo() (7.149)
a. What is the probability that the particle remains in the ground state after the field
is switched on?

b. What is the probability that the particle has a shake-up to the n=2 final state?

. In one dimension a harmonic oscillator of frequency w is initially in its ground state

(n=0). During the time interval 0 <t <ty a potential V(x) = Fx is suddenly switched
on (at t=0), and then off (at t =1,). Describe the time evolution of the system for (a)
t<0, (b) 0<t<ty, and (c) t > to.

. A neutron is traveling up the y-axis from minus to plus infinity at a fixed velocity v.

Assume it passes between two fixed charges, an electron and a positron, located at
the points tag (Bohr radius) on the x-axis. If the magnetic moment of the neutron
initially points in the (4z) direction, what is the final probabillity it points in the (—2)
direction? The neutron has spin-1/2 with a nuclear moment upy. The interaction is just
the Pauli term. Find the time-dependent magnetic field from the Lorentz force.

Another neutron has a velocity v=10°m/s and a magnetic moment of uy =0.966 x
10728 )/T. It goes between the pole faces of a magnet (B =1.0tesla) a distance of L=1.0
cm. If the neutron spin is initially perpendicular to both ¥ and B (and ¥ L B), what is the
probability that the spin flips after going through the pole faces of the magnet?

What is the differential cross section for the scattering of a charged particle from a
helium atom? Evaluate in the Born approximation. Use the variational wave function
for the electrons in helium.

For the Yukawa potential (ks is a constant),

e—ksr

V(i =A (7.150)

r

a. Derive the differential cross section do/dQ in the Born approximation.
b. Obtain the total cross section by integrating (a) over all solid angle.

Consider a hypothetical nuclear reaction A— B+e* +e~ (electron plus positron).
Calculate the distribution of final energies of the electron using a phase space
calculation, assuming constant matrix elements. Use relativistic kinematics for the
electron and positron, and neglect the kinetic energy of the nucleon.

Positronium decays by emitting two photons, whose energies sum to Eq=2mc’.
Derive the distribution of energies of the emitted photons based on phase space,
assuming a constant matrix element and an initial center-of-mass momentum of
positronium equal to p.



8 Electromagnetic Radiation

Electromagnetic radiation is composed of elementary particles called photons. They are
massless, chargeless, and have spin -1. They have a momentum p = fik, energy cp, and a
frequency w = cp/h = ck. The light has two choices of polarization, which are given the
label 2(A=1,2). The frequency is the same one that is associated with an oscillating
electric field. The correspondence between the classical electric field and the quantum
picture of photons is that the intensity of light is proportional to the number of photons
;- For an electric field of classical amplitude Ey, wave vector k, and frequency o = ck, the
energy flux is given by the Poynting vector to be

S= éEé: énk;ﬁwk (8.1)
where Q is the volume of the box. In the photon picture, the particles have an energy flux
given by the product of their velocity ¢, the energy hiw, and the density ny;/Q. The
refractive index n, is assumed to be unity. The speed of light ¢ should be replaced by ¢/n,
when n, differs from one. From the above equation, we deduce a quantum mechanical

definition of electric field:
E} = 4n%hwk (ergs/cm’) (8.2)

The main difference between the classical and quantum picture is that in classical physics
the electric field E, can have any value. In quantum physics the number of quanta ny; in
volume Q must be an integer, so that the light intensity is not continuous but comes in
multiples of 4nhiw/Q. This difference is unobservable on a macroscopic basis where the
number of quanta ny; is very large. It can be quite noticable for very small fields, where
i, is a small integer.

The photon picture applies to electromagnetic radiation of all freqencies, from the
microwave to hard x-rays. The only difference is the wavelength. The Hamiltonian for
photons interacting with charge particles is derived in the next section.



Electromagnetic Radiation | 245
8.1 Quantization of the Field

Electromagnetic theory is based on Maxwell’s equations, which are

V-B=0 (8.3)
V -E=4np (8.4)
19 47
B=-—E+—j 8.5
VX cot + c] (8-5)
19
=—-_B .
VXE oy (8.6)

Here p and j are the charge density and the current density. These formulas should be
well known to the reader. The problem at hand is to convert the above classical equations
into a quantum mechanical description. In particular, it is necessary to derive the Hamil-
tonian that is equivalent to Maxwell’s equations.

The correct answer is

[P—¢Am)I 1 ee f 1
H= XJ:T+EZ—+ %;hwk;,(ak;bukz+i> (87)

i 7 i

A set of charged particles of mass m;, momentum p;, charge ¢;, and position 1; are inter-
acting with each other through the Coulomb term e;ej/ry;, and with the photons through
the vector potential A(r). The last term, involving raising and lowering operators, is
explained below. The term 3 hwkalt , 0y, represents its unperturbed photon Hamiltonian
in the absence of charges. This Hamiltonian treats the charged particles nonrelativis-
tically. The photons are always treated relativistically. The relativistic Hamiltonian for
electrons is given in chapter 11. The present section is devoted to deriving the above
equation.
The radiation field is represented by the vector potential:

1 ) 1/2 )
A, f) = > (Q—;k) &k, ) (@™ 4 h.c.) (8.8)
|
1 ik-r
-7 > kALK, 1) (8.9)
k

The unit polarization vector is &,. One feature of this Hamiltonian is the term

1 eiej

2 i#]

ri| (510
which is the Coulomb interaction between charges. The Coulomb interaction is instan-
taneous in time, since the potential has no retardation or speed of light built into it. The
lack of retardation is not an approximation but is rigorously correct in the Coulomb
gauge. Of course, there is retardation in the total interaction, which arises through the
vector potential fields.
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8.1.1 Gauges

Although the topic of gauges is treated correctly in a number of texts, it still seems to be
poorly understood by students. It seems appropriate to start at the beginning and
reproduce some standard material.

There is an important theorem that any vector function of position can be written as
the sum of two terms. One is the gradient of a potential and the other is the curl of a

vector:
S(r)=Vg+Vxm(r)=S, + S; (8.11)
S,=Vg (8.12)
S;=VXxm (8.13)

The term S, is called the longitudinal part of S, and S, is called the transverse part. If B(r) is
assumed to have this form, then Eq. (8.3) becomes

V- (Vg+V x A)=V2g=0 (8.14)
Usually g=0, so that the vector potential is defined as

B=VxA (8.15)
However, this expression does not uniquely define A(r). The definition B=V XA is put

into (8.6):

12
¥ x [E—i— ZEA} -0 (8.16)

Now the factor in brackets is also the sum of a longitudinal and transverse part:
Vx[VYy + VXM =0=V x (VX M) (8.17)

The equation is satisfied if M =0, so the electric field is
E=————-Vy (8.18)

where V is the scalar potential. When these two forms for B(r) and E(r) are put into (8.4)
and (8.5), the equations for the scalar and vector potentials are

19

2 V- -A=—4 8.1
VoY + Cbtv o (8.19)
1 D 47,
VX(VXA)-’-C—ZwA-FVﬁw: 7] (8.20)

At first it appears that there are four equations for the four unknowns (A,, A,, A,, ¥): Eq.
(8.19) and the three vector components of (8.20). If this assertion were true, the four
unknown functions would be determined uniquely in terms of the sources (j,p). How-
ever, these four equations are not linearly independent; only three of them are indepen-
dent. The linear dependence is shown by operating on (8.19) by (1/c)(d/dt) and on (8.20)
by V. Then subtract the two equations and find
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V[V X(VxA)]= 4n (b—p +V-j) (8.21)
c \dt

The left-hand side is zero because it is the gradient of a curl. The right-hand side vanishes

since it is the equation of continuity. The four equations are not independent. There are

only three equations for the four unknowns.

Therefore, the four unknown functions (A, A,, A,, ¥) are not uniquely determined. It
is necessary to stipulate one additional condition or constraint on their values. It is called
the gauge condition. The imposed condition is that the Coulomb field y(r,t) shall act
instantaneously, which is accomplished by insisting that

V-A=0 (8.22)

Equation (8.22) defines the Coulomb gauge, sometimes called the transverse gauge. The
latter name arises because (8.22) implies that V-A, =0, so that A is purely transverse. One
should realize that any arbitrary constraint may be imposed as long as one can satisfy
(8.19) and (8.20). As long as these two equations are satisfied, one always obtains the same
value for E(r) and B(r). The arbitrary choice of gauge does not alter the final value of
observable quantities.

Define an arbitrary scalar function y(r.t). A gauge transformation is to alter the vector
and scalar potentials as

A-A+Vy (8.23)
byt .24
B VX[A+Vy]=VxA (8.25)
Eﬁ—%%[Aﬁ-vx]—V{lﬂ—%%} (8.26)

= ATy (8.27)

The electric and magnetic fields are unaffected by the gauge transformation. However,
the Hamiltonian operator contains the vector and scalar potentials and is affected by the
gauge transformation. Next consider the change

Vo) bl e i1 8.28)
The kinetic energy term in the Hamiltonian contains the vector potential

%mvz:i_,i( _EA>2 (8.29)
Consider how the momentum operates on the revised wave function:

P (lﬁ(ry tlexp [l%/} ) =exp {i%x} (p + SW) W(r, 1) (8.30)

If the gauge transformation in eqn. (8.23) is accompanied by the change in eigenfunction
(8.28) then the Hamiltonian does not change!
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Each Hamiltonian we work with is a particular choice of gauge. Any observable
quantity is unaffected by the choice of gauge.
In the Coulomb gauge eqn. (8.19) simplifies to

Vi = —4np (8.31)

which is easily solved to give

Wir, ) = / pzis ,t|) (8.32)

The potential ¥(r,t) is instantaneous and is not retarded. This result is not an approxi-
mation but is an exact consequence for our choice of gauge. Later it is shown that a
different choice of gauge leads to a retarded scalar potential.

Now evaluate the other equation (8.20). The following identity is useful:

Vx(VxA)= —V2A+V(V-A) (8.33)
The second term vanishes in the Coulomb gauge, which gives

192 4n Y
2 R — _
VIA- S A=——j+V (8.34)

It is useful to operate a bit on the second term on the right-hand side. Using (8.32), this

term is
b/bt
had - 3 /
Cbt v / #r | (8.35)
__ 1t 3, .
_cbt V/d j(r', 1) (8.36)

where the last identity uses the equation of continuity. Integrate by parts in the last term,

3.7
cbt V/d rj(r’, t). | (8.37)

and then pull the gradient out by letting it operate on r instead of r’; the latter step
requires a sign change. Also operate on the current term itself in (8.34) by using the
identity

4mj(r, ) = — / FL] (8.38)

=1l
By combining these results

24 1O 2 1/3,l< 1)
VA= S A= (V=YY [ dr P (8.39)

Finally, using the identity (8.33),

2 _lb_z —_1 /3/]( )
VA= oAV | VX [y (8.40)
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The point of this exercise is that the right-hand side of (8.40) is now a transverse vector,
since it is the curl of something. The current is written as a longitudinal plus a transverse
part,

i=i+i, ®-41)
Then the vector potential obeys the equation

2

ViA- %%A = —4—ant(r, t) (8.42)
where j,(r, t) is defined by the right-hand side of (8.40). The final equation for A is very
reasonable. Since the vector potential A is purely transverse, it should respond only to the
transverse part of the current. If it were to respond to the longitudinal part of the current,
it would develop a longitudinal part. The longitudinal component of A does not occur in
the Coulomb gauge.

As a simple example, consider a current of the form

j(r) = Joe" (8.43)

whose transverse part is
s 1 ik-r
]t:—ﬁkx(kxlo)e (8.44)

and j; is the component of j that is perpendicular to k; see figure 8.1. In free space,
the transverse and longitudinal parts are just those components that are perpendicular
and parallel to the wave vector k of the photon. However, solids are not homoge-
neous but periodic. Along major symmetry directions in the crystal, it is often true
that transverse components are perpendicular to the wave vector. However, it is
generally not true for arbitrary wave vectors in the solid, even in cubic crystals. The
words transverse and longitudinal do not necessarily mean perpendicular and parallel
to k.

Two charges interact by the sum of the two interactions: Coulomb plus photon. The net
interaction may not have a component that is instantaneous. In fact, for a frequency-
dependent charge density at distances large compared to ¢/w, one finds that the photon
part of the interaction produces a term —e?/r, which exactly cancels the instantaneous
Coulomb interaction. The remaining parts of the photon contribution are the net retarded
interaction. Solid-state and atomic physics are usually concerned with interactions over
short distances. Then retardation is unimportant for most problems. In the study of the
homogeneous electron gas, for example, the photon part is small and may be neglected.
In real solids, the photon part causes some crystal field effects, which is an unexcit-
ing many-body effect. The main effect of retardation is the polariton effects at long
wavelength [5]. In general, the Coulomb gauge is chosen because the instantaneous
Coulomb interaction is usually a large term that forms a central part of the analysis, while
the photon parts are usually secondary. Like most generalizations, this one has its
exceptions.
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F1Gure 8.1. Perpendicular component of the current.

The Coulomb gauge V- A= 0 is not the only gauge condition popular in physics. Many
physicists use the Lorentz gauge:

A
V'AJ’E_O (8.45)

which causes (8.19) and (8.20) to have the forms

,, 1
192 4n
24029 AT
V-A 232 A c j (8.47)

Now both the vector and scalar potentials obey the retarded wave equation. They combine
to produce a four-vector that is invariant under a Lorentz transformation. The Lorentz
invariance is useful in many branches of physics, and the Lorentz gauge is used fre-
quently. Both the scalar and vector parts are retarded.

Another gauge that is often used, but that does not have a formal name, is the condition
that  =0. The scalar potential is set equal to zero. In this case it is found that the
longitudinal vector potential is not zero but now plays an important role. In fact,
the longitudinal part of the vector potential leads to an interaction between charges,
which is just the instantaneous Coulomb interaction. When y = 0 the longitudinal part of
the vector potential plays a role that is identical to that of the scalar potential in the
Coulomb gauge.

The Hamiltonian (8.7) is written in a gauge that has the scalar potential acting in-
stantaneously, so that the Coulomb interaction is unretarded. This form of the Hamil-
tonian is consistent with either gauge V-A =0 or = 0. One gets a different Hamiltonian
for other choices of gauge.

8.1.2 Lagrangian

So far it has been proved that the Coulomb gauge makes the vector potential transverse
and that the scalar potential acts instantaneously. Next it is shown that the Hamiltonian
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has the form indicated in eqn.(8.7), which is done by starting from the following
Lagrangian (Schiff, 1968):

zyw+/ E(r) m#rE}wu—wAmn
/d3rp(r Ze, r—r;) (8.48)
/d3r] Zel v;0(r—r;) (8.49)

This Lagrangian is chosen to produce Maxwell’s equations as well as the classical
equations of motion for a particle at r;, with charge e; and velocity v;, in a magnetic and
electric field. There are 4 + 3N variables #, which are , A, and r; for i=1, N. In terms
of these variables the electric and magnetic fields are: E=—A/c— Vi), B=V X A. Each
variable # is used to generate an equation from

déL <& SL

dtop Zdra bn/bra 5_11:0 (8:50)

where the conjugate momentum is

L

=5 (8.51)
When the scalar potential i is chosen as the variable 7,

oL

3w =—p(r)=— Z d(r—r;) (8.52)

dL E.
QY x) | 4n (8:53)
oL
P =0 8.54
> (8:54)

This choice produces the Maxwell equation (8.5) from (8.50):

V -E=4np (8.55)

When one component of the scalar potential such as A, is chosen as the variable in the

Lagrangian,
oL
Csq == Z €iVid(r—1;) (8.56)
oL E,
= (8.57)
oL B, @58

IRADY) ~  An

When this equation is used in Lagrange’s equation (8.50), the x-component of the
Maxwell equation (8.6) is
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10E  4n
VxB=-— + % .
xB= o+ (8.59)

Choosing either A, or A, as the active variable will generate the y- and z-components of
this equation. The Lagrangian does generate the two Maxwell equations, which depend
on particle properties.

Another important feature is that the momentum conjugate to the scalar potential is
Zero:

P, =0 (8.60)
The momentum variable conjugate to the vector potential is

E
Pp=—— .
A 4nc (8.61)

which is just proportional to the electric field. This relationship is important because the
quantization of the fields will require that the vector potential no longer commute with
the electric field, since they are conjugate variables.

The other equations generated by this Lagrangian are the equations for particle motion
in electric and magnetic fields. Here the variable in the Lagrangian is the the particle
coordinate r,:

oL Vis

5 =6 [Wp(ri)— 2V, As (rl)} (8.62)
oL e

v = Piy = MVjy + ;Ax(ri) (8.63)

In the last term of (8.62), repeated indices over ¢ imply summation. The equation de-
duced from Lagrange’s equation is

0= % [mvi + %A(ri)] +eV {1// —%V ) A(r)}

The total time derivative on the position dependence of the vector potential is interpreted
as a hydrodynamic derivative:

d d

Then the equation may be rearranged into

m%vi = e,-{E(ri) + % [V(V . A)—V . VA]} =e |:E(l’i) + %Vi X B:|
The last term is just the Lorentz force on a particle in a magnetic field since
VXB=vX(VXA)=V(v-A)—(v- V)A (8.64)

The equation for mv is Newton’s law for a spinless particle in an electric and magnetic
field. The Lagrangian is a suitable starting point for the quantization of the interacting
system of particles and fields.
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8.1.3 Hamiltonian
The Hamiltonian is derived from
H= iP-L (8.65)
i
where the first summation is over all of the variables and their conjugate moments.

In the present problem this summation includes the vector potential and the particle
momentum; the scalar potential has no momentum. The Hamiltonian has the form

Zpl Pi— rL) /d3 { ( A—|—V1/> ES;BZ}
+ Zeilﬁ(fi)*ﬁz [PF%A]Z*ZW%A‘ [PF%A] (8.60)
It may be collected into the form

= ﬁ Z [PF %A(ri)] ’ + Z e (ri)

dr 2
+/§

(8.67)

(8) -

Terms that are the cross product between the scalar and vector potential parts of the

electric field always vanish after an integration by parts,

/d3 (Vi-A) = /dw (8.68)

since the Coulomb gauge is used, wherein V-A =0. The terms involving the square of
the scalar potential may also be reduced to an instantaneous interaction between charges
using (8.32):

d3 d3
S V= [Tuvi= [ Erimen =Y e

= Zﬁ (8.69)

TR

With these simplifications, the Hamiltonian is written as

i @ A ,
ol e s [ (z) +B 43y (8.70)

FRL
The factor of % is in front of the electron—electron interaction since the summation over

all (ij, i#j) counts each pair twice.
The electric field is the conjugate momentum density of the vector potential. These two
field variables must obey the following equal time commutation relation:

Ay(r, 1), —%Eﬁ(r’, t)| = ihdypo(r—r’) (8.71)
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This commutation relation is satisfied by defining the vector potential in terms of creation
and destruction operators in the form

2kt " , b
A=Y ( o ) &k, A)eT (e +al e (8.72)
1

There are two transverse modes, one for each transverse direction, and A is the summation
over these two modes. The unit polarization vector &, gives the direction for each mode.
The operators obey the commutation relations

(@12, ;] = Sz (8.73)
[aki, ak»,y] =0 (8,74)

The time derivative of the vector potential is

) ) 2nht o\ 2 e —iont_ b ot
Ay(r, ) =—i E —a Sk, 2)e™ (e "M —al e
%

The electric field is

1

Ey(r, f) ==

A~V (8.75)

The scalar potential is not expressed in terms of operators, since its conjugate mo-
mentum is zero. It does not influence the commutator in (8.71). The commutation
relation (8.71) is the commutator of the vector potential and its time derivative:

[Ay(r, 1), Ap(r, 1)] = 4nc?hid,pd(r—1') (8.76)

The vector potential in (8.72) has been chosen to give almost this result:

o ) 2hcan\ [ 2mhic? 1/2, Ne s s
[Aa(rv t)7 A/}(I' ’ t)]:l Z < Q ) (ka/) Cy(k, A)gﬁ(k’ )')

kLK

w gilkr +K'r) 25k, WO

= 47ic? hd,p(r—1') (8.77)
1 ; kk
D,4(R) = ﬁze“““ [M— kz”} (8.78)
k
=0,50°(R) + V,V P n 8.79
=0430" (R) +V, Vyg (2n)3k26 (8.79)
i 1
D,5(R) = 3,50° (R) + V.,V R (8.80)

The last term on the right is needed to satisfy the feature that the vector potential is
transverse.

The various factors of 27 and wy that enter (8.72) are selected so that the commutation
relation (8.71) is satisfied for the usual commutation relations for the operators ay;
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and ab. The expressions for the energy density of electric and magnetic fields have the
form

1 . Ry i it
/ dSrWAZ (r, )=— Z - (Ar10_1€ 2ty . a;f(}uaikiehtuk
ki

—aya,—a,a1) (8.81)

1 fic? .
/d%’Q(VXA)Z — Z4wk (kXC) (akAa € —2itowy _~_a7 u ]:k/ezmuk

+agal, +ala) (8.82)

In the second term, the photon energy is wj = ck. This term may be added to the first, and
the aa and a'a’ terms both cancel. Combining the results from (8.70) gives

1 (A1 1
H= Z% [Pi— } Z |rifjrj\ + Zha)k {%ﬁ;ﬂka + z}

1#} kA

This form of the Hamiltonian is just the result that was asserted in the beginning in (8.7).
The vector potential in (8.72) is expressed in terms of the creation and destruction
operators of the photon field. The photon states behave as bosons, as independent har-
monic oscillators. Each photon state of wave vector k and polarization /4 has eigenstates
the form

(3,)"™

D),

) = ()72

0) (8.83)

where ny;, is an integer that is the number of photons in that state. The state |0) is the
photon vacuum. The total energy in the free photon part of the Hamiltonian is

Holm 7, Moz, - - M, Zhwk(% >|nk1/1nkz/»z' M) (8-84)

The Hamiltonian (8.7) has been derived for spinless, nonrelativistic particles. Certainly
the most important relativistic term is the spin—orbit interaction. The effects of spin also
enter through the direct interaction of the magnetic moment with an external magnetic
field.

That photons obey the statistics of a harmonic oscillator is important in understan-
ding how lasers operate. When the system emits a photon of wave vector k, the opera-
tor algebra is alt |m) = \/Mc+1|m + 1). The matrix element contains the square of this factor

M ~m 41 (8.85)

The factor of m means that the emitted photon is more likely to go into the state k if that
state is occupied by other photons. An emitted photon can be created in any state with the
same energy. In practice, this means that the magnitude of the wave vector is fixed, but
not the direction. The photon can be emitted with a wave vector that points in any
direction in space. If one has an optical cavity, so that some photons are trapped in one
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F1cure 8.2. (Top) Two parallel conducting plates separated by a distance d. (Bottom)
A sphere of radius R separated from a plate by distance d.

state, then the photons in that state stay in the system. Over time, the number in this
single state builds up, which is the lasing state. This process would not happen without
the above matrix element.

8.1.4 Casimir Force

Henrik Casimir made a remarkable prediction in 1948. He predicted a new force between
macroscopic objects such as metal plates and metal spheres. His prediction has been
confirmed and is now called the Casimir force. Figure 8.2 shows two plates separated by
a small distance d. The Casimir force between these two plates depends on the area A, the
separation d, and two fundamental constants:

n* ke

Fh =20

(8.86)

The force depends on the fourth power of the separation between plates. The strength of
the force depends on fic. It is a type of van der Waals interaction, but does not depend
on the polarizability of the material nor on other parameters such as electron charge or
mass. It is a true quantum effect.

The derivation of this formula starts with a term we have been ignoring: the zero-point
energy of the photon gas:

E(ZPE) = %Z helk| (8.87)
k,2

The right-hand side of this expression diverges, since there is no maximum value of wave
vector. It is actually infinity. The photon states are changed in the region between the
plates. Parallel plates are a type of wave guide, and one has to determine the electro-
magnetic modes with appropriate boundary conditions at the surface of the plates. Both
transverse electric (TE) and transverse magnetic (TM) modes must be evaluated. Then
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Casimir force (10712N)
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F1cure 8.3. Casimir force as measured by Mohideen and Roy, Phys. Rev. Lett. 81,
4551 (1998).

Casimir calculated the zero-point energy of this confined system and subtracted the result
from the above formula. He subtracted two formulas, which are each infinity. The dif-
ference was a finite energy that was a function of d. He then differentiated this energy to
get the force.

Surface science has advanced recently to where it is now possible to measure this force.
Figure 8.3 shows the results of Mohideen and Roy. Their measurements were between
a flat plate and a sphere of radius R. The distance d is between the plate and the closest
point of the sphere. When R > > d the formula for the force is changed to

ke
=3 R 7 (8.88)

Figure 8.3 shows their measurements agree well with this formula.
Casimir made his prediction based on several assumptions:

* Perfect conductors

+ Zero temperature

¢ Perfect vacuum

Actual experiments are done on
* Real metals, with resistance

» Nonzero temperatures

+ Laboratory vacuum

Whether these laboratory conditions change Casimir’s formula by a small percentage is
much debated. Nevertheless, it is a remarkable macroscopic quantum effect.
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F1GURE 8.4. (a) Experimental geometry. (b) Frequency spectrum S, (k) of photons
entering gas and Sp(k) when leaving gas. The latter has spikes due to absorption.

8.2 Optical Absorption by a Gas

Electromagnetic radiation is absorbed by a gas of atoms. Different mechanisms cause the
absorption, and they tend to affect different frequency ranges. This section considers one
process: the absorption of radiation by excitation of electronic states. The photon is
destroyed in the absorption step. Its energy hw is used to excite the electron from energy
state E; to a final electronic state with energy Eg= E; + hw. Not all photons are absorbed.
Only those are absorbed whose frequency is exactly the right amount to make up the
energy difference E;—E; between the electronic levels.

Figure 8.4 shows a schematic view of the experiment. The box holds the gas. Light
enters at A and exits at B. The energy fluxes S p are shown at both locations. The spectrum
at B is similar to A, except that Sp(k) is reduced at occasional points of frequency. These
spikes represent the optical absorption. Spikes occur because both E; and Efhave discrete
values, since both are energies of bound states. If Eris a continuum state, then the ab-
sorption is a continuous function of frequency.

The term “optical absorption” does not imply that the radiation has to be in the range of
visible frequency. The same process and the same theory apply to any frequency, from
microwave to x-ray.

There are other processes whereby gases can absorb electromagnetic radiation:

1. The collisions of the atoms cause a weak absorption.

2. A gas of molecules absorbs low-frequency photons and converts them to excitations that are
rotational or vibrational.

3. There are nonlinear processes such as Raman scattering, where the photons are inelastically
scattered.

4. Two-photon absorption uses two photons to have an electron change its energy levels.

The present calculation is kept simple by making a few drastic assumptions. The first
is that the atoms do not move, so that Doppler broadening is ignored. The second is
that collisions and other multiatom events are ignored. The absorption is calculated for
a single atom, and the results for the box are multiplied by the number N4 of atoms in the
box. The “box” can be viewed as the laboratory room where the experiment is performed
or as the box of gas atoms in the path of the photon beam.

The calculation is rather simple, since it uses two formulas that have been derived
previously. The first is the Golden Rule from chapter 7. It gives the number of events
w per second. In this case each event is the absorption of one photon. The result is
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multiplied by the N4 since the total number of absorption events is proportional to the
number of atoms doing the absorbing:

Z—HNAZWH S(Ei + heo—Ey) (8.89)

The summation is taken over initial (i) and final (f) state. The initial states are occupied:
they must initially have an electron in them. The final states cannot be occupied: they
must have room to add an electron.

The matrix element Vis= (f|V[i) is the important quantity in the Golden Rule. The
perturbation V must describe the absorption of photons, which requires that it contain
both electron and photon operators. It is found from the Hamiltonian (8.7) for the system
of photons and charged particles. This Hamiltonian is rewritten as

H = Hop+ Hop+ V (8.90)

Hoa = Z{%—Z—e} 5 er,—rl (8.91)
i i j

Hop = Z hoy; {a O+ ﬂ (8.92)

V= e D pehn 2;72 Afry? (8.93)

The Hamiltonian of the atom alone is Hy,. It contains the kinetic energy of the elec-
trons, the interaction between the electrons and the nucleus, and the interaction between
the electrons. The factor of § in the latter term occurs because the summation over all
(i#j) counts each pair twice. These terms are the standard ones for a nonrelativistic
theory of electron states in atoms. The Hamiltonian H,p are for the unperturbed photon
states. The perturbation V contains the interaction between the electrons and the pho-
ton field. The first term in V is called “p-dot-A,” while the second term is called “A-
squared.”

The A-squared term in V contains the factor of A%. The two factors of A require that two
photons are involved. This interaction term is important in light scattering, such as the
Compton effect. The p - A term contains only one power of the vector potential. Only one
photon is involved. This interaction is the only one that contributes to optical absorption
or emission of a single photon. For example, in linear optics one assumes that the rate of
absorption, by the Golden Rule, must be proportional to the energy flux (Poynting vector)
S,;.0cw. Since A s proportional to the electric field, then S,; oc E2 oc A%oc| V|, Linear optics
requires that Voc A, which is achieved only using the p- A term. The A-squared term is
discarded in the discussion of linear optics.

Equation (8.89) is evaluated using the p- A term for V:

1
V=— mic - prAlK) = - ;Z j(r;)-A(r) (8.94)

Z Al (k2 (@ +al ) (8.95)



260 | Chapter 8

[2mhc?
A= 8.96
£ ) ( )

The combination of ep;/m is really the electric current j of particle i, so the p - A interaction

is really the scalar product of the current and the vector potential divided by the speed of
light c. The vector potential is taken at t=0. The time dependence of this operator has
already been used in the Golden Rule to provide the energy term fiw; in the delta-function
for energy conservation.

The matrix element for the perturbation V is evaluated between initial and final states.
The initial state has an electron in orbital ¢; and spin s;, and n,.; photons in state k1. After
the absorption process, the electron is in a final orbital state ¢ spin s;=s;, and there are
n.;—1 photons in the state xl. This matrix element is written as

(fIVln =- i (s —1] ez | mcs) ArE(w2) Py (8.97)
= —ih [rd} 0V (i) 515) 8.98)

The last factor of (s¢s;) is the matrix element between the initial and final spin states of
the electron. The p - A interaction does not change the spin of the electron, so the initial
and final electron states must have the same spin configuration. This factor is usually
omitted from the notation, with the understanding that the spin is unchanged during the
optical transition. The photon matrix element gives

<nr</171|ax/l‘nx/l> =Nk (899)

In the electron orbital part of the matrix element, the momentum operator p=—ihV
iker which produces the factor of E -k=0. This factor
vanishes since we assumed that V- A = 0. The only nonzero contribution comes from the

could operate on the factor of e

momentum operating on the initial state orbital:

pi=—ih / pe re"T g (r) V by (r) (8.100)

In most applications, the factor of ¢* ¥ can be replaced by unity. For example, visible light
has k ~ 10°cm ™", while a typical atomic distance is r ~ 10® cm, so that kr x107°.

However, there are two types of situations where this factor must be retained.

1. For the absorption of x-rays, k is larger and kr ~ 1.
2. If ¢; and ¢yare states of the same parity, the matrix element vanishes when k =0, but does

not vanish for nonzero k:
pi~ —ih / Pr{1+iler]oy (r) Vby(r) (8.101)
~ ik / Pregy(n)Vei(r) (8.102)

The integral | qb}Vd)i vanishes by parity arguments. The second integral [ rqude)i does
not vanish. In this case, a small amount of absorption can take place by using the factor of

ik - 1 to make the integral d*r nonzero.
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This second term contains the term that gives optical transitions by (i) electric quadrupole,

and (ii) magnetic dipole.

The matrix element contains the factor > ,&,p,> .k, where ¢ is the optical polariza-
tion. Write

1 1
P;Jy - E [P;ﬂ’u +pur‘u] + E[pury_pury] (8103)

The first term on the right is the quadrupole interaction. The second is the magnetic
dipole; the antisymmetric commutator is a component of 7 x § = L, the angular momen-
tum. The magnetic dipole matrix element contains the factor

i

(kx&) L= Eké’f (8.104)

N[ =

where & is the polarization vector perpendicular to k and &.

The rate of optical absorption is large if ¢; and ¢y are states of different parity or if
parity is an invalid quantum number. In this case the orbital matrix element is nonzero at
k=0. That case is assumed here. Then the important matrix element for optical
absorption is, for photons of wave vector k,

e 5 1 27h
Vﬁ:_%\/mAké'Pﬁ; EAk: —— (8.105)

Qawy,
The formula for the Golden Rule contains a summation over final states. In the present
example, this summation is over the final states of the electron and of the photon of wave
vector k and polarization 4. The summation is taken over these variables. In the Golden
Rule, one calculates the transition to each states and sums over states at the end. That
is, one evaluates 3_,.; | V(xA) [* and not |3, V(x4)|*. The reason is that each state has a
different energy, and the time averaging for the derivation of the Golden Rule will cause
interference between states of different energy. For different final states of the same
energy, one puts the summation outside the |V|* expression. This feature means that
states with the same wave vector k but different polarization () should have the matrix
element squared before their contributions are added.
The expression for the transition rate is now

2me\ ’N A M) )
w= (W) ﬁ;w—k(@pﬁ) (E; + har,,— Ey) (8.106)
An important parameter is the flux F,.; of photons in the gas, which is proportional to the
Poynting vector. It has the dimensional units of number of photons/(cm?”s). The
transition rate w,; for photons in state k4 is given by

S(kA) oy,
Frc" = =
‘ hw,d Q

w=>"w, (8.108)

KA

(8.107)
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F1Gure 8.5. Geometry for Beer’s law.

2
Wy = (@> N—sz E (- Py) 0(Ei + hor— Ey) (8.109)
i
Let the box of atoms be a thin slab, of area A and thickness dx. The photons are going in
the x-directions, as shown in figure 8.5 The product of F,; and A is the number of
photons per second going through the slab with wave vector k and polarization 4:

F,;A=number of photons/second (8.110)

The absorption of photons reduces the value of F;. Define dF,; < 0 as the change in the
number of photons in the slab due to absorption. The product dF,;.A is the number of
photons absorbed in the slab per second, which is just the quantity given by the Golden
Rule:

dF ;A= —w,; (8.111)
dFKi
o (A = —wa (8.112)

In the second line there is a multiplication and division by the slab thickness dx. The part
in parentheses is just the volume () = Adx. Define n, = N,/Q as the number of gas atoms
per unit volume. Then we can rearrange the above equation to read

dF,
% = —a(ki)Fy (8.113)
2me) 2 na - 2

These two equations are quite important. Equation (8.113) is called Beer’s law of
absorption. It states that the rate of change of the photon flux dF/dx is proportional to this
flux and another constant o. This differential equation has an easy solution:

Fei(x) = Foe ™ (8.115)

The flux decays exponentially with increasing path x into the box of gas atoms. This
expression agrees with classical optics for the decrease in beam intensity in an absorbing
medium.

