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ITI. Particles with Spin

A. One-Body Problems
Problem 129. Construction of Pauli matrices

A particle of spin 3 has three basic properties:

1. It bears an intrinsic vector property that does not depend upon
space coordinates.

2. This vector is an angular momentum (= spin) to be added to the
orbital momentum of the particle.

3. If one of the components of the spin is measured, the result can
be only one of its two eigenvalues, +3# or —14.

These properties can be described by using a two-component wave
function and correspondingly 2 x2 matrices for the spin operators.
These matrices shall be constructed.

Solution. Let S =ga be the spin vector operator; then according

to property 2 the three components have to obey the commutation
relations of angular momentum operators,

S.S,—8§,S,=hiS, (etc. cyclic) (129.1a)
or, written in the dimensionless operators o;,
6,0,—0,0,=2ic, (etc.cyclic). (129.1b)

Since, according to property 3, each ¢; has eigenvalues +1 and —1
only, it ought to be possible to represent these operators by 2 x 2 matrices
in a two-dimensional Hilbert space. They cannot be all diagonal in the
same Hilbert coordinate system since they do not commute. Let us
choose the Hilbert coordinate system in such a way that

—<1 0) 129.2
0, = 0 -1 ( )



2 Particles with Spin. One-Body Problems

is diagonal; then the unit vectors of the coordinate directions are

1 d 0 129.3
=<0> . ,;=<1> (1293)

g,o=a; o,f=—p. (129.4)

so that

If a particle is in the state with Hilbert vector a(f) its spin points in the
positive (negative) z direction.
We now write ¢, and o, in the general form

a a b b
0x=( 11 12>; , =( 11 12). (129.5)
az1 4y by by,
To determine their matrix elements we first use the two commutators
(129.1b) linear in o, and g, viz.

0 -2
0,0,—0,0,= —2i0'y, or: < a12)= _21<b11 b12>

2a,, 0 b,y by,
and
0 —-2b
0,0,—0,0,= +2ic,, or: ( 1z>= +2i<a11 alz).
2by, 0 Ay, a4,

This yields,
a11=03,=by;=by,=0; b,=—ia,; by=+iay; (129.6)

so that there yet remain only two matrix elements a,, and a,, still to
be fixed. The third commutation relation,

2i 0 1 0
0,0,—0,06,=2i0,, Or: ( Hh2821 . >=2i( >,
0 —21a12a21 0 _1

leads to one relation between them, viz.
alz a21 - 1. (129.7)

Egs. (129.6) and (129.7) yet leave one complex number, say g, ,, undeter-
mined. We arbitrarily fix that parameter:

a,=1; (129.8)

then we obtain the representation by the three Pauli matrices,

0 1 0 —i 1 0
- : = : - : 129.9
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In terms of the eigenvectors of o,, Eq.(129.3), we may replace (129.9)
by the equivalent relations

g.a=p; o,a=if; o, 0=0;

’ (129.10)
o.p=a; o,f=—ia; o,f=—B.

Problem 130. Eigenstates of Pauli matrices
To determine the eigenvectors of the operators o, and ¢, and to show

that |a,,|>=1 is a necessary condition. What are the properties of the
two “shift operators”

6,=0,+i0,; 6_=0,—io, (130.1)
and of the absolute square of the spin vector operator
o’=02+0l+02? (130.2)

Solution. Writing a instead of g, ,, the last problem gave the results

0 0 —i
0, = < a); o, = ( la) (130.3)
1/a O ifla 0
and hence,
0 2a 0 0
- . o= , 130.4
o (0 0 ) ’ (2/a 0> (1309
Let

W= <u>=u<1>+v<0>=uoc+vﬁ (130.5)
v 0 1
be a two-component wave function, then
(- =)~
a = ; 4 = 5
v u/a v iu/a
Q) -y
v 0 v 2u

The eigenvectors of o, satisfy the equation ¢.y=1y with 1 an

eigenvalue, i.e. in components

av=Au and uja=Av.



4 Particles with Spin. One-Body Problems

These relations are compatible with one another only for A=+1.
Thus we find the eigensolutions

for A, =+1: ¢1=u< 1 ) =u<a+1ﬁ>;
1/a a

1 1
for 1,=—1: t//2=u<_1/a)=u<oc——;ﬂ>.

The probabilities that the spin may point upward (i.e. in the +z direc-
tion) and downward are proportional to the absolute squares of the
factors in front of the Hilbert vectors o and , viz. 1:1/|a|>. Since there
is no reason why the one should be greater than the other, it follows that

(130.7)

la]2=1. (130.8)

The same consideration is possible for g,.

Let us, from now on, definitely choose a=1. Then we have eigen-
values A; = +1 and 1,= —1 for each of the three ¢;’s and the following
eigenvectors.

0 1 1 1
6x=<1 0>’ 1=2_'1‘(1>’ 2=2_2<"1>, (13093)
a, (0 _i); l//1=2“%<1.>; '/’2=2_%< 1) (130.9b)
i 0 i —i
1 0 1 0
az=<0 _1>§ l//1=_(0>§ ¢2=(1>~ (130.9¢)

The three Pauli matrices are hermitian operators, ¢! = g;, with real
eigenvalues. The two operators

2 0 0
a+=<g 0) and a_=(2 0) (130.10)

are not hermitian, o', =o_ and ¢’ =¢,. They have no eigenvalues or
eigenvectors, because they cannot even be diagonalized. This may be
seen as follows.

The most general unitary matrix in two dimensions may be written
(apart from an irrelevant phase factor)

cosd; sinde®
U= Qe iE+n)
—sinde'; cosdeitct



Problem 130. Eigenstates of Pauli matrices 5

with real parameters 9, &, 5. The unitary transformation of o, then

becomes
[ —sin9 cosd; cos?Peit
Ule,U=2¢e" , "_,) " ;
—sin®9e™%; sindcosY

and this cannot be made diagonal for any choice of the real parameters
since sind and cosd never vanish at the same argument 9.

If the operators ¢, and o_ are applied to the Hilbert vectors o and
B we find according to (130.6):

o,0=0; o_a=2p; o,0_0=4qa; o_o,a=0;

(130.11)
o,f=2a; o_p=0; g,0_f=0; o_o,B=48.

When commuted with o,, these operators are essentially reproduced,
0,0,—0,0,=—20,; 0_0,—0,0_=+20_. (130.12)
The operators ¢, and o_, in angular momentum normalization,

h h
S+ =EO'+; S_ = EO'__ (13013)
have the same property as the analogous operators L, and L_ (Prob-
lem 56) to shift the z component by one (in units #):

S, a=0; S_a=hp,;
S.B=ha; S_p=0.

State B with spin component —31# is altered by S, into state ¢ with
+3h, and inversely by S_. Both, S,a and S_f must vanish because,
accordmg to this shift rule, they would lead to states with +3# and
24 not existing in the Hilbert space used.
We finally investigate the absolute square of the spin operator,

o’=02+02+e2=1%(c,0_+0_0,)+0c?. (130.14)

It is easily seen that all three ¢? are the unit matrix so that

1
-, )
0 1

is diagonal with its only value 3 for whatever Hilbert vector we choose,
or—in less sophisticated wording—it is =3. This can also be seen
from the second form in (130.14) using the relations for 6, 0_ and 6_o0,
given in (130.11).



6 Particles with Spin. One-Body Problems

Eq. (130.14) leads to $2=2#A2 or, with S being the quantum number
describing the spin, to #2S(S+1) with S=1. This is the meaning of a
state to have “spin 3.

Problem 131. Spin algebra

To show that the three Pauli matrices together with unity form the
complete basis of an algebra.

Solution. If 1, o,,0,,0, form a complete basis, no number outside
the algebra can be generated either by adding or by multiplying any
pair of numbers of the form

N=ay+a,0,+a,0,+aso0, (131.1)

with complex number coefficients a;. Obviously the rule obtains for
addition, but it still has to be proved for a product of two numbers.
For this purpose we shall construct a multiplication table of the Pauli
matrices.

Let i,k,I be an arbitrary cyclic permutation of the three subscripts
X, ¥, z, then the a;’s satisfy the commutation relations

0;0,—0,0; =2io0, (131.2)

and the normalization relations

c2=1. (131.3)
Besides, the Pauli matrices obey anticommutation rules,
0;0,+0,0,=0 (i#k) (131.4)

as may easily be verified. Then, by addition and subtraction of (131.2)
and (131.4), we find the products

0,0,=i0,; 0,0,=—io. (131.5)

Hence, any product of two basis elements leads back again, except for
a complex number factor, to another basis element.

Multiplication table

first second factor

factor 1 g, o, o,
1 1 o, g, o,
oy Oy 1 io, —io,
g, a, —io, 1 io,
g, o, io, —io, 1
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It should be noted that the product of all three Pauli matrices there-
fore simply becomes

i. (131.6)

Further, another argument may now be added for ¢, and o_ having
no eigenvalues. From the multiplication table one gets

0,.0,0

y0:=

oi=(0,tio) =0i—02ti(s,0,+0,0,)=0.

This is an interesting result showing that in the Pauli algebra the square

of a non-vanishing number may be zero. It is, by the way, corroborated

by the fact that neither for o, nor 6_ do any reciprocal numbers exist.
A number N for which the relation

N=N? (131.7)

holds is called an idempotent number. Such numbers belong to our
algebra, viz.
i(l+0) and i(1—0) (i=x,y,2). (131.8)

In matrix representation we have e.g.
1 0 0 0
P+:%(1+az)=<0 0>; P—=%(1_—O‘z)=< >;
applied to the basic Hilbert vectors « and f§ they give
P,o=a; P_a=0;
P, Bf=0; P_p=§.

Thus they suppress either f or « in a state vector of mixed spin orienta-
tions:
P,(ua+vpf)=ua; P_(ua+vpf)=vp

and leave us with the projection of the state vector upon one of the
basic directions in Hilbert space. They are therefore called projection
operators.

NB. The Pauli algebra is essentially the same as the algebra of quaternions
which uses ig, instead of o, as basis elements.

Problem 132. Spinor transformation properties

How can it be proved that the spin of a one-particle state,
s=[dxylay, (132.1)

is a vector? It should be noted that the ;s shall not transform with the
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coordinatés under space rotation, but the transformation properties of
s shall rest entirely upon the wave function.

Solution. In consequence of the group property of space rotations,
it suffices to investigate an infinitesimal rotation,

Xp=X+ )t X &= — &k (132.2)
I3

with infinitesimal angles of rotation about the three axes,
£ =03; Ey3=04; 33 =0. (132.3)
If s is a vector, it has to obey the same transformation rule,
si=s;+ ;’ &k Sk- (132.4)

This has to be achieved by transforming only the wave function,
v=>0+9y; yr=y'1+eh (132.5)

with infinitesimal £. This transformation shall now be determined.
We begin by stating that y'y is a scalar so that

Yy =yt 1+ a+oy =yty
&=—¢ (132.6)
Putting (132.4) and (132.5) in (132.1), we get
si=[PxY 1= o1+ 8y =5+ [ dxyH (0, — L)y

Comparison of this expression with (132.4) leads to the determining
equations for the operator ¢:

O‘ié— éo’i = Z, BikO'k (i,k= 1,2, 3). (132.7)
k

or

It can easily be shown that these equations are solved unambiguously by
i
f='2‘(312°'3+3230'1 +£3107) (132.8)

because, using the commutation rules, we find for the left-hand side of
Eq.(132.7), e. g. with i=1:

i i . .
5 [0y, €1203+¢€,301+83,0,] =3 {—e12-2i0, 4¢3 2i0,)}

=€130,1+¢€130;

in agreement with the right-hand side. Analogous results are found for
i=2 or 3.
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The operator (132.8) can be written in a simpler form using the angles
of rotation in the notation (132.3),

E==Y 0. (1329)
2%
Applied to any two-component wave function,
l//=<:j)=uoc+vﬁ (132.10)
this leads to the transformed wave function
¥ = (‘;) =ua+vp (132.10)

with

ul

i i .
<1 +Ea3>u +5(a1——la2)v;
(132.11)

o _ i
v =5(a1+m2)u+<1—5a3)v.

A two-component function with these transformation properties is
called a spinor.

Problem 133. Spin electron in a central field

To determine the wave functions of a spinning electron in a central
spin-independent force field. The wave functions must be eigenfunctions
of the two operators

J>?=(L+S)*> and J,=L,+S, (133.1)
with L the orbital momentum and S the spin of the electron.

Solution. We begin with the z component of the angular momentum.
Since

h 0 h 1 0
L:——' = — : =
=7 pp0 2% O (0 —1)
we can write
.0 1
—1554‘5‘, 0
J,=h . (133.2)
. 0 1
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The eigenfunctions of this operator have the form
c, eitmi=%)e
Y= (Cz sitm+ho (133.3)
with C; and C, still arbitrary functions of the variables r and 3. This
can easily be seen by letting J, operate on /; the result is

T =hmy (133.4)

so that im; is an eigenvalue of the z component of the total angular
momentum J. A better understanding of Eq. (133.3) is achieved by using
the notation

¥ =C, ei(m,-—é—)(pa_l_czei(vnﬁ%)cpﬁ (133.3)

because it is then seen that the first term describes the dependence
of i on the coordinates if the spin points upward, and the second term
if it points downward. This coordinate dependence determines the com-
ponent Aim,; of the orbital momentum L which makes m;=0, +1,+2,...
an integer. With spin upward we have m;=m;+% and with spin down-
ward m;=m,—% so that m; becomes a half-integer. These are the
addition rules well-known for the vector model. The characteristic
feature of the wave function (133.3) or (133.3) is that m; is a “good
quantum number” but that m, is not, because the state vector y is a
mixture of two parts with different values of m;.
We now investigate the operator J2. We have
J2 _ L2 2 . _—_J2,1332 (Lz L+>
=4S +2(L-S)=C+53h°+h
L. -L,

. . . h

if the Pauli matrices are used for S=—o6. We therefore have to solve
the eigenvalue problem 2

Jz¢=<L2+%h2+hLz; hL,

hL_; L2+%h2_hL>¢=h2]'(i+1)¢ (133.5)

if, in analogy to L2, we arbitrarily call the eigenvalue #2j(j+1). In order
to make i simultaneously an eigenfunction of J, and J? it must have
the form (133.3) where now the dependence of C; and C, upon the
variable 3 has to be determined. This can be done by putting

£0) Y,,,,.,._%(s,q»))
= . 133.6
v (g(r) Yy 14(9,0) (1336)

The spherical harmonics in (133.6) depend upon ¢ just in the way of
Eq. (133.3). When J2y is formed from (133.5) and (133.6), and we apply
the general formulae (cf. Problem 56)
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LyYm=—h)(I+m+1)(I—m)Y, 11 (133.7a)
L Y, =-h)/(I+m(I-m+1)Y,,._; (133.7b)

LY, =hmY,,,; (133.7¢)
ry,,=nll+1Y,,, (133.74)
we obtain
FOIU+D)+3+m—5]Y,,, -
=gV U+m+HU—m+D Y, 4
le// — h2

—f@) ‘/(l+mj+%)(l_mj_%) Y, mj+4
+g U+ D +3— ;4] Yy ey
so that the eigenvalue problem (133.5) leads to two linear algebraic
equations for f(r) and g(r), viz.
FOA+ D) +3+m=5—j(i+ D] —g)/(+D*—m? =0;
—f VU427 —m; +g[1(1+ 1) +3—(m;+H —j(i+1)] = 0.
The possibility of thus eliminating the spherical harmonics shows that
the function (133.6) suffices to solve the problem. Thus [ is still a “good”
quantum number even in spin theory.

The equations (133.8) are compatible with one another only if f(r)
and ¢g(r) differ only by a constant factor. We write

f)=AF(r); g(r)=BF(r). (133.9)

Then (133.8) permits to determine the ratio B/A4. As the linear equations
(133.8) are homogeneous, their determinant must vanish,

Ui+D—(+9*—m;—[(1+3)*—mi]=0. (133.10)
Obviously, this condition is independent of m;. That is one of the sim-
plest consequences of a very general theorem of Wigner and Eckart.
There are two different values of j(j+1) satisfying (133.10), viz.
I+3+m;’
F V1+%5+m; _1
l//1— l(r) < l+2+m1 Yl,Mj 7>. (13311)

= I
I+3—m, Yim+g

l/21+1

Solution I1. j=1-%1; B=A4

(133.8)

Solution I. j=1+%; B=—A4

I+3+m;
FO (VI+5—m, Y, 4
=0 (VItz=m; Y, ) (133.12)

|/2l+1 Vl+%+m.l Yl,mj+%




12 Particles with Spin. One-Body Problems

Both solutions are normalized. Since in all component functions a
spherical harmonic of the same order [ is split off, and since the potential
is supposed not to depend upon spin, the function F; is to be determined
from the radial Schrodinger equation,

B, ll+1
with
u=rE). (133.14)

NB. The formulae (133.11) and (133.12) may be applied to states with =0

if attention is paid to the fact that the spherical harmonics then vanish if m;F%
does not equal zero. Thus we get

l//,=—F°(r) <1> for 1=0,m;=+}%

Y \0

Y= _Fo_(r)<(1)> for 1=0,m;=—1.
Van
The other function, yy, vanishes identically in both cases so that no solutions

with negative j are originated. The same results are found by applying the oper-
ators J2 and J, to a two-component function that depends on the radius only.

and

Problem 134. Quadrupole moment of a spin state

To determine the quadrupole moment of a one-electron state in a
potential field of spherical symmetry, taking the electron spin into
account.

Solution. The eigenfunctions (cf. Egs.(133.11,12)) have the absolute
squares

» z_lFl(r)|2 1 2 1 2
Wl =5 (U3 m) Yy, P U3 —m) Yy, g} (1341)
if j=1+%, and
F,(r)|?
|‘//n|2=%{(l+%—mj)IY,,mj_%|2+(l+%+mj)|Y,,mj+%|2} (134.1b)

if j=I—1. It should be noted that |m;|<j, and that for [=0 the func-
tion ¥ vanishes identically.

Since (134.1a,b) do not depend upon the angle ¢, the argument
of Problem 61 still holds, so that the non-diagonal elements of the
quadrupole tensor have vanishing averages and that

<Qxx> = <ny> = _%<sz> (1342)
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Thus again, we need only calculate {Q,,> according to the formula
Q.0 = jd3x |¥12r*(3cos? 3—1). (134.3)
With the relation
21(+1)—6m?
29-1Y, |P="—0—>T— 1344
§d§2(3cos =Y, .| ) ( )

proved in Problem 61, and the abbreviation
[ drr* IRy =<r*), (134.5)

we get from (134.1a, b):

RGN 20(1+1)— 6 (m;—4)?
e =7111 {(l tat '"") QI-1)21+3)

1 \2l(0+1)—6(m;+3)?
+(1+§+m,> @I—1)QI+3) }

with the upper signs for j=1+3, the lower ones for j=I1—% and [>1.
An elementary reordering in the curly bracket leads to

21(1+1)—6 <m,? +%> i%mg
€Q..>=<r*) Q-1 @lr3) , (134.6)

a formula to be compared with (61.8).

It is possible, by using j instead of I, to write instead of (134.6) one
comprehensive formula,

_ oy 1, 3m]
Q.0 =<r") 2<1 3G +1)> (134.7)

wich obtains for both signs, j=I+%, equally. Numerical results for
the lowest values of j are listed in the accompanying table.

2
States ! f"?‘z_‘zi—{ér ’ form1= +3 m;=+3 my=+3%
Sy, Py ;7 0 — — —
P;,Dy 3 +3 -3 — —
Dy, Fy 2 +3% +35 - —
F3,G6; 3 43 +2t —% -3t
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It can be seen that for j=3% spherical symmetry obtains for S as well
as for P states. Generally, it may be stated that with increasing values
of |m;| the configuration passes from oblong to oblate figure of the
electron distribution.

The sum of the moments in each horizontal line of the table
vanishes, since it leads to a closed shell of spherical symmetry. This
can quite generally be shown as

j j
Z%l =j+1 and Zlmf =1+ G+
mj= mj=3

which by combination lead to

Jj ) Jj 3 i _

J
=1 =4
mj=3 T2

Problem 135. Expectation values of magnetic moments

For the spin electron in a central field there shall be derived the expec-
tation values of all three components of the vectors S, L,J and of the

magnetic moment.
u
u=|"*
L3

is the eigenspinor of a state, we have

Solution. If

h h
uTqu = 3 wfu, +ufuy); uJ'Syu =3 (wfu, —utu,);

h
uTSzu=§(u;"u1~u§‘u2). (135.1)

The eigenspinors of J? and J, have been determined in Problem 133;
they are

1 =__‘—;Yl—i A Y m-ys Uz =—%Bj,lyl,mj+% (135.2)

with
Ay =VI+53+m;; By, =)I+3-m; (135.3a)

and

Ay, =V1+3=m;; By, =)I+5+m;.  (1353b)
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In the expressions (135.1) underlying the expectation values of S, and
S, this leads to products of different spherical harmonics so that
{8,>=0 and {S,>=0. On the other hand, we find

@

h F
<S>——2-J rr '2’1( Ik (A2,—B?) (135.4)
0
and for the normalization integral
F,(r)]? [
J are G0 (Aiz+B%.,>=Jd’r2 FOP=1. (13559
0 0
Thus we get
h A2,—B%,
(Sy=5 F—=F (135.6)
2 A3,+B;
which, in a state with j=I1+1%, is
1 1
= g o —— y o — 1 .
(84 =hm; Y] hm; 2 (135.7a)
and in a state with j=1—1,
1 1
_ o 135.
% Y I R I T (135.70)

The expectation values of the three components of orbital momen-
tum follow in a similar way from

u'Lu=u¥Lu,+u%Lu,.
Since the operators L,+iL, change the first subscript of the spherical

harmonics from [ into [41, these components again have vanishing
expectation values (cf. Problem 58). For the component L, we have

j d*x {“ik(mj"%)% +“§(mj+%)“z}
§ &x{ufu +ufu,}

(Ly=h
or
A?,l(mj §)+B 1(m; +2)

Ly =h A2+ B2,

Using (135.6), this can be written much more simply
(L;> =hm;—{S.>, (135.8)

a formula which we might well have started with because of u being
eigenspinor of J,=L_,+S, with the eigenvalue #im;.
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The expectation values of J, and J, of course vanish, as do these
two components of L and S.
The magnetic moment operator is

M= - (L+25) : (135.9)
2mc

for an electron of charge —e. Its expectation values in x and y direction
vanish again, but

My= — ﬁ (KLY +2¢5,) (135.10)

may, according to (135.8), be written
eh
M= — e (m;+<S.>)
mc

which, with (135.7a, b) leads, for the states j=I1+1, to

eh 1 eh 2j+1
MS. = ——— ml1+=)= - 22 27— 135.11
< z>+ 2m0m1< + 2]) zmcml 2] ( a)

and, for the states j= —1, to

eh <
M,y = —-—mi1 -

—_— = m, ——.
2(i+1) 2mc 7 2j+2

NB. The last formulae show that a closed subshell (n, [) with either j=I+1
or j=Il—% has no resultant magnetic moment.

1 B 2j+1
> ¢ IT . (135.11b)

h
The factor of — 2e——mj in (135.114,b) is called the Landé g-factor of
mc

the state. It permits (M, to be written in the form
eh ) e .
M= ——mg()= — —<J.>g()
2mc 2mc
thus describing the deviation, originated by the spin, from the classical
Maxwell relation between magnetic moment and mechanical moment,
i.e. angular momentum.

Problem 136. Fine structure

The interaction of the intrinsic magnetic moment of an electron,

p=—g—8, (136.1)
mc
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and its orbital momentum L is described by a hamiltonian term,

g 1 4dVv(r)

H=——-——(S'L). 136.
2m2c? r dr (5-L) (136.2)

The level splitting due to this interaction shall be determined.

NB. The so-called g factor of the electron is almost 1. Its exact value has
been found to be g=1.001145. Since the complete theory of fine structure cannot
be given in this unrelativistic treatment, this g factor should not here be taken
too seriously. The same holds for the factor 2 in the denominator of (136.2), the
so-called Thomas factor, not to be explained by unrelativistic considerations.

Solution. The electron wave function in a central force field is a
simultaneous eigenfunction of the operators J, and J?, the angular
structure of which has been given in the preceding problem. The operator
(S - L) occurring in the hamiltonian (136.2) is then to be reduced to the
quantum numbers j and [ of the state y=|j,I) by

J2j, Iy ={L*+8*+2(L- S)} i,
or

Wi+ 1) - [0+ D+33 6D =2L - 91D .

The term (136.2) of the hamiltonian therefore simply adds to V(r) an
energy perturbation

.y gh* 1.4V
V(r)_4m2c2 r dr

{i+0-10+1)-3}; (136.3)

since it depends upon the quantum numbers j and [, it will differ for differ-
ent values j=I+% with the same L.
First-order perturbation calculation gives a contribution

},l=<ja ll VI']’ l> (1364)

to the energy of a level. In the notation of Egs. (133.11) and (133.12), in the
normalization

{ drr*|F\(r))*=1 (136.5)
0

this leads to

A= 35 2 .
J 4m2C2 ¥

2 o)
E’ gh {i(i+1)-—-l(l+1)—%}jdrr2|F,(r)|21 % (136.6)
0
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The energy splitting between two levels of the same I, but with different

Jj values then becomes proportional to the difference
(+D)U+P—(-D+3)=21+1

so that

gh?,

m?c

1 dv
51+ I)Jdrr2 |F,(n)? Pl (136.7)

AE =
4
0

The level of the smaller j value is the lower one (normal doublet).
Some estimate of the integral (136.7) may be made by using the
potential

2 2
poze, 1wy _ze w6
r rodr r’

Since this expression holds in the neighbourhood of the nucleus in all
atoms, and since F,oc#' in this domain, the integrand in (136.7) becomes
ocr?’™! so that the integral converges for [=1,2,3,... but diverges
logarithmically for S states (I=0). As there is no level splitting but only
a shift in an S state, this result is not of primary importance for the eval-
uation of spectroscopic data. The difficulty does not occur in a rigorous
relativistic treatment of the problem (cf. Problem 203).

Without evaluating in detail integrals of the type (136.7) it may
safely be said that the result is of the order of Z e*/a® with a a length of
the order of atomic radii. Since term energies in atoms are of the order
Z e?/a, we then have roughly

AE/Eoc )2/

with A=#h/mc the Compton wavelength. This is a small quantity,
hence the effect is a fine structure only and may be treated as a first-order
perturbation as has been done above.

Problem 137. Plane wave of spin ! particles

To expand a plane wave of spin 4 particles with either positive or negative
helicity into a series of spherical harmonics. Let the wave run in z direction.

Solution. The two-component wave spinors

/R =((1)>e"‘z; W =<(1)>e""z (137.1)
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describe plane waves in z direction. In the state y, the particles have spin
in the direction of propagation; we then speak of helicity h=+1. In
W _ we have the opposite spin direction, h= —1. If we decompose these
spinors into eigenspinors of angular momentum, we have m;=0 in
both cases and m;= +% for y,,m;= —3 for y_.

It has been shown in problem 133 that, for a given orbital momentum
I, there exist two eigenspinors of J, and J?, viz.

iy Fy(r) < I/l+%+ij1,mj—%) ifj=l+%

""”=1/21+1 —YIHE—m;Y 1 (137.22)
and
uglm_:F,_(r)(]/l+%—ij,,mj—%> itj=1-1  (1370)

with F,(r) satisfying the radial Schrédinger equation. In the present
force-free case the latter runs

I+ 1)>F,=0 (137.3)

" 2 U 2
Fi + —F+|k* — —;
r r
and has solutions regular at the origin, in arbitrary normalization,
1
F, = —jkr). (137.4)
kr

The plane wave then shall be composed of solutions (137.2a) and (137.2b)
in the form

lp: Z (Al u},mj—l_Blung') . (137.5)
=0

Let us begin with the case of helicity h=+1 where m;=+3%. Eq.
(137.5) then may be written

v, =Ly 1 '(kr)((All/lJr_Hleﬁ)Yuo
* (—A4)T+B)/1+DY,,

- j . (137.6)
kriSo)/2l+1 )

In order to make the second line of the spinor vanish according to Eq.

(137.1) we have to put
‘/ l
B = ——A .
f 1 (137.7)

1 /1\ 2 |/2l+1
= — Al ——j . .
/7 kr(O),Z‘O 1 I+1 Jilkr) Yo (137.8)

so that
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Comparing with the expansion of the plane wave (cf.(81.13)),

el = Z V/Ar(21+1),(k7) Y, (137.9)

there follows

A=)/4n(+ 1, (137.10)

so that

¢+=|/4n§0i' Vi+1uly+)/Tuly (137.11)

is the correct expansion.
In the opposite case, h=—1 and m;= —3, Eq.(137.5) yields

j,(kr)<(A’l/7+B‘L DY ) (137.12)
o/21+1 (—Atl/l+1+Btl/7)Y1,o

Now, according to (137.1), the first line of the spinor should vanish, i.e.

]
B=—|/—:A4,. 137.1
3 l+1 1 ( 3)

lw
b= L

Comparison with (137.9) now renders

A= -4+ )i (137.14)

so that we arrive at the expansion

—VAn Y #(/1+1ul s =Y Tuly). (13715
=0

Problem 138. Free electron spin resonance

A free electron is put inside a cavity in which there exist two magnetic
fields, viz. a constant homogeneous field #; in z direction, and a field

' rotating in the x, y plane:
o R 0 (138.1)
=H'coswt; H =H'sinwt; H' =0.

At the time t=0, the electron has its spin in + z direction, and the field
' is switched on. The probability P of the electron having its spin
inverted into the — z direction shall be determined as a function of time.
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Solution. The hamiltonian of the problem runs
H=p(o, #+0, H+0,H))

where —puo is the intrinsic magnetic moment of the electron with
u=eh/2mc) except for quantum electrodynamical corrections. We write

o, H,+o,H =3 H (0, e +o_e)

with ¢,=o0,%io,. Thus the Schrodinger equation becomes

h . .
-2 "’a_'_t” —u{ o+ e, 1 ). (1382)
The solution can be expressed by the eigenfunctions of o, i. e.
V(@) =u()a+v()p. (138.3)
Putting (138.3) into (138.2) and using the relations [cf. (129.10)]
0,0 =0a; g,a=0; o_oa=2p;

o.p=—P; o.f=2a; o_p=0
we obtain '

h .
-5 Gatop)= pHoua—vp)+uA'(e™ " vat+e up).

Introducing the abbreviations

%@ — w; ”_‘ff_ —w, (138.4)
and separating into o and f§ parts, we find
in= w0u+w’eji”‘v; (138.5)
iv= —wov+weu.
This system is solved by
u=Ae i@+iot, _ Bemi@-tan (138.6)

A straightforward calculation leads to two solutions @,=+Q and
Q,=—0Q with

Q=) (wy—%w)?+w? (138.7)
with amplitudes A,, B,, respectively 4,, B,:

_io io

. . t . .
Y(t)= (A7 + 4, e 2 a+(Be " +B,e™e? f (138.8)
and
+Q—(wo—30)

31,2=A1,2 P

(138.9)
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In (138.8) we introduce the initial condition ¥(0)=a or
A;+A,=1;, B;+B,=0, (138.10)
which with (138.9) finally leads to

’ iw

-1
toc—%isin[)tez B (138.11)

_io
2

1
W) = {coth —@E&—“’ismm} e

The probability of spin flip at time ¢ is therefore

o"\?
P= (,Q) sin®Qt, (138.12)

its time average being independent of time,

1 w? 1 w'?

2 Q2 2 (wo—tw)?+w?
If the homogeneous field #, and thus, according to (138.4), the

Larmor frequency w, is continually varied, the average flip probability
becomes a maximum if

P= (138.13)

1 . hw
W=7, ie %=Z. (138.14)
We call this the resonance field, ., and find
1 H'?

P=

Bl . 138.15
2 (g~ Ao 1 (1381
At resonance, P=3%, independent of the strength of the rotating field
', the width of the resonance region, however, being determined by .

NB. The method may either be used to determine y from the resonance field
strength or, if u is sufficiently well known, to determine the difference between the

field applied and the field acting on the electron inside a molecule. In a similar way,
proton resonance may be used to detect molecular structures.

B. Two- and Three-Body Problems

Problem 139. Spin functions for two particles

To determine the spin eigenfunctions for a system of two particles of
spin$ (say, a neutron and a proton) which for a total spin vector
operator

h
§=7(0,+a) (139.1)

simultaneously diagonalize its component S, and its absolute square, S2.
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Solution. Let o,, 8, be the Hilbert basis vectors for the neutron,
and a,, B, for the proton. Then the spin function y of the two-particle
system is bound to be of the form

x=Aax,o,+Bo,p,+Cpya,+Dp,p,. (139.2)
From the definition of the spin operators (Problem 129) it follows that

2
ESzX = (an+0'pz)X = Aandp+Banﬁp'—Cﬁnap_Dﬁnﬂp

+ Aa,0,— Baty B+ C Bocty— D B B,

Each of the four terms of y, Eq.(139.2), therefore is an eigenfunction
of S,, viz.

ona, for the eigenvalue +2 of %Sz or +h of S;;
a,B, for the eigenvalue 0 of %S, or 0 of S,;
(139.3)
Baa, for the eigenvalue 0 of —;;—Sz or 0 of S;;
B.B, for the eigenvalue —2 of %Sz or —h of §,.

The spin components of +1,0, —1 in units # are in agreement with
the half-classical vector model. The two functions «,f, and B,a, are
still degenerate so that any linear combination of them still belongs
to the eigenvalue zero.

We now proceed to investigate the operator

2 2
<—> 8?=62+06242(6,"6,) =6+2(0,,0,:+0ny0,,+0,,0,.).

h
We find
O-nxo-pxx= Aﬂnﬂp+Bﬂnap+Canﬂp+Danap;
OnyOpyX = —APBuB,+Bp,a,+Ca,B,—Dayo,;
0nz0pX = AO(”O(p—BO(,,ﬂp—Cﬂ,,(Xp+Dﬂ,,ﬂp
and thence,
2 2
<ﬁ> S% o0, = 8o, 00,5 (139.4a)

<%>2Sz(3a,,ﬂ,,+cﬁna,,) =4(B+C)(0nfp+pBucr,); (139.4b)

(%)zsz BuBy =8 BB, (139.4¢)



24 Particles with Spin. Two- and Three-Body Problems

The functions o,a, and f,f, therefore are eigenfunctions to the eigen-
value 242 of the operator $2. In the usual notation,

S2y=n2S(S+1)y, (139.5)

they belong to the quantum number S=1 or, in the half-classical
language of the vector model, to the total spin S=1 (in units ) with
its component S, either +1 or —1.

From (139.4b) we construct two more eigenfunctions of $? with
S,=0. Let A be the still unknown eigenvalue of S?/A%, then we have

(B+C)(onB,+ Brr,) = A(Baty B, + C Byar,).
This yields two linear equations for B and C,
(B+C)=A1B and (B+C)=AC.
Their determinant must vanish,
1—-4; 1
1, 1-2

The two eigenfunctions of $? with S,=0 therefore become

|=0 or 1—A=+1.

a) for A=2: B= C; X=0B,+Bua,; S=1; (139.6a)
b) for A=0: B=—-C; y=0,p,—Bax,; S=0. (139.6b)

The results have been collected in the following table where the
functions have been normalized according to the rules

al) =<BIp>=1; <alf>=0.

Triplet, S=1 S,=+1 00, 00y

(symmetrical 0 1

spin function) -1 Vi (o, B+ Bucr,)
BaBp

Singlet, S=0 1

(antisymmetrical S:= 0 V_E (@ Bp— Bnory)

spin function)

NB. From (6,+6,)>=6+2(c, 6,) it follows that the triplet and singlet spin
functions, say y, and ,, given in the table, are eigenfunctions also of the operator
(6, 6,) so that

Gw ) =2; (6,0)x=—3%.

Of these relations use will be made in the following problem.
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Problem 140. Spin-dependent central force between nucleons

In a reasonable approximation, the interaction energy between a neutron
and a proton in an S state may be described by a central force, different
for symmetrical and antisymmetrical spin states. Such an interaction
shall be expressed in terms of a spin-dependent potential

a) using the spin exchange operator 2, ,,

b) using the spin vectors @, and o, of the two particles.

Solution. A central force means that the interaction energy must
depend only upon the distance r between the two particles. This energy
shall be different for different spin-state symmetry, say, V,(r) in the
triplet case of parallel spins and V,(r) in the singlet case of antiparallel
spins.

a) Let x(s,s,) be a two-particle function. Then the spin exchange
operator is defined by

Znp 1(5m5p) = 2(552)- (140.1)
For the symmetrical triplet state, y,(s,,s,)=72,(s,,5,), we therefore have
Zupe = Xe (140.2a)

and for the antisymmetrical singlet state, x(s,,5,)= —Xs(Sp>5n):
Zupds = —Xs- (140.2b)

Hence both kinds of functions are eigenfunctions of the exchange

operator, with its respective eigenvalues +1 and —1. As the three

triplet and one singlet functions form a complete orthogonal set,

Eqgs. (140.2a, b) explain the exchange operator completely and uniquely.
An interaction energy

V="Vr)+V,(r)2,,
yields, according to (140.2a, b),

Vie=M+WV)xs Vis=WVi—Vaxs
so that
I/t=V1+V2 and I/S=V1—V2

are the interactions in the triplet and singlet states, respectively. Thence,
V=3V +V)+3(V,=V)Z,, (140.3)

b) At the end of the preceding problem we have shown that the spin
functions y, and y, are eigenfunctions also of the operator (¢, 6,), viz.

(Gn'dp) Xe = Xes (dn ! dp)Xs =-3 Xs- (1404)
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It follows that X,  may be expressed linearly by (e, ,). Indeed,
Z,=3(1+(,6,) (140.5)

leads to the wanted eigenvalues (140.2a, b). Again, since there exist no
other spin functions of the two-nucleon system, both operators are
completely described by the eigenvalue problems (140.2a, b) and (140.4)
so that (140.5) holds in full generality.

Replacing Z,, in (140.3) according to (140.5), we arrive at the result

V=L@V, +V)+i(V,— V) (6, 5,). (140.6)

Problem 141. Powers of spin operators

To show that the operator (6, 6,)" for two particles 1 and 2 can be
linearly expressed by (6, a,).

Solution. The operator (o, a,) is completely described by the two
eigenvalue relations

(61 6) =1 (6,°6)1=—3% (141.1)

for the three triplet and one singlet spin functions since these form a
complete orthogonal set. It therefore suffices to investigate the applica-
tion of (6,-a,)" to these four spin functions. By iteration of (141.1) we
get at once,

(610" x=2; (61°02) x=(=3)"%- (141.2)

It follows that
(6,°6,)"=A+B(6,06,) (141.3)

can be linearly expressed by (s, a,). Putting (141.3) in (141.2) we find,
according to (141.1),
A+B =15 (A=3B)x,=(=3)"%:-

It follows that
A+B=1;, A-3B=(-3)
or that
=:[3+(-3)"]; B=z[1-(-3)]. (1414)

Thus, e. g., we get
(6,°6,)°=3-2(6,"6,); (0,°6,)°=—6+7(6,"5,).

NB. Therepresentation (140.6) of a spin-dependent forcein the preceding problem
is unique, because replacing it by a power series in (6, 6,) would change nothing
in the result. — The solution of the problem becomes even simpler if powers of the
exchange operator X, are considered.
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Problem 142. Angular momentum eigenfunctions for two spin particles

To construct the triplet state eigenfunctions of the operators J, and J*
for a system of two spin 3 particles. Use =1 as unit of angular momen-
tum.

Solution. Any eigenfunction for a triplet state can certainly be
written in the form

Y= Z {fl(")Yz,m—1X1,1 +gl(r)Yl,mX1,0+hl(r)Yl,m+1X1,—1}: (142.1)
=0

each of the three possible spin functions multiplying by a space factor
formally written as a spherical harmonics expansion, with only the
one restriction to generality that the second subscript of each Y is so
chosen as to make

T =my, (142.2)

thus making ¥ an eigenfunction of the operator J,.
Let us now apply

J?={L+%}(6,+0,)}* =L +L(6,+06,)+5[6+2(s,"0,)]
to the function (142.1). It is then suitable to define the operators
6,=0,tio, and o_=o0,—i0, (142.3)
in analogy to (cf. Problem 56)
L,=L,+iL, and L_=L,—iL,. (142.4)
Then J? may equally well be written
J2=DP+4L,o_+L_o,)+L,0,+3+1(6, 5,), (142.5)

where o6,.=0,,+0,, and o,=0,,+0,,. Application of these oper-
ators to the triplet spin functions yields

X1,1 0 1,1 X1,0
04| X1,0 =2[/§ X115 0-| 1,0 =2ﬂ A1.-1] 5
X1,-1 X1,0 A1,-1 0
X1,1 X1,1
ol 0 |=2| O . (142.6)

X1,-1 —X1,-1
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Hence, we obtain by straightforward computation

I 1= C+2+2L) %1, + V2 Lo 21,05
12X1,0=V§L— X1,1 +(L2+2)X1,0+V§L+X1,—1§ (142.7)
JZXI,—I =V§L— X0+ LP+2=2L)y ;.
Using (142.7) and the well-known relations [cf. (56.14)]

LY, ,=—)0+m+1)(I-mY, 41
L Y= —)U+m(-m+1) Y, ; (142.8)

LY,=mY,,
we get

Py=3 ([f00+ 1)+ 2m)—g, ) 20+ m)T—mt D] Yyt 111
1=0

+ [—f,1/2(l+m)(l—m+ D+g(lI(1+ 1)—|—2)—h,[/2(l+m+ D(I-m)] Y, 210
+[=a)20+m+)I—m)+h(I0+1)=2m)]Y, 11—} (1429)

In order to make i an eigenfunction of J2 this must be
=j (.]+ 1)‘%
which gives three independent linear equations for f},g;, h, showing

that these three radial functions must be of the same form but with
different amplitudes:

fi=AF@);  g=BF(@); h=CF() (142.10)

where the constant amplitude factors 4,, B,, C, may be determined from
the following set of linear equations

A+ 1)+2m—ji+1)]4, —)/2(1+m)(I—m+1)B,= 0;

—V2U+m)(I—m+ 1) A+ [+ 1)+2—j(+ D] B,—)/2(I+m+1)(I—m)C,=0;
—1V2(l+m+1)(I—m)B,+[I(1+1)—2m—j(i+1)] C,= 0.

(142.11)

The determinant of these equations must vanish; if it is expanded, one
finds that it becomes independent of m and has the form

LA+ —jG+DI{IA+ D) =G+ )PP +2[10+ 1) —j(i + 1)]— 411+ 1)} =0.

This leads to the (positive) solutions
ji=l+1 j=1, j=I1-1 (142.12)
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for which the amplitudes 4,, B,, C, then may be determined according
to (142.11), except for a common normalization factor. Choosing arbi-
trarily the normalization

A} +B}+C} =1 (142.13)

we arrive at the results compiled in the table.

J 4 B, G
141 | fi+m+1)(+m) (+m+1(-m+1) | /l-m+])(—m)
20+ 1)@21+1) (+1D@2I+1) 2(+1)QI+1)

: 1/i=m+D)(+m) m ] [A+m+1)(I—m)
211+1) 0+1 21(1+1)

-1 1/i—m+1)(—m) I+m)(I—m) 1/t+m+1)(+m)
2121+1) 121+1) 2121+1)

Problem 143. Tensor force operator

H

The so-called tensor force between two particles 1 and 2 of spin 3 is
defined by the interaction energy

V=WnT,,
with the operator

(6,16, 1) 1
T12=‘*1—)r£—2—)_§(0'1'°'2)- (143.1)
To apply this operator to the spin eigenfunctions of the two-particle
system.

Solution. The operator T,, is invariant under spin exchange. It
therefore keeps the symmetry of the spin functions. Since there exists
only one antisymmetrical spin function, y, o, this then must be an
eigenfunction of the operator T;,. The three symmetrical spin functions,
however, may be mixed up by its application. Since T,, is invariant
also under exchange of the particle coordinates, i. e. under parity trans-
formation, it will conserve parity. This means that only spherical
harmonics of even order will enter the expression T;,x. No higher
angular momenta than [=2 are to be expected.

In order to get details let us first apply the one-particle operator
(6 r) to the one-particle spin functions:

(67 <a> =(0,x+0,y+0,2) (a) = <(x+i)’)/3+20t

. 143.2
8 8 (x—iy)oc—2ﬁ> (1432)
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It then follows directly that

0y %o [(x+iy)pi+zay] [(x+iy)fa+za,]
o B, _ [c+inBi+zoy] [(x—iy)ar—zp,]
Broz | | [x—ip)ou —2B, ] [(x+iy)Ba+205]
B1 B [((x—iy)oy —zp ] [(x—iy)az—zp,]

(6,-1)(65°7)

With
(x+iy)? =r?sin?9e*2ie; x%2+y? =r?sin?9;
y y
(x+iy)z=r?sin9cosdeti?; 22 =r?cos? 9,

this leads to

oy oy

(@, 1)(05 1) 01 B>
r Bioy

Bi B2

cos?a, o, +sin Ycos e (o B, + By o,) +sin® 3e2? B, B,

sin9cos 9e?a, a, —cos? oy B, +sin% I B, o, —sin Ycos $€? B, B,
sin9cos9e *?a, a, +sin? Yo, f, —cos 9 B, a, —sindcos $e? B, B, |
sin?9e” ¢ q, a, —sin Ycos e~ (o, B, + By &) +cos® B, B,

Using the notation yg ,,., i. €. for the triplet

1
wmoy=x1,1; —=@Ba+Pio)=0xi,05 BiBr=x1,-1 (143.3)

/2

and for the singlet

1
Xo,0 = ﬁ (01 B2 — Br2), (1434
we then have for the symmetrical functions of the triplet
11,
(6, 1) (oy )| (143.5)
2 | %o
X1,-1

00829xl,1+l/§sin9 cos9e?y o+sin®3e? Py,
= ]/fsin&cos'.‘)e_"“’xl,l+(sin29—coszS)Xl,o—]/isin,QcosSe"“’xl,_1
sin2.9e’2"“’xl,1—l/isinSCOSSe""“’xl,o+cosz9)(1,_1
and for the antisymmetrical singlet function,
(6, 1) (051

2 Xo,0 = —Xo,0- (143.6)
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The second term of T;, has already been discussed in Problem 140:

(01762 (X""‘S> - ( Kame ) . (143.7)
Xo,0 =300
Combination of Egs. (143.6) and (143.7) then gives at once
Ty2%0.0=0. (143.8)

The tensor operator therefore cannot contribute any dynamical term
to a spin singlet state.

There remains further discussion of the triplet. Introducing nor-
malized spherical harmonics according to the definitions of the table
of Problem 67, we obtain from (143.5) and (143.7),

27 /ax

Ti201,1 =3 / 5 (Y2,0X1,1+V§Y2,1X1,0+V6Y2,2X1,—1)§
27 /an

Tiaxi0=7%|/ <= (—V§Y2,—1 X1,1—2Y2,0X1,O—I/§Y2,1 X1,-1) (143.9)
3 5
21 /4=

Ti2%1,-1 =—1 - (l/éyz,—2X1,1+l/§Y2,—1X1,o+ Ya0X1,-1)-

3 5

These formulae not only show spin exchange symmetry and parity to
be conserved, but also the z component of the total angular momentum.
The orbital momentum, however, as well as its z component, are not
good quantum numbers in a two-particle system with tensor interaction.

Problem 144. Deuteron with tensor interaction

The interaction between a proton and a neutron consists in part of a
central force, and in part of a tensor force,

V=V.()+V,(r)T,,. (144.1)
The deuteron groundstate therefore is a mixture of S and D state. The
eigenfunction shall be constructed, except for radial S and D factors

for which a set of two coupled differential equations shall be derived,
under the assumption of nuclear spin orientation in z direction.

Solution. With the nuclear spin i=1 (in units #) and its component
in z direction also 1, we have for the most general S—D mixture,

Y=Y 0011 +9O{ Y2001+ A Y21 21,00 Y2 221,-1)  (1442)
with the constants A and u to be adjusted so that

Py =2y. (144.3)
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Here I is the operator of total angular momentum (nuclear spin).
According to the preceding problem we have

Py = {XI,I(L2+2+2L2)+X1,OV§L+}(fYO,O+g Y;,0)
+ {211 VEL— +X1,0(L2+2)+X1,—1]/§L+}g Y2,
+p{t1,0 V2L + 1, (P +2-2L)}g Y,

and further

Py =51,1[2fYo,0+8—2)/30gY,,0]
+11,0(=2)/3+84=2)/20g Y 1+ 21,-1(—2)/22+4 g Y, .
The last relation satisfies (144.3) if

A=)3, u=V5, (144.4)

so that the angular momentum eigenfunction becomes

V=1 "Y00x1,1+90){Y2,0%1.1 +V§Y2,1X1,0+VEY2,2X1, —1}.  (144.5)

The curly bracket in (144.5) is the same combination of spherical
harmonics and spin functions as was obtained in the first line of Eq.
(143.9) of the preceding problem, so that we may write in a more compact

form:

1
Y= Viz {(fO+3V59) T} 111 (144.6)

Let us now normalize this function. From (144.5) there follows at
once

[drr*[f?+10g%]=1.
0

It will be suitable to put

F0) = Uscosw;  g(r) = 1/11—0 bosino  (1447)
so that
farr*yi=1; [drr*yd=1 (144.8)
and ° °

1 3 .
U= {t//s(r) cosw + Yp(r)sinw Tp,,} X1,1- (144.9)
V/4n 212

Now, the Schrodinger equation for the relative motion (with A=1,
m,=m,=1, reduced mass = 1, cf. Problem 150),

(=V2+V,+V,T,—E)y =0,

t " pn



Problem 144. Deuteron with tensor interaction 33
has to be satisfied by (144.9):

{(—V2+ V—E)cosw g + [ii-(—w-!- V—E)sinwyp+ V,cosan/zs} T,

3 .
+ m V,sinwy,, sz,,} X1.1=0. (144.10)

Here, if applied to a triplet spin function, ,, the operator T}, may be
linearly expressed by T,,, viz.

Tt =G—3Tp k- (144.11)
This can easily be shown using the identity

S(a) _ l(a--r)(“) _ (cosS; . sin9e“’> (a)
B r B sinde”*?; —cos & B

for one-particle spin states. It then follows that the square of this operator, S?=1,
so that

2 1 2
Sp,,={;2— (6, 1)(6," r)} =1.
Since we already know (p. 24) that (6, 6,) x,= . we find

T:,,=(Sp,,—%)2 =1 _%Spn+%=19_o—%(Tpn+%)
in perfect agreement with (144.11).

Eq. (144.10) may now be written

21/2 .
{cosw(—V2+I{—E)|lls+ l/_sme,l/lp}X1,1

1
+ {sinw [L(—V2+I{——E) - V,] l/1D+coswV,|ps} T,ux1,1=0.

212 2
V2 V2 (144.12)

The operator T, in the second line, when applied to x; ;, yields only
terms with /=2 orthogonal to those with /=0 in the first line. We
may therefore decompose (144.12) into two coupled radial equations, viz.

2 2
cosw [npg + - Vs+(E— Vc)llls] —sinw - % Viyp =0 (144.13)
and

. 2 6 2 21/2
smw[lﬁ’,+7¢;,—r—zn/1,,+ (E—K+§V,>|//D]—cosw-—3£V,¢s=O.
(144.14)

This is the set of differential equations required.
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Problem 145. Electrical quadrupole and magnetic dipole
moments of deuteron

Given the deuteron wave function determined in the preceding problem.
a) The electrical quadrupole moment of the deuteron shall be ex-
pressed in terms of the two integrals

A= [drr*ysyp; B= [drr*yi. (145.1)
0 (0]

b) The expectation value of the magnetic dipole moment shall be
determined.

Solution. a) The quadrupole tensor (cf. Problem 61) can be defined
by
Qu = 1B xx,—120;).

In the original definition of this tensor, the factor 4 on the right-hand
side had not been used. It occurs in the present problem in consequence
of r being the proton coordinate about the centre of mass, and only
the proton contributing to the quadrupole moment since the neutron
carries no electric charge. The deuteron charge distribution in the
state M ;=1 being rotationally symmetrical about the z axis, averaging
of the tensor elements over the angle ¢ leads to the relations

Q-xy=éyz=ézx=0; Qxx=Q-yy= _%Q-zz' (1452)
We therefore need only evaluate the expectation value of the operator
Q,., viz.

Qu>=Y | el
1
=Z Z

spin

11 /4n
=—2— ’/——5 Z jdrrz Y, olYl?. (145.3)
spin

With the deuteron wave function determined in the preceding problem,
viz.

J drr*(3cos?3—1)|y|?

