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Preface

During the last few decades, molecular physics has gained increasing importance in
physics, chemistry and biology. There are several reasons for this progress. The devel-
opment of new experimental techniques with vastly improved sensitivity and spectral
resolution has allowed detailed measurements of structure and dynamics even for large
molecules in minute concentrations. This opens the way for studying chemical reac-
tions and biological processes on a molecular level. Using ultrashort laser pulses, very
fast dynamical processes in excited molecular states can be measured with a time res-
olution of a few femtoseconds. Examples are the dissociation of excited molecules, or
the redistribution of the energy pumped into a selectively excited molecular state by
photon absorption. This energy redistribution onto many vibronic states can be caused
by collisions or by couplings between different molecular states, and it often results
in a permanent change of molecular structure (isomerization). For the first time in
the development of molecular physics, such ultrashort phenomena can be measured in
realtime.

Another important reason for the progress in molecular physics is the development
of fast computers and sophisticated software, which allow the calculation of molec-
ular structures and potential energy surfaces in molecular ground states and even in
excited states with an astonishing accuracy. Also, the dynamics of excited molecular
states can be today visualized on a computer screen in slow motion to give a vivid
and detailed picture of the way molecular processes occur on a femtosecond scale.
This allows a much better understanding of chemical and biological reaction paths.
Quantum chemistry, working in this field, has therefore received more attention in
chemistry and biology. The success of molecular biology is partly based both on the
new experimental techniques and on such computer simulations.

In order to gain a more profound understanding of these developments, one has
to acquire sufficient knowledge about the basic physics of molecules. This volume
tries to make the fundamentals of molecular physics accessible, starting with diatomic
molecules as the simplest molecular species. The different approximation methods
used for the calculation of molecular structure, their physical meaning and their lim-
itations are presented. The principles that are valid for diatomics are then transferred
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Preface

to and extended to polyatomic molecules, where additional phenomena occur, such as
vibronic couplings or Coriolis effects in rotating molecules. The last chapter discusses
classical and modern experimental techniques used in molecular physics, giving the
reader a better understanding of the possibilities, advantages, and drawbacks of the
different experimental approaches to the investigation of molecules. It is in particu-
lar laser spectroscopy that has contributed in an outstanding way to the progress in
molecular spectroscopy.

This book is a thoroughly revised edition of a German edition published two years
ago. The author would like to thank Michael Biér who translated the German book and
took care of the typesetting for his careful work and for many valuable suggestions.
The author hopes that this textbook will foster the interest in molecular physics in the
communities of physicists, chemists and biologists.

Since no book is perfect, the author appreciates any comments, hints to possible
errors, or suggestions for improvements.

Wolfgang Demtrider
Kaiserslautern, August 2005
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1
Introduction

Molecular physics is at the heart of chemistry and physics. A thorough understand-
ing of chemical and biological processes has been rendered possible only by detailed
investigations of the structure and dynamics of the molecules involved. A striking
example is the question of chemical bond strength, which is of crucial importance for
the course of chemical reactions. Molecular physics traces bond strengths back to the
geometrical structure of the molegule’s nuclear framework and the spatial distribution
of the molecular electron density. The reason for the chemical inertness of the rare
gases or the high chemical activit|y of the alkali metals could only be explained after
the structure of the electron shell was understood.

The electron distribution in a molecule can be calculated quantitatively with the
aid of quantum theory. Hence, only the application of quantum theory to molecular
physics has been able to create a consistent model of molecules and has made theoret-
ical chemistry (quantum chemistry) so successful.

Today’s knowledge on the structure of molecules with electrons and nuclei as their
building blocks, on the geometric arrangement of nuclei in molecules and on the spa-
tial and energetic properties of the electron shell is based on more than 200 years of
research in the field. The origin of this research was characterized by the applica-
tion of a rational scientific methed aiming at quantitative reproducible experimental
results. This constitutes the fundamental difference between “modern chemistry” and
“alchemy”, which contained many mystic elements. The results obtained in these two
centuries have not only revolutionized our image of molecules but have also shaped
our way of thinking. A similar process can be observed at present, related to the ap-
plication of physical and chemical methods to biology, where the molecular structures
under investigation are particularly complex and the experimental methods employed
must therefore be particularly subtle.

It is interesting to take a brief look at the historical development of molecular
physics. For more detailed historical accounts we refer to the corresponding liter-
ature [1.1-1.4]. It is in many cases highly instructive to read the original research
papers which proposed new ideas, models, and concepts for the first time — often in an
unprecise form, sometimes still erroneous. This can fill us with more esteem for the
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achievements of previous generations, who had to work with much less perfect equip-
ment than we are used to today, yet obtained results which are often re-discovered
even today and are sometimes considered new. For this reason we will often cite the
original literature in this book, even though the corresponding results may already be
found in textbooks of molecular physics, perhaps even presented with more didactic
skill.

1.1
Short Historical Overview

The concept of a molecule as a combination of atoms emerged relatively late in sci-
entific literature, at some time during the first half of the 19th century. One reason
for this is that a large number of experimental investigations was necessary to replace
the historical ideas of the “four elements”, water, air, earth, and fire, and the later
alchemistic concepts of elements such as sulfur, mercury, and salt (Paracelsus, 1493—
1541) with an atomistic model of matter. A major breakthrough for this model were
the first critically evaluated quantitative experiments investigating the mass changes
involved in combustion processes, published in 1772 by Lavoisier (1743-1794), who
might be called the first modern chemist.

After Scheele (1724-1786) recognized that air is a mixture of oxygen and nitrogen,
Lavoisier created the hypothesis that during combustion, substances form a compound
with oxygen. From the results of British physicists from the Cavendish circle, who
succeeded in producing water from hydrogen and oxygen, Lavoisier was able to de-
duce that water could not be an element as had long been thought, but that it had to
be a compound. He defined a chemical element to be “the factual limit which can
be reached by chemical analysis”. The publication of Lavoisier’s textbook Traité el-
ementaire de Chimie in 1772, which marked a breakthrough for the ideas of modern
chemistry, finally surpassed the ideas of alchemy.

Lavoisier’s quantitative concept of chemical reactions furnished a number of em-
pirical laws such as Proust’s law of constant proportions of 1797, which states that the
mass proportions of elements in a chemical compound are constant and independent
of the way in which the compound was prepared. The British chemist Dalton (1766—
1844) was able to explain this law in 1808 on the basis of his atomic hypothesis, which
postulated that all substances consist of atoms, and that upon formation of a compound
from two elements one or a few atoms of one element combine with one or a few
atoms of the second element (as, e.g., in NaCl, H,O, CO,, CHy4, Al,03). Sometimes,
different numbers of like atoms can combine to form different molecules. Examples
are the nitrogen—oxygen compounds N>O (dinitrogen oxide, laughing gas), NO (ni-
trogen monoxide), N,Oj3 (nitrogen trioxide), and NO, (nitrogen dioxide), where the
atomic ratio N:Q is 2:1, 1:1, 2:3, and 1:2, respectively. This established the concept
of molecules.



1.1 Short Historical Overview

Dalton also recognized that the relative atomic weights constitute a characteristic
property of chemical elements. This idea was supported by Avogadro, who proposed,
in 1811, the hypothesis that equal volumes of different gases at equal temperature
and pressure contain an equal number of elementary particles. From the experimental
finding that reaction of one unit volume of hydrogen with one unit volume of chlo-
rine produces two unit volumes of hydrogen chloride, Avogadro deduced correctly
that the elementary particles in chlorine and hydrogen gas are not atoms but diatomic
molecules, that is, H, and Cly, and that the reaction is therefore H, + Cl, — 2HCI.
More detailed accounts on this early stage of molecular science can be found in [1.1-
1.4]

Although the atomic hypothesis scored undisputable successes and was accepted
as a working hypothesis by most chemists, the existence of atoms as real entities was
a matter of discussion among many serious scientists until the end of the 19th century.
One reason for that was the fact that there were only indirect clues for the existence
of atoms derived from the macroscopic behavior of matter in chemical reactions (for
example equilibrium properties) while they were not directly observable.

Until the mid-19th century the size of atoms had not been the subject of scientific
investigation. This was changed by the development of the kinetic theory of gases by
Clausius (1822-1888), who found that the total volume of all molecules in a gas must
be much smaller than the volume of the gas at standard temperature and pressure. He
arrived at this conclusion by comparing the densities of gases to that of condensed
matter (which is about three orders of magnitude smaller in the former) and from
the fact that the molecules in a gas can move essentially free, that is, the duration of
collisions is small compared to the time between collisions; otherwise the gas could
not be treated as an ideal gas with negligible interaction between collision partners
(billiard ball model) [1.5].

The investigation of the specific heats of gases puzzled scientists for a long time,
because it showed that molecular gases possessed larger specific heats than atomic
gases. After Boltzmann, Maxwell, and Rayleigh could show that the energy of a gas
in thermal equilibrium is distributed evenly between all degrees of freedom of the
particles, and that the energy is kT /2 per degree of freedom and particle, it became
clear that molecules had to have more degrees of freedom than atoms, that is, the
molecules could not be rigid but had to possess internal degrees of freedom. This was
the first hint on the internal dynamics of molecules, an idea which established itself
only towards the end of the 19th century.

Spectroscopy contributed significantly to the solution of this puzzle [1.6], in spite
of the erroneous interpretation that spectra originated from the vibrations of the atoms
or molecules against the “ether”, and that the wavelengths indicated the frequencies
of these vibrations.

Molecular spectroscopy originated during the first half of the 19th century. For
example, in 1834 D. Brewster (1781-1868) observed, after spectral dispersion with
the aid of a prism, hundreds of absorption lines, extending over the complete visible

3
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spectrum like Fraunhofer lines, when he transmitted sunlight through dense NO; gas
over a vessel with nitric acid [1.7]. This was astonishing to Brewster, because he did
not understand why the yellowish-brown NO, gas should feature absorption lines in
the blue. He predicted that a complete explanation of this phenomenon would provide
work for many generations of researchers, and — as we know today — his prediction
turned out to be correct.

The importance of a quantitative interpretation of spectra for the identification of
chemical compounds was only recognized after the development of spectral analysis
in 1859 by Kirchhoff (1824-1887) and Bunsen (1811-1899) [1.8]. After Rowland
had succeeded, in 1887, in producing optical diffraction gratings with sufficient pre-
cision [1.9], large grating spectrographs could be built, which allowed higher spec-
tral resolutions and which could resolve individual lines at least for small molecules.
They allowed the identification of a number of simple molecules by their characteris-
tic spectra. After 1960, the introduction of narrow-band tunable lasers to molecular
spectroscopy opened the way for new techniques with a spectral resolution below the
Doppler width of absorption lines (see Ch. 12).

1.2
Molecular Spectra

When an atom or a molecule absorbs or emits a photon of energy Av it makes a transi-
tion from a state with energy E; to another state with energy E,. Energy conservation
requires that

hv=E —-E;.

The states involved can be discrete, bound states with sharply defined energies; in this
case the transition takes place at an equally sharply defined frequency v. In a spectrum
such a transition shows up as a sharp line at the wavelength A = ¢/v. Frequently,
wavenumbers 7 = 1/ are used instead of wavelengths A or frequencies v = ¢/ .
On the other hand, unstable, repulsive states, which can lead to a dissociation of the
molecule, or states above the molecule’s ionization threshold are usually characterized
by a more or less broad-ranged frequency continuum, and transitions into or from such
states produce a correspondingly broad absorption/emission spectrum.

For atoms, the possible energy states are essentially determined by different ar-
rangements of the electron cloud (electronic states), and each line in the spectrum thus
corresponds to an electronic transition. Molecules, however, have additional internal
degrees of freedom, and their states are not only determined by the electron cloud but
also by the geometrical arrangement of the nuclei and their movements. This make
the spectra more complicated.

First, molecules possess more electronic states than atoms. Second, the nuclei in
the molecule can vibrate around their equilibrium positions. Finally, the molecule as
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Fig. 1.1 Schematic visualization of the energy levels of a di-
atomic molecule.

a whole may rotate around axes through its center of mass. Therefore, for each elec-
tronic molecular state there exist a large number of vibrational and rotational energy
levels (Fig. 1.1).

Molecular spectra can be categorized as follows (Fig. 1.2).

— Transitions between different rotational levels for the same vibrational (and

electronic) state lead to pure rotational spectra with wavelengths in the mi-
crowave region (A = | mm to 1 m).

Transitions between rotational levels in different vibrational levels of the same
electronic state lead to vibration—rotation spectra in the mid-infrared with wave-
lengths of A =~ 2-20um (Fig. 1.3).

Transitions between two different electronic states have wavelengths from the
UV to the near infrared (A = 0.1-2um). Each electronic transition comprises
many vibrational bands corresponding to transitions between the different vi-
brational levels of the two electronic states involved. Each of these bands con-
tains many rotational lines with wavelengths A or frequencies v = ¢/ given
by

hy = (Ezel +EYP +E£0l) _ (Ei:l +EYb _+_Efol) ,

as required by energy conservation (Fig. 1.2). As an example, Fig. 1.4 shows
a section from the band system of the Na; molecule with two bands from an
electronic transition in the visible spectral range.
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Fig. 1.4 Two vibrational bands from an electronic transition in
the Na, molecule.

The analysis of a molecular spectrum is usually difficult. It provides a wealth
of information, however. The rotational spectra yield the geometrical structure of
the molecule, the vibrational spectra give information on the forces between the vi-
brating atoms in the molecule, and the electronic spectra tell us about the electronic
states, their stabilities, and their electron distributions. Linewidths can, under suit-
able experimental conditions, give information on the lifetimes of excited states or
on dissociation energies. The complete analysis of a spectrum of sufficient spec-
tral resolution provides a great deal of information on a molecule. It is therefore
worthwhile to put some effort into the complete interpretation of a molecular spec-
trum.

A deeper understanding of molecular spectra and their connections with molec-
ular structure was achieved only in the 1920s and 1930s with the advent of quan-
tum theory. Soon after the mathematical formulation of the theory by Schrédinger
and Heisenberg [1.10, 1.11], a large number of theoreticians applied quantum me-
chanical calculations to the quantitative explanation of molecular spectra, and even
before 1930 numerous publications on problems in molecular physics appeared. In
these early publications in molecular physics, it is astonishing to observe how in-
tuition and physical insight enabled great physicists to solve a number of impor-
tant problems in molecular physics without computers and with very limited exper-
imental equipment (see, for example, [1.12, 1.13]). It is very rewarding to read
these early publications, which are therefore frequently cited in the respective sec-
tions of this book. Modern textbooks on Molecular Quantum Mechanics are, for ex-
ample, [1.14, 1.15].
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Recent Developments

It soon became clear that the experimental methods available at the time, that is,
“classical” absorption or emission spectroscopy with spectrographs and incoherent
light sources, were not able to resolve the individual lines in the spectra of many
molecules. At the same time, theoretical efforts to determine the structures of small
molecules reliably through ab initio calculations, showed some success only for the
smallest systems H;“ and Hy. Approximations had to be developed and lengthy nu-
merical calculations had to be performed, which were beyond the capacities of the
early computers. The focus of theoreticians thus shifted to atomic physics, where
many experimental data were available and waiting to be compared to the results of
theoretical methods.

During the last 50 years, however, molecular physics has experienced a very active
revival. On the side of experimental techniques, the reason is the emergence of many
new methods such as microwave spectroscopy, Fourier spectroscopy, photoelectron
spectroscopy, the application of synchrotron radiation, and laser spectroscopy. On
the theoretical side, high-speed computers with huge memories have enabled quan-
titative calculations that compete with experimental accuracy in many cases. The
mutual stimulation of theoretical prediction and experimental verification (or refuta-
tion), or the theoretical explanation of yet unexplained experimental phenomena has
produced a great progress in molecular physics. Today it is fair to say that bond en-
ergies, molecular structures, and electron distributions of ground-state molecules are
essentially understood, at least for small molecules.

The situation is much more difficult for electronically excited molecular states.
They are less well investigated than ground states, because only in recent years have
experimental techniques been developed that allow the investigation of excited states
with the same accuracy and sensitivity as for ground states. Also, they are much more
difficult to treat theoretically, which is the reason why there is far less theoretical
work on the structures of excited states than of ground states. However, excited states
are especially interesting because many chemical reactions occur only after a certain
amount of activation energy has been provided, that is, after excited states have been
created. For example, this is the case for all photochemical processes, which are
initiated by the absorption of light. Also, a detailed understanding of photobiological
processes such as the primary visual process or photosynthesis, requires the detailed
study of electronically excited states and their dynamics.

Such studies of molecular dynamics are based on the fact that molecules are no
geometrically rigid entities but can change their shape. Energy that is “pumped” into
a molecule selectively by the absorption of light can alter the electron distribution
and can thus bring about a change in the geometrical shape of the molecule (isomer-
ization). The energy can also be distributed evenly between the different degrees of
freedom of the molecule, provided they are coupled. This process corresponds to a
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heating of the whole molecule and leads to different results from the selective excita-
tion of specific energy levels.

Interactions between different molecular states, leading to perturbations of molec-
ular spectra, are much more common in excited states than in ground states. They
can greatly enhance our understanding of the structures of excited states, which can
in general not be described by a geometrically well-defined sratic molecular model,
because the arrangement of the nuclear framework is constantly changing to adapt to
changes in the electron cloud, which can take place at constant total energy (so-called
radiationless transitions). Especially in large biomolecules, this variable geometric
shape is of crucial importance for their biological function [1.16, 1.17].

Recently, the question has been discussed intensively as to whether it is possible to
make predictions of the properties of chemical compounds based on the topology of
the corresponding molecules. There are indications that for such a topologic analysis
the real accurate three-dimensional shape as defined by bond lengths and angles of the
molecules is less important than had been thought. It seems more important how many
atoms a molecule contains, with how many other atoms each atom is connected, and
if the connections form linear chains, rings, crosslinks or combinations of them. If the
number of atoms and the number and types of their connections are characterized by
index numbers, the topological structure of the molecule can also be characterized by a
suitably chosen index number. It is in many cases possible to make correct and useful
predictions of the properties of new molecules based on such a topological analysis
before an attempt is made to synthesize them [1.18, 1.19].

The development of sensitive detection techniques has enabled the study of un-
stable molecular radicals, which occur as intermediates in many chemical reactions.
They exist usually at very low concentration in the presence of large concentrations of
other species, which makes the recording of their spectra a demanding task, especially
if nothing is known about the frequencies at which they should occur. Support from
theoretical predictions is very important in these cases, and many spectra of such radi-
cals, often also of astrophysical interest, have been recorded successfully primarily on
account of a close collaboration between spectroscopists and quantum chemists.

Recently, the study of molecular ions [1.20], of weakly bonded molecules M,, (van
der Waals molecules) [1.21] and of larger systems consisting of n equal atoms or
molecules (so-called clusters) [1.22] has attracted increased attention. Such clusters
constitute interesting intermediates between free molecules and liquid drops, and their
investigation promises detailed information about the condensation and evaporation
processes and the dynamics of larger, loosely bound molecular complexes, which
could, under certain conditions, make a transition to an ordered solid (crystal) for
large n.

Our detailed knowledge of molecular structure has fostered the overwhelming and
exciting progress in biophysics and genetic engineering. These new areas of research
will revolutionize our daily life, and may have much more profound consequences
than even the development of integrated circuits as a consequence of solid-state re-

9
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search. This alone makes molecular physics a highly topical and important field. In
addition, there are many open questions in such boundary areas of molecular physics,
which renders the work in molecular physics truly exciting. Before progressing to the
forefront of research, however, one must get acquainted with the basic foundations of
molecular physics. This book will help in that process by discussing the conceptual
and theoretical foundations of molecular physics and by presenting modern experi-
mental methods used in the investigation of molecular structure.

1.4
The Concept of This Book

As the title indicates, this book aims at presenting both the theoretical foundations
of molecular physics, the knowledge of which is necessary for a quantitative descrip-
tion of molecules, and modern experimental techniques, which enable the detailed
investigation of many molecules. Theoretical and experimental parts are intentionally
separated, because this arrangement allows a more consistent presentation especially
in the theoretical part, and the common features of experimental methods, such as
microwave and laser spectroscopy, can be worked out more clearly.

The theoretical part assumes a basic knowledge in atomic physics and quantum
mechanics. The theoretical presentation starts with the introduction of the Born-
Oppenheimer approximation, a fundamental concept allowing the separation of nu-
clear and electronic motion, which is at the heart of each molecular model based on a
nuclear framework surrounded by an electron cloud. Within the Born-Oppenheimer
approximation, the total energy of a molecule can be separated into electronic, vi-
brational and rotational energies. This is confirmed by spectroscopic results and will
be further elucidated in a concise tabulation of the wavelength regions of the differ-
ent molecular spectra and their classification as rotational, vibrational, and electronic
transitions.

The major part of Ch. 2 deals with electronic states of rigid molecules, which
neither rotate nor vibrate. The basic concepts such as angular momenta and their
couplings, symmetries, and molecular orbitals are introduced phenomenologically for
electronic states of diatomic molecules. Next, approximation techniques for the calcu-
lation of electronic wavefunctions, energies and potentials are presented. The chapter
starts with one-electron systems and continues to discuss the problems and techniques
for systems with more than one electron. Section 2.8 shows the power of modern
quantum-chemical ab initio methods for some illustrative examples.

Chapter 3 discusses vibrations and rotations of diatomic molecules. There are in
the meanwhile several methods for calculating molecular potentials from experimen-
tally measured term values of vibration—rotation levels and for the determination of
dissociation energies, which are discussed in detail in the second part of this chap-
ter. The chapter closes with an overview of classical and quantum-mechanical tech-
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niques for the treatment of the long-range part of the interaction potential of diatomic
molecules for large internuclear separations, which is important especially in scatter-
ing experiments.

Chapter 4 deals with the central topic of molecular physics: molecular spectra.
All the principal aspects can be discussed and understood for the case of diatomic
molecules, where the spectra are easier to analyze. Therefore the chapter is restricted
to those, while the spectra of polyatomic molecules are discussed in Ch. 8. Three
questions are central:

- Between which states can transitions take place, producing absorption or emis-
sion of electromagnetic radiation?

— What is the probability of these transitions?

— What can be learned about molecular structure from the intensities, line profiles,
and polarizations of the molecular spectral lines?

In polyatomic molecules, symmetry properties play a crucial role for the simplifica-
tion and generalization of their representation. Therefore, we discuss molecular sym-
metry and its representation using group theory in Ch. 5, before we turn to a discussion
of vibrations and rotations of polyatomic molecules in Ch. 6, where rotation is pre-
sented for the symmetric and asymmetric top. Next, the concept of normal modes of
molecular vibration is discussed in detail and is compared with the localized-vibration
model, which gives often a better description especially for higher vibrational excita-
tions. The influence of nonlinear coupling on vibrational spectra and the question of
chaotic motions is briefly outlined.

The electronic states of polyatomic molecules are discussed with the aim of con-
veying the most important concepts without going into too much detail. Chapter 7
presents applications of many of the ideas of molecular wavefunctions presented in
Ch. 2. The construction of electronic states from molecular orbitals is discussed for
some illustrative examples, and the resulting regularities for structure and symmetry
of molecules in electronically excited states are emphasized. Chapter 8, dealing with
spectra of polyatomic molecules, also uses many of the basics from Ch. 4.

Molecules that can not be described within the Born—-Oppenheimer approximation
are gaining increasing importance in molecular physics. Especially in electronically
excited states, molecules often do not possess a fixed geometrical shape but fluctuate
spontaneously from one nuclear configuration to another. Such deviations from the
Born—Oppenheimer approximation show up in the molecule’s spectrum as perturba-
tions, where the positions of lines are shifted from their expected values, intensities
and linewidths are modified, lines are missing from the spectrum, or completely new
and unexpected lines appear. These perturbations make the analysis of spectra more
difficult, but they also yield important clues regarding the couplings between different
Born—-Oppenheimer states. For electronically excited states, they are quite common,
and their treatment, described in Ch. 9, is of great importance for a complete and con-
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sistent model of excited molecules. As the function of many biologically important
molecules depends on such fluctuations of shape, an extension of our static molecular
model is essential for applications in biology.

In Ch. 10, we touch briefly on the topic of molecules in external fields. As mo-
lecules may possess permanent or induced electric or magnetic moments (dipole,
quadrupole, etc.), external electric or magnetic fields can effect shifts or mixing of
molecular energy levels. Modern experimental techniques can investigate these ef-
fects in detail and have created fascinating applications such as magnetic resonance
spectroscopy or magnetic resonance tomography.

A discussion of the interesting topic of van der Waals molecules and molecular
clusters, which has been the subject of intensive work in recent years, closes the theo-
retical part of the book.

Modern experimental techniques, most notably the different methods of spectro-
scopy, have exerted a strong influence on modern molecular physics. Chapter 12 is
therefore devoted to modern methods in molecular spectroscopy.

After an overview of the techniques of microwave spectroscopy for the measure-
ment of rotational spectra, electric and magnetic moments, and hyperfine structures,
we present recent methods in infrared spectroscopy such as Fourier spectroscopy,
which has largely replaced classical absorption spectroscopy. Infrared laser spec-
troscopy is also finding new applications continuously as it is in many cases superior
to Fourier spectroscopy in terms of spectral resolution and signal-to-noise ratio.

The investigation of radicals and unstable molecules has been made possible by
matrix isolation spectroscopy, which uses a rare-gas matrix to confine the molecules
at temperatures of a few kelvin. This method can thus produce rotation-free spectra of
molecules in their lowest vibrational states.

Section 12.3 presents classical techniques of Doppler-limited laser spectroscopy in
the visible and ultraviolet and Sect. 12.4 a number of Doppler-free laser-spectroscopic
techniques, which allow a selective excitation of specific vibration-rotation levels
even in large molecules and thus give new and detailed insight into the structures
of excited molecules.

The combination of different spectroscopic techniques has led to the development
of double-resonance methods, which offer huge advantages when it comes to the iden-
tification of unknown molecular spectra and which allow the application of spectro-
scopic methods to excited states, which could until now only be applied to ground
states. For example, using infrared—microwave double resonance, one can perform
microwave spectroscopy in vibrationally excited states, and optical-optical double
resonance allows the investigation of high Rydberg states of molecules.

The dynamics of excited states is currently of great interest; it can be monitored
using time-resolved spectroscopy. It aims at answering the question, among others, of
how and how quickly the excitation energy in a molecule is distributed among the dif-
ferent degrees of freedom, either spontaneously or collision-induced. Such processes
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can be studied with a time resolution in the femtosecond range (1fs = 10~!3s). All
questions relating to these studies are discussed in Sect. 12.4.12.

Besides laser spectroscopy, there are a large number of spectroscopic techniques,
often complementing each other nicely. Of special importance for the study of elec-
tronic molecular states is photoelectron spectroscopy, which is therefore discussed in
some detail in Sect. 12.5.

The combination of laser spectroscopy and mass spectrometry has proved espe-
cially valuable in isotope-specific spectroscopy. The most frequently used types of
mass spectrometers are presented in Sect. 12.6.

A notably precise method to measure molecular moments and/or hyperfine struc-
tures is radiofrequency spectroscopy, developed by I. Rabi many years ago, which
reaches today, employed in combination with laser-spectroscopic techniques, remark-
able sensitivity and spectral resolution (Sect. 12.7). Electron spin resonance (ESR)
and nuclear magnetic resonance have established themselves as standard tools, and
they have reached an enormous importance not only in chemistry and physics but
also, in the form of nuclear-resonance tomography, in medicine. They are described
in Sections 12.8 and 12.9.

The spectroscopy of radicals using laser-magnetic resonance has helped, among
the contributions of microwave spectroscopy, to extend significantly our knowledge
of molecules in interstellar space (Sect. 12.4.5).

Although a quantitative description of molecular physics requires a certain mathe-
matical formalism, and although molecular structure cannot be really understood with-
out a firm grounding in quantum mechanics, the author has tried to present all topics
as accessible as possible in order to convey physical insight and assist the reader in
classifying the multitude of individual phenomena.

There are a large number of good books on molecular physics, some of which are
listed in the bibliography. Several aspects and fields are treated in more detail in some
of them, while other questions that are important today are missing. In many places
throughout this book we cite not only the relevant original literature but also those text-
books which treat the corresponding topic, in the author’s opinion, especially clearly.
It is my hope that, by its homogeneous coverage of both theoretical and experimental
aspects and by its many references to the literature, this book might prove valuable for
many chemists and physicists and might thus contribute to a further flourishing of the
exciting and important field of molecular physics.
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Molecular Electronic States

21
Adiabatic Approximation and the Concept of Molecular Potentials

In simple mechanistic models of molecular structure, molecules are usually repre-
sented by a rigid framework of atoms in space with well-defined geometric shape and
symmetry properties. The precise arrangement of the atomic nuclei in space (the nu-
clear framework) is determined by the averaged spatial distributions of all electrons,
which act as a kind of “glue”, bonding the nuclei together against the repulsive forces
of the positively charged nuclei. This static equilibrium structure of the nuclei cor-
responds to a minimum of the total energy of the molecule. Each motion of such a
rigid molecule can be described as a superposition of a translational motion of the
molecule’s center of mass and a rotation around this same point. More refined models
allow for additional vibrational motions of the nuclei around their minimum-energy
equilibrium positions.

In this chapter we will focus on the conditions under which this model can be
considered “correct”, on its limits and its possible improvements. For a quantitative
discussion, we will have to use quantum mechanics, because the building blocks of
molecules are electrons and atomic nuclei. We assume that the foundations of quan-
tum mechanics are already known (see, e.g., [1.14,2.1-2.4]).

2.1.1
Quantum-Mechanical Description of Free Molecules

A molecule consisting of K nuclei (with masses My and charges Z;e) and N electrons
(mass m, charge —e) in a state with total energy E is described by the Schrodinger
equation

HV =EW , 2.1)
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2 Molecular Electronic States
where the Hamiltonian

K
H=T+V=-—-YVI-=Y —Vi+V(r.R) (2.2)

can be written as the sum of the operator T of the kinetic energy of all electrons and
nuclei and the potential energy V(r, R). In this equation (and in general), lower-
case letters denote electronic coordinates, r;, and upper-case letters denote nuclear
coordinates, Ry.

The potential energy is a sum of three terms,

V("', R) = Vnuc,nuc + Vnuc,el + Vel,el
é K 2 Zy

aney | Soist Riw

K Z Nog (2.3)
I;ll; Tik +1§i’ igl Tiji '
The first term describes the Coulomb repulsion between nuclei, the second the at-
traction between electrons and nuclei, and the third the mutual repulsion between the
electrons, and we have used the abbreviations

Riw=|Ry—Ry|, rx=|ri—Rel, rig=|ri—ry|,

which are further explained in Fig. 2.1.

Here we have ignored all interactions relating to electronic or nuclear spins. Their
exact description would require a relativistic treatment based on Dirac’s equation [2.5].
The shifts of molecular energy levels caused by spin interactions are small, however,
compared with total kinetic and potential energies. They can therefore be treated as
perturbations of the Schrodinger equation (2.1), resulting in small additive corrections
to the energies obtained from Eq. (2.2).

me

LR

Fig. 2.1 Space-vector representation of a molecule in its center-
of-mass frame.
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The potential energy of a molecule depends only on the relative distances of the
particles and not on the choice of a specific frame of reference. In contrast, the kinetic
energy does depend on the chosen reference frame. Any investigation of a molecule
(e.g., observation of its absorption or emission spectrum) takes place in the laboratory
frame LF. The theoretical description is usually simplified in a frame M which is
attached to the molecule. For moving or rotating molecules, these frames are different.

To avoid all complications arising in discussions that employ moving reference
frames, we will start with a molecule at rest, whose center of mass is stationary in the
laboratory frame and which we will describe in the laboratory frame. Thus, we start
from the Schrodinger equation (2.1)

_h2 N 5 h2 K 1 5
i=1 k=1

of a free molecule at rest consxstmg of N electrons and K nuclei. The corresponding
Hamiltonian is H = Tel + Tnuc + V, where the interaction potential V('r R) is given
by Eq. (2.3). For a nonrotating molecule at rest, this equation is exact as long a we
neglect all interactions due to electronic and nuclear spins.

Even for the simplest molecule, the H;r molecular ion consisting of two protons
and one electron, the Schrodinger equation (2.4) cannot be solved exactly. There are
two general approaches that may lead to solutions of Eq. (2.4) for real molecules:

1. We can solve Eq. (2.4) numerically for a specific case. The accuracy that can
be obtained by this procedure depends on the software used and the size and
speed of the available computers. The disadvantage of this method is that the
numerical errors involved are difficult to estimate, and that results obtained for
one molecule are not easily transferable to other molecules.

2. We can introduce physically motivated approximations that are based on a sim-
plified molecular model, leading to a simplified Schridinger equation. This
simplified model can then be extended step by step, and can thus be made to
resemble reality as closely as desired. This procedure has the advantage that
we can gain a much deeper understanding of the single steps and their physical
implications.

In the following, we will use the second approach, and we will start in the next section
by introducing the fundamental approximation of molecular physics, the so-called
adiabatic approximation.

Remark: 7o avoid dealing with constant factors in the lengthy calcula-
tions and to make equations and integrals more clearly legible, it is com-
mon in theoretical atomic and molecular physics and quantum chemistry
to use so-called atomic units. They are obtained by defining
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Note that in equating m, = h = e = 1 the dimensions of these quantities
are ignored. Hence, equations written in atomic units are not dimension-
ally correct in the usual sense.

The atomic unit of length, 1 bohr, equals the radius a, of the lowest Bohr
orbit in the hydrogen atom. In SI units,

 4neh?

ay = ~0.05nm .

me?

The atomic unit of energy, 1 hartree, is defined to be twice the ionization
energy of the hydrogen atom (= —Epq for the electron in the lowest Bohr
orbit with n = 1). In SI units,

me*

Ejt=————=27eV forn=1.
pot (4mep) h2n? f

In this book, we will use SI units throughout.

21.2
Separation of Electronic and Nuclear Wavefunctions

Because of their smaller masses, the electrons in a molecule move much faster than the
vibrating nuclei. The electron cloud can therefore adjust more or less instantaneously
to the changing nuclear frame described by a set of nuclear coordinates R. In other
words, for each R there exists a well-defined electron distribution as specified by the
wavefunction ¢¢' (7, R) for the electronic state (|, which depends on the positions of
all nuclei but not (to first approximation) on their velocities. The electron cloud fol-
lows the periodically changing nuclear framework adiabatically during the vibrations.
The corresponding molecular model is therefore called the adiabatic approximation.

To express this idea in mathematical language we use perturbation theory. As long
as the kinetic energy of the nuclei [second term in Eq. (2.4)] is small compared to
the electronic energy, we can consider it as a perturbation of the molecule with rigid
nuclear framework (R = const.) and zero nuclear kinetic energy. This means that we
use the Hamiltonian

H=Hy+H' with Hy=Tg+V and H' =Ty . 2.5)
The unperturbed Schrodinger equation,
Ho¢®(r,R) = EO(R)¢"(r,R) 2.6)

describes a molecule in which the nuclear framework is fixed at a configuration R.
The square of a solution wavefunction ¢¢!(r, R) of Eq. (2.6) for an arbitrary fixed nu-
clear framework R yields the charge distribution of the electrons in an electronic state
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|n) with the energy E,SU) (), where the subscript n designates the different electronic
states of the rigid molecule (see Ch. 3).

Note that the functions ¢f,' depend only on the electronic coordinates . Nuclear
coordinates R do not enter as variables but only as parameters, because Eq. (2.6)
contains neither differentiation nor integration with respect to R.

We can choose the solutions ¢& (7, R) of Eq. (2.6) such that they form a complete
orthonormal set of functions. In this case, every solution ¥ (7, R) of the complete
Schrodinger equation (2.4) can be expanded in a (generally infinite) series of these
functions. To solve Eq. (2.4), we choose the ansatz

):xm R)¢5(r.R), @.7)

where the expansion coefficients x,,(R) depend on nuclear coordinates R but not on
electronic coordinates r.

After substituting into Eq. (2.4), multiplication with ¢Z* and integration over elec-
tronic coordinates r we obtain

/["[*TR YA - E)Lxn(R qﬁ,,,rR)J dr=0. 2.8)

If we substitute # = Ho + H' in Eq. (2.8) and use Eq. (2.6) and [ ¢ el dr = Gy,
we obtain for the functions x(R)

(E,SO)( ) +/ [cbel*H/ZXn el 7‘ R):l dr=0. 2.9)

The last term in Eq. (2.9) can be calculated as follows, where the parentheses (...)
designate the function on which H’ operates:

e (FEw) ar = [ 6T @m0 ar

+/[ H’¢>,,, X,,,J dr (2.10)

2lely Lty 9, 9
7 [ [)k:MkZaRk%akam] dr.

In the first term on the right-hand side we can exchange differentiation and integration,
because H’ depends only on R, but integration is over electronic coordinates r. If we
use [ ¢k dn dr = by, this term reduces to H Xn. The second and third terms on the
right-hand side of Eq. (2.10) can be combined to ¥,,, ¢4 Xm,» Where we have introduced
the abbreviation

e 2 1 9 d
. _ * yy! _ *
Crnm —/(;b,,H ¢m dr > [/qﬁn Ek M_k _aRk bm dr] —BRk . 2.11)
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This yields for Eq. (2.9)
0 o~
(B (R) + H') xa(R) + X comXm () = Exn @12
m

Equations (2.6) and (2.12),

Hoo(r,R) = E°(R)¢(r.R) , (2.13a)
ﬁan(R) + Z(Cnme(R)) =(E- ES(R))Xn (2.13b)

form a coupled set of equations for the electronic wavefunctions ¢ and the nuclear
wavefunctions x, where the coupling is mediated by the coefficients ¢y, () that de-
pend on the functions ¢ through Eq. (2.11).

The combined equations (2.13) are completely equivalent to the Schrodinger equa-
tion (2.4). Without the sum term, Eq. (2.13b) describes the motion of the nuclei with
kinetic energy H' in the potential E,SO) (R). The potential is a solution of Eq. (2.13a)
and is determined by the averaged electron distribution, because each stationary elec-
tron distribution ¢, (r) corresponds, for fixed R, to a well-defined energy E2( R). The
coefficients ¢, are coupling matrix elements; they describe how different electronic
states ¢, and ¢,, are coupled through the nuclear motion. These coefficients, which in
general are small compared to EC + H', will be discussed below.

213
Born-Oppenheimer Approximation

In the so-called Born-Oppenheimer (BO) approximation [2.6] all the ¢, are taken to
be zero, i.e., the coupling between nuclear motion and electron distribution is com-
pletely neglected. Equation (2.13b) then reduces to

[ +E" (R))xa(R) = Exa(R) . (2.14)

Within the BO approximation, the Schrédinger equation for the nuclear wavefunction
Xn(R) in the electronic state |n), which determines the probability amplitudes for the
nuclei at their positions R, is

HuueXn = Exn - (2.142)
Here the Hamiltonian,
Ause = ' + EP(R) = Toe +Un(R) , (2.14b)

is the sum of the kinetic energy of the nuclei and a potential energy U,(R), which
equals the total energy EC(R) of the rigid molecule [see Eq. (2.6)]. In other words,

E,SO) (R) contains the total potential energy, Eq. (2.3), plus the kinetic electron energy
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averaged over the motion of the electrons. Equation (2.14) shows that E2( R) can be
considered as a potential U, (R) in which the nuclei move. U(R) does not depend on
the electronic coordinates r, because we integrated over all electronic coordinates in
the calculation of EQ(R). For each electronic state ¢¢' with an energy EQ(R) there
exists a set of solution functions ., which can be viewed as the nuclear wavefunc-
tions in the electronic state ¢¢' and which describe the different vibrational states as
indicated by the subscript v.

Hence, the BO approximation separates the Schrodinger equation (2.4) into two
decoupled equations

Hostl(r) = EQg(r) (2.15a)

(fnuc + EISO))Xn(R) = En.an,i(R) . (2.15b)

The solutions ¢¢' refer parametrically to the nuclear framework R and the nuclear
wavefunctions x,;(R) for the state i of the nuclear kinetic energy in the electronic
state n.

Note: Strictly speaking, only the BO approximation enables us to speak
of electronic states |n) and nuclear states |i). As the Hamiltonian H =
Ho+H' is the sum of an electronic contribution and the nuclear kinetic
energy, the total wavefunction |n,i) of a molecular state can be written,
in the BO approximation, as a product

@i(r,R) = ¢ () x xni( R) (2.16)

of an electronic wavefunction ¢ and a nuclear wavefunction x,;. The
sum in the expansion Eq. (2.7) then reduces to a single term! This product
wavefunction is possible because we neglected all interactions between
nuclear and electronic motions. From Eqns. (2.16) and (2.15), it follows
that the total energy is the sum of the kinetic energy of the nuclei and
the electronic energy averaged over the nuclear motion, including the
potential energy of the repulsion between nuclei,

Eni = Toe(R) + EX(R) = const. , (2.17)
independent of r and R.

The total function ¥ can be normalized by normalizing each of the two factors
independently, that is,

/ ,ell*qbf'l dre =1 and /X;,an,i draue =1

with d7e; = r2 dr sin8 d6 dy and dryyc = R? dRsinf df de.
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Equation (2.15a) is the foundation of quantum chemistry, which deals with the
calculation of molecular electronic states as potential energy hypersurfaces EO(R)
(see Sect. 2.8). Equation (2.15b) describes vibrations and rotations of the nuclear
framework, which will be discussed in Ch. 3 for diatomic molecules and in Ch. 6 for
polyatomic molecules.

214
Adiabatic Approximation

The matrix elements of Eq. (2.11), which have been completely neglected in the BO
approximation, can be grouped into diagonal terms c,, and off-diagonal terms cun
(n # m). Let us first consider the diagonal terms

]
_ elx 73/ sel elx el
c,.n—/qb,, H'¢y dr— [/qb ZMNBRN¢ ] Ry (2.18)

If we exchange differentiation with respect to nuclear coordinates and integration over
electronic coordinates in the second term, we see that it vanishes because [ ¢S ¢¢!dr =
1 = const. and d/dRy(const.) = 0. This is because we can normalize the real func-
tions ¢¢!' so that [ ¢¢™*,¢¢ dr = 1 for all nuclear frameworks R.

Using

0= am/"’el* tar=2 [ oot ar +2/( ¢d) -

the first term can be written as

_ elx 73/ rel — ¢el
om = [ 857G, d"_):zMN/(aRN) . (2.19)

Thus the diagonal terms depend quadratically on changes in the electronic wavefunc-
tion ¢¢' upon variations of nuclear coordinates. These terms are small, however, be-
cause the nuclear masses My in the denominator are large.

If we substitute ¢,, for the diagonal terms from Eq. (2.19) into Eq. (2.13b) while
still neglecting the off-diagonal terms ¢, we arrive at the so-called adiabatic approx-
imation instead of Eq. (2.15b),

(A" +Uy(R)|Xa = Exn , (2.20)

where the “potential”

, (0) ¢el
U\R) = 2MN/<8RN) (2.21)

differs from the BO potential EQ(R) in that it contains a corrective term depending
on the masses of the nuclei, which means that it is different for different isotopes.




2.2 Deviations From the Adiabatic Approximation

The effective potential U, (R), in which the nuclei move, is therefore different for
different isotopes, leading to small shifts in the electronic energies for the different
molecular isotopomers. These shifts are small, however, compared to isotopic effects
on vibrational and rotational energy levels (see Sect. 3.2) [2.7].

We can visualize the adiabatic correction as follows: if we look close enough,
it turns out that the electron cloud does not follow nuclear motion instantaneously,
but that there exists a small delay depending on the kinetic energy of the nuclei. At
time ¢ the nuclei in their configuration R(r) experience a potential due to an electronic
configuration which would belong to a slightly earlier nuclear configuration R(r — At).

However, nuclear motion does not modify the electronic state ¢Z in this approx-
imation, that is, it does not mix wavefunctions ¢¢', ¢2! of different electronic states.
The electronic wavefunctions follow the nuclear motion adiabatically and reversibly;
the molecule remains on the same potential surface all the time.

Thus the adiabatic approximation goes one step further than the BO approxima-
tion. Because of the large nuclear masses in the denominator, the correction is small,
however, as can easily be shown. The Hamiltonian Hy of the electronic wavefunc-
tions ¢¢! depends on the nuclear coordinates Ry,c only through the term Vyyce in
Eq. (2.3). The differentials d¢' /0 Ry, are therefore usually smaller than 9¢<!/or as
these depend also on Ty and V1. The expression (A% /2m)(9¢¢' /9r)? represents the
electronic kinetic energy. The perturbation term in Eq. (2.21) is therefore smaller than
Yn(m/My) x ESl and constitutes only a small correction even in the case of the light
hydrogen molecule (m, /2my < 3 x 107%).

22
Deviations From the Adiabatic Approximation

If the off-diagonal elements ¢, are not negligible, the adiabatic approximation ceases
to be valid, and we cannot separate electronic and nuclear motions. Stated differently,
the nuclear motion mixes different electronic BO states. To elucidate under which
circumstances this breakdown of the adiabatic approximation occurs, we use again a
perturbation expansion. We write Eq. (2.5) as

H=Hy+ Toue = Ho+ W, (2.22)

where Hy is the Hamiltonian of the unperturbed rigid molecule and the perturbation
operator fnuc = AW describes the kinetic energy of the nuclei. The parameter A < 1
determines the size of the perturbation, which depends on the ratio m/M of elec-
tron mass m and nuclear mass M. Born and Oppenheimer showed [2.6] that a useful
choice of the perturbation parameter is A = (m/M)'/*, because in this case the nu-
clear vibrational energy and the nuclear rotational energy appear as perturbation terms
of order A and A\, respectively. In the expansion of the eigenfunction & with respect
to the complete orthonormal set of eigenfunctions ¢¢' of the unperturbed system from

23
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Eq. (2.7), we use also an expansion in orders of A for the nuclear wavefunctions x,:
xn =X+ ) a0+ 2.23)
For the respective energy eigenvalues this yields
E,=E" + BN + NEP + . (2.24)

Now we substitute Eqns. (2.22)—(2.24) and (2.7) into the Schrodinger equation (2.4),
multiply by qbe'* integrate, and compare terms of equal powers of A, using perturbation
expansions up to first order for the wavefunctions and up to second order for the
energies. This procedure gives

nk Wkn

En=E" 4+ Wy + ): —®
k

k;én

o) +.... (2.25)

Here O()\3) represents terms in A\> and higher powers that are neglected in second-
order perturbation calculations.

Wy = / st F @ g 2.26)

is the matrix element of the perturbation operator Tnuc calculated with the unperturbed
solutions of Eq. (2.13a) and W,,, = c,, is the adiabatic correction of the BO energy
E,(IO) . The third term in Eq. (2.25), which is a second—order correction and which de-

ergy difference EC(R) — EX(R) of the unperturbed states ¢0| and (¢} ata 1 given nu-
clear configuration R is large compared to the matrix element W, = [ ¢°l Tm,c(f)k dr.

W,k indicates the strength of the nuclear-motion-induced coupling between differ-
ent electronic states, that is, it is a measure of the probability that nuclear motion
induces an electronic transition from state ¢! to ¢¢..

If EY — E? is small [e.g., when potential energy surfaces cross (Fig. 2.2)], the ex-
pansion Eq. (2.25) diverges, which means that the adiabatic approximation breaks
down. This situation is frequently encountered for excited molecular states, but only
rarely for ground states [2.8, 2.9]. In these cases the molecule can not be described as
a nuclear framework oscillating in a potential given by the nuclear repulsion and the
time-averaged spatial distribution of the electrons.

We see from the perturbation expansion that the BO approximation corresponds to
the unperturbed term in the expansion with T auc as perturbation operator, and that the
adiabatic approximation includes the first-order perturbation term. The nonadiabatic
terms can be included by second-order perturbation calculations [2.10], described by
the third term in Eq. (2.25), while the fourth term contributes to higher-order pertur-
bation terms, including, for example, rotational coupling of the different electronic
states of the molecule (see Ch. 9).
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E (R)

Breakdown of the
BO approximation

E (R)

R

Fig. 2.2 An example for the breakdown of the Born—
Oppenheimer approximation.
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Potentials, Curves and Surfaces, Molecular Term Diagrams and Spectra

We have seen in the preceding section that the electronic energy ES'(R) can be de-
scribed, in the adiabatic approximation, as a potential energy surface in the space of
nuclear coordinates R = { R, Rj,..., Ry}, and that this energy can be viewed as a
potential in which the nuclei move.

For diatomic molecules, this potential energy ES'(R;, R,) can be reduced, in a
molecule-fixed reference frame, to a function ES'(R) of just one variable R, where
R = |R| — R;| is the internuclear distance. This potential energy curve ES'(R) =
V(R) is displayed schematically in Fig. 2.3 for a bound molecule, i.e., for the case

EA

ES'(R)
E= Egl + Evib + Em( %/k-
Dissociation
energy D, Bond
energy D,
R

Fig. 2.3 Potential energy curve of a diatomic molecule and
vibrational—rotational state with constant total energy, indepen-
dent of internuclear distance R.
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that the curve possesses a minimum. The internuclear distance R, at this minimum is
called equilibrium distance and the depth of the minimum represents the bond energy

Ep = ES(R = o) — ES(Re) (2.27)

of the electronic state |n). The dissociation energy Ej4 is usually defined as the energy
necessary to dissociate the molecule in in its lowest vibrational level v = 0. The
difference Ey — Eq = Ezp = %hw equals the zero-point energy, which is by an amount
AE = %hw above the minimum of the potential curve. In spectroscopic discussions,
the minimum Egl (R.) of the electronic ground state Ej is usually defined to correspond
to zero energy.

The total energy of the molecule in the state |n) is given by the sum

En = ES(R) + Eyib(R) + Ext(R) = const. ; (2.28)

it is constant, that is, it does not depend on the internuclear distance R. In spec-
troscopy, term values T, = E, /hc are frequently employed instead of energies E,.
Because of E/hc = hv/hc = 1/ X they are also called wavenumbers and are given in
units of cm ™.
For each electronic state ES' there exists a set of vibrational states characterized by
the vibrational quantum number v, and for each vibrational state there exist a (usually
large) number of rotational states characterized by the rotational quantum number J

(see Fig. 2.4 and Ch. 3).

Eqd

ES'(R)

Rotational
levels E\ot

Vibratonal
levels E;,

Rotational
levels ETy

Vibrational

=1 levels Eip

v' =0

RS Re R

Fig. 2.4 Schematic illustration of two electronic states with their
equilibrium nuclear distances R., vibrational-rotational levels,
bond energies and electronic energies.
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Transitions (r,v;,J; )< (m,vi,J;) between two states E, = Ey v, ;= (ES', Efy, Ely)
and E,, = Epyy = (ES,El,, Ely) can take place through absorption or emission of
electromagnetic radiation of frequency Vyy = (Ep — E,,) /h or wavenumber 1/ \,,, =
T, — Ty, respectively. Whether such a transition actually occurs depends on several
factors, for example on details of the wavefunctions and the population numbers of
both states. These questions will be discussed in more detail in Ch. 4.

Figure 1.2 schematically showed such transitions between different molecular stat-
es. If a transition takes place between two adjacent rotational levels of the same vibra-
tional state it is called a pure rotational spectrum. The wavelength of these transitions
is usually located in the microwave region of the electromagnetic spectrum. Transi-
tions (n,v;,J;) <> (n, vk, J;) between different vibrational levels of the same electronic
state constitute an infrared spectrum, in which all the rotational lines within a vibra-
tional transition v; «— v are called a vibrational band. So-called electronic transi-
tions between vibration—rotation levels of different electronic states can yield spectra
which extend from the near infrared to the vacuum UV regions of the electromagnetic
spectrum. They are usually accompanied by many vibrational bands (n, v; < m, vy),
constituting a band system for each electronic transition n < m.

For nonlinear triatomic molecules, the adiabatic approximation enables us to write
the potential energy ES'(R) as a function of three variables, that is, of two bond
lengths R and Ry and the bending angle a.. As we cannot display this surface graph-
ically, we need to draw cuts through this surface where two of the three variables are
kept constant. This results in a potential energy curve depending on only one variable
as in the case of the diatomic molecule (Fig. 2.5). Alternatively, we could display the
surface as contour lines of equal potential, where only one variable is kept constant,
that is, the bending angle, while isopotential contour lines are plotted for ES'(R,R;).

N
BER
EA 0 0 E{}

18‘00 o

ay

Fig. 2.5 Two cuts through the potential energy surface of a
triatomic molecule; here for the NO, ground state. a) E(a);
b) E(R).
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1.01

R{=Ry=5.31 Bohr
R3 =6.63 Bohr
a=773°

Eqtap = 787.16 cm'!
Ejoc = 155.55 cm’™
ag=1bohr~0.5A

051

1.0 \

-1.0 . 0.0
X/ao

Fig. 2.6 Contour-line representation of the potential energy sur-

face of a triatomic molecule; here for Li;. (Courtesy W. Meyer,
Kaiserslautern)

Figure 2.6 shows the potential surface for the equilateral triangle of Liz, where the
axes display the x and y coordinates of the nuclear displacements from the equilib-
rium structure.

A polyatomic molecule possesses more internal degrees of freedom, and conse-
quently there exist more vibrations and rotations than in the diatomic case. This results
in a large number of vibrational-rotational levels, and the observed spectra obtained
are therefore much more complicated (see Chapters 6— 8).

In the next section we will start with the discussion of the classification of elec-
tronic states before turning to their calculation. In most cases we will focus on di-
atomic molecules, because this allows a clearer presentation of the methods used.
However, towards the end of the chapter, and also in Ch. 7, we will also give some
examples for polyatomic molecules.

2.4
Electronic States of Diatomic Molecules

Many phenomena related to electronic molecular states can be introduced most easily
with simple models in discussing diatomic molecules. Among them are, for exam-
ple, the vector model of angular momentum coupling or the symmetry properties of
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molecular states. Most helpful is also the molecular orbital concept, which reduces
the treatment of many-electron molecules to a suitable combination of one-electron
states.

In this chapter, we will start with the simplest molecule, the H;“ molecular ion,
which consists of two protons and one electron. It is the only system which can be
solved exactly within the BO approximation, that is, as a rigid nuclear framework.
For this simple example we will introduce and define the characteristic properties
and quantum numbers of all one-electron systems (Sect. 2.4.2). One-electron systems
are molecules with only one unpaired electron in the highest (otherwise unoccupied)
energy level. This optical electron is responsible for many important molecular prop-
erties. Examples of such systems are the ions Hy, LiJ, and Na; or the radicals CH
and OH.

Starting from quantum numbers, angular momenta, and symmetries of these one-
electron systems, we will generalize these quantities and their definitions to molecules
with many electrons. This is the subject of Sect. 2.4.3, where we will also introduce
the classification of electronic states of diatomic molecules.

Finally, the last section will discuss the two limiting cases of electronic molecular
states for R — oo (separated atoms) and R — 0 (united atom). With their help, we will
learn about the correlations between molecular and atomic states.

Throughout Ch. 2, we will assume that the nuclear framework is rigid and nonro-
tating so that the BO approximation is strictly valid. This means that to each electronic
state there corresponds a potential energy curve E,(R), which is defined by the aver-
age (over electronic coordinates) of the total electronic and nuclear potential energy
plus the averaged electronic kinetic energy (see Sect. 2.1).

2.4.1
Exact Treatment of the Rigid H; Molecule

The simplest conceivable molecules consist of two nuclei A and B with nuclear char-
ges Z1e and Ze and one electron, i.e., HY, HeH?*, LiH3* etc. It turns out, however,
that the resulting one-electron molecular ion is stable only for Z) = Z; = 1, that is, the
hydrogen molecular ion H;’ and its isotopomers HD " and D2+ . For fixed nuclei, that
is, ignoring vibrations and rotations, this corresponds to an electron in a two-center
potential, the Schrodinger equation of which is separable and thus exactly solvable in
elliptic coordinates.

We identify the z coordinate with the internuclear axis and introduce elliptic coor-
dinates (Fig. 2.7):
_ratrs TA—TB

R V= R (2.29)

@ = arctan(y/x) ,

The condition ¢ = const. describes all planes which contain the internuclear axis;
1 = const. are confocal rotational ellipsoids with the nuclei as focal points; » = const.
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Fig. 2.7 Elliptic coordinates of the Hf molecular ion.

are two-shell rotational hyperboloids, u = 1 describes the z axis between the nuclei,
and v = 0 is the horizontal plane halfway between the nuclei (Fig. 2.8).
We insert the separation ansatz

¢ =9 = M(p) X N(v) x $(¢) (2.30)
into the electronic Schrédinger equation (2.15a) for the H;r molecular ion,
i e (1 1 1
_Zv? —— =Evy, 31
[ 2m +4m-:0 (R ra rB)]w v (2.31)

where the solution 1 corresponds to the functions ¢ (r,R) from Eq. (2.13a). This
yields, in complete analogy to the solution of the Schrodinger equation for the H
atom [2.1-2.4],

1d2¢

Ew‘i—a:(), (2323)
1 d,, dM o mR? ( ey E ,

——(p -t |t =0, 2.32b
Md,u(ﬂ )du ur—1 + H? (411:60R+ 2H g ( )
1 d dN a mR?

R S WAl A S oA - Y ‘
Ndu( v°) ” Ev B (2.32¢)
where « and (3 are separation constants.

The solutions of these three equations are the functions M(p), N(v), and ¢(yp),
which depend not only on the separation constants o and § but also on the boundary

Planes Rotational ellipsoids Rotational hyperboloids
¢ = const. | = const. v = const.
_~——— == = ] » )
/ a0 .
—— Y T

Fig. 2.8 The surfaces ¢ = const., & = const., and v = const..
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conditions (3 must be normalizable, continuous and single-valued for all values of
1 >0,00 <y < oo, and 0 < ¢ < 27).
The solutions of Eq. (2.32a) are

¢ = c1e¥Ve L cpeTieVe (2.33a)

The single-valuedness of ¢ requires that ¢( +2xn) = ¢(p); n=1,2,3,..., therefore
eV — | = \/5 = A must be integer, that is, A must be integer, and we obtain the
solutions of Eq. (2.32a),

¢ =c1e™? +ce™. (2.33b)

To elucidate the physical meaning of A, we concentrate on the angular momentum
¢ of the electron. As the electric field of the nuclei, in which the electron moves, is no
central force field, ¢ is not constant. However, for fixed internuclear distance R both
the magnitude |£| and the projection ¢, onto the internuclear axis are constant and have
well-defined quantized values.

The component of the electron angular momentum along the internuclear axis is

£, = (rxXp); =xpy —ypx (2.34a)

and its expectation value is
_h f 9 d _h . 0 )
(@—T/T/) (xa—y$)1/)dT—-i-/w %wdT_T A ¢%d<p,(2.34b)

because M and N do not depend on ¢ and are each normalized. For ¢ we substitute
the solutions of Eq. (2.33b) to obtain
(€)= LMh. (2.35)

The absolute value of the quantum number X indicates the projection of the electronic
orbital angular momentum onto the molecular axis in units of h (Fig. 2.9).

<)

ean ?

Fig. 2.9 Precessing orbital anguiar momentum ¢ of an elec-
tron in the cylindrically symmetric electric field of a diatomic
molecule.
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Fig. 2.10 Energy curves E;y(3) and E,; ) (3).

If we substitute & = A2 in Eqns. (2.32b) and (2.32c), each of the resulting equations
contains two parameters A\> and 3. They can be solved by series expansions of the
functions M and N [2.11]. It turns out that for each value of A2, and obeying the
boundary conditions for the wavefunctions, there exists a discrete infinite sequence of
curves corresponding to energy eigenvalues E,» (3) leading to meaningful solutions of
Eq. (2.32b). Also, there are solutions to Eq. (2.32c) with, in general, different energy
eigenvalues Eyy (3), (¢ = 1,2,3,...). This is displayed schematically in Fig. 2.10.

The solutions E must solve both equations simultaneously. Therefore only values
of 3 are allowed for which E,, (), 3) = E;(A, 3). These correspond to the intersections
of the sets of curves E,(\,8) and Ey(),3) in Fig. 2.10. The admissible energies
E, » therefore depend on three quantum numbers #n, £ and A, and they form a discrete
sequence for £ < 0.

Note:

— Equations (2.32b)—(2.32¢) do not depend on X but only on X2. This
means that the energy does not depend on the sign of \. In non-
rotating molecules, the two functions exp(Li\y) are energetically
degenerate.

— The eigenfunctions 1) are characterized by a set of three quantum
numbers (n,£,)). They can be visualized as follows. The condition
¥ (x,y,2) = O defines a surface with zero probability of finding the
electron. This so-called nodal surface separates regions with ) >0
from regions with ¥ < 0. Because of ¥ = M{u)N(v)¢(), ¥ can
only vanish if at least one of the factors M, N or ¢ vanishes. Each
of these functions depends only on one coordinate; therefore they
vanish for specific values of i1, v and . The nodal surfaces py, =0



2.4 Electronic States of Diatomic Molecules | 33

Planes ¢ = const. Surfaces p = const.
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n=3,1=2,A=2 n=2,I=0,A=0 n=31=1A=1
two ¢ nodes one unode one u& one ¢ node
360 260 3prn

Fig. 2.11 Nodal planes ¢ = 0 and nodal surfaces p = 0 for some
electronic states.

are rotational ellipsoids, the surfaces v = v; = 0 hyperboloids and
the planes ¢ = 0 planes through the z axis (Fig. 2.8).

— As can be seen from Eq. (2.33b), the absolute value of the quantum
number X indicates the number of nodal planes of ¢. It can be shown
that the quantum number ¢ is the total number of nodal planes of ¢
and v. We can define the principal quantum number n to be the total
number of u, v and p nodal planes plus one; then we arrive at a
relation very similar to that for atoms,

A<é<n—-1. (2.36)

— Each set of quantum numbers (n,£,\) corresponds to a spatial prob-
ability distribution for the electron given by the square modulus of
the wavefunction,

Waer = Vo aUnin = el - (2.37)

The electron state with £ = 0 is called an s state, the £ = | state a p state, etc.,
in analogy to the designations of electron states in the hydrogen atom. States with
the same ¢ can differ in their projection quantum numbers A. They are labeled with
lower-case Greek letters, that is, A = O is called a o state, A\ =1 amstate, A=22ad
state. An electron state with the quantum numbers (n = 3, £ = 2, A = 2) is therefore
called a 3 dJ state (see Fig. 2.11 and Table 2.1).

Figure 2.12 illustrates the electronic wavefunctions of some states of H; ; regions
with positive values of the wavefunction are displayed in dark gray, regions with neg-
ative values in light gray.

The solutions of the separated Schrédinger equations (2.32b), (2.32c) yield the
potential curves E,(R) displayed in Fig. 2.13 for the Hj molecular ion. Note that
only the lowest electronic state, 10, corresponds to a stable molecule; all higher
electronic states possess repulsive potential curves (except for a shallow minimum of
the 3 o state at large internuclear distances).
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Tab. 2.1 Quantum numbers and term designations of an electron in a linear molecule
with orbital angular momentum quantum number ¢ and projection quantum number
A= |mg|.

Quantum numbers Term
n designation

1so
256
2po
2pn
3do
3dé

W W NNN =
N O RPR OO O] >

oo
-9
¥

X 3so 2‘p(‘i 3do

Fig. 2.12 Electronic wavefunctions for some states of H2+ (dark
gray = positive; light gray = negative values). If the plane of the
paper is a nodal plane, the sign of the wavefunction above the
plane is indicated [2.11].

242
Classification of Electronic Molecular States

Electronic states of molecules with more than one electron cannot be calculated ex-
actly. Even without explicit calculation it is possible, however, to give criteria that
enable us to group all possible states into certain classes and to gain an overview and
some physical insight into their electron distributions.

The different electronic states of diatomic molecules can be classified according to

1. their energy E;(R),
2. the symmetry properties of their electronic wavefunctions, and

3. the angular momenta and spins of all their electrons and their respective cou-
plings.
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Fig. 2.13 Potential curves of Hy [2.12].

2.4.2.1 Energetic Ordering of Electronic States

The subscript i in E;(R) is merely a shorthand notation for the set (n,/,\) of principal
quantum number n, angular momentum quantum numbers ¢, and projection quan-
tum number A. In atoms, the principal quantum number # defines the order of all
states according to energy. In molecules, this simple relation holds only for Rydberg
states, in which one electron is highly excited and is located predominantly outside
the molecular core, so that its coupling with the other electrons is small. For R — oo,
the potential curves E,(R) of a Rydberg molecule AB* merge asymptotically into the
atomic ground state of atom A plus the nth Rydberg state of atom B* (Fig. 2.14). At
the equilibrium distance R = R. a simple relation holds for molecular Rydberg states:

E,ii(R)) > E,(R.). (2.38)

For low-lying molecular electronic states the energy differences between states with
different angular momentum can be so large that is is not possible to define a principal
quantum number n with the property that it approaches the atomic states A(n) + B
or A+ B(n) for R — o, This is especially true because there are in general sev-
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Fig. 2.14 Potential curves of Rydberg states of a diatomic
molecule with dissociation channels.

eral molecular states which can dissociate to the same states of separated atoms (see
Fig. 2.13 and Sect. 2.4.5). In molecular spectroscopy, a special letter notation for
molecular states is commonly employed, which designates the ground state of a sys-
tem with the letter X. The next state which is accessible through an optically allowed
transition from the ground state is designated A, the next B and so on. States which
are inaccessible via optical transitions (e.g., triplet states, for singlet ground states),
are designated with lower-case letters a, b, ¢, etc., ordered by energy. Unfortunately,
this notation is not followed consistently throughout, because there are many cases
where new states have been discovered below others which had already been labeled.
Therefore many authors use a different, nonsystematic, notation.

2.4.2.2 Symmetries of Electronic Wavefunctions
The symmetry of a wavefunction is of great importance for the classification of elec-
tronic states. Symmetry operations are actions such as a rotation of the whole molecule
or the reflection of nuclear coordinates at a plane or a point (inversion), which leave
the nuclear framework unchanged (see Ch. 5). The electron distribution does not
change during a symmetry operation, that is, |¢el|2 is invariant with respect to these
operations.

For diatomic molecules, each plane containing the internuclear axis is a valid mir-
ror plane, which is described by an operator o (Fig. 2.15a). Executing this symmetry
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Fig. 2.15 Symmetry operations. a) Reflection; b) inversion.

operation twice returns the molecule to its original state, therefore
oloY)=c’p=+¢Y = oP=11. (2.39)

Each molecular state of a diatomic molecule must therefore be described either by a
wavefunction ¥* (even parity), for which

ot =+y", (2.392)
or by a wavefunction ¢~ (odd parity), for which
oYT = -y . (2.39b)

For diatomic molecules with Z, = Zg, that is, for homonuclear molecules, the inver-
sion I of all nuclear coordinates at the center of the molecule is another symmetry
operation (Fig. 2.15b). Again, the electron distribution must not change during the
symmetry operation, that is,

1) = (=r)] = [p(+r) . (2.40)

If we look at ourselves in a mirror, we recognize that the mirror image interchanges
left and right; the image possesses opposite parity with respect to left-right symmetry
as compared to the original. (Question: Why don’t you appear upside-down in a
mirror?)

In analogy to our previous considerations we can define two symmetry types of
wavefunctions 1, and vy,

Py=1v = Ipy=-+1, and Ihy=—yy. (2.40a)

Molecular states with “even” wavefunctions 1, have even parity, wavefunctions with
“odd” wavefunctions 1, have odd parity. The parity of a molecular state can be de-
rived from the parities of the atomic states of the separate atoms which combine to
form the molecular state (see Sect. 2.4.5).
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Fig. 2.16 Independent precession of electronic angular momen-
tum ¢ and spin s.

2.4.2.3 Electronic Angular Momenta

Besides its orbital angular momentum ¢, an electron possesses also a spin 8. The
orbital angular momentum ¢ precesses around the internuclear axis (z axis), thereby
creating an electric current around the z axis, which in turn creates a cylindrically
symmetric magnetic field B directed along the z axis. The electron experiences this
magnetic field and aligns its spin magnetic moment either parallel or antiparallel to
it. For nuclei with small nuclear charges the coupling between ¢ and s (spin—orbit
coupling) is usually weaker than the coupling of £ to the molecular axis. In these
cases £ and s precess independently around the internuclear axis, and their projections
are Mi and ok, respectively (Fig. 2.16).

As the magnetic field B is proportional to the expectation value M of the or-
bital angular momentum projection ¢, and the expectation value of the magnetic spin
moment ft is proportional to the electron spin projection o4, the interaction energy
between £ and s is

W =AM, (2.41)

where the constant A, the molecular fine-structure constant, depends on the molecular
state. This interaction energy, depending on the angular momentum projections, cre-
ates a fine-structure splitting of molecular terms. For molecules with a single electron,
o= i%. This means that each energy level in electronic states with A > 0 splits into
a doublet, the components of which are separated by

W=AM\. (2.41a)

In molecules with more than one electron, the angular momenta of the individual
electrons add. The sequence in which the momenta are added depends on the relative
coupling strengths. We elucidate this fact for the analogous atomic case.

We imagine the two nuclei with charges Zae and Zge to be united into a single
nucleus with charge (Z4 + Zp )e. The electrons then move in the spherical symmetric
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(b)

Q=A+X

Flg. 2.17 Angular momentum coupling. a) L—S coupling; b) In-
dependent coupling of L and S to the molecular axis.

potential of this nucleus, and their total angular momentum J must be constant. For
light atoms we can assume L—S coupling, that is, the total orbital angular momentum
L =Y, ¢; of all electrons and the total spin S =} ; s; are vectorially combined from
the orbital angular momenta ¢; and the spins 8; of the individual electrons. The total
angular momentum of the electrons is then Jg = L + § and its absolute value is
lJell = -Iel(-lel+ l)h'

If we now increase the internuclear distance until it reaches the molecule’s equi-
librium distance Re, the electrons move in the cylindrically symmetric field of the two
nuclei. The total angular momentum Je is now not constant because the field creates
atorque D = dJ/dt, which leads to a precession of Jj around the internuclear axis
(Fig. 2.17a). We can therefore observe only the time-average of Jg, i.e., the projec-
tion My, h of J onto the internuclear axis. We can express this fact also by saying
that J.; is no ‘good’ quantum number. The quantum number {2 of this projection is

2=\My,|. R2=JaJa—1,...50r0. (2.42)

If the spin—orbit coupling energy W = AL - S in the united atom is smaller than
the coupling of L to the internuclear axis (which is in general true for light atoms),
then L and S will be decoupled by the axial electric field and precess independently
around the internuclear axis (Fig. 2.17b). In these cases the orbital angular momentum
projection My ki and the spin angular momentum projection Mg are well defined, and
they are best expressed in terms of the quantum numbers A and X’ defined by

A = M, A=0,1,2,... L
(2.43)
Y = My=ss5-2,...,—5.

For the projection quantum number {2 of the total angular momentum we obtain
N=A+%]. (2.44)

States with A = 0 are called £ states, and states with A = 1,2,3 are Il, A, and &
states. The notation is analogous to the atomic case, with the Latin letters of the
atomic notation replaced by the corresponding Greek symbols.
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Note:

1. We denote the quantum numbers of a single electron by lowercase
Greek letters, those of a many-electron system by uppercase Greek
letters.

2. The symbol L is used with two different meanings:
a) To designate a state with A = 0 (upright £).

b) As quantum number X = Ms of the total spin projection Msh
onto the internuclear axis (italic X).

3. Each state with A > 0 is twofold degenerate in nonrotating molecu-
les because the two projections =Mph of the orbital angular mo-
menta L lead to the same energy in the axial electric field of the
nuclei. In other words, the energy of nonrotating molecules does
not depend on the sense of rotation of the electrons around the in-
ternuclear axis! This degeneracy is removed in rotating molecules
(see Sect. 3.2.3).

The energy of a molecular state depends not only on the principal quantum number
n, the quantum number A and the spin S, but also on the quantum number 2 =
|[A+ X|. As X can assume 25+ 1 values from Y = —S to X = 48§, an electron
configuration with given values of S and A results in 25 + | different molecular states,
which are called fine-structure terms, in analogy to the atomic case (Fig. 2.18).

As in one-electron molecules, the fine-structure splitting of light many-electron
molecules is given by

Wi = AAY . (2.45a)

The term values of an electronic state with quantum numbers A and X are then

T =Ty +AAS, (2.45b)
L=2,S=1
A=2 3
S=+1 / A A3
o )/ 2A
-1 / 3
N A Ay
\\ 2A
Q=321

Fig. 2.18 Fine-structure splitting of a 3A state with A =2, ¥ =
0,%1,i.e, 2=1,2,3.
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Tab. 2.2 Ground states of some diatomic molecules.

Molecule Hy H» Hey B, C, O, NO
Ground state X%, X't X%, X, x3n, X3z, X1, ,

where Ty is the term value for X' = 0. The magnitude of the spin—orbit coupling
constant A and its sign are determined by

1. the sum ¥, a;¢; x 8; of the interactions between spin and orbital angular mo-
mentum of the same electron, and

2. a suitable average of the sums Y b;;,1; x s; for j = 1,...,N over interactions
of the spin of the jth electron with the orbital angular momenta of all other
electrons [2.13].

Which of these two effects dominates depends on the angular momentum coupling
scheme employed for the angular momenta L and S of both atoms.

The complete characterization of an electronic state of a diatomic molecule with
total spin quantum number S, projection quantum number A = |M[| and projection
quantum number (2 = |A 4 X| is written, similar to the atomic case, as

25+ 4, (2.46)

with the appropriate letter (X, A, B, C, etc.), indicating energetic ordering, in front
of this symbol. For example, the ground state of the NO molecule is X 2H1 /- For
homonuclear molecules, the parity (“odd” or “even”) of the wavefunction is also in-
dicated. For example, the second excited state of the Na; molecule is B 'Hu, and the
corresponding triplet state is b3, with three fine-structure components £2 =0, 1,2.
Table 2.2 lists the ground states of some common diatomic molecules.

If the coupling between L = Y ¢; and § = ¥ s; in both atoms is so strong that
the nuclear electric field along the z axis cannot break it, A and X' cease to be good
quantum numbers. Their sum 2 = |A + X| is still well defined, however (Fig. 2.17a).
In place of the I, I1, A notation we call these states simply 0, 1/2, 1, etc., states
according to their quantum number (2.

Note:

1. In contrast to the atomic case the fine-structure terms of diatomic
molecules are, in the context of this simple model, equidistant within
their multiplets, and according to Eq. (2.45) their distance is AE =
AA.

2. For A # 0, the number of fine-structure components equals 25 + 1,
even for A < X.

3. The fine-structure splitting does not remove the A degeneracy for
A # 0 in nonrotating molecules, that is, each fine-structure compo-
nent is still twofold degenerate because of A = |My|.
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243
Electron Configurations and Electronic States

To gain an overview of all possible electronic states of diatomic molecules and their
symmetries and energetic ordering, we consider the two limiting cases for R — 0 and
R — . If the internuclear distance R between the nuclei with charges Z5 and Zg
approaches zero, we arrive at the limiting case of the united atom with charge Za +Zg
containing the same number of electrons as the original molecule. For R — o we
arrive at the limiting case of two completely separated, noninteracting atoms.

For R — oo, each molecular state yields a combination of known states of the
two separated atoms, for R — 0 a well-defined state of the united atom. The po-
tential curves E;(R) are defined by their respective asymptotic limits E;(R = 0) and
E;(R = ); they can be combined into a correlation diagram, which displays the cor-
responding molecular states for R = R,.

2.4.3.1 The Approximation of Separated Atoms
As a start, we discuss which states of a molecule AB can be realized by coupling the
given atomic angular momenta in all possible ways.

The atomic states have the orbital angular momentum quantum numbers La and
Lg. When the two atoms approach each other, L and Ly precess around the z axis
and their projections are (M )k and (M, )gh, respectively. The resulting quantum
number A is then

A= |(ML)A + (ML)Bl . 2.47)

As the values of My can assume all values from —L to L, a given combination of La
and Lg can result in a large number of values for A, which increases with increasing
La and Lg. The number of possible molecular electronic states is therefore much
larger than the corresponding number for the participating atoms! Table 2.3 lists, as
an example, all possible molecular states that can emerge from the combination of an
atomic D state with Ly = 2 and a P state with Lg = 1.

Tab. 2.3 Quantum numbers of all molecular states which can be formed from D + P
atomic states.

(M)A (M1)B A State(s)

0 0 0 I

+l Fl 0 I
0 +1 1 Il

+1 0 1 I

+2 Tl 1 gl

+1 +1 2 A

+2 0 2 A

+2 +1 3 b
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Tab. 2.4 Combination of atomic states with odd or even parity to molecular states.

Atomic states Molecular states

Sg+Sy 0rS, +8S, X

Sg +S,u pM

Sg+PorSy+Py X,

Sp+PiorS,+Pg £,
X, I0,A
r

3

’

3

Sg + Dy or Sy + Dy ,
Py+Pyor P+ P, (2,57, 11(2),A
P, +P, £F,27(2), 1(2), A
P, + Dg or P, + D, ', £7(2), 1(3), A(2), @

’

For (M;)a = (M_)g there are three X states with A = 0. These are the com-
binations |—(ML)A + (ML)Bl =0, I(ML)A - (ML)B| =0 and (ML)A = (ML)B =0,
respectively. It can be shown that there exists always an odd number of L states [2.14].
There are six combinations which lead to |(M1)a + (ML)g| = 1 and thus to IT states,
four combination leading to A states, and two combinations leading to & states.

The symmetry properties of molecular states are derived from those of the atomic
states of the atoms A and B. An atomic state has even parity if the sum ) ¢; over
orbital angular momentum numbers ¢; of all electrons is even; is has odd parity if Y ¢;
is odd [2.14]. This follows from the fact that the total wavefunction of the atomic
state (L, M) is a linear combination of products of Legendre polynomials, ¥ ¢; []; YZ"_".
These products have even parity if } ¢, = even. To derive the angular momenta and
parities of atomic and molecular states, we need to consider only partially filled shells
because for completely filled shells the orbital angular momentum L =} ¢; is always
zero. Table 2.4 lists the parities of molecular states derived from a number of atomic
states; numbers in parentheses indicate the number of possible molecular states.

Example

Three atomic p electrons can produce the atomic configurations 2P, 2D and *S.
For all these states, } ¢; = 3 = odd and therefore they all have odd parity. Four
p electrons lead to 'S, 'D and P states. In each case, ¥¢; = 4 = even, that is,
all these states have even parity, although the total angular momentum quantum
number can assume even as well as odd values. This shows that we can not derive
the parity from total angular momentum L.

Now we include also the spins S and Sp of the atomic states in our discussion.
The resulting molecular spin is § = Sj + Sp, and its magnitude is

1S = \/S(S+ 1A,

where § is the spin quantum number. For Sg < Sa, the spin quantum number S can
assume the (28g + 1) values

S=8SA+Sg; Sa+Sg—-1; ..., Sa—3Ss, (2.48)
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Tab. 2.5 Possible multiplicities of molecular states for given multiplicities of the atomic

states.

Atom A Atom B Molecule AB

singlet singlet singlet

singlet doublet doublet

doublet doublet singlet + triplet

doublet triplet doublet + quadruplet

triplet triplet singlet, triplet, quintuplet
triplet quadruplet doublet + quadruplet + sextuplet

which correspond to all possible orientations of Sy relative to S4. For Sg > Sa we
obtain correspondingly (254 + 1) values for S (Table 2.5).

Two atomic states with spins S and Sp can therefore lead to (2Sg + 1) or (254 +
1) different molecular spin states characterized by the spin quantum number S. Spin—
orbit coupling splits each of these states into fine-structure components with quantum
number {2 (see Sect. 2.4.2.3). Table 2.6 lists some examples.

For homonuclear diatomic molecules, the number of possible molecular states is
further increased by the additional property of parity, that is, each state can be clas-
sified as even or odd according to the parity of its wavefunction. If both atoms have
different parity, we obtain two states for each of the molecular states shown in Ta-
ble 2.4, one with even and one with odd parity. Table 2.7 lists all molecular states
which can be formed from two identical atoms in identical atomic states.

Tab. 2.6 States of diatomic molecules with their quantum numbers A = |M_|; S (spin
quantum number), X (spin projection) and 2 = A+ X.

A S X 2 State
0 0 0 0 'z

1 1 0 1 i,

1 1 1 2 3,
1 1 -1 0 3,
2 ) } i EI
3 2 1 4 3,

Tab. 2.7 Electronic states of homonuclear diatomic molecuies which can be formed
from two atoms in identical states.

Atomic states  Molecular states

'S+'s 'L,

S+ AR M

3S+3S 12;/ 32‘:’, 52;

45 +43 DR AR W ¢
p+1p 'L, 'z, ', T, 1A,

p+2p 'z, 1T, M, ', A, 3E0(2), 3, O, O, A,




2.4 Electronic States of Diatomic Molecules | 45

2.4.3.2 The “United Atom” Approximation

If we imagine both nuclei with charges Zye and Zge combined in a single nucleus
with charge (Za + Zp)e, we obtain an atom with a well-known configuration of the
(Za + Zg) electrons. For example, from JLi |H we create the “united” atom beryllium
atom $Be in its ground-state configuration (1s)?(2s)?, and from the 'IB ?H radical
containing a deuterium nucleus 2H, the “united” carbon atom '2C with an electron con-
figuration (1s)2(2s)?(2p)? emerges, where we indicate the occupation of an atomic
state by the exponent. The states 1s, 2s, 2p, etc., with their respective wavefunctions
are called atomic orbitals.

If we now separate the two nuclei from each other, the electrons with ¢ > 0 start to
precess in the axial electric field. A p electron with £ = 1 can then assume the projec-
tions myh = 0 or myh = x1k of the electronic orbital angular momentum. Table 2.8
lists the possible molecular states and their maximum electron occupation, which can
be created from the different electron configurations of the united atom. For example,
from the (1s)(2s)?(2p)? electron configuration of the united C atom, the following
three electron configurations of the BH molecule can emerge upon separation in sep-
arate nuclei B + H through the different projections A = 0, %1 of the two p electrons

(1s6)%(2s6)%(2po)?, (1s6)*(2s6)*(2po)(2pn), and (1sc)?(2s6)?(2pm)?.

Next we must decide which molecular states can be derived from these electron con-
figurations, how they correlate with the states of the separated atoms, and what their
energetic ordering will be.

244
Molecular Orbitals and the Aufbau Principle

The so-called one-electron approximation considers a single electron e;, which moves
in the electrostatic potential of the two nuclei and of the averaged charge distribu-
tion of all other electrons. The electronic wavefunction ¢;(r;) that describes the state
of this electron and that depends only on the coordinates of this electron is called
a molecular orbital. Tts square modulus |q§,~(1‘i)[2 determines the spatial probability
distribution for this electron. The Pauli principle allows this molecular orbital to be

Tab. 2.8 Molecular one-electron states created from the orbitals of a united atom.

United atom Molecule Maximum

State 14 A occupation
ns 0 0 nsc 2
np, 1 0 npo 2
nPx, NPy 1 1 npn 4
nd2 2 0 ndo 2
ndy;, ndy; 2 1 ndn 4
2 ndd 4
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occupied by a maximum of two electrons with antiparallel spins. The spatial distri-
bution ¢;(r;) of these two electrons is then identical. (Table 2.8 lists the maximum
allowed occupation number for orbitals with A > 1 as being four since these orbitals
are twofold degenerate because of A = |+my|.)

Within the one-electron approximation, we can now build the molecular electron
configuration as follows. First, we decide which molecular orbitals can be created
from the available atomic orbitals. The molecular orbitals can either be constructed as
linear combinations of atomic orbitals of the separated atoms or taken from those of
the united atom (see preceding section).

Next, the molecular orbitals are arranged in order of increasing energy, which in
general is the following:

1s0; 2s0; 2po; 2pm; 3s0; 3po; 3pw; 3do; 3dm; 3d9; ...

These orbitals are now filled with the maximum number of electrons which is allowed
by the Pauli principle (see Table 2.8). The electronic ground state wavefunction of
the molecule in the one-electron approximation is then the product of all occupied
molecular orbitals. This product of occupied molecular orbitals is also called the elec-
tron configuration. Table 2.9 lists the ground-state configurations of some common
molecules.

The singly excited molecular states are obtained by moving one electron from an
occupied into an energetically higher unoccupied orbital. Table 2.10 lists the low-

Tab. 2.9 Ground-state electron configurations of some common light molecules.

Molecule Electron configuration Ground state Bond energy (V)
Hf AN 2z, 2.648
H; (0, 1s)? 'L, 4.476
He; (6 18)% (0, 1s) Iy 2.6
He;, (0 15)% (0, 15)2 'z 0.001
Li; (og1s)2 (04 15)% (04 25)2 'z, 1.02
B, (6 15)2(0, 15)* (0, 25) (0, 25)2 (Tu 2p) 3L, 3.6
G (g 15)2(04 15)? (0, 28)? (04 25)? (W, 2p)* ’n, 3.6
or (®u2p)*(042p) 3T, 3.6

Tab. 2.10 Electron configurations in the ground and first excited states of the Li,
molecule. KK designates the 1s orbitals in the two atomic K shells which are located
around the respective nuclei.

KK (o, 25)? 'z, 3L,
KK(0z2s), (042p) 'z, 3%,
KK(o, 2s,m2p) ’n,, 'm,, 'm,, ’1,
KK(0,25), (4 3s) DA
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22510+ 2%P 1 3p

Energy/ eV

2251/2+ 2251/2

L 1 | I 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7
R /nm

Fig. 2.19 Potential curves of the Li, molecule derived from two
different combinations of atomic states [2.15].

est three excited electron configurations and their corresponding states for the Li,
molecule with six electrons. Figure 2.19 displays the potential curves of the Li,
molecule that result from the states (228, /,+22S;,5) and (2282 +22P| /23/2) of
the separated atoms.

Figure 2.20 illustrates once more how the atomic states *P, !D and 'S of the united
carbon atom are constructed from the electron configuration (1s)2(2s)?(2p)?, follow-
ing the energetic ordering discussed above. The energetic ordering of the orbitals with
different electron spin is determined by Hund's rule, which states that, for a given

A
T Energy B
. B 12-0—
1§ (150)%(250)%(2pm)?
1 e 33~ Electron
20e2002 D - L configuration of
15%26°2p"  ———' . - 1I'I the BH molecule
Sp
(1s6)?(2s0)%(2po)(2pm)
United R |
carbon ]
- "
atom — I (1s0)(250)(2po)?

Fig. 2.20 Correlation between the electron configuration of the
united carbon atom and the resulting molecular states of the BH
molecule.
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value of the quantum numbers / and A = |my|, the state with maximum multiplicity
is lowest in energy. This rule follows from Pauli’s principle, because electrons with
parallel spin have the smallest overlap between their spatial wavefunctions. Thus, they
are on average farther apart from each other and their mutual Coulomb repulsion is
minimized.

The atomic configuration (1s)?(2s)?(2p)? of the united carbon atom corresponds
to the following molecular configurations and states of the BH molecule:

+

(156)%(2s6)%(2po)? = 127,
(1s6)%(2s6)%(2po) (2pn) « 11, 311,
(1s0)?(2s6)%(2pm)? =327, 127, A

From Tables 2.3-2.8 we can see which of the molecular states 'E, 31, 'TT, 3% and
IA correspond to which atomic states P, 'D, 'S of the united atom; the resulting state
diagram is shown in Fig. 2.20.

Although we can gain a lot of information on the numbers, types and energetics of
molecular states from the above considerations, we still need — usually quite lengthy —
calculations to determine the energies (i.e., term values) quantitatively (see Sect. 2.5).
However, from a correlation diagram we can already get a qualitative picture of the
different molecular states during the transition from the united atom (R = 0) to the
separated atoms (R = o). This will be discussed next.