The quantity o(w) is the absorption coefficient. It has the units of inverse length. It is
a summation of delta-functions of energy when i and f are both bound states. If fis a
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continuum state, then the summation over fis converted to an integral over the electron
wave vector q, and the absorption becomes a continuous function of frequency. In a
continuum state, then, E= hzqz /2m and E; < 0. The matrix element will have a factor of
1/ v/ Q, which comes from the normalization of the final-state continuum wave function:

Mg(7)
by(r) = \}ﬁ (8.116)
V= \% Vig = *i\/@AkE “Piq (8.117)
e 5.118)

The photon wave vector is k and the electron wave vector is q. They do not have to be
equal in this case, since wave vector is not conserved when the transition happens at a
local region in space, such as an atom. The factor of 1/1/Q is squared when we square
the matrix element. Then it is used to convert the summation over q to a continuous
integral:

1 @
5 :/(Zn‘)]3 (8.119)

. (2me N Bg W q*
CX(K/L)— (W) C_MZ/W (fqu) 5<E1+hwl</7m)

The quantity o/n, is the absorption coefficient per density of atoms. It depends on the

atom through the energies and wave functions of the initial and final states. This quantity
(o(w) = a/n ) has the dimensional units of area. In fact it is the imaginary part of the cross
section. The real part of the cross section describes the scattering of photons by atoms,
which is discussed in a later section. The imaginary part of the cross section is the
absorption.

The absorption coefficient is related to important quantities in classical optics. A
classical wave propagates in the x-direction with an amplitude given by exp(ikx). The wave
vector k is a complex function of frequency with real and imaginary parts: k= k, + ik;. The
amplitude decays with distance as exp(ik,x — krx). The intensity decays with distance as
exp(—2k;x). The absorption coefficient is simply o = 2k;. The solutions to Maxwell’s equa-
tion show that complex wave vector is related to the complex dielectric function &(w):

K2 = (k, + ikp)? = <$)2£(w) (8.120)
w

b=2e= %(nr-kinl) (8.121)

where the complex refractive index is n = n,+ in;. The absorption coefficient is related to
the dielectric function. The reader should be cautioned that we have been assuming that
the real part of the refractive index n, is unity. When n, # 1 the formulas have additional
factors of n,.

The classical equations of optics are still valid. Quantum mechanics provides explicit
formulas that can be used to calculate the dielectric function and refractive index.
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As an example, consider the absorption of a photon by the excitation of an electron
from the 1s to the 2p state of atomic hydrogen. The photon energy must be hw = Egy
(1—1) =10.2 eV. The matrix element is independent of the direction of the polarization
of light. One can call any direction Z, so make it the direction of the light polarization
& =z. The matrix element is then

. 2
¢ pp = (2pz|p:|1s) = 3 ia (8.122)

which was evaluated in an earlier chapter. The absorption coefficient for this one
transition is

015, 2p() = a0 (ficw —10.2eV) (8.123)
eh 2K
gt O (2T 8.124
ro=am m2c(3Ery/4) (3%%) ( )
215 32
- ?nzafERyag), o= (8.125)

The formula introduces the dimensionless fine-structure constant o= ¢ /hic, which has an
approximate numerical value of o~ 1/137. The other constants are the Rydberg energy
and the Bohr radius.

The measurement of optical emission is a complimentary experiment to absorption. The
atom must first be excited so that some of the electrons are in excited states. This step is
usually accomplished by optical absorption or by bombarding the atoms with a beam of
energetic electrons. After an electron is in an excited state, it can return to the ground state
by the emission of a photon. The emitted photons are observed to have a single frequency
hw = E; —Eg In this case the intial state E; lies higher in energy than the final state Ex

An important quantity is the radiative lifetime © of an electron in the excited state. How
long, on the average, does it take for the electron in i to emit the photon and jump to the
final state f? The inverse time is again given by the Golden Rule:

1 2n
o= ?zf: | Vie |*8(Ei—hor— Ef) (8.126)
This formula looks just like (8.89). The factor of N, is missing, since we want the tran-
sition rate for each atom. The matrix elements for the two cases are similar, with one very
important difference. Since the photon is being emitted, the photon part of the matrix
element looks like

(mei+1lal ) = /i + 1 (8.127)
e ~

Vi=—— Vi +14E - py (8.128)

1 27\’ 1 —nu+1.

—=(=) 5> = P)2S(Ei—hw,,—E,

Ti (m)ﬂfm o, « ps)ol @ )

The emission has the factor of (n,;, + 1) compared to the absorption with the factor of n,;.
All of the other factors are identical. This is called the principle of detailed balance. The
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process of emission and absorption must have the same matrix elements (except for the
photon occupation numbers) to maintain thermal equilibrium. If one matrix element
were larger, say emission, the gas of atoms would emit more light than it absorbs, and it
would spontaneously cool down, which violates the second law of thermodynamics.

The right-hand side is nonzero even if initially n,; = 0. The summation on the right is
over all final states fand all photon states k/.

Another feature of the emission formula is that a photon is more likely to emit into a
state k/ if that state already has photons. For a fixed frequency, the photon can be emitted
in any direction and with either polarization. It preferentially creates the photon in the
state k4 if that state already has a large value of n,;. It is this process that makes lasers
coherent, i.e., the eventual buildup of photons in one quantum state.

Most emission experiments are done with an apparatus that is designed to minimize
stray light. That is, the experimentalists wants (n,.;) ~ 0. Only the photons emitted from
the gas are observed.

In the summation over final states, there are sums over available electron states and also
over final photon states. The available electron states are usually few in number, since an
excited electron usually has a limited choice of available states of lower energy. The available
states must differ in parity to have a nonzero electric dipole matrix element. The summation
over photon states x4 is important, since any photon state is allowed that is consistent with
energy conservation. The expression for the Golden Rule for emission is now

1 Pk

ﬁz = (27‘[)3 (8.129)
k

1 2re 2 dgk Ny, + 1 - 2

T (W) ; /(27t)3 o (& pp) O(Ei—how —Ey)

The summation over photon wave vector has been changed to a continuous integral.
The integral over the magnitude of k is eliminated by the delta-function for energy con-

servation:
“ k2dk E,—E
/O "oy Ohck+ E—E) == c3f (8.130)

The next step is to perform the angular integrals over the directions of the photon wave
vector. The matrix element py is assumed to point in some direction, and that is defined
as the z-axis. The vector k makes an angle 0 with the Z axis. The two polarization vectors
can be chosen in the following manner, consistent with & & =0:

1. & is perpendicular to both k and Z, so & -2=0.
2. &, is perpendicular to k but is in the plane defined by k and 2. The angle between &, and 2 is
/2 — 0, so that &, - 2= cos (1/2—0) = sin (0).

Therefore, we find that

> (& pp)’ = sin’ (O)p; (8.131)

a
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The angular average of sin*(0) over 4 of solid angle is 2. Collecting all of these terms gives

1 4 e

2
— 2
o s 2B .

Note that the collection of constants can be grouped as

2

Tli: %% j %(Ei—Ef) (8.133)
Since pjr has the dimensions of momentum, then pizf /m has the units of energy. All
of the factors are either the fine structure constant or an energy. The prefactor of
inverse Planck’s constant shows that the units of this expression are indeed inverse
seconds.

As an example, consider an electron in the 2p, state of atomic hydrogen. It can only decay
to the 1s state. The matrix element is known. The radiative lifetime is 7~10~° seconds.

According to the uncertainty principle, the energy width of the 2p, state is

h
AE= - =10"5joulex~ 107 eV (8.134)
T

This energy uncertainty contributes a linewidth. The delta-function of energy is re-
placed by

2AE
(howy + Eis—Eap)® + (AE)?

218 (haeoy, + Eys—Eap) — (8.135)
Neither the emission nor the absorption spectra have delta-function linewidths. The
shape is always a narrow Lorentzian with a width given by the intrinsic radiative lifetime
of the state higher in energy. The energy width AE is also increased by collisions among
the atoms and Auger events.

There are two common formulas for the optical matrix elements. They look different
but are formally equivalent. The first one is p;; which has been used so far. The second
one is derived by expressing the momentum operator as the commutator of r with the
Hamiltonian, since H always has a term p*/2m:
=i

7 [H. 1 (8.136)

P

Take the matrix element of the above expression between initial and final electronic
states. Assume these states are eigenstates of the Hamiltonian:

Ho;=Eid;, Hop=Erdps (8.137)
(Flpali) =i (F|Hr,—n,Hli) (5.138)
=i (E—E)(flnuli) =i% (Er—Eor, 5 (8:139)

In the brackets of eqn. (8.138), the first factor of H operates to the left and produces Ef
The second factor of H operates to the right and produces E;. The matrix element of
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momentum is proportional to the matrix element of position. This expression is exact in
a one-electron system such as the hydrogen atom or the harmonic oscillator. In atoms
with more than one electron, the electron-electron interactions make it impossible
to calculate an exact wave function for the many-electron system. Even calculations
by large, fast, computers produce wave functions that are only approximate. Then
one finds, with approximate wave functions, that the momentum matrix element and the
length matrix element do not quite obey the above relationship. Usually, one takes the
average.

Replace the matrix element p;rin (8.133) with the one for position. This formula can be
rewritten as

1_ gafzcuif (w"f”j)z (8.140)
;

Ti Cc

where hw= E;—E;. The factor of (w r/c) is dimensionless and usually small. This way of
writing the radiation lifetime is more popular than eqn. (8.133). It is exactly the same as
the classical formula for the same quantity.

To derive the classical formula, assume there is a dipole of length d that sits at the
origin and oscillates with a frequency w. The far field radiation pattern (i.e., Jackson) is
given by the electric field:

 onZ. . - £RR 1

E:( ) ge-d {1+O(E>} (8.141)

(%

The energy flux is given by the Poynting vector, which is written as eqn. (8.1):

— () E.dy
S= 1 (2) €-d) (8.142)
The units are watts/m?. The result is averaged over the surface of a sphere at the distance
R. Multiply by R? and average (¢ - d)2 = sin® (0)d? over solid angle, which gives (2/3) x 4m:

(S) = R? / d¢ sin(0)d0s = % (%)4512 (8.143)

The units are ergs/s. To compare with (8.140), divide by the energy of each photon hw,
which gives the number of photons escaping from the dipole each second:

S) 2 san3
% -5 () (8.144)
The last step is to set d = \/ferif, and then the above classical expression is identical to the
quantum formula (8.140).

The classical and quantum formulas give the same expression for the rate at which
photons leave the atom. In classical physics, the classical dipole emits these quanta in a
continuous stream of energy at this average rate. In quantum physics, each excited atom
can emit only one photon and then it is finished radiating until again excited to the high-
energy orbital state. The one photon can be emitted at any time, and 7 is the average time
it takes for the emission.
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Equation (8.140) applies for electric dipole emission. If the dipole emission is forbid-
den by parity, then the next term is magnetic dipole emission. In this case the lifetime is

OCf hwyc 2
= M; 8.145
Z . (8.145)
M;= g<j|Lz +28S,1i). (8.146)

The magnetic dipole matrix element was discussed above and expressed in terms of & - L
The Pauli interaction (i - B) provides the spin term in the matrix element.

8.2.1 Entangled Photons

Some electronic decay processes occur by the emission of two photons. Generally this
happens whenever the decay by one photon is forbidden by parity or other reasons. A
well-known example is the decay of positronium. The positron is the antiparticle of the
electron. The positron has a charge of +|¢| and the same mass m as the electron. The
electron and positron can bind together in a hydrogen-like bound state. In relative co-
ordinates, their Hamiltonian is

H=-_V-_ (8.147)

where yi=m/2 is the reduced mass. The binding energy in the ground state is Egy/2,
where the factor of two comes from the reduced mass. Since the electron and positron
are antiparticles, they can annihilate each other, and the Rydberg state has a short life-
time. Energy is conserved by emitting two photons, whose total energy must be E = 2mc* —
Egy/2 = hc(ky + k;). If the positronium is initially at rest and momentum is conserved, the
two photons are emitted with wave vectors tk. Each photon has an energy of hick=
mc* — Egy/4.

Parity arguments dictate that the two photons must have polarizations éj that are
perpendicular: &; - €&, =0. However, each photon can be polarized in either direction.
Recall that a photon going in the direction k has two possible polarizations that are
perpendlcular to k, which are called & (k), & (k), where we use the convention that
E1x & =Fk. Then & (—k) =& (K), 52( k) =—&, (k). R

If photon k has polarization &, the other in —k has polarization &(—k). If k has
polarization &,(k), then the one in —k has polarization &,(—k). Two photons with this
property are said to be entangled.

Consider an experiment where three sites are in a line. In the center of the line at the
site S sits the source of the entangled photons. It could be a source of positrons from beta-
decay that is used to make positronium. At the right end of the line at the point A, Alice is
measuring the polarizations of the x-ray photons that come from S. If the direction k=2,
she finds that half of the photons have x-polarization and half have y-polarization. She
measures first. To the left of S at site B, Bob is measuring the polarizations of the photons
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that come his direction —k. He also finds that half of his photons have x-polarization and
half have y-polarization. Later, he compares results with Alice and find that whenever she
had x he had y, and vice versa. This experiment does not violate the theory of relativity,
since Alice and Bob do not exchange information during the experiment.

This experiment has been performed by several research groups [1, 8, 9]. In some cases
the distances were 10 km between source and measurement. In all cases the results agree
with quantum mechanics and the theory of entangled photons. Such entangled photons
are used in quantum encryptation and possibly in quantum computers.

The experiment could also be done not with photons, but with two electrons whose
spins are correlated because they started in an initial singlet state |S = 0, M = 0). However,
it is hard to have an electron beam go 10 km without interference. It is easier in optics,
using glass fibers to carry the signal.

Albert Einstein won his Nobel Prize for his contribution to quantum mechanics. He
showed that photons have a quantum of energy equal to E = fick, which explained the
photoelectric effect. Yet Einstein never accepted the Copenhagen (e.g., Bohr) interpre-
tation in terms of particles whose probability obeyed the wave equation. In 1935 he
published an article with two coauthors (Einstein, Podolsky, and Rosen [3]), which ar-
gued that quantum mechanics must act locally and that states 20km apart could not
be correlated. In their view, entangled states did not make physical sense. If Bob is
measuring polarization while 20km from Alice, then his results should not depend on
hers. As we said, the experiments were done and the predictions of quantum mechanics
were upheld.

Many physicists have pondered over the idea that quantum mechanics could be
governed by hidden variables that are not directly observable. John Bell proposed a set
of experiments that could test this hypothesis. The experiments with Alice and Bob
mentioned above were done to test Bell’s hypothesis. The experiments showed no
evidence for hidden variables. A description of Bell’s ideas are given by Greenstein and
Zajonic [4].

8.3 Oscillator Strength

The oscillator strength is a dimensionless number that describes the relative intensity of
an optical transition. The important quantity for the determination of the intensity of an
absorption or emission line is the matrix element of momentum p,rbetween initial and
final state. This matrix element enters the absorption coefficient as the factor (¢ - pi)2. To
obtain a dimensionless quantity, this factor is divided by mE; = m(Ef — E;). It is conven-
tional to add a factor of two, so the definition of oscillator strength is

2 .
fifyw= mE; Py, uPif, v (8.148)
a(w) 5 2 N .
ofw) =~ = =2 afgz (&-f - &o(cr—E) (8.149)

if
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The second equation is the absorption cross section. The underline on ( f) denotes a
tensor quantity.

The quantity fir contains all of the information that pertains to the strength of the
absorption or emission intensity. The other dimensional factors are the same for every
atom and for every transition.

The absorption coefficient between pairs of bound states are just a series of sharp
absortion lines. They have a Lorentzian shape with an energy width given by the radia-
tive lifetime. The oscillator strength gives the relative intensity of each absorption line.
Intense absorption lines have values of fabout unity, while weak lines have much smaller
values. Forbidden transitions (e.g., forbidden by parity, or spin) have a zero oscillator
strength. In tables of optical transitions, it is sufficient to list two numbers: Ej, fir

Another expression for the oscillator strength is found by using the length formula for
the optical matrix element. Instead of (8.148),

S = Eﬁryr,ur i (8.150)

This formula is easy to remember, since everything of importance goes into the nume-
rator. Equation (8.148) is called the velocity formula, while eqn. (8.150) is called the length
formula. They would give the same numerical result if the eigenfunctions were known
precisely. They give different results for computationally generated wave functions for
actual many-electron atoms. Figure 8.6 shows an early theory and experiment for the
photoionization of neon. Many-electron wave functions are discussed in chapter 9. There
it is shown that exact wave functions are impossible, even with large, fast computers.
Recent calculations have better wave functions than Henry and Lipsky, and the difference
between velocity and length calculations is smaller.

In the photoionization experiment, shown in figure 8.6, a photon is absorbed by
an electron and the electron is changed from a bound to a continuum state. The con-
tinuum state has a wave vector of q, which is not identical to the wave vector of the
photon. Momentum is not conserved, since we fixed the atom, which means it can change
arbitrary amounts of momentum. For continuum states, the absorption cross section is
written as

2 s
(@)= (g) Cwy, Z / 27'c)3 (E +ha— %)

The total amount of oscillator strength of an atom is limited. If the system has Z

electrons, then the total amount of oscillator strength in all transitions of all electrons
equals Z. This result is called the f-sum rule, or alternately the Thomas-Kuhn sum rule. For
an atom or molecule with Z electrons,

fo, ;u/: ;w (8.151)

The summation over all initial and final states includes all electrons. The final state can
be in either a bound or a continuum state.
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Ficure 8.6. Dotted line is photoionization cross section of atomic neon. Two solid
lines are length (L) and velocity (V) formulas for this cross section. From R.J. W.
Henry and O. Lipsky, Phys. Rev. 153, 51 (1967).

The f-sum rule is proven by starting with the velocity formula and then replacing one
momentum matrix element with the length formula. Make it two terms, make it sym-
metric in (uv), and substitute a different one in each term:

1 % %
fif = mE; (s, vPif, u + Pif, uPif, v] (8.152)
1 5 LmEf
= mEﬁ[ —Pip, i, u T, P ) (8.153)
The sign change in the second term is from the complex conjugate of i* = —i. Note that
the factors of mEj; cancel. Use the Dirac notation to write
=(ilflf), 7= (fI7h) (8.154)
> fiyw= ﬁz ilp | FY(FIrli) = Glral £ o) (8.155)
f f
ﬁ< |l ru—rpy][i) (8.156)
The factor in brackets is the commutator [p, r] = —ik for the same components. So we
have proved that
ZL, = O (ili) = Oy (8.157)

The summation over all i then gives the number of electrons Z.
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The rigorous proof uses the fact that the above symbols p and 7, in a many-electron
system, actually stand for > ©,p;, > 7. This feature arises from the p - A interaction, which
has the form

chpj rj)N——A(O) > p; (8.158)

J
Pgr = (gl ij (8.159)

g), | f) are many-electron wave functions: g denotes the ground state. In
the steps to prove the f-sum rule, we have the commutator

zZ Z
> lellpiw rillg) = fthzé,w = —ihZ0,, (8.160)

i=1 j=1

The factor of Z comes from the summation over all of the electrons. These steps complete
the proof.

An example is the oscillator strength between the 1s and 2p, state of atomic hydrogen.
The matrix element was worked out earlier:

2 22w 2P

fis,p= T A ma ~ 3 =0.416 (8.161)
Next, calculate the oscillator strength in the Stark effect. Recall that an electric field splits
the four states [2p(3) + 2s] into three energies: two at E;+3eaoF and two remain at E,.
What are the oscillator strength for transitions to these different states? Neglect spin—
orbit and denote the three orbital components of the p-state as |2p, ), |2py ), |2p. ). Itis easy
to show that

(Ls|x[2py) = (1sly|2py) = (1s|z|2p-) (8.162)

Put the electric field in the z-direction. Then the four states in the Stark effect are |2p,),
2py), |+),

—), where

1 1
4= 5l29 +2p), 1) = 5129 + 2pe) 8.163)

1. If light is polarized ¢ || % the electron goes to the |2p,) state with an oscillator strength of
fis, 2p at a frequency i o = (E; — E).

2. If light is polarized & || § the electron goes to the |2p, ) state with an oscillator strength of
fis, 2p at a frequency how = (E; — Ey).

3. If light is polarized & || % the electron goes to

* The | +) state with an oscillator strength of fi, 5,/2 at a frequency hw = E, — E; + 3eaoF.
* The |—) state with an oscillator strength of fi5 ,,/2 at a frequency hw = E; — E; — 3eagF.

The first two cases have a single absorption line. The latter case has a double absorption

line. The reason the oscillator strength is one-half comes from the matrix element:
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(17118 = 5 [(2lpel1) + (2] 19)] = —= (2pelpe19

The factor of one-half comes from squaring this matrix element. The other term
(2s|p.|1s) = 0 by parity arguments. For light polarized along the direction of the electric field,
the absorption line splits into two components, with each one getting half of the available

oscillator strength.

8.4 Polarizability

The application of an electric field to an object will usually cause it to develop an induced
dipole moment. If the object does not have a permanent moment, then the induced
moment is a function of the field. The constant of proportionality for the linear term is
defined as the polarizability:

Pﬂ = Z a,ul/Enu (8164)

The polarizability o, is a tensor quantity. For atoms with closed atomic shells, it is a
diagonal tensor o, = ad,,. This case is assumed for the present discussion. The field has
the units of charge/(length)?, while the polarization has the units of charge x (length), so
the polarizability has the units of volume. The quantum mechanical expression for the
polarizability was given in chapter 6. It can be written in terms of the oscillator strength:

e — fi

= SN (8.165)
m o o
2mairy

= Tf (8.166)

This formula applies at zero frequency.

The present section will derive the polarizability as a function of frequency. Again we
use the definition that the dipole moment is the expectation value of the product of the
charge and positions of the electrons:

P=elg| Y _tlg) (8.167)
J

where again |g) is the ground state. The above expectation value is zero if the atom or
molecule lacks a fixed dipole moment. A nonzero polarization and polarizability is in-
duced by an applied electric field. The frequency dependence of the polarizability is
found from an ac electric field. It is introduced into the Hamiltonian through the vector
potential:
104,

i ik-r —iwyt T it
=—= =- E Are™ o (k) [age —a,,;e
c Ot €4

e
V=——p-A 8.168
c? ( )
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The atom is assumed to be at the origin, and the electric field varies little over the scale of
the atom, so we can evaluate the vector potential at r = 0.

The response of the atom utilizes the time-dependent perturbation theory developed in
chapter 7. The ground state of the system is |g). Turning on the interaction V at t=0
causes some electrons to be put into excited states. Define Hy as the Hamiltonian without
V, and its eigenstates are \,,, where Ho\,, = €., For t > 0, after starting the interaction,
the eigenfunctions are

Z b (B, (r)e /" (8.169)
= Z by (0) / At Vi (¥) e (8.170)
[#n 0

The equation for the coefficient b,(t) is derived in chapter 7. The initial condition is that
at t=0 only the ground state is occupied: b,(0) = ,_,. Therefore, one can do the time
integral:

V()= - mic D & pArlawe " +al e (8.171)
KA

¢t
_ i / 0 Vi ) 8.172)
i o

O ( t(wngfwk)t_ 1) all (ei(u)ng + o)t _ 1)

+
Wpg— W Wng + Wk

 mch Z ¢ PrgAt

&) =gt '+ Y bu(t), ()
n#g

The occupation b,(0) is unchanged from unity if the perturbation is weak. For strong
electric fields, the changes in this quantity need to be considered.

The new ground state |g) is used in evaluating the dipole moment (8.167). We only
want the value of P linear in the electric field, which comes from the second term in |g).
Only the terms are retained that oscillate in time:

P, =e(g|rlg)
= ¢[(gles" + Z b (nllrul[g)e s + > bpe " |m)] (8.173)
= ez (b (g|ralnye ™= +h.c) (8.174)

The abbreviation “h.c.” means “Hermitian conjugate.” The first term in eqn. (8.173) is
(glr.lg) =0, since there is no moment in the ground state, by assumption. Similarly, since
b, is first order in the vector potential, we can neglect the terms b} b, that are second order
in the electric field.

The combination by, 1, 4, contains the factors p, 7, gn = Hi fyiy,ng /2. SO We can write the
above expression as
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ite , € i 1 1
bnrgne Heong +hc=—i ﬁtu,ng Z éVAk |:ax/le e ( - )
2mc " Wpg — O Wyg + O

Lo 1 1
+ (lT nelm)k _ (8175)
KA Wpg + O a),,g — g

_ —itw, T ito,
= ;uz ng§ éu k 2 |:aK/le k_avK;_e k}

Wy

*Z wz — (8.176)
We have used the previous expression for the electric field. The frequency dependent
polarizability is
Jog, v
Oy CU) Z wz — o2 (8177)

The dc result is recovered by setting @ =0.

A simple classical system has a charge q with mass m, which is connected to a har-
monic spring of constant K. The spring and mass have a frequency of oscillation given by
w} = K/m. The classical equations of motion of the charged mass, when subject to an
oscillating electric field, are

mX 4 KX = qE, cos(wt) (8.178)
The most general solution to this differential equation is

qEo cos(wt)

XO= n(or—a?)

+ Asin(wot) + B cos(wot) (8.179)
There are two homogeneous solutions with constants A and B, which have nothing to do
with the electric field. These terms are neglected. The polarizability is defined as the ratio
of the dipole moment gX(t) divided by the electric field E, cos(wt):

2

() = m (8.180)
This expression is the classical polarizability of a charged mass connected to a spring.

The classical formula for the polarizability has a remarkable similarity to the quantum
mechanical expression. For an atom or molecule, the resonance frequencies wy = w,,4 are
the excitation energies divided by Planck’s constant. For each resonance, the effective
charge is g = e\/f,. The quantum mechanical system responds to the ac field in the same
fashion as does a collection of springs and masses. It should be emphasized that there has
been no “harmonic approximation” in the treatment of the quantum mechanical system.
The quantum mechanical derivation of the polarizability is quite rigorous. The origin of
the phrase “oscillator strength” is that it is the strength of the equivalent classical
oscillator. The classical analogy is valid only for transitions to bound states. In the
quantum mechanical definition, the summation over n includes bound and continuum
states. The latter is a continuous integral.
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The dielectric function &(w) is the ratio between D and E, D = ¢E. The student should be
familiar with this expression from a course in E&M. There ¢ is treated as a dielectric
constant. If D and E are oscillating with a frequency w, then the dielectric function is also
T then the dielectric

function depends on ¢ (k, w). For most optical phenomena the wave vector k is small and

a function of frequency. If the electromagnetic wave has the form Ee

is ignored. However, it is important at x-ray frequencies and also for some phenomena at
small wave vectors. Here we ignore the dependence on k. We also assume the system is
isotropic, so that the dielectric tensor is a c-number.

For a gas of atoms, with a density of n,, the dielectric function is given by the pola-
rizability of the atoms:

4nnso(w)

i
1 3

g(w)=1+ (8.181)

nao(w)
Here we assume the polarizability tensor is isotropic. The denominator of the dielectric
function contains the Lorentz-Lorenz local field correction, which is derived in courses in
E&M. It applies to a gas, and a liquid, as well as to a solid. In dilute gases, the term 47 n o
is small, and the denominator is approximated as one.

The dielectric function is a complex quantity. Its real and imaginary parts are denoted
as & and &:

g(w) = &1(w) + gz (W) (8.182)
The imaginary part comes from the imaginary part of the polarizability. Heretofore we have
treated the polarizability as a real quantity. It is actually a complex quantity, that is written as

a(w) = fzfi" (8.183)
Tm — w%—(w—i—in)z '

The term 7 is real, so we have given the frequency an imaginary component. One contribution
to # is the radiative lifetime, while another is collisions between the atoms in the gas.

The imaginary part of the polarizability was added to eqn. (8.183) in a particular way. If
you treat @ as a complex variable, the poles of this expression are at the two points
o = —int w,. Both poles are in the lower half-plane (LHP) of frequency. This placement
is required by causality. Define &(f) as the Fourier transform of the polarizability. In a
time formalism, the polarization P(t) is

P(t) = /0 t d'a(t—t) E(t) (8.184)

The electric field at ¢’ causes a polarization at . From causality, t > t: the signal cannot
arrive before the source. That means that a(t—t") =0 if t <t’. Now consider the Fourier
transform:

a(t) = [ R (8.185)

w 2T

The integral is evaluated by contour integration, where w is a complex variable. Write
o = w,+ iw;. The frequency exponent is exp[—it(w, + iw;)] = exp(tw;) exp(— itw,). The first
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factor exp(w;t) controls the contour. Convergence requires that tw; <0. If t<0, then
®; > 0. One closes the contour in the upper half-plane (UHP). Since there are no poles
in the UHP, the integral is zero by Cauchy’s theorem. For t > 0 then w; < 0. Now close
the contour in the LHP, where both poles are located. The result is

at) = e Z—sm(wn (8.186)

where O(t) is the step function. The above proof is quite general: any physical, causal
function can not have poles in the UHP of frequency space.
The width # is usually small. Treat it as infinitesimal, and then use the theorem

— Pl izsn (8.187)

where here P denotes principal parts. The complex part of the dielectric function is
derived from the complex part of the polarizability:

e fa 1 1
‘ _¢ 8.188
“o) m;an [wn—w—in+wn+w+in} ( )

2 .
= %Zﬂt {Pﬁ + Zl_(zn[b(w — wn)_é(w_‘_wn)]}

o= 0o + oty (8.189)
e’ — [
ST s(o—w, 1
2m2n:wn5(w W) (8.190)
2,2
&2(0) = 4mnpcy = emZi—”&(w—wn) (8.191)
n

where we have neglected local field corrections in finding the imaginary part of the
dielectric function. The frequency is assumed to be positive so that the term d(w + wy)
can be neglected.

The expression for &,(w) should be familiar. Aside from the factor of (w/c) it is the ex-
pression for the absorption coefficient «(w). Earlier we showed that k* = (w/c)%(w).
Writing out the real and imaginary parts gives

2
K2—k2 + 2k by = (%) (61 + ig) (8.192)
O\ 2
2k, k= <?> & (8.193)

Recall that k.= n,w/c, 2k;= 0, so that

o= "¢ (8.194)
nec
When the refractive index n, =1, then the absorption coefficient is related to &,. The
absorption coefficient is proportional to the imaginary part of the polarizability.
In this chapter the symbol o has been used for three different quantities: (i) the po-

larizability, (ii) the absorption coefficient, and (iii) the fine-structure constant. I apologize
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for this confusion. However, there are only a few Greek and Latin letters, and each one is
used for many different quantities. The symbol « is particularly overused (alpha-particles,
etc.). The symbol « is traditionally used for all of these quantities, and the student should
recognize which one is being used by the context of the equation.

8.5 Rayleigh and Raman Scattering

Rayleigh scattering is the elastic scattering of light from an object. The photon approaches
and leaves the object with the same frequency, and only the direction of the photon has
changed. Raman scattering is defined as the inelastic scattering of light by an object. The
photon approaches the object with one frequency and departs with another. The two
scattering processes have a common origin and a common theory. They are best treated
together. The distinction between the two processes is not sharp. Inelastic scattering is
often called Rayleigh scattering if the frequency shifts are small. For example, if light with
a single frequency w; from a laser is directed toward the sample, the spectrum of scattered
light is found to have a “quasielastic” peak. This peak is quite high and has a width of
several wave numbers Aw ~ 10cm~'. The quasielastic peak is called Rayleigh scattering,
even for the part that has a small change of frequency.

There are two approaches to the theory of light scattering, and both derive the same
formula. The first is classical. Figure 8.7 shows the geometry of the experiment. An
incident electromagnetic wave has a direction k; and a polarization Ei. At the center is the
object doing the scattering, such as an atom, molecule, liquid, or solid. The object
responds to the incident EM field by developing an induced dipole moment p that is
proportional to the incident electric field and the polarizability of the object:

E =& Ee ™ (8.195)
p=oE=0§Ee (8.196)

The object becomes an oscillating dipole that will radiate EM radiation in nearly all
directions. In this fashion, the object causes the wave to scatter. The far-field radiation
pattern from the oscillating dipole is

2. . ikR 1
Er = (%) ff(ff'P)%{ +O(§)} (8.197)

The experiment measures the number of photons that enter a detector. Figure 8.7 shows
a detector of area dA=R” dQ, where dQ = d¢sin(0)d0 is the unit of solid angle. The
energy flux per second through dA is the product of dA and the Poynting vector:

_ R2d0 SR E B = (N 6 e R
dAS; = RO~ R(E; x By) = (C> & o &)2|E| (8.198)

The differential cross section is defined as this quantity divided by the rate of incident
energy S;= c|E|*/(4n):
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(D dAa

Ficure 8.7. Experimental arrangment in light scattering.

do = dA% (8.199)
=) @ty (8.200

The final formula is very simple. The rate of scattering depends on the fourth power of the
wave vector (k= w/c) and the square of the polarizability of the target object. This formula
is valid as long as the object is smaller than the wavelength of the light. It is widely used
for the scattering of light by atoms. The polarizability depends on frequency.

In most experiments, the scattering target is a collection of atoms in the form of mo-
lecules, liquids, or solids. The scattering from a collection of objects is a subtle business,
which is treated at length in chapter 10. If there are many identical objects within a distance
defined by the wavelength of light, then the scattered radiation from the different atoms
must be added coherently. According to the Huygens principle, the scattered waves add
coherently into a new wave front. The scattering just slows down the wave, and is the origin
of the refractive index. The scattering objects can be treated as independent scattering
centers only if they are farther apart, on the average, then the wavelength of light.