. 1
Y =cosw Ys(r) Yo 0 x1,1+sIn0 5 YpM{Y2001,1F

+V§Y2,1X1,0+V8Y2,2X1,—1}a (145.4)
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this yields by spin summation,

1] /4= ( '
0.2 =*2’l/-:— ~[drr“§d§2 Yz,o'{

0

2
coswys Yo ot sinwﬁ— Y, 0| +
10

2
+ sinzw—‘fa"(3|Y2,1|2+6|Y2,212)}~

The term with 2 vanishes in consequence of the orthogonality of the
spherical harmonics. With the product ¥y, the obvious integral

1
§ dQ YO,OIYZ,Ol2 =
l/4n
is coupled. It is a little more laborious to evaluate the three remaining
integrals occurring with 3, viz.

é aQ Yz,o|Y2,0|2 =

1/5
/E’ > (145.5)
4n’ |

Assembling all these details, we finally arrive at the simple formula

§ aQ YZ,OIYZ,IIZ =

QR Q= QN
)

§ Q Yz,ole,zl2 = -

0, =——1—Acosa) sinw —lBsinzw. (145.6)
5 l/z 20

If the admixture of D to S state is a small percentage, the parameter

w is small and the second, negative term in (145.6) represents a small

correction only to the first, positive part. Therefore, (Q,,> is positive

so that the deuteron has an oblong shape in z direction. This is borne
out by experiment.

b) The magnetic dipole operator consists of a spin part, 4,0, + 1, 0y,

and of an orbital momentum part to which only the proton contributes.

The orbital momentum component L, for the two-particle problem is

given by
h
Lt(2d)
i\dp, do,
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of which only the first part will contribute to the magnetic moment
whereas both terms contribute equal parts to the orbital momentum
about the center of mass. Therefore only % L, enters the orbital part
of the magnetic moment,

e 1
tuorbit_zmc D) z

The expectation value of the z component of the magnetic moment
thus becomes
<ﬂ'> =Z jd‘t lll*(”po.pz_l_ﬂn 6nz+:uorbil) 'I/ > (1457)
spin
and the expectation values of x and y components vanish.
Application of the operators g,, and g,, to the triplet spin functions
yields the relations,

OpzX1,1 =X1,15 Onz X1,1 =X1,15
Opz X1,0 =Xo,0> Onz X1,0 = —Xo,0>
OpzX1,-1= —X1,-15 Onz X1,-1= —X1,-1- (145.8)

If, therefore, we write a triplet wave function briefly in the form
Y=uys,1+0x1,0tWx1,-1
we get
<y =Y, fdr(* s, +0* 1,0 +W* x1,-1)

spin
X {ppUx1,1+0X0,0—WX1,-1)
+ (U X1,1—VXo,0—WX1,-1)
+ Porvit M X1,1 +0X1,0 W X1, - 1)}
and, by using the orthonormality of the spin functions,
<> = e {u* (s + t+ Horwid) U+ 0% Portia U+ WH(— sy — HyF Hornid W} -
Now we have (cf. (144.5))

u=fYo0+9Y3,0; v=]/§gY2,1; W=V69Y2,z
and therefore
L,u=0; L,v=hv; L,w=2hw
so that
<#>=J‘d¢{(‘up+yn)(u*u—w*w)+

h
¢ (v*v+2w*w)}
mc

4

h
= (ﬂﬁ#ﬂj drr*(f*+¢”—6g% +4—fnc I drr*(3g>+2:64%).
o 0o
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Measuring {(u) in units of nuclear magnetons, e#/(2mc), and replacing
[ and g by the normalized functions /g and Y, (144.7), we finally arrive at

<y =(pp+ ) —3 sin® o (pu, + p—3%) - (145.9)

The admixture of D state therefore only causes a second-order correction
in the magnetic moment.

Problem 146. Spin functions of three particles

To construct the eigenfunctions of S, and 2 for a system of three particles
of spin 1.

Solution. The total spin vector operator of the system is now
h
S=5(61+62+63). (146.1)

Its z component apparently has the following eigenfunctions:
X(%) =00y 03;
2(3) = Ao a; B3+ Bay o3+ CByosas;
2(—=3)=ABy o3 +B Broy fs+Caif,fs;
2(=3)=P1B2Bs. (146.2)

The argument of y denotes the eigenvalue of S, in units of 4. Each of
the two functions x(3) and y(—3) consists of three still degenerate
functions. This degeneracy will now be dissolved by investigating the
operator

h\? h\?
Sz=<—) (0'1+0'2+0'3)2=<5) {9+2(6,°6,)+2(6,°05)+2(65°6,)} .

2
(146.3)
In Problem 140 it has been shown that

(61 0)a0=0y0; (61°65)a; fr=2B10,—0ayf;
(61:0)Broy=2a1B,—B10; (61°62)1B2=P1p2;
or, even, more simply, that the operator
2i,=3(1+06,"6,) (146.4)
merely exchanges the spin functions of the two particles 1 and 2,

2, 2(1,2)=x(2,1), (146.52)
in detail:
200, =0y0,; 20 B,=p10,; etc. (146.5b)
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The operator (146.4) is therefore called the spin exchange operator of
particles 1 and 2.
We now can express (146.3) in terms of such exchange operators,

2
S2=<-Z—> {3+4(Z,+2,3+2;5)}. (146.6)

Application of this operator to the first and last of the four spin functions
(146.2) leads to

n\? n\?
Szx(%)=(5> 15%3); Szx(—%)=<5) A5x(—=3).  (146.7)

These two functions therefore are non-degenerate eigenfunctions of $*
already to the eigenvalue S(S+1)=22 or S=3 for two different eigen-
values of S,. In the vector model they correspond to parallel orientation
of all three spins in z or —z direction.

It is not so simple to deal with the degenerate functions x(1) and
x(—%). Here, application of (146.6) to y(3) yields

52x(2) =<%>2{3x(%)+4[Aa1 ay B3+ BBrayos+Cayfras]
+4[Aay B0z +Boyo, B3+ Cpyosas]
+4[AByaya3+Bay Braz+Coyay B3]}
= (g)z {7TA+4B+4C)a 0, B3+(@A+TB+4C)ay Bros
+(@A+4B+7C)Bray03} .
This shall become
=h? S(S+1){Aay 0, B3+ Boty fr03+CBraz s}

Thus we arrive at a linear system of three homogeneous equations,

TA+4B+4C=4S(S+1) 4;
4A+7B+4C=4S(S+1)B; (146.8)
4A+4B+7C=45(S+1)C )

the determinant of which must vanish. This gives a cubic equation for
the eigenvalues S(S+ 1) possible with the solutions

S(S+1)=%,Z,% or S=%’%a% (1469)

The same result would be obtained by applying S? to y(—3) if the
symbols « and f are exchanged throughout.
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The first eigenvalue (146.9) leads unambiguously to the solution

A=B=C of the system (146.8). Using a more complete notation for the
spin functions, ¥(S, S,), we find a quartet of four completely symmetrical

functions, viz.
( ) =0 0 035

( ) ; 13 (0t 0z B3 +aty Pros+ Pz as);
! 1 (146.10)
<— —‘2‘) 3 1 B2z + By B3+ay Ba B3);
3
«(3.-3) -t

Besides this solution which corresponds to the four orientations of
spin 3 in the vector model, the double solution S=% put in (146.8)
leads three times to the same relation,

A+B+C=0;

we thus may express C= —(A4+B), but cannot then obtain separate
information on A4 and B:
XG> 3= Aayo, B3+ Boy fras—(A+B) oy o35

(o — 3 = 4B, Byty + B oty fa (A'+ B0ty By B (146.11)

Two doublets, each with S=43, are still mixed up in these formulae
and are still degenerate.

It is usual to decompose and normalize the doublets by the two
assumptions

1 1
A=B=—— and A=—B=——. (146.12)

Ve V2

With the first assumption the doublet becomes

1 1 1
X1 (:2—’ a‘):ﬁ {og (0 B3+ By as) =281 ap a3} s

N (146.13)
A1 (5’ - 5) = —ﬁ {B1(By o3+ 0tz B3)—2 01 B2}
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this doublet is symmetrical with respect to exchanging particles 2 and 3
(symbolic notation: 1,23). The other doublet will become

(1 1)_ 1 _
X2 57 _'ﬁal(azﬂii_ﬁlaii)a

| 1 1 (146.14)
X2 <5a*5>=ﬁﬁ1(32“3—“233);
it is antisymmetrical in 2 and 3 (in symbols: 1,5§).

Of course, it is quite arbitrary to select just particles 2 and 3 as
affecting simple symmetry properties. By another choice of 4 and B,
e.g. B=—1A4, a function of symmetry 12,3 would have been obtained.
Only further conditions imposed on the solution in special problems
can lead to the dissolution of this remaining degeneracy.

Problem 147. Neutron scattering by molecular hydrogen

Let the particles 1 and 2 of the preceding problem be the two protons
of an hydrogen molecule and 3 be a slow neutron with its de Broglie
wavelength large as compared to the nuclear distance. The scattering
cross section shall be determined for para and orthohydrogen, separ-
ately, with the central-force n-p interaction (cf. Problem 140)

V=3BV, +V)+z(V,=V)(6,°6,). (147.1)

To connect scattering lengths with potentials, the somewhat crude
assumption may be made that the scattering length is proportional to
the potential well depth.

Solution. The motion of the neutron will be governed by its interaction
with the two protons. If its wavelength is large, both protons are practical-
ly at the same position and we have only one relative coordinate vector r.
Let us denote the neutron by subscript # (instead of 3), then the neutron-
molecule interaction may be written, according to (147.1),

V=3BV, +V)+5(V,—V)(6,01+0)) (147.2)

with V,(r) and V(r).

Orthohydrogen is now defined by a symmetrical, parahydrogen by
an antisymmetrical spin function so that, according to the results of
the preceding problem, there exist the following eight spin functions of
our three-body problem:
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3 3 )
X 59+3 =0l Xy &y

3 1 1 Quartet,
X<_,+—) — (g 03 But oy B0ty + Broz ) .

27 2 3 spin 3,

> 0—H,,

NN o—H, (147.3)

N5 ~5 _3(B1ﬁ2°‘ nt B0 Butoy By )

3 3
X<E,—‘2‘>=ﬁ1ﬁzﬁn )
1 1 1 1 Doublet,
Xo <5’+5> —((aIBZ+B1a2)an 2“1“21;") . 1
6 spimn 3,
. ; O_H >
N o s (147.4)
Xo 5,_5 _?((alBZ'l_ﬁlaZ)ﬁn 2B1B2°‘n)} ’

+

w3 3) gt g | ooty
11 . p—H,, (147.5)
Ap <§’ - E) = "ﬁ (g B — By 2) B 12,n
These eight functions are eigenfunctions of the operator
§*=(6,+6,+0,)
with the eigenvalues 15 in the quartet, and 3 in the doublet states. Since
S$’=6%+6%2+06%+2(6,6,)+2(0,,6,+0)) (147.6)
with the three first terms all equal to 1, but the fourth contributing

according to

+1 for orthohydr
(61'02)_{ ° yarogen (147.7)

. —3 for parahydrogen,
we arrive at

15=9+4+2+2(6,,6,+0,)

3 S I (O n» o 1 o 2) {

doublet
and

3=9—-6+2(6,,06,+06,) for parahydrogen doublet
or

—4 for orthohydrogen doublet (147.8)

2 for orthohydrogen quartet
(0',,,0'1 +62)
0 for parahydrogen doublet.
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This, according to (147.2), leads to the following three different inter-
actions between the neutron and the hydrogen molecule:

(A 2V, for quartet, o—H,
V=3@V,+ V)4 —(V,—V) }={ 1V, +3V, for doublet,0o—H, (147.9)
0 3V,+1V, for doublet, p—H,.

Turning to the scattering question, we need only consider the
limiting case of zero energy where the scattering length a is linearly
connected with the potential depth constant as long as the potential
hole is “small”. It should, however, be noted that this is rather a crude
assumption in the real neutron-proton interaction case. Making this
approximation, we get the elastic scattering cross sections

Oortho = 47 {%(2 at)z +%(%at +%as)2} 5
Opara = 471(%(1, +%as)2

or
Oortho = T {(3 a,+ as)z +2(a,— 8)2} >

147.10
o-para = Tc(3 at + as)z’ ( )

NB. The best values for the scattering lengths g, and a, of the two-nucleon
problem are' a,=+5.39fm and a,= —23.7 fm. Inserting these values into Eq.
(147.10) yields 04 o=55barn and o,,,=1.77 barn. The characteristic feature
of this somewhat rough result is the amazingly small value of the parahydrogen
cross section. This is fully borne out by experimental evidence with thermal neutrons.
The para cross section would vanish entirely with a;= —3a,; its smallness shows
that anyhow a, must be large and have the opposite sign to a,. The triplet scattering
length must be positive in order to allow for a 3S bound state, the deuteron. Hence,
a,<0 so that no 'S bound state can exist. It should be noted that this sign can only
be determined by interference experiments of the kind described, not by scattering
of neutrons at isolated protons producing incoherent waves.

Our results apply to the limit of energy zero whereas, in experiment, the neutrons
still have a few hundredths of an eV energy. Their wavelength therefore is not so
very large in comparison with the molecular distance between the two protons.
This causes inelastic transitions with parity change in the molecule between the
rotational states J=1 of ortho, and J=0 of parahydrogen. They occur because
Fa1#Tnp SO that, with the abbreviation 1(V,—V,)=U(r), we have for the spin
dependent part of the interaction,

U(rnl) (Gn .~o.1) + U(rnZ) (0',, ’ 0'2) = %(U(rnl) + U(rnz)) (0',,,0'1 + 62)
+3(U(rn) - U(r)) (6,6, —63).

In consequence of the last term, the functions (147.3) to (147.5) no longer remain
eigenfunctions of the potential; it is this last term that induces ortho-para transitions.

! 1fm=10"'3cm; 1 barn= 10~2* cm?.



IV. Many-Body Problems

A. Few Particles
Problem 148. Two repulsive particles on a circle

Two particles are fixed on a circle with a mutual repulsion given by

V(@1,92) = Vo cos(@1 — @) (148.1)

to simulate e.g. the Coulomb repulsion between the two helium elec-
trons in the ground state. The conservation of angular momentum shall
be derived, and the relative motion of the particles discussed.

Solution. The Schrodinger equation

W (U 9*U
<a¢z+ ¢>+V0008(¢1 —9)U=E-U  (1482)
1 2

permits factorization by introducing the variables
a=0i—¢y; B=3(p1+¢,) (148.3)
of relative and absolute motion. Then we have

o 2 108 0 51

0
= ; = -5 t5 3
0p; Oa 2 0B 0, 2 0B
Putting this into (148.2) we get
h? <62U L1 1 9*°U
2\oa®> 4 op?
Factorization now becomes possible into

Ul(a, B) = u(e) v(pB) (148.4)

>+Vocosoc U=E-U.
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and leads to the separate equations of motion

h? d’u
- E&z + VO cosoc-u=Ea-u (1485)
mr
and
n dv
~ —dﬁz =E;v (148.6)
with
E,+E;=E. (148.7)

The absolute motion can be determined from (148.6). The total
orbital momentum operator of the two-particle system is

h(@ 6) h 0
L =— —_—t == —
i\0p; 0Jo, i 0p

so that (148.6) may as well be written
1 r
Z—Q-LZU:EI;'U (1486)

with @ =2mr? the total moment of inertia of both particles. Eq. (148.6")
therefore is the eigenvalue problem of the operator of rotational energy.
Since (148.6) is solved by

v=eMf;  M=0,+1,+2,..., (148.8)
the eigenvalues of the rotational energy become
(hM)?
= . 148.9
= e (148.9)

It is much more difficult to discuss the relative motion determined
by the differential equation (148.5) of the Mathieu type. To alleviate
the discussion we transform (148.5) to the standard form by putting

2 2

2=20¢; 4";—;13“:/1; 4-"%2— V,=2q (148.10)
'so that we get
d*v
d—(/)2 + (A—2qcos2¢)v=0. (148.11)

We are looking for periodic solutions® with period 2z in the variable
o, or 7 in the variable ¢. The coefficient of v in (148.11) being an even

! This makes a fundamental difference to the solutions in a periodic potential
of lattice theory which are not periodical, but multiply with a phase factor in each
period of the lattice potential, cf. Problems 28, 29. We therefore get discrete eigen-
values A here, but a band structure in the lattice problem.
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function of ¢, there are two symmetry types of solutions, even and odd.
Their periodicity permits Fourier expansion so that we have

Veven = A0+A2 COSZ¢+A4 COS4(p-|—- “ees
Voaa = B, sin2¢+ B, sindo+---.

It is usual to denote the eigenvalues of A by ay,a,,4a,,... for even and
by b,,by,... for odd solutions®. It is shown in the theory of Mathieu
equations that the eigenvalues may be ordered in a sequence

ag<b,<a,<bs<ay... (148.12)

A
30 !

ag
20
16 )-—"37 \
10 az
4 T~

N

Fig. 61. Eigenvalues (4)for different potential hole depths (g), both in dimensionless
scale as defined in Eq. (148.10). The two straight lines mark the potential maximum
and minimum

These eigenvalues are given, as functions of g, in Fig. 61; the relation
(148.12) forbids intersections of the curves. At g=0 we have

a(0)=0;  b(0)=a,(0)=2%; b,(0)=a,(0)=4* etc.; (148.13)

2 We adopt, as far as reasonably possible, the mathematical notations of
Abramowitz, M., Stegun, I.A., Handbook of Mathematical Functions, Chap. 20.
New York: Dover Publ, 1965. — The curves of Fig. 61 are partially constructed
with the help of this Handbook.
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for very large values of g there hold the asymptotic laws

az(g) = —2q+2Qr+ Vg2l +17+PLL o
by, (q) - _24+2(2’—1)V;1—%[(r—1)2+r2]_ .

The relations (148.13) and (148.14) can largely be understood by ele-
mentary considerations.
If g=0, Eq. (148.11) simply becomes
d*v
W + Av=0
with periodic solutions

Ueven = A2r Ccos 2"(0; Vodd = B2,. sin2r(p

belonging to eigenvalues A=(2r)2. This exactly corresponds to Eq.
(148.13).

If, on the other hand, g becomes very large, there will be a very
deep potential hole around a=mn, almost fixing the two particles at
opposite positions on the circle. It is then helpful to use, instead of ¢,
a variable

T
n:%((pl_qoz—ﬂ):(p —5, (148.15)

From
cos2ro =(—1) cos2ry; sin2re =(—1)sin2ry

it follows that the functions v,,., and v,4q Will be even and odd also with
respect to the variable 5. If the potential hole is very deep we may
write in (148.11)

cos2¢p= —cos2n=~ —1+2¢?

and thus arrive, approximately, at the differential equation of the har-
monic oscillator,

42
E—Z + [(A+29)—4qn*]v=0. (148.16)
n
Its well-known eigenvalues (cf. Problem 30) are
A +29=2)/q@2n+1); n=0,12,... (148.17)

with the eigenfunctions for even/odd n being even/odd in #. Eq. (148.17)
is almost identical with (148.14) if we identify solutions at small and at
large values of g as follows:
n=0 1 2 3 4 5 6..
even(a,,) r=0 1 2 3 ...
odd(by,) r= 1 2 3
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The additional constant in (148.14) may be corroborated if we expand
cos2ny one term further on; then a perturbation calculation using
oscillator functions in first approximation yields instead of (148.17):

A +2q=2)/q@2n+1)—%q<nln*n, (148.18)

where the additional term turns out to bring (148.18) to perfect agree-
ment with (148.14).

NB 1. In Fig. 61 we have drawn two diagonals, the lower one marking the
depths of the potential bottoms (—2 g), the upper one the heights of potential sum-
mits (+ 2 gq). Eigenvalues must, of course, always lie above the bottom line. If they lie
below the summit diagonal, they describe states of libration inside the potential
hole. Atg=10, e.g,, there are 4 such libration states inside the hole, the fifth (a,)
eigenvalue leading to a vibration all around the circle, including coincidence of
both particles. The first four states might be called anharmonic oscillator states;
from the fifth state upwards they will correspond more and more to force-free
motions of independent particles.

NB 2. The relative motion of the two particles occurs under the action of a
potential energy which has the same form (V,coso) as that of a pendulum. In
classical mechanics this leads to no more complicated functions than elliptical
integrals, whereas in quantum mechanics we need Mathieu functions. This again,
as in Problem 40, shows how much more involved is the mathematical situation
in quantum than in classical mechanics.

Problem 149. Three-atomic linear molecule

The carbon dioxide molecule has a linear O=C=0 form in equi-
librium. Let either equal or different oxygen isotopes be used, the
C=0 equilibrium distance be a and the force constant of the valence
vibration f. The two valence vibration frequencies shall be determined
in harmonic approximation using a one-dimensional model, thus neg-
lecting bending vibrations.

Solution. Let x;,x,,x; be the positions along the x axis and
my, m,, my the masses of the three atoms, then the Schrodinger equation
for the linear harmonic model runs

31 Y 2
_r Z w5t f[(x2 X1 —a) +(x;—x,—a)’] P=E¥. (149.1)

In order to factorize the solution into centre-of-mass motion and in-
ternal motion we use the variables

u= XZ"'xl—'a,
v=X3—X,—a, (149.2)

1 .
X=M——(m1x1+m2x2+m3x3) with M=m; +m,+m;.
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It then follows that
my; 0 0

0x, M 0X ou’
8 my 0 9 D

ox, M 90X o o0’
0 my 0 0

ox, M 0X T ow
and we find by iterating these operations

1 & 1624_1_‘_162_‘_1_‘_1>62 2 0
m; 0x2 M x> \my  my)ou*  \m, my)ov* m, oudv’
allowing for separation of the centre-of-mass motion. Changing the

definition of E in (149.1) to mean the energy of only the internal motion,
we arrive at a Schrédinger equation in two variables, u and v,

{ h2[<1+1>02+<1+1>62 2 02:|
2{\m; my)ou* \m, my) 00> m, dudv

1

+§jnﬁ+uﬂ—E}W=o. (149.3)

The cross term, 0*/0udv, in the kinetic energy makes factorization
impossible in these variables. If, however, we introduce a “rotated”
system, , :
w'= wucosa+uvsina,

. . (149.4)
v'= —usina +vcosa
it is possible by a suitable choice of a to make the term with 9%/0u’ ov'
vanish, whereas the potential energy remains invariant under this trans-
formation:

W+ =u?+0v2,

The Schrédinger equation thus becomes

{ h2|:<1+1>< , 0 5 ) & + sin? 32)
——|{—+— )| cos?a— — 2cosa sing ——— + sin®a —
2 \m m, ou'? A o o * a2

1o1\/., & . o2 , P
+|—+— smzocb—,2+231noccosa + cos’o—
u

m, ms ou' ov' ov'?
2 2 2
_2 coso sino— + (cos*o— sin’«) (? - — cosa sinoc—a—,2
my ou ou' dv v

+%f@*+uﬂ—E}W=o. (149.5)
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Here the factor of the mixed derivative will vanish if

1 1) . 2
— — —|sin2q¢ = —cos2a

my; m m,
or
2mymg
tan2q¢ = ———. (149.6)
my(my —mg)

Using two mass constants A and B defined by

1 <1 1) ., 2 : (1 1) .,
—=|—+—]cos“a — —cosasina+|— + —|sin“a
A m; m, m, m, ms
and (149.7)
1

1Y . 2 . 1 1 '
— =|—+ —|sin®a + —cosasina + | — + — | cos®a
B m, m, m, m, my
the Schrédinger equation is now much simplified:
L | o o? 1
+—fu? Y=EV. 149.8
[ 2A auIZ f } + |: 2B a A2 += f i| ( )

Solution by factorization into

YWw,v)=yW)e(); E=E,+Eg (149.9)
is now possible:
h? d21// )
! E
2A d ,2 f ‘/j A./I
W 2o 1 (149.10)

+=fvip=E
2 B d U/2 f (p B (p
The eigenvalues of these two harmonic oscillators are well known (cf.
Problem 30), viz.

Ej=ho,ng+3); o= f/A;} (149.11)
Eg=hwg(ng+3); wg =1/ f/B. .

Egs. (149.6) and (149.7) to determine 4 and B from the masses and (149.11)
for the energies and frequencies form the solution of the problem.

We now proceed to a closer inspection of these formulae in the
normal case m;=m; (equal oxygen isotopes) for which, according to
(149.6), a=m/4. The mass constants A and B then follow from (149.7)

1 1 1 1 2

=—: —= .
A my B m m,



50 Many-Body Problems. Few Particles

wa=lfim; wp=w, I/ 1+2’:'nﬂ- (149.12)
- 2

Since w4 does not depend on m, it may be concluded that the carbon
atom stays at rest in mode A vibrations and, since the centre of mass is
supposed not to move, we must have a symmetrical vibration as indicated
in Fig. 62a. On the other hand, it can be shown that mode B vibrations,

Thence,

0] C (0]
*— ® -9 a)

Fig. 62a and b. The two valence vibrational modes of CO,. No bending vibra-
tions are considered in this problem

for which the carbon atom takes part in the motion, will become anti-
symmetric as shown in Fig. 62b. To translate this classical description
of normal vibrations into quantum mechanics, we construct the wave
functions according to (149.9). In the ground state we have (in arbitrary

normalization)
A B
Y, (u,v)=exp (— ZO;IA u'2>-exp (— 26:13 v’2) , (149.13)

both factors having a sole maximum at «'=0 and v'=0, respectively,
where

1 1
UW=—-(x3—x;—2a); V' =—0(x;+x3—2%;). (149.14)
2 12

The zero-point vibration therefore occurs about the positions
Xx; +x3=2x, with the carbon atom halfway between the two oxygen
atoms, and x;—x;=2a, i.e. both oxygen atoms a distance 2a apart
from each other: The most probable position of the ground state there-
fore is just the classical equilibrium position.

If the A mode is excited to, say, its first excited state, a factor u' is to
be added to ¥,,. Since a function

1
— = u'2 A
Yw)=uwe 2" ; A= :A
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has two maxima of opposite signs at u'= +4~% we now have the most
probable positions shifted to

1/2
x3—x1—2a=iv;; X, +x3—2%x,=0. (149.15)

The most probable position in which to find a vibrating particle has its
classical equivalent in the two turning points where its time of stay is
longest. The two maximum values of «' in (149.15) therefore mark some-
thing like the classical vibration amplitudes. The condition v’ =0 shows
that the carbon atom most probably still lies halfway between the two
oxygen atoms, but these are now alternately at a smaller or at a larger
distance apart from each other, just as indicated on Fig. 62a.

If, on the other hand, the B mode is excited we have inversely for the
maximum

2 Bw
X3—x;—2a=0; x;+x3—2x,= il/:; n= " B (149.16)
u
so that the most probable distance between the two oxygen atoms
(x3—x,) remains 2a as in equilibrium, both being shifted to and fro
with respect to the carbon atom as indicated on Fig. 62b.

Problem 150. Centre-of-mass motion

In classical mechanics the motion of the centre of mass in a many-body
problem with only internal forces acting can be separated from the
relative motion of the particles. It shall be shown that the same holds
for quantum mechanics. Special attention shall be given to the case
of only two particles.

Solution. We start with the hamiltonian of a system of N particles
not subjected to external forces,
hZ N 1 1 N N
=== = Vit ¥ Vili—%0 Yi— Vi zi— 7) (150.1)
2.om 2516
and replace the 3N coordinates x;, y;, z; by the position coordinates
X, Y, Z of the centre of mass and the coordinates &, #,, {, defining
the position of particle 1 (A=1,2,..., N —1) relative to particle N:

N N

mx; M=) m;
-1 =1 (150.2)
&i=x,—xy (“A=12,...,N-1)

X=—
M

13
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and correspondingly for Y, Z, u,, {;. The use of these coordinates, of
course, breaks up the natural symmetry of (150.1) by artificially dis-
tinguishing particle N from the rest.

We easily obtain from (150.2) the operators

(’3_mv 6+6
ox, M 0X 0¢,
0 my 0 0

Ixy M X T,

(v=12,...., N—-1);

and

Ny N-11<m§ * .om & 32>

[ — - _Z 4+ —
Zm; 0x? El m,\M? 0X2 "M 08X0¢, 0&2

1 (m§ & my )
_N<W5F"2 Zaxafl ;gaé 2z,
1 9 1 02

M <’TX_2+{Z m, 08 m@%agag}

where the sums over Greek subscripts run from 1 to N — 1. The essential
feature of this result is the cancelling of all mixed derivatives 6/0X 0¢,
permitting separation of the hamiltonian,

H=H,+H,, (150.3)
in a centre-of-mass part,

(o  * P
Hy=——|—+—+— 150.
° 2M<aX2+aY2+aZZ)’ (1504)

and a part describing the relative motion of the particles,

———{Z V2 4 ! — v Vu}+ v, (150.5)

2 my my
with the potential energy

V=532 V&= &=, = L) + 2 Vin (€ L) (150.6)
A ou A

independent of the centre-of-mass coordinates. The solution of the
Schrédinger equation,
(Hy+H)U=E-U (150.7)

then permits factorization into
U=9(X,Y,Z)u(Z:,11(2) (150.8)
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with
o, '
——V*ep=E,op; 150.9
M @ 0P ( )
(H,+VYu=E,u; (150.10)
E,+E,=E. (150.11)
Eq. (150.9) is solved by the plane wave
W2 K2
=clKR E,= 150.12
p=¢ °T oM ( )

with R=(X, Y, Z). This is the centre-of-mass law as in classical mechanics:
the total mass M of the system moves with constant momentum #K.
The relative motion of the particles about the centre of mass, governed
by (150.10), is quite independent thereof.

The third term in Eq. (150.5) prevents further factorization of
u(&;,1;,;). Only in the case of the two-body problem, N=2 with A=pu=1
only, the hamiltonian of the relative motion simplifies to

witr _, 1 _,
H,= Y — Vi + — Vi + Vom0 (150.13)
m, m,

Introducing, as in classical mechanics, the reduced mass m* by putting

L+_1_=L (150.14)
m, m, m*

and omitting the subscripts of the relative coordinates (and of V,,),
we arrive at

h2
—ﬁV2u+V(£,n,C)u=E,u, (150.15)

i.e. at the Schrédinger equation of an equivalent one-body problem.

NB. In Problem 67, the hydrogen atom has been treated as a one-body problem
with its nucleus at rest. According to Eq. (150.15), we should more correctly intro-
duce the reduced mass m* of nucleus and electron, instead of m, the mass of the
electron. No other change is required tc take account of the participation of the
nucleus in the relative motion about the centre of mass. Since the nuclear mass,
say M, is very large as compared with m, Eq. (150.14) leads to

*_ _m
m —m<1 M>’

\
approximately. Comparing e. g. the red spectral line H,(n=3 —n=2) of the hydro-
gen atom with the frequency

me*

5
V(Hzx) = ég 2h2

=
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and the corresponding line of the deuterium atom,

5 mpe*
v(D) = — 20 h’
we find a line shift of
m}p—mg m
v(D)—v(H) = 2_—HvH) ~ s VHD)
H

because Mp~2M,. This difference is not very difficult to observe. It amounts to
412cm™! at a wavelength of 6563 A. Heavy hydrogen was discovered in 1931
by Urey, Brickwedde and Murphy who observed this weak D, satellite of the H,
line in natural hydrogen [Phys. Rev. 40, 1 (1932)].

Problem 151. Virial theorem

To prove that the virial theorem

2Ekin+E =0

holds for any quantum mechanical system kept together by Coulomb
forces only. The proof shall be performed by a scale transformation of
the wave function of the system keeping normalization constant.

pot

Solution. A system of N particles of masses m; and electric charges
e; satisfies the Schrodinger equation

N

|

Iy vy f; i (151.1)
2 om iT1k=1 T
with ¥ being normalized according to
[dry[dr,... [doy P*P=1. (151.2)

Kinetic and potential energy of the system in a state ¥ may be com-
puted from the formulae

nri
Ekin= — 5 Z dTI J\d‘fz deN 'I’*VZ‘P (151 38)
and
N N 1
ot Z Z dTIJdrz...jdtNT*—W. (151.3b)
221k Tik

A scale transformation,
ri=2r, (151.4)

keeping (151.2) intact, means that the wave function
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Y(ry,ry,...1y)
is replaced by
TA=A3N/2 T(Arl,lrz,...).r)v). (151.5)

When introducing (151.5) into the energy expressions (151.3a,b) and
passing over to the new variables (151.4), we find

1 1
Vi=Q2VE —=)—
Fi Tik
so that instead of the true energy of the system
E= Ekiu + Epot >
we obtain
EA)=AEy;+AE,,. (151.6)

This function of A apparently must be a minimum when we select from
the set (151.5) of functions the correct solution of the Schrddinger
equation, i.e. for A=1. Therefore,

0E(%)
—5).— = 2). Ekin + Epot
must vanish with 1=1, i.e.
2Ekin+Ep0t=0' (151.7)

This is the virial theorem which was to be proved.

NB. The theorem need not hold in approximate solutions. It is, therefore,
remarkable that it can be proved for a Thomas-Fermi atom, cf. Problem 175.

Problem 152. Slater determinant

Let the wave function of a many-particle problem with N equal particles
be factorized into a product of single-particle wave functions and
antisymmetrized according to the Pauli principle. The expectation value
of an operator describing the action of an external force field shall be
reduced to single-particle integrals.

Solution. Let #;(v) be a single-particle wave function of the v-th
particle in state i, depending on its space coordinates and spin variable,
all contracted into the symbol v. The antisymmetrized product for a
system of N equal particles may then be written as the Slater determinant,

u, (M) uy (2)...u  (N)
Uy (Duy (2)...uz(N)
y=C (152.1)

un(Duy(2)...uy(N)
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or, by expansion of the determinant,
Yy=CY (= 1)’ P(uy,u,,... uy), (152.2)
P

where P means any permutation of the functions u; with their arguments
v in standard ordering 1,2,..., N. If P is an even (odd) permutation, the
corresponding term in the sum over all permutations is positive (negative).

An operator Q describing an external force will act on all particles
in the same way, i.e.

™M =

Q:

v

Q,. (152.3)

1

Its expectation value then is

YIQIY>=ICI2 3 (=D <P (uy...un) [ Y, Pluy,...uy)> . (152.4)
PP’ v

Let us now single out of (152.4) one term, Q,, acting only upon
functions of the v-th particle coordinates and spin. Any other coordinate
set, say u, will then occur in some other function, say u;, in both permu-
tations P and P, because in any other combination the term would
vanish by the orthogonality of the single-particle functions,

{ujluy = 0y - (152.5)

This means identity of permutations P and P’, the signature in (152.4)
always being + 1, and the term Q, thus contributing only one-particle
integrals,

N
CPIRPY=6pp Y <ui(V)|2,u,()> . (152.6)
i=1

Now, in the wave function y a factor u;(v), with fixed i and v, is combined
with a determinant of rank N — 1. Therefore there still remain, among
a total of N! possible permutations, (N —1)! permutations of the re-
maining N —1 functions except u; over the remaining N —1 particles
except v. Hence,

N
YWD =ICP(N-1)! Y <u;(0)|Q,|u;(v)) - (152.7)
i=1

This result, of course, will hold for whatever term Q, we pick out of the
sum (152.3), so that in {Y|Q|¥> we have a total of N equal expressions
of the form (152.7). Hence,

N

YIQIWYH>=ICPN! ¥ u,(0)IQ,u,(v)> - (152.8)

i=1
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It remains to determine the normalization constant C so that

Ylyr=1 (152.9)

is the probability (viz. certainty) of finding N particles anywhere. This
can be formally achieved by putting Q,=1/N in Eq. (152.3) thus making
Q=1. Making use of the single-particle normalization, according to
(152.5), Eq. (152.8) then yields

N
1
YlYy=ICP’N! }, N=IC|2N!
i=1
or, using (152.9),
C=N!"*% | (152.10)

Eq. (152.8) may then finally be written
N
Yl = 3, IR, u()> (152.11)
i=1

as the simple sum of the expectation values of the single-particle states.

NB. If we neglect symmetrization and replace (152.1) by the simple product

Y=u,(Duy(2)... uy(N) (152.12)
we get
N
Wy = ; Cu,|Q,lu,> (152.13)
and o
Yly>=1, (152.14)

i.e. essentially the same results as we found in (152.11) and (152.9) for the anti-
symmetrized wave function. Neither for interaction between particles, contradicting
the structure of (152.3), nor for the use of non-orthogonal single-particle functions,
contradicting (152.5), do these relations hold.

Problem 153. Exchange in interaction terms with Slater determinant

For the factorized, antisymmetrized wave function of the preceding
problem the expectation value of a particle-pair interaction,

Q=1y'Q, (153.1)
v

shall be determined.
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Solution. Using the same notation and normalization as in the
preceding problem, the expectation value of one term of (153.1) may be
written,

1 .
WQLW> =1 Y (=P (g, up) R, | Pluy,... uy)y . (1532)
PP

All functions u, with arguments neither x4 nor v must be identical pairs
in P and P’ if the corresponding term in the sum is not to vanish. There
being N —2 such pairs of functions of as many arguments, there still
remain (N —2)! permutations among them. If these all are identical in
P and P, only one pair of functions, say u;u;, will remain for arguments
4 and v in each non-vanishing term of (153.2),

N-2)!
( N!) Z’ {<ui(ﬂ)“j(V)|qu|ui(#)“j(V)>
— (u(p)u, ()| R, lu () u;(v)>} - (153.3)

In the first, classical term of the curly bracket, the permutations P and

P’ coincide completely, even with respect to u and v, in the second,

exchange term one different permutation (ij—ji) just changes the sign.
Let us now consider the sum (153.1) of such operators. Then,

1

YlQu) =

YY) = INN=1) Y Z’ {Cu(Wu;(v)1Q, |l u(p) u;(v))
— u () (V)| 2, lu; () u;(v)} . (153.4)

Here p and v are dummies so that the sum ) consists of N(N —1) equal

v
terms (u, v and v, u here being counted as different terms). Thence, the
expectation value wanted, becomes

WiRIY> = 3 Y {1 w212 ui(1)u;(2)>

- <uj(1)“i(2)|912Iui(l)“j(2)>} . (153.5)

Use of the symbols 1 and 2 is, of course, quite arbitrary.
It should be emphasized again that here and in the preceding problem
each single-particle wave function u; comprises space as well as spin state.

Problem 154. Two electrons in the atomic ground state
The K shell of an atom is composed of two electrons in the 1s state. Its

energy shall be approximated by using screened hydrogen wave functions
in the field of a nucleus of charge Z e and infinitely large mass.



Problem 154. Two electrons in the atomic ground state 59

Solution. The hamiltonian of the problem is (in atomic units,
e=h=m=1):

1 1 1 1
H= ——(V%+V§)——Z<—+—>+—; (154.1)
2 ry T3 Fi2
the approximate wave function is according to the table of Problem 67
3
U=u(ry) u(r;) = — e+ (154.2)
T
with
o=Z—0 (154.3)

and o the screening constant. It is to be expected that 0 <o <1, because
the nuclear charge, in its effect on each electron, is only partly screened by
the other electron. The two factors of (154.2) satisfy the wave equations

1 o 1
<——2‘Vf _r_1> u(ry) = — Eazu(rl);

1 o 1
<— 0] Vi - r_2> u(ry)) = — 3 a2 u(r,)
so that

1, Z-o 1, Z-a\ 1
HU={(-=«?— T . +—tU
2 ry 2 ry Fia

and the energy becomes

1
E=jjdtl dtz{——az—i—£+—z} U2, (154.4)
ry r; rn

With U according to (154.2) and using the normalization of each factor u,
this yields

3 —2ary 6 —2a(ry+r2)
E=—a2—2a°‘—Jd¢1° +°‘—2Hdzl de, o . (154.5)
T ry i F12
The first integral in (154.5) can be evaluated in an elementary way:
e—2ar1 2 Via
dt, =4n | drirje” " =—. (154.6)
, o
0

To calculate the double integral

e—Za(n +r3)
J=||dt,dty——
Ti2
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we expand 1/r,, into Legendre polynomials of the angle @ between the
vectors r; and r,:

1 e} n
-y (2) B(cos®@) 0<r,<r,;

1 _ ) T2n=0\I2
12

1 @ n
-y i P(cos®) r,<r;<o.
Tin=0\"1

Then only the first term of the expansion (n=0) contributes to J, and
we obtain

r2 o]
—2ar 1 2 ,—2ar —2ar
J=\|dr,e **"*4n<— | dr,rie ‘4 | dririe !
)
0 r2

With dt,=4nrZdr, and 0<r, < oo, all the integrations become elemen-
tary again and lead to

5n?
- 154.7
8o (154.7)
The energy expression (154.5) with the integrals (154.6) and (154.7) then
becomes 2 5
E=—-o*"-2(Z—o)a+3o. (154.8)

Up to this point, we have not yet disposed of the value of « that we
now choose optimally in the sense of variational calculus putting

d—E =0. (154.9)
do
That leads to
a=Z—7% (154.10)
and
E=—(Z-%) . (154.11)

It should be remarked that this value of o« makes (154.2) the exact solution of
the hamiltonian

HoO— _ l(vgwg)_a(l + -1_> (154.12)
2 Fio Ty .
which permits factorization. Comparing (154.12) with (154.2) we find
H=H-H°’= —a<l + l) + i
LT ) T12
Defining H' as perturbation, the energy shift of a first-order perturbation theory,
AE=[{dt,d7r,UH'U,

would vanish if the screening constant ¢ is chosen according to (154.10).
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We add a few numerical remarks. The theory describes atoms
stripped of all electrons except the two in the K shell. There exist experi-
mental values for

Z=2 3 4 6 8
He Lit Be**™ C** 06+.

In all these cases, it is not E itself which has been observed, but the
ionization energy I necessary to strip the ion of only one of the two K
electrons. The remaining ion, keeping only its last electron, then has
the energy

E=-1272
so that the ionization energy becomes
I=(Z-5&)'-322. (154.13)

The accompanying table shows that the agreement of Eq. (154.13) with
experiment improves continuously with increasing Z. This is reasonable,
because the role of the interaction term 1/r;, becomes less important
as the coupling of each electron to the centre becomes stronger with
increasing Z.

IineV
z theor.  exper.
2 232 24,5
3 74,1 75,6
4 152,2 153,6
6 390 393
8 737 738

Problem 155. Excited states of the helium atom

In a neutral helium atom let one electron be in the 1s ground state and
the other in an n, I excited state (n=2, [=1). The ionization energy for
the (n, ]) electron shall then be determined for both, ortho and parahelium
using hydrogen-like wave functions with screening of one nuclear charge
by the 1s electron. The method shall be applied numerically to the 2p
state (n=2,1=1).

Solution. If the 1s electron is exposed to the full nuclear charge 2e,
but the (n,]) electron only to the screened charge e, we may describe
the two one-electron states by solution of the differential equations

1 2 1 1
(——Vz—— u=E, u; -———VZ———> vy=E,v, (155.1)
2 r 2 r
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8
uEl1>=V;e_2’; E1=—2;
1

U =In) = Ry (r) Y. .(890); E,=-— Py
2n
and R,, the normalized radial functions of the hydrogen atom (see
Problem 67).
The Schrodinger equation of the two-electron problem
{ 1 1 2 2 1

—5V§——V§———-—+—}¢=E¢ (155.3)
2 ry 1y Fia

with

(155.2)

shall be approximately solved by the symmetrized product wave function
Vv=u(l)v,(2)+ev,(1)u@)=|1nd>+¢lnl) (155.4)

with ¢é=+1 for parahelium (spins antiparallel) and ¢= —1 for ortho-
helium (spins parallel). The function y is normalized according to

Ylyd=2. _
In order to satisfy (155.3) as well as possible by (155.4) we apply

{1n| to (155.3):
an—2 V-2 2 Ly pcnyy. 1559)

1 T2 T2
Since

Ay =1; <Lnjnp=1; <1n>=0

(if 1#0) the integrals will partially split up and partially vanish. For
instance we have

1 2 1 2
In|—=Vi——|lny=E;; <(ln|——=Vi——|n1>=0;
2 r 2 ry

1 2 1
{n|—=Vi——|1n)=E,—{n|—|n) etc.
2 T, r

Since for all one-electron states the virial theorem (cf. Problem 151)
leads to E,,,=2E, we obtain

1 ®) 1
<nl7|n> = - Epot = _2En = n_z‘
Thus, finally, Eq. (155.5) leads to the energy expression

3
E=-2—>+%+cd (155.6)
n
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with the abbreviations

1
% = {dn|—I|1n)> (155.7)
ri2
for the classical, and
1
&={nl—Inl> (155.8)
T2

for the exchange integral of the electron-electron interaction. It remains
to evaluate these two integrals.

In both cases we expand 1/r,, into spherical harmonics of the angle
9,, between the position vectors r, and r, of the electrons:

12 (r\* .
— Y | =) Picos8;,) if ry<ry;

1 s 1=0 \I'2
= 155.9
iz 1 2 Ty 4 . ( )
— Y | = Picos8;,) if ry>r,.
r1i=0 \I'1

When first performing the integrations over the polar angles, we have
to calculate the integrals

Cang =$d2,1Y,,, Q) $dQ, Py(cos$,,) (155.10)
and
é’ang =§d Q, Y,*jm(Z) §d§21 Y,,m(l) Py(cos 9,,). (155.11)

In €,,,, the inner integral becomes 47, , so that of the series (155.9)
there remains only a contribution from the term A=0. The classical
interaction therefore is

1
(€=47rj dry 73 lu(r,)|? - J dry 1} |Ru(ry)| + j dry 11 |Ru ()l .

2
0 0 ra (155.12)

In order to calculate the inner integral of (155.11) we use the spherical
harmonics addition theorem,

47I +A
Pleostid =37iy L VLK@ 05513
then
3€d9 Y, (1) P(cos 810 = —"_ v, _@)6
o =—
1 4lLm A 12 21+1 l,m LA
and
47

Bong === 01 1 155.14
ang 21_'_1 1, A ( )
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The exchange integral therefore receives a contribution only from the
term A=1 of the series (155.9) so that

47 1 : ri\!
&= 20+1 j dr, "% u(rz) Ryy(r) ;‘;J dry rf <r—:> u(ry) Ry (ry)
0 0
o\
+ drl rl h— u(rl) R,,,(rl) . (155.15)
ry

rz

The higher the values of n and | of the excited electron, the more
will our approximation improve because of decreasing overlap of the two
one-electron wave functions. Except therefore for S states, the method
will be worst for n=2 and /=1, but may be well trusted elsewhere if in
that special case it produces reasonable results. We therefore now proceed
to calculate the energy for this special excited state of the helium atom
and compare the result with experimental evidence.

The normalized radial function R, then becomes

R, = re 2, (155.16)

/24

and the radial integrals (155.12) and (155.15) can easily, though in a
somewhat cumbersome way, be evaluated using (155.2) for  and (155.16)
for R, ;. The results are

€ =11 —5135)=0.24896
and
=133 £)*=0.00382.

This leads to
= —2.12604 + ¢-0.00382

in atomic units. The ionization energy is the difference of E and the
energy E* = —2 of He™ in the ground state (i.e. with one electron still
in the 1s state and the other removed),

I=E*— E=0.12604 — ¢-0.00382
or
I1=(3429—¢-0.104)eV.

This result may be compared with experiment as shown in the table.
The results fit quite nicely, and even the splitting between para and
ortho states is not as bad as might be expected from its being rather
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sensitive to the overlap and mutual polarization of the two one-electron
functions. It should be noted that the para state with the space sym-
metric wave function lies above the antisymmetric ortho state, the

ionization energy in eV

theory experiment
para +1 3.325 3.368
ortho -1 3.533 3.623
difference 0.208 0.255

situation thus being the opposite of the one in the H, molecule (Problem
163). This can easily be verified in our calculation where the integral &,
Eq. (155.8), gives the only contribution depending on the sign ¢; and
since it derives from the mutual repulsion of the two electrons, & is
positive, thus raising the energy level for ¢= +1.

Problem 156. Excited S states of the helium atom

The method of the preceding problem shall be extended to the configura-
tion 1s, ns using again the undisturbed wave function for the 1s state,
but making no specializing assumptions on the ns wave function. It
shall be shown that, if overlap and exchange integrals are small,
an effective potential field can be constructed in which the ns electron
moves.

Solution. The wave function will be written as a symmetrized
product of one-electron states,

v=u(l)v,(Q+ev,()u@)=|1nd>+¢nl) (156.1)

with ¢= 41 and the 1 s state function in atomic units

8 -2r 1 2 2
u=|1)= ;e ; —EV_T u=-—2u; 1)=1. (156.2)

Of the function for the ns state we know only that it does not depend
on angles, and that it too is supposed to be normalized,

v,(N=lny; (nnd>=1. (156.3)

No further specialization of |n) will be attempted.
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The wave function  is an approximate solution of the Schrédinger
equation
(H—E)y=0 (156.4)

with the atomic hamiltonian

1 2 1 2 1
He——Vi-Z__wi-2,° (156.5)
2 ry 2 2 T12

These are the basic equations of our problem. We start by forming
the Hilbert product of (156.4) with {1n|,

{1n|H—E|1n)+e{1n|H—E|nl)=0 (156.6)
and determining the integrals occurring with H given by (156.5). So far
the formulae do not yet appreciably differ from those of the preceding
problem. One main difference, however, is seen immediately since
the two functions |[1> and |n) are no longer orthogonal because they

both belong to /=0 but have different potential fields. Hence we have
to introduce the overlap integral

S={1ny=<n|1). (156.7)
Further, let us again use the abbreviations
1 1
dnl—|1nd=%; {Inl—|nl1)>=¢. (156.8)
F12 Ti2

It then remains to evaluate the following integrals

1 2 1 2
Anl = =Vi—=|1n) =<1| - V= Z|1)=—2;
2 r 2 ¥
1 2 1 2
(Ln| == V3= =|tn) = (nl = 5 V2= ~Iny=K,;
2 L§) 2 r

1 2 1 2
An|—=Vi—=|nl) =ln|—=V5——|nl)=—-25%. (156.9)
2 ry 2 r

In the last line, the identity
AIV2ny=<(nl V2L
has been used. Eq. (156.6) then may be written
—24+K,+%—E+&(—45*>+&—ES»)=0

or

K,+%+¢(6—25%
E=-2 . 156.10
+ 14682 ( )
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Since E* = —2 is the energy of the He* ion ground state, the ionization
energy I=E* —E becomes

K,+%+e(6—253
1+¢8?
Either E or I may then be determined by evaluating the integrals S,
K,, €, & for a set of sufficiently pliable functions |n) defined by Ritz
parameters and extremizing E or I by their suitable choice.

If the overlap integral S and the exchange integral & are very small,
Egs. (156.10) and (156.11) simplify to

I=

(156.11)

E=—2+K,+%; I=—(K,+%). (156.12)

The same expressions would be achieved by neglecting symmetrization
(i.e. with £=0), and it is in this sense only that symmetrization in many-
body problems may occasionally be omitted.

Falling back upon the definitions (156.8) and (156.9) of the integrals
K, and %, (156.12) may be written in more detail

E=—-2+(n|Q|n)> (156.13)
with the operator
1 2 )?
o= Ly 2, (40 M (156.14)
2 r lr—7|

The choice of such a normalized function |n) as makes E a minimum
is performed by variation,

o0(Kn|L\n> +Alnln))=0
with a Lagrange multiplicator A. Since
o{n|Q|n>=2(én|Q|n>; d&{(nln)=2<{dnln>

we arrive at
{on|Q+An>=0

or, |0 n) being an arbitrary function, at the differential equation
2+ A)|n>=0.
Rewriting (156.13) in the form
n|Q—E-2|n>=0

we see that A= — E—2. Hence, |n) is to satisfy the one-electron Schro-
dinger equation

—3V3 ) + Vg (r)In) =(E+2)|n) (156.15)
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with the effective potential

n2
Vi) = — 2+ J av 0 (156.16)
r |r—r|
This is exactly the electrostatic potential to be derived from the Poisson
equation V2V = +4mnp with the charge density p composed of the
nuclear point charge +2 and the negative space charge —u? of the 1s
electron. Evaluation of (156.16) with the wave function u of Eq. (156.2)
renders

1 (1 B
Ver=———|=+2]e*. (156.17)
r r

If |n) is determined from (156.15), this may be considered a sufficient
approximation to all integrals of the energy expression (156.10) as long
as S<1 and & <% are no more than slight corrections.

Appendix. Numerical calculations along the general outline sketched
before may become rather involved. As an example, we give numerical
results for an abridged variational procedure making (156.12) extremal,
which we have performed for the 2 state using the set of trial functions

2y=A(e” 2" —pre ¥ (156.18)

normalized according to <2|2)> =1 and defined by the Ritz parameter p.
These functions have finite value at =0, they have a zero as necessary
for a 2s state, and show the correct asymptotic behaviour determined
by the second term. The first term describes deviations from hydrogen-
like behaviour at small distances where the nuclear charge becomes
less and less completely screened; since the 1s distribution is described
by e~ 2", this effect should show approximately the same dependence
on distance.

The approximate function (156.18) leads to the following numerical
results.