245
Correlation Diagrams

In this section we will discuss how the electron configuration of the “united” atom
makes the transition to the electron configurations of the separated atoms when the
distance R is increased from O to eo. Molecular orbital theory answers this question by
providing molecular orbitals ¢;(R) for each electron i as a function of the internuclear
distance R. The energy E,(R) can then be calculated as the expectation value of the
Hamiltonian,

E,(R) = / $nHn dT . (2.49)

This will be done in Sections 2.5 and 2.6 for the H;’ molecular ion and the H;
molecule. However, from conservation laws and symmetry considerations we can get
a qualitative impression of such a correlation ¢;(R) between ¢;(0) and ¢;(e0). This is
achieved as follows.

First, we determine all possible molecular electron configurations at small internu-
clear separations R from the configuration of the united atom. This procedure yields
the corresponding molecular orbitals (see Fig. 2.20) as defined through the quantum
numbers (n, £, my). If the internuclear separation increases, the molecular orbitals be-
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come linear combinations of the atomic orbitals of the separated atoms. The following
conservation laws apply:

1.

The quantum number A\ = |my| is independent of R, because the component mgh
of the angular momentum ¢ is conserved for all internuclear distances R. The
principal quantum number # and the angular momentum quantum number ¢ can
change, however; that is, for the separated atoms n = ns +ng or £ = 05 + f
do not hold.

. Wavefunction parity does not depend on the internuclear separation R; therefore

even or odd states of the united atoms yield even and odd molecular states,
respectively.

. If two different states in the united atom have the same symmetry, quantum

number A, and muitiplicity 25 + 1, they can nor become degenerate for any
internuclear separation R. Stated differently: The potential curves E (R) of such
states can never cross!

This noncrossing rule was proven for exact wavefunctions with the aid of group
theory by Neumann and Wigner [2.16, 2.17]; it is, however, still applicable for approx-
imated wavefunctions. Figure 2.21 shows a correlation diagram for the lowest states

E 4 / 3504
3d  .3ds —
‘:‘% 2po,
\3do =
= 2pn; . 2p +1s
3o 29y
3s
"~ 350 ﬁ’u‘_‘ 2s +1s
2504 -~
2p _ 2pm
2s
250
| , 1s+1s
: : R=co
IEFES e
nl nlm ! Ny, b+ gl
—F 7
0 H, Li R

Fig. 2.21 Correlation diagram showing the energies of elec-
tronic states during the transition from the united atom (R = 0) to
separated atoms (R = ).
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Fig. 2.22 Potential curves of the NaCl molecule, which shows a
transition from neutral NaCl for small internuclear distances to
ionic states Na™Cl~ for large internuclear separations.

of a homonuclear molecule. It can be constructed as follows. We start with the lowest
state of the united atom, construct from it the appropriate molecular orbitals for R = 0,
and connect these to the lowest pair of atomic states of the same symmetry for R — oo,
Usually, these are the ground states of the two atoms. The second-lowest molecular
state must then dissociate into the lowest yet unused atomic states of proper symmetry,
etc. Applying the noncrossing rule, we can in most cases arrive at the correct ordering
of molecular states, provided we know the atomic terms for R = 0 and R = o, It might
appear that this procedure yields always unambiguous results. Unfortunately this is
not the case, because some complications arise especially for heteronuclear molecules.

1. A molecule AB can dissociate not only into neutral atoms A + B but also into
the ions AT +B~. This situation occurs, for example, in the alkali halides
(Fig. 2.22). These ionic potential curves often cross the corresponding neutral
curves, leading to significant shifts in the potentials E,(R).

2. Spin-orbit coupling varies markedly with internuclear distance so that the cou-
pling of the angular momenta L and S can be completely different in the united
atom from that in the separated atoms. It is thus in many cases not possible to
decide on the basis of a correlation diagram alone into which fine-structure com-
ponents of the separated atoms a given molecular state (A, X, £2) will dissociate
(Fig. 2.23).

3. For repulsive potential curves, the energy E,(R) depends strongly on R. This
makes an unambiguous assignment difficult.
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Fig. 2.23 Dependence of spin—orbit coupling on the internuclear
distance for the Cs, molecule.

A correlation diagram is an important tool in assigning molecular states, yet it cannot
replace numerical calculations of absolute energies E,(R) when it comes to quan-
titative discussions. Such calculations are based on approximation methods for the
solution of the electronic Schrodinger equation (2.15a) which we will now discuss.

25
Approximation Methods for the Calculation of Electronic Wavefunctions

The electronic part, Eq. (2.13a), of the Schrodinger equation (2.4) for fixed nuclei,
Hoon(r,R) = EX¢9,(r,R), R =const.,

cannot be solved exactly for any chemically relevant system. We must therefore em-
ploy approximative methods which yield wavefunctions that describe the potential
surfaces E,(R) “as good as possible”.

All such methods rely on a proper choice of approximate wavefunctions (basis
functions) containing adjustable parameters. These parameters are then varied so that
the calculated energies E,(R) of molecular states match the unknown true energies
as exactly as possible on the whole range of nuclear configurations R. An important
criterion for this match is provided by the Ritz principle, which states that the energies
calculated with approximate wavefunctions are always above those calculated with
the exact (true) wavefunctions [2.18]. This will be shown in the following section.

51
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2.5.1
The Variational Method

Almost all approximation methods for the calculation of wavefunctions rely on the
variational method to determine the values of the free parameters in the chosen basis
functions. The quality of an approximated wavefunction can be judged on the basis of
a simple argument.

The exact eigenfunctions ¢ are solutions of the Schrodinger equation H¢e) =
E.1¢e with exact energies E.|(R). An approximate solution function ¢ yields the
expectation value

E= (¢|H|¢) (2.50)

(¢]0)
for the energy, where we have used Dirac’s notation (¢|H|¢) = [¢*H¢ dr). The
difference between this approximate energy E and the exact energy E,, is therefore
(¢|H| ) (¢|H —Ea|9)
E—Eg=-"2 _p,=Xt —<I7/
(el C (¢le)
Now we substitute ¢ = ¢ + 8¢ for the approximate function in Eq. (2.51), and with
H el = E e and due to the hermiticity of the Hamiltonian we obtain

@2.51)

(8¢ |H — Eci| 89)
(®1¢) '

Thus, the difference E — Eq; depends quadratically on the difference 8¢ and must
assume a minimum for 8¢ = 0. Therefore,

E—E,= (2.52)

E-FEy>0= E>E,.

The energies calculated with approximate wavefunctions ¢ are always larger than the
true energy E).
This means that the expectation value of the energy assumes a minimum for the
correct wavefunctions, that is, for the exact solutions of the Schrodinger equation!
This fact is the basis for a general method to optimize approximate solutions. We
write our frial function as a linear combination

¢ =Y cioi 233)

of known functions ¢; (which need not be solutions of the Schrédinger equation) and
unknown coefficients c¢;. Next, we optimize ¢ using the conditions

%(/q&*mpdr):o; i=1,2,....m (2.54)
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in order to obtain the minimum energy. Substitution of Eq. (2.53) leads to a linear
system of m equations for the m unknown coefficients ¢;
ci(Hn —ESy)+ca(Hia —ESin) + -+ cm(Him — ES1m) =0,
c1(Hy —ESyu) +ca(Hpn —ESn)+ -+ cm(Hym — ESym) = 0

]

(2.55)
Cl (Hml —ESum ) + CZ(HmZ - ESmZ) + Cm(Hmm - ESmm) =0,
where we have introduced the abbreviations
H,'k = /(p;-kH(pk dr and S,'k = /tp?(pk dr. (2.56)

This system of equations has nonzero solutions c; if and only if its determinant fulfills
|Hy —ESy| =0. (2.57)

From this secular equation we obtain the m energies E| (R), E2(R), ..., E,(R) and
from Eq. (2.55) the unknown coefficients ¢; for all nuclear configurations R. This
means that we have to calculate all the integrals Hy and Sj, which is possible because
the ; are known (see Sect. 2.6).

25.2
The LCAO Approximation

As the electronic state of a diatomic molecule is determined by the states of the sepa-
rate atoms resulting for R — oo, an obvious choice for the trial function ¢ in Eq. (2.53)
is a linear combination of the eigenfunctions ¢4 and ¢g of these atomic states.

That means that we approximate the molecular wavefunction ¢ by a linear com-
bination of the corresponding atomic orbitals; the method is therefore called linear
combination of atomic orbitals (LCAO). By atomic orbital we mean the atomic wave-
functions ¢ and ¢p, whose square moduli determine the electronic densities in atoms
A and B, respectively, in the appropriate states. The molecular function ¢ is also called
a molecular orbital.

Remark: For polyatomic molecules with n atoms ¢ is taken as a linear
combination ¢ = Y c;¢;. However, we will see later (in Sect. 2.8) that
the number of basis functions ¢; does not necessarily equal the number of
atoms in the molecule.

If we choose, for a diatomic molecule AB, the LCAO function ¢ = ¢ ¢ + ca¢p
with normalized atomic orbitals ¢ and ¢g so that (P |pa) = (dp|dB) = 1, the
molecular wavefunction ¢ can be normalized as

6= C1oa + 20
\/ C% + (,'% +2¢1¢28A8

with Sap = / b AT . (2.58)
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The “best” functions ¢ in the sense of energy minimization are obtained, according to
the variational principle, by differentiating the energy expectation value

€)= [ (0lH19) 259

with respect to the coefficients ¢; and equating the result to zero. As shown before,
this yields the system of equations

(HAA —E)Cl + (HAB —ESAB)CZ =0,

2.60
(HBA—-ESBA)Cl +(HBB—E)02 =0, ( )
from which the secular equation
(Haa — E)(Hgp — E) — (Hap —ESag)? =0 (2.61)

results as a quadratic equation for E, where we have again used the abbreviations
Hy = f(ﬁ?H(]ﬁk dr and Sy = f¢7¢k d7 and the relations Hy, = Hy; and Sy, = Si;.

Note: The atomic wavefunctions ¢a(ra) and ¢p(rg) are in general
one-electron functions, and the electronic coordinates T4 and rg do not
normally refer to the center of mass of the molecule (or another common
origin) but use different reference frames with, for example, the centers
of the individual atoms as origins. The integrals Hy and Sy are then
two-center integrals and are explicitly written as

Su= [ @i(raoulrs) dr
Hy = /¢i(7'A)ﬁ(7',R)¢k(TB) dr, (2.62)

where the coordinates r4 refer to nucleus A and rg refer to nucleus B
(Fig. 2.7). We can compute these integrals as a function of the internu-
clear distance R by introducing elliptic coordinates ry = R(p+v)/2 and
rg=R(p-v)/2[2.19].

From Eq. (2.61) we obtain two solutions E;(R) and E;(R) for the energy, which
for the special case of two identical atoms in identical states (¢a = ¢, Haa = Hgp)
yield the simple expression

_HantHan gy Haa—Han

- 2.
B =5 [ —Sas (263)

In this case, the coefficients ¢; and ¢; are obtained by substitution of Eq. (2.63) into
Eq. (2.60),

lei? =leal? ) e = e . (2.64)
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Fig. 2.24 a) Spilitting of the atomic energies E4 = Ep into two
molecular states £, = ET and E, = E~ for identical atomic
states. b) Two coupled pendulums as a mechanical analogy.

S + Py

SAB>0

Fig. 2.25 Overlap integral of two functions of the same and dif-
ferent symmetry.

We see that the linear combination of two identical atomic orbitals splits the energy
into two levels E| and E; (Fig. 2.24a). The magnitude of the splitting for ¢ = ¢p is

2HAASAB —2HAB

AE(R) =E; —E| = > ; (2.65)
-85

it depends on the overlap integral Sap, the Coulomb integral Haa, and the resonance
integral Hap (also called exchange integral).

A mechanical analog to this energy splitting consists of two coupled pendulums
with resonance frequency wg. Depending on the relative phase of the two oscillations
x;(t), the coupling creates two normal modes of vibration, x4 (£) = x1(t) + xz(t) with
frequency w. and x_(¢) = x| (t) —x2(¢) with frequency w_ > w, (Fig. 2.24b).

Note: Both the overlap integral Spp and the resonance integral Hapg are
zero if the functions belong to different symmetry types, that is, if they be-
have differently under any of the symmetry operations of the molecule. If,
for example, ¢4 is symmetric with respect to such a symmetry operation
and ¢p is antisymmetric, the integrand ¢app is an odd function of the
relevant coordinates, and the integral [ ¢pa¢p dT from —oo 10 400 van-
ishes. Figure 2.25 exemplifies this for the overlap of a Is with a p, and a
px function. In the first case, the two functions have the same symmetry
with respect to reflection at a plane through the z axis and perpendicular
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to the paper plane; in the second case their symmetries differ. Therefore,
the first overlap integral is nonzero, the second vanishes. As the Hamilto-
nian H of a molecule must be symmetric with respect to all its symmetry
operations, the above argument holds also for Hyp.

26
Application of Approximation Methods to One-electron Systems

Although we have already seen in Sect. 2.4.1 how the H2+ molecule can be described
for fixed nuclei, it is still highly instructive to apply the LCAO method and the varia-
tional principle to this system, because by comparing the results to those of the exact
treatment we can gain insight into the merits and limitations of simple approximations.

Specifically, we will see that we need to be careful with the physical interpreta-
tion of theoretical results based on approximate wavefunctions, but that we can also
arrive at very reliable results if we improve, with the aid of physical insight, the basis
functions employed.

2.6.1
A Simple LCAO Approximation for the H Molecule

If we apply the LCAO approximation as outlined in Sect. 2.5.2 to the HEL molecule,
we obtain for the energetically lowest molecular orbital

¢ =c19a(ls) +cadn(ls), (2.66)

where ¢4 and ¢p are the normalized wavefunctions of the atomic hydrogen 1s ground

state,
1 I ~ra/ag 1 ~rg/ag
A =4[ =€ , ¢B=4/==e , (2.67)
an an

where gy = 41t€0h2 / (mez) is the Bohr radius in the hydrogen atom [2.18]. The ansatz
Eq. (2.66) can be visualized as follows. |¢A|2 and |q§B|2 describe the probability den-
sity of finding the electron in the vicinity of nucleus A and B, respectively, if the other
nucleus is infinitely far away. For finite internuclear distances R, ¢j¢a describes the
probability amplitude that the electron is near nucleus A, and ca¢g gives the proba-
bility amplitude for the electron in the vicinity of nucleus B. As both possibilities are
indistinguishable, both must be included, and we must use the total probability am-
plitude ¢ for “electron at A as well as at B”, which equals the sum of the individual
amplitudes.
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Fig. 2.26 Wavefunctions and their square moduli for the two
lowest states of HJ .

With the normalization condition Eq. (2.58) and with ¢; = Z¢; [see Eq. (2.64)] we
obtain from Eq. (2.66) the two normalized functions

_ datos _ da—¢B
= atse T Ve (2.68)

From these, we can calculate the probability densities for the electron in the states ¢
and ¢_ by squaring,
QA+ Ik + 2008 _ ¢A+ 0k —20a08

2 2
¢ = , ¢_ = . 2.69
| | 2+25AB | | 2 —285AB ( )

Using the known functions ¢4, ¢ [Eq. (2.67)] and the overlap integral S [Eq. (2.62)]
we can now compute |¢ |> and |¢_ | for any given internuclear distance R (Fig. 2.26).

From Eq. (2.63) we obtain the corresponding energies

_ Haap+Happ

Haa — Hap
E+(R) = 1+ Sap T T 1-Sas

E_(R)= I Swg (2.70)
The integrals Sap, Haa, and Hap over electronic coordinates depend on the internu-
clear distance; they can be solved exactly. For more detailed calculations, see [2.18-
2.21].

Figure 2.27 displays the functions Sag(R), Hag(R), Haa(R), E+(R) and E_(R)
graphically so that we can gain an impression of the meaning of the different terms.
We see that the overlap integral tends to | for R — 0, and is negligible only for R > 7a,.
For R — o both E (R) and E_(R) converge towards Haa (o) = Ey = —13.6€V, the
binding energy of the electron in the hydrogen atom.

The potential curve E, (R) describes a bonding state with a minimum of E(R,) =
—0.13Ey =~ 1.76¢eV below the binding energy —Ej, of the electron in the hydrogen
atom. The corresponding wavefunction ¢4 from Eq. (2.68) is symmetric with re-
spect to inversion (reflection at the center of mass) of electronic coordinates. Thus, it
describes a G, state, while the repulsive curve E_(R) describes a o, state.
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Fig. 2.27 Overlap integral Sag, Coulomb integral Haa, exchange
integral Hag and energies E_ and E (broken curves) as func-
tions of the internuclear distance R for H} [2.19].

From Fig. 2.27, we see that the LCAO approximation is correct in that it yields a
bonding ground state for HQL and a repulsive 6, excited state, but that the calculated
bonding energies are much too small. The reasons for this deviation will be discussed
in the next section.

2.6.2
Deficiencies of the Simple LCAO Method

If we use the normalized wavefunction ¢, from Eq. (2.68) to calculate the expectation
values

h2
(1) =~ [ 615 V6 dr.

e /1 1 1
[ (211 2.71
v /¢+47t50 (R A r3)¢+ dr, 27D

)= [ 6,Ho, dr
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Fig. 2.28 Kinetic energy T(R), potential energy V(R) and total
energy E(R) from a simple LCAQ calculation compared with the
exact treatment (solid curves).

of the kinetic energy T (R), the potential energy V(R) and the total energy E(R) of
the electron in the H; molecular ion, we obtain the curves shown in Fig. 2.28. This
demonstrates that in the LCAO approximation the bonding is due to a decrease in
kinetic energy 7 while the potential energy is steadily increasing with decreasing in-
ternuclear distance R.

This is not true for the real H;’ molecule, however, as the exact calculation shows
that the kinetic energy T (R,) in the equilibrium configuration is in fact larger than for
R — oo, This fact can easily be rationalized: for a diatomic molecule at its equilibrium
bond distance the virial theorem holds, that is, the expectation values of the kinetic and
potential energy of the electron in the Coulomb potential of each nucleus are related
by (T)+ (V) =F and

(T)=—=(V)=-E. 2.72)

As the total energy E of a stable molecule must be smaller than that of the unbound
atoms (otherwise no bonding would occur), (7(R)) must be larger than in the free
atom.

It is highly instructive to look at the dependence of the electronic kinetic energy
T(R) and potential energy V(R) on the internuclear distance R in some detail.
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If we calculate the expectation values
o 1 02
() = [ 15 5501d7 = (). @73%)

1 92
(T,) = —#? / o —2-525451 dr (2.73b)

for the components T, and 7, perpendicular to the molecular axis and 7; along the
molecular axis, we obtain for R = oo an isotropic electronic velocity distribution with
(Ty) = (T,) = (T;). At the equilibrium bond length R, the expectation value (T)
decreases, while (7;) = (Ty) increase.

There is a simple physical explanation for this behavior. When the two nuclei
approach each other along the z direction, the electron can move more freely along
z than in an isolated hydrogen atom. Hence, its accessible space Az increases, and
according to Heisenberg’s uncertainty principle its momentum uncertainty

h _/Ap? ?
02 oy = (1= ) 2 i
and thus also its kinetic energy in the z direction decrease.

In the directions perpendicular to the molecular axis the charge distribution shrinks,
because the combined attraction of both nuclei increases, that is, the electron’s acces-
sible space in these directions decreases. Consequently, (T;) and (Ty) increase.

The LCAO approximation fails to reflect the increase of (7x) and (7;) because the
shrinkage of the wavefunction cannot be modeled by the simple ansatz of Eq. (2.68).

A further deficiency of the simple LCAO approximation is that the electronic total
energy E(R) approaches E(0) = —3Ej for R — 0, that is, for the He™ ion, as can be
seen from Eqns. (2.69) and (2.70) with Sog (R — 0) = 1, while the correct value is
E(He") = —4Ea.

(2.74)

2.6.3
Improved LCAO Approximations

The simple LCAO approximation of Eq. (2.68) for the H}’ ground state,

1 2 1
) = + = —_—_— —_— e*’/ao
o+ = s et oe) = s \/ 73

obviously approaches the hydrogen 1s orbital ¢4 from Eq. (2.67) for R — 0, because
lideOS(R) =1 and ¢B = ¢A-

On the other hand, the limit R — 0 yields a ground-state He ion (the two missing
neutrons have almost no influence on the electronic energy), and the corresponding
wavefunction should thus read

1
¢(He,1s) = | —e 2/, (2.753)
an
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Fig. 2.29 Optimization of the contraction parameter n(R).

because Z = 2 for the united atom and the electron is on average closer to the nucleus
than in the case of hydrogen (this is described by the factor 2 in the exponent).

To describe this contraction of the electron distribution properly, we replace the
functions ¢4 and ¢p by modified Is functions

ba = Ne~rala , ¢g=Ne "B /a0 , (2.75b)

in which the parameter 1 = n(R) depends on R and must obey the boundary conditions
7(0) = 2 and #(e) = . The normalization constant N now depends on 7 and therefore
also on R. We determine n(R) for all internuclear distances R so that the corresponding
expectation value (E) of the energy is a minimum, that is, the condition

d(E)
an

, )
:0, 1.€., é‘ﬁ/¢+H¢+ dTZO, (276)

must hold for arbitrary but fixed R. This yields for n(R) the curve shown in Fig. 2.29.

If we use these optimized functions ¢, to calculate the expectation values (T (R)),
(V(R)), and {E(R)), we obtain a much closer agreement with the exact curves in
Fig. 2.28. From a comparison of the £ (R) curves in Fig. 2.30, we see that introduction
of the parameter 7 has significantly improved our results. The calculated equilibrium
distance R, is correct; the bond dissociation energy, however, is still too small by about
20%.

Whereas this first improvement of the simple LCAO approximation by the parame-
ter 7 to describe the effect of the contracting electron distribution still uses spherically
symmetric basis functions ¢4 and ¢g, in reality the charge distribution around nucleus
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E(eV]A

Fig. 2.30 Potential curve of the H} ground state as computed
with a) simple LCAO, b) optimized parameter 7, c) polarization
term, and d) exact treatment.

A will be polarized in z direction by the existence of nucleus B. We can describe this
polarization by introducing a polarization term into the basis functions ¢ and ¢g,
that is,

oA = e*n"A/ao(l +Az), 2.77)

and similarly for ¢g. Now we can optimize the parameters n(R) and A(R) for each
internuclear distance R, according to
J(H) d (H)
ja—’r]— =0 and T
The potential curve E(R) resulting from these improved basis functions resembles the
exact curve very closely.

Figure 2.30 compares the potential curves E(R) and Table 2.11 the values obtained
for the equilibrium distances R, and depth D, of the potential minimum E(R.) that
are computed using the different approximation levels.

When using a basis consisting of 50 functions, the experimental curve can be re-
produced within experimental errors [2.22].

=0.

Tab. 2.11 Comparison of equilibrium distances and bond dissociation energies of H2+
as computed at different approximation levels with exact values.

Wavefunction R./aqy D./eV
simple LCAO 2.5 1.76
LCAO with optimum 5 20 225
LCAO with additional polarization 2.0 2.65

exact calculation 2.0 2.79
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We have discussed the LCAO approximation for the H;’ molecule in such detail
because this simple example shows the merits and limitations of the approximation
very clearly, and this discussion should always remind us to be careful with the in-
terpretation of results (for example with respect to the roles of kinetic and potential
energy in chemical bonding) [2.23]. Also, the often-quoted argument that exchange
energy is the most prominent factor in chemical bonding is not true in the case of H; !

27
Many-electron Molecules

In molecules with N > 2 electrons the interaction between the electrons appears as a
new term in the Hamiltonian Eq. (2.3), rendering the separation of the many-electron
wavefunction ¢(r...7y) in Eq. (2.7) into products of one-electron functions impos-
sible (at least not directly). Also, the Pauli principle (which states that a state described
by a spatial and a spin wavefunction may be occupied by only one electron) acts as an
additional boundary condition for the distribution of electrons into orbitals. There are
several approximation levels to solve this problem.

271
Molecular Orbitals and the Single-particle Approximation

In a first, rather crude, approximation, we neglect this “electron correlation” com-
pletely, i.e., we set the third term in Eq. (2.3) equal to zero. Now the electronic part
of H can be written, within the BO approximation, as a sum of one-electron operators
H;

1

2

v/
(7 i =2 & .
Hi(r;)) with H; 5 Vi 4n60):)k:rik (2.78)

=

H(’I‘l...'!'N):

i=]

If we write the total electronic wavefunction as a product of one-electron wave-
functions for the electrons 1,2,3,...,N,

S(1...N)=¢1(1) x ¢2(2) X ... x pp(N), (2.79)
the Schrodinger equation can be separated into N one-electron equations
H,‘(i)(ﬁ,‘(i) ZE,'¢,', = 1...N, (2.80&)

and the total energy FE is

E=) ¢. (2.80Db)

™=

1

t

The one-electron wavefunctions ¢;(i) are the molecular orbitals of Eq. (2.53). As
in Eq. (2.53), they can be written as linear combinations of atomic orbitals. It is
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not possible, however, to distinguish the individual electrons, that is, we cannot tell
¢i(1) from ¢;(2), etc. In other words,the state that is described by the wavefunction
of Eq. (2.79) could as well be described by any wavefunction ¢ which is created
by permuting the electrons in Eq. (2.79). The total wavefunction should therefore
be a linear combination of all possible wavefunctions according to Eq. (2.79) with
permuted electrons. The most general function of this kind is a linear combination of
all N! possible permutations.

If we consider also the spin of the electrons, then each of the functions ¢ can be
written as a product of a spatial function ¢(r) and a spin function x(8). As the elec-
trons are fermions with half-integer spin, the Pauli principle requires that the total
wavefunction @ (including the spin part x) be antisymmetric with respect to a permu-
tation of any two electrons, that is, it must change sign if we exchange electrons i and
J- We can easily check for the case of three particles that the most general antisym-
metric linear combination of all N! permutations of the product functions Eq. (2.79)
can be written in the form of a determinant

or(Dxi(1) ¢ (x1(2) ... S (N)xi(N)

- o2()x2(1)  622)x2(2) ... ¢2(N)x2(N)

#(1,2,...,N ., (281

¢N(l).XN(1) on(2)xn(2) ... ¢N(N)'XN(N)

where the one-electron functions are products of spatial wavefunctions ¢ and spin
functions x. The wavefunction Eq. (2.81) is called a Slater determinant.

A determinant vanishes if two rows or two columns are identical. A Slater deter-
minant thus obeys the Pauli principle automatically: if two functions ¢;(1) and ¢;(2)
have identical spatial parts, they must be combined with different spin functions or
&(1...N) will vanish. This means that each molecular orbital (= spatial part of the
one-electron function ¢;) can accommodate a maximum of two electrons with oppo-
site spins.

If we choose the one-electron functions ¢;(i) so that

/qﬁf(k)xqu(k)di:é,-j for k=1,2,...,N, (2.82)

the square modulus of the Slater determinant is $*® = N!. The normalized Slater
determinant is therefore

| i(l) ... &)
$(1,2,... . N)=—| : , 2.83)
( )= . (
én(1) ... on(N)
where we have not written the spin part explicitly. Choosing orthonormalized basis
functions offers the big computational advantage that in computing the energy integral

_ Jo*Hodr

E=Tsar

- / 6"Ho dr = (6|H|¢) . (2.84)
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the number of individual integrals (¢; |#) is reduced from (N')? to N!. Nevertheless,
for the H>O molecule with N = 10 electrons, there are already N! = 3628 800 of them!

At first sight, the single-particle approximation seems to be very crude, because we
neglect the interaction between the electrons completely in the wavefunction, How-
ever, we can re-introduce this interaction indirectly by choosing a proper potential
in which the particles move, that is, we do not simply use the potential of the nu-
clei but consider the shielding of this potential caused by the other electrons. Hence,
each electron experiences a potential which is determined by the nuclei and the time-
averaged motion of all other electrons (see Sect. 2.8). This is the so-called Hartree
approximation; it includes the electron—electron interaction at least partially, but still
neglects the fact that the charge distribution of the other electrons is instantaneously
modified by the existence of the electron under consideration (electron correlation).

Summarizing, we can describe the important concept of molecular orbitals as fol-
lows:

1. The concept of molecular orbitals is based, similarly to the Hartree—Fock met-
hod for atoms [2.24], on the assumption that each electron moves independently
of the others in an effective potential which is given by the averaged charge
distribution of all other electrons and that of the nuclei.

2. Each electron i in a molecule is described by a one-electron wavefunction
¢¢!(ri, R), which is called a molecular orbital and which depends, for fixed
nuclear configuration R, only on the coordinates 7; of this individual electron.
The probability of finding the electron at point 7 is given by |¢;(r) 1.

3. If we consider the spin of the electron and describe the spin state by a func-
tion x(8), the total wavefunction of the electron is the product of spatial and
spin parts, ¥(r,8) = ¢(r) X x(8). Each of the functions ¥ is characterized
by a set of quantum numbers (e.g., for a diatomic molecule, n, A, X, 12, )
that determine energy, angular momenta, angular momentum projections on the
molecular axis and charge distribution of the orbital uniquely.

4. Due to the Pauli principle, each orbital can accommodate a maximum of two
electrons with opposite spins .

5. For each molecular orbital, the expectation value of the energy is

E= [vhy dT//LT/*W dr = —<fllllf|]!l/>¢> ,

where the right-hand side exemplifies the so-called bracket notation for the in-
tegral. Molecular orbitals can be written as linear combinations of atomic or-
bitals. While the atomic orbitals are centered at one atom, molecular orbitals
are typically multi-centered, because each of the contributing atomic orbitals
is centered at its own atom. The atomic orbitals can be classified according to
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their transformation properties under the symmetry operations of the molecular
symmetry group (see Sect. 5.5). The symmetry of the molecular wavefunctions
constructed as linear combination of the atomic orbitals then depends on the
symmetry behavior of the atomic orbitals.

To construct the electron configuration of a molecule, we start by determining the
lowest-energy orbitals and their symmetries (see Sect. 2.4) from the correlation dia-
gram. Using the Aufbau principle, we add the electrons pairwise into the orbitals in
order of increasing energy.

2.7.2
The H, Molecule

The two-electron system Hy (Fig. 2.31) offers, for fixed nuclei, the simplest example
for an application of the single-particle approximation. Historically, another approxi-
mation was first applied to this system, the so-called valence bond method of Heitler
and London, which starts from the separated hydrogen atoms and treats the bonding
in Hy within a perturbational approach. We will discuss both the molecular orbital
and the Heitler-London method and show that the results of both are equivalent for
suitably chosen wavefunctions.

2.7.2.1 The Molecular Orbital Approximation for H;
As the ground state of the H, molecule dissociates into two hydrogen atoms in their
1s ground states, we choose as basis function the normalized linear combination

1

"= v

(¢a+ ¢8) (2.85)

of hydrogen 1s functions, Eq. (2.67), just as in the case of H}, Eq. (2.68). We can
fill this orbital with two electrons of opposite spin so that the Slater determinant of

Fig. 2.31 Coordinate designations in the H, molecule.
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Eq. (2.83), including spin, is

’ ¢1(1)8(1)¢1(2)8(2)
= ¢1(1)¢1(2) [2(1)B8(2) - (2)B(1)] , (2.86)
where (i) represents the spin function with s, = +%h for the electron i and 3 the
corresponding function with s, = — %h. If we substitute Eq. (2.85), we obtain for the
spatial part of ¢(1,2)
1
p=¢1(1)(2) = 7525 [Pa(1)da(2) + ¢8(1)¢8(2) + Pa(1)0B(2)
+¢a(2)en(1)] - (2.87)
The Hamiltonian of the Hy molecule (Fig. 2.31),
h? ¢ 1 1 1 1 11
H=—-— (V3+V} +—( ——————— —+—+—) 2.88)
2m ( ! 2) 47, ra, B, ra, s, r2 R (
can be separated in a sum of three terms using H; = %V? — 4;250 (;’; + % - %)
Heth+m+ o (L1 (2.89)
- 2 drsg \rip R ’ ’

where H, and H, are the Hamiltonians of the first and second electron, respectively,
in the field of both nuclei. These terms thus correspond to the H; problem discussed
in Sect. 2.6. The third term describes the mutual repulsion of the electrons. The
internuclear repulsion must be subtracted, because it was taken into account both in
H, and H», that is, it has been counted twice.

The expectation value of the total energy is then

1 1

m R ' ¢>> . (2.90)

82
(E) = (6 H| @) = (Hh|6) + (@|Ha| 6) + ~— <¢>

47!&‘0

We substitute Eq. (2.87) for ¢ and obtain, in addition to the integrals which we already
know from our discussion of H, a term

<l :/¢*i¢dn dry @91)
r2 re

describing the average repulsion between the electrons.
All two-center integrals in Eq. (2.90) can be solved and written as a function of the
internuclear distance R (see, €.g., [2.19]). This yields

2[5 a a IR 3R 1R\
E(R)u, =2E(R)ys + —— | = — = - 2 (1 + == 4 - 4 - ,
(R =2ER)uy + g | 16~ 2/ 2R< - 800+4ag+6a3>

(2.92)
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Fig. 2.32 Comparison of different approx- ¢) Heitler—London, d) experimental po-
imation levels for the computed potential  tential. Here, the energy of the sepa-
curves of the H, molecule. a) LCAQ, rated atoms is taken as the zero point;

b) LCAO with variable parameter ), the bond energies are therefore negative.

As we can see from Fig. 2.32, this simple LCAO approximation for H, yields about
twice the bond energy of H2+ . This result is a consequence of the fact that in the
vicinity of the minimum of E(R) at R = R, = 1.5a,, the whole bracketed term in
Eq. (2.92) is very small.

As in the case of the H;“ ion, the calculated values for the bond energy D, =
E(Re) —2E(H,,) and equilibrium distance Re of H; obtained with the simple LCAO
approximation do not agree very well with the real values. There are several reasons
for this, as will be discussed in the following.

The wavefunction Eq. (2.87) contains the ionic contributions ¢a(1)}¢a(2) and
¢B(1)¢g(2), which describe a situation in which both electrons are at the same nu-
cleus A or B, with the same weight as the covalent contribution ¢ (1)¢p(2). The
probability of finding both electrons at the same nucleus is obviously much smaller in
the real Hy molecule. This deficiency of the approximation is connected with the ne-
glect of electron correlation in the choice of the one-electron wavefunction Eq. (2.87).
In fact, we have included the interaction between the electrons only in the Hamilto-
nian, but not in the wavefunction. This overestimation of the ionic character (H"H™)
leads to a wrong asymptotic behavior of the potential curve E(R) for R — oo (see
Fig. 2.32). Another factor stems from the fact that the bond energy E}, is the small
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difference of several large energy contributions. From Eq. (2.90), we have
Ep = E(Re) —E(R =) = E(Re) — 2Eyy)
= 2E(H; ) — E(nuclear repulsion) + E (electronic repulsion)
— 2E (atomic hydrogen)

=2x162eV—-19.3eV+417.8eV—-2x13.6eV

=3.6eV (2.93)
The problem is that relatively minor discrepancies between the calculated values of
the terms in Eq. (2.93) and their real values can lead to large relative errors in Ejp.
Before discussing improvements to our wavefunction Eq. (2.85), as we did in the case

of H2+ , we will now look at a different approach to the Hy problem, the valence bond
approximation of Heitler and London [2.25].

273
The Heitler-London Approximation

The Heitler-London approximation for the H, molecule starts from two infinitely

separated hydrogen atoms described by their atomic wavefunctions, Eq. (2.67). The
Hamiltonian Eq. (2.88) is now separated differently from before in Eq. (2.89),

2 2 2 2
He (- @ N ( By o
2m 4Teera, 2m Anegyra,

N e? 1 N 1 N 1 +1
47e, TA, ', ri2 R

= Ha+Hg —Hap =2HA —Hag . (2.94)

The first two brackets represent the energies of the separated hydrogen atoms and the
last one the bonding energy of the molecule. A bonding state exists only if the last
bracket yields a contribution AE < 0; for AE > 0 a repulsive potential curve E(R)
results. If the interaction between the hydrogen atoms is small compared with the
binding energies of the electrons to their respective nuclei (i.e., Hap < Ha + Hp), the
wavefunction ¢ can be approximated as a product

1 =oa(1)gs(2) . (2.95a)

This is exact only for R — oo, because in this case the interaction vanishes.
As the two electrons | and 2 are indistinguishable, the state Eq. (2.95a) cannot be
distinguished from the state

2 = oa(2)9s(1) , (2.95b)

in which both electrons have been exchanged. Taking this into account, it seems
straightforward to describe the state by a linear combination

P =c191+c2¢n . (2.95¢)
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As shown in Sect. 2.6.1, optimization of the coefficients ¢| and c; with respect to the
energy yields the condition |¢3| = |c;|? and the optimized normalized wavefunctions

by = T/mlT—sz) [6a(1)d8(2) + éa(2)da(1)] , (2.96a)
ﬁ[m(l)%(z)—m(z)m(l)l -

If we substitute these functions together with the Hamiltonian Eq. (2.94) into the
Schrodinger equation (2.15a), we obtain the two potential curves

Hy +Hp Hy —Hyp
1+82 ° 1-52

where we have used the following abbreviations for the two-center integrals:

¢ = (2.96b)

E*(R)= E (R)= (2.97)

H”:/a(l)b(Z)Ha(l)b(2)dT|drz with a(1)=¢a(l)etc.,  (2.98a)

Hip = / a(1)b(2) Ha(2)b(1) dr dz , (2.98b)
§ = /a(l)b(l)a(Z)b(2) dr dmy
= / 1) dr x / (2)b(2) dr . (2.98¢)

Computation of the integrals yields a bond energy E,(Hy) = —3.14eV for the H;
molecule, much closer to the experimental value of 4.7V than by using simple MO
theory, but still not satisfying.

The reason is that Heitler-London theory with the wavefunctions Eq. (2.96) ne-
glects the ionic contribution to bonding completely, while the MO wavefunction, Eq.
(2.87), overestimates it.
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Improvements of Both Methods

We can correct for the overestimation of the ionic contribution a(1)b(1) +a(2)b(2)
in the wavefunction Eq. (2.87), if we introduce a new parameter ;(R) and write the
wavefunction as

¢ = ———{A\ [a(1)a(2) + b(1)b(2)] +a(1)b(2) +a(2)b(1)} . (2.99)

1
V24282
We can now optimize \;(R) using a variational calculation to obtain the curve dis-
played in Fig. 2.32(c). The calculated bond energy is then E, = —4.02¢V, in much
better agreement with experiment than before.

A further improvement can be achieved, as in the case of the HJ” molecular ion, by
allowing for shrinkage and polarization of the atomic orbitals with decreasing distance
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between the two hydrogen atoms. Thus we choose an improved ansatz for the atomic
orbital of Eq. (2.67),

da = Na(l+ hpz)e 2aralao (2.100)

which yields, for optimized parameters A, and A3, almost the experimental values for
the potential curve in Fig. 2.32.
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Equivalence of Heitler-London and MO Approximation

The ansatz Eq. (2.99) renders the Heitler—London approximation and the MO method
equivalent, as can easily be shown.
The extended Heitler-London approximation

= [a(1)b(2) + b(D)a(2)] + M [a(Da(2) + b(1)b(2)] , (2.101a)

which improves the weight of the ionic contributions to the wavefunction by using an
optimized weight factor A, equals the improved MO approximation

MO = [a(1) +b(1)] x [a(2) +b(2)] +k[a(1) = b(1)] x [a(2) = b(2)] , (2.101b)

which employs a linear combination of the symmetric product ansatz Eq. (2.85) and
the antisymmetric function (¢a — ¢g ), provided that
1+k
1 -k~
Taking normalization into account, Eqns. (2.101a) and (2.101b) give
(a+b)(a+b) _H(a—b)(a—b)

2(1+45) 2(1-5)

1-S
ithk = ——k. 2.101
with & =+ ( ¢)

From the improved equivalent expressions Eqns. (2.101a) and (2.101b) for the
wavefunction ¢, we see that the simple MO approximation underestimates electron
correlation (because it neglects electron exchange) while the Heitler—London approx-
imation overestimates correlation (because it neglects the ionic contribution com-
pletely).

A=

o=
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Generalized MO Ansatz

The generalized expression for a molecular orbital ¢(1,2) from Eq. (2.86) for the Hy
molecule employs a linear combination

#(1,2) = ):c,qs, . (2.102)
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Tab. 2.12 Results of different approximate calculations for the H, molecule.

Approximation used E,/eV R./A
simple molecular orbitals =270 0.85
Heitler-London -3.14 0.87
H-L + ionic contribution, Eq. (2.101a) —4.02 0.75
H-L + ionic contribution + polarization, Eq. (2.99) —4.12 0.75
MO + correlation, Eq. (2.101b) —4.11 0.71
Coolidge-James —4.72 0.74
Kolos-Roothan —4.746 0.741
experimental -4.747 0.741

The sum runs over all functions ¢; that have the appropriate symmetry and describe the
deformed (contracted and polarized) orbital upon the approach of the two hydrogen
atoms as well as possible. The number & of sum terms can be very large (e.g., k = 30—
50). The coefficients c; are again determined using the variational principle,

% </¢*H¢ dT) ~0. (2.103)

This yields a system of equations such as Eq. (2.55), the solution of which gives the
energies E;(R) and thus the potential curves of the desired molecular states.

Calculations of James and Coolidge using 13 functions [2.26] gave Ey(Hy) =
—4.69¢V, already quite close to the experimental value (Fig. 2.32). The best calcu-
lation yet, of Kolos und Roothaan [2.27, 2.28], used 50 functions ¢; in the expansion
Eq. (2.102) and yielded E, = —4.7467¢€V. Table 2.12 summarizes the results of dif-
ferent approximate calculations for H,.

2.8
Modern Ab Initio Methods

To be able to perform ab initio calculations for large molecules in acceptable time,
we must accept further approximations [2.29, 2.30] either in the wavefunctions or
in the Hamiltonian. The wavefunctions are expanded as linear combinations of suit-
ably chosen basis functions as shown in Sect. 2.7.6. Basis functions can be selected
on the basis of physical considerations (e.g., the eigenfunctions of the atomic states
involved in bonding could be used, allowing for polarization effects), or of computa-
tional efficiency (which favors the use of Gaussian functions because they allow an
easy computation of overlap and exchange integrals).

In the Hamiltonian, the electron—electron interaction terms provide the most dif-
ficult part, because they act between all pairs of electrons in the molecule so that a
change in one electron coordinate affects all other electrons. In all single-particle
approximations, these interactions (correlations) are either neglected completely or
included in an averaged manner (e.g., in the Hartree-Fock method).
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2.8.1
The Hartree—Fock Approximation

In the preceding section we saw that neglecting the electron—electron interaction in
the choice of one-electron wavefunctions (orbitals) leads to relatively large errors in
the energies £(R). On the other hand, using 3N-dimensional a-electron functions for
a molecule with N electrons would lead to enormous computational problems. Hence,
we need to find a compromise that allows us to continue using one-electron functions
but includes electron interactions at least in an averaged manner.

This can be achieved by optimizing one-electron functions ¢; (i) as solutions of the
Schridinger equation

. W
Ho;=Eg¢; with H = —ﬁv,? + Ve (1) (2.104)

where the effective potential for an electron i (1 <i < N) contains the Coulomb po-
tential of the nuclei plus the potential from the time-averaged charge distribution of
the (N — 1) other electrons.

The difficulty is that we need the wavefunctions of these (N — 1) electrons to com-
pute their charge distributions and the potential derived from it. Fortunately, the prob-
lem can be solved iteratively: we start from a first guess of one-electron functions
@?(i) (i = 1...N) built, for example, from linear combinations of atomic orbitals. Us-
ing these ¢ (i), we compute the charge distribution of the N — 1 electrons and the
effective potential in which the Nth electron moves. We obtain a further improved
one-electron function ¢>,(VI ) (N) for this Nth electron, and the process is repeated for all
N electrons.

The qb,( N (i) thus obtained are then again used to calculate the charge distribution of
N — 1 electrons and to obtain an improved ¢}(V2) (N) for the Nth electron. This proce-
dure is repeated until, after k iterations, the ¢,(f) (N) do not differ from the ¢,(\f41) (N)
of the previous iteration by more than certain predefined limits. The optimized one-
electron functions are then called self-consistent field (SCF) functions, because the
functions are consistent with the electric field they produce. Figure 2.33 visualizes the
SCF procedure in a flow diagram.

If the total wavefunction is written as a nonsymmetrized (with respect to electron
exchange) product

N
o(1...N) =TT ) (2.105)
i=1

of these optimized one-electron functions (molecular orbitals), the resulting procedure
is called the Hartree method [2.31}.

Until now we have ignored clectron spin. Fock suggested the use of products of
spatial and spin functions as optimized one-electron functions, the so-called spin or-
birals, and to write the total wavefunction $(1...N) as a Slater determinant, Eq. (2.81),
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| Potential ansatz ¢"(r) I
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Fig. 2.33 Flow diagram for the computational procedure in the
Hartree approximation.

built from these spin orbitals. As discussed in Sect. 2.7.1, such a wavefunction satis-
fies the Pauli principle automatically. These antisymmetric (with respect to electron
exchange) total wavefunctions &(1...N) are called SCF-HF functions (short for self-
consistent field Hartree—Fock) [2.32].

These improvements increase the computational effort — which is already large for
the Hartree method — significantly, but the improved results make the additional effort
worthwhile. Nowadays, for the computation of electronic molecular states and their
properties, HF functions are used almost exclusively.

Even in this most sophisticated of all one-electron models the instantaneous inter-
action e /r; ; of the electrons is not properly included. The error in the total energy
induced by this effect (deviation of the calculated HF energy from the “true” total
energy) is called correlation energy [2.33-2.35].

Typically, the correlation energy amounts to about 1% of the calculated HF total
energy. As the total energy is the total binding energy of all electrons (the sum of all
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ionization energies), 1% of this large energy can be larger than the dissociation energy
of the molecule. Thus, in unfavorable cases HF calculations can yield a completely
wrong picture of the bonding in a molecule (e.g., bond dissociation energies are no-
toriously overestimated by HF calculations due to the completely different electronic
situation in open-shell fragments as compared to the — closed-shell — intact molecule).

2.8.2
Configuration Interaction

The most important and most frequently used method to account for electron corre-
lation is the configuration interaction (CI) method. In combination with the Hartree—
Fock method it is the most accurate approximation for the calculation of molecular
wavefunctions and states. In the CI method, the wavefunction of a state is represented
by a linear combination

=Y ad (2.106)

of Slater determinants. The different Slater determinants are called configurations,
because they describe the electron occupation of the molecular orbitals. The sum
Eq. (2.106) contains only determinants with the same symmetry and the same spin,
because only for such functions

Hy = ($|H|®;) #0.

The Slater determinants ¢ in the sum Eq. (2.106) are usually obtained by the Hartree—
Fock method, but include orbitals which are unoccupied in the HF ground-state wave-
function (so-called virtual orbitals). A suitable choice of the basis, guided by physical
intuition, results in a better convergence of the computed energies towards the “true”
energies.

Finally, we summarize the structure of the complete procedure used to obtain SCF-
CI wavefunctions:

1. One-electron atomic orbitals or other, computationally more efficient functions
such as Gaussian or Slater functions, which approximate the atomic electron
distributions, are chosen as basis functions (see next section).

2. Molecular one-electron functions, the molecular orbitals, are built from linear
combinations of these basis functions.

3. Each molecular orbital is written as a product of spatial and spin function. It
can therefore accommodate a maximum of two electrons with opposite spins.

4. The molecular orbitals of all electrons are then combined into Slater determi-
nants, which are antisymmetrized linear combinations of products of molecular
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orbitals with permuted electrons. Each Slater determinant describes a molec-
ular configuration. The free parameters in a Slater determinant are the LCAO
coefficients. They are optimized iteratively in the Hartree—Fock procedure.

S. The total many-electron wavefunction is written as a linear combination of
Slater determinants, and the selection of contributing configurations is based
on symmetry arguments and physical considerations. The coefficients c; are
determined according to the variational principle by minimizing the energy.

28.3
Ab Initio Calculations and Quantum Chemistry

The HF-CI method is the basis for the most accurate calculations which can be per-
formed today on fast computers for small- to medium-sized molecules.

Such calculations are performed with the exact nonrelativistic Hamiltonian, Eq.
(2.2), without further approximations, that is, ‘from the beginning’. All such calcu-
lations, which are not based on assumed models but use numerical solutions of the
Schrodinger equation, are generally called ab initio calculations (ab initio is Latin for
“from the beginning”). There is also an increasing number of software packages which
solve the Dirac equation numerically using Hartree—Fock Slater determinants, that is,
which use the relativistic Hamiltonian and which are therefore called relativistic ab
initio calculations.

We have seen in the preceding sections that a suitable choice of the basis functions
is crucial for the quality of the results obtained. For larger molecules, where the
atomic ground states involve higher principal quantum numbers n, the atomic orbitals
get quite complicated and the numerical computation of the overlap and exchange
integrals is tedious. As a compromise between quality and computational effort, a
number of types of basis functions have established themselves as a kind of standard:

1. Slater functions
¥ =Nr'e Y/ (8,9), (2.107)
where the ¥} are the Legendre polynomials.

2. Pure Gaussian functions

@ = NeAlr—r0)* | (2.108)

3. Cartesian Gaussian functions

& = Nx'y'zme=BUr-n) (2.109)

The linear combinations of these basis functions form the molecular orbitals.
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Gaussian functions offer a huge computational advantage, because the necessary
integrals are much easier to calculate than for Slater functions.

Instead of keeping the origin of these functions fixed at the respective nuclei as
described for the LCAO method in Sect. 2.5.2, it is often advantageous to use the
origin as an additional variable parameter. Such floating atomic orbitals can in many
cases provide a quicker convergence of the calculations.

Further details can be found in the quantum-chemical literature [2.24, 2.29, 2.30,
2.36].
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3
Rotation, Vibration, and Potential Curves of
Diatomic Molecules

After having discussed, in the previous chapter, general approximation methods for
the calculation of electronic wavefunctions, we will now turn to a more detailed treat-
ment of ronrigid diatomic molecules. We start with rotation and vibration, and will
later present semiempirical methods for the numerical high-precision determination
of potential energy curves from measured rotation—vibration term values. The results
of these procedures will then be compared to theoretical treatments and their results.
The interatomic potential for large internuclear separations and the determination of
the dissociation energy, which is of great importance in chemistry, will be discussed.

3.1
Quantum-mechanical Treatment

Within the BO approximation we had obtained, in Ch. 2, Eq. (2.15b),
(ﬁl""Ep?) Xnm = EnmXnm (31)

for the movement of the nuclei in the potential E(R) of the electronic state (n|. For
diatomic molecules, Eq. (3.1) reduces to

S S g S
le - Mvz +En" (R)| xom(R) = E;x(R) (3.2)

where R = (R,, R}) represents the nuclear coordinates and R = |R, — R;| the in-
ternuclear distance. The wavefunction x,, of nuclear motion characterizes the mth
vibration-rotation level of the electronic state |n).

If we make a coordinate transformation to the molecule’s center-of-mass frame
(separation of translation) and introduce the reduced nuclear mass,

M\M,
p=
M| +M,
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Eq. (3.2) reduces to
[2ﬁ v+ E (R)] Xum(R) = Exx(R) . (3.3)

The potential energy E,SO) (R) in the nth electronic state depends now only on the inter-
nuclear distance R = |R; — R;|, and therefore is spherical symmetric! Equation (3.3)
formally corresponds to the Schrodinger equation for the hydrogen atom and can, in
spherical coordinates, be separated into a radial and an angular part [3.1]. In analogy
to the treatment of the hydrogen atom we make the separation ansatz

x(R.0,9) = S(R) x Y (0,9) (3.4)

with the spherical harmonics Y (6,¢). The radial function S(R) will of course be

different from the Laguerre function of the hydrogen atom, because E, (© )( R) is not a
Coulomb potential. The Laplacian A = V? is in spherical coordinates

19 /,0 1 9 0 1
==—|R— ———— | sinf— ——— 5 - .
A= RR ( 8R> T RZsin0 36 (S"‘ ae) t R0 96 (3:3)
If we substitute the ansatz Eq. (3.4) into Eq. (3.3) and use Eq. (3.5), we obtain, after
muitiplication with R?/ and rearranging terms,

19,05 2uR? EO®
SaRF o o |EE®)] =

1[1 o9/, o 1 %Y
Y [m% (S‘“"ﬁ) + —sinzmﬁ] - 36)

As the left-hand side of this equation does not depend on 4 and ¢, and the right-hand
side does not depend on R, both sides must equal a constant C, and we obtain the two
equations separated in R and 6, ¢,

I d [,2d8) 24 0 CHP o

RZdR (R ) +27 ra [E Ex"(R) 2/‘_R2 $=0, 3.7
1 o (. oY 1 v

m@ (Slﬂaa_H) + —— sin 0 a¢2 +CY = 0. (38)

These two equations are the basis for the exact treatment of rotation and vibration
of diatomic molecules! As soon as the potential curve B (R) for the nth electronic
state is known, the functions S are completely determined. The spherical harmonics Y
are of course known, and they describe the angular distribution of the functions X .

The first equation describes the radial motion of the nuclei, i.e., the vibration of the
molecule, while the second describes the azimuthal motion, i.e., its rotation. We will
start discussing molecular rotation in the next section. The separation constant C turns

out to be, in complete analogy to the separation treatment of the hydrogen atom [3.1],
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C =J(J+ 1), where J is the quantum number of total angular momentum. The term
J(J 4 1)h*/(2uR?) in Eq. (3.7) gives then the centrifugal energy.

3.2
Rotation of Diatomic Molecules

The simplest model of a rotating molecule is obtained if we assume that the internu-
clear distance R does not change during rotation. In this rigid rotor model, in which
the nuclei are connected by a massless rod and rotate around their center of mass, the
constant moment of inertia is / = uR%. The angular momentum

J=\/J(J+1)hé,

is perpendicular to the internuclear axis (which we choose to be the z axis) as indicated
by the unit vector é .

In real molecules, the nuclei vibrate around their equilibrium distance R, so that R
varies periodically during molecular rotation. Furthermore, the equilibrium distance
increases with increasing rotational excitation due to centrifugal forces. The elec-
tronic moment of inertia, depending on the density distribution in the electron cloud,
also contributes to the rotational energy. If the electrons possess an orbital angular
momentum L with the projection A # 0, the total angular momentum does not remain
perpendicular to the intermolecular axis.

We first discuss the rigid rotor and then centrifugal distortion, before we elucidate
the influence of the electrons in Sect. 3.2.3. Finally, in Sect. 3.4 after discussing
vibrations, we will turn to the interaction between vibrations and rotations.

3.2.1
The Rigid Rotor

For the rigid rotor, the internuclear distance is R = R, = const. It follows that the
function S(R) in Eq. (3.7) is constant and its derivative is zero. Also, the value of the
potential Epo(Re) at the equilibrium distance R, is constant and assumes a minimum.
We choose the energy scale so that Epq (Re) = 0. With C = J(J + 1), we obtain from
Eq. (3.7) the energies of the rigid rotor,

I+ 1R

EU) == @ (3.9)

We see that the rotational energy increases quadratically with the rotational quantum
number J (Fig. 3.1). The difference between neighboring rotational levels,

(J+ 1)A?

s 3.10:
o (3.10a)

AE(J)=E(J+1)-E(J) =

increases linearly with J.
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Fig. 3.1 Rigid rotor. a) Schematic representation; b) term dia-
gram; ¢} rotational spectrum.

In spectroscopy, term values F = E / (hc) are generally used rather than energies,
and they are given in wavenumbers, cm~!, because then also the term differences
AF = AE/(hc) measured during absorption or emission of radiation of energy hv
appear in reciprocal wavelengths, hv/ (hc) = 1/ A.

The rotational term values F(J) then become

F(J)=BJ(J+1), 3.1D)
where the rotational constant
h
= — 3.12
¢ 4mcuR? (3.12)

(in units of cm™!) is a measure for the inverse moment of inertia and thus also for the
equilibrium distance R.. The wavenumbers &(J) = AE(J)/hc of transitions between
neighboring rotational levels are then

oo =F(J+1)—F(J)=2B.(J+1). (3.10b)

A pure rotational spectrum of a diatomic molecule appears in the rigid-rotor approxi-
mation as a number of equidistant lines (Fig. 3.2).

3.2.2
Centrifugal Distortion

In a nonrotating molecule, the equilibrium distance R. in the electronic state |n) as-
sumes a value such that the potential E,SO) (Re) is a minimum and therefore the re-
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Fig. 3.2 Section from the far-infrared rotational spectrum of CO
between 15¢cm™~! and 40cm ™' for 12CO and '3CO (weak lines),
measured as an absorption spectrum [3.2].

% Transmission

sulting force on the nuclei vanishes. In a rotating molecule with angular momentum
J = \/J(J + 1)h an additional centrifugal force
2 p_ 1] )
F. = pwi,R = il because |J| = pRw (3.13a)
MRS
appears which leads, in the nonrigid rotor, to an increase in the internuclear distance
from R, to R. This creates an electrostatic restoring force

d
F=—=(E"®). (3.13b)
which for sufficiently small displacements (R — R.) is proportional to the displace-
ment, because the potential EY (R) can be described, in the vicinity of the minimum,

to good approximation by a parabolic potential (see Sect. 3.3). We can therefore write
F=k(R-R.). (3.13¢c)

At equilibrium, both forces must be equal and opposite. For |R — Re| < Re, this
results in

2 P

% R (3.14)

(R"Re) =

In addition to the kinetic energy of rotation |J|* /(21R?) of the rigid rotor, the cen-
trifugal distortion now creates an additional potential energy EC(R) & %k(R —Re)?,
so that the total energy becomes

E _ P 1kR R.)? 3.15
rol—ER_z‘i‘E( _e)- ()
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The second term in Eq. (3.15) can be rearranged with the aid of Eq. (3.14) to yield

4
(0) 1 |J]|
n (R)= = . 3.16
If we express R in terms of R, using Eq. (3.14), we obtain
J?.
R=Re<]+m>=Re(l+x) Wlth x<<1,
and from this the Taylor expansion
Lol 2 (3R
=== |1- - ... . 3.17
BRI R ( pkRY " G0
The rotational energy Eq. (3.15) is then
2 A 17
= - e 3.18
Eror zuRez Zkﬂzkg 2M3k2RéO + ( a)
The term values Fyoy = E;o1/ hc are then, using |J |2 =J{J+ l)hz,
Frot =BeJ(J+1) =D J2(J+ 1)+ HJ I+ 1) +..., (3.18b)
where the centrifugal constants are defined as
h3
D= —5—, 3.19
¢ 4mkcu?R8 (3.192)
5
3h (3.19b)

He=—m—sos .

© 7 4mk2cpRI0
Today we can achieve such a high precision in our measurements that we need to
include the third term in Eq. (3.18b) for larger values of J. Figure 3.3 displays the
shifts, Eq. (3.18), of the energy levels from those of the rigid rotor, and Table 3.1 lists
some values for the constants B, D, and H, for a selection of molecules.

3.2.3
The Influence of Electron Rotation

In the axially symmetric electrostatic field of the nuclei, the angular momentum L
of the electron shell is not constant as in the spherically symmetric Coulomb field of
a nucleus, but it precesses around the internuclear axis (z axis). The projection of L
onto the axis (Fig. 2.9) is designated with lower-case A for one-electron systems, and
with upper-case A for many-electron systems, and is a characteristic constant for each
electronic state (see Sect. 2.4).
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Fig. 3.3 Deviations AE of rotational term values of a nonrigid
molecule (b} from those of a rigid rotor (a).

The total angular momentum .J is a combination of A and the angular momentum
N of the rotating nuclear frame, and for A # 0 it is not perpendicular to the internu-
clear axis (Fig. 3.4). As the total angular momentum for the free molecule must be
constant, the molecule rotates around the direction of J, i.e., for A # 0 not around
an axis perpendicular to the z axis! If the electron cloud is viewed as a rigid entity
rotating around the z axis, the rotating molecule can be described as a symmetric top
rotor with two different moments of inertia: the moment of inertia /5 of the electron
cloud around the z axis, and the moment of inertia Ig of the nuclei around an axis
perpendicular to the z axis. Because of the small electron mass, /5 < /g.

Tab. 3.} Molecular constants for the ground states of some diatomic molecules,
inem~".

Molecule B. e We WeXe D, H.

H;, 60.85 3.06 4401 121.3 1.6x1072 -

D2 3044 1.08 3116 61.8 1.1x1072 6.7x107°
H¥cl 10.59 0.31 2990 52.8 53x107* 1.7x107%
D¥ql 545 011 2145 27.2 1.4x107* 1.5%107°
HYCl 10.57 0.309 2988 52.7 5.3x107* 1.6x10°8
Li 0.67 0.007 351.4 26 9.9x10°¢ 1.5x10710
Cs; 0.013 26x1073 420 0.08 4.6x107° 2 x10714

cO 1.931 0.017 2170 13.29 6.1x1078 1.8x107°
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Fig. 3.4 Addition of rotational angular momentum IV and the
projection of the electronic angular momentum L to yield the
total angular momentum J.

The rotational energy of this symmetric top is

22 p
E., =X 4z
o=t 21, o

From Fig. 3.4 we see that J2 = A% and J? +J2 = N?R* = (J(J + 1) — A%) 2.
Thus, with the rotational constant A = fi/ (47icla }, we obtain for the term values,

F(J,A) = BeJ(J +1) + (A= Be) A2 —DeJ*(J+1) +..., (3.20)

where A > B because /5 < Ig. The term AA? is usually added to the electronic energy
T because it is constant for a given electronic state, i.e., independent of J. Thus we
obtain for the rotational term value

F(J,A)=B. [J(J+1) = A2] =D J(J + 1) + HJ*(J +1)3. (3.21)

33
Molecular Vibrations

To solve Eq. (3.7) for the vibration of a diatomic molecule, we consider first the case

of a nonrotating molecule for which C = J(J + 1) = 0. Substituting
U(R)=RxS(R),

Eq. (3.7) becomes

U 2 (0)

et [E—E,, (R)]U_o. (3.22)
The subsequent procedure depends on the choice of the potential E,&O) (R) in the elec-
tronic state |n).
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3.3.1
The Harmonic Oscillator

Close to the equilibrium distance R., i.e., for small displacements r = R — R,, the
potential can to good approximation be described by a parabolic potential

1 1
Ep(R) = 5k,(R -R)’ = Ek,r"- , (3.23)
where the constant k, describes the magnitude of the restoring force F = —k.r. We

choose the origin of our reference frame so that R, = 0 and R = r. For a harmonic
oscillator with frequency wy and reduced mass p, we have k, = uwg. With the abbre-
viations

_ 2uE v ke

a= P and f=-"——+ =

« 2F
h ﬁ ﬁw() ’

and with the variable transformation £ = r\/3, Eq. (3.22) becomes

U (o ,

- - _ U=0. 3.24

(5 29
In the limiting case £2 > a/f, i.e., r — o, we can neglect o/ 3. In this case we can
write the asymptotic solutions immediately as

U=Cei£2/2,

as can easily be verified.

As the wavefunction U (£) must remain finite for £ — oo, i.e., for r — oo, the solu-
tion with positive exponent is physically not plausible.

For the general solution of Eq. (3.24) we apply now the ansatz

Yvib = C x H(£)e € /2 (3.25)

If we substitute Eq. (3.25) into Eq. (3.24), we obtain for the function H(£) the differ-
ential equation

d°H _dH s%
— —2— ——-1|H=0. 3.26
& o (57) (20
If we use for the solution a power series in &,
H() =Y a&*, (3.27)
k

we obtain, by substitution of Eq. (3.27) into Eq. (3.26), a recursion formula for the
coefficients ay,

(k+2)(k+ Dagyn = (2k+1—-a/B)ay . (3.28)
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The function yip can only be finite if the series Eq. (3.27) consists of a finite number
of terms; otherwise it would diverge for £ > 1. This means that the series has to
terminate after the term £, all terms in Eq. (3.27) with £ > v need to be zero. This
requires that in Eq. (3.28), (2v+ 1) — /8 = 0, because then a,+3 = 0. With the
definitions for & and 3 we obtain for the possible energies

Ey = hwy (u + -;—) with wo= Vk/ps. (3.29)

The energy eigenvalues E,, of the harmonic oscillator are equidistant. The lowest
vibrational state with vibrational quantum number v = 0 possesses a zero-point energy
Ep = Fwy /2.

In spectroscopy, term values G(v) = E, / (hc) are employed rather than the energy
eigenvalues of Eq. (3.29). They are written as

G(v) =we (v+1) (3.292)

with the vibrational constant we = wy/ (27%c), measured in cm ™"

Note that the quantization of the energy is a result of the requirement that the
function H(£) be finite in the whole range £, i.e., that it must be possible to represent
it by a power series with a finite number of terms.

The choice (/8 — 1) = 2v makes Eq. (3.26) a Hermite differential equation, the
solutions of which are the Hermite polynomials H(£). A number of these functions
are listed in Table 3.2. The normalization factor C in Eq. (3.25) is chosen so that
JU*U dr = 1. The vibrational wavefunctions ¥y, = U(€) = H(€) x exp[—£2/2] are
displayed in Fig. 3.5 for a number of vibrational quantum numbers v.

For large v, |¢Vib|2 assumes large values in the vicinity of the classical turning
points, where the classical oscillator also has the largest probability of being found.
This situation is nicely described by the correspondence principle, which states that
for large quantum numbers v, the quantum-mechanical description converges towards
the classical description. Figure 3.6 compares the quantum-mechanical probability
distribution |U(€)| dr (solid curves) with the classical value for two vibrational lev-
els, v = 0 and v = 20. For large v, the classical curve resembles the spatial average
of the quantum-mechanical distribution, while for v = 0 both descriptions yield com-
pletely different results.

Tab. 3.2 Hermite polynomials for the six lowest vibrational levels of the harmonic os-
cillator.

v Hy(£)

0 1

1 2

2 462 -2

3 863 —12¢

4 1664 — 4862 412

5 3265 — 16083 + 120¢
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Fig. 3.5 a) Vibrational wavefunctions v;, and b) their square
moduli for some vibrational levels of the harmonic oscillator.
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Re R

Fig. 3.6 Comparison between classical probability density (dot-
ted lines) and the square moduli of the vibrational wavefunctions
forv=0and v =20.

Table 3.3 lists measured values of the vibrational constants w, and the rotational
constants B. for some molecules. It is useful to memorize the magnitude of the
vibrational period T = (wec)™', which is T = 8 x 107135 for the lightweight H,
molecule and 8 x 10~ !3s for the heavy Cs; molecule, i.e., it generally falls in the
range 10712-107145, In contrast, the rotational periods for the lowest rotational level,
Trot = (2Bec) ™!, are T (Ha) = 2.5 x 107135 and T, (Cs) = 1.5 x 1077, i.e., they
are larger by two to three orders of magnitude.

The square moduli of the time-independent vibrational wavefunctions give the
time-average of the probability density of the vibrating nuclei. If we want to trans-
fer the classical picture of oscillating nuclei into a quantum-mechanical description,
we need to take into account that by specifying the position of a nucleus we introduce
an uncertainty in its momentum and hence its vibrational energy E = p?/2m. For
example, for a spatial resolution of 0.01 nm and a velocity of 10* m/s of the vibrating
nucleus, the maximum possible energy resolution is only about 10~!°J = 1eV. This
means that individual vibrational levels cannot be resolved if we want to determine

Tab. 3.3 Vibrational constants w. and rotational constants B. for some diatomic

molecules.

Molecule we/cm™! B./cm™!
H, 4395 60.80
N 2360 2.01

O, 1580 1.45
Liy 351 0.67
Na, 159 0.15
Csy 42 0.01

HCl1 2990 10.59
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the position of a nucleus at the same time. A superposition of the time-dependent vi-
brational wavefunctions of neighboring vibrational levels yields a wavepacket which
oscillates between the classical turning points of the vibration, and which resembles
the classical picture of vibrating nuclei much better than the time-averaged model of
stationary wavefunctions.

3.3.2
The Anharmonic Oscillator

For larger vibrational amplitudes, i.e., larger vibrational quantum numbers v, the ob-
served vibrational frequencies wyip differ significantly from the constant wo of the
harmonic oscillator. Usually, they decrease for increasing quantum number v. The
reason for this behavior is that the real molecular potential E,(,O) (R) does not approach
oo for large internuclear distance R — oo but converges towards the dissociation energy
E4 of the molecule (see Fig. 3.7). The dissociation energy Eq is the bond energy E;, in
the electronic state under consideration minus the zero-point energy E\(,?) = %hwo. Ey
corresponds to the difference E(A) + E(B) — E(AB) between the electronic energies
E(A) + E(B) of the separated atoms A and B and the electronic energy E(AB) of the
molecule at the minimum of the potential curve.

EpA
: : R
0,: | . ‘ >
i I e —
1) : Parabola ; -
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Fig. 3.7 Comparison between the harmonic oscillator potential,
the Morse potential, and a real molecular potential.
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3.3.2.1 Morse Potential
Morse [3.3] suggested a potential

2
E,(R) = Ey [1 —e—“<R—Re)] , (3.30)

which provides a good approximation for the attractive part of the potential because
it converges towards the energy Ep(R) = 0 for R — . The repulsive part of the
potential, (R < R.), which converges towards llei_r»l}) Ep(R) = —Ey [1 —exp(+aR.)]*,
shows in many cases larger deviations from measured values (see Fig. 3.7).

The Morse potential has the big advantage that it allows an exact solution of the
Schrodinger equation (3.22) [3.4].

By inserting Eq. (3.30) into Eq. (3.22), we obtain for the energies E(v) of the
vibrational levels v

Ey =R (v+ 1)~ E90 (y 1 1) (3.31a)

and for the term values T, = E,, / hc,
Ty = we (v+ 1) ~wexe (v+ 1) (3.31b)

with we = wp/2%c and wexe = fiwd / (8ncEy) = hew? /4E).
The frequency

wo =ay/2Ey,/

corresponds to the frequency of a classical oscillator with force constant k; = 2a2Ej,.
The constant a in the Morse potential Eq. (3.30) can be determined from a measure-
ment of wy and Fy,.

The term differences between neighboring vibrational levels,

ATy =Tys1 — Ty = we — wexe(v+2) (3.32)

decrease linearly with the vibrational quantum number v (Fig. 3.8) — in contrast to the
harmonic oscillator, where they are constant.

3.3.2.2 Taylor Expansion of Potentials

Better approximations to the real molecular potential E,(R) are obtained if we expand
the molecular potential in a Taylor series around the equilibrium distance R.. With
r = R — R, this yields

2 3
Ey(r) = Ep(0) + EL(0) + %E{,’(o) + %E{,"(O) o (3.33)

Usually the origin of the energy scale is chosen to be the minimum of the potential,
i.e., Ep(0) = 0. As Ey(r) assumes a minimum for r = 0, its first derivative is also
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o Morse potential
x Potential of Na,
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Fig. 3.8 Term difference AG, = G(v + 1) — G(v) as a function
of the vibrational quantum number v for the harmonic poten-
tial, the Morse potential, and the measured potential of the Na;
molecule [3.5].

zero, E(0) = 0. The first nonvanishing term in the Taylor expansion is therefore the
harmonic potential

2
Ep(r) = EE;/)/(O) .

A comparison with Eq. (3.23) shows that E;(0) equals the force constant ;. Using
the general ansatz Eq. (3.33) for the potential, the Schrodinger equation (3.22) can be
solved only numerically.

3.3.2.3 Quartic Potential
We will demonstrate the approximate computation of energy eigenvalues for the ex-
ample of a quartic potential,

1
Ey(r) = Ekrrz +ar’ +brt, (3.39)

which plays a role in the description of double-minimum potentials (Fig. 3.9). We
write the Hamiltonian H as

1
H=Hy+H +H, with Hy= —(fzz/Z,u)A—i—Ekrrz (3.35a)

H, =ar and H, = brt.
Next, we write the energy eigenvalues as

E(?)) :E()(’U)+E|(U)+E2(U) ) (335b)
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Fig. 3.9 Comparison of parabolic, cubic, and quartic potentials
with a real molecular potential.

where the Ey(v) are the eigenvalues of the harmonic oscillator. In first-order pertur-
bation theory, this yields

E = / GarWydr and  Ey= / G brivdr,

where ¥ are the eigenfunctions H (€) x exp(—£2/2) of the harmonic oscillator. Being
Hermite polynomials, the functions ¥ are real, and ¥y x ¥ is a quadratic function of
r; therefore the first integral vanishes because the integrand is an odd function of r,
that is, the cubic term in the potential does not, to first approximation, contribute to
the energy.

To compute the second integral as a function of the vibrational quantum number v,
the following relation for Hermite polynomials H(£),

Hy(€) = (-1)°e S ()

dgv
is useful. By stepwise partial integration we obtain [3.6]
3b 2
=3z [(v+4)"+1]. (3.36)

The energies are shifted upwards from the harmonic-oscillator levels. In second-order
perturbation theory, the cubic term also contributes to the energy; a detailed calcula-
tion can be found in [3.6]. Modern procedures do not start from the harmonic oscilla-
tor as the unperturbed system but from a Morse potential or even from approximated
functions for the quartic oscillator. Perturbational calculations then converge more
rapidly. A detailed account can be found in {3.7].
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3.3.2.4 Generalized Potential
The most frequently employed form for a molecular potential is semiempirical. Here,
the term values G(v) = E, / (hc) are described by a power sieres in (v + %)

G(v) =we (v+ 1) +wexe (v+ %)2
tweye (V1) Fuweze (v+ 1)+ (3.37)

and the coefficients we, WeXe, WeYe, - .. are determined from a least-squares fit of this
expression to the experimentally determined term values. Section 3.6 will describe
how the potential is calculated from these coefficients.

3.4
Vibration—Rotation Interaction

To describe vibration and rotation of a diatomic molecule, we must include the cen-
trifugal term J(J + 1)h%/ (2uR?) in Eq. (3.7), which can be combined with the poten-
tial E,(R) to form an effective potential

JUJ+1)R?

Epet(RJ) = Ey(R,J = 0) + AR

(3.38)
The energies E(v,J) and the averaged internuclear distance depend now not only
on Ey(R) but also on the vibrational quantum number v and the rotational quantum
number J. Before developing the mathematical treatment of the vibrating rotor, we
will first concentrate on the physical foundations.

During one full rotation, a molecule completes usually many vibrational periods
(typically 10-100). This means that the internuclear distance is periodically changing
during rotation (Fig. 3.10). As the angular momentum J = [w of a free molecule
is constant in time but the moment of inertia / = uR? is periodically changing, the

Fig. 3.10 Vibrating rotor.
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t

Fig. 3.11 Exchange of vibrational, rotational, and potential en-
ergy in the vibrating rotor.

frequency w of rotation must also change periodically, in phase with the molecular
vibration. Thus, the rotational energy Ero = J(J + 1)#%/(2uR?) varies also with R.
As the total energy E = Ei + Eyip + E, must of course remain constant, the energy
in the vibrating rotor flows constantly between vibrational, rotational, and potential
energy (Fig. 3.11). When talking of the rotational energy of a vibrating molecule, we
mean the time-average, averaged over many vibrational periods.

As [yip(R)|? dR is the probability of finding the nuclei at an internuclear distance
between R and R + dR, the mean value (quantum-mechanical expectation value) of the
internuclear distance is

R) = /Wib(R’U)Rinib(R,v) dR. (3.39)

Analogously we can define a mean rotational energy

J(J+ 1)
<Erol> ( + /wvlb R2 wvlb(v R) drR, (3.40)

which is proportional to the expectation value (1/R?).

To be able to express the rotational term values F = Eyo / fic in terms of a rotational
constant as in Eq. (3.11), we define a vibration-dependent mean rotational constant in
analogy to Eq. (3. 12),

v

4T|:/J.L /wwb R2 leb dR. (341)

The vibrational functions i, and thus also B, depend on the choice of the potential
E, = Epoi(R).
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o= <R>

Fig. 3.12 Mean values (R) and (1/R?) as functions of the vibra-
tional quantum number v, a) in a harmonic, and b) in an anhar-
monic potential.

Note: While for a harmonic potential, (R) is independent of the vibrational quan-
tum number v, this is not true for asymmetric potentials such as the Morse potential.
The mean (l / R2> depends on v even in the harmonic case, where it increases with
increasing v, while it decreases in real potentials (Fig. 3.12).

3.5
Term Values of the Vibrating Rotor; Dunham Expansion

The most precise determination of the effective potential Eq. (3.38) of a vibrating and
rotating molecule is based on a measurement of energies or term values of vibration—
rotation levels. The potential can then be calculated numerically from the term values,
independent of model potentials. As this is today’s standard procedure for the deter-
mination of potentials in diatomic molecules, we will discuss it in more detail in the
following, and we will also give some examples.

3.5.1
Term Values for the Morse Potential

For a nonrotating molecule with an assumed Morse potential, the term values Eq.
(3.31) can be obtained analytically by solving the Schrédinger equation (3.22). For
the rotating molecule, we must employ the effective Morse potential

JI+ 1)A?

2
: = — _ a—a(R—Re)
Vetf(R) Ep‘eff(R,J) Eb [1 e ] + zuRz

(3.42)
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which includes the additional centrifugal term J(J + 1)/ (2uR?). For this potential,
approximate solutions to the Schrodinger equation have been found by Pekeris [3.8].
The corresponding term values are

T(v,J)=G(v)+F(v.J) =we(v+ %) —wexe (v + %)2
+ByJ(J4+1) =Dy J2(J+1)2. (3.43)

The rotational and vibrational constants can be written as

By=B.—oc(v+3), (3.44a)
with
= and .= 3 we L - —1
¢ 4mcuR? ® 4uR2E, \aR. a’R%)’
and
8weke Sae alw
— 1 : _ ete € e
Dy, =Dc+f8:(v+3) with 56_03( o —w_e_zng) (3.44b)
For the vibrational constants, we obtain
a |2E, hew? ha®
=—/— = = , 3.45
“e = 2me M Wele 4E4  8mluc (3.45)
where E}, is given in joule, and p in kilogram.
The centrifugal constant can be calculated from the Kratzer relation
4B3
D, = —, (3.46)
we

which follows, for a Morse potential, from Eqns. (3.12), (3.19a) and (3.45). While
Eq. (3.46) is exact only for a Morse potential, it is still a good approximation for real
molecular potentials.

35.2
Term Values for a Generalized Potential

As the vibrational functions in Eq. (3.41) for an arbitrary potential are in general not
known, B, is frequently expanded in a power series in (v + %)

By =Be—ae (v+1)+7 (v+1) +..., (3.47)

and analogously for the centrifugal constant,

Dy =De+fe (v+3) +6 (v+1)+..., (3.48)
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and the coefficients Be, e, Ve, De, B¢, and . are determined by fitting the calculated
term values, Eq. (3.43),

T(v,J) =we (v+3) —wexe (v+ %)2

+ WeYe (U+ %)3 + WeZe (’U+ %)4

+BJJ(J+1) =Dy U+ 1)+ H P +1)3... (3.49)

to the experimentally determined term values. The coefficients characterize the inter-
nuclear distance R, and the potential in which the nuclei oscillate. They are thus called
molecular constants. Table 3.1 lists some values of the most important constants for a
number of molecules.

353
Dunham Expansion

As a realization of a generalized potential of a rotating molecule,

J(J + DK

Epot(R,J) = EpOl(R»-I - O) + 2/1,R2 N

Dunham [3.9] suggested a power-series expansion

Epot(R.J)

- =aof? (1+ a1+ m€ +..) +BJ(J+1)[1 —26+362 -4+ .. ]

(3.50)

with £ = (R — R.)/R., and expressed the term values of the vibration—rotation levels
by a power series analogous to Eq. (3.49),

T(v.J) =Y Y Ya(v+ 1) P+ 1)* . (Dunham expansion) (3.51)
ik

This gives a relation between the Dunham coefficients ¥ and the coefficients a; of the
potential expansion which was determined by Dunham [3.9].

The Dunham coefficients Yj essentially correspond to the coefficients we, wexXe,
etc., in the expansion Eq. (3.49) if the latter are simply considered as expansion coef-
ficients that are fitted to measured values. If the physical meaning of the coefficients
in Eq. (3.49) and the definitions from Eqns. (3.12), (3.19a), and (3.43)-(3.46), which
are strictly valid only for a Morse potential, need to be retained, then small deviations
of order (B./we)? occur (3.9] (see Sect. 3.6.2). If (Be/w.)? is sufficiently small, they
can be neglected, and we obtain

Yo~ we Yn=Be: Yii=-a.
Yoo = —wexe; Yo=De; Y=g (3.52)

iomweye: YnscHe;, Yai=e.
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An exact comparison for the coefficient Yoo yields not zero but

Be —weXe  QeWwe agwg
Yoo = . 3.53
® 2 128, ' 1a4B (3-33)

For a Morse potential, the only nonvanishing coefficients are Y)o, Y20, Yo1, Y02, Y11,
and Y12, so that the Dunham expansion reduces to only a few terms.

The Dunham expansion is the most frequently used method to determine molecular
constants from a least-squares fit of the measured term values to Eq. (3.51).

Equation (3.52) creates a relation between the Dunham coefficients Y, which may
be considered pure fit parameters, and the molecular constants we, e, etc., which have
a real physical meaning.

3.5.4
Isotopic Shifts

Both vibrational and rotational energies depend on the masses of the atoms involved.
Therefore, different isotopomers of a molecule have different term values T (v,J).
Recording spectra of different isotopomers is often helpful to identify specific lines,
i.e., to determine the quantum numbers v and J of a transition, because the isotopic
shifts, which depend on v and J, can be calculated precisely.

From Eq. (3.12) we see that the rotational constant B, is inversely proportional to
the reduced mass 1 = MM, /(M| 4+ M>) of the molecule. The centrifugal constant D,
is, according to Eq. (3.19a), D, < 1/ uz, and the vibrational constants are, according
to Eq. (3.44), we o< /11 and wexe o< p.

In the approximation Eq. (3.52), the mass dependence of the Dunham coefficients
Yy in Eq. (3.51) can be expressed through Yii’”) / Y,.,E“ 2 (p2/ ) F+2)/2 | For the
more exact relation Eq. (3.51) including higher terms, the corresponding expression
is [3.10]:

(1) (i+2)/2
Vi~ _ (12 Cp2 2y M2~
() e ge] @34

and the J3; are tabulated as functions of the coefficients Yy in [3.9] and [3.10]. For
comparison with more accurate measurements, the correction term in Eq. (3.54) must
be taken into account.

3.6
Determination of Potential Curves from Measured Term Values

The accurate determination of potential curves Eéf,)‘(R) for the different electronic
states / of a molecule is among the major objectives of the spectroscopy of diatomic
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molecules. For a known potential Epo(R) we know the bond energy Ej, and the equi-
librium bond distance R, and we can, at least numerically, calculate all relevant vibra-
tional and rotational levels from the Schrédinger equation. Knowledge of the potential
curves Ep(R) is also crucial for the calculation of reaction rates for collisions of two
atoms

A+B — AB*

and their dependence on the internal energy of the collision partners A or B. The
form of the potential curve (Eyo(Rag)) decides whether a reaction is endothermal or
exothermal.

For small diatomic molecules (e.g., Hz, Lis, LiH, etc.) the ground-state potentials
can be computed, without any information on experimental data, with an accuracy of
afew cm ™! by modern ab initio methods (see Sect. 2.8). Although there are computed
high-quality potential curves for heavier diatomic molecules {3.11, 3.12], the results
can not in general compete with the accuracy achievable by spectroscopic methods.
They still provide useful information as to which electronic states of a molecule occur
(see Sections 2.4 and 2.8), whether they are binding or repulsive, and on their approx-
imate energies. Such calculations can therefore greatly facilitate the interpretation of
measured spectra.

All presently known precise potential curves have been derived from experimen-
tal data with the aid of different computational schemes. They are thus relying on
semiempirical methods that do not require a knowledge of the electronic wavefunc-
tions ¢ in Eq. (2.7). Some of these methods are based on the WKB procedure, an
approximation method for the solution of the one-dimensional Schrodinger equation
(3.7), named after the initials of the inventors Wentzel, Kramers, and Brillouin [3.13].
We will therefore start by discussing the WKB approximation [3.14], before we con-
tinue by presenting today’s most frequently used methods for the determination of
molecular potential curves.

3.6.1
The WKB Approximation

We start from the radial Schrédinger equation (3.7), from which we obtain, by sub-
stituting ¥ = R x S(R), the equation

&2 2
Y 2 vy =0 659
with

(J+ )A?

J
Vetr = Epai(R) — SR (3.55a)

for the vibrating and rotating molecule.
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The kinetic energy of the radial motion,

2

Egin =E~Vegr = 5_# , (3.56)

can be expressed through the radial momentum p(R) = /2u(E — Verr).
With k = p/h, we obtain from Eq. (3.55)
d2w
T Ko =0. (3.57)
For constant potential, Veir = const., independent of R, k = ko = const., and Eq. (3.57)
describes a free particle. The solution of Eq. (3.57) is in this case

¥ = AetitoR
If V(R) varies only slowly with R, an obvious idea is to try a solution of the form
v =AcR) (3.58)

If we substitute Eq. (3.58) into Eq. (3.57), we obtain an equation for the unknown
function u(R)

.d%u du\? 2
v (d_R) +k*(R)=0. (3.59)

If the potential does not vary quickly with R, the second derivative d?u/dR? will be
negligible in a crude approximation, and we obtain the “zeroth-approximation up(R)”
from Eq. (3.59) with ug = dug/dR

W2 = k(R = uo = / k(R) dR+C.. (3.60)

If we substitute this result into Eq. (3.59), we obtain the first approximation:

du )’ &2 »
(£> =k2(R)+I£ = “‘:i/[kz(R)Jrluo(R)]m. (3.61)

This can used as a basis for an iterative approximation method, where we insert the
(n — 1)th approximation on the right-hand side of Eq. (3.61) and obtain the nth ap-
proximation for u(R) on the left-hand side. The solutions are then

un(R) = + / K2(R) +iu!_ (R) dR+C, , (3.62)

where C, is an integration constant determined by boundary conditions.
For the first approximation, we obtain

1 (R) =i/,/k2(R)+iug(R)dR+C|
= i/,/kz(R)Jrik’(R)dR. (3.63)
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The procedure converges if [K'(R)| < |k*(R)|. Expansion of the integrand yields

w1 fu ]+ (0] e
:i/k(R)dR+%lnk(R)+Cl.

For the wavefunction W(R) we obtain thus the approximate solution

U(R) = \/%_R)exp [i%/p(R) dR] , (3.64)

which is known as the WKB approximation. Introduction of the de Broglie wavelength

_h 2n

RGE

allows the convergence criterion k' < k? to be written as

=L < pR), (3.65)

that is, the approximation is valid if the variation of the momentum within one de
Broglie wavelength is small with respect to the momentum itself.

This condition is not met at the classical turning points of an oscillator, because
there p(R) = 0. The resulting difficulty for the application of the WKB approximation
can be circumvented, however, by using special solutions of the Schrédinger equation
(3.55) in the vicinity of the turning points, which can be obtained by linearizing the
potential Epo(R) in a small interval around the turning points R, Ry, i.e., if we write
Epot(R) = a(R — R;). For a detailed justification we refer the reader to [3.6].

For a periodic motion of the vibrating nuclei between the positions R; and R, we
obtain by integrating over a full vibrational period, i.e., over the path from R through
R> and back to Ry, the so-called action integral

1= }{ p(R)dR . (3.66)

The condition that the solution function be single-valued, Eq. (3.64), requires that the
function must return to its original value after one revolution. Therefore, it follows for
the exponent in Eq. (3.64) after v vibrational periods,

%}l{p(R) dR = iv(2n+1),

where we have accounted for the fact that upon reflection a phase shift of 7 is intro-
duced in the wavefunction. This yields the condition

I=(v+3)h, (3.67)
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for the action integral that determines that phase factor of the wavefunctions Eq.
(3.64), where v = 0, 1,2,... is the integer vibrational quantum number.