The above cross section for Rayleigh scattering can also be derived from quantum
mechanics. The same result is obtained in terms of the quantum mechanical definition
of the polarizability. The derivation starts with the Hamiltonian for the interaction of
electromagnetic radiation with a charged particles. The two interaction terms are

2
e e 2
Ve — Ei P A+ 5 — Ei A(r)) (8.201)

The particles that comprise the object have a charge e and a mass m. The rate of scattering
is calculated using the Golden Rule, with the interaction V. The cross section is related to
the matrix element:

2n d3 kK 2
o= ﬁ/ 2n? |Viw|"0(Ex—E) (8.202)
The particles are photons with a velocity ¢ and energy E; = hick. Do the integral by writing
@k’ =k*dk’dQ . The k’-integral eliminates the delta-function for energy conservation. Do
not do the angular integral over dQ’, but divide by this quantity:
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¥ w?
2 117 S . n_ - 2
/k dk b(hck hck ) e he (8.203)
do w 2 2
a0~ (i) Ve (8:204

The only remaining task is to evaluate the matrix element Vj. It is not easy.

The matrix element Vj is between the initial and final states of the system. The sys-
tem is composed of charged particles (electrons, protons, etc.) and photons. The initial
state has n,, photons in state k4, n, in state k’A” and the charged particles in the ground
state |g). The final state has n,, — 1 photons in state k/, ne; + 1 in state k’A’, and the
charged particles in the ground state |g). The charged particles are assumed not to change
their state, since Rayleigh scattering does not change photon energy. Raman scattering oc-
curs when the charged particles do change their state and change their energy. Then the
outgoing photon has a different frequency than does the incoming photon. In Rayleigh
scattering the two photons have the same frequency: wy = wy. The two states are

) = 1g) ez, Tesr) (8.205)

1f)=1g)Ime—1, meyr +1) (8.206)
The number of initial-state photons n, is large since it is proportional to the intensity of
the laser. The number of final-state photons n,, is usually not large. The scattered pho-
tons have many possible directions for scattering.

There are two contributions to the matrix element. The first one comes from the A2
term in V. The matrix element is

2

€ .
VO ={fl5 =A%) (8.207)
2
€ ir(q—q’ 2 2
=5 D Adhglgl ) e e ¢ (8.208)
aq,m’ i

X (Mg, —1, mey +1|(agy + at_q”)(aq»nz + alq,n,)|nm, i)

In an atom or small molecule, all of the electrons are in a small region of space—small
compared to the wavelength of light. Then the exponent ir;- (q—q’) is small and
the summation over i just gives the number of electrons Z. In the last matrix element,
there are two ways to assign the wave vectors (qn, q'n’): either (q=k, n=4,q¢ = -k, 5’ = 1))
or (q=-K,n=7"; ¢ =k, n" = A). These two make the identical contributions. So the matrix

element is
) Ze? s oz,
VI = 3 Ay (G &) Ve (e +1) (8-209)
2nZe*h
= m nK}L(nk’;L’ + ].) (8210)

Several factors need to be eliminated since they have already been used in the derivation
of the cross section. The first is the factor of /1, /Q. After squaring the matrix element,
this factor was used in the definition of the incoming photon flux F;. Similarly, the
remaining factor of 1/v/Q), when squared (1/Q), is used in converting the summation



Electromagnetic Radiation | 281

over final wave vector to a continuous integral d°k’. Also, we assume the experiment was
designed to have n,; ~0. This quantum correction would never appear in the classical
formula. So the effective matrix element is now

o _ 22280 6 e (8.211)
may,

d ze\* ;.

%Z (m—iz) (Ce-Cr)? (8.212)

The second line gives the scattering cross section using this matrix element. It does not
resemble the classical formula. Another contribution is needed to the matrix element.
The prefactor contains ro= €°/(mc’) = 2.818 x 10 "°m, which is called the radius of the
electron.

There is another process that contributes to the Rayleigh scattering. The p-A in-
interaction is evaluated in second-order perturbation theory. The formula is

_ (e~ Ulp-AlN(Ip - Ali)
V(Z)__(%) z}: F T (8.213)

The above term can be derived from perturbation theory. It is the wave function
coefficient Cg)m of chapter 6.

It is peculiar that we evaluate the A” term in first-order perturbation theory, but the p - A
term in second order. Yet, as we shall see below, they make a similar contribution to the
scattering process. Note that this term also has two powers of the vector potential and a
prefactor with e?/(mc?).

There are a number of possible choices for the intermediate state |I). First consider the
photon system. Two processes must occur: the photon in (k4) is absorbed, and the photon
in (k') is emitted. These steps can occur in either order. There is no requirement that
energy be conserved in the intermediate state. The electron has a set of eigenstates |¢),
where ¢ =g is the ground state. The electron must go from g to ¢ in the first matrix
element, and from ¢ to g in the second matrix element. There are two sequence of matrix
elements: the first for the case k4 is absorbed in the first step, and the second when it is
absorbed in the second step:

e \2
v = (%) ApAp /g (e + 1)

214
7 E[—Eg—ha} E[—Eg—O—ha) ® )

s [(éf P) (& pyy) . (& pe) (& )

The denominators have the factor of £hiw for the cases that the photon is absorbed (—Aw)
or emitted (+#w) in the intermediate state. In Rayleigh scattering, the initial and final
states have the same energy. But the intermediate states can have different energies.
Figure 8.8 shows an energy level diagram for an atom. The electron is initially in the
p1/2 state of an atom, which is split by the spin—orbit interaction. The first arrow shows
the electron absorbing the photon and going to an intermediate s-state. The second set of
arrows show the electron emitting a photon and going back to the p;, state (Rayleigh) or
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Raman

Rayleigh
3/2 — _—
1/2 —_—

Ficure 8.8. Sequence of steps in Rayleigh and Raman scattering.

the ps/, state(Raman). The intermediate state could also be a d-orbital. The electron does
not have the correct energy to complete the transition to the intermediate states, so its
occupation is a virtual process.

The factor of \/m; (me» + 1/€) is eliminated using the same reasoning we did for the
prior formula. The numerators that contain the matrix elements are the Hermitian
conjugates of each other. For bound states we can assume they are real, in which case they
are identical. Then we can remove them from the bracket and convert them to an
oscillator strength:

21 . . 1 1

v — _Tn FOLE

mw zé: (& j:gf Si)org E; — E; — ho + Ey— E; + ho
_2ne’h o

=== Y G f G (8.215)

0 Wig —

Next write the frequency factor as

w? 2
=1t (8.216)
CL)ég—(U (u[g—a)
The term “1” is evaluated using the fsum rule (Xf= Z), which gives
Vo= 2 ) Y ) (8:217)
T omo f oo 7 S g S W, —a? '

The first term in brackets is equal and opposite to the matrix element V(") from the A®
term. These two terms cancel. The remaining term above has a summation over states ¢
that is exactly the polarizability. Thus, we have shown

v L y@ = —27'cha)[ff -a(w) - El] (8.218)

The total matrix element gives exactly the classical cross section.

There are several lessons to be learned from this derivation. One is that the classical
and quantum theories often agree, as long as we know the quantum definition of quan-
tities such as the polarizability. The second lesson is that in doing perturbation theory, we
must keep all terms of the same power of the vector potential. This may involve different
orders of perturbation theory for the p- A and A” terms.
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The theory of Raman scattering is rather similar. Electronic Raman scattering is when
the light scatters and changes its frequency by exciting an electron to an excited state. The
incoming frequency is w and the outgoing frequency is w’. The change in energy of the
electron must be AE=h(w — o’) since energy is conserved in the final state. The final
electron state (f] is different than the ground state |g). Energy conservation is i + E, =
ha' 4 Ef. The cross section is derived using the same steps for Rayleigh scattering. Now
the summation over final photon states gives a factor of »"*:

do o’ 2 2
The matrix elements are found as before. The A” term makes a negligible contribution
because of the orthogonality of the initial and final electronic states: { f|A(r)?|g) ~ A(0)*

(flg) =0. The term V), from evaluating the p-A in second order, gives a result similar
to that found in Rayleigh scattering:

v — _

(8.220)

2 (& pr) (& pyy) . (& pr) (& )
m2v oo 5

Wgg—@ g+’

The first denominator has —w since the incident photon is absorbed in the first step.
The second denominator has +®’ since this term has the k” emission as the first step. The
above matrix element is hard to evaluate. Rayleigh scattering depends only on the po-
larizability, which can be measured. However, the above matrix element really depends
on all of the terms in the summation over £. A special case is where the denominator
g — @ becomes small. Then this term in the matrix element is very large. This process is
called resonance Raman scattering.

Another important Raman process is the light scattering by the creation or absorption
of an optical phonon in a crystal or the vibration of a molecule. In this case the initial
and final electronic states are the same, but the system has gained or lost a vibrational
quantum. Then @’ = w * wy. This Raman process is third order in perturbation theory:

(fIH u I )
V= Z E)(E1—Ey)

(8.221)

Two of the interactions H"™ are the p-A and the third is the electron—vibrational inter-
action. There are many arrangements of these three steps: photon aborption, photon
emission, and vibrational excitation or de-excitation. This matrix element is quite com-
plicated and is rarely evaluated in practice.

8.6 Compton Scattering
Compton scattering is the scattering of an electron by photons. It differs from Raman
scattering in that the final state of the electron is in the continuum state:

1. The initial state of the electron could be bound to an atom or molecule. The photon ejects

the electron from the bound state. Note that this is a different process than photoionization.
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The latter is a one-photon process. Compton is a scattering process. One measures the
outgoing photon.

2. The initial state of the electron could be in the continuum state.

Note that a free electron cannot absorb a photon. Since there is no other source of
momentum, the electron would acquire the momentum p and energy of the photon. For
an electron initially at rest, energy conservation is

mc? + cp =/ (me?)? + c2p? (8.222)

This equation has no solution unless p = 0. One cannot conserve energy and momentum.
That is why scattering is required. A photon interacting with a free, charged particle must
scatter rather than be absorbed.

We consider the second case here. Assume the electron is initially in the lowest state
for a free particle: k=0. The wave function ¢(r) for k=0 is ¢,=1/vQ. The p-A
operator on the state ¢y gives

p-Ae*T = hik-AekT (8.223)

which vanishes if k=0. So the p- A interaction makes no contribution. In this case, the
matrix element involves only the A” term. During the scattering, the electron acquires the
momentum change of the photons (p=k —k'):

2
4 ,
7 1A% (8.224)

2neth
» —lpr ll’(k k)
Qifn\/——_ éf f)/

2ne?h s .
)Ok—p—k’ 8.225
Qm\/—fﬁ k—p—k ( )

The first factor of the volume Q comes from the A? term. The second factor of volume

vl —

comes from the normalization of the electron wave functions.
Next write the expressions for energy conservation, assuming momentum conserva-
tion. The first is the nonrelativistic theory and the second is the relativistic theory:

2

’ h n2
ok = ek’ + - (k=K (8.226)

hick -+ mc* = hick’ + \/(mcz)2 + h?e? (k—K')? (8.227)

The relativistic equation is actually easier to solve. There are two unknowns in the final
state: k" and cos(0) =k - k’. We solve for k’. First rearrange (8.227) and then square it:

(mc?)? + W2 (k—K')? = [hic(k—K) + mc?]* (8.228)

All of the terms quadratic in k” cancel, which makes the solution easy:

, k , h
T (8.229)
1+ Z£[1—cos (0)] me
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The collection of fundamental constants Ac=2.426 x 10 "?m is called the Compton
wavelength.

In the Golden Rule, square the matrix element and sum over all final states. This sum is
over electron momentum p and photon wave vector and polarization k’A". The Kronecker
delta dy_p_i is one if k = p + k’ and is zero otherwise. The square of a Kronecker delta has
the same values, one or zero. We use it to eliminate the summation over p. We continue
to use relativistic energies for the electron:

[ 2neh P (656
”’*?N{Qm\/a} kZ o

X0 {mcz + he(k — k’)—\/ m2ct 4+ h2c2 (k2 + k' —2k - k’)} (8.230)

where N, is the number of electrons in the target box being scattered. Convert the
summation over k' to the integral d*k’ = k'’*dk’dQ;. The latter factor is the final-state solid
angle. The integral over wave vector gives, with z=kic/27,

/ kdk’s [mc2 + hic(k— k') — \/m264 + A2 (k2 + k’szk-k’)]

_F
" he

k’'—kcos 0

 k14z(1+2)(1-cos0)
k—K +2n/ic|

1+
e [1+z(1— cos )]

(8.231)

Collecting all of the terms together gives the cross section for Compton scattering from a
stationary electron:

, 14+2(142)(1—cos 0)
Z (éf é [1+42z(1—cos 0)] (8.232)

where 1, = ¢”/(mc?). The above formula is not correct. We used a hybrid theory with a
nonrelativistic matrix element and a relativistic energy dispersion. In chapter 11 we revisit
Compton scattering and also calculate the matrix elements relativistically. The final
formula changes. For low-energy photons where z=kAc/2n << 1 the formula is

= Nro Z Er-&))? (8.233)

which is very simple.
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Homework

1. Evaluate the commutator of different times of the vector potential with itself. Derive
the dependence on R=r—r’, s=t—t’ by doing the integrals over wave vector:

Dw(R, s) = ([Aulr, 1), A(t, ¥)]) (8.234)
The left and right brackets are used to evaluate the commutators ([a,, aﬁ]} =1. Note that

K.k,
Z EuRA)E (kD) =S (8.235)

2. Calculate the optical absorption a(w) in one dimension of an electron initially
bound in the one bound state of a delta-function potential. Calculate the frequency
dependence of the absorption by doing the integral over a wave vector.

3. Calculate the oscillator strength, analytically and numerically, using the velocity for-
mula for the transitions between the ground and the first excited state of an electron
in the following potentials:

a. An electron bound to an alpha-particle
b. Three-dimensional harmonic oscillator
c. One-dimensional box of length L and infinite walls

4. Repeat problem 3 using the length formula.

5. Consider the optical transition between an (n=1, {=0) state and an (n=2, /=1)
state of an atom, where the latter has a small spin—orbit splitting.

a. What fraction of the oscillator strength is contained in transitions to the p; state,
and what fraction to the p; state?
b. Does this fraction depend on the direction of the polarization of light?

6. The optical transition in atomic sodium 35S — 3P has an energy of fiw =2.1 eV and an
oscillator strength of f=0.5. What is the lifetime (in seconds) of an electron in the 3P
state for radiative decay?

7. Derive egn. (8.145) for the lifetime from magnetic dipole interaction.

8. Use eqn. (8.145) to calculate the radiative lifetime of Yb*>" between the flevels split by

the spin—orbit interaction: {;=2928 cm™'. Calculate the spin-orbit splitting to get
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ho. The upper state of the single fhole is |3, m) and the lower state is |Z, m). Find
the excited-state lifetime for all values of m.

. An argon atom has an isotropic polarizability of «=1.64A%. A continuous laser of

wavelength A =10.6 um and power of 1.0 watt is focused on a chamber of volume
1.0 cm” filled with argon at P=1.0 bar and T =300 K. How many photons per second
are Rayleigh scattered 90° and measured by a detector of area A=1cm? at a distance
of L=1 meter away from the scattering chamber? Assume each atom scatters
independently of the others.

Write down a Golden Rule for two photon absorption. In this process, the electronic
transition requires the absorption of two photons and absorption of a single photon
is not permitted. Assume there is only one incident light beam, so both photons have
the same frequency. Specify the matrix element.

If n= n; is the number of photons of the prior problem, the absorption of two pho-
tons can be written as

n=—yn(n—1) (8.236)

where 7y is the result of the prior problem.
a. What is the solution of this differential equation, assuming n(t =0) =ng?
b. Since n > > 1, we can write this equation also as

n=—yn* (8.237)

What is the solution to this equation? Compare to Beer's law.

An x-ray with 2 =10.0 A Compton scatters from a free electron initially at rest. What is
the change in wavelength AZ of the x-ray? Derive an analytic formula for A as a
function of 1 and scattering angle and evaluate it for 6 =90°.

Use the theory of Compton scattering to estimate the numerical value of the mean
free path of a low-energy photon going through a plasma with an electron density of
n=10%m™>,



9 Many-Particle Systems

9.1 Introduction

Consider quantum mechanical systems with many identical particles. A typical system
is the many electrons in an atom. Similar statistics are found for many nucleons in a
nuclei. Later we shall consider systems of many bosons such as superfluid *He. The
nonrelativistic Hamiltonian for electrons in an atom contains three types of terms—(1)
kinetic energy, (2) potential energy with the nucleus, and (3) electron—electron Coulomb
interactions:

2
o= |2
1

We work in the Coulomb gauge and neglect the role of photons. Since the electrons and

2 2
Zre } £ (9.1)

nucleus are close together, the long-range forces from photons are not important. It is
assumed the nucleus is fixed at the origin. Also note that the Hamiltonian does not
depend on spin, although spin plays a large role in the solution.

The above Hamiltonian is not a sum of one-particle Hamiltonians. Electron—electron
interactions prevent it from being written as H = > ;H;. It is impossible to solve this
Hamiltonian exactly when there is more than one electron. Approximate solutions are
possible only by assuming that one can write it this way:

H=> H; (9.2)
i
2z

Hizf—;nf o+ Veln) (9.3)

The last term is an effective potential that simulates the role of electron—electron inte-
ractions. One goal of this chapter is to explain the nature of this self-consistent potential.

If one can write the Hamiltonian as a summation of individual Hamiltonians, one for
each electron, then we solve each one separately. Since the electrons are identical, the H;
are all the same:
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Hiy (1) = Enhy (r) (94

We assume that we can solve this problem and determine all of the eigenfunctions ¢,
and eigenvalues E,. Modern computers and expert codes make such solutions very ac-
curate.

9.2 Fermions and Bosons

A fermion, such as an electron, proton, or neutron, will have a position r; and spin s;. The
spin is usually given a quantum number o for spin-up and f for spin-down: “up” and
“down” being along any axis of quantization. A wave function for two identical particles
could be written as y/(ry, s1; 12, ). Let P, be an operator that exchanges the position of the
two particles. Then

Pei(r1, 51512, ) = (12, 82311, 1) (9.5)
Py (r1, 51512, 52) = Y (K1, 513 T2, 52) (9.6)

Operating twice by P, returns the wave function to its original configuration. The
operator P2 has an eigenvalue equal to one, so that P, must have an eigenvalue that is
either plus one or minus one.

1. The eigenvalue of plus one gives
Pap(r1, 51512, ) =¥ (r2, 52; 11, 51) =Y (11, 51,12, 52) (9.7)

Particles that obey these statistics are called bosons. Photons are bosons. All bosons have
integer spin, such as zero, one, or two.

2. The eigenvalue of minus one gives
Pyp(ry, 1512, 5) = Y (12, 52; 11, 81) = = (11, 51512, 52) (9-8)

Particles that obey these statistics are called fermions. Examples are electrons, protons, and
neutrons. Fermions have half-integer spins. All fermion wave functions of many particles
have the feature that they are antisymmetric. Exchanging the positions and spins of any pair
of particles must change the sign of the wave function. This feature puts a severe constraint

on the nature of the many-particle wave function.

First exclusion principle: If two fermions are at the same point in space with the same
spin, then the wave function must vanish. That is, if (r; =1, s =s;), the above
expression shows that /(ry, s1; 11, 51) equals its negative. The only number that equals its
negative is zero. Two fermions cannot be at the same point in space while having the
same spin configuration.

A way of constructing a fermion wave function with the correct symmetry proper-
ties was proposed by John Slater. The Slater determinant for N-identical fermions is
written in terms of single-particle wave functions v,,(¢;), where m is the eigenvalue
and &; = (r;, sy):
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i) val&)  val&) o Yaln)
Va(&)  Yalé) Yal&s) o ¥(én)

\PLZJYMN(Q,QVZ,...,éN):W ¥3(&)  ¥s(&) ¥s(&) e Us(in) (9.9)

Un() (&) Un(Es) o dn(én)

Each row has the same eigenvalue, while each column has the same value of ¢
Exchanging the &; labels on two particles exchanges them on two columns. But exchang-
ing two columns of a determinant changes the sign, in agreement with fermion statistics.

Second exclusion principle. If any two electrons are in the same state, the wave function
vanishes. That is, if any two electrons have the same quantum numbers (m), then two
rows of the determinant are identical, in which case it vanishes. This is called the Pauli
exclusion principle.

For N > 2 the determinant has N! terms, of which half are plus and half are minus. A
modified determinant can be made by changing the minus signs to plus, so that every
term has a plus sign. This modified determinant has the feature that exchanging two
particles leaves the value unchanged. It is a suitable wave function for identical bosons.

9.2.1 Two Identical Particles

The statistics are well illustrated by considering the wave function for two identical par-
ticles. The subscript F is for fermions and B is for bosons:

Wl 51T 52) = %[w«:l)wz(éz) U EWaE)] (9.10)
Ul 51 T2.52) = %[wél)wz(éz) I EN ()] 0.11)

Fermions have an antisymmetric combination of the two states, while bosons have the
symmetric combination. The boson function was derived from the fermion function by
changing the sign on the second term.

The fermion wave function has two factors: an orbital term ¢,(r) and a spin factor y;.
The spin part is either o; or f;. Two spin-§ states can be combined using Clebsch-Gordon
coefficients into three spin-1 states and one spin-0 state:

m=1 alﬁ]

a(m)y=q m=0  (ouf,+p22)/V2 (9.12)
m=-1 B,

%0(0) = %(alﬁz_ﬁlfh) (9.13)

The spin state y;(m) is symmetric in the two spin labels—exchanging 1 and 2 does not
change the answer. So this spin state must be multiplied by an antisymmetric orbital
state:
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W, sa(rie) = % (1) (02) — b, (02) b (1)) ) (9.14)

This state of two spin-1 fermions has the correct antisymmetry. It changes sign if one
exchanges the two labels of (1, 2). The other spin state y, is antisymmetric, and changes
sign when exchanging labels. So the orbital part must be symmetric:

Wi ,5-0ft1,2) = = (8,01 (02) + 02) 1 60)6(0 (9.15)

A special case is when both Fermions are in the same orbital state:

W),1,5=0(r1, T2)=0; (1), (r2)%0(0) (9.16)

Note that if " = 4 then the state ¥;; s — 1(r1,1;) = 0. If two spin-% fermions are in the
same orbital state, they must be in the S = 0 spin state. This rule is required by the anti-
symmetric nature of the fermion wave function.

As an example, consider the two electrons in the helium atom. The ground-state
configuration has both electrons in 1s orbital states, so the spin configuration is S = 0.
However, consider the excited state where one electron is in the 1s state and the other is in
the 2s state. Now there are four possible states: the three states with S = 1 in (9.14) and
the state (9.15) with S = 0. The state with S = 1 is called the triplet state and that with
S = 0 the singlet state. The triplet state has a very long radiative lifetime, since the usual
optical transition does not flip electron spin. This is obvious for m = +1, where the two
spins are both up or both down. It is also true for the S = 1, m = 0 configuration.

9.3 Exchange Energy

9.3.1 Two-Electron Systems

The energy will be calculated for a two-electron system. Let ¢1(r), ¢,(r) be two different
orbital states with eigenvalues E; and E,. They could be atomic orbitals or plane waves; we
need not yet specify their nature. Use them to calculate the expectation value of the

Hamiltonian:
E(S) = (W§|H|'Ws) (9.17)
H= p%f’% +U(r)+ Ur) + ﬁ (9.18)
W= % (b1 (1) (r2) % b1 (12) b (1) s () (9.19)

The Hamiltonian does not involve spin, so the spin state gives unity when taking the
expectation value (ys(m')|ys(m)) = 0550 mm- However, the value of S plays a role in the
answer. The factor of £1 in front of the second orbital term depends on S: +1 for S = 0
and —1 for S = 1.

Now evaluate the orbital terms. First consider the central potential terms U(r;). The
integral has the form
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3 3
w- [ Endn e+ U]

2

X {191 (r1) b (2)|* +1 1 (r2) do (1) |* £ 2R[$1 (1) (12) 1 (12) 5 (1)1} (9-20)

We assume the orbitals are orthogonal: [¢; $; = d;;. The first term can be written as

3 3

= T o)+ Ule g 0)0ate2) (9-21)

= 3{ [envesiel [Enier 0.22)

v [Enlgml [En U(rz)|¢>2(rz)|2} 9.23)

= { JEnveinmr+ [Envwioer 9.24)

= %[Ul + U] Ui= /d3rU|¢i‘2 (9.25)

The second term in brackets in (9.20), with | (r2) 5 (11)|* gives exactly the same thing,
since d’r; are dummy variables of integration. The last factor gives zero since it involves
[@rii(r)da(r;) = 0. So the final answer is

(U)=U1+ 01, (9.26)

Next consider the kinetic energy term:

2 2
(K) = (PHFE + 2y, 9.27)
2
=K +Ky, K; :/d3r¢;‘ 2 i (9.28)

The total kinetic energy is also the summation of the kinetic energy of each orbital. The
kinetic energy and potential energy from U have this feature. These terms operate on only
one spatial variable at a time, so the cross-terms play no role.

A very different result is found for the expectation value of the electron—electron
interaction:

_ ¢
(V)= (V4| = [Vs) (9-29)

The first two terms in |W| give a result called the Hartree energy:
e [ Pndn
2 ‘1'1 —I) |
2 d3 rn d3 rn

= |1 (11) 5 (12) [ (9.31)

1115

Vi = [y (r1) s (r2) > + |y (r2) s (r1) ] (9.30)

The two terms in brackets in eqn. (9.30) make equal contributions. The second is the
same as the first after exchanging dummy variables r; and r,. The Hartree energy is the
one you would write down from classical consideration. e|¢;(r)|* = py(r) is the density of
charge in that electron state. The Hartree term is merely the Coulomb interaction between
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two charge distributions. The expression for |Ws|* has a cross term, whose sign depends
on S. This term is called the exchange term or the Fock term:

Brd?
29‘%{/ B g )3 ) 9.32)

The exchange term has no classical analog. It arises from the first exclusion principle. The
wave function vanishes if two electrons in the same spin configuration try to be at the
same point in space. The two electrons have to stay apart. This exclusion, due to parti-
cle statistics, lowers the repulsive Coulomb interaction between them. The motion of the
two electrons is correlated.

9.3.2 Parahelium and Orthohelium

Consider the helium atom with two electrons. If both are in the ground state, the 1s orbital,
the spin must be in the singlet (S = 0) configuration. Its wave function was constructed
in an earlier chapter using variational methods. There is no exchange term in this case.

Next consider the excited state with the lowest energy: One electron is in a 1s orbital and
the other one is in the 2s orbital. Use the results of the prior subsection to deduce the
energy for these two configurations.

1. S = 0is called parahelium and has the energy
Es_o=Ki+ K+ U+ U+ Vy+ Vyx (933)

2. S = 1is called orthohelium and has the energy

ES:1:K1+K2+ Ui+ U+ Vg—Vyx (934)

The exchange energy Vyis usually positive. The result of this exercise is that Es_ ; < Es—o.
Orthohelium has the lowest energy. This is the triplet state, with spins parallel. It cannot
readily decay to the ground state by emitting a photon, since that step does not permit
flipping a spin. A spin flip is required to get from the triplet to the singlet state: the
ground state is a spin singlet (o), the excited state is a spin triplet (y1), and (y1]xo) =0. As
a result, orthohelium is a metastable state and can last for a very long time. The most
likely method of decay to the ground state is when two orthohelium atoms collide,
mutually flip each others spin, followed by radiative decay.

9.3.3 Hund's Rules

The above results can be extended to systems of many electrons. In general, if the cost in
energy is small, the electrons prefer to have their spins aligned to reduce the repulsive
Coulomb repulsion between them. This important idea explains the order in which
electrons fill up atomic shells.
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Consider an s shell. If there is one electron in that shell, it can have either spin up or
down. When there are two electrons in the shell, they must have the opposite spins to
create the spin singlet. In s-shells the electrons cannot have parallel spins.

In p-shells, the angular momentum of ¢ = 1 allows three orbital states with m = 1, 0,
—1. When there is only one electron, it can have either spin state, say spin-up. It goes into
the state with spin-up, and m = 1. When there are two electrons in the shell, they prefer to
have the same spin. Because of the exclusion principle, they cannot both be in the same
state, so they must have different values of m = (1, 0). Three electrons also prefer to align
themselves with the same spin, but must be in the states with different values of m = (1, 0,
—1). When there are three electrons, the configuration is to have three spins aligned (S = 3)
and all m states occupied. This arrangement lowers the repulsive electron—electron inter-
action among the electrons. The angular momentum is L = Y _; m;, which is zero for three
electrons. For four electrons, one has to have one spin-down. Table 9.1 shows the actual order
in which the states are filled. The filling of the first row of the periodic table is also shown.

All orbital states with ¢ > 1 fill up in this fashion. This ordering is according to Hund’s
rules. For electrons in one atomic shell, the order of filling is governed by the following rules.

1. The electrons arrange into the maximum allowed value of total spin § =3 ; ;.
2. The electrons arrange to have the maximum value of angular momentum L= > ;m;
consistent with rule 1.

3. The total angular momentum J is found according to the following rules:
* ] = |L— S| when the shell is less than half-filled.
¢ ] =S, L = 0 when the shell is exactly half-filled.
e | = L+ S when the shell is more than half-filled.

Table 9.1 shows this sequence. The last column shows standard notation in atomic
physics for this configuration:

(2s+1)L]

The first superscript is the spin degeneracy (25 + 1). The last subscript is J. The capital
letter denotes angular momentum L according to

L  Notation
0o S

1 P

2 D

3 F

4 G

5 H

The notation is alphabetical after F.
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Table 9.1 Hund's Rules for p-Shells.

n S L ] Notation Atom
2

1 ! 1 ! Pip B

2 1 1 0 *Py C

3 3 4

3 5 0 5 S32 N

4 1 1 2 ’p, 0
2

5 3 1 3 P3p F

6 0 0 0 1S, Ne

Note. The First column is number of electrons in the atomic shell. The last column
shows the configuration of the atoms in the first row of the periodic table.

9.4 Many-Electron Systems

9.4.1 Evaluating Determinants

The ideas developed for two electrons are easily extended for a many-electron system. We
must learn to evaluate the determinant when there are a large number of electrons.

The square of the wave function gives the probability density for finding particles at
positions 1; in the system and is called the diagonal density matrix:

pN(rl,rz,...,rN):|‘I’(r1,r2,...,rN)\2 (9.35)

The subscript N indicates that it applies to N particles. py is normalized so that the
integral over all coordinates gives unity:

1:/d3r1~--d3erN(r1,r2,...,rN) (9.36)
The one-particle density matrix is obtained from py by integrating over all but one
coordinate:

pn(r1) = /d3f2d373 - drvpy(nn, 1, 1) (9:37)

1= [Enpyie) (9.38)

The notation is a bit confusing: py(r;) is the probability of one particle being at r; in the
N-particle system. Since all points are equivalent, py(r;) is really independent of
position—neglecting edges—so py=1/Q, where Q is the volume of the system.

Another useful quantity is the two-particle density matrix pn(ry, 1), which is obtained
from py by integrating over all but two coordinates:
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pn(t1,12) :/d3r3d3r4 e d3erN(r1,r2 ..... rN) (9.39)

1
a= /d3r2pN(r1,r2) (9.40)

Now pn(ry, 1) is the probability that any particle is at r, if there is one at r;. In a homo-
geneous system it must depend only on the difference r; —r,. It is proportional to a
quantity g(r) called the pair distribution function:

1
pn(r1, 1) = ﬁg(rl —1) (9.41)

Crystalline solid atoms are arranged in a regular order, which is indicated by structure
in g(r). Since the atoms are regularly spaced, g(r) has large values where the atoms are
located and is zero otherwise. Thermal vibrations smear out the answer. The two dis-
tribution functions py(r;) and pn(ry, r;) are needed to evaluate the particle energy.

For a system of N fermions, one uses the Slater determinant to find the distribution
functions. The number of electron pairs is N, = N(N — 1)/2. There is a theorem that the
two-particle distribution function is exactly given by the summation of the square of the
two-particle eigenfunction for all different pairs:

2

Vi) i)

(9.42)
V&) (&)

1
Py (T, 12) = WZ

P isj

The notation i > j means to count each pair (i, j) only once. If we expand the determinant
and square it, we find

Pl ta) = lepZ VA P+ WG ()

i>j

= 2y (V5 (Y5 (&) (9-43)
Integrate this over all d¢, and find
1
px(e) =530 D W&l +vy(&)17) (9.44)
Pisj
= 2 el (9.45

These results for pn(r;) and pn(ry, 1) are used below to evaluate a number of expressions.
These results are proved in the following manner. Expand the original Slater deter-

minant pn(ry, 1, ..., Iy) in minors about the column that contains the variable &y
1
v = m;wm(fN)MmN (9.46)
1 * = *
[WI* = 5 D W ()W (E0) Mor Mo (947)
S mm’

1
/d3m\‘1’|2: w2 | Mo’ (9.48)



Many-Particle Systems | 297

Since the functions are orthogonal, the integral is zero for all of the cross terms and the
result is a summation over the square of all of the minors of this column. Exactly the
same result is obtained if we had chosen another variable d3rj to integrate. Since j#1, 2,
there are (N — 2) terms that give the same result.

The next step is to evaluate the square of the minors by performing another integration
d’r,. In the same way, it has (N — 3) equivalent terms and reduces the dimension of the
minor by one. Continue to do all of the integrals that define pn(&;, &;), and finally obtain
eqn. (9.42).

9.4.2 Ground-State Energy

We wish to evaluate the energy of a Hamiltonian:

E= (Wi |H|W) (9.49)
N pz 62
H= Z [ﬁ +U(m) |+ Z—hi_rj‘ (9.50)
i=1 i>j
The wave function W(ry, 1y, . .., ry) has the form of a Slater determinant. Assume that the

single-particle orbitals are orthogonal. They have a spin and orbital part. The orbital partis
denoted as y;(m) for a single electron, where y;( N =u, Xj(_%) = B;. The subscript j denotes
which electron, while m is the eigenvalaue for spin-up or spin-down:

Yn($j) = P (1)) 25(m) (9.51)
801 61 =00 9.52)
(1i(m) |7 (m")) = Gy O (9.53)

Using orthogonal eigenstates makes the evaluation of the determinant easy, as discussed
above.
As a first step consider the evaluation of the potential energy term (U ):

N
(U)= Z/d3r1d3rz By U(n) v (9.54)
i=1

Each term in the summation over i gives the same answer. That can be shown by just
relabeling all of the variables of integration. So evaluate one term and multiply the result
by the number of electrons N. This is the first step in canceling the 1/N! prefactor that
results when we evaluate |¥|*:

(U) =N/d3r1 U(r1)py(r1) (9.55)
plr) = / &y Pry V| (9.56)
1

N
=5 2 Pl pul)=[bn(0) (9:57)
m=1
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N
(U= 3 Une Un=[E1U0)0 (9.58)
m=1

The quantity Npn(r) is the density of electrons in the system. It is the summation over all
of the occupied states m of the density |¢,,(r)|* provided by that orbital. The potential
energy of the system of N electron is merely the summation of the potential energy of each
occupied state. A similar result is found for the kinetic energy:

- 3 v’
(9= Ko K= e bt (959

Notice that the spin plays no role in the evaluation of the kinetic and potential energy. For
a single ,,, one gets (y;(m)|x;j(m)) = 1 regardless of the values of m or j.