=(§—432p+96p7) "
K2—47tA( — L4382, 11p?);

512-6359 74688 2
C=nA* (3 —13575561P + 3125 P%);

S=8[/27IA(37—6—2§P)§
& = 1287 A (3506 — 3550155P + 78i35D°) -

The energy expression (156.12) has then been minimized by suitable
choice of p. This leads to a quadratic equation in p with one positive
solution p=0.1105. Without symmetrization this yields an ionization
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energy I=—(K,+%)=0.145 atomic units or I=3.94 eV. If, with the
same value of p, the full energy expression (156.11) is evaluated we find

_0,145—-0,021¢

© 1+0,0225¢

and arrive at the tabulated results. The theoretical approximation,

atomic units

ionization energy for 25 in eV

symmetry .
theory experiment
para, &e=+1 3.30 397
ortho, e=—1 4.62 4.76
difference 132 0.79

as always in variational procedures, leads to somewhat higher energy
term values than the correct ones. The rather large ortho-para splitting
is reproduced with an accuracy of about 35 % even by this very simplified
approximation.

Problem 157. Lithium ground state

To calculate the binding energy of a lithium atom (Z=3) in its ground
state. For the two 1s electrons the screened hydrogen-like functions
of Problem 154 may be used. Exchange is to be neglected.

Solution. The hamiltonian of the problem is

1 11\ 1
H= {— —(V%+V§)—3(—+—) +—}
2 ry 1y Ty

1 1 1 1 2
+{——V§——}+{———+——-— (157.1)
2 r3 i3 T3 T3

where the first curly bracket corresponds to the two-electron problem
of Li*, the second bracket leads to the 2s function of the third electron
in the field of the screened nucleus of rest charge 1, and in the third term
the remaining interactions are assembled. The treatment of the third
electron thus indicated would be quite correct, were the radius of the K
shell very small compared to the extension of the 2s wave function;
since it is not, the use of a hydrogen function with central charge 1 for
the third electron is an approximation.
We write the eigenfunction in product form

U(1,2,3)=u(1)u(2)v(3). (157.2)
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Here u(r) means the 1s function

3
2

u() = ——e (157.3)
T
and

a=Z—15=2.6875 (157.4)

the effective nuclear charge originated by the mutual screening effect of
the two 1s electrons in Li* (cf. Problem 154). From Problem 154 we
further gather that the energy of the (1s)? state,

B j f deydeyu(l)u) {_ %(Vf V)3 (l + l) + _1_}14(1)14(2) ,

ry 1 Ti2
(157.5)
becomes
Et=—o?. (157.6)

For the third electron we take the eigenfunction from the table of
Problem 67 (hydrogen problem); in its lowest state, 25, it is

o(r) = (1—4r)e# (157.7)
8n
and satisfies the differential equation
1 2 1 1
—_— V3 R U(r3)= -—§U(r3) . (1578)
2 r3

If we put the functions (157.3) and (157.7) into the energy expression,
E={{{dt dt,drsu(l)u(2)v(3) Hu(l)u2)v(3) (157.9)

with the hamiltonian (157.1), the first bracket of (157.1) will contribute
E*, Eq. (157.6), and the second bracket —3%, according to (157.8), so that

1 1 1 2
E=Et ——+ J‘fj‘drl dt,d, u(1)?u(2)?v(3)? <——- +—— —). (157.10)
8 iz T2z I3

The last integral has still to be evaluated. It may be simplified into

2
J=2 jd% o(3)? Udrl ud)” _ 1} : (157.11)

13 rs

Using [cf. Problem 44, Eq. (44.19)]

2
fd‘tl u(l) _! {1—(1+ar;)e™2%3}

i3 3
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we may combine

3 2

J=-2 Jdt3 °G) (14+ars)e 2o,
3

With v according to (157.7) this integral is elementary though cumber-

ield:
some and yields 1+30+1603 5
e P (157.12)

The energy of the ground state of the lithium atom then becomes

1 3+3a+16a3
E=—o?——-2 —— 157.13
TR 208 (157.13)
Numerical computation with the value (157.4) for « gives the ionization

energy

1 $+3a+16a3
[—p+_po L _zt3oe+16a (157.14)
8 (1+20)°

as

I=0.1553=4.23¢V.

This is to be compared with the experimental value of 537 eV. The
approximation, of course, is not very good. The reason for the difference
is to be sought neither in the use of complete screening of the third
electron by the K shell, nor in neglecting any small difference of the a
values between atom and ion. Both these corrections are far too small to
account for a discrepany of more than 1eV. There remain two features of
the wave function which may still account for it: its product form, and
the neglect of symmetrization and hence of exchange binding.

Problem 158. Exchange correction to lithium ground state

To correct the energy of the lithium ground state, found in the preceding
problem, by taking account of the correct symmetry of the eigenfunction.

Solution. The eigenfunction must again describe a state with two
electrons in the 1s state u(r) and one electron in the 2s state »(r), as
defined in the preceding problem. Symmetrization requires the inclusion
of spins. A totally antisymmetrical eigenfunction is then obtained by the
Slater determinant (see Problem 152)

u(l) a(1); u(2) «(2); u(3)a(3)
1
Y =—u(1) B(1); u2)BQ2); u(3)BA3) (158.1)

6
v(D) a(1); v(2)a(2); v(3)a(3)
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in which the spin functions « and B describe opposite spin directions.
The determinant (158.1) is an approximate solution of the Schrédinger
equation

(H—E)y=0 (158.2)

with H the hamiltonian of the preceding problem. From
Y|H—Ely>=0,

where the scalar Hilbert product includes spin summation, we then are
led on, by performing the sum over spins, to

[§fdtydr,dry {u()u)v(3)—ov(1)u)u@)} (H—E)u(l)u2)v(3)= 0(158 )
or, with the abbreviations .

E=[[[dt,dtydesu(l)u@ o) Hu(Du@o(3);  (1584)
&= ([fdrydr,drsv(1)u)u(3) Hu(l)u2)v(3); (158.5)

S=[dr,v(1)u(l), (158.6)
to the corrected energy formula
g-E=¢ (158.7)
- 1 _ Sz . .

Here, by E we denote the uncorrected energy as determined in Eq.
(157.13) of the preceding problem, viz.

. 14+3a+1603
E=—(@+Y)+J; J=- Z(H—T)s : (158.8)

& is the exchange energy, and S the overlap integral of the functions u
and v which, as we know, are not orthogonal. The main problem still
remaining will then be the evaluation of the exchange energy (158.5).
If we write the hamiltonian in the form

1 o 1 o 1 1
H=|-=-V?_-=— ——Vi_ = ——VZi_—
< 2! 7'1)+< 2 2 "2>+< 2 Vs "3)

3—a 3—-a 2 1 1 1 ‘
- '(158.9)
ry ry 3 Tia T3 T23

then its application to u(1)u(2)v(3) leads in the first line of (158.9) simply
to multiplication by —1a?, —3a?, —3, respectively, so that we get
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2
&= —(2+3)S*—(B—w)S jdtl OO Jdrz “?)
1 2
(N2
-28 Jd‘c_,, u®e) +S det, dz, ______u(l)v(l) u@)
T3 T12
. 2,
N detl g, u(1)v(1)-u3)v(3) +s jjdfz i, u(2)?-u(3)v(3) .
Ti3 T23
Using the further abbreviations
r 2
U=|dc; V=Jd:3‘3; (158.10)
J r r :
X= jdm' ule)oln) u(ryelr) (158.11)
J lr—r|
r 2, r A
Y= Jdrdr’ ey ur)ol). (158.12)
J lr—r|

the exchange energy becomes
E=—(?>+D)S*—(5—0)SV—-3—-a)SPU+2SY+X (158.13)
and the corrected energy (158.7),

5 I+B-0UIS+[6-0)V-2Y]S-X

E=
1-S2

(158.14)

As a last step, we may now proceed to evaluate the integrals S, Eq.
(158.6), U, V, X, Y, Eqgs. (158.10—12), with the functions

3
oz 1

l/;e ; v(r)=‘/8_1_r

A little difficulty arises only in the two-particle integrals X and Y where
1/|[r—r'| can be expanded into Legendre polynomials for cos(r,r’). Only
the term P, of this series contributes, since neither u nor v depend upon
polar angles, hence the inner integral in X and Y becomes

u(r) = (1-1r)e ¥,

r )

Jd‘c' ur)o) _ 47 %J dr'r2u(r)v(r)) +J ar'r'u(r)o(r) .

lr—r|

0 r
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All other computations are elementary and yield the following results:

21263 (@—1) a?—1
S=———7—; U=a; V= S;
(@+d * 2(—1)

?Go’ — Lot )
@+’

_ 660°+260° —250* — 160> 20 —fa
B 2e—1)@Ba+d)*

Numerical values with «=2.6875 are

S.

$=0.203;
= —0.030;

U=26875 [J+(B3—a)U]S* =+00334;

V=0419  [(5—0a) V—2Y]S=+00735;

X =0.0558;

Y=0.303.

The two positive contributions to the numerator in (158.14) therefore
exceed the negative term — X, so that the exchange correction yields
a smaller binding energy of the lithium atom. The reason for this rather
unhappy result lies in the choice of v(r) which is far too small in the over-
lap zone, as the increasing effective charge to which the 2s electron is
subjected when penetrating into the 1s core has been neglected. This
causes a small error only in the uncorrected energy of the preceding
problem, but will have a large effect upon the exchange correction.
Since V and Y are linear, but X is quadratic in the overlap product uv,
the third (negative) term in the numerator of (158.14) should be much
larger whereas the second (positive) term would be only moderately
increased by using a better approximation for v(r), so that the entire
expression may easily change its sign.

Problem 159. Dielectric susceptibility

Let the states of an atom be described by the Schrédinger equation
H|n)=E," |n), its ground state being [0). The dielectric polarizability o
of the atom (or the susceptibility y of a substance consisting of N atoms
per cm3) shall be determined. What can, in general, be said on the
polarizability of alkali atoms?
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Solution. If an electrical field & is applied to the atom in z direction,
it causes a perturbation energy

W=e&Y z, (159.1)
A

with —e the electron charge and the subscript A numbering the atomic
electrons. The equation

(H+W)y=Ey (159.2)
is then approximately solved by
w0
—05+ Z <nl| I >
or
Yy=[0>+e& )’ M [n> . (159.3)
n EO_En

The component in field direction of the dipole moment of this state
has the expectation value

p.=—eYIY ¥ . (159.4)
i
In first order this is composed of two terms:

p.=—e {<0|ZZAIO>

+3 [ oy + S s s .

The first term is the moment of the undisturbed state (if any). The second
term describes the moment induced by the field. Denoting this latter
moment by p;,4 the polarizability o is defined by

Pina=06 . (159.5)

ot=2e2 Z, |<n|zzﬂ.|0>|2 .
n En—EO

Since E, is supposed to be the ground state, the denominator will be
positive. So therefore will be the polarizability, too.

The susceptibility y connects the dielectric polarization P=Np;.4
with the field,

We thus find
(159.6)

P=y& (159.7)
so that
0 2
=2Ne? Z'K_nlz_zll__x_ (159.8)
n En_ EO

and x>0.
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For alkali atoms consisting of a core plus one single outer electron,
the excitation of a core electron requires much energy, thus leading to
a large denominator in (159.8). For a rough orientation it therefore
suffices to study excitations of the outer electron only, moving in the
field of an unaffected core. Its eigenfunctions may be written

0>=u(); Ind>=0,(r) ¥,,(3,0)

because the ground state |0) is an s state not depending on polar angles.

With
4n
z=rcosd=r ‘/ 3 Yio

the matrix element then becomes
(nlz|0> = [drriv,(r) u(r)-§dQ2 Y, cos 9.
0

This vanishes, except for excitation of states with /=1 and m=0, when

it becomes
4
¢nlz|0y = l/ ?”f dr 13 v,(r) u(r).
0

Further computations imply detailed knowledge of the radial parts
of the eigenfunctions.

If dimensionless units are not being used, it is easily seen that the
polarizability o« has the dimension of a volume so that it will, roughly
speaking, be of the order of (h%/me?)3.

NB. One can as well calculate the second-order Stark effect with an energy
shift
_ ¢ KOIW(n)|?
ME=Y E,—F,

n

which must be = —1a&2. The result for o is the same as above.

Problem 160. Diamagnetic susceptibility of neon

To compute the diamagnetic susceptibility of neon (Z=10) using
hydrogen-like wave functions with different screening constants o, .
The following screening constants may be used:

o-1,0=0'23 0-2’0=3.26 02’124.11 .
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Solution. The diamagnetic susceptibility per mole is given by the
formula [cf. (128.14)]

e2

= - NY <%y (160.1)

6mc?

where N is the Loschmidt number (N =6.02 x 10?3) and the sum is to be
extended over all electrons of one atom (or molecule). The expectation
values of r? in states with eigenfunctions

1
Un,t,m = i) Y1,m(3,0)

are given by the integrals
r*y = [drr?ig,,|*. (160.2)
0

The radial parts of hydrogen-like wave functions may be taken from the
table of Problem 67, with Z replaced by Z —¢; the resulting values of the
integrals (160.2), in units of (#%/me?)? then become3

for m,D)=(1,00 (20) (2,1)
(Z—0)*r*y =3 42 30

as may be checked by elementary integrations. The respective numbers
of electrons in the three (n, ) states are 2, 2, 6. The order of magnitude of
the susceptibilities will be determined by the factor

e2 h2 2
Xo=g—— N (m—ez> =0.790 x 10~ ¢ cm?®/mole . (160.3)
We thus obtain for the susceptibility of neon:
2-3 2-42 6-30
e = o {(10—01,0)2 " (10_0'2,0)2 - (10“‘02,1)2}
= —5.61x10"%cm3/mole. (160.4)

This result may be compared with the experimental value of

Ine= —6.7 x 107 % cm?3/mole .

3 These are special cases of the general relation
2 n’ 2

the deduction of which is cumbersome and not very interesting. For details see
Bethe, H. A,, Salpeter, E. E., Encyclopedia of Physics, vol. 35 (1957), p. 103.
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It should be remarked that the contribution of the outermost subshell
(n,]) is by far the biggest of the three terms in (160.4) contributing
x(1s)=—0.05, x(2s)=—1.46 and y(2p)= —4.10cm>®/mole. Unfortu-
nately the screening effect is not only very big for the outermost electrons
but also rather uncertain experimentally.

Problem 161. Van der Waals attraction

Two hydrogen atoms in their ground states are at a distance R from
each other. The nuclei may be supposed at rest. It shall be shown that
the interaction between the two atoms vanishes in first order of a per-
turbation calculation, and that a second-order approximation leads to
Van der Waals attraction. Of the interaction part of the hamiltonian,
only the leading term proportional to the lowest negative power of R is
to be used (large distance approximation).

Solution. Let us denote the position of electron 1 relative to nucleus
a by r, with components x, y, z, and the position of electron 2 relative
to nucleus b by r, with components x, y, z,. The z direction shall

N\,
\\ ~< 2
\\ ///
- X\
-, . \2
" 12a b N
N
D > 2
R b

Fig. 63. Notations. The distances marked by broken lines enter the interaction
(161.3)

coincide with the nuclear axis (Fig. 63). With the nuclei at rest, i.e. in
Born-Oppenheimer approximation, we then have the hamiltonian

H=H°+H’ (161.1)
with
h2 2 2
H=-— v+ -2 % (161.2)
2m ry r,
describing two independent atoms, and
e2 e2 eZ e2
H=—+————— (161.3)
R ria riw 7o
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their mutual interaction. We shall use H' as perturbation energy. If H’'
is expanded in a series of negative powers of R (i.e. for r; <R and r,<R),
the large-distance main term comes from the interaction of the two
dipoles al and b2 with dipole moments p,= —er, and p,=—er,
respectively, viz.

_biP2 (P, R)(p2R)

H =37 =30 (161.4)

In coordinate formulation, (161.4) becomes
eZ
H’=F(x1x2+y1y2—22122). ‘ (161.5)

This expression shall be used in the following calculations.
Let uy(r) be the wave function of the atomic ground state. The
zero-order wave function of the entire system then is the product

U(L,2)=uo(ry) to(r2) (161.6)

where symmetrization has been omitted since exchange contributions
tend exponentially towards zero at large distances R and may thus be
neglected.

In zero-order approximation the sum of the two atom energies is
the energy of the system. In first order we have to add

E =(U|H|U>=0.

It can easily be seen that this term needs must vanish. Taking, e.g., the
first term of (161.5), we have

e? e? , €
= Ulxy x,|UD) = I Cuglxlug)® = I {Jdzud(rx}?,

and these integrals describing dipole moments of atomic states with
spherical symmetry indeed vanish*.
The second-order energy perturbation is

OlH' 2
g 5 KO

, 161.
2 "F _E, (161.7)

* They vanish not only for S states but always, if both atoms are in the same
state, see the following problem. Even for two excited states, |uy|*> depends upon
polar angles as the square of a spherical harmonic. This can be decomposed into
a sum of spherical harmonics of even orders only. In the integrand it is multiplied
by a coordinate x, y, or z, i.e. with a spherical harmonic of first, hence of odd order.
Orthogonality properties of spherical harmonics thus cause the product integral
to vanish.
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the sum being extended over all excited states, and 0 referring to the
ground state. As E,>E,, all denominators of the sum are negative
so that E"<0 and there arises an attraction. The matrix elements
depend upon R only through the constant factor R~ in Eq. (161.5) which
stands in front of each integral. E” therefore must be of the form

C
E - — Eg
with C a positive constant. This is, however, the well-known distance
dependence of the Van der Waals attraction.

Literature. Schiff, L. I.: Quantum Mechanics. New York 1949. pp. 174—178.

Problem 162. Excitation degeneracy

Two hydrogen atoms at rest, a distance R apart, shall be in different
quantum states, one in the ground state, the other in a P state. Dipole-
dipole interaction exists between them, as deduced in the preceding
problem. It shall be shown that now there is a non-vanishing first-order
contribution to the energy of the system, even at large distances where
overlap of eigenfunctions may again be neglected. This first-order energy
perturbation shall be calculated.

Solution. Let |/m)> be written for an atomic wave function with
quantum numbers ! and m. The ground state may then be described by
|00>, and the three possible P states by |1m) with m=1, 0, —1. Zero-
order wave functions of the system, in product form, are then

|00,1m> and |1m,00), (162.1)
the first pair of quantum numbers referring to the first, the second pair

to the second atom.
The perturbation energy (161.5) may be used. Introducing the symbols

E=x+iy, E=x—iy (162.2)
it may be reshaped into
2
H"‘m(ﬁﬁ‘*‘ﬂfz“”ﬂz)- (162.3)

This operator, being linear in the coordinates of either electron, has
matrix elements with functions of type (162.1) different from zero only
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if for each of the two electrons an S and a P state are combined®. These
are the matrix elements

(1m,,00|H'|00,1m,> and <00,1m,|H’|Lm,,00).

The bilinear structure of H', Eq. (162.3), allows decomposition into
atomic matrix elements:

{1my,00|H’00,1m,) = R {<1m1|€|00> <00|E |1 m,)
+ <1m1l€"|00> <00|¢[1my)
— 4{1m,|z]00% <00|z|11m,>} .  (162.4)

Denoting the radial parts of the atomic wave functions by f,(r) and
using the abbreviation

ro= [drr3fo(f1(M), (162.5)
0

the following results are obtained for the non-vanishing integrals
occurring in (162.4):

C111E100Y =1/% 7o ; 00IE[1—1y = —/%7,;
A=11E00y = —/3ro; 00111y =)/%r; (162.6)
10|00y = /%7y 00]z]10) = |/Lr,.

All other combinations of quantum numbers lead to vanishing matrix
elements. Eq. (162.4) then becomes

<1 m1,00|H’|00 1m2> - 3 { 51,m1 51,m2+% 5— 1,my 6— 1,m2
- %50’"“ 60,"'2} . (162.7)
Thus, only with m; =m, the matrix element (162.7) does not vanish.
We are now prepared to write down the secular determinant of the
six degenerate zero-order wave functions (162.1). If E’ is the first-order
perturbation and the six functions are used in the order

|00,11>;  [11,00>; |00,10>; |10,00>; 00,1—1}; |1—1,00)

5 Coupling of any states with even [ and odd I'=I+1 would do, e.g. P—D
coupling. This however exceeds the limitations set by Eq. (162.1).
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the secular equation becomes

“E % 0 0 0 0
2 —E 0 0 0o 0
0 0 —E —% 0 Ol o ers
o o0 -% -E o o]0 (6298
0o 0 0 0 —E %
0o o 0 0 2 -F
with
e’r?
=—. 162.
‘TR (1629)

The determinant can be decomposed into three 2 x 2 ones, thus extremely
simplifying its evaluation. The results are therefore immediately shown
in the accompanying table. Here A stands for the sum of the m values of
both atoms, i.e. for the component of the total electron orbital momentum
along the nuclear axis. The classification symbols used are those of
molecular spectroscopy, the signs X and IT referring to A=0 and +1,
respectively, and the subscripts g and u to wave functions even and odd.
The two II,, states having the same energy are still degenerate; so are
the two II, states. The last column gives the interaction energy E’ in
multiples of .

I, 1 |00, 11+ |11, 00> +3¢
I, 1 |00, 11> — |11, 00> —%e
z, 0 |00, 10+ |10, 00> —%e
z, 0 |00, 10y — |10, 00 +3¢
o, -1 100,1—1>+[1—-1,00> +3e
m -1 j00,1-1>—[1—1,00> —3¢

6
fo=2¢e""; fi =[—re_”2

in atomic units, the integral r,, Eq. (162.5), can be evaluated:

ro=)/6-333 (162.10)
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and, from Eq. (162.9),
16384 e2a?

€ 19683 K3 (162.11)
with a, the Bohr radius. In all states, therefore, the interaction energy E’
becomes proportional to R™3, decreasing more slowly than, and thus
dominating, the Van der Waals energy (occ R~ °) at large distances. The
sign of the interaction still depends upon the state of the system: in the
states 2, and II, there is repulsion between the two atoms and attraction
only in the states 2, and II,.

Literature. Herzberg, G.: Spectra of diatomic molecules, p. 378. — Landau-
Lifschitz: Quantum Mechanics, p. 302. — Margenau, H.: Rev. Modern Phys. 11,
1 (1939). — King, G. W,, Van Vleck, J. H.: Phys. Rev. 55, 1165 (1939).

Problem 163. Neutral hydrogen molecule

To find the binding energy and equilibrium distance of the neutral
hydrogen molecule by a method analogous to that of the HS treatment
given in Problem 44.

Solution. This is a two-body problem in the Born-Oppenheimer
approximation of fixed nuclei. Let the two nuclei (protons) be denoted
by aand b, and the two electrons by 1 and 2, then we have the hamiltonian,
in atomic units,

1 1 1 1 1 1
H=—-3$(Vi+V3) + — — <_ +—+—+ —) + — (163.1)
T2 Tar  Th1  Taa T2 R

with R the distance between the nuclei. At large distances R, the wave
function should pass over into the product of the separate atoms, either
becoming of the form f(r,;) f(r,,) if electron 1 forms an atom with
nucleus a, and 2 with b, or of the form f(r,,) f(r,,) if the two electrons
are exchanged. A reasonable approach at finite distances R will be a
linear combination of two such products, and symmetry considerations
lead to the choice of the symmetrical solution

U(L,2)=a[ f(ray) f(reo)+ f(rsy) f(ra2)] (163.2)

for the ground state (with antiparallel electron spins, according to the
Pauli principle). The antisymmetric combination, which is an eigen-
function as well, would lead to a larger energy with no attraction and no
formation of a molecule at all.
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If we put (163.2) into the Schrédinger equation,

HU=E-U (163.3)
with H the hamiltonian (163.1) we get
1 1 1 1
F(ral)f(rb2)+f(ra1)F(rb2) + l:"‘ ~~~~~ E + _]f(’a1)f(rb2)
Fi2 "1 Fa2 R

+ F(rys) f(rag)+f(r51) F(r.2)

1 1 1 1]
+f——-——— E + — | f(ryy) f(r,)=0 163.4
[ru o B g0 S (1634)
where F stands as an abbreviation:
1 1
F(ral) = (“ _V% - —‘“) fra)- (163.5)
2 a1

We now apply the operator
Idfl Idfz S*rag) f*(ryg) ...

to Eq. (163.4). The function f is supposed to be normalized. Using the
following abbreviations:

S=[dty f*(ra) f(ry;) (163.6)
for the overlap integral,
1
¢ = del — | f(rap)l? (163.7)
Tp1
and
1
¢ = Ifdn dr, — Lfra)P1f (ryp)? (163.8)
12

for the classical interaction integrals,

1
&= Jdrl r——f #(ar) f(rp) (163.9)
al

and
1
&= J j duydey —— [*(ra)) f(rn) f(ria) f*(r2) - (163.10)
12

for the exchange integrals, and finally

A= fdtlf*(ral)F(r,,l) (163.11)
and
A= sdfxf*("u)F("bx) (163.12)
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for the two remaining integrals, we find by this procedure

204+ A'8)-2(6+E8)+ (¢ +8) = (E — %) (1+5% (163.13)

or
A+A'S 2(%4+6S)— (€' +¢&) 1
E=2 — —_ 163.14
1452 1+ 82 + R ( )

In a way analogous to that used in Problem 44 for H; we now put

,))3
flr) = V%e"’. (163.15)

For y=1 this would be the wave function of the atomic ground state;
with y a variational Ritz parameter we may still get a better approx-
imation. Specializing to (163.15) we find, according to (163.5),

1 y—1
F(ra1)=<——iy2+ ¥
al

>f(ra1)

so that (163.11) and (163.12) yield
A=—3y*+y(y—1); A'=—-3y’S+(r-1)é. (163.16)

It can further be shown that the overlap integral S depends only upon
the combination

p=yR (163.17)

which we may use as a second Ritz parameter besides y, and that the
four remaining interaction integrals €, ', 8, & all become propor-
tional to y so that we may write

€=y8); €=y%(p); &E=y8(p); & =78 (p). (163.18)

The energy expression (163.14) thus becomes

E=—ay+by? (163.19)
with
20+%)+4SE—F +&) 1
- R 163.20
a(p) T s ; ( )
and
1-824+28¢&
b(p) = —> +2°¢ (163.21)

1+ 5?2
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depending only on p. We then get an energy minimum if

0E
— =—a+2by=0
oy
or
=2, (163.22)
y - 2ba ..
it amounts to
a2
E=——. 163.23
4b ( )

It remains to evaluate the five integrals (163.6—10). Three of them
have been computed in the H;, Problem 44, viz.

S =(l+p+3pHe ",

— 1

@ = —[1—(1+p)e>],
p

& =(1+p)e’.

The integral €’ is a little more difficult but can still be evaluated in an
elementary way if integration over the coordinates of the electron 2 is
first performed using spherical polar coordinates with the origin in b
and b1 the polar axis:

1 1 _
— jdtz —e 2 =@(r;,).

T ria

The second integration, over electron 1, then leads to integrals already
evaluated, only some having factors 2 in the exponential. The result is

1
¢ = [-(+Fp+3p*+3p7)e7 ],

Real difficulties, however, are encountered in the last integral, &', which
can no longer be reduced to elementary integrations. The result, first
obtained by Sugiura, is

6 9lp)

E=[i-Hr—3p"—15p]e™ + < ,

with
@(p)=S(p)*(logp+C)—S(—p)*E (4 p)+2S(p)S(—p) E,(2p),

where -
dt _
EI(Z)= Te t

is the exponential integral.
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It is easily seen that, for large r, this integral tends to zero as e~ 2” and
that, at p=0, it has a limit &'(0)=3 in agreement with the theory of
the helium ground state emerging for nuclear distance zero (cf. Problem
154).

Numerical computation yields the following table. The binding
energy of the molecule has a maximum at about R=1.46 a.u. corre-
sponding to an equilibrium distance of R,=0.77A (instead of the
experimental value 0.742 A). The energy then is E= —1.139 which is
to be compared with the binding energy of two separate hydrogen
atoms in the ground state, 2 Ey= —1. If the zero-point energy of the
molecular vibrations is denoted by 3#w, we therefore have a disso-
ciation energy of

D=2E,—(E+3hw)=0.139—-1hw.
The zero-point energy can be determined by the same procedure as in

the case of H; (Problem 44), but the energy parabola in the neighbour-
hood of the minimum is much less accurately determined by the table.

p Y —E R

1.3 1.145 1.120 1.133
14 1.152 1.127 1214
15 1.160 1.131 1293
1.6 1.164 1.137 1374
1.7 1.166 1.139 1.458
1.8 1.164 1.137 1.546
1.9 1.161 1.134 1.635
2.0 1.156 1.129 1.730

However, we find a value close to 0.010 a.u. or 0.27 eV, with an error of
about +59%, in perfect agreement with experiment (Aw=0.54¢V).
Thus, the dissociation energy turns out to be

D=0.138a.u.=3.75eV

whereas its experimental value is D=4.45¢V. The agreement is not
so bad, as we have explained in the similar situation obtaining in the
case of Hj .

NB. It should be mentioned that, for large distances R or p, the parameter y
tends towards 1 and the function f to the atomic ground state wave function.
In the original Heitler-London method, this value was used throughout, so that
there was no Ritz parameter y. In that rougher picture the dissociation energy
becomes only 2.90eV and the equilibrium distance 0.88 A. The increasing values
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of y which, according to the table, obtain during an adiabatic approach of the
two atoms describe a contraction of their electron wave functions in binding.

Literature. Heitler, W., London, F.: Z. Physik 44, 455 (1927). — Evaluation
of the integral &': Sugiura, Y., Z. Physik 45, 484 (1927). — Variation of y: Wang,
S. C., Phys. Rev. 31, 579 (1928); Rosen, N.: Phys. Rev. 38, 2099 (1931). — Better
variational approximations: James, H. M., Coolidge, A. S., J. chem. Phys. 1, 825
(1933); 3, 129 (1935).

Problem 164. Scattering of equal particles

A beam of particles of charge e collides with a target consisting of
particles of the same kind at rest. How does the angular distribution
by scattering compare with that expected of classical physics, if allow-
ance is made for the correct symmetry of the wave function? This shall
be discussed for unpolarized particle beams of spins 0, 4, and 1.

Solution. The Rutherford amplitude has been derived in Problem
110 in the centre-of-mass system. It is

s

¥ ) —ix*logsin2 5
fO=— et T g —I(l+ix*);  (164.1)
2k sin? 9
2

here the abbrevations x* and k* refer to centre-of-mass values,

2 %k 21,%2

s C MY E*=hk
% )

2m*

(164.2)

and m* is the reduced mass. For two equal particles, m*=3m. The
relative velocity of the two particles, v, is independent of the frame of
reference. Therefore, if x, k and E refer to the laboratory frame, we get

w*=w%; k¥=1k; E*=3E (164.3)
so that

. 23
- 22
ik logsin 2

3

sin? —
2

f8)=— %e""” © 5 Mo=I'(1+ix). (164.4)

Further, the angle of deflection in the laboratory frame, @, for equal
masses becomes

0=19 (164.5)
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with 9 the angle in the centre-of-mass system. The solid angle element
therefore transforms according to

do=2nsin3d%=2n-4cos @ sin@dO@=4cosOdQ, (164.6)

and the differential Rutherford cross section in the laboratory frame
becomes

dog x)\2 1 x & 2
YR _geos0(Z) —— with Z= 5 =
aQ ~"°° <k> sin® Ok m? 2

Even in classical mechanics, this formula has to undergo an essen-
tial correction. Since it is impossible to distinguish a scattered particle
from a recoil particle, if both are of equal kind, both have to be added
in the cross section. As, according to (164.5), the two paths will be per-
pendicular to each other, the recoil particle emerges from the target

L)

(164.7)

=

under the angle ; — O and we get, instead of (164.7),

d"°“‘“—4cos@<”>2{ 1t } (164.8)
aQ k) |sin*® cos*@f’ ’

This is the classical expression with which we have to compare the
quantum mechanical result now to be derived.

According to quantum theory, we have not to superimpose inten-
sities (i.e. cross sections) but amplitudes. Let u(r) be the unsymmetrized
wave function in the centre-of-mass frame with r the relative coordinate
vector. Its asymptotic behaviour, apart from logarithmic phases, is

ik*r

u(r)—e*2+ £(9)

s
The plane wave-part can be written

€

ik*(z1—2z32)
b

describing one particle of velocity +4v and the other of velocity —3v
in z direction. If centre-of-mass motion is superimposed by a factor

ik*(z1 +
etk (z1 22)’

particle 2 is brought to rest (target particle), and there remains the
motion of particle 1 according to e*¥21=e'**! (colliding particle). This
holds for the unsymmetrized wave function of the two-particle system.
Its symmetrization means replacing u(r) by

u(r)+eu(—r) with e=+1.
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For the asymptotic spherical wave part this means replacing f(3) by

F@+f(m-9
leaving r unchanged, so that, with (164.4), instead of f(3) we get

eZ . —ixklog sinzg —ixklogsin2 %
S@)+efm—9=— —— e?im]° + e (164.9)
mv ., 9 , 9
sin” — COS”™ —
2 2

and, instead of the classical cross section formula (164.8),

9 _ eosoL)
— C —_
dQ © muv?

Evaluation of the last expression leads to

£=4COS@<_6’2_)2{ 1 N 1 e 2cos(&logtan? @) },

daQ mv?) |sin*® cos*® sin? @ cos? @

e—ixlog sin2@ e~ ixlog cos?6 |2

- +
sin? ® cos? @

(164.10)

(164.11)

with an interference terﬁn added to the classical expression. For com-
paring both, quantum theoretical and classical cross sections, the ratio

do - 2tan? O cos(&logtan? @)
=1+¢
do e 1+tan*@

(164.12)

may be useful.

As a last step we now have to decide which part of an unpolarized
beam will be symmetrical, and which antisymmetrical. If the scattering
particles are fermions of spin 1 (two protons or two electrons) whose
total wave function must be antisymmetrical, we have weights 3 for the
spin-symmetrical, space-antisymmetrical triplet and % for the opposite
symmetry of the singlet state so that we get

do=3do_+ido,

with the subscript signs referring to the two signs of ¢ in (164.11). There-
fore, unpolarized beam experiments in this case yield

N

3 1
& ___+z_._

do tan? @ cos(&logtan? O)
A0 s 1+tan*® )

(164.13)
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This function is shown in Fig. 64 for proton-proton scattering at an
energy E=100keV. This is about the highest energy for which no very
appreciable scattering anomaly occurs due to the short-range nuclear
attraction between the protons (cf. the following problem). At this
energy, we have »x=0.50 for protons. The function (164.13) is invariant

. T .
under the transformation @ — 37~ @ so that it need only be computed

for values 0<®<45°. Passing on to much lower energies, ¥ becomes
so large that cos(xlogtan? @) has several oscillations in this interval.

AN
t \ /
dflss \ //
\/

| l l | |
0° 15° 30° 45° 60° 75° 90°

Fig. 64. Scattering of two equal fermions. The figure shows the ratio of quantum

theoretical to classical scattering intensity as a function of scattering angle. The

curve has an infinite number of oscillations in the vicinities of 0° and 90°, with
decreasing amplitudes

Finally, for very large x, these oscillations will be so rapid that they
can no longer be resolved experimentally so that the classical expression
remains.

If the particles are bosons without spin (e.g. two o particles or two
pions), only the space symmetrical state with ¢= + 1 occurs. Of course,
for o particles e? has to be replaced by 4e?. If the particles are bosons
of spin 1 (e.g. two deuterons), the total spins possible are 2 (weight 3),
1 (weight 3), and 0 (weight 3) with space symmetry for total spins 2 and 0.
Then we get

b =B +3)—3=+}%
and

do 2 tan?@ cos(&logtan? @)
=14+ z . 164.14
do1as 3 1+tan*® ( )
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Literature. The classical symmetrized expression (164.8) was first used by
Darwin, C. G.: Proc. Roy. Soc. London, A120, 631 (1928). The quantum me-
chanical formula was derived by Mott, N. E, ibid: 126, 259 (1930). This formula
was corroborated experimentally with a particles, as described in the papers by
Chadwick, J.: Proc. Roy. Soc. London, A 128, 114 (1930) and by Blackett, P. M. S.,
Champion, F. C,, ibid.: 130, 380 (1931), and with protons by Gerthsen, C.: Ann.
Physik 9, 769 (1931).

Problem 165. Anomalous proton-proton scattering

The short-range nuclear force between two protons gives rise to an
attraction which causes a scattering anomaly above energies of about
100keV. This anomaly shall be described by an additional phase shift
d, in the partial wave /=0.

Solution. In Problem 112 we have treated anomalous scattering for
charged particles without symmetrization and derived Eq. (112.5), in
the centre-of-mass frame,

1 —inlog sin"%

1 .
f@=-——2 ¢ +——(¥—1).  (165.1)
. 2ik*
2k* sin? 5

Let us instead for what follows use the abbreviation

f®=rfr9)+f, (165.2)

where the first term describes the Rutherford scattering of the Coulomb
field and the second,

. 1 .
fa (e%i%—1) = Fe"sf’ sin ), (165.3)

T 20k
is the anomaly amplitude. Symmetrization, then, according to the
preceding problem, with

k*=1k; 19=0, (165.4)

[N

leads to the relation

d
é =4cosO /() —f(m— I+ f(D+f(=—-9)*},  (1655)

or

do

o = 4080 (}1x(8)— faln— P +AIfr(O) +faln— 9+ 2L} (1656)
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In the first square of (165.6), the anomaly not depending upon & cancels out.
It is remarkable that even for higher energies, where higher angular momenta
contribute to f, so that

fa= 2i1k* Y. (21+1)e2itm=m (2% 1) Py(cos 9),
1=0

in consequence of
Py(cos(n—9)) = (— 1} P(cos9),
all contributions with even / would cancel out in the triplet, and all with odd /
in the singlet term. Thus, contributions would arise only from the terms
15,3P, 1D, 3F, !G, ..
This is in complete agreement with the Pauli prmcxple applied separately to each
of these partial waves (forbidding 3S,'P, ...).

If the absolute squares are evaluated, Eq. (165.6) yields
d
d_; = 4cosO{| fr(9)* +|fr(r— > —Re[ (I fk(n— ]
+Re[fo fE(®)]+Re[fo fE(r—H]+I|1d}- (165.7)

In the first line of this equation there stand the terms contributing to
Coulomb scattering as discussed in the preceding problem; in the
second line there stand two interference terms of Coulomb and anoma-
lous scattering, and the anomaly itself. With the explanations of the
symbols fr and f, given above, these last three terms can easily be
computed:

2% sindg
=—= [ logsin®>®
Re[f. /23] = e @cos( o+ xlogsin?@);

2x% sind,
R 9—————— do+xlogcos?@
e[fufR(n—9)] o g “osGotxlog );

4
Iful = —-Sln 50
It is usual to give the so-called scattering ratio,
R = a0 (165.8)
do.’

where do. means the Coulomb term only (as derived in the preceding
problem or from the first line only of (165.7)). This becomes

— —sind +—5sin 25,
x 0 sin? @ cos?@ »?
1 1 cos(xlogtan? @)

sin*@ + cos*®  sin?@ cos?@ (165.9)

2. [cos(50+xlogsin2@)+cos(50+%logcosz@)]

R=1+
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This formula holds upwards to such energies where 3P scattering
begins to play a role, i.e. upwards to a few MeV proton energy.

Eq. (165.9) gives R=1 for ®=0° and for ®=90° where the sin-
gularity of Coulomb scattering outgrows the finite anomaly.

More significance attaches to the value of R at the angle ©=45°
where we get

2 1
R(45°)=1 — —sind, cos(do—log2) + —sin6,.  (165.10)
% %

Let us first discuss this expression for a rather small proton energy,
say, of 250keV. Then %=0.316 is still rather large and J, very small,
so that the second term in (165.10) by far outweighs the third one.
Observation at 45° then easily decides on the sign of the additional
force: If it is an attraction, §,>0 and R(45°)<1; if it is a repulsion,
0o<0 and R(45°)>1. Experiment shows that the nuclear force is
attractive.

Let us now go on to higher energies, say, to 1MeV (x=0.158).
Fig. 65 shows the value of R(45°) then to be expected for different
positive and negative values of §,, according to (165.10). Since we

R(45°
10F (459
8k
6+
4+
L ! L/

1 L ]
-20° -10° 0° 10° 20° 30°

6, ——

Fig. 65. Anomalous proton-proton scattering at 1 MeV. The ratio of actual to pure
Coulomb scattering at @=45" is shown as a function of the phase angle §,,.
Positive (negative) values of §, correspond to short-range attraction (repulsion)

have already decided in favour of J,>0 (attraction), there is a unique
determination of J, if R(45°)>1. This really is observed at 1MeV,
viz. R(45°)=4.6. The phase angle then turns out to be d,=32°. In this
way d, can be uniquely determined as a function of energy.
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The ratios R at other angles of deflection may then be computed
from (165.9) with the value of §, so determined, and the whole curve
of angular distribution for each energy be compared with experiment.
Thus the theory can be corroborated in more detail. Perfect agreement
has thus been obtained.

Literature. Blatt, J. M., Jackson, J. D.: Rev. Modern Phys. 22, 77 (1950). —
Fliigge, S.: Ergebn. exakt. Naturwiss. 26, 165 (1952).

Problem 166. Inelastic scattering

A beam of protons is passing a target consisting of alkali atoms. Ex-
citation cross sections for the outermost atomic electron, originally in
its ground state, shall be determined by treating the proton-atom
interaction as a perturbation. Momentum transfer to the atomic core
shall be neglected (infinitely heavy nucleus).

Solution. Let us use atomic units throughout (hi=1, e=1, m=1)
and let r; be the position vector of the proton, r, of the electron. The
hamiltonian may then be decomposed into three parts,

H=H,+H,+H,, (166.1)
with
1
H =-—V? 166.2
1 2M 1 ( )

describing force-free motion of a proton of mass M,
H,= —3iVi+V(r,) (166.3)

describing the motion of the outermost electron in the field of the
atomic core, and
Hi,=—V(r)— L (166.4)
T2

describing the interaction of the proton with the atomic core and the
electron to be excited. This last term of the hamiltonian shall be re-
garded as a perturbation. Such a formulation of the problem is rea-
sonable as long as the energy of the proton is not big enough to excite
any one of the core electrons, so that we may simply deal with only
the outermost electron and a rigid core.

Let the eigenfunctions of the operator H, be u, (where the sub-
script v comprises the three quantum numbers », /, m, and v=0 denotes
the ground state) with eigenvalues W,,

Hyu,(rp) = W,y(ry), (166.5)
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and let ik be the momentum of an undeflected beam proton. Then the
zero-order solution of the Schrodinger equation, neglecting H,, is

UC(ry,r,) = €5 Tt ug(r,). (166.6)

The first-order solution may be written as an expansion with respect
to the complete orthogonal set {u,}, viz.

U(ry,ry) = €* " ug(ry) + 37 Fu(r)u,(ry) (166.7)

where p=0 is excluded from, and the integral over the continuum
functions included in, the sum.
Putting (166.7) in the Schrodinger equation we arrive at

Y {ViF,+[k*—2M(W,—Wy)]E~2MH,, F,} u,(r;)=2MH, , &* " uy(r,).
M

In the first order of perturbation we neglect H;, on the left-hand side.
With the notation

kf, =k? —2M(W,—W,) (166.8)
we then have

Y {VEF,(r)+k2F,(r))}u,(ry) =2MH,, €% " uy(r,). (166.9)

Multiplying (166.9) by u¥(r,) and integrating over r, we obtain a set
of independent differential equations for the F,’s:

V2F,+k2F,=®,(r,) (166.10)
with
¢v(r1) = 2MC“"“ jdsrz ut(rz)leuo(rz). (166.11)

Eq. (166.10) is an inhomogeneous equation and can be solved by using
a Green’s function,

zkvln-—r |
F(r)=—— j P (¥). (166.12)

In order to derive cross sections from the solution, we next have
to study the asymptotic behaviour of (166.12) for r;—oco. The integral
(166.11) in @ ,(r,) decreases as 1/r? with large r, since H,, is the inter-
action of a proton with the neutral atom, which according to (166.4),
for r;>r,, tends towards—(r,-r,)/ri. The factor @ ,(r') in (166.12) thus
practically limits the integration domain in (166.12) to atomic dimensions.
For r;— oo therefore r; >r may be supposed so that

ikyry

F —_
v(rl) - 47tr1

J‘darr e~ ik’ cos(ri,r) @v(r')_ (16613)
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This is an outgoing spherical wave,

ikyry

F,(r))— f(8) (166.14)
51
with a scattering amplitude
1 o ,
fO)=—- J dPr eTihricstrir) @ () (166.15)
n

still depending upon the direction in which the proton is finally de-
flected. It follows that the differential inelastic cross section for the
proton, under excitation of the outermost alkali electron to the state v,
then is

k,
do = X1 (9,)de,  (166.16)

because the velocity of the outgoing protons, and thence their current,
are lowered by the factor k,/k. This is an immediate consequence of
interpreting (166.8) as energy conservation law.

Let us now go into some more details with respect to the angular
distribution of the inelastically scattered protons. In the exponent of
(166.15) we introduce a vector k, in the direction of r; so that

k,r' cos(r,r)=k v

and, using (166.11) and (166.4), we get

@)= -7 Jw itk fdsrz ué‘(rz){— V) - #} uo(r2):
T [P —r,y

It is obvious that the term with V(') does not contribute to inelastic
collisions (v#0). This follows from orthogonality as well as from the
physical fact that interaction of the proton with the core cannot excite
an electron which forms no part of the core. Further introducing a
vector K,=k—k, for the change of momentum we then arrive at

18y = % fa“rz w(r,) uo(r>) JW et (166.17)

¥ —r,) .

The integrand of the inner integral in this formula consists of two
factors, both of which may be expanded into spherical harmonics of
the angles & between K, and r/, and &, between r' and r,:
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eikvr _ . 4n2l+1) i’j,(K‘.r/) Y, 0(%)
K‘,r 1=0
and
1 @ 4n
= ——R. Y, o9
[r —r,| n=ZO 2n+1 " rol)
with

1/r\"
R,=—\|—] if r<r,,
1 [r,\"
R,,=—,<—f> if ¥>r,.
FA\r

Referring all angles to the direction of K, as polar axis, we may apply
the addition theorem of spherical harmonics to Y, ¢(93), viz.

(166.18)

4

T +n
Y,0(%2) = el 2 Yin(9,0) Yy un(82,02)

with &, ¢’ defining the direction of ' and 3,, ¢, that of r, with respect
to K,. Then, in the inner integral of (166.17), the angular integrations
may be performed and we get

0

d , 4n 47
L r— — 1,(K, )R, Yy o(9,).
j re ¥ —r,| ;;_[ K,r 21+1”'( IR Yi,0(92)

0

Using the abbreviation

4 QK
= ’/——— Hldrr*——R .
g,(ry) T i Jdr r R (166.19)
0

Eq. (166.17) becomes
f&)=2M P ryut(ry)ug(ry) Z 91(r2) Y 0(8,). (166.20)
1=0

The integral (166.19) can be explicitly evaluated. Using y=K, ' as
integration variable and putting x=K,r,, we find with (166.18),

4rn 1
2/+1 Kf

gi(ry) = {x"‘l fdyy' 1 jim+x'| dyy"j;(y)}-
0 x
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These integrals are well known from the theory of Bessel functions:

Jdyy' 1) = x'* 1, (x);
0

jdyy“j,(y) = x_ljl—l(x)

so that the curly bracket above becomes

, . i (x
J;+1(x)+],_l(x)=(21+1)]’7)_
Hence,
1 (K
gi(r2) = 4ﬂ(21+1)’1h“(12;ﬂ- (166.21)
vl

In the evaluation of the scattering amplitude (166.20), we can go
one step farther. We know that the states u, may be factorized with a
spherical harmonic. Since u,, the ground state, does not depend on
angles, there are, therefore, in (166.20) products of two spherical har-
monics to be integrated. Orthogonality then selects only one term of
the sum (166.20). With

Uy = — Ln1(r2) Y1,m(92,02) (166.22a)

v

o | =

where K, has been used as axis of quantization, and
1
Uy = r—xo(rz) (166.22b)
2

as the ground state, the scattering amplitude becomes

2M _ (K,
f(8) = ?5;"01/ 4n2l+1)i JerXn,l(VZ)XO(rZ)]I ;
v 0 v

r3)
X . (166.23)

2

The states of different m are degenerate. Only such a linear combina-
tion of them can be excited that its angular momentum has no component
about the direction of the momentum transfer vector K,. No selection
rules exist for /. It should further be remarked that the expression (166.23)
still depends upon the angle of deflection, §,, of the proton since K,
does,

K?=k>+k%?—2kk,cos 9, (166.24)
k, being derived from the energy law (166.8) and independent of 9, .

NB. The same results can be obtained by applying the Golden Rule (Problem
183) to this process.
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B. Very Many Particles: Quantum Statistics

Problem 167. Electron gas in a metal

In a rough approximation, the conduction electrons in a metal may be
treated as freely moving with potential walls at the surface which prevent
their leaving the metal. In a cube of silver (density p=10.5gm/cm3,
atomic weight 108, one conduction electron per silver ion) there shall
be determined

a) the highest electron energy occurring in the ground state,

b) the average kinetic electron energy,

c) the pressure of the electron gas.
Temperature excitation may be neglected.

Solution. In a silver cube of volume L3 the possible electron energies,
according to Problem 18, are given by

h22

with n,,n,,n; positive integers (=1,2,3,...). In each state described
by a triple of quantum numbers (n,,n,,n;) there are two electrons of
opposite spin directions, according to the Pauli principle. Since in our
metal cube a great many electrons have to be distributed, we shall
essentially have large values of the quantum numbers.

Let us consider a space with coordinates n,,n,,n;. Each lattice
point with integer coordinates in its first octant corresponds to a state
of energy (167.1). If we denote the radius from the origin in this space
by n, so that

ni+ni+ni=n?, (167.2)

a spherical shell between radii n and n+dn in this octant will contain
1
—-4nntdn = Zn2an
8 2

integer lattice points. Occupying each of them with two electrons of
opposite spins, we have nn®dn electrons between n and n+dn. As, on
the other hand, the energy (167.1) depends only upon n,

W n?

h? n?
~om2"

2. dE= 7

ndn (167.3)
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there will be, in the interval dn,

| 2mI?E mL?
dN=TCn2dn=TC W‘WdE

3
dN=)/2m "L /EdE (167.4)

n?hd

or

electrons with energies between E and E+dE.

a) The highest electron energy in the ground state of this electron
gas, (, follows from the total number of electrons, N, in the cube to be a
given constant:

¢
mL?
N=|/2m—2? VEdE. (167.5)
T
0o

Let us denote the electron density by
N

N = o’ (167.6)
then we arrive at a formula independent of the volume of the metal
considered:

1 (2m{\}
= m<_._hz ) (167.7a)
or
hz 2
{=—@nr®N)3. (167.7b)
2m

As ¥ =p/M with M the mass of a silver atom (M =1.80x 10~2%gm)
we have

N =585%x10*2¢cm™3
so that Eq. (167.7b) leads to an upper energy limit of
{=8.80x10"12erg=5.55¢V.

This is an energy so large compared to thermal energies (kT=0.026eV
at 300°K) that thermal excitation may indeed only slightly change the
distribution of electrons over the energy states. The reason for this
effect, called degeneracy of the electron gas (Fermi gas), is, of course,
the very small mass of the electron in the denominator of (167.7b).

The energy limit { is, in general, called the Fermi energy of the elec-
tron gas.
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b) The average energy of a conduction electron is determined by
E=(dNE/[dN (167.8)
or, according to (167.4),

¢ ¢
E= jdE]/EE/de[/E:%C. (167.9)
0 0

c) Pressure may always be defined, without using any thermody-
namics, by the work of compression if a volume V is diminished by dV:
dW=pdV.

This work is used to increase the total energy content U of the gas
by dU,
dw=dU.

This total energy (at T=0) is
U=NE=2NC{. (167.10)

According to (167.7b), the Fermi energy { depends on 4= N/V and
therefore on V:

. dUu 2 dv
UV} —=-2 .
U 3V
Thus we find for the pressure,
__w_2U_2 ., (167.11)
P=v=3v=35"> '

With the numerical values of 4" and { determined above, this leads
to a pressure of

p=2.06x10'! dyn/cm?

or about 200,000 atmospheres. This immense pressure is counterbal-
anced by the strong Coulomb attraction between the conduction
electrons and the lattice ions.

Problem 168. Paramagnetic susceptibility of a metal
To determine the paramagnetic susceptibility of a metal, for zero

temperature, by treating the conduction electrons as a Fermi gas,
neglecting the polarizability of the lattice ions.
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Solution. According to the preceding problem the conduction
electrons form a Fermi gas whose energy limit (the Fermi energy) is

hz 2
(= 2—(31:2%)?, (168.1)
m

with A4 the number of conduction electrons per unit volume. The
energy difference, 4E, between two consecutive electron levels follows
from

) (2nh)?
dnp*Ap =4n|/2mEmAE = v (168.2)

In the vicinity of the Fermi energy this yields (writing 4E;oc{ gl
and putting (168.1) for {2),

4L

== . 168.3
3NV ( )

0

All levels E<({ are occupied by pairs of electrons of opposite spin
directions, all levels E>{ are unoccupied, at zero temperature.