With p = +/2u(E — Vegr), this gives a quantization condition for the allowed ener-
gies E,

f,/zp(E—veff(R))dkz (v+1)n, (3.68)

which contains the dependence of the energy levels E(v,.J) of the vibrating rotor on
the effective potential Vegr = Epot(R) +J(J + 1)A2/ (2uR?).
If we treat E as a continuous variable, differentiation yields

3.69)

%z\/gfw—L Ver(R)

This is equal to the classical vibrational period Ty, as can be seen from the following
relation:

. dr 2
E= il +Val®) = G =/ =(E~Ven). (3.70)

Integration gives

ds

I dR
Tip=¢dt = /5 § —ce=—. 3.71
° ?{ Zf\/E—Vefr(R) dE 7D

3.6.2
WKB Approximation and Dunham Expansion

As mentioned in Sect. 3.5.3, Dunham [3.9] used a power-series expansion for the
effective potential Veg with the normalized expansion parameter £ = (R — Re) / Re,

Vege =hcao€? [l +ar1€+at + a3 +.. ]
+heBeJ(J+1) [1-26+362 —a6%+.. ] . (3.72)

The parameter ap = wg/ 4B, is determined by the classical oscillation frequency we
for small displacements (i.e., the frequency of the harmonic oscillator) and by the
rotational constant B, = hi/ (4mucR?) at the equilibrium distance R.

If we substitute this potential ansatz into the Schrodinger equation, we can solve it
within the WKB approximation. The relation between V¢ and the action integral can
be written, using Eqns. (3.66) and (3.67), as

1
§VE Var R = G )L (3.72a)
V2u
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Inserting Eq. (3.72) into Eq. (3.72a) and expanding the square root. The result is the
term values T (v,J) = E{wv,J)/hc in the form of the Dunham expansion

T(v,J) ——-Z;Yik(v—l—%)i[J(J-}— Dk, (3.73)

where the Dunham coefficients Yj; are connected with the coefficients g; in the expan-

sion of the potential.
A list of the relations for the first 15 Dunham coefficients can be found in [3.9,

3.15].

Note: As the expansion of the potential Eq. (3.72) converges only for
£ < 1, its validity is limited to internuclear distances 0 < R < 2R.. Nev-
ertheless, Eq. (3.73) can be used to fit measured term values also for
R > 2R.. However, the Dunham coefficients Yy, derived from that fit bear
no direct physical meaning, but can still be viewed as numerical data for
the determination of term values and they are useful for the calculation
of line positions in the spectra of transitions (v',J') — (v",J").

3.6.3
Other Potential Expansions

Finlan and Simons [3.16] suggested a potential expansion with arbitrary convergence
limit, using not £ = (R — R.)/R. as expansion parameter but z = (R — R )/R. This
means that z < 1 for all values of R. The potential V (R) is similar to Eq. (3.72),

V(R) = Ag*(1 +biz+ by +...) . (3.74)

The authors showed that the coefficients b; are related to the coefficients a; of the
Dunham potential by

n—1
an=by+ Y (—1)'bni (n_i.—l)—l-(—l)”(n—l—l). (3.75)
i=

Because for R — oo, that is for z — 1, the potential Epi(R) converges towards the
dissociation energy Eq4, we arrive at an additional boundary condition,

Eq=Ag (1 + ):1:,,) : (3.76)

A generalized potential that contains many approximations as special cases has been
developed by Thakkar [3.17].

36.4
The RKR Method

Today’s most frequently used method for the exact calculation of molecular potential
curves is based on work by Rydberg [3.18], Klein [3.19] and Rees {3.20]. It uses the
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(b)

Eid
El (ARU),
U+du
U
E=U Veﬂ‘ >R
A Ed J2
/- J
E (v, J) 1
R, Ry
,
W (9AK)y

R R

(a) (©

Fig. 3.13 Explanation of the RKR procedure. a) Integral A as
area between E =0 and E = U inside the potential curve; b) and
¢) variation of A with U and «.

WKB approximation to derive the classical turning points R and R; of the vibrating
molecule from the measured energy levels E(v,J). At these points the total energy
E(v,J) equals the potential energy. With the aid of these turning points R;, the whole
potential curve Epo (R) is then constructed point by point. This means that the poten-
tial Epoi(R) is not provided in analytical form, but is only tabulated at discrete points
Eyo(R;), where the number of turning points employed corresponds to the number
of measured energy levels. The RKR procedure yields more exact potential curves
than all other methods discussed up to now, and it is therefore the standard proce-
dure in molecular spectroscopy. Its precision is only surpassed by that of the yet less
well-known IPA procedure (see next section).

The RKR procedure will be investigated more closely with the aid of Fig. 3.13.
The energy E is taken to be that of a measured vibration—rotation level E(v,J). The
shaded area A in Fig. 3.13 between the total energy

JU+VR  pE

U = Epu(R) + TR + e Epot+ Exot + Evip (3.77)
and the potential curve
Verr(R) = Epor (R) + 1% with &= J(J';—ul)hz (3.78)
is given by the integral
A= (U~ Ep(R) - 25 ) dR. (3.79)
3 R
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We treat U as a continuous variable and differentiate A with respect to U for constant
K.
The partial derivative

dA Ra
(@)‘ = . dR=R;—R, (3.80)

gives the change in area A upon changing the total energy U for constant rotational
energy (Fig. 3.13b). Differentiation with respect to « at constant U gives

0A R1 dR 1 1
=———. 3.81
(ah) R R2 R2 Rl ( )

This describes the change of the area A at constant total energy U, but changing rota-
tional energy, which implies a change of Eggft( ) (Fig. 3.13¢). With the abbreviations

1 /A 1

f= 5 (E)’\ = 5(R2 —Ry), (3.82a)
L/3A 1/1 1

e (_a,e)U -1 <_R2 _ R—l) , (3.82b)

we obtain from Eq. (3.82) for the classical turning points in the potential EST pot at the
term energy U = E(v,J)

f 1/2 f 1/2

If we can determine the quantities f and g from measured energy levels E(v,J), the
turning points at these energies can be obtained from Eq. (3.83). The connection be-
tween f, g and E(v,J) is given within the WKB approximation by the action integral
Eq. (3.68),

lz/p( /\/Z,u E—Ey(R) - )dR h(v+1),

because with the aid of the Euler relation [3.21],

2 U U—E 1/2
U-Epg =~ / —=] dE, (3.84)
Verr E_Epot

we can express the area A in terms of the action integral /.
If we substitute the integral Eq. (3.84) into Eq. (3.79) for (U — Vi), we arrive at
the double integral

2 (R v U—E N
A:—/ / ( ) dE| dR (3.85)
TJR ,: Ver \E — Verr
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for the area A. By exchanging the order of integration, this yields

L1 2 [f__ AR
A= /Uo l(U E) R (E- Eeﬁ)l/2]dE’ (3.86)

where Uy is the energy at the minimum of Epot The integral over R is, according to
Eq. (3.69), equal to v/2/u d/ /dE. Hence, we obtain for the area

'un2/ (U El/zdl
:1/;1?/0 v —E(L.x)]"2dl, (3.87)

where I* is the value of the action integral for which E(/,x) = U. The energy E(1,x)
of the vibration-rotation levels can be obtained from the Dunham expansion Eq. (3.25)
by inserting //h for (v + 1) according to Eq. (3.67). This yields for the term values

T(v.J) = "‘) ZZY"‘( >( ) (3.88)

Usually, the potential curve Ept(R) is given for the nonrotating molecule. The term
values T(v,J) = G(v) + F(v,J) then reduce to the pure vibrational term values G(v).
With K = 0, we obtain for f and g in Eq. (3.82),

,*
) = V 2/11t2 ./ VU
| h v dv
= 2/14“2(‘ [) /U* — G('U) ’ (3.89a)

dl

g(U) = () W/pm

2
_ gy 2C / B” d” (3.89b)

One problem in the computation of these integrals is caused by the singularity of
the integrand at the upper integration limit G(v) = U*. Below the singularity, the
numerical integration is usually carried out using the standard Simpson method, while
the last part up to the zero point of the denominator, which yields large contributions
to the integral, is calculated using a Gaussian quadrature [3.22, 3.23].
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The quantities

G(v) = Y Yo (v+4)' = LYo (%) (3.90)

By =Y Ya(v+3) =YY% (%) (3.90)

are determined from the Dunham expansion for the nonrotating molecule (J = 0),
where the Dunham coefficients Yj and Y;; are calculated from a least-squares fit of the
measured term values 7 (v,J) in Eq. (3.66).

Although the RKR method is based on a first-order WKB approximation, it turns
out that it is the most accurate of all methods for the determination of molecular po-
tential curves discussed until now. This can be rationalized as follows: In the vicinity
of the potential minimum, the WKB term values are exact. Close to the dissociation
limit, for large v, the motion of the vibrating nuclei resembles the classical vibrational
motion (see Fig. 3.6), and the WKB approximation, being semiclassical, should also
be reliable in this region. As the RKR procedure involves an integration from the po-
tential minimum to the highest measured energy levels, the WKB approximation suits
this method well [3.11]. From the RKR potentials, the molecular centrifugal constants
can be obtained [3.24].

3.6.5
The Inverted Perturbation Approach

All methods for the determination of potential curves discussed up to now use a set
of molecular constants (for example, the Dunham coefficients Y ) that are determined
by a least-squares fit to measured term values T (v,J). With the aid of this set of con-
stants, the potential Epi(R) is determined, either through a power series expansion,
the coefficients of which are related to the molecular constants (Dunham expansion),
or through calculation of the classical turning points R; of the vibration and point-to-
point construction of the potential curve (RKR procedure).

The individual molecular constants Y are not uniquely determined in general,
because there exist correlations between them, the degree of which depends on the
number of measured term values. For example, the value of the rotational constant
B. = Yy, that is obtained from a fit to a set of measured term values depends on the
number of centrifugal constants Yok(k =2,3,.. ) included in the fit. The same is true
for the vibrational constants. As discussed in Sect. 3.5.2, the Dunham coefficients
are primarily fit parameters. Their physical interpretation as vibrational or rotational
constants depends on the form of the potential employed.

To ensure the uniqueness of the molecular constants and to provide them with a
well-defined physical meaning, we need to find constants which do not only allow one
to reproduce measured term values and predict unknown ones, but which also adhere
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to the boundary conditions that are imposed by the Hamiltonian of the molecular sys-
tem under consideration. The inverted perturbation approach (IPA) discussed in this
section, first suggested by Kosman and Hinze [3.25], is based on the variational prin-
ciple and obeys the above-mentioned requirements much better than all other methods
discussed up to now. It was further developed by Vidal [3.26] into a numerical pro-
cedure for the accurate determination of molecular constants and potential curves.
Its superiority over the RKR procedure has been demonstrated in several investiga-
tions [3.27, 3.28]. The following outline is based on the presentation in [3.26].

The IPA procedure uses an optimization method for the rotation-free potential
Epot(R), which is determined by the Schrodinger equation (3.22) of the nonrotating
molecule,

__h2 d2

HoWw =EV¥ with Hp= 2w AR + Epui(R) . (3.92a)

The rotating molecule is described by the Schrodinger equation of the vibrating rotor,

(Ho +Hrol)w(v,l) (R) =E(v,J) x W(v.!)(R)

. RJ(J+1) 1
with Hl-m = -——éu—ﬁ . (392b)
Using a variational procedure, Epo(R) is now optimized until the measured energies
E(v,J) agree with the values calculated from Eq. (3.92b), in a least-squares sense,
within predefined limits.
We start from the ansatz

Epot(R) = Epoty (R) + AEp(R) (3.93)

where Epoy, (R) is the starting-point potential (e.g., the RKR potential determined
from the Dunham coefficients) and AEpy(R) is a correction term. The correction
AE, ; of the energies is obtained from a first-order perturbation calculation through

AE,, = <a/},‘f,’ ‘AEPO.(R)

o)) . (3.94)

where the unperturbed wavefunctions ¥(%) are solutions of the starting-point equation
(3.92b)

R ¢

0 0 0 . 0
(H(g )+Hrot)!p1(;.1) = ES)J)Wz(:J) with Hé )= —Zaﬁ

+ Epoiy(R) . (3.95)
In contrast to the usual perturbational method, where energy corrections AE are calcu-
lated for a given perturbation AEpq (R), we use here the inverse procedure to calculate
AEqo(R) from the energy differences

(]
AE,; = E& —EY)
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between the experimentally measured values szjp and the energies Ef}oj) calculated
from the starting-point equation (3.92). If the starting-point potential Epg(R) is
already sufficiently good, a first-order perturbation calculation suffices to determine
AEpo(R), because in this case the higher orders contribute so little that they can
be neglected within experimental accuracy. This can be developed into an itera-
tion method by using the new potential Epo;(R) obtained in the first approximation
step as starting-point potential for the second step, etc. The functional form cho-
sen for AEp(R) is crucial to achieve a rapid convergence of the iterations. A lin-
ear superposition of products of Legendre polynomials P;(x) and Gaussian functions
exp [—a(x—x;)*],

V(R) = L eiP(x) exp [~a(x—x)™] (3.96)

turns out to be optimal for the numerical integration of the Schrodinger equation in
the individual iterations. The exponent n is typically in the range 1 <n < 5. The
argument x of the functions P and the Gaussian functions is determined by the inter-
nuclear distance R and the inner and outer turning points R} = Ry, and Ry = R,,.x in
the potential Epo(R) and it is defined as

(R - Re) (Rmax - Rmin)

) 3.97
(Rmax +Rmin) (R + Re) - 2Rmamein - 2RRe ( )

X =

so that x = 1 for R = Rpax, x = — 1 for R = Ry and x = 0 for R = R,. For a harmonic
potential, Re = (Rmax + Rmin) /2, so that, in this case, x = 2(R — Re) / (Rmax + Rmin)
is a linear interpolation for R.. From the iteratively determined potential Epy(R),
the term values G(v) can be calculated as eigenvalues of the Schrodinger equation
(3.92a) of the nonrotating molecule,

Eyy=0
G(v) = ———.
(v) = =~
The rotational constant B, is given, according to Eq. (3.41), by the expectation
value

1
R?

h
B, = Yy, 1=
v 471:“6 < vJ=0

W’UJ=0> ’ (3.98)

where the vibrational functions are determined by numerical integration of the Schro-
dinger equation (3.92a).
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Fig. 3.14 Comparison between measured term values and
those calculated with the IPA and RKR methods for the Mg,
molecule [3.29].

Figure 3.14 displays the differences AE between measured and calculated term
values for transitions in the A'E, — X 'E] system of Mg, for different vibrational
quantum numbers v [3.26]. This figure clearly demonstrates the superiority of the IPA
procedure over the RKR method.

3.7
Potential Curves at Large Internuclear Distances

For sufficiently large internuclear distances R, where the overlap of the electron clouds
of the two nuclei ceases to be significant, a classical view on the interaction between
two atoms does not only provide a deeper insight into the physical causes of their in-
teraction, but can also provide a quantitative description of the potential Epo (R). The
question Under which circumstances can two neutral atoms attract each other? will be
answered in the course of this discussion by the calculation of the multipole moments
of the atomic charge distributions. When combined with quantum-theoretical compu-
tations of these charge distributions, such a semiclassical method allows an accurate
determination of the potential Epy(R) for large R.

This procedure is especially important if the energy levels E(v,J) cannot be mea-
sured up to the dissociation limit. In these cases, the RKR or IPA procedures to de-
termine the potential work only up to the highest measured energy and hence up to a
maximum internuclear distance Rpay in the potential V(R). For R > Ry, the mea-
sured part of the potential can be extrapolated accurately using such semiclassical
methods.
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pil |

- P s
Chemical Multipole effects
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Fig. 3.15 Regions of internuclear distances with chemical bond-
ing for R < R. and long-range multipole interactions for R > R..

The method of multipole expansion, based on classical electrodynamics, is not
applicable in the region R < R. below a critical internuclear distance R, when the
overlap of the atomic electron clouds leads to exchange effects and makes a quantum-
mechanical treatment unavoidable (Fig. 3.15).

3.7.1
Multipole Expansion

We consider the potential Epo (P) at point P, created by a distribution of point charges

gi(r;) (Fig. 3.16). If the distance R between P and the center of charge S is large
compared with all occurring ;, we can expand Epe(R,7;) in a convergent Taylor

Fig. 3.16 Multipole expansion.
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series with successively decreasing terms,

Epor(P) = 41:,50 Z,' |R‘ﬁ il 41150 ; (R +r? - ZqI;ricosﬂ,-)‘/2
~ F&)R;qi 1+ %cosﬂi—k %g (3cos®6; — 1) +}
- 47:ZOR 1:;011?2) %41:5Q0R3 te (3.99)
= monopole + dipole +- quadrupole + higher terms ,
where

g=Y gi isthe total charge,
i

p= Zq,-r; is the total dipole moment ,

i

Q=Y g [3(Ror:)> —77] is the quadrupole moment
i

of the complete charge distribution.

For neutral atoms, Y ¢; = 0, and the first term in Eq. (3.99) is zero. In the absence
of external fields, atoms possess, averaged over time, no permanent electric dipole
moment, and therefore the second term also vanishes. For a spherical symmetric
charge distribution, the quadrupole moment is also zero. Thus, the potential

Cn
R"
created by a neutral atom can only contain terms with n > 3.

The interaction between two neutral atoms is due to induced moments, as will be
shown in the next section.

Epot (P) =

3.7.2
Induction Contributions to the interaction Potential

An atom in an S state possesses, averaged over time, no dipole moment, because the
time-averaged charge distribution is spherically symmetric and thus the expectation
value of the electric dipole moment is zero,

(p)=q/u7*'rspd7'=0.

There exists, however, at each time an instantaneous nonvanishing dipole moment
p(t) that changes its direction continuously so that its time-average vanishes. For
example, for the hydrogen atom in the 1S state, p(z) = —er(t), where 7(¢) is the
vector from the nucleus to the electron (Fig. 3.17).
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Fig. 3.17 Instantaneous and time-
averaged electric dipole moment of an
atomin a S state.

Fig. 3.18 Induced dipole moment in the
electric field of a point charge.

In an external electric field E, the energy W = p(r) - E will change almost ran-
domly, because the direction of p(r) changes, but orientations of p with lower energies
are favored over those with higher energies. Therefore the time-average of p(r) does
not vanish, and an induced dipole moment

pind = o E (3.100)

occurs, with a magnitude proportional to the strength of the external field. We will
elucidate this for a few examples.

3.7.2.1 Point-charge-induced Dipole (lon-Atom Interaction)

The Coulomb field
q A
Ey=——
AT Ame,R? Ro

of a point charge g at point A induces a polarization in a neutral atom B at a distance
R from A. The center of the distribution of negative charges is shifted with respect
to the positive charge in the nucleus (Fig. 3.18). This shift, which is proportional to
the strength of the electric field at the location of atom B, leads to an induced dipole
moment

qaB 5
ind = Er=+—-=R,. 3.101
Hind = +apEx = + pr) Ry ( )

The interaction potential between an ion A with charge ¢ and the induced dipole mo-
ment of the atom B,

2
_ _ q _ C
Epol(AB) = —ind - FA = —ap (41IEOR2> =R (3.102)

leads to a negative energy and thus to an attraction that decreases as R™4.
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3.7.2.2 Interaction Between Two Neutral Atoms

Isolated neutral atoms have a total charge ¢ = 0 and the time-average of a possibly
occurring instantaneous electric dipole moment is also zero. However, if two atoms A
and B approach each other, the instantaneous dipole moment gz () of atom A creates
a field

EA(B) = Ry (3.103)

4nEoR3 Ba-
at the location of atom B (Fig. 3.19), which induces a dipole moment fsinq(B) = o Ea
in atom B. This dipole moment in turn creates an electric field Eg(A) at the location
of atom A, which induces a time-averaged dipole moment g4 = as Eg(A) in atom
A (Fig. 3.20). The interaction energy between the two induced dipoles ui,;‘d and ,ug'dis
then

_HBEA A Eg. (3.104)

Epoi = —pp-Ep = m =

Inserting p1p = aaEp and up = apFEy yields

aAQB Ce . aAQB
—_— = th Co=——.
RS g " T lUne)e

Hence, the interaction between two neutral atoms without permanent dipole moments
(van der Waals interaction) decreases with 1/ RS!

If we write the interaction potential between the atoms as a power series
oo C,,

EPO‘(R) == Z R’
n=0

Ept = —C (3.105)

the term in R~© is the first nonvanishing term, describing the interaction between two
induced dipoles.

E =2u-cos1‘) _ pesingd E =0

4neg-R® 07 amgg R

Fig. 3.19 Electric field of a dipole.
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Fig. 3.20 Mutual induction of two atoms without permanent
dipole moments.

If we take into account induced quadrupole moments, terms with R~% and R~10
appear. Because of the mirror symmetry of the system, only even powers of R occur
for identical atoms.

The interaction potential between neutral atoms at large distances, where the over-
lap of the electron clouds can be neglected, can then be written as

- G

o (3.106)

Epo!(R) = -

The interaction is attractive, as can be seen from the negative sign in Eq. (3.106). It
is a short-range interaction because it decreases at least as 1/RS. The atomic polariz-
abilities are usually determined experimentally, but high-precision ab initio values are
also available.

Figure 3.21 compares the different contributions to the interaction between two
atoms in their S states at large internuclear distances for the ground state potential of
the Csy molecule. Curve (a) displays the potential if only the quantum-mechanical
exchange term Ve is included. We see that this term plays virtually no role for dis-
tances larger than about 1nm. For curve (b), the induced dipole-dipole interaction
—Vo = —Cq/RC is additionally included, for curve (c) also the quadrupole interaction
—Vg = —Cg/R8, for curve (d) also the term Cjo/R'C. If one goes even further and
includes also the Cj2/R"? contribution in Eq. (3.106), the calculated potential curve
and the vibrational term values G(v",J” = 0) derived from it agree perfectly with the
experimental results within experimental accuracy.

Remark: Even for the long-range interactions, the quantum-mechani-
cal description is more accurate than the power-series-based multipole
model, because the wavefunctions of the two atoms provide of course
more accurate electronic charge distributions. The quantum-mechanical
calculation is much more laborious, however. For example, the van der
Waals interaction is computed by a second-order perturbation calcula-
tion with the unperturbed atomic wavefunctions [3.30, 3.31].
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Fig. 3.21 Potential curves of the Cs, molecule at large internu-
clear distances.

3.7.3
Lennard-Jones Potential

The complete range of the interaction potential between two neutral atoms can be
described by the empirical Lennard-Jones potential (Fig. 3.21)

a b
Ep(R) = R RS (3.107)

where the constants a and b are adjustable parameters depending on the interacting
atoms.

Ep[

Fig. 3.22 Lennard-Jones potential.
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From Eq. (3.107) we see that Epei(R) = 0 for R = Ry = (a/b)'/ (Fig. 3.22). The
potential possesses a minimum for dE /dR = 0, which yields for the distance R. at
the mimimum

2 1/6
Re:<7) =Ry x 270 . (3.108)

The bond energy of the molecule is then (neglecting zero-point energy)

b2
Eg = —Epa(Re) = % (3.109)
The coefficients a and b are adjusted for the specific molecule so that the potential
resembles the experimentally determined curve as closely as possible.
More detailed accounts on the long-range part of the potential for diatomic mole-

cules can be found in [3.30-3.32].
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4
Spectra of Diatomic Molecules

Up to now we have discussed only the possible energy levels of molecules and the
symmetries of the corresponding wavefunctions. In this chapter we will now turn
to the central topic in molecular spectroscopy: the explanation and interpretation of
molecular spectra and their importance for the investigation of molecular structure.

The relation hvy = E; — E; associates a defined frequency vy to each possible
combination of energy levels E; and E; of a molecule. Whether this frequency is
indeed observable in the spectrum depends on a number of selection rules, which
decide, based on symmetry considerations, between which combinations of energy
levels E;, E; radiating transitions may occur, the so-called allowed transitions. The
intensity of an allowed spectral line depends on the occupation numbers N; of the
absorbing and N of the emitting molecular level, on the probability for a transition
|k) — |i) and, in the case of stimulated transitions, on the intensity and polarization of
the incident light.

In this chapter, we will provide answers to the following questions:

1. Between which pairs of molecular states can transitions take place by absorption
or emission of electromagnetic radiation?

2. What is the transition probability and what are the factors by which it is deter-
mined?

3. What are the spectral profiles of emission or absorption lines for such a transi-
tion?

Although we will answer these questions for diatomic molecules in this chapter, the
results can be transferred with only minor modifications to polyatomic molecules (see
Ch. 8).

First, we will discuss the concept of transition probability and elucidate its con-
nection with the wavefunctions of the molecular states involved in the transition. This
will lead us to dipole matrix elements and symmetry selection rules. Section 4.3 dis-
cusses the spectral profiles of molecular transitions and explains the different reasons
for linewidths. Finally, we will discuss two-photon transitions, Raman spectra and
two-photon absorption as illustrative examples.

Molecular Physics. Theoretical Principles and Experimental Methods. Wolfgang Demtréder.
Copyright ©2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40566-6
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4.1
Transition Probabilities

We will start with a basic definition of transition probabilities, first introduced by
Einstein, and then elucidate the connection between transition probabilities and the
molecular wavefunctions. For more detailed derivations of this approach in the semi-
classical approximation, we refer the reader to [2.2, 2.3, 4.1, 4.2).

4.1.1
Einstein Coefficients

We consider a molecule with the energy levels E; and Ey in an electromagnetic radi-
ation field with spectral energy density p{v) (energy per unit volume and frequency
interval). The probability (dW; /dt).s that this molecule absorbs a photon hv =
(Ex — E;) and undergoes a transition from its state |i) to the energetically higher state
|k) (Fig. 4.1) is proportional to the number of photons with frequency v incident on the
molecule per unit time, which in turn is proportional to the spectral radiation density

p(v),
dW,‘k )
( dr )abs B’kp(y) . (4 Y

The constant By is the so-called Einstein coefficient of absorption; it depends on
the specific transition |i{) — |k) of the corresponding molecule.

Analogously, the probability for a molecule in the excited state |k) undergoing a
transition into the lower state |i) by stimulated emission is

dWy; n
(55) =200 2

In this process, the incident photon stimulates emission of another photon from the
molecule. The constant By; is the Einstein coefficient of stimulated emission. A
molecule in the excited state |k) can also relax to a lower state spontaneously, that

I k>
h-v
h-v h-v h-vy h-v
. (a) (b) (c)
li>

Fig. 4.1 Stimulated and spontaneous transitions. a) Absorption,
b) stimulated emission, ¢} spontaneous emission.
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is, without interacting with an external radiation field, by emitting a fluorescence pho-
ton hv = (Ey — E;). The probability for such a spontaneous emission is independent
of the radiation field,

(lek_> . @3)
dr spont

where Ay, is the Einstein coefficient of spontaneous emission.

If molecule and radiation field are in thermal equilibrium, the rate of absorption
processes must be equal to the rate of emission processes per unit time, because oth-
erwise no stationary population densities N; and N would exist. It therefore follows
that

NiBixp(v) = Ni (Ai + Biip(v)) - 44
The ratio of the population densities is given by the Boltzmann distribution,

Ne _ 8k e (E—Ei)/kT (4.5)
Ni &
where g = (2J 4 1) is the statistical weight of a molecular state with the total angular
momentum J and kz = 1.38 x 1072 J K~! is the Boltzmann constant.
If we substitute Eq. (4.5) with (E; — E;) = hv into Eq. (4.4) and solve for p(v), we
obtain

Api/ Bi
plv) = — B i/ Bu . (4.6a)
&_”i ehu//\BT -1
8k Bii
Also, a thermal radiation field obeys the Planck law,
8nthy’ 1
p(v) = 3 X Tl 1 (4.6b)

Equations (4.6a) and (4.6b) must hold for arbitrary temperatures T and for all fre-
quencies v. We can therefore compare coefficients and obtain the important relations
between the Einstein coefficients,

8k
Bj.= EBI(/ ,
it
4.7)
8nhy’
A= —3—Bu
P
Note:

1. The quantities (dWy /dt) indicate probabilities per unit time; they
can be larger than one! For example, Ay = 1085 for the sodium
3p — 3s transition.
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2. If the spectral energy density p(v) is given in angular frequencies
w = 2my, p(w) decreases by a factor of 2T, because the interval
dw = 1 corresponds to the interval dv = 27t and p(w) dw = p(v) dv

must hold. As the probability of stimulated emission B,(;’)p(w) =

B p(v) does not depend on the choice of a specific unit for the
ki

frequency, the relation B,(:) = 27tB,(C;') must hold and Eq. (4.7) be-

comes

hw? ()

Ap = — B
S P

(4.7a)
The fluorescence radiant power emitted by Nx molecules per unit volume into the
solid angle 47 by a transition |k) — |i) is

PP = NyhvAy; < V*By; . (4.8)

Although the fluorescence intensity of a single molecular dipole has an angular
distribution Iy (6) o< sin® §, where @ is the angle between the dipole axis and the direc-
tion of observation, the total emission from N molecules with random orientations in
space is isotropic.

The absorption of an electromagnetic wave with intensity I = cp, where p(v) is
the spectral energy density, can be obtained as follows. If an electromagnetic wave of
beam cross-section Q and spectral density p(v) is incident on a sample of molecules
in the z direction, the net absorbed power (absorption minus stimulated emission) per
unit volume dV = Q dz is

P = (N;Bi — NiByi) p(v)hv . 4.9)

This can be written, using relation Eq. (4.7), B = (g« / 8i)Bxi» as
P = (Ni - 'g&-Nk) Bip(v)hv . (4.9a)
K

For energies Ex > kT, the populations satisfy Ny < N; and the second term in paren-
theses can be neglected.

Usually, the absorption of a plane wave of intensity / = cp (spectral power density
per frequency interval dv and per unit area) traversing an absorbing medium in the z
direction is described by the decrease

dl = —a(W)ldz= I =he (4.10)

of the intensity I{z) with increasing absorption path length z, where a(v) is the
frequency-dependent absorption coefficient. The power absorbed on the transition
[i} — |k) per unit volume dV = Qdz for a cross-section Q of the plane wave is

pr=of (3—2) dv=0 [a@)1av, @.11)
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where the integration is over the spectral profile of the absorption line (see Sect. 4.3).
If the intensity / of the incident radiation is constant over the frequency range of the
spectral line of an absorbing transition, / can be moved outside the integral, and by
comparing Eq. (4.9a) and Eq. (4.11) we obtain the relation

/a(u) dv = (N, - ?NK) Bup(v)hv (4.12)
k

between absorption coefficient and Einstein coefficient. For monochromatic radiation
1(v), the absorbed power depends on the frequency detuning (v — vy) if vy is the
central frequency of the absorption line (see Sect. 4.3).

41.2
Transition Probabilities and Matrix Elements

Electrodynamics shows [4.3] that a classical oscillating dipole with an electric dipole
moment

d = gr = dgysinwt (4.13)
radiates an average power of

2 2wt

H ‘212
SW with d2 = fd() s (414)

F =
integrated over all angles ¥ (Fig. 4.2a).
In the quantum-mechanical treatment, the mean value 4 of the electric dipole mo-
ment of an atom with an optical electron in a stationary state {(n,l,m;,m;) =i is de-
scribed by the expectation value

(d)=e(r)= e/wi*rwi dr (4.15)

pear

r =rq-sinwt
P(9) =Py -sin? § "

a) b) ’ c)

Fig. 4.2 a) Radiation characteristic of a classical dipole. b) Ex-

pectation value of d for an atomic p state. c) Electric dipole mo-
ment of a diatomic molecule.

125



126

4 Spectra of Diatomic Molecules

(Fig. 4.2b), where the vector r is the position vector of the electron. The integration
is over the spatial coordinates of the electron, that is, dT = dx dy dz or, in spherical
coordinates, 2 dr sind d? de.

For a transition E; — Ej, the wavefunctions of both states must contribute to the
expectation value (r). We therefore define the expectation value Dy = (dy) of the
so-called transition dipole moment dj; to be

Dy=e / Yrrd dr, 4.16)

where the subscripts i and k are merely shorthand notations for all quantum numbers
of the states involved in the transition. Of course, we might as well have used the
quantity Dy;, because | Dy} = | Dy

If we replace in Eq. (4.14) the classical average a2 by the quantum-mechanical
expression

L (| Di| + | Dil)* = 2| Du* (4.17)

we obtain for the average power emitted in the transition E; — Ej by an atom in state
E;
4 w4 2
Py) = - —%— |Dul*, 4.18
< i ) 3 4Tl',EoC3 | 1k| ( )
which is completely analogous to the classical emitting power of an oscillating dipole
if (d?) is replaced by 2| Dy |*.
N; atoms in the state E; radiate an average power P = N; (Py) at frequency wy.
With the probability per unit time Ay that an atom in state E; undergoes a spon-
taneous transition to state £; and emits a photon hv, the mean power emitted by N;
atoms in the state E; is

(P) = NiAghvy . 4.19)

The factor A is the Einstein coefficient of spontaneous emission introduced in the pre-
ceding section. Comparison of Eqns. (4.19) and (4.18) yields, together with Eq. (4.16),
the relation

3 2

2
_ 2w
3 ec3h

Aj (4.20)

[wirinar

The probability of spontaneous transitions is thus directly proportional to the squared
matrix element. If we know the wavefunctions 1; and 1/, of the states involved in the
transition, we can calculate the transition probability A; from Eq. (4.20), and, using
Eq. (4.19), the power emitted by N; atoms in the state E; at a frequency vj;.

The expectation values Dy for all transitions |i) — |k} of an atom can be arranged
in a matrix so that its nonzero elements indicate all allowed transitions and their in-
tensities. The D;; are therefore called matrix elements.
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Remark: As its classical analog Eq. (4.14), Eq. (4.20) is valid if the
wavelength A is large compared to the diameter of the dipole (dipole ap-
proximation). For visible light, this condition is always fulfilled, but not
necessarily for X rays, when A < 1 nm.

Example
A=500nm, |r| =0.5nm = |L/\|z10_3.

As Eqns. (4.7) relate the Einstein coefficients of spontaneous emission A to those
of stimulated absorption or emission B, the probabilities of the latter must also be pro-
portional to the square of the matrix element. They must, however, also depend on the
intensity of the incident light wave, because the corresponding transition probabilities
Wi depend on the spectral energy density p(v) of the radiation field.

The quantum-mechanical treatment (a time-dependent perturbation calculation, in
which the electromagnetic field is treated as a perturbation of the molecule’s Hamil-
tonian) yields, in the dipole approximation, a result for the transition probability of
absorption that is completely analogous to the corresponding result of the classical
treatment,

dw,, Ime?
aps

where Ej is the electric field vector of the wave and D), is the dipole matrix element
for the transition from state |m) to state |k). While for atoms, the matrix element
Eq. (4.16) depends only on the position vector r of the optical electron, in molecules
the nuclei with charges Ze can also contribute to the dipole moment. We will now take
a closer look at the dipole matrix elements for diatomic molecules.

If we choose a reference frame with the origin at the charge center S of the molecule
(Fig. 4.2¢), the dipole operator for a diatomic molecule,

d = —eY,ri+ZeR|+ZeR;
= del+dnuc,

(4.22)

is determined by the contributions dg; of the electrons and dy,. of the nuclei to the
dipole moment. The dipole matrix element for a transition from state m to a state k is
then

Dot = / Wiy drey A 4.23)

where the integration dr,, is over the configuration space of the two nuclei and dr
over the configuration space of the electrons.
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41.3

Note: The vector E is defined in the laboratory frame (X,Y,Z), where-
as Dyy is defined in the molecule-fixed frame (x,y,z). For the explicit
calculation of Eq. (4.21) we must therefore introduce a relation between
the two reference frames with the aid of the Euler angles (see Sect. 4.2.1).

Matrix Elements in the Born—-Oppenheimer Approximation

Within the BO approximation (Sect. 2.1.3), we can separate the total wavefunction
into a product

VU = el Yue = P X X 4.24)

of an electronic wavefunction e = ¢(r, R) and a nuclear wavefunction ¥y, =
x(R). Now Eq. (4.23) can be written as

D, = /¢:nx:n (dcl + dnuc) Dr Xk dTel dTnuc

= / Xom [ / Gmderdi dTel] Xk dTnuc + / Xom e [ / PPk dTel] Xk dnuc -
4.25)

Now we must distinguish two cases:

(a)

(b)

The levels m and k belong to the same electronic state, that is, the dipole tran-
sition occurs between two vibration—rotation levels within one electronic state.
Then ¢,, = ¢, and the first term in Eq. (4.25) vanishes, because the integrand
in the integral over dr, i.e., ¢}, de1Pm = eP}, T O = €T |¢,,,|2, is an odd function
of the integration variables so that the integral over the whole electronic config-
uration space vanishes. As the electronic wavefunctions ¢; are orthonormal the
integral in the second term is [ ¢% @, d7e; = 1. Hence, the matrix element is, in
this case

Dy = /X:ndnchk dTnuc (4.26)

The matrix element for vibrational-rotational transitions within the same elec-
tronic state is determined by the dipole moment dyy and the wavefunctions y
of the nuclear framework.

For transitions between different electronic states (¢, # ¢x), the integral in
the second term in Eq. (4.25) vanishes because of the orthonormality of the
electronic wavefunctions,

/¢fn¢k A7 =8 =0form# k.
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The matrix element is then
Dy = /X; [/ ¢:ndel¢k dTel:| Xk drye

= / X Dk douc 4.27)
where
Dy (R) = / me1i de) (4.28)

is the electronic part of the matrix element, which in general depends also on
the nuclear coordinates R because ¢ = ¢(r, R).

Matrix elements of electronic transitions depend on the dipole moment of the
excited electron and both the electronic and the nuclear wavefunctions.

42
Structure of the Spectra of Diatomic Molecules

As mentioned at the beginning of this chapter, the frequencies v (or the wavenumbers
U = 1/A) of the lines in a molecule’s absorption or emission spectrum depend on the
term values of the molecular energy levels involved in the transitions. Their intensities
are determined by matrix elements. Measurements of line positions and intensities
allow therefore the determination of energy levels and transition probabilities. We will
now discuss the structure of the spectra of diatomic molecules based on the arguments
from the preceding section.

421
Vibration—Rotation Spectra

We start with case (a) as discussed above, that is, with transitions within the same
electronic state. Such transitions form the vibration-rotation spectrum located in the
infrared region of the electromagnetic spectrum, or the pure rotational spectrum lo-
cated in the microwave region.

If we substitute Eq. (4.22) for the dipole operator dy, into the expression for the
matrix element Eq. (4.26), we obtain

D, = e/x;‘,, (ZlRl +ZzR2)Xk dTnue - 4.29)

For homonuclear molecules with nuclear charges Z)e = Z¢ and atomic masses M| =
M3, Ry = —R;. Hence, from Eq. (4.29) it follows that D,; = 0. In other words,
homonuclear molecules possess, in the dipole approximation, no allowed vibration—
rotation transitions! Hence, they show neither pure rotational nor vibration-rotation
spectra.
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Fig. 4.3 Orientation of the molecular axis (z axis) in the labora-
tory frame X,Y,Z.

We will now turn to the discussion of the general case of heteronuclear diatomic
molecules, when D, # 0. The dipole moment Eq. (4.29) is directed along the molec-
ular axis. The z axis of a rotating diatomic molecule encloses the polar angle 8 with
the Z axis and the azimuthal angle ¢ with the X axis of a laboratory frame with its
origin at the center of mass S. The dipole moment vector dy,. of the nuclear frame-
work,

doye = 6(21R| +22R2) = e(ZlRl —Zsz)RO
= |dnuc| ‘Ry, (4.30)

is directed along the molecular axis. To express it in the coordinates of the laboratory
frame (in which we observe emission or absorption) we separate dp,,. into a product
of its magnitude |dny| = (Z1 Ry — Z2R;)e and the unit vector

Ry = {sinfcosp,sinfsinp,cosb} , 4.31)

which defines the orientation of the molecular axis relative to the laboratory frame
(X,Y,Z), in which the vector Ey of the electromagnetic wave E = Epel'~* & jg
defined (Fig. 4.3).

Generally, infrared spectra are observed in absorption rather than emission. This
can be traced to a number experimental subtleties. For example, the spontaneous
lifetime of excited vibrational levels is rather long, and hence the excited molecule
could diffuse away from the observation region before emitting a photon.

The transition probability during the absorption of an electromagnetic wave with
electric field strength Ej is, according to Eq. (4.21),

(dka) _ 2ne? 2
d abs h 2

/ X3 (Z\R — Z3Ry) Ey - Roxy dTnue| (4.32)
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If we neglect the interaction between vibration and rotation of the molecule, the
normalized nuclear wavefunction ynu can be separated according to Eq. (3.4) into a
product

Xnue (R, 0,0) = S(R)y(g,‘P) (4.33)

of the vibrational function ¢y, (R) = RS(R) (see Eq. (3.25)), which depends only
on the magnitude R = |R;| + |R;| of the internuclear distance, and the wavefunc-
tion Yy (6,p) = Y (6,¢) of a rigid rotor, which depends only on the angles ¢ and ¢.
Correspondingly, the volume element dTyuc can be written as

dTue = dTyip dTror
=R*dRsin0 df dp .

With R /R, = M, /M, and R = R, + R, we obtain furthermore

Z\My — ZoM, R

Z\Ry - LRy = M, M,

Now we can write the matrix element D, in Eq. (4.29) in the laboratory frame as a
product of two integrals

My — oM,

D,y S TM M, [/(d)vib)mdnuc(R) (thvib)x dR}

X / (Wrot),, (Prot ) Rosind dd de| (4.34)

0.9

where i, = R x S(R) and ¢roy = Y (6,¢). The first integral, which is independent
of the molecule’s orientation in the laboratory frame, describes transitions between
different vibrational levels |m) and |k) in the same electronic state, while the second,
describing the direction of D), describes transitions between two rotational levels.
Quantitative calculations and their results for term energies and line intensities can be
found in [4.4].

422
Pure Vibrational Transitions Within an Electronic State

The contribution dy,.(R) of the nuclear dipole moment can be expanded in a Taylor
series

d (dﬂUC)IRe X (R—Re)+... (4.35)

dnuc (R) = dnuc (Re) + d_R

in the displacements (R — R, ) from the equilibrium position. If we substitute this into
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the vibrational part of the matrix element Eq. (4.34), we obtain with C = (Z,M, —
ZoMy)/ (M + M>)

D = C [ (in)nue(R) () R

= C[dnuc(Re)/(wzib)m (w\’ib)k drR

+ %(dnuc) /(wzib)m (R—Re) (¥vib), dR| . (4.36a)

Re

As the wavefunctions )y, are normalized so that

/ (Phiv) e (Wvib ) = Omic » (4.36b)

the first term in Eq. (4.36a) yields the static dipole moment dyyc (R, ) in the state |m)
for m = k. For m # k, this term vanishes!

The second term consists of two contributions. The first contribution with the
integrand (¢}, )mR (vvib )« vanishes for m = k because the integrand is an odd function
of R. The second contribution vanishes for m # k because of Eq. (4.36b), and yields R,
for m = k. We therefore retain only one term in Eq. (4.36a) for transitions [m) «— |k),

. d
Dy = Cﬁ(dnuc) /(Wib)mR(tﬂvib)k dR. (4.36¢)

The matrix element for pure vibrational transitions differs from zero only if the dipole
moment dpye depends on the internuclear distance R, that is, if d(dnuc)/dR # 0.

If we substitute for 1y, the wavefunctions Eq. (3.25) of the harmonic oscilla-
tor [2.11] for m # k into the integral Eq. (4.36¢), we obtain

/(1/J$ib)mR (¢vib), dR=0, exceptform—k=Av==%1. (4.36d)

Vibrational quantum numbers are generally designated by the letter v, indicating the
lower state by v” and the upper state by v’

We therefore obtain the result that within the harmonic approximation, transitions
are allowed only between adjacent vibrational levels and only if the dipole moment
changes during the transition.

For anharmonic oscillators, there are also nonvanishing contributions for Av =
v" —v' = £2,43,..., but these are much smaller than those for Av = +1. Transitions
with Av = +1 in the infrared spectrum are called fundamental modes or first harmon-
ics, while those with Av > 1 are called overtone bands or higher (second, third, etc.)
harmonics. Overtone bands appear in the spectrum on account of the anharmonicity
of the molecule’s vibrational potential and also upon inclusion of more terms in the
series expansion Eq. (4.35) or of higher moments (e.g., quadrupole moments).
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423
Pure Rotational Transitions

For transitions between two rotational levels of the same vibrational state, the first
integral in Eq. (4.34) with the Taylor expansion Eq. (4.35) yields the constant dyyc (R, ).
The second integral can be evaluated by substituting for the wavefunctions ¢ of the
rigid rotor the spherical harmonics

Y1 (6,0) = P (cos ) eiM? (4.36e)

as products of Legendre polynomials PJ(M) and the factor exp(iM¢) (see Ch. 3). The
wavefunctions depend on the two quantum numbers J and M. Here, J is the angular
momentum quantum number,

J=\/JU+ 1)k,
and M is the quantum number of its projection
Jz=Mh

onto the Z axis in the laboratory frame.
Substituting Eq. (4.36¢) into Eq. (4.34) yields, withm = (J”,M") and k = (J', M),
the dipole matrix element for pure rotational transitions,

D:,?,:(JU M"J, M/)Z = dhuc Re / J/,/w,)P (m )R051n9 dé / i(M"-M')e dp. (4.37)
The transition probability depends on the polarization of the electromagnetic wave in-
ducing the transitions m < k. For linearly polarized light with E in the Z direction, the
transition probability for rotational transitions J” — J' = J” + | within a vibrational
level v' = v is, according to Eqns. (4.31) and (4.37) with E - Rq = Egcos6, where 6
denotes the angle between molecular axis and E,

2

AWy 272 ,
o Zzodﬁuc Re) /Pj" " cosasmada/ iM-M)e gl (4.38)

with dpye (Re) = e(Z)R| — Z3R2) R, the dipole moment of the nuclear framework at the
equilibrium distance R.. The second integral is nonvanishing only forM" =M' =M
and then yields 2.

For absorption or emission of linearly polarized radiation, the selection rule for
the projection quantum number M is AM = 0.

For the evaluation of the first integral we use the recursion relation for the Legendre
polynomials,

JHIM| T+ M|y
cos P} = 2]+1P + Y Py, (4.39)
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and the rotational contribution Eq. (4.37) to the dipole operator becomes

" M
J—+| |/PIM| Pll,wl sinf df

Deot(J", M. M)z = 2m| S =8 [ P P

(4.40)

T M| -1 ,
+TH—/P%+1PySln0d9 .
The first term is nonvanishing only for J' = J” — 1 (i.e., it describes the emission
process), the second for J' = J” + 1 (absorption process). Inserting the explicit form
of the Legendre polynomials Eq. (4.40) and performing the integration yields, for
=1,

[Dron(J,M;H LM)]Z= \/(%%- (4.41)

This gives for the transition probability Eq. (4.38) for the absorption of linearly polar-
ized radiation on a pure rotational transition (J',M «— J",M),

2nE? e (J+1)2-M?

dW(.M,J+1,M)]
[ jllinear i e (Re) [PERIEDE (4.42)

dr

In the absence of an external field, the (2J” + 1) different M"” levels of a rotational
state are energetically degenerate. Hence, we obtain for the transition probability of
the whole transition J — J' for linearly polarized radiation

aw, nE2 1
) - T § povesr
linear MI=—J" M
1 TE}
= gh—z"dﬁuc (J"+1). (4.43)
This is larger than the result in Eq. (4.42) by a factor of %(2] + 1) because we summed
over (2J + 1) levels with different values of M". The factor § stems from the spatial
averaging over the statistically oriented molecules, because for unpolarized, isotropic
radiation,

1
(Dmk)f» = (Dmk)yz- = (Dmk)f = § |Dmk|2 . (4.44)

For circularly polarized light propagating in the z direction, the scalar product E - Ry
is

E - Ry= (Eysin@cosp +iE,sinfsinyp) . (4.45)

L
V2
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With cos ¢ + isin = exp(ip) we obtain for the integrand in the second factor in the
matrix element Eq. (4.37) exp[i(M" — M’ + 1) ] and hence the selection rule

AM=M'-M=+1. (4.46)

In the first term, a factor sinf now arises instead of cos & as in Eq. (4.38). Evaluation of
the integrals over Legendre polynomials again yields the selection rule AJ = J" —J' =
+1, and for a transition (J,M — +J + 1,M £ 1), we obtain the probability

AWM+ 1,M%1) nE0d2 (JEM+1)(J+M+2)

dr w3

circular h

We can understand these results for the selection rules AM = 0,11, obtained from the
matrix elements through mathematical analysis, in a very vivid model. If we choose
the Z axis of the laboratory frame as the quantization axis for J, so that J; = MH, the
following pure polarized states of the electromagnetic wave occur:

— linearly polarized radiation propagating in the X direction, called = light, for
which

E = {0,0,Ez} .

The expectation value of the photon’s angular momentum in the Z direction
vanishes, which means that it cannot transfer any angular momentum in the Z
direction to the absorbing molecule, so

AM=M'-M=0. (4.48)
— o7 light, for which
|
E=—{FEx+iEy}. 4.49
\/E{ x +iEy} (4.49)

This is a left-hand circularly polarized wave propagating in the Z direction. Its
angular momentum in the Z direction is +7%, and upon absorption a transition
M" — M =M" + 1 with AM = +1 is induced.

-~ ¢ light, for which

1 .
E= E{Ex — lEy} . (4.50)
This is a right-hand circularly polarized wave propagating in the Z direction. Its

angular momentum in the Z direction is —#, and therefore it induces transitions
M'—> M =M"—1with AM = —1.
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If we consider an electromagnetic wave that propagates in the Z direction and is
linearly polarized in the X direction, this does not correspond to a pure polarized state
in our chosen system. It can be described, however, as a superposition of 6+ and 6~
light, because

1 1
EZ{Ex,O,O}Z E{Ex +iEy}+§{Ex—iEy}. 4.51)

The first contribution induces transitions with AM = +1, the second part induces

transitions with AM = —1, so that the transition probabilities for this case are

AW, nE + -2

5 #dﬁuc Dy +D5y| » (4.52)
and transitions with both AM = +1 and AM = —1 occur. The same is true, analo-

gously, for E = {0, Ey,0}.

As unpolarized light incident in the Z direction can be considered a statistical
superposition of linearly X- and Y-polarized light, transitions with AM = +1 and
AM = —1 have equal probabilities, averaged over time.

If the molecules are immersed in an isotropic, unpolarized radiation field, the total
transition probability for a transition (J”,M") — (J' = J" +1,M’) becomes

dka TEE2 M"+1 2 ’
(52) = TR Y [0 +1Om 40w ]
unpol M'=M"—1
2 "
_ B, S+ @53

R ey
independent of M!

424
Vibration—-Rotation Transitions

For transitions between rotational levels |J, M) of two different vibrational states of
the same electronic state (Fig. 4.4), the transition probability depends on both factors
in Eq. (4.34). The spectrum consists of all transitions from levels |J”,M") in the lower
vibrational state to the corresponding rotational states |J',M’) in the upper vibrational
state, where M’ = M" or M’ = M” + | depending on the polarization of the absorbed or
emitted radiation. The selection rule for the rotational quantum number J is the same
as for pure rotational spectra, AJ = +1. The complete system of all rotational lines for
a vibrational transition is called a vibrational band. All lines with AJ =J' —J" = +1
form the R branch of the band; those with AJ = —1 the P branch.
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Fig. 4.4 Term diagram and allowed vibration—rotation transi-

tions.

During a transition between different vibrational states, the internuclear distance R
changes, and thus also the rotational constant B, = B, — ae(v + 1) changes slightly
(see Sect. 3.4). The spacings between adjacent rotational levels in the two vibrational
states are therefore slightly different. The wavenumbers of the rotational lines are

p=0y+B,J (J+1)-ByJ"(J"+1), (4.54)

where 7y is the difference between the vibrational levels without rotation. For the R
branch with J' =J” + 1 =J + 1 this yields

g = by + 2B, + (3B, — B)))J + (B, — B))J?, (4.55)
and for the P branch with J' =J" - 1 =J - 1,
op = ity — (B, + B)J + (B, — B!)J* . (4.56)

Figure 4.5 displays the wavenumbers of the P and R branches as functions of
the rotational quantum number J” = J (Fortrat diagram). As an example of such a
vibration—rotation band, Fig. 4.6 shows the infrared absorption spectrum of the HCI
molecule in the range between 2600 and 3100cm~'. The weaker lines, shifted to-
wards smaller wavenumbers, belong to the H3'Cl isotopomer. The ratio 33CI/*"Cl is
75.5/24.5. The main contribution to the isotopic shift stems from the different vi-
brational energies; smaller contributions are due to the change in rotational energy
because of the different moments of inertia of the two isotopomers.
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Fig. 4.5 Fortrat diagram of P and R branches in vibration—
rotation transitions.
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Fig. 4.6 Vibration—rotation spectrum of the (v = 0 — v = 0)
vibrational band of the HCI molecule for the two isotopomers
H35C1 and H37Cl [4.5].

425
Electronic Transitions

We will now turn our attention to dipole transitions between vibration—rotation levels
m = (v",J") = k = (v',J') in different electronic states m and k. Such transitions
cause the visible and ultraviolet spectrum of molecules. We start from the first term in
the matrix element Eq. (4.25)

D= [ X Dipoxk 6. (457)
The electronic part of the matrix element,

Dy, = / ¢m(r.R) ) eridi(r,R) drei , (4.58)

depends on the vector 7 = }_r; of the electronic dipole moment, where the summation
is over all electrons contributing to the dipole moment. As in Eq. (4.33), we write the
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nuclear wavefunctions y as a product
x = Svin(R)Y1(6,¢)

of vibrational functions Syi»(R) depending only on the internuclear distance R and
rotational functions depending only on the angles § and . With the normalized vi-
brational functions i, = RSyip and d7yue = R2 dR sin6 dé, Eq. (4.57) becomes

Doy = / Puib(v") D i (v') dR / / YM'y¥ sin6 do de . (4.59)

The square modulus of the first integral in Eq. (4.59) is called band strength Sy s,
because it indicates the transition probability for the complete vibrational band v «—
v'. Often D¢, depends only slightly on R. We can then replace D%, (R) by the average
value D¢, (R.), which can be moved outside the integral over R, yielding

D = D% (Re) / Wnin (0" )i (0) dR / / YM'YM singdodp.  (4.5%)

The square modulus of the first integral,

2
(4.59b)

qv" v = ‘/wvib(v”)wvib(")/) dR

is called the Franck—Condon factor.

The second integral in Eq. (4.59) depends on the quantum numbers J”M" and J'M’
of both states (see preceding section). Summation over all M’ and M” and squaring
gives the so-called Honl-London factor S, p, also called the line strength, because it
indicates the intensity of a rotational line in a band.

The transition probability for the spontaneous transition k(v'J’) — m(v",J”) is

then

d (eny

a ( km ) ~
In the field of a linearly polarized electromagnetic wave with the amplitude vector Ej,
the absorption probability per molecule and unit time is

2
Dfr:k(Re) qo" ' Syryt - (4.60a)

2

dwubs 2
1k Gury Sy o - Eol* (4.60b)

— o

dt
where 7 is the unit vector in the direction of D,.

Del

mk

426
R Centroid Approximation; the Franck—Condon Principle

In general, Df,!k depends on the internuclear distance R. We can then expand the R-
dependent electronic part of the matrix element D, in Eq. (4.59) in a power series

Dy =Y a,R" with ay =D (Re) . (4.61)
n
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to obtain for the band strength

2

Sv”v’ = ‘/wvlrzaan’l/)U/ dR

2
- ‘Za,, / Yyt Ry AR 4.62)
The mean of R", weighted by the vibrational functions,
f Py R Py dR
Rn Nyl — —F——————————— (463)
< >U Y f¢v”wu’ dR

is called the nth-order R centroid. Using Eq. (4.59b), we obtain now for the band
strength

2
Svllvl = |Ea,, <Rn>v/r,ul| quy! . (4'64)
In the approximation
(v"|R" ") = |(v" |R| v”>|" = R»,qury (R centroid approximation) , (4.65)

which is usually well obeyed {4.6, a)], we obtain from Eq. (4.62), using Eq. (4.65),

2
S’U”'u’ = ’Dfr}k (R,qu/ )

Qo (4.66)

which can be visualized as follows. The band strength is given by the overlap integral
gy of Eq. (4.59D) of the vibrational wavefunctions multiplied by the electronic tran-
sition probability, which equals the square modulus of the average (Df,‘,k> weighted by
the vibrational functions.

The transition probability of a spontaneous electronic transition is then given by a
combination of three factors:

1. the square modulus of the electronic transition dipole moment |Df,}k(R,,”1,,) ‘2
weighted by the vibrational wavefunctions ¥ (R),

2. the Franck—Condon factor

2

Gt = ‘ / bty dR| (4.67)

and

3. the Honl-London factor

2
Dk = Sy = Y vM'v}! sing dg dp
M".M’
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An optical transition between two electronic states occurs so quickly that neither
the positions nor the velocities of the nuclei change significantly during the transition.
Hence, the nuclear kinetic energy must also remain unchanged during the transition.
In other words, the electronic transition occurs vertically in the potential energy di-
agram of Fig. 4.7 (Franck~Condon principle). If a photon hv is emitted between
two states m and & with the term energies E,,(v") and Ex(v'), the potential energies

Ep(R) and Ep, (R) and the kinetic energies 7" (R) = T'(R) then follow the relation

hv = E(v') — E(v") = Epy(R) + T'(R) — (Epoy + T"(R))
= E[;OI(R*) - E;/)/ot (R*) ’ (4.68)

where R* is the internuclear distance at which the transition occurs. Using Mulliken’s
difference potential

U(R) = Ep(R) + E(v') — Ej(R) (4.69)
the condition 7”(R*) = T'(R*) in Eq. (4.68) can be written as
UR)=E(v"), (4.70)

that is, the transition occurs at the internuclear distance R* for which the difference
potential intersects the energy E(v") (Fig. 4.7).

Within this purely classical argumentation, it follows from the Franck—-Condon
principle and energy conservation that the transition occurs at a precisely defined in-
ternuclear distance R = R*, the classical transition point in the Epo (R) diagram [4.6,

b)l.

EAd

EV)p-—-———-

Transition

EV) |-

Fig. 4.7 Representation of electronic transitions as vertical lines
R = R* = const. in the potential diagram E,« (R) and difference
potential U(R) = Epy(R) — Epoy(R) + E(v').
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For a quantum-mechanical formulation of the Franck—Condon principle, we con-
sider the matrix element

(v'|H' —H"|v") = [E(v') — E(v")] (V' |v") 4.71)
of the difference Hamiltonian H' — H” for the upper and the lower state, where H =
T 4 Epoi(R). We can therefore write Eq. (4.71) as

<,U/ |H’ —H”| vu) _ <v/ |T’ +E{,0[(R) _T" —E;,,(R)l U”>

= (v'|Epu(R) — Ege(R)| ") , (4.72)

because the kinetic-energy operators 77 and T” are identical for both states.
If we now use the approximation

f(R) = % > f(R), (4.73)

which for f(R) = R" is the basis of the R centroid approximation, we obtain from
Eq. (4.73) for f(R) = Epx(R)

<'U/ |E£,0[(R) —E;/),()I(R)l 7)”> = [E;Iaot(ﬁ) - E{J’ot(ﬁ)] <'UI |'U"> , 4.74)
and with Eqns. (4.7 lb) and (4.72) we arrive at the relation
E(v)-E(W")= El',(,t (R) — El’,’m(ﬁ) . 4.75)

Comparison with Eq. (4.68) shows that R* = R, which means that the R centroid
(R) equals the classical transition point R* as long as the R centroid approximation
Eq. (4.73) is valid. The R centroid approximation therefore connects classical and
quantum-mechanical formulations of the Franck—Condon principle.

The validity of the R centroid approximation can be revealed as follows. The
weight function

(Pvib(R)) . (Yyin(R)),» dR

W(R) dR = (W' [o")

(4.76)

determines the probability that the optical transition v’ — v” occurs in the interval R
to R+ dR of the internuclear distance. The uncertainty width AR of the R centroid
(R™) n,y can be characterized by the variance

- 2
R*W(R) dR — / RxW(R)dR| . @.77)
0

(4R} =R -F = [
0
If the R centroid approximation is exact, R2 = R° and (AR)? = 0, that is, the optical

transition occurs exactly at the internuclear distance R = R*. The more “classical”
the transition becomes, the more (AR)? decreases, and the quality of the R centroid
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Fig. 4.8 Electronic transition dipole moment matrix element
Dy (R) for the transitions A 'L, — X 'E, in the Na, molecule

and 311 — X '%" in the IF molecule; comparison of the R centroid
approximation with exact values. Note the different scales for
the two curves.

approximation improves (Fig. 4.8). Hence, the R centroid approximation is especially
suitable

(a) for molecules with heavy nuclei, and
(b) for transitions between highly excited levels, that is, v/, v" > 1.

The internuclear distance R* = R at which the optical transition takes place depends
on the relative shift of the potential minima and the slopes of both potential curves
Ep (R) and Ep (R). As Fig. 4.7 shows, this distance does not necessarily coincide
with the classical transition point.

If the two potential curves have their minima at the same internuclear distance
(RY = R) and if their slopes dEpe (R)/dR are similar for corresponding values of R
(Fig. 4.9a), transitions with Av = 0 possess by far the largest Franck—Condon factors.
If the potential curves are displaced, however, as in Fig. 4.9b, the spectrum comprises
mainly vibrational bands with larger values of Av. This is exemplified by the fluores-
cence spectrum of the selectively excited level (v' = 23,J’ = 82) in the D 'L, state of
the Cs; molecule, which features transitions with Av > 60 (Fig. 4.10).

For some molecular transitions, the difference potential intersects the energy E (v”)
twice. In these cases, there are two classical transition points R} and R; (Fig. 4.11).
This means that for a transition E(v') — E(v") there are two contributions with am-
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Fig. 410 Franck—Condon factors for the fluorescence spectrum
of a selectively excited level (v' = 23,/' = 82) in the DL, state
of the Cs, molecule for the vibrational transitions 'Z, (v’ = 23) —

15, (v") [4.7).

plitudes A| and A, which add up to the total amplitude
A=A +Ay = (Y (R) Yy (R))) + (Y (R )0 (RY)) - (4.78)

The transition probability W « |A| +A2|2 then contains interference contributions
A1A; that can influence the intensity of this transition. For such cases, a generalized

R centroid approximation can be developed (see [4.8]).
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Fig. 4.11 Transition with two intersections of the difference po-
tential with E(v").

4.2.7
The Rotational Structure of Electronic Transitions

The wavenumber of an electronic transition between the vibration—rotation levels
(v",J") in the lower and (v',J’) in the upper electronic state is given by the difference
of their respective term values [see Eqns. (3.18), (3.37), and (3.42)],
= [T - Ty] +{{G(v") - G(v")] + [F(J") - F(J")]}
— 2o+ [By (' +1) = D (0 + 1))

- [B’{,J”(J”—F 1) =D (" + 1)2] . 4.79)
Here, T}, T}/ are the electronic term values at the minima of the potential curves,
G(v) are the vibrational term values, F(J) are the rotational term values, and & is the
wavenumber of the pure vibrational transition between |v') and |v”), where J' = J" =
0 (also called the band origin). B, and D,, are the rotational and centrifugal constants,
which depend on the vibrational level v according to Eqns. (3.43) and (3.44)). The
ensemble of all possible rotational transitions between two vibrational levels v’ and
v" is called a vibrational band.

The selection rules for the rotational quantum number J are, exactly as for vibrati-
on-rotation transitions within the same electronic state,

AJ=0,21; 04 0,

only that now transitions with AJ = 0 are also allowed if the electronic angular mo-
mentum changes by 14, because the total angular momentum must be conserved upon
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absorption or emission of a photon with angular momentum 14. This excludes tran-
sitions J' = 0 « J” = 0, because here the electronic angular momentum quantum
number A would need to be zero in both states.

Hence, for £-X transitions there are only P (AJ = —1) or R (AJ = +1) lines, but
for £-I1I or IT-I1 transitions, Q lines with AJ = 0 occur also.

For the R lines, we obtain from Eq. (4.79) with J' =J” +1 and J” = J, neglecting
the centrifugal term,

R(J)=in+ (B, —B))J(J+1)+2B,(J+1), (4.80a)
and for the P lines with /' =J" -1 =J— 1

w(J) =i+ (B, —By)J(J+1)—28B,J, (4.80b)
while the wavenumbers of the Q lines are given by

o(J) =i+ (B,—By)J(J+1). (4.80c)

The R branch starts at J/ = 0; Q and R branches start at J = 1.

The appearance of such a rotation-resolved spectrum depends on whether B), < B/
(which means that the internuclear distance is larger in the upper level), or B), > B/
(which means that the molecule is more strongly bound in the upper state). Figure 4.12
shows the Fortrat diagram for both cases. We see that for B}, < B, the lines in the
R branch are first shifted to larger wavenumbers for increasing J, but their spacing
decreases continuously, until, at a rotational quantum number

3B, — B

J=v v
2(By, — B,)

4.81)
the trend reverses and their wavenumbers decrease. The R branch shows a reversal
(di/dJ = 0) at J*, which is called a band edge. Towards smaller wavenumbers, all
three branches progress monotonically. The Q branch shows the largest density of
lines for small J. The density is largest if B/, and B} do not differ by much. For

(@) By <B,” N (b) B, >B,"
v v J R p J a .v v
* . 15 - /.’ R
P .\'\'\ 4 10 - /./ ,-/. ¢
"~ B 2B, L /o
~. ' ! N 5 4
~. ) ’ LN / ’
~ W e . b
~. " |/./' ‘ f a
= — - >
T A N1 I Y Y Vo v

Fig. 4.12 Fortrat diagram of the rotational structure of electronic
transitions with P, Q, and R branches. a) B}, < BY,; b} B, > BY).
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Fig. 4.13 Example of a band head with band edge: Doppler-free
absorption spectrum of the 0-0 band of the electronic transition
C'm,—x 'z, of the Cs, molecule.

B/, = B!, all Q lines coincide. In this case, the Q branch is a vertical straight line in
the Fortrat diagram.

Such a band (that is, the ensemble of all P, Q, and R lines) features a sharp bound-
ary towards the blue region but appears diffuse towards the red spectral region on pho-
tographic recordings. This diffuse appearance is most notable for inadequate spectral
resolution. The band is therefore called “red-shaded”.

For B!, > B/, the P branch of a band edge faces the red region, while the R and the
Q branches progress monotonically to the right towards larger wavenumbers. Such
a band is called “blue-shaded”. As an example, Fig. 4.13 displays the P branch of
the 0-0 band of the electronic transition C 'TT,-X 'Z, of the Cs, molecule as recorded
using Doppler-free laser spectroscopy.

The ensemble of all vibrational bands of an electronic transition is called a band
system.

We see that we can learn simply from the appearance of a band whether the inter-
nuclear distance in the upper state is larger or smaller than in the lower state.

Also, we can easily deduce from the rotational structure of a band and its intensity
distribution if the corresponding transition is £-X, I1-X, or I1-I1, because the inten-
sity ratios of Q to P or R branch are different for the three cases. To derive this relation,
the Honl-London factor [the squared double integral over € and ¢ in Eq. (4.59)] for
transitions between the different electronic states must be evaluated.

For electronic states with A # 0, we must take into account that the total angular
momentum consists of rotational and electronic angular momentum, so that Eq. (3.21)
must be used for the term values F(J). The term with A, which is independent of v and
J, can be included in the electronic energy, however, and has already been included in
the band origin 7 in Eq. (4.79).
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The results of the calculations for the line intensities Sg (J),Sp(J),Sq(J) of the
rotational lines with AJ = +1,0 are the Honl-London factors:

(a) for transitions with AA =0,

U Y- A)

SR(J) = 7 ;
JII+AN J/I_A/l
Se(J) = ( 3,(, ) ; (4.82a)
@ +nat
o) = TGy
(b) for transitions with AA = +1,
I+ =1+ 4A)
Sr(/) = 4J :
J” _ 1 _AII J” _AI/
Se(J) = ( 2 13( ) ; (4.82b)
so) = YA +1- )@ +1)
Q 4 +1) ’
(c) for transitions with AA = ~1,
(=T —1-A)
SR(‘,) - 4], 2
J//_ 1 +AII JI/+AI/
Sp(J) = ( 2 J,z( ) ; (4.82¢)
SolJ) = I =AY +1+A) (20 +1)
QA= 4y (I +1)

428
Continuous Spectra

Up to now we have considered only transitions between two discrete levels (v",J") —
(v',J’) within one or between two bound electronic states, leading to molecular line
spectra. Now we turn to the case that at least one of the two states possesses a repul-
sive potential curve, which means that the molecule is not stable in this state. Such
transitions lead to continuous spectra.

Examples for continuous absorption spectra are transitions from the bound ground
state of a molecule to unstable excited states with repulsive potential curves (see
Fig. 4.14a), or to states above the dissociation limit of a bound state. Continuous
Sluorescence spectra can occur through transitions from a discrete level (v/,J') of a
bound electronic state to lower, unstable states with repulsive potential curves. Such
spectra can be observed, for example, for excimers (= excited dimers). These are
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Flg. 4.14 The occurrence of continuous spectra in diatomic
molecules. a) Absorption spectra; b) emission spectra of ex-
cimers.

molecules that are stable only in excited states and dissociate in their ground states,
because their ground-state potential curves are largely repulsive, possessing at most a
shallow van der Waals minimum (Fig. 4.14b). The rare-gas dimers He;, Ar, Krz, and
Xe; or some rare-gas halides such as KrF or XeCl are examples of excimers.

Emission transitions into energy states above the dissociation limit of a bound
lower state can also lead to continuous fluorescence spectra. Figure 4.15 shows a
section from the fluorescence spectrum of the NaK molecule corresponding to the
electronic transition D 'TT — a3Z from a bound level (v/,J’) = (12,14) of the D'IT
state into the weakly bound a3X state. If the lower states of the fluorescence transition
are bound states (v”,J") below the dissociation threshold of the a>% state, a line spec-
trum results. If these states are above the dissociation limit, a continuous fluorescence
spectrum results.

To understand the pronounced intensity modulation in the continuous part of the
spectrum, we must extend the Franck—Condon principle to continuous spectra. To
achieve this, we consider the transition from a level (v',J’) with energy E'(v',J’) into
states E” above the dissociation limit D (Fig. 4.16). As the kinetic energy of the nuclei
is conserved during the transition E' — E” = E' — hv, all transitions end on the curve
of the difference potential

U(R) = Ep(R) + E(v') — Epi(R) - (4.83a)

If U(R) is a monotonous function of R, each internuclear distance R corresponds to
exactly one wavelength X or frequency v = ¢/ A in the fluorescence spectrum, which
is given by

hv(R) = E(v') —=U(R) = Ep(R) — Epi(R) . (4.83b)
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Fig. 4.16 Term diagram and vibrational wavefunctions for the

NaK emission continuum of Fig. 4.15b.



4.3 Line Profiles of Specitral Lines

The fluorescence intensity in the interval di7 at wavenumber 7 is given by the Franck-
Condon factor

I(7) dv o< |x(v',R)x(E",R) dR[" , (4.842)

where R is the internuclear distance at which the line E = E” intersects the difference
potential. The continuum wavefunction x(E” > D,R) can in many cases be approxi-
mated by a normalized Airy function.

If the monochromator used for measuring the spectral intensity distribution Iy(#)
of the fluorescence spectrum has the resolution A%, it will record the intensity

+A5/2 R 2

2
I(9) di o< / Pyib(v',R)Yvin(E",R) dR (4.84b)
~AD/2 R

for each 7, where AR = Ry — R is the range of internuclear distances in which the
difference potential U (R) changes by AE = hAv = (hc/A?)A.

If the oscillation period of the function 9y (E”,R) is small compared to AR, but
that of the function yp(v',R) is larger than AR (Fig. 4.16), the measured fluores-
cence intensity Iq(7) will reflect the (v’ + 1) maxima of the vibrational wavefunction
yib(v’, R). From the number of maxima, one can therefore directly deduce the vibra-
tional quantum number v’ of the emitting state [4.9].

43
Line Profiles of Spectral Lines

Spectral lines recorded during the absorption or emission of electromagnetic radiation
are never strictly monochromatic. Instead, the intensity /(v — vg) of the lines around
the mean frequency 1 obeys a distribution determined by several factors (Fig. 4.17a).
The frequency interval Av = v| — 1, between the two frequencies v and v, for which
the intensity I has decreased to I(v) /2, is called the full width at half maximum 8v of

|
[\ (V) (a) b o(w) (b)
H g
L1072 Bv=y
! :
1 |
| |
f ;
v Vo V2 v Va Vy v

Fig. 4.17 a) Spectral line profile. b) Spectral resolution limit.
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the spectral line. The finite linewidth limits spectral resolution, because two spectral
lines separated by less than 8v cannot be resolved as separate lines (Fig. 4.17b).

Generally, the spectral resolution of the spectrograph employed provides a practical
limit for the measured linewidths. Only by using interferometers can we achieve such
high resolutions that we can recognize the intrinsic limits on linewidths: the natural
linewidth, Doppler broadening, and collisional broadening. We will now consider
these mechanisms in detail.

4.3.1
Natural Linewidth

An excited molecule at rest in a state |k) can dispose of its excitation energy by emit-
ting radiation after an average time 7. To determine the spectral profile of this ra-
diation, we start by employing a classical model, in which the excited molecule is
described by a classical damped oscillator with center frequency wp and damping con-
stant . The time-dependency of its vibrational amplitude is given by the differential
equation

)'c'+'yx+w3x=0, (4.85)

where the frequency wy = +/D/m is determined by the force constant D and the mass
m of the oscillator. With the initial conditions x(0) = xo and x(0) = 0, the solution of
Eq. (4.85) is

x(t) = xge~ (/2 [coswt+ (—2%)-) sinwt] with w=4/wl— (%)2 . (4.86)

The damping of a molecular oscillator is extremely small (for wy = 27t x 6 x 101451
and a relaxation time 7 = 1073, the ratio v/wy is 2.8 x 10~8). The second term in
Eq. (4.86) can therefore be neglected, and we obtain for the time-dependent amplitude
of the damped oscillation (Fig. 4.18a)

x(r) ~xpe~ (/2 coswe . (4.87)

Because of the decreasing vibrational amplitude, the frequency of the emitted radia-
tion is now not monochromatic as it would have been for an undamped oscillation with
temporally constant amplitude, but it displays a frequency spectrum A(w), which can
be determined by a Fourier transformation of x(¢). If we write x(¢) as a superposition
of the different frequency contributions with amplitudes A (w),

x(t) = \/%: / Alw) e dw, (4.88)
0
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Fig. 4.18 a) Damped oscillation and b) Fourier transform of the

corresponding line profile. ¢) Natural linewidths as a conse-

quence of energy uncertainties due to limited lifetimes. d) Re-

sultant linewidth Av.

ey

we can obtain A(w) from the Fourier transform

Alw) = -\/1: / x(r)e " dr
(4.89)
xoe (D coswre ™ dt

=]

where we have used x(t) = 0 for ¢ < 0.
Evaluation of the integrals is elementary and yields the complex amplitude distri-
bution

Xo 1 1
Alw) = - + - s (4.90)
W)= = (l(w—wo) T3 e (g))
from which the intensity distribution J(w) o< |A(w)[?,
)= —S “.91)

2
(w—wo)?+ (%)
follows (Fig. 4.18b). The constant C can be chosen so that the total intensity, integrated
over the whole line profile, is

/ I(w)dw=1. 4.92)
Hence, C = Iyy/2m.
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The line profile Eq. (4.91) is called a Lorentzian profile. Its full width at half
maximum is
=7,

2’
it is called the natural linewidth of the transition.

A quantum-mechanical treatment gives a similar result. Here, the linewidth of
a transition between two levels |k) and |i) with lifetimes 7, and 7; results from the
sum of the level uncertainties AE; = A/ 7, and AE; = k/1;, as a consequence of the
uncertainty relation AE x At > h (Fig. 4.18c,d). The resulting linewidth is then

dwp,=7; vy (4.93)

1 1 /1 1
A= taB By = (L4 1Y) 4.93

g h( e+ AE) n (Tk+7',') (4.93a)
If the transition occurs from an excited state |k) into the ground state (7; = o0), the
linewidth is determined solely by the lifetime 7; and

1 1
:A = — ’ = —, .
Aw, k Tk Ay, T (4.93b)

where Ay is the Einstein coefficient of spontaneous emission introduced in Sect. 4.1.1.

Examples

(a) Consider a vibration-rotation transition (v’,J") < (v”,J”) in the elec-
tronic ground state. The lifetime of the upper level is 7, = 1 ms, that of
the lower level is 7; = e. The natural linewidth of the transition is then
Av, = 150Hz!

(b) A typical lifetime of an electronically excited level is 7 = 10~%s, from
which it follows that Av,, = 15MHz.

43.2
Doppler Broadening

If an excited molecule moves with the velocity v = {vy, vy, v,} with |v] < ¢ with
respect to an observer at rest (Fig. 4.19), the mean frequency 1y of the emission with
the wavevector k = (21/A)é, where € is the unit vector in the direction of emission,
is shifted for the observer to a frequency

v=uy+—k-v=y (l—l—g) (4.94a)
n c

due to the nonrelativistic Doppler effect. To avoid the factor 2% in the equations, the
angular frequency w = 2wy is frequently used, for which

w=wyt+k v. (4.94b)
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Fig. 4.19 Doppler shift of a) emission lines, b) absorption lines.

The absorption frequency wy of a molecule moving with the velocity » with respect
to a plane light wave of frequency w; and wavevector k is also shifted, because the
frequency of the wave appears, in the moving molecule’s reference frame, as W' =
wr, — k- v (Fig. 4.19b). The molecule absorbs if w' = wy, that is, if the frequency of
light wi as measured in the laboratory frame obeys the condition

wo=wy+k-v. (4.95)

If the light wave propagates in the z direction (k = {0,0,k,}), Eq. (4.95) can be written
as

wL=w0+k;v::w0(l+E> . (4.96)
¢
This shows that only the velocity component along k contributes to the Doppler shift.
But how does the Doppler broadening arise? In thermal equilibrium, the molecules
in a gas assume a Maxwellian velocity distribution. At a temperature T, the density
ni{v;) of light-emitting or absorbing molecules in the state |i) with a velocity compo-
nent in the interval v, to v, +dw, is
NI _ *\2
(v,) dv, = —_ e~ (W/V) gy 4.97
nl(U&) Uz U*\/ﬁe Uz ( )
where v* = (2ksT/m)'/? is the most probable velocity, N; is the total number of
molecules in the state E; per unit volume, m is the molecular mass and k; is the Boltz-
mann constant.
If we express v and dv, in Eq. (4.97) by w and dw using Eq. (4.96), we obtain the
number of molecules that absorb (or emit) in the frequency interval between w and
w 4 dw, that is

. _ C _ (w —LU()) 2
ni(w) dw = N, —v*w()\/T_texP [ (C——(OJ()’I)*) ) } dw . (4.98)
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Fig. 4.20 Gaussian profile of a Doppler-broadened spectral line.

As the emitted or absorbed intensity /(w) is proportional to n;(w), the intensity
profile of the Doppler-broadened spectral line is

2
1{w) = I{wo) exp [— (c(w—“’°)> ] . (4.99)

(wov*)

This is a Gaussian function (Fig. 4.20); its full width at half maximum Swp = |w) — w2|
can be obtained from the condition J{w) = I(w2) = I(wp)/2,

Swp = 2v1In2 wo% , (4.1002)

or, with v* = V2ksT /m

Swp = (‘—”09) \/§’—"1-T';l-‘£ . (4.100b)

We see that the Doppler width increases linearly with the frequency wo, and for a given
temperature 7 is largest for molecules with small masses.

If we expand the radicand in Eq. (4.100b) by Avogadro’s constant N. (= number of
molecules per mole), the Doppler width can be expressed by the molar mass M = mN,
and the gas constant R = kN, to obtain for the Doppler width in frequency units

sngZ—" 2—%12:7.16“0—7;/0,/:—4 s, (4.100c)

With (41n2)~} /2 2 0.6, we obtain for the Doppler-broadened line profile Eq. (4.99),

2
H(w) = I{wo)exp [— (:6‘8:‘;) ] : @.101)
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Fig. 4.21 Voigt profile as a superposition of the Doppler-shifted
Lorentz profiles of molecules with different velocity compo-
nents v,.

Examples

(a) In the infrared: vibration—rotation transition of CO; with A = 10mm;
v =3x108s7!, T =300K, M =44g/mol, = Svp = 5.6 x 107s™ ! =
56 MHz.

(b) In the visible: electronic transition in the Na; molecule with A = 500 nm;
vy =6x10"s71, T = 500K, M = 46g/mol, = dvp = 1.4 x 10°s~! =
1.4GHz.

From these examples, we see that in the visible, Doppler broadening exceeds natural
linewidths by about two orders of magnitude.

The Doppler broadening can be reduced or even eliminated experimentally by sev-
eral, so-called Doppler-free, spectroscopic techniques (see Sect. 12.4). Still, there
remains a finite linewidth, which is partly caused by the natural linewidth.

433
Voigt Profiles

Until now we have assumed that the molecular oscillator is at rest. If the molecule
moves with a velocity v, its absorption or emission frequency is Doppler-shifted, and
we obtain, according to Eq. (4.94b), for the line profile of the molecule instead of
Eq. (4.91) the Lorentz profile

I(w):—C— with &' =wy+k v. (4.102)

(w-w)+(3)7
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The total absorption profile of all molecules with the thermal velocity distribution
Eq. (4.97) is obtained by the convolution

+oo e_[c(u_w/) /wo’U‘]z

1w)=c [ oo (4.103)

—oa

of the differently Doppler-shifted Lorentz profiles of the individual molecules with
the Gaussian velocity distribution of all molecules (Fig. 4.21). This convolution of
Lorentzian and Gaussian profiles is called Voigt profile.

434
Collisional Broadening of Spectral Lines

If a molecule A with energy levels E;j and Efr approaches another atom or molecule B,
its energy levels are shifted due to the interaction between A and B. The extent of the
shifts depends on the structure of the electron clouds of A and B, the states E; and E,
which may belong to the same (rotational and vibrational transitions) or two different
(electronic transitions) electronic configurations, and on the mutual distance R(A,B),
which we define to be the distance between the molecular centers of mass of A and
B. The shifts are in general different for different levels E;, and they can be towards
higher energies (for repulsive potential between A(E;) and B) or towards lower ener-
gies (for an attractive interaction). If we plot the energy E;(R) of the levels of A as a
function of the distance R, we obtain the potential curves displayed schematically in
Fig. 4.22. The system AB(R) is called collision pair, and the approach of two particles
up to a distance R in which their mutual interaction is non-negligible is also called a
collision. If A and B approach each other along a potential curve that possesses a min-
imum, a stable molecule may result if excess energy can be removed from the system
during the collision by emission of radiation or by a collision with a third particle. In
this case, the collision pair is said to be “stabilized”.

E/hi

Fig. 4.22 a) Schematic potential curves of a collisional pair, and
b) explanation of collisional broadening and shifts.



4.3 Line Profiles of Spectral Lines

If an absorption or emission transition occurs between the levels E; and Ef during
the collision, the frequency vif = wir/27 of the absorbed or emitted light depends,
according to hvy = |Er(R) — E;(R)|, on the distance R between A and B at the time of
the transition.

In a gas containing molecules A and B, the distances R between pairs of parti-
cles are distributed statistically around a mean value R that depends on the pressure
and the temperature of the gas. Consequently, the frequencies v are also statistically
distributed around a mean value ¥, which in general is shifted with respect to the fre-
quency vg of the unperturbed atom. The shift Av = vy — U is a measure for the differ-
ence of the energy shifts of both levels Ej and E at a distance Rpy,«, for which the max-
imum light emission occurs. The profile of the collision-broadened spectral line con-
veys information on the R dependence of the difference potential curve E¢(R) — E;(R)
and hence on the difference of the interaction potentials V[A(Er)B] — V[A(E;)B].

In the process described above, light emission (or absorption) occurred from the
initially occupied level E of atom A, which was (slightly) shifted only during the
interaction, but quickly relaxed to its original energy after the interaction. We call this
situation a line broadening v and line shift Av by elastic collisions. The small energy
difference hAv = E; — E; — hv is provided, for positive Av, by the kinetic energy of
the collision partners and not by some kind of internal energy of one of the partners.
For negative Av, the excess energy is converted to kinetic energy.

Apart from such elastic collisions, inelastic collisions can also occur, in which
the excitation energy E; is partly or completely converted to internal energy of the
collision partner B or to kinetic energy of both partners. Such collisions are also
called quenching collisions, because they reduce the population of level E; and hence
decrease the corresponding fluorescence intensity.

The probability that the excitation energy E; can be transferred to the collision
partner B is particularly large if B is a molecule with many vibration-rotation levels
in the different electronic states, which therefore possesses many allowed resonant
transitions E; — E,, with |E; — E,y| & |E; — Ex|. If Sy is the probability that an excited
state E; undergoes a radiationless transition to a state E; by the collision with B, the
total transition probability from level E; to other states E; of particle A is

A= ZAik(spontaneous) + ZSik . (4.104)
k k
The probability Sj; for such a collision-induced transition depends on the density Ng

of particles B, on the mean relative velocity ¥ of the collision partners, and on the
collision cross-section ojy, that is

Sit = Ngvoi . (4.105)

In thermal equilibrium, the mean relative velocity at a temperature 7 is given by

—_ (8T (1 1
v—\/ - (MA+MB>’ (4.106)
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Fig. 4.23 a) Elastic collisions as phase-disturbing collisions;
b) inelastic collisions as lifetime-reducing deactivation pro-
cesses for an excited level.

so that the collision-induced transition probability per unit time for the transition E; —
Ek is

Sik = Naoi BT , 4.107)
\ ww

where 1 = MAMp / (Ma + M) is the reduced mass of the collision pair.

The effective lifetime 7 = 1/A; of the level E; is decreased by the collisions.
As a consequence, the linewidth of the radiation from E; increases (Sect. 4.3.1). As
the linewidth is 3v;; = A;/2%, Eq. (4.93b), we see from Eqns. (4.104) and (4.105)
that it increases linearly with the density N, that is with the pressure of component
B. Collision-induced broadening is therefore also called pressure broadening. If the
collision partners A and B are identical molecules (A = B), the term self-pressure
broadening is used (Fig. 4.23a).

We have seen that both elastic and inelastic collisions lead to a broadening of
spectral lines, and that elastic collisions additionally lead to line shifts.

Both processes can be treated classically in the framework of the damped harmonic
oscillator model as demonstrated by Weilkopf [4.10]. In this model, inelastic colli-
sions change the amplitude of the oscillation. This can be described by introducing
a damping constant -y (in addition to the radiation-induced damping +,), and the
arguments discussed in Sect. 3.1 then lead to a Lorentzian profile with a linewidth
dw = Y + Yeoll-



4.4 Multi-photon Transitions

Elastic collisions do not influence the amplitude of the oscillation in this model,
but change its phase (by frequency detuning during the interaction). They are thus also
called phase-disturbing collisions (Fig. 4.23a). If the phase shift A¢ during a collision
is large enough, the oscillations before and after the collision are uncorrelated and
two independent wavepackets result, the mean lengths of which are determined by
the mean time between two collisions. A Fourier analysis of these wavepackets then
yields the frequency spectrum and hence the line profile.

After lengthy calculations, one obtains for the line profile as determined by elastic
and inelastic collisions the expression

(7 + Yinet) /2 + NTo,)*

) (4.108)
(w—wo — NT55)2 + [(¥ + Vine1) /2 + NTop]?