The last term to evaluate is the electron—electron interaction between all pairs of
electrons. The summation over electron pairs is (i > j). There are N, = N(N — 1)/2 pairs
for N electrons. The integrals for each pair give the same results, since the identical
particles are interchangable. So evaluate one pair and multiply by N,

2
€
(V)=N, /d3r1d3rzmpN(rl,r2) (9.60)

pN(rl,rz):/d3r3d3r4-~-d3rN|\If|2 (9.61)

The two-particle distribution function pn(ry, r,) was evaluated above. The result is given
by the summation over all pairs of two-particle distribution functions:

V)= Vi (9.62)
& [Pndn ; ; )
me' = E |1’1—1’2| |l//m(Cl)wm’(gz)_wm(éZ)wm’(él)|

Vi 18 the Coulomb energy between the two electron states m and m”:
« If the spin states (y;(m)|y2(m’)) = 0, then

e [Brdr

_ 2 2
Vo' =5 [ e Ul ducti2) 4 1200
3 3
=& ‘f”d |y (1) b () = Vit (9.63)
r1—f2|

« If the spin states ( y;(m)|y2(m’)) = 1, then

e [ dPrd’r,

Vo' =5 | Tyl | $m @00 (£2)=m{r2) by (en)
= VH, mm’_VX, mm’ (964)
3 3
Vi =& [ LT g )t (02) b (02) e (1)) (9.65)

[ri—1]
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The Hartree energy is Vi and the exchange energy is Vx ... The latter exists only
between states with parallel spin. The summation over (m, m’) is over all pairs of occupied
electron states.

The total expectation value of the Hamiltonian for this wave function is

<H> — Z (Km+ Um) + Z (VH,mm'*VX,mm'<X(m)|X(m,)>)

m m>m’

Keep in mind that (y(m)

z(m’)) = 0 if the spins are antiparallel. This formula applies to
any system with any form of potential energy U(r).

The Slater determinant is never an exact eigenfunction of the Hamiltonian. One may
select different orbital states ¢,,(r) to use in setting up the determinant. In solving for
electron states in molecules, chemists take a variety of different sets. The final wave
function W is a linear combination of such Slater determinants, each one with a different
set of orbitals:

G

\Iuj;m|...‘ (9.66)
The coefficients C; of these determinants are variational parameters that are varied to
obtain the minimum energy. Such a procedure is called configurational interaction.

9.4.3 Hartree-Fock Equations

The beginning of this chapter discussed the need to find a simple Hamiltonian that
described the behavior of a single electron. The correct Hamiltonian is for all of the elec-
trons, but is cumbersome to solve. One possible approximate Hamiltonian for a single
electron is called the Hartree-Fock approximation.

The previous subsection described the energy derived from a single Slater determinant.
Think of this equation as a variational procedure. We could vary each orbital to find the
minimum energy of the entire system. The way to do this is called a functional derivative.
We vary each orbital d¢,,,:

0:2/d3r5¢m{%¢m+ U(r)o,, (9.67)

3.7

d
+& [ o) () > ¢n(r)¢n(r')¢m(f')<x(m)|X(m')>]}

[r—r’|
pr) =>4,/ (9.68)

The last two terms are from Hartree and exchange. The exchange term is nonzero only
for states with parallel spin. For systems of two electrons we can form the singlet and
triplet combinations. For more than two electrons, we cannot form singlet or triplet com-
binations from all pairs. So for more than two electrons, we abandon the singlet-triplet
representation and just consider whether the orbital has a spin-up («) or spin-down (f5).
Electrons of like spin have an exchange term; those with opposite spin do not.
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The variational procedure has a constraint that the number of particles is fixed:
/ Préddm =0 (9.69)

A variation with constraint has a Lagrange multiplier (), which is the eigenvalue. The

above equations give
2 3
p , [ &1
Ap,=-— U
D=L 4 (n¢m+ek/h_{

_Z¢n d)m(r < |/{ >

[p(X) Py (r) (9.70)

This set of equations is called the Hartree-Fock equations.

The Hartree and exchange terms are of opposite sign and somewhat cancel. We have
written both terms such that their sum over states n includes the term m. The term with
n = m cancels from the two terms: if the states are identical the spins are parallel. This
convention has the advantage that the Hartree potential is the same for each electron.
Another way to write these two terms is that the term n = m is omitted from both terms.
An obvious disadvantage of the H-F equations is that they are not effective Hamiltonians
for a single electrons. The exchange term can be written as

*Z Vx, mn( (f)n(l’ ‘7 > (9.71)
By
wmm=¥/g§ﬁmvmW) 9.72)

2

Hy ppp(r) = BLm +U(M)+ VH(Y)} bm— ; Vi, mn (1)@, (x(n) [ 2(m))
There is a summation n over all of the other occupied orbital states with the same spin. In
an atom with a small number of different orbitals this summation includes only a few
terms. For large molecules it becomes prohibitive. In every case, one has to numerically
find a self-consistent solution. The effective potential acting on each electron includes
Hartree and exchange. They, in turn, depend on the orbitals of the other occupied elec-
trons states.

As an example, solve for the effective Hamiltonian for an electron in the 1s state of
atomic helium. There are two electrons with opposite spins, so there is no exchange.
There is a Hartree term of each electron having a Coulomb interaction on the other:

hz 2 d ’
815¢)15(Y) = v Ze /l |¢1s :| (]515(7'

The equation is nonhnear and is usually solved by numerical iteration. The variational

solution is easier.
The next case is to consider an excited state of the helium atom, with one electron in the
(1s) state and the other in the (2s) state. There are three relevant potentials:

muJ/‘ ol 9.73)
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Br
|r [r—r]
>r
Vx(r)=¢ bas(r')p1(r") (9-75)

[r=r|

bs(r')’ (9-74)

There are two possible spin arrangements.

* Orthohelium has the spin triplet so the exchange term is negative:

e15¢15(r) = {— - 7 st(f)} P15(r) =V (r) p24(1)

(1) = {— 2 vlsm} $ (1)~ V(1) brs(1)
+ Parahelium has the spin singlet so the exchange term is positive:

v
slsgbls(r):[— V2 v )}¢1s(r>+vx(r)¢23(r>

bl = {— Tt vlsm} §2u()+ V() br,(1)

The two orbitals ¢, ¢, have different potential energies and are different orbitals for
orthohelium and parahelium.

The main problem with H-F is that it is not an exact solution, even if one solves the
numerical equations precisely. There are other energy terms, called correlation, that must
also be included.

9.4.4 Free Electrons

Sommerfeld invented a simple model of the conduction electrons in a metal. He said they
were “free”: there was no potential energy. The actual model of a metal such as sodium or
aluminum is that the valence electrons do indeed become free and wander around like
electrons in zero potential. The free electrons model assumes that for N electrons, N/2
have spin-up and N/2 have spin-down. If the particles are in a cubic box of side L, the
wave vectors are quantized according to (ky, = 2¢n/Lk,,, = 2mn/L, k., = 2nn/L). Each
k = (k,, k,, k.)-state can be occupied by only two electrons, one with spin-up and one
with spin-down. The states with lowest energy tend to fill up first. At zero temperature
one can define a Fermi wave vector kg such that states with |k| < kr are occupied and states
with |[k| > kr are unoccupied with electrons. The dominent energy term is the kinetic
energy:

E(l) = o (K, Ky, + K ) (9.76)

The occupied states are a sphere of radius kr in wave vector space. We use this model to
calculate some of the energy terms, assuming that the wave function is a Slater de-
terminant. The individual orbitals are ¢,,(r) =exp(ik-1)/ VQ.
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1. The number of electrons is found by summing over all of the k occupied states:

Ne=2 > O(ks—[K|) 29/ O(kp—|k]) (9.77)
lym,n
ke 3
_ 2(471)39/ Rde— 0 X (9.78)
2n)? Jo 3n2
N, K
Ne = 5 = ﬁ (9'79)

The factor of two in front is from spin degeneracy. The electron density is n,.

2. The average kinetic energy is found by

—IKT 1 1' hzkz
=2 K(k), K(k)=— ZmQ/d% kerg2 gk >
k

Pl e R Y,
<K>_ZQ/(2n) Olkr ) G- = 5z [ e (9.80)
21,2 3 21,2
W B R 081

10m  3m2  ° 10m
The average kinetic energy of an electron is

(K) 3Wk: 3 Wk
- = 2Fp Ep= 9.82
N, 1om 5 °"°FT 2m ©82)

Er is called the Fermi energy. It is the energy of the electron with the maximum kinetic
energy at zero temperature, where the zero of energy is measured from the bottom of the
band (k=0).

3. The potential and Hartree energies are best treated together. The potential energy from U(r)
is from the interaction of the electrons with the positive ions. The Hartree energy Vy;is from
the electrons interacting with each other. The positive charge interacts with itself. These

terms are given in terms of the electron charge density p, and the ion charge density p; as

d3 r d3 1

U+V
< H) |1’1—1’ |

[0c(r1)—pi(r1)][pe(12) —p;i(T2)]

The system must be neutral, on the average. The average electron charge must be equal to
the average ion charge. This term is usually nonzero and rather large.

4. The most interesting term is from exchange. The evaluation of this term begins with
pn(r1, 12) in eqn. (9.43). The summation over states includes wave vector states (k > k') and
spin states. In a paramagnetic system, the spin configurations for two electrons are (i) both
up, (ii) both down, or (iii) one up and one down. Only the first two have an exchange energy.

Since plane waves have |$(k, 1)|* = 1/ Q, the two-particle distribution for plane waves is

> etk (9.83)

k>k’

pn(T1,12) QZ

The exchange term is from the last expression. A factor of two is used to change the double

summation to all of (k, k), which counts each pair twice:
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2
(EE) = Z/d - mmz (9.84)

i>j
=N, /d T’]d Yz |pN(I'1,I‘2) (985)

Using the above expression for py(r;, 1,), the exchange energy is

2 Brd? .
Ex=-p > [ frereplilao) - (ri-)]

2
O Stk [11-12|

Evaluate the integral in center-of-mass coordinates: r = r; —r,, R = (r; +1;)/2. Then one
can do [d’R = Q, which cancels one factor of volume. The remaining integral is just the

Fourier transform of the Coulomb interaction:

e 4n
Ex=—5 >, ——— (9.86)
Q ki <kp.ky <k ‘kl 7k2 ‘
The integral can be evaluated. It is useful to divide by the number of electrons N, to have the
exchange energy per electron. Also change variables to v = cosf), where 0 is the angle

between the two wave vectors:

kp
2 2
Zn)/ kdkl/ kdkz/ 2 R+ —2kikyv 2k1k2y

B 3¢? F F kl +k2

- /0 kndky /0 fadly Inf 72 (9.87)
3ezkp

== (9.88)

The unit of e’k is energy. If L is length, then ¢*/L is energy. The only important length scale

in the electron gas is k!. This energy term is also large.

The exchange energy makes a significant contribution to the binding energy of a metal.
Since it is negative, it lowers the ground-state energy of the metallic state. The exchange
energy results from the first exclusion principle that no two electrons with the same spin
can be at the same point in space. This correlated motion reduces the repulsive electron—
electron energy.

9.4.5 Pair Distribution Function

The pair distribution function g(ry, r,) is defined as the probability that a particle is at r, if
there is also one at r;. It is normalized to go to one at large separation. In a fluid it can only
depend on the separation of the two particles, g(r; — r,). It is found from the two-particle
distribution, which was derived in eqn. (9.83) for the paramagnetic electron gas:

1
pn(r, 1) = @g(fl—TZ) (9-89)

g(r) =1-2A(r) (9.90)
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1 [Pk
A(r) = %/(2n)3 %O (kp—k) (9.91)
— e ker) = 3 liolker) )] 0.92)

Note A(0)=1,g(0)= 13, and A(o0) =0, g(o0) = 1. Half of the spins are up and half are
down. If an electron is at one point, electrons of the same spin cannot be at that point, but
electrons of opposite spin can be there. So g(0)=31. In a ferromagnetic system where all
spins point in the same direction, g(0) =0.

9.4.6 Correlation Energy

For the free electron gas, the following energy terms have been derived or discussed:
kinetic energy, potential energy, and exchange energy. There are more energy terms. One
way to derive them is by perturbation theory. The evaluation of (¥,|H|¥,) is equivalent to
first-order perturbation theory. Here W, is the Slater determinant of the ground state. The
next term is from second-order perturbation theory:

Z' ( ‘HW (9.93)

The Slater determinants for excited states ¥; have one or more orbitals with |k| > kg. The
above energy terms make a small but measurable contribution to the ground-state energy.
Wigner coined the phrase correlation energy to describe the energy terms that arise in
perturbation theory beyond Hartree-Fock. The exchange terms lower the total energy of
the system by keeping apart electrons of parallel spin. The correlation energy applies to all
electrons, but the largest effect is between electrons of opposite spin. Correlated motion,
where particles of opposite spin avoid each other, also lowers the total energy of the
system.

9.4.7 Thomas-Fermi Theory

Thomas-Fermi theory is called Fermi-Thomas theory about half of the time. As with most
great ideas, it is built on a simple concept. Assume that the potential energy V(r) varies
slowly in space. The precise definition of “slowly” is deferred to later, where we learn that
Thomas-Fermi theory works even for atoms. We introduce the chemical potential g,
which in equilibirium must be a constant in all space. Let the Fermi energy be
Ep = h*k%/2m. 1f there is no potential then u = Ez. When there is a potential, and since
the chemical potential is a constant, then

Er+V(r)=pn (9.94)

The above equation makes sense only if the kinetic energy also varies in space. The Fermi
wave vector kr must be a function of position:
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2
ut I;(;)z +V(r) (9.95)
k 3 32y 3/2

Clearly the Thomas-Fermi theory is semiclassical. We define a local Fermi wave vector
kr(r). Each point in space is assumed to be a local electron gas, with an electron density
given by the above formula.

Introduce Poisson’s equation for the potential from a charge distribution p(r):

V2V (1) = 4ne’p(r) (9.97)

In the electron gas, the potential will be from the electrons as well as from the ion charge.
We use the Thomas-Fermi expression for the electron density:

V2V(r) = 4ne’ [ p; () —ne(r)] (9.98)
V2U(1) = 4ne? p;(r) (9.99)

The potential function U(r) gives the interaction between the electrons and ions in a
metal. Its source is the ion charge distribution p;(r), and U(r) is derived from the second
equation above. The potential function V(r) is different from U(r). We call V(r) the screened
potential or the self-consistent potential. As a result of the potential Ufr), the electrons all
alter their motions. Since U(r) is an attractive potential to electrons, they spend a little more
time during their motion through the metal in the regions where U(r) is large. When
these motions are averaged, the electron density n,(r) is found to be higher in these
regions. The potential V(r) is the final potential, including the attractive part from Ulr)
and the repulsive part from the additional electron density in these regions. The final
point, which is important, is that the electrons feel the net potential V(r) in their motion
through the metal. It is found self-consistently. The algorithm for finding V(r) is the
following: Starting from U(r), V(x) is the potential that acts on electrons to increase their density
where U is large, such that the final potential is also V.

Equation (9.98) is the Thomas-Fermi equation in three dimensions. In other dim-
ensions n(n = 1, 2), the equation must be written as

arr’
V()= —¢ / Frq [05(r') —1e(r)] (9.100)

In three dimensions, the operation by V> produces eqn. (9.98), but that is not true in other
dimensions.

One way to solve the T-F equation is to assume that V/u<<1 and to expand the
electron density in this ratio:

1 2 3/2 v 3/2
Me(t) = — (%) {1— %} (9.101)

3V
~ 1—=" 4 ... 102
no{ 2u } 0102
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1 /2muN"? k:
3 (T) “ 3 (-103)

where ny is the equilibrium density. In this approximation, Poisson’s equation is

o

[V?—g1_]V () = 47€’[p;(r) —no] (9.104)
2
5= (W; i (9.105)

The constant gr.r is the Thomas-Fermi screening length. For example, if the charge
distribution p; = ny+ Z5°(r) is for a uniform background plus one point charge, the
solution is

7 2
Vir)=— Teﬂw (9.106)

The potential has a Yukawa form. The bare potential U = —Ze?/r has been screened by
the factor of exp(—gr.rr). The above solution is approximate and is based on an expansion
in V/u.

There are many cases where one can solve the T-F equations without making such
approximations. One case is for the electrons in a rare gas atom such as neon or argon.
They are neutral, all electrons are in closed shells, and [V(r), n(r)] are both spherically
symmetric. Then one only has to solve the radial equation. Assuming the nucleus is a
point charge,

3/2
L=z A v () (9.107

As r becomes large, the potential V(r) must go to zero. That means the left-hand side of
the above equation must vanish, and so must the right-hand side. However, if V — 0, the
right-hand side will vanish only if 4 = 0. Therefore, set the chemical potential to zero.
Since V <0, the argument of the fractional exponent is positive. Also, omit the term with
d(r) and replace it with the boundary condition that V(r) - —Ze?/r as r — 0.

Solve the equation in dimensionless units with p = r/ay (g is Bohr radius) and

r

Qp) == V(1) (9.108)
dZ 27/221/2 3/2
o= _Qij’)ﬁ (9.109)

The initial condition is Q(0) = 1. The above equation can be solved using numerical
methods. One obtains V(r) and the effective electron density:

3/2 3/2
n(r) = : 3(*%)) =(ZZ)3;2 (g) (9.110)

3n2a 3n2ay \ p

The equation can be put in universal dimensionless form by defining a new coordinate
x as
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e
g
Figure 9.1. Thomas-Fermi function Q(x) for a neutral atom.
7113 3 2/3
x:pb m:(?%)zos% (9.111)
#Q(x)
VEEE = g (0.112)

There is a single equation that applies to all neutral atoms. Figure 9.1 shows a numerical
solution of this equation, starting from Q(0) = 1. The curve falls to zero in a smooth way.
The result is an electron density with the right general shape when graphed versus r. The
shell structure of actual atoms is not present, since the Thomas-Fermi model gives only a
single maximum.

9.4.8 Density Functional Theory

The goal of a many-electron system is to find an approximate Hamiltonian for a single
electron. The Hamiltonian should have the form

2

p
H==—+V 9.113
o V) ( )
The potential energy V(r) must include the potential U(r) from the positive changes, as
well as another potential that simulates the role of electron—electron interactions. John
Slater made an important suggestion. His idea was to write for the exchange term
pZ
H=-—+U(r)+V 9.114
o P UM+ Vx(r) ( )
2k
o £k (x)

Valt) = —a—

(9.115)
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kr(r) = [3n*n(r)]"? (9.116)
)= ¢’ (9-117)

The exchange term is written in the form found for the electron gas —e’ky/n, where the
Fermi wave vector kp is, as in Thomas-Fermi, treated as a function of position. Instead
of using the Thomas-Fermi definition of kg, Slater used the electron gas definition
ke(r)> = 3n°n(r). The electron density n(r) is found by summing over all occupied orbital
states. Slater’s idea combined a bit of the electron gas with Thomas-Fermi. It is a self-
consistent procedure, in that one has to know the density n(r) to find Vx{r), and one has to
know Vxto find the orbitals that contribute to the density. Self-consistency is achieved by
iterating the numerical equations.

Slater was unsure what coefficient should multiply e’kr/n. He put a dimensionless
constant « in front and varied it to get good results. This technique was called Xo, where
X stands for “exchange” and « is his constant.

Xo was the first set of equations that could include exchange for a system with a large
number of electrons. Using a local potential based on kx(r) is obviously an approximation.
It has the desirable feature that exchange is large where there are many other electrons
(large n) and small where the density of electrons is low. The Xu method gave fairly good
results for many atoms and molelcules. Yet the method was always suspect since it was
obviously ad hoc. Also, the adjustable constant a destroyed any pretense of rigor. Never-
theless, Xo was an important historical precedent to the present technology, which is
called density functional theory (DFT).

Walter Kohn was the intellectual force behind DFT. He and Pierre Hohenberg
proved a theorem that forms the basis of the entire technology: The ground-state energy is
a functional of only the density Eg(n). Thatis interesting, since it does not depend on any of
the individual wave functions or their phases, but only on the entire density.

The second major idea is that the correct potential can be found by a functional
derivative of this ground-state energy with respect to the electron density:

| oE
)

V(r) (9.118)

All applications use the local density approximation. As with Slater, the dependence on
density is assumed to be a local function of density such as kg[n(r)]. Like Slater, they use
the electron gas formulas to find exchange and correlation energies. For example,
consider the exchange energy for the electron gas derived earlier in eqn. (9.88). Since
N, = [d*rn(r) this expression can be rewritten as

3¢k
EX:—/d3m(r)w (9.119)

Since kr ~ n'/? the right-hand side is n*/>. Taking a functional derivative

SEx _ Eke(n)
5, = Ve =———= (9.120)
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The right-hand side has the factor of (3) canceled by the exponent ($) from the derivative.
The result is precisely Slater’s potential, with & = 1. DFT uses this formula for exchange.
There is also another term from the correlation energy derived from electron—electron

interactions:
2
H= f—m + U(r) + Vx[n(r)] + Veln(r)] (9-121)

The result is an equation that looks like a Hamiltonian for a single electron and can be
used to calculate self-consistently the density of electrons in a many-electron system.
Density functional theory is used widely by physicists and chemists to calculate the
properties of atoms, molecules, solids, liquids, and interfaces.

9.5 Second Quantization

Second quantization is needed to account for the fact that elementary particles occur in
integer numbers. A system can have N electrons, where N is a nonnegative integer. If we
have the eigenvalue equation He¢,, = hiw,¢, the wave function is exactly given by

Y= and,(r)e (9.122)
Normalize the wave function by setting
/dwﬁ(r, By = Y lal =1 (9.123)

The values of |a,|* are equal or less than one.

Writing the wave function this way does not require an integer number of particles.
We do that by requiring that a,, is actually an operator! The expectation value is (a}a,) = N,,
where N, is the average number of particles in state n. The above expression is now

/d”W(r, By(r, )= alay (9.124)

</‘d3rlﬁ(r, D (r, t)> = (alan)=> N,=1 (9.125)

The average occupation number is one. However, the instantaneous value of a] a,, is zero
or one.

We use a Lagrangian-Hamiltonian approach to derive the properties of the operators
a,. The above discussion is general and applies to both fermion and boson particles.

9.5.1 Bosons

First consider boson particles. The method is often applied to atoms such as *He, which
contain even numbers of fermions, so that it has boson-like properties. If the boson isin a
potential U(r), the one-particle Schrédinger equation is
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2v?

2m

iy (r) = H(r) = { + U(r)} Wir) (9.126)

This equation may be derived from the Lagrangian density:
. B2
L= ih!//Tlﬁ—EleT~Vlﬁ—U(r7 VAL (9.127)

The wave function is complex, with real and imaginary parts. These two parts can be
treated as independent variables. An alternate procedure is to treat y(r) and /(r) as in-
dependent variables. Then the functional derivatives give

dL ‘

i Uy (9.128)
L W

. =—o—Vl (9.129)
s—é =il (9.130)

Put these relations into Lagrange’s equation:

JL h) dL L
=2 W(W)‘&ﬁ 0-131)
0=—Uyl+ h—zvzx//tihﬁw (9.132)
2m At ’

The latter is the Hermitian conjugate of Schrédinger’s equation. In the Lagrangian
formulation, the momentum that is conjugate to the variable y is

n= 3—; =il (r) (9.133)

The Hamiltonian density is given by
. 2 ,
H=mj—L= %wﬁ.vw Uyhy (9.134)

Integrate over all volumes to obtain the Hamiltonian:

. 2
H= /d3rH: /d’n/ﬁ(—f—mv% U)l// (9.135)

where the kinetic energy term was integrated by parts. Since n and ¥ are conjugate
variables, they obey commutation relations of the form

[W(r, 1), n(r’, )] = ihd(r—1') (9.136)
or, using (9.133),
[(r, 1), i (), )] = d(r—r’) (9.137)

This commutation relation is the fundamental basis of second quantization. Although it
has been made plausible by the derivation from a Lagrangian, it is a basic premise.
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These commutation relations may be satisfied by introducing creation and destruction
operators for bosons. Let H have eigenstates and eigenvalues of the form

Ho, =9, (9.138)
hz
H:—2—V2+ U(r) (9.139)

The wave function (r) and its conjugate y'(r) are expanded in terms of this basis set:
=2 a9 (9.140)
m=">al (e (9.141)

The commutator (9.137) is satisfied if a and a' operators have their own commutation
relations:

(9.142)
[@;(t), a; ()] =0
The commutation relations for the field variables are
[, 1), ' (', 0] = Zm (051 (9.143)
= qu/ d(r—r)) (9.144)
An operator of interest is the density operator:
p(r) =y ()Y Zm¢nm) (9-145)

The integral of p(r) is the number operator:

N:/d3rp(r) =>ala=>"m (9.146)
Its thermal average is obtained by taking the thermal average of n;:
(N)=D {n)=) N (9.147)

Any systems with these commutation relations behave as harmonic oscillators for each
state 1. The eigenstates for each value of 1 have a discrete set of occupation numbers
n,=0,1,2,3,.... All bosons have harmonic oscillator eigenstates. For phonons, the
number n; is interpreted as the number of phonons in state A. For particles, the inter-
pretation is the same. The number n; tells how many particles in the system are in the
same state 4. However, for particles, unlike phonons, the total number of particles is
conserved. The many-particle wave function has the form
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fys
I, (f;% 10) (9.148)

In thermal equilibrium, the average number of particles in a state /4 is given by the

usual Boson occupation factor:

1
(n;) = o m_q = Na=ns(ei—H) (9.149)

There is a chemical potential i, which can vary with temperature and concentration. This
equation serves as a definition of the chemical potential and determines its variations
with temperature and particle number N.

9.5.2 Fermions

A similar method is used for second quantization for fermions. They are usually electrons,
although the technique is also applied to holes, positrons, or *He atoms. Fermions have
the property that any state may contain only zero or one particle, which is the exclusion
principle. Jordan and Wigner (1928) discovered that Fermi statistics require that operators
anticommute, which is represented by curly brackets:

YW )+ W =), v (1)} = Sr—r) (9.150)

{¥(n), y(r)}=0 (9.151)

Wimvi)}=o0 (9.152)
Expand these wave functions in a basis set ¢;(r):

v =>_ Cib,1) (9.153)

Yl =>_Cloim (9.154)

The coefficients C} and C; become creation and destruction operators, which obey
anticommutation relations:

(G, Cly =6, (9.155)
{CCr}=0 (9.156)
{c}.cl}=0 (9.157)

An example is {C;,C;} = 2C,C; = 0. The operator C,C, acting on anything gives zero,
since C; is a destruction operator, which destroys a particle from a state 1. A state may
contain only zero or one particle, called |0); and |1),, respectively:

Cil1),=10);, C/T‘_|1>/1 =0,

Cil0), =0, Cljo),=[1), (9-158)

A

So G, C, acting on either |1); or |0), gives zero. Similarly, the combination C} CE =0.Itis
zero because two particles cannot be created in the same state.
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The thermodynamic average of the Fermion occupation number is

1

fey
(Gl =m= =7

:nF(g/-\) (9,159)

There is always a chemical potential for fermions.

9.6 Bose-Einstein Condensation

Earth-bound nature has identified several superfluids. Among those are superconduc-
tors, the low temperature phase of liquid *He, and Bose-Einstein condensation of
atoms in optical traps. Superfluids are macroscopic quantum states. The phase of
all particles in the superfulid are tied together into one state that extends throughout
the fluid. The phase coherence of the superfluid is similar to that found for the photons
in a laser. Superfluids are unique environments to study macroscopic quantum
phenomena.

The helium atom is found in two isotopes, called “He and *He. Both are found in the
liquid state at very low temperatures. *He is a fermion, since it has an odd number of
fermions: two electrons, two protons, and one neutron. “He is regarded as a boson,
although it is actually a collection of an even number of fermions: two electrons, two
protons, and two neutrons. *He undergoes a phase transition at T, =2.17 K, which is
believed to be Bose-Einstein condensation.

9.6.1 Noninteracting Particles

The easiest theory is for noninteracting particles. We ignore potential energy, and con-
sider only the kinetic energy of the particles.

The traditional view of Bose-Einstein condensation is that there is a macroscopic
occupation of the k = 0 state. The number density n of spinless bosons in a state k is

(B =1/kgT):

1
Pk
n= /W ns(k) (9.161)
Wk
(k) = . (9.162)

where m is the mass of the helium atom. Boson occupation numbers have a chemical
potential u when the particle cannot be destroyed. Photon and phonon occupation
numbers lack a chemical potential since one can easily create and destroy them.

At high temperatures, the chemical potential is less than zero. The zero of energy is
the minimum value of the excitation energy e(k) = h’k*/2m at k = 0. The long



314 | Chapter 9

wavelength excitations of any fluid are sound waves. The density of sound excitations is
{exp[Bhw(k)]—1}'. However, in evaluating the number operator n, we want the number
of quasiparticles of wave vector k, which is not the same as the density of sound
excitations.

Change integration variables to x =¢(k)/(kgT), set y= i, and find

k T 3/2
n:%(zmTZB) F(Bu) (9.163)
= Jxd
F(y)= A el/jfl (9.164)

The left-hand side (n) of (9.163) is a fixed number. As the temperature T becomes lower,
the integral on the right becomes smaller due to the factor of T*/%. The term F(y) com-
pensates by having y become smaller in magnitude (less negative). Eventually,
y = pp = 0. This condition defines the Bose-Einstein temperature:

W (an?n\?
ksT:= o (F(O)) (9.165)

For T< T;, u(T) = 0 and one has to replace eqn. (9.161) by

N

The quantity ny=fon is the density of particles in the k=0 state, which is usually
represented by the fraction f;, of all of the helium atoms. The definition of ng is

3/2
no=n— % (%ﬂ) F(0) (9.167)
T 3/2
:n|:1<n> } (9.168)
3/2
Jo(T)=1- (%) (9.169)

The previous definition of T; has been used to write the condensate fraction as a 3 power
of the reduced temperature. For the noninteracting boson gas, all atoms are in the
condensate at zero temperature [ fo(0) = 1]. The condensate is the macroscopic quantum
state. At k = 0 the particle wavelength extends throughout the fluid. In the next section
we find a very different behavior for the actual “He superfluid.

9.6.2 Off-Diagonal Long-Range Order

The above derivation of BEC (Bose-Einstein condensation) treats the particles as
noninteracting. That model is a poor approximation to “He. In the actual liquid, each
atom has 6-8 near neighbors within its range of potential energy. Also, each atom has a
large zero-point kinetic energy due to rapid motion within its small space in liquid.
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Theories based on a plane-wave basis set give a poor description of the actual liquid. Much
better results were obtained with wave functions based upon correlated basis functions.

Correlated basis functions (CBF) are also called Jastrow functions. The system has
N~ 10 identical bosons, which are spinless. Their ground state W, is described by a
many-particle wave function:

Wo(ry, 13, ..., Ty) = Ly exp [— > u(ri—rj)} (9.170)
i>j

where Ly is a normalization constant. The exponential has a summation over all pairwise
interactions. The function u(r) is designed to keep atoms from getting too close to each
other, and has the generic form of u(r) = (a/r)". The parameters (a, n) are found by a
variational solution to the ground-state energy, using large computer programs. This
wave function is found to give a good description of particle energy and correlations in
liquid helium.

Given this form of the wave function, how do we define the condensate, or zero-
momentum state? What is the definition of “zero-momentum state” in a basis set that is
not plane waves? What is meant by superfluidity and BEC in a system that is strongly
interacting and highly correlated? The method of doing this was introduced by Penrose
[3]. Yang [4] suggested the name of off-diagonal long-range order (ODLRO) for the type of
ordering introduced by Penrose. The actual method of calculating this wave function, or
at least some of its properties, is given in Mahan [2]. Here we summarize the main ideas.

Some insight into ODLRO is obtained by considering the techniques used for the
weakly interacting systems. There a one-particle state function is defined in the plane-
wave representation as

P(r) = \/iﬁ%: e*TC (9.171)
C= % / Pre T d(r) (9.172)

The number of particles in state k is
n(k) = (CLGi) = é / Prd’re * N D (1) D(r)) (9.173)

In a fluid, (@' (r)@(r’)) must only be a function of r — r’. Change the integration to center-
of-mass variables, T =r—1’, R= (r+1’)/2. The integral [d’R = Q. The integral [d’t gives
the occupation number:

(T () D(r')) =nR(r—1') = nR(1) (9.174)
nk)=n /d%e”'k'?R(r)EnR(k) (9.175)
The dimensionless quantity n(k) is the Fourier transform of (®(r)®(r')) The quantity

n = N/Q is the density, with dimensional units of particles per volume. If kg is the wave
vector of the condensate (usually k, = 0), then we need to have n(ko) = Nf, where Nis the
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total number of atoms. Then R(ko) = Qfy, where Q is the volume. The only way that the
above integral can be proportional to Q is if

lim R(r) =™ f (9.176)

I—0o0

n(k) = Nfody—1, +n / B re ®T[R(r) -] (9.177)

The second term has an integral that is not proportional to Q.

ODLRO is the feature that R(o0)# 0. There is correlation in the wave functions of
particles at large distances. This correlation is directly related to the condensate fraction fo.
In *He, it is found that fy(T=0) ~0.1. The helium atoms spend only 10% of their time
in the condensate.

