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1 General

1.1 Introduction

Space flight yields results in both the field of knowledge as well as in practical
applications. Space flight is of most importance to scientific research. Since the
atmosphere of the Earth blocks out most kinds of radiation, research into space
(planets, stars, the universe as a whole) is more feasible from space than it is from
Earth.

Research in space is particularly interesting due to the lack of gravity.

Research from space, amongst others, offers the possibility to study Earth, as a
whole, at a fast pace. Environmental changes as well as meteorological processes
can be monitored from space in an effective and economical way.

Practical applications of space flight have become part of our lives in the form
of weather and environmental satellites as well as communication satellites. The
latter usually circle in a geostationary orbit at 36.000 km above the equator.

Space flight produces new technologies and has become economically viable.
There is, for example, a great need for communication satellites as well as rockets
to carry them into orbit.

Space flight is a comprehensive and innovative part of technology. It encom-
passes many fields of technology, some of which will be dealt with in this book.

This book presents a cross section of the total field of expertise that is called
“space flight” and aims to provide insight into the design, construction and analysis
aspects of spacecraft. Spacecraft includes satellites as well as launch vehicles, with
a distinction between manned or unmanned. The International Space Station (ISS),
Russian MIR the American shuttle and the European Spacelab are examples of
manned space flight, whereas communication satellites for radio and television and
meteorological satellites are examples of unmanned space flight. This book does
not cover all aspects of manned and unmanned space missions, spacecraft and
launch vehicles [Fortescue 1990, Griffin 1991, Marty 1994, Wertz 1999]. Empha-
sis will be on unmanned space flight, particularly on the construction of spacecraft
rather than the construction of launch vehicles.

The nature of the satellite is dependent on the task that is set for that satellite.
The spacecraft can be used as:
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¢ Communication satellite (TELECOM, INTELSAT, DRS)

e TV Satellite

e Weather satellite (METEOSAT, GOES, NOAA)

¢ Navigation satellite INMARSAT)

¢ Astronomical satellite (ANS, IRAS, ISO, Hubble Space Telescope (HST))

¢ Military satellite (espionage)

¢ Earth observation satellite (SPOT, ERS1, Landsat, RADARSAT, ENVISAT)
¢ Scientific satellite (EURECA, GIOTTO, CLUSTER)

e Manned space flight (Shuttle, Spacelab, MIR, Spacestation ISS)

® Micro gravitation (EURECA)

A spacecraft orbiting the earth, another planet in our solar system or even
beyond that, is a part of a complex infrastructure consisting of the launch vehicle,
which positions the spacecraft in a certain orbit and ground based stations that cater
for the communications. This book will only deal with the structural aspects of
spacecraft design.

A spacecraft is generally divided into two parts:

e Payload
¢ Service modules

The payload carries out the set task, i.e. the radio communications in a commu-
nication satellite. The spacecraft bus consists of several support systems (subsys-
tems), such as attitude control, propulsion, power supply, thermal control,
structure, deployable mechanisms (solar arrays) and telemetry.

According to H. Ory [Ory 1991], seven main parts can be distinguished in the
design of a spacecraft construction:

¢ [oad assumptions, environment

¢ Design criteria

¢ Design details, construction features, manufacturing methods
¢ Material selection

e Static and dynamic analysis

¢ Failure analyses, load bearing capacity

e Qualification and verification tests

The above mentioned parts are like the links of a chain; where it is only as
strong as its weakest link. This book will discuss all of these parts in spacecraft
construction design.
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2 Design Process

2.1 Introduction

The process of designing and developing spacecraft is characterised by the fact that
it concerns single and “one-off” time product, that have to be produced within a
given amount of time.

Requirements of the principal and subsequent testing of test models lead to the
final design. This final design is then laid down in working drawings and other
documents, all of which define the final product or flight model.

2.2 Design criteria

Any design is led by the design criteria (mass, stiffness, shape, etc.). The proposal
phase is intended to leave room for negotiations on any alterations of the design
criteria. Depending on the kind of project, it may be necessary to derive further
specifications for subsystems, such as the solar arrays, from the design criteria.

2.3 Design specification

The first step of the design process is to derive the design specification. This needs
to comply with demands concerning:

¢ functioning with regard to primary tasks
¢ mechanical loads

e environmental influences

¢ material properties

e weight and balance

¢ reliability and lifetime
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¢ safety

¢ exchangeability, repairs and maintenance
* manageability

¢ interactions

Based on the design specification, a design and development plan is worked out
and work packages are defined. A work package describes the activities to be per-
formed, the available time and the resources available. It also includes the neces-
sary input and the expected output.

2.4 Design

Based on the design and development plan, the design specifications are further
tested and elaborated on during the design process by means of design studies,
computer simulations, analyses, trade-off studies, detailed testing, as well as
designing and testing test models.

During each step of the process the level of detail is increased in such a way
that, through design drawings, the design can be finalised in production documents
(drawings, manufacturing sheets), test plans and procedures.

Testing and studying certain aspects by means of test models form an important
part of the design process. These are not complete models. In most cases the fol-
lowing will be used:

e the structural model (SM, dynamic aspects)

¢ the thermal model (TM, thermal behaviour in vacuum)

¢ the electrical model (EM, the electrical behaviour of all systems combined and
in relation to the ground testing equipment or EGSE: Electrical Ground Support
Equipment)

¢ the qualification model (QM, qualification of the design for production of the
flight model, FM)

For the development of attitude control systems an attitude control model is
added.

Tests on the test models may lead to changes in the design. Deviations from the
design specifications need to be approved by the client.

2.5 Design control

The design process consists of several steps in which the design is laid down in
more detail. These steps are usually concluded with a number of reviews. In most
cases these are:
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¢ apreliminary design review (PDR) for the release of the preliminary design, in
general before starting production of the test models

e acritical design review (CDR) before the release of qualification and flight
models, preferably before the start of flight model production.

2.6 Exercises

2.6.1 Design and development

Find somewhere a design and development plan of ESA and NASA spacecraft.
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3 Launch Vehicle Systems

3.1 Introduction

A launch system is a launch vehicle comprised of one or more stages, and the infra-
structure for support from the ground. The launch vehicle positions the spacecraft
in the required orbit and attitude. During launch, the spacecraft is exposed to loads
(which will be discussed later) and protected from the environment by the nose
cone (fairing).

Therefore the choice of the launch vehicle is of course dependent on the space-
craft mission, The launch vehicle sets restrictions for the spacecraft, such as the
possible launch mass and the available volume.

It was Robert H. Goddard, on 16 March 1926, who successfully launched the
first rocket with liquid fuel. Goddard was one of the driving forces behind rocket
propulsion in the USA. He died on 10 August 1945, and on 1t of May 1959. The
Goddard Space Flight Centre (GSFC), Greenbelt, Maryland, USA, was established
in his memory.

Launch vehicles can be divided into two groups: Expendable launch vehicles
(ELV) (where the rocket is used once) and Reusable Launch Vehicles, (RLV)
(where parts can be used several times). The space transportation system (STS) is
an example of a reusable launch system. Expendable and reusable launch vehicles
are listed in [ESA 2002]. It is possible to purchase launch capacity already in the
following countries:

* Europe
e USA
e CIS

* Japan
e China
¢ India
¢ Brazil
e [srael
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In Europe the ARIANE 5 and SOYUZ launch vehicles are well known while in
the USA the Shuttle, the DELTA family, the ATLAS family and the TITAN family
of launch vehicles are well known.

3.1.1 Launch Vehicle User’s manual

The purpose of the user’s manual of a launch vehicle is to provide (to the potential
user) information on the launch vehicle. Generally, it contains information on the
performance, environment and interfaces, defines the spacecraft design and opera-
tion constraints imposed by the launch vehicle, and the operations on the range. It
also describes the launch operations and documentation procedure.

In general, the following chapters and appendices may be found in the User’s
manual [Arianespace 1998, 2002]:

¢ The introduction

e The general characteristics and brief description of the launch vehicle

¢ The performance of the launch vehicle. In this section the performance data of
the launch vehicle are presented. Typical missions are outlined (GTO, SSO,
LEO, etc.) and performance data in terms of spacecraft mass are given

¢ The environmental conditions. In this section the mechanical, thermal, radio and
electromagnetic environment is presented as well the variation in static pressure
within the payload volume during launch and the contamination and cleanliness.

e The spacecraft design and sizing data. This section is very important within the
frame of spacecraft structural design and verification. This section contains
information about safety regulations and selection of spacecraft construction
materials regarding outgassing criteria. It also covers the dimensioning of the
spacecraft concerning the location of the centre of gravity, spacecraft balancing,
minimum natural frequencies, dimensioning loads, spacecraft qualification and
acceptance tests related to static loads, sinusoidal vibrations, acoustic loads,
shocks, interfaces, etc.

¢ The mechanical interface. This section describes the interfaces of the spacecraft
with the launch vehicle with regards to fairing, payload adapters and accessibil-
ity.

¢ The electrical and radio electrical interface

¢ The launch operations

¢ The documentation. In this section the documentation which will be used when
the launch vehicle system is adopted by the user. i.e. safety documents, mission
analysis documents, launch preparation and range operations, launch vehicle
and payload review documentation.

¢ In the appendices the dynamic space under the fairing will be described as well
the payload adaptors to be used. In general the design of the payload adaptor is
described together with the load capability of the adaptor, the expected shock
response spectrum, mechanical and electrical interface drawings.



3.2 Literature 11

3.2 Literature

ESA, December 2004, Launch Vehicles Catalogue, Volume 1 and Volume 2, revi-
sion number 15, ESA contract no. 8152/88/F/BL.

Arianespace, November 2004, ARIANE 5 User s manual, Issue 4,
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3.3 Exercises

3.3.1 Definition the mechanical design specification

Suppose a spacecraft of 8000 kg is launched into a low earth orbit of 400 km.
Assuming that an ARIANE 5 launch vehicle will be used and that it will be
launched from the ARIANE 5 launch complex in Kourou. Check the launch capa-
bility of ARIANE 5

Define the mechanical design specifications for the 8 Tons spacecraft
Define the qualification programme

Select a proper payload adaptor system (PAS)

Define the mechanical interfaces with the spacecraft

The ARTANE 5 User’s manual can be downloaded from www.arianespace.com/
cite/documents.



4 Spacecraft Subsystems

4.1 Introduction

Space vehicles are often characterized by the conflicting requirements that are
demanded from them: strong and light, accurate, reliable and low-cost [Laan
1986].

Next to the general requirements such as low weight, low price, high reliability,
etc., there are also demands with respect to specific components. In this regard, the
temperature range within which the temperature of the battery must remain may be
entirely different from that of a tank with liquid fuel.

To function properly, each element sets requirements to its environment and also
influences it: it uses space, requires energy, gives off heat and create a magnetic
field, etc.

Since all the elements are packed close to each other, they must function in each
others environment. That has positive consequences but may also lead to problems.

Subsystems complement each other and, in some cases, are also meant for each
other. For instance, the structure maintains the equipment in a fixed position, car-
ries loads and ensures heat is conducted from warm to cold surfaces.

Problems occur when subsystems set requirements to their environment that are
incompatible, such as when two elements next to each other must operate at differ-
ent temperatures.

In general, a compromise is required. In most cases one subsystem is not opti-
mal, since it is more important that the entire system operates in harmony.

Due to the fact the number of possible variations and combinations of systems
used in a spacecraft are very large, it is impossible to make a brief general analysis
that covers all these combinations.

In order to get an idea of the mutual interaction of subsystems, the most impor-
tant subsystems and their mutual interaction will dealt with briefly.

13
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4.2 Power Supply

The power supply is designed to deliver electrical energy to the other subsystems.
There are a number of types:

e Batteries

Solar cells
Isotopic Reactors
Fuel Cells

4.3 Attitude Control system

The attitude control system consists of:

¢ Active systems that require an energy source, in which a control circuit of sen-
sors and actuators determine the attitude.

¢ Passive systems that do not require an energy source, such as gyro stabilisation
or gravity-gradient stabilisation.

An attitude control system is necessary to eliminate the influence of external
disturbance moments and to set instruments, antennas, nozzles, etc.

4.4 Data Systems

This concerns the control of information flows that originate from sensors, instru-
ments, antennas, etc.

Often the information is stored temporarily into computer memory. Information
is processed by means of software in the on board computer.

This system is in contact with ground stations on earth through a communica-
tion system (telemetry).

4.5 Thermal Control System

Since the proper functioning of certain elements is only possible within a certain
temperature range, the temperature range must also be regulated during flight. This
sets requirements on the conduction of heat between different parts.

Energy absorption from outside (sun and albedo) and emission to the outside
(cold space) takes place through radiation. In a spacecraft both radiation and conduc-
tion play a part. Here, one also distinguishes between passive and active systems.
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4.6 Telecommunication Systems

The telecommunication system maintains contact with ground stations on Earth.
This is usually referred to as telemetry or telecommand. The former refers to sig-
nals emitted by the spacecraft, the latter to signals that the spacecraft receives from
the ground station.

Transmitters and receivers often use the same antenna.

4.7 Propulsion System

The propulsion system is used when the orbit needs to be changed during flight.

Change of orbit is done through a change in velocity, an impulse that must be
delivered by the rocket engine. A chemical engine may be ignited for a short period
of time, such as in the transition to a geostationary orbit.

4.8 Structure

Even though in a gravitation free environment the forces exerted on a spacecraft
are very small, the spacecraft must be designed to withstand high loads. These
forces occur during lift-off. Besides high acceleration, severe vibrations also play
an important role.

The structure consists of platforms, cylinders and rods, where sandwich struc-
tures are often used because they combine low weight with high stiffness. Other
frequently used materials are aluminium and fibre-reinforced plastics.

4.9 Mutual Interaction of Subsystems

The subsystems interact, although it is better avoided.

4.9.1 Power Supply versus Attitude control System

Unfolding the solar panels disturbs the attitude. Solar panels also experience distur-
bance forces (sunlight,..) that disturb the attitude of the spacecraft. Large solar pan-
els exhibit flexible behaviour that interact with the attitude control system.

The attitude control system points the solar panels continually in the direction of
the sun.

Active attitude control systems require energy.



16 4 Spacecraft Subsystems

The discharge of reaction wheels with the help of magnetic spools requires a
strong electric current.

4.9.2 Power Supply versus Thermal Control System

The solar panels require a complex construction so that the temperature remains
low and unwanted radiation is reflected. A low operating temperature of the solar
panels leads to a high efficiency.

The performance and the lifetime of the batteries depend strongly on the tem-
perature as they are based on chemical reactions.

All the dissipated energy is radiated to space by the thermal system.

4.9.3 Attitude Control System versus Thermal Control System

In the case where gyroscopes are used as attitude sensors the temperature must be
maintained as constant as possible.
However, optical sensors usually don’t deviate due to thermal deformations.

4.9.4 Thermal Control System versus Structure

Heat is conducted through the structure and this sets requirements for the construc-
tion/shape and the choice of materials. To a great extent, the shape determines the
flow of energy that occurs due to the radiation of surfaces to each other and to
space.
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5.1 Introduction

Factors of safety are used in space projects to account for uncertainties with
regards to the prediction of loads, structural analysis, the fabrication process and
material properties.

In this chapter the terminology for different loads, allowable stress, design
approaches and factors of safety and the relation between both will be given.

5.2 Terminology

In the design process of spacecraft and launch vehicles the following terminology
is frequently used (see also Fig. 5.1).

5.2.1 Flight Limit Load

The flight limit load for a given design condition is the maximum occurring load
with, for example, a probability of 97.7% (2o ). This usually holds for spacecraft.
The stress that is calculated with applied flight limit loads is called the limit stress.

5.2.2 Design Limit Load

The design limit load is the limit load multiplied by the design factor to avoid risks
during the design and the test phase. Design limit load is also known as qualifica-
tion load.

19
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5.2.3 Ultimate Load

In general, the ultimate load is the design load multiplied by a factor of safety
(FOS). The ultimate loads are the most critical loads for the design.

The structure must be able to support this load without failing. The calculated
stresses when the ultimate loads were applied are known as ultimate stress.

5.2.4 Buckling Load

The buckling load is the design load multiplied by the buckling safety factor. The
most unfavourable combination of buckling loads must not lead to buckling or failure
of the structure. Imperfections should also be accounted for (knock down factors).

5.2.5 Yield Load

The yield load is the design load multiplied by a yield safety factor. The structure
must be able to support this load without permanent deformation.

5.2.6 Proof Load

The proof load is the limit load multiplied by the proof factor. The proof load is
used to test parts of the structure before the entire spacecraft or launch vehicle is
tested. An example of a proof load is the testing of fuel tanks at a certain internal
pressure.

5.2.7 Allowable stress

The allowable stress is the maximum stress that can be applied without breakage,
failure or any other detrimental deformation occurring.

5.2.8 Material Strength

The material strength is the level of stress that a certain material can support in a
part of a structure under the expected loads.
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5.2.9 A-value (A basis)

The A-value is referred to as the value above which at least 99% of the population
is expected with a reliability of 95%. This means that there is 95% certainty that at
least 99% of the individual measured characteristic is higher than the A-value.

5.2.10 B-value (B basis)

The B-value is referred to as the value above which at least 90% of the population
is expected with a reliability of 95%. This means that there is 95% certainty that at
least 90% of the individual measured characteristic is higher than the “B” value.
To determine the A and the B value of a strength property of a certain material,
a sample of size n with results x;, i = 1,2,...,n, is carried out. It is assumed that x; is

normally distributed, however, the mean p and the standard deviation o are
unknown. Subsequently, a mean X

|
= = 4 .1
F= 23, (5.1)

and standard deviation s

, (5.2)

are calculated from the sample. The A-value and the B-value are dependent on
the number of samples #, the mean of the sample X, the standard deviation of the

sample s, the one-sided confidence interval 1 —a = 0.95 and the percentage

1 -y = 0.99, 0.90 (one-sided) of the population that is greater than or equal to
the A-value and the B-value respectively. The A-value and the B-value are deter-
mined with the help of the following expressions respectively:

* A-value: x, = Xx—k,s

® B-value: xp = X —kgs

In general, one looks for n > 10.
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The weight factors k, and k5 can be found in Table 5.1.

Table 5.1 Weight factors A and B values

l-a =095 1-y =0.90 1-y =099
n kg ka
5 3.407 5.741
6 3.006 5.062
7 2.755 4.642
8 2.582 4.354
9 2.454 4.143
10 2.355 3.981
15 2.068 3.520
20 1.926 3.295
30 1.777 3.064
0 1.282 2.326

The factors k, and k; can be approximated with the following formula [Stange
1970 and A5-SG-1-X-10-ASAI-2003]:

2
_ 2(n—-1) Uy _qg /\/2(11—1) 2 Uy_qg
k= —=nr—1) + + - . 53
2(n—1)—ufibﬁy N2(n—1) n T e

The fractiles up for the standard normal distribution are given in the following
Table 5.2.

Table 5.2 Fractions, Fractiles
l-a, 1-v P=0.90 P=0.95 P=0.99
Up 1.2816 1.6449 2.3263

5.2.11 S-Value (S-basis)

Minimum mechanical property values specified by various agencies [Peery 1982].
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5.2.12 Qualification Loads

The loads that are applied during the qualification tests are called the qualification
loads.

5.2.13 Flight Acceptance Loads

The flight model (FM) of the spacecraft will be tested against flight acceptance
loads before it will be launched.

5.2.14 Margin of Safety

The margin of safety (MS or MoS) is defined as the ratio between the allowable
strength or stresses (4, B or other) and the actual stresses multiplied by a safety fac-
tor minus one. This means that the value of the margin of safety must be greater
than or equal to zero.

t _1>o0, (5.4)

MS = ———
FoS x s,

where s, is the permissible strength (stress), s, is the actual stress due to the

design limit loads and FoS is the factor of safety (yield, ultimate, buckling, etc.)

5.2.15 Fail-Safe

A structure is designed to be fail-safe when the total structure does not fail after the
failure of one structural element.

5.2.16 Safe-life

A structure has been designed to be safe-life if the largest possible undetectable
crack in a structural element does not augment under oscillating and main loads.
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5.3 Factors of Safety for Spacecraft

The relation of the loads and the factors of safety is illustrated in Fig. 5.1. This dia-
gram is taken from [ECSS-E-30 Part 2A].

Flight Limit| jp Design Limit Jy _| Yield Loads
Loads Loads

JQ Qualification Jju _| Ultimate
Loads Loads

JA Flight
Acceptance
Loads

Fig. 5.1 Loads and factors of safety relationship

The factors of safety ji,, jo, and j, represent a probability level (reliability)
with respect to the flight limit loads. The factor of safety jy, ensures an acceptable

risk of yielding and the factor of safety j; ensures an acceptable risk of ultimate

failure during test at design flight loads.
The following factors are commonly used within the frame of ESA projects:

* jp 14tol5

Jo 1.25 for ARIANE family
ja 1.1 for ARIANE family
e jy L1tol.25

* jy 1.25t01.5

The structural design and test factors of safety for NASA space flight hardware
are presented and discussed in [NASA-STD-5001].
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5.5 Exercises

5.5.1 Survey of Applied Factors of Safety

Perform a literature survey about the factors of safety used by ESA in European
projects and present them in the following table format (Table 5.3).

Table 5.3 List of applied factors of safety

Factors of safety exployed in s/ch projects as related to

Qualification Type L/v? flight limit loads
Structure of S/C . . ..
project /D A% Ju JQ-JA
SM¢
FM4
Launch Vehicle
. Spacecraft

Structural model
. Flight Model

a0 o
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6.1 Introduction

Launch vehicle and spacecraft low frequency loads are driven by transients such as
engine ignition. engine shutdowns, wind gusts or wind shears, and quasi-static
loads. Other environments are acoustics, random vibration, sine vibration, and
shock.

These environments are driven by the ascent profile, which includes the events
listed in Table 6.1.

Table 6.1 Sources of launch vehicle environments [ Yunis 2005]

Random Sine
Acoustics Vibration Vibration Shock
Lift-off X X
Aerodynamics /Buffet X X
Separation (stage, fairing, X
spacecraft)
Motor burn /Combustion/ X X
POGO

The maximum loads (flight limit loads) at any stage in the life cycle of a space-
craft or other space system are used to design and dimension the primary, second-
ary and other parts.

The dynamic mechanical loads that occur during the lifetime of a spacecraft are:

¢ Handling loads

¢ Transportation loads

¢ Vibration tests required for the qualification of the spacecraft structure
— Sinusoidal vibrations
— Random vibrations
— Acoustic pressures

27
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Dynamic loads during launch

— Steady-state acceleration (inertia loads)

— Sinusoidal vibrations

— Random vibrations

— Acoustic loads

— Shock loads

— Pressure variations

Re-entry loads

(Emergency) landing loads (STS)

Loads following launch

— Transfer orbit loads

Loads/influences on the spacecraft in orbit (In-service loads)
Extension of folded elements, such as solar panels, antennas, etc.
— Temperature gradients

— 0Og loads

Micro-meteorites / Debris

The dynamic loads during launch of the spacecraft are generally the highest for

the basic structure. The test loads are dealt with in a later chapter.

Foldable structures experience different loads during launch than in orbit around

the earth.

In the following sections launch loads and micro-meteoroid / debris will be cov-

ered, and specifically:

Steady-state static loads as a result of:

— The propulsion of the engine

— Crosswind loads

— Manoeuvres

Mechanical dynamic loads that are a result of unsteady combustion of the
engine(s), the turbulent flows along the rocket and the noise of the exhaust
(especially during the initial phase of launch). These enforced mechanical vibra-
tions (base excitation) transferred via the interface of the spacecraft with the
Launch Vehicle, are in general:

— Sinusoidal vibrations

— Random vibrations

— Shock loads

Acoustic loads (sound pressures) as a result of exhaust noises and the turbulent
flows along the launch vehicle.

Shock loads as a result of the separation of the stages and the separation of the
spacecraft from the launch vehicle, the ignition and the stopping of the engines.
The separation of the spacecraft results in the highest shock load.

Pressure changes. The absolute pressure decreases during launch, which can
influence the systems unless suitable ventilation systems have been fitted.
Micro-meteorites/Debris. Parts, boxes and instruments mounted on the outside
of the spacecraft are exposed to micro meteorites and man-made debris.
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6.2 Transportation load factors

The typical transportation and handling load factors are given in Table 6.2.

Table 6.2 Transportation limit load factors [NASA-HDBK-7005]

Longitudinal load Lateral load Vertical load
Medium/Mode factors factors factors
Water +0.5 2.5 2.5
Air +3.0 +1.5 +3,0
Ground
® Truck +3,5 +2.0 +6.0
® Rail (humping +6.0 to £30.0 +2.0 to +5.0 +4.0 to £15.0
shocks)
* Rail (rolling) +0.25 to +3.0 £0.25 to £0.75 +02 to +3.0
® Slowly moving 13,1 £0.75 +2.0
dolly ’

The transportation loads should be included in the design analysis unless special
protection is provided to assure that they contribute negligible damage compared
with the other (flight) loads.

6.3 Steady-State Loads

The maximum steady-state acceleration in the launch direction occur at the end of
the propulsion phase of a rocket stage. The acceleration increases because the mass
of the launch vehicle decreases, while the overall thrust remains the same. An
example of the acceleration is illustrated in Fig. 6.1.

The vibrations are superimposed on the steady state acceleration.

The lateral steady-state accelerations are usually much smaller than the acceler-
ation in the launch direction.

Time response
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Fig. 6.1 Acceleration versus
4.000 time Delta 2 launch vehicle
130.0 200.0 300.0 412.0 (courtesy FEMCIL, NASA
Time (s) GSFC)
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The maximum steady state accelerations of various launch vehicles are shown
in Table 6.3.

Table 6.3 Maximum steady-state acceleration

Launch vehicle Maximum steady-state acceleration
Longitudinal [g] Lateral [g]

Ariane 4 4.5 0.2

Ariane 5 4.25 0.2

Atlas 5.5 0.4
Delta 2 5.5-72 0
Pegasus 7-10 0
Proton 4 0

Long March 2E 52 0.6

Long March 3 5.5 0.6

a. Depends on mass of spacecraft

6.4 Mechanical Dynamic loads

The mechanical dynamic loads during launch can subdivided into:

¢ Low frequency sinusoidal vibrations in a frequency domain of 5-100 Hz.
e Random vibrations in a frequency range of 20 — 2000 Hz.

An example of the low frequency acceleration is illustrated in Fig. 6.2 and an
example of high frequency acceleration is shown in Fig. 6.3.

6.4.1 Sinusoidal loads

Low frequency sinusoidal vibrations occur as a result of the interaction between
launch vehicle mode forms and loads occuring during [NASA Practice No. PT-TE-
1406, Lalanne 2002a]:

o Lift-off, the fast build-up of thrust causes a shock load that excites the low fre-
quency domain.

e Combustion of the engines, during combustion of the engines sinusoidal vibra-
tions occur, both in, and adjacent to, the launch direction.
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Time response
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Fig. 6.2 Low frequency acceleration versus time (courtesy FEMCI, NASA GSFC)
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Fig. 6.3 High frequency acceleration versus time (courtesy FEMCI, NASA GSFC)

® POGO (a stick with a spring on the bottom). Even though engineers will go to
great lengths to reduce the effects of POGO vibrations, they are still observed
just before the burn up of a stage.

The maximum sinusoidal vibrations for a DELTA 7925 L/V are summarized in
Table 6.4:
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Table 6.4 Sinusoidal vibrations

Frequency (Hz) Acceleration (g)
Launch direction 5-6.2 12.7 mm double amplitude
6.2-100 1.0
Lateral direction 5-100 0.7

Enforced accelerations
A SDOF system with a discrete mass m , a damper element ¢ and a spring element

k, is placed on a moving base which is accelerated with an acceleration #i(¢) . The

resulting displacement of the mass is x(7). A relative motion z(¢) is introduced
which is the displacement of the mass with respect to the base. This is defined as:

2(t) = x(t)—u(r). (6.1)

T (1)
moving base

Fig. 6.4 Enforced acceleration

The equation of motion for z(z) can be written as

£(1) + 280,2(1) + 022(1) = —ii() . (6.2)

The enforced acceleration of the SDOF system is transformed into an external
force. The absolute displacement x(#) can be calculated with (6.1) or

i(1) = 3(0) +ii(t) = 2L, ()0 z(1). (6.3)

Using the initial conditions, the displacement z(0) and the velocity z(0), the
solution of (6.2) for z(?) is

z(1) = z(O)eQw"t[cosmdtqL G 2sinmdtj
1-G

+2(0)e

[ON Sln(D t —Cw, ‘I:Sln(D T
Rt I - S (1) dt (6.4)
0
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The first part of (6.4) is dependent on the initial conditions and will damp out
very quickly. Therefore we will focus on the particular (or steady-state) solution.

Generally, the harmonic vibration is expressed in complex numbers (j = /~1)

2(t) = Z(w)e'™, (6.5)
with the following definition of the Fourier transform pair

o0

Z(w) = J' 2(0e”dr (6.6)
and
17 jot
20 = 5- LOZ(m)e o . 6.7)
The velocity becomes
(1) = joZ(0)d" = Z(w)e', (6.8)

and the acceleration will be

1) = (jo)'Z(0)e” = —0°Z(0)' = Z(w)e'™". (6.9)
The multiplication with j will rotate the vector (e.g Z(®)) 90° in the positive
direction in the Argand diagram (Wessel’s geometry, [Nahin 1998]).

The complex number j = J—1 is called the rotation operator.
Equation (6.2) becomes

(-0 +2jCoo, +0)Z(0) = ~Un), (6.10)

or

2 .
Hoy = —2 @) — pioyio), (6.11)
(_(D +2jC0303n+°3n)

and

X(0) = Z(0)+ U(0) = {Ho)+1}U(0), (6.12)
2

Hio)= Ho)+1 = < 1 1 (6.13)

o’ 2
n () ()]
(1) ez

n

From this, three response regions can be determined:
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the transfer function Hx(mﬂ) ~ 1, this is called stiffness con-

°L <1

trolled
L — | the transfer function HY(Q) = —1— 1~ L,, this is called
O o, 2jC 2j¢

damping controlled
the transfer function Hx(g) =~ 0, this is called mass control-

25
(Dn n
led
The transfer function Hx(o%) is plotted in Fig. 6.5.
The sinusoidal or harmonic displacement x(#) can be written as
x(t) = D’ (6.14)

where D is the amplitude of the sinusoidal displacement and @ is the excitation

frequency (Rad/s). The radian frequency ® can be expressed as a number of cycles

per second f (cps) or (Hz) with @ = 2mf.
The velocity x(¢) is the time derivative of the displacement
%(f) = joDe’". (6.15)

It is observed that the velocity x(#) has a phase shift of T radians with respect
to the displacement x(7) .
The acceleration X(¢) is the time derivative of the displacement
#(f) = —°De’”". (6.16)
Similarly, it is also observed that the acceleration X(#) has a phase shift of £n
radians with respect to the displacement x(7) .
At a frequency /' = 6.2 Hz and an amplitude D = %2—7 = 0.00635 m, the
amplitude ®°D of the harmonic acceleration becomes

©’D = (216.2)°0.00635=9.64 m/s> ( ~1)g)
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n

Influence of the Natural Frequency
A two mass—spring system is illustrated in Fig. 6.6. The system with m and k; rep-
resents a spacecraft, instrument or box, and the system with m, and k, represents
the launch vehicle or spacecraft.

The application of the quasi-static loads is only allowed if the natural frequency
of the combination of spacecraft & launch vehicle or the combination of spacecraft
& instrument or box is well separated. In that case, the system with the highest nat-

ural frequency
1 [k
= — (-1 1
fl 27_[ m1> (6 7)

is significantly higher than the lowest natural frequency of the total system.
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my X1
% ky
ny Xy

Fig. 6.6 Two mass—spring system

The lowest frequency of the total system can be estimated with Dunkerly’s

equation
i-1,.1 (6.18)
ftot fl f2

k
with £, = L z . /> 1s the natural frequency of the total system with the
2N m, + m,

system m; and k; acting as a rigid body. If f; and f; are far apart then lowest natural
frequency of the total system becomes approximately f, = f, . The motion is stiff-

ness driven (see Fig. 6.5).
Another method to approximate the lowest natural frequency is with the
Rayleigh Quotient

T
o’ ~R(q) = LLLKLLg (6.19)
{q} [M]{q}

where [M] and [K] are the mass and stiffness matrix respectively and {g} is an
assumed mode. We can take the static displacement under 1-g

m, m;+m 1,1
— 2 />
{ q, } - g ky ky _ o _ -—2+1 (6.20)
qs my + nm, 1 /1

k) /3 !
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2
If the ratio -—§< 1 then the ratio L 1, the system m; and k; will act as a rigid
q>
1
2
body with respect to the system m, and k. In the case where —;z 1 the system m;
1
and k; will act as a mass—spring damper and will amplify considerably.

Example

A dynamic system is assumed to have m, = 10kg, m, = 150kg with

k k
=L 2 = |5Hz Itisalso assumed that f; = Ljh 40 Hz.
2 m, + m, 27N m,

fa

The spring stiffness can then be calculated by &, = (2Trf1)2m1 and

k, = (27rf2)2(m1 +m,). The base excitation i = 1 m/s> over the frequency
domain. The modal damping ratio is { = 0.02. The transfer functions |H, ()|
and |H,(®)| will be calculated.

We see from Fig. 6.7 that the system m; and k; moves with about the same
amplitude compared to the mass m,.

Assuming f= f, = 15Hz, the transfer functions |H,(®)| and |H,(®)| will be

calculated again.

15

Transfer functions
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Fig. 6.7 Transfer functions
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Fig. 6.8 Frequency transfer funtions

We see from Fig. 6.8 that the system m; and k; moves with much higher ampli-
tude compared with the mass m,. The system m and k; acts as a tuned mass—spring
system with the same natural frequency as the mass m,, however, the peak of mass
my is divided into two peaks with lower amplitude.

End of example

6.4.2 Random loads

Acoustic loads and boundary layer turbulence are transformed into mechanical
vibrations in the launch vehicle, which affect the spacecraft at its base.

In the ARIANE 5 User’s Manual no random mechanical vibrations are speci-
fied. It is assumed that the acoustic loads will cover the random mechanical vibra-
tions. There are many textbooks about random vibration, i.e. [Lalanne 2002c,
Newland 1975].

In general random vibration loads are specified for instruments and equipment
boxes, etc. Random mechanical loads are specified for the ARIANE 4 L/V
(Table 6.5). These are valid at the base of the spacecraft.

It is assumed that the random accelerations are stationary and ergodic.
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Table 6.5 Random vibrations

Power Spectral Density

Frequency range (Hz) (g*/Hz) rms acceleration (g)
20-150 +6dB/octave
150700 0.04 73
700-2000 —3dB/octave

Power Spectral Density
The root mean square value (rms) value of a periodic signal x(z) with a period

T = Jlf(s) is defined by:

1

1,+ T 5
Xms = Ej {x(z)}zdz} , 621)

where 7, is an arbitrary starting time.

For a random signal x(¢) the x,,, is defined by

T
v = lim 1 I * Pndr| | (6.22)
rms T~)OOT T

2
The auto-correlation function of x(#) is defined by

T

R.(1) = Tli_r)nw%, | sz(t)x(t rydr. (6.23)
=

x(7) .
D — !
| I ﬂ !
/ A [ | \
| T I
>

Fig. 6.9 Periodic signal x(7)

The time shift 7 is illustrated in Fig. 6.9
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It can be observed from the (6.21) and (6.23) that

T T

T | 2 T | 2, _ .2
Ry (0) = lim = [ MOyt = Jim 2 [ 0= X (6.24)
2 2

Example
A harmonic displacement is defined as x(#) = Dsin(®¢?). Calculate the root
mean square value of the displacement x,,,. The period time is T = %)T—C, and is

illustrated in Fig. 6.9. With use of (6.21) we calculate for x

rms

=

Do ¢ + zf
_ ® . 2 _
Xms = {—27[ ) {sin(w?)} dt}

o

The auto-correlation of the signal x(#) becomes
2n

2 = 2

R.(7) = ﬂr sinotsino(z+t)dt = Qcoswr,

; 2n J, 2

and
2
2 D
R_(0) = = =.
X.)L( ) xl’l’l’lS 2
End of Example

With the aid of the Parseval’s theorem the average power of x(#) can be
expressed in the frequency domain [Papoulis 1962]

lim 1fT C(dt = lim LfT X(0)X (0)do = lim ljir W) 4, (6.25)
T—> ooT _I T—> oozTET _I T— 002TE _Z T ’ )
2 2

where |X(m)|2 is the power spectrum, with

o0

l2> = 2z = (x +iy)(x—jy) = x2+y2, X (o) = I x(1)e’*'dt and

- X(0) : L .
lim - the power spectral density (PSD function) in general denoted with
T—

2
S, (0) = lim |X(_?)|_ > (). The dimension of the PSD function is unit*/Rad.

T—>
Equation (6.25) can be written as follows
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Ro(0)= lim Tj (0)ydt = —j S (0)do . (6.26)

S

The power spectral density (PSD) function S..(w) of the function x(7) is

defined as the Fourier transform of its auto correlation function R (1), thus

S (o) = r R, ()¢ dr, (6.27)

and
R.(1) = %Ifo S, (0)e/do . (6.28)
The relations (6.27) and (6.28) form the Wiener—Kintchine relationship [Harris

1974].
The PSD function is symmetric with respectto ® = 0, S(®) = S(—®), thus

R. (1) = ZLTE.[ 2Sxx(m)ejmrdm = ﬁj 28, (o)coswtdm . (6.29)
0 0

It is more practical to define the power spectral density in cycles per second
(Hz, cps)

Ry() = [ 28, (@)cos@nfdf = [ W (Deos@afordf,  (6.30)
0 0

where W, (f) = 25,.(®) is the PSD function in the frequency domain (Hz,
cps). The dimension of W, (f) is unit?/Hz (e.g. Pa%/Hz, gz/Hz, etc.).
The square root of the mean value x(#) then is, see (6.26) and (6.30):

Xome= JRL(0) = / jo w_(Ndf (6.31)

Example

The PSD W(f) of a signal is a band-limited white noise with a constant value
W, in the frequency band [ f, f,], as shown in Fig. 6.10.

Calculate the auto correlation function and the rms value of the signal.
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Fig. 6.10 Band limited white noise

The auto correlation function R(t) is defined by (6.30)
© g
R() = [ W(heos@rfoyds = Wy [ cosrfods,
/i

0

W . . .
R(7) = Z—R;[sm(anzr)fsm(Enflt)].

Using the well-known limit lim SIMY — 1 the rms value of the signal becomes
x—>0 X

rms = J/R(0) = JW,[,-fi]-

The rms value of the signal can also calculated with (6.31), as follows

ms = [ W= TIR7

End of example

The definition of the unit decibel per octave (dB/oct) is given by

W(f= 27 _
IOlog[m—J =+ (dBloct). (6.32)

An octave band is given by

1

.

fi

One octave is in fact the doubling of the frequency.
When the ratio between the frequency is not exactly a factor of 2 but slightly
more or less, then the number of octaves is calculated in the following way:

(6.33)

f)
£ =2 6.34
i ; (6.34)

with f, the considered frequency (Hz), f,,, the reference frequency (Hz) and y

the number of octaves (Oct). Then y can be obtained as follows
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log( ff—y f
ref .
y = ————~3.322l0 (—L) 6.35
fog? e (33
In the case where the number of octaves y and the number of decibels » per

octave are known, one can easily calculate the increase or decrease of the power
spectral density (see (6.32)):

W)
IOIOg[m} = yr (dB). (6.36)

Then one can calculate the PSD function W(f,)

Iy
w rlog(j:;—f)
W(f,) = W(f,p10'" = W(f,,)10 72 6.37)
Elaborating (6.37) gives:
_ AL
W(f,) = W(frer) f_ , (6.38)
ref

with log2 ~ 0.30 ~

Wi

Example

As an example the power spectral density W, (= 20) is calculated, when the

PSD function at /' = 150 Hz is W (= 150) = 0.04 gz/Hz. The slope is ¥ = 6
dB/Oct. using (6.38)
6
= 20) = W(f= 2_)3 - (1’.)2 _ 2
W(f= 20) = W(f 150)(150 0.04 130 0.0007 g“/Hz.

End of example

The root mean square (rms) value is representative value of a random power
spectrum. An example spectrum is illustrated in Fig. 6.11.
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Fig. 6.11 PSD function W,;(f) versus frequency f (Hz) (very usual spectrum for Europe and
USA)

The rms value of the acceleration %,,, is determined by:

Xoms = A T A, + A5 (6.39)

where

4, = Zﬁfi[l—@—;)ﬂ} n>0,

4y = M(f5-12),

A; = Wlﬁ[({‘-‘)mﬂq}mw, (m=—1).

m+1 3

For m = —1 (with the help of the rule of ’Hopital):
Ay = Wafy ln(‘é) = 2303 W3f310g(—4),
/5 g
where W,, W are the power spectral densities (gZ/Hz) at the frequencies £, and
15 (Hz) respectively , r|, is the slope (dB/Oct) between the frequencies f; and f,
(Hz), and 4, is the slope (dB/Oct) between the frequencies f;, 7, (Hz),

T34

8V}
W, 3 114 3
log—2 log(—z) log—2 log(i)
3 .
logj:2 logf—2 logé logé
/i /i 5 g
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Example

Random accelerations at the base of the spacecraft for the ARIANE 4 are speci-

fied. The rms value for the acceleration spectrum below will be calculated
(Table 6.6).

Table 6.6 Calculation of rms value

Frequency range Power Spectral
(Hz) Density (g%/Hz) Slope (dB/oct) Area’s (g2)
20-150 +6dB/octave n=72 4, =20
150-700 0.04 A, = 22.0
700-2000 —3dB/octave m = -1 Ay =294
rms

[A,+4,+4; = 13

End of example

6.5 Acoustic loads

The noise of the launch vehicle engines, the separation of the airflow along the
launch vehicle and the aerodynamic noise generate acoustic loads in a broad fre-
quency spectrum from 20-10000 Hz.

The acoustic loads also result in high frequency random vibration. The noise level
is at its peak during lift-off and transonic flight of the launch vehicle.

STS-78 (0V-102) Payload Bay Acoustics

VO8Y8039A : Port Vent #5 (Bay 8)
Liftoff/ Ascent (T—10.00 to T+130.00 sec.)

Sound Pressure (PSI)

0.2 ST T T T A T
-100 00 100 200 300 400 500 600 70.0 800 900 1000 110.0 1200 1300
Time (Seconds)

Fig. 6.12 High frequency sound pressures versus time (courtesy FEMCI, NASA GSFC)
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An example of measured acoustic pressures is shown in Fig. 6.12 and an exam-
ple of a specified acoustic load spectrum is illustrated in Fig. 6.13.

Ariane 4 Sound pressure Level (SPL)
0 dB: 210 [Pa]

145
140 -
135 -
130 1 —e— SPL
125 -
120 -
115 ‘ ‘

10 100 1000 10000

SPL [dB]

Frequency [Hz]

Fig. 6.13 Ariane 4 Acoustic loads, qualification level

The sound pressure level (SPL) is expressed in decibels (dB) and depends on the
frequency. Various basic concepts will be explained in the following sections.

6.5.1 Sound Pressure Level

The sound pressure level (SPL) is generally given in decibels. The SPL gives an
indication of the strength of the noise source but nothing about the direction.

In fact, a noise field is governed by two quantities: the sound pressure level and
the direction. In a free space, a vibrating sphere will radiate sound in all directions,
while in a closed space the noise field will reflect off the walls from several sides.

A noise field is called reverberant or diffuse when the noise strength is equally
high from all directions. In the case of a reverberant noise field, the direction of
sound is insignificant and only the noise strength is important.

The sound in a room consists of that coming directly from the source plus
sound reflected or scattered by the walls and by objects in the room. Sound is
called reverberant after having undergone one or more reflections [Pierce 1981].
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Relative level, dB
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radiation
Relative level, dB
\ / Direction of

21 maximum radiation

FIrr777.
Approximate location
of core trip

(b) At launch

Fig. 6.14 Sketch of the rocket flow and contour overall sound-pressure level for flight and launch
cases [NASA SP-8072]

Relative noise levels around a launch vehicle during lift-off and flight are shown
in Fig. 6.14.
Examples of sound pressure levels are given in Table 6.7, [Pierce 1981].
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Table 6.7 Examples

SPL (dB)
Pref = 2x10°° Pa Examples
140 Near jet engine (at 3 m)
130 Threshold of pain
120 Rock concert
110 Accelerating motorcycle (at 5 m)
100 Pneumatic hammer (at 2 m)
90 Noisy factory
80 Vacuum cleaner
70 Busy traffic

The exhaust noise of the engines causes considerable acoustic loads within the
nose cone of the launch vehicle. The highest acoustic loads occur during lift-off
and in transonic flight. Generally, a reverberant noise field is assumed. The
strength of the noise field (SPL) is expressed in (dB), depending on the frequency.
The frequency band is the octave- or one-third octave band. An example of a defi-
nition of acoustic loads is given in the following Table 6.8:

Table 6.8 Sound pressure level

Sound Pressure Level (SPL) (dB)

Octave band ref.: 0 (dB) = 2*10-° (Pa)

315 124

63 130

125 135

250 139

500 134
1000 128
2000 124
4000 120
8000 116
Overall Sound Pressure Level 142

(OASPL)

The sound pressure level (SPL) is defined in the following way:

2
SPL = 101og(p7j, (6.40)
Pref
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where the reference value of the sound pressure, p,.; = 2x10" Paand p 1is the

effective value of the occurring sound pressure.

The sound pressure is measured in a certain centre frequency with associated
bandwidth.

In acoustics it is common to work with a constant relative bandwidth (the so-
called octave or one-third octave band filters).

6.5.2 Octave band

For a constant relative bandwidth, the ratio between two consecutive frequencies is
defined as:

S oox
= =12, (6.41)
f;ef
In which case it yields for x:
e x =1 one speaks of an octave band, f—x = 2" and when

ref

—_

.
=
|

= % one speaks of a one-third octave band, é =2’ = 1260
ref

The centre frequencies in an octave- and one-third octave band are given in
Table 6.9

6.5.3 Centre frequency

The centre frequency £, is the geometric mean of the minimum frequency 7,

and the maximum frequency f, .. in the relative frequency band, and is of course

max

dependent on the octave band used. The centre frequency is:

fcent = /\/fminfmax . (642)

6.5.4 Relative bandwidth

The bandwidth Af is the difference between the maximum frequency f;,,, and the

minimum frequency f,,;, and is given by:
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Af = fmax _fmin . (643)
fmax

The ratio between the extreme frequencies in the band is == = 2" . It is then

f min

easy to derive the expression for the bandwidth in terms of the centre frequency:

Af = (25 _ 25] Fane. (6.44)

Any proportional frequency band is defined by its centre frequency and by x.
An octave band (x = 1) with a centre frequency 1000 Hz, the extreme frequen-
= 707Hzand f, .. = 1414 Hz repectively and

cies of the frequency band are £, hax

min

the relative bandwidth is Af = 707 Hz.

Table 6.9 Centre frequencies octave and one-octave frequency bands

One-third octave One-third octave
Octave frequency frequency band Octave frequency frequency band
band (Hz) (Hz) band (Hz) (Hz)
31.5 25 1000 800
31.5 1000
40 1250
63 50 2000 1600
63 2000
80 2500
125 100 4000 3150
125 4000
160 5000
250 200 8000 6300
250 8000
315 10000
500 400
500
630

The relative bandwidth for the one-octave and one-third octave bands are given
in Table 6.10.
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Table 6.10 Relative bandwidth

x*-Octave band Bandwidth (Hz)

x=1 Af = 07071,

1 Af = 0.2316f,,,
Y73

6.5.5 Power Spectral Density

The power spectral density of the effective (rms) sound pressure for a certain centre
frequency with relative bandwidth Af, is calculated as follows:

2

W (foen) = i—f, (6.45)

in which W, (fc,) is the power spectral density of the sound pressure (Paz/Hz)

and p2 is the effective sound pressure.

The SPL is constant in the frequency bandwidth, hence the pressure is constant
in the frequency bandwidth. That means that the power spectral density of the
sound pressure is constant in the frequency bandwidth. This is illustrated in
Fig. 6.15.

Af
<>
Wp L
(Pa’/Hz)

J(Hz)]

. il .
f min f cent f max

Fig. 6.15 Calculation power spectral density

The square root of the mean value of the noise strength over the entire frequency
band is calculated with (see (6.31)):

upper
Pems = J'/ W (f)df. (6.46)
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Equation (6.46) can be simplified using (6.45):

2
Pons = | J/ WO = ST = S (647)
fiower k k

The effective pressure p can be calculated with (6.40):

SPL,
2 2 10
Pk = Prefl0 . (6.48)

The reference pressure is p.; = 2.0x 10~ Pa, thus Py can be written as follows:

SPL,—9
pe=10 " (6.49)
The overall sound pressure level (OASPL) is calculated as follows:
2
OASPL = IOIOg[ r;“] . (6.50)
Pref
This is in accordance with (6.40).
We may rewrite (6.50)
OASPL = 10logp’, +94. (6.51)

An example of a calculation of the OASPL is given in the following Table 6.11.

6.5.6 Conversions of SPL

The following relation determines the conversion of the 1/3-octave band to the
one-octave band:

SPL
3-octave

10

3
SPLl—octave = 1010g z 10 (652)
k=1

One octave frequency band contains three 1/3-octave bands (see Table 6.9). The
mean pressure in the octave band is equal to the sum of the mean square pressure in
the 1/3-octave band (see (6.47)).
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Table 6.11 Calculation OASPL
Sound Pressure Level (SPL)

(dB) )
2
Octave band ref: 0 [dB] = 2%10°5 (Pa) Sound pressure p (Pa“)
31.5 124 1,005><103
63 130 4.000x10°
125 135 1.265x10"
250 139 3.177x10"
500 134 1.005x10*
1000 128 2.524x10°
2000 124 1,005><1()3
4000 120 4,000><102
8000 116 1.592><102
2 2
Prms = Z”k 6.356x10"
(0] 11 Sound P P2
'vera oun res- _ Zrms
sure level (OASPL) OASPL = 10log 2 142 [dB]
Pref
Overall Sound Pres- 142
sure level (OASPL)
SPL,
3 i—mra»e k
2 _ | 10
Poctave ~ zp _octave, k Zpref 0 . (653)
k=1
Dividing both sides of (6.53) by pfef then
SPL,
3 octave, k
1
poctave _ Z 10 0 . (654)

pref -1

By taking the 10 logaritm (log) for both sides and multiplying with 10, (6.54)
becomes
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SPL

;—nnrau k

SPL,.;000= IOIOg[p t] 10log Zlo R (6.55)
Dret

The following relation determines the conversion of the 1-octave band to the 1/
3-octave band:

Afi
- —octave

SPL = SPL, . +10log{ ————— 1\, 6.56
%—octave 1 —octave 0g Afl ( )

—octave

Example

The conversion of the 1-octave band to the 1/3-octave band is given Table 6.12.
An example conversion of the 1/3-octave band to the 1-octave band is illustrated in
Table 6.13

Table 6.12 Example conversion calculation 1-1/3 octave band

Octave SPLI —octave Afl —octave Af SPLl
band 1/3-octave 3 ocrave 3-ocrave
(Hz) (dB) (Hz) band (Hz) (Hz) (dB)
125 135 88.4 100 23.2 129.2
125 28.9 130.1
160 37.1 131.2

Table 6.13 Example conversion calculation 1/3-1 octave band ( Prof = 2><1075 Pa)

SPLl,ocmve SPLl—ocmve SPLy _ocrave
1/3-octave 3 3 Octave band
band (Hz) (dB) 10 (Hz) (dB)
100 129.2 12.92 125 135
125 130.1 13.01
160 131.2 13.12

End of example
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6.5.7 Acoustic Fill Factor

Often, the acoustic environment for launch vehicles is representative for the
unfilled or empty environment. It becomes necessary to account for the presence of
the payload fill and its effects on the interior sound pressure level, [Hughes 1994].

The fill factor F'F is given by the following expression [Hughes 1994]

{+53)

FF(f) = 10log (dB) (6.57)
C
I+ {Zf_]‘[(] - Vratio)

where
* ¢ is the speed of sound in air (m/sz)
o f is the one third octave band center frequency (Hz)
e H is the gap distance between the payload and the fairing/cargo bay wall

(m)
® V..o 18 the volume ratio of the payload volume to the empty fairing/cargo bay

volume, for a given payload zone length.

Add the fill factor effect to the acoustic levels specified for the empty fairing/
cargo bay. If the sound pressure levels are specified in the octave band a conversion
to the one third octave band is needed to add the fill factor. After that, the octave
band specification may be converted to the octave band.

Example

Let the factor — = 100 and the volume ratio V. = (.70 then the fill factor

fH ratio
FF = 5dB. The empty volume SPL(f) = 130 dB. The total filled sound pressure
level at the one third octave band center frequency f (Hz) becomes
SPL(f) = 135dB.

End of example
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6.6 Shock loads

6.6.1 Introduction

Separation of stages and the separation of the spacecraft from the last stage of the
launch vehicle will induce very short duration loads in the internal structure of the
spacecraft, these are the shock loads. The duration of the shock load is in general
very short with respect to the duration associated with the fundamental natural fre-
quencies of the loaded dynamic mechanical system.

The effects of the shock loads are generally represented in a Shock Response
Spectrum (SRS). The SRS is essentially a plot that shows the responses of a
number of single degree of freedom (SDOF) systems to an excitation.

The excitation is usually an acceleration time history. This process in illustrated
in Fig. 6.16.

Shock Response Spectrum (SRS)

Epeak ﬂ

t

U, *
i ] (] .
T D =

Shockloads in time domain T [\/\/\/L Input acceleration, shock pulse

Fig. 6.16 The SRS (Shock Response Spectrum) concept. An input transient acceleration to be
analysed is processed mathematically in a way that simulates the process represented here.

The spacecraft is generally loaded by the heaviest loads when the nose cone is
fired away and when the spacecraft separates from the last stage of the launch vehi-
cle. The combustion and the burn-up of the engines generally result in lower shock
loads.
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The launch authorities specify the shock load with a “shock spectrum”. An
example of an ARIANE 4 shock spectrum is given in Fig. 6.17. The damping fac-
tor (Quality factor Q) must be specified.

10000 4 $ \2 é 2\ ‘\‘
Assumptions :
5% damping factor /
— Q=10 1920
3 1000 ¢
c
9
©
o)
[}
3
£ 100
10
1E+01 1E+02 1E+03 1E+04

Frequency (Hz)

Fig. 6.17 Ariane 4 Shock Response Spectrum (SRS)

A SRS is generated by calculating the maximum response of a SDOF system to
a particular base transient excitation. Many SDOF systems tuned to a range of nat-
ural frequencies are assessed using the same input time history. A damping value

must be selected in the analysis. A damping ratio of { = 0.05, Q = 10, is com-
monly used.

4x103

2x103 —

-2x103 |-

Instantaneous Acceleration, g

-4x103 L

Time, msec

Fig. 6.18 Typical Pyroshock acceleration Time History [NASA-STD-7003]
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SRS Acceleration, g

100 1 1 J
10! 102 103 10*
Matural Frequency, Hz

Fig. 6.19 Typical Pyroschock Maximum Shock Response Spectrum (SRS) [NASA-STD-7003]

The final SRS plot looks like a frequency domain plot. It shows the largest abso-
lute response encountered for a particular SDOF system anywhere within the ana-
lysed time. Therefore the SRS provides an estimate of the response of an actual
product and its various components to a given transient input (i.e. shock pulse). A
typical example of a time history acceleration and associated SRS as illustrated in
Fig. 6.18 and Fig. 6.19, are extracted from NASA-STD-7003.

In this section the response of a SDOF system, due to enforced acceleration, will
be recapitulated.

6.6.2 Enforced acceleration

A SDOF system with a discrete mass m , a damper element ¢ and a spring element

k is placed on a moving base which is accelerated with an acceleration (7). The

resulting displacement of the mass is x(¢). We introduce the natural (circular) fre-

quency ®,= ﬁ , the damped circular frequency 0,4 = o, 1—(;2 , the critical
m

damping constant c_; = 2./km and the damping ratio { = < The amplifica-
crit

tion factor is defined as Q = L where Q = 10 is generally assumed.

2G
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k% LIJCTW)

T ()
moving base

Fig. 6.20 Enforced acceleration on a damped SDOF system

We introduce a relative motion z(¢) , which is the displacement of the mass with
respect to the base. The relative displacement is

2(t) = x(t) —u(r). (6.58)

The equation of motion for the relative motion z(?) is

E(1) + 28w,2(1) + 02(1) = —i(1). (6.59)

The enforced acceleration of the SDOF system is transformed into an external
force. The absolute displacement x(#) can be calculated with

() =2 +ia(r) = —Eanz'(t)—(oiz(t). (6.60)
The solution of (6.59), using initial conditions with respect to displacement

z(0) and velocity z(0) is

z(1) = Z(O)ecm"t[coscodtwL J—zsinmdt] + ..
1-G

oSNyt ¢ —to.rSIN®4T
st 0000 Ie R L TP (6.61)
d 0 04

..+t z(0)e

For SRS calculations z(0) = z(0) = 0, hence

-onrSINO4T | o0 siney( - 1)

z(1)= —Ite i(t—1)dt = —J'

0 d 0 d

i(t)dr. (6.62)

After differentiation of (6.62) with respect to time, the relative velocity z(?)
becomes

(6= — J'te*(;“"(’*’)cos(md(z— 0)ii(t)dt — Lo 2(1) . (6.63)
0
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The absolute acceleration ¥(#) can be obtained applying (6.60)

!
(1) = 2anj' ¢ "V cos (wy(t - 1))ii(t)dt + 0, (20— Dz(t).  (6.64)

0
The maximum acceleration ¥(¢) can be calculated by inserting the natural fre-
quency o, = 2nf, (Rad/s) of the SDOF system for every natural frequency. The

maximum acceleration $(7) will be plotted against the number of cycles per sec-
ond f, (Hz). This plot is called the Shock Response Spectrum (SRS) of the base

excitation #(?) .
For the calculation of the SRS the following parameters are important:

1. The damping ratio ¢ of the SDOF dynamic system.
2. The number of SDOF systems for which the maximum response is cal-
culated

3. The minimum time frame of the transient period T,;, [s]. The minimum

time frame is the larger of either 7, ; > L or twice the maximum shock
min

time Ty = 200k -

4. The time increment A must be less than 10% of the reciprocal value of
the maximum frequency f,,,, (Hz) involved in the calculation of the

0.1

max

SRS, i.e.Ar< . The minimum number of time steps » within the time

. T
frame T, isn = —— = 10fﬂ.
At fmin

Example

A half sine pulse i, = 200sinn?t, 0<¢<t = 0.0005(s) and

ity = 0, 1<0,¢>7 is applied to the base of series of SDOF dynamic systems
to calculate the SRS of the HSP. The total time is 7.,y = 0.05s and

01 _ 0.1

= 0. 1< =
At = 0.0000 7 3000

= 0.00003 s. The damping ratio { = 0.05,

0 = 10.



6.6 Shock loads 61

The calculated SRS (absolute acceleration) is illustrated in Fig. 6.21.

Shock Response Spectrum (SRS)
350

Q=10 T

300 [~
250

=m /

50

./

A cc_ejeratin

—_

0 500 1000 1500 2000 2500 3000
Frequency [Hz]

Fig. 6.21 The SRS of a Half Sine pulse (HSP) with amplitude A=200g and a time duration
Tt = 0.0005 s

6.6.3 Shock Attenuation Rules

A number of emperically derived shock attenuation rules have been proposed over
the years by NASA and ESA. It is important to note that this assessment of attenu-
ation is only valid for prediction of the shock environment induced by clampband
separation.

The following scaling relationships are proposed [Kryenko 2004] by NASA and

ESA respectively
j“fo.los
H—Sﬂo“ﬂ } d

attyasa = € , (6.65)

and

{2.515/"0‘l 15}
—8x107'f (0.0144d° —0.2d" +0.93d + 0.024)

attggy = e , (6.66)
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where d (m) is the distance between the point of interest and the shock source
and fis the frequency (Hz). These rules must be used with great care.

6.6.4 SRS Tolerance Limit

The SRS tolerance limit Tolggg is specified in (dB) and defined as follows

SRSt } 6.67)

Tolgrg = 20logy o5
oSS Og{SRSNominal

where SRSy, is the extreme value of the SRS defined by the tolerance band
and SRSyominar 1S the nominal specified value of the SRS. A very usual tolerance

limit is Tolgrg = *+3 dB.

6.7 Static pressure variations

During the launch phase, the pressure will decrease within the payload volume. Air
cavities must be designed to have sufficient venting to prevent damage to the clos-
ing (surrounding) structure due to high pressure differences (pressure vessel).

The variation of the static pressure during launch is illustrated in Fig. 6.22.

Internal Pressure (b)

0 10 20 30 40 50 60 70 80 90
Time (s)

Fig. 6.22 Variation of static pressure within payload volume (Ariane 5)
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As a rule of thumb sufficient venting will be provided if (ENVISAT-1 experi-
ence):

§z 20x10"* 1/m. (6.68)

where A is the total area of the venting holes (mz) and V' the total volume to be

vented (m3 ).

6.8 Micro-meteorites / Orbital Debris
6.8.1 Introduction

Space surrounding Earth is full of millions of micro meteoroids and man-made
orbital debris. In the last 30 years that humans have been exploring space, much
orbital debris has been created that poses a serious threat to spacecraft orbiting the
earth. Orbital debris consists not only of large redundant stages of rockets and old
spacecraft but, also small parts such as bits of paint and other fragments. Even
minute parts can seriously damage a spacecraft because these parts move at very
high velocities. Orbital debris flies with a velocity of 7.5 km/s (27000 km/h) in an
orbit around the earth. If two parts have a frontal collision the crash velocity is
therefore 15 km/s.

Micro meteorites usually circle the sun with speeds that can exceed 70 km/s.
However, they are much smaller and their density is less than that of orbital debris.

Orbital debris is still increasing. Every year more and more spacecraft are
launched into space, which then results in even more orbital debris. “Dead” space-
craft explode or disintegrate which results in thousands of new pieces of orbital
debris.

Large parts can be traced by radar so that one can map the positions of orbital
debris. The small parts that cannot be observed by radar however, are, nevertheless,
dangerous for spacecraft.

Spacecraft must be designed against the impact of small parts at extremely high
velocities.

In an orbit around the Earth, the parts (solar panels, antennas, radiators, etc.),
boxes, and instruments mounted on the outside of the spacecraft are exposed to
micro meteorites and man-made debris. In some cases protective measures must be
taken.

A meteorite flux model describes the number of micro meteorites. The flux F of

the micrometric is given as a function of the “particle” mass m (gram).
A debris flux model describes the debris. The flux F of the debris is given as a
function of the “particle” diameter D (cm). The flux F describes the number of

particles per m?, per year.
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The density of the meteorites is p = 0.5 gram/cm3 for all sorts of meteorites
and all existing sizes. The density of the debris with a diameter D <1 cm is

p =28 gram/cm3. The density of the debris decreases as the diameter D
increases.

A more detailed discussion about micro-meteoroids and space debris is given
chapter 24 ”Damage to Spacecraft by Meteoroids and Orbital Debris®, page 399.

6.8.2 Simple Micro Meteoroid Flux Model

The micro meteoroid flux model is limited by a “particle” mass 107 <m<1
gram.

For a “particle” mass 100"%<m<10"° grams the following micro meteorites
flux model may be used:

logF = — 0.063(10gm)2 —1.584logm — 14.339 (Particles/m2/year), (6.69)

and for a “particle” mass 10°<m<1 gram the following micro meteorites
flux model may be used:

logF = —1.213logm—14.37 (Particles/mz/year), (6.70)

where F is the average number of particles, with mass m or larger, per m? of

surface area and per second and m the mass of the “particle” in grams.
f: d d and m th f the “particle”

6.8.3 Simple Debris flux Model

Orbital debris is defined as any man-made object in orbit about the Earth which no
longer serves a useful purpose.

The higher the altitude, the longer the orbital debris will generally remain in
Earth orbit. Debris left in orbits below 600 km normally fall back to Earth within a
few years. At altitudes of 800 km, the time for orbital decay is often measured in
decades. Above 1000 km, orbital debris will normally continue circling the Earth
for a century or more.

The debris flux model is limited by a “particle” diameter D <2 (cm).

For a “particle” D <1 (cm) the following debris flux model may be used:

logF = —2.52logD—5.46 (Particles/mz/year). (6.71)
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For a “particle” diameter 1 <D <2 cm the following debris flux model may be
used:

logF = —1.395logD-5.46 (Particles/mz/year), (6.72)

where F is the average number of particles, with diameter D (cm) or larger, per

m? of surface area and per year and D the size of the “particle” in (cm).
Much more information about Orbital debris can be read in [NRC 1995].
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6.10 Exercises
6.10.1 Sinusoidal Vibrations

The maximum sinusoidal vibrations are specified by the acceleration levels in
Table 6.14. Answer the following questions:

e Why is the acceleration in the launch direction, between 4-7 Hz specified in
mm?

¢ Calculate the acceleration in (g), in the launch direction, at 4 Hz.

¢ Is the acceleration specification in lateral direction properly specified? If not,
update the specification in the lateral direction.



Thispageintentionallyblank



6.10 Exercises 67

Table 6.14 Sinusoidal vibrations

Frequency (Hz) Acceleration (g)
Launch direction 4-7 10 mm double amplitude
7-100 1.0
Lateral direction 4-100 0.6

6.10.2 Tuned Damper

A simply supported beam is damped by a tuned damper placed in the mid of the
beam. The system is illustrated in Fig. 6.23.

T x+u
ELm k

Fig. 6.23 Beam and tuned damper

The beam is excited by a enforced harmonic acceleration i(f). The bending
stiffnes of the beam is E7, the mass per unit of length is m = 2 kg/m and the total
length is L = 0.5 m. The tuned damper is placed at the mid of the beam and has a

mass M = ynizL- and spring stiffness .
The deflection of the beam w(y, ¢) is with respect to the base and is given by

w(y, 1)) = n(?) sin(nfy) (assumed mode) and the relative displacement of the dis-

crete mass M of the tuned damped is given by x(?) .

¢ Set up the undamped equations of motion.

* Assume a zero spring stiffness of the tuned damper £ = 0 and calulate the natu-
ral frequency of the simply supported beam.

e Calculate the bending stiffness £/ of the beam assuming a natural frequency

fn,beam = 50 HZ.

e Vary y = 0.01,0.1, 1.0 and calculate the spring stiffness of the SDOF system
assuming a natural frequnecy f, ¢ = 50 Hz
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e Vary y = 0.01, 0.1, 1.0 and calculate the natural frequency f; and f, (Hz) and

associated mode shapes.

e Vary vy =0.01,0.1,1.0 and calculate

w(g,f) = n(f))and i(f), assuming

the frequency responses

i(f) = Im/ s?, applying the modal approach using a constant modal damping

ratio £ = 0.05 for both modes.
Answers:

6.10.3 Calculation of PSD’s and Grms

A specified power spectral density of the enforced acceleration is given in
Table 6.15, however, with three unknowns: the PSD levels at 20 and 2000 Hz and

the Grms value.

e Calculate the PSD over the acceleration at 20 Hz.
e (Calculate the PSD over the acceleration at 2000 Hz.
¢ (Calculate the Grms value of the random vibration spectrum

Table 6.15 .PSD random vibrations levels

Frequency (Hz) PSD Level (gZ/Hz)
20 ?
20-50 2.3 dB/Oct
50-800 0.02
800-2000 —2.3 db/Oct
2000 ?
Overall ? Grms

Answers: 0.01 g%/Hz, 0.01 (g%/Hz), 5.7 Grms
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6.10.4 Prove of conversion formulae

The conversion of the SPL from the one-octave band to the SPL in the 1/3-octave
band can be done using (6.56). Prove this equation (6.56).