Hw)=1

where N is the density of the colliding molecules B, ¥ is the mean relative velocity,
and Iy = I(w}) is the intensity at the line maximum at the shifted frequency wj =
wo + Nvos. The cross-sections oy, and o determine the line broadening and shifts by
the elastic phase-disturbing collisions. The condition oy, > 0 always holds, whereas
g5 can be positive or negative.

44
Multi-photon Transitions

In this section, we will consider the simultancous absorption of two or more photons
by a molecule, leading to a transition E; — E¢ with (Ef — E;) = ¥ fiwy,.

The probability of multi-photon transitions depends on the corresponding matrix
element and on the probability that m photons can interact with the molecule simul-
taneously. For classical light sources, this probability is extremely small. Hence,
multi-photon transitions could be investigated with a sufficiently large signal-to-noise
ratio only after lasers were introduced into experimental molecular physics. The ab-
sorbed photons can be from a single laser beam or, if the sample is irradiated with
several lasers, from different beams.

4.4
Two-Photon Absorption

The first detailed theoretical treatment of two-photon absorption processes was given
by Goppert-Mayer in 1931 [4.12], but the experimental realization of the effect suc-
ceeded only in 1961 using a pulsed laser [4.13].

The probability W that a molecule with velocity v in a state E; absorbs two pho-
tons Aw; and hw, simultaneously from two light waves with wavevectors ky and k3,
polarization vectors &; and é;, and intensities /; and I», and is excited into a state Ey,
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Fig. 4.24 Two-photon transitions. a) Nonresonant two-photon
absorption with virtual level v; b) resanant two-photon absorp-
tion; ¢) two-photon emission.

can be written as a product of two factors [4.14],
Yiehlz
2
[wif —wy—wy—v- (ki + kz)] + (nr/2)?

Wig ~

X

Z(Rik'él)(ka‘éZ) n (Rix- &) (Rys-€1) :
%

4.109
(wik—wl—kl-v) (wik~w2—k2~v) ( )

As two photons must be absorbed simultaneously by the molecule, the transition
probability per molecule is proportional to the product /;/; of the two intensities, pro-
vided one photon from each wave contributes to the transition. If both photons are
from the same beam, I} = b, w| = wy, and ky = k».

The first factor in Eq. (4.109) describes the spectral line profile of the transition
E; — Er and corresponds exactly to the line profile of a one-photon transition with
the Doppler-shifted mean frequency wif = wj +w» + v - (k1 + k2) and the homoge-
neous linewidth ~y;;. Integration over the molecular velocity distributions N;(v,) yields
a Voigt profile with a width depending on the relative orientation of the two wavevec-
tors k| and k;. For collinear laser beams k; || k2, and the Doppler width assumes
a maximum, whereas for anti-collinear beams with k; = —k,, the Doppler broad-
ening of the two-photon transition vanishes, and a pure homogeneously broadened
signal of width ~; is obtained. This so-called Doppler-free two-photon spectroscopy
is described in Sect. 12.4.9.

The second factor in Eq. (4.109), which is obtained quantum mechanically through
a second-order perturbation calculation, describes the probability of a two-photon ab-
sorption as the square of a sum over the products of one-photon matrix elements. It
can be visualized as follows (Fig. 4.24). The two-photon transition can be considered
as a (not necessarily resonant) two-stage process |i) — |k) — |f), where the sum runs
over all intermediate states |k) accessible from the initial state |i) of the molecule. The
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first photon can excite the off-resonance state |k) somewhere in the outer regions of
the one-photon absorption line profile. However, the denominators of the sum terms
become sufficiently small only if w) — k - v is close to a one-photon resonance wi; of
the molecule and w> — k7 - v = wg, so that in general only a few intermediate states
|k} contribute significantly to the total transition probability, that is, only a few terms
of Eq. (4.109) survive.

This two-stage process if often described by symbolically introducing a resonant
virtual state |v) of the molecule, which is not a real eigenstate. The two sums in
Eq. (4.109) then correspond to the two two-stage processes

Ei+hw - Ey; Ey+hw — Ef, (4.110a)
Ei+ho,—Ey; Ey+hu —E;. (4.110b)

As the two alternatives cannot be distinguished and lead to the same result — the ex-
citation of the real final state Er — the total probability of the two-photon transition
equals the square of the sum of both amplitudes.

The second factor in Eq. (4.109) describes the general probability for two-photon
transitions such as nonresonant two-photon absorption (Fig. 4.24a), resonant two-
stage excitation (Fig. 4.24b), two-photon emission (Fig. 4.24c) or Raman scattering
(see next section). For all these processes, the same selection rules hold.

For the two-photon process to be allowed, the matrix elements R, for the transition
[i) — |k) and Rys for the transition |k) — |f) must both be nonzero. One consequence of
this fact is that two-photon transitions always occur between states of like parity. For
example, in homonuclear diatomic molecules, g — g transitions between two even
(g) states or u — u transitions between two odd (u) states can be induced, which
are forbidden for one-photon absorption. In vibration-rotation transitions (v',J') —
(v",J"), transitions with J' = J or J' = J £ 2 become possible, and for electronic
transitions AA =0, 1,2 is allowed.

This shows that through two-photon absorption from the thermally occupied
ground state, molecular states can be reached which cannot be populated using one-
photon absorption, and indeed a number of hitherto unknown states have been discov-
ered using this technique. Frequently, states accessible through one-photon absorption
are perturbed by other states of opposite parity due to a coupling with AL = %1 (i.e.,
through spin—orbit or Coriolis coupling) between perturbing and perturbed state (see
Ch. 9). This perturbing state can be investigated only indirectly using one-photon ab-
sorption, but it is directly accessible for two-photon spectroscopic methods. Hence,
both methods yield complementary information on excited states.

The characteristics and advantages of two-photon spectroscopy can be summarized
as follows:

1. Through two-photon absorption, excited molecular states can be reached that
are not accessible from the absorbing initial state through one-photon dipole
processes for symmetry reasons.
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2.

Using laser beams in the visible, multi-photon absorption can populate highly
excited molecular levels with energies

hw = Zhwn ,

which would need ultraviolet photons in the one-photon case.

. Auto-ionizing states (such as Rydberg states above the molecule’s ionization

energy) can often be excited using multi-photon absorption. Such excitations
have, in general, cross-sections that are several orders of magnitude larger than
those of direct photoionization. Measurement of the ions then provides a very
sensitive detection of small concentrations of molecules. Hence, multi-photon
ionization is useful as a highly sensitive method of analysis, and is already used
as such in many cases.

Multi-photon absorption of infrared radiation (e.g., from a CO; laser) can be
used, under suitable experimental conditions, to dissociate molecules in specific
fragments. This method opens ways to selectively start laser-induced chemical
reactions.

With a suitably chosen geometrical arrangement of laser beams, the vectorial
sum of the photon momenta absorbed by a molecule can be made to vanish.
In such a case, the absorption frequencies of a molecule are independent of its
velocity, and Doppler-free absorption profiles are obtained.

lonization continuum

A A Impact
ionization
hVi 'm >
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Fig. 4.25 a) and c) Doubly-resonant and  Rydberg state is populated by nonres-

b) singly-resonant three-photon ioniza- onant two-photon absorption from the
tion. In a) and b) the ionization is effected excited state k, which can then be ionized
by the third photon, in ¢) a highly excited by collisions.
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By absorption of three photons, states of opposite parity can be reached from the
ground state just as in the case of one-photon absorption. However, highly excited
states with energies 3/w above the ground state can be reached using laser light in the
visible. The absorption probability is largely enhanced if at least one of the photons is
at resonance with an allowed transition in the molecule. In the case of a two-photon
resonance, it is even larger (Fig. 4.25).

If a state less than fiw below the molecule’s ionization threshold can be reached
with two photons, the third can be used to ionize the molecule from that intermediate
excited state. More detailed information can be found in the proceedings of a biannual
conference series on multi-photon spectroscopy [4.15].

4.4.2
Raman Transitions

Raman transitions can be considered inelastic scattering processes of a photon Aw; at
amolecule in the initial state |i) with the energy E;, during which the molecule makes
a transition to the higher state Ey, and the scattered photon with frequency wy: has lost
the energy AE = E¢ — E; = h{w; — w) (Fig. 4.26a),

huwi + M(E) — M*(E¢) + hwse . @.111)

The energy difference AE can be converted to rotational, vibrational, or electronic
energy of the molecule. The intermediate state |v) with energy

E, = E;+ hw;
of the system (molecule 4 photon) during the scattering process is formally called a

virtual state (Fig. 4.26b); only in the special case of resonant Raman scattering does
it coincide with a real state of the molecule.

- * N
Stokes .
" anti-
Twg radiation Stokes
Eq radiation

E
Ey

(a) (b) (c)
Fig. 4.26 a) Raman scattering as inelastic scattering of photons;

b) nonresonant Raman—Stokes process; ¢) formation of anti-
Stokes radiation.
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The classical description of the Raman effect assumes that an incident light wave
FE = Eycoswt induces an oscillating dipole moment
Hing = aE

in the molecule, where « is the molecule’s polarizability. This induced moment is
superimposed upon an existing permanent dipole moment g, so that the total dipole
moment is

p= o+ oE. (4.112)

Both dipole moment and polarizability depend on the internuclear distance and the
electronic configuration. For small displacements of the nuclei from their equilibrium
positions we can approximate both quantities by the first term of a Taylor expansion

p~p(0)+ (%%)R (R=Re); (4.113)
a(R) = a(0) + (g—:)R (R—Re),

where p1(0) and «(0) are the dipole moment and the polarizability at the equilibrium
internuclear distance. For small vibrational amplitudes, the molecular vibrations can
be considered harmonic, thus we obtain for AR =R — R,

AR(t) = Ay coswyt , 4.114)

where A, and w, are the amplitude and the frequency of the molecular vibration,
respectively. If we substitute Eqns. (4.113) and (4.114) into Eq. (4.112), we obtain the
time-dependent dipole moment

u(t)=po+ (a—“) Aycoswyt + a(0) Eycoswt
R Jp,
+@ (a_a) Ay [cos(w —wy )t + cos(w +wy )] . 4.115)
2 \3R g,

The first term describes the molecular permanent dipole moment, the second term rep-
resents contributions oscillating with the molecular vibration that are responsible for
the infrared spectrum of the molecule (see Sect. 4.2.2). The further terms describe
contributions to the molecular dipole moment induced by the incident electromag-
netic wave. As an oscillating dipole moment creates new electromagnetic waves, we
see from Eq. (4.115) that each molecule contributes microscopically to the elastic
scattering at the incident frequency w (Rayleigh scattering) and to the inelastic scat-
tering (Raman scattering) at the frequencies (w —wy) (Stokes waves). If the molecule
exists in an excited state before the scattering, superelastic scattering can also occur,
where the scattered wave displays frequencies (w + w, ), which are called anti-Stokes
components (Fig. 4.26¢).
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Fig. 4.27 Variations of electric dipole moment and polarizability
a) for homonuclear and b) for heteronuclear diatomic molecules.

These microscopic contributions of the individual molecules to the scattered radi-
ation combine to form macroscopic waves with intensities depending on the incident
intensity /i, the population density N; of the scattering molecules, the phase differ-
ences of the individual scattered waves, and on the coefficients (da/dR).

We see from Eq. (4.115) that the infrared absorption depends on the variation of
the molecular dipole moment with nuclear coordinates, (du/0R), whereas the inten-
sity of Raman scattering is determined by the variation of the molecular polarizabil-
itv, (dar/dR). Hence, homonuclear diatomic molecules possess no infrared spectrum
(because dp /dR = 0 for symmetry reasons) but they do show a Raman spectrum, pro-
vided da /IR # 0 (Fig. 4.27). Heteronuclear molecules can show both an infrared and
a Raman spectrum.

Although the classical description of Raman scattering outlined above yields the
correct frequencies for the Raman lines, their intensities can only be calculated with
the aid of quantum theory. For this purpose, we need to compute the expectation value

(i) = /ll’i*m/)k dr (4.116)

of the polarizability .. Formally, it corresponds to the matrix element Eq. (4.23) for a
dipole transition [4.16].

443
Raman Spectra

While for one-photon dipole transitions, the selection rules AJ = £1 or AJ = 0 (for
AA = £1) hold for the rotational quantum number J, these are modified for two pho-
tons to become

A =0,£2.
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Fig. 4.28 Rotational Raman transitions. J is always the quantum
number of the iower level.

For rotational Raman spectra, where E; and E¢ correspond to rotational levels in the
electronic ground state and the same vibrational level, we obtain for the Stokes lines
Ji — J; + 2 with AJ = +2 and for the anti-Stokes lines Jf = J; — 2 with AJ = -2
(Fig. 4.28). Neglecting centrifugal distortion, the wavenumbers of the Stokes lines are
shifted by an amount

Av=B[J(J+1)—(J+2)(J+3)] = -2B(2J +3) 4.117)

with respect to the incident line, which starts from a level with quantum number J,
whereas the anti-Stokes lines are shifted by

Av=B[(J+2)(J+3)—J(J +1)] = +2B(2J +3) (4.118)

for an excitation from a level (J +2).

Hence, the distances between rotational Raman lines are different from those of
the one-photon rotational lines in Fig. 3.1.

In vibration—rotation Raman spectra, the vibrational quantum number v also chan-
ges, and the Raman transitions (v;,J; — vy, J¢) consist of an S branch (J; — Jr = J; 4+ 2)
with AJ = +2, a Q branch (J; = Jf) with AJ =0, and an O branch (J; —» Jy =J; - 2)
with AJ = —2 both in the Stokes spectrum (v; — vf = v; -+ 1) and in the anti-Stokes
spectrum (v; — vp = v; — 1) (Fig. 4.29). Transitions with Av = £2,3, ... occur also,
but with lower intensity.

The term values of the involved levels v; = 0 and v = 1 are (neglecting anhar-
monicities and centrifugal effects)

1 3
Eygy = Ewe +B()Ji(-li + l) v Ey= Ewe +BlJf(Jf+ 1) . (4.119)
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Fig. 4.29 Stokes Raman spectrum of vibration—rotation transi-
tions. The anti Stokes transitions are obtained by reversing all
arrow directions.

The Stokes transitions for the S branch (0,J — 1,J +2) occur at the wavenumbers

58! = By — we — 6B) — (5B) — Bo)J — (B) — Bo)J2 , (4.1202)
for the Q branch (0,J) — (1,J) at

7y = o —we — (B — Bo)J — (By — Bo)J? , (4.120b)
and for the O branch (0,J — 1,/ —2) at

B! = P —we — 2B) + (Bo +3B1)J — (By — Bo)J? (4.120c)

where vy is the wavenumber of the exciting transition. For anti-Stokes lines corre-
sponding expressions are obtained.

As vibrational frequencies are about two orders of magnitude larger than rotational
frequencies, lines appear in vibration—rotation Raman spectra that are shifted from the
exciting line by vibrational frequencies and that contain the respective rotational lines
as fine structure (Fig. 4.29).

This may be compared to the corresponding infrared vibration—rotation transitions
in Fig. 4.4.
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4.5
Thermal Population of Molecular Levels

The intensity of spectral lines depends not only on the corresponding transition prob-
abilities but also on the population density N; (number of molecules in the state |i) per
unit volume) of the molecular levels involved in the transition.

For emission spectra, this is the population of the upper emitting level, for absorp-
tion spectra it is the population difference between lower and upper level, for Raman
spectra it is the population of the lower level from which the excitation occurs.

The population density depends on the temperature 7 and the statistical weight
of the state. The statistical weight g indicates the number of energetically identical
(degenerate) sublevels of a molecular state. For example, the statistical weight of a
rotational level is g = 2J 4 1, because the angular momentum J can assume 2J + 1
possible orientations in space with the orientational quantum number M (—J < M <
+J), which are energetically identical in the absence of an external field.

Additionally, the nuclear spins on the nuclei in a molecule contribute also to the
statistical weight of a molecular level, as will be explained below.

451
Thermal Population of Rotational Levels

As explained in textbooks of physics, the population density N; of a level with energy
E; is given by the Boltzmann factor

N .
Ni=gi (E) e E/hT @.121)

where N = Y; N; is the total density of the molecules and Z = ¥ e £/#7 is the par-
tition function, which acts as a normalization factor ensuring the condition } N; = N
when Z is substituted into Eq. (4.121). The statistical weight

8 = (&rot&vib&nuc )i (4.122)

of a vibration-rotation level contains contributions from rotation, vibration, and the
nuclear spins.

If we ignore nuclear spin effects for the moment, the population of the rotational
levels of a diatomic molecule is given, according to Eq. (4.121), by

Ni(J) = (2] +1) (%) e EW)/sT (4.123)

(Fig. 4.30b), where N, is the total population of the vibrational level |v).
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Fig. 4.30 Thermal population of a) the vibrational levels and
b) rotational levels of some diatomic molecules at 7 = 300K.

452
Population of Vibration—Rotation Levels

The rotationless vibrational levels of a diatomic molecule possess only one degree of
freedom, that is, they are nondegenerate and hence their statistical weight is g, = 1.
The population distribution over the vibrational levels with energies E; = (v; + %)hwv
is then

Ni(v) = ( ZN,b) e 5/l (4.124)
V1

where Z,i, = ¥, e £/%7 is the vibrational partition function and N is the total number
of molecules per unit volume (Fig. 4.30a).

If we combine Eqns. (4.123) and (4.124), we obtain the population density N; in a
vibration-rotation level (v,J),

N
Ni(v.J) = (2T + 1)Zr = e Fra/ T o=Evin/kgT (4.125)
ol ~V1

453
Nuclear Spin Statistics

Finally, we will turn our attention to the influence of the nuclear spins on the popula-
tion distributions.

If we exchange the nuclei in a homonuclear diatomic molecule, the wavefunction
of a state can be symmetric (i.e., it remains unchanged if the nuclei are exchanged)
or antisymmetric (it changes sign). Within the Born—Oppenheimer approximation the
total wavefunction can be written as a product

¥ = Ye1WvibProt¥ns (4.126)
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of electronic, vibrational, rotational, and nuclear spin contributions. Nuclei with half-
integer nuclear spin / = (n+ §)h are fermions. The total wavefunction must therefore
be antisymmetric with respect to the exchange of identical nuclei. Nuclei with integer
nuclear spin / = nh are bosons, and the total wavefunction must be symmetric with
respect to the exchange of identical nuclei. As both %) and v, are symmetric with
respect to exchange of nuclei, the product ¥qtns must be antisymmetric for nuclei
with half-integer spin and symmetric for nuclei with integer spin.

As an example, we consider the rotational levels in a Zg state. Here, 9o is Sym-
metric for levels with even rotational quantum number J and antisymmetric for odd
J. To make the product {1o1%ys antisymmetric, symmetric nuclear spin functions s
must be combined with odd values of J, and antisymmetric nuclear spin functions
s Must be combined with even values of J. For example, if the identical nuclei
possess nuclear spin 4, their nuclear spin quantum number is i% (i.e., the spins can
be oriented up (o) or down (3)]. We can then construct three symmetric nuclear
spin functions ac, 88, and (a8 + Ba)/+/2, but only one antisymmetric combination
(aB - Ba)/ V2.

This means that for a nuclear spin of 1, the statistical weight of the symmetric
nuclear spin functions is three times that of the antisymmetric functions. Hence, the
population of the rotational levels in the Zg ground state of the H, molecule (nuclear
spin of the nuclei is }) for odd rotational quantum numbers J is (apart from the Boltz-
mann factor) three times that of the states with even J.

Generally, for homonuclear diatomic molecules with nuclear spins /, there are
(2I+1)(1+ 1) symmetric and (27 + 1)/ antisymmetric nuclear spin wavefunctions.
The ratio of the two statistical weights is therefore

gns(sym)  (I+1)
gns(asym) - 1 ) (4.127a)

For half-integer I (nuclei are fermions) the population ratio of rotational levels in
symmetric electronic states is

N(J=odd) I+1

= 4.127b
N(J =even) 1 ( )

In antisymmetric electronic states (e.g., ):;),
NJ=odd) I (4.127¢)

N(J=even) I+1°

Therefore the line intensities in rotation-resolved absorption spectra of Hj alternate
by a factor of three. Before arriving at the correct explanation of this phenomenon
it was believed that there are two different types of hydrogen, called para hydrogen
(with antiparallel nuclear spins and therefore total spin I} 4 I; = 0) and ortho hydrogen
(with parallel nuclear spins and total nuclear spin /; + /> = 1). In para hydrogen, the
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Tab. 4.1 Nuclear spin statistics: symmetries of o, ¥nuc, and &, and statistical
weights for fermionic and bosonic nuclei.

Fermions Bosons
Electronic 8nuc Lnue
State J Yo Yo ¥ I=4 I=3| Y e ¥ I=0 I=1
L even s a a 1 6 s s s 1 6
odd a s a 3 10 a a s 0 3
L, even s s a 3 10 s a s 0 3
odd a a a 1 6 a s s 1 6

nuclear spin wavefunction is antisymmetric, and therefore only rotational levels with
even J are occupied; in ortho hydrogen only those with odd J are occupied.

For bosonic nuclei with even nuclear spin quantum number / the total wavefunc-
tion must be symmetric, and therefore the rotational levels with even rotational quan-
tum number J in an electronic L, state possess the statistical weight (27 +1)(/ +1),
whereas levels with odd J possess the weight (27 + 1)1.

For the nitrogen molecule Nj, the nuclear spins are / = 1, that is, the nuclei are
bosons. The product ¥o1%ss must therefore be symmetric. The ratio of the population
numbers of rotational levels is then N(J = even)/N(J =odd) = (I+1)/I = 2. The
populations of the rotational levels alternate by a factor of two.

For the oxygen molecule O, the nuclear spins are / = 0, that is, the nuclei are
bosons, and there is only a symmetric nuclear spin wavefunction. Therefore the sta-
tistical weight of rotational levels with odd J vanishes, that is, these levels are not
populated and no transitions from rotational levels with odd J appear in the spectrum.
Hence, in the spectrum every other rotational line is missing!

Table 4.1 lists the statistical nuclear spin weights gn,c, which indicate the number
of possible relative orientations of the nuclear spins, for some states in homonuclear
molecules.



Molecular Physics: Theoretical Principles and Experimental Methods

Wolfgang Demtroder
Copyright © 2005 WILEY-VCH Verlag GmbH & Co. KGaA

5
Molecular Symmetry and Group Theory

The huge variety of molecules can be grouped into certain well-defined classes ac-
cording to the symmetry properties of their nuclear frameworks. This fortunate fact
greatly facilitates the determination of molecular states and especially the discussion
of allowed and forbidden transitions between levels during absorption or emission of
electromagnetic radiation. It is particularly the application of mathematical group the-
ory to the description of molecular symmetry that has provided a very concise, clear,
and elegant representation of the symmetry types of molecular states and of the spectra
of polyatomic molecules.

Before turning to polyatomic molecules and their spectra, we will therefore discuss
these topics in some detail, the knowledge of which is of crucial importance for each
chemist or physicist who wants to do serious work in molecular physics. More detailed
accounts can be found in monographs such as [5.1-5.6].

5.1
Symmetry Operations and Symmetry Elements

We start from the geometrical arrangement of the rigid nuclear framework of a mole-
cule, in which all nuclei are fixed to their equilibrium positions. For each molecule,
there are certain transformations, or mappings, of the nuclei (e.g., rotations of the nu-
clear framework around an axis, or reflection of all nuclei at a plane or at the molec-
ular center of mass), for which the framework as a whole transforms into an identical
configuration. Identical nuclei (with identical numbers of neutrons and protons) are
considered undistinguishable, that is, identical, for this purpose.

Definition: Transformations which map the rigid nuclear framework of
a molecule onto itself are called symmetry operations of this molecule.

As an example, Fig. 5.1 shows all symmetry operations of the H>O molecule. Note
that a symmetry operation does not necessarily map each individual nucleus onto it-
self. In general, it must only be mapped onto an identical nucleus, that is, a nucleus

Molecular Physics. Theoretical Principles and Experimental Methods. Wolfgang Demtroder.
Copyright ©2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40566-6
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Fig. 5.1 Symmetry operations of the H,O molecule.

Fig. 5.2 The NH; molecule, exemplifying the C3, symmetry group.

which cannot be distinguished from the original. To clarify this point, the nuclei in
Fig. 5.1 are numbered, and the nuclei 1 and 3 are identical.

Symmetry planes, axes or points are collectively called symmetry elements. The
symmetry of a molecule can be classified according to the number and types of sym-
metry elements. For this purpose, certain notations have been introduced (Schonflies
notation) to designate the different symmetry elements.

1. Symmetry axes C,
A molecule possesses an n-fold symmetry axis (axis of rotation) C,,, if its nu-
clear framework is mapped onto itself upon a rotation by an angle of o = 2n/n
around this axis. If a molecule possesses more than one symmetry axis Cy, that
with the largest n is taken to be the z direction.

Examples

The H>O molecule from Fig. 5.1 possesses a C; axis, the NH3 molecule
(Fig. 5.2) a C3 symmetry axis. Benzene (Fig. 5.3) possesses a Cg axis in the
z direction and six C; axes in the xy plane. Linear molecules possess a Co
axis, because their nuclear framework can be rotated by arbitrary angles
around the molecular axis.
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Fig. 5.3 Some symmetry elements of the benzene
molecule CqHs.

2. Symmetry planes (o)
A molecule possesses a symmetry plane if its nuclear framework remains un-
changed upon reflection at this plane. It is called a vertical plane and designated
o, if the molecule’s symmetry axis C,, with largest n lies in this plane (because
the C, with largest n is always chosen to be in the z direction, i.e., vertical).
Symmetry planes perpendicular to this vertical axis, that is, in the xy plane, are
designated 6y, (horizontal).

Examples

The H,O molecule in Fig. 5.1 possesses two Gy planes, 0., and 6y, (also
designated oy, and o), the NH3 molecule in Fig. 5.2 possesses three G,
planes, the benzene molecule (Fig. 5.3) possesses one Oy plane in the xy
plane and six 6, planes containing the sixfold symmetry axis Ce in the z
direction. The six C; symmetry axes are the intersections of the oy planes
and the oy, plane.

All planar molecules possess at least one symmetry plane that contains all
nuclei.

3. Rotary-reflection axes (S,)
A molecule possesses an n-fold rotary-reflection axis S, if its nuclear frame-
work is mapped onto itself upon rotation by an angle « = 2%t/ n around the axis,
followed by a reflection of all nuclei at a plane perpendicular to this axis.

Examples

The allene molecule C3Hy, in which the two CH; groups are twisted by
90° with respect to each other (Fig. 5.4a), possesses one S4 and three C;
symmetry axes; the twisted isomer of the ethane molecule C;Hg (Fig. 5.4b)
possesses one C3 and one Sg symmetry axes.



Fig. 5.4 a) The twisted allene molecule C;H,4 belongs to the
point group D;. b) The twisted isomer of the ethane molecule
C;Hg possesses one C3 symmetry axis and an S rotary—
reflection axis.

4. Center of inversion (i)
A molecule possesses a center of inversion i, if its nuclear framework is mapped
onto itself upon reflection of all nuclei at this center (inversion). A center of
inversion lies necessarily in the molecule’s center of mass, which is chosen as
the origin of the molecule-fixed reference frame. In this reference frame, all
nuclear coordinates (x,y,z) change their sign upon inversion, that is, (x,y,z) is
transformed into (—x, —y, —2).

The inversion can also be described by consecutive execution of two other sym-
metry operations: if the nuclear framework is rotated by 180° () around a C
axis and afterwards reflected at a 6}, plane perpendicular to this axis, the same
result as for an inversion is obtained.

Examples

All homonuclear diatomic molecules, but also CO,, benzene C¢Hg and
ethyne CoH, (acetylene) possess a center of inversion. Whereas i lies at
the carbon nucleus in COy, it is not located at a nucleus in CoH; or C¢Hg
(Fig. 5.5).

Symmetry operations and symmetry elements can readily be visualized using sim-
ple geometrical bodies. For example, a cube (Fig. 5.6) possesses three C4 axes point-
ing in the x, y and z direction and intersecting in the center of the cube. The three
diagonals are C; axes, and the connecting lines from the center of one edge to the
diagonally opposed edge are eight G axes. In addition, there is a center of inversion,
and for each Cy axis, there are four oy planes and one G}, plane.
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H H

Fig. 5.5 Molecules with a center of inversion i. For CO,, i coin-
cides with an atom, but not for the other examples.

Fig. 5.6 Some symmetry elements of a cube.

We will show in the following that the set of symmetry operations of a molecule
can be considered a group in the mathematical sense, and that this group is unique
for a specific symmetry class and describes the symmetry properties of a molecule
completely and unambiguously

But first, we must get acquainted with the basic foundations of mathematical group
theory.

52
Foundations of Group Theory

We start from a set of N elements a, (n = 1,...,N) between which an operation such
as addition or multiplications is defined. These elements form a multiplicative group
G if the following conditions hold:

l. aj,ar € G — (a; X ax) = a, € G, where the symbol “x " indicates multiplication.
In other words, the product of two elements of the group is again an element of
the group.

2. a; x (ax x aj) = (a; x ax) x a; (associative law), that is, the product of several
factors does not depend on how the factors are combined.
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3. There exists a neutral element e € G for which e x a, = a, X e = a, for all
ap €G.

4. For each element a,, € G there is an inverse element a, I € G for which a, x

-1 _ -1 —
a, =a, Xa,=e.

For some groups, the so-called commutative or Abelian groups, the commutative
law also holds: a; X a; = ay x g; for all a;,ax € G. Note, however, that there are many
groups that are not Abelian (for examples, see Sect. 5.3).

The number N of group elements is called the order of the group. If the group
axioms (1)-(4) hold for a subset of n elements a; € G with n < N, this subset is called
a subgroup of G.

Example
The number 1 represents the neutral element of the group of all rational numbers
under multiplication, and it forms a trivial subgroup of this group.

The following rules apply (for proofs, see [5.7]):

(a) The order n of a subgroup is a divisor of the order N of the complete group (i.e.,
N/n is integer). From this follows that there are no nontrivial (i.e., | < n < N)
subgroups if N is prime.

(b) If in addition to an element a; € G, the element a; X a; = a,-2 also belongs to
the finite group G, then all powers a;,a?,...a must belong to the group. There

must be a finite number p < N, so that a’ = e. The elements a;,a?,...,a] =e

are a subgroup of G, which is called a cyclic group.

The elements of a group G can be grouped into classes by the following definition:
two elements a and b belong to the same class if there is an element x € G for which

a=xbx"'. (5.1)

The elements within a class are called mutually conjugated. The classes of a group
are disjunct, that is, no element can belong to more than one class.

Proof: We consider two elements f and g from different classes, and
we assume that the element h belongs to the class of f and to that of
g simultaneously. Hence, h = xfx~! = ygy™! from which follows that
f=xygy lx= (x"'y)g(x~'y)"), that is, f and g belong to the same
class, contrary to our assumption that f and g are from different classes.
Therefore, h cannot belong to two different classes. We see immediately
that for Abelian groups, each class consists of one element only, because
from
a=xbx'=xx'b=eb=b

we obtain that a = b. Each element of an Abelian group forms its own
class. In Abelian groups, there are therefore N classes.
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53
Molecular Point Groups

We will now demonstrate for some illustrative examples that the symmetry operations
of a molecule are the elements of a multiplicative group. The operation (“multipli-
cation”) is the sequential application of two symmetry operations, and the neutral
element is the identity operation where no action takes place, that is, all nuclei remain
at their respective positions.
As a first example, we consider the symmetry operations of the H;O molecule
(Fig. 5.1):
I : identity operation
C; : rotation by 180° () around the z axis

o, : reflection at the xz plane

o,

v - reflection at the yz plane

The product (C2 x 6,) means that first the reflection at the xz plane takes place (Gy)
and then the rotation around the z axis (C;). We can see from Fig. 5.7 that the result
is the same as if we had simply reflected the nuclei at the yz plane (¢, plane). This is
expressed by the notation

G, x0y =0, .

C2X0v=GVI

Fig. 5.7 Subsequent applications of the symmetry operations o,
and C; in the group C», leads to the same result as the reflec-
tion o,.
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Tab. 5.1 Multiplication table of the group C,,.

Cay 1 G oy(xz) o, (¥2)
1 i C Oy 0-:/
C G 1 0‘(, Oy
o, Gy o, I G
o, o, Oy C !

All other possible products can be constructed correspondingly by using Fig. 5.7. For
the Cy, group we obtain the result that each symmetry operation, when applied twice,
yields the original nuclear configuration,

GxC=1; oyxoy=1; o,xo,=1I.

In other words, each element is its own inverse.

The products of all symmetry operations can be clearly laid out in the form of a
multiplication table (Table 5.1).

We see that the symmetry operations obey conditions (1)-(4) from Sect. 5.2 for
the elements of a group, that is, the symmetry operations of the H,O molecule form a
group of order N = 4, which is called C, because it consists of one C; axis and two Gy
planes. The group is Abelian, because for all elements a;, a; from G, a; xa; = a; x a;,
as can easily be verified from the multiplication table.

Together with the neutral element, each of the elements C;, 6y and o), forms a
subgroup of order two. Thus, there are three real subgroups in C;y (in addition to the
trivial subgroup of order one containing only the neutral element). As the group is
commutative, each element is in its own class, that is, there are four disjunct classes.

Remark: For the nuclear framework of the Hy molecule, the operation
o), equals the identity I. This is not true, however, if we take the molecule’s
electron cloud into account. As we will later apply group theory to the
symmetry properties of electronic states, it is necessary to include o, as
a separate symmetry operation.

We will now continue by discussing the non-Abelian group Csy, to which the
molecule NH;3 (Fig. 5.2) belongs. Figure 5.8 shows the symmetry operations of this
group, I, G, C%, Oy, c(, and c(,’ , where Cj is a clockwise rotation by 120°, and C% is
a clockwise rotation by 240°. The multiplication table (Table 5.2) shows clearly that
the group is noncommutative. The six elements fall into three classes, of which the
first contains only the neutral element /, the second contains the two rotations C; and
C3, and the third contains the reflections 6y, ¢/, and o} This is illustrated in Fig. 5.9a
for the elements C3 and Cg‘, for which

G =o0,'xCxo,. (5.2)

Figure 5.9b and ¢ demonstrate that the three reflections are mutually conjugate ele-
ments.
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Tab. 5.2 Multiplication table of the group Cs, .

Ciy I G C? o, o, o

! 1 G c: oy o, o
Cy C3 C% 1 O'IV/ Oy 0‘(,
o) o 1 G ), ol o,
oy oy o, ol 1 G G
o, | o /£ o G I G
o o Gy o, G 2 I

3

—»

Cs

Y 2
3 1
3 1 1 3
—»
Csx o, ¥0,xCs Ov
2 2

Fig. 5.8 The noncommutative group C3, and its symmetry oper-
ations.

a) C3=0,"-Cs% 0,
Gy
1*2 o, 2T1 C32 1\[/3 o.v-‘l 3\r1
6. g — > A
' ' 3 2 2
3
\ Cs A
lel
b) v
3\(1 O'V' 2\(1 C3'1 1T3
o3 Cow 2 3 2
1~ 2
Ov oy Cg2 C32 2

2«3 o] 1-_-3
C)I \T"»T

Fig. 5.9 Pairs of mutually conjugate group elements: a) C; and
6,C307 ', b) 6% and C36.,C5 !, ¢) oy and C2o,C5 2.
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Similarly, it can be shown that all symmetry groups listed in the next section satisfy
the group axioms. These groups of molecular symmetry operations are also called
molecular point groups, because the molecule’s center of mass — which is common to
all symmetry elements (axes and planes) — is mapped onto itself during all symmetry
transformations, that is, it is invariant.

Note: The elements of the point groups are the symmetry operations,
which must be distinguished from the symmetry elements (rotation axes,
rotary—reflection axes and mirror planes) of the molecules.

In the next section, we will give an overview of the different molecular point
groups.

54
Classification of Molecular Point Groups

The point group of a molecule comprises all symmetry operations possible for this
molecule. This means, it depends on the number and types of symmetry elements in
the molecule (see Sect. 5.1). To specify a molecule’s point group unambiguously, the
Schonflies notation is commonly employed, which uses the symbols listed in Table 5.3
in order of increasing symmetry. We will now take a closer look at some examples of
molecular point groups.

Tab. 5.3 Schénflies notation for molecular point groups.

Group symbol Symmetry elements

Ca 1C, axis

Cav 1C, axis + n mirror planes containing this axis

Can 1 G, axis + 1 mirror plane perpendicular to C,; for evenn also a
center of inversion i.

D, 1 C, axis + n C; axes perpendicular to C,

Dy as Dy, but additionally » mirror planes containing the C, axis and one
line bisecting the C; axes

Dy as Dy, + | mirror plane perpendicular to C,

Sn 1S, axis

T all symmetry elements of a regular tetrahedron

Oy all symmetry elements of a regular octahedron or cube

I all symmetry elements of an icosahedron

special labels CG=Cly=Cin=3$y;

CG=85
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O
-n
(]
O
N
(o]

(a) (b)

Fig. 5.10 a) The substituted methane molecule CHCIFBr exem-
plifying the point group C,; b) the molecule H,O, exemplifying
the point group C;.

5.4.1
The Point Groups C,, C,,, and C,;,

The molecules with lowest symmetry are those belonging to group C;. They possess
no “real” symmetry element, and their point group thus consists solely of the identity /.

Example l
The substituted methane molecule CHCIFBr (Fig. 5.10a).

The point group C> (only one twofold symmetry axis) comprises, for example, the
hydrogen peroxide molecule H,0; (Fig. 5.10b). There are only very few examples of
molecules belonging to point groups C, with n > 3.

Molecules from group Cs = C)y, Cip have a mirror plane as their only symmetry
element. All plane molecules without further symmetry elements belong to this group.

Examples
The water isotopomer HDO or phenol (Fig. 5.11).
O-H
o)
H H
H D
H H
(@)
H

(b)

Fig. 5.11 The molecules a) HDO and b) phenol, exemplifying
the point group Cs.
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)
Z

Fig. 5.12 Dichlorobenzene C¢H4Cl, representing the €, point
group.

The group C,y (one C; axis and two vertical mirror planes) comprises a large num-
ber of triatomic and polyatomic molecules.

Examples
H,O (Fig. 5.1), NO,, SO,, difluoromethane CH,F>, and dichlorobenzene
CeH4Cl, (Fig. 5.12).

The group C3, (one C; axis and three vertical mirror planes) is exemplified by the
NH3 molecule (Figs. 5.2 and 5.8).

Another important point group is Cwy, Which comprises all linear unsymmetrical
molecules such as HCN or OCS, and specifically all heteronuclear diatomic molecules
(CO, NO, LiH, but also °Li’Li). Each plane containing the molecular axis is a mir-
ror plane, and each rotation by an arbitrary angle « around this axis is a symmetry
operation.

The group C,y, (one C, axis and a mirror plane perpendicular to it) contains the
symmetry elements C,, that is, a rotation around the symmetry axis by an angle o, =
21t/ n, and the reflection Gy,. As always, all products of these elements must also be
group elements. For example, the inversion i can be written as the product i = C; x 6y,
and it is therefore also an element of the group Cy,. Analogously, the rotary—reflection
S3 = o X C3 is an element of the group Csp,.
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Oh T

H—oO 0o
E%C:a

o}
NH

(a) (b)

Fig. 5.13 The planar molecules a) glyoxal, OHCCHO, and b) or-
tho boric acid, H3BO;, exemplifying the point groups C,y, and
Cip, respectively.

Tab. 5.4 Multiplication table of the group Cyy,.

Con I C [ i

I ! G Oh i
(&} C 1 i Oh
Op O i I G
i i on G !
Examples

Examples representing the group Cyy, are the plane molecules glyoxal OHCCHO
(Fig. 5.13a) and butadiene, C4Hg. Table 5.4 shows the multiplication table of this
group. An example for the group Csy, is ortho boric acid, H3BO3 (Fig. 5.13b).

542
The Point Groups D, D,4, and D,

Molecules belonging to the points groups D, (one C, axis and n C; axes perpendic-
ular to it, intersecting at angles /n) can be constructed by combining two identical
fragments of C,,y symmetry along the C,, axis so that both fragments are rotated by an
angle o = mm/n (m, n integer) with respect to each other. For example, the molecule
C,H,, which is planar in the ground state, possesses an excited state in which the two
CH; fragments with Cpy symmetry are twisted by 90° so that the nuclear framework
of the excited ethene has D, symmetry (Fig. 5.14b). The two C, axes perpendicular to
the S, axis lie within the planes bisecting the two G, planes. There are only very few
examples of molecules belonging to the point groups D, with n > 3.

Molecules belonging to the point groups D,g4 contain additional mirror planes 64
containing the C, axis and one of the lines bisecting two C, axes. They can be con-
structed from two identical fragments of C,, symmetry that are twisted along the C,
axis by an angle & = n/n. For odd values of n, the molecules possess also a center of
inversion.
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Examples

Allene, C3H4 (Fig. 5.4a), belongs to group Dog4. The existence of three C, axes
and two mirror planes requires also an S4 axis as a symmetry element. Anal-
ogously, ethane C;Hg (D34) possesses, in addition to the C; axis and the three
mirror planes, an Sg rotary—reflection axis and a center of inversion i (Fig. 5.4b).

The groups Dy, contain, in addition to the symmetry elements of the groups D,
a horizontal mirror plane oy, and n 64 planes containing the C, axis. For even n, the
molecules possess also a center of inversion i.

Examples

Ground-state ethene belongs to group Dy, (Fig. 5.14a). Its symmetry elements
are three mutually perpendicular C; axes, three mirror planes o, and a center of
inversion.

Boron trifluoride, BF3, sulfur trioxide, SO3, and trifluorobenzene, C¢H3F3, are
examples for the group Dj;, (Fig. 5.15a,b). They possess a C3 axis, three C; axes,
three oy planes and one oy plane. The corresponding group elements are, in
addition to the operations C3, C3, Gy, and Gy, also C%, S3 and S%.

All homonuclear diatomic molecules and all symmetric linear molecules such
as CO; or ethyne CaH; (acetylene) belong to the important point group De
(Fig. 5.15c¢). It differs from the groups C., by the additional 6, mirror plane, and
hence also by a center of inversion /.

Ethene in the
ground state
point group Dy,

Hydrogen atoms Ethene inthe  Hydrogen atoms
located in the excited state  located in the
a, plane point group 0, o, plane

Fig. 5.14 a) The electronic ground state (C,,) and b) an excited
state (D,) of the ethene molecule possess different geometries
and therefore belong to different point groups.
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(b)

C,
(c) G
—o—z-ol—o%— C..
O ¢ O
O

Fig. 5.15 a) Trifluorobenzene C¢H3F3 and b) boron trifluoride
BF; as examples for the group D1y, and c) the linear symmetric
molecules CO, and C;H; as examples for the group D..,.

54.3
The groups S,

Molecules belonging to the S, point groups possess an S, rotary—reflection axis as
their only symmetry element. The point groups contains therefore the elements E, S,,,
52,83, .... 57", For example, the group S consists of E, Sy, $3 = C,, and 3.

For n = 2, the symmetry axis S is equivalent to a center of inversion i, and the
group S is therefore also called C; (S; = ().

Examples
The dichlorodifluoroethane isomer (CHCIF); in which the two (CHCIF) groups
are twisted by 180° (Fig. 5.16) belongs to group Ci;.

Fig. 5.16 Dichlorodifluoroethane isomer exemplifying the group C;.
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Fig. 5.17 a) Methane, representing the group Ty; b) SF¢ as an
example of the group Oy,

544
The Point Groups T4 and O,

All molecules belonging to the point group Ty possess the symmetry of a tetrahedron
(i.e., they possess four C3 axes, three C; axes and six G4 mirror planes).

Examples
Methane CH4 (Fig. 5.17a) and carbon tetrachloride CCly belong to group 7y.

We can visualize the different symmetry elements most easily if we imagine the
tetrahedron to be surrounded by a cube. For CHy, the four hydrogen atoms lie at four
corners of the cube so that each pair of them is connected through a diagonal across
one face of the cube. The four C; axes are then the diagonals through the cube, the
three C; axes connect the midpoints of opposite faces, and the six 64 planes are the
planes through diagonally opposed pairs of edges of the cube.

The symmetry group of a regular octahedron is called Oy; it comprises three C4
axes, four C3 axes, six C, axes, three G}, planes, and six o4 planes. An example for
a molecule belonging to this point group is SFg (Fig. 5.17b). If the octahedron is
included in a cube so that the corners of the octahedron coincide with the centers of
the faces of the cube, we recognize that a cube possesses the same symmetry elements
as the octahedron (Fig. 5.6). The molecular point groups Ty and Oy, possess the largest
number of symmetry elements and have thus the highest symmetry.
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How to Find the Point Group of a Molecule

We address now the crucial question as to how we can find out to which point group
a specific molecule belongs. To facilitate a systematic approach, we provide some
“recipes” that allow a quick classification [5.1].

(a)

(b)
(©
(d

(O]

)

If the molecule is /inear, it must belong to one of the groups Cey or Doop. If it
possesses a center of inversion, it belongs to Doy, or else t0 Coy.

If the molecule is tetrahedral, such as CCly, it belongs to Tj.
If the molecule is octahedral (such as SFg), it has Oy, symmetry.

If the molecules does not fall in any of the classes a)—c), we must check if there
is a symmetry axis C, with n > 1. If there is none, the molecule belongs to
group Cg if there is a mirror plane G, to group C; = §; if there is a center of
inversion i, and to group C| if there is no symmetry element at all.

If there is a C, axis with n > | and if this axis is at the same time a rotary—
reflection axis S, and there are no further symmetry elements (except the center
of inversion i for even n), the molecule belongs to group S,,.

If there are further symmetry elements besides those listed in e), the molecule
belongs to one of the groups D,, Dy, Dyd, Cy, Cpy OF Cyp. To find the correct
group, we need to check of there are n C, axes perpendicular to the principal C,
axis.

(f1) If yes, the molecule belongs to one of the D groups. If there is a 6, plane,
the point group is D,; if there are n 64 planes, the correct group is Dyg; if
there are no oy, or 64 planes, the group is D,,.

(f2) If there are no n C; axes, the molecule belongs to one of the C groups. If
there is a o, plane, the group is C,y; if there are n oy planes, it is Cpy; if
there are neither oy, nor 6, planes it is C,,.

We will demonstrate the usage of this “recipe” for two examples.

2.

The planar molecule BF; (Fig. 5.15b) possesses one C3 axis, three C; axes, one
o}, plane containing all nuclei, and three 64 planes. Consequently, it belongs to
group Dy,

The butadiene molecule C4Hg possesses one planar isomer (Fig. 5.18). There
is a C; axis perpendicular to the molecular plane,which is therefore a oy, mirror
plane. There is a center of inversion, but no 64 planes. Hence, the molecule
must belong to the point group Cop. It contains the symmetry operations E, Cy,
Gh, and i; its multiplication table is displayed in Table 5.4.
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Fig. 5.18 Planar isomer of the butadiene molecule belonging to
group Cyy.

5.5
Symmetry Types and Representations of Groups

As the nuclear framework of a molecule does not change during a symmetry trans-
formation, the Coulomb potential of the nuclei, in which the electrons move, remains
also constant, that is, the potential energy in the Hamiltonian Eq. (2.2) is invariant
with respect to all symmetry operations. It is easy to understand that the mean ki-
netic energy of the electrons in a given electronic state is also constant, because it is
determined by the equilibrium nuclear configuration.

The normal modes of a molecule (see Sect. 6.3.1) can also be classified with re-
spect to molecular symmetry. They are designated by lower-case letters to distinguish
them from the symmetry classifications of electronic states, where upper-case letters
are used. Figure 5.19 visualizes the vibrational state of a molecule during its three nor-
mal modes by indicating the nuclear velocities through arrows. This shows that the
nuclear kinetic energy is also invariant with respect to symmetry operations, because
the lengths of the arrows, that is, the absolute values |v;| of the nuclear velocities, do
not change during such an operation and hence (m/2)v? remains constant although

o, oy
W Cy WG,
1 1
V2 V3
ay a by
totally symmetric totally symmetric antisymmetric

Fig. 5.19 Changes in the nuclear velocity arrows of the three
vibrational normal modes of a triatomic C,, molecule during
symmetry operations.
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the direction of the arrows, that is, the phase of the vibration, changes for v3 during
the operations o, and C.

Hence, the total energy of a state and also the electron density distribution remain
constant during the symmetry operations of the molecule. The wavefunctions of the
states can change, however. From the requirement that |!l?|2 remain constant during a
symmetry operation, we obtain for nondegenerate states due to the single-valuedness
of U(x,y,z)

P2 wP = v aw, (5.3)

For example, upon double reflection at the same plane (62 = /), the function ¥ must
return to its original value,

o(o?)=V=>0¥ =1V. 5.4

This is not necessarily true for degenerate states, as an n-fold degenerate state is de-
scribed by a linear combination of n independent functions ¥,. Each of these functions
¥, can be mapped by a symmetry operation onto any of the other functions ¥; (i # n)
or any linear combination of them (see examples below).

Within the BO approximation, the total wavefunction can be written as a product

V= welwvibwmt

of electronic, vibrational, and rotational contributions. The symmetry of ¥ is therefore
determined by the symmetries of the three factors.

It is now important to decide how the molecular wavefunctions transform under the
different symmetry operations in the various point groups, and how the symmetries of
the three factors determine the symmetry of the product wavefunction. This will be
possible by using the representations of groups. This will be demonstrated in the
following for the example of the C,, group, before the concept of a representation and
its characters is defined in general.

5.5.1
The Representation of the Group C,,

We will first examine how the three components of a translation vector T = {7, T,, T; }
or a position vector r = {x,y,z} transform under the symmetry operations of the group
Cyy. From Fig. 5.20 we see that for a rotation around the C; axis,

T T T, -1, and T2 4T3, (5.52)
while for the reflection G, at the xz plane,

T2 +T; 1,25 T, and T, 25T, (5.5b)
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Cz
& ““ Oy = Oy
. CoTy =-Ty oy Ty =+Ty
i CaTy=-T, o,/ Ty=-T,
] Oy = O,

! " CaT,=+T, oy T,=+T,

,"—’ ] oy Ty=-Ty

"""" ' ;" o,T,=-T,

Oy T, =+T,

Fig. 5.20 Transformation of the components of a translation
vector under the symmetry operations of the group C;, .

and for the reflection o, at the yz plane

LT 25T ad T,2NT (5.50)
Hence, the behavior of the component 7, under the symmetry operations /, Cs, Gy,
and G(, can be represented by a suitable combination of the numbers +1,—1,+1,—1
(Table 5.5).

The behavior of the translation vector T'={T,, T}, T}, the rotation R={R,,R,R;},
and the vibrational normal coordinates Q; is summarized in Table 5.5, where +1
means that the corresponding quantity remains unchanged under the respective sym-
metry operation, and —1 means that it changes sign.

The combinations of the numbers +1 and —1 listed in the ith row of Table 5.5
are called a representation I'; of the symmetry group Cyy, because they represent the
symmetry properties of a quantity (i.e., a normal coordinate or a component of the
translation vector) under the symmetry operations of the group Cs,.

The numbers themselves are called the characters of the representation. The in-
dividual representations are often designated by upper-case letters such as A, if the
character for the rotation C, is +1, or B, if it is —1. A further distinction is made
regarding the behavior upon reflection 6,: representations labeled A| or B| have the
character +1 for 6, representations A, or B, correspondingly have character —1.

Analogously, we can examine with the aid of Fig. 5.19 how the displacements
of the nuclei during the three normal vibrations v; of the molecule with frequencies

Tab. 5.5 Character table and representation of the group C,,.

Cav 1 (& Oy o, transl,, rot., vib. symmetry type
N 1 1 1 1 I.01.02 Ay
I 1 1 -1 -1 R, Az
r 1 -1 1 -1 TRy B
F.; 1 —1 -1 1 Ty’nyQJ B,




5.5 Symmetry Types and Representations of Groups

v; (see Ch. 6) transform under the symmetry operations. We obtain for the normal
coordinates Q; that Q| and @, remain unchanged during all symmetry operations,
while for Q3

G v o,
03503 O3>5-0; and Q35 Q5. (5.6)
The representation of Qs is therefore Iy = (+1,—1,—1,+1).

Definition: A representation of a group G is a transformation of the
group elements g; onto other elements M; with the condition that with
each element g; € G is uniquely associated a mathematical quantity M;
(number, square matrix, etc.) so that the product g; X gy is uniquely asso-
ciated with the product M; x M.

In cases like the group C,y, where each symmetry operation is uniquely associated
with a number (i.e., +1 or —1), the representation is called one-dimensional. By com-
paring Tables 5.1 and 5.2, it can easily be verified that the definition of a representation
is satisfied.

Such one-dimensional representations can always be found if each element of the
point group forms its own class, that is, if the group is commutative. The states of the
molecule are then nondegenerate (except for an accidental degeneracy, which bears
no relationship to symmetry).

One-dimensional representations are not possible for groups where several group
elements belong to the same class. Here, n-dimensional representations with n > 2
are employed, for example square matrices of dimension n.

We will elucidate this for the example of the group Csy.

55.2
The Representation of the Group C;,

The symmetry properties of the z component T; of the translation vector under the
symmetry operations in Cy, are (see Fig. 5.21)

IT. = +1T. ;
GT:=CGT. = +T;; (5.7)
oyI.=o,T.=6\T. = +T..

The transformation properties of 7, can therefore be described by the one-dimensional
representation I} of type Ay, for which all characters are +1.

This is not true, however, for 7, and 7. Upon rotation by an angle ¢ around the z
axis (Fig. 5.21), the coordinates .,y are transformed to

X* =xcosg —ysing or x*\ [ cosp —sing X (5.8)
y* =xsinp+ycosyp y* )\ sing  cosp y /T
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Ay r

N
, Iri=lrl=r
I
1
* -
Y r
X : :
Lo
y=r-sino
I :
' |

a .
l:x'—bl X
X=Trcosa

X*=r-C0S (¢ +a)=r-C0S0COS ¢ +r-sinosing

y*=r-sin{p+a)=r-sinacose+r-cosasine

Fig. 5.21 Transformation properties of the components 7, and 7,
of the translation vector upon rotation by an angle ¢ around the
z axis.

where we have used x = rcosa, y = rsina, and x*, y* are the components of the
vector 7* which is generated from r = {x,y} after the rotation (Fig. 5.21).

The symmetry operation C; effects a rotation by ¢ = —120°, while C% results in a
rotation by —240° or +120°. The rotation matrix for C3 is therefore

)=( 35 )

The transformation properties under C%, Oy, O, and o, can be deduced analogously.
Overall, we obtain the two-dimensional representation I3 from Table 5.6, which is
usually denoted by E, whereas three-dimensional representations are denoted by the
letter T.

In many cases, higher-dimensional representations can be reduced to representa-
tions of a lower dimension by a suitable transformation. Such representations are
therefore called reducible . If this reduction is not possible, the representation is
called irreducible. Table 5.6 shows, as an example, the irreducible representation
of the group Cs,.

—sin(—120°)

cos(—120°)
( cos(—120°) (59)

sin(—120°)

Tab. 5.6 Irreducible representations of the group Cs,.

Cay I C3 Cg Oy 0"v O'/V’
n A 1 1 1 1 1 1 T,
N A 1 1 1 -1 -1 —1 R,

_1 y3 L . 1 _3 YA}
r, E 10 1072 3 7 -10 ] 3 ? 2
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55.3
Characters and Character Tables

The traces of the matrices, that is, the sum of their diagonal elements, are called the
characters x i of the representation ;. For one-dimensional representations, the char-
acter equals the number £1 as explained above. The subscript i labels representations
I;, that is, it runs from | to the number m of irreducible representations, whereas
k=1,...,N labels symmetry operations, N being the order of the group.

Characters are an important tool in determining the smallest possible dimension
of a representation. If, for example, an n-dimensional representation of a group is
available, its characters show if it can be reduced to lower-dimensional representations
or if it is irreducible. This is made possible by the

Theorem: The sum of the squared characters of an irreducible repre-
sentation equals the order N of the group.

It is easily verified that for the representations I, ..., s of the group C,y, this sum
of squares is always 1+ 1+ 1+ 1 = 4, the number of group elements.

Because of their great importance for finding the representations of the different
symmetry types, the characters x; of all irreducible representations are tabulated in
so-called character tables for all molecular point groups (see, e.g., [5.1]). Anexample
of such a character table, here for the group Cs,, is given in Table 5.7. For the one-
dimensional representations of the group C,y, Table 5.5 is identical to the character
table.

It can be seen from these tables that for a given irreducible representation, the
character of all symmetry operations belonging to the same class is identical. For
example, for the representation I3, the three reflections oy, o, and o, of the group
C3y are in the same class and have the character y = 0, whereas the two rotations C3
and C§ are in another class with the character x = —1, and the identity / with character
x = 2 is in its own class.

For each molecular point group, there exists a one-dimensional totally symmet-
ric representation I of symmetry type Ay, the character of which is x4 = +1 (k=
1,...,N) for all N symmetry operations.

We can express all representations of a symmetry group in the form of a block
matrix. The identity operation / is always represented by a unit matrix with a dimen-
sion N which equals the order of the corresponding symmetry group. Iis character

Tab. 5.7 Character table of the group C3,.

Civ I G c oy G, o
Ny | 1 1 1 1 1 1
N | 1 1 1 -1 -1 -1
I (E) -1 -1 0 0 0
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Tab. 5.8 Representation of the direct sum I, @ I'; of the group Cj,.

1 C3 C% oy 0"V o
100 1 0 0 10 0 -1 00 -1 0 0 -1 0 O
otoflo -5 £ llo-4-4 0 -10 0o 1 -8 0o L B

xit = N, that is, the trace of this unit matrix, gives immediately the dimension N of
the representation.

It is easily verified for the example of the group Csy that for each of the three
representations Aj, A, and E, the sum of the squared characters, Y5_, x5, summed
over all elements in a row in Table 5.7, equals the group order N = 6.

5.5.4
Sums, Products, and Reduction of Representations

If a representation I, comprises N matrices A, of dimension n and a representation
I, comprises N matrices By, of dimension m, the direct sum I'y = I, © I}, is defined
to be the representation

A, O
D, = (0 B,,) (5.10)

of dimension m + n. For example, the direct sum I & I3 of the group Cyy is given by
the matrices listed in Table 5.8.

We see that the characters of the direct sum equal the sum of the characters of the
individual summands, because the diagonal elements of the individual representations
add up to the total trace.

The direct product 'y, = I, ® I}, of two representations I, and I3, with dimensions
n and m are the matrices of dimension n-m formed according to the following scheme:

Lely,=1y 5.1D

4a S5a 6al|4b 5Sb 6b | ......
72 8a 9a | 7b 8b 9b

1 2 3 :?Cs le 2 3e| If 2f 3f
456®i‘§l:4e5e6e4f5f6f ......
789 ] Te 8 9e | 7t 8 Of

m n o p
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Tab. 5.9 Direct product of the representations I; and I'; of the group Cy,.

& ! G oy o,

I 1 1 —1 -1 Ay

I3 1 -1 1 -1 B

L&y 1 —1 —1 1 B, =A2®B,

Tab. 5.10 Multiplication table of the symmetry species of the group Cs,.

Coy Ay A2 B B,
A Al Az B, By
As Ar Ay By B
B| Bl Bz Al AZ
B> By B Az A

It can be shown that the character of the direct product of two representations equals
the product of the characters of these representations (see, e.g., [5.6]). This can be
used to determine the symmetry type of a product of two wavefunctions. This will
be elucidated again for the example of the group C»,. We choose one factor to be of
symmetry type A, the other of type B;. Multiplication of the characters from Table 5.9
shows that the product must be of symmetry type A2 x B) = B». This multiplication
can be carried out for all combinations of Aj, A>, By, and B; (see Table 5.1); this yields
the last row in Table 5.9. As an example, Table 5.10 shows the multiplication table for
the group Cay, which may be compared with Table 5.1.

If a multidimensional representation of a symmetry group has been found, the next
question is if it is reducible, that is, if it can be decomposed into a direct sum of
representations of lower dimension. This is the case if a similarity transformation
can be found that diagonalizes, or at least block-diagonalizes, all matrices of the rep-
resentation simultaneously. To solve this problem, the following theorems can be
helpful [5.2, 5.7].

(a) Each reducible representation can be decomposed into a direct sum of m irre-
ducible representations.

(b) The number m of these reducible representations equals the number of classes
in the corresponding point group.

(c) The sum of the squared dimensions #; of these m irreducible representations
equals the order N of the point group, that is
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(d) The sum of the squared characters of an arbitrary irreducible representation of
a symmetry group equals the group order N,

Y 2
ZXik =N,
k=1

(e) The scalar product of the characters of two irreducible representations I'; and
0 b is

We will illustrate these theorems for the group D4 (see Fig. 5.4b). The character
table of group Dsgq is displayed in Table 5.11. Its irreducible representations are

— the four one-dimensional representations with x (/) = 1,

N=Ayg, In=Ay, In=An, I5=Ay,

- and the two two-dimensional representations with x (/) = 2,

F3=Eg, Iy=E,.

According to theorem c),
Y=+ +2+12+12+22=12=N.

The symmetry operations fall into six classes, / (one element), C3 (two elements), C;
(three elements), i (one element), Sg (two elements) and o4 (three elements).

Consequently, there must be six irreducible representations I through I'y. The
sum Y}, xfk is, for I,

224 2(=1)243x02+(-2)2+2x1243%x0* =12

Note that the summation runs over all group elements, that is over 2 x C3, 3 X C3,
2 x S6, and 3 x O4.

Tab. 5.11 Abbreviated character table of group Dggq.

Dy I 2Cs 3C, i 28¢ 36y
I Ay 1 1 1 1 1 1
Iy Ay 1 1 -1 1 1 -1 R,
Iy E, 2 -1 2 -1 0 R..R,
Iy Al 1 1 1 -1 -1 —1
I's Ay 1 1 -1 —1 -1 1 T,
Iy E, 2 -1 0 -2 1 0 1.7,
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The scalar product is, for I3 - I's,

N
Y sk =2% 1 +2(=1) x 1 +3x0(=1) +2 x (1)
k=1
+2x (=) x(-1)+3x0x1=0.
For the reduction of a reducible representation I we use the following

Theorem: In the decomposition of a reducible representation into a
direct sum of irreducible representations I,

N=a-N®a-Hd...bapl,,, (5.12)

the jth irreducible representation I'; occurs exactly a; times,

N
Z W xd (5.13)

2 I

(R)

where x, ' is the character of the reducible representation for the kth
group element (i. e., the kth symmetry operation), and xﬁ;() is the character
of the jth irreducible representation of the kth symmetry operation.

As an example, we discuss the symmetry of a rotation—vibration level in the electronic
ground state of the NH3 molecule with C3, symmetry (Fig. 5.2).
The wavefunction

¥ = e X Pvib X Prat (5.14)

is written as a product of electronic, vibrational, and rotational contributions.

The electronic ground state is totally symmetric with symmetry A;. For the vibra-
tional state, we assume a superposition of the v3 and v4 normal modes (see Sect. 6.3),
which both have E symmetry. If the rotational angular momentum J is not oriented
along the C3 symmetry axis (i.e., the projection K of J onto the symmetry axis is
# 0), the symmetry axis precesses around the laboratory-fixed angular momentum
axis (see Sect. 6.2). The symmetry of such a rotational state is E.

The total wavefunction Eq. (5.14) has then the symmetry type I’ = A| R EQERE,
and its representation has the dimension

n=[]ni=1x2x2x2=8.

How can this product representation be reduced?

From the character table, Table 5.7, which is shown again in Table 5.12 in ab-
breviated form, we see that the characters of the product representations £ ® E and
E & E® E, which must equal the products of the characters of the individual E repre-
sentations, have the values listed in Table 5.13.

201



202

5 Molecular Symmetry and Group Theory

Tab. 5.12 Abbreviated character table of the group Cs,.
Csy 1 2C; 3o,

Al 1 1 1

Az 1 1 -1

E 2 -1 0

Tab. 5.13 Characters of the direct products of two-dimensional representations of the
group Cs,.

Ciy 1 2C3 3oy
EQE 4 +1 0
EQEQE 8 -1 0
EQEQE®A, 8 -1 0

To decompose this product representation into a direct sum of irreducible repre-
sentations, we use Eq. (5.13) to find out how often the three possible irreducible rep-
resentations Aj,As, and E are contained, for example, in the product representation

EQERERA| =aA +aA; + asE , (5.15)

that is, we need to find the values of the a;. With the group order N = 6, we obtain
from Eq. (5.13),

1

ay =

(8x14+2x{(-1)x14+3x0x1)=1,

a=-Bx1+2x(-1)x14+3x0x(-1))=1,

— O\ =

a3:6(8x2+2><(—1)><(—1)+3><0><0):3.
The direct sum is therefore
EQERERAI =1xXxA| D1 xA)DHIXE.

It is easily verified that the sum of the characters of the reduced representation equals
the characters of the product representation given before.
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6
Rotations and Vibrations of Polyatomic Molecules

As in the discussion of diatomic molecules in Ch. 3, we will now try to understand
the vibrational-rotational levels of polyatomic molecules by employing successively
refined models. We start with the rigid rotor model and harmonic vibrations of a
nonrotating molecule, and we will finally include the interactions between vibrations
and rotations, which are more complicated in this case than for diatomic molecules.

The larger number of vibrational modes in polyatomic molecules, which in general
lead to three-dimensional motions of the nuclear framework, constitutes a significant
complication with respect to the diatomic case, where only one-dimensional vibrations
along the internuclear axis were possible. Such vibrations can be described more
easily in a reference frame with the origin in the molecule’s center of mass and with
axes that are are fixed to the equilibrium nuclear framework so that it rotates with the
molecule. In this so-called molecule-fixed reference frame, all nuclei assume constant,
time-independent coordinates in their equilibrium positions, that is, the nuclei of the
rigid (nonvibrating) molecule are at rest in the molecule-fixed reference frame.

The Schrodinger equation (2.4) was formulated in the laboratory-fixed reference
frame, which is connected to the molecule-fixed system through a suitable coordinate
transformation. There are two approaches to arrive at the Schrodinger equation in the
molecule-fixed reference frame:

(a) Starting from the classical Hamiltonian function H = T 4V in the laboratory
system, the quantum-mechanical Hamiltonian is obtained by introducing canon-
ical momenta and substituting p — — 'T’ 3%. Then, the coordinate transformation
to the molecule-fixed system is performed in the Hamiltonian.

(b) First, the coordinate transformation is carried out for the classical Hamilto-
nian function and the transformed function is then converted into the quantum-
mechanical Hamiltonian. This approach poses serious problems, however, be-
cause the canonical momenta are, in general, complicated expressions. For
small vibrational amplitudes, however, the molecule can be treated approxi-
mately as a rigid system at the equilibrium configuration, and it is then possible,
to construct the correct Hamiltonian [6.1].

Molecular Physics. Theoretical Principles and Experimental Methods. Wolfgang Demtroder.
Copyright ©2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40566-6
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We will use the second approach and start with the coordinate transformation for
the classical kinetic energy expression to the molecule-fixed reference frame. As the
potential energy depends only on relative coordinates, its form is unchanged by the
coordinate transformation.

6.1
Transformation From the Laboratory System to the Molecule-fixed System

We denote the coordinates of the ith nucleus in the molecule-fixed system by lower-
case letters,

Ti = {xi,Yi,Zi} s
and choose the molecule’s center of mass as the origin so that r¢, = {0,0,0}.

The coordinates of the same nucleus in the laboratory system are denoted by upper-
case letters,

Ri = {XisYi’Zi} .

The molecule’s center of mass r¢, = {0,0,0} is denoted in the laboratory system by
the vector Rem. = {Xc.m.’ Yem.Zem }
For the transformation from one system to the other (Fig. 6.1), we obtain

Ri=Rcm +7;i. 6.1

If we want to compare the time variation of the position of the ith nucleus measured in
the laboratory system, dR;/dr, and measured in the molecule-fixed system, dr;/dr,
we must take into account that both systems are accelerated with respect to each other:
The molecule-fixed system rotates with an angular velocity w around its center of
mass, which in turn moves with a velocity dR. . /dr with respect to the laboratory
system.

Molecule-fixed
system (x, y, 2)

Laboratory-fixed Y
system (X, Y, Z)

Fig. 6.1 Transformation from the laboratory reference frame to a
molecule-fixed reference frame.



6.1 Transformation From the Laboratory System to the Molecule-fixed System

Using the unit vectors é,, é,, &;, the position vector 7 in the molecule-fixed system
can be written as

T=xé;+yé, +7€;. 6.2)

Differentiation with respect to time yields the time variation of r,

dr dx dy dz dé, dé, deé,
—=—é+—&é,+—é,+x—+y—+z2— 6.3

a " a T ad @ e e T (63)
as seen by an observer in the laboratory system, expressed by the coordinates in the
molecule-fixed system. As the unit vectors é,,é,,é; of the molecule-fixed system
rotate with respect to the laboratory system at an angular velocity w around the center
of mass, the derivatives

dé, s dé, wxd dé,
— =wxé,; — =wxé,;

o YT
indicate the velocities with which the points of the unit vectors move due to the rota-
tion of the system around the axis w (the magnitude of their velocities must be |w| and
the direction must be Lw and 1é,).
By differentiating Eq. (6.1) with respect to time, we obtain for the velocity of the

ith nucleus in the laboratory system,

= wxé, (6.4)

Vi=Ri=Repm +7i+ (wxm) . (6.5)

The total kinetic energy T of all N nuclei with masses M; measured in the laboratory
system, but expressed in the molecule-fixed system, is then

1 [ X 1 .
T=3 (): M,-V,-2> = 5)’_‘,M,- (Rom +#i+wxm)’. (6.6)
i=1
Evaluation of the terms in parentheses yields, with 7; = v;,

= [l Do B+ Lo

+ 2R<w XZM,"!‘,’) + ZR‘Z’m_ZM,"U,' + ZZM,"U,'(LU X ’I',') . (6.6a)

The following relations hold:
(a) Y M; = M =, total mass of the nuclear framework.

(by rem = (EMir;) /M =0, because for the center of mass in the molecule-fixed
system 7., = {0,0,0}.

(c) L M;v; = 0, because the total momentum of all nuclei in the center-of-mass
system is always zero.
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(d) If the nuclei are in their equilibrium positions r; = r?, the angular momentum
of the nuclear framework in the molecule-fixed system must be zero,
Y M; (r) xv;) =0= Y M; (ri xv;) = Y M; (Ar; x v;) with Ar;=7;—7) .
e a (bxec)=b-(cxa)=
YMvi (wxr) =w-TM(r; xv;) =w-YM; (Ar; x v;).

Note: Strictly speaking, the molecule-fixed system is only defined for
the rigid, nonvibrating molecule, in which all nuclei are at their equilib-
rium positions r?. For example, a molecule executing bending vibrations
possesses an angular momentum, even in the molecule-fixed system. This
is taken into account by the last term in Eq. (6.6a). For sufficiently small
vibrational amplitudes, the nuclear geometry changes only slightly, and
the molecule-fixed system (also called the Eckart system) remains defined
(for a detailed justification, see [6.2]).

Taking (a)—(e) into account, it follows from Eq. (6.6a) with Ar; = r; — 'r? for the
kinetic energy,
1

T =
2

2 ] 1
MR + 5 Y Mi(wxri)* + 5 Y Miw? +w- Y M (A xw) . (67)
I i {

The first term describes the translational energy of the molecule, whose center of
mass moves with a velocity Vo, = R Itis responsible for the Doppler shift of
spectral lines (see Sect. 4.3.3) and can be eliminated using Doppler-free spectroscopic
techniques (see Sect. 12.4).

The second term describes the rofational energy of the molecule, the third term the
vibrational energy. The fourth term is only then different from zero if the nuclei are
displaced from their equilibrium position in the rotating molecule so that Ar; = r; — rf-’
and v; are not parallel. It describes the Coriolis interaction between vibration and
rotation.

If the kinetic energy of the molecule were to be described in the laboratory sys-
tem, there would be no inertial forces, that is, the Coriolis interaction would be zero.
However, the expressions for the rotational and vibrational energies would become

significantly more complicated.

Note: The last three terms in Eq. (6.7) describe the respective con-
tributions to the nuclear kinetic energy as measured in the laboratory
system, but expressed in the coordinates of the molecule-fixed system.
Equation (6.7) is the classical expression for the kinetic energy. For a
correct description of the different contributions, it has to be converted
into a quantum-mechanical form.

We will now discuss the individual terms successively, starting with the second,
that is, with the rotational energy of the rigid rotor.



6.2 Molecular Rotation

6.2
Molecular Rotation

The classical treatment of the rigid rotor is usually described in detail in texts on
theoretical mechanics [6.3], and we will therefore summarize the results only briefly.
The quantum-mechanical treatment of the symmetric and asymmetric top can be found
at length in [6.4-6.6].We start with the classical model.

6.2.1
The Rigid Rotor

For the rotational energy of a rigid rotor we obtain from Eq. (6.7)
To = 5 LM (w0 x )’
= LT+ wx ]
. ZM [ (& +57) +wp (oF +27) +w? (5 +7)

— WyWyXiYj — Wy XiZj — wyWZYiZi:| . (6.8)

Introducing the inertia tensor

([l
= I_v_x lyy Iyz s 6.9)

Iz,r zy 2z
this can be written as

I ,
Toot = (WXawy,wz) lyx l_v_v l_yz Wy |, (6103)
Iy ]zy I, Wy

5
H\'
~
g-
&

or, in abbreviated form, as

|
T;'()[ = EWIUJ . (610b)

The components of the inertia tensor are
IxxzzMi ()’1'2+Zi2) Ly =h= _ZMXIYI
Ly=YMi(x+2) le=L=-Y Mz (6.11)

I;= ZMi (‘xl2 +.V%) Ly, =1Iy= _ZMi,ViZi .
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Thus, Eq. (6.10) becomes, in component notation,

1
T =5 (Law? + Lyw? + Lyw? + Lywywy + Lywyw, + Leww;) (6.12)

If the molecule-fixed reference frame is chosen so that its axes point along the direc-
tions of the three principal moments of inertia, the tensor / is diagonal, that is, in this
system Iy, = Iy, = I,, = 0. The three principal moments of inertia are obtained as the
three solutions of the equation

Ie—1 Ly I
Iy ILy—1 I, |=0 (6.13)
L Iy I—I

for the determinant obtained for the principal axes transformation. The three solutions
yield the three principal moments of inertia, which are denoted /4, /g, and Ic, and
ordered so that Iy < Iy < Ic.

The rotational energy of a rigid rotor is, expressed by components in the principal

axes system,
1

Tt = 3 (hw? + Lw? + Lw?) (6.14)
where the principal moments of inertia I,,,, I, each assume one of the values /a,/p,
orlc.

In Eq. (6.14), the angular velocity w can be replaced by the angular momentum

J=Z(r,-><p,-) =2Mi(rix (wxmi)) (6.15)
of the nuclear framework. Using the inertia tensor I, Eq. (6.15) can be written as

J=Ilw, (6.15a)
as can be verified by inserting Eq. (6.11). In the principal axes system, Eq. (6.15a)
becomes

J = {Lw Lwy; Lw, } . (6.16)

Note: J and w are only parallel if all principal moments of inertia
Iy = I, = I, are equal (spherical top) or if only one component of w is
different from zero (rotation around one of the principal axes of inertia).
In general, J and w have different directions (Fig. 6.2).

If we express the components of the angular velocity w in Eq. (6.14) by the corre-
sponding angular momentum components from Eq. (6.16), we obtain for the rotational
energy

1 (2 722
To==Z2+2+2]. 6.17
rot 2<Ix+1y+lz 6.17)
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Fig. 6.2 Rotational angular momentum J and angular velocity w
for differing moments of inertia /, and /,.

As the angular momentum J and the rotational energy of a rigid rotor are both constant
in the absence of external torques, two conservations laws must be satisfied:

J2J .

- 4 — 4 = =const. (energy conservation) (6.18a)
L L

Jf + 1,2 + Jz2 = const. (angular momentum conservation) . (6.18b)

Note: While the components Jx,Jy,Jz in the laboratory system are
constant, this is not in general true for the components Jy,J,,J. in the
molecule-fixed system. However, for both systems J> = Jf +Jy2 +JZ2 =
JE +J} +J% = const.

In angular momentum space with the coordinates J,,Jy,J;, Eq. (6.18b) describes a
sphere, Eq. (6.18a) an ellipsoid. As the components of the vector J must satisfy both
equations simultaneously, the point of the vector J must be located on the intersecting
curves between the sphere and the ellipsoid (Fig. 6.3). As the ellipsoid is determined
by the principal axes of the molecule and is therefore constant in the molecule-fixed
system, whereas the angular momentum J is constant in the laboratory system and
thus varying in the molecule-fixed system, the molecule’s rotation must be such that
the point of the laboratory-fixed vector J always remains on the intersecting curve
between sphere and ellipsoid, Eq. (6.18a). This condition leads to a nutation of both
the momentary rotation axis w and a possible symmetry axis (for the case of a sym-
metric top) around the laboratory-fixed angular momentum axis (Fig. 6.4), except if
w happens to point along the figure axis so that w and J coincide. If « is the angle
between the figure axis z and J and 3 the angle between z and w, the nutation cones
for the figure axis and for w have apex angles of a and 3 — «, respectively.
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Figure axis
z
Inertia ellipsoid
intersecting
=~ A curve
Angular
momentum
sphere

[0

Fig. 6.3 The inertia ellipsoid with the fig-  vector J stays on the intersection of the
ure axis along the molecule-fixed z direc-  inertia ellipsoid Eq. (6.18a) and angular
tion performs a nutational motion so that  momentum sphere Eq. (6.18b).

the laboratory-fixed angular momentum

<l

Cone of
nutation

-

gl

/4

Figure axis

Fig. 6.4 Nutation of figure axis z and current rotation axis w
around the laboratory-fixed angular momentum axis J.
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6.2.2
The Symmetric Top

If two of the principal moments of inertia are equal, the molecule possesses a symme-
try axis coinciding with the principal inertia axis. The moment of inertia for a rotation
around this axis is then in general different from the other two equal moments of iner-
tia. The inertia ellipsoid is then rotationally symmetric with respect to the symmetry
axis of the rotor. All molecules with a symmetry axis C, (n > 2) are symmetric tops.
If all three moments of inertia are equal, the inertia ellipsoid becomes a sphere, and
the rotor is called a spherical top. For the general symmetric top, two cases can be
distinguished:

(a) The prolate symmetric top: In < Iy = I¢
Here, the two larger moments of inertia are equal. This corresponds to a rota-
tional ellipsoid which is elongated along the symmetry axis (Fig. 6.5a).

Examples
A cylinder with a diameter D smaller than its height; all linear molecules;
the molecule CCIHj (Fig. 6.5a).

I
1\ "
lc
I.>I,=1,
( ) Prolate (b) Oblate
symmetric top symmetric top

Methyl chloride Benzene

Fig. 6.5 Inertia ellipsoid and example molecules for a) a prolate
top and b) an oblate top.
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(b) The oblate symmetric top: Iy = Ig < Ic
Here, the two smaller moments of inertia are equal; this corresponds to a flat-
tened inertia ellipsoid.

Examples
A disc rotating around its symmetry axis (Fig. 6.5b); the benzene molecule;
all planar molecules.

If, for example, I, = I,, the rotational energy Eq. (6.17) can be written, using J? =
J24T2+02, a8

(6.19)

6.2.3
Quantum-mechanical Treatment of Rotation

To obtain the Hamiltonian Hy, for the symmetric top from Eq. (6.18), we replace as
usual [6.4] the classical quantities by their operators,

px—><§)i, p—»(E)V, r—T. (6.20)
i/ 0y i

Hence, the angular momentum
J=Y (rixp) (6.21a)
i

becomes the operator

3
INGEADE (6.21b)

For the symmetric top, both the projection Jz onto the laboratory-fixed Z axis and
the projection J, onto the symmetry axis of the top (which we choose to be the z axis)
are constant (the symmetry axis precesses around the laboratory-fixed J direction, see
Fig. 6.4); therefore J2, Jz and J, are constants of the motion. This means that in the
quantum-mechanical description, the operator J2 commutes with fz and fz,

[ﬁfz] -0 and [ﬁfz} —0. (6.22)

Hence, the three operators possess common eigenfunctions, which we denote by
11 x m and which we can determine as follows.
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The operator components of the laboratory-fixed angular momentum J can be ex-
pressed in spherical coordinates 6 (angle against the Z axis) and ¢ (azimuth angle),

-~ N d h d d
fons —_ Y— —Z—— = —|—si _— —_— .
Jx : ),: 5z ay]i . [ Sm¢80 cot0cos¢a¢} (6.23a)
-~ /R d h 0 0
= —_ Z—— —_ —_— = — —_ —_— —_— .
Jy i; Z5% XBZ]‘. : [ cosqba‘9 cot0cos¢a¢] (6.23b)
-~ e[ 0 d had
- = — Y —| = ——. .
Iz i ): _X oY ax],. i 90 . 23°)(6
For the square of the operator J we obtain with J2 = i+ +J2
1 9 0 1 9
72 2 .
=-h|—= 60— — | . 6.24
Fo=-h [sinﬁ 36 (s‘" ao) + e a¢2} (6.24)
The eigenvalue equations for the three commuting operators are
(@
TPopukm = J(J + Dipsxu (6.25a)
with the spherical harmonics Yy, as solutions [6.4].
(b)
Tzbsxm = Migyku (6.25b)

where Eq. (6.25b) follows from Eqns. (6.23) and (6.24). MF is the projection
of J onto the laboratory-fixed Z axis. If we express J by the coordinates of
the molecule-fixed system and use the commutation rules, we obtain for the
projection J; of the angular momentum onto the symmetry axis of the symmetric
top,

(©
Jbskm = Khpyin . (6.25¢)

Obviously, K is the quantum number of the angular momentum projection onto
the molecule’s symmetry axis.

If we insert the corresponding eigenvalues into Eq. (6.19), we obtain for the prolate
symmetrictopwith, =L, <, =, =L =L,

BlIJ+1 1 1
Trot-:—Ej'K:'i‘ {"’(*-*I;—l +K? (Zw-i;)] . (6.26)
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a) b)
J=7—
EA J=10 — 10— J=9 — J=8— 6 EAJ=10 —J=10 —J=10 — J=10 —J=10 —
5 7 J=5—
2o — POy T T 2O — =9 — y9— oo — g
J=6— K=4
=8 — IB— g J=8 — y=8— Jg— 4o — _
o5 J=8 —
=T — T — BT = g7 — =T — g7 — g
6 jor _ J=3—
J=6 — J=6 J=5 K=3 J=6 — =6 — J=6— )=6 — jg__
J=5 — J=4— -
J=5 — ) Je3 — 95— J=b— =5 — yo5 — 5
4 — TR Vo — g e geg —
=3 — B K=2 23— g3 — g gy —
=2 — J=1— 4=2 — J=2— J=2— =
L= " k= = m— L, k=3 K=4
=0k = J0k=9 K=1 K=2
Fig. 6.6 Rotational term diagram for the a) prolate and b) the
oblate symmetric top.
With the rotational constants
h h h
_ , — , =, (6.27)
Ancl, 4nch, 4rcl,
we obtain the rotational term values Fy x = E /hc, expressed in cm~!,
Fix =BJ(J+1)+(A-B)K? (prolate top) . (6.28)
For the oblate symmetric top, we have
L=L>L=Ia=1=k
R JI+1) | (]
Ejx = Kl =——=—11, 6.29
KT [ I L (629)
Frx =BJ(J+1)+(C—-B)K* (oblate top) . (6.30)

Figure 6.6 compares the rotational levels |J,K) of the prolate and the oblate top for
different values of K. We see that for the prolate top the energy Ej x increases with
K for fixed J, because (A — B) > 0, whereas for the oblate top E; ¢ decreases with
increasing K for fixed J because (C —B) < 0.

Table 6.1 lists the rotational constants for some linear and nonlinear molecules,
illustrating the orders of magnitude of term energies.

6.2.4

Centrifugal Distortion of the Symmetric Top

The centrifugal distortion of a symmetric top is more complicated than in the diatomic
case (see Sect. 4.2.2), because it depends both on the magnitude of the angular mo-
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Tab. 6.1 Rotational constants of some molecules (all values in gigahertz,
1GHz=1/30cm™}).

Linear molecules Nonlinear molecules

Isotopomer B Molecule A B c
'H2CN 44316 12CH,%Cl 32.002 3.320 3.065
THBCMN 43.170 CH,0 282.106 33.834 34,004
Ip12cN 36.207 CIF; 13.653 4612 3.443
2CTBrN 4.120 H,*s 316.304 276512 147.536
CT9BrN 4073 HD2S 290.257 145.218 94.134
2c8Ig*N 4.096

mentum and on its direction in the molecule-fixed reference frame, that is, it depends
both on the angular momentum quantum number J and on the projection quantum
number K. As the centrifugal distortion must be independent of the sense of the
molecular rotation (i.e., clockwise or counterclockwise), the expansion of the rota-
tional energy in terms of powers of J and K contains only even powers. A detailed
classical calculation [6.5, 6.6] shows that we can write the term values of the nonrigid
symmetric top with A = B # C, in analogy to Eq. (3.18b) for the diatomic case,

F(J,K)=BJ(J+1)+(C—-B)K* —DJ*(J +1)?
— Dy (J+ 12K —Dgk* + ..., (6.31)

where three centrifugal constants Dy, D¢ and Dk have been introduced, which are
much smaller than the rotational constants B and C. Whereas the constants D, are
always positive (the distortion increases the moment of inertia and hence decreases the
rotational energy), Djx can be positive or negative, depending on the molecule [6.7,
6.9].

As for diatomic molecules, the centrifugal distortion depends on the force constants
of the molecule. Therefore, the experimental determination of D provides information
on the molecular potential in the vicinity of the nuclear equilibrium positions.

6.2.5
The Asymmetric Top

In the asymmetric top, all three principal moments of inertia are different, (I, # I, #
I, # ;). To determine the energy levels E g, that is, the eigenvalues of the rotational
Hamiltonian Eq. (6.17),

N V(P2 2 R
Hoa==-|=Z+2+21, 6.32
ot 2<1x+1,,+11 (6.32)

we can no longer express ff and ,73 by J2 and J2, as we did in the case of the symmetric
top. Hence, we need to determine the eigenfunctions and eigenvalues of J? and J2.
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To achieve this, we write the unknown eigenfunctions 1) of H rot as linear combina-
tions of the known eigenfunctions v, = 1,(J, K,M) of the symmetric top,

Y=Y cathn(J.K,M) (6.33)

and insert this ansatz into the Schrodinger equation
Hiap =EY.

After multiplication with 1}, (J, K, M) and integration over all coordinates, we obtain,
using the orthogonality of the 1, the equation

):cn m |Hrot|n) = Edpm) =0, (6.34)

which has nontrivial solutions only if the determinant of coefficients vanishes,
| (m|Heot| ) — ESmn| = 0. (6.35)

To determine the energy eigenvalues from this relation, we must evaluate the matrix
elements

(m|Aeos| ) = / 0 (1K M) Brota (1, K, M) d7

of the operator Eq. (6.32) w1th the eigenfunctions of the symmetric top, that is, the
spherical harmonics Y. For Jand J, 2, only the dlagonal elements Eq. (6. 25) survwe
because the functions YJM are eigenfunctions of J? and J, .. However, as J and J, y do
not commute with J2 and J, 2» the functions Yy can not be eigenfunctions of I « and Jy,
that is, the matrix representation of the Hamiltonian Eq. (6.32) is not diagonal in this
basis!