If now a magnetic field is applied to the metal, energy can be gained
by separating pairs of electrons and directing the spins of each pair
so that both are parallel to the field strength . If v pairs are separated,
the energy gain apparently becomes

. eh
2v-us# with py=—. (168.4)
2mc
E E

5_A—I*Eo<_ ¢ —\=—
= = = =
I — [ = =
without field with field

Fig. 66. Spin-flip near Fermi energy under action of a magnetic field

Such a separation is, of course, possible only by raising one electron
of the pair to an unoccupied level beyond E={. This means, however,
an expenditure of kinetic energy counteracting the gain (168.4). Fig. 66
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shows that the amount of energy expended in separating the first pair
(by transferring an electron from the uppermost occupied to the lowest
unoccupied level) is 4E,, for the second pair it is 34 E,, for the third
pair 54E,, etc. In general, the separation of v pairs requires an ex-
penditure of

[14+3+5+ - +Qv—1)]4E,=v?4E,. (168.5)

Equilibrium will be reached if the total energy change W of the gas
affected by the magnetic field,

W= —2v-us# +v*AE,, (168.6)
is a minimum:
aw
—=—2uH +2vAE,=0,
dv
i.e. for
uH
= 168.7
v E, ( )
with
(u#)
Wi = — . 168.8
4E, ( )

If more pairs were separated, the total energy of the gas would increase
again. In equilibrium, the total magnetic moment of the metal becomes

and, by definition, its paramagnetic susceptibility per unit volume,
_ M _ 2 u?

HV  VAE,
according to (168.3) and (168.1),

e (3NN
X = s\— - (168.10)
dnmc T

X (168.9)

To evaluate this expression numerically we may write
zp
myA’

expressing the electron density by the mass density p of the metal, the
mass of one of its atoms my A (with A the atomic weight) and its va-
lence z. Then we find,

zo\3
Xpara = 1.86x10° <;p> . (16811)
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To compare this result with experimental values, the diamagnetic
susceptibility of the lattice ions has to be subtracted.
NB. In problem 160 we have calculated the diamagnetic susceptibility of neon
which must be practically identical with that of Na*. It turned out to be
Yaia= —5.61 x 10~ ¢ cm3/mole

which, with a density of sodium metal of about 1gm/cm? =5 mole/cm?® is the
same as
Yaa= —025x 1076

in the dimensionless scale used in the present problem. From (168.11), on the
other hand, we obtain the electron contribution

Xpara= +0.66 X 1076
The expressions are of the same order of magnitude so that in some metals (e.g.
in caesium) even a resultant diamagnetism is observed.

Literature. Frenkel, J.: Z. Physik 49, 31 (1928).

Problem 169. Field emission, uncorrected for image force

To determine the electron current emitted from a metallic surface
under the action of a high electric field strength &. The temperature
can be supposed to be low; image force and lattice structure shall be
neglected.

Solution. Let z=0 be the metallic surface. The interior (z<0) may
have constant potential energy, V =0, whereas the exterior (z>0) has
potential V. Inside the metal the conduction electrons form the ground
state of a Fermi gas, occupying all levels up to the Fermi energy (.
Outside, there holds the potential

V(z2)=Vy—ebz. (169.1)
As shown in Fig. 67 a potential barrier is formed beyond the surface.
Let E, be the part of the electron energy corresponding to its velocity

Vs,

s

Fig. 67. Field emission of electrons from a metal surface. Left-hand side: densely
lying electron levels inside the metal up to the Fermi energy (. Right-hand side:
Potential outside the metal under action of an electrical field

V=0
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component in z direction; then the potential barrier has a transmission
coefficient T, to be calculated in WKB approximation,

12
T=exp —27'" j dz)/V(®)—E,y, (169.2)
1]

rapidly decreasing with decreasing E,. Here, V(z) is the expression

(169.1) and
m Vo—E,

E, = —z—vf; Zy = ”»

(169.3)

The integration in (169.2), performed in an elementary way, yields
4 2m 3
= — — ——(Vo—E)?,. 169.4
reon{- 3 V20005 (1694
The electric current density (per cm?) is
j=efdnv,T (169.5)

with dn the number of conduction electrons per cm® and per momentum
space element dp,dp,dp,. For the Fermi gas, there is

dp.dp,d,
dn=2 B (h—2mh)
inside the Fermi sphere, i.e. for
pi+p;+pi<2m(, (169.6)

and, outside it, dn=0. With cylindrical coordinates p, ¢, p, in momen-
tum space according to

px=pcosQ, p,=psing, p>+pi<2m,

the integral (169.5) then may be written
Vaml  V2ml-pZ

2e
j=ﬁ2n jdp, J dppp./mT,

0 0

the integration being extended over all electrons with v,>0. If we use
the auxiliary variable

e=(—E, (169.7)
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the integral simplifies to
1

j= 4’”’"‘ J deeT(e) (169.8)
0
with
4 \
T=exp{ 3 lf{;(Vo C+s)f}. (169.9)

To evaluate the integral (169.8) we use the fact that, starting from
e=0 (maximum energy E,={), the transmission coefficient T(g) de-
creases rapidly with increasing e. Therefore, mainly the electrons with
small values of ¢ contribute to the integral (169.8) and we may expand

Vo—(+ef =(Vo—0P +3e(Vo— 0P +
With the abbreviation

l/_(Vo

heé

T=e 34 exp(—- qe )
Vo—(

o

dnem _, qge
| = ——— e~ 34 d —_— .
T f “e"p( Vo—c)

0o

=q (169.10)

we then obtain

and

Again, the integrand falls off rapidly with increasing ¢ so that we may
extend the integration to infinity, without noticeable error, and finally
arrive at

47'cem Vo— C)2
T e (169.11)

Numerical values. According to Egs. (169.10) and (169.11) the electric
current falls rapidly off with decreasing field strength &, and with in-
creasing work function V,—(. If we measure the field strength in
volts/cm, the work function in eV and the current density in amp/cm?2,
then we get the following numerical relations:

g=1.047x108(Vo,—0)¥/&;

169.12
j=1 59x1010(_V£_—C_)26-%q ( )
: 5 :



108 Many-Body Problems. Very Many Particles: Quantum Statistics

For g of the order 1, a current density of the order 10!° amp/cm? might
be expected, i.e. almost every electron hitting the surface would leave
the metal. Of course, model and approximations are equally untenable
under these extreme conditions. For larger values of g the current
rapidly falls off. Thus it may not be unreasonable to ask at which field
strength we may expect a current density of 1 amp/cm?, with different
values of the work function. One finds the following pairs of values:

&=10%volt/cm and V,—{=0.083eV
107 043
108 2.19

As V,—( is always of the order of several eV’s in metals, one should
not observe any appreciable field emission below 10® volts/cm. In fact,
experiment shows a threshold field strength of only about 10° volts/cm.
This wide discrepancy can certainly not be explained by temperature
excitation of the Fermi gas, which would only help to lower the work
function by an amount between {; and 35V (kT~35€eV at normal
temperatures). It can, however, be explained by taking account of the
image force, as is shown in the next problem.

Problem 170. Field emission, corrected for image force

The potential threshold for field emission of electrons from a metal
surface is essentially lowered by the image force. Its effect upon the
electron current emitted shall be investigated.

Solution. The image force is originated by the distortion of the
surface charge in the neighbourhood of any electron at a distance z>0
outside the metal. It can be calculated from classical electrostatics,
neglecting effects of the metal structure if z is appreciably larger than
the lattice constant, so that the metal may be treated as a continuum.
It then turns out to be

€2

4z
For smaller values of z the expression is rather bad, as is seen by its
unphysical singularity at z=0. This error, however, does not affect the
following considerations which depend entirely upon the height and
breadth of the potential wall above electron energy.

This potential wall then becomes

(170.1)

Vimag e = —

2
V(z)=V, — :—Z — &z (170.2)
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with the notations of the preceding problem (Fig. 68). We are interested
in that part of it that extends between z, and z,, the two solutions of
the quadratic equation V(z)=E,. This yields

VO—Ez (VO_E2)2 e
2e8 4 &2 4¢°

(170.3)

21,2 =

Both solutions are real if

V=0

Fig. 68. Same as Fig. 67 but corrected for image force

a condition which is satisfied even for field strengths of about 10° volts/cm;
for higher values the threshold would be submerged under the Fermi
level of the electron sea. For the field strengths used in experiments,
which are even below 107 volts/cm, we may safely assume

Vo—E,\2
eé’<< 0 ) (170.4)

e

and accordingly expand the radical in (170.3). The results are

2

e
d z,=2zy— 170.5
Z = 4(V0 E) and z;=2z9—2z ( )
with
Vo—E,
=—"2 170.6
%o ef ( )

and z, <z,. The summit of the barrier, according to Eq. (170.2), is now,
due to the image force, shifted from z=0 to z=]/¢/4& and instead of

V, its height is only
Vo—el/ef.
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According to (170.4) this does not involve much lowering of the thresh-
old but rather a flattening of the summit, so that we may expect a much
larger transmission coefficient. Only the neighbourhood of E,={ will
contribute appreciably to the emission current (as in the preceding
problem); for this energy z, = e?/[4(V,—{)] is at least of the order of
the lattice constant, so that the singularity of the image force potential
at z=0 will become a matter of indifference.

Again using the WKB approximation, we find the transmission
coefficient

/2
T=exp<—2 _h"i fdz /V(z)—E,
or, writing V(z) in the form

es
V@) = —(z-2)(z -2
we have

h — _
2 logT= jdz (2=2)(z—2) (170.7)
2V 2me J z

This integral is of elliptic type and may be reduced to standard
integrals as follows: use, instead of z, the variable x=(z—z,)/(z,—z,),
thus transforming the integral into

1
3 | ‘/ 1- .
(Zz—zl)fjdx 1= x) with ¢ = —1
x+c Z,—2,
(1]

= k? (170.8)

Next put

and
_(-k*)sin’ g
1—k%sin?¢ °
then the right-hand side of (170.7) becomes

2k*
z

/1—k?

N

(170.9)

7
J do sin? ¢ cos? ¢
) (1—K?sin? p)?
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The last integral may be reduced to the two complete elliptic integrals
E(k) and K(k):

3
Jdgosinzgocosz(p_ 1 [Z—k2
(1—k*sin?@)}  3k*L1—k2

E(k)—2K(k)]. (170.10)

Eq. (170.10) may be proved as follows. Putting 1—k?sin?¢@ =42, the
two complete integrals in standard form are defined by

doAd.

o i

7
K(k)= jd—"’; E(k) =

Now, there can be proved the following identity by simple differentiation,

,singcos’ep  2—k? y 2
e T kA(1—K?) k4

d (. 1 2—k?
+25 sin ¢ cos ¢ Vil 1 kz)A

Integration of this identity yields directly

3k

2
sin? (pcos ¢ 2-K 2
d E(k Kk,
jq) =P (k) — (k)
0

in agreement with (170.10).
Egs. (170.7) and (170.10) may then be unified into

_ ———h—log T=2= 22 [Q—k)E(k)—2(1—K)K(K)].  (170.11)

2)/2meé&

This formula may be brought into a much simpler shape. Remembering
that z; <z, so that k*~1, we may replace k? by the parameter

Ki=1—k>=z,/z,<1 (170.12)

and expand (170.11) into an extremely well converging series in this
parameter® according to

Kk)y=A+4A-1K?*+-; Ek)=1+HA-3HK*+

6 Cf. Jahnke-Emde, 2nd edition (1933), p. 145.



112 Many-Body Problems. Very Many Particles: Quantum Statistics

with A=log(4/k’). If these expansions are put into (170.11), the right-
hand side becomes

2 3 3 4 2 3 1 4
— 72 1 k12 _____l _ = 7 1__k12 - 1 _ .
322[ i (4 2 ogk’>] 3Z°[ 2 (2 * °gk'>]

Were k'=0, we would fall back on the expression (170.9) for T without
image force. Let us denote this by T, ; then the result is

T=Ti % (170.13)
with
3 1 4
A==k?{=—+1log—]). 170.14
5 (2 + log k,) ( )

It remains to evaluate the current integral (169.8) with the new ex-
pression for T. Again, as in the preceding problem, it is essentially the
vicinity of E,={ that contributes to the current, so that we may expand
Aat E,={ or ¢é=0 and confine ourselves to the linear term in ¢ This
is practically the same as putting

e3¢
4(Vo—0)?

and then performing the integration as in Problem 169. Instead of
(169.11), which we will denote by j,, we then find

j=joete (170.16)

with A<1; the next better approximation would add a factor

[1-3A+ k2T

klz’-‘-’(z1/zo)1':,=c = (170.15)

in the denominator. The essential thing, of course, is the exponential
in (170.16).

Let us finally discuss a few numerical consequences. Besides the
relations (169.12) we now get

k2 =3.58x 1078 &/(Vo—{)?

in the same units of volts/cm for & and eV’s for V,—{. With a rea-
sonable value of the work function, V,—{=3eV, and a field strength
&=10"volts/cm, we then arrive at
g=>545, Kk?=00397, A=0208, e¥*1=1860,
jo=0.9x 10" 8amp/cm?,
j=1.7x107%amp/cm?.
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Problem 171. White dwarf

Let the temperature of a white dwarf be high enough to ionize its atoms
practically completely, and low enough to neglect gas pressure and
radiation pressure compared to zero-point pressure of the degenerate
electron gas. (The latter assumption is rather bad.) The distribution of
density through the star shall be calculated for a given total mass of
the star, from the equilibrium of zero-point pressure and gravitational
pressure.

Solution. In a spherical mass of gas the radial pressure gradient
must be in equilibrium with the gravitational force density (barometric
formula):

dp GM,

dr r?
Here G is the gravitational constant, M, the mass inside a sphere of
radius r,

(171.1)

M,=4=n[dr'r?p(r), (171.2)
0

and p(r) is the mass density, i.e. the mass of all ions and free electrons
inside 1cm?® of star matter. For complete ionization with .4 electrons
per c.c., there are .4"/Z ions (nuclei) so that

N
= —mgyA,
p 7 e
with my A the mass of one neutral atom. If there are different elements,
A and Z represent average values. It should be noted, however, that the
ratio

Z=2 1713
7 =2 (171.3)
is almost independent of the chemical composition, a varying from 1.0
to 1.3 from light to heavy elements with the one exception of hydrogen
where a=3%. Therefore,

p=2amy N, (171.4)

depends essentially only upon the density of electrons.
The pressure of the electron gas is, according to Problem 167, its
zero-point pressure,

2 W

Po==N—@r2N)E. (171.5)
5 2m



114 Many-Body Problems. Very Many Particles: Quantum Statistics

The zero- -point pressure of the ions, p;, according to the proportionality
with 4"3/m, would be much smaller:
m
mgA’
Even in hydrogen (Z=1, A=1), we would have p;/p,=1/1838, the

ratio being much smaller for all other elements. We shall, therefore,
neglect p; and identify p,, Eq. (171.5), with the total pressure, p.

Pilpe=(Ni/ N Vmjm=2"3

It is not quite so easy to dispense with temperature effects. Only if (>kT
can we assume the gas to be extremely degenerate so that its pressure is mainly
zero-point pressure. For the electrons, the Fermi energy is

2 2 %
(= r <3" ”) =1.64ev<ﬂ> .
2m\2amy o

This is to be compared with kT~ 100eV at 10° degrees. Even with p=103, both
quantities would be of the same order of magnitude. The ion gas would not at all
be degenerate, then, and contribute in the same order, too.—The radiation pres-
sure is

pr=2.52x10"1°T*dyn/cm?,
whereas from (171.5) and (171.4) there follows

Po=3.16 x 10'2(p/0) dyn/cm?.
With T=10° degrees, therefore, the radiation pressure is of the order of 10° dyn/cm?
which may, indeed, be neglected under the density conditions of a white dwarf.

From (171.5) and (171.4) we get the equation of state,

B R (372\} s
p=fp3; f= m<7> (ampg)

=3.17x102¢ ¥ gm~¥cm*sec2. (171.6)
Any connection between pressure and density of the form

1+
p=fp
is called a polytrope of index n. The white dwarf, therefore, is built
according to a polytrope of index n=3

Putting (171.6) in the equilibrium condition (171.1) we get

r
or, by differentiation,
35— | =—4nr?p. 171.
3G d%(' P dr) e (171.7)
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Using, instead of p, the dimensionless function

@=(p/po) (171.8)
with a constant p, and, instead of the radius r, the dimensionless variable
x=r/r (171.9)
choosing the unit of length, r,, according to
5 4
2 = ——p53, 171.10
ri 872G Po ( )

the differential equation (171.7) is reshaped into

o 2 do N
Ei ; ZC— + ¢3=0, (171.11)

independent of all physical constants. If we choose g, to be the density
at the centre of the star, we have to solve Eq. (171.11) with the boundary
conditions

p(0)=1; ¢'(0)=0. (171.12)
The solution of the non-linear equation (171.11) with boundary

conditions (171.12) is uniquely to be obtained by numerical integration.
This solution decreases monotonously, reaching ¢=0 at

x=X=3.6537 (171.134a)
where its derivative is
d
(-"’) — —D=—0206. (171.13b)
dx x=X

According to (171.8) this zero of ¢ corresponds to the surface of the
star, say, r=R. The total mass of the star therefore becomes

R x
M=4x [drr* p(r) = 4n por} [dxx? @3 .
0 0

This integral can be evaluated without detailed numerical knowledge
of the function ¢(x) by replacing its integrand according to (171.11):

The result is

M=4np,ri X?>D =345pyr}. (171.14)
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If the mass of the star is known by observation, there exist two
relations between p, and r,, viz. Egs. (171.10) and (171.14):

Sf s
52— ith a=——=09. 18 » =% o3
pgri=a with a 3 9.46 x 10'° 73 gm> cm, (171.15)

pori=>b with b=0.0290M.
This leads to

rp=ab"%; po=b*a"3 (171.16)
and for the radius R of the star to
R=r, X=3.6537r,. (171.17)
Finally, the average density is
3D
p= 7p°=0'169p°’ (171.18)

i.e. about £ of the central density.

Numerical example. The companion of Sirius (x Can maj), Sirius B,
has a mass determined from the motions of Sirius about the centre-of-
mass of this binary system. It is about the same as the mass of the sun,
viz. M=194x 1033 gm. This leads to the following numerical values:

r=247x108¢ % cm;

R=898x10%«"3 cm;

po=3.73x10%x> gmcm™3;

P=615x10°a° gmcm™3.
Since observations lead to a radius about 55 of that of the sun,
Ry=6.95x 10'° cm, our model leads to a=0.445. This is not very far
from «=0.5 for a hydrogen star, but on the wrong side. Our radius,
however, is certainly too small. The neglect of a rather important part
of the pressure accounts for that: the star will be inflated to a larger
radius if temperature effects are accounted for.

Problem 172. Thomas-Fermi approximation

To calculate the electron density of an atom or a positive ion. To obtain
a suitable approximation, it shall be supposed that regions within
which the electrostatic potential varies but little contain enough electrons
to justify treating them statistically.
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Solution. There are two basic ideas underlying the model, one
electrostatic and the other quantum statistical. Let us start with the
electrostatic side of the problem. If n(r) electrons are contained in a
unit volume at a distance r from the atomic nucleus, the electrostatic
potential originated by both nucleus and electrons satisfies the Poisson
equation, the first fundamental equation of our problem:

V2® =4ne-n(r) (172.1)

with p(r)= —en(r) the charge density of the electron cloud. The solu-
tion of this equation is subject to the boundary conditions

Ze

®=— for r-0 (172.2)
r
in the vicinity of the nuclear charge Ze, and
ze
= - for r=R (172.3)

if R is the radius of the positive ion of charge ze. This radius has still
to be determined.

There can be no singularity of charge density at r=R, so that not
only the potential but the field strength as well must be continuous
there. This, instead of (172.3), permits the boundary condition to be
written in the form

ze o ze
dR)=— and {— | = ——=. 172.4
(R) R ( R )R (172.4)

We now come to the second principle underlying the calculation,

viz. the quantum statistical part of the problem. Considering any vol-

ume element inside the atom or ion, we find that the momentum p of
an electron found there will be connected with its energy by the relation

2
E = r_ ed(r).
2m
In order to bind the electron, this energy must apparently be smaller
inside the atom than the potential energy —e ®(R) at its surface. Hence,
at a distance r from the nucleus, no electron can have a momentum
larger than p,,, given by
pZ
= = e[®(r)— D(R)]. (172.5)
2m
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Quantum statistics now couples p,,,, with the electron density n(r) by
the relation (cf. Problem 167)

4
n=2- ?” Pia. [QTH). (172.6)

By comparing (172.5) and (172.6), we then arrive at the other fundamen-
tal equation
1 3
n(r) = —— {2me[@(r)— P(R)]}>. (172.7)
3n’h3
From Egs. (172.1) and (172.7), the two functions n(r) and &(r) may,
in principle, both be determined. Elimination of n(r) and use of the
central symmetry of the system lead to
& 4e

1
2p=— —(rd) = ——
Vo (rd) e

~ == {2me[®(r)— ®(R)]}3.

Using instead of @(r) the dimensionless function

o) = ——[0() - (R)], (1728)

and instead of r the dimensionless variable

972 1 K2 . K2
X= r/a with a= <1—2—8§> W = 0.88534 773 me2 (1729)
we obtain the universal differential equation
do ¢
- = , 2.1
e 17; (172.10)
the boundary conditions (172.2) and (172.4) passing over into
e(0)=1 (172.11)
and with X =R/a,
p(0)=0;  Xg'X)= . (172.12)

It should be noted that with these boundary conditions all Z—z electrons
are indeed enclosed within the sphere of radius R. This can easily be shown by
first deriving from (172.7) and (172.9),

R x s
4n[n(rrdr=Z [dx)/xp(x)*,
0 0
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and then using the differential equation (172.10) to replace (p’fT by ¢”:
X
=Z[dxx¢"=Z[x¢'— 95 = Z{p(0)+ X ¢'(X)}
0

or with the boundary conditions (172.11) and (172.12),

z
=Z<1——Z)=Z——z

which is indeed the number of electrons.

The problem is thus reduced to the integration of (172.10) with the
boundary conditions (172.11) and (172.12). To obtain a general survey
of the diversity of solutions, the differential equation may be integrated
with @(0)=1 and different initial tangent inclinations ¢'(0)<0. In
Fig. 69 four such solutions have been drawn. The lines (1) and (2) lead
to finite radii X;, X,. Since ¢'(X)<0 for these solutions, according
to Eq. (172.12), they belong to positive ions. For a neutral atom, (172.12)
gives ¢'(X)=0, which is impossible for a finite X, thus leading to line
(3) of Fig. 69 with an infinitely large atomic radius. Solutions of type (4)

(4)
(3)
" (2)

X

Fig. 69. Solutions of Thomas-Fermi equation (172.10) with different initial tangents

have no direct physical significance for free atoms or ions but may
well serve for the description of atoms bound in a crystal lattice under
changed boundary conditions.

Our main interest will be concentrated on line (3) of neutral atoms.
We shall call this the standard solution @y(x). It is numerically given in
the accompanying table. It belongs to the initial tangent inclination
0o(0)= —1.58807. Its asymptotic behaviour is given by ¢g(x)—144/x3
(which, by the way, exactly satisfies the differential equation but has a
singularity at x=0); for practical purposes, however, this expression
is rather useless since, even at so large a value as x=100, is still differs
about 40%; from ¢,(x). On the other hand, ¢, should show a much steeper
decrease at large x, something certainly of an exponential type. The
error of the Thomas-Fermi approximation, as of any statistical model,
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rapidly increases with small particle numbers, and since the latter
decrease below every limit at large distances the method cannot be
expected to hold there any longer, whatever good results it may give
for the inner parts of the atom.

To obtain other solutions, not too far removed from the standard
one, we write

@(x) = @o(x)+kno(x) (172.13)
and linearize in the small deviation k#,. From (172.10) we then find
1o 3 (@, :
==\ . 172.14
x> 2\x) ( )

In order to satisfy the boundary condition (172.11), we have #,(0)=0.
We further standardize 5, by choosing 7,(0)=1, satisfying the bound-
ary conditions (172.12) by a suitable choice of the parameter k to be
gathered from any one of the following relations:

®o(X)
= e (172.152)
1 1 ) .
= (ﬁ + "’°(X)>’ (172.15b)
k=001~ 9o0) (172.15¢)

Eq. (172.15a) permits a simple relation to be found between k and the
ionic radius X. The function #54(x) and its derivative #y(x) are shown
on the table.

x ®o() —@o(x) Mo () 1o(x)

0.00 1.0000 1.5881 0.0000 1.0000
0.02 0.9720 1.3093 0.0200 1.0028
0.04 0.9470 1.1991 0.0401 1.0079
0.06 0.9238 1.1177 0.0604 1.0144
0.08 0.9022 1.0516 0.0807 1.0220
0.10 0.8817 0.9954 0.1012 1.0306
0.2 0.7931 0.7942 0.2069 1.0846
0.3 0.7206 0.6618 0.3186 1.1528
04 0.6595 0.5646 0.4378 12321
0.5 0.6070 0.4894 0.5654 1.3210
0.6 0.5612 0.4292 0.7023 1.4187
0.7 0.5208 0.3798 0.8494 1.5246
0.8 0.4849 0.3386 1.0075 1.6384
0.9 0.4529 0.3038 1.1773 1.7599

1.0 0.4240 0.2740 1.3597 1.8890
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x ?o(x) —®o(x) 1o(x) Mo(x)
12 0.3742 0.2259 1.7650 2.1696
14 0.3329 0.1890 2.2296 2.4805
1.6 0.2981 0.1601 2.7593 2.8222
18 0.2685 0.1370 3.3605 3.1954
20 0.2430 0.1182 4.0396 3.6012
22 0.2210 0.1028 4.8032 4.0406
24 0.2017 0.0900 5.6582 4.5149
26 0.1848 0.0793 6.6116 5.0253
28 0.1699 0.0702 7.6708 5.5730
30 0.1566 0.0625 8.8434 6.1594
32 0.1448 0.0558 10.137 6.7858
34 0.1343 0.0501 11.561 7.4538
3.6 0.1247 0.0451 13.122 8.1646
3.8 0.1162 0.0408 14.829 8.9198
4.0 0.1084 0.0369 16.693 9.7208
4.5 0.0919 0.0293 22.09 11.93
5.0 0.0788 0.0236 28.68 14.47
55 0.0682 0.0192 36.62 17.34
6.0 0.0594 0.0159 46.08 20.59
6.5 0.0522 0.0132 57.27 2423
7.0 0.0461 0.0111 70.39 28.30
1.5 0.0410 0.0095 85.64 3281
8.0 0.0366 0.0081 103.27 37.80
8.5 0.0328 0.0070 123.52 43.29
9.0 0.0296 0.0060 146.66 49.32
9.5 0.0268 0.0053 172.94 5592
10.0 0.0243 0.0046 202.67 63.11

Problem 173. Amaldi correction for a neutral atom

In the Poisson equation underlying the Thomas-Fermi model, it would
be more correct to introduce the charge density of all but one of the
electrons on the right-hand side, because the equation serves to determine
the potential field in which one of the electrons moves. This correction
leads to an alteration of the Thomas-Fermi model to be investigated
for a neutral atom.

Solution. Instead of (172.1) we now write
Z—1
VA

Vip=4rne-

n(r) (173.1)

where @ is the potential field originated by Z—1 electrons, acting on
the Z’th one. This simple correction makes no difference as to which
of the electrons is to be taken to be the probe, a neglect corresponding
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to a nicety to the statistical picture. The boundary condition for small r
is determined by the nucleus and therefore remains unchanged:

Ze
®(r)=— for r—0, (173.2)
r
whereas at the atomic surface we now have
®(R) = < ; dqj) ¢ (173.3)
"R’ \dr)x R? ‘

for a neutral atom, because there remains a surplus charge e of the
nucleus not screened away by the other Z—1 electrons, thus still
acting on the one considered.

The other fundamental equation originating from quantum sta-
tistics remains unaltered, so that we still have

1

n(r) = —— 2me[®()— B(R)]}F. (173.4)
3n2h°
Eliminating n(r) from (173.1) and (173.4) and using again
¥
= —[&(r)—P(R)], 173.
¢ = [2()-2(R)] (173.5)
the same universal differential equation
&~ 3
ce_¢ (173.6)
dx l/;c
will be obtained if only the variable x=r/d is now defined by
1\-3
i=all——= 173.7
a a( Z) ( )

with a the characteristic length of Eq. (172.9).

Since d>a this at first sight gives the impression that the atom
has been made larger by the correction, in contrast to the physical
meaning of the correction in the Poisson equation that lowers the
electron-electron repulsive interaction, thus leading to a stronger bond
and smaller atom. This discrepancy is, however, resolved by the altera-
tion in the boundary condition. Eq. (173.3), expressed in terms of the
function ¢(x), makes the boundary conditions of the atomic surface
become

¢(X)=0 and X¢'(X)=— % (173.8)
These conditions can no longer be satisfied except by a finite radius,
thus more than compensating for the stretching effect of a.
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Problem 174. Energy of a Thomas-Fermi atom

The total energy content of a neutral Thomas-Fermi atom shall be
calculated. A differential equation for the electron density n(r), resp.
for the electrostatic potential @(r) is to be derived by a variational
procedure minimizing the energy.

Solution. There are three contributions to the total energy of the
atom, viz. the kinetic energy of the electrons, the potential energy E.,
of their interaction with the nucleus of charge Ze, and the potential
energy E2) of their mutual interaction.

The kinetic energy follows from the basic considerations of Problem
167. If n(r) is the density of electrons at some place at a distance r
from the nucleus, then the average kinetic energy of an electron at
this place is

- PR 3n? 2
E=3{=xn% with x = —(372)5. (174.1)
10m

The total kinetic energy of the electrons then becomes

Eyin={dtn(r)E(r)
or

Ego=2x[dtn’. (174.2)
The two parts of potential energy follow from electrostatics,
dt
EQ) = —Ze? J-r— n(r) (174.3)
and
1 A
E2) = — ¢ [ J drar "™ (174.4)
2 lr—r'|

The total energy, i.e. the sum of (174.2), (174.3), and (174.4),

s Zé? 1 !
E = Jdt {an - —~e—n + ——eZant’ n(r) } = jd‘t?} (174.5)

r 2 lr—v|

must be minimized by a suitable choice of n(r) with the constraint
{din(n=2, (174.6)

the latter integral being the total number of electrons. This is a varia-
tional problem to be solved by

S fdr(n+An)=0 (174.7)
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with a multiplicator A. Putting Eq. (174.5) into (174.7) we find
5 s Zé g
Jd‘cén(r) {Exﬂ _2 e jdr’ "), 1} —0. (1748)
r

lr—r'|

Here, in the last term, use has been made of the fact that variation of
n(r) as well as of n(r) in the double integral twice leads to the same
result. The extremal value of E will be obtained if the curly bracket in
(174.8) vanishes.

Since for an atom n only depends upon r, not upon direction, the
third term in the curly bracket can by expansion into spherical harmonics
be written

r @

/ 4
Jd‘c’ nr) _4n Jdr’ r*n(r)+4n Jdr’ r'n(r').
0

r=r|
r

The variational result from (174.8) therefore becomes

r [£2)

Jdr’ r2n(r)+4mne? Jdr’ ra(r)+A=0.

0 r

5 , Zeé* 4mné?
—xn* — — +
3 r

By differentiation with respect to r, A can be eliminated,
r
10 dn Ze* 4neé?
—xn ¥ - — —— | dr'r?n(r)=0,
¥

9 dr r?
0

the contributions from differentiating the integrals with respect to their
limits cancelling each other out. Multiplying by #* and again differen-
tiating removes the integral and leaves us with the differential equation

10 d
—x—(rzn’3 —> =4ne’r’n. (174.9)

It is advantageous to pass over from n(r) to the electrostatic poten-
tial &(r), as introduced in Problem 172, according to

1 (2med\?

which satisfies the Poisson equation V2®=4men. With the further
abbreviation

8 me?
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we then find
V2o=Co?, (174.12)

an equation which, with
1 &
Vp=— —(rd
r dr? r )

has already been derived in Problem 172.

The relations (174.10) and (174.11) enable the fractional powers of n
to be eliminated in the energy expressions (174.2), (174.3), (174.4) by
putting

1 C .,
either n = —V?® or n = — &2, (174.13)
4me 4me
We thus obtain
3
Epp = —— jdt¢V2¢; (174.142)
20m
O Ze Vg
EQ) = — — |dv—; (174.14b)
47 r
1 V2o Vigp
E® — drdr, ——. 174.14
™ ne ” R (s

These integrals can be considerably simplified by making use of the
central symmetry and by introducing instead of @(r) the function

o) = — &(). (174.15)
Ze
We then have,
z
V2o = 28 4 ()
r

and from (174.14a),

Ekin =

W] W

Ze Ze , 3 , <.,
Jdrrz'——q)'—(p’ =—Zze2{—(<p<p)r=o—5dr<p2}-
r r 5 0

0

(174.162)
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In the same way we find from (174.14b),

Ze | dt Z
EN=— 22| 28 o 72202 ¢(0). (174.16b)
dn) r r
In order to evaluate the integral (174.14c), we begin with the inner
integral,

r o0

1 Vie 1

I(r)=—Jdr1 ! (r1)=__ dr,riVi®o + |drir, Vio
4n [r—ry] 1

0

r

[co]

Ze Ze
= Tjdrl ri@'(r))+Ze jd’lq’"(ﬁ) = o {lp—r@)-0—0)}.
0

r

Then, (174.14¢) leads to
1 1 1
EZ = = |del()Vo == Ze Jdrr2 1() %
0
1 oo}
= Ezzez {jdr(p’2+[r(p’2],=o}. (174.16¢)
0
It is convenient to use instead of r the dimensionless variable
r 9n2 \¥ n?
== a=|—2] — 174.17
=2 ¢ <1zsz> me? (174.17)

defined in Problem 172. Since, for small r or x, we have
PX)=1—px+-,
we may, in Egs. (174.16 a—c), put

d do\’
—(@@)-0=na; (d—(f>r=0=‘“/“; [’(’éi%) Lozo

so that finally there remain the expressions

N

3 Z%¢?
Eyin = g (u—J);
a
Z%e?
EL{,{ = — U; ’ (174.18)
1 Z?e?
E(pZO)t B E a I J
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with

2]

J= f dx (59)2. (174.19)
dx
0

Here, the integral J and the derivative u are independent of Z since
they depend only upon properties of the universal function ¢(x). Their
numerical values can be determined from ¢(x), Problem 172:

p=—¢'(0)=1588 J=0454. (174.20)
The total energy of the atom, i.e. the sum of the three expressions (174.18),
Z%e? (2 1 Z%e?
E=— —p+—J)=-0,680 , (174.21)
a \5 10 a

then becomes proportional to Z3 because aoc Z~$. Numerically,

=—0,7687 Z5Ry = —20,93 Z3eV. (174.22)

Problem 175. Virial theorem for the Thomas-Fermi atom

To prove the virial theorem for a neutral Thomas-Fermi atom, follow-
ing the procedure of Problem 151. What relation follows between u
and J of Eq. (174.20) from the virial theorem, and what can be con-
cluded on the ratios of the three parts of energy?

Solution. By scale transformation we replace n(r) by the set of

functions
n,(N=A13n(Ar)

all satisfying the normalization condition
fden,(n=2.
The energy expressions (174.2), (174.3), and (174.4) then transform as

Ein()=4"Eyin;  Epq(D=AEy;  ER()=AEQ,

thus yielding
E()=4?Eyin+1E

which leads through J0E(A1)/0A=0 for A=1 as in Problem 151 to the
virial theorem

2E,,+E,, =0. (175.1)

pot
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If the three energy expressions (174.18) are put into this relation,
we arrive at
u=2J (175.2)

which is corroborated by the numerical values (174.20). The energy
expressions (174.18) then may all be written in terms of J only, with
the result

Eua=3U; EXN=-7U; EZ&=+3U (175.3)
and
ZZ 2
v=2%y. (175.4)
a

The total energy thus becomes the sum
=-3U (175.5)

which again leads to the numerical results given at the end of the
preceding problem. A comparison of (175.5) with the kinetic energy
(175.3) corroborates the virial theorem.

Problem 176. Tietz approximation of a Thomas-Fermi field
The function .

T (176.1)

P(x) =

with a suitable value of o, independent of Z, may be used as a fair ap-
proximation to the Thomas-Fermi function ¢,(x) for a neutral atom.
The constant a shall be determined in such a way as to permit exact
normalization of @, and a numerical comparison shall be made of @
and ¢,.

Solution. In Problem 172 it has been shown that the electron density
n(r) and the atomic potential

VA4
V(in=— " @o(r) (176.2)
(in atomic units) are coupled by the relation

1 3
n(r) = 32 (=2V). (176.3)

The normalization condition,

4n [drr*n(r)=Z, (176.4)
0
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therefore may be written
4 3, 1 3
—QZy [drrigi=Z. (176.5)
3n b
This equation is satisfied exactly by the Fermi function ¢q(x) with

x=rla; a=088534Z7%. (176.6)

We now replace @, by the approximate function @, Eq. (176.1), but
still keep this normalization. Introduction of the integration variable

o
y=ox = —r then leads to
a

VV_(“)TI V. (176.7)

1+y?

The integral can be solved by the substitution of u=y?; one easily

verifies
d 2 1 21
J‘yl/;3=2j‘du2u—3=—|:¥—22+tan'lu];
(1+y) w*+1) 4{@*+1)

in the limits 0<y<oo therefore, the integral becomes n/8 and Eqg.
(176.7) yields

2Z\5 .
o= 5 a=0.60570Z3a, (176.8)
or with Eq. (176.6),
a=0.53625. (176.9)

In the accompanying table, the functions ¢, and @ have been compared,
using this value of a.

x 2 Po P?—Po

0 1 1 0

0.1 0.9008 0.8817 +0.0191
0.2 0.8156 0.7931 +0.0225
0.5 0.6219 0.6070 +0.0149
1.0 0.4237 0.4240 —0.0003
2.0 0.2328 0.2430 —0.0102
50 0.0738 0.0788 —0.0050

10.0 0.0247 0.0243 +0.0004
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Literature. Tietz, T.: J. Chem. Physics 25, 787 (1956); Z. Naturforsch. 23a, 191
(1968).—In Tietz’s original papers a factor 0.64309 has been used instead of our
normalizing factor 0.60570 in Eq. (176.8). Tietz’s approximation therefore does
not satisfy normalization. His deviations § —¢,, however, are somewhat smaller
in the most significant region 0<x<0.5, but are much bigger for x> 1.

Problem 177. Variational approximation of Thomas-Fermi field

To use a set of Tietz functions
Px)=—— (177.1)

as trial functions with the Ritz parameter « for the approximate solution
of a variational problem equivalent to the Thomas-Fermi differential
equation.

Solution. The differential equation
o' =x"1¢p? (177.2)
may be replaced by the variational problem, to make the integral
J=[dxG@?+2x"tob) (177.3)
0

an extremum with fixed boundary conditions ¢(0)=1 and ¢(c0)=0.
Putting the trial function (177.1) satisfying the boundary conditions in
the integral (177.3) we have

] jd { 202 N 2 1 }
= ldx{——— 4+ x 7T —— 7.
14+ax)® 5 (1+ax)’
0

For the evaluation of the integral we set ax=1¢2? in the second term;
then we may use the formula

N

dt

j(1+t2)5
1( 7 ¢ 3 ¢ 35 1 35
=§{(1+t2)4+€ Gxop T arer "6 12 T 6™ t}

which can easily be verified. We find
J=3a+35a7Y). (177.4)
The extremum condition dJ/do=0 leads to

a=(2%)¥=0570. (177.5)
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This value of o deviates only slightly from «=0.536 which is found to
satisfy the normalization condition

fdx)/xpi=1 (177.6)
0

of the preceding problem; with the present value of « it yields

32

35°

i.e. the approximate field minimizing the integral J corresponds to 32Z
electrons instead of to Z in the atom.

o

Njw

'TL’
8_

Problem 178. Screening of K electrons

To determine the screening correction to the binding energy of a K
electron by using the Tietz approximation to the Thomas-Fermi model.

Solution. Suppose one of the two K electrons and one unit of the
nuclear charge to be removed from the atom of charge Z. The result will
be a neutral atom of charge Z— 1. Then, add again the removed nuclear
charge but neglect its influence upon the Z—1 remaining electrons.
The result (in atomic units) is a charge distribution with the electrostatic
potential

1 Z-1

with @(x) the Thomas-Fermi function to the variable

. 4=088534(Z—1)"%. (1782)

X =—
a

The potential energy of an electron (charge — 1) moving in this potential
would be

V()= —o(r); (178.3)
this therefore is the potential energy field in which the removed K
electron would move if replaced into the atom.

Let us now apply perturbation theory. Without screening we should
have

Z
Vo(r)=——;
r
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with screening we have
1 Z-1 Z—1
V()= - —+ —r—¢(X)= Volr) + - [1-e(x]. (1784)

The eigenvalue E, and eigenfunction uy(r) of the K electron without
screening are

e . (178.5)

The first-order energy shift due to screening then becomes

zZ—-1
r

AE = Jdrug (1—@)u,

or, after inserting u,,
AE=4Z3*Z—-1)[drre % [1—¢(x)]. (178.6)
0

We now are prepared to introduce the Tietz approximation (Prob-
lem 176),

o(x) 0=0.53625 (178.7)

1
T (T +ax)?’
To evaluate the integral (178.6) we then use the auxiliary variable

t=p(1+ax) (178.8)
with

=272 = 3302z(z-1)"} (178.9)
o

thus obtaining
T g R
AE=Z(Z—-1)¢f Jdte“ (t—ﬁ - —+ —) . (178.10)
]
The exponential integral occurring here

[+ o)

E.(p) = ?e", (178.11)

B
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is a well-known function whose asymptotic behaviour at large values
of B is described by the semiconvergent series

e” 12t 3!
E (ﬁ)=-——{1——+———i~}. (178.12)

' B BB P
The integral over the last term in (178.10) may be reduced to this
function,

[e2]

d -B
E,(B) = §W=%uwmy (178.13)
B
Thus we find
AE,=Z(Z—1){1+ B> —B*(1 + B)S E,(B)}, (178.14)

or by expansion, according to (178.12), for f>1, the semiconvergent

series
4 9/2 24 150 )
AE=Z(Z-1)=-|1 ——+ — — — +-]. 178.15
s=Z( )ﬂ(l ﬂ+ﬂ2 ﬂsi (178.15)
Turning now to the numerical evaluation of the energy shift 4E_,
we find f from (178.9) indeed to be large (cf. table next page) so that
(178.15) is a reasonable approximation. In the column marked (1 —---) in
the table the values of the bracket in (178.15) are reproduced; the series
converges rapidly. The energy shifts, 4E_, lie between 269, and 129
of |Ey| if Z varies from 20 to 80. They are therefore corrections only
which, however, are not so very small that a second-order perturbation
calculation would not change them by several per cent. On the other
hand, the Thomas-Fermi model used is too rough to make such a
change in the values physically significant.
In x-ray spectroscopy it is customary to describe the energy shift by
a screening constant s defined by

E=—1Z2 4+ AE,= —1(Z-5)%; (178.16)
this definition renders

AE
=Z|1—-1|/1-— 5. 178.17
s ( L Im) (178.17)

The screening constants given in the table are computed according to
this formula. Since AE;<%|E,|, we may roughly expand the radical
in (178.17) and write

AE, AE
2|1E,|  Z

s
2

S~
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which is about proportional to Z3. If we try a rough formula of this
type,
s=023,

we obtain the following pairs of values:

Z=20 50 80
o= 103 1.12 1.15

VA B (1 ) AdE; |Eol s AE, COLT.
20 24.75 0.847 522 200 281

30 32.25 0.880 95.2 450 3.36

40 38.96 0.897 144.3 800 3.79 - 171 335
50 45.12 0.910 198.0 1250 4.13 — 41.7 3.26
60 50.90 0.921 2573 1800 442 — 86.3 2.94
70 56.35 0.927 318.6 2450 4.71 —160 2.34
80 61.56 0.932 384.0 3200 4.96 —273 1.62

It is, however, useless to go into such detail. One glance at the ex-
perimental values shows that our s values are rather good up to about
Z =50 but that, instead of the predicted slow rise of s with increasing Z
beyond this value, the s values do not exceed a maximum of 3.7 and then,
first slowly and above Z=70 rapidly, begin to fall again. Such a dis-
crepancy at high values of Z clearly must be explained as a relativistic
effect. This is, in essence, if only in a rough way, shown in the last two
columns of the table. According to relativistic quantum mechanics (cf.
Problem 203) the unperturbed K electron energy is lowered by the

amount
1 2 Z \?
AE,=——=2°|—) ;
8 137

these shifts have to be added to the 4 E; screening shifts before calcu-
lating screening constants as given in the last column. Since

AE=AE +AE,

becomes, for large values of Z, increasingly smaller than the original
AE,, the deviations from the unscreened nuclear field, i.e. the corrected
s values, will also become increasingly smaller. This is corroborated by
experiment. In a strict sense, of course, relativistic corrections should
not be applied only to E, but to 4E, as well. The results may there-
fore still be a little rough, but scarcely more so than corresponds to the
general application of the Thomas-Fermi field which neglects all special
shell structure effects.



V. Non-Stationary Problems

Problem 179. Two-level system with time-independent perturbation

Given an atomic system with only two stationary states |1) and |2)
and energies hw, <hw,. At the time ¢=0, the system being in its
ground state, a perturbation W not depending upon time is switched
on. The probability shall be calculated of finding the system in either
state at the time ¢.

Solution. Let H be the hamiltonian of the unperturbed system with
H|1)=hw|1); HR2)=hw,|2) (179.1)

defining its two stationary states. Then, the Schrodinger equation with
perturbation,

ho.
- 7://=(H+ Wy, (179.2)
is to be solved in terms of the stationary functions:

Y(0)=c, (e 1) +c, () e i o|2). (179.3)

It must be possible thus to construct the exact solution, because |1)
and 2> form a complete orthonormal set so that (179.3) is just the
expansion of Y with respect to this set with time-dependent coefficients.
The latter have to be determined with initial conditions

c,(0)=1; ¢,(00=0. (179.4)

If we put (179.3) into (179.2) and multiply® by either (1| or 2|, we
find two differential equations of the first order for the coefficients:

! “Multiplication” here means the formation of scalar products in Hilbert
space, i.e. matrix elements between a pair of states.
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h . . .
— &I (AW e (L W e eI,

h (179.5)
- 7é2 e it = QIW|1)c e I+ 2l W|2) ¢, e i,

Let us briefly write
UWivy=Ww,,

then, in consequence of the hermiticity of the operator W, the diagonal
matrix elements W, , and W,, are real, whereas the complex off-diagonal
elements are conjugate:

W= W3
Using the abbreviation
Wo =Wy — W, (179-6)

so that hw, is the energy difference between the two levels, Egs. (179.5)
may be written

hic, =W, c,+ W, e ®"¢c,,
oo e 2 (179.7)
hic, =Wy, e c;+Wy,c,.
Apparently it is possible to solve these equations by
¢, =Ae i ¢, =Be o wt (179.8)

This can immediately be seen when (179.8) is put into (179.7) leading
to the linear equations

(Wi —hw)A+ W, B=0,
W12A+(W22—hw+th)B=0

The determinant of these two equations vanishes for the two frequencies

|14 1
Oy = “f + “2'?i0 (179.9)
with
hy= Wy, — W +ha,
179.10
ho = /3y’ +1Wp,l*. ( )
Further, we obtain
hog—W,
By = -MALH- (179.11)
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Thence,
¢1(f) = Aje ™' + Apeion;

1 . ) .
(D)= W_euwot {(hooy— Wy ) Ae ™ + (hoog — Wy ) Aye .
21

The initial conditions (179.4) permit evaluation of the constants A4; and
Ay . After a straightforward computation, we then arrive at the result:

W 1
cl(t)=exp|:—i My t]{cosat+i—y—sinat}; (179.12a)
h 2 20

W, w,, 1
cr()=—i—2exp| —i| —X + —y—wq t]sinat. (179.12b)
ho h 2

The probability, then, of finding the system in the excited state will be

Wil .
eato = 1 i
g

or, using (179.10),

4|W12|2 :
)? = —————sin%ot. 179.13
O = G v 1

The probability of finding it in the original ground state again, on
the other hand, becomes

2
le;()>=cos?at + (—Z—> sin®ct
20 :
or
4|W12|2
(hy)* + 4|y,

Note that the sum of (179.13) and (179.14) will be 1. The system is
oscillating between the two levels with a time period =/o.

le,()>=1 — sin%at. (179.14)

Problem 180. Periodic perturbation of a two-level system

Given the same two-level system as in the preceding problem. At the
time ¢=0, however, let a periodic perturbation Wcoswt be switched
on (e.g. a light wave) with its frequency w almost corresponding to
the energy difference hwy=h(w,—w,) of the two levels. Again the
probability of finding the system in either state after switching off the
perturbation at the time ¢ shall be found.
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Solution. The Schrodinger equation

- %¢= [H+Wcoswt]y (180.1)
is to be solved by the function
Y()=c; () e~ 1) +cy() e ¥|2) (180.2)
with the initial condition
Y(0)=1, or ¢(0)=1; ¢,(0)=0. (180.3)
Here, |1) and [2) are solutions of the stationary state equations
H|1>=hw|1); H_2)=hw,|2), (180.4)

and |1) and |2) may be supposed to be orthonormal. By putting (180.2)
into (180.1) and by scalar multiplication of the result with either <1]
or (2|, we arrive at two differential equations for ¢,(f) and c,(¢), viz.

h ) ) .
— —i-(l'l e““’":cosa)t{<1| W|l)c, et L (1| WI2D cze“”"z‘};

" (180.5)
— =t % =coswt {2 W|1)c e + 2| W|2) e @'}
i
Let us here introduce the above abbreviation
wo == (Dz - wl
and write
w—wy=A4w; (180.6)
then it is to be supposed that
[dw| <. (180.7)

Eq. (180.5) thus becomes

1 . . . .
=0 {UWI (" +e7 ) ey + (AW 2) (4" +eT @ F @) ¢, }

1 . . , .
ié, = 7 {QIW 1) (@t o e 4o e, + QW) (e +e7 N e, ).

Here we meet a very pronounced distinction between high-frequency
terms with frequencies of the orders w and 2w, and low-frequency
terms with Adw. Averaging over a time interval 27/, all high-frequency
contributions will cancel. So, if we replace ¢, and ¢, by

t+t

1
) = - Jdt’cﬂ(t’) with t=7/w,
T

t—1
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these averages satisfy the much simpler equations

, 1 )
iC, = 2—h<1|W|2> et C,;

X (180.8)
iC, = T QW|1ye et C,

where the slowly varying factors exp(+idwt) on the right-hand side
are treated as constants in averaging.

The differential equations (180.8) permit exact solution by differ-
entiation of either, and elimination of the other variable and its first
derivative by using the original equations (180.8). We thus arrive at

C,—idoC,+1Q%*C,=0;
i etitat o (180.9)
C2+1ACUC2+ZQ Cz=0
with
1 1
Q% = ;13<1|W|2> QWY = P QIW|L))2. (180.10)
Use of the abbreviation
R=)Q*+(dw)? (180.11)

leads to the following solutions satisfying the initial conditions (180.3):

C i%"-’t Rt—{-A . Rt
=€ Ccos — sin—¢;
! 2 2

—iAT“’t . Rt
Bsin —.
2
The remaining two integration constants 4 and B can be computed
by putting (180.12) into the first-order equations (180.8). The result is
Adw QWi
A=—-i—; B=—-i—-—>.
"R "R
The probability of finding the system, at the time ¢, in the excited
state is now

(180.12)
C2=e

(180.13)

C,|* = ———— sin? Rt 180.14
|C, = Fildar sin® — (180.14)
and that of finding it in its ground state again is
Rt dw)* . Rt
|Cy|*=cos® — + L) sin® —. (180.15)

2 r(dep 2



140 Non-Stationary Problems

According to (180.14), the excitation is a typical resonance process, its
probability rapidly decreasing with increasing values of |4w|. Needless
to say, this holds only as long as condition (180.7) remains satisfied.
The process is periodically repeated with the frequency R determined
by Eq. (180.11), i.e. mainly by the value of the matrix element, so that

after a time interval

2nn
tn = T, n= 1,2, 3, (18016)

the system will be found in the ground state again. If the periodic
perturbation is performed, e.g. by a light wave switched on at time
t=0 and switched off again at z=1¢,, no resultant change will have
affected the system.

Application. Let the hamiltonian H describe the Zeeman effect in a one-electron
S state produced by a magnetic field 5#, in z direction. Then % (w, —w,) is the
level splitting between the two spin orientations, i.e. wo=2u#/h (with |2) the
upper, |1) the lower state). Let now the perturbation consist of a periodic magnetic
field, #’ coswt, so that

W= —ule-H#')coswt, u= —i.

If the field # is parallel to #,, the matrix element {(1|W|2) vanishes; the states
|1> and |2) are then independently perturbed and no transitions are induced.
If, on the other hand, 5#" is chosen perpendicular to 5#,, say in x direction, the
diagonal matrix elements of W vanish and we find exactly the case described
above with

AW =Q2W|1) = —pt".