6.10.5 Calculation of OASPL and conversion to 1/3-octave band

The SPL specification is specified in Table 6.16. Carry out following assignments:

e Calculate the OASPL of the specified SPLs in the one-octave band.
e Convert the SPLs to the 1/3-octave band and recalculate the OASPL.

Table 6.16 Specification SPL

Sound Pressure Level (SPL) (dB)

Octave band ref: 0 [dB] = 2x107° (Pa)

31.5 125

63 132

125 136

250 140

500 134
1000 130

Overall Sound Pressure level ? (dB)

(OASPL)




7 Test Verification

7.1 Introduction

The objectives of structural tests are to gain confidence in the analytical predictions
which support spacecraft development, and ultimately to support the qualification
and flight acceptance of the spacecraft system. The types and purposes of the dif-
ferent tests are described in this chapter.

7.2 Tests

The following mechanical tests are usually performed:

e Static test is achieved by subjecting the structure to static loads (wiffle tree), or
by a centrifuge test, or quasi-static testing on a shaker to facilitate the load intro-
duction. The static tests provide insight into the validity of the stiffness matrix,
but are used mainly to qualify the strength adequacy of the primary structure
and critical structural interfaces e.g. spacecraft/launcher and spacecraft/payload
interfaces.

e Modal survey (also called modal analysis) tests are achieved by exciting the
structure with small exciters (or on the shaker) to determine the modal charac-
teristics of the spacecraft, e.g. natural frequencies, mode shapes, damping, etc.
Since the applied excitation forces at resonance are compensated only by damp-
ing, high responses can be achieved with small excitation forces. The results of
the modal survey tests determine the dynamic compatibility of the spacecraft
with the launcher. They also support the verification of the mathematical model
(in general the finite element model) which is used in launch vehicle spacecraft
coupled loads dynamic analysis (CLDA) in the loads cycle assessment, and to
tailor the vibration test level.

¢ Shaker vibration sine test supports the verification of the mathematical model
used in forced frequency response predictions, and it particularly useful in
determining the amplification of the excitation input from the launcher space-
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craft interface on various elements of the spacecraft (amplification factor
Q=output/input). The main purpose of the shaker vibration sine test is to qualify
the adequacy of the secondary structures when subjected to a dynamic environ-
ment, and to verify the adequacy of the spacecraft system by performing func-
tional tests after the spacecraft system qualification and flight acceptance shaker
tests.

¢ Shaker vibration random test supports the verification of spacecraft units sub-
jected to a random dynamic environment which might be experienced during
flight. The latter usually results from acoustic excitation of structural surfaces.

¢ Shock test supports the verification and qualification of the spacecraft structure
and instruments when subjected to a shock environment due to pyrotechnics and
latching loads e.g. release of launcher spacecraft interface clamp band, and
release of booms, solar panels, antennas, etc.

* Acoustic test supports the verification of the spacecraft against the specified
acoustic loads under the fairing of the launch vehicle. The acoustic test is done
in a reverberant chamber.

Many loads (jet engines, wind loads, turbulence, transonic velocity, noise loads,
...) occur simultaneously. Currently, however, no test apparatus is available that
can apply these loads simultaneously on the structure that is to be tested. For that
reason the loads are applied according to type and according to coordinate-axis.

The spacecraft stiffness, the mass and the centre of gravity also influence the
induced dynamic loads. The test directions cannot account for these parameters and
serve to design a large range of spacecraft. This means that the test requirements
can be significantly more stringent than the loads that are actually induced.

7.3 Goal of the tests

The tests are carried out to qualify the design of the spacecraft structure (qualifica-
tion test) and to accept the flight hardware (acceptance test). The qualification tests
are usually carried out at the ‘design limit loads’ level while the acceptance tests
are usually carried out at the ‘flight limit loads’ level.

The qualification tests are used to prove that the structure can withstand the
qualification loads. The applied loads are often a factor greater (i.e. design loads)
than the expected flight limit loads.

The acceptance test is carried out to discover production deviations (workman-
ship) that were not discovered during the inspections. The applied loads are equiv-
alent to the expected flight limit loads. The acceptance test is often used to control
the integrity of the mechanical system.

The structural model (basically the primary structure) is usually subjected to a
static test to verify the strength and stiffness requirements.
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The complete qualification model of the spacecraft will be tested with enforced
sine vibrations and an acoustic test in a reveberant chamber to verify sinusoidal and
acoustic specified loads respectively.

The secondary structure is generally subjected to a sine test and a random test.
Acoustic loads are converted to random structural vibrations which must be veri-
fied by test.

Light structures with large surface areas (such as solar panels, antennas, etc.) are
usually subjected to acoustic tests. The acoustic test loads generally envelop the
mechanical stochastic loads. Therefore, acoustic loads are considered the design
driving loads.

Deployable structures are tested for shock loads during deployment.

Small and very stiff structures such as electronic boxes are mainly tested for ran-
dom vibrations loads. Acoustic loads are converted to random structural vibrations
which must be verified by tests.

Separation tests on deployable structures are also done to verify the release and
deployment systems.

7.4 Test Plan

The test is carried out according to the test plan, in which the order of the tests
(qualification, acceptation) has been established.

In the test plan the objectives of the tests and the test success criteria must be
discussed.

A measurement plan (location of the accelerometers, straingauges, etc.) is gen-
erally included.

Test predictions of the spacecraft to be tested (including the test fixtures) are a
part of the test plan.

The requested output (accelerations, strains, displacements, etc.) must be
defined in the testplan.

Low level sine sweep tests with a low sweep rate are performed before and after
the dynamic tests to detect failures after the test. In case of no failure, the low level
sine responses should be equal, and the resonances must be at about the same loca-
tions.

One part of the test plan is the test sequence. Such a test sequence in illustrated
in following Table 7.1. The sequence may be applied per axis and the load levels
specified in the test plan.
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Table 7.1 Test sequence

Test # Test description Specifications Comments

1 Low level sine sweep  Input: 0.15 g, 20-2000 Hz, 2 oct./min Signature test
Sinusoidal vibration 5-100 Hz Qualification level
Low level sine sweep  Input: 0.15 g, 20-2000 Hz, 2 oct./min
Random Vibration Input: 20-2000 Hz 120's
Low level sine sweep  Input: 0.15 g, 20-2000 Hz, 2 oct./min
Sine burst Input: 8.5 g, 24.5-25.5 Hz 10 full cycles

~N O bW

Low level sine sweep  Input: 0.15 g, 20-2000 Hz, 2 oct./min Signature test

7.5 Test Procedure

The test procedure is, in general, an answer of the test house to the test plan in
which the qualifiaction philosophy had been explained.

In the test procedure, the test article, the test description, responsibilities, the test
personel and QA management will be briefly outlined.

The general test conditions and safety measures with respect to the potentional
expected hazards (i.e. pressurised tanks) must be identified. Project and QA plan
and the safety plan must be met.

The test facility, adapters, the control system, the instrumentation (Pilot and Co-
pilot sensors, measurement points), the data acquisition and processing system, and
system tolerances must be described.

Furthermore, within in the frame of the test performance, the test sequence, the
input levels, the vibration control and safety aspects during the test, data handling
and reduction must be described, followed by a step by step procedure which
describes all relevant activitities for each test.

7.6 Model philosophy

The number of test models has decreased over time. In the past, three models were
in use:

e STM (Structural Test Model) is used to carry out static and dynamic tests (qual-
ification level).

* QM (Qualification Model) is used to carry out dynamic tests with qualification
loads. This second model is necessary because of lack of confidence in the ana-
lytic approach.

e FM (Flight Model) is dynamically loaded with acceptance loads.

Presently, the number of test models in use is as follows:
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e STM to apply the qualification loads during static and dynamic tests.

e PFM / QM (Proto Flight Model). The first FM (Flight Model) is used to apply
qualification loads during dynamic tests, but for a time duration equal to those
for the acceptance loads. The PFM will be refurbisched to a FM.

¢ FM (Flight Model) are used to apply the acceptance loads during dynamic tests.

The first FM is used to qualify the satellite. The risk is higher and the chance that
the FM must be repaired is high. This approach is based on sufficient confidence in
the analytic calculation of the design loads.

In the new philosophy, the STM is excluded and is called the protoflight
approach.

e PFM / QM. The first FM is subjected to qualification loads, for static and
dynamic loads. The PFM will be refurbisched to a FM.
¢ FM is loaded with acceptance loads.

The qualification of the satellite is done directly on the PFM and increases the
probability of failure. This approach is used more and more to limit the develop-
ment costs. More trust is put in analytic calculations.

The qualification of the structure is possible because:

¢ The structure was qualified during a static test carried out beforehand. This is
known as the “BUS” approach when a family of like satellites are developed.

e Large components of the structure are tested separately. Critical parts are quali-
fied separately.

7.7 Static Test

The static test is carried out to qualify the strength of the primary structure and the
most important adjacent structures; spacecraft / launch vehicle and satellite / pay-
load interface.

In addition, the stiffness properties of the primary structure are measured. The
stiffness matrix can be measured to control the stiffness matrix of the finite element
model.

The static test can be carried out:

On a centrifuge

In a test rig (the forces are applied with the aid of whiffle trees)
With a “sine-burst” test

With a “sine-dwell” test

In Table 7.2 an evaulation of the pro’s and con’s between a centrifuge test and a
test rig static test are given. The static test is usually applied on very large and
heavy structures with a low natural frequency.
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The inertial load of the electronic boxes etc. is simulated by a complex whiffle
tree. This whiffle tree becomes way too complicated if every box would be simu-
lated. That is why the large masses are simulated and the small masses are not sim-

ulated.

A centrifuge commonly loads appendages such as solar panels and antennas.

Table 7.2 Centrifuge / Test rig evaluation

Type of test

Advantages

Disadvantages

Centrifuge test

Static test within
test rig (whiffle
trees)

All (dummy) mass can be
mounted on the spacecraft
structure and will transfer

intertia loads into the structure.

Relatively cheap if there is a
centrifuge available

A lot of information because
there are no limitions for strain
gauges, etc.

Visual observation during the

Inertia field varying over the
spacecraft

No visual observation during
the test (during failure)

Less information due to a lim-

ited number of straingauges,
etc.

Not all masses can be mounted
due to the limitations of load
introduction. Masses must be
lumped.

test

7.7.1 Sine-burst test

The ‘sine burst’ test was developed by the GSFC (NASA) in order to cheaply
induce the quasi-static qualification loads and, in doing so, qualify the strength of

the structure. Sine-burst means that the input signal g, (accelerations) is made up
of a sinusoidal signal 4y sin(2nf) with a certain frequency oy, = 2nfy, and
amplitude 4y on which a gradient filter f{#) has been placed. The sine-burst sig-

nal is then g ,= f(#)Ay sin(2nf, ). Starting at zero, the ascending slope of f(7)

reaches the maximum value after a number of cycles. The amplitude then remains
constant for 5 to 10 cycles followed by a descending slope and after a number of
cycles approaches zero. The maximum amplitude of the input signal remains con-

stant for 5 to 10 cycles and is equal to the quasi-static loads. The frequency f,4 of

the sinusoidal signal sin(2nfy) must be smaller than f S‘%‘

smallest natural frequency associated with the lowest significant vibration form. In
that case, the effective mass will have to be a significant fraction of the total mass
of the spacecraft.

It is difficult to apply the sine-burst to very large structures that often have low
natural frequencies.

where £, is the
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7.7.2 Sine-dwell test

The sine-dwell test was developed in order to cheaply induce the quasi-static qual-
ification loads, and in doing so, qualify the strength of the structure. The ‘sine-
dwell’ test is also known as the quasi-static test on a vibration table. ‘Sine-dwell’

means that the input signal g.4 (accelerations) is a sinusoidal signal 4 sin(2mnf,)

with a certain frequency oy = 2nf; and amplitude 44 which is maintained dur-
ing a certain period of time. The maximum amplitude of the input signal is equal to
the ultimate quasi-static loads. The frequency f4 of the sinusoidal signal

sin(2mnf,y) must be smaller than £, <=

3
quency associated with the lowest significant vibration mode. In that case, the
effective mass will have to be a significant fraction of the total mass of the satellite.
The sine-dwell test is also simulated by scanning the frequency band

, where f, is the smallest natural fre-

[f,— 9./, + 8] with a certain linear sweep velocity » (for example, 1 Hz / min),

where 8 = 0.5 Hz. The number of cycles depends strongly on the frequency band-
width and the sweep velocity.

It is difficult to apply the sine-dwell to very large structures due to the fact that
they often have low natural frequencies.

7.8 Mechanical Vibration/Acoustic Tests

The goal of the vibration tests on a satellite is to check whether all the systems on
board still function properly after the mechanical vibration tests.

A design qualification test can be carried out on a prototype of a satellite, while
for a flight acceptance test the satellite that is to be launched (flight model) is used.
During the flight acceptance test the “real” dynamic load is applied, while for the
qualification test the applied load is generally higher and the test lasts longer.

The results of the mechanical vibration tests can be used to correct the dynamic
mathematical models, for example the damping- and the mass matrices.

The mechanical vibration tests that are generally required are:

e Sine test

e Stochastic (random) test
e Shock test

e Acoustic test

The aforementioned tests are carried out on the shaker table. Shock tests are also
done especially for equipment designed to introduce heavy shocks (i.e. shock sepa-
ration induced shocks).
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7.8.1 Sine Vibration Test

The sine vibration test simulates the low frequency sinusoidal dynamic loads. The
main goal of the sinusoidal test is to expose and test the secondary structure
(mounted or not to the satellite) for sinusoidal loads and determine whether the sys-
tems are still functioning after the sine test.

The boundary conditions at the base of the satellite on the vibration table deviate
from the boundary conditions when the spacecraft is mounted on the launch vehi-
cle. These deviating boundary conditions generally manifest themselves unfavour-
ably. The high impedance of the vibration table causes an excessive load in the
spacecraft structure when it is excited in the vicinity of a resonant frequency. The
launch vehicle with the spacecraft adapter on which the spacecraft is mounted, has
lower impedance than the vibration table. If it turns out that by using using the
Coupled Loads Dynamic Analysis (CDLA) the spacecraft is loaded too heavily on
the vibration table, then excessive loading of the spacecraft must be prevented.

Another criteria to notch the input level is the load carrying capability of the
payload adapter. The shaker system can put more load in the system than the pay-
load adapter can carry. Adaptations for the input levels must be made.

The low level sine sweep test must be used to define the resonance frequencies
and amplification factors of the maximum expected acceleration levels and inter-
face (I/F) loading must somehow be calculated to define the notches.

Sometimes to be ensure an intermediate accelation level, a sine vibration test is
done. Again the results of this test may be used to adapt (notch) input levels.

To maintain the dynamic response of spacecraft values within certain values, the
prescribed base excitation must de decreased. Decreasing the base input is known
as ‘notching’. In practice, notching is only applied to resonant frequencies associ-
ated with high modal effective mass. Notching must usually be applied to the
appendages (solar panels, antennas) and may only be carried out with the consent
of the main contractor. The test levels for the sinusoidal vibration test for the ARI-
ANE 5 are given in the following Table 7.3.

Table 7.3 Sinusoidal accelerations

Frequency (Hz) Qualification level Acceptance level
(0-peak) (0-peak)
® ®
Launch direction 4-200 1.25 1.0
Lateral 2-18 1.0 0.8
18-100 0.8 0.6
Sweep rate 2 oct./min. 4 oct./min.

First some concepts need to be explained:

Zero to peak
The term zero to peak refers to the amplitude of the sinusoidal acceleration.



7.8 Mechanical Vibration/Acoustic Tests 79

Sweep rate

On a shaker, the sinusoidal enforced acceleration is applied to a structure with a
certain (proto flight) sweep rate with the unit octave/min.

The sweep rate is the velocity at which the frequency domain is scanned. This
sweep rate is given by n octaves per minute, that means that the relation between

time t and the frequency f(¢) is logarithmic:

S~

7@ -
(Hz) A1) = fre

t(s)

Fig. 7.1 Sweep rate

The logarithmic ratio of the frequency ratio is equal to a constant times the time
difference [Lalanne 2002, Volume 1]

1

K(t—1,) T,
fity = fie” " = fie! (7.1)
From (7.1) we derive that
nodr = 4 = 1yar. (7.2)
The sweeprate is defined as the number of octaves per minute, i.e. # Oct/min. If
we have n Oct/min (7.1) can be written In(2") = K60 = @ . Thus we get for the
T
constants K and T
k=L =nn@) _ o116n. (13)
T, 60

The number of cycles in a certain time domain can be obtained by

2
N = [ fud = J! df =Lt =Y =1 (7.4)
fer oo K
ref ref
The number of cycles is constant all over the frequency range and is given by
N(Af1) = == 1, = 866 (1.5)

n
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The number of cycles AN between the half power points around the natural fre-
quency £, in a bandwidth with the amplification factor QO

Lo
Af == = 2f,, (7.6)
o
where  is the damping ratio. The number of cycles is given by
— g_ — Tlfo
AN X T\Af ? . (7.7)

The time to sweep from 4-100 Hz with a sweep rate » = 2 can be calculated
very easily using (7.1)

_ el | _ 866]f2| _ 866, |100] _
Atl—%ln{—l} Tlln{f} p {fl} > ln{4 }140s (7.8)

A swept sine enforced acceleration i(¢) can be defined as a function character-
ised by [Lalanne 2002, Volume 1]

i(1) = U() sin{%E(t) + a}, (1.9)
where U(f) is the frequency dependent amplitude of the acceleration, E(¢#)is a

time function defining the sweep mode and o is a phase shift which is, in general

zero. The radian frequncy Q is give by

Q = 2nf = di]g’) (7.10)
Hence
E(r) = 271:J‘f1671dt = Znﬂrl(ej‘— 1) (7.11)
0
m X
k% \__ir[ c
. t

Fig. 7.2 Enforced acceleration
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The relative displacement with respect to the base is

z(t) = x(t) —u(?).

The equation of motion for the relative displacement z(¢) is given by
(1) + 2002 (1) + 022(1) = —ii(t) = ~U() sin{%E(z) + (x},

with a the phase shift. The accelation X(¢) is furter obtained by

#(1) = —2C0,2(1) — waz(1)

and

E(1) = 2nf, Tl(eF' = 1) .

Introducing the parameter n

2

_ 9
LT

n
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(7.12)

(7.13)

(7.14)

(7.15)

the reduction in amplitude, for increasing frequencies, compared with the sta-
tionary frequency response analysis is given by, [Lalanne 2002, Volume 1]

-0.39
-2.55
e(

G,p(n) = 1 )-0.00251"", 0<n <100, (7.16)
and the reduction for decreasing frequencies
_ (-3.180 "%
Gupwn(m) = 1—e ,0<1<100. (7.17)
Example
Table 7.4
2
-9
Sweepraten 0 Jo n= =
(oct/min) (Hz) Tl foTl Gup(n) Gdown(n)
2 25 25 43.281 0.578 0.956 0.980
4 25 25 21.64 1.15 0.907 0.951

End of example
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7.8.2 Random Vibration Test

The random vibration test is primarily used to test and to qualify spacecraft parts:
electronic boxes, tanks, etc.

The random vibration loads for the qualification of the spacecraft or a subsys-
tem generally last 120 seconds and are applied to the qualification model. The
duration of the random test for acceptance is 60 sec. The input during a random test
consists of a mix of frequencies between 20 and 2000 Hz.

The following random vibration specification for the fuel tank of the ARTEMIS
spacecraft are given for the random test in Table 7.5.

Table 7.5 Random vibration specification (ARTEMIS)

Frequency PSD Acceleration

Application Axis (Hz) (gz/Hz) Duration (s)
Fuel tank X,Y,Z 20-110 +3 dB/oct.
110-700 0.09 120
700-2000 -3 dB/oct

The input PSD is measured with the aid of one or more “pilot” accelerometers.
The input definition can be the maximum, minimum or average value of the PSD
of “pilots”. The test tolerance is determined by means of “abort limits”, for exam-

ple:

PSD, . .
¢—) = +3dB (7.18)

10 lOg (PSDnominal

The total signal is decoded with the aid of filters with a “centre frequency” f,,

f>, ... and a associated bandwidth Af;. The signal coming from each filter band is
statistically distributed and the grms-values can be determined with the help of a
voltmeter; g+ &msy,» etc. or the mean values of the acceleration in the fre-

2 2
quency bands g /> &ms., » €tC.

2
& rms,f;

v ;

square value of the acceleration along the entire frequency domain is then equal to:

The value is known as the Power Spectral Density (PSD). The mean

n

2 n
2 grmsJ' 2
= ‘Af; = . 1
8rms Z Afz fz zgrms,fi (7 9)

i=1 i=1
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7.8.3 Acoustic Vibration Test

Acoustic loads are important loads for the external subsystems of the spacecraft,
i.e. solar arrays, antenna dishes, etc.. The acoustic vibration test is carried out to
simulate the sound vibrations in the frequency band.

The test is carried out in a reverberation chamber. That means that the sound
level at every point in the chamber has an equal spectrum and is moreover, the
same in all directions. The walls in the reverberant chamber have been made as
hard and as reflective as possible. None of the walls are parallel to each other.

As for a random test where g, . -values are measured by accelerometers, the

rms pressure fluctuations p,,.. are measured by microphones.

The pressure level is measured with respect to a reference pressure p, ., = 2x107°

Pa. The sound pressure levels are given in dB. For a frequency band 7 holds:

N2
P “‘) . (7.20)

SPL; = 10log(—
Pref
Since it is not easy to set up the sound spectrum in the reverberation chamber
exactly, a test tolerance is defined for each frequency band. An example of a test
input is given in the following Table 7.6.
The input is defined by the average of a number of microphone signals. This
average is based on the equivalent power for microphone k. The average dB in the
reverberation chamber is determined by:

n SPL,
1 10
SPL,, = 10log ;Z 10 (7.21)
k=1
Table 7.6 SPL specifiactions.
Qualification Acceptance Test tolerances
Octave band (Hz) (dB) (dB) (dB)

31.5 118 114 -2, +4
63 124 120 —-1,+3
125 135 131 —1,+3
250 140 136 —1,+3
500 143 139 —1,+3
1000 137 133 -1,+3
2000 132 128 —-1,+3
4000 125 121 -4, +4
8000 124 120 -4, +4
OASPL 146 142 -1, +3

Duration (s) 120 60
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A series of measurements during the qualification acoustic test of the MAQSAT-
B2&Sloshsat on six control microphone positions is given as an example (see
Table 7.7)

Table 7.7 Measured sound pressure levels

Octave Pos 1 Pos 2 Pos 3 Pos 4 Pos 5 Pos 6 ASPL?

band (Hz)  (dB) (dB) (dB) (dB) (dB) (dB) (dB)
315 124.6 125.0 126.0 1222 123.1 124.1 1243

63 128.9 126.1 1283 128.1 128.0 129.5 1283
125 129.2 129.5 128.4 129.7 1289 130.0 1293
250 127.6 127.2 127.2 128.9 127.8 128.1 127.8
500 1273 127.9 127.6 127.6 1275 1272 1275
1000 1222 1233 121.6 121.8 121.8 122.0 122.2
2000 113.1 114.8 112.7 112.9 112.9 113.5 113.4

OASPL 135.1 134.8 134.8 135.1 134.7 1354 135.0
Octave SSPL®  TSPL®  ASPL  DSPLd

band (Hz)  (dB) (dB) (dB) (dB)
315 125.0 +4/2 124.3 0.7

63 128.0 +3/-1 128.3 0.3
125 129.0 +3/-1 129.3 0.3
250 127.0 +3/-1 127.8 0.6
500 127.0 +3/-1 127.5 0.8
1000 121.0 +3/-1 1222 0.5
2000 114.0 +3/-1 113.4 1.2
OASPL 134.6 +1/-1 135.0 0.4

a. Averaged Sound Pressure level
b. Specified Sound Pressure level
c. Tolerances specified

d. Deviation (ASPL-SSPL)

Pre-tests in the empty chamber are done both at low and at test levels.

The test sequence has, in general, first a low level acoustic test to calibrate the
SPL levels in the frequency band. After that, the real test (qualification or flight
acceptance) is done, and, after that again a low level test is performed to show if
any failures have occurred. The results of the pre-test are matched with the results
of the post-test.

The data reduction for each respective channel is, in general, performed in the
following form:

e 1/3 and 1/1 Octave band analysis and OASPL indicating toelance, average and
difference SPL for the microphone signals.

e PSD-plots in the test band (i.e. 10-2500 Hz) for a given Af (i.e.5 Hz) and RMS
value for the response channels (accelerometers, straingauges).
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7.8.4 Shock test

A shock test is used to prove that part of the spacecraft (such as the instruments,
electronic boxes, etc.) can withstand the shock loads caused by the separation of
the spacecraft from the rocket, the burn up of the rocket stages, deployment of the
solar panels, etc.

For parts of a spacecraft the Shock Response Spectrum (SRS) is replaced by an
equivalent half sine pulse (HSP) for a duration of 0.5 ms, at an amplitude of 200 g
for example. Small parts (for example up to 30 kg) can, if deemed necessary, be
subjected to shock loads on shock tables. The shock loads are introduced in various
ways:

¢ A pendulum with a weight attached to both ends that strikes an anvil on which
the test unit is mounted. By modifying the weight and the drop height of the
pendulum the SRS can be changed.

¢ By mounting the unit that is to be tested on a ringing plate. The plate is excited
by a falling weight. The SRS can be modified by varying the location where the
falling weight falls.

7.8.5 Modal Survey/Modal Analysis Test

The measurement of the modal characteristics of a spacecraft structure actually
requires that structure. The structure, however, only becomes available at a late
stage in the project.

The dynamic characteristics of the structure are measured with the help of
modal survey:

® Resonant frequencies

¢ Vibration modes or mode shapes
¢ Generalised masses

* Modal effective masses

® Modal damping ratio’s

Using the data obtained from the modal survey test, the finite element model of the
spacecraft is updated, if necessary. The corrected finite element model of the space-
craft may then be used for a coupled loads dynamic analysis of the spacecraft /
launch vehicle.

In practice the frequency response functions of the dynamic system are meas-
ured for a modal survey test.

The frequency response function is measured between a point that is excited and

another point where the response (acceleration) is measured.

An accelerometer is mounted (glued) at one point while other defined points
are excited (excitation point) by a hammer stroke for instance, where the dynamic
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force is measured with the help of a dynamometer. With modern methods various
points can be excited simultaneously with small shakers. The excitation can be a
force in a certain frequency band, a block sine, a shock or white noise. Both the
excitation and the measured response are converted into the frequency domain
using fast fourier transform techniques, after which the frequency response func-
tions can be determined.

The modal survey test can be divided into three phases:

¢ Test preparation phase

e Measurement of the FRFs

e Determination of the modal characteristics; natural frequencies, vibration
modes, etc.

In the test preparation phase the configuration of the structure, the location of
the acceleration transmitters and force exciters, and the magnitude of the forces
(measurement plan) are determined.

For spacecraft systems it must be proven that the cross-orthogonality between
the calculated and the measured mode shapes is acceptable. Therefor a condensed
matrix corresponding with the instrumentation plan must be provided to be used
for the orthogonality tests.

7.9 Notching

The first objective of notching is to reduce the excitation level during sine or ran-
dom vibration testing in order to not exceed the sizing loads at the interfaces. This
is called primary notching.

Secondary notching is sometimes necessary to avoid unrealistic overtesting of
items within internal structures of units if it is felt that the test may damage the unit,
the sub-contractor may request a secondary notch to the prime-contractor. This
applies only if the primary notching is not suffient and if the sub-contractor can
show strong evidence that the equipment will suffer damage.

7.9.1 Notching at Equipment Level

In this chapter we will give some guidelines to perfom vibration sine and random
tests at equipment level.

During the test the design loads must not be exceeded. The impedance of the
shaker must be greater than the impedance of the real spacecraft structure, so the
shaker system is able to introduce significant more dynamic loads in the equipment
than the real supporting vibrating structure. To prevent overloading the vibration
inputs must be decreased during the tests. Assume the following test levels for the
particular equipment, [Mansholt 1985], shown in Table 7.8 and Table 7.9.
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Table 7.8 Sine input specification

87

Qualification level (0-peak)

Sweep rate
2 Oct/min.
Frequency range (Hz) (duration 1 sweep)
5-19 10.3 mm
19-22 10.3 mm
22-100 20¢g

Table 7.9 Random test specification

Frequency range

Qualification level (duration 120 s for each axis)

(Hz)
PSD (g%/Hz)
20-60 6 dB/oct
60-700 0.2
700-2000 -3 dB/oct
Grms 16.6

The load restraint is given in Table 7.10.

Table 7.10 Sine test restraints

Equipment tests

Qualification output

Sine test maximum acceleration output 24 ¢g

Random test maximum acceleration output

8 grms

To get a good overview of the dynamic behaviour of the test specimen concern-
ing natural frequencies and amplification factors a low level sine sweep test must
be done. For example, the following low level sine sweep can be done, see

Table 7.11.

Table 7.11 Low level sine sweep

Low level sine input
Frequency range

Sweep rate

02¢g
5-2000 Hz
2 Oct/min

Sine Vibration Test Notching

The harmonic response acceleration X;(f) at a certain position due to the accelera-

tion base excitation U(f) of the equipment can be written as

X = HNHU(),

(7.22)

where H,(f) is the frequency response function. This is illustrated in Fig. 7.3.
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Fig. 7.3 Acceleration excited equipment

For linear structures a reduction of the harmonic response oX;(f) can be

achieved when the base excitation is reduced to a.U;(f). That means that the
notching curve must be an image of the output curve as shown in Fig. 7.4 which
applies for forces also. The resonance frequency 7, and amplification factor are

detected by the low level sine sweep run.

Random Vibration Test Notching
The notching profile for random vibration tests must be based on the low level sine

sweep test results (resonant frequencies f, (Hz), amplification factors Q). The dis-

cussion of the notching procedure for random vibration test has been based on
[Mansholt 1985].

The notching level is defined by the input level for the random vibration test
devided by the amplification factor squared

w.
Wi, noten () = Q“j) (7.23)

The frequency band Af

A

Af =
fQ

¢t (7.24)
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L. Output curve
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Restraint level
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Fig. 7.4 Notch definition for sine vibration test

where ( the damping ratio. The lower and upper bounds of the notch are
defined as
A A
fio = fi= S and gy = £+ 3L (725)

The frequency range between f, and f, must be in the area, therefore the ampli-

fication factor of the low level sine sweep is Q0 > 2.
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X .
— — — _ Output Level (low level sine sweep)
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Fig. 7.5 Random vibration test notching

The steepness of the slopes of the notch can be calculated with

ln( Wﬁ, notch (fr) ll’l( Wu(fe)
] W.
kl — Wu(fio) and kz — i, notch(f; . (726)
In (fl—o) In (é)
o Vhi
The area below the input of the random test can be calculated with
wa [t
o fz) 1|k #-3)
A, = §i+1 ! g, (7.27)
W 1n(—2) (k= -3)
el

for a constant power spectral density of the random accelerations £ = 0.
The RMS value of the random input can now be calculated
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(7.28)

The rms value for the input spectrum of the notched random input can be
obtained, and will be denoted by i

rms,notch *

Example

For this example a qualification random vibration test on equipment in one
direction is presented.

The results of the low level sine sweep, from 52000 Hz with a sweep of 2 Oct/
min and an acceleration level of 0.2 g, are presented in Table 7.12.

Table 7.12 Resonant frequencies and amplification factors

Resonance
# Resonance
frequency (Hz) frequency fr Amplification factor fb fe
(Hz) 0o (Hz) (Hz)
1 325 25.5 240 400
2 584 8.5 530 650
3 1407 3.7 - -

The third resonance frequency will not be considered because the amplification
is low and is beyond the turning point at 700 Hz.
The notching calculations are presented in Table 7.13 and Table 7.14.

Table 7.13 Caculations of notch input levels

PSD
PSD Wﬁ(fr)
Resonance Wz}(fr) Qz
frequency Af fr
2 2 = =
fe Amplification factor (&) (&) o
# Notch (Hz) 0 Hz Hz (Hz)
1 325 25.5 0.2 0.00031 12.7
2 584 8.5 0.2 0.0027 68.7
Table 7.14 Calculation of notch width
# Notch fr
Af == Y, -
o Jio = P Ihi =T D)
(Hz) (Hz) (Hz)
1 12.7 319 331

2 68.7 550 618
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Fig. 7.6 Notched random acceleration input

We proceed now with a low level random test with an input level much lower
than the previous discussed level with notches. Assume a test level factor

ZL = —10dB. The associated g, value of the low level input becomes
ZL _1o
. . 20 20
lms 7z = Upmsnoten 107 = 15.5x10 7 = 49,

The rms response acceleration X, ,; of a certain location had been provided

rms,Z

by the test facility and is given by

jérms,ZL = 5.6 g.
The output power level for random qualification tests for the equipment must in
the range of 8 to 1.1x8 Grms. With help of the low level random test results, the

input for the random test and the expected power level %, ; can be calculated and

defined.
The inputs for the calculation are:

® diynsnoten = 15.5 g, the input specification test profile with notches
® Xsz1 = 5.6 g, output low level random test with ZL = ~10dB.
The control values

* Wimax = 0.2 gz/Hz, maximum PSD-input of specification input curve

® ¥psz = 8.0 g, maximum power-output for random test.
The calculation sequence is as follows.
1. The rms value for the low level random test is
zL _1o
. . 20 20
szl = Urmsnoten 107 = 15.5x10 7 = 4.9
2. The expected rms output for a test with nominal values (with notches)

X 5.6
. _ “'rms,ZL _ . _
Xtms,notch — 7L 10 17.7 g.
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3. The test level factor Z, with regard to the maximum allowable rms level of
X = 8.0g.

rms,Z

X 2 8 2
z=11(L&Z)=11(—)=7. B.
Olog N Olog 77 6.89d

4. Expected rms output level ¥, , for a test with a Z-factor of —6.89 dB can be
calculated
z _6.89

Fomsz = Frmsnoen¥ 1070 = 17.7x10

20
rms,Z = 8.0 g.

5. Expected rms input level i, , for a test with a Z-factor of —6.89 dB can be
calculated

z 689

. . 20 _ 20
sz = urms,nomhxlo = 15.5x10

=70g.
6. Expected power spectral density input level W .., for a test with a Z-factor

of —6.89 dB can be calculated

iy )2 (7.0)2 2
: =W, —] = 0.2|-—==] = 0.04g/Hz.
Wu,max,Z W”’max(ﬁrms,notch 0 15.5 0.04 g'/Hz

7. We have to decrease the specified input PSD curve with a factor y

= Vam _ 02 _
Wymy  0-04

End of example

7.9.2 Notching at main resonances on basis of quasi-static loads

The random input spectrum for large equipment may be notched so that the total
interface load at 3o value is not higher than the quasi-static loads at qualification
level. The input spectrum shall be notched at main resonances.

For small equipment, the random input spectrum may be notched on the basis of
quasi-static loads, however, minimum input levels are required over the whole fre-
quency range. This means the random test may be a design load case for some
equipment.

The box in Fig. 7.7 is exposed to a random enforced acceleration with power

spectral density W,(f) (gz/Hz) which will cause a random reaction force with the
power spectral density W (f) (N2/HZ). The quasi-static load factor in the direction

of the enforced acceleration is given by y (g). The mass of the box is given by M
(kg).
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Wi(f)

Wilh)

Fig. 7.7 Box exposed to random enforce acceleration

The notch criteria with regard to the quasi-static load factor is defined as

3 I/ Wo(f)df < My . (7.29)
fmin

That means the 3o = 3xrms value of the reaction force must be less than the
reaction force caused by the quasi-static load. (7.29) can be written as

3 J j/mMZ|H(ﬂ|2WZ(f)df< My, (7.30)
o

where H(f) is the frequency response function between the base and the centre

of gravity of the box and W:(f) an adapted input power spectral density. Applying
Miles’ equation (SDOF) we can rewrite (7.30) as follows

IM /ganWZ(f,']) < My. (7.31)

For a multi-resonance structure, the notching criteria must take into account the
following relation

" 2 T * max
31 M SO (F)+ Mfesj/ Wi(Hdf < My, (7.32)
i=1 fmin
where m.; is the modal effective mass associated with mode i, the natural fre-

quency is f;, and M, is the residual mass. The total mass M can be written as

M= Zmeff,i+ Mres (733)

i=1
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n

where Zmeﬂ; ; 1s the participation of the modal effective masses in the fre-

i=1
quency range of interest.
We assume that the modal power contribution per mode i is related to the power

spectral density W,(f;)at the natural frequency f;. The power is defined as the

force (Mg Gy ) times the velocity v, ; . The modal power contribution is
given by
meff,iarms,ivrms,[ = CWu(f;)’ (734)
or
2
mefﬁizr:;l = CWy(f). (7.35)
Finally we obtain
T *
Ele,Wu(fl) My, i *op .
Mt onr 4 OWy(fi) = CWy(f)). (7.36)

We assume the constant C is the same for all modes in the frequency range of
interest, hence we can write

= 4C = constant = C (7.37)
Wit
Assume all modes are in the frequency range of interest. That means the resid-
ual mass M, = Oand (7.32) becomes
n *

2T
>om  SHOW (f)<My. (7.38)

eff,i2

i=1

After substituting (7.37) into (7.38) the following relation is obtained

n
Tc_
3 /5(1 S m o W) <My (7.39)

i=1

The constant C can be calculated using the following equation
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= (Mp)” . (7.40)

9nn

2 zmeff,zf"Wﬁ(fi)

i=1

If the residual mass is not negligible (say >20%) (7.32) must be applied to
obtain a reduced power spectral density of the enforced acceleration W;(fn) . This

is an iterative process.
The width of the notch around the resonance is dependent upon the amplifica-
tion factor O and is equal to

3,
0’

and the slope k of the power spectral density acceleration function will be
approximately

Af; = (7.41)

k; = +0, (dB/oct). (7.42)

The resonance frequencies and associated amplification factor can be extracted
from the low level sine sweep test.
The bandwidth and the slopes of the notch are illustrated in Fig. 7.8.

log(PSD)

log(f)

Fig. 7.8 Illustration width and slope of notch

7.9.3 Force Limiting Vibration Testing

Flight equipment is exposed to a random vibration environment and is required to
survive the vibration testing. In flight, the mechanical impedance (force over
velocity) of the equipment and the supporting structure is comparable, and results
in modest interface forces and responses. In vibration tests, the shaker impedance
is very high and could provide an almost unlimited driving force. To reduce fore-
casting, the acceleration input must be notched by specifying a force limit accord-
ing to that predicted for flight.
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The load at the equipment interface is related to the interface acceleration as

2
Wee() = [MyD] WD) » (743)
where Wep(f), W, (f) are the power spectral densities of the interface force and

enforced acceleration respectively and My(f) the dynamic mass (Also mentioned
apparent mass [Cote 2004]).
For SDOF system with mass m, a natural frequency £, , and a damping ratio C,

the dynamic mass my is, [ Wijker 2004]

2
my = m 1+(Q

1
X D)

Enveloping the force at the fundamental resonance frequency (maximum

(7.44)

response) and replacing the dynamic mass by the rigid body mass (JJ; - oo) , the

(4]

following semi-empirical force limiting loads are specified, [Chang 2002, Scharton
1997].

WFF(f) = CzMz Waa(ﬂ f<f0
7.

Wee(f) = M Waa(f)(;ﬁ)z A

where £, is the fundamental resonance (significant modal effective mass) of the

(7.45)

test item on the shaker and C” is a constant factor which defines the conservatism
in the force limit specification. It is advised to use C* = 5for directly mounted

lightweight loads and for heavy strut mounted equipment a factor C* = 2 is rec-
ommended.

To perform the random vibration test, load cells between the test item and the
shaker are required.

The semi-empirical force limit specification is developed and successfully
applied by the Jet Propulsion Laboratory.

7.10 Plots

The response signals, originating from strain gauges, accelerometers, etc. can be
represented by:
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¢ Filtered amplitude spectrum plots (fundamental). All frequencies outside a “nar-
row-band” around the excitation frequency are removed.

e Unfiltered amplitude spectrum plots (rms). The results are displayed broad-
banded, all frequencies included.

¢ Phase and transfer functions

e Universal files (i.e. ASCI) for further processing

7.11 Test Facilities West-Europe

Everywhere in West-Europe there are small or larger test facilities, where it is pos-
sible to carry out various mechanical tests. Four institutes and companies in West-
Europe, however, are specialized in carrying out mechanical dynamic tests with
regards to space projects.

¢ ESA/ESTEC in Noordwijk, the Netherlands

¢ Industrieanlagen-Betriebsgesellschaft mbH (IABG) in Ottobrun (in the vicinity
of Miinchen) in Bavaria, Germany

¢ Ingénierie Tests en Environment Spatial (Interspace) in Toulouse, France

¢ Centre Spatial de Liege (CSL), Université de Li¢ge, Belgium

The test installations of ESA/ESTEC are used for space projects. They fall
under the umbrella of ESA. The three other institute and companies are more com-
mercial, although Interspace is located on the same location as the French space
organisation CNES.

Aforementioned institutes and companies offer the following test facilities:

e Acoustic chamber(s)

¢ Shaker(s)

¢ Modal survey facilities

e Measurement of mass properties

¢ Thermal vacuum test / space simulation
e EMC test facilities

¢ Magnetic test facilities

¢ QOutgassing testing facilities

Static loads can also be applied with the help of a centrifuge. CEA-CESTA
(Centre du Commissariat a I’Energie Atomique-Centre d’Etudes Scientifiques et
Techniques d’Aquitaine) has the largest centrifuge (SILAT 265) of Europe. The
centrifuge is 10 m long and weighs 40 tons. A test object weighing 2000 kg can be
loaded up to 200 g and a test object weighing 4600 kg can be loaded up to 42 g.
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8 Design of Spacecraft structure

8.1 Introduction

The various design elements of a spacecraft structure are illustrated in Fig. 8.1,
[Agrawal 1986, chapter 4].
The design of a spacecraft structure can be subdivided into five phases.

Determination of spacecraft configuration
Initial design of the spacecraft structure
Detailed analyses

Production of the spacecraft structure

A

Testing

All phases will be discussed in this chapter.

8.2 Determination of Spacecraft Configuration

As part of the determination of the spacecraft configuration the following may be
involved:

¢ Boundary Conditions Launch Vehicle
— Launch weight
— Auvailable volume
— Adapter
— Payload separation system
— Launch costs
¢ Functional requirements
¢ Mission time (duration)

101
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Fig. 8.1 Design flows spacecraft structure design and verification [Agrawal 1986]
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8.2.1 Boundary Conditions Launch Vehicle

All the requirements and constraints are extensively covered in the user manuals of
the associated launch vehicles. These include requirements and constraints con-
cerning:

e The mass to be launched

¢ The available volume within the nose cone
e Launch vehicle adapter

e Vibrations

e Acoustic loads

e Safety factors

The mechanic and acoustic loads and the safety factors are discussed in previous
chapters

8.2.2 Launch mass

The mass (spacecraft + adapter) that can be launched depends on the launch mis-
sion. The following general/common launch missions are mentioned below, i.e.
ARIANE 5.

¢ The launching of spacecraft in a Geostationary Transfer Orbit (GTO).

¢ The launching of spacecraft in a Sun Synchronous Orbit (SSO).

¢ The launching of spacecraft in a Low Earth Orbit (LEO).

¢ The launching of spacecraft in an elliptic orbit around the earth.

¢ The escape of a spacecraft from the gravitation of the earth (escape mission).

The launch possibilities of the standard version of the ARIANE 5 launch vehicle
with regards to a certain launch mission are given in the following Table 8.1.

Table 8.1 ARIANE 5 Launch capabilities

Geostationary Transfer Sun-Synchronous Orbit
Orbit (GTO) Low Earth Orbit (LEO) (SSO)
(kg) (kg) (kg)
6800 18000 10000

8.2.3 Available Launch Volume

The volume of the spacecraft that can fit inside the adapter of the launch vehicle
depends on the diameter of the adapter and on the size of the fairing. If one space-
craft is being launched then the available volume is obviously the largest. When
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several spacecraft are launched at once, the volume must be shared. The available
volume is extensively covered in the user manual of the launch vehicle.

The space inside the fairing of the Taurus launch vehicle is illustrated in
Fig. 8.2.

Payload
eparation|;

Fig. 8.2 Taurus Fairing Acommondations (courtesy Taurus Launch Systems)

8.2.4 Launch Vehicle Adapter (LVA)

Usually there are various launch adapters and or coupling structures available on
which the spacecraft can to be placed. The dimensions of the adapters and coupling
structures are outlined extensively in the user’s manual of the launch vehicle.

8.2.5 Payload Separation System

The payload separation system consists of either:

¢ Pyrotechnique cutting device(s).

¢ Clampband. The Clamp Band (CB) consists of two halves of steel bands fixed
by two connecting bolts. The tensile stress in the band exerts pressure on the
clamp that connects the adapter with the spacecraft. The Pyro Bolt Cutters cut
through the connecting bolts so that the half bands come loose. The separation
springs are loaded in such a way that the spacecraft can separate safely from the
adapter. The Clamp Band grasping system grasps the two halves of the Clamp
Band and thus prevents the spacecraft from clinging behind it.

Both systems will introduce high shock loads on the spacecraft.
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8.2.6 Functional requirements spacecraft

The functional requirements can vary immensely and are strongly dependent on the
mission. The various missions can be:

¢ Sun-observation
e Planetary
— Fly-by
— Orbiter
— Lander
¢ Geostationary spacecraft
— Communication
— Television
Meteorological
— Earth observation
— Navigation
¢ LEO spacecraft
— Telecommunications
— Meteorological
— Earth observation
Navigation
— Micro-gravity
e Astronomy
— Space observatory
¢ Fields and particles

8.3 First Design Spacecraft Structure

For the initial preliminary design of the spacecraft structure, the following aspects
must be considered:

¢ Design Launch Loads
¢ Factors of Safety

e Stiffness requirements
* Materials

¢ Basic Design

The preliminary sizing of the structural components is illustrated in Fig. 8.3.
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Design loads (QSL) _ Dimensioning
Load factors [g] Inertia Loads | structural
>f i, (nat. freq.) components

|
J | Estimation of mass
¥ Stiffness, natural

T o I .
2o frequencies
IS ™ Geometry
- > ) l
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Fig. 8.3 Preliminary sizing structural components

The mission requirements in combination with the functional requirements will
lead to a preliminary geometry and associated mass distribution. The selected
launch vehicle will specify launch loads, stiffness, geometry constraints, etc. The
quasi-static load factors will be applied assuming a minimum natural frequency
compliance. The quasi-static loads factors applied to the mass distribution will
result in internal load distribution. This load distribution is a starting point for siz-
ing the structural members of the spacecraft primary and secondary structures.
After that, the stiffness of the primary structure must be checked against launch
vehicle stiffness requirements. If the minimum of the longitudinal and lateral natu-
ral frequencies comply with the requirements, dynamic loads may to be applied.

8.3.1 Design Loads

The various mechanical loads are not all equally important and depend on the type
of the mechanical structure: i.e. does it concern a primary structure, the spacecraft
structure or other secondary structures (such as solar panels, antennas, instruments
and electronic boxes). Preparations on the ground, the launch, and the operations in
the orbit around the Earth set various types of requirements, such as [Sach 1988]:

¢ natural frequencies

¢ steady-state (semi-static) acceleration
® sine excitation

¢ random excitation

® acoustic noise

¢ transient loads

¢ shock loads

* temperatures
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Natural frequencies

The natural frequency is a governing design requirement for all parts of the space-
craft. This requirement is imposed in order to limit the dynamic coupling of the
spacecraft with the launch vehicle.

Semi-static and low firequency sinusoidal loads
The design of the primary structure is determined to a large extent by the semi-
static and low frequency sinusoidal loads (up to approximately 50Hz).

Sinusoidal and random loads
To a large extent, the sinusoidal and random loads determine the design of second-
ary structures (solar panels, antennas, electronic boxes).

Acoustic loads

Light structural parts with relatively large surface areas (such as solar panels and
spacecraft antennas) are more sensitive to acoustic loads than sinusoidal and ran-
dom base excitation.

Shock loads

Deployable structures experience high shock loads; for example during latch-up of
hinges in the required final position of these mechanisms. This is especially the
case when the deployment velocities are too high.

Temperatures

Temperature variations usually cause high thermal stresses in the structures. In
general, the various coefficients of expansion are accounted for in the choice of the
structural materials. Thermal deformations are taken into account when working
with structures that must be aligned with each other.

Random Loads
The design of instruments and electronic boxes are determined by the random base
excitation.

8.3.2 Stiffness requirements (natural frequencies)

Additionally, the natural frequencies of the spacecraft must be such that the funda-
mental natural (undamped) frequencies in all directions are larger than the lowest
frequencies generated by the launch vehicle that excite the spacecraft. Due to the
difference in natural frequencies, the spacecraft is dynamically uncoupled from the
launch vehicle and will display rigid behaviour in the lower frequency regions.

In the Table 8.2 the required lowest frequencies in the lateral and the launch
direction are given for various launch vehicles. In general, these frequencies are
valid when the spacecraft is considered to be clamped at the interface between the
spacecraft and the launch vehicle.
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Table 8.2 Examples stiffness requirements (Continued)

Launch Vehicle
Launch System Required Lowest Natural frequencies (Hz)
Direction Launch direction Lateral
STS 13 13
DELTA 6925/7925 35 15
ARIANE 5 9-10?
<=4500 kg 31
> 4500 kg 27

a. Depends on the launcher spacecraft interface

8.3.3 Quasi-static loads

The structure of the spacecraft is designed to support the maximum quasi-static
loads (QSL), including a factor of safety. The quasi-static loads are a combination
of the steady-state static loads and the low frequency sinusoidal loads. Quasi-static
loads can be used to dimension the spacecraft, provided the minimum frequency
requirements with respect to mode shapes in the launch direction and the lateral
direction are fulfilled.

In the ARTANE 5 user manual the sizing loads for spacecraft with a weight <
5000 kg are specified in the following way:

Table 8.3 Quasi-static load factors

Load factors, acceleration (g)

Flght event Launch direction Lateral
Static Dynamic Static Dynamic
Lift-off -1.7 +1.5 0.0 +1.5
Maximum dynamic 2.7 +0.5 0.0 +2.0
pressure
P230 Burn-out -4.25 +0.25 +0.25 +0.25
H155 Burn-out -3.6 +1.0 0.1 0.0
H155 Thrust tail-off -0.7 +1.4 0.0 0.0

¢ The minus sign refers to a pressure force in the launch direction.

¢ The quasi-static loads are applied for the centre of gravity of the spacecraft.

¢ Gravity has been taken into account.

¢ The spacecraft must fulfill the stiffness requirements.

e The centre of gravity of the spacecraft must be located in a certain area to pre-
vent overloading of the spacecraft adapter. This depends of course on the
adapter used.
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8.3.4 Mass Acceleration Curve (MA C)I

In Fig. 8.4, the design loads for the structural analyses, which depend on the effec-
tive masses, for the components and instruments are given. Components with a low
effective mass experience higher acceleration. This observation is valid both for
transient as well as random (stochastic) loads. The “mass acceleration curve”
(MAC) is primarily based on experiences (data) from previous projects. In most
cases, a MAC can be derived for a launch vehicle that can subsequently be used for
most components and instruments. The MAC is an upper bound acceleration level
for all components of a given mass, regardless of location, orientation, or fre-
quency. In general, it is assumed that the lowest natural frequencies are

£.>100 Hz.

Typical Mass Acceleration Curve

100

10

Dynamic Response
Load Factor (g)

1 10 100 1000
Effective Mass (kg)

Fig. 8.4 Typical mass acceleration curve [NASA PD-ED-1211]

Example

We have a component of about 10 kg and the lowest natural frequencies are
above 100Hz. The “static” load factors to design that component can be taken from
the MAC (Fig. 8.4) and are about 40g.

End of example

1. The term “Mass Acceleration Curve” is frequently used by the NASA in many “Spacecraft
loads” documents. MAC is also the abbreviation of the term “Modal Assurance Criteria”.
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8.3.5 Random Loads

The (test) qualification random loads depend on the type of launch vehicle and
spacecraft.

In the “General Environmental Verification Specification for STS & ELV, Pay-
loads, Subsystems and Components”, [Baumann 1996], a distinction is made
between:

e Spacecraft
¢ [nstrument (subsystem) (< 68kg, 1501Ibs)
¢ Component (< 22kg, 501Ibs)

In the following Table 8.4, Table 8.5 and Table 8.6 “Random vibration levels”
are specified. It must be noticed that the higher the mass of the component the
lower the random vibration levels.

Table 8.4 Spacecraft “Random Vibration Levels”

Frequency spectrum (Hz) PSD acceleration (gz/Hz)
20-800 0.008
800-1000 7.6 dB/octave
1000-1300 0.014
1300-2000 —13.6 dB/octave
2000 0.002
Grms 41g
8.3.6 Factors of Safety

The factors of safety are used to account for uncertainties that cannot be fully ana-
lysed.

The qualification loads are often used as design loads, and subsequently the fac-
tors of safety for “yield” and “ultimate” are applied.

Table 8.5 Instrument “Random Vibration Levels”

Frequency spectrum (Hz) PSD acceleration (gz/Hz)
20 0.01
20-50 5.5 dB/octave
50-800 0.053
800-2000 —5.5 dB/octave
2000 0.01

Grms 826¢g
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Table 8.6 Component “Random Vibration Levels”

Frequency spectrum (Hz)

PSD acceleration (gz/Hz)

20
20-50
50-800
800-2000
2000
Grms

0.026
6 dB/octave

0.16

—6 dB/octave
0.026
14.1¢g

The factors of safety that were used in the ENVISAT spacecraft project are illus-

trated in Fig. 8.5.

Design (Qualification)

Flight Limit Loads | jo=1.25
(Acceptance Loads) Loads
Proof loads Yield Loads

Fig. 8.5 ENVISAT Safety factor philosophy

8.4 Basic Design Supporting Structure

The spacecraft structure is designed to mechanically support the service systems,
the payload or the instruments and is essentially the backbone of the spacecraft. In
addition, the structure ensures that the instruments are properly aligned with each
other and that the surfaces of certain structural elements are finished in such a way

Ultimate Loads

that they meet the requirements set by the thermal subsystem.

8.4.1 Design criteria

The design criteria for the structural elements are:

Mass (minimum)
Reliability

Design costs (e.g. engineering hours)

Production costs (including moulds and templates)

Ease of inspection (e.g. NDI)

Ease of reproduction
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¢ Possibility to repair
¢ Modification possibilities of hardware (H/W) in a late design phase

These criteria have been presented in an arbitrary order. The mass is important,
however, sometimes costs are even more important. Each product has its own order
for these criteria.

8.4.2 Standard structural elements of spacecraft structures

A spacecraft is generally constructed with the following standard structural ele-
ments:

¢ Bending beams
¢ Tension and compression members (Struts)
¢ Ring frames
¢ Plates/panels
— Rectangular
— Circular
— Annular
e Cylindrical and conical thin-walled shells
— Moncoque
— With rings and stiffeners
— Corrugated
— Composites
¢ Sandwich and composite structures

e Pressure vessels!
¢ Fuel tanks

The design of a structural element is specified by three aspects [Ashly 2003]:

1. The functional requirements
2. The geometry
3. The properties of the materials used

The performance p of a structural element is described by the following equa-
tion

1. A pressure vessel stores 19130 J of energy or more. The energy is based on the adiabatic
expansion of an ideal gas.
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p= [ Functional ] ( Geometrical j ( Material ) (8.1)
requiremnts, F' parameters, G properties, M
Equation (8.1) is separable, hence

p = [IF)AL(G)f3(M) (8.2)
where f,(F)f,(G) is the structural index and £, (M) is the efficiency coefficient

or material index.

The provisional sizing of a space structure can be done quickly and efficiently
provided that straightforward methods (Manual, EXCEL®, Mathcad®, Maple®,
MATLABR®, etc.) are used to calculate the aforementioned elements.

Important aspects for the determination of the dimensions of a space structure
are:

¢ Design loads
— Handling loads
— Launch loads
— In-orbit loads
e Test loads
¢ Internal pressures (i.e. fuel tanks)
e Minimum requirements with respect to natural frequencies
e Thermo-clastic deformations

The most important failure modes are:

¢ Exceeding the yield stress

¢ Exceeding the ultimate strength

e Stability (against buckling), locally or generally

¢ Fracture mechanics (pressure vessels, manned space flight)
¢ Fatigue

Margins of safety (MS, or MOS) and factors of safety have a different meaning.
For a given factor of safety the “probability of failure” or in other words, the relia-
bility of the structure, can be determined. With the aid of the concept of MS we
determine the functionality of the structure. The MS is defined as follows:

9
MS = allowable 1

J O actual

where MS is the margin of safety and o,jowable 1S the allowable stress. The

, (8.3)

allowable stress is the maximum permissible stress before failure. The 6,4, is the
resulting stress from a certain load and j is the factor of safety.
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At failure, the applied stress is larger than the allowable stress. The MS value is
then negative. From this it follows that the MS value must be greater than zero.

In Table 8.7 the significance of the MS value is shown.

Table 8.7 Significance of MS values

Margin of safety Significance
MS<0 Failure
0<MS<0.5 Optimal design
0.5<MS<1.5 Good design
MS>1.5 The design may be easily improved

For a combination of load conditions, the value for the MS can be determined as
shown in Table 8.8.

Table 8.8 Combined loadcases

Margin of safety Combined load cases
o . -1 Combination of compression
MS = 1 w + ﬁ 1 and bending loads
J
Gcompr Sbend
5 - -1 Combination of compression
MS = l @Eﬂ. % -1 and torsion loads
J = o
compr tor:
2)-1 Combination of compression, bending
MS = 1| Scompr i ®bend 4 ®tors _1 and torsion loads
j £ * *

c G G
compr  bend tors

where ¢ is the resulting stress, Gi is the allowable stress and ; is the factor of

safety.

8.4.3 Selection of materials

A very important step in the design process is the selection of materials for a space-
craft structure. The choice has significant consequences for the mass, the produc-
tion costs, etc. The operational conditions of the spacecraft, the ability to retain its
shape and the reliability of the structure are some of the parameters used for the
selection of materials. The most important material properties are:

e Strength and stiffness
¢ Specific weight
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¢ Ultimate strength

¢ Fatigue strength

¢ Technical constraints (elasticity, weldability, stress concentrations, etc.)
e Effect of the environment on the material properties

¢ Thermal conductivity

¢ Electrical conductivity or resistance

e Availability

¢ Costs

With regards to structural elements that are subjected to a tensile stress, the fol-
lowing simple expression can be derived:

M= ALp = ngp, (8.4)

u
in which M is the mass of the structural element, 4 is the cross-section of the
structural element, L is the length of the structural element, N is the normal (ten-
sion) force, &, is the ultimate stress of the applied material, p is the density of the

applied material and j is the factor of safety.
It appears from the previous expression that the mass of the structural element

. . Gy .
decreases while the specific strength E” increases.

For thin-walled structural elements (monocoque, sandwich, with stiffeners) sub-
jected to an axial compression load, the mass M for various buckling conditions
can be expressed as follows:

JN

M = 27R R
2nyE

(8.5)

in which R is the radius of the monocoque shell and v is a constant that
depends on the boundary conditions.
For thin-walled structural elements the mass of the structural element decreases

while the specific stiffness % increases.

Analogous expressions can be derived for different loads and structural ele-
ments.

Ashly defines in [Ashly 2003] the structure efficiency (SE) or material index
which stands for:

Load carried by the structure
mass of the structure

Structure Efficiency =

i

- E) - 11
SE f(p ci= 153 (8.6)

In Table 8.9 an example of the structure efficiency are given.
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Table 8.9 Structural efficiency or material index (Continued)

8 Design of Spacecraft structure

Structural element Load SE Remarks
Beam, Plates and Tension and pure E L<L .
shells compression / (E) erit
Sandwich panels Tension and pure E L<L .
and shells (symmet- compression f (E) erit
ric)
Bending E Strength
(s5)
br
E Stiffness
50
fr
Beams Buckling and bend- 1
e JE
30,
Plate and shells Buckling 1
d bendi 2
and bending , E_2
130,

When assessing the material choice for the various structural elements, the
effect of the temperature on the material properties must be taken into account. For
this reason, lightweight metal alloys and composite materials are often used for the

construction of a spacecraft.

8.5 Detailed Analyses

The structural analyses are, in general, done with the finite element method. There
are many commercially available finite programmes that are used in conjunction
with compatible pre- and post processors. Examples of commercially available

finite element packages are:

¢ MSC.Nastran
e MSC.Marc
e ABAQUS

and examples of pre- and post processors are:

e MSC.Patran
e FEMAP
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e ABAQUS/CAE

The objective of the analysis defines the detail of the finite element model; in
terms of the number of nodes and finite elements, and therefore the number of
degrees of freedom. The detail of the finite element model is also defined by the
availability of geometic information, applied materials, mass distribution and
loads.

8.5.1 Finite Element Model

If the geometry and applied materials and associated material properties are known
with the aid of pre- and post processors, a finite element or mathematical model
can be generated. This finite element model, in general, consists of the following:

¢ Nodes or nodal points, scalar points (one DOF).

¢ Finite elements, 0-D, 1-D, 2-D and 3-D

¢ Material properties (Young’s modulus, Poisson’s ratio, shear modulus, density,
coefficient of thermal expansion (CTE), structural damping,...)

e Mass distribution (material density, non structural mass, discrete masses)

¢ Boundary conditions (clamped, simply supported, pinned, etc.)

¢ Constraint equations to relate DOFs with each other

¢ Applied loads

¢ Damping

The quality of the finite element model will be checked by performing dedicated
finite element model checks later in the programme by tests (static, dynamic and
modal survey).

8.5.2 Finite Element Model Verification

Finite element models shall be checked for:

¢ Rigid body strain energy to determine for hidden constraints in the finite ele-
ment model. Theoretically the rigid body strain energy must be zero.

¢ Free-free modal analysis to determine for unwanted mechanisms in the finite
model. A correct finite element will show six zero rigid body natural frequen-
cies, three translations and three rotations.

e Stress free thermal-expansion to determine for bad elements in the finite ele-
ment model. Bad aspect ratio elements, and warped plate elements, for example,
will show non-zero stresses.
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¢ In the case of pressure loads the normal vectors of the faces on which the pres-
sures are applied must point in the same direction, otherwise forces due to pres-
sures may be cancelled out.

8.5.3 Finite Element Analyses

Generally, the finite element models are used to perform the following types of
analysis:

e Strength/stiffness

Thermo-elastic

¢ Dynamic (e.g. modal response)

¢ Spacecraft / launch vehicle coupled load analysis
¢ Vibroacoustic

Strength analysis

The strength properties of the spacecraft structure (structural elements) shall be
verified by finite element analysis and later in the programme by dedicated tests.
The stress/load distribution in structural elements must be verified and compared
with allowable stresses/loads (associated with identified failure modes) showing
margins of safety greater than zero. A dedicated buckling analysis will give allow-
able buckling stresses/loads. Typical applied loads are the quasi-static inertia loads
and combinations of them. If only dynamic loads factors are applicable, the
stresses/load due dynamic load application must verified against allowable stresses
and loads (in general static). For random loads 3-sigma values of stresses must be
compared with the allowable stresses (yield, ultimate).

Thermo-elastic Analysis

The thermal deformation and stress due to temperature gradients in the structure
must be calculated to check alignment requirements. In spacecraft, thermal stresses
in the structure are, in general, not important. One of the major tasks is to depict the
temperature distribution on nodes in a finite element applied to structural analyses.
The temperature distribution is mostly obtained from thermal analysers based on
the lumped parameter method.

Dynamic Analysis

Dynamic analysis is done to check if the specifications for natural frequencies and
dynamic responses are met. To check the requirements about minimum natural fre-
quencies a modal analysis will be done. The outcomes of such analysis are primarily:
the natural frequencies and the associated mode shapes, generalised masses and stiff-
nesses and the modal effective mass. The damping is mostly ignored during the
eigenvalue extraction process because damping in spacecraft structures is low (2—
10% damping ratio). The deviation between real and complex modes is small.
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A spacecraft industry standard modal damping ratio of £ = 0.0150r
g = 0.03 structural damping is used [Foist 2004]. The associated amplification

factoris O~ = 1 = 3333 .
g

2¢

Later in the programme, the modal properties are checked with modal analysis
or with a low input frequency sweep with a low sweep rate on a shaker table.

After the calculation of the modal properties of the spacecraft, the response
characteristics due to mechanical deterministic and random loads are calculated.
This is mostly done in the frequency domain. The application of the finite element
model to specified frequency ranges must be checked.

The statistical energy analysis (SEA) method can be applied in frequency ranges
out of the scope of the finite element application [Wijker 2004].

Coupled Load Analysis
Early in the programme a spacecraft/launch vehicle coupled dynamic load analysis
is done to analyse the dynamic loads during the launch of the spacecraft. This anal-
ysis is done to verify the preliminary design loads from the launch vehicle user’s
manual (which are conservative).

A complete or reduced finite element model, in combination with load transfor-
mation matrices, must be delivered to launcher authority. The outcome of the cou-
pled load analysis may be used during vibration tests.

Vibroacoustic Analysis

Lightweight, large area structures, i.e. solar arrays and antenna reflectors, are very
sensitive to acoustic loads (sound pressures) and are mounted outside the space-
craft. A combined finite element method and boundary element method analysis is
needed to simulate the fluid structure interaction (FSI). The structural behaviour
will be covered by the finite element method (modal base: natural frequencies,
vibration modes, stress modes,...) and the influence of the fluid (added mass, radia-
tion damping) and the acoustic loads are dealt with by the boundary element
method.

8.6 Manufacturing of the spacecraft structure

The structural parts of the spacecraft structures may be produced by the responsible
company or sub-contracted to other companies. The subcontracting of structural
parts may either be based on the ‘build to print’ principle or risk sharing principle
(which means that the design and production of a structural part is done under the
responsibility of the subcontractor).

The assembly of the structure is mostly done at the premises of the company
responsible for that spacecraft structure. The complete spacecraft is generally
assembled at the premises of the prime contractor.
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Mechanical ground support equipment (MGSE) must be produced to assemble
mechanical parts to a complete structure and to transport the spacecraft or parts of

the spacecraft.

8.7 Testing

Tests are applied to verify requirements posed on a spacecraft design. The general
applied tests and the associated requirements are shown in Table 8.10.

Table 8.10 Test verification (Continued)

Type of test

Test verification

Static test and centrifuge test.

Modal survey test

Shaker sine vibration test

Acoustic test

Shaker random vibration test

Shock test

Check/qualification of structural strength in particu-
larly the primary structure and critical interfaces
Verify (partially) the stiffness matrix

identify the natural frequencies o, vibration modes

{(])i} and the modal damping ratios g, to support

the verification of the mathematical model which is
used in loads cycles, and the CDLA

Support the verification of the spacecraft mathemat-
ical model (amplification from launcher spacecraft
interface input to various spacecraft parts)

® (Qualification of secondary structures

Qualification of the spacecraft system by perform-
ing functional tests after the shaker vibration at
qualification test input

Flight acceptance of the spacecraft system by per-
forming functional tests often shaker vibration at
flight test input

Verification and qualification of spacecraft system
to acoustic environment which might be experi-
enced by the spacecraft during flight

Qualification of the spacecraft system by perform-
ing functional tests after the acoustic test at qualifi-
cation level. In case units are represented with
dummies the random level is measured at unit
dummy interfaces. Subsequently this input is
employed for unit qualification at subsystem and
unit level.