From the commutation relations for the angular momentum components in the
laboratory-fixed system,

Jydy —=Jydx =ikJz etc., (6.36)

we obtain the corresponding commutation relations for the components in the mole-
cule-fixed system,

Ty — Iy = =ikl ,
Iy, — Jody = =ikl , (6.37)
Jody = JJ, = =ikl ,

which differ from the aforementioned relations by the reversed sign [6.4, 6.5]. Using
the step operators,

Jy =J+iJ, and J_=J,—iJ,,
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we arrive at the matrix elements [6.4],
(JKMI|J|JK+1M) = % VU +1)-K(K£1)]"? (6.38a)
(LK.M K+ 1,M) = g JJ+1)—K(K+1)]'? (6.38b)
Using the product rule for matrix multiplication,

(KM K M)Y="Y (LKMGJK" M"Y x(J"K" M'|I|I' KM,
]"vK”,M”
(6.39)

we can compute the matrix elements for JZ and Jv2 from Eq. (6.38). For the diagonal
elements, we obtain

ﬁ2

(KM |RJKM) == [J(+1) - K?. (6.40)

and for the nonvanishing off-diagonal elements

(J,K,M[Jf{l,KiZ,M}z—%4[J(J+l)—l((l(il)]'/2
x [JU+1) = (K+£1)(k£2)]'"?, (6.41)
and correspondingly for J2
(J.KM|J|J.EM) = Z—z[J(J+1)—K2] (6.42)
h2

U+ D -k

x[J(J+1)— (K+1)(K+2)]

(J.K.M|JZ|J.K+2,M)

Il

72 (6.43)

If we substitute these results into Eq. (6.32), we obtain the nonvanishing matrix ele-
ments of the Hamiltonian,

A2 11 1
K K) = — Y R Vs '
(J.K |Hrr| J.K) 4 [J(1+l)(1x+1y)+K (Iz I Iy)} ©49

2

—8—[J(J+1)*K(K:l:1)]l/2

(J,K |Hiot| J,K £2)

Il

x[JJ+1) = (K£1)(k£2)]"? (11—11) . (6.45)

y X

This matrix is no longer diagonal! The eigenvalues of Hy, and hence the term values
of the rotational levels can be found by diagonalizing this matrix.
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The coefficients ¢, in the expansion Eq. (6.33) can then be determined from Eq.
(6.34). The eigenvalues E and eigenfunctions thus obtained are of course only ap-
proximate because we can include only a finite number of terms in the expansion
Eq. (6.33).

Example

To illustrate the procedure, we will calculate the energy levels of an asymmetric

top for J = 1. We use A* = hcA = h*(21,); B* = heB =1/ (21,); C* = B* / (2I,).

We obtain the diagonal matrix elements (m|Hot|n) from Eq. (6.44) with

Eqns. (6.40) and (6.42) and with the rotational constants of Eq. (6.27),

A* B*
(/K |Heat| . K) = = [(JI+1) -k} + > [J(J +1)-K*] +C'K?

(6.46)

and the off-diagonal terms from Eq. (6.45). The Hamiltonian matrix is then

k\¥ 1 0 -1
A*4+B* -B*
A48 4 C 0 —ACE
(1K|Hit |1.K") = 2 2 , (6.47a)
0 0 A* + B* 0
B A*4+B”
1 A 0 &F ¢

from which we obtain the secular equation,

ASE L C*-E 0 _AE
0 A*+B —E 0 =0. (6.47b)
-B* At B*
B 0 AE

This cubic equation has the three solutions

E\=A"+B"; E,=B"+4+C'; E;=A"+C". (6.48)

The expansion Eq. (6.33) in the wavefunctions of the symmetric top converges the
more rapidly, the closer the asymmetric top resembles a symmetric top, that is, the
less two of the rotational constants differ.

A measure for the asymmetry is the asymmetry parameter,

2B—A-C
== - 6.49
1 C (6.49)
which for a prolate symmetric top (B = C) is & = —1 and for an oblate symmetric top

(A= B) is k= +1. The largest asymmetry x = O results for a top with B=1(A+C).
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From Eq. (6.32), we obtain the rotational term value,
F(Jodyd;) =AJZY+B(2)+C(J2) . (6.50)
If we substitute the asymmetry parameter « for B, Eq. (6.50) becomes

= HAHCUUE ) A-O () -+ s

which is frequently summarized in the form

1

F(.7) = 5(A+C)U + 1)+ 5 (A= C)F: (k). (6.52)

N —

The parameter 7 is introduced to enumerate the 2J + 1 energy levels |/, K) belonging
to the same total angular momentum J according to their energy; it assumes values
from —J to +J.

If we denote the projection quantum number for the limiting case of the prolate top
(k = —1) by K, and that of the oblate limiting case (x = +1) by K¢, the parameter 7
becomes

=K, ~K.. (6.53)

The function F, (k) = [( > (J“} + n(ﬂ)] can be determined by calculating the
expectation values (J2), <J2> and (J2) using the expansion Eq. (6.33) of the asym-
metric top wavefunction in the wavefunctions of the symmetric top (see, e.g., [6.1]
or [6.4]). Figure 6.7 displays schematically the term values of an asymmetric top as a
function of the asymmetry parameter k.

K K
J e °J
0 3
13
3 3
2 3
3 2
3 3
3 1
30
0 2
) 5 1 2
2 1 2 2
20— Fig. 6.7 Correlation diagram for the
11 9 1 rotational term values of the asymmet-
1.0 | | \ ric top for the limiting cases of the pro-

1.0 05 0 0.5 1.0 late (x = —1) and the oblate (x = +1)
K symmetric top.
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Tab. 6.2 Term values of asymmetric top molecules for rotational quantum num-
bers J < 2.

Tk, ke Jr F(J;)
0Ooo Oo 0
Lot 1 B+C
Lio 1 A+B
Iy lo A+C
2 1/2
20 2., 2{A+B+C—[(B—c) +(a-c)a-8)'"*}
2 1/2
220 2 2{A+B+C+[(B—c) +(a-c)a-8)'"*}
29 2 4A+B+C
21 29 A+4B+C
21y 2. A+B+4C

If we vary  continuously from —1 to +1 (e.g., by continuously deforming the
structure of the nuclear framework from a prolate to an oblate symmetric top), the
projection quantum number K is undefined except for the two limiting cases k = 1,
because the asymmetric top possesses no symmetry axis. In fact, the parameter 7 takes
on the role of K for distinguishing between the (2J + 1) energy levels for a given J,
although 7 itself is not a quantum number!

The limiting values K, and K. are frequently used instead of 7 to characterize a
rotational level. For example, we write either

Jk k., =313 or Jr=3_. (6.54)

From the correlation diagram in Fig. 6.7, we see that the asymmetry leads to a splitting
of all twofold degenerate states (J,K) of the symmetric top for X # 0 into two com-
ponents. This asymmetry splitting is largest for states with K = 1 in the symmetric
limiting case, where

1
AFg=1) = 5(B=CI(I+1). (6.55)

For larger values of K, it converges rapidly towards zero (for more details, see [6.1,
6.8)).

Table 6.2 lists the term values for rotational quantum numbers J < 2. Similar tables
for larger values of J can be found in the literature [6.4].
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6.3
Vibrations of Polyatomic Molecules

We will start the discussion with a classical description of molecular vibrations. To
simplify the notation, we introduce mass-weighted generalized coordinates

g1 =/mAx 5 @ = mly; q3=/mAz ;
g4 = /mAxy . g5 =\/mAy,; ...,
weighting the displacements Ax; = x; — xj0, Ay;, Az; of the nuclei from their equilib-

rium positions according to the masses of the vibrating nuclei. The third, kinetic-
energy, term in Eq. (6.7) can then be written as a quadratic form

(6.56)

1 3N )
T = 3 Zq' . (6.57)
i=1
The Taylor expansion of the potential
N 13y 13T 2y
V=W+ [—] i+ = [———~} iqe =+ - .. (6.58)
&~ 3q; 0‘11 2 ,; 3qi0a Oqlqk

starts with the third term if we place the zero point of the energy scale at the mini-
mum potential energy (Vo = 0), because all first derivatives vanish at this point. For
sufficiently small displacements ¢;, higher terms in Eq. (6.58) can be neglected, and
we obtain

u 1[ &%V
V= bigi ith by==|5—]|. 6.59
i'kZ;l ikdigk W1 ik 3 [aqiaqk] ( )

With the Lagrange function L = T —V, we obtain the Lagrange equation
d BL) aL
GO _9E _y, (6.60)
dr (a‘]i 9g;
which corresponds to the Newtonian equation of motion for oscillating masses m;.
With Eqns. (6.57) and (6.59), we obtain from Eq. (6.60)
N
Gi+ Y bage=0;  i=1,...3N. (6.61a)
k=1
Equation (6.61a) constitutes a coupled system of differential equations describing the
motions of 3V coupled oscillators with displacements

gi = Ajcos(wit + ;) . (6.62a)
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In the general case, the restoring force for the displacement g; is influenced by the
other displacements g, because the off-diagonal terms by, in the potential Eq. (6.59)
effect a coupling between the different oscillations. Only for certain initial conditions
will all nuclei oscillate with identical frequency w, and identical phase y,. Such
vibrational states are called normal modes; they will be discussed in the following
section in some detail.

6.3.1
Normal Modes

In vector notation, ¢ = {qy,...,q3n }, Eq. (6.61a) simplifies to

i+Bg=0, (6.61b)

where B = (by) is the matrix with components (b ). If B were a special diagonal ma-
trix B = M\E (E = unit matrix), Eq. (6.61b) would reduce to a system of 3N decoupled
vibrational equations for the g;, with solutions

gi = a;cos (\/Xt) i=1,....3N, (6.62b)

which describe a molecular state in which all nuclei oscillate with the same frequency
w = v/) and pass their equilibrium positions simultaneously. Hence, we need to find
a system of vibrational coordinates that makes B diagonal.

The condition

Bg=XEq = (B-)E)g=0 (6.63)

is equivalent to a principal axis transformation. It has nontrivial solutions exactly if
the coetficient determinant satisfies

det(B—ME) =0. (6.64)

For each solution ), of Eq. (6.64), we obtain from Eq. (6.63) a set of 3N vibrational
components gi, (k = 1,...,3N), which represent the time-dependent displacements of
all N nuclei. The gy, can be collected in a vector

Qn = Aysin(wet +p,) with w, = \/)\/,, (6.65)

specifying the simultaneous motion of all nuclei during the ath normal vibration.
The magnitude of the vector Q, is called the normal coordinate Q, of the normal
mode with frequency w, = v/A,. Hence, the normal coordinate Q,(t) gives the mass-
weighted displacements of all nuclei at time ¢t during the nth normal vibration.
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Using normal coordinates, Eq. (6.61b) can be written as a set of 3N decoupled
equations

On+w?0,=0 n=1,..3N, (6.66)

because now both kinetic and potential energy are quadratic forms,
¥, 1 X
T=5Y0n V=5Y M0, (6.67)
n=1 n=1

if terms higher than quadratic are neglected in the potential energy. The solutions of
Eq. (6.66) are the normal vibrations Eq. (6.65).

In other words, for sufficiently small oscillation amplitudes, where the potential
is still harmonic, a molecule executes harmonic oscillations in normal coordinates
for which all nuclei possess the same frequency w; = v/A; and the same or the op-
posite phase ¢; for a given normal vibration i. The total vibrational energy of the
molecule equals the sum of the vibrational energies of the individual excited normal
vibrations.

Note:

1. As the potential energy V depends only on internal coordinates (dis-
tances between nuclei and electrons) but not on translation and ro-
tation of the nuclear framework, some of the 3N coefficients by, in
Eq. (6.61a) must vanish. After allowing for three degrees of freedom
for each translation and rotation, there remain (3N — 6) degrees of
freedom for the vibration of a nonlinear molecule, and (3N —5) for
linear molecules, because these do not rotate around the internu-
clear axis." Hence, there are (3N — 6) (nonlinear molecules) or
(3N —5) (linear molecules) nonvanishing solutions A, for the nor-
mal vibrations.

This fact can also be understood with the aid of the following con-
sideration. In the molecule-fixed reference frame (center-of-mass
system), the sum of all momenta and angular momenta must be zero
for each normal vibration. This yields five (six) auxiliary conditions
for linear (nonlinear) molecules. Together with Eq. (6.64) and the
requirement for five (six) of the by, to be zero, this makes sure that
six (five) solutions A, vanish [6.9].

1) The reason for this is the quantization of angular momentum: rotation around the internuclear axis is
possible if the associated angular momentum is /4 (or a multiple thereof). Due to the extremely small
moment of inertia around this axis (which is only due to the electron cloud), this requires a very high
angular velocity w = A/1, which in turn implies a large excitation energy E = 1w? = hw. Excitation of
this rotation can therefore be neglected under normal circumstances.

223



224 | 6 Rotations and Vibrations of Polyatomic Molecules
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Fig. 6.8 Normal vibrations of some types of molecules: a) non-
linear AB; molecule; b) linear AB, molecule; ¢) nonplanar AB;

molecule. In b), the bending vibration v, is twofold degenerate;
in c), both v3 and v, are twofold degenerate.

2. The homogeneous differential equation (6.61b) determines the nu-
clear vibrational amplitudes a; only up to a common constant factor,
and therefore the amplitude A, of the nth normal vibration (which
summarizes the vibrational amplitudes of all nuclei during this nor-
mal vibration) is also not defined unambiguously by Eq. (6.66). The
same is true for the phases p,. The only requirement is that all
nuclei pass through their equilibrium positions simultaneously and
hence the phases of all nuclei be equal for a given normal vibration.
Amplitude and phase can be determined from the initial conditions
(e.g., Q(t = 0) = Qo and Q(t = 0) = Q). Frequently, the ampli-
tudes are normalized so that for the individual amplitudes a;, of the
solution vector Ay = {ay,...,a3Nn}

s~ _ GQin Qin

dip = =
A /
|An| Z‘ain|2
1]

Figure 6.8 shows the normal vibrations of some types of molecules: nonlinear AB;
(e.g., H,O, NO; or SO»), linear AB; (e.g., CO3) and nonplanar AB; (e.g., NH3).

(6.68)
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6.3.2
Example: Calculation of the Stretching Vibrations of a Linear Molecule AB;

We will elucidate the calculation of the normal vibrations for the example of a lin-
ear triatomic molecule AB;. For the sake of simplicity, we consider only the one-
dimensional stretching vibrations along the molecular axis. For the kinetic and poten-
tial energies, we obtain at displacements Az; = g;/\/m; (Fig. 6.9)

2T = 4 +45+ 43

2V = k(Azy — A7) ) + K(Az3 — Azp)? (6.69)

. 4_%+2_¢I§+CI_§_ 29192 242493
my my my  /mmy  \/mpmy '
where k is the force constant of the restoring force F; = —kAgz;, and we have used
m; = msj.
Thus, we obtain from Eq. (6.59) for the matrix elements by

bjy=k/mi, bip=by=—k/\/mmy, biz=b3=0

by =2k/my, by =by=—k/\/mm;, bsz=k/m. (6.70)
The condition Eq. (6.64),
det (bi; — Adij) =0
yields a cubic equation for A with the solutions
/\|=L; ,\2:M; A =0. 6.71)
m mymy

A3 = 0 corresponds to a translation of the whole molecule along the molecular axis.
The mass-weighted vibrational amplitudes ¢ can be obtained from the system of equa-
tions Eq. (6.61a), which becomes in this case (because §; = —Aq;),

biigii +biaqi2+b13q1i3—Aig11 =0

by1g21 + bngxn + bxgaz — Aagay =0 6.72)
b31931 +b32g32 + b33qiz — A3q3 =0,

where qy; is the mass-weighted vibrational amplitude of the ith nucleus during the
normal vibration with frequency wy = v/ A.

Z10 AZ1 220 A22 230 A23
o> L 4 > —

my my mg=m; <2
B A B

Fig. 6.9 Calculation of the stretching vibrations of a linear AB;
molecule.
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Substituting the values for the b yields, for example, for the first normal vibration

with wy = vk/my:
g =0; qu/qu=-vmz/m=-1, (6.73)

where g;| = Az;/m; is the mass-weighted displacement of the nucleus / during the first
normal vibration. Hence, the central nucleus is at rest during this vibration, and the
two nuclei 1 and 3 with masses m| = mj3 oscillate in opposite directions with relative
amplitudes Az) /Az; = —1.

The displacements for the vibrations with frequencies v/A; and /A3 can be calcu-
lated analogously.

The absolute values of the g;; can be fixed by defining suitable initial conditions.

Note: Besides the two stretching vibrations with frequencies \/\| and
VA2 considered in this example, the molecule can also execute two bend-
ing vibrations in the xz plane and the yz plane. These normal vibrations
are degenerate, that is, they possess the same energy. This case will be
considered in the next section. The total number of normal vibrations is
IN-5=4

6.3.3
Degenerate Vibrations

If two or more solutions ); are equal, the corresponding normal vibrations with iden-
tical frequencies are called degenerate. For A; = A, not only the normal coordinates
Q; and @y are solutions of Eq. (6.66), but also each linear combination

Q=ciQi+ciCk (6.74)

that is, there exist infinitely many solutions, all of which can be linearly combined
from the two linearly independent solutions Q; and Q. This can be visualized using a
simple model.

The kth normal vibration of a molecule corresponds to the harmonic vibration of a
molecule in the potential V = %)\in. For a twofold degenerate vibration with A\; =
Ak = A, the motion of the particle can be described as being in a two-dimensional
potential (in normal coordinate space)

V= %)\ (07 + i) - (6.75)

The generalized trajectory is an ellipse (Fig. 6.10).

Qi = Qiocos (ﬁl‘ + <Pi>

(6.76)
O = Orocos <\/Xt +<Pk> .
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Fig. 6.10 Trajectory of a normal coordinate Q = ¢;Q; + ¢, Qy of a
degenerate vibration with ¢; # ;.

If the two phases ; and ¢y of Q; and Oy are identical, the resulting trajectory O(r) is
a straight line in the plane of the two normal coordinates Q; and Q.

Figure 6.8 displays the two degenerate bending vibrations of the [inear molecule
CO; in the xz and the yz planes. Each combination of these two vibrations can there-
fore occur as a possible vibration of the molecule. Figure 6.11a shows such a com-
bined vibration, in which the two bending vibrations have a phase difference of 90°
so that the two nuclei B and the nucleus A exert circular motions around the z axis in
real space. Note that such a vibration possesses angular momentum /A around the z
axis, whereas the rotation of a rigid linear molecule effects only angular momentum
components perpendicular to this axis. This vibrational angular momentum leads to a
coupling between rotation and vibration (see Sect. 6.3.6), in addition to the coupling
mechanisms already discussed for diatomic molecules in Sect. 3.4.

Such degenerate vibrations occur also in nonlinear molecules. For example, the
two pairs of normal vibrations vy and v4 of the nonplanar AB3 molecule in Fig. 6.8 are
degenerate. A superposition of such degenerate vibrations can lead to a synchronous
motion of all nuclei on almost circular trajectories around their equilibrium positions
(Fig. 6.11b). The superposition of two normal vibrations of the Na3 molecule, which

Fig. 6.11 a) Motion of the nuclei upon superposition of two de-
generate bending vibrations of an AB, molecule. b) Pseudorota-
tion of a planar AB; molecule.
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Fig. 6.12 Pseudorotation of the Naj synchronized, with a 120° phase shift;
molecule as a superposition of two nor- they rotate along three circles around
mal vibrations that are degenerate in D3,. centers that correspond to the edges of
The motions of the sodium nuclei are the equilateral triangle.

are degenerate in Djy, is illustrated in Fig. 6.12. For a phase shift of p; — ¢y = /2,
this superposition leads to a circular motion of the three nuclei around their equilib-
rium positions, which is also called a pseudorotation of the molecule.

6.3.4
Quantum-mechanical Treatment

From the vibrational energy of normal coordinates,
16 36
Ey=3 ) Oi+35 X MQ7, (6.77)
i=1 i=I

we obtain the Hamiltonian
N F23N-6 2 1 3N=6
H, = —— — 4 ,\.Q‘2 . (6.78)
’ 2 =1 aQtz 2 l; =

i

Note that the nuclear masses are contained in the mass-weighted normal coordinates
03

Due to the decoupling mediated by the normal coordinates, the Schridinger equa-
tion

Hyy = Evy

can be separated, using the product wavefunction

"/’v = "/)'ul (Ql )'wvz (QZ) ce mefe(QBN—6) , (6-79)
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into (3N — 6) decoupled equations [(3N — 5) for linear molecules]

hz azd)y,—(Q,') I N2 — P
—TTQ?— + ‘2‘/\1Qi 7/)1/,-(Qi) - Eiw’vi(Qi) i=1,.,3N-6. (6.80)

The total vibrational energy is then
E, =Y E, (6.81)

where the E; are the eigenvalues of Eq. (6.80), that is, the eigenvalues of the harmonic
oscillator (see Sect. 3.3.1),

E; = hw; (1),' + %) . (6.82)

The eigenfunctions 1, (Q;) are, in analogy to the vibrational functions of diatomic
molecules,

o, (Q1) = No,Hy, (G)e™5 72, (6.83)

where N is a normalization factor, H,, are the Hermite polynomials, and

Gi=QivV /K.

Note: For degenerate vibrations with the degree of degeneracy d; for
the ith vibration, the zero-point energy is correspondingly hw;d; /2. The
total energy E,, of all vibrations is therefore

P
Ey =Y hvi(vi+d;/2) (6.84a)

i=1

where p is the number of normal vibrations with different frequencies. As
for the diatomic molecules, we use term values G = Ey;, / hc rather than
energies, and thus we obtain

P
G(v,v2,....0) = Y Bi(vi+di/2) , (6.84b)

i=1

where we have used the vibrational constants ¥; = v;/c in cm™" instead
of the vibrational frequencies v;.

It must again be emphasized that the normal coordinate Q; is no geometrical coor-
dinate of a nucleus but an abbreviation for the vector g; = {gi1,4:2,- - -.qgi3n } describ-
ing the ensemble of mass-weighted displacements g;; of all nuclei from their equi-
librium positions during the normal vibration v;. In the space of normal coordinates,
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Fig. 6.13 Schematic vibrational term diagram for a triatomic
molecule. For the combination modes, the zero-point energies
of the combining normal vibrations is taken into account.

each nondegenerate normal vibration of a molecule corresponds to a linear oscilla-
tion of a point. In the case of twofold degenerate normal vibrations, this point moves
along an ellipse in the subspace spanned by the two normal coordinates belonging to
the degenerate vibrations.

Figure 6.13 shows a schematic vibrational term diagram of a triatomic molecule;
it illustrates the different possibilities for combining the normal vibrations from Eq.
(6.84).

6.3.5
Anharmonic Vibrations

The real potential in which the nuclei oscillate is given by an infinite Taylor expansion
oV oV
=V, o I
Y 0+,Zj(a‘1i) at 22):(aqaq) 4]
3!222 (aq’aqjaq ) qi9iqk + ... (6.85)

The termination of the series after the quadratic term is justified only for small dis-
placements g;. For larger vibrational amplitudes, as encountered in real molecules for
high vibrational excitations, the eigenvalues can be determined using a perturbation
calculation, starting from the harmonic potential V (where the first two terms vanish)
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and including the higher terms of the Taylor expansion as the perturbation potential
V'. Hence, the Hamiltonian becomes

H=Hy+H with Hy=T+V and H =V'.

The eigenfunctions 1, of the harmonic Hamiltonian in Eq. (6.83) serve as the basis in
which the solutions

¥ =Y cxipy, (6.86)
k

of the Schrodinger equation Hiy = E1) are expanded.

Following the usual procedure in perturbational calculations, we substitute Eq.
(6.86) into H = Ev), multiply by 97, and integrate. This yields the matrix elements
Hi,

Hy = / 3, H' o, dr (6.87)

of the perturbation operator 2 computed with the wavefunctions of the harmonic
oscillator. The energy eigenvalues E; of the harmonic oscillator with vibrational quan-
tum numbers (v}, v,,v3) can then be expressed for nondegenerate vibrations as

2

) B H.
E;mharm _ E'{)(,Ul’ v, v3) + Z 0 _lkE , (6.88)
k i k

where E,Q are the unperturbed energies in the harmonic approximation. If two vibra-
tional levels are almost degenerate in the harmonic approximation (i.e., E}) ~ E,‘(’), the
perturbation becomes large and the shifts of the perturbed levels EX""a™ and Eznham
are particularly large (the two levels repel each other). This phenomenon is called
Fermi resonance; it is discussed in more detail in the general treatment of perturba-
tions in Ch. 9.

As H' in Eq. (6.87) is symmetric with respect to all symmetry operations of the
molecule, Hy must vanish if 1, and v, are of different symmetry types. In other
words, only vibrational levels of like symmetry can interact due to the anharmonicity
of the potential.

Hence, the anharmonic potential effects couplings between the different normal
vibrations, which means that every normal vibration Q; influences all other vibrations
Q. of of the same symmetry for which Hy # 0.

The anharmonicity of the potential does not change the symmetry type of a vibra-
tional state |v) = ¥ n;|v;), because the additional term V' in the potential Eq. (6.85) is
totally symmetric, and therefore only harmonic oscillator functions of like symmetry
contribute to a normal vibration in the expansion Eq. (6.86). The symmetry of a vi-
brational state |v) is therefore the same as for the corresponding state for a harmonic
potential.
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Classically, this phenomenon can be understood as follows. In an anharmonic po-
tential, it is not possible for all nuclei to oscillate at the same frequency along straight
lines through their equilibrium positions, because the higher terms in the potential
create lateral forces which deflect the trajectories and modify the vibrational frequen-
cies individually for each nucleus. In other words, pure normal vibrations cease to
exist.

In the case of anharmonic potentials, the total vibrational energy can not be cal-
culated as a simple sum of energies of the individual normal vibrations, because the
couplings change the vibrational energies.

These couplings can be taken into account generically by introducing coupling
coefficients x;; into the equation for the term energy,

d; d; d;
G(v1,v2,...,V3n-6) = Zwi ('Ui+ —25) +szij (Ui + —25> ('Uj + ?j)
i i
+ higher terms . (6.89)

6.3.6
Vibration—-Rotation Coupling

In the diatomic case, vibration—rotation interaction could be accounted for by intro-
ducing an effective rotational constant B, [see Eq. (3.33)]. Also, the rotational con-
stants in polyatomic molecules depend on the respective vibrational level, because
the nuclear displacements change the moments of inertia. This dependency can be
written, in analogy to Eq. (3.44a), as

Ay :Ae“za?(vi+di/2) 5
By =B.—Y of (vi+di/2);

Cy, =Ce *Z&F(U,’-‘}-di/Q,) .

In diatomic molecules, the Coriolis force is only for the electron shell of some (mi-
nor) relevance, because the nuclear vibration occurs only one-dimensionally along the
internuclear axis, and the corresponding Coriolis term in Eq. (6.7) vanishes because
of Ar; || v;.

In polyatomic molecules with their two- and three-dimensional vibrations, the sit-
uation is more complex. Besides the modification of the mean moments of inertia by
vibrations (vibration-dependent rotational constants), Coriolis forces mediate a cou-
pling between different normal vibrations in rotating molecules. Furthermore, as we
have seen in Sect. 6.3.3, degenerate vibrations can possess an angular momentum /A
that interacts with the angular momentum of molecular rotation.
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Fig. 6.14 Coriolis coupling between the bending vibration v
and the antisymmetric stretching vibration of a linear triatomic

moliecule rotating around an axis perpendicular to the plane of
the figure.

Such coupling will be treated in this section in an illustrative manner. As we can
see from Fig. 6.14, the Coriolis force

Fc=2m(wxw) (6.90)

for a nucleus oscillating with velocity v points in a direction perpendicular to v. It
therefore results in a deflection of its otherwise straight trajectory, producing a curved
path. Hence, under the influence of the total (restoring plus Coriolis) force, the nu-
clei do not oscillate through their equilibrium positions in straight lines, as viewed
in the rotating reference frame of the molecule, even for small-amplitude normal vi-
brations, but they move along elliptic paths around their equilibrium positions g = 0.
Figure 6.14 illustrates the displacements g, and g of the nuclei from their equilibrium
positions during one vibrational period for a linear molecule. For nuclei oscillating
along z, the Coriolis force results in a displacement along x, and for nuclei with a ve-
locity component vy, it creates a corresponding displacement along z. This establishes
a coupling between different normal vibrations, as can easily be seen.

For example, due to the Coriolis force, the bending vibration 15 is excited during
the antisymmetric vibration v3 and vice versa. In other words, in a rotating molecule,
17 and v3 are mutually coupled by the Coriolis force, whereas the symmetric vibra-
tion v shows no Coriolis coupling but produces only a (small) change of the rotational
constant as in the diatomic case, where we have accounted for this effect by introduc-
ing an effective rotational constant Eq. (3.33). Which normal vibrations are coupled
by the Coriolis force depends on their symmetry. In contrast to the pure vibrational
coupling in the nonrotating molecule, the Coriolis force results in a coupling between
vibrational levels of different symmetry (see Ch. 8).

As the rotational constants for the vibrational state (v, v,,v1) are determined by
the expectation value of the moment of inertia formed with the vibrational wavefunc-
tions, the rotational constants depend — exactly as for diatomic molecules - on the
vibrational state. Furthermore, they are influenced by Coriolis coupling.
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Fig. 6.15 a) Different influences of the c) Removal of the ! degeneracy of a
Coriolis forces in a rotating molecule bending vibration in a linear triatomic
on two bending vibrations that are de- molecule by a rotation of the molecule
generate in the nonrotating molecule. around an axis perpendicular to the z
b) Addition of the angular momenta N axis, shown for the vibrational angular
of molecular rotation and /7 of vibra- momentum quantum number / = 1 [4.5].

tion to the total angular momentum J.

Vibrational states that are degenerate in the nonrotating molecule need special at-
tention. As illustrated in Fig. 6.15a for the bending vibrations of a linear molecule,
such degenerate states split into two levels. The two vibrations, which are degenerate
in the absence of rotation, can occur either in the yz plane (top) or in the xz plane
(bottom), while the molecule is rotating around the x axis. Now we have to consider
two effects:

1. The mean moment of inertia with respect to the rotational axis is slightly smaller
for the vibration shown at the top than for the rotation at the bottom. Hence, the
rotational energy must also be different.

2. In case (a), there exist Coriolis forces coupling to the antisymmetric stretch-
ing vibration, whereas in (b) there are no Coriolis forces, because the nuclear
displacements are along the rotational axis.

Therefore, the two levels split. In general, however, the energy of the antisymmet-
ric stretching vibration is much larger than that of the bending vibration, and the two
interacting levels are far apart. Hence, the coupling is weak, and the splitting is small.
There exists, however, a much larger effect: if the two bending vibrations are super-
imposed with a phase shift, the nuclei exert elliptic motions around the internuclear
axis of the linear molecule (Fig. 6.14), and a vibrational angular momentum / along z
arises (Sect. 6.3.3), which adds to the rotational angular momentum N perpendicular
to the z axis. The resulting total angular momentum J is then no longer perpendicular
to the z axis (Fig. 6.15b).
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For a linear molecule, the vibrational angular momentum is (except for the con-
tribution from the electron shell) the only contribution to the component of the total
angular momentum along the molecular axis. The total angular momentum J is then
no longer perpendicular to the internuclear axis. For a given molecular total angular
momentum of J, the contribution available for rotational energy of a rotation around
an axis perpendicular to the molecular axis is therefore only B, [J(J + 1) — I2].

If we want to take this vibrational angular momentum into account for the rotation
of a vibrating molecule, we must modify the rotational terms in Eq. (3.18b) to give,
for a X state with A =0,

F(I) =B, [J(J+1) =] =Dy J(U+1) -], (6.91)

where J = |I|,|l] + 1,|{| +2,... is the total angular momentum quantum number. A
rotating linear molecule in a bending vibrational state with vibrational angular mo-
mentum [/ can therefore possess no rotational levels with J < |/].

According to Eq. (6.91), the term value of a rotation—vibration level depends on /2
and is therefore independent of the direction of /. Here, Coriolis coupling is not yet
included, however. If we introduce it, coupling terms appear in Eq. (6.91), and we
obtain, after lengthy calculations,

FE(JIE)=By[J(J+1) =] =Dy [J(J+1) —12]2i%(u,-+ DJ(J+1), (6.92)
where the parameter ¢; depends on the strength of the Coriolis-induced coupling be-
tween the vibrational states. It decreases with increasing values of [, so that the /
splitting of levels with the same |/| caused by the interaction,

AF =F" —F~ = (q;/2)(vi +1)J(J+1),

is significant only for |/| = 1, and is usually negligible for / > 1.
For example, for a symmetric linear molecule AB,> we obtain for the bending vi-
bration with/ = 1,

B2 43
qup(l=1) = w—: (1 + f?_é) : (6.93)

where w; is the frequency of the bending vibration and wj that of the antisymmetric
stretching vibration, which couples to the bending vibration (described by the param-
eter £23) through a Coriolis interaction [6.10].

Hence, we obtain for the term values T of a vibration—rotation level,

T(vy,v2,v3,4,0) = G(vy,v2,v3) + Fy (J,1) (6.94)
where the vibrational term value

G(U|,1)2,v3) = Zwi(v,~+di/2) +Zx,~k(v,- +di/2)(’Uk +di/2) (6.95)
i ik
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is the same as for a nonrotating molecule, whereas in the rotational term value
Ff(J,v)=By, (J(J+1)=1*) =Dy [J(J+1) —lz]zi%(v+ 1)J(J+1), (6.96)

the effective rotational constant B, contains the dependency of the moment of iner-
tia on the vibrational quantum number and thus describes one part of the vibration—
rotation coupling. The second term accounts for centrifugal distortion, and the third
term describes the influence of the Coriolis interaction on / splitting. The two / com-
ponents of a rotational level possess opposite parity. In analogy to A doubling, they
are denoted by e and f (Fig. 6.15c). A more detailed presentation of these topics can
be found in [6.11].
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7
Electronic States of Polyatomic Molecules

Whereas the electronic energies of diatomic molecules could be described, within
the Born-Oppenheimer approximation, by potential curves Epo(R) depending only
on the internuclear distance R, the corresponding functions for polyatomic molecules
are potential surfaces in N-dimensional space. For example, the potential surfaces
E(R\,Ry,a) of triatomic molecules depend on three parameters (two internuclear dis-
tances R; and an angle «).

7.1
Molecular Orbitals

As for diatomic molecules, the wavefunctions of the electronic states are needed to
determine Epoi(R1,R2,...,a1,02,...) from the corresponding Schrodinger equation.
As discussed in Sect. 2.8, approximate wavefunctions ¥ can be constructed as linear
combinations of basis functions ¢; (e.g., Gaussian functions or atomic orbitals),

WZiC,'(f),', (7.1)

where the coefficients c; are optimized using the variational principle so that the ex-
pectation value of the energy is minimized. The functions ¥ are called molecular
orbitals. From n basis functions, n different mutually orthogonal molecular orbitals
can be constructed.

We saw in Sect. 2.8 that only basis functions belonging to the same symmetry
species contribute to the linear combination.

In the language of group theory (see Ch. 5), this means that only those molecular
orbitals ¥ are allowed that constitute a basis of an irreducible representation of the
molecular point group.

If atomic orbitals (or, for that matter, any type of atom-centered basis functions)
are used as basis functions ¢;, we must take into account that each atomic orbital
is centered at its own atomic nucleus. The molecular orbitals formed from such ba-

Molecular Physics. Theoretical Principles and Experimental Methods. Wolfgang Demtroder.
Copyright ©2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40566-6
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sis functions are therefore called multi-centered. To describe the linear combination
Eq. (7.1) in a common reference frame, we must therefore apply a suitable coordinate
transformation.

If we compute the wavefunction W, of an electronic state |k) for many possible
arrangements of the N nuclei, the real (i.e., “correct”) molecular structure is that cor-
responding to the lowest energy, that is,

oE
oR;

The computation of energy surfaces becomes more accurate if we include more sym-
metry-adapted basis functions. However, this makes the computations more time-
consuming [7.1].

There are simpler schemes, which employ only a few basis functions but which try
to select them according to their importance for chemical bonding, thereby restricting
them to the valence electrons of the atoms involved in bonding.

Although this valence bond method yields more qualitative than exact quantitative
results because of the small basis set employed, it provides a clear insight into the
origin and the character of chemical bonding [7.2]. It is particularly valuable because
it gives in many cases simple explanations for the actual molecular geometry. It also
allows an estimation of the energetic ordering of the different molecular orbitals built
from atomic valence orbitals.

A simple rule of thumb is that the lower the number of radial nodal planes of
a wavefunction ¥, the lower the energy of the corresponding state. The physical
explanation for this rule is based on two facts:

0, i=12,....N. (7.2)

1. The lower the number of nodes, the smaller is the second derivative 9% /dr?,
which in turn is proportional to the kinetic energy.

2. With decreasing number of nodes, [w|2 and therefore the electron density be-
tween the nuclei increases, giving a larger bond energy.

The symmetry classification of the molecular orbitals depends on the molecular
point group and the transformation properties of the orbitals under the symmetry op-
erations of the group. In linear molecules of point group D.y, the orbitals have even
parity if the wavefunction is unchanged upon inversion at the center of charge, and
they have odd parity if they change sign (see also the corresponding discussion in
Sect. 2.4.2).

The symmetry of the orbitals with respect to reflection at a plane containing the
molecular axis is denoted positive (+) if the orbital remains unchanged and negative
(—) if it changes sign.

For nonlinear molecules, the symmetry operations of the respective point group
must be considered. For example, the orbitals of molecules belonging to the group C,y
can have the symmetries Ay, A2, By, or By, depending on their behavior under the dif-
ferent symmetry operations of the group. For point groups containing a symmetry axis



7.1 Molecular Orbitals
No nodal plane One nodal plane
Hy A Hy H, A Hy

1m, 174 2n,

Fig. 7.1 Examples of molecular orbitals. Top: o orbitals of linear
AH, molecules; bottom: © orbitals of linear AB, molecules.

C, with n > 2, degenerate orbitals of symmetry type E (or even higher-dimensional
irreducible representations) occur, which are transformed into linear combinations of
themselves under the symmetry operations of the group (see the character tables in the
appendix).

Figure 7.1 illustrates some molecular orbitals schematically. The top row displays
the lowest-energy orbitals for linear triatomic molecules AH; (where A is an arbitrary
atom) resulting from the combinations o = 1s(H) + 1s(Hz) + ns(A) (no nodal
plane) and o = 1s(H;) — 1s(Hz) +np,(A) (one nodal plane).

At the bottom of Fig. 7.1, some molecular 7 orbitals for linear AB; molecules
are displayed. The combination 17ty = p,(B1) + p:(A) 4 p«(B2) has no nodal plane
between the nuclei and corresponds to the lowest of the three © states. The molec-
ular orbital 1y = p.(B|) — px(B2) has one internuclear nodal plane at the position
of atom A, whereas the combination 2%, = p,(B1) — px(A) + px(B2) possesses two
internuclear nodal planes and thus corresponds to the highest energy of the three w
orbitals.

Figure 7.2 shows some molecular orbitals of nonlinear molecules. The top row
displays nondegenerate orbitals of molecules belonging to group C,, together with
their symmetry designations; the bottom row shows orbitals of molecules belonging
to group Dsp.

These general principles will now be elucidated for a number of specific examples.
Before doing so, however, we will briefly discuss the concept of hybridization.
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Fig. 7.2 Top: Orbitals of molecules belonging to the group Cay;

bottom: nondegenerate A| orbital and degenerate E’ orbital of
molecules belonging to the group Djp,.

7.2
Hybridization

The electron clouds of two atoms involved in bonding are deformed by their interac-
tion. For example, 1s orbitals do not remain spherically symmetric. This effect can
approximately be taken into account if we construct the corresponding molecular or-
bitals as linear combinations of s, p, d, ...atomic orbitals. Such functions are also
called hybrid functions. If only s and p orbitals are included, the result is called sp
hybridization.

This process will be illustrated for the case of the carbon atom (Fig. 7.3). The
ground-state carbon atom has an electron configuration (lsz)(2s2)(2px)(2py) with two
unpaired electrons in the p, and py orbitals, respectively. As only unpaired electrons
can contribute to bonding, this configuration leads to two bonds directed along x and y.
If, for example, two hydrogen atoms would bond to the carbon atom, their 1s orbitals
would experience maximum overlap in the x and y directions, and the resulting bond
angle would be 90°.

1t may be energetically favorable, however, to include also one of the 2s electrons
in bonding, in addition to the two 2p electrons. This will be true if the energy needed
to promote the 2s electron to the 2p orbital is over-compensated by the gain in bonding
energy, and this situation is indeed found in many compounds.

As each of the two p, and p, orbitals is already occupied by one electron, only the
p. function is available for hybridization.
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-1
2= = (95~ ¢p,)
Fig. 7.3 a) Atomic orbitals of the free carbon atom with the

directions of the unpaired electrons in the p, and p, orbitals.
b) The two sp, hybrid orbitals.

The two possible, mutually orthogonal sp, hybrid atomic orbitals are then

¢1(s,p;) = c19(s) + c26(pz)

(7.3)
ba(s,p:) = c39(s) + cad(p;) -
From the normalization condition
/|¢,~|2 dr=1; /¢1¢2d7=0, (7.4)
we obtain the coefficients by substituting Eq. (7.3) into Eq. (7.4),
1 1
= =0=—F; =——2,
1 2 3 7 4 7
so that the two hybrid atomic orbitals are
1
= —= s + [}
1 7 [6(s) + B(p2)]
| (7.5)
= —[o(s) — .
o) 7 [p(s) — &(p2)]

If we substitute atomic hydrogen wavefunctions [7.3] for ¢(s) and ¢(p;), we see that
the normalized angular part of the hybrid orbitals is

1
p12(9) = VT [1 + \/§c0s19] , (7.6)

where 9 is the angle towards the z axis. This shows that |¢; * assumes its maximum
value for 9 = 0°, and |¢,|* for 9 = 180° (Fig. 7.3b).
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Hence, by the sp hybridization, the carbon atom receives two additional bonds in
the £z direction, which are described by the hybrid orbitals Eq. (7.5). Together with
the p, and p, orbitals this yields a total of four available bonds.

In some cases, it is energetically more favorable if the s electron and the two p
electrons assume a charge distribution described by a linear combination of an s orbital
and two p orbitals. During such an sp? hybridization, three atomic hybrid orbitals are
created from different linear combinations of ¢(s), ¢(px) and ¢(p,). As in the case
of sp hybridization, the three mutually orthogonal hybrid orbitals

o (Sp \/‘d) px s

62 (s97) = %qs(s) - —\}gcb(px) + —\}—5¢(Py) , a7

63 (s9?) = %«zﬁ(S) - %as(px) - %qs(py)

are obtained. Their angular parts are

o1(p) = % (7 + \/_Z_COSLp)

() = \1/_(\/_ \/_coscp—l—\/gmncp) (7.8)

¢3(p) = 2\/—(\/_ \/_coscp \/gsingo>,

where ¢ is the angle towards the x axis (Fig. 7.4). By substituting into Eq. (7.8), we
find that the three functions assume their maximum values at ¢ = 0° (¢)), p = 120°
(¢7) and = 240° or —120° (¢P3).

Hence, sp2 hybrid atomic orbitals allow for three identical bonds, which are di-
rected from the center towards the corners of a planar equilateral triangle.

In some cases, such as the methane molecule CHy4, which has the shape of a regular
tetrahedron, the atomic orbitals of the carbon atom are best described by sp? hybrid

Fig. 7.4 sp? hybridization.
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Fig. 7.5 sp’ hybrid orbitals and their spatial orientation.

functions, which means that the s orbital combines with all three p orbitals. The
orthonormal hybrid functions are then

1 V3
$1 = 36(s)+ 5-9(p:) »

1 2 |

¢ = §¢(S) + \/;fb(Px) - mﬂpz) )
| 1 1 1

¢ = §¢(S) - %Mpx) + %¢(Py) - mﬂpz) ,

| 1 1 1
¢4 = §¢(S) - %Gﬁ(m) - Ed’(Py) - mQS(Pz) .

(7.9)

If we substitute the angular parts of these functions into Eq. (7.9), sp* hybridization
yields the atomic orbitals displayed in Fig. 7.5, which are directed towards the corners
of a regular tetrahedron with the carbon atom at its center.

In addition to p orbitals, d orbitals can also contribute to hybridization in heavy
atoms. This gives again directed bonds leading to specific molecular geometries. For
example, sp?d hybridization leads to four hybrid orbitals which are located in a plane
and enclose angles of 90°. An atom with valence orbitals described by sp?d hybrid
orbitals can therefore form a molecule with square planar geometry with four equal
other atoms. Table 7.1 summarizes some examples of atomic hybrid orbitals.

Tab. 7.1 Hybrid orbitals.

Orbital Geometrical arrangement Coordination number
sp, dp linear 2
p°, sd bent 2
sp?, s°d trigonal planar (120°) 3
p’ trigonal pyramidal 3
sp’ tetrahedral 4
sp*d trigonal bipyramidal 5
sp’d? octahedral 6
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Fig. 7.6 Overlap integral between two hybrid atomic orbitals
as a function of the s orbital contribution for a C—C bond at an
internuclear distance R = 4a,/3 [7.4].

The reason for the choice of hybrid orbitals is the minimization of the total energy
through maximization of the (negative) bonding energy. The latter depends on the
value of the overlap integral S between the atomic orbitals involved in bonding.

To maximize S for sp hybridization we use, instead of Eq. (7.5), the more flexible
trial function

1
= ——[¢(s)+ A , 7.10)
6= sy [6(8) +X6(p)] (
where ) is an optimization parameter in the range between 0 and 1.
Figure 7.6 shows the overlap integral S between the two atomic hybrid orbitals of
a C—C bond as a function of the s contribution

S(e(s)|* e _ 1
1S()2| dr 14+ A"

We see that the overlap is largest for sp hybrid orbitals with 50% s contribution. The
value of S increases from S = 0.3 without hybridization to § = 0.85 for the optimum
sp hybridization. Hence, the energy necessary for the promotion of the two s electrons
to the hybrid orbitals is by far compensated for by the gain in bonding energy, which
leads to a lower total energy.

Upon formation of a molecule, the atomic electron clouds are deformed (i.e., re-
arranged) so that the maximum overlap for all bonds and a minimum total energy is
achieved. This requirement determines the ground-state molecular geometry.

All ground-state molecules assume the geometry which minimizes their total en-
ergy, that is, the ground-state geometry corresponds to the global minimum of the
potential energy surface.
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7.3
Triatomic Molecules

Many of the principal aspects involved in the formation of optimum molecular orbitals
are already evident in triatomic molecules. The potential energy surface of a nonlinear
molecule ABC depends on the three parameters R; (AB), R (BC) and o = ZABC. In
linear triatomic molecules, which belong to the same point groups Cep Or Deopy as
the diatomic molecules, E(R),R;) depends on the two internuclear distances. Their
potential surface shows a potential energy valley for a = 180°.

The construction of molecular orbitals will now be illustrated for some molecules.

7.3.1
The BeH, Molecule

The beryllium dihydride molecule BeHj is linear; it belongs to group D.y,. The elec-
tron configuration of Be is 1s22s2, and there are in addition three unoccupied 2p or-
bitals, which are only slightly higher in energy than the 2s orbitals. The 1s electrons
are located close to the beryllium nucleus and do not significantly contribute to the
bonding with the hydrogen atoms.

We choose the z axis as the internuclear axis; the 2p, and 2p, orbitals are then
orthogonal to the two hydrogen 1s orbitals (Fig. 7.7) and do not contribute to bonding
(the overlap integral is zero!).

From the remaining four atomic orbitals (two 1s orbitals from the two hydrogen
atoms and 2s and 2p, of the beryllium atom) we can construct four molecular orbitals
as linear combinations,

¥(0)) = c1¢1 (His) + ca¢2(Beas) + c3¢3(His)

For symmeltry reasons, ¢; = c3, which we normalize to be 1. The orbital ¢, is then,
in a self-explaining shorthand notation,

Uy =s,+Ms+s2, b o P (7.11)

where Ajs is the relative contribution of the beryllium 2s orbital. This molecular
orbital has ¢ symmetry.

Fig. 7.7 Nonbonding molecular orbitals in the BeH, molecule.

245



246

7 Electronic States of Polyatomic Molecules

The next higher molecular orbital possesses a nodal plane at the beryllium atom,
and is written
nodal plane

B=si+hp-s D © I 6 O (7.12)

¥, is also a o orbital.
The third molecular orbital has two nodal planes and is written

B=si-Asts. D e i D (7.13)

Calculation of the corresponding energies shows that ¥ is antibonding, that is, the
energy (3 |H |43 ) is higher than the energies of the atomic orbitals from which it is
built. It is actually even higher than that of the ®t atomic orbitals constructed from the
px and p, of the beryllium atom and the 1s atomic orbitals of the hydrogen atoms.
Finally, the molecular orbital with the highest energy has three nodal planes,

Uy =—s1+Mp;+52. @ D o @ (7.14)

As each molecular orbital can be occupied by two electrons (with opposite spins),
the four valence electrons from beryllium and hydrogen fill the orbitals ¥;(c;) and
¥, (03 ), creating two bonds in the H-Be—H molecule. The two Be 1s core electrons
are not included (note that we also did not include their orbitals!).

Figure 7.8 shows the corresponding energy diagram, and Fig. 7.9 illustrates the
spatial electron density distribution in the ground-state BeH; molecule by the density
of printed dots.

Y4(0'2)
’ ; Antibonding
o orbitals
walo') N
2p BT e \
Tnb N
\, Nonbonding .\
-~ orbitals Y,
2s
; 1s

L7
',

/

N Avelol),
~{___ Bonding
\ * - orbitals
yi(oq)

Be BeH, H,H

Fig. 7.8 Orbital energies of the BeH; molecule as compared
with the atomic energies.
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Fig. 7.9 Electron density distribution in the electronic ‘Zg ground
state of the BeH, molecule.

732
The H,0 Molecule

In the following, the H,O molecule will be discussed in some detail as an example
for general bent AH, molecules (A = arbitrary atom). It is also useful to demonstrate
the symmetry properties of atomic and molecular orbitals. The bent molecules AH»
belong to the point group Gy, which contains the symmetry species A, Az, B, and
B> (see Sect. 5.5).

For the construction of molecular orbitals, two 1s orbitals from the hydrogen atoms
and the four occupied 2s and 2p orbitals of the oxygen atom (with configuration
152252 2p*) are available. We place the molecule in the xy plane; the 2p. atomic
orbital has therefore zero overlap with the hydrogen 1s orbitals (Fig. 7.10).

In a first approximation, we neglect the contribution from the oxygen 2s electrons.
Thus, we consider only the oxygen 2py and 2p, orbitals, which overlap with the hy-
drogen s orbitals, leading to chemical bonding.

In this approximation, we obtain for the two molecular orbitals

U1 = ¢(1s) + A (2px) »
Uy = ¢(1s) + Ap(2py)
which assume their maximum values along x and y, respectively. Therefore, we are

led to expect a bent structure with a bond angle of & = 90° for the H>O molecule. The
experimental value is o = 105°. This small, yet significant difference has two reasons:

(7.15)

Fig. 7.10 a) The three 2p orbitals of the oxygen atom. b) Bond-
ing between the hydrogen 1s orbitals and the oxygen 2p;, 2p,
orbitals.
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Fig. 7.11 a) Oxygen hybrid orbitals. b} Shift of the charge distri-
bution of the hybrid orbital with respect to the 2s orbital.

1. The interaction between the hydrogen and oxygen atoms leads to a charge trans-
fer from the hydrogen atoms to the oxygen atom, creating a small negative
charge on the oxygen atom and small positive charges on the hydrogen atoms,
as reflected by the molecular dipole moment of the H>O molecule. In conse-
quence, there arises a Coulomb repulsion between the hydrogen atoms. How-
ever, this effect leads only to a small increase in the angle a.

2. The major effect is hybridization of the oxygen atom. The charge transfer men-
tioned above leads to a deformation of the electron cloud at the oxygen atoms,
distorting the 2s orbital, which can now be written as a linear combination

¢ = c19(2s) +c20(2p) - (7.16)

This distortion of the electron cloud leads to a shift of the center of charge
(Fig. 7.11) and thus to a larger overlap of the oxygen hybrid orbital with the 1s
orbitals of the hydrogen atoms,

The bonds constructed from those hybrid orbitals do not form a 90° angle, but
give indeed, upon exact calculation of all polarization and exchange effects
(which have been included here only approximately), the experimentally de-
termined bond angle (Fig. 7.12).

It is common in molecular physics to denote the symmetry species of orbitals by
lower-case letters and those of the molecular states constructed from them by upper-
case letters. For example, the electron configuration of the ground-state H,O molecule
is (2a1)? (1b2)?(3a1)? (1b1)2. The molecular ground state derived from it is denoted
X'Ay.
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Fig. 7.12 Bonding in the H,O molecule using hybrid atomic or-
bitals.

We will now determine the symmetry properties of the atomic orbitals, from which
the molecular orbitals of H,O are constructed. To do this, we choose a coordinate
system (x',y’, 7’ = z) adapted to the C,, molecular symmetry by placing the molecular
symmetry axis along x’ and the plane of the molecule into the x'y’ plane (Fig. 7.13).
The p orbitals are therefore transformed according to

1 |
Py = E(px-l-p‘) N py’ = ﬁ(p«"—pv) .

From Fig. 7.14 we see that 2s and 2py transform into themselves and thus belong to
symmeltry species a;, whereas 2p,s changes sign upon rotation around the X' axis and
thus has b, symmetry, whereas 2p, changes sign upon reflection at the plane of the
molecule and therefore has b; symmetry.

Fig. 7.13 Geometrical arrangement for the discussion of sym-
metry properties of atomic and molecular orbitals.

Fig. 7.14 The twelve atomic orbitals in the CO, molecule.
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(a)
Fig. 7.15 Energy level diagram of the molecular orbitals in AH;
molecules for a) linear and b) nonlinear structures.

To construct molecular orbitals with ¢; symmetry, we can therefore combine the
oxygen hybrid orbital ¢;¢(2s) + c20(2py) with the sum . (1s) = 1 (1s) + p2(1s)
of the two hydrogen 1s orbitals to form the linear combination c;(2s) + c29(2py) +
c3p+(1s), because these orbitals all have a; symmetry and therefore their sum must
also have a; symmetry.

sp> hybridization makes 2py and 2p, also bonding molecular orbitals with b, and

b, symmetry, respectively (Fig. 7.15b). As there are a total of eight valence electrons
involved in bonding (the 1s core electrons of the oxygen atom contribute virtually
nothing and are neglected), the four lowest molecular orbitals are occupied by two
electrons each (with antiparallel spins). This yields three bonding molecular orbitals
with symmetries a,, by, and ay, and one weakly antibonding orbital with symmetry b,

that are occupied in the ground state of H,O.

733

The CO; Molecule

In this example, we can build molecular orbitals from twelve valence orbitals of the
participating atoms, namely the 2s, 2py, 2p, and 2p, atomic orbitals of each of the three
atoms (Fig. 7.14). From these twelve atomic orbitals, twelve orthogonal molecular
orbitals can be constructed as linear combinations of atomic orbitals of like symmetry.
These molecular orbitals are ordered according to their energies, and are then filled
successively, according to the Pauli principle, with two electrons each. As there are
only 16 valence electrons in CO;,, (four from the carbon atom and six from each
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Fig. 7.16 Schematic representation of the molecular orbitals of CO,.

oxygen atom), only the eight lowest molecular orbitals are occupied in the ground
state of the CO, molecule. Excited states arise if one electron is excited from an
occupied (in the ground state) orbital into a higher, unoccupied molecular orbital. The
highest occupied molecular orbital is often abbreviated HOMO, the lowest unoccupied
molecular LUMO.

The symmetry group of CO; is D.y. The only atomic orbitals of 0'; symmetry are
the three 2s orbitals of the carbon atom and the two oxygen atoms and the two 2p,
orbitals of the oxygen atoms.

As discussed in Sect. 7.2, the overlap between the atomic orbitals of the different
atoms involved in bonding can be optimized (i.e., maximized) by the formation of
hybrid atomic orbitals. As can be seen from Figs. 7.11a and 7.14, sp hybridization
provides the largest overlap and therefore the largest contribution to bonding, and
thus we expect a linear structure. For such a linear molecule we place, following the
usual conventions, the internuclear axis along z. The symmetry species are ordered
according to the projections A of the electronic angular momentum onto the molecular
axis (z axis) and according to their parity (see Sect. 2.4). Then hybrid atomic orbitals
are constructed from 2s and 2p,, which both have £ symmetry with A = 0, and from
px and p,, which lead to & orbitals with A = 1.

Figure 7.16 shows a schematic representation of the occupied and some unoccu-
pied molecular orbitals with their symmetries. The electron configuration of CO; is
therefore

(1og)*( lcu)2(2cg)2(2GU)2(lTEU)4(lng)4 .
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Apart from the bonding orbitals 16, 16, and 1w, there are nonbonding molecu-
lar orbitals that are not involved in chemical bonding and which are therefore called
lone pairs, and furthermore antibonding orbitals that lead to a destabilization of the
molecule if they are occupied. The total bonding energy is the sum of all positive,
negative and vanishing contributions of all these molecular orbitals.

74
AB; Molecules and Walsh Diagrams

The bond angle in triatomic molecules AB; (where A and B denote arbitrary atoms)
can be determined approximately by calculating the dependence of the orbital ener-
gies on the bond angle for all occupied molecular orbitals. This is shown in Fig. 7.17a
for the triatomic hydrides AH, and in Fig. 7.17b for the more general case of AB;
molecules (which differ from the former by the availability of p orbitals at the B
atoms). At the right, the orbital symmetries for a linear structure (point group Do)
are indicated, at the left those for a bent structure (point group C»,), where in both
cases the molecule is arranged following the convention introduced by Mulliken. This
means that in the linear case the z axis coincides with the internuclear axis, but in the
bent case it coincides with the molecular symmetry axis. Hence, in going from left
to right in the correlation diagram, the y and z axis are exchanged! (This is of course
only relevant for the symmetry labels of the orbitals, not for their energies!)

From Walsh diagrams [7.5], the bond angles of triatomic molecules can be esti-
mated by determining the point along the horizontal (bond angle) coordinate for which
the sum of the energies of all occupied molecular orbitals assumes a minimum. We
will elucidate this point for a number of examples.

(a) The H,O molecule has the electron configuration
(2a1)2(1b2)%(3a1)2(1by)? ,

where orbitals of like symmetry are enumerated in order of increasing energy.
(The (1a)) orbital has been omitted from the list because it does not contribute
to bonding.) The two orbitals (2a;) and (1b,) assume, according to Fig. 7.17a,
their minimum energies at o« = 180°, the (3a)) orbital at @ = 90°, and the en-
ergy of the (1) orbital does not depend on c. The total energy assumes its
minimum value at o = 105°.

If an electron is excited from the (1b)) orbital into higher orbitals, we see from
the diagram that the energies of those orbitals depends only weakly on «, and
we expect therefore the structure of the molecule to change only slightly upon
such an excitation. Indeed, the bond angle in the excited C(B;) state, in which
an electron is excited into the 3p state, is found to be o = 106.9°, only slightly
enlarged compared to the ground state.
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Fig. 7.17 Walsh diagrams for a) AH; molecules, b) AB»
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(b) The boron dihydride molecule BH; has a ground-state electron configuration
...(2a1)?(1b2)*(3a;)! and a bond angle o = 131°, because the influence of the
3ay electron is stronger than that of the four electrons in (2a;) and (1b7).

(c) The CO; molecule has 16 valence electrons leading to an electron configuration
.. (264)*(1my)*(1mg)* for its X 'E; ground state. From Fig. 7.17b we see that
the total energy assumes a minimum for o = 180°, because the strong depen-
dence of the mg orbitals on the bond angle exerts the largest influence.
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Tab. 7.2 Occupancy of molecular orbitals in the ground and first excited states of
some triatomic molecules.

Molecule Z, Orbital occupancy State £ BAB
G 12 (304)2(20,)2(405)2(11,)%(36,)? X'z, 180°
(305)%(264)* (405) (1714)% (304) (17g)* AT, 180°
CNC 13 (365)2(204)2(40g)? (17 )*(36,)( 17,)! x2m, 180°
(364)%(204)%(46,)2 (1m,)* (304) (17, ) g, A%, BL, 180°
BO, 15 (304)%(20,)2(465)% (30, )2 (11, )* (17, ) X, 180°
(1m,)3 (1mg)* A,
NO, 17 (36,)%(20,)(404)2 (30,)2 (4b2) % (6a1)’ X324, 134°
AlH; 17 (36,)%(20,)(40,)2(30,)2 (241 )*(152)*(3a;)! X24, 130°
(36,)2(26, )2 (46,)2(36,)2(2a1 )2 (162)2(1by)! AL, 180°
2(20,)2(10u)2(1m,)!
0O; 18 (36,)%(264)2(405)? (36, )% (4b2)%(1a2)?(6a; )? X4 116.8°
(6{1])‘(2b1)l AlBl

Figure 7.17c shows the Walsh diagram for asymmetric molecules HAB such as
HCO, HCN or HNO. Table 7.2 lists the electron configurations (i.e., the occupancy of
the molecular orbitals forming the electron cloud) and the resulting ground states and
first excited states for a number of AB; and A3 molecules, allowing an estimation of
the bond angles of these molecules from Fig. 7.17.

7.5
Molecules With More Than Three Atoms

The procedure to construct molecular orbitals from basis functions (atomic orbitals) of
like symmetry can be applied analogously to molecules with more than three atoms.
However, for molecules with double bonds, in which & electrons play an important
role, new phenomena occur, which will be treated in Sect. 7.6.

Again, the procedure will be illustrated for a few examples.

7.51
The NH; Molecule

The electron configuration of the nitrogen atom is (1s)%(2s)?(2p)(2py)(2p;). Ne-
glecting hybridization, the three unpaired electrons in the p orbitals allow three bonds
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Fig. 7.18 Hybrid valence orbitals of the NH; molecule.

to the hydrogen 1s orbitals enclosing angles of 90°. The molecule possesses a three-
fold symmetry axis Cs; its symmetry group is Csy. For a planar structure, bond angles
of 120° were to be expected, indicating sp® hybridization. As the real NH3 molecule
is pyramidal rather than planar, the actual bond angles must be smaller. It turns out
that sp* hybridization of the nitrogen atom provides optimum overlap with the hydro-
gen Is orbitals, resulting in bond angles of 107.3° (Fig. 7.18). The structure of the
ammonia molecule resembles a trigonal pyramid with the nitrogen atom at the apex.
The asymmetric charge distribution in the molecular orbitals creates an electric dipole
moment Pe; of magnitude 5 x 1073 Cm (=1.5D), pointing from the nitrogen atom
along the symmetry axis to the center of the triangle consisting of the three hydrogen
atoms.

The molecular potential energy as a function of the height & of the nitrogen atom
above the plane of the three hydrogen atoms assumes a maximum for 4 = 0 and two
minima for A = $hg (Fig. 7.19). In the ground state, the nitrogen atom can therefore
be above or below the plane & = 0. The two equivalent mirror-image conformations
are indistinguishable, therefore both must be included in the calculation of vibrational
wavefunctions and energies. Hence, the vibrational wavefunctions are written as sym-

h h

(a) (b)

Fig. 7.19 Double-minimum potential £,0,(h) for the NH; ground
state with symmetric and antisymmetric vibrational states.
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metric and antisymmetric linear combinations
Wsym =N (¢] +¢2) s Wasym = N2(451 _¢2) s (7.17)

where the &; are the vibrational wavefunctions for the left-hand and right-hand region
of the potential below the barrier, respectively, and the N; are normalization constants.
In the vicinity of the minima, the potential can be described by a parabola so that the
&; are harmonic-oscillator functions. The energy eigenvalues of Wy and Wyeym are
slightly different (inversion splitting).

In a semiclassical model (Fig. 7.19b), the nitrogen atom with vibrational period
T, oscillates for some time above the plane h = 0 around its equilibrium position
h = +hy, before tunneling, after an average time 73, through the potential barrier and
oscillating around h = —hg. Its vibrational energy is then Eyi, = hwvyip = h/ Ty, and
the inversion splitting is given by AE = h/T;, where T} < T, holds.

7.5.2
Formaldehyde

As an example for a molecule with a planar structure (point group Cy,) in the ground
state (all atoms lie in the xz plane) and a pyramidal structure in the first excited state 'A,
we will consider the formaldehyde molecule H,CO (Fig. 7.20). In the excited state,
the two hydrogen atoms lie above and below the yz plane and define together with
the carbon atom a plane intersecting the yz plane at an angle ¢ = 38°. The molecular
symmetry in this state is C;. The lowest molecular orbitals are 34, 44, 5A;, and
1B,, which all describe ¢ bonds (Fig. 7.21). The remaining four of the twelve valence
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Fig. 7.22 The butadiene molecule. a) Structure formula, and
b) schematic representation of the two lowest &t orbitals.

electrons occupy the next-higher orbitals 1B and 2B,. The 1B molecular orbital is a
Tt orbital contributing mainly to the bonding between carbon and oxygen, whereas the
2B orbital, which is built from two p, atomic orbitals, is antibonding. Upon optical
excitation to the A state, one electron is promoted from the nonbonding 28, molecular
orbital into the antibonding 2B molecular orbital (1* «n transition).

The potential energy of the A state as a function of the displacement during the
v4 vibration possesses two minima, similar to what we learned for the ammonia
molecule. Again, the two hydrogen atoms can tunnel through the barrier, similarly
to the nitrogen atom in NH;. However, in this case the tunneling frequency is much
larger because the mass of the hydrogen atoms is much smaller and the height of the
barrier is smaller than for ammonia.

7.6
n-Electron Systems

In the preceding examples, we have discussed localized bonds in molecules, that is,
the electron density of the valence electrons was concentrated in a closely confined
region between the bonded atoms.

There is a significant class of molecules, however, in which delocalized electrons
play an important role. An example is the butadiene molecule (Fig. 7.22), where single
and double bonds between the carbon atoms alternate.

The electrical polarizability along the chain of carbon atoms in such molecules is
much larger than in molecules with localized bonds, which is a first indication that
delocalized electrons with a high mobility are present. It turns out that these electrons
are from overlapping p orbitals, forming  bonds {7.6].

7.6.1
Butadiene

The trans isomer of the butadiene molecule CH; =CH-CH=CH, is planar. The
length of the central C—C bond is 148 pm, which is significantly longer than the C=C
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double bonds. Apart from the ¢ orbitals, there are four @ orbitals, which are linear
combinations of the four carbon 2p orbitals and which are perpendicular to the plane
of the carbon atoms (Fig. 7.22b). The relative contributions of the four p orbitals in
the four molecular orbitals

4
Un =Y catn(p) (7.18)
n=1

can be determined using the variational principle (see Sect. 2.5.1), which requires
solution of the determinant equation

|Hun — ESmn| =0 . (7.19)
To facilitate the calculations, we make the following assumptions:

(a) All integrals Hy,, are equal to a parameter c.

(b) Integrals H,,, with n # m are nonvanishing only for adjacent atoms, and they
are equal to a second parameter 3 < 0.

(c) All overlap integrals S,,, with m # n are zero, and Sy, = 1.

These assumptions are the basis of the so-called Hiickel method. This yields the ener-
gies

Ei=a+1623, E;=a+06283,

Ey=a-0623, Ei=a—16283, (B<0n 7:20)
for the molecular orbitals

Vr, = 0.37¢1 +0.60¢, +0.60¢3 +0.37¢4 ,

U, = 0.60¢1 4 0.37¢2 — 0.37¢3 — 0.60¢4 , 7.21)

lI/n3 =0.60¢1 —0.37¢7 — 0.37¢3 + 0.60¢4 ,
Ur, = 0.37¢1 — 0.60¢7 +0.60¢3 — 0.37¢4 .

This shows that the largest contributions for the lowest molecular orbital ; stems
from carbon atoms two and three.

Figure 7.23 shows a graphical representation of these four orbitals. It emphasizes
that the orbital m; is completely delocalized, which means that the electrons in this
orbital are distributed uniformly over the complete chain of carbon atoms.
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Fig. 7.23 Schematic representation of the four = molecular or-
bitals in the butadiene molecule.

7.6.2
Benzene

The explanation of the benzene structure was an important milestone in the history of
molecular orbital theory, which had been postulated by Kekulé as early as 1865.

It became clear from many experiments, particularly from spectroscopic investi-
gations, that C¢Hg has to be a planar molecule in which the carbon atoms form a
six-membered ring. The carbon bonds enclose therefore angles of 120°, which indi-
cates sp® hybridization, as was discussed in Sect. 7.2. Hence, there are localized C—C
and C—~H o bonds, each of which contains one valance electron from the carbon atom
(Fig. 7.24a). This makes a total of three valance electrons from each carbon atom,
which are used to form the ¢ bonds originating from it. One p, electron per carbon
atom, or six in total, are not involved in hybridization and are available for additional
bonds (Fig. 7.24b).

There are, however, two indistinguishable ways, displayed schematically in Fig.
7.24c and d, to form three Tt bonds in a six-membered ring from the six available p.
orbitals. As in the butadiene case, we must therefore construct linear combinations

6
U = Z Cidi (7.22)
i=]

where the ¢; are the p;, orbitals of the six carbon atoms.

The crucial point is now that the wavefunctions ¥ are not confined to a single
carbon atom or a pair of bonded carbon atoms, but extend over the complete ring of
carbon atoms. These delocalized electrons contribute significantly to the stability of
this planar arrangement because their density is distributed symmetrically with respect
to the molecular plane.
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G bonds

T bonds

Fig. 7.24 Bonding in the benzene molecule. a) ¢ bonds,
b) p, orbitals, c), d) different alternatives for = bonding around
the ring system.

A very simple model, the so-called Hiickel model suggested by Hiickel, treats the
delocalized & electrons, which are distributed over the whole ring system, as electrons
in a square-well potential of width L, where L corresponds to the circumference of
the benzene hexagon. The de Broglie wavelength A of these electrons must satisfy the
condition nA = L. Their kinetic energy is, using A = h/p,

p? _ h? _n
2m,  2m N2 2m?°

2h2
Eyin =

(7.23)

If the potential energy at the bottom of the potential well is chosen to be Epq = 0, we
obtain for the energies of the levels |n)

n*h?

Ep=———,
" 2m L2

with Ej denoting the ground state.

The interaction of one of the 7 electrons with the other electrons is indirectly taken
into account by choosing an effective potential, similar to the Hartree method in atoms,
where the depth of the potential can be adjusted in order to match the experimental
observations. The Hiickel method is therefore a one-electron approximation for many-
electron molecules.

Upon excitation of & electrons (e.g., by photon absorption), higher-energy states
with n > 1 can be occupied.

For benzene with a C—C distance of 140pm, L = 6 x 140pm = 840pm, and we
obtain for the energy difference for the transitionn =1 —-n+1=2,

K (2n+1)
- 2m,l2
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Inserting the numerical values yields AE = 1 x 10718 = 6.5¢V.

This corresponds to a wavelength of A ~ 200nm, in fair agreement with the exper-
imental value of A & 220nm, considering the crude model employed. The difference
is due to the fact that we neglected the interactions between the electrons.

Additional information on the electronic states of larger molecules can be found
in [7.8-7.10].
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8
Spectra of Polyatomic Molecules

Owing to the larger number of degrees of freedom, the energy level diagrams of poly-
atomic molecules are far more complicated than those of diatomic molecules, where
only one vibrational mode and and a simple rotational structure exist.

Consequently, the number of possible transitions between different energy levels
is also much larger, and the spectra are complex. In many cases, several lines or
even whole bands overlap, and only the application of high-resolution, Doppler-free
techniques has enabled spectroscopists to resolve the rotational structure of electronic
transitions for larger molecules such as benzene or naphthalene (see Sect. 12.4).

The spectral region and the structure of the spectra depend, as in the case of di-
atomic molecules (see Ch. 4), on the upper and lower levels of the transition. If only
the rotational quantum numbers change during the transition, pure rotational spectra
in the microwave region are obtained; if the vibrational quantum numbers also change,
this results in vibration—rotation spectra in the infrared; if the transition is between dif-
ferent electronic states, electronic spectra in the visible and UV region are observed.

In any case, only such electric dipole transitions between states |m) and |k) are
possible for which at least one component of the transition dipole matrix element

= ;:I * — M)y
(Dmk)p /W pl’kdt P=XxY,2

is nonvanishing. This condition is only satisfied if the integrand is totally symmetric
under the symmetry operations of the molecular point group (see Sect. 8.2.2).

Apart from these electric dipole transitions, much weaker magnetic dipole transi-
tions or (even weaker) electric quadrupole transitions can also occur.

8.1
Pure Rotational Spectra

The structure of rotational spectra depends on the structure of the molecule under
consideration and on possible centrifugal distortions during its rotation. Pure rota-
tional transitions are only possible for molecules with a permanent electric dipole
moment (see Sect. 4.2.1). This will be elucidated in the following for different types
of molecules.

Molecular Physics. Theoretical Principles and Experimental Methods. Wolfgang Demtroder.
Copyright ©)2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40566-6
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8.1.1
Linear Molecules

The spectra of linear polyatomic molecules are similar to those of diatomic molecules.
The molecule rotates only around an axis perpendicular to the internuclear axis, and
hence there is only one rotational constant B,, as in the diatomic case. The wavenum-
bers of the rotational lines due to transitions from a level with rotational quantum
number J to the level (J+ 1) in the same vibrational state are, in analogy to Eq. (3.18),

p=F(J+1)=F(J)=2B,(J+1)—4D,(J+1). 8.1)

As an example, Fig. 8.1 shows the pure rotational spectrum of the linear N,O mole-
cule. From the distances of the lines, the moment of inertia can be determined, which
shows that N,O is asymmetric, N—N—O, and that it must therefore possess a perma-
nent electric dipole moment, in contrast to the symmetric linear CO; (O=C=0).

As linear molecules consisting of N atoms possess (3N — 5) vibrational degrees of
freedom, the rotational constant

IN-5 d;
By, =B, — ,; ; ('Ui + 5) (8.2)
and the centrifugal constant
3N-5 di
Dy=D.+ Y B (Ui + E) (8.3)
i=1
Frequency v (THz)
0.30 045 0.60 0.75 0.90 1.05 1.20
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Fig. 8.1 Rotational spectrum (microwave spectrum) of the linear
molecule N,O [8.1].
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Fig. 8.2 /-splitting of the rotational levels of a linear molecule for
degenerate bending vibrations with vibrational angular momen-
tum |!| = 1k, and allowed transitions between the components.

[cf. Eq. (3.44)] will in general depend on all (3N — 5) vibrational quantum numbers
v; (the degree of degeneracy is d; = 2 for bending vibrations and d; = 1 for all other
modes).

As the superposition of two degenerate bending vibrations (Fig. 6.11a) leads to a
rotation of the nuclei around the internuclear axis, the linear molecule assumes in this
case a vibrational angular momentum /% along z, and the Coriolis interaction between
rotation and vibration leads to an [-splitting of the otherwise degenerate levels into
two ! components of opposite parity. They are denoted e and f components (Fig. 8.2),
respectively (see Sect. 6.3.6). According to Eq. (6.92) and Fig. 8.2, the wavenumber
of the allowed dipole transitions between the adjacent rotational levels is then

ot = Fof (J+ 1L,IT) = F, (J,I7)

—2B,(J+1)—4Dy [J+1)P =PI +1)] + & (8.4)

> (vi+1)(J+1),
and between the split / components of the same rotational level,

b =F} (1Y) —F; (J07) = %(v,-+l)](]+1). (8.5)

The selection rules for electric dipole transitions are

e—e;, fof;, emnf forAJ=ZI1,

(8.6)
e—f;, ewe; fenrf forAJ=0.

Whereas the frequencies v of the rotational transitions Eq. (8.4) lie in the microwave
(i.e., gigahertz) region, the v transitions between the / components of the same rota-
tional level are usually found in the radiofrequency range.
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8.1.2
Symmetric Top Molecules

The dipole moment gy, (L = X,Y,Z) in the laboratory-fixed system (X,Y,Z)

BL = pxdr, + pydr, + pedL, (8.7a)
can be expressed by the components y; in the molecule-fixed system using the direc-
tion cosine elements ¢, (i = x,y,2).

In symmetric top molecules, ¢+ must be directed along the symmetry axis z (i.e.,
tx = pty = 0). The square of the transition dipole matrix element

D2 = | (1, k|l K|

yields then [8.2] the only nonvanishing elements

J+1)2—-K?
LKl +LK)P = 2 =K 8.7b
Kl + LR = s (®.7)
1_ 2 K
JLKip|,K) =pu ——mr, 8.7
Kl K0P = s (®.70)
J2—K?
LK|\plJ - LK) ==, 8.7d
VKl = 1K) = s 870
where 1 = || = p,. The selection rules for pure rotational transitions are
Al=+1, AK=0. (8.7¢)

If we substitute the expressions Eqns. (6.28) and (6.30) for the energy levels of the
prolate and oblate symmetric top, respectively, we obtain for the wavenumbers of the
rotational transitions

F,(J+ 1,K) = F,(J.K)

p=
5 3 (8.8)
=2(By—DyxkK*)(J+1)—4D;(J+1)°.
Note: FEquation (8.8) contains none of the rotational constants Ay, Cy
or Dy. As a consequence, these constants cannot be determined from a
measurement of the pure rotational spectrum of symmetric top molecules!

According to the selection rules Eq. (8.7), there is for a given level (J,K) one
absorption transition to a higher level (J +1,K) and, for J > 0, one emission transition
to the lower level (J — 1,K). The wavenumbers of transitions with different K but
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Fig. 8.3 Schematic representation of the rotational spectrum of
a symmetric top molecule [8.4].

equal J in Eq. (8.8) differ only marginally because D;x < B,. As the projection
quantum number X is in the range 0 < K < J, each rotational transition contains a
substructure of J + 1 different K components (Fig. 8.3).

The intensities of the corresponding absorption lines are proportional to the popu-
lation N(J,K) of the absorbing level (see Sect. 8.1.4) and to lD,-klz.

8.1.3
Asymmetric Top Molecules

We saw in Sect. 6.2.5 that the energy levels of an asymmetric top molecule cannot
be given in closed form but must be expanded in a power series. For each value of
the rotational quantum number J, there are (2/ + 1) different energy levels, which
are enumerated either by a subscript 7 running from —J to +J or by the projection
quantum numbers K, K., which are defined in the limiting cases of the prolate or
oblate symmetrical top. Hence, a rotational level is denoted by either J, or by Jk, k..
The relation between both labeling schemes is given by 7 = K, — K. The values of
K, and K, are in the range from 0 to J with the additional conditions K, + K. = J or
(J + 1), depending on the parity of the specific state.
The wavenumber of a transition between two rotational levels is given by
p=F(J+ VK, ,K)-F({J,KI,K"). (8.9)
Whether such a transition actually occurs is determined by the selection rules, which
are more complicated for asymmetric tops than for symmetric tops, where the rule was
simply AK = 0. They depend on the orientation of the permanent dipole moment and
on the parity of the states involved (specifically, the question is if K, and K. are even
or odd). If the dipole moment is oriented along the a axis (smallest moment of inertia
1), the transitions are called A-type transitions, and analogously for the & (medium
moment of inertia) and ¢ (largest moment of inertia) axes. If the dipole moment is
oriented arbitrarily within the molecule, the same arguments hold for its components
along a, borec.

The selection rules for pure rotational transitions in asymmetric top molecules are
summarized in Table 8.1 in terms of parity (e or o), the rotational quantum number
J and the projection quantum numbers K, and K.. We see that for a transition to be
allowed, the parity of either K, or K. must change. In contrast to the selection rules for
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Tab. 8.1 Selection rules for pure rotational transitions of an asymmetric top molecule.

Selection rules

Orientation of Symmetries upon

dipole moment  rotation around 4, ¢ K, K. - K!,K! AJ,AK,,AK,

a axis ++ -+ ee < €0
—— e+ 0€ <> 00 and:

b axis ++ o —— €e < 00 Ar=0.1
NN oo AK, = 0,£1,%2,...

AK. =0,£1,£2,...

¢ axis ++ o+ ee & oe depending on parity.

—t o —— €0 © 00

the symmetric top discussed before, not only transitions with AK, or AK, = 0,+£1 are
allowed in asymmetric tops, but depending on the parity of the K, and K, levels, also
transitions with AK,,AK, = £1,43,... or 2,44, ..., respectively, are now allowed.
The intensities of the corresponding lines in the spectrum are weak, however, and
decrease even further the more the molecular geometry approaches that of a symmetric
top.

If the molecule is an almost symmetric prolate top, the selections rule is AK, =
0,£1; for an almost symmetric oblate top, it is AK, = 0,£1.

The selection rules can also be expressed by the symmetry behavior of the rota-
tional wavefunction upon rotation by 180° around a C; axis along a, b or c. If the
wavefunction is unchanged under this operation, its symmetry is denoted (+), if it
changes sign, it is denoted (—). Usually, only the behavior upon rotation around C3
and Cj is indicated; the behavior upon rotation around the b axis is then fixed. The
symmetry of a rotational level Jx, k. or J, can then be denoted by (++), (+—), etc.

(Fig. 8.4).

J cicd cscy csch

. \ . N/ . N/
4 T e i 'l bt SR i he
4,82 T 3T 4 i 3: 4 T 3.

4 T ++ 4 T %l ++ 4, {l ++
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agn Pl +- 33a T . - 3,3 T +-
34 -+ 34 I![ -+ 34 r ![ s
30 £ oo = R 3
a2 T3 3_33.2 t - 352 =T -

(a) (b) (c)

Fig. 8.4 Dipole-ailowed rotational transitions of an asymmet-
ric top molecule if the dipole moment is oriented along a) the
a axis, b) the b axis and c¢) the c axis [8.4].
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8.1.4
Intensities of Rotational Transitions

If an electromagnetic wave with incident intensity /o passes through an absorbing
medium with absorption coefficient (), the transmitted intensity /s after a path
of length L is

Itrans(V) = IO(V) e_a(V)L . (8.10)
For aL < 1, the net absorption is
AI(V) = abs(V)_Itrans(V)zIO(V)a(V)L- 8.11)

Using the Einstein coefficients By, the net absorption is obtained as the difference
between absorption and stimulated emission,

Al(v) = [N;Bi — NeByi] o(v)hvL, (8.12)

where g(v) = I(v)/c is the spectral energy density.

Integrating over the line profile a(v) with full width at half maximum Av, we
obtain the total absorption from this transition. To perform the integration, we must
replace the quantity o(v) in Eq. (8.12) by

Q:/Q(V) dv; l=/l(u) dv =~ I(vp)Av .

In thermal equilibrium at a temperature T, the ratio of the population densities follows
the Boltzmann relation,

N _ 8k -ab/br  yin AE =E —Ei=hv. (8.13)
N g

Using the relations g;Bjx = g Bx;, we obtain for Eq. (8.12),
I
Al = 2 huLByN; [1 —e*AE/"BT] : (8.14)
&

For transitions in the microwave region, hv = AE < kT so that Eq. (8.14) becomes

(AE)? _ g, (BE)?
kT = a = N;By kT .
This shows that the net absorption is proportional to the density N; of absorbing
molecules and to the ratio (AE)?/ksT = (hv)? /ksT.

The population density N; in the absorbing level }i) and the total density of mole-
cules N are related by the Boltzmann relation,

N,-:g,-(g) e EilRT g, (%’) (1—E;/kT), (8.16)

Al = [hLN; By, (8.15)

269



270| 8 Spectra of Polyatomic Molecules

where

Z=Y gneEnleT @.17)
n

is the partition function, which runs over all molecular states E, and which serves as
a normalization factor ensuring ¥ N, = N.
If we use also the relation

2m? 7
By = D; 8.18
k 250}12 | lk| ( )

between the Einstein coefficient B;;, and the transition matrix element Dy, we finally
arrive at the relation valid for (E; — E;) < kT,
N 2122

Al =hlgi—————
ole Z 3epckgT

The transition dipole matrix element Dy depends on the molecular structure. For
linear molecules, the dipole moment points along the molecular axis, whereas it is
oriented along the symmetry axis for nonlinear symmetric top molecules.

If we calculate the sum over all possible values of M, that is, over the (2J + 1)
possible orientations of J, we obtain for a transition with AJ = +1 and AK =0 in
symmetric tops

IDul* . (8.19)

2 (J+1)2-K°
J+D@I+1)°

The intensities of the rotational absorption lines for transitions (J+ 1,K) «— (J,K) are
therefore

1Dul? = p (8.20)

N 2m?? (J+1)2—K?
Al(J,K) = pPlogi= L .
VLK) = 1hosiZ L= = T @+ 1)
where the statistical weight of the absorbing level is the product g; = gk X gas of the
weights g;x = 2(2J + 1) of the rotational level |J,K) and gy, of the nuclear spins.

This will be examined more closely in the following.

8.21)

8.1.5
Symmetry Properties of Rotational Levels

The symmetry properties of rotational levels and their statistical weights depend on the
molecular point group, the quantum numbers J and K, the vibrational and electronic
states, and the nuclear spins. Within the Born—-Oppenheimer approximation, the total
wavefunction can be written as a product of electronic, vibrational, rotational, and
nuclear spin wavefunctions,

U = Yetvib¥rotWns - (8.22)

Hence, its symmetry depends on the individual symmetries of these four factors.
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Fig. 8.5 Symmetry types of rotational levels for molecules be-
longing to point group Djp,.

For rotational transitions within the same electronic and vibrational state we only
need to take into account the symmetries of 1y and s, because the square moduli
[1he1]? and [1hyip|? in the matrix element Dy are always totally symmetric.

The symmetry species of ¢y correspond to those of the molecule’s rotational
group. The rotational group is, for example, C3 for molecules belonging to group
C3y (such as ammonia, NH3) or D3 for molecules belonging to Dy (such as ethane,
C,Hg). The point group C3 comprises the symmetry species A and E, whereas in Ds,
there are A1, A, and E (see the character tables in the appendix).

The rotational wavefunctions expressed in the laboratory-fixed system can be writ-
ten as the product

Yror = Osxm(0) eM" ek (8.23)

of the Legendre polynomial @(#) and two exponentials. They depend on the Euler
angles 8,  and ¢ between the axes of the molecule-fixed and those of the laboratory-
fixed system, where o is the rotational angle around the symmetry axis. A rotation
by an angle p = 21/3 leaves i unchanged if K = 3m (m =0,1,2,3,...). Hence,
the rotational levels with K = 3m belong to symmetry species A for C3, molecules,
whereas for all other levels, 1o neither changes sign nor is it left unchanged upon this
operation, but is transformed into a linear combination of two functions and belongs
thus to symmetry species E (see Sect. 5.5.2).

For molecules belonging to point group Dj;, the rotational levels with K = 0 have
symmetry A; for even rotational quantum numbers J and A; for odd J. For K =
3m # 0 there is one K component with symmetry A; and one with A2 symmetry. For
K = 3m =1, the symmetry type of the rotational wavefunction is E (Fig. 8.5).

In a similar manner, the symmetries of rotational levels can be determined for other
point groups using the corresponding character tables (see, e.g., [8.3]). The symmetry
type of rotational levels is important for the determination of statistical weights, as
will be discussed in the following section.
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8.1.6
Statistical Weights and Nuclear Spin Statistics

The rotational angular momentum of a molecule can assume (2J + 1) orientations
in space, which are all degenerate in the absence of an external field. Hence, the
statistical weight g(J,K) of a rotational level (J,K) is g(J,K =0) =2/ +1forK =0.
For K # 0 there are two K components with a very small splitting that cannot be
resolved in most cases. The statistical weight of these levels is therefore 2(2J +1).

Again, as for diatomic molecules, the symmetry of the nuclear spin wavefunction
is an important factor in determining the populations of rotational levels and hence
the intensities of the rotational lines. The total wavefunction ¥ must be symmetric
with respect to the exchange of two identical bosonic nuclei (integer nuclear spin) and
antisymmetric with respect to the exchange of two identical fermionic nuclei (half-
integer nuclear spin).