Resonance will occur in this device if w~w,, as before, and the system will
alternate between its two magnetic states. This is the simplest case of paramagnetic
resonance.

Problem 181. Dirac perturbation method

Let an atomic system have the non-degenerate stationary states i,.
Let it be in its ground state y, at time ¢=0 and then a perturbation
be switched on (depending upon, or independent of, time) inducing
transitions to other states y,. The probability shall be determined of
finding the system, after switching off the perturbation at time ¢, in a
state y,, supposing the perturbation to be small.

Solution. Let the unperturbed states satisfy the Schrodinger equation

ho. .
- TIPk:Hlpk With l//k=|k>e_lwkt; Ek=h0)k (181.1)

and
kY = 6y. (181.2)
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After switching on the perturbation W, we have the differential equation
h .
———l_—1//=(H+ W)y (181.3)

with a wave function yy which may be expanded into a series

¥ =Y a0 (181.4)
k
In consequence of (181.2), it then follows from (181.4) that?
Yla@P=1. (181.5)
k

Each |g,|? then is the probability of finding the system in the state y,
at the time ¢.

Introducing the sum (181.4) into the differential equation (181.3)
we find

h
-7 ;(ak-iwkak)'//k = ;(hwk"' W)a

or, forming the scalar product in Hilbert space with (/| and making
use of (181.2),

b=~ Sei Wk . (1816)
k

In this equation, so far, nothing has yet been neglected. It corresponds
to the fact that the time rate of any state |/> depends upon all states
of the system combining with |/ under the action of the perturbation.
This, of course, is a consequence of (181.5): If one of the coefficients,
a,, is changed, the other coefficients are bound to change as well in
order to keep the sum (181.5) constant. (Cf. Problem 179 for a system
with two states only.)

If the perturbation is small, we may in first approximation insert
on the right-hand side of (181.6) the initial values

@ (0)= ;- (181.7)
Then, the set of equations (181.6) becomes, for /#0,

4= _%e-iwo*wﬂ'(nwmy (181.8)

2 If a continuous part of the spectrum exists besides the discontinuous part,
it can, by the use of a periodicity volume, be transformed into a formally dis-
continuous spectrum and thus be included into the sums (181.4) and (181.5)
without further mathematical difficulties.
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(This is a much more specialized behaviour than that of Problem 179,
because it neglects backward transitions from |I) to |0) and the like.)
Integration of (181.8) yields

t
J‘dt(ll W|0) e~ it@o—wnt (181.9)

0

i
a()=——
1(2) P
The integral, of course, depends very much on how the perturbation

W, and thus its matrix element, depend upon time.
Our approximation is valid only if

[KIW10)|¢/h<1, (181.10)

so that the coefficient g,(f) remains small throughout. Since it follows
from (181.10) that

A(w, — w,)

and the excitation energy in the numerator is usually much larger than
the matrix element in the denominator, the exponent in (181.8) or
(181.9) may still be quite large so that there occur periodic oscillations
of a,(f) which do not quite agree with the basic idea underlying our
first-order perturbation approximation. However, in the following
problems we shall show how to eliminate this difficulty.

Problem 182. Periodic perturbation: Resonance

Let the atomic system of the preceding problem be perturbed by a
periodic field

W(t)=We o 4wt (182.1)

Discuss resonance absorption and the effect of a finite frequency width
of the irradiated field upon the transitions.

Solution. If (182.1) is put into the general first-order perturbation
formula (182.9) and the integration is performed, we get

l’ ei(wz —wo— o)t _ 1 ei(wz— wo+ o)t _ 1
a(t) = —g{<ll”///|0>——————— +w0) }

i(w;— wy—w) i(w; — wo + )
(182.2)
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The excitation energy, E., = h(w,—w,) being positive, the first term
has resonance if hw=E,, whereas the second term never shows re-
sonance. Thus, if Bohr’s frequency condition

(D=a),—a)0 (182.3)
holds, the system can absorb energy from the alternating field applied:
4KN#10))? _ sin? 1 (w, — wo — w) ¢

2
lal(t)l - hz (001 —wg _w)z

(182.4)

sin?x
X2

-29T =14 0] T 21

Fig. 70. The natural line shape sin? x/x>

This formula should still be corrected for the finite frequency width
of the irradiated field. Let p(w)dw be its intensity between w and
w+dw, then we have

n? 4w, — wo— w)t
7 (w0, — 0o — w)?

lay (1) =fdw p()- 41w &

or, with

(182.5)

Ho—(0;,—wo)]t=x
as integration variable,
2 . sin?x
x2

W
A =-10>

&) = 2tJ‘dxp (0, — @y +2x/t)

Here, the last factor, sin®?x/x?, has a pronounced maximum at x=0
whence it decreases rapidly on both sides (Fig. 70) so that |x| <= brings
the main contribution to the integral

a2
sin®x
de = 7.

x2
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Within this range of x values we have |2x/t|<2n/t or, since condition
(181.10) of the preceding problem must hold, i.e. since

h
[<l#7105| < e

and since this matrix element will usually be very small compared
with the excitation energy, we find that the argument of p may be
replaced simply by @, —wq. A similar argument obtains for the matrix
element which too may be treated as a constant, independent of x,
so that we arrive at

2

W
lay (1)) = 2t 1| - 10> | plwr,— o). (182.6)

The probability of finding the system in any state |[/) thus increases in
proportion to the time. Therefore we may reasonably define a transition
probability

1
b=- lay(2) (182.7)
independent of time which becomes
W 2
P=2n|KI| - 10> plw,—wo)- (182.8)

NB. The last result shows a close similarity to the Golden Rule to be discussed
in Problem 183. It should, however, be borne in mind that the Golden Rule de-
scribes summation over close-lying final states, whereas we have introduced a
summation over a continuum of initial field properties. It has not been shown
here that this summation must necessarily be performed in the probabilities,
Eq. (182.5), and not in the amplitude formula (182.2).

Problem 183. Golden Rule for scattering

Let a beam of particles with initial momentum p;=hk; be elastically
scattered by a potential W(r) into states of final momentum p,=hk,
within the solid angle element d€;. The differential cross section da/dQ;
shall be derived by the Dirac perturbation method.

Solution. We may gather from (181.9) that, in the first Dirac ap-

proximation,
t

fdt(fl Wiy e i@ ant, (183.1)

0

i

a(t)=— n
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This may be integrated, if the matrix element is supposed not to depend
upon time, so that we arrive at the basic formula

4|<fIW i) sin? (; —wy)t
(o, — ;) 2

la,(2)* = (183.2)

Now both the initial and final states are lying in the continuous spec-
trum. Using a normalization volume V, the respective wave functions
are

liy=V-teikir;  (fl=V e i (183.3)

There are, even for finite volume ¥V, a great many final states in the
vicinity of {f| and, in the limit V— oo, there will be an infinite number
of them in an infinitesimal surrounding. To ask what is the probability
of one final state { f| with sharp k; thus becomes meaningless; we may
only ask with what probability a certain interval will be reached.

Let p,(E;)dE, levels be lying in the interval dE, at the final energy
E, with their momenta within the solid angle element d(;, then the
transition probability per unit time to this angular interval becomes

dT= % J dE, p,(E,)|a (1) (183.4)

This definition is reasonable only because this expression does not
depend on time and the integral goes over a very narrow energy region.
If now we introduce the variable

x=%(w;—w)t
and put E =hw, so that we get
2h
dE, = —dx
t
we find, according to (183.2) and (183.4),

2 in?
dT= Zfdxp,(.%:,)S‘fc——zx|<f| wiisP?

where the considerations of the preceding problem will again hold for
the integral, so that

2
dT= == p(E)|<SIWIiDP (183.5)
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since integration over an extremely large interval in x about x=0 corre-
sponds to a very narrow one only in energy about the resonance energy
E,=E,;. The differential notation, dT, is appropriate because of the
infinitesimal interval dQ; still contained in p, (which itself might
perhaps better be written dp;). Eq. (183.5) is called the Golden Rule.

This transition probability still depends in an obvious way upon the
normalization volume V and the initial velocity v,=hk;/m of the
particles hitting the obstacle,

dT= Enga, (183.6)

where do is independent of V and therefore a quantity of physical signif-
icance. It has the dimension of cm? and is identical with the differential
cross section thus to be found from the Golden Rule expression (183.5):

' 2
do =7 ppB) | <TIWIDP. (183)
Vo

Here we still have to evaluate the final state density p, and the
matrix element.

The final state density may be derived from the fact that one state
(if the particles have no spin) falls in an element d3p of momentum
space of the amount (2n#)®/V. Therefore, in an arbitrary element d°p
there will lie

&EpV
83 k3
states. With
P p=p*dpdQ=mpdEdQ

we have
mp,dE dQ,V
E =—"— " 183.8
prdE; PPPE ( )
so that
do mV \* k,
_— = £ wW|id|>dQ 1839
i, <2nh2> ki|<f| |i|>dQ, ( )

where we may omit the factor k;/k;=1 for elastic scattering.
The matrix element, for a potential W(r) of central symmetry,
formed with the plane waves (183.3) runs

SIWNiy = %J‘dz’xe‘“"' w(r) (183.10)
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with K=k;—k; the momentum transfer vector (in units of #). The
integration over the polar angles leads to

[e9]

4 in K
IS = —’ffdrrz wir ot (183.11)

|4 Kr

0
so that finally we arrive at the cross section formula
© 2
do 2m sinKr

— = |— |drr*w , 183.12
aQ, | f T, (183.12)

0o

i.e. the result of the first Born approximation (cf. Problem 105). This of
course, was only to be expected since we treated the scattering potential
as a perturbation already in our starting equation (183.1) and conse-
quently used plane waves to describe the initial and final states.

Problem 184. Born scattering in momentum space

To derive the differential scattering cross section in momentum space
by a time-dependent perturbation method in the first approximation.
Let the perturbation be switched on at t=0 and be constant there-
after.

Solution. According to Problem 14 the time-dependent Schrodinger
equation

h . h
——Y=——VX+ V()Y (184.1)
i 2m
corresponds to the integro-differential equation in momentum space,
ko, n?
— —f(k,t) = 2—k2f(k,t) + Jd%’ Wk—k)f(k',t) (184.2)
i m

with f(k,t) the Fourier transform of y(r,f) and W(k) of V(r) in the
normalization used in Problem 14. Eq. (184.2) may be somewhat simpli-
fied by writing f in the form

fk,ty=v(k,n)e”'*"; = —h—kz. (184.3)
2m
We then find
dv(k,?)
at

- _;; J PK Wk —K)e @ oI, 1). (184.4)
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To solve (184.4) in first approximation we replace v under the inte-
gral by the unperturbed function

volk,))=CQ2m)? 5(k —ky), (184.5)
i.e. by the Fourier transform of the plane wave
Yo(rnf)=Cetor, (184.6)
Eq. (184.4) then simply becomes
oolky _ _ 1 C2n) W(k — ko)ei@™ @0t
ot h
and yields the integral
v(k,f)= — —(2 ) Wik — ko)ia—,——ﬁ;——. (184.7)
V]

The probability of finding a particle of momentum k within d®k at the
time ¢ is then (cf. Problem 15)

Clr2n)? n?x
lo(k, )>dPk = I€ l( il ——— |W(k—k )|2t2 kzdde

with the abbreviation
x=Hw—wy)t.
This expression has still to be integrated over the energy resonance (cf.
Problem 183); since
2
kdk = == dx
ht

and
+ o

sin? x
dx =7,
2
x

— o

we find an expression linear in ¢, and the transition probability, defined
by

1
dT = ng ja’kk2 lo(k, #)|?, (184.8)
becomes

|ICI*2m)* mk

dT =
n

|W(k —ko)|*dQ. (184.9)
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The differential cross section is defined by putting

hk
dT=|C|vydo=|CP —= do; (184.10)
m
therefore
2 4 2
da=£—7£h)—|W(k ko)2dQ. (184.11)

This general formula may still be simplified for a central-force
potential V(r) which permits integration over the polar angles in its
Fourier transform:

@

sinKr
W(k—ky) = o jfxe kry(r) = 2 j drr? V(r) e (184.12)
with K=k —k, the momentum transfer (in units of #), i.e. with
.9
K=2kosm5 (184.13)

where 3 is the angle of deflection. Putting (184.12) into (184.11) we
finally arrive at the well-known result of Born,

© 2

do 2m sinKr

o\ Jdrr V(r)

0

(184.14)

NB. The transition from the momentum function f to v is, generally
speaking, the transition from Schrédinger to interaction representation
as v would no longer depend upon time if there were no interaction
W(k).—The cross section formula (184.14) has also been derived in
Problem 105.—It should further be noted that the Fourier transform
W(k—k,) is—except for a normalization factor—the matrix element
of the potential V(r) in ordinary space:

Q@) Wik—ko) = [d*K e~ " V(r)etkor = (k| V]ko) .

This permits e.g. to write the cross section formula (184.11) as well in
the form

2

do = \ k|V|koy> (184.15)

2nh?



150 Non-Stationary Problems
Problem 185. Coulomb excitation of an atom

Let an electron of velocity v pass an alkali atom at a distance b (“colli-
sion parameter”); let its velocity be large compared to the velocity of
the valence electron in the atom. Its Coulomb interaction with the
latter may originate an excitation, the cross section of which shall be
determined by a perturbation procedure.

Solution. The position of the atomic electron is shown in Fig. 71,
its position r relative to the atomic core having coordinates x, y, z, as
indicated. Its interaction with the electron passing at the point P is

2

e
V0 = 2 (185.1)
with
R =(vt—x)*+y*+(b—2)*. (185.2)

Fig. 71. Notations indicating position of the two interacting particles

Here any deflection or deceleration of the passing electron has been
neglected. Its classical treatment, of course, precludes effects of overlap
such as exchange phenomena. It is a reasonable approximation for a
wavelength small compared to the distance b and to the atomic dimen-
sions. Let us further assume the collision parameter b to be very large
compared to the atomic dimensions so that we may expand

1_—

tx+b
orx Z}. (185.2))

;{1 + ——s
Y (we)> + b2 (" +b

|
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The matrix element between the ground state (subscript: 0) and an
excited state (k) then becomes, in this approximation,

e
kIV(9|0) = W]—% {ve<k|x|0)+b<k|z|0)>}, (185.3)

the first (static) term in (185.2'), only contributing to the diagonal
elements {0|V|0> of elastic scattering.
If the unperturbed wave functions, | k), satisfy a Schrodinger equation

H|k)=hay|k>
the perturbed wave function may be written
Y=e"10) + Y'a (e k) (185.4)
k

with (cf. Problem 181)
t
a(t)= — % J dt e @<= (| V(£)|0). (185.5)

The probability of finding the atom in the excited state |k) after passage
of the colliding electron is then

Pe=la()?, (185.6)

and the excitation cross section of the state |k) is obtained by integra-
tion over the collision parameter:

=27 [ dbbla,(c0)|*. (185.7)
0

Thus the problem is reduced mainly to the calculation of a,(oc0) with
the matrix element (185.3):

+ o0
i(wk — wo)t

ak(oo)= - %ez J‘ dtm {Ut(klx|0>+b<k|2|0>}.

With the abbreviations

(@—wb v, (185.8)

b= v b
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this may be written

a(c0)=— —- <kl x10) st + <klz]0) st . (185.9)

The two integrals can be determined using the integral representation
of the modified Hankel function

o]

cosfs
Ids B - = BK,(B). (185.10)
) (1+s%)?
This integral may equally well be written
© © + o0
IJ' dse'fs N ljdse“”s 1 J‘ dse'fs
2/ 2] s 2 ) (4
so that
+ oo
J 8K (185.11)
ds——— = 2BK,(p). .
Jo(+sty '
The derivative with respect to § is
+ o0
a5 2 <2 L k= -2k, (851
i|ds s =2— =— . .
J e Tapt °

We therefore obtain
2

2
a(00)= = == {Cklx [0 (—BKo(B) +iCkIzI0XBK, (). (185.13)

If the atoms are not oriented, in the statistical average
CKIx10y = klz05 = 05 [CkIx[03P = [<KIzIOp]  (185.14)

so that
2

e p—— 2 —
| (c0)? = (—E—U) 7 |<klx|0)[? B> [KE3(B)+K3(B)]. (185.15)

According to (185.7) and (185.8) this leads to the excitation cross section
of the state |k):

2\ 2
Gk—Sn(e) I(klxI0>|2deﬁ[K (B+Ki(B].  (185.16)

0
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The last integral can be evaluated for a finite lower bound

[dBBIK3(B)+Ki(B)]=HKo(B K1 (B)- (185.17)
B
For small values of f, the limiting values to the functions are
BK,B)—1; Ko(ﬁ)—>C+log% (185.18)

with C=0.5772... the Euler constant. The integral therefore diverges at
small values of f or, according to (185.8), of the collision parameter b.
This divergence is caused by the expansion (185.2') of the interaction
which only holds if the distance r of the atomic electron from the atomic
nucleus is small compared to the collision parameter b. The divergence
can to some extent be remedied by a cut-off at b=r,, with r, some-
thing like the atomic radius or, using (185.8), at

ro(wy— o)
— Y

Bmin = (185.19)
Since v shall be large compared to the atomic electron velocity, S, <1
so that the formulae (185.18) obtain. We then arrive at the cross section
formula

82

2_ 2v
— 2 [
Gk_gn(hv) |<k|x 0] {logro(wk—wo) C}. (185.20)

‘No very exact knowledge of the cut-off radius is needed, since the loga-
rithm varies rather slowly with its argument.

Literature. The method is an abridged form of that used in the theory of nuclear
Coulomb excitation, cf. Alder, K., Winther, W.: Dan. Mat.-Fys. Medd. 29, 19
(1955).

Problem 186. Photoeffect

A light wave of linear polarization (€| x, #||y) propagating in z direc-
tion falls on a hydrogen atom with the electron in its ground state.
What is the angular distribution of photoelectrons emitted? What is the
differential cross section of photo-emission? Retardation effects shall be
neglected and the final state be approximated by a plane wave.

Solution. The light wave may be described by a vector potential A
with

c
Ax = BJOCOS [a) (t - ;) + 5:', Ay=0, Az=0’ (1861)
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then the following field strength components can be derived:

1, . z
8. =——A,=6sin|w|t——)+6|;
c c
0A, . z
Hy=—==E&Esin|w|t——])+0|,
0z c

all other components vanishing. The average Poynting vector in z
direction is

S-‘ew-Lg
T 4n 7Y T gn °
so that there are
cé&?
= 186.2
" 8nhw ( )

incident photons per cm? and sec.
The interaction energy between light and electron is, according to
Problem 125,

h ) .
W= —Li4-v) = Weior p Wiheiot (186.3)
mc
where
eh . —is 17
W= — Eoie 0 —. (186.4)
2mw ox

. Wz
Here the retardation factor, exp(z ——) has been taken =1.
c

We then may apply the method developped in Problem 182. Only
the interaction term W leads to a resonance denominator Wy —w;—w,
thus satisfying energy.conservation. Putting

x =3(0, —w;,—w)t
we get

4 in?
g0 = = KW 5>

X

and thence the transition probability P, from the initial state |i) to
the final state |,

2
B = =2 [KAIWIDP. (186.5)
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Here p;, the final state density in the energy scale refers to the out-
going electron and is, according to (183.8),

mV

if V is the normalization volume and %k, the momentum of the photo-
electron. The differential cross section for photo-emission into the
solid angle element d@; is P;/n so that, gathering expressions from
(186.2) and (186.4-6), we arrive at the general formula

2

do = (186.7)

kfd

We now are dealing with wave functions in a potential field of
central symmetry, with the ground state |i) independent of polar angles.
Then,

——lz) —|ZSln9008(p (186.8)

is proportional to a spherical harmonic of the first order so that the
matrix element must necessarily vanish if the electron is not emitted
in a P state.

Let the final state be approximately described by a plane wave,

L 1 2
|f> =V zellmeosy = o Y. 2I1+1)#j(k 1) Pi(cosy) (186.9)
1=0

where y is the angle between the directions of k; with polar angles @, ®
and r with angles 3 and ¢. Then only the term /=1 (P term) can con-
tribute to the matrix element so that

o 3 (ko) diiy
<fl ">_1F arr " =L

dQ cosysind cosg.

Because of
cosy = cosd cos O +sin I sin @ (cos ¢ cosP +sin @ sinP)

the angular integral yields

4
sin®@ cosd>§d§2 sin?9 cos?p = —; sin@® cos®
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so that we arrive at

2]

<f|%|i> = li/ll_/isin@ COSQ’I&#%} %
0

and, according to (186.7),
© 2

dii
J'drrji(kfr)—dll—> sin2@ cos?P. (186.10)
r

(]

do 8me?
dQ  mcok,

Here the radial function j; stemming from the plane-wave approximation
should be replaced by a more correct expression for quantitative cal-
culations. The angular distribution of the photo-electrons, however, is
correct and in complete agreement with the classical expectation, since
sin2@ cos?® has a maximum in the direction x of the electrical field

strength.
NB.With
r 2
NP O P AN S
i>=n"?a"%e *; a Z—sme

for a K shell electron (screening constant s, cf. Problem 178) we get for the integral
in (186.10)

. d|i) 1 sinx -
J= jdrr;l(k N—=t= - — jdxx(—— - cosx)e ks
J T dr kK a*)na J x

where x=k.r. This integral can be evaluated in an elementary way and yields

2a2

2
_]/—,,a (1+Kk2a??"

This formula can only hold for ﬂ@,a» 1, because otherwise the plane-wave ap-
proximation would be quite insufficient; so we may write

J=

2
J~y —— -2
l/ﬁ(kfa)

and
do _ 3¢ 1
A~ mca® ok
or, with
hz 2
T =t
finally,
do ¢ mPel 1

— ~8(Z— S qin2 2. o . .
a; 8(Z—s)’sin @cosdihc 7 oalk
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This formula shows the main features of more exact calculations: rapid increase
with Z—s, rapid decrease with growing quantum energy A, roughly proportional
to ™35, order of magnitude in atomic units e?/hc, and correct angular distri-
bution.

Literature. Stobbe, M.: Ann. Physik 7, 661 (1930). — Retardation effects in
hydrogen: Sommerfeld, A., Schur, G., Ann. Physik 4, 409 (1930). — Relativistic
treatment: Sauter, F., Ann. Physik 11, 454 (1931).

187. Dispersion of light. Oscillator strehgths

A light wave as defined in the preceding problem (but take 6 =0) inter-
acts with an atom. The induced polarization shall be calculated from
which the oscillator strengths may be derived. Only one electron shall
be taken into account, and all matrix elements, neglecting retardation,
reduced to matrix elements of electrical dipole moments.

Solution. In the Dirac notation of Problem 181 the atomic wave
function under the action of the light wave may be written

y=Ya@e "
1

if | is a state of the unperturbed atom. Using (182.2) for the coefficient
a,(?) and omitting all switch-on effects of the light wave, we arrive at

. 1 ei(nn — wo— w)t
=|0) et — — IwW0) ————
W=l0yeion —— Z{<| 0> =

1 | — Wo— W
(w1 — wo+ w)t

+ WOy }|l> e-ion
w;—

wWo+w

Here |0) denotes the atomic ground state and |/> any excited state so
that w,—wy>0 and only the first term in the sum shows resonance.
Neglecting the other term we then may start from the wave function

_ Loy _CHWI0> o1 i
.//_{|0>—Ze ;w,—wo—wlb}e . (187.1)

Now we know that for the optical properties the induced dipole
moment p;,4 plays the essential role. It follows from (187.1) according to

Pina= —e{[Pxy*ry—0|r|0)}. (187.2)
Neglecting second-order corrections we thus get

e o L0|r |y UIWI0) e~ '+ | r|0) JJW|0D* eie"
Pina = — . (187.3)
h 9 W — Wy —®
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This expression can be much simplified if we replace the matrix ele-
ments {/|W|0> of the interaction
eh 0

Eol — 1874
2mow °’ax ( )

W=—

by matrix elements of the atomic moment p, in field direction,
psl0y = —e<1|x|0). (187.5)

This can be accomplished by using the relation
0 m
A=k = — (0 — ) <Ilx k> (187.6)
0x h

holding between any pair of states |/> and [k).
Eq. (187.6) may be derived from the two Schrodinger equations

w V2V L KD = ha k) ; —h—2V2+V dl=hwl)
2 = nwy > 2m =nw

" 2m
from which there follows, by multiplying by x, forming matrix elements and
subtracting both equations in order to eliminate the term with V:

hz
~%m {<UxV2k) — Ck|x V3|I)*} =B, — o) <lIx|k) . (187.6")
Now, according to
Jd3x(vx)V2u = -—Jd3xV(vx)-Vu = —Jch(szrVu+vZ—i>,
the curly bracket on the left-hand side may be reshaped into
0 9 ik 0
=l >+ KKl 11y = =2l 516,

proportional to the left-hand side of (187.6) whereas on the right-hand side of
(187.6') we already have the dipole matrix element wanted.

Using (187.6), we may write the induced dipole moment (187.3) in
the simpler form

& <O1pID <llp.10y eI =<1l pl0) I p,l0y* "
2ih g W —We—W ’

Pina = (187.7)

In a statistical distribution of atoms with dipole moments p oriented
in all directions, the y and z components of p;,q will cancel and an
induced dipole moment remain only in the x direction, i.e. parallel to
the electrical field applied. In the first term of (187.7) we further use the
hermiticity of <0|p|l> =<I|pl0>* and then the statistical average re-

lation
[<llp10)|* = 5IKIIplO>|?
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where the expression on the right-hand side needs no further averaging,
being independent of the atom’s orientation. Thus we arrive at the
result

Z |<l|p|0>|2

.=
Pin 304 01— wg— o

Since &ysinwt=4& is the instantaneous value of the field strength we

may define atomic polarizability « in the usual way by p;.q=a& so
that

Ly [<ipI0Yf

(o, — wo — )

In classical optics, the index of refraction, n, is derived from the
formula

(187.8)

n®—1 47r

187.9
n +2 3 ( )

with N the number of atoms per unit volume. (This expression is called
the refraction.) The classical polarizability is then evaluated as a sum
over all the electrons contributing (subscript 1) and is written in the
form

n*—1 4n __e? fi

._N_z

n+2 3 m 7 -’

(187.10)

where w, is the eigenfrequency of the A’th electron and f,, the so-called
oscillator strength, gives the number of electrons per atom in a state of
eigenfrequency w,, in this classical picture. That the oscillator strengths
turned out experimentally not to be integers raised the first doubts in
this classical picture.

The quantum theoretical formula (187.8) gives formally a very
similar result. We may write,

——Z 1 —wo+ o) [<I| pl0>|? 2o [<lploy)*
I [ h[(w, wo)* —w?] 30 T (0 — o)’ —?

then (187.9) leads to the refraction

n*—1 4z fi

e
—N—) ————— 187.11
n”r2 3 'm T (0, — wg)? — w? (187.11)

with the oscillator strengths

2mw
=——KI 2 .
fi 3’he2|<lpl0>| (187.12)
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The formal similarity of the quantum theoretical result (187.11) with
the classical one, (187.10), however, is deceptive. In Eq. (187.11) the
sum does not run over electrons but over excited states so that sum-
mation over a multitude of terms is necessary even for our one-electron
problem. The eigenfrequencies w, are replaced by frequency differences,
®,—w,. Finally, the oscillator strengths f; no longer mean numbers
of electrons but are rather involved intensity constants to be computed
from dipole transition matrix elements according to (187.12). It is
therefore no longer surprising that these numbers turn out not to be
integers.

Problem 188. Spin flip in a magnetic resonance device

Let a particle of spin 4% and of magnetic moment u pass in y direction
through an homogeneous magnetic field 5#, parallel to the z axis. The
particle spin in this field will be oriented in either +z or —z direction.
Let us assume it to point in positive z direction. When passing the point
y=0 at the time =0, the particle enters an additional homogeneous
field #' parallel to the x axis. It leaves this auxiliary field at y=1/ at
t=t,. What is the probability of a spin flip during this time interval?

Solution. In the Schrédinger equation

2
e ey (188.1)
i 2m

the last term is the interaction energy of the magnetic field # with the
magnetic moment u of the particle. The latter is defined as the vector
operator

u=Uc (188.2)
with ¢ the spin vector whose three components are the Pauli matrices
(cf. Problem 129).

For <0, only the field )|z is acting on the particle; the solution
of (188.1) then is

Y =ei®r-on (é) (188.3)

and the energy of the particle

ho = — puiy. (188.4)
m



Problem 188. Spin flip in a magnetic resonance device 161

If now, at t=0, the field s#’||x is switched on, the state of the particle
undergoes a change so that its wave function may be written

w = gllky—wot) {a(t) ((1)) + b(l) <(1))} = gilky— wot) <Zg§) (188.5)

with the abbreviation

hz kz
how = .
@ 2m

(188.6)

If path curvature by the Lorentz force acting perpendicular to the y
direction may be neglected, it is safe to assume that the momentum
hk in y direction is unchanged throughout.
Putting (188.5) in (188.1) we have to be a little cautious about the
magnetic interaction:
H, H'
() = p(Hy 0+ H'0,) = u(x", _ x)

a Hoa+H'b
H, )=ul"2 :
G )<b> “(%'a—#@)
Separating the two components of the Schridinger equation, we thus
arrive at

and therefore

h
-7 a= —u(Hya+H'b),
(188.7)
h
- 76: —u(H' a—H#yb).
To solve these equations we set
a(f)=Ae'“";  b(t)=Be'?";
then (188.7) becomes the algebraic set of linear equations
(uHy—hw'YA+pu#'B=0;
uH'A—(uHy+hw)B=0.
The determinant vanishes for two different values of w’,

W = i% KA, (188.8)
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in what follows we shall write @ and —’ for these two roots. Then
the set (188.7) will be solved by

a(t) — Al eia)’t+Aue—iw't;
b(t) — BI eim’t_|_ B“e—ia)’t
with

B il/éf3+9£"’2—ffoA
LI =

# LI -

There still remain two integration constants, 4; and Ay, to be deter-
mined from the initial conditions,

a(0)=1; b(0)=0. (188.9)
This leads to

y _ VA A+ A y VA=A

1 H 3| B

2/ HE+ A 2/ HL+ H?

and yields after some straightforward reshaping the formulae

o Ho .
a(t)=cosw't+i———————sinw't;

%pz %12
, VHs+ (188.10)

H
b(fy=i————sinw't.

It can easily be checked that
la(®)+b(r)?=1.

The probability of spin flip, i.e. of finding the particle with spin
downward, in the negative z direction, after its leaving the auxiliary
field #' at the time t=1t,=1I/v will be, according to (188.10) and (188.8),

2

H )
Wsmz {% I/ %%4_%/2 to}. (18811)

lb(to)l* =

Eq. (188.11) shows that the experimental device may be used to deter-
mine the magnetic moment of an atom of spin 3% (as an alkali atom in
its ground state). If atoms are focussed if they do not undergo spin flip,
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but defocussed if they do, and the magnetic fields are varied during the
course of the experiment, the beam intensity will become a minimum,

H
la(to)lmin = A7
if
!
%]/%3+%’2 - -’% (188.12)

Such a determination is, of course, possible only if a velocity selection
is applied and v is well known. Qur representation of the method has
necessarily been simplified by neglecting detail like the deflection by the
Lorentz force, field inhomogeneities used for focussing, stray fields and
—most important—the non-static changes of the magnetic moment by
the Zeeman effect. Our problem corresponds rather to the Paschen-
Back effect of decoupled moments which, however, may contradict the
idea of fields weak enough to allow perpendicular momentum transfer
to be neglected.

NB. A particle “at the point y=0 at the time =0, etc.” should, of course,
be described by a wave packet, cf. Problem 17. For the present purpose, however,
this is of little avail and has therefore been omitted.



VI. The Relativistic Dirac Equation

Remark. In this chapter we use the fourth coordinate x,=ict and Euclidian
metric. Greek subscripts (e.g. xux) run over u =1,2,3,4, Latin subscripts (x;) over
k=1,2,3, only.

Problem 189. Iteration of the Dirac equation

To derive commutation relations of the y’s from the relativistic dispersion
law of plane Dirac waves. An irreducible representation of the y’s shall
then be given that makes y, diagonal.

Solution. If the Dirac equation for the force-free case,
Y 7,0, +xy=0 (189.1)
I
is to be solved by a plane wave

Y = Ceitkr=an (189.2)

the y’s must satisfy the algebraic relation

(189.3)

w
iZkuyu+x=0, k4=‘é‘
"

Now the y’s must be independent of the special choice of the k,’s. The
latter can only be eliminated from (189.3) by using the relativistic
dispersion law,

zkﬁ = k2 — e — _%2’ (189.4)

which can be constructed from (189.3) by iteration:

. 2
w2 = (tZkuyu) =—Y Y kky,7,- (189.5)
» 7Y
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The latter equation becomes identical with (189.4) if, and only if, the
double sum is reduced to diagonal terms of appropriate normalization,
in fact, if

VuVvt Vo Pu=20,- (189.6)

If an analogous procedure is applied directly to the Dirac equation
(189.1) without using plane waves, we have

2
®y = <Z ')’nau) V=2 X 7u00ub,
® BV
With the anticommutators (189.6) this simply leads to
02y —»*y=0, (189.7)

i.e. to the Klein-Gordon equation.

There exist irreducible representations of the y,’s by 4 x 4 matrices.
If y, is one such representation, any unitary transformation U*yuU
will produce another set. Therefore, one of the matrices, say y,, may
always be supposed to be diagonal. As y3=1, its eigenvalues must be
+1 and —1. Thus we may start the construction of the matrix set by

writing
A, B, 1 0)
= k=1,2,3); = 189.8
Vi (Ck Dk) ( )i Ya (0 7 (189.8)

with all bold face letters meaning 2 x 2 matrices. From (189.6) we then
find

Vet Ve =
ViVt Vi < 0 C,B,+C,B,

) = 20y; (1899a)

Favs = (2‘4"; 0 0; 189.9
YePaTVaVe = 0: —2p)" " (189.9b)
From (189.9b) we get 4,=0, D, =0 for the three first matrices, and
from (189.9a) it follows that
Bka=1; B,'Ck+CkBi=0- (189-10)

These are three anticommutation rules for 2x2 matrices allowing
reduction to the Pauli matrices, o, (cf. Problem 129). If @ and b are two
numbers, Eqgs. (189.10) are satisfied by

B,=ao,; C,=bo,; ab=1, (189.11)

so that any representation

_(0; b~ la, ) _ 1 0 (189.12
Ve = bO'k; 0 ’ V4 = 0 _1 . )
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satisfies the commutation rules (189.6). The standard representation
(often used in the following problems) is obtained by the choice b=i;
the four matrices then become

0 0 0 —i 0 0 0 -1
0 0-i O} 0 0 1 0
"=lo i o o T 0o 1 0 of
i 0 0 O -1 0 0 O
(189.13)
0 0—-i O 1 0 0 O
0 0 0 ], 0O 1 0 O
=L 0 0 o) T lo o0-1 o
0—-i 0 O 0O 0 0 —1
NB.With b=a=1 one obtains the set of matrices
a,,=<gk ‘3‘) (189.14)

instead of the three y,’s. Together with y,=p as above, they obey the same com-
mutation laws. They are connected with the y’s by the relations

Ye=—iBou; ys=P. (189.15)

The o’s are used to advantage in the Dirac hamiltonian, cf. Problem 200.

Problem 190. Plane Dirac waves of positive energy

To determine in standard representation the spinor amplitudes of plane
Dirac waves of positive and negative helicity, but of positive energy
only.
Solution. With )
Y= Celtkr—on (190.1)

we obtain [cf. Eq. (189.3)] in standard representation the four compo-
nent equations

(ky—ik,)Cy+k,Cy + (— ? + u) C,=0,

(kx+iky)C3—sz4+<—§+x C,=0,

(190.2)

0,

w

—(kx+iky)C1+kZC2 + (_ + X C4 0.

4
c

—(ky—ik,)C;—k,Cy + (9 + x) C,
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Using the abbreviations

k
k=2 _w; 22244, (190.3)
c n c

we have in 7 a suitable parameter in which to express the most impor-
tant particle quantities, viz. its momentum

2
p=hk=mc "2, (190.42)
1—n
its kinetic energy
1 2
E<ho=mc (190.4b)
)
and its velocity
21
v=c el (190.4¢)

It is also useful to introduce two polar angles 3 and @, determining the
direction of the vector k,

k.tik,=ksin9e**; k,=kcos9. (190.5)
The equations (190.2) may then be written in the form
sin9e"**C,+cos3C; — nC, =0,
sin9e*?C;—cos3C, — 1 C,=0,

. 1 190.6
—sinde *?C,—cos3C; + - C;3=0, ( )
n

. 1
—sin3e**?C;+cosdC, + - C,=0.
n

This is a homogeneous system of linear equations for the four C,’s.
Its determinant vanishes, as may be easily checked, but it can also be
factorized in two factors each of which is zero. It is not therefore possible
to express all the C,’s as multiples of one of them, and there remain
two C,’s to be chosen arbitrarily. Therefore we shall proceed in another
way.

We first look for eigenfunctions of the helicity operator

1
h=— Yok, (190.7)
k j
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i.e. of the operator “spin component in the direction of k”. Since, in

standard representation, the spin matrices consist merely of doubled
Pauli 2x2 matrices s;,

we find the definition (190.7):

cos®; sinde i?; 0; 0
sin9e'?; —cos9; 0; 0
= ’ ’ ’ . 190.8
h 0; 0; cosd; sinde™'? ( )
0; 0; sin9e’?; —cos$

Let the eigenvalue be 4; then the eigenvalue problem hC=#4-C can be
decomposed into one pair of equations for C, and C,,

Cl COS'9+ C2 Sin96_i"’=hcl;

. 190.
Clsin93'¢—CZCOS‘9=hC2 ( 909)

and the same pair for C; and C,. The determinant of (190.9) vanishes
if h=+1; thus we arrive at two solutions:

h=+1 (spin parallel to k):

9 9
Co=tan-€*C;;  Cy=tan¢C; (190.10)

and

= —1 (spin antiparallel to k):
3 . 9 .
C,= —cotze"”cl; C,= —cotie'“’C_,,. (190.11)

C, and C, may still be chosen arbitrarily.
Let us now put these results into the set of Egs. (190.6). With the
elementary identities

3 9
sinStanE + cos3=1; sin.9cot5 —cosd=1;

) 3 3 . 9
s1n.9—-cos.9tan5 = tanE; sm9+cos900t5 = cotE
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all four equations (190.6) reduce to
C3=nC,

and to

The Relativistic Dirac Equation

Cy=—-1nC,

for h=+1

for h=-1,

respectively. If, therefore, we normalize so that!

[@xyty=[dxCC=1
| 4 14

we obtain the following spinor amplitudes:

for h=+1
and
for h=—1

C.

C

1

VV(1+n?)

)/ V(1+1?)

9 +~2i-¢p
—COSs—¢€
2

—nsin Ee_?p
18I 5

9 +Ei¢p
cos—e
1083

(190.12)

(190.13)

(190.14)

(190.15)

(190.16)

NB. The unrelativistic case, according to (190.4¢), leads to n<1. The com-
ponents 5 and y, of the spinor then may be neglected, and we fall back upon

the two-component Pauli spin theory.

! It should be noted that this normalization is Lorentz-invariant, the integral
being proportional to the electric charge total inside the volume V. Another
Lorentz-invariant normalization often used is §y=1.
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Problem 191. Transformation properties of a spinor

How does a spinor ¥ transform under infinitesimal Lorentz trans-
formation?

Solution. An infinitesimal Lorentz transformation is defined by
X, =X +Ze”p 0 Eup= =8 lEu,l <1, (191.1)

Here all g, are real, and the three g, purely imaginary. The Dirac
equation
Y 7. DY +xyy=0 (191.2)
n

shall be transformed into
Y yu.D Y +xy' =0 (191.2)
I

with unchanged coefficients y, and %. The operators D, are four-

vectors transforming under the same law as the coordinates (191.1):
D,=D,+ Z € (191.3)

np p’

the transformation formula of y may be

v =01+&Hy (191.4)

with an infinitesimal ¢ linear in the ¢,,’s which is a Clifford number.
We start with Eq.(191.2") in which we put D, from (191.3) and ¢/
from (191.4):

Zvu(Dﬂ+Zelm ,,)(1+£)n/z+x(1+5).p 0.

If we multiply from the left side by (1 —¢), the last term goes over into
»x\, i.e. into the last term of (191.2). The operator ¢ therefore must
be chosen in such a way as to make

Z(l—é)vu<Du+28up p>(1+€)l// Zh Dy. (191.5)

From this equation ¢ shall be determined. Neglecting all second-order
contributions, we find

Y OuE—Cr)D Y+ Y €47, D0 =0

or, exchanging the dummies p and p in the double sum (and writing v
instead of p),

S{0uE =70~ T e D,y =0.
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Since this relation is supposed to hold for any y, each sum term is
bound to vanish separately:

'y#é_é'y,;=zsuv‘)’w (1916)

The only Clifford number linear in the ¢,,’s satisfying these four
commutation relations is

é=%§§£pa)’pva- (191.7)

This can easily be proved by direct evaluation of the commutators
(191.6): We have

IR T DIDW M RN LR AR
here we find o

Voo Vu = Yol —=VuVo+20,0) = (1u¥p—20,p) Yo+ 27,040
so that
Yu¥o¥o—VoVe¥u = 2(Ys0up— V5 Oua);

therefore

PuE—EP= %; ;spa(vaén,,—vpéw)

= %(Z €us¥e — Z apnyp)= Z EuvVvs
a P v

and that was to be proved.
Hence the spinor y transforms according to

V=0 +52 Y Eulplol (191.8)

Problem 192. Lorentz covariants

Which Lorentz covariants of the form

G=yIy; ¥=y'y, (192.1)
can be constructed, I" being one of the 16 basis elements of the Clifford
algebra?

Solution. The 16 basis elements of the algebra can be grouped into
five sets as follows:

(1) 1,

2 Y15 V2> V3> Ya»

3) V172> Y15¥35 Y1Vas Y235 P2Va> V3Vas
@ V2V3%a> V3VYaV1> PaV1V2s P1¥273

(%) Y1Y273%a- (192.2)
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Expressions of the form (192.1) will be formed with each of these five
sets separately.

Before performing this programme in detail, however, let us inves-
tigate the transformation properties of any of the 16 quantities (192.1)
under the infinitesimal Lorentz transformation

X=X, + Y €,p%,. (192.3)
p

In the preceding problem it has been shown that y under this trans-
formation becomes

¥ =(1+8y (192.4a)

é=%-'zzspo')’p')’a; ')’ué—'é?u=zaﬂv?"' (192.4b)
p o v

with

The transform of G is
G =y, Iy =y (1+&) 9, T+ Oy.
Formally we may write

G=yI'y; I'=y,0+ENpI1+9. (192.3)

This can be further simplified when we know a little more about the
hermitian conjugate £'. According to Eq.(192.4b), it should obey the
commutation relation

51),4_.),4 Er = Z EXk Yk
3
since yi=y,. Now, the rotation angles ¢, are purely imaginary so that
eX=—¢4, i€
'V4fr_€')’4 = z EakVx
k
and

Va ft% = 74{?45 - ;%H’k} = 5? - ; €akVaVi- (192.6)

It further follows from (192.4b) with ¢}=g¢,, (real rotations in 3-space)
that

f=%;;3kl')’k?t+%zsk4)’k?4 (192.7a)
k
has the hermitian conjugate
&= — 52 e +3Y &aiVa (192.71)
k 1 k

so that
E+E =Y &atiVa- (192.8)
k
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Putting (192.8) into (192.6) we obtain

748y = —&. (192.9)

With this last result, the “transformed operator” I", Eq.(192.5), may
finally be written
I'=r+({IE-ET). (192.10)

We now may easily apply this simple result to the five sets of quan-
tities defined by (192.2), consecutively.
1. With I'=1, Eq.(192.10) gives immediately I"'=1 so that we find

G=yy->G=yy; G=0G. (192.11)

The quantity G therefore behaves as a scalar.
2. With I'=y,, Egs.(192.10) and (192.4b) yield

F'=y,4+Y &7

so that we arrive at the transformation formulae
G,=¥7,¥—-G,=G,+Y¢,G,, (192.12)

i.e. the G,’s transform as the components of a vector.
3. It is suitable first to decompose the products y,y, into a sym-
metrical and an antisymmetrical part,

VuPy =7 WP+ 1 70 +F 20y — 770

The first part reduces to J,,, i.e. to the scalar (192.11) multiplied by
the unit tensor. New evidence apparently comes only from the anti-
symmetrical part; so we confine our discussion to the combination

Oy =3 (P V= V70 (192.13)
According to (192.4b) we have
é'))u'))v =<'yu€ - Z Bup))p)yv = yu(?vé - Z 8vp?p> - Z supypyv
p p P
or
'Vu'))v é - é'y”'yv = 2’(8”)?”?;; +8up?p?v)
p

so that the transformation formula runs as follows:

G,h=Vo,¥—>G,, =G, +Y (,,G,,+¢,G,,). (192.14)

p

This is the behaviour of a tensor (of rank 2) under infinitesimal rotation.

4. The products of three y’s can be written in a simpler way by
introducing the Clifford number

Ps =717273%4- (192.15)
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Then the four products become
Y2V3Ya="V1Vs5  —V3Va¥1=7V2Vs5 VYaV1V2=73Vs55 —V1Y2Y3=7VaVs.

Since ys anticommutes with all four y,,
Yu¥s+757,=0, (192.16)
it will commute with £ so that Eq. (192.10) applied to I'=y, 75 leads to

=975+ 15— E7,75) = [v,+ .= Ev)]7s.

Thus we essentially fall back upon case 2 and find the transformation
laws of the components of a vector:

G,=¥7,75¥—>G,=G,+Y ¢,G,. (192.17)
Strictly speaking, this is not a (polar) vector but a pseudovector, as will

be shown in the following problem.
5. According to (192.15) and (192.16) we obtain

G=yysy—>G =G, (192.18)

i.e. for this last combination there holds the transformation law of a
scalar. We shall see in the next problem that the quantity is more cor-
rectly classified a pseudoscalar.

Problem 193. Parity transformation
How do the five Lorentz covariants of the preceding problem transform
under reflection of space coordinates (i. €. under parity transformation)?

Solution. We start by investigating the behaviour of the spinor
under the reflection process under consideration. It is defined by the
postulate that the Dirac equation

Y v DYy+xy=0 (193.1)
shall transform into ’
Yy D +xy' =0 (193.1)
u
under the parity transformation
Xp= —Xi; Xg=Xg4. (193.2)

The same relations as (193.2) will hold for the operators J,. A more
detailed investigation is necessary of the vector potential. The electric
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field components &, are coupled with the components 4, by the
relations

1.
éok = - ;Ak“—ak@= —i(54Ak—6kA4).
Since the electric field is a polar 3-vector, it changes sign with the x,’s
under transformation. This leads to
A= —A4,; A,=A,. (193.3)

Thus A, undergoes the same transformation as 0, and, in consequence
thereof, D, transforms in the same way. Therefore, instead of Eq.(1’)
we may write

- Z')’ka‘//"I‘MDUV"’”'V =0.
k

It is immediately seen that with

Y =79 (193.4)

this leads back to (193.1), thus determining the parity transformation
of a spinor.
Any quantity

G=wr‘//=‘/’f74r|/’
then transforms into

G =y Iy =y"Ty,y=07.Tr.y
so that we may write
G=yI'y->G=yry, I'=vy,Ty,. (193.5)
Applied to the five covariants of the preceding problem we have
1) G=yy; I'=1; I'=1; G =G; (193.6)
) G=yys¥; T'=ys; I'=7p.957%a=~7s; G=-G. (1937
The behaviour of these two quantities was the same under rotation,

but it now is opposite under space reflection, (1) being called a (genuine)
scalar and (5) a pseudoscalar.

@ G=¥n¥; =75 L=7nnn=-n G=-0Cs (o
r,=vy, G, = +G,.
@) G.=¥v.s¥;  T=9,7s;
Li=7mYs7a= +%ys;  Gi=+Gy (193.9)
La=95y4= —7a7s; G, = —G,.
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Both quantities behave as 4-vectors under rotation, but reversely under
space reflection, (2) being called a (polar or genuine) vector and (4) an
axial or pseudovector.

(3) Gyv = Jo-;tv'//; r =%()’;¢yv_yvyn)7
Iy =1y G =Gy

Iis= —Ly; Gia= —Gyg.

(193.10)

Since there is only one tensor, no further classification is necessary.

Problem 194. Charge conjugation

To construct from the spinor ¥ solving the Dirac equation for a particle
of charge e the charge conjugate spinor . describing the behaviour
of a particle of the opposite charge —e.

Solution. Let us use the abbreviation a,=(e/hc)A, with 4, the
electromagnetic 4-potential in this problem. Then the Dirac equation
for the particle of charge e runs

ZYu(an—lau)'/’+x'// =0. (1941)

The equation to be constructed for the opposite charge then must be
Y 9,0, +ia) Y. +xy,=0. (194.2)
I3

The charge conjugate ., which solves the latter equation shall be
connected with the solution ¥ of (194.1).

The operator d,+ia, occurring in (194.2) can be introduced by
using the adjoint equation of (194.1),

Y@, +ia)Py,—x¥=0; ¥ =yly,. (194.3)

I

Transposing the latter again, we find

Y 5,0, +ia )y —x =0

where

X

V=%, (194.4)

If we multiply the last equation with a Clifford number C,

YCH 0, +ia) T y* —xCFY* =0,
u
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the result becomes identical with (194.2) if we choose C so that the
two relations

—CT)#%I- lll* = yu‘l/c; C')74 l//* = ‘//c (1945)
are satisfied. Here y, may be eliminated in order first to determine C:
- C')ju')j‘t 'l’* =% C')~)4 !p*

where we omit §,* and are left with the four relations

7,C=—-C%, (194.6)

to determine C.
Since the problem is homogeneous, there is of course always an
arbitrary factor in y,. It is reasonable to fix it as far as possible by
postulating that charge conjugation shall not alter the normalization,

Y. =y = Wy (194.7)
Now, from (194.5) we have N
R
Viv.=U7%CTCRy* = W (% CTCH) (%),
and that becomes identical with (194.7) if
Vi ct Ci,=1

hence

or, since 7} =7, J,=7%,
ctc=1. (194.8)

It follows that C is an unitary operator.
Specializing to standard representation we note that

=75 Fa=4v2 Fa=-—va Fa=+v.. (1949)
Thence Eq.(194.6) leads to C commuting with y, and y;, but anti-
commuting with y, and y,. This will be performed by

C=19,%, (194.10)

which is the only one of the 16 basis elements of the Clifford algebra
satisfying the four conditions (194.6). It may be noted that from (194.10)
we find

ct=—c; C*=-1. (194.11)

It then follows from (194.5) that the charge conjugate wave function
in standard representation is

Ye =7y, ¥*. (194.12)
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Problem 195. Mixed helicity states

A plane Dirac wave runs in z direction. It shall be shown that it is
impossible to construct a spinor amplitude which simultaneously makes
¥ an eigenfunction of o,.

Solution. a) For a plane wave,
Y = Cel*k="o (195.1)

there follows, from the Dirac equation, the algebraic relation
, o
QCE(lk‘))3—?'))4+M)C=0 (195.2)

for the spinor amplitude C. The operator 2 defined by (195.2), however,
does not commute with

0, = —iY,7; (195.3)
since

0, Q= +k)’z+l ?2?374"”‘?2?3
but

.0 .
Qo, = _k?2+’z7’273?4“1%?273-

Therefore y cannot be eigenfunction to both operators.
b) In standard representation Eq.(195.2) would run as follows:

kC3+<—9+x)C1=0;

(195.2))

_kcl < +%)C3=0,
kC, + < +x)C4
With the abbreviations
[0} 0 k
——x=kn;, — =— 195.3’
p x n; c+% " (195.3)

this leads to
Cy;=1nC;; C,=—nC,. (195.4)
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On the other hand, the eigenvalue problem
6,C=1-C (195.5)
with A being an eigenvalue demands
01 0 0\ /C C, AC,

o[t 00 0lfc)_[ei)_|ic,

g = = =

1o oo t]|lc] lc.] |ac,
o001 o \c,/ \ci/ \ic,

so that
C,=1C,; C,=1C,

and (195.6)
C,=AC;; Cy=141C,.

Both pairs of equations can only be satisfied for A= +1. Using (195.6)
we may eliminate C, and C, from Eq. (195.4) thus arriving at

C3=7’C1 a.nd A.C3= —TIACI,
two relations which contradict each other. Therefore the spinor C

satisfying (195.4) cannot simultaneously satisfy (195.6) as had to be
proved.

NB. In the unrelativistic limit n—0, the amplitudes C, and C, and hence the
second pair of equations (195.6) drop out so that no contradiction remains.

Problem 196. Spin expectation value

The expectation value of o, shall be calculated for a superposition of
two plane waves in z direction having opposite helicities.