The Penrose function R(r) is related to the ground-state wave function W,. The square
of the wave function gives the probability density for finding particles at positions r;in the
system and is called the diagonal density matrix:

a1, tn) = [Wo(rr, 1o, . 1) (9-178)

The subscript N indicates that it applies to N particles. py is normalized so that the
integral over all coordinates gives unity:

1= /d3r1~~~d3erN(r1,r2, .., IN) (9.179)

The concept of ODLRO is contained in the function R(ry, r{) obtained from [W,|* when
all but one set of coordinates are equal and averaged over

R(r1—r19) :Q/d3r2d3r3 . d3rN\I’(*)(r1,r2, oo IN)Wo(r{, 12,13, ..., TN)
R(0)=1 (9.180)

The quantity fo = R(o0) is the fraction of time a particle spends in the condensate.
Alternately, it is also the fraction of particles in this state at any one time.
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Homework

1. Use Hund'’s rules to make a table of how d-shells (¢ = 2) fill up with electrons.
Compare your results to the 3d series of atoms: Sc, Ti, ..., Zn.
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. Consider a system of three electrons: e.g., atomic lithium. Two have spin-up and one
has spin down. The two spin-up electrons are in orbital states labeled 1 and 2, while
the spin-down electron is in orbital state 3.

a. Write down the Slater determinant W for this three-electron state.
b. Form the density matrix py23(ry, 12, 13) = |‘lf|2 and integrate it over ars.
c. Integrate the result of (b) over d’r,. What is the resulting function of r,?

. Write out the Hartree-Fock equations for the electrons in the ground state of atomic
Li: (15)%(2s).

. Write out the Hartree-Fock equations for the electrons in the ground state of atomic
Be: (15)(25)%

. Assume a Hamiltonian of the form below for a system of N bosons of spin-0:

H=" [% + U(ri)} + > V(r-x) (9.181)

i>j

a. Derive an expression for the ground-state energy assuming all of the orbital
states are different for the bosons.

b. Derive an expression for the ground-state energy assuming all of the orbital
states are identical—all of the bosons are in ¢ (r).

. Three negative pions (spin-0) are bound to a lithium (Z=3) nuclei. Use variational
methods to estimate the ground-state binding energy.

. Consider a system of N free electrons in three dimensions that interact with each
other only through the delta-function potentials defined below. Define the interaction
energy E; as the sum of Hartree and exchange. Assume a paramagnetic state with
equal number of spin-up and spin-down electrons. Solve for the two interactions
below:

a. V(i —1) = 16°(r — 1)

b. V(r—r)=1(5 - 53)° (1 —r2)

. Consider a ferromagnetic electron gas that has N free electrons in three dimensions
with all spins pointing in the same direction, say “up.”

a. Calculate the average kinetic energy per electron.
b. Calculate p(ry, r2) = g(r — r2)/ (%) by summing over all pairs of electrons states.

. Consider the two-particle wave function, where the two particles are in a d-state of an
atom that has five orbital choices. How many states are available when:
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10.

1.

12.

13.

14.

15.

a. The spin-o particles are distinguishable?
b. The particles are spin-o bosons?
c. The particles are electrons?

Consider the two-dimensional paramagnetic electron gas.

a. Derive the relationship between n (number of electrons per area) and k.
b. What is the average kinetic energy of each electron in the Fermi sea of the
paramagnetic state (equal number of up and down spins).

In two dimensions, what is the Thomas-Fermi relation between n(r) and V(r)?

A possible Thomas-Fermi equation is

3/2
#Vi) _4nn0e2{1 +b3(x)— {1—%} } (9.182)

dx?

This equation applies in three dimensions if the term 0(x) is a sheet of charge. Solve
this equation assuming V/u<<1.

Derive the formula for the Bose-Einstein transition temperature T, of a gas of free
bosons (e(k) = h*k*/2m) in two dimensions. All integrals can be done exactly.

Consider a gas of boson atoms that has only a repulsive interaction V(rj) between
atoms:
ik

V(ry)=Ae ", A>> = (9.183)

When using a correlated basis function for the ground-state wave function of the many
atom gas, what is the best choice for the pair function u(ry)?

Consider a one-dimensional system of two hard-sphere bosons confined to the
interval 0 <x;<1. By “hard sphere” is meant the wave function ¥ (x;, x;) = 0 if
x; = x. Also, the wave function must vanish if either particle gets to either end.

a. Show that the following is a suitable wave function

fa,x)=sin (nﬁ) sin (nl_h) (9.184)

X2 —X

Af(X],Xz) X1 <Xp

Wm#ﬂz{ (9.185)

Af(Xz,X]) X1>X2
where A is a normalization constant.

b. Write down the expression for p(x;) obtained by integrating over dx,. Specify all
limits of integration.
c. Write down a similar wave function ¥ (x,, x,, x;) for three hard-sphere bosons.



16.

17.

18.

19.
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Write down the expression for the Penrose function R(x;—x;’) for the above wave
function with two hard bosons. Specify all of the limits of integration.

Calculate the Penrose function R(ri—ry’) for a free electron gas at zero temperature. It
will be a function of x = kg|ry —r;’|. How does the answer differ for a paramagnetic

gas compared to a ferromagnetic gas?

Since S(q = 0) = 0 there is an identity

1=no/d3r[1 —g(n)] (9.186)
Someone proposes the following form for g(r) based on the hard-core concept:
0 r<a
gin=42 a<r<2a (9.187)
1 r>2a

Does this form satisfy the above identity?

Assume a pair distribution function of the form
g(R)=1—¢* (9.188)

Adjust the value of o by using the sum rule of the problem 18. Then calculate S(g).



-I 0 Scattering Theory

The previous chapters have discussed scattering theory for electrons and photons.
Usually the matrix elements were calculated in the first Born approximation, which is
the Fourier transform of the potential energy. This chapter discusses scattering theory
with more rigor. The exact matrix element will be obtained for a variety of systems.

The interaction of photons with charged particles is described well by perturbation
theory. Perturbation theory for photons has a smallness parameter that is the fine-
structure constant oy~ 1/137. Each order of perturbation theory is smaller by this par-
ameter. So the calculations in chapter 8 for photons are fine. In the present chapter the
emphasis is scattering by particles such as electrons, neutrons, and protons.

10.1 Elastic Scattering

Elementary particles can be treated as waves or as particles. They are particles whose
amplitudes obey a wave equation. It is useful to think about the scattering in terms of
waves. Assume there is a target at the origin (r = 0), which has a potential energy V(r)
with the particle being scattered. Represent the incoming particle as a wave with the
initial wave function of

i(r) = " (10.1)

We are not including the factors for normalization. When this wave gets to the target,
some of the wave amplitude is scattered in the form of a spherical outgoing wave. See
figure 7.8b for a diagram.

Construct a set of equations that gives the same picture. The Hamiltonian is

W2 'k
Hy = {— ZZ + V(r)} =" (10.2)

Rearrange this equation into the form
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(V2 4+ () = 22

7 V) (103)

Introduce the classical Green’s function G(k; r, t') that obeys the equation

(V2 + )Gk 1, 1) = Zh%” P (r—r) (10.4)

On the right is a three-dimensional delta-function. The Green’s function provides a
solution to (10.3):

Y(r) =% 4 / Fr Gk, 1) V{I)Y(r) (10.5)
(V24 k) (r) = (V2 + )l + %’ / &1 (1) V(I)(r)
=2V (10.6)

The first term on the right vanishes since V2™ = —k%*™.

Equation (10.5) is an exact solution to the Hamiltonian equation (10.3). It is a self-
consistent equation, in that the solution (r) depends on itself under the integral. The
next step is to solve for the Green’s function G(k; r, r').

The right-hand-side of eqn. (10.4) is a function of only R = r — r/, and so is the Green’s

function: G(k; R). Take a Fourier transform of (10.4):

G(k;q) = / d*Re MRG(k; R) (10.7)
~ 2m 1
Glk;q) =— WA (10.8)

#Bq ors 2m [ dq g 1
G(k;R):/(Zn?SeqRG(kv(l):*ﬁ (zn‘)zaeqqu_kz

The second equation is the Fourier transform of eqn. (10.4). The third equation is the
definition of the inverse transform. Evaluate the integral and the calculation is over. First
evaluate the angular integrals. Choose the direction of the vector R as the Z-direction, and
then q- R = qRv, v=cos(0). The angular integrals give

1
/ dg / do sin(0)e“1"<s? = 27 / dvet® = %(eiqR—e*iqR) (10.9)
. . -1

1q

The integral over dgq goes 0 <q< co. In the term exp(—iqR) change ¢'=—q and this
integral goes —oo < ¢’ < 0. There is a sign change, so one gets

—m © eiqR
G(k;R) = W/% qdqm (10.10)

The integral over dq goes along the real axis. At the points where q=zk, the integrand
diverges. The result for the Green’s function depends on what is done at these points.

« If the integrand is treated as a principal part, the integral gives a standing wave:
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m
G(k;R)=— Wcos (kR) (10.11)

« For the scattering problem, the Green’s function should be an outgoing wave, since it
describes a wave leaving the target. The outgoing wave is achieved by replacing the factor of
q* — k* - q* — (k+in)>. Here 5 is positive and infinitesimal. The poles of the integrand are
now at g = %(k + in). The one at positive k is in the upper half-plane (UHP), and the one at —k
is in the lower half-plane (LHP). Treat g as a complex variable and close the contour in the
UHP with a semicircle of infinite radius. According to Cauchy’s theorem, the integral equals
27i times the residue of the pole at g=k + in:

m esz

(10.12)

This Green’s function is used in scattering theory.

« Another possible choice is to use incoming waves. That is achieved by replacing (k + i) by

(k —in)%. Now the pole in the UHP is at = —k -+ iy and the Green’s function is

m e—lkR

Gl R) =~ 5~

(10.13)
All three Green’s functions are correct for some problem. For the scattering problem with
its outgoing wave the correct choice is (10.12).

Let k; be the initial wave vector, and equation (10.5) is now

m B

ik|r—r’| ’, -
Py fr—r e V() (ki,r) (10.14)

Y(ki, 1) = €7 —

The potential energy V(r) is assumed to be of short range—it is not a Coulomb potential.
The integral over d’r’ extends only over the range of V(r), which is O(A). If
measurements of the scattering particle are being made a distance r ~ meter from the
target, then r > > r’. Expand the Green’s function in this limit:

lim P4 (r) -2t v =r— -1+ O /1)
=P [lkh,_ vl _ eplkr=ily T L o)
[r—r'| r
) eikr
l//(l')ielk“'r +f(kfyki)_ (10‘15)
flles ki) = re TV k)
o hkf
ky=kt, vy =~ (10.16)

The wave vector k¢for the final state is the magnitude of k taken in the direction of 7. The
quantity f{ks k;) is the scattering amplitude. It has the dimensions of length.
The flux of scattered particles is found from the current operator:

Ef h * =  *
J) =5 W VY=V (10.17)
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ikr ikr
6[6 }:?(ik—%) eT (10.18)

= Z 1tk )11+ O(1/7) (10.19)

~|

At the point r, where the measurement is done, the flux through the area dA= 2dQ is
7%jdQ. The scattered flux is divided by the incident flux. The incident flux comes from the

term €™ and is v;. The ratio of these two fluxes gives the scattering cross section:
97 g = 2 () ik o 10.20
dQ_Vi (f7 1) _Vi 2nh2 (f7 1) ( . )
T(ky, ki) = /d3r'6’ikfr V() (ki,r) (10.21)
ke, ki T(ks, ki 10.22
S ks, ki) = nh Tk, ki) ( )

For elastic scattering, v; =vyand the initial prefactor is omitted.

The last two lines introduce the T-matrix for scattering. The T-matrix is the exact matrix
element. Our derivation contained no approximation. The only assumption we made was
that the measurement apparatus was far from the center of scattering. The T-matrix is a
matrix element of the potential V(r). One wave function is the exact one v (k;, r), while the
other is a plane wave exp(—iks-1). In an earlier chapter we derived the Born approx-
imation to the T-matrix, where y/(k;, 1) was approximated as a plane wave exp (ik;- 1)
and the T-matrix is approximated as the Fourier transform of the potential T(kjs k;) —
V (ki — ky. A guess at the correct answer might have been

[ et viowien (10.23)

in which an exact eigenstate is on both sides of the potential. This guess is reasonable but
incorrect. The correct result (10.21) has one side with an exact eigenfunction and the
other side with a plane wave.

10.1.1 Partial Wave Analysis

In this section the scattering potential V(r) is assumed to be spherically symmetric: it
depends only on the magnitude of vector r, and is written V(r). A plane wave can be
expanded as
T =" (20 +1)i%jis(kr) Py( cos 0) (10.24)
=0
where j,(z) is a spherical Bessel function, P(cos 6) is a Legendre polynomial, and
cos(f) =k-7. In a similar way, assume that the exact eigenfunction can be expanded as

o0

=) (20+1)i"Ry(kr) P( cos ) (10.25)
(=0
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This form is valid for spherically symmetric potentials. If the potential V() is short-
ranged, we can express the radial function in terms of phase shifts when kr > > 1:

sin (kr—mt/2)

hm _] (kr) = o (10.26)
Jim Ry(kr) = = [k”&k’:k)”w/ 2] (10.27)

Examples of phase shifts were given in previous chapters. The form for R,(kr) needs to be
changed to be appropriate for an outgoing wave. For example, the Bessel function is

_ = | pilkr—mt/2) _ —i(kr—7l/2)
klrlgllﬂ(k )= 2ikr ( ¢ ) (10.28)

The first term on the right has the exponent of an outgoing wave. The second exponent is
an incoming wave. In a scattering experiment, the incoming wave has not yet experienced
the potential and is not phase shifted. The outgoing wave is phase-shifted twice: once on
the incoming path and once on the outgoing path. Write the actual wave function, at large
distances, as
Jim Ry (k) = 211kr (20 ilbr—nt/2) _gilkr—nt/2)) (10.29)
e nl

= sinfkr +00(k)— -] (10.30)

Outgoing wave boundary conditions have added a phase factor to the radial function.

Equation (10.29) can be rewritten exactly as

- _sin(kr—nl/2) (€% 1) i)
klrlgll Reflkr) = kr + 2ikr ¢

(10.31)

Put this form in eqn. (10.25). The first term sums to the incoming wave, and the second
term is the scattered wave:

ikr

Yl ) =+ f (10.32)
flk,0)= o kZ (204 1)(& 1 —1) Py cos 0) (10.33)

% Z (20+ 1)) sin [5 (k)] P¢( cos 0) (10.34)
T(k, 0) :@f(k 0)= o’

- e+ 1)(e2°M —1) Py( cos 0)
l

where now cos(0) = Ef‘ k; since 7 = Ef. The last formula is exact for elastic scattering. The
scattering amplitude fis expressed as a function of k and cos 0 = k; -Ef. The phase shifts
play a major role in the scattering amplitude.

The differential cross section for elastic scattering is

2

do Z (20 + 1)(?M —1) Py cos 0) (10.35)

a0 - =Iff'= 4k2
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The total cross section is obtained by integrating over solid angle dQ = d¢ sinfdf. Since
the Legendre polynomials are orthogonal, this integral forces /= ¢ in the double sum-

mation:
o(k)= j—; 20+ 1)20 + 1) (2 —1) (e 2 1) I,y (10.36)
2
Ly = / a0 sin OPy( cos 0) Py (cos 0) = 0pp —— 21 (10.37)
4n &
a(k)= 2 (24+ 1) sin® [8,(k)] (10.38)

The final formula gives the total cross section as a function of the scattering phase shifts.
This formula is exact for elastic scattering from potentials that are not Coulombic.

We can immediately derive the optical theorem. The imaginary part of the scattering
amplitude is

EZ (2€+ 1) sin? [, (k)] Py ( cos 0) (10.39)
4

At 6 =0 then Py(cos 0) = P,(1) =1 and the above summation becomes

ot = TS{f(k,0) (10.40)

which is the optical theorem. The imaginary part of the forward scattering amplitude is
proportional to the total cross section.

Another interesting result is obtained by equating two expressions for the scattering
amplitude f. First start with

f ke, ki) = ;”;2 / Fre TV )k, ) (10.41)

Expand two factors of the integrand in Legendre functions and do the integral over angle

e = i 20 + 1) (=) o (k') P (ks - 7) (10.42)
=0
Yk, ') = i (20 4 1)i' Ry (kr') Py (k; - #) (10.43)
=0
2n T N N
ZZleaapf(k ke) = / de /O a0’ sin (0') Py (ky - #)Py(k; - ) (10.44)

f ke ki) =— Amm 20+ 1) Po(k; - kf) / #2dr'j, (k') V(r') Ry (kr)
2mh? &

Equation (10.44) is related to the addition theorem for Legendre functions. Compare this
last formula with eqn. (10.33) and deduce that

€ sin [, (k)] = — 2mk

= /  2dru(kr') V() Re(kr) (10.45)
0
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This expression is exact for elastic scattering from potentials of short range. The integral
on the right appears complicated, but it is given by the simple expression on the left of the
equal sign. The phase factor exp[id,] is in Ry(kr’).

The above formula can be used to derive the behavior of the phase shift at small values
of wave vector. As k — 0, then j,(kr) — (kr)’. Since the potential has a short range, only
small values of r are needed. One finds as k — 0 that

sin (6¢) — —k'*1ay (10.46)
_ 20 om A2
akmﬁm(m/o () H2drv(r) (10.47)

The constant ay is called the scattering length, and is an important experimental quantity.
For s-wave scattering (¢ =0), one finds for the cross section at low energy:

d
}Ciiréd% = o}, lim o = 4naf (10.48)

The differential cross section is a constant area given by aj.
The other important information is the value of the phase shift at k=0. Levinson’s
theorem states that

50(0) =Ny (10.49)

where N, is the number of bound states in the potential with angular momentum /. This
number is finite for a potential of short range.

The definition of the phase shift usually has the form tan(d,) =f(k). If ffk =0) =0, the
tangent of the phase shift is zero. Since tan(Nn) = 0, how do we know the value of N? The
unique answer is obtained by graphing the phase shift as a function of k. We demand that
this graph has two characteristics:

« The phase shift vanishes at very large values of k.
« The phase shift is a continuous function of k.

These two conditions guarantee that one knows the unique value of the phase shift at
k=0.

10.1.2 Scattering in Two Dimensions

The same approach to elastic scattering can be applied to two dimensions. The particles
are confined to a plane, and polar coordinates are used. The wave function has an incident
term plus a term scattering outward from a potential, as in eqn. (10.5):

Yk, 1) =e*T + /dzr'G(k; r—r) V() (k1) (10.50)

[V2+KkG(k R) = 2h_r2n52(R) (10.51)
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The important step is to find the Green’s function in two dimensions. For three
dimensions, the Green’s function was found using a Fourier transform method. Here we
use another method to provide variety.

At R # 0 the Green’s function obeys the wave equation for a free particle. The solutions
are Bessel functions J,(kR), Y,(kR). Both are needed since the solution is away from the
origin. The combination of these two functions that forms an outgoing wave is called a
Hankel function:

H{"(2) = Ju(2) + iYu(2) (10.52)
H{?(2) = Ju(2)~iYa(2) (10.53)
H{"(z) is an outgoing wave, while H{ (z) is an incoming wave. We need the circularly
symmetric solution n =0, so just guess the solution is
G(k, R)= CH{" (kR) (10.54)

The only remaining step is to find the constant C. It is determined by the delta-function at
the origin. First integrate eqn. (10.51) over df. This step gives 27 on the left and eliminates
the angular term in the delta-function on the right:

Zm 2m 3(R)

1d _d ]

2 {RdRRﬁ +k ]CH (kR) =5 = (10.55)
Multiply the entire equation by R/2n and then integrate each term by

lim [ dR (10.56)

=0 Jo
On the right, the integral gives unity, independent of ¢. On the left we get

e CHO ke — ™

lim e - CHYY (ke) = — (10.57)
The Bessel function Jy(z) = 1+ O(z”) and the operation by

hms ]O(ks) (10.58)

The Neumann function at small argument goes as Yy(z) = (2/n)ln(z/2) and its derivative
is

. d 2
185%8% Yo(ke) = - (10.59)
L2 m
ict=—5 (10.60)
m
C=—in 10.61
o2 (10.61)
G(k, R)= —iz—";z HY (kR) (10.62)

The scattering part of the wave is found from the asymptotic form of the Hankel
function:
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2

(1) iz
lim HY (z) = /e (10.63)
ikr
Wik, 1) =T+ f(kf,ki)‘i7 (10.64)
f—* 1\ 5% /d2 e V() (l,T) (10.65)
d(, =|f (s, ki) |° (10.66)

1/2

The scattering amplitude f has the units of (length)™/“, and the cross section in two

dimensions has the units of length.
Another expression for the scattering amplitude is found by a partial wave analysis:

Zz” iy, (10.67)
(ki 1) Z i"e" R, (kr) (10.68)
At large values of (kr) the asymptotic forms are
. 2 ntoom
lim J,(2) = \/;cos <27771) (10.69)
2 s, _m T
lim R,(2) = || ¢ cos [z+(3n(k) : 4] (10.70)

z>>1

) 2 oy (=) e
}LEﬁRMZ)*\/g[”S(Z‘?‘z)* 2 ¢

Put the latter result in eqn. (10.68) and get back eqn. (10.64) with a new expression for the

scattering amplitude:

N — 1 inf 20,
f(kf,k,)_—mze (€ —1) (10.71)
% :i 2 [8a(k)] (10.72)

The final formula is the total cross section for elastic scattering in two dimensions.

10.1.3 Hard-Sphere Scattering

Consider the scattering of two classical hard spheres, say, two bowling balls or two cue
balls in pool. Both have the same diameter d and radius a = d/2. The scattering is elastic
and there are no bound states. All that is needed for the scattering theory are the phase
shifts. They can be found by the solution of the two-sphere Hamiltonian in relative
coordinates:
W2

2p

H=-— +V(r), V()= if r<d (10.73)
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where the reduced mass is 4 =m/2. The potential is zero if r > d and is infinite if r < d.
This is equivalent to setting the radial function equal to zero at r=d: R,(kd) = 0. Since the
potential vanishes for r > d, the solution in this region are plane waves. Since solutions
are only needed away from the origin, the most general solution has both Bessel
functions, jy(kr) and y,(kr):

Re(kr) = cos ()™ { jo(kr)— tan [3,(k)]y (k) } (10.74)
_ Je(kd)
tan [5; (k)] = i) (10.75)

The second line is the definition of the phase shift. This choice does fulfill the boundary
condition that R,(kd) =0. Also, using the asymptotic forms for the two spherical Bessel
functions gives the right behavior for the radial function:

lim ju(z) = M {1 + o@)} (10.76)
lim () = M {1 + o@)} (10.77)

Zh>r>nl Ri(z)= % [cos(éz) sin (z— 7;) + sin(dy) cos (Z_zn[)} {1 + O(%)}
n(ero ) 102 a0z

The last equation is the correct asymptotic formula for the radial function, in terms of the
phase shift.
The total cross section for the scattering of two hard spheres is given by

_Am

o=13 Y (20+1)sin’ [5:(k)] (10.79)
k =0
) _ e’k je(kd)’
Sin” = T (s, ]~ Jukd)? + o) (10.80)
_4n Je(kd)®
o=1 [:ZO(Z + )jz(kd)z—i-y/(kd)z (10.81)

The last equation is the exact result for the total cross section for the elastic scattering of
two hard spheres. There is no overt Planck’s constant (h) in the expression, but the wave
vector k=+/2mE/h of the particle is a quantum concept.

The s-wave phase shift has a simple form Jy(k) = —kd, which is derived from eqn.
(10.75), which gives that tan(do) = —tan(kd). An alternative derivation is to write out eqn.
(10.74) and find

ido

Ro(kr) = ek—rsin (kr + o) (10.82)
ei&g - p
= = sin [k(r—d) (10.83)

Writing the argument of the sine function as sin[k(r —d)] guarantees that it vanishes at
r=d. This choice determines that o= —kd.
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F1GURE 10.1. Experimental probability of an electron scattering from the atoms Ne,
Ar, Kr, Xe. From Brode, Rev. Mod. Phys. 5, 257(1933).

An interesting result is the limit of long wavelength (k — 0). Since there are no bound
states, the phase shifts vanish according to 6¢ — k" 'a, as shown above. Therefore, the
limit of 3,/k =k’ = 0 for all values of ¢ except for s-waves. In the limit that k — 0 the exact
cross section becomes

lim ¢ = 4nd? (10.84)
k=0
. do

Since only s-waves contribute to the scattering, the angular dependence is isotropic. Note
that it is four times the classical area of nd”.

10.1.4 Ramsauer-Townsend Effect

Electron scattering from atomic helium or neon has a cross section ¢(k) that is rather
featureless. However, electron scattering from the other rare gas atoms—argon, krypton,
and xenon—show an interesting phenomenon. Figure 10.1 shows a pronounced
minimum in the cross section ¢ (k) for electron kinetic energies around 0.7-1.0 eV. This
minimum is called the Ramsauer-Townsend effect. The minimum in the cross section
occurs because the phase shifts have the feature that do ==, sin(do) =0, while the other
phase shifts [0,(k), £ = 1] are small. It is a quantum effect and is caused by the wave nature
of electrons.
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Phase shift (radians)

—_——

FIGURE 10.2. s-wave phase shift dy(k) as a function of ka for the spherical square
well for three values of koa: (1) n/4, (2) 37/4, (3) 7n/4. Case 1 has no bound states,
case 2 has one bound state, and case 3 has two bound states. The Ramsauer-
Townsend effect occurs for case 3, when the phase shift passes through n

The s-wave phase shifts at small wave vector behave as do(k) = Nom — ka. Here a is the
scattering length. If No =1, then sin(do) = sin(ka) ~ ka and the cross section at small k is
4na”. Similarly, if No=2, the scattering cross section is 47a” at small wave vectors.
However, if Ny =2, the phase shift has a value of §¢(0) = 2= at the origin. It declines in
value with increasing wave vector and becomes small at large values of wave vector. As
shown in figure 10.2, if it goes between 27 and 0, then it passes through 7 at some
nonzero value of wave vector, here at ka & 3. If it passes through = then sin(n) = 0 and the
scattering by s-waves vanishes at this value of wave vector.

The Ramsauer-Townsend effect is due to bound states in the potential V(r) between
an electron and these atoms. Bound states are required to have Ny#0. The potential
between an electron and helium or neon is largely repulsive, with no bound states.
However, an attractive potential occurs between an electron and the other rare gases, and
bound states exist. The negative ions Ar~, Xe™ do exist. The reason for the bound state is
due to the polarizability of the atoms. At large distance r, the electron of charge e creates
an electric field E = e7/r* at the atom. This electric field induces a dipole moment p = o E
on the atom, which acts back on the electron. The long-range potential between the
electron and the atom is

lim V(r)=—— (10.86)
The polarizability o increases with atomic number, so the above interaction is larger for

Ar, Kr, Xe. As the scattering electron nears the electron clouds in the atom, exchange and
correlation alter the above formula.



332 | Chapter 10

A simple potential that demonstrates the above phenomena is the spherical square

well, where V(r) = —V, for r < a and is zero elsewhere. The radial function for s-waves is
Asin (pr) r<a
%o(r) = { . X (10.87)
sin(kr+9do) r>a
=K+ K= ZYZZVO (10.88)
Matching the two solutions at r=a gives the equation for the phase shift:
k
tan (ka + do) = Etan (pa) (10.89)
k
0o(k) = —ka+ arctan Etan (pa) (10.90)

This formula is plotted in figure 10.2 with the values koa = (1) 7/4, (2) 3/4, (3) 7n/4. Case
1 has no bound states, case 2 has one bound state, and case 3 has two bound states. The
Ramsauer-Townsend effect occurs for case 3, when the phase shift passes through =.
Another interesting feature of eqn. (10.90) is that the differential cross section at small
wave vector is

do tan (koa) >
1= (1_W (10.91)

The expression in parentheses can be either greater or smaller than one, depending on
the value of tan(koa).

10.1.5 Born Approximation

For any potential function V(r), modern computers can be used to calculate the phase
shifts d,(k) as a function of energy ¢(k). There is very little need for approximate methods.
Before the age of computers, approximate methods were very useful for calculating the
phase shifts. One popular method is called the Born approximation. The exact expression
for the eigenfunction can be evaluated by iteration:

Yk, 1) =" + / #rGkr, ) V() (k r) (10.92)
=T 4 / BrGkr,v) V() (10.93)
+ / &Pr' Gk, v)V(r) / PrGlkr, v )V(IK)ekT + -
Similarly, the integral for the T-matrix is
T(ks, ki) = / Pre TV )y ki, ) (10.94)

= / Pre Ty (r) {eiki'fﬁr / PrGlkr, V) V(Ir)ek T + ..
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The terms in the series have names.

1. Keeping only the first term is called the first Born approximation:

TO (kr, ki) = / Fre T Vr)eh T = Vike—k;) (10.95)

The matrix element for scattering in the first Born approximation is merely the Fourier
transform of the potential energy function. This approximation is best at high energy,
where the kinetic energy of the incoming particle is much higher than any binding energy

of the potential.

2. The second Born approximation includes the second term in the series:

T ke, ki) = / #re T v(r) / BrGlkr, v V()T

T~TH+T® (10.96)

do m\%_,
()

This approximation is more accurate than keeping only the first term, but the integrals
can often be difficult to evaluate. The integrals are often easier if one Fourier transforms

everything and starts from

2m [ dq Vis—q V(g—ki)
T(Z)(kf,ki):—? R P (10.98)

10.2 Scattering of Identical Particles

The previous treatment of scattering considered that a particle scattered from a potential
V(r). In reality, the scattering target is a collection of other particles such as atoms or
nuclei. This section provides two examples of a particle scattering from an identical
particle. In one case the target particle is free, and in the other case it is bound.

10.2.1 Two Free Particles

A simple example is the scattering of a particle from another particle of the same kind.
Assume both particles are free. It is logical to work the problem in the center of mass, so

er while

that one particle initially enters the scattering region with a wave function of ¢
the other particle enters with a wave function of e ™ *. Let the two particles be at positions
11, 1, and the relative separation is R=r; —r,.

If the two particles are identical spinless bosons, the symmetric wave function for the

two particle system is
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—

F1cURE 10.3. Direct (leff) and exchange scattering (right) of two identical particles.

A ?C

Vi(ry, 1) = 7[ Yk, 1)y (—k r2) + b (—k 1)y (k, 1))] (10.99)
Yk, 1) =ekr (10.100)
Wi(ry,15) = % [¢*R + e kR (10.101)

Write down a similar wave function for the final state (using kj and then calculate the
scattering matrix element in the first Born approximation:

(kfy / d3 R[eflkf 4 elkf ]V(R)[eik‘-R + e*ik‘-R]
= V(ki—ky) + V(ki + k) (10.102)

There are two scattering terms. One has a final state with wave vector kg while the other
has a final state with the wave vector —k These two cases are shown in figure 10.3. In the
first figure the two particles each scatter by an angle 6. In the second event they both
scatter by the angle of = — 6. Since the particles are identical, these two scatter processes
cannot be distinguished. The matrix elements are added when evaluating the Golden
Rule:

- ZT:Z [V(ki—ky) + V (ki + Kp)|*Ole(l)—e(ky)] (10.103)
ky

The above discussion is in the Born approximation. The extension to an exact theory is
simple. The incident and scattered wave functions have the form

V(k R) = [e"R e hR] 4 ? [f (k, 0) + f (k, n—0)] (10.104)

d" 70 = k0 +f (k. n—0)f (10.105)

The scattering amplitude f{k, 0) is the one when the two particles are distinguishable.

It is also interesting to express the result in terms of phase shifts. The angu-
lar dependence is contained in the Legendre polynomials, which have the property that
cos(m — 0) = —cos(f), Py(m—0)=(—1)"Py(f). When ¢ is an even integer, the terms
Py(r — 0) and Py(0) just add and double the answer. When ¢ is an odd integer, the two
terms have opposite sign and cancel. The net scattering amplitude for bosons is



Scattering Theory | 335

k 0 210, k)_
f(k,0) +f(k, n—0) = Zk[Z 20+1)(e 1) Py(0)
even
The summation over angular momentum contains only even integers. At small wave
vector, if 0o & ka, sin(do) & ka, the differential cross section is

hmE 4q? (10.1006)

It is increased by a factor of four over the result obtained when the two particles were not
identical bosons.

A similar result is obtained when the two particles are identical fermions. If the two
spin-3 fermions are in a spin singlet, the orbital terms must be symmetric and the same
result is found as given for bosons. If the two fermions are in a spin triplet state, the
orbital part must be antisymmetric. In this case the result is

= = |f(k, 0)—f (k, n—0)|? (10.107)

Fk, 0)—f (k, n—0) = ZkZ 20+ )M —1) Py(0)

Lodd

Now the summation over angular momentum contains only odd integers. At small wave
vectors the differential cross section actually goes to zero since it does not have an s-wave
contribution.

10.2.2 Electron Scattering from Hydrogen

Another example of exchange during electron scattering is to consider the scattering of an
electron from a hydrogen atom. Instead of viewing the scattering center as a simple
potential, now view it as a proton plus an electron. The electron on the atom and the one
scattering form a two-electron system. The scattering cross section depends on whether
the spins are in a singlet or in a triplet state. The proton is a different particle, and can be
treated as a simple potential acting on the electron.

Divide the Hamiltonian of the system as

H=Ho + Hp + V (10.108)
Hop = % (10.109)
Hop = %—g (10.110)
Vit 1) = —é ‘rlef;' (10.111)

The eigenfunction of Hy; + Hy, is given by either of the two forms:
Wo(k; 1, 12) = %leﬂ‘“%(rz) + e gy (n) o (10.112)

Wi (kiT1,12) = %le“"‘“¢ls<rz)—e"‘”2¢1s<r1)1xl<m) (10.113)
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The wave function has the correct antisymmetry. The hydrogen wave function ¢, occurs
with both arguments of r; and r,. We must revise our thinking on the form of the scattering
potential V. Instead of the above form for V, write it as H — E, where the energy is
E=W’k?/2m — Eg,. Then the effective potential is

(H-E)¥s= 11,12)%7 by (1) £V (12, 11)e ™ by (1) 11

1
v
Assume the scattering is elastic and the electron goes from k; to k; where k= | k| = | kj.

Assume the spin does not flip during scattering; the scattering leaves the spin states
unchanged. In the Born approximation, the matrix element for scattering is

Ms = (¥s|H—E|[¥s) (10.114)
- %/ Fridryle T by (r)ke T by (1))
X[V(r1, 1) oy ()£ V (12, 11) €™ ™ g (11)] (10.115)

There are four terms in the above integral and they are grouped into two pairs. Each pair
is alike after interchanging dummy variables of integration ry, r,. One finally has

Ms = My+My (10.116)

My = / Erd®rn Vi, n)e & RTg (1)) (10.117)
4me?