The symmetry operations of a molecule may interchange more than two identical
nuclei. The number of possible permutations depends on the molecular point group
and on the symmetry properties of the wavefunction 1. As this number determines the
statistical weight of the nuclear spin functions, the intensities of rotational lines and
the intensity alternation for transitions between symmetric or antisymmetric rotational
levels depend also on the number of identical nuclei in the molecule, on the vibrational
level, and on the symmetry group of the molecule. For example, a molecule with a
C, symmetry axis must possess at least »n identical nuclei that are interchanged upon
rotation by an angle 21tm/n. This will now be detailed for a number of examples.

In the case of a C3 symmetry axis, a rotation by an angle ¢ = 120° is equivalent to
an exchange of two pairs of nuclei. As Fig. 8.6 shows, such a rotation passes nucleus 1
into 2, 2 into 3, and 3 into 1. This situation is equivalent to two pair interchanges 2 < 1
and 3 & 1. Hence, such a rotation is always connected with a symmetric nuclear spin
function, irrespective of the fermionic or bosonic nature of the nuclei.

Next, we consider a nonplanar molecule AB3 of point group Csy, in which the
B nuclei have nuclear spin / = 0, that is, they are bosons. In this case, there exists
only a symmetric nuclear spin function. As the total wavefunction must be symmet-
ric, only rotational levels with K = 3m are possible for symmetric functions 1) and
1vip. Therefore, no lines starting from levels with K = 3m < 1 occur in the rotational
spectrum.

3 1 3 1
Cs
1 2 2 3 2 1 2 3
-

Fig. 8.6 Equivalence of a rotation by 120° around a C; axis and
a double pair interchange of identical nuclei.
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Fig. 8.7 The eight possible orientation of nuclear spins 1/2 in
molecules with a C; symmetry axis.

For a planar molecule, rotations around the C, axes are also possible that inter-
change only one pair of identical nuclei. If the nuclei are bosons, the nuclear spin
wavefunction is left unchanged by this operation, and therefore only A levels are
possible in Fig. 8.5, whereas for fermionic nuclei, only A; rotational levels are al-
lowed.

For nuclei with nuclear spin 7 # 0, the number of possible nuclear spin functions
depends on the value of /.

In the nonplanar molecule NH3, there are three hydrogen atoms with nuclear spin
I =1/2. A rotation of the molecule around its Cy axis by an angle ©/3 or 2%/3 in-
terchanges two pairs of hydrogen nuclei. There are eight nuclear spin wavefunctions,
which are listed in Fig. 8.7. The combinations I and VIII are obviously symmetric.
However, linear combinations 9/, (I1) + ns (1) + 4ns (IV) and ¢ns (V) + tgs (V1) +
ns(VII) are also symmetric (symmetry type A;) under a rotation by 120°. The four
remaining nuclear spin functions (which are also linear combinations of II-VII) are
linearly independent of the functions discussed until now. They can be combined into
two pairs of linear combinations, which upon rotation by 120° are transformed into
linear combinations of each other; that is, they have symmetry type E.

As the product ot/ must have symmetry Az, no rotational levels with symmetry
Ay occur for K = 0. For K > 0, the rotational levels with symmetry A; (A2 XA} =A»)
have statistical weight four (because there are four nuclear spin functions with sym-
metry A1), whereas the rotational levels with symmetry E, belonging to the nuclear
spin functions with E symmetry (E x E = A; + Az + E), have statistical weight two,
because there are two nuclear spin functions with £ symmetry. The statistical weights
alternate like 1:1:2:1:1:2 for K = 1,2,3,4,5,6,....

For nuclear spins I > 1/2, there are more nuclear spin functions, among them also
some with symmetry A;, which is the reason why now all rotational levels can occur
irrespective of their J values. The statistical weights for molecules with a C3 axis are,
for three identical spin-/ nuclei,

gns = (21 +1)(4* +41+3)/3 for K=3m, (8.24a)
gns = (21 +1)(417 +-41)/3 for K=3m=l. (8.24b)
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For molecules belonging to other point groups, the statistical weights can be deter-
mined analogously. Often, this requires a tedious analysis of the possible nuclear spin
functions and their symmetry. A more detailed account with many examples can be
found in [8.3].

8.1.7
Line Profiles of Absorption Lines

The spontaneous lifetimes of rotational levels in the electronic ground state are long
enough so that the natural linewidths of the absorption lines are too small to be re-
solved experimentally. Doppler widths are also small in the microwave region, be-
cause the frequencies are small compared to those of optical transitions, and they are
in general negligible compared with pressure broadening. The line profile of the ab-
sorption coefficient a(v) is therefore a Lorentz profile,

(Av/2)?
(v— 1/0)2 + (Ar//2)2 ’

a(v) = a(w) (8.25)
where () is the maximum absorption at the mean frequency v(0) and Av is the
full width at half maximum. The area below the absorption profile a(v') is a measure
for the total absorption due to this rotational transition. It is also called line strength
S. Integration of Eq. (8.25) yields

S= /a(u) dv =Ava(w)r/2 = a(w) = 25 (8.26)

B B 0 0= nAv '

For the absorption at the line maximum of a rotational transition |i) — |k}, we obtain
from Eq. (8.19)

N 4m?
=o(J,K)gns— ——9__1Da|? . .
o) = g(J,K)gns 7 ek TAY |Dik| (8.27)

Hence, the absorption coefficient at the line maximum is proportional to the square
ug of the transition frequency and inversely proportional to the line width and the
temperature.

8.2
Vibration—~Rotation Transitions

In the harmonic approximation, the term value of an arbitrary vibrational state can be
written as the sum of the term values of the excited normal vibrations with degrees of
degeneracy d;,

G(v) =Y wi (v,- + %) . (8.28)
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Tab. 8.2 Wavenumbers (cm~!) of normal modes for some triatomic molecules.

Molecule v, vy V3

CO, 1383.3 667.3 2284.5
s, 658.0 396 1535.4
HCN 2096.7 713.5 33115
H,0 3657.1 1594.8 3755.8
D0 2668.1 1178.4 27877
H,S 2614.4 1182.6 26285
NO; 1319.8 749.7 16169
SO, 1151.7 517.8 1362.0

Hence, in the harmonic approximation, the molecule can be considered a superpo-
sition of harmonic oscillators, each of which experiences vibrational transitions by
absorption or emission of radiation that can be treated exactly as those of a diatomic
molecule (see Sect. 4.2.4).

Table 8.2 lists the wavenumbers of normal modes for a number of molecules.

Due to the anharmonicity of the molecular potential, the vibrational term values in
real molecules are not equidistant but move closer if the vibrational energy increases.
Furthermore, the anharmonic potential mediates a coupling between different normal
vibrations, thereby shifting their term values, which are no longer a simple sum of the
term values of normal modes but include additional coupling terms (see Sect. 6.3.5).
The wavefunctions of higher vibrational levels are then linear combinations of vibra-
tional functions of the individual coupling states. This renders possible transitions
to levels which would be forbidden in the absence of this coupling. This is one of
the reasons why the density of levels increases rapidly with increasing energy, and
correspondingly the spectrum becomes more complex.

8.2.1
Selection Rules and Intensities of Vibrational Transitions

The symmetries of the vibrational wavefunctions decide between which vibrational
levels transitions can occur. If we expand the nuclear dipole moment

d
fine (q) = tnue(0) + (%) g+... (8.29)
q /o

in a Taylor series in powers of the displacements g from the equilibrium positions
g = 0 of a normal mode and substitute it into the matrix element

Dy = /‘I/,‘rlzibﬂnuC(‘I)wIib

8.30)
. d _ (
= pone(0) [ B dg + - () [ty
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Fig. 8.8 Dipole moment pq,c and polarizabiliy o as a function of
the normal coordinate g in CO;.

the first term vanishes, in complete analogy to the situation in diatomic molecules,
because the vibrational wavefunctions are orthogonal. Hence, the second term in
Eq. (8.30) is the matrix element for transitions between the vibrational levels |m) and
|k). It is nonzero only if both factors [d(jnuc) /dglo and the integral are nonzero.

This means that only normal vibrations during which the molecular dipole moment
changes contribute to the infrared absorption; they are thus called infrared active. In
asymmetric molecules such as HCN, all normal modes change either the magnitude
or the direction of the dipole moment and are thus infrared active. Only in symmetric
molecules such as CO; can normal modes exist for which the dipole moment does
not change; they are called infrared inactive. For example, the symmetric stretching
vibration v, in CO; is infrared inactive, because the dipole moment remains zero
throughout this vibration, whereas the bending vibration v, and the antisymmetric
stretching vibration are infrared active (Fig. 8.8). However, there are also symmetric
molecules (such as H»O) in which all normal vibrations are infrared active because
the dipole moment g, changes during all of them.

For nondegenerate vibrational levels, the second integral in Eq. (8.30) is nonzero
only if the integrand is totally symmetric. In the language of group theory (see
Sect. 5.5.4), this means that for transitions between nondegenerate vibrational levels
U, and 3y the following relation for the respective symmetry species I” must hold:

I'($m)(q)T () =4, (8.31)

where A is the totally symmetric representation for an arbitrary point group.

If at least one of the vibrational levels is degenerate, the product Eq. (8.31) can be
written as a sum of irreducible representations, and the condition D,,; 7# O reduces to
the requirement that upon reduction of the product Eq. (8.31) to a sum (see Sect. 5.5.4)
at least one of the summands is the totally symmetric representation A.
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Fig. 8.9 Changing magnitude of the dipole moment during the
symmetric vibrations vy and v, and changing direction of pnyc
during the antisymmetric stretching vibration vs.

If we consider absorption transitions starting from the vibrational ground state,
their vibrational wavefunctions will always be totally symmetric, that is, their symme-
try type is A. For the integrand to be totaly symmetric, the product I"(g)I" (x;) must
then also be of symmetry A. Hence, all vibrational levels satisfying this symmetry
condition can be reached through electric dipole transitions.

The product d(finuc)/dglg, X g has the same symmetry properties as g because
the first factor is simply a number, that is, a scalar. The vibrational amplitude g =
(gx»gy.g;) is a vector transforming like a translation vector under the symmetry oper-
ations of the group, and we can therefore gather the symmetry species of the compo-
nents of piqye directly from the character table of the respective symmetry group.

As an example, we will consider molecules of point group Cay. A quick glance
at the character table shows that for the z component of ¢, having A, symmetry, all
vibrational levels with A| symmetry can be reached from the ground state, whereas
for the x component with B symmetry, only levels with symmetry B; can be reached,
because the group multiplication table (Table 5.1) shows that By x B| = Aj.

Analogously, the y component of g enables transitions into states with symmetry
B,. The totally symmetric stretching vibration v; and the bending vibration v, (both
of symmetry A1) can therefore only be excited from the ground state if g possesses a
component along z, whereas the antisymmetric stretching vibration v3 can be excited
if g possesses a component along y.

Another example is the bent H,O molecule, in which the dipole moment is oriented
along the C; axis (Fig. 8.9), which we choose to coincide with the z axis, and pinuc
changes during all normal vibrations so that all are infrared active. For the normal
vibrations v and v, (both with symmetry A;) only the magnitude of gty changes,
but for the antisymmetric stretching vibration v3, the direction of pnyc changes, too
(Fig. 8.9).

The linear molecule CO, belongs to the point group De. The symmetric stretching
vibration v, in which the two oxygen atoms oscillate symmetrically with respect to
the center of inversion, has symmetry Z; as evident from the character table, because
the vibration remains unchanged under all symmetry operations.

The antisymmetric stretching vibration v3 (Fig. 6.8b) has Z: symmetry. For transi-
tions of vy, d(ptnuc ) /df = 0 and there is thus no absorption in the infrared. The upper
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level in v3 transitions has Z: symmetry. As the displacement g has also )23 symmetry
for v3, the integrand of the second term in Eq. (8.30) is totally symmetric, and the
transition is infrared active.

The doubly degenerate bending vibration 1, has E symmetry. The vector g points
along x or y. Hence, the integrand has symmetry

£, ® En®En =55 O, T, =T, ® (%, +I; +4,)

and contains the totally symmetric representation. The v, vibration is therefore in-
frared active.

If for a transition |k) < |0) starting from the vibrational ground state |0) the upper
vibrational level is degenerate, the condition I" (pnue )" (10) I (¢) Ay still must be
satisfied for the transition to be infrared active.

As an example, we consider the NH3 molecule, belonging to point group Czy,. The
two normal vibrations 13, and 13, in Fig. 6.8¢ are degenerate, and their wavefunctions
are linear combinations of symmetry type E. From the Cs, character table we see that
the x and y components of pin,c have also £ symmetry. The product EXE =A| +A; +
E contains the totally symmetric representation A, and therefore the matrix elements
for the transitions from the vibrational ground state to the 3 levels are allowed for the
x and y components of finyc.

We see from these examples that group theory is a powerful tool for deciding
whether a transition is allowed or forbidden. However, symmetry arguments provide
no information on the intensity of an allowed transition, which is given by the product
{see Eqns. (8.19) and (8.27)]

2

Al(m k) o IoNyL (d“"“c) (8.32)
e

dg

[vnaveda

of population density N,, = g,N/Z in the absorbing vibrational state v,, (where v,
represents the ensemble of all vibrational quantum numbers of the absorbing level),
the statistical weight g,,, the dipole moment change diny /dg, and the square of the
transition matrix element D,,;. In other words, it depends on the electron configuration
of the specific molecule and not only on its symmetry group.

8.2.2
Fundamental Transitions

In Sect. 6.3 we saw that except for very large vibrational excitations, the energy of the
upper vibrational level can be written as a linear combination of the energies of the
contributing normal vibrations Eq. (6.81). The nuclei oscillate synchronously around
their equilibrium positions, but for degenerate vibrational modes not necessarily in
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phase. As the vibrational frequencies depend on the masses of the vibrating nuclei
and on the force constants of the restoring forces F' = — grad Ej,p, which in turn are
determined by the change in potential energy upon displacement from the equilib-
rium position, these vibrational frequencies are characteristic for each specific type
of molecule. For transitions from the vibrational ground state into excited vibrational
states, they appear as absorption frequencies in the spectrum. The line positions pro-
vide spectroscopists with unique information on the molecules contained in a sam-
ple. The corresponding spectral region is therefore often called the fingerprint region
of the spectrum (Table 8.2). Vibrational transitions from the ground into an excited
state are enumerated according to their symmetry, and the transitions are arranged in
order of decreasing frequencies within a symmetry class. The ordering of the differ-
ent symmetry species follows the scheme introduced by Mullikan and completed by
Herzberg [8.4].

For example, in a molecule with C;, symmetry, the two totally symmetric a; vibra-
tions are designated v| and 1, the antisymmetric stretching vibration of by symmetry
is v3. Hence, the three vibrations of the H,O molecule are vy (a; stretching vibration,
3657cm™ 1), 13 (a; bending vibration, 1595cm™") and v3 (b, antisymmetric stretching
vibration, 3756cm ™).

Apart from the normal vibrational modes, in which more or less all atoms in the
molecule participate, so-called local vibrational modes occur frequently, arising from
the vibration of a specific group of atoms within the molecule rather than the complete
molecule. For example, if a lightweight atom A is connected to a heavy atom B
which in turn is bonded weakly to the rest of molecule, then the frequency voc of
the local vibration between A and B is almost independent of the remainder of the
molecule. The heavy atom B acts in this case like a wall against which A vibrates.
An example for such local modes is the O—H vibrational frequency, which does not
differ significantly in the two molecules CH30H (methanol) and CH3CH;OH (ethy!l
alcohol).

The absorption frequencies of such local vibrational modes are therefore character-
istic for specific groups of atoms within the molecule. Table 8.3 lists some examples
for the wavenumbers of local vibrations of typical groups of atoms in molecules.

8.2.3
Overtone and Combination Bands

For harmonic potentials, the selection rule for transitions between vibrational levels
is simply Av = 1 for each normal vibration, as in the case of diatomic molecules.
The anharmonicity of the potential, which is more pronounced in polyatomic than in
diatomic molecules, enables transitions with Av = 2,3,4,... to occur in the infrared
spectrum. The intensities of these so-called overtone transitions decreases rapidly
with increasing Av, however.
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Tab. 8.3 Characteristic vibrational wavenumbers for stretching and bending vibrations
for some groups of atoms in molecules [8.5).

Stretching vibrations Bending vibrations
Group #/cm™! Group 7/em™!
_ N
=C-H 3300 =C-H 700
___H YH
C—C\H 3020 —C\H 1100
H ‘o
0=C_ H 2800 ~H 1000
- N
-C-H 2960 c=C-C 300
_C=C— ~=H
c=C 2050 ey 1450
~C=CZ 1650
-C=0 1700

In addition, so-called combination transitions can appear in the spectrum, in which
the quantum numbers of two of more normal modes change simultaneously (Fig.
8.10).

There are essentially two reasons for the appearance of overtone transitions.

1. The anharmonicity of the potential, which effects the appearance of overtones
in the frequency spectrum of the anharmonic oscillator (Fourier analysis of the
anharmonic vibration).

2. In such anharmonic potentials, the dependence of the dipole moment on the
nuclear coordinates is no longer linear, but Eq. (8.29) contains higher-order
terms d" pipuc /dg* with n > 1, and these can lead to overtone frequencies.

The symmetry selection rules for overtone transitions starting from the vibrational
ground state are the same as for fundamental transitions.

Thus, an overtone transition is infrared active if at least one component of the tran-
sition dipole moment belongs to the same symmetry species as the vibrational function
of the upper level. Table 8.4 shows the symmetry types of some excited vibrational
states for a linear and a bent triatomic molecule. From this list it is immediately evi-
dent which of the overtone transitions are infrared active and which are Raman active
(see Sect. 8.4).
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Fig. 8.10 Term diagram for fundamental, overtone and combina-
tion transitions.

To describe an overtone or combination transition in a shorthand notation, the tran-
sition v, (v") — v, (v') from v” to v’ vibrational quanta in the nth normal vibration v,
is abbreviated by

/ " 7
n}ju = (0,0,...,1/: ,0) bad (0,0,...,1/:,} ,0) .
Analogously, a combination transition v, (v))) + v (vin) to vy (v},) + Un (v}, ) is written

Up  Un Ur o Um Yy oy o, Vm
Moy My = (0,0,...,u5",0,um™,0) — (0,0,...,1,",0,un™,0) .

Hence, the transition (0,0,0) — (0,2,0) is abbreviated 22, and the transition (0,0,1) —
(1,0,2) becomes 1} 37.

Measurement of overtone transitions provides important information on the anhar-
monicity of the potential and the coupling between different vibrations, which lead
to a shift in the vibrational energies. In Sect. 6.3.5, the influence of the anharmonic
potential on the coupling between different vibrational levels has been discussed. The
coupling becomes particularly large if the levels are closely spaced. Again, a strict
symmetry selection rule governs the coupling: only levels of like symmetry can inter-
act!

Tab. 8.4 Symmetry types of excited vibrational states in linear and bent triatomic XY,
molecules.

v 173 V3 bent XY; (Cay) linear YXY (Dep)
0 0 0 A M

0 1 0 Al I,

1 0 0 A I,

0 0 1 B, b

1 0 2 Al I,

1 3 0 A n, o

c
~

u
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Fig. 8.11 Fermi resonance between the vibrational levels
(0,2°,0) and (1,0,0) of like symmetry in the CO, molecule. The
dotted lines show the positions of the unperturbed levels, which
repel each other due to the Fermi resonance.

Often, a fundamental transition of one normal vibration and an overtone transition
of another normal vibration lead to excited levels of equal symmetries and almost
equal energies. In such cases, the interaction between the levels is particularly strong
and leads to large frequency shifts for both interacting levels (Fermi resonance). For
example, the two vibrational levels (0,2,0) at 1285.5cm~! and (1,0,0) at 1388cm ™!
of the CO, molecule have the same symmetry and are, neglecting the perturbation,
energetically very close (Fig. 8.11). The interaction shifts the lower level to lower
wavenumbers and the higher level to higher wavenumbers (see also Sect. 9.1.3).

For high vibrational excitation, the density of levels becomes larger, and an excited
level can interact with several other levels of like symmetry. Such mutually coupled
levels are called a Fermi polyad.

In some molecules, two fundamental transitions of normal vibrations with differ-
ent symmetries have almost identical energies. Although they cannot interact directly,
overtone vibrations of both modes can possess the same symmetry and can interact
with each other. This was first recognized by Darling and Dennison, and this interac-
tion is therefore called Darling—Dennison resonance. For example, the two overtone
vibrations 2v; and 2v; in the H;O molecule both have a; symmetry (although 13
has b, symmetry), because for 2v3, by X by = a), and they lie closely adjacent at
7201cm~' and 7445cm™!, respectively.

At sufficiently high vibrational excitation, a molecule may dissociate. In normal
vibrations, all atoms of the molecule participate in the vibration. To dissociate a
molecule, however, sufficient energy must be concentrated in the bond between the
prospective fragments. If we compare the experimentally determined bond dissocia-
tion energies with the total vibrational energy in a molecule, we see that for very high
vibrational excitation, the energy cannot be distributed evenly among all atoms in a
normal-mode mode! but must be concentrated in those bonds that finally break. To ex-
plain this phenomenon, the model of localized vibrational modes has been introduced
(see Sect. 8.2.2).
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Fig. 8.12 Contour line representation of the H,O potential en-

ergy surface illustrating the dissociation upon excitation of local
vibrational modes.

In this model the H,O molecule is treated, for example, as consisting of two anhar-
monic diatomic oscillators, each consisting of a hydrogen atom vibrating against the
much heavier oxygen atom. The restoring force is the O—H bond. The two oscillators
are weakly coupled by the heavy oxygen atom. The coupling mediates a periodic shift
of the vibrational energy from one oscillator to the other. If the energy concentrated
in one oscillator is large enough to break the O—H bond, the molecule dissociates into
OH+H.

In the potential energy diagram of Fig. 8.12, this means that the dissociation pro-
ceeds over the lowest possible energy barrier.

8.24
Rotational Structure of Vibrational Bands

Exactly as in diatomic molecules, vibrational transitions in polyatomic molecules con-
sist of many rotational lines originating from all occupied rotational levels (J,K) for
symmetric top rotors or (J,K,K,) for asymmetric top molecules in the lower vibra-
tional level and obeying the selection rules AJ = 0,+1, AK = 0,%+1,%2,... and the
symmetry selection rules discussed in Sect. 8.2.2.

In linear molecules, vibrational transitions £ — X contain only rotational lines
with AJ = +1 (Fig. 8.13), whereas in transitions L « [T rotational lines with AJ =
0 can also occur, because here the vibrational angular momentum ensures angular
momentum conservation (of the complete system of photon plus molecule) during
absorption.
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Fig. 8.13 Rotational structure of a vibrational band in a £, < I,
vibrational transition of a linear molecule.

For symmetric top molecules, both parallel (AK = 0) and perpendicular (AK = +1)
vibrational bands contain P, Q and R branches, except for transitions from K =0 —
K = 0, where the Q branch with AJ = 0 is missing. Hence, each vibrational band
consists of two or three K subbands. The wavenumbers of the rotational lines are
given by the differences of the rotational term values Eq. (6.28) and the vibrational
term values Eq. (6.84b). For example, for perpendicular bands with AK = +1,

v(AK = £1) =+ F,(J,K£1)-F,.(J' K)

'U”
= +BJ'(J+1)-B)J'(J'+1)+ (A -B) (8.33)
+2(A'-B)K+[(A'-A") - (B' - B")|K?,

where 1 denotes the band origin.

In transitions to vibrational levels with E symmetry (twofold degenerate), all rota-
tional levels with K > 0 are split into two components because of the Coriolis interac-
tion in the rotating molecule (see Sect. 6.3.6) and hence all rotational transitions are
also split into two components (! doubling). We therefore obtain from Eq. (6.96) for
the wavenumbers in place of Eq. (8.33),

v(AK = +1) = v+ B, [J'(J' +1) ~ ?]
~ByJ"(J"+1) £ (q,/4) (v + ) (I +1) (8.34)

+(A'—~B)+2(A'-B)K +[(A'~A") - (B —B")]K>.
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Tab. 8.5 Selection rules in vibration—rotation transitions of asymmetric top molecules.

Selection rules for asymmetric tops Band type in symmetric tops
Transition K, K. - K! K/ AK,AJ prolate oblate
Type A ee—eo AK, =0,42,+4 I 1
e0—00 AK. = 1,43,...
AJ =0,%1 AK; =0 AK, = +1
Type B ee—00 AK, =+1,43,... 1 1
oe—eo AK. = £1,£3,...
Al =0,%1 AK, = +1 AK, = *1
Type C ee—oe AK, = +1,43,... L I
€000 AK. =0,%2,...
A =0,%1 AK,; = £l AK. =0

For asymmetric top molecules, the symmetry selection rules for the quantum num-
bers J, K, and K, in vibration—rotation transitions are the same as for pure rotational
transitions, see Table 8.1. They depend on the orientation of the dipole moment in the
molecule. Table 8.5 shows the relations between the A, B and C transitions and the par-
allel and perpendicular transitions in the limiting cases of the prolate and oblate sym-
metric top, respectively. Figure 8.14 shows, as an example for an overtone vibration—
rotation spectrum, a section from the high-resolution overtone spectrum of the band
(22°3) « (000) of the CS, molecule.

4000 — 40 mbar CS,
] WMS at ca 0.5 mW

3000 -
2000

1000

0 —fweolprrubtemrmdd

-1000

Signal [uV]

-2000
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-6000 -~ T . . , . . . .
6445 6450 6455 6460 6465

Wavenumber [cm™']

Fig. 8.14 Section from the high-resolution spectrum of the over-
tone band (22°3) — (000) of the CS, molecule [8.6].
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8.3
Electronic Transitions

An electronic transition consists of a band system, that is, of a manifold of vibra-
tional bands, each consisting of many rotational lines, originating from the occupied
vibration-rotation levels (v”,J”,K”) in the lower electronic state and ending in the
levels (v',J',K') in the upper electronic state. The intensities of the individual lines
depend on the corresponding matrix element, which is determined, in complete anal-
ogy to the case of diatomic molecules, solely by the first term in Eq. (4.25) represent-
ing the electronic contribution to the dipole moment, because the second term van-
ishes, within the Born—-Oppenheimer approximation, on account of the orthogonality
of the electronic wavefunction.

In polyatomic molecules with N atoms, the integration over d7y,. comprises all 3N
nuclear coordinates.

The electronic dipole matrix element

Da = / W e dre (835)

in general depends on the nuclear configuration, and it changes during a molecular
vibration from its value De)(ge ) at the equilibrium configuration ¢, to the value

9D

Dei(q) = Dei (ge) + Y, (—) Qi+t ... (8.36)
v \ 90k /g

at a displacement Qy = gx — gi of the kth normal vibration, where ¢ is a short-

hand notation for all nuclear coordinates. If we substitute the Taylor series expansion

Eq. (8.36) into the matrix element

Detyiv = / WX (V') et L (") et Ao (837)

where x = Yyib¥ror are the nuclear wavefunctions, we obtain in analogy to the vibra-
tional transitions in Sect. 8.2,

oD
D yiv = Del e /"/jwbwv,ib driue +Z ( el) /W{,"Qk%’ drpuc + ... . (8.38)
k

an )
This is the same result as in Sect. 8.2, only with the nuclear dipole moment fipc
replaced by the electronic dipole moment p. For allowed electronic transitions,
Dei(ge) # 0, and the first term in Eq. (8.38) usually provides the largest contribution
to De)vib. For forbidden electronic transitions (i.e., transitions for which the product
" ety does not contain the totally symmetric representation), Dej(ge) = 0, and the
second term (the sum) in Eq. (8.38) provides the only contribution to the transition
probability.
As the different vibrational levels can possess different symmetries and the transi-
tion probability depends on these symmetries, it is helpful to split the sum in Eq. (8.38)
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into one partial sum over totally symmetric vibrations and a second partial sum over
the other vibrations,

aDel

— aDc:l 1% " " "
Z B Z ( 00 )0/wv Quty e + ; (aQa )()/W'“ Qa¥y dTuc . (8.39)

k s

For forbidden electronic transitions, not only Dej(ge) = 0, but also the first term in
Eq. (8.39) is zero, because here the integrand does not contain the totally symmetric
representation. In this case, the second sum in Eq. (8.39) is solely responsible for
the transition probability. This means that the transition is only made possible by the
dependence of the electronic transition dipole moment on the nuclear coordinates.

In the quantum-mechanical description, this fact enters as a coupling between elec-
tronic and vibrational states of like symmetry. Such a coupling constitutes a violation
of the Born-Oppenheimer approximation, because the wavefunction ¥ ,;, can now
no longer be written as a product 1e¢yib. Such coupled states are a mixture of elec-
tronic and vibrational contributions, and they are thus called vibronic states e yib)-
Their symmetry types can always be written as products, however, even if the BO
approximation ceases to be valid.

An electronic transition |® vib) — |Pelvin) is allowed only if the product of the
symmetry species obeys the relation

(W yin) X I (Wlhviv) = T(W04) x T (i) X I (W) X T'(94ip)

8.40
€ [(T).T(Ty) or I'(Ty) (840

that is, if it corresponds to a translation T, T or T;, because the dipole moment is
a vector ¢ = (i, 1y, i), and the product of the representations I'(7;) x I'(u) (i =
x,y,z) has symmetry A.
To elucidate these considerations, we give two examples illustrated by Fig. 8.15.
In the SO, molecule (point group Cyy), the transition @ from the electronic ground
state A; into the excited state A, is forbidden (Fig. 8.15a), because none of the com-
ponents of the dipole moment has A, symmetry. The transition @ from the vibrational

B®,
ev B Coupling
B®Y, ﬁr b4 A [ — by B, by
Ae Bez Ae2 e E—
2 ‘ \
X
oftallo D23
I
BeY b
Bev : b1 1 1
XAe1 + XAe1 XAe1 _—
(a) (b) (c)

Fig. 8.15 Electronic transitions enabled by coupling of electronic
and vibrational wavefunctions.
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ground state with a; symmetry in the A, state into a vibrational level v’ with b; sym-
metry in the electronic A; state is allowed, however, if the coupling between electronic
and vibrational wavefunction is sufficiently strong. In this case the wavefunction
W, vib has symmetry B;, and the matrix element has A, symmetry for p,. The tran-
sition probability is then determined by the second sum in Eq. (8.39). Similarly, the
transition @ from an excited b vibrational level in the electronic ground state into an
ay vibrational level in the A, state is also allowed. Such a transition is also called a hot
band, because the population of the absorbing excited vibrational level b; increases
with the temperature T, and therefore the intensity of this band increases with 7'.

Another example (Fig. 8.15b) is an electronic transition A — B;, which is allowed
for the y component of the dipole moment (with symmetry b;) if the upper vibrational
level has symmetry a;. Transitions into vibrational levels with by symmetry are also
allowed, however, for the z component of the dipole moment.

A coupling between two electronic states can also lead to a mixing of wavefunc-
tions and can allow additional transitions. For example, in Fig. 8.15c an electronic
state with B, symmetry couples with a vibronic state AS! x bY"® = BS™™® and thus en-
ables the otherwise forbidden transition from the A, state into the AS' state for the y
component of the dipole moment.

For the rotational structure of a band, the same selection rules as for vibration—
rotation transitions apply. However, the rotational constants in the two electronic states
differ in general more strongly than in two vibrational levels of the same electronic
state so that the relative positions of the lines within a band can differ markedly for
these two cases.

8.4
Fluorescence and Raman Spectra

An absorption spectrum consists of all allowed transitions originating from thermally
occupied lower levels into all possible upper levels. The multitude of lines thus
obtained depends on the number of occupied lower levels, that is, on the tempera-
ture. Lowering the temperature can simplify an absorption spectrum significantly (see
Sect. 12.4.7).

In contrast, an emission spectrum can only be observed if energetically excited
levels are occupied, for example, through electron impact in gas discharges, optical
excitation, or at very high temperatures (e.g., in stellar atmospheres). In many cases
it is possible experimentally to excite only a few or, ideally, even only a single upper
level selectively. In such a case, the emission spectrum (also called fluorescence spec-
trum) becomes relatively simple. It consists of all allowed emission transitions from
this single level into lower levels (Fig. 8.16a).

To illustrate the difference, Fig. 8.17 shows the Doppler-limited absorption spec-
trum of NO; at a temperature of 300K compared with the fluorescence spectrum of
a single, selectively excited vibration—rotation level in the electronically excited 2B,
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Fig. 8.17 Comparison of a high-resolution absorption spectrum
of NO; and a laser-excited fluorescence spectrum.
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Fig. 8.18 Example of a rotational Raman spectrum for the
linear molecule C;N, upon excitation with an argon laser at

A = 488 nm, showing Raman lines shifted by the energy differ-
ences F(J+2) — F(J) with respect to the exciting line [8.7].

state. Whereas the line density in the absorption spectrum is so large that even at high
resolution lines still overlap, all lines can easily be resolved in the fluorescence spec-
trum, which consists of all allowed vibrational bands. The reason for this difference is
that because of the selection rule for the rotational quantum number J only transitions
with AJ = 0,+1 occur in the latter, so that each band consists of three lines only, a P,
a Q, and an R branch (in the fluorescence spectrum, the Q lines are not visible because
they are much weaker than P and R lines).

Whereas for optically excited fluorescence spectra, the exciting radiation must be
in resonance with a molecular transition, this is not necessary for Raman spectra
(Fig. 8.16b). Here, the difference between the wavenumbers of the exciting radiation
and the Raman lines corresponds to the term values of the vibration—rotation levels
in the electronic ground state. Apart from this principal difference, Raman spectra
resemble fluorescence spectra very closely. The Raman lines are much weaker than
fluorescence lines, however. Only in the resonant Raman effect can line intensities
comparable to those of fluorescence spectra be achieved. Yet, there is one significant
difference: spontaneous fluorescence transitions appear after a delay which corre-
sponds to the lifetime of the excited level, whereas Raman radiation is due to inelastic
scattering of the incident photons and appears essentially without delay.

The treatment of the Raman effect for polyatomic molecules is completely analo-
gous to the case of diatomic molecules (see Sect. 4.4.2). However, because of the large
number of vibration-rotation levels, the Raman spectrum of polyatomic molecules is
in general more complex and contains more lines than in diatomic molecules. Fig-
ure 8.18 shows the rotational Raman spectrum of the C>;N» molecule, excited by the
488 nm line of an argon laser. The intensity alternation between even and odd rota-
tional quantum numbers due to nuclear spin statistics (see Sect. 8.1.6) can be seen
very clearly.
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The positions of Raman lines can be calculated using a classical model. The inci-
dent light wave E = Eycoswt induces a dipole moment

Mina = GE (8.41a)

in the molecule, where & is the polarizability of the molecule, which in polyatomic
molecules must be represented by a tensor of rank two, because the displacement
of charges within the molecule depends on the direction of E in the molecule-fixed
reference frame. In component notation, Eq. (8.41a) becomes

Wy = 0By + axyE_v +agE,,
py = ayEx +awEy + oy E; (8.41b)
M = By + azyEy +azE; .

The polarizability depends in general on the displacements g — g of the nuclei in the
molecule. If we expand the polarizability &(q) at an arbitrary nuclear configuration in
a Taylor series around the equilibrium position g = ¢., we obtain, in complete analogy
to the expansion of the dipole moment,

~ ~ O a()t,'j
a;j(q) = @;(0) + Y, ( >0Qn+... , (8.42)

where Oy = 3N — 6 (or 3N — 5 for linear molecules) is the number of normal vibra-
tions @, = Onocos(wyt) of a molecule with N atoms. If we substitute Eq. (8.42) into
Eq. (8.41a), we obtain

<aaili) OnoEo X[COS(W“wn)t—i_cos(w_}_w")r] ’
0

. 1
Mind = &;;(0)Egcos(wt) + 3 Y 7,

n=1

(8.43)

The first term describes elastic Rayleigh scattering, the second inelastic Stokes Ra-
man scattering, and the third anti-Stokes scattering. According to this argumentation,
there should be a Stokes band for each normal vibration during which the molecular
polarizability changes, and if the excitation starts from an excited vibrational level,
an anti-Stokes band should also occur. Taking the anharmonicity of the potential into
account, the vibrations g, comprise overtone and combination bands in addition to the
fundamental frequencies w,, which appear in the spectrum as additional lines.

As Fig. 8.8 shows, infrared and Raman spectra provide complementary informa-
tion. For example, for the CO; molecule, the frequency of the v vibration can only
be obtained from the Raman spectrum, because here du/dg; = 0 but da/dg; # 0,
whereas the opposite is true for v, and v3. In many molecules there are vibrations,
however, which are both Raman and infrared active.

The intensities of Raman lines, which depend on the components of the polarizabil-
ity tensor, can only be calculated using quantum theory. As the tensor is symmetric,
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Fig. 8.19 Stokes Raman spectrum of the overtone vibrations in
allene (C3H,) [8.8).

there are six unique components a;;. A Raman transition is allowed if at least one of
the six matrix elements

DRaman — / YmeikPndr  Lk=xy,z

is nonzero. The wavefunctions ¢, and 1), are the vibrational wavefunctions of the
initial and final levels of the Raman transition. Matrix elements with m = n describe
elastic Rayleigh scattering. As for electrical dipole transitions, the matrix elements for
Raman transitions must contain the totally symmetric representation of the molecular
point group.

For the rotational quantum number, similar selection rules apply. As Raman scat-
tering is a two-photon process, the rotational quantum number can change by two.
The condition AJ = 0,%1,+2 must be satisfied, with the additional constraint that
(J'+J") > 2. The angular momenta of the incident and scattered photons can be
oriented parallel or antiparallel. If bending vibrations are excited, vibrational angular
momentum also contributes to the balance of angular momentum.

Using lasers, even overtone vibrations can be detected in Raman spectra (Fig.
8.19), although their transition probabilities are smaller than for fundamental tran-
sitions by several orders of magnitude.

Raman spectroscopy, with its recent modification CARS (coherent anti-Stokes Ra-
man spectroscopy, see Sect. 12.4.11), has provided pivotal contributions to the expla-
nation of vibrational-rotational structures in the electronic ground states of polyatomic
molecules [8.9, 8.10].
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9
Breakdown of the Born—-Oppenheimer Approximation,
Perturbations in Molecular Spectra

Measured molecular spectra often show deviations from what would be expected on
the basis of our previous considerations. Certain lines in these spectra are said to be
“perturbed” if their positions and intensities differ from the expected values. Also,
the measured lifetimes of excited states are often shorter or longer than expected from
transition probabilities determined from experimentally observed integrated absorp-
tion cross-sections. If the lifetimes are shorter, there must be deactivation channels
other than spontaneous decay, called radiationless transitions. If the lifetimes are
longer, there must be mechanisms that reduce the probability of radiative transitions.

All these perturbations are caused by couplings between the occupied excited level
and two or more other levels. This chapter will deal with the most important types of
perturbations.

9.1
What is a Perturbation?

We saw in Sect. 3.6.2 that the states of diatomic molecules can be expressed in the
form of a rapidly converging polynomial in the vibrational and rotational quantum
numbers v and J, where the coefficients are the molecular constants. This Dunham
expansion describes the molecular structure in a given electronic state by a set of con-
stants without making reference to a specific molecular model. With the aid of these
molecular constants the majority of the different molecular term energies can be cal-
culated, but they fail to provide physical insight in the reasons for specific deviations.

One of the assumptions in the Dunham expansion is that for each electronic state, a
unique potential energy Epo(R) can be specified as a function of the nuclear arrange-
ment, which determines the vibrational and rotational levels of this state. In other
words, the validity of the Born—-Oppenheimer approximation is assumed, in which the
total wavefunction can be written as a product of electronic, vibrational, and rotational
contributions (see Sect. 2.1). This means also that the total energy of a state is the sum
of electronic, vibrational, and rotational energies.

Molecular Physics. Theoretical Principles and Experimental Methods. Wolfgang Demtroder.
Copyright ©2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40566-6
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Fig. 9.1 Perturbation of rotational levels in the 4 'Ag state of the
Li; molecule.

If the experimentally determined energies of states and thus the line positions or
transition intensities deviate more or less pronouncedly from the values calculated as
described above (Fig. 9.1), perturbations are manifest. They are the result of couplings
between the electronic wavefunction and the nuclear wavefunction, or between differ-
ent electronic states, and they are particularly strong if two potential curves approach
each other closely or even intersect. Such couplings entail a breakdown of the Born—
Oppenheimer approximation, because as a consequence, the total wavefunction can no
longer be written as a product 1 %yiptror- This is especially important in electroni-
cally excited states, because here the spacings between different states are particularly
small and the number of possible couplings is particularly large.

Another reason of deviations from the BO approximation are couplings between
the electronic orbital angular momentum and the electron spins (spin—orbit coupling),
mixing singlet and triplet states, or the nuclear spins, creating a hyperfine structure in
the spectra. These spin-induced couplings can only be exactly described by relativistic
calculations because they are not included in the nonrelativistic Schrédinger equation.
However, they can be taken into account qualitatively by a vector model.

Two states do not necessarily interact with each other, because there are certain
selection rules which must be satisfied, quite similar to the situation for absorption or
emission transitions.

1. The total angular momentum of the molecule must be the same in both coupled
states.

2. In molecules with a center of inversion, only states with like parity can interact,
thatis,g e u, g g, ueu.

3. In homonuclear diatomic and symmetric linear polyatomic molecules, both sta-
tes must have the same symmetry, thatis, + ¢ —, + & +, — & —,

These three selection rules are strictly obeyed.
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If the projection quantum number A of the electronic orbital angular momentum in
linear molecules is well defined (see below), the two interacting states must not differ
by more than AA =0or £1.

Perturbations with AA = 0 are called homogeneous, those with AA = £1 heteroge-
neous. Heterogeneous perturbations can occur only in rotating molecules or in linear
molecules with vibrational angular momentum, because the total angular momentum
can be conserved only if the change in A is compensated by a corresponding change in
the rotational or vibrational angular momentum. In these heterogeneous perturbations,
the coupling is mediated by Coriolis forces.

The extent of the perturbations depends on the coupling matrix element and on the
overlap of the vibrational wavefunctions of the two coupling states. Hence, they are
particularly large for nuclear arrangements where the potential curves of the interact-
ing states intersect, because there the overlap of the vibrational functions of the two
electronic states assumes a maximum.

In polyatomic molecules there are many more possible couplings than in diatomic
molecules because of the much larger number of electronic, vibrational, and rotational
states. For example, different energetically close vibrational levels in the same or
in different electronic states can interact. Therefore, perturbations are much more
prevalent in polyatomic molecules than in diatomic molecules. The application of
group theory to their description proves highly advantageous, because the symmetry
selection rules can be expressed in terms of the symmetry species of the participating
states (see Ch. 5). If the symmetry of a state is expressed as a product I vip = 1 ¥
I of the symmetry species of vibrational and electronic states, this product must be
equal in both interacting states, even if the two factors may be different.

For example, in a Co, molecule, only vibrations of symmetry Iy, = a; or b, occur.
For possible perturbations by electronic states of symmetry I, the selection rule
A| « By or A; « B, for the electronic transition must be satisfied, because only then
is there at least one normal vibration for which the total symmetry I vib = A| X by =
B, x a is the same for both interacting states [2.10, 9.1].

9.1.1
Quantitative Treatment of Perturbations

In the following, we will discuss perturbations in the spectra of di- and polyatomic
molecules for a number of examples, and we will learn about some ways to elimi-
nate them. The usual procedure to treat perturbations is to split the total Hamilto-
nian

ﬁ:ﬁ()+ﬁ/

in an unperturbed part Hpand a perturbation part H' (cf. Sect. 2.1.2). The exact choice
of the splitting depends on the model chosen for the unperturbed system. In general,
the BO approximation is used for the unperturbed system, that is, the eigenfunctions
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of ﬁo are the product functions Eq. (2.16)

WISIO) = Q:I(T)Xm'(R) with X= wvibwrot (91)

of the BO approximation, where the @) are the electronic wavefunctions of the rigid
molecule, and the matrix <LT/,EO) |I-AIO‘ Wk(o)> is diagonal.
The Hamiltonian is the sum

ﬁ=ﬁel+?vib+frot :ﬁ0+ﬁl 9.2)

of electronic, vibrational and rotational contributions. Which of these contributions
are included in Hp and which in H’ depends on the specific problem (see below).
If we substitute into the Schrodinger equation

HY, = B, (9.3)
the linear combination

o=Y (9.4)

™=

j=1

for the wavefunction ¥; of a perturbed level |i), where the W}O) are the unperturbed
eigenfunctions of the interacting states, that is, the solutions of the equation ﬁ¢§0) =

EJ(-O)dJJ(.O), we obtain

Y cij(Ao+H -E)#\” =0. 9.5)
j=1
Multiplication by &T/,EO) from the left and integration yields, because of the orthogonal-
(

ity of the functions U'/jo) ,

Y cij [(E} —E)éu+Hy] =0, 9.6)
where E}) is the energy of the unperturbed state ‘W}O) >, and

He = (20|72 ©.7)
is the perturbation matrix element describing the interaction energy between the states
|k) and |j). The homogeneous Eq. (9.5) has a nontrivial solution for the coefficients

c¢ij only if the determinant

I(E?_Ei)éjk'i‘ijl:O for i,j=12,...,n (9.8)
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vanishes. The solutions of this equation yield the energies E; of the perturbed states,
which depend on the energies of the unperturbed states, on the spacing E? — EJ, and
on the magnitude of the interaction elements Hy;.

The integrals

Hy = <u7,f°) {ﬁ‘ zp}")> (9.9)

can be arranged in the form of a matrix and are therefore called matrix elements. While
the diagonal elements

Hy = <w,f°) ’ﬁ} 7 > = E? (9.10)

give the energies of the unperturbed states, the off-diagonal elements describe the
interaction energy between the states |j) and |k), which depends on the exact nature
of the mutual coupling. The coupling is zero for Hy, and is therefore described by the
perturbation operator H', because

o) = s+ (0 |7

gy = (0 |Fio + B v ) (1-dy). O

Diagonalization of the matrix Hy; yields the condition Eq. (9.8) for the energies of the
perturbed levels.

The partitioning into Ho and H' is to some degree arbitrary; it depends on the
choice for the basis functions . In general, it is useful to choose the unperturbed
Hamiltonian so that it already contains the major part of the interaction. Of course,
the final result of a perturbational calculation does not depend on the chosen basis, but
the effort involved in arriving at this result can be significantly reduced by a suitable
choice of basis functions.

9.1.2
Adiabatic and Diabatic Basis

The Schrodinger equation (2.6) for a molecule with a rigid nuclear framework,
H P = E?QS s

yields electronic wavefunctions, which lead, for the electronic part 170 = Flel of the
Hamiltonian, to diagonal elements of the matrix Eq. (9.9), while the off-diagonal ele-
ments are zero. The adiabatic potential curves are then given by

EV(R) = (®;|Ha|®;) . ©.12)

The deviations from the adiabatic approximation are mediated by the contributions
H' = Tyin = T yip + T 1o in the complete Hamiltonian. This means that the perturbation
is caused by the kinetic energy of the vibrating or rotating molecule.
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Fig. 9.2 Diabatic, crossing potential curves and adiabatic poten-
tial curve with avoided crossing.

The off-diagonal elements of the perturbation operator H = ?kin (R) describe non-
adiabatic perturbations, which means that different electronic states are coupled, and
the motions of the nuclei are no longer restricted to one potential curve (or potential
surface in polyatomic molecules), see Sect. 2.2. The off-diagonal elements of ?m(
describe perturbations originating from the rotation of the molecule, which are zero in
the nonrotating molecule.

If we want to describe quantitatively the perturbations arising from terms neglected
in the BO approximation, we can start from two different BO representations. If we
begin with noncrossing adiabatic molecular potentials (adiabatic representation), the
matrix

(B |He|®4) = E](R)S 9.13)

becomes diagonal, and the operator i:kin + f,m is responsible for the perturbations.
However, the corresponding potential curves are often complicated and may possess,
for example a double minimum. If this is to be avoided, we can use diabatic poten-
tial curves, which can intersect (Fig. 9.2). They are obtained by using approximate
electronic wavefunctions 2 in place of the exact wavefunctions. Then

<¢jpp‘ﬁel‘¢:*’*’>;eo for j#k, (9.14)

and off-diagonal elements of He arise, which describe electrostatic perturbations.
Which of the two models is preferable depends on the relative influence of the dif-
ferent couplings.
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9.1.3
Perturbations Between Two Levels

The quantitative description of perturbation and the procedure to remove it will be
illustrated for the case of two interacting levels. The energy matrix for the coupling

states in the basis of the unperturbed wavefunctions !I/](O) and %(0) is

Hy le) (E? le) .
= with Hpp =Hy , 9.15
<H2l Hy Hy  E? 12 21 (9.15)

where the diagonal elements describe the energies of the unperturbed levels and the
off-diagonal elements the interaction energy. To obtain the energies of the perturbed
levels, this matrix must be diagonalized. This yields, according to Eq. (9.8),

E)+EJ E)-E
Eip= ;’ ﬂ:\/( 5 2) +H} (9.16a)

for the energies £ and E; of the perturbed levels (that is, for the measured lines in
the spectrum). We see that the energies of the perturbed levels are shifted symmet-
rically, and their spacing increases with increasing coupling strength (Fig. 9.3). To
determine the shifts quantitatively, the expression for the perturbation operator H’ and
the unperturbed wavefunctions must be known, from which the off-diagonal elements
H\>» = Hy| can then be calculated.

Solving the two equations for the energies EY and E of the unperturbed levels
yields the equations

E|+E E —E\*
Ey == 2i¢( — 2) ~H%, (9.16b)

in analogy to Eq. (9.16a). If H), is known, the energies E? and Eg of the unperturbed
levels (i.e., the energies that would be observed if no perturbation existed) can be
calculated from the measured energies E » of the perturbed levels.

perturbed
A 2
E 0
2 5E
__________________ |
A
B0 ——. 5E
unperturbed . Y E,

e i

Fig. 9.3 Mutual repulsion of two interacting levels.
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9.2
Hund’s Coupling Cases

The extent of the perturbations depends on the type of the perturbation. In many cases,
perturbations can be classified according to the strength of the different couplings
between the angular momenta involved. The resulting different coupling schemes are
also important for the selection rules for perturbations, in addition to the symmetries
of the states involved.

To order the different possible couplings according to their strength and to facili-
tate the choice of suitable basis functions, Hund discussed several coupling schemes
for linear molecules with the aid of a vector model [9.2]. In a quantum-mechanical
discussion, the different coupling cases are characterized by a corresponding choice
of basis functions and the distinction between “good” (i.e., well-defined) and “bad”
(i.e., not properly defined) quantum numbers.

In Hund’s coupling case a) (Fig. 9.4a), the interaction between the electron spin S
and the magpnetic field arising from the precession of the electronic angular momentum
L around the internuclear axis of the linear molecule is larger than the direct coupling
between L and S. In the vector model, the vectors L and S precess independently
around the internuclear axis, which is chosen to coincide with the z axis.

Well-defined quantum numbers are the projection quantum numbers A and X and
their sum 2 = A+ X (see Sect. 2.4.2). The total angular momentum J is combined
from the rotational angular momentum R perpendicular to the molecular axis and the
projections A and X,

J=R+(A+5)2

X . . 9.17)
=R+02% with 2=A4% and £ = unitvector.

The set of all good quantum numbers is (n,J, S, A, X2, 2), where n describes the collec-
tion of all other quantum numbers of the electronic and vibrational state and indicates,
for example, also the energetic enumeration of the electronic state.

P
[

(@) (b)

Fig. 9.4 Vector model for Hund's coupling cases.
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The basis functions are, in abbreviated notation, |[n/S2AX); the undisturbed Ha-
miltonian is chosen to be Hy = He + BJ2.

In Hund'’s case b), the coupling of the electronic orbital angular momentum L with
the molecular axis is stronger than the coupling with S (Fig. 9.4b). This condition is
satisfied for molecules with small spin-orbit coupling. Therefore the projection AZ of
L and the vector R combine to an angular momentum K, which finally couples with
S to yield the total angular momentum J. Therefore, the vector sums

K=4A24+R and J=K~+ S (9.18)
are well-defined. As the unperturbed Hamiltonian we choose now
Ho=Heo+BK?. (9.19)

In Hund'’s case c), the spin—orbit coupling is stronger than the coupling of L with
the molecular axis (Fig. 9.4c). This situation is found in molecules with heavy atoms,
that is, large nuclear charges Ze. Here, L and S couple to the total electronic angular
momentum Je; = L 4 § with the projection {2/ onto the molecular axis. When this
is combined with the molecule’s rotational angular momentum R, the total angular
momentum becomes

J=0hZ+R, L-S>»L-A, (9.20)

where A is a vector along the molecular axis 2. The unperturbed part of the Hamilto-
nian is chosen to be

I'l():Hel+Hso+BJ2, 9.21)

and the basis functions are [nJ(2).

The projection quantum numbers A and 2. are not defined in Hund’s case c), that
is, they cease to be good quantum numbers.

Finally, there is an additional, but rarer, case d) (Fig. 9.4d), which is encountered,
for example, in molecular Rydberg states. Here, the coupling of the electronic angular
momentum [ of the Rydberg electron with the molecular axis is weaker than with the
rotational axis R. Therefore, the angular momenta [ of the Rydberg electron and L™
of the ionic electron shell couple to L =1+ L™, and L couples with the rotational
angular momentum R to K = L + R. The projection of K onto the rotational axis
is denoted N, that of K —1 = L* + R is denoted N'*. The electron spin S couples
to K to produce the total angular momentum J = K + S. Here, L- A>> L - 8§ and
S-K>»§8 A.

The unperturbed Hamiltonian is chosen to be

Ho=Ha+BN"2 Bt +J71%), (9.22)

where J* = J, £iJ; and I* = I, % il,. The basis functions are |nJSNN™).
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9.3
Discussion of Different Types of Perturbations

The different possible couplings between molecular states are described by the cor-
responding perturbation operators H'. The choice of a suitable basis depends on the
type of perturbation.

In the following, we will discuss the following perturbations:

. electrostatic interactions;
. spin—orbit coupling;
. rotational perturbations;

. vibronic coupling;

. Jahn-Teller effect;
. predissociation;

1

2

3

4

5. Renner-Teller effect;
6

7

8. autoionization;

9

. radiationless transitions.

While the mechanisms 1-3 and 7-9 occur both in diatomic and polyatomic mole-
cules, processes 4-6 are only possible in polyatomic molecules.

We will now discuss the different types of perturbations in some detail. We start
with perturbations in diatomic molecules before turning to the more complicated case
of polyatomic molecules. Obviously, only levels with the same total angular momen-
tum J can interact, because the total angular momentum must be conserved in the
absence of external forces.

The Hamiltonian

H= He],vib + Hyot

is partitioned into a part He) vjp acting on the electronic and vibrational functions, and a
rotational part H;, depending on the total angular momentum, which contains also co-
ordinates appearing in H,y ip. The operator He i, describes the nonrotating molecule,
whereas H = Hg) vip + Hyor describes the rotating molecule. H can be partitioned into
an operator Hy of the unperturbed system and a perturbational part H’ (see next sec-
tion).

9.3.1
Electrostatic Interaction

Electrostatic interactions can only occur between electronic states of the same sym-
metry and multiplicity, that is, with the same set of quantum numbers A, X and §
(Fig. 9.5). The description of this perturbation depends on the choice of basis func-
tions.
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i [

3'm, +(4'my)

crossing

Fig. 9.5 Electrostatic interaction between the electronic states
311, and 4'11,, of Li,, leading to a deformation of the potential
curve due to an avoided crossing and thus also to shifts of vi-
brational levels in both states.

If we choose the adiabatic electronic basis functions from the BO approximation,
which are the solutions of the Schrodinger equation (2.6),

Hyd% = E}9

for arigid (i.e., nonvibrating) molecule, we can partition the Hamiltonian H according
to

ﬁzﬁo—{—ﬁl with ﬁozﬁel and ﬁ/:?kin:ﬁvib‘*’ﬁmb
),

ﬁo‘ qu'> = E;(R) (9.23)

~

H

The diagonal elements of the matrix <¢j‘

(7

describe the adiabatic potential curves E;(R) for the state |j) (see Sect. 2.2). The
coupling between different electronic states is given by the perturbation operator Tiin,
that is, the off-diagonal elements

&
describe the interaction energy between different electronic states caused by the mo-
tions of the nuclei. Inclusion of these perturbational terms has the pictorial conse-
quence that the potential curves of the states are deformed. For example, it may then
not be possible to approximate it by a Morse potential, and it may even possess a
double minimum. The deformation is particularly pronounced for all values R. of the
internuclear distances where potential curves approach each other closely. Here, both
potential curves are deformed so that curves of states with the same symmetry do not
cross; this situation is called avoided crossing (Fig. 9.2).

Tkin

o) for j#k 9.24)

a|et) = (o
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To avoid these complicated potential curves, we can choose diabatic basis func-
tions. They do not obey Eq. (9.15) exactly, but minimize the perturbation term caused
by Tkm In a diabatic basis @9, the coupling between two states is described by Hel,
whereas in an adiabatic basis ¢?, it is described by Tkm Thus, in a diabatic basis &9,
the interaction term for j # k,

<n1,A,E,S|ﬁ|n2,A, E,S> = <¢j |ﬁell¢k> + <¢j |T\kin|¢k> , (9.25)

contains only the first term in Eq. (9.25) because the second term is small, whereas in
an adiabatic basis @2, it contains only the second term because the first term is zero.

The experimental values for the energies of the perturbed levels can then be ob-
tained in both models by diagonalizing the matrix

(zjlf( ZZ:) with Hjy = (nj,A,Z,8|H|n, A, 2.S) . (9.26)
In the case of a diabatic basis, the potential curves Epo(R) may cross; in an adiabatic
basis an avoided crossing results. In the vicinity of the avoided crossing, the charac-
ter of the electronic wavefunction changes strongly with the internuclear distance R.
The reason is that it is constructed as a linear combination of the electronic wavefunc-
tions of the two interacting states. In the vicinity of the avoided crossing, the relative
contributions of the two functions in the linear combination vary particularly quickly,
because here the two potential curves approach each other very closely.

The interaction between two vibrational states v and v, in two different electronic
states is described, in a diabatic basis, by

HY 207 = <45(11X‘1i |He1|¢gxg> = He <U‘11 |Ug>

. (9.27)
with Hc|=<q5‘1'|He||q5§> and <u‘,’|vg‘>:/x;l(R)Xv2(R)dR.

The electronic part H° of the matrix element is often assumed to be independent of R.
If we want to include the weak dependence, we can use the R centroid approximation
(see Sect. 4.2.6), employing

(v1|H| v2)
(vi|v2)

(v1|R]|v2)
(v1|v2)

as the optimum mean value. In an adiabatic basis, this interaction is described by

HY (R) = at the internuclear distance R, = (9.28)

Fo20, = (P |Tkin|d%x"2> because (&]|He|D3) =0. (9.29)

The perturbed adiabatic potential curves are obtained by diagonalizing the matrix

Hl,’l)l,l,vl Hl.’l}],z,vz (930)

H2.v2,l,1}| H2,1)2,2,v2

for fixed values of R distributed as evenly as possible over the range of relevant values.
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If diabatic basis functions are used, the off-diagonal elements Eq. (9.21) are the
diabatic coupling elements. Diagonalization of the matrix Eq. (9.30) yields the condi-
tional equation

E{R)-E  Hb(R)| _

. . 0 9.31)
H{(R)  E;-E

for the perturbed diabatic potential curves E4(R), where the matrix elements are inte-

grals over electronic coordinates for fixed nuclear distances R;.

9.3.2
Spin-Orbit Coupling

The Hamiltonian for the coupling between the spin s; of the ith electron and its orbital
angular momentum I; with respect to the nucleus k with the effective nuclear charge
Z.s for diatomic molecules is given, completely analogous to the situation in atoms,
by

2 a2 Zeff

B =Y alis with ali=Y — %1, 9.32)
: =12

where o = 1 /137 is the fine-structure constant and ry; is the distance between electron
i and nucleus k. Here, it is appropriate to recollect that we can express the electronic
coordinates, which usually refer to different nuclei, in a unified reference frame so
that they all refer to a common origin by applying an appropriate coordinate transfor-
mation [9.3].

Spin-orbit coupling not only mediates an interaction between states with different
values of A and X, but also leads to a splitting of the term energies of a state nAS in
fine-structure components with equal values of A, but differing in the spin projection
quantum number X and hence also in {2.

If the couplings between the different angular momenta I; of the electrons and be-
tween their spins g; are stronger than the interaction between l; and s; [L-S coupling;
Hund’s case a)], the spin—orbit interaction within a state with equal quantum num-
bers A, which leads to a fine-structure splitting in components with different values
2 = A+ X, can be written in simplified form,

HS:=ALS with L=Y1l and S=Ys. (9.33)

Usually, basis functions for Hund’s coupling case a) are chosen, because in this case
A and X are good quantum numbers.
The diagonal elements

(A,2,8,02,v|H| A, 2.8,02,0) =AAL (9.34)
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Fig. 9.6 Spin—orbit coupling between a 'IT and a 311, state with
the selection rule AA=0; AS=1; A = AR =0.

give the energies of these components. From Eq. (9.34), we see that the fine-structure
components of a multiplet have constant spacing A/ as long as spin—orbit coupling,
Eq. (9.33), is the only interaction (Fig. 2.18). Frequently, additional higher-order
couplings (s;/; or s;5;) occur so that the spacings of the multiplet components become
different.

The selection rules for the nonvanishing matrix elements

<ni,Ai»Sia-Qia'Ui’ﬁs'l‘nj,/ljysj,-oj,vj> 9.35)
of the spin—orbit coupling are

Al=0; AS=0,£1; ANR=0;

(9.36)
SAA=AY =0 or AA=—-A% =+l.

Generally, only rotational levels with the same total angular momentum quantum num-
ber J can interact through spin—orbit interaction (Fig. 9.6). If the two interacting states
belong to the same electron configuration (see Sect. 2.7.1), AA = AY = 0 holds; if the
two states differ by one spin orbital, the rule is AA = —AJ3) = %1. For homonuclear
molecules, the selection rules g < u is also obeyed.

Apart from the interaction Eq. (9.35), a (usually much weaker) coupling between
the spin s; of the ith electron and the orbital angular momentum /; of another elec-
tron can occur. This mechanism can enable couplings between states, which would
normally be forbidden according to the selections rules for the one-electron operator.

The spin—orbit coupling between two different states also leads to a shift of spe-
cific fine-structure components. As this coupling is determined by the selection rule
A2 = 0, only components with the same {2 can interact. This is illustrated in Fig. 9.6
for the example of spin—orbit coupling between a 'TT and a °IT state. Here, only
the component with {2 = 1 is influenced, the two remaining components remain un-
changed.
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In linear polyatomic molecules, the situation is completely analogous to that in
diatomic molecules. For strong spin—orbit coupling in linear molecules, Hund’s cou-
pling case c) applies, that is, the quantum numbers A and X' are not defined any more
but only their sum £2. In nonlinear molecules, no precession of the orbital angular mo-
mentum is possible because the potential is not cylindrically symmetric. Therefore,
spin-orbit coupling is in general small. In this case, the diagonal terms Eq. (9.34)
give, for weak spin—orbit coupling, the fine-structure splitting of the rotational levels
in the respective vibrational state, which is small compared with the spacing of the
rotational levels.

The total wavefunction can be written, for this case, as a product

U =U(R,r)x(s) 9.37)

of spatial wavefunction and spin function (see Sect. 2.8.1).

9.3.3
Rotational Perturbations

All perturbations connected with the coupling of angular momenta, such as the spin—
orbit coupling discussed in the preceding section, can be derived from the Hamiltonian
for angular momenta. The rotational Hamitonian for a diatomic molecule aligned
along the z axis with the rotational angular momentum R perpendicular to £ is

Ho=B(R*+R) =B[(i— L= S:) 2+ (- Ly—-5)] (9.38)

because the total angular momentum is J = L+ S + R.
Equation (9.38) can be recast to yield

Hot =B(J> —J2)+ B(L? = L2) + B(S; - 5?)

(9.39)
+B(LyS-+L_Sy)—B(J L. +J L.)—BJS_+J_8,),

where J1 = J, tiJy, Ly = L, *iL,, and S = S, £iS, [9.4].
The first three terms in Eq. (9.39) give the energies of the unperturbed rotational
levels. The first term can be rewritten as

rot

HY =B[J(J+1)-2*], (9.40)

which is equivalent to the rotational term values from Eq. (3.21), if the centrifugal
distortion and the electron spin are neglected.
The next two terms,

B(L*—L2) +B(S;—82) =B(L*+S$?) - B(A*+ X7%) (9.41)

are usually included in the energy of the electronic state [n, A, X, £2) because they do
not depend on the specific vibration-rotation levels.
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The second line in Eq. (9.39) characterizes the perturbations between the levels.
The first term describes spin—orbit coupling, which leads to a homogeneous perturba-
tion between two electronic states with A2 = 0 (see preceding section).

The second term describes the interaction between the rotational levels of two elec-
tronic states differing in A, which leads to A doubling of the rotational levels. This is a
heterogeneous perturbation with Af2 = %1, which occurs only in rotating molecules.

Due to the rotation of the molecule, A ceases to be a good quantum number, be-
cause the rotation couples states with AA = +1. Therefore, the rotational levels of
both interacting states are slightly shifted. This effect can be expressed by an effective
rotational constant

BT =B, +3,. (9.42)

In electronic states with A > 0, the rotational levels, which would be twofold degen-
erate in the absence of this interaction, are now split into two components. The two
A components (denoted ¢ and d in the literature) have different symmetries. Thus,
the interaction with the coupling state affects only one of the two components be-
cause of the symmetry selection rule. This component is shifted, the other remains
unperturbed. The splitting (A doubling) can be described by

Av=guJ(J+1) (9.43)
with the A doubling constant
qv =B - B¢, (9.44)

If the interacting states have the same angular momentum quantum number / for the
valence electron for R — o (e.g., the two states A IZU and B ’I'Iu of the alkali metal
dimers, which both dissociate to the same atomic p state), g, can be expressed by the
rotational constant By, of the IT state and the energy difference A between L and IT
state,

_2B2I(1+1)

qv
The constant g, is in general small compared with B, so that A doubling is a small yet
appreciable effect, particularly for large rotational quantum numbers.

In multiplet states, A splitting is different for the distinct fine-structure components.
For example, it is aimost independent of J for the I, component, similar to that in a
'TT state for the 3I1, component, and small but proportional to J2(J + 1)? for the *I1,
component (Fig. 9.7).

The third term in the second line of Eq. (9.39) describes spin-rotation coupling,
in which the electron spin can assume different orientations in the magnetic field
originating from the rotation of the nuclear framework, leading to slightly different
energies. Again, this is a heterogeneous perturbation with AA = 0; AY = A2 = +1.
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Fig. 9.7 J-dependence of A doubling for the states 'I1, *I1,, *I1,,
and °I1,.

The term values of the components of a rotational level with quantum number
J = N+ § split by a spin—rotation interaction are, for example, for aspin S =1/2,

1
Fi(N)=ByN(N+1)+ in ,

) (9.46)

The constant v is called spin—rotation coupling constant. The splitting of the term
is usually very small and can only be observed with high spectral resolution. In 3X
states, an additional magnetic interaction arises between the spin moments of the two
unpaired electrons, so that the term values

Fy(N) =B,N(N+ 1)+ (2N +3)B, +v(N +1)
—A—[(2N+3)?BL + X* —2)B,
R(N)=B,N(N+1),

F3(N) =ByN(N + 1) — (2N +1)By —yN — A+ [(2N — 1)*B% + X? - 2)B,
(9.47)

]I/2

]1/2

contain additional terms with the spin-spin coupling constant A. If the (usually very
small) splittings are measured for several rotational levels (i.e., for different values of
N) in the same vibrational state, the constants By,  and -y can be determined [9.4].

9.34
Vibronic Coupling

At sufficiently low vibrational energies, the vibrations of polyatomic molecules can be
described as a superposition of normal vibrations (see Ch. 6). In normal vibrations, all
nuclei in the molecule move synchronously, that is, they all pass through their equi-
librium positions at the same time, The different normal vibrations are independent;
they maintain their identity, and the atoms store their vibrational energy in a mode
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9 Breakdown of the Born-Oppenheimer Approximation

consisting of a linear combination of all excited normal vibrations until it is released
by means of radiation or through collisions with other molecules. The total vibra-
tional energy is the sum of the normal vibrational energies. The potential in which the
vibration occurs is approximately harmonic.

Upon higher vibrational excitation, anharmonicities in the potential become no-
ticeable, leading to couplings between the normal vibrations [see Eq. (6.89)]. If these
couplings are sufficiently strong, the normal vibrations lose their identity. The vi-
brational energy is quickly transferred from the originally excited mode onto other
vibrational modes. It is finally distributed randomly about all energetically accessi-
ble modes, a process called internal vibrational redistribution (IVR). Its description
depends on the density of vibrational states around the excitation energy and on the
overlap of the vibrational wavefunctions of the interacting levels [9.5].

IVR processes usually occur on a picosecond timescale. For example, if an ener-
getically high-lying vibrational level of a dissociation coordinate is selectively excited,
the energy can be redistributed so quickly that the dissociation is avoided although the
energy pumped into the excited mode would have been sufficient to cause dissocia-
tion. The wavefunction of the perturbed primary excited state |k) can be written as a
linear combination

U =P+ Y aio®; with a;+Y af =1

of all N coupling eigenstates of the N vibrational modes. If the perturbing states |i)
are not accessible by absorption transitions from the ground state (dark states), the
intensity

I o< [ag|?

of the absorption line is determined solely by the “light” state although the population
probability is distributed among all coupled states. The intensity is therefore lower
than for an unperturbed state because a; < 1. The oscillator strength of the absorption
transition is said to be “diluted” by the coupling to the dark states. The lifetime of the
excited state is increased because it mixes with states of very long lifetime.

In larger molecules, the following simplified model is used to discuss IVR. The pri-
mary excited level in an excited electronic state couples with several high vibrational
levels of a lower electronic state with a higher level density than that in the excited
electronic state (Fig. 9.8). Three cases can be distinguished {9.6]:

1. The region of small level density, where the mean spacing between the vibra-
tional levels is large compared with the widths of the levels. In this case, the
levels can influence each other through their interaction, but for a narrow-band
excitation with continuous lasers, the absorption lines are resolved, and station-
ary excited levels are observed for each selectively excited transition into the
coupling levels.
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Fig. 9.8 Vibronic coupling and IVR processes.

2. In the transition region of medium level densities, the mean spacing between
the perturbing vibrational levels is comparable to the linewidths of the absorp-
tion transitions. Now, not all lines can be resolved even for excitation by a
narrow-band laser, and some levels are excited simultaneously. In the case of
an excitation by a pulsed laser, all levels accessible within the bandwidth of the
laser are excited coherently, and the superimposed fluorescence of these levels
displays quantum beats due to the interference between the emissions from the
different levels.

3. If the level density is large compared with the excitation linewidth, a multitude
of levels are excited simultaneously. The absorption spectrum appears quasi-
continuous even when viewed in high resolution.

The TVR process can also occur for highly excited vibrational states in the elec-
tronic ground state, provided the level density is large enough. It can be observed by
Doppler-free overtone spectroscopy (see Ch. 12).

Vibronic coupling is controlled by the selection rules listed in Sect. 9.1. For ex-
ample, within the same electronic state, only vibrational states of like symmetry can
interact. Hence, in a triatomic molecule with symmetry Cy, in which only vibrations
with symmetry a; or by occur, the vibrational levels 2v; and 41, can interact if their
energies do not differ too much, but also the vibrational levels 21y and 2u/3 can interact
because both have a) symmetry. Vibrational levels from different electronic states can
interact if the vibronic symmetry I vib = Lo X Iyip of both states is equal.

9.35
Renner-Teller Coupling

In linear molecules, a special type of vibronic coupling occurs. If the electronic state is
degenerate in the linear configuration, it can be split into two potential curves E* ()
and £ () during a bending vibration, where ¢ is the bond angle (Fig. 9.9). Such
degenerate electronic states with cylindrical symmetry possess an electronic angular
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Fig. 9.9 Possible splittings of the potential curves in the
Renner-Teller effect a) for a < 2a and b) for a > 2a.

momentum along the molecular axis due to the precession of the electrons around this
axis. If the unperturbed potential is described by the quartic function

E%(p) = ap® + by, (9.48)
and the difference of the two Renner-Teller components by
E*(p) ~E™(p) = ap® + B¢*, (9.49)

the lower potential curve possesses a maximum at ¢ = 0 and two minima at

12-a
¢mln—:*: ib—ﬂ,

provided o > a and 3 < b or a < a and 3 > b (Fig. 9.9). Hence, the electronic energy
is modified by the bending vibration.

The coupling between the electronic orbital motion and the nuclear motion influ-
ences the vibronic levels in both potential curves. The rotational constant changes also
due to the coupling. The resulting shifts of the levels depend on the size of the poten-
tial splitting as quantified by the Renner parameter € = «/2a and on the vibrational
angular momentum of the bending vibration.

The Renner-Teller effect constitutes a special case of vibronic coupling in which
vibrational levels are influenced by the electronic motion [9.7]. Thus, the Born—
Oppenheimer approximation collapses, and the levels resulting from the coupling of
electronic and nuclear motion are called vibronic levels.

For a linear molecule in a £, I, or A state, the electronic orbital angular momentum
is characterized by the quantum numbers A =0, 1 or 2. If a bending vibration is
excited, an additional vibrational angular momentum with the projection quantum
number / =0,1,2,... arises.

The resulting vibronic angular momentum around the molecular axis is then Kh
with the quantum number

K=|£A%1|.
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The quantum number K corresponds to the rotational quantum number K, in a bent
triatomic, almost prolate, symmetric top molecule. The levels with K = 0,1,2,... are
labeled X, I, A, etc. states.

For K = 0, the vibrational term values for the case of Fig. 9.9a are

G(va) = wa(1+e) 2 (vy+1) . (9.50)

For K # 0 and v, = K — 1, they can be described by
1
G(v2.K) = wy v2+1—§521((1<+ N, 9.51)

where w; is the vibrational constant of the bending vibration. The Renner-Teller
coupling can also be considered a Coriolis interaction between the electronic angular
momentum and the vibrational angular momentum, which is proportional to the prod-
uct KA of the projections of electronic and vibrational angular momentum onto the
molecular axis of the linear molecule.

The Renner—Teller coupling splits each vibrational level into several sublevels.
For example, in an electronic IT state with A = %1, a bending vibrational level with
vy = 1,1 = %1 is split into four levels with the quantum numbers K = |+ 1+ 1| =2,
K=|-1-1=2K=|1-1}=0and K =|—1+ 1| =0, where the first two levels
are degenerate. The symmetry type of the vibronic levels can be obtained by multipli-
cations of the electronic and vibrational symmetry types. For the above example, the
symmetry of the electronic IT state is I = I, and that of the vibrational state is also
I'yiv = I, so that the vibronic symmetry

oo =TI, XTI, = £y + 2, +A, . (9.52)

The two X states correspond to the levels with K = 0, whereas the degenerate A state
corresponds to the levels with K = 2 (Fig. 9.10).

9.3.6
Jahn-Teller Effect

If a nonlinear molecule possesses degenerate electronic states of symmetry type E
or T, each vibration leading to a lower molecular symmetry effects a splitting of the
potential surface into two branches. In other words, the degenerate state is not sta-
ble, and the lowest-energy equilibrium structure corresponds to the lower symmetry.
This spontaneous symmetry breaking is called the Jahn-Teller effect [9.8] after the
discoverers. It is the analog of the Renner-Teller effect occurring in linear molecules.
As discussed there, the Jahn—~Teller effect is also mediated by the coupling between
vibrations and electronic motions, and is thus another example for the breakdown of
the Born—Oppenheimer approximation. We will discuss the Jahn-Teller effect for the
example of the Li3 molecule.
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Fig. 9.10 a) Splitting of the vibronic states in an electronic I1
state compared with the I splitting in a 'L state. b) Qualitative
splitting of an electronic transition A 'TT, — X '):; .

For symmetry reasons, we would expect the structure of Li; to be an equilateral
triangle, belonging to the point group Dsy. In this structure, the electronic ground
state and also some of the excited states are twofold degenerate with symmetry type
E. Due to the Jahn-Teller effect, a linear combination of 1, and v vibrations (bending
vibration and antisymmetric stretching vibration, the frequencies of which are degen-
erate in the D3, configuration) brings the molecule into an isosceles Cy, structure.
Figure 9.11 illustrates the two branches of the potential E*((Q>,Q3) as a function of
the two normal coordinates Q> = Qy +iQy, @3 = Qx — iQ, of the vibrations 1 and 13
in a three-dimensional representation for the approximation of the linear Jahn-Teller
effect. The two surfaces are axially symmetric around the axis @, = Q3 = 0.

E(Qy)
959
wy, = 47
= 600
T o
Fig. 9.11 a) Three-dimensional repre- surface of the Liz molecule as a function

sentation of the two Jahn—Teller potential  of the apex angle showing the minimum,
surfaces for the quadratic Jahn~Teller ef-  saddle point, and conical intersection.
fect. b) Slice through the lower potential
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Fig. 9.12 Contour line diagram of the lower potential surface for
the quadratic Jahn—Teller effect in Li; [9.9).

If higher terms are included in the expansion of the potential in normal coordinates
(quadratic Jahn-Teller effect), three minima and three saddle points appear in the
trough of the lower potential in Fig. 9.11, belonging to structures with a < 60° and
a > 60°. Figure 9.12 shows a contour line diagram of the lower Jahn-Teller potential
surface, and Fig. 9.11b displays a slice through this surface.

For sufficiently low vibrational energy, the molecule will remain in the lowest-
energy structure. If its vibrational excitation increases, however, it can start tunneling
through the potential barriers and alter its structures periodically from a < 60° to
a > 60°. In the representation of Fig. 9.12, the molecule moves along the dotted tra-
jectory. This tunneling leads, as in the analogous case for the ammonia molecule (see
Sect. 7.5.1), to a splitting of the energy levels that increases sharply with increasing
vibrational excitation (Fig. 9.13b).
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Fig. 9.13 a) Pseudorotation and b) tunnel spiitting as a function
of the vibrational energy in the Jahn—Teller-active vibrational
modes v, + 3.
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This periodical motion is also called pseudorotation because it can be represented
by a synchronous rotation of all three nuclei around the corners of the equilateral tri-
angle of the degenerate nonstable configuration (Fig. 9.13a). If the vibrational energy
exceeds the barrier height, free pseudorotation occurs. The time-averaged equilibrium
structure of the molecule is then indeed the equilateral triangle. In measurements that
take longer than one pseudorotation period, the molecule displays a D3, geometry.

Pseudorotation is an example for molecular dynamics that changes the molecular
geometry to a large extent, in contrast to low-amplitude vibrations, during which the
geometry does not differ significantly from the equilibrium structure.

9.3.7
Predissociation

A level below the dissociation limit of an electronic state, which is excited by photon
absorption, can dissociate by coupling to continuous energy states above the dissocia-
tion threshold of another electronic state. The rate of dissociation depends then on the
strength of the coupling. Two cases can be distinguished:

(a) predissociation by rotation (Fig. 9.14a), and

(b) predissociation of a bound state by coupling to a repulsive electronic state (Fig.
9.14b).

In case a), the potential curve of a rotating diatomic molecule displays a potential
barrier (see Ch. 3). States below the barrier but above the dissociation limit penetrate
the barrier by tunneling processes and can thus dissociate. The decay rate depends
exponentially on the width of the barrier and the difference between barrier height
and molecular energy, and it varies by many orders of magnitude in the energy range
between the dissociation threshold and the barrier height. The phenomenon shows up
as a broadening of the corresponding spectral lines.

EA

Rotational

Dissociation
limit

Atomic
fluorescence

R

bR

R
@ (®) (0

Fig. 9.14 Predissociation. a) Tunneling another electronic state, and c) interac-
through a rotational barrier, b) crossing tion of two electronic states in the inner
of the outer branch of the potential sur- branches of their potential curves.

face with a repulsive potential curve of
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The rate of predissociation for case b) depends on the overlap of the vibrational
wavefunctions of the two coupling states, where the wavefunction of the dissociat-
ing nuclei in the repulsive state can be expressed by an Airy function. The overlap
assumes a maximum at those positions where the potential curves intersect. In the
vicinity of these intersections, sharp maxima of the predissociation rate are observed.
However, the overlap can also occur in the inner regions of the potential curves where
both repulsive potential curves approach each other. Usually, there is no intersection
in this region, but the energetic spacing between both curves does not vary much over
a wide range of energies (Fig. 9.14c¢). In this case, no sharp maximum of the line
broadening by predissociation is found, but the linewidths increase slowly with in-
creasing energy until the dissociation limit of the excited state is reached and direct
dissociation commences.

Predissociation can be detected either by the broadening of absorption lines or by
the decrease in lifetime of the excited state [9.10]. If one is interested in the atomic
states formed by the dissociation, the atomic fluorescence after the decay can be mea-
sured, provided that excited atomic states are produced (Fig. 9.14¢) [9.11].

The interaction between two states is often mediated by spin—orbit coupling. This
means, for example, that an excited 1Y state can predissociate through spin—orbit cou-
pling with a °IT state if the energy of the excited level is above the dissociation limit
of the lower triplet state. As the projection {2 of the electronic total angular momen-
tum must be conserved (Af2 = 0), however, only the component 3Hl with £2 =1 can
contribute to predissociation.

9.3.8
Autoionization

If a bound molecular state of a neutral molecule lies above states of the molecular
ion, it can couple with the latter, thus producing an ionic state. This process is called
autoionization.

Whereas an atomic state can only autoionize if at least two electrons are excited
and the sum of their excitation energies is larger than the ionization threshold, the
excitation of a single electron can be sufficient to enable autoionization in molecules,
provided the sum of electronic excitation energy and vibrational or rotational kinetic
energy exceeds the ionization energy. This situation occurs, for example, if an electron
is excited into a Rydberg state of the neutral molecule (Fig. 9.15). As the Rydberg
electron has its largest probability density far apart from the cloud of the remaining
electrons, it contributes virtually nothing to bonding, that is, the potential curves of
all Rydberg states proceed parallel, only shifted with respect to each other by the
differences of the excitation energies of the Rydberg electron in the respective Rydberg
states with principal quantum number n. If the vibrational energy in the ion is smaller
than in the neutral molecule, a portion of the vibrational energy of the Rydberg state
can be transferred to the electron during autoionization. The transferred amount of
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Fig. 9.15 Autoionization of molecular Rydberg states [9.12].

vibrational energy AE,;, must be equal to or larger than the energy difference
By
(n—4)?

between the Rydberg state and the ionization energy, where ¢ is the quantum defect
taking into account the deviation of the Rydberg electron’s real potential from the
Coulomb potential.

For large principal quantum numbers #, a change in the vibrational quantum num-
ber of Av = v* — v = 1 is sufficient, whereas for lower Rydberg states, larger dif-
ferences in the vibrational energies are necessary. For very large principal quantum
numbers n, autoionization can take place by transfer of only rotational energy, that is,
the rotational quantum number J is smaller in the ion than in the neutral molecule. As
the total angular momentum is conserved, the Rydberg electron must receive angular
momentum during the ionization.

The coupling between the neutral state |v*) and the jonic state lv+> with almost
identical potential curves depends, as for all perturbations discussed in the preced-
ing sections, on the overlap of the vibrational wavefunctions. As the coupling con-
stitutes a breakdown of the Born-Oppenheimer approximation and is much weaker
than the electrostatic coupling between the electrons, the autoionization rate is in gen-
eral much smaller in molecules than in atoms, which can only autoionize through
an energy transfer between the two excited electrons. Whereas typical lifetimes of
autoionizing atomic states are in the range 10~'3-107'05, they are 107'9-107%5s for
molecules [9.13].

The line profile of absorption transitions into autoionizing states is asymmetric and
is called a Fano profile. It emerges from the interference between two undistinguish-
able transitions: excitation of the Rydberg state followed by autoionization on the one
hand, and direct photoionization into a continuum state at the same energy on the other

AE = Ep — (9.53)
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k>

(a) (b)

Fig. 9.16 a) Two indistinguishable possibilities to arrive at a
state E above the ionization threshold through absorption of a
photon. b) Fano profile.

hand (Fig. 9.16). The total probability W;; for an excitation of the coupled system Ry-
dberg state—continuous state from the discrete bound level |i) equals the square of the
sum of both excitation amplitudes. It can be described by the absorption cross-section

Ous < Wi = |D1 +Dy|*  with Dy = (k|D|i) and D, = (E|D|i) . (9.54)

If the excitation energy is varied continuously, its phase hardly changes upon ex-
citation into continuum states, but changes drastically upon excitation of the Rydberg
state, because then the excitation is resonant.

This phase shift changes the excitation probability and leads to the typical Fano
profile shown in Fig. 9.16b for the absorption cross-section,

(g+¢)*

—_ 9.55
I+ €2 ©35)

Oabs = Od + 0
where o4 is the absorption cross-section for transitions into continuum states that do
not interact with the Rydberg state Ry, and ¢; is that for transitions into the continuum
coupling to Ry, and

(E—Er)

e= 22 (9.56)

is the distance to the resonance energy in units of the full width at half maximum
I" of the line profile of the transition to the Rydberg state. The dimensionless Fano
parameter

2
0= Dy (9.57)

DyDy3)

is the ratio of the transition probability D% into the Rydberg state and the product of the
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Fig. 9.17 Measured Fano profiles of absorption lines in Doppler-free
spectroscopical investigations of Rydberg states of Li; [9.14].

transition amplitude D; into the continuum and the coupling coefficient D, between
Rydberg state and continuum.

For ¢ = —g, the Fano profile approaches the background, o(¢ = —q) = 04. The
maximum of the absorption profile 0™ = g4 +0i(q> + 1) isate = —1/g. Ate =g,
a minimum is observed.

From a measurement of the linewidth I" of the Fano profile, the lifetime of the
autoionizing state can be determined, and from the parameter g the strength of the
coupling to the continuum.

Figure 9.17 shows measured Fano profiles observed upon excitation of autoioniz-
ing Rydberg states of the Li; molecule [9.14]. It can be seen that the autoionization-
limited lifetimes of about 10~ s are significantly shorter than the radiative lifetimes,
which are in the microsecond range. Hence, the decay of these Rydberg states occurs
almost exclusively by autoionization.

9.4
Radiationless Transitions

An excited level cannot only decay by emission of radiation but also by a number of
nonradiative processes such as predissociation, autoionization, or energy transfer to
higher vibrational levels in lower electronic states with the same total energy as the
originally excited level. In this process, the electronic energy is partially converted to
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Fig. 9.18 Schematic representation of radiationless transitions.

vibrational energy. Particularly this last process is called radiationless transition in
the literature. It occurs most frequently in polyatomic molecules, and its probability
increases sharply with increasing density of vibrational states. Another cause of radi-
ationless transitions is collisional energy transfer, where part of the excitation energy
is converted into translational energy of the collision partner or into thermal energy of
the other colliding molecule.

The coupling between initial and final state determining the probability of the pro-
cess can be mediated by spin—orbit interaction, vibronic coupling, the Renner—Teller
effect in linear molecules, or electrostatic interaction.

Such radiationless transitions will be illustrated in the following for a number of
examples.

In larger aromatic molecules such as dyes, fluorescence is observed to originate
exclusively from the S state after several singlet states Sy, S2, S3, etc., have been
excited. Thus, a very fast radiationless process must exist that transfers the excitation
energy so quickly into highly excited vibrational levels of Sy that the much slower
radiative decay paths are quenched. (Fig. 9.18).