Solution. With the spinor amplitudes [cf. Egs. (190.15, 16) for $=0]

1

B 1 0
[ S

VVA+n*) |7

0

C and C_ = (196.1)

0
1 -1
Vva+n*) | 0

n

for positive and negative helicities, respectively, we construct the mixed
state amplitude,

C=C, cosae’’+C_sinae™# (196.2)

of the same normalization,
[dxctCc=1 (196.3)
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with arbitrary but real constants « and B. The expectation value of o,
is then defined by

{o,y=[C'o,Cdx. (196.4)
From
0 -1
1 0
VV(+n?) 0.C, = ol VV(l+n*) o,C_ = "
n 0
we obtain the products
1 1—5?
C'S,axC+=0; Cto‘xc+=—v mz‘;
1 1—n?
Clo.C_= -7 1+Zz; Ccto.C_=0.
Then,
. . o 1—n?
— 2ip —2ip
(o cosa sina(e’*’ +e )1+n2
or
. 1—42
{o,y = —sin2acos2f el (196.5)

The absolute value of the expectation value of o, therefore always turns
out to be smaller than 1. In the extreme relativistic case where 7
approches unity, o, becomes very small so that almost complete
orientation of the spin parallel or antiparallel to the direction of prop-
agation is obtained. In the unrelativistic limit, on the other hand,
where # is very small, polarization perpendicular to the direction of

propagation becomes possible with f=0 and a= -T-% leading to
{oo==1.

Problem 197. Algebraic properties of a Dirac wave spinor

Given a potential V(z). The wave spinor of a state, with spin in either
positive or negative z direction, may not depend upon x and y (one-
dimensional problem). As far as possible, the Clifford algebra shall be
used without recourse to matrix representations. There will then remain
four functions of z satisfying a set of coupled differential equations.
They shall finally be expressed by the four component wave functions
in standard representation.
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Solution. The wave spinor may be written
Y(z,t) = e Ehy(z) (197.1)
where the spinor u(z) satisfies the one-dimensional Dirac equation

V(z)—E
hc

73 % +7,0@ut+xu=0; Q)= . (197.2)

Since this equation is entirely built up within a sub-body of which the
Clifford numbers 1, y5, 74,7374 form the basis, it should be solved by
a spinor of the form

v(z) = A(2)+ B(2) 73+ C(2) 74+ D(2) 7374 (197.3)
Of course, if v solves the Dirac equation (197.2), so does any spinor
u=ovl (197.4)

with I" any constant Clifford number, including elements formed with
y, and y,. On the other hand, v commutes with the spin operator

0,= =iy, (197.5)

of which it yet is no eigenspinor. The extension (197.4), however, permits
the solution of the Dirac equation to be made an eigenspinor of o,.
We find

o,u=o,0 =va,I.
So, if I' is any eigenspinor of o,

o, = 4T, (197.6)
we arrive at
o,u= tu. (197.7)

The two eigenvalues +1 and —1 are called helicities (cf. Problem 190).
Now it can easily be seen that

Iy=1-iy;y,=140, (197.8a)
and
I =1+4iy,y,=1-0, (197.8b)

are such eigenspinors with eigenvalues +1 of o:
O-zri = az(l iaz) = Gzil = i(l iaz) = iri
Our argument thus leads to

u(z) = v(z) (1 Fiy172) (197.9)
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where v(z) still remains to be determined by setting it into the Dirac
equation (197.2). A simple calculation along these lines then leads to

(B +QC+xA)+y3(A'—QD+xB)+7,(D'+QA+xC)
+7374(C'=QB+%xD)=0 (197.10)
with the prime denoting differentiation. This expression is zero if, and

only if, each of the four brackets vanishes. Thus we find the four func-
tions A4, B, C, D to satisfy a set of coupled differential equations.

B+QC+xA=0; A'—QD+xB=0;
D'+QA+xC=0; C'—QB+xD=0. (197.11)

These equations become even simpler if combined into two pairs,
(B—Dy +(x—0Q)(4—-C)=0;
A-CY+(x+Q)(B-D)=0 (197.12a)

and
(B+DY+(x+Q)(A+C)=0;
A4+C)+(x—Q)(B+D)=0, (197.12b)

so that the first pair of equations, (197.12a), only connects the two
functions

wy =3(B-D); w3;=3(4-C) (197.13a)
with one another and the other pair, (197.12b), the two functions
w, =3(A+C); w,=3(B+D). (197.13b)

Putting these into v(z), Eq. (197.3), we finally find
0(z) = (Wy +Way3) (1 +74)+ (w3 +wy y3) (1 —74). (197.14)

Each of the two terms in (197.14) separately satisfies the Dirac equation
(197.2) if Egs. (197.12a, b) are satisfied. Multiplication on the right-hand
side of each term with either I, or I'_, Eqgs.(197.8a,b), makes it an
eigenspinor of o, too.

It remains to show how the four functions w, are connected with
the four component wave functions u, of the standard representation.
In this matrix description the Dirac equation (197.2) consists of the
following component equations:

—ius+(Q+x)u; =0,
iu,+(Q+3%)u, =0,
iUy +0c—Quy; =0,

—iuy+(x—Q)u, =0.

(197.15)



184 The Relativistic Dirac Equation

Comparing this set with (197.12a, b) we are led to identify

Uy =Wy U3=10W3; Uy =1iWy; Usg=W, (197.16)
or
A= —i(u+uz); B=us+u;
C=—i(u,—uj3); D=u,—u. (197.17)

For u,=u,=0, the helicity will be +1, for u; =u;=0, it will be —1.

Problem 198. Current in algebraic formulation

To determine the components of the electrical current for the eigen-
spinor

u(z) = (w3 +wy 73) (1—7,) (1 —iy17) (198.1)
of the preceding problem.

Solution. The components of the electrical four-current are defined by
L =lecuy,u; u=u'y, (198.2)

where, in our example,
ul = (L—iy;7,) (1=7,) (W§ +w¥y,) (198.3)

since the Clifford numbers iy, y,, 7,4, 73 are hermitian operators. Thus
we obtain

L =iecl—iy;y) (M=) W + W y3)yay,(Ws +w p3)(L—y) L =iy 7,).
(198.4)

For the components s; and s, the Clifford number y, may be shifted
through two places towards the end of the expression, whereas y, may
be shifted one place towards its front:

s1,2=tec(l =iy 7.)(ya — 1)WF — Wi y3) (W3 —wy 73) (1 +74) 1,2(1 =i, 72) -
The operator 1—iy,y, commutes with y; as well as with y,, so that
51,2 = iec(ya—1){(Iws]> +|w;|?)
=W ws +wiwy)ya} (L +y) (A =iy y2)y1,2(L—i917,)-
The last three factors give either, for u=1,
(L=iy1y2) (1 —iv2) =y +iva—iy, =7, =0
or, for p=2,

(M=iyyy2) (y2+iy) = va—iys +iy—7,=0.
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Therefore, as was to be expected, no current components exist per-
pendicular to the z direction.
For s; we may write in a similar way,

sy =1iec(ya—1) (W —w}ys) Wy ys+wr) (1—7,) (1 =iy p2).
The square at the end of this expression gives

(A —ipypy)> =2(1—iy;7,) (198.5)
so that we find

53 = 2iec(ya—1) {(whwy —wi wy) +(Iws|* = [wi*) 3} (1 —74) (1 =71 7).
Shifting the front factor (y,—1) one place towards the right, we get

s3=2iec{(wfws—wiw)(1—7,)
+(Iwy> = w3 |?) ps (1 +y2)} (1 —2) (1 —ipy y2)-

Since
A+7)(1=7)=0; (1—p)*=2(1—7,) (198.6)
the second term in the curly bracket does not contribute and we arrive at
s3=4iec(wf w3 —wiwy) (1—7,) (1 —iy 7). (198.7)

Finally, we get in a similar fashion

sa=1ec(l—iy ) (1 —p,) W +wfy3) (wa+wyy3) (1 —7) (1 =iy y,)
=2iec(1—y,) {(wy|*+ w3 1?) + (W ws +wEwy)ys} (1—pa) (1 —ipy72)
=4diec(w > +ws|?) (1 —1,) (1 —iy;y,). (198.8)

The expressions for s; and s, are still Clifford numbers but of the
same shape. They are to be compared with the normalization expression,

uu=(1=iy17;) (1 —74) W +wWFy3)vaws +wy 73) (L—74) (1 =iy 7,)
which by the same procedure may be brought into the form
Tu=4(wy > —ws*) (1 —74) (1 =i17,). (198.9)
Gathering up the results, except for a common factor
I'=4(1—y)(1=iy17y),

we just have simple c-number expressions for the current density in
z direction,
sy =iec(Wfw;—wiw)rI, (198.10)

for the charge density p following from s,=icp,

p=e(w|*+lws|)T (198.11)
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and for the normalization expression
u = (Iwy|> —|ws|*) I. (198.12)

Using the standard components, u, =w; and u;=iw,, introduced in
the preceding problem, these expression may as well be written

sy=eclus+ufu)l;  p=e(u*+|us|)T;
au = (|uy|* —us|*) I (198.13)

It should be noted that in standard representation the operator I
becomes very simple. We have

0000 2 0 00
1_0000.1,_1+_0000‘
"+=lo 0 2 of TTM2TITBTg 0 2 of
00 0 2 00 0O
thence we find the product
0000O0
0 00O
r=16 198.14
0010 ( )
0 00O

a matrix which, in diagonal form, consists of only one element.

Problem 199. Conduction current and polarization current
a) The electrical current density (particle charge e),
sy=iecyyp¥;  se=ji; Sa=icp (199.1)

shall be shown to satisfy the equation of continuity,

0s, . . Op
= Ly 199.2
Xylﬁxu 0 or divj+ 3 0 ( )
b) The vector s, shall be decomposed,

s, =sS+s?F (199.3)

so that the space part of sS, the conduction current, is of the same form
as the unrelativistic expression for j,. The remaining part, s;, is then
called the polarization current.
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Solution. a) In order to prove (199.1) we have to supplement the
Dirac equation

) e
Yn@uia)yray =0, =5-. a,=3-A, (1942)
1 u

by an analogous differential equation for ¥ =y'y,. The operators
D,=0,—iay, D,=0,—ia,
have the complex conjugates
Df =0, +ia,, D= —(04+ia,),

since x; and g, are real, but x, and a, imaginary. The conjugate
equation of (199.4a),

Y. Diyty, +xyt =0

"

- ;Dﬁvk+DI'l7v4+m/7= 0

or, with Yy=y'y,,

may be written _ _
Y (0, +ia )Py, —%y =0. (199.4b)
"

From (199.4a, b) it then follows by elimination of the mass terms that
zﬂ: {Uy,0,—ia)y+(@,+ia) Py, ¥} =0.
Here the a, terms cancel and the rest may be written
; 3,7, ¥) =0

in agreement with the equation of continuity (199.2).
b) The unrelativistic expression of the space part of the electrical
current is, according to Problem 126,

o= o Y B U B+ 2ia ), (199.5)

i.e. mainly a bilinear combination of wave functions and their space
derivatives. In order to give s,, Eq.(199.1), a similar form, we may
there replace either i according to (199.4a) or y according to (199.4b)
by their first derivatives:

iec

_—Z(a +lau)'llyu ‘))vlll— _—‘/vazyu(a iau)‘//'
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Symmetrizing by taking half the sum of these two expressions and
putting ec/x=eh/m, we find

h oy - 0 -
= {awnmw—wmn5§+nuwn%+mnw} (199.6)

Using the commutation rules
YuVF V¥ =20,

in the second and third terms, we may reshape this into

s, =%{Z (gfmvl/fw//mva—'/’—) 2!//—yi+ 2ia W}

or, splitting off the sum its diagonal term p=v,

5, = zeh{aw |//

ieh 0 -

n

The first term of this decomposition exactly matches Eq.(199.5) and
is therefore the conduction current s¢ as defined above. The other term
then is the so-called polarization current,

p leh

8, =

2@, (1998)

2m < 8

NB. This decomposition has first been studied by W. Gordon, Z. Physik 50,
630 (1928). The space part of s may be written

_——curl(wS://)—e—hl t(%n/f)

h . . . .
where S, = 7 Ok are the components of the spin vector (written in 4 x 4 reducible

matrices) and the o, are the matrices defined at the end of Problem 189. In a plane
wave the polarization current vanishes.

Problem 200. Splitting up of Dirac equations into two pairs

Write the Dirac equation in hamiltonian form and split up the resulting
four-component equation of standard representation into a pair of two
component equations. Pauli matrices will occur in the latter. Show that
for rest mass zero (e.g. for a neutrino) two two-component theories
are possible.
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Solution. The Dirac equation

ie
Y 9, D, +xy =0; Du=6u—%Au;
. _ (200.1)

can be written, distinguishing time and space derivatives,
3 i |24
Y DY +ya|— =0+~ |Y+xy=0.
net1 c hc

Multiplication from the left by chy, renders

hed v D —ihoy+Vy+mc?y, Y =0

or
h ooy
T Y
with
3 .
H=h#c Y 747, (6,,—;—%A,,>+ V+mety, (200.2)
n=1

the hamiltonian. .
In standard representation we have

_<o —is,,>. _<1 0) 2003
Pn = is,, 0 s Ya= 0 _1 ( )

with s, the three Pauli matrices and 1 and 0 standing, respectively, for
the 2 x 2 matrices of unity and zero. Then,

0 s,

Uy =iY4Yn = ( ) (200.4)
s, 0

so that the hamiltonian (200.2) splits up in the form

V+mc?; —hei ), s,D,

H= (200.5)

—hci s,D,; V—mc?

If here we introduce the two-component quantities y, and y, so that

v=(y)
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is the four-component Dirac spinor, the differential equation splits up
into the wanted pair of two-component equations, viz.

e b BV +mA,
poot (200.6)
B ihe By (v -me,
or, for a stationary state of positive energy, E,
o= _E—V —mc?
@ D)y —i———— ¥, =0;
, (200.7)
- E-V+mc
(§'D)‘//a—lT'/’b=0-

Neutrino theory: If m=0, the two equations become identical so
that
V,=AY, with A= +1 (200.8)

are two possible solutions with , to be determined from

. E-V)],
{(s’-u)—m - }.//,,_0. (200.9)

Since the two systems decouple, there emerge two independent two-
component theories of particles of rest-mass zero. It can easily be seen
that, in the force-free case, the parameter A becomes identical with the
helicity quantum number. For this purpose we study a plane wave in
z direction,

l/la — Ceikz

with C a constant two-component spinor. The first term of (200.9)
then becomes

5303, = ik(s; ‘/’a)eikz
and its second term

. E .
—Al%— —ikA
so that we have
s3C=A1C. (200.10)

Therefore A is the eigenvalue of the spin component (in units of #/2)
in the direction of propagation (“helicity”). With the Pauli matrix

_(1 0
3= -1
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Eq. (200.10) then is solved for A=+1 by

1 C\ .
C= (0) and Y = (C) gikz (200.11a)
whereas for the helicity A= —1 it is solved by
0 C\ .
C= <1) and ¥ = ( C> etk (200.11b)

NB. Experience shows that neutrinos always have helicity h=—1 so that
only the second theory actually describes natural phenomena.
Now, the operator

Ps=71Y2737%a
in standard representation becomes

0 -1
Vs = -1 0
1 -1 11
1+?5=(_1 1)§ 1—'}’5=<1 1)-

If these operators act on any A= + 1 solution of (200.9), i.e. on
v~ (})
I+y9) Y, =0, (A—ys)p,=2¢,. (200.12a)

Acting on any 1= —1 solution of (200.9), i.e. on

v-=(%)

A+y)y-=2¢_; (A—-y5)y_=0. (200.12b)

It cannot be decided whether, due to some unknown principle, only v _ is realized
in nature, or whether the interaction operator producing neutrinos contains a
factor 1+ 175, thus making creation of A= +1 neutrinos impossible. It should be
noted, however, that 1+y; is an operator without defined parity.

so that

they lead to

they render

Problem 201. Central forces in Dirac theory

To use the splitting up of the Dirac equations in standard representa-
tion into a pair of two-component equations (Problem 200) in order
to construct eigenspinors of a central potential field V(r) which are
simultaneously eigenspinors of the total angular momentum operators
J? and J,. The calculations may be restricted to m;= +3.
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Solution. According to (200.7) we may start from the differential
equations

3 - _ 2
Z snanwb-iEV(h# '/’a = 05
" ¢ , (201.1)
E-V
Z snanll’a_i"'——_—("_')—i_rfli Wb =0
n=1 hc
where s, (n=1,2,3) denote the three Pauli matrices, and
Y= ('/l“) (201.2)
¥y

is the Dirac spinor, composed of the two-component spinors i, and y,,.
.. h
The angular momentum operators, deriving from J=L+ 3 o, have

four-component standard representations which do not mix the first
two components (y,) with the other two (y,) since the four-component
extension of the spin matrices,

e 0)
"=\o s,

is diagonal in the Pauli matrices. If therefore , and i, are two-
component eigenspinors of J2 and J,, so will y, Eq.(201.2), be.

Now, in Problem 133, we have already constructed the two-
component eigenspinors u;; of J* and J, with quantum numbers
j=1+3 and m;=+%, viz.

ey, =0 _( VI+1Yo) Ji-30) j+%Yf‘**°>(201.3a)
MU Y\~ Y, V2i \-Vi-3Y;-4.
and

un=u'_+%=g’_(r) l/l_Yl’O >=gj+—7x(r)< j+%Yi+%’0>. (201.3b)
P21+ Y, V24D \Vi+3 Yy

We shall try to solve our problem by combinations of these two spinors,

taking either
I
v= (““> (201.42)
u

or
ull
v= <u1> , (201.4b)

where the normalization of f(r) and g(r) is still left open and may be
different in (201.4a) and (201.4b).
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To follow this programme, according to (201.1), we need the ex-
pressions

d,; 0,—id
l,ll x y LI
Su E s, 0,u" < ia,; o, )u . (201.5)

Using the well-known formulae

- _JiEm+0tm+1) (L, L
i(axilay) (F(r) Yl,m)— (2l+3)(21+1) ( - F) Yl+ l’mz:21()1.6a)
(FmdAFm-1) (_, I+1
) er+pei-y <F+ ; F)Yz-l,,..il
and

1 H(-m+1 l
0T, = [ D (L) o,

(+m(-m [ 1+1 '
* (21+1)(2z—1)< + F>Yz—1,... (201.6b)

we arrive after some cumbersome but elementary reshaping of the
expressions

s L (1/1+1az(f,Y,,o)—W(ax—iay)(ﬁm)
V21+1 \V1+1(0,+i0,)(f, Y0 + /1 0.(f1 Y.,1)

sut— L (W a,<g,Y,,o)+1/l+1(ax—iay)(g,n,1))
V21+1 \Y1(0,+i8,)(9 Y,,0)—/1+10,(9, Yy,1)

and

at the results
Sul= 1 (fl’ )(l/ l+ Yl+1 0)
/21+3 Vi+2Y1,1
1 J+3 Y10
=——|\fi_ ——f >< 201.7a
V2G+1) ( -4 THI\Vi+3 Y0 ( )

for j=1+%, and
Sull 1 < +l+1 )( ‘/_Yl 1,0 )
I/ I/ l_ Yl 1,1

1 j+3 )( j+3Yy o)
=——\gj+1 +—9g - T 201.7b
l/2—<1+-§- j+% _ ]"%Yj—%,l ( )

for j=1-1.
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In order now to satisfy Egs. (201.1), we first try the type of solution
(201.4a):
E-V—-mc* |

Su'—i——u'=0; Su

; iE—V+mc2
hc

m__
—u"=0. (2018)

Putting »' and «" from (201.3a,b) and Su", Su' from (201.7a, b) into
(201.8), we find (omitting the subscripts of f and g)

Su“—i———E—I;l—mcz ul
C

j+3 _iE—V—mc2f>( j+%Yj—%—,0>

V(]
1/2—,-<" B he ~Vi=$ Y4

and
E-V+mc* 4
—f—u
he

1 . j=%_  E—-V+mc? )( j+%Y,~+§L,0>
= ——=f—i g - .
V2G+1) (f = he Vit3 Yiiga

These expressions vanish if the radial functions f(r) and g(r) satisfy the
coupled differential equations

Su'

. j+3 E-V(@)-mc?
FRAL PR hid L

f=09
hc
1 E— V() +mc® (201.9a)
f —!——zf—i_—g=0.
r he

The type of solution (201.4b), on the other hand, with u' and u"
exchanged in (201.8) leads in the same way to formulae in which the
role of the two equations (201.8) and thus the signs of the rest-mass
terms are exchanged. Thus we arrive, not at (201.9a) but at the set of
differential equations

j+3 iE—V(r)+mc2

g,+ g— f=03

r he

.1 E—V({r)—mc? (201.9b)
, J—2 e -
f ——3f—1———————g=0.

r he

The differential equations (201.9a) and (201.9b) have still to be
solved for any given potential V(r), separately, thus providing the
complete solution. By their coupling they determine the relative nor-
malization of the two functions f and g.
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It should be noted that, in contrast to the unrelativistic spin theory,
contributions of different ! values are mixed up in the four-component
Dirac spinor so that [ is no longer a good quantum number, but j and
m; of course still are.

Problem 202. Kepler problem in Dirac theory

To specialize the solutions of the central-force problem to the potential

Zé?
Vo= - 02.1)

and to determine the eigenvalues.

Solution. In the preceding problem we have found two sets of solu-
tions for the general central-force problem, the differential equations
for whose radial parts had been written up in Egs. (201.9a) and (201.9b).
Let us first discuss the system (201.9a). With the abbreviation

Ze? _ VA
he 137’

which, it should be borne in mind, generally is a very small number,
and

B = (202.2)

p_mc>—E 1  mc®+E

a he ’  pa he

7_E B
p= ‘/-’"—Cz——; a= ¢ (202.3)
mc*+E )/ (mc?* —E)(mc*+E)

the differential equations (201.9a) may be written for potential (202.1):

-+§
g +122 g+i(ﬂ - E)f=0;
r a r

or

(202.4)

These equations are to be solved.

We start by discussing their behaviour for very large and very small values of r.
For r— o0 Egs. (202.4) become

’i—”=' '-—~i—=
gHEf=05 [=og=0
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with normalizable solutions
i
=Ce™"; f=-C—e™"",
g f P

There is another set of type e *"/# which we need not discuss. For r—0, on the other

hand, we expect regular solutions of the form
g=Ar-"'; f=Br7t,
Putting these in (202.4) we get
(s—1)A+(+3)A—-ipB=0,
(s—1)B—(j—)B—-ipA=0.
Vanishing of the determinant of this set of linear equations leads to

=T+ (2025)

Combining these results, it seems reasonable to put

g=Cr~le " G(r);

; (202.6)
f=——Crle " F(r);

U

then, from (202.4), there follow the differential equations

G'+(iw—1>6+(i——ﬂ—>1v=o,
r a a ur (202.7)

F'+<w 1)F+( ﬁ”)G 0.
r a a

Adding and substracting these equations, respectively, and putting

G+F=v(@r); G—F=w(@) (202.8)
we arrive at

v+ 2= —k+g) Y,

- 2 v
(r z) w=-k-ay

1 1 1
P=§<ﬂ—;>§ q=§(ﬂ+;); k=j+5. (202.10)

From the first equation (202.9) we get

(202.9)

with

1
W g Tt W= _kiq(’v"+(S+p+1)v’}- (202.11)
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This we put in the second equation (202.9) which thus becomes a second-
order equation for only v, viz.

2 2
rv”+[(2s+1)—;r:|v'—;(S‘H’)U:O- (202.12)

This is a Kummer’s equation; its solution, in arbitrary normalization
and regular at the origin, is the confluent series

v=F, <s+p,23+1;2—;—>. (202.13)

From (202.11) we then derive w(r) using the general formula

(z‘-;—l;+ a) Fila,c;z)=a F(a+1,c;2);

the result is
+p

S r
=27 2. 202.
w k+q1F1<s+p+1,2s+1,2a> (202.14)

Putting the expressions (202.13) and (202.14) in (202.8) leads on
to G and F and thence, using (202.6), we finally arrive at the radial
functions

N\

2

s+
- plF1<s+p+1,2s+1;2£>};

1
g==Crlerha {1F1(5+p,2s+1; 2%)

k+gqg
> (202.15)

f= — L cptera {1F1 (s+p,23+1;21)
2u a

s+p r
+m F1 <s+p+1,2s+1;2;>}.

The two confluent series are asymptotically proportional to e*2",
thus destroying normalizability unless their first parameters are zero
or negative integer:

s+p=-n; n=0,1,273,.. (202.16)

/

If s+p=0, in the second confluent series we still have s+p+1=+1;
however, a factor s+p makes this part of Egs. (202.15) vanish anyway
in this particular case, so that (202.16) is the complete eigenvalue condi-
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tion. Replacing in (202.16) p by (202.10) and taking u from (202.3), we
may introduce the energy and write

7 2
%/3 mc*—E Vmc +E}= s,

mc*+E | mc®—E
This may be resolved for E:
E__m Czﬁz__, (202.17)
1+ (o +s7

thus providing us with the energy level formula wanted.

We have so far not yet considered the second set of radial equations,
(201.9b), which follows by replacing u by —1/u in (202.4) and conse-
quently, g by —q and p by —p so that the eigenvalue condition (202.16)
is changed into s—p= —n, which, however, alters nothing whatsoever
in the energy level formula. Each energy term therefore is degenerate
with two solutions to it.

If B>1 (Z>137) the exponent s, Eq. (202.5), will become imaginary for
the ground state, so that the boundary condition at r=0 cannot be simply satisfied.
For very large Z the potential hole may even become so deep that for the lowest
bound state E< —mc?. According to (202.3), a then becomes imaginary and the
solutions g and f, Eq. (202.6), no longer decrease exponentially at large values of r.
This is a consequence of the electron wave penetrating into the domain of negative
energies (Klein’s paradox), a phenomenon explained in some detail for a potential
step in Problem 207 below (case c).

Problem 203. Hydrogen atom fine structure

For a hydrogen atom, the parameter f of the preceding problem be-
comes identical with Sommerfeld’s fine-structure constant,
e 1
==
he 137
This parameter is small enough to justify power expansion of the results.

This shall be performed, thus confirming the unrelativistic theory and
adding its first relativistic correction.

Solution. The expansion of s, Eq.(202.5), leads to

(i D o (203.1)
=T T T '
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If this is inserted into the energy formula (202.17), the principal quantum
number,
n=n+j+1%, (203.2)

may be introduced with advantage. We then have

el LT |

or
o? o’ n 3
=mec2{l —— =|—-= 0%} . 203.3
E=mc {1 2n2[1+n2(j+% 4/]+ (a)} ( )
Since
, , met
mcoo” = -h—z
we arrive at the level formula for hydrogen, in first relativistic approxi-
mation:
4 2
S (L P
E=mc T [1 +n2(j+% 4)], (203.4)

where the first term is the rest energy, the second term, for «?=0, the
unrelativistic Balmer term (cf. Problem 67), and the square bracket pro-
vides a first relativistic correction of the order of «2=0,532x10"% or
about 555 percent of the binding energy. Since this correction depends
upon j as well as upon n, each unrelativistic level will split up into
several fine-structure components.

Next let us expand the length parameter a, Eq. (202.3). This leads to

#? 2 [ n .
“_W"[l‘ﬁ(,:;-l)]+0(a). (203.5)

Without the relativistic correction in the square bracket, this is the
well-known Bohr radius of the n-th hydrogen orbital. Since the argu-
ment 2r/a occurs in the confluent series and ™" as a factor, in the
radial wave functions (202.15), the atomic size is determined by a in
a form quite similar to that in unrelativistic theory (cf. the following
problem).

To perform the transition from the relativistic wave functions
(202.15) to those of the unrelativistic Schrodinger theory we need the
expansions of the parameters u and g, Eqs. (202.3) and (202.10):

o o n 1

o n 1
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The factor in front of the second confluent series in (202.15), in un-
relativistic approximation, is

s+p n n,
k+q  j+i+n n+Q2j+1)’

(203.8)

i.e. of the order of magnitude 1 (except in the case n,=0 when it
vanishes). The factor u, according to (203.6) being of the order o, there-
fore makes f about two powers of 10 bigger than g. In unrelativistic
approach and arbitrary normalization we entirely neglect g and conclude:

g=0’
j___l. _r ¥
f=r e “{lFl (—n,,2j+2;2;>

n, .
- +2]+11F1< n,+1,2]+2,2a>}.

If in the function f we put j=I+3, it is indeed transformed into the
Schrédinger wave function [cf. (67.12)]

(203.9)

Ssne=r'e"" Fi(l4+1-n,214+2;2yr) (203.9S)

where y=1/a. This is readily seen as follows. With j=I1+%, Eq.(203.2)
renders for the principal quantum number n=n,+Il+1 so that
n,=n—I—1 and

f=re {1F1(1+1—n,21+3;2yr)

n—I—

- 11F1(l+2 n,21+43; 2yr)}

Here we apply the general relation
a;Fi(a+1,c+1;2)=(a—0),Fi(a,c+1;2)+c,Fi(a,c;2)

which permits with a=I+1—n, ¢=21+2, z=2yr transformation of
the curly bracket

a
Fila,c+1;2)+ —a Fila+1,c+1;2)

into
2142
+1+

ialFl(a,c;z) B (1 1=n,204252y7)

as required in Eq. (203.9S).
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The second solution needs separate treatment. With u replaced by
—1/u, we now have f the small and g the big solution. We use, except
for a normalization factor, the unrelativistic approach

g=r"Yte " {{F(~n,2j+2;29r)— F;(1—n,,2j+2;2yr)},
f=0
where we now have to put j=I—4%:
g=r"te " {|Fi(—n,21+1;2yr)— F,(1—n,,214+1;2y7)}.

To show that this is again the function (203.9S), we apply the general
formulae

} (203.10)

d
a{;Fi(a+1,c—1;2)— F,(a,c—1;2)} = 2o~ Fila,c—1;2)
and

(C“‘l);—z Fi(a,c—1;z)=a,Fi(a+1,c;2)

which indeed perform the desired transformation into
g=re " Fi(1—n,,21+2;2yr)

except for a factor 2y/(21+1). Here, according to (203.2), 1—n,=j+3—n
which, with j=1—%, again becomes I+1—n as in Eq.(203.98S).

Hitherto we have treated | as a convenient parameter without
referring to its physical significance. In order to check the latter, let
us calculate the expectation values of the operator I? for the two types
of solution. Using just the simple relation

Ly, ,=nll+1)Y,,
we get for both solutions the expectation value
§ dr > {G =D+ P+G+DG+Dlgl}
(Py=n* 2 - . (203.11)
[drr?{If1*+lgI}
0

For the first solution we may neglect |g|?, which is then of an order «®
smaller than |f|?; then it follows that

I2=(—-3)(+3) W (203.12a)

corresponding to j—i=1. For the second solution, inversely, | f|*> may
be neglected and we arrive at

Zy=({+3)(+3)# (203.12b)
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leading to j+1=1 These are exactly the substitutions used above. In
other words, in unrelativistic approximation, when f and g are no longer
mixed in the same wave spinor, [ again becomes a good quantum number.

Supplement. The eigenspinors are composed of

_ 1 J+3 Y40

1
“= ]/z_jf(r)<_l/f—% Yi-%.l)

= 1 g(r)( j+3 Yj+-§~,0>

V2G+1) J+3 Y044

1 I
V.= (311) or ¥, = <L;1') .

We have seen that for the first solution, ,, g<f, for the other, y,, f <g so that
they approximately simplify to

() e o-(3)

Thus there remains the unrelativistic two-component spin theory in which now

j=I1+4% for Y, and j=1—1% for ¥, without any mixing of different I-values for the
same j.

We further know that the “big” function in y,, is
f=r~te " F(i+4-n2j+1;2yr) with j=1+}

in either of the two forms

and in ¥,
g=rtte ™ F(j+3-n2j+3;2yr) with j=1-1.

If, and only if, the first parameter of the confluent series is zero or a negative integer,
there exists a normalizable solution. Thus we arrive at the lowest possible states
given in the following table. Their radial wave functions, either f or g, are identical
with those of the unrelativistic theory treated in problem 67; their two-component
character agrees with the unrelativistic spin theory, cf. Problem 133.

Spectroscopic
j Solution symbol for
llla l/,b l/,a lllb
i n=1 nx2 nSy nPy
3 n=2 n23 nP;y  nD:
3 nz3 nz4 nD; nFj

The energy levels, according to (203.4), are, except for the residual energy,
E,;=—E}—AE,;
with (in multiples of the atomic unit me*/h?=27.2 eV)
1
0

" 2n?
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the unrelativistic Balmer binding energy, and

o> (n 3
AE“:ZF(;T%_Z)

its relativistic correction. For n=3 the energy values and their corrections are

tabulated. The table shows that the splitting is larger the lower the level. That is

the reason why the red Ha line (h=3-—>n=2) appears to be roughly a doublet of
(2.08-0.42) x 1076 x 27.2eV

or 0.365 cm™ ! splitting.

n E? (2/a?) AE,, ; for 10°x 4E, ; for
=t =% =} =t =t =}
1 3 3 — — 6.68 - -
2 H o = - 208 0.42 -
3 s 35 08 h 0.74 025 0.08

Problem 204. Radial Kepler solutions at positive kinetic energies

To determine the radial wave functions and their asymptotic behaviour
if the electron in the Coulomb field has positive kinetic energy, E —mc? >0,
at infinite distances from the centre of attraction.

Solution. Since mc?—E <0, we replace the relations (202.3) of
Problem 202 by the definitions

E-mc*> k E+mc?
he ° n  he
where k is now the wave number at infinity. This is equivalent with

E—mc* f— V(E—-mc*)(E+mc?)

nk= (204.1a)

= ; 204.1b
"=V Exme he (204.15)
The differential equations to be solved then run as follows,
.+§
g +]—rz—g+i (—nk - g)f=0,
(204.2)

: l k
= PN
¥ nor
We solve these equations in full analogy to Problem 202 by putting

1 L 1 o
g=5W+o)r telkrs f=5-w=o)r 1 gikr (204.3)
n
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with
s=l/(i+3)*—B>. (204.4)

After a straightforward calculation, using the abbreviations

1 1
P=£(——n); Q=—'—3—<——+n> (204.5)
2\n 2\n
and the variable
z=—2ikr (204.6)
we arrive at
T st -2~ (s—igw=0 (204.7)
Zdzz s z P s—iQ)w= .
and
1 dw
==z —i . 204.8
v j+%+iP[zdz+(S 'Q)w] (204.8)

The solution of the differential equation (204.7), regular at the origin, in
arbitrary normalization, is

w=C,F,(s—iQ,2s+1;z). (204.9)

From (204.8), using the formula

d
{Zd_+ a} 1F(ac;z)=a F(a+1,c;2),
z

we then find
s—iQ

j__l__1—+_i_131F1(1+s"iQ,23+1;2)- (204.10)
2

v=—
Eqgs. (204.9) and (204.10) provide the complete solution of the radial
problem in arbitrary normalization.

For positive real values of r, the variable z, Eq. (204.6), is negative

imaginary. We therefore may apply without further precaution the
asymptotic formula

—ina F(C) —-a E@ez Z97¢

Fi(a,c; 204.11
1Fi(a,c;2)—e F(c-—a)z T'@) ( )
thus getting
_=Q _ims i0lo r —i"—s—i r .
CF(2S+I)C 3 Je 5 TiQlog 2k ie 2 Qlog 2k o 2ikr

Qkry 1r(1+s+iQ)+ TG—iQ)  2kr
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and
nQ

CIr@2s+le 2 s—iQ |e
o L
@kry  j+i+iP)| il(s+iQ) 2kr

—?Hglog 2kr

!—;—s—iglog 2kr
€ —2ikr

T Td+s—iQ)

Here, the second term in the w bracket and the first term in the v bracket
are of an order 1/kr smaller than the other terms, respectively, and may
thus be neglected. Therefore, using (204.3), we arrive at the results

rg— Cl ei(kr+Q log 2kr) + C2 e—i(kr+Qlog 2kr)

nrf_)cl ei(kr+Qlog2kr) _ (:l2 e_i(k"‘"QlOngr) (204.12)

with the complex amplitude constants

_zg _ins
c Cr2s+1)e 2 e 2
1= : )
22kF I
@k RQ( +s+iQ) L (204.13)
CIr@2s+l)e 2 s—iQ e?
C,=—

2(2k)° j+i+iP I'(1+s—iQ)’

The constants C, and C, can, of course, only differ by a phase factor since
incoming and outgoing partial waves must have equal amplitudes. Indeed
both the factors by which they differ from one another,

s—i0 L. FA+s+iQ) _

—T . 5—¢ and ———= (204.14)
j+3z+iP Irl+s—iQ)

are phase factors. For the second this is obvious; the first one yields
| s—ig | $+0Q>
i+5+iP|  (+%>+P?

because of

Q*—P2=p4% and s*=(j+%)>—p>.
We therefore finally arrive at
cosé

f=|Cyle?2—= (204.15)

sin &
r’ nr

g=|C,|e®2i
with

¢=kr+Qlog2kr—”—2—s—c—5. (204.16)
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NB. The result may be compared with the unrelativistic theory where # < 1
so that f'>g. This gives

foc%sm<kr+Qlog2kr———725(s+1)—C—5> (204.17)

where, according to (204.5) and (204.1b), Q may be expressed by E and further by
the velocity v at infinity. From the well-known relation

-3
E=mc® <1 _v_z)
c

one easily deduces

i.e. Q becomes identical with », Problem 110. From (204.1b) one further gathers
that Ak is the momentum of the electron, at infinity. The first two terms in the
argument of (204.17) therefore agree with the classical expressions. The constant
phase angles, in the same approximation, follow from

s—j+i=14+1 and P-Q=x;
they become

%(s+1)+€+5 - g(l+2)+argr(l+2+ix)—arg(l+1+ix)
=7+ —72c—l+argF(l+1+i'x),

and as the wave function is defined except for a sign (i.e., for a phase n) we arrive
finally at

1.
foc 7sm{kr+xlog2kr - 1_12_1 —argl'(I+1+i%)}

in complete agreement with the results of Problem 111, but for an attractive
Coulomb potential.

Problem 205. Angular momentum expansion of plane Dirac wave

The angular momentum eigenspinors of Problem 190 shall be used to
construct the plane wave, of helicity h= +1, in z direction:

1 1
0 0|
y=Cly|e=Cly| T VarRI+1)# Y,0. (205.1)
1=0
0 0
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Solution. We start by solving Eqgs. (201.94a,b) in the force-free case.
Using the abbreviation #, introduced for plane waves in Problem 190,
we have with

E—mc? E 2k
M kg 2IME_X (205.2)
hc hc n
instead of (201.9a)
LS S
g +_r_g—-lk11f=0; (205.3a)
s 1 k
=12 24 0. (205.3b)
r n
From (205.3b) we get
k i—1
itg=p-1"2¢ (205.4)
] r

and by differentiation
ko i=%, =3
l—g =f"- f +—f.

Putting these expressions into (205.3a), a second-order equation for f
results:

f”+%f’+[k2 = zi(’“)}f 0 (205.5)
with the solution
f= 1 Jj-3(kn) (205.6)
kr

regular at the origin, in arbitrary normalization. Putting then (205.6)
into (205.4), we find
ko1 { _jt3. }
i—g= i
n°  kr Jimd T i

with the prime denoting differentiation with respect to the argument kr.
The general formula

1+1
ji@) — ': @)= ~js1()

then permits to write

i
=y (k). (205.7)

gkr
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Thus the normalization of g is fixed relative to that of f. Egs. (205.6)
and (205.7) allow us to write the full four-component spinor according
to (201.4a) for given j and m;= +3:

1/i+z .
“—zj—]j—%(k") Yj—-} 0
T ]__1_
- 2 ji_y(kr) Yoy,
1 2J
Wj:E_r iw i+t en Y (205.8)
n 2(]+1)]1+~£- +-%,0
iw j+3 . (kn) Y
n 2(l+1).11+-% jt3,.1

The second solution derived in Problem 201 is obtained by replacing
n by 1/5 in (205.3a,b) so that f is still given by (205.6), but in (205.7) the
factor n has to be put in the denominator instead of in the numerator.
From (201.4b) with an arbitrary normalization we get for the second
solution,

il/j+3 . J(kr) Y
’1 2(]+1).]1+2 J+ ,0
il/i+3% .
— k
) 2(I+1)]J+ ( nY, j+i

i .

= j+1 . (205.9)
kr 2].2 Jj—-%(k") Yj—%,o

j 1

-2 .
|57 ) Yoo

In order to construct a solution like (205.1), we have to write
Y= (4;y;+By}). (205.10)
j

In this expansion it is, of course, possible to change the dummy j in a
different way in different sums. We shall do this by again using the
orbital momentum quantum number / so that in all sums over

-+k1) Yy
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(with m=0 or 1) we shall put j=I+1%, and in all sums over
jj+%(k r) Yj+%—,m

we shall put j=1—1. We then obtain from (205.8) and (205.9):
i
<A,+%]/l+1 + B,_%;[/l—> Yo

o0 3 i |
yoy 0D (—Az+§Vl—+Bz—%;l/’+1>Yu . (205.11)

(iﬂAl—%l/T+Bl+-%l/ 1+1)Y,,0
(indi-4 )/ 1+1 =By Y1) Yo,

Here it is correct to sum over all 1=0. In the terms j=1[+3, this follows
directly from j=1. On the other hand, for j=I—1% the sums would start
with [=1. In the second and fourth line, however, the zeroth term
vanishes because Y, ; =0. There remain j=I—3 terms in the first and
third line with /=0, but again these vanish due to the factor ]/l_

In order to make the sum (205.11) identical with (205.1) we need only
put

=1/4nCi*|/1+1,
Aag=panCil I } (205.12)
By =n)/4nCi|)/l+1

as can be directly checked.

Problem 206. Scattering by a central force potential

A plane Dirac wave of positive helicity is scattered by a central-force
potential. To determine the asymptotic behaviour of the scattered wave
if the phases are taken from the solutions of the radial wave equations.

Solution. In Problem 201 it has been shown that there are two sets
of radial equations, viz.

it3

Set I: g}+—r—gj—ik11fj+iU(r)fj=0,

o ‘ (206.1a)
, 172 . .
fj_—r-zfj_l;gj'jrlU(r)gj:O
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with U(r)=V(r)/hc. It can easily be seen that, for U(r) decreasing more
steeply than 1/r, the asymptotic solution may be written

' 1
g~ —sine;;  f,fr)—»—cosa; (206.22)
r r
with

aj=k,_(,-+%);+ . (206.32)

The two functions are mutually shifted by a phase angle n/2 and their
respective amplitudes, given in arbitrary normalization, are coupled in
such a way that, as the unrelativistic limit (y—0) is approached, f;
becomes the big and g; the small wave function. If f; is chosen to be real,
g, is purely imaginary. The phase a; is determined by integrating the set
(206.1 a) with the boundary conditions g;(0)=0, f;(0)=0. In the classical
approach, j=I+% so that we get

1
fi) - sin (kr—l; + oc,+4f>; gi(n—0
at large r.

j+3 k
SetII: g +]—2-gj—i — f+iU() f;=0,
r n

oy (206.1b)
, J72 . ,
f3=="fi=ikng;+iU()g;=0
with the asymptotic solution
i, 1
gj—>;7—rsmrj; f,-—»;cosr,- (206.2b)
and
'rj=kr—(i+%)§+ﬂj (206.3b)

with other phase constants §; than in case 1. Since (206.1b) differs from
(206.1a) by n being replaced by 1/x, in the classical limit there will g;
become the big, and f; the small wave function. This leads to the iden-
tification j=1I—1 in this approach:

gj(r)—rlsin <kr—l£+ﬁ,_%>; finN—-0.
r 2
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We have further seen in Problem 201 that there exist two solutions
Y} and ¢ for each value of j belonging to spin in positive z direction,
constructed from these two sets. They behave asymptotically as

N

j +
W / ——cosa; Y;_
2j

,0

tol»-

N

~.

coso; Y; 1 4
1 2j "

j+

=
|
N

sma Y.

~—

[N1[] N

] + sma Y,
. (206.4)

smr Y

N
<
|+
[T .

N

K|~
+ |+
—_ | Nl

sint; Y4,

S|~ =~
[\
|~
_|_
—
-

11 1 B

kr

|
~.
+
N

cost; Y 4o

&

~.
I
Nj=

cost; Y, 44

&

The most general solution is
Y=Y (49} + By} (206.5)
j

which, by changing the summation subscript j into [+% everywhere so

that spherical harmonics of the order  emerge in the sum, may be written
1 2 1

v % Y

Ti=o J/21+1

[]/ I+14;, cos0,,4+ LVTB,_% sint,_%] Yo
n
i .
[—WAH%COSGH%+;Vl+le_%smrz-%]Yz,1 . (206.6)

[in]/l_A,_% sino;_y +|/1+1B;,3cos7,1] Yo
[in I/ l+1 Al—% Sino’l_% - I/TB1+% COSTI+71_] Y;’l
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This has the same structure as the plane wave (205.11, 12) with which it
becomes identical if «;=0 and ;=0 for all j. Let us write the plane wave

Yo=Y (A2y?"+ B YoM (206.7)
with ’
Ay =V4nCiY1+1;  Bly=nAly;
. . n (206.8)
O)-1=T1_1= kr-—lE.

The boundary conditions of a scattering problem, for r— oo, are then
satisfied if, and only if, the difference

U=y —y° (206.9)

contains no incoming spherical wave parts of the form e~ **"/kr but only
outgoing waves so that it may be identified with the scattered wave.
This, according to (206.6), leads to four coefficient relations, viz.

Vi+1 A,+{. aH—%)+ll/_Bl %e_"” =}l+1 Az+§-ez+}-l/l_B?—;—a
_V_AH% GH%) —|/l+ B, Le"”'f——]/_AH%e +— I/l+1B?-i"

YT Ay et T By Y —nl/l_A?_%+]/l+1B?+%ei5
—a)/T+1 A_ye =i~ |/T B e G-pies) = )/ IF1 A0 /T B e'2 .

(206.10)
These equations are satisfied if, and only if,

A;=A%¢%; B;=B)e'li. (206.11)

The scattered wave then can be shown by straightforward calculation
to behave asymptotically as

: [(l+1)(e2i“”%—1)+l(62i”"%—1)] Yo
ikr @ 1 'll 1 2ip1-4 __p2im+t Y,
Voo )/amC e
21kr,=0|/21+1 nlE* -1 +(+1)E*"*-1)] Y, ,

77] /l(l+ 1) (eziaz_,} __ezitm%) Yl,l

(206.12)
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Problem 207. Continuous potential step

A plane wave of positive helicity h= +1 is falling perpendicularly from
negative z upon a potential step described by

V(@)=1v, <1+tanh iz) (207.1)

i.e. with the potential increasing from V=0 at z=—o0 to V=+V, at
z=+ oo, within a layer around z=0 of a thickness of the order I The
coefficient of transmission of the step shall be investigated for the cases
of different step heights, viz.

Case a: Vo<E—mc?,

Caseb: E—mc?<Vy<E+mc?, (207.2)

Casec: E+mc*<V,.

The three cases are sketched in Fig. 72.

a b
£ N\ MAN
NN
0]
~me?

4

Fig. 72a—c. Three potential steps of different heights. The energy domains in which
the particle can move are indicated by hatching
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Solution. This is a special case of Problem 197. For helicity h= +1,
the component functions u, and u, vanish so that we are left with a set
of only two differential equations,

d
—iZ2 4 (e Q)u, =0,
dz

(207.3)

_du,

i—+x—Q)u;=0
dz
with
V(z)—E mc?

= ; = 207.4
he % he ( )

Let us introduce, instead of u; and u;, their symmetric and antisymmetric
combinations,
Qs=u;+uz; Q,=u;—usz, (207.5)

then, instead of (207.3), we have the equations

— %=1, +Qp,; %P, =ip;—Qq (207.6)

which permit a simpler elimination of one of the two functions than do
the original equations (207.3). We find

o +[0*—%*+iQ"] ¢,=0. (207.7)

We have to solve this differential equation with fitting boundary condi-
tions and afterwards to derive @, from the second equation (207.6) in
order to solve the problem completely.

The differential equation (207.7) can be written with rational coef-
ficient functions if we use the variable

x=(1+e?#)~1 (207.8)
instead of z with
du 2 du
—=—=x(1—x)—; V(@=V,1-x). (207.9)
dz l dx

Further, we shall introduce an energy unit 2% ¢/l and use the dimension-
less abbreviations

_EIl Imc* v, (207.10)
T T 2me T 2he '
Eq. (207.7) then is transformed into

d
x(1 _X)E[

‘jizs] + {[vo(1 —x)—&]* — &5 +ivex(l —x)} p,=0
(207.11)
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If we put
— vV (1 — Y&
with
V=gl—(e—vo)?; wr=e3—¢* (207.13)
this reduces to the hypergeometrical equation

x(1=x) f"+[Rv+1)—Q2v+2u+2)x] f'
—(u+v—ivg)(u+v—ivg+1)f=0  (207.14)
of which we need, as we shall immediately see, only the solution regular
at x=0,
f)=,F(u+v—ivg,p+v+ivyg+1,2v+1;x). (207.15)

In order to see this, we next study the boundary conditions. According
to (207.8) we have x=1 for z=— o0, and x=0 for z= 4+ co. Further,
according to (207.10) and (207.13), we have

1 E>—(mc** (pY

hence u is always an imaginary parameter proportional to the particle
momentum p=hk for V=0, i.e. on the far left. The hypergeometric
series (207.15), in the neighbourhood of x=1, may be transformed
according to the rule

I'(c)I'(c—a—b)
X)=——"— " F(aba+b—c+1;1—
2Fi(a,b,c;x) Te—aT(c=b)> 1(aba+b—c+ x)
_ . TIer(@a+b—c)
+(1—x)y"" "—WzFl(c—a,c——b,c—a—b+1;1—x)

which, with (207.8) and (207.15), leads for z— — o0, x~1 to
rv+1)r(—2p)
Fv—p+ivg+ ) I'(v—pu—ivg)

T'Rv+1)I(2u) }
TF(v+pu—ivg) F(v+pu+ive+1)

(Ps—*(l—‘X)ﬂ{

+(1—x)"2*

or, with
eZ z[l

—_ 2z/1
x= 1 o2l -
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and (207.16), to

o,—~Ae* + Be (207.17)

_ rv+1)reup ) _ rev+1)r(-2u
T+ p—ivg) T+ pu+ivg+1)° h IF(v—u—ivg) F'(v—p+ivg+1)
(207.18)

where B differs from A just by the sign of u. The function ¢, therefore is, at
large negative z, composed of an incoming wave with amplitude 4 and
a reflected wave with amplitude B, conforming to the physical problem.
Hence the special solution (207.15) satisfies the boundary condition at
large negative values of z. The same composition of two waves holds for
@, if we apply the second equation (207.6) to the asymptotic function
(207.17),

E k), E k .
ot (e BYersn(E B oo

mc® % me*

The electrical current density (cf. Problem 198, Eq. (198.13))
J.=ectus+uiuy)=%ec(lo,l* —lp.l) (207.20)

is then, except for interference terms,

jz =jin —jrefl (20721)
with the incident current

E kY pc(E—po)
in=tecld?P {1 —[— - =) b=ecldP 222 (207,
Jn=3ec|A| { <mc2 %>} ecld| ) (207.22)
and the reflected current
E k\? E+
Jren=1ec|B? {1 - (—2 + —) } —eciB2 2XETPD 703
mc® % (mc?)

where the energy formula

E=)/(pc)*+(mc*)?
is to be remembered.

Let us now pass on to a discussion of the behaviour of the wave
function on the right-hand side of the potential step, near x=0 or for
z— + o0. It then follows from (207.12) and (207.15) directly that

2
—vz

p—ox"=e ! (207.24)
where, according to (207.10) and (207.13)
_(E=VP—(mc?
(he)?

l
v=—i 3 K; k2 (207.25)
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Here we have to distinguish three cases according to Eq. (207.2). If
E—Vy>mc? or Vo—E>mc? (cases a and ¢), k’>>0 and k' is real. If, on
the other hand, |E — V| <mc? (case b), v will be real and k' imaginary. In
the last case, with v>0, Eq. (207.24) describes total reflection of the
incident wave so that the coefficient of reflection,

B
A

2E+pc
E—pc’

R =J refl/j in = (20726)

must become=1.
This can easily be derived from A and B, Eq. (207.18), by using the
identity I'(z+1)=zI'(z),
B v+,u+ivo_l“(v+;t—-ivo)I“(v+/,t+iuo).I"(——2y)

—= - - - . (207.27)
A v—p+ivy Tv—p+ivg)F(v—u—ivy) I'Cp

Since

u=—ic
is always imaginary, the last of the three fractions in (207.27) never
contributes to the absolute square |B/A|2. If v is real (case b), the second

factor also is the ratio of two conjugate numbers not contributing.
There then remains

B

2 v +(wo—0)* 2v4(e—0) E—pc
A

TV +(vg+0)? 2v4(e+0) E+pc’

so that (207.26) indeed yields R=1.
In cases a and c, on the other hand, v is imaginary so that a running wave
exists on the far right,

(ps=eik’z
and according to (207.6),
kK E-Vy\ .. E-pc ..
(pa=(____+ 20>elkz___ I; e:kz
% mc mc

where p'=hk' is the particle momentum for z— + 00, and E'=E—V,,.
The electrical current transmitted is then, according to (207.20),

El_ r 2\ 2 'e(E'—1'
Jicans =%60{1 - ( P c) }= ecu- (20728)

mc? (mc?)?