Flight acceptance of the spacecraft system by per-
forming functional test after acoustic tests at flight
level.

Qualification of electronic units subjected to ran-
dom (acoustically generated) flight environment

Spacecraft verification and qualification due to
shock type of loads (pyrotechnic and mechanically
induced shocks)
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8.9 Exercises

8.9.1 Use of the User’s Manual of ARIANE 5

Presume that two spacecraft will be launched at the same time. One spacecraft has
a mass of 3500 kg and the other one has a mass of 4500 kg. The spacecraft with a
mass of 3500 kg is placed ‘on top’ of the other one. Write down the design require-
ments for both spacecraft based on the user’s manual of ARIANE 5. There are no
space limitations. (see www.arianespace.com for user’s manual ARTANE 5)



9 Strength and Stiffness of Structural Elements

9.1 Introduction

Before detailed strength and stiffness analysis of a spacecraft structure can be done,
a preliminary sizing of all structural members constituting the spacecraft structure
must be established. The preliminary sizing of spacecraft structural elements is
illustrated in Fig. 9.1.

Design loads (QSL) _ Dimensioning
Load factors [g] Inertia Loads | structural
>f i, (nat. freq.) components

|
J | Estimation of mass
¥ Stiffness, natural

o I .
2o frequencies
=5 ™ Geometry
- > 7y l

Mission Dynamic loads

Fig. 9.1 Preliminary sizing of spacecraft structural elements

The quasi-static load factors (acceleration) are defined in the user’s manual of
the selected launch vehicle. The quasi-static load factors may be applied if the low-
est and lower natural frequencies meet the requirement up to a specified value
fmin (Hz). Within the frame of preliminary sizing of the spacecraft, the quasi-static
load factors will first be applied, afterwards it will be verified if the stiffness
requirements are met (natural frequencies).

The estimated mass distribution multiplied with the quasi-static load factors
will give the distribution of internal loads within the spacecraft structure. These

internal loads can be applied to obtain the preliminary dimensions of the spacecraft
structural elements.

123



124 9 Strength and Stiffness of Structural Elements

In this chapter we will provide the reader with strength and stiffness formulae to
obtain the preliminary dimensions of the structural element by hand calculations.
Afterwards, more advanced techniques (i.e. the finite element method) are applied
to verify the stiffness assumption and the minimum required natural frequencies to
prevent dynamic coupling of the spacecraft with the launch vehicle. Later in the
project, dynamic structural analyses are performed to show dynamic loads can be
taken by the spacecraft structural elements. The dynamic loads are beyond the
scope of this chapter.

The following basic structural elements are discussed:

¢ Trusses and truss frames

¢ Bending beams (bending, Euler and lateral buckling, torsion, local buckling of
tubes)

e Rings

e Panels

¢ Shear panels

¢ Shells of revolution; cylinders & cones (strength, stiffness)

e Stresses in lap joints

The structural elements made of sandwich construction are discussed in the
chapter about sandwich structures.

Many textbooks about the strength of materials are written and some of them are
referenced here [Benham 1987, Budynas 1999, Den Hartog 1967, Den Hartog
1987, Gere 1994, Klein 2001, Prescott 1961, Rivello 1969, Sechler 1963, Sechler
1968, Shanley 1967, Simitses 1976, Wang 2004].

9.2 Trusses and Truss frames

Structures built up out of trusses are called truss frames. A truss is a rod which only
carries tension and compression loads. A truss will be defined as not being able to
carry bending moments and torsion moments. An example of a simple truss frame
is shown in Fig. 9.2. This truss frame is statically determinate. That means the reac-

tion forces V, , H, and Hycan be calculated using the three available equations

of equilibrium.
The equilibrium of the bending moments about point B will bring us

ZMB =0,FL+H,Ltano. = 0, H, = —Fcota.. 9.1)
The equilibrium in horizontal direction will give

ZHZO,HA+HB=0,HB=—HA=Fc0tcx, (9.2)
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Va

Hp

A 1

o> Hg, “ ¢ ol

2

B N

L Fb P
Fig. 9.2 Truss frame
and the equilibrium in vertical direction will result in
ZV=0,VA—F=0,VA=F. 9.3)

The equilibrium in node C is used to calculate the (normal) forces in the truss
members 1 and 2.

ZV=0,N1sina—F=o,N1=,i, 9.4)
simno

and from the horizontal equilibrium in node C N, can be calculated

ZH =0 ,N,cosa+N, =0, N, = -N,cosa. = —Fcota. 9.5)
The elongation of a prismatic truss under a normal force N is given by
NL
6 =—, 9.6
7 9.6)

where L is the length of the truss, 4 the cross section of the truss and E the
Young’s modulus of the material used to produce the truss. The normal averaged
stress in the cross section is

N
=2 9.7
-2 0.7)
and the strain becomes
o
= =. 9.8
- 9.8)
The strain energy in one truss is given by
U = focar - IV’ ©.9)
2 2FEA° ’

vV
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With Castigliano’s first theorem [Castigliano 1966] we can obtain the displace-
ment & (see Fig. 9.2) which is in the direction of the force F. We assume the same
cross section 4 and Young’s modulus £ for both trusses. The displacement

4 becomes
ON
ou OoF FL[ 1 2
s=0U_ | 2L | S L 4 cota) } (9.10)
oF k4 k4 (sina)zcosa

The stiffness & at node C in the direction of & and F is defined as

F
k==. 9.11
5 9.11)
We proceed with an application of Castigliano’s first theorem on an indetermi-

nate structure illustrated in Fig. 9.3 and calculate the normal forces in both trusses
1 and 2. A cut through trusses 1 and 2 is made and equilibrium with a normal force

N, in truss 1 is considered. The normal force in truss 2 becomes F'— N, .

T F-N, T N,
EA 2EA
- | 2| I 1 2
F F

Fig. 9.3 Statically indeterminate structure

The total strain energy in the structure is

2

2 2

1 NkL 1L Nz 2

= = k- L = |24 (F_

v=3y - 2EA[2 (F Nz)] 9.12)
k=1

Because a cut is made in the trusses it follows that

U _y, (9.13)
N,
hence
N
2o (F-Np) = 0, N, = %F and N, = %F. (9.14)

It can be concluded that stiff structural parts will attract internal forces.
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9.3 Bending of Beams, Myosotis Method

9.3.1 Bending of Beams by transverse forces and bending moments

The bending beam is an important structural element. The six basic equations of
the deflection and rotation at the free end of a clamped beam with basic loading
conditions are the so-called Myosotis formulae [Den Hartog 1967] (Myosotis
means forget-me-not). The Myosotis formulae are shown in Table 9.1. Most of the
bending beam problems can be solved using the Myosotis formulae. The loads are
applied in the shear centre of the cross section, therefore no additional torsion
effects appear.

Table 9.1 Myosotis formulae

Load case # ) ¢
M
“ > 5 ML o = ML
L 5% ¢ T 2E1 EI
d)
EI
> 5 - FL _ FL
I 5% ¢ 3E] LYy
q—> gL gL’
8 = 1= = 1=
e 50 ¢ REI ? = SEI
F 3 2
_FL _FL
EI 1\L>EI 2 5 =L o = &
S 5
: \L 1 2\L 2 8, =6, t¢,L ¢y = @
L L

Example

An instrument whose mass M = 20kg must be mounted on a spacecraft
through a cantilever arm of annular cross section made of Al-alloy with a Young’s
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modulus £ = 70 GPa and density p = 2700 kg/m3. The length of the arm is
L = 600 mm. Choose the dimensions of the cross section in such a way that the

first natural frequency is > 50 Hz. This example is taken from [Genta 1995].
The mass of the beam is neglected and a model with a SDOF is used, in order to
obtain a natural frequency higher than 50Hz the stiffness of the beam must be

k> M2nf) = 20x(2150)° = 1.974x10° N/m.
It can be modelled as a cantilever beam clamped at one side and loaded by the
inertia force of the instrument at the other end. The well-known Myosotis formula

giving its stiffness is k = 3—11;1 , where L and / are the length and second moment of
L

area of the cross section, respectively.
The minimum value of the second moment of area / can be easily computed

3
1= % = 2.03x10 *m®*. The second moment of area of a tube is given by

I=nRt. Assuming ]—; = 20 the radius R and the wall thickness 7 of the tube can

be calculated. The radius R becomes R = 60 mm and the wall thickness t = 3
mm.

The mass of the beam is m = TEthLp = 0.322 kg.

End of example

9.3.2 Buckling of Struts

For all possible boundary conditions the critical Euler load of a column is
expressed by [Simitses 1976]:

2
nEl
Fruer = C_LZ , 9.15)

where E is the Young’s modulus, 7 is the minimum second moment of area (also
called the moment of inertia) and L is the length of the column. The constant C is
given in the following Table 9.2
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Table 9.2 .End Fixity Factors (Continued) [Simitses 1976]

Boundary conditions C

Both ends simply supported (pinned-pinned) 1
One end fixed, the other free 0.25

Both ends fixed 4

One end fixed, the other simply supported

(4.493) 2
s

The critical stress oy, becomes

Fraer . ~mEI ’E
OEuler — 1;3416 = CALZ =C I bR
)

where p is the radius of gyration, p = J% (m).

(9.16)

Rankine’s Formula [Prescott 1961]

The Euler buckling loads calculated by the several methods, are the loads at which
the straight strut becomes unstable, assuming that it does not fail in any other way
before buckling occurs. But a very short strut would clearly fail by crushing before

it buckles. If o is the maximum intensity of the compression stress that the

yield
material can stand without permanent deformation, and if 4 is the area of the cross-
section, the short rod will fail when

FSC = Acyleld . (917)
n’El
A very long pinned strut will buckle at Fg,, = —-. Rankine’s empirical
allowable compression force F is defined by [Prescott 1961]
11, 1 (9.18)
F Fsc FEuler

Johnson Parabolic Formula [Sechler 1963]
The Johnson column equation approximates the tangent modulus curve in the inter-
mediate region between the very short and the Euler long columns. The Johnson’s
equation gives the critical short column stress
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oi(L)
\p

Y~ >
4Cn'E

Gy, = C

(9.19)

The Euler buckling stress o, is equal to the Johnson stress ;. when (é) is

=n [=£8 (9.20)

p

crit

The critical Johnson’s formula for the compression load F', for a column is

Aoy, (é)Sn 2CE
(¢}
F, = . Y 9.21)
2CE
FEuler ( >>TE (5—
Y

Example

The forces in the struts of a truss frame structure were calculated with a finite
element programme. The longest strut has been selected to be investigated against
Euler buckling. The idealised length of the strutis L = 1100 mm, the cross section
A =44 mmz, the minimum second moment of area / = 3092 mm®* and the
Young’s modulus of the strut material is £ = 73200 N/mm?. The allowable yield

stress of the applied material is o, = 276 N/mm?, and allowable ultimate stress

¥
6, = 441 N/mm?”. The maximum calculated compression load in the selected strut

is F = 1250N.
The stress in the strut is

The strut is pinned on both sides, so the Euler buckling load can be calculated
by the following formula

_ mEl _ ©°73200x3092 _

Fpuer = =5 : 1861 N.
L 1100
The margin of safety against column buckling is
F,
Ms = “huler = 1861 48

F 1250

Rankine Empirical Formula for Struts [Prescott 1961]
The yield load is
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F, = 0,4 = 276x44 = 12144N,
and the equivalent Rankine allowable load becomes
1 _ 1 o1 1

—+ > Frankine = 1613 N.
F, F 12144 1861

F

Rankine Euler

The margin of safety against the Rankine allowable load becomes

FRankine_l _ 1613
F 1250

MS = -1=10.29.

Johnson Parabolic Formula

The critical value for L is

crit

L

p

- n 2E =71
crit Oy

The radius of gyration p is p = Jz = ’%Z = 8.38 mm, and therefore %

can be calculated = = % = 131 > 72 . The critical load must be based on the

p
Euler compression load (see above calculations).

End of example

Tapered Struts
Frequently tapered struts are applied as a structural element in a spacecraft struc-

ture. If /, is the second moment of area of the end cross section and /,, the second

moment of area in the middle of the strut the following expressions can be defined

? = @m = q. 9.22)

o

The Euler buckling of the strut, shown in Fig. 9.4, simply supported (pinned-
pinned) at both ends of the strut, is derived by [Abbassi 1958]

1 2
(1 ﬂ)[l och 5
2 nEl,

Fro = 1 . (9.23)
,E L

1
m
l1-a

For m = 1 we get

FEuler = Z (924)

with oo = 1 we obtain the classical Euler buckling of a pinned-pinned strut.
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n El
FEuler = 2 2 . (925)
L
Y
a
b
; I [0 x
Fo ' F

Fig. 9.4 Strut with variable cross section

Sechler in [Sechler 1968] proposed a Rayleigh like quotient to obtain the buck-
ling load of a column with variable section moment of area /(x), variable Young’s

modulus E(x), and the deflection of the strut w(x) is

L d2 2
I E(x)l(x)(—fj dx
0 dx

_ with (w2)” = 0. (9.26)

critical L(dzwj P 0
J‘ -—-—2— dx
o\dx

Many examples of stability analysis using the Rayleigh’s method are given in
[Den Hartog 1987].

If a beam has a cross section with a width b that is small compared with the
depth 4, and both are very small with regard to the length L, it is possible to have a

lateral instability of the beam under bending and shear loads as illustrated in
Fig. 9.5.

I

—be

Fig. 9.5 Bending beam slender cross-section
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For the situation as shown in Fig. 9.5, the critical load F';., can be calculated
by the following expression from the book of Sechler, [Sechler 1968]

3
Faigea = 041522 (1~ 0.6309 : (9.27)
L
where E is the Young’s modulus of the material.
3
The Euler buckling of that beam is given by F ;.. = 0.206hb2E .
L

9.3.3 Bending stresses in beams

The normal stress caused by a pure bending moment A, acting over the transverse
surface is given by the bending stress formula [Budynas 1999]

M M
c, = — ==, (9.28)
] I, w
where y is the so-called fibre distance, /, = ysz the second moment of

YVmin
area. If the extreme fibre distance is indicated with e, the associated maximum
bending stress o,,,, can be written

M,
== 9.29
- 9:29)

I . . . -
where W = = is the section modulus. The parameters are illustrated in Fig. 9.6.
e

Fig. 9.6 Bending and transverse shear stresses
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9.3.4 Shear stresses in beams

The shear stress in a cross-section of a beam can be written as

_ DS
Lt’

z

T (9.30)

xy

where D, and [, are the total shear force and the second moment of area (sec-
ond-area moment), 7 is the width at y = y, where the shear stress 1, is being eval-

Y max
uated, and S = f ydAis the first moment of area (first-area moment). S is

M1
always a maximum at the neutral axis (neutral axis) where y; = 0. The parame-

ters are illustrated in Fig. 9.6.

For long beams undergoing transverse loading, the shear stress is normally
small compared to the bending stresses. For short beams with narrow widths at the
neutral axis the shear stress can be significant [Budynas 1999].

. .S, . . .
For most cross sections, the ratio 7 is maximum at the bending neutral axis. For

a rectangular cross section, the maximum value of the shear stress is

_3b. 3 F ircul tion th i h
Tomax = 377 = 5T, average or a circular cross section the maximum shear
. 4
Stress 1S Ty, oy = ery, average *
Example

Find the maximum normal stress in the beam in Fig. 9.7 and the shear stress dis-
tribution over the cross section.

___________ _L’_e_l $61h

[ \l/lt
/[\

Fig. 9.7 Beam
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The length of the cantilever beam L = 500 mm, the width of the flanges in the
cross section b = 75mm, the height of the cross section # = 150 mm, the

extreme fibre distance e = 75mm and the thickness of the flanges and span

t = 25 mm. The applied force at the end of the beam F = 2x10° N.
The maximum normal stress &, due to bending will occur at the point of maxi-

mum bending moment, or at the fixed end of the beam. Since the shear force is
constant throughout the beam span, the shear stress distribution will be the same at
any cross section.

The second moment of area /, for the cross section is obtained as follows
3 2 3
I= 2[11 + bt(e— 1) } =20 69310 m?.
12 2 12
The maximum bending moment at the fixation of the cantilever beam is
M, = FL = 1x10°Nm.

The maximum bending stress becomes
G = M.e

XX

= 4.431x10° Pa.

z

For a point y = e — ¢ below the top of the beam, the first moment of area

e e 2
S(e—1t) = J. ydA = bJ. ydy = ebt—% = 1.172x10 *m3.
e—t e—t

The shear stress in the span at y = e —¢ is given by

D,S(e—1) _ FS(e—1)
It Lt

z

= 5.538x10" Pa.

T, (e—1) =
The first moment of area with respect to the neutral line (y = 0) is
o et b 200 1,2 2
S(0) = bj (y+e—t)dy+tI ydy = 5(261—1 )+§(e —2et+1t),
0 0

S(0) = 1.484x10 " m>.

The shear stress in the span at y = 0 is given by

D,S(0
0y = 25O _ ESO) _ 5 015510% pa.
” Lt Lt

The shear stress distribution in the lower part of the cross section is similar to
the distribution over the upper half part due to the symmetry of the cross section.

This example is taken from [Peery 1982], however, the dimensions are adapted
to the SI system.

End of example
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9.3.5 Torsion of Beams

Torsion may be defined as the transmission of a torsion moment along an axis hav-
ing the same direction as that of the moment vector.

GJ ]Mt’ [0}

Fig. 9.8 Torsion of a beam

Classes of cross sections are

¢ Solid round bar
¢ Thin-walled; any shape
e Thick; non circular

Solid Round Bar
In a solid round bar (cross section) the maximum shear stress is given by [Shanley

1967]

T = — (9.31)

where M, is the twisting moment, R the outside radius and /, the polar moment

of inertia. The polar moment of inertia is given by

[ =R (9.32)

The stiffness k&, of the beam concerning the twist ¢ and the twisting moment

M, can be calculated by
Gl
ky, = —LE , (9.33)
where L is the length of the beam and G is the shear modulus. For an isotropic
material the shear modulus G is related to the Young’s modulus £ and the Poisson’s

ratio v and is given by

_E
ETTEToR (9.34)

Torsion of thin-walled closed members
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The tubular member must be closed, however, the thickness may vary around the
periphery of the tube. The thickness is small compared with the outside dimension
(width) of the tube.

The shear stress is uniformly distributed across the thickness, the shear flow is
constant around the circumference of the cross section and acts at the mid-thick-
ness, and warping is free at the ends of the tube.

The constant shear flow q is given by

M,

= —, (9.35)
24

where 4 is the entire area enclosed by the median line of the wall thickness.
The shear stress is dependent on the wall-thickness # and becomes

T = % . (9.36)

Example

A torsion box is constructed of an Al-alloy of /=3 mm sheet, with a rectangular
cross section »=250 by #=500 mm (mean dimensions). A torque or twist moment

M, = 100000 Nm is applied. Find the shear stress in the sheet.

The shear flow can be calculated by
M
g = o= Moo 100000 _ 55060 N/m,
24 2bh  2x0.25x0.5
T = ﬂt = 27 — §33x10° Pa.

End of example

The stiffness k&, of the beam concerning the twist ¢ and the twisting moment

M, can be calculated by

_GJ

ko, = T 9.37)
where the torsion constant J is given by
-2

(9.38)

J=3
e
t
S

When the thickness 7 is constant and the periphery of the median line is S than
the torsion constant becomes
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-2
447t
J = —. 9.39
< (9.39)
Example

Find the shear stress and the torsion constant of an Al-alloy tube with a length
L=4 m, having a diameter D=100 mm and a wall thickness of 3 mm. The applied

torque M, = 3x10" Nm. The shear modulus is G=27GPa.

The shear stress is

=2 =2 2
J=d At _A@RI_ Hpe o 3400 m2,

The twisting/torsional can be obtained by

9 4
K, = @ = 2210310 _ 5 0510° Nm/m.

End of example

Torsion in noncircular members
We will start with a cross section for which the width 5 is much greater than the

thickness t, thus é «l.

The maximum stress in such a cross section is given by [Peery 1982]

T = 22t (9.40)

(9.41)

and if a cross section is built up by a number of thin elements the torsion con-
stant can be obtained by
byty
3

J~ (9.42)
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The shear stress in member k becomes

3M,t
=tk (9.43)
Zbkt,i
k
For a rectangular cross section with é ~ | the shear stress is
M
T = —tz , (9.44)
abt
and the torsion constant J
J~PBbt. (9.45)
The values for o and 3 can be found in [Peery 1982], see Table 9.3.
Table 9.3 Constants
b
! L00 150 175 200 25  3.00 4 6 8 10 ©

o 0208  0.231 0239 0246 0258 0.267 0.282  0.299 0307  0.313 0.333

B 0.141 0.196 0214 0229 0249 0263  0.281 0299 0307 0313 0.333

For a cross section made up of several rectangular elements the torsion constant
is given by

J~ z Bib, 13 - (9.46)
k

9.3.6 Local buckling of thin-walled tubes

The local buckling (crushing) of a metal circular tube with % the diameter-thick-

ness can be predicted by

=
by

o

Op = > 9.47)

1T

where E is Young’s modulus and K, is theoretically 1.2, however, due the

influence of imperfections it is observed [Shanley 1967] that K, = 0.4...0.8. In
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the inelastic range, an effective modulus equal to the geometric mean of the elastic
and tangent moduli gives conservative results. So (9.47) becomes

— Kc EEt
Q b

t

Oip (9.48)

where E| is the tangent modulus at the stress oy, .

Example

A thin-walled tube has a mean diameter D = 72 mm, a wall thickness

t = 0.5mm, and a length L = 2 m is pin ended. The Euler stress can be calculated
by

T

El _ o
AL? )

with the radius of gyration p = J% The second moment of area of a thin

OEuler ~ > (949)

[

N\
oI~

o

walled tube is [ = nR3t, R = 5 and the area 4 = 2nR¢. Thus the radius of

gyration p = J;{l = 0.7071R = 0.0255. The slenderness of the tube (strut)

2
mE _ 112.4 MPa.
L 2

lus £ = 70 GPa. The Euler stress becomes Gp ., =
p

For local buckling, assuming K. = 0.6 can be calculated by (17) = 144)

K.E
o1y = —5 = 291.7MPa,
t

The strut will collapse due to Euler instability of the column as a whole, not by
local buckling of the wall. There is no need to consider inelastic effects.

End of example
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9.3.7 Rings

Rings are used to improve the general instability of shells of revolution and to con-
nect various shells of revolution: a cylinder, a cone and a platform for example.
Rings are also used to mount fuel cells (Apogeum Boost Motor) on a cylinder.
Rings or ring frames are used to reduce the buckling length of shells of revolution.
These rings must satisfy certain stiffness criteria. This criterion has been formu-
lated by [Shanley 1949]:

NR’

(E[)ringframe = Ma (950)

with L the mutual distance between the rings, £ the modulus of elasticity of the
ring material, /the second moment of area of the ring, R the radius of the cylinder

and N the load per unit length (running load).

Besseling in [Besseling 1975] discussed the strength and stiffness problem of a
ring loaded with two opposite forces (Fig.9.9). The following solution was
derived.

1 1
M, = FR(——— ) S
o ~—5cosa 9.51)

Thus the maximum bending moment in the ring is given by

Mo = }TFR, (9.52)

max

and the corresponding maximum bending stress can be calculated using

6, = LRe (9.53)

max TC[

where e is the extreme fibre distance and / the second moment of area.

Fig. 9.9 Ring loaded in plane with concentrated forces
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The displacements can be obtained by the following equations:

3 3 2
_ _ﬂ(“—__“) _ Q(n_—S)
”2 EIN 7 )0 T B8y ) ©.54)

with E the Young’s modulus of the ring material.

9.4 Platforms

Equipment, instruments, harness, etc. are mounted to platforms and are, in general,
made of sandwich construction. The sizing of the platform is basically based on the
stiffness (natural frequency). The mass of the equipment, instruments, harness, etc.
is smeared out over the platform (panel) and handbooks about the natural fre-
quency of structures are used to obtain values for the natural frequencies [Leissa
1969].

9.5 Panels

The linear elastic-buckling stress for the square flat panel can be written in a gen-
eral form that applies to all types of plate buckling:

2
O = KCEG) ; (9.55)
where K, is a constant depending on the edge constraint, 7 the plate thickness, b

the plate width and L the length of the plate. The buckling coefficients for flat
plates are listed in [Shanley 1967], see Table 9.4

Table 9.4 Buckling Coefficients for Flat Plates

KC
Loading (across b) Constraint v =103
Compression All edges pinned 3.62
Compression Unloaded edges fixed, others pinned 6.3
Compression One unloaded edge fixed, other free 1.10
Compression One edge free, other pinned (L » b) 0.375
Pure shear All edges pinned (L » b) 4.8
Pure shear All edges fixed (L » b) 8.1

Pure bending All edges pinned 21.5
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9.6 Shells of revolution: cylinders / cones

Shells of revolution, often cones and cylinders, usually form the central part of the
spacecraft structure. They can be constructed in various ways:

* Monocoque

— metal Al-alloys

— filament wound with GPRP, CFRP, ...

Sandwich

— Al-alloy honeycomb core with Al-alloy face sheets

— Al-alloy honeycomb core with face sheets. The latter consists of a CFRP
laminate that is made up of various layers of unidirectional composite mate-
rial that is arranged in various directions. The face sheets can also be filament
wound.

Integrally stiffened shells

Sheet stiffeners

— Z-stiffeners

Orthotropic

9.6.1 Stability of Cylinders

The axially symmetric buckling of a simply supported, circular, isotropic shell
under axial compression load is given by, [NASA SP-8007, Vinson 1989]

2
N o=_f£r (9.56)

X,cr
RA3(1-v%)
for a length L of the shell

1

R 1
Len|———| ~1.72J/Rt, (9.57)
12(1 —v°)

where E is the Young’s modulus, R is the radius of the cylinder, ¢ is the wall
thickness and v is the Poisson’s ratio.
However, it is necessary to incorporate an empirical (knock down) factor in all

equations in order to relate the theoretical values to the actual test data. From
[NASA SP-8007] (9.56) is modified to become

Oo = —IEL (9.58)
RA3(1-v9)

where in the case of compression (constant running load) loads



144 9 Strength and Stiffness of Structural Elements

v = 1-0.901(1—¢?),and ¢ = % ’;. (9.59)
The empirical factor y is illustrated in Fig. 9.10.
Y Em pirical factor
12
1]
0,8 \
0,6
0.4
0,2
0
0 100 200 300 400 500 600
R/t

Fig. 9.10 Empirical (knock down) factor y

Geometrically speaking, the buckle pattern that occurs is usually that of a dia-
mond shape of dimensions small compared to the circumference of the shell length.

Example

Consider a cylindrical interstage structure of a missile system with
L>1.72.JRt, yet ]%S 5 composed of an Al-alloy (£ = 70GPa, v = 0.3 and
Oyiela = 250 MPa). If a shell of R = 750 mm and thickness 7 = 2.5 mm is sub-
jected to an axial compression load, what will be the critical stress?

The ratio of radius over the thickness becomes § = 300, the value of

1 IR

b= o7 = 1.083 and the knock down factor

Yy = 170.901(17e7¢) = 0.4042. The critical stress can be calculated by

Oy = —2EL - 0.60521(—1? = 57.08x10" Pa. This is below the yield
RA3(1-v%)
stress of the Al-alloy.

End of example



9.6 Shells of revolution: cylinders / cones 145

9.6.2 Stiffness of Cylinders

The cylinder is fixed at the lower side, Fig. 9.11. The lateral and the bending flexi-
bility of the fixed cylinder are given in (9.60) and (9.61), [Girard 1999].

Fig. 9.11 Cylinder

The lateral deflection & of the cylinder at the top due to the shear force D and
bending moment M is given in the following expression, in which £ is the Young’s

modulus and G is the shear modulus.

@ 2 (@
R, R || K
nGt

M
3nEt 2nREt|

(9.60)
and the rotation 0 due to the shear force D and bending moment M is given by
2
@] [&

9 = D+ M. (9.61)
2nREt nRzEt

{ 1) } _ Gss Gse{ D } (9.62)
0 Gos Goo|l L M

Suppose a spacecraft has been firmly fixed on top of the cylinder with mass

In matrix notation

M,

spacecraft » @ Second moment of mass /,

and an off-set d from the top of the

spacecraft
cylinder to the centre of mass or centre of gravity of the spacecraft the homogenous
equations of motion can be written
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1
v 0 .
SpaCeCraﬁ 6 + G68 GSS { 6 } - { 0 }. (9.63)
0o I +d'M 4 Gos Goo| L 6 0

spacecraft spacecraft

The natural frequency in launch direction is given by
Il | 2nREt
fa=7— |——. (9.64)
2\ HM, spacecraft

9.6.3 Running Loads in Cylinder

The normal force N, the bending moment M and the shear force D, acting at the
cross section of the cylinder, will introduce running loads (force per unit of length)
along the circumference of the cylinder with radius R and wall thickness . We

assume that L «l.
R

The running load ¢, associated with the normal force (perpendicular to the

cross section) is given by

N N
=4 =_4 9.65
an 1 7R ( )

The running load ¢,,due with the normal force (perpendicular to the cross sec-

tion) is given by

_ Mty _ MtRsinO _ Msin0

(9.66)
1 nR3t TER2

MsinZ
2

The maximum running load ¢y nax =

The maximum running load of the normal load N and bending moment M can be
written

N
G = —— + ——. (9.67)
ma 21R TER2

The running shear force g, (see (9.30)) is given by

dp = DS _ 2DR’tcos® _ Dcosd
D e - .

9.68
1 2Rt TR (9-68)
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The maximum running load g,at 6 = 0 now becomes

D

= —. 9.69
dp TR ( )

The constant running shear flow g, due to a torsion moment M, is given by
[Rivello 1969]
My

M.
= L = - (9.70)
24 enclosed 21R

qr

The previous calculations to obtain running loads for cylinders can also be used
for conical shells.

9.6.4 Stiffness of Cones

The lateral and bending flexibility of a fixed cone can be calculated with (9.71) and
(9.72). The meanings of all parameters are illustrated in Fig. 9.12.

M 0
/‘&/&
D> "> 5

Fig. 9.12 Description of cone

The lateral displacement &, due to the external force D and the bending
moment M, can be calculated by the following equation, in which E the Young’s
modulus and v the Poisson’s ratio, [Seide 1972]
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TR
5 = S —2+(1+§—D[1+(1+U)(sina)2} D
nEt(sino)” | | _51 5o/ L2
Ep)
L5
+—SZ3{1—(1+ﬁ)[l+(1+u)(sina)2]} M 9.71)
nEf(sina) sy L2 spcosa

and the calculation of 6 can be obtained by [Seide 1972]

Sy

0 = he! {1—(1 +z—1)E+(1 +U)(sina)2J}D

nEtsl(sina)3cosoc 2

5
+ 2. {(1+f§)[l+(1+u)(sinaﬂ} M_ 972
nEts,(sina) cosa sy L2 s, c080

In matrix notation

{ d } _ Gss Gae{ D } (9.73)
0 Gos Goo| L M

Suppose a spacecraft has been firmly fixed on top of the cylinder with mass
M

spacecraft » @ Second moment of mass I, ccrape @nd an off-set d from the top of the

cylinder to the centre of mass or centre of gravity of the spacecraft the homogene-
ous equations of motion can be written

. _1
Mspacecraﬁ 0 3 + |:G55 GSG] { 8 } = { 0 } (9.74)
0 [ pacecraft + dzMS 6 GGS Gee 0 0

s pacecraft

The natural frequency in launch direction is given by

1 2msi ’Et
fldzﬁ msina(cosa) . (9.75)
)
ln(——)M
St

spacecraft
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9.6.5 Stability of Cones

The classical buckling load of a conical isotropic cone is given by the following
equation

_ y2nEt2(cos oc)2

R
with p, = —L_ the knockdown factor y for unstiffened cones is given by
cosol

P (9.76)

[Spagnoli 1999] and R, is the (small) radius at the top of the cone and o is the
angle of the cone with the central axis.

=28 for—p-t—ls212

1+0.01%-1

9.77)
0.70

o070
0.1 +0'018fl

The knock down factors are illustrated in Fig. 9.13.

forEt—l>212

Y Knock down factors

1
0,8 -
0,6 -
0,4
0,2 -

0 ‘

0 200 400 P10
t

Fig. 9.13 Knock down factors ¥ [Spagnoli 1999]

In [NASA SP-8019] a knock down factor y = 0.33 is recommended. This

knock down factor is applicable for 10° < o < 75°.
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9.7 Stresses in Lap Joints

In Fig. 9.14 a double lap joint is illustrated. The stresses are uniform over the thick-
ness ¢, and 2¢, are o, and o, respectively. The Young’s modulus of the strips is

E,and E, . The adhesive is assumed to be subjected to shear stress, and the shear

modulus of the adhesive is G .

tlJ/ Vi

. |
F— |T2t2

Fig. 9.14 Double lap joint

With the parameter

A2 = (—}(L+L . (9.78)
t,\E 1, E,t

the shear stress distribution t(x), with the boundary conditions ¢,(0) = o,

6,(L) =0,0,(0) = 0and 6,(L) = o,,, becomes [Abrate 1998]

_ G ( O N G Gy .
= — h(Ax) — —sinh(A . 9.79
) tak{ E,tanh(’.L) Eztanh(u)) cosh(x) = 3 "sinh( x)} ©.79)

Equation (9.79) shows that the shear stress in the adhesive is not uniformly dis-
tributed as might be expected.
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9.9 Exercises

9.9.1 Deflection of truss frame

All trusses in the truss frame illustrated in Fig. 9.15 have all the same length L and
a stiffness £A4 .

Fig. 9.15 Loaded truss frame

Perform the following analyses:
e Reaction forces at the locations B and C
e The internal loads in the trusses 1, 2, 3,4, 5, 6 and 7
¢ The displacement 5 at A.
e The stiffness & at position A

Answers: Vi = Vo= 157 N, = Ny= —%Fﬁ . Ny=Ny= éFﬁ,
o el _UFL , _ 6EA
Ns= 3Fﬁ N = N7 3Fﬁ’6 6 EA’ T

9.9.2 Deflection of a beam

A clamped-free beam is loaded with two forces F; and F,. The bending stiffness
of the beam is E/, total length is L. The loaded beam is illustrated in Fig. 9.16.
Calculate the deflection & .
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EI
a b 8

Fig. 9.16 Bending beam loaded with two forces

3 2 2 3
Answer: & = [(F1+Fz)a L Frb)a }[(FﬁFz)a +U”zb)cz}l”sz
' 3EI 2EI 2EI El 3EI’

[Den Hartog 1967].

9.9.3 Deflection and bending moment in a clamped-clamped beam

A clamped-clamped beam is shown in Fig. 9.17.
3
7 using the Myosotis formu-

e Derive the expression for the deflection § = FL

lae.
¢ Draw the shear diagram
¢ Draw the moment diagram
¢ Define the location(s) of the maximum bending moment

F
EI El

L Ve

Fig. 9.17 Clamped-clamped beam

9.9.4 Buckling of Beam with Variable Cross-section

A strut with a variable cross-section is shown in Fig. 9.18.
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Fig. 9.18 Strut with variable cross-section

The second moment of area is given by
I(x) = 1, +§(1,,—11), b<x<a and I(x) = 10+§(11—1(,), a<x<b+L.
The following deflection mode (assumed mode) w(x) is taken

w(x) = wnsinMxTw, b<x<a and w(x) = wnsinMxTw,

b+§£x£b+L

Calculate with the aid of (9.26) the buckling load F',

n’El I
Answer: F,, = “— “[l + -(l - m [Sechler 1968]
L 2 a nz

9.9.5 Buckling of Square Tube

A square tube has a wall thickness # = 2 mm. The outside width is 5 = 100 mm.
The Young’s modulus of the Al-alloy £ = 70 GPa. Find the axial load at which a
short specimen will begin to buckle locally.

Answer. I, = 82743 N.
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9.9.6 Torsion and Shear Force

b=6 cm
t
A —lle— 7,
9 h= 8cm
d
4cm <
|ﬁ
3cm

Fig. 9.19 Rectangular thin-walled cross section

A shear force V is applied to the rectangular thin-walled cross section as shown in
Fig. 9.19. Calculate the distance d such that no shear stress acts at point A.
Answer: d = 6.923 cm.

9.9.7 Stiffness and Buckling of a Cone

In Fig. 9.20 a cone is shown loaded by a compression force N = 4 MN. The radius
R, = 1m, the radius R, = 1.5m, the wall thickness is # = 0.006 m. The cone is
made of an Al-alloy with a Young’s modulus £ = 70 GPa and the Poisson’s ratio
isv =03.

Fig. 9.20 Cone
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Perform the following assignments:

¢ Calculate the flexibility matrix as given in (9.73)

¢ Calculate the allowable buckling load step by step procedure:
— Define the knock down factor with (9.77).
— Calculate the allowable buckling load.

¢ (Calculate the margin of safety.

3.345 0.676} v = 0517, P, = 5529x10°N,

Answers:  [G] = 10”° ,
0.676 0.2933

MS = 0.382.



10 Sandwich Construction

10.1 Introduction

A sandwich panel is a layered structure consisting of a thin facing material, or skin,
bonded to either side of a thicker, low density, core. It is a type of stresses-skin con-
struction with the skins carrying the major applied loads, in-plane loads and flat-
wise bending moments. The stiffness, stability, configuration and strength of the
panel are determined by the skins, stabilised by the core. In the literature [Allen
1969, Plantema 1966, TSB 124, Vinson 1999, Zenkert 1997] the analysis and
design aspects of sandwich constructions, e.g. beams, panels, shells, are discussed
in detail. A sandwich construction is shown in Fig. 10.1 and Fig. 10.2.

The sandwich constructions are frequently used because of the following char-
acteristics:

¢ Mass savings with respect to conventional structures

¢ High specific stiffness (bending stiffness with respect to the mass)
¢ Good fatigue properties

¢ Sound-damping properties

¢ Good thermal and acoustical insulation properties

The sandwich construction is like an “I” cross-section where the face sheets are
comparable with the flanges, carrying the tension and compression forces, and the
core of sandwich construction is comparable with a web, carrying the shear forces.

Most times a honeycomb core, made of Al-alloy, is used as a core in sandwich
construction applied for spacecraft and launch vehicles. More information about
the mechanics of honeycombs can be find in [Gibson 1997].

157
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Fig. 10.1 Sandwich construction

Face sheet

Core e Adhesive

=N

Facesheet L ——1 . Adhesive

Fig. 10.2 Sandwich construction build up

l‘.’{.:‘-\. g <)

W-DIRECTION
=
£
QAR
o~
Scnolv

L-DIRECTION

Fig. 10.3 Honeycomb core

10.1.1 Design aspects

The major design aspects of sandwich constructions are:

e Attention shall be paid with respect to load introduction in the sandwich con-
struction, either via the edges (edge members) or at discrete points, e.g. in and
out of plane, bending, torque, etc.
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¢ The face sheets (facings) shall have a thickness to carry the tensile, compression
and shear forces (stresses) introduced in the sandwich structure.

e The core shall have adequate strength to carry the general shear forces and the
local shear forces introduced via the inserts.

e The core shall have adequate strength and stiffness properties to prevent local
and global buckling, e.g. wrinkling, shear crimpling, general buckling.

e The core shall have good compression properties to prevent crushing of the
core. The crushing property is one of the design parameters to estimate the wrin-
kling of the face sheet.

e The diameter of the cells (in case of honeycomb core) shall be selected to pre-
vent intercell buckling of the unsupported face sheet.

¢ The sandwich construction shall have good overall stiffness properties.

e The adhesive between the face sheets and the core shall have good strength
properties

10.2 Optimum design: Determination of core and face
sheet thickness for minimum mass

The optimum ratio between the core height 4, (m) and face sheet thickness #; (m),

t_c can be optimised with respect to a minimum mass m,, (kg/m) of the sandwich
f

construction. The mass m, will be contributed by the mass of the face sheets p /4,

(kg/m), the mass of both face sheets (in this case equal face sheets) 2p.; and the
mass per unit of area of both adhesive layers 2p,z, . The total mass per unit area
becomes

msc = pchc+2pftf+2pala (101)

During the optimisation the mass of the adhesive layers will be ignored.
The minimum mass optimization will be against:

¢ Bending stiffness
e Strength
¢ Face dimpling
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In the following Table 10.1 equations for the minimum mass optimisation are
given [Allen 1969].

Table 10.1 Optimum dimensions

h
Optimum ratio t—c , minimum mass
f

Optimization
Bending stiffness
p=1Lest, Ple _
2 0c 2pet
f°f
G 1 buckli Bladel 1995
eneral buckling [Blade ] ]E _ 4p;-3p,
Ig Pe
Strength M = oth, p.he !
2pip
Face dimplin,
ping c._ = Ct? pchc -1
cr
2p¢tp 3
3
M = Ct;h,

where:
o, the critical stress (Pa)

E; Young’s modulus of the face sheet material (Pa)
ps mass density of face sheet material (kg/m>)
p. mass density of core material (kg/m3)

M bending moment per unit length (Nm/m)
1, face sheet thickness (m)
C s constant

10.3 Stresses

The stresses will occur both in the face sheets and in the core. The stress in the face
sheets are caused by bending moments and in plane forces. Non uniform in plane
forces will lead to shear stresses. The face sheets are in general very thin. That
means that the stresses in the face sheets are more or less membrane stresses and
we assume no stress variations in the face sheets through the thickness, when,

t_c » 1. The core will carry the out of plane shear forces.
f



10.3 Stresses 161

10.3.1 Stresses in face sheets
Bending stresses

The bending stress oy, in the face sheets of a sandwich construction due to a bend-
ing moment per unit of width (Nm/m) is illustrated in Fig. 10.4.

O
h I

O

Fig. 10.4 Bending stress

The bending stress can be calculated with

1
ooome MMy (102)
b T gy ’
Ehctf

where e is the extreme fibre distance, / is the second moment of area.
In general the core is not able to carry in plane tension loads.

Tensile, compression stresses
The in plane stress o, is caused by the in plane internal load N per unit of width

[N/m]. This is shown in Fig. 10.5. The in plane loads are carried by both face
sheets. The core will not carry the in plane loads. The in plane tensile or compres-
sion stress can be calculated with

N

op = (10.3)
)l G
fn N
hc _>
> Op

Fig. 10.5 In plane stress

Total stress in face sheets
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The total stress o, in the face sheets in the superposition of the bending stress 6,
with the in plane stress 6, . The total stress o, becomes

N

Oy = Op TGOy = 7— T o= (10.4)
bk 2y

10.3.2 Shear stress

The maximum shear t stress, caused by the shear force D per unit width (N/m),
can be calculated with the Jourawki method

DS, th—hc D
T= —= = =, (10.5)
1 1h2 h,
z e

where S;is the first moment of area per unit width of the face sheet with respect

to the neutral line and [ is the second moment of area per unit width of the face
sheet with respect to the neutral line.
The shear stress 7 is illustrated in Fig. 10.6.

-

hCI LlP
t A T

Fig. 10.6 Shear stress

10.3.3 Failure modes

Typical failure modes with respect to strength are:

¢ Facing failure: Initial failure may occur in either compression or tension in the
face sheet caused by insufficient panel thickness, face sheet thickness or face
sheet strength.

¢ Transverse shear failure: Caused by insufficient core strength or panel thick-
ness.

¢ Local crushing of core: Caused by low core compression strength.
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Table 10.2 Failure modes with respect to strength (Continued)

Failure modes of sandwich construction

Failure mode Design equation
Facing failure M N
o, = —+—
Transverse shear failure D
’t =
C hC
Local crushing of core F
G, = Z

where A (mz) is the area of load introduction and F' local force (N).

10.4 Buckling Sandwich Columns

Let L denote the length of the column, F the axial compression force, the core
thickness s, and the shear modulus G, the face sheets have a thickness #;, a

width b and an axial elastic modulus E¢. The sandwich column is illustrated in
Fig. 10.7.

F

Fig. 10.7 Sandwich Column

The weakest bending stiffness of the sandwich column E./ can be approxi-
mated by

Egbt;h:
2

Efbt? ~

h,+ 152
Ed = 2 - ) +é tech,. (10.6)
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The shear stiffness of the sandwich column G A4 is given by
G A = G,bh,. (10.7)
The Euler buckling of a pinned-pinned column is

_ wEd  wEbih
FEuler - 5 B
L 2L

(10.8)

In the paper of Bazant [Bazant 2003], two expressions are given to calculate the
critical compression load for a sandwich column

F
F, = —2%__ Engesser type (10.9)
1+ FEuler

G.bh,

G.bhy| | 4Fpye .
F, = °2 C{ 1+ Gj?;lec - 1}, Haringx type . (10.10)

Engesser published his equation in 1889 and Haringx published his equation in
1942.
Equation (10.9) is also mentioned in the book of Allen [Allen 1969].

and

10.5 Global Buckling Cylinder

The compression stresses introduced into the faces of the sandwich cylinder sub-
jected to an axial compression load F, where

F = 2nRN,. (10.11)

The compression stress o, ;in the both equal thickness face sheets with thick-

ness f; is given by

NX
o= 3t (10.12)
]

where N, is the constant running load (N/m) and R is the mean radius of the

cylinder. The critical value N, , of the running load per unit of circumference of a

long cylinder, simply supported, is [Vinson 1999]
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2E.  h.t E t
Ny o = 1——— Lf{l —t } (10.13)

Ja-d R U 2 fa-v3Re.

where E; is the Young’s modulus, v is the Poisson’s ratio of the face sheet

material and G, is the shear modulus of the core.

v is the knock down factor related to initial imperfections and is given by,
[NASA SP-8007]

y=1-0901(1-¢?), (10.14)

_ 2[R
= 29'8«/}%. (10.15)

is above the yield stress, the Young’s modulus £ shall be

where

_ X, CI
Incase o, , = ——

Iy
corrected with a plasticity factor n. In [NASA SP-8007] it is recommended to
replace E; with nE;, where

E secE t

_ Zan 10.16
n E. ( )

where E . is the secant and £, is the tangent modulus of elasticity. The secant

tan
and the tangent modulus of elasticity are illustrated in Fig. 10.8 and can be found in
material handbooks.

tan
X, cr |

\ Esec

Fig. 10.8 Stress-strain curve

Example

We have a sandwich plate with Al-alloy face sheets and a Al-alloy honey comb
core 1/4-5056-.0015p (Table 10.5)

where
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t; =02, h=20,d= 64 mm
E:. =70 GPa
E, = 2.17 MPa

G, = 345,Gy = 152, G, = ./G,G; = 229 MPa

End of example

10.6 Local Buckling

The load carrying capability or strength properties of the sandwich construction are
strongly influenced and reduced, due to local buckling. At local buckling the actual
stress is beyond load carrying capability of sandwich construction, e.g. in the face
sheets or in the core. The following local buckling (failure modes) can be identi-
fied:

Wrinkling of face sheets (faces): The skin may buckle inwards or outwards,
depending on the flatwise compression strength of the core flat-wise tensile
strength of skin/core bond [Ley 1999]. A strong bond may cause a core tension
failure. The skin flatness affects wrinkling load.

Dimpling of face sheets: For cellular (honeycomb) or corrugated cores, where
skins may buckle or dimple into the spaces between core walls or corrugations.
Dimples may be permanent and grow across cell walls to form wrinkles.

Shear crimpling: Appears as a local mode of failure, but is a general (global)
form of buckling. Occurs suddenly, often with core failure at crimp; also may
cause shear failure of skin/core bond.

The design equations for the mentioned local buckling failures are given in

Table 10.3.
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Table 10.3 Local buckling of sandwich construction

Local buckling of sandwich construction

Failure mode Design equation
Face sheet wrinkling?® [Ley 1999] _
Ocrw = 0'53«/nEfEch
Face sheet dimpling (intercellular E le
buckling) 6. = 2.0n——|=
uc. g cr,d -Un ) 2l d
—vp\Te
Shear crimpling h
_ C
Ours = O.SL—J G,

a. Minimum factor used

where:

d, is the diameter of the cell (honeycomb core) (m)

G, 1s the buckling stress (Pa)

n is the reduction factor when the buckling stress is beyond the yield stress.
The Young’s modulus is corrected (reduced modulus). If the buckling stress
is below the yield stress m = 1. The reduction factor may be

:
i“ Z, where E,,,

n=>2 is the tangent modulus of elasticity at G,,..

E

tan

G, is the shear modulus of the core, generally taken as G, = ,/G G, (Pa)

Example

We have a sandwich plate with Al-alloy face sheets and an Al-alloy honeycomb
core 1/4-5056-.0015p (Table 10.5)

with
e t,=02, h=20,d= 64mm
e E. = T70GPa
e E, = 217MPa
* G, =345, Gy = 152, G, = /G G = 229MPa

The calculated critical stresses become for:
* Wrinkling 6, = 0.53/E;E.G, = 163 MPa

E t

¢ Dimpling 6,4 = 20—fz(a7f) = 4.8 GPa, plasticity factor 1 must be used
' 1 — Uf C

to correct (lower) the dimpling stress.
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o h
* Shear crippling 6, = 0.5(1—) G, = 11 GPa, thus no problem
f

End of example

10.6.1 Combined Loads

When two principal stresses are in compression the following interaction equation
for wrinkling is suggested [Ley 1999] to calculate the margin of safety using

MS = I ~1>0. (10.17)

EoREC

cr,wl Cr,W.

10.7 Inserts

Inserts are bonded in the sandwich construction core and used to introduce loads in
the sandwich construction. The insert is embedded in a potting material, generally
with a cylindrical shape. The potting shall be capable to transfer loads from the
insert into the core. The insert configuration is shown in Table 10.9. Inserts are
used to connect bracketery to the sandwich construction, e.g. boxes, cleats to con-
nect panels to each other.

Inertia loads introduce the following loads via the inserts in the sandwich con-

struction (Fig. 10.9), with D the shear force (N), F the pull out / compression load
(N), M the bending moment (Nm) and 7 the torque (Nm).



10.7 Inserts 169

T
M
F
D nsert
t
f [ " | T 1T / T 1
1
hc o H L Core
‘ ! ]
Potting | W Face sheet
d,

Fig. 10.9 Insert loads

The contribution of the typical sandwich element to load capability of inserts is
indicated in Table 10.4, [Insert Design Handbook, ESA/PSS-03-1202].

Table 10.4 Contribution of sandwich components to insert’s load capability

Contribution of Sandwich Components to Inserts’ Load
Load type capability
Core Face sheet Core/face sheet

adhesive

Tension F major medium very little
Compression F major medium little

Shear D little major very little
Bending M major medium little
Torsion T major little little

The pre-stress in the bolts, due to prescribed torques, is taken by the winding of
the threads and is not transferred into the sandwich construction.

The quasi-static loads are for boxes less critical than random loads caused by the
random vibrations.

The 36 acceleration %, caused by random vibrations, can be calculated with

fr0 = 3, 5HOW().

with £, the natural frequency of mode with significant effective mass of the

Miles’ equation

(10.18)

mechanical system (e.g. spacecraft), O the amplification factor (in general,
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0= = 10 is assumed) and W(f,) the power spectral density of the base

1
20
2
acceleration at the natural frequency f, , (1&_];) .
The 36 random inertia load F;, can be obtained with
Fiy = M3, (10.19)

where M s the mass (kg) of the box.

10.8 Honeycomb mechanical properties

The mechanical properties of frequently applied Al-alloy 5056 honeycomb cores
are illustrated in Table 10.5. These material properties are taken from [TSB 120,
TSB 124].

Table 10.5 Honeycomb core properties

Compr.
d strength Shear
c Pe Shear modulus strength
cell E c
(MPa) (MPa)
Type of Honey-
comb core (mm) (kg/m3) (MPa) GL Gr L T
1/4-5056-.002p 6.4 69 321 462 186 2.24 1.31
3/8-5056-.0007p 9.6 16 0.24 103 62 0.31 0.17
1/4-5056-.0015p 6.4 54 2.17 345 152 1.59 0.90
1/4-5056-.0007p 6.4 26 0.55 138 83 0.54 0.26

3/16-5056-.002p 4.8 91 5.07 648 248 3.31 1.93
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10.9 Typical connections

Some examples of sandwich construction connection are illustrated in Fig. 10.10.

washer I

‘-\\‘—_

Fig. 10.10 Typical sandwich edge connections
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10.11 Exercises

10.11.1 Stiffness Sandwich Beam

A sandwich beam is simply supported at both ends as illustrated in Fig. 10.11.

F b
|,
B A C S
$h
S———% Y
L

Fig. 10.11 Sandwich beam

The face sheets are made of an Al-alloy with a Young’s modulus E,. The shear

modulus of the honeycomb core is G, . Work out the following assignments:
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* Calculate bending stiffness D of the beam and neglect higher order terms of 7.

¢ Calculate the shear stiffness /' of the beam neglecting the shear stiffness of the
face sheets.
¢ Calculate the displacement &, due to pure bending.

¢ Calculate the displacement &, due to pure shear.

¢ Calculate the stiffness k£ at point A.
¢ Design the edge members at the point B and C.

FLL; .  FLL, - _F
3DL °° VL T 5,40,

Answers: D= %thitf , V= G,bh,, d, =



11 Finite Element Analysis

11.1 Introduction

After the initial sizing of the spacecraft structure, the strength- and stiffness charac-
teristics are usually calculated with the finite element method. Since the structure
of the spacecraft is complicated, it is almost impossible to solve the strength prob-
lems only with pure analytical solutions. There are many commercial finite ele-
ment method programmes available on the market.

Important points of consideration for static and dynamic calculations with finite
element models are:

e the theory

¢ number of nodes

¢ number of degrees of freedom
¢ choice of element type

¢ boundary conditions

¢ damping

e joints

e applied loads

* mass distribution

¢ material properties

11.2 Theory

The theory of the finite element method is summarised briefly for static and
dynamic analyses. For static analyses the equilibrium equations are derived using
the minimum principle of potential energy, and the equations of motion are derived
using the equations of Lagrange.

175
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It is recommended to look into the literature regarding the finite element method
[NAFEMS 1992, Cook 1989, Crisfield 1986]. The finite elemement method is only
touched upon briefly in the next sections.

11.2.1 Static Calculations

The energy method is applied frequently in the theory of the finite element method.
To this end, the minimum principle of the potential energy is used. For the kine-

matic permissible displacement function u, a function u is chosen that makes the
total potential energy V(u) stationary. Mathematically this means that:

SV(u) = 0. (11.1)
Where static analyses are concerned, the potential energy is given by:

Vu) = Uu) - W(u) (11.2)

where U'is the strain energy, U = %J‘{a}T[C 1{e}dV, Wis the work done by

vV

the external load vector {F'}; W = I{F}T{u}dV, {€} is the strain vector (6*1),
v
[C]is the general constitutive matrix, with {c} = [C]{e}, Vis the volume and

{o} the stress vector (6*1).
When the elastic system is divided up into finite elements, then:

U= ZUE’ (11.3)
and !

w = ZW“ (11.4)
where n is the number of elements, U,is the finite element strain energy

U, =

N —

J.{se}T[Ce]{ee}dVe and W,is the finite element work done
Ve

w, = |{F} {u,av,.
v,

In an element we assume a displacement (shape) function | H | in such a way
that

u, = LH1{3,} . (11.5)
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The vector {J,} represents the displacements and the rotations in the nodes of

the element. The strain vector is obtained by differentiating the displacement func-
tion.

{e.} = du, = 8(LH {3, }) = 8LH]{8,} = [BI{S.}, (11.6)
where 9 is a differential operator and the matrix [B]is the strain-displacement
matrix.

Example

A simple truss finite element (only tension/compression) has two nodes and two
degrees of freedom. This 1-D element is shown in Fig. 11.1.

Fig. 11.1 Truss finite element

The displacement function u(x) is defined as

- - xx | 8
u(x) = LHI{3,} { =77 J{ 5, }

The strain g,(x) in the truss is

_dux) | q1 _3,-3,
can -t | g1 fo] ) sn

The strain is constant along the length of the truss finite element.

End of example

Substituting (11.6) in the element strain energy the strain energy becomes

U, = ;_.[{a Viceaar, = 38,07 [ 1B 6,y 1)

v

a e

The stiffness matrix of the finite element is defined as

j{B} JUBYV,. (11.8)

e
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The work done by the forces W,, using (11.5), can be expressed as

W= [tFy wsdv= [tuy (Fav, = [ty (Fydv.s,5. (119)
v, 4 v,

e e e

The nodal force vector {F } is now defined by

(R} = [tmyraav.,. (11.10)

14

e

Continuation of example

The matrix [C] is for the 1-D case is the Young’s modulus £, because there is a
simple one dimensional stress-strain relation
c = Fe = Ce.

The stiffness matrix [K,] becomes

_ r S A
(K1 = [(Bylcaimar, =4[} & HECpds.
v,
¢ L
thus

| (DD e

[K,] = EAJ' dx = —{1 ‘1] (11.11)

{EONON I

The truss is loaded with a uniform load along the length of the truss ¢ (N/m).
The nodal force vector {F’ 6E} becomes with

Ll 1-%
(Foy = Juntraar, = [1 T a@ds,
o

furthermore
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(11.12)

(=1
=
NI NI

The rigid body mode {¢,} of the truss with two DOFs is

{¢,}:{1}.
1

The strain energy associated with the rigid mode {¢,} is defined as

_ 1 T - E4 L=
Uy = 510,} [K1{0,} = EL I JL IH 1 } v

This result has been expected! No strain will occur when the truss moves as a
rigid body.

End of example

Suppose that the displacement vector {3,} is related to a global system of nodal

displacements {6} , then:

{8.} = [T.1{3}, (11.13)

where [T,] is the transformation matrix.

The potential energy can be written

V@) = 338K, - Y8, T (11.14)

Introducing (11.13) in (11.14) the potential energy of the complete system will
result in

V@) = 33 VI KT8 - S AT (R ) . (L1S)

hence

V(®) = %{S}T(Z[TQJT[KA[TJ){S}—[Z[Te]T{Fe}]{a}, (11.16)

n n

and
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V(®) = 545}TIKI{8} ~ (F} {5} . (11.17)

The stationary value of the potential energy becomes
ov(d) = [K]{d}—{F} =0, (11.18)
and finally the equilibrium equations of the finite element method are obtained

[K]{8} = {F}. (11.19)

Example

In Fig. 11.2 two simple rod elements are coupled to 3 nodes, node 1, 2 and 3.
The model has 3 DOFs; §,, 8, and 5. The stiffness matrix of one element is

given by (11.11). The elements are loaded by the uniform load ¢ . The associated
load vector is given by (11.12).

3 1  EAL 2 EAL 3 &
—— e ———9°
q 5, q

Fig. 11.2 Two element finite element model

The transformation matrices for both elements are

_o|ro . oo
[T.1] = |0 1], [T.2] = |10]-
00 01

The total stiffness matrix [K] becomes

(K] = [T, 1 (K, [T, 1+ [T, 5] (K, 5T, 5],
SO

[K]:—1—10+A_EOOO:A_E1—10
7|71 107701 -1 7 -1 2 -1
0 00 0-11 0 -1 1

The total load vector {F} becomes

(Fy = [T, 1 [F,\]1+[T.,1"[F.],
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and therefore

1 0 1
2 ! 2

{F}y =qL|1]+qL|2| = qL|1|.
2 ! !
0 2 2

End of example

11.2.2 Dynamic Calculations

Where dynamic finite element analyses are concerned, besides the potential energy
V(u), the kinetic energy 7(i), the damping energy D(u, i, ..) and the work per-
formed by the forces W(F, u) must be considered. The kinetic energy contains the
mass- and velocity terms. The damping energy is extracted from the total energy of

the dynamic system. To begin with, the assumption is made that the dynamic sys-
tems are undamped.

For a displacement function u the Lagrangian function (Kinetic Potential)
L(u, ) is defined as follows:

L(u, i) = T(it) - V(u), (11.20)

and the work done by the applied forces is W(u).

Example

For a SDOF system with spring stiffness & and mass m with a motion x the
Lagrangian becomes

L(x, %) = %mxz - %kx2 .

End of example

The equations of Lagrange are (without damping energy):

e () e

where SW(F, u) = ZF ,Ou, is the virtual work done by the external forces.
!
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Example
For a SDOF system with a displacement x and an external force F', the virtual
work done by the external force is

OW = Fox.
End of example

The kinetic energy 7'(z¢) of a body with volume V' can be written as

T(ir) = % J'm(x, v, 2)i(x, p, 2)dV . (11.22)
)

When the elastic system is divided up into finite elements, then

Tyysrem(it) = ZT(u) (11.23)
with
T.(i) = % Im(x, v, 2)i (v, v, 2)dV,. (11.24)
Vv

e

In an element we assume a displacement (shape) function | H | in such a way
that (see (11.5))

= LH]{3,}.
The vector {J,} represents the displacements and the rotations in the nodes of

the element.
The kinetic energy in an element then becomes:

T,(it) = %J-m(x,y,z)zkez(x,y,z)dV == j{s VA HYm(x,y, ) H {83 av,, (11.25)
V,

e e

or

T, = 3 [(8e) (Hme v, )LH BV, = 380 M. (1126)
14

e

The mass matrix of the element is:

[M,] = I{H}m(x, v, )L HdV,. (11.27)
Vv

e



11.2 Theory 183

Example

A simple truss finite element (only tension/compression) has two nodes and two
degrees of freedom. This 1-D element is shown in Fig. 11.1. The mass per unit of

length is m (kg/m)

[\

Fig. 11.3 Truss finite element

The displacement function u(x) is defined as

lun=LHM%}={1EEH61}
LL || s,

The mass matrix [M,] can be obtained by

] 1-2
- r - L X x
Wu—ymmwwn L . 1-18ax,
¢ L

and finally the mass matrix [M,] becomes

(-2 G0-5) | .
o

[Ke]=mJL dx = .
12

G006
L L L
The rigid body mode {¢,} of the truss with two DOFs is

{m:{ﬂ.
1

The total mass M,,, of the truss element can be calculated using the rigid body

mode {¢,}



184 11 Finite Element Analysis

-~ T _ mL 210) 1 _
My = {0, TMH0,) = 22| 11 JL ZH ; } mL

This result has been expected!

End of example

The Lagrangian function for the entire dynamic system is given by:

L) = %{S}T{Z[TE]T[MEJ[TEJ}{é}—%{S}T{Z[TQJT[KQJ[TEJ}{S},

(11.28)
or
. 1, .7 . 1 T
Liuity = 38} [M1(8} - 5{8} TK1(8}. (11.29)
The virtual work of the external forces are
oW = {F}T6{6}. (11.30)

From the Lagrange equation (11.21) it follows that:

4Rt pangs),

and
oL
-2 xygs.
u
The force vector will be extracted from the virtual work.
The undamped equations of motion of the dynamic system now become

[M]{8} +[K]{8} = {F}. (11.31)

Now we proceed with the modelling aspects of the finite element method.

11.3 Mathematical Model

In order to analyse the structure of a spacecraft or another sub-systems with all of
its experiments, antennas, solar panels, etc., a mathematical model or a finite ele-
ment model must first be created. This mathematical model serves as the input for
the finite element programme, and is divided up into a grid made up of nodes,
between which there are, supposedly, finite elements that describe the geometry
and the stiffness characteristics of the structure. The mathematical model of the
spacecraft, however, is no more than a good approximation of reality even though
advanced techniques (such as a combination of a pre-processor, finite element pro-
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gramme and post-processor) are used. The displacement method is generally used.
The force method has become dated. When modelling the structure one must take
care in selecting the type of finite element, the number of degrees of freedom, load
and mass distributions, joints and assumed values for the damping, the viscous or
the hysteresis model.

Fig. 11.4 Rosetta finite element model [FEM]

A MSC.Nastran® finite element model of the Rosetta spacecraft is shown in
Fig. 11.4. The Rosetta mission is an interplanetary mission whose main objective is
to rendezvous with and make in-situ measurements of comet 46 P/Wirtanen, in
August 2012. The spacecraft will also carry the Rosetta Lander (Surface Science
Package) to the nucleus and deploy it onto the comet's surface. The Lander is pro-
vided by a German-led consortium of European institutes

11.4 Finite element type

The choice of the element type (one-, two-, or three dimensional) is closely related
to the construction of the structure. In general, one chooses membrane elements for
very thin sheets, sandwich elements for sandwich structures and a bending beam to
model the stiffeners and the rings.

When composite materials are used, the finite element is chosen such that it can
adequately represent the material properties.

In the idealisation of the model, more elements are used where stress concentra-
tions are expected and fewer elements are used where stress variations are minimal.
The displacement functions that are used in the elements also determine the
number of elements. Recent developments in the theory of the finite element meth-
ods allow the accuracy of the finite element analyses to be determined afterwards.
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Boundary elements are gaining popularity for “voluminous” structures. The
advantage of these types of elements is that only the surface area of the sheet of the
structure needs to be modelled. The use of boundary elements limits the number of
degrees of freedom, but the system matrices are completely filled; there is no
matrix band structure.

11.5 Number of degrees of freedom

The accuracy and the costs of the analysis are more or less governed by the number
of degrees of freedom (DOF) or equilibrium equations of the mathematical model
of the satellite structure. The number of degrees of freedom per node is usually six;
three translations (displacements) and three rotations. The number of degrees of
freedom in the calculation of the dynamic characteristics of the satellite structure is
an important aspect in the costs.

Eigenvalue analyses demand relatively large amounts of computer time as com-
pared to static analyses. In order to decrease the costs of the relatively expensive
eigenvalue analyses, the number of “dynamic” degrees of freedom is usually lim-
ited. The total number of degrees of freedom is reduced or condensed to a limited
number of “dynamic” degrees of freedom.

11.6 Joints

Connections between the various structural parts are generally roughly included or
completely left out of the mathematical model of the total structure. If one desires
to do so, this will usually lead to an excessive number of nodes. Joints are some-
times a weak link in the structure, so that the stiffness of the structure is usually
slightly overestimated.

11.7 Damping

The response of structures, as a result of the dynamic loads, depends strongly on
the damping properties. It is therefore very important to be aware of the damping
properties of the structure. The mechanisms that cause damping in a satellite struc-
ture are difficult to understand. The most important causes of damping are; damp-
ing in the material, damping in the joints, damping due to effects of the air. Efforts
have been made to model the damping mathematically with viscous-, structural-,
visco-elastic-, Coulomb-, or general non-linear damping.

For space purposes damping models are generally used in which the damping is

proportional to the velocity x(7):
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Fgamping = €X(1), (11.32)

with ¢ the damping constant (Ns/m).
The damping is proportional to the velocity and can be expressed as a function
of the critical damping:

¢ = Ccoriticar = 2C~km, (11.33)

where kis the spring constant (N/m), m is the discrete mass (kg) and Cis the

damping ratio. The damped equation of motion of the damped mass-spring system
then becomes:

F(1)

#(0) + 2C0,%5(1) + 0, x(1) = — (11.34)

where o, is the natural frequency (Rad/s), o, = J—Tg , F'(7) is the external force
m

(N), x(¢) is the displacement (m), x(#) is the velocity (m/s) and ¥(¢) is the accelera-
tion (m/sz).

Otherwise the damping is proportional to the elastic force kX(w), yet 90° out of
phase with the displacement X(®) :

Fdamping(('o) = ]gkX((’)) P (]135)

where X(w)is the displacement in frequency domain, x(¢) = X((x))ejmt,

j = =1 is the complex number and g is the structural damping (-).
The (hysteresis) damped equation of motion of the mass-spring system then
becomes:

o)+, (1+jg)Xo = % (11.36)

with F(®) is the external force in frequency domain, F(¢) = F (o))ei or

Both damping models are mainly used because the mathematical model is sim-
ple, they are, however, far-removed from physical reality. The structural damping
model can only be applied when harmonic vibrations are considered.