The effective lifetime of these excited states,

1
N krad + knonrad '

is given by the reciprocal sum of radiative and nonradiative decay rates krag and knonrad,
respectively. The quantum yield of the excited state,

(9.58)

Teff

krad
= ——77"—"7", 9.59)
4 krad + knonrad

describes the relative proportion of the radiative decay to the total deactivation rate.
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The quantities @ and T can be determined experimentally, so that the radiative
lifetime and the radiationless decay rate can be calculated according to
1 Teff P 1-— ¢q

. _ 9. —
Trad = = i Ka=—3 knonrad =
krad ¢q Teff Teff

(9.60)

Such radiationless transitions between different singlet states are also called internal
conversion (IC) [9.15].

The S, state itself is energetically far apart from the ground state so that its radi-
ationless deactivation is far less probable. However, it can interact with, and finally
be transferred to, the first excited triplet state, a process called intersystem crossing
(ISC). The triplet state can then return to the Sp ground state by emission of photons,
albeit with much longer lifetime. This weak fluorescence from the normally forbidden
T-Sg transition is called phosphorescence.

It turns out that the probability of radiationless transitions S1—Sg increases with in-
creasing vibrational energy in the S state, despite the large difference E(S;) — E(Sp).
The reason behind this fact is that both the density of states and the overlap between
the vibrational wavefunctions of the interacting states increase sharply with increas-
ing vibrational energy. The rate kyonrag Of radiationless transitions can be written as a
product

2
| o(E), ©9.61)

knonrad = 1<¢?] |HI| ¢2I> <Xi |Xk>
where (®¢!|H'| @5') is the electronic part of the matrix element for the coupling be-
tween the two electronic states, H' is the perturbation operator describing the coupling,
(xi|xk) is the overlap integral of the vibrational wavefunctions, the square of which
is the Franck—Condon factor, and o(E ) is the density of states in the final state at the
energy E [9.16].

Higher vibrational states in the S| state have a shorter effective lifetime because of
their higher probability of radiationless transitions. Therefore, the absorption lines of
transitions into these states are broadened.

The time response of such radiationless transitions can be studied in some simple
systems. A good example is the van der Waals molecule I; A consisting of a iodine
molecule I; and a rare-gas atom A (see Ch. 10). The weak van der Waals bond gives
rise to low vibrational frequencies for the vibration of the rare-gas atom against the
molecule I,. If an internal vibration of the I, molecule of much higher energy than the
van der Waals vibration is excited, the van der Waals bond can be excited, through the
coupling with the I, vibration, into such a high vibrational level that it breaks and the
molecule dissociates (Fig. 9.19).

This process can be best observed if a vibrational level (v'J’) of I, in the excited
electronic state of the I;A complex is excited that can return to the electronic ground
state by fluorescence. The energies of the levels in the [;A molecule are slightly
shifted with respect to those in the I molecule so that is is easy to distinguish if
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Fig. 9.19 Vibronic coupling with predissociation in the van der
Waals molecule |,Ar.

the b A complex or an I molecule is excited. The radiationless transition through
coupling with the van der Waals bond is much faster than the decay by spontaneous
emission from the excited level, that is, the fluorescence is primarily emitted by the I,
molecule after dissociation of the I;A complex [9.17].

From the linewidth of the excitation line of the [, A complex, the lifetime of the
excited level can be determined, which is mainly determined by the fast dissociation.
Measuring the I, fluorescence wavelengths from the excited final state (v' — Av',J' —
AJ') of the dissociated 1A complex gives unambiguous information on the upper
emitting level, so that the energy transfer inside the van der Waals molecule can be
calculated.
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10
Molecules in External Fields

In an external magnetic field, molecules with magnetic moments experience splittings
and shifts of their energy levels due to the Zeeman effect, the measurement of which
can give information on the origins of the magnetic moments and the angular mo-
menta associated with them. Magnetic moments can arise from the spin of unpaired
electrons, from electronic orbital angular momenta, or from nuclear spins. Molecu-
lar rotation can also create a magnetic moment, which is small, however, compared
with the permanent moments of the molecule at rest. The magnitude of the resulting
moment depends on the coupling of the different angular momenta in the molecule,
which in turn is influenced by the coupling between different states (see Ch. 9). Thus,
measuring the magnetic moments opens additional ways for the investigation of the
perturbations treated in Ch. 9.

Analogously, molecules with permanent or induced electric moments experience
splittings and shifts of their energy levels in electric fields due to the Stark effect,
providing information on their electron distribution and the electric polarizability of
their electron cloud.

These magnetic and electric properties of molecules are exploited in numerous
diagnostic techniques. Important examples are electron spin resonance (ESR) spec-
troscopy, nuclear magnetic resonance tomography, which is of profound importance
in medicine, and laser magnetic resonance or Stark spectroscopy (see Ch. 12).

In this chapter, we will consider the electric and magnetic properties of molecules
and learn what information the Zeeman or Stark effects can provide.

The magnetic moments y,, are specified in Am?, and their magnitudes are often
compared with that of the Bohr magneton pg = 9.27 x 1072 Am?,

The electric moments ) are specified in Asm. Frequently, the unit Debye with
1D =3.34x 1070 Asm is used.

Examples

The NO molecule has, in its 2l'I3 /, ground state, a permanent magnetic moment
i = 17 x 1002 Am? = 1.83 5 and an electric dipole moment p) = 0,153 D.
The electric dipole moment of the HCl molecule is g = 3.70 x 10730 Asm =
1.108 D, whereas its magnetic dipole moment in the 'E ground state is very small:
i = g3y = 0.46J iy, where iy = 5.05 x 10727 Am? is the nuclear magneton.

Molecular Physics. Theoretical Principles and Experimental Methods. Wolfgang Demtroder.
Copyright ©2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40566-6
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10.1
Diamagnetic and Paramagnetic Molecules

Molecules with permanent magnetic moments are called paramagnetic.

Most ground-state homonuclear diatomic molecules, however, possess neither a
magnetic spin moment, because the electron spins compensate pairwise for an even
number of electrons, nor a magnetic orbital moment, because the ground states are
usually T states with L = O (see Sect. 2.4.2). Exceptions are molecules with an elec-
tron spin S # 0 (such as O3 or all radicals with an unpaired electron) or heteronuclear
molecules with L = 0 or § # 0 (such as NO).

In nonlinear polyatomic molecules, the electron shell cannot possess orbital an-
gular momentum, and the total electron spin in the ground state is usually also zero.
Such molecules without a permanent magnetic moment are called diamagnetic.

In an external magnetic field, however, diamagnetic molecules acquire an induced
magnetic moment

Iiirgd:‘ﬁB* (10.1)

which depends on the external magnetic field B and the magnetic polarizability 3 and
which is oriented opposite to the external field.

Table 10.1 lists the magnetic polarizabilities 3 for some molecules. This shows, for
example, that the magnetic moment induced in the H; molecule in an external field
B = IT is smaller than the Bohr magneton pg = 9.3 x 1072 Am? by six orders of
magnitude. Thus, the induced magnetic moments are very small compared with the
permanent moments of paramagnetic molecules.

The magnetic polarizability 3 is anisotropic in all molecules that are not spherically
symmetric. Hence, the induced moment depends on the direction of the external field
with respect to a specific axis within the molecule [10.1]. For example, in diatomic
molecules 3 parallel to the molecular axis differs from 3, perpendicular to the axis.
The largest induced moments are obtained if the external magnetic field is perpen-
dicular to the axis of maximum electron mobility within the molecule, because the
induced magnetic moment arises from a current perpendicular to the magnetic field.
For example, in a molecule such as benzene, in which the electrons can move freely

Tab. 10.1 Magnetic susceptibility x and magnetic polarizability 3 for some dia-
magnetic molecules and permanent magnetic moments for some paramagnetic
molecules.

Diamagnetic molecules Paramagnetic molecules

x x 108 B/(Am*/Vs) tm/ ( Am?) x x 108
H, ~0.002 ~24x107%0 NO 1.7 x1073 0.78
H,0 ~9.0 —-45x1077 (0 2.58x 1072 1.8

NaCl —-13.9 —6.9%x107%7
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along the ring of carbon atoms due to the ® bonding, the maximum induced magnetic
moment is obtained with the external field perpendicular to the molecular plane.

All molecules with unpaired electrons or with a nonvanishing electronic orbital
moment possess a permanent magnetic moment and are therefore paramagnetic.

In a sample of freely moving paramagnetic molecules, the molecules are randomly
oriented. In the absence of external fields, the directions of the magnetic moments
are therefore distributed statistically due to thermal motion. If an external field ex-
ists, the molecules are partially oriented, and the degree of orientation increases with
increasing field strength, but decreases with increasing temperature. If the magnetic
energy

Wi = —fim - B (10.2)

is large compared with the thermal energy &7, an almost complete orientation in the
external field is achieved. The macroscopic magnetization M of N molecules per unit
volume in an external field B = B; along z is given by the vector sum of all magnetic
moments,

M =Y pm =Ny = N, (103)

where 7 is the effective fraction of the magnetic moments contributing to the mag-
netization, and

bm 3 kT

is the degree of orientation, which is given by the ratio of the potential energy of the
dipoles in the field B to the thermal energy kT. (As the directions of the dipoles are
randomly oriented in space in the absence of an external field, on average only 1/3 of
the N molecules contribute to the maximum potential energy |pmB|.)

If we substitute Eq. (10.4) into Eq. (10.3), we obtain

p = _ 1 |pm| | B (10.4)

2
Hm X
M=N—/—B="—B 10.5
3kT o ( )
with the magnetic constant zg = 4% x 1077 Vs/(Am) and the dimensionless magnetic
susceptibility
i

= 10.6
X=37%T (10.6)

10.2
Zeeman Effect in Linear Molecules

The magnetic moment of a linear paramagnetic molecule in a state with electronic or-
bital angular momentum L and electron spin S depends on the coupling of the angular
momenta, that is, on the corresponding Hund’s case (see Sect. 9.2).
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(b)

Fig. 10.1 a) Coupling of angular momenta and b) coupling of
magnetic moments with an external magnetic field in Hund's
coupling case a).

In coupling case a), L and S precess around the molecular axis with projections
(in the molecule-fixed reference frame) A and X' (cf. page 300). The corresponding
magnetic moment along the molecular axis is then

pe = (A+2Z)u (10.7)

where we have taken into account that the gyromagnetic ratio is twice as large for the
spin than for the orbital angular momentum.

Examples
Ina 'l state, pim = 1 pip. In @ °Z state, pum = 2 s, in a 21, , state pum = 2 iy, but
ina 2H, /2 state, in which My, and Mg have opposite signs, fim = 0.

If the molecule rotates, the molecular axis precesses around the angular-momentum
axis J, which is stationary in the laboratory-fixed system in the absence of an external
field, so that only the time-averaged magnetic moment

A+ XY

- ) = (A425 ) g —— 10.8
() = pocos(z.J) = (A+2X ) g D (10.8)

along J survives. In an external magnetic field, 2, is no longer stationary but pre-
cesses around the direction of the field B (Fig. 10.1). Now, the time-averaged com-
ponent

(A+25)(A+Z)M
JU+1)

et = {ps)cos(J,B) = (10.9)
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Fig. 10.2 Zeeman splitting of rotational levels. a) For a 'IT state
[Hund’s case (a)), b) for a 211 state [Hund’s case (b)], c) for a 3¢
state [10.2].

remains as the effective magnetic moment of a rotating molecule in an external mag-
netic field, where M/ is the projection of J onto the direction of the field B. Note the
strong dependency of the effective magnetic moment on J'!

The energy of a Zeeman level is then

E(J,B) =Ey+ pesi- B, (10.10)

where Ej is the energy for B = (. With increasing rotational quantum number J, the
Zeeman splitting of the rotational levels decreases rapidly. The total splitting

AE =E(BM=J)—E(BM=—J)
(A+25)(A+X)

B 10.11
J+1 ( )

=2

decreases as (J + 1)~' (Fig. 10.2a).

In Hund’s coupling case (b), the electronic orbital angular momentum L couples
to the molecular axis, but the electron spin S couples to the rotation axis (Fig. 10.3).
The time-averaged projection of the magnetic moment onto the direction of the total
angular momentum is then composed of the contributions

po=Aps and ps=2[S(S+1)]" 1. (10.12)
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Fig. 10.3 Coupling of a} angular momenta and b) magnetic mo-
ments in Hund's coupling case (b).

The projection onto the direction of J is then

(1) = Apgcos(z,K) cos(K,J) +24/S(S+ 1) g cos(S,J) . (10.13)

In the external magnetic field, J precesses around the direction of B, and thus we
obtain for the time-averaged effective magnetic moment

_ | A%cos(K,J) S M
Ueff = [—m +24/8(S+1)co (S,J):| _———\/J(-’—‘Fl)%’ (10.14)

where we have used cos(z,K) = A/ [K(K + 1)]'/2 and cos(J,B) = M/ [J(J + 1)]"/2.

The 28 + 1 possible orientations of the spin with respect to K entail 25 + | different
values of cos(S,/). Hence, we obtain 2§ + 1 groups of Zeeman components, each of
which contains (2J + 1) equidistant Zeeman levels with energies

E=Ey+ pesB,

the spacing of which decreases rapidly with increasing J (Fig. 10.2b).
For large values of K, the first term in Eq. (10.14) is small compared with the
second term so that the total splitting

2J+1 B
NED

~4[S(S+1))""* 1B

AE = pioir(M) — pese(—M) = 2[S(S + 1)] 2

is essentially determined by S and is independent of J (Fig. 10.2b).
If the magnetic field is strong enough so that the coupling of ;2 with the mag-
netic field is stronger than the mutual coupling of the magnetic moments (i.e., that the
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Fig. 10.4 Independent precession of K and S in the Paschen—
Back effect.

Zeeman splitting becomes larger than the multiplet splitting), S and K couple inde-
pendently with B (Paschen—-Back effect) and

A% g
leff = ——=——=="CO08(K,B) +24/S(S+ 1)ugcos(S,B) . 10.15
Helt = ) (K,B) +21/S(S+ 1)uscos(S,B) (10.15)
With cos(K,B) = Mx//K(K + 1) and cos(S,B) = Ms/+/S(S+ 1), Eq. (10.15) be-
comes
AZMy
== 2M g . 0.1

The first term corresponds to Eq. (10.9) for X' = 0 and J = K. The contribution
from the first term decreases rapidly with increasing quantum number K, until the
splitting into spin components dominates. For L states with A = 0, the first term
vanishes. As the coupling of S with J is weaker than the coupling of § with B even
for small field strengths, the Paschen—Back effect occurs for relatively weak external
fields (Fig. 10.4). This is the case, for example, for the 3E state (Fig. 10.2c), where the
molecular rotation creates only a small splitting of the three spin components with a
spacing independent of .J.

In an electronic transition from a lower level with Zeeman splitting to an excited
level without magnetic moment (e.g., 'E « 'TI), the splitting of the lines essentially
corresponds to that of the lower level. The selection rules are AM = 0,+1. The
polarization of the lines can contain components parallel or perpendicular to the mag-
netic field. As the transition moment is perpendicular to the molecular axis for Q
transitions, but along the molecular axis for P and R transitions, the polarization for
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Fig. 10.5 Zeeman splittings of the lowest rotational lines from

a 'T « ' transition with indication of the corresponding po-
larization. The portion above the horizontal line corresponds to
parallel, the portion below the line corresponds to perpendicular
polarization with respect to the magnetic field [10.2).

transitions with different AJ is also different (Fig. 10.5). If both states display different
Zeeman splittings, the frequency difference of the transitions with AM = 0, 1 can be
used to determine the individual splittings (Fig. 10.6).

Diamagnetic nonrotating molecules possess no permanent magnetic moment.
However, molecular rotation can create a minute magnetic moment

o< pnd (10.17a)

even in ' states, where puy = (e/2my )k is the nuclear magneton. The nuclear mag-
neton is smaller than the Bohr magneton of the electron shell by a factor (m,/m,) =
1/1836 [10.3].

The origin of this moment can be visualized as follows.

If, in a homonuclear diatomic molecule with rotational angular momentum J, only
the nuclei with charges Ze, mass numbers A, zero nuclear spins, and internuclear
distance R were to rotate at a frequency v, a magnetic moment py, = jt; would follow
from classical electrodynamics,

R 2
= IF = 2Zeum (§> , (10.17b)

where I = 2Zev is the electric current due to the circular motion of the charged nuclei
moving periodically with frequency v on a circle with area F = ®(R/2)%. As the
classical angular momentum of the two nuclei with reduced mass mim; / (my +my) =
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Fig. 10.6 Absorption transitions between two levels with differ-
ent Zeeman splittings, here the Q (1) line of a 'TT — 'Z transi-
tion.

%mnuc is [J| = %mnuch = %mnucR2w = tmn,R?v, giving v = |J| / (imuu R?), we
obtain by inserting v into Eq. (10.17b)

z
¢ J

= 10.17
2Mpyc ( €

12

With the nuclear magneton py = ﬁh (mp = proton mass), we finally obtain for the

nuclear contribution to the magnetic moment of the rotating molecule

z
(1) e = i /12, (10.17d)

with the mass number A = myyc /mp.

As the negatively charged electron shell is rotating together with the nuclear frame-
work, an opposite electric current arises. However, the electronic charge is distributed
over a range of distances so that this opposing electric current can only partially com-
pensate for the current due to the rotating nuclei, and a contribution to the magnetic
moment proportional to J survives.

The energy of the Zeeman components is then

E(B) = Eo— (1) - B = Eo — gsinMB , (10.18)

where Ej denotes the energy for B = 0, M, is the quantum number of the projection of
J onto the field direction ranging from M = —J to M = +J, and g, is a measure of the
compensation. Hence, each level splits into 2J 4 | equidistant Zeeman components.
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Fig. 10.7 Zeeman splitting for a diamagnetic molecule ina 'T
state without hyperfine structure.

The spacing AE = g;unB between two adjacent Zeeman components does not de-
pend on J (Fig. 10.7).

Microwave transitions between the Zeeman components of two adjacent rotational
levels must satisfy the selection rules AJ = 1; AM = 0 (linear polarized wave with the
E vector parallel to the magnetic field B) or AJ = 1; AM = +1 (circularly polarized
transitions).

In nonrotating diamagnetic molecules (e.g., in solids) only the induced magnetic
moments ping = OB are left. It is important to note that the magnetic polarizability /3
is, in general, anisotropic, that is, 5 is a tensor. The induced magnetic moment there-
fore depends on the molecule’s orientation in the magnetic field. As the magnetic
moments induced by practicable magnetic fields are very small compared to the per-
manent moments of paramagnetic molecules, they are only relevant in solids, where
the density of molecules is large.

If the atomic nuclei also possess spins and hence magnetic moments, a hyperfine
structure arises due to the interaction between the nuclear and the electronic magnetic
moments. For molecules with a nonzero resulting electron spin, the Fermi contact
interaction between electron and nuclear spin gives the major contribution, provided
the electron density at the nuclei is nonzero. The interaction energy for a nuclear spin
I of the kth nucleus and an electron spin 8; of the ith electron is

EhszcZZIksia("'i_"'k) . (10.19)
ki
The constant
A= 8n (10.20)

3 8elBEnuc N
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Fig. 10.8 Zeeman splitting of hyperfine components if the Zee-
man splitting is a) small compared to the hyperfine splitting, and
b) larger than the hyperfine splitting.

is called the Fermi contact constant. If we introduce the total spins
SzZsi and IIZIk and G=S+1,

the hyperfine interaction for an isotropic electron spin density can be written, using
I-8=(1/2)(G*-I*>-5?), as

Ehf:’f‘z—"[o(GJr1)—1(1+1)—s(s+1)]. (10.21)

In an external magnetic field, the hyperfine components are split. The exact structure
of the splitting depends on whether the hyperfine splitting is larger or smaller than the
Zeeman splitting. For sufficiently weak magnetic fields, it is large compared with the
Zeeman splitting, and the coupling of the internal angular momenta remains intact. If
we introduce the total angular momentum

F=G+R=S+I+R

as vectorial sum of electron spin S, nuclear spin I, and rotational angular momen-
tum R, each hyperfine level splits into (2F + 1) equidistant Zeeman components
(Fig. 10.8a).

For stronger magnetic fields, the coupling between nuclear and electron spins be-
comes weaker than the coupling of both with the magnetic field. In this case, electron
spin and nuclear spin couple independently with the magnetic field. As the magnetic
moment of the electron spin is larger than that of the nuclear spins by three orders
of magnitude, the Zeeman splitting is first into 25 + 1 components M, of the elec-
tron spin, and each of these components displays a substructure of 2/ + 1 components
(Fig. 10.8b).

In the transient regime between these two limiting cases, the structure of the Zee-
man levels is more complicated.
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10.3
Spin-Orbit Coupling and External Magnetic Fields

While a singlet state of a nonlinear molecule is not influenced by an external magnetic
field B (except for potential minute nuclear spin effects), the terms of a triplet state
are split and experience a Zeeman shift proportional to B due to the interaction of the
electron spin moment with the magnetic field. If two rotational levels with the same J
in a singlet and a triplet state with an energy separation AE interact due to spin—orbit
coupling, the magnetic field influences the energetic spacing AE(B) between these
two levels (Fig. 10.9) and hence the strength of the perturbation, that is, the degree of
mixing of the states.

This will be illustrated for the CS; molecule. Here, an optical excitation occurs
from the 'T ground state of the linear molecule into a rotational level of the bent
IB, excited state (Fig. 10.10). This state interacts through spin—orbit coupling with
a 3B, state. In the absence of an external magnetic field (B = 0), only the singlet
state is excited because the transition from the 'T ground state into the triplet state
is forbidden. With increasing magnetic field strength, the coupling between the two
states also increases, that is, the triplet state acquires an increasing contribution from
the singlet state, which increases the transition probability. Figure 10.11 shows that the
intensity of the split Zeeman components in the triplet state increases with increasing
B and that these components are shifted towards the singlet transition. Simultaneously,
the singlet state acquires an admixture of triplet eigenfunctions and thus also a Zeeman
splitting [10.6].

Triplet

N=2
J=1

with interaction

Singlet  N\_  Ttveee.
J=N=1 -

without
~~ interaction

0 0.1 0.2 Tesla

Fig. 10.9 Zeeman splitting of two rotational levels in a singlet
and a triplet state interacting through spin—orbit coupling.
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Fig. 10.10 Section from the potential curve diagram of the CS; molecule.
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Fig. 10.11 Zeeman splitting of absorption lines of CS; lead-
ing from the ground state to rotational levels of the 'B, and
3B, states interacting through spin—orbit coupling for different
strengths of the external magnetic field [10.4).
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Fig. 10.12 Lifetimes of singlet and triplet levels as a functions of
the magnetic field strength [10.5].

From the field-dependent splittings and shifts of the two Zeeman structures, the
magnetic moment of the triplet state and the strength of the spin—orbit coupling can
be deduced.

Above an excitation energy E., the maximum of the potential curve Epo(cr) of
the 'B, ('A,) state in Fig. 10.10, located at a linear structure with o = 180° (in this
linear arrangement, the state is 'A, with A = 2), is exceeded. During bending vibra-
tions across the potential barrier, an electronic orbital moment can then arise, which is
quenched in the bent conformation. This effect leads to an increase of the total mag-
netic moment and hence to a larger Zeeman splitting as confirmed by experiments.

As the spontaneous lifetime of the triplet state is much larger than that of the singlet
state, any mixing between the states extends the lifetime of the singlet state and short-
ens the lifetime of the triplet state. The magnetic field increases the coupling between
both states and thus an increase of the magnetic field strength will lead to a shorter
lifetime 7 of the triplet state and a larger lifetime of the singlet state (Fig. 10.12).
Measurement of the dependency 7(B) allows a highly accurate determination of the
mixing coefficients of the wavefunctions of the coupled states.

This shows that the measurements of the Zeeman splitting can provide detailed
information on the excited molecule, its potential surface, and the coupling between
different states.
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Molecules in Electric Fields: The Stark Effect

Molecules possess an electric dipole moment if the centers of charge for the positive
charges of the nuclear framework and the negative charges of the electron shell do
not coincide. Table 10.2 lists the dipole moments of some polar molecules. Anal-
ogously to molecules with magnetic moments in magnetic fields, molecules with
electric dipole moments experience splittings and shifts of their levels in electric
fields. [10.7].

Molecules with a center of inversion or with more than one C,, axis with n > 2 (see
Sect. 5.1) cannot possess an electric dipole moment for symmetry reasons; they are
called nonpolar. This is the case for all homonuclear diatomic molecules such as Hj,
N3, Oy, but also for CH4 or CCly.

In an external electric field E, both in polar and nonpolar molecules induced mo-
ments

pog = —aE (10.22)

emerge. The electric polarizability « is a measure for the ease with which the neg-
atively charged electron cloud can be shifted with respect to the positively charged
nuclear framework. In polar molecules, the total dipole moment is the vector sum of
the permanent and the induced moment. Like the magnetic polarizability 3, the elec-
tric « is also a tensor, because the induced moment depends on the orientation of the
electric field ‘E with respect to the molecular axis. For example, the polarizability of
CO along the molecular axis is three times as large as that perpendicular to it.
The energy of an electric dipole in an electric field is

E=-pE, (10.23)
which means that for induced dipole moments, the energy
E=alE] (10.24)

in the electric field increases as E2.

Tab. 10.2 Permanent electric dipole moments of some molecules®.

Diatomic molecules Polyatomic molecules

Molecule et/ 10730 Asm Molecule e /10730 Asm
CcO 0.37 CgHg 0.0

BF 1.67 N0 0.54
HF 6.00 NO; 1.05
AgCl 19.0 H,S 324
NaCl 300 H,O 6.18
BaS 354 C2H202 16.01

1 Debye (D) = 3.336 x 107 Asm.
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Heff

Fig. 10.13 Derivation of the effective electric dipole moment in
an external electric field.

In polar molecules with axial symmetry, the permanent dipole moment must be
oriented along the molecular axis. During a rotation of the molecule, all components
perpendicular to the rotation axis are averaged to zero, and averaged over time only
the component

uK
VI +1)
along the rotational axis J survives, where K is the component of .J along the molec-
ular axis (Fig. 10.13).

In an electric field, J precesses around the direction of the field, so that only the
component

<u§'> = |ulcos(J,2) =

KM

el
= o (10.25)

ek = (') cos(J. £)
survives. According to Eq. (10.23), the first-order Stark shift, that is, the shift of the
energy of a level due to the electric field, is then given by

KMEp!

(1) KMEp
AE EDR

(10.26)
For a linear molecule in a 'Z state (i.e., 4 = 0 and S = 0), the total angular momen-
tum is perpendicular to the molecular symmetry axis, that is, the projection quantum
number is K = 0 and therefore E(!) = 0. Hence, these states show no first-order Stark
effect!

However, there is also a second-order effect, as can easily be understood. The
energy of a dipole in an electric field depends on its orientation. If it is aligned with
the electric field, its energy is, according to Eq. (10.23), lower by an amount 2uE
than if it is opposed to it. Thus, the molecule will not rotate uniformly around an axis
perpendicular to the dipole moment, but will rather spend a larger fraction of its time
in the energetically favorable orientation where it rotates slower. This fraction is given



10.4 Molecules in Electric Fields: The Stark Effect | 341

- -
J E=0 Ef0 M
V3 et 0
SB" 2 _lﬁ:::::: 21
 §
4B T 2
- 0
BT 1 [ Il A
T 1
1 1 A
V| V12
0 - o— 0
Vi V2 V3 vy V11Vi2 Y

Fig. 10.14 Second-order Stark splitting of rotational levels in
states with K = 0.

by the ratio
u-E

rot

R o< (10.27)

of electrostatic energy and rotational energy Eoy = hcBJ(J + 1). For molecules with
a permanent dipole moment, the shifts of the molecular energy levels in the field can
be calculated as

AE@ o |,u—f|2_ (10.28)
heBI(J+1) '
The shift is proportional to the square of the electric field strength and to the square of
the dipole moment (second-order Stark effect) and is always positive. Thus, the Stark
shift depends only on the magnitude of the projection quantum number M, not on its
sign (Fig. 10.14).
A quantum-mechanical treatment using a second-order perturbational calculation
[10.1] yields, instead of Eq. (10.28),

p2E? J(J+1)-3M?
2heBy, J(J+1)(27 —1)(27+3)

EY =Eo+ (10.29)
Each rotational level with rotational quantum number J is split into (J + 1) Stark
components because M runs from —J to +J and M? can assume J + 1 different values.

For molecular states with K # 0 (e.g., linear molecules with electronic angular
momentum L, where K = A, or bent symmetric top molecules), the first-order Stark
effect occurs. Of course, the rotation is in these cases also influenced by the electric
field, so that there is in addition also a second-order Stark effect.
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Hence, all molecular states with K # 0 show both first- and second-order Stark
effects, and the second-order effect is in general smaller than the first-order effect.
The quantum-mechanical calculation, which will not be given here, yields for the
energy of a Stark component (J, K, M) of a symmetric top molecule [10.1]

pKM)E 12 E? | (J2-K?) (2 —M3)

J(J+l)+ 2hB | J3(20 -1)(2] +1)
[(J+ 1D =K [(J+1)2—M?]
U+ + D)2 +3) |’

E(E)=Ey—
(10.30)

where Ej is the energy for £ = 0, the second term describes the first-order Start effect
and the third term describes the second-order Stark effect.

In asymmetric top molecules, the K-degeneracy is removed (see Sect. 6.2.3). Hen-
ce, they show only a second-order Stark effect. However, the calculation of the en-
ergies of their Stark components is not possible in closed form, but must be done
numerically.
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11
Van der Waals Molecules and Clusters

In recent years, the investigation of weakly bound systems, in which van der Waals in-
teractions rather than covalent chemical bonds cause cohesion, has progressed rapidly.
Such van der Waals bonds are dominant, for example, in compounds between atoms
with completely filled electron shells, because here no valence electrons are available
for an ordinary chemical bond. Examples of such van der Waals molecules (Fig. 11.1)
are rare-gas dimers such as Hej, Ne;, Arp, Krp or Xe,, halide-rare-gas compounds
such as XeCl or ArF, metal atom-rare-gas atom compounds such as NaAr, or com-
pounds of dipolar molecules with rare-gas atoms such as Ar—CO or Ar—HF. There
are also larger van der Waals molecules such as ammonia dimers, (NH3),, benzene
dimers, (CgHg )2, or compounds of organic molecules with rare-gas atoms such as
(CGH(,)AI'.

As discussed in Sect. 3.7.2, the van der Waals bond arises from the interaction be-
tween two induced dipole moments in neutral atoms or groups (Fig. 3.21). In other
words, it is a dispersion interaction, which is much weaker than chemical bonds and
also weaker than hydrogen bonds. A van der Waals bond is characterized by a po-
tential curve with a shallow minimum which can accommodate only a few vibrational
levels (Fig. 11.2). The restoring forces are weak, and the vibrational energy is small.

Waals bond

c) _.-.--.V.ap_qe.r _______
Waals bond
NH3 NH3

Fig. 11.1 Examples of van der Waals molecules. a) Ar;,
b) HF—Ar, ¢) (NH3);.

Molecular Physics. Theoretical Principles and Experimental Methods. Wolfgang Demtréder.
Copyright ©2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40566-6
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Fig. 11.2 a) Typical potential of a van der Waals bond with only
a few vibrational levels; b) potential curve of the He; molecule.

The bond can easily be broken by sufficient vibrational excitation, and many van der
Waals molecules are therefore only stable at sufficiently low temperatures. For exam-
ple, the depth of the potential minimum for the He; molecule is only about 1 meV. The
lowest vibrational level v = 0 lies at Eyjp (v = 0) = 0.9999 meV, so that an additional
energy of only 107 eV can already lead to dissociation [11.1].

In larger van der Waals molecules, the vibrational excitation of a strongly bound
part of the molecule can be transferred to the van der Waals bond by vibrational
coupling, leading to dissociation of the molecule. An example is the van der Waals
molecule I;He (Fig. 11.3), where an excitation of the v = 1 vibrational level of the I,
vibration leads to dissociation by coupling with the van der Waals bond [11.3]. The
investigation of van der Waals molecules and their dissociation channels thus provides

insight into the strengths of the couplings between the different vibrational modes in
polyatomic molecules.

}E He
R

I potential T

LT

T, Predissociation

van der Waals potential

R

ig. 11.3 Predissociation of a van der Waals molecules M—A by
ibrational excitation of M for the example of the I,He complex.
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Fig. 11.4 a) Rare-gas cluster Arjgs; b) fullerene Cgp.

Certain types of clusters are in some ways related to van der Waals molecules. They
are more or less strongly bound systems, depending on the type of cluster, consisting
of N atoms or molecules, where the number N can be as low as three or as high as
several thousand. The weakly bound van der Waals clusters consist of rare-gas atoms
or, in general, of atoms with closed electron shells (Fig. 11.4a), whereas metal clusters
consisting of metal atoms are more strongly bound. Silicon or carbon clusters such as
Ceo (Fig. 11.4b) are particularly stable due to the strong covalent bonding between the
atoms.

Clusters are intermediate between individual isolated molecules or van der Waals
complexes and liquid droplets or solid microparticles. It is therefore highly interesting
to investigate how their properties such as bond energies, melting temperature, ioniza-
tion potential, or the geometrical arrangement of the atoms approach with increasing
N the corresponding bulk properties of liquid or solid bodies.

The number of publications on clusters has increased enormously in recent years
[11.3-11.7] because a number of experimental techniques for the generation and in-
vestigation of clusters have been developed, and the accuracy of theoretical methods
for numerical calculation of cluster properties has been improved significantly. Nowa-
days, cluster physics is a firmly established branch of molecular physics.

11.1
Van der Waals Molecules

To give us an idea of bond energies in van der Waals molecules, Table 11.1 lists some
examples and compares them to the CO molecule with its strong covalent chemical
bond. We see from the table that the bond energies in van der Waals molecules are
lower than in ordinary molecules by about two orders of magnitude. Correspond-
ingly, the distances R between atoms or groups bonded by van der Waals forces are
significantly larger.

345



346

11 Van der Waals Molecules and Clusters

Tab. 11.1 Comparison of bond energies for van der Waals bonding, hydrogen bond-
ing, and covalent bonding.

Molecule Bond type De/cm™! D/ eV R/ A
He; van der Waals 7.6 9x 1074 3.0
Ne; van der Waals 30 3.6x1073 3.1
ArCO van der Waals 110 1.4 %1072 33
(NH3)» van der Waals & 1000 0.12 34
hydrogen bond
(H,0), hydrogen bond 1900 0.24 3.0
CO covalent 90500 11.2 1.1

The weakest bond is found for the He, molecule with a depth of the potential
minimum of only —D. = —1meV, just enough to accommodate the ground-state vi-
brational level with a zero-point energy of 0.9999 meV. Thus, its bond energy is only
Do = 1.1 x 1077 ¢V, and the mean distance between the two helium atoms [11.1] is
(R) = 50A!

In the molecular orbital diagram (Fig. 11.5), the four electrons of He; can be dis-
tributed over the two 6, and G, orbitals, which means that the bonding effect of the
two O, electrons is almost compensated by the two G, electrons. If, however, a o,
electron is removed by excitation or ionization, the bonding contribution of the o,
electrons prevails. Therefore, the bond energy of HegL of 2.5¢V is larger than that of
neutral He; by more than three orders of magnitude.

Hence, van der Waals molecules can have larger bond energies in excited electronic
states than in the ground state. For example, Fig. 11.6 shows the potential curve of
the NaKr molecule, which has a bond energy of 70cm~! = 8.8 meV in the %L ground
state, but of 790cm™! =99 meV in the excited XTI, /2 State [11.8].

If a rare-gas atom is bound to a diatomic molecule by van der Waals interactions
(Fig. 11.7), the van der Waals potential depends on the distances R and r and the angle
0 against the molecular axis.

The van der Waals molecule CO—Ar has been studied particularly thoroughly
[11.9]. Here, the coupling between Ar and CO is several orders of magnitude weaker
than that between C and O. Hence, the lines in the infrared absorption spectrum are
shifted only slightly with respect to those of the free CO molecule. From the lines

+

Hez

Fig. 11.5 Molecular orbital diagram of He, and He; .
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Fig. 11.6 Adiabatic potential curves for the 2Z ground and the
A2 excited state of the NaKr van der Waals molecule [11.8].

Fig. 11.7 a) Schematic representation of a van der Waals com-
plex consisting of an atom and a diatomic molecule. b) CO—-Ar
in the vibrational ground state.

of many rotational transitions, the rotational and vibrational constants of the CO—-Ar
molecule can be determined, and hence its potential surface (Fig. 11.8) and its struc-
ture (Fig. 11.7) can be obtained. In the vibrational ground state, the minimum of
the potential curve is at R(CO-Ar) = 3.3A and an angle § = 90°. The depth of
the potential minimum is D, = 130cm~!. The CO-Ar bond energy is therefore
Dy = D — Eyip(v = 0), that is, it equals the depth of the potential minimum minus
the zero-point vibrational energy. There is a second minimum for a linear structure
that can only be reached in vibrationally excited states, because it is separated from
the global minimum at 90° by a potential barrier.
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Fig. 11.8 Contour line diagram of the potential surface of
CO-Ar in the vibrational ground state in cm~! [11.9].

If the vibrational level v = 1 of CO is excited, its energy is far beyond the dis-
sociation energy of the van der Waals bond. Hence, this state predissociates by cou-
pling with the van der Waals vibrational mode, in which CO oscillates against Ar
(Fig. 11.7). From the measured narrow linewidth it can be deduced that this coupling
is very weak for CO—Ar so that sharp lines are obtained despite the predissociation.
If the spectral resolution is sufficiently high, the radiationless lifetime of the excited
level can be determined, and the coupling strength between the C=0 and the van
der Waals vibration can be deduced. In Fig. 11.9, measured linewidths are plotted
against the depth of the potential minimum for some van der Waals complexes. We
see that the coupling between the intramolecular vibration and the intermolecular
van der Waals vibration becomes stronger as the depth of the potential minimum in-
creases [11.10].

Because of the weak bond, van der Waals molecules often exhibit nonrigid struc-
tures, that is, they can alter their nuclear framework periodically by passing over
shallow potential barriers or by tunneling through them. There exist several isomers
with slightly different ground-state energies corresponding to the diverse minima on
the potential surface. For example, in the NH3 dimer vibrational excitation can in-
duce a mutual rotation of the two NHj units around the axis of the van der Waals
bond.

As the potential of the van der Waals bond is very shallow, the restoring forces
acting against a change in the bond length are very small. Hence, vibrational am-
plitudes are large and vibrational frequencies are small. Because of the large mean
internuclear distance, the moments of inertia are large, and rotational constants are
correspondingly small. Hence, a high spectral resolution and low temperatures are



11.1 Van der Waals Molecules
10 T I | | I
8L HF-HCN o ~ ‘ _
”
r'd
N HPv, o
I 6 e -  HF-ON, -
'
E . R4 (bent)
HF-co .~ _°
é sl ~ -7 HF-COy ]
P
c s
— rd
HF-H, _ “ HF NH o
2 . 22(\ 2 (HF)av4 7]
-7 HF-N,0
0 e | (linear) ( . i \
0 500 1000 1500 2000 2500 3000

Van der Waals bond energy / cm’’

Fig. 11.9 Measured linewidths of absorption transitions into pre-
dissociating leveis of some van der Waals complexes as a func-
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needed to resolve the closely spaced rotational lines and to populate only a few lev-
els.

The question as to whether the (O2), (oxygen dimer) molecule possesses a lin-
ear, bent, or rectangular structure remained a matter of debate for a long time. Only
recently, rotationally resolved spectra showed that the rectangular structure in Fig.
11.10a) has the largest binding energy [11.11]. Upon vibrational excitation, the dimer
can be transformed into another structure. In contrast, the (OCS); molecule possesses
a trapezoidal structure with Dy, symmetry, in which the two linear OCS molecules are
oriented antiparallel and are shifted with respect to each other (Fig. 11.10b).

0, S c 0

C—© OO0

E Van der ; E C; E
14— Waals —» RN I

! bond
0, o) c S

(a) (b)

Fig. 11.10 a) Structure of the (O;), molecule in the ground state
and b) structure of the (OCS)>» molecuie.
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11.2
Clusters

If we want to know how and why the properties of clusters approach the characteristic
properties of liquid droplets or microcrystals with increasing number N of constituents
(atoms or molecules), and for which size of N this transition occurs, we must start by
elucidating the differences between clusters and (solid or liquid) bulk matter.

As some cluster properties are caused by surface effects, we will first determine the
important parameter N/ N, the fraction of surface atoms in a cluster. For sufficiently
large N, the cluster can be considered a sphere of radius R consisting of N spherical
atoms with radius r. With these assumptions, we obtain for a close packing R =~ 0.9v/N
with the volume filling factor f, = N(4n/3)r*/(4n/3)R> = Nr*/R® = 0.9° = 0.74,

R\3
NP =074R> = N=0.74 (7> : (11.1)
For the surface S of the cluster, which is assumed to be spherical, containing Ns atoms

with cross-sections 7r2, we obtain with the coverage factor f; = Ny(nr?)/(nR?) ~
0.78,

2
N2 =0.78 x4nR?* = N, =4x0.78 (1;) : (11.2)

Division of Eq. (11.2) by Eq. (11.1) yields

N (T ~1/3
ﬁ~4(5)«1v , (11.3)
because N «< R3. Whereas for small clusters, the number N; of surface atoms con-
stitutes a large fraction of all N atoms, the ratio Ny /N decreases for larger clusters
proportional to N~!/3 (Table 11.2).

Above a critical cluster size N, a fixed structure for the cluster is established, and
at sufficiently low temperatures the cluster cannot change its general structure if new
atoms are added.

Tab. 11.2 Ratio N;/N and radius R of a spherical cluster of identical atoms with
radius r = 2.2A.

N R/A N;/N

10 - 1

102 10.3 08

10° 22 0.4

104 48 0.23

10° 100 0.08

10'0 4800 23x1073

1020 107 1076
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Fig. 11.11 Melting temperatures of gold clusters (Au)y as a
function of N [11.12].

If the temperature rises, clusters can also exhibit phase transitions from the solid
to the liquid state. However, the melting temperature depends on cluster size, and
approaches its bulk value only for very large clusters (Fig. 11.11). This effect is also
connected with the ratio N, /N, because the surface tension and hence the intrinsic
pressure of the cluster decrease with decreasing N, /N (i.e., increasing cluster radius
R).

Clusters can be categorized in several ways. First, they can be classified as atomic
or molecular clusters according to the type of their constituents. A second attribute is
their size, that is, the number N of atoms or molecules in the cluster. The following
scheme may serve as an approximate categorization:

(a) microclusters with N = 2 to = 10-13. Here, all atoms are surface atoms, and the
properties of these clusters can frequently be described by molecular models,
particularly for nonmetallic clusters;

(b) small clusters with N = 10-13 up to about N = 100. Here, many isomers exist
and molecular models are not adequate;

(c) large clusters with N = 100 up to N = 1000. Here, a beginning transition to
bulk properties can already be observed for some cluster properties;

(d) small droplets or microcrystals with N > 10°. Many, but not all properties of
liquids or solids are already distinct.
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Using the type of bonding within the cluster as a characteristic, clusters can be
categorized as

(a) metal clusters with metallic bonding, such as alkali metal clusters, mercury clus-
ters or gold clusters;

(b) van der Waals clusters such as rare-gas clusters;

{c) clusters with hydrogen bonding such as water or ammonia clusters, which form
a special subgroup of molecular clusters;

(d) molecular clusters such as (SiO)y or (CO)y;

(e) clusters with covalent bonds such as (Si)y or Cy.

However, such a categorization is not always unambiguous. Frequently, a transition
from one bonding type to another is encountered for a specific type of cluster. For
example, Hgy clusters display van der Waals bonding for small values of N, but show
a gradual transition to metallic bonding for larger N.

The dependence of the melting temperature (Fig. 11.11) and the progression of the
liquid—solid phase transition on cluster size is an interesting and much investigated
question. For some clusters, a transition from the solid to the liquid phase can be
observed at a fixed temperature for increasing N.

In the following, we will discuss some types of clusters in more detail.

11.2.4
Alkali Metal Clusters

Alkali metal clusters can be considered prototypes of metallic clusters with one va-
lence electron per cluster atom. With increasing cluster size, the bonding changes from
covalent to metallic, where the valence electrons cannot be allocated to specific atoms
but resemble an electron gas confined to the cluster volume. In the so-called Jellium
model [11.7], this volume is filled uniformly with the positive charges of the nuclei and
the negative charges of the electrons. This leads to the problem, well-known in quan-
tum mechanics, of optimizing the arrangement of fermions in a three-dimensional,
spherically symmetric potential well. There are discrete energy levels, which accord-
ing to the Pauli principle can be occupied by a certain maximum number of electrons.
This number depends, as in the case of the hydrogen atom, on the principal quantum
number n and the allowed angular momentum states of the electrons. If we order the
electrons according to their energies, a shell structure analogous to that in atoms is ob-
tained. States with the same » but different values of the angular momentum quantum
number / have very similar energies. All electrons in such states with identical n form
a shell.
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Fig. 11.12 Frequency distribution of (Na)y clusters, measured
as (Na)y, distribution in a mass spectrometer after electron im-
pact ionization.

The observed abundance distribution of Nay clusters as a function of N (Fig. 11.12)
displays maximaat N = 2, 8, 20, 40, 58, ... .. These numbers correspond to the electron
occupation numbers of the levels in a three-dimensional, slightly anharmonic potential
(Fig. 11.13). According to this model, the stability of metallic clusters is determined
less by the geometrical arrangement of the atoms and more by the arrangement of the
electrons, clusters with completely filled shells being the most stable.

The measured dissociation and ionization energies of alkali metal clusters (Fig.
11.14) show the same shell structure. For large N, the ionization energies approach
the electronic work function for solid sodium.

The small alkali metal clusters Lis and Naz have been investigated very thor-
oughly [11.13], and the rotational structure and even the hyperfine structure could
be resolved using Doppler-free spectroscopy (see Sect. 12.4.7). From symmetry argu-
ments, an equilateral triangle with D3, symmetry would be expected for the structures
of these trimers. It turns out, however, that the electronic state for this configuration
would be degenerate. Therefore, the Jahn-Teller effect (see Sect. 9.3.6) has the con-
sequence that each vibration of lower symmetry (such as the antisymmetric stretching
vibration or the bending vibration) leads to a splitting of the electronic potential sur-
face into two potential sheets, where the lower surface possesses a minimum at a bond
angle of about 70° with a lower energy than the Dsj, configuration [11.14]. Figure 9.12
shows a contour line diagram for the ground state of Li3 as a function of the displace-
ments Q, and Q, from the D3y, configuration (@, = Q) = 0), and Fig. 9.11 displays
a cut through such a diagram. To first approximation, the potential surfaces can be
obtained from these curves by rotating them around the z axis. The intersection of the
curves corresponds to the conical intersection of the potential surfaces (D5}, symmetry
at Q, = Q, = 0) at which the degeneracy occurs.
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Fig. 11.13 Energy levels and their electronic occupation num-
bers in a harmonic and a slightly anharmonic three-dimensional
potential well as determined by self-consistent iteration based
on the Jellium model.

The combinations Q, £iQ) of the vibrations v, and v3 lead to a periodic motion of
the nuclei along the dotted curve in Fig. 9.11, called pseudorotation because it can be
represented by a synchronous rotation of all three nuclei around the three corners of
the equilateral triangle of the D3y, configuration (see Fig. 6.12). During this motion,
the structure of the Na; molecule changes periodically from an obtuse-angled to an
acute-angled triangle [11.16]. The potential surface exhibits minima at these two con-
figurations, which are separated by a potential barrier. Even if the kinetic energy of the
vibrational motion is lower than the barrier height, the system can still tunnel through
the barrier. The frequency of the pseudorotation in the vibrational ground state of Naj
is very small (about 1 MHz), but it increases rapidly with increasing vibrational energy
and it exceeds the spacing of the molecule’s rotational lines when the barrier height
is reached. In Lis, the barrier height is smaller, but the vibrational energy is larger
because of the smaller masses, so that the pseudorotation frequency is much larger
than the molecule’s rotational frequency even in the vibrational ground state [11.17].
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This example shows that even the small alkali metal clusters do not necessarily ex-
hibit fixed structures, but that the large-amplitude vibrations can alter their geometries
— despite the relatively large bond strength of the metallic bonds as compared to van
der Waals bonds. This is in sharp contrast to the situation in stable molecules, where
the vibrations occur around equilibrium positions, and the vibrational amplitudes are
small compared with internuclear distances.

11.2.2
Rare-gas Clusters

Rare-gas clusters are typical representatives of van der Waals clusters (Fig. 11.4a).
Due to their small bond energies, they are only stable at low temperatures. The struc-
tures of solid rare-gas crystals are determined by the close packing of the face-centered

355



356

11 Van der Waals Molecules and Clusters

Fig. 11.15 Structure of rare-gas clusters as a function of N. The
bond energy for the icosahedral structure possesses maxima for
the magic numbers Ny, = 13, 55, 147, 309, ... [11.18].

cubic structure. Electron diffraction studies have revealed, however, that small clus-
ters with N < 1000 prefer a regular icosahedral structure, which is energetically more
favorable. This structure possesses a fivefold symmetry axis, which cannot occur in
solids, and it leads to a spherical organization of the clusters with a shell structure.
The clusters are most stable for certain magic numbers Ny, for which a complete shell
is filled. For xenon clusters (Fig. 11.15), the numbers N, = 13, 55, 147, 309, ...
are magic. The mass distribution of xenon cluster ions shown in Fig. 11.16 displays
pronounced maxima at these magic numbers.

In contrast to metal clusters, it is not the occupation of the electronic levels but
the geometric arrangements of the atoms in shells that determines the stability of the
clusters. This result is comprehensible because the ionization energy of the rare-gas
atoms is very high, and thus the electrons remain at their respective nuclei and do not
form an electron gas as in metal clusters. At sufficiently low temperatures, larger “He
clusters exhibit superfluidity [11.20].
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11.2.3
Water Clusters

The investigation of water clusters (H2O)y is particularly interesting because it con-
tributes to our understanding of the formation and evaporation of water droplets in the
atmosphere and because it can help to elucidate the anomalous absorption and scat-
tering of sunlight by water droplets. Highly accurate ab initio calculations for small
water clusters arrived at the structures shown in Fig. 11.17, which agree well with
experimental results. For N in the range of three to five, the clusters form a planar
framework with only the hydrogen atoms protruding from the plane (Fig. 11.17b). It
turns out that the stability of the clusters is secured mainly by hydrogen bonds between
the individual water molecules. The potential surface exhibits many minima at differ-
ent structures, which are separated by small potential barriers though which the system
can easily tunnel. For example, the hydrogen atoms can tunnel through the molecular
plane during their vibrations and can thus form different isomers. Therefore, the water
clusters have no fixed structures but show dynamical behavior even at low tempera-
tures, corresponding to frequent structural transformations (or isomerizations). If the
tunneling time is shorter than the average measurement time, a time-averaged planar
structure is observed.

Detailed investigations of such cluster structures as a function of N can help to
verify model potentials and open up new paths to an improved understanding of the
structure of liquid water.
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Fig. 11.17 Structure of small (H,O)x clusters with hydrogen
bonds for N = 3, 4 and 5. The hydrogen atoms can tunnel
through the molecular plane and form different isomers [11.21].

For example, we can see from Raman spectra recorded with high spectral and
spatial resolution that the relative fraction of water momomers, dimers, and multimers
varies strongly between the surface and the bulk of liquid water. This is the reason,
for example, for the large surface tension of water.

11.2.4
Covalently Bonded Clusters

The building blocks of covalently bonded clusters are the tetravalent group-1V ele-
ments carbon, silicon and germanium. Whereas in macroscopic crystals, the covalent
bonding determines the crystal structure, where each of the four bonds is directed to-
wards the adjacent atom and is occupied by two electrons with opposite spins, the
surface atoms in a cluster have a pronounced effect on the arrangement of the atoms,
because they have free valences protruding out of the cluster surface that are not con-
nected to neighboring atoms (dangling bonds). These free valences can attract new
atoms while the cluster grows. The location of these new atoms at the cluster sur-
face determines its structure, which can change each time new atoms are added to the
growing cluster. If we start building a cluster from a tetrahedron with N = 4, we arrive
at a trigonal bipyramid for N = 7, and at an icosahedron for N = 13 (Fig. 11.18). If
we start from an octahedral cluster with N = 6, the next complete shell occurs for
N=14.

Carbon clusters Cy form linear structures for N < 6, whereas for N > 6 ring struc-
tures are energetically favored. The discovery of very stable carbon clusters for N = 60
and N = 70 with soccerball-like cage structures (Fig. 11.4b) has found worldwide in-
terest. Here, the carbon atoms form five- and six-membered rings that are all located
at the surface of the cage, the inside remaining void. For the discovery and character-
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ization of Cgg, R. Curl, H. W. Kroto and W. Smalley were awarded the 1996 Nobel
prize for chemistry [11.23]. These carbon clusters are also called fullerenes after the
American architect and engineer Richard Buckminster Fuller (1895-1983) because
they resemble his famous geodesic domes.

Related carbon clusters Cy with structures resembling tiny tubes have also been
discovered [11.24]. These large carbon clusters may serve as microtraps for smaller
atoms or molecules, which is one of the reasons why they have produced such an
overwhelming interest [11.4].

1.3
Generation of Clusters

There are several procedures to produce clusters. A frequently employed method
uses cold molecular beams (see Ch. 12). If rare-gas atoms effuse from a container
with a large rare-gas partial pressure into vacuum through a nozzle, a rapid adiabatic
cooling occurs so that the random kinetic energy of the atoms in the beam is almost
completely converted to directed kinetic energy %mu2 of atoms with mass m and beam
velocity u. During this process, the relative velocities of the atoms become very small,
that is, all atoms in the beam proceed with almost identical velocities following the
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Fig. 11.19 Formation of a molecule upon collision between two
atoms with relative energy Eyi,, which must be discarded with
the aid of a third collision partner.

expansion. This allows the formation of dimers, provided the small kinetic energy of
the relative motion is carried away by a third collision partner (Fig. 11.19). The dimer
thus formed can then combine with another atom, forming a trimer, etc. This process
can be continued as long as the collision frequency is sufficiently large, that is, as long
as the pressure in the beam is large enough. Therefore, the cluster formation rate can
be optimized by a suitable choice of pressure and nozzle diameter.

To generate metal clusters, an amount of the metal is introduced into the container
in addition to the rare gas and the contained is heated, so that the effusing beam con-
sists of rare-gas atoms with a certain percentage of metal atoms. The rare-gas atoms
act as collision partners, carrying away the relative kinetic energy upon a collision of
two metal atoms. With this method metal clusters with atom numbers from N = 2 up
to several thousand can be generated. The clusters are characterized by mass spec-
trometry after laser or electron-impact ionization [11.25].

Another method is based on the use of a supersaturated metal vapor in a rare-gas
atmosphere. If the temperature of such a mixture is lowered, condensation occurs,
and clusters with a size distribution depending on the particular experimental condi-
tions are generated [11.26]. For the generation of clusters consisting of elements with
high evaporation temperatures, a solid sample of the element is irradiated by an in-
tense laser beam, evaporating atoms from the sample, which are then mixed with a
rare gas at low pressure. The mixture of rare gas and evaporated atoms is then ex-
panded through a nozzle into vacuum, which causes it to cool adiabatically. Again,
condensation occurs, leading to clusters Ay with a size distribution depending on the
experimental conditions (pressure, temperature, and nozzle characteristics) [11.27].
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Experimental Techniques in Molecular Physics

In recent years, a number of experimental techniques for the investigation of molecules

have been

newly developed, and existing techniques have been improved and ex-

tended by new methods or instruments. This includes Fourier spectroscopy, laser spec-
troscopy with high spectral and temporal resolution, spectroscopy with synchrotron
radiation, electron spin resonance spectroscopy, electron and ion spectroscopy, and
the combination of different techniques such as the combination of mass spectrometry
and molecular beam techniques with laser-spectroscopic methods. The application of
these methods to the study of molecules has significantly enhanced our understanding
of their structure and dynamics.
These techniques can be grouped into three principal categories:

1. Spectroscopic techniques

a)

b)

Radiation spectroscopy

In these methods, the absorption or emission of electromagnetic radiation
by molecules in the different spectral regions is studied. Measurement of
the frequencies of absorption or emission lines gives information on the
energies of molecular states (see Chapters 4 and 8). The line intensities
are a measure of the transition probabilities, and their measurement can
be used to test calculated wavefunctions of the states between which the
transitions occur. From the linewidths, the lifetimes of the involved states
can be determined. The splitting of the lines in external fields gives infor-
mation on electric or magnetic moments of the molecule and hence on the
coupling of the different angular momenta (see Ch. 10).

Particle spectroscopy

Energy and momentum of the electrons produced by the ionization of
molecules can be measured using electron spectrometers. They give in-
formation on the energy states of inner-shell electrons of the atoms in the
molecule, on correlation effects between the electrons in these shells, on
molecular Rydberg states, and on the ionic energy levels.

Molecular Physics. Theoretical Principles and Experimental Methods. Wolfgang Demtroder.
Copyright ©2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40566-6
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2. Measurement of integral and differential scattering cross-sections in collisions
between atoms or molecules
Such measurements enable the determination of interaction potentials between
the collision partners. In combination with laser-spectroscopic techniques, in-
dividual states of the collision partners can be selected, so that the dependence
of the interaction energy on the internal states of the collision partners can be
determined. Measurement of inelastic and reactive collision processes allows
the study of energy transfer processes and can give detailed information on the
primary processes in chemical reactions.

3. Measurements of macroscopic phenomena depending on molecular properties
Examples for this class are transport phenomena such as diffusion (mass trans-
port), thermal conduction (energy transport) and viscosity (momentum trans-
port) in molecular gases, which depend on the interactions between the mole-
cules.

Another example are the relations between thermodynamic quantities (pres-
sure p, volume V, and temperature T') in an isolated macroscopic amount of
an atomic or molecular gas, which depend on the type of particles in the gas
and their intermolecular potentials.

While categories 1) and 2) measure interactions between individual atoms or molecu-
les, that is, they are microscopic probes, the experiments of category 3) give average
values over large numbers of molecules.

Different methods often complement each other, providing different information
on the molecules studied. For example, scattering measurements at thermal energies
give information on the long-range part of the interaction potential between the colli-
sion partners (see Sect. 3.7), whereas the energies of the bound molecular levels ob-
tained from spectroscopic methods allow the determination of the potential for small
internuclear distances (see Sect. 3.6).

In this last chapter of the book, we will briefly present the most important of these
experimental techniques, and we will elucidate how the knowledge outlined in the pre-
vious chapters has been gained in an active interplay between theory and experiment.

1241
Microwave Spectroscopy

Using microwave spectroscopy, molecular transitions with wavelengths A between
0.03cm and 1 m (corresponding to the wavenumber range 30cm ™' > & > 0.01cm™!
or the frequency range 10'>Hz > v > 5 x 108 Hz) can be investigated. In this spectral
region, molecular rotational transitions |J') < |J”) with wavenumbers

p=2B,(J"+1)+... with J=J"+1 (12.1)

or transitions between hyperfine levels or closely spaced vibration—rotation levels of
different interacting electronic states can be observed.
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Fig. 12.1 Schematic representation of the experimental setup in
microwave absorption spectroscopy.

Examples

The rotational transition J' = 1 — J” = J = 0 in the ground state of CO with
Be. = 1.93cm™! occurs at ¥ = 3.8cm™' or ¥ = 114 GHz; the lowest transition
J'=3/2«— J=1/2in the L ground state of BeH with B, = 10.308 cm ™!
occurs at & = 30.924cm™! or v = 927 GHz, and the next-higher transition J' =
5/2 —J =3/2atv=1.5THz, in the PbS molecule, the frequency of the J' =
1 «— J = 0 transition is only ¥ = 6.36 GHz due to the small rotational constant
B. =0.106cm ™1,

Figure 12.1 shows the experimental setup for the measurement of microwave ab-
sorption in a molecular gas. Microwaves with a continuously (within a given range)
tunable frequency are generated in a klystron or carcinotron and are transmitted thro-
ugh the molecular sample with the aid of metallic waveguides of suitable dimensions.
The transmitted intensity Jy,n¢ is measured by a detector (bolometer or semiconductor
detector) and compared to the incident intensity Ip.

As discussed in Sect. 8.1, the thermal populations of the lower and upper levels of a
microwave transition are almost equal at room temperature, and the rate of absorption
is therefore only slightly larger than that of stimulated emission (Fig. 12.2), so that the
net absorption coefficient

a(v) = [Nl - (%) Nz] o(v) =Ny (i—f) o(v) (122)

is in general very small due to the small population difference and the small absorption
cross-section. It is therefore crucial to achieve long absorption paths and to develop
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Fig. 12.2 Absorption of an electromagnetic wave. a) Transmitted
intensity; b) level diagram.

methods to measure the difference

AE
Al = Iy — Iygans = 10(1 - e‘aL) ~ IpeL ~ I LN (ﬁ) o, (12.3)

which is generally small for AE < kT even for long absorption paths L, and it is often
smaller than the fluctuations in /.

A frequently used method for improving the sensitivity is based on frequency mod-
ulation

v = vn (1 +acos(2mft)) (12.4)
of the microwave frequency v, which means that the incident intensity
1(t) = Acos® [2muy (1 +acos(2nft))1] (12.5)

is modulated with a frequency f around the mean microwave frequency vy. The
maximum frequency deviation av is in general chosen to be small compared with
the linewidths of the absorption lines. The microwave frequency is measured us-
ing fast frequency counters or, for high frequencies, by superposition with a wave of
known frequency so that the frequency difference of both is in a range suitable for
frequency counters. To achieve the highest possible frequency stability, oscillators
and electronic control circuits are used to keep the frequency at a target value and
to compare it with a frequency standard, so that absolute frequencies may be deter-
mined.

If the modulated microwave frequency is tuned continuously over the range of an
absorption line, the absorption coefficient a(v) and hence the measured transmitted
intensity is also modulated correspondingly (Fig. 12.3).

If we expand liraps in a Taylor series around the mean frequency vm, we obtain

d"Iirans

dv?

ltrans(ll) = Itrans(llm) +ZC':—7 ( ) l/,':, COS"(?JEft) . (12.6)
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Fig. 12.3 Absorption of a frequency-modulated wave.

A phase-sensitive detector (lock-in) which detects only the signal at the frequency f,
measures the difference

AltranS(V) = Itrans(l/) - Ilrans(l/m) = Qlp (%) COS(ZKft) s (12.7)
Ym
which is proportional to the first derivative (dlyans/dv) at the frequency vm. With
Eq. (12.3), this is also proportional to the first derivative of the absorption coefficient
a(v), which is zero for the center frequency vy, of a line.

This detection technique offers the advantage that only intensity variations at the
frequency f are recorded as disturbing background noise, whereas all other frequency
contributions to the noise are suppressed. The modulation frequency f is chosen so
that the disturbing noise in this frequency range is minimized.

Instead of modulating the microwave frequency, the molecule’s absorption fre-
quency vy can also be modulated. This can be achieved, for example, by placing
the molecules in a modulated electric field created by a metallic plate at a potential
U = Uycos(27rft) at the center of the absorption cell and two grounded walls of the
cell (Fig. 12.1). The absorption frequencies are then shifted due to Stark shifts of
the molecular energy levels. Due to the Stark shift (see Sect. 10.4), the absorption
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Fig. 12.4 Explanation of the observed signals during Stark mod-
ulation.

lines are periodically shifted and split. The splitting into Stark components allows
an identification of the rotational quantum number J, thus facilitating the identifica-
tion of the absorption spectrum (Fig. 12.4). To achieve sufficiently large Stark shifts,
voltages of up to 20kV are used. More detailed accounts of experimental methods
in microwave spectroscopy and their importance in molecular physics can be found
in [6.5,12.1-12.3].

12.2
Infrared and Fourier Spectroscopy

Infrared spectroscopy comprises the spectral range 0.75um < A < 100um, in which
the vibration—rotation transitions in molecules occur (see Sect. 8.2). Absorption spec-
tra in this frequency range can be measured in two principal ways:

(a) A monochromatic radiation source with tunable wavelength can be used (e.g., a
semiconductor or difference-frequency laser or optical parametric oscillators),
and the transmitted intensity is measured as a function of the wavelength A. In
this case, the situation is analogous to microwave spectroscopy.

(b) A broadband radiation source (such as a Nernst glower or a high-pressure mer-
cury lamp) can be used that emits a continuous thermal radiation with an in-
tensity maximum depending on the temperature of the source; for example, for
T = 2000K the maximum is at A = 1.5mm. In this case, a monochromator is
needed to disperse the radiation.

In case a), the spectral resolution depends on the linewidth of the radiation source. If
this is smaller than the width of the absorption lines, the latter determines the spectral
resolution.
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Fig. 12.5 Comparison of absorption spectroscopy with a) a tun-
able laser and b) a thermal radiation source.

In case b), the spectral resolution is usually limited by the resolution of the mo-
nochromator. Only if interferometers are used (e.g., in Fourier spectroscopy) can the
linewidths of the absorption lines be resoived.

Figure 12.5 compares the experimental setups for cases a) and b). In case a) with
a tunable monochromatic radiation source, no monochromator is needed. The highly
collimated laser beam allows the use of multiple-reflection absorption cells, thus en-
larging the absorption path. If a rotating beam splitter is used in front of the absorption
cell that splits the laser beam into a probe beam passing through the absorption cell and
a reference beam, the difference of the two signals measured with a lock-in detector
at the chopping frequency f is

Iy—1,
0 ltrans —l—enqal, (12.8)
0

which allows the determination of the absorption coefficient a(v), largely eliminating
variations in the radiation source. If the linewidth of the laser is smaller than the
spectral width of the absorption lines, their line profiles can be measured.

Figure 12.5b shows a schematic representation of a typical infrared spectrometer
for case b). Again, a beam splitter is employed, which consists of a segmented mirror
that reflects alternately the reference beam and the probe beam onto the detectors D,
or D5 so that the difference Iy — Izans can be measured by a lock-in detector tuned to
the beam splitter frequency f.
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Fig. 12.6 Principle of a Michelson interferometer.

The signals are analyzed with the aid of a computer, and the spectra are then either
printed or stored electronically for further processing.

A new technique which is increasingly displacing conventional infrared spectro-
scopy is Fourier-transform spectroscopy [12.4, 12.5]. In addition to a higher spec-
tral resolution, it offers a number of other advantages over classical absorption spec-
troscopy that will be discussed below. The measured signals are the Fourier transform
of the spectrum, and therefore a computer is needed for the reconstruction (backtrans-
formation of the Fourier transform) of the spectra, and this factor determined the cost
of a Fourier spectrum in the early days. Since fast and cheap PCs with built-in Fourier-
transform capabilities are readily available nowadays, this price has dropped drasti-
cally, and today virtually all infrared spectroscopy laboratories use Fourier-transform
spectrometers.

A Fourier spectrometer is based on a two-bean interference in a modified Michel-
son interferometer (Fig. 12.6). The radiation incident from a spectrally continuous
radiation source is split into two partial beams by a beam splitter BS, which pass onto
the mirrors M; and M;. There, they are reflected and are superimposed at the beam
splitter. At plane B, the observed intensity depends on the path difference As of the
two partial beams. If the mirror M; is moved continuously in one direction with a
velocity v, the path difference As = Asg 4+ 2vt changes constantly, and hence the ob-
served intensity changes also. If the time r = 0 is chosen so that As(0) = 0, the path
difference As = 2t is a linear function of time.

The principle will be elucidated for the measurement of a monochromatic incident
wave with intensity / = Jocos(wt — kz) (Fig. 12.7a). If the two interfering partial
waves have amplitudes Ay and A; = A (where A% +A§ = Iy), the intensity at the
detector, averaged over one wave period, is

Iy = [Arcos(wt + 1) + Az cos(wt + «pz)]2
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Fig. 12.7 Interferogram of a) a monochromatic wave and
b) a wave with two frequencies.

Since the detector cannot follow the rapid oscillations at the frequency w, its output
signal is the time average of the intensity,

1 .
(L) = 510[1 +cos(pr —g2)|  with @) —pp =21As/X. (12.9a)

As the path difference As = 2vr increases proportionally with time and

As 'v
o= :2<Z)“’t’ (12.9b)
the signal
S(t) o< (la(1)) = 150 [1 + cos (%wt)] (12.9¢)

at the detector is a periodic function of time with frequency 2 = 2(v/c)w. Hence,
the frequency w of the incident wave is transformed into the much smaller frequency
£2 = 2(v/c)w which can be measured electronically.

Example I
v=>5cm/s;w=10"s"1= 2=332x103s"".
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If two partial waves with the frequencies w; and w; are passed through the Michelson
interferometer, the detector receives the superimposed intensity
Is = A3 [cos(wit + 1) + cos(wit + cpz)]2
+ A3 [cos(wat + ¢3) + cos(wat + <p4)]2
= Io [cosz(wlt +¢1)+ cosz(wlt + )
+ cos(2wit + 1 + ¢2) +cos(pr — ¢2)]
+Ipp [cos? (wat +p3) + cos? (wat + ¢4)
+ cos(2wat + 3 + p4) + cos(p3 — pa)] - (12.10)

The detector averages over the fast oscillations with frequencies w; and wy, so that the
average intensity as a function of time during the motion of the mirror M; becomes

(la) = l1|0 [l +cos (2w|vt>] + 1120 [1 +cos (2w2v1>] '
2 c 2 p

With I1g = I = Iy and 2 = wv/c, we obtain
-0 214 02
(Id):10[1+cos( ‘2 2t)><cos< ”; 21‘)]. (12.11)

This is a beat signal with the mean frequency 2m = 1(v/c)(w) +w;) and the beat
frequency 12, = 1(v/c)(w; —w;) (Fig. 12.7b). From this beat signal, the two fre-
quencies of the incident wave

Wi :%(nm+9b) and wzzg(ﬁm—ﬁb) (12.12)

can be determined, provided that the mirror shift is large enough so that at least one
complete beat period can be measured.

In either case, the measured signal S(t) is the Fourier transform of the incident
intensity /(w), because with As = § = 2wz,

+oo
S(t) = S(8) = / 1(w) cos(6w/c) dw . (12.13)

—oo

If the incident wave comprises only one frequency wy, I (w) = Iy coswyt and we obtain
Eq. (12.9a) for I(z). If the incident wave contains many different frequencies, the
superposition intensity /(¢) at the detector is more complicated. However, Eq. (12.13)
still holds. Solving for I(w) yields

H(w) = 73(5) cos [Zw (-z-) t] ds . (12.14)
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Thus, the Fourier transform of the measured time function S(8) o< I(t) yields the spec-
trum of the incident intensity 1{w).

If spectrally continuous radiation is passed through the absorption cell, the trans-
mitted intensity lacks contributions at the absorptions frequencies. The transmitted
intensity can then be written as

hyans = Io _Iabs(w) s

where we assume that the spectrum Iy of the radiation source is constant over the
spectral range of the absorption lines. As the Fourier transform of a constant is again
a constant, the same arguments apply to /yps(w) as for an emission spectrum Iy, (w).

The integration limits for the mathematical Fourier transformation are t = —oo and
+oo, respectively. In experiments, however, a measurement is only performed over a
limited time span T. To take this into account, we can introduce a time slot function
g(1) into the Fourier transformation, so that the integral Eq. (12.14) becomes

+o0
I(w) = /g(z)s(a)cos [m(%)z] ds, (12.15)

where g(¢) = 1 for 0 > ¢ > T and zero otherwise. However, such a rectangular time
slot function leads to side maxima during Fourier transformation of the measured
spectrum that can overlap adjacent lines, in analogy to the diffraction of light at a rect-
angular slit. To avoid these annoying artifacts, an apodization function is introduced.
The time slot function g(r) is then not a rectangular function, but follows a Gaussian
profile

glr) =e (-0 /A (12.16)

For the cosine Fourier transform the zero point of time, for which the path differ-
ence As = 0, must be known precisely. This can be achieved by simultaneously
recording the interferogram of a broadband radiation source (Fig. 12.8). Because
of its large spectral bandwidth, the coherence length of such a source is very small,
and a narrow interference structure is obtained for As = O only. To obtain a con-
tinuous path—time function As(z) with equidistant time markers, the interferogram
of a constant-frequency He-Ne laser is recorded simultaneously, which has the form
shown in Fig. 12.7a. The path difference between two maxima is exactly As = A/2,
so that precise time markers for the Fourier transformation are available.
The advantages of Fourier spectroscopy can be summarized as follows:

{a) The complete spectral range transmitted through the spectrometer and recorded
by the detector is measured simultaneously, whereas in classical and laser in-
frared spectroscopy only a narrow frequency interval Av is measured at a time,
where Av corresponds to the laser linewidth or the monochromator resolution.
The total spectral range vy — v, is scanned in Z = (v; — v,) /Av steps. Hence
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Fig. 12.8 Schematic setup of a Fourier spectrometer.

for a given total measurement time, the measuring time available for each spec-
tral interval in Fourier spectroscopy is Z times that of classical spectroscopy.
This leads to an enhancement in the signal-to-noise ratio by a factor of Z! 2,

(b) The spectral resolution Av can be adjusted by choosing the maximum path dif-
ference As, that is, the distance through which the moving mirror moves. Both
quantities are related by Av = ¢/ (2nAs).

Example

For a maximum path difference As = 0.3m, a resolution of Av = 150MHz is
obtained. At a frequency of v = 10'* Hz, this corresponds to a relative resolution
of v/Av = 6.3 x 10°. For As = 2m, v/Av = 4.2 x 10°. For a frequency v =
1051, = Av = 240MHz. This already reaches the Doppler width at v =
10145712 X = 3um.

As an example, Fig. 12.9 shows the Fourier spectrum of an overtone vibrational
transition in the chloroform molecule.

12.3
Classical Spectroscopy in the Visible and Ultraviolet

Most electronic transitions in molecules occur in the visible or ultraviolet region of the
electromagnetic spectrum. Spectroscopy in these wavelength regions thus provides in-
formation on excited electronic states. In combination with techniques that allow high
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Fig. 12.9 Section from the Fourier spectrum of the overtone
transition 2, of CHCI; [12.6].

temporal resolution, spectroscopic methods can be used to study the dynamics of ex-
cited states, that is, relaxation processes in excited states or energy transfer processes
after optical excitation. Further applications of such experiments are in photochem-
istry, which studies the initiation of chemical processes by absorption of photons.

This section gives an overview of equipment and methods of classical molecular
spectroscopy in this spectral region. Detailed accounts of special topics can be found
in the referenced literature.

For a long time, high-pressure gas-discharge lamps or tungsten lamps were used
as continuous radiation sources, that is, thermal emitters at 7 = 1200-2000K. For
time-resolved measurements, pulsed flashlights or sparc discharges were employed as
sources of short pulses of radiation. New synchrotron radiation sources provide in-
tense radiation pulses with high repetition rates, covering a spectrum from the near
infrared to the vacuum ultraviolet or x-ray region. However, the overwhelming major-
ity of spectroscopic experiments is nowadays conducted using different types of lasers
(see next section).

The radiation emitted by broadband radiation sources must be spectrally dispersed.
Usually, this is achieved by prism or grating spectrographs (Fig. 12.10). Two spectral
lines are considered resolved if their wavelength separation is equal to or larger than
their full width at half maximum (Fig. 12.11). The minimum linewidth that can be
achieved is determined either by the resolution of the equipment used or by the in-
herent linewidth of the absorption lines as given by the Doppler width or pressure
broadening (see Sect. 4.3).
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Fig. 12.10 Prism spectrograph.
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Fig. 12.11 Resolution of two spectral lines.

The spectral resoiution

A

A

ﬂé] (12.17)

of a spectrometer can be derived as follows.

We consider a radiation comprising two spectral lines with wavelengths A and A +
A passing through the spectrometer. It is diffracted in the monochromator by angles
of 0 and 6 + A#d, respectively (Fig. 12.12). If the parallel beam of rays is focused onto
the plane of observation by the lens L, or a concave mirror with focal length f3, the
lateral distance of the images S()) of the two spectral lines becomes

a6 dx
Avy = s AN = 5T AN. (12.18)

For a width 8x; of the entrance slit and focal lengths f; and f» of the collimation
lens and the image lens L, respectively, the width if the slit image in the plane of
observation is

Oxy = ([2_) oxy . (12.19)
h

In this case, the spectral resolution becomes, with Ax; > Ox3,

A Ade  fi A dx
—_ = —— < . .20
AN A d) T £ x5 dA (12:20)
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Fig. 12.12 Angular dispersion of a spectrometer.

Hence, the spectral resolution can in principle be increased by increasing the disper-
sion dx/dX and by reducing the width dx; of the entrance slit. However, the latter is
only feasible up to a limit imposed by diffraction. Even for an infinitely narrow slit,
the slit image will be a diffraction pattern with a full width of the central diffraction

maximum of

dxy = %/} (12.21)

(Fig. 12.13) caused by diffraction at the boundaries of the optical path in the spec-
trometer, where a is the size of the limiting aperture (e.g., the width of the prism or
grating). Two spectral lines are considered resolved if the central diffraction maxi-
mum of the first line is located at the first diffraction minimum of the second. Their
distance in the plane of observation is then

5 A
Ar, = 122 (12.22)
a
Ao d=r/a
o
’ <
f
«Q
=<
Y :
:———4 >
S, L Ly S, X

(a) (b)

Fig. 12.13 Diffraction structure of the image of a narrow en-
trance slit caused by diffraction at the limiting aperture of width a
in the spectrometer.
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Fig. 12.14 Symmetric optical path upon refraction at the faces of
the prism.

The entrance slit must have a finite width, because otherwise no radiation could enter.
The optimum slit width 3x; with respect to spectral resolution and transmitted power
is obtained if the width 8x; of the slit image equals the distance Ax;. The minimum
distance of the slit images is then (2f,)A/a. This gives for the optimum slit width
8" = (fi/ f2)An = fi/a.
The upper limit for the spectral resolution is then
A a dx adé
BSZ_fzd—)\_ia' (12.23)

In a prism spectrograph with a 60°-prism of edge width L, the angular dispersion is,
for a symmetric optical path (Fig. 12.14),

L
dA V1=(n/2)2 dx’

and the spectral resolution is therefore, according to Eq. (12.20) with n = 1.5,
Ao a2z dn
A" T (n/22 A

(12.24)

dn
~0.76a— . .
76ad)\ (12.25)

The spectral dispersion drn/dA depends on the material of the prism and the wave-
length A.

For a sufficiently narrow entrance slit, the spectral resolution of a prism spectro-
graph is determined by the dimensions of the prism and the dispersion of the prism
material.

Example

For a 60°-prism made of synthetic quartz with L = 10cm, a = L/+/3. For A =
300nm, the refractive index is n = 1.52 and dn/d\ = 1400cm—'. Hence, the
spectral resolution is A/AX = 6200. Here, two spectral lines can be resolved if
they have a minimum distance of AA = 0.05nm at A = 300 nm.

For a grating spectrograph, the angular dispersion can be derived from the grating
equation

d(sina+sing)=mA; m=123,... (12.26)
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Fig. 12.15 Interference at a diffraction grating. a) Derivation of
the grating eguation; b) grating spectrograph.

(Fig. 12.15), where d is the distance between two grooves in the grating, o is the
incident angle, and (3 is the diffraction angle. The angular dispersion is then
a1 m lsina+sinﬁ
d\  d\/d8  dcosB A cosB

(12.27)

The angular full half width 33 between the two minima at both sides of the central
diffraction maximum of the image of the entrance slit is determined by the number
N of interfering partial beams, that is, by the number of illuminated grooves in the
grating. More precisely,

A A
08 = Ni=D (12.28)
Hence, the width of the central diffraction maximum is the same as for diffraction at
a slit of width D = Nd.

For the spectral resolution, this gives
A . Nd(sina +sinf3)
AN T A
The spectral resolution equals the product of diffraction order m and number N of
illuminated grating groves.

=mN . (12.29)

Examples

N=10°,m=1,= A/AX= 10°. At a wavelength of 500 nm, two spectral lines
can be resolved if their spacing is at least A\ = 0.005nm. In reality, however,
the finite width of the slit must be taken into account. With a = 3 = 30°, we
obtain from Eq. (12.27) the angular dispersion d3/d\ = 2.3 x 103 rad/nm. For
a focal length of 1 m, this gives a linear dispersion of 2.3mm/nm. For a slit of
width 0.02 mm, the width of the slit image corresponds to a spectral interval of
A) = 0.01 nm, so that the realistic resolution is about 0.015nm.

This example shows that the resolution of grating spectrographs is much larger than
that of prism spectrographs [12.7].
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Fig. 12.16 Rowland spectrograph with curved grating for the
spectral analysis of VUV radiation.

The experimental setup for classical absorption spectroscopy of molecular gases
in the visible or ultraviolet region does not differ significantly from the one shown in
Fig. 12.5. To achieve the highest possible spectral resolution, large grating spectro-
graphs have been constructed with focal lengths of up to 10m in some laboratories.
Here, the spectrometer is located in its own, separate room, in which grating and mir-
rors are mounted on concrete blocks, and the spectra are recorded on a long curved
photoplate. The curvature is chosen so that the photoplate remains in the focal plane
of the imaging mirror over a large spectral region. The recorded spectra are then
analyzed using a microdensitometer.

The reflectivity of metallic surfaces decreases in the vacuum UV (VUV) region,
and it is therefore convenient to replace the planar grating and the two spherical mir-
rors by a curved imaging grating (Rowland grating) that images S; onto the detector,
thus combining dispersion and imaging. Figure 12.16 displays a typical setup for the
absorption spectroscopy of molecular gases in the VUV using a Rowland grating. If
the curvature is properly chosen, the grating and the entrance and exit slits are located
on a circle (Rowland circle). The complete spectrometer must be evacuated, because
otherwise the VUV radiation would be absorbed by the air [12.8].

A particularly intense source of radiation is synchrotron radiation. The high-energy
electrons orbiting in a circular path in the synchrotron emit bremsstrahlung, which is
located essentially in the electrons’ orbital plane and which is emitted along the tan-
gent to the electron orbit (Fig. 12.17). The radiation is linearly polarized for radiation
in the orbital plane, and circularly polarized for radiation outside the orbital plane
(Fig. 12.17b). Its spectral distribution depends on the electron energy and the cur-
vature of their path (Fig. 12.18); it ranges from the x-ray to the visible region of the
spectrum. Electron storage rings have been built (e.g., BESSY in Berlin, Germany) for
the sole purpose of providing synchrotron radiation. These dedicated sources employ
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Fig. 12.19 Experimental setup for vacuum UV spectroscopy with
spectrally dispersed synchrotron radiation.

magnetic devices located around the electron orbit, which deflect and thus accelerate
the electrons periodically (undulators and wigglers). This increases the intensity of
synchrotron radiation by about two orders of magnitude [12.9]. The radiation emerg-
ing through tangential exit tubes is collimated by a toroidal mirror and is focused
onto the entrance slit of the Rowland spectrograph (Fig. 12.19). The absorption cell
is located behind the spectrograph, and the transmitted intensity is measured by UV-
sensitive detectors (e.g., by an open photomultiplier, in which the radiation ejects
photoelectrons from a first metallic dynode, which are then accelerated onto further
dynodes by an electric field, in each step creating about four to eight secondary elec-
trons per incident electron).

Either the attenuation of the transmitted radiation by the absorbing molecules (ab-
sorption spectrum) or the fluorescence emitted by the absorbing molecules (excitation
spectrum) can then be monitored.
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Recently, other intense VUV radiation sources have been realized that utilize the
radiation from extremely hot microplasmas, which can be generated with the aid of
focused radiation from pulsed lasers. This method has the advantages that the space
requirements for the equipment is vastly reduced (the whole equipment fits into an
average laser laboratory) and the much lower price. Its disadvantage is the lower
repetition rate.

124
Laser Spectroscopy

The introduction of lasers to spectroscopy has spawned a revolution in molecular
physics. The much higher spectral intensity as compared to classical radiation sources,
the narrow linewidths of single-mode lasers, the good beam collimation, and particu-
larly the availability of ultrashort pulses of light have enabled a vast number of new
techniques that surpass experimental limitations of classical spectroscopy with respect
to detection sensitivity and spectral and temporal resolution. In this section, the most
important of these techniques will be discussed [12.10].

12.4.1
Laser Absorption Spectroscopy

Figure 12.5 shows a comparison of absorption spectroscopy with lasers and with con-
tinuous radiation sources.

Apart from the good collimation of laser beams, which enables long absorption
paths in multiple-reflection cells, the narrow linewidth of tunable single-mode lasers
is particularly relevant for the possible increase in sensitivity. This can be rationalized
as follows.

If Aw,ps is the width of an absorption line and Aw the spectral resolution of the
equipment, which in the case of laser spectroscopy is determined by the linewidth
Awieer Of the laser, the measured relative absorption is

wp+Awyps /2
L Iy(w)a(w) dw
alwo)L  for Aw < Awgps
Iy — Iirans _ wo—Awyps /2 s (12.30)
Iy wo+Aw/2 aLA“JﬂbS for Aw > AWabs
Ip(w) dw Aw
u)()—'Aw/z

where @ is the absorption coefficient averaged over the interval Aw. This shows that
for identical absorption paths, the relative absorption for Aw > Awj,ps is smaller than
for Aw < Aw,p by a factor of Awyps / Aw.
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diation. a) Experimental setup; b) prin- measured with and without modulation.

ciple of modulation spectroscopy; c) ro-

Example

If the smallest measurable absorption is aL = 107> and the absorption path is
I'm, an absorption coefficient a = 107 7em™! is detectable for Aw < Awgps,
whereas for Aw = S0Awans, the limit is & = 5 x 1076cm~".

As in microwave spectroscopy, the sensitivity can be increased by modulation tech-
niques. As examples, we will consider two such methods. In the first, a laser beam
is passed through a Pockels cell that is connected with a high-frequency electrical
voltage, which modulates the refractive index of the crystal periodically (Fig. 12.20a).
Hence, the transmitted laser wave experiences a phase modulation that in turn leads to
a frequency modulation, because frequency is the time derivative of the phase.

This phase modulation leads to side bands in the frequency spectrum of the trans-
mitted laser wave (Fig. 12.20b). The first two sidebands at wizeer = 27 f have equal
amplitudes but opposite signs, whereas for amplitude modulation, they have the same
sign. If the transmitted intensity is measured using a phase-sensitive detector tuned
to the modulation frequency f, no signal is detected at the lock-in output unless at
least one of the sidebands is absorbed by the molecules in the absorption cell, be-
cause the phases of both sidebands shifted by 180° with respect to each other, and
the detector receives two equal signals of opposite phase. All variations in the laser
intensity are eliminated from the detected signal by this difference detection. How-
ever, if one of the sidebands coincides with an absorption line while tuning the laser
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frequency w, this sideband is weakened, and the balance is disturbed. Hence, the
detector notices a signal. A detailed calculation shows that this signal S(w) has
approximately the form of the second derivative d?a/dw? of the absorption coeffi-
cient [12.11].

The best signal is obtained if the modulation frequency equals the linewidth of
the absorption lines. For sufficiently low pressure, this is determined by the Doppler
width, and which assumes values of about 1 GHz in the visible and near infrared spec-
tral region. Such high frequencies cannot be processed by the lock-in detector without
special precautions. Therefore, the amplitude of the high-frequency voltage control-
ling the Pockels cell is modulated with a lower frequency (two-tone modulation), and
the signal is detected at this lower frequency. Another method employs a frequency
mixer at the outlet of the fast detector, in which the signal frequency is superimposed
with a reference frequency, and the difference frequency is detected at the output of
the mixer.

Figure 12.20c illustrates how the signal-to-noise ratio can be improved by about
two orders of magnitude. It shows a rotational line in the overtone vibrational tran-
sition (1,2,1) «— (0,0,0) of the H;O molecule, recorded with and without modula-
tion. Using this method, relative absorptions as low as oL = 1075 can be detected
[12.12].