This yields, with (207.22), a coefficient of transmission,

1 .p’c(E'—-p’c)

) 207.2
|A]*> pc(E—po) (20729)

T=jtrans /jin =
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In now computing |4|? from Eq. (207.18) we use, besides I'(z+ 1)=zTI'(z),
the general formula

IF(xiy))*=

we then have, with

!

u=—io, v=-—io,
1IA? = o a+0' sinh27no sinh27no’ (207.30)
¢ o+o +v0 smhn(a+a +vg) sinh (o +0' —vg)
Combining (207.30) with (207.29), there occurs a factor
PAE—-P 9 ¢ o+0 —v,_(E—ppe+pc—Vo)
pc(E—pc) o o+6+v, (E—po)(pc+pc+Vy)

which can easily be shown to be =1: if we replace V, by E—E, the
expression may be written
(E'—p E+p )—(E'—p'c)(E—pc) _
(E—p(E+pco)—(E—pJ(E'—p'c)
since E?—(p'c)*=(mc?)*=E?—(pc)* in the first terms of numerator

and denominator. We therefore finally obtain the coefficient of trans-
mission,

_ sinh2no sinh2no’
" sinhn(o+0'+vy) sinh (o +06' —vy)

(207.31)

The denominator can be suitably reshaped so that the characteristic
quantity v,, proportional to the product of breadth and height of the
step and independent of the particle energy, is isolated from the momen-
tum quantities ¢ and ¢’ :

sinh2rno sinh2no’

sinh?n(c+ ¢’) cosh? nv, —cosh? (o + ¢') sinh? nv, (207.32)
In case a of Eq. (207.2), we still have o406 —vy>0 or Vy<(p+p'c.
This is the normal case which also occurs in unrelativistic theory. In case c,
on the other hand, we find 6+ 0’ —v,<0 and therefore T<0. The wave
then penetrates, for large positive z, into the domain of negative energies
(cf. Fig. 72) where negative electrical current accompanies positive momen-

tum. If mvy>1 or
27he
VO > l )

the expression (207.32) becomes

nlp . wlp -
T=—4sinh =L sinh P ¢ he ,
inh — sin .
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i.e. the penetrability of the potential step from positive to negative
energies rapidly becomes very small with increasing “step size” ¥V, . Since,
in case ¢, V,>mc?, the exponential in T contributes a factor smaller than

nlmc

e B —e-mli

with A=h/mc the Compton wavelength.

Literature. Klein, O.: Z. f. Physik 53, 157 (1929); Sauter, F.: Z.f. Physik 69,
742; 73, 547 (1931).

Problem 208. Plane wave at a potential jump

A plane Dirac wave of arbitrary polarization falls obliquely on a potential
jump smaller than its kinetic energy. The laws of reflection and refraction
shall be derived, and the state of polarization of the transmitted wave
calculated.

Solution. Let the incident wave iy be described by a wave vector k
in the direction defined by polar angles 3, ¢, the reflected wave Y’ by k’
in the direction ¥, ¢’, and the transmitted wave y” by k” in the direction
9", ¢". Let further z=0 be the refracting surface and ¥ and Y’ be defined
for z<O0, y” for z>0 (see Fig. 73).

1,11 ¢/

k' _0,[:/ ¢u
k"

%9 z=0

Fig. 73. The three wave vectors at a potential jump

On the surface z=0 there must hold for all values of x and y the
relation

VY =y (208.1)
according to which the three k vectors have the same x and y components:
ksin3cosgp =ksind cosgp’ =k"sin9" cos¢”;

ksin3 sin ¢ = ksind sin ¢’ = k” sin 9" sin ¢” .
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These relations are satisfied if

o=0'=0¢"; (208.2)
¥=n—9; (208.3)
ksin9=k"sin9". (208.4)

Eq. (208.2) shows that the three k vectors are lying in the same meridional
plane, which we may choose to be the x, z plane, so that the y components
of the three vectors vanish along with ¢=0, ¢'=0, ¢”"=0. Eq. (208.3)
is the law of reflection, and Eq. (208.4) the law of refraction, the index of
refraction being n=k"/k. These two laws are very much the same as
those holding for unrelativistic Schrédinger waves (Problem 45).

Additional information arises for the polarization. Using ¢ =0 and
¥ =n—39, the three wave functions in standard representation run as
follows:

Acos$+ Bsin 5

elkr Asin 5 — Bcos$-

VV(A+n?) | n(Acos<—Bsin-$) | ’

(A sin 4 + Bcos3)

Csin 4 + Dcos5-

ik'r
' [

Ccos-2 —Dsin-2
2 2

/VA+1?) | n(Csin$—Dcosd) | ~

n(Ccos$-+ Dsin5)
Ecos®% + Fsin %’

v = etk’r Esin % — Fcos% ‘ (208.5)

VV{A+n"?) | n"(Ecos® — Fsin %)

7" (E sin % + Fcos%"

Here, the first parts of the spinors, proportional to the constants 4, C,and

E, respectively, belong to waves with helicity +1, the parts with B, D,

and F to helicity —1.

The boundary condition (208.1) applied to the amplitudes then

leads to the following four-component relations:
A+pB+pC+D=r(E+qF),
pA—B+C—-pD=r(qE—F),
A—pB+pC—D=rME—qF), (208.6)
pA+B+C+pD=ri(gE+F)
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with the abbreviations

9 g | [1+n* cos¥ '
p an 2 q 2 r 1+7]”2 COS‘% ] ( )

By combination we find from Egs. (208.6)

A+pC=4r[Q1+A)E+(1-2)gF],
pA+C=%r[(14+A)gE-(1-2)F] (208.8a)
and
B+pD=3r[—(1-4)qE+(1+1) F],
pB+D=1r[(1—)E+(1+A)qF]. (208.8b)

From the first pair of equations we then eliminate C and from the other
pair D so that there remain relations connecting the amplitude coef-
ficients E and F of the transmitted wave with 4 and B of the incident
wave, Viz.

A-p)A=3r[1+)(1-pg) E+(1-N)(p+9) F];

(1-p) B=}r[-(1-Dp+a) E+(1+)(1-pg F]. (2089)

The expectation value of the helicity (or, briefly, the polarization) of
the incident wave is defined by

A>—B*> 1—(B/A)

= = 208.10

A*+B? 1+(B/A)* ( )
and that of the transmitted wave by

E>—F?> 1—(F/E)?

W= = . 208.11

E*+F? 1+(F/E)® ( )

From (208.9) we have
—(1-2 1+4)(1—pgq)(F/E
g —U=AC QA+ DA—p)EE)

C (+)(1-p+ (=D +)(F/E) |
The expression can be much simplified by using the abbreviation

1-2 p+q n—n" 9+
u= . = —tan
1442 1—pg n+n 2

which allows us to write

(208.13)

_ (F/E)—u

B/A=-—"""_|
1+u(F/E)

(208.14)
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If, into this latter expression, h instead of B/4 and h” instead of F/E are
introduced according to (208.10) and (208.11), a simple calculation
finally leads to

1—u? 2u

T+ 1+

% 1-h2. (208.15)

If the incident wave is completely polarized in either of the two
directions (h= +1) we find

1—u?
W=+,
1+u

i.e. a partial depolarization will occur at the potential jump which is,
however, of second order only in the parameter u. An entirely unpolarized
beam (h=0), on the other hand, leads to

2u
14+u?

"o_

the potential jump giving rise to at least partial polarization. The latter
effect is of first order in u. Since u in reasonable arrangements generally
turns out to be rather small (about 0.1), the partial polarization of an un-
polarized beam will be of greater interest than the partial depolarization
of a beam of well-defined helicity. It should further be remarked that u
vanishes for perpendicular incidence, so that grazing incidence will
favour the effect.

Problem 209. Reflected intensity at a potential jump

To calculate the reflection coefficient of the plane wave of mixed helicity
investigated in the preceding problem, and to derive the law of continuity
of the electrical current at the surface.

Solution. The electrical current density

jz=iecw*v4wﬁ=eu/ﬁazw

can be expressed by the spinor components i, in standard representation
as follows:

Jx=ecWUT v+ s +ysv, +yiyy),

Jy=eci(=yTv, +yivs— Yy, +yivy),

Jo=ec(Wi Vs — iy, +Ysy, —yiy,).
Since the exponential factors of y¥ and y, in a plane wave cancel out,
there only remain the spinor amplitudes which, using the Dirac wave
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functions of Eq. (208.5), are all real according to our choice of ¢=0.

Indeed, this leads to j,=0 above. The two other components become for
the incident wave

L (A os9+Bsin 9) <A i '9+B 9)
= COos — - sin — CcOS —
R 2 2)" 2 2
3 3 3 3
+(AsinE—Bcos—2->n<AcosE—Bsin§)};
2 9 9 3 9
jz.—_Wle:—”z-j{(Acos—2—+Bsin5)n<Acos-2——Bsin5)

Asin'9 B co! s A si 9+Bc 59
2 S3 )M\ A8y T Eeesy

which may be simplified to

2ecy
V(1 +n?

2ecn

i =N (424 BYsing; j, =
Je= V(i 2)( + B*) sin Jz

(A2+B?)cos9. (209.1)
By an analogous procedure we arrive at

2ec
Je= —L—~(C2 D*)sing; j.= (C?4+D*cos9 (209.2)

V(A +n?) V(1 + 2)
for the reflected?, and at
2ecy” 2ecn”
jp=——>(E*4+F?)sin9"; ji=—————(E*+F*cosd (209.3
J 7 +’1"2)( ) J 7 +r]”2)( ) ( )

for the transmitted wave.

In order to calculate the three currents we first express the amplitude
constants C, D, E, F by those, A and B, of the incident wave by solving
the linear system (208.6) or (208.8a,b). The result of this rather cumber-
some but elementary computation is

—aA+BB D— BA+aB

C= = )

y ; YRR (209.4)
pA+oB —cA+pB

E= ——; F=——7—"— 209.

2rd 2ri (209.5)

2 Interference terms of incident and reflected waves may be omitted for the
present purpose since {d3xe’®*~¥)r=0. When dealing only with local dependence
of densities, these interferences are of interest, cf. Problem 23.
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with the abbreviations

a=2(A2+1)p(1 +q»)—4iq(1+p?);
B=A-1)(1-p)(1+g?);
4=@A+1(1-pgl+(A-1)*(p+9)*; (209.6)
pA=(A+1)(4—ap)—(A-1)p=4AA+1)(1-pg)(1—p?);
=@A-)@d-a)+@A+1)pp=41A-1)(p+9)(1—p?).

From Egs. (209.4) and (209.5) it further follows that

A*-(C?+D?)=(a?+ ) (4% + B?);

(209.7)
472 1(E* + F?)=(p* +0%) (4> + B?).

If the expressions (209.6) are put into (209.7) we find by elementary
though lengthy calculation,

A-(p? +0*)=161*(1—p?)? (209.8)
and
A2 — (24 pH)=4-4:1-p*)(1—q?). (209.9)

It is now easy to express the reflected and transmitted currents by
the incident one. We find for the z components perpendicular to the
potential jump surface,

C*+D?* o+ >
=== e

!

i, (209.10)
and

n' 1+n* cosy" E*+F?
- 1+7% n cosd A2+B212

n" 14742 cos.9” p +0?
7 1+n"% cosd 4r2/12 Je

1
Jz

In the last formula we introduce the definitions (208.7) which render

n' 1+n> cos® 1 1-g*
n 147" cos9 r* ~1—p?’

hence
1—g p*+0?
= . iy - 209.11
. Y ( )
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Eqgs. (209.10) and (209.11) when combined with (209.8) and (209.9) then
yield

, 42(1-pA (-4 . ., 4A1-pH(1-g?) .
Jz=—41— y Jes  Jz= y Jz

with 4 defined in (209.6). From (209.12) there follows immediately the
equation of continuity,

(209.12)

Jetie=Jz - (209.13)
The quantity
41 -p)(1-¢?)
a4

R=1

(209.14)

is the coefficient of reflection. At normal incidence (p=0, g=0) it simply

becomes
A—1\?
R=(——]. 209.15
(55 19



VII. Radiation Theory

Problem 210. Quantization of Schrodinger field

The quantization of a force-free Schrédinger wave field into particles
obeying either Bose or Fermi statistics shall be discussed using suitable
expressions for energy, momentum and electric charge of the field.

Solution. Let us start by treating the force-free Schrodinger equation
as a classical wave field, y being simply a scalar function of space coor-
dinates and time. Then, in the usual normalization, we have the following
integral expressions (cf. Problems 3 and 5): the total field energy is

2

h
W= ———Jd:’xx//*vzl//, (210.1)
2m
the total momentum of the field is
h
P=—_fd%l//*Vl//, (210.2)
i

and the total electric charge of the field is

O=e|dxy*y. (210.3)

Here m and e are phenomenological constants not yet explained as
particle properties since, so far, the field does not yet consist of particles.
We further know that a Schrodinger field must satisfy two conjugate
wave equations,
h oy n? h oy* n?

T _ vy — = —— V2u*. 2104
i ot 2mV¢” i ot 2m 4 ( )

They may be solved by plane waves which we normalize within an arbit-
rary periodicity cube of volume ¥"; the complete solution then may be
written in the form

Y(rt)=9"%Y ¢, ei®r=on (210.5)
k
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with the law of dispersion following from (210.4),
n?k?
T om
If we put (210.5) in the expressions (210.1) to (210.3) and use the
orthonormality relation of the plane waves,

1 . .
,,7 jd3x el(k—k )r=6k,k’

how

(210.6)

we get d

2
W=£—Zk2c,*§ck; P=Y hkcfc,; Q=e) cic,. (210.7)
2m % k k

This classical theory now we shall quantize. The wave function

shall be replaced by an operator y which operates on Hilbert vectors y

of particle numbers. The same then holds for the coefficients ¢, of the

Fourier series (210.5). They have to be replaced by such operators ¢,

and their hermitian conjugates cf as to make the eigenvalues of cfc,
integers, viz.

either N,=0,1,2,3,... in the Bose case

. . (210.8)
or N,=0,10nly in the Fermi case.

If this is done, the three expressions (210.7), too, become operators with
the eigenvalues

2 k?
W=Y N.E.; E.= ; 2109
Zk: KLk = m ( a)
P= ZNkpk; px=hk; (2109b)
k .
Q=e) N,, (2109¢)
k

describing a system of particles without interactions of which N, are
in the state k and have each the energy E,, the momentum p, and the
charge e.
Quantization leading to the required eigenvalues (210.8) is performed
if the coefficients satisfy the following commutation rules'*:
[cx; ch]- =cuch — ¢l e =04y in the Bose case

or (210.10)

[cxs b1, =cuch +ck e =0y in the Fermi case .

! The commutator notation [a,b]=ab—ba used in this chapter differs by a
factor i/h from the one used in chapter 1.

2 For the Bose case, it has been shown in Problem 31 that the eigenvalues
(210.8) are the consequence of the commutation rule (210.10). The same method
may be applied in the Fermi case.
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From these relations the commutator of the wave functions can easily
be constructed:

1 er— k)= i (0
(W01 0] = > T3 [sdl ], o kr e oo
k K
L oo
=72 T=4(r—r). (210.11)
k

This commutation relation apparently holds for both commutator signs.

Problem 211. Scattering in Born approximation
The quantized Schrodinger theory shall be applied to the elastic scattering
of a particle in a central force potential, V(r).

Solution. Let the force-free quantized field of the preceding problem
be disturbed by the potential V(r); then the hamiltonian W of the field
has to be supplemented by the perturbation energy,

W =[xy V. (211.1)

If we stick to the first approximation, we may put the plane-wave de-
composition (210.5) of the preceding problem into W' for y and y,
thus getting

1 : ’ yoNs
W=—%%dc jd3x V(r) ek —KIr i’ (11.2)
V k k'

The integrals in (211.2) are well known from the Born approximation
(cf. Problem 105); with the abbreviation

k—k'=K (211.3)

we again arrive at the expression (note that its dimension is erg-cm?)

o0

K\VIk) = jd3x V(r)elkr=4n jdr 2 V(r)

0o

sinKr
Kr

(11.4)

and may briefly write

1 -
W'==%7% clalk|V|kye ", (211.5)
vV P w
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We now turn to describing the scattering process. If in the initial
state there is just one particle in the state k, and all other one-particle
states are empty, so that the initial Hilbert vector is

Xi=|0“'1ko"'0kf"’>’ (211.63)

and if the final state is defined by there being just one particle in the
state k,
Xr=10... 0400 1yen>s (211.6b)

then we need the matrix element
el Wil (211.7)

to determine the transition probability between these two states.
Using the general rules

cl0>=0; ¢ l1>=10>
we find

C Xi = Okko Ok »

i.e. all terms of the sum over k in Eq. (211.5) vanish when W' is applied
to x; except the term k =k, and here the operator c,, exactly annihilates
the initial particle, thus generating the state vector of vacuum, |0). If
now ¢, is applied, all sum terms will contribute, viz.

1 e —
w’ |1k0> ___?Z <k1| 14 Ik0> el(w wo)t|1k1> .
. K

The matrix element (211.7) then again leaves only one term of this sum,
in consequence of the orthogonality,

Laplley = <1kf| L= 5kfk' >
therefore

1 e
gl W igey = 2 eyl V kg y €™ 20" (211.8)
vV

From the matrix element we now finally proceed to the differential
cross section using the Golden Rule,

2n 4
d0=7pf|<Xfl WllXi>I2'_U— (211.9)
with
_Vp?dpdQ  m*o¥
" (2mh)PdE  87*h3

P, (211.10)
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where all the quantities refer to the final state. Putting (211.10) in (211.9)
and using the matrix element formula (211.8), the (large but otherwise
arbitrary) periodicity volume ¥ cancels out and we arrive at the result,

do m \? )
o= ) Kk V ko> (211.11)

With the expression (211.4), this completely agrees with Born’s first
approximation formula, cf. Problems 105 and 184.

Problem 212. Quantization of classical radiation field

A classical Maxwell field in vacuo, underlying the condition of periodicity
within a cube ¥'= L3, shall be quantized into photons, using the classical
expressions of field energy and momentum.

Solution. The classical radiation field is described by a vector
potential A4 satisfying the differential equations

0%*4=0 and divA=0 (212.1)

in the usual gauge leading to transverse waves, The physical meaning
of these equations can either be explained by coupling A with the field
strengths,

1.
E=——A; H=rotd, . (212.2)
c
or by the mechanical expressions of total field energy,
1 1 1,
W= —Jd%(é”z +H?)=— Jd:‘x {—2— A? +(rotA)2}, (212.3)
8n 8n c

and of total field momentum,

1 1
P=—- Jd"”x(é" X ) =—
dnc 4

nc?

J d*x(d xrotd).  (2124)
The differential equations (212.1) are solved by plane waves in the
usual standard form,
4mc?

7

with 1=1,2 denoting the two states of transverse polarization and u,
a unit vector. There hold three orthogonality relations,

(1 K)=0; (w4 k)=0;  (wpy-u,)=0. (212.6)

A=

zun(‘h; gilkr=on 4 g, g itkr=on) (212.5)
kA
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The normalization factor in front of the summation sign in (212.5) is
arbitrary and merely conventional. The k vectors are restricted by the
periodicity within the cube ¥'=L3 to

2n

k=" 212.7
" (212.7)

with integer components n;=0, +1, +2,... The frequency w is connected
with k through the law of dispersion,

w=kc. (212.8)

Since each term in the sum (212.5) consists of two complex conjugate
members, the vector potential 4 is a real function of r and t, as necessary
in the classical Maxwell theory.

Putting (212.5) in the energy integral (212.3), we get

c? 0w
W= 2_1/2 5 [ {— — Upo oty — (K X ug ) (k x u“)}

kAKX
ik r—o't) _ % o—ilkr—o't
x{quwye —qwr® }

i(kr—ot) —i(kr—wt)}

X {gx, € —dqi.€

Multiplication of the two last brackets and integration leaves either
k'= —k in the products of type qq and g* g*, or k'=k for the types qqg*
and g* q. The first bracket then becomes, when use is yet made of (212.6),

2 . ’
RPN (e if K'=—k,

c —256,, if K=+k
C

Hence, there remains
W=,§w2(‘1kz‘1fz+q;f14u)- (212.9)
For the momentum, Eq. (212.4), a similar calculation leads to
P=kleUk(4k;.th;.+41?;.qu)- (212.10)

Now we are ready to proceed to quantizing the classical radiation
field by replacing the amplitudes ¢,, and gf, by operators and their
hermitian conjugates. Written in the form

qx,=Ciby; and qI‘z:Ckb}:z (212.11)
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with a real normalization factor C,, the expressions (212.9) and (212.10)
turn into
W= Z @? CZ (by bl s +blabid) s
ki

and (212.12)
P=) wkC; (brabla+bfabis) -
kA

With the operators b, ; and b}, chosen to satisfy the commutation rules

bubl'z'—b;rc'z' ber=0ki 011 » (212.13)

and all other combinations commuting, the eigenvalues of the operators
b} by, become integers, N ;, including zero,

N,,=0,1,2,3,... (212.14)
and those of by, b}, become N, ,;+ 1. (Cf. Problem 31). If we further put

h
C.=\|/—, (212.15)
2w

the operators (212.12) become

ho
W= Z—z—(bub}:z‘*‘b;rmb“)
ki

and (212.16)
P=Y Rk (by 3 bl 2+ b} 1bx )
kA

with eigenvalues

W=Y ho(Ny;+3); P=Y hk(Ny,+3). (212.17)
ki kA

This permits interpretation of N, ; as the number of photons in a state
defined by k and 4, each of the photons having the energy Aw and the
momentum in the wave propagation direction Ak=hw/c.
There occurs a zero-point energy, i.e. an energy of the vacuum,
hw
Wo=) —. (212.18)
kA 2
In spite of its being infinitely large, it has no serious physical consequences
and may be normalized away by using

W—Wo=Y hoNy,, (212.19)
ki
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i.e. the difference of the actual state from vacuum. In the momentum the
zero-point contribution vanishes anyway, because in the sum pairs of
terms with opposite k vectors cancel each other out.

The vector potential A then becomes an operator, creating or an-
nihilating photons. It may be gathered from Egs. (212.5), (212.11) and
(212.15) that we shall write in quantum theory:

27rc

A=

byy €kr= o0 4 bl emikr=on) y o (212.20)

Problem 213. Emission probability of a photon

The probability that an electron from an excited state in a central potential
field V(r) will jump to a lower level and emit a photon shall be determined.
Retardation effects may be neglected.

Solution. The interaction of matter (the electron) with radiation is
given by the classical Maxwell expression,

H =%f d3x(4-j) (213.1)

with A the vector potential and j the electrical current density of matter.
The first has been translated into the theory of quantized fields in Problem
2123,

2 h
T U (b €% + bl 7). (2132)

4=%

The current can be taken from the quantized Schrodinger field,

hz
Y=Y cu,(r); — 2——V2u,,+ Vu,=E,u, (213.3)
~ m

using the formula
= = -yt
I= 2mi

(with the electron charge — e), hence

P £V —u Vit 134
j zml‘n;nZ(u s Vu,—u, Vu) cl.c (213.4)

3 Omission of the time factors of (212.20) and (210.5) in (213.2) and (213.3)
corresponds to the transition from the Schrédinger to the Heisenberg picture.
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The functions u,(r) and u¥(r) are one-particle wave functions according
to (213.3), the subscript n (or n') being a comprehensive notation for a
set of three quantum numbers. The ¢, and ¢}, are the operators used in
Problem 210 and may satisfy either of the commutation rules

Cn C'E' —-t C-tt’ Cp= 5nn' H]

CpCwtCpc,=0. (213.5)

Spontaneous emission of a photon is a process in which the electron
jumps from an initial state n; to a final state n, or, in the wording of
quantized wave theory, an electron in the initial state »; is annihilated
and an electron in the final state n, created instead. At the same time a
photon in a state (k, 1) is created. Such a process will be originated by a
term with the operator product

bil C:! cm

in the hamiltonian. If we put (213.2) and (213.4) in (213.1) such a term
will indeed occur; we write it in the form

CFIH' iy b, e, e, (213.6a)
with

1 Yrhe eh .
SIH |i>=—jd3x|/ Z VC ;’—m i U (uk Vat, —u, Vi) (213.6b)
C

the matrix element of H' between initial and final state. The transition
probability then follows from the Golden Rule (cf. Problem 183),

2
P= 7” o [T 2. (213.7)

The density p, of final states in the energy scale is completely deter-
mined by the photon:

k*dkdQ, v 4

- - k2dQ 2138
Pr= 0nlhedk  8nhe ok (@138)

with dQ, the solid angle element into which the photon is emitted.
There remains the evaluation of the integral in (213.6b),

—_ 3 —ikr (,,% %
I={d*xe™ ™" (u¥ Vi, —u, Vuy,).

Retardation may be neglected if the wavelength of the emitted light is
large compared with the atomic integration domain, i. ., if in the integrand
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e *r=1 is a good approximation. Of the two terms of the integral, the
second then may be partially integrated, thus yielding

I=2fd*xu}, Vu, .

From the Schrodinger equations for u, and uf an identity may be
derived (cf. Problem 187),

2
= —hlzn— (Ei—E)) | d®xu},ru,

and from the conservation of energy there follows
E—E,=hw
so that the matrix element (213.6b) becomes

Znhc

CFIH iy = j o (f U rliy (213.9)

with

SluPerliy =[x ut @ r)u,,. (213.10)
By gathering the expressions (213.8) and (213.9) into (213.7), we then
finally obtain

B,l—;_—n—— O K fu-r i (213.11a)

or, if we introduce v=w/2 = instead of w, in the usual notation,

& 4n?
p,(,ﬁh_c " 40, [l 2. (213.11b)

The remaining matrix element in this formula may still be decomposed
into two factors according to

SluPerliy=ud r, (213.12)

with the first factor depending only upon the direction and polarization
of the photon emitted, and the second only upon atomic parameters.

Problem 214. Angular distribution of radiation
The final formulae of the preceding problem shall be used to investigate

the angular distribution of photons emitted in a P— S transition of one
electron.
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Solution. Let @ and @ be polar angles defining the direction of k.
We then may define two polarization states, one with u{" in the meridi-
onal plane, the other with u{®’ perpendicular to it. The two unit vectors
then have the components

ul=cos@cos®; uM=cos@sin®; ul’=—sin®@ (214.1a)

and
uP=—sin®; uP=cos®; uP=0. (214.1b)
To construct the components of r;, we first write the three components

X, ¥, z of r in terms of spherical harmonics:
N

2n
=rl/?(Y1,1+Y1,—1); -

2
y=—ir || F(a=Yio0s ¢ (2142)
47tY
z=r|/—
r 3 1.0

Of these three expressions we then form matrix elements between the
two electrons states,

[>=0() Y1,m($90); |f>=ulr) Yo,0(3,¢). (214.3)
It should be noted that Yo,0=(4n)‘}f is a constant. Thence we get,

1 9
Xy = V—ER(am,l +5m,—1)s

yif = R(am 1™ m —l)a 4 . (2144)

i
G
_ 1

R R )

with the abbreviation

R= f drr3u*(ro(r) =/3r,| (214.5)
0

for the radial integral.
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The probability of emission of a photon of polarization 1 in the
solid angle element dQ, is, according to (213.11a) of the preceding
problem,

2w’ dQ
i = ﬁ |l - vyl (214.6)
With (214.1a, b) for u{? and (214.4) for r,; we find for the scalar product
uP-r, in the case A1=1

N

for m= +1: —l;—{_——cos@e'“p,
6
R .
for m= 0: ———l/—_—sm@, > (214.7)
3
for m= —1: —R—cos@e“”
/6 )

and in the case A=2

for m= +1: —i—R;e“'",
G
for m= 0: O, (214.8)

for m= —1: +i—5—e”’.

Thus, if we write

e?w® R?
F adgk'Dkl(@9¢)’ (2149)

Pk,;.=

the directional factor D, will be given by the expressions assembled
in the accompanying table. In the case A=2, all directions of photon

Directional factors D, , for

m A=1 A=2
+1 1cos?@ 1

0 sin? @ 0
-1 1cos?@ 1

emission have equal probabilities; only from the initial state m=0 are
no photons of this polarization emitted at all. The P state with m=0,
only decaying therefore under emission of a photon in polarization
state A=1, has an angular distribution as sin? @, the main direction
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of emission for m=0 thus falling in the equatorial plane ®=90°. For
A=1 and m=+1, however, the distribution becomes proportional to
cos’® and the emission occurs preferably in the directions ©@=0°
and ©@=180°.

Problem 215. Transition probability

What is the transition probability of an electron from a higher P to
a lower S state by emission of a photon of any direction or polarization
whatsoever? As an example, the mean lifetime of the 2P state in a
hydrogen atom shall be computed.

Solution. In the preceding problem, the differential emission prob-
ability for the photon going into the solid angle element dQ, in the
direction @, ® was computed for m=+1,0, —1 and both states of
polarization. Gathering these formulae and performing summation over
both polarization states, we obtain

2. .3 2
};P,‘F%-%dgk-sinle for m=0; (215.1a)

2.3 2 1
ZPklzechg—-g—ndQ,‘~E(l+cosz@) for m= +1. (215.1b)
A

Integration of these expressions over all directions of the photon then
yields the same transition probability from P to S state for all three
initial values of m, viz.
2 .33 RZ 8 4 2,3
AN LA (215.2)
he> 6m 3 9 hc
Since R has been defined in some detail in the preceding problem,
we may now immediately turn to the example. From the 2 P state of
a hydrogen atom transitions are possible only to the 1S ground state.
The eigenfunctions of the two states are

iy =4)/6re 2V, (215.3a)
and
lf>=2e""Y,, (215.3b)

in atomic units (unit length: #2/me?). It then follows from (214.5) that

¢ _r 1 /2\° 15
R=Sdrr3‘—l§—re 2~2e"=—(—3—> -24; R2=23_9
] Ve
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or, if we make the notation independent of units again,

215 h4
RP=Z5 —. (215.4)

The light frequency w, in our example, follows from the hydrogen level
formula

3 me*
8 w3
Putting R? from (215.4) and o from (215.5) in (215.2) and suitably
arranging the factors, we arrive at the result

2\8 (e \3 me*
P=(=)|—]) —. .
(3) (hc) P (215.6)
The reciprocal value of this transition probability is the mean life-
time t of the 2 P state, since there are no other ways of decaying in this

special case. Hence,
3\8 (hc\® n3
== =) —. 215.7

3
mh? = 24187 x 10~ 17 sec (215.8)

w (215.5)

The quantity

is a suitable time unit for lifetimes of excited electron states. The factor

h
2 —137.0373
e

is the reciprocal fine-structure constant. The numerical value of the
mean lifetime of the hydrogen 2 P state then becomes

T =1.5953 x 10" ? sec.

Problem 216. Selection rules for dipole radiation

It has been shown in Problem 213 that the transition probabilities
between one-electron states in an atom depend upon the matrix elements
of the electrical dipole moment, if the photon wavelength is large
compared to atomic dimensions. Selection rules shall be derived from
this fact. What can be concluded for the normal Zeeman effect?
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Solution. The probability that a photon is emitted into a solid angle
element dQ, in the direction k (polar angles @, @) in a state A of
polarization is, according to (213.11b),

e? 4n?v? )
'ﬁ"‘cz_koKfl ud-rliy|? (216.1)
(4)

in dipole approximation. Here u;” is a unit vector in the direction of
polarization, viz. according to (214.1a,b), either with the components

Pk,}.z

ul =cos@cos®; ul’=cos@sin®; u’=-—sin@ (216.2a)
or
uP = —sin®; uP=cos®; uP=0. (216.2b)

The two atomic states have wave functions
> =0 Y,(3,9);  {fl=o ) Y, (3,0)
so that the matrix element of r has the components
{Sflxxiyliy = }0 drrg;¢ $dQY*, sinde* Y, .
0 (216.3)
{Sfzliy = I drr g, $dQY}*, cos9 Y, .

We may now use the relations

Singeiiq) Yl,m = iAl+1,im+1 Yl+1,mi1¢Al,:Fm Yl—l,mil’} (2164)
cos3Y, =B i1 mYi+1,mtBimYi-1,m

with coefficients

_[/U+m)(I+m—1) |/ G+m)(l—m)
A”"'_l/ eIl+1)RI-1) ’ B"'"“l/(21+1)(21-1) (216.5)

which permit angular integrations in (216.3),

Sflxiylid = Ry { £ Ar+1, £m+100,1410m,m1
FAL3m0r,1-10m mt1}s (216.6a)

flzliy =Ry {Bii1,mOr,141+ BimOr,1-1} Op,m  (216.6b)
where the abbreviation R, stands for the radial part,
Ry = [ drr® o) o,(r). (216.7)
(1]

These matrix elements vanish if not I'=1+1, thus providing us
with the first basic selection rule for dipole transitions. Further, it is
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seen that for m'=m+1 only the matrix element of x+iy, and for
m’ =m of z, do not vanish. Any other changes of the quantum numbers /
and m cannot occur in dipole transitions.

Combining these selection rules with the polarization vectors
(216.2a, b), we may compute the matrix elements

Cflud-rliy

occurring in (216.1), for the two polarization states A=1 and A=2.
The results are summarized in the accompanying table.

m' y I'=1+1 I'=1-1
1 $cos@e R Ay et —3cos@e R A, _,
m+1 i —i® ’ i i ’
—3€ "Ry Aii i me 3¢ R Ay,
m 1 —sin@R;; B, 1, —sin@ R;; B, ,,
0 0
1 —3cosOe®R;; Ay y st $cos@e®R; A,
m—1 i i ’ i 0 ’
—3€ RifAl+l,—m+1 2¢ RifAl,m

If the radiating atoms are not oriented in space, observation gives
only intensity averages over all directions. The orientation, though,
which is performed under Zeeman effect conditions gives more infor-

m=+2
+1

0

-1
-2

Am=-1 Am=0 Am=+1

Fig. 74. Zeeman transitions D— P. There are three lines of different polarization
according to Am=+1,0, —1
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mation. The polar axis @ =0 then coincides with the direction of the
magnetic field. If we observe light emission in field direction, therefore,
the matrix elements for m'=m will vanish, so that only the lines
m'=m+1 and m'=m—1 are observed. In any direction perpendicular
to the field, on the other hand, we have cos@=0 so that m'=m+1
lines appear in polarization state 2, but m'=m in state 1, only.
As an example let us take the Zeeman transition from a D state
(5 components) to a P state (3 components). If the frequency of the line
emitted in absence of the magnetic field is w,, we then find three possible
frequencies in the magnetic field (Fig. 74), viz.
0, =wy+w, for m=m-1, ‘ oA
W, for m' =m, with 0w, =-—.
2mc
Ww_y=0y—w;, for M =m+1
Observing in field direction (@ =0), we find the middle line (w,) does
not occur and there is a doublet of frequencies wy+w; and wy—w;.
In perpendicular observation all three lines occur, forming the full
Zeeman triplet, though in different states of polarization.

Problem 217. Intensities of Lyman lines

To compare the intensities of emission of the two first Lyman lines of
atomic hydrogen, Ly« and Lyp.

Solution. We are concerned with the two transitions
Lya: 2p—>1s and Lyg: 3p—1s.

The emission probability, integrated over all directions and summed
up over both polarizations, is

4 0

BE S
the intensity of a spectral line (energy per second) is proportional to
- P so that for the two lines under consideration we have the intensity

|[<flrlid)?s 217.1)

ratio . ,
1 E 1s|r|2
I—Z: (}—i) %’_:3—1;; . (217.2)
Here the energy differences in atomic units are
E,=3—%=3 and E;=4—{=%. (217.3)

We still have to calculate the two matrix elements.
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From Problem 67 we know the wave function of the final state to be

1
[1s)=—=e"", (217.42)
Vx
whereas for the initial state we have either in the Lya case
1 _1
2p)> = re 2"cos 9 (217.41b)
41/2=

or in the Lyf case
1

4
27)/2n <r—€

Here we have arbitrarily used the p states with m=0, a choice which
does not restrict generality as long as no directional effects are discussed.
Since the vector r has components

13p> = r2>e'%'cos9. (217.4¢)

x+iy=rsin9e*® and z=rcos9,

it is immediately seen that the matrix elements of x+iy vanish in
consequence of the integration over ¢. Therefore only {f|z|i> remains
to be computed. We obtain,

4

s|z2p) = ! §d9c0329J‘drr4e'%’
4n)/2 J

and

4 1 4
s|z|3p) = —— é;dﬂ COSZSJ drr? (r——r2> e’s",
277t[/§ ) 6

Elementary evaluation leads to

2 6 27
(slz2py = — 20, (is|zp3p) = 217.5)

V 243 l/_ 64

Thus, Eq.(217.2) with (217.3) and (217.5) yields the final result

I, (21\* (256 64\
2o (20) (22 2) =0510x6. 217.6
1, (32) (243 27> 310623 (217.6)
or
I/1,=318.

Literature. Radial matrix elements for other pairs of hydrogen states are given
by Bethe, H. A., Salpeter, E. E., in: Encyclopedia of Physics, vol. 35 (1956), cf.
their section 63, and especially table 13.
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Problem 218. Compton effect

The scattering of a photon by a free electron at rest shall be investigated
in the unrelativistic frame.

Solution. In the presence of a radiation field, the electric current
density of an electron field is described by*

eh e’ »
j= ——W'Vy—Vy ) —— Aty =j+j". 218.1
J= = W=V ) = Ayt = 18)
The interaction energy of the two fields y and A is
W=%fd3xj-A=W’+W". (218.2)
If for s the quantized Schrodinger field,

1 .
Yy=—Ycer (218.3)
" ; e

and for A the quantized radiation field

2nh . .
A= Z ;t/'kc u;‘l)(bkletkr_}_bzle—zkr) (2184)
ki

are put in (218.2), it can easily be seen that W” (arising from j") will
contribute to scattering in first-order, whereas W’ (arising from j’) does
so only in second-order approximation. We shall therefore in what
follows confine our attention to the term

" ez
W= —m—cfjd%Az vy (218.5)

This interaction term can easily be understood from the viewpoint of the
classical picture in which the electric field strength & = _?A of the incident

light wave plucks at the electron according to its equation of motion,

mi*=—e£’=—e-zi; hence i=->4.
¢ mc
This originates an induced current density j'=pri = ;ez p A, if p denotes the

“ In the radiation problems previously dealt with, the last supplement term in
(218.1) would not have contributed in first order.
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charge density, and the interaction between the current and the radiation field is,
according to Maxwell’s theory,
Wn =__1__ g d3xj”~A =_e__jd3xp‘42
c mc? )

If here we set p= —eyy, Eq. (218.5) results.

The Compton scattering process is, in first order, described by a
hamiltonian term with the operator combination

chcably 2 bia (218.6)

if a photon in the state (k, 1) and an electron of momentum #gq of the
initial state are both annihilated and replaced by the newly created
photon in the state (k', A') and electron of momentum #gq’.

If we pick out of (218.5) the factor of the operator product (218.6),
we have the matrix element,

x 2nhc
V2V kk'

The integral in (218.7) vanishes unless

k+q=k+q, (218.8)

i.e. unless the law of momentum conservation holds for the process.
If it holds, (218.7) becomes

(2 ) e TR0 2187)

LI |iy=— ,,%Sds

2neh (ui? - ul?)

{fIWrliy = — meV 3 (218.9)
For determining the cross section we apply the Golden Rule,
’ r 2n ’V UB P
do(k', 1) = ol [<A 1w iy |? (218.10)
where the final density of states follows from
k?dk' dQ v

and the final energy is
2

—_ ! h 2 __ ’ 1 ’ 2
E,=hck +2mq —hc{k +2%(k k—q) } (218.12)

with x=mc/h.
Let us now deal with polarization. In Fig. 75 the directions k and
k' of the photon before and after the collision are lying in the plane
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of drawing. The vectors u{’ and u both lie in this plane, #{?’ and u{®
(not drawn) are perpendicular to it. The scalar products in (218.9)
can then be read directly from the figure:

@ u@d)=cos9; (@ u)=0; (218.13a)
@ u®) = 0; @ u@)=1. (218.13b)

Fig. 75. Compton effect. Definition of polarization vectors in the initial state (k)
and final state (k') of the photon. Vectors u{!’ and u{} in the k, k' plane, vectors u{?
and u@® (not drawn) perpendicular to it

~

These relations show that there can only be transitions with both
polarization vectors, before and after the collision, lying in the k, k'
plane, or with both perpendicular to it. In the first case the transition
probability becomes proportional to cos?9, in the second case it is
independent of the scattering angle. If the incident light is unpolarized
we have to average over 4 and to sum up over the final states A’ thus
getting
Y (P -ud’)? =4(1+cos?9). (218.14)
For the further discussion, let us suppose the electron to be at rest
in the initial state,

g=0. (218.15)

Then the law of energy conservation reads, according to (218.12),

hc{k’+—-1—

2%(k’——k)z}=hck. (218.16)

This is a quadratic equation for the determination of k' because

(K —k)> =k'>+k*—2kk cos?.
Its solution is

K =kcos9—x+|/n>+2xk(l—cos9)—k?sin®9.  (218.17)
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To evaluate p;, Eq. (218.11), we derive from (218.16)

dE; 1 )
W—hc{l+;(k kcos.‘})},
therefore,
v k? ,
pr= S hc. ag, (218.18)

1+%(k’—kcos9)

and the differential scattering cross section, according to (218.10),
(218.9), (218.14) and (218.18) becomes

o= ( e? )2 k2 1(1+cos?9)
(=, -
me 1+£(k’—kcos9) k

aQ’, (218.19)

where k' still may be replaced by the full expression (218.17).

So far, these are all rigorous unrelativistic formulae. They can, of
course, be used only as long as the electron does not receive a kinetic
energy comparable with mc%:

Egn=helk—k)Y<mc? or k—k <x.

It is therefore reasonable to expand (218.17) and (218.19) in powers
of k/x:

! 2
izf—k—z(l—cos8)+-~-
b4 b4 b4
and
do=L(Z YV 2k (1 +cos? 9)d. (21820
O'—E ;}17 — ';( —COS ) ( ~+cos ) . . )

The second-order contribution from W’, Eq. (218.2) vanishes for g=0. In
the relativistic treatment, the Dirac expression (199.1) for the current density is
generally used which only in second order can originate Compton transitions. The
expression, however, may be split up according to Problem 199, so that the
relativistic treatment may be performed in complete analogy to the unrelativistic
method of the present Problem.

The total cross section then follows by elementary integration of
(218.20) over all directions and may be written

8nf e\ 1

1+2—
%




Problem 219. Bremsstrahlung 249

It is well known from classical electrodynamics that the so-called
Thomson cross section,

s

0-0 3

2?2 \2
(r_n7> =6.652x107?° cm?, (218.22)

represents the long-wavelength limit to our problem. The additional
factor in (218.21), lowering the cross section with increasing photon
energy (k/x=hw/mc?), is a first quantum theoretical correction, suf-
ficient as long as k/x<1, or as long as the wavelength is still large
compared with the Compton wavelength 1/x=#h/mc. (For hwo=mc?
=0.51 MeV or k=ux, the wavelength is A=2nh/mc.)

NB 1. The second-order contribution from W', Eq. (218.2) vanishes for g=0.
In the relativistic treatment, usually the current density expression (199.1) is used,
which can only in second order originate Compton transitions. If this expression
is split up according to Problem 199, we may formulate the relativistic treatment
in complete analogy to the unrelativistic one of the present problem.

NB 2. At higher photon energies the electron field has to be treated by the
Dirac theory. The result then is the Klein-Nishina formula instead of (218.21). That
our approximation can be used in rather a wide domain of energies may be seen
from the following figures. For k/x=0.2, Eq. (218.21) gives 6/6,=0.714 whereas the
rigorous Klein-Nishina formula leads to 0.737. At k/x=1 the two values are
6/6,=0.333 from (218.21) and 0.431 (K1-N.). The real values of cross sections
decrease much more slowly with increasing energy than those of our approxima-
tion, e. g. at k/» =1000 we find ¢/ ,=0.0050 instead of the exact value 0.0215.

Problem 219. Bremsstrahlung

In an unrelativistic treatment, the production of an x ray photon by an
electron passing a heavy nucleus may be dealt with as a second-order
process in which the nucleus is simply described by its electrostatic field
and its mass is supposed to be infinitely large. The bremsstrahlung
spectrum shall be calculated in this approximation.

Solution. Reproduced in Fig. 76 are the two simplest possible graphs
of this process. In the initial state there is the nucleus at rest and an
electron of momentum #%gq, in the final state the infinitely heavy nucleus
is still at rest, the electron has a smaller momentum #¢’ and a photon
(k,4) has been created. This creation process, together with simple
Rutherford scattering of the electron at the nucleus, gives rise to the
two vertices in one or the other order of succession. In consequence of the
infinite mass of the nucleus, not energy but momentum may be trans-
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ferred to it (M=oo, p finite, p2/2M =0, v=0) so that between the
initial and final states of the other particles energy conservation will
still hold, but conservation of momentum will not.

a) b)

Fig. 76a and b. Lowest Feynman graphs for bremsstrahlung in unrelativistic
approach. Double line nucleus, single line electron, wavy line photon

The perturbation energy consists of two terms,

H=H,+H, (219.1)
viz.

1
H,= —zezfd%-./ﬁ.//, (219.2)
r

the Coulomb interaction of the nucleus (charge Ze) and electron (charge
density p=—ey'y), and

1 h
H2=;Id3x(A-j); == WV, @193

the radiation interaction. The field operators are

Ik . .
A=Y |25 up by e + b e ) (219.4)
,‘,A k’V‘
and
1 . i .
Y=——Y et V=——Y gt (219.5)
42K 142K

Putting (219.4) and (219.5) in (219.2) and (219.3) and performing the
space integrations, we arrive at

(219.6)
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and
H2 - 2 |[ ukl (qu+qv)c C {b,‘;ﬁ,‘ qu— qv+bk15k av— q“}
mc k A u v
(219.7)

For graph a in Fig. 76, we have to look up the factors of c, c in Hy
and of c, cT bl in H, to obtain the matrix elements

{q./H,lg> dnZe’ ! (219.8a)
' q, = — : R.X:)
' v lg—q.?
and
, eh |/2mhc ,
{q kA H,l|q,) = “me V| oy M (9.+49). (219.8b)

No law of conservation holds at the first vertex but, at the second,
conservation of momentum yields

k+q'=4q, (219.92)
so that, with u,, perpendicular to k,
Ui (qat9q)=2u;-q. (219.10a)

For the graph b in Fig. 76 we want the factors of ¢
Cq €l in Hy, viz.

. qbb“ in H, and of

eh | [2mhc
{q,kA|H,|q> = ~ Tme W“u‘(‘l"‘%) (219.11a)
and
AnZe* 1
{q'|Hy|qp> = — - — . (219.11b)
s vl gl
In this case, momentum conservation holds at the first vertex,
k—q+gq,=0 (219.9b)
and therefore
ue (g+4qs)=2u,,°9q. (219.10b)
The energy of the initial state,
hz 2
E, =1 (219.12)
2m
must be equal to the energy of the final state,
h2 2
E =1 1 hck, (219.13)

2m
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hence
@*=q"+2xk; %= ﬂ; (219.14)
Using (219.9a,b) we find for the two intermediate states
W q: w
= (g R (219.15)
2m  2m
h2 2 hZ
Ey= 2 4 pek =~ {(g—k)>*+2xk). (219.16)
2m 2m

With these abbreviations we now may write the second-order matrix
element in the form

{f1H;|a)a|H, i) + {S1H,|b) <b|H, i)

H\|i) =
IH i EE EE

b

which, collecting the matrix elements from (219.8a,b) and (219.11a, b)
and the expressions for ¢, and ¢q,, may be written in more detail

CHH S = 4nZ e? iff 2nhe 1 {(u“'q') N (u“-q)}

v mec| vk lq—q —kP |E,—E, = E—E,
(219.17)
To find the cross section, we must apply the Golden Rule and
therefore need the final state density p,. This is a little difficult to de-
termine because, in consequence of non-conservation of momentum,
the two final particles are emitted in independent directions. For one
particle (1) we know that
_ &Ep v — B_% _"/:
h3dE, v, h®

P1 aQ,.

The other particle (2), for which p, must be a similar expression, is
bound to lie within an interval dE, whose width and position are
already determined by energy conservation when the interval for the
first particle is given. Hence,

pr=p1p2dE,

or, in our special case, if 1 is the unrelativistic electron (q') and 2 the
photon (k), so that

2 2
1
i hg;, P2= 2022, dE,=hcdk,
v, ¢

Uy
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we have
mhq' h2 k2
350 v dQ' - e vV dQ.-hcdk. (219.18)

From the general formula

Pr =

v 2n
do = — ——;Ofl<fIHll>|2
(%1

giving the differential cross section of the electron being scattered into
dQ' and the photon of polarization A falling in the interval dk and
within the solid-angle element dQ,, we then find by inserting (219.17)
and (219.18):

2 Z%e¢* qk 1 -q
da:;_. ¢ .q_.l , kl‘*{;kl; +;E} 49, e dk.

TT — —_— Jp—
4 q q9—q i a b (21919)

There remains the problem of determining the photon energy
spectrum, whatever the directions of both particles or the polarization
of the photon emitted. This means integration over the directions
and summation over A. The integration procedures in such problems
are often rather laborious. In the present case, however, they become
very simple, as shall now be shown.

q'(2,9')
q X

U

P —
}(é
/F

Fig. 77. Notations for bremsstrahlung

In Fig. 77 the three momenta have been drawn in a coordinate
system. They are not coplanar, i.e. if the xz plane is chosen so that g
and k fall in this plane, ¢’ will have a y component. The components
of the three momenta thus become

9=4(0,0,1);
k=k(sin3,0,cos9);
q'=4 (sin¥ cos ¢, sin ¥ sin ¢’, cos )
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and of the two polarization vectors
Uy =(—cos$,0,sin9); wu,=(0,1,0).

For further evaluation of the cross section, we now make the tyi-
pically unrelativistic approximation to neglect the photon momentum
compared to that of the electron, since from (219.14) it may be con-
cluded that k<q and k <q’ because x is large. This allows us to simplify
the energy denominators in (219.19). Making use of Egs. (219.12),
(219.15) and (219.16), we get

hz
E~E,=-(¢"—q%-2q" k—k?;
2m
hz
E,—E, = —(—2xk+2q-k—k?).
2m

In both expressions the two last terms then may be neglected, and 2xk
replaced by g®>—q'? according to (219.14) so that

hz
E,—E, ~ 2~(q2—q'z)z —(E;—E,). (219.20)
m

The two energy denominators in (219.19) thus becoming opposite and
equal, we may simply subtract the two numerators for either A=1 or
A=2:

u,‘l.q:_ukl.q=q:(‘—coslf)sin9’ cos @' +sind cos ¥)—gsin I; (219.21)
Upr g — Uy q=q sind sing’.
To perform summation over A we then square and add these two ex-
pressions.

Finally, the Rutherford denominator in (219.19) may be written in
the same approximation

(-9 -k*~@—q)=@"+9>—2q4 cos¥)*.  (219.22)

Assembling all these factors, it is seen at once that the angles 3 and ¢’
occur in the sum of the squares of (219.21) only, so that integration
over these angles can be performed separately in these terms by a
straightforward elementary calculation:

2n

1672
§d¢’§dﬂk2(ukl~q'—u“-q)2 - —-3”—(q2+q'2—2qq' cos¥). (219.23)
A

0
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Fortunately we find here the same bracket in the numerator of the
cross section that according to (219.22) occurs twice in its denominator.

Gathering up all these factors, we then arrive at
+1
do(k)=2° 2\ 16 ¢ dk dcos¥
g = R — - —_ -
¢/ 3 q k )qg*+q*—2qq cos¥

-1

where do(k) stands for the partial cross section of a photon created
in the energy interval dk, whatever else may have happened. The in-

tegral permits elementary evaluation,

+1

j dcos¥ 1 i q+4q'
’ ’ ’ = ’ og ,?
*+q*-2qq'cos¥ qq q—q

-1

leaving us finally with the result

16 _,(\3 (1 q+q"\ dk
do(k) = —272(—) (= log =2 ) 22, 219.24
ok =3 (hc') <q2 ogq—q’> k ( )

Using (219.14), the momenta may be eliminated from this formula
and g be expressed by the energies E of the incident electron, and

E,=hck of the outgoing photon:
atd _a+a’ _ log{(l/E+I/E_Ek 2}
Ek ’

log— = ;
q—q @ —q?

| Lo IR SR
0.2 0.4 0.6 0.8 1.0
Ek/E ——

Fig. 78. Bremsstrahlung intensity distribution in unrelativistic theory. The log-
arithmic divergence at E,=0 does not occur if screening of the Coulomb field
is taken into account
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This bremsstrahlung spectrum has been shown in Fig. 78. It shows a
remarkable singularity for the production of photons of very small
energy, the so-called infrared divergence.