Even though damping is important for response calculations of structures, a pri-
ori we know little about damping characteristics. The applied value for damping is
difficult to obtain, even with the availability of hardware. This is because damping
depends strongly on the applied loads. Damping values obtained with “modal anal-
yses” are frequently too low because the excitation forces are low. Damping values
obtained from mechanical vibration tests are more reliable. Variations of more than
100% are possible.
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Averages for the value (modal {) of damping are given in the following table
(Dornier study: “Study on damping representation related to spacecraft structural
design”):

Table 11.1 Typical damping ratio’s

Type of damping Modal viscous damping ratio { %
Material damping 0.1-1
Air radiation damping 0.1-2
Damping in joints 2-5
Equipment damping 2-8
Damping materials 1-50

In his ATAA paper AIAA-98-1718 Kabe [Kabe 1998] gives an indication for the
modal viscous damping in satellite- and rocket structures:

11.7.1 Spacecraft

In the beginning of a spacecraft project, when damping has not yet been measured,
it is recommended to use § = 1%. It is recommended to use a § = 2 -3 % for

vibration modes where hinges, etc. move.
If light appendages are sturdily attached to the primary structure, then it is rec-

ommended to use { = 0.2-0.3 % for the appendages.

11.7.2 Launch vehicles

Rocket vibration modes typically have a damping ratio { = 1 -2 %.

11.8 Modifications

Modifications of the satellite structure are undesirable, since the mathematical
model also has to be modified. Subdividing the mathematical model in sub models
(substructures) can offer advantages. Changes in a number of sub models are more
straightforward than changes in the entire mathematical model. The substructure
technique can offer advantages.



11.9 Finite element model to be delivered 189

11.9 Finite element model to be delivered

If necessary, each subsystem provides a finite element model (mathematical
model) that is then integrated in the satellite system in order to carry out complete
static or dynamic analyses. The primary contractor carries out the analyses on the
satellite level. The desired finite element model must meet the established require-
ments. The following issues are usually mentioned in the requirements.

¢ Purpose of Finite Element Analysis (FEA)
e Coordinate system

e Units

¢ Node numbering scheme

¢ Element numbering scheme

e Material properties.

e Loads

¢ Boundary conditions

e Various tests on the finite element model
¢ Description finite element model

¢ Accuracy reduced model

¢ Electronic carrier and file structure

In this section the above mentioned topics will be dealt with in detail.

11.9.1 Coordinate systems

The primary contractor establishes the basic coordinate system wherein the coordi-
nates of the nodes must be given. Local coordinate systems can always be linked to
the basic coordinate system.

11.9.2 Units

It is a good practice to use the “SI” or “MKS” units:

e Length meters (m)

* Mass kilogram (kg)

e Time second (s)

e Force Newtons (N)

® Modulus of elasticity (Pa, N/m?)

¢ Density (kg/m3)
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It is advisable to make use of the (m, kg, N, s) units as much as possible.
If one prefers to use millimetres (mm) instead of meters (m) then it is advisable
to use the following units:

¢ Length millimeters (mm)
* Mass kilogram (T, 1000 kg)
e Time second (s)
e Force Newtons (N)
® Modulus of elasticity,
Young’s modulus (N/mmz)
¢ Density (T/m3)

11.9.3 Numbering schemes

In general, in a finite element programme (such as MSC.Nastran®), all the num-
bers that refer to nodes, material references, element references, etc. must be num-
bered uniquely. To facilitate this, the primary contractor will provide intervals for
numbering systems. For example; the numbers 16000 till 18500 must be used for
the nodes of the solar panel.

11.9.4 Reaction forces in case unit forces of inertia occur

The finite element model is restrained statically determinate. Subsequently, a unit
force of inertia is applied in each direction separately. The reaction forces in the
restrained point act in the direction of translation, but with opposite sign, equal to
the masses, determined as for the mass matrix as rigid body. The reaction moments
are equal to the static moments.

=S, 1s the reaction moment of unit forces of inertia in the x-direction, but about

the y-direction.

11.9.5 Elastic Energy as Rigid Body

One way of testing the quality of a finite element model is by controlling the elastic
energy as rigid body. The elastic (strain) energy “U” of a finite element model that
experiences motion as rigid body must be equal to zero (U=0). The binary repre-
sentation of a word in a computer is finite, for example 32—64 Bit. Round-off errors
will therefore occur when carrying out matrix operations, such that the elastic
energy, as a result of the motion as rigid body, is not exactly equal to zero. Thus the
following requirement is set:
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U=25d<¢. (11.37)

For example, ¢ = 10x107° is a requirement. Where reduced models are con-
cerned, often a larger value is assigned because after reducing the mass- and stiff-
ness matrix, greater round-off errors are permitted.

For [M] the mass matrix and [K] the stiffness matrix and coi the eigenvalue and

{¢,} the associated mode form, the eigenvalue problem is defined as follows:

(- o [M] - [KD{d,} = {0} (11.38)

If motion as rigid body is concerned, then, sz’ = 0k=1,2,.,6 the natural

frequency equals to zero. The associated mode form is referred to as {@g ;). A

finite element model usually has six eigenvalues equal to zero (the six degrees of
freedom for a rigid body in space). If there are more than six eigenvalues equal to
zero then the finite element model has hidden or other mechanisms that are gener-
ally not allowed. If there are less than 6 degrees of freedom then it is possible that
hidden boundary conditions were applied at some point.

Thus for the motion as rigid body it holds that

[KI{drss = {0}. (11.39)
The result of the previous matrix multiplication is a vector. Multiplication

T
(11.39) by %{¢R,k} gives the elastic energy U of a finite element model subjected

to a motion {@g .} as rigid body:

L brad [KMbge) = 55e (11.40)

The motion matrix as rigid body can be determined in three ways:

1. Using the coordinates of the nodes obtained from the geometry of the finite ele-
ment model. For each node “»n” with coordinates x,,, y, and z,, the following
holds:

1000 z, v,

n

010—2, 0 x

n

[@p], = 001 0 =, 0 (11.41)
0001 0 0
0000 1 0
0000 0 1

This must be repeated for all the nodes.
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2. The second option is to determine [ D] with the aid of the stiffness matrix. We
define a statically determined set of degrees of freedom R-set (R-set = 6). The
other remaining degrees of freedom are referred to with E-set. When
[K]{¢gr s} = {0} holds for a motion as rigid body, then:

[KEE KER:H Dy } _ { 0 } (11.42)
Kre Kpp| U Prp 0

100000
010000
001000
000100
000010
00000 1]

Assume that:

[Prrl = = [1], (11.43)

then with the first equation of (11.42):
[Kepl[®Pppl + [Kepl[Pre] = [0]. (11.44)

Thus [® ;] now becomes:

[@pp] = ~[Kppl [Kppl[pe] = ~[Kppl '[Kggl = [D]. (11.45)
The motion vectors [@,] as rigid body are then expressed as:
[@g] = [351 = Pﬂ[QRM = {L)}. (11.46)
Dpr 1 Drr
Then the following holds (second equation of (11.42)):
[Krel[D]+ [Kgpl[Prg] = [0]. (11.47)

Introducing (11.45) into (11.47) yields
([Krr] ~ [Krpd (K] [K e [@pe] = 0. (11.48)
Since [@,] = [I]#[0], the following must hold:
([Kpe) ~ [Kig)[Kie] " [Kgg) = 0. (11.49)

3. Solve the eigenvalue problem (11.38) (— coi[M] —-[KD{¢,} = {0} and
obtain [D,].
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11.9.6 Reduced finite element model

If the finite element models of the subsystems are included one by one in the entire
finite element model of the entire satellite, then the complete model can turn out to
be rather large. The primary contractor or the one responsible for the complete
finite element model therefore requires that a reduced model (of the subsystem)
with a limited number of degrees of freedom is provided. The number of degrees of
freedom is then specified.

The client also requires a certain accuracy with respect to the natural frequency,
mode forms, etc. of the reduced model in comparison with the reference model
(complete model of the subsystem), for example:

Less than = 3.0% for the natural frequencies.

Less than = 10.0% for the effective masses.

In case a “cross orthogonality” test is concerned, then the diagonal terms must

be ortho <0.95 and the other terms in the matrix must be ortho <0.05. The

“modal assurance criteria” (MAC) value must be MAC <£0.95.

Sometimes requirements are set with regards to the accuracy of the amplifica-
tions of the reduced model and the reference model.

The primary contractor usually demands the number of degrees of freedom of
the total subsystem. This can be done using the Static Condensation Method
(Guyan Reduction) in which the finite element model is reduced to the desired
number of degrees of freedom. In chapter 17 ”Dynamic Model Reduction Meth-
ods®, page 265 the reduction methods are discussed in detail.

11.9.7 Reports regarding the finite element model

The primary contractor requires a clear description of the reference and reduced
finite element models. In the description of the finite element models at least the
following must be included:

e The description of the coordinate systems and the numbers that refer to them

¢ A list of nodes and the associated coordinates

¢ The boundary conditions that have been applied

¢ The material properties used and for which type of finite elements

¢ The mass distribution used and the mass matrix as rigid body with respect to the
calculated centre of gravity (complete and reduced model). Furthermore, the
main axes of inertia must be calculated

e Description of the interface of the subsystem with another (sub)system

¢ The elastic energy of the finite element model with a motion as rigid body

¢ The modal characteristics of the complete and reduced finite element model and
a list with the analysis-set degrees of freedom
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¢ A list containing the applied input of the finite element programme (Bulk Data
Deck for MSC.Nastran®), preferably accompanied with explanatory text.

11.9.8 Electronic Carrier

The complete and reduced finite element model can be saved on a CD-Rom,
mostly in ASCI format. Binary information is of course dependent on the computer
used to carry out the computations.

FTP and E-mail are good alternatives to transfer mathematical models over the
internet.
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11.11 Exercises
11.11.1 Application Lagrange’s Equations

Two equal masses, each of mass m , are connected by a spring with spring stiffness
k while each mass is connected to a fixed wall by a spring with stiffness k. The
kinetic energy 7' and potential (strain) energy U of this 2 DOF problem are:

T = Z0+5),

k.2, 2 2
U= E{x1+x2+(x1—x2) 3.

Derive the undamped equations of motion and compute both natural frequencies
{w,}and associated vibration modes [®]such that the generalized masses are
unity.

There are two grounded dampers with damping constant ¢ attached to the
masses. The damping (dissipated energy) D is given by

c,.2, .2
D = z{x 1t xz}
Derive the state space equation of damped motion. Compute the damped natural
frequencies {w,}undamped natural frequencies {®,} and the modal damping

{C,}ratioassuming k = m = ¢ = 1.

Answers: (0.} = 5{ 1.0000 } (0] L( 0.7071 —0.7071)
m| 17321 Jm\ 0.7071 0.7071

(o)) = { 0.8660} fo.) _{ 1.0000} Ry { 0.2887 }
¢ 1.6583 ! 17321 )7 7" 0.5000
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11.11.2 Deployed Natural Frequency

A deployed solar array has the following simplified analysis model, as shown in
Fig. 11.5. The solar array is allowed to rotate, however, a rotational spring with

spring stiffness K = 50000 Nm/rad prevents that. The elastic beam has a length
L = 7m, a bending stiffness £/ = 2.73x10° Nm? and a total mass M, = l4kg.
The tip mass M, = 50 kg. Calculate the lowest natural frequency by modelling the

beam as one beam finite element.
Check this answer using the Dunkerley’s approach.

K M,

EI M,

L

Fig. 11.5 Simplified analysis model deployed solar array

The bending beam finite element has four DOFs, at the left side a translation
u, and a rotation @, . At the right side of the bending beam finite element we have
two DOFs also, a translation u, and a rotation ¢, . The element stiffness and mass

matrix are given by [Cook 1989].

12E1 6EI |

6EI —12EI 6EI

L3 L2 L3 L2
6EI 4EI —6EI 2EI 156 221 54 —13L
wo| 2 b2 L [m]:% 22L 4L? 13L -3L2
_12EI —6EI 12EI —6El|’ 420 s4 13L 156 —22L
Lo _13L —312 22 4L?

6EI 2EI 6EI AEI

2 L 12 L

Answers: Lowest natural frequency finite element approach f = 0.5780 Hz,
Dunkerley’s method f = 0.5776 Hz.

11.11.3 Natural frequency cantilever beam

The cantilever beam is shown in Fig. 11.6. The length of the beam is L = 1.00 m.
The cross-section has a width » = 0.01 m and the height is # = 0.01 m. The den-
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sity of the beam material is p = 2700 kg/m3 and the Young’s modulus
E = 70 GPa.

>

Fig. 11.6 Cantilever beam

Find the lowest natural frequency(ies):

2
ow

¢ Theoretical solution of the equation of motion Ela—v: tpd— = 0.
Ox ot
Ly 232
EII (?’] dx
X
e Rayleigh’s quotient R(®) = m(z, = Of, where the shape function is
2
ij u dx
0

oo 4 0

e Using the following finite element model consisting of two beam elements and
using the element mass and stiffness matrices as given in section 11.11.2, how-

ever, in the mass matrix we replace M, = ApL. The finite element model is
illustrated in Fig. 11.7.

0, =0

0,
o (14
3%

=0 0.5L

O o,

0.5L W3> %

Fig. 11.7 Finite element model cantilever beam

¢ Check if the calculated modes are orthogonal with respect to the mass and stiff-
ness matrix.
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12.1 Introduction

The prime contractor specifies a minimum stiffness (matrix) or flexibility (matrix),
for a given node(s) and for a specific degree(s) of freedom. The stiffness or flexi-
bility must be calculated for certain boundary conditions, for example:

[K]{x} = {F}, (12.1)

or if the stiffness matrix [K] is regular by suppressing rigid body motion with ade-
quate boundary conditions

{x} = [KI'{F} = [GI{F}, (12.2)

where {x} is the displacement vector, { F'} is the force vector and [ G] is the flexi-
bility matrix.

A finite element model [Przemieniecki 1985] can be used to determine the stiff-
ness characteristics in several ways:

1. Apply an unit force in a specific direction (degree of freedom) and solve the
equation of equilibrium. The required stiffness is given by the reciprocal value
of the calculated displacement or rotation of that degree of freedom.

2. Static condensation the stiffness matrix of the finite element model to the
required degrees of freedom. The condensed stiffness matrix is the required
stiffness.

3. Apply a unit displacement and with the aid of the equations of equilibrium,
calculate the resulting reaction force in the degrees of freedom concerned.

If the minimum stiffness is known but the direction is not, then with the aid of
the minimum eigenvalues, an approximation of the required stiffness can be made.

199
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12.2 Examples
12.2.1 ATV Cargo Carrier

A global stiffness requirement is set in the specifications (Alenia) of the “External
Structure” of the ATV Cargo Carrier (ATV stands for Automatic Transfer Vehicle
and is the supply satellite of the International Space Station (ISS)). The external
structure is cylindrical and contains 10 fuel tanks.

The stiffness requirement is valid in the middle (centre) of the upper plane of
the cylinder while the lower plane of the cylinder is restrained (see Fig. 12.1). The

specification is the flexibility matrix [G]:

n N
{x} =14 6 ¢ = [CI[F] = [G]y T ¢ with
¢ M
0.2371x10~° 0 0
[G] = 0 0.1235x10° —0.3514x107"
0 ~0.3514x10"° 0.1065x10"°

with N, 1 the force and the displacement in the longitudinal direction of the cyl-

inder, 7,6 the transverse force and the associated displacement and M, ¢ the
bending moment and the associated rotation

N, N
M, ®
LD QP

Cylinder

Fig. 12.1 Stiffness/flexibility specification illustration

12.2.2 ARIANE 5 Bati-Moteur (BME)

The flexibility, for example, of the Centre Cardan of the Bati-Moteur of the ARI-
ANE 5 has been specified (see Fig. 12.2).
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Fig. 12.2 Flexibility of motor support

The specifications for the stiffness/flexibility in the x-direction are:
L <55%107 m/N,
T
and the specifications for the stiffness or flexibility in the lateral direction is

%s 37.0x10"° m/N.

12.3 The unit force method

The equations of equilibrium for a static problem are, see (12.1):
[K]{x} = {F}
where [K]is the stiffness matrix that was composed with the aid of the finite
element method. The boundary conditions have been included such that the inverse

of the stiffness matrix, the flexibility matrix [G] = [K]f1 , exists. {x}is the vec-

tor composed of the unknown degrees of freedom and {F}is the vector com-
posed of the applied loads
If it is required to calculate the stiffness of the degrees of freedom {x;}, then

one unit of force {F,;} = {/} must be applied on the equivalent position in the

Ki KU‘{ *i } - { Fi } (12.3)
Ky K| U x; 0

From the second part of the previous (12.3) it follows that:

load vector.

() = K] K14} - (12.4)
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The result for {x;} ((12.4)) substituted in the first part of the partitioned equilib-
rium equations ((12.3)) gives:

(K1~ [K K K D) = (F} = {1}, (12.5)

or in other words

[K1{x;} = {1} (12.6)

Thus
) = (K] =[Gy (12.7)
The resulting displacement due to the unit force {F,} = {I} is equal to the

reduced flexibility matrix {x;} = [G,].

12.4 Reduced stiffness matrix

The reduced stiffness matrix [[?ii] , (12.6), is the required stiffness matrix.

12.5 Unit displacement

Say that the displacement vector is {x,} = [I], then:
K Kyl U x; 0

The reaction forces [R;] , due to the unit displacements {x,} = [[], are repre-

sentative for the stiffness, see (12.5):

([K.] - KK, 1K, D) = [R)] (12.9)

The condensed stiffness matrix is [K,] .
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12.6 Principal directions

The principal directions of the stiffness matrix are equal to the eigenvectors and the
associated stiffness (equal to the eigenvalues of the stiffness matrix):

(1K1~ 2D R = (0} (12.10)
or

Gk ) g = (o) (2.1

7\‘ 11 1 > .

i
or using the flexibility matrix [G_,-,-] we obtain

(rIN-1G,Dix} = {0}. (12.12)

where ;s the principal stiffness, v;is the principal flexibility and {ii} is the

associated directions (eigenvectors).
The eigenvectors are orthonormal [Strang 1988].

Example

Let’s look at a simple truss with six tension- and compression members and 4
nodes. The degrees of freedom of nodes 3 and 4 have all been specified. 4 degrees
of freedom remain. Degrees of freedom 1 and 2 remain for node 1 and degrees of
freedom 3 and 4 remain for node 2. The truss frame is illustrated in Fig. 12.3.

4

Fig. 12.3 Truss-frame, 4 DOFs

Leaving out the specified degrees of freedom, the stiffness matrix [K] of the truss-
frame is:
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5100

(K] = 0.12510°|1 3 O =4 N/m
00 5 -1
0-4-15

Determine the stiffness characteristic of the first degree of freedom x.

Unit force
A unit force is applied in the direction of xy, therefore the force vector {F'} is, spe-
cifically:

Fy =

S O O =

With {x} = [K ]71 {F'} , the displacement vector {x} becomes

0.1818
—-0.1091
—-0.0182
—-0.0909

(x} =10

The flexibility term in the direction of the first degree of freedom x; becomes

g = x; mNand k;; = -+ = 55000 N/m.
X1
Unit displacement
With a unit displacement x, = 1 m, the vector with reaction forces R is equal to
the stiffness in that direction. With:

50 -4 1
K, = 5x0.12510°, [K;] = 0.12510°| ¢ 5 1| and [K,;] = 0.12510°)
415 0

The condensed stiffness matrix K,; becomes

K, = R, = ([K;] - [K1[K,1'[K;;]) = 55000 N/m.

Subsequently, calculate the stiffness matrix for the degrees of freedom xy, x,. This
can be achieved by calculating the condensed stiffness matrix. With:



12.6 Principal directions 205

[K.] = 0.12510°1° ! [k.]=012510°]° ~1| and
! 157 -15

[K,] = 0.125 106[0 0},
0

the condensed stiffness matrix becomes

[Kil = (1K)~ [K)IK] (K] = 1x10° {6-2500 12500} .
1.2500 2.0833

The principal directions of the stiffness matrix can then be solved with the eigen-
value problem (12.10), that is

([K;1 - AT {x;} = {0}.

The eigenvalues and the associated eigenvectors are

1.7371 0 and {5} = 0.2669 —-0.9637
0 6.5902 —0.9637 —0.2669

(A= {y} ' = 1x105{

The first eigenvector {x,} has the largest displacement in the x, direction. This

implies that the stiffness in the x; direction is higher than in the x, direction.
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12.8 Exercises
12.8.1 Stiffness Pin-joined Frame

Calculate the stiffness of the pin-joined frame at point C in the direction of the
force F as illustrated in Fig. 12.4, [Megson 1999]. The stiffness of the members is
’-5-L4 = 20 (N/mm).

Perform the following steps:

1. Calculate the internal forces in the frame members
2. Calculate the complete strain energy expressed in F'

3. Calculate the displacement in the direction of the force F using first Cas-
tigliano’s theorem

4. Calculate the stiffness in the direction of the force F

5. Setup the finite element model and calculate the condensed stiffness matrix at C
(vertical and horizontal)

6. Calculate the minimum and maximum stiffness at C

1.44L

0.81L

1.08L 1.92L

|
<
)

Fig. 12.4 Frame
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13.1 Introduction

A very important step in the design process is the selection of materials for a space-
craft structure. The choice has significant consequences on the mass, the produc-
tion costs, etc. The operational conditions of the spacecraft, the ability to retain its
shape and the reliability of the structure are some of the parameters used for the
selection of materials. In the following sections, properties of metal alloys, com-
posite materials, metal and non-metal matrices, and metal aluminium honeycomb
cores are discussed.

This chapter will end with a discussion about the design considerations.

A good reference about materials selection in mechanical design can be found in
[Ashbey 2003, Derby 1992].

13.2 Metal alloys

Magnesium alloys (p = 1760-2000 kg/m3, E =41GPa, temperature range 7 < 125°
C) have a high specific strength, are easy to weld, however they are sensitive to
corrosion.

Aluminium alloys (p = 2700-2900 kg/m3, E =70 GPa, temperature range 7 <
200-350° C). They form a large group of structural materials for spacecraft struc-
tures. They have a wide range of mechanical characteristics and can be used in
heavily loaded structures in circumstances ranging from cryogenic conditions up to
relatively high temperatures.

Titanium alloys (p = 45004800 kg/m3 , E=115-120 GPa, temperature range 7 <
500° C) are characterised by a high mechanical strength and good resistance
against corrosion for temperatures up to 450-500° C. The good mechanical proper-
ties are, however, accompanied by poor ductile properties and sensitivity to crack-
ing in a welded state.

207
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Beryllium alloys (p = 1850-2300 kg/m3, E =190 GPa, temperature range 7 < 600°
C) have unique thermal properties and good resistance against corrosion. Beryl-
lium alloys are found in a limited number of applications due to their high toxicity.
Additionally, they are sensitive to stress concentrations and brittleness.

Steel (p = 7800-8000 kg/m3 , E = 185-200 GPa) Traditional structural material for
heavily loaded structures in, for example, aggressive environments (chemically
active gases and fluids).

In the following table various mechanical properties (at room temperature) for
the metal alloys are shown. The mechanical properties of the metal alloys are usu-
ally dependent on the environmental temperature.

Table 13.1 Typical material properties

Density p Sy Oy E
Material (kg/m3 ) (MPa) (MPa) (GPa)
Aluminium
2014-T6 2.80 441 386 72
2024-T36 2.77 482 413 72
6061-T6 2.71 289 241 67
7075-T6 2.80 523 448 71
Magnesium
AZ31B 1.77 221 110 44
AZ31B-H24 1.77 269 199 44
Titanium
Ti6Al-4V 4.43 1103 999 110
Steel
RH1050 7.60 1310 1170 200
D6AC 7.80 1600 1200 200
AMS-6434 7.88 2100 1400 200
Beryllium
Lockalloy 2.10 426 310 203

13.3 Composite materials

Composite materials consist of dissimilar systems made of two or more compo-
nents that retain their individual properties. Composite materials consist of filler
with high strength, high elasticity modulus and low specific weight, embedded in a
matrix of homogeneous material. The fillers used in space structures are fibres and
threads. The length of the fibres can range from micrometers up to meters, with
diameters ranging from several micrometers up to several millimetres. The matrix
material used is usually epoxy and organic polymers, ceramics, metals and their
alloys. For composite materials, the final form of the structure is made immedi-
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ately, so that a large part of the machining can be omitted, such as with conven-
tional alloys. Composite materials are generally an-isotropic.

13.3.1 Physical-mechanical properties of fillers

The fillers that are often used together with synthetic matrices are: glass-, carbon-
organic- and boron fibres. Generally thin threads of steel, titanium, boron, niobium
or wolfram are used in metal matrices.

Glass fibres are the most common fibre for composite materials. They have a rela-
tively low specific weight of 2400-2600 kg/m3, high strength, low thermal conduc-
tivity and a high resistance to thermal, chemical and biological effects.

Organic fibres are made by drawing a polyamide polymer with a fluid-crystal
structure. Organic fibres possess high strength, high elasticity modulus and minor
creep properties. Aramid fibres have a low specific weight (1300-1400 kg/m3) and
a high specific strength c,/p.

Carbon fibres have some very good mechanical and physicochemical properties,
such as good thermal stability, a small expansion coefficient, high resistance to
ambient effects, high strength and elasticity modulus. Carbon fibres can be subdi-
vided into two groups: carbonised (80—90% carbon) and with graphite (99% car-
bon). Carbon fibres are made by the complicated thermochemical processing of
polynitrylate (polyacrylonitry (PAN)).

Boron fibres are continuous an-isotropic fibres with a diameter ranging from 5—
200 um. At high temperatures, boron fibres in a gas mixture of BCI, + H, settle on
a thread of wolfram with a diameter of 12 pm. Composites with boron fibres can be
used at temperatures of 600° K and higher and are processed in a normal way.

Sicilian carbide fibres are composite materials with a metal matrix and are suita-
ble for use at very high temperatures.

Metal threads are very “cost” effective fibres, usually made of corrosion-resistant
steel, wolfram, beryllium, niobium, etc. Some mechanical properties of metal and
non-metal fibres are given in the following tables.
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Table 13.2 Typical material properties non-metal fibres

Young’s Ultimate
modulus E strength ¢
Material (GPa) (MPa) Density p kg/m’
E-Glass fiber* 72.3 3170 2550
S-Glass fibre* 82.7 4130 2500
E-Glass in epoxy 51.7 1380 1940
S-Glass in epoxy 51.7 2070 1940
Aramid fibre* 137.8 3445 1690
Arimid fibre in epoxy 82.7 1930 1400
HM 379 2070 1900
graphite fibre*
HT 241 2410 1770
graphite fibre*
AS or T-300 fibre* 207 2760 1850
HM 207 930 1610
graphite in epoxy
HT 152 1410 1500
graphite in epoxy
AS or T-300 in epoxy 117 1580 1550
Boron filaments* 143 2760 2630
Boron in epoxy 214 1520 2080

13.3.2 Properties of Non-metal Matrices

The function of the matrix is to ensure that the fibres work simultaneously when
the fibres are subjected to a load. The modulus of elasticity of the matrix must be as
high as possible, and the relative strain must be as close to the fibres as possible.
Presently, the following thermo sets are used: epoxy, phenol, polymide and bis-
maleimide. The following thermoplastics are used: Polyetherether Ketone (PEEK),
Polyether Imide (PEI), Polyethersulfone (PES), Polyamide Imide (Torlon),
Polyamylene Sulphide (PAS) matrices. The most important advantages of epoxy
resin are its good adhesion properties, the fact that processing requires low pressure
and also only a little amount of gas is produced as a side-effect when the epoxy
resin polymerises. The composite materials have a clear an-isotropic character. The
properties in a longitudinal direction are different from those in a transverse direc-
tion. In practice, the uni-directional intersectional reinforced composite materials
are most often used. The fibres give the best result when they are positioned in the
same direction as the applied force.
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Carbon-Carbon consists of carbon fibres in a pyrocarbon used as matrix mate-
rial. The composite material has a specific weight of 1800—1900 kg/m3 and can be
used for applications at ambient temperatures of 2500-3000° C.

13.3.3 Properties of Metal Matrices

Boron, carbon and beryllium are generally used as fibre material and aluminium,
magnesium and titanium as matrix. The most promising composite material with
excellent mechanical properties is carbon-aluminium. Some characteristics of com-
posite materials with a metal matrix are given in the following Table 13.3.

Table 13.3 Mechanical properties metal-metal composites

Young’s Ultimate
modulus E Strength ¢ Density p (kg/

Material (GPa) (GPa) m3)
Boron-Aluminum 235 1.25 2650
Boron-Magnesium 220 1.2 2150
Carbon-Aluminum 230 0.9 2250
Steel-Aluminum 117 1.55 4470
Boron-Titanium 270 1.4 3500

13.4 Sandwich Honeycomb Core

The mechanical properties of frequently applied Al-alloy 5056 honeycomb cores
are illustrated in Table 13.4.

Table 13.4 Honeycomb core properties

Compr.
d strength Shear
¢ p E Shear modulus strength
cell ¢
(MPa) (MPa)
Type of Honey-
comb core (mm) (kg/m’)  (MPa) G Gr L Tr
1/4-5056-.002p 6.4 69 3.21 462 186 2.24 1.31
3/8-5056-.0007p 9.6 16 0.24 103 62 0.31 0.17
1/4-5056-.0015p 6.4 54 2.17 345 152 1.59 0.90
1/4-5056-.0007p 6.4 26 0.55 138 83 0.54 0.26

3/16-5056-.002p 4.8 91 5.07 648 248 3.31 1.93
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13.5 Design considerations

The primary structural elements of a spacecraft are the hermetically sealed pressu-
rized bays for the crew and instrumentation, the fuel tanks, the heavily loaded thin-
walled monocoque structures, trusses and supporting beams, the panels on which
the instrumentation is mounted, rods, pipes, rings, etc.

Pressurised compartments are subjected to internal pressure and must be her-
metically sealed. The structure is made of an Aluminium- or Magnesium alloy.

Highly loaded thin-walled cylinders and cones make up the central structure of
the spacecraft. They are designed to support axial pressure loads and bending
moments. The primary failure mode is due to buckling of thin-walled shells. Light-
weight and stiff structures can be obtained by using materials with a high modulus
of elasticity, such as beryllium with carbon and boron reinforced epoxies. Thin-
walled shells, cylinders and cones (monocoque type) are traditionally reinforced
with longitudinal stiffeners and rings or a sandwich construction.

Rods, trusses and pipes are usually designed to support buckling loads.

The most promising materials are carbon/epoxy, boron/epoxy, beryllium, fibre-
glass and Kevlar. Connecting the rods may be problematic and may cancel out the
advantage of the lighter mass of the trusses.

The lowest natural frequency of the panels on which instruments are mounted
must be as high as possible. A standard design of a panel is a sandwich structure
with facings made of aluminium or magnesium of a composite material.

Fuel tanks are traditionally made of materials with high strength properties such
as aluminium or titanium alloys.

In the following table various specific applications and constraints for metals
are given.
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Table 13.5 Material Applications

Material Application Important constraints
Steel ® Pressure stabilised cryogenic ® High density
fuel tanks
Solid rocket booster casings
® Fuel lines

e Sandwich facesheets in heavy
loaded structures
® Hot structures

Aluminum e Cryogenic applications e Sensitive for moisture
® Fuel tanks
® Primary structures (<200°C)
Struts

Sandwich construction
facesheets and cores

Titanium ® Homogenuous lightweight
structures with a complex shape
Truss and nodes in truss frames
Struts under compression
Pressure tanks

Cryogenic applications (tanks)
Fuel lines

Hot structures (<500°C)

Bolts

Beryllium e Stiff lightweight structures in * brittle
toxic
expensive

compression (<530°C)

® Construction under thermal
shock

® Increasing the natural frequency
of structures

® Low coefficient of thermal
expansion

Magne- ® Lightweight structures with Low toughness
sium many material involved e Stress corrosion
® Truss frames
Low level loaded structural parts
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14 Spacecraft Mass

14.1 Introduction

The design of a spacecraft is largely determined by the available mass budget. The
following mass characteristics play an important role:

¢ mass of spacecraft that is to be launched
¢ the position of the centre of gravity or centre of mass
¢ the second moment of mass (moment of inertia, MOI)

The mass characteristics are always important. The level of importance of the
other characteristics depends on the mission.

The calculation of the mass characteristics will be discussed in detail in the fol-
lowing sections.

The position of the centre of gravity is often of crucial importance because it is
of great importance during launch. During lateral acceleration the spacecraft exerts
a bending moment on the payload adapter. This bending moment depends on the
mass of the spacecraft and the position of the centre of gravity. The launch author-
ity specifies the permissible bending moment, from which the position of the centre
of gravity can be calculated. The offset d with respect to the launch axis is also
specified, for example d <3 mm. The position of the centre of gravity is also
important for the attitude control system (AOCS subsystem).

The second moments of mass are also important for the attitude control system.

The mutual relation between the mass moments of inertia is important for spin-
ning satellites.

Satellites are classified according to weight (definition by the Surrey Satellite
Technology Ltd (SSTL) , University of Surrey, Guildford, UK):

e Large spacecraft> 1000 kg

¢ Medium sized spacecraft 500—-1000 kg
¢ Mini spacecraft 100-500 kg

¢ Micro spacecraft 10-100 kg

215
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¢ Nano spacecraft 1-10 kg
¢ Pico spacecraft < 1 kg

Spacecraft that belong to the category 500-1000 kg are often referred to as
“Small spacecraft” or “Smallsats” and are associated with cheap spacecraft that can
be produced quickly (“Faster, Better, Smaller and Cheaper”).

The “US Advanced Research Projects Agency” refers to the “Smallsats” as
“Lightsats, while the “US Naval Command” refers to the “Smallsats” as “SPIN-
Sat’s” (Single Purpose Inexpensive Satellite Systems).

The principle of a mass budget is a method of bookkeeping: each subsystem is
designed according to the goals set by the mass budget so that the mass can be
monitored during the spacecraft project. In order to do this, a detailed list is used to
record the mass of all the components of the spacecraft. At the beginning of the
project the list consists mainly of the calculated masses, some multiplied with
uncertainty factors. During the proposal phase 35% contingency is taken into
account, at the preliminary design review (PDR) 15% contingency and at the criti-
cal design review 5% contingency is included in the mass analysis. As the design
of the spacecraft is more and more frozen the uncertainties decrease and when
hardware becomes available the measured weights can be included in the list.

In the following Table 14.1 the relative masses of the subsystems are given in
terms of percentages. The percentages are averaged out over a number of space-
craft. This only concerns the dry mass of the spacecraft. The balance weight of
approximately 1% is included. The fuel required to position a spacecraft in a
geostationary orbit (GEO) and the fuel needed for the attitude control system can
double the total weight with respect to the dry mass.

Table 14.1 Mass allocation budgets

Mass budget (dry mass)

3-axis stabilised Spinning spacecraft
spacecraft
Subsystem (%)

Structure 18 21
Propulsion (AKM+RCS) 12 11
AOCS 7 5

Power 23 24

TT&C 4 5
Thermal 4 5
Payload (incl. antennae) 28 25
Wiring 4 4

Total 100 100
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14.2 Structure Mass

The structure of a spacecraft makes up in average about 20-21% of the total dry
mass [Saleh 2002]. Mark Williamson [Williamson 1990] gives a mathematical
relation for the percentage of the total mass that the structure mass, depending on
the total dry mass, for a spacecraft stabilised along three axes as well as a spinning
spacecraft:

The percentage of the structure mass with respect to the total dry mass of a
spacecraft stabilised along three axes is:

p = —16log(G) + 60, (14.1)

with G the total dry mass of the spacecraft and p the percentage of structural
mass of the total spacecraft mass.

The percentage of the structure mass with respect to the total dry mass of a spin-
ning spacecraft is:

p = 16log(G) - 60. (14.2)

Below G = 500 kg the structural weight of a spinning spacecraft is lower than that
of a spacecraft stabilised along three axes. Above 500 kg the structural weight of a
spacecraft stabilised along three axes is lower than that of a spinning spacecraft.

In his book, B.N. Agrawal also gives an estimate for the structural weight, but
with respect to the entire spacecraft weight (dry mass + fuel mass). For a spinning
spacecraft that is 8.7% and for a spacecraft stabilised along three axes that is 9.7%.

14.3 Total Mass Calculation

The total mass of the spacecraft is of great importance and must therefore be calcu-
lated accurately. The following mass characteristics are important for the design of
a spacecraft structure:

¢ The 6 x 6 mass matrix as rigid body

¢ The centre of gravity of the spacecraft: The first moments of mass are zero
(kgm)

e The principal second moments of mass and the associated axes of inertia: The
cross second moments of mass are zero (kgm)

14.3.1 Mass Matrix

The 6x6 diagonal mass matrix of a rigid body (instrument, box, etc.) [Mpg] is gen-

erally presented with respect to the centre of mass and in an orientation (local coor-
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dinate system) of the principle second moments of mass. The diagonal mass matrix
[Mpg] is

m0 0000
0m0000
00m000
000700
000070
000007

[Mrp] = (14.3)

This mass matrix [Mzp] will be transformed in a mass matrix with respect to
the reference coordinate system x, y and z. The local coordinate system of the rigid
body X, y and z will be expressed in the reference coordinate system

X X
v [T] y (> (14.4)
z z

where the rectangular matrix [77] is an orthogonal transformation matrix with
orthonormal columns and has special properties, [T ]T[T 1=1[I] and

[T ]T = [T]_1 , the left-inverse matrix [Strang 1988]. The reference coordinate sys-
tem will be expressed in the local coordinate system of the rigid body

X » X , X
=17 5 = 1119 5 (14.5)
z A z

A point P with coordinates (x, y, z) will be represented by a vector. The vector
from the origin to the point P can be written as

1 0 0 X
{P} =xe tyetzes =x9 0 ¢ty 1 ¢ F200 =7y (> (14.6)
0 0 1 z

with e,j =123 as the unit orthonormal vectors representing the reference

coordinate system.
The point P may also be expressed in the local coordinate system, however, the
origin is the same.

(P} = Xe, +ye, +zé;. (14.7)
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The unit vectors é,, i = 1,2,3 may be expressed in the reference coordinate

system.
X X, X5
él = yl N éz = y2 and é3 = y3 . (148)
Z 2 23
We know that the length of the vectors |é,| = |é,| = |e;| = 1, the inner-prod-

uct of vectors e;.e; = §;;, and the cross-product of vectors é,xe, = e;,

ity ij>
e,xé; = e, and e;xe; = e,

The coordinates of point P are written as follows (see (14.7))

X X1 )12

X ’ X
y (= arnanyy = U (14.9)
z 303730 2 z
It is noticed that
X; = e;.e;,y; = e.eyand z; = é,.e;. (14.10)
The inner product of two vectors x; = &;.e; is defined as
1
=2 =] xyz o (14.11)
0

The translational velocities and angle velocities of a rigid body about the centre
of mass of the rigid body can be defined for the local coordinate system

| 1= L R (Fx (Fy (Fz J and for the reference coordinate system

Lx 1= L u\'/m'/(px(pyq)ZJ-
The relation between the velocities in the local and reference coordinate system
is

{x} = Kﬂ{ff} = [Tig]{x} and (£} = [Tye] {5} (14.12)

The kinetic energy is a scalar, thus

r= %{)_"}T[MRB]{’;“} = %{X}T[MRB,ref]{x}~ (14.13)



220 14 Spacecraft Mass

It can be seen that after the transformation from the local coordinate system to
the reference coordinate system, the mass matrix of the rigid body [Mgg ]
becomes

[Myp et = [Terl[Mypl[Tig] - (14.14)

Example

The local coordinate is with respect to the reference coordinate system rotated
45° about the x-axis. The transformation matrix T will be

1 0 0
1 1
(7] = |0 342 342

1 1

Fig. 14.1 Coordinate transformation

The mass matrix of the rigid body in the coordinate system is given by

100 0000
100000
010000
00100
00020
000003

[Mgg] =

S O O O

The mass matrix with respect to the reference coordinate system can be calcu-
lated using (14.14)
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100 00

221

0 0

01000 O 0

T 0 0 100 O 0

[Mpprer] = [Tl MrpllTir] 0001 0 o0
0 0 0025 -05
100 00-0525

End example

The mass matrix as rigid body with respect to an arbitrary point and coordinate
system or for example the origin of the reference coordinate system is given by:

m. 0 0 0 S, S.]
0 m, 0 5,05,
0 0 m.S., S, 0
[Ms] = i , (14.15)
0 S, S. 1.1, L.
Sy 0 8oy Ly 1y 1y
SZ Syz O [ZX ]Zy IZZ_

with m;; the mass as rigid body in the i-direction, S;; the first moment of mass in
the i-direction about the j-direction and /;; the second moment of mass in the i-

direction about the j-direction. Normally m,, = m,, = m_. = m.

Fig. 14.2 Transformation of displacement vector

The coordinate system of point P is in the reference coordinate system. The dis-
placement vector LxPJ = [u vwo, 0, (Pz] at P will be expressed in the dis-

placement vector | x,, | as follows
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up 100 0 z, || %o o
Vp 010-—z, 0 x, Yo Vo
el =001y, X, 04 Yo b — e Mo L (14.6)
Pr, p 0001 0 O ?x,0 ¢y, 0
@, p 000 0 1 O .0 ®y,0
(pz,P _0 000 0 1 B (pz,O (\DZ,O
where the matrix [7p] is called the geometric matrix.
The inverse transformation of the geometric matrix [7T] is
Uo up | [100 0 —, p, ||
Vo Vp 010z, 0 —x, Vp
Yol -,y P e (00 Ty, x, 010 WP Lo a7y
Px,0 Py, p 0001 0 O Oy, p
(py,O (Py)P O 0 O 0 1 0 (py’p
(PZO P, p —000 0 0 1— P, p
The kinetic energy of the general rigid body at point P is given by
T = 1,.. .1 ., 1. .7 T 1. 14.1
= SUp} [Mpp pl5p} = 5100} [Tp] [Mpp pllTp] {X0} » (14.18)

or
T = %{xo}T[TP]T[MRB,p][TP]‘{xo} = %{xO}T[MRB,O,P]{xo}. (14.19)

Thus the transformed mass matrix in the origin of the reference coordinate sys-
tem becomes

T

1
[MRB,QP] = [Tp] [MRB,P][TP] , (14.20)
and the inverse transformation is
T
[Mgp.pl = [Tp] [Mgp.o,pI[Tp]- (14.21)

This will be repeated for all N, mass systems, thus

Np
[MRB,O] = Z [MRB,O,P]- (14.22)
=1
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14.3.2 Mass matrix with respect to the centre of mass

The mass matrix of a spacecraft is calculated with respect to the centre of mass and
with axes parallel to the reference coordinate system.

[MRB,CG] = [TCG]J[MRB,O][TCG]71~ (14.23)

The transformation matrix[7 ;] is defined as follows:

100 0 Zcg Vee
01026 0 x¢qg

[Tegl = 001 yeg —xcg

0 (14.24)
000 1 0 0

0

1

000 0 1
000 0 0

This is in accordance with (14.16). The inverse of [7] is in accordance with
(14.17).

14.3.3 Centre of mass

If the mass matrix is given with respect to the origin of the coordinate system, with
respect to the centre of gravity, the first order moments of mass
Sy, i =1,2,3j=1,2,3 will vanish.

If (14.22) is substituted in the upper-right position of the first moments of mass
we find the following values

0 mzegt+ Sxy —-mycg + sz
. .—mmMZeg T Syx 0 mxceg + Syz
(Mg, ccl = |- mycg TS, —M¥cg T Szy 0 . (14.25)

The first moments of mass must vanish at the centre of mass.
The coordinates of the centre of gravity with respect to the reference coordinate
system are:
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-S. S

Xeg = =5 = =%, (14.26)
myy mZZ
-S S

Voo = —= = 2 (14.27)
mzz mxx
-S S

Zog = —X = 2% (14.28)
mxx myy

14.3.4 Second Moments of Mass

The symmetric second moments of mass [/] of the spacecraft with respect to the

centre of gravity and with axes parallel to the reference coordinate system are:

]xx ]xy ]xz
Ueal = |1, I, 1,.| - (14.29)

sz Izy ]zz

<

The principal second moments of mass [/, ] with respect to the centre of

principal

gravity and the associated principal axes of inertia [(Q] are:

I, 00 q11 912 931
Uprincipat]l = [ 0 L, 0|, [O] = |q15 ¢y q30] - (14.30)
0 0 I q11 923 933

The theory in this subsection will be illustrated by an example.

Example

There are three identical mass point N, = 3 with the following mass matrix

100 0000
100000
010000
00200
00020
100 0002

The coordinates of the mass points are with respect to the origin of the global
coordinate system.

[MRB,P] =

S O O O




14.3 Total Mass Calculation 225

® P] LX,)/»ZJ = LOS,O)OJ
e P, |x,y,z]=1005,0]
° P3 |_x7 s ZJ = |_030705J

The total mass matrix at the origin becomes

300 0 0 0-5 5|
0305 0 -5

0 030-5 5 0
[Mpgol =
kB0 05-58 0 0
5050 8 0
5500 0 8

The centre of mass is given by P, |x, v,z o = [0.1667,0.1667, 0.1667 | .
The mass matrix with respect to the centre of gravity becomes

300 0 0 0 0

0300 0 0 0

0030 0 0 0

[MRB,CG] = .
0 0 0 6333308333 0.8333

0 0 0 0833363333 0.8333

|0 0 0 0.8333 0.8333 6.3333

The principle second moments of mass is now

55 0 0
[[principle] = 0 55 01>
0 0 8.0

and the associated eigenvectors [ Q]

0.7071 0.4082 0.5774
[O] = [-0.7071 0.4082 0.5774] -
0 —0.8165 0.5774

End of example

14.3.5 Finite Element Model Mass Matrix

The finite element mass matrix will be calculated, in general, in a local coordinate
system. The element mass matrix will be transformed in the global system and

added to the global mass matrix [M]. The transformation of the global mass

matrix [M] into a 6x6 rigid body mass matrix can be done using the rigid body
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modes with respect to the origin of the global coordinate system. The stiffness
matrix [K] and the geometric matrices are used to calculate the rigid body modes.

Afterwards the centre of mass and the principal second moments of mass can be
obtained using (14.25) and (14.29).
The rigid body modes can be calculated as follows.

Rigid-Body Modes

If the linear dynamic system is not constrained the system can move as a rigid
body. This means that during the movement as a rigid body no elastic forces will
occur in the dynamic system. If this is the case, the stiffness matrix [ K] is singular
(semi-positive-definite). In general, there are 6 possible motions as rigid-body;
three translations and three rotations. The six rigid-body modes can be calculated
very easily using the stiffness matrix [K]. The free-free system (with n degrees of
freedom) is constrained at one node (i.e. the origin of the global system) with 6
degrees of freedom; three translations and three rotations. The set of degrees of
freedom is called the R-set. The other elastic degrees of freedom are placed in the
E-set, such that » = R+ E . The constrained R-set is determinate, so no strains
will be introduced in the elastic system. The R-set (origin) consists of 6 unit dis-
placement and rotations and those will be enforced on the system. The rigid body
motion can be calculated with the following equation

Kee Be { Prs } = { 0 } (14.31)
Kre Krr I 0

where [/] is the identity matrix and [®, ] the E-set part of the rigid-body

motion.
From the first equation of (14.31) the E-set part of the rigid-body mode can be
solved

[®p ;] = ~[Kppl ' [Kgal- (14.32)

The complete matrix of the 6 rigid body modes becomes

[Dg] = [—[KEE]_1 [KER]], (14.33)
1

The rigid-body mode may be either extracted from the eigenvalue problem or
calculated by partitioning the stiffness matrix in E-set and R-set submatrices. Using
the geometric information of the nodes with coordinates (x,),z) there is another way
to calculate the rigid-body mode.
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The geometric matrix
The geometric matrix of a node is obtained by translations along the x-, y- and z-
axis and rotations about the x-, y- and z-axis. In fact, in the geometric matrix the
motion of point P with respect to origin O is given with matrix [T] (see (14.16)).
The rigid-body mode is built up from the geometric matrices of all nodes with
respect to the origin of the global coordinate system. There are six rigid-body
modes. The rigid body motion with respect to the origin is a column assembly of
the node geometric matrices

Tl
[Dp] = | |, (14.34)
T,

where N is the number of nodes.
The 6x6 rigid body matrix with respect to the origin of the global system can be
obtained by

[Mgp.o] = [©] TMI[D]. (14.35)

Afterwards the centre of mass and the principle second moments of mass can be
obtained using (14.25) through (14.29).
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14.5 Exercises
14.5.1 Mass computer programme

Set up an EXCEL® sheet to calculate the global matrix from a number of boxes
with a certain off set from the origin and box coordinate system. The box coordi-
nate system is referred to the global coordinate system. The mass and principal sec-
ond moments of mass of the boxes are given (measured elsewhere). After that,
calculate the centre of mass and the mass matrix with respect to the centre of mass.
Calculate the principal second moments of mass and associated eigenvectors. Re-
do the last example.



15 Natural Frequencies, an Approximation

15.1 Introduction

Generally, when calculating the natural frequencies of complex dynamic linear
systems the finite element analysis method is applied. However, it is good practice
to first apply a method to approximately calculate the natural frequency of that sys-
tem to get a feel for the value of the natural frequency. The system will be simpli-
fied as much as possible in order to be able to use an approximate method. In this
chapter, the following methods used to quickly obtain the value of the natural fre-
quency will be discussed:

¢ Static displacement method
o Rayleigh’s1 quotient [Temple 1956]

¢ Dunkerley’s equation [Anderson 1967]
The theory will be illustrated with examples.

15.2 Static Displacement Method

The natural frequency of an SDOF system, as shown in Fig. 15.1, is given by

1 |k
2nNm

n

(15.1)

If a 1g acceleration is acting on the mass m (kg) the inertia force mg (N) will
compress the spring with a spring stiffness £ (N/m)] with a static displacement

Xstat

1. Lord Rayleigh, whose given name was John William Strutt (1842—-1919)]

229
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m J/
Xstat
k %

Fig. 15.1 Undamped SDOF system

lg

Xy = ng : (15.2)

The static displacement x_,, has the dimension (m). This means that we can

stat

rewrite (15.1) as follows

1 /k 1 g
=_/_=_/__ 15.3
Jo 2N m 2T\ X gy ( )

The approximation of the natural frequency, using the static displacement
method, is only applicable if the dynamic system has a dominant lumped (discrete)
mass with respect to the distributed mass.

If we calculate the static displacement A per 1 m/s> the approximation of the

natural frequency is
1 |k 11
= — = — |- 15.4
fa ZTEJ; 271«/; (15.4)

A spacecraft placed on a payload adapter is such a system. The mass of the pay-
load adapter is (much) less than the lumped mass of the spacecraft in the centre of
gravity (centre of mass). The static displacement of the centre of gravity, due to the
unit acceleration inertia loads, can be used to calculate the natural frequencies of
the spacecraft placed on the payload adapter.

Given a spacecraft with a total mass of M, = 2500 kg. The centre of gravity of

ot
the spacecraft is located at # = 1.5 m above the interface with the conical payload

adapter. The diameter at the top of the cone of the payload adapter is 4 = 1.2 m.
The configuration of the spacecraft is shown in Fig. 15.2. The diameter at the lower
sideis D = 3 m. The height of the cone is H = 1.5 m. The cone is made of CFRP

with an isotropic Young’s modulus £ = 120 GPa and a Poisson’s ratio v = 0.3.

The thickness of the cone is ¢+ = 5 mm.
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Ay
Spa(fecraft LA
[
i
| h
| X
D | H

Fig. 15.2 Spacecraft mounted on a conical payload adapter

Calculate the natural frequency, associated with the first bending mode in the x—
y plane, when the spacecraft has been placed on the conical payload adapter that is
clamped at the lower side of the cone. The spacecraft is very well connected with
the payload adapter and discontinuities do not exist.

In [Seide 1972] the following influence coefficients can be found

| 032
§ = o —2+(1+S_D[l+(]+o)(sina)q D,
nEt(sino)” | | _51 sy/ L2
Sy
52 ( Sl)[l .2 M
22 J (148 —+(1+U)(Slna)}} , (15.5)
nEt(sina)3{ sy 12 5 c080L
and
- 52 S1\['1 )
0 = . {1+ [—+(1+u)(s1noc)} D,
nEts,(sina)” cosa s/ L2
14
+ 2. {(1+ﬁ)[l+(l+u)(sina)2}} M (15.6)
nEts,(sina)” cosa s/ L2 spcosa

The shear force is D, = M,,, (N) and the bending moment M = M, ;s (Nm).

The total static displacement A (m), of the centre of gravity, due to 1m/s? accelera-
tion in the x-direction is
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A =38+h0

The natural frequency f;, corresponding to a bending mode shape in the x-

111 1
f=—/—=— — =3742Hz
"O2mNA 271 8086x107

In our calculations we have neglected the mass of the payload adapter. The
spacecraft on top of the payload adapter was assumed to be rigid. The influence of
a flexible spacecraft on top of the flexible payload adapter can be calculated using
Dunkerley’s method.

direction is

15.3 Rayleigh’s Quotient

We define Rayleigh’s quotient as [Temple 1956]

R(u) = fu} [K] ) (15.7)
{uy TM]{u}
where {u} is an admissible vector (assumed mode shape) that fulfils the bound-

ary conditions, [ M]the positive-definite mass matrix, {u}T[M] {u}>0and [K]
the stiffness matrix.
The minimum stationary value of Rayleigh’s quotient R(#) can be found when
SR(u) = 0. (15.8)
Thus

SR(u) = S{M}TZ{ [K]{u} {u}T[K]{u}[M]{u}} -0. (15.9)
(M} (G M)

In general, the “kinetic energy” (generalised mass) is {u} T[M] {u} =0 = m,,

thus (15.9) can be rewritten as

[Kl{u}—Ru)[M]{u} = 0. (15.10)
Rayleigh’s quotient is analogous to the eigenvalue problem
([K]=A[MD{¢} = 0. (15.11)

Rayleigh’s quotient R(u) is equal to the eigenvalue A only if {u} = {¢}. We
normalise the mode shapes [@] such that

T

[@] [M][®] = [1] and [®]'[K][®] = (}).
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We can express the assumed vector {u} as follows

{up = [@]{n}. (15.12)
Equation (15.7) can then be written

2
n;i 2

R(u) = {”}TT[K]{”} S (15.13)
Wy
J

Assume the mode shape {¢;} is dominant with respect to the other mode
shapes, then n; = gm; with g «1. When {¢,} = {¢;} and (X;—4;)20
(15.13) becomes [Meirovitch 1975]

2 2 2o 2
ankj nik +nlzgj}\‘j

R(u) = 2 _ fizi zx]+ng(xjfxl)z7\,. (15.14)
2 2 2
Sy nEmy g ji#i
i Ji#i

Rayleigh’s quotient R(u«) will result in an upper bound value of the eigenvalue
A, corresponding with the assumed mode shape {u} . Rayleigh’s quotient is never
below A, and never above A, , with # the numbers of DOFs, [Sprang 1988].

A 1 g gravitational field is applied to the masses of the system, shown in

Fig. 15.3. The static displacement vector {x} becomes
-1

mg 1 -1 0 1 mg 1.8533
{x} = -1 32 1 (= ) 08533
0 -25 1 0.3333

We take as admissible vector {u}

X1

X2

X3

Fig. 15.3 3 DOFs MDOF linear system
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1.8533
{u} =14 08533
0.3333

Rayleigh’s quotient R(#) now becomes

R(u) = —{”}:[K]{”} — 0.4400%
{u} [M]{u} "

The lowest theoretical eigenvalue is A = 0.41587£ .
m

Rayleigh’s quotient of a bending beam is defined as

L
jEl(u")zdx
R(u) = Lp—n, (15.15)
Imuzdx
0

where EI the bending stiffness of the beam (Nm?), m the mass per unit of length
(kg/m), u(x) the assumed mode and L the length of the beam (m).

For a beam, simply supported at both ends, we take the assumed mode u(x)

u(x) = %(1 —9 .

Rayleigh’s quotient becomes

R(u) = 120£L
mL

The theoretical value for the eigenvalue A; = n4£ .

mL4

15.4 Dunkerley’s Method

Dunkerley published his equation in 1894 [Brock 1976].

The equation of Dunkerley is a method to estimate the lowest natural frequency of
a dynamic system, which is composed of substructures (components) of which the
lowest and lower natural frequencies are known. The damping is not involved in
the equation of Dunkerley. The equation of Dunkerley will predict an accurate low-
est natural frequency when this frequency is far removed from the next natural fre-
quencies.



15.4 Dunkerley’s Method 235

The eigenvalue problem of an undamped dynamic system can be written as

2
(o [M]+[KD{¢} = {0}, (15.16)
with [ M]is the mass matrix, and [K]is the positive-definite stiffness matrix.

The inverse of the stiffness matrix, the flexibility matrix [G] = [K]f1 exists
and {¢} the mode shape corresponding the natural frequency ® > 0.

We can rewrite (15.16) as follows

1
(St1-1610) (0} = {03 (15.17)
®
The solution of the determinant of (15.17), with » DOFs, can be formally writ-
ten as
1 11 1 1 1| _
A 1 i1
o o/\0" o), o o
with Lz’ Lz’ - Lz the solution, roots, of the characteristic equation

0 O 0

(lz[l]—[G][M])’ - 0. (15.19)
(O]

The sum of the n eigenvalues of (15.19) equals the sum of the » diagonal terms
of the matrix [G][M] [Strang 1988]. This sum is known as the trace of [G][M],
thus

n

trace([GIIMD) = Y gumy = 3 (5) (15.20)
k=1

k=1 %%

To estimate the lowest natural frequency ®,; we may neglect the contribution of
the higher natural frequencies ®,, k=2,3,.....,n. This approximation becomes more

and more accurate if ®, « ®;, k=2,3,...,n , then we obtain Dunkerley’s equation

= zgkkmkk' (15.21)

The term g,,m,;, may be interpreted as a SDOF system with a discrete mass

my, and a spring with spring stiffness g;,i , as shown in Fig. 15.4. The natural fre-

quency Lz of the equivalent SDOF system is
O
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m
ki (15.22)

1 _ -
> 8wk T -
O 8k

Thus Dunkerley’s equation, (15.21), becomes

Ley L (15.23)

2
O T Ok

Fig. 15.4 Equivalent SDOF system in Dunkerley’s equation

Consider one discrete mass at a time and neglect the other masses. The flexibil-
ity term g,, can be calculated for the discrete mass by applying a unit load. The

obtained displacement is, in fact, the flexibility g, . We shall illustrate that with an

example.

Consider the dynamic system as shown in Fig. 15.3.

System 3

System 1 System 2

Fig. 15.5 Decomposition of the dynamic system in 3 systems
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Equation (15.21) will be applied to calculate the lowest natural frequency of the

complete dynamic system. The dynamic system has been decomposed into three
systems; system 1, system 2 and system 3, as shown in Fig. 15.5.

Table 15.1 Example calculations Dunkerley’s equation
System # Ekk "k
1
L,1,1 1 m
2k 3k 6k
2
1,1_5 m
2k 3k 6k
3 1 2 m
3k 6k
3
zgkkmkk 3m 02 = 033335
k=1 k l m

The analysis procedure is illustrated in Table 15.1.

Suppose a dynamic system is built up of SDOFs on top of each other, as illus-
trated in Fig. 15.6. then we can derive an alternative equation of Dunkerley.

Fig. 15.6 n SDOF dynamic systems

The diagonal terms g;,, k = 1,2, ..,n of the flexibility matrix [G] = [K]71
([K] s a positive-definite matrix), can be written as follows
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k
1
S = Z/?' (15.24)
j=17
Equation (15.21) becomes
1 n n k n l n
1
— < ngkmk = kaZl_c_ = ]_C—ka (15.25)
©r = P e e Ry
J

The alternative equation of Dunkerley can be applied to the dynamic system as
shown in Fig. 15.5. (15.25) will be applied to calculate the lowest natural fre-
quency of a complete dynamic system. The dynamic system has been decomposed
into three systems; system 1, system 2 and system 3, as shown in Fig. 15.7.

Table 15.2 Example calculations alternative Dunkerley’s equation

n

1
System # n=3,j - m
; S
k=)
1 3 1 m
k
2 2 1 2m
2k
3 | 1 Im
3k
n 1 n
2R m 0} = 033335
i=1"7k=; k m

The procedure to calculate the lowest natural frequency, using the alternative
equation of Dunkerley, is given in Table 15.2.
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X3

X2

o | |
k

X1
2k 3k
System 1 System 2 System 3

Fig. 15.7 Decomposition of dynamic system in 3 systems (alternative method)

The spacecraft mounted on the conical payload adapter is shown in Fig. 15.2.
The spacecraft hardmounted at the interface between the spacecraft and the adapter

has a lowest bending mode (x—y plane) of 7., = 20 Hz. Calculate the lowest natu-

ral frequency of the complete system (spacecraft and adapter). (15.25) will be
applied to calculate the lowest natural frequency of a complete dynamic system.
The dynamic system is composed of two systems; system 1 and system 2, as shown
in Fig. . The procedure to calculate the lowest natural frequency, using the alterna-
tive equation of Dunkerley, is given in Table 15.3.

Y Y
| |
Spa(fecraft Ay Rigi
X | Spacecraft| X
Flexiible zI
Spagecraft| x
p 2 |
Z
| I
|
|
—
Systlem 1 System 2

Fig. 15.8 Decomposition of dynamic system into 2 systems (alternative equation of Dunkerley)



240 15 Natural Frequencies, an Approximation

Table 15.3 Spacecraft/payload adapter natural frequency calculations

2 n n
- ; 27 1
System # n=2,j ( 2) = ]_C_ Z my z m, (kg)
(Q) ) j
k=j k=j
e ()
Clamped flexible 7 30 2500
spacecraft sC
2 1 1 \2
Rigid spacecraft on ( m) 2500
payload adapter ' mass of payload
result previous adapter neglected
example

n n
2 1
e’ E S m f=17.64 Hz
k;

J=1 k=j
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15.6 Exercises

15.6.1 Natural frequency of airplane

An aeroplane settles 150 mm into its landing-gear springs when the aeroplane is at
rest. What is the natural frequency f, (Hz) for the vertical motion of the aeroplane

with g=9.81 m/s? [Moretti 2000]?
Answer: f, = 1.29 Hz.

15.6.2 Rayleigh’s method

Demonstrate Rayleigh’ method for estimating the fundamental frequency o, (Rad/

s) of a uniform cantilever of length L (m), mass-per-unit-length m (kg/m), and a
3

bending stiffness E7. Use the assumed deflection shape w = xzwtip .

15.6.3 Rayleigh’s method

The considered structure is a bending beam supporting a discrete mass M,
clamped at one side and simply supported at the other side. The mass per unit of
length of the beam is m . Apply Rayleigh’s method to approximate the natural fre-

2
quency o, of the structure assuming a mode shape ¢(x)) = (%) (% — 1).



242 15 Natural Frequencies, an Approximation

Answer: R(¢) = o)i =

Fig. 15.9 Cantilevered structure with discrete mass

15.6.4 Equations of motion and natural frequencies

A dynamic system, as shown in Fig. 15.10, has 3 DOFs; w, ¢ and . The dis-
placement & is with respect to line A—B. Both DOFs w and ¢ are located in the
middle of A—B. The structure in between A and B is rigid and has a mass m per
unit of length (kg/m). The discrete mass M (kg) is coupled at the end of the mass-
less elastic beam with a bending stiffness E/ Nm?. The beam is rigidly connected

at point B. The complete dynamic system is supported by two spring with a springs
stiffness & (N/m). The following values shall be used: M = 0.15kg, L;=02 m,

L,=0.25 m, m=0.075 kg/m, §-§3—1 = (27:100)2M and 4=10000 N/m. The second

2

moment of mass of the rigid beam A-B I = émL? (kgmz).

1. Calculate the lowest natural frequency with the static displacement method,
assuming M » mL, .

2. Calculate the lowest natural frequency with Dunkerley’s equation, using both
the normal and the alternative equation.
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EI
O

Fig. 15.10 Dynamic System with 3 DOFs

3. Calculate the lowest natural frequency using Rayleigh’s quotient. Hint: use the
deflection mode calculated in question 1.

4. Set up the equations of motion (e.g. using Lagrange’s equations) and calculate

the eigenvalues and compare these results with the approximations.
The homogeneous equations of motion are

1
mL,+M M(§11+L2) M ) 0 0
2 " 0 kL, O || ™ 0
MGZ +Lj1+M(11 +L) M(ll +L) ot : pr=10
21 2 2°1 2 2°1 2 3EI
5 0 0 3|3 0
1 2
M M(211+L2) M
36.0
and the calculated natural frequencies f = { 2331 ; Hz.
1577.5

15.6.5 Calculation natural frequencies

A two mass system is illustrated in Fig. 15.11, Ceasar 1983]. Determine the natural
frequency (Hz) of the two-mass system using.
1. the Dunkerly method

2. the Rayleigh method (use 1 g gravitation field to obtain displacement field)
3. exact method (4 DOFs)
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my my
EL, EI,
Ig
U Uy

Fig. 15.11 Two-mass system

For numerical calculations use the following data:
E,= E, = 70 GPa

I, = 75x10°°, 1, = 5.9x10 *m*

L=L,=05m

Answers: 14.02, 14.62, 14.50 Hz.

15.6.6 Equations of motion and natural frequencies

The MDOF system, as shown in Fig. 15.12, consists of five degrees of freedom.

ms

k,
kq

Derive the equations of motion using

I. the equations of equilibrium (Newton’s law)

2. Lagrange’s equations

The parameters have the following values; the masses (kg), m;, = 3, m, = 2,
=4, my=1 and ms = 4, the spring stiffness (N/m), k; = 3x103,

2x10°, ky = 5x10°, k, = 4x10°, ks = 6x10°, k, = 6x10° and
= 1x10°.

First calculate the natural frequencies and associated normal modes and sec-

ondly calculate an approximation of the lowest natural frequency ©,, ; using the

Rayleigh method. Use as assumed mode {¢,} the static deformation vector under

a 1 g gravitation field.



15.6 Exercises 245

k2 k3
=10

ky
kr
ke
| ms

Fig. 15.12 MDOF dynamic system

Answer: Exact o, ; = 123.4 Rad/s.

15.6.7 Deployed Natural Frequency

A deployed solar array has the following simplified analysis model, as shown in
Fig. 15.13. The solar is allowed to rotate, however, a rotational spring with spring

stiffness K = 50000 Nm/Rad prevents that. The elastic beam has a length
L = 7m, a bending stiffness EI = 2.73><105 Nm? and a total mass M, = l4kg.
The tip mass M, = 50kg.

Calculate the lowest natural frequency using the Dunkerley’s method. (hint:
divide the system into three dynamic systems)

. EL M My
» 1 .

L

Fig. 15.13 Simplified analysis model deployed solar array

Answer: Dunkerley’s method /' = 0.5776 Hz.



16 Modal Effective Mass

16.1 Introduction

The modal effective mass is a modal dynamic property of a structure associated
with the modal characteristics; natural frequencies, mode shapes, generalised
masses, and participation factors. The modal effective mass is a measure to classify
the importance of a mode shape when a structure is excited by base acceleration
(enforced acceleration). A high effective mass will lead to a high reaction force at
the base, while mode shapes with low associated modal effective mass are barely
excited by base acceleration and will give low reaction forces at the base. The
effect of local modes is not well described with modal effective masses [Shunmu-
gavel 1995, Witting 1996].

The modal effective mass matrix is a 6x6 mass matrix. Within this matrix the
coupling between translations and rotations, for a certain mode shape, can be
traced.