= W[l_Fls(kf_ki)] (10.118)

R = [ Erv (10.119)

My =¢ / Prdry(n)b(r)e Tk F‘ : }

L) |r1 7r2|

The integral for the exchange term My cannot be done in a simple manner. There are too
many vectors in the integrand, which makes the angular integrals complicated. The
Hartree part of the matrix element My, is the same term derived in a prior chapter. It con-
tains the Fourier transform of the Coulomb interaction and the Fourier transform of the
1s charge distribution. The exchange term is due to the fact that events are possible where
the two electrons change roles during the scattering process. The incoming electron gets
bound and the intially bound electron gets unbound. The two electrons switch places in
the bound state. Of course, that can happen, since the particles are identical, so a matrix
element is needed, which is M.

This calculation is a simple example of electron scattering from atoms. If the atom is
further up the periodic table and contains many bound electrons, the exchange processes
become more complicated. The exchange terms become smaller as the wave vector k
increases. Experiments are usually done with electrons of large initial energy, which
reduces the size of the exchange terms. The Hartree term depends only on q = k¢—k;,
q> = 2k*(1 — cosf), which can be small at small angles 0 even when k” is large. However,
the exchange term depends on the magnitude of k and becomes small at large energy at
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all angles. High-energy electron scattering can reveal the charge distribution of electrons
in atoms by making exchange effects negligible.

10.3 T-Matrices
The T-matrix was defined earlier as the exact scattering matrix:

T ks, ki) / Bre ™V (1) (k;, 1) (10.120)

Here the definition of the T-matrix is expanded to make it an operator. The above integral
is really the expectation value of the operator. Define an operator T(r) such that

T(ks, ki) = / Pre T T (r)elr (10.121)

The goal is to derive T(r).
Start with the outgoing wave definition of the wave function:

Yk, r) = p(ki, 1) + / @' Go(k, r, ) V(') ki, ') (10.122)
_ o )¢ (K r)
ok, 1, 1) = Z o0 —e(F) (10.123)
Lkl’
bk, 1) = N (10.124)

The symbol G, denotes a Green’s function.
The first formal manipulation is to replace, in the denominator, ¢(k’) by the Hamiltonian
H():

Hoo (K, 1) = e(k')p(K', 1) (10.125)
Golk,1,1) = m Ek: oK, 1) (K, ) (10.126)

- m(m_r') (10.127)
Yiki,r)=¢(ki, 1)+ m V(r)y (ki 1) (10.128)

The last equation is the basis for the T-matrix expansion. By comparing the two equations
(10.120) and (10.121), an identity is

V() (k,r)=T(r)¢(k,1) (10.129)
Multiply eqn. (10.128) by V(r) from the left, and use the above identity. We then derive

T(r) = V(r) + V(r) T(r) (10.130)

e—Hy+in
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This expression is called the T-matrix equation. The T-matrix is a function of the energy ¢
and the position r.
The T-matrix equation can be iterated to get

T=V+VGyV+ VGyVGyV + VGy VG VGV + - - - (10.131)
1

Gy= —— 10.132

0 8—H0+i1’[ ( )

The T-matrix is the summation of the infinite series that comes from perturbation theory.
Two other exact expressions for the T-matrix are

1

V(r) (10.133)

1
T=V+V—V, H=Hy+V 10.134
+ e—H+in ot ( )

The first can be proved using the series equation (10.131). There are many ways to prove
the second expression. One way is write the denominator as

_ 1 _ 1 Gy
e—H+in  [e—Ho+in(1-GoV) 1-GoV
=Go+ GoVGo+ GoVGo VG + -+ - (10.135)

This series generates the same solution found in (10.131).
One way to evaluate eqn. (10.134) is to use Hy(k, r) =¢(k) y(k, 1):

3 ’ ’ I l//k’ )l// (k/ l")
GO’ (r—7') szk ‘K1 Z—F <) +in

Taking the matrix element of eqn. (10.134) gives

N s VK Y (KT
T (kr, ki) /dre V(r) 1+/d E o ak'+u1 v(r) | e
T(ks, k) T(K', ki)
(ke— Q§ el 4 (10.136)

Set ky=k; =k and take the imaginary part of this expression. The Fourier transform of the
potential V(0) is real and drops out:

—2%{T(k,k)}:2n/(d3k; | T(k, K)[*5[e(k)—&(K)] (10.137)

This identity is another version of the optical theorem. In deriving this expression we
have used the identity
T (ki, kr) = T(ks, ki)' (10.138)
Tl k)= [ ¢l 0 Vit = [ #ri g 0Viok.s)

This latter identity can be proven by writing Viy(k, r) = T¢(k, r) and taking the Hermitian
conjugate of this expression:
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" (kr, 1) Vip (ki, 1) = ¢ (kp, 1) T (ki, 1) = [TT b (kp, 1)) b (ki 1)

= [V, )] ki, 1) = (ky, 1) V(i )
The function 1/~/(kf, 1)* is the complex conjugate of . The tilde has a special meaning. We
defined T¢= Vi) as an outgoing wave for . However, the conjugateT’ has all of the
factors of in in the denominators of the Green’s functions changed to —iy. Earlier we
stated that a Green’s function with an imaginary part of —ix was an incoming wave. The
wave | is an outgoing wave, but the wave Y is an incoming wave. The incoming wave is

the time reverse of the outgoing wave.
The conjugate T-matrix obeys the equation

T=V+VGyT=V+TGyV (10.139)
TM =V 4+ TiGlv=Vv+ VG T (10.140)

The second equation is the Hermitian conjugate of the first. The Green’s function G(T)
generates incoming waves. The incoming wave function is defined as T'¢ = Vi, so that

Tip=Vve+ VGiT!$ (10.141)

V=V + VGV (10.142)
Take out a factor of V from the left and get

U=¢+GhVi (10.143)

U =¢"+y VG (10.144)

The second equation is the Hermitian conjugate of the previous one. These results are
useful below.

The results are illustrated by a partial wave expansion. The Green’s function for an
incoming wave is

Gl=— gl T piterly) (10.145)
2nh || 2nhr

The conjugate wave function is

~ e—tkr

y=e“T 4 f - (10.146)
Filg k) =——— / FreésT vk, 1) (10.147)
2nh” .
If we do the usual partial wave analysis, we find
Uik t) =D (20+1)i' Ro(kr) Py ki - 7) (10.148)
14
Ry(kr) = R (kr) — e~ sin(kr + 6,—nl/2) /kr (10.149)
- 1 2,
ik, 0)= ﬂ; (204 1) (e —1) Py(cos ) (10.150)

The conjugate eigenfunction is used in the next section on distorted wave scattering.
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10.4 Distorted Wave Scattering

Distorted wave scattering is denoted as DWS. Start with a Hamiltonian that contains two
terms in the potential

H= o 4 Va(e) + Valr) = Hy + Va() (10.151)
2
Hy = f—m + Vi(r) (10.152)

The potential Vi(r) is too large to treat by perturbation theory, and is included in H;. The
smaller potential V, is treated in the DWS. The DWS is based on the eigenstates of Hy,
which are not pure plane waves. The DWS is a theory of scattering where the initial
eigenstates are not plane waves, but are eigenstates of a particle in the potential V;.

For example, in nuclear physics, the scattering of a proton by a nucleus has two
potentials: V; is the strong nucleon—nucleon potential that the proton has inside of the
nucleus. In this case, V; is the “weak” Coulomb potential between the proton and nucleus
when the proton is outside of the nucleus. Other examples are given below.

There are three possible Hamiltonians, each with a different eigenfunction:

pz eik~r

S lon =el)plr), (k)= 7 (10.153)

% + Vl} Y (k, 1) = e(kyy (10.154)
2

B’—m +Vi+ VZ} Wk, 1) = e(k)y (10.155)

All of the states have the same energy ¢(k) = h*k*/2m in the continuum. There might be
bound states of H; or H, but they do not participate in scattering. We also can write some
T-matrix equations:

Y=+ Go(Vi+ Vo)¥ (10.156)
YW=+ Govay! (10.157)
Y=o+ Giviyl (10.158)

The last equation is the incoming wave discussed in the previous section.
These various definitions are used to prove the following theorem.

THEOREM: The exact T-matrix can be written as
T (ks ki) = / Fro” ke, 1)[Vi + Vol (ki 1) = TY (ke ki) + 0T (kr, ki)
T ks, ki) = / Fro” ke, 1) ViYW k;, 1) (10.159)

ST (ke ki) = /d%/)‘””"(kf,r)vzl//(ki,r) (10.160)
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The first term T (k; k;) is the exact T-matrix for scattering from the potential V, alone, if
V, were absent. The second term is the contribution of V,. It is the matrix element of V,
with the incoming part of ") and the exact wave function .

Proof: Take the Hermitian conjugate of eqn. (10.158) and then rearrange it:

¢ (kp) =y [1- V1 Go] (10.161)

T (ks ki) = / Y [1-ViGo|[Vi + Vol ki, 1) (10.162)

The last factor can be simplified using eqn. (10.156):

Go(Vi+ Vo) =y—¢ (10.163)
T(ky, ki) = / Pry Vi + Valy— Vi —)} (10.164)
= / Pry " {Vig+ Vay} (10.165)

The last line proves the theorem.
So far no approximation is made. The distorted wave born approximation (DWBA) comes
from approximating 0T with a Born approximation:

ST (ks ki) ~ / EryV ke, 1) Vg ki, 1) (10.166)

For the incoming wave, the exact function  is replaced by y(". The basic idea is quite
simple. One first solves the eigenstates of the Hamiltonian Hj. This solution produces its
eigenstates 1" and also the exact T-matrix T""). Then one does the Born approximation to
evaluate the contribution of V,, using the eigenfunctions ("),

The first example of the DWBA is a potential step and delta-function in one dimension:

Vi (x) = —VoO() (10.167)
Vy(x) = 5(x—a), a>0 (10.168)

The potential is shown in figure 10.4a.

First consider the solution to H; =p?/2m+ V;(x). A wave enters from the left with
kinetic energy E=h%k?/2m. On the right of the origin, its energy is E=h’p?*/2m — V,,
p* =k* 4+ 2mV,/h%. The wave function is

ikx —ikx

e"* + Re x<0

Yy (x) = { . (10.169)
Ser x>0

Matching the wave function at x =0 gives

_pk 2k
p+k T k+p

(10.170)

In one dimension the Green’s function is
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(a) (b) (c)

FIGURE 10.4. (a) Potential V(x). (b) Incoming, reflected, and transmitted waves.
(c) Time-reversed state.

’ 2m dq eiq(xfx’) im ik|x—x']

YW (ki, x) = e + / dx’G(x, ') V1 ()W) ki, ') = €% + Re ™ for x<0

. 2 2
R=— T, T ke Wkpk (10.172)
'k m mp+k
oS o0
10— [ A O W) = —vos [ due (10.173)
-0
_ 2k (10.174)
(p+k)

The two expressions for T") are identical when using the identity V= h*(p* — k?)/2m.

In the DWBA, the outgoing wave function ¢! is given in (10.169). The incoming wave
is simply the complex conjugate of the outgoing wave, which makes it the time-reversed
state:

5 —ikx R"f ikx <0
§0 (x) = { coTRen ¥ (10.175)
Sremipx x>0

These two are shown in figure 10.4. The additional T-matrix from V, in the DWBA is
oT= / dxcf V" (%) Vy () ) = 52 2iP (10.176)

It is easy to derive the exact phase shift for back scattering and to show it gives this result
in the limit that 4 is small.

The second example of the DWBA is in three dimensions. For spherically symmetric
potentials, one can expand the various eigenfunctions in angular momentum:

T =" " (20 + 1)i%jo(kr) Py( cos 0) (10.177)
¢
YO (k1) =D (20+1)i' R} (kr) P,( cos 0) (10.178)
-
YOk 1)= > (20 +1)i R} (kr) P,( cos 0) (10.179)

4

Uik )= (20+1)i'Ro(kr) P,( cos ) (10.180)
l



Scattering Theory | 343

Keep in mind that R has a built in factor of exp [i,(k)], while R has the complex conjugate
of this factor. Also note that YV # ™. In the DWBA the two terms in the T-matrix are
[cos 0= 15f k)

2
T (ky, ki) = % S e+ <ez"‘55 (C —1) Py(cos 0) (10.181)
¢

ST (ke ki) =41 > (2 +1)Py( cos 0) / - r2drRM (kr) V()
0 0

The exact T-matrix is

h’ i0,(k
T(ks, ki) = %z/: (204 1) (224 —1) Py cos 0) (10.182)
In the DWS the phase shift is divided into two terms: d,(k) = 521) (k)+A0,(k), where 521) (k)
is the contribution from V;, and Ay, is the contribution from V,. Expanding the above
result gives

(eziéf(k)_l) _ <62;’[55‘)(k)+A5;(k)]_1) (10.183)
~ (29101 4209 B A, (k) (10.184)

The first term on the right gives T"). The second term on the right gives 6T in the DWBA.
Note that the second term is always multiplied by the factor exp[Qiéél)(k)] that comes
from R in the integrand.

10.5 Scattering from Many Particles

So far the discussion has considered a single-particle scattering from a single target. Here
we consider the situation where a single particle scatters from a collection of identical
targets. The collection of targets might be the atoms in a solid or liquid.

For inelastic scattering, the target absorbs an arbitrary amount of phase, which is
transferred to the scattered particle. Then the target acts as an incoherent source: each
target particle is emitting scattered particles with a random phase. The scattering
probability is proportional to the number of targets.

The more interesting case is when the scattering is elastic. The coherence of the
incident particle is transferred to coherently scattered particles. One can get a variety of
effects.

10.5.1 Bragg Scattering

Consider the elastic scattering theory of the prior section. The N target particles are
located at the points R;. Assume the target is a solid, so the atoms are in a regular
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arrangement. A crystal has reciprocal lattice vectors (G,) that are chosen such that for
every lattice point R;:

eC R =1 (10.185)

There are many G, that satisfy this condition. A fundamental theory of Fourier analysis is
that a periodic potential can be expanded in a Fourier series that contains only the wave

vectors G,:
Vi)=Y VE-R)=> T, (10.186)
j o
V,= / BreSrv(r) (10.187)

Here V(r —R)) is the potential of one atom centered at point R;, and the crystal target is a
regular array of such targets.
The outgoing wave function is

N

W=+ Y [ PG Ve Ryr)
j=1

:eik,-r+ Z Vx/d3r'Gk(r—r’)eti»r'w(ki,r')

The main result is that for elastic scattering the wave vector of the scattered particle must
change by G,

kf:ki—O-Gy (10.188)

The elastic scattering is called Bragg scattering. The lattice wave vectors G, are fairly large
(G ~ 27/a) where a is the separation between atoms. The wave vector k; must be larger in
value than the smallest G,,. The scattered particles are either photons (“x-ray scattering”),
electrons, or neutrons. The elastically scattered particles go in particular directions, so
they appear as “spots” on the measurement apparatus. The intensity of each spot provides
information on the value of | V,|%. A knowledge of where the spots are located, which gives
the values of G,, and the intensity of each spot permits the atomic arrangments in the
solids to be determined.

X-rays scatter from electrons, so the x-ray pattern gives the density of electrons.
Neutrons scatter from the nucleus, and their scattering gives the arrangement of nuclei.
Usually the two methods give the same structure. In molecules containing hydrogen, the
location of the protons can be found only by neutron scattering since there are not enough
electrons attached to the proton to measure using x-rays.

10.5.2 Scattering by Fluids

Fluids denote liquids or gases. The targets are atoms in an arrangment that has short-
range order but not long-range order. First consider the case that the scattering is weak.
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The incident particle (photon, electron, or neutron) scatters only once. Use the first Born
approximation and write

Yk, 1) =T+ Z/d3r'ckr r'—R)V(r)p(k, T +R)

Expanding the Green’s function for outgoing waves gives

1kr N

Ylki, 1) =% V(- Ze“‘ b (10.189)

hZ

The last factor is contains the phases caused by the targets in different positions. All of the
other factors are identical to the scattering by a single target. So we can write

dO' _ dO' iRj-(kf—k,) 2
(E)N_ (m>1|JZ-e | (10.190)

do m \?-
— =(=—3) Vik—k)? 10.191
(i), () 70 o1
where (do/dQ)y is the scattering by N-particles. The first term on the right is the
scattering by a single particle. Define the structure factor S(q) as

1> ™9 = N[S(g) + N6, Z[l—i— >Rk
J m#j
If ¢ =0, then the summation over N gives N and the square gives N, so that S(g=0) = 0.
In a liquid of identical atoms, each term in the summation over j will be the same, since
each atom sees the same average environment. We ignore edge effects. There are N terms
all alike. So

S(q) + Nog—o=1+ Ze’qu—1+no/d3Rg ¢aR
m70

The summation over R,, assumes a particle is at the origin, and excludes that particle. The
summation is changed to a continuous integral. If there is a particle at the origin, then the
probability of having one in volume d’R is nog(R)d’R, where g(R) is the pair distribution
function and ny is the density.

Rearrange the above terms. Move the “1” to the left of the equal sign, and the 64—, to
the right, while changing it to

Ndq—o=no / d> ReIR (10.192)
S(q)—l:nO/d3R[g(R)—1}e"‘l'R (10.193)
g(R)—l: 1[4 [S(q)—1]e"a® (10.194)

(2m)*

The above equation is the important relationship between the pair distribution function
and the structure factor. Both S(q) and g(R) are defined so that they vanish at small
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FIGURE 10.5. g(r) in liquid sodium, where r is in units of A. Data from Tasasov and
Warren, J. Chem. Phys. 4, 236 (1936).

arguments and go to unity at large values of their arguments. Therefore, [g(R) — 1] and
[S(q) — 1] are both functions that are nonzero only for small values of R or g, respectively.
Their mutual Fourier transforms exist. Since S(g=0) =0 there is an identity

1=no / d*R[1—g(R)] (10.195)

that is useful for checking proposed forms for the pair distribution function.

Experiments using x-ray and neutron scattering on liquids measure the differential
cross sections at small values of g = |ky— k;|. This gives a direct measurement of S(q). The
experimental values of S(q) — 1 are Fourier transformed to give g(R)—1. This procedure
gives the experimental value for the pair distribution function. This process works only if
the Born approximation is valid, that is, if there is only a single scattering in the fluid.
Results for liquid metallic sodium are shown in figure 10.5, where g(r) is the Na-Na
correlation function. g(r) =0 for r< 2 A since the Na™ ions do not interpenetrate. The
peak at 4 A is the first shell of nearest neighbors.

10.5.3 Strong Scattering

Another situation is when the scattering is quite strong. One example is the scattering of
visible light by liquids such as water. The photons scatter from the individual water
molecules. The Huygens principle is that the scattered waves add coherently into a new
wave front that is going in the forward direction. The scattering slows down the photons
and is represented by a refractive index. Thus, it appears as if light goes through water
without scattering. In fact, it scatters strongly, but the scattered waves add coherently and
continue along in the same direction as the incident light beam. A detector sitting at 90°
to the incident beams sees no signal.
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A very different case is when light is shown on a glass of milk. The light scatters
strongly from the fat molecules, and the scattered waves do not add coherently. Instead,
the light random walks through the milk. Its properties obey the diffusion equation. An
incident light beam scatters many times and exits in all different directions. Light in water
obeys the wave equation, but light in milk obeys the diffusion equation. The difference
seems to be the ratio of k¢, where / is the scattering mean free path. If k¢ > 1 the light
random walks, while if k¢ < 1 it obeys Huygens’ principle. For more detail see Sheng’s
book [3].

10.6 Wave Packets

Most scattering experiments are done with pulsed beams. Particles are generated or
accelerated in groups. Then it is useful to think of the scattering experiment in terms of
wave packets. The packet is a local region in space that contains one or more particles. The
packet approaches the target, gets scattered by it, and some part of the packet continues
unscattered, while another part becomes an outgoing wave. The packet picture is a good
visualization of this process. Chapter 2 discussed wave packets in one dimension. For
scattering theory, we need to extend the treatment to three-dimensional packets.

10.6.1 Three Dimensions

A realistic description of a scattering experiment requires a three-dimensional wave
packet. If the particle is going in the z-direction, it will still have a nonzero width in the
transverse direction. It could even miss the target if poorly aimed!

E(ko,T,H) = A / d*kC(k—ko) expli(k - r—tw(k))] (10.196)

where again w(k) = hik?/2m for nonrelativistic particles. If the width function is another
Gaussian, then the three-dimensional packet is the product of three one-dimnsional ones,
one in each direction:

AZ
T2

Clk—ko) = exp[ (k—ko)z} (10.197)

E(ko, T, t) = \I’(kox, X, t)q’(koy, Y; t)\lf(koz, zZ, t) (10198)

If the particle is going in the 2-direction, then ko, = ko, ko, = 0 = koy. In this case the three-

dimensional wave packet is
E(ko, 1, t) = G3(r—vot) exp [i(koz—wot)] (10.199)
Gs(r—vot) = G(x) G(y) G(z—no) (10.200)
where G(x) are the one-dimensional packets.

The theory is not limited to Gaussian packets. Another way to express the answer is to
change variables in the integral in eqn. (10.196) to q =k—k, and find
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E(ko, 1, t) = Agikor—0) / d3qC(q)ea o giha’/2m (10.201)

We can often neglect the last phase factor of exp[itlig”/2m]. Since g ~ O(A), this neglect is
similar to omitting the spreading term tu for the packets in one dimension. If this term
can be neglected, then the above expression becomes

E(ko, 1, t) = e'®o =00 C(r i) (10.202)

Cn=A / dqC(g)e* (10.203)

where C is the Fourier transform of C(q). This way of writing the answer applies to all
packet functions, including Gaussian and Lorentzian.

10.6.2 Scattering by Wave Packets

The plane wave in the argument of eqn. (10.196) is replaced by the wave function for

scattering:
E(ko,1,t) = A / BrC(k—ko)y(k, 1) exp [—ito(K)] (10.204)
Yk, 1) =" 4 /d3l"G(k,I’*I")V(I”)l//(k,r/) (10.205)

The first term in Y (k;, r) gives the incoming wave packet:

[1]

(ko, 1,t) = Ei(ko, 1, ) + Es(ko, 1, t) (10.2006)

[1]

i(ko, 1, 1) = 00 C(r —ijyt) (10.207)
Evaluate the scattering packet in the Born approximation:

mA
2nh?r

Zs(ko,1,t) = — / #kC(k—ko)eFr it (10.208)

x / d} v V(T,) eir’-(kfkf‘)

Make the variable change q =k — ko, and neglect terms of O(gr’) in the integral. The dis-
tance r’ is of the order of an atom, while 1/q is the size of the packet, which is usually
millimeters or more. Also neglect the spreading terms. Then the integrals give
Zs(ko. T, t) = — %eikw"wo‘é[l}o(r—vot)]V(ko—kﬂ,) (10.209)
mr
kso = koF (10.210)
The cross section is
do [dd

0= d—QL\C[IAcO(rfvot)]\z (10.211)
do

2
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The last line is the usual definition of cross section in the Born approximation. The prior
line gives the expression in terms of wave packets. The factor of |C[ko(r — vot)]|* ensures
that a signal is measured only when the packet is going by the counter, which is a distance
of r from the target.
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Homework

1. Inone dimension, consider the scattering of a particle from the potential V(x) = — 10 (x).

a. For a wave coming from the left,

e +Re~ M x<0
Y= (10.213)

Telk x>0
Find R and T by matching wave functions at the origin.

b. Derive the same result from the scattering equation:
W (x) = + / dx’G (k, x—x')V (') (x') (10.214)
Use the form of the Green’s function in one dimension.

2. For the spherical square-well potential V(r)=—V, for r<a, verify the expression
below by doing the integral for £=0:

e sin (/) =—2h—"2" / r2drjg (kr)V () Ry (kr) (10.215)
0

3. For bound states of negative energy, The Green’s function obeys the equation

[V2—o?|G (o, r—¥) = 214—'?53 (r—r) (10.216)
, 2m
o :FEB>O (10.217)

a. Solve this equation and find G(o, R), R=r—r".
b. Show that bound states obey the integral equation

¢, (r)= /d3r'G(oc,r—r’)V(r')qb“(r') (10.218)
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10.

1.

c. Explicitly verify this equation by doing the integrals on the right for the hydrogen
1s-state.

. For the scattering of two hard spheres, we found the s-wave phase shift is

0o(k) = —kd. Find the similar expression for J; (k).

. Make a graph of the 6-dependence of the scattering cross section (do/dQ) for the

mutual scattering of two hard spheres of diameter d. Assume kd = 1.0, where k is the
relative wave vector. For this value, only s- and p-wave phase shifts have nonnegligible

value.

. An electron scatters from a spherical square well of depth V, and radius d=5.0 A.

a. What is the value of Vj that just binds an electron with £=0?
b. Increase that value of V, by 10%. What is the differential cross section as k — 0?

. From the small binding energy of the deuteron (n + p), the nuclear potential between

a proton and a neutron is approximated as a spherical square well of depth V=36
MeV and radius a=2.0x10""°> meters. Estimate the numerical value of the total
cross section for low-energy (E — 0) scattering of a proton with a neutron.

. Derive the formula in two dimensions for the total cross section of the elastic

scattering of two “hard circles” (e.g., two checkers).

. Calculate the differential cross section in the first Born approximation for elastic

scattering of a proton by a nuclei of charge Z, where the potential is from the
Coulomb interaction. Show that this gives the Rutherford formula.

Derive the differential cross section for the inelastic scattering of an electron by a
hydrogen atom in the first Born approximation. The initial state has an electron in k;
and H in Ts, and the final state has an electron in kfand H in 2s. Include exchange,
and discuss the matrix elements.

Solve the s-wave scattering in the DWBA using the two potentials:

o~ 0<r<a

Vi (r)={ (10.219)
0 a<r
-V a<r<b

Va(r) = (10.220)
0 b<r

The potential V; is a hard sphere that forces the wave function to vanish at r=a.
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12. Consider a particle scattering from a strong square-well potential and a weak delta-
function potential:
—Vo r<a
Vi(r) = (10.221)
0 a<r
Va(r) =26 (r) (10.222)

Solve the s-wave scattering amplitude in the distorted wave Born approximation.



-I .I Relativistic Quantum Mechanics

The previous chapters have been concerned with nonrelativistic quantum mechanics.
The basic equation is Schrédinger’s equation. It does not apply when the particles have
kinetic energies of the same size as their rest energy mc”. Then a full relativistic equa-
tion is required. In this chapter we discuss two different relativistic equations: Klein-
Gordon and Dirac. The K-G (Klein-Gordon) equation applies to spinless particles such as
mesons. The Dirac equation applies to spin-1/2 fermions, such as electrons, nucleons, or
neutrinos.

11.1 Four-Vectors

In special relativity, the energy of a free particle is given by

E(p) =/ m?c* + c?p? (11.1)

where m is the mass, p is the momentum, and c is the speed of light in vacuum. An
important feature of relativity is that time plays a role on the same footing as space.
Instead of using three vectors such as r = (x, y, z), the theory requires the use of a four-
vector (r, ct) = (%, y, 2, ct). This space-time four-vector is denoted as x,, (1 = 1,2,3,4),
where x; = x, X, =y, X3 = 2, %4 = ct. The invariant quantity in relativity is r* — (ct)*.
When we multiply together two four-vectors, we must change the sign of the last term.
This is done by introducing the matrix

100 0
010 0

=10 0 1 o0 (112
000 -1

X-x= Z XXy = 2 —(ct)? (11.3)

u
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The tensor g, is diagonal, with +1 in the first three diagonal elements and —1 in the
fourth. Different authors use different notation. Some put the time component first,
%y = (ct,%,y,2), and then the first element of g,, is —1.

There are other important four-vectors. In listing them, the subscript u or v always
denotes four components. The subscript i denotes the three spatial components, e.g.,

1= (x,y,2).

1. The momentum is p, = (px, py» P, E/c), where E is the energy.

2. The vector potential is A, = (A, A,, Az, ¢), where ¢ is the scalar potential.
3. The current is j, = (i jy» jz» €p), Where p is the charge density.
4

. The derivative is

d 30 d
S (e 114
dxx, <bx’ dy’ vz’ cbt) (114)
Note the sign change in the last term. The sign change comes because we have

7 d
29 poml 115
Y Y (11-5)
where i is in the denominator in p and is in the numerator in E. This change in the location

of i is the change in sign.

The product of two four-vectors is usually an important equation. For example, the
product of the momentum with itself is an invariant:

EZ
Pp= Y Puube =~ = —(mo) (11.6)

n

The latter identity follows from eqn. (11.1). Following are other examples of four-vector
products.

1. The product of the derivative and the current gives the equation of continuity:

> 23 e s

This equation is valid in the relativistic limit.

2. The product of the derivative and the vector potential gives the Lorentz gauge condition in

electromagnetism:

d d [

— A= —o,A, =V = 11.
ox %;bxug’“ VoAt cdt 0 (11.8)

3. The product of the derivative with itself gives the wave equation:

DD d d , 1
S ;Egﬂwﬁzv T (11.9)
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Any product of four-vectors is invariant under a Lorentz transformation. Most of the basic
equations can be written as products of four-vectors. This idea provides the guidance
needed to write down a relativistically invariant Hamiltonian for various particles.

11.2 Klein-Gordon Equation

11.2.1 Derivation

The derivation of the K-G equation proceeds in several steps.
1. The first is to start with (11.6):

E?
[P + (me)*| p() = 5 d(») (11.10)
2. The second step is to insert potentials. The potentials are generated by either a vector or

scalar potential. In nonrelativistic physics, the vector potential was inserted using
e
p—pA (11.11)

We follow the same procedure, but it must be done with four-vectors. For the three vector

components we still use eqn. (11.11). But the same substitution must be done in the fourth

component:

E B (11.12)
[ Cc

[cz(p— ;A)Z + (mcz)z] d(x) = (E-V)2p(x) (11.13)

where V(r) = e¢(r) is the usual scalar potential.

3. The last step is to replace the four momenta with their derivatives in eqn. (11.5):
2 he €40 2\2 20 ’
PV A7+ (me?) | p) = (ih, ~V ) d(x) (11.14)

Equation (11.14) is the Klein-Gordon equation.

11.2.2 Free Particle

The easiest solution is for a free particle, where all vector and scalar potentials are zero:

(2R V2 4 (mch) ) (r, 1) = —Flz;—;lﬁ(r, 1) (11.15)

The obvious solution is

Y(r, t)= %exp[ikrfiEt/h] (11.16)
E(k)* = (hck)? + (mc?)? (11.17)

The plane wave gives the correct relativistic dispersion for a free particle.
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The K-G equation applies to spinless particles such as pions. Below we solve this
equation with a potential in order to find standard solutions such as the eigenfunctions in
a Coulomb potential. Before proceeding, it is necessary to comment on a peculiar feature
of the K-G equation.

11.2.3 Currents and Densities

The solutions to the K-G equation obey the equation of continuity. This section derives
the expressions for the current operator and the charge density. The charge density has a
peculiar form in the K-G equation.

The derivation is more efficient using four-vector notation. Write the K-G equation as

(p—eAYp = —(me*)2y (11.18)

The product of two four-vectors has the definition of (11.13). Multiply this equation from
the left by y*:

Y(cp — eA) Y = —(me®) || (11.19)

Then take the complex conjugate (not the Hermitian conjugate) of this expression and
subtract the two equations. Terms without derivatives, such as the right-hand side of the
above equation, cancel:

P(cpF—eA) Yk = —(mc?) |y | (11.20)
0=c’[y*p - p—yhp - pYr¥]—2eclypys + Ypy*] - A
Since p, in eqn. (11.5) contains i, then p* = —p, which explains the sign change in the

last term. Also note that the Lorentz gauge condition is p- A = 0 so the order of these two
quantities does not matter. The above expression can also be written as

0=p- [w*pwprw*f%wz} (11.21)

Since the equation of continuity is p-j = 0, we identify the quantity in brackets as the
definition of current, which means we must multiply by e/2m:

[ — i * — *_ % 2
I e (1122)
Since j, = (j. cp), we obtain an explicit definition of both the current and charge density:
- e o e 2
J= 5 VY= VY~ Aly | (11.23)
ek L0 Q. e )
P—WCP alﬁ—lﬁ&lﬁ >_W¢W (11.24)

The current has exactly the same form as found in nonrelativistic physics. The expression
for the charge density is not the same and is odd indeed. We might expect that p ~ e[|,
but that is not correct for the K-G equation. The correct expression is (11.24).
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A simple example is given by the plane wave, using the wave function in (11.16). Since
A=0 V=0, wefind

__€eE(p)
=—0 (11.25)

At least this answer is a positive number times e. When the four-vector A # 0 sometimes
p is a negative number times e. It is not possible to think of p as a particle density
multiplied by a charge. Instead, p is the charge density, which has no simple relation to
the particle density.

11.2.4 Step Potential

A simple example of the charge density is provided by a particle that scatters from a step
potential. In one dimension, set A= 0, e = V(x) = Vo©O(x). A particle approaches this step
potential from the left with energy E > V,, 4 mc”. The eigenfunction in the two regions is

1. x<0 has
EZ—(}’I’LCZ)Z
2o 11.2
k (70)? >0 (11.26)
(%) = " + Re™ ™~ (11.27)
2. x>0 has
2 (E-VoP —(meh)® g (11.28)
- (he)® '
¥ (x) = Te (11.29)

Since the K-G equation has two x-derivatives, one matches the eigenfunction and its first
derivative at x = 0:

I+R=T, ik(I-R) = ipT (11.30)
I L L (11.31)
T k+p 0 Tk+p '

This matching is identical to the nonrelativistic case. The interesting result occurs when
calculating the charge density:

eE-V(x)] V(x

plx) = [? (11.32)

The charge density is not continuous at x=0.
The K-G equation has a formula for the charge density that makes predictions that are
very strange. They are not necessarily wrong, but are not intuitive.

11.2.5 Nonrelativistic Limit

It is always useful to derive the nonrelativistic limit of a relativisitic equation, to ensure that
the proper limit is obtained. For the K-G equation, let the wave function y(r,t) be given by
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Y, t) =W(r, t)emeH/h (11.33)

Take various time derivatives:

blﬁ _ 7imczt/h o 'mCZ
5 = 5 Y (11.34)
WY e [V 2m 0P mict
T i oW o mc 11.35
w ¢ {btz T R } ( )
These derivatives are inserted into the K-G equation (11.14):
A LN v 5A2+h—23—2—2' B> iy v
- ic c? 2o M\ c?
L VR
+216—za}\lf (11.36)
Divide the entire equation by 2m, and rearrange terms:
R4 WV2 eh o &
e - A A 4V P
Y ( 2m  imc v 2mc? + )
1 [/, D,
— (v —hV Sk W (11.37)

On the right, the second line contains the terms that are divided by mc?. All of these
terms are neglected in the nonrelativistic limit. The first line on the right has the familiar
terms

1 e
H=—(p—-A>+V 11.38
2m(p c )"+ ( )

The transformation (11.33) does produce the standard nonrelativistic limit for a spinless
particle.