Literature. For relativistic treatment and for screening problems cf. Heitler, W.:
Quantum Theory of Radiation, 3rd ed., Oxford 1954, pp. 242—256.
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Coordinate systems

We start with rectangular coordinates x, y, z and list the transformation
formulae for some frequently occurring curvilinear coordinate systems.
We add the formulae of transformation for the distance from the co-

ordinate centre,
r=)/x*+y*+2*

and of the Laplacian,
02 o? o2

2
=5+ 5+ .
ax2 9y’ | 872

a) Spherical polar coordinates. Let the z axis be the polar axis and
denote by § the angle between the vector r and this axis, and by ¢ the
azimuth angle about this axis (cf. Fig. 33 on p. 145, vol. I).

x=rsindcosp; y=rsindsing; z=rcosd;

v 62u+26u+1 1 o/, sau 1 0%

U = — —_ — —_— — - A A
a7 or 7 |sing 09\ 33) T sinZg 947

b) Circular cylindrical coordinates. Let the z axis be the common

axis of circular cylinders of radii p=constans. The angle ¢ again shall
be the azimuth angle about the z axis, and p, ¢, z be chosen as coordinates.

x=pcosp; y=psing; z=z; r=|p*+z%
v *u N 1 ou N 1 u +82u

U= —F — — F — —— 4 —.
ap*  p dp p* 0> o7’

¢) Parabolic coordinates. Let the z axis be the common axis of ro-
tation for two sets of paraboloids &=constans and #=constans, all
having their foci in the coordinate centre (z=0) and opened the one
towards the positive, the other towards the negative z axis. Again ¢
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shall be the azimuth angle about the z axis. There are two customary
choices then of the coordinates &, 1, ¢.

First system. x=)/¢ncosp; y=|/énsing; z=3(E—n);
r=3¢+m); E=r+z; n=r—z; p=|/in;

e {2 (c80), 2 () £ 7
V=t oe\*ae) T an\"an) t aEn 207

Second system. x=¢(ncose;  y=Ensing; z=1(E2—n?);
r=3E+n%; =r+z; nP=r—z; p=in;

vy o 1 {1 i<55“>+li( a_“)+(i+i)ﬁ“_}
YTEe e ae\ag) T oq\an) T \E T ) ag?S

d) Ellipsoidal coordinates. Two points lying on the z axis at z=+c¢
shall be chosen as common foci to a set of prolate ellipsoids of rotation
described by £=constans. There exists a set of two-sheet hyperboloids
of rotation orthogonally intersecting them and having the same foci,
n=constans. Again ¢ shall be the azimuth angle about the z axis. Let
r, and r, be the distances from the two foci z= —c and z= + ¢, respect-
ively.

x=c)/(E*—1)(A—n*cosp; y=c)/(E-1)(1—n?)sing; z=cién;

1 1
ri=c&+n); ry=cé—n); f=2—c(71+"2)§ 'I=5;("1—"2);

r=cV/ BT, p=c/ @ D1,

Domains of values: 1<é<o0; —1<y<+1; 0<9p<2m.

2, __ 1 {‘7 ou_ @ z_ _ﬁzjlz_a_z'i}
Viu= sEom e )ac a( Man ¥ U@ =1 a9

I' function

The I' function is a generalization of the factorial, the latter being
defined only for positive integers by
n'=1-2-3...n 1
and having the special property
n+D!=m+1n!. 2
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It can equally well be defined by the Euler integral,

nl= [dte™'t" A3)
0
which supplements the value 0! =1 which would otherwise be meaningless.
The generalizations of (2) and (3) for any complex number z=x+iy
are

I'z+1)=zI'(z); I'(n+1)=n! 4)
and

I'(z)= Tdte"t"1 (if Rez>0). %)
0

This function is meromorphic and has poles along the negative real
axis at z=—n (n=0,1,2,...) with residues (—1)"/n!.
Special values.

r)=0'=1; Im=m-1n; (©6)
rd=)= re='!=1/=; ()
F+3)=(n+)! = (2—22-'%1”):1/; @®)

Relations between functions of different arguments.

I'z)r(l—z =— ; )
SiInmz
Iz = L 22271 () Iz +3). (10)
T

Infinite series or product expansions. To compute the complex
number

T(x+iy)=_¢&e'n (11a)
we may use the expansions
© y2 -+
E=TI(x) ,Eo {1 + (x+n)2} (11b)

and

n=y{—c+§<l—ltan—1 Y >} (11¢)
n=1

n y x+n—1
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with .
1
C= Sdte"log—t— = 0.577215... (11d)
0
the Euler constant. For x=1 we get
. ny
2=|ra 2= . 12
g=|r(1+iy)| sinhry (12)

Asymptotic behaviour. For |z|>1 and |argz|<m (i.e. excluding the
negative real axis with its poles) we may use Stirling’s formula

1 1 1
logI'(z) = (z — E)logz—z + Elog2n+0< ) (13)

z

2
()~ I/—z-’fe“l"gz—”. (14)

The formula is often used for

or

1

1
= D)=zl (2)~)/2nze™9= " D1 + — + —— + . 1
2!=T(z+1)=zI(2) nze { + 12Z+28822+ } 15)

The last series is semiconvergent. Putting it =1, we get the following
comparison:

n n! |/2nnertosn—b

0 1 0

1 1 0.925
2 2 1.920
3 6 5.836
4 24 23.506
5 120 118.01

Bessel functions

The differential equation

o1 v2
W+ —u+|1—=)u=0 0))
z z
is solved by
u=AJ,(z)+BN,(z2) )
or by
u=C; H"(2)+C, HP(2). ©)
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The function J, is called Bessel function (in the proper sense), the
function N, Neumann function. If v is not an integer, the definition

N,(z) =

” (COS ny Jv(z) —-J_ v(z)) (4)
smmy

may be used, otherwise (i.e. for v=n with n=0,+1,+2,..),

J_(2)=(=1)"J,(2) )

is no longer linearly independent of J,. The function N,(z) still may
then be defined by its asymptotics (see below).
The Bessel function J, can be defined by its power series

z\' ® (_ l)n z 2n
J,2) == _— =], 6
") (2) z n!F(v+n+1)<2) (©)
converging in the whole z plane cut along the negative real axis, since
z=0 is a branch point.

The functions H" and H'® are called Hankel functions of the first
and second kind. They are defined by

HY(2)=J,)+iN,(2); H?(2)=J,(2)—iN,(2). ™

The fundamental system (2) of solutions has real values for real z; its
Wronskian is 2/(mz). The Wronskian of (3) is —4i/(nz). If v is not
integer, J, and J_, form a third fundamental system of solutions with
the Wronskian —2sinnv/(wz).

Recurrence relations. For each one of the four types of functions
defined by (2) and (3) there hold the relations,

2v
. _ ’
uv—1+uv+1 = _Z—uv, uv—l_uv+1_2uv (83)
or
v 2v
! . —_—
Uyp = _Z_uv—uv’ Uypy = 2 Uy—Uy_y. (8b)

Asymptotic behaviour. With the abbreviation
n
(=2 -2 0+) ©92)

for |z|>1+|v| and |argz|<m, i.e. for large values of |z| in the z plane
cut along the negative real axis, there hold the asymptotic formulae

l /2 ‘ [2

Jy(2) = |/ —cos{; N,(z) = |/ —sin(;

Tz Tz

H{"(z) » ‘/ie“; H®(z) - l/ie‘“-
mnz Tz

©b)
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Functions of the type z‘%Hél’z’(z) for real z describe outgoing and
incoming spherical waves, respectively.
Maodified Bessel functions. The functions

L,(x) = i7" J,(ix) (10)
and
in
K, (x) = —2—i“H$”(ix) (11a)
or, if v is not an integer,
K = I_(x)—1I 11b
W(%) Tenvm [1-,(x)—L,(x)] (11b)

have real values for real positive x. The last function is of special interest
because of its asymptotic behaviour for large x:

K,(x) - |/§;e-x. 12)

More formulae for K, and K, are given in Problem 185. — In Problem 99 the
differential equation
v—g?>x "u=0 (13a)
has been solved by

_ g - . _n=2
u—[/;K%I<Ax ) with 1=-—=. (13b)

In some optical diffraction problems the function

Ai(x) = %V;’K%(%x%) (14a)

plays a role. It is called the Airy function. Its analytic continuation to
negative x values yields

Ai(—x)=3)/x{J;Gd)+J_4GxD}. (14b)

In this book, the Airy function has been used in Problem 40 where it is shown in
Fig. 28. It might also be used with advantage in Problem 117 where, however,
regress to the functions J, and I, with v= +1 has been preferred.

Spherical Bessel functions. The index values v=I+% with integer
1=0,1,2,... play an important role, because they occur in factorizing
the solutions of the wave equation in spherical polar coordinates. It is
usual to introduce the four standard types®

! In the literature the functions here denoted by j, etc are often denoted by j; etc
. 1. . X
with j, = 5 Jji- This has the advantage that A{'?(z)= 5 K2 (z) then become

outgoing and incoming spherical waves.
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2 = I/’—‘zfm%(z); (15)
n(z) = l/?zvu_%(z):(_n'“ |/ng-<,+%)(z); (16)

hY(@) = ji(@+in(z);  hP(@)=j(2)—im(2). 17
They are solutions of the differential equation
1+4)?
u + <1 _ +22) )u=0 (18)
z

and have very simple asymptotics:

. . In In
Ji(z)>sin (Z - 7>, n(z)— —cos (z - 3),

h}l)__,i‘(H— l)eiz; hfZ)(Z)__”-l+1e—iz' (19)
The most important Wronskians are
Jim—mj=1; PR WP R = 2. (20)
For |z|<l+% we have
2111 @2n!
SN A~ 1+1. - -1
Ji(2) ~ Girn’ n(z)= TR 21

Recurrence relations. For each one of the four types of functions
defined by (15)—(17) there hold the relations

21+1 ' I+1 ,
W—U-—1; Uy =—Z_uz“‘”z- (22

U1 =

The first of these relations may also be used for constructing functions
with negative L.

The spherical Bessel functions are elementary functions. The simplest
of them are assembled in the following survey.

Jo =sinz; ng= — COSZ;

. sinz cosz )

ji=———cosz; n =——— —sinz;
z z

. 3 . 3 3 3.
j2=\— —1]sinz——cosz; mny=—|——1])cosz~— —sinz
Z zZ Z z
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and

Ay _ iz, Q) _ ;o—iz.
) = —ieiz; hY =ie" '

B

h(ll) — <_ _l_ — l)eiz., h(12) — (_l_ _ l)e—iz;
¥4 ¥4

3i 3 . 3i 3 ;
h(zl) = (__ —El -4 l) e:z; h(ZZ) = (_zl —_—— i)e—zz‘
z Z Z z

Legendre functions

The differential equation
A=z u"—2zu' +v(v+1)u=0 (1)

is of the hypergeometric type with the singularities at z= +1 and oo.
The complete solution can be written

1—z
u,=A,F | —v,v+1,1; =N

Bz R (L 2l g2 1) @)
~N s A >V = 35
L VI T 272
where the factor of A is called a Legendre function of the first kind,
F,(2), and the factor of B is (save of a normalization factor) a Legendre
function of the second kind, Q,(z).

If v is an integer, 1=0,1,2, ..., the function of the first kind becomes
a polynomial. For z=x with real x and |x|<1 or x=cos9, Legendre
polynomials have a simple geometrical meaning being connected with
spherical harmonics according to

47
21+1

Properties of Legendre polynomials. The polynomials form an
orthogonal set:

B(cos9) = Y. 3)

+1

1
jde,(x)P,,(x) = mfsu'- Q)
2

-1
The first polynomials are

Rx¥)=1, P®=x; PB(x)=3x>-};

’ ®)
PO=3x—ix  B(=¥x—1ix i,
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They are either even or odd functions of x, according to whether the
index [ is even or odd, so that
R(=x)=(-1)'R(x). (©)

Polynomials of higher order than I=1 may be derived from the re-
currence relation

(I+1) B4 1 () +1B_ ; ()= (214 1) x B(x). %)

The derivatives are connected with the polynomials by

(1=x*)Pi=I(B-,~xB)=(+1)(xB—R.,) (8a)
whence there follows
Ql+1)R=Py  —P_;. (8b)
At x=+1 we have
B(£1)=(-1); (%a)
the n’th derivative at x= 41 becomes
T ©b)

The definition of the polynomials by (2) may be written, with
x=cos Y,

! (I+n)!

3
— _ cin2 ) — 1\ 1a2h
B(cos 9)=,F, (l+1, I, 1; sin 2)—,20( 1) n!z(l—n)!sm 5
a+y ., 8 (=-nd+ni+2) . , 9
=1 - e sin 5+ B sin 7 (10)
.9 . NP
If I»>1 and smz of the order of 1/I, this series simplifies to the

Bessel series so that we get
3
B(cos )~ J, ((21+ 1)sin 3) , (11)

with an error of the order of 1/I2. The zeros of B, are still given rather
accurately even up to large angles 3. For the example /=10 the ap-
proximation has been represented in Fig. 55 (p. 275 of vol. I).

For geometrical relations, cf. spherical harmonics.

Legendre functions of the first kind. Expansions. If v is not an integer,
the expansion (10) is no longer finite so that P,(x) becomes a transcen-
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dental with singularities at x= +1. It may then be expanded into a
series of Legendre polynomials,

_sinny & (=1)'Cn+1)
Rix) = T ,,;0 (v—n)(v+n+1)P"(x)' (12

This is a special case of the general type of expansion

fx) =3 @n+1)f,B(x) (13a)
n=0
with coefficients
+1
fn=% [ dx f(x) B(x) (13b)

which is always possible since the Legendre polynomials form a complete
orthogonal set.

The following examples of such expansions (with |x|<1) are often
useful:

elxy — % i 2l+1)l 7 EB(x); (14)
sin(y |2/(21(1 )x ) {Z Q1+ 1)j>(5) B(x). (15)
—_X 1=0

The series (14) and (15) are generally used with y=kr and x=cos9 so
3
that y]/2(1—x)=2krsin 3 They hold for all real values of y. Another
important example may even be used to define the Legendre polynomials:
1 it .
—————= ) y'R(» if lyl<l. (16)
/1-2xy+y* n=o

Legendre functions of the second kind. The expansion

= 2 ntDQ@EM (162)
- n=0

where z is any complex number, except real values between —1 and +1,
leads to

+1

0. = 5 j dxbld,
Z—X

(16b)

-1
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The functions Q,(z) are called Legendre functions of the second kind.
From the symmetry of (16a) in z and x, it follows at once that they
satisfy the differential equation (1) of the polynomials P,(x). They have,
however, branch points at z=+1 with logarithmic singularities. The
simplest of these functions are

z+1
Qo(2) = log 1 L@ =P@EE-1;

] A7)
0,(2) = P,(2) Qo(2) — —2—2.

The higher Q,’s may be determined from the recurrence relation (7)
which holds for the Q’s as well as for the P’s. Their general form is

Q4(2) = Py(2) Qo(2) = W, -1 (2) (18)

with W,_, a polynomial of degree n—1, either even or odd, according
to whether the index n is even or odd.

Spherical harmonics

In factorizing the solutions of the wave equation in spherical polar
coordinates defined by

x=rsindcosp; y=rsindsing; z=rcosd (1)

with z the polar axis, the angular part of the solution satisfies the differ-
ential equation

1 9 ou 1 ¢%u
3 I(l+1 0, 2
sin 9 69( - 89) sin?9 d¢? I+ Du= @

where the separation parameter [ is integer, 1=0,1,2,... By further
factorization,

u=0(9)e"® (3a)
with m=0,+1,+2,... we get
1 d e m?
§— I(+1) — ®=0 3b
sin9 d9<sm d9> [( 1) sin29:| (30)
or, using
z
t =—=-cosd

r
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as variable,

2] de m?
1-1?)— — 2t— + | l(I+1) — ©=0. 3¢
( )dt2 I [( ) 1—t2:| (o)
This differential equation is a slight generalization of the one of the
Legendre polynomial P,(¢) into which it passes over for m=0, but it
remains of hypergeometric type for m=0. Its only regular solution,
in arbitrary normalization, may be written
™ d™Py(t)
0,,=(1—13)? —L2= 3d
== — (34)
for m>0, and @, _,, turns out to be the same function. Since the poly-
nomial P, cannot be differentiated more than [ times without vanishing,
there exist 2/+1 regular solutions with integer |m|<I for every value
of L
We still have a free hand concerning normalization. We adopt its
most customary form, which best reflects the geometrical meaning of
these solutions regular on the entire surface of the unit sphere,

1 )
Y, (3 9) = —21(9)e™? @)
Vers
with
$dQY, 1> =1 ©)
or
[d3sin9|2(9))>=1. 6)
0

Eq. (3d) then has to be normalized according to

l/21 1 (—m)! m gmp
7= ; El+:;!(l_t2)2 dt'l"(t) ™

for m>0. To include negative values of m, we define
27" = (—1)" 21 (9. ®)

In this standard form the spherical harmonics Y,,, up to I=3 are
tabulated on p. 174 of vol. I. For m=0 we have the useful relations

21+1
ag v

P =)1+3P, and Y, o=

©®

Recurrence relations. There exist several important relations, con-
necting spherical harmonics with such of neighbouring values of I
and m, viz.



Spherical harmonics 269

Sin8€Y, = Yis1me1= -1, —m—1 Vic1,m+ 15 (10a)
sinde™ Y, =~ Vst m-1+ 8- 1,m—1 Vi 1,m-15 (10b)
c0s3Y,m=bimYis1,mtbi-t,m Yi-1,m (11)

with the abbreviations

| /0+m+1)(I+m+2)

1 fEmrDi—m+1D)
wm =V T DRIE3)

bm = QI+1)(21+3)

(12)

By repeated application of the relations (10) and (11) higher powers
of sin3 and cos$ may be multiplied by Y, ,, so that indices differing
by more than +1 from I and m may appear on the right-hand side.

Derivatives. If the operators
0 0 . 0 0 i 0
— +i— |=e*sindr— y—+t— —
r(ax —’ay> © {sm "or T %55 T sing a«p}
and

0 0
~ = ~ —sin9— 1
r % cosd rar smsag (13)

are applied to a spherical harmonic, the following results are obtained:

o 0 _ _
"<_ il—) Yim=Flaysm Vs i me 1t FUHD a1 3me1 Yic 1 me1s
0x ~ 0dy

0
rEEYl,m'__- b Yie1mt(+ Db Yo m (14)
where a, ,, and b, ,, are defined by (12).
In the theory of angular momentum, the three hermitian operators

L,, L, L, with
Lz=—i<xi —yi> (15)

etc. cyclic, play a large role. In spherical polar coordinates we may
write
Ly=L.+iL =iet*® _i-a—+ cotS—(z—) (16a)
#= 5Tl = s 39
and

L= —i—a—. (16b)
o9
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Applied to a spherical harmonic, L, and L_ turn out to be shift opera-
tors which raise or lower the index m by 1:

LY =Y+ —mm+1)Y, s 1; (17a)
L Y,,,=-)ll+1)-mm—1)Y,,,_,. (17b)
On the other hand, Y, , is an eigenfunction of L,:
Lz Yl,m =m Yl,m' (18)
The same holds for the second-order operator
P=L12+12+12=3(L,L_+L_L,)+L2, (19)
viz.
L*Y,,,=1l+1)Y,,. (20
There further hold the relations
L_L.Y ,=[l+1)-mm+1)]Y,,; (21a)
L,L_Y,,=[l(+1])—mm—1)]Y,,. (21b)

The operators L; here defined are identical with the angular momentum com-
ponent operators used in the text of this book, except for a factor #.

Orthogonality and expansion. The spherical harmonics satisfy the
orthonormality relations

§dQ Ylf,m' Yl,m = 511’ 5mm’ . (22)

They form a complete set of functions in the sense that any regular
function on the surface of the unit sphere may be expanded into a series

f(‘gs (P) = Z Z fl,m Yl,m(‘gs (P) (23 a)
I1=0 m=-1
with coefficients
fim=§dQY},(3,0)1(3,0). (23b)

A few important expansions are the following ones.

1. Expansion of the Legendre polynomial P,(cosy) where y is the
angle between the directions to the points (3, ¢) and (¥, ¢’) on the unit
sphere:

4
P/(cosy) = —— Y. (%9,0)Y,,.(30). 24
i(cosy) 2l+1m;-z En(¥.0) Y1,(3,0) (24)
This formula is equivalent to a transformation by rotating the polar
axis through an angle y. It mixes only spherical harmonics of the same
order [ It is also called the addition theorem.
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2. Plane wave. If the plane wave propagates along the polar axis,
only Legendre polynomials occur:

ells = glreo? = Z Y an2l+1) i (k) Y,,0(9). (25)

This formula has been proved in extenso in Problem 81. Incidentally,
it leads by inversion to an integral representation of the spherical

Bessel functions: 1

j,(z)=i"'% fdteiz‘P,(t). (26)
-1
If the plane wave runs in the direction of a vector k with polar angles
O, ¢, the expansion may be generalized to

. 47 =
et =2 T Lk Y1,(0,0)Y,,,(5,0). @)
T i=o0
3. Spherical wave, to be used as Green’s function of the wave
equation. If r and ¢’ are vectors the directions of which are defined by
polar angles 9, ¢ and ¥, (p’ and y is the angle between them, then

eiklr-—r’l 2l+

)

41t|r—-r’| ' =0

L(r,7) Y, o(cos y) (282a)
with ‘
%j,(kr)hfl)(kr’) for r<vr,
Lnr) =4 . (28b)
%iz(kr')h?’(kr) for r>r.

In the limit k—O0 this yields the well-known formula

1
(—2) P(cosy) for r<r,
»

—
N =

(29)

=
I
*\

M I8

N |-

'\ 1
<r_) P(cosy) for r>r.
n

]
o

The hypergeometric series

The differential equation
z(1-2)v"+{(c—2)—(a+b+1-21-2u)z}v

+{/1(l—c+1)+ wlp—a—b—c)
z 1—z

_[u+uxk+u—a—w+aﬂ}u=0 1)
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has regular singularities only at z=0, 1, c0. Putting

v(z)=2z*(1—z2)*u(z) )]

it can be brought into the standard form
z(1—2)u"+[c—(a+b+1)z]u' —abu=0 (3)
which is called the hypergeometric or Gaussian differential equation.
For all values of its three parameters a, b, c, except c¢= —n with

n=0,1,2,..., it has a solution which is regular and does not vanish at
z=0 which, when normalized according to u(0)=1, is called the hyper-
geometric series ,F,(a,b,c;z). Solving the differential equation (3) by
series expansion at the origin we find?

)b +1) 22
zFl(a,b,c;z)=1+ﬂ i+a(a+ )b(b+ )z_
C

1! c(c+1) 2!
a(a+1)(a+2)b(b+1)(b+2) 23 (4a)
cctic+2) 3 2

or
' & TI'(a+n)I(b+n)
Fi(a,b,c;2) = z. 4b
di@b.e:d=rorn ,,go Tc+nn! (40)
This function is invariant with respect to exchanging the parameters
aand b. If a=—n or b=—n (n=0,1,2,...) it becomes a polynomial
of degree n, called a Jacobi polynomial according to the definition

Ju(p:q;2) = JFi(—n,p+n,q; 2).

These polynomials form an orthogonal set according to

1
fdzz~'(1 -2z 4J,J,=0 for m#n.
1]

The hypergeometric series does not exist for ¢=—n; in that case
however the limiting process

. 2F1(a’b,C; Z)

lim ———

.c—>—n F(C) (5)

_TI'a+n+1)I'(b+n+1) PARES

T@re)  (eiy 2r@tntlbtntlntz)

leads to a solution of the differential equation (3).

2 The notation,F, was introduced by Pochhammer who generalized the
hypergeometric series to,F, with n+m parameters of which products of n appear in
the numerator and of m in the denominator of the series in the same way as 2,
resp. 1 in Eq. (4a). In our context we need only,F; and the confluent series, F; .
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If none of the three parameters a,b,c are either zero or negative
integers, the series (4a,b) converges absolutely for |z] <1. Its analytic
continuation beyond this circle can be made unique by a branch cut
extending from z=1 to z=o0.

The following formulae may serve for its continuation beyond
lz|<1:

I'(c)I'(c—a—Db)

2Fi(a,b,c;2) = szl(a,b,a+b—c+l;l—z) (6)

I'era+b—
M_i)(l_Z)C"“"’zFl(c—a,c—b,c—a—b+12 1-2)

I'(a)I'(b)
and
I'e)r- 1
2Filab,c;2) = %%jz(—z)'"zl’l(a,a—c+1,a—b+1;;> ()
I'(c)I'(a—Db)

1
————(—2)"%,F| bb— o
r(a)I“(c—b)( 277, 1<b,b c+1,b a+1,z).

The last formula determines the asymptotic behaviour of ,F; for z—co:

. r@re-a, ___, T@L@=b)
Filebeid) = po o I Fare=n Y @

The general solution of the hypergeometric differential equation
for |z| <1 is

u=C, ,F,(a,b,c;2)+Cyz' "¢, Fi(a+1—c,b+1—-c2—c;z). (9

Only for integer ¢=0,+1,+2,... the two special solutions used in
(9) become identical, as is easily seen by applying Eq. (5). The second
solution then has a logarithmic singularity at z=0.

In the following, the most important formulae for the practical use
of the hypergeometric series have been collected.

Fabein) =270 parLbertin+ €29 F@brietl;2)
c(a—b) cb—a)
c—a

JFy(a,b,c+1;2) +%2F1(a+1,b,c+l;z),
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-1
z,F(ab,c;z) = Z_:_b [Fi(a—1,b,c—1;2)—,F (a,b—1,c—1;2)]

~1
¢ LR @—Lb.e—1;2)—Fa—Lb—Le—152)]

c—a c—b
—'—__szl(a—l,b,C;Z) +m2Fl(a’b_1’C;Z) + ZFl(asb’c;Z)y

(1—2z),F(a,b,c;z) =

-1
_12Fl(a—1,b—1,c 1; z)+ 2Fl(a 1,b,c; z2).
Derivatives:

d ab
o —,F(ab,c;z)= 2F1(a+1 b+1,c+1;2),

ai =9 ble b)zFl(a,b 1,c;z2)

z(l—z)EzFl(a,b,c;z) 5 ,Fi(a—1,b,c;z)+ -

b(c b)—a(c—a)

b 2Fi(a,b,c;z).

The confluent series

If, in the hypergeometric differential equation, we perform the limiting
process b— o0, 7=x/b, we get Kummer’s differential equation,
d*u
d F)
The singularity at z=1 has been shifted to x= oo, so that in the complex
x plane there is a regular singularity still at x=0 but an irregular
singularity at x=o00 caused by the confluence of the two singularities
at z=1 and z=c0. Hence the name of the solution.
The general solution of (1) is
u=C;F(a,c;x)+C,x* " F(a—c+1,2—c; x) )

with the so-called confluent series , F; being defined by

+ (c— x)———-au 0. (1)

a z ala+l) 22 ala+1)(a+2) 23
@)=+ 0+ ) 21 et Dietd) 3

(Ba)

or
I'cy & I'(a+n)

1Fla,cz) = @ ngo Feim nl’ (3b)
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This series converges absolutely in the whole z plane. To make it unique,
a branch cut has to be made from z=0 to z=o00 which, in the standard
notation used in this book, runs along the positive imaginary axis.

Only for ¢=—n, n=0,1,2,... is the series (3a, b) not defined, but
in this case

lim 1Facz) Ta+n+1) 2%
c=-n T'(c)  TI(a) (n+1)!

Fila+n+1,n+2;2) 4)

is a solution of (1) (with z instead of x).
The asymptotic behaviour of the confluent series for |z|—o0 is
given by

—ina

Te—a’ T T@ )

1Fi(a,c;z)—e

This formula does not hold for a=—n, n=0,1,2,... where, according
to (3), the function ;F,(—n,c;z) becomes a polynomial of degree n. Of
special interest among these are the Laguerre polynomials

(n+m)!

L) ==

1Fi(=nm+1;2) (6)

and the Hermite polynomials (cf. Problem 30)

2n)!
Had=(- 1y i on ks ),
@n+1)! O
H2n+1(z)=(_1)n n! 2ZIF1(_n9%;ZZ)'

Finally, we again list some important formulae for the confluent
series:

c—a

a
1Fl(a,c;z)=;1Fl(a+1,c+1;z)+ Fi(a,c+1;2)

C
=¢e*Fi(c—a,c; —2);

d
z:i— 1Fi(a,c;z) = a{ F(a+1,¢c;z)— F(a,c; 2)};
z

d a
e F(a,c;2) = - F(a+1,¢c+1;2).
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Some functions defined by integrals

Error integral and related functions. The error integral is defined by

[oo]
12

erfcz = [dte™";

z
as an alternative also the definition

z
erffz=[dte " =z,F|(%,}; —2%)
(4]

is often used. Both integrals are connected by the complete integral

o0
erfcz+erfz = [dte™"’=4)/n.
V]

There holds the power expansion

z3 z5

frmz — —— 4 —— — e
ez=z—13t 25

the function erfcz can for real positive argument z>1 be represented
by the semiconvergent series

e 2 @2n)! e 1 3
f -1 m2n - 1 — — o)l
erfoz > 2 (=17, 2 2z ( 22 ap )

From the identity

F(z,p)= }Odte"’ﬁ:ﬁ'%erfc(l/ﬁz)

there follows by differentiation,

6F 2 1 3 2

i jdttze_”‘ =— Eﬁ_ferfc(l/ﬁz) - Ezﬁe"’z
so that, with =1, we get the reduction formula

J.dttze“‘z = lerfcz + ie"2

2 2 '

z

In this manner, by repeated differentiations, all integrals of the form

[oo]
fdttrret”

z
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may be finally reduced to the error function. For z=0, this leads to
the special formula for the complete integrals,

2 2n-1)!
dttz" t
j l/_ 22n(n 1)|
With t2=x, this may be written as an Euler integral so that
fdterre " =4r(n+Y).
0

Exponential integral. This function is defined by

dt
Eiz = j Te’

and is of special interest for negative real values z= —x where we write
E,(x)=—Ei(—x) = j ?e".

There holds the power series ) |

E,(x)= —C+log ! + x - 2—% + 3% —

where

<o)

1
= jdte"log; = 0.577215...
0
is the Euler constant. For x> 1, there holds the semiconvergent series

e™* 12
E()=— <1—;+—— )

x?

The exponential integral can be generalized to

@

dt

E,(x)= e’.

These integrals may, by partial integration, be reduced to E, (x) according
to

1
E,(x)= m[x"_ le™*—E,-1(x)].
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Airy function 40, 41, 117, A

Alkali atom, dielectric susceptibility
159

— —, inelastic scattering 166

Amaldi correction for Thomas-Fermi
atoms 173

Amplitude structure 26, 27

Angular distribution of dipole
radiation emitted 214

— — of photoelectrons 186

Angular momentum see also
orbital momentum 4

— —, commutation relations 50, 51

— —, commutators with tensor
53, 54

— — components for a spinning top
46

— — expansion of plane waves 81,
136, 205

— — — of scattering amplitude 82

— — and Laplacian 49

— — operator 42

— — operator components in
spherical polar coordinates 48

— — operators determined by
infinitesimal rotation 47

— — originating magnetic moment
127

— — in relativistic theory 201

— — replaced by complex variable 113

— — for two particles on acircle 148

Anharmonic oscillator 35, 69, 70

Anomalous scattering 85, 112

— — of protons by protons 165

Anticommutation properties of Dirac
matrices 189

— — of Pauli matrices 131

Antisymmetrized product 152
Atomic radius 173
Axial vector see Pseudovector

Background integral 113

Backward scattering amplitude 21, 22

Band structure of energy spectrum
28, 29

Barrier 19, 21, 22, 23

Bessel functions, formulae A

Bethe-Peierls formula 90

Binding energy 90

Bloch’s theorem 28

Bohr magneton 127

Born approximation 94, 96, 97, 98,
102, 105, 106, 107, 183, 184, 211

Born integral, divergence 105, 108

Born-Oppenheimer approximation
44, 161, 163

Bose quantization 210, 213

Bound state determined by low-
energy scattering 90, 147

Breit-Wigner formula 114

Bremsstrahlung 219

Brillouin zones 29

Calogero’s equation 97, 100

— —, linearized approximation
98, 99, 101, 102

Canonical equations 10

Capacity of a potential hole
68, 106

Central forces in momentum space
76,77, 91

Central-force field, relativistic electron
201

— —, spin electron 133

25, 63,
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Centre-of-mass motion, separation
from internal motion 150

— —, three-atomic molecule 149

Charge conjugation 194

Charge density 1

Circle with two particles 148

Circular cylindrical coordinates A

— oscillator 42

Classical dynamics for space averages
3,4,5

— interaction integral 44, 155, 156,
163

— turning point 40, 117—124

Clifford algebra 192, 194, 197

— numbers 191, 192

Closed-shell configuration 61

Collision parameter 185

Collision parameter integral for
scattering amplitude 104

Commutation relations 7, 8

— — of spin components 129

— — of wave operators 210

Commutator with hamiltonian 10

Compound state 113, 114

Compton effect, unrelativistic cross
section formula 218

Conduction current in relativistic
theory 199

Conduction electrons in a metal 167,
168

Confluent series 30, 42, 65, 67, 69, 70,
110, 111, 202, 203, 204

— —, formulae A

Conservation of charge 1

— of energy 5

— of probability 1

Continuity equation 1, 21

Continuous spectrum 26, 219

Convergence of spherical harmonics
series 83, 103

Coordinate formulae A

Coulomb excitation 185

— scattering, anomalous scattering
112

— —, extended charge 108, 112

— —, partial-wave expansion 111

— —, phases in WKB approximation
123

— —, point charge 110, 111

Coupling parameter, power expansion
102, 105

Cross section see also scattering cross

section

Cross section for bremsstrahlung 219

— — for Compton scattering 218

— — and transition probability 183

Crystal lattice see periodic potential

Current see electric current

Current density of probability 1, 16,
17, 80, 126

Curvilinear coordinates 13, 46

Degeneracy of eigenvalues 42, 66

— of gases 167

Delta function, Fourier integral 14

Density of final states 183, 186, 211,
213

— of mass 1

— of momentum 1

— of probability 1, 16, 17, 126

— of states in a Fermi gas 167

Depolarization of plane Dirac wave
by a potential jump 208

Derivatives of an operator 8, 10, 11

Deuterium, spectroscopic discovery 150

Deuteron, bound state and scattering
length 147

—, central-force models 72, 75

—, hard-core potential 91, 92

—, tensor interaction 144, 145

Diamagnetism 128, 160

Dielectric susceptibility 159

Differential cross section of scattering
80

Diffusion equation 16

Dipole-dipole interaction 161, 162

Dipole, magnetic 127

Dipole radiation 213, 214, 215

— —, selection rules 216

Dipole transitions 43, 79, 213—216

Dirac equation, charge conjugation

— —, iteration 189

— —, Lorentz invariance 191

— —, one-dimensional problems
197, 207

— —, parity transformation 193

— — split-up in two 200

— —, standard form 189

— hamiltonian 189, 200

— perturbation method 181, 182, 183

Dispersion law of relativistic material
waves 189

Dispersion of light 187

Dissociation energy 44, 69, 70, 163

Doublet, spin functions 146, 147. 194
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Effective range 88, 89

Eigenfunctions of harmonic oscillator
(table) 30

— of hydrogen atom (table) 67

Eigenspinors of total angular
momentum 133, 137, 142, 201

Eigenvalue condition 18, 25

Eigenvalues of energy see energy levels

— of Mathieu equation 148

Eigenvectors of spin operators 130

Eikonal 115

Elastic scattering see scattering

Electric current density 1, 213

— — — in Dirac theory 198, 199,
207, 209

Electrical quadrupole see quadrupole

Electron gas of atomic electrons see
Thomas-Fermi atom

— — of conduction electrons in a
metal 167, 168

— — in a white dwarf 171

Electron spin resonance 138

Ellipsoidal coordinates 44, A

Elliptic integrals 170

Emission of a photon 213, 214

Energy bands 28, 29

Energy conservation 5

— flux vector 5

Energy levels of anharmonic oscillator
35

— — of Coulomb potential 67, 203

— — of gravitation field over earth’s
surface 40, 119

— — of harmonic oscillator 30

— — of Hulthén potential 68

— — of hydrogen atom, relativistic
theory 203

— — of Poschl-Teller holes

— — of rectangular hole 18

— — of rectangular hole with
division wall 19

— — of spherical well 62

— — of symmetrical top 46

— — of two-atomic molecules
69, 70, 71

Energy, total, of an atom in Thomas-
Fermi approximation 174

— of vacuum 212

Equation of continuity 1,21

Equilibrium distance in neutral
hydrogen molecule 163

Error integral A

Eulerian angles 46, 55

38, 39

Exchange integral 44

Exchange integral in excited helium
155, 156

— — in lithjum ground state 158

— — in neutral hydrogen molecule
163

— — in many-body problems 153

Excitation degeneracy 162

Expectation value 3,4,7,9,12

— — of spin in plane Dirac waves
196

. — —, time derivative 9

— — of angular momentum 4, 58
Exponential integral (formulae) A
— potential 75

— —, scattering 107

Fermi energy 167, 168

— gas 167

— quantization 210, 213

Field emission 169, 170

Final state density 183, 186

Fine structure of hydrogen atom,
relativistic theory 203

— —, unrelativistic theory 136

Floquet’s theorem 28

Form factor 108

Forward scattering amplitude 21, 22

Four-current see electric current

Fourier integral 14, 15, 17

— transform 14, 34, 76, 184

— — of potential 77

Free fall in quantum theory 40, 119

-~ Fresnel’s reflection formulae 45

Gamma function, formulae A

Gauge transformation 125, 126

Generators of the rotational group 52

g-factor of electron 136

Golden Rule 182, 183, 211, 213

Good quantum number 133

Green’s function in three dimensions,
partial wave expansion 94

— — for partial waves 94, 96

Group velocity 16, 17

Hamiltonian depending upon time 11
— of spin-orbit coupling 136
Hankel functions 63, 82, 83, 117, 185
— —, formulae A
Hard-core potential for deuteron

91, 92
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Hard sphere, scattering 84, 109

Harmonic oscillator in Hilbert-space
31,33

— — in matrix notation 33

— — in momentum space 34

— —, Schrédinger theory 30

— —, table of lowest eigenfunctions
30

— —, WKB approximation 118

— vibrations of a linear molecule
149

Heisenberg representation 10

Heisenberg’s uncertainty rule 17, 40

Heitler-London approximation 163

Helicity 137

—, expectation value 196, 208

— of neutrino 200

— operator in Dirac theory 190

— in one-dimensional Dirac problems
197

— of a plane Dirac wave 190, 195

— of a plane Dirac wave, states of
mixed helicity 195, 196

Helium, excited states 155, 156

—, ground state 154

Hermite polynomials 30, 32, A

Hermitian conjugate 6, 31

— operator 6, 7,59

High-energy scattering 104

Hilbert space 6, 10, 12, 31, 33, 50

— —, its construction for angular
momentum 56

— —, its construction for an
harmonic oscillator 31

— — of spin operators 129, 139

Homogeneous electrical field, motion
of electrons 41

Hulthén potential 68

Hydrogen atom 67

— —, lifetimes of excited states 215

— —, relativistic theory 202, 203

— —, spectral line intensities 217

— — as a two-body problem 150

Hydrogen eigenfunctions (table) 67

— — in momentum space 78

Hydrogen molecule, ionized 44

— —, neutral, ground state 163

— —, scattering of slow neutrons
147

Hydrogen star 171

Hypergeometric series 37, 38, 39, 46,
64, 68, 207

— —, formulae A

Image force, effect upon field emission
170

Index of refraction for light waves
187

— — — for particle waves 45, 115

Induced dipole moment 187

Inelastic scattering 166

Infinitesimal rotation 47

Inhomogeneous differential equation
94

Integral equation for momentum-space
wave function 14, 77

— — for radial part of wave function
94

Intensities of spectral lines 213, 217

Intermolecular potentials 104

Intrinsic magnetic moment of electron
136, 138

Ionization energies of helium and
two-electron ions 154, 155

Ionization in stellar matter 171

Irreducible representation of a matrix
system 189

Isotope shift in electron binding 73

Kepler problem in momentum space
78

— —, relativistic radial solutions at
positive energies 204

— —, — theory for bound states 202

— —, unrelativistic radial solutions at
positive energies 111

— —, — theory for bound states 67

— —, WKB approximation 120

Kernel, symmetrization 94

Kinetic energy density S

— — operator 13, 46, 49

Klein-Gordon equation 189

Klein-Nishina formula 218

Klein’s paradox 202, 207

Kratzer’s molecular potential 69

K shell binding energies 154

— — screening constants 178

Kummer’s differential equation see
confluent series

Laguerre polynomials A

Landé factor 135

Larmor frequency 138

Legendre functions and polynomials
A

Lennard-Jones potential 104

Level density 26
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Lifetime of an excited state 215

Line intensity 213, 217

Line shape 182

Lithium ground state 157, 158

Logarithmic derivative 20, 22, 23,
82—86, 89, 92, 101

— phase 69, 110, 111, 112

Lorentz covariants 192

— invariance of Dirac equation 191

— transformation, infinitesimal 192

low-energy scattering 83, 88, 89

— — and bound state 90, 147

— — by Poschl-Teller potential 93

Lyman lines of hydrogen 217

Magnetic dipole see also magnetic
moment 127

— field in Schrédlinger equation 125

— fields originating spin resonance
138

— moment of deuteron 145

— — of electron 136, 138

— — originated by angular
momentum 127

— — of spin state, expectation value
135

— properties of a Fermi gas 168

— — of neon 160

— quantum number 127

— resonance, spin flip 188

Magnetization 128

Magneton of Bohr 127

Mass density 1

Mathieu equation 148

Matrix of an operator 6, 33

Measurement of an observable 12

Metal, paramagnetic susceptibility
168

Metric used in four-space 189

Mixture of S and D state 143, 144,
145

Modified Bessel functions, formulae
A

Molecular potentials 44, 69, 70

Molecule of hydrogen see hydrogen
molecule

— as a symmetrical top 46

—, three-atomic, modes of vibration
149

—, two-atomic 69, 70, 71

Momentum density 1

— operator 3,7,8, 10

— space 14,15, 34,76, 77

Momentum density, Born scattering
184

Momentum, total, of Schrodinger field
1, 3,210

Morse potential 70, 71

Multiplication table of spin algebra 131

Muonic atom 74

Negative-power potential, scattering
length 99,100 -

Neon, diamagnetic susceptibility 160

Neumann functions, formulae A

— series 94, 105

Neutrino theory 200

Normal Zeeman effect 127, 216

Normalization 1, 14, 15

— volume 183

Nuclear radius, effect on electron
binding energy 73

Observable, repeated measurement 12

Opacity 19, 21, 22, 86

Opaque wall 19, 20, 21, 27, 86

Operator of magnetic moment 135

Operators acting on particle numbers
210

Optical theorem 104

Orbital momentum, expectation value
in relativistic theory 203

— — in spin states 133

Orthogonal system 2

Orthogonality of spherical harmonics
57

Ortho-helium 155, 156

Ortho-hydrogen, spin functions 147

Overlap integral 44, 156, 158, 163

Oscillator see harmonic, anharmonic,
circular, spherical oscillator

Oscillator strength 187

Parabolic coordinates 110, A

Para-hydrogen, spin functions 147

Paramagnetic resonance 180

Paramagnetism 128, 168

Par-helium 155, 156

Parity 18, 19, 20, 22, 25, 26, 143

Parity mixing operators 200

Parity transformation of Dirac
equation 193

Partial cross section 84, 87

Partial wave 81, 82, 205

— — expansion for Coulomb
scattering 111
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Partial wave expansion of plane wave
81

— — — of scattering amplitude
82, 83

— — — of three-dimensional
Green’s function 94

Particle resonance 113, 114

Particle number operator 210

Pauli algebra 131

— matrices 52, 129, 130, 189

— principle 152, 167

Periodic perturbation, photoeffect
186

— — of a two-level system 180

— potential 28, 29

Periodicity cube 15, 210

Permutation of particles 152, 153

Perturbation see also periodic
perturbation

— by a light wave 186

— method of Dirac 181—183

Perturbation theory for anharmonic
oscillators 35

— — of atom-atom interaction 161,
162

— — of dielectric susceptibility 159

— — for isotope shift 73

— — of magnetic susceptibilities 128

— — for muonic atom 74

— — for three-dimensional Stark
effect 79

— — for two-dimensional Stark effect
43

— — of a two-level system 179, 180

Phase angle, behaviour at resonance
27

Phase average 58

Phase function 104, 124

Phase shift 82, 84, 85, 86, 87, 93

— —, determination by successive
steps 96, 97

— — determined from integral
equation 94

— — in exponential potential
107

— — in WKB approximation
121, 122 ‘

— — in Yukawa potential 106

Phase velocity 16

Photoeffect 186

Photon emission probability 213

Photon number in quantized radiation
field 212

- Quasipotential

Plane Dirac wave 190

— — —, angular momentum
expansion 205

— — —, incident on potential jump
208

Plane wave, expansion into partial
waves 81, 136, 205

— —, oblique incidence 45

— —, one-dimensional 16

— — of spin particles, relativistic
190

— — of spin particles, unrelativistic
137

Poisson equation 156, 172, 173, 174

Polarizability of an atom 159

Polarization current 199

Polarization of dipole radiation emitted
214, 216

— of plane Dirac wave by a potential
jump 208

Polytrope 171

Poschl-Teller potentials 38, 39, 93

Potential energy density 5

— step 37

— — in Dirac theory 207

— wall see barrier

— well 18,25,62

Pressure of electron gas 167, 171

Principal quantum number 67

Probability conservation 1

— of photon emission 213

Proton-proton scattering 165

Pseudoscalar in Dirac theory 192, 193

Pseudovector in Dirac theory 192,
193

Quadrupole moment 61

— — of deuteron 145

— — of a spin electron state in a
central field 134

— tensor 54, 61

Quantization of radiation field 212

— of Schrédinger field 210

Quartet, spin functions 146, 147

104, 124

Quaternions 131

Radial momentum operator 59

— WKB functions 116

Radiation condition of Sommerfeld
80

—, dipole emission 213, 214

— field, quantization 212
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Radiative transition, probability 215

Real state 26

Rectangular barrier 23

— hole 25, 63

— —, scattering 89, 101

Reduced mass 72, 75, 150

Reflected intensity 21, 22, 23, 37, 39,
45, 207, 209

Reflection of Dirac particles at a
potential step 207, 209

— law 45,208

Refraction index see index of refraction

— law 45, 208

Regge pole and trajectory 113, 114

Resonance absorption 182

— denominator 182, 186, 187

— field strength 138

— level 27

— in periodic perturbation 180, 182

— scattering 84, 86

Riccati equation 115

Rigid body in quantum mechanics 46

— rotator 43, 79

Ritz approximation for helium states
154, 156

— — for neutral hydrogen molecule
163

— — for solution of Thomas-Fermi
differential equation 177

— variational method 44, 72, 74, 75

Rotational group 46, 52

Rotations of two-atomic molecules
69, 70, 71

Rotator 43,79

Running wave 16

Rutherford scattering 108, 110

— — of equal particles 164

Sabatier transform 124

Scalar in Dirac theory 192

Scattered wave, interference with
incoming plane wave 80

Scattering amplitude 80, 82, 105

— —, collision parameter integral 104

— —, convergence of partial wave
expansion 83, 103

— —, partial wave expansion 82, 83

Scattering, application of the Golden
Rule 183,211

— cross section, definition 80

— of Dirac electrons by a central-
force potential 206

— of equal particles 164

Scattering at a hard sphere 84, 109

—, inelastic 166

Scattering length 84, 92, 95

— — , different signs 88, 147

— —, negative-power potential 99,
100

— —, proton-neutron system 147

— —, square-well potential 89, 101

— —, Yukawa potential 102

Scattering at low and high energies see
low- and high-energy scattering

—, one-dimensional model 21, 22, 23

— of neutrons by molecular hydrogen
147

— of protons by protons 165

— in quantized-wave picture 211

— at a spherical cavity 86, 88

Schrodinger field, quantization 210

— representation 10

Schwinger’s variational principle 95

Screened hydrogen functions 154,
155, 156, 157, 160

— nucleus, effective potential 156

Screening 73

— constants 154, 157, 160

— of K electrons in heavy atoms 178

S-D-mixture 144, 145

Selection rules for dipole radiation
216

Self-adjoint see hermitian

Shadow effect 109

Shape-independent approximation 88

Short-range attraction between two
protons 165

Short-range force 112

Singlet, spin function 139

Slater determinant 152, 153, 158

Sommerfeld’s radiation condition 80

Sommerfeld-Watson transformation
113

Space average 3,4, 5

Spectrum of bremsstrahlung 219

— of wave numbers 17

Spherical Bessel functions 62, 63, 81,
83, 87, 94, 108, 109

— — —, formulae A

— — —, integral representation 81

Spherical charge distribution, scattering
108

Spherical harmonics expansion of plane
waves 81, 136, 205

— —, formulae A

— — of order 2, tensorial quality 54
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Spherical harmonics, orthogonality 57

— — of the second kind 106

— —, table 67

— —, transformation under rotation
55

Spherical oscillator 65

— polar coordinates A

Spin algebra see also Clifford algebra
131, 141

Spin-dependent central force 140, 147

— tensor force 143

Spin electron in central field 133, 201

— exchange operator 140

— expectation value of plane Dirac
wave 196

— flip in magnetic fields 188

— one particles 52

— and orbital momentum, coupling
for one electron 133

— orbit coupling 136

— resonance 138

— of three-electron state 146

— of two-electron state 139

Spin vector under space rotation 132

— — operator 129

Spinor, Lorentz transformation 191

— in one-dimensional Dirac problem,
algebraic properties 197

— in unrelativistic theory 132

Square well see also potential well and
rectangular hole

— — of finite depth 25, 63, 89

Square-well potential, scattering 89,
101

Standard representation of Dirac
matrices 189

Standing wave 18

Stark effect of three-dimensional
rotator 79

— — of two-dimensional rotator 43

Stationary state 16

Statistical methods 167—178

Step see potential step

Stirling’s formula A

Successive approximations to solution
of integral equation 94, 96, 105

Susceptibilities, diamagnetic and
paramagnetic 128, 160, 168

Susceptibility, dielectric 159

Symmetrical top 46

Symmetrization for helium states
155, 156

— for many-body system 152

Symmetrization of Rutherford scatter-
ing of equal particles 164, 165

— of three-particle spin functions
146

— of two-particle spin functions 139

Tensor, commutators with angular
momentum 53, 54

— in Dirac theory 192

— force 143

Thomas factor 136

Thomas-Fermi atom 172—178

Thomson cross section 218

Three-atomic linear molecule 149

Three electrons see lithium

Tietz approximation of Thomas-Fermi
atom 176—178

Time derivative of an expection value 9

— — of an operator 10

Time reversal 16

Torque 4

Total angular momentum 133, 142,
201

Total reflection 45

Transition probability 182, 183, 186,
211,213

Transmitted intensity 21, 22, 23, 39,
45, 207, 209

Transmission of Dirac particles
through a potential step 207

Transverse wave 212

Triplet, eigenspinors of total angular
momentum 142

—, spin functions 139

—, tensor force properties

Tunnel effect 23

— — in field emission 169, 170

Turning point, classical 40, 117—124

Two electrons see also helium

— — in atomic ground state 154

Two-level system 179, 180

Two particles on a circle 148

143, 144

Uncertainty rule 17
Unitary matrix in two dimensions 130
— transformation 10, 50

Valence vibrations of three-atomic
linear molecule 149

Van der Waals force 161

Variational approach 44, 72, 74, 75

— method equivalent to Thomas-
Fermi differential equation 177
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Variational method for helium ground
state 154

— — for neutral hydrogen molecule
163

Variational principle of Schrodinger 2

— — of Schwinger 95

Vector in Dirac theory 192

Vector particles 52

Vector potential 125

— —, expansion into plane waves 212

Vertex 219

Vibrations of two-atomic molecules
69, 70

Virial theorem applied to excited
helium states 155

— — for Coulomb forces

Virtual level 26, 27

151,175

Wave group 17

— packet 17

Well size see also capacity 63

Wentzel-Kramers-Brillouin see WKB
method

White dwarf 171

Wigner-Eckart theorem 133

WKB method, boundary condition of
Langer 117, 118

— —, determination of phase shifts
121—123

— — — of energy levels 118—120

— —, radial wave function 116

— —, transmission coefficient of
potential barrier 169

Wood-Saxon potential 64

Work function 169

Wronskian 24, 28

X rays, continuous spectrum 219
— —, isotope shift 73

— —, K shell binding energies 178
— —, screening constants 178

Yukawa attractive potential, binding
energies 72
— potential, scattering 102, 106, 108

Zeeman effect, normal 127, 216
Zero-point energy of radiation field
212
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