The summation over all modal effective masses will result in the mass matrix as
a rigid-body.

In this chapter the theory behind the principle of the modal effective mass
matrix will be discussed and the way in which the modal effective mass matrix can
be obtained. The theory will be illustrated with an example.

16.2 Enforced Acceleration

An SDOF system with a discrete mass m, a damper element ¢ and a spring ele-

ment k is placed on a moving base that is accelerated with an acceleration ii(#) .

The resulting displacement of the mass is x(#). The natural (circular) frequency

247



248 16 Modal Effective Mass

0= & , the critical damping constant c; = 2+/km and the damping ratio

¢ = £ are introduced. The amplification factor is defined as Q = L .
Corit 2(;
Fbase " T X(t)
k | c

(1)
moving base

Fig. 16.1 Enforced acceleration of a damped SDOF system

A relative motion z(#) is introduced, which is the displacement of the mass with
respect to the base. The relative displacement is

z(t) = x(t) —u(1). (16.1)
The equation of motion for the relative motion z(¢) is
5(1) + 28w,2(1) + 02(1) = —i(1). (16.2)

The enforced acceleration of the SDOF system is transformed into an external
force. The absolute displacement x(#) can be calculated from

i) = 2(6) +ii(t) = 20w, 2(H)-0z() . (16.3)

The reaction force F,,..(7), due to the enforced acceleration ii(?), is a summation
of the spring force and the damping force

Froe(t) = kz(t) + cz(t) = —m{Z(t) +ii(t)} = —mi(1). (16.4)
Assuming harmonic vibration we can write the enforced acceleration
i(t) = Ulw)d™, (16.5)
and also the relative motion z(#)

2(t) = Z(0)d®", 2(t) = joZ(0)d®" and (1) = -0 Z(w)" (16.6)

and the absolute acceleration of the SDOF dynamic system is

() = X(0)d® = 0 X(w)"". (16.7)
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Equation (16.2) can be transformed in the frequency domain

[0’ +2j{o,0+0.1Z(0) = -U). (16.8)

We are able to express the relative displacement Z(®) in the enforced accelera-

tion U(w) = foazU(co)

Z(0) = (mﬂ)zH(wﬂ) U(o), (16.9)

n n

1
() ()

Using (16.3) we can write the absolute acceleration X(w) as

where H(®) = is the frequency response function.

H(0) = -0 [Z(0) + U(w)] = —002[1 +(§)2H(§HU(@), (16.10)
or
(o) = [1 +(0%)2H(mﬁnﬂi'](m). (16.11)

With the aid of (16.4) the reaction force at the base F,..(®) now becomes

Fyo(®) = mX(0) = m[] +(mﬂnjzﬂ(wﬁnﬂi'f(m). (16.12)

In this frame the mass m is the effective mass M., = m . The reaction force

Fi (@) 1is proportional to the effective mass M, and the base excitation U(w)

2
multiplied by the amplification 1 + (a)ﬂ) H (0)2) . Similar relations will be derived
n n
for multi-degrees of freedom (MDOF) dynamic systems.
When the excitation frequency is equal to the natural frequency of the SDOF

® = o, , the reaction force becomes

Frase(@2)] = ‘m[l #377] 00n) = M QU(0,). (16.13)

(16.12) can then be written in a dimensionless form

Flase(®) _ [1 +(9_)2H(2)] (16.14)

mU(co) Oy Oy
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16.3 Modal Effective Masses of an MDOF System

The undamped (matrix) equations of motion for a free-free elastic body can be
written as

[M]{E(0)} + [K{x()} = {F(0)}. (16.15)
The external or boundary degrees of freedom are denoted with the index j and

the internal degrees of freedom with the index i. The structure will be excited at
the boundary DOFs; 3 translations and 3 rotations.

{F

Fig. 16.2 Enforced structure

The number of boundary degrees of freedom is less than or equal to 6. The
DOFs and forces are illustrated in Fig. 16.2. The matrix (16.15) may be partitioned

as follows
{MH MUH % }+ {Kﬂ Ké/]{ ti } = { Fi } (16.16)
My My U %; ) K K| L F;
In [Craig 1968] it is proposed to depict the displacement vector {x(¢)} on a
basis of 6 rigid-body modes [®,] with {x;} = [/] and elastic mode shapes [®,]

with fixed external degrees of freedom {x;} = {0} calculated from the eigenvalue
problem ([K;;] — (A ) [M;;D[®;;] = [0]. {x} can be expressed as

{x} = [®]{x) +[D@,]in,} = [®, d),,]{ :j } = [P]{X}. (16.17)
P
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The static modes can be obtained, assuming zero inertia effects, and
{F;} = {0}, and prescribe successively a unit displacement for the 6 boundary

DOFs, thus {x;} = [I].(16.16) may be written as follows

{Kﬁ KUH Xi } = { 0 } (16.18)
Kji Kyl U x; 0
Enforced displacement {x;} will not introduce reaction forces in boundary

DOFs.
From the first equation of (16.18) we find for {x;}

[Kiil{x; b+ [Kyllx;] = 0, (16.19)
hence
) = K K1} (16.20)
and therefore
[®,] = —[K,] ' [K = K] 1K1 (16.21)

The static transformation now becomes

Xj

X; [OJR
(x} = { } - H ) = 0,105} (16.22)
Using (16.18) it follows that
[K][®,] = {0}. (16.23)
Assuming fixed external degrees of freedom {x;} = {0} and also assuming

harmonic motions x(#) = X{ (co)e/ ' the eigenvalue problem can be stated as

([Kii) =g p[MDAX (A )} = 10], (16.24)
or more generally as
([Kii] = A M DI®y,] = {05, (16.25)

where A, the eigenvalue associated with the mode shape

ik k= 1,2,/
The internal degrees of freedom {x;} will be projected on the set of orthogonal

mode shapes (modal matrix) [®,,], thus

{x;} = [®;,1{n,}. (16.26)
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The modal transformation becomes

{x} = { x" } - {%}{np} = [@,1{n,}. (1627)
x; 0
The Craig-Bampton (CB) transformation matrix [¥] is
(x} = [0, D] {xf] = [¥]{x}, (16.28)
"p

where [®,] the rigid body modes, [®,] the modal matrix, {x;} the external or
boundary degrees of freedom (j < 6) and {n,} the generalised coordinates. In

general, the number of generalised coordinates p is much less than the total
number of degrees of freedom n = i+j, p «i.

The CB transformation (16.28) will be substituted into (16.15) assuming equal
potential and kinetic energies, hence

(W1 IMIW1{%) + YT IKIY]ix) = [Y1{F(D} = (A}, (16.29)
further elaborated it is found

" ~ T
[Mrr Mjp} x] + | Ki Ky { Y } - {Di} q)}} {Fi }, (16.30)
ij <mp> Np Kp_/ <kp> Ny I 0 F/
with
e [M,,] the 6x6 rigid body mass matrix with respect to the boundary DOFs

o [IN{,j] the Guyan reduced stiffness matrix (j-set)

* (m,) the diagonal matrix of generalised masses, (m,) = [(DP]T[M][CDP]

* (k,) the diagonal matrix of generalised stiffnesses,

(ky = [@,1K[D,] = (h)(m) = (o (m,)
o [K,)= [0, [K1[@,1+[K1[®,] = (- [K,1"[K;] K1+ [KDI®,] = [0]
° [K,] = [K,]" = [0]
. (K= [@,]'[K][®,]= [0]

Thus (16.30) becomes
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1. T
w il b H AR
L (my)|| np 0 {mpA) L, I 0 F; 0
where (M,1= [D,] [M][ [L] is the matrix with the modal partici-

pation factors, Ly, = {4, ,} [M]{(l)p .k =12,..,6,1=12..p.
The matrix of modal participation factors couples the rigid-body modes [®,]

with the elastic modes [®,] and {F,;} = {0} No internal loads are applied.

Introducing the modal damping ratios , (16.31) can be written as follows

o M W ERY
L (m)|| mp 0 (2m,C,0)| |, 0 (mA) | m, 0
(16.32)

(16.32) can be divided into two equations

MG+ L) (0} = (F)), (16.33)

and
(L1} + (mp){np} + 2myCo )i} + (mpd){n,} = {0}, (16.34)
(16.33) and (16.34), when transformed in the frequency domain, give
(M, 148} + [L1{I,} = {F}. (1635)
and
(LI} + () (T} + (2m, G0 ) (T + (m2) (T} = {0}, (1636)
with
* x(t) = Xejm,/{’ S ¢
* N = e, H = joll and1:I |
o F(t) = F*

With (16.36) we express {I,} in {X}

m, [~ o’ +2jC,0,0+ o 11, = —[L,]{X}, (16.37)
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where [L,] = {¢,, k}T[M][d)r] is the 1x6 vector with modal participation fac-

torsand Ly; = {¢p’k}T[M]{CD,,j}participation factor with £ = 1,2,...p and

i=1.2,...6.
Thus (16.37) becomes

m, - Lt ! _ _[Lkl{)@}Hk(wﬂ), (16.38)

2 2 2
Mo | 7(9—) +2jG, 2 MOy k
Wy Oy
(16.38) will be substituted into (16.35) giving

M, %)+ L] LPT]{(m_k) MHk( )}{X]} = (F}k=12,..p (16.39)

my
Ao (o] e
[M,,]+ ZT{(m—k) Hk(;k)} X = (B (16.40)
k=1

We can prove that

Lk L] (16.41)

o gl

because

T

(M,] = [@,] [M][q) 1([®;,] v, AL, [q),,]T[/VI][CD,] = [@,] [M][®,],(16.42)
or

T

[M,] = [® ,,al][M]h"P}([@ip] (M, ][, (o], ][mm - (0,1,

Assuming the inverse of [®,,] exists. The modal effective mass [M,] is

ip]
defined as follows

[L,17[L,]
mk ’

[Megr] =

eff,k

(16.43)

T T
where [L;] = {9, ;} [M][®,]Jand m; = {¢, ;} [M]{0, ;} -
The summation over all modal effective masses [ M ,] will result in the rigid-

body mass matrix [M,,] with respect to {x;} . (16.41) becomes
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p=i
[M,.]= Z [ Mol s (16.44)
k=1

Therefore (16.40) can be written

P
Z[Meff,k]{l +(0%)2Hk(§k)} Ky = 15 (16.45)
k=1

(16.45) can be decomposed into modal reaction forces {/F,g ;}

p
3 Fresd = (E}} (16.46)
k=1
with
2 -
{Fbase,k} = [Meff,k]{l +((’)S)—k) Hk(mﬂk)}{)f;} . (1647)

(16.47) is very similar to (16.12).

Example

For the dynamic system, as illustrated in Fig. 16.3, the effective masses
[Meg,] will be calculated. The parameters m (kg) and k (N/m) are, respectively,

m =1 and k = 100000 . The set of  internal DOFs is

{x;} = {x1, x5, X3, X4, X5, Xg, x7}T and the boundary DOF is {x;} = {xg}.

Fig. 16.3 8 DOFs dynamic system
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The following procedure will be followed

1. {x;} will be assigned, x; = xg

-1
2. Calculate the rigid-body modes [®,] = [_[Kii] [Kij]] X = xg =1
1

3. Fixthe DOFs {x;},x; = xg = 0
4. Calculate the natural frequencies and associated mode shapes [® ],

x;=xg =0

5. Assemble [¥] = [©,D,]
6. Calculate [¥]' [M][¥] and [¥]"[K][¥]

T
L1I[L
7. Calculate the modal effective masses per mode [ M 4 ,] = L] LL]
) m,

P
8. Calculate the summation of modal effective masses [M,,]= z [ Mg ]
k=1

The rigid-body mode {¢,} , is with respect to xg = x; = 1, and the natural fre-

quencies and associated mode shapes are with respect to xg = x; = 0 are

24.4522
31.1052
36.6716
{fu} =1 64.4657 - [9,] =
81.4344
82.0637
95.9164

[ T T T S S

0.5347 —-0.6015 -0.5781 —-0.3363 —0.3717 0.3630 -0.1343
0.4075 —-0.3717 -0.2712 0.2155 0.6015 —0.6022 0.3534
0.5347 0.6015 —0.5781 —0.3363 0.3717 0.3630 —0.1343
[@,] = 0.4075 0.3717 -0.2712 0.2155 —0.6015 —0.6022 0.3534
0.2407 0 0.3831 —0.6458 0 —0.0202 0.1681
0.1835 0 0.1797 0.4137 0 0.0336 —0.4425
0.0664 0 0.0728 0.3044 0 0.0984 0.7001
0 0 0 0 0 0 0
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The mass matrix [‘P]T[M][‘P] and the stiffness matrix [\I’]T[K][‘P] become

39 55874 0 2742137104 0  0.7400 3.8552
5587415746 0 0 0 0 0 0
0 0 10000 0 0 0 0 0
) Mpe] - (27421 0 0 19255 0 0 0 0
37104 0 0 0 50429 0 0 0
0o 0 0 0 0 10000 0 0
07400 0 0 0 0 0 10989 0
3852 0 0 0 0 0 0 72863
o0 o0 0 0 0 0 0
000374 0 0 0 0 0 0
0 0 0032 0 0 0 0 0
w1k = 10°]0 0 01022 0 0 0 0
0 0 0874 0 0 0
0 0 02618 0 0
0
0

S O O O O

0

0 0

0 0 0 0 02922 0
0 0 0 0 0 2.6464|

The results of the calculations are summarised in Table 16.1.

Table 16.1 Calculation of the modal effective masses

fNatural lt\f[(fdai_ Modal effective
requency participation Generalised
Mode shape # (Hz) T ! mass [ Mg ;]
factor [L;] masses [m,] (kg)

1 24.5422 5.5874 1.5746 19.8271

2 31.1052 0.0000 1.0000 0.0000

3 36.6716 2.7421 1.9255 3.9048

4 64.4657 3.7104 5.0429 2.7300

5 81.4344 0.0000 1.0000 0.0000

6 82.0637 0.7400 1.0989 0.4983

7 95.9164 3.8552 7.2863 2.0398

Total mass (without mg = 10m ) 29.0000

The mass mg = 10m (connected to DOF x;) is eliminated because the elastic

modes are with respect to xg .

It appears that the modal effective mass of the first mode shape is already
68.37% of the total mass of 29 kg. The second and the fifth mode shapes have zero
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modal effective mass. Modes with zero modal effective mass cannot be excited in
the case of enforced acceleration.

The absolute value of the normalised base force M can be written as
X(®)
! 2
F—b.flse(m) = z [Mem,k]{] + ( = ) Hk( = )} )
X(o) = O O

and the calculations are illustrated in Fig. 16.4.

End of example



16.4 Literature 259

16.4 Literature

Appel, S., 1992, Calculation of Modal participation Factors and Effective Mass with the Large
Mass Approach, Fokker Space report FSS-R-92-0027.

Craig, R.R, Jr. Bampton, M.C.C., 1968, Coupling of Substructures for Dynamic Analysis, AIAA
Journal, Vol. 6 No. 7, pages 1313-1319.

Shunmugavel, P., 1995, Modal Effective Masses for Space Vehicles, Rockwell Space Systems
Division, Downey, California, ATAA-95-125.

Witting M., Klein M., 1996, Modal Selection by Means of Effective Masses and Effective Modal
Forces an Application Example, Proc. Conference on Spacecraft Structures, Materials &
Mechanical Testing, 2729 March, (ESA SP-386, June 1996).

16.5 Excercises

16.5.1 Large mass solution

The problem is defined in the example Fig. 16.3, however, instead apply a large
mass M, = 10° kg at xg . This method is discussed in [Appel 1992].

Calculate the following parameters:

¢ The free-free mode shapes [¢].

(M, )’

e (Calculate — - per mode “7” and compare the results with the modal

o, [M]9,

effective masses as calculated in the example. What is your conclusion?
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Fig. 16.4

16.5.2 Calculation modal effective masses cantilevered beam

A cantilevered beam, as illustrated in Fig. 16.5, has two discrete masses with mass
m . The distance between the masses and the clamped interface is L .

3
A mode shape is assumed to be ¢p(x) = (%)

Using ¢(x) calculate:

e the natural frequency using Rayleigh’s Quotient.

¢ the generalised mass

¢ the modal participation factor with respect to clamped position A
e the effective mass

L /EI 65 9 81
Answers: ® = 1.22 ] 64 8m and "
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L L
A EI g El g )
x m ¢ m

Fig. 16.5 Cantilevered beam

16.5.3 Modal Effective Mass of a Cantilevered Beam

A cantilevered beam with bending stiffness E7 and length L is shown in Fig. 16.6.
The modal deformation is given by

oo - 23494

The mass per unit of length of the cantilevered beam is m (kg/m). The discrete
mass at the end of the beam is M (kg).

Calculate the natural frequency f,, (Hz) associated with the modal deformation

¢(x) using the Rayleigh Quotient

Calculate the modal participation vector {L}T with respect to point A respec-
tively in w and ® direction

Calculate generalised mass m, associated with the modal deformation ¢(x).

Calculate the 2x2 modal effective mass matrix M, (¢) .

M
—

Fig. 16.6 Clamped beam
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1
Answers: fo = ==(JR($)), R(¢) = —IOEL
2n 5(M+M L)
405
6
M+ —mlL
{L}T = 15 , my, = M+MmL and
ML+EmL 405
45
M+ imL
M) = ——r 15 Mt Smr mp+ Bnr?
o 104 13 15 45

*a05™L| ML+ ZS—mL

16.5.4 Calculation of Base Force

During a sine vibration test the spacecraft, with a total mass of M, , = 6100kg,

will be excited with a constant enforced acceleration i = 12.5m/s? in the fre-
quency range /=5-100Hz.

The most significant mode shape (mode 1) analysed has the following modal
characteristics:

¢ Natural frequency f; = 36 Hz
* Modal effective mass M, = 2000 kg

* Generalised mass is m, | = {¢} [M] {¢,} = [M] is the mass matrix and
{9, } is the mode shape of mode 1

¢ Modal damping ratio £; = 0.02

* Maximum modal displacement ¢, ; = 0.05
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o

S

Fig. 16.7 Spacecraft sine testing

Solve the listed assignments:

¢ Calculate the modal participation factor L, .

e Set-up the two equations of motion expressed in the enforced acceleration
ii(t) = Ulw)e /" and the generalised co-ordinate m (7)) = lil(w)ejm. (hint
use (16.32))

¢ (Calculate the acceleration of the generalised coordinate [1(27136)
¢ (Calculate the maximum physical acceleration

e Calculate the absolute value of the force |F(2136)| using (16.32)
e Calculate the absolute value of the force |F(2n36)| using (16.45)

Answers: 44.721 kg, 1.398x10%/, 689.771j m/s2, 6.296x10° N, 6.255x10° N.
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17.1 Introduction

The combining of unreduced finite element models (FEMs) of subsytems to a
dynamic FEM of the complete system (spacecraft or launcher) will, in general,
result in a finite element model with many degrees of freedom (DOFs) that is there-
fore difficult to handle. The responsible analyst, to manipulate the total dynamic
model, will request for a reduced dynamic FEM description of the subsystem and
will prescribe the allowed number of ‘left’ dynamic DOFs for the reduced dynamic
model. The reduced dynamic model is, in general, a modal description of the sys-
tem involved.

The customer will prescribe the required accuracy of the reduced dynamic
model, more specifically the natural frequencies, mode shapes in comparison with
the complete finite element model or reference model. For example the following
requirements are prescribed:

¢ The natural frequencies of the reduced dynamic model shall than deviate less
+3 % from the natural frequencies calculated with the reference model.

¢ The effective masses of the reduced dynamic model shall be within +10 % of
the effective masses calculated with the reference model.

e The diagonal terms at the cross orthogonality check [Ricks 1991] shall be
greater than or equal to 0.95 and the off-diagonal terms shall be less than or
equal to 0.05. The cross orthogonality check is based upon the mass matrix.

e The diagonal terms at the modal assurance criteria (MAC) shall be greater than
or equal to 0.95 and the off-diagonal terms less than or equal to 0.10.

Sometimes the requirements concern the correlation of the response curves
obtained with the reduced dynamic model and the reference model.

Reduced models are also used to support the modal survey, the experimental
modal analysis. The reduced dynamic model will be used to calculate the orthogo-
nality relations between measured and analysed modes. This reduced model is
called the test analysis model (TAM) [Kammer 1987].

In the following sections 3 reduction methods will be discussed:

265
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e The static condensation method [Guyan 1968]
¢ Craig—Bampton (CB) reduction method [Craig 1968]
¢ System equivalent reduction expansion process (SEREP) [Kammer 1987]

All reduction procedures mentioned are based upon the Ritz method [Michlin
1962].
This chapter is partly taken from [Wijker 2004].

17.2 Static Condensation Method

In general it is required to reduce the number of dynamic DOFs of a finite element
model (dynamic model) by applying the static condensation method, often called
the Guyan reduction [Guyan 1968], to a specified number of dynamic DOFs. A
reduced dynamic model with 100 dynamic DOFs is quite suitable. The remaining

(kept) DOFs will be denoted by {x,} and the eliminated DOFs by {x,} . Further-

more we assume there are no applied external loads {F,} .

The undamped equations of motion are

[MI{&} + [K]{x} = {F}. (17.1)

In (17.1) the mass matrix [ M], the stiffness matrix [K] and the displacement vec-
tor can be partitioned as follows

MaaMae{xa}+ KaaKae{xa}:{Fa}:{Fa}. (172)
Mea Mee X‘E Kea KC@ xe F€ O
The {x,} DOFs will represent large inertia forces with respect to the inertia

forces related to the {x,} DOFs. The large masses and second mass moments of

inertia are collected in the mass matrix [M,,]. The inertia loads [M,, ]{X,} are

significantly larger than the other inertia loads

[Mo JAZ Sy [Ma %} [M 1}« [M )%, ) (17.3)

Only the inertia forces [M,,]{X,} are maintained in (17.2), so

G
0 0 jée Kea Kee Xe Fe 0
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Using the equation related by the {x,} DOFs we are able to express the {x,}
DOFs into the {x,} DOFs.
[Keal{xa} + [Ke J{x.; = {0}. (17.5)

The inertia loads in (17.5) are neglected. {x,} can be expressed into {x, }

{xe} = _[Kee]il[Kea]{xa} = [Gea]{xa}‘ (176)

Only the stiffness is involved in (17.6) and therefore static condensation can be
considered.

The total displacement vector {x} will be projected on the kept DOFs {x,,}

(x} = { Ya } - L}’}{xa} = [T, 1{x,}. (17.7)
X

e ea

The total kinetic energy in the dynamic system is
_ 1,7 o _ LT T :
T= St IMIx} = Sixg} [Tegl IMITeal x5} - (17.8)

The reduced-mass matrix [M,,] becomes

[Maq] = [T, [MIIT,,]. (17.9)

The total potential energy in the dynamic system is
1 r 1 T T
U= 5ix} [KHx} = 5ixg} [Teal [KITealix,} (17.10)

Analogous to the reduced-mass matrix [M,,], the reduced-stiffness matrix

[K,.] becomes

[Kud = [T, [KIIT,,]. (17.11)

The selection of the remaining DOFs {x,} is not always trivial. The remaining

DOFs shall be selected in such a way that the mode shapes can be described as well
as possible. The DOFs associated with large masses shall be selected. As a guide-

line the following mathematical selection may be used to select the {x,} DOFs. At
least the DOFs shall be selected for which applies

1 [k
5 m_S 1.5f 0 (17.12)
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where k;;the diagonal term of the stiffness matrix [K], translational and rota-
tional, m;; the diagonal term of the mass matrix [M], translational and rotational
and £,

hax Maximum frequency of interest.

Allen in [Allen 1993] described a more or less automatic way of selecting the
analysis DOFs {x,} , however, it is still based upon (17.12).
The reduced eigenvalue problem can now be written as

{[Maa] = [Kaal} {0, = 0, (17.13)

with {¢,} the eigenvector of the reduced eigenvalue problem and A, the eigen-

value associated with the eigenvector (mode shape) {¢,,} .

The eigenvectors that belong to the complete set of DOFs, using (17.7), are

L
[Pgr] = \d)] {G J[‘Da], (17.14)

e e

where [®,] the eigenvectors associated with the eliminated DOFs and [G, ] the
transformation matrix as defined in (17.6).

Example

A 10 DOFs dynamic system (Fig. 17.1) will be used to illustrate the static con-
densation method. The constants are m = 1 and k& = 100000 . The dynamic sys-
tem will be fixed in xy¢. First, the natural frequencies and modes of the full system

will be calculated.
The systems matrices are as follows

1000000000 1 -1000000 0 0
0100000000 “130000-200 0
0010000000 003-100-2000
0001000000 00-1100000 0
(M] = 0000100000 14q_4/0 000 1-1000 0}
0000020000 0000-13-2000
0000004000 0-2-200-29-300
0000000300 000000-36-30
0000000030 00000O0O0-37-4
0000000003 (000000 O0 0 -4 4]
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X5

X6

X7

X8

X9

10

X1

X2

X3

X4

Fig. 17.1. 10 mass—spring dynamic system

The natural frequencies {f} (Hz) calculated are

(ft = [ 14.25, 36.69, 38.52, 47.43, 63.69, 75.91, 90.25, 93.00, 106.51 |”.

The first four modes [®] are scaled such that

[@] [M][®] = [/] and [®]'[K][®] = () = (27N

We select the following DOFs to remain; {x,} = | x;,x,, X5, X7 |.

0.3204 0.6591

0.2948 0.3088

0.2583 —0.0304

0.1750 -0.0333

0.0777 -0.0185
0 0

0

0
0
0
0
0

0.3064 —0.3878 —0.6533 —0.3762
0.2819 -0.1817 -0.2706 —0.0421
0.2819 -0.1817 0.2706 —0.0421
0.3064 —0.3878 0.6533 —-0.3760

-0.3327

~0.0373|

0.1435
0.3417
0.2364

0
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The natural frequencies {f,} of the reduced eigenvalue problem, (17.13), are

{f,} = |14.39,37.86, 38.98, 52.98 |
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The modes [® ] are scaled such that [CDGR]T[M][Q)GR] = [1].

To compare the dynamic properties of the condensed dynamic system with the
complete or reference dynamic system, we can compare the natural frequencies
with each other and of course the mode shapes. To do so it is required to lengthen
the mode shape of the reduced system (4 DOFs) to a total number of 10 DOFs.

0.3134 -0.4059 —0.6708 —0.4390
0.2802 —0.1483 -0.2236 0.0347
0.2802 —0.1483 0.2236 0.0347
0.3134 -0.4059 0.6708 —0.4390
_ 103269 0.7217 0 -0.4577

[@gr] = .
0.2846 0.2276 0 0.0285
0.2635 -0.0195 0 0.2716
0.1677 -0.0124 0 0.1728
0.0719 —0.0053 0 0.0741

0 0 0 0

The modes of the reduced dynamic model will be compared to the complete
dynamic model with three methods; the modal assurance criteria and the normal-
ised cross orthogonality matrices [Friswell 1995, Maia 1997] and the cross orthog-
onality check [Ricks 1991]:

e The modal assurance criteria (MAC). The absolute value of the MAC is
between 0 and 1. A value of 1 means that one mode shape is a multiple of the

2
([®]'TPgr])
([ TOD[DPg] TP r])
¢ The normalised cross orthogonality (NCO). The absolutes values of the NCO

are between 0 and 1. A value of 1 means that one mode shape is a multiple of
the other. The modified MAC is defined as

(L2 [MI[Pge])” |
(@1 IMI[O)([®gx] TMI[Dgr])
e Cross orthogonality check. [C]= ([d)]T[M][CDGR]), [d)]T[M][QD] = (I) and

other. The MAC matrix is defined as MAC =

NCO=

the terms on the main diagonal of the ([(DGR]T[M] [®r]) are one.
The MAC becomes

0.9980 —0.0052 0.0000 0.0251

T 2
MAC= ([P] [Pgr]) _ |-0.0017 0.9897 0.0000 —0.0669
([(D]T[(D])([(DGR]T[(DGR]) 0.0000 —0.0006 0.9950 0.0000 |

—0.0540 0.0459 0.0000 0.8054

and the NCO
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, s 0.9995 0.0002 0.0000 -0.0013
([D] [M][®gR]) _ |-0.0004 0.9775 0.0000 —0.0194

(@1 M) ([l [MI[®gg]) | 0-0000 0.0000 0.9950 0.0000 |
~0.0019 0.0612 0.0000 0.7444

NCO=

and finally the cross orthogonality

—0.9996 0.0052 0.0000 —0.0092
—0.0004 0.9888 0.0000 —0.0105
0.0003 0.0000 —0.9975 0.0000 |
—0.00151 0.0330 0.0000 0.8629

[Cl= [@] [M][® 4] =

The diagonal terms of the MAC, NCO and cross-pollination [C] show us the
correlation of the mode shapes of the reduced dynamic model with the reference
model. The off-diagonal terms shows us the coupling between the correlated
modes. The first 3 modes, of both the reduced and reference dynamic modes, do
correlate very well. The fourth mode of the reduced model is less correlated with
the fourth mode of the complete model.

End example

17.3 Craig—Bampton Reduced Models

The Craig—Bampton method is discussed in [Craig 1968] and many other publica-
tions and is one of the most favourite methods for reducing the size, number of
degrees of freedom, of a dynamic model (finite element model). The undamped
equations of motion are (17.1)

[M){§} +[K]{x} = {F(n)}.

We denote the external or boundary degrees of freedom with the index j and the

internal degrees of freedom with the index i. The matrix equations (17.1) may be
partitioned as follows

|:M1Mj]{ ).c.i}+|:KiiKﬂ{ xi}_{Fi}' (17.15)
M M|\ %, ) Ky Kyl L F;

In [Craig 1968] it is proposed to depict the displacement vector {x(¢)} on a
basis of static or constraint modes [®,] with {x;} = [/] and elastic mode shapes

[®,] with fixed external degrees of freedom {x;} = {0} and the eigenvalue prob-

lem ([K;;]— (A [M;]D[P;;] = [0]. We can express {x} as
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x} = [O]{x} +[®,1{n,} = [P, %]{ ;Cf } = [Y1H{XT. (17.16)
p

The static modes can be obtained, assuming zero inertia effects, {F,;} = {0},
and successively prescribe a unit displacement for the boundary degrees of free-
dom, thus {x;} = [I]. So we may write (17.15) as follows

w0 o
K Ky L x; R,

From the first equation of (17.17) we find for {x;}

[K;1{x;} + [Kllx;] = 0, (17.18)
hence
(x} = 1K) K14} (17.19)
and therefore
[®,] = ~[K,] KU = K] '[K,]. (17.20)

The static transformation now becomes

(x) - { x; } _ {‘ﬂ{xj} = [®,]{x,} . (17.21)

Xj

Assuming fixed external degrees of freedom {x;} = {0} and also assuming
harmonic motions x(#) = X{ (co)ej ' the eigenvalue problem can be stated as
(LK1~ LM DXL, )} = {0}, (17.22)
or, more generally, as
([K;] = AR [M;DIP;,] = {0}. (17.23)
The internal degrees of freedom {x;} will be projected on the set of orthogonal

mode shapes (modal matrix) [®,,], thus

{x;} = [P;,1{n,} . (17.24)

The modal transformation becomes
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(x} = { 5 } - F’fﬁ}{np} = [®,]{n,} (17.25)
X; 0
The Craig-Bampton (CB) transformation matrix is (17.16)
{x} = [o, d>,,]{ K }= [¥]{X)
My

with

[®,] the static or constraint modes

[®,] the modal matrix

{x;} the external or boundary degrees of freedom

{n,} the generalised coordinates. In general, the number of generalised coordi-

nates p is much less than the total number of degrees of freedom n = i+j,
p«n.

The constraint modes will introduce displacements due to adjacent structures in

a static way, while the elastic modes will introduce dynamic effects generated
internally in the structure.

The CB transformation (17.16) will be substituted into (17.1) presuming equal
potential and kinetic energies, hence

(W1 IMIWI{X} + Y1 KW 1{X) = [W1T{F(1)} . (17.26)
Further elaborated we find

~ . ~ T
[M,, M] 5 1, [K K]{ |- {%— %} (rl
My (mp)| | mp Kpj (k] L1y I o F
with
[ij] the Guyan reduced mass matrix (j-set)

[IN('jj] the Guyan reduced stiffness matrix (j-set)
(m,,) the diagonal matrix of generalised masses, (m,) = [(DP]T[M] [®,]
(k,) the diagonal matrix of generalised stiffnesses,
(k) = [@,1'K[®,] = (&) (m,)
[K,,]= [@,1'1K,1[@,1+[K1[®,] = (- [K,1' 1K1 [K;]+ [K,D[®,] = [0]
(see (17.20))
[K,] = [K,]" = [0]



274 17 Dynamic Model Reduction Methods

Thus (17.27) becomes
~ . ~ T
My M |1 %5 Ly 1K 0 { Y }— FU (DP} {Fi } (17.28)
M, (m,) M, 0 (k)| L, I 0 F;
Finally
[Mcp] (X} + [Kepl () = [W1(F}, (17.29)

with [Mg] the CB reduced-mass matrix and [Kg]the CB reduced-stiffness
matrix.

The CB matrices are j+ p, j+ p sized matrices.(17.29) is frequently applied
for component-mode synthesis methods (dynamic substructuring).

The accuracy of the CB reduction technique is very satisfactory and was dis-
cussed in [Claessens 1996].

17.4 System Equivalent Reduction Expansion Process (SEREP)

The SEREP is proposed by [Kammer 1987] and is based upon a partitioning of the
calculated mode shapes in combination with pseudo-inversion of matrices.

The displacement vector x(¢) is projected on the modal matrix [®]. The
number of m remaining mode shapes is much less than the total number of degrees

of freedom #n, hence m « n. The displacement vector can be written as

x(1)) = [@]{n(D)}, (17.30)
with {n(#)} the vector of generalised coordinates.

The displacement vector x(¢) will be partitioned into two sets; the remaining set
of degrees of freedom denoted by a and the eliminated set of degrees of freedom

denoted by e, thus
X O}
{ “}— { “}{n}, (1731)
x€ (DE

We will express {x} in {x,} as follows

{ ¥a } - {T’ } 30} = [Tiammel {50} - (1732)

xe ea

The a set of the displacement vector {x,} can be written as
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{x, ) = [®,]{n} (17.33)

We want to express the vector of generalised coordinates {n} in {x,}. How-

ever, the inverse of the rectangular matrix [®,] does not exist. Both sides of

(17.33) will be multiplied by [(DH]T, thus

[@,] {x,} = [©,]'[®,]{n}. (17.34)

The matrix [CDa]T[CDa] is a square matrix and in general the inverse of that

matrix exists. The generalised coordinates {1} are expressed in {x,}

mi= (@110, [®,1 {x,} (17.35)

The matrix ([(Da]T[CDa])f][d)a]T is called the pseudo-inverse matrix of the
modal matrix [®,], hence

-1

[@,]" = ([@,]'[®,]) [®,]". (17.36)

The displacement vector of eliminated degrees of freedom {x,} can be

expressed in the set of kept degrees of freedom {x,} . From (17.31) we can write

{x.} = [®]J{n}, (17.37)
and with (17.35) we obtain

(x,} = [@,1([D,1 0,1 [, (x,} = [T,o]ix,}. (17.38)

The complete displacement vector {x} can be expressed in {x,} , see (17.32)

ea

x 1 1}
4t = B {x,)= 1,0 = [Txammerd 1% - (17.39)
che]([q>a]T[cDa]) 1[@014 {T ¢

The reduced-mass matrix [ Mgprpp] becomes

[MSEREP] = [TKammer]T[M][TKammer] . (1740)

Analogous to the reduced-mass matrix [Mgprpp] the reduced-stiffness matrix

[Kserep] 18

[KSEREP] = [TKammer] T[K] [TKammer] . (1 741)
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The SEREP reduction method will provide ‘physical’ reduced matrices. In gen-
eral, the kept degrees of freedom {x,} will correspond to measurement locations

and directions.

Example

We select the following kept DOFs; {x,} = | x,,x4, X5, x7JT (Fig. 17.1) and
take into account the first and second modes to reduce the model with the SEREP
method.

The modes [®] are scaled such that

(@] [M][®] = [/] and [®]"[K][®] = (©°) = (21N

0.3064 —0.3878
0.2819 —0.1817
0.2819 —0.1817
0.3064 —0.3878
0.3204 0.6591

0.2948 0.3088 |
0.2583 —0.0304
0.1750 —0.0333
0.0777 —0.0185

0 0

The first two calculated natural frequencies of the reduced system are

(f,} = 14.25,36.69 |".

Four natural frequencies are calculated but the third and the fourth natural fre-
quencies have no physical meaning. Only two modes of the reference dynamic
model are taken into account.

The modes [@gprpp] are scaled such that [(DSEREP]T[A/I][QDSEREP] = [1]

—-0.3064 -0.3878
—-0.2819 -0.1817
—-0.2819 —0.1817
—-0.3064 —0.3878
—-0.3204 0.6591
—0.2948 0.3088
—0.2583 -0.0304
—-0.1750 —0.0333
—-0.0777 —0.0185
0 0

[Pserep] =
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The MAC and the modified MAC become

MAC— ([0] [Psrre])” _ {1.0000 —0.0003}
(O] @D ([Pserep] [Pserep])  [0-0006 1.0000
and
NCO- (01 [MI[ D))’ _ {1.0000 —0.0004]
(@] [MI[@1([Psprpp] [M[Psprep])  [0-0004 1.0000

The first two modes of the reduced model, associated with the first two natural

frequencies, {f,} = [ 14.25, 36.69 ", do correlate very well with the first two
modes of the reference model.

End of example

17.5 Conclusion

Reduced models are also used to support the modal survey, and the experimental
modal analysis. The DOFs in the reduced dynamic model are related to measure-
ments. The reduced dynamic model will be used to calculate the orthogonality rela-
tions between measured and analysed modes. This reduced model is called the test
analysis model (TAM) [Kammer 1987]. Reduction methods that will give a TAM
are:

e The static condensation technique [Guyan 1968]

¢ System equivalent reduction expansion process (SEREP) [Kammer 1987]
The other method:

¢ Graig—Bampton (CB) reduction method [Craig 1968]

will result in a hybrid reduced mathematical dynamic model; DOFs related to
physical DOFs combined with mathematical (generalised) DOFs.
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17.7 Exercises

17.7.1 Reduction Finite Element Model

Compose the mass and stiffness matrices for the study of a simply supported beam
additional supported in the middle [Genta 1995]. The system is illustrated in
Fig. 17.2. The two beams are hinge connected at node 2.

ET, pA M

= 2

1 I 2 2

3
©; O

Fig. 17.2. Sketch of the system, finite element model based on two beams
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Each node has two degrees of freedom: translation (flexure) w and rotation ¢ .
Each beam “7”” has four DOFs | w,, 1, @111, Wi 2, @, , | . The mass and stiffness
matrices of the beam are [Cook 1989]

156 22L° 54 -13L 12 6L —12 6L
[M] = % 2217 4L* 1BL 317 [k = EI) 6L aL® —6L 2L°|

54 13 156 —22L L*|-12 -6L 12 —6L

~13L -3L% —22L 4L° 6L 2L —6L 4L

There are a total of seven DOFs in the unconstrained system. The connection
between the elements is performed through a hinge that allows different rotations
of the two elements at node 2.

Condense with the GR reduction technique the numbers of DOFs to one DOF
representing the displacement at node 2. Calculate the natural frequency (Hz) of
the condensed system.

17.7.2 Reduction of dynamic 10 DOF model

A 10 DOFs dynamic system is illustrated in Fig. 17.3. The constants are
m = 50kgand k = 5x10° N/m. The dynamic system will be fixed in x.

X5
X6
X7
X8
X9

X10

Fig. 17.3. 10 DOF mass-spring system
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¢ Calculate the modal characteristics of the complete system (natural frequencies,
vibration modes, modal effective masses).

e Calculate a reduced dynamic modal using the static condensation method. The
remaining physical DOFs are x1, x4, x5, X7, X35, X1¢.
— Calculate the modal characteristics (x}( fixed).

¢ Calculate a reduced dynamic modal using the SEREP method. The remaining
physical DOFs are xy, x4, x5, X7, X5, X1
— Calculate the modal characteristics (x;( fixed).

e Calculate a reduced dynamic modal using the CB method. The remaining phys-
ical DOF is x1(, and four mathematical co-ordinates {n ) (modes).

— Calculate the modal characteristics (x; fixed).



18 Dynamic Substructuring,
Component Mode Synthesis

18.1 Introduction

The component mode synthesis (CMS) or component modal synthesis [Hintz
1975] or modal coupling technique [Maia 1997] is used when components (sub-
structures) are described by the mode displacement method (MDM) and coupled
together (synthesis) via the common boundaries{x,}in order to perform a

dynamic analysis (e.g. modal analysis, responses) on the complete structure
(assembly of substructures). The CMS method can only be applied to linear struc-
tures. The component mode synthesis method can also be applied on components
for which the modal characteristics were measured in combination with finite ele-
ment reduced dynamic models. Many papers and reports are available in the open
literature; e.g. [Craig 1968, Craig 1976, Craig 1977, MacNeal 1971, Craig 2000].

In general, a component or substructure is a recognisable part of the structure
(e.g. for a spacecraft; the primary structure, the solar arrays, the antenna, large
instruments, etc.).

In the past, the CMS method was applied to significantly reduce the number of
DOFs due to the imposed limitations on computers, however, nowadays, these lim-
itations are more or less removed, however, the CMS method is still popular. Sub-
contractors deliver their reduced FE dynamic models to the prime contractor who
will combine (synthesise) all these models to the spacecraft dynamic FE model to
perform the dynamic analysis on the complete spacecraft. The same applies to the
coupled dynamic load analysis (CDLA) when the reduced FE model of the com-
plete spacecraft is placed on top of the launch vehicle. In general, the dynamic FE
model of the launch vehicle is a reduced dynamic FE model too.

Dynamic properties of substructures may be defined by experiment and may be
coupled to other dynamic FE models of other substructures.

Hence, there are many reasons to apply the CMS method.

For dynamic analyses the components may be obtained by reducing the number

of DOFs by applying the MDM. The physical DOFs {x} are, in general, depicted
on a small number of kept modes (eigenvectors), the modal base,

281
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{x} = [@]{n}, (18.1)

where [®] the modal base consists of the kept mode and {n} the generalised or
principal coordinates.

The number of generalised coordinates {7} is, in general, much less than the
number of physical DOFs {x} .

In this chapter an introduction to the CMS method will be given and a number
of methods will be discussed. We will assume undamped components, however, in
a later stage during the synthesis the modal damping ratios can be introduced.

The chapter is partly taken from [Wijker 2004].

18.2 Special CMS Methods

In this section three special CMS methods will be presented:

¢ The Craig—Bampton fixed-interface method.

¢ The free-interface method with improved accuracy

e The general CMS method, which combines the fixed- and free-interface CMS
methods.

18.2.1 Craig—Bampton Fixed-Interface Method

The fixed-interface method (Craig—Bampton method) is discussed in several publi-
cations [Craig 1968, Craig 1977, Craig 1981, Craig 2000, Gordon 1999] and is one
of the favourite methods used in the CMS.

The general undamped equations of motion are

[MI{%} + [K]{x} = {F} (18.2)

We denote the external or boundary degrees of freedom with the index b and the
internal degrees of freedom with the index i. The matrix equations of motion may
be partitioned as follows

[Mii ]Mib]{ xz }Jr \Kii Kib:|{ Xi } _ { F; } (18.3)
My; My,| | %, Ky Kpp| U Xy Fy

In [Craig 1968] it is proposed to depict the displacement vector {x(z)} on a
basis of static or constraint modes [®_] with {x,} = [/] and elastic mode shapes
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[®,] with fixed external degrees of freedom {x,} = {0} and the eigenvalue prob-
lem [[K};]— (X, [M;]][®;] = [0]. {x} can be expressed as

{x} = [P J{xp} +[P]{n;} = [P, q)i]{ i } (18.4)
N;

The static modes can be obtained, assuming zero inertia effects, {F,;} = {0},
and successively prescribe a unit displacement for the boundary degrees of free-
dom, thus {x,} = [/]. Therefore the static part of (18.3)may be written as follows

Ki K"b{ *i } - { 0 } (18.5)
Ky Ky U xy Ry

From the first equation of (18.5) for {x;} it can be found

[K;]{x )+ [Kipllx,] = 0, (18.6)
hence
(x;) = K] Kl 4x, ) (18.7)
and therefore
[@,,] = ~[K,] ' [K][1] = ~[K.]'[K;]- (18.8)

The static transformation now becomes

X; o,
{x} = { } = | P = [P x ) (18.9)

Xp I
Assuming fixed external degrees of freedom {x,} = {0} and also assuming

harmonic motions x(¢) = X (co)ej " the eigenvalue problem can be stated as
2

([K;] — o [M;D{®;;} = {0}. (18.10)

The internal degrees of freedom {x;} will be projected on the set of orthogonal

mode shapes (modal matrix) [®,,], thus

{x;} = [®;]{n;}. (18.11)

The modal transformation becomes
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X ..
{x} ={ }: { lﬂ{ni} = [®@,]{n,}. (18.12)
Xp 0
The Craig-Bampton (CB) transformation matrix is (18.4)
[0, @] = | Kl [Ky] @
1 0

The Craig-Bampton (CB) transformation matrix is (18.4)
X

{x} = [@, cb,-]{ ’ } = [W1{x}.
N

with [® ] the static or constraint modes, [®,] the modal matrix, {x,} the exter-

nal or boundary degrees of freedom and {n;} the generalised coordinates. In gen-

eral, the number of generalised coordinates i is much less than the total number of
degrees of freedom n = b+i, i«n.

The CB transformation (18.4) will be substituted into (18.2) presuming equal
potential and kinetic energies, hence

(W1 MY + [P KI[YTX) = [¥]T{F()} . (18.13)

On further elaboration it is found that
~ . ~ T
My Mp; || X | | Ko Ky, { *b } - |:cDib qﬂ { £ } (18.14)
M, (mp) le Ky, C(kp| Ly I 0 Ey

with []\N/[bb] the Guyan reduced-mass matrix (b-set), [I~<bb]the Guyan reduced-
stiffness matrix (b-set), (m;) the diagonal matrix of generalised masses,
(m;) = CDI-T[M][(I)I-] , (k; the diagonal matrix of generalised stiffnesses,
(k) = [@)KI®] = (R)m) = (o) (m)),
[K;p)= [0, K]+ [K, 1[0, = (- [K;,) [K,] K]+ [K,DI®,] = [0] and
[Kjp] = KbiT = [0].

Thus (18.14) becomes

My My || + Ky 0 {xb } - {q’ib CDT{ Fy } (18.15)
My, (my) TI; 0 (kpjlm; I 0 F,
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Finally

[Mepl{ X} + [KepliX} = [Y1{F} = {Fep)s (18.16)

with [Mp] the CB reduced-mass matrix and [Kgz]the CB reduced-stiffness

matrix.
The CB matrices are b+i,b+ i sized matrices.
If we look at the reduced-mass matrix [M 5] and the reduced-stiffness matrix

[Kcp] in more detail we observe only a mass coupling between the internal DOFs
{x;} and the external DOFs {x,} in the reduced-mass matrix [Mg] via the sub-
matrices [M,;] and [M;,] consisting of the modal participation factors. (18.2) can

be written as follows

A A A A

4
M . K F
s 0| X7, |Kes 0|} x cB (18.17)
B . B B B B
0 Mcgl| X 0 Kepl| X Fep
[Mig]{ ot} + [Kid {Quot} = {Fiot) - (18.18)
or
RV | [ A |
(m)" M3 0 0 ﬁAi (k)™ 00 01 [0 Flegi
4 A oA
My, My, 0 0 ) 4 0 Kpp O 0| ]x" = Flen .(18.19)
0 0 (m)’ Myl R’ 0 0 (k)" of[n’ FPes,
. .B > B B
0 0 Mfi ML s L0 0 o0 Kf_ X b FTcBb

For coupling the substructures 4 and B, equal displacement and acceleration of

the external DOFs is assumed, x"y = 1% and 'y = %, . The total displacement
vector can then be written as

A
ni 100 A
g 001
o e e P R Al LY (18.20)
n.i B
5 00 1] x"=x"
X b

The transformation matrix [L] also applies to the acceleration. Using the equa-
tions of Lagrange or assuming equal potential and kinetic energies, (18.20) can be
incorporated into (18.19).
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(L1 IM LY Orea} + L1 K ML Oreg} = [L1 {Fio} = {Freg}  (1821)

A . 4

my* 0 M} O I KU SR 0 4
B .

)" My 15T 0 w0 1l

Mﬁ,— Mf,- M;bebe ' 0 0 kljb"’i(fh 'y

(=]

FACB,i
- Foeg s : (18.22)

B
FACB,b"'F CB, b

The reduced-mass matrices [Mb], [be], the reduced_stiffness matrices
[kﬁib] and [IN(;fb] , related to the common boundary DOFs {)'C'Ab} = {)'C'Bb} and

{xAb} = {bi} are added. The generalised masses <mi)A and (m,-)B are coupled

via the modal participation factors (matrices [M,,] and [M,,]) to the reduced-
mass matrix [be + be] . The generalised stiffnesses are not coupled with the

reduced-stiffness matrix [I~<f,1 »+ ]N(fb] .

The Craig-Bampton method is widely applied in the cases when the component
dynamic properties are described by their mass and stiffness matrices.

Example
A linear free-free dynamic system consists of 19 DOFs; 1 to 19. The lumped

masses at DOF 1 and DOF 19 are m; = m;q = 0.5 kg The masses lumped to the
other DOFs, 2 to 18, are m, = m3 = .... = m;; = m;g = 1 kg. The 18 springs
between the DOFs 1 to 19 are equal, k, = ky; = ... = ky7;5 = k1350 = 10000
N/m. The free-free dynamic system is illustrated in Fig. 18.1.

e
kip ka3 k1718

kig1o

Fig. 18.1. Free dynamic system with 19 DOFs

A linear free-free substructure consists of 7 DOFs; 1 to 7. The lumped masses at
DOF 1 and DOF 7 are m; = m,; = 0.5 kg The other masses lumped to the other
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DOFs, 2to 6, are m, = ... = mgy = 1 kg. The 6 springs between the DOFs 1 to 19
are equal, ki, = ky3 = ... = kg; = 10000 N/m. The substructure is shown in
Fig. 18.2.

J\/\/\
k12 k3 k34 kys kse ke7

Fig. 18.2. Free-Free substructure with 7 DOFs

Three substructures will build up the total structure as illustrated in Fig. 18.1.
The results of the analyses are shown in Table 18.1.

Table 18.1. Results of CMS natural-frequency calculations

Model A Model B

# Complete Model 1 mode per substructure 2 modes per substructure
(Hz) (7 DOFs) (10 DOFs)
(Hz) (Hz)

1 0.0000 0.0000 0.0000
2 2.7743 2.7771 (0.1%) 2.7752 (0.0%)
3 5.5274 5.5803 (1.5%) 5.5316 (0.1%)
4 8.2385 8.9437 (9.5%) 8.2535 (0.2%)
5 10.8868 11.9825 (10.0%) 10.9253 (0.4%)
6 13.4524 15.5038 13.6279
7 15.9155 17.3217 17.3217
8 18.2575 19.7890
9 20.4606 22.5478
10 22.5079 23.7726

End of example

18.2.2 Free-Interface Method

The principle of CMS with the free-interface method (unconstrained boundaries) is
discussed by Craig, [Craig 1976, Craig 1977, Craig 2000]. The basic free-free
undamped equations of motion are taken from (18.2), simply written as

[M]{x} +[K]{x} = {F}. (18.23)
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The eigenvalue problem is

{IK]- o] [M]}{$;} = {0}. (18.24)

The n physical DOFs {x} are projected on the linear independent set of eigen-
vectors, the so-called modal matrix

[D] = [d}) §gy ovve 0,1, (18.25)
hence
{x} = [®]{n}. (18.26)

The modal matrix [®] is orthogonal with respect to the mass matrix [M], thus

(@] [M][®] = (m), (18.27)

and orthogonal with respect to the stiffness matrix [K]

[@]'[K][®] = (mo)). (18.28)
(18.2) can be transformed (coordinate transformation) into a set of decoupled
n SDOF equations of the generalised coordinates {n }

e+ moim, = (0 (F) k= 1,2, .1, (18.29)

with m, the generalised or modal mass and m kwi the generalised or modal stiff-

ness.
In the frequency domain with

o {x(0} = {X(0)}"
o (M} = {(w)};"
o {F()} = {F(w)}"

the solution of IT;(®) is given by

{0 {F(0)}

(o) = .
- o))

(18.30)

The solution for the vector of generalised coordinates {II(®)} in the frequency
domain becomes

(M)} = (—a—) O] {F(0)} . (1831)
my(®y; — o
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The physical displacement vector {X(®)} is obtained from

X{o}} = [PH{I(w)} = [®]<%>[®]T{F((D)}~ (18.32)

m(@y —o7)

The modal matrix [@] may be partitioned in the remaining modes and the
deleted modes:

[@] = [D;, D,]. (18.33)

Reconstructing the flexibility matrix [G], with ® — 0

[G] = [®](mo) [0+ [®(me)) [@17 = [GI+[G,], (18.34)

with [G,]the residual flexibility matrix, [G,] = [G]—[®,](m>) [®,]"

and [G] = [K ]71 the flexibility matrix (the inverse of the stiffness matrix [K] is
only allowed if the structure is constrained such that rigid body motions are elimi-
nated).

If the rigid-body modes are eliminated we can express {X(®)} , assuming for

2. 2
the modes k>m , 0, » ®

F(o n F(o
o)) Zwk [wk}{z( )}j 3 {¢k}[{¢"}{ (@ )}) (18.35)
mylo—o k=m+1 mkmk

(18.35) can be transformed back in the time domain, such that

x(@O) = [0} +[GHF ()} (18.36)

and this is done in combination with (18.29).

If a substructure has rigid-body modes, the flexibility matrix [ G] does not exist,
however, an alternative formulation can be derived. We write the displacement vec-
tor {x} as follows

{x} = [®,]{n,} +[P]{n.}, (18.37)

with [®,] the rigid-body modes (w, = 0), [®,] the elastic modes of a free-free

component (®, = 0), {n,} generalised coordinates associated with the rigid body
motions and {n,} generalised coordinates associated with the elastic motions.

The modal matrices [®,] and [®,] are orthonormal with respect to the mass

matrix [ M], thus

[@,1 [MI[®,] = (m), [, [M][®,] = (m,), [®] [M][®,] = [0],(18.38)
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and orthogonal with respect to the stiffness matrix [K]

[@,]'TKI[®,] = [0], [®)[KI[®,] = (m.oy), [©,]'[KI[®,] = [0].(18.39)
(18.23) can be written

[M][®,]{n,} + [M][®,]{n} + [KI[®,]{n,} + [K][®.J{n.} = {F}. (18.40)
Taking into account that [K][®,] = [0] (18.40) becomes

[MI[®,]{ne} + [KI[® ]{n,} = {F}~[MI[®,]{n,} . (18.41)
Using (18.29), and referring to (18.38), it can be easily proved that

M) = (my ' [@,1 (F} . (18.42)

(18.41) now becomes
[MI[®,]{n.} + [KI[®,1{n,} = {F}—[MI[®,]1(m) [, (F} = [41{F} (18.43)
(mY e} + (muoyin,} = [, [41(F} = [®,] (F}, (18.44)
with [4]the inertia-relief filter matrix with the following properties:
[@,]'[41{F} = [0] and [®,][4] = [®,]"
[A]{F} is an equilibrium force system.

Because the force system [A]{F} is in equilibrium the free-free substructure

may be constrained in an arbitrarly point “B”, which will take out the rigid-body
motions. This has no influence on the elastic deformation in the substructure. The

elastic deformation, with respect to “B”, is {xp ,} and can be calculated with

. The first equation shows that

{xg, .} = [Gp JIAI{F}. (18.45)

— [Al{F}

~

B {xB,e}

Fig. 18.3. Constrained substructure in point B
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The stiffness matrix [K] can be partitioned, giving

[K] — |:Kee KeB]

: (18.46)
KBe KBB

The DOFs in point B are constrained, so the rows and columns in the matrix
[K] with respect to DOFs associated with point B are removed. The stiffness
matrix [K,, ] is regular. To calculate the complete vector of deformation (including
the DOFs associated with point B) we can define the constrained flexibility matrix
[Gp,.] as follows

[Gp.l = [Kei 0]. (18.47)
00

The total displacement of the free-free substructure can be written as
{xr} = {xp} T[D,1{6,}. (18.48)

The displacement {x,} is forced to be mass orthogonal with the rigid-body
modes [D,], thus

[@,1"[M]{x,q} = {0}, (18.49)

This will result in

(0,1 = —(m) ' [@,1 M {x.}. (18.50)

Thus, the free-free displacement {x,.,,} becomes

rel

) = (0 -10,1¢m) " 10,1 M) (g} = (411G JIAT(F} = [G1{F} (18.51)

The matrix [G] in (18.51) is called the elastic flexibility matrix in inertia-relief
format. (18.51) must be used when the substructure is unconstrained (free-free).
(18.37) can now be written as

(e} = [@0{n,} + [P 1 Jine o) + {Xrer} 5 (18.52)

or the displacement vector {x} becomes

{x} = [®.J{n,} +[P, (H{ne i} T IGHF} = [@]ing} + [GI{F}, (18.53)

with [®,] the kept elastic modes (including rigid-body modes).
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(18.53) will be partitioned in internal DOFs {x;} and external or boundary

DOFs {x,} .
X D, . G. G, F;
{ i }: ki (e + | ib { i } (18.54)
X, D,y Gy Gpp| L Fy

and the associated undamped equations of motion expressed in the generalised

coordinates {1,} (including the rigid-body modes, mi =0)

T
. o, . F.
(mp e} + (mpopy i} = [@(F) = LD’“} il (18.55)
k, b

Coupling of Two Substructures 4 and B
To couple the two substructures 4 and B we must force continuity with respect

to the external or boundary displacement {xf} and {xf} , hence

(x5} = {53, (18.56)
and at the boundaries the external forces of substructure 4 {F};1 } and substruc-
ture B {F f} are at equilibrium, hence

(Fy}+{F,} = {0}. (18.57)

If the second part of (18.55) is substituted into (18.56) the following equation is
found

Oy} + Gy UF ) +[Gyyl{Fy ) = @ piny )+ [Gol{F] ) +[Gyyl{Fy ), (18.58)

With the introduction of in equilibrium forces at the boundaries in (18.57), (18.58)
can be rewritten as

(Fy (G +[Gryl} = @ ping) —®p ping} + (Gl {F} ) —[GydiF! . (18.59)

or

(1} = (GL1+ 1GE T (@F ynfy — o inf )+ [GE1FE ) — 1611} (18.60)

and

(Fh) = LG+ (Gl (@ yng) = L n{} +[GRIF )~ [Go1F/ D6
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Substitution of the last two equations, (18.60) and (18.61) into (18.55) in sub-

structures A and B respectively, with [K[] = {[G2,]+ G511, itis found

T
A

A D) . FA
(my ey + (mio S iy = bR
q)k,b FZ
A T FA
(O X

= | ki i , (18.62)

O 4| |Knp 10D y1ine s~ [ 1} + (G Fy } ~[Gyl{Fi )

and
B r FB
. o, . .
(m (e} + (mip iy = | k) 4
q)kb Fllf
B T FB
_ | Pk i .(18.63)
O | |CIKpp DAL J1ine s — [0 1y} + [Gol{Fr )~ [God{F})
Rewriting (18.62) and (18.63) the following is obtained
iy 0 || Wy
0 (m)|| nik
. <kf>+[d>f,,]T[Kff][d>”‘] o) k0l 1 ||
] 1 TR 1 kD 1] 1 TR ) | 0
T T B
_ [[cpf,i] [ @) 5] [Kpy ] [G:iﬂ (@} 1 K IGH] F! 860
T
[(Df,i] [Kﬁf][Gfi] [[q)f, i]Tf[Qﬁb]T[KZ’f][Gfi] i

where k, = mkcoi .

In the final synthesised dynamic system (substructures 4, B, etc.), only the gen-
eralised coordinates remain, while the interface DOFs have cancelled out. The
coupling of the substructures is done via the stiffness matrix. The mass matrix is a
diagonal matrix with the generalised masses on the main diagonal.
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18.2.3 General-Purpose CMS Method

The general-purpose CMS method has been addressed by [Herting 1979]. Both
constrained and unconstrained substructures are covered by this CMS method. We
assume undamped substructures. The undamped equations of motion for a sub-
structure or component can be written using (18.2)

[M]{x} +[K]{x} = {F}.
In the previous section the solution for the physical displacement vector in the
frequency domain has been derived and is represented in (18.32)

(X{oj} = [CD]<—)>[CD] "(F(o)}.

my (o

Three groups of responses can be considered:

1. The rigid-body modes; wi =0,[D] = [D,] and m;, = my, k =1,2,...,6
2. The kept elastic modes, the natural frequencies which are in the frequency range

of interest; ©; ~ O(w’), [®] = [®,] and m,, k = 6,7, ..., m

3. The deleted elastic modes: mi » coz, [®] = [D,] and m;, d = m+1, ...

(18.32) can be written

[X(0)} = [[%M%nfbo]ﬂ[®k]<+2)>[d>k17]{F(m)}
w

—myo my (o) —

[+[<I>d]< @, J{F(m)} (18.65)

my ‘Dd

The constant acceleration, when o — 0, becomes
. . - 1
i, = lim {(£(0)} = -0 {(X(0)} = [®J(—) D] {F()},  (18.66)
®—0 mo

and the static displacement vector (® — 0), premultiplied by the stiffness
matrix [K], is given by

K} = lim [KI{X(@)} = (KI([0(—=) 10" {F(0)

m oy

1@,)) (). (18.67)

m 04

K [@,1¢

If (18.66) and (18.67) are substituted into (18.2), with @ —0,
K1(1@,¢

! >) [@d]T) {F(t)} can be expressed as follows
my®g
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([‘I’d]<~"l——2>[¢’d]T]{F(f)} = {F(f)}—[M[‘Do]<r‘;‘>[‘1’o]T{F(l)}
m o, 0

[K][[Cl)k] (—) [0+ } (F()} . (18.68)

MmOy
(18.65) is transferred in the time domain giving:
1
{x(n} = [@o]{ﬂo(t)}+[®k]{nk(f)}+[<Dd]<—2>[®d]T{F(t)}- (18.69)
my®y

If the result of (18.68) is substituted into (18.65) and if (18.69) is premultiplied
by the stiffness matrix [K] it follows that

[K]{x(D)} = [K][@ol{ing(D)} + [K][®]{ing (D)} + {F(1)}

~ [M][®,] <,—n‘—0>[c1>017{F(t)} ~[KI[@ )~ [0 TF (1)} (18.70)

mpo;

Making use of [K][D,] = {0}, (18.70) can be written as

1

[KI{x(D)} = [K][@]({n (D)} - {nstat(t)})*[1\/1][@0]<;n—()>[‘1>o]T{F(Z)} +H{F(},

(18.71)
or

[KH{x()} = [KI[PI{8,(n)} — [MI[®p]{8p(D)} + {F (D)}, (18.72)

with {8,(#)} = ({Mu(t)} — {Mga(?)}) the normal mode generalised coordi-

nates and {8,(7)} = (ml)[cl)o]T{F(z)} the inertia-relief coordinates (n,<6),
0

and have units of acceleration.
We return to (18.3)

|:A/[ii Mib]{ X }+[Kii Kib“ Xi } _ { Fi}
My, M| U %, Kyi Kpp| U xp £y
With use of (18.72) [K;;1{x;} can be expressed as follows

[K,’,']{x,‘} = {F,} +([K[,'][(Dk’ ,'] + [K[h][q)k,b]{Sk(t)})

—(IM][®g 1+ [M ][ Dy ,DISg(D)} —[K;pl{x,} s (18.73)
and furthermore,

{x} = [Kii]_l{Fi}+([<Dk,,-]*[G,»b][q)k,b]){f)k(f)}
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(K, (IMG11G,y] + M DI®g ,1{80(D)} + [Gplix, ) (18.74)

with [G;,] = f[Kii]fl[Kib] and [G,;, ][y ,] = [Dy,]-

The displacement vector {x} , using (18.74), can be written as

3o

{x} = { i } - w1 5, L= (Y149}, (18.75)
xb Xb
with
(x) = {5} HIKT R (18.76)

Thus we can write for the transformation matrix [\V]

[¥] = [_[Kii]_l([Mii][Gib]+[Mib])[cD0,b] ([P -G 11Dy 1) Gpp) . (18.77)
0 0 1

Some remarks can be made;

e When the number of modes is zero and the inertia-relief effects are ignored, the
transformation matrix [W] in (18.77) is the same as the Guyan reduction of
matrix condensation transformation.

* Modes provide dynamic motion relative to the static deformation.

¢ Rigid-body motion and redundant constraint information are contained in the
[G;,] transformation

¢ Inertia-relief deformation shapes are contained in the
1 .
K, (IMIG ]+ [M, DI @, ,] matrix.
¢ The sum of rigid-body DOFs {&,} and elastic generalised DOFs {8, } must be

less than or equal to the number of internal DOFs {x;} .
The general undamped equations of motion are
[MI{x} +[K]{x} = {F(D)} .

If the transformation (18.75)is applied the following undamped equation of
motion are obtained

[PTTIMINY1{S ) + (W1 KIIP]{8} = [¥1 (F(n)}, (18.78)

or

[Mgs]{8} + [Kysl{8} = {Fy(0)} (18.79)
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The data recovery of the physical DOFs, displacement {x} , velocities {x} and

acceleration {#}, can be obtained as follows. The displacements {x} becomes

_ 8y -
(x}= { X; } _ { X; }+{ Xi, stat } = [¥] 5, ¢t [[Kii] 1{Fi}] , (18.80)
Xp Xp 0 0

Xp

and the velocities {x}

X, 8
{x}={ E } =¢ Y=Yl 80 (> (18.81)

Xp Xp

and the accelerations {i} are

{i}= { K } _ ) E L (Y1 &, t- (18.82)

The solution for the displacements {x} may be improved by using the mode
acceleration method [MAM]

{Xpmam )=

SMam |Gl KT (P = DM ) ) = (M) |
*p 1 0
(18.83)

The damping effects are ignored here.

Example

A free-free dynamic system consists of 20 discrete masses, each m = 1 kg,

connected with springs, each & = 10000 N/m. The total mass matrix and stiff-
ness matrix are
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1 -1 ..

298
10..00
01 ..00 -12 ..
Ml = ... ... .. [K]=100000 — .
00..10 0 0
00..0°1 0 0

00
00
.2 -1
.-l

In this example only the natural frequencies of the complete and reduced mod-
els, using the general-purpose CMS method, will be given. The results of the
reduction process are shown in Table 18.2. The number of elastic modes taken into
account are reflected in the accuracy of the natural frequencies. The accuracy of the
modes is not considered in this example.

Table 18.2. Results of reduction process, natural frequencies

Reduced model Reduced model
Natural frequency natural frequency natural frequency
# (Hz) (Hz) (Hz)
Complete model nb*=2, n’=1, ne*=s nb=2, nr=1, ne=5
1 0.0000 0.0000 0.0000
2 2.4974 2.4974 2.4974
3 4.9795 4.9795 4.9795
4 7.4308 8.8043 7.4308
5 9.8363 11.7091 9.8363
6 12.1812 12.1812
7 14.4510 16.8204
8 16.6316 19.0208
9 18.7098
10 20.6726

a. number of boundary DOFs, constarint modes

b. number of rigid-body modes

c. number of elastic modes

End Example
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18.4 Exercises

18.4.1 Substructure Analysis 1

A linear free-free substructure consists of 7 DOFs; 1 to 7. The lumped masses at
DOF 1 and DOF 7 is m; = m; = 0.5 kg The other masses lumped to the other

DOFs, 2to 6, are m, = ... = mg = 1 kg. The 6 springs between the DOFs 1 to 19
are equal, k|, = ky3; = ... = kg; = 10000 N/m. The substructure is shown in
Fig. 18.2.