How does the charge density behave in the nonrelativistic limit? Inserting the time
derivatives into (11.24) gives

ieh M mc? JP*  mc? eV
= U ——i— V|-V — +i—V* | | ——|P
2mc? [ (bt " ) ( T )] m I

:e\\lf\z{uo(f;;zv)} (11.39)

where E’=E —mc”* is the nonrelativistic energy. The first term gives the correct non-

relativistic limit. The current operator is unchanged in the nonrelativistic limit since it
has no time derivatives.

11.2.6 m-Mesonic Atoms

If negative pions or muons are injected into matter, they are attracted to the positive
nucleus by Coulomb’s law. They form hydrogenic bound states that can be observed in x-
ray spectra. They are much more tightly bound than electrons due to the much larger
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mass of the pion. The pions are inside all of the electron orbits, so they are unscreened. Of
course, the pions live only a short time, but the hydrogenic bound states are observed
before the pion decay process. The K-G equation is solved for the Coulomb potential to
give a relativistic theory for the pion bound states.

The K-G equation (11.14) is solved with the following features:

1. The vector potential A = 0

2. The scalar potential V = —Ze?/r

3. The bound states are stationary, so set y(r,t) = y(r) exp(—itE/h) where E < mc* for bound
states.

These features yield the equation

2

2
0= |2h*V? + (E+ Z%) —(mc2)2:|lﬁ(r) (11.40)

This equation is solved in spherical coordinates. Assume the solution is a product of a
radial function and a spherical harmonic:

l//(r) = RM(F)YZ”(H, d)) (11.41)
2 2 24
o {hzcz G%r_ 6(4;1)) B m ot sz E, Zr—f} Rue(r)

Next, define y(r) = rR,, and divide the above equation by (ic)?, yielding

[ qe+1)—Z%2  2ZoE  E*—m’c*
2 r2 hicr #2c2

]x(r)

where o is the fine structure constant. Note that the factor of (Zu) occurs in several terms.
These terms represent the relativistic corrections.

There are four terms in the differential equation. The first is the second derivative.
There is a constant term, one divided by r, and one divided by . The same four types of
terms are found when solving for the hydrogen atom in chapter 5. The coefficients in the
numerator are different than in the nonrelativistic case. We use the same method of
solving this equation. Use the constant term to define a unit of length r,, and then define
a dimensionless distance p = r/ry:

2.4 12

: :4"”275 (11.42)
ry hc?

o [# 4 Hern)-Zi 1 a3
- dp2 " p 2 Py 7(p) (11.43)

I 2Z0Ery _ ZoE (11.44)

e Jmep-B

where the last equation for 4 uses the definition of ro. Equation (11.43) is solved by making
the usual ansatz:
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1(p)=p*" W (p)e "2 (11.45)
s(s+1) = £(£+1)—(Za)? (11.46)
s:f% + 4/ (£ +1/2)—(Z0)? (11.47)

The ansatz is chosen to give the correct behavior in the limits of small and of large p.
Putting (11.45) into (11.43) gives a differential equation for W(p):

2w aw
0= {pd—pzﬂzwzfp)%—(sﬂ—z)w} (11.48)

This equation has the form for the confluent hypergeometric function F(a, b, p), where
a = s+ 1=, b = 2(s+ 1). The eigenvalue equation for bound states is found by setting a
equal to a negative integer n,:

200)=p* e P2F(s+1-2, 25+ 2, p) (11.49)
—y=s+1-/,1=0,1,2, ... (11.50)
J=s+1+n, (11.51)

Use (11.44) for 4, and solve this equation for E:

2

mc
Epn = W (11.52)
i=m+1/244/(+1/2)*—(Za)? (11.53)

Equation (11.52) is the final solution for the eigenvalue. It depends on the quantity 4,
which depends on the two quantum numbers: the angular momentum ¢ and the radial
quantum number n,. Note for bound states that 0 < E < mc?.

The following are some sample eigenvalues.

1. The lowest eigenvalue (“ground state”) is when ¢ = 0, n, = 0. Then

1 1
L= = +4/=—(Zw)? 11.54
h=5 1 3-22) (11.54)
Note that the argument of the square root is negative when Zo > 1. That is experimentally
possible, since «~ 35, while Z can be any integer up to 92, or higher. This unphysical result
is caused by assuming the nucleus is a point charge. When Zu is large, the orbits becomes
as small as the nucleus, and the finite size of the nucleus has to be taken into account. That
removes the unphysical result of imaginary values of /. It also makes a significant change in
the eigenvalue.
For the ground state,
1

1
s= Z—(Za)2—5<0 (11.55)

That s is negative does not cause problems, since s+1 > 0.
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2. The next set of energy levels correspond to the n = 2 state of the hydrogen atom. Here the
two levels do not have the same energy, unlike the nonrelativistic case:
* The s-state has / = 0, n, = 1 and

— 3 1 2
i=3 (29 (11.56)

* The p-state has /=1,n,=0

1 /9
=3 Z—(Zo()z (11.57)

3. The next set of three levels corresponds to the n = 3 state of hydrogen. Here they all have
different energies and correspond to the case (¢ = 0,n, = 2), (¢ = 1,n, = 1), ({ = 2, n, = 0).

It is useful to take the nonrelativistic limit of the eigenvalue in (11.52). Assume that
Zx <1 and expand the numerator:

1/Za\* 3 (Zx\*
f— 2 [ —_— - —_— ..
E=mc |:1 2(2)—’_8(2)4_

The first term is the rest energy mc’. In the next term, note that mc’a” = 2Eg,, where

(11.58)

Eg, = me”/2h” is the Rydberg energy for the pion mass. Next expand / in powers of (Zo)>.
Remember that the principle quantum number is n = £+ 1+ n,:

ZZER 3 ZZOCZ
E=mc*— 2 2 {1—1 T ] (11.59)
Z2y?
A:n,+€+1fm +O(Z*) (11.60)
7252
1 1 722
ZZER Z4ER 0(2 2 3
E=mc*— Y _ Y — =)+ 0z 11.63
me n? n’ (2[ +1 4n) (%) ( )

The third term on the right is the first relativistic correction. If relativistic corrections are
important, it is better to use the full result (11.52).

Table 11.1 shows some experimental values of the 1s to 2p transition in a n-mesonic
atom, compared with the predictions of the K-G equation. The predictions get worse as
the value of Zu increases, due to the finite size of the nucleus.

11.3 Dirac Equation

The Dirac equation is a relativistic Hamiltonian that describes the properties of parti-
cles with spin—1. Here we write down this equation and try to make it plausible. One
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Table 11.1  1s — 2p energies for pions bound to nuclei, compared to

the predictions of the Klein-Gordon equation

Atom z Exp. (keV) K-G (keV)
Li 3 23.8 245
Be 4 42.1 43.9
B 5 65.2 68.7
C 6 92.6 99.3

Source. From M.B. Stearns, Prog. Nuclear Phys. 6, 108-137 (1957).

cannot really derive a fundamental equation of physics. One writes it down as a good
guess and examines its properties. If it agrees with experiment, it was a good guess
indeed.

11.3.1 Derivation

Dirac was motivated to derive a relativistic Hamiltonian equation with a single time
derivative. The double time derivative of the Klein-Gordon equation leads to the strange
formula for the charge density. The charge density will have a simple form if the
Hamiltonian has a single time derivative:

ih%l//(r, 1) = Hy(r, 1) (11.64)

The discussion of four-vectors at the beginning of this chapter emphasized that equations
which are relativistic invariant are composed of four-vectors. The left-hand side of (11.64)
is equivalent to the energy E, which is part of the four-vector of momentum. The single
power of E requires a single power of the momentum p. Furthermore, the Hamiltonian
must contain the rest mass energy mc”. So make a guess that the Hamiltonian has to have
the form

H=cd-p+ pmc? (11.65)

Here & = (o, o, ;) is a new use of the symbol &, and f has none of its prior meanings.
What must be the form of @, § if eqns. (11.64) and (11.65) are a relativistically invariant
Hamiltonian?

1. @, B must be independent of (t, ¢, p, E).
2. Since H has to be Hermitian, then so must a, f.
3. All particles obey the Klein-Gordon equation. The K-G equation is derived from (11.64) by

taking
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2
(ih5;) 0= H20te, 0 = (- pmc
=[*p* + (mc*) )y (11.66)

If we compare the last two equations, the Dirac equation gives the K-G equation provided

=1 (11.67)
=1 (11.68)
oc,aj+ocjoc,':2(3ij (11,69)
wf+ fo; =0 (11.70)

where (i, j) are the three space components.

Since scalars always commute, the last two equations require that «;, f are not scalars. They
must be matrices. The Dirac equation (11.64) is a matrix equation and the eigenfunction
Y (r, t) is actually a vector (sometimes called a spinor). The spinor denotes the spin states of
the fermion.

As an aside, physics students are familiar with differential equations written in matrix
form, although this feature is often disguised. For example, one of the equations of
Maxwell is written in conventional and then matrix form:

O
UxH=_<E (11.71)
0 3z 3y 1[H E,
d
b/bz 0 —b/bx HY = m EY
Dy dpx 0 || H. E, (11.72)

The Dirac equation is often written in a form that disguises its matrix nature.

The Dirac matrices are actually 4 x 4. Itis shown below that this is the lowest dimension of
a matrix that satisfies the above requirements.

Two dimensions. In two dimensions the four Hermitian matrices that span the space are
the three Pauli matrices and the identity matrix:

- 01 7 0 —i 1
Ox = Lo , 0y = Do (11.73)
(1 0) (1 0)
0, = 1= (11.74)
0 -1 01

The three Pauli matrices do anticommute:

{O'i, O'j}ZO'iO'j+O'jO'i=25ij‘ (11.75)
and they could serve as the three components of the vector matrices &. However, the Dirac
equation requires a fourth matrix (f) that anticommutes with these three. The identity

matrix commutes with everything and anticommutes with nothing. Two-dimensional
space does not have four Hermitian matrices that anticommute.
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Three dimensions. There is a simple proof that the matrices have to have a dimension
that is an even integer. Odd dimensions, such as 3, 5, 7, are not possible. The proof starts
out with any of the anticommutation relations, such as

o= — Pty = (—I) Bory (11.76)

On the right we have put in the minus sign as the matrix (—I), which has all elements
along the diagonal equal to —1 and all other elements zero. For dimension three it is

-1 0 0
“1=[ 0 -1 o (11.77)
0 0 -1

Then we use a theorem that
det[AB] = det[A]det [B] (11.78)
det o, f] = det o] det[f] = det[—I]det[f] det [o] (11.79)

Since determinants are c-numbers, they can be canceled from the two sides of the
equation. The determinant of the matrix (—1I) is (—1)", where N is the dimension:

1=(-1)N (11.80)

The last equation requires that N be an even integer, such as 2, 4, etc. We have shown that
the dimension of the matrix N cannot be 1, 2, 3, 5. The choice of N = 4 works.

There are many possible representations for the four matrices (o, o, o, f). Several
possible choices are given as homework assignments. One very popular choice is

ock—(O ak),ﬁ—(l 0) (11.81)
o, 0 0 —I

Here we have introduced an important shorthand for the Dirac matrices. The three Pauli
matrices o}, are of dimension 2 X 2, while oy, is 4 x 4. For example,

Oy =

(11.82)

—_ (e} (=} (=]
[} = o (=]
[} —_
oS O
I}
/N
D o
S
~

The shorthand notation in (11.81) is an easier way of writing the 4 x4 matrix. In (11.81)
the matrix I is the 2 X2 identity matrix.
In summary, the Dirac equation is a matrix equation:

) D 4 4
s, =c Y Y ol me Y By, (11.83)
k=x,y p=1 pn=1

where v =1, 2, 3, 4. Note that we have written ot(ulz for the 4x4 matrix of vector
component k.
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11.3.2 Current and Charge Density

A primary motivation for the Dirac equation is to have a simple expression for the charge
density. It is derived here and indeed the result is simple and logical.

Multiply eqn. (11.83) by v/, and sum over all four values of v. Also use the gradient
formula for the three-momentum:

DWATETDY Zl Ui e le B,
v X, Y52 MV v

Next take the complex conjugate of this expression (not the Hermitian conjugate) . Then
subtract these two equations:

Lhzbt l// l// Z Z V %a—%ﬁ“//u gjrbx :)

k= pzu 1"
+ mc? Zl(lﬁﬁym//f!ﬁyﬁzm//;) (11.84)
y v=
Recall that the Dirac matrices are Hermitian, which is
By =B (11.85)
o) = o) (11.86)

Then the last term in eqn. (11.84) cancels to zero, and the other term on the right has a
simple form:

4
h
ih) %(l//y%): § *bl (W20, (11.87)

v X, ¥, 2 v=

If we cancel out the common factor of i from both terms, what we have left is the
equation of continuity:

J
- ;::x YL (11.88)
p(r, 1) = EZ W) (11.89)
W, ) =ec Z (W) (11.90)
Hnr=1

The particle density has the desired form as the square of the absolute magnitude of the
spinor wave function. The current has the interesting form as the matrix element of the
«® matrix. Unlike the nonrelativistic case, it does not contain any derivatives.

11.3.3 Gamma Matrices

Equation (11.83) is a popular way to write the Dirac equation. We shall use it many times.
However, it is useful to have a formula that explicitly employs a four-vector formalism.
The four-vector method uses matrices represented by the symbol y,.:
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Y=0 (11.91)

l:z V8w Py +me

v

This way of writing the equation is a bit confusing. It is still a 4 x 4 matrix equation, but all
matrix indices have been suppressed. For example, the term mc should be multiplied by
the 4 x 4 identity matrix. The wave function y is still a spinor. The y-matrices should have
three indices: two representing the matrix components and a third representing the four-
vector components. Here we just use the latter. This way of writing the equation is con-
ventional. An even more shorthand method is

[y-p+mc]y=0 (11.92)

Equation (11.91) is derived from eqn. (11.83) by multiplying the latter equation from the
left by the matrix f5. The first three gamma-matrices are defined by y; = o’

d
ihﬂaw =[c¥- P+ Imc* Wy (11.93)
where I is the 4 x4 identity matrix. Rearrange terms in the above equation to get
oo a0 2
0= cyvp—Lhﬁa—o—Imc v (11.94)
The four-vector y - p is

7 P=7P—VsPs (11.95)

For the last term on the right to agree with (11.94),

R
pa=—s (11.96)
74=PB .= P (11.97)

This choice of gamma-matrices is conventional.
We examine some properties of gamma-matrices. Use a;, = a® to denote the three
alpha-matrices.

1. Take the Hermitian conjugate: yiz(ﬁak)“ =oyff=—Pox = —7,. Since f and oy are both
Hermitian and anticommute, we find that y; is skew-Hermitian: it changes sign under a
Hermitian conjugate.

2. The fourth component is Hermitian: yi =p=p= V4o

3. The anticommutator of any of the three-components is
i 93} = (Boi) (Bey) + (Botj) (xi) (11.98)
=B, o5} =20y (11.99)

The sign change comes from commuting f to the left.

4. {ya vi} = B(B o) + (Be) p = Bou(1 —1) = 0.
5. 92= pr=1
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All of these results are summarized by the single equation

0w 1} =—28w (11.100)

where g, is the tensor introduced in the section on four-vectors.
An advantage of writing the Dirac equation in four-vector notation is that we can easily
introduce external fields as the four-vector potential:

0= [y- (p—SA) +mc]lp (11.101)

Equation (11.101) can be used to find how potentials enter the Dirac Hamiltonian. By
reversing the steps to derive the above equation, one finds

{c&. @—SA)+BmCZ—I[E—V(r)]}Iﬁ:0 (11.102)

This latter equation is the basis for many calculations, such as the relativistic hydrogen
atom.
The interaction between fermions and photons is given by the usual interaction:

Hint:*%/d%j(r) - A(r) (11.103)

- A=cle(y=ay) - A—l//""‘V(r)l//] (11.104)

The interaction is converted to y-notation by defining

b=pu b =y =y (11.105)
Since f* = I, this factor is inserted in the middle of the matrix element, which gives

Jr A=cle(y*Bap) - A—yBV(r)y] (11.100)

JA=cle(WERp) - A=gro, Viny] (11.107)

Hin = / Pr(p’y, )8 A n) (11.108)

Writing the interaction this way, in terms of y-matrices, is quite conventional.

11.3.4 Free-Particle Solutions

We consider the solution for a free particle that has no external potential (A =0).
Generally, we write the solutions as

¥, (r, 1) =W, exp[i(k - =—tE(k)/h)] (11.109)

The space and time dependence has the usual form for a free particle. What is the form of
the spinor function V¥,?

We use the form of the Dirac equation in (11.81). In keeping with representing 4 x4
states as two 2x 2, we define the spinor as
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¥y

¥,
’\I}V - =
s

v,

=[]

In terms of this notation, the stationary Dirac equation is

Y, - [ mczq ch&'-l?:| [qS] :E[qs]
ché-k —mc* || % 7

It separates into two equations, which are each 22 matrix equations:

= S
[

0= (mc®—E(k) + cha - kg
0=chd - l_<’:q§—(1'nc2 + E(k))x

o ke ke—iky
G- k=
ke+ik,  —k.

(11.110)

(11.111)

(11.112)

(11.113)

(11.114)

(11.115)

The eigenvalue is found by setting to zero the determinant of the above equations:

0 = E(k)>—(mc?)>— (ho)(G - k)2
(@ k)P =Ko+ ko2 + ko2 +keky{oy, 0}

+kk {0y, 0.} +kk.{0), 0.}
=k

Since {0, 6;} = 20;;, only the diagonal terms are nonzero. The eigenvalue is
E(k)* = (mc”)? + (hck)?

which is the correct result for a free particle.
Equation (11.114) is solved to give

(11.116)
(11.117)

(11.118)

(11.119)

(11.120)

Since E > mc?, the denominator in the above expression is always larger than the

numerator:
* ¢ is called the large component

* 7 is called the small component

Write the spinor function as
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wl,sz< hi ({)) (11.121)

E(k) +mc?

- [

¢= 11.122
(&) o

1=§d— g2+ (11.123

The normalization constant N; is found from

— i —N2|hTh LM 27

P {¢T¢+ El) 1y e (11.124)
— N2 (hick)? 2 2E(k)
=M {1 T ER - mcz)z} =NeE R+ me (11.125)
_|E(k) +mc?

N\ T2 (11.126)

These results are collected into the final expression for the eigenfunction of a free

particle:
¢
v, =N wesi 1 | &P [itk - r—E(k)t/R)] (11.127)
E(k)czmcz

There are no factors of volume, since we are using delta-function normalization. Using
this eigenfunction, the charge density is

p=ely|* =ePiw=¢ (11.128)

The result is a constant, since a particle in a plane wave is equally likely to be anywhere.
The current operator is more interesting:

jo=ec(fTal) = ec(Wio )W) (11.129)
) 0 )

=ecNi [, f]( W) <¢) (11.130)
g 0 5{

je=ecNEplooi+ i o] (11.131)

The second term in brackets is the Hermitian conjugate of the first. The first one is
evaluated using eqn. (11.120) for the small component:

N fic

W(&*aﬁ-l&i) (11.132)

To evaluate the last expression, use the identity that, if A= (Ax, Ay, A;) and B= (B,
By, B;) are ordinary vectors, then

(A-3)(B-3)=A-BI+ig-(Ax B) (11.133)

where I is the 2 x2 identity matrix. The last term can be arranged into
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(A-3)B-3)=A-BI+iA (Bx3) (11.134)
=A-[BI+iB x ] (11.135)

Since A is an arbitrary vector, eliminate it and find

- -

G(B-6)=BI+iBxad (11.136)

Set B=k and we have the expression in eqn. (11.132) :

$loig= hcmaz {kilg|” + i1 (kx3) b1} (11.137)

E(k) +

Equation (11.131) has the above term plus its Hermitian conjugate. When we take the
Hermitian conjugate in the above equation, the last term changes sign. This term cancels.
The term N} cancels much of the prefactor:

. ec’hk; e dE(k)
= ER) T hdk,

—— (11.138)

The current is given by the charge times the relativistic velocity.

11.3.5 Spin-Projection Operators

The four spinor components give the orientation of the electron spin. The two large
components in ¢ give the spin of the Dirac particle. The other two spinor components
relate to the spin of the negative energy states. Here we first discuss the spin states of the
large component ¢. In nonrelativistic physics, we usually say they are spin-up (x) or spin-
down (f). For a free particle, down or up relate to the direction of motion. The natural way
to define the direction of spin is along the direction of motion.

Define a 4 x4 vector matrix:

[ 0
Y= (11.139)
0 O
- . (Bd o0
B-E:( B > (11.140)
0

THEOREM: B - ¥ commutes with the Dirac Hamiltonian.
Proof: The Dirac Hamiltonian has two terms

=co-p+ pmc .
H=ci-p 2 11.141

We must show that our matrix § - 5 commutes with both terms. Use the representation
in eqn. (11.81):

ak=<0 O-k),ﬂZ(I 0) (11.142)
o, 0 0 —I

—

The matrix (p - ¥) commutes with f§ since they are both diagonal matrices:
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(o)l 50 2
= (11.143)
O Ok 0 —1I 0 —0%
(1 0 ) (o'k 0 )
= (11.144)
0 —1/\0 o

The other term in the Dirac Hamiltonian has the commutator

(p-5, p-d] (11.145)
53 0 0 p-¢ 0 p-a\[/p-& O
VLo pa)\5d o 56 0 0 54
0 p-5)(1-1
= ®-o)(1=1) =0 (11.146)
(B-9)*(1-1) 0

which proves the theorem.
Define the spin projection operator as

S=-p-% (11.147)

N =

The symbol S stands for a 4 x4 matrix. Note that we use the unit vector p so that S is
dimensionless. The matrix S commutes with the Dirac Hamiltonian.

If two operators commute, they can have the same set of eigenfunctions, albeit with
different eigenvalues for each operator. An eigenstate of the Dirac Hamiltonian can also
be an eigenstate of the spin-projection operator:

Hy(k, 1) = E(py (k, 1) (11.148)

Sy(k, 1) =y (k, 1) (11.149)
The eigenvalue y==1: + 1 denotes a spin direction along p, while = — 1 denotes a spin
along —p.

A simple example is provided by a free particle going in the Z-direction: k=kz. The
eigenfunction is

Yk, )= Ny ¢ A:| exp [i(kz—wyt)] (11.150)
k0P
hck

The spin-projection operator is

o, O
s&l[ : } (11.152)
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(1
¢=< ) (11.153)

0
1
0
V=N, (11.154)
Ik
0
SW = %qf (11.155)
For u=—3, set
R 0
¢=( ) (11.156)
1
0
1
V=N, (11.157)
0
A
S\P:f%‘y (11.158)

These results can be generalized to an arbitrary direction of p. First find the form of the
2-spinor ¢. When p = 1 it obeys the matrix equation:

B-6p=pd (11.159)
p—p Py || 1

, =0 (11.160)
px+ipy —(pz+p) || 9,

The spinor that obeys this matrix equation is

$1 1 p+p:
_ . (11.161)
¢, | V2p+pe) | pe+ip,
which can be verified by direct substitution. A similar matrix can be found for y= — 1 that
obeys the equation
5-3p=—pd (11.162)

Solving this equation is a homework assignment.

11.3.6 Scattering of Dirac Particles

Spin plays a role in the scattering of fermions that obey the Dirac Hamiltonian. Here we
consider a simple case of a fermion undergoing elastic scattering from a fixed potential
V(r). We solve for the differential cross section in the Born approximation. The same
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calculation was done in chapter 9 for nonrelativistic particles. Here we evaluate the role of
(1) relativity, and (2) spins.

A potential V(r) is located at the origin. An incoming plane wave has momentum p; and
energy E(p;) = E;. The wave encounters the potential, and part of the wave scatters outward
with final momentum py Er = E(py. The transition rate in the Born approximation is

2n (& .
w= h—f/(zga M{*S[E(pi)—E(py)] (11.163)

E(p)=c\/(me)* +p? (11.164)

The integral over final momentum is evaluated in spherical coordinates d’p; = Ef
\/ Ef —m?c*dErdQy/c’, where Ef = E(py), E; = E(p). The integral over energy

/dEfF(Ef)a(EifEf) = F(E;)=F(E) (11.165)
do  1dw E \* ,
0"y <W> |M| (11.166)

The prefactor reduces to the nonrelativistic limit when E — mc?.

The scattering center is from the scalar potential, and the vector potential A = 0. Let ¥,
be the four-spinor of the initial state, and W be that of the final state. In the Born
approximation, the matrix element is

Mg = (V¢ ¥;) /d3rV(r) exp [—ir - (pr—p;) /N (11.167)
= (V| W) V (ke —ki) (11.168)

e (E ) Vgt e (11.169)

a0 \2nc?h? SR .

where p; = hk;s The matrix element contains the Fourier transform of the scattering
potential. This factor is familiar from nonrelativistic scattering in the Born approxima-
tion. The above formula, without the spinor factor, is also valid for relativistic particles
that obey the K-G equation. The additional factor is due to the matrix element of the initial
and final spinor function.

Assume that the initial state is in the Z-direction (k; = kZ) with spin projection = 3 so
that

(! 11.170
¢—<0> (11.170)

W, =N, (11.171)

There are two possible spinors in the final state:
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1. For up = 3, the large component is (11.170) and the small component contains the factor

. k, cos (0)
k-Gp= =k ‘ (11.172)
k. +ik, sin (0)e®
1
v 0
=N,
n ¢ A cos (6)
Jy sin (0)e"®

(W1 |W;) = N2[1+ 4 cos(0)] = 1—A(k) sin?(0/2)

R c2k?

—922N2 —
Ak =24 N = E(K)[E(k) + mc?]

(11.174)

where (0, ¢) are the scattering angles in spherical coordinates. Since the scattering is

assumed to be elastic, the wave vector k is the same in the initial and final state.

2. For py = —1,
. {0
b= , (11.175)
0
v ! 1.176
=N, , 11.1
/2 ¢ Ji sin(0)e™*¢ ( )
— g cos(0)
(W, |W;) = N2 7 sin(0)e ™ = %A(k) sin(0)e ¢ (11.177)

If the spin is measured in the final state, then the values of |(W;¥;)|* give the cross
section for the two spin arrangements. A more common experiment is not to measure the
final spin, but to have a detector that measures all particles regardless of spin. Then the
differential cross section has the factor of

2
|(W5|W;)|* =[1—Assin®(0/2)]* + A” sin®(0/2) cos*(0/2)
j=1
=1-sin’(0/2)[2A—A?] (11.178)
1 (%Y sin? _ ek
—1 (C> Sn*(0/2), v g (11.179)
The spin components make this factor. At relativistic velocities v, ~ ¢ it makes an
important change in the angular cross section. Back scattering (6 ~ n) is much less

probable.
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11.4 Antiparticles and Negative Energy States

The eigenvalue for the free-particle Dirac Hamiltonian was found to be

E* = E(k)* = (mc?)* + (hck)* (11.180)

E= *E(k) =/ (mc?)? + (hck)? (11.181)

So far, all of the solutions to the Dirac Hamiltonian have assumed that the energy is
E = +E(k). These are called the positive energy states. They are thought to describe fer-
mions such as electrons or neutrons. The negative energy states have E=—E(k)=
—/(mc?)? + (hck)®. They are related to eigenfunctions for the antiparticles.

Go back to eqns. (11.113) and (11.114) and change the sign of the energy:

0= (mc? + E(k))p + chd - ky (11.182)

0=chd - kp—(mc®—E(k))% (11.183)
From eqn. (11.182) we deduce

chd - k

¢=*m (11.184)

>

Since E(k) ~ mc?, it is inconvenient to use (11.183), which would produce an energy de-
nominator of (E(k) — mc?), which could be small. Using (11.182) ensures that the energy
denominator (E(k) +mc®) > 2mc” is a large energy.

For negative energy states, 7 is the “large component” while ¢ is the “small compo-
nent.” The eigenfunction for a negative energy plane wave is

_ chék s
mc2+E<k>X} exp {i(k e _E(k)t)} (11.185)

V=N
7 h

The lower two components of the 4-spinor are the largest.

The negative energy states are related to the states of the antiparticle. To be specific, we
discuss the Dirac equation for electrons, which have a charge g. < 0. Its antiparticle state
is the positron, which has a charge g, > 0. Dirac derived his equation before the discovery
of the positron or other antiparticles. Before then, no one knew why the spinor had four
components, since the electron spin has only two configurations. Only after the discovery
of the positron, which had been predicted all along by Dirac’s Hamiltonian, was his
theory finally understood and accepted.

The electron is an elementary particle with negative charge and positive mass. The
positron is an elementary particle with positive charge and the same positive mass. These
two particles are antiparticles, since they can mutually annihilate and conserve energy
and momentum by emitting two photons (y-rays).

The Dirac Hamiltonian for electrons and positrons is e = g, = —¢,, € <0:



Relativistic Quantum Mechanics | 375

{,/,, (p_;A) +mc}n//<@):o (11.186)
{y, <p+ §A> +mc}1p‘P>=0 (11.187)

What is the relationship between these two equations? Equation (11.187) is related to the
negative energy states of eqn. (11.186). We describe a sequence of operations that converts
(11.186) into (11.187). These steps show that the above two equations are not indepen-
dent, but are the same equation in two different forms.

Take the complex conjugate of eqn. (11.186). The complex conjugate gives p* = —p for
all four components. Also, A* = A:

{_V*. <p+ ;A) +mc}l/,(e)*:0 (11.188)
(7 (5 £2) s 9) st <o s

In the second equation we have written the four-vectors in terms of the three-vector and
fourth component. Examine the behavior of y*:

1. yj =1y, since

7y =P = (I ° ) < ° Gx) (11.190)
0 —I o, O
0 oy .
- (ax . ) S (11.191)

2.y, =—7, since
P I 0 0 o
y, = fol¥) = 11.192
: 0o 1)\, 0 (1-192)
0 gy N
= =-7, (11.193)
—oy, 0

3. y3* =173 since

I 0\/0 o,
73 =Pl = (11.194)
0 —I g, O

0 o N
_ = (11.195)
—ag, O

4. “/4:13:7:

Three of the y-matrices are unchanged by the complex conjugation, while y, changes
sign. The difference is that, of the three Pauli matrices, o, and o, are real, while o, is
imaginary.

THEOREM: 77,72 = 74
Proof: The proof uses two properties of y functions: (i) 2 = —Iand (ii) 3,7, = —72y,ifv # 2.
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* If u#2, then y, =y, and

Va¥u¥2 = V22 = —V2¥2Vu =Yy (11.196)
* If v = 2, then y; = —7,, and

Va2 = =V =2 (11.197)

This theorem tells us how to handle the feature that only the y,-matrix changes sign under
the operation of complex conjugation:

1. In eqn. (11.189), insert y2 = —I between the right bracket “}” and the eigenfunction %,

2. Multiply the entire equation from the left side by the matrix y,.

3. Inthe 92 in step 1, one factor of y, multiplies the eigenfunction, while the other is combined
with the y, from step 2 to change the sign so that yz‘y;yz =7, This step makes the term

mely? = —mcl.

These steps give the new equation from (11.189):

Change the sign of the entire equation. Also recall that e <0 so —e = |¢| and we find

{?'<ﬁ’%?g>‘”“<p*’k%?)*””d}”zww*zo (11.199)

This equation is just (11.187). The relationship between the electron and positron
eigenfunctions is

Y = gy, @ (11.200)

The phase factor of —i is added for later convenience: just multiply eqn. (11.199) by —i.
The convenient feature is that —iy, is a real matrix:

0 00 -1
0 o 0 01 0

—iyy=—i = (11.201)
—a, 0 0 10 0
-100 0

The matrix —iy,, when operating on y@”, inverts the order of the spinor components. The
end components change sign:

0 0 0 AY[W] ¥
o I | A I
Lo ol | ¥

1.0 0 0 ||y, - (11.202)

The lower two components of the electron four-spinor are just the large components of
the positron.
As an example, consider the negative energy state of the electron in (11.185):
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_ chk 5
) ol s 2 i

b

Yo =N,

Setk=kz, S=1 /2, so the large spinor is %' = (1, 0), and the eigenfunction is

i
’ 0 , E(k)t
Y9 =N, ) exp{t(kz+ T)] (11.204)
0
i
0 , E(k)t
Y9 =N, ) exp{—t(kz—b— T)] (11.205)
0

Multipying by —iy, gives the positron state:

0
1
Yy =N, o exp[i(—k)z—iE(Tk)t)} (11.206)

e

Compare the positron eigenfunction with the earlier ones for the electron. The eigen-
function describes a free particle of

1. Positive energy Ej
2. Wave vector (—k)
3. Spin with u=—3

An electron state of negative energy, wave vector k, and spin projection u= + 3, is a
positron state of positive energy, wave vector —k, and spin projection = — %

11.5 Spin Averages

In the measurement of the cross section, often the particle spins are not measured. The
detector measures spins with both values of i, = +1. Similarly, often the initial values of
the spin polarization are not known, and one also has to average over both initial spin
eigenvalues y; =+1. In the calculation of a particle scattering from a potential, we write
these two averages as

E=0 ) > W ) Wlen ) (11.207)
W =%1/2 pip =+1/2

1 e
= ETr{:U:(f)} (11.208)

2= > Walen ) VpH(en 1) (11.209)

Hi
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The matrices Z*/) can be found easily. The spinor part of the eigenfunction W,(+ ¢, y)
forms a complete set of states over the four-dimensional space. The set is complete, and

3 Wl 1) (ep 1) + Wl 1)V~ 11)] = (11.210)

I
Operate on the above equation by the projection operator:

_ H+¢,l

11.211
%, (11.211)

where H is the Hamiltonian matrix. Since Hy (¢, 1) = er(e,pt) and Hyr(—e, u) = —ef(—¢, 1),
the projection operator selects only the states of positive energy:

Poup = PZ alep, 1)V (ep, 1) + Val—2p, W) ¥p*(—&p, .“i)}
[H+,sp 5= > Walep 1) Ws*(ep, 1) = > [hc&.p+ﬁmc2 + 1]
&p W P

=i 1
20 = Z—%[Ticoc-p—kﬁmcz—o—epl]w (11.212)

Returning to the original problem, eqn. (11.208), we have

= —
==

Ses Tr{[hcd - k+ pmc” + eI |[hcd - p + fmc® +&,1]} (11.213)
kép

where p and k are the initial and final scattering wave vector. Since oziz =1, [32 = I, their
trace equals four. All other combinations have a zero trace. The above expression
reduces to

—_ 22
E= ngpp[h k- p 4 m2ct + g, (11.214)

This formula gives the same result as evaluating the eigenfunctions directly. For example,
in the case of elastic scattering from a potential, then & = ¢,, and k-p = k* cos(0).
Writing cos(6) = 1 — 2 sin®(0/2) gives

== 212 {s + m?c* 4+ WA k? {1—25m2 (g)” (11.215)
h202k2,20 VN2 . , (0
—1-"sin (5) - —(?> sin (E) (11.216)

which is the spinor contribution to the scattering cross section.