In the second method, the wavelength of the laser is modulated by mounting one of
the mirrors of the laser cavity on a piezoelectric crystal, so that it can be moved period-
ically by applying an alternating voltage to the piezoelectric crystal, thus modulating
the length of the laser cavity. Figure 12.21 illustrates the effect of this modulation

_———. = Without absorption

With absorption
— Signal at the modulation frequency

——— Wavelength modulation

Absorption

-0.21

_0.4F

Fig. 12.21 Principle of wavelength modulation.
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Fig. 12.22 Complete experimental setup for modulation spec-
troscopy [12.13].

on the signal form for the case where the laser frequency coincides with the peak of
the absorption line. The form of the signal depends on the modulation range. The
largest signal amplitude is obtained if the modulation is approximately equal to the
linewidth. This method offers the advantage that no Pockels cell and no high modula-
tion frequencies are needed. However, the drawback is that the modulation frequency
is restricted to maximum values of about 100Hz due to the mass of the moving mir-
ror.

The sensitivity of the absorption measurement can be further enhanced by using
a multiple-reflection cell and by recording the difference I; — I of the intensities of a
reference beam and the probe beam that has passed through the absorption cell. The
ratio (I, — I;)/ I can be detected by a ratio recorder, which further reduces the influ-
ence of fluctuations of the laser intensity. The complete experimental setup shown
in Fig. 12.22 reveals that additional partial beams of the laser are usually employed
for calibration purposes. They are first passed through an absorption cell containing
a reference gas for wavelength calibration and then through thermally stable Fabry—~
Pérot interferometers, which create evenly-spaced frequency marks that can be used
to correct for nonuniform frequency tuning of the laser. As an example for an actual
measurement performed using this setup, Fig. 12.23 shows a section from the over-
tone spectrum of gaseous ozone in the spectral region around 6500cm ™! where the
absorption coefficient is very small.
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Fig. 12.23 Section from the overtone spectrum of the O3
molecule, recorded using wavelength modulation [12.14].

12.4.2
Intracavity Laser Spectroscopy

If the absorbing sample is placed inside the laser cavity, the resulting laser intensity
is reduced due to the losses introduced by the sample. In a tunable single-mode laser
with a two-mirror cavity with reflectivities R; = | and R, < 1, each laser photon
passes, on average, 1/(1 — Ry) times through the cavity so that the total path Leg =
L/(1 — Ry) through the absorption cell of length L is increased by a factor of (1 —
R;)~'. For R, = 0.99, this factor is already 100. The change in laser intensity brought
about by the absorption losses is particularly large if the laser is operated closely
above the laser threshold. While tuning the laser, large changes in the output power
are then observed whenever the laser wavelength coincides with an absorption line.
Either the change of the laser power or the fluorescence emitted by the molecules in
the absorption cell can be recorded (Fig. 12.24).

M Absorption cell Etalon  Detector
1 Laser e L o
] : R 2 b
A4
L
Control
path

Fluorescence
detector

Fig. 12.24 Intracavity laser spectroscopy.
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The sensitivity can be increased even further if a multi-mode laser is used, and
the broadband output radiation is passed through a monochromator and is then de-
tected spectrally resolved. The enhanced sensitivity is caused by couplings between
the laser modes brought about by the active, homogeneously broadened laser medium
due to a saturation of the amplification by stimulated emission. Each laser mode re-
duces the amplification not only for its own frequency but also for adjacent modes.
If a specific mode is weakened by the absorbing medium, this results in a decreased
reduction of the amplification factor in the active medium. Hence, adjacent modes
benefit and are amplified, thus reducing the amplification for the weakened mode.
In effect, the absorbed mode is weakened even further and can be suppressed com-
pletely. The recorded laser spectrum thus shows a marked decrease in laser intensity
at the wavelength of the absorption, even for very weak absorptions. Hence, a very
high sensitivity for the detection of weak absorptions is achieved. This is often ex-
pressed by an effective absorption path Leg, which can amount to several hundred
kilometers [12.15].

12.4.3
Absorption Measurements Using the Resonator Decay Time

In recent years, a very sensitive method has been developed in which the absorbing
sample is placed in an external high-quality resonator, similar to laser-cavity spec-
troscopy. Now, however, a pulsed laser is used, and the absorption is measured using
the decay time of the radiation energy stored in the resonator (Fig. 12.25).

At the end of a laser pulse introduced into the resonator, the power circulating in
the empty resonator and partly transmitted through the output mirror decays exponen-
tially,

P(t) = Pye™"/ (12.31)
with the decay time

I S
' cm(R?Y) T 201-R)’

(12.32)

Mode adr'ustment

Tunable pulsed
laser

Detector

Ring-down
resonator

Fig. 12.25 Absorption measurement using the decay time of a
resonator.
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where T, = 2L/ ¢ is the time of circulation in the resonator of mirror distance L and
R = 1 is the reflectivity of the two resonator mirrors.

If the extraction mirror with absorption A and reflectivity R has the transmittivity
T = 1 — R — A, the detector registers the time-resolved signal S(¢) = TP(r).

If a sample of absorbing molecules is introduced into the resonator, the additional
losses cause the decay time to decrease to

T;
T2_2(1—R+aL) . (12.33)
From Eqns. (12.32) and (12.33), we obtain
aL=(1-R) =2 (12.34)
2

Hence, we can infer the absorption coefficient & = oN; from the difference 71 — 7 of
the measured decay times, and, knowing the density N; of molecules in the absorbing
state |i), also the absorption cross-section o [12.16].

Example

R=099,L=1m=T=2L/c=67x10%s =7 =33x107%s =33ps.
With aL = 5 x 1074, it follows that 7 = 2.23 x 105~ s = (1] —12) /72 = 0.48.
Hence, the relative change of decay times is 48%.

12.4.4
Photoacoustic Spectroscopy

If, in addition to the absorbing molecules, a rare gas is introduced into the cavity as a
collision partner, the molecules excited by absorption of laser photons can release their
excitation energy by collisions with the rare-gas atoms and transform it into transla-
tion energy of the collision partners. This process increases the temperature of the gas
and, for constant density, its pressure. If the exciting laser radiation is interrupted pe-
riodically (Fig. 12.26), periodic pressure changes are observed in the absorption cell.

Collision-induced
deactivation

Condenser
microphone

[ H  Fomputer

Pre-amplifier Lock-in

Chopper

Fig. 12.26 Photoacoustic spectroscopy.
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Fig. 12.27 Acoustic resonator without end windows inside an
optical multiple-reflection cell.

By a suitable choice of the interrupt frequency (it should match one of the acoustic
resonance frequencies of the cell), resonant standing acoustic waves can be excited
in the absorption cell, which can then be detected using a sensitive microphone. The
standing acoustic waves are selected so that the microphone is located at a point of
maximum pressure oscillation. If the laser wavelength is varied continuously through
the absorption spectrum of the sample, each absorption line yields an acoustic signal.
The method is called photoacoustic spectroscopy because the absorbed photons are
detected as an acoustic signal.

The sensitivity of the method can be further enhanced by placing the acoustic res-
onator inside an optical resonator or a multiple-reflection cell (Fig. 12.27). Using this
technique, absorption coefficients o < 10~°cm~! can be measured [12.17].

12.4.5
Laser-magnetic Resonance Spectroscopy

We discussed in the case of microwave spectroscopy that instead of tuning the fre-
quency of the radiation source to the molecular absorption lines, the absorption lines of
the molecules can also be shifted by an applied magnetic or electric field (Fig. 12.28a)
and can thus be tuned over the frequency of a fixed-frequency source. The same proce-
dure is of course possible in laser spectroscopy. This offers the advantage, particularly
in the infrared region, that well-established powerful molecular lasers such as the CO
or CO, laser can be used, which emit several hundred lines, of which one desired line
can be selected using a diffraction grating inside the laser cavity.

As the Zeeman shifts of molecules in 'Y states are very small (see Sect. 10.2),
this method is primarily applied to the spectroscopy of radicals, where the spin of the
unpaired electron creates a large magnetic moment [12.18].

Again, different techniques discussed before can be combined. For example, the
molecular sample can be placed inside the laser cavity, or the magnetic field strength
can be modulated. Two examples are illustrated in Fig. 12.28. In Fig. 12.28b, the
sample is placed inside the laser cavity, and the laser medium is separated from the
absorbing sample by a transparent thin foil. The magnet is then tuned, and the laser
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Fig. 12.28 Laser-magnetic resonance spectroscopy. a) Term
diagram; b) sample in the laser cavity; c) Faraday effectin a
longitudinal magnetic field.

radiation reflected at the separating foil is measured. Another technique utilizes the
rotation of the plane of polarization of light in a longitudinal magnetic field (Fara-
day effect). The detector is placed behind a polarization analyzer and records only
transitions with polarizations influenced by the magnetic field (Fig. 12.28c).

12.4.6
Laser-induced Fluorescence

Until now, we have presented techniques in which either the laser frequency was tuned
across the absorption lines or the absorption lines were tuned over the laser wave-
length. In laser-induced fluorescence, the laser is adjusted to the center of an absorp-
tion transition (vy,Ji) — (v;,J;) and then kept constant. The fluorescence emitted
by the molecules in the defined state (vy,Ji) is measured either in total or spectrally
resolved (Fig. 12.29). If only a single level has been excited selectively, the resulting
fluorescence spectrum is relatively simple and easy to analyze. The fluorescing tran-
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Fig. 12.29 Laser-induced fluorescence.
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Fig. 12.30 Laser-induced fluorescence spectrum of the Cs;
molecule after excitation with a dye laser at A = 591.7nm. Each
ot the vibrational bands consists of two rotational lines, which
are not resolved in this example [12.19].

sitions occur to all vibrational-rotational levels in a lower electronic state for which
the transition is allowed. In diatomic molecules, there are at most three rotational
lines with AJ = 0,41 per vibrational transition. In X-X transitions, only P and R
lines with AJ = 1 are allowed. Measurement of the wavelengths of these transitions
yields the term values of the vibration—rotation levels in the lower electronic state rel-
ative to the absorbing initial state. The relative intensities of the fluorescence bands
give the Franck—Condon factors. As an illustration, Fig. 12.30 shows the fluorescence
spectrum of the Cs; molecule excited into the D'E (v = 23,J' = 82) state by a single-
mode dye laser.

Laser-induced fluorescence is a highly sensitive method, as the following numeri-
cal example illustrates.

For N; absorbing molecules per unit volume in the absorbing state |#) and a flux of
niaser 1aser photons at the absorption frequency per unit time and unit area,

Rabs = NiljaseroikAx (12.3%)

photons are absorbed per unit time on a path Ax, where oy is the absorption cross-
section for the transition [k) « |i). The number of fluorescence photons emitted per
unit time is then

ng = NiAyp = napsti (12.36)
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where A; is the Einstein coefficient of spontaneous emission and 7, = Ax/ (Ax + Ry) is
the quantum yield of the upper level, which can possibly also be deactivated by other
radiationless processes Ry.

Of these fluorescence photons, only a fraction § can be gathered by lenses or mir-
rors and imaged onto the cathode of a photomultiplier. If that has a quantum efficiency
Tjph, We obtain

Npe = nd7ph = Niftlaser Ok Ax TiTphd (12.37)

photoelectrons per unit time. Modern cooled photomultipliers have a quantum yield
npn = 0.2 and a dark current of less than ten electrons per second. Hence, for a flux
of just one hundred photoelectrons per second, the signal-to-noise ratio is already
S/R > 10. To achieve this, according to Eq. (12.36) at least 103 laser photons must be
absorbed per second for a fluorescence collection probability 4 = 0.1 and a quantum
yield 7 = 1 of the excited molecular state. A laser power of 300mW corresponds
to a photon flux of njeer = 10'8 photons per second at a wavelength of A = 500 nm.
An absorption of 10° photons per second thus corresponds to a relative absorption
(Ip — lgans) / Ip = 105, This means an increase in sensitivity by a factor of 108-10'°
as compared to the classical absorption method!

12.4.7
Laser Spectroscopy in Molecular Beams

The combination of molecular beam techniques and laser spectroscopy has brought
about a wealth of interesting methods for high-resolution molecular spectroscopy.
One important aspect is the decrease of the Doppler width in collimated molecular
beams. Here, the molecules effuse from a reservoir through a narrow hole A into
vacuum (Fig. 12.31). Molecules can only pass through the aperture B at a distance d
downstream of A if their velocity component v, satisfies

vy < v tand = v,b/(2d) , (12.38)

Fig. 12.31 Laser spectroscopy in a collimated molecular beam.
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where we chose the z axis to be the beam direction. If a laser beam passes through
the molecular beam in the x direction, the molecules have only small velocity com-
ponents along the direction of the laser beam, and thus the Doppler width of the ab-
sorption lines is reduced by a factor of tan1 < 1 as compared to absorption in a gas
cell.

Example

With the values b = 1 mm and d = 100mm, we obtain tan® = 5 x 1073, that is,
the Doppler width at A = 500nm is reduced from its typical value of 1 GHz to
5MHz. Consequently, the spectral resolution is improved by the same factor.

A second aspect important for spectroscopy in molecular beams is the cooling
of molecules in supersonic beams. If a gas at pressure pg in the reservoir expands
through the nozzle A into vacuum, it is cooled adiabatically, because the expansion
is so fast that virtually no heat exchange with the surrounding can occur. The energy
E = Eyin + Epor of the gas in the reservoir at temperature Tp is transformed into directed
flow energy 1/2mu? of the gas molecules moving with the mean velocity u in the z
direction. Whereas the internal energy of the gas decreases, its enthalpy is conserved.
Hence,

1
ngo +poV = smid + (Eu + Exor + Evi) » (12.39)

where f denotes the number of degrees of freedom of the molecules. The first term
on the right-hand side of Eq. (12.39) is the kinetic energy of the molecules flowing
with mean velocity u in the z direction. The first term in parentheses on the right-
hand side describes the relative kinetic energy of the molecules in a system moving
with velocity . This term is small compared with 1/2mu?. In other words: the
translational temperature of the molecules, measured in a coordinate system mov-
ing with the drift velocity u, is very small [12.20]. This means that the internal
temperature 7 at the expanded flowing gas is small (T < Tp). The gas has cooled
down.

The cooling can be visualized using a simple molecular picture (Fig. 12.32). The
fast molecules collide with the slower molecules ahead of them. Thus, central elastic
collisions will lead to an exchange of kinetic energies and a narrowing of the veloc-
ity distribution until the relative velocities are small enough so that no further colli-
sions occur. In contrast, noncentral collisions will deflect both collision partners from
the beam direction so that they will not be able to pass through the aperture B. As
there are also inelastic collisions, during which the molecular vibrational-rotational
energy is transformed into translational energy, the internal degrees of freedom will
also cool down. The larger the pressure pg in the reservoir, the more pronounced is
the cooling. Therefore, the molecular gas in the reservoir is mixed with a rare gas,
which serves as an inert collision partner, helping to dissipate the internal energy of
the molecules.
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Fig. 12.32 Decrease of relative velocities during the adiabatic
expansion of an ultrasonic beam [12.20].

As the collision cross-sections for the rotation—translation energy transfer are smal-
ler than the elastic collision cross-sections, and those of the vibration—translation
transfer are even smaller, there exists no thermodynamic equilibrium between the dif-
ferent degrees of freedom during the adiabatic expansion. The system is therefore
described by a set of temperatures T;; < Tror < Tyjp. Typical values, as observed, for ex-
ample, during the expansion of sodium vapor in argon at a total pressure pg of 3bar in
the reservoir through a 50 um nozzle, are 7i; = 1-5K, T;o = 10K, and Ty, = 50K. By
optimizing pressure and nozzle diameter, much lower temperatures can be achieved,
however. For example, in a helium supersonic beam with py = 100bar, translational
temperatures as low as 30 mK were observed.

The reason why cooling is so important in molecular spectroscopy is the fact that
the molecular level population is now concentrated in the lowest vibration—rotation
levels. As only transitions from thermally populated levels occur in absorption spec-
tra, the spectrum is thus greatly simplified, and the number of lines is significantly
reduced. Overlap between hot bands is virtually eliminated, because higher vibra-
tional or rotational levels are not occupied. The additional decrease of the Doppler
width makes it often possible to resolve the rotational structure of a transition even for
large molecules, whereas the lines overlap completely at room temperature. As an ex-
ample, Fig. 12.33 compares a section from the spectrum of the NO, molecule recorded
in a cell at room temperature, where the rotational structure cannot be resolved, with
the indicated section from the upper spectrum recorded in a cooled molecular beam,
where in addition to the rotational structure also the hyperfine structure of the rota-
tional lines caused by the nuclear spin / = 1 of nitrogen can be resolved.

393



394

12 Experimental Techniques in Molecular Physics

a N
) 17
b Absorptioon cell
1 .
? I'Ot =300 K - Y
5 1
3 R
1
'}
: ‘
c
@
3
v
o
]
3
lL WMMW
] | | | | L 1 -
16882 cm'!
b)
s=+1 ‘ Trot =80 K
@
:lé, 14012150k, 12012-1310'(
3 s=+1 s=+
o
o]
2
} WM
lllllllllllllllllJ;;
16880.4 80.5 80.6 80.7 80.8 cm-1

Fig. 12.33 Section from the spectrum of NO, a) in a cell at
T = 300K and b) partial section (as indicated) recorded in a
collimated molecular beam at 7;,, = 50K [12.21].

As a further example, we will discuss optothermal spectroscopy in cold molecu-
lar beams, which is a good example for a highly sensitive detection technique for the
excitation of long-lived molecular states in molecular beams [12.22]. Its principle is
illustrated in Fig. 12.34. The collimated molecular beam is crossed perpendicularly by
a laser beam. Mirrors or reversing prisms enable multiple passes through the molec-
ular beam, thus enlarging the total absorption path. Even better, the intersection can
be placed in the center of a high-quality resonator, where the laser intensity can be
enhanced by a factor of 100 to 500.

The excited molecules impinge onto a cooled bolometer containing a doped semi-
conductor element. Here they stick to the cold surface and release their excitation
energy, provided their lifetime is larger than the time of flight to the bolometer. The
energy transferred to the bolometer kept at 77 = 1.5K leads to a small increase in tem-
perature AT and thus to a decrease AR = (dR/dT)AT of the electrical resistance R.
If a small current / (of about 1 mA) is passed through the bolometer, the excitation
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Fig. 12.34 Optothermal spectroscopy in a molecular beam.

of the molecules by a periodically interrupted laser shows up as a periodic voltage
change AU = IAR across the resistance R of the bolometer with the interrupt fre-
quency, which is measured by a lock-in detector behind a cooled pre-amplifier. If the
laser wavelength is tuned over the spectral range of interest, an optothermal spectrum
is obtained, because the optical energy is converted to a temperature increase.

The sensitivity of the method depends on the heat capacity H, the heat conductivity
G, and the quantity dR/dT. For an absorbed power Py and a chopping frequency {2,
the temperature amplitude is

PG

VG +(2H)?

For T = 1.5K and a suitably chosen bolometer material, detection limits as low as
10~ '* W incident power can be realized.

A major advantage of this technique, in addition to its high sensitivity, is the de-
crease in Doppler width caused by the collimation of the molecular beam. For com-
parison, Fig. 12.35 shows the same section from the overtone spectrum of C,H,4 at
1.6 um [12.23] recorded using Fourier spectroscopy, optoacoustic spectroscopy (both
in a cell), and optothermal spectroscopy in a molecular beam. Clearly, not only the
resolution is enhanced, but the signal-to-noise ratio is also much better.

12.4.8
Doppler-free Nonlinear Laser Spectroscopy

Even for molecular gases in a cell, the Doppler width of the absorption lines can be
reduced using special techniques of nonlinear spectroscopy. Here, the selection of
a narrow range of velocity components is achieved not by geometrical apertures but
through a nonlinear interaction of the molecules with two laser beams.
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If the laser intensity / becomes so large that the depletion of the absorbing state
|i) is stronger than its re-population by relaxation processes, its population number N;
decreases from its unsaturated value N;(0) to

N;(I) = N;(0) —al . (12.40)

The rate of absorption for the transition |k) — |i) is then, using the Einstein coefficient
B, and the relation I = pc (see Sect. 4.1),
dn; dNg

——dt—' =+ = Ni(l)eBi = (N;(0) —al*) By /c . (12.41)
Hence, it depends nonlinearly on the laser intensity /. This fact can be demonstrated
experimentally if the fluorescence from the upper state is measured as a function of
the exciting intensity faqer (Fig. 12.36). The fluorescence intensity is no longer a linear
function of the laser intensity (dashed line) but deviates from a straight line for higher
values of Hager-
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Daser-

Now we consider a monochromatic laser beam passing along the z direction thro-
ugh a cell containing absorbing molecules with a Doppler-broadened absorption pro-
file. Molecules with velocity components v, experience a Doppler shift Aw = w —
wo = kv, of the central absorption frequency wy, where k = 2n/A = w/c is the
wavenumber of the transition. They can therefore absorb the laser beam only if the
laser frequency is within the homogeneous width J around the shifted frequency, that
iS Wiaser = wo + vzk £ J. Of all the molecules in state |i), only those with a velocity
component

(Wlaser - WO) Y

v, = —k——ﬂ:; , (12.42)
that is, within the homogeneous linewidth ~ around the absorption frequency wy, can
absorb the laser photons. For sufficiently small pressure inside the cell, the homo-
geneous linewidth corresponds to the natural linewidth, which is about two orders of
magnitude smaller than the Doppler width in the visible region. This means that only
about 1% of all molecules in the state |i) contribute to the absorption. The saturation
of the transition |i{) — |k) by the monochromatic laser causes a hole in the population
distribution N;(v,) at the laser frequency wyaser, Or, correspondingly, at the velocity

component v, of Eq. (12.42). The width of this hole is determined by the homoge-
neous width and is given, in terms of velocity, by

dv, =2v/k (12.43)
(Fig. 12.37). This hole can only be detected, however, by passing a second probe laser

beam in the opposite direction through the cell. The absorption of this laser shows a
local minimum at the frequency of the first pump laser.
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of the absorbing molecules, and corresponding population peak
at Ny (v,;). b) Saturation holes located symmetrically to v, = 0

in the interaction with a standing light wave. c) Lamb dip in the
Doppler-broadened absorption profile a(w).

This effect is exploited in saturation spectroscopy, where the laser beam is split
into a strong pump beam and a weaker probe beam (Fig. 12.38). If wiaeer 7 wo, the
two beams are absorbed by different groups of molecules due to the opposite Doppler
shifts (Fig. 12.37b), that is, by molecules with the velocity components

(W]aser —wp * '7) and vy = — (wlaser —wpt '7)

v =+ X X

. (12.44)
If wiaser = wo, the two groups coincide, and both laser beams are absorbed by the same
molecules in the velocity interval v, =0+ v/k.

As the intensity / = Ij + I is larger for these molecules, the saturation increases,
and hence the population density N;(v, = 0) decreases, which shows up as a dip in
the middle of the Doppler-broadened absorption profile a(w), called Lamb dip after
Willis Lamb, who was the first to give a theoretical explanation for its occurrence
(Fig. 12.37c).

The Lamb dip can either be detected by the reduced absorption of the probe beam
or by the reduced fluorescence induced by it.

If there are two transitions with overlapping Doppler profiles in the molecule (Fig.
12.38b), the much narrower Lamp dips can still be resolved. If the pump beam is pe-
riodically interrupted, a lock-in detector can measure the difference of the unsaturated
and the saturated spectra so that the Doppler background is eliminated (Fig. 12.38b
bottom).
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If the absorption cell is placed inside the laser cavity and the wavelength is tuned,

the laser intensity shows a pronounced peak at the location of the Lamb dip because

there the absorption and thus the laser losses are smaller. As an example, Fig. 12.39a)
shows the saturation spectrum of a rotational line in the electronic transition 3H0u —
X IZg of the iodine molecule I, where the 15 hyperfine components are visible, which

cannot be resolved in Doppler-limited spectroscopy.
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Fig. 12.39 Spectrally resolved hyperfine components of the ro-
tational line (v" = 58, J' =99 — " =1, J” = 98) in the transition
3, — X 'L, in the iodine molecule |, recorded by a) saturation
spectroscopy and b) polarization spectroscopy.
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Fig. 12.40 Principle of polarization spectroscopy.

A still more sensitive technique of Doppler-free spectroscopy is polarization spec-
troscopy, the principle of which is illustrated in Fig. 12.40.

As in saturation spectroscopy, the laser beam is split into a pump and a probe beam.
The probe beam is linearly polarized by the polarizer P, passes through the absorption
cell and then through a second polarizer P; with an orientation perpendicular to that of
P;. The intensity of the transmitted beam is thus reduced by the quenching power of
the two crossed polarizers (about 1051077, depending on the quality of the polarizer
crystals). The transmitted intensity is measured by the photomultiplier PM.

The pump wave is circularly polarized by a A/4 plate and passes through the ab-
sorption cell in the opposite direction to the probe wave. It can induce transitions with
AM = +1, where M is the projection of the rotational angular momentum J onto the
direction of the pump wave. As Fig. 12.40a shows, optical pumping modifies the oth-
erwise even population distribution of the M levels; the molecules become oriented.
Their angular momenta J are no longer distributed randomly, but prefer to align with
the direction of the pump wave (for o polarization) or opposed to it (for 6~ polar-
ization). If the laser frequency wyyser is tuned to the mean frequency of a molecular
absorption line, both pump and probe beams can be absorbed by the same molecules.
As these are oriented, they cause a rotation of the plane of polarization of the linearly
polarized probe wave so that the intensity transmitted through P increases. This is
analogous to the Faraday effect, where the orientation of the molecules is achieved
by an external magnetic field. Here, the orientation is selectively caused by the pump
wave, that is, it applies only to molecules that can absorb the pump wave.
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The detected signal S(wiaser) is Doppler free, exactly as in saturation spectroscopy.
However, the sensitivity of polarization spectroscopy is much higher, because in this
case the background in the absence of the pump wave is virtually zero on account of
the crossed polarizers, so that the background noise (caused essentially by variations
in laser intensity) is almost completely eliminated. In contrast, in saturation spec-
troscopy, the change in transmitted intensity Jians Of the probe laser brought about by
the pump wave is small compared with /s, and the detected signal is therefore only
slightly larger than the background. For comparison, Fig. 12.39b shows the polar-
ization spectrum of the I molecule for the same rotational line as in the saturation
spectrum in Fig. 12.3%a.

12.4.9
Multi-photon Spectroscopy

The large intensity of lasers enabled for the first time the experimental verification
[12.24] of multi-photon absorption in molecules (see Sect. 4.4), which had been pre-
dicted and treated theoretically by Maria Géppert-Mayer [12.25]. Until now, most
experiments have been performed using pulsed lasers, because they provide a large
peak power, and hence multi-photon transitions can be observed despite their small
transition probabilities without the need to focus the laser beam.

Much larger absorption cross-sections are observed if at least one of the photons is
in resonance with a molecular transition. A two-photon absorption in which both pho-
tons are resonant corresponds to a stepwise excitation of two one-photon transitions.

The detection of multi-photon absorption can be achieved using the fluorescence
from the excited states or, if states beyond the ionization threshold are populated, by
detecting the ions or photoelectrons. Again, the ion yield assumes a maximum in
the case of resonance. The method of resonant multi-photon ionization (REMPI) has
proven valuable for the excitation of high-lying Rydberg states (that can afterwards
be ionized by an electric field) or for the investigation of the states of molecular ions
(Fig. 12.41). When combined with photoelectron spectroscopy, REMPI can provide
very detailed information on these states.

With narrow-band continuous lasers, Doppler-free two-photon spectroscopy can
be realized if the two absorbed photons pass through the absorption cell in opposite
directions. If the molecule moves with a velocity component v,, the Doppler shift for
both absorbed photons is opposed, and both shifts cancel. If the two-photon transition
occurs from state |i) to state |f),

Ec~E =h (Wlaser + k'Uz) +h (Wlaser - kvz) = 2hwiaser » (12.45)

so that the velocity of the molecules cancels. This means that all molecules in state
|i) contribute to two-photon absorption, irrespective of their velocity — in sharp con-
trast to saturation spectroscopy, where only molecules from a narrow velocity interval
around v, = O contribute to the signal. This effect partially compensates for the much



402

12 Experimental Techniques in Molecular Physics

— B*
Ry(v*, J%) —» Autoionization n-h VS“
(MY .
—— AN =k AT+ B
hv2_B Fragmentation
lonization Excitation™ [ 9
threshold AT
R FI LN M
o uorescence MOV, %) > M* + hvy
== cedmm __ 1 _ __ Mutti-photon
A A A jonization
uk’y hvy
- - M
(a) (b) (c)
Fig. 12.41 Multi-photon spectroscopy. a) Detection using laser-
induced fluorescence, b) detection using ionization, and ¢) multi-
photon excitation with ionization and ion fragmentation.
K
—_—
Faraday K, Ei—
rotator A ) Fluores-
— AN —
Dyelaser [ | | N cence
— N V
. Sp Y
1 )
Filter
= Photo- .
Spectrum multiplier 1
analyzer
Fig. 12.42 Experimental setup for Doppler-free two-photon

spectroscopy.

smaller transition probabilities of two-photon transitions as compared to those of one-
photon absorption. Figure 12.42 shows an experimental setup for the measurement of
Doppler-free two-photon absorption, and Fig. 12.43 displays a spectrum of naphtha-
lene obtained using this method in which the rotational structure can be resolved.

12.4.10
Double Resonance Techniques

Despite the high spectral resolution, not all lines can usually be completely resolved in
spectra with closely spaced lines. Furthermore, the analysis of spectra, especially of
disturbed spectra, is often difficult or even impossible. In these cases, a method can be
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Fig. 12.43 Section from the Doppler-free rotationally resolved
two-photon spectrum of naphthalene [12.26].

used in which the molecules interact with two electromagnetic waves simultaneously,
and two transitions sharing a common level are in resonance (Fig. 12.44). In this
double resonance, either the lower level (V-type double resonance) or the upper level
(A-type) can be common to both transitions, or a stepwise excitation with a common
intermediate level can occur. The two waves can be from completely different spectral
regions. For example, there is optical-radiofrequency, optical-microwave, optical-
optical, or infrared-ultraviolet double resonance.

Such a double resonance can simplify a spectrum considerably, as will be illus-
trated for the example of optical-optical double resonance. If the pump wave is kept
on a transition |1) — |2}, the population N will decrease due to saturation, whereas
N, will increase. If the intensity of the pump laser is periodically interrupted, the pop-
ulation densities N; and N; are also modulated with opposed phases: if the laser is off,
Nj increases and N; decreases. If the probe wave is tuned through the spectrum, its
absorption is modulated by the interrupt frequency exactly if its wavelength matches
a transition from one of the levels |1} or |2). If this absorption (either as transmitted
intensity or as induced fluorescence) is detected by a lock-in detector at the interrupt
frequency, only lines appear in the spectrum belonging to transitions from one of the
two modulated levels. The crucial point is that only a single level is marked, so that the
absorption spectrum of the probe wave does not contain the multitude of transitions
from all thermally populated levels but only the transitions starting from the marked

level.
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Fig. 12.44 Different double-resonance schemes. a) V-type;
b) A-type; c) stepwise excitation.
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As a second example, we will consider infrared—microwave double resonance. In
Sect. 12.1 we saw that one of the reasons for the weak absorption of a microwave by a
molecular gas at room temperature is the almost identical population of the upper and
lower levels of the microwave transition |1) — |3). If we use an infrared laser to pump
a transition |1) — |2) sharing the lower level |1) with the microwave transition and
to excite molecules into the higher vibrational level |2) (Fig. 12.45a), the population
density Ny is drastically reduced while |3) is unaffected so that in the microwave
transition, stimulated emission now dominates absorption markedly. If the infrared
laser is switched on, a larger microwave signal is therefore detected with a different
sign as compared to the situation when the infrared laser is switched off.

Optical pumping with a laser populates specific levels in excited states selectively,
and double-resonance techniques can thus be used to realize microwave spectroscopy
in excited states which are not populated thermally (Fig. 12.45b).

A-type double resonance, in which the second laser stimulates emission from the
upper level |2) populated by the pump laser to lower levels |3), allows the investigation
of highly excited vibrational levels in the electronic ground state. If these levels are
slightly lower than the dissociation limit, couplings between different electronic states
dissociating into the same atomic states can be investigated. As an example, Fig. 12.46
shows a section from the A-type double-resonance spectrum of the Cs; molecule,
in which the pump laser excites a vibrational level v’ = 50 in the D'E state, and
transitions into vibrational levels with v” > 130 in the X 'Zg state are reached by
emission induced by the second tunable laser [12.27]. At large internuclear distances,
this state interacts with the 3, state through nuclear spin—electron spin coupling,
because the difference between these states is smaller than the hyperfine splitting in
the atomic states into which the molecule dissociates. For these coupled states, there
are three slightly different dissociation energies, depending on the atomic hyperfine
components into which the molecular states dissociate. The mixing of singlet and
triplet states yields four components in stimulated emission (Fig. 12.46b) instead of
one single rotational line that would appear without this coupling.
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molecule obtained by stimulated emission. a) Term diagram;
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Another interesting effect in A-type double resonance is that the linewidth is re-
duced below the natural linewidth of one of the transitions if the two laser beams
proceed collinearly. It can be shown [12.28] that in this case the linewidth of the
double-resonance signal is given by the sum of the widths of the two lower levels and
is independent of the upper level. If the lower levels are vibration~rotation levels in
the electronic ground state, their lifetime is long compared to that of the upper level,
so that extremely sharp lines appear in the double-resonance spectrum.

The stepwise excitation allows the investigation of high-lying molecular states with
lasers in the visible range. For example, molecular Rydberg states R(n,v,J) can be
investigated in detail, where the energy depends on the vibrational state v and the rota-
tional state J as well as on the principal quantum number n (Fig. 12.47). Measurement
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Fig. 12.47 Measurement of molecular Ag, molecule, in which the series con-

Rydberg states. a) Level diagram; b) sec-  verging to the different vibrational levels
tion from the Rydberg spectrum of the are indicated.
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of Rydberg series with ¥ = 0 for many principal quantum numbers n permits a very
precise extrapolation to the ionization limit at n = oo, Using this procedure, precise
ionization energies have been determined for a number of molecules. As the Rydberg
series converge, for v > 0, towards excited vibrational levels of the molecular ion,
measuring several Rydberg series with different values of v gives information on the
vibrational levels of the ion.

12.4.11
Coherent Anti-Stokes Raman Spectroscopy

Coherent anti-Stokes Raman spectroscopy (CARS) utilizes two lasers with frequen-
cies w; = w, and w; = wg that differ by the frequency w, of a Raman-active vibra-
tional mode. The induced Raman effect populates the vibrational level |v), so that the
laser wave w) can stimulate another Raman process starting from level v, which leads
to an emission of the anti-Stokes wave (Fig. 12.48), bringing the molecule back to its
ground state. The anti-Stokes wave is emitted in a well-defined direction determined
by conservation of momentum, 2k, = k; + k, (Fig. 12.48b). This nonlinear CARS
process is also called four-wave mixing because four different waves are involved.

The advantage of the CARS technique as compared to spontaneous Raman scatter-
ing lies in the much larger intensity of the coherent anti-Stokes radiation and its good
spatial collimation, which allows large distances between the sample and the detector
so that any disturbing spontaneous background radiation can be eliminated.

Both continuous and pulsed lasers can be used as pump lasers. Pulsed lasers offer
the advantage of higher peak power and thus a better signal-to-noise ratio. There-
fore, CARS using pulsed lasers is employed, for example, for the detection of minute
molecular concentrations in combustion processes, where the large distance to the de-
tector makes it possible to suppress the continuous thermal radiation of the hot flame
by geometrical apertures.

The advantage of narrow-band continuous lasers is their higher spectral resolution.
For example, they allow one to record rotationally resolved CARS spectra even for
larger molecules.
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Fig. 12.48 The CARS process. Conservation of momentum for
a) collinear and b) noncollinear incident beams; c) term diagram.
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There are many experimental versions of this interesting spectroscopic method
such as resonant CARS or box CARS. More detailed accounts can be found in the
specialized literature [12.29, 12.30].

12.4.12
Time-resolved Laser Spectroscopy

While stationary spectroscopy can determine the structure of molecules, time-resolved
spectroscopy can provide information on dynamic processes in molecules such as
the lifetimes of excited states, intramolecular energy transfer processes, or the en-
ergy transfer during molecular collisions. Many of these processes occur on short
timescales ranging from microseconds to femtoseconds. Here, laser spectroscopy has
opened a wealth of new possibilities by supplying ultrashort laser pulses. This will be
elucidated in the following for a number of examples. More detailed accounts can be
found in the specialized literature [12.31-12.33].

Lifetime Measurements
If a molecular level |k) is excited by absorption of a photon or by electron impact at
time ¢ = 0, its population density decays exponentially according to

Ni(t) = Ne(0)e /7)., (12.46)

After a mean lifetime 7, N(7) = N(0)/e. This can be verified either by time-resolved
measurement of the fluorescence intensity

1(t) = AN (1) (1247

where A, is the Einstein coefficient of spontaneous emission (see Sect. 4.1), or by
monitoring the decay of the absorption for transitions from the state |k) into higher
states.

Nowadays, pulsed or mode-coupled lasers are predominantly used as exciting ra-
diation sources. The decaying fluorescence can either be measured by a fast detec-
tor, and the decay curve can directly be visualized on an oscillograph, or the signal
from the detector can be sent to a multichannel analyzer, which measures the signal
for predefined time slots ¢, to 7, + At and integrates over the time interval Ar (Fig.
12.49a).

For small fluorescence intensities, a time-resolved single-photon coincidence me-
thod has proven successful that will be described in the following.

The molecules are excited by short pulses from a mode-coupled laser with a con-
stant repetition rate f and a pulse energy which is small enough so that the detec-
tion probability for a fluorescence photon excited by a single pulse is much smaller
than unity. Hence, a maximum of one fluorescence photon is emitted per excitation
pulse. The exciting laser pulse starts a linearly increasing voltage ramp U () = at,
which is later stopped by the fluorescence photon at a voltage at, that is proportional
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to the delay time ¢#, of the photon (Fig. 12.50b). The voltages U(1,) are measured
for many excitation pulses and stored in a multichannel analyzer or in a computer,
and the signals caused by single fluorescence photons measured in the time interval
t, + Ar are added up. The probability W, that a photon has a delay time ¢, is pro-
portional to the fluorescence intensity /(0)e™"/7. Hence, the frequency distribution
N(t) of the measured fluorescence photons yields the time response, from which the
mean lifetime 7 can be determined. Figure 12.49c illustrates the experimental setup
schematically, and Fig. 12.49d shows a typical decay curve measured with such a
setup.

The two methods discussed until now can be used for decay as short as about
100ps. For shorter times, the time resolution of the electronic devices used in detec-
tion is inadequate. For a time resolution as low as one picosecond, the streak camera
can be used (Fig. 12.50). In principle, this is a combination of photodetector and a
fast oscillograph. The photon pulse considered hits the photocathode of the streak
camera and ejects photoelectrons. These pass through a plate capacitor to which a fast
voltage ramp is applied. The electrons are therefore deflected more or less strongly,
depending on the time at which they pass the capacitor, and the abscissa on the os-
cillograph becomes a time axis. If the photon pulse is passed through a spectrograph
before entering the streak camera, so that the different wavelengths are dispersed in
the y direction, the screen of the oscillograph displays the decay curves /{\,¢) for the
different wavelengths.
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Correlation Methods

In the femtosecond range, the streak camera also fails. There are correlation meth-
ods, however, which can provide a sufficient time resolution. The shortest laser pulses
yet realized are below 4 fs. From these femtosecond pulses in the visible region, har-
monics in the visible UV or even in the x-ray region can be created by frequency
doubling, with pulse widths below one femtosecond, that is, in the attosecond range
(l1as = 107 !8), so that a temporal resolution of less than one femtosecond is possi-
ble [12.34].

To measure such ultrashort laser pulses reliably, a setup as shown in Fig. 12.51 is
used. A beam splitter splits the laser pulse into two parts, of which one runs through
a fixed and the other one through a variable path length. If both partial beams are
superimposed afterwards, their time delay 7 with respect to each other is variable. The
total intensity is then /() = I|(t) + L (t + 7). If the time constant T of the detector is
large compared with the duration of a laser pulse, the detector will effectively integrate
over /{t) and measure the total incident energy, which is independent of 7 as long as
T < T. Therefore, it provides no information on the time profile of the laser pulse at
the optical frequency w.

However, if the recombined laser beam passes through an optically nonlinear crys-
tal in which an optical harmonic at frequency 2w is generated, the intensity in the
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harmonic is
1(2w) < (IH(w))2 = (L (1) + R(t+ 7))
=R+ B+2Lh()h(t+T1). (12.48)

While the first two terms on the right-hand side are independent of the time delay 7,
the time profile of the last term depends on 7, corresponding to the convolution of the
identical pulse profiles /;(¢) and I, (¢ + 7). If the detector signal is recorded as a func-
tion of the time delay 7, the original pulse profile can be obtained by deconvolution.
Hence, the time measurement is reduced to a distance measurement As = c¢7. Usually,
the back-reflection prism that controls the delay distance is moved by a high-precision
micrometer screw powered by a stepping motor [12.32].

Pump-Probe Technique

Fast molecular processes can be investigated using the pump—probe technique. Here,
one part of the laser beam is transmitted through the molecular sample, where photons
are absorbed from the pulse and some molecules are lifted into excited states. The
time evolution of these excited states is then monitored using a probe pulse passing
through the sample after a variable time delay. For this purpose, either the fluorescence
induced by the probe pulse is measured or the ions or electrons created upon ionization
of the excited state by one- or multi-photon transitions. Either way, decay curves are
obtained, as in the case if the lifetime measurements, from which the decay of the
excited state can be reconstructed.

In many cases, excitation leads to a dissociations of the molecule or (for multi-
photon excitation) the molecular ion. The fragments can then be identified using a
mass spectrometer. If the signal for a specific fragment mass is measured as a func-
tion of the time delay of the probe pulse, the different decay channels of the excited
molecular state and their relative probabilities can be determined. The fragmentation
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of Fe(CO)s may be mentioned as an example [12.35]. Starting from the initially ex-
cited state, the system proceeds “downhill” on the potential surface until it reaches a
conical intersection with the potential surface of another molecular state. This means
that a fraction of the electronic energy is transformed into molecular vibrational en-
ergy. During this process, the molecule is ionized by the delayed probe pulse. The
observed fragmentation pattern depends on the position on the potential surface at
which the ionization occurs, that is, on the time delay of the probe pulse.

12.4.13
Femtochemistry

For many years, photochemists have been dreaming of ways to influence chemical
reactions by exciting molecules through the absorption of photons, or even to control
them in this manner. With the advent of lasers as light sources, these aims seemed to
be close. If a specific molecular bond (i.e., a local vibrational mode) leading to the
dissociation of the molecules into the desired targets could be excited selectively, the
reaction could be influenced by an appropriate choice of the wavelength of the exciting
laser. At first, however, many attempts in this direction remained unsuccessful — for a
simple reason.

In order to influence chemical reactions significantly, high-lying vibrational levels
in the electronic ground state or in excited electronic states must be populated by
the exciting radiation source. Due to the anharmonicities at higher energies and the
increasing density of states, however, these levels usually exhibit strong couplings
with other levels. These cause the initially selective population of one or a few levels,
in which the excitation energy is concentrated, to spread about many levels before
the desired reaction starts. The selective excitation therefore simply results in thermal
activation by an increase in temperature, accelerating all possible reactions with an
activation barrier.

Hence, the excitation must occur so fast that the reaction begins before the energy
is dissipated between many degrees of freedom. As this redistribution takes place
on a picosecond scale, femtosecond pulses must be employed. Photochemistry using
femtosecond lasers has also been termed femtochemistry [12.36, 12.37].

With the aid of the pump—probe technique, fast molecular reactions can be moni-
tored in real-time. An example is the dissociation of a molecule after excitation with
a femtosecond laser (Fig. 12.52). The probe pulse stimulates transitions between the
potential curves of the molecule, which is dissociating with the velocity v(R) at the
internuclear distance R = [ v dt. For each time delay 7, there is a wavelength X of the
probe pulse matching the energy difference E»(R) — E1(R) = hc/ . The pump laser
stimulates fluorescence in the states of BC(R = o} into which the molecule dissoci-
ates, which can be measured as a function of the time delay 7. From this measurement,
the velocity v (R) of the dissociating fragments and hence the difference of the slopes
of the two potential curves can be determined.
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Fig. 12.52 Direct observation of a molecular dissociation using
the pump—probe technique [12.36].

An interesting standard example for the use of femtosecond lasers to control chem-
ical reactions is the excitation of Na; molecules (Fig. 12.53).

A femtosecond laser pulse with a pulse width of Ar excites molecules from their
v” = 0 vibrational level in the electronic ground state X 1Eg into a coherent superposi-
tion of several vibrational states in the excited 'Z, state because of its broad frequency
spectrum Av = h/As. This superposition forms a wavepacket oscillating with the
mean vibrational period between the turning points. The second probe pulse delayed
by a time 7 can excite the molecule even further. Depending on the position R(t) of
the wavepacket on the potential curve of the ' state, either states of the molecular ion
Na; or the dissociation continuum of the fragmentation channel Nat +Na(3s) can be
reached by the probe laser. If the ratio Na,z,L /Nat is measured as a function of the de-
lay time, the oscillating curve shown in Fig. 12.53b is obtained, reflecting the periodic
motion of the wavepacket in the IZU state. By choosing a suitable time delay, the yield
of atomic or molecular ions can be controlled.

12.4.14
Coherent Control

Apart from the time delay between pump and probe pulse, the phase distribution in the
excitation pulse can also be used to control the phase of the molecular wavefunction
in the excited state. In polyatomic molecules, this phase determines the temporal dis-
tribution of the wavefunction on the excited potential surface and therefore the decay
channels admissible within a time interval between 7 and 7 + At after the excitation.
This method of controlling the excited molecule by the phase distribution ¢ () in the
excitation pulse is called coherent control; its principle is illustrated in Fig. 12.54.
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Fig. 12.53 Application of the pump—probe technique to the ion-
ization of the Na, molecule. a) Term diagram; b) ion signals
N(Naj) and N(Na') as a function of the time delay 7 [12.38].

The individual spectral components of the femtosecond pulse of spectral width A\
are separated spatially by an optical grating and pass through a liquid-crystal mask
consisting of many pixels which are electrically isolated from each other. If a volt-
age is applied to this mask, its refractive index changes, and hence the phase of the
corresponding spectral component of the transmitted wave also changes.

A second grating recombines the spectral components spatially. The phase differ-
ences between the individual components influence the time profile of the total pulse.
It turns out that the dissociation channels through which the molecule can decay de-
pend on this time profile. Although the connection is not yet understood in detail, a
learning algorithm can be used to modify the pulse shape so that the desired prod-
ucts of the decay are formed preferentially (Fig. 12.55). This can be demonstrated for
a number of examples such as medium-sized [12.40} and even very large biological
molecules [12.41]. To arrive at a detailed understanding of these processes, very de-
manding calculations have to be performed that can determine the potential surfaces
and the time-dependent wavefunctions (the wavepacket) of the excited nonstationary
states and their time evolution.
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12.5
Photoelectron Spectroscopy

Photoelectron spectroscopy and its recent variations have been developed into highly
useful tools of molecular spectroscopy. Its principle is very simple: a light source with
wavelength A ionizes molecules, and the kinetic energy E; of the ejected photoelec-
trons is measured using an energy analyzer. If the electron is emitted from a state with
ionization energy Ej, conservation of energy requires that

Eg=hv—E with v=c/\. (12.49)

Hence, from the measured electron energy £, the energy of the molecular orbital
from which it was ejected can be determined. As ionization energies of most mole-
cules are in the 10eV range, the photon energy must exceed this value, that is, the
wavelength must be shorter than about 120nm. Frequently, helium discharge lamps
are used, and the helium line at A = 58.4nm (E = 21.2¢V) in the vacuum ultraviolet
region is used to ionize the molecules. The method is thus also called ultraviolet
photoelectron spectroscopy (UPS). Excitation of the helium resonance line can be
effected by means of a gas discharge or by microwave discharges. Using large currents
in the gas discharge, a sufficient number of helium ions can be excited into higher
states to make even the He' resonance line at A = 30.4nm (E = 40.8¢V) intense
enough to be useful as a radiation source with higher photon energy.

In recent years, however, VUV lasers have been employed more frequently because
of their higher intensity. Often, the ionization limit of a molecule is reached via multi-
photon transitions, where the photons for the stepwise excitation of the molecule can
be from the same or from different lasers. This method is used particularly for the
generation of low-energy photoelectrons, which allow the determination of the energy
levels in molecular ions (see below).

Photoelectron spectroscopy of inner electron shells is of particular interest be-
cause for these low-energy orbitals, the correlation energy due to the mutual electron—
electron interaction has a crucial influence on the orbital’s total energy. Thus, the
correlation energy may be determined by comparing the measured term energies with
calculations in which the correlation was neglected. For inner-shell spectroscopy, pho-
ton sources in the x-ray region are necessary; the technique is therefore called x-ray
photoelectron spectroscopy (XPS). The characteristic lines of x-ray tubes can be used
as radiation sources. Nowadays, however, synchrotron radiation is usually employed,
which is spectrally dispersed by a primary monochromator (see Sect. 12.3).

Many of the insights on molecular orbitals discussed in Ch. 7 are based on results
of photoelectron spectroscopy. It offers an additional and complementary source of
information as compared to absorption and emission spectroscopy, and it is therefore
applied in many molecular physics laboratories [12.42, 12.43].
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12.5.1
Experimental Setups

Figure 12.56 shows schematically an experimental setup for photoelectron spectro-
scopy. The radiation source is imaged into the sample volume by an elliptical mirror.
The ejected photoelectrons are extracted by a small electric field and their energies
are analyzed before they reach the detector. As energy analyzers, different designs are
used. One of them employs a planar capacitor with a distance d between the plates
(Fig. 12.57a), where the electrons enter the capacitor through an entrance slit at an an-
gle o with respect to the capacitor plates, follow a parabolic path in the homogeneous
electric field, and, for an energy

Ei= DeU
*~ 2sin2a’
reach the exit at a distance D from the entrance. A second design is based on a cylin-
drical capacitor, which offers the advantage that it focuses the electrons (Fig. 12.57b),
thus providing larger transmitted intensities. It consists of two cylinder segments with
an aperture angle of 127° (n/+/2). For a voltage U between the capacitor plates, this
arrangement focuses all electrons with an energy

£ = el
o= 2ln(R2/R1)

emitted from a point-like source into a solid angle accepted by the capacitor onto the
exit slit. The detector thus recognizes only electrons with this energy, which can be
selected by varying the capacitor voltage.

Instead of cylindric capacitors, spherical capacitors (spherical surfaces with radii
R| and R») are frequently employed, because they accept a larger solid angle of the
incident electron beam and therefore enable a larger signal at the detector. The trans-
mitted electrons have an energy

(12.50)

(12.51)

eUR\R,
Eg=—r. (12.52)
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Fig. 12.56 Schematic setup for photoelectron spectroscopy.
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Fig. 12.57 Possible realization of the energy selection of
photoelectrons. a) Planar capacitor; b) cyclindric capacitor;
¢) opposed-field method.

In place of electrostatic capacitors, an retarding-field method is also frequently used.
Here, the photoelectrons pass through an retarding electric field and can only reach
the detector if their energy exceeds a limiting energy Eym (Fig. 12.57¢). The retarding
field is realized by means of a planar conducting wire mesh at a potential —U. If the
photoelectron source is at a potential U = 0, the threshold energy becomes Eji, = eU.
If the voltage U = Up(1 + acos(2nft)) is modulated with a frequency f around a
mean value Uy, a lock-in detector at the frequency f will detect only electrons from
the energy interval AE,| = 2aeUy around the energy elUp.

The energy resolution of a photoelectron spectrometer depends on the spectral
width of the radiation source, the energy resolution of the energy selector, and pos-
sibly also on the kinetic energy of the molecules, because their velocity implies an
energy shift of the photoelectrons on account of the Doppler effect. When the helium
resonance line is used, the spectral width of the radiation is very narrow so that the
remaining limitations on the energy resolution are effective. Today, electron spec-
trometers with an energy resolution better than 5meV can be constructed. To make
this possibie, however, all external magnetic fields such as the Earth’s magnetic field
must be shielded very carefully, because these would cause a deflection particularly
of slow electrons, thus leading to a selection of electrons with the wrong energy.

12.5.2
Photoionization Processes

Upon ionization of a molecule M by absorption of photons, the following processes
can occur:
a) M(E)+hv=M"(E)+e(Ey)
by M(E)+hw =M (E,) + e (ES)) +er (EY) (12.53)
) MY(E)+h=M"(E,) +e(Ea)

In case a), a molecule M in the ground state E; is ionized by the photon, and a molec-
ular ion in the state E; (which can be its ground state or an excited state) is generated.
The photoelectron with kinetic energy Eq is detected. If it is a valence electron, is has
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Fig. 12.58 Occupation of molecular or- sequent ionization of a molecular ion;
bitals for the different photoionization d) inner-shell ionization with subsequent
processes. a) lonization of a valence Auger-electron emission.

electron; b) double ionization; ¢} sub-

been ejected from the highest occupied molecular orbital (HOMO). If Ej is the ionic
ground state, the difference

AEIhl/—Ed

corresponds to the ionization energy of the molecule. However, smaller electron
energies are also observed in the spectrum, which occur if the ion is left in an excited
state.

For sufficiently farge photon energies, double ionization may occur (process b).
With high-intensity lasers, stepwise ionization by absorption of two or more photons
is also possible. The ions generated by process a) are further ionized by the absorption
of a second photon. The probability of this process increases with increasing pho-
ton density. It is therefore particularly relevant for photoelectron spectroscopy with
high-power lasers. Figure 12.58 shows schematically the occupation of the molecular
orbitals in the different processes.

12.5.3
ZEKE Spectroscopy

In recent years, a variation of photoelectron spectroscopy has been developed in which
only photoelectrons with very small energies E,) = 0 are detected during laser ioniza-
tion of molecules in a collimated molecular beam, and which is therefore called zero
kinetic energy (ZEKE) spectroscopy [12.44, 12.45].

If the wavelength of the ionizing laser is continuously tuned, these (ZEKE) elec-
trons are generated when the ground-state level or excited vibrational levels in the
electronic ground state of the molecular ion M ' are reached by the exciting photon.
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The photoelectrons are extracted from the generation area (crossing volume of molec-
ular beam and laser beam) by an electric field, which is switched on only after a time
At, which ensures that all fast electrons have already left the area. Hence, the photoion-
ization channel leading to a definite state of the molecular ion is selectively detected,
and no energy selector for the electrons is needed. When narrow-band lasers are used,
the energy resolution is much better than in conventional photoelectron spectroscopy,
and it is limited only by the molecular velocity distribution in the beam.

Example

Electrons with an energy of 0.1 meV have a velocity of v = 5.8 x 103 m/s.
Hence, they leave the area of ionization with a typical size of 1 mm? within about
200ns. Choosing a time delay of 1us after ionization with a laser pulse with a
width of 10ns, all electrons with energies E¢; > 107 ¢V have left the ionization
area and are therefore not detected.

ZEKE spectroscopy offers not only the advantage of higher energy resolution,
which allows the resolution of vibrational and sometimes even rotational levels of
the molecular ions, but also a much higher detection probability. This is due to the
fact that the photoelectrons, which have statistically distributed velocities, are all cap-
tured by the electric field due to their small kinetic energy, and are thus all collected
on the detector.

As an example, Fig. 12.59 shows the ZEKE spectrum of NO, which demonstrates
the achievable energy resolution.

NEA
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Fig. 12.59 ZEKE spectrum of NO. The abscissa gives the
wavenumber of the ionizing laser; the peaks correspond to ex-
citations from different rotational levels J = 0...3 of the ground
state (1 meV=8.07cm™') [12.46].
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Unfortunately, the collecting electric field can also field-ionize electrons from very
high long-lived Rydberg states of the neutral molecule, thus giving erroneously a
smaller ionization energy. These field electrons must therefore be separated from the
true photoelectrons. One possible way to achieve this is to apply a weak extraction
field at a time ¢, after ionization, which is then increased at a time #;. The electron
signal displays then a step at ;, which indicates the additional amount of electrons
from field ionization of Rydberg states.

12.5.4
Angular Distribution of Photoelectrons

Conservation of angular momentum requires that the total angular momentum on both
sides of Eq. (12.53) be equal. The angular momentum of the ionizing photon is zero
for linearly polarized light, and 15 for circularly polarized light. The photoelec-
trons may also possess angular momentum, which determines their angular distribu-
tion. At very small electron energies, such as those occurring in ZEKE spectroscopy,
the angular momentum of the photoelectrons is zero, and their angular distribution is
isotropic. In general, however, the photoelectrons may possess an angular momen-
tum O, Lh,2h,3h,... The electronic wavefunction is then a superposition of s, p, d,

. contributions. As the angular momentum quantum number / is well defined for
highly excited electrons (e.g., in Rydberg states) even in molecules, the selection rule
Al = +1 for the angular momentum quantum number [ is satisfied for electric dipole
transitions from the Rydberg level to a vibration-rotation level of the ion by absorp-
tion of a photon. If the transition starts from an s state, the final state must then be
a p state, and the photoelectron must be a p electron due to conservation of angular
momentum. Its angular distribution is given by the spherical harmonic Y, and the
intensity distribution of the photoelectrons as a function of the angle © between the
line of incidence of the photon and the line of observation of the photoelectron is given
by

1(0) <Y} = %tcoszé . (12.54)

In general, the angular distribution of photoelectrons with arbitrary angular momen-
tum can be described, for unpolarized light, by the expression [12.47]

1(©) = ZUE [1 +§ Gsinze— 1)} . (12.55)

The photoionization cross-section o and the anisotropy parameter 3 depend on the
initial and final states of the photon-induced transition in the molecule and on the po-
larization of the photon. It summarizes the influence of the different angular momenta
of the photoelectrons on the angular distribution. From the measured anisotropy, in-
formation on the molecular states involved in photoionization can be gained. Mea-
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surement of the angular distribution of photoelectrons in addition to their energies
gives important clues on the molecular states from which the electron was ejected.

We see from Eq. (12.55) that for a “magic” angle of observation of © = 54.7°, the
angular distribution becomes isotropic because sin®54.7° = 2/3.

1255
X-ray Photoelectron Spectroscopy (XPS)

Inner-shell electrons are usually localized at “their” atom in the molecule. However,
the interaction with the remaining electrons in the molecule leads to shifts of the en-
ergies of inner-shell molecular levels as compared to the corresponding levels in the
free atoms. These shifts (also called “chemical shifts™) are in general very small, but
they can nevertheless be determined accurately using XPS. As an example, Fig. 12.60
shows the XPS spectrum of the transitions from the 1s levels of the four carbon atoms
that are located in different environments in the ethyl trifluoroacetate (trifluoroacetic
acid ethyl ester) molecule, and which therefore experience slightly different shifts.
The aluminum K line was used as the excitation line.

To calculate these shifts, the potential at the location of the electron in the initial
state must be determined, which depends on the interaction of this electron with all
the charges around it. If ry is the distance between the electron ¢; under consideration
and the charge gy, its potential energy is

4
(i) qke qke q;¢
g0 — _ - _ - . (12.56a)
pot = Ameoriy ( = dMETik ) A (Z]: 4mepr; ,-) N
o] H H
Fe |l |
F —/C—C—OAC — C—H
F |
H H
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10 8 6 4 2 0 Ep=291.2eV
Chemical shift

Fig. 12.60 XPS spectrum for transitions from the 1s level of the
carbon atom [12.48].
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The energy depends not only on the electron distribution in the “own” atom (first
sum), but also on the charge distribution in the neighboring atoms (second sum). If
an electron is removed from an inner shell of atom A by photoabsorption, the elec-
tron distribution in atom A changes, and due to the interaction with the neighboring
atoms N, their charge distribution changes also, so that the potential energy in the final
state is

p—1
(f) & qre qg;e
E ' =— — — . 12.56b
pot ( = Anegr), ) " (Z 41t50r;‘j) y ( )

J

The chemical shift is then

€ qj 4qj
AE = 9 _y ). (12.56¢)
(24 1)

where r;.*j denotes the distances to the adjacent charges modified by the photoabsorp-
tion process.

If the XPS photoionization process leaves a hole in an inner shell, an electron
from a higher shell can make a transition into this hole, transferring its surplus en-
ergy to another valence electron, which can then leave the molecule (Auger process,
Fig. 12.58d). In this case, the photoelectron spectrum shows, in addition to the normal
line at an energy

Eq =hv—Eg(ls), (12.57)
a second line from the Auger electron from the state |n) with the energy
Enug = Eg(1s) — Eg(n), (12.58)

so that additional information on the energies of the states |n) can be obtained.

12.6
Mass Spectroscopy

Mass spectroscopy monitors the fragmentation of a molecule into charged fragments
after excitation into a dissociative state by electron impact or photon absorption. In
combination with laser spectroscopy, much fundamental knowledge on highly excited
states of neutral molecules or molecular ions has been gained in recent years.

Furthermore, mass spectrometers can be utilized in the spectroscopy of gaseous
mixtures (e.g., in cluster beams) to record selectively the spectra of the individual
components or to determine isotope shifts in mixtures of different isotopomers of a
molecule. This can be useful in determining the vibrational and rotational quantum
number of an excited level, because the isotope shift depends on both quantum num-
bers (see Sect. 3.5.4).
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A mass spectrometer comprises an ion source, an arrangement to separate the ions
spatially or temporally, and a detector. In the following, we will briefly present the
three most important types of spectrometers.

12.6.1
Magnetic Mass Spectrometers

A magnetic field transverse to the direction of motion of ions with mass m, charge
q and velocity v exerts the Lorentz force F = g(v x B) and hence deflects the ions
according to their momentum muv. If the homogeneous magnetic field is restricted to a
circular sector with an apex angle 2¢, ions emerging from a slit S; are focused on the
slit Sy (Fig. 12.61b). This can be rationalized as follows. We consider one half of the
sector field with the apex angle . Ions entering the magnetic field in a parallel beam
of width b perpendicularly to the field boundary (y axis) are deflected by the magnetic
field onto circular paths with a radius

R="v (12.59)

because the centripetal force mv? /R is equal to the Lorentz force mvB. After leaving
the field, they continue on a straight path. If the magnetic field strength is properly
chosen, the center of the circular arc for the center beam S is the center My of the
sector, and the ions are deflected by the sector angle . The center M, of the arc for
ions on the path 1 is then shifted by /2 with respect to My. These ions cover a larger
distance in the magnetic field and are therefore deflected by the larger angle ¢ + « and

Fig. 12.61 Principle of a mass spectrometer with magnetic sec-
tor field.
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from point Ag. With MgAg = R, we obtain from the law of sines for the triangle
MiAMy

sin(p + )

MpoA; =R -
sing

(12.61)

Thus,

AoAT :R(W_Jra) _ 1) ,
sinp

For sufficiently small angles a, cosa =~ 1 and sinc = tan o, so that

_AjA
g0 = sina

= Rcotany . (12.62)

We define the focal length of the cylindrical magnetic lens to equal the distance fp =
HF, and we obtain from HD = R and HF = R/ sin¢,
R
fo=—. (12.63)
sing

Now we add the second half of the sector field, so that we arrive, for symmetry reasons,
at the representation in Fig. 12.61b.

In front of the slit S;, an acceleration voltage U is applied, which supplies the ions
with a kinetic energy

(3=

that is, with a velocity v = (2qU /m)!/2, so that the focal width becomes, using R =
mv/(gB),

(12.64)

If the magnetic field strength B is changed, ions with a different mass are focused on
the exit slit according to Eq. (12.64) [12.49]. Thus, ions with specific masses can be
selectively transmitted by changing the magnetic field strength B.

12.6.2
Quadrupole Mass Spectrometers

In a quadrupole mass spectrometer consisting of four parallel, electrically conducting
round rods at a distance 2ro (Fig. 12.62), the ions are selected using electrical fields.
The ions traveling along the y direction experience a hyperbolic electric potential

&(x,7) = % (-2, (12.65)
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Fig. 12.62 Quadrupole mass spectrometer. a) Hyperbolic po-
tential (x,z); b) optimum arrangement of electrodes; c) real
arrangement with four rods; d) stability diagram.

with @y = U + V coswt, which is a superposition of a static potential U and a high-
frequency contribution V coswt. While the y component of the ion velocity is constant,
the x and z components oscillate with frequency w. The equations of motion for these
directions are

X+ ——(U + Vcoswt)x
mro

I
=

(12.66)

I
=)

Z— (U +Vcoswt)z
mr3
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These differential equations have stable solutions only for specific ranges of the pa-
rameters

MU o b= 2V (12.67)
mriw? mriw?

Within these ranges, the vibrational amplitudes along x and z remain finite, whereas
they tend to infinity for other values of the parameters. Depending on the choice of
the potentials U and V, ions with specific masses can reach the detector behind the
quadrupole rods, while ions with different masses oscillate so strongly that they hit
the rods and are lost. As shown in Fig. 12.62d, the mass range of the transmitted
ions can be adjusted to be narrow or broad by choosing suitable values for the pa-
rameters @ and b. That is the main reason why the quadrupole mass spectrometer,
developed by W. Paul in 1953, is a highly versatile instrument with adjustable mass
resolution, which is also much more compact and lightweight than magnetic spec-
trometers [12.49, 12.50].

12.6.3
Time-of-flight Mass Spectrometers

In a time-of-flight mass spectrometer, the mass-dependent time of flight of ions with
the same energy (m/ 2)1)2 is exploited to separate the ions in time. The principle is
illustrated in Fig. 12.63. At time ¢t = 0, ions with mass m and charge g are generated
in a confined region of space (e.g., the crossing volume of laser and molecular beam)
by pulsed ionization (e.g., using a pulsed laser). A voltage U accelerates them to a
velocity v = (2qU/m)'/?2, and they pass through a field-free distance L with constant
velocity, before they are registered by an ion detector (channeltron or channel-plate
amplifier).

+U Area of ionization
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Fig. 12.63 Time-of-flight mass spectrometer. a) Principle; b) po-
tential characteristics of the McLaren type; ¢) Time-focusing of
ions that are generated simultaneously at different locations in
the ionization area.
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[ons generated at different locations in the ionization area, and hence at different
potentials, possess different velocities, and the time of flight for ions of the same mass
is distributed around a mean value. To improve the time resolution and thus also
the mass resolution, McLaren and coworkers suggested a modified field distribution
(Fig. 12.63b), in which the ions are accelerated in two stages [12.51]. The two electric
fields are adjusted (depending on the length of the field-free propagation distance) so
that all ions of equal mass arrive at the detector simultaneously, irrespective of the
location where they were generated.

The mass resolution of a time-of-flight spectrometer can be improved further if the
ions are reflected by an opposing electric field at the end of their propagation path.
Fast ions penetrate farther into the opposing field and must therefore cover a larger
distance. Such a reflectron can achieve a mass resolution of several thousand [12.52].

More information on the combination of lasers and mass spectrometry can be found
in [12.53].

12.7
Radiofrequency Spectroscopy

In 1929, Rabi [12.54] developed an experimental technique which allows very precise
measurements of fine and hyperfine splittings in molecules with magnetic or electric
dipole moments, of the magnitudes of these moments and the corresponding Zeeman
or Stark splittings. The technique is illustrated in Fig. 12.64a. The molecules effuse
from their reservoir (for substances with a low vapor pressure, a heated furnace may
be used) through a small hole or a nozzle into vacuum. They are then collimated by
an aperture and deflected in an inhomogeneous magnetic field A according to their
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Fig. 12.64 Principle of radiofrequency spectroscopy. a) Rabi
method with deflecting magnets A and B; b) modern laser
variant.
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magnetic moment. The force acting on the molecules is F' = —p - grad B. Finally,
they are deflected in a second magnetic field B of the same magnitude, but opposed
to A, and reach the detector behind an aperture.

At C, between the two static magnetic fields, the molecules are irradiated with a
variable radiofrequency field. If the frequency corresponds to an allowed transition
between two levels |i;) and |i,) of the molecule, the populations of both levels are
changed. If the molecular dipole moment is different in both states, the deflection in
field B changes, and the molecule cannot reach the detector.

The decrease in the detector signal is measured as a function of the radiofrequency.
The maximum decrease occurs at the resonance frequency fy. Usually, both levels
belong to the electronic ground state of the molecule, so that their lifetimes are long.
Hence, the signals exhibit very narrow linewidths, which are often limited by the
molecular passage time through the radiofrequency field. The time-of-flight linewidth
can be reduced by using a larger passage time through the radiofrequency field or by
a method developed by N. Ramsey, in which the radiofrequency is applied simultane-
ously to two widely separated areas [12.55]. This method of separated fields results
in very narrow linewidths, and the resonance frequencies can be measured very accu-
rately.

If the two magnetic fields A and B are replaced by electric fields, electric dipole
moments and their dependence on the molecular state can be measured [12.56].

The accuracy of the measurements is essentially limited by the signal-to-noise ratio
achieved. As the energy difference between the two levels is very small (AF = hf <
ks T), both levels are almost equally populated at room temperature. The net absorp-
tion of the radiofrequency and thus the change of the level populations is therefore
very small, and consequently the same holds for the change of the magnetic moments.
By using a cooled supersonic beam (see Sect. 12.4.7), the temperature can be reduced
to a few kelvin, and the population difference can be correspondingly increased.

Much more effective, however, is a laser variation of the Rabi method. Here, the
two magnets A and B are replaced by two partial beams of a laser, crossing the molec-
ular beam perpendicularly (Fig. 12.64b). If the laser wavelength is tuned to an optical
transition |i,) — |k) of the molecule, the transition can be saturated even for small
laser powers, that is, the population of |i,) is then much smaller than the thermal pop-
ulation, in favorable cases it can become virtually zero. This increases the transition
rate on the radiofrequency transition |i¢) — |i,,) drastically. The states of the molecules
arriving at the second intersection B can then be measured through the absorption of
the second laser beam via laser-induced fluorescence at position B [12.57].

This technique offers not only a much higher sensitivity but has the additional
advantage that radiofrequency transitions in molecules without magnetic or electric
moments can be measured.

A large number of molecules have been investigated using this technique [12.58].
Specifically, vibrational transitions of the weak van der Waals bond in van der Waals
molecules or rotational transitions of large van der Waals complexes can be measured,
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which have very small rotational constants due to the large mass of the complex and
the large bond length, so that the transitions are in the radiofrequency or microwave
regions [12.59].

If the laser excites states with a lifetime which is longer than the time of flight
from the point of excitation to the second crossing point B, radiofrequency transitions
in these excited states can be measured. The method can also be termed an optical-
radiofrequency double resonance spectroscopy, because the resonant interaction of
the molecule with the laser and the radiofrequency field is exploited.

12.8
Nuclear Magnetic Resonance Spectroscopy

Nuclear magnetic resonance (NMR) spectroscopy has evolved into a powerful tool
for the elucidation of the structures of large molecules containing nuclei with nuclear
spins. Its principle is very simple.

The sample of interest is placed in a magnetic field B, in which the nuclear spins I
will be oriented relative to the direction of the magnetic field so that their projections
onto this direction are M;h, where the magnetic projection quantum number M; can
take all 2/ 4 1 integer or half-integer values from —I to +I. Hence, the hyperfine
levels split into Zeeman components with energies

E(M,B) = —pinyc - B = —%I-B = —giuMB = —vhM|B,

where g; is the Landé factor of the respective nucleus, uy = 5.05 x 10727 A m? is the
nuclear magneton, and v = pinuc /1 = gr4a/ i is the gyromagnetic ratio.

The nuclear spin quantum number of the proton is 7 = 1/2, and there are two
Zeeman levels with M; = +1/2 (Fig. 12.65). If the sample is irradiated with radiation

N

m =+

Fig. 12.65 Zeeman splitting of proton spins / = 1/2 in a mag-
netic field B.
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of the frequency

)
vi=1{=—|8B,
Tt (21:
the proton spin can be flipped, that is, a transition is stimulated to the second Zeeman
level.

Example

For a hydrogen nucleus, I = 1/2, ppe = 2.79uy, and therefore vy =
1.55 x 108 m2 V152, For a magnetic field strength of 1 T =1Vsm™2 = 10*G,
a frequency v = 24.7 MHz results.

The crucial point, however, is that the magnetic field B at the location of a nuclear
spin is not simply given by the external magnetic field By, but that the surrounding
atoms and nuclei with their permanent or induced magnetic moments provide also
a (albeit small) contribution. Therefore, the splitting of the Zeeman levels and thus
the radiofrequency v+ depends on the location of a nucleus in the molecule. For a
molecule containing several protons in different atomic environments, there is not just
one transition but there are several components with frequency spacings that reflect
the difference of the effective magnetic fields at the location of the nucleus under con-
sideration due to the neighboring atoms. As these additional magnetic fields depend
on the magnetic moments of the atoms (including nuclei) and their respective dis-
tances from the nucleus under consideration, this magnitude of the resulting shifts can
be used to determine the distances of the surrounding atoms, provided the magnetic
moments are already known. This contributes significant information to the determi-
nation of the molecular structure.

The resonance frequency of a proton i that experiences a shielding or amplification
0By of the external magnetic field By due to the neighboring magnetic moments is
given by

v = (%) (1-0y),

where the shielding constant o; can assume positive as well as negative values (pos-
itive values denote shielding of the external field by the surrounding atoms, negative
values amplification). If the surrounding atoms are diamagnetic, they possess only an
induced dipole moment in the external field, which is opposed to the external field
and thus reduces the field at the location of the nucleus under consideration. As the
induced moment is proportional to the field strength, the frequency shift will also be
proportional to the external field. The shielding constant ¢ is then positive. If the sur-
rounding atoms possess permanent magnetic moments, the dipoles are oriented along
the direction of the external field and amplify the magnetic field. If the field is strong
enough to achieve complete alignment, the positive shift becomes independent of the
external field.
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Fig. 12.66 NMR spectrum of the protons in the ethanol
molecule, showing the multiplet structure due to the interaction
between the nuclear spins [12.63].

If the nuclei of the surrounding atoms possess nuclear spins and thus nuclear mag-
netic moments, there arises an additional interaction between the nuclear moments,
leading to a fine structure of the resonance lines.

As an example, Fig. 12.66 shows the NMR spectrum of the protons in the ethanol
molecule CH3CH;OH. It consists of a triplet from the three protons of the CHj
group, a quartet from the CH, group, and a single line from the OH proton. The
abscissa shows that the frequency shifts between the multiplets are in the ppm range
(ppm = parts per million = 1075). The fine-structure splitting due to the interaction be-
tween the nuclear spins is even smaller, and can only be resolved with high-resolution
spectrometers. At a resonance frequency of 100MHz (for By = 4T), the chemical
shifts amount to a few hundred hertz, and the spacings of the fine structure are only
a few hertz. The magnetic field By must therefore be held constant to less than 107,
This can be achieved by using special stabilization techniques; for example, by simul-
taneously measuring the resonance frequency of a reference substance and stabilizing
the magnetic field at the middle of this resonance. As a reference substance, tetram-
ethyl silane (CHj3)4Si (TMS) is commonly employed, and the shifts of the resonance
lines are then measured with respect to the TMS resonance (Fig. 12.66).

Figure 12.67 illustrates the principle. The sample is placed in the stable static
magnetic field By, which is commonly generated by cooled electromagnets with iron
cores or by superconducting coils. The radiofrequency is then transmitted onto the
sample by a coil, and a second coil receives the signal from the sample.

To perform the measurement, either the radiofrequency can be tuned through all
resonances, or the magnetic field can be varied at a fixed radiofrequency. For this
purpose, auxiliary coils are employed which permit small yet precise changes of B.
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Fig. 12.67 Schematic setup of an NMR apparatus.

The chemical shifts of the proton resonance and also for the nuclear spin interaction
possess typical values for specific atomic groups containing hydrogen atoms (e.g.,
CH3, CHCl3, OH, CgHg), so that one can deduce from its measured chemical shift the
chemical group in which a specific hydrogen atom resides.

Apart from protons, other nuclei with magnetic moments, that is, with / # 0, can
also be used as probes. Common examples include the isotopes 13C, N, N or
31p. Measuring the chemical shifts of these special nuclei facilitates the structure
determination of more complicated molecules, in particular large biomolecules such
as proteins [12.60, 12.61].

12.9
Electron Spin Resonance

Electron spin resonance (ESR) spectroscopy is a useful tool for the investigation of
molecular states with an electron spin § # 0. Most molecules have § = 0 in their
ground state, but radicals (molecules with one or more unpaired electrons) have also
a resulting electron spin in the ground state. In ESR spectroscopy, the resonance fre-
quencies for transitions between Zeeman levels is measured, in complete analogy to
NMR spectroscopy. However, in this case the Zeeman splitting is not determined by
the nuclear magneton but by the Bohr magneton, which is larger by a factor of 1836.
Hence, comparable magnetic fields yield now transition frequencies in the microwave
region at a few GHz [12.62, 12.63]. Again, the hyperfine structure in molecules with
nuclear spins, which is caused mainly by the interaction between electronic and nu-
clear spins, leads to a multiplet splitting of the transitions between two Zeeman levels
Mg of the electron spin (Fig. 12.68). The energy of such a component is, for a radical
with electron spin S and two nuclear spins /1 and I3,

E=E0—MS-B—unuc~B+als-I|-I—S'Ig,
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Fig. 12.68 Transitions between the hyperfine components of the
two Zeeman levels of the electron spin S =1/2.

where E) is the energy of the level without magnetic interaction. The second term can
usually be neglected because pinyc < 5. Figure 12.68 shows the transitions between
the hyperfine components of the two Zeeman levels of the electron spin for the case
of a radical with just one nuclear spin / = 1.

In a radical with several nuclear spins, the ESR spectrum looks more complicated.
For example, for two protons, the spectrum contains four lines (Fig. 12.69a): the
electron-spin transition is split into two components by the interaction with the nu-
clear spin of a proton. Each of these components is then split a second time by the
interaction with the second proton.

If there are two equivalent protons (i.e., two protons at equivalent positions in the
radical which cause identical shifts), two components coincide, and the intensity of the
corresponding line in the spectrum is doubled (Fig. 12.69b). The same argumentation
holds for more than two equivalent nuclear spins (Fig. 12.69c¢).

The intensities and shifts of the different components are used in ESR spectroscopy
to derive the spatial distribution of the unpaired electron (i.e., its wavefunction) in
the molecule. As an example, the investigation of the Naj radical in a cold rare-gas
matrix [12.64] is considered. From the measured ESR spectrum, it could be shown
that the unpaired electron is not distributed evenly over all three sodium atoms but that
the probability density is significantly reduced for one of them.

Another area where ESR is commonly employed is the investigation of triplet states
in excited hydrocarbons. Again, the spatial distribution of the electrons in these states
can be determined and hence the shape of the delocalized orbitals.

Until now we have considered only stationary NMR or ESR spectroscopy. How-
ever, as discussed in the case of laser spectroscopy (Sect. 12.4), the transition between
the Zeeman components can be excited by a short electromagnetic puise, and the time
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Fig. 12.69 ESR spectrum for the case of several equivalent nu-
clear spins. a) Two proton spins; b) two equivalent proton spins;
c) three equivalent proton spins.

evolution of the population of one Zeeman level can be monitored by delayed probe
pulses while it decays by spin relaxation. This results in very detailed information
on the interaction of the nuclear or electron spin with its environment. In fact, NMR
tomography, used in medical diagnostics, is based on the measurement of these relax-
ation times rather than of frequency shifts [12.65].

More detailed accounts can be found in the specialized literature [12.66].

12.10
Conclusion

We have restricted our presentation of experimental methods used in molecular phy-
sics mainly to spectroscopic techniques, because they constitute the primary source
of information for the elucidation of molecular structure and dynamics. For space
constraints, the whole field of molecular collision processes received less attention
than it would have deserved. However, there are many worthwhile textbooks on this
topic, to which the reader is referred [12.67].

Also, the investigation of chemical reactions has only briefly been touched upon,
although the elucidation of the elementafy_ processes in such reactions represents
a direct application of molecular physics to a field of great importance for chem-
istry [12.68].

The transfer of insight from molecular physics to biophysical questions [12.69,
12.70] is of special importance; however, this is beyond the scope of this book. For
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example, the puzzle as to which types of interactions effect the unfolding of DNA
strands is yet unsolved. X-ray structure analysis of crystallized biomolecules, which
led to the discovery of the DNA structure 50 years ago, could also not be treated here,
because it would have required some knowledge about molecular solids.

However, the foundations of molecular physics discussed in this book will hope-
fully enable the reader to progress to these advanced topics.
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inertia tensor 207
infrared active 276, 280
infrared inactive 276
infrared spectrometer 367
infrared spectroscopy 366
intensity of rotational transitions 269
intensity profile 156
interaction potential 116
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NHj molecule 254

nitrogen molecule Ny 173

NMR 429

NMR spectrum 431
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noncrossing rule 49

normal coordinate 222
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normal vibration 275, 276

nuclear magneton 332

nuclear mass, reduced 79

nuclear resonance 429

nuclear spin quantum number 429
nuclear spin statistics 171, 173, 272
nuclei with magnetic moments 432
nutation cone 209
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(03)2 molecule 349

O3 molecule 385
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one-electron approximation 46
one-electron state 45
operator 212

orbital
energy 246
parity 238
order 180

orientational quantum number 170
ortho boric acid 187

ortho hydrogen 172

oscillation, damped 152

oscillator
anharmonic 91
classical damped 152
harmonic 87, 88
overlap integral 55, 58, 244
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overtone spectrum 385
oxygen molecule Oy 173

p
para hydrogen 172

particle spectroscopy 361
partition function 170, 270
Paschen—Back effect 331
Pauli principle 64
perturbation 9, 293, 299
heterogeneous 295
homogeneous 295
perturbation operator 302, 303
perturbation potential 231
phosphorescence 322
photoelectron spectrum 422
photoionization
cross-section 420
process 417
photon scattering,inelastic 165
m-electron system 257
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T orbital, molecular 239
Planck law 123
point group 181, 184, 185
polarizability 166, 276, 291
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polarization of lines 331
polarization of transitions 332
polarization spectroscopy 400
polarization state
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potential
effective 73
quartic 93

potential barrier 316
potential curve 47,57, 112, 118
crossing 298
diabatic 298
potential surface 348
predissociation 316, 344
pressure broadening 160

principal axes transformation 208, 222

principal moment of inertia 208
prism spectrograph 374
process, photochemical 8
projection quantum number {2 41
protons, equivalent 433
pseudorotation 227, 316
frequency 354

pump-probe technique 410

q

quantum chemistry 76
quantum defect 318
guantum yield 321

r
R centroid 142

nth order 140
R centroid approximation

304

radial function 80
radiation characteristic 125
radiation field, thermal 123
radiation sources, continuous 373
radiation spectroscopy 361
radiationless transition 320, 321
Raman effect 290
Raman scattering 166

resonant 165
Raman spectra 167, 288
Raman transition 165

139, 142,
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166, 291

rare-gas cluster
Rayleigh scattering
reference frame
laboratory-fixed 203
molecule-fixed 203, 206
reflection 182
reflectron 427
relative velocity, mean 159
Renner—Teller coupling 311
Renner-Teller effect 312
representation  192-194
n-dimensional 195
irreducible 196
of group C3, 195
one-dimensional 195
product 198
reducible 196, 199
reduction 198, 201
sum 198
resolution 374
spectral 376, 377
resolution of spectral lines 374
resonance integral Hag 55
resonance spectroscopy, laser-magnetic
388
resonator, acoustic 388
restoring force 225
retarding-field method 417
Ritz principle 51
RKR method 105
rotary—reflection axes 177
rotation 81
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quantum-mechanical treatment 212

rotational constant 82, 90, 214, 264
mean 96
rotational energy 84, 206, 207
mean 96
rotational group 271
rotational level
Zeeman splitting 329
rotational level, Zeeman splitting 329

rotational period 90
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rotational perturbation 307
rotational quantum number J 81
rotational Raman spectrum 290
rotational Raman transition 168
rotational spectrum 5, 83, 263
rotational structure 145, 283
rotational term diagram 214
rotational term value 86, 214
rotational transition 133
rotational wavefunction 271
rotor

rigid 81, 207

vibrating 96
Rowland circle 378
Rowland grating 378
Rowland spectrograph 378
Rydberg electron 318
Rydberg state 317

molecular 405

S
saturation hole 398
saturation spectroscopy 399
scattering cross-section 362
Schonflies notation 184
sector field, magnetic 423
secular equation 53, 218
selectionrule 135
asymmetric top 268
electric dipole transitions 265
pure rotational transitions 266
rotational quantum numberJ 145
vibration—rotation transitions 285
vibrational transitions 275
selection rules 294
self-pressure broadening 160
separation ansatz 80
setup, experimental 380
shell structure 352
shielding constant 430
shift 158
chemical 431

o™ light 135
¢ light 135
single-particle approximation 63
Slater determinant 64
Slater function 75, 76
sp; hybrid atomic orbital 241
sp? hybridization 242
sp’d hybridization 243
sp> hybridization 243
spatial function 75
spectral analysis 4
spectrometer, Fourier 372
spectroscopy 372
ESR 432
Fourier 366
intracavity laser 385
microwave 362
optothermal 394
photoacoustic 387
photoelectron 415
vacuum UV 380
ZEKE 418
spherical harmonics Y (6,¢) 80
spin function 75
spin quantum number § 43
spin relaxation 434
spin state 44
spin—orbit coupling 50, 294, 305, 336
spin—rotation coupling 308
spin-rotation coupling constant 309
stability diagram 425
Stark effect 339
second-order 341
Stark modulation 366
Stark shift, first-order 340
Stark splitting 341
state
excited 251
virtual 165
statistical weight 270, 272
step operator 216
Stokes Raman scattering 291



Stokes Raman spectrum 169
Stokes spectrum 168
streak camera 408, 409
stretching vibration 225
structure determination 430
structure, bent 247
subgroup 180
surface atom 350
susceptibility, magnetic 327
symmetry axis 176
symmetry element 175, 176
symmetry operation 175, 181
symmetry plane 176, 177
symmetry property 43, 270

even 44

odd 44
symmetry selection rules 295
symmetry type 192, 295
synchrotron radiation 379, 380

t
Taylor expansion 230
of potential 221
theory of gases, kinetic 3
thermal conduction 362
time function 371
time slot function 371
top
asymmetric 215, 267
oblate symmetric 212
prolate symmetric 211
symmetric 85, 211, 266
term values of asymmetric 220
topological structure 9
total angular momentum J 86
total wavefunction 65
transition
electronic 138, 144
multiphoton 161
polarization 332
radiationless 9
transition point, classical 141
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transition probability 122, 130, 134,
287
collision-induced 160
translation vector 194
translational energy 206
translational temperature 392
transport phenomena 362
trifluoro benzene 189
tunneling process 316
turning point, classical 107
two-center integral 67, 70
two-photon absorption 161
Doppler-free 402
two-photon resonance 165
two-photon spectroscopy 163, 402

u

uncertainty relation 154
united atom 45

UPS 415

v
valence orbital, hybrid 255
van der Waals bond 322, 343
van der Waals cluster 352
van der Waals interaction 116
van der Waals molecule 9, 322, 343
variational method 52
velocity distribution, Maxwellian 155
velocity, most probable 155
vibration

anharmonic 230

degenerate 226
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normal modes 11

of polyatomic molecules 221
vibration—rotation interaction 95
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vibrational wavefunction 89
vibronic coupling 309, 323
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Voigt profile 157
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wavelength modulation 383
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WKB approximation 101
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