Couple two substructures with each other, substructure 1 node 7 with node 1 of
substructure 2, and calculate the natural frequencies and associated modes. There
are no other boundary conditions (free-free structure). Use the following CMS
methods:

1. Craig—Bumpkin method
2. Craig—Change method
3. Hurting method
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18.4.2 Substructure Analysis 2

A structure may be identified with two components or substructures; component 1
and component 2, as illustrated in Fig. 18.4. The coupling of both components is
shown in Fig. 18.5.

Calculate the modal characteristics (natural frequencies, mode shapes and effec-
tive masses). All masses have a mass m = 1 kg and all springs have a spring stiff-
ness £ = 100000 N/m

Calculate all elastic modes per component (except for the Herting method).

Component 1

Connections % % % %
k k k k k k
i

Component 2

Fig. 18.4. Component 1 and component 2

I

Fig. 18.5. Synthesised components

Complete system

e Component 1
1.Craig—Bampton method (using constraint modes)
2.Herting method
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e Component 2
1.Craig-Bampton method (using constraint modes)
2.Craig-Bampton method (free-free)
3.Herting method

¢ Synthesis
1.Component 1 — method 1, component 2 method 1
2.Component 1 — method 1, component 2 method 2
3.Component 1 — method 1, component 2 method 3
4.Component 1 — method 2, component 2 method 3



19 Output Transformation Matrices

19.1 Introduction

The mathematical reduced (condensed) dynamic model consists of the reduced-
mass and reduced-stiffness matrices. The damping matrix is, in general, not deliv-
ered in a reduced form because the damping characteristics will be introduced later
in the dynamic response analyses.

Due to the fact that the reduced dynamic model only consists of reduced matri-
ces during the dynamic response analyses no direct information about physical
responses (e.g. forces, stresses) can be made available. The reduced dynamic
model will only produce response characteristics of physical (e.g. I/F DOFs) and
generalised degrees of freedom; displacements, velocities and accelerations.

To be able to produce responses, stresses and forces, in selected structural ele-
ments during the dynamic response analyses using (coupled) reduced dynamic
models, the so-called load transformation matrix (LTM) can be used. The LTM
defines a relation between forces and stresses in certain structural elements and the
degrees of freedom of the reduced dynamic model. In general the transformation
matrix is called the output transformation matrix (OTM) [Chung 1998, Fransen
2002]. Besides LTMs displacement transformation matrices (DTM), acceleration
transformation matrices (ATM) can also be defined [Bray 1991], however, in this
chapter only LTMs will be discussed. The creation of DTMs and ATMs is quite the
same as the generation of LTMs.

In the following section a method to obtain LTMs will be discussed. The method
is based upon the mode displacement method (MDM) and the mode acceleration
method (MAM) [Craig 1981]. The method described is:

e The OTMs of a free-free reduced dynamic model. In general, six rigid-body
motions will exist.

303
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19.2 Reduced Free-Free Dynamic Model

The calculation of the stresses and forces that are related to the degrees of freedom
at the unconstrained boundary DOFs {x;} and the generalised coordinates {mn,}

may be inaccurate when the contribution of the high natural frequency modes is
neglected. With the aid of the MAM the stresses and forces in the structural ele-
ments become more accurate.

The equations of motion for a component or a substructure are:

[A/[ii sz:|{ xl }-ﬁ- [Kii Klj:|{ X } — { 0 } (191)
My My U ) K Kyl L x; F;
The force vector {F)} represents the interface forces between components,

{x;} the internal degrees of freedom and {x;} the external degrees of freedom (in

general at the boundary).
The internal degrees of freedom {x,;} may be written as [Klein 1988]:

{(x;} = —[Kn]_l{[M,-,- M,»,J{ xl }* [Kij]{xj}}' (19.2)
L

For a Craig—Bampton model [Craig 1968], [Craig 1981]

{ 3.6,‘ } — (I)p (I)ij ﬁp , (193)
% 0 Il %

where [¢,] = —[K ”.]4 [K] are the constrained modes,
([K;] =AM {6¢,;} = {0} are the eigenvalues problem of the internal degrees

of freedom and {n,} are the generalised coordinates (modal amplitude coeffi-

cients). The acceleration transformation matrix [ATM] in the sense of the modal
displacements method (MDM) is given by

[ATM] = F’P 4"‘/] (19.4)
0 I

The displacement vector {x;} can be written as:
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5} = K1 (M, M) ﬁ)ﬂ ﬂ Wb & 10 (19.5)
Xj

The complete displacement vector {x} becomes:

J

{X} _ [x:] = _[Kii:rl [Mz MJ |:d())17 ¢IU} T;p + [_[KN]I[KU{| {x]} . (196)
; 1
.

0

The displacement transformation matrix DTM, using the mode acceleration, is
given by

*

{x} = H = [DTM, ] ”” + [DTMZ]{xj} (19.7)
X

xj j

The stresses or forces in particular structural elements of the component can be
expressed as:

{o} = [D1{x} = [D,, D4} (19.8)

X

or

B -1 0 4)1" Tl -1
(o) = [Dm_ Dq,} (K] |:Mii MU] Lf I/} j +[[Kii]] [Kij]]{xj} , (19.9)

or

{c} = [LMT,] ”p +[LMT, ] {x;} , (19.10)

xj

with:



306 19 Output Transformation Matrices

_ -1 ¢, 0
[LMT,] = [Dci ng][_[K,.i] [Mﬁ M”]{op IJB (19.11)
and
[LMT,] = |:D0'i ch [_[Kii]_l [Kij]], (19.12)
I

The load transformation matrix [LMT,] can be defined by setting {x;} = {0}

and { " | = [I], and the load transformation matrix [LMT,] by setting

Xj

{x;} = {I} and{ W | = {0}.
J
The term [LMT] is more or less general, because the stresses may be replaced
by forces.

For  {x;} = {0} the external degrees of freedom have been fixed and if

Mp L = {0} no inertia forces are active.

Xj

The delivery of a reduced dynamic model is frequently accompanied by the load
transformation matrices. During the coupled dynamic loads analysis the stresses
and forces may be calculated in selected structural elements.

Example

The undamped equations of motion of the “free-free” 4 mass—spring dynamic
system are (shown in Fig. 19.1):

1000 %1 15 -1 -05 0| X1 0
m|0 100 F2 L ph=1 3 -1 —1) % _] 0L
0010|| % ~0.5 -1 2.5 —1|] x 0
0001]| & 0 -1 -1 2| x, F,

with:
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X

* {x;} =1 x,  theinternal degrees of freedom
X3

* x; = x,the external degrees of freedom

e F, theinterface force
1 m
X1
05k K
k k
X
= |3 m 3

Fig. 19.1. 4 mass—spring dynamic system (free-free)

The partitioned mass matrices become:

100 ; 0
[M;] =mig 10, [M;]=m and [M;] = [M;]" = my ¢ ¢,
001 0
and the partitioned stiffness matrices:
1.5 -1 0.5 ; 0
[Kil =kl -1 3 0-1|,[K;] =2k and [K;;] = [K;]" = ky 1
-0.5 -1 2.5 -1

The following eigenvalue problem for the {x;} degrees of freedom must now

be solved. This eigenvalue problem for the internal degrees of freedom is defined
as:

([K;] =AM {x;} = {05

The eigenvalue A, and the associated mode shape {¢,} are:
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0.7511

k :
Ay = 0.5539=,and {¢,} = {¢,} = —=1 0.4886 (,With
m Jm
0.4440

T
{013 [MI{¢,} = [1].
The force LTMs will be based upon the first natural frequency and associated
mode shape. Thus the reduced model will only consist of the first mode shape.

The constrained mode [¢] is:
| 1
(9,1 = —[K;] [K;1 =191
1
The forces in the springs can be calculated with:
{o} = [Dsl{x},

with a stress matrix [D,] defined as follows:

1 -1 0 0 1 -1 0 0
01 -1 0 0 1 -1 0
[Dl=klo o 1 —1|-[Ds 1=kl 0o o 1 |and[Dg] =ky -1
0.5 0 -0.5 0 0.5 0 -0.5 0
01 0 -1 01 0 -1

The load transformation matrices were defined as:

(o} = LM} W b4+ [LTM, ]},

Xj

and are as follows:
—0.4739 —-0.6364

—0.0804 —0.0909

[LTM,] = [Dci]|:[Kii]l{ []Mn Mi/:| { ? 4),,} H = k|-0.8016 —1.4545| »
01 —-0.2772 -0.3636
—0.8821 —1.5455

and
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[L™,] = [p,, D, {—K;K]] _

S O O O O

[LTM,] = {0} means that the structure has a determinate interface.

End of example
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19.4 Exercises

19.4.1 Problem 1

The dynamic system is illustrated in Fig. 19.1 with the degrees of freedom
x; = x4, = 0. Aload F'is applied in degree of freedom x, , however, in the oppo-

site direction. The stress matrix [D,] is defined as follows:

-1 0
1 -1
[Ds]l =klo 1
0 -0,5
1 0

Calculate [LTM] and [LTM, ].
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19.4.2 Problem 2
The dynamic system is illustrated in Fig. 19.1. The degrees of freedom are

{xj} = { Y1 } and {x;} = { 2 } The stress matrix [D,] is defined as follows
X

Xy 3
1 -1 0 0
01 -1 0
[Dsl=klo o 1 -1/
05 0 —0.5 0
01 0 -1

Calculate [[LTM,]] and [[LTM,]].
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20.1 Introduction

The launch authority generally carries out a coupled dynamic load analysis
(CDLA) also called the coupled load analysis (CLA). The coupled loads analysis is
carried out in order to calculate the response behaviour and the dynamic loads
occurring in the spacecraft during launch. The design loads that are mentioned in
the user manual are obviously very general. The dynamic interaction between the
launch vehicle and the spacecraft during launch is calculated with the coupled anal-
ysis. The results are also used to avoid the satellite structure from being over-tested
during the qualification. The dynamic system of the shaker table and the spacecraft
is not the same as the launch vehicle and the spacecraft.

A complete overview for the ESA/ESTEC ARIANE 5 CDLA is given in
[Fransen 2006] and ARIANESPACE general specifications for payload dynamic
models is given in [Boland 2001]. The modal reduction shall be based on the Craig
and Bampton condensation [Craig 1968].

The launch authority (ARIANESPACE, NASA or the European space organiza-
tion ESA) is in charge of the mathematical model and the dynamic launch loads of
the launch vehicle that act on the mathematical model. The primary contractor pro-
vides the launch authority with the mathematical model of the spacecraft. The anal-
ysis stream diagram is illustrated in Fig. 20.1.

With the aid of Fig. 20.2, [Kabe 1995], it is possible to gain more insight into
the size of the complete and reduced dynamic models, as well as the relative effort
that is needed to carry out a coupled dynamic loads analysis.

Critical load-producing events during the launch phase [DiMaggio 2001]:

Lift-off

Atmospheric flight (gust, buffet, autopilot-induced, etc.)
¢ Engine ignition and shutdowns

Staging and separation events

313
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314
Spacecraft
Dynamic
Model Coupled Coupled Spacecraft &
System System Laupch
- Model Analysis Vehicle
Launch Vehicle Responses
Dynamic T
Model :
Forcing
Functions
Fig. 20.1 CLA process (courtesy Quartus Engineering, USA)
Procedures
100,000 plus and
equations Methodologies/ Up to 12 Recover
reduced to unique —> sV —>
50-500 equations events Loads

Couple Coupled Solve
LVandSV |—»{ Lv/SV Equations
Models Models of Motion

2,000-10,000 items

Displac.

200-2,000 200-1,000
equations equations N Recover
Lv >
LV Model .
. Mas%de 200,000 plus Forcing Loads
. i equations Functions -
: gt?f[f?ggg rgduced to Up to several 500-1,000 items
200-1,000 equations hundred
[ — - o -

40 % of effort

—

40 % of effort

20 % of effort

Required for both LV and SV loads calculation

Fig. 20.2 Loads analysis flow (effort breakdown), [Kabe 1998]

The mathematical models of the launch vehicle as well as the spacecraft are
converted to a so-called Craig-Bampton (CB) model. This is also done for the loads
that act on the launch vehicle. Modal synthesis methods are applied to couple the
CB reduced models and afterwards transient analysis are carried out for various
phases of the launch. Results of the calculations are:

e Max/min values in time
— interface (I/F) forces

— accelerations for the selected degrees of freedom and in the interface
— displacements for the selected degrees of freedom and in the interface
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¢ Time-history plots
— 1/F forces
— I/F accelerations
— I/F displacements
e Max/min equivalent accelerations (load factors) and time histories
e Shock spectra plots of the I/F accelerations and max/min values. The I/F shock
spectrum is the sinusoidal input for the spacecraft at the base.

20.2 Finite Element Validation

The finite element model used for the coupled load analysis must be test-verified
and must satisfy the correlation requirements with the test results obtained from the
modal survey test. The recommended correlation criteria for the analytical predic-
tion and the test results include frequency and mode shape comparison [Chung
2002, NASA 1996, Ricks 1991, Fransen 2006].

¢ The natural frequency variation is required to be less than £5 %

¢ The cross orthogonality matrix, [XOR], of the analytical mode shapes [®,] and
the test modes [®,] with respect to the analytical mass matrix [A,] of the test
analysis model (TAM) is determined as follows

[XOC] = [@,]"[M,][®,] with [@,]"[M,][®,] = (I) and the auto-correla-

tion check of the test modes as defined by [40C]= [CDt]T[Ma][d)J with
unity terms on the diagonal and the off-diagonal terms less than 0.1.

A XOR value close to one indicates a high degree of correlation or consistency
between two modes. A generally accepted requirement for the cross orthogonality
correlation matrix is to have all diagonal terms larger than 0.9 and all the off-diago-
nal terms less than 0.2, [Ricks 1991].

Example

Two 2-DOFs systems need to be correlated with each other. The first system
represents the analytical system and the second one the tested system. The system

is illustrated in Fig. 20.3. We will apply the correlation specification as stated in
[Ricks 1991].
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nmy
Zn
my
<

Fig. 20.3 2 DOFs dynamic system.

The characteristics of the dynamic systems are given in Table 20.1.

Table 20.1 Characteristics of dynamic system

my ",y Iy ky
Model (kg) (kg) (N/m) (N/m)
Analytical 1.0 1.0 10000 10000
Test 1.2 0.95 9500 11000

The intermediate results are given in Table 20.2.

Table 20.2 Intermediate results
Natural frequencies

Model {f} Hz) Mode Shapes [D]
Analytical
. _ |—0.8507 —0.5257
=4 288 [@,] =
25.7518 —0.5257 0.8507

Test
s _ |—0.8185 —0.4891

Uy =1 220 [®] =
26.6358 —0.5263 0.8807

The auto orthogonality of the test modes with respect to the analytical mass
matrix becomes

[410C]= ®,'[M,][®,] = {é (j

[40C]= o T[M ][0 = | 0-9469 ~0.0632|
~0.0632 1.0149

The test modes are scaled such that the diagonal terms of CDtT[Ma] [®,] become

unity. Hence the scaled test mode shape becomes
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(@] = —0.8411 —0.4855 ’
—0.5408 0.8743

and the [4OC] becomes

[40C]= o [M][®] = | 1-0000 ~0.0645]
~0.0645 1.0000

The cross orthogonality matrix is

LXOC] = [0, [M.J[®,] = | 09998 ~0.0467|
~0.0178 0.9989

The differences of the natural frequencies between the analytical and test model
is less than 5%, however, for the off-diagonal terms in the [XOC], they are less
than 0.2, [Ricks 1991].

End of example
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20.4 Exercises

20.4.1 Internet search

Find on the internet publications about coupled dynamic load analysis?



21 Random Vibrations Simplified
Response Analysis

21.1 Introduction

Random mechanical loads are, in general, specified for payloads of spacecraft,
electronic boxes, etc. These are specified at the base of the scientific instrument,
box, etc. (see for example Table 21.1)

Table 21.1 Random vibrations

Power Spectral Density rms acceleration
Frequency range (Hz) (g*/Hz) (€3]
20-150 +6dB/octave
150700 0.04 7.3
700-2000 —3dB/octave

The frequency domain lies in the range 20-2000Hz for almost all launch vehi-
cles.

In the high frequency bands the finite element method and boundary element
method are unreliable. This depends strongly on the finite element model, bound-
ary element model, that is used to model the spacecraft. In general, the reliable
upper limit of the frequency domain for complex finite element models is 200—
300Hz. This upper limit is significantly higher when modelling a plate or a beam.

If the response calculations are carried out over the entire frequency domain of
the random loads, then the finite element method alone is not sufficient. In the fre-
quency domain, the Statistical Energy Analysis (SEA) method [Lyon 1995] can be
applied, complementing the finite element method and boundary element method.

21.2 Low frequency

The general theory of random vibrations will not be covered, see for example [Wir-
sching 1995]. However, some practical aspects will be discussed:

319
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e The response of a single mass-spring system due to a random force or base exci-
tation.

¢ The stresses in a plate structure as a result of acoustic loads.
¢ The number of passages through a certain level.
¢ Root mean square (rms) responses, accelerations, stresses, etc.

21.2.1 The response of a single mass-spring system due
to a random force or base excitation

Fig. 21.1 SDOF system with enforced random acceleration

The relative displacement of the SDOF system (Fig. 21.1) with respect to the base
is

z(t) = x(t)—u(?). 21.1H)

The rms acceleration of a single spring-mass system with respect to the base
(relative) can be calculated with Miles’ relation (equation) [Miles 1954]:

Zms = 0, [51,0W(1,). (212)

and
P
Zyms = — 0, (21.3)
(2nf,)
where Z_ . and z, . are the rms acceleration and the rms displacement of the

mass-spring system with respect to the base, o is a multiple of the standard devia-
tion (1, 2, 3, ...). For fatigue calculations a=1 is used, and to determine loads a=3
is used. f, is the natural frequency of the mass-spring system, Q is the amplifica-

tion factor Q = ZLC’ € <0.20. W(f,) is the unchanging power spectral density

function (white noise approximation) of the force or base excitation at a frequency
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/.- The 3o acceleration results from the Miles’ relation are often called the random
vibration load factors (RVLF).

The absolute rms acceleration of the single mass-spring system due to the ran-
dom base excitation can be calculated with the following formula:

S = Jgfoga FACYW,) % 2 (14 287) % 2 (21.4)

Example

A mass-spring system is excited at the base by a random acceleration a, with a
2
power density function W,(f) = 0.1 [gTZ ,f=15—1000Hz. The rms value of the base

excitation is a,,, = JW,(f)Af= 10 g. The natural frequency of the mass-spring
system is f,=30Hz, and the mass of the mass-spring system is m = 20 kg. The

amplification factor becomes (with & = 5%), O = 2%; = 10. The 3o value of the
relative acceleration

s = ocjgfoQW(fu) - 3//gx30x10x0.1 - 206

The 36 value of the inertial force in the spring F,; then becomes:

Foe = m20f,) 2, = M2, = 20x20.6x9.81 = 4041 N.

End of example

Example

A beam without mass and a length L and a bending stiffness £/ with a mass
point m is excited at the base by a random acceleration ii(#) , with a power spectral

density function (PSD) Wﬁ(f)' The response of the mass point is the deflection

z(t) . The response z(¢) is relative to the restrained end.
In order to calculate the Z .. with the aid of Miles’ formula, the beam is trans-

formed to a mass-spring system with mass m, spring stiffness £ and an added dash-
pot c. This is illustrated in Fig. 21.2.



322 21 Random Vibrations Simplified Response Analysis

Fig. 21.2 Transformation of system into mass-spring-damper system

The static deflection zg,, at the far end of the beam due to a force F'is:
3

_FL
Zstat 3_E[ .
The spring stiffness £ now becomes
o £ 3B
z stat L

It is then easy to determine the natural frequency f, (Hz) of the system

_ 1 [k _ 1 fE
o 2rNm 2% mL3.

The equation of motion of the mass-spring system can then be written as fol-
lows:
miZ+cztkz=-mii,z =x-u
By dividing the previous expression by m, we obtain the well-known normal-
ized equation of motion of a mass-spring system

. L, 2 .
i+20w.z2+ oz = —ii,

Using 0 = 2_1C , the rms acceleration Z,, at the far end of the beam can be cal-

culated, with the aid of Miles’ (21.2).

érms = (X,A gf;)QWu(fo)

with £, = 2—1— 3L
TN mL
When investigating the strength capability of the beam, in general, o = 3 is
taken.

A transverse force mZ . and a bending moment mZ_ [ are induced at the

S

restrained end of the beam as a result of the rms acceleration Z, of the mass.

End of example



21.2 Low frequency 323

Example
Supported mass
o ] |-
@/ A EI T X
T tube g i
cross section L T
tube <~ equivalent SDOF

Fig. 21.3 Cantilevered tube

A cantilevered tube (see Fig. 21.3) made of an Al-alloy has a length L = 0.6 m,
a Young’s modulus £ = 70 GPa. The discrete mass at the end of the tube has a
mass M = 20kg. The radius is R = 0.09m and the wall thickness is
t = 0.004 m. The mass of the tube is neglected. The second moment of arca

becomes = nR’t = 9.16x10 *m*.
The first natural frequency can be calculated by

L 3EL _ 10612

21 ML3
The stiffness of the spring & of the equivalent dynamic system applying the unit
load F = 1 N becomes

o

W

k= 32EL = 891x10°N/m
I
The ultimate stress of the applied material is o; = 328 MPa and the yield stress
is 6y = 216 Mpa.

The random design limit loads are given in Table 21.2.

Table 21.2 PSD enforced acceleration (design loads)

Frequency (Hz) PSD (g%/Hz) m,n Area (g%
20-100 9 dB/oct 3 A,=23.7
100-250 0.95 N/A A~=142.5

250-2000 —15dB/oct -5 A5=59.4
Grms=15.0 A=225.6

The factor of safety against yield loads is jy = 1.1 and the factor of safety

against is j; = 1.25 (ultimate loads).
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Check the ability of the system shown in Fig. 21.3 to withstand for a time of 30
s the random enforced accelerations (design limit load) i . The damping ratio is

€ = 0.02 (O=25). The relative displacement between the instrument at the end of
the tube and the supporting structure (fixation) must not exceed 4 mm.
The rms acceleration of the instrument using Miles’ equation becomes

We have a very peaked response at the first natural frequency and no
contribution of the responses at other natural frequencies are taken into account.

The power spectral density of the enforced acceleration at 106Hz is extracted
from Table 21.2.

The g, s response of the instrument becomes

LIS JgquWﬁUU) = ng106x25x0.95 = 62.9 Grms.

The rms value of the displacement x,,,; becomes

— jérms — 62.9x9.81
@nf)’  (2r106)
The rms displacement of the instrument is below the requirement of 4 mm.

The 3o of the acceleration response is X5, ~ 3 IT—;‘OQ w.(f,) = 188.7¢g.

The inertia force at the instrument becomes F;, = mi;, = 3.7x10* N and the

z = 1.4x10"°m.

rms

bending moment at 4 is M5, = mi; L = 2.22x10*Nm.

The maximum bending stress at the extreme fibre distance can be calculated by

The maximum shear stress in the cross section for a thin walled tube is [Shanley
1967]

2FS F3(S 7
= ¢ =2—— = 327x10" Pa.
Yo A 27Rt o a
The von Mises stress becomes
1

w = 615, = 5.67x10  Pa.
2
The shear stress is at another location (neutral plane, bending stress is zero) and
lower than the maximum occurring bending stress.
The margins of safety with respect to yield and ultimate loads, respectively,
become

MSy = —Y __1<0

JYObp, 36
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Su_ =02

MS, =
Y juSh e

The MS value against the yield load is negative and a redesign of the tube is
required to cover the yield load.

The main conclusion is that the random loads cause permanent deformation of
the tube. This may be prevented increasing the radius R or the thickness ¢ of the
tube. As a consequence the mass of the tube will increase as well.

The fatigue aspects are not investigated.

End of example

21.2.2 Damping

In order to calculate the responses of structures due to random vibrations (acoustic,
mechanic), NASA has established the following guidelines for damping of pay-
loads (Table 21.3). The payloads will be launched with STS [Leung 1995].

Table 21.3 Modal damping ratio { for STS Payloads
Modal damping ratio { for STS Payloads

Frequency (Hz) Damping ratio { %
<10 1
10-35 2
35-75 2-3
75-130 34
130-200 4-5

21.2.3 Static Assumed Mode Random Vibration Response Analysis

The random vibration structural response analysis may be simplified by using the
static responses of structures assuming a static (assumed) mode comparable with a
“significant” dynamic mode.

k%%J

Fig. 21.4 Assumed static mode
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The mass-spring system, as shown in Fig. 21.4, is loaded with an inertia field i .
In the static analysis no damping influence will be considered. The inertia load
applied to the mass m is mii . The relative static displacement z becomes

L o= mi _ mii i (21.5)

* mGnfy Gy

The term (21th)2 may be expressed as follows, assuming & = 1

Qrf)l_, = 1. (21.6)

N

The rms acceleration response can be obtained using Miles’ equation

érms = a 'g]poQWu(fo)

The rms displacement z,,, can be derived with

S

__a n = I
Zims — (ano)z ZfoQWu(fo) Zy= @ 2f;)QWu(fo) (217)

The relative static displacement z; _ | may be replaced by any response variable

due to the inertia load @ = 1, e.g. loads, stresses, etc.

21.2.4 Passages

The number of expected passages per unit of time, in the positive direction, due to
a certain level of the response, for example x with an amplitude x = x,, is calculated

by

2
+ 20

= vie ™™, (21.8)

+

Va

where 6x2 is the variance' of the response x. The response x can be anything, such
as the displacement, the velocity, the acceleration, the force, the stress, etc. (21.9)

The expected frequency vg (number of characteristic passages with x = 0, char-
acteristic frequency, zero-upcrossing rate) is calculated using
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0 1
[Fwna)
vy = | ——— |, (21.10)

o0

me#

with W, (f) the PSD-function of x
If x is a displacement then, when W,.(f) = (27cf)2 wW.(f):

o0 1

W (df |2
v = —J.sz o = L Ime L% QL11)
0 & 2MX,s  2WO, '
[ wonar
0

If it is difficult to calculate the integrals numerically, then v," can quickly and
easily be calculated using Miles’ formula:

b 1
" zfiQiWié(f[) 2
+ i=1 flz
Vg = — (21.12)
» SHOW()

27

where f; are the natural frequencies and Q; is the amplification factor or the

value of the transfer function O, = H,(f;) , where the index i (for example) is the
acceleration and j (for example) is the induced stress in the structure. When the
indices i and j represent the same physical magnitude (such as the acceleration, for
example), then one can speak of an amplification factor.

The standard deviation of x, o, can thus be the standard deviation of anything,
such as the displacement, the velocity, the acceleration, the force, the stress, etc.

1. The definition of the variance cxz =Ex?) - pxz,_with p, = lim % JTx(t)dt being the aver-
T—wl Y

age of the response x and £ (xz) = lim % JT xz(t)dt the second moment of x. For mechani-
T— ool

cal vibrations p, =0, so ze =E(x%) = xzrms.
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The probability and the number of positive passages for x, = no, is shown in
Table 21.4.

Table 21.4 Probability aspects

A
Va
o ¥
X, P(‘xa‘ >nc,) % Vo
o, 31.73 0.6065
20, 4.55 0.1353
30, 0.27 0.0111
The probability that P(|x,| > nc,) can be determined as follows:
P(Ix| 2no,) = 1 —=P(-no,<x<noc,) . (21.13)

If a normal distribution is concerned then:

2

Xa

no -

. 1 26>
P(—no,<x<nc,) = e . (21.14)
-no, me
The number of peaks per unit of time (s_l) of x between a and a + da is:
—dv, o
dn(@) = vy~ Ve = —tda = viSe 2o (21.15)
c

X
The expected fatigue life of the structure can be calculated with the help of

dn(a).
The number of cycles per unit of time is now known. The total number of cycles

can be calculated by multiplying v, " by the duration of the launch or the test.
An approximate value of the average of the highest peaks X, is given by
[Lalanne 2002, Vol 1]

xpeakz(,/zln{ng} +;ch (21.16)

J2In{v,T}

with € = 0.5772156649 as Euler’s constant and T is the duration of the random

process.
The standard deviation of the peaks x,., can be calculated with [Elishakoff

1991]
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Oy ek L 1

Ox A/EJZInng

(21.17)

21.2.5 Calculation of the rms stresses / forces

It is important that the induced stresses ¢ due to the random loads / base excitations
are determined directly from the PSD-values of the stresses W(f), thus with the aid

of:
Crms = J [ warrar (1.18)
0

and not with the help of the rms-values of the inertial forces (Mxa,,s), where:

s = || WD (21.19)
0

The aforementioned method produces internal stresses in the structure that are
to high, and results in a structural design that is too heavy.
Example

A 3 mass—spring dynamic system, as shown in Fig. 21.5, is excited at the base
with a constant band-limited random acceleration W,(f) = 0.01 gz/Hz in a fre-

quency range 5 < <500 Hz. In [Chung 2001] is stated that integration of a cutoff
frequency of 300 Hz is sufficient to obtain the rms values of the stresses and accel-
eration. The mass distribution is m; = 200kg, m, = 150kg and m; = 100kg.

The stiffness distribution is k&, = 3x10°  N/m, ky, = 2x10°N/m  and

ky = 1x10* N/m. The modal damping ratio for all modes is £ = 0.05 or
0 =10.



330 21 Random Vibrations Simplified Response Analysis

ms
x3(1)
=
my
x(1)
=
mj

x;(1)
=

moving base T i(1)

Fig. 21.5 3 mass—spring system with enforced acceleration at the base
The undamped equations of motion are

m 0 0l[ % ] |k+ky, —k 0| x

0
0 my 0y % (| —ky, kytky—k3]y x; (=90 1> (21.20)
0 0 my|| % 0 —ky ks || x5 0
or (21.20) expressed in the relative motion {z(#)} will result in
m 0 0] Z ky+ky, -k, O z; m; 0 0 1
0 my 0|y 2, (T| —ky hkythy—ks|y z, ¢ =—| 0 my 0|y 1 pit(?). (21.21)
0 0 my|| Z4 0 —ky k|| z3 0 0 my 1

The natural frequencies and associate mode shapes of the MDOF dynamic sys-
tem are

94.35 —0.0224 0.0432 —0.0513
{fi} =9 201.73 (Hz, [®] = |_0.0482 0.0386 0.0535
299.53 —0.0743 —0.0636 —0.0210

The effective masses, for, respectively modes shapes 1, 2 and 3, are
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366.13
{Myt =1 6497 [ ke
18.90

The most important mode shape represents the maximum effective mass. This
first mode will show maximum responses. A 3x3 matrix W;.(f) of PSD and cross-
PSD functions of the acceleration will be calculated for every frequency. The quad-
rature of diagonal terms of W.(f) are the mean-square values of the acceleration.
Taking the square root of the mean-square (auto-spectrum) values will result in the
root mean square values of the acceleration of the DOFs x,, x, and x;. The plots

of the PSD functions of the acceleration %, , ¥, and %; are shown in Fig. 21.6.
The integration, to obtain the mean-square values, is done with the trapezium
rule with a frequency increment Af = 1 Hz.
The rms values of the acceleration are

X 30.27
. . _ m
{x}rms = Xy - 41.72 R
%5 6052 | °

The force matrix of the dynamic system, shown in Fig. 21.5, is defined as

k, 0 0
[Ds] = |-k, k, O] N.
0 —ky ks

The diagonal terms of the PSD function matrix W .(f) are plotted in Fig. 21.7.
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PSD accelerations
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Fig. 21.6 PSD values of the acceleration X, , ¥, and x5 (m/s?)?/Hz

w10® PSD spring-forces

PSD spring-forces

W N N N I
0 50 100 150 200 250 300 350 400 450 500
frequency (Hz)

Fig. 21.7 PSD values of the spring forces £}, F, and F'y (N*/Hz)
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The square root of the diagonal terms of the auto-spectrum functions of the

500 14379 0 0
spring forces is /(R ,(0)) = (F, o= J.s (W (Mdf = 0o 10706 o | N.

0 0 6043

The positive zero-crossings of the spring forces are

X F, 105.7
{Vo} =9 F, =1 105.0  Hz.
Fy 127.8

The rms values of the forces in the springs are compared with the quasi-static
forces in the spring in Table 21.5.

Table 21.5 Comparison of quasi-static spring forces with rms spring forces

Quasi-
static Dynamic
Mass jéll rms Quasi-static Fi, rms Fi, rms
Node # (kg) (m/s?) load (N) Spring # ™) N)
1 200 30.27 6054 1 18364 14379
2 150 41.72 6258 2 12310 10706
3 100 60.52 6052 3 6052 6043

It turns out that the calculation of the stresses / forces using inertial forces is
conservative with respect to the method where stresses/forces are calculated
directly.

End of example

21.2.6 Reaction Forces

Chung proposed in [Chung 2001] the “mass participation approach” to obtain
the root sum squared (RSS) reaction force at the base. This method requires the
effective masses per mode. The RSS reaction force can be calculated by

n

2 o
Fres= Z (Meff,i /gfiQiWa(fi )) + Mrzesidual W.(f)df, (21.22)

i=1 0
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n

where the residual mass is given by M, g = Miota1 — ZMefﬂ ;» n is the
i=1

number of modes involved, M. ; the modal effective mass associated with mode

i, W,(f) is the power spectral density function of the enforced acceleration, f;is the

natural frequency and Q, is the amplification factor both belonging to mode i.

Example

We take the analysis results of the previous example as shown in Fig. 21.5. The
reaction force at the base will be calculated with (21.22). The results are shown in
Table 21.6 .

Table 21.6 RSS reaction forces, all modes included

Natural Enforced
frequency Effective Amplification acceleration  Force per mode
(Hz) mass (kg) factor (g¥/Hz) ™)
94.35 366.13 10 0.01 13827
201.73 64.97 10 0.01 3588
299.53 18.9 10 0.01 1272
Mresidua] 0.0 FRSS 14342

(14379)

The reaction force correlates very well with the force power spectral density
function results integrated over 5-500Hz (number between brackets). The calcula-
tion may be repeated for example using the first mode.

21.3 Acoustic Analysis

21.3.1 Introduction

The frequency spectrum of the acoustic loads for almost all launch vehicles is 20 —
10000Hz, given in the octave band.

Calculations using finite element methods have limitations with respect to the
highest reliable frequency.

If the response calculations are carried out over the entire frequency domain of
the acoustic loads, then the finite element method alone is not sufficient. In the fre-
quency domain, complementing the finite element method, the Statistical Energy
Analysis (SEA) method can or must be applied. The same holds for the responses
as for the mechanical random vibrations.
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21.3.2 Acoustic loads transformed into mechanical
random vibrations

Large (sandwich) panels, with all kinds of instruments, electronic boxes, etc.
mounted onto them, are fairly sensitive to acoustic loads. The acoustic loads are
transformed into mechanical random vibrations by the panel. These mechanical
random vibrations vibrate in tune with the mounted instruments, electronic boxes,
etc. In this section we determine the applied mechanical vibrations due to the
acoustic loads.

The sound pressure level (SPL) is expressed with respect to a reference pressure

P = 2x107 Pa, that is:

p 2
SPL = IOIOg(—) (dB).

ref
The SPL is usually given in the one octave- or one-third octave band. A certain
centre frequency f, (Hz) is associated with a bandwidth Af (Hz) (see
Table 21.7).

entre

Table 21.7 Bandwidth

x*-QOctave band Bandwidth (Hz)
x=1 Af = 0.7071f 0o
x=1/3 Af = 02316f

centre

Ta

Box Structure

PIMIAATIAM

Acoustic Loading F = pAp

Fig. 21.8 Model for the evaluation of the effects of acoustic pressure [Spann 1984]

The power spectral density W,(f) , where p is the effective (rms) sound pressure

for a specific centre frequency, and relative bandwidth Af, is calculated as follows:

2
W) = lA’—f (Pa?/Hz). (21.23)
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The power spectral density of the acceleration of the box, due to the acoustic
pressure (Fig. 21.8), is determined as follows [Spann 1984, Schaefer 1996, Lalanne
2002]:

2
W) = B0 ( ) m @ma) (2124)

where W (f) is the power spectral density of the acceleration of the box and the

support structure, B is the effectiveness vibroacoustic factor [Lalanne 2002], Q is
the amplification factor, 4 is the surface area of the panel exposed to the acoustic
pressure (mz), M is the total mass of the box and support structure (kg), and g is the
gravitational acceleration (9.81 m/sz). (21.24) is evaluated in Table 21.8.

Table 21.8 Conversion of acoustic pressure into mechanical accelerations

Reference B 1) (21.24) (2)
[Schaefer 1996] Sand- 2.5 4.5 4N\2
o - s 4)
wich panels W, (f) = 126.6 2 Wp(f)
[Schaefer 1996] Sand- 2.5 5.0 42
wich panels, 95% proba- W) = 156.3(74) Wo(f)
bility level g
[Spann 19842, Lallane 2.5 4.5 402
2002] W = 1266(Z) o)

a. Based on 1/3 octave band

The wave length A of an acoustic field is given by [Pain 1983]

2n
A==, 21.25
! (2129)
where £ is the wave number and is given by
k=2 (21.26)
c

with ¢ the speed of sound in air, ¢ =340 m/s. To apply the equations in
Table 21.8 the wave length A must be greater than a typical length of the plate

structure. The wavelength A is given in Table 21.9.
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Table 21.9 Calculation of wave length

Frequency (Hz) Wave number (¢=340 m/s) Wave length (m)
31.5 0.58 10.79
63 1.16 5.44
125 2.31 2.72
250 4.62 1.36
500 9.24 0.68
1000 18.48 0.34

21.3.3 Component Vibration Requirements

Spann proposed in [Spann 1984] two methods to establish component vibration
requirements based on (21.24). The first and more conservative method, a com-
plete enveloping procedure, the second partially enveloping method is less low fre-
quency conservative. The two procedures will be described below.

Complete enveloping procedure (Fig. 21.9)

1. identify the peak frequency Jpeak at which the power spectral density value
W,(f) is maximum, PSD, .

2. draw a flat spectrum at the f .., g%/Hz level between 0.5/pcax and 4.0fc -

3. above 4.0f., vary the spectrum at minus 6 dB/Oct to a level (PSD, ) given by

the following relationship.

A
PSD, = PSD, - 0.4(6900g—Mf 5) dB (21.27)
or
PSD A
101 2 = —0.4(6900— - 5) 21.28
8 psD, M (21.28)

The factor 6900 is needed for the conversion from square inches and pounds to
0.454x9.81
0.0254°

4. maintain this level (PSD, ) to 2000Hz.

square meters and newtons = 6900.
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E 0.5/peak fpeak 4‘Ofpeak

&b PSD,

A | 6dB/oct —6dB/oct

w2

A PSD

= 2

g .

=

—

=2

0

<

on

k=) logf
20 2000

Fig. 21.9 Complete enveloping component acceleration requirement

Partially enveloping procedure (Fig. 21.10)
The partially enveloping procedure is an alternative to the complete enveloping

1. identify the peak frequency f., at which the power spectral density value of
W,(f) is maximum, PSD, .
2. draw a flat spectrum at the f ., g%/Hz level between foeak and 4.07,c -

3. below fie.x roll down the spectrum at 6 dB/Oct.

4. above 4.0f,., vary the spectrum at minus 6 dB/Oct to a level (PSD, ) given by

the following relationship.
A
PSD, = PSD, — 0.4(6900g—Mf 5) dB,

or

PSD
10log o2 = —0.4(69001—5).
PSD, M

maintain this level (PSD, ) to 2000 Hz.
The frequency associated with PSD, can be calculated by

Ji PSD\2
5D ( ! (21.29)

4.0f,cq. \PSD
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—

E fpeak 4~Ofpeak

=
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20 PSD,

o ~6dB/oct

g

= PSD,
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Fig. 21.10 Partially enveloping component acceleration requirement

The vibration prediction has been shown to be reasonably conservative for the
derivation of component vibration criteria, [Spann 1984]. The method is primarily
useful during the early design phase as a procedure to derive component test
requirements.

21.3.4 Static approach

We consider a SDOF system with an area A placed in an acoustic chamber and we
calculate the random response characteristics of the SDOF system. The SDOF sys-
tem is illustrated in Fig. 21.11.

When the vibration is associated with the natural frequency f, and mass m the

rms acceleration of the panel due to a uniform pressure load W,(f) can be calcu-
lated using Miles’ equation [Richard 1998]

N A
Yo = o 21OV, (1) (@), (21.30)

where the amplification factor is, in general, Q = 10.

Acdustic chamber

Fig. 21.11 SDOF system in a acoustic chamber [Richard 1998]
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The calculated X, can be induced on the panel as a static acceleration field

(inertia force).
21.3.5 The stress in an acoustically loaded panel

Based on [NASA 1986] guidelines, the following steps are to be followed for
establishing acoustic loads of the planar components:

—

. Estimate the panel fundamental natural frequency £, .

i

Convert the sound pressure levels to sound pressure power spectral density
(21.23)

3. Based on a realistic damping ratio , determine the amplification factor Q for
the panel.

4. Use Miles equation to determine the rms equivalent static pressure P, with

Py = [51:0W,(1,)

5. The peak equivalent static pressure is given by the 36 value

Poeax = 3Pp= 3 IngQ W,(f,) - This assumes the panel fundamental mode is

the same as the deflection for a uniform pressure and the spatial correlation of
the acoustic pressure field over the panel is uniform.

Example

The maximum stress at the centre of a circular simply supported plate with a

radius R, a thickness 7 and a uniform pressure p and a Poisson’s ratio v is given by
[Timoshenko 1959, Prescot 1961]

_ 33+ V)R’
max 2 *

8¢

(21.31)

We assume a fundamental frequency f, = 100 Hz, a one-octave sound pressure

level at 125Hz, SPL(125) = 135 dB and an amplification factor O = 10. The

lower band frequency f,;, = %fcemeﬁ = 125x0.7071 = 88.38 Hz,
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Af = %fcemreﬁ = %leSﬁ = 88.38 Hz. The fundamental frequency of 100Hz

match with the one-octave band with £, ..

= 125 . The rms pressure in the an
octave band, with the centre frequency f,.... = 125 Hz,
sPL 135

-10 10

przms = przeflo ¥ = 4x10"°10" = 1.265x10" Pa2. The power spectral density

2 4
function W,(125) = Prms _ 1.265x10 _ 143.1 Pa*/Hz. The peak pressure can

Af 88388

be calculated P = 3 /gfowp(fo) =3 /§x100x10x143 = 1422 Pa. The panel

has radius R = 0.5 m and a thickness #+ = 0.002 m. The Poisson’s ratio

v = 0.33. The maximum peak stress in the circular plate becomes

2
_ 3B+ V)PpaR _ 3(3+0.33)x1422x0.5°

e 87 8x0.002°

= 1.110x10° Pa.

End of example

Blevins in [Blevins 1989, Blevins 1990, chapter 7] discussed a method to calcu-
late rms stresses in plates exposed to random pressures.

The modal pressure (inertia load) p is defined as follows:

p = Qnf,) mld) (21.32)

where m (kg/mz) is the mass per unit area of the plate, £, (Hz) is the fundamen-

tal natural frequency of the plate and & is the maximum modal displacement of
¢(x, y) which is the mode shape or vibration mode. The rms stress &, (x,y) ata

certain point in the plate can be determined with the following equation:

csrms(xay) _ l T
W = 7 lzfoQWp(f) (21.33)

with O is the amplification factor, W,(f) is the power spectral density of the
pressure and 6;(x, y) is the stress at location (x,y) corresponding with the modal

pressure p .

Example

Again the simply supported panel with R = 0.5 m and the thickness # = 0.002
m. The fundamental frequency is f, = 100 Hz. The power spectral density of the
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sound pressure is W, (125) = 143 Pa*Hz. The assumed mode is

_ (R ) ( 3 2) . . .
o(r) = D iy r~|, [Timoshenko 1959]. The maximum modal dis
(5+V)R* EF
placementat » = 0 is § = L2 TVIN and D = —=L— The panel is made
64(1+v)D 12(1-v%)
of an Al-alloy with a density p = 2800kg/m> and a Young’s modulus
4
E = 70x10°Pa. The maximum displacement & = ERA)) S 7.473x107°
64(1 +v)D

The modal pressure now becomes p = (21tf0)2m8 = 165.2. The associated stress

_ 2
at the centre of the panel is o, (r= 0) = 3(3+\;) R _ 1.287x10" Pa.
8¢

0) |
(7= 0) = (T) EfQW(f) = 3.7x10"Pa. The 3G of the stress

becomes o;.(r= 0) = 30,,(r= 0) = 1.11x10° Pa.

End of example

Example rectangular panel

A plate has the following characteristics, a is the width of the plate, b is the

length of the plate, assuming ;—; <1, E is the modulus of elasticity (Young’s modu-

lus), 1 is the second moment of area against bending (m4), W is the section factor

against bending (m3) and m is the mass per unit area (kg/mz). The bending stiff-
3

Et

—_— and
12(1-v%)

ness and the section factor of the plate are respectively D =

2
15

/A R
6(1-v%)
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Table 21.10 Blevins’ method

343

Characteristic

Simply supported rectangular plate
(e.g. printed circuit board)

Fundamental natural frequency fo (Hz)
Mode shape ¢(x, y)

Maximum modal displacement 6(%’, g) (m)

Modal pressure p

Maximum modal stress Gﬁ(g, b (Pa), b>a

Miles stress Grms(g,@ (Pa)

E(L+LJF
2 a2 b m
sm(a)sm(b

1.0
2
11
a b
=2

B‘;f‘ b> a [Timoshenko 1959]
(2 b
22

End of example
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21.5 Exercises
21.5.1 Calculation of PSD Function

In Table 21.11 not all cells in the rows and columns are calculated. The objective of
this exercise is to replace the question marks with the relevant numbers.

Table 21.11 Acoustic load specification

Qualification loads,
SPL (dB), 2

Octave s Prms PSD (1)
band (Hz) Pref = 2x10 ~ Pa (Pa?) (Pa%/Hz)
315 124 ? ?

63 128 ? ?
125 129 ? ?
250 127 ? ?
500 127 ? ?
1000 121 ? ?
2000 114 ? ?
OASPL ?

21.5.2 Peak Pressure Values

With reference to Table 21.11 calculate the 3o peak values of the pressures using

the equation P, = 3 lgfc W,(f.), where f_is the centre frequency and the ampli-

fication factor Q = 10. Generate a graph with the format shown in Fig. 21.12.

P peak (Pa)

f(Hz)

Fig. 21.12 3G peak values of the pressure
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21.5.3 Simply Supported Plate [Blevins 1989]

Consider a simply supported plate made of an Al-alloy with the following proper-
ties; the Young’s modulus £ = 70x10° Pa, the Poisson’s ratio v = 0.33, the den-
sity of the material p = 2700 kg/m3, the thickness of the plate # = 1.25 mm, the
length of the plate is » = 1 m, the width @ = 0.5 m. The plate is exposed to a ran-

dom pressure field, uniform over the surface, with an overall sound pressure
OASPL=150 dB. The random pressure field has a constant power spectral density

over the frequency range from 20-1020Hz. The modal damping ratio £ = 0.015.
The maximum bending stress at the centre of the plate, exposed to a uniform pres-

0.1017pd’
2
t

6
* Calculate the PSD W), of the pressure field.

sure p, is given by 6, = [Timoshenko 1959].

¢ What is the first (fundamental) natural frequency £, (Hz) associated with mode

o(x,y) = sm—smng}?

e What is the maximum modal deflection J at the centre of the plate?

¢ Calculate the modal pressure p .

e What is the maximum stress at the centre of the plate exposed to the modal pres-
sure p ?

* Calculate the peak pressure of the random pressure field p,,, ;. = f gf;)Q w,.

e What is the maximum rms stress at the centre of the plate applying the Blevins
approximation method?

Answers: 400 Pa2/Hz, £, = 60.5Hz, & = 1,p = 1.951x10°Pa,

1.191x10'" Pa, p o = 616.6 Pa, 3.76x10° Pa

21.5.4 Waves

A Sea-launch platform is exposed to a storm with waves of standard deviation,
= 2.5 m and an average wave period T, = 10s. Design a platform height /4, so

that the deck is flooded only once per T) = 15 minutes. The diffraction of the

waves a neglected, thus the incoming waves are not effected by the presence of the
platform.
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e (alculate the number of positive zero crossing vg .

¢ Calculate the number of positive crossing at #, v; .

e (Calculate /.

Answers: vg = —-1-Hz, v; = —-l-—Hz, h = 7.50m.
10 900



22 Fatigue Life Prediction

22.1 Introduction

Vibration loads will cause oscillating stresses and forces internally in the spacecraft
structure. Oscillating stresses can lead to fatigue problems. Mathematical models
are available, such as the linear cumulative damage rule of Palgren-Miner (pub-
lished by Palgren in 1924 and by M.A. Miner in 1945 [Juvinall 1967]) in combina-
tion with the fatigue (s-N) curve of a design material, to predict the so-called
fatigue life of a structural part under a oscillating environment [Bishop 2000]. The
linear cumulative damage rule assumes that the total life of a structural part can be
predicted by merely adding up the percentage of life consumed by each stress
cycle.

In this chapter the linear cumulative damage rule based on the stress-life
approach is discussed. s-N fatigue analyses recapitulated are based on:

¢ Time domain stress-life fatigue life estimation
¢ Frequency domain model
e Random vibration narrow band solution

22.2 Palmgren-Miner Linear Cumulative Damage Rule

There are of course numerous failure modes. One of them is failure of the structure
due to material fatigue. So the question remains as to what is fatigue actually?
Fatigue is an occurrence where structures crack or even break (prematurely) due to
alternating loads. Alternating micro plastic deformations that damage the material
structure locally causes fatigue. As the alternating loads continue to increase, the
deformations can accumulate to become micro cracks or fractures. The Palmgren-
Miner rule (life-fraction rule) is applied to predict the lifetime of a structure or a
structural part that is affected by linear cumulative damage. At a certain stress level

s; , making use of the so-called s-N (Wahler or fatigue) curve, one can predict the

349
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permissible number of cycles ;. Additionally, one can calculate the number of real
“cycles” that take place for a certain stress s; during launch or the test. According

to the cumulative damage model, the following must hold during the lifetime of a
spacecraft structure (to prevent the structure from failing due to fatigue):

n;
D = Z]vl (22.1)

where D is the cumulative damage at i load cases with »; oscillations or cycles
at the stress level s; and N, the allowable number of oscillations at the stress level

s; . Miner’s rule states that D = 1 at fatigue failure. Miner cites numerous tests

n.
with factors at 0.7 < Z]VI < 1.2 [Juvinall 1967].

1

The total number of cycles which cause fatigue failure is N and is defined by

Ny = Zni. (22.2)
Equation (22.1) can be rewritten with D = 1 as follows, [Richards 1968]
n

N. L=, 22.3
TZNTNI_ (22.3)

But the probability of occurrence of stress s; is defined by

n.
F= = 22.4
PN (22.4)

Hence

p;
14N, (223)
The number of allowable cycles N, at the stress level s; can be obtained from

1

the s-N curve, in general, described by the following equation

N(s)s” = ¢ . (22.6)

A load event causes the same damage regardless of where it occurs in the over-
all load history.
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22.3 Analysis of Load-time Histories

The time responses (time history) are in general rather irregular. Cycling counting
is to be done for example by the rain flow method [Bishop 2000]. The rain flow or
range pair-range counting method [Jonge 1982, AGARD 1983] is widely used to
decompose the irregular time history into equivalent sets of block loading. The
number of cycles in each block are recorded in a stress range histogram. The stress
range histogram can then be used in the Palmgren-Miner calculations. We try to
explain the procedure with the help of two examples [www.me.iastate.edu].

Example

Given a block of transient loading in Fig. 22.1 and

Fig. 22.1 Transient loading

assuming it is reduced in a constant amplitude events, i.e. with cycle counting,
see Fig. 22.2.

Fig. 22.2 Constant amplitude events
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It is possible to extract a block of stress amplitudes associated with a number of
cycles. This is shown in Table 22.1.

Table 22.1 Block of stress amplitudes and number of cycles

Block
Stress amplitudes Number of cycles
(Mpa)
448 3
379 6
310 10
241 15
172 28
103 63

End of example

Example

A steel component has an endurance limit ( 10° cycles) at 207 Mpa and a

10° cycles strength of 510 Mpa. The s-N (Nsb = ¢) curve is defined and based on
the former information. If the known values are substituted in the expression for
the s-N curve we obtain two equations

blog(207x10%) — loge = —log(10%)

and

blog(510x10%) — loge = —log(10°)

It is found that ¢ = 5.1011x10” and b = 7.6609 .
Determine the life of the component (in number of blocks) and how much of the
overall damage is contributed by each of the stress levels. Use the s-N method, lin-

ear damage rule and Miner’s constant D = 1.
The block is given in Table 22.2.

Table 22.2 Block of stress amplitudes and cycles

Block
Stress amplitudes Number of cycles
(Mpa)
482 3
400 8
310 50
269 350

221 1000
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Table 22.3 Fatigue life prediction per block

number of o
Stress b D, = — Percent total
Amplitude s cycles n; N; Ns =c Ni Damage
(MPa) %
482 3 1540 0.0019 22.8
400 8 6430 0.0012 14.6
310 50 45330 0.0011 12.9
269 350 134380 0.0026 30.5
221 1000 605710 0.0017 19.3
5 0.0085 100.0

Total Damage per Block Z D,
i=1
5 116.9
Blocks to failure z D, =1

i=1

The cumulative damage per block associated with the Palgren-Miner rule block
is calculated in Table 22.3. The predicted life is about 117 blocks.

22.4 Failure due to Sinusoidal Vibrations

The enforced acceleration at the base of the spacecraft, solar arrays, instruments,
equipment, etc. will result in responses in the frequency domain.

This response is the steady state solution of the be equations of motion. The
stress and or force responses in the structure are illustrated in Fig. 22.3.

The frequency responses in an elastic structure with damping is written as

o(0) = Hyy(0)i() and F(0) = Hyy(0)i(o) (22.7)

The frequency response function (FRF) H;(®) and Hy;(®) can be evaluated
with a general purpose finite element programme assuming a unitary base excita-
tion ii(w) = 1. In general, the sinusoidal base excitation is in a frequency range
between 5-100 Hz.

On a shaker, the sinusoidal enforced acceleration is applied to a structure with a
certain (logaritmic) sweep rate with the unit octave/min, see Fig. 22.4.
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Enforced acceleration

Fig. 22.3 Enforced acceleration

AD)
(Hz)

t(s)

ot

Fig. 22.4 Sweep rate

The logarithmic ratio of the frequency ratio is equal to a constant times the time
difference

ln{f(—t)} = K(i—1,). (22.8)
A
From (22.8) we derive that
.
f(t)dt & (22.9)

The sweep rate is defined as the number of octaves per minute, i.e. # Oct/min. If

there are # Oct/min, (22.8) can be written In(2") = K60 . Thus the constant X is

K =

nIn(2) _ g o116n. (22.10)
60

The number of cycles in a certain time domain can be obtained by
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f.ff;ef _ g

N(t) = f fnydr = I%J/ d=— "%

Trer fref

(22.11)

The number of cycles per Hertz is constant all over the frequency range and is
given by
1 _ 86.6

K n

If the frequency is swept from the frequency f; to f, the average stress becomes

N(AF=D) =

Oaverage(Af;) = %{G(ﬂ-ﬁc(ﬁ_l)}. (22.12)

The number of allowable cycles at a stress level ., can be obtained from

the fatigue curve N(s)s[J =c
Non(Af) = ——. (22.13)

b .
cFaverage ( Af i )

The cumulative damage due to sinusoidal stresses, swept with a certain sweep
rate n, can be calculated with the aid of the following expression

N(Af)
Dsinusoidal = NV (22 14)
- N s-N (Afl )
1
The fatigue life associated with the cumulative damage D, 4 can calculated
by
] fm X
T ginusoidal = [—(11] (fm?n) : (22.15)

22.5 Failure due to Narrow-banded Random Vibrations

The expected damage due to the number of peaks, while the stress s lies between a
certain stress level s and s+ ds during atime 7, is given by:

D(s) = 28) 22.16
©) = 5 (22.16)
where n(s) is the number of cycles occurring at stress level s = a and the

number of allowable cycles N(s) is taken from the s-N curve (22.6)
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N(s) = Eb . (22.17)

)

The number of cycles occurring at stress level s, = a is given by

n(s,) = v, T, (22.18)
where

—dv, 262
n(s) = Vi = Vi = —=ds = voSe 2% ds . (22.19)

The number of positive crossings at stress level s, = a, for a narrow banded

process, is given by

2

SZI

2
+ 20}

v. = vee (22.20)

a

with the number of positive zero crossings vg , with the power spectral density

function W (f) given by

* 1
[Fwna)
T I — (22.21)
[ wnar
0
The linear cumulative damage due to n(s,) can be calculated by
s
viT  svyTe 2o
D(s) = 28) = T _ 2T ds (22.22)

N(s)  N(s) N(s)csf

2. :
where o is the variance of the stress s.

According to Palmgren-Miner, the total expected cumulative damage amounts
to:

o0 20

_VE_T se '
E[D(T)] = = J'O T (22.23)

In combination with (22.6), the s-N curve, (22.23) representing the expected
value of the cumulative damage becomes
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D(T) =

O+
mm

I e’ s—%T{ fzcs}”r@ + @ (22.24)
0

00
with the Gamma function' I'z) = J e'f 'dt and o, is the rms value of the

0
induced (to be investigated) stress component.

To find the fatigue damage due to a wide-banded process the damage based on
the narrow-banded asumption can be estimated first, and correction is then made
correspondingly [Jiao 1990].

Steinberg proposed in [Steinberg 1978] an approximation

D = VST[0'683 4+ 0.271 +0.043}

(22.25)
Nlcs N2 N3

c c

where N, is the number of allowable oscillations at a 1o stress level, etc.

Assuming that available cumulative damage is D(T)~ 1 when the structure

fails due to fatigue, then the expected life time 7 can be calculated.

T = < . (22.26)

vg{ ﬁcs}hr(l + @

With

h = %{fzcs}”r@ +’§’) and h, = %{fzcs}”r(ug) /V‘)“’Tl(b) ,

we are able to calculate the standard deviation of the fatigue life distribution

[Sun 1996]
2
[hy + 4
hanhy * 4, (22.27)

oy = ————,
6h'

with { = ELQ the modal damping ratio, and y,(b) a function of b, tabulated in

Table 22.4.

L T(z+1) = z(z).T(1) = 1, T(m+1) = mx,r@ -



358 22 Fatigue Life Prediction

Table 22.4 (b) [Crandall 1963]

b 1 3 5 7

v, (D) 0.0414 0.3690 1.2800 3.7200
b 9 11 13 15

v, (b) 10.700 31.5000 96.7000 308.0000

Assume a Gaussian probability density function (pdf) of the fatigue life 7, then

L

N = e (22.28)
N oo
The normal distribution can be transferred to the standard normal pdf, using the
transformation z = - T, [Bain 1987], hence
T
12
o) = —=e 2 (22.29)
Jamo '
and the cumulative density function (CDF) becomes
D(z) = J' o(t)dr, (22.30)
with [Stange 1970]
D(—z) = 1-D(2). (22.31)
The reliability with respect to fatigue life becomes
_ _ T-TY _
Ry= I In(@dt = lfCD(— ) = 1-D(z2). (22.32)
T Or

Example

A mass-spring system, with a mass m and a spring stiffness & of the rod, is ran-
dom excited at the base with W;(f) . The amplification factor is Q = 10. A natural
frequency of f; = 50Hz is selected and the spring stiffness of the spring is

k = 1% = 1x10"* N/m, with a surface area of 4 = 10% m?. The mass m is

k
Qnf,)’

m =

= 1013 kg
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The random base excitation is W,(f) = 10 (m/sz)z/Hz., in a frequency domain

from 5-2000Hz.
With the aid of Miles’ equation the acceleration of the mass m can be calculated:

Xrms = jgﬁ,QWﬁ(fo) = ngsoxloxlo = 88.6 m/s?

The rms value of the stress s = o, iIn the rod then becomes:

rms N

¢ - = Mims _ 101.3x88.6 _
rms s A 1X1074

For a simple mass-spring system VO+ =f,=50Hz.

8.98x10’ Pa

The expected lifetime 7 can be calculated as follows: The S-N curve is given and

is N(s)s” = ¢, withb=4,c=1561037, T = ¢ = 600 s.
vii20, T(1+2)

_viB)ty(5) _
2
The standard deviation of the predicted expected fatigue life is

/2
_ Ak, 124 s

Or =
6h

With b = 4 the function y,(4) 0.64

_ T-36,—T
Assume z = L=L = 2729177 _ 3 thus with ®(-z) = 1-D(2),

O(-3) =1-P(3) = 1-0.9987 = 0.0013.
Thus the reliability figure for a fatigue life T-3c; becomes
Ry = 1-O(-3) = 0.9987.

The total number of cycles n then becomes n = v," T = 50 * 600 =30000 after

which the rod will collapse due to fatigue.
For a sinusoidal stress alternation with constant amplitude, constant frequency
and a total of 30000 cycles, then it follows from the s-N curve that the permissible
1 1

1.56x10°\4

N 4
c _ 8
30000 ) = 1.51x10" Pa.

b
stress amplitude is equal to: s= (]Tf) = (

End of example

Example Steinberg approach

This example is taken from [Steinberg 1978]. A mounting bracket that is to hold
a transformer of 3.5 kg.
The bracket and box are illustrated in Fig. 22.5. The total length of the bracket is

2L = 0.4m, the width » = 0.1 m and the thickness # = 0.01 m. The bracket has
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been manufactured from Al-alloy with a Young’s modulus £ = 70 GPa. The mass

of the box is M = 3.5kg. The power spectral density of the enforced acceleration
is constant in the frequency range between 50-200 Hz and is given by

w, = 0.1 gz/Hz. The assembly will be exposed to an enforced vibration test of
duration 7' = 10 hrs. The amplication facor or transmissibility is Q = 25. The s-

N curve of the construction material steel is given by Ns = 1.4231x10"
Determine whether the bracket design is satisfactory for the specified vibration
level and duration of the test, and also how long it can withstand such a test.

1.585

L L

. Bracket I b

T * : *wbox T ;

2L

Fig. 22.5 Box mounted on bracket

Initially the natural frequency of the bracket is calculated while ignoring the
mass of the bracket. The second moment of area / of the bracket is

1= Lo = 83335107 m
12
The deflection of the clamped-clamped beam in the mid of the beam under a
gravitation load Mg is given by

5 _ Mgl’
24E1°

where g = 9.81 m/s’.
The natural frequency can be calculated using

fo= 4 g = L ZAEL_ sy,
27[ 6 27'C ML3

The M-line of a beam clamped at both sides with a force in the middle of the
beam is illustrated in Fig. 22.6. The maximum absolute value of the bending
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moment is M, = % The maximum corresponding bending stress at the

extreme fibre distance e = é is given by

— max — max
6bending,max 7 2]

l F
L L
FL
4
+| +
kL [ ] mL
4 M diagram 4

Fig. 22.6 M-line

It is now required to calculate the inertia force F. This rms value of the inertia
force is given by

Frms = erms

where W, is the rms acceleration of the box. The rms acceleration can be calcu-

S

lated using the Miles’ equation

W = JgfoQWﬁ(fo) = J§x112.5x25x0.1 =21.0g

The rms value of the inertia force F, , becomes
Fops = M, = 3.5x21.0x9.81 = 721.8 N.

If a stress concentration factor K = 2.2 is taken into account, the maximum
bending stress is

KM ..t
O pendingams = max! _ KFLt _ 2.2x721.8x0.2x90.010 — 476410 Pa.
21 81 8.333x10°
The number of allowable cyles at stress levels can be obtained from the s-N

curve Ns'°% = 1.4231x10":
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* 10 = Gpendingams 18 Nyo = 9.631x10°
* 26 = 20pengingmms 1S Nag = 3.21x10°
* 36 = 3Cyendingmms 15 N3g = 1.688x10°

Finally it is possible to calculate the linear cumulative damage in accordance to
the Palgren-Miner rule and applying (22.25)

D :fOT[O'683 4+ 0.271 , 0.043

J = 0.733
Nlc N2

c 3o

How many hours the vibration test can last until the cumulative damage D = 1

End of example
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22.8 Exercises

22.8.1 Fatigue life prediction sinusoidal vibration

A dynamic system is given in Fig. 22.7. A large mass M is supported by a simply
supported beam with a total length of 2L with a bending stiffness £/ and a mass m

per unit of length. The beam is excited by an enforced acceleration i .
Obtain the natural frequency associated with the assumed mode

o(x) = Asin(%) s

with use of the Rayleigh quotient R(¢) given by
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1 r LE1(¢")2dx
p

1
2

: .
r md’dx + %M(Dz(L)
0

(answer: ©, =

L L
X M &
T

Fig. 22.7 Dynamic system

The beam has to carry a large mass M = 10 kg and the total length of the beam
is L = 0.5m. The mass per unit of length of the beam is assumed to be
m = 0.2 kg/m. Design a beam with a bending stiffness E7 such that the lowest nat-
ural frequency 7, = 60 Hz.

(answer: EI = 2.9472x104Nm2)
The construction material of the beam shows an s-N curve given by
Ns* = 1.0x10%

The sinusoidal enforced acceleration i has a constant amplitude of 10 m/s? in
the frequency range from 5-100 Hz. The damping ratio in the system may be repre-

sented by the amplification factor Q= 2—1& = 25.
The deflection w(x, ) can be written as

w(x, £) = sin(;‘—z)n(z) .

Transform the continuous system of the beam carrying a big mass in a one
degree of freedom system by applying the Lagrange equation

ddl dL _

——-Z==0.
digy dn
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The Lagrangian is given by
1 ¢ 2 1 2 1 2
L= -I m{Ww(x, £)+ i) 2dx + = M{O(L, £) + it} —-I EIw"dx.
2J, 2 2J;
4mlL )

(4mL 4 g

(answer: 1(7) +(o(2,n(t) = 7—(’;—+M)-i?(f))

Introduce the damping term ZCmnﬁ (7) in the equation of motion.

(% +M)
. . n
(answer: () +2Co, M (t) + o)in(t) = —mﬁ(f))

Calculate the sinusoidal responses in the frequency range from 5-100 Hz.
The maximum bending moment in the beam is at x=L and is given by

Myenging = EIW'(L). The construction material has a Young’s modulus

E = 70 GPa. The extreme fibre distance is e = 0.05 m. The maximum bending
stress can be obtained by the following equation

M, 4ine€
= bend
csbnsnding(La 6) - ‘%

2
b
(answeri Gbending(L’ e) - (2_L) Ee)

The sinusoidal test is done with a sweep rate n = 2 Oct/min.

Calculate the cumulative damage D, oiqar aNd the associated time T coidal

needed to perform the sine vibration test.
(answer: T, = 129.75s)

sinusoidal

22.8.2 Fatigue life prediction random vibration

The following exercise uses all of the parameters of the dynamic system described
in the previous exercise “Fatigue life prediction sinusoidal vibration” on page 363.

The system will be tested against random enforced vibrations with following
levels W,(f):

20-50 Hz3dB/oct

50-300 Hz0.05 g*/Hz (1g=10m/s%)
3002000 Hz -3 dB/oct
e Test duration 120 s.