Eventually we are going to formulate scattering theory entirely using y-matrices. Then
it turns out that the summation we want is

EEj}ﬁZw (s 1) Pp(ep, 1) (11.217)

where W=W*f. This means that
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=(i —_(i 1 —
gl —=0p, = z—ep[hcoc P+ pmc +e,0], B (11.218)
C
= z—gp[mc—v “Pls (11.219)

since dff=—pd=—Yy, etc. These spin-averaging methods are used in the next
sections.

11.6 Nonrelativistic Limit

The Dirac Hamiltonian has a nonrelativistic limit for the case that the mass is nonzero.
The rest energy mc* = Q becomes a large quantity and we expand the Hamiltonian in a
series in powers of O(1/€)). The relativistic eigenvalue E is set equal to E = E' + mc?,
where E’ is the nonrelativisitic eigenvalaue.

11.6.1 First Approximation

The nonrelativistic limit of the Dirac equation has several levels of approximation,
depending on how many terms in (1/}) are retained. The first case is to keep a minimal
number of terms. Write eqn. (11.102), which includes the potentials, in the standard 2 x2

notation:
0:—(5’—V)<;3+c&’.(p—gﬁ);z (11.220)
0:c&~(pfSA’)&f(E’JrZMCZfV)j( (11.221)

Solve the second equation for the small component and insert the results into the first
equation. Neglect V and E’ compared to mc*:

cé"~(p—§g) A~66"~(p—§:4) .

L= Ime? +E-V'"T  2me? ¢ (11.222)
, | -\ e-\]-
0= |-E+V+5 5. (p—EA>0~ <p—EA)]¢ (11.223)
The last expression is evaluated using
@-B)@ C)=B-C+id- (BxC) (11.224)

where B=C=p—eA/c. Since pxp = 0, AXA = 0, the last term has the only nonzero
cross product:

G- (p—g,K)a. (p—;A) - (p—§A>2—i§a’.(pr+AxP)

pr+Axp:?ﬁxA=7ih§ (11.225)
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The effective Hamiltonian is

Ho—Ed (11.226)

1 o eh

H = (p——A) + V(1) — 7 - B, o= (11.227)

2me

These manipulations derive Schrédinger’s equation with the usual form for the vector
and scalar potentials. The last term is the Pauli interaction between the particle spin
and the external magnetic field B. It has a single power of ¢ in the denominator, and
should be viewed as a relativistic correction term of O(1/v/Q). It is the only correct-
ion term of this order, and further terms are of O(1/Q). Deriving them takes far more
effort.

11.6.2 Second Approximation

Some effort is saved in deriving the next terms in O(1/mc?) by neglecting the vector
potential A = 0. The scalar potential V(r) = e¢(r) is retained and produces some important
relativistic corrections. Rewrite eqns. (11.220) and (11.221) without the vector potential:

0=—(E'=V)p+c3 - pg (11.228)
0=cG - pp—(E' +2mc*—V)j (11.229)

Solve for the small component more accurately than before:

X ! G 11.230
L= 2me[l1+ (E'— /2mc2 po (11.230)
1 (E-V)]. .
P [1— B }a‘qu (11.231)
Put the last equation into (11.228):
, 1. F-V\. 1,

Recall that ( - p)® = p?. The other term takes more work:
G pV(G -p=V(G-p)l+é p VG-p (11.233)
:sz-i-?(ﬁ@V)ap (11.234)
= VP2 —ik(VV) - p+hd - (VVxp) (11.235)

The last term is the spin—orbit interaction. Put the above expression into eqn. (11.232) and
find that

E’(1+ r )43 {V(1+ v )+p—2—ii(§wp

4m2c? 4m?c2 2m  4m?c?

g0 (Vpr)}d) (11.236)
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Two more steps remain to find an equation of the form
E'fi=Hyit (11.237)

The first step is to normalize the eigenfunction. In nonrelativistic physics we choose

' = 1, while in relativistic physics

WP =1= 3 + i (11.238)
Treating p2 as a scalar, the above transformation gave, to lowest order,

Gp;

X 11.2
o (11.239)
1= {1 poe 2} p|* (11.240)
So a properly normalized nonrelativistic spinor is
r s

{1+ o 2}¢> (11.241)
~ pz
¢= {1—m}u (11.242)

We only retain terms of O(1/mc?), which is why the above two relationships are both valid.
Rewrite eqn. (11.236) using the eigenfunction 4 and find

2 2 2 2
, 4 - P p 4
E'l1 e 1 — | 1-—=
( * SMZCZ)M {V( * 8m ) " om ( 8m262>

G- (VVXp)] (11.243)

h
B 41%262(v V) P+4 22

Finally, multiply every term by (1 which eliminates the factor on the left of

81412(:2) ’

the equal sign. Now the equation has the form of eqn. (11.237) with a nonrelativistic

Hamiltonian:
2 2
. P 4
Hu=V+ o (1= 55 11.244
v 2m < 4m2c2) ( )
h .
a2 V)Pt 550 (VVXp) (11.245)
2 2
v 4 p
V=|[1- Vi1 11.246
( 8m2c2> ( + 8mzcz> ( )
W ih
=V 2y V. 11.24
+ 8m2c2 ViV 4m2c? VV-p ( 7)

Note that the two terms in VV - p cancel. The result to O(1/mc?) is

2 4 2
_r R h_ 2 i
Hu= o V() + [ a3 T VIV G (VVxp)
The first two terms are the standard Schrédinger equation. The three corrections of

O(1/mc?) have names.
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1. The p* term is the correction to the kinetic energy, which is derived from the expansion

2 1172
2p? + (me?)? = mc? {H nﬂcl} (11.248)
1/ p? 1/ p? 2
2
=mei 1+ 2 (mzcz)_g (mzc2
2 4
2, P p
_ o 11.249
me+ 2m  8mic? ( )

2. The term in V?V is called the Darwin term. If the potential is Coulombic, then
21 3
V2 = —4nd’ () (11.250)

A delta-function potential at the origin affects only s-states, since only s-states have
R(r = 0) # 0.
3. The last term is called the spin—orbit interaction. For atoms it is written in a slightly different

form. If V(r) is a central potential, then

> rdv
gy rav 11.251

rdr ( )
Since £ =7xp is angular momentum and the spin is =g /2, the spin—orbit term can be
written as

o . 7
AL

=5y (11.253)

which is the way it is written for atoms.

11.6.3 Relativistic Corrections for Hydrogenic States

The three relativistic correction terms are evaluated for an electron in the Coulomb
potential of the nucleus. We define the problem as

H=H,+ LZL (11.254)
mc:
W Ze

Ho=— {—vz + —e} (11.255)
2m r
4 2

R AP P
L=—gatemV V+ 3,0 (VVxp) (11.256)

The eigenvalues of Hy are E, = —Eg,Z*/n’, where Eg, is the Rydberg of energy. The
eigenfunctions are given in chapter 5. For the lowest-order corrections, we use first-order
perturbation theory:
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1
AEy = — (nt|L]n) (11.257)

The three term in £ give the following.

* The Darwin term gives V2V = 41Z¢2(7) and the matrix element has nonzero values only for

s-states:
W )
AEy1= ) (nl|V*V|nt) (11.258)
Zh*e? 5 Eﬁy 3 5
= gz ’no(0)"= 5 5 ZagRuo(0) (11.259)

The result depends on the magnitude of the radial eigenfunction at the origin. Note that
Ry0(0)2 =4Z3/(a3n’), and

ERY 64 1 2

— = =_ 11.260
mc  opter 27 { )

274
_ o %2
AFw, 1= Fry 5 (11.261)

where the fine structure constant is oy = €? /licx 5.

The kinetic energy correction is evaluated by defining p* = 2m(E, — V) and the energy

contribution is

1 Ze\
A,y == 5 (nl (E + T) Inf) (11.262)

In evaluating this expression, we employ the earlier formulas for the expectation values of

(1/r") given in chapter 5:

(n] % Inf) = nziao (11.263)

(n] rlz Inf) Mg(z;%) (11.264)

AEy;, ;= Egy Z:’% {%fﬁ} (11.265)
* The spin—orbit interaction is

ﬁvzzr—izﬁ VVxp= Zr—izé' (11.266)

Vio= 21421212 <n£ Zr;f|n£> (11.267)

73 Z3K? o
<n€|r—3n€> = ST DT [+ 1)—£(f + 1)—s(s+ 1)]
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AEp,3 ={Eso, j:£+% (11.268)
, 1
=—(+1)E, j={—5 (11.269)
EryZ*o2
Eqo ke (11.270)

T 2m(+ D)

Note that all three terms are of O(ERYZ4ocJ% /n?) times various dimensionless factors. They
are all of similar value. If we add them all together we get
Z42 13 2

Aﬂszm7§fhﬁfiiﬂ (11.271)

11.7 Relativistic Interactions

Many scattering experiments are done at accelerators, where the particles have a high
energy. It is necessary to do many scattering calculations relativistically. This section also
serves as an introduction to field theory.

The prior sections discussed scattering from a potential V(r). Potentials are actu-
ally generated by other particles. A more fundamental view of scattering is that par-
ticles scatter from other particles. The particle could scatter from a collection of
particles: examples are proton scattering from a nucleus and electron scattering from
an atom.

To discuss particle—particle scattering, we must learn to calculate Green’s functions.
They are quantum mechanical solutions to particle motion in four-dimensional space—
time. We need them for two kinds of particles: photons and Dirac fermions. Green’s
functions come in a variety of forms: time-ordered, retarded, advanced, etc. For scattering
theory we need only the time-ordered Green’s functions. The others are discussed by
Mahan [1].

11.7.1 Photon Green's Function

The derivation of the Green’s functions for photons starts with eqns. (8.19) and
(8.20):

. 1A
1A, 11.272
Vi o = (11.272)
19’ D 4z,

where A is the vector potential, and  is the scalar potential. We adopt the Lorentz gauge,

d
V-A+——y¢y=0 11.274
+Cbt¢ (11.274)
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which simplifies these equations. We also use the standard form of VX (VxA) =V(V - A)
—V2A to get

vz—ib—z Y=—4 11.275
Y2 M (11.275)
vz—lb—2 — i 11.276
2| T (11.276)
These two wave equations can be combined into a four-vector notation:
, 19 4m,
Vi | A== (11.277)
Au=[Ai Y1, ju=1ji> cpl (11.278)
Define a type of Green’s function D(x) according to
vz—lb—z D(x) = 68*(x 11.279
23z | P =0"(x) (11.279)
which has a solution in terms of a four-dimensional Fourier transform:
4 —ig-x
D(x) = — / a q4e—. (11.280)
(2m)*q-q+m

where 7 is an infinitesimal positive constant to make the photons go the right direction in
time. Recall that q-q = ¢* — w?/c?, and d*q = d’qdw/c. A solution to eqn. (11.277) is

4n ,

Aulx) =~ 7/d4YD(X*Y)Ju(Y) (11.281)

The four-vector interaction is
L[5 L 3

- er“A“:_Z &Fri-A+ [Prpy (11.282)
Integrating this expression over time defines the S-matrix for the scattering process:

Sp= % / d* a0, (%) Ay () (11.283)
Using the equation for A,(x) allows us to rewrite the S-matrix as

Si=— 2 [t (a0 ) Dy 11.284

Two particles interact by exchanging a photon. The superscripts (a, b) denote the separate
particles. This process is shown in figure 11.1. The two solid lines are the fermions and
the dashed line is the photon. This is a virtual process: actual photons are neither emitted
nor absorbed. One particle has a current ij) (y), which emits the photon, while the other
particle immediately absorbs it through the current jf,“) (). This interaction can also be
written in Fourier space using eqn. (11.280):
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A

F1cure 11.1 Two fermions scatter by exchanging a photon.

4n [ d*q 0@ ()
Sp=— faEd B 11.285
A hcz/(2n)4 q-q-+in ( )

i / d* x50 (x) = ec / d*xe® (W) wi) (11.286)
This expression will be the basis for the matrix element for scattering of two Dirac

particles.
The photon Green’s function is defined in terms of the vector potential as

Dﬂu(xl—xz *—l TA ( ) (11287)

Z,/ éﬂ(k )i + af e ] (11.288)

where Q is the volume of the room. The symbol T'is the time-ordering operator. The four-
vector dot product is k-x = k-r — w(k)t. The sum over polarizations gives

Z Eulk, AE, (K, 2) =0 (11.289)

In evaluating the Green’s function at zero temperature we get expressions such as

(Tawi () arr (12)) =0 (11.290)
(Tan (1) a1 (12)) = Giae 3@ (11— 1) ™1 —) (11.291)
(Tay, () ay; (1)) =0 (11.292)

since |} denotes the vacuum state. Therefore, the photon Green’s function is

2nh ;
Dy (1—%2) = —i8,6” Y | gl tnr)=io(lh—b| (11.293)
= o(k)Q

One can write the above expression as

R d4q eiql(xlfxz)
Dy (%1—%2) =47hd /Wq g+

= 476, D1 ) (11.295)

(11.294)
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where g, = (k, w/c). The photon Green’s function Dy, (x) is proportional to the scalar
Green’s function D(x) used to derive the Coulomb interaction between fermions. We can
also write this interaction using the photon Green’s function

— o [ [0 Dt - ) (11.296)

11.7.2 Electron Green's Function

The electron Green’s function is defined as
Guplx1—2x2) = —i{ T, (x1)¥(x2)) (11.297)

where x; = (r;, tj) are four vectors. The symbols ,(x) denote eigenfunctions of the free-
particle Dirac equation, and y = y* . The subscripts (a, §) are spinor components, so that
G,z is a tensor. The symbol T denotes time ordering—the function with the earliest time
goes to the right. The symbols (- - -} denote an average over the system. For scattering, we
take this average at zero temperature.

First we give a short derivation. The functions i, (x) are solutions to the Dirac equation,
and so is the Green’s function:

[y - p+mcy =0 (11.298)
[y - b1+ mel,y Gps (1 —%2) = 0250" (¥1—x2) (11.299)
Multiply both sides of this equation by [y - p; — mc]., and get

[ pr—mel, [y - 1+ mel,p Gps (1 —x2) = [ - pr—me] 0" (51— 2)
(7 21)* = (m0)*], Gpo (1 =) = [ - pr—me] ;8" (31 —%2)
~[p1)” + (me) )y Gl —%2) =[7 - pr—me) 50" (1 —2)
Now take the four-dimensional Fourier transform of this equation and get

[ - g—mclyy

—_— 11.300
q-q+mec? ( )

Gaplq) =~

This equation is the electron’s Green’s function for a free Dirac particle.

11.7.3 Boson Exchange

Equation (11.284) describes the interaction of two Dirac particles due to the exchange of a
virtual photon. The nonrelativistic limit of this interaction is Coulomb’s law —e;e,/r15,
where e, , = te are the charges of the particles. All interactions between particles are
due to the exchange of a boson particle between them. The 1/r potential is due to the
exchange of a massless boson such as the photon. Most other bosons have a mass.
Yukawa first proposed that the nuclear force between nucleons was due to the exchange
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of a boson with a mass. He predicted the existence of the pion (n-meson) before its
discovery in particle accelerators. For a boson with mass, eqn. (11.285) is modified to have
the form

4n / d*q J@ (@i ()

= — _— 11.301
70 | 2m)*q - g+ m2e (11.301)

where the factor of (mc)” has been added to the denominator. This form is similar to that
of the Green’s function for the electron. The coupling need not be only by y-matrices.
These matrices are 4 x 4. There are 16 Hermitian matrices needed to span this space, and
the identity (I) and y-matrices are only five. There are 11 other matrices, which can be
found in books on field theory. If M, M’ are two such matrices, the most general
interaction is

an [ dqg MO (QM™ (g)
= ﬁ/(zn)“ P (11.302)

MO (g) = / d* (PO AP (11.303)
For example, consider the f-decay of the neutron:

n—pte +u, (11.304)
Angular correlation experiments have determined the matrix element is

ME)M(Y) = P ()7, (1=275) T () (P ()7, (1=75) TV (1))

Vs = —171727374 (11.305)

and 4 = 1.25£0.02. Note that the nucleons (proton and neutron) are paired together, as
are the leptons (electrons and neutrino). ys is one of the other 11 matrices. The combi-
nation ysy, is called axial vector.

In the nonrelativistic limit, a boson with mass gives a real-space potential function:

V() =4 c/d3q i 11.306

=4n e .

0 (27 ¢+ (me /)’ (11300
_ ge—r/b, b % (11.307)

Potential functions with this form are called Yukawa potentials. The potential function is
dominated by the exponential. The range of the force b is given by the boson mass.

11.8 Scattering of Electron and Muon

The p-meson (muon) is a Dirac particle with spin- and a heavy mass. The scattering
of an electron and a muon is a simple problem. The scattering of two electrons is
complicated by the exchange interaction. No such exchange exists between different
particles.
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The calculation of the cross section always proceeds in two steps. The first is kinematics,
and the second is the matrix element.
The kinematics are done first. The basic variables are

* The electron of mass m has initial variables: k;, &; =/ m2c* + hzczkiz, 1
* The electron has final variables: kg & if

* The muon of mass M has initial variables: p;, = 0, E; = M, U;

* The muon has final variables: p; E; Ur

where (u, U) are spin projection eigenvalues. The electron scatters from the muon, which
is initially at rest. Momentum and energy conservation are

ki = ks + py (11.308)
&+ Mc® =& + Ef (11.309)

Suppose that the experiment measures the final trajectory of the electrons, so that the
direction ks is determined, as is the scattering angle £;-kg= cos(0). Then setting
pr = ki —krgives

i+ Mc—g = /M2t £ W22 kg (11.310)
Squaring this equation and canceling like terms gives
Mc? (e —&;)—mPc* + gigp = hzczk,-kf cos (0)

= cos (0)/ef —m2ct, /ef —mct (11.311)

Square this equation and collect terms according to their power of &

0= Agf—2Bes + C (11.312)

A=[M*+m? cos? (0)]c* + 2e;Mc? + &2 sin? (0) (11.313)

B=egic*(m? + M?) 4 e Mc* + m? Mc® (11.314)

C = c*el[M? + m? cos? (0)] + m*c® sin? (0) + 2m*Mc®s; (11.315)
1

=7 [Bi\/BZ—CA] (11.316)

This determines the final electron energy ¢ras a function of the incident energy ¢; and the
scattering angle 0.

The scattering rate is given by the Golden Rule, where one sums over all final-state
momentum variables:

w=

2n)* [ Bke (B
(2m) f/ Pr |M|25(8i+MCZ—8f—Ef)53(ki—kf—pf)

noJ@2n)?) (2n)?

The formula is written this way to treat all final variables equally. We use the momentum
delta-function to eliminate the integral d’py:
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1= /d3pf(33(ki—kf—pf) (11.317)

In spherical coordinates d*k; = dekJ%dkf. The solid angle part dQfis moved to the left of
the equal sign to get the differential cross section for electron scattering:

do w
a0, vaay (11.318)
1
- m/kfdkﬂ/\/ﬂzé(si + Mc?— e —Ef) (11.319)

The integral is
i
> c2|ky /5 + (kp—ki cos(0))/ Ey|

_ kaf(MCZ + Si—Sf)
B h2c2|8i+Mc2—(8fki/kf) cos(0)|

/k]%dkfé(si + MCZ—Sf—Ef) =

where energy conservation is used to eliminate Ez The final formula for the differential
cross section is

ierk i+ Mc2—
do __aly 6 ey (11.320)
dQ  (2nh*c?)?k; |e; -+ Mc?—(erk; /kr) cos(0)|
In the nonrelativistic limit where Ef~ M¢c? the last factor becomes unity.
The matrix element for this process is derived from the S-matrix:
e | o O (k) (T m
v (W9 (ler ), W (ki) (Y (pr )0, P (i) (11.321)

where the brackets (---) denote a spinor product. Here g, = [kf—k;, (er— &;)/hc] is the
four-vector momentum transfer between the two currents. The first matrix element is
from the electron current and the second is from the muon current. The eigenfunctions
are also functions of the spin projection eigenvalues (w;, ug; U;, Up.

The next step in the derivation depends on the nature of the measuring apparatus. If
the detector determines the spin of the scattered electron, then we are done. We calculate
the above matrix elements for those values of u, U. However, in the usual case, they are
not determined. Then sum over all final spin operators and average over the initial ones.
Thus, evaluate

- 1 10 ¢ T, N 2
E=2 > [T k)7, WO (ki) (P ()7, W (i) (11.322)
wiky Ui Up
— S =l (11.323)
g
— (€ 1 Tr(€ €| Tr(€ = €
2 = 5 D (WO ky)y, WO (ki) () (ki) 7, W k) (11.324)

il

7= B= BB b=’ =, (11.325)



We sum the spins using the matrix method:

1

D WO (k)P (k) = % [me—7 ki
H;

€] (€] c
> WO (k) (k) = 2% [me—7 - k]

Hr

The term is now reduced to a trace:

ow_ ¢

w - 88i8f

[11

Tr{y,[mc—y - kily[mec—7y - k] }
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(11.326)

(11.327)

(11.328)

The trace contains up to four y-matrices. For two y-matrices, start with the anticom-
mutator {y,, 7} = —2g,,. Recall from chapter 10 that the tensor g, is diagonal. It is +1
for the vector components and —1 for the fourth component. Next prove

Tl’{y’uy,/} = _4gu7/
o If u # v, then y,p, = —y,y,, and

Tr{’yﬂyll} = _Tr{VL/Vu} = TI'{“,)V'})#}

(11.329)

(11.330)

The first equality is because the operators anticommute. The second equality comes from
the cyclic properties of a trace: the trace of Tr[ABC] = Tr[BCA]. Since the last two terms are

equal except for sign, the trace is zero. This result is independent of representation.

e If 4 = v, then yi =—gu. If u=4 then yfl = p%=1 and its trace is four. If u = i = (x, y, 2),

then y? = ooy = — %0 = —I and the trace is —4.

These results are summarized in eqn. (11.329). Note that one does not take the trace of g,,,.
The trace of an odd number of y-matrices vanishes:

Tr{yﬂ} =0

Tr{VﬂVV&} =0

(11.331)

(11.332)

The trace of four y-matrices is obtained from all possible pairings:

Tr{Vyyuyéye } = 4[g/wgée + g;tegué 7gu6g1/€]

Therefore, we get from eqn. (11.328)

2
=0
[ ZSi{If

2
= _ _©

(11.333)

[—gw,(mzc2 + K2k - ke) + hzgwkmgy/;kfﬁ + hzgwkfagu,gkiﬁ]

== 3EE [—8u (M*S + Wp; - py) + W GuoPinupbrs + W GuaPropbi]
1

We have written the identical expression for Z(*). Multiply these together, and then sum

over (u,v). This gives,
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- ct
== e EE [4(m?c + Wki - k) (M2C? + Wp; - pr) + 21 (ki - pi) (kg - py).-

2%4(’% . pf)(kf . pi)fzthi . pf(m202 + hzk,‘ . kf)
— 21°k; - ke (M2 + 1p; - pr)] (11.334)
After canceling of like terms,

4

c

E= [ 2m*M>c* + M2CPH2k; - kp 4+ mEcPhip; -
ZSiSfEiEf[m ¢+ c ' +mc"hop; - pr
+h* (ki - pi) (ks - pr) + 1 (ki - pr) (k- p)] (11.335)
B 8,‘8f B MCZEf

kykf—ki'kf—%,pi‘pf——w (11.336)

SiEf MCZSf
k; 'pf:ki'Pf_%v pikp=— o (11.337)

The above result can be simplified further using Er = Mc* +¢; — ¢5
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Homework

1. Consider a n-mesonic atom for cadmium (Z = 48).

a. Find the value of the 1s to 2p transition energy nonrelativistically.
b. Find the value of the 1s to 2p transition energy relativistically.

2. Solve the K-G equation in one dimension for the lowest bound state of an attractive
square well V(x) = —V,®(a — |x|). Then derive an expression for the charge density
p(x) of this bound state and discuss whether it is continuous at the edge of the
potential step.

3. Solve the Klein-Gordon equation in three dimensions for a spherical square-well
potential of depth V, and radius b.
a. Find the eigenvalue equation for general angular momentum /.
b. Give the explicit expression for the case ¢ = 0 in terms of b, Vo, m,.

What value of Vj gives the first bound state (with zero binding energy)?

4. Solve for the eigenvalue and eigenvector of the K-G equation for a charged pion in a
constant magnetic field in two dimensions: the field is in the z-direction and the pion
is confined to the (x, y)-plane. Assume: p, = 0, V(r) = 0, A = B(0, x, 0).
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. Discuss the Zeeman effect for the n = 2 state of a n-mesonic atom.

. Another way to take the nonrelativisitic limit of the energy for 7-mesonic atoms is to

write
PP
E(k):\/mzc“+czpz=mcz+%—8’%362 (11.338)
2 Z 2
Ho=mc? + Zp—mee (11.339)
p4

Treat V as a perturbation on Hy and evaluate its contribution in first-order of
perturbation theory. You should get the same answer found by expanding the exact
relativistic solution.

. Start from the Klein-Gordon Hamiltonian with a zero vector potential but a nonzero
potential energy:

[—H*c? V2 +m?c*— (E—V)?|p(r) =0 (11.347)

Derive the WKB] condition for bound states in three dimensions, which is the
relativistic version of the Bohr-Sommerfeld law. Use it to find the relativistic
eigenvalues of the hydrogen atom in three dimensions, and compare your result
with the exact solution.

. Examine the proposed representations of the Dirac matrices and determine whether
they are correct representations:

0 / (% 0

a. f= ,al= (11.342)
-1 0 0 oy
o I (% 0

p= , o= (11.343)

I 0 0 —og
I 0 0 oy

c p= , o= (11.344)
0o - —iox 0O

. Consider a relativistic electron in one dimension of energy E that is incident from the
left on a step barrier at the origin of height Vo > E > mc?.

a. Calculate the intensity of the reflected and transmitted waves assuming the spin is
initially in the z-direction and does not flip.

b. For Vo > E + mc? show that the reflected current exceeds the incident current, due
to a positron current in the barrier.
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10.

1.

12.

13.

14.

15.

16.

Solve the Dirac equation in one dimension for the lowest bound state of an attractive
square well V(z) = Vo®(a—|z]). You will get a complicated eigenvalue equation,
which you need not solve.

Find the 2-spinor that obeys eqn. (11.162).

Derive the equivalent of eqn. (11.172) for the case that the incident particle has
1
H==3

Solve for the eigenvalue and eigenvector of the Dirac equation for an electron in a
constant magnetic field in two dimensions. The field is in the z-direction and the pion
is confined to the (x, y)-plane. Assume p, = 0, V(r) = 0, A = B(0,x,0).

Another Lorentz invariant way to introduce the electromagnetic fields into the Dirac
equation is through the term

g
H3:_5#0; FiuGou (11.345)
0A, O0A
F,=—t—-—" 11.346
W, O, ( )
i
O = E [y,uyl/_yyy;l] (] 1 347)

where g is a dimensionless constant and po is the Bohr magneton. Take the
nonrelativisitic limit of this interaction and show it contributes to the magnetic

moment.

Consider two relativistic corrections to an electron in a three-dimensional harmonic
oscillator: V(r) = Kr*/2. Evaluate (a) the Darwin term, and (b) the spin—orbit
interaction.

Another gamma-matrix is defined as
V5= 11727374 (11.348)

a. Show that ys is real.
b. Use the Pauli form for the gamma-matrices and show that

0 I
pe= 11.349
=\, o ( )

c. What is y2=?
d. What is {ys, y,} =?
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17. Suppose a Dirac particle was scattering from a fixed potential V(r), and that the matrix
element had the form

M= (4, &5, 15)75u(Py 5, 15) ) (py—P) (11.350)

where §(q) is the usual Fourier tranform of V(r). Determine the differential cross
section in the Born approximation by averaging over initial spins and summing over
final spins. Note @ = fu.
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Index

absorption coefficient, 262

adiabatic approximation, 214, 220-222; limit,
214, 228

Airy’s equation, 27

angular momentum, 11-12

axial vector, 388

Beer’s law, 262

beta decay, 237-241, 388

Bohr magneton, 194
Bohr-Sommerfeld, 70, 151

Born approximation, 226, 231, 234, 332
Bose-Einstein condensation, 313-314
bound states, 17

bra, 32, 90, 96

Bragg scattering, 343-344

Casimir force, 256-257

center of gravity, 196

Clebsch-Gordan coefficients, 103, 197, 290

coherent state, 60

commutation relation, 37

Compton scattering 283-285

Compton wavelength, 2, 285

configurational interaction, 299

confluent hypergeometric functions, 121, 359

continuum states, 17, 20-22, 42—45, 51-54,
125, 176-180

correlated basis functions, 315-316

correlation energy, 304

Coulomb approximation, 134

Coulomb gauge, 143

creation operators. See raising operators
cross section, 232-234; differential, 234-235
current operator, 7, 23

Darwin term, 382

degenerate states, 159, 166, 171

delta function potentials, 45—47; normalization
of, 51-54

density functional theory, 307-309

destruction operators. See lowering operators

detailed balance, 264

diamagnetic term, 204

diatomic molecule, 101

Dirac equation, 168, 360-392

Dirac notation, 32, 90, 123, 182

disentangling of operators, 38

distorted waves, 340-342

eigenfunctions, 4-5, 16; trial, 79

eigenvalues, 16; WKBJ, 70

electric field, 26-29, 199-202

electric quadrupole, 261

electron tunneling, 76-77

entangled photons, 268-269

equation of continuity, 7, 247

exchange energy, 293, 299, 303

exchange scattering, 236, 336

exclusion principle: first, 289; Pauli, 290; second, 290

f-sum rule, 270
Fermi energy, 302; plot, 241; wave vector, 301
Feynman-Glauber theorem, 38
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fine-structure constant, 2, 228, 264, 320, 383
flux quantum, 2, 149

Fock term, 293

form factor, 237

four vectors, 250, 352-354, 364
Fowler-Nordheim tunneling, 76

functional derivative, 299

fundamental constants, 2

gamma matrices, 364-366

gauge invariance, 144

gauges, 143, 246-250; Coulomb, 247; Lorentz, 250;
transformation, 247

golden rule, 215, 223-226, 233, 239,
258-260, 389

Green’s function, 180, 321

ground state, 77

harmonic oscillator, 29-34, 145, 174, 255, 311
Hartree energy, 292, 299

Hartree-Fock equations, 299-301

Heisenberg representation, 10, 87
Heisenberg uncertainty principle, 1

helium atom, 137-143

Hermite polynomial, 31-34

Hund'’s rules, 293-294

Huygen’s principle, 279, 346
hyperpolarizability, 182

impact parameter, 227
Jastrow functions, 315

ket, 32, 90, 96
Klein-Gordon equation, 354
Koopman’s theorem, 142
Kratzer’s potential, 154

Lagrange’s equation, 250-252, 310
Lamb shift, 168

Landau levels, 145, 148

Landau term, 204

Lande g-factor, 208

length formula, 270

Levinson’s theorem, 68, 326

local density approximation, 308
London equation, 191

Lorentz transformation, 250
lowering operators, 35-39, 89, 96, 255, 311-312

magnetic dipole, 261

matrix element, harmonic oscillator, 32,
38; angular momentum, 90; hydrogen
atom, 124

Maxwell’s equations, 245
measurement, 8
Morse potential, 71

neutrino, 238

off-diagonal long-range order, 314-316
optical theorem, 325, 338
orthohelium, 293, 301

p-dot-A, 203, 259, 283-284

pair distribution function, 296, 303, 345
parahelium, 293, 301

paramagnetic term, 204

parity, 17, 48, 73, 83, 168

partial wave analysis, 323-326
Paschen-Back effect, 209

Pauli exclusion principle, 103-104, 130
Pauli interaction, 143,144, 148, 204, 380
Pauli matrices, 95, 362, 374

phase shift, 20, 44, 115, 324; WKB]J, 66
phase space, 241

Planck’s constant, 1

polarizability, 181-188, 273-278
potential strength, 19, 41, 72

Poynting vector, 244, 259

quantum defect, 131
quantum numbers, 122, 128, 162, 168;
effective, 131

radiative lifetime, 264-266

radius of the electron, 281

raising operators, 35-39, 89, 96, 255, 311-312
Raman scattering, 278-283; resonance, 283
Ramsauer-Townsend effect, 330-332
Rayleigh scattering, 278-283

relaxation energy, 142

representations, 8-14, 95-100

resistance quantum, 2, 150

rotations, 100-102

Rutherford scattering, 236-237

scattering, 232-237; amplitude, 322; Bragg, 343;
distorted wave, 340-343; length, 326

Schottky barrier, 85

Schrodinger representation, 9

screened potential, 305

self-consistent potential, 305

shake-off, shake-up, 216-218

Slater determinant, 290, 296

spherical Bessel function, 110

spherical harmonic, 98, 109, 358

spherical top, 101



spherically symmetric, 114

spin-orbit interaction, 195-199, 382

square well: one dimension 15-26; three
dimensions, 116, 332

squeezed state, 60

Stark effect, 166-169, 272

structure factor, 345

sudden approximation, 214-216

susceptibility: diamagnetic, 204; paramagnetic,
204

T-matrix, 226, 233, 323, 337-343

Thomas-Fermi theory, 304-307; screening
length, 306

Thomas-Kuhn sum rule, 270

time-reversal, 25, 339
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transition rate, 225-226
triplet state, 291

van der Waals potential, 188-194
variational method, 77-83, 134-143
velocity formula, 270

wave packets, 56-57, 347-349
Whittaker functions, 124, 126, 134
WKBJ, 62-77, 126-130

X-alpha, 308

Yukawa potential, 178-179, 306, 388

Zeeman effect, 207-209
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