Calculate the G, value of the given spectrum.
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(answer: G, = 6.482 g)

rms

What is the modified acceleration density function W;(f) ?

2
4mL+M

T

(answer: W;(f) = PNV

Wa(H)

Using the derived single degree of freedom system the rms values of the deflec-
tion w, (L) (using Miles’ equation) and the bending stress

Gbending,rms(La e) respectively.

(answer: Wy (L) = 7.658x107" M, Gpepging rms(Ls €) = 2.645x10" Pa)

Calculate the cumulative damage D for the time duration specified, apply-

random
ing (22.24). The number of positive zero crossings is equal to the natural frequency
of the system.

(answer: D = 0.282)

random
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23.1 Introduction

Separation of stages and the separation of the spacecraft from the last stage of the
launch vehicle will induce very short duration loads in the internal structure of the
spacecraft, the so-called shockloads. The duration of the shock load is, in general,
very short with respect to the duration associated with the fundamental natural fre-
quencies of the loaded dynamic mechanical system.

The effects of the shock loads are generally depicted in a shock-response spec-
trum (SRS). The SRS is essentially a plot that shows the responses of a number of
single degree of freedom (SDOF) systems to an excitation. The excitation is usu-
ally an acceleration—time history.

A SRS is generated by calculating the maximum response of a SDOF system to
a particular base transient excitation. Many SDOF systems tuned to a range of nat-
ural frequencies are assessed using the same input-time history. A damping value
must be selected in the analysis. A damping ratio of { = 0.05, Q = 10, is com-
monly used. The final plot, the SRS, looks like a frequency-domain plot. It shows
the largest response encountered for a particular SDOF system anywhere within the
analysed time. Thus the SRS provides an estimate of the response of an actual
product and its various components to a given transient input (i.e. shock pulse)
[Grygier 1997].

A typical example of a time-history acceleration and associated SRS as illus-
trated in Fig. 23.1 and Fig. 23.2, are extracted from NASA-STD-7003 [Mulville
1999].

In this chapter, the response of a SDOF system, due to enforced acceleration,
will be reviewed. Furthermore, the calculation of a SRS will be discussed in detail.
The maximum values occurring in time histories will be compared with the SRS
approach and finally it will be shown how an existing SRS can be matched (with
synthesised decaying sinusoids).

This chapter is based on chapter 10 of the book of Jaap Wijker [Wijker 2004].

367
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Fig. 23.1 Typical pyroshock acceleration time-history [Mulville 1999]
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10 102 10% 10#
Natural frequency (Hz)

100

Fig. 23.2 Typical pyroschock maximum shock response spectrum (SRS) [Mulville 1999]

23.2 Enforced Acceleration

A SDOF system with a discrete mass m , a damper element ¢ and a spring element

k is placed on a moving base that is accelerated with an acceleration (7). The

resulting displacement of the mass is x(7). The natural (circular) frequency
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0= ﬁ, the damped circular frequency oy = @, /1 — Cz, the critical damping
m

= 2.km and the damping ratio { = < are then introduced. The

crit

constant ¢

amplification factor is defined as O = 21_@ where QO = 10 is generally assumed.

k% LI_lch(t)

T (1)
moving base

Fig. 23.3 Enforced acceleration on a damped SDOF system

We introduce a relative motion z(¢) , which is the displacement of the mass with
respect to the base. The relative displacement is

z(t) = x(t) —u(1). (23.1)
The equation of motion for the relative motion z(?) is
E(1) + 28w,2(1) + 02(1) = —i(1). (23.2)

The enforced acceleration of the SDOF system is transformed into an external
force. The absolute displacement x(#) can be calculated with

i) = 2(6) +ii(t) = 20w, 2(H)-0z(F) . (23.3)

The solution of (23.2), taking into account the initial condition with respect to
displacement z(0) and velocity z(0) is

_ 7€wnt 3
z(t) = z(0)e (cosm Z+Lsm(s) tj

. t .
— SINW ¢ — SINMW4T
+2(0)e "M IR _[ ¢ SO )t (23.4)

For SRS calculations z(0) = z(0) = 0, hence
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t . t .
Lo, tSINM4T — Sy (f—1
2(1)= 7I ¢ PO (— 1) dt = 7'[ IO L e 23.5)
0 O 0 d
After differentiation of (23.5) with respect to time [Kelly 1969] the relative
velocity z(¢) becomes
t
N —Cog(t—1) .
z(t)= —J‘ e cos(y(t—1))ii(t)dt — Cm,z(1). (23.6)
0

The absolute acceleration ¥(#) can be obtained by applying (23.3) [Kelly 1969]

GO, (1

(1) = 2gwnJ’e’ " eos(wg(r—1))ii(t)dt + 0,200~ Dz(r).  (23.7)

0

The maximum acceleration ¥(z) can be calculated by inserting the natural fre-

quency o, = 2nf, (Rad/s) of the SDOF system for every natural frequency. The

maximum acceleration X(7) will be plotted against the number of cycles per sec-
ond £, (Hz). This plot is called the shock-response spectrum (SRS) of the base

excitation (1) .

23.3 Numerical Calculation of the SRS, the Piece wise
Exact Method

In this section, two similar methods of calculating numerically transient responses
of SDOF dynamic systems, are discussed:

1. A method as discussed in [Nigam 1968, Ebeling 1997]
2. A method as discussed by [Kelly 1969]

In both methods the forcing function is assumed to vary linearly in a piece wise
fashion and, based upon this assumption, an exact solution is determined.

The equation of relative z(#) motion of the SDOF dynamic system exposed to a

base acceleration ii(¢) is given by (23.2)
(1) + 2C0,2(1) + 022(1) = —i(1).
The base acceleration #(¢) is mostly given in a discrete form in a table: acceler-
ation versus time. We assume a linear variation of the acceleration between two

time steps #; and 7, ;. The acceleration (7, ) is expressed in terms of the accel-
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eration #(#;) . The time increment is A7; = ¢, | — ¢, and the increment of the accel-

eration is Aii(t;) = i(t;, ) —i(t;).

i(t)

Fig. 23.4 Linearisation numerical scheme of acceleration #i(7)

The acceleration (%, ;) at the time 7, ; becomes

() = () +
(23.2) will be rewritten

Aii(t;)

£(0) + 2C0,2(1) + 022(1) = 7iz(tj,)7thL(17;,), LSt

The solution of (23.9) is

_ —Co,(1-1) g
z(t) = z(t)e [cosco (1—1)+ sinw (1 — )]
j d ,—1 _(; d

. 1 .
— —t)SINw4(r—t¢; - —)SIno4(7r—71
+2)(1)e Cou(1=1) 2)( Z) 3 J’ B Lo, (t-1) a( )ii(r)aﬁ
d t. d

J

The integral in (23.10) is given by [Kelly 1969].

t

_ sinw (-1
J‘ecm(r 7 SN ,( )(t)d‘c:
t/

d

(23.8)

(23.9)

(23.10)



372 23 Shock-Response Spectrum
—ii(t; o, (1t .
= —---%12{1 —e =l ’)[cosmd(t 4+ ——g—-—smcod(t - ti)ﬂ
® 1-¢

Adi(t. Lo (t—t
[ u(zj)][l 26 gt tj)cosmd(tftj))}

o con(t—tj)

n

. Ai?(t,—){a _ 2gz)e—cwn<t—fﬂ

@i 04(t— tj)

sinmd(ttj)} (23.11)

The state vector (z, z')T attime #; ; can be expressed in the state vector at time

#; and the piece wise linear given base acceleration # at both 7; and 7, [Nigam
1968, Gupta 1992, Ebeling 1997],

{ 2(f1) } - [A]{ (1) }+[B]{ (1) } (23.12)
At ) A1) it
with
o [4] = ayy dyp
[921 92|
and
° [B] — bll b12
D2y by

The absolute acceleration %(7;, ;) is given by (23.3)

#(tj01) = —200,2(174 )0zt ). (23.13)

With At; = ¢, — 1, the elements of the matrix [4] are

. At )
® a,=c¢e Co, t,[%smwdAtﬂr cos@dAtj]
1-C

ity sinwyAf,
R

®, 50
* a, = — e sinwyAl;
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—Co, At

* a, =ce ’(coswdAtj——2 sinoodAtjj

1-G

With Az; = 1, —1; the elements of the matrix [B] are

_ . 2_ sinm At
oy = [t ] [ 2 )2
()]

2 ® ® 3 2
o, AL n d 0,Af - ©, AYS

_ . 2_ 1) sinogAt
o b,=-e C‘”nA’z[(ZCZ 1} SIMOAL zg cosmyAL; —iz+ ?C
(DnAtj ®q (DnAtj n 0)nAtj
2
—~{o,AL 2001 .
n="% vi—

— At. 1
e tl[—zg" " _%:|(mdsmmdAZj FEOCOSOAL) T
0,Af Ol
2

n n—=y
— At. —
* by = —e o t/(z 5 l[coswdA;iJ—L—sinmdA;/jj

o,At 1-¢

_to At —
s O(ng—(o)dsincodmj + QconcoscodAtj)) - +

0,AL 0,Af

In [Gupta 1992] the following expressions for b,, and b,, are given:

a;;—1

* by =-——F—-ap
0,AL

® by =-by—ap

In [Kelly 1969] a very similar numerical approach, as discussed by [Nigam
1968, Gupta 92, Ebeling 97], is proposed

z(1;1) = Bz(4)) + B,2(1)) + Bjii(1)) + B4Aii(1)) (23.14)
Z2(t; 1 4)

n

with (23.13)

= Bez(t)) + By2(1) + Byii(1)) + BoAii(t)) (23.15)

(14 1) = 200,214 )-0nz (44 )
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where

At =11

* Ai)(l‘j) = ﬁ(thrl)*’)(tj)
. AL, .
* B =e o t’(—L-sm(odAtj+ cosoadAt_/]
J1-¢
sinwyAf,

_tw At
° BZ = ¢ co, 4]
OF

1
* By = —(1-B))

('On
. B 1 1 2C (1 ~Co,AL Aty (1 2C2)( —CmuAthin(DdAt/)
= —=|1- —e cosmyAL) — (1 - e e
4 0)2[ (’OnAtj 47 (DdAtj :|
* Bg = —0,B,
—Co,AL c
e B, = - {cosmdAlj—msinmdAZJJ
B
. BS = _0)_2
B, -1
. Bg = 3
0,Az

For the calculation of the SRS the following parameters are important [Assink
1995]:

1. The damping ratio  of the SDOF dynamic system.
2. The number of SDOF systems for which the maximum response is calculated.
3. The minimum time frame of the transient T

min

(s). The minimum time frame is

the maximum of either 7' or twice the maximum shock time

1
min 2
fmin

Tmin 2 2tshock .

4. The time increment A¢ must be less than 10% of the reciprocal value of the

maximum frequency f,,,. (Hz) involved in the calculation of the SRS,

At < —— . The minimum number of time steps » within the time frame 7, is
max
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A half-sine pulse iy, = ZOOSin%t, (0<r<t) = 0.0005s and ii,, = 0,

t<0,t>1 is applied to the base of series of SDOF dynamic systems to calculate
the SRS of the HSP. The total time is ¢,y =005 s and

0.1 _ 0l | |
= o = 0. . Th .
7 = 3000 _ 0000035, The damping ratio ¢ = 0.0,

O = 10. The Kelly method is applied to obtain the SRS.
The calculated SRS (absolute acceleration) is illustrated in Fig. 23.5.

At = 0.00001 <

23.4 Response Analysis in Combination
with Shock-Response Spectra

A multi-DOF linear system, excited with an acceleration i, at the base, is repre-
sented by the equation

[M]{x} + [C]{x} + [K]{x} = {0}. (23.16)
The matrix equation for the relative displacement vector {z} = {x} —{u}, the
relative  velocities {z} = {x}—{u#} and the relative acceleration

{Z} = {&} —{i}, with respect to the base, can be written as

[M1{z} +[Cl{z} + [K]{z} = ~[M{T iy , (23.17)

where {7} is the rigid-body vector with respect to the base.
From the undamped eigenvalue problem (23.17)

([K]=2[MD{d;} = {0}, (23.18)
the eigenvalues A, and associated modes {¢;} can be obtained and used for the
modal analysis (modal displacement method (MDM)) approach. We assume
M

(2} = [0p, 0 b3, ]y 12 L = [®]{]}, (23.19)
n3

where [®] the modal matrix and {n } the vector of generalised coordinates.



376 23 Shock-Response Spectrum

Shock Response Spectrum (SRS)

350 T T T T T
I I I I I
I I I
I I I
300f - - - - R e e e e e
I
Q=10 |
250'*****:** **: 77777777777777777777
I I
— I I
2 | I
c 200F - - -~ T/ T rTT TS TT oo
2 I I I I
© I I I I
@ I I I I
Q50 - — = /4 - — - -~ - - — == T [
o I I I I I
< I I I I I
I I I I I
100"””: ””” : ””” :’7777%7777%77777
| | | | |
| | | | |
| | | | |
50Ff---1t----- |- - === it it Ry
| | | | |
| | | | |
| | | | |
0 1 1 1 1 1
0 500 1000 1500 2000 2500 3000

Frequency (Hz)

Fig. 23.5 The SRS of a half-sine pulse (HSP) with amplitude 4=200 g and a time duration
Tt = 0.0005 s

The modes are orthogonal with respect to the mass matrix [ M] and the stiffness

matrix [K],
(@] [M][®] = (m), [ [KI[®]= (hm) = (w.m). (23.20)

If the modal damping c¢; = 2{,m;is introduced the equations of motion

expressed in the generalised coordinates become

T
ﬁi+2§i@;ﬁi+m?n. = Mu
(9,1 [M][¢;]

; = T il » (23.21)
with £, the modal damping ratio with respect to mode ‘i’, ®,the natural fre-

base

quency corresponding with mode {¢,;} and I, the modal participation factor.

Equation (23.21) is similar to (23.2). (23.2) is applied to calculate the maximum
(peak) response of the SDOF system to obtain the SRS corresponding with the base

acceleration i, . The peak responses, or SRS of the SDOF dynamic systems as

described by (23.21), will be a fraction I'; of the base acceleration SRS of . .

The acceleration SRS of the generalised coordinate 1; is given by

SRS(M,;) = TSRS (i) - (23.22)
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The modal contribution to the SRS of the physical degrees of freedom;

{z}, {2}, {£} becomes

SRS(2,0,) = {,}SRS(M,), (23.23)
and the contribution to the SRS of the velocities

SRS(2, ®,) = 10,}SRS(n1) , (23.24)

®;

and the contribution to the SRS of the displacement

_ {03SRS()

2

®;

SRS(z, ®,) (23.25)

The SRS of the absolute acceleration SRS(X) can be obtained in a similar way

as for the SRS for the relative acceleration SRS(Z) .

Example

A simply supported beam with a bending stiffness £, mass m per unit of length
and length L is excited by an enforced acceleration with a SRS shown in Fig. 23.2.
The simply supported beam is illustrated in Fig. 23.6. This example is taken from

[Biggs 1964]. The length L = 1 m, the bending stiffness £/ = 700 Nm? and the
mass per unit of length m = 0.3 kg/m2. The beam is made of an Al-alloy with

E = 70x10’ Pa.
The equation of motion of the beam is
J
El—w+m(W+i) =0
4
dx

Fig. 23.6 Simply supported beam
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Assume a vibration mode ¢(x)
— i TX
o(x) = sin 7
The physical deflection of the beam w(x) will be expressed as follows
w(x, t) = n(?) sin%.

The following undamped equation of motion is obtained by multiplying with
¢(x) and taking the integral from 0 — L

Eln(f)(%)4£¢2(x)dx+mﬁ(f) _[)Ld)z(X)dx = —mii(1) J.:¢(x)dx-

4
The previous equation introducing co(z) = %( %) and the adhoc modal damping

2¢o, M(f) now becomes

L
J’ o(x)dx

1)+ 2L0,1() + 0]n(1) = ~il(D)——— = ~Ti(t) = (1)
.[ ¢2(x)dx
0

The natural frequency f, with regard to the vibration mode ¢(x) = sinnfx is

o

LE_I(E
2nn m\ L

The acceleration from the acceleration SRS in Fig. 23.2 is

4
) = 759 Hz.

N= SRS(75.9) = 90 g. The displacement becomes n= 12 , thus

0)0
n= 2208l _ 5 gg5x107 m.
(2775.9)
The absolute value of the bending moment in the middle of the beam is

2 2 2
- g9 - ) in = T\ _
Myending(L) = E]dxzw(L) = nE](L> sinz = nE](L) = 26.8 Nm.
The extreme fibre of the beam is ¢ = 0.05 m, so the bending stress becomes

M, . .. (L)e
Opending(L) = Ldl;ﬁ = 1.34x10" Pa.

End of example
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The total SRS for the absolute acceleration is a particular summation over all the

modal contributions SRS(¥, ;). In [Gupta 1992] two summation methods were

discussed. The first one is an absolute summation taking all modes into account

SRS() = 3 |SRS(%, ). (23.26)
i=1

and the second one is the Square Root of the Summation of the Squared values,
the SRSS value

SRS(¥) = |3 {SRS(, 0)}’. (23.27)
i=1

A combination of (23.26) and (23.27) is given by [Lalanne 2002]

z {SRS(%, w;)}” + pz ISRS(%, »,)|

SRS(#) = =1 PrS = , (23.28)

where p is a weighting factor.

Example

A four mass-spring system with the discrete mass m = 5 kg, the spring stiff-

ness k = 1000000 N/m and the damping ratio is £ = 0.05 (Q = 10) is illus-
trated in Fig. 23.7.

IEHRE
m

X2
X3

X4

T Upase

Fig. 23.7 Four mass—spring—system
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The base acceleration is:

1. A half-sine pulse iiy,, = 200sin™, 0 = r<t gand iy, = 0, £<0,1>1
T

with T = 0.0005 s.
2. A Shock Response Spectrum based upon a HSP with an amplitude 4 = 200 g,
a time duration T = 0.0005 sand QO = 10.

For both cases the acceleration transient responses {%} and the SRS(X, f) will

be calculated and compared.
We will solve (23.17)

[MI{Z2} + [CH{z} + [K]{z} = —[MI{T} ity
applying the modal displacement method (MDM) and taking all 4 modes into
account. The absolute displacement vector is {x} = {z} + {u}, the absolute

velocity vector {x} = {Z}+{a} and the absolute acceleration vector

{¥} = {£} + {ii} . To calculate the spring forces only the relative displacement
vector {z} is required. The force matrix [S] is defined as

1-10 0
(5] = k0 2 2 0]
00 3 -3
00 0 4

The forces in the springs are {F} = [S]{z}.
The physical relative degrees of freedom {z} are transformed into the general-
ised coordinates {n} using the modal matrix [®], thus {z} = [®]{n}.
The stress modes can be calculated with
(@] = [S][P].
The decoupled equations of motion expressed in the generalised coordinates
{n} and adding the “ad hoc” modal damping ratio { become

_ Lo IMIUT
10, 1M1}
To solve the acceleration in the time domain, the Newmark-f3 method [Wood

1990] will be applied with B = 0.25 andy = 0.5.
2

(Mhoar = {0yt At b+ 51 =2B) (03 + ACB{R b

ﬁi + Zgimih + (D?T’l‘

i = 7rii2base = f

base

Mine1 = Mia T AL =)} + AN s
[D] = [I]+yA1{2¢,0) + BAL (w0}
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[DI{n}ae1 = {01 — QG0 (N} + AL(1=7){N},)
2
oD, ar - B0 2py R

Att=0,{n}h = {n(0)}
M= - Q2Co) M} — (o) {n}.
with the initial conditions

o (Mh = (N0} = (@] [@]) [®]7{2(0)}

-1
© {n} = ((O0)} = ([@1'[@]) [@]'{z(0)}

The natural frequencies {f,} (Hz) and associated mode shapes [®] of the
dynamic system illustrated in Fig. 23.7 are

40.4 0.7766 —0.5978 0.1972 —-0.0232
4. 5261 0.4458 -0.6974 0.1
() = 94.0 Hz, [®] = 0.5261 0.4458 —-0.6974 0.1950 )
151.6 0.3160 0.5785 0.4372 —0.6118
218.2 0.1420 0.3303 0.5325 0.7663

The stress modes become [®] = [S][P]

absolute accelerations (m/s?')

accelerations (m/s?)

-300 L L
0 001 002 003 004 005 006 007 008 009 0.1

time (s)

Fig. 23.8 Accelerations
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0.2505 —1.0437 0.8946 -0.2182
10610-4202 —0.2653 —2.2693 1.6134 |

0.5221 0.7446 —0.2857 —4.1342

0.5679 1.3213 2.1299 3.0651

(D] =

The vector of modal participation factors {I"} is

1.7608
0.7568
iry =
0.4695
0.3262

Question 1

With the initial conditions z(0) = 0 and z(0) = 0 the time accelerations {%(7)}
are calculated and illustrated in Fig. .2.3.8.
The relative displacement {z(¢)} is calculated and shown in Fig. 23.9. The time

histories of the spring forces { F(#)} are illustrated in Fig. 23.10.

X 10'3 relative displacements (m)

displacements (m)

-4
0 001 002 003 004 005 006 007 008 009 0.1
time (s)

Fig. 23.9 Relative displacements



23.4 Response Analysis in Combination with Shock-Response Spectra 383

Spring forces (N

3000
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e
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o

-1000

L - — -1 =

-2000 1

____.r____l_’__

-3000

0 001 002 003 004 005 006 007 008 009 0.1
time (s)

Fig. 23.10 Spring forces

The maximum values of the time histories of the absolute acceleration {%(7)}
and the spring forces { F(#)} are given in Table 23.1

Table 23.1 Maximum values of the accelerations and the spring forces

Node # Absolute acceleration Spring # Spring force
(m/s?) N)
X 340 X=X, 786
X, 319 X,—X3 1331
X3 342 X3—X4 2145
Xy 400 X4 2774
Question 2

The Shock spectra for the acceleration and the displacement per mode are given in
Table 23.2. The shock spectra per mode are given in Table 23.3, and the absolute
and SRSS values of the acceleration in Table 23.4. The calculation of the shock
spectra values of the spring force can be found in Table 23.5, and the absolute and
SRSS values are given in Table 23.6.
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Table 23.2 SRS acceleration/displacement generalised coordinates (Continued)

I SRS
Natural Modal T, SRS (f) ,_(1;0
frequency f; SRS (f;) participation (m/s?) 2n fl )
Mode # (Hz) (m/s?) factor T', (m)
1 40.4233 147.6260 1.7608 259.9357 4.0294¢-3
2 94.0432 342.8672 0.7568 259.4977 0.7432¢-3
3 151.6007 550.8845 0.4695 2586392 (2851x103
4 218.1650 788.2119 0.3262 257.1538 0.1369x1073
Observations

The SRS approach, absolute and SRSS values, bounds the maximum values of the
time histories

Table 23.3 Acceleration

Mode 1 Mode 2 Mode 3 Mode 4
{(I)i}l"l.SRS(fi) {(I)i}FiSRS(/I.) {(])i}Fl.SRS(fl.) {(I)i}FiSRS(fi)
Node (m/sz) (m/sz) (m/sz) (m/sz)
#
X 201.8738 —155.1394 51.0037 -5.9718
Xy 136.7599 115.6969 -180.3807 50.1338
X3 82.1471 150.1255 113.0865 -157.3186
X4 36.9065 85.7168 137.7211 197.0530

Table 23.4 SRS(X) acceleration

4

4
3| 0T SRS () S Lo SRS (T
1 1
Node # (m/s?) (mis?)
X1 414 260
% 483 259
% 503 259

X4 457 258
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Table 23.5 Forces per mode (Continued) (Continued)

385

Mode 1 Mode 2 Mode 3 Mode 4
Spring
# ™) ™) ™) ™)
X=X, 1009.4 -775.7 255.0 -29.9
Xy—X;3 1693.2 -197.2 —646.9 220.8
X3—Xy 2103.9 553.4 -81.5 —565.8
X4 2288.4 982.0 607.2 419.5
Table 23.6 Spring forces
Sum Absolute Combination
Spring # values SRSS with p = 1,
(23.28)
™) ™) ™)
X=X 2070 1299 1685
Xr—X3 2758 1837 2298
X5—Xy 3305 2249 2777
X4 4297 2597 3447

End of example

23.5 Matching Shock Spectra with Synthesised Time Histories

It is not possible to run an SRS on a shaker table, because it has no time history.
The calculation of a time history from a given or specified SRS (time-history syn-
thesis) is not unique and the recalculation of a time history is a process of trial and
error [Smallwood 1974a]. It is assumed that a time history that results in a SRS in
accordance with the given or specified SRS will cause the same damage in the
structure under test. However, the time-history synthesis is very much dependent
on the physical limitations of the exciter. These limitations are illustrated in

Table 23.7 [Smallwood 1974a]:

Table 23.7 Exciter limitations

Limitation # Initial Final Maximum
! lipgse(0) = 0 fipgse(7) = 0 limited
2 pase(0) = 0 lipgse(7) = 0 limited
3 Upase(0) = 0 Upase(T) = 0 limited
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The acceleration is actually limited by the force capabilities of the exciter and
the start and the final acceleration, velocity and displacement of the applied tran-
sient must be zero.

Smallwood [Smallwood 1774a] lists a number of possible transients that meet
the limitations indicated in Table 23.7:

¢ Sums of decaying sinusoids
e Sum of waveforms

¢ Shaker optimised cosines

¢ Fast sine sweeps

® Modulated random noise

¢ C(Classical pulses

A discussion of all possible techniques for time-history synthesis is beyond the
scope of this book. Only summation of decaying sinusoids will be discussed.

Decaying sinusoids
The equation of motion for the relative motion z(#) is (23.2)
(1) + 20,2(1) + 022(t) = —ii(r).
The solution of (23.2), with initial condition with respect to displacement z(0)

and velocity z(0) is (23.4)

z(t) = Z(O)egw"t[coswdt-i- 5 sinmdl}

J1-¢

. t .
—C,t Sln(,()dt J‘ Lo, tSINOyT
_ e

+2(0)e —ii(t—1)dr.

(Dd ) (Dd

For SRS calculations z(0) = z(0) = 0, hence

4

. t .
— SINW4T — —n)SIno4(r—71
O s R T RELLY Gui2 PSS
0 d 0 (OF

If the base excitation i is equal to the Dirac delta function 6(t) then

1) = —e SOy 40, (23.29)

Assuming Z(¢) is the acceleration response of one of the generalised coordi-
nates of the uncoupled equations of motion, the transient response of a structure
consists of the superposition of decaying sinusoids that have been exposed to
shocks (delta functions). Thus, excitation consisting of sums of decaying sinusoids
appears to be a natural choice [Nelson 1974] as a transient vibration test of sub-
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structures and components exposed to shock environments. The usual basic decay-
ing sinusoid is given by [Smallwood 1974b]

—Giot
gi(t) = Aie Sll’l((Dit) 5 t>0 . (2330)
0,7r<0

!
The associated velocity v;(7) = J.gi(t)dr , with v,(0) = 0 becomes
0

4,te " Teos(w,0) + Gsin(w,0] - 1}
(G +1)

t

V(1) = , (23.31)

and the corresponding displacement s,(¢) = I v(t)dt, with s,(0) = 0 is
0

Ai{e_clwit[ZQicos(mit) —sin(w;?) + Clz sin(w;?)] + C?wit + Cl.coit— 2@1}

si1) = ,(23.32)

l(G+ 1)
with 4, = 1 m/s the amplitude, £, = 0.05 the decay rate and ®, = 25 Rad/

s, circular frequency.

The plot in Fig. 23.11 shows that the velocity and the displacement transients do
not converge to zero with increasing time, i.e. the constraints as stated in
Table 23.7 are thus violated when basis decaying sinusoids are applied.

1
31 Acceleration (m/s?)

069 |

-0.84
EE

Fig. 23.11 Acceleration, velocity and displacement associated with the associated decaying
sinusoids.
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Velocity and displacement compensation is needed to achieve zero velocity and
displacement with increasing time. Smallwood and Nord [Smallwood 1974b] and
Nelson and Prasthofer [Nelson 1974] suggested compensation methods to obtain
zero velocity and displacement with increasing time.

Smallwood and Nord

n

lpgge = Z&'(’)Jr U(t+1)A,e om0 T)s1no)m(t+t) (23.33)
i=1
o, (t-1) .
gi(t) = 4;,U(t—1))e sino,(f—1;), (23.34)
with
° Am = -0 (1+C,am)
;(o (1 +§ )
2 n
o T = (Dm(l +Cm) 2CmAm + Ai’"-i + 2@["41’

Ao Jel+e2) Alo+8) o1+

e U(t) is the unit step function, U(t) = 0,7<0 and U(¢) = 1,¢>0.
¢ The decaying sinusoids g;(¢) are in fact g,(f— 1) and start after t (s), and the

L@ (7+7)

correcting  time  history A e sino,(t+1) is, in fact,

A e “nat sino,, () and starts at #=0.

The magnitude 4,, and the shift © of the velocity and the displacement com-

pensating pulse are fixed by the other parameters.

Nelson and Prasthofer
iibase = Zgi(t) (2335)
i=1

gi(1) = A{(Kje " —Kye ")+ Ky “sin(w,t +0)}, (23.36)
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3 (x)db2
27 2 2

(a—=b)[(c—b)" + oyl

2
A/ (cz—mi) +4cz(oi

[(b—c) +oill(a—c) + ;]

.« K

0K3:

¢ —o
@;
[ ] E 4
a 2n
* b =200,
* ¢ = (o,

¢ Og = wi’\/]_g?

The normalised peak acceleration response of decaying sinusoids is the SRS
divided by the maximum value of the decaying sinusoid g;(#). The maximum

value of the decaying sinusoid (g) is

—iniatan(—%)
Cmax = Aje ’ sin{wgtan(—

g)} (23.37)

1
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shock response spectrum (SRS), Q=10

normalized peak response

Fig. 23.12 Normalised peak response of a decaying sinusoid

The normalised peak acceleration response of a decaying sinusoid is illustrated
in Fig. 23.12. Fig. 23.13 [Smallwood 1974a] proposes a flow diagram that can be
applied to select decaying sinusoids to match a given shock response-spectrum to

estimate the amplitude 4, in conjunction with the frequency ®, and the decay rate

Gi-

Example

In this example the decaying sinusoids of Smallwood and Nord will be applied
to match the SRS as illustrated in Fig. 23.5

This SRS is based upon the half-sine pulse (HSP), ii,, ., = 200sinn-T—t g,

0<t<t = 0.0005s. The procedure, as illustrated in Fig. 23.13, will be used to
match the SRS with decaying sinusoids.
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Fig. 23.13 Flow diagram for selecting decaying sinusoids to match a gives shock- response
spectrum [Smallwood 1974b]
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The SRS will be matched with the following values, see Table 23.8.

Table 23.8 Components of decaying sinusoids [Smallwood 1974b]
Frequency

# f; (Hz) G (%) 4; (® T (9

1 250 20 35 0

2 500 10 50 0

3 750 10 68 0

4 1000 5 47 0

5 1250 5 47 0

6 1500 5 46 0
I (H2) G () A4, () T (s)

7 100 100 -87.7 0.0015

The matched acceleration time history of the combined Smallwood decaying
sinusoids is illustrated in Fig. 23.15. The trapezoidal rule [Schwarz 1989] was

applied to calculate the velocity v(#) and displacement s(#) time histories.
v(t+ At) = v(t) + 0.5A{ii(¢) +i(t+ Ar)} (23.38)

s(t+ A1) = s(1) + 0.5AL{v(t) + v(t + AL)} . (23.39)

Several numerical integration methods, trapezoidal rule, Simpson’s rule and the
Newton—Cotes method, are described in [Hairer 1996]. A very popular numerical

integration method is Simpson’s rule, with x, = a+kh, x, = b,

The velocity time history is shown in Fig. 23.17, and the displacement time his-
tory in Fig. . The original SRS and the matched SRS are both shown in Fig. 23.18.
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Acceleration time history
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Fig. 23.14 Displacement time history of combined Smallwood decaying sinusoids
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Fig. 23.15 Matched acceleration time history of combined Smallwood decaying sinusoids
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Fig. 23.16 Displacement time history of combined Smallwood decaying sinusoids
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Fig. 23.17 Velocity time history of combined Smallwood decaying sinusoids
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Matched shock response spectrum [Smallwood 74b], Q=10
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Fig. 23.18 Original and matched SRS
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23.7 Exercises
23.7.1 Calculation of Shock Response Curves

Calculate, using the Wilson-0 method, the absolute acceleration SRS of the fol-
lowing 4 pulses:

1. Rising triangular pulse

2. Decaying triangular pulse
3. Rectangular pulse

4. Half-sine pulse
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and illustrate the SRSs in one figure. The pulses start at # = t = 0.0005 s and
the duration 74,4, = T - The amplitudes of the pulses are unity. The results

obtained with Kelly’s numerical approach are illustrated in Fig. 23.19.

Shock response spectrum (SRS), Q=10
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T T
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>
T

o
~
T

o
o

I

I

0 1 1
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Fig. 23.19 SRS of rising and decaying triangular pulse, rectangular pulse and the half sine pulse

The equation of relative motion z(#) of an SDOF dynamic system, exposed to a
base acceleration #i(?), is given by (23.2)
(1) + 260,2(1) + 02() = —ii(7).
The constant time increment is A7 = 1, —1;.
The Wilson-0 method is defined as follows [Wood 1990]

{Z;1) = [AeliZ;} + {Fy},

with
IRVARE Zj
AZ‘Z']-
14241000, —0(1 - 0)A > 1
° [Ae] — De n n

Ao’ 1-(1-0)2A1w, — 0(1 - 0)Ar .

o Dy = 1+2A1000,+0°Ar w0
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o {Fy} = —ARD;‘F{G%ﬁ(l—e)u_/.}}
{0, +(1-0)i,}
* 0=205

o j is the time step

and the absolute acceleration X of the SDOF system is

_ . 2
X = 20002 1m0z,

23.7.2 Problem 2

Match the SRS of a half-sine pulse (Fig. 23.5) with decaying sinusoids using the
proposed  method of Nelson and  Prasthofer [Nelson  1974],

ilpase = 200 sin%t g, 0<7<t = 0.0005 s, elsewhere @i, = 0.



24 Damage to Spacecraft by Meteoroids
and Orbital Debris

24.1 Introduction

Millions of meteoroids orbit around the sun and cross the orbit of the Earth around
the sun.

Fig. 24.1 Space debris collision with CERISE micro satellite stabilisation boom at 14 km/s in
LEO (Courtesy SSTL)

Surrey Satellite Technology Ltd (SSTL) manufactured the CERISE micro satel-
lite for Alcatel Espace (France) and the French MoD to carry out broad band radio-
metric measurements. CERISE was launched by Ariane in July 1995.

Many aspects about meteoroids and orbital debris environmental conditions and
counter measures are discussed [TADC 2004].

399
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24.2 Micro-Meteoroids and Space Debris Environment

The flux of particles for micro meteoroids and orbital debris are given in terms of

the integral flux, which is the number of particles per m? per year of mass larger
than or equal to m or diameter equal to or larger than d, impacting a randomly-ori-

entated flat plate under a viewing angle of 27 radians.

24.2.1 Micro-Meteoroids Environment

The flux of micro-meteoroids (MM) is not constant but varies through the years.
This is due to the micro-meteoroid showers (see Table 24.1). This happens if the
orbit of the Earth crosses the orbits of the comets.

Table 24.1 Meteor showers [Tribble 2003]

Name Date
Quantrantids January 1-6
Lyrids April 19-24
Eta Aquarids May 2-7
Delta Aquarids July 15—August 15
Perseids July 27-August 17
Orionids October 12-16
Taurids October 26-November 25
Leonids November 15-19
Geminids December 7-14

Spacecraft have mission durations varying from some weeks to several years,
therefore the mean flux of the MMs is sufficient to analyse the effects of MM’s on
spacecraft. The interplanctary flux of MM can be defined with the following
Gruens formula [Drolshagen 1992, Tribble 2003]

Fun = Co{Fy(m)+Fy(m) + Fy(m)} m2/year (24.1)
where

0.306 -4.38
Fi(m) = (¢;m

+c,)

-0.36
Fy(m) = c3(m+c4m2+c5m4)

-0.85
Fy(m) = co(m+c;m”)

co = 3.15576x10", ¢, = 2.2x10°, ¢, = 15, ¢; = 1.3x10°,

¢, = 1x10", ¢s = 1x10”, ¢ = 1.3x10 ' and ¢, = 1x10°
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The function F'| refers to large particles (m > 1x10°° g), function F’, to interme-
diate-sized particles (1><107]4 <m<1x10” g) and function F; to small particles

(m<1x10 " g).
The average velocity of the MM particles is about 17 km/s. The velocity ranges
from 11 to 72 km/s. The NASA 90 velocity density is analytically defined by

0.112 if 11.1 <v <16.3 km/s

fv) =3 3.328x10°v>* if16.3 <v <55 km/s (24.2)

1.695x10" if16.3 <v<72.2 km/s

The MM flux Fy, shall be corrected to account for Earth shielding. The cor-

rection parameter &(/) is given by

E () = 2050 +§°Se, (24.3)

where /& (km) is the height of the orbit and the angle 0 is defined as

10 — Ry +100 44
sin@ = Rt i’ (24.4)
with Ry the mean radius of the Earth (6378 km) and /4 > 100 km.

Due to the gravitational field of the Earth, meteoroid particles are attracted and
the flux increases compared with deep space. This effect is taken into account by
the defocusing factor Gy, that is

G, = 1+ 190 24.5
E — RE +h . ( . )

For planes pointing to Earth the MM flux will be reduced with a factor of 10.

The reduction factor F g, is defined by

1.8+3 /1 (RE+100)2
' U R +h

4

Fyir(h) = (24.6)

Considering the Earth shielding, the gravitational defocussing and the direction
reduction factor will lead to a particle flux

Fe(m, h) = Fyy(m) Ge(h) & pean (M F 4 (h) (24.7)
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24.2.2 Orbital debris Environment

The orbital debris (OD) is encountered in orbits around the Earth with an approxi-
mate velocity 8 km/s. The OD is dependent on the diameter  (cm) of the OD parti-

cle and is given in a number of OD particles per year and per m?
Fop = H(d)®(h, S)¥()[F(d)g,(1) + Fy(d)g,(1)] (24.8)
where
7(10%1167307.73)2
H(d) = {108 }, this function is called the Henize function
XZ
H(x,y) = N10°
h S
@, (h,S (3051251
o s) - —1D @, (hS) = 10" ¥

O,(hS)+1°
F(d) = 1.22x10°d™>"  and Fy(d) = (8.1x10'%)(d +700)"°

g = (1+9)"™""™ and g,(1) = 1+ p(r—1988)

The height is 4 <2000 (km), the angle of orbital inclination iis in degrees, the
time 7is n years with #<2011. The assumed growth rate of intact objects is
p = 0.05 and the estimated growth rate of fragments is g = 0.02 .

The function W (i) gives the relation between the orbital inclination and the OB
flux.
The function is given in the following Table 24.2.

Table 24.2 Inclination dependent function ¥ (i)

Inclination i (degrees) V(i)
up t0 28.5 0.91
30 0.92

40 0.96

50 1.02

60 1.09

70 1.26

80 1.71

90 1.37
100 1.78
120 1.18

up to 360 1.18
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S, the 13-month smoothed solar radio flux with a wave length of 10.7 cm (F( 7)

for year £—1, is expressed in 1x10°7. A typical value of the solar radio flux is

S =100.
The solar radio flux Fy( 7 is given in Table 24.3.

Table 24.3 F,,;inyear -1

Fy¢.7in year F¢.7in year
Year -1 Year -1
2005 118 2014 180
2006 80 2015 137
2007 76 2016 118
2008 74 2017 80
2009 75 2018 76
2010 106 2019 74
2011 163 2020 75
2012 198 2021 106
2013 190 2022 163

Cross-sectional flux of a given size and larger
(number/m?-yr)
1.0E+6 = = = Meteoroids, 400 km
: — SSN catalog flux, 400 km
2 May 1997
~% 0 e ° —— Haystack flux, 350-600 km
1.0E+4 S T T — — HAX flux, 450-600 km
j s Q_.‘L,, _ | e LDEF IDE, 300-400 km
1.0E+2 °-.‘_ o SMM impacts
+ 2y x  LDEF craters (Humes)
a
e ™ t;‘ N ® HST impacts (Drolshagen), 500 km
1.0E+0 ey a  Space Flyer Unit, 480 km
E !‘. - — ©  Goldstone radar, 300-600 km
1.0E-2 O A SMM holes
> x  SMM craters, 500-570 km
1.0E—4 | 19 °Q‘ +  LDEF craters (Horz)
' ) m  EURECA impacts (Drolshagen),
v\{ 500 km
1.0E-6 S \_{\
i e MN—e
1.0E-8 - | ﬁ
0.00001 0.0001 0.001 0.01 0.1 1 10 100 1 000
Diameter (cm)

Fig. 24.2 Approximate measured debris flux in low Earth orbit, by object size [ISIS 2000]

For bodies in LEO, whether orbital debris or spacecraft, there is only a small
change in speed versus altitude even out to 2000 km, and the average speed is about
7.7 km/s (at 500 km). However, because different objects are in different orbits, colli-
sions are possible between 0—15.4 km/s, with an average speed of about 10 km/s.
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Fig. 24.2 presents a compilation of the results of many of the measurement sys-
tems described in previous sections. It shows the cross-sectional flux (number of
objects per year per square metre) for objects of a given size and larger. The figure
summarizes measurements in LEO near an altitude of 500 km.

The development of MOD protection systems allows the designers to reduce the
risk of spacecraft failure. Risk may be defined as the probability of critical failure
or loss of spacecraft, or simply the probability of any spacecraft malfunction. The
decision to protect a spacecraft is governed by the compromise between accepting
a reasonable level of risk, and the cost of implementing protection methods. A
flowchart which illustrates the general algorithm involved in the development of
MOD threat assessment is shown in Fig. 24.3.

Spacecraft Orbital Parameters Spacecraft Component
Altitude, Inclination, Start Year,
Mission Life

Configuration |[|Properties
Attitude, Thicknes
Exposed Area Density,
Modulus, etc

N N
Space Environment Definition
Micrometeoroid Flux Orbital Debris Flux
Model Model
| Storm Enhancement | Solar F10.7] [ Annual
Flux Growth rate
Experimental HVI
Testing
HVI Database \
HVI Damage
Models

Probability of Impact (PI) |

N
Defined Failure ;l Risk Assessmentlb
Criteria (requirements)

Probability of No Shielding
Failure (PNF) Requirements

Probability of No
Critical Failure (PNCF

Fig. 24.3 MOD threat assessment flowchart
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24.3 Hyper Velocity Impact Damage Models

Many impact damage models are discussed in [Elfer 1996, IADC 2004].

24.3.1 Single Plate Penetration Equations

The following equation was developed by Fish and Summers [Hayashida 1991].
They used test results with velocities which ranged from 0.5-8.5 km/s, metallic tar-
gets which ranged in density from magnesium-lithium alloy to beryllium-copper
alloy, and with aluminium alloy. The velocity vector is perpendicular to the plate.
This equation was recommended for design to establish the threshold penetration
(ballistic limit) of thin, ductile, metal plates.

1
0352 0875 6

t=Kym, v, p >

(24.9)
where ¢ is the target thickness (cm), m, is the projectile mass (gr), v,is the

impact velocity (km/s), p,,is the projectile density (gr/cm3) and K, is a constant
K, = 0.57 for Al-alloys such as 2024-T3, 2024-T4, 6061-T6 and 7075-T6.

K, = 0.70 was used to determine the plate thickness to prevent penetration from
spalling (spallation limit).
The mass density p, (gr/cm3) of the projectile is discussed in [Drolshagen 1992]

and can be obtained by the following equation
2.8
pp(d) = s (24.10)

where the projectile diameter d is in (cm).

If a spherical particle is assumed, the mass m,, (gr) can be expressed in the den-

sity p,, (gr/cm3) and the diameter d, (cm)

m = énpd3. 24.11)

The cratering or depth of penetration p (cm) in a single wall is given by [Elfer
1996]

1
0352 0.667 6

p = Km, b Py

(24.12)

where K, = 0.42 for Al-alloys and K, = 0.25 for 304 and 316 stainless steel.
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The entry crater diameter D, (mm) for composite materials in space is given by

[Tennyson 1997]
E\int
D, = 1.054—kinPr. (24.13)
D,p
P

1 2

where E};, the kinetic energy of the projectile (J), Ey;, = 3MpVp D, diameter

of projectile (mm), p, and p,, are the target and projectile densities and ¢ the target

thickness (mm).

The model is applicable to PEEK and epoxy matrix based composites. The car-
bon fibres used all have a modulus in between 135-235 GPa. Applicable laminate
thicknesses range from 0.5-6.7 mm. The model is independent of the laminate lay-
up. The model is consistent for a broad band of projectile diameters, extending
from 0.4-9.13 mm, travelling at velocities ranging from 4-7.5 km/s. Al-alloy,
glass, nylon and steel projectiles are compatible with the model.

24.3.2 Multi-shock shield

The Whipple Shield is the first spacecraft shield ever implemented. It was intro-
duced by Fred Whipple back in the 1940s, and is still in use today. Basically, it con-
sists of placing a sacrificial bumper, usually aluminium, in front of the spacecraft,
thus allowing it to absorb the initial impact. The Whipple bumper shocks the pro-
jectile and creates a debris cloud containing smaller, less lethal, bumper and projec-
tile fragments. The full force of the debris cloud is diluted over a larger area on the
spacecraft rear wall. The Whipple shield is illustrated in Fig. 24.4.

The Stuffed Whipple Shield is a variation of the simple Whipple shield. Layers
of Nextel and Kevlar are inserted in between the bumper and the rear wall. These
additional layers further shock and pulverize the debris cloud such that any frag-
ments reaching the rear wall are benign.

Fig. 24.4 Whipple Shield [hitf.jsc.nasa.gov]
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Fig. 24.5 Stuffed Whipple Shield

In this section only the equations for the whipple shield are given. The equations
for other type of shield can be found in [Elfer 1996].

p, D

Fig. 24.6 Whipple shield

Examples from the International Space Station (ISS) [NRS 1997]. These appli-
cations are shown in Fig. 24.7.

‘Whipple Shield
The distance between the rear wall is in general S> 15D and the thickness of the
bumper shield

c,m ¢, D
gy = 2 Py (24.14)
Po P

where 7, is the thickness of the bumper shield (cm), m, is the mass of the parti-
cle (gr), p, is the density of the bumper material (g/cm3) and p, is the density of

the particle (g/cm3). The constant ¢, depends upon the ratio of the distance S and
the particle diameter D.
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NASDA JEM End Cone NASDA JEM Cylinder

—>0
Bumper =0.13 cm Al-6061-T6 Bumper =0.13 cm Al-6061-T6
Standoff =23.7 cm Intermediate layers = 6 Nextel + 6 Kevlar
Rear Wall =0.32 cm AL-2219-T87 Standoff =10.8 cm

Rear Wall = 0.23 cm Al-2219-T87

ESA APM Cone ESA APM Cylinder

Bumper =008 cm Al-6061-T6 Bumper = 0.25 cm Al-6061-T6
Intermediate layer =0.08 cm Al-6061-T6  Intermediate layer =0.6 cm Al-6061-T6
Standoff =17 cm Standoff =12 cm

Rear Wall = 0.25 cm Al-2219-T87 Rear Wall = 0.30 cm Al-2219-T87

Fig. 24.7 Examples ISS shield configurations [NRC 1997]
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The thickness of the rear wall 7, , to prevent spall detachment, can be calculated
[Drolhagen 1992]

11
6 3V [70
ty = cy(PyPy) mp—Ji (24.16)
where
* 7, is the threshold rear wall sheet thickness (cm)

* p, isthe rear wall material density (g/cm3)
* p, isthe projectile density (g/em’)

LN the spacing between shield and rear wall
oV the speed of the projectile 6<V<9.8 km/s

e G the yield stress in (ksi)
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Equations for multi shock shield can be found in the literature, especially in
[Elfer 1996].

24.4 Probability of Impacts

The probability that £ meteoroids or particles of orbital debris will have a collision
with a spacecraft can be estimated with Poisson (Simeon-Denis Poisson 1781—
1840) probability density function

o
pe= e k=0,1,.... (24.17)

The probability density function of Poisson is illustrated in Fig. 24.8.

Poisson Probability density Function

0,15
0,10 - ~
5
R I
0,00 Jjji*
1 3 5 7 9 11 13 15 17 19

k

Fig. 24.8 Poisson Probability Density Function, A = 9

If a stochastic variable X indicates the total number of successes in case of a
large number of independent executions of an experiment with a very little proba-
bility of success, then the probability can be approximated by

it
P(X=k) = e 0 (24.18)
for which the value for A is the product of the number of experiments and the
probability of success.
The probability P(X <k) is given by

VA
PUXsk) = {1+ 5+5+.+ 5, (24.19)
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thus
P(X<0) =1 (24.20)
The average or expected value E(X) = py = A and the variance ci =A.

The probability of no impact (PNI) P(k= 0), or no collisions is given by

P(k=0) = ¢ (24.21)

where the total number of impacts, or fluence A, a spacecraft can expect to

experience is the product of the flux F (number of particles per year per m2), the

spacecraft’s exposed area A (mz) and the mission duration Ty, (years). The rela-
tionship is expressed as

A = FATy (particles). (24.22)

The probability of impact (PI), at least one impact is expressed as the comple-
ment of the PNI (see (24.19))

Plk=1)=1-¢", (24.23)

where F(x) is given by (24.1) and (24.8) or Fig. 24.2.
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25.1 Introduction

The temperature distribution in a spacecraft is calculated with the aid of a thermal
analysis programme such as SINDA and ESATAN. The thermal analysis program
makes use of the lumped parameter method (LPM). That means that thermal prop-
erties are assigned to thermal nodes. The properties are equally distributed over the
surface area of the node. The calculated temperature is thus constant over a thermal
node. The transfer of thermal energy takes place among others by radiation and is

proportional to the absolute temperature to the power of four, 7%, This makes the
thermal calculations non-linear. That is the reason why the thermal engineer limits
the temperatures (nodes) that need to be computed [Tsai 2004].

The mechanical engineer, on the contrary, generally applies the linear laws of
elasticity to his finite element model in order to calculate the thermal deformations
and thermal stresses.

It is therefore possible that the ratio of the number of thermal nodes to the
number of finite element model nodes (the temperature is the degree of freedom) is
1:25-50. Such a ratio makes it difficult to display the temperatures of the thermal
model on the finite element model.

Dutch Space B.V. developed a method called “Prescribed Averaged Tempera-
tures” (PAT) for ESA-ESTEC. The PAT method is used to display the temperatures
of the thermal model on the nodes of the finite element model very systematically.

In the following sections the PAT method will be explained and illustrated with
the aid of a few simple examples.

25.2 PAT method

The temperatures of the nodes, calculated with the aid of the thermal model

(lumped parameter method), are referred to by the temperature vector {Tt } (¢ for
thermal) and the temperatures in the nodes of the finite element model (the mathe-

413
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matical model of the spacecraft structure) with {7"} (s for structure). The relation

between the temperatures { Tt} and the temperatures { 7"} is given by:

[A1{T"} = (T} (25.1)

where the weighting matrix [A] is called the A-matrix. For a specific row of the
previous expression the following holds:

N
>ayTi =T, (25.2)
J=1

That means that the weighed average of the temperatures {7"};, which coin-

cide with a thermal node i is equal to the temperature Tf of the thermal node i.

N is the number of structural nodes overlapping with thermal node i.

If the temperature T is equal to the temperatures Tf ,j=1,2,..., N, then the fol-

1

lowing must hold for a row of the A-matrix:

N

Say =1 (253)

j=1

If ¥ refers to the volume of a thermal node, then the temperature T; of the ther-

mal node i can be written as:

. J.VIT”(?c)dV

Lo (25.4)
jVidV

where Tﬂ()éc) is the varying temperature equivalent to the volume of thermal node i
and ¥ is the position vector. An analogous relation exists for surface areas.

The continuous temperature 7° (?c) in a finite element, can be expressed in terms

of the temperatures in the structural nodes of the finite element model of the struc-
ture:

N,

e

@ =SS T (25.5)

k=1j=1
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where:
N, the number of finite elements, with 7 structural nodes, that coincide with
the volume or surface of thermal node i

| W, | the shape functions that describes the temperature in the finite element ,
TG = Wil T h.

{T"}x the temperatures in the structural nodes of the finite element k.

Example

A 1-D truss element as shown in Fig. 25.1 has two structural nodes 1 and 2.

1 T'(x) 2
T, o o T,

%x

L

Fig. 25.1 Temperature distribution truss element

The temperature distribution in the truss element is given by
, T T
X
T'(x) = L(pf},zj RN
T T
The finite element model of the structure has been converted into a conduction

model (conduction matrix [C] and nodal temperatures {7"} ). Without radiation,

the steady-state heat problem, where {Q’} is the heat flow in the structural nodes,
becomes:

[CHT} = (O} (25.6)

Example
The conduction matrix of a truss as shown in Fig. 25.1 with a cross section 4

and material conduction property k (TW) .

m C

(€] = @{1 —1}

End of example
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However, later in this section a more detailed discussion about the derivation of
the conduction matrix [C] will be held.
Two mathematical models now exist separately:

¢ The thermal mathematical model (TMM)
¢ The finite element model of the spacecraft structure

Both models are coupled by means of the A-matrix (see Fig. 25.2).

{Qt} [A]{TS} = {Tt}

{0"} = {0}

eie

(r'y (T}

Thermal model Conduction FEM

Fig. 25.2 Coupling of Thermal Model with the Conduction Model

Thermal Model
The temperatures {Tt } in the nodes of the thermal model represent heat flows to

and from the thermal nodes, referred to by {Qt} .

Conduction Model of the Structure

The temperatures {7°} in the structural nodes are coupled to the temperatures
{Tt } of the thermal model by means of the A-matrix. No heat is transported to or

away from the nodes or elsewhere, thus {Q'} = {0} . The conduction matrix [C]
of the finite element model is used to lead through heat flows due to the prescribed

temperatures {Tt } . The conduction matrix is used as an interpolation function.

Thermal Functional
We define the following thermal functional J(T', T%, q), where {g'} are Lagrange
multipliers in order to include the relation [4]{T"} = {Tt } in the thermal func-

tional as a side-condition, and {Qt} is regarded as external heat flow:
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HT' T q) = %LTS,TtJ[S g} r —LTS,T‘J{ gt }+LTS,TtJ[Aj{qt}
r ,

, (25.7)

where

lLT T tJ coyr represents the internal thermal energy
2 00]| 7t

LT ST tJ{ Ot } represents thermal work done by the external heat flow, and
0

[T
LT T tJ 4 ] {qt} the additional term to force the side relations between ther-

mal and structural node temperatures, and finally

{1}y =

The state is in equilibrium when:

VNSV
8 = ST+ 534 = 0 (25.8)

The Interpolation matrix
The stationary value of the thermal functional J gives:

oT |:() ():| Tt - LE]{q} Qt

e oA = a-EN T L=
% ~E| T

or written in matrix notation
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codl|T 0
0 0 —-E Tt = Qt . (259)
-E 0 qt 0

The second equation shows that the Lagrange multipliers are equal to

{¢'} = —{0'}. Subsequently, {Q'} is eliminated from (25.9) and the resulting
interpolation matrix becomes:

{CAT} 7“[ :{ 0 } (25.10)
4 0]| 4 (i

Using the previous matrix expression, the temperatures in the nodes of the thermal
model are displayed on the finite element model of the structure. In addition, the
temperatures in the nodes of the thermal model are interpolated along all the nodes
by means of the conduction matrix, provided the average temperature of the nodes
coinciding with a thermal node are equal to the temperature of that thermal node.
The A-matrix defines the relationship between the thermal model and the finite ele-
ment model of the structure.

25.3 PAT Method Applied to a Simplified Solar Array

Applying the PAT method to a simplified solar panel is an example of a tempera-
ture interpolation of the temperatures of the thermal model, to the nodes of the
finite element model of the structure. The thermal model consists of two nodes: the

yoke, node 1 and the panel, node 2 with respectively thermal node temperatures Tt1

and T, . It is illustrated in Fig. 25.3.

| Panel

|7

L — —

Fig. 25.3 Thermal model, two thermal nodes
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The finite element model of the solar panel consists of 12 nodes, 1 to 12, 4 line-ele-

ments and 4 quadrilateral elements. The cross-section of the rod elements is 4 (m2)
and the thickness of the panel is # (m). The yoke as well as the panel have a level of
conductivity k£ (W/m2). The finite element model is illustrated in Fig. 25.4.

7 10
4

« structural 2

node / 8

ﬁm 2m

Fig. 25.4 Structural finite element model

The yoke consist of four 1-D structural elements with a length L

= 1 m and the

panel is built up of 4 rectangular panels with a length =1 m and a width =1 m.
The temperatures in the two nodes of the thermal model are as follows (see

Table 25.1:

Table 25.1 Thermal node temperatures

Temperature load case T T,
1 1.0 0.0
2 0.1 1.0

Two element types are used in the structural finite element model of the solar
panel. The line-elements (rod) with cross-section 4 and length L, and a rectangular
quadrilateral element (membrane) with length @, width b and thickness ¢. Both

types of elements are illustrated in Fig. 25.5.

The temperature function of the line-element, with & = 1% and a temperature

T} innode 1 and 75 in node 2, is:

T'(&) = (1-8) T +ET, = [ ¥1(8), ¥2(8) | T

1

(25.11)
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$ oo Ak o7 T T
L 4k
S
1-D element T T,
a
2-D element

Fig. 25.5 1-D and 2-D conduction elements

The equation for conservation of energy for a continuum can be found in
[Thornton 1996] and finite element relations may be derived from these equations.

The relationship between the nodal temperatures and the heat flows in the nodes
per element is [C]{T} = {Q}, where [C], the conduction matrix, can be derived
with the aid of the stationary value of the heat functionality [Cook 1989]:

2

Sdf dTS
= —odv = ZSTs 0. (25.12)
Ve i=1

e

The derivative of the temperature 7°(&),

3dT° _ 8dT°dg _ 1 I e O
o yE s —8T°1 +8T%] LL,LJ i, (25.13)
dr* _ drds _ 1 NN
dx  dédx L[_Tgl”sz] N LL’LJ *, (25.14)
The conduction matrix of the line-element is:
[C] = /—ILL{I ]} (25.15)
-1 1

If the structural node temperatures are equal, there is no heat flow into or out of
the structural nodes, which means that the sum of one row or column must vanish.

ZCU = Zcij =0 (25.16)

j=1 i=1
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Suppose that the thermal node overlaps with one line-element, then:

‘ T
VT = [Tav = Aff(a)lﬂda = ALf T'(&)de = ALf L1-&¢ldey !
v 0 0 0 7

i 1

T3
ALTf=ALfOL1g,§Jdg ! =%AL(7‘§+T§)=ailTﬁ+ai2T§ - a,T;
1
: (25.17)
where the Jacobian |J] = |9X| = L. (25.18)

N
(25.3), Zaij = 1, must be satisfied, thus a,, = %

=1
Assume two associated structural elements with one thermal node

7 7 7
L 1.5L

Fig. 25.6 Two one—line structural elements overlap one thermal node

Y fo T (&)J]de + LSAJJOT;(E,)Mda AL J: T)(8)dE + 1.54L Jj) T5(8)de
7 = 254L N 25A4L ’

T; = 0271+ 0575, +037; = ay T +apTh+ayT;.

If a distributed heat flow ¢ (J/m3) is applied to the 1-D (Fig. 25.7) structural
element, the lumped heat flows at the structural nodes can be calculated.
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q
Tslc Ak \|/¢ QTZ
L

1-D element

Fig. 25.7 Distributed heat flow in 1-D element

The lumped heat input in nodes 1 and 2 can be calculated using the principle of

virtual work

r
a[ g7 etz aqr [ v, v O
0 0 T,
or
r r
ot [ 9,@, a0 || °71 b= qar] LL| O
0 3T, 3T,

Assuming a unit distributed heat flow ¢ = 1 then

Qi = AL{ i } = AL
0 2

qg=1

NI— NI

ds

2
= Z 3T%0, (25.19)

i=1

ST,

- o, 0]
8T}

(25.20)

(25.21)

For a 1-D line element the A-matrix elements are proportional to the equiva-
lent nodal heat flow divided by the length L of the 1-D line element.

Example

Three structural line elements can be associated with one thermal node Tt1 and

7
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T, T
1 2 3
(S A A O
7 7 T
L 1.5L L

Constant cross section 4

Fig. 25.8 One thermal overlaps two line elements

0)
05

1
{ o } a2 1] 9 - { o } = 1.54L
ayp 1 0; ap
2 ’ qg=1

The row in the A-matrix with respect to thermal node 1 becomes

0)
0,
0,

qg=1

- 1
all a“AL 2
a, apAL+apl SAL (= ALy 1 oo =
a;, a,31.54L 2
0.75
N

We have to satisfy (25.3), Zail— =1,

but the result is ZZJU = 2.54L, thus a); =

j=1
3

ay;
2.54L°
j=1

The A-matrix (see (25.1)) can be written as

L4001 = | @1 a1p a3 ] = 102,05,0.3 ]

The row in the A-matrix with respect to thermal node 2 becomes

Q; _{a23}_2AL
0, “

NI— NI

NI— NI

NI—

1.25
0.75

423
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4

. ay;
but the result is Zazj = 24L, thus ay; = 2/

=
The A-matrix (see (25.1)) can be written as
LA Lode—2 = Lazzu 024J = 105,05
The total A-matrix becomes

(4] = [020503 0
0 0 0505

End of example

>

S

The temperature function in the rectangular element is (where & = I, n =
a

with a temperature 7'} in node 1, T in node 2, 75 in node 3 and T in node 4):

TEm) = (1-&(1-mTi+(1 =T+ EnT3+E(1-mT,,  (25.22)
or written as

T(E,m) = W(E, )T+ Wo(& )T+ W5(E, T3+ W (E,m)TS.  (25.23)

The conduction matrix [C] can be derived with the aid of the stationary value of the

heat functional:

or’ 4
ﬂaar 81 J ko) & |y 38730, (25.24)
ox oy Jlok oT*
Vv i=1
oy

The conduction matrix [C] of the rectangular element becomes:

%(b+a 1p la 1b la 1b+1a

a b 6a 3b 6a 6b 3a 6b
1b _la l(é+£’ _1b,la 1b la
6a 3b 3 6b 6b
[C] = ke| ¢ a 3a 6a . (25.25)

6a 6b 3a 6b 3
1b,la 1b la 1b la 1(b+a)

16 _la 1b,1a l(iz+9 1b_la

3a 6b 6a 6b 6g 3b 3

If a distributed heat flow ¢ (J/m3) is applied to the 2-D structural element the
lumped heat flows at the structural nodes represent the A-matrix terms per element
like the 1-D line structural element.
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tJJ quTs(ﬁ,n)lJldE,,dn = ZSTS,-Qi, (25.26)
00 -
or
8T
4
8T .
qabtjiJ;L‘{’l(é,n), ¥, ((& M), P5(E M), ¥y(&m) | ! bdedn = > 8T 0,
57
8T
, (25.27)
thus
8T
ST
qabtJ:J:)L‘yl(aa T]), Wz((aa T]), ll,l3(§’ Tl))’ \P4(§’ n)J ! dE_adn =
8T
8T
3T
1111] 8T
qabt iy iw) . (2528)
L4 4 4 4J 5T
8T

The A-matrix components can be calculated assuming ¢ = 1, thus

1

s 4
Qi aj1 1
% = abt G | = abt 4
0 s !
s iy 4
0, : 1
4

Example

Calculate the row of the A-matrix of two quadrilateral structural element, cov-
ered by one thermal node (Fig. 25.9).
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Thermal node 1

2 6
a 4 1.25a

constant thickness ¢

Fig. 25.9 Two 2-D structural elements associated with one thermal node

The A-matrix is given by:
= = = = = o 11225225 125 1.25
|_all’a12’a13’al4’a15’a16’al77a18J = abt ¥X 4 4 4 4

8 8
— _ _ay

Zalj = 2.25abt, Zalj =1,ay = 2.25211”

j=3 j=3
| @iy, ayy, ayy, @y, ays, agg agg, arg | = [0.111,0.111, 0.25,0.25, 0.139, 0.139 |

End of example

To continue, a solar array example will be outlined. The conduction matrix of

one 1-D structural element with ’%{ = 1x10° W/m becomes

[C] = l><10_3{1 ‘1}.
11

The conduction matrix of the rectangular element with a=b=1 m and

kt = 1x10° W/m.

1
|

2 121
366 6
12 12
[C] = Ix107°| 63 6 6
212 1
6 63 6
1212
6 6 6 3]

The generation of the A-matrix will be illustrated hereafter with L=Im and
a=b=1 m. A unit heat flux is applied to the 1-D and 2-D elements g=1 J/m’.
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Table 25.2 Generation A-matrix components associated with thermal node 1

L
1-D 1-D 1-D 1-D
element element element element N Za .
Node # nodes 1-2 nodes 1-3 nodes 2—4 nodes 3-6 ay; - Y
1 0.254 0.254 0.004 0.004 0.504 0.25
2 0.254 0.004 0.254 0.004 0.504 0.25
3 0.004 0.254 0.004 0.254 0.504 0.25
4 0.004 0.004 0.254 0.004 0.254 0.125
6 0.004 0.004 0.004 0.254 0.254 0.125
2.004 1.00

2.4
;

To begin with, the A-matrix components associated with thermal node 1 and the
4 associated 1-D elements (Fig. 25.3 and Fig. 25.4)are generated.

Following this, the A-matrix components associated with thermal node 2 will be
generated.

Table 25.3 Generation A-matrix components associated with thermal node 2

2-D 2-D 2-D 2-D aiy;
element element element element
nodes 5-4- nodes 6-5- nodes 8-7-  nodes 9-8- B Zaif
Node # 7-8 8-9 10-11 11-12 a; -

4 0.25¢ 0.007 0.007 0.007 0.25¢ 0.0625
0.25¢ 0.25¢ 0.007 0.00¢7 0.50¢ 0.125
6 0.007 0.25¢ 0.00¢7 0.00¢7 0.25¢ 0.0625
7 0.25¢ 0.00¢ 0.25¢ 0.00¢ 0.50¢ 0.125

8 0.25¢ 0.25¢ 0.25¢ 0.25¢ 1.00¢ 0.25
9 0.007 0.25¢ 0.007 0.25¢ 0.50¢ 0.125
10 0.007 0.007 0.25¢ 0.00¢ 0.25¢ 0.0625
11 0.007 0.007 0.25¢ 0.25¢ 0.507 0.125
12 0.007 0.007 0.00¢7 0.25¢ 0.25¢ 0.0625

4.00¢ 1.00

2y

J

The complete A-matrix looks as follows
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025 0.00
025 0.00
025 0.00
0.125 0.0625
0.00 0.125
(47" = |0-125 0.0625|
0.00 0.125
0.00 0.25
0.00 0.125
0.00 0.0625
0.00 0.125
| 0.00 0.0625]

The complete conduction matrix [C] of the total finite element model of the

solar array shown in Fig. 25.4 with ATk = 1x10” W/m and kt = 1x10”° W/m is

given by

6 3-30 0 0 0 0 O
36 0-30 0 0 0 O
30 6 003000

1 10

0305 —20-1-=
2 2

=I e = ]
(= e =]
(= e =]
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The temperature distribution {7°} is determined with the following interpolation

matrix (25.10):
CAT TS :{ 0 }
4 0] ¢ )

and is solved with the known temperatures in both nodes of the thermal model. The
results of the calculations are shown in Table 25.4.

Table 25.4 Structural node temperature results

Structural node # Ttl =1 Tll =0
T’ T, =0 Th =1
1 1.2013 -0.2013
2 1.0671 -0.0671
3 1.0671 -0.0671
4 0.6644 0.3356
5 0.0067 0.9933
6 0.6644 0.3356
7 -0.1007 1.1007
8 —0.0366 1.0366
9 -0.2081 1.2081
10 —0.1946 1.1946
11 -0.2081 1.2081
12 —0.1946 1.1946

The temperature distribution turns out to be very systematic with the aid of the con-
duction matrix of the finite element model of the structure.
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25.5 Exercises

25.5.1 Temperature interpolation in finite element model

A flexible deployable solar array consists of two side bars, a spreader bar and the
membrane covered with solar cells. The bars are made of an Al-alloy with a con-

duction property k£ = 150 W/mCP°. The area of the side bars is 4 = 1x10 " m? and

of the spreader bar is 4 = 2x10~* m% The membrane is made of a Ti-alloy with a
conduction property & = 10 W/mC°. The length of the side bars is L = 5m and
the length of the spreader bar is L = 1.6 m. The thickness of the membrane is
t = 0.2 mm, the width is » = 1.2 m, and the length is equal to the length of the
side bars. The space between the side bars and the membrane is 0.2 m. The bars are
modelled with bar elements and the membrane with quadrilateral elements. This

structural finite element mode is illustrated in Fig. 25.10 and the thermal model is
shown in Fig. 25.11.

ral

5 e—o—% 5 02
e
Mer{brane 'qé 12 |B=l.6m
[}
o & o 3sto02
Side bar
L=5m O Structural node

Fig. 25.10 Structural finite element model



25.5 Exercises 431

T%,=50°C  Side bar

L]

74,=30°C Thermal node
Membrane

Tt4:520C
Ieq Jopeaidg

7,=55°C Side bar

Fig. 25.11 Thermal model

With the PAT method, perform a temperature interpolation for the temperature
distribution in the structural finite element model based on the thermal model.



26 Thermal-elastic Stresses

26.1 Introduction

For straightforward cases it is possible to analytically determine the thermal defor-
mations and thermal stresses due to temperature gradients [Thorton 1996]. In most
cases, however, it is very difficult or impossible, unless large simplifications are
applied to the mathematical model. The finite element method is very suitable for
determining thermal deformations and thermal stresses due to temperature varia-
tions. Generally, a static finite element model is available. In the following section,
a schematic overview is given on how thermal deformations and thermal stresses
due to temperature variations can be calculated with the aid of the finite element
method. Temperature variations along the cross-section of a beam or the thickness
of a plate fall beyond the scope of this book.

The principle of virtual work is used to write the equations for the finite element

method. AT = T - T, is the temperature difference with respect to the surround-
ings, where T is the actual temperature in °C or K and T, the reference tempera-
ture. This reference temperature is usually the room temperature.

The mechanical strain is referred to by € and the thermal strain by & and the

thermal strain equals e = oAT, where a is the coefficient of thermal expansion.

For an aluminium alloy o = 24x10"° m/m/K.
In the finite element method the thermal stress is

6; = EaAT. (26.1)

The internal thermal stress will be converted to nodal forces and superimposed
on the mechanical forces. If a structure has a stress free state due to the thermal-
elastic deformation, the thermal strain must be subtracted from the strain calculated

from the nodal displacements equivalent thermal modal forces. The net strain &
consist of the total strain due to the total nodal forces (mechanical + thermo-elastic)
€ the thermal strain e shall be subtracted, hence
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€= €—¢r. (26.2)

The principle of virtual work is a condition for equilibrium. The internal virtual
work is equal to the external virtual work. The principle of virtual work is given by
the following formula

IGS(s —ep)dV - IFSudA = 0. (26.3)
v 4
F and u are the applied loads and the unspecified displacement on the surface A

respectively. The thermal strain e = aAT is specified and the variation

der = 0. The formula for the virtual work is then (26.3):

J'csst— J.FéudA - 0. (26.4)
14 A

To illustrate the application of virtual work, some calculations will be done for a
simple tension- and compression member (truss). The truss finite element is shown
in Fig. 26.1.

T T
Fru 101 AE O cz) 2 f2’”2
— » x
L

v

<
Fig. 26.1 Tension- and compression element (truss)
The finite element model of the tension- and compression member consists of

two nodes. The displacement field and the temperature field can both be written as
a linear function expressed in the nodal variables; the nodal displacements uy, u,

and the nodal temperatures Ty, T5. The displacement function is:

u(x) = (1 —ﬁul +%u2, (26.5)
and for the temperature field is taken:

T(x) = (1 - 9 T, + %Tz . (26.6)
The mechanical strain in the truss is

_ U, —Uu
= (e—gp)= %’—mr = 2" aarT. (26.7)
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The strain is constant over the length of the strut.
The stress in the truss becomes:

- Uy — U
6= E& = E[T—OLAT} (26.8)

The expression for the virtual work, (26.3), becomes:

duy —du,
J-GS(afaT)dV AE JT1+ Ty~ Trop (— ek,

v 0
and

studA — F,8u, + F,u,.
4
If the terms associated with the virtual displacement 3u, and du, are equated

and the following two equations are obtained

”1 8u1
—AE +a lfl)TlJr 7,- dx = Fdu,, (26.9)

0

and

5
AEf ["2 l—a{(l —9 T+ 3T, Tref}%}dx - Fdu,.  (26.10)
0

If the integration is performed and the virtual magnitudes are arranged then:

G R o e P ST
-1 1] u 1 1|l T)— T, F,

In this matrix equation (26.11) the thermal strain has been converted to nodal
forces. The thermal stress is

c = Ec = E(e—gy). (26.12)
Two simple problems are used as an illustration:

® A truss that is restrained at one end (z; = 0) with a constant temperature field
AT =T-T

ref >

and a nodal force F';3=F at the other side. The truss is idealised

with two truss finite elements as describe with (26.11). Calculate element
stresses and nodal displacements.
* A rod that is restrained at both ends (u#; = 0, #5 = 0) and with a constant temper-

ature field AT = T — T,. Calculate element stresses and nodal displacements.

No external loads are applied.
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The idealisation of the truss is shown in Fig. 26.2.

Fru T, 4 o« Tno oy o T3 Fsu;z
> o © ®) >
—» fu;
k L
Fig. 26.2 Two truss elements, constant temperature
The equilibrium equations then become:
_ u 1 -
—110 1:aAEAT1101+0
7|71 2 -1y uw 3 I 1-1-1)5 1 0
0 -1 T][ u 0 1 1 1 F

The nodal displacements become for:

Case 1
The nodal displacements become
Uy 0 0
FL
uy, (< oaATLy 1 ¢+ E 1 1
Uy 2 2

and the total strains can be derived from the nodal displacement vector

Uy

{sl}_(wﬂ% Lol
€, AE/ 10 1 -1

U

The strain corrected with the thermal strain becomes

- Uy
& | _ F {1 - 0} )
- 2 9
& | A0 1 1 )

3

thus the stresses are {c} = [E]{e}

Uy
{61}251—10 .
s, ] Allo1 -1
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In case 1 only the mechanical load will introduce stresses in the truss. There are
no thermal stresses introduced if the truss is constrained so that it is statically deter-
minate.

A finite element model can be checked with the aid of the method of expansion
without stress. The statically determinate model is restrained and a homogeneous
temperature distribution with respect to a reference temperature is subsequently
induced. If all the materials are now made equal to each other (coefficient of
expansion, modulus of elasticity, etc.) then the model will expand without stress.

Case 2
The nodal displacement vector becomes

U 0
u, = 0ATLY

us 0

€ 0
The corrected strain obtained is
€ 0 1
{ %1 } = aEAT{ 1 }
o, 1

The aforementioned example can also be used for other types of finite elements,
depending of course on the finite element program.

And the total strain

and the stresses

Example

The following example is taken from the book of Peery and Azar [Peery 1982].
Consider an indeterminate truss frame as shown Fig. 26.3. Assume member 1
has an area A4 and is heated to a constant temperature 7 with respect to zero refer-
ence temperature. The area of members 2 and 3 is /4 each. The equivalent exter-

nal loads at both ends of member 1 are adET, see (26.11). a is the coefficient of
thermal expansion and E is the Young’s modulus of the material. The problem will
be solved using the energy method (Castigliano). This may be accomplished by
making the structure redundant, as shown in Fig. 26.3. For compatibility of defor-

mation, the relative displacement in the direction of R, must be zero. Thus from
Castigliano’s theorem
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= duv _
' 4R, ’

where U is the total strain energy stored in the structure and R, is the unknown

equivalent internal load in member 1.

aAET

AN
L L

Fig. 26.3 Indeterminate truss frame

From the equations of equilibrium in conjunction with the joint method, the
equivalent internal loads in members 2 and 3 can be calculated.

_ - AET—R
F,=F; = (;.
2

The total strain energy becomes
2
RiL AAET — R\2
=182, 1 [( 1)Lﬁ]
2A4E  AE.2 J2

Performing the differentiation with respect to R; and setting the result equal to
zero yields

adET _ Fl,and FZ _ F3 _ adET

2 zﬁ

The stresses in the members can be obtained as follows using (26.8)

R, =

End of example
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26.2 Material properties

In the following Table 26.1 typical values (modulus of elasticity, the coefficient of
expansion and the conduction coefficient) for various alloys are given.

Table 26.1 Material properties

Conduction
N CTE coefficient k
Young’s
modulus E (M) (i)
Material (MPa) mK mK
Al-alloys 70 24 150
Mg-alloys 45 26 44
Ti-alloys 110 9 7

Be-alloys 330 11 180
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Peery, D.J., Azar, 1.J., 1982, Aircraft Structures, ISBN 0-07-049196-8, MacGraw-Hill.
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26.4 Exercises
26.4.1 Thermal stress in beam

Consider a beam that is heated uniformly from a reference temperature 7, to a

final temperature 7 (K). The elongation of beam with cross-section 4, Young’s

modulus is £ (Pa) and coefficient of thermal expansion is o (m/m/K) is hindered
by a spring with spring stiffness k. This system is shown in Fig. 26.4.

Derive expressions for the following parameters:
e the stress in the beam

e the displacement at point C, 5.

QkEL(T - T,) o4

Answer: 6 = ——————— , 8, = —

kL+ AE k
L

k
AE o C/\/\
I-Tret
¢

Fig. 26.4 Heated beam

26.4.2 Self Strained Structure

The side of a “spacecraft” structure exposed to the sun is heated by radiation heat
transfer. The truss-frame structure is shown in Fig. 26.5. All rods have the same

extensional stiffness £4. The length of rod 1-3 is L and is heated above the stress
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free temperature with AT'. The rods 1-2 and 2-3 are not heated. The coefficient of
thermal expansion is o . The following needs to be calculated:

¢ The reaction forces in the supports
¢ The unknown displacements in the nodes 1 and 3
e The forces in the rods (trusses)

»nv

Fig. 26.5 Heated truss-frame structure

2
2+ .2

Answers: Rox = AEoAT 2+ﬁ , { “ } = aATL 2+ ﬁ
R,, —J2 Va
Rs, 2+.42 2+ .42
J2
2+ .2

2

2+.2
Nl*Z
N, t = AEGAT —_ﬁ[
242
N273

2+ .2



27 Coefficients of thermal
& moisture expansion

27.1 Introduction

Thermal distortions in spacecraft structures may be of great importance. They are
dependent on temperature gradients and the coefficient of thermal expansion
(CTE). In this chapter the definition of CTE will be discussed:

Distortions in spacecraft structures may occur when moisture is absorbed into
the material (coefficient of moisture expansion, CME), e.g. CFRP and/or GFRP
manufactured structural parts. However, the calculations of distortions due to mois-
ture are analog to thermal distortion analysis techniques.

27.2 Coefficient of thermal expansion

In this section two definitions of CTE will be discussed:

¢ The CTE a [m/m/°C] as a derivative of the thermal expendability B(AT)as a
function of the temperature difference AT [°C, K]
e The secant CTE a, [m/m/°C]

27.2.1 The CTE as a derivative of the thermal expansibility

The thermal expendability Pis defined as the increase or decrease of length
AL(AT) = L(T)— L, (T,.;) [m] of a bar of a material with respect a reference

length L, [m], with AT = T—T,, [°C, K], hence

- AL(AT) 27.1
B Lre/(Tref) ( )
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The definition of the thermal expendability is the same as the definition of the
engineering strain € [m/m] due to an external load F' [N], thus

e(F) = AL (27.2)

Lref

The infinite increase de of the engineering strain is defined as

de(T) = o(1)dT, (27.3)
e(T) = Jj o(T)dT . (27.4)
Toor
It can now be written
o(T) = di](;):A(Z(;)) — A(i(TD), (27.5)
or
_ 1L {L(T+AD)-L(T)} _ 1 {AL(AT)}
o(T) = L. AT Lref—AT . (27.6)
27.2.2 The Secant CTE
The secant CTE o..(7) is defined as
e(N= a(TT-T,, = o (AT 27.7)
_ 1
o (T) = (—Tf T JJvafot(z)dz (27.8)

When using the secant CTE, the temperature dependent thermal coefficient of
expansion is linearised between the current temperature 7 and 7,,,. By the intro-

duction of the secant CTE the non linear deformation is linearised and the thermal
distortion and associated stresses can be calculated with linear elastic calculations.
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o(7T)

o (7)

T,o T

Fig. 27.1 Illustration of CTE and secant CTE

Example
The elongation AL of a bar with length L, is given by
2
AL(T_ Tref) = al(T_ Tref) - aZ(T_ Tref) »
with all coefficients a, > 0

The CTE o(7T) becomes

G(T) — dS(T) = M) = gl—ZaZ(T—Tref).

The secant CTE is defined by

1
a(T) = m‘(r,(al —2a)(0—-T,,)d® = a,—a)(T—-T,,).

27.3 Moisture coefficient of expansion (CME)

The matrix of fibre materials, e.g. CFRP, GFRP, etc. absorbs moisture in an earth
environment and will increase in size. However, in orbit the moisture contents in
the matrix will decrease and the structure will shrink. Due to the skrinkage, stresses
will be build up in statically indeterminate structures.

The phenomena of moisture is comparable with thermal expansion.

The alteration in length and width of a structure due to the fact that materials
will absorb moisture can be calculated with

AL = LrefB(Mff M,ef) (27.9)
where

e AL the alteration in length [m]
* L, thereference length [m]
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e f the coefficient of moisture expansion [m/m/%]

* M, the percentage of moisture in the final situation [%]

* M,,, the percentage of moisture in the reference state [%]

The percentage of moisture can be calculated with

Wf_ Wref
M, = 100(—') (27.10)
/4
ref
where
* W, The weight of the structure in the final state [kg]
* W, The weight of the structure in the reference state [kg]
The strain & due to the moisture is
Al
v B(My— M, ) (27.11)
ref

Note that (27.11) is very similar to (27.7).
For CFRP the percentage of moisture M varies between 0.5-1%.
The Coefficient of Moisture Expansion (CME) B of the resin is about

B =2.5%10" [m/m/%].



28 Venting Holes

28.1 Introduction

To avoid over-pressurising in a box, venting holes must be applied. In this chapter a
method is presented to calculate the cross-section of the venting hole needed to
prevent an over pressure in the enclosure. Also a rule of thumb expression is given
to estimate the cross-section of the venting hole.

28.2 Venting Holes
28.2.1 Beryline method

The velocity of the air at a reduced section just behind the hole is given by the Ber-
yline relation (air considered as incompressible when going out)

y = [2Ap (28.1)
pint

where Ap is the pressure difference between inside and outside (P.a.), p,,, is the

density of the air inside the box (kg/mS) and v the gas velocity (m/s).
The pressure inside the box is given by

Pint = RTintpint = RT,

,% (28.2)

where m is the total mass of air inside the box, R is the gas constant and the
temperature T;,, (K) is considered as constant inside the box. The internal pressure
will be
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mint(t)

% (28.3)

pim(t) = RTint
The rate of decrease of the total mass of air inside the box is

_dmint(t) —

L = (P (284)

where 4, is the area of the venting hole.

The total mass of air inside m;,,, () becomes

Mi(1) = M, (0) = [ V(D) (DA, (28.5)
0

The alteration (decrease) of the internal pressure p,,,, using (28.4) is

dpi(t) _ RT;, dm;, (1)  RT,,
d vV dt ¥ V(OP () A (28.6)

Substituting (28.1) in (28.6) we obtain

dpin(t) _ RTin 2Ap(1) _ RT,, VoG
a7 o P DA = T 2P (AP (DA, (28T)

The cross-section (area) of the venting hole can be calculated by

dp;, (1) v 1

e :
= =0 RT, 20, (D AP(1)

(28.8)

Example

To avoid over pressure in a box the need for venting holes is foreseen. The
diameter is defined to limit the over-pressure at 20mBar. The volume of the box is

33 litres. The characteristic constant of the air at room temperature, Txy = 300 K,

is R = 287 . The pressure reduction versus time outside the box after lift off is lim-
ited to 20mBar/s.
The internal pressure reduction versus time is given to be
dp[nt(t) —
dt

Equation (28.8) is applied to calculate the required cross-section 4,

—2x10° Pals.

dp;, (1) v 1 B 333x10° 1 1

= 2x10
dt RTi"fAIZPim(f)Ap(f) 287x300 MPind(1) J4x10°

Avh(t):
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This function rises to a maximum at low pressure p = 1x10° Pa, hence the den-
sity of the air at this pressure can be obtained by (28.2)

=2 - 210 _ 610 ko/m?
Pl !) = 7 = 375300  1012ke/m
thus
—3
4, = 2x10°2210_ ] L 1125x10* m?

287x300,/0.012 /4><103
2

In case of a circular hole the diameter 4 becomes, with 4, = gd ,

d = 12 mm.

End of example

28.2.2 The convergent Nozzle

Consider now the fractiousness flow of gas from a large tank (4, ~o, V', ~0)

through a convergent nozzle into a region of pressure, p', (P.a.), see Fig. 28.1. The

sonic velocity is not achieved unless the pressure drop between the inside and the
outside of the tank is large enough.

Fig. 28.1 Large tank, fractiousness flow of gas

For small pressure drops the pressures p', and p, are the same, and the velocity

at the nozzle (venting hole) exit may be calculated by [Vineyard 1975]

k-1
5 k-1
V, Pk (Pz) k

2=t (= , 28.9
2 p]k{ ” (289

where forair k = 1.4.

The flow rate G = p,V,4, can be computed by
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1N

K
k-1

2]
2k (9_2)_(17_2)" 12[2}
42 kl””’{ 0/ \p, p L+ D)
k+1

A,p, k( 2 )(k—l) P2 [ 2 T_l
—_— |= —<
JTI AR

P
where R is the characteristic constant of air. The semitropical relation between
pressures and densities is given by

P2 _ (Eg)k. (28.11)

A
Iz
|~

k+1

28.2.3 Rule of Thumb

The venting hole cross-section with respect to the volume to be vented is given by

Ii/lz 17-20x10~" 1/m, (28.12)

where A is the total area of venting hole(s) (m2) and ¥ the total volume to be
vented (m3), [Droner 1995, Eliot 2002].



28.3 Literature 451

28.3 Literature

Droner Dumb, 1995, Envisage-1, document PO-RP-DOR-PL-0038.

Eliot, A., 2002, General Design and Interface Requirement Specification (GDIR), Austrian,
AE.RS.ASU.SY.004, issue 2.

Vineyard, J.K., Street, R.L., 1975, Elementary Fluid Mechanics, John Welly & Sons, Inc., ISBN
0-471-90587-9.



29 Examples

29.1 Introduction

In this chapter examples of typical spacecraft related topics are outlined. The
examples are defined in such a way that solutions can be achieved by analytical
methods and by hand calculations. The classical hand calculations can be done
using PC computer tools like EXCEL®, MATLAB®, MATHCAD®, etc.

To set-up the geometrical design of components of a spacecraft structure it is
very useful to start with simple strength and stiffness analyses. Most of the exam-
ples have this intention, i.e.

¢ Calculation of natural frequency using the displacement method
¢ Design example fixed-free beam (strength and stiffness)

¢ Equivalent dynamic systems

¢ Comparison of two random vibration specifications

¢ Enforced random acceleration (strength and stiffness)

¢ Strength and stiffness analysis of SIMPSAT

¢ Stiffness calculations using Castigliano’s second theorem

Other examples are included to show analysis procedures:

* Modal effective mass of a cantilevered beam
¢ Component mode synthesis (Craig-Bampton method)

In some examples used references are listed at the end.
This chapter with examples is certainly not complete and may be extended later
on.
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29.2 Natural Frequencies, an Approximation
29.2.1 Displacement method

A shaft from a mechanism is supported by two bearings and may be idealised as a
beam supported by two springs, as illustrated in Fig. 29.1.

The lowest natural frequency of that system is calculated whilst neglecting the
mass of the shaft (beam).

F
A EI m EI B
k
= 8 l é k
L; L,
L
M(x) M(y)
—
R, ) N Ry

Fig. 29.1 Beam supported by springs

Calculate the displacement & with the aid of Castigliano’s theorem.
The reaction forces at point 4 and B are

L2 Ll
RA = ZF andRB = IF

The bending moments M(x) and M(y) are

xL, yL,
M(x) = XRA = TF and M(_y) = yRB = TF

The total strain energy U can be written as follows
L2 L 2 2
_ IIM @, (M), Ri, R

| 2E1 280 Yok 2k

The deflection & due to the applied load F becomes

LM% /L)\?2
5=0U_ _F (Lf+L§)+EK—1) +(—2)]
OF  2EJI? kI\L L
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The results may be checked by assuming L, = L, = L and k = oo The deflec-

2
tion & becomes
- FL
48E1
IfL, =1L, = % and EJ — oo the deflection § becomes
- F
2k’

The displacement A at an unit load F = 1is given by

1 5 .50, 1 (L 1)2 (Lz)z
A= ——(L+L)+-| 2] +(=2) |.
2E1L2( 1+ 5) k[ L L J
The natural frequency of the system with the discrete mass m, neglecting the
mass of the beam, can be obtained by

1 1
A—ﬁﬁ%mn

29.3 Design Example Fixed-Free Beam
29.3.1 Introduction

A discrete mass M = 30 kg is supported by a fixed-free beam with length
L = 500 mm. This is illustrated in Fig. 29.2. The cross section of the beam is a
square pipe with length L and width » and wall thickness 7. The beam is made of
an Al-alloy with a Young’s modulus £ = 70 GPa, yield strength ¢, = 400 MPa

and an ultimate strength o, = 525 MPa.

The flight limit load factors are 20g simultaneously in all three directions (X, y
and z).

The minimum natural frequencies in bending are /> 20 Hz (y- and z-direction)
and in tension/compression (x-direction) > 35 . For the time being the mass of the

beam is neglected.
Design the support beam as illustrated in Fig. 29.2.
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y
E LA M X
/ZO
L
A = 4bt
! b
—>|<
[=2p%
3
b
<>

Fig. 29.2 Fixed-free beam with discrete mass

29.3.2 Stiffness calculations

At first the cross section of the beam will be calculated according to the stiffness
requirements. The natural frequency with a bending mode in y- and z-direction can
be calculated with

3EI (H ),

(29.1)
27'5 M

/s =

and the natural frequency with a mode in x-direction (longitudinal) can be calcu-
lated with

fi = 27r ( z). (29.2)

The stiffness may be expressed as follows

EI> (2nfy) (Mf)

and
AE > (2nf,)* (ML)

To start with, the bending stiffness needed to fulfil the stiffness requirement
/=20 Hz can be calculated.

3
EI>(2nfy) (ML ) = (2n20)2(%—) = 1.974x10* Nm?
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= 26% = (2nfy) (ML}) = 2.82x107 m*
3 3E
Assuming a wall thickness ¢ = 0.75 mm, the length and width of the cross sec-
tion of the beam becomes b = 83 mm.

The cross section becomes A = 4bt = 2.49><1074 m2.

The natural frequency in the longitudinal direction is then
;o1 [E4_ 1 /\/2.49><10_4x70><109
L= 2nNML 2= 30x0.5

The bending stiffness E7 is dominant with respect to the tension/compression
stiffness. The natural frequency with an associated bending mode, with

= 171 Hz

t = 0.75mmand b = 90 mm becomes

210 090"
1 BEL 1 3x7Oe9x3 0.0907x0.00075 B
5.1 = 5= = = 5= 3 = 22.6Hz
e pmLt 2T 30x0.5
The fixed-free beam, with a mass m per unit of length (kg/m), has a lowest nat-
ural frequency associated with a bending mode given by

3.516 EI
2n mL4

fy = (29.3)
The density of Al-allow is p = 2800 kg/m3 , thus the mass per unit of length

m = Ap = 4btp = 4x0.090x0.00075x2800=0.756 kg/m
The minimum natural frequency of the fixed-free beam becomes

2 3
3516 [ET_ 3516 |70€9x5¥0.090°x0.00075
Jo.2 = ri = 411 Hz
mL 275

2n 0.756x0.5"

Using the Dunkerley’s equation the final natural frequency with a bending mode
can be calculated

11
2
fﬁnal fB 1 fB 2

The final natural frequency associated with bending becomes

1 1 ! = ! > Lzﬁfﬁnal = 22.5 Hz.
fﬁnal fBl fB,z 22.6° 411

The strength requirements will now be investigated.

(29.4)
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29.3.3 Strength calculations

Design philosophy
The following design philosophy and factors of safety, illustrated in Fig. 29.3, will
be applied.

Flight Limit] 1.5 Design Load
Load

1.1 |2 1.25

Yield Load Ultimate Load

Buckling

Fig. 29.3 Loads and factors of safety

The design loads are 30g simultaneously in all three directions.

B EIA M 30g

Fig. 29.4 Inertia loads

The cross-section at point B (fixed side of the beam) is shown in Fig. 29.5

The normal stress caused by the normal force N in x-direction is

M,
o, = -+ 3.27x10" Pa. The maximum bending moment about the y-
A4 4bt

axisis M,, = Mg.L = 30x30x9.81x0.5=4.415x10° Nm and the maximum bend-

ing moment about the z-axis is M, = Mg,L = 30x30x9.81x0.5=4.415x10° Nm.
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y

Fig. 29.5 Cross section at B

The maximum bending stress (at F and G) in x-direction becomes
1 1

“M._.b -M_b
= 2z 3IM.
Opp = 2 = 2 = 2= = 545x10°Pa.
L 2b3; 4b°t
3
The shear stresses at the points F and G are
Txy, G Txy, G Txy = %bgt = 2453X106 Pa.

29.3.4 Effective stress

The 3-D stress state at the point F is
c, 01,
[e1=1]100 0
1,,00
The principle stresses are
5, = % + % |o? + 472, = 5.777x10° Pa,
o 1
2 2
The Von Mises stress becomes

62:

oo +41., = —1.041x10" Pa.

Gy = Ao +310, = 5.777x10° Pa

The 3-D stress state in G is



460 29 Examples

xTxyO
[c]= ]z 0 0
0 00

The principle stresses are

G, = %+% Jor + 41, = 5.777x10° Pa,
(¢}
o= 21 or +41), = ~1.041x10" Pa.

The von Mises stress becomes

Gy = 4O +31T5, = 5.777x10° Pa.

The von Mises stress is too high with respect to the yield stress because, in gen-
eral, 1.16,,,< oy and o, = 400 MPa. The margin of safety becomes

S = 400 _ 1 <0 and yielding will occur.
1.1x559.7
29.3.5 Iterations

The bending stress is quite dominant so b will be dimensioned with respect to the
bending stress 6,  and 6, ;.

IM.,  3M
cyxxJ*": cyxx,G = s = _222
4b°t 4b°t

thus

b> 3MW:J 3x4.414¢3 _ _ () 105m
T 4oyt 4x400e6x0.00075 '

It is assumed that & = 120 mm.

The normal stress caused by the normal force N in x-direction is

_N_ Mg, 30x30x9.81
A 4bt  4x0.120x0.00075
The bending stresses at the points F and G will be

_3M., _ 3x4.415e3

4pt  4x0.120°x0.00075
The shear stresses at the points F and G are

9D

6
T 6T T6T T T Tghr 1.839x10" Pa.

= 3.066x10° Pa.

Gxx, F Gxx, G
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The total normal stress
Gy p = Ot Gy p = 3.311x10° Pa,

oG = Out Op g = 3.311x10° Pa.

The von Mises stress becomes

Gpur = Ao, +315, = 3311x10° Pa.

The MS value now obtained is

s =200y _0098.
1.1x344.5
The Euler buckling load can be calculated with
2
El
Fyuckiing = — (29.5)
4L

With b = 120 mm and ¢ = 0.75 mm, the second moment of area is then

/= §b3z - gxo.1203x0.00075:8.64x10’7 m?.

The Euler buckling load for a fixed-free beam is
n’El _ m°x709x8.64x10”

5
Fbucklin = = 5.97x10" N.
o 4x0.5>
The MS value against buckling of the beam is given by
F , 5
MS = buckling 1 = 5.97x10 1 =132
2Mg, 2x30x30x9.81

The MS value against buckling is very high, therefore no problems with respect
to buckling are expected.

The bending stiffness E7is dominant with respect to the tension/compression
stiffness. The natural frequency with an associated bending mode, with
t = 0.75mmand b = 120 mm becomes

| [3EI | 3x7069x§x0.1203x0.00075
f3,1:_ — = 5= = 34.8 Hz.

2y g 2T 30x0.5°

The density of Al-allow is p = 2800 kg/m3, thus the mass per unit of length
m = Ap = 4btp = 4x0.120x0.00075x2800=1.008 kg/m.

The minimum natural frequency of the fixed-free beam becomes

2 3

36 (R 3516 [70e9x370.120°x0.00075

T2 = . - = 548 Hz
2% AmLt 2T 1.008x0.5
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Using Dunkerley’s equation the final natural frequency with a bending mode
can be calculated

R S S
2 2 2
o fB1 fBo2
The final natural frequency associated with bending becomes
ZL - 2L+2L -1 ererﬁnal = 34.7 Hz.
fona  fB1 fB2 3487 548

29.4 Equivalent dynamic systems
29.4.1 Introduction

For dynamic response analysis, the cantilevered beam with the discrete mass at the
end of the beam will be transferred into three single degree of freedom systems:
1. Bending in y-direction
2. Bending in z-direction
3. Tension/compression in x-direction

To calculate the spring stiffness, unit loads are applied at the location of the dis-
crete mass M; F\, = IN, F, = IN and N = 1 N. The displacement will be cal-
ou

culated using second theorem of Castigliano, 6 = F

where: Uis the strain energy with U = %J.GSdV, Fis generalised force, d1is
v
the displacement, G is the stress and ¢ is the strain.

B ErL4 < C N=IN

F=IN

Fig. 29.6 Unit loads
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The strain energy in the cantilevered beam (rod) can be expressed as follows

L 2 L 2 2
1 (Fyx) 1 (Fyx) 1[N
= | X+ L—gx+=-| —
v 2J.0 T | El ety OEAdx
3 3
_ l[FyL LFL +]EJ
2| EI EI EA
The displacements in x, y and z-direction can now be calculated

ON EA FEA
3 3

e« 5 - OU_FL _L°
¥ 0F, 3EI 3El

3
oafa_UfﬁifL_
 OF, 3EI 3EI

In case of a dominant discrete mass, the spring stiffness can now be derived in a
very straight forward way, k = EI_S (N/m). The mass of the beam/rod has been
neglected.

The equivalent single degree of freedom (SDOF) dynamic systems are shown
Table 29.1.

Table 29.1 Equivalent single degree of freedom systems
SDOF dynamic
system x-direction y-direction z-direction
k k k
g Ed SEI
L
m

3E1
L} L’
m m m
i(1) k
T M

M

The undamped equation of motion of the equivalent SDOF system, with an
enforced acceleration i(¢) is with y(f) = x(¢) — u(¢)

5O+ y(0) = 500+ 0l() = i)
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29.5 Random Vibrations

29.5.1 Comparison of two random vibration specifications

ESA specifications

The unit specification as specified by ESA to test a unit against random vibrations
is given with:

Frequency Domain [Hz] PSD [g2/Hz]
20-100 3 dB/oct
100-400 0.05+20)
(m+1)
400-2000 —3dB/oct

With m the total mass of the unit [kg].

NASA specifications

The unit specifications as outlined by NASA to test a unit against random vibra-
tions are given with:

Frequency Domain [Hz] PSD [gZ/Hz]

20-50 6 dB/oct

50-800 0.16

8002000 —6 dB/oct
Unit

A unit (dynamic system) with a mass m=5 kg and a first natural frequency
1, = 140 Hz shall be tested against either the ESA or NASA specifications. Find

out for which specifications the unit the acceleration causes maximum loads in the
unit?

Tasks

. Calculate for both specifications the g, (g)
. For which m have both specifications equal g, ()?

. For which m have both specifications equal maximum PSD values (gz/Hz)?

. Find out the worst case random vibration acceleration specification for the given
unit?

B W N =

5. What is the 3o reaction force for the worst case random acceleration for the
given unit? The amplification factor O = 10.
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log (/)

-3m [dB/oct]

log(/f)

h 5 13 4

Fig. 29.7 PSD function W(f) versus frequency f (Hz)

The g,,c of both specifications can be calculated by (see Fig. 29.7)

& ms = I W(F)df = A, + A, + 45. (29.6)
0

where

B [/sz2 (fl)n+l
1_n+1[1_ 7 J, n>0,
4, = Wy(fs-12),

_ W (ﬁ;)’"”
4y = m+1[f3 —l}m<0, (m#-1).
For m = —1 (with the help of the rule of I’Hdpital):
Ay = W%ln(é) = 2.303W3f310g(é).

13 g

The random vibration specification given by NASA is independent of the mass.
We have the following properties; n =2,m = -2, f, =20, f, =50,

f5 = 800and f, = 2000Hz. The PSD values are respectively
W, = W; = 0.16 g*/Hz. The areas now become
Wt (fl)”“ 2
4, = —=|1-|'= = 2.
1 n+ 1|i f‘z J Sg 5
4y = Wo(fi=1p) = 1208,

LY Ké‘)mﬂfl} ~ 76.8 ¢2.

3 m+1L\f;
Thus the

Ems JImW(f)df: JA +A4,+4; = 1418
0
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ESA NASA
If we assume g = Zums

we have to calculate the value of the PSD values
W, = W5 at the frequencies f, and f; (Hz). The random vibration specifications
given by ESA have the following properties; n = 1,m = -1, f; = 20,

£, = 100, f, = 400 and f, = 2000 Hz.

n+1
Zme = W L [17({1) }ﬂg—fzﬂgln(é‘) = 31.5./,.
n+1 b f
It is known that
gt = 315, /W, = ghot = 14.1 g thus W, = W, = 0.2003 g2/Hz.

m+ 20
m+1

The ESA specification states that 7, = 0.05 . From this it is possible to

calculate the mass m = 5.3 kg. This is the answer to question 2.
The answer to question 3 is not so difficult. It is known that

PSDyggs = PSDypss = 0.05(’2—”9) ~ 0.16 g/Hz. (29.7)

From (29.7) it is possible to calculate the mass m = 7.6 kg for which the maxi-
mum PSD values are equal.

For the unit with a mass m = 5kg and a natural frequency of £, = 140 Hz the
worst specification concerning the random vibration at the base of that dynamic
system must be found. This will define the worst random response characteristics
of the unit for both the ESA and NASA specification. The Miles’ equation will be
applied. The PSD value applicable for ESA with a mass m = 5kg becomes

_ o ae(m+20) _ )
Wesalfy) = 0.0550=5 = 021 g/Hz.

The ratio of responses can be calculated

T

Ef"QWESA(f") _ Wesalf,) - J@ = 1.14
T 016

g 1 OWanan(F) Nasa (/o)

and it can be concluded that the ESA specification will result in higher
responses with respect to the NASA specification.
For the fifth question, the rms acceleration of the unit is calculated using Miles’

equation. The 3o reaction force F due the base excitation becomes

reaction

Froction = 3 /ngQWESA(fO) = 3x5x9.81 /§x140x10x0.21 = 3162 N.
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29.5.2 Enforced random Acceleration

The nutation damper is used to damp out the nutations of a spinning satellite. The
nutation damper consist of two reservoirs connected by two tubes with non-equal
diameters (Figure 29.8, “Nutation damper,” on page 467). A fluid flows through
the pipes which causes the damping forces.

In the structural analysis example the tube with the greatest diameter will be
considered with respect to strength and stiffness. The tube is filled with fluid.

The goal of this example is to show a design analysis procedure in the case
where random vibrations are involved.

1 Top view 1
LI L1
Side view
| 500 mm |
< -

Fig. 29.8 Nutation damper

The following activities are to be done:

1. The calculation of the lowest natural frequency of the tube with the greatest
diameter d (m), assuming clamped-clamped conditions.
2. Representation of the clamped-clamped tube in a simple mass-spring-damper
system
. Calculation of the rms responses of the mass-spring-damper system
4. Translation of mass-spring-damper responses to the clamped-clamped tube;
bending moments and stresses.

(98]
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The nutation will be excited with random enforced vibrations via the houses to
which both tubes are connected.

Table 29.2 Random vibrations

2
Frequency Domain (Hz) Acceleration Spectral Density ( I%—)
z
20-50 6 dB/oct
50-800 0.2
800-2000 —6dB/oct
Grms 13.3 Grms

Clamped-Clamped Tube

The clamped-clamped tube and its characteristics are illustrated in Fig. 29.9.

EL m

5 X

Fig. 29.9 Clamped-clamped beam

Natural Frequency
The natural frequency £, (Hz) of a clamped-clamped beam, with a constant mass

distribution m (kg/m) over the length L (m) and bending stiffness £/ (Nmz), can be

calculated by [Harris 1976]
= 2_22_4 /_15_1? (29.8)
T NmL

The associated mode shape is:

o(x) = (coskx — coshix)—0.9825(sinkx — sinhkx) (29.9)
and:
2
K = “’—}” , (29.10)

with o the radian frequency (Rad/s).
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Rayleigh Quotient

g=1 N/m

w(x)

>X

Fig. 29.10 Clamped-clamped beam with unit distributed loading

The static deflection w(x) of the beam with a constant bending stiffness E7, due

to the constant distributed load per unit length g=1 N/m, is [Prescott 1924, Ludolph
1961]:

Llope L (29.11)

1
Elw) = 2%~ 13 24

The Rayleigh quotient represents in fact the eigenvalue problem of a discrete or
continuous dynamic system. For a bending beam the Rayleigh quotient is as fol-
lows:

Ry = =20 (29.12)

where u is the assumed eigenfunction or mode shape and «" is the second deriv-
ative of the eigenfunction with respect to x.

An eigenfunction u is assumed to represent the static deflection of a clamped-
clamped beam statically loaded with a constant unit distributed running load
g = 1 N/m. The assumed eigenfunction will be:

= (5)-(3) () @13

With the assumed eigenfunction u(x) the Rayleigh quotient becomes

%j EIu" dx
0 = s04.10LL, y= 22 | EL
mL 2% L

o’ =R(u) =

lL 2
zj-mudx
0

The approximation is very close to the result obtained in (29.8).
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Equations of Motion
With aid of the Lagrange equation it is possible to set up the equations of motion
for the clamped-clamped bending beam. The total (absolute) displacement of the

bending beam is the deflection of the beam w(x, f) complemented with the dis-

placement of the base v(7) . The total displacement y(x, ¢) is given with:

y(x, 1) = w(x, 1) +v(t) = u(x)q(t) +v(r) (29.14)

where ¢(¢) is the generalized coordinate or coefficient of modal amplitude.
The strain (potential) energy in the beam is:

1 (0.8E1) 2

s (29.15)

Lloaftn
U= =q I El"dx =
2
0
The kinetic energy T is given with:

L

%I m(ug + vy dx = %(0.001587qu2+0.03333vac’1+mL1>2) (29.16)
0

The Lagrange equation for the parameter ¢(¢) and v(z):

00T 8T, dU 00T T, oU
228 +22 = S A .
2104 3¢ o "™ v O (29:17)

will give the equations of motion:
ml 0-001587 0.03333] 14 +O.8fl 10||g| _ |0 (29.18)
0.03333 1 v L [00]|v 0

Finally the equation of motion can be written as:

0.001587mLg + 232y = _0.03333mL7 (29.19)
or
g+ 2 0EL 510385 (29.20)
mL
G+woq = —21.12387 (29.21)

The equivalent mass-spring of the dynamic system
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21.1238v

Fig. 29.11 Equivalent mass-spring system

After introduction of the ad-hoc modal viscous damping, the following mass-
spring-damper system can be derived

G+2E0,q+w.q = —21.12385. (29.22)

Enforced Random Vibrations
The dynamic system can be described with the following equation:

G+w.q = —Ppv (29.23)

The modal viscous damping is added on an ad-hoc basis, thus

§+2E0,q+ 0 g = PP (29.24)

B

Fig. 29.12 Equivalent mass-spring system with base excitation 37
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The 3xrms (30) acceleration of the mass may be calculated with Miles’ for-

mula
G3oms = 31Bl,51,0W(1,) (29.25)
and:
Grms = q””; (29.26)
(O]

where g is the generalised coordinate (displacement of mass with respect to
base), rms is the root mean square, f, is the natural frequency of mass-spring sys-

tem f, = % (Hz), Qs the amplification factor Q = 2% (in general a value =10
m
2
is used in Miles’ formula) and W;(f,)is the Power Spectral density (PSD) ( [g?; )

of the enforced acceleration v at the natural frequency £,

Accelerations
The physical acceleration is

W(t) = u(x)§(r). (29.27)

The rms value of the acceleration w(x, ¢) is:

W(X) s = U(X)G s - (29.28)

At the position x 5 the acceleration is W 3 U\ 5 )drms = Tghrms-

rms

Displacements
The physical displacement is
w(1) = u(x)q(1).

The rms value of the acceleration w(x,?) is:

W(X) s = U(X)G s - (29.29)

rms

At the position x = % the acceleration is w(%) = u( %)qrms = l_léqrms

rms

Forces
The forces and stresses at the clamped interfaces (x = 0, L) and in the middle of

the (x = % ) are calculated.
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The bending moment is defined with:

M(x) = —-EIw"(x) (29.30)
and the shear force:

D(x) = —EIw"(x) (29.31)

The bending moment M(x) and the shear force D(x) are expressed in the

assumed mode u(x) and the generalized coordinate ¢(¢), hence the bending
moment is:

M(x, 1) = ~ELi"(x)q(1) = —El[?(i)z—%(%) +ﬂq(1)) (29.32)

and the shear force:

D(x, 1) = ~EIu"(x)q(t) = 41[?(%) i—%}qm) (29.33)

Expressed in the rms value of the generalized coordinate ¢(7) :
12(x\* 12(x) 2
M) = B 5(3) = 35(2) + 2 Jarm, (29.34)
LN L g2

and the shear force:

D,,(x) = £l (%) - 12, (29.35)
rms L3 L L3 rms

At the locations x = 0,L and x = %L the rms values of the bending moment

and the shear forces are:

x =0
p
M (0) = E1[ 5], (29.36)
L
2
D, .(0) = El[zﬂqrms. (29.37)
1
x —J—
2
M (9) - e[ L]y | (29.38)
rms 2 L2 rms

Dm(é) = 0. (29.39)
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x =1

2
ML) = EI g, (29.40)

L

12
D, (L) = EI[—Jq,,ms. (29.41)

L

Stresses

The bending stresses G,,,, (Pa) in the extreme fibre e of the tube with a diameter d

(m) and a wall-thickness 7 (m) can be calculated with:

_ M(x)e _ 4M(x)

Cpend = (29.42)
‘ 1 nd’t
At 4
with /the second moment of area / = TET (m ) and ethe extreme fibre dis-

d
t = = .
ance e 5 (m)

The maximum shear stress t (Pa) at the neutral plane (the plane with zero bend-
ing stress) of the tube with diameter d and wall thickness t is given by:

_ D()S _ 4D(x)

T
max It ndt

(29.43)

where Sthe first moment of area with respect to the neutral plane of the tube

_d
2

3

S (m”).

Numerical calculations
The nutation damper and materials used have the following physical properties:

e Tube is made of an Al-alloy

E modulus £ = 70x10° Pa
Poisson’s ratio v = 0.33

— Yield stress 6, = 250x10° Pa

Density p = 2800 kg/m’

¢ Averaged diameter tube d = 15 mm

e Wall thickness # = 0.5 mm

¢ Length of tube L = 500 mm

e Tube is for 100% filled with fluid with a density of p = 1100 kg/m’
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Questions

1.
. Calculate the second moment of inertia /

wm A WL

. Calculate the relative 3¢ acceleration w(]:)

Calculate the mass per unit length m

. Calculate the natural frequency f, corresponding to the assumed mode u(x)
. Estimate PSD value of the base acceleration at f

. Calculate the 3c valueof ¢, O = 10

2

. Calculate the 3o bending moment M(0) = M(L)

8. Calculate the 3o shear force D(0) = D(L)
9. Calculate stresses and compare with c,

Answers

. The mass per unit of length m [kg/m] is

m = 2nd1pa1+§d2pﬂmd = 0.26 kg/m

. The second moment of area of the tube is

I= gd3t = 6.6268x10 ' m*

. The first natural frequency of the clamped-clamped tube filled with fluid is

0=%‘—‘ £L — 190Hz
T NmL

o= (5)"2(3) (3

. The PSD of the base acceleration at f, is

2
_ g
() = 0.2

. The 3o vale of § and ¢ are

Gso = 3,[51,0W(%,) = T33¢.

630

= 5.0x10 " m.
(2nf,)

936

. The 3o bending moment M(L) is

My (L) = El[%}hc = 0.19 Nm.
L
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7. The 30 bending moment D(0) is

Dy (L) = El[?}hc = 225N.
8. The bending stress and shear stress are
Cpond = @ - ‘% — 2.04x10° Pa,
v = PWS _4DM) _ 37,10 pa.

max It ndt

The yield stress is 64, = 250x10° Pa. We have to compare the 2-D stress state

with the 1-D stress state. This can be done using the von Mises stress,

Oym = N bend + 313,,” , which is low compared with the yield stress.

Literature

Harris, C.M., Crede, C.E., 1976, Shock and Vibration Handbook, second edition, McGraw-Hill,
ISBN 0-07-026799-5.

Ludolph, GL., Potma, A., Legger, J., 1961, Leerboek der Mechanica, Wolters, Groningen.

Prescott, J., 1924, Applied Elasticity, Dover Publications.

29.6 Strength and Stiffness Analysis SIMPSAT
29.6.1 Introduction

Using a simplified satellite structure the design structural analysis will be illus-
trated. The SIMPSAT satellite will be launched with the ARIANE 4 launch vehicle
(L/V). The Arianespace design specifications [Arianespace 1999] will be applied.
SIMPSAT major payload is an experiment with total mass of M = 500 kg and
is placed on a beam-like structure. The length between the interface (I/F) and the
centre of gravity (CoG) of the experiment is L = 1000 mm. We assume a point

mass M = 500kg and the total length of the beam structure L = 1000 mm.
SIMPSAT is illustrated in Fig. 29.13. We assume only loads in plane, respectively
in x- and y-direction. This is of course a simplification, however, the approach with
respect to the design analysis will not change if the approach is 2-D instead of 3-D.

The goal of this example is to show the approach used to design a load carrying
structure. Strength and stiffness will be considered and margins of safety calcu-
lated.
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T y
x-Lateral

. -Launch direction
M Experiment Y

L Structure

m mise m - > X
I/F Satellite/Launch Vehicle

Fig. 29.13 SIMPSAT;, Experiment and Structure

29.6.2 Design Philosophy

In Fig. 29.14 the relation between different kinds of loads is indicated. In case of a
preliminary design of the structure the design loads will be used to dimension the
satellite structure and in fact determine the design of the structure.

Flight Limit Design Limit Test Loads
Loads Loads Qual. Loads
Jr=1.1 Ju=1.25
Yield Loads Ultimate Loads

Fig. 29.14 Factors of Safety (FoS)

The Margins of Safety (MS) values shall be MS > 0 for the yield and ultimate
loads respectively. The factors of safety will strongly depend upon the space
project and mission, however, for SIMPSAT the FoS are defined in Fig. 29.14. The
MS is defined as

MS = Oallowable -1 (29 44)
jcstress_ana/ysis
where j is the appropriate factor of safety (yield, ultimate), G,;,,4p7015 the

allowable stress (yield, ultimate, buckling,..) and o is the calculated

stress_analysis

stress (design limit loads)
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29.6.3 Quasi-Static Loads (QSL)

The QSL are the static design limit loads (DLL) to be used for initial spacecraft
structure design. The load factors are in (g).

Table 29.3 QSL

Accelerations (g) QSL
ARIANE 4 Launch Direction Lateral
Maximum Acceleration -5.5 +1.5

29.6.4 Minimum Natural Frequencies

The stiffness requirements are in general translated into minimum natural frequen-
cies:

¢ Launch direction (y-axis) f,235Hz

¢ Lateral direction (x-axis) f.215Hz

29.6.5 Material properties

The beam structure (load carrying structure) will be constructed from an isotropic
Al-alloy with the following properties:

® Modulus of Elasticity (Young’s modulus) E=70GPa

¢ The ultimate stressG ;4. = 480 MPa

* The yield stressc,;,,; = 410 MPa

e Densityp = 2770 kg/m’

e Poisson’s ratiov = 0,3

e The shear modulus G = 2(1’3; 5 269GPa

29.6.6 Natural Frequencies

The requirements about the minimum natural frequencies are specified both for the
launch and lateral direction.



29.6 Strength and Stiffness Analysis SIMPSAT 479

Launch direction

Fig. 29.15 Stiffness in launch direction

A force F (N) applies to the rod (bar) in y-direction. The rod has a cross-section

A (m2) and a length L (m). The elongation of the rod, due to the applied force F; is
denoted with v m. The stiffness of the rod & (N/m) is defined with

F

k=~-. (29.45)
V
The total strain € is
v
= =, 29.46
e =7 (29.46)

The strain ¢ is the ratio between the occurring stress and the modulus of elastic-
ity (Hooke’s Law)

e=2=2L. (29.47)
v=c¢l =12, (29.48)

4
k=—. 29.49
5 (2949)

The natural frequency can be calculated with

Lk _ 1 J4E
z 271://]; 21N ML (29.50)
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It follows that

ATE > M(2rf,)’ (29.51)

The mass of the structure will be neglected for the time being, therefore an

uncertainty factor j=1.25 will be taken in to account. The required stiffness must be
AE 2 7

752500(271.25%35)" = 3.778x10' N/m (29.52)

The conclusion is that the minimum area of the cross-section of the rod

(tension and compression) must be 4 > 5397x10™* m?.

Lateral direction
The deflection # (m) at the end of the clamped bending beam with bending stiffness

EI (Nm?), is illustrated in Fig. 29.16.

u
2 F

L | EI
—

Fig. 29.16 Stiffness in lateral direction

The deflection u, due to the bending of the beam can be calculated with

3
- EL (29.53)
3EI
The stiffness £ (N/m) is defined with
gp=1£f =38 (29.54)
u L3
the natural frequency can be calculated with
3E1
1, = Zn = 27: . (29.55)
It follows that
3EI

> M(2nf,)” . (29.56)
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The mass of the structure will be neglected for the time being, therefore an
uncertainty factor j=1.25 will be taken in to account. The required stiffness must be

3EL 5 500(2n1.25%15)” = 6.940x10° N/m (29.57)

ML
The conclusion is that the minimum second moment of area of the cross-

section of the bending beam must be 7> 3.305x 10 m?,

29.6.7 Selection of the type of structure

Cylinder
If we select a cylinder with radius R (m), wall-thickness 7 (m) and length L (m), the

area 4 (m?) and the second moment of area [ (m4) of the cross-section can be calcu-
lated.

¢ The area A = 2nRt (m2)

e The second moment of area [ = nR’t (m*)

R = 3[1 (29.58)
Tt
3

r= A (29.59)
8n/

In previous sections 4 and / were calculated, a cross-section with /=0.5 mm and

It follows that

and

R=300mm and with an area 4 = 9.42x10 * m? is chosen and the second moment

of area becomes [ = 4.24x10" m*, which are both greater than the required sec-
tion properties.
The natural frequencies both in launch and lateral directions become

¢ launch direction = ﬁj}\:]; = ZLTC /% = 57.8Hz

« lateral direction £ = ﬁ JAT; = 2%: BEL ~ 212Hy
ML

Both calculated natural frequencies fulfill the requirements.
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29.6.8 Strength aspects

Cylinder

In Fig. 29.17 the inertia loads which will act on the mass of the experiment of the
satellite are illustrated. The cylinder defines the load path and will transfer the iner-
tia loads to the interface with the launcher.

The inertia loads in y-direction will introduce bending at the interface with the
launcher and in combination with the inertia loads in y-direction maximum com-
pression stresses will be calculated at the interface. Also the buckling behaviour of
the cylinder will be investigated.

ng

_> ng

L JELAR?

Fig. 29.17 Loaded cylinder

Following properties and facts will be taken into account to calculate the maxi-
mum stresses:

¢ Wall-thickness =0.5 mm

e Radius R=300 mm

¢ Second moment of area I = 424x10° m*
® Area cross-section A = 9.42x10"* m?

Design Loads
The loads at the interface are given in Fig. 29.18.

/NI MLg,
Mg X

Fig. 29.18 Design Loads
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The inertia forces and bending moment are

¢ Inx -direction Mg, = 500*9.81*5.5=26978 N

* Iny-directionMg, = 500%9.81*1.5=7378 N

* About z-axisMLg, = 500*9.81%5.5=26978 Nm

n, _ %gz 4 MLg R

* Maximum stress (compression) 6,= —IZ y ]

= 28.7 MPa

where the section modulus W = I_ Rt

At this moment the shear stress at the interface is neglected.

Margins of Safety Yield
The MS value against the yield stress is

mMs =21 =20 199
Jy%o 1.1%28.7
Margins of Safety Ultimate
The MS value against the ultimate stress is
mMs =2 1= 4804
JuCo 1.25%28.7

Buckling of the cylinder under compression loads
The allowable buckling stress of a monocoque cylindrical shell will be calculated
[NASA SP-8007, Marty 1986]. At first the sensitivity to imperfections is estimated
with
y=1-0901(1-¢"), (29.60)
. 1 R
ho=—|-.
with o 64 7
The allowable buckling stress of a monocoque cylinder with radius R and wall-
thickness 7 is

vE (1) (29.61)

Gbuck = 7
N

The MS value against the allowable buckling stress is
Mms = Sbuck 15
Jy%o
With a radius R=300 mm, an ultimate factor of safety j,=1.25 and

G, = 28.7MPa. A sensitivity analysis is performed on the wall-thickness 7.
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We select a cylinder with a wall-thickness /=0.75 mm.

Table 29.4 Trade-off wall-thickness t (mm)

ﬁ Shuck

t (mm) t a Y (MPa) MoS
0.5 600 1.53 0.294 20.8 -0.42
0.75 400 1.25 0.357 37.8 0.05
1.0 300 1.08 0.405 57.2 0.59

The minimum second moment of area required is I = 5.397x10 ' m*. A new

value for the radius can be calculated with (29.58), R = 3@ = 0,25m.
b

With a radius R=250 mm, an ultimate factor of safety j,=1.25 and

G, = 28.7 MPa we perform a sensitivity analysis on the wall-thickness .

Table 29.5 Trade-off wall-thickness t (mm)

B Shuck
t (mm) t o Y (MPa) MoS
0.5 500 1.40 0.321 27.2 -0.25
0.75 333.7 1.14 0.387 49.1 0.36

We select a cylinder with wall-thickness /=0.75 mm and radius R=250 mm. The
second moment of area I = TR ¢ = 3.68x10° m? and the area of the cross-sec-

tion 4 = 2nRt = 1.18x10° m?2.
Cone

Strength properties

Assuming that the diameter at the interface with the launcher D=900 mm and the
interface with the experiment is D=400mm, then the load carrying structure must
be conical. It is assumed to design a cone with a minimum radius R,;,=200 mm

and a maximum radius R,,,,,=450 mm. The height of the cone is H=1000 mm.
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—> Riyin

Fig. 29.19 Cone

The allowable buckling axial load for long conical shells can be expressed as
[Seide 1968]

2 2
F, = y2EEL (cosa) (29.62)

Ba-vh

where yis an experimental factor with recommended value y = 0.33 for
(10° <o < 75%)

t wall-thickness (m)
e E modulus of elasticity £=70 (GPa)
%

. Poisson’s ratio =0.3

The angle oo becomes

Rmax];Rmm) ~ atan (22150—010 00) ~ 14.04°.
Neglecting the shear load, it can be stated that

F.zj,Mg, = 1.25*500%9.81*%5.5=33722 N
It follows that the wall-thickness of the cone must be chosen to be /=0.7 mm.
The buckling load F,, (N) becomes

a = atan(

2 2 2 2
Fo= Y27:Et (cosa)” _ 0.3327'570690.0007 (cos 14.04)

” J3(1 =V J3(1=v)

The MS value can be calculated

Ms = Lo _ 40510 ~1=020.
Mg, 1.25(500)9.81(5.5)

= 40510.
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Stiffness
The flexibility of the cone in launch direction (y-axis) is [Seide 1972, Girard 1999]
L (Rmax)
ul Smax
R .

G, =1-= min__. (29.63)

k 2usino(cosa) Et

1 1

Th iated natural fi isf, = — |[—
e associated natural frequency is f, 27 G

. . 1 |1
t 1 lat = — |—— = 66H
After some ample manipulation f, o G z
The MS value is
ms=%_1 =088
35

The flexibility of the cone in lateral direction (x-axis) is [Seide 1972, Girard

1999]
o) ) - (g

min max max

G=1- - .(29.64)
k n(sina) Et

1

The associated natural frequency is f, = 2%[ e,

After some ample manipulation f, = 2—1& G_1A7[ = 26 Hz
X

The MS value is
Ms=26_1-073
15
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29.6.9 Summary MS values

Table 29.6
Structure Strength/stiffness Calculated Required MS
Cylinder Nat. freq. lateral (Hz) 19.8 15 0.32
Nat. freq. launch- 64.6 35 0.85
direction (Hz)
Buckling (MPa) 49.1 28.7 0.36
Cone Buckling (N) 40510 33722 0.20
Nat. freq. lateral (Hz) 26 15 0.73
Nat. freq. launch- 66 35 0.88
direction (Hz)
Literature
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cle Design Criteria (Structures, NASA SP-8019, 1968

29.7 Stiffnes calculations using Castigliano’s second
theorem

The stiffness of the truss system both in x and y direction will be calculated using
the Castigliano’s second theorem

Fig. 29.20 Symmetrical Truss System with concentrated mass.
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The complementary energy in the truss system is denoted by
U(E,A,L,F, F,, o). For linear systems the complementary energy is equal to the
potential energy or strain energy.

The strain energy in a strut with a constant load N (N) is given by

L
N (x)
= 29.
U= 2 E(x)A(x)d (29.65)
with N(x) the variable load in longitudinal direction of the strut, £(x) the vari-

able Young’s modulus of the strut and 4(x) the variable cross section of the strut.
For a constant stiffness £4 and load N the strain energy for one strut is

2
_INL
YT (29.66)
The total strain energy in the truss system is
2 2
NiL N,L
y=i2o, 105 (29.67)

2 EA 2 EA

The displacement u and v can be calculated with Castigliano’s second theorem

_oU _oU
u 6F V= oF, (29.68)

Fig. 29.21 Strut Loads

The equilibrium equations in point A are

sina,, sina, ||N, _ ’Fy (29.69)
coso; —cosal,| | N, —F, . |
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The solution of (29.69) is, when o, = a, = a,

F F F F
N, = - LN, = r Y (29.70)
2coso.  2sino 2coso.  2sina

The strain energy in the truss system becomes
2 2
(o o) (ot o)
1

v-1 2cosa 2sina +l 2cosa  2sina
2 EA 2 EA
The displacement u is
U 1AL
u====— (29.71)
oF, 2 (cos oc)2 EA
and the displacement v is
P L
y=0U- L o2 (29.72)
OF, 2(sina) E4
The stiffness in x-direction is k,, and the stiffness in y-direction is &, , and are
defined as
FE
kyy === —1 2% , (29.73)
U 2(cosa) L
and
F
k, = 2= _ 2@ , (29.74)
V. 2(sina) L

where L is the length of the struts.
The natural frequencies (Hz) in both directions are;

k
e x-direction f, ZLTC /A—i;,

— 1 |k
-direct — [
* y-direction f, o ,

with M the mass at point A (kg).
The stresses in strut 1 and strut 2 are
N, N,

Gl :7, GZZZ.
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29.8 Modal Effective Mass of a Cantilevered Beam

A cantilevered beam with bending stiffness £7 and length L is shown in Fig. 29.22.
The modal deformation is given by

R R ORE O]

The mass per unit of length of the cantilevered beam is m (kg/m).

¢ Calculate the natural frequency (Hz) associated with the modal deformation
¢(x) using the Rayleigh Quotient

e Calculate the modal participation with respect to point A respectively in w and
® direction

¢ Calculate generalised mass associated with the modal deformation ¢(x) .

e (alculate the 2x2 modal effective mass matrix.

Fig. 29.22 Clamped beam

An approximation of the natural frequency can be obtained with the aid of
Rayleigh’s quotient R(®) which is given by

[ Ertor)ax
R~ =0 = 1p4eEL (29.76)

L
[ mio0oy e "t
0

where

o0 - 3(5)-4(2) + 4(2)
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" (x) = #[4— 8(%) +4(§)2]

The nominator of (29.76) now becomes

'[LE]{cb"(x)}zdx - %’ L{4—8G) +4(%)2}2dx 322 o)
0 0

The denominator of (29.76) becomes

J.:m{¢(x)}2dx - mj:{z(%)2_§(%)3+%(%)4}201)(

The natural frequency of the bending beam becomes

0.2568mL. (29.78)

328!

3
L _ 32_53 /E_14 ~ 0.56 /E_’4 (29.79)
0.2568mL T NmlL mL

The modal participation factor is the coupling between the rigid body motion

5=

N
I
5le
I
5=
=
&
I

dr(x) (o0 =0) and the elastic mode ¢(x). The coupling matrix [L]Tcan be
obtained by

L
m [ o )0(x)ds
L]" = 0 ) (29.80)
L

m [ dro()p(r)dv
0

The rigid body mode associated with the translation Uis setto ¢z, (x) = 1 and

the rigid body mode associated with the rotation 0 is set to ¢z4(x) = x. The mass

matrix as rigid body modes (with respect to point A) can be calculated by

L L
m [ Gr@opds m [ 0 (omodr| |y 2
(Mgl = | °° K = 20 (2981
my2ms
m [ bro(0pucte m [ dpo()bpiodx| |31 3
0 0

The vector with the modal participation factors (29.80) becomes
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[L]T _ _ { 0.4mL

o } (29.82)
. m

The generalised mass is (29.78)

L 2 L )2 4(x\? 1/x)\* ?
my= jom{¢(x)} dx = mJ‘O{z(Z) 7(2) +§(Z) }dx = 0.2568mL .

Finally it is possible to calculate the modal effective mass matrix with regards to
the assumed mode shape ¢(x). The modal effective mass matrix is defined as

0.4mL

_ [L1'1L] { 0.29mL*

2
.62mL 0.45mL
[M,g] _ 0.62mL 0.45m '
m 0.2568mL

g 0.45mL* 0.33mL’

}LO.4mL, 0.29mL |

(29.83)
If the modal effective mass matrix [M,q]is compared with the mass matrix as
rigid body with respect to point A [Mgg]it can ce concluded that with one mode

d(x) 62% of the mass is represented and about 100% of the second moment of
mass.

29.9 Component Mode Synthesis (Craig-Bampton Method)

Consider the discrete dynamic system with 5 DOFs, which is illustrated in
Fig. 29.23. Study its dynamic behaviour and compare the results obtained using
component mode synthesis retaining different numbers of modes.

The fixed-free Craig-Bampton method will be applied. For simplicity the

spring stiffnesses are equal k; = k, = k3 = k, = ks = k = 1 and the discrete
masses are m; = m, = my = my, = land ms = 0.5. The system matrices, the

mass and stiffness matrix respectively, are:
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1000 0 2-10 0 0
0100 0 -12-10 0
(M =10o010 o[- [Kl=10-12-10
0001 0 0 0-12 -1
00000.5 00 0-11

By directly solving the eigenvalue problem, the following eigenvalues are
extracted

0.0979
0.8244
{A} =1 2.0000
3.1756
3.9021

Component 2

Fig. 29.23 Sketch of the system and components

Component 1
Component 1 includes nodes 1, 2 and 3 with the associated masses and springs.

The displacements at nodes 1 and 2 are the internal DOFs | x,, x, | while the dis-
placement at node 3 is a boundary DOF x;. The mass and stiffness matrix of the

component 1, partitioned first with the boundary DOFs and then the internal ones,
are
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100 1 =10
(Mi1=1010.[Ki]=]-12 ~1]>
001 0 -1 2
12 -1 _ ) _ 110
[Kil,l] - Ll 2} [Kib,l] - { 0 }7 [Mii,l] - |:0 J >
q 0 o]
1 N2 =2
{1} =13 (-{P =12 21,
2 2
3 12 2 |
1.5556 0.7071 —0.2357 0.3333 0 0
[Mcg ]l = 07071 1 0 |-[Kesil=] 0 10]-
-0.2357 0 1 0 03

Component 2
The second component includes nodes 3, 4 and 5 with the associated masses and
springs. The mass at node 3 is set to zero because it will be represented in compo-

nent 1. The displacements at nodes 4 and 5 are the internal DOFs | x,, x5 | while
the displacement at node 3 is a boundary DOF x5 . The mass and stiffness matrix of

the component 1, partitioned with the boundary DOFs first and then the internal
ones, are

100 1 -10
(M1 =101 of,[K]= 1212 -1,
000.5 0 -1 1
2 -1 -1 10
[Ku 1= s [Ki 1= s [M” 1= ,
S B b2 0 21005
X 0 0
(O, =4 1§, {0,) = [42 22
2 2
1
11
1.5 1.2071 —0.2071 0 0 0
[Mcgo]l = | 12071 1 0 |>[Kcee2l =100.5858 0

-0.2071 0 1 0 0 3412
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The components can be assembled the same as the elements. The following map
can be written:

Table 29.1 Map of components DOFs

Component # Boundary DOF # Internal DOF # Global DOF #
1 1 1
2 2
3 3
2 1 1
2 4
3 5

The map of the DOFs will yield the following stiffness and mass matrix

0333300 0 0
0 10 0 0
[Kemsl = 0 03 0 0
0 000588 0
0 00 0 3.1442

3.0556 0.7071 —-0.2357 1.2071 —0.2071

0.7071 1 0 0 0
[Mcems] = [-0.2357 0 3 0 0
12071 0 0 0588 0

-0.2071 0 0 0  3.1442

The matrices have been partitioned in such a way as to separate the boundary
displacements DOFs from the modal DOFs. If the third and fifth rows and columns
are cancelled, only one internal DOF is taken into account for each component. If
the matrices are used in complete form, all modes are considered and the result
must coincide except for computing approximations, with the exact ones (complete
model). The results obtained in terms of eigenvalues (square of natural frequency)
are

Table 29.2 Eigenvalues

Size of matrices 5 (exact) 3 (1 mode) 5 (2 modes)
Mode 1 0.0979 0.0979 0.0979
Mode 2 0.8244 0.8245 0.8244
Mode 3 2.0000 2.2150 2.0000
Mode 4 3.1756 3.1756
Mode 5 3.9021 3.9021

This example is taken from the book of Genta, [Genta 1995